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The theory of discrete dynamical systems has many appli-
cations in almost all branches of the applied sciences. We
can understand the nonlinear phenomena and complexity
by studying the qualitative behavior of discrete dynamical
systems. To a certain extent, the growing interest in difference
equationsmay be also attributed to their simplicity. Although
only quite simple computational and graphical representation
tools are necessary to study the behavior of the solutions
of difference equations and their bifurcations for varying
specific parameters in suitable intervals, it is possible to
appreciate the complicated and surprisingly diverse dynamics
of difference equations. Discrete-time models can be used to
study the population dynamics in which time is taken from
one generation to the next. These discrete-time population
models are suitable for nonoverlapping generations and are
appropriate to describe the nonlinear dynamics and their
chaotic behavior. Controlling chaos and bifurcations refers
to the task of designing a controller to modify the chaotic
behaviors and bifurcation properties of a given nonlinear
system and thereby achieving some desirable dynamical
behaviors.

In this editorial, we present published papers which
analyze various aspects and applications related to this special
issue.

The research article entitled “Nonstationary and Chaotic
Dynamics in Age-Structured Population Models” by A.
Wikan and Ø. Kristensen deals with the dynamics of nonlin-
ear discrete age-structured population models. The authors

focus on bifurcations, as well as nonstationary and chaotic
dynamics. Moreover, different mechanisms which may lead
to periodic phenomena are discussed. Some new results
are also presented, in particular from models where both
fecundity and survival terms contain nonlinear elements.

In “Complexity and Application of Tobacco Manufac-
turer Pricing Game considering Market Segments,” S. Guo
et al. consider a strategy using two methods of market
segmentation through game theory based on the collected
data of several typical cities in Shandong province. Three
oligarchs are discussed to analyze the complexity of the
market in tobacco system. The effect of different factors
on the equilibrium price of Nash equilibrium is discussed.
Furthermore, the variation of parameters drives the system to
change to uncertain status, even to bifurcation or chaos. The
authors also discuss the model under normal circumstances,
when the three parties jointly take chaos control measures,
and its impact on the system. Finally, the chaos control of
economic significance is discussed. These results indicate
that only reasonable pricing strategy is a critical point to
achieve maximized profit and maintain orderly operation at
the same time, which is a constructive suggestion for tobacco
companies for their operational strategy.

The paper entitled “Bifurcation Analysis and Chaos
Control in a Discrete-Time Predator-Prey System of Leslie
Type with Simplified Holling Type IV Functional Response”
by S. M. S. Rana and U. Kulsum deals with the dynamical
behavior of a discrete-time predator-prey system of Leslie
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type with simplified Holling type IV functional response. It is
mathematically proved that the system undergoes Neimark-
Sacker at its positive steady-state. Numerical simulations are
presented not only to validate analytical results but also to
show chaotic behaviors which include bifurcations, phase
portraits, periods 2, 4, 6, 8, 10, and 20 orbits, invariant closed
cycle, and attracting chaotic sets. Furthermore, numerically
maximum Lyapunov exponents and fractal dimension are
computed to justify the chaotic behaviors of the system.
Furthermore, a strategy of feedback control is applied to
stabilize chaos existing in the system.

By the paper entitled “Chaotic Dynamics and Control of
Discrete Ratio-Dependent Predator-Prey System,” S. M. S.
Rana examined the complexity of a discrete-time predator-
prey system with ratio-dependent functional response. The
parametric conditions for existence of fixed points and
their stability are demonstrated. Moreover, the parametric
conditions for existence and direction of Neimark-Sacker are
investigated. Numerical simulations are presented not only
to justify theoretical results but also to exhibit new complex
behaviors which include phase portraits, orbits of periods 9,
19, and 26, invariant closed circle, and attracting chaotic sets.
Furthermore, maximum Lyapunov exponents and fractal
dimension are computed to confirm the chaotic dynamics of
the system. Finally, a state feedback control method is applied
to control chaos which exists in the system.

In “Analysis of Nonlinear Duopoly Games with Product
Differentiation: Stability, Global Dynamics, and Control,” S.
S. Askar and A. Al-khedhairi consider a cubic utility function
that is derived from a constant elasticity of substitution pro-
duction function (CES).This cubic function ismore desirable
than the quadratic one besides its amenability to efficiency
analysis. Based on that utility, a two-dimensional Cournot
duopoly game with horizontal product differentiation is
modeled using a discrete-time scale. Two different types of
games are studied. In the first game, firms are updating their
output production using the traditional bounded rationality
approach. In the second game, firms adopt Puu’s mechanism
to update their productions. Puu’s mechanism does not
require any information about the profit function; instead, it
needs both firms to know their production and their profits
in the past time periods. In both scenarios, an explicit form
for the Nash equilibrium point is obtained under certain
conditions.The stability analysis of Nash point is considered.
Furthermore, some numerical simulations are carried out to
confirm the chaotic behavior of Nash equilibrium point.This
analysis includes bifurcation, attractor, maximum Lyapunov
exponent, and sensitivity to initial conditions.

The paper entitled “Robust Active MPC Synchronization
for Two Discrete-Time Chaotic Systems with Bounded Dis-
turbance” by L. Zhang deals with a synchronization scheme
for two discrete-time chaotic systems with bounded distur-
bance. By using active control method and imposing some
restriction on the error state, the computation of controller’s
feedback matrix is converted to the min-max optimization
problem. The theoretical results are derived with the help
of predictive model predictive paradigm and linear matrix

inequality technique. Numerical examples are provided to
show the effectiveness of the designed control method.

In “An Analysis of Discrete Stage-Structured Prey and
Prey-Predator Population Models,” A. Wikan studied dis-
crete stage-structured prey and prey-predator models. It is
proved that the models under consideration are permanent
(i.e., the population will neither go extinct nor exhibit
explosive oscillations) and, moreover, that the transfer from
stability to nonstationary behavior always goes through a
supercritical Neimark-Sacker bifurcation. The prey model
covers species that possess a wide range of different life his-
tories. Predation pressure may both stabilize and destabilize
the prey dynamics but the strength of impact is closely related
to life history. Indeed, if the prey possesses a precocious
semelparous life history and exhibits chaotic oscillations, it is
shown that increased predation may stabilize the dynamics
and also, in case of large predation pressure, transfer the
population to another chaotic regime.

The research article entitled “Neimark-Sacker Bifurcation
and Chaos Control in a Fractional-Order Plant-Herbivore
Model” by Q. Din et al. deals with the dynamics of a discrete-
time 3-dimensional plant-herbivore model. Moreover, the
existence and uniqueness of positive equilibrium and para-
metric conditions for local asymptotic stability of positive
equilibrium point of the model are investigated. Moreover,
it is also proved that the system undergoes Neimark-Sacker
bifurcation for positive equilibrium with the help of an
explicit criterion for Neimark-Sacker bifurcation. The chaos
control in the model is discussed through implementation
of two feedback control strategies, that is, pole-placement
technique and hybrid control methodology.

In “Complex Dynamics and Chaos Control on a kind of
Bertrand Duopoly Game Model Considering R&D Activi-
ties,” H. Tu et al. study the dynamics and development of
two-stage input competition game model in the Bertrand
duopoly oligopoly market with spillover effects on cost
reduction. The stability of the Nash equilibrium point and
local stable conditions and stability region of the Nash
equilibrium point by the bifurcation theory are investigated.
The complex dynamic behaviors of the system are shown by
numerical simulations. It is demonstrated that chaos occurs
for a range of managerial policies, and the associated unpre-
dictability is solely due to the dynamics of the interaction.
It is investigated that the straight line stabilization method
is the appropriate management measure to control the
chaos.

The research paper entitled “Decomposition Technique
and a Family of Efficient Schemes for Nonlinear Equations”
by F.A. Shah et al. dealswith a new family of iterativemethods
for solving nonlinear equations which is developed by using
a new decomposition technique.The convergence of the new
methods is proved. For the implementation and performance
of the newmethods, some examples are solved and the results
are compared with some existing methods.

The guest editors of this special issue hope that problems
discussed and investigated in the papers by the authors of this
issue can inspire and motivate researchers in these fields to
discover new, innovative, and novel applications in all areas
of pure and applied mathematics.
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We study a dynamic research and development two-stage input competition gamemodel in the Bertrand duopoly oligopolymarket
with spillover effects on cost reduction. We investigate the stability of the Nash equilibrium point and local stable conditions and
stability region of the Nash equilibrium point by the bifurcation theory.The complex dynamic behaviors of the system are shown by
numerical simulations. It is demonstrated that chaos occurs for a range of managerial policies, and the associated unpredictability
is solely due to the dynamics of the interaction. We show that the straight line stabilization method is the appropriate management
measure to control the chaos.

1. Introduction

Currently, research and development (R&D) activities have
become one of the core competitive points for manufactures.
R&D input is also an important way to enhance technological
strength, and R&D activities can reduce cost and improve
competitiveness. R&D activity investment and technology
spillover effects promote manufacturing development, and
enterprise development conversely promotes investment in
R&D activities.

R&D has been one of the most important motivations
for manufacturing development since the nineteen century.
The choice of strategy and the decision rules for R&D input
are two key consideration factors. Dasgupta and Maskin [1]
divided R&D activities into two kinds which were competi-
tion and noncompetition based on the different structure of
the income of innovation. We know that the R&D activities
can bring spillover effect; that is, one manufacturer can get
the spillover effects of the R&D activities from the other
manufacturer.The influence of the technology spillover effect
brought by the R&D activities has been studied by many
researchers. Aspremont and Jacquemin [2] firstly considered
the spillover effect of technology and put forward Cournot

competition in the product market. They proposed the two-
stage theory for R&D activities, which laid an important
foundation for the later research. Gersbach and Schmutzler
[3] considered a three-location duopoly model, including
production and innovation locations choices, and examined
the effects of the internal knowledge spillovers and external
knowledge spillovers on the location of production and inno-
vation. Bischi and Lamantia [4] studied R&D competition
duopoly games with spillover effects. Milstein and Tishler [5]
used a two-stage model to describe the optimal R&D choice
of firms operation in an oligopoly market and predicted a
U-shaped relationship between competition and innovation.
Petit and Sanna-Randaccio [6] considered a two-country
imperfect competition model and examined the influence
of the firms mode of foreign expansion on the incentive
innovation as well as the impact of R&D activities and
technological spillovers on the international strategy. Luckraz
[7] showed a note in a two-stage Cournot R&D game model
with isoelastic demand functions. Luckraz [8] demonstrated
innovation (or Schumpeter’s) cycles in a discrete and finite
dynamic game of innovation and imitation and concluded
that strategic interactions were sufficient to generate cycles.
Grunfeld [9] presented a three-stageCournot duopolymodel,
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which under conditions identified by firms was chosen
to service a foreign market through exports or localized
production.

The references mentioned above assume that the manu-
facturers are completely rational, but the bounded rationality
is, really, more in the realistic economic market because
the manufacturers cannot always get the full information.
Dynamic Cournot game models were discussed in the
following references, in which players used output as the
decision variable. Fanti et al. [10] analyzed the dynamics of a
nonlinear Cournot duopoly with managerial delegation. Ma
and Guo [11] studied the estimation accuracy by assuming
that the second player makes his estimation based on recur-
sive least-square (RLS) algorithm and compared the profit
in two-period decision-making process with that in one-
period decision-making process. Ma and Ji [12] considered
a Cournot model in electric power triopoly with nonlinear
inverse demand function and cost functions. Ma and Tu [13]
studied the complexity of a duopoly game in the electricity
market under the background of development of new energy
with delayed bounded rationality.Wu andMa [14] established
and investigated the complexity of a multiproduct Cournot
duopoly game with managerial delegation. Matsumoto and
Nonaka [15] researched the complexity of a Cournot model
with linear cost functions and complementary goods. Tra-
montana [16] and Tramontana and Elsadany [17] found two
routes which were the flip bifurcations and the Neimark-
Sacker bifurcation to chaos in a duopoly and triopoly game
model with isoelastic demand function and heterogeneous
players, respectively. Yao et al. [18] analyzed a dynamic
triopoly game model with isoelastic demand function and
fully heterogeneous players: bounded rational, adaptive, and
naive.

Nonlinear dynamic Bertrand game models were also
researched in the following references, where players used
price as the decision variable. Chen et al. [19] applied the
Bertrand triopoly model with linear demand functions to
study the competition in Chinese telecommunications mar-
ket. Guo andMa [20] studied the dynamics characteristics of
nonlinear dynamic system in the closed-loop supply chain.
Ma and Li [21] constructed dynamic Bertrand-Stackelberg
pricing models in a risk-averse supply chain which followed
these strategies: Bertrand game between the twomanufactur-
ers and Stackelberg game between the manufacturer and the
retailer. Sun andMa [22] introduce a triopoly Bertrand game
model and applied it in Chinese cold rolled steel market.

Other models of nonlinear dynamical systems are as fol-
lows. Ma and Pu [23] researched the complex characteristics
on a Cournot-Bertrand duopoly model with heterogeneous
goods. Ma and Xie [24] compared and analyzed the com-
plexity on dual-channel supply chain under different channel
power structures and uncertain demand. Ma et al. [25] con-
sidered stability of a three-species symbiosis Lotka-Volterra
modelwith discrete delays.Ma andLiu [26] investigated exact
solutions for a generalized nonlinear Fokker-Planck diffusion
equation with external force and absorption. Tu and Wang
[27] studied the complexity and control of a dynamic master-
slave Cournot triopoly game model.

However, studies of dynamic R&D competition models
with bounded manufacture were relatively rare. Hu et al.
[28] investigated the complexity in a dynamic R&D Cournot
duopoly. Sheng et al. [29] discussed the local and global
complexity of R&D dynamic Cournot duopoly model. Li
and Ma [30] analyzed the complex characteristics on three
oligarchs R&D competitionmodels with heterogeneous play-
ers. The above three references all were Cournot competition
models.This paper considers a dynamicR&D two-stage input
competition game model in the duopoly Bertrand oligopoly
market, which more closely aligns with the actual economic
market because the products generally have some differences
in the real market.

The organization of this paper is as follows. In Section 2,
we construct an R&D two-stage input competition duopoly
game model with bounded rational rules. We investigate the
fixed points and local stability of the system, and complex
system behaviors are shown by numerical simulations with
changes to input adjustment speed and other parameters. In
Section 3, we confirm that the chaotic systems sensitively are
dependent on initial conditions, and Section 4 shows how
the chaos can be controlled by the straight line stabilization
method. Finally, Section 5 discusses and concludes the paper.

2. The Model

We consider two manufacturers producing alternative and
heterogeneous products in the duopoly oligopoly market.
R&D activities are divided into input and output decision
stages. The first stage is an input competition, and we assume
that the manufacturers follow bounded rational strategies.
The second stage is the output decision, using price com-
petition, and we assume the manufacturers seek maximum
profit. The achievements of the R&D activities are spread
between the two manufacturers, which is called technology
spillover in the competition process. At discrete times 𝑡 (𝑡 =0, 1, 2, . . .), manufacturer 𝑋𝑖 (𝑖 = 1, 2) supplies production𝑞𝑖(𝑡) (𝑖 = 1, 2) for the market. Every manufacture should
make an expectation for the rival’s input in the next period to
estimate the maximum corresponding profit for that period.

Following the classic Bertrand model, the demand func-
tions for the two manufacture are

𝑞1 (𝑡) = 𝑎1 − 𝑏1𝑝1 (𝑡) + 𝑒1𝑝2 (𝑡) ,
𝑞2 (𝑡) = 𝑎2 − 𝑏2𝑝2 (𝑡) + 𝑒2𝑝1 (𝑡) .

(1)

And the cost function for manufacturer 𝑋𝑖 (𝑖 = 1, 2) after
their R&D activities is

𝐶𝑖 (𝑡) = (𝐴 − 𝑥𝑖 (𝑡) − 𝛽𝑖𝑥𝑗 (𝑡)) 𝑞𝑖 (𝑡) ,
(𝑖, 𝑗 = 1, 2, 𝑖 ̸= 𝑗) ,

(2)

where 𝐴 is the positive variable cost parameter before the
manufacturer undertakes the R&D activities, and𝛽𝑖 (𝑖 = 1, 2)
is positive technology spillover between the two manufactur-
ers.
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Combining (1) and (2), the profit formanufacturer𝑋𝑖 (𝑖 =1, 2) at the price decision stage is

𝜋𝑖 (𝑡) = 𝑝𝑖 (𝑡) 𝑞𝑖 (𝑡) − 𝐶𝑖 (𝑡) − 𝛾𝑖2 𝑥𝑖 (𝑡)2

= (𝑝𝑖 (𝑡) − 𝐴 + 𝑥𝑖 (𝑡) + 𝛽𝑖𝑥𝑗 (𝑡))
⋅ (𝑎𝑖 − 𝑏𝑖𝑝𝑖 (𝑡) + 𝑒𝑖𝑝𝑗 (𝑡)) − 𝛾𝑖2 𝑥𝑖 (𝑡)2 ,

(𝑖, 𝑗 = 1, 2, 𝑖 ̸= 𝑗) ,

(3)

where (𝛾𝑖/2)𝑥𝑖(𝑡)2 is the cost of R&D investment.
Thus, the marginal profit of manufacturer𝑋𝑖 (𝑖 = 1, 2) is

𝜕𝜋𝑖 (𝑡)𝜕𝑝𝑖 (𝑡) = (𝑎𝑖 − 𝑏𝑖𝑝𝑖 (𝑡) + 𝑒𝑖𝑝𝑗 (𝑡))
− 𝑏𝑖 (𝑝𝑖 (𝑡) − 𝐴 + 𝑥𝑖 (𝑡) + 𝛽𝑖𝑥𝑗 (𝑡)) ,

(𝑖, 𝑗 = 1, 2, 𝑖 ̸= 𝑗) .
(4)

From (4), we can get themanufacturer’s reaction function
to its competitor for a given period by backward induction,
which is calculated for every possible production of the other
manufacturer in a fixed time. For profitmaximization, we can
get the Nash-Bertrand equilibrium price as follows:

𝑝1 (𝑡) = 1
4𝑏1𝑏2 − 𝑒1𝑒2 [2𝑎1𝑏2 + 𝑒1𝑎2 + 𝑒1𝑏2𝐴 + 2𝑏1𝑏2𝐴

− (𝑒1𝑏2𝛽2 + 2𝑏1𝑏2) 𝑥1 (𝑡) + (𝑒1𝑏2 + 2𝑏1𝑏2𝛽1) 𝑥2 (𝑡)] ,
𝑝2 (𝑡) = 1

4𝑏1𝑏2 − 𝑒1𝑒2 [2𝑎2𝑏1 + 𝑒2𝑎1 + 𝑏1𝑒2𝐴 + 2𝑏1𝑏2𝐴
+ (𝑏1𝑒2 + 2𝛽2𝑏1𝑏2) 𝑥1 (𝑡) + (𝑏1𝑒2𝛽1 + 2𝑏1𝑏2) 𝑥2 (𝑡)] .

(5)

For simplicity expression, we denote

𝑓1 (𝑡) = 𝑝1 (𝑡) ,
𝑓2 (𝑡) = 𝑝2 (𝑡) ,
𝑘1 = − (𝑒1𝑏2𝛽2 + 2𝑏1𝑏2)4𝑏1𝑏2 − 𝑒1𝑒2 ,

𝑘2 = − (𝑒1𝑏2 + 2𝑏1𝑏2𝛽1)4𝑏1𝑏2 − 𝑒1𝑒2 ,

𝑘3 = − (𝑏1𝑒2 + 2𝑏1𝑏2𝛽2)4𝑏1𝑏2 − 𝑒1𝑒2 ,

𝑘4 = − (𝑏1𝑒2𝛽1 + 2𝑏1𝑏2)4𝑏1𝑏2 − 𝑒1𝑒2 .

(6)

Thus, back to the first stage, from (3), (5), and (6), the
R&D marginal profits of the input are

𝜕𝜋1 (𝑡)𝜕𝑥1 (𝑡)
= (𝑘1 + 1) (𝑎1 − 𝑏1𝑓1 (𝑡) + 𝑒1𝑓2 (𝑡))
+ (−𝑏1𝑘1 + 𝑒1𝑘3) (𝑓1 (𝑡) − 𝐴 + 𝑥1 (𝑡) + 𝛽1𝑥2 (𝑡))
− 𝛾1𝑥1 (𝑡) ,

𝜕𝜋2 (𝑡)𝜕𝑥2 (𝑡)
= (𝑘4 + 1) (𝑎2 − 𝑏2𝑓2 (𝑡) + 𝑒2𝑓1 (𝑡))
+ (−𝑏2𝑘4 + 𝑒2𝑘2) (𝑓2 (𝑡) − 𝐴 + 𝑥2 (𝑡) + 𝛽2𝑥1 (𝑡))
− 𝛾2𝑥2 (𝑡) .

(7)

Suppose that the R&D input decision of manufacturer𝑋𝑖 (𝑖 = 1, 2) is bounded rational suppliers, and the manu-
facturer makes the next-period R&D input decision based on
their current input and the marginal profit of the R&D input.
The dynamic adjustment mechanism can be written as

𝑥𝑖 (𝑡 + 1) = 𝑥𝑖 (𝑡) + 𝛼𝑖𝑥𝑖 (𝑡) 𝜕𝜋𝑖 (𝑡)𝜕𝑥𝑖 (𝑡) (𝑖 = 1, 2) , (8)

where 𝛼𝑖 (𝑖 = 1, 2) is the speed adjustment parameter of the
R&D input, and 𝜕𝜋𝑖(𝑡)/𝜕𝑥𝑖(𝑡) (𝑖 = 1, 2) is the marginal profit
of the R&D input.

Combining (7) and (8), a new dynamic R&D input
competition game model with bounded rational strategy can
be described by a 2-dimensional dynamic system:

𝑥1 (𝑡 + 1) = 𝑥1 (𝑡) + 𝛼1𝑥1 (𝑡)
⋅ [(𝑘1 + 1) (𝑎1 − 𝑏1𝑓1 (𝑡) + 𝑒1𝑓2 (𝑡))
+ (−𝑏1𝑘1 + 𝑒1𝑘3) (𝑓1 (𝑡) − 𝐴 + 𝑥1 (𝑡) + 𝛽1𝑥2 (𝑡))
− 𝛾1𝑥1 (𝑡)] ,

𝑥2 (𝑡 + 1) = 𝑥2 (𝑡) + 𝛼2𝑥2 (𝑡)
⋅ [(𝑘4 + 1) (𝑎2 − 𝑏2𝑓2 (𝑡) + 𝑒2𝑓1 (𝑡))
+ (−𝑏2𝑘4 + 𝑒2𝑘2) (𝑓2 (𝑡) − 𝐴 + 𝑥2 (𝑡) + 𝛽2𝑥1 (𝑡))
− 𝛾2𝑥2 (𝑡)] .

(9)

2.1. Fixed Points and Local Stability Analysis. In system (9),𝛼𝑖 (𝑖 = 1, 2) is taken as the bifurcation parameter, and the
other parameters are constant. Let 𝑎1 = 9, 𝑎2 = 7, 𝑏1 =1.4, 𝑏2 = 1.2, 𝑒1 = 0.3, 𝑒2 = 0.5, 𝐴 = 5, 𝛾1 = 1.6, 𝛾2 =1.8, 𝛽1 = 0.2, 𝛽2 = 0.3.

Let 𝑥𝑖(𝑡 + 1) = 𝑥𝑖(𝑡); then we have three meaningful fixed
points: 𝐸1 = (0, 1.5451), 𝐸2 = (1.9486, 0), 𝐸3 = (𝑥∗1 , 𝑥∗2 ) =(5.5558, 4.4831). 𝐸1 and 𝐸2 are boundary equilibrium points
that mean that at least one player is out of the market. There-
fore, we only consider the stability of the Nash equilibrium
point 𝐸3.
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To investigate the local stability ofNash equilibriumpoint𝐸3, we first obtain the Jacobianmatrix of system (9) at 𝐸3. For
simplicity, we denote

𝐽 = (𝑗11 𝑗12𝑗21 𝑗22) , (10)

where

𝑗11 = 1 + 𝛼1𝑥∗1 [2 (𝑘1 + 1) (−𝑏1𝑘1 + 𝑒1𝑘3) − 𝛾1] = 1
− 1.9933𝛼1,

𝑗12 = 𝛼1𝑥∗1 [(𝑘1 + 1) (−𝑏1𝑘2 + 𝑒1𝑘4)
+ (𝑘2 + 𝛽1) (−𝑏1𝑘1 + 𝑒1𝑘3)] = 0.1159𝛼1,

𝑗21 = 𝛼2𝑥∗2 [(𝑘4 + 1) (−𝑏2𝑘3 + 𝑒2𝑘1)
+ (𝑘3 + 𝛽2) (−𝑏2𝑘4 + 𝑒2𝑘2)] = 0.0726𝛼2,

𝑗22 = 1 + 𝛼2𝑥∗2 [2 (𝑘4 + 1) (−𝑏2𝑘4 + 𝑒2𝑘2) − 𝛾2] = 1
− 2.0632𝛼2.

(11)

Then, the characteristic equation of system (9) at 𝐸3 is
𝑓 (𝜆) = 𝜆2 − (𝑗11 + 𝑗22) 𝜆 + (𝑗11𝑗22 − 𝑗12𝑗21) . (12)

According to the Jury test, the local stable conditions for
Nash equilibrium 𝐸3 are

(i) 1 − (𝑗11 + 𝑗22) + (𝑗11𝑗22 − 𝑗12𝑗21) = 4.1042𝛼1𝛼2 > 0,
(ii) 1 + (𝑗11 + 𝑗22) + (𝑗11𝑗22 − 𝑗12𝑗21) = 4 − 3.9865𝛼1 −4.1264𝛼2 + 4.1042𝛼1𝛼2 > 0,
(iii) 𝑗11𝑗22−𝑗12𝑗21 = −1.9933𝛼1−2.0632𝛼2+4.1042𝛼1𝛼2 <0.
Solving the above equations, the local stable region of

the Nash equilibrium point with positive (𝛼1, 𝛼2) is shown in
Figure 1. System (9) is asymptotically stable when the R&D
input speed adjustment parameters are in the stable region.
For parameters in the stable region, all R&D inputs will be
stable at Nash equilibrium point 𝐸3 after a limited number of
games for any given initial datum as shown in Figure 2.

