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Determining how distinct neurons or brain regions are con-
nected and communicate with each other is a crucial point
in neuroscience, as it allows to investigate how the functional
integration of specialized neural populations enables the
emergence of coherent cognitive and behavioral states. The
general concept of brain connectivity encompasses different
aspects: structural connectivity is related to the description
of anatomical pathways and synaptic connections; functional
connectivity investigates statistical dependencies between
spatially separated brain regions; effective connectivity refers
to models aimed at elucidating driver-response relationships.
The study of these different modes of brain connectivity
is fundamental both for the investigation of the neuro-
physiological processes engaged in cognitive and perceptive
processing and for the assessment of a variety of neurological
disorders.

Over the last past few decades, the continuous advance-
ment of multichannel data acquisition technologies has
made it possible to collect neuroscience data at multi-
ple levels of description, ranging from neural spikes to
local field potentials and electroencephalography (EEG)-
magnetoencephalography (MEG). This increasing data avail-
ability and the contemporaneous improvement of signal
processing capabilities have contributed in placing increasing
demands on methods for the quantitative assessment of
neural interactions. Accordingly, a variety of methodological
approaches have emerged for the estimation of brain con-
nectivity from multivariate neurophysiological time series.
These approaches build on different analysis frameworks
which point out specific aspects of connectivity: linear para-
metric models are explicitly related to the frequency domain

representation of multivariate data, thus favoring the assess-
ment of connectivity for specific brain rhythms; information
theory provides tools that describe both linear and nonlinear
interactions and are free from the shortcomings of model
specification; phase synchronization analysis characterizes
the relation between the phases of different brain units seen
as coupled oscillators, allowing detection of synchronization
regardless of the relation between signal amplitudes. All these
frameworks provide measures able to reflect the various
aspects of brain connectivity, such as undirected measures
of association (e.g., coherence, mutual information, phase
synchronization index) and directed measures of Granger
causality (e.g., partial directed coherence, transfer entropy).

To get new and deeper insights into the complex
dynamics of interacting brain regions, the existing brain
connectivity measures need to be refined, extended, and
complemented with other tools. Common issues to be
addressed are estimation problems arising in the presence
of noise contamination and nonstationarity, significance
assessment, distinguishing direct from indirect causal effects,
and aspects related to the difficulty of performing full
multivariate analyses over short data sets. An important
problem of EEG/MEG recordings is that the connectivity
patterns estimated at the sensor level may strongly differ
from those really existing between the underlying neural
sources, as a consequence of a mixing effect known as
volume conduction. While a common approach to deal with
this issue is to estimate connectivity after application of
an inverse method for source localization, methodological
advances are needed to improve the localization accuracy
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of ill-posed inverse problems. Moreover, once brain con-
nectivity measures are computed, the formal representation
of connectivity patterns in graph or matrix format leads
to employ concepts of network analysis to interpret these
patterns. Accordingly, the study of topological properties
like clustering degree, modularity, and presence of network
motifs is becoming increasingly popular for the investigation
of the organizational principles of brain processes.

The papers of this special issue reflect the variety in
the approaches for the estimation of brain connectivity
described above, as well as the need to improve and
adapt these approaches to the more and more demanding
qualitative requirements and challenges of modern neuro-
physiological applications. J. Sun et al. offer a review of phase
synchronization analysis methods for the inference of func-
tional brain connectivity, describing definitions, estimation,
and significance assessment, presenting some extensions,
and discussing the issues that affect the detection of phase
synchronization from neural data. C. Alvarado-Rojas and
M. Le Van Quyen exploit phase synchronization analysis
and clustering techniques to identify, from intracranial EEG
recordings acquired in epileptic patients during seizure-
free periods, dynamic modes of brain synchrony which
are characteristic for the wake-sleep cycle. L. Faes et al.
introduce a common framework for the unified descrip-
tion of the most popular frequency domain connectivity
measures based on linear parametric modeling of multiple
time series, discussing their relations, theoretical interpreta-
tion, advantages and limitations, and practical estimation.
A. Brovelli assesses the reliability of frequency domain
Granger causality analysis performed on a single-trial basis,
showing that, when combined with parametric statistical
tests, Granger causality spectra successfully recover causal
interactions in both synthetic and neurophysiological data.
Y. Liu and S. Aviyente illustrate the advantages over linear
parametric Granger causality of an information theoretic
tool, the directed information, as regards the assessment of
directional connectivity in both simulated time series and
EEG data. D. Marinazzo et al. face the important problem
of estimating causality in complex brain networks through
fully multivariate approaches; working in the frame of
information theory, they provide a novel approach for partial
conditioning to a subset of informative variables, showing
that this approach can help to overcome computational and
numerical problems otherwise arising with traditional full
conditioning schemes.

P. Belardinelli et al. investigate in a realistic MEG
environment the known localization bias due to correlation
between source time series occurring for the popular beam-
former inverse method, showing that this bias is relevant only
for extremely high degrees of source correlation. F. Avarvand
et al. combine subspace and beamformer source localization
methods with estimation of the imaginary part of the
coherence in simulated and real EEG data, implementing
an approach that is sensitive to connectivity rather than
to activity and, as such, improves localization accuracy
and detection of source interactions. C. Micheli and C.
Braun deal with the problem of characterizing connectivity
between neural source activity and muscular activity after

the localization of multiple correlated sources; when applied
to MEG and electromyographic signals during a pinch grip
task, their approach highlights patterns of corticomuscular
coherence otherwise not obtainable with the use of standard
methods. C. Schmidt et al. propose a new analytical approach
to the detection of topological motifs in EEG connectivity
networks estimated in patients with major depression during
painful stimulation, suggesting that specific motifs may help
explaining the relationship between pain and depression. A.
Alvarellos-Gonzàlez et al. study structural brain connectivity
at the synaptic level, presenting enhanced computational
models of neural networks which evidence the potentiation
of synaptic connectivity that takes place in the brain when
glial cells are considered in addition to artificial neurons.

Luca Faes
Ralph G. Andrzejak

Mingzhou Ding
Dimitris Kugiumtzis
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Little is known about the long-term dynamics of widely interacting cortical and subcortical networks during the wake-sleep cycle.
Using large-scale intracranial recordings of epileptic patients during seizure-free periods, we investigated local- and long-range
synchronization between multiple brain regions over several days. For such high-dimensional data, summary information is
required for understanding and modelling the underlying dynamics. Here, we suggest that a compact yet useful representation
is given by a state space based on the first principal components. Using this representation, we report, with a remarkable similarity
across the patients with different locations of electrode placement, that the seemingly complex patterns of brain synchrony during
the wake-sleep cycle can be represented by a small number of characteristic dynamic modes. In this space, transitions between
behavioral states occur through specific trajectories from one mode to another. These findings suggest that, at a coarse level of
temporal resolution, the different brain states are correlated with several dominant synchrony patterns which are successively
activated across wake-sleep states.

1. Introduction

Although much is known about the functional architecture
of the brain, its large-scale dynamics remain poorly under-
stood. At this macroscopic level, the existence of large-scale
dynamics is confirmed by numerous functional brain map-
ping studies, showing that multiple distributed cortical areas
coordinate their activities during perceptuomotor behavior
[1–3]. Phase synchrony is an important candidate for such
large-scale integration, mediated by neuronal groups that
oscillate in specific bands and enter into precise phase locking
over a limited period of time [4, 5]. It is also known that the
coordination of these large-scale patterns is subject to drastic
changes in different behavioral states, possibly because of
state-dependent shifts in both neuromodulatory balance
and the thalamic gating of sensory inputs [6–8]. A major
challenge is to determine general principles that govern
the spontaneous succession of global brain states across
the entire wake-sleep cycle. Recently, using simultaneous

local field potentials recorded in multiple forebrain areas in
behaving rats, it has been shown that several brain states
(e.g., quiet waking, active exploration, and slow-wave sleep)
can be represented as distinct clusters in a multidimensional
state space representing various levels of local and long
distances synchronization [9]. These results suggest that
major brain states that comprise the wake-sleep cycle can be
identified by a frequency-dependent neuronal cooperativity
that involves different oscillatory levels within individual
brain regions and transient synchronization across brain
areas. Motivated by this study, we investigated the long-
term dynamics of human brain synchronization using
intracranial recordings of epileptic patients. During the
phase of presurgical evaluation, these patients were recorded
for up to 7–14 days in order to capture habitual seizures.
Invasive EEG recording from intracranial electrodes was
required to localize focal epileptic activity and to determine
the exact spatial relationships between centers of epileptic
activity and functionally significant areas. In contrast to scalp
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EEGs, intracranial recordings provide, temporally distant
from epileptic seizures, episodes of normal brain activity
that are highly differentiated, down to millimeter spatial
resolution. The good spatial resolution and the high signal-
to-noise ratio offered by intracranial electrodes have been
proven valuable in the detection of large-scale dynamical
relationships between cortical networks, in both the time and
frequency domains and allow a reliable separation of local
and long-range mechanisms [5, 10].

2. Methods

2.1. Database. We examined intracranial recordings from 5
subjects with refractory partial epilepsy undergoing presur-
gical evaluation, hospitalized between February 2002 and
July 2007 in the epilepsy unit at the Pitié-Salpêtrière hospital
in Paris. Each patient was continuously recorded during
several days (duration range, 9–20 days; mean duration,
15 days) with intracranial electrodes (Nicolet acquisition
system, CA, USA; 16-bit, bandwidth at 3 dB: 0.1–150 Hz).
Signals were digitized at 400 Hz. Depth electrodes were
composed of 4 to 10 cylindrical contacts 2.3 mm long, 1 mm
in diameter, 10 mm apart center-to-center, mounted on a
1 mm wide flexible plastic probe. Subdural electrodes were
strips with 4 to 8 one-sided circular contacts, 2.3 mm in
diameter and with a center to center separation of and
10 mm. Pre- and post- implantation MRI scans were eval-
uated to anatomically and precisely locate each contact
along the electrode trajectory. The selection of the sites
to implant varied among patients and was made entirely
for clinical purposes. Three patients had bilateral depth
electrodes placed within the hippocampus in combination
with subdural strips added to sample lateral or inferior
cortices of the temporal and frontal lobes; two patients
had only unilateral depth electrodes in various regions of
the neocortex and hippocampus. (Patient 1: 47 channels;
unilateral subdural strip electrodes covering the frontal lobe
and basal regions of the temporal lobe; unilateral depth
electrodes placed in the insula, amygdale, and hippocampus.
Patients 2 and 5: 47 and 50 channels; bilateral subdural
strip electrodes covering the basal regions of the temporal
lobe, lateral, and posterior temporal cortex; bilateral depth
electrodes placed in the hippocampus. Patient 3: 32 channels;
unilateral depth electrodes placed in the basal regions of
the temporal lobe, lateral temporal cortex, and frontal lobe.
Patient 4: 38 channels; unilateral depth electrodes placed in
basal regions of the temporal lobe, lateral temporal cortex,
insula, and amygdala; bilateral depth electrodes placed in the
hippocampus). An epileptologist visually evaluated the EEG
recordings. Electrodes that exhibited interictal epileptiform
discharges (i.e., clearly distinguishable spikes, sharp waves,
or spike-and-waves complexes) were identified and were
removed from the analysis. Waking and sleep stages were
determined by video monitoring and confirmed by the visual
inspection of the corresponding EEG recordings. Sleep was
here mostly defined as nonrapid eye movement (NREM)
periods by the presence of K-complexes (stage 2) or slow
waves (stage 3-4).

2.2. Large-Scale Synchronization Analysis. The analysis of
phase synchronization between neuronal signals was intro-
duced by [11] to overcome some limitations of conventional
methods which cannot disentangle instantaneous ampli-
tudes and phases [10]. The term “synchronization” is used in
its strict sense, as a statistical measure of the degree to which
two signals are phase locked during a short-time period.
Recent studies have demonstrated the ability of this measure
to discriminate transient synchronization in intracranial
EEG data [12]. Our analysis followed several steps: first,
signals from nonoverlapping, consecutive 5-second periods
were filtered with a bandpass corresponding to a particular
frequency component. Second, the instantaneous phase of
each filtered window was extracted by means of the Hilbert
transform. Third, the degree of phase locking between a pair
of EEG channels was quantified by the trial average of the
phase differences on the unit circle in the complex plane:

PLV =
∥
∥
∥
∥
∥
∥

1
n

n
∑

1

ei[φ1(t)−φ2(t)]

∥
∥
∥
∥
∥
∥

, (1)

where n is the number of data points in each time window.
This phase-locking value (PLV) varies between 0 (indepen-
dent signals) and 1 (constant phase lag between the two
signals).

Principal Components Analysis. PCA is a method for identi-
fying patterns in data of high dimension and expressing that
data in such a way as to highlight their similarities and differ-
ences. Since patterns can be hard to find in data of dimension
greater than three, where the luxury of graphical representa-
tion is not available, PCA is a powerful tool for “visualizing”
and “compressing” that data, by reducing the number of
dimensions, without much loss of information. PCA usually
starts with a large number of data or “observation” vectors,
with as many components as system variables. The methods
of linear algebra then allow the selection of a special, ordered
set of basis vectors, the so-called “principal components.”
These vectors are of unit (Euclidean) length and are mutually
orthogonal, with pairwise “dot products” equal to zero. The
first principal component vector represents a single axis
in space. When you project each observation vector onto
that axis, the resulting values form a new variable. And the
variance of this variable is the maximum among all possible
choices of the first axis. The second principal component
represents another axis in space, perpendicular to the first.
Projecting the observations onto this axis generates another
new variable, whose variance is the next largest among all
possible choices of this second axis, and so forth. The full set
of principal component vectors contains as many elements
as the number of original variables. But it is common for the
sum of the variances of the first few principal components to
exceed, say, 80–90% of the total variance of the original data.
By examining plots of these few new variables, researchers
often develop a deeper understanding of the driving forces
that generated the original data. In mathematical terms,
the unordered set of principal component vectors is sim-
ply the set of eigenvectors of the covariance matrix of
the observation vectors. The first principal component is
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Figure 1: After a narrow band filtering of the intracranial EEGs in the delta (1–4 Hz), theta (4–8 Hz), alpha (8–13 Hz), beta 1 (13–20 Hz),
beta 2 (20–30 Hz), and gamma (30–50 Hz) frequency bands, local- and long-range synchronizations were, respectively, estimated by the
spectral power of each recording contact and by the mean phase-locking values (PLV) between every contact and all the others. This
computation allows the characterization of the multifrequency synchronization patterns of each time window t as a vector S(t). (b) Scatter
and density plots of 4 successive days (i.e., 96 hours, patient 1), in the space of the first principal components. (c, d) Distributions in the state
space across several days and during waking and sleep states. (e) The spectral amplitudes were color coded in the state space, characterizing
three main internal frequencies of individual regions in the delta, alpha, and gamma bands.

the eigenvector with the largest eigenvalue, the second prin-
cipal component corresponds to the next largest eigenvalue,
and so on.

Hierarchical Clustering. Hierarchical clustering uses a so-
called “agglomerative” approach, in which individual items,
perhaps patterns, are joined to form larger groups. These
groups are then joined again and again, until the process
has been carried to completion, forming a single hierarchical
“tree.” This hierarchical clustering proceeds in a simple
manner from an initial state, in which each cluster consists
of a single item. First, having selected a metric or distance
function d, the matrix of distances between all possible pairs
(r, s) of clusters (d(r, s)) is formed, and the two closest (or
“most similar”) clusters are chosen. This is the first true
stage in the “clustering” process. If several pairs of clusters
have the same separation distance, a predetermined rule is
used to decide between alternatives. Second, the two selected
clusters are merged to produce a new, larger cluster. Third,

the distances are calculated between this new cluster and all
remaining clusters. Fourth, this process continues iteratively,
until a single cluster, consisting of all the individual items,
remains. Whenever it is necessary to determine the two
“closest”, most similar clusters, Ward’s method is used: for
every cluster pair (r, s), the sum of the squares of the
distances between all items in their composite cluster and
the mean (or centroid) of that cluster is computed [13].
The pair which achieves the minimum of this measure is
then selected as the pair to be combined, thus maximizing
within-cluster homogeneity. Spurious, small sized clusters
were removed. The optimum grouping was defined as the
one that minimized the ratio between intracluster and
intercluster distance measures, producing the used value
for the expected number of clusters. Several other distance
measures between clusters (e.g., average, centroid, median
distances) were tested with qualitatively similar results. We
use the implementations from the Matlab’s Statistics Toolbox
(The Mathworks, Natick, MA).
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Figure 2: Correlation matrix showing the similarity of all the
windows compared with each other over 4 successive days (upper
map) and during one day (lower map).

State-Space Representation. Following previous work [12],
consecutive 5-second EEG recording periods were quantified
by a synchronization vector (S) that characterizes the
multifrequency synchronization patterns in the delta (0.5–
4 Hz), theta (4–8 Hz), alpha (8–13 Hz), beta 1 (13–20 Hz),
beta 2 (20–30 Hz), and gamma (30–50 Hz) frequency bands.
Higher frequency bands >50 Hz were not considered here
because the corresponding activities mainly reflect short-
lasting (<100 msec) and low-voltage events, having only
a small implication in average synchronizations computed
over windows of a few seconds. For every window of time
and every frequency band, S quantified two different types of
synchronization [5] (Figure 1(a)): (i) local synchronization,
estimated by the spectral power of each recording contact
and reflecting the frequency-specific summation of coherent
currents in a sufficient number of cells that generate
externally detectable local field potentials [5] and (ii) long-
range synchronization, estimated by the phase-locking values
(PLV) for every possible combination of different contacts,
characterizing the temporal relationships between different
brain regions in a particular frequency band [11]. On the
basis of all pairwise computations, we computed for each

contact the average synchronization, defined as the mean
PLV between a given contact and all the others. Furthermore,
separately for each frequency band, all the values of local
and long-range synchronization were normalized by the
minimum and maximum over all the recording contacts to
produce normalized values bounded between 0 and 1. This
normalization factor is used to adjust the data to compensate
for experimental variability and to “balance” the values from
the local and long-range synchronizations being compared.
For 50 channels, the dimension of S is 50 × 6 × 2 = 600,
we typically analyzed ∼5 × 104 time windows (2–4 days).
To reduce this high-dimensional and possibly redundant
data to a lower dimensional space and to reveal hidden
underlying factors controlling the dynamics, we used the
principal components analysis (PCA). PCA of S led to the
determination of the underlying modes that characterize the
network states, rank-ordered by their importance, allowing
the representation of these states as distinct clusters in a
low-dimensional state space [9]. The first three principal
components (PCs) of S were used, typically representing
around 90% of the total variance. In order to reduce the
small-scale variability and to average over microstructures
to yield large-scale temporal structures, resulting PCs were
further smoothed with a moving average filter of one minute
width.

3. Results

We analyzed long-term intracranial recordings of 5 epileptic
patients, continuously recorded with a EEG-video monitor-
ing system for successive days (duration ranging from 38 to
103 hours), one day after the implantation of the electrodes
and several hours before the first seizure (separated from 10
to 48 hours, depending on the data set). Patients continued
taking their standard doses of anticonvulsant medications
during this period. The patients had been implanted with
both depth electrodes and subdural electrodes distributed
over subcortical and neocortical regions. The positioning
of electrodes varied among patients (see Section 2.1). We
observed that the first three principal components were able
to identify and characterize several distinct groups of states
across the wake-sleep cycle. While the number of possible
synchronization patterns can be very large, we found that
most of them occupy an L-shape structure, as can be seen
in scatter and density plots (Figure 1(b)). Distributions in
the state space were quantitatively similar across several days
(Figure 1(c)). Comparative analyses of the behavioral states
of the patients showed that the waking and sleep states
occupied different regions in the state space (Figure 1(d)).
When pooled spectral amplitudes were color coded on this
space [9], it was possible to characterize three segregated
regions with internal dominant frequencies (Figure 1(e)).
The higher gamma power values were observed within a
specific region of the state space, mostly associated with
the waking state. This observation supports previous reports
showing that gamma synchronizations seem to be essential
for waking-state information processing. Clearly separated,
higher delta powers were exclusively localized in the deep
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a single branch signifies that all avalanches are in one cluster. Just below this, the dendrogram divides into two branches, representing a set of
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sleep region, also reflecting a maximal distance to the
spectral-coded gamma region. Finally, a distinct frequency
region in the range of sleep spindles (12–15 Hz, alpha band
in Figure 1(e)) was localized near the region associated
with delta/slow oscillations [14]. This remarkable frequency
segregation of three domains in the state space confirms that
distinct synchronization modes mapped different behavioral
states [9]. Similar patterns were not observed using only local
synchronizations (i.e., spectral powers), suggesting that long-
range synchronizations between distant regions are required.

To investigate these recurrent structures more precisely,
all the windows were checked against each other for simi-
larity via the euclidian distance in the PC space (Figure 2).
Visual inspection of correlation matrices revealed a large
number of positive correlations, suggesting that many of

the windows produced were recurrent over successive days.
Hierarchical clustering algorithms were used to rearrange a
correlation matrix from temporal order to order of similarity
(Figure 3(a)). When presented in order of similarity, several
large squares of high-correlation values appeared on the
diagonal of the matrix, suggesting that the windows could
be grouped into several clusters that were highly similar
within themselves. Within several of the large cluster in
a sorted matrix, there were smaller subclusters with even
greater correlations (Figure 3(a)). The relationships between
these clusters and subclusters could be succinctly described
by a dendrogram (Figure 3(d)). Each line that cut across the
dendrogram at a different level represented a different way
of grouping the windows into clusters. The best clustering
was defined at the minimum value of the ratio between
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intracluster and intercluster distances. We found that most
synchronization patterns can be reasonably fit into 3–5
characteristic modes (Figures 3(d) and 3(c)).

To further investigate their global dynamic structures,
we explored possible causal relationships by deducing the
matrix of transition probabilities between the characteristic
modes within a time period under 2 minutes (Figure 3(d)).
Concerning the inner stability of individual modes, sleep
states represent the most stable dynamics, with the strongest
probability to remain in the same mode (P ≈ 0.6). In
contrast, we observed a significantly greater inner instability
for the modes associated with wakefulness (P ≈ 0.3).
Direct cluster-to-cluster transitions were mostly identified
between proximal modes in the state space, those with
high probabilities (see the transition matrix in Figure 3(d)
and arrows in Figure 3(c) for P > 0.2). Direct cluster-to-
cluster transitions between nonadjacent modes are rare (P <
0.1). Thus the most frequent trajectories are surprisingly

simple, showing, on average, a tendency to follow a flow
visiting successively adjacent characteristic modes across
wake-sleep states. To measure the statistical significance of
these dynamical structures, it is necessary to compare the
actual data to what would be caused by chance. We used a
shuffling to permute the temporal sequence, preserving the
original spatial structures in the PC space, but destroying
all dynamical structures. Transition matrices of 50 shuffled
data were generated, and a maximum matrix was constructed
for each patient. As expected, this transition matrix obtained
from the shuffled data hinted that preferred cluster-to-cluster
transitions between proximal modes could only be found in
the actual data (Figure 3(d)). Surprisingly, although a con-
siderable degree of interpatient variability is to be expected
from the different electrode implantations, the L-shaped
distributions in the state space were quantitatively similar
across the five patients (Figure 4). Furthermore, we found
a remarkable similarity in the spectral-coded state space,
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including three segregated regions in the delta, alpha/beta,
and gamma bands. Finally, the global dynamic structures
governing the trajectories between proximal modes are
conserved among the different patients.

4. Discussion

Regardless of the relatively small sample size used in the
present study, replicability of the results across subjects
leads us to believe that global brain states can be mapped
into a low-dimensional space based on the degree of local-
and long-range synchronization between multiple cortical
areas. Automatic cluster analysis made it possible to quan-
titatively assess the similarities between these different syn-
chronization patterns and to identify functional categories
and natural transitions between them. Using this compact
representation, we report, with a remarkable similarity across
the patients with different locations of electrode placement,
that the complex patterns of brain synchrony during the
wake-sleep cycle can be represented by a small number
of characteristic clusters in which cortical network can
dynamically operate. These regimes correspond to distinct
global brain states and are correlated with the occurrence of
major wake-sleep states.

Although our state-space framework obtained encour-
aging results, future work should address several issues. In
particular, we have mainly studied the ability of a state-
space representation in tracking global brain dynamics at
low temporal resolution and operating within a few clusters,
quantitatively inferred by hierarchical clustering algorithms.
One difficulty here is the determination of the minimal
number of physiologically meaningful clusters. The problem
of dimension reduction is very difficult, especially when
the target categories for classification remain unknown. It
remains possible that other dimension reduction techniques
might provide useful physiological features and identify
more dynamic states. Especially, future methods could
improve upon the poor temporal resolution in the state-
space method because of the smoothing procedure. However,
given the relatively slow temporal evolution of behavioral
states, such slow temporal dynamics are likely well captured
by the state-space framework.

How can this description be useful? The state-space
framework proposed here may be helpful for sleep stage
scoring (i.e., the process of classifying the different stages
of the sleep). Indeed, it is known that most of the current
stage-coding approaches, both manual and automatic, face
several important limitations [15]. Furthermore, our state-
space representation may help to better describe transitions
between different sleep stages. Indeed, according to the
recommendations of Rechtschaffen and Kales [16], most
algorithms to identify wake-sleep states based on EEG
features implicitly assume that the wake-sleep cycle consists
of several categorically different and stable states. This
approach tends to characterize the wake-sleep cycle as a
stair case process, jumping back and forth between a set of
state. This stair case representation of states promotes the
unrealistic view that state transitions occur instantaneously,

with no intermediate periods between them, even when
the dynamics of the system do not clearly resemble any
predefined states [9]. Finally, in the context of neurology,
disturbances of large-scale synchronized networks have been
implicated in several brain disorders, such as epilepsy,
schizophrenia, autism, and Parkinson’s disease [17]. Our
state-space representation of global brain dynamics may help
to identify pathological alterations in large-scale patterns. In
particular, this representation may be helpful in identifying
dynamic state fluctuations of the epileptic brain and possibly
characterizing long-term pathological transitions to seizures
[12, 18].

Overall, our present results strengthen the recent obser-
vations in rats that behavioral states and their transitions
can be identified by synchronizations across/within forebrain
areas [9]. Additionally, our results support the role of
oscillation-mediated temporal links, activated differently
depending on the ongoing behavioral state, in the coor-
dination of specific information transfer between distant
brain regions [19]. Furthermore, following earlier proposals
[20, 21], our descriptions make explicit generic structures of
large-scale brain dynamics, that is, characteristics that are
observed independently of the particular variation of the
network under consideration. Together, these results provide
new insights into the neurophysiological correlates of state-
dependent aspects of human brain synchronization. We
anticipate that this type of comprehensive quantification will
have powerful applications in the development of automatic
recognition of behavioral states [22].
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To address the problem of mixing in EEG or MEG connectivity analysis we exploit that noninteracting brain sources do not
contribute systematically to the imaginary part of the cross-spectrum. Firstly, we propose to apply the existing subspace method
“RAP-MUSIC” to the subspace found from the dominant singular vectors of the imaginary part of the cross-spectrum rather
than to the conventionally used covariance matrix. Secondly, to estimate the specific sources interacting with each other, we use a
modified LCMV-beamformer approach in which the source direction for each voxel was determined by maximizing the imaginary
coherence with respect to a given reference. These two methods are applicable in this form only if the number of interacting sources
is even, because odd-dimensional subspaces collapse to even-dimensional ones. Simulations show that (a) RAP-MUSIC based on
the imaginary part of the cross-spectrum accurately finds the correct source locations, that (b) conventional RAP-MUSIC fails to
do so since it is highly influenced by noninteracting sources, and that (c) the second method correctly identifies those sources which
are interacting with the reference. The methods are also applied to real data for a motor paradigm, resulting in the localization of
four interacting sources presumably in sensory-motor areas.

1. Introduction

Electroencephalography (EEG) and magnetoencephalogra-
phy (MEG) are noninvasive measurements of brain activity
with an excellent temporal resolution in the order of milli-
seconds but poor spatial resolution. In the past decades
the main focus was the analysis of event-related potentials,
that is, the average brain response to a given stimulus.
More recently, the variability of brain activity and espe-
cially its interpretation as signatures from the brain as a
dynamical network has attracted many researchers [1, 2]. A
specific expression of variability is the occurrence of neural
oscillations which are hypothesized to be a mechanism
of functional communication within the brain [3–6]. A

large variety of methods exist to identify interactions of
rhythmic activity, including coherence [7], AR modeling [8],
Granger causality [9], and methods based on phase couplings
[10].

The most serious problem in the interpretation of EEG
or MEG in terms of brain interaction arises from the poor
spatial resolution. First of all, at the sensor level it is not clear
whether a functional relationship between sensors reflects an
interaction between two different neural populations or is
due to the mixing of sources into sensors. Furthermore, since
the inverse problem, that is,the calculation of brain activity
from EEG or MEG data, has no unique solution, any estimate
is error prone: also estimated source activities are in fact a
largely unknown mixture of the true activities. While this
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problem, usually termed “artifact of volume conduction,”
is well known since a long time [11], it is increasingly
addressed lately [12–19]. One major result is that also
sophisticated and popular inverse methods like beamformers
may produce substantial misinterpretations of the results
[18].

To overcome the problem of volume conduction it was
suggested to study the imaginary part of coherency [20]
because nonvanishing values of that quantity can only be
explained by true interactions. Imaginary part of coherency
has been used for the estimation of functional connectivity
inside the brain in several studies [21–23]. On the sensor
level, this allows to establish the presence of brain interac-
tions but only little can be said about the origins of the inter-
actions inside the brain. Analysis on sensor level was further
pursued in [24] where a method was proposed to separate
pairs of interacting sources from each other. The results are
two-dimensional subspaces which contain the topographies,
that is the electric potentials or magnetic fields, for each pair
of sources. A further decomposition into the topographies of
the individual sources is not possible without making spatial
assumptions about the sources. In [17] such a decomposition
was performed assuming that respective source distributions,
estimated as minimum L2-norm solutions, have minimal
spatial overlap. The problem here is that such minimum
norm solutions are extremely blurred, and even if the
unknown true sources are not overlapping the estimates may
have substantial spatial overlap.

In this paper we propose a more natural approach to deal
with the case when the outcomes of a sensor level approach
are subspaces rather than topographies of individual sources.
In fact, subspace methods like the Multiple Signal Classifica-
tion (MUSIC) and variants of it to be discussed below are
designed to find sources which explain subspaces by dipolar
sources [25–27]. Such methods are typically applied on
low-rank approximations of covariance matrices and work
optimally if all sources are independent of each other. To
localize interacting sources, we here suggest to simply apply
the subspace methods to low-rank approximations of the
imaginary part of the cross-spectrum. We show next that this
method correctly estimates the source locations also in the
presence of strong background noise.

The second question we address is how to estimate with
which other source each of the found sources is interacting.
This analysis will be based on LCMV beamforming, which
is a popular inverse method to analyze EEG or MEG data
[12, 28]. Similarly to localization using MUSIC, we will adapt
the beamformer to be most sensitive to interactions rather
than being sensitive to strong power.

This paper is organized as follows. In Section 2 we will
explain the mathematical background on the imaginary part
of the cross-spectrum, subspace methods, and on beam-
formers. In Section 3 we will present our modifications of
the RAP-MUSIC approach and of beamformers in order to
study interacting brain sources, and in Section 4 we will
demonstrate the performance using simulations of two and
four interacting sources in the presence of background noise
of various strengths as well as real data. A conclusion is given
in Section 5.

2. Background

2.1. MUSIC and RAP-MUSIC. Multiple Signal Classification
(MUSIC) is a localization method based on dominant
subspaces spanned by the vector structure of the data [25].
The general procedure is to divide the vector space of the
data into a signal subspace and a noise-only subspace which
is orthogonal to the signal subspace. The algorithm is used
for acoustic imaging [29, 30] and for the analysis of elec-
trophysiological recordings of brain activity [26, 27]. It finds
the source locations as those for which the principle angle
between the noise subspace and the forward model of the
source is maximum or, equivalently, for which the principle
angle between the signal subspace and the forward model
is minimal. In a nutshell, the MUSIC algorithm scans all
possible source locations and estimates whether a source at
each location is consistent with the measured data explicitly
including the possibility that several sources are simultane-
ously active and in general not independent of each other.

We will at first consider the case of fixed dipole orienta-
tions. For MUSIC, a subspace of the signal is determined as
the space spanned by the set of eigenvectors corresponding
to the P largest eigenvalues of the covariance matrix of the
data C, which itself has usually full rank for noisy data. P
is the (assumed) number of sources, and it is assumed to
be substantially smaller than the number of electrodes. (The
true number of sources is in general unknown and it is
advisable to choose P rather too large than too small.)

We denote the forward model of the dipole at location
qi as LM×1, where M is the number of electrodes. In order
to estimate the consistency between the forward model of a
given grid point and the subspace, the angle between them is
calculated as

cos2θ
(

L,φ
) = LTφφTL

LTL
, (1)

where (·)T denotes transpose, and φ is the matrix of the P
largest eigenvalues of the covariance matrix of the data. We
note that formulations using angles between model and noise
subspace are formally equivalent. Formulations using signal
subspace only are computationally more efficient since the
dimensionality of the signal subspace is lower compared to
the dimensionality of the noise subspace.

The angle θ is calculated in all the grid points and the
forward model corresponding to the minimum angle is esti-
mated as the dipole pattern. If, as in EEG or MEG, for each
grid point several forward solutions exist, corresponding to
three different dipole orientations, the source orientation
corresponding to the largest value of cos θ is chosen.

The main disadvantage of MUSIC is that finding several
maxima is difficult when the number of sources increases
[27]. As a remedy, several modifications of MUSIC are
proposed which are based on the idea of localizing the
sources sequentially [27, 31–33]. One of the variants pro-
posed by Mosher and Leahy [27] is a modification called
Recursively Applied and Projected (RAP)-MUSIC. Here,
instead of searching simultaneously for several local maxima,
only global maxima are determined iteratively. In order to
find the next source location, the subspace is updated by
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projecting out the previously found topographies and then
the maximization is repeated.

To be explicit, let Lk for k = 1 · · ·n − 1 be the set of
patterns of the n−1 previously found sources. In order to find
the location of the nth source, the new subspace is defined
by removing the patterns both from the forward models and
the subspace estimation. The projection matrix for the nth
source estimation reads

P = I − A
(

ATA
)−1

AT , (2)

where A = [L1L2 · · ·Ln−1] is the matrix containing as
columns all the previously found dipole patterns.

Similarly to the first MUSIC scan, the angle between the
forward model at each grid point and the subspace is calcu-
lated while the forward models and the subspace are updated
by projecting out the previous source patterns. Therefore

cos2θ
(

LP ,φP
) = LTPφPφ

T
P LP

LTPLP
, (3)

where LP = PL and ΦP = ortho(PΦ) where ortho(E)
orthonormalizes the columns of a matrix E.

The algorithm performs as many iterations as the
predefined number of sources.

For unknown dipole orientations an optimization over
orientation is included in the calculation of the angle θ. Then

L = L̂α, (4)

where L̂ is an N × 3 matrix containing as columns the
topographies of dipoles in x-, y- and z-direction and α is a
3× 1 vector. Then the angle is given as

cos2θ
(

LP ,φP
) = max

α

αTL̂TPφPφ
T
P L̂Pα

αTL̂TP L̂Pα
, (5)

with L̂P = PL̂. The maximization can be done analytically,
and α is given by the eigenvector corresponding to the
maximum eigenvalue of

D ≡
(

L̂TP L̂P
)−1

L̂TPφPφ
T
P L̂P. (6)

Note that the RAP-MUSIC search results both in location
and orientation of the sources.

2.2. Imaginary Part of Cross-Spectrum. A covariance matrix
is a measure of linear coupling between two signals in the
time domain. The analogue in the Fourier domain is the
complex valued cross-spectrum which reflects the linear
coupling of the signals for all frequencies. Due to the artifacts
of volume conduction, it is not always easy to differentiate
between the real connectivities and the ones caused by vol-
ume conduction. Nolte et al. [20] suggest that the imaginary
part of coherency, which is in fact the normalized imaginary
part of cross-spectrum, is a measure robust to artifacts of vol-
ume conduction in the sense that a nonvanishing imaginary
part cannot be explained by independent sources regardless

of the number of sources and how they are mapped into sen-
sors provided that this mapping is essentially instantaneous
which is in fact an excellent approximation for frequencies
below 1 KHz [34].

Coherency between two EEG channels i and j is defined
as

Cij
(

f
) = Si j

(

f
)

(

Sii
(

f
)

Sj j
(

f
))1/2 , (7)

where Si j( f ) is the cross-spectrum of the two channels at
frequency f and is defined as

Si j
(

f
) =

〈

xi
(

f
)

x∗j
(

f
)〉

, (8)

where xi( f ) and xj( f ) are the (complex) Fourier transfor-
mations of the time series of xi(t) and xj(t) of channels i
and j, respectively, 〈·〉 is the expectation value, and ∗ is
complex conjugation. In practice, the expectation value is
obtained by averaging over a large number of epochs. Sii( f )
and Sj j( f ) are the autospectra of the signals at channels i and
j, respectively.

2.3. Beamformers. The goal of beamforming is to estimate
the time course s(t) of a dipole at a specific location in the
brain as accurate as possible. To achieve that goal, sensor data
are linearly combined such that the (presumed) activity of
other sources is minimized [35]. We here recall shortly the
basic procedure.

If the location where we want to calculate the time course
is qi and the activity of the dipole at this location is si(t), the
data X(t) measured with EEG electrodes is the superposition
of N dipoles at sampling time t:

X(t) =
N
∑

i=1

gisi(t) + n(t), (9)

where gi is the forward model for a source at location qi
with given orientation. The vector gi is of size M × 1, where
M is the number of electrodes and n(t) is additive noise
which is assumed here to arise from noninteracting sources.
A beamformer is a spatial filter constructed to (a) pass
the signal from the source of interest with unit magnitude
and (b) to minimize total power. If the source of interest
is independent of all other sources (called background),
power values of source of interest and background are
additive. Therefore, minimizing total power is equivalent
to minimizing the power of the background and hence to
maximizing signal-to-noise ratio. At a specific location inside
the brain we estimate the signals yj(t), for j = 1, 2, 3,
corresponding to the source component in x-, y-, and z-
direction, as

yj(t) =WT
j X(t). (10)

If we denote the topography of the source in direction j
as g j the filter weights Wj are chosen to satisfy the following
constraint:

minW j

(

WT
j CW j

)

(11)

subject to WT
j g j = 1, (12)
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where the matrix C is the covariance matrix of the measured
data in time domain or the cross-spectrum matrix in
frequency domain. The optimization is solved by

W j = C−1g j
[

gTj C
−1g j

]−1
. (13)

So far, all dipole components were calculated, and such
a beamformer is called “vector beamformer.” To specify
the direction at each grid point, it is a common approach
to maximize the power. We only mention this without
going into details, because we are interested in observing
interacting and not necessarily strong sources. The respective
choice of orientation will be explained in Section 3.

One point which should be considered in beamforming
is the correlation between the sources. Due to the presence
of correlated sources, the estimated variance of the source of
interest is significantly less than the true value. Therefore, a
modified version of LCMV called Nulling Beamformer [12,
36] was suggested forcing an additional nulling constraint
in order to make sure that the influence of the sources
at specific other locations and orientations is suppressed.
We recall the procedure for a set of sources with given
orientation. Combining the nulling constraint with the unit
gain condition (12) in LCMV results in

WT
i G = fTi , (14)

whereG = [g1, . . . , gN ] contains as columns the topographies
of N sources and

fi = [0 · · · 010 · · · 0]T , (15)

is a vector whose ith element is one and the rest are zero.
Solving the equation, using Lagrange multipliers, results in

Wi = C−1G
[

GTC−1G
]−1

fi. (16)

The obtained nulling beamformer gain has a unit gain at the
location of interest, zero gains at a small set of given locations
other than the location of interest and minimizes the power
for the ith source.

We finally note that a vector beamformer is often for-
mulated as a nulling beamformer for which for each dipole
location and direction j both other orthogonal directions
were nulled out.

An LCMV beamformer is really a two-step procedure
with two different rationals. In the first step, spatial filters
are designed to estimate brain activity for each location in
the brain as clean as possible. This step is not a localization
approach. The localization is done in the second step by
defining the most interesting sources as those which have
strongest power. Below, we will use only the first step of the
beamformer formulation because we are interested only in
interacting sources which are not necessarily the ones with
strongest power.

3. New Methods

3.1. Getting Subspaces from Imaginary Part of Cross-Spectrum
(CS). The standard way to define the subspace of the

data used for the MUSIC algorithm, as we discussed in
Section 2.1, is to calculate the eigenvectors of the covariance
matrix of the data. We suggest to replace the covariance
matrix by the imaginary part of the cross-spectrum of the
data at a specific frequency in RAP-MUSIC. As we discussed
in Section 2.2 , the imaginary part of the cross-spectrum
is inconsistent with noninteracting sources. Since we are
interested in localizing the interacting sources, we defined the
subspace of the data based on the imaginary part of the cross-
spectrum just to make sure that noninteracting sources like
noise do not appear in localization results.

3.2. Maximizing Imaginary Coherence in Subspaces. Accord-
ing to the definition, coherency between two EEG channels
i and j is equivalent to the complex valued cross-spectrum
normalized by the power in the channels. In order to
calculate the coherency between the source location i and any
other grid point in the brain, the signals originating from
these locations will be calculated using a beamformer. The
moment of a dipole at location j is therefore calculated as

y
(

f
) = AX

(

f
)

, (17)

where X( f ) is the Fourier transform of the data at frequency
f and filter weights, A, are calculated using either LCMV
beamformer or nulling beamformer. Let G = [g1, . . . , gN ]
be the matrix of dipole patterns of the dipoles estimated at
the source locations by RAP-MUSIC then the activity of the
source, s( f ), in the frequency domain at the ith location is

s
(

f
) = VT

i X
(

f
)

, Vi = (CR)−1G
[

GT(CR)−1G
]−1

fi. (18)

The filter weights at each source location Vi are calculated
using nulling beamformer weights in (16) and the vector fi is
defined in (16). The filter weights could also be estimated
using LCMV approach in (13) but in order to reduce the
interaction of other sources in the estimation of the time
course of the source of interest using nulling beamformer is
preferred. The matrix C in (16) and (13) is replaced by the
real part of cross-spectrum matrix of the data, CR, in order
to have real-valued weights instead of complex ones.

In a similar approach, the activity of each grid point
is calculated using (17) where the filter weights, A, are
calculated based on LCMV beamforming weights in (13) in
directions x, y, and z. In the classical LCMV beamformer,
the direction of the dipole is chosen as the direction which
maximizes the power of the signal at the corresponding
location but in a new approach, we suggest to choose the
direction of the dipole not based on the maximum power
but on the maximum imaginary part of coherency between a
reference and the dipole of interest.

Assuming z( f ) is the moment of the dipole at frequency
f at location j in the direction of maximum coherency with
location i (the seed location) then,

z
(

f
) = αTAX

(

f
)

, (19)

where α is the vector of size 3 × 1 which gives us the
(yet unknown) direction in which the imaginary part of
coherency is maximum.
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The cross-spectrum between the estimated source at
location i, s( f ), and the activity in direction of maximum
coherency at location j, z( f ), is defined as

〈

s
(

f
)

z∗
(

f
)〉 = VT

i

〈

X
(

f
)

XH
(

f
)〉

ATα, (20)

where 〈·〉 denotes the expectation value and∗ is the complex
conjugation. The autospectrum of the signal s at location i is
defined as

〈

s
(

f
)

s∗
(

f
)〉 = VT

i

〈

X
(

f
)

XH
(

f
)〉

Vi, (21)

where 〈X( f )XH( f )〉 is equal to the cross-spectrum of the
data. Similarly, the cross-spectrum of z( f ) at location j is
defined as

〈

z
(

f
)

z∗
(

f
)〉 = αTA

〈

X
(

f
)

XH
(

f
)〉

ATα. (22)

The imaginary part of coherency then reads

f (α) =
〈

s
(

f
)

z∗
(

f
)〉

〈

s
(

f
)

s∗
(

f
)〉〈

z
(

f
)

z∗
(

f
)〉

= VT
i CIA

Tα
(

VT
i CVi

)1/2
(αTACATα)1/2

(23)

where CI denotes the imaginary part of cross-spectrum of
X( f ). Let us rename (VT

i CVi) as D1, (αTACATα) as D2,
and VT

i CIA
Tα as N . In order to maximize f (α), we set the

derivative of f (α) to zero:

∂ f

∂α
=
(

VT
i CIA

T
)T

D1/2
1 D1/2

2
− 1

2
N

D1/2
1 D1/2

2

∂

∂α

(

αTACRA
Tα
)

= 0,

(24)

where CR is the real part of C. Solving the equation results in

α =
(

ACRA
T
)−1

ACIVi. (25)

Substituting α in (23) gives us the maximum of the imaginary
part of coherency at frequency f . We used the above
maximization of coherency after applying the RAP-MUSIC
algorithm to the data in order to study the interactions
between the localized sources.

4. Results

4.1. Simulations. In this Section, we present the simulations
in which we compared the RAP-MUSIC results in the
case the subspace of the data is defined with the largest
eigenvalues of real part of the cross-spectrum to the case that
the subspace is defined based on the imaginary part of the
cross-spectrum. We also demonstrate the results of finding
the interaction between the sources after being localized by
RAP-MUSIC.

In the first simulation, two interacting sources are
produced at 10 Hz with the sampling frequency of 100 Hz.
The interaction was simulated simply as a delay: if x1(t) is

the signal of the first source, white noise narrowband filtered
at 10 Hz, then the signal of the second source reads x2(t) =
x1(t − τ) with the delay set as τ = 20 ms. The total length
of the data is 300 sec and is divided into segments of 100
samples each. Each segment has 50 samples overlapping with
the previous segment. Additional noise resembling the real
brain noise is added to the data. This is done by simulating
independent white noise source distributed evenly across the
entire brain. The noise was scaled such that the power at
10 Hz at the strongest signal channel was equal for noise and
signal of interest.

For the forward solution, calculated using expansions of
the electric lead field [37], we used a realistic head model
based on a segmented head model taken from the program
CURRY. In this simulation, the dimension of the subspace,
that is, P, was chosen to be equal to two.

Figures 1 and 2 are illustrations of the estimated source
locations using the real and imaginary parts of cross-
spectrum. For each voxel, the result of 1/(1 − | cos θ|) is
color coded. The blue circles in the figures represent the
true locations of the simulated sources. Figure 1 shows the
two estimated sources using imaginary part of the cross-
spectrum. In the first RAP-MUSIC step, both of the two
sources are localized simultaneously. In the next step the
first source is projected out and only one of the sources
has remained. Comparing the results in Figure 1 and RAP-
MUISC based on the real part of cross-spectrum in Figure 2
shows that the localization accuracy increases massively
when the imaginary part is used to estimate the sources.
In fact, we can see source location estimations in Figure 2
which do not fit our true locations. These estimations are the
locations where noninteracting sources, noise in this case, are
dominant.

Figure 3 shows the estimation error for two and four
interacting sources, which are located at random positions
inside the head and had random orientations, for 200
independent simulations. We did the simulations with three
different noise levels: (a) no noise, (b) low noise correspond-
ing to equal power of noise and signal of interest at 10 Hz
averaged over all channels, and (c) high noise corresponding
to equal power of noise and signal of interest at 10 Hz at the
channel with largest power of the signal of interest.

On the x-axis the localization error of RAP-MUSIC based
on the imaginary part of cross-spectrum is shown and the
y-axis represents the estimation error resulting from the
real part of cross-spectrum. To identify estimated source
locations with true ones we calculated the mean distance
across all permutations and chose the one which minimized
this mean. The error localizations based on the real part
of the cross-spectrum are considerably larger than for the
imaginary part of cross-spectrum. In fact, by considering the
imaginary part of cross-spectrum, we reduce the effect of
the noninteracting noise sources on the localization of the
interacting sources.