2.2. Dynamics Characteristics of System (5). To understand
the dynamic evolution of the system, we show the dynamic
features of system (9) with increasing 𝛼𝑖 (𝑖 = 1, 2) by
numerical simulations, such as bifurcation diagrams, largest
Lyapunov exponents, strange attractors, and time diagram.

Complex characteristics of nonlinear dynamic systems
are generally investigated by varying one parameter while the
others are fixed. The occurrence of chaos by period doubling
bifurcations as one parameter is increased, which is called a
codimension-one route to chaos.

First, we discuss manufacturer 𝑋1 accelerating 𝛼1. The
Nash equilibrium point will become unstable if 𝛼1 is out of
the stable region.

Figure 3 shows the bifurcation diagram and correspond-
ing largest Lyapunov exponents with respect to 𝛼1 (𝛼1 ∈

(0, 1.5061]) for 𝛼2 = 0.36. The bifurcation diagram is an
illustrative way for dynamic systems analysis and describes
how the dynamic behavior of the dynamic systems alters as
one parameter is changed. Bifurcations involve qualitative
changes of behavior of the system, such as from equilibrium
to periodic cycles or chaos. The evolution of system (9) is
successively stable state, period doubling bifurcation, chaos,
and intermittent chaos, including both high cycle bifurca-
tions and chaos. The potential meanings of the bifurcation
point is the critical point for the system from one state
to another. Calculation of the largest Lyapunov exponents
is another way to quantitatively analyze dynamic system
characteristics. The largest Lyapunov exponents are negative
when dynamic systems are at the stable state and high
order cycles and positive while the system is in a chaotic
state.The Lyapunov exponents can also differentiate between
high order cycles and aperiodic behavior, and larger positive
exponent means stronger chaos. It is easier to understand
the dynamic properties by comparing with the bifurcation
diagram.

The R&D input evolution of the duopoly manufacturers
starts with equilibrium state, undergoes period doubling, and
ends with a chaotic state with increased 𝛼1. System (9) is
stable at the Nash equilibrium point for 0 < 𝛼1 < 0.9990.
Phase diagrams for 2, 4, and 8 cycle orbits are shown in
Figure 4. The strange attractor indicates inherent regularity
of the chaos, which is an important characteristic of chaos.
Figure 5 shows three classic chaos attractors for system (9).
Figure 6(a) shows the phase diagram of system (9) for (𝛼1 =1.39, 𝛼2 = 0.36) when system (9) in a chaotic state. The
motion of the chaos is an aperiodic series.Thephase diagrams
for 3 and 6 cycle orbits are shown in Figures 6(b) and 6(c),
respectively.

Similarly, Figure 7 shows the bifurcation diagram and
corresponding largest Lyapunov exponents with respect to𝛼2 (𝛼2 ∈ (0, 1.7816]) when 𝛼1 = 0.42. System (9) is stable
at the Nash equilibrium point for 0 < 𝛼2 < 0.9624. When𝛼2 > 0.9624, system (9) loses stability and undergoes period
doubling bifurcations to chaos. Figure 8 shows three typical
chaos attractors of system (9).

The parameter basin plot is a more powerful tool than 1D
bifurcation diagram in the numerical analysis, which is also
called 2D bifurcation diagrams and assigns different colors in
a 2D parameter space to stable cycles of different periods.

Figure 9 shows parameter basin for periodic cycles with
the change of manufacturers’ adjustment speeds 𝛼1 and𝛼2 and assigns different colors to stable states (green), 2-
periodic cycle (blue), 3-periodic cycle (red), 4-periodic cycle
(cyan), 6-periodic cycle (black), 8-periodic cycle (yellow),
nonconvergent chaos (orange), and divergence (white). From
Figure 9, we can more clearly see that system (9) goes into
chaos by two doubling period bifurcation routes with the
increase of manufacturers’ adjustment speed 𝛼𝑖 (𝑖 = 1, 2).
System (9) firstly goes through 2-periodic cycle, 4-periodic
cycle, and 8-periodic cycle to chaos. Then, system (9) goes
through 3-periodic cycle to chaos or 3-periodic cycle and 6-
periodic cycle to chaos.

Figure 10 shows the bifurcation diagram with the change
of the demand elasticity coefficient 𝑏𝑖 (𝑖 = 1, 2). System (9)
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Figure 4: Phase diagram of system (9) for (a) (𝛼1 = 1.18, 𝛼2 = 0.36); (b) (𝛼1 = 1.25, 𝛼2 = 0.36); (c) (𝛼1 = 1.285, 𝛼2 = 0.36).

is divergent or in a chaotic state if 𝑏𝑖 (𝑖 = 1, 2) is too
small, and theNash equilibrium is changedwith increasing of𝑏𝑖 (𝑖 = 1, 2). Manufacturer 𝑋𝑖 (𝑖 = 1, 2) input first increases
and then decreases, but the input of the other manufacturer
monotonically decreases.

Figure 11 shows the bifurcation diagram with the change
of the demand elasticity coefficient 𝑒𝑖 (𝑖 = 1, 2). System (9)
is divergence or in a chaotic state if 𝑒𝑖 (𝑖 = 1, 2) is too large,
and theNash equilibrium is changedwith increasing of 𝑒𝑖 (𝑖 =1, 2). Manufacturer𝑋𝑖 (𝑖 = 1, 2) input first increases and then
decreases.

Figure 12 shows the bifurcation diagram with the change
of the variable cost parameter 𝐴. System (9) is in a periodic

cycle or a chaotic state if 𝐴 is too small or too large,
respectively. The system has no economic meaning if 𝐴 is
too large. Within the domain of economic meaning, the
Nash equilibrium of system (9) is decreasing with increasing
of 𝐴.
3. The Sensitive Dependence on
Initial Conditions

Sensitivity to initial conditions is one of the most important
characteristics of chaos.Thus, even a small difference between
initial R&D inputs may lead to significant loss while the
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Figure 5: Chaos attractors of system (9) for (a) (𝛼1 = 1.33, 𝛼2 = 0.36); (b) (𝛼1 = 1.39, 𝛼2 = 0.36); (c) (𝛼1 = 1.48, 𝛼2 = 0.36).

system is in a chaotic state. Figures 13 and 14 show the
relationships between inputs and time, which confirm that
system (9) has significant sensitivity to initial conditions.
Figures 13(a) and 14(a) show two different evolution tracks
of 𝑥1 and 𝑥2 with different initial data, respectively. Figures
13(b) and 14(b) show the variance of 𝑥1 and 𝑥2 with different
initial data by time, respectively.They are very similar at first,
but the difference between them becomes rabid and unpre-
dictable after several game times.Thus, just a slight difference
between initial data may cause significantly different game
results.

4. Chaos Control

Chaos can break regular economic systems, causing a con-
fused and unpredictable market; that is, the system may fluc-
tuate and become random-like and seemingly unpredictable.

To eliminate the negative effect of chaos, the straight line
stabilization method is applied.

Recently, Xu et al. [31] and Yang et al. [32] introduced
a straight line stabilization control method. We utilize this
method to control the chaos of system (9). The external
control signal is as follows:

𝜀 = (𝜀1𝜀2) = (𝜇𝐼 − 𝐽)(
𝑥1 (𝑡) − 𝑥∗1
𝑥2 (𝑡) − 𝑥∗2) , (13)

where |𝜇| < 1 is the feedback control parameter and other
parameters are the same as in Section 2.

Substituting the external control signal (13) into system
(5), the controlled system becomes

𝑥1 (𝑡 + 1) = 𝑥1 (𝑡) + 𝛼1𝑥1 (𝑡)
⋅ [(𝑘1 + 1) (𝑎1 − 𝑏1𝑓1 (𝑡) + 𝑒1𝑓2 (𝑡))
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Figure 6: Phase diagram of system (9) for (a) (𝛼1 = 1.39, 𝛼2 = 0.36); (b) (𝛼1 = 1.423, 𝛼2 = 0.36); (c) (𝛼1 = 1.428, 𝛼2 = 0.36).

+ (−𝑏1𝑘1 + 𝑒1𝑘3) (𝑓1 (𝑡) − 𝐴 + 𝑥1 (𝑡) + 𝛽1𝑥2 (𝑡))
− 𝛾1𝑥1 (𝑡)] + 𝜀1,

𝑥2 (𝑡 + 1) = 𝑥2 (𝑡) + 𝛼2𝑥2 (𝑡)
⋅ [(𝑘4 + 1) (𝑎2 − 𝑏2𝑓2 (𝑡) + 𝑒2𝑓1 (𝑡))
+ (−𝑏2𝑘4 + 𝑒2𝑘2) (𝑓2 (𝑡) − 𝐴 + 𝑥2 (𝑡) + 𝛽2𝑥1 (𝑡))
− 𝛾2𝑥2 (𝑡)] + 𝜀2.

(14)
For (𝛼1 = 1.39, 𝛼2 = 0.36), the bifurcation diagram in

Figure 15 shows that controlled system (14) restabilizes at the

Nash equilibrium point for −1 < 𝜇 < 0.1362. This indicates
that chaos control of system (9) can be realized by adding a
very small perturbation. Other complex dynamic behaviors
of the system can also be controlled by similar straight line
stabilization.

5. Conclusions

This paper shows competitive interactions of a two-stage
R&D input competition duopoly game model with bounded
rational strategy and asymmetric spillovers by a nonlinear
dynamic game model and numerical simulations. Under
certain conditions, oscillatory and chaos behaviors can occur.
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Figure 7: Bifurcation diagram (a) and corresponding largest Lyapunov exponents (b), with 𝛼2 ∈ (0, 1.4510] for 𝛼1 = 0.42.
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Figure 10: Bifurcation diagram for (a) 𝑏1 ∈ (0, 1.8]; (b) 𝑏2 ∈ (0, 1.8] and (𝛼1 = 0.42, 𝛼2 = 0.36).

While the model describes the system for cost reduction, this
structure can be generally applied to other microeconomic
relationships shape competitive decisions for manufacturing.

Nash equilibrium region and local stable conditions are
derived. The effects of input adjustment speed, demand
elasticity, product substitution elasticity, variable cost, and
technology spillover level on system dynamic features are
shown by numerical simulations, that is, bifurcation dia-
grams, largest Lyapunov exponents, strange attractors, phase
diagrams, and sensitive analysis on initial conditions. When
the input adjust speed is too large, demand elasticity, vari-
able cost, and too small product substitution elasticity may

cause the system to become chaotic following the period
doubling bifurcation route. Manufacturers can raise demand
elasticity, decrease product substitution, reduce variable cost,
and increase technology spillovers of their rivals to enhance
competitiveness.Thederived results provide some theoretical
implications for manufacturers about R&D activities input
and output decisions in real economic markets.

Chaos causes significant problems for manufacturers to
forecast the market and formulate decision plans. Chaotic
systems can be returned to the Nash equilibrium point and
complex system behaviors can be eliminated by the straight
line stabilization method.
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Various problems of pure and applied sciences can be studied in the unified framework of nonlinear equations. In this paper, a new
family of iterative methods for solving nonlinear equations is developed by using a new decomposition technique.The convergence
of the new methods is proven. For the implementation and performance of the new methods, some examples are solved and the
results are compared with some existing methods.

1. Introduction

The conceptualization and creation of diverse iterative meth-
ods for finding efficient and precisely the approximate solu-
tion of nonlinear equation, 𝑓(𝑥) = 0, are a fundamental
task in numerical analysis and related areas. This topic has
attracted the attention of many researchers, when Abbas-
bandy [1] initiated the analysis of these methods. Many
researchers collate and updated the state of the art of iterative
methods. The advantage of multipoint methods is that they
do not use higher-order derivatives and have great practical
importance because they overcome the theoretical limitations
of one-point methods regarding their convergence order and
computational efficiency. In this work, a new decomposition
technique [2] that is quite different from Adomian decom-
position method [3] is applied to some classes of iterative
methods for solving the nonlinear equations. We would like
to point out that in the implementation of the Adomian
decompositionmethod one has to calculate the derivatives of
the so-called Adomian polynomials, which is the drawback
of the technique of Adomian method. To overcome the
disadvantage, the decomposition of Bhalekar and Daftardar-
Gejji [2] is used in this work. The said decomposition
technique [2] does not occupy the high-order differentials of

the function and is very simple as compared to the Adomian
method. Chun et al. [4] has suggested that the nonlinear
equations can be written as a coupled system of equations. He
et al. [5, 6] have used the idea of coupled system of equations
with the decomposition technique of Bhalekar andDaftardar-
Gejji [2] to develop several iterative methods to solve the
nonlinear equations. In this work, decomposition method
[2] sophisticatedly combined with the coupled system of
equations is used to develop new family of iterative methods.
It is shown that the proposed family of iterative methods
contains several well-known iterative techniques as special
case. The convergence of the suggested class of method is
also proven. Some numerical examples are illustrated to
exhibit the efficiency and performance of proposed iterative
methods.

2. Iterative Methods

In this section, we are going to present some new iterative
methods by the help of quadrature method and basic fun-
damental law of calculus. Consider the following nonlinear
equation:

𝑓 (𝑥) = 0. (1)
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By assuming 𝛼 as a simple zero of (1) and 𝛾 as initial guess in
the neighbor of 𝛼, let 𝑝(𝑥) be the auxiliary function such that

𝑓 (𝑥) 𝑝 (𝑥) = 0. (2)

Now we use fundamental law of calculus and quadrature
method on𝑓(𝑥) and Taylor’s series on𝑝(𝑥); then (2) becomes

𝑓 (𝛾) 𝑝 (𝛾) + (𝑥 − 𝛾)
⋅ (𝑓 (𝛾) 𝑝 (𝛾) + 𝑝 (𝛾) [ 𝑝∑

𝑖=1

𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥 − 𝛾))])
+ ℎ (𝑥) = 0.

(3)

We rewrite (3) as system of coupled equations and then, by
combining it with (2), we get

ℎ (𝑥) = 𝑓 (𝑥) 𝑝 (𝛾) − 𝑓 (𝛾) 𝑝 (𝛾) − (𝑥 − 𝛾)
⋅ [𝑓 (𝛾) 𝑝 (𝛾) + �́� (𝛾)( 𝑝∑

𝑖=1

𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥 − 𝛾)))] . (4)

𝜏𝑖 represent the knots such that 𝜏𝑖 ∈ [0, 1] and 𝑤 are weights
which are taken in such away that they satisfy the consistency
condition such that

𝑟∑
𝑖=1

𝑤𝑖 = 1. (5)

Now, rearrange (4) as

𝑥
= 𝛾
− ℎ (𝑥) + 𝑓 (𝛾) 𝑝 (𝛾)�́� (𝛾) 𝑓 (𝛾) + [∑𝑟𝑖=1 𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥 − 𝛾))] 𝑝 (𝛾) .

(6)

Now we let

𝑥 = 𝛾
− ℎ (𝑥) + 𝑓 (𝛾) 𝑝 (𝛾)�́� (𝛾) 𝑓 (𝛾) + [∑𝑟𝑖=1 𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥 − 𝛾))] 𝑝 (𝛾)

= 𝑐 + 𝑁 (𝑥) ,
(7)

where

𝑐 = 𝛾, (8)

𝑁(𝑥)
= − ℎ (𝑥) + 𝑓 (𝛾) 𝑝 (𝛾)�́� (𝛾) 𝑓 (𝛾) + [∑𝑟𝑖=1 𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥 − 𝛾))] 𝑝 (𝛾) .

(9)

Equation (9) shows that 𝑁(𝑥) is a nonlinear function. Now,
by using the idea of Daftardar-Gejji and Jafari [7], we develop
a new iterative scheme. This decomposition technique is
developed to solve the nonlinear functions and, by using

this decomposition technique, we suggested the iterative
method to calculate the root of 𝑓(𝑥) = 0. The Daftardar-
Gejji and Jafari [7] decomposition technique is easier to use
than Adomian decomposition method [3] to give the series
solution.

𝑥 = ∞∑
𝑖=0

𝑥𝑖. (10)

We decompose𝑁(𝑥) as
𝑁(𝑥) = 𝑁 (𝑥0) + ∞∑

𝑖=1

{{{𝑁(
𝑖∑
𝑗=0

𝑥𝑗) −𝑁(𝑖−1∑
𝑗=0

𝑥𝑗)}}} . (11)

From (7), (10), and (11), we get

𝑥0 = 𝑐
𝑥1 = 𝑁 (𝑥0)

𝑥2 = 𝑁 (𝑥1) − 𝑁 (𝑥0)
...

𝑥𝑚 = 𝑁(𝑚−1∑
𝑗=0

𝑥𝑗) +𝑁(𝑚−2∑
𝑗=0

𝑥𝑗) .

(12)

From (12), we have

𝑥1 + 𝑥2 + 𝑥3 + ⋅ ⋅ ⋅ + 𝑥𝑚 = 𝑁 (𝑥0 + 𝑥1 + ⋅ ⋅ ⋅ + 𝑥𝑚−1) . (13)

By approximating (13), we get

𝑋𝑚 = 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 + ⋅ ⋅ ⋅ + 𝑥𝑚+1. (14)

So

lim
𝑚→∞

𝑋𝑚+1 = 𝑥 (15)

where𝑚 = 0.
From (8), (12), and (15), we get

𝑥 ≈ 𝑋0 = 𝑥0 = 𝑐 = 𝛾. (16)

where𝑚 = 1.
From (12), (14), and (15), we get

𝑥 ≈ 𝑋1 = 𝑥0 + 𝑥1 = 𝛾 + 𝑁 (𝑥0) . (17)

From (9), we have

𝑥1 = 𝑁 (𝑥0)
= − (ℎ (𝑥0) + 𝑓 (𝛾) 𝑝 (𝛾))�́� (𝛾) 𝑓 (𝛾) + [∑𝑟𝑖=1 𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥0 − 𝛾))] 𝑝 (𝛾) .

(18)

From (2), (3), and (4), we get

ℎ (𝑥0) = 0. (19)
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By putting (19) in (18) and combination with (17), we have

𝑥 = 𝑥0 + 𝑥1 = 𝛾
− 𝑓 (𝛾) 𝑝 (𝛾)�́� (𝛾) 𝑓 (𝛾) + [∑𝑟𝑖=1 𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥0 − 𝛾))] 𝑝 (𝛾) ,

(20)

𝑥 = 𝛾
− 𝑓 (𝛾) 𝑝 (𝛾)�́� (𝛾) 𝑓 (𝛾) + [∑𝑟𝑖=1 𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥0 − 𝛾))] 𝑝 (𝛾) .

(21)

Equation (21) allows us to suggest iterativemethod (one-step)
for the approximate root of (1).

Algorithm 1. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑥𝑛+1 = 𝑥𝑛 − 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛)𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) ,
𝑛 = 0, 1, 2, . . .

(22)

Algorithm 1 is suggested by M. A. Noor and K. I. Noor [8, 9]
by the help of variational iterative techniques.

From (21), we have

𝑥0 + 𝑥1 − 𝛾 = − 𝑓 (𝛾) 𝑝 (𝛾)�́� (𝛾) 𝑓 (𝛾) + 𝑓 (𝛾) 𝑝 (𝛾) . (23)

Also from (4) and using the idea of Yun [10], we have

ℎ (𝑥0 + 𝑥1) = 𝑓 (𝑥0 + 𝑥1) 𝑝 (𝛾) − 𝑓 (𝛾) 𝑝 (𝛾) − (𝑥0
+ 𝑥1 − 𝛾) [𝑝 (𝛾) 𝑓 (𝛾)
+ [ 𝑟∑
𝑖=1

𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥0 + 𝑥1 − 𝛾))] 𝑝 (𝛾)] .
(24)

By combining (23) and (24), we get

ℎ (𝑥0 + 𝑥1) = 𝑓 (𝑥0 + 𝑥1) 𝑝 (𝛾) − 𝑓 (𝛾) 𝑝 (𝛾)
+ ( 𝑓 (𝛾) 𝑝 (𝛾)�́� (𝛾) 𝑓 (𝛾) + 𝑓 (𝛾) 𝑝 (𝛾))[𝑝 (𝛾) 𝑓 (𝛾)
+ [ 𝑟∑
𝑖=1

𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥0 + 𝑥1 − 𝛾))] 𝑝 (𝛾)] .
(25)

From (9) and (25), we have

𝑥1 + 𝑥2 = 𝑁 (𝑥0 + 𝑥1)
= − ℎ (𝑥0 + 𝑥1) + 𝑓 (𝛾) 𝑝 (𝛾)𝑔 (𝛾) 𝑓 (𝛾) + [∑𝑟𝑖=1 𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥0 + 𝑥1 − 𝛾))] 𝑝 (𝛾)
= − 𝑓 (𝛾) 𝑝 (𝛾)𝑝 (𝛾) 𝑓 (𝛾) + 𝑓 (𝛾) 𝑝 (𝛾)
− 𝑓 (𝑥0 + 𝑥1) 𝑝 (𝛾)𝑝 (𝛾) 𝑓 (𝛾) + [∑𝑟𝑖=1 𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥0 + 𝑥1 − 𝛾))] 𝑝 (𝛾) .

(26)

Also from (2) and (4) and by Yun’s idea [10],

ℎ (𝑥0 + 𝑥1) = 0. (27)

Now for𝑚 = 2, (8), (12), and (15) give the following equation:
𝑥 ≈ 𝑋2 = 𝑥0 + 𝑥1 + 𝑥2 = 𝛾 + 𝑁 (𝑥0 + 𝑥1) . (28)

Now by combining (7), (26), (27), and (28), we get

𝑥 = 𝛾 − 𝑓 (𝛾) 𝑝 (𝛾)𝑝 (𝛾) 𝑓 (𝛾) + 𝑓 (𝛾) 𝑝 (𝛾)
− 𝑓 (𝑥0 + 𝑥1) 𝑝 (𝛾)𝑝 (𝛾) 𝑓 (𝛾) + [∑𝑟𝑖=1 𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥0 + 𝑥1 − 𝛾))] 𝑝 (𝛾) .

(29)

Using the above relation, we suggested the iterative method
(two-step) for finding the approximate root of (1).

Algorithm 2. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛)𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) ,
𝑥𝑛+1 = 𝑥𝑛
− 𝑓 (𝑦𝑛) 𝑝 (𝑥𝑛)𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + [∑𝑟𝑖=1 𝑤𝑖𝑓 (𝛾 + 𝜏𝑖 (𝑥𝑛 − 𝛾))] 𝑝 (𝑥𝑛) .

(30)

Some Special Case of Algorithm 2. Now we have to consider
value of Algorithm 2. Take 𝑝 = 1, 𝑤1 = 1, and 𝜏1 = 0 in
Algorithm 2 and it reduces to the following algorithm.

Algorithm 3. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛)𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) ,
𝑥𝑛+1 = 𝑦𝑛 − 𝑓 (𝑦𝑛) 𝑝 (𝑥𝑛)𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) .

(31)

Take 𝑝 = 1, 𝑤1 = 1, and 𝜏1 = 1 in Algorithm 2 and it reduces
to the following algorithm.

Algorithm 4. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛)𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) ,
𝑥𝑛+1 = 𝑦𝑛 − 𝑓 (𝑦𝑛) 𝑝 (𝑥𝑛)𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + 𝑓 (𝑦𝑛) 𝑝 (𝑥𝑛) .

(32)

Take 𝑝 = 1, 𝑤1 = 1, and 𝜏1 = 1/2 in Algorithm 2 and it
reduces to the following algorithm.
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Algorithm 5. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛)𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) ,𝑥𝑛+1 = 𝑦𝑛
− 𝑓 (𝑦𝑛) 𝑝 (𝑥𝑛)𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + 𝑓 ((𝑦𝑛 + 𝑥𝑛) /2) 𝑝 (𝑥𝑛) .

(33)

Take 𝑝 = 2, 𝑤1 = 1/4, 𝑤2 = 3/4, 𝜏1 = 0, and 𝜏2 = 2/3 in
Algorithm 2 and it reduces to the following algorithm.

Algorithm 6. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛)𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) ,
𝑥𝑛+1 = 𝑦𝑛
− 4𝑓 (𝑦𝑛) 𝑝 (𝑥𝑛)4𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + (𝑓 (𝑥𝑛) + 3𝑓 ((2𝑦𝑛 + 𝑥𝑛) /3)) 𝑝 (𝑥𝑛) .

(34)

Take 𝑝 = 3, 𝑤1 = 1/6, 𝑤2 = 2/3, 𝑤3 = 1/6, 𝜏1 = 0, 𝜏2 = 1/2,
and 𝜏3 = 1 in Algorithm 2 and it reduces to the following
algorithm.

Algorithm 7. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛)𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) ,
𝑥𝑛+1 = 𝑦𝑛 − 6𝑓 (𝑦𝑛) 𝑝 (𝑥𝑛)6𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + (𝑓 (𝑥𝑛) + 4𝑓 ((𝑦𝑛 + 𝑥𝑛) /2) + 𝑓 (𝑦𝑛)) 𝑝 (𝑥𝑛) .

(35)

Algorithm 7 is suggested by Shah and Noor [11].

Take 𝑝 = 3, 𝑤1 = 1/4, 𝑤2 = 1/2, 𝑤3 = 1/4, 𝜏1 = 0, 𝜏2 =1/2, and 𝜏3 = 1 in Algorithm 2 and it reduces to the following
algorithm.