In order to study the connectivity of the sources, we pro-
ceeded the simulations by applying the nulling beamformer
to the EEG data and maximizing the imaginary part of
coherency between the estimated source locations obtained
from RAP-MUSIC and all other grid points. We demonstrate
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Figure 1: Estimated locations of the sources using RAP-MUSIC based on the imaginary part of cross-spectrum. True locations of the sources
are shown as blue dipoles and the estimated locations are shown using the heat map. (a) represents the sources after applying the first iteration
of RAP-MUSIC and (b) shows the source location after projecting out the global maximum of (1) in the previous iteration.
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Figure 2: Estimated locations of the sources using RAP-MUSIC based on the real part of cross-spectrum. True locations of the sources are
shown as blue dipoles and the estimated locations are shown using the heat map. (a) represents the sources after applying the first iteration
of RAP-MUSIC and (b) shows the source location after projecting out the global maximum of (1) in the previous iteration.

a typical outcome for a case consisting of four dipoles, two on
the left and two on the right hemisphere with interactions
within but not across hemispheres and a high noise level
(Figure 4). For illustrative purposes, all dipoles were chosen
to be in one axial plane, and, although the reconstruction
was done in the entire brain, we show only this plane. The
results fulfilled our expectations in the way that the highest
imaginary part of coherency occurred almost at the same
position as the true interacting source positions.

4.2. Real Data. We applied RAP-MUSIC to the real data
measured during the imagined hand movement [38] in order
to localize four interacting sources as well as their interac-
tions. The cross-spectrum has a dominating alpha rhythm
at 10 Hz which is not induced by the task but is considered
to be an ongoing activity present at the eyes-open condition
as well. The data contains central alpha also at 10 Hz due to
event-related synchronization which in this case is induced
by the absence of the foot movement which has been the
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Figure 3: Estimation error in RAP-MUSIC based on the real and imaginary part of the cross-spectrum. (a), (b), and (c) show the simulations
of two interacting sources in 200 independent simulation cases in random locations. (d), (e), and (f) represent four sources containing two
couples of interacting sources simulated in 200 independent simulation cases in random locations. The simulations were done for three
different noise levels as explained in the text and as indicated in the figure.

task in nonanalyzed trials. The number of EEG channels is
equal to 118 and the number of trials to 70 each with the
duration of 3.5 s. The cross-spectrum at 10 Hz is measured
with the frequency resolution of 2 Hz. Channel locations
were matched on a realistic standard head model taken from
the program CURRY (Neuroscan, Hamburg, Germany).

In order to apply RAP-MUSIC based on the imaginary
part of cross-spectrum we set the dimension of the subspace
equal to four. The source localization resulting in Figure 5
shows two sources in occipital lobe representing the alpha
rythm. Two other sources are more close to the motor cortex
which represent the absence of imagined foot movement. To
study the interaction between the sources using beamformers
and maximization of imaginary coherency described in
Section 3, the imaginary part of coherency is maximized
between each reference location found in RAP-MUSIC and
each grid point. According to the results in Figure 6,
the dipoles in each lobe are interacting locally with each
other.

5. Conclusion

We adapted two well-established methods, the RAP-MUSIC
approach and the LCMV beamformer approach, to localize
and characterize interacting brain sources from rhythmic

EEG or MEG data. To study brain interactions robust to
artifacts of volume conduction, it is convenient to analyze
the imaginary part of the cross-spectrum which is unbiased
by noninteracting sources. In contrast to covariance matrices
or complex cross-spectra the imaginary part, being antisym-
metric, is necessarily degenerate: all singular values occur in
pairs, and, for example, a singular value decomposition is not
capable to extract the topographies of the individual sources
in sensor space even if the true topographies are orthogonal.
This is a principle limitation when analyzing interacting
sources where dynamical assumptions like statistical inde-
pendence, as is done for ICA, are inconsistent with the object
which is studied. Rather than individual topographies results
are naturally subspaces, for which subspace methods are
ideal candidates to find the respective sources. In simulations
we have shown that RAP-MUSIC, applied on subspaces
given by imaginary parts of cross-spectra, properly recovers
source locations also in the presence of strong correlated
background noise, which was assumed to be generated by
noninteracting sources.

This was shown for two and four sources, but not for
three. The case of having an odd number of sources differs
substantially from the case of an even number. The rank
of an antisymmetric matrix is always even and we can only
observe in the data an unknown two-dimensional projection
of the three-dimensional subspace spanned by all three
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Figure 4: Four interacting dipoles are simulated. Each two sources in one hemisphere are interacting with each other. In the top figure,
the location of true sources are shown. In the middle row, estimated source locations using RAP-MUSIC based on the imaginary part of
cross-spectrum are demonstrated and in the bottom row the area which is interacting with each of the corresponding sources (visualized as
blue dots) is demonstrated.

(a) (b)

Figure 5: (a) RAP-MUSIC applied to the real data to localize 4 interacting sources. Each panel in (a) represents an iteration in RAP-MUSIC
starting from the top left panel, then top right and so forth (b) The blue dipoles represent the final estimated source locations after all
iterations.
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Figure 6: Localization of the interaction between four sources using the maximization of imaginary part of coherency. The blue dipoles
represent the estimated location of each source which is taken as the reference and the heat map represents the area that is interacting with
the corresponding reference location.

topographies. The presented RAP-MUSIC approach is in
general not capable to localize sources properly in that case.
This problem will be addressed in future work.

To estimate the interaction pattern we adapted the well-
known LCMV beamformer to our needs. In “classical”
beamformer algorithms the orientation for a given dipole
is chosen as the one which maximizes the power in that
brain voxel such that the solution picks the strongest source.
This was replaced by choosing the direction to maximize
the imaginary part of coherency between that voxel and a
given reference. To avoid confounding effects by assigning
interactions to wrong voxels we also chose to use the Nulling
beamformer which sets additional constraints to explicitly
exclude contributions from a given set of topographies. This
set was defined in terms of the pair of voxels of which the
interaction is calculated but a generalization to include other
sources is straight forward.

An important advantage of studying the imaginary part
of cross-spectra to localize interacting brain sources is that
it is applicable without any modification also to differences

of cross-spectra estimated, for example, in two different
measurement conditions. An analogous property for the
characterization of the interaction, that is, the question
which source is interacting with which other, is not possible
within the proposed scheme because coherence loses its
meaning and is eventually even ill-defined when cross-
spectra are normalized with power differences rather than
powers. How to characterize interaction from difference of
cross-spectra only will be addressed in future work.
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When evaluating causal influence from one time series to another in a multivariate data set it is necessary to take into account
the conditioning effect of the other variables. In the presence of many variables and possibly of a reduced number of samples, full
conditioning can lead to computational and numerical problems. In this paper, we address the problem of partial conditioning to
a limited subset of variables, in the framework of information theory. The proposed approach is tested on simulated data sets and
on an example of intracranial EEG recording from an epileptic subject. We show that, in many instances, conditioning on a small
number of variables, chosen as the most informative ones for the driver node, leads to results very close to those obtained with
a fully multivariate analysis and even better in the presence of a small number of samples. This is particularly relevant when the
pattern of causalities is sparse.

1. Introduction

Determining how the brain is connected is a crucial point
in neuroscience. To gain better understanding of which
neurophysiological processes are linked to which brain
mechanisms, structural connectivity in the brain can be
complemented by the investigation of statistical dependen-
cies between distant brain regions (functional connectivity)
or of models aimed to elucidate drive-response relationships
(effective connectivity). Advances in imaging techniques
guarantee an immediate improvement in our knowledge of
structural connectivity. A constant computational and mod-
elling effort has to be done in order to optimize and adapt
functional and effective connectivity to the qualitative and
quantitative changes in data and physiological applications.
The paths of information flow throughout the brain can
shed light on its functionality in health and pathology. Every
time that we record brain activity we can imagine that we
are monitoring the activity at the nodes of a network. This
activity is dynamical and sometimes chaotic. Dynamical net-
works [1] model physical and biological behaviour in many

applications; also, synchronization in dynamical network is
influenced by the topology of the network itself [2]. A great
need exists for the development of effective methods of
inferring network structure from time series data; a dynamic
version of the Bayesian networks has been proposed in [3].
A method for detecting the topology of dynamical networks,
based on chaotic synchronization, has been proposed in [4].

Granger causality has become the method of choice to
determine whether and how two time series exert causal in-
fluences on each other [5, 6]. This approach is based on
prediction: if the prediction error of the first time series is
reduced by including measurements from the second one in
the linear regression model, then the second time series is
said to have a causal influence on the first one. This frame has
been used in many fields of science, including neural systems
[7–10], reochaos [11], and cardiovascular variability [12].

From the beginning [13, 14], it has been known that if
two signals are influenced by third one that is not included in
the regressions, this leads to spurious causalities, so an ex-
tension to the multivariate case is in order. The condi-
tional Granger causality analysis (CGCA) [15] is based on
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a straightforward expansion of the autoregressive model to
a general multivariate case including all measured variables.
CGCA has been proposed to correctly estimate coupling
in multivariate data sets [16–19]. Sometimes though, a fully
multivariate approach can entrain problems that can be
purely computational or even conceptual: in the presence of
redundant variables the application of the standard analysis
leads to underestimation of causalities [20].

Several approaches have been proposed in order to
reduce dimensionality in multivariate sets, relying on gener-
alized variance [16], principal components analysis [19], or
the Granger causality itself [21].

In this paper we will address the problem of partial
conditioning to a limited subset of variables, in the frame-
work of information theory. Intuitively, one may expect
that conditioning on a small number of variables should be
sufficient to remove indirect interactions if the connectivity
pattern is sparse. We will show that this subgroup of variables
might be chosen as the most informative for the driver
variable and describe the application to simulated examples
and a real data set.

2. Materials and Methods

We start by describing the connection between the Granger
causality and information-theoretic approaches like the
transfer entropy in [22]. Let {ξn}n=1,...,N+m be a time series
that may be approximated by a stationary Markov process
of order m, that is, p(ξn | ξn−1, . . . , ξn−m) = p(ξn |
ξn−1, . . . , ξn−m−1). We will use the shorthand notation Xi =
(ξi, . . . , ξi+m−1)� and xi = ξi+m, for i = 1, . . . ,N , and treat
these quantities as N realizations of the stochastic variables
X and x. The minimizer of the risk functional

R
[

f
] =

∫

dX dx
(

x − f (X)
)2
p(X , x) (1)

represents the best estimate of x, given X, and corresponds
[23] to the regression function f ∗(X) = ∫ dxp(x | X)x. Now,
let {ηn}n=1,...,N+m be another time series of simultaneously
acquired quantities, and denote Yi = (ηi, . . . ,ηi+m−1)�. The
best estimate of x, given X and Y , is now g∗(X ,Y) =
∫

dxp(x | X ,Y)x. If the generalized Markov property holds,
that is,

p(x | X ,Y) = p(x | X), (2)

then f ∗(X) = g∗(X ,Y) and the knowledge of Y does not
improve the prediction of x. Transfer entropy [22] is a mea-
sure of the violation of 2: it follows that the Granger causality
implies nonzero transfer entropy [24]. Under the Gaussian
assumption it can be shown that the Granger causality and
transfer entropy are entirely equivalent and just differ for a
factor two [25]. The generalization of the Granger causality
to a multivariate fashion, described in the following, allows
the analysis of dynamical networks [26] and to discern bet-
ween direct and indirect interactions.

Let us consider n time series {xα(t)}α=1,...,n; the state vec-
tors are denoted:

Xα(t) = (xα(t −m), . . . , xα(t − 1)), (3)
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Figure 1: A directed rooted tree of 16 nodes.
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Figure 2: The sensitivity (a) and the specificity (b) are plotted ver-
sus nd , the number of variables selected for conditioning, for the
first example, the rooted tree. The number of samples N is 100, and
the order is m = 2; similar results are obtained varying m. The
results are averaged over 100 realizations of the linear dynamical
system described in the text. The empty square, in correspondence
to nd = 0, is the result from the bivariate analysis. The horizontal
line is the outcome from multivariate analysis, where all variables
are used for conditioning.

m being the window length (the choice of m can be done
using the standard cross-validation scheme). Let ε(xα | X) be
the mean squared error prediction of xα on the basis of all the
vectors X (corresponding to linear regression or nonlinear
regression by the kernel approach described in [24]). The
multivariate Granger causality index c(β → α) is defined
as follows: consider the prediction of xα on the basis of all
the variables but Xβ and the prediction of xα using all the
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Figure 3: The directed network of 34 nodes obtained assigning randomly a direction to links of the Zachary network.
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Figure 4: Sensitivity and specificity are plotted versus nd , the number of variables selected for conditioning, for two values of the number
of samples N , 500 (left) and 1000 (right). The order is m = 2, similar results are obtained varying m. The results are averaged over 100
realizations of the linear dynamical system described in the text. The empty square, in correspondence to nd = 0, is the result from the
bivariate analysis. The horizontal line is the outcome from multivariate analysis, where all variables are used for conditioning.

variables, then the causality measures the variation of the
error in the two conditions, that is,

c
(

β −→ α
) = log

ε
(

xα | X \ Xβ
)

ε(xα | X)
. (4)

Note that in [24] a different definition of causality has been
used,

δ
(

β −→ α
) =

ε
(

xα | X \ Xβ
)

− ε(xα | X)

ε
(

xα | X \ Xβ
) . (5)
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Figure 5: The mutual information gain, when the (nd +1)th variable is included, is plotted versus nd for two values of the number of samples
N , 500 (a) and 1000 (b). The order is m = 2. The information gain is averaged over all the variables.
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Figure 6: The causality analysis of the preictal period. The causality c(i → j) corresponds to the row i and the column j. The order is chosen
as m = 6 according to the AIC criterion. (a) Bivariate analysis. (b) Our approach with nd = 5 conditioning variables. (c) Our approach with
nd = 20 conditioning variables. (d) The multivariate analysis.

The two definitions are clearly related by a monotonic trans-
formation:

c
(

β −→ α
) = − log

[

1− δ(β −→ α
)]

. (6)

Here, we first evaluate the causality δ(β → α) using the selec-
tion of significative eigenvalues described in [26] to address
the problem of overfitting in (5); then we use (6) and express
our results in terms of c(β → α) because it is with this def-
inition that causality is twice the transfer entropy, equal to
I{xα;Xβ | X \ Xβ}, in the Gaussian case [25].

Turning now to the central point of this paper, we address
the problem of coping with a large number of variables, when
the application of the multivariate Granger causality may

be questionable or even unfeasible, whilst bivariate causality
would detect also indirect causalities. Here, we show that
conditioning on a small number of variables, chosen as the
most informative for the candidate driver variable, is suf-
ficient to remove indirect interactions for sparse connectivity
patterns. Conditioning on a large number of variables re-
quires a high number of samples in order to get reliable
results. Reducing the number of variables, that one has to
condition over, would thus provide better results for small
data sets. In the general formulation of the Granger causality,
one has no way to choose this reduced set of variables; on
the other hand, in the framework of information theory,
it is possible to individuate the most informative variables
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Figure 8: The sum of outgoing causality from each electrode in the EEG application, ictal period. (a) Bivariate analysis. (b) Our approach
with nd = 5 conditioning variables. (c) Our approach with nd = 20 conditioning variables. (d) The multivariate analysis.

one by one. Once that it has been demonstrated [25] that
the Granger causality is equivalent to the information flow
between the Gaussian variables, partial conditioning be-
comes possible for the Granger causality estimation; to our
knowledge this is the first time that such approach is pro-
posed.

Concretely, let us consider the causality β → α; we fix the
number of variables, to be used for conditioning, equal to nd.
We denote by Z = (Xi1 , . . . ,Xind ) the set of the nd variables, in

X\Xβ, most informative for Xβ. In other words, Z maximizes
the mutual information I{Xβ; Z} among all the subsets Z of
nd variables. Then, we evaluate the causality

c
(

β −→ α
) = log

ε(xα | Z)

ε
(

xα | Z∪ Xβ
) . (7)

Under the Gaussian assumption, the mutual information
I{Xβ; Z} can be easily evaluated, see [25]. Moreover, instead
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Figure 9: The sum of outgoing causality from each electrode in the EEG application, preictal period. (a) Bivariate analysis. (b) Our approach
with nd = 5 conditioning variables. (c) Our approach with nd = 20 conditioning variables. (d) The multivariate analysis.

of searching among all the subsets of nd variables, we adopt
the following approximate strategy. Firstly, the mutual infor-
mation of the driver variable, and each of the other variables,
is estimated, in order to choose the first variable of the subset.
The second variable of the subsets is selected among the
remaining ones as those that, jointly with the previously
chosen variable, maximize the mutual information with the
driver variable. Then, one keeps adding the rest of the vari-
ables by iterating this procedure. Calling Zk−1 the selected
set of k − 1 variables, the set Zk is obtained adding, to
Zk−1, the variable, among the remaining ones, with the great-
est information gain. This is repeated until nd variables are
selected. This greedy algorithm, for the selection of rele-
vant variables, is expected to give good results under the as-
sumption of sparseness of the connectivity.

3. Results and Discussion

3.1. Simulated Data. Let us consider linear dynamical sys-
tems on a lattice of n nodes, with equations, for i = 1, . . . ,n

xi,t =
n
∑

j=1

ai jx j,t−1 + sτi,t, (8)

where a’s are the couplings, s is the strength of the noise, and
τ’s are unit variance i.i.d. Gaussian noise terms. The level of
noise determines the minimal amount of samples needed to
assess that the structures recovered by the proposed approach
are genuine and are not due to randomness as it happens
for the standard Granger causality (see discussions in [24,
26]); in particular noise should not be too high to obscure
deterministic effects. Firstly we consider a directed tree of 16
nodes depicted in Figure 1; we set ai j equal to 0.9 for each
directed link of the graph thus obtained and zero otherwise.
We set s = 0.1. In Figure 2 we show the application of the
proposed methodology to data sets generated by (8), 100
samples long, in terms of quality of the retrieved network,
expressed in terms of sensitivity (the percentage of existing
links that are detected) and specificity (the percentage of
missing links that are correctly recognized as nonexisting).
The bivariate analysis provides 100% sensitivity and 92%
specificity. However, conditioning on a few variables is suffi-
cient to put in evidence just the direct causalities while still
obtaining high values of sensitivity. The full multivariate
analysis (obtained as nd tends to 16) gives here a rather low
sensitivity due to the low number of samples. This is a
clear example where conditioning on a small number of
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Figure 10: The causality analysis of the ictal period. The causality c(i → j) corresponds to the row i and the column j. The order is chosen
as m = 6 according to the AIC criterion. (a) Bivariate analysis. (b) Our approach with nd = 5 conditioning variables. (c) Our approach with
nd = 20 conditioning variables. (d) The multivariate analysis.

variables is better than conditioning on all the variables at
hand.

As another example, we now fix n = 34 and construct
couplings in terms of the well-known Zachary data set [27],
an undirected network of 34 nodes. We assign a direction to
each link, with equal probability, and set ai j equal to 0.015,
for each link of the directed graph thus obtained, and zero
otherwise. The noise level is set as s = 0.5. The network
is displayed in Figure 3: the goal is again to estimate this
direct-ed network from the measurements of time series on
nodes.

In Figure 4 we show the application of the proposed
methodology to data sets generated by (8), in terms of sen-
sitivity and specificity, for different numbers of samples. The
bivariate analysis detects several false interactions; however,
conditioning on a few variables is sufficient to put in evidence
just the direct causalities. Due to the sparseness of the un-
derlying graph, we get a result that is very close to the one by
the full multivariate analysis; the multivariate analysis here
recovers the true network, and indeed the number of samples
is sufficiently high. In Figure 5, concerning the stage of selec-
tion of variables upon which conditioning is performed, we
plot the mutual information gain as a function of the number
of variables included nd: it decreases as nd increases.

3.2. EEG Epilepsy Data. We consider now a real data set from
an 8×8-electrode grid that was implanted in the cortical sur-
face of the brain of a patient with epilepsy [28]. We consider
two 10-second intervals prior to and immediately after the
onset of a seizure, called, respectively, the preictal period and
the ictal period. In Figure 6 we show the application of our
approach to the preictal period; we used the linear causality.
The bivariate approach detects many causalities between the
electrodes; most of them, however, are indirect. According
to the multivariate analysis there is just one electrode that
is observed to influence the others, even in the multivariate
analysis: this electrode corresponds to a localized source of
information and could indicate a putative epileptic focus. In
Figure 6 it is shown that conditioning on nd = 5 or nd =
20 variables provides the same pattern corresponding to the
multivariate analysis, which thus appears to be robust. These
results suggest that the effective connectivity is sparse in the
preictal period. As a further confirmation, in Figure 7 we plot
the sum of all causalities detected as a function of the number
of conditioning variables, for the preictal period; a plateau is
reached already for small values of nd.

In Figure 8 the same analysis is shown w.r.t. the ictal
period: in this case conditioning on nd = 5 or nd = 20
variables does not reproduce the pattern obtained with the
multivariate approach. The lack of robustness of the causality
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pattern w.r.t. nd seems to suggest that the effective connectiv-
ity pattern, during the crisis, is not sparse. In Figures 9 and
10 we show, for each electrode and for the preictal and ictal
periods, respectively, the total outgoing causality (obtained
as the sum of the causalities on all the other variables). These
pictures confirm the discussion above: looking at how the
causality changes with nd may provide information about the
sparseness of the effective connectivity.

4. Conclusions

We have addressed the problem of partial conditioning to a
limited subset of variables while estimating causal connec-
tivity, as an alternative to full conditioning, which can lead
to computational and numerical problems. Analyzing sim-
ulated examples and a real data set, we have shown that
conditioning on a small number of variables, chosen as the
most informative ones for the driver node, leads to results
very close to those obtained with a fully multivariate analysis
and even better in the presence of a small number of sam-
ples, especially when the pattern of causalities is sparse.
Moreover, looking at how causality changes with the number
of conditioning variables provides information about the
sparseness of the connectivity.

References

[1] A. Barabasi, Linked, Perseus, 2002.

[2] S. Boccaletti, D. U. Hwang, M. Chavez, A. Amann, J. Kurths,
and L. M. Pecora, “Synchronization in dynamical networks:
evolution along commutative graphs,” Physical Review E, vol.
74, no. 1, Article ID 016102, 5 pages, 2006.

[3] Z. Gharhamani, “Learning dynamic bayesian networks,” Lec-
ture Notes in Computer Science, vol. 1387, pp. 168–197, 1997.

[4] D. Yu, M. Righero, and L. Kocarev, “Estimating topology of
networks,” Physical Review Letters, vol. 97, no. 18, Article ID
188701, 4 pages, 2006.
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Effective connectivity refers to the influence one neural system exerts on another and corresponds to the parameter of a model that
tries to explain the observed dependencies. In this sense, effective connectivity corresponds to the intuitive notion of coupling
or directed causal influence. Traditional measures to quantify the effective connectivity include model-based methods, such
as dynamic causal modeling (DCM), Granger causality (GC), and information-theoretic methods. Directed information (DI)
has been a recently proposed information-theoretic measure that captures the causality between two time series. Compared to
traditional causality detection methods based on linear models, directed information is a model-free measure and can detect both
linear and nonlinear causality relationships. However, the effectiveness of using DI for capturing the causality in different models
and neurophysiological data has not been thoroughly illustrated to date. In addition, the advantage of DI compared to model-
based measures, especially those used to implement Granger causality, has not been fully investigated. In this paper, we address
these issues by evaluating the performance of directed information on both simulated data sets and electroencephalogram (EEG)
data to illustrate its effectiveness for quantifying the effective connectivity in the brain.

1. Introduction

Neuroimaging technologies such as the electroencephalo-
gram (EEG) make it possible to record brain activity with
high temporal resolution and accuracy. However, current
neuroimaging modalities display only local neural activity
rather than large-scale interactions between different parts
of the brain. Assessment of the large-scale interdependence
between these recordings can provide a better understanding
of the functioning of neural systems [1, 2]. Three kinds
of brain connectivity are defined to describe such inter-
actions between recordings: anatomical connectivity, func-
tional connectivity, and effective connectivity [2]. Anatom-
ical connectivity is the set of physical or structural con-
nections linking neuronal units at a given time and can be
obtained from measurements of the diffusion tensor [3, 4].
Functional connectivity captures the statistical dependence
between scattered and often spatially remote neuronal units
by measuring their correlations in either time or frequency
domain. Effective connectivity describes how one neural

system affects another [2, 4, 5], which can provide infor-
mation about both the magnitude and the direction of the
interaction.

The main approaches used to quantify the effective con-
nectivity between two time series are model-based measures
and information-theoretic measures [6]. Granger-causality-
based methods and dynamic causal modeling [7] are two
widely used model-based measures. Granger causality is a
widely used measure to describe the causality between two
time series. It defines a stochastic process X causing another
process Y if the prediction of Y at the current time point,
Yn, is improved when taking into account the past samples
of X. This approach is appealing but gives rise to many
questions on how to apply this definition to real data [8].
Granger causality has been mostly applied within a linear
prediction framework using a multivariate autoregressive
(MVAR) model yielding methods such as directed transfer
function (DTF), partial directed coherence (PDC), and
directed partial correlation [9–12]. For example, Hesse et al.
applied time-varying Granger causality to EEG data and
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found that conflict situation generates directional interac-
tions from posterior to anterior cortical sites [10]. Kamiński
et al. applied DTF to EEG recordings of human brain during
stage 2 sleep and located the main source of causal influence
[11]. Schelter et al. employed PDC to EEG recordings from a
patient suffering from essential tremor [13]. The extensions
of Granger-causality-based methods, such as kernel Granger
causality, generalized PDC (gPDC), and extended PDC
(ePDC), have also found numerous applications in neuro-
science [14–16]. However, Granger causality-based methods,
especially those developed from MVAR models, are limited
to capturing linear relations or require a priori knowledge
about the underlying signal models [17]. These approaches
may be misleading when applied to signals that are known
to have nonlinear dependencies, such as EEG data [18].
DCM, on the other hand, can quantify nonlinear interactions
by assuming a bilinear state space model. However, DCM
requires a priori knowledge about the input to the system
[7, 19] and is limited to a network with small size [4]. Thus,
a model-free measure detecting both linear and nonlinear
relationships is desired.

Information theoretic tools [20–22], such as transfer
entropy [20], address the issue of model dependency and
have found numerous applications in neuroscience [17,
23, 24]. “Transfer entropy” (TE) proposed by Schreiber
computes causality as the deviation of the observed data from
the generalized Markov condition and is defined as [20]

TE(X −→ Y)

=
∑

yn+1,yn−l+1:n,xn−m+1:n

p
(

yn+1yn−l+1:nxn−m+1:n
)

× log
p
(

yn+1 | yn−l+1:nxn−m+1:n
)

p
(

yn+1 | yn−l+1:n
) ,

(1)

where m and l are the orders (memory) of the Markov
processes X and Y, respectively. p(yn+1yn−l+1:nxn−m+1:n) is
the joint probability of random variables (Yn+1,Yn−l+1:n,
Xn−m+1:n), where Yn−l+1:n = (Yn−l+1, . . . ,Yn) and Xn−m+1:n =
(Xn−m+1, . . . ,Xn). Sabesan et al. employed TE to identify the
direction of information flow for the intracranial EEG data
and suggested that transfer entropy plays an important role
in epilepsy research [25]. Wibral et al. applied TE to magne-
toencephalographic data to quantify the information flow in
cortical and cerebellar networks [26]. Vicente et al. extended
the definition of TE and measured the information flow from
X to Y with a general time delay of u, that is, replaced yn+1

in the above equation with yn+u, and showed that TE has
a better performance in detecting the effective connectivity
for nonlinear interactions and signals affected by volume
conduction such as real EEG/MEG recordings compared to
linear methods [19]. The performance of transfer entropy
depends on the estimation of transition probabilities, which
requires the selection of order or memory of the Markov
processes X and Y [25]. “Directed transinformation” (T)
introduced by Saito and Harashima [21] measures the
information flow from the current sample of one signal to
the future samples of another signal given the past samples
of both signals. Hinrichs et al. used this measure to analyze

causal interactions in event-related EEG-MEG experiments
[17]. However, this measure does not discriminate between
totally dependent and independent processes [27]. Recently,
directed information proposed by Marko [28] and later
reformalized by Massey, Kramer, Tatikonda, and others have
attracted attention for quantifying directional dependencies
[22, 28–31]. Directed information theory has been mostly
aimed towards the study of communication channels with
feedback. In recent years, new theoretical developments
motivated the use of this measure in quantifying causality
between two time series. In particular, Amblard and Michel
[31] recently showed how directed information and Granger
causality are equivalent for linear Gaussian processes and
proved key relationships between existing causality measures
and the directed information. Therefore, there has been a
growing interest in applying this measure to applications
in signal processing, neuroscience, and bioinformatics. For
example, it has been successfully used to infer genomic net-
works [32] and to quantify effective connectivity between
neural spike data in neuroscience [31, 33, 34]. In order to
detect both linear and nonlinear relationships, in this paper,
we propose directed information as a powerful measure to
quantify the effective connectivity in the brain.

The theoretical advantages of DI over existing measures
have been noted in literature [31, 33, 34]. However, until
now the benefits of using DI for capturing the effective con-
nectivity in the brain through neurophysiological data have
not been illustrated thoroughly and formally. In addition,
because of the relationship between Granger causality and
directed information, in this paper, we mainly focus on the
comparison between these two measures and investigate the
advantage of DI over Granger-causality-based model mea-
sures. Theoretical developments only proved the equivalence
between these two measures for the case that the time series
are distributed as Gaussian in a linear model. However, to
date, there has not been much work that compares the
actual performance of DI and Granger-causality-based mea-
sures for realistic signal models, including both linear and
nonlinear interactions. Moreover, most applications of DI
to real data have been limited to using either parametric
density models for the data or making assumptions about
the time dependencies such as assuming a first-order Markov
chain and have not considered the difficulties associated with
estimating DI from a finite sample size [35]. For complex
systems, the computational complexity and the bias of the
DI estimator increase with the length of the signal. The main
contribution of this paper is to address these issues by eval-
uating the performance of DI and Granger-causality-based
methods under a common framework without making any
assumptions about the data distribution. In this paper, we
first give a brief introduction to directed information and its
computation based on nonparametric estimation methods.
We propose a modified time-lagged directed information
measure that simplifies the DI computation by reducing the
order of the joint entropy terms while still quantifying the
causal dependencies. We then evaluate the performance of
DI for quantifying the effective connectivity for linear and
nonlinear autoregressive models, linear mixing models,
single source models, and dynamic chaotic oscillators in
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comparison to existing causality measures, in particular with
Granger causality. Finally, we apply our method to EEG data
to detect the effective connectivity in the brain.

2. Materials and Methods

2.1. Definitions and Notations. In this section, we will first
review some common notations and information-theoretic
definitions that will be used throughout this paper. Let
X = Xn = X1:n = (X1, . . . ,Xn) be a random process with
length n and p(x1, . . . , xn) = p(xn) = p(x1:n) be the joint
probability of random variables (X1, . . . ,Xn). DXn = Xn−1 =
(0,X1, . . . ,Xn−1) will be used to define the time-delayed
version of sequence Xn, which is also equivalent to X1:n−1.

Given two continuous random variables X and Y , the
mutual information (MI) is defined as follows (All integrals
in the paper are from−∞ to +∞ unless otherwise specified.):

I(X ;Y) =
∫ ∫

p
(

x, y
)

log
p
(

x, y
)

px(x)py
(

y
)dx dy, (2)

where p(x, y) is the joint probability density function (pdf)
of X and Y , and px(x), py(y) are the marginal pdfs of X
and Y , respectively. I(X ;Y) ≥ 0 with equality if and only
if X and Y are independent [36]. In information theory,
mutual information can be interpreted as the amount of
uncertainty aboutX that can be reduced by observation of Y ,
or the amount of information Y can provide about X , that is,
I(X ;Y) = H(X)−H(X | Y). Since I(X ;Y) ≥ 0,H(X | Y) ≤
H(X) with equality if and only if X and Y are independent;
that is, conditioning reduces entropy [36].

For any three random variablesX , Y , and Z, if the condi-
tional distribution of Z depends only on Y and is condition-
ally independent of X , that is, p(z | y) = p(z | yx), then X ,
Y , and Z are said to form a Markov chain, denoted by X →
Y → Z. In this case, the conditional mutual information
between X and Y given Z defined as I(X ;Z | Y) = H(Z |
Y)−H(Z | X ,Y) is equal to 0 [36].

2.2. Directed Information. Mutual information can be ex-
tended to random vectors or sequences XN and YN as I(XN ;
YN ), where I(XN ;YN ) = H(XN )−H(XN | YN ) = H(YN )−
H(YN | XN ). However, mutual information is a symmetric
measure and does not reveal any directionality or causality
between two random sequences. Massey addressed this issue
by defining the directed information from a length N
sequence XN = (X1, . . . ,XN ) to YN = (Y1, . . . ,YN ) [22] as
follows:

DI
(

XN −→ YN
)

= H
(

YN
)

−H
(

YN
∣
∣
∣

∣
∣
∣XN

)

=
N
∑

n=1

I
(

Xn;Yn | Yn−1),
(3)

whereH(YN ||XN ) is the entropy of the sequence YN causally
conditioned on the sequence XN , and H(YN ||XN ) is defined
as

H
(

YN
∣
∣
∣

∣
∣
∣XN

)

=
N
∑

n=1

H
(

Yn | Yn−1Xn
)

, (4)

which differs from H(YN | XN ) = ∑N
n=1 H(Yn | Yn−1XN ) in

that Xn replaces XN in each term on the right-hand side of
(4), that is, only the causal influence of the time series X up
to the current time sample n on the process Y is considered.

An alternative definition of the directed information is
proposed by Tatikonda in terms of Kullback-Leibler (KL)
divergence [30]. It shows that the difference between mutual
information and directed information is the introduction of
feedback in the definition of directed information [22, 30,
31]. Mutual information and directed information expressed
by KL divergence are written as

I
(

XN ;YN
)

= DKL

(

p
(

xN , yN
)∣
∣
∣

∣
∣
∣p
(

xN
)

p
(

yN
))

,

DI
(

XN −→ YN
)

= DKL

(

p
(

xN , yN
)∣
∣
∣

∣
∣
∣
←−
p
(

xN | yN
)

p
(

yN
))

,

(5)

where ←−p (xN | yN ) = ∏N
n=1p(xn | xn−1yn−1) is the feedback

factor influenced by the feedback in the system, that is, the
probability that the input X at current time is influenced by
the past values of both itself and Y. If there is no feedback,
then p(xn | xn−1yn−1) = p(xn | xn−1) and ←−p (xN | yN ) =
p(xN ). In fact, p(xN , yN ) = ←−p (xN | yN )�p(yN | xN ), where
�p(yN | xN ) = ∏N

n=1p(yn | xnyn−1) and is defined as the
feedforward factor affected by the memory of the system. If
the system is memoryless, then p(yn | xnyn−1) = p(yn | xn).

2.3. Directed Information versus Granger Causality. Granger
quantifies causality so that the time series XN causes YN if
the variance of the prediction error for Y at the present time
is reduced by including past measurements from X. Based
on Granger’s definition of causality, Geweke introduced the
Geweke’s indices to quantify the causal linear dependencies
under Gaussian assumptions [37]. Amblard and Michel
proved that the directed information rate and Geweke’s
indices are equal for Gaussian processes [31] as indicated by

DI∞
(

DXN−→YN
)

=1
2

log
ε2∞
(

YN | YN−1
)

ε2∞(YN | YN−1XN−1)
=FXN →YN ,

(6)

where DXN stands for the time-delayed sequence (0,X1,
. . . ,XN−1) with N being the length of the signal, DI∞(XN →
YN ) is the directed information rate; that is, DI∞(XN →
YN ) = limN→∞I(XN ;YN | YN−1), ε2∞(YN | YN−1) =
limN→∞ε2(YN | YN−1) is the asymptotic variance of the
prediction residue when predicting YN from the observa-
tion of YN−1, and FXN →YN refers to the linear feedback
measure from random processes XN to YN defined by
Geweke [37]. This equality shows that asymptotically the DI
rate is equivalent to the gain in information by predicting
Y using the past values of both Y and X compared to
only using the past samples of Y, which is similar to the
definition of Granger causality. Moreover, Amblard and
Michel proved the equality of directed information and
Granger’s approach for multivariate time series in the case
of Gaussian distributions [31].
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2.4. Computation of Directed Information. The definition of
DI for two length N sequences XN = (X1, . . . ,XN ) and YN =
(Y1, . . . ,YN ) can also be rewritten in terms of the total change
of joint entropy or mutual information along time as follows:

DI
(

XN −→ YN
)

=
N
∑

n=1

I
(

Xn;Yn | Yn−1)

=
N
∑

n=1

[

H
(

XnYn−1)−H(XnYn)
]

+H
(

YN
)

=
N
∑

n=1

[

I(Xn;Yn)− I(Xn;Yn−1)].

(7)

From the above equations, we can observe that the com-
putation of DI requires the estimation of joint probabilities
of high-dimensional random variables over time. If Xn and
Yn are normally distributed, the joint entropy can be esti-
mated based on the covariance matrices. However, for EEG
data, the distribution is usually not Gaussian. The nonpara-
metric entropy and mutual information estimators, such as
plug-in estimator, m-spacing estimator, and Kozachenko and
Leonenko (KL) estimator, have been extensively addressed
in literature [38, 39]. In this paper, directed information
estimation based on mutual information is used to estimate
DI directly from EEG data by using adaptive partitioning
method discussed in [39]. However, when the length of the
signal increases, the computational complexity, the bias, and
the variance of these estimators increase immensely with
limited sample sizes. Methods that can reduce the dimension
and simplify the computation of DI are needed.

In order to simplify the estimation of DI, we first clarify
the connection between the definition of DI used in informa-
tion theory and the definition as it applies to physical time
series. In a physical recording system, if X starts to influence
Y after p1 time points or with a delay of p1 samples, we need
to record at least N + p1 time points to obtain N points of the
time sequence Y that have been affected by X. The directed
information rate from time series XN+p1 to YN+p1 can be
defined as [29]. We have

DI∞
(

XN+p1 −→ YN+p1

)

= lim
N+p1→∞

1
N + p1

N+p1
∑

n=1

I
(

Xn;Yn | Yn−1)
(8)

= lim
N+p1→∞

I
(

XN+p1 ;YN+p1 | YN+p1−1
)

(9)

= lim
N+p1→∞

[

H
(

YN+p1 | YN+p1−1
)

−H
(

YN+p1 | XN+p1YN+p1−1
)]

(10)

= lim
N+p1→∞

[

H
(

YN+p1 | Yp1+1:N+p1−1

)

−H
(

YN+p1 | XN+p1Yp1+1:N+p1−1

)]
(11)

= lim
N+p1→∞

[

H
(

YN+p1 | Yp1+1:N+p1−1

)

−H
(

YN+p1 | X1:NYp1+1:N+p1−1

)]
(12)

= lim
N+p1→∞

I
(

X1:N ;YN+p1 | Yp1+1:N+p1−1

)

(13)

= lim
N→∞

1
N

N
∑

n=1

I
(

Xn;Yn+p1 | Yp1+1:n+p1−1

)

(14)

= DI∞
(

X1:N −→ Yp1+1:p1+N

)

, (15)

where (11) comes from the fact that Y1:p1 is independent of
YN+p1 , and (12) is derived using the fact thatXN+1:N+p1 has no
effect on YN+p1 because of the time delay p1 between these
two time series. For two physical recordings X and Y with
length N + p1 and a lag of p1, the last equation shows that DI
rate for these two time series is equivalent to DI rate for two
random processes with lengthN that are not synchronized in
time. In fact, Yp1+1:p1+N may be indexed as Y1:N when using
the information theoretic indexing, which indexes the signal
not according to the physical time point but based on when
the receiver receives its first piece of information. Therefore,
directed information rate computed by using physical time
indices is equivalent to the directed information rate using
information theoretic indices for two systems that interact
through a time delay. Moreover, when the length of the signal
is long enough, the directed information value using both
indices will be equivalent.

Once the definition of directed information is extended
from random vectors to two physical time series, we propose
a modified time-lagged DI to simplify the computation of
DI, which is an extension of time-lagged DI proposed for
every two samples of XN and YN in [40] to general signal
models. As we mentioned before, as the lengthN of the signal
increases, the computational complexity, the bias, and the
variance of estimating DI increase immensely with limited
sample sizes. In addition, the directed information defined
for the physical system is actually a DI with a lag of p1

samples over a time window with length N . Therefore, an
intuitive way to simplify the computation is to apply DI with
lag p1 over a small window. We first give the definition of
time-lagged DI for two time series XN and YN with length N
at the nth time sample for a block of two time samples with
a time delay of p1 (n > p1):

DIn
(

Xn−p1Xn−p1+1 −→ YnYn+1

)

= I
(

Xn−p1 ;Yn
)

+ I
(

Xn−p1Xn−p1+1;Yn+1 | Yn
)

= H
(

Xn−p1

)

+H
(

Xn−p1Xn−p1+1Yn
)

+H(YnYn+1)

−H
(

Xn−p1Yn
)

−H
(

Xn−p1Xn−p1+1YnYn+1

)

,

(16)

where n = p1 + 1, . . . ,N − 1, p1 is the time lag between the
two time series, and N is the length of the whole time series.
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Therefore, the total directed information over the whole time
series in terms of the time-lagged DI can be simplified as [40]
(the details of the derivation are given in [40]),

DI
(

XN −→ YN
)

=
p1
∑

n=1

I
(

Xn;Yn | Yn−1) +
N − p1

2
(

N − p1 − 1
)

×
N−1
∑

n=p1+1

DIn
(

Xn−p1Xn−p1+1 −→ YnYn+1

)

.

(17)

The time-lagged DI is equivalent to the original defini-
tion of DI when p1 is equal to the actual time delay of the
system, the signals X and Y follow a single-order model, and
Yn only depends on one past sample of itself, Yn−1. However,
these assumptions are not always true. Therefore, we propose
the modified time-lagged DI to address these issues.

Consider a general Markov model, where XN and YN are
time series with a lag of p1 and p(Yn | X1:n−p1 ,Yp1+1:n−1) =
p(Yn | Xn−p2:n−p1 ,Yn−p3:n−1), where p2 ≥ p1, p3 ≥ 1, p2 is the
order of the process X, and p3 is the order of the process Y.
In this model, it is assumed that X starts to influence Y with a
delay of p1 samples, and the order of the model is p2− p1 +1.
When the length of the signal N is large enough, then (15)
can be further simplified as

DI
(

XN −→ YN
)

= DI
(

X1:N−p1 −→ Yp1+1:N

)

=
N
∑

n=p1+1

I
(

X1:n−p1 ,Yn | Yp1+1:n−1

)

=
N
∑

n=p1+1

[

H
(

Yn | Yp1+1:n−1

)

−H
(

Yn | X1:n−p1Yp1+1:n−1

)]

.

(18)

Since p(Yn | X1:n−p1 ,Yp1+1:n−1) = p(Yn | Xn−p2:n−p1 ,
Yn−p3:n−1), X1:n−p2−1Yp1+1:n−p3−1 → Xn−p2:n−p1 ,Yn−p3:n−1 →
Yn follows a Markov chain. According to Markov chain
property,

I
(

X1:n−p2−1Y1:n−p3−1;Yn | Xn−p2:n−p1Yn−p3:n−1

)

= H
(

Yn | Xn−p2:n−p1Yn−p3:n−1

)

−H
(

Yn | X1:n−p1Yp1+1:n−1

)

= 0,

(19)

which means H(Yn|Xn−p2:n−p1Yn−p3:n−1)=H(Yn|X1:n−p1Yp1+1:n−1) . There-
fore,

DI
(

XN −→ YN
)

=
N
∑

n=p1+1

[

H
(

Yn | Yp1+1:n−1

)

−H
(

Yn | X1:n−p1Yp1+1:n−1

)]

=
N
∑

n=p1+1

[

H
(

Yn | Yp1+1:n−1

)

−H
(

Yn | Xn−p2:n−p1Yn−p3:n−1

)]

≤
N
∑

n=p1+1

[

H
(

Yn | Yn−p3:n−1

)

−H
(

Yn | Xn−p2:n−p1Yn−p3:n−1

)]

=
N
∑

n=p1+1

I
(

Xn−p2:n−p1 ;Yn | Yn−p3:n−1

)

,

(20)

where the second equality is using the Markov property,
and the inequality comes from the fact that conditioning
reduces entropy. For a general Markov model, where XN and
YN are stationary statistical processes without instantaneous
interaction, such as p(Yn | X1:n−p1 ,Yp1+1:n−1) = p(Yn |
Xn−p2:n−p1 ,Yn−p3:n−1), the modified time-lagged directed
information (MDI) is defined as the upper bound of DI:

MDI
(

XN −→ YN
)

=
N
∑

n=p+1

I
(

Xn−p · · ·Xn−1;Yn | Yn−p · · ·Yn−1

)

,
(21)

where we let p1 = 1, p = max(p2, p3) to reduce the number
of parameters. Note that letting p1 = 1 does not lose any
of the information flow compared to using the actual time
delay, p1 > 1. The only drawback of letting p1 = 1 is that the
computational complexity of estimating the joint entropies
increases since the length of the window to compute MDI
increases and the dimensionality increases. The main reason
why we let p1 = 1 is because estimating the actual value for
the delay accurately is not practical when the amount of data
is limited. In a lot of similar work such as in [19], different
values of p1 are tested to choose the best one which is not
computationally efficient either.

According to (20), modified time-lagged directed infor-
mation is the upper bound of directed information, that is,
MDI ≥ DI. Moreover, MDI is a more general extension of
time-lagged DI introduced in our previous work and has
two major advantages. First, MDI considers the influence
of multiple past samples of Y on the DI value. Second,
it takes into account models with multiple orders; that is,
Y is influenced by different time lags of X. The modified
time-lagged directed information extends the length of
the window from 2 to p, which is closer to the actual
information flow. When X and Y are normally distributed,
the computational complexity of the MDI is O(p3N) and
the computational complexity of the original definition of
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DI is O(N4) (using LU decomposition [41]). Therefore,
the computation of MDI is more efficient than that of the
original definition of DI.

2.5. Order Selection. For the implementation of MDI, we
need to determine the maximum order of the model p. Cri-
terions such as Akaike’s final prediction error (FPE) can be
used to determine the order of the signal model p. However,
this criterion is based on the assumption that the original
signal follows a linear AR model and may lead to false
estimation of the order when the underlying signal model
is nonlinear. Therefore, model-free order selection methods,
such as the embedding theorem [42], are needed. For the
simplification of computation or parameter estimation, we
are only interested in a limited number of variables that can
be used to describe the whole system. Suppose we have a
time series (X1, . . . ,Xn), and the time-delay vectors can be
reconstructed as (Xn,Xn−τ ,Xn−2τ , . . . ,Xn−(d−1)τ). Projecting
the original system to this lower-dimensional state space-
depends on the choice of d and τ, and the optimal embed-
ding dimension d is related to the order of the model p = d
[19]. A variety of measures such as mutual information can
be used to determine τ. For discrete time signals, usually
the best choice of τ is 1 [43]. To determine d, Cao criterion
based on the false nearest neighbor procedure [19] is used
to determine the local dimension. The underlying concept
of nearest neighbor is that if d is the embedding dimension
of a system, then any two points that stay close in the d-
dimensional reconstructed space are still close in the (d + 1)-
dimensional reconstructed space; otherwise, these two points
are false nearest neighbors [19, 43]. The choice of d, that is,
the model order p, is important for DI estimation. If d is too
small, we will lose some of the information flow from X to Y.
If it is too large, the computational complexity of MDI will be
very high, causing the bias and the variance of the estimators
to increase.

2.6. Normalization and Significance Test. Since DI(XN →
YN ) + DI(YN → XN ) = I(XN ;YN ) + DI(XN → YN ||DXN )
and DI(XN → YN ) = DI(DXN → YN ) + DI(XN →
YN ||DXN ) [29], then

DI
(

XN −→ YN
)

+ DI
(

YN −→ XN
)

= DI
(

DXN −→ YN
)

+ DI
(

XN −→ YN
∣
∣
∣

∣
∣
∣DXN

)

+ DI
(

DYN −→ XN
)

+ DI
(

YN −→ XN
∣
∣
∣

∣
∣
∣DYN

)

.

(22)

Therefore,

DI
(

DXN −→ YN
)

+ DI
(

DYN −→ XN
)

+ DI
(

YN −→ XN
∣
∣
∣

∣
∣
∣DYN

)

= I
(

XN ;YN
)

,
(23)

where DI(YN → XN ||DYN ) = DI(XN → YN ||DXN )
indicating the instantaneous information exchange between
processes X and Y. For a physical system without instan-
taneous causality, that is, I(XN → YN ||DXN ) = 0, then

DI(XN → YN ) + DI(YN → XN ) = I(XN ;YN ) and 0 ≤
DI(XN → YN ) ≤ I(XN ;YN ) < ∞. A normalized version of
DI, which maps DI to the [0, 1] range, is used for comparing
different interactions,

ρDI

(

XN −→ YN
)

= DI
(

XN −→ YN
)

I(XN ;YN )

= DI
(

XN −→ YN
)

DI(XN −→ YN ) + DI(YN −→ XN )
,

(24)

where for a unidirectional system X → Y with no
instantaneous interaction between X and Y, ρDI(XN →
YN ) = 1 and ρDI(YN → XN ) = 0; otherwise, if there is
no causal relationship between the two signals, the values of
ρDI(XN → YN ) and ρDI(YN → XN ) are very close to each
other.

In order to test the null hypothesis of noncausality, the
causal structure between X and Y is destroyed. For each
process with multiple trials, we shuffle the order of the trials
of the time series X 100 times to generate new observations
X∗m, m = 1, . . . , 100. In this way, the causality between X
and Y for each trial is destroyed, and the estimated joint
probability changes [44]. We compute the DI for each pair
of data (X∗m and Y). A threshold is obtained at a α = 0.05
significance level such that 95% of the directed information
for randomized pairs of data (DI(X∗m → Y)) is less than
this threshold. If the DI value of the original pairs of data is
larger than this threshold, then it indicates there is significant
information flow from X to Y.

2.7. Simulated Data. To test the validity and to evaluate the
performance of DI for quantifying the effective connectivity,
we generate five different simulations. We use these simula-
tion models to compare DI with classical Granger causality
(GC) for quantifying causality of both linear and nonlinear
autoregressive models, linear mixing models, single source
models, and Lorenz systems. The Matlab toolbox developed
by Seth is used to compute the GC value in the time domain.
GC is also normalized to the [0, 1] range for comparison
purposes [45]. The performance of GC depends on the
length of the signal, whereas the performance of DI relies
on the number of realizations of time series. Therefore,
for each simulation, the length of the generated signal for
implementing GC is equal to the number of realizations for
DI. The significance of DI values are evaluated by shuffling
along the trials, while the significance of GC values are
evaluated by shuffling along the time series.

Example 1 (Multiple Order Bivariate Linear Autoregressive
Model). In this example, we evaluate the performance of DI
on a general bivariate linear model,

X(n) =
p4
∑

i=1

αiX(n− i) + σxηx(n− 1), (25)

Y(n) =
p3
∑

i=1

βiY(n− i) + γ
p2
∑

i=p1

X(n− i) + σyηy(n− 1). (26)
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In this bivariate AR model with a delay p1 and order p2−
p1 + 1, γ controls the coupling strength between the signals
X and Y. The initial values of X and Y and the noise ηx and
ηy are all generated from a Gaussian distribution with mean
0 and standard deviation 1. All coefficients (αi, βi, σx, and σy)
are generated from Gaussian distributions with zero mean
and unit variance with unstable systems being discarded.
To evaluate the performance of directed information, we
generate the bivariate model 4096 times with the same
parameters but different initial values. γ is varied from 0.1 to
1 with a step size of 0.1, p1 = 1 and p2 = p3 = p4 = 5; that is,
Y is influenced by X through multiple time lags. Without loss
of generality, we repeat the simulation 10 times, and average
DI(XN → YN ) and DI(YN → XN ) over 10 simulations
for different γ values. For each simulation, the threshold
is evaluated by trial shuffling, and the average threshold is
obtained. For GC, the length of the generated signal is chosen
as 4096, which is the same as the number of realizations for
DI. The GC values in two directions and the corresponding
thresholds at the 5% significance level are obtained.

Example 2 (Multiple-Order Bivariate Nonlinear Autoregres-
sive Model). In this example, we evaluate the performance
of DI on a general bivariate nonlinear model

X(n) =
p4
∑

i=1

αiX(n− i) + σxηx(n− 1), (27)

Y(n) =
p3
∑

i=1

βiY(n− i)

+ γ
p2
∑

i=p1

1
1 + exp(b1 + b2X(n− i))

+ σyηy(n− 1).

(28)

For this bivariate nonlinear AR model, the setting for
the coupling strength γ and the generation of X, Y, ηx,
ηy , αi, βi, σx, σy , p1, p2, p3, and p4 are the same as in
Example 1. Y and X interact nonlinearly through the sigmoid
function. Parameters of this function b1 and b2 control the
threshold level and slope of the sigmoidal curve, respectively.
We set b1 = 0 and b2 = 50. DI value and its threshold are
averaged over 10 simulations for different γ. The GC values
in two directions and the corresponding thresholds at 5%
significance level are obtained.

Example 3 (Linear Mixing Model). In this example, we test
the effectiveness of DI in inferring effective connectivity
when there is linear mixing between these two signals.
Linear instantaneous mixing is known to exist in human
noninvasive electrophysiological measurements such as EEG
or MEG. Instantaneous mixing from coupled signals onto
sensor signals by the measurement process degrades signal
asymmetry [19]. Therefore, it is hard to detect the causality
between the two signals. For unidirectional coupled signal

pairs X → Y described in (25) to (28), we create two linear
mixtures Xε and Yε as follows:

Xε(n) = (1− ε)X(n) + εY(n),

Yε(n) = εX(n) + (1− ε)Y(n),
(29)

where ε controls the amount of linear mixing and is varied
from 0.05 to 0.45 with a step size of 0.05, and γ is fixed to 0.8
for both models. When ε = 0.5, the two signals are identical.
Both DI and GC are used to quantify the information flow
between Xε and Yε in the two directions.

Example 4 (Single-Source Model). A single source is usually
observed on different signals (channels) with individual
channel noises [19], which is common in EEG signals due to
the effects of volume conduction. In this case, false positive
detection of effective connectivity occurs for methods such
as Granger causality [46], which means that GC has low
specificity. We generate two signals Xε and Yε as follows
to test the specificity of DI when there is no significant
information flow from one signal to the other signal. We have

S(n) =
p4
∑

i=1

αiS(n− i) + ηS(n),

Xε(n) = S(n),

Yε(n) = (1− ε)S(n) + εηY (n),

(30)

where S(n) is the common source generated by an autore-
gressive model, order p4 = 5, αi and ηS(n) are generated from
a Gaussian distribution with mean 0 and standard deviation
1. S(n) is measured on both sensors Xε and Yε. Yε is further
corrupted by independent Gaussian noise ηY (n) with 0 mean
and unit variance. ε controls the signal to noise ratio (SNR)
in Yε and is varied from 0.1 to 0.9 with a step size of 0.1,
corresponding to SNR in the range of −19 ∼ 19 dB.

Example 5 (Nonlinear Dynamic System). In this example, we
illustrate the applicability of DI to coupled Lorenz oscillators
with a certain delay. The Lorenz oscillator is a three-
dimensional dynamic system that exhibits chaotic behavior.
Synchronization of two Lorenz systems has been widely
investigated for the analysis of EEG data because the dynamic
interactions related to the behavior of the cortex can be
exemplified by these coupled systems [47]. In the following,
we examined two asymmetric coupled Lorenz oscillators
(X1,Y1,Z1) and (X2,Y2,Z2) as follows [48]:

Ẋ1(t) = −A(X1(t)− Y1(t)),

Ẏ1(t) = RX1(t)− Y1(t)− X1(t)Z1(t),

Ż1(t) = X1(t)Y1(t)− BZ1(t),

Ẋ2(t) = −A(X2(t)− Y2(t)) + βX1

(

t − tp
)

,

Ẏ2(t) = RX2(t)− Y2(t)− X2(t)Z2(t),

Ż2(t) = X2(t)Y2(t)− BZ2(t),

(31)
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where each equation is a first-order differential equation.
A = 10, R = 28, B = 8/3, and tp = 0.02 represents the
time delay between two coupled components of these two
oscillators, that is, X1 and X2. β corresponds to the coupling
strength and is varied from 0.1 to 1 with a step size of 0.2.
The differential equations are numerically integrated with a
time step of 0.01 using Euler’s method [49], corresponding
to a delay of 2 time samples between X1 and X2. The initial
conditions of these six components are randomly generated
from a Gaussian distribution with zero mean and unit
variance. We generate 100 samples, and the first 90 samples
are discarded to eliminate the initial transients. We compute
the information flow in two directions over 10 time points,
and the significance of the obtained DI value is verified by
trial shuffling.

2.8. Biological Data. In this paper, we examine EEG data
from ten undergraduates at Michigan State University drawn
from an ongoing study of relationships between the error-
related negativity (ERN) and individual differences (Partic-
ipants for the present analysis were drawn from samples
reported on in [50, 51]) such as worry and anxiety. ERN
is a brain potential response that occurs following per-
formance errors in a speeded reaction time task [52]. All
participants retained for analysis make at least six errors
for computation of stable ERNs, as in [53]. Participants
complete a letter version of the Eriksen Flanker task [52].
Stimuli are presented on a Pentium R Dual Core computer,
using Presentation software (Neurobehavioral systems, Inc.)
to control the presentation and timing of stimuli, the
determination of response accuracy, and the measurement of
reaction times. Continuous electroencephalographic activity
is recorded by 64 Ag-AgCl electrodes placed in accordance
with the 10/20 system. Electrodes are fitted in a BioSemi
(BioSemi, Amsterdam, The Netherlands) stretch-lycra cap.
All bioelectric signals are digitized at 512 Hz using ActiView
software (BioSemi). For each subject, EEG data are pre-
processed by the spherical spline current source density
(CSD) waveforms to sharpen event-related potential (ERP)
scalp topographies and eliminate volume conduction [54].
In addition, a bandpass filter is used to obtain signals in
the theta band. In this study we focus on 33 electrodes
corresponding to the frontal, central, and parietal regions of
the brain. For each pair of 33 electrodes X and Y for each
subject, the effective connectivity is quantified by computing
the modified time-lagged DI over 70 trials and a model order
of p in the theta band. The model order or the length of the
time window p is determined by the Cao Criterion. We also
apply Granger causality to the same data and compare its
performance with directed information.

Previous work indicates that there is increased synchro-
nization associated with ERN for the theta frequency band
(4–8 Hz) and ERN time window 25–75 ms after the response
for error responses (ERN) in the anterior cingulate cortex
(ACC), in particular between the lateral prefrontal cortex
(lPFC) and medial prefrontal cortex (mPFC) [55]. In this
paper, we wish to verify these existing findings using the
proposed DI measure and to further infer the directional
causality underlying these dependencies.

3. Results and Discussion

In this section, we first evaluate the effectiveness of directed
information on quantifying both linear and nonlinear causal
relationships through simulated data and compare the per-
formance of directed information with GC. We then apply
the directed information to real EEG data to reveal the pair-
wise information flow in the brain.

3.1. Simulated Data

Example 1 (Multiple-Order Bivariate Linear Autoregressive
Model). In this example, the DI value in two directions aver-
aged across 10 simulations with different γ is shown in Figure
1(a). The performance of GC is shown in Figure 1(b). The
estimated order of the model is p = 5, which is in accordance
with the simulation model. γ controls the coupling strength
between X and Y. We observe that DI(XN → YN ) is
significant for all values of γ. On the contrary, DI(YN →
XN ) is less than the threshold, which indicates the acceptance
of the null hypothesis that there is no significant causal
information flow from Y to X. Since GC uses a linear
autoregressive framework for quantifying causality; in this
example, GC detects the causality relationship between X
and Y successfully; that is, the information flow from X to Y
is significant for all γ while it is insignificant for the opposite
direction. It is also interesting to note that GC and DI exhibit
similar behavior across different values of γ, indicating the
equivalency of the two measures for linear Gaussian signal
models.

Example 2 (Multiple-Order Bivariate Nonlinear Autoregres-
sive Model). In this example, the performance of DI and
GC for the nonlinear autoregressive model in (27) and (28)
averaged across 10 simulations with different γ are evaluated
as shown in Figure 2. The estimated order of the model is 5.
We observe that when γ is less than 0.3, the coupling strength
between X and Y is weak and the DI value in both directions
is not significant. As γ increases, DI(XN → YN ) increases
and becomes significant. DI(YN → XN ) decreases with
increasing γ and is still less than the threshold as expected.
The results indicate increased unidirectional information
flow from X to Y with increasing γ and show that detecting
the information flow in nonlinear processes is more difficult
especially when the coupling strength is low. GC fails to
detect the information flow from X to Y for all γ. Since GC is
implemented in a linear framework, the estimated order and
the model itself do not match with the nonlinearity of the
signal. Therefore, it cannot detect nonlinear causality.

Example 3 (Linear Mixing Model). For this example, the
DI value and GC value averaged across 10 simulations with
changing linear mixing coefficient ε for both linear and
nonlinear AR models are shown in Figure 3. The estimated
order of the model is 5 as before. When ε = 0.5, the two
observed mixing signals are identical, and we expect to see
no significant information flow in the two directions. We
observe that, for the linear AR model, directed information
detects the causality between Xε and Yε when ε is smaller
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Figure 1: Application of directed information and Granger causality to bivariate linear autoregressive model. (a) Directed information with
different γ. (b) Granger causality with different γ.
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Figure 2: Application of directed information and Granger causality to bivariate nonlinear autoregressive model. (a) Directed information
with different γ. (b) Granger causality with different γ.

than 0.4. When ε is larger than 0.4, the causality between Xε
and Yε is hard to detect because of the strong mixing; that
is, Xε and Yε are almost identical, and the information flow
in both directions becomes insignificant. Compared to DI,
GC only detects the causality from Xε to Yε when the mixing
is weak (ε < 0.2), indicating that GC is more vulnerable

to linear mixing. It is probably due to the fact that GC is
sensitive to the mixture of signals, and the assumed signal
model does not match with the original signal [46]. For
the nonlinear AR model, DI fails to detect causality when
ε is larger than 0.1, which indicates that linear mixing of
nonlinear source models makes it harder to detect effective
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Figure 3: Application of directed information and Granger causality to linear mixing for both linear and nonlinear autoregressive models.
(a) Directed information with different ε for the linear mixing of linear AR model. (b) Granger causality with different ε for the linear
mixing of linear AR model. (c) Directed information with different ε for the linear mixing of nonlinear AR model. (d) Granger causality
with different ε for the linear mixing of nonlinear AR model.

connectivity compared to mixing of linear source models. On
the other hand, GC fails to detect any causality even when
ε = 0 since it cannot detect nonlinear interactions.

Example 4 (Single-Source Model). We use the single source
model to test the specificity of DI. The DI value and GC value
averaged across 100 simulations for changing ε for a single
source model are shown in Figure 4. The estimated order
of the model is 5 as before. In addition, the false positive

rate using both DI and Granger causality with increasing ε is
also calculated. We observe that the information flow in two
directions using DI is less than the threshold for all values
of ε, which indicates the acceptance of the null hypothesis
that there is no significant causal information flow from X
to Y or Y to X . Note that DI is normalized by the mutual
information. For a common source model, the instantaneous
information exchange between X and Y contributes mostly
to the mutual information between X and Y. Thus, according
to (23), DI(DXN → YN ) and DI(DYN → X) normalized by
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Figure 4: Application of directed information and Granger causality to single source model. (a) Directed information with different ε for
the single source model. (b) Granger causality with different ε for the single source model. (c) False positive rate for directed information
with different ε for the single source model. (d) False positive rate for Granger causality with different ε for the single source model.

mutual information are close to 0 and less than the threshold
from the randomized data pairs. The false positive rate of DI
is 0 for all ε. Therefore, DI is able to discriminate between
instantaneous mixing from actual causality and is very robust
to noise. For GC, when ε is small (<0.2) or large (>0.9), the
value of GC is less than or very close to the threshold in both
directions thus indicating that there is no causal information
flow between the two processes. However, GC fails to accept
the null hypothesis when ε is between 0.3 to 0.9 and detects a
nonexisting effective connectivity. GC reaches its maximum
value when ε = 0.5. This is due to the fact that GC is close to

0 when two processes X and Y are independent or identical,
that is, when ε = 1 and ε = 0. Based on the definition of
GC, the prediction of Y at the current time point will not
be improved by taking into account the past samples of X for
these processes [26]. Therefore, as ε increases from 0 to 0.5, X
becomes the most different from Y; therefore, it can provide
more new information about Y and the GC increases. As ε
increases from 0.5 to 1, X becomes independent of Y, and
the GC decreases. The false positive rate of GC is not equal
to 0 for all values of ε, which indicates that it has lower
specificity compared to DI. Therefore, GC is not robust to
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Figure 5: Application of directed information and Granger causality to two asymmetric coupled Lorenz oscillators. (a) Directed information
with different β. (b) Granger causality with different β.

the effect of a common source and may infer false positive
effective connectivity. This simulation indicates that DI is
more sensitive and discriminative about the information
flow patterns in the presence of volume conduction, which
means it is a more promising method to capture the effective
connectivity for real EEG data.

Example 5 (Nonlinear Dynamic System). In this example,
the DI values and GC values between X1 and X2 of two asym-
metric coupled Lorenz systems are computed with coupling
strength β being set from 0.1 to 1. The estimated order of the
model is 3. Though this is larger than the actual model order,
our method will not lose any information except for the
increased computational complexity. The results are shown
in Figure 5. The results show that DI values from X1 to X2

increase with the coupling strength β and are significant for
all values of β. In addition, there is no significant causal
information flow from X2 to X1. Therefore, DI can effectively
detect the causality in a nonlinear dynamic system. On the
contrary, GC cannot detect any significant information flow
for all β values. It is due to the fact that the model selected
for implementing GC is not consistent with the dynamic
characteristics of the system.

3.2. EEG Data. Previous work indicates that there is in-
creased information flow associated with ERN for the theta
frequency band (4–8 Hz) and ERN time window 25–75 ms
for error responses compared to correct responses in par-
ticular between mPFC and lPFC regions [55]. In addition,
Cavanagh et al. have shown that there is increased synchro-
nization for error trials between electrode pairs, such as FCz-
F5 and FCz-F6, compared to the synchrony between FCz-
CP3 and FCz-CP4 [56]. The DI and GC values for each pair

of electrodes averaged over 10 subjects are computed over
a time window of 53 time points (100 ms). The estimated
order of the model for each electrode pairs is 3. In order to
control the error rates for multiple hypothesis testing for all
pairs of electrodes, the method proposed by Genovese et al. is
used in this paper [57]. To implement this procedure, for two
electrodes with time series X and Y, we first shuffle the order
of the trials of X 100 times to generate new observations X∗m,
m = 1, . . . , 100. The P value of DI(X → Y) is obtained
by comparing it with DI values from randomized pairs of
data DI(X∗m → Y), m = 1, . . . , 100. We then obtain the
threshold Pr for all P values (33× 33× 10) by controlling
the FDR bound q as 0.05. For DI(X → Y), if the P value
is less than Pr , then the directed information flow from X
to Y is significant; otherwise, it is not significant. Electrode
pairs between which the information flow is significant in at
least one of the ten subjects are shown in Figure 6(b). We
also test the significance of Granger causality in the same
way. When the FDR is controlled at 0.05, the information
flow between electrode pairs is significant if the P-value
of DI or GC is less than 0.01. Electrode pairs that have
significant causality relationship using both measures are
shown in Figure 6. In Figures 6(a) and 6(c), each small
circle shows the directed information and Granger causality
from a particular electrode to other electrodes. In Figures
6(b) and 6(d), each small circle shows electrode pairs that
have significant causality relationship. The results indicate
that DI detects strong information flow from the frontal
region (e.g., F5 and F6) to the frontal-central region (e.g.,
FC2 and FCz) corresponding to the lateral prefrontal cortex
(lPFC) and medial prefrontal cortex (mPFC). In addition,
the central-parietal region (e.g., CPz, CP1, and CP2) around
the midline, corresponding to the motor cortex, has strong
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Figure 6: Application of directed information and Granger causality to EEG data. (a) Pairwise directed information. (b) Electrode pairs
with significant DI values. (c) Pairwise Granger causality. (d) Electrode pairs with significant GC values. For (b) and (d), green dots indicate
the location of the particular node, and white regions correspond to significant information flow from that particular electrode to other
electrodes.

influence on the central and frontal regions (e.g., FCz and
F6) since this is a speeded response task involving the motor
cortex. The details of the significant electrode interactions
are shown in Table 1. These results are aligned with the
previous work in [56], which shows that error processing
is controlled by the communication between the lateral
prefrontal cortex and medial prefrontal cortex. When GC
is applied to the same data, the information flow pattern
around the midline is similar to the DI. However, the
information flow from the lateral prefrontal cortex to the rest
of the brain is significant. On one hand, the similar patterns
of connectivity using both measures verify the validity of
proposed DI computation algorithm. On the other hand, GC
shows significance over a wide region of the brain especially
in the lateral areas compared to DI, which may be due

to GC’s low specificity to volume conduction in the form
of a common source. Previous work and our simulation
in Example 4 have indicated that Granger-causality-based
measures may infer erroneous effective connectivity in the
case of the common source as seen in EEG data [19, 46].
However, without ground truth, we cannot confirm that
some links reported as significant by GC are spurious and
due to volume conduction in a conclusive manner, but the
results from DI agree more with the suggestions in [56],
that most of the increase in connectivity during cognitive
control, that is, ERN, should be between medial prefrontal
cortex and lateral prefrontal cortex, compared to the results
of GC. Therefore, DI is more sensitive and discriminative
about the information flow patterns compared to GC for real
neurophysiological data.
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Table 1: Electrode pairs in the region of interest with significant DI
values.

From To From To From To

F5
F1 FC2 CPz
CP4 P3

C5
F6 FC5 Cz
CP4

P3 P4

F3 FC3 CP4 C3 FC2 C6 P1 P1 F2 C6 CP2

F1 C1 Cz Pz C1 FC1 C6 Pz F5 F4 FCz

FZ F5 CZ F5 C2 CP4 P2 FC4 C5

F2
FC3 FC6 C5
CP1

C2 FC6 P4
F3 F4 FC3
FC2 FC4
Pz P2

F4 F6 C4 C4 P2

F6
F2 FC3 FCz
Cz

C6 Pz

FC5 Fz C3 C2 CP6 CP5 Cz C4 CP3

FC3 CP1 CP3 C5 CPz P4

FC1
F4 FC3 C2
CP1 CP4

CP1 F6 FCz P3

FCZ C3 CP1 CPz
FC6 C6 CP5
CP4 P1

FC2
F3 C1 C6
CP2 CP4 P3

CP2
F6 FCz FC4
CP1

FC4 C5 CP4 FC5 FCz C4

FC6 C5 C4 CP1 CP6 F5

4. Conclusions

In this paper, we illustrated the advantages of a new directed
information measure over Granger-causality-based measures
for quantifying the effective connectivity in the brain. In
order to illustrate the advantages of this measure, first,
we applied directed information measure to identify the
causality relationships for both linear and nonlinear AR
models, linear mixing models, single source models, and
Lorenz systems and compare its performance with Granger
causality. Directed information is shown to be more effective
in detecting the causality of different systems compared to
Granger causality. We then applied the directed infor-
mation measure on EEG data from a study containing
the error-related negativity to infer the information flow
patterns between different regions. The results showed that
the directed information measure can capture the effective
connectivity in the brain between the mPFC and lPFC areas
as predicted by previous work.

Directed information, as a model-free measure, is able
to detect both linear and nonlinear causality relationships
between two signals. However, other model-free entropy-
based measures would also detect effective connectivity such
as transfer entropy and directed transinformation. Directed
transinformation introduced by Saito measures the infor-
mation flow from the current sample of one signal to the
future samples of another signal given the past samples of
both signals but does not discriminate between totally
dependent and independent processes. Transfer entropy
and directed information are very closely related to each
other. Transfer entropy quantifies the information gained at

each time step by measuring the deviation of the observed
data from the generalized Markov condition. Therefore, the
definition of transfer entropy implicitly assumes a stationary
Markov process [31]. Compared to transfer entropy, directed
information quantifies the sum of information obtained over
the whole time series [58] and does not make any assump-
tions about the underlying signal model. Thus, theoretically,
the original definition of directed information can apply to
any signal models. In real applications, in order to simplify
the computation of directed information, we usually make
certain assumptions about the underlying signal model such
as the modified time-lagged DI proposed in this paper, which
basically assumes a stationary Markov process similar to
transfer entropy. In addition, Amblard and Michel proved
that, for a stationary process, directed information rate can
be decomposed into two parts, one of which is equivalent
to the transfer entropy when l = m = n in (1) and the
other to the instantaneous information exchange rate [31]. In
another words, for a physical system without instantaneous
interactions between its subsystems, the rate of these two
measures, directed information and transfer entropy, is
equivalent asymptotically as the length of the signal goes to
infinity.

There are still remaining issues with the implementation
of directed information. First, the performance of directed
information relies on accurate estimation from limited sam-
ple sizes that introduces bias to the estimated values. This
problem can be addressed by either using parametric
density models or improving existing mutual information
and entropy estimators. Recently, Zhao et al. proposed an
universal algorithm to estimate directed information for
stationary ergodic processes by using sequential probability
assignment, which may be used to improve the effective
connectivity results discussed in this paper [59]. Second, the
performance of directed information relies on the selection
of the model order. If the order of the model is too
small, it will lose the information from X to Y. If it is
too large, the computational complexity is very high. In
addition to classical embedding dimension determination
methods such as the Cao criterion used in this paper,
Faes et al. proposed a sequential procedure to determine
the embedding dimension of multivariate series [60]. This
method is based on an information-theoretic technique and
shows promising performances for various signal models,
which may be extended to DI computation in the future.
Third, directed information does not discriminate between
direct and indirect interactions among multivariate time
series. However, this is not a shortcoming of DI since DI does
not assume any particular signal interaction model: bivariate
or multivariate. Similar to other information theoretic mea-
sures, such as mutual information, whether the particular
measure can identify interactions between multiple processes
depends on how the measure is applied. For example, in the
case of mutual information, though the original definition is
for two random processes X and Y, it is possible to extend it
to multiple processes [61]. Similarly, we can apply DI over
multiple processes using conditional directed information
such as the definition given by Kramer. We address this
issue in a previous paper [34] by using conditional directed
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information and develop an algorithm to infer the actual
network. Similarly, GC originally is defined for two time
series that a stochastic process X causing another process
Y if the prediction of Y at the current time point, Yn, is
improved when taking into account the past samples of X.
However, in application it has been extended to multiple
processes through the use of multivariate AR models. Future
work will focus on the comparison of these two measures in
a multivariate setting.
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Network motifs, overrepresented small local connection patterns, are assumed to act as functional meaningful building blocks of
a network and, therefore, received considerable attention for being useful for understanding design principles and functioning
of networks. We present an extension of the original approach to network motif detection in single, directed networks without
vertex labeling to the case of a sample of directed networks with pairwise different vertex labels. A characteristic feature of this
approach to network motif detection is that subnetwork counts are derived from the whole sample and the statistical tests are
adjusted accordingly to assign significance to the counts. The associated computations are efficient since no simulations of random
networks are involved. The motifs obtained by this approach also comprise the vertex labeling and its associated information
and are characteristic of the sample. Finally, we apply this approach to describe the intricate topology of a sample of vertex-
labeled networks which originate from a previous EEG study, where the processing of painful intracutaneous electrical stimuli and
directed interactions within the neuromatrix of pain in patients with major depression and healthy controls was investigated. We
demonstrate that the presented approach yields characteristic patterns of directed interactions while preserving their important
topological information and omitting less relevant interactions.

1. Introduction

Many processes and systems have a network structure that
consists of interacting units which can be represented as a
graph. Accordingly, analysis from a graph theory perspective
has recently become a focus of research as unique insights are
obtained into the working and organization of various com-
plex systems. For example, in the study of cellular signaling
pathways associated with cancer it was revealed that the activ-
ity of p53, a central tumor suppressor that regulates many
different genes, can only be understood by considering asso-
ciated tangled signaling networks in their entirety and the
position of p53 integration within these networks, instead of
considering interactions of p53 with single network compo-
nents [1]. In synthetic biology, “network thinking” is crucial

for the understanding and assembly of biological modules
that are used in engineering cellular machines to perform
tasks such as producing drugs or acting as biosensors that
detect toxic compounds [2, 3]. In epidemiology, considerable
effort has been directed to examining mechanisms by which
the topology of networks of contacts between individuals
affects the spreading of diseases in order to find ways to
predict and control the propagation of infections [4]. The
progress made in modern network theory has also led to
new applications in the neurosciences that attempt to find
explanations for previously inadequately understood higher
level brain processes [5]. Topological properties of anatom-
ical and functional connectivity networks have been studied
to obtain understanding on the organization of cortical areas.
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It has been suggested that brain systems exhibit a small-world
topology which implicates simultaneous and well-balanced
segregation and integration of information processing and
results in minimization of wiring costs for economical brain
performance [6, 7]. Disturbances of this evolutionary opti-
mized topology of cortical networks have been reported to
alter functional connectivity and thereby cause neuropsychi-
atric disorders such as Alzheimer’s disease [8], schizophrenia
[9, 10], or epilepsy [11] that are often described as discon-
nection syndromes [12–14]. Pathological abnormalities in
cortical network organization may be quantified by network
measures which might act as useful diagnostic markers. An
overview of measures that quantify global and local network
topology can be found for example in [15–17].

Network motifs, the subject of this publication, con-
stitute an exceptional influential measure of local network
topology that enables a detailed description of overrepre-
sented local patterns of interconnections [18, 19]. Subse-
quently, these overrepresented subnetworks may be linked
with a potential functional contribution to the global fun-
ctionality of the entire network. The functionality of a system
is to some extent enclosed or encoded in the topology of its
representing network; as a consequence, it is assumed that
individual networks (or at least networks of a certain type)
possess characteristic combinations of recurring small, con-
nected subnetworks that act as functional meaningful build-
ing blocks or as elementary computational circuits for infor-
mation processing [18, 20, 21]. The importance of the
functional contribution of a subnetwork is assumed to be
reflected in an overrepresented, nonrandom and perhaps
conserved occurrence of it in its network. According to this, a
functional constraint for subnetworks correlating with their
nonrandom appearance is robustness to small perturbations
in order to enable robust network performance, especially in
biological networks [22]. Network motif detection has been
directly adopted into a variety of different research fields;
interesting results have been obtained by its application to
study structure-function relationships and design principles
in networks from various domains such as protein-protein
interaction networks, the World Wide Web, electronic cir-
cuits, synaptic neuronal networks, and transcriptional gene
regulation networks [18–20, 23, 24]. A slightly modified
variant of motif detection was used to investigate structural
motifs and the instances of functional motifs contained
within them in the context of anatomic brain networks of
macaque visual cortex, macaque cortex, and cat cortex [25].

The original network motif detection approach attempts
to find significant frequent subnetworks in one single-
directed network with (usually many) unlabeled vertices
that are indistinguishable from each other. Original network
motif detection basically consists of three computationally
expensive subtasks.

(1) Exhaustively enumerating [18] or sampling (estimat-
ing) [26, 27] the number of occurrences of each sub-
network of size k (a subnetwork induced by a
vertex set of k vertices) in the input network. This
quantity is affected by the kind of vertex and edge
overlap one allows for counting different matches

of a subnetwork [28, 29]. Typically, one allows for
nonidentical counting (arbitrary overlaps) of subnet-
works where the downward closure property does
not hold. This dramatically increases the number
of subnetwork occurrences in a network compared
to counting only edge-disjoint subnetworks, that is,
subnetworks that do not share any edges. Therefore,
even in comparably small networks, the number of
subnetwork occurrences is potentially large due to
its exponential increase with the size of the input
network. Moreover, the number of k-subnetworks
in a network grows very fast with k. In order to
avoid impractical running times and difficulties with
assessing functional roles of larger subnetworks, the
size parameter k for subnetworks is usually chosen to
be 3 or 4.

(2) The second subtask in network motif detection
encompasses determining graph isomorphism for
grouping found subnetworks into equivalence clas-
ses. It is believed that graph isomorphism cannot be
solved in polynomial time. Several algorithms for sol-
ving graph isomorphism with miscellaneous perfor-
mance in practice have been presented [30].

(3) The last subtask is assessing statistical significance of
subnetwork occurrences. Subnetworks that occur in
significantly large numbers in the input network as
compared to their occurrence in a large set of null
model random networks are accepted to be motifs.
The comparison of a network with a set of asso-
ciated random networks should reveal deviations of
network properties such as the number of subnet-
work occurrences from randomness. Therefore, the
underlying random graph model has to be chosen
carefully, because it is this model that specifies the
notion of randomness. Hence, it has to strike a bal-
ance between preserving functional constraints and
characteristics of the input network while at the same
time comprising random edge patterns so that at best
no subnetwork appearance is being favored [31]. The
commonly employed random graph model preserves
the incoming and outgoing degree sequence—an
important characteristic of single vertices—of the
input network and the associated random networks
are usually generated either by the configuration
model (stubs matching) algorithm [32–35] or by an
Markov chain Monte Carlo edge rewiring (switch-
ing) algorithm [18, 32, 33, 36, 37]. A subnetwork
occurrence is defined to be significant if it occurs a
certain multiple of standard deviations more often in
the input network than would be expected in the set
of random networks. This is expressed by the z-score
which relates the count of a subnetwork in the input
network to the mean and the standard deviation of
its count in the set of random networks [25, 26,
28]. Making use of z-scores for assigning statistical
significance to subnetwork occurrences is flawed by
the unsafe assumption being made that subnetwork
occurrences follow a normal distribution [28] and it
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was shown that this is not always the case [38]. Sta-
tistical significance of subnetwork occurrences might
also be assessed by computing whether the pro-
bability that a subnetwork occurs an equal or greater
number of times in a random network than in the
input network is lower than a cutoff value [18, 19].

We present a novel approach to network motif detection
that differs from the original approach and avoids some of
its limitations. In this approach, we intend to detect sub-
networks that are motifs for a sample of directed networks
where each network possesses the same pairwise different
vertex labels. Furthermore, we intend to not discard these
vertex labels but rather preserve the functional important
topological information associated with them. Topological
information has already been used in previous studies to
visualize spatio-temporal connectivity structures [39–41].
Another advantage of this approach is to analytically com-
pute the statistical significance of subnetwork counts, which
would save considerable computation time since no random
network ensembles have to be generated and no subnetwork
counts have to be obtained from them. Motifs that are
obtained by this analysis would yield a description of
locatable and characteristic interaction patterns of a sample
of networks and moreover could be used as a distinguishing
characteristic to reveal sample-specific differences in network
topology. We demonstrate that this approach may be applied
to investigate networks that model pain processing in a group
of patients with major depression (MD) and a group of
healthy controls (HCs) in order to acquire deeper insight into
the intertwined relationship between pain and depression
where many details are poorly understood. It is known
that chronic pain and major depression are correlated since
depression is a common comorbidity of chronic pain and
often chronic pain is an additional symptom of depressed
patients [42, 43]. It has been confirmed by some studies
that thresholds for acute painful stimulation are lower in
depressed patients than in healthy controls [44, 45], whereas
other studies found the opposite, namely, increased thresh-
olds in depressed patients [42, 46–49]. The physiological
basis for pain perception, pain processing, and the sensitivity
to painful stimuli of depressed patients remains unclear. It
is hypothesized that in depressed patients the processing of
painful stimuli in the so-called neuromatrix of pain [50] and
consequently the effective connectivity might be altered [47].

We denote the networks from the samples we investigate
in the present study by effective connectivity networks
(ECNs). The network data originates from a previous study
in which we used effective connectivity analysis to investigate
the processing of moderately painful intracutaneous electri-
cal stimuli and directed interactions within the neuromatrix
of pain in both groups, MD and HCs, by means of frequency
selective generalized partial directed coherence (gPDC) [51].
The intricacy of the connectivity patterns in ECNs does not
allow for immediate interpretation. In order to overcome the
inability to qualitatively describe the intricate wiring patterns
found in ECNs and to shed light on elementary directed
interactions in both groups we use our novel approach as
a filter that detects labeled network motifs and omits less

important interactions. We demonstrate that in this way we
gain interesting new insights into the relationship between
chronic pain and depression, which is currently inadequately
understood.

2. Materials and Methods

The present study directly follows up on the EEG experi-
ments and the connectivity analysis published in [51] and
is based on the same materials. For the sake of completeness,
a short sketch of the baseline characteristics is given in this
section.

2.1. Subjects. Eighteen patients (10 women, 8 men) with
major depression (mean age± standard deviation: 38.9±15.5
years) and 18 sex- and age-matched healthy control sub-
jects (39.3 ± 14.8 years) participated in this study. Patients
were treated in a specialized psychiatric ward for mood dis-
orders. Major depression was established by a staff psychia-
trist according to DSM IV criteria using a structured inter-
view, and the Beck depression inventory (BDI) was also
administered. BDI scores of patients ranged from 19 to 48
(29.4 ± 9.7); scores of control subjects were all below five
(2.1 ± 1.5). All subjects were right handed. Nine patients
were treated with antidepressive medication (5 patients
received selective serotonin reuptake inhibitors SSRI; 4
patients norepinephrine and serotonin reuptake inhibitors
NaSRI) while the remaining participants did not receive any
medication. One patient and two controls had to be excluded
from the experiments because they could not follow the test
protocol.

2.2. Connectivity Analysis. All subjects were electrically stim-
ulated intracutaneously at the tip of the middle fingers of
both the right and the left hand. The intensity level was
adjusted between 10 μA and 1 μA. Stimuli consisted of a
bipolar rectangular pulse of 10 ms duration. Participants
were requested to rate each electrical stimulus on a scale
ranging from 0 to 6 (0 = no sensation; 1 = just perceived,
not painful; 2 = clearly perceived, but not painful; 3 = low
pain; 4 = moderate pain; 5 = strong pain, but tolerable; 6 =
unbearable pain) [52, 53]. The pain threshold was defined
as the intensity yielding a sensation described as a sharp
painful pinprick, corresponding to a rating of “3.” The EEG
was recorded continuously during the electrical stimulation
from 60 electrodes, referenced to Cz, using a standard EEG
cap (Easy Cap, Falk Minow Services, Germany) based on an
extended International 10–20 system. Finally, nine electrodes
F3, Fz, F4, C3, Cz, C4, P3, Pz, and P4 (re-referenced to linked
ears) that are situated above some of the important regions of
pain processing, attention, and depression (frontal, central,
and parietal brain regions) were used. Eye movement and
muscle activity artifact contaminated single trial somatosen-
sory evoked potentials (SEPs) were excluded, which resulted
in an exclusion of three data sets since there were not enough
artifact-free trials left for a reliable connectivity analysis.
In order to compare the pre- and post-stimulus condition,
signal sections of 700 ms duration were extracted pre-
(700 ms before onset to the onset of stimulus, i.e., −700 ms
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to 0 ms) as well as post-stimulus onset (from stimulus onset
to 700 ms after stimulus onset, i.e., 0 ms to 700 ms). These
signal sections provided the data basis for the connectivity
analysis. To assess the effective connectivity between each
directed pair of the nine electrodes, the generalized partial
directed coherence (gPDC) [54] was applied. The frequency
range of interest for the SEP analysis was determined to be
in the delta-, theta- and the alpha-bands (1 to 13 Hz) since
the signal power is mainly situated in this frequency range.
For a consolidated analysis, the gPDCs of the corresponding
frequencies were pooled to one quantity by averaging with
respect to the frequency range of interest. Thus, for each of
the 72 possible directed interactions, one gPDC value results
each. Finally, the effective connectivity we are interested in
is given by significantly increased gPDC values. A detailed
description of the entire procedure may be found in [51].

2.3. Effective Connectivity Networks. In this study, we refine
the view of this effective connectivity data by examining
effective connectivity from a different perspective: we model
each participant’s directed interactions, which are given by
significant gPDC values, as effective connectivity networks
(ECNs). The topology of ECNs consequently represents
a valuable source of information about the relationship
between pain and depression, which is incompletely under-
stood. Subsequently, we apply our network motif detection
approach to group-specific samples of ECNs to find patterns
of directed interactions that may be considered as a char-
acteristic of the group of patients or the group of controls,
respectively. These characteristic patterns may shed light on
the basic neural activity which occurs during the processing
of painful stimuli in patients with major depression and in
the healthy controls.

Due to the nature of the underlying EEG experiment,
eight samples of ECNs may be considered. They are defined
by all combinations of the group assignment (MD—patients
suffering from major depression versus HC—healthy control
subjects), the stimulated side (left versus right), as well as the
time window with respect to the stimulus conditions (pre—
time window before noxious stimulation versus post—time
window directly following the stimulation, i.e., including the
processing of the noxious stimulus). The nomenclature is
MD-pre-left, MD-pre-right, MD-post-left, MD-post-right,
HC-pre-left, and so forth. The sample size for the MD-post-
right sample is fifteen, where the sample size equals sixteen
for all other samples.

As directed graphs, effective connectivity networks con-
sist of a nonempty finite set V of vertices and a finite set E
of ordered pairs of distinct vertices called arcs or edges. An
ordered pair (ui,uj) is called directed edge if it leaves vertex
ui and enters vertex uj . It is denoted by ui → uj and ui is
called the tail and uj is called the head of the edge. An ECN
is represented by its adjacency matrix A of size 9 × 9 where
Ai j = 1 if and only if the ECN contains the directed edge
ui → uj . Accordingly, a mutual edge is indicated by two
entries in the adjacency matrix Ai j = 1 and A ji = 1 and is
denoted by ui ↔ uj . The effective connectivity networks are
built by abstracting EEG-electrodes as vertices and modeling
associated directed interactions by directed edges between

those vertices. The ECNs of the present study are small
networks, each consisting of the same set of nine vertices that
are pairwise differently labeled by associated EEG-electrode
identifiers. For our approach, it is crucial that, due to the
vertex labeling, all vertices are different. Most ECNs exhibit
dense and intricate patterns of directed interactions. The
mean number of edges in an ECN is 36.79 out of 72 possible
edges. Moreover, ECNs do not contain multiple edges (edges
with the same tail and the same head) and loops (edges
whose tail and head coincide). Due to the properties of
ECNs, their adjacency matrices are asymmetrical with 0
entries on the main diagonal. With two exceptions, all ECNs
are connected networks. Examples of ECNs are depicted in
Figure 1.

2.4. Network Motif Detection in a Sample of Directed Net-
works with Pairwise Different Vertex Labels. Dealing with
network samples of directed networks with identical pairwise
different vertex labeling instead of single networks without
such labeling imposes certain constraints on the approach
to network motif detection and also on the definition of
a network motif. The most important constraint is that
each subnetwork can occur at most only once in a single
network, which affects the statistical analysis of subnetwork
occurrences. It is not possible to assign significance to
subnetwork counts in one network or in very small samples
of networks. Therefore, motif detection in a sufficiently
large sample of networks constitutes not only a novel
approach to reveal common topological characteristics of all
sample elements but is also a necessity. Given the pairwise
different vertex labeling, two subnetworks are identical if
and only if they share the same set of edges, that is, they
have identical adjacency matrices. Therefore, isomorphic
subnetworks do not exist and consequently it is unnecessary
to address the problem of determining graph isomorphism
for subnetworks. It is completely different for networks
without vertex labeling. In the unlabeled case, different
topological equivalence classes of subnetworks exist, also
called motif classes or identities and each of them might
consist of isomorphic subnetworks. For example, there are 13
equivalence classes of 3-subnetworks without vertex labeling
comprising a total of 54 isomorphic subnetworks [18, 25].
In contrast, if the 3-subnetworks had pairwise different
vertex labels, there are 54 different such subnetworks, each
corresponding to one of the isomorphic subnetworks of the
unlabeled case.

In order to keep the constraints given by the vertex
labeling, one has to extend the original notion of network
motifs [18, 19] to define the special case of network motifs
of a sample of directed networks with pairwise different
vertex labeling. Therefore, we define network motifs as small
connected subnetworks which differ in their set of edges,
as opposed to differing in their patterns of interconnections
only, which appear in their sample of networks significantly
more often than in random networks according to a suitable
random graph model. In this way, we take the vertex
labeling into account that does not only give us an advantage
with respect to the computational complexity of our task
to detect motifs but also has the important advantage
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Figure 1: Examples of effective connectivity networks (ECNs). ECNs consist of nine vertices corresponding to EEG-electrodes that are
pairwise differently labeled by associated EEG-electrode identifiers and directed edges corresponding to directed interactions between EEG-
electrodes as indicated by significant gPDC values. In their wiring patterns, samples of ECNs contain intrinsic information about the
processing of painful electrical stimuli in a group of patients suffering from major depression and a group of healthy controls.

of conserving the positional information of motifs in the
network. This positional information is somehow associated
with underlying neural processes and, therefore, is important
for a subsequent functional interpretation of the results.
If vertex labeling is discarded, then the only information
obtained from motifs is about significant patterns of directed
influences between EEG-electrodes. However, their localiza-
tion would be missing which makes it unfeasible to func-
tionally compare different instances of a motif in sets of
vertex labeled networks.

2.4.1. Exhaustive Enumeration of Subnetworks. Let N =
(N1, . . . , Nn) be a sample of vertex-labeled directed networks
Ni = (V, Ei) all having the same set V of ν vertices and a

particular set Ei of directed edges. Ai denotes the adjacency
matrix that represents network Ni. The first step in our
approach is to explicitly enumerate all subnetworks of a
certain size νS ≥ 2 in every network Ni which is feasible due
to the size of the networks and the sample size. Thereby, for
each member network Ni, every combination of νS vertices
is investigated with respect to the subnetwork induced by it.
Subsequently, the number of occurrences of each induced
subnetwork over the entire sample is counted. Based on
these subnetwork counts, we analytically assign significance
to subnetworks.

2.4.2. Testing Significant Subnetworks Occurrences. In order
to identify subnetworks that occur significantly more often
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than expected in random networks, a suitable model for
such random networks is required. Such a model is called
null model. Due to pairwise different vertex labels, each
subnetwork can occur at most once in a network. Thus, the
usual z-score approach [25, 26] cannot be applied. However,
a suitable null model for labeled networks may be derived, if
a sufficiently large sample of networks is available.

Let 0 ≤ ki ≤ ν(ν − 1) be the number of edges of Ni, and
let

q = 1
nν(ν− 1)

n
∑

i=1

ki (1)

be the normalized mean number of edges of the sample N .
Then, the i.i.d. variables A0

kl, 1 ≤ k /= l ≤ ν, with

P
(

A0
kl = 1

)

= q,

P
(

A0
kl = 0

)

= 1− q,
(2)

describe a random network N 0 = (V, E 0) with a mean
number of edges qν(ν − 1). It provides the basis of the null
model. Let S be an arbitrary subnetwork with at least νS ≥ 2
vertices of the set V and ηS edges. Obviously, the subnetwork
S can exhibit at most ηSmax = νS(νS − 1) edges. We are inter-
ested in the count that S occurs in the sample N as sub-
network. For it, we define n i.i.d. random variables Xi by

Xi =
⎧

⎨

⎩

1, if S is a subnetwork of N 0

0, if S is not a subnetwork of N 0.
(3)

Assuming the null model, the probability that S occurs as a
subnetwork of N 0 is by definition equal to

P(Xi = 1) = qηS · (1− q)ηSmax−ηS (4)

for all i = 1, . . . ,n. Since all sample networks Ni are
associated with the same null model, the count that S occurs
in the sample N as subnetwork is binomially distributed
under the null model.

n
∑

i=1

Xi ∼ B
(

n, qηS · (1− q)ηSmax−ηS
)

. (5)

Finally, all subnetworks of a certain size νS are tested with
respect to a significant overrepresentation in the sample.
Thus, an alpha-adjustment has to be applied. In the present
study, generally the Bonferroni-Holm correction [55] with
a multiple significance level of α = 0.05 was adopted for
all multiple test procedures to conservatively control the
familywise error rate for all hypotheses at α in the strong
sense instead of controlling the expected proportion of incor-
rectly rejected null hypotheses (false discovery rate).