Algorithm 8. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛)𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛)
𝑥𝑛+1 = 𝑦𝑛 − 4𝑓 (𝑦𝑛) 𝑝 (𝑥𝑛)4𝑝 (𝑥𝑛) 𝑓 (𝑥𝑛) + (𝑓 (𝑥𝑛) + 2𝑓 ((𝑦𝑛 + 𝑥𝑛) /2) + 𝑓 (𝑦𝑛)) 𝑝 (𝑥𝑛) .

(36)

Algorithms 3–8 give main iterative schemes which are
helpful to generate several higher-order iterative methods
for different values of auxiliary function 𝑝(𝑥𝑛). So proper
selection of auxiliary functionmanages to help us to diversify
the problem for best possible implementation for obtaining
the solution of nonlinear equation (1). So we consider
auxiliary function𝑝(𝑥) = 𝑒(−𝛼𝑥) to obtain the result by putting
it in Algorithms 3–8.

After putting the value of𝑝(𝑥) = 𝑒(−𝛼𝑥) inAlgorithms 3–8,
we get Algorithms 9–14.

Algorithm 9. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛)𝑓 (𝑥𝑛) − 𝛼𝑓 (𝑥𝑛) ,
𝑥𝑛+1 = 𝑦𝑛 − 𝑓 (𝑦𝑛)𝑓 (𝑥𝑛) − 𝛼𝑓 (𝑥𝑛) .

(37)

Algorithm 10. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛)𝑓 (𝑥𝑛) − 𝛼𝑓 (𝑥𝑛) ,
𝑥𝑛+1 = 𝑦𝑛 − 𝑓 (𝑦𝑛)𝑓 (𝑦𝑛) − 𝛼𝑓 (𝑥𝑛) .

(38)

Algorithm 11. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛)𝑓 (𝑥𝑛) − 𝛼𝑓 (𝑥𝑛) ,
𝑥𝑛+1 = 𝑦𝑛 − 𝑓 (𝑦𝑛)𝑓 ((𝑦𝑛 + 𝑥𝑛) /2) − 𝛼𝑓 (𝑥𝑛) .

(39)
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Algorithm 12. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛)𝑓 (𝑥𝑛) − 𝛼𝑓 (𝑥𝑛) ,
𝑥𝑛+1 = 𝑦𝑛

− 4𝑓 (𝑦𝑛)𝑓 (𝑥𝑛) + 3𝑓 ((2𝑦𝑛 + 𝑥𝑛) /3) − 4𝛼𝑓 (𝑥𝑛) .
(40)

Algorithm 13. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛)𝑓 (𝑥𝑛) − 𝛼𝑓 (𝑥𝑛) ,
𝑥𝑛+1 = 𝑦𝑛
− 6𝑓 (𝑦𝑛)𝑓 (𝑥𝑛) + 4𝑓 ((𝑦𝑛 + 𝑥𝑛) /2) + 𝑓 (𝑦𝑛) − 6𝛼𝑓 (𝑥𝑛) .

(41)

Algorithm 14. The iterative scheme which will compute the
approximate root 𝑥𝑛+1 for initial guess 𝑥0 is given as

𝑦𝑛 = 𝑥𝑛 − 𝑓 (𝑥𝑛)𝑓 (𝑥𝑛) − 𝛼𝑓 (𝑥𝑛) ,
𝑥𝑛+1 = 𝑦𝑛
− 4𝑓 (𝑦𝑛)𝑓 (𝑥𝑛) + 2𝑓 ((𝑦𝑛 + 𝑥𝑛) /2) + 𝑓 (𝑦𝑛) − 4𝛼𝑓 (𝑥𝑛) .

(42)

Shah and Noor [11] suggest that Algorithm 14 has cubic
order of convergence.

3. Convergence Analysis

This section helps us to find out the convergence of Algo-
rithm 2 by using Taylor’s series.

Theorem 15. Let 𝑓 : 𝐼 ⊆ R → R be sufficiently differentiable
function that has a simple zero at 𝛼 ∈ 𝐼, where 𝐼 is an open
interval. If 𝑥0 is at neighbor of 𝛼, then Algorithm 2 has at least
third-order convergence.

Proof. Let 𝛼 be a simple zero of 𝑓 and then, expanding 𝑓(𝑥𝑛)
and 𝑓(𝑥𝑛) in Taylor’s series about 𝛼, we have

𝑓 (𝑥𝑛) = 𝑓 (𝛼) [𝑒𝑛 + 𝑐2𝑒2𝑛 + 𝑐3𝑒3𝑛 + 𝑐4𝑒4𝑛 + 𝑐5𝑒5𝑛 + 𝑐6𝑒6𝑛
+ 𝑂 (𝑒7𝑛)] ,

𝑓 (𝑥𝑛) = 𝑓 (𝛼) [1 + 2𝑐2𝑒𝑛 + 3𝑐3𝑒2𝑛 + 4𝑐4𝑒3𝑛 + 5𝑐5𝑒4𝑛
+ 6𝑐6𝑒5𝑛 + 𝑂 (𝑒6𝑛)] ,

(43)

where 𝑐𝑘 = (1/𝑘!)(𝑓(𝑘)/𝑓(𝛼)), 𝑘 = 2, 3, . . ., and 𝑒𝑛 = 𝑥 − 𝛼.
Now we expand 𝑓(𝑥𝑛)𝑝(𝑥𝑛), 𝑓(𝑥𝑛)𝑝(𝑥𝑛), and 𝑓(𝑥𝑛)𝑝(𝑥𝑛)
by Taylor’s series:

𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) = 𝑓 (𝛼) [𝑝 (𝛼) 𝑒𝑛
+ (𝑝 (𝛼) + 𝑐2𝑝 (𝛼)) 𝑒2𝑛 + 𝑔1𝑒3𝑛 + 𝑂 (𝑒4𝑛)] ,

𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) = 𝑓 (𝛼) [𝑔 (𝛼) 𝑒𝑛
+ (𝑔 (𝛼) + 𝑐2𝑝 (𝛼)) 𝑒2𝑛 + 𝑔2𝑒3𝑛 + 𝑂 (𝑒4𝑛)] ,

𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) = 𝑓 (𝛼) [𝑝 (𝛼)
+ (𝑝 (𝛼) + 2𝑐2𝑝 (𝛼)) 𝑒𝑛 + 𝑔1𝑒2𝑛 + 𝑔3𝑒3𝑛 + 𝑂 (𝑒4𝑛)] ,

(44)

where

𝑔1 = 𝑔 (𝛼)2 + 𝑐3𝑝 (𝛼) + 𝑐2𝑝 (𝛼) ,
𝑔2 = 𝑝 (𝛼)2 + 𝑐3𝑝 (𝛼) + 𝑐2𝑝 (𝛼) ,
𝑔3 = 𝑝 (𝛼)6 + 4𝑐4𝑝 (𝛼) + 𝑐2𝑝 (𝛼) + 3𝑐3𝑝 (𝛼) .

(45)

From (44), we get

𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛)𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) + 𝑓 (𝑥𝑛) 𝑝 (𝑥𝑛) = 𝑒𝑛 − (
𝑝 (𝛼)𝑝 (𝛼)

+ 𝑐2) 𝑒2𝑛 + (𝑝 (𝛼)𝑝 (𝛼) + 2𝑐3 − 2𝑝
 (𝛼)𝑝 (𝛼) 𝑐2

− 2(𝑝 (𝛼)𝑝 (𝛼) )
2 − 2𝑐22)𝑒3𝑛 + 𝑂 (𝑒4𝑛) ;

(46)

by using (46), we get

𝑦 fl 𝛼 + (𝑝 (𝛼)𝑝 (𝛼) + 𝑐2) 𝑒2𝑛 + (𝑝
 (𝛼)𝑝 (𝛼) + 2𝑐3

− 2𝑝 (𝛼)𝑝 (𝛼) 𝑐2 − 2(𝑝
 (𝛼)𝑝 (𝛼) )

2 − 2𝑐22)𝑒3𝑛 + 𝑂 (𝑒4𝑛) .
(47)



6 Discrete Dynamics in Nature and Society

Now by Taylor’s series we expand𝑓(𝑦) and𝑓(𝑦) about 𝛼 and
we get

𝑓 (𝑦) fl 𝑓 (𝛼) (𝑝 (𝛼)𝑝 (𝛼) + 𝑐2) 𝑒2𝑛 + 𝑓 (𝛼)(𝑝
 (𝛼)𝑝 (𝛼)

+ 2𝑐3 − 2𝑝 (𝛼)𝑝 (𝛼) 𝑐2 − 2(𝑝
 (𝛼)𝑝 (𝛼) )

2 − 2𝑐22)𝑒3𝑛
+ 𝑂 (𝑒4𝑛) ,

(48)

𝑓 (𝑦) fl 𝑓 (𝛼) [(2𝑐2𝑝 (𝛼)𝑝 (𝛼) + 𝑐2) 𝑒2𝑛 + 𝑂 (𝑒3𝑛)] . (49)

Now, expanding 𝑓(𝑦)𝑝(𝑥) and ∑𝑟𝑖=1 𝑤𝑖𝑓(𝑥 + 𝜏𝑖(𝑦 − 𝑥)) in
Taylor’s series, we get

𝑓 (𝑦) 𝑔 (𝑥) = 𝑓 (𝛼) [ 𝑝2𝑝 (𝛼) + 𝑐2] 𝑒2𝑛 − 𝑓 (𝛼)

⋅ [2𝑝2𝑝 (𝛼)𝑝 (𝛼) + 𝑐2𝑝 (𝛼) − 2𝑐3𝑝 (𝛼) + 2𝑐2 𝑝2𝑝 (𝛼)
+ 2 𝑝3𝑝 (𝛼)2 + 2𝑐2𝑝 (𝛼)] 𝑒3𝑛 + 𝑂 (𝑒4𝑛) ,
𝑟∑
𝑖=1

𝑤𝑖𝑓 (𝑥 + 𝜏𝑖 (𝑦 − 𝑥)) = 𝑓 (𝛼) [1

− 2𝑐2 𝑟∑
𝑖=1

𝑤𝑖 (−1 + 𝑡𝑖) 𝑒𝑛 + 𝑂 (𝑒2𝑛)] .

(50)

Using (47), (48), and (50), we obtain

𝑥𝑛+1 = 𝛼 + (𝑐2𝑝 (𝛼)𝑝 (𝛼) + (𝑝
 (𝛼)𝑝 (𝛼) )

2

− 2𝑐2∑𝑟𝑖=1 𝑤𝑖 (−1 + 𝑡𝑖)𝑝 (𝛼) − 2𝑐22 𝑟∑
𝑖=1

𝑤𝑖 (−1 + 𝑡𝑖)) 𝑒𝑛3

+ 𝑂 (𝑒3𝑛) ;

(51)

so, from (51), we have the error equation as follows:

𝑒𝑛+1 = (𝑐2𝑝 (𝛼)𝑝 (𝛼) + (𝑝
 (𝛼)𝑝 (𝛼) )

2

− 2𝑐2∑𝑟𝑖=1 𝑤𝑖 (−1 + 𝑡𝑖)𝑝 (𝛼) − 2𝑐22 𝑟∑
𝑖=1

𝑤𝑖 (−1 + 𝑡𝑖)) 𝑒𝑛3

+ 𝑂 (𝑒3𝑛) .

(52)

In a similar way, we can find the convergence of other
methods.

4. Numerical Results

Weuse Intel Core i5 computer with 4GBRAM and operating
system is Windows 10 (32-bit). We use Maple 13 for compu-
tation and Matlab to plot the graphs. In our computation, we
use the following stopping criteria:

𝑥𝑛+1 − 𝑥𝑛 + 𝑓 (𝑥) < 𝜖, (53)

where 𝜖 = 10−15.
Example 16. Consider the growth of population over short
periods of time by assuming that population grows con-
tinuously with time at a rate proportional to the number
present at that time. Let 𝑁(𝑡) denote the number at time 𝑡
and let 𝜆 denote the constant birth rate of the population.
If immigration is permitted at ta constant rate ], then the
population satisfies the differential equation

𝑑𝑁 (𝑡)𝑑𝑡 = 𝜆𝑁 (𝑡) + ] (54)

whose solution is given by

𝑁(𝑡) = 𝑁0𝑒𝜆𝑡 + ]𝜆 (𝑒𝜆𝑡 − 1) . (55)

Suppose that a certain population contains𝑁(0) = 1,000,000
individuals initially, that 435,000 individuals immigrate into
the community in the first year, and that 𝑁(1) = 1,564,000
individuals are present at the end of one year. To determine
this population, we have to find 𝜆 in the equation

1, 564, 000 = 1, 000, 000𝑒𝜆 + 435, 000𝜆 (𝑒𝜆 − 1) . (56)

We use 𝑥0 = 1 as initial guess and approximated answer up
to 15 decimal digits is 0.10099792985750.

Example 17. In this example, we consider a model in which a
particle is moved on an inclined planemaking angle 𝜙 change
its with constant rate, say ]. At start, the particle is at rest.

𝑑𝜙𝑑𝑡 = ] < 0. (57)

After time 𝑡, the position of the particle is calculated by the
following equation:

𝑥 (𝑡) = − 𝑔2]2 (𝑒
]𝑡 − 𝑒−]𝑡2 − sin ]𝑡) . (58)

In 1 second, the particle covered 1.7 ft. We want to calculate
the rate with which the particle changes its position. As𝑔 is known as gravitational constant, its value is equal to32.17ft/sec2. The solution of problem approximated to the 15
decimals digits is −0.317061774531088. We us 𝑥0 = 1 as initial
guess for this example.
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Table 1: Numerical results for Example 16 when 𝑝(𝑥) = 𝑒−𝛼𝑥.
Method 𝛼 𝑛 𝑥𝑛 𝑓(𝑥) 𝑥𝑖+1 − 𝑥𝑖
NM — 13 0.100997929685740 0.00 1.8000000000𝑒 − 14
Algorithm 9 0.5 4 0.100997929685740 0.00 1.3000000000𝑒 − 14
Algorithm 10 0.4 6 0.100997929685740 0.00 1.8000000000𝑒 − 14
Algorithm 11 0.2 3 0.100997929685740 0.00 7.0523515910𝑒 − 06
Algorithm 12 0.3 4 0.100997929685740 0.00 1.8000000000𝑒 − 14
Algorithm 13 0.2 5 0.100997929685740 0.00 1.3000000000𝑒 − 14
Algorithm 14 (Shah and Noor [11]) 0.13 3 0.100997929685740 0.00 4.0339206898𝑒 − 05

Table 2: Numerical results for Example 17 when 𝑝(𝑥) = 𝑒−𝛼𝑥.
Method 𝛼 𝑛 𝑥𝑛 𝑓(𝑥) 𝑥𝑖+1 − 𝑥𝑖
NM — 10 −0.317061774531075 1𝑒 − 14 1.900000000000000𝑒 − 14
Algorithm 9 −0.2 4 −0.317061774531089 0.00 8.000000000000000𝑒 − 14
Algorithm 10 −0.1 3 −0.317061774531081 8𝑒 − 14 6.237130600000000𝑒 − 08
Algorithm 11 −0.4 4 −0.317061774531021 8𝑒 − 14 2.760300000000000𝑒 − 11
Algorithm 12 −0.2 4 −0.317061774531021 8𝑒 − 14 5.000000000000000𝑒 − 14
Algorithm 13 0.0019 2 −0.317061774531097 7𝑒 − 14 1.423721031620000𝑒 − 04
Algorithm 14 (Shah and Noor [11]) −0.23 4 −0.317061774531126 8𝑒 − 14 1.700000000000000𝑒 − 14

0

−35

−30

−25

−20

−15

−10

−5

Lo
g 

of
 re

sid
ua

l

2 4 6 8 10 12 140
Iterations

Newton method
Algorithm 9
Algorithm 10
Algorithm 11

Algorithm 12
Algorithm 13
Algorithm 14 (Shah and
Noor [11])

Figure 1

5. Conclusion

In this paper, the coupled system of equations with the new
decomposition technique has been used to develop a family
of iterative methods for solving nonlinear equations, which
includes several well-known and newmethods. Technique of
derivation of the iterativemethods is very simple as compared
to the Adomian decomposition method. This is another
aspect of the simplicity. The convergence analysis of the new
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iterative methods has been proven. We have solved some
examples and themethods are compared, which are exhibited
in Tables 1 and 2 and Figures 1 and 2.
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The dynamics from nonlinear discrete age-structured population models is under consideration. Focus is on bifurcations, as well
as nonstationary and chaotic dynamics. We also explore different mechanisms which may lead to periodic phenomena. Some new
results are also presented, in particular from models where both fecundity and survival terms contain nonlinear elements.

1. Introduction

As it is well known (cf. [1–4]), simple one-dimensional
maps of biological relevance can exhibit an extraordinary
rich dynamical behaviour ranging from stable fixed points
to chaotic oscillations. The review paper [5] provides an
excellent summary of results from the papers quoted above.

However, there are several important biological factors
which are not possible to include in one-dimensionalmodels.
Therefore amore realistic approach is to apply age-structured
models. In the discrete case, such matrix models (often
referred to as Leslie matrix models) were independently
developed in the 1940s (see [6–9]), but perhaps somewhat
strange not adapted by ecologists until the 1970s (cf. [10]
for a counterexample). The papers referred to above mainly
consider linear models. In the 1970s and later, it has been
more and more common to consider nonlinear (density
dependent) terms too, as accounted for in the classical papers
[11, 12], as well as in [13–20]. Some of these papers scrutinize
the dynamics of concrete species, and others deal with
theoretical aspects exclusively.

Additionally it should be emphasized that matrix models
may serve as basic tools for related problems like migration
[21, 22], harvest [23–25], prey-predator systems [26–29],
ergodicity [30, 31], and permanence [32]. Finally, we will
also want to stress that several papers have been pub-
lished recently where continuous systems of fractional order
together with their discretizations have been analyzed and

compared from different perspectives. Excellent examples
may be obtained in [33–35]. The purpose of this paper is, by
way of examples, to give a thorough description of different
nonlinear phenomena which may occur in models quoted
above. Focus is on bifurcations and nonstationary behaviour
and parts of the content have a certain review component.

Thepaper is structured as follows: in Section 2, we present
the model and analyze equilibria and stability. In Section 3,
we provide several examples of nonstationary and chaotic
dynamics while we in the last section state some concluding
remarks.

2. The Model, Fixed Points, and Stability

First, we establish the model. At time 𝑡, we split the pop-
ulation 𝑥 into 𝑛 distinct nonoverlapping age classes 𝑥𝑡 =(𝑥1,𝑡, . . . , 𝑥𝑛,𝑡)𝑇, where 𝑥 = ∑𝑥𝑖 is the total population. Next,
we introduce the Leslie matrix

𝐴 = (𝑓1 𝑓2 ⋅ ⋅ ⋅ 𝑓𝑛𝑝1 0 ⋅ ⋅ ⋅ 00 d d 00 0 𝑝𝑛−1 0 ), (1)

where 𝑓𝑖 is the average fecundity of a member of the 𝑖th age
class at time 𝑡, while 𝑝𝑖 denotes the survival probability of age
class 𝑖. Then the relation between 𝑥 at two consecutive time
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steps is given by the map𝑓 : R𝑛 → R
𝑛𝑥 → 𝐴𝑥. (2)

The rationale behind model (2) is that sexual maturity is
linked to age or that other properties than age are irrelevant;
alternatively, if such relevant properties exist, they must be
highly correlated with age.

Map (2) covers species who possess a wide range of
different life histories. Indeed, if 𝑓𝑖 > 0 for all 𝑖 ≤ 𝑛, we
say that the species has an iteroparous life history and matrix𝐴 is classified as a nonnegative and primitive matrix. On
the other hand, if 𝑓𝑖 = 0, 𝑖 < 𝑛 and 𝑓𝑛 > 0, the species
possess a semelparous life history and in this case we say that𝐴 is an irreducible but imprimitive (cyclic) matrix. It is also
customary to divide both the iteroparous and semelparous
cases into two subclasses. If 𝑛 is small and 𝑓𝑖 > 0 for all𝑖, one says that a species possesses a precocious iteroparous
life history. Typical examples of species in this subclass are
small mammals and small rodents. The delayed iteroparous
subclass is characterized by 𝑓𝑖 = 0, 𝑖 < 𝑘 (𝑘 ≈ 𝑛/2 “very
roughly”) and𝑓𝑖 > 0, 𝑘 ≤ 𝑖 ≤ 𝑛. Humans and largemammals
fall into this category. Regarding semelparity, whenever the
number of age classes 𝑛 is small, we classify the species as
having a precocious semelparous life history. Examples may
be found among annual plants, biennials, and insects. In the
last subclass, delayed semelparity, we find species who may
live for many years and then reproduce only once. Excellent
examples are cicadas and several salmon species.

If all matrix elements are constant 𝑓𝑖 = 𝐹𝑖, 𝑝𝑖 = 𝑃𝑖,
model (2) is linear (constant terms are indicated by use of
capital letters). In fishery models, it is often assumed that
the survival probabilities are constants, 𝑝𝑖 = 𝑃𝑖, while the
fecundities are density dependent. In the striped bass fishery
model [12], it was assumed that 𝑓𝑖 = 𝑓𝑖(𝑦), where 𝑦 = ∑𝛼𝑖𝑥𝑖
is a weighted sum of age classes. Assuming two age classes
only, cannibalism may be accounted for by the assumption𝑝1 = 𝑝1(𝑥2) which suggests that individuals from the second
age class prey upon members from the first age class. A
third possibility is 𝑓𝑖 = 𝑓𝑖(𝑥) or 𝑝𝑖 = 𝑝𝑖(𝑥) which means
that the elements in (1) depend on the total population 𝑥.
Two of the most frequently used fecundity functions are the
compensatory Beverton and Holt relation 𝑓𝑖(𝑥) = 𝐹𝑖(1 +𝛽𝑥)−1; see [13, 36] and the overcompensatory Ricker relation,𝑓𝑖(𝑥) = 𝐹𝑖 exp(−𝛽𝑥), first proposed by [37] and later applied
in [11, 14, 16]. Note that both fecundity functions referred
to above are members of the Deriso Schnute family 𝑓𝑖(𝑥) =𝐹𝑖(1 − 𝛾𝛽𝑥)1/𝛾 (𝛾 = −1 gives the Beverton and Holt relation
while 𝛾 → 0 results in the Ricker case). Also, observe that𝑓𝑖(𝑥) is written as a product of a constant term𝐹𝑖 and a density
dependent part, for example, exp(−𝛽𝑥). A final comment is
that 𝑓𝑖 (𝑥) ≤ 0. Hence, except for Allee effects, a wide range
of different biological scenarios may be investigated through
model (2).

Next, let us turn to the analysis. Assuming 𝑓𝑖 = 𝑓𝑖(𝑥) and
(or) 𝑝𝑖 = 𝑝𝑖(𝑥), model (2) possesses a unique nontrivial fixed
point (𝑥∗1 , . . . , 𝑥∗𝑛 ) of hyperbolic type. 𝑥∗ = 𝑥∗1 + ⋅ ⋅ ⋅ + 𝑥∗𝑛

is the total equilibrium population. Stability analysis is
performed by linearizing about the fixed point which in
turn results in an eigenvalue equation of degree 𝑛. The
fixed point is locally asymptotically stable as long as all
eigenvalues 𝜆 are located inside the unit circle in the complex
plane. Provided the number of age classes 𝑛 is small, the
Jury criteria (see the books [38, 39]) give conditions for(𝑥∗1 , . . . , 𝑥∗𝑛 ) to be stable. In cases where 𝑛 is large, the
criteria become complicated and not applicable unless in
very special situations. It may be a severe problem to decide
if all 𝜆𝑖 satisfy |𝜆𝑖| < 1 when 𝑛 is large. If we increase
a parameter (𝐹 or 𝑃) such that an eigenvalue 𝜆 leaves the
unit circle, the fixed point becomes unstable. The threshold
where (𝑥∗1 , . . . , 𝑥∗𝑛 ) loses its hyperbolicity (i.e., where |𝜆| = 1)
is termed instability or bifurcation threshold. Moreover, the
location where an eigenvalue leaves the unit circle has crucial
impact on the dynamics just beyond instability threshold.
Considering themultidimensionalmodel (2), the eigenvalues
of the linearization may leave the unit circle through 𝜆 = 1,𝜆 = −1, or 𝜆 = ± exp(𝑖𝜃), where 𝜃 = 2𝜋𝑘/𝑛, 𝑘 = 0, 1, . . . ,𝑛 − 1. If 𝜆 = 1, the general case is that the fixed point
will undergo a saddle node bifurcation at threshold. The
other possibilities are the pitchfork and the transcritical
bifurcations; for details, see [40]. 𝜆 = −1 results in a flip
or periodic doubling bifurcation. Hence, assuming that the
bifurcation is of supercritical nature, an attracting period2 orbit is established when the fixed point goes unstable.
When a pair of complex modulus 1 eigenvalues leave the
unit circle, the fixed point will go through a Neimark Sacker
(Hopf) bifurcation. Then, in the supercritical case, assuming
we are outside the strongly resonant cases where 𝜆 is third
or fourth root of unity, an invariant attracting closed curve
is established around the unstable fixed point. Bifurcations
of subcritical nature appear to be rare events in population
models like (2), but an excellent example may be obtained in
the prey-predator model discussed in [26].