3. Results and Discussion

We applied our approach to detect network motifs in eight
group-specific samples of ECNs that were obtained from
our effective connectivity data [51]. As a result of dismissing

interactions that are by definition less important, we reduce
the information of the intricate patterns of directed inter-
connections of a sample of ECNs. We interpreted network
motifs as patterns of characteristic interactions in a sample
of ECNs. Because of the spatial information associated
with the vertex labels, it makes sense to look even for
2-motifs in order to find significant interactions between
two areas covered by the EEG-scheme. Furthermore, we
were interested in characteristic interaction patterns that are
represented by 3-motifs. We did not aim to detect motifs of
a larger size because physiological interpretation of 2-motifs
and 3-motifs is already difficult. Hence, detecting larger
motifs does not seem to contribute much to the qualitative
knowledge about effective connectivity networks. However,
from a theoretical point of view, the detection of larger motifs
is straightforward given that sufficiently large samples are
available. Due to their small number, all 2-motifs detected by
our approach could be presented in Table 1. In contrast, due
to their large number, only those interesting 3-motifs whose
occurrence is sample-specific or which occur in most samples
of ECNs are presented in Table 2.

Table 1 illustrates that some 2-motifs represent func-
tional connections that are present in the pre- as well as
in the post-stimulus period, both for MD and HC. Typical
examples are P4 → C3 or Fz ↔ F4. Such connections might
represent parts of the background activity or attentional
processes which are independent of either group (MD, HC),
time period (pre, post), or site of stimulation (left, right).
Other motifs, for example, F3 ↔ Fz, are primarily present
during the pre-stimulus period. Such motifs might represent
processes of focusing attention to the next stimulus, prepa-
ration of the central resources, and so forth. Interestingly,
there are several motifs that are specific to MD patients
only, for example, C4 ↔ F4, Cz ↔ C4, or Cz ↔ Pz, while
others are specific to HC subjects, for example, C3↔ Cz.
The motifs specific to MD patients occur more often during
the pre-stimulus period. They are concentrated on the
central electrodes and electrodes on the right hemisphere.
This might reflect the role of the right hemisphere in the
processing of emotions and mood, especially in MD patients
[45, 47]. In contrast, the motif specific to HC subjects is the
only one that is also specific for the processing in the post-
stimulus period. Therefore, it is probable that it represents
the processing of the noxious stimulus itself. One might
wonder that MD patients do not exhibit such a motif (or
any other motif specific during the post-stimulus period);
however, it should be mentioned that MD patients have
been found to exhibit higher pain thresholds [42, 46], lower
sensitivity to experimental nociceptive stimulation [46, 56],
and/or lower processing of C-fiber nociceptive activation
[57].

Motifs of size 3 (Table 2) also show differences concern-
ing groups, time period, and stimulated site. Thus, the motif
P4-Fz-F3 (motif 1, Table 2) is present in the pre- and the
post-stimulus period for left and right stimulation both
for MD and HC, probably representing baseline activity
or brain activity that is independent from stimulation and
group. Other motifs can be found only during the pre-stimu-
lus period, for example, P4-Cz-F3 (motif 2, Table 2) or
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Table 1: The mean number of all 2-motifs in the eight samples
of effective connectivity networks (ECNs). The 2-motifs represent
important interactions before and during the processing of painful
electrical stimuli. The samples originate from all combinations of
the group assignment. MD—patients suffering from major depres-
sion, HC—healthy control subjects, left and right—stimulated side,
pre and post—time window with respect to the stimulus condition.

Motif
MD HC

left right left right

pre post pre post pre post pre post

(1)

P4

F3

13.0 11.0 13.0 — — — — —

(2)

P4

C3 11.0 11.0 14.0 11.0 12.0 13.0 11.0 12.0

(3)

Fz

C3 — — 11.0 — — — — —

(4)

Fz

Cz — — 13.0 — 11.9 — — 11.0

(5)

P3

F3

— — 11.0 — — — — —

(6)

P4

Fz

— 11.0 11.0 — — — — 11.0

(7)

P3

Fz

— — — — 11.0 — — —

(8)

P3

Cz — — — — — — 11.0 —

(9)

F4Fz

12.2 12.8 12.2 11.2 11.0 — 13.0 14.0

Table 1: Continued.

Motif
MD HC

left right left right

pre post pre post pre post pre post

(10)

F3 Fz

— — 12.0 — 11.0 — 10.0 —

(11)

F4

C4 — — 12.0 — — — — —

(12) Cz C4 — — 11.3 — — — — —

(13)

Pz

Cz — — 11.9 — — — — —

(14)

P3 P4

— 14.0 11.0 — — 12.0 — —

(15) CzC3 — — — — — 13.3 — 13.2

Cz-Fz-C3 (motif 4, Table 2). It is likely that these motifs
are part of the network that prepares the brain for the
next stimulus. Another motif occurred only before and after
stimulations of the left site and before stimulation of the
right site (P3-P4-Cz, motif 7, Table 2). One might specu-
late that it represents attentional processes before stimulation
is also involved in the information processing when the
left hand was stimulated. Many of these motifs involve the
right parietal electrode P4 further supporting the notion
of possible attentional processes. There are also motifs
specifically found for stimulations of the right hand (C4-
F4-Fz, motif 9 and P4-C3-Fz, motif 10, both in Table 2).
All the motifs of size 3 mentioned above are independent of
the group, thus representing activity for both HC and MD
subjects. Interestingly, there are also motifs that differentiate
between MD patients and HC subjects. Thus, the P3-P4-Fz
(motif 5, Table 2) occurred in MD patients during the pre-
stimulation period whereas it was found only after stimula-
tion in HC. This might be a hint that the processing during



8 Computational and Mathematical Methods in Medicine

Table 2: The mean number of 3-motifs with interesting similarities
and differences in the eight samples of effective connectivity net-
works (ECNs). The 3-motifs represent important patterns of
interactions before and during the processing of painful electrical
stimuli. The samples originate from all combinations of the group
assignment. MD—patients suffering from major depression, HC—
healthy control subjects, left and right—stimulated side, pre and
post—time window with respect to the stimulus condition.

Motif
MD HC

left right left right

pre post pre post pre post pre post

(1)

P4

F3 Fz

4.0 7.0 9.0 5.0 7.0 — 5.0 8.0

(2)

P4

F3

Cz 5.0 — 4.0 — 5.0 — — —

(3)

P3 P4

F3

4.5 5.0 7.0 4.0 6.0 — — 5.0

(4)

Fz

CzC3 4.2 — 6.3 — — — 4.2 —

(5)

P3 P4

Fz

4.5 6.0 6.0 6.0 — — — 4.0

(6)

P4

CzC3 4.0 — 4.3 — 5.0 — 4.2 —

(7)

P3 P4

Cz 5.5 4.5 4.0 — 4.4 5.0 5.9 —

(8)

F3 Fz

Cz — — 7.0 — 7.0 — 5.0 —

(9)

F4Fz

C4 — — 5.0 5.0 — — 3.0 5.0

Table 2: Continued.

Motif
MD HC

left right left right

pre post pre post pre post pre post

(10)

P4

Fz

C3 — — 7.0 6.0 4.0 — 4.0 5.0

(11)

Pz

Fz

Cz — 4.5 8.5 7.0 5.6 — 5.5 6.0

(12)

P4

Fz

Cz — — 5.0 6.0 4.0 — 4.0 4.0

(13)

F3 F4Fz

— — — — 4.0 — 3.0 5.0

(14)

Pz

CzC3 — — — 4.0 — 4.1 — 5.0

(15)

Pz

Cz C4 — — 4.3 — 4.3 — 4.0 —

(16)

P4Pz

Fz

— — 4.5 7.3 — — — 4.3

the prestimulation time in MD involves some networks
that resemble the (possibly affective) processing of noxious
stimulation in HC subjects.

These results offer a number of intriguing insights into
various patterns of directed interactions associated with the
processing of painful and, therefore, salient stimuli, charac-
teristic of both groups over the course of time during
the experiment. However, the concept of motif detection
remains controversial and questions remain. First, it is clear
that motif detection misses any functional meaningful sub-
networks that appear only infrequently. Conversely, subnet-
works that appear with significant frequency are not nec-
essarily important for the functioning of their network.
Another criticism refers to the claim that the occurrence
of specific motifs is characteristic for a certain network or
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a type of networks. It seems that some motifs of a network’s
motif distribution might occur due to contingencies in the
network structure and due to topological effects known as
spatial clustering (closeness of vertices in topological space
or in attribute space) [31]. A test for an underlying geo-
metric arrangement in real-world network topology has
been proposed in [58]. The test is basically a comparison
of invariant ratios of the numbers of certain subnetworks
in geometric random network models with the same ratios
obtained from the real-world network. In the same study, it
has been found that the ratios in examplary real-world net-
works generally differed from the ratios in geometric random
networks. Thus, the authors concluded that network motifs
in many real-world networks are not solely captured by geo-
metric constraints but instead arise due to additional func-
tional optimization of network topology. Likewise, a preced-
ing study used subnetwork significance profiles and subnet-
work ratios obtained from examplary real-world networks
and either geometric- or preferential-attachment networks
to show that spatial clustering does not affect the number of
occurrences of the majority of subnetworks and can also be
ruled out as the primary mechanism that forms the structure
of the real-world networks [59].

The potential ambiguity of the structure-function rela-
tionship of subnetworks and the influence of selection
pressure versus variability operators on network topology,
as well as the role of entanglement of subnetworks with the
rest of the network, has also been debated [60]. In the con-
text of assigning functionality to motifs, it has been argued
that topological information on subnetworks must be com-
plemented with information on parameters which describe
the dynamic properties of the system, as motifs show differ-
ent (and even opposing) dynamic behavior for different
ranges of parameter values [61]. It has also been shown that
an alleged dynamic behavior of motifs is strongly affected
by the global and local dynamics of the entire network since
motifs are not isolated within the network but rather are fun-
ctionally interacting with many other surrounding parts of
the network [61]. Investigation of the functional dependence
of motifs on their context and the incorporation of par-
ameters in the assignment of functionality to motifs is lack-
ing in current studies; answering these analytical challenges
remains a topic for further research. However, isolated
network motifs have been tested experimentally for their reg-
ulatory functions as recurring circuits in bacteria and yeast
transcription networks [62, 63]. The experimental studies
confirmed theoretical predictions and could assign specific
modes of molecular information processing to distinct mot-
ifs in these networks. Therefore, it has been shown that net-
work motifs appear to be main building blocks of transcrip-
tion networks. In principle, the role of network motifs in
different systems can be examined experimentally, too.

Yet although these critiques underline potential limita-
tions and pitfalls in assigning functionality to motifs (which
is the reason for detecting them), it surely does not invalid-
ate the concept of furthering the understanding of a net-
work’s functionality and uncovering its design principles by
first analyzing local functional substructures, and then com-
bining this information to infer network behavior at a global

level. Moreover, this criticism in its entirety does not hold for
our use and interpretation of network motifs, because we are
primarily interested in obtaining patterns of interactions that
are overrepresented in a sample of networks. It is solely this
overrepresentation that allows for an interpretation of these
network motifs as a characteristic of this sample. At the same
time, we ignore those patterns of interactions that are not
overrepresented. In this respect, our approach might be seen
as a tool that simplifies the intricate topology of each member
in a sample of networks by thinning out interactions that are
less important for the sample of networks. Finally, after this
simplification, we are able to compare different samples of
networks, for example, samples of ECNs. Currently, given the
outlined criticisms and lack of neurophysiological knowledge
on pain processing, an understanding of the information
processing roles network motifs carry out in ECNs is not yet
attainable.

We have applied network motif detection to unipolar
data with a linked-ears reference. It has been shown previ-
ously that the reference might affect the results of such anal-
yses. Specifically for coherence estimates, it is not possible
to accurately predict reference effects without an accurate
volume conductor model and prior knowledge of all source
locations [64]. Thus, the current underlying connectivity
analysis applies to the sensor space with linked ears as refer-
ence rather than to the source space. Consequently, the motif
detection focuses on network motifs at the sensor level.
Therefore, the current view on anatomical locations of motifs
might only serve as a cautious hint with reference to anato-
mical sources.

The underlying gPDC analysis has been performed on
the basis of SEPs, where a multitrial estimator was applied
to estimate the autoregressive model parameters [51]. For it,
all raw single trials were provided separately to the estimator
without any prior averaging. Thus, an explicit separation of
ongoing and evoked activity [65] was not carried out. In the
post-stimulus condition, the identified effective connectivity
patterns, as well as the derived network motifs contain a cer-
tain amount of information associated to ongoing activity.
For this reason a pre-stimulus condition was also studied
in order to investigate effective interactions based solely on
ongoing activity. It has been shown in [51] that the stimu-
lus resulted in significant gPDC changes in both groups. As
a consequence, we show alterations of network motif appea-
rances associated to the stimulus.

The design of a suitable null model defines the notion of
randomness and is crucial for distinguishing regular topo-
logical effects from true topological contingencies in the
sample of ECNs and thus is crucial for obtaining valid results
[31]. At the present time, there is no established theore-
tical background for choosing null models that fit to given
network data and thus it is not clear which network proper-
ties might be incorporated into a good null model. The
null model widely employed in motif detection preserves the
degree sequence of the input network, which is a basic pro-
perty on the vertex level that ultimately affects many other
properties of the network. Studies that make use of this
somewhat more elaborate null model rely on algorithms
for generating very large sets of random networks out of
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the original network that all hold the desired property. These
simulations are very time consuming and so is the following
counting of subnetwork appearances in the obtained random
ensemble. On the other hand, our analytical statistical test is
computed much faster (within seconds implemented in the
MATLAB programming language) than simulating random
networks and counting their subnetwork occurrences, but
at the cost of simpler assumptions being made for the null
model which accounts for the mean number of edges of the
input network sample.

4. Conclusions

We have presented an approach to analytically detect net-
work motifs in a sample of directed networks with pairwise
different vertex labels. The importance of choosing an appro-
priate null model random network that contrasts topological
regularities of the input networks with topological contin-
gency is outlined. Clearly, a refinement of our analytical
null model, which accounts for the average number of edges
in a sample of networks, is desirable. Such a refinement is
currently under investigation. Nonetheless, we have demon-
strated that our approach to network motif detection is suit-
able to act as a filter to reveal locatable patterns of directed
interactions that might be interpreted as characteristic for
each of several group-specific samples of ECNs. These net-
works originate from effective connectivity data obtained
in our previous study that investigated cortical activity
before and after painful stimulation of patients with major
depression and healthy control subjects [51]. The detected
motifs on the one hand yield a compact description of recur-
ring important topological elements in a sample of ECNs.
On the other hand, they allow for a comparison of different
samples of ECNs, which was as yet not attainable. The
sample-specific network motifs of ECNs can now be investi-
gated in more depth to gain further understanding of neuro-
physiological processes in both groups during the anticipa-
tion and processing of painful stimuli. This in turn should
contribute to a deeper understanding of the relationship
between pain and depression.

Acknowledgments

This work was supported by the Grants WI 1166/9-2 and
NI 369/7 of the German Research Foundation (Deutsche
Forschungsgemeinschaft, DFG). The authors thank Eliza-
beth Ahrens-Kley for grammatical aid.

References

[1] B. Vogelstein, D. Lane, and A. J. Levine, “Surfing the p53
network,” Nature, vol. 408, no. 6810, pp. 307–310, 2000.

[2] E. Andrianantoandro, S. Basu, D. K. Karig, and R. Weiss,
“Synthetic biology: new engineering rules for an emerging
discipline,” Molecular Systems Biology, vol. 2, Article ID
2006.0028, pp. 1–14, 2006.

[3] R. McDaniel and R. Weiss, “Advances in synthetic biology: on
the path from prototypes to applications,” Current Opinion in
Biotechnology, vol. 16, no. 4, pp. 476–483, 2005.

[4] M. J. Keeling, L. Danon, A. P. Ford et al., “Networks and
the epidemiology of infectious disease,” Interdisciplinary Per-
spectives on Infectious Diseases, vol. 2011, Article ID 284909,
28 pages, 2011.

[5] C. J. Stam and J. C. Reijneveld, “Graph theoretical analysis of
complex networks in the brain,” Nonlinear Biomedical Physics,
vol. 1, article no. 3, 2007.

[6] D. S. Bassett and E. Bullmore, “Small-world brain networks,”
Neuroscientist, vol. 12, no. 6, pp. 512–523, 2006.

[7] Y. He, Z. J. Chen, and A. C. Evans, “Small-world anatomical
networks in the human brain revealed by cortical thickness
from MRI,” Cerebral Cortex, vol. 17, no. 10, pp. 2407–2419,
2007.

[8] C. J. Stam, B. F. Jones, G. Nolte, M. Breakspear, and P.
Scheltens, “Small-world networks and functional connectivity
in Alzheimer’s disease,” Cerebral Cortex, vol. 17, no. 1, pp. 92–
99, 2007.

[9] Y. Liu, M. Liang, Y. Zhou et al., “Disrupted small-world net-
works in schizophrenia,” Brain, vol. 131, no. 4, pp. 945–961,
2008.

[10] S. Micheloyannis, E. Pachou, C. J. Stam et al., “Small-world
networks and disturbed functional connectivity in schizo-
phrenia,” Schizophrenia Research, vol. 87, no. 1-3, pp. 60–66,
2006.

[11] B. C. Bernhardt, Z. Chen, Y. He, A. C. Evans, and N.
Bernasconi, “Graph-theoretical analysis reveals disrupted
small-world organization of cortical thickness correlation
networks in temporal lobe epilepsy,” Cerebral Cortex, vol. 21,
no. 9, pp. 2147–2157, 2011.

[12] M. Catani and M. Mesulam, “What is a disconnection syn-
drome?” Cortex, vol. 44, no. 8, pp. 911–913, 2008.

[13] X. Delbeuck, M. Van Der Linden, and F. Collette, “Alzheimer’s
disease as a disconnection syndrome?” Neuropsychology
Review, vol. 13, no. 2, pp. 79–92, 2003.

[14] K. J. Friston, “Schizophrenia and the disconnection hypothe-
sis,” Acta Psychiatrica Scandinavica, vol. 99, no. 395, pp. 68–79,
1999.

[15] S. Boccaletti, V. Latora, Y. Moreno, M. Chavez, and D. U.
Hwang, “Complex networks: structure and dynamics,” Physics
Reports, vol. 424, no. 4-5, pp. 175–308, 2006.

[16] M. E. J. Newman, “The structure and function of complex
networks,” SIAM Review, vol. 45, no. 2, pp. 167–256, 2003.

[17] M. Rubinov and O. Sporns, “Complex network measures of
brain connectivity: uses and interpretations,” NeuroImage, vol.
52, no. 3, pp. 1059–1069, 2010.

[18] R. Milo, S. Shen-Orr, S. Itzkovitz, N. Kashtan, D. Chklovskii,
and U. Alon, “Network motifs: simple building blocks of com-
plex networks,” Science, vol. 298, no. 5594, pp. 824–827, 2002.

[19] S. S. Shen-Orr, R. Milo, S. Mangan, and U. Alon, “Network
motifs in the transcriptional regulation network of Escherichia
coli,” Nature Genetics, vol. 31, no. 1, pp. 64–68, 2002.

[20] T. I. Lee, N. J. Rinaldi, F. Robert et al., “Transcriptional regu-
latory networks in Saccharomyces cerevisiae,” Science, vol. 298,
no. 5594, pp. 799–804, 2002.

[21] R. Milo, S. Itzkovitz, N. Kashtan et al., “Superfamilies of
Evolved and Designed Networks,” Science, vol. 303, no. 5663,
pp. 1538–1542, 2004.

[22] R. J. Prill, P. A. Iglesias, and A. Levchenko, “Dynamic proper-
ties of network motifs contribute to biological network orga-
nization,” PLoS Biology, vol. 3, no. 11, pp. 1881–1892, 2005.

[23] I. Albert and R. Albert, “Conserved network motifs allow
protein-protein interaction prediction,” Bioinformatics, vol.
20, no. 18, pp. 3346–3352, 2004.

[24] E. Yeger-Lotem, S. Sattath, N. Kashtan et al., “Network motifs
in integrated cellular networks of transcription-regulation



Computational and Mathematical Methods in Medicine 11

and protein-protein interaction,” Proceedings of the National
Academy of Sciences of the United States of America, vol. 101,
no. 16, pp. 5934–5939, 2004.

[25] O. Sporns and R. Kötter, “Motifs in Brain Networks,” PLoS
Biology, vol. 2, no. 11, 2004.

[26] N. Kashtan, S. Itzkovitz, R. Milo, and U. Alon, “Efficient
sampling algorithm for estimating subgraph concentrations
and detecting network motifs,” Bioinformatics, vol. 20, no. 11,
pp. 1746–1758, 2004.

[27] S. Wernicke, “A faster algorithm for detecting network motifs,”
in Proceedings of the 5th Workshop on Algorithms in Bioinfor-
matics (WABI ’05), vol. 3692, pp. 165–177, 2005.

[28] G. Ciriello and C. Guerra, “A review on models and algorithms
for motif discovery in protein-protein interaction networks,”
Briefings in Functional Genomics and Proteomics, vol. 7, no. 2,
pp. 147–156, 2008.

[29] F. Schreiber and H. Schwobbermeyer, “Frequency concepts
and pattern detection for the analysis of motifs in networks,”
Transactions on Computational Systems Biology III, vol. 3737,
pp. 89–104, 2005.

[30] P. Foggia, C. Sansone, and M. Vento, “A performance com-
parison of five algorithms for graph isomorphism,” in Pro-
ceedings of the 3rd IAPR TC-15 Workshop on Graph-based
Representations in Pattern Recognition, pp. 188–199, 2001.

[31] Y. Artzy-Randrup, S. J. Fleishman, N. Ben-Tal, and L. Stone,
“Comment on ‘Network motifs: simple building blocks of
complex networks’ and ‘Superfamilies of evolved and designed
networks’,” Science, vol. 305, no. 5687, p. 1107, 2004.

[32] O. D. King, S. Itzkovitz, R. Milo, N. Kashtan, M. E. J. Newman,
and U. Alon, “Comment on ‘subgraphs in random networks’,”
Physical Review E, vol. 70, no. 5, Article ID 058101, pp. 1–
58102, 2004.

[33] R. Milo, N. Kashtan, S. Itzkovitz, M. E. J. Newman, and U.
Alon, “On the uniform generation of random graphs with pre-
scribed degree sequences,” Arxiv preprint condmat/ 0312028,
2003.

[34] M. E. J. Newman, “Random graphs as models of networks,”
Arxiv preprint condmat/ 0202208, 2002.

[35] M. E. J. Newman, S. H. Strogatz, and D. J. Watts, “Random
graphs with arbitrary degree distributions and their applica-
tions,” Physical Review E, vol. 64, no. 2, Article ID 026118, pp.
261181–261187, 2001.

[36] R. Kannan, P. Tetali, and S. Vempala, “Simple Markov-chain
algorithms for generating bipartite graphs and tournaments,”
in Proceedings of the 8th Annual ACM-SIAM Symposium on
Discrete Algorithms, pp. 193–200, Society for Industrial and
Applied Mathematics, 1997.

[37] S. Maslov and K. Sneppen, “Specificity and stability in
topology of protein networks,” Science, vol. 296, no. 5569, pp.
910–913, 2002.

[38] E. Ziv, R. Koytcheff, M. Middendorf, and C. Wiggins, “Sys-
tematic identification of statistically significant network mea-
sures,” Physical Review E, vol. 71, no. 1, Article ID 16110, 2005.

[39] L. Astolfi, F. Cincotti, D. Mattia et al., “Time-varying cortical
connectivity estimation from noninvasive, high-resolution
EEG recordings,” Journal of Psychophysiology, vol. 24, no. 2, pp.
83–90, 2010.

[40] C. Ligges, M. Ungureanu, M. Ligges, B. Blanz, and H. Witte,
“Understanding the time variant connectivity of the langu-
age network in developmental dyslexia: new insights using
Granger causality,” Journal of Neural Transmission, vol. 117,
no. 4, pp. 529–543, 2010.

[41] T. Milde, L. Leistritz, L. Astolfi et al., “A new Kalman filter
approach for the estimation of high-dimensional time-variant

multivariate AR models and its application in analysis of laser-
evoked brain potentials,” NeuroImage, vol. 50, no. 3, pp. 960–
969, 2010.

[42] S. Lautenbacher, J. Spernal, W. Schreiber, and J. C. Krieg,
“Relationship between clinical pain complaints and pain
sensitivity in patients with depression and panic disorder,”
Psychosomatic Medicine, vol. 61, no. 6, pp. 822–827, 1999.

[43] L. R. Miller and A. Cano, “Comorbid chronic pain and depres-
sion: who is at risk?” Journal of Pain, vol. 10, no. 6, pp. 619–
627, 2009.

[44] S. Klauenberg, C. Maier, H. J. Assion et al., “Depression and
changed pain perception: hints for a central disinhibition
mechanism,” Pain, vol. 140, no. 2, pp. 332–343, 2008.

[45] I. A. Strigo, A. N. Simmons, S. C. Matthews, A. D. Craig,
and M. P. Paulus, “Association of major depressive disorder
with altered functional brain response during anticipation and
processing of heat pain,” Archives of General Psychiatry, vol. 65,
no. 11, pp. 1275–1284, 2008.

[46] K. J. Bär, S. Brehm, M. K. Boettger, S. Boettger, G. Wagner,
and H. Sauer, “Pain perception in major depression depends
on pain modality,” Pain, vol. 117, no. 1-2, pp. 97–103, 2005.

[47] K. J. Bär, G. Wagner, M. Koschke et al., “Increased Prefrontal
Activation During Pain Perception in Major Depression,”
Biological Psychiatry, vol. 62, no. 11, pp. 1281–1287, 2007.

[48] S. Lautenbacher and J. C. Krieg, “Pain perception in psychi-
atric disorders: a review of the literature,” Journal of Psychiatric
Research, vol. 28, no. 2, pp. 109–122, 1994.

[49] J. Terhaar, F. C. Viola, M. Franz, S. Berger, K.-J. Bär, and T.
Weiss, “Differential processing of laser stimuli by Aδ and C
fibres in major depression,” Pain, vol. 152, no. 8, pp. 1796–
1802, 2011.

[50] G. D. Iannetti and A. Mouraux, “From the neuromatrix to
the pain matrix (and back),” Experimental Brain Research, vol.
205, no. 1, pp. 1–12, 2010.

[51] L. Leistritz, T. Weiss, J. Ionov, K. J. Bär, W. H. R. Miltner,
and H. Witte, “Connectivity analysis of somatosensory evoked
potentials to noxious intracutaneous stimuli in patients with
major depression,” Methods of Information in Medicine, vol. 49,
no. 5, pp. 484–491, 2010.

[52] W. Meissner, T. Weiss, R. H. Trippe, H. Hecht, C. Krapp,
and W. H. Miltner, “Acupuncture Decreases Somatosensory
Evoked Potential Amplitudes to Noxious Stimuli in Anes-
thetized Volunteers,” Anesthesia and Analgesia, vol. 98, no. 1,
pp. 141–147, 2004.

[53] T. Weiss, K. Kumpf, J. Ehrhardt, I. Gutberlet, and W. H.
R. Miltner, “A bioadaptive approach for experimental pain
research in humans using laser-evoked brain potentials,” Neu-
roscience Letters, vol. 227, no. 2, pp. 95–98, 1997.

[54] L. A. Baccala, K. Sameshima, and D. Y. Takahashi, “Gener-
alized partial directed coherence,” in Proceedings of the 15th
International Conference onDigital Signal Processing (DSP ’07),
pp. 163–166, IEEE, July 2007.

[55] S. Holm, “A simple sequentially rejective multiple test proce-
dure,” Scandinavian Journal of Statistics, vol. 6, no. 2, pp. 65–
70, 1979.

[56] K. J. Bär, S. Brehm, M. K. Boettger, G. Wagner, S. Boettger,
and H. Sauer, “Decreased sensitivity to experimental pain in
adjustment disorder,” European Journal of Pain, vol. 10, no. 5,
pp. 467–471, 2006.

[57] T. Weiss, D. A. Giersch, H. Sauer, W. H. R. Miltner, and
K.-J. Bär, “Perception to laser heat stimuli in depressed
patients is reduced to Aδ- and selective C-fiber stimulation,”
Neuroscience Letters, vol. 498, no. 1, pp. 89–92, 2011.



12 Computational and Mathematical Methods in Medicine

[58] S. Itzkovitz and U. Alon, “Subgraphs and network motifs in
geometric networks,” Physical Review E, vol. 71, no. 2, Article
ID 026117, pp. 026117/1–026117/9, 2005.

[59] Y. Artzy-Randrup, S. J. Fleishman, N. Ben-Tal, and L. Stone,
“Response to comment on ‘network motifs: simple building
blocks of complex networks’ and ‘Superfamilies of evolved and
designed networks’,” Science, vol. 305, no. 5687, p. 1107, 2004.

[60] J. F. Knabe, C. L. Nehaniv, and M. J. Schilstra, “Do motifs
reflect evolved function? No convergent evolution of genetic
regulatory network subgraph topologies,” BioSystems, vol. 94,
no. 1-2, pp. 68–74, 2008.

[61] P. J. Ingram, M. P. H. Stumpf, and J. Stark, “Network motifs:
structure does not determine function,” BMC Genomics, vol.
7, p. 108, 2006.

[62] U. Alon, “Network motifs: theory and experimental approach-
es,” Nature Reviews Genetics, vol. 8, no. 6, pp. 450–461, 2007.

[63] O. Shoval and U. Alon, “SnapShot: network Motifs,” Cell, vol.
143, no. 2, pp. 326–e1, 2010.

[64] P. L. Nunez, R. Srinivasan, A. F. Westdorp et al., “EEG coheren-
cy I: statistics, reference electrode, volume conduction, Lapla-
cians, cortical imaging, and interpretation at multiple scales,”
Electroencephalography and Clinical Neurophysiology, vol. 103,
no. 5, pp. 499–515, 1997.

[65] X. Wang, Y. Chen, and M. Ding, “Estimating Granger causality
after stimulus onset: a cautionary note,” NeuroImage, vol. 41,
no. 3, pp. 767–776, 2008.



Hindawi Publishing Corporation
Computational and Mathematical Methods in Medicine
Volume 2012, Article ID 140513, 18 pages
doi:10.1155/2012/140513

Research Article

Measuring Connectivity in Linear Multivariate Processes:
Definitions, Interpretation, and Practical Analysis

Luca Faes, Silvia Erla, and Giandomenico Nollo

Laboratorio Biosegnali, Dipartimento di Fisica & BIOtech, Università di Trento, via delle Regole 101, 38123 Mattarello, Trento, Italy
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This tutorial paper introduces a common framework for the evaluation of widely used frequency-domain measures of coupling
(coherence, partial coherence) and causality (directed coherence, partial directed coherence) from the parametric representation of
linear multivariate (MV) processes. After providing a comprehensive time-domain definition of the various forms of connectivity
observed in MV processes, we particularize them to MV autoregressive (MVAR) processes and derive the corresponding frequency-
domain measures. Then, we discuss the theoretical interpretation of these MVAR-based connectivity measures, showing that each
of them reflects a specific time-domain connectivity definition and how this results in the description of peculiar aspects of the
information transfer in MV processes. Furthermore, issues related to the practical utilization of these measures on real-time series
are pointed out, including MVAR model estimation and significance assessment. Finally, limitations and pitfalls arising from model
mis-specification are discussed, indicating possible solutions and providing practical recommendations for a safe computation of
the connectivity measures. An example of estimation of the presented measures from multiple EEG signals recorded during a
combined visuomotor task is also reported, showing how evaluation of coupling and causality in the frequency domain may help
describing specific neurophysiological mechanisms.

1. Introduction

Multivariate (MV) time series analysis is nowadays exten-
sively used to investigate the concept of connectivity in
dynamical systems. Connectivity is evaluated from the joint
description of multiple time series collected simultaneously
from the considered system. Applications of this approach
are ubiquitous in the analysis of experimental time series
recorded in various research fields, ranging from economics
to biomedical sciences. In neuroscience, the concept of
brain connectivity [1] plays a central role both in the
understanding of the neurophysiological mechanisms of
interaction among different areas of the brain, and in the
development of indexes for the assessment of mechanism
impairment in pathological conditions (see, e.g., [2] and
references therein). The general term “brain connectivity”
encompasses different modes, each making reference to

specific aspects of how brain areas interact. In particular,
“functional connectivity” refers to evaluation of statistical
dependencies between spatially distributed neuronal units,
while “effective connectivity” refers to the description of
networks of directional effects of one neural unit over
another [3]. In the context of time series analysis, the notions
of functional and effective connectivity can be investigated,
respectively, in terms of coupling, that is, the presence of
interactions, and of causality, that is, the presence of driver-
response relationships, between two neurophysiological time
series taken from the available MV data set.

The assessment of coupling and causality in MV pro-
cesses may be performed following either linear or nonlinear
time series analysis approaches [2, 4]. While nonlinear
methods are continuously under development [5–10] and
offer the intriguing possibility of studying complex signal
interactions, linear signal processing approaches [11] are
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extensively used in MV neurophysiological time series anal-
ysis. The main reason for the popularity of linear methods
lies in the fact that they are strictly related to the frequency-
domain representation of multichannel data [12, 13], and
thus, lend themselves to the representation of biological
signals which are rich of oscillatory content. In physiological
systems, the linear frequency-domain representation favors
the characterization of connectivity between specific oscilla-
tory components such as the EEG rhythms [14].

In the linear signal processing framework, connectivity is
very often formalized in the context of an MV autoregressive
(MVAR) representation of the available time series, which
allows to derive time- and frequency-domain pictures,
respectively, by the model coefficients and by their spectral
representation. Accordingly, several frequency-domain mea-
sures of connectivity have been introduced and applied in
recent years. Coupling is traditionally investigated by means
of the coherence (Coh) and the partial coherence (PCoh),
classically known, for example, from Kay [15] or Bendat
and Piersol [16]. Measures able to quantify causality in the
frequency-domain were proposed more recently, the most
used being the directed transfer function (DTF) [12, 17],
the directed coherence (DC) [18], and the partial directed
coherence (PDC) [19], the latter repeatedly refined after its
original formulation [20–22]. These measures are widely
used for the analysis of interactions among physiologi-
cal time series, and—in particular—to characterize brain
connectivity [23–31]. Recent studies have proposed deeper
interpretation of frequency-domain connectivity measures
[21, 32], as well as comparison on both simulated and real
physiological time series [11, 33]. Despite this large body
of work, the interpretation of frequency-domain coupling
and causality measures is not always straightforward, and
this may lead to erroneous descriptions of connectivity and
related mechanisms. Examples of ambiguities emerged in the
interpretation of these measures are the debates about the
ability of PCoh to measure some forms of causality [34, 35],
about the specific kind of causality which is reflected by the
DTF and DC measures [17, 19, 36], and about whether the
PDC could be suitably re-normalized to make its modulus
able to reflect meaningfully the strength of coupling [22, 32].

In order to settle these interpretability issues, a joint
description of the different connectivity measures, as well
as a contextualization in relation to well-defined time-
domain concepts, is required. According to this need, the
present paper has a tutorial character such that—instead of
proposing new measures—it is aimed to enhance the inter-
pretability and favour the utilization of existing frequency-
domain connectivity measures based on MVAR modelling.
To this end, we introduce a common framework for the
evaluation of Coh, PCoh, DC/DTF, and PDC from the
frequency-domain representation of MVAR processes, which
is exploited to relate the various measures to each other as
well as to the specific coupling or causality definition which
they underlie. After providing a comprehensive definition
of the various forms of connectivity observed in MV
processes, we particularize them to MVAR processes and
derive the corresponding frequency-domain measures. Then,
we discuss the theoretical interpretation of these measures,

showing how they are able to describe peculiar aspects of
the information transfer in MV time series. Further, we
point out issues related to practical estimation, limitations,
and recommendations for the utilization of these measures
on real MV time series. An example of estimation of the
presented measures from multiple EEG signals recorded
during a sensorimotor integration experiment is finally
presented to illustrate their practical applicability.

2. Connectivity Definitions in the Time Domain

2.1. Multivariate Closed-Loop Processes. Let us consider M
stationary stochastic processes ym, m = 1,. . . ,M, collected
in the multivariate (MV) vector process Y = [y1, . . . , yM]T.
Without loss of generality, we assume that the processes are
real-valued, defined at discrete time (ym = {ym(n)}; e.g.,
are sampled versions of the continuous time processes ym(t),
taken at the times tn = nT , with T the sampling period) and
have zero mean (E[ym(n)] = 0, where E[·] is the statistical
expectation operator). An MV closed loop vector process
of order p is defined expressing the present value of each
scalar process, ym(n), as a function of the p past values of all
processes, collected in Yl = {yl(n− 1), . . . , yl(n− p)} (l,m =
1, . . . ,M):

ym(n) = fm(Y1, . . . ,YM) + um(n), (1)

where um are independent white noise processes describing
the error in the representation. Note that the definition
in (1) limits to past values only the possible influences
of one process to another, excluding instantaneous effects
(i.e., effects occurring within the same lag). The absence
of instantaneous effects is denoted as strict causality of
the closed loop MV process [37, 38] and will be assumed
henceforth.

Given two processes yi and yj of the closed-loop,
the general concept of connectivity can be particularized
to the study of causality or coupling between yi and yj ,
which investigate, respectively, directional or non-directional
properties of the considered pairwise interaction. With the
aim of supporting interpretation of the frequency-domain
connectivity measures presented in Section 3, we state now
specific time-domain definitions of coupling and causality
valid for an MV closed-loop process (see Table 1). Direct
causality from yj to yi, yj → yi, exists if the prediction
of yi(n) based on {Y1, . . . ,YM} is better (i.e., yields a lower
prediction error) than the prediction of yi(n) based on
{Y1, . . . ,YM} \ Yj . Causality from yj to yi, yj ⇒ yi, exists if
a cascade of direct causality relations yj → ym · · · → yi
occurs for at least one m ∈ {1, . . . ,M}; if m = i or m = j
causality reduces to direct causality, while for m /= i, m /= j,
the causality relation is indirect. Direct coupling between yi
and yj , yi ↔ yj , exists if yi → yj or yj → yi. Coupling
between yi and yj , yi ⇔ yj , exists if yi ⇒ yj or yj ⇒ yi.
The rationale of these connectivity definitions is grounded
on the very popular notion of Granger causality, as originally
introduced by the seminal paper of Granger for a bivariate
closed loop linear stochastic process [39], and on intuitive
generalizations aimed at moving from the study of causality
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Table 1: Connectivity definitions and conditions for their existence. (See text for details).

Definition MV closed-loop process MVAR process, time domain
MVAR process,

Frequency
domain

Direct causality yj → yi
Knowledge of Yj improves

prediction of yi (n)
ai j(k) /= 0 πij( f ) /= 0

Causality yj ⇒ yi y j → ym · · · → yi amj(k) /= 0, . . . , aim(k) /= 0 γi j( f ) /= 0

Direct coupling
yi ↔ yj

yi → yj or yj → yi aji(k) /= 0 or ai j(k) /= 0
Πi j( f ) /= 0

Spurious direct
coupling

yi → ym and yj → ym ami(k) /= 0 and amj(k) /= 0

Coupling
yi ⇔ yj

yi ⇒ yj or yj ⇒ yi
ami(k) /= 0, . . . , ajm(k) /= 0

or amj(k) /= 0,. . . , aim(k) /= 0 Γi j( f ) /= 0

Spurious coupling ym ⇒ yi and ym ⇒ yj
asm(k) /= 0, . . . , ais(k) /= 0

and asm(k) /= 0, . . . , ajs(k) /= 0

to the study of coupling, and from bivariate (M = 2) to
MV (M ≥ 3) processes. Specifically, our definition of direct
causality agrees with the Granger’s original statement [39]
for bivariate processes, and with the notion of prima facie
Granger causality introduced later in [40] for multivariate
processes. The definition of causality is a generalization
incorporating both direct and indirect causal influences
from one process to another, while the coupling definitions
generalize the causality definitions by accounting for both
forward and backward interactions.

In addition to the definitions provided above, we state
the following definitions of coupling, which are referred to
as spurious because they concern a mathematical formalism
rather than an intuitive property of two interacting processes:
spurious direct coupling between yi and yj exists if yi → ym
and yj → ym for at least one m ∈ {1, . . . ,M}, m /= i,
m /= j; spurious coupling between yi and yj exists if ym ⇒
yi and ym ⇒ yj for at least one m ∈ {1, . . . ,M}, m /= i,
m /= j. These definitions suggest that two processes can be
interpreted as directly coupled also when they both directly
cause a third common process, and as coupled also when they
are both caused by a third common process, respectively, and
are introduced here to provide a formalism for explaining
a confounding property of the two common frequency-
domain coupling measures reviewed in Section 3.

An illustrative example of the described causality and
coupling relations is reported in Figure 1, showing a network
of M = 5 interacting processes where each node represents
a process and the connecting arrows represent coupling or
causality relations. The structure of the process is unam-
biguously determined by the direct causality relations set
in Figure 1(a), that is, y1 → y2, y2 → y3, y3 → y4,
y4 → y2, and y1 → y5. All other connectivity definitions
can be established from this set of direct causality effects.
Indeed, the causality relations follow from the presence of
either direct causality (Figure 1(b), black arrows) or indirect
causality (Figure 1(b), red arrows). Direct coupling exists as
a consequence of direct causality (Figure 1(c), solid arrows),
and also as a consequence of the common driving exerted
by y1 and y4 on y2, such that the spurious connection y1 ↔
y4 (Figure 1(c), dashed arrow) arises. Finally, coupling is

detected between each pair of processes: while most relations
derive from the causality effects (Figure 1(d), solid arrows),
the relations y2 ⇔ y5, y3 ⇔ y5, and y4 ⇔ y5 are spurious
as they derive from the common driving exerted by y1 on y2

and y5, on y3 and y5, and on y4 and y5 (Figure 1(d), dashed
arrows).

2.2. Multivariate Autoregressive Processes. In the linear signal
processing framework, the MV closed-loop process Y(n) =
[y1(n), . . . , yM (n)]T can be represented as the output of a
MV linear shift-invariant filter [15]:

Y(n) =
∞
∑

k=−∞
H(k)U(n− k), (2)

where U(n) = [u1(n) · · ·uM(n)]T is a vector ofM zero-mean
input processes and H(k) is theM×M filter impulse response
matrix. A very common representation of (2), extensively
used in time series analysis, is the MV autoregressive (MVAR)
representation [15]:

Y(n) =
p
∑

k=1

A(k)Y(n− k) + U(n), (3)

where A(k) are M × M coefficient matrices in which the
element ai j(k) describes the dependence of yi(n) on yj(n −
k) (i, j = 1, . . .M; k = 1, . . . , p). Note that (3) is a
particularization of (1) in which each function fm is a linear
first-order polynomial. The input process U(n), also called
innovation process, is assumed to be composed of white and
uncorrelated noises; this means that the correlation matrix of
U(n), RU(k) = E[U(n)UT(n− k)], is zero for each lag k > 0,
while it is equal to the covariance matrix Σ = cov(U(n)) for
k = 0. Under the assumption of strict causality, the input
white noises are uncorrelated even at lag zero, so that their
covariance reduces to the diagonal matrix Σ = diag(σ2

i).
One major benefit of the representation in (3) is that it

allows to investigate properties of the joint description of
the processes ym from the model coefficients. In fact, the
connectivity definitions provided in Section 2.1 for a general
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Figure 1: Graphical models for an illustrative five-dimensional closed loop process, denoting the scalar processes (yi, i = 1, . . . , 5) as graph
nodes and the connectivity relations between processes as connecting arrows. Graphs depict an imposed set of direct causality relations
(yj → yi, (a)), as well as the corresponding sets of causality (yj ⇒ yi, (b)), direct coupling (yi ↔ yj , (c)), and coupling (yi ⇔ yj , (d))
relations. Indirect causality relations are depicted with red arrows in (b), while spurious direct coupling and spurious coupling relations are
depicted with dashed double-head arrows in ((c) and (d)).

closed-loop MV process can be specified for an MVAR
process in terms of the elements of A(k). Conceptually,
causality and coupling relations are found when the pathway
relevant to the interaction is active, that is, is described by
nonzero coefficients in A (see Table 1). More formally, we
have that yj → yi if ai j(k) /= 0 for at least one k ∈ {1, . . . , p};
yj ⇒ yi if amlml−1 (kl) /= 0 for at least one set of L + 1 different
values for ml ∈ {1, . . . ,M} with m0 = j, mL = i, and one
set of L lags kl ∈ {1, . . . , p}(l = 1, . . . ,L; 1 ≤ L < M);
yi ↔ yj if, for at least and one pair k1, k2 ∈ {1, . . . , p}, one
of the following holds: (i) aji(k1) /= 0 or ai j(k2) /= 0 (direct
coupling), or (ii) ami(k1) /= 0 and amj(k2) /= 0 for at least
one m ∈ {1, . . . ,M} such that m /= i, m /= j (spurious direct
coupling); yi ⇔ yj if, for some ml ∈ {1, . . . ,M} and kl ∈
{1, . . . , p} one of the following holds: (i) amlml−1 (kl) /= 0 with
either m0 = i, mL = j or m0 = j, mL = i (coupling), or
(ii) amlml−1 (kl) /= 0 with both m0 = m, mL = i and m0 = m,

mL = j for at least onem ∈ {1, . . . ,M} such thatm /= i,m /= j
(spurious coupling).

To illustrate these time-domain connectivity definitions,
let us consider the MVAR process of dimension M = 5 and
order p = 2:

y1(n) = 2ρ1 cos
(

2π f1
)

y1(n− 1)− ρ2
1 y1(n− 2) + u1(n),

y2(n) = 0.5y1(n− 1) + 0.5y4(n− 1) + u2(n),

y3(n) = 0.5y2(n− 1) + 0.5y2(n− 2) + u3(n),

y4(n) = 2ρ4 cos
(

2π f4
)

y4(n− 1)− ρ2
4 y4(n− 2)

+ 0.5y3(n− 1) + 0.5y3(n− 2) + u4(n),

y5(n) = 0.5y1(n− 1) + 0.5y1(n− 2) + u5(n),

(4)

with ρ1 = 0.9, f1 = 0.1, ρ4 = 0.8, f4 = 0.3, where
the inputs ui(n) are fully uncorrelated and with variance
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Figure 2: Time-domain connectivity pattern for the illustrative
MVAR process of (4). Each plot depicts the values set for the
coefficients ai j(k) (i, j = 1, . . . , 5; k = 1, 2), with nonzero
coefficients evidenced in red.

σ2
i = 1(i = 1, . . . , 5). Equation (4) defines one of the pos-

sible MVAR processes realizing the connectivity patterns
depicted in Figure 1. The matrix layout plot of Figure 2,
depicting the values set for the coefficients ai j(k), provides
a straightforward interpretation of connectivity in the time
domain. In fact, non-zero values in the coefficient matrices
A(1) and A(2) determine direct causality and causality
among the processes—and consequently direct coupling and
coupling—in agreement with the definitions provided above.
In particular, we note that direct causality from yj to yi
occurs if at least one coefficient in the (i, j)th plot of the
matrix layout of Figure 2 is nonzero (red symbols). For
example, nonzero values of a21(1) and of {a32(1), a32(2)}
determine the direct causality relations y1 → y2 and
y2 → y3 when considered separately, as well as the causality
relation y2 ⇒ y3 (indirect effect) when considered together;
nonzero values of a21(1) and of a24(1) determine the direct
coupling relations y1 ↔ y2 and y2 ↔ y4, and also the
spurious direct coupling y1 ↔ y4; nonzero values of
{a21(1), a32(1), a32(2)} and of {a51(1), a51(2)} determine
the coupling relations y1 ⇔ y3 and y1 ⇔ y5, but also the
spurious coupling y3 ⇔ y5. Note that the diagonal values of
A(k) do not provide direct information on connectivity, but
rather determine autonomous oscillations in the processes.
In this case, narrow-band oscillations are generated for the
process yi by setting complex-conjugate poles with modulus
ρi and phases±2π fi (i.e., imposing aii(1) = 2ρi cos(2π fi) and
aii(2) = −ρ2

i , i = 1, 4).