3. Examples

3.1. Example 1 (The Linear Case). Suppose that 𝑓𝑖 = 𝐹𝑖, 𝑖 =1, . . . , 𝑛, and 𝑝𝑖 = 𝑃𝑖, 𝑖 = 1, . . . , 𝑛 − 1. Then (2) is a linear map
of the form

𝑥 → 𝐴𝐼𝑥, (3)

where𝐴𝐼 is nonnegative and primitive. On the other hand, if𝑓𝑖 = 0, 𝑖 < 𝑛, 𝑓𝑛 = 𝐹𝑛, and 𝑝𝑖 = 𝑃𝑖, 𝑖 = 1, . . . , 𝑛 − 1, map (2)
becomes

𝑥 → 𝐴𝑆𝑥, (4)

where 𝐴𝑆 is an irreducible and imprimitive (cyclic) matrix.
In order to reveal the dynamics generated by (3) and

(4), we assume in both cases solutions of the form 𝑥𝑡 =𝜆𝑡𝑤 and apply the Perron-Frobenius theorem which may be
formulated as follows.
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Figure 1: (a) Dynamics generated by map (3). (b) Dynamics generated by map (4).

Theorem 1 (Perron-Frobenius).
(1) If 𝐴 is a positive or nonnegative and primitive, then

there exists a real eigenvalue 𝜆1 > 0 which is a simple
root of the characteristic equation |𝐴 − 𝜆𝐼| = 0.
Moreover, the eigenvalue is strictly greater than the
magnitude of any other eigenvalue, 𝜆1 > |𝜆𝑖| for𝑖 ̸= 1. The eigenvector 𝑤1 corresponding to 𝜆1 is real
and strictly positive. 𝜆1 may not be the only positive
eigenvalue, but if there are others, they do not have
nonnegative eigenvectors.

(2) If𝐴 is irreducible but imprimitive (cyclic) with index of
imprimitivity 𝑑+1, there exists a real eigenvalue 𝜆1 > 0
which is a simple root of |𝐴 − 𝜆𝐼| = 0 with associated
eigenvector𝑤1 > 0. The eigenvalues 𝜆𝑖 satisfy 𝜆1 ≥ |𝜆𝑖|
for 𝑖 ̸= 1, but there are 𝑑 complex eigenvalues equal
in magnitude to 𝜆1 whose values are 𝜆1 exp(2𝑘𝜋𝑖/(𝑑 +1)), 𝑘 = 1, . . . , 𝑑.

Proofs may be obtained in [39, 41, 42].
Now, considering map (3), it follows directly from the

assumption 𝑥𝑡 = 𝜆𝑡𝑤 and part 1 of the Perron-Frobenius
theorem that 𝑥𝑡 may be expressed as𝑥𝑡 = 𝑐1𝜆𝑡1𝑤1 + 𝑐2𝜆𝑡2𝑤2 + ⋅ ⋅ ⋅ + 𝑐𝑛𝜆𝑡𝑛𝑤𝑛. (5)

Here, 𝑐𝑖 are numbers, 𝜆1 is real and positive, 𝜆1 > |𝜆𝑖|, 𝑖 ̸=1, and the eigenvalues in (5) are numbered in order of
decreasing magnitude. Moreover,

lim
𝑡→∞

𝑥𝑡𝜆𝑡1 = 𝑐1𝑤1. (6)

Consequently, the long-term dynamics of the population is
described by the growth rate 𝜆1 and the stable population
structure 𝑤1. Thus 𝜆1 > 1 implies an exponential increasing
population and 0 ≤ 𝜆1 < 1 an exponential decreasing popula-
tion, where we in all cases have the stable age distribution𝑤1.

Turning to map (4), we find in a similar way by use of part 2
of the Perron-Frobenius theorem that

lim
𝑡→∞

𝑥𝑡𝜆𝑡1 = 𝑐1𝑤1 + 𝑛∑
𝑘=2

𝑐𝑘𝑒(2𝑘𝜋/𝑛)𝑖𝑡𝑤𝑘. (7)

Thus, opposed to the findings from (6), it now follows from
(7) that𝑤1 is not stable in the sense that an initial population
not proportional to 𝑤1 will not converge to it. Instead the
limit in (7) is periodic with period 𝑛. These are the most
important cases whenmodel (2) is linear. In Figure 1, we show
the dynamics generated by maps (3) and (4) in the cases

𝐴𝐼 = ( 1 1 20.3 0 00 0.2 0) ,
𝐴𝑆 = ( 0 0 61/2 0 00 1/3 0) , (8)

respectively.
The dominant eigenvalue (the growth rate) of 𝐴𝐼 is 𝜆 =1.3, while the stable age distribution is given by the associated

eigenvector 𝑤1 = (0.97, 0.22, 0.03)𝑇. The eigenvalues of 𝐴𝑆
are 𝜆1 = 1, 𝜆2,3 = exp(±2𝜋𝑖/3), and𝐴3𝑆 = 𝐼. Consequently, 3-
cycle behaviour and no stable age distribution is the outcome.

3.2. Example 2 (Density Dependent Fecundity). Assume 𝑓𝑖 =𝐹𝑖𝑓(𝑥), 𝑖 = 1, . . . , 𝑛, where 𝐹𝑖 is a constant larger than unity
and 𝑓(𝑥) ≤ 0, 𝑝𝑖 = 𝑃𝑖, 0 < 𝑃𝑖 < 1, 𝑖 = 1, . . . , 𝑛 − 1. Then
model (2) possesses a unique nontrivial fixed point(𝑥∗1 , . . . , 𝑥∗𝑛 ) = (𝐿1𝐾 𝑥∗, . . . , 𝐿𝑛𝐾 𝑥∗) , (9)
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where 𝐿1 = 1, 𝐿 𝑖 = 𝑃1𝑃2 ⋅ . . . ⋅ 𝑃𝑖−1, 𝐾 = ∑𝑛𝑖=1 𝐿 𝑖, and 𝑥∗ =𝑓−1(1/𝑅). 𝑓−1 denotes the inverse of the function 𝑓 and 𝑅 =∑𝑛𝑖=1 𝐿 𝑖𝐹𝑖. Following [43], the eigenvalue equationmay be cast
in the form 𝜆𝑛 − 𝑛∑

𝑖=1

𝐿 𝑖 (𝑓∗𝑖 + 𝜃) 𝜆𝑛−𝑖 = 0, (10)

where the negative parameter 𝜃 is expressed as

𝜃 = 𝑓 (𝑥∗) 𝑥∗1 𝑛∑
𝑖=1

𝐿 𝑖𝐹𝑖. (11)

Note that (10) is valid for a wide range of fecundity functions
including all members of the Deriso Schnute family.

First, assume𝑓𝑖 = 𝐹 exp (−𝑥) (the Ricker case).Then𝑥∗ =∑𝐹𝐿 𝑖 and (10) may be written as

𝜆𝑛 − 1𝑥 𝑛∑
𝑖=1

𝐹𝐿 𝑖 (1 − 𝑥∗) 𝜆𝑛−𝑖 = 0. (12)

Now, rewrite (12) as 𝑔(𝜆)+ℎ(𝜆) = 0, where 𝑔(𝜆) = 𝜆𝑛. Clearly
the equation𝑔(𝜆) = 0 has 𝑛 roots located inside the unit circle𝐶. On the boundary, we have

|ℎ (𝜆)| = − 1𝐾 (1 − 𝑥∗) 𝑛∑
𝑖=1

𝐿 𝑖𝜆𝑛−𝑖≤ 𝐿1𝐾 (1 − 𝑥∗) + ⋅ ⋅ ⋅ + 𝐿𝑛𝐾 (1 − 𝑥∗)≤ 1 − 𝑥∗
(13)

and whenever 𝑥∗ < 2, |1 − 𝑥∗| < |𝑔(𝜆)| = 1. Thus according
toRouche’s theorem, the equations𝑔(𝜆)+ℎ(𝜆) = 0 and𝑔(𝜆) =0 have the same number of zeros located inside𝐶. Hence𝑥∗ =
ln (𝐹𝐿 𝑖) < 2 guarantees a stable fixed point.

Next, assume𝑓𝑖 = 𝐹(1+𝑥)−1 (the Beverton andHolt case).
Then 𝑥∗ = (∑𝐹𝐿 𝑖) − 1 and (10) takes the form

𝜆𝑛 − 1𝐾 11 + 𝑥∗ 𝑛∑
𝑖=1

𝐿 𝑖𝜆𝑛−1 = 0. (14)

Now, by use of exactly the same kind of arguments as in the
Ricker case, we find that stability is achieved if 𝑥∗ > −2
which of course is always satisfied. Consequently, by use of
the Beverton andHolt recruitment function, the only possible
dynamics is a stable fixed point. Regarding the Ricker case,
the dynamics may be nonstationary and possibly chaotic if𝑥∗ exceeds 2. We shall now explore this further.

To this end, consider a two-dimensional version of (1) and
(2), where 𝑓1 = 𝑓2 = 𝐹 exp (−𝑥) and 𝑝𝑖 = 𝑃, that is, the map(𝑥1, 𝑥2) → (𝐹𝑒−𝑥𝑥1 + 𝐹𝑒−𝑥𝑥2, 𝑃𝑥1) . (15)

The fixed point is easily found to be(𝑥∗1 , 𝑥∗2 ) = ( 11 + 𝑃𝑥∗, 𝑃1 + 𝑃𝑥∗) (16)

and by use of the Jury criteria (cf. [38, 39]), it is straightfor-
ward to show that (16) is stable provided𝑥∗ < 21 + 𝑃 0 < 𝑃 < 12 , (17a)

𝑥∗ < 1 + 2𝑃𝑃 12 < 𝑃 < 1. (17b)

Assuming 0 < 𝑃 < 1/2, the fixed point fails to be hyperbolic
at the threshold 𝑥∗ = 2(1 + 𝑃)−1 or equivalently when 𝐹 =(1 + 𝑃)−1 exp(2/(1 + 𝑃)) and undergoes a supercritical flip
bifurcation as proved in [16]. Hence, just beyond threshold
an attracting period 2 orbit is established. Through further
increase of 𝑥∗ (which is done by increasing𝐹 and fixing𝑃) we
observe stable orbits of period 2𝑘, 𝑘 = 1, 2, . . . .Eventually the
dynamics becomes chaotic as displayed in Figure 2(a). Note
that the attractor is divided into 4 disjoint subsets (branches)
which are visited once every fourth iteration. In case of higher𝐹 values, these branches merge together.

Consider the latter case, 1/2 < 𝑃 < 1, (𝑥∗1 , 𝑥∗2 ) is the
only stable attractor as long as 𝑥∗ is small, but when 𝑥∗
exceeds a certain threshold𝑥𝐴which is lower than bifurcation
threshold 𝑥𝐵 given by (17b), the third iterate 𝑔 of map (15)
undergoes a saddle node bifurcation. Hence, two 3-cycles,
one stable and one unstable, are created.This may be justified
along the following line: First, note that map 𝑔 (which has 7
fixed points) may be expressed as(𝑥1, 𝑥2) → {𝐹𝑒−[𝐹𝑒(𝐹𝑒−𝑥𝑥+𝑃𝑥1)(𝐹𝑒−𝑥𝑥+𝑃𝑥1)+𝑃𝐹𝑒−𝑥𝑥]⋅ [𝐹𝑒−(𝐹𝑒−𝑥𝑥+𝑃𝑥1) (𝐹𝑒−𝑥𝑥 + 𝑃𝑥1) + 𝑃𝐹𝑒−𝑥𝑥] ,𝑃𝐹𝑒−(𝐹𝑒−𝑥𝑥+𝑃𝑥1) (𝐹𝑒−𝑥𝑥 + 𝑃𝑥1)} . (18)

Thenwe compute the linearization𝐷𝑔(𝑥1, 𝑥2), where (𝑥1, 𝑥2)
is a fixed point of (18) and find for fixed values of 𝑃 the value
of 𝐹 where the 3-cycle attractor disappears. Next, we use this𝐹 and substitute a corresponding fixed point (𝑥1, 𝑥2) into𝐷𝑔(𝑥1, 𝑥2) and compute the eigenvalues𝜇1 and𝜇2.The results
of such calculations are 𝜇1 ≈ 1 and 0 < 𝜇2 < 1 from which
we conclude that a saddle node bifurcation takes place. For
example, if 𝑃 = 0.9, we find 𝐹 = 10.036 which implies that𝜇1 = 1.0005 and 𝜇2 = 0.48 and consequently that threshold𝑥𝐴 may be expressed as 𝑥𝐴 = ln (10.036 ⋅ 1.9) ≈ 2.94. Thus
there exists an interval 𝑥𝐴 < 𝑥∗ < 𝑥𝐵, where there are
two stable attractors, the stable 3-cycle and the stable fixed
point (16). At 𝑥𝐵 = 𝑃−1(1 + 2𝑃) (𝑥𝐵 = 3.11 in case of𝑃 = 0.9), the fixed point experiences a supercritical Neimark
Sacker bifurcation. Consequently, just above threshold, we
find coexistence between an attracting invariant curve where
the dynamics is quasiperiodic and a stable large amplitude3-cycle. This is displayed in Figure 2(b). In Figure 2(c), we
see the behaviour of points which belong to the trapping
region of the invariant curve, and in Figure 2(d) the initial
point belongs to the trapping region of the 3-cycle. The
scenario referred to above persists in an interval 𝑥𝐵 < 𝑥∗ <𝑥𝐶. At 𝑥𝐶 (𝑥𝐶 = 3.143 when 𝑃 = 0.9), the invariant curve
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Figure 2: (a) Dynamics generated by map (15). Parameter values (𝑃, 𝐹) = (0.2, 58.5). (b) Coexisting attractors. (𝑃, 𝐹) = (0.9, 11.83). (c)
Convergence towards the invariant curve. (𝑃, 𝐹) = (0.9, 11.83) and (𝑥1,0, 𝑥2,0) = (2.0, 1.78825). (d) Convergence towards the 3-cycle. (𝑃, 𝐹) =(0.9, 11.83) and (𝑥1,0, 𝑥2,0) = (2.0, 1.78830). (e) Chaotic dynamics generated by map (15). (𝑃, 𝐹) = (0.9, 18.5).
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is hit by the branches of the unstable 3-cycle and disappears.
Therefore, whenever 𝑥∗ > 𝑥𝐶 and |𝑥∗−𝑥𝐶| is small, the stable3-cycle is the only attractor. If we continue to increase 𝑥∗ (by
increasing 𝐹), successive flip bifurcations are the outcomes,
creating orbits of period 3 ⋅ 2𝑘. Eventually the dynamics
becomes chaotic here too. This is shown in Figure 2(e).
Thus to summarize, depending on parameter values, map
(15) may generate dynamics of stunning complexity, all
generic bifurcations (saddle node, flip, and Neimark Sacker)
occur, and there are coexisting attractors as well as chaotic
dynamics.

3.3. Example 3 (Density Dependent Survival). Now suppose
density dependent survival and consider the map(𝑥1, 𝑥2) → (𝐹𝑥2, 𝑃 (1 − 𝛾𝛽𝑥)1/𝛾 𝑥1) . (19)

The fixed point may be expressed as(𝑥∗1 , 𝑥∗2 )= ( 𝐹1 + 𝐹 1𝛽 (1 − (𝐹𝑃)−𝛾) , 11 + 𝐹 1𝛽 (1 − (𝐹𝑃)−𝛾)) (20)

and under the assumption𝛾 > 𝛾𝐶 = − 𝐹2 (1 + 𝐹) (21)

we prove in [44] that the fixed point (20) goes through a
supercritical Neimark Sacker bifurcation at the threshold𝑃 = 1𝐹 (1 + 𝛾2 (1 + 𝐹)𝐹 )1/𝛾 . (22)

Hence, beyond threshold an attracting invariant curve is
established. We shall now describe the dynamics on such a
curve. First, observe that, on the curve,map (19) is topological
equivalent to a circle map which actually means that the map
does nothing but move or rotate points around the curve.
Following [40], associated with a circle map, there is also a
rotation number 𝜎 which in the context under consideration
here may be expressed as𝜎 = 𝑐 + 𝑏𝑑𝑎 (𝐹𝐻 − 𝐹) , (23)

where 𝑐 = arg 𝜆 and𝐹𝐻 is the𝐹-value at bifurcation threshold
(22) for a fixed value of 𝑃. 𝜎 may be irrational or rational.
In the former case, it is customary to call the orbit of a
point quasiperiodic, and by performing a sufficiently large
number of iterations the orbit will cover the entire curve as
already exemplified in Figure 2(b). If 𝜎 = 1/𝑛, the dynamic
outcome is a periodic orbit of period 𝑛. Moreover, the implicit
function theorem guarantees that if 𝜎 is rational for a value𝐹, there is also an open interval around the parameter where
the periodicity is maintained. Actually, on several occasions
we have experienced that such intervals may be large. Now,
considering (19) we find at threshold (22) that the eigenvalues
become 𝜆 = − 1𝐹 ± √1 − 1𝐹2 𝑖 (24)

and from (22) it follows that 𝐹 is “large.” Therefore, 𝜆 is
located close to the imaginary axis in the left half plane
which again implies that 𝑐 = arg 𝜆 ≈ 𝜋/2, so 𝜎 ≈ 1/4.
Consequently, just beyond threshold (22), the dynamics is
an almost 4-periodic orbit restricted to the curve. As we
continue to increase 𝐹 we find through frequency locking
an exact 4-periodic orbit. This is shown in Figure 3(a) where𝛾 = −1/10. As we continue to increase 𝐹, periodic orbits of
period 4 ⋅ 2𝑘 are created. In Figure 3(b), we display an orbit
of period 16. Eventually the dynamics becomes chaotic. In
Figure 3(c), we show a chaotic attractor but clearly there is a
tendency towards 4-periodic dynamics in the chaotic regime
as well.

Through Examples 2 and 3, we have discussed several
mechanisms which may lead to periodic dynamics, both
of even and odd periods. However, there are still more
possibilities. Indeed, in the map(𝑥1, 𝑥2) → (𝐹𝑥2, 𝑃𝑒−𝑥1𝑥1) , (25)

where 0 < 𝑃 ≤ 1, 𝑃𝐹 > 1,𝜆 is found to be fourth root of unity
at bifurcations threshold 𝐹 = 𝑃−1 exp(2) and in the map(𝑥1, 𝑥2) → (𝐹 (𝑥1 + 𝑥2) 𝑒−(𝑥1+𝑥2), 𝑥1) (26)𝜆 is the third root of unity at threshold. These cases are
referred to as the strong resonant cases. They are more
difficult to analyze since the location of eigenvalues at
threshold violates the assumptions that are necessary in order
to prove that an invariant curve beyond bifurcation threshold
is established in the Neimark Sacker case.

In short, regarding (25), there is no invariant curve
beyond threshold. The fixed point bifurcates directly to a 4-
periodic orbit with infinitesimal small amplitude. From map
(26), one finds that when the fixed point becomes unstable, a
large amplitude 3-cycle is the only attractor beyond threshold.
3.4. Example 4 (Both Density Dependent Fecundity and
Survival). In our last example, we consider a semelparous
populationmodel where we assume density dependence both
in the fecundity and in the survival terms.Hence, in the Leslie
matrix (1), we assume 𝑓𝑖 = 0, 𝑖 < 𝑛, 𝑓𝑛 = 𝐹 exp (−𝛼𝑥),
and 𝑝𝑖 = 𝑃 exp (−𝛽𝑥), 𝑖 = 1, . . . , 𝑛 − 1. 𝛼 and 𝛽 may
be regarded as parameters which measure the “strength”
of density dependence. If 𝛼 > 𝛽 the strength of density
dependence is larger in the fecundity than in the survivals.

By defining 𝑅0, 𝑎, and𝐷 as𝑅0 = 𝐹𝑃𝑛−1, 𝐹𝑃𝑛−1 > 1,𝑎 = 𝑅−1/(𝛼+(𝑛−1)𝛽)0 ,
𝐷 = 𝑛−1∑
𝑖=0

(𝑃𝑎𝛽)𝑖 , (27)

we may express the total equilibrium population as𝑥∗ = 1𝛼 + ∑𝑛−1𝑖=1 𝛽𝑖 ln𝑅0 (28)



Discrete Dynamics in Nature and Society 7

0

0.05

0.1

0.15

0.2

0.25
x
2

1 2 3 4 5 6 7 8 9 100
x1

(a)

0

0.05

0.1

0.15

0.2

0.25

x
2

102 3 4 5 6 7 8 910
x1

(b)

0

0.05

0.1

0.15

0.2

0.25

x
2

1 2 3 4 5 6 7 8 9 100
x1

(c)

Figure 3: (a) A 4-periodic orbit generated by map (19). 𝛾 = −0.1, (𝑃, 𝐹) = (0.6, 30). (b) A 16-periodic orbit generated by map (19). Parameter
values as in (a), except 𝐹 = 40. (c) Chaotic dynamics generated by map (19). The attractor is divided into 4 subsets which are visited once
every fourth iteration. Parameter values as in (a), except 𝐹 = 43.
while the fixed point may be written as

(𝑥∗1 , . . . , 𝑥∗𝑖 , . . . , 𝑥∗𝑛 )
= ( 1𝐷𝑥∗, . . . , (𝑃𝑎𝛽)𝑖−1𝐷 𝑥∗, . . . , (𝑃𝑎𝛽)𝑛−1𝐷 𝑥∗) . (29)

The eigenvalue equation may be cast in the form

𝜆𝑛 + 𝑎1𝜆𝑛−1 + 𝑎2𝜆𝑛−2 + ⋅ ⋅ ⋅ + 𝑎𝑛 = 0, (30)

where the coefficients are

𝑎1 = 𝛼𝑥∗1 + 𝛽 𝑛∑
𝑖=2

𝑥∗𝑖 ,
𝑎2 = 𝛼𝑥∗2 + 𝛽 𝑛∑

𝑖=1
𝑖 ̸=2

𝑥∗𝑖 ,
𝑎𝑛 = 𝛼𝑥∗𝑛 + 𝛽𝑛−1∑

𝑖=1

𝑥∗𝑖 − 1.
(31)

First let us comment on the parameter region where 𝛼 ≥ 𝛽.
Suppose that 𝑛 is even and 𝜆 = −1. Then LHS (left hand side)
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of (30) may be expressed as(𝑥∗1 − 𝑥∗2 ) (𝛽 − 𝛼) + (𝑥∗3 − 𝑥∗4 ) (𝛽 − 𝛼) + ⋅ ⋅ ⋅+ (𝑥∗𝑛−1 − 𝑥∗𝑛 ) (𝛽 − 𝛼) (32)

which clearly is ≤0. On the other hand, when 𝜆 → −∞, LHS
of (30)→ +∞; thus theremust be a root �̃� < −1 of (30) which
actually proves that fixed point (29) will always be unstable.

Still assuming 𝛼 ≥ 𝛽, let us scrutinize the case 𝑛 = 2 in
somewhatmore detail. In order for the fixedpoint to be stable,
it follows from the Jury criteria that the inequalities(𝛼 + 𝛽) 𝑥∗ > 0, (33a)(𝛽 − 𝛼) (𝑥∗1 − 𝑥∗2 ) > 0, (33b)2 − (𝛽𝑥∗1 + 𝛼𝑥∗2 ) > 0 (33c)

must hold, but as already accounted for, (33b) fails when 𝛼 ≥𝛽. Moreover, since (33b) is violated as an eigenvalue crosses
the unit circle through −1, it is natural to search for a 2-cycle
which should be stable provided 𝑥∗ is small. Evidently, such
a 2-cycle must be obtained from𝑥1,𝑡+2 = 𝑅0𝑒−𝛽(𝑥1,𝑡+𝑥2,𝑡)𝑒−𝛼(𝑥1,𝑡+1+𝑥2,𝑡+1)𝑥1,𝑡,𝑥2,𝑡+2 = 𝑅0𝑒−𝛼(𝑥1,𝑡+𝑥2,𝑡)𝑒−𝛽(𝑥1,𝑡+1+𝑥2,𝑡+1)𝑥2,𝑡 (34)

and here there are two possibilities:

(1) 𝑥𝑡 = 𝑥𝑡+1 which leads to the trivial 2-cycle where the
unstable fixed point (𝑥∗1 , 𝑥∗2 ) is the only point in the
cycle.

(2) The points are of the form (𝐴, 0) or (0, 𝐵). In this case,
it follows from (34) that 𝐴 and 𝐵 must satisfy the
equations

𝐴 − 1𝑃𝑒−𝛽𝐴𝐵 = 0,𝛽𝐴 − 𝛼𝐵 + ln𝑅0 = 0. (35)

In general, system (35) must be solved bymeans of numerical
methods, but in the special case 𝛽 = 0, we obtain 𝐴 =(𝛼𝑃)−1 ln𝑅0, 𝐵 = 𝛼−1 ln𝑅0. Hence there exists a 2-cycle
where only one age class is populated at each time, namely,
the cycle

( 1𝛼𝑃 ln𝑅0, 0) ,
(0, 1𝛼 ln𝑅0) . (36)

Dynamics where only one age class is populated at each time
as above is referred to as SYC (single year class) dynamics
or synchronization (cf. [18, 45]). A cycle like (36) is said to

be of SYC form. In Figure 4(a), we show an orbit starting at(𝑥1,0, 𝑥2,0) ̸= (0, 0) which converges to the 2-cycle (36). If we
increase𝐹we find that (36) goes unstable and cycles of period2𝑘, 𝑘 = 2, 3, . . ., are established. These cycles, which are all
of SYC form, are stable in smaller and smaller regions as 𝐹
is increased. Eventually, the dynamics becomes chaotic but
we emphasize that it is still of SYC form. These scenarios are
demonstrated in Figures 4(b) and 4(c).