3. Connectivity Definitions in the Frequency
Domain

3.1. Connectivity Measures. The derivation of connectivity
measures which reflect and quantify in the frequency
domain the time-domain definitions provided in Section 2
proceeds in two steps: first, the known correlation and
partial correlation time-domain analyses are transposed in
the frequency domain to describe the concepts of coupling
and direct coupling, respectively; second, the parametric
representation of the process is exploited to decompose the
derived spectral measures of (direct) coupling into measures
of (direct) causality. As to the first step, time-domain
interactions within the MV closed-loop process Y(n) may be
characterized by means of the time-lagged correlation matrix
R(k) = E[Y(n)YT(n − k)] and of its inverse R(k)−1, whose
elements may be used to define the so called correlation
coefficient and partial correlation coefficient between two
processes yi and yj [41]:

ρi j(k) = ri j(k)
√

rii(k)r j j(k)
,

ηi j(k) = − pi j(k)
√

pii(k)pj j(k)
,

(5)

where ri j(k) and pi j(k) are the i- j elements of R(k) and
R(k)−1. The correlation ρi j is a normalized measure of the
linear interdependence between yi(n) and yj(n − k) and, as
such, quantifies coupling in the time-domain. The partial
correlation ηi j is a measure of direct coupling, in the sense
that it quantifies the linear interdependence between yi(n)
and yj(n − k) after removing the effects of all remaining
processes, according to a procedure denoted as partialization
[42]. The frequency-domain counterpart of these measures
is obtained considering the traditional spectral analysis of
MV processes on one side [15], and the corresponding dual
analysis performed in the inverse spectral domain on the
other side [43]. Specifically, the M × M spectral density
matrix S( f ) is defined as the Fourier Transform (FT) of R(k),
while the inverse spectral matrix P( f ) = S( f )−1 results as the
FT of the partial correlation matrix R(k)−1. The elements of
the spectral matrices S( f ) and P( f ) are combined to define
the so-called coherence (Coh) and partial coherence (PCoh)
functions [44]:

Γi j
(

f
) = Si j

(

f
)

√

Sii
(

f
)

Sj j
(

f
) , (6a)

Πi j
(

f
) = − Pi j

(

f
)

√

Pii
(

f
)

Pj j
(

f
) . (6b)

When a closed-loop MV process is particularized to a
MVAR process, the spectral representation may be obtained
taking the FT of the representations in (2) and (3), which
yields Y( f ) = H( f )U( f ) and Y( f ) = A( f )Y( f ) + U( f ),
respectively, where Y( f ) and U( f ) are the FTs of Y(n) and
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U(n), and the M ×M transfer matrix and coefficient matrix
are defined in the frequency domain as:

H
(

f
) =

∞
∑

k=−∞
H(k)e− j2π f kT , A

(

f
) =

p
∑

k=1

A(k)e− j2π f kT .

(7)

Comparing the two spectral representations, it is easy to
show that the coefficient and transfer matrices are linked by:
H( f ) = [I− A( f )]−1 = A( f )−1. This important relation is
useful to draw the connection between the spectral density
matrix S( f ) and its inverse P( f ), as well as to decompose
the symmetric frequency-domain connectivity measures into
terms eliciting directionality. The key element is the spectral
factorization theorem [45]:

S
(

f
) = H

(

f
)

ΣHH
(

f
)

, P
(

f
) = A

H(
f
)

Σ−1A
(

f
)

, (8)

(where H stands for Hermitian transpose), which allows
to represent, under the assumption of strict causality, the
elements of the spectral density matrices as:

Si j
(

f
) =

M
∑

m=1

σ2
mHim

(

f
)

H∗jm
(

f
)

,

Pi j
(

f
) =

M
∑

m=1

1
σ2
m
A
∗
mi

(

f
)

Amj
(

f
)

.

(9)

The spectral decompositions in (9) lead to decompose the
Coh and PCoh defined in (6a) and (6b) as:

Γi j
(

f
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M
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σmHim
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(10a)

Πi j
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f
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M
∑
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√
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(10b)

The last terms in (10a) and (10b) contain, respectively,
the so-called directed coherence (DC) and partial directed
coherence (PDC), which we define in this study as:

γi j
(

f
) = σjHi j

(

f
)

√
∑M

m=1 σ2
m

∣
∣Him

(

f
)∣
∣2

, (11a)

πi j
(

f
) = (1/σi)Aij

(

f
)

√
∑M

m=1

(

1/σ2
m

)
∣
∣
∣Amj

(

f
)
∣
∣
∣

2
. (11b)

The DC as defined in (11a) was originally proposed by Saito
and Harashima [46], and further developed as connectivity
measure by Baccala et al. [18]. Note that the directed transfer
function (DTF) defined in [12] is a particularization of
the DC in which the input variances are all equal (σ2

1 =

σ2
2 = · · · = σ2

M) so that they cancel each other in
(11a). The quantity which we define as PDC in (11b) was
named “generalized PDC” in [20], while the original version
of the PDC [19] was not including inner normalization
by the input noise variances; our definition (11b) follows
directly from the decomposition in (10b). We note that
other variants of the PDC estimator have been recently
provided: the “information PDC” [21], which under the
hypothesis of strict causality reduces to (11a), has been
proposed as a measure bridging frequency and information
domains; the “renormalized PDC” [22] has been proposed to
allow drawing conclusion about the interaction strength by
normalization. Here, besides the meaningful dual derivation
of DC and PDC as factors in the decomposition of Coh
and PCoh, we further justify the utilization of the measures
defined in (11a) and (11b) noting that they satisfy the
desirable property of scale-invariance. On the contrary,
as shown by Winterhalder et al. [11], false detections of
causality may occur from low variance process to processes
with significantly higher variance when the original DTF and
PDC estimators are used.

The quantities γi j( f ) and πi j( f ) defined in (11a) and
(11b) can be interpreted as measures of the influence of yj
onto yi, as opposed to γji( f ) and πji( f ) which measure the
interaction occurring over the opposite direction from yi
onto yj . Therefore, the DC and the PDC, being factors in the
decomposition of Coh and PCoh, are asymmetric connec-
tivity measures which elicit the directional information from
the two symmetric measures. More detailed interpretation of
all these measures is provided in the next subsection.

3.2. Interpretation. A straightforward interpretation of the
four connectivity measures above presented may be obtained
considering that they reflect in the frequency domain the
different time-domain definitions of connectivity given in
Section 2.2. First, we note that the PDC is a measure of direct
causality, because the numerator of (11b) contains, with
i /= j, the term Aij( f ), which is nonzero only when ai j(k) /= 0
for some k and is uniformly zero when ai j(k) = 0 for each k.
Considering the DC, one can show that, expanding H( f ) =
A( f )−1 as a geometric series [36], the transfer function
Hij( f ) contains a sum of terms each one related to one of
the (direct or indirect) transfer paths connecting yj to yi;
therefore, the numerator of (11a) is nonzero whenever any
path connecting yj to yi is significant, that is, when causality
occurs from yj to yi. As to the coupling definitions, we note
from (10a) and (10b) that Γi j( f ) /= 0 when both γim( f ) /= 0
and γjm( f ) /= 0, and Πi j( f ) /= 0 when both πmi( f ) /= 0 and
πmj( f ) /= 0; this suggests that Coh and PCoh reflect respec-
tively coupling and direct coupling relations in accordance
with a frequency-domain representation of the definitions
given in Section 2. However, (10a) and (10b) explain also the
rationale of introducing a mathematical formalism to define
spurious direct coupling and spurious coupling. In fact, the
fulfillment of Πi j( f ) /= 0 or Γi j( f ) /= 0 at a given frequency
f is not a sufficient condition for the existence of direct
coupling or coupling at that frequency, because the observed
relation can be also spurious. The correspondence with the
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time-domain connectivity definitions and the frequency-
domain measures is summarized in Table 1.

The four connectivity measures defined in (6a), (6b),
(11a), and (11b) are complex-valued. In order to have real-
valued measures, the squared modulus of Coh, PCoh, DC,
and PDC is commonly used to measure connectivity in the
frequency domain. Therefore, |Γi j( f )|2, |Πi j( f )|2, |γi j( f )|2,
and |πi j( f )|2 are computed to quantify, respectively, cou-
pling, direct coupling, causality, and direct causality as
a function of frequency. All these squared measures are
normalized so that they take values between 0, representing
absence of connectivity, and 1, representing full connectivity
between the processes yi and yj at the frequency f . This
property allows to interpret the value of each squared index
as a measure of the “strength” of connectivity. While this
interpretation is meaningful for Coh and DC, it is less useful
for PCoh and PDC. Indeed, Coh and DC are defined from
the elements of the spectral matrix S( f ) (see (6a)–(11a))
and, as such, are easy to interpret in terms of power spectral
density. On the contrary, PCoh and PDC are obtained from
a dual representation evidencing the inverse spectral matrix
P( f ) (see (6b)–(11b)), which is less easy to interpret because
inverse spectra do not have a clear physical meaning. On the
other hand, PCoh and PDC are useful when one is interested
in determining the frequency-domain connectivity structure
of a vector process, as they elicit direct connections between
two processes in the MV representation. From this point of
view, Coh and DC are more confusing as they measure the
“total” connectivity between two processes, mixing together
direct and indirect effects.

Further interpretation of the directional measures of
connectivity, is provided considering the normalization
properties

∑M
m=1 |γim( f )|2 = 1 and

∑M
m=1 |πmj( f )|2 = 1, in-

dicating that the DC is normalized with respect to the
structure that receives the signal and the PDC is normalized
with respect to the structure that sends the signal [19].
Combined with (9), these properties lead to represent the
spectra and inverse spectra of a scalar process, that is, the
diagonal elements of S( f ) and P( f ), as:

Sii
(

f
) =

M
∑

m=1

Si|m
(

f
)

, Si|m
(

f
) = ∣∣γim

(

f
)∣
∣2
Sii
(

f
)

,

(12a)

Pj j
(

f
) =

M
∑

m=1

Pj→m
(

f
)

, Pj→m
(

f
) =

∣
∣
∣πmj

(

f
)
∣
∣
∣

2
Pj j
(

f
)

,

(12b)

where Si|m( f ) is the part of Sii( f ) due to ym, and Pj→m( f ) is
the part of Pj j( f ) directed to ym. Thus, the DC and the PDC
may be viewed as the relative amount of power of the output
process which is received from the input process, and the
relative amount of inverse power of the input process which
is sent to the output process, respectively. Again, inverse
power quantifies direct causality but is of difficult physical
interpretation, while power is straightforward to interpret
but includes both direct and indirect effects. Therefore, a

desirable development would be to split the DC into direct
and indirect contributions, in order to exploit the advantages
of both representations. However, such a development is not
trivial, as recently shown by Gigi and Tangirala [32] who
elicited the presence of an interference term which prevents
the separation of direct and indirect energy transfer between
two variables of a MV process.

To compare the behavior of the presented connectivity
measures and to discuss their properties, let us consider the
frequency-domain representation of the theoretical example
with time-domain representation given by (4). The trends
of spectral and cross-spectral density functions are depicted
in Figure 3. The spectra of the five processes, reported as
diagonal plots in Figure 3(a), exhibit clear peaks at the
frequency of the two oscillations imposed at ∼0.1 Hz and
∼0.3 Hz for y1 and y4, respectively, and appear also in
the spectra of the remaining processes according to the
imposed causal information transfer. On the contrary the
inverse spectra, reported as diagonal plots in Figure 3(b),
do not provide clear information about such an oscillatory
activity. Off-diagonal plots of Figures 3(a) and 3(b) depict,
respectively, the squared magnitudes of Coh and PCoh;
note the symmetry of the two functions (Γi j( f ) = Γ∗ji( f ),
Πi j( f ) = Π∗ji( f )), reflecting the fact that they cannot account
for directionality of the considered interaction. The com-
parison of Figure 3(a) with Figure 1(d), and of Figure 3(b)
with Figure 1(c), evidences how Coh and PCoh provide
a spectral representation of coupling and direct coupling:
indeed, the frequency-domain functions are uniformly zero
when the corresponding connectivity relation is absent in
the time domain. Note that the spurious direct coupling
and spurious coupling connections evidenced in Figures 1(c)
and 1(d) cannot be pointed out from the frequency-domain
representations of Figure 3: for example, the coherence
between y5 and all other processes is very high at ∼0.1 Hz
although only the coupling y1 ⇔ y5 is not spurious. Another
observation regards interpretability of the absolute values:
while Coh shows clear peaks at the frequency of coupled
oscillations (∼0.1 Hz and ∼0.3 Hz) when relevant, PCoh is
less easy to interpret as sometimes the squared modulus does
not exhibit clear peaks (e.g., |Π23( f )|2, |Π34( f )|2) or is very
low (e.g., |Π12( f )|2, |Π14( f )|2).

Figure 4 depicts the spectral decomposition of the MVAR
process, as well as the trends resulting for the DC function
from this decomposition. Note that the DC reflects the
pattern of causality depicted in Figure 1(b), being uniformly
zero along all directions over which no causality is imposed
in the time domain. Figure 4(a) provides a graphical rep-
resentation of (12a), showing how the spectrum of each
process can be decomposed into power contributions related
to all processes; normalizing these contributions, one gets
the squared modulus of the DC, as depicted in Figure 4(b).
In the example, the spectrum of y1 is decomposed in one
part only, deriving from the same process. This indicates that
no part of the power of y1 is due to the other processes.
The absence of external contributions is reflected by the
null profiles of the squared DCs |γ1 j( f )|2 for each j > 1,
which also entail a flat unitary profile for |γ11( f )|2. On the
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Figure 3: Spectral functions and frequency domain measures of coupling for the illustrative MVAR process of (4). (a) Power spectral density
of the process yi (Sii( f ), black) and coherence between yi and yj (|Γi j( f )|2, blue). (b) Inverse power spectral density of yi (Pii( f ), black) and
partial coherence between yi and yj (|Πi j( f )|2, red).
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Figure 4: Decomposition of the power spectrum of each process yi in (4), Sii( f ), into contributions coming from each process yj (Si| j ,
shaded areas in each plot) (a), and corresponding squared DC from yj to yi, |γi j( f )|2 (b) depicted for each i, j = 1, . . . ,M.
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Figure 5: Decomposition of the inverse power spectrum of each
process yi in (4), Pj j( f ), into contributions directed towards each
process yi (Pj→ i, shaded areas in each plot) (a), and corresponding
squared PDC from yj to yi, |πij( f )|2 (b) depicted for each i, j =
1, . . . ,M.

contrary, the decompositions of yi, with i > 1, results in
contributions from the other processes, so that the squared
DC |γi j( f )|2 is nonzero for some j /= i, and the squared

DC |γii( f )|2 is not uniformly equal to 1 as a result of the
normalization condition. In particular, we note that the
power of the peak at f1 = 0.1 Hz is due to y1 for all
processes (red areas in Figure 4(a)), determining very high
values of the squared DC in the first column of the matrix
plot in Figure 3(b), that is, |γi1( f1)|2 ≈ 1; this behavior
represents in the frequency domain the causality relations
imposed from y1 to all other processes. Note that, as a
consequence of the normalization condition of the DC, the
high values measured at ∼0.1 Hz for |γi1|2 entail very low
values, at the same frequency, for |γi j|2 computed with j > 1.

Whereas this property is straightforward when the studied
effect is direct, in the case of indirect causality, it suggests
that the DC modulus tends to ascribe the measured causal
coupling to the source process (i.e., the first process) rather
than to the intermediate processes of the considered cascade
interaction. The remaining causality relations are relevant
to the oscillation at f2 = 0.3 Hz, which is generated in
y4 and then re-transmitted to the same process through a
loop involving y2 and y3. This loop of directed interactions
is reflected by the presence of a peak at ∼0.3 Hz of the
spectra of y2, y3, and y4, as well as by the spectral
decomposition within this frequency band (Figure 4(a)).
This decomposition results, after proper normalization, in
the nonzero DCs |γ42|2, |γ23|2, |γ34|2 (direct causality) and
|γ43|2, |γ32|2, |γ24|2 (indirect causality) observed at f2.

A dual interpretation to that provided above holds for
the decomposition of the inverse spectra into absolute and
normalized contributions sent to all processes, which are
depicted for the considered example in the area plot of
Figure 5(a) and in the matrix PDC plot of Figure 5(b),
respectively. The difference is that now contributions are
measured as outflows instead as inflows, are normalized to
the structure sending the signal instead to that receiving
the signal, and reflect the concept of direct causality instead
that of causality. With reference to the proposed example,
we see that the inverse spectrum of y1 is decomposed into
contributions flowing out towards y2 and y5 (blue and gray
areas underlying P11( f ) in Figure 5(a)), which are expressed
in normalized units by the squared PDCs |π21|2 and |π51|2.
While y2, y3, and y5 interact in a closed loop (absolute units:

P2→ 3 /= 0, P3→ 4 /= 0, P4→ 2 /= 0; normalized units: |π32|2 /= 0,
|π43|2 /= 0, |π24|2 /= 0), y5 does not send information to any
process (P5→ i = 0, |πi5|2 = 0, i = 1, 2, 3, 4). As can be seen
comparing Figure 5 with Figure 1(a), the profiles of Pj→ i and

|πi j|2 provide a frequency-domain description, respectively,
in absolute and normalized terms, of the imposed pattern
of direct causality. We note also that all inverse spectra of
a process contain a contribution coming from the same
process, which describes the part of Pj j( f ) which is not sent
to any of the other processes (Pj→ j in Figure 4(a)). After
normalization, this contribution is quantified by the PDC
|πj j|2, as depicted by the diagonal plots of Figure 5(b).

4. Practical Analysis

4.1. Model Estimation. The practical application of the
theoretical concepts described in this tutorial paper is based
on considering the available set of time series measured
from the system under analysis, {ym(n),m = 1, . . . ,M;n =
1, . . . N}, as a finite-length realization of the MV stochastic
process describing the evolution of the system over time.
Hence, the descriptive equation (3) is seen as a model of
how the observed data have been generated, and model
identification algorithms have to be applied for providing
estimates of the model coefficients to be used in place of
the true unknown coefficients in the generating equations.
Obviously, the estimates will never be the exact coefficients,
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and consequently the frequency-domain measures estimated
from the real data will always be an approximation of the true
functions. The goodness of the approximation depends on
practical factors such as the data length, and on the type and
parameters of the procedure adopted for the identification of
the model coefficients. Identification of the MVAR model (3)
can be performed with relative ease by means of estimation
methods based on the principle of minimizing the prediction
error, that is, the difference between actual and predicted
data (see, e.g., [15] or [47] for detailed descriptions). A
simple estimator is the MV least-squares method, which is
based first on representing (3) in compact representation as
Y = AZ + U, where A = [A(1) · · ·A(p)] is the M × pM
matrix of the unknown coefficients, Y = [Y(p+1) · · ·Y(N)]
and U = [U(p + 1) · · ·U(N)] are M × (N − p) matrices,

and Z = [Z1
T · · ·Zp

T]
T

is a pM × (N − p) matrix having
Zi = [Y(p − i + 1) · · ·Y(N-i)] as ith row block (i = 1, . . . p).
The method estimates the coefficient matrices through the
well-known least-squares formula: Â = YZT[ZZT]

−1
, and

the innovation process as the residual time series: Û = ÂZ−
Y. As to model order selection, several criteria exist for its
determination [47]. Common approaches are to follow the
Akaike information criterion (AIC, [48]) or to the Bayesian
information criterion (BIC, [49]), based on setting the order
p at the value for which the respective figure of merit, (i.e.,
AIC(p) = N ·log(detΣ)+2M2p, or BIC(p) = N ·log(detΣ)+
log(N)M2p) reaches a minimum within a predefined range
of orders. While the model identification and order selection
methods presented here have good statistical properties,
more accurate approaches exist; for example, we refer
the reader to [50] for a comparison of different MVAR
estimators, to [51] for order selection criteria optimized for
MVAR models, and to [52] for an identification approach
combining MVAR coefficient estimation and order selection.

After model identification, validation steps are necessary
to guarantee a correct interpretation of the obtained results.
Model validation refers to the use of a range of diagnostic
tools which are available for checking the adequacy of
the estimated structure. In particular, identification of the
MVAR model (3) should result in temporally uncorrelated
and mutually independent residuals Û(n). These assump-
tions may be checked, for example, using the Ljung-
Box portmanteau test for whiteness and the Kendall’s τ
test for independence [47]. Mutual independence of the
residuals has to be checked particularly at zero lag, because
the existence of correlated model innovations violates the
assumption of strict causality. Although these tests are often
skipped in practical analysis, we stress the importance of
performing model validation, because failure to satisfy the
model assumptions is a clear indication of model mis-
specification (see Section 5 for a more detailed description
of this problem).

4.2. Statistical Significance of Connectivity Measures. Besides
confirming the suitability of the estimated model, another
issue of great practical importance is the assessment of the
statistical significance of the derived connectivity measures.
Due to practical estimation problems, nonzero values are

indeed likely to occur at some frequencies even in the case
of absence of a true interaction between the two considered
processes. This problem is commonly faced by means of
statistical hypothesis testing procedures based on setting a
threshold for significance at the upper limit of the confidence
interval of the considered index, where confidence intervals
are based on the sampling distribution of the index com-
puted under the null hypothesis of absence of connectivity.
Comparing at each specific frequency the estimated index
with the threshold allows rejection or acceptance of the
null hypothesis according to the predetermined level of
significance. The sampling distribution in the absence of
connectivity may be derived either theoretically or empiri-
cally: theoretical approaches are elegant and computationally
more efficient, empirical ones are more general and free
of analytical approximations. While the statistical analytical
threshold for the Coh estimator can be found in classic
time series analysis books (e.g., [53]), recent theoretical
studies have provided rigorous asymptotic distributions for
the PDC [54, 55] and its renormalized version [22], as
well as for the DC/DTF [36]. As to the determination of
empirical significance levels, the most popular approaches
consist in applying permutation statistics [56] when the
data matrix can be partitioned in many windows from
which multiple values of the connectivity measure may be
computed, and in applying surrogate data analysis [57]
when only one value of the measure is computed. In the
latter case, the most followed approach is the generation
of the so-called FT surrogate series, which are obtained by
a phase randomization procedure applied independently to
each series of the considered MV data set. This approach
has been proposed to assess the significance of the Coh
estimator [58], and has been used also with the causality
estimators [17, 59]. A recent development of the FT method
is that leading to the generation of the so-called “causal
FT” (CFT) surrogates [60]. CFT surrogates were devised
specifically for the detection of the significance of causality
and direct causality in the frequency domain, and have
been shown to outperform FT surrogates as regards the
empirical detection of a zero-level for the DC or the PDC
[60]. However, it has to be remarked that the computational
burden of this new method is significantly larger than that
required for the generation of FT surrogates, and this may
make very demanding, or even intractable, the assessment
of significance when high-dimensional MVAR models are
analyzed.

4.3. Practical Illustrative Example. In this section, we report
a practical application of the presented connectivity analysis
to MV neurophysiological time series. Specifically, we con-
sidered electroencephalographic (EEG) recordings collected
from a subject performing a visuomotor task combining
precise grip motor commands with sensory visual feedback.
Briefly, the subject was asked to track the variations in size
of a square target displayed on a monitor by acting on a
pinch grip through his right hand thumb and forefinger.
Visual feedback about his performance was provided to
the subject by displaying on the monitor another square
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Figure 6: Time series considered for the neurophysiological
application: EEG signals recorded at left-central (y1), right-central
(y2), parietal (y3), and occipital (y4) scalp locations during the
execution of a visuomotor task (see text for details).

reflecting the exerted force (the task required to continuously
match the two rectangles). EEG signals were acquired
(earlobes common reference; sampling rate: 576 Hz) during
the experiment according to the standard 10–20 electrode
placement enlarged with intermediate positions in scalp
areas of interest for the specific task performed. Full details
about the experimental protocol can be found in [28].

Here, we present the results of frequency-domain con-
nectivity analysis performed for M = 4 EEG signals sel-
ected as representative of the cortical areas involved in
visuomotor integration processes, that is, left and right
central areas (motor cortex, electrodes C3 and C4) and
posterior-parietal regions (visual area and parietal cortex,
electrodes Pz and Oz) [61]. The signals were bandpass
filtered (3–45 Hz) to remove power supply noise and extract
information about the brain rhythms of interest, and then
downsampled to 72 Hz to reduce redundancy. Pre-processed
EEGs were carefully inspected to identify possible artifacts,
and a stationary window of ten seconds (N = 720 samples)
was then selected for the analysis. The four analyzed signals
are shown in Figure 6.

The coefficients and input covariance of the MVAR
model describing the four time series were estimated using
the MV least-squares method; the model order, determined
as the minimum of the Akaike figure of merit within
the range (1, 30), was p = 8. Model validation was
performed checking whiteness and independence of the
estimated model residuals by means of the Ljung-Box test
and the Kendall test, respectively. The estimated coefficients
and input covariance were used to estimate the frequency-
domain coupling and causality functions according to (6a),
(6b), (11a), and (11b), respectively. Each estimated con-
nectivity function was evaluated inside the beta band of
the frequency spectrum (13–30 Hz), in order to investigate

connectivity mechanisms related to medium-range interac-
tions among communicating brain areas [28]. The statistical
significance of the various connectivity measures computed
in the beta band for each specific direction of interaction was
assessed by means of an approach based on the generation
of surrogate data. The test, which is described in detail in
[60], was performed generating a set of 100 surrogate series
by means of a phase randomization procedure that preserves
the modulus of the Fourier transform of the original series
and alters the Fourier phases in a way such that connectivity
is destroyed only over the direction of interest; note that the
method is specific for each connectivity measure, so that it
specifically destroys coupling, direct coupling, causality, or
direct causality between two series, respectively, when the
significance of Coh, PCoh, DC, or PDC is going to be tested.
For each connectivity measure, the threshold for significance
was obtained as the 95th percentile (corresponding to 5%
significance) of the distribution of the measure computed
over the 100 surrogate series.

The results of the analysis are reported in Figures 7
and 8 for coupling and causality measures, respectively. The
analysis of coupling indicates that the network of the four
interacting signals is fully connected inside the beta band,
as documented by the Coh values exceeding the significance
threshold for each pair of time series (Figure 7(a)). When this
information is particularized to the study of direct coupling
through the PCoh, we observe that direct connections are set
in the beta band between y3 and y4, y1 and y3, y1 and y4,
and y1 and y2 (though the PCoh exceeds the significance
threshold only slightly in this last case). This suggests a
major involvement of the left hemisphere in the connectivity
network activated by the visuomotor task, likely due to the
dominant role of the left-motor cortical area (signal y1,
electrode C3); the EEG recorded from this area, which is
contra-lateral to the moving right hand, is mainly linked to
that recorded from the parietal (signal y3, electrode Pz) and
occipital (signal y4, electrode Oz) areas which are expected
to reflect processing of the visual information. The causality
analysis depicted in Figure 8 shows how the information
about the direction of interaction may be elicited for this
application. In particular, the peaks shown inside the beta
band by the squared DC computed from yj to y1 ( j = 2, 3, 4;
first row plots of Figure 8(a)), which are small but exceed
the threshold for significance, indicate that a significant part
of the power spectrum of y1 is due to the other channels.
Considering also the significant DC from y4 to y3, we can
infer the presence of a non negligible information transfer
from the occipital to the left-central cortical regions. This
finding is confirmed by the analysis of direct causality
performed through the PDC (Figure 8(b)), which indicates
that both the direct pathway y4 → y1 and the indirect
pathway y4 → y3 → y1 are active in determining causality
from the occipital to the left-central areas, as documented
by the significant values of |π14|2, |π34|2, and |π13|2 inside
the beta band. The unidirectional nature of the information
flow is confirmed by the fact that both the DC (Figure 8(a))
and the PDC (Figure 8(b)) resulted non significant over all
directions from yj to yi with j < i. Taken together, all these
results suggest the existence of a functional link between
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Figure 7: Spectral functions and frequency-domain measures of coupling for the exemplary neurophysiological application (y1: left central
EEG; y2: right central EEG; y3: parietal EEG; y4: occipital EEG). (a), Power spectral density of the process yi(Sii( f )) and coherence between

yi and yj (|Γi j( f )|2) plotted together with its corresponding threshold for significance (|Γth
i j ( f )|2). (b), Inverse power spectral density of

yi(Pii( f )) and partial coherence between yi and yj(|Πi j( f )|2) plotted together with its corresponding threshold for significance (|Πth
i j ( f )|2).

Vertical dashed lines in each off-diagonal plot denote the bounds of the beta frequency band (13–30 Hz).

motor and visual cortices during the performed visuomotor
task, and lead to hypothesize an active role of the visual
feedback in driving the beta oscillations measured in the
motor cortex. A full analysis of this experiment, performed
on more subjects and leading to a deeper interpretation of the
involved sensorimotor integration mechanisms, is reported
in [62].

5. Limitations and Challenges

In spite of its demonstrated usefulness and widespread
utilization, MVAR-based connectivity analysis is often chal-
lenged by a number of issues that need to be taken into
serious account to avoid an improper utilization of this
tool. A key issue in this regard is that of model mis-
specification, which occurs when the developed MVAR
model does not adequately capture the correlation structure
of the observed dataset. There are several factors which may
determine model mis-specification, including utilization of
an inappropriate model structure, incorrect model order
selection, effects of non-modeled latent variables, and aspects
not accountable by the traditional MVAR structure such as
nonstationarity and nonlinearity. Most of these factors are
typically reflected in the structure of the model residuals,

resulting in a failure for the model to fulfill the assump-
tions of whiteness and independence of the innovations
(see Section 4.1). When the MVAR model is mis-specified,
utilization of the related frequency-domain connectivity
measures is potentially dangerous and is generally not
recommended, because it may lead to infer misleading or
inconsistent connectivity patterns, and thus to erroneously
interpret the physiological mechanism under investigation.
In the following, we discuss the limitations posed on MVAR-
based connectivity analysis by each of the factors listed above,
and we outline recent work that may address, at least in part,
the related pitfalls.

5.1. Appropriateness of Model Structure. A common cause
for model mis-specification is the inadequacy of the MVAR
model structure to fully describe the observed set of MV time
series. Validation tests (see Section 4.1) provide objective
criteria on whether the model has the capability of resolving
the measured dynamics and dynamical interactions. The
requirements of whiteness and independence of the model
residuals can be understood considering that, if the model
has captured the whole temporal structure of the data, what
remains after modeling (i.e., the residuals) has no temporal
structure. Failure of fulfilling the white noise assumption
means that the spectral properties of the signals are not
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Figure 8: Frequency-domain measures of causality for the exemplary neurophysiological application (y1: left central EEG; y2: right central
EEG; y3: parietal EEG; y4: occipital EEG). (a) Squared DC from yj to yi, (|γi j( f )|2) plotted together with its corresponding threshold

for significance (|γth
i j ( f )|2). (b) Squared PDC from yj to yi, (|πij( f )|2) plotted together with its corresponding threshold for significance

(|π th
i j ( f )|2). Vertical dashed lines in each off-diagonal plot denote the bounds of the beta frequency band (13–30 Hz).

fully described by the autoregression so that, for example,
important power amounts in specific frequency bands could
not be properly quantified. When the whiteness test is
not passed, the experimenter should consider moving to
different model structures, such as MV dynamic adjustment
forms having the general structure of MVAR networks fed
by individual colored AR noises at the level of each signal
[37, 38].

Failure of fulfilling the requirement of mutual inde-
pendence of the residuals corresponds to violating the
assumption of strict causality of the MVAR process. This is
an indication of the presence of significant instantaneous
causality, and occurs anytime the time resolution of the
measurements is lower than the time scale of the lagged
causal influences occurring among the observed series. This
situation is common in the analysis of neural data, such
as fMRI where the slow dynamics of the available signals
make rapid causal influences appearing as instantaneous, or
EEG/MEG where instantaneous effects are likely related to
signal cross-talk due to volume conduction [56]. In this case,
the spectral decompositions leading to the definition of DC
and PDC do not hold anymore, and this may lead to the
estimation of erroneous frequency-domain connectivity pat-
terns like spurious nonzero DC and PDC profiles indicating
causality or direct causality for connections that are actually
absent [29, 63]. A possible solution to this problem is to

use a higher sampling rate, but this would increase the data
size and—most important—would introduce redundancy
that might hamper model identification [64]. A recently
proposed approach is to incorporate zero-lag interactions in
the MVAR model, so that both instantaneous and lagged
effects are described in terms of the model coefficients
and may be described in the frequency domain [29, 63,
65]. This approach is very promising but introduces non-
trivial identification issues which could limit its practical
utilization. In fact, ordinary least-squares identification,
though recently proposed for identification of the extended
model [65], is not feasible because it forces arbitrarily the
solution; to guarantee identifiability without prior con-
straints, additional assumptions such as non-gaussianity of
the residuals have to be posed [63, 66].

5.2. Model Order Selection. Even when the most suitable
model structure is selected for describing the available
MV dataset, model mis-specification may still occur as a
consequence of an inappropriate selection of the model
order. Model order selection is in fact an issue in real
data analyses where the true order is usually unknown. In
general, a too low model order would result in the inability
to describe essential information about the MV process,
while a too high-order would bring about overfitting effects
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implying that noise is captured in the model together with
the searched information. Therefore, a tradeoff needs to be
reached between good data representation and reasonably
low model complexity. While information criteria like AIC or
BIC are very popular (see also Section 4.2), a correct model
order assessment is rather difficult because the estimated
order may not meet the user expectations (in terms of
spectral resolution when it is too low, or in terms of
interpretability of highly variable spectral profiles when it
is too high), or may even remain undetermined as the
AIC/BIC figures of merit do not reach a clear minimum
within the range searched [25, 29, 67]. Simulation studies
have shown that both underestimation and overestimation
of the correct model order may have serious implications
on connectivity analysis, with an increasing probability of
missed and false-positive connections [68, 69]. A recent
interesting result is the apparent asymmetry in the adverse
effects on connectivity analysis of choosing a wrong model
order, with more severe effects for underestimation than
overestimation [69], which suggests to prefer higher orders
while tuning this parameter in practical MVAR analysis.
Adopted with the proper cautiousness, this choice would be
good as it is also known to increase frequency resolution
of connectivity estimates and to favor the achievement of
whiteness for the model residuals.

5.3. Selection of Variables. The tools surveyed in this study
to measure connectivity are fully multivariate, in the sense
that they are based on MVAR analysis whereby all the
considered time series (often more than two) are mod-
eled simultaneously. This approach overcomes the known
problems of repeated bivariate analysis applied to multiple
time series, consisting, for example, in the detection of false
coupling or causality between two series when they are both
influenced by a third series [13, 70]. Nevertheless, in practical
experimental data analysis, it is often not possible to have
access to the complete set of variables which are relevant to
the description of the physiological phenomena of interest.
This issue goes back to the requirement of completeness
of information stated for causality analysis [40], and raises
the problem that unmeasured latent variables—often called
unobserved confounders—can lead to detection of apparent
connectivity patterns that are actually spurious, even when
multivariate tools are at hand. Dealing with latent variables
seems a daunting challenge, because there is no unique
way to determine the information set relevant for a given
problem. However, recent developments have started giving
a response to this challenge through the proposition of
approaches to causality analysis based on the idea that latent
variables may give rise to zero-lag correlations between the
available modeled series, and thus can be uncovered, at least
in part, by further analyzing such a correlation [71].

A different but related problem to that of completeness
is the redundancy in the group of the selected variables.
Historically, the issue of redundant variables has been
viewed more as a problem of increased model complexity
and related decrease of parameter estimation accuracy in
the modeling of massively MV data sets (such as those

commonly recorded in fMRI or high resolution EEG-
MEG studies). This problem has been tackled through the
introduction of network reduction approaches (e.g., [72])
or sparse (regularized/penalized) regression techniques (e.g.,
[73]), which allow to perform efficient high-dimensional
MVAR analysis. More recent works have introduced a
general formalism to recognize redundant variables in time
series ensembles, showing that the presence of redundant
variables affects standard connectivity analyses, for example,
leading to underestimation of causalities [74, 75]. An elegant
solution to this problem, proposed in [74], consists in
performing a block-wise approach whereby redundancy is
reduced grouping the variables in a way such that a properly
defined measure of total causality is maximized.

5.4. Nonstationarity and Nonlinearity. The MVAR-based
framework for connectivity analysis is grounded on the basic
requirement that the set of observed multiple time series
is suitably described as a realization of a vector stochastic
process which is both linear and stationary. Despite this,
nonlinear and nonstationary phenomena are abundant in
physiological systems, and it is well known that MVAR-
model analysis performed or nonlinear and/or nonstationary
data may lead to a range of erroneous results [76]. In
general, nonlinear methods are necessary to perform a
thorough evaluation of connectivity whenever nonlinear
dynamics are expected to determine to a non-negligible
extent the evolution over time of the investigated time
series. Analogously, when nonstationary data are expected
to reflect connectivity patterns exhibiting physiologically
relevant changes over time, it makes sense to use time-
varying methods for the detection of coupling or causality. In
these situations, several nonlinear/nonstationary time series
analysis approaches may be pursued. Nonlinear methods
range from local linear MVAR models exploited to perform
local nonlinear prediction [6, 77] to nonlinear kernels
[5] and to model-free approaches based on information
theory [7, 78], phase synchronization [79], and state-
space interdependence analysis [80]. As to nonstationary
analysis, one simple approach is to study short-time windows
which may be taken as locally stationary [67], while more
complex but potentially more efficient approaches include
spectral factorization of wavelet transforms [81] and the
combination of state space modeling and time-dependent
MVAR coefficients [82].

On the other hand, linear time-invariant analyses like
the MVAR-based approach presented in this study remains
of great appeal for the study of physiological interactions,
mainly because of their simplicity, well-grounded theoretical
basis, and shorter demand for data length in practical
analysis. The problem of non-stationarity may be dealt with
following common practical solutions like, for example,
looking for analysis windows in which the recorded signals
are stable and satisfy stationarity tests, and filtering or
differentiating the data if necessary (though this has to be
done cautiously [83]). The problem of nonlinearity may be
faced looking for experimental setups/conditions in which
the system dynamics may be supposed as operating, at the
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level of the recorded signals, according to linear mechanisms.
In fact, based on the observation that nonlinear systems
often display extensive linear regimes, many neuroscience
studies have shown that the linear approximation may suffice
for describing neurophysiological interactions, especially at
a large-scale level (see, e.g., the reviews [56, 84]). Even in
circumstances where nonlinear behaviors are manifest, such
as simulated chaotic systems or real EEG activity during
certain phases of epileptic seizure, linear techniques have
been shown to work reasonably well for the detection of
connectivity patterns [11, 85]. In addition, we remark that
the large majority of nonlinear methods used in the MV
analysis of neurophysiological signals do not provide specific
frequency-domain information [2]. The existing bivariate
nonlinear frequency-domain tools, such as cross-bispectrum
and cross-bicoherence [86], are useful to characterize depen-
dencies between oscillations occurring in different frequency
bands. However, analysis of coupling and causality between
iso-frequency rhythms observed in different signals is intrin-
sically linear, and this further supports utilization of the
linear framework for this kind of analysis.

6. Conclusions

In this tutorial paper, we have illustrated the theoretical inter-
pretation of the most common frequency-domain measures
of connectivity which may be derived from the parametric
representation of MV time series, that is, Coh, PCoh, DC,
and PDC. We have shown that each of these four measures
reflects in the frequency domain a specific time-domain
definition of connectivity (see Table 1). In particular, while
Coh and PCoh are symmetric measures reflecting the cou-
pling between two processes, they can be decomposed into
non-symmetric factors eliciting the directional information
from one process to another, these factors being exactly
the DC and the PDC. Moreover, PCoh and PDC measure
direct connectivity between two processes, while Coh and
DC account for both direct and indirect connections between
two processes in the MV representation.

We have pointed out the existence of a dual description
of the joint properties of an MVAR process such that Coh
and DC on one side, and PCoh and PDC on the other
side, may be derived from the spectral matrix describing
the process and from its inverse, respectively. This duality
relationship highlights advantages and disadvantages of the
various connectivity measures. Being related to spectral
densities, Coh and DC provide meaningful quantification
of coupling and causality in terms of (normalized) power
shared by the two considered processes; on the contrary,
PCoh and PDC are derived through an analysis performed
in the inverse spectral domain which cannot provide evident
physical information for the absolute values of the resulting
indexes. On the other side, the procedure of “partialization”
implicit in the computation of the inverse spectral matrix
lets PCoh and PDC elicit the structural information of the
MV process, so that they reflect direct connections only; this
ability is not shared by Coh and DC, which mix together
direct and indirect transfer pathways and thus cannot

provide a straightforward representation of the connectivity
structure of the process. Another interesting observation
comes from the decomposition of Coh (or, dually, of PCoh)
between two processes into DC (or PDC) terms involving
a third process (10a) and (10b); these relationships indicate
that spurious (direct) coupling may be detected when the two
processes under analysis, though not being truly connected,
are connected to another common process.

The picture emerging from these results provides sugges-
tions for the utilization of the various connectivity measures
in the analysis of MV processes. First, measures of causality
should be preferred to measures of coupling, as the latter can-
not provide directional information and may be confusing as
they are sensitive to spurious connectivity. Second, both DC
and PDC should be considered as causality measures because
they complement each other in terms of advantages and
drawbacks: DC measures causality in meaningful physical
terms as power contributions, but cannot separate direct
effects from indirect ones; PDC determines the correct
interaction structure in terms of direct causal effects, but
its absolute values lack of straightforward interpretability.
As to recommendations for the practical analysis of real
MV time series, we remark the importance of validation
tests, which constitute important safeguards against drawing
erroneous inferences consequently to model misspecifica-
tion, and of assessing the significance of each estimated
connectivity measure, which is fundamental to provide
statistical validity to the estimated MV process structure.
Taking all these aspects into account, we have shown the
practical applicability of the presented frequency-domain
connectivity measures in neurophysiology. In the reported
example, the simultaneous computation of Coh, PCoh, DC,
and PDC, and of their specific significance thresholds, from
multiple EEG recorded during the execution of a combined
visuomotor task led us to infer the existence of a specific
network subserving sensorimotor integration. This network
was characterized by a significant coupling between visual
and motor cortical regions, which was particularized into
significant causality from the occipital to the left central
cortex, suggesting a driving role of the visual feedback on the
EEG activity of the motor areas.
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Granger causality analysis is becoming central for the analysis of interactions between neural populations and oscillatory networks.
However, it is currently unclear whether single-trial estimates of Granger causality spectra can be used reliably to assess directional
influence. We addressed this issue by combining single-trial Granger causality spectra with statistical inference based on general
linear models. The approach was assessed on synthetic and neurophysiological data. Synthetic bivariate data was generated
using two autoregressive processes with unidirectional coupling. We simulated two hypothetical experimental conditions: the
first mimicked a constant and unidirectional coupling, whereas the second modelled a linear increase in coupling across trials.
The statistical analysis of single-trial Granger causality spectra, based on t-tests and linear regression, successfully recovered the
underlying pattern of directional influence. In addition, we characterised the minimum number of trials and coupling strengths
required for significant detection of directionality. Finally, we demonstrated the relevance for neurophysiology by analysing two
local field potentials (LFPs) simultaneously recorded from the prefrontal and premotor cortices of a macaque monkey performing
a conditional visuomotor task. Our results suggest that the combination of single-trial Granger causality spectra and statistical
inference provides a valuable tool for the analysis of large-scale cortical networks and brain connectivity.

1. Introduction

The study of linear dependence between time series is central
in many fields of science inferring causal relations among
components of complex systems. The notion of causality
between two time series was introduced by Wiener [1] and
was later formalised by Granger within the framework of
multivariate autoregressive (MVAR) linear models [2]. The
definition of Granger-Wiener causality is based on statistical
prediction: a time series has causal influence on another if the
variance of the autoregressive prediction error of the later is
reduced by including the past measurements of the former.
Geweke demonstrated that pairwise time-domain Granger
causality can be additively decomposed by frequencies [3]
and introduced measures of directional linear dependence
between two time series conditioned on a third [4]. Recently,
Dhamala et al. [5] showed that Granger causality spectra can
be estimated from Fourier and wavelet transforms of time
series data, in addition to parametric spectral estimation
methods.

In neuroscience, pairwise and conditional Granger caus-
ality spectra, based on parametric and nonparametric spec-
tral methods, are becoming central for the analysis of in-
teractions between neural populations within oscillatory
brain networks [6–9]. In fact, current literature suggests that
oscillations in neural populations activity, such as the local
field potentials (LFPs), play a key role in modulating, filter-
ing, and redirecting information in the nervous system [10–
12]. Within this framework, Granger causality analysis is em-
ployed to reveal directional influences within oscillatory net-
works, such as during motor maintenance behaviours [13],
and, more generally, it represents a crucial tool for the in-
vestigation of the neurophysiological substrate of cognitive
functions [14].

Conventional research in neuroscience employs single-
trial-experimental designs and performs statistical inference
on single-trial dependent variables. The study of large-scale
neural interactions and oscillatory activity, as measured
with electroencephalography or magnetoencephalography
(EEG/MEG) data and local field potentials (LFPs), is no
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Figure 1: Simulations. Spectral analysis of synthetic data generated using a two-node network model with two autoregressive processes X1

and X2 and unidirectional coupling from X2 to X1. (a) shows the power spectra for X1 and X2, (b) shows their phase synchrony spectrum,
and (c) depicts the Granger causality spectra.

exception. In fact, neural correlates of cognitive functions are
classically searched in modulations of signal power and
phase synchrony between channels. Current tools allow the
estimation of spectral measures using Fourier and wavelet
transforms on a single trial basis [15, 16]. Statistical inference
can then be performed within the framework of general
linear models (GLM) [17]. Non-parametric (or distribution-
free) inferential statistical methods are also used when no
assumption about the probability distributions of the depen-
dent variables can be made. However, it is currently unclear
whether single-trial estimates of Granger causality spectra, as
can be computed using non-parametric methods [4, 5], can
be used reliably to assess directional influences among neur-
al oscillations. In the current paper, we addressed this issue
by combining single-trial Granger causality spectra with sta-
tistical inference based on the GLM approach. We assessed
the suitability of the approach through the analysis of syn-
thetic data consisting of a two-node network model with two
autoregressive processes. In addition, we tested the tools on
one exemplar neurophysiological recording session consist-
ing of a pair of LFPs recorded simultaneously from the dorsal
premotor and lateral prefrontal cortex of a macaque monkey
performing a conditional visuomotor task. Overall, the re-
sults suggest that the combination of single-trial Granger
causality spectra and statistical inference provides a useful
tool for the investigation of brain connectivity.

2. Materials and Methods

2.1. Synthetic and Neurophysiological Data. To investigate
whether directional coupling between bivariate signals can be

inferred by combing single-trial Granger causality measures
with parametric statistical tests, we analysed synthetic and
neurophysiological data. Here is a description of the models
used to generate synthetic data and the experimental meth-
ods of the neurophysiological recordings.