We close this example by making a few comments of the
remaining case 𝛽 > 𝛼. Still assuming 𝑛 = 2, if 𝛼 = 0, then we
are essentially back in Example 3. Hence, the dynamics has a
strong resemblance of 4-cycles, either exact or approximate.
Whenever 𝛼 > 0, but 𝛽 > 𝛼, the eigenvalues at threshold
(which are found by use of (30) and (33c)) are not so close
to the imaginary axis as the eigenvalues given by (24). This
affects the dynamics beyond threshold. For “small” values
of 𝛼, we find the invariant curve but there is no tendency
towards 4-periodic dynamics. Instead we observe that when𝐹 is increased, the invariant curve becomes kinked and
not topological equivalent to a circle; see Figure 5(a) where(𝛼, 𝛽) = (0.1, 1.0). In order to scrutinize the dynamics in
somewhat more detail we have also computed the Lyapunov
exponent 𝐿 for 𝐹-values between 10 and 50 (cf. Figure 5(b)).
As long as 10 < 𝐹 < 20.341, 𝐿 < 0, which means that the
fixed point is stable. 𝐿 = 0 in the interval 20.341 ≤ 𝐹 <29.3, which corresponds to quasiperiodic orbits restricted to
invariant curves. 𝐿 < 0 in the parameter window 30.5 <𝐹 < 32.7. Here we find periodic dynamics of period 11.
Finally when 𝐹 exceeds 32.7 and in a tiny interval just below𝐹 = 30.5 we find that 𝐿 > 0, which means that the dynamics
is chaotic. These findings are visualized in Figure 5(c) too,
where the dynamics is shown in case of specific values of 𝐹
(10 ≤ 𝐹 ≤ 35).

When 𝛼 is close to 𝛽, we detect qualitatively much of the
same behaviour but since the value of 𝐹 at threshold in this
case is larger than in the former case, one may argue that
an increase of strength in the fecundity acts in a stabilizing
fashion. Finally, in case of intermediate values of 𝛼, 𝛼 ≈ 𝛽/2,
there is a significant change of dynamics. Through the same
mechanism as we described in Example 2, there exists an 𝐹-
interval where there is coexistence between the fixed point
and a large amplitude 3-cycle. There is also another interval
wherewe observe coexistence between an invariant curve and
the 3-cycle as exemplified in Figure 2(b).

4. Summary

As it is clear from the examples, nonlinear age-structured
population models are excellent tools in order to study the
dynamical outcomes of biological populations. Depending
on location of density dependent elements and parameter
values, the dynamics may vary from stable fixed point to
complicated chaotic behaviour. We close the paper by adding
a few more results. In Example 2 (the Ricker case), we have
to distinguish between even and odd age classes. When 𝑛
is odd, the transfer from stability to instability always goes
through a (supercritical) flip bifurcation (0 < 𝑃 < 1), but
when 𝑛 is even a Neimark Sacker bifurcation occurs when𝑃 is large (when 𝑛 = 4 the Neimark Sacker interval is
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Figure 4: (a) Convergence to a 2-cycle of SYC form. (𝑃, 𝐹) = (0.5, 10). (b) A 4-cycle of SYC form. (𝑃, 𝐹) = (0.5, 15). (c) Chaotic SYCdynamics.(𝑃, 𝐹) = (0.5, 40).
0.62 < 𝑃 < 1). Moreover, when 𝑛 is large, 𝑥∗(𝑃) is an
increasing function which clearly suggests that an increase
of 𝑛 acts stabilizing to the dynamics. For further reading,
see [12, 16]. Turning to Example 3, the 4-periodic dynamics
(exact or approximated) found when 𝑛 = 2 takes over when𝑛 becomes large. Formally, this may be proved through an
asymptotic argument where one shows that the dominant
eigenvalues of the linearization of the 𝑛-dimensional version
of map (19) cross the unit circle very close to the imaginary
axis at the threshold. For details, see [44]. Regarding Example
4, we want to stress the following: assuming 𝛼 > 𝛽 and 𝑛 is
odd, it is proved in a forthcoming paper that SYC dynamics
is the only possibility in cases of small and large equilibrium
populations 𝑥∗. However in case of intermediate values there
may exist a parameter region where the fixed point is stable.
Depending on initial conditions, an orbitmay converge to the

fixed point or settle on a chaotic attractor of SYC form. This
is demonstrated in [18] when 𝛽 = 0. Therefore, by combining
the results above with the findings presented in Example 4,
we find it natural to conclude that as long as the strength of
the density dependence in the fecundity is larger than in the
survivals, SYC dynamics is indeed the most likely dynamic
outcome. Finally, when 𝛽 > 𝛼, we find in contrast to the
iteroparous model discussed in Example 2 that an increase
of the number of age classes 𝑛 acts in a destabilizing fashion.
Actually, if 𝑃 is sufficiently small, it is not possible to achieve
a stable fixed point at all if 𝑛 = 5. Moreover, the periodic
dynamics found when 𝑛 = 2 persists also when 𝑛 = 3
(cf. the simpler model presented in [39]), but the route to
chaos is different from the 𝑛 = 2 case. When 𝑛 ≥ 4, only
quasiperiodic dynamics seems to occur beyond instability
threshold.
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Figure 5: (a) The invariant curve has become kinked. (𝛼, 𝛽) = (0.1, 1.0), (𝑃, 𝐹) = (0.5, 30). (b) Values of Lyapunov exponents for 𝐹-values in
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This paper considers price as a strategy using two methods of market segmentation through game theory based on the collected
data of several typical cities in Shandong province.Three oligarchs are discussed to analyze the complexity of the market in tobacco
system. The effect of different factors on the equilibrium price of Nash equilibrium is discussed. What is more, the variation of
parameters drives the system to change to uncertain status, even to bifurcation or chaos.We also discuss themodel under normal cir-
cumstances, when the three parties jointly take chaos control measures, and its impact on the system. Finally, we clarify chaos con-
trol of economic significance.The results indicate that only reasonable pricing strategy is a critical point to achievemaximized profit
and maintain orderly operation at the same time, which is a constructive suggestion for tobacco companies’ operational strategy.

1. Introduction

Based on the AHPmethod and using 20 factors, the results of
Zhang et al. [1] showed that 29.82%of the total areawas highly
suitable for tobacco production and 17.74% was unsuitable.
To solve the problem where the regular IAHP model cannot
describe the probability with an interval number, Xiao et al.
[2] carried out the probabilistic distribution of the weights
calculation in IAHP. By the study of fuzzy judgmentmatrices,
Zhou and Wei [3] discussed a new method for deriving
posterior weight with an application into a real example.
In order to determine attribute weights in multiple-attribute
decision-making, Cui et al. [4] analyzed the limitations of
the present approaches to determining weights of attributes.
Based on grey incidence, Xu andLv [5] proposed amethod for
group decision-making. According to fuzzy comprehensive
judgment applied to many provinces in practice, Zhong et
al. [6] used grey correlation analysis for the comprehensive
evaluation. Al-Bayati and Hussein [7] applied the evaluation
process to obtain the valuable feedback as its major conclu-
sions for further study. With imprecise data, Kao [8] used
DMUs under the framework of DEA. In order to develop the

status of tobacco industry, Li [9] discussed a few measures
for developing modern tobacco agriculture. From a new
perspective, Li et al. [10] gave two methods and gave an
analysis to solve the problems that the structure of BP neural
network will become complex when samples’ data is not
preprocessed. By using the grey correlation analysis of the BP
neural network, Tang [11] gave a method for improving the
network’s forecasting accuracy.

With the rise of chaos theory,many scholars are interested
in building model with the use of complex system method.
Ma andWang [12] established a closed-loop supply chain and
found that the system will become more complicated when
the retailers exacerbate competition. Considering that players
have different adjustment mechanisms and expectations, Ma
and Guo [13] investigated a dynamic duopoly Cournot game
model and studied the influence of adjustment factors on the
system. Based on a new supply chainmodel with supplier and
two retailers, J. Ma and X. Ma [14] found that the bullwhip
effect is impacted by different factors.

Market segmentation is the procedure which divides into
different consumer groups according to certain rule; under
this rule the standard variable segments are chosen. After
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selecting the standard variable, consumers are assigned to
different groupswith certainmethod.Thusmarket segmenta-
tion approach is the main research method to solve these two
issues, which is named segmentation criteria to determine the
choice of distribution methods.

For the breakdown of standard variables, it may be single
or plural. When there are more variables, the number of
market segments will increase exponentially. For example, if
there are three values for each variable and the total number
of variable is three, then there will be 33 = 27 separations
of the market. And when the number of variables is four,
there will be 34 = 81 separations of the market. Therefore,
the number of variables determines the choice of market
segmentation. Considering the demand of the actual needs
and the degree of difficulty of the two studies, we have tomake
suitable decision of variable’s quantity.

When it comes to market segmentation, there are many
ways, such as conjoint analysis, mixed regression model,
factor analysis, fuzzy cluster analysis, AHP, and decision tree
algorithm.

Tobacco companies in the competitive market adjust
their product price to maximize operation profits. Economic
significance of chaos control is to minimize the impact of its
price and the price of its own competitors in sales. Thus, the
tobacco industry needs to improve sales channels, increasing
sales service quality and establishing a good brand image.
And then gradually the tobacco industry wins the market
through quality and service and also wins more consumers.

Consider the situation where three tobacco companies
sell their three tobacco products.These three tobacco compa-
nies can be seen as a three-oligarch tobaccomarket.The three
tobacco companies’ Nash equilibrium price and the change
rate of the price have the influence on the equilibrium state.

In practice, more often with real-time changes in the
market, the three parties adjust their prices according to the
size of the margin of prices. So we need to model the Nash
equilibrium of the three parties’ game. Find the Nash equilib-
rium price for tobacco companies and analyze the complexity
of price just like impact on the price of the game and the
impact on profits of the game and time series game prices.

Finally, through the research, the reasonable pricing
strategy is obtained, which is to maintain the image of the
enterprise and the profit balance.

2. Market Segmentation Based on
Conjoint Analysis

To study simplicity, select a standard variable: product ben-
efits. Market segmentation methods include conjoint and
mixed regression model.

Conjoint analysis is a statistical method, which is impor-
tant for product attribution in the minds of consumers as
well as the level of product attributes. For tobacco products,
they have different properties, such as aroma, taste, smoke,
aftertaste intensity, tar, tobacco, and cigarette paper. Different
products have different combinations of attribution and
attributing levels; for example, the proportion of white sand
tar in Hongtashan, Zhonghua, and other brands of cigarettes

Table 1: Hongtashan product attributes.

Hongtashan
Attribute Description
Raw material Yuxi
Additive Appropriate
Taste Supple
Aroma Plump
Gas Soft
Aftertaste Clean

is higher than the property tar in Zhongnanhai, Pride,
and other low-tar brands of cigarettes. Hongtashan product
attribute levels and combinations can be expressed as shown
in Table 1.

Different cigarette brands have different combinations
of attributes and attribute levels. For different consumers,
their preferences for product attributes are different too. The
same sense of property has different satisfaction level and the
core of this difference is the consumer demand preference
differences. Therefore, when segmenting the product, we
must focus on the importance of product attributes and
attribute levels to improve people’s unit utility.

In general, when using the joint analysis of the product
segment, it is divided into two steps. First, the experience
of the importance of product attributes and attribute levels
brings the utility of the preliminary estimation and then using
cluster analysis methods depending on the importance of
product attributes and attribute levels brings the utility, which
will be assigned to different consumers market. It is easy to
think that the first step in the estimation process and the
ability to recognize the limitations of the amount of data may
result in unreliable model parameters and the second step is
based on the analyzing result of the first step. So the first step
in the estimation process will affect the final result. In this
paper, a mixed regression model is proposed to improve the
estimating process of the first step.

To study the market segmentation mixed regression
model, it was firstly introduced by DeSarbo joint analysis and
others. In the conjoint analysis, the respondents need to rate
the product of a group. DeSarbo scoring data assume that
each respondent residual obeys multivariate normal distri-
bution and the variance-covariance matrix estimation. In the
evaluation of the relevance of different product respondents,
the efficiency of the model decreases with the increase of the
estimated parameters, if you assume that the residuals are
scoring one dollar data independently distributed, although
there will be some decrease in the estimated accuracy.
However, you canmake themodelmuchmore efficient, so the
change is worth trying. At this time, although the indepen-
dent distribution of the residualwill sacrifice the accuracy, the
model’s efficiency will be improved, which is worth trying.

Complete contour method is a more traditional conjoint
analysis, in addition to a hybrid approach, self-described
method, and that based on the selected method. Compared
with the other three methods, complete contour method is
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simple with normal accuracy, which is widely used. Complete
contour method comprises the following steps:

(a) Determine the product attributes and each attribute
specific level.

(b) Prepare an investigation to determine the product
mix.

(c) Make a preference based on the likelihood of respon-
dents to rate the degree of purchase for each product
combination.

(d) Use the least-squares method to estimate the effec-
tiveness of the model coefficients.

The basic model is as follows:

𝑈 (𝐺) = 𝑛∑
𝑖=1

𝐼𝑖∑
𝑗=1

𝛼𝑖𝑗𝐷𝑖𝑗. (1)

This is a utility model expressing the sum of the utility of
representing a portfolio 𝐺. Product attributes are denoted by𝑖, 𝑖 = 1, 2, . . . , 𝑛. The horizontal property is denoted by 𝑗,
as 𝑙𝑖 is the number of horizontal values of the property 𝑖. 𝛼𝑖𝑗
represents utility value attribute, which means the utility of
product attributes 𝑖 get from level 𝑗.𝐷𝑖𝑗 is a dummy variable;
when product attribute 𝑖 has selected level 𝑗, its value is 1;
otherwise, it is 0.𝐼𝑖 indicates the importance of each attribute 𝑖. The value
for this property at all levels brings a little utility, namely,
the difference between the maximum and minimum values,
expressed as

𝐼𝑖 = max (𝛼𝑖𝑗) −min (𝛼𝑖𝑗) . (2)

𝐼𝑖 represents utility full-pitch; attribute weight 𝑊𝑖 can
represent the whole of its utility from the proportion of the
sum of all the properties of the effectiveness of the whole
distance; namely,

𝑊𝑖 = 𝐼𝑖∑𝑛𝑖=1 𝑙𝑖 . (3)

We need to have horizontal joint analysis of 𝑛 attributes
and 𝑙𝑖 data for each property value. Readily available, the level
values to be studied are ∑𝑛𝑖=1 𝑙𝑖. For 𝑙𝑖 level values of each
property, we need to get a reference, so for the property there
is a need to estimate 𝑙𝑖 − 1 coefficients. Therefore, there are𝐶 = ∑𝑛𝑖=1 𝑙𝑖 − 𝑛 estimated model coefficients. Assume that
each respondent evaluates the needs of𝑀 combinations.Data
collected from each respondent are𝑀. For each respondent,
the linear regression equation can be expressed as

𝑆𝑝𝑀 = 𝛽0𝑀 + 𝛽1𝑀𝑋1𝑝𝑀 + 𝛽2𝑀𝑋2𝑝𝑀 + 𝛽3𝑀𝑋3𝑝𝑀 + ⋅ ⋅ ⋅
+ 𝛽𝐶𝑀𝑋𝐶𝑝𝑀 + 𝛿𝑝𝑀. (4)

Model 𝑆𝑝𝑀 represents respondent 𝑝 scoring the 𝑀 case
of a portfolio. 𝑋1𝑝𝑀 to 𝑋𝐶𝑝𝑀 represents a combination
of different levels. Corresponding 𝛽1𝑀 to 𝛽𝐶𝑀 are utility

coefficients under that level. 𝛽0𝑀 represents intercept model,
as 𝛿𝑝𝑀 are the residuals.

In its estimating coefficients, we use random coefficient
model, which overcomes unstable shortcomings in the esti-
mation of OLS regressionmodel caused by fewer coefficients.

In order to express a clear and simple scoring model, it
can also be represented as a matrix form: 𝑆𝑝 = 𝜃𝑝𝑋𝑝 + 𝛿𝑝.

From the previous formula, 𝜃𝑝 = [𝛽0𝑀 𝛽1𝑀 𝛽2𝑀 𝛽𝐶𝑀];𝑋𝑝 = [𝛽0𝑝𝑀 𝛽1𝑝𝑀 𝛽2𝑝𝑀 𝛽𝐶𝑝𝑀]−1.
The residual vector is 𝛿𝑝; covariance matrix is 𝜎2𝑝.
Therefore, we can use 𝜃𝑝, 𝑋𝑝, and 𝜎2𝑝 to represent the

density function of 𝑝 respondent’s scoring, referred to as𝑓(𝑆𝑝 | 𝜃𝑘, 𝑋𝑝, 𝜎2𝑝).
As mentioned above, for simplicity, in the estimation of

the model, we assume that 𝛿𝑝 followed single normal dis-
tribution rather than a multivariate normal distribution. The
reasons are alreadymentioned above. Under this assumption,
the density function is expressed as the product of 𝑝 normal
distribution possibilities. Assuming that the whole market is
subdivided into 𝐾markets, the proportion of each market is𝑤𝑘, where ∑𝐾𝑘=1 𝑤𝑘 = 1. For one market 𝑘, we give the model
coefficient 𝜃𝑘 and its variances 𝜎2𝑘 ; the respondents density
function can be expressed as

𝑔 (𝑆𝑝 | 𝑋𝑝, 𝜑) = 𝐾∑
𝑘=1

𝜋𝑘𝑓 (𝑆𝑝 | 𝜃𝑘, 𝑋𝑝, 𝜎2𝑘) . (5)

From (5), 𝜑 = (𝑤1 ⋅ ⋅ ⋅ 𝑤𝑘, 𝜃1 ⋅ ⋅ ⋅ 𝜃𝑘, 𝜎21 ⋅ ⋅ ⋅ 𝜎2𝑘). In this case,
coefficients 𝜃𝑝 and 𝜃2𝑝 at the individual level of the density
function model have been replaced by model coefficients 𝜃𝑘
and 𝜎2𝑘 at the segment level, so that the replacement model is
a mixed regression model. With the estimated coefficient 𝜑,
the probability 𝑝 individual that belongs to the 𝑞market can
be calculated based on Bayes’ formula, which is as follows:

𝑃 (𝑞 | 𝑋𝑝, 𝑆𝑝, 𝜑) = 𝜋𝑞𝑓 (𝑆𝑝 | 𝜃𝑞, 𝑋𝑝, 𝜎2𝑞)
∑𝐾𝑘=1 𝜋𝑘𝑓 (𝑆𝑝 | 𝜃𝑘, 𝑋𝑝, 𝜎2𝑘) . (6)

Using this method, you can assign each respondent to a
segment of the market. The principle is to assign the highest
probability of the respondents to its home market. Here we
will only divide the respondents to a market rather than
assigning them to multiple markets.

Each respondent has𝑀 data points; thus the total amount
of data is 𝑃×𝑀. Based on statistical results, in the case of the
model parameter estimation, we use the likelihood function:

𝐿 = 𝑃∏
𝑝=1

ln [𝑔 (𝑆𝑝 | 𝑋𝑝, 𝜑)]

= 𝑃∏
𝑝=1

𝐾∑
𝑘=1

𝜋𝑘𝑓 (𝑆𝑝 | 𝜃𝑘, 𝑋𝑝, 𝜎2𝑘) .
(7)
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Table 2: Consumption data of 26 regions in Shandong province.

Clothing
Household

equipment and
services

Healthcare
Transportation

and
communication

Education,
culture, and
entertainment

Living
Miscellaneous
goods and
services

Jinan 924.81 536.37 793.09 1448.33 1181.16 985.72 310.2
Qingdao 1041.7 656.94 804.75 988.28 1435.28 951.56 286.07
Zibo 900.05 536.36 783.44 1048.06 1108.46 1013.74 261.81
Zaozhuang 863.73 440.16 323.91 590.55 945.03 458.01 163.9
Dongying 1509.12 625.28 770.32 1095.2 1842.6 751.32 410.97
Yantai 1458.49 272.42 933.11 882.52 999.45 790.02 338
Weifang 1016.72 538.1 590.06 917.65 947.75 972.66 212.75
Jining 820.83 826.42 417.45 619.61 791.7 616.06 162.04
Tyan 798.03 443.74 538.66 623.12 1348.09 727.06 248.7
Weihai 1369.93 609.62 682.48 1080.86 1261.65 1018.55 542.62
Rizhao 982.9 571.58 454.98 1195.46 825.89 579.91 277.91
Laiwu 863.38 713.7 467.06 978.89 1009.62 714.66 183.19
Linyi 980.49 511.48 378.77 1176.03 1070.76 854.93 240.47
Dezhou 889.33 380.85 436.79 887.1 1160.2 594.6 224.04
Binzhou 778.1 430.06 392.1 946.61 1272.55 672.48 191.03
Heze 804.84 336.32 367.33 516.18 633.27 436.34 183.51
Wendeng 742.33 314.85 377.92 952.96 446.54 769.48 200.35
Zhucheng 819.68 333.71 302.22 945.79 785.61 479.52 134.95
Qingzhou 776.72 333.94 627.8 865.29 806.67 786.54 237.13
Weishan 929.52 694.9 351.51 598.42 1274.28 410.42 299.99
Linqing 539.62 337.68 372.83 433.12 479.88 639.22 149.62
Feixian 629.31 402.05 199.15 450.1 757.74 371.59 61.07
Lijin 795.41 327.8 611.97 760.38 1439.42 640.55 224.19
Wucheng 615.4 426.88 385.36 382.57 747.51 524.08 94.81
Donga 516.72 255.33 594.04 358.94 539.33 468.61 125.64
Juye 603.64 405.99 349.08 625.14 622.33 393.37 196.59

Multiplicative model is a simple form by taking the
logarithm on both sides of the equation.

ln 𝐿 = 𝑃∑
𝑝=1

ln [𝑔 (𝑆𝑝 | 𝑋𝑝, 𝜑)]

= 𝑃∑
𝑝=1

ln[ 𝐾∑
𝑘=1

𝜋𝑘𝑓 (𝑆𝑝 | 𝜃𝑘, 𝑋𝑝, 𝜎2𝑘)] .
(8)

The value for market segments is always determined
by the Bayesian Information Criterion and the Akaike
information criterion. The calculation method for Bayesian
Information Criterion is

𝐶1 = −2 ln 𝐿 + (ln𝑃) × 𝑅. (9)

Akaike information criterion is calculated as follows:

𝐶2 = −2 ln 𝐿 + 2𝑅, (10)

where 𝑅 represents the number of estimated model coef-
ficients needed, when 𝐶1 and 𝐶2 achieve the minimum;
correspondingmode value is the number ofmarket segments.

3. Consumption Region Division with
Factor Analysis

Table 2 shows people’s income information and nonfood
expenditure statistics in different regions of Shandong
province.

In order to study the consumption level of different
regions in Shandong Province, we analyze the consumption
data of 26 cities or regions in Shandong Province in 2005.

Part of the original data is shown in Table 2.
Firstly make principal component analysis of the data.

Original indices and their corresponding attributes are as
follows:

𝑋1: clothing𝑋2: household equipment and services
𝑋3: healthcare𝑋4: transport and communications
𝑋5: education and cultural and recreational services
𝑋6: living𝑋7: miscellaneous goods and services
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Table 3: Total variance explained.

Component Initial eigenvalues Extraction sums of squared loadings Rotation sums of squared loadings
Total % of variance Cumulative% Total % of variance Cumulative% Total % of variance Cumulative%

1 4.206 60.085 60.085 4.206 60.085 60.085 2.518 35.971 35.971
2 .984 14.055 74.140 .984 14.055 74.140 2.200 31.429 67.400
3 .681 9.724 83.864 .681 9.724 83.864 1.152 16.463 83.864
4 .446 6.376 90.240
5 .375 5.359 95.599
6 .176 2.517 98.115
7 .132 1.885 100.000
Extraction method: principal component analysis.

Using SPSS data analysis software for analysis, prior to
principal component analysis, due to the different units of
data, direct dimension transformation may have a negative
impact on the analysis results. And data obtained is shown in
Table 3.

Not difficult to see from the table, the cumulative con-
tribution rate of the first component is 60.085%, while the
contribution of the first three components was 83.864%. It
can be seen that the first three factors explain more than 70%
of the variance.The three principal components extracted are
set to 𝑌1, 𝑌2, and 𝑌3.

Easy to see for the first principal component, 𝑌1, 𝑋1,𝑋5, and𝑋7 have more contribution; for the second principal
component, 𝑌2, 𝑋4, and 𝑋6 have more contribution; for the
third main component,𝑋2 has the highest contribution rate.

According to the ingredient matrix after rotation, we can
conclude that the expression of the three main components is
as follows:

𝑌1 = 0.827𝑋1 + 0.208𝑋2 + 0.614𝑋3 + 0.274𝑋4
+ 0.810𝑋5 + 0.273𝑋6 + 0.780𝑋7

𝑌2 = 0.361𝑋1 + 0.137𝑋2 + 0.622𝑋3 + 0.796𝑋4
+ 0.131𝑋5 + 0.903𝑋6 + 0.446𝑋7

𝑌3 = 0.156𝑋1 + 0.929𝑋2 − 0.218𝑋3 + 0.282𝑋4
+ 0.332𝑋5 + 0.089𝑋6 + 0.140𝑋7.

(11)

The main ingredient formula has been set with the
variables for each region obtaining the value of the main
component into each region, 𝑌1, 𝑌2, and 𝑌3. The value of the
main component into each region is shown in Table 4.

We use the variance contribution rate as weight, and the
score model can be expressed as

𝑆 = 0.60085𝑌1 + 0.14055𝑌2 + 0.09724𝑌3. (12)

Data analysis software SPSS statistical functions and so
forth can be used to calculate the level of consumption in
different regions and contribute to market segmentation.

The sales strategy of the product is closely related to the
local consumption level. It is necessary to have a proper
change strategy in areas where consumption levels are low.
What is more, companies need to seriously consider issues.

Table 4: The value of the main component into each region.