2.1.1. Synthetic Data. We considered a two-node network
model with two autoregressive processes X1 and X2 and uni-
directional coupling from X2 to X1:

X1(t) = 0.35 X1(t − 1)− 0.5 X1(t − 2) + CX2(t − 1) +∈t ,

X2(t) = 0.55 X2(t − 1)− 0.8 X2(t − 2) + ξt ,
(1)

where ∈t and ξt are Gaussian white noise processes with zero
means and unit variances, C is the coupling strength. The
sampling frequency was considered to be 200 Hz (similar to
[5]). The signals display a peak at 40 Hz in power and phase
synchrony spectra (Figures 1(a) and 1(b), the left and central
panel, resp.). From the construction of the model, we can
see that X2 has a causal influence on X1 (Equation (1) and
Figure 1(c)). We performed three sets of simulations. In all
simulations, each trial comprised 100 points (500 msec of
simulated data for a sampling rate of 200 Hz). In the first
set of simulations, we mimicked a hypothetical experimental
condition with a constant and unidirectional (i.e., from X2

to X1) coupling strength C = 0.3. We generated a data set
containing 100 sessions, each composed of 50 trials. This data
set was then used to characterise the sensitivity of the sta-
tistical analysis with respect to trial number in each session.
In other words, we studied the statistical power of the tests
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Figure 2: Neurophysiological experiments. (a) Conditional visuomotor task design. At each trial, the stimulus was presented at the centre
of the screen (i.e., the warning stimulus) for a delay ranging from 0.75 to 2.25 seconds, in steps of 0.25 seconds (i.e., variable foreperiod
paradigm). After stimulus offset (the instructive stimulus), the monkey had to execute the associated joystick movement to obtain reward.
(b) Location of the two microelectrodes used to record the LFP analysed in the current paper. The electrodes were placed in the lateral
prefrontal (lPFC) and dorsal premotor cortices (PMd).

by analysing data sets containing sessions with fewer trials
(from 2 to 50 trials). In the second set of simulations, we gen-
erated synthetic data to investigate the range of coupling
strengths that can be detected using the current approach.
We generated 30 data sets (each containing 100 sessions and
50 trials) using coupling strengths C ranging from 0.01 to
0.3, in steps of 0.01 (30 possible values). In a third set of
simulations, we modelled a linear increase in coupling across
trials, as could be expected in experimental tasks exploring
dynamic behaviours, such as during learning. We generated
100 sessions, each containing 150 trials, using coupling
strength varying linearly across trials from 0 to 0.3 in steps of
0.3/m, where m was the number of trials in each session.
For example, in the simulations with 150 trials, the coupling
strength C at trial 1 was equal to 0, it increased linearly at a
rate of 0.002 every trial (i.e., 0.3/150), and it was 0.3 at tri-
al number 150. This dataset was also used to investigate sta-
tistical sensitivity as the number of trials in each session de-
creased from 150 to 4.

2.1.2. Neurophysiological Data. Neurophysiological record-
ings were conducted on a rhesus monkey at the Institut de
Neurosciences Cognitives de la Méditerranée in the labo-
ratory of Driss Boussaoud. Animal care and surgical proc-
edures were in accordance with the European Communi-
ties Council Directive (86/609) for the use and care of lab-
oratory animals in research. Results from literature suggest
that the lateral prefrontal and dorsal premotor cortices play
a key role in the acquisition and execution of arbitrary vis-
uomotor associations (e.g., [18–20]). The aim of the elec-
trophysiological study was to understand how these cortical
areas coordinate during the acquisition and execution of
arbitrary visuomotor associations. The entire neurophysiol-
ogical database contains 93 recording sessions. In each ses-
sion, the spiking activity of single neurons and the local

field potentials (LFPs) were recorded from up to 4 tungsten
micro-electrodes simultaneously placed in the lateral pre-
frontal (ventrolateral and dorsolateral prefrontal cortex,
vlPFC and dlPFC, resp.) and dorsal premotor cortex (PMd).
The analysis of the full dataset is beyond the scope of the
current paper. However, the dataset represents an optimal
benchmark to test our method on realistic neurophysiologi-
cal bivariate data. Therefore, we analysed a pair of LFPs from
one exemplar neurophysiological session.

The behavioural task required the monkey to perform a
conditional visuomotor task associating three abstract ima-
ges to three joystick movements (Figure 2(a)). The task de-
sign conforms a variable foreperiod (FP) paradigm. Stimulus
onset can be defined as the warning stimulus (WS), and its
stimulus disappearance represents the imperative stimulus
(IS) instructing the monkey to perform the action. The fore-
period duration (FP) is the time interval between the warn-
ing and imperative stimuli. A trial started when the animal
held a joystick at a central position for 0.25 seconds. There-
after, the stimulus was presented at the centre of the screen
for a delay ranging from 0.75 to 2.25 seconds (the foreperiod
duration), in steps of 0.25 seconds (7 possible delays). Delay
durations were randomised across trials, and their offset
instructed the monkey to execute the associated joystick
movement, either to the right, up, or left. If movement di-
rection was correct, a reward (fruit juice) was delivered after
a fixed delay of 0.8 seconds; if incorrect, a purple circle ap-
peared for 1.5 seconds as an error signal. The animal had
1 second to move the joystick in one of the three possible
directions. If the response occurred late, the trial was
aborted.

Local field potentials (LFPs) were simultaneously record-
ed from two electrodes (the sampling rate was 1000 Hz, and
the raw signals were band-pass filtered from 1 to 250 Hz)
placed in the lateral prefrontal cortex (lPFC) and dorsal
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premotor area (PMd), respectively (Figure 2(b)). We anal-
ysed 259 epochs of 0.5 seconds in duration preceding the
go cue (the imperative stimulus, IS) to present a single-case
analysis illustrating how the neural oscillatory correlates of
motor planning and/or expectation processes can be sear-
ched in the brain. To do so, we searched for trial-by-trial
linear correlations between LFP spectral measures, such as
power, phase synchrony, and Granger causality, and the IS
expectancy. Imperative stimulus expectancy was estimated
at each trial from the cumulative probability of IS occur-
rence, PIS. Since the foreperiod delays ranged from 0.75
to 2.25 seconds (in steps of 0.25 seconds), the cumulative
probability of IS occurrence (PIS) was 1/7 for the shortest
delay (0.75 seconds) and 1 for the longest (2.25 seconds).
We then defined Sfp = −log(PIS) as the surprisal, or self-
information, measuring the information content associated
with IS occurrence. The surprisal in foreperiod duration Sfp

is zero when the probability of occurrence of the go-signal
PIS is 1, that is, when the foreperiod duration is 2.25 seconds.
In the analysis of the LFP, we correlated signal power, phase
synchrony, and Granger causality at different frequencies
using linear regression with the surprisal measure Sfp (more
details in Section 2.3.3).

2.2. Single-Trial Granger Causality Spectra. To perform sta-
tistical inference based on parametric tests, we estimated
Granger causality spectra on a single-trial basis. To do so,
we computed the spectral density matrix for each trial using
discrete fast Fourier transform (FFT) and Hanning window
tapering of both synthetic and LFP time series data. The
length of the FFT was 250 msec, stepped every 5 msec and
zero-padded to 1 s to produce a frequency resolution of 1 Hz.
Since each trial lasted 500 msec, the analysis produced 50 dis-
crete FFTs for each trial. The spectra density matrix S(n)lm at
trial n at channels l and m (l, m = 1, 2 in our case) was then
given by

S(n)lm =
〈

X(τ,n)l,n · X(τ,n)∗m,n

〉

τ
, (2)

where X(τ,n)l,n is the FFT of a 250 msec epoch of signal
centred at time lag τ within trial n, the expectation (denoted
by 〈· · · 〉τ) is taken over all FFTs at different time lags τ
within a trial and ∗ denotes the complex conjugate. In
other words, the “proper” ensemble averaging required to
estimate the spectral matrix (e.g., equation 17.15 in [6]) is
not performed over trials, but over time epochs within each
trial. Note that we dropped the frequency suffix from the
spectral measures for simplicity.

The single-trial spectra matrix S(n)lm was then factori-
sed using Wilson’s algorithm to obtain the transfer function
H and noise covariance matrix Σ [5, 8, 21, 22]. This step
is critical in the estimation of Granger causality using non-
parametric spectral analysis methods. The pairwise single-
trial Granger causality spectra are then given by

I(n)l→m = S(n)ll
S(n)ll −

(

Σmm − Σ2
lm/Σll

)∣
∣H(n)lm

∣
∣2 . (3)

2.3. Statistical Analysis of Single-Trial Granger

Causality Spectra

2.3.1. General Linear Model Approach to Single-Trial Granger
Causality Spectra. We adopted a general linear model (GLM)
approach to analyse the single-trial Granger causality spectra.
Granger causality measures issued from the synthetic and
neurophysiological data are not normally distributed. Non-
parametric statistical tests should be preferred. However,
since that the GLM approach plays a key role in classical
inference in neuroimaging and neurophysiology, we log-
transformed Granger causality spectra to render the data ap-
proximately Gaussian (Figure 3) (refer also to [17]). The
general linear model is normally expressed in matrix formu-
lation,

Y = Xβ + e, (4)

where Y is the dependent variable and is a column vector
containing the data observations; e is a column vector of
error terms; β is the column vector of model parameters (β =
[β1, . . . ,βp]T , where p is the number of model parameters);
X is j× p design matrix, whose column vectors represent the
independent variables. Model parameters β were estimated
using an ordinary least square method. In the current stud-
y, hypothesis testing and statistical inference were then per-
formed using “contrast” vectors.

2.3.2. Analysis of Synthetic Data. We performed statistical
analysis of single-trial Granger causality spectra computed
from three simulations. The first data set was generated to
simulate a constant and unidirectional coupling from X2

to X1. Our goal was to assess whether the underlying pat-
tern of directional influence could be recovered from the
statistical analysis of the data, in particular through the use
of paired two-sample t-tests. The t-test assessed whether the
mean values of log-transformed Granger causality spectra
from X2 to X1 at a given frequency were significantly great-
er than from X1 to X2. Given that the synthetic data is
generated using a unidirectional coupling from X2 to X1,
there is justification for testing for significant difference
specifically in one direction only (one-sided t-test). Accord-
ing to the nomenclature used above, we let Y( j) =
[log10I(n)2→ 1, log10I(n)1→ 2]T be a 2n×1 column vector con-
taining the two concatenated log-transformed single-trial
Granger causality values at a given frequency and session (for
simplicity, the suffices for frequency and session were drop-
ped), where j = 1, . . . , 2n and n is the number of trials. The
two-sample t-test is built using a design matrix X with two
columns and j rows with variables indicating group mem-
bership (ones and zeros). We tested the hull hypothesis
H0log10I(n)2→ 1 = log10I(n)1→ 2 against the alternative hypo-
thesis H1log10I(n)2→ 1 > log10I(n)1→ 2 using the contrast c =
[1− 1]T . The t-test was performed at each frequency from
2 to 80 Hz and for each session. This procedure leads to 100
t-values and associated P-values at each frequency. To char-
acterise the sensitivity of the statistical analysis with respect
to the number of trials analysed in each simulated session, we
performed t-tests on the log-transformed Granger causality
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Figure 3: Distribution of log-transformed Granger causality data. Distribution of the log-transformation Granger causality values for
synthetic (a) and LFP data (b). Histograms were computed using a number of bins equal to the square root of the number of elements
in data.

values at 40 Hz (i.e., the peak frequency) and reduced the
number of trials used in the statistical analysis, from 50 to
2 (i.e., 49 values). This produced 49 sets of 100 t- and
P-values. Finally, we analysed the 49 sets of P-values to
quantify the minimum number of trials required to detect
unidirectional coupling from synthetic data. Assuming that
the null hypothesis H0log10I(n)2→ 1 = log10I(n)1→ 2 is false
(i.e., the synthetic data was generated using a unidirectional
coupling strength C = 0.3 from X2 to X1); we estimated the
probability to perform type II errors for each trial number
(from 2 to 50 trials) at three significance levels α = 0.01, 0.001
and 0.0001. As a reminder, type II errors occur when a false
null hypothesis is accepted. The probability of committing
this kind of errors is defined as β, and the power of the
statistical test is 1−β. By convention, we used a minimum
required power of 0.8 as a cutoff for the determination of the
minimum number of trials required to obtain a significant
discrimination of the directional coupling in the data. In
our analysis, type II error, occurred if the estimated P-
value exceeded the significance level α. The probability β
to perform Type II errors was estimated as the number of
sessions displaying type II errors divided by the total number
of sessions (100). The associated power was then given by 1–
β. This procedure was repeated for all trial numbers (from 2
to 50) so to give three curves of statistical power associated to
three significance levels.

The second set of simulations was generated to assess
the ability to detect smaller coupling strengths. We analysed
30 data sets (each containing 100 sessions and 50 trials)

each generated using different coupling strengths C vary-
ing from 0.01 to 0.3. We performed t-tests of the log-
transformed Granger causality values at 40 Hz to test the
hull hypothesis H0log10I(n)2→ 1 = log10I(n)1→ 2 against the
alternative hypothesis H1log10I(n)2→ 1 > log10I(n)1→ 2 us-
ing the contrast c = [1− 1]T . The t-test was repeated at all
coupling strengths values to produce 30 sets of 100 t-va-
lues and associated P-values. To estimate the minimum
coupling strength C detectable with the current approach, we
performed power analysis (described in the previous para-
graph) as a function of coupling strength at three levels of sig-
nificance α = 0.01, 0.001, and 0.0001.

In the third set simulations, we modelled a linear in-
crease in coupling strength C across trials. The simulations
generated 100 sessions, each containing 150 trials. To retrieve
the correct pattern of directional influence, we performed
linear regression analysis. We let Y(n) = [log10I(n)2→ 1]T be
a n×1 column vector containing the log-transformed single-
trial Granger causality values at 40 Hz, where n is the number
of trials. The design matrix X contained two columns and n
rows. The first column modelled baseline and contained only
ones, whereas the second column contained the values of the
actual coupling strengths C as they varied across trials. The
linear regression was then tested using a contrast c = [01]T .
To assess the sensitivity of the statistical analysis with respect
to the number of trials analysed in each session, we reduced
the number of trials used in the statistical analysis, from 150
to 3 stepped every trial (i.e., 148 values). This produced 148
sets of 100 t and P-values. The minimum number of trials
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required to detect significant effects was estimated using the
power analysis at three significance levels α = 0.01, 0.001, and
0.0001.

2.3.3. Analysis of Neurophysiological Data. We studied the
relevance for neurophysiology by analysing two local field
potentials (LFPs) simultaneously recorded from the prefron-
tal and premotor cortices of a macaque monkey performing a
conditional visuomotor task. As mentioned in Section 2.1.2,
the monkey performed a conditional visuomotor task based
on a variable foreperiod (FP) paradigm. We searched for
linear correlations between the surprisal in foreperiod dur-
ation Sfp (i.e., −log(PIS)) and modulations in signal power,
phase synchrony, and Granger causality at each frequency.
Spectral analysis of LFP data was performed using the same
parameters used for synthetic data. Briefly, the LFP power,
phase synchrony, and Granger causality spectra were com-
puted at single trials in a time window of 500 msec preceding
the imperative stimulus (IS), using FFT sliding windows
of 250 msec, stepped every 5 msec and zero-padded to 1 s.
We performed linear regression analysis at each frequency
between the trial-by-trial modulations in LFP spectral esti-
mates (i.e., power, phase synchrony, and Granger causality)
and the surprisal in foreperiod duration Sfp using the GLM
approach described above. In other words, we let Y(n) be an
n × 1 column vector containing the spectral measures (the
log-transformed power, phase synchrony, Granger causality
values), where n is the number of trials. The design matrix
X contained two columns and n rows. The first column
modelled baseline and contained only ones whereas the
second column contained the values of the surprisal in
foreperiod duration Sfp as they varied across trials. Since
Sfp scales negatively with respect to the expectancy of IS
occurrence, we tested a negative linear regression using a
contrast c = [0− 1]T . At each frequency, we obtained a t-
value and associated P-value.

2.3.4. Software Implementation. All simulations and analyses
were performed on MATLAB software (The MathWorks,
Inc.). Spectral analysis was performed using functions from
EEGlab software (http://sccn.ucsd.edu/eeglab/), whereas
spectral matrix decomposition was performed using func-
tions implemented in FieldTrip software (http://fieldtrip
.fcdonders.nl/). Statistical analyses were performed using
Matlab Statistical Toolbox.

3. Results and Discussion

3.1. Synthetic Data. We simulated a two-node network mod-
el with two autoregressive processes X1 and X2, and uni-
directional coupling from X2 to X1 (1). The sampling fre-
quency was considered to be 200 Hz, leading to signals with
a peak at 40 Hz in the power and phase synchrony spec-
tra (Figure 1(a) and 1(b), resp.). From the construction
of the model, X2 had a linear causal influence on X1

(Equation (1) and Figure 1(c)). To investigate whether dir-
ectional influence between bivariate signals could be infer-
red by combining single-trial Granger causality measures

with statistical inference methods, we performed three sim-
ulations. In the first set of simulations, we mimicked a hypo-
thetical experimental condition with a constant coupling
across trials (i.e., C = 0.3). We then performed paired
two-sample t-tests between the log-transformed Granger
causality spectra to assess whether the mean values of log-
transformed Granger causality spectra from X2 to X1 at
a given frequency were significantly greater than from X1

to X2. The t-test was performed at each frequency from
2 to 80 Hz and for each session (100 in total). This leads
to 100 t-values and associated P-values at each frequency (see
Section 2.3.2). Figure 4(a) depicts the boxplot representation
of the distribution of the 100 P-values at each frequency. The
results show that the statistical analysis is able to correctly
infer the directional influence from X2 to X1. In fact, the
boxplots peak at 40 Hz and the P-values at 40 Hz are less than
10−6 (i.e., highly significant). To characterise the sensitivity
of the statistical analysis with respect to the number of
trials analysed in each session, we performed t-tests on the
log-transformed Granger causality values at 40 Hz (i.e., the
peak frequency) and reduced the number of trials used in
the statistical analysis, from 50 to 2. Figure 4(b) shows the
boxplot of the P-values over the number of trials simulated
in each session. As expected, the mean P-values increase as
the number of trials is reduced. To determine the minimum
number of trials required to detect unidirectional coupling
from synthetic data, we performed statistical power analysis
(see Section 2.3.2). Briefly, statistical power is defined as
1−β, where β is the probability to perform type II errors
(i.e., acceptance of a false null hypothesis) for three signif-
icance levels α = 0.01, 0.001, and 0.0001. The minimum
number of trials required is defined as the first trial number
whose statistical power exceeds 0.8. Figure 4(c) shows the
statistical power for three significance levels. The minimum
number of trials required for a statistical significance of 0.01,
0.001, and 0.0001 was 8, 13 and 18, respectively. To con-
clude, the results from the first simulation suggest that the
combination of statistical inference based on parametric
tests, such as t test, with single-trial Granger causality spectra
successfully recovers the underlying pattern of directional
influence with a limited number of trials.

In the second simulations, we investigated the range of
coupling strengths that can be detected using the current ap-
proach. We generated synthetic data using coupling strengths
varying from 0.01 to 0.3. Figure 5(a) shows the boxplot of the
P-values as a function of coupling strength C. The P-values
increase as the coupling strengths are decreased. To estimate
the minimum coupling strength C detectable from synthetic
data, we performed statistical power analysis (as described
in the methods section) for three levels of significance α
= 0.01, 0.001, and 0.0001. Figure 5(b) shows the statistical
power curves, and it shows that the minimum coupling
strengths detectable at statistical significances of 0.01, 0.001,
and 0.0001 were 0.09, 0.11, and 0.14, respectively. The re-
sults therefore pointed out the limitation of the current
approach to relatively high values of coupling strengths for
a limited number of trials (i.e., 50 as in this case). However,
for coupling strength greater than 0.14, the results suggest
that directionality can be estimated with high significance.
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Figure 4: Simulation 1. (a) Granger causality p-spectra. Boxplot representation of the distribution of the P-values associated with each
t-test. At each frequency, the circle in the box is the median value, the edges of the box are the 25th and 75th percentiles, and the whiskers
extend to the most extreme data points. The P-values in each boxplot are associated with H1log10I(n)2→ 1 > log10I(n)1→ 2. (b) Boxplot of the
P-values plotted over the number of trials simulated in each session. (c) Statistical power curves at three levels of significance α = 0.01, 0.001
and 0.0001. By convention, the minimum required power of 0.8 was set as a cutoff for the determination of the minimum number of trials
required to obtain a significant discrimination of the directional coupling in the data.
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Figure 5: Simulation 2. (a) Granger causality p-spectra. Boxplot representation of the distribution of the P-values associated with each
t-test as a function of the coupling strength C. (b) Statistical power curves at three levels of significance α = 0.01, 0.001, and 0.0001 over the
coupling strength C.

In the third simulations, we modelled a linear increase
in directional influence from X2 to X1 varying from 0 to 0.3
across 150 trials (as could be expected in dynamic experi-
mental tasks, such as during learning tasks). We performed
linear regressions on a trial-by-trial basis between the

log-transformed Granger causality spectra from X2 to X1

and the coupling strengths. Figure 6(a) shows the Granger p-
spectra displaying the boxplot representation of the P-values
associated with the linear regressions performed at each freq-
uency. The boxplots show that the statistical analysis based
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Figure 6: Simulation 3. (a) Granger causality p-spectra. Boxplot
of the P-values associated with the linear regressions performed
at each frequency between the log-transformed Granger causality
spectra and the coupling strengths varying across trials. (b) Boxplot
of the P-values plotted over the number of trials simulated in each
dataset. (c) Statistical power curves at three levels of significance α
= 0.01, 0.001, and 0.0001 as a function of the number of trials used
in each session.

on linear regression recovers the expected pattern of direc-
tional influence from X2 to X1. Statistical P-value less than
0.01 are observed at the peak frequency of 40 Hz. To better
quantify the minimum number of trials in each session
required to significantly detect directional influence from the
data, we performed linear regressions on the log-transform-
ed Granger causality measures at 40 Hz (i.e., the peak fre-
quency) on datasets containing fewer and fewer trials (from
150 to 4 trials). Figure 6(b) shows the boxplot of the P-va-
lues over the number of trials simulated in each dataset.
Statistical power analysis showed that the minimum number
of trials required for a statistical significance of 0.01, 0.001,
and 0.0001 were approximately 70, 110 and 145, respectively
(Figure 6(c)). Therefore, the results suggest that to detect

linear increases in coupling strengths across trials using lin-
ear regression, the minimum number of trials is larger than
the number of trials required to detect constant directionality
(Figure 4(c)).

The results of the simulations showed that single-trial
estimates of Granger causality spectra can be used to quantify
directional influence between bivariate synthetic data when
combined with statistical inferences based on the GLM ap-
proach, such as t-tests (Figures 4(a) and 5(a)) and linear
regression (Figure 6(a)). As expected, the method show
sensitivity with respect to the number of trials used for
statistical analysis (Figures 4(b) and 6(b)) and the coup-
ling strength C (Figure 5(b)). The lower the number of
trials and coupling strength, the less significant is the statisti-
cal analysis. The simulations quantified the minimum
number of trials (Figure 4(c) and Figure 6(c)) and the range
of coupling strengths (Figure 4(c)) required to detect
directionality at different significance levels. To conclude,
the simulation studies indicate that statistical inference
based on general linear models (GLM) in combination with
single-trial Granger causality spectra is a valuable tool to
infer directional coupling among bivariate signals. Most
importantly, the results suggest that the full range of
statistical methods based on parametric (e.g., analysis of
variance (ANOVA)) and non-parametric tests, general and
generalized linear models, can be used to analyse single-trial
Granger causality spectra issued from neurophysiological
experiments. Even though the current work focused on
Granger causality measures, we should stress that alternative
methods can be used to quantify directional interactions,
such as partial directed coherence (PDC), directed transfer
function (DTF), directed transfer function (DTF), and
transfer entropy (TE). While a detailed evaluation of the
reliability of these measures was beyond the scope of the
current paper (e.g., [23, 24]), we suggest that our simple
statistical approach may be applied to alternative measures
of directional coupling.

3.2. Neurophysiological Data. To investigate the feasibility of
the current approach on realistic data, we analysed an exem-
plar neurophysiological session. Given that the monkey per-
formed a conditional visuomotor task based on a variable
foreperiod (FP) paradigm, we searched for linear correla-
tions between the surprisal in foreperiod duration Sfp (i.e.,
−log(PIS)) and modulations in signal power, phase syn-
chrony, and Granger causality in a time window of 500 msec
preceding the imperative stimulus (IS). At each frequency,
we performed linear regression analysis between the trial-by-
trial modulations in power, phase synchrony, and Granger
causality with Sfp. Given that Sfp scales negatively with the
probability of occurrence of the go cue (i.e., IS expectancy),
we searched for negative linear correlations. Figure 7 shows
the p-spectra associated with the linear regressions. Signal
power in the lateral prefrontal cortex (blue curve Figure 7(a))
shows linear negative correlation with respect to Sfp, mainly
in the beta range (from 15 to 30 Hz). A similar tendency is
observed for the LFP in the PMd cortex, although not sig-
nificant (green curve in Figure 7(a)). Phase synchrony
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Figure 7: Neurophysiological results. Spectral analysis of neurophysiological data displaying p-spectra for (a) LFP power, (b) phase
synchrony, and (c) Granger causality.

between the LFPs in the two cortical areas displays significant
effects in the same frequency band, peaking around 25 Hz
(Figure 7(b)). This indicates that the two areas oscillated sy-
nchronously in the beta range, and the degree of coherence
scaled with the probability of occurrence of the go-cue.
We then correlated the Granger causality measures with the
values of Sfp, and we found that the coherence between the
LFPs recorded in the two cortical areas can be explained
by a unidirectional Granger causality influence from the la-
teral prefrontal cortex to the dorsal premotor area. The
amount of Granger causality scales negatively with Sfp. This
shows that the directional influence among the two areas
increases with time as the probability of occurrence of the go
cue increases. The prefrontal and premotor cortices, in ad-
dition to the basal ganglia, supplementary motor area, and
cerebellum, have all been linked to the explicit estimation
of duration [25]. Even though no conclusion can be drawn
from the analysis of a single neurophysiological session, the
current single-case analysis suggests a top-down effect of
the lateral prefrontal cortex onto the dorsal premotor area.
Further analyses of the full neurophysiological dataset are
required to better understand the dynamic interplay between
the prefrontal and premotor cortices in the prediction and
update of temporal expectations as foreperiod unfolds. Over-
all, as an approach to large-scale cortical network analysis,
our results suggest that statistical analyses of single-trial
Granger causality spectra provides a valuable tool for in-
depth investigation of the functional coupling of distributed
neuronal assemblies.

4. Conclusions

The analysis of the synthetic data showed that directional
coupling between bivariate signals can be inferred by comb-
ing single-trial Granger causality measures with parametric
statistical tests based on a GLM approach. The statistical an-
alysis of single-trial Granger causality spectra, based on
t-tests and linear regression, successfully recovered the un-
derlying pattern of directional influence. In addition, we
characterised the minimum number of trials and coupling
strengths required for significant detection of directionality.
In fact, the number of trials required to obtain significant
corresponds to conventional experimental situations. Finally,
we demonstrated the relevance for neurophysiology by an-
alysing two local field potentials (LFPs) simultaneously re-
corded from the prefrontal and premotor cortices of a maca-
que monkey performing a conditional visuomotor task. Our
results suggest that the combination of single-trial Granger
causality spectra and statistical inference provides a valuable
tool for the analysis of large-scale cortical networks and brain
connectivity. We suggest that the current approach may re-
present a simple statistical tool useful for the analysis of neu-
rophysiological recordings issued from electroencephalo-
graphic (EEG), magnetoencephalographic (MEG), and in-
tracranial EEG experiments. The approach may be extended
to the full range of statistical methods based on parametric
(e.g., analysis of variance (ANOVA)) and non-parametric
tests, general and generalized linear models. Finally, we
suggest that the same approach may be applied to alternative
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measures of directional coupling based on the Granger cau-
sality principle.
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The availability of multichannel neuroimaging techniques, such as MEG and EEG, provides us with detailed topographical
information of the recorded magnetic and electric signals and therefore gives us a good overview on the concomitant signals
generated in the brain. To assess the location and the temporal dynamics of neuronal sources with noninvasive recordings,
reconstruction tools such as beamformers have been shown to be useful. In the current study, we are in particular interested
in cortical motor control involved in the isometric contraction of finger muscles. To this end we are measuring the interaction
between the dynamics of brain signals and the electrical activity of hand muscles. We were interested to find out whether in addition
to the well-known correlated activity between contralateral primary motor cortex and the hand muscles, additional functional
connections can be demonstrated. We adopted coherence as a functional index and propose a so-called nulling beamformer
method which is computationally efficient and addresses the localization of multiple correlated sources. In simulations of cortico-
motor coherence, the proposed method was able to correctly localize secondary sources. The application of the approach on real
electromyographic and magnetoencephalographic data collected during an isometric contraction and rest revealed an additional
activity in the hemisphere ipsilateral to the hand involved in the task.

1. Introduction

One of the aims in applying recording techniques such as
EEG and MEG, but also more recently ECoG, iEEG and
laminar recordings, is to exploit the fine grained temporal
resolution of the neuronal activity of the brain in order to
quantify functional connectivity [1] between different brain
areas and between the brain and external signals that might
either be stimulation sequences or muscular activity in motor
tasks.

Strong progress has been reported in the detection
of brain areas revealing correlated activity by means of
advanced source reconstruction techniques [2–8] such as
beamformer. This methodology has successfully been ap-
plied in noninvasive EEG and MEG recordings and more
recently also with invasive measurement of human brain
activity [9]. Beamformers are capable of improving the
signal-to-noise ratio (SNR) of the acquired brain activity

[10, 11], and thus enable a better reconstruction of the
functional connectivity patterns among brain regions and
between brain regions and external signals, than could be
obtained by sensor level analysis.

In the present study, we focus on corticomotor con-
nectivity reflecting peripheral motor control. To this aim,
we acquired MEG data and the electromyogram (EMG)
of finger muscles involved in a pinch grip task requiring
isometric contraction. We used the oscillatory modulation
of EMG activity to identify driving brain areas. As index for
the synchronization between the external EMG signal and
brain areas’ specific activity we have chosen corticomuscular
coherence (CMC, [12–15]).

Assuming a single driving brain area beamformer per-
forms well as long as the signal-to-noise ratio is high
enough. Yet, assuming multiple brain sources whose activity
is correlated with the EMG signal, beamformers might
fail to localize the respective brain regions because the
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algorithm requires that the brain sources to be detected
are linearly independent from each other [16]. However, in
case of multiple sources being part of a larger network, this
assumption might not be true and the beamformer approach
will give faulty results.

Most importantly, if the muscular activity is modulated
by the activity of more than one brain region at a time,
a conventional beamformer will most likely localize only
the most prominent modulatory source. It is well known
from previous studies [5, 17] that the reconstruction of
the brain sources correlated with an external source will
result in the localization of the most correlated area and
the cancellation of the other source. Given that it is not
possible to localize multiple sources at a time, we identify
the neural motor network in steps by progressively cancelling
the most correlated sources with a technique called “nulling
beamformer” [2, 6].

The present paper proposes a general pipeline which can
be used to characterize cortico-motor connectivity in the
source domain. We first adopt a DICS (dynamic imaging of
coherent sources, [18]) beamformer and use coherence with
the peripheral EMG signal as a metric to intercept the brain
source showing strongest coherence. We then suppress this
primary source by means of a nulling beamformer in order
to uncover possible secondary (weaker) sources showing
coherence with the EMG signal.

Additionally, we make use of a complementary step based
on a subspace reprojection method [19, 20] to better identify
both primary and secondary locations. This technique is
necessary since the data is noisy and the localization can
be improved by removing the local uncorrelated noise
superimposed to the source signal. To demonstrate the
validity of our approaches we applied them to simulated data
of corticomotor coherence and to recordings in a real world
experiment.

2. Methods

2.1. The DICS Beamformer with an External Reference
Channel. The linearly constrained minimum norm (LCMV)
beamformer is a spatial filter, which is used to separate
the signal coming from a location of interest from other
interferences. For a source, the time course of its activity can
be expressed as the product of the raw data by the weights of
the spatial filter:

d(r, t) = w(r)B(t) (1)

or, in the frequency domain:

d
(

r, f
) = w

(

r, f
)

F
(

f
)

. (2)

B(t) indicates the raw data, F( f ) the Fourier transform of
the data, w(r) and w(r, f ) the weights calculated with a
time [16] or frequency domain [18] LCMV beamformer, and
d(r, t) and d(r, f ) the time course or the Fourier transform
of the reconstructed dipolar source. The calculation of the
spatial filter implies finding the multiplying weights that
obey certain conditions.

Technically this is achieved by imposing that the variance
of the source location is minimal, with the additional linear
constraint that the signal originating from that location of
interest (we call it the “virtual sensor”) is retained. This is
equivalent to writing

argmin
w

(

wTCMEGw
)

, wL(r) = I, (3)

where I indicates the unitary matrix, T is the matrix trans-
pose operator, CMEG is the N × N covariance matrix of the
MEG channels, and L(r) is the lead field for the location r.
By means of Lagrange function minimization the equation
above leads to the following solution [5]:

w(r) =
(

L(r)T · CMEG
−1 · L(r)

)−1
L(r)TCMEG

−1, (4)

where −1 indicates the matrix inversion.
Hence the beamformer spatial filter is characterized by its

weights: a set of N coefficients, being N the number of MEG
channels. As a consequence all sensor level measures such as
power, cross-spectral density, and coherence are translated
into virtual sensors measures by a simple multiplication with
the weights. As such

d
(

r, f
) = wF

(

f
)

(5)

is the Fourier transform of the source

PMEG(r) = wTFTFw or alternatively PMEG(r) = wTCMEGw
(6)

is the power of the source.

csd(r) = wTCREF (7)

is the cross-spectral density of the source, with CREF being
the cross-spectral density between the MEG channels and an
external source

coh(r) = csd(r)2

PEMG · PMEG(r)
(8)

is the coherence between the source and the external signal
and PEMG and PMEG(r), are respectively, EMG and MEG
sensors’ power (at frequency f ).

This particular fashion of beamformer is called reference-
channel DICS and makes use of EMG-MEG coherence to
localize brain synchronicity. It is important to note that the
coherence parameter can be visualized as a 3D map in the
head space of the subject and that DICS beamformer is
frequency specific, as such the parameters in the previous
equations are defined for one frequency bin at a time. The
localization of the brain source which swings in synch with
the EMG is operationalized by taking the maximum of the
DICS coherence 3D map.

The coherence peak in the map, localized by means of
DICS, takes the name of primary source or main source.
To verify the reliability of DICS localization, we perform
simulations with a priori known source locations and we
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evaluate the significance of the coherence in subjects’ data
according to [15], as

Significance = 1− (1− α)1/(L−1), (9)

where α indicates the confidence level (95% in our case or
α = 0.95) and L the number of epochs.

2.2. The Nulling Beamformer. This technique is used to
suppress the main activity, after its localization by means of
the formerly described DICS technique. The implementation
of the nulling beamformer begins with the construction of a
modified lead field matrix L̃, obtained by adding a term CS

on the right side of the lead field matrix L from the previous
equations. This method requires the preselection of a ROI
where the activity of the source has to be suppressed and
defines the matrix CS as composed by the columns of the
sources’ lead fields to be cancelled. In formulas

L̃ = [L CS], (10)

w(r) =
(

L̃(r)T · CMEG
−1 · L̃(r)

)−1
L̃(r)TCMEG

−1. (11)

All quantities such as coherence and source power are
defined as in the previous paragraph. Subsequently, a nulling
constraint is imposed on the weights such as their spatial
band pass and band stop characteristics are defined. This
constraint is implemented by the multiplication with a
coefficient c so that

wN (r) = cw(r) (12)

with c = |1 0 0 · · · 0| for the scalar and c = [I 0] for the
vector beamformer, where unity values correspond to the
band pass part of the filter and zeros to the band stop.

One of the drawbacks of this technique is that the degrees
of freedom (defined as M − 3∗ J − 1 ([21])) of the inversion
term in (11) diminishes by a factor of 3 ∗ J (M = number
of channels, J = number of dipoles in the ROI [5]), making
the aforementioned matrix close to singular. Therefore the
choice of the ROI’s radius is a trade-off between the extent
of the area to be suppressed and the available degrees
of freedom. A workaround to overcome the problem of
insufficient degrees of freedom is to reduce the rank of the
matrix CS by means of a singular value decomposition (as
proposed in [6]). We normally apply the dimensionality
reduction with a rejection percentage of 1 to 10% of the
smallest eigenvalues.

The regional nulling beamformer is applied in this case
to get rid of the primary cortico-muscular coherent activity
to be able to visualize secondary sources. The attenuation
on the unwanted primary activity in fact has the net
effect of enhancing sources otherwise masked by the main
localization, as demonstrated in Dalal’s work [6].

2.2.1. Implementation Details. All analysis are run in Matlab
(The Mathworks, Natick, MA, USA) and make use of
FieldTrip, an open source toolbox for data analysis [22].

The nulling beamformer analysis is a novel and “nonstan-
dard” part in the analysis pipeline (see Figure 2). Therefore
its implementation is described in further details. All initial
steps (referred to as “preprocessing”) are documented in the
FieldTrip documentation pages: http://fieldtrip.fcdonders
.nl/tutorial/beamformer. The names in italics that the reader
encounters in this paragraph refer to specific FieldTrip in-
structions as they are typed in the Matlab environment.

The output variables of the previous analysis (see
Figure 2, box “Inverse solution”) are (a) the volume con-
ductor (describing the geometry of the head), (b) the po-
sitions of the sensors, (c) the trial-wise Fourier coefficients of
the MEG channels, (d) the trial-wise Fourier coefficients of
the EMG channel, (e) a “grid” structure containing (among
others) the positions of the sources in 3D Cartesian coor-
dinates and the corresponding lead fields describing the
dipolar sources (forward solution), and (f) the coordinates
of the point of maximal coherence as localized from DICS
method. All reported quantities are stored as variables
in the standard FieldTrip data structures (for a thorough
reference on data structures please refer to the following
page: http://fieldtrip.fcdonders.nl/faq/how are the various
data structures defined).

Operatively the nulling beamformer involves the follow-
ing steps:

(1) definition of the ROI extent and construction of
the CS matrix in (10);

(2) modification of the leadfield matrices contained in
the grid variable (the structure described previously
at step (e)), by adding the columns of the CS matrix
(or its reduced version) on the right side of each
leadfield matrix;

(3) calculation of the beamformer weights, as de-
scribed in (11) (implemented by the function
ft sourceanalysis; the configuration options require
cfg.keepfilter =“yes” and cfg.method = “dics” as input
arguments for the function);

(4) multiplication of the calculated weights by the matrix
c in (12), which defines the “band-pass” (=1) and
“band stop” (=0) terms of each spatial filter;

(5) calculation of the EMG-MEG cross-spectral den-
sity (csd) matrix for a defined frequency, using
the function ft frequancyanalysis (with the option
cfg.output = “csdandpower”); note that the MEG
and EMG datasets have to be previously appended
(ft appenddata);

(6) creation of a filter field added to the grid structure
(the previously mentioned FieldTrip structure, see
step (e)) and containing the weights calculated in step
3;

(7) projection of the previously calculated cross-spectral
density (point 5) through to the weights. The
projection step is implemented internally in the
ft sourceanalysis function and is accomplished by set-
ting the arguments cfg.method = “dics” and cfg.refchan
= “EMGchannelname”.
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Note that each dipole’s leadfield matrix has to be normalized
by its Frobenius norm so that the beamformer localization
is not affected by the depth bias [23]. One important issue
regarding the nulling procedure is the inversion of the
(L̃(r)T · CMEG

−1 · L̃(r)) term in (11), which becomes rank
deficient due to the modification of the leadfields [5]. To
solve the problem the Moore-Penrose pseudoinverse [24] is
usually applied (implemented in the Matlab function “pinv”;
the pseudoinverse function used in FieldTrip, which is also
called “pinv” is a subfunction of the “beamformer dics.m”
private function. In this version of pinv the tolerance is
increased by a factor of 10 with respect to the standard pinv
function). Most importantly the number of trials has to be
superior or comparable to the number of MEG channels
(a VSM-CTF system has 275, see “The Experiment” in
paragraph 2.6.2) in order to estimate an unbiased channel
level csd matrix (CMEG matrix in (11)).

2.3. The Data Subspace Reprojection. This technique has the
aim of rejecting the noise in a ROI. The implementation
consists in the definition of a geometrical region of interest
and in the calculation of the Gram matrix related to the
specific ROI, called Ω. The theoretical expression of the
Gram matrix for a discrete points ROI Ω is:

G =
∑

ri∈Ω
L(ri)LT(ri), (13)

where L(ri) is the lead field defined for the voxel position ri.
Operatively, the algorithm requires to left multiply the

data matrix B(t) by a matrix E, whose columns are formed by
the S larger eigenvectors of the Gram matrix (S < N : number
of sensors). The selection criterion for the S is based on the
variance explained by the first S sorted eigenvalues, according
to:

ε =
∑S

i=1 eig(G)i
∑N

i=1 eig(G)i
× 100. (14)

In formula, we can call ES the matrix representing the S
eigenvectors corresponding to the first S largest eigenvalues
of G, so that:

BDENOISE(t) = ESETS B(t). (15)

The described approach has been used in the context of
EEG data analysis to get rid of spatial specific noise in a
region of interest [19]. The consequence of the double matrix
multiplication is equivalent to a PCA rejection of the small
components and then a reprojection on the data space. This
has the effect of reducing the noise due to the data outside
of a certain ROI of interest and can be applied both to the
main and to the secondary sources localizations in order to
improve the signal to noise ratio of the local coherence.

2.4. The Complete Pipeline in a Flow Chart. A schematic
representation of the processing which applies the proposed
methods in a consistent pipeline is presented in Figure 2,
where each block depicts a single step of the processing

flow. In particular the forward solution block implements
the necessary steps to obtain the lead field matrices, used by
the beamformer algorithm [5]. We make use of the Nolte
solution [25], whereas more recent implementations of the
MEG forward solution are available [26].

The preprocessing can be different according to the
recordings and in the case of MEG implies the rejection of
artifacts as described in [27]. Notably we make also use of
independent component analysis (ICA) to accomplish this
task [28]. No rectification is applied to the EMG since it
has been recently objected to affect negatively the quality
of the CMC analysis [29]. The spectral analysis makes use
of multiple tapers to calculate both the spectral power and
the cross-density matrix between MEG channels and the
myography as described in [30]. We process epochs of 1
second with a number of 5 tapers.

The first step coming after frequency analysis is the DICS
beamformer, which takes as inputs the spectra of both MEG
and EMG signals, their cross spectrum and the lead fields
resulting from forward model calculation. The visualization
step generates a map of cortico-muscular coherence in three
orthographic projections and highlights the maximum value
(main activation). The region of interest (ROI) analysis
implies the selection of the sources around the peak of
activity in a radius of 3 cm from it. This step results in the
extraction of the lead fields corresponding to the sources
included in the ROI. These lead fields are used both for
the nulling beamformer and for the beamspace reprojection
method.

Successively the pipeline is composed by two additional
steps: one responsible for the spatial band stop filtering of the
data and the subsequent localization of the secondary CMC
sources, the second responsible for the visualization of the
results. The subspace reprojection technique is depicted in
blue in Figure 2 and is generally applied to enhance the SNR
of the localized sources.

2.5. The Statistical Analysis. The threshold of significance for
the coherence maps was determined by a randomization. The
first step of the statistical analysis shuffles the trials of the
EMG’s Fourier transform and generates a new set of complex
coefficients at a certain frequency (the peak of sensor level
coherency). For the specific goal of this paper we use Nperm =
100 permutations. Successively we calculate the beamformer
coherence for all iterations, which results in as many vectors
as numbers of permutations.

The P values for the randomization test (see paragraph
2.3 of Maris and Oostenveld paper [31]) are obtained from

P(i)k = Σkδ(coh(i)k − coh(i))
Nperm

, (16)

where i = 1 . . . Nvox is the voxel index, k is the permutation
index (k = 1 . . . Nperm), cohk(i) is the randomized coherence
for voxel i at permutation k, coh(i) is the nonrandomized
coherence calculated at voxel i and δ is a Kronecker function,
which follows the rules:

δ = 1 if cohk − coh > 0, δ = 0 if cohk − coh ≤ 0.
(17)
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The resulting P values which are smaller than a significance
threshold for the statistical test (we choose 5%) are selected
and correspond to spatial locations in the coherence map.
The minimum coherence value of the extracted pool of
voxels represents the empirical threshold.

2.6. Details of the Experiment and the Simulations

2.6.1. The Simulations. The simulation paradigm consists
of two datasets: (1) a simulated MEG field containing two
oscillating sources which are correlated with a simulated
EMG signal, (2) a simulated MEG field containing one oscil-
latory source and a simulated EMG signal correlated with
it. The first simulation is meant to show the effectiveness of
the nulling beamformer in the suppression of a brain source
and in the enhancement of the secondary one. In the second
simulation, noise is added gradually in 10 different datasets,
to show the degradation of the beamformer signal and the
partial enhancement of the SNR due to the data reprojection
technique using a ROI of 2 cm around the source and a
number of ε = 10−7 to select the largest eigenvalues.

The time courses of both simulation 1 and simulation
2 are generated by multiplying a Gaussian envelope with
a 20 Hz sinusoidal signal in an epoch of 1 second (see
Figure 1). The peak of the sinusoid is nominally fixed at 0.5
seconds and two jitters are defined across the 100 trials for
phase and amplitude of the sinusoid. The coupling between
and external signal and the simulated sources are defined by
assigning a deterministic and a random component to the
aforementioned jitters, according to the formula:

MEG jitter i =[det i∗ CS + rand i∗ (1− CS)]∗nominal,

EMG jitter i = det i∗ nominal,
(18)

where MEG jitter i and EMG jitter i represent the jitter for
EMG and MEG time courses at epoch i, CS is the coupling
strength (a parameter defined between 0—no coupling-
and 1—perfect coupling-), det i is a realization of random
noise which is common to EMG and MEG signals, rand i
is a realization of random noise that is present only in
MEG signal, and nominal is the nominal value of the jitter
parameter (phase or amplitude jitter).

The time courses are then multiplied for the lead fields
of two sources defined in positions (0,−4,10) and (0,4,10)
cm in head Cartesian coordinates according to the CTF axes
conventions [32]. The resulting simulated magnetic field is
then added with random noise with varying intensity. In the
first simulation the intensity varies from 10 to 100 times the
root mean square value (rms) of the clean dataset, whereas in
the second simulation the level of superimposed noise is 0.2
times the rms of the clean dataset.

The rms of a dataset is defined as

rms =
√
∑

i (xi)
2

N
, (19)

where xi is a sample of the dataset and N is the total number
of samples. The coupling strength for the first simulation is 1

for all jitters, whereas for the second simulation we choose 1
for the amplitude jitter and 0.9 for the phase jitter.

2.6.2. The Experiment. The experiment was run with a
whole head, 275 channels MEG system (CTF/VSM Inc. Port
Coquitlam, Canada) equipped with first-order axial gradi-
ometers with 5 cm baseline and installed inside a magneti-
cally shielded room (MSR, Vacuumschmelze Hanau, Ger-
many). During the recording time the subject sat on a
chair whose position and height could be regulated on
demand. Its position was set such that the subject could
see a feedback image projected on a screen of dimensions
42 × 32 cm (width × height) situated at a distance of
0.4/0.5 m. An ad hoc built pinch device, which had a strain
gauge force transducer mounted on it, was attached to the
armrest of the chair in a position that was comfortably
reachable by the subject’s right hand. Five subjects (all aged
between 30 and 35, all right handed, 4 males and 1 female)
were selected for the experiment with the aim of carrying
out a subject-specific analysis (no grand averages were
planned for this experiment). A muscular activity (EMG)
was recorded using bipolar derivations with electrodes of
11 mm diameter (In Vivo Metric, Healdsburg USA) mounted
on the dorsal surface of first dorsal interosseous muscle at
20 mm distance from each other. Electrode gel “Abralyt light”
(Falk Minow Services, Herrsching, Germany) was used to
establish electrical contact between skin and electrodes with
impedances below 20 kOhm. The EMG was digitized and
stored in the same datasets as the MEG recordings. The
subject had to grasp the pinch device and elicit a continuous
constant force of 1 Newton for the whole duration of the
experiment.