𝑌1 𝑌2 𝑌3
Jinan 3227.98 3236.698 1401.396
Qingdao 3408.522 2928.147 1477.314
Zibo 3002.92 2897.338 1258.334
Zaozhuang 2184.902 1654.14 1017.032
Dongying 4169.335 3084.489 1693.371
Yantai 3366.445 2841.781 975.5045
Weifang 2765.644 2635.576 1219.652
Jining 2212.662 1894.687 1319.879
Tyan 2738.167 2123.986 1142.111
Weihai 3698.176 3189.965 1521.553
Sunshine 2582.717 2423.515 1286.979
Laiwu 2573.238 2338.466 1396.388
Linyi 2760.328 2615.265 1342.437
Texas 2602.786 2139.871 1116.959
Binzhou 2596.418 2196.353 1211.457
Heze 1877.739 1534.8 778.2524
Wendeng 1900.588 2147.431 839.4313
Zhucheng 2064.511 1878.562 961.1083
Qingzhou 2387.455 2327.088 909.5647
Weishan 2671.25 1797.075 1384.279
Linqing 1544.009 1524.539 675.9059
Feixian 1612.519 1226.46 848.3813
Lijin 2825.749 2184.929 1075.911
Wucheng 1761.671 1438.315 824.54
Donga 1606.313 1426.568 527.8837
Juye 1734.097 1512.691 840.6687

Not difficult to see from the above analysis, different levels of
consumption require different sales focus. For example, the
consumption level is arranged in the top three in Dongying,
Weihai, andQingdao. ForDongyingCity, consumption levels
are somewhat used to dress the cultural and recreational
projects; for Qingdao, the consumer inclines more to educa-
tion. Tobacco products should belong tomiscellaneous goods
and services, so for tobacco companies, when considering
the level of consumption of the country and developing
marketing strategies, they should not only consider the total
level of consumption of the country but also take into
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consideration the level of consumption for miscellaneous
goods.

Product marketing not only needs to consider the local
spending power, but also needs to consider the following
factors.

(a) Socioeconomic Factors. As a result of the rapid economic
development, people's living standards continue to improve.
The consumption level in the region with low consumption
levels has high room for improvement. It is necessary to
take into account the future business opportunities in the
development of sales strategy. Companies should stand high
and see far ahead with sufficient strategic vision for the job.

(b) Product Quality. Should we provide low quality goods in
areas with low consumption levels? The answer of course is
no. Low-quality products can indeed reduce costs and drive
down selling prices. In fact, consumers find that getting poor
quality products can cause irreversible damage to the image
of the business.

(c) Consumption Habits. The level of consumption is based
on the characteristics of the study area to examine consumer
groups and product positioning, but the issue of personal
spending habits cannot be ignored. It is difficult for us to
meet all the individual needs of consumers, but we cannot
view consumers as a static group with specific consumer
preferences. With the improvement of living standards, con-
sumers must have higher requirements for the products; for
example, the health risks of tobacco products may become
increasingly valued. Tobacco companies must respect the
habits of consumers in marketing.

The level of consumption in the country to some extent
can help make the right business regional marketing strategy
with not too hasty making the business decision, which
should refine consumer groups, pay attention to product
quality, and have a broader strategic vision.

4. Tobacco Manufacturer Pricing Considering
Market Segments

Three tobacco companies sell three tobacco products. These
three tobacco companies can be seen as representing tobacco
market with three oligarchs.The competition of three tobacco
companies makes the market price eventually enter the Nash
equilibrium.

4.1. Tobacco Nash Equilibrium Price. Composition market
demand function is

𝑞1 = 𝑎1 − 𝑏1𝑝1 + 𝑐1𝑝2 + 𝑑1𝑝3,
𝑞2 = 𝑎2 − 𝑏2𝑝2 + 𝑐2𝑝3 + 𝑑2𝑝1,
𝑞3 = 𝑎3 − 𝑏3𝑝3 + 𝑐3𝑝1 + 𝑑3𝑝2.

(13)

All model coefficients are greater than zero. In addition
to the fact that the demand for a fixed price is not affected,
along with tobacco company’s own price increasing, demand
decreases with the increase in the price of other brands;

otherwise the demand increases. In addition, the impact of
own price changes on demand is greater than the impact of
competing prices changes. That is, 𝑏1 > 𝑐1 and 𝑏1 > 𝑑1.
Assume that the sum of all costs for per tobacco product
is 𝑤; then three tobacco companies’ profit function can be
expressed as

𝜋1 = (𝑎1 − 𝑏1𝑝1 + 𝑐1𝑝2 + 𝑑1𝑝3) (𝑝1 − 𝑤) ,
𝜋2 = (𝑎2 − 𝑏2𝑝2 + 𝑐2𝑝3 + 𝑑2𝑝1) (𝑝2 − 𝑤) ,
𝜋3 = (𝑎3 − 𝑏3𝑝3 + 𝑐3𝑝1 + 𝑑3𝑝2) (𝑝3 − 𝑤) .

(14)

According to Nash equilibrium, after the three parties in
the game, the price reached a steady state, so that the three
parties are reluctant to change the price again. So the state
corresponding to the price for themarginal profit is zero state.
This state may be a function of the price of the derivative
profits obtained. The equations to calculate the equilibrium
price are therefore

𝑎1 − 2𝑏1𝑝1 + 𝑐1𝑝2 + 𝑑1𝑝3 + 𝑏1𝑤 = 0,
𝑎2 + 𝑑2𝑝1 − 2𝑏2𝑝2 + 𝑐2𝑝3 + 𝑏2𝑤 = 0,
𝑎3 + 𝑐3𝑝1 + 𝑑3𝑝2 − 2𝑏3𝑝3 + 𝑏3𝑤 = 0.

(15)

Solutions of equations can obtain tripartite equilibrium
price.

In addition, in order to make the best price existing, the
need to make profit function of the second derivative is less
than zero; namely,

𝜕2𝜋1𝜕𝑝21 = −2𝑏1 < 0,
𝜕2𝜋2𝜕𝑝22 = −2𝑏2 < 0,
𝜕2𝜋3𝜕𝑝23 = −2𝑏3 < 0.

(16)

For example, we give a set of values for the model
simulation. According to the analysis above, the definition,
and scope of parameters, make 𝑎1 = 200, 𝑎2 = 280, 𝑎3 = 200,𝑏1 = 70, 𝑏2 = 90, 𝑏3 = 60, 𝑐1 = 20, 𝑐2 = 10, 𝑐3 = 40, 𝑑1 = 20,𝑑2 = 10, 𝑑3 = 40, and 𝑤 = 30. Numerical simulation is
applied to three different tobacco companies. It can be seen
that the system has the following characteristics: sales are
mainly affected by their own prices and are less affected by
the price of competitors. We have studied the specific trends
in the following text.

With the use of simulation software for data analysis, we
can draw three Nash equilibrium prices: 𝑝1 = 23.67, 𝑝2 =19.6, and 𝑝3 = 31.09; their profits are 𝜋1 = 2804.82, 𝜋2 =9738.56, and 𝜋3 = 71.286. So we give Table 5 to compare the
three tobacco companies.

It can be seen that the parameters of their own caused a
greater impact and the parameters of the competitors caused
a smaller impact. Although the price is low, profits are highest,
because the price increase brought about by the increase in
sales will increase the balance of profits.
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Table 5: The comparison of the three tobacco companies.

Number Brand image Affected by own price Affected by substitute Equilibrium price Equilibrium profit
1 Middle Middle Middle Middle Middle
2 Good High Low Low High
3 Middle Low High High Low

4.2. Complexity of Price Game of Three Oligarchic Tobacco
Companies. In practice, more often with real-time changes
in the market, the three parties adjust their prices according
to the size of the margins of prices. When the profit margin
is greater than zero, the price increase is conducive to gaining
more income, and when the profit margin is less than zero,
we need to lower prices in order to obtain greater profits.
Therefore, the price adjustment model can be written as

𝑝𝑖 (𝑡 + 1) = 𝑝𝑖 (𝑡) + 𝑔𝑖 × 𝑝𝑖 (𝑡) × 𝜕𝜋𝑖 (𝑡)𝜕𝑝𝑖 (𝑡) , (17)

where 𝑔𝑖 represents the speed of price adjustment of player 𝑖
(𝑖 = 1, 2, 3); then the tripartite price adjustment model is

𝑝1 (𝑡 + 1)
= 𝑝1 (𝑡)
+ 𝑔1𝑝1 (𝑡) (𝑎1 − 2𝑏1𝑝1 + 𝑐1𝑝2 + 𝑑1𝑝3 + 𝑏1𝑤) ,

𝑝2 (𝑡 + 1)
= 𝑝2 (𝑡)
+ 𝑔2𝑝2 (𝑡) (𝑎2 + 𝑑2𝑝1 − 2𝑏2𝑝2 + 𝑐2𝑝3 + 𝑏2𝑤) ,

𝑝3 (𝑡 + 1)
= 𝑝3 (𝑡)
+ 𝑔3𝑝3 (𝑡) (𝑎3 + 𝑐3𝑝1 + 𝑑3𝑝2 − 2𝑏3𝑝3 + 𝑏3𝑤) .

(18)

We can first obtain the above model Jacobin matrix in
order to get a stable domain model:

𝐽 =


𝑗1, 𝑐1𝑝1𝑔1, 𝑑1𝑔1𝑝1
𝑑2𝑝2𝑔2, 𝑗5, 𝑐2𝑔2𝑝2
𝑐3𝑔3𝑝3, 𝑑3𝑔3𝑝3, 𝑗9


. (19)

From (19),

𝑗1 = 1 − 2𝑏1𝑔1𝑝1
+ 𝑔1 (𝑎1 − 𝑏1𝑝1 + 𝑐1𝑝2 + 𝑑1𝑝3 − 𝑏1 (𝑝1 − 𝑤)) ,

𝑗5 = 1 − 2𝑏2𝑔2𝑝2
+ 𝑔2 (𝑎2 − 𝑑2𝑝1 − 𝑏2𝑝2 + 𝑐2𝑝3 − 𝑏2 (𝑝2 − 𝑤)) ,

𝑗9 = 1 − 2𝑏3𝑔3𝑝3
+ 𝑔3 (𝑎3 − 𝑐3𝑝1 + 𝑑3𝑝2 − 𝑏3𝑝3 − 𝑏3 (𝑝3 − 𝑤)) .

(20)

The characteristic equation of (19) is

|𝜆𝐸 − 𝐽| = 𝐴0 + 𝐴1𝜆 + 𝐴2𝜆2 + 𝐴3𝜆3 = 𝐹 (𝜆) = 0, (21)

where
𝐴0 = 𝑗1𝑗6𝑗8 + 𝑗2𝑗4𝑗9 + 𝑗3𝑗5𝑗7 − 𝑗1𝑗5𝑗9 − 𝑗3𝑗4𝑗8

− 𝑗2𝑗6𝑗7,
𝐴1 = 𝑗1𝑗5 + 𝑗1𝑗9 + 𝑗5𝑗9 − 𝑗3𝑗7 − 𝑗2𝑗4 − 𝑗6𝑗8,
𝐴2 = −𝑗1 − 𝑗5 − 𝑗9,
𝐴3 = 1.

(22)

The Routh-Hurwitz stability criterion proposes that a
system whose characteristic roots are both in the unit circle
is asymptotically stable, and this equals to satisfying the
following conditions:

𝐹 (1) = 𝐴0 + 𝐴1 + 𝐴2 + 𝐴3 > 0,
𝐹 (−1) = 𝐴0 − 𝐴1 + 𝐴2 − 𝐴3 < 0,
𝐴20 − 𝐴3 < 0,
(𝐴3 − 𝐴20)2 − (𝐴1 − 𝐴2𝐴0)2 > 0.

(23)

Large-scale price adjustment will cause great harm to
the system, so that the price balance is no longer stable,
endangering the stability of the entire system.

In the three vendors’ characteristics prescribed value,
make

𝑎1 = 3.6,
𝑎2 = 4.2,
𝑎3 = 3.6,
𝑏1 = 3.2,
𝑏2 = 4.2,
𝑏3 = 2.6,
𝑐1 = 0.4,
𝑐2 = 0.2,
𝑐3 = 0.6,
𝑑1 = 0.5,
𝑑2 = 0.3,
𝑑3 = 0.7,
𝑤 = 0.15.

(24)

Examine the impact of price adjustment factor on the
system.
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Figure 1: The index change map.

(i) Impact on the Price of the Game. We fixed the adjustment
speed of tobacco companies 2 and 3 as 0.1 and studied the
impact of the change of the adjustment speed of company 1
on the system.

The size of the index indicates the average convergence
or divergence of the system phase space orbit. The index is
calculated as

𝜆 = lim
𝑛→∞

1𝑛
𝑛−1∑
𝑛=0

ln

𝑑𝑓 (𝑥𝑛, 𝑢)𝑑𝑥

 . (25)

The maximum exponent means the mean of the differ-
ence after multiple iterations when difference between the
initial values is very small. Iterative equation is as follows:

𝑥𝑛 − 𝑦𝑛 ≈

𝑛−1∏
𝑛=0

𝑑𝑓 (𝑥𝑛, 𝑢)𝑑𝑥
𝑥𝑛

𝑥0 − 𝑦0 . (26)

Knowing the index and the number of iterations 𝑛, we can
know the difference between the original minor differences
through 𝑛 iterations. Index may be positive or negative, when
the index is positive, it indicates that the difference is a
proliferation of state in this direction; when the index is
negative, it indicates that the difference within the shrinkage
is in that direction. If the system phase space trajectory is
away from the equilibriumpoint, the system is out of stability.
Whenever there is a positive index, the system will present
chaotic state. Thus, to determine whether there is a system
chaotic state, you need to check whether there is a positive
index. According to the model and numerical simulation
of this article, we can obtain the index change map paper
systematically. See Figure 1.

Not difficult to see from the figure, when 𝑔1 < 0.4, the
maximum is always less than zero, so the system is stable.
When 𝑔1 = 0.41, the maximum for the first time is zero,
because there are no indexes greater than zero, so that the
maximum of system does not enter a chaotic state but enters
the fold bifurcation state. When 𝑔1 > 0.53, the maximum
number begins to appear positive; then the system enters a
chaotic state.
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Figure 2: The impact of price adjustment speed of evolution of
retailer’s equilibrium price.

With the increase of retail price adjustment factor 1, the
parties of the dynamic evolution of the equilibrium price are
shown in Figure 2.

Under a normal price adjustment system, game player
keeps stable in the game after a certain period into a steady
state. In this condition, the profit side of the game has reached
the maximum, which cannot change unilaterally by the price
to obtain greater profits. So that is a Nash equilibrium. But
if either one of price adjustment coefficients is too large, it
will break the steady state, so that the chaotic system enters
a state of disorder. As is shown in Figure 2, when the price
adjustment factor is greater than 0.41 𝑔1, the system began
to enter doubling bifurcation state; when 𝑔1 is greater than
0.53, the system enters a chaotic state. In this state, themarket
competition is chaotic disorder and vicious competition.

(ii) The Impact on Profits of the Game. For the company,
the price changes directly affect the acquisition of profits.
Therefore, the price of the chaotic state of the game will
inevitably lead to chaos game profits.We fixed the adjustment
speed of tobacco companies 2 and 3 as 0.1 and analyzed the
changes in adjustment speed of tobacco company 1. Please see
Figure 3.

Through two bifurcation diagrams seen in Figure 3,
regardless of the nature of the tobacco industry, the impact
of the price adjustment factor on the equilibrium price
is similar to the acceleration of price adjustment’s speed.
Tobacco company’s prices gradually appear to be chaotic.
The rapid rate of price adjustments by either party will lead
to significant tripartite profits to chaos. This stability of the
market is very negative.

(iii) Time Series Game Prices. Game price time series reflects
the increase in the game with the times and the changes in
the equilibrium price. At steady state, the price of the game is
always in a stable state, as shown in Figure 4.

When the system is in a chaotic state, the price increases
with the emergence of the game cycle volatility, as shown in
Figure 5.
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Figure 3: The impact of price adjustment speed of evolution of a
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Figure 4: The price varies with the steady-state period of the game.

Chaos is a so violent price fluctuations phenomenon,
which has certain impact on the stability of the market.

When one of tobacco’s price adjustments is too fast, the
equilibrium prices go into chaos and the nonlinear feedback
control is introduced as follows:

𝑢 (𝑘, 𝑝𝑛) = 𝑘 𝑚∏
𝑖=1

(𝑝𝑛 − 𝑝𝑖) . (27)

After introducing the chaotic control coefficient, the
power system of the tobacco company game is shown as
follows:

𝑝1 (𝑡 + 1)
= 𝑝1 (𝑡)
+ 𝑔1𝑝1 (𝑡) (𝑎1 − 2𝑏1𝑝1 + 𝑐1𝑝2 + 𝑑1𝑝3 + 𝑏1𝑤)
+ 𝑘1 (𝑝1 (𝑡) − 𝑝1 (𝑡 + 1)) ,
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Figure 5: The price varies with the chaotic state of the game cycle.

𝑝2 (𝑡 + 1)
= 𝑝2 (𝑡)
+ 𝑔2𝑝2 (𝑡) (𝑎2 + 𝑑2𝑝1 − 2𝑏2𝑝2 + 𝑐2𝑝3 + 𝑏2𝑤) ,

𝑝3 (𝑡 + 1)
= 𝑝3 (𝑡)
+ 𝑔3𝑝3 (𝑡) (𝑎3 + 𝑐3𝑝1 + 𝑑3𝑝2 − 2𝑏3𝑝3 + 𝑏3𝑤) .

(28)

According to (28), we can get

𝑝1 (𝑡 + 1) = 𝑝1 (𝑡) + ( 𝑔1(1 + 𝑘1))𝑝1 (𝑡)
⋅ (𝑎1 − 2𝑏1𝑝1 + 𝑐1𝑝2 + 𝑑1𝑝3 + 𝑏1𝑤)
+ 𝑘1 (𝑝1 (𝑡) − 𝑝1 (𝑡 + 1)) ,

𝑝2 (𝑡 + 1) = 𝑝2 (𝑡) + 𝑔2𝑝2 (𝑡)
⋅ (𝑎2 + 𝑑2𝑝1 − 2𝑏2𝑝2 + 𝑐2𝑝3 + 𝑏2𝑤)
+ 𝑘2 (𝑝2 (𝑡) − 𝑝2 (𝑡 + 1)) ,

𝑝3 (𝑡 + 1) = 𝑝3 (𝑡) + 𝑔3𝑝3 (𝑡)
⋅ (𝑎3 + 𝑐3𝑝1 + 𝑑3𝑝2 − 2𝑏3𝑝3 + 𝑏3𝑤)
+ 𝑘3 (𝑝3 (𝑡) − 𝑝3 (𝑡 + 1)) .

(29)

The impact of coefficient changes on the stability of the
system under such conditions is shown in Figure 6.

It can be seen that the system is stable when the value is
close to 0.47, which means that the tobacco companies can
make more rapid price adjustments.
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Figure 6: Chaos unilateral control factor on system stability.

If all the tobacco companies on the market work together
to stabilize the market, chaos control factor of the system
becomes

𝑝1 (𝑡 + 1)
= 𝑝1 (𝑡)
+ 𝑔1𝑝1 (𝑡) (𝑎1 − 2𝑏1𝑝1 + 𝑐1𝑝2 + 𝑑1𝑝3 + 𝑏1𝑤)
+ 𝑘1 (𝑝1 (𝑡) − 𝑝1 (𝑡 + 1)) ,

𝑝2 (𝑡 + 1)
= 𝑝2 (𝑡)
+ 𝑔2𝑝2 (𝑡) (𝑎2 + 𝑑2𝑝1 − 2𝑏2𝑝2 + 𝑐2𝑝3 + 𝑏2𝑤)
+ 𝑘2 (𝑝2 (𝑡) − 𝑝2 (𝑡 + 1)) ,

𝑝3 (𝑡 + 1)
= 𝑝3 (𝑡)
+ 𝑔3𝑝3 (𝑡) (𝑎3 + 𝑐3𝑝1 + 𝑑3𝑝2 − 2𝑏3𝑝3 + 𝑏3𝑤)
+ 𝑘3 (𝑝3 (𝑡) − 𝑝3 (𝑡 + 1)) .

(30)

According to (30), we can get

𝑝1 (𝑡 + 1) = 𝑝1 (𝑡) + ( 𝑔1(1 + 𝑘1))𝑝1 (𝑡)
⋅ (𝑎1 − 2𝑏1𝑝1 + 𝑐1𝑝2 + 𝑑1𝑝3 + 𝑏1𝑤)
+ 𝑘1 (𝑝1 (𝑡) − 𝑝1 (𝑡 + 1)) ,

𝑝2 (𝑡 + 1) = 𝑝2 (𝑡) + ( 𝑔2(1 + 𝑘2))𝑝2 (𝑡)
⋅ (𝑎2 + 𝑑2𝑝1 − 2𝑏2𝑝2 + 𝑐2𝑝3 + 𝑏2𝑤)
+ 𝑘2 (𝑝2 (𝑡) − 𝑝2 (𝑡 + 1)) ,
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Figure 7: Chaos tripartite control factor on system stability.

𝑝3 (𝑡 + 1) = 𝑝3 (𝑡) + ( 𝑔3(1 + 𝑘3))𝑝3 (𝑡)
⋅ (𝑎3 + 𝑐3𝑝1 + 𝑑3𝑝2 − 2𝑏3𝑝3 + 𝑏3𝑤)
+ 𝑘3 (𝑝3 (𝑡) − 𝑝3 (𝑡 + 1)) .

(31)

In order to facilitate analysis and comparison, chaos control
factor drives to all tobacco companies. Observing chaotic
control factor on system stability at this time, see Figure 7.

Under normal circumstances, when the three parties
jointly take chaos control measures, the system will be easier
to control to enter a stable state. In the diagram, the key
point is to make the system’s stable 𝑘 value smaller. In this
case, it seems that the three parties take effect to unilateral
chaos control when there is notmuch difference among them.
This is mainly due to the price adjustment factor 1 retailers
sensitively affected by too high corresponding unilateral
system. And the chaotic state of preselected 𝑔1 coefficient is
relatively large.

Chaos control of economic significance actually reduced
by adding 𝑘 value for each of original price determination
coefficients 𝑏, 𝑐, and so on. So its economic significance is
actually to minimize the impact on the sales price.

Tobacco companies in the competitive market adjust
product price to maximize profits. But the price adjustment
speed should not be too fast; otherwise, it will cause the
chaotic phenomena in tobacco companies’ equilibrium price,
which further causes the chaos phenomenon in profits and
huge price fluctuations.Therefore, it is necessary to introduce
a method of chaos control. Economic significance of chaos
control is to minimize the impact of its price and that of
competitors in sales. Thus, the tobacco industry needs to
improve sales channels and service quality and establish a
good brand image. That helps to gradually win the market
through quality and service and finally win more consumers.
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5. Conclusion

This paper describes two methods of market segmentation.
When considering segmentation, the equilibrium price can
be determined based on game theory. By using the theory
of complexity, we build a three-oligarch competitive model
in tobacco market. Lastly, it discusses the stability of the
equilibrium price. By numerical simulation, we calculate the
stable region with the change of adjustment speed. We also
observe the phenomenon of bifurcation and chaos under
different values of parameters. In the practice ofmanagement,
the decision-maker should avoid the price entering into
bifurcation and chaos.The reasonable pricing strategy, which
is to maintain the image of the enterprise, obtains the profit
balance at last. A constructive suggestion is put forward for
the development of the tobacco companies.
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The dynamic behavior of a discrete-time predator-prey system of Leslie type with simplified Holling type IV functional response is
examined.We algebraically show that the system undergoes a bifurcation (flip or Neimark-Sacker) in the interior ofR2+. Numerical
simulations are presented not only to validate analytical results but also to show chaotic behaviors which include bifurcations, phase
portraits, period 2, 4, 6, 8, 10, and 20 orbits, invariant closed cycle, and attracting chaotic sets. Furthermore, we compute numerically
maximum Lyapunov exponents and fractal dimension to justify the chaotic behaviors of the system. Finally, a strategy of feedback
control is applied to stabilize chaos existing in the system.

1. Introduction

In ecology and mathematical biology, the dynamics of
predator-prey interaction when the growth of predator
depends on the ratio of predator and prey have been exten-
sively investigated by ecologist and mathematician [1, 2] and
the reference therein. Qualitative analyses of these works
found many rich dynamics which include limit cycle, states
of stability, codimension 1 subcritical Hopf bifurcation, codi-
mension 2 Bogdanov-Takens bifurcation, and codimension 3
degenerate focus type Bogdanov-Takens bifurcation around
positive equilibrium. But lots of exploratory works have
suggested that the discretization of predator-prey models is
more suitable compared to continuous ones when size of
populations is small [3–10]. These researches have mainly
focused onGauss-type predator-prey interaction withmono-
tonic functional responses. They obtained many complex
properties in discrete-time models including the possibility
of bifurcations (flip and Neimark-Sacker) and chaos phe-
nomenon which had been derived either by using numerical
simulations or by using center manifold theory.

In recent times, a few number of articles in litera-
ture discussed the dynamics of discrete-time predator-prey
systems of Leslie type [11, 12]. For example, a discrete-
time predator-prey system of Holling and Leslie type with
constant-yield prey harvesting was investigated in [11], and a
discrete predator-preymodel withHolling-Tanner functional
response was studied in [12]. In their studies, the authors paid
their attention to drive the existence of flip and Neimark-
Sacker bifurcations by using center manifold theory.

In this paper, we consider the following predator-prey
system of Leslie type [1]:

�̇� = 𝑟𝑥 (1 − 𝑥𝐾) − 𝑚𝑥𝑦𝑥2 + 𝑏 ,
̇𝑦 = 𝑠𝑦 (1 − 𝑦ℎ𝑥) ,

(1)

where 𝑥 and 𝑦 stand for densities of prey and predator,
respectively; 𝑟, 𝐾,𝑚, 𝑏, 𝑠, and ℎ are all positive constants, and𝑚𝑥𝑦/(𝑥2 + 𝑏) denotes the functional response of simplified
Holling type IV. In [1], it is shown that model (1) has a
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degenerate Bogdanov-Takens bifurcation of codimension 3 at
positive equilibrium. For simplicity, we scale the variables and
parameters as 𝑥𝐾 → 𝑥,

𝑚𝑦𝑟𝐾2 → 𝑦,
𝑟𝑡 → 𝑡,
𝑎 = 𝑏𝐾2 ,
𝛼 = 𝑠𝑟 ,
𝛽 = 𝑠𝐾ℎ𝑚.

(2)

Then we write system (1) in the form

�̇� = 𝑥 (1 − 𝑥) − 𝑥𝑦𝑥2 + 𝑎 ,
̇𝑦 = 𝑦(𝛼 − 𝛽𝑦𝑥 ) . (3)

Forward Euler scheme is applied to system (3) to get the
following discrete system:

(𝑥𝑦) → (𝑥 + 𝛿𝑥 [(1 − 𝑥) − 𝑦𝑥2 + 𝑎]𝑦 + 𝛿𝑦 [𝛼 − 𝛽𝑦𝑥 ] ) , (4)

where𝛿 is the step size.Theobjective is to study systematically
the existence condition of a bifurcation (flip or NS bifurca-
tion) in the interior ofR2+ using bifurcation theory and center
manifold theory [13–16].

This paper is organized as follows. Section 2 deals with the
existence condition for fixed points of system (4) and their
stability criterion. In Section 3, we prove that under certain
parametric condition system (4) admits a bifurcation. In Sec-
tion 4, we implement numerical simulations of the system for
one or more control parameters which include diagrams of
bifurcation, phase portraits, maximum Lyapunov exponents,
and fractal dimensions. In Section 5, we use the method of
feedback control to stabilize chaos at unstable trajectories.
Finally we carry out a short discussion in Section 6.

2. Fixed Points: Existence and Their Stability

The fixed points of system (4) are solution of

𝑥 + 𝛿𝑥 [(1 − 𝑥) − 𝑦𝑥2 + 𝑎] = 𝑥,
𝑦 + 𝛿𝑦 [𝛼 − 𝛽𝑦𝑥 ] = 𝑦. (5)

A simple algebraic computation shows that system (4) has
a predator free fixed point 𝐸1(1, 0) for all parameter values.

Next, it is of great interest to find the positive fixed point of
system (4). Suppose that 𝐸2(𝑥∗, 𝑦∗) is a positive fixed point
of system (4). Then, 𝑥∗ and 𝑦∗ are solutions of

1 − 𝑥∗ = 𝑦∗𝑥∗2 + 𝑎 ,𝛼𝑥∗ = 𝛽𝑦∗. (6)

From (6), we can see that 𝑥∗ ∈ (0, 1) is the root of the
following cubic equation:𝑝0𝑤3 + 3𝑝1𝑤2 + 3𝑝2𝑤 + 𝑝3 = 0, (𝑝0 ̸= 0) , (7)

with coefficients

𝑝0 = 1𝑎 ,
3𝑝1 = −1𝑎 ,
3𝑝2 = 1 + 𝛼𝑎𝛽 ,𝑝3 = −1.

(8)

Now, the transformation 𝑧 = 𝑝0𝑤 + 𝑝1 converts (7) to 𝑧3 +3𝐻𝑧 + 𝐺 = 0, where 𝐺 = 𝑝02𝑝3 − 3𝑝0𝑝1𝑝2 + 2𝑝13, 𝐻 =𝑝0𝑝2 − 𝑝12. Using Cardano’s method, we get following result.

Lemma 1. If 𝐺2 + 4𝐻3 > 0, then a unique positive fixed point𝐸2(𝑥∗, 𝑦∗) of system (4) exists, where

𝑥∗ = 1𝑝0 (𝑞 − 𝐻𝑞 − 𝑝1) ,
𝑦∗ = 𝛼𝑥∗𝛽 , (9)

and 𝑞 denotes one of the three values of [(−𝐺 +√𝐺2 + 4𝐻3)/2]1/3.
Next, we investigate stability of system (4) at fixed points.

Note that the magnitude of eigenvalues of Jacobian matrix
evaluated at fixed point 𝐸(𝑥, 𝑦) determines the local stability
of that fixed point. The Jacobian matrix of system (4)
evaluated at fixed point 𝐸(𝑥, 𝑦) is given by

𝐽 (𝑥, 𝑦) = (𝑎11 𝑎12𝑎21 𝑎22) , (10)

where

𝑎11 = 1 + 𝛿 − 2𝛿𝑥 + 𝛿𝑦 (𝑥2 − 𝑎)(𝑥2 + 𝑎)2 ,
𝑎12 = − 𝛿𝑥𝑥2 + 𝑎 ,
𝑎21 = 𝛽𝛿𝑦2𝑥2 ,
𝑎22 = 1 + 𝛼𝛿 − 2𝛽𝛿𝑦𝑥 .

(11)
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The characteristic equation of matrix 𝐽 is
𝜆2 + 𝑝 (𝑥, 𝑦) 𝜆 + 𝑞 (𝑥, 𝑦) = 0, (12)

where 𝑝(𝑥, 𝑦) = −tr 𝐽 = −(𝑎11 + 𝑎22) and det 𝐽 = 𝑎11𝑎22 −𝑎12𝑎21.
Using Jury’s criterion [17], we state the following stability

conditions of fixed points.

Proposition 2. The predator free fixed point 𝐸1(1, 0) is a
saddle if 0 < 𝛿 < 2, source if 𝛿 > 2, and nonhyperbolic if𝛿 = 2.

It is obvious that when 𝛿 = 2, the two eigenvalues of 𝐽(𝐸1)
are𝜆1 = 1−𝛿 and𝜆2 = 1+𝛼𝛿 > 1.Therefore, a flip bifurcation
can occur if parameters change in small vicinity of FB𝐸

1

:

FB𝐸
1

= {(𝑎, 𝛼, 𝛽, 𝛿) ∈ (0, +∞) : 𝛿 = 2} . (13)

At 𝐸2(𝑥∗, 𝑦∗), we write (12) as
𝐹 (𝜆) fl 𝜆2 − (2 + Δ𝛿) 𝜆 + (1 + Δ𝛿 + Ω𝛿2) = 0, (14)

where

Δ = 1 − 2𝑥∗ + 𝑦∗ (𝑥∗2 − 𝑎)(𝑥∗2 + 𝑎)2 + 𝛼 − 2𝛽𝑦∗𝑥∗ ,
Ω = (1 − 2𝑥∗ + 𝑦∗ (𝑥∗2 − 𝑎)(𝑥∗2 + 𝑎)2 )𝛼 + 2𝛽𝑦∗ (2𝑥∗ − 1)𝑥∗

− 𝛽𝑦∗2 (𝑥∗2 − 3𝑎)𝑥∗ (𝑥∗2 + 𝑎)2 .
(15)

Then 𝐹(1) = Ω𝛿2 > 0 and 𝐹(−1) = 4 + 2Δ𝛿 + Ω𝛿2.
We state the following Proposition about stability crite-

rion of 𝐸2.
Proposition 3. Suppose that fixed point 𝐸2(𝑥∗, 𝑦∗) of system
(4) exists. Then it is

(i) sink if one of the following conditions holds:

(i.1) Δ2 − 4Ω ≥ 0 and 𝛿 < (−Δ − √Δ2 − 4Ω)/Ω;
(i.2) Δ2 − 4Ω < 0 and 𝛿 < −Δ/Ω;

(ii) source if one of the following conditions holds:

(ii.1) Δ2 − 4Ω ≥ 0 and 𝛿 > (−Δ + √Δ2 − 4Ω)/Ω;
(ii.2) Δ2 − 4Ω < 0 and 𝛿 > −Δ/Ω;

(iii) nonhyperbolic if one of the following conditions holds:

(iii.1) Δ2 − 4Ω ≥ 0 and 𝛿 = (−Δ ± √Δ2 − 4Ω)/Ω;
(iii.2) Δ2 − 4Ω < 0 and 𝛿 = −Δ/Ω;

(iv) saddle if otherwise.

From Proposition 3, we see that two eigenvalues of 𝐽(𝐸2) are𝜆1 = −1 and 𝜆2 ̸= −1, 1 if condition (iii.1) holds. We rewrite
term (iii.1) as follows:

FB1𝐸
2

= {(𝑎, 𝛼, 𝛽, 𝛿) ∈ (0, +∞) : 𝛿
= −Δ − √Δ2 − 4ΩΩ , Δ2 − 4Ω ≥ 0} , (16)

or

FB2𝐸
2

= {(𝑎, 𝛼, 𝛽, 𝛿) ∈ (0, +∞) : 𝛿
= −Δ + √Δ2 − 4ΩΩ , Δ2 − 4Ω ≥ 0} . (17)

Therefore, a flip bifurcation can appear at 𝐸2 if parameters
vary around the set FB1𝐸

2

or FB2𝐸
2

.
Also we rewrite term (iii.2) as follows:

NSB𝐸
2

= {(𝑎, 𝛼, 𝛽, 𝛿) ∈ (0, +∞) : 𝛿 = −ΔΩ, Δ2 − 4Ω < 0} , (18)

and if the parameters change in small vicinity of NSB𝐸
2

, two
eigenvalues 𝜆1,2 of 𝐽(𝐸2) are complex having magnitude one
and then NS bifurcation can emerge from fixed point 𝐸2.
3. Bifurcation Analysis

In this section, we will give attention to recapitulate bifur-
cations (flip and Neimark-Sacker) of system (4) around 𝐸2
by using the theory of bifurcation [13–16]. We set 𝛿 as a
bifurcation parameter.

3.1. Flip Bifurcation. Consider system (4) at the fixed point𝐸2(𝑥∗, 𝑦∗) with arbitrary parameter (𝑎, 𝛼, 𝛽, 𝛿) ∈ FB1𝐸
2

. One
can consider the case of FB2𝐸

2

in a similar fashion. Since the
parameters lie in FB1𝐸

2

, let 𝛿 = 𝛿𝐹 = (−Δ−√Δ2 − 4Ω)/Ω, and
then the eigenvalues of positive fixed point (𝑥∗, 𝑦∗) are

𝜆1 (𝛿𝐹) = −1,
𝜆2 (𝛿𝐹) = 3 + Δ𝛿𝐹. (19)

The condition |𝜆2(𝛿𝐹)| ̸= 1 leads to
Δ𝛿𝐹 ̸= −2, −4. (20)

Using the transformation 𝑥 = 𝑥 − 𝑥∗, 𝑦 = 𝑦 − 𝑦∗ and
writing 𝐴(𝛿) = 𝐽(𝑥∗, 𝑦∗), we shift the fixed point (𝑥∗, 𝑦∗) of
system (4) to the origin. After Taylor expansion, system (4)
reduces to

(𝑥𝑦) → 𝐴 (𝛿) (𝑥𝑦) + (𝐹1 (𝑥, 𝑦, 𝛿)𝐹2 (𝑥, 𝑦, 𝛿)) , (21)
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where𝑋 = (𝑥, 𝑦)𝑇 and
𝐹1 (𝑥, 𝑦, 𝛿) = 16 [[

6𝛿𝑦∗ (𝑎2 − 6𝑎𝑥∗2 + 𝑥∗4)(𝑥∗2 + 𝑎)4 𝑥3

+ 3𝛿 (6𝑎𝑥∗ − 2𝑥∗3)(𝑥∗2 + 𝑎)3 𝑥2𝑦]]
+ 12 [[(−2𝛿 +

𝛿𝑦∗ (6𝑎𝑥∗ − 2𝑥∗3)(𝑥∗2 + 𝑎)3 )𝑥2

+ 2𝛿 (𝑥∗2 − 𝑎)(𝑥∗2 + 𝑎)2 𝑥𝑦]] + 𝑂(‖𝑋‖4) ,
𝐹2 (𝑥, 𝑦, 𝛿) = 𝛽𝛿𝑥∗4 𝑥 (𝑥∗𝑦 − 𝑦∗𝑥)2 − 𝛽𝛿𝑥∗3 𝑥 (𝑥∗𝑦

− 𝑦∗𝑥)2 + 𝑂 (‖𝑋‖4) .

(22)

It follows that

𝐵1 (𝑥, 𝑦) = 2∑
𝑗,𝑘=1

𝛿2𝐹1 (𝜉, 𝛿)𝛿𝜉𝑗𝛿𝜉𝑘
𝜉=0 𝑥𝑗𝑦𝑘

= 𝛿 (𝑥∗2 − 𝑎)(𝑥∗2 + 𝑎)2 (𝑥1𝑦2 + 𝑥2𝑦1)
+ (−2𝛿 + 𝛿𝑦∗ (6𝑎𝑥∗ − 2𝑥∗3)(𝑥∗2 + 𝑎)3 )𝑥1𝑦1,

𝐵2 (𝑥, 𝑦) = 2∑
𝑗,𝑘=1

𝛿2𝐹2 (𝜉, 𝛿)𝛿𝜉𝑗𝛿𝜉𝑘
𝜉=0 𝑥𝑗𝑦𝑘

= −2𝛽𝛿𝑥∗ 𝑥2𝑦2 + 2𝛽𝛿𝑦∗𝑥∗2 (𝑥1𝑦2 + 𝑥2𝑦1)
− 2𝛽𝛿𝑦∗2𝑥∗3 𝑥1𝑦1,

𝐶1 (𝑥, 𝑦, 𝑢) = 2∑
𝑗,𝑘,𝑙=1

𝛿2𝐹1 (𝜉, 𝛿)𝛿𝜉𝑗𝛿𝜉𝑘𝛿𝜉𝑙
𝜉=0 𝑥𝑗𝑦𝑘𝑢𝑙

= 𝛿 (6𝑎𝑥∗ − 2𝑥∗3)(𝑥∗2 + 𝑎)3 (𝑥1𝑦2𝑢1 + 𝑥2𝑦1𝑢1 + 𝑥1𝑦1𝑢2)
+ 6𝛿𝑦∗ (𝑎2 − 6𝑎𝑥∗2 + 𝑥∗4)(𝑥∗2 + 𝑎)4 𝑥1𝑦1𝑢1,

𝐶2 (𝑥, 𝑦, 𝑢) = 2∑
𝑗,𝑘,𝑙=1

𝛿2𝐹2 (𝜉, 𝛿)𝛿𝜉𝑗𝛿𝜉𝑘𝛿𝜉𝑙
𝜉=0 𝑥𝑗𝑦𝑘𝑢𝑙

= 2𝛽𝛿𝑥∗2 (𝑥1𝑦2𝑢2 + 𝑥2𝑦1𝑢2 + 𝑥2𝑦2𝑢1)
− 4𝛽𝛿𝑦∗𝑥∗3 (𝑥1𝑦1𝑢2 + 𝑥1𝑦2𝑢1 + 𝑥2𝑦1𝑢1)
+ 6𝛽𝛿𝑦∗2𝑥∗4 𝑥1𝑦1𝑢1,

(23)

and 𝛿 = 𝛿𝐹.
Therefore, we obtain the following symmetric multilinear

vector functions of 𝑥, 𝑦, 𝑢 ∈ R2:

𝐵 (𝑥, 𝑦) = (𝐵1 (𝑥, 𝑦)𝐵2 (𝑥, 𝑦)) ,
𝐶 (𝑥, 𝑦, 𝑢) = (𝐶1 (𝑥, 𝑦, 𝑢)𝐶2 (𝑥, 𝑦, 𝑢)) . (24)

Let 𝑝, 𝑞 ∈ R2 be two eigenvectors of 𝐴 for eigenvalue𝜆1(𝛿𝐹) = −1 such that 𝐴(𝛿𝐹)𝑞 = −𝑞 and 𝐴𝑇(𝛿𝐹)𝑝 = −𝑝.
Then by direct calculation we get

𝑞 ∼ (2 + 𝛼𝛿𝐹 − 2𝛽𝛿𝐹𝑦∗𝑥∗ , −𝛽𝛿𝐹𝑦∗2𝑥∗2 )𝑇 ,
𝑝 ∼ (2 + 𝛼𝛿𝐹 − 2𝛽𝛿𝐹𝑦∗𝑥∗ , 𝛿𝐹𝑥∗𝑥∗2 + 𝑎)𝑇 .

(25)

We set 𝑝 = 𝛾1(2 +𝛼𝛿𝐹 −2𝛽𝛿𝐹𝑦∗/𝑥∗, 𝛿𝐹𝑥∗/(𝑥∗2 +𝑎))𝑇, where𝛾1
= 1(2 + 𝛼𝛿𝐹 − 2𝛽𝛿𝐹𝑦∗/𝑥∗)2 − 𝛽𝛿2𝐹𝑦∗2/𝑥∗ (𝑥∗2 + 𝑎) . (26)

Then by the standard scalar product in R2 defined by⟨𝑝, 𝑞⟩ = 𝑝1𝑞1 + 𝑝2𝑞2, we show that ⟨𝑝, 𝑞⟩ = 1. The direction
of the flip bifurcation is obtained by sign 𝑐(𝛿𝐹), the coefficient
of critical normal form [13], and is given by

𝑐 (𝛿𝐹) = 16 ⟨𝑝, 𝐶 (𝑞, 𝑞, 𝑞)⟩
− 12 ⟨𝑝, 𝐵 (𝑞, (𝐴 − 𝐼)−1 𝐵 (𝑞, 𝑞))⟩ . (27)

We state the following result on flip bifurcation according to
the above analysis.

Theorem 4. If (20) holds, 𝑐(𝛿𝐹) ̸= 0, and the parameter 𝛿
changes its value around 𝛿𝐹, then system (4) undergoes a flip
bifurcation at positive fixed point 𝐸2(𝑥∗, 𝑦∗). Moreover, the
period 2 orbits that bifurcate from 𝐸2(𝑥∗, 𝑦∗) are stable (resp.,
unstable) if 𝑐(𝛿𝐹) > 0 (resp., 𝑐(𝛿𝐹) < 0).
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3.2. Neimark-Sacker Bifurcation. We consider system (4) at
fixed point 𝐸2(𝑥∗, 𝑦∗) with arbitrary (𝑎, 𝛼, 𝛽, 𝛿) ∈ NSB𝐸

2

.
From (12), the eigenvalues are given by

𝜆, 𝜆 = −𝑝 (𝛿) ± √𝑝 (𝛿)2 − 4𝑞 (𝛿)2 . (28)

Since the parameters belong to NSB𝐸
2

, the eigenvalues
will be complex and

𝜆, 𝜆 = 1 + Δ𝛿2 ± 𝑖𝛿2 √4Ω − Δ2. (29)

Let

𝛿 = 𝛿NS = −ΔΩ. (30)

Therefore, we have

|𝜆| = √𝑞 (𝛿),
𝑞 (𝛿NS) = 1,𝑑 |𝜆 (𝛿)|𝑑𝛿 𝛿=𝛿NS

= −Δ2 ̸= 0.
(31)

Moreover, if 𝑝(𝛿NS) ̸= 0, 1, then
Δ2Ω ̸= 2, 3, (32)

which obviously satisfies

𝜆𝑘 (𝛿NS) ̸= 1 for 𝑘 = 1, 2, 3, 4. (33)

Suppose that 𝑞, 𝑝 ∈ C2 are two eigenvectors of𝐴(𝛿NS) and𝐴𝑇(𝛿NS) for eigenvalues 𝜆(𝛿NS) and 𝜆(𝛿NS) such that

𝐴 (𝛿NS) 𝑞 = 𝜆 (𝛿NS) 𝑞,𝐴 (𝛿NS) 𝑞 = 𝜆 (𝛿NS) 𝑞,𝐴𝑇 (𝛿NS) 𝑝 = 𝜆 (𝛿NS) 𝑝,𝐴𝑇 (𝛿NS) 𝑝 = 𝜆 (𝛿NS) 𝑝.
(34)

Then by direct computation we obtain

𝑞 ∼ (1 + 𝛼𝛿NS − 2𝛽𝛿𝑦∗𝑥∗ − 𝜆, −𝛽𝛿𝑦∗2𝑥∗2 )𝑇 ,
𝑝 ∼ (1 + 𝛼𝛿NS − 2𝛽𝛿𝑦∗𝑥∗ − 𝜆, 𝛿𝑥∗𝑥∗2 + 𝑎)𝑇 .

(35)

We set 𝑝 = 𝛾2(1 + 𝛼𝛿NS − 2𝛽𝛿𝑦∗/𝑥∗ − 𝜆, 𝛿𝑥∗/(𝑥∗2 + 𝑎))𝑇,
where𝛾2

= 1(1 + 𝛼𝛿NS − 2𝛽𝛿𝑦∗/𝑥∗ − 𝜆)2 − 𝛽𝛿2NS𝑦∗2/𝑥∗ (𝑥∗2 + 𝑎) . (36)

Then it is clear that ⟨𝑝, 𝑞⟩ = 1 where ⟨𝑝, 𝑞⟩ = 𝑝1𝑞2 + 𝑝2𝑞1
for 𝑝, 𝑞 ∈ C2. Now, we decompose vector𝑋 ∈ R2 as𝑋 = 𝑧𝑞+𝑧 𝑞, for 𝛿 close to 𝛿NS and 𝑧 ∈ C. Obviously, 𝑧 = ⟨𝑝,𝑋⟩. Thus,
we obtain the following transformed form of system (21) for|𝛿| near 𝛿NS: 𝑧 → 𝜆 (𝛿) 𝑧 + 𝑔 (𝑧, 𝑧, 𝛿) , (37)

where 𝜆(𝛿) = (1 +𝜑(𝛿))𝑒𝑖𝜃(𝛿) with 𝜑(𝛿NS) = 0 and 𝑔(𝑧, 𝑧, 𝛿) is
a smooth complex-valued function. After Taylor expression
of 𝑔 with respect to (𝑧, 𝑧), we obtain
𝑔 (𝑧, 𝑧, 𝛿) = ∑

𝑘+𝑙≥2

1𝑘!𝑙!𝑔𝑘𝑙 (𝛿) 𝑧𝑘𝑧𝑙,
with 𝑔𝑘𝑙 ∈ C, 𝑘, 𝑙 = 0, 1, . . . . (38)

According to multilinear symmetric vector functions, the
coefficients 𝑔𝑘𝑙 are

𝑔20 (𝛿NS) = ⟨𝑝, 𝐵 (𝑞, 𝑞)⟩ ,
𝑔11 (𝛿NS) = ⟨𝑝, 𝐵 (𝑞, 𝑞)⟩ ,
𝑔02 (𝛿NS) = ⟨𝑝, 𝐵 (𝑞, 𝑞)⟩ ,
𝑔21 (𝛿NS) = ⟨𝑝, 𝐶 (𝑞, 𝑞, 𝑞)⟩ .

(39)

The invariant closed curve appear in the direction which is
determined by the coefficient 𝑎(𝛿NS) and calculated via

𝑎 (𝛿NS) = Re(𝑒−𝑖𝜃(𝛿NS)𝑔212 )
− Re((1 − 2𝑒𝑖𝜃(𝛿NS)) 𝑒−2𝑖𝜃(𝛿NS)2 (1 − 𝑒𝑖𝜃(𝛿NS)) 𝑔20𝑔11)
− 12 𝑔112 − 14 𝑔022 ,

(40)

where 𝑒𝑖𝜃(𝛿NS) = 𝜆(𝛿NS).
It is clear that conditions (31) and (33) known as transver-

sal and nondegenerate for system (4) hold well.We obtain the
following result.

Theorem 5. If (32) holds, 𝑎(𝛿𝑁𝑆) ̸= 0, and the parameter 𝛿
changes its value in small vicinity of 𝑁𝑆𝐵𝐸

2

, then system (4)
passes through a Neimark-Sacker bifurcation at positive fixed
point𝐸2.Moreover, if 𝑎(𝛿𝑁𝑆) < 0 (resp.,> 0), then there exists a
unique attracting (resp., repelling) invariant closed curve which
bifurcates from 𝐸2.
4. Numerical Simulations

Here, diagrams for bifurcation, phase portraits, maximum
Lyapunov exponents, and fractal dimension of system (4) will
be drawn to validate our theoretical results using numerical
simulation. We consider parameter values in the following
cases for bifurcation analysis.
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Figure 1: Flip bifurcation and Lyapunov exponent of system (4). (a) Bifurcation for prey, (b) bifurcation for predator, (c) maximum Lyapunov
exponents related to (a-b), and (d) fractal dimension corresponding to (a). Initial value (𝑥0, 𝑦0) = (0.9, 0.56).
Case 1. Vary 𝛿 in range 0.75 ≤ 𝛿 ≤ 1.17, and fix 𝑎 = 5.5, 𝛼 =2.5, 𝛽 = 4.0.
Case 2. Vary 𝛿 in range 1.9 ≤ 𝛿 ≤ 2.15, and fix 𝑎 = 2.5, 𝛼 =0.75, 𝛽 = 0.5.
Case 3. Vary 𝛿 in range 1.9 ≤ 𝛿 ≤ 2.15, 𝛽 in range 0.5 ≤ 𝛽 ≤0.8, and fix 𝑎 = 2.5, 𝛼 = 0.75.