3. Results

3.1. The Simulations’ Results. Simulation 1 shows that the
nulling beamformer is able to suppress the left source and
enhance the right one (Figure 3). Note that the dataset
contains the time courses of both sources, but the classic
beamformer approach could localize only the source with the
highest SNR (see Figure 1). Due to this cancellation effect, it
is impossible to proceed in the localization of putative weaker
sources without recurring to alternative techniques as the one
described here.

Simulation 2 shows the increase in SNR (Figure 3(b))
after the application of the subspace reprojection using the
selected ROI. The upper picture shows the coherence profiles
along the coronal slice (depicted in Figure 3(a)) and each
line represents the DICS result for a different dataset. The
results with a low SNR are in light blue and the ones
with a high SNR in magenta according to the color scheme
convention named “cool” in MATLAB. Accordingly, the
lower picture shows the results for the same datasets after
the combination of subspace reprojection and DICS. The
SNR color scheme increases from black to yellow (color map
“hot” in MATLAB). Note the general increase of SNR of
the “hot” curves with respect to the “cool” ones, caused by
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Figure 1: A representation of the motor network and of how the connectivity is calculated. (a) A representation of simulated brain sources
in a volumetric slice (blue time courses, marked as S1, S2, and S3) and hand surface myography correlated with tracks S2 and S3 (EMG, red
time course). (b) The scheme of functional connectivity. Coherence is calculated between EMG and all other sources. (c) A schematic output
of DICS beamformer coherence. Note the presence of only one peak corresponding with the source having the highest SNR (S1). The red
arrow indicates that this peak has to be suppressed by the nulling beamformer in order to localize the second EMG-correlated source (S3).

the noise reduction yielded by the aforementioned subspace
reprojection technique.

3.2. The Subjects’ Data. One of the five subjects (subject 5)
did not show any muscular-MEG coherence at the sensor
level and therefore was discarded from further analyses.

3.2.1. The Results of Beamspace Reprojection. One represen-
tative subject is selected to show the results of the applied
technique (subject 1). Figure 4 shows the results of DICS
beamformer before (upper row) and after (lower row) the
application of the subspace reprojection technique on the
preprocessed dataset. This illustrative example shows that the
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Figure 2: Scheme of the processing for beamformer localization of EMG coherent sources. The boxes indicate the methods described in
this paragraph, with particular emphasis for the beamformer steps (shadowed boxes). The bold text in the boxes represents the algorithms
contributed in the present paper. The light blue boxes refer to the beamspace reprojection pipeline, used to enhance the visualization of the
main CMC source.
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Figure 3: Results of the simulations. (a) The localization of two EMG-correlated sources is achieved in consecutive steps: with a standard
DICS method (top-right panel, sagittal slice) and with DICS combined with regional suppression (bottom right panel). The leftmost source
(dip1) is suppressed with a ratio of 30 (source coherence ratio), while the rightmost source is enhanced with a ratio of 17. (b) The localization
of a single source with ten different SNR levels (cyan is the lowest and magenta is the highest) is achieved with DICS (top panel). The same
simulated source+noise datasets are processed after local removal of noise by means of subspace reprojection (black is the lowest SNR, yellow
is the highest).
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Figure 4: The subspace reprojection applied to subject 1. The
three plots on top represent the coronal, sagittal, and transversal
projections of the three-dimensional coherence map, before the
application of beamspace reprojection. The three plots on the
bottom depict the same projections of estimated activity, after the
reduction of spatial noise. The technique is used to enhance the
visualization of the coherence map. Both sets of plots refer to the
same color scale (interval ranges from 0 to 0.008 of estimated
coherence), and “jet” colormap is used (blue = 0 and red =
0.008). The plots are interpolated from a coarser grid (about 1 cm
resolution along the Cartesian axes).

technique is effective in removing the noise from the spatial
locations outside the region of interest of the coherence’s
peak.

3.2.2. The Results of the Nulling Beamformer. The nulling
beamformer is effective in the suppression of the main
CMC source as visible in Figure 5. The plots in panel (a)
represent the coherence maps of all good subjects (from
left—subject 1 to right—subject 4) in a coronal projection,
before the suppression (top row) and after the suppression
(lower row). The maps are thresholded by a minimum level
of coherence, corresponding to a 5% statistical significance,
as calculated by the randomization test previously described.
It is noteworthy to mention that the newly calculated
coherence threshold is smaller than the theoretical one as
in (9) by a factor of 5 (e.g., theoretical = 0.01, randomized
= 0.002). Figure 5(b) represents the P∗ = (1 − P) value
map for subject 2, as calculated from the randomization
test. The P value map is used to calculate the threshold
for the coherence maps (the minimum of coherence among
all significant P∗-map voxels constitutes the randomized
threshold).

4. Conclusions and Discussion

The application of the proposed analysis pipeline for the
localization of CMC sources has evidenced the presence
of main CMC activations and putative secondary sources
in simulations and real data. Despite the difficulties of

beamformer approaches to correctly localize multiple phase-
locked sources, (a phenomenon called source cancellation
and demonstrated in formula (29) of VanVeen’s paper,
[16]), the application of the here proposed sequential pro-
cedure is able to reconstruct the underlying individual
sources. In case of a strong primary and a weak secondary
source, convincing results have been obtained. In case of
similarly strong sources a modified procedure might be
required.

The metric of coherence is computationally efficient for
the localization of motor sources and can be equally applied
to any protocol in which the external signal induces a phase-
locked response in the brain. The rationale of applying the
described pipeline is the need for a technique that identifies
the presence (or absence) of more than one source correlated
with EMG. The further step could be the use of these “seeds”
for the identification of additional neural aggregates taking
part in the motor processes.

Analyses on the single subject level are evidently able
to localize the involved oscillatory sources. Although long
recording times are needed to improve the SNR and
therefore the estimation of the correct beamformer weights,
the recording sessions could be divided in training and
test sessions, where the first is used to localize the CMC
sources and the second to track their time courses. Having
a good estimate of the beamformer weights means being
able to efficiently extract the activity of the underlying
sources and therefore accomplish the ambitious task of
a real-time connectivity analysis between EMG and MEG
sources.

Based on the significant cortico-muscular coherence
found in the present study we cannot unambiguously tell
which brain region is the driving force for motor con-
trol. Muscular control could be due exerted through (1)
both ipsi- and contralateral sources, (2) mainly a contra-
lateral source that drives peripheral muscles directly from
contralateral motor cortex and at the same time indi-
rectly via the ipsilateral motor cortex, and (3) another
location that drives both contra- and ipsilateral cortices
and eventually the peripheral muscles. There is indication
that the cerebellum could be involved in this network
as well (see lower plots in Figure 5). On this aspect the
results are inconclusive and only evidence a clear ipsi-
lateral secondary source. According to this evidence the
claims about a functional relation between the sources re-
main merely speculative. The application of methods like
directed coherence or partial directed coherence might be
capable to identify the causal flow of information in the
network.

The physiological significance of our findings is that
during an isometric contraction task multiple cortico-motor
sources are recruited that constitute a putative network of
motor coordination.

In conclusion, the application of advanced and time-ef-
ficient techniques for source suppression/enhancement has
made possible the identification of cortico-muscular brain
activations that otherwise would not be localizable with
standard techniques.
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Figure 5: (a) The panel shows the results of DICS approach in a coronal slice. The resulting maps are used for the localization of the main
source (upper row) and of the secondary source (lower row) in four of the five subjects. (b) The panel shows the map of the P∗ values
(P∗ = 1− P) for subject 2, as a result of a randomization test on the trials of the coherence (Nperm = 100). All plots are interpolated versions
of a coarser grid (about 1 cm grid resolution along the Cartesian axes).
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The importance of astrocytes, one part of the glial system, for information processing in the brain has recently been demonstrated.
Regarding information processing in multilayer connectionist systems, it has been shown that systems which include artificial
neurons and astrocytes (Artificial Neuron-Glia Networks) have well-known advantages over identical systems including only
artificial neurons. Since the actual impact of astrocytes in neural network function is unknown, we have investigated, using
computational models, different astrocyte-neuron interactions for information processing; different neuron-glia algorithms have
been implemented for training and validation of multilayer Artificial Neuron-Glia Networks oriented toward classification
problem resolution. The results of the tests performed suggest that all the algorithms modelling astrocyte-induced synaptic
potentiation improved artificial neural network performance, but their efficacy depended on the complexity of the problem.

1. Introduction

The behavior of the nervous system (NS) remains a
mystery in many respects. The details of how the brain
performs certain information processing tasks, such as
classification, pattern recognition, and concept abstraction,
are still unknown. Although it has long been thought that
neurons were the only cells involved in complex cognitive
processes, this thinking has changed. Recent discoveries show
the importance of particular glial cells, called astrocytes,
for information processing in the brain [1–8]. Abundant
evidence suggests the existence of bidirectional communi-
cation between astrocytes and neurons and an important
active role for the astrocytes in the physiology of the NS
[1, 3–5]. This evidence has led to the proposal of a new
concept in synaptic physiology, the tripartite synapse, which
consists of three functional elements: the presynaptic and
postsynaptic elements, and the surrounding astrocytes [2].
The communication between these three elements has highly
complex characteristics, which seem to reflect more reliably
the complexity of the information processing between
elements of the NS. In order to understand the motives

of this reciprocal signalling, we must know the differences
and similarities that exist between their properties. Only
a decade ago, it would have been absurd to suggest that
these two cell types have very similar functions; now we
realise that the similarities are striking from the perspective
of chemical signalling. Both cell types receive chemical inputs
that have an impact on their ionotropic and metabotropic
receptors. Following this integration, both cell types send
signals to their neighbours through the release of chemical
transmitters. Both neuron-to-neuron signalling and neuron-
to-astrocyte signalling show plastic properties that depend
on the particular activity [1]. The main difference between
astrocytes and neurons is that many neurons extend their
axons over large distances and conduct action potentials
of short duration at high speed, whereas astrocytes do not
exhibit any electric excitability but conduct calcium spikes
of long duration (tens of seconds) over short distances and
at low speed. The fast signalling, and input/output functions
in the central NS that require speed seem to belong to the
neural domain. But what happens with slower events, such
as induction of memories and other abstract processes, such
as thought processes? Does signalling between astrocytes
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contribute to their control? As long as there are no answers
to these questions, research must continue; the present work
offers new ways to advance through the use of Artificial
Intelligence (AI) techniques.

This work tries to add some new knowledge about the
interaction of neurons and astrocytes regarding information
processing, in both the brain and in computer AI systems.
Hence, this is a multidisciplinary study. It tries to benefit
both Neuroscience, by helping to understand the neuron-glia
interaction, and AI, creating new computational methods
for processing information. Including artificial elements
that attempt to imitate astrocytes’ behavior in Artificial
Neural Networks (ANNs) has proven to present advantages
in classification problems [9]. This inclusion gave rise
to the so-called Artificial Neuron-Glia Networks (ANGNs)
[9, 10]. In our previous work we have investigated the
consequences of including artificial astrocytes, which mimic
biologically defined properties involved in astrocyte-neuron
communication, on artificial neural network performance.
Using connectionist systems and evolutionary algorithms,
we have compared the performance of ANN and ANGN
in solving classification problems. We have shown that the
degree of success of ANGN was superior to that of ANN.
Analysis of the performance of ANN with different numbers
of neurons or different architectures indicated that the effects
of ANGN cannot be accounted for by an increased number of
network elements but rather are specifically due to astrocytes.
Furthermore, the relative efficacy of ANGN versus ANN
increased as the complexity of the network increased [9].
It is important to note that our AI computational model
does not account for the primary intrinsic physiological
property of astrocytes, intercellular calcium waves in the
astroglial network, such as in the work of Ikuta et al. [11, 12].
Instead of building an astroglial network with intercellular
waves parallel to the neuronal network, and then analyzing
their conjoint operation, we added single astrocytes to single
neurons, allowing the astrocyte to increase the strength of the
connections of the neuron with the next neuronal layer (see
Section 2). At present, we are also modelling other types of
astrocytic influence.

The neuron-astrocyte interaction in the ANGN imple-
mented in our previous work constituted what we have
called a neuron-glia algorithm. That first algorithm, which
we have named Attenuated effect of astrocyte (see Section 3),
tried to imitate a behavior observed between neurons
and astrocytes in the hippocampus [6]. However, several
mechanisms and physiological consequences of astrocyte-
neuron communication occur in the brain. Under what
conditions one specific modulatory effect takes place in a
particular neural network remains unknown [8]. Therefore,
in the present work we have researched whether other forms
of interaction may help us understand what happens in the
brain, and which may prove to be more or equally efficient in
information processing in computers. We have modeled new
and different neuron-astrocyte interactions, analyzing the
results of Neuroscience experiments carried out in biological
nervous systems [4–8]. This has led to the implementation of
different neuron-glia algorithms for training and validation
of feed-forward multilayer ANGN used in resolution of
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classification problems. For simplicity, our work focused
on modelling astrocyte-induced synaptic potentiation, as in
our previous study [9]. The results obtained using these
new algorithms allowed comparisons between them and the
observation of neuron-glia interactions that, so far, obtain
the best results for each problem.

This paper is organised into the following sections.
Section 2 introduces the ANGN and explains its overall
behavior, and its differences with multilayer networks with-
out artificial astrocytes. Section 3 details the implementation
of neuron-glia algorithms created for the study of neuron-
astrocyte interaction. Section 4 explains the simulations
performed applying the created algorithms to two problems,
simulation of a multiplexor device and iris flower classification,
and shows the results obtained from these simulations.
Finally, Section 5 summarizes the discussion and conclusions
of this study and explains the work that is being developed as
a continuation of this research.

2. Artificial Neuron-Glia Networks

ANNs are interconnected neuron models that simulate
the behavior of biological neural networks [13, 14] (see
Figure 1). The neuron is the basic information-processing
unit in these networks (see Figure 2).

The connectionist branch of AI carries out the study
of ANN. Researchers in this area have designed and built
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different types of ANN; these systems are different in
their topology, dynamics, and behavior of their constituent
elements separately and together (the system as a whole).
Many advances have been made in those aspects, but there
are many limitations in the areas of processing speed and
computational complexity of the connectionist systems.

The connection between two neurons is a directional
one. Hence, one neuron a is the source of the connection and
the other b is the destination neuron. A value is associated
with the connection. This value is known as weight and it
determines the influence of the connection in the activation
of the destination neuron.

A neuron j, is characterized by n inputs, with signals x1

to xn and weights w1 to wn associated with the inputs.
The signals may come from other neurons or may be the

input signals of the network. The output of the neuron j is
given by the application of the transfer function f : R →
R [15] to the sum of the inputs adjusted by its associated
weight:

yj(t) = f

⎛

⎝

n
∑

i=1

wixi

⎞

⎠. (1)

An ANGN extends the ANN architecture by including a new
kind of processing element, the artificial astrocyte [9, 10, 16–
18] (see Figure 3).

An artificial astrocyte is associated with a neuron and
controls its activity (see Figure 4). The astrocyte modifies
the weight of the connections it is associated with (input
connections, output connections, or both), depending on the
activity of the neuron. A range of values is also associated
with a weight, known as a weight limit (wM). The astrocyte
controls the activity of the j neuron by using a counter. That
counter records the times that the neuron fires.

Due to the lack of knowledge regarding the specific
characteristics of the modifications that astrocytes make in
neuronal connections, we implemented different neuron-glia
algorithms (see Section 3) to simulate the behavior which
astrocytes of the brain are presumed to have, considering
the observations made on the nervous systems of living
organisms [1–4]. Glutamate released in the extracellular
space by an astrocyte or a presynaptic neuron can affect
another astrocyte, another presynaptic neuron, or a postsy-
naptic neuron. If the glutamate that reaches a postsynaptic
neuron proceeds directly from a presynaptic neuron, the
action potential (AP) takes place more rapidly and ends
more or less quickly. If there has also been a release of
glutamate by an astrocyte that was activated by the glutamate
of a presynaptic neuron, more AP will take place [1]. The
activation of astrocytes is a slow process, if we compare it
with neural activity [4]. The same conclusion can be drawn
from their effect on the synapse between two neurons, whose
neurotransmitters activated the astrocyte, and which is one
thousand times slower than the propagation of the impulse
by the neurons. This slowness has led to the presentation to
the ANGN of each training pattern during more than one
cycle or iteration. If it imitates this slowness, the ANGN will
need k cycles or iterations to process each input pattern (see
Figure 4).
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We must also consider that the contribution of the
astrocytes to the weights of the ANGN connections takes
place according to a time factor, given the fact that they
act slowly and their responses are non-linear. It would be
interesting to know how astrocytes affect the connectionist
system, considering their influence on the synapses according
to the activities of the neurons over the course of time.
The more intense the activity of the neurons, the larger the
influence of the astrocyte on a connection.

The behavior of an astrocyte is determinate by the
parameters k ∈ N \ {0}, μ ∈ [1, k] and a, b ∈ [0, 1]. Each
instance or input pattern that is used for training, validating
or testing the artificial net is processed k times (iterations).
The astrocyte registers the activity of the neuron during the
k iterations, applying a function u : R → Z over the output
of the neuron yj(t), where u indicates if the neuron has fired
u(x) = 1 or not u(x) = −1:

u(x) =
⎧

⎨

⎩

−1, x ≤ 0,

1, x > 0.
(2)

Hence the astrocyte has a register of the neuron’s activity with
a temporal window of k instants of time (an iteration lasts
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one instant of time). Observing this activity, the astrocyte
will modify the weight of its associated neuronal connections
when the counter of the activity of the neurons reaches the
value μ. Figure 4 shows how the input neuronal connections
are modified. An astrocyte may also modify output neuronal
connections or both

wi(t + Δt) = wi(t) + Δwi(t), (3)

where

Δwi(t) = |wi(t)| z(t), (4)

and z : N \ {0} → R is a function defined as

z(t) =
⎧

⎨

⎩

a, r j(t) = μ,

−b, r j(t) = −μ,
(5)

with r j : N \ {0} → [−μ,μ] being the function that returns
the number of times a neuron has fired. If the neuron
was active μ times, the weights of the connections will be
increased by a percentage a, while they will be decreased
by a percentage b if the neuron remained inactive during μ
iterations.

3. Neuron-Glia Algorithms

The six algorithms implemented were different in two
aspects: the specific implementation they make of the r j
function, and whether or not they respect the weight limit
when the neuronal connection is being modified. The dif-
ferent implementations of the r j function of each algorithm
are explained in its corresponding subsection. Different
approaches regarding the modification of the connections
weight are also explained.

3.1. Consecutive Activations, Weight Limited. The astrocyte
respects the weight limit of the connections:

wi(t+ � t) = min
{

wi(t)+ � wji(t),wMi

}

. (6)

This algorithm contemplates only consecutive neuron activa-
tions; if the neuron reaches the activity or inactivity level that
makes the astrocyte act, the activity counter is restarted. The
neuronal activity level, following these restrictions, is given
by the following function:

rj(t) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

u
(

yj(t)
)

+r j(t − 1), t >0, u
(

yj(t)
)

=u
(

yj(t−1)
)

,

r j(t − 1) ∈ (−μ,μ
)

,

u
(

yj(t)
)

, in other case.

(7)

3.2. Consecutive Activations, Weight Unlimited. The behavior
of this algorithm is the same as the previous one, except that
in this case the astrocyte will not respect the limit weight of
the connections; hence they can reach any value:

wi(t + Δt) = wi(t) + Δwi(t). (8)

3.3. Nonconsecutive Activations, Weight Limited. The astro-
cyte respects the weight limit of the connections

wi(t + Δt) = min
{

wi(t) + Δwji(t),wMi

}

. (9)

In this algorithm the neuron activations need not be
consecutive. If the neuron reaches the activity or inactivity
level that makes the astrocyte act, the activity counter is
restarted. The neuron activity level, following these restric-
tions, is given by the following function:

r j(t) =
⎧

⎪

⎨

⎪

⎩

u
(

yj(t)
)

+ r j(t − 1), t > 0, r j(t − 1) ∈ (−μ,μ
)

,

u
(

yj(t)
)

, in other case,

(10)

Having the activity of the neuron not required to be
consecutive gives rise to this result: if an astrocyte increments
the weight of a connection of a neuron, it indicates that the
neuron fired μ iterations more than it remained inactive. If an
astrocyte decrements the weight of a connection to a neuron,
it indicates that the neuron fired μ iterations less than it
remained inactive.

3.4. Nonconsecutive Activations, Weight Unlimited. The
behavior of this algorithm is the same as the previous one,
except that in this case the astrocyte will not respect the limit
weight of the connections; hence they can reach any value:

wi(t + Δt) = wi(t) + Δwi(t). (11)

3.5. Attenuated Effect of Astrocyte. In this algorithm, the
astrocyte will not respect the limit weight of the connections:

wi(t + Δt) = wi(t) + Δwi(t), (12)

and the activity of the neuron need not be consecutive

r j(t) =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

u
(

yj(t)
)

+ r j(t − 1), t > 0, r j(t − 1) ∈ (−μ,μ
)

,

r j(t − 1), t > 0, r j(t − 1) ∈ {−μ,μ
}

,

u
(

yj(t)
)

, in other case.

(13)

The major difference with the previous algorithms stems
from the management of the activity counter of the neuron:
when the neuron reaches the activity level {−μ,μ} that makes
the astrocyte modify its neuronal connections, the activity
counter is not set to zero (it retains the value). This behavior
has a noticeable consequence in the modification of the
connections weight: when the point at which an astrocyte
modifies the weight of the connections is reached in a given
iteration and the neuron fires again in the next iteration, the
astrocyte will increase the connections weight of the neuron
again. The behavior when the neuron remains inactive is
similar, with the outcome being the weight is decreased.

In the previous algorithms, having the activation counter
be set to zero, the counter needed to reach the value {−μ,μ}
again for the astrocyte to act (thus a minimum of μ iterations
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of neuronal activity/inactivity are required). This behavior
implies an extra reinforcement on those neurons that fire
the most, it also makes the astrocytic effect last longer, and
disappear only gradually over time.

3.6. Global Processing Effect. In the previous algorithms, each
instance was processed a certain number of iterations to try
to simulate the delay in glial system functioning (an order of
magnitude of seconds) with respect to neuronal functioning
(an order of magnitude of milliseconds) (see Figure 5) [19,
20].

This algorithm named Global processing effect was created
under the assumption that the way the brain works is
different than the way it was being simulated. Instead of
processing each instance during k iterations, this algorithm
considers the instances as a whole, and the net processes the
whole set of instances during k iterations (see Figure 6). For
example, this algorithm considers the following: when visual
information (i.e., a scene) is being processed by the brain, it
obtains a sequence of images and this sequence is processed
as a whole. Common characteristics are extracted from these
images to give the scene meaning. The previous algorithms
would consider each image independently and would try to
extract characteristics from each one separately.

The way this new algorithm modifies the weights of
the connections is different from the previous algorithms.
with where n is the number of instances (for training/
validating/testing), this algorithm evaluates the n instances
during k iterations. The weights are modified using

wi(t + Δt) = wi(t) Δwi(t), (14)

where

Δwi(t) =
n + sgn

(

wji(t)
)

s

n
, (15)

With s being the number of times the neuron was active
during k iterations. With this behavior, the modification of
connections weight of the neuron is directly proportional to
the neuron’s activity.

4. Results

To evaluate the functioning of the neuron-glia algorithms,
ANGN using our different algorithms was compared with
ANN (without artificial astrocytes) trained only by using
Genetic Algorithms (GAs). The ANGN training method
is a hybrid one. It is composed of two learning phases:
an unsupervised learning phase (where a selected neuron-
glia algorithm is used) and a supervised learning phase
(where GAs are applied using the MSE calculated in the
unsupervised phase) [9, 10, 16]. The networks to be com-
pared (seven networks: ANGN with 6 different unsupervised
algorithms and the ANN—see Table 1) were trained to
solve two classification problems of increasing complexity.
The problems were taken from the UCI Machine Learning
Repository [21]: the simulation of a multiplexed device
problem and the Iris Flower problem.

Table 1: Methods name summary.

Method Name

1 Consecutive, weight limited

2 Consecutive, weight unlimited

3 Not consecutive, weight limited

4 Not consecutive, weight unlimited

5 Attenuated effect of astrocyte

6 Global processing effect

7 ANN

The network architecture chosen for each problem was
selected based on good results achieved in previous work
by Rabuñal et al. [22, 23]. Anyway, what matters is not to
have the best architecture. The important issue is to have
the same architecture in all the networks to be compared, in
order to test effects caused only by the inclusion of artificial
astrocytes. Anyway, we had shown in our previous work [9]
that by increasing the number of neurons and layers, the
effect of artificial astrocytes becomes even more beneficial.

Regarding the parameters of neuron-glia algorithms in
ANGN, four different combinations of iterations k (4, 6, or 8)
and activations μ (2 or 3) were considered for each algorithm,
in particular (4-2, 6-2, 6-3 y 8-3); after doing preliminary
tests [16], the combinations that obtained the best results
were selected. The same parameters (k, μ, a, and b) were
used for all the artificial astrocytes in each simulation. Each
simulation also used a 25% weight increment (a) and a 50%
weight decrement (b). This decision was based on the good
results obtained in previous work [16]. Biological knowledge
supports this choice, because a lower increment than a
decrement, when there is no constant activity, reinforces the
connections of those neurons that show a constant activity
[24].

Regarding the GA parameters, they were also chosen
in contemplation of previous work from Rabuñal et al.
[22, 23]. Those parameters were not intended to obtain
the best results in every problem but to use the same
parameters in the connectionist systems to be compared.
A population of 100 individuals was used in the GA. The
individual selection algorithm chosen was “Montecarlo” and
the substitution method was the Darwinian substitution.
Regarding individual breeding, a single crossover point was
used. The crossover rate was set to 90% and the mutation
rate to 10%.

The simulations were performed by means of a tool we
have implemented with Borland DELPHI and Visual C++
languages. The tests were run in an AMD Athlon PC, with
1 GB of RAM and Windows XP OS.

4.1. Simulation of a Multiplexor Device (MUX). We decided
to carry out the first tests over a well-known multilayer
architecture, which solves a simple classification problem:
the simulation of an electronic device called MUltipleXor
(MUX) with four inputs and one output (see Figure 7). For
the resolution of this problem a three-layer network was
used: six neurons in the input layer, four in the hidden layer
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Table 2: MUX mean results.

Method Generation
Training error

(ECM)
Training standard

deviation (%)
Validation accuracy

(%)
Validation standard

deviation
Time

1 222 0,132 0,056 86,25 8,75 0:00:21

2 282,1 0,091 0,027 81,25 10,08 0:00:38

3 345,2 0,125 0,059 86,25 8,75 0:00:29

4 355,6 0,083 0,021 81,25 10,08 0:00:45

5 681,3 0,108 0,060 86,25 10,38 0:01:08

6 563,6 0,096 0,057 76,25 3,75 0:00:33

7 521,8 0,101 0,051 62,5 9,68 0:00:07

Input selector

S1 S2

I1

I2

I3

I4

O1MUX

Figure 7: MUX device.

and one neuron in the output layer. The activation function
used for all the neurons in the network was a threshold
function with a threshold value θ = 0.5. The output values
of this problem are boolean. The limit weight for all the
neurons was set to one. The 64 instances available for this
problem were divided into two sets: 58 instances for training,
and six instances where different classes were selected for
the purpose of checking the generalization capacity. All
simulations were executed over 4000 generations.

All implemented neuron-glia algorithms were tested with
the MUX problem (see Table 1).

Each algorithm was executed using ten different pop-
ulations of connection weights. For each population and
algorithm the best values (those with higher validation
accuracy) were chosen from among the aforementioned four
μ and k combinations used. Table 2 shows the mean values
for each algorithm. These results show that in all cases but
two, ANGN achieved a lower training error, and in all cases
a higher validation accuracy was achieved by ANGN with
respect to ANN results.

The number of times each algorithm achieved the
best results for each measurement was analyzed (fewer
generations, lower training error, higher validation accuracy,
or less time). Table 3 shows that ANGN achieved the best
results more frequently, considering the validation accuracy,
despite taking more time to achieve it.

4.2. Iris Flowers Classification (Iris). We wanted to prove our
algorithms with a problem related to a much more complex

Table 3: MUX results summary.

Method Generation
Training

error
Validation
accuracy

Time Total

1 3 1 3 1 8

2 2 3 3 1 9

3 3 1 3 1 8

4 2 3 3 1 9

5 1 3 4 0 8

6 0 4 0 3 7

7 3 3 0 6 12

domain than MUX, a problem to test the algorithms where
the ANGN is dealing with multiple classification tasks. In
contrast to the MUX problem, the IRIS flower problem
uses continuous input values, different activation functions
in artificial neurons of different layers, and twice as many
training patterns. It consists in identifying a plant’s species:
Iris setosa, Iris versicolor, or Iris virginica. This case has
150 examples with four continuous inputs which stand for
four features about the flower’s shape. The four input values
represent measurements in millimetres of petal width, petal
length, sepal width, and sepal length. The learning patterns
have been found to have four inputs and three outputs.
The three outputs are Boolean ones, representing each Iris
species. By doing it in this manner (three boolean outputs
instead of a multiple one), additional information can be
provided about whether the system’s outputs are reliable or
not. That is, due to the outputs’ intrinsic features, only one
of them must possess the true value, standing for the type
of flower it has classified, while the rest have a false value.
Therefore, if two or more outputs have true values, or if all
of them are false, we may conclude that the value classified
by the system is an error and the system cannot classify that
case. The values corresponding to the four input variables
have been normalized in the interval (0–1) so that they are
dealt with by the ANGN.

For the resolution of this problem a three-layer network
was used: four neurons in the input layer, five in the hidden
layer, and three neurons in the output layer (one neuron per
iris class). The activation function used for all the neurons in
the network was a hyperbolic tangent, except for the output
layer neurons, where a threshold function with a threshold
value θ = 0.5 was used. The limit weight for all the neurons
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Table 4: Iris methods summary.

Method Name

1 Not consecutive, weight unlimited

2 Attenuated Effect of Astrocyte

3 Attenuated Effect of Astrocyte 2

4 ANN

was set to 1. The 150 instances available for this problem were
divided into two sets: 2/3 for training and 1/3 for validation;
the training set is composed of 1/3 of instances of each class.
All simulations were executed over 2000 generations.

Although, as mentioned previously, what matters is
having the same architecture, we have established this archi-
tecture and these parameters, which were obtained by our
research group in previous work [22, 23]. By using ANN
with these features, and training exclusively by means of GA,
Rabuñal et al. [22, 23] reached an adjustment better than the
previous best example of work for solving the IRIS flower
with ANN, in which Martı̀nez and Goddard [25] used BP
for the training and a hidden neuron more than Rabuñal et
al. These good results demonstrated the efficacy of GA for
simplifying and solving this problem. We compared our new
ANGN with ANN trained exclusively by means of GA.

The algorithm named Attenuated Effect of Astrocyte was
chosen because it achieved the best results in the MUX
problem (good mean validation accuracy, and the best
results achieved more often). With the aim of adding some
variability to the results, two configurations of this algorithm
were used: one with k ∈ [4, 6, 8] and μ ∈ [2, 3], and
another with k ∈ [3, 5, 7] and μ ∈ [2, 3]. The latter is called
Attenuated Effect of Astrocyte 2 in Table 4.

Another algorithm was chosen from the remaining ones
to test its behavior against a more complex problem. The
less restrictive algorithm was chosen (in terms of both
activations of neurons and restrictions on modifications
of weights of connections): “Not consecutive activations,
weight unlimited”.

As with the MUX problem, each algorithm was executed
using ten different populations of weights. For each pop-
ulation and algorithm the best values (those with higher
validation accuracy) were chosen among the four μ and
k combinations used. Table 5 shows the mean values for
each algorithm. These results show that in all cases but
two, ANGN achieved a lower training error, and in all cases
a higher validation accuracy was achieved by ANGN with
respect to results with ANN.

Regarding the number of times each algorithm obtained
the best results, Table 6 shows that ANGN achieved the
best results more times, considering the validation accuracy,
despite taking more time to achieve it.

5. Discussion and Conclusions

All the implemented algorithms have tried to emulate, in
the ANGN, the potentiation of synaptic connections that
take place in the brain caused by astrocytes, due to high

synaptic activity. The first five algorithms emulate astrocytic
behavior in a similar way, just changing the restrictions on
the weights changes and the consecutive or not consecutive
nature of synaptic activity. Unlike in the first five algorithms,
the sixth algorithm operates in a fairly different manner:
it considers global information processing rather than an
individual instance.

ANGN implemented using these six algorithms (thus
including artificial astrocytes that simulate the potentiation
of the connections and penalize the lack of activity) improved
the ANN that did not include artificial astrocytes. It is
worth noticing the difference in efficacy between the first five
algorithms and the sixth, which achieved the worst results.

It was also observed that the Not consecutive, weight
unlimited algorithm did not achieve the best results in the
simpler problem (MUX) but did achieve the best results
in the more complex problem (Iris) with a more complex
net architecture. This suggests that the net (and problem)
complexity influences the behavior of an algorithm, ren-
dering an algorithm more appropriate for one problem or
another depending on the problem’s complexity. This allows
the conclusion that a specific behavior of astrocytes is better
suited to some problems rather than to others, depending on
the problem’s complexity and characteristics. This behavior
agrees with the biological behavior of astrocytes in the
brain. Sometimes they have more influence than at others.
Moreover, it has been observed that the number of astrocytes
is higher in more complex brain areas, and they have more
influence in them. The highest ratio of glia-to-neurons is
found at the top of the phylogenetic tree, in the human brain;
this leaves us with the question as to whether astrocytes are
key regulatory elements of higher cortical functions [3].

In any case, to prove the hypothesis obtained, more
tests are being performed with the Iris problem and with
other problems (starting from the preliminary test and
the algorithms developed in this work). Therefore, the
development of models of astrocyte-neuron interaction that
incorporate the richness of biological interactions, for exam-
ple, astrocyte-induced synaptic depression, or depression
and potentiation altogether, is being undertaken to test
whether they provide similar, or even better, results in neural
network performances.

This work attempts to assist both AI and Neuroscience.
the former by creating a new kind of information processing
element for neural networks, the latter by contributing ideas
that hope to, somehow, guide investigations in Neuroscience
toward understanding the behavior of astrocytes in the
nervous systems of living organisms. All the algorithms
presented could attempt to be translated in a laboratory for
Neuroscience. They may mimic physiological dynamics that
occur in the brain.

Understanding the importance of astrocytes in brain
function, and learning how communication occurs between
neuronal networks and astrocyte networks at a microscopic
level, is crucial for the understanding of the synergic behavior
of cerebral regions. It is known that astrocytes are not present
in the same proportion in all brain regions, which may
influence the existence of different modes of interaction
between one and other areas. The behavior of astrocytes in
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Table 5: Iris mean results.

Method Generation
Training error

(ECM)
Training standard

deviation
Validation accuracy

(%)
Validation standard

deviation
Time

1 693,9 0,065 0,023 78,2 5,76 0:03:17

2 486,8 0,151 0,079 72,4 5,64 0:02:44

3 868,6 0,155 0,098 70,2 8,17 0:04:30

4 166,6 0,371 0,051 56 4,29 0:00:09

Table 6: Iris results summary.

Method Generation Training error Validation accuracy Time Total

1 0 8 7 0 15

2 0 0 2 0 2

3 1 2 2 1 6

4 9 0 0 9 18

some regions is just beginning to be analyzed, in which its
effects on information processing have never been studied,
such as cerebral cortex. Computational models to study
brain circuitry connectivity at a microscopic level will allow
an understanding of what happens at a macroscopic level.
Moreover, given the efficacy of ANGN in processing informa-
tion, they could provide a double benefit to this area of study.
Since they can be used to classify and recognize patterns,
ANGN will be tested in the near future as a data analysis tool
for helping to detect any characteristic or neurological disor-
der in brain signals acquired in different modalities, such as
electroencephalography, and magnetoencephalography.
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In EEG and MEG studies on brain functional connectivity and source interactions can be performed at sensor or source level.
Beamformers are well-established source-localization tools for MEG/EEG signals, being employed in source connectivity studies
both in time and frequency domain. However, it has been demonstrated that beamformers suffer from a localization bias due to
correlation between source time courses. This phenomenon has been ascertained by means of theoretical proofs and simulations.
Nonetheless, the impact of correlated sources on localization outputs with real data has been disputed for a long time. In this
paper, by means of a phantom, we address the correlation issue in a realistic MEG environment. Localization performances in the
presence of simultaneously active sources are studied as a function of correlation degree and distance between sources. A linear
constrained minimum variance (LCMV) beamformer is applied to the oscillating signals generated by the current dipoles within
the phantom. Results show that high correlation affects mostly dipoles placed at small distances (1, 5 centimeters). In this case the
sources merge. If the dipoles lie 3 centimeters apart, the beamformer localization detects attenuated power amplitudes and blurred
sources as the correlation level raises.

1. Introduction

MEG and EEG provide noninvasive imaging over the
whole brain with an excellent temporal resolution. The
high temporal resolution qualifies these methods for the
study of functional connectivity based on correlated activity.
Over the last three decades, several algorithms have been
developed for brain source localization [1]. Besides recent
Bayesian approaches which employ iterative (and there-
fore computationally demanding) inversion schemes [2–4],
beamformers [5, 6] still hold as one of the most reliable
inversion schemes for source localization both in time and
frequency domain [7–15]. Beamformers are data-dependent
spatial filters. In order to pass from sensor signals to brain
source activity, they employ filters which rely on the signal
covariance (time domain) or the cross-spectrum density
matrix (frequency domain). Moreover, beamformers assume

uncorrelated source timecourses. The covariance estimation
is therefore forced to be diagonal. This may induce a bias
both on location and intensity of the detected sources [16].
Some findings have shown that this assumption produces no
evident bias with certain data sets. On the other hand, other
studies have demonstrated that it may induce relevant biases
when the level of correlation between sources and the signal-
to-noise Ratio are high [17, 18]. A dual-core beamformer
that takes into account the correlation effects between two
sources has been implemented by Brookes et al. [19]. How-
ever, this modified beamformer implies the use of a priori
information which is not always available. The correlation
effects are particularly disruptive when analyzing brain-
induced or spontaneous activity in the frequency domain. In
fact, some possible remedies for modeling correlation effects
have been proposed for the study of evoked potential in the
time domain [20, 21]. However, these approaches based on
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Bayesian theory call for a strong assumption about what is
“signal” and what is “noise/spontaneous activity” within the
time span of our data. This is clearly not possible in presence
of data generated by spontaneous or induced brain activity.

In this paper, we have set true current dipoles within
a phantom and measured the MEG signals generated by
sources with various levels of mutual correlation located
at different depths and mutual distances. The goal of the
paper was to elucidate how correlation affects beamformer
results in a realistic measurement environment. For this
aim, we have localized the oscillating sources both in time
and frequency domain by means of a linear constrained
minimum variance (LCMV) beamformer. Since the local-
ization results appeared extremely similar, we focused on
the frequency domain which is a power implementation of
dynamic imaging of coherent sources (DICS) [10].

2. Materials and Methods

2.1. Forward Solution

2.1.1. Phantom Description. In this experiment the CTF
phantom model PN900-0017 was employed. This phantom
consists of a 65 mm acrylic sphere, filled with saline water at
0.8% concentration, and based on an empty vertical acrylic
tube. This tool emulates the brain volume conductor and the
conductive medium around it. The brain current dipoles are
simulated by a twisted pair of isolated wires, with open ends,
encased in a glass tube. These tubes enter the sphere from the
inferior part through a grid of holes that allows the dipoles to
be located at different positions on the horizontal plane.

2.1.2. Head Coordinate System. To define the head coordi-
nate system, three coils are vertically located at standard
positions on the surface of the phantom sphere. The three
locations loosely correspond to the fiducial points commonly
used with human subjects: nasion (NAS), left periauricular
point (LPA), and right periauricular point (RPA). The origin
is considered the midpoint between RPA and LPA. All of
the three points lie on the central horizontal plane of the
sphere. The X axis points directly to NAS, and the Y axis is
orthogonal to it, pointing approximately towards LPA. The Z
axis is orthogonal to the XY plane, pointing at the top of the
sphere.

In order to define the head localization, the three small
coils (NAS, LPA, and RPA) generate a magnetic dipole
signal. The center of the magnetic dipole coil is 50 mm
above the plane containing the center of all three head
localization coils. The dipole coil is an 11-turn single-layer
air core solenoid wound on a 1.6 mm diameter mandrill.
The magnetic field generated by a coil is different from the
magnetic field generated by a current dipole. As a result,
a different localization calculation is used for the magnetic
dipole phantom.

2.1.3. Dipole Locations. Two different dipole configurations
were considered: one with two parallel dipoles (#1 and #2)

placed on the same coronal plane in the two different hemi-
spheres (Figure 1). The dipoles had different distances from
the surface (2 and 3 cm, resp.). The distance between the
dipoles was 3 centimeters. In the second configuration the
two dipoles (#1 and #3) were placed in the left hemisphere at
a slightly height (2 and 0.5 cm from the surface, resp.), with
dipole #3 more external with respect to #1. Their distance in
this case was 1.5 centimeters.

2.1.4. Simulated Electric Signals. The dipoles’ electric signals
were divided into 200 epochs (100 epochs with oscillating
dipoles, 100 with inactive ones) with a length of 0.8
seconds. The time courses were generated synthetically from
a frequency distribution centered at 10 Hz, controlled for the
desired correlation levels, and then commuted into electric
signals by means of a digital to analog converter (DAC).

A computer with a DAC board Adlink ACL-6126 was
used, with one independent channel per dipole, with alter-
nating current output in a range of ± 5 μA. Since we placed
one dipole (#3, Figure 1) on a location which can be roughly
associated to the sensorimotor region, a typical range of
electrical activity for somatosensory responses was used [22].
Our DAC sampling rate was 200 Hz, the MEG sampling rate
was 293 Hz. The DAC board employed for our experiment
has bipolar outputs, with a common ground. Thus, while the
voltage output was bipolar, the pair was not allowed to float.

Under the conditions mentioned above, the ideal dipole
current drivers are optically isolated current sources; how-
ever, in the absence of this option, the best solution was
(1) to use a DAC with differential outputs (range: ±5 V)
with a 1 Mohm resistor attached to both the positive and
negative outputs, and (2) to ensure adequate separation
(1.5 or 3 cm) between the dipole pairs, compared to the
dipole length (3 mm). Part (1) of the solution ensures a
known and matched value for the current in each cable
of the dipole pair, and part (2) keeps the current between
the pairs one order of magnitude lower than in each
dipole.

2.1.5. Synthetic Time-Course Generation. For each time sam-
ple, an instantaneous frequency was drawn from a Gaussian
distribution centered on a 10 Hz frequency: N(10 Hz, 3 Hz).
The final time course consisted of the cumulative sum of such
instantaneous frequencies, with a random initial phase. The
dipole time courses were controlled either for low (0.15 ±
0.05) medium (0.55± 0.05) or high (0.95± 0.05) correlation
(Figure 2).

In Figure 3 we show a plot of sensor data in the time
domain and a sensor-power plot of Fourier transformed data
at the frequency of interest of 10 Hz.

2.2. Spatial Filters. Since the focus of our work is to quantify
the influence of correlation in the localization accuracy of
dipoles with known locations, the choice of source mapping
strategy was a voxel-wise spatial filter, named beamformer.
Parameters for these spatial filters depend both on the
forward model chosen (source distribution and a volume
conductor model) and the data.



Computational and Mathematical Methods in Medicine 3

Figure 1: Setting of the three dipoles within the coverless phantom.
Squares have a 5 mm side. In the left upper corner, the complete
setup is shown.

2.2.1. Forward Model. A three-dimensional grid with 5 mm
step was employed for source analysis, bounded by a
sphere of 65 mm radius centered at the origin. At each
grid point (voxel), the full rank-3 leadfield is calculated,
and subsequently reduced to rank-2, since in a spherical
conductor model the radial component is zero [23]. The
volume conductor model is a sphere with a radius of 7 cm.

2.2.2. Linear Constrained Minimum Variance (LCMV) Beam-
former. Linear Constrained Minimum Variance beamform-
ers are widely employed both in time and frequency domain
[9, 10]. As a first step, the 100 active epochs and the 100
inactive ones are Fourier transformed and then averaged.
DICS source power mapping procedure was applied to the
data to both averages. Then, the output of the silent average
was used as a baseline. The active average was contrasted to
the baseline.

LCMV and DICS consist in the following procedure: a
filter matrix A is employed in a linear transformation from
the sensor level to the brain space. A filters the source activity
(in a given frequency band or time window) at the ith voxel
(grid point) with unit gain while suppressing contribution
from the other voxels. The filter depends on the data by
means of the covariance C(t) (LCMV, time domain) or the
cross spectral density (CSD) C(f ) (DICS, frequency domain).
Since the two domains are dual, we will define both matrices
as C in the following description of the filtering procedure.
The minimization problem which yields A has the following
solution:

Ai =
(

LTi CrLi
)−1

LTi C−1
r , (1)

where Cr = C + αI and α is a regularization parameter.
In our case α = 15%, the time window of interest t was
the entire epoch and f = 10 ± 3 Hz so that most of
the signal information content was considered. L is the
leadfield matrix. The columns of L contain the solution
of the forward problem for three orthogonal unit current
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Figure 2: Time-courses for three different levels of correlation.
Dashed and solid curves represent the dipole activities on the two
source locations. Due to the addition of Gaussian noise, the signals
diverge slightly from sine waves. Their phase synchrony grows as
correlation increases.
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Figure 3: Sensor level plots generated by dipoles in positions #1 and #2, at 15% correlation. (a) signal time courses; (b) topographic plot of
signal power at 10 Hz.

dipoles placed at the ith voxel. However, since the dipole
radial component is silent, the leadfield rank at each site is
2. In a spherical conductor, the tangential eigenvectors span
the space containing all possible source orientations that can

be detected with MEG. The quantity (LTi CrLi)
−1

is often
referred to as the beamformer gain factor.

The source cross-power estimates between the two dipole
components at the ith voxel are given by:

Pi = AiCrA∗T
i . (2)

If the condition λ1 � λ2 holds for the singular values of
P, the source can be considered to have a fixed orientation.
Otherwise, the power estimate can be obtained by computing
the trace of the P matrix.

In this paper, the implementations of LCMV and
DICS present in the Fieldtrip package were employed
(http://fieldtrip.fcdonders.nl/).

3. Results

3.1. Localization Results. Since the localization results of
LCMV and DICS appear extremely similar (as one should
expect), we will focus on DICS results. The power mappings
of dipoles oscillating with low, medium, and high correlation
are shown in Figure 4. In presence of a low correlation
level, we obtain a good localization result for both couples
of dipoles (absolute maxima on dipole sites, Figure 4(a)
(couple #1 + #2) and Figure 4(d) (couple #1 + #3)). Perfor-
mances decrease only slightly for a correlation level of 0.55
(Figures 4(b) and 4(e)). The localizations are marginally
more blurred than in the previous case, and the relative
power is faintly reduced. In the case of the close dipoles
#1 and #3 one could get the deceptive idea that a 55%

source correlation level provides for better results than 15%
(Figures 4(d) and 4(e), lower panel, XY plane). This is
only because source #3 is detected as more blurred, and
its presence is perceivable in the lower XY plane where the
absolute maximum of source #1 is found. In the case of
high correlation, the two sources are still recognizable for
the couple #1 + #2 (Figure 4(c)) whereas couple #1 + #3 is
detected as a single source (Figure 4(f)).

3.2. Detected Power Levels at Sites of Interest. Here we focus
on power levels at four locations of interest in order to
discern the correlation effects in a realistic environment
(Figure 5). The three dipole sites are considered (deep blue,
light blue, and yellow). In addition, based on the previous
results, we focus on the median point between dipole #1 and
#3 (red bar). Due to the spatial proximity, the dipole couple
#1 + #3 tends to merge when the correlation degree increases.
This does not happen in the case of the couple #1 + #2. In
this case the distance always prevents the detection of these
dipoles as one merged source. Differently from the couple
#1 + #3, the dipoles just attenuate each other’s power in the
localization process.