For Case 1, taking parameters 𝑎 = 5.5, 𝛼 = 2.5, and𝛽 = 4.0 and 𝛿 covering [0.75, 1.17], we find that, at fixed point𝐸2(0.910115, 0.568822), a flip bifurcation occurs at 𝛿 = 𝛿𝐹 ∼0.852505 with multipliers 𝜆1 = −1, 𝜆2 = 0.112921, 𝑎(𝛿𝐹) =22.3878, and (𝑎, 𝛼, 𝛽, 𝛿) ∈ FB1𝐸
2

. This verifies Theorem 4.
According to bifurcation diagrams shown in Figures 1(a)

and 1(b), we see that stability of fixed point 𝐸2 happens for𝛿 < 0.852505 and loses its stability at 𝛿 = 0.852505 and
period doubling phenomena lead to chaos for 𝛿 > 0.852505.
The maximum Lyapunov exponents and fractal dimension

related to Figures 1(a) and 1(b) are computed and shown in
Figures 1(c) and 1(d). We observe that the period 2, 4, and
8 orbits occur for 𝛿 ∈ [0.75, 1.104], chaotic set occurs for𝛿 ∈ [1.104, 1.15], and the period 6 orbit occurs at 𝛿 = 1.112
within the window of chaotic region 𝛿 ∈ [1.104, 1.15]. The
status of stable, periodic, or chaotic dynamics is compatible
with sign in Figures 1(c) and 1(d).

For Case 2, taking parameters 𝑎 = 2.5, 𝛼 = 0.75,
and 𝛽 = 0.5 and 𝛿 covering [1.9, 2.15], we observe that
a Neimark-Sacker (NS) bifurcation appears at fixed point(0.662032, 0.993048) for 𝛿 = 𝛿NS ∼ 1.94431. Also, we have𝜆, 𝜆 = −0.274696 ± 0.961531𝑖, 𝑔20 = 3.36329 − 2.22294𝑖,𝑔11 = 3.85086 − 1.04183𝑖, 𝑔02 = −1.24765 + 5.18251𝑖, 𝑔21 =−4.31749 + 7.22596𝑖, 𝑎(𝛿NS) = −11.9921, and (𝑎, 𝛼, 𝛽, 𝛿) ∈
NSB𝐸

2

. This verifies Theorem 5.
The bifurcation diagrams shown in Figures 2(a) and 2(b)

demonstrate that stability of 𝐸2 happens for 𝛿 < 1.94431 and
loses its stability at 𝛿 = 1.94431 and an attracting invariant
curve appears if 𝛿 > 1.94431. We dispose the maximum
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Figure 2: NS bifurcation and Lyapunov exponent of system (4). (a) NS bifurcation for prey, (b) NS bifurcation for predator, (c) maximum
Lyapunov exponents related to (a-b), (d) local amplification diagram in (a) for 𝛿 ∈ [2.05, 2.11], and (e) fractal dimension associated with (a).
Initial value (𝑥0, 𝑦0) = (0.65, 0.95).
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Figure 3: Phase portraits of bifurcation diagrams Figures 2(a) and 2(b) for different values of 𝛿.

Lyapunov exponents in Figure 2(c) relating bifurcation in
Figures 2(a) and 2(b), which confirm the existences of chaos
and period window as parameter 𝛿 varying.When 𝛿 ∼ 2.126,
the sign of maximum Lyapunov exponent is confirming
presence of chaos. Figure 2(d) is local amplification of
Figure 2(a) for 𝛿 ∈ [2.05, 2.11].

The phase portraits of bifurcation diagrams in Figures
2(a) and 2(b) for different values of 𝛿 are displayed in Figure 3,
which clearly illustrates the act of smooth invariant curve
how it bifurcates from the stable fixed point and increases
its radius. As 𝛿 grows, disappearance of closed curve occurs
suddenly and a period 10 and 20 orbits appear at 𝛿 ∼ 2.06
and 𝛿 ∼ 2.093, respectively.We also see that a fully developed
chaos in system (4) occurs at 𝛿 ∼ 2.15.

For Case 3, the dynamic complexity of system (4) can
be observed when more parameters vary. The diagrams
of bifurcation of system (4) for control parameters 𝛿 ∈[1.9, 2.15] and 𝛽 ∈ [0.5, 0.8] and fixing remaining parameters
as in Case 2 are shown in Figures 4(a) and 4(b). The 3D
maximum Lyapunov exponent for two control parameters
is plotted in Figure 4(c) and its 2D projection onto (𝛿, 𝛽)
plane is shown in Figure 4(d). It is easy to find values of
control parameters for which the dynamics of system (4) are
in status of nonchaotic, periodic, or chaotic. For instance,
there are chaotic dynamics for 𝛿 = 2.15 and 𝛽 = 0.5 and
the nonchaotic dynamics for 𝛿 = 1.93 and 𝛽 = 0.5 (see
Figure 3), which are compatible with the signs of maximum
Lyapunov exponents in Figure 4(c). This exhibits that the
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Figure 4: Diagnostic of system (4) for control parameters 𝛿 and 𝛽. (a-b) Bifurcation for prey and predator covering 𝛿 ∈ [1.9, 2.15], 𝛽 =0.5, 0.55, 0.6, 0.65, 0.7, 0.75, 0.8 ∈ [0.5, 0.8] in (𝛿 − 𝛽 − 𝑥) space and (𝛿 − 𝛽 − 𝑦) space. (c) The 3D view of maximum Lyapunov exponents
related to (a-b). (d) The 2D projection onto (𝛿, 𝛽) plane. Initial value (𝑥0, 𝑦0) = (0.65, 0.95).
parameter 𝛽 may play a role for chaotic dynamics in the
system.

4.1. Fractal Dimension of the Map. The measure of fractal
dimensions characterizes the strange attractors of a system.
By using Lyapunov exponents, the fractal dimension [18, 19]
is defined by

𝑑𝐿 = 𝑗 + ∑𝑗𝑖=1 ℎ𝑖ℎ𝑗 , (41)

where ℎ1, ℎ2, . . . , ℎ𝑛 are Lyapunov exponents and 𝑗 is the
largest integer such that ∑𝑗𝑖=1 ℎ𝑖 ≥ 0 and ∑𝑗+1𝑖=1 ℎ𝑖 < 0. For our
two-dimensional system (4), the fractal dimension takes the
form

𝑑𝐿 = 1 + ℎ1ℎ2 , ℎ1 > 0 > ℎ2. (42)

With parameter values as in Case 2, the fractal dimension
of system (4) is plotted in Figure 2(e). The strange attractors

given in Figure 3 and its corresponding fractal dimension
illustrate that the Leslie type predator-prey system (4) has a
chaotic dynamics as the parameter 𝛿 increases.
5. Chaos Control

To stabilize chaos at the state of unstable trajectories of system
(4), a state feedback control method [17, 20] is applied. By
adding a feedback control law as the control force𝑢𝑛 to system
(4), the controlled form of system (4) becomes

𝑥𝑛+1 = 𝑥𝑛 + 𝛿𝑥𝑛 [(1 − 𝑥𝑛) − 𝑦𝑛𝑥𝑛2 + 𝑎] + 𝑢𝑛,
𝑦𝑛+1 = 𝑦𝑛 + 𝛿𝑦𝑛 [𝛼 − 𝛽𝑦𝑛𝑥𝑛 ] ,𝑢𝑛 = −𝑘1 (𝑥𝑛 − 𝑥∗) − 𝑘2 (𝑦𝑛 − 𝑦∗) ,

(43)

where the feedback gains are denoted by 𝑘1 and 𝑘2 and(𝑥∗, 𝑦∗) represent positive fixed point of system (4).
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Figure 5: Control of chaotic trajectories of system (43). (a) Stability region in (𝑘1, 𝑘2) plane. (b-c) Time series for states 𝑥 and 𝑦, respectively.
The Jacobian matrix 𝐽𝑐 of the controlled system (43) is

given by

𝐽𝑐 (𝑥∗, 𝑦∗) = (𝑎11 − 𝑘1 𝑎12 − 𝑘2𝑎21 𝑎22 ) , (44)

where 𝑎11 = 1+𝛿−2𝛿𝑥+𝛿𝑦(𝑥2−𝑎)/(𝑥2+𝑎)2, 𝑎12 = −𝛿𝑥/(𝑥2+𝑎), 𝑎21 = 𝛽𝛿𝑦2/𝑥2, and 𝑎22 = 1 + 𝛼𝛿 − 2𝛽𝛿𝑦/𝑥 are evaluated
at (𝑥∗, 𝑦∗). The characteristic equation of (44) is𝜆2 − (tr 𝐽𝑐) 𝜆 + det 𝐽𝑐 = 0, (45)
where tr 𝐽𝑐 = 𝑎11+𝑎22−𝑘1 and det 𝐽𝑐 = 𝑎22(𝑎11−𝑘1)−𝑎21(𝑎12−𝑘2). Let 𝜆1 and 𝜆2 be the roots of (45). Then𝜆1 + 𝜆2 = 𝑎11 + 𝑎22 − 𝑘1, (46)𝜆1𝜆2 = 𝑎22 (𝑎11 − 𝑘1) − 𝑎21 (𝑎12 − 𝑘2) . (47)

The solution of the equations 𝜆1 = ±1 and 𝜆1𝜆2 = 1
determines the lines of marginal stability. These conditions
confirm that |𝜆1,2| < 1. Suppose that 𝜆1𝜆2 = 1, then from
(47) we have𝑙1 : 𝑎22𝑘1 − 𝑎21𝑘2 = 𝑎11𝑎22 − 𝑎12𝑎21 − 1. (48)

Assume that 𝜆1 = 1, then from (46) and (47) we get𝑙2 : (1 − 𝑎22) 𝑘1 + 𝑎21𝑘2= 𝑎11 + 𝑎22 − 1 − 𝑎11𝑎22 + 𝑎12𝑎21. (49)

Next, assume that 𝜆1 = −1, then from (46) and (47) we
obtain 𝑙3 : (1 + 𝑎22) 𝑘1 − 𝑎21𝑘2= 𝑎11 + 𝑎22 + 1 + 𝑎11𝑎22 − 𝑎12𝑎21. (50)
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Then the lines 𝑙1, 𝑙2, and 𝑙3 (see Figure 5(a)) in the (𝑘1, 𝑘2)
plane determine a triangular region which keeps eigenvalues
with magnitude less than 1.

In order to check how the implementation of feedback
control method works and controls chaos at unstable state,
we have performed numerical simulations. Parameter values
are fixed as 𝛿 = 2.126 and rest as in Case 2. The initial
value is (𝑥0, 𝑦0) = (0.65, 0.95), and the feedback gains are𝑘1 = −1.3 and 𝑘2 = 0.16. Figures 5(b) and 5(c) show that,
at the fixed point (0.662032, 0.993048), the chaotic trajectory
is stabilized.

6. Discussions

We investigate complex behaviors of discretized Leslie type
predator-prey system (4) with simplified Holling type IV
functional response in the closed first quadrant R2+. By
using center manifold theorem and bifurcation theory we
establish that system (4) can undergo a bifurcation (flip
or NS) at unique positive fixed point if 𝛿 varies around
the sets FB1𝐸

2

or FB2𝐸
2

and NSB𝐸
2

. Numerical simulations
present unpredictable behaviors of the system through a flip
bifurcationwhich includes orbits of period 2, period 4, period
6, and period 8 and through a NS bifurcation which includes
an invariant cycle, orbits of period 10 and period 20, and
chaotic sets, respectively. These indicate that, at the state of
chaos, the system is unstable and particularly, the predator
goes to extinct or goes to a stable fixed point when the
dynamic of prey is chaotic. We confirm about the existence
of chaos through the computation of maximum Lyapunov
exponents and fractal dimension. Moreover, system (4)
exhibits rich and chaotic dynamics by the variation of two
control parameters and one can directly observe the chaotic
phenomenon from this two-dimensional parameter-space.
Finally, the chaotic trajectories at unstable state are controlled
by implementing the strategy of feedback control. However,
it is still a challenging problem to explore multiple parameter
bifurcation in the system. We expect to obtain some more
analytical results on this issue in the future.
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This study examines the complexity of a discrete-time predator-prey systemwith ratio-dependent functional response.We establish
algebraically the conditions for existence of fixed points and their stability. We show that under some parametric conditions the
system passes through a bifurcation (flip or Neimark-Sacker). Numerical simulations are presented not only to justify theoretical
results but also to exhibit new complex behaviors which include phase portraits, orbits of periods 9, 19, and 26, invariant closed
circle, and attracting chaotic sets. Moreover, we measure numerically the Lyapunov exponents and fractal dimension to confirm
the chaotic dynamics of the system. Finally, a state feedback control method is applied to control chaos which exists in the system.

1. Introduction

The interaction between predator and prey is one of the
most studied topics in ecology and mathematical biology.
The Lotka-Volterra model [1, 2] has received more attention
frommathematician and ecologist. After them,many authors
qualitatively analysed other types of predator-prey models
in which response function of predator depends on prey
densities only. But a number of respectable researchers [3–
5] have claimed that in some environments (when predator
needs to search and share foods), the response function
of predator may depend on the ratio of prey to predator
abundance. For detailed results in predator-prey systems
with ratio-dependent response function, we refer to [6–9].
However, when the size of populations is small, the discretiza-
tion of predator-prey systems is more suitable compared
to continuous ones to understand unpredictable dynamic
behaviors which exist in the system. Lots of empirical and
theoretical works [10–20] have discussed the bifurcations and
chaos phenomenon by using numerical simulations or center
manifold theory and bifurcation theory.

In recent times, there are a few number of articles
discussing the dynamics of ratio-dependent discrete-time
predator-prey systems [21–23]. For discrete ratio-dependent
predator-prey systems, it is shown that positive equilibrium

is globally asymptotically stable [21], the strong and the weak
Allee effects are investigated in [22], and it is discussed that
periodic solutions exist in [23].

A ratio-dependent predator-prey system takes the form:

�̇� = 𝑥𝑔 (𝑥) − 𝑐𝑓(𝑥𝑦)𝑦,
̇𝑦 = 𝑦(−𝐷 + 𝑒𝑓(𝑥𝑦)) ,

(1)

where 𝑥 and 𝑦 stand for densities of prey and predator,
respectively, 𝐷 > 0 is predator’s death rate, and 𝑔(𝑥) is prey’s
specific growth rate. 𝑓(𝑥/𝑦) is ratio-dependent response
function of predator and 𝑐, 𝑒 > 0 are rate of capturing and
conversion, respectively.

If 𝑔(𝑥) = 𝑟(1 − 𝑥/𝐾) and 𝑓(𝑥) = 𝛼𝑥/(𝛽 + 𝑥), then system
(1) takes in the form [6]:

�̇� = 𝑟𝑥 (1 − 𝑥𝐾) − 𝑐𝛼𝑥𝑦𝛽𝑦 + 𝑥 ,
̇𝑦 = 𝑦(−𝐷 + 𝑒𝛼𝑥𝛽𝑦 + 𝑥) , (2)
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where 𝑟, 𝐾, 𝛼, and 𝛽 are all positive constants. By scaling the
variables and parameters as 𝑥 → 𝑥/𝐾, 𝑦 → 𝛽𝑦/𝐾, and 𝑡 →𝑟𝑡, we write system (2) as

�̇� = 𝑥 (1 − 𝑥) − 𝑎𝑥𝑦𝑦 + 𝑥 ,
̇𝑦 = 𝑦(−𝑑 + 𝑏𝑥𝑦 + 𝑥) (3)

with 𝑎 = 𝑐𝛼/𝛽𝑟, 𝑏 = 𝑒𝛼/𝑟, and 𝑑 = 𝐷/𝑟 being positive
constants. Forward Euler scheme is applied to system (3) to
obtain the following system:

𝐻 : (𝑥𝑦) →(𝑥 + 𝛿[𝑥 (1 − 𝑥) − 𝑎𝑥𝑦𝑦 + 𝑥]𝑦 + 𝛿 [−𝑑𝑦 + 𝑏𝑥𝑦𝑦 + 𝑥] ) , (4)

where 𝛿 is the step size.Themotivation of this work is to study
systematically the dynamical properties of (4) in detail which
includes phase portraits, bifurcation in orbits of periods 9,
19, and 26, chaotic sets, Lyapunov exponents, and fractal
dimension.

This paper is organized as follows. Section 2 deals with the
existence condition for fixed points of (4) and their stability
criterion. In Section 3, we prove that system (4) undergoes
a flip bifurcation and a NS bifurcation in the interior of
R2+ when 𝛿 changes its value in a small neighborhood of a
specific parametric space. In Section 4, we provide numerical
simulations for one or more control parameters to validate
analytical results. In Section 5, we use themethod of feedback
control to stabilize chaos at the state of unstable trajectories.
Finally, a brief discussion is carried out in Section 6.

2. Fixed Points: Existence and Their Stability

The fixed points of (4) are the solution of the following
equations:

𝑥 + 𝛿 [𝑥 (1 − 𝑥) − 𝑎𝑥𝑦𝑦 + 𝑥] = 𝑥,
𝑦 + 𝛿 [−𝑑𝑦 + 𝑏𝑥𝑦𝑦 + 𝑥] = 𝑦.

(5)

A simple algebraic computation yields the following
result.

Lemma 1. System (4) has two fixed points:
(i) the predator free fixed point 𝐸1(1, 0), which always

exists;
(ii) the interior fixed point 𝐸2(𝑥∗, 𝑦∗), where 𝑥∗ = 1 +𝑎(−1+𝑑/𝑏) and 𝑦∗ = ((𝑏−𝑑)/𝑑)[1 + 𝑎(−1+𝑑/𝑏)].This fixed

point exists if 𝑑 < 𝑏 < 𝑎𝑑/(𝑎 − 1) with 𝑎 > 1.
To show the region in the space (𝑑, 𝑎, 𝑏) for which positive

fixed point of system (4) exists, we plot 𝐶 = {(𝑑, 𝑎, 𝑏) : 𝑑 <𝑏 < 𝑎𝑑/(𝑎 − 1) with 𝑎 > 1} in Figure 1. We see that 𝐸2 lies
insideC but not in regions (I)-(II).
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Figure 1: Graphical depiction for positive fixed point.

Next, we investigate stability of (4) at fixed points. The
Jacobian matrix of system (4) at fixed point 𝐸(𝑥, 𝑦) is

𝐽 (𝑥, 𝑦) = (1 + 𝛿𝑎1 −𝛿𝑏1𝛿𝑎2 1 + 𝛿𝑏2) , (6)

where

𝑎1 = 1 − 𝑎𝑦𝑥 + 𝑦 + 𝑥(−2 + 𝑎𝑦(𝑥 + 𝑦)2) ,
𝑏1 = 𝑎𝑥2(𝑥 + 𝑦)2 ,
𝑎2 = 𝑏𝑦2(𝑥 + 𝑦)2 ,
𝑏2 = 𝑏𝑥2(𝑥 + 𝑦)2 − 𝑑.

(7)

Then the characteristic equation of (6) is𝐹 (𝜆) fl 𝜆2 − (tr 𝐽) 𝜆 + det 𝐽 = 0, (8)

where

tr 𝐽 = 2 + 𝛿 (𝑎1 + 𝑏2) ,
det 𝐽 = 1 + 𝛿 (𝑎1 + 𝑏2) + 𝛿2 (𝑎1𝑏2 + 𝑎2𝑏1) . (9)

It is noted that the magnitude of eigenvalues of Jacobian
matrix evaluated at fixed point 𝐸(𝑥, 𝑦) determines the local
stability of that fixed point. The following propositions
represent the stability conditions of fixed points by Jury’s
criterion [24].

Proposition 2. For all permissible parameters values, there are
four different topological types of 𝐸1 and it is a

(i) sink if 0 < 𝛿 < 2 and 𝑑 − 2/𝛿 < 𝑏 < 𝑑;
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(ii) source if 𝛿 > 2 and (𝑏 < 𝑑 − 2/𝛿 and 𝑏 > 𝑑);
(iii) nonhyperbolic if 𝛿 = 2 or (𝑏 = 𝑑 − 2/𝛿 and 𝑏 ̸= 𝑑);
(iv) saddle if otherwise.

Condition (iii) can be written as

FB1𝐸
1

= {(𝑎, 𝑏, 𝑑, 𝛿) ∈ (0, +∞) : 𝛿 = 2, 𝑏 ̸= 𝑑 − 2𝛿 , 𝑏̸= 𝑑} , (10)

or

FB2𝐸
1

= {(𝑎, 𝑏, 𝑑, 𝛿) ∈ (0, +∞) : 𝑏 = 𝑑 − 2𝛿 , 𝛿 ̸= 2, 𝑏
̸= 𝑑} . (11)

It follows that if parameters (𝑎, 𝑏, 𝑑, 𝛿) belong to
FB1𝐸

1

or FB2𝐸
1

, then two eigenvalues of 𝐽(𝐸1) are 𝜆1 = −1
and 𝜆2 ̸= −1, 1. Thus a flip bifurcation may occur if parame-
ters belong to FB1𝐸

1

or FB2𝐸
1

. This observation illustrates
that predator goes to extinct and prey passes through flip
bifurcation leading to chaos as bifurcation parameter 𝛿
varies.

Proposition 3. If 𝑑 < 𝑏 < 𝑎𝑑/(𝑎− 1) with 𝑎 > 1, then positive
fixed point 𝐸2 of (4) exists and it is a

(i) sink if either of the following conditions holds:

(i.1) 𝑃∗ ≥ 0 and 𝛿 < (𝑁∗ − √𝑃∗)/𝑀∗;
(i.2) 𝑃∗ < 0 and 𝛿 < 𝑁∗/𝑀∗;

(ii) source if either of the following conditions holds:

(ii.1) 𝑃∗ ≥ 0 and 𝛿 > (𝑁∗ + √𝑃∗)/𝑀∗;
(ii.2) 𝑃∗ < 0 and 𝛿 > 𝑁∗/𝑀∗;

(iii) nonhyperbolic if either of the following conditions
holds:

(iii.1) 𝑃∗ ≥ 0 and 𝛿 = (𝑁∗ ± √𝑃∗)/𝑀∗;
(iii.2) 𝑃∗ < 0 and 𝛿 = 𝑁∗/𝑀∗;

(iv) saddle if otherwise,
where 𝑀∗ = 𝑎1𝑏2 + 𝑎2𝑏1,𝑁∗ = − (𝑎1 + 𝑏2) ,𝑃∗ = 𝑁∗2 − 4𝑀∗. (12)

FromProposition 3, it follows that if term (iii.1) holds, two
eigenvalues of 𝐽(𝐸2) are 𝜆1 = −1 and 𝜆2 ̸= −1, 1. We rewrite
the term (iii.1) as follows:

FB1𝐸
2

= {(𝑎, 𝑏, 𝑑, 𝛿) ∈ (0, +∞) : 𝛿 = 𝑁∗ − √𝑃∗𝑀∗ , 𝑃∗
≥ 0} , (13)

or

FB2𝐸
2

= {(𝑎, 𝑏, 𝑑, 𝛿) ∈ (0, +∞) : 𝛿 = 𝑁∗ + √𝑃∗𝑀∗ , 𝑃∗
≥ 0} . (14)

Therefore, a flip bifurcation may emerge from fixed point 𝐸2
if parameters belong to FB1𝐸

2

or FB2𝐸
2

.
Also two eigenvalues 𝜆1,2 of 𝐽(𝐸2) are complex conjugate

having magnitude one if (iii.2) holds. We rewrite the term
(iii.2) as follows:

NSB𝐸
2

= {(𝑎, 𝑏, 𝑑, 𝛿) ∈ (0, +∞) : 𝛿 = 𝑁∗𝑀∗ , 𝑃∗ < 0} , (15)

and if the parameters lie in NSB𝐸
2

, there exists a NS
bifurcation emerging from 𝐸2.
3. Analysis of Bifurcation

In this section, attention is paid to recapitulate bifurcations
(flip and/or Neimark-Sacker) of system (4) around fixed
points using the theories in center manifold and of bifur-
cation [25–28]. The parameter 𝛿 is chosen as a bifurcation
parameter.

3.1. Flip Bifurcation at Fixed Point 𝐸1(1, 0). We consider
system (4) at fixed point 𝐸1 and take parameter (𝑎, 𝑏, 𝑑, 𝛿)
arbitrarily from FB1𝐸

1

(similarly for the case of FB2𝐸
1

).
Let 𝛿 = 𝛿1 = 2, or 𝛿 = 𝛿1 = −2/(𝑏 − 𝑑), for the case of

FB2𝐸
1

.Then the eigenvalues of positive fixed point 𝐸1(1, 0) are
𝜆1 (𝛿1) = −1,𝜆2 (𝛿1) = 1 + 2 (𝑏 − 𝑑) . (16)

The condition |𝜆2(𝛿1)| ̸= 1 holds if
𝑏 − 𝑑 ̸= 0, −1. (17)

Using the transformation 𝑥 = 𝑥 − 1, 𝑦 = 𝑦 and writing𝐴(𝛿) = 𝐽(1, 0), we shift the fixed point (1, 0) of system (4) to
the origin. After Taylor expansion, system (4) reduces to

(𝑥𝑦) → 𝐴 (𝛿) (𝑥𝑦) + (𝐹1 (𝑥, 𝑦, 𝛿)𝐹2 (𝑥, 𝑦, 𝛿)) , (18)

where𝑋 = (𝑥, 𝑦)𝑇 and
𝐹1 (𝑥, 𝑦, 𝛿) = (−𝑎𝑥𝑦2 − 𝑎𝑦3 − 𝑥2 + 𝑎𝑦2) 𝛿+ 𝑂 (‖𝑋‖4) ,
𝐹2 (𝑥, 𝑦, 𝛿) = (𝑏𝑥𝑦2 + 𝑏𝑦3 − 𝑏𝑦2) 𝛿 + 𝑂 (‖𝑋‖4) .

(19)
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Therefore, we get the following symmetric multilinear
vector functions of 𝑥, 𝑦, 𝑢 ∈ R2:

𝐵 (𝑥, 𝑦) = (𝐵1 (𝑥, 𝑦)𝐵2 (𝑥, 𝑦)) = ((2𝑎𝑥2𝑦2 − 2𝑥1𝑦1) 𝛿−2𝑏𝑥2𝑦2𝛿 ) , (20)

𝐶 (𝑥, 𝑦, 𝑢) = (𝐶1 (𝑥, 𝑦