For dipoles #1 and #2, the absolute maxima of source
power detection are always correct. No relevant contribution
to the power mapping is coming from the site between
dipoles #1 and #3 as well as from dipole #3 at correlation
levels lower than 95%, proving DICS’s remarkable spatial
accuracy. For high correlation the dipole sites show only 10 to
15% of the power detected in the low correlation simulation.
The power level on the other two sites is not irrelevant
anymore, if compared to the actual dipole sites.

For dipoles #1 and #3, due to the limited distance, 50%
of power of the external source (dipole #3) is not detected at
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Figure 4: Localization results of the two different dipole couples: couple #1 and #2 (left and right, 3 cm distance, in the higher panel) and
couple #1 and #3 (both left, 1,5 cm distance, in the lower panel).

low correlation. At a correlation degree of 55%, the intensity
of dipole #3 is 30% of dipole #1, but the low level of power
in the site between the dipoles shows that the segmentation
between the two detected sources is still acceptable. Only
at 95% correlation level, the two sources are not detectable
anymore. The power level on the site between #1 and #3 is
higher than in site of dipole #3.

Finally, the localization error (LE) for each condition and
each source was calculated. Results in Table 1 show that the
error is in the order of one voxel up to a correlation level of
55%.

4. Discussion

Connectivity studies by means of whole-head non invasive
techniques as MEG and EEG are essential to get an insight
on brain functional networks. However, the choice of the
best algorithm for the network detection is not a trivial
task [24]. Among several approaches [25–27], LCMV still
stands as one of the most powerful schemes for detection
of functional connectivity [11, 28–31]. However, LCMV
beamformers are prone to correlation bias effects. Since these
effects have been univocally shown only in a PC simulation
context, we simulated sources in a human phantom in
order to estimate how correlation affects the detection of

different network hubs in a real MEG measurement involving
every kind of environmental noise. Our findings show that,
with data recorded in a real MEG shielded cabin, LCMV
suffers from a relevant bias only when the correlation degree
between the sources is extremely high. The 55% level is
already a remarkably elevated degree of correlation for the
detected activity of brain functional networks [32, 33]. It
is worth noting that in noninvasive studies the detected
time courses of network hub activities in the human brain
are reconstructed with some kind of inverse scheme. This
implies a certain degree of inaccuracy. Therefore the original
correlation of source time-courses could be relatively higher.

It should be noted that this study has different limi-
tations. The number of simultaneously active sources was
limited to two in order to study correlation effects in a
real recording environment. More complex configurations
should be studied in the future. Papadelis and colleagues
[22], using a spheroid phantom similar to the one employed
in the present study, estimated the localization accuracy of a
synthetic-aperture magnetometry (SAM) beamformer [34]
when three dipolar sources were simultaneously active. In
this case the beamformer failed to detect the third source
within 30 mm of the other two. Differently from that study,
our results do not show a performance decrease for the
deepest source (dipole #2) with respect to the other ones.
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Figure 5: Plots of relative power normalized to the baseline obtained by means of DICS at four sites of interest: location of dipole #1 (deep
blue), dipole #2 (light blue), and dipole #3 (yellow) and the median point between dipole #1 and #3 (red). The high relative values are a
symptom of the good performance of the spatial filter.

Table 1: Localization errors (LEs) in the LCMV outputs. Results are acceptable up until a 55% level of correlation. To our surprise, results for
source #1 and source #3 (nearby sources) at 55% were slightly better than findings on the same couple of sources with 15% correlation as well
as with far sources #1 and #2 simultaneously active at same correlation level (55%). Differences were always in the order of 1 voxel (5 mm).
For high correlation between sources (95%), a more relevant error is detectable for nearby sources whereas only a single local maximum is
retrievable in the area between the two sources for the far ones.

Correlation level LE source #1- source #2 (mm) LE source #1- source #3 (mm)

15% S1, 5; S2, 5 S1, 5; S3, 10

55% S1, 11; S2, 9 S1, 5; S3, 7

95% S1, 15; S2, 12 Single peaks not detectable

Our data suggest that MEG should be able to localize 3 cm
deep sources under the condition of a sufficient number
of trials (i.e., sufficiently high SNR). Furthermore, the use
of a spheroid phantom is not optimal for a realistic MEG
simulation. A more realistic approach should consider dif-
ferent dipole orientations and time shifts of sources as well as
different time-course envelopes. A possible further step in the
direction of realistic conditions would be the construction of
a human-shaped phantom with different compartments for

brain, cerebrospinal fluid (CSF), skull, and scalp. This could
potentially yield an increase in the accuracy as shown by the
MEG results in [35]. The significance of precise conductivity
values for MEG, where only one volume conductor is
used, has been downplayed by several studies [35–38];
the shape of the volume conductor plays a more relevant
role. The simplest, first-order head model is a sphere; a
higher-order model could potentially map more subtleties
of the head anatomy. Leahy and colleagues show that with
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a realistic skull phantom and a corresponding BEM head
model, the MEG localization errors are comparable with
the potential registration errors. Furthermore, they found
out that the localization errors induced by a locally fitted
sphere are slightly larger than those generated by a BEM
model (3.03 mm versus 3.47 mm in the localization error;
6.8◦ versus 7.7◦ in the tangential component error). These
findings suggest that, while generating a subject-specific
volume conductor is probably adding excessive complexity,
a standard BEM model scaled to the subject (i.e., a global
rescaling transformation with 7 parameters: 6 parameters for
rotation and translation and 1 for scaling) could be a fair
compromise. This information can be extracted just from
the fiducial points of the subject. We performed a brief
comparison between a spherical and a “Nolte” model [36].
For the sphere, only rank-2 leadfields were used, for the
reasons mentioned in the methods section; this does not
necessarily apply to the “Nolte” model. The 7-parameter
transformation was then applied to a boundary element
method (BEM) model generated from the MRI image of
a subject’s head, and the ratio between rank-3 and rank-
2 leadfields was calculated for each position on a regular
grid with 5 mm resolution. The median ratio resulted smaller
than 0.1%, indicating that most information input in the
model is nondescriptive. Only 3.7% of the sites (435 out
of 11654) had a ratio larger than 1%, and less than 0.2%
(20 sites) crossed a 5% threshold. This finding suggests that
the use of a realistic phantom and a corresponding accurate
model appears necessary only in particularly elaborated
simulations.

The approach with real current dipoles employed in this
study can be further extended in the future to investigate
human brain functional networks (resting state, acoustic,
sensorimotor, etc.) comparing real and simulated (non-
synthetic) data with the limitations described above. A
comparison between human networks and simulated ones at
different correlation levels can provide new insights both on
the physiological meaning of such human networks and on
beamformer limitations as a detection tool for connectivity
studies. In fact, the LCMV beamformer can be employed in
two simple ways in order to access brain connectivity: 1. In
the time domain in order to reconstruct the source time-
courses from different areas and in a second step to study
their connectivity by means of different algorithms [11, 39–
41]. Another possible extension of the present study is the use
of DICS not just for power but also for coherence mapping.
In this last case, instead of calculating the source power
estimates at the ith voxel by means of (2), the cross spectrum
and coherence estimates between the tangential dipoles at the
voxels placed at r1 and r2 can be estimated for every brain
voxel [10].
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Functional neural connectivity is drawing increasing attention in neuroscience research. To infer functional connectivity from
observed neural signals, various methods have been proposed. Among them, phase synchronization analysis is an important and
effective one which examines the relationship of instantaneous phase between neural signals but neglecting the influence of their
amplitudes. In this paper, we review the advances in methodologies of phase synchronization analysis. In particular, we discuss
the definitions of instantaneous phase, the indexes of phase synchronization and their significance test, the issues that may affect
the detection of phase synchronization and the extensions of phase synchronization analysis. In practice, phase synchronization
analysis may be affected by observational noise, insufficient samples of the signals, volume conduction, and reference in recording
neural signals. We make comments and suggestions on these issues so as to better apply phase synchronization analysis to inferring
functional connectivity from neural signals.

1. Introduction

Segregation and integration are two fundamental organiza-
tion principles of neural systems in brain [1]. The neural
organization can be investigated with functional neural
connectivity in both local and global brain regions. The
connectivity in local regions reflects specialized functions
of local cortex, while the connectivity among spatially
separated brain regions plays important roles in advanced
cognitive function [2–7]. Various measures, such as phase
synchronization index (PSI), mutual information, corre-
lation coefficient, coherence, and partial directed coher-
ence, have been applied to inferring neural connectivity
among brain units at multiple temporal and spatial scales
with neural signals including electroencephalography (EEG),
magnetoencephalography (MEG), functional magnetic res-
onance imaging, and local field potential [8–13]. These
measures can be classified into several families such as
correlation/coherence family, phase synchronization family,
and Granger causality family. The measures in the same
family usually yield results with strong correlation to each

other and thus could provide little additional information
on neural connectivity, while some measures belonging to
different families may have weak correlation to each other in
inferring neural connectivity, which implies that they each
could characterize interdependence of signals in different
aspects [13].

Among these measures, PSI quantifies the relationship
between instantaneous phases (IP, represents the rhythm of
oscillation or signal wave) of coupled systems/brain units
but neglects the effect of their amplitude. PSI has been
demonstrated to be effective in inferring neural connectivity,
especially when the connectivity is too weak to be detected
by other measures [8, 14]. Note that there are other types
of synchronization, such as complete synchronization and
generalized synchronization [14, 15]. But most of them are
defined for theoretical models of coupled oscillators and
difficult to be applied to neural signal analysis. The coupled
systems/units are claimed to be in phase synchronization
(PS) when the difference of IPs is bounded with respect
to time. PS is ubiquitous in both natural and man-made
systems, such as neural oscillations [4, 16], coupled chaotic
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oscillators [17], chaotic laser arrays [18], and electrochemical
oscillations [19]. In addition, two metrics of PS, that is, the
phase-lock interval and the lability of global synchronization,
hold power law probability distributions for both simulation
systems (i.e., the Ising model and the Kuramoto model)
and brain networks at a broadband frequency. These results
imply that the IP association among multiple units or brain
regions hold the property of criticality [20].

PSI, also called phase-locking value in literature, is
proposed to quantify the level of PS and has been applied to
a wide range of neuroscience research [3, 5]. For example,
PSI has been used to examine the alternation of cortical
connectivity prior to seizures [21] and neuronal synchrony
after ischemic stroke [22], to identify mental states in
brain-computer interface [23, 24], to investigate cognitive
dysfunctions of mental disorder [25], and to gain new
strategies for clinical treatment [22, 26]. However, to get a
reliable estimation of PSI from observed neural signals is
not so easy, especially when the signals are with a small
number of samples and/or contaminated by noise [10, 11,
27, 28]. Note that, in literature, other measures, such as phase
clustering index, used different definition of phase, which is
not within the framework of IP [29, 30]. In this paper, we
review the methodology of PS analysis in inferring functional
neural connectivity from the following aspects.

(1) IP definition. To detect PS in a pair of signals, various
IP definitions have been proposed. Most of these
IP definitions are based on particular transforms,
such as the Hilbert transform [17] and the wavelet
transform [31]. But actually, these IP definitions can
be unified into one framework which defines IP with
specific filter applied to signals [32].

(2) PSI and its significance test. We will introduce two
commonly used PSIs, which are based on entropy
[2, 33] and circular statistics [34, 35], respectively.
We will further introduce several strategies to provide
significance test for the estimated PSI.

(3) Practical problems in PS detection. The estimation of
PSI is affected by observational noise, volume con-
duction, the number of samples in observed signals,
reference, and other factors. We will summarize the
advances on these issues and give suggestions for a
better PS detection.

(4) Extensions of PS analysis. Lots of extensions/varia-
tions of PS analysis have been proposed for multitrial
signals and multivariate signals. We will give a brief
overview of these methods and some comments to
their applications in neural signal analysis.

2. Definition of Instantaneous Phase

Before estimating the level of PS, the IP of each signal
should be defined (Figure 1). The most basic definition of
IP is based on the Hilbert transform [14, 17, 36], which
can be directly applied to coherent signals (i.e., narrow
band signals with one prominent spectral component). But,
for noncoherent data such as raw neural signals, this IP

definition may yield negative instantaneous frequency (IF,
defined as the derivative of IP with respect to time), which
is physically meaningless [37–39]. One way is to process
noncoherent signal with a specific narrow bandpass filter.
An alternative way is to define IP based on other transforms
such as the wavelet transform [18, 19, 31, 40]. PS detection
based on these IP definitions has been compared numerically
with both simulation data and experimental signals, yielding
similar connectivity [10, 11]. In addition, an analytical study
on these IP definitions has unified them into one framework
which defines IP with a specific bandpass filter applied
[32]. In this section, we will briefly introduce issues on IP
definition based on results in [32].

2.1. Definitions of Instantaneous Phase

2.1.1. IP Definition Based on the Hilbert Transform. For a
given signal s(t), its analytic signal is defined as

s(h)(t) = s(t) + js̃(t), (1)

where

s̃(t) =H[s(t)] = 1
π

P.V.
∫∞

−∞
s(τ)
t − τ dτ (2)

is the Hilbert transform of s(t) (here P.V. means that the
integral is taken in the sense of the Cauchy principal value).
Then the IP of s(t) is defined as

φ(h)(t) = arg
[

s(h)(t)
]

= arctan
s̃(t)
s(t)

. (3)

In the frequency domain, s(h)(t) appears as S(h)( f ) =
S( f )B(h)( f ), where S( f ) is the Fourier transform of s(t) and

B(h)( f
) =

⎧

⎪⎪⎨

⎪⎪⎩

2, if f > 0

1, if f = 0

0, if f < 0

(4)

is the Fourier transform of b(h)(t) = δ(t) + j(1/πt). Then in
numerical implementation, the estimation of analytic signal
s(h)(t) can be obtained by the inverse Fourier transform of
S(h)( f ). In the time domain, s(h)(t) can be expressed as the
convolution of s(t) with the complex-response filter b(h)(t);
that is,

s(h)(t) = s(t)∗ b(h)(t). (5)

2.1.2. IP Definition Based on Gaussian Filter. Another
method defines IP as

φ(g)(t) = arg
[

s(g)(t)
]

, (6)

where

s(g)(t) = s(t)∗ b(g)(t) (7)

is the convolution of s(t) with a narrow-band Gaussian filter
b(g)(t) = (1/

√
2πT)e−t2/(2T2)e j2π fnt, which is shifted by the
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Figure 1: Schematic diagram of phase synchronization (PS) analysis. For broadband raw signals (a), a bandpass filter is first applied to
extracting signal waves in specific frequency band (b). Then analytic signals of signal waves may be defined based on the Hilbert transform
((c) and (d)), and the argument of the analytic signals are defined as instantaneous phase (IP) of the corresponding signal waves. The IPs
could be wrapped into the range [−π,π] (e). In some cases as marked by dotted rectangle in (e), the estimated analytic signal [s(t) + js̃(t)]
may be ill-defined due to noisy data and does not always rotate counterclockwise around origin in the complex plane, resulting in non-
monotonic IP “jump” at the time when the trajectory of analytic signal crosses through the origin. Signals with too many IP “jumps” are
not suitable for PS analysis. With the differences of IPs which are wrapped in the range [−π,π], PS index (PSI), which quantifies the level of
PS, could be estimated according to the distribution of IP difference (g). In addition, significance test could provide a significance threshold
(the black bar in (h)) for estimated PSI. If the estimated PSI is greater than the threshold, then the corresponding signal wave pair is claimed
to be in significant PS with a certain confidence level. For some cases, the amplitudes of analytic signals may be rather weakly correlated (f),
but the corresponding PSI is with relatively large value. For the case in (f) and (g), the correlation coefficient between the amplitudes (i.e.,
A1 versus A2) of two signal waves is −0.07, while the corresponding MPC-based PSI is 0.44.
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nominal frequency fn [18]. In the frequency domain, s(g)(t)
can be expressed as S(g)( f ) = S( f )B(g)( f ), where B(g)( f ) =
e−2π2T2( f− fn)2

. PS analysis based on this IP definition has
successfully detected PS in coupled laser arrays, which was
not revealed by IP defined with the Hilbert transform [18].
The possible reason is that the Gaussian filter extracts the
components of the laser data in a particular frequency band
which are in PS, while PS analysis based on the Hilbert
transform does not use filter to extract the components,
and thus the underlying PS level is submerged by noise and
components in other bands.

2.1.3. IP Definition Based on the Wavelet Transform. With the
Gabor wavelet ψ(t) = g(t)e j2πνt, IP is defined as

φ(w)(t) = arg
[

s(w)(t)
]

, (8)

where

s(w)(t, a) = s(t)∗ b(w)(t) (9)

is the convolution of s(t) with b(w)(t) = f 1/2
n g( fnt)e j2π fnt,

and g(t) = (T2π)−1/4e−t2/(2T2) is the envelope [31]. The
difference between IP definitions based on the Gaussian filter
and on the wavelet transform lies in that the filters b(w)(t) and
b(g)(t) are with Gaussian windows of different amplitudes
and width; that is, b(w)(t) is scaled by fn. In the frequency
domain, g(t) appears as G( f ) = (4πT2)1/4e−2π2 f 2T2

, and
b(w)(t) is B(w)( f ) = f −1/2

n G(( f / fn)− 1).

2.1.4. Unified Framework for IP Definitions. The IP defini-
tions discussed above all can be expressed as the argument
of the signal after a specific filter. In other words, these IP
definitions can be unified into one common framework [32];
that is,

φ(b)(t) = arg
[

s(b)(t)
]

, (10)

where

s(b)(t) = s(t)∗ b(t). (11)

Here b(t) = g(t)e j2π fnt is a filter with envelope g(t) =
(1/
√

2πT)e−t2/(2T2), nominal frequency fn, and response
duration T . The filter assures that the extracted signal wave
is coherent. s(b)(t) is analytic in an asymptotic sense as the
bandwidth of b(t) is smaller than 2 fn [36, 41, 42]. This
method is exactly the one based on a Gaussian filter when
the envelope g(t) is a Gaussian function. Filter b(t) can be
expressed as

B
(

f
) =

∫∞

−∞
b(t)e− j2π f tdt = G

(

f − fn
)

(12)

in the frequency domain, where G( f ) = e−2π2 f 2T2
is the

Fourier transform of g(t).
The analytic signal s(b)(t) = s(t)∗b(t) can be interpreted

as a combination of the Hilbert transform and a real

bandpass filter. Let s(r)(t) = s(t) ∗ [g(t) cos(2π fnt)], where
g(t) cos(2π fnt) is the real part of b(t). Then s(r)(t) appears as

S(r)( f
) = S

(

f
)
[

1
2
G
(

f + fn
)

+
1
2
G
(

f − fn
)
]

(13)

in the frequency domain. With (4), the analytic signal of
s(r)(t) can be obtained by performing the inverse Fourier
transform to S(r)( f )B(h)( f ); that is,

F −1
[

S(r)( f
)

B(h)( f
)]

= F −1
{

S
(

f
)
[

1
2
G
(

f + fn
)

+
1
2
G
(

f − fn
)
]

B(h)( f )
}

= F −1[S
(

f
)

G
(

f − fn
)]

= s(t)∗
[

g(t)e j2π fnt
]

= s(b)(t),
(14)

where F −1(·) denotes the inverse Fourier transform opera-
tor.

Beside IP definitions within this framework, there are IP
definitions proposed in other aspects [43, 44]. For example,
the IP and PSI based on Rihaczek distribution are more
robust to noise than the method based on the wavelet
transform [43].

2.2. Constraints for IP Definition. For a real signal s(t) =
R[A(t)e jφ(t)], its imaginary counterpart I[A(t)e jφ(t)] is usu-
ally unobservable, where R(·) and I(·) denote the real and
the imaginary parts of the complex variable (·), respectively.
Generally, the imaginary part is estimated from s(t) by a
certain operation; that is, I[A(t)e jφ(t)] = H̃[s(t)]. Among
various operators H̃(·) proposed, the Hilbert transform
H(·) is the only one that satisfies the following three
conditions [45].

(i) The associated amplitude A(t) is continuous and
differentiable.

(ii) The IPs of signals s(t) and c · s(t) is the same; that is,
the operator should possess the property H̃[c·s(t)] =
c · H̃[s(t)], where c is a constant.

(iii) For any constant amplitude A > 0, frequency ω >

0, and phase ψ, the operator satisfies H̃[A cos(ωt +
ψ)] = A sin(ωt + ψ).

In addition, the Bedrosian theorem gives more con-
straints on IP definition based on the Hilbert transform
[36, 42]. This theorem states that the relation

H[l(t)h(t)] = l(t)H[h(t)] (15)

holds for a low-frequency term l(t) and a high-frequency
term h(t) whose spectra do not overlap in the frequency
domain. For real signal s(t) = A(t) cosφ(t), s(q)(t) =
A(t)e jφ(t) is its quadrature model. It seems that φ(t) in this
model is a good candidate for definition of IP. However, it is
difficult to estimate A(t) and φ(t) from only the observable
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signal s(t) with this model. There is a difference between
s(q)(t) and the analytic signal s(h)(t) (1). This difference
approaches zero in an asymptotic sense as A(t) and cosφ(t)
fulfill the Bedrosian theorem [42]. Note that the Bedrosian
theorem sets a constraint to the signal, which is similar to
the second condition; that is, H̃[c · s(t)] = c · H̃[s(t)],
that set on the operator. For noncoherent signal, bandpass
filter b(t) is usually applied, so that the extracted signal
wave s(b) = s(t) ∗ b(t) is coherent and fulfills the Bedrosian
theorem. The effective bandwidth of filter b(t) is Δ f =
1/(2
√

2πT), which should be less than 2 fn [32]. As the filter
b(t) becomes narrower close to delta function (i.e., δ( f −
fn)) in the frequency domain, the IF (1/2π)(dφ(b)(t)/dt) of
the components in the pass band approaches the nominal
frequency fn in an asymptotic sense [46].

Generally, to infer functional connectivity with PS anal-
ysis, we would recommend to define IP by combining the
Hilbert transform with specific bandpass filter; that is, a
bandpass filter is first applied to extracting the neural signal
waves in specific frequency band, and then IP is defined
based on the Hilbert transform.

3. Phase Synchronization Analysis

3.1. Phase Synchronization Indexes. Let φ1(t) and φ2(t)
denote the cumulative IP of signals observed from two
coupled units, respectively. Then the signal pair is said to be
in p : q PS when the inequality |pφ1(t) − qφ2(t)| < const.
holds, where p and q are positive integers. In this paper,
we focus on the case of 1 : 1 PS, which is defined based on
samples of one trial in the time domain. Most conclusions for
1 : 1 PS can be easily extended to the case of p : q PS [47, 48].
In neuroscience research, the estimated PSI is usually taken
as one kind of functional connectivity in neural signals. Here
we introduce two PSIs which have been commonly used to
quantify the functional connectivity of neural signals. They
are based on entropy [2, 33] and circular statistics [34, 35],
respectively. Let s(n) denote s(nΔt), that is, the observation
of s(t) at time nΔt, and let φ̂(n) denote the estimation of φ(t)
at time nΔt, where Δt is the sampling interval.

(i) The entropy-based PSI is estimated by

ρ = (Qmax −Q)
Qmax

, (16)

where Q = −∑K
i=1 Pi ln(Pi) is the entropy of

distribution P(ϕ̂), ϕ̂(n) = φ̂1(n)−φ̂2(n),Qmax = lnK ,
and K is the number of bins of distribution [2, 33].

(ii) The mean phase coherence (MPC) of IP difference
ϕ(t) = φ1(t) − φ2(t) is another commonly used PSI.
It is defined as λ = |E[e jϕ]| and can be estimated via

λ = 1
N

∣
∣
∣
∣
∣
∣

N−1
∑

n=0

e jϕ̂(n)

∣
∣
∣
∣
∣
∣

, (17)

where {ϕ̂(n)}N−1
n=0 is the estimation of ϕ(t) and N is

the number of samples.

These two PSIs quantify how concentrated the distribu-
tion of IP difference is. Their values are in [0, 1], with PSI = 1
implying that the signal pair is with exact rhythm locking and
PSI = 0 indicating no PS at all. Beside these two indexes, other
measures, such as the index based on conditional probability
[2] and the index based on mutual information [49],
have also been applied to the quantification of relationship
between IPs. More discussions on PSI can be found in [8].

3.2. Significance Tests for PSI. In inferring neural connectiv-
ity, a highly concerned question is whether the estimated PSI
could indicate that the signal pair is with significant connec-
tive strength or not. This question is also concerned in brain
network research, as brain network is constructed by setting
edges between nodes (i.e., brain regions) with connective
strength over a predefined threshold. Accumulated studies
show that both functional and structural brain networks is of
small-worldness with sparse edge number [28, 50–55]. The
topology of brain networks are dependent on the number of
edges, that is, the number of connectivity with significantly
big strength. One way to decide the value of this common
threshold is based on significance test for estimated PSI
[8, 34, 49, 56]. Here we introduce three different strategies
in providing significance threshold for PS analysis.

3.2.1. Artificial Surrogate Tests. The first strategy is based on
artificial surrogate data. Surrogate methods usually produce
artificial data by randomizing the concerned property but
keeping as much as possible other properties of the original
signal [49, 57]. Then whether the original signal possesses the
concerned property could be tests with the artificial surrogate
data. Various surrogate methods have been proposed [8,
57–61]. For example, surrogate method based on autore-
gressive model generates surrogate realizations by fitting
an autoregressive model of the original signals and using
independent white noise as the inputs to the model. The
surrogate data generated by this method are linear stochastic
processes and have the same power spectra of the original
signals [57, 60]. In another study, a method named twin
surrogate is proposed based on the recurrence properties. It
is demonstrated to be suitable to provide significance test for
PS in Rössler oscillators [61].

In [28], four different surrogate methods, which generate
artificial surrogate data by shuffling the rank order, the
phase spectra, the IP of original EEG signals, are compared
in significance test for PS analysis. Results show that the
phase-shuffled surrogate method is workable for PS analysis.
This method generates surrogate data by shuffling the
phase spectra of original signal but keeping the amplitude
spectra unchanged. Let {S(k)}N−1

k=0 denote the discrete Fourier
transform of original signal {s(n)}N−1

n=0 ; that is,

S(k) =
N−1
∑

n=0

s(n)e− j2πkn/N , k = 0, 1, . . . ,N − 1. (18)
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Then a surrogate realization of {s(n)} is generated by the
inverse discrete Fourier transform of S̃(k); that is,

s̃(n) = 1
N

N−1
∑

k=0

S̃(k)e j2πkn/N , n = 0, 1, . . . ,N − 1, (19)

where

S̃(k) = |S(k)|e jν(k), (20)

with a uniform random sequence {ν(k)}N−1
k=0 [57, 58].

A (1 − α) × 100% level of significance corresponds
to a probability α of a false rejection. A larger number
of surrogate realizations could offer a greater power in
discrimination [57]. In [28], 99 surrogate pairs are generated
for each original EEG signal pair. Then if the PSI of one
original signal pair is larger than the 5th biggest in all the
100 PSIs (i.e., the PSIs of the original signal pair and its
99 surrogate pairs), the original signal pair is claimed to
be in PS with a 95% level of significance. Figure 2 shows
the histogram of the MPC-based PSIs λ for 435 original
EEG signal pairs and their phase-shuffled surrogate pairs for
one subject, where one common significance threshold is
estimated for all 435 original signal pairs in each case.

3.2.2. Analytical Significance Test. The second strategy is
based on the distribution test of IP series [34, 56]. When
the distribution of PSI is well approximated by an analytical
model, a significance threshold then could be offered ana-
lytically. Empirical distributions of IP difference of coupled
Rössler systems have been tested under the assumption
that IP obeys specific distributions and the IPs of different
samples are independent [56]. But this is applicable only for
special cases, as the distribution of IP difference may vary
with respect to different dynamical systems. In another study,
the IP difference is formulated as an increment process under
the assumption that the increments could be represented
by an α-mixing process. A theoretical significance level is
proposed for the MPC-based PSI. Simulation results show
that the significance level is workable when the time series is
with enough samples and two dependent parameters could
be reliably estimated [34].

3.2.3. Surrogate Test Based on Intersubject Signal Pairs.
The third strategy is based on the assumption that the
neural signals of different subjects are independent. In [28],
intersubject EEG signal pair denotes two EEG signals from
two different subjects, and intra-subject EEG signal pair
denotes two EEG signals from the same subject. Then under
this assumption, the intersubject EEG signal pairs can be
used as surrogate pairs for intra-subject EEG signal pairs.
Compared with above artificial surrogate data, intersubject
surrogate pairs seem to possess more inherent features of
EEG signals but with no association between each other.
Then significance test based on intersubject EEG signal
pairs may be used as a standard criterion in evaluating the
performance of artificial surrogate methods. Significance test
with this strategy shows that the histogram of the MPC-
based PSIs λ for intersubject surrogate pairs and intra-
subject EEG signal pairs is similar to that based on the

phase-shuffled surrogate method (Figure 2) [28], and the
significance threshold suggested by intersubject surrogate
pairs is close to that by the phase-shuffled surrogate method.
This implies that the phase-shuffled surrogate method is
workable in providing significance test for PS analysis. In
our opinion, more studies on significance test for PS analysis
are needed, and the studies combined the three different
strategies introduced above would be promising when they
may reach consistent results.

4. Problems in Phase
Synchronization Detection

In real applications, the observed neural signals are more
or less contaminated by noise, and the samples collected
are usually limited. Obviously, the observational noise will
degrade the estimation of PSI and even submerge non-
trivial PS in neural signals. In addition, the MPC-based PSI
is a biased estimator, which implies that the reliability of
functional connectivity inferred by it will decrease as the
samples collected in signals are insufficient. To get a reliable
PS detection in real applications, we must take the issues into
consideration. In this section, we would discuss challenges of
PS analysis in practice. In particular, we would introduce the
advances on the effect of noise in PS detection, the influence
of signal duration and estimation bias of PSI, the effect of
volume conduction, and the influence of reference in PS
analysis.

4.1. Effect of Noise in PS Detection. The effect of noise
in PS detection has been examined by both numerical
computation [10, 11, 27, 33, 62, 63] and analytical study
[32]. A bandpass prefiltering can suppress the effect of noise
but may introduce spurious connectivity as well [33]. In this
section, we mainly review a theoretical study on the effect of
noise in IP estimation and PS detection based on the unified
framework of IP definition [32].

Let s(t) = x(t) + w(t) denote the noisy signal, where x(t)
is the clean signal and w(t) is the additive noise. The analytic
signal of s(t) can be defined with a bandpass filter b(t); that
is,

s(b)(t) = s(t)∗ b(t)

= x(t)∗ b(t) +w(t)∗ b(t)

= Ax(t)e jφ
(b)
x (t) +w(b)(t),

(21)

where w(b)(t) = w(t) ∗ b(t). Let θ(t) = φ̂(b)
s (t) − φ(b)

x (t)
denote the estimate error of IP due to the noise term w(t),
where φ̂(b)

s (t) denotes the estimate of φ(b)
x (t) from the noisy

signal s(t). It has been proved that the distribution of θ(t) is
a normal distribution; that is, θ ∼ N(0, σ2

θ ),

p(θ) =
(√

2πσθ
)−1

e−θ
2/(2σ2

θ ), (22)

when the instantaneous signal-to-noise ratio, defined as
r(b)(t) = A2

x(t)/[2σ2
w(b) ] in the pass band, is larger than 5.

Here σ2
w(b) is the variance of w(b)(t), and σθ = σw(b) /Ax(t).
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Figure 2: Histogram of the phase synchronization indexes (PSI) λ for 435 original EEG signal pairs and their 435 × 99 = 43 065 phase-
shuffled surrogate pairs for one subject. The results for the theta, alpha, beta, and gamma waves of six different duration, that is, 100 ms,
200 ms, 400 ms, 600 ms, 800 ms, and 1600 ms, are presented. For each subfigure, all the PSIs λ of original EEG signal pairs and their phase-
shuffled surrogate pairs are sorted in ascending order, and the black bar indicates the value (x-axis) of the one at the rank of 95% of all the
PSIs. In other words, the black bar indicates the threshold of 95% level of significance for the estimated PSIs of original EEG signal pairs in
each case.

The wrapped θ, that is, Θ = θ(mod2π), obeys the wrapped
normal distribution, Θ ∼ Ñ(0, σ2

θ ) [35, 64],

p(Θ) = 1√
2πσθ

∞
∑

k=−∞
e−(Θ+2kπ)2/(2σ2

θ ). (23)

For the MPC-based PSI, λ = |E[e jϕ]|, the effect of noise
appears as

λ̂ = e−(σ2
θ1

+σ2
θ2

)/2λ; (24)

that is, the noise introduces a degrading factor, e−(σ2
θ1

+σ2
θ2

)/2,
into the true index λ. This factor is determined by only
the level of in-band noise. If σθ = σw(b) /Ax in (22) is not
a constant, θ actually obeys a conditional distribution, and
(22) turns out to be

p(θ | σθ) =
(√

2πσθ
)−1

e−θ
2/(2σ2

θ ), σθ > 0. (25)

For observed signal {s(n)}, the distribution of IP error is a
scale mixture of normal distributions (SMN) with different

variances. If the probability density function of {σθ(n)} is
known, the empirical distribution of IP error {θ(n)} can be
approximated as

pm(θ) =
K
∑

k=1

p(θ | σk)πk, (26)

where {πk}Kk=1 are the respective empirical probabilities
which are estimated from {Ax(n)} [65]. Note that Ax(n)
is the instantaneous amplitude of the clean signal, and
thus it is difficult to obtain its distribution with only the
observed noisy signal {s(n)}. Simulations are performed by
considering the SMN of the IP error as a normal distribution
with constant standard deviation σw(b) /max{Ax(n)}; that is,
σθ = σw(b) /max{Ax(n)}, and computational outputs support
the theoretical results (24). When the in-band noise level is
not so high (signal-to-noise ratio greater than 10 dB), the
estimated PSI is not much affected by observational noise
[32].
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4.2. Influence of Signal Duration and Estimation Bias. Anoth-
er question in PS analysis is how long a epoch of signals is
enough to get a reliable quantification of neural connectivity?
One microstate of EEG signals usually lasts 50 to 200 ms [3,
9, 66]. However, various durations (from 100 ms to 10 ms)
of EEG signals have been used in examining functional
connectivity [12, 24, 67, 68]. A comprehensive study has been
performed regarding this issue based on both surrogate tests
and intersubject EEG surrogate test [28]. Results show that
a duration of EEG waves of 3 ∼ 18 wave cycles is suitable
for PS analysis. The value of PSI is not only determined by
the relationship between two IP sequences but also highly
affected by the duration of signals used for PSI estimation.
Too short duration of signals will result in too large PSI, while
too long duration of signals will yield too small PSI, both
of which may not offer a good indication on the level of PS
(Figure 2) [28].

In another study, the IP difference of a signal pair with no
synchrony is assumed to obey uniform distribution. Under
this assumption, the expected value of the MPC-based PSI is

E{λ} ≈ 1√
N

, (27)

where N is the number of samples used for PSI estimation
[43, 69]. This means that the MPC-based PSI λ is a positively
biased estimators for finite sample sizes [70]. More samples
used will result in a less biased PSI. Then even for the same
duration of signals, signals observed with higher sampling
rate will yield a better estimation of the MPC-based PSI than
those with lower sampling rate. The effect of sampling rate
on both the MPC-based PSI and the entropy-based PSI has
been evaluated. Results demonstrate that the MPC-based PSI
λ is less affected by sampling rate than the entropy-based
PSI and thus is recommended for PS analysis of EEG signals
measured with low sampling rate [28].

In many experimental studies, the number of samples or
trials of measured data is limited. Bias will be unavoidable in
PSI estimation due to insufficient samples. In addition, even
when the observed signals are with sufficient samples, they
may be nonstationary. In this case, we still want to estimate
PSI with samples in short time window, so as to obtain
functional connectivity with a certain degree of temporal
resolution. Regarding this problem, a new measure called
pairwise phase consistency has been proposed [71]. This
measure is defined as the mean of the cosine of IP difference
across all given signal pairs; that is,

ξ = 2
N(N − 1)

N−1
∑

i=1

N
∑

k=i+1

cos
(

φi − φk
)

. (28)

Pairwise phase consistency quantifies the similarity of relative
IP among trials or samples and is bias-free. In addition, it is
demonstrated that pairwise phase consistency is equivalent
to the squared MPC-based PSI in population statistic [71].

4.3. Influence of Volume Conduction. The activities of a single
source within the brain can be observed by many sensors on
the scalp [72]. This is usually referred as volume conduction.

Then the PSI between signals measured by different sensors,
especially by spatially adjacent sensors, may be a trivial
artefact due to volume conduction, but not a true interaction
of the underlying brain activities [73]. There are two ways to
tackle this problem. One way is to estimate the true sources of
underlying brain activities with observed EEG/MEG signals
using inverse method and then quantify the relationship of
the estimated sources rather than the relationship of the
observed signals. However, the true sources are usually not
easy to be obtained by inverse methods.

An alternative way is based on the imaginary part of
coherency of observed signals. We assume that two signals
si(t) and s j(t) collected by sensors i and j are from a
linear superposition of K independent sources xk(t), and the
mapping of each source to sensors is instantaneous with no
distortion [74]. Then in the frequency domain, si(t) can be
expressed as

Si
(

f
) =

K
∑

k=1

aikXk
(

f
)

, (29)

where Si( f ) and Xk( f ) are the Fourier transform of si(t) and
xk(t), respectively, and aik are the contribution coefficient of
xk(t) to si(t). The cross-spectrum of si(t) and s j(t) is

Cij
(

f
) = E

{

Si
(

f
)

S∗j
(

f
)}

=
∑

kk′
aikajk′E

{

Xk
(

f
)

X∗k′
(

f
)}

=
∑

kk′
aikajk′δkk′E

{∣
∣Xk

(

f
)∣
∣2
}

=
∑

k

aikajkE
{∣
∣Xk

(

f
)∣
∣2
}

,

(30)

where δkk′ denotes the Kronecker-delta function. HereCij( f )
is real, which implies that volume conduction of multiple
sources strongly affects the real part of the cross-spectrum
between si(t) and s j(t) but does not affect the imaginary part
[75, 76].

The complex coherency of si(t) and s j(t) is defined as

Ω
(

f
) = Cij

(

f
)

[

Cii
(

f
)

C∗j j
(

f
)]1/2 . (31)

In [75], the imaginary part of Ω( f ) is defined as a
synchronization measure for si(t) and s j(t) in the frequency
domain. The mean ofΩ( f ) over all frequencies is equal to the
mean of the cross-correlation of the corresponding analytic
signals over time [76]; that is,

〈

Ω
(

f
)〉

f =
〈

Ai(t)Aj(t)e j(φi(t)−φj (t))
〉

t
[〈

A2
i (t)

〉

t

〈

A2
j (t)
〉

t

]1/2 , (32)

where 〈·〉 f and 〈·〉t denote the average, respect to frequency
and time respectively. Then the imaginary part of 〈Ω( f )〉 f is

I
[〈

Ω
(

f
)〉

f

]

=
〈

Ai(t)Aj(t) sin
[

φi(t)− φj(t)
]〉

t
[〈

A2
i (t)

〉

t

〈

A2
j (t)
〉

t

]1/2 . (33)
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However, it has been demonstrated that the imaginary part
of 〈Ω( f )〉 f is not a good index of PS as it depends on the
amplitudes of signals [76, 77]. Further, a measure called
phase lag index,

η =
∣
∣
∣

〈

sign
[

φi(t)− φj(t)
]〉

t

∣
∣
∣, (34)

was proposed based on the consideration that “the existence
of a consistent, nonzero phase lag between two times series
cannot be explained by volume conduction from a single
strong source” [76]. Recently, it is demonstrated that the
performance of phase lag index could be degraded by small
perturbations [70]. To deal with this problem, a weighted
phase lag index is defined as

ζ =
∣
∣
∣E
{

I
[

Si
(

f
)

S∗j
(

f
)]}

∣
∣
∣

E
{∣
∣
∣I
[

Si
(

f
)

S∗j
(

f
)]
∣
∣
∣

} . (35)

Compared with phase lag index, the weighted phase lag index
is demonstrated with “reduced sensitivity to additional,
uncorrelated noise sources and increased statistical power to
detect changes in phasesynchronization” [70].

4.4. Influence of Reference. The influence of reference on EEG
signals is a long-lasting problem in quantifying functional
connectivity [78–80]. Various reference strategies, such as
bipolar EEG [81], average common reference EEG [82],
and Laplacian EEG [73], have been proposed. However, the
cautions on these reference strategies have been extensively
reported as well [81, 83].

The influence of reference has been examined with both
analytical analysis and computational simulation [68]. Let
u(t) = Vr(t) denote the reference signal, where V > 0 is
coefficient and r(t) is time-dependent. Let yi(t) denote the
scalp signal measured by the ith sensor, and, si(t) = u(t) −
yi(t) denote the signal yi(t) rereferenced to u(t). For analytic
signal si(t) defined with the Hilbert transform, we have

lim
V →+∞

φsi(t)

= lim
V→+∞

arctan
s̃i(t)
si(t)

= lim
V →+∞

arctan
(1/π)P.V.

∫ +∞
−∞
[

(Vr(τ)/t−τ)−(yi(τ)/t−τ
)]

dτ

Vr(t)−yi(t)

= lim
V →+∞

arctan
(1/π)P.V.

∫ +∞
−∞
[

(Vr(τ)/t−τ)−(yi(τ)/t−τ)]dτ
Vr(t)

= lim
V→+∞

arctan
(1/π)P.V.

∫ +∞
−∞ (Vr(τ)/t − τ)dτ
Vr(t)

= lim
V→+∞

arctan
(1/π)P.V.

∫ +∞
−∞ (r(τ)/t − τ)dτ
r(t)

.

(36)

Then we have

lim
V→+∞

λs1s2 = lim
V →+∞

∣
∣
∣E
{

e j[φs1 (t)−φs2 (t)]
}∣
∣
∣ = 1, (37)

as limV →+∞φs1 (t)− limV→+∞φs2 (t) = 0. This result indicates
that the coefficient V has a great influence on the MPC-
based PSI λ. A sufficiently large V will lead to larger PSI

λs1s2 for referential signals than that for nonreferential signals
[68]. Simulation study demonstrates that the PSI λs1s2 of
two referential signals may monotonically increase to 1 or
decrease first and then increase to 1 as the coefficient V
increases from 0 to ∞. In addition, a method based on
independent component analysis has been demonstrated to
be an appropriate method to generate reference for EEG
signals in quantifying connectivity [84].

5. Extensions of Phase
Synchronization Analysis

Various extensions of PS analysis have been proposed to
infer the relationship in multivariate or multitrial signals
based on the concept of IP [85–90]. For example, a method
named frequency flow analysis has been used to examine the
global synchronization of multivariate signals [88]. If the IF,
derived from IP, of each variable almost equals to the IFs of
other variables in a certain frequency band for a duration,
the multivariate signals are called in PS accordingly. In this
section, we will further introduce two extensions/variations
of PS analysis, that is, the trial-based PSI [85, 86] and the
partial PSI [87].

A trial-based PSI is proposed to examine the variation
of IP difference between signal channels across trials under
repeated stimulus [85, 86]. For a data set of K trials and each
trial with N samples, the trial-based PSI is defined as

λsis j (t) =
1
K

K
∑

k=1

e j[φsi (t,k)−φsj (t,k)], (38)

where φsi(t, k) and φsj (t, k) are the IPs of the channels si and
s j in the kth trial. The PSI λsis j (t) measures the intertrial
variability of IP difference between channels s1 and s2 at
instant t. The PSI λsis j (t) with value close to 1 implies that
the IP difference varies little across trials at instant t, while
the PSI λsis j (t) with value close to zero means that the IP
difference varies approximately uniformly across trials.

The pairwise PSI discussed above can infer the strength
of connectivity in two signals but cannot indicate whether
the connectivity is induced by the direct coupling between
them or due to the indirect interaction mediated by other
units. To deal with this problem, a measure called partial PSI
is generalized from PS analysis following the idea of partial
coherence [87, 91]. Combined with the pairwise PSI, the
partial PSI can be used to distinguish the direct and indirect
interdependencies among interacted systems/units [87]. For
a set of time series {si(n)}, i = 1, 2, . . . ,L, a matrix is defined
with PSIs of bivariate signals as

R =

⎛

⎜
⎜
⎜
⎜
⎝

1 λs1s2 . . . λs1sL
λ∗s1s2 1 . . . λs2sL

...
...

. . .
...

λ∗s1sL λ∗s2sL . . . 1

⎞

⎟
⎟
⎟
⎟
⎠

. (39)
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Let Γ = R−1 denote the inverse matrix of R. Then a measure
called partial PSI is defined as

λi j|Z =
∣
∣
∣Γi j

∣
∣
∣

[

ΓiiΓ j j
]1/2 , (40)

for {si(n)} and {s j(n)}, conditioning on the remaining
processes {SZ | Z = 1, 2, . . . ,L,Z /= i, j} [87]. A partial PSI
λi j|Z ≈ 0 would imply that the association is induced by
indirect coupling if the pair-wise PSI λsis j between {si(n)}
and {s j(n)} is significant.

6. Discussions and Conclusions

We give a technical review on PS analysis in this paper. In
particular, we discuss IP definitions, PSI estimation and its
significance test, the issues that may affect PS detection, and
extensions of PSI. PS analysis is a method to quantify the
mutual rhythmic interaction of coupled systems/units and
has been used to infer functional connectivity from observed
neural signals such as EEG and MEG. The main advantage
of PS analysis is that it could detect weak interaction
between signal pairs by only taking the IPs of signals into
consideration but neglecting the influence of instantaneous
amplitudes of signals. In addition, PS analysis could work for
nonstationary signals. These merits imply that PS analysis
is suitable for neuroscience research, as we are usually
interested in the relationship between neural oscillations in
particular frequency bands such as beta waves ([12, 30] Hz)
and gamma waves ([30, 80] Hz) rather than the interaction
between broadband raw signals.

While inferring functional neural connectivity with PS
analysis, several cautions and limitations should be taken
into consideration. First, the observed neural signal is usually
with broadband spectra and unavoidably contaminated by
noise. In this case, bandpass filter should be used to extract
neural oscillations in the raw signals. Second, for spatially
adjacent neural recordings, PS would be affected by volume
conduction and so did correlation coefficient and mutual
information. In this case, the phase lag index [76] or the
weighted phase lag index [70] is recommended. Third,
PS analysis does not work in a black-box way. The PSIs
estimated with different durations of neural signals are not
recommended to be compared. Fourth, users should be
aware that PSI quantifies the variation instead of the mean
of IP difference within a period. Therefore, PS analysis might
not be suitable for analyzing those relatively stable com-
ponents in neural signals, such as event-related potentials
estimated from multiple EEG trials, as PS would ignore the
amplitudes of components in event-related potential and
miss the latencies of these components as well.

Various measures, such as cross-correlation, coherence,
nonlinear interdependence [10], mutual information [8],
partial directed coherence [9], correlation-entropy coeffi-
cient [92], and coherence entropy coefficient [13], have been
proposed in functional connectivity analysis based on EEG,
MEG signals and simulated data from various aspects [10–
13, 93–95]. Results show that they can reveal a similar

tendency of global connectivity [10]. The MPC-based PSI
has been argued to be slightly better than coherence for both
estimation and detection purposes [93]. In another study,
total 34 different measures are classified into several families
such as correlation/coherence family, mutual information
family, PS family, and the Granger causality family. These
measures are comprehensively compared, and results show
that PS measures, Granger’s causality measures and stochas-
tic event synchrony measures are only weakly correlated
with correlation coefficient, and are mutually uncorrelated
as well [13]. These results imply that these measures each
could characterize interdependence of signals from different
aspects. With this consideration, we could have a good
characterization of functional connectivity between neural
signals with only a few representative measures of different
families.
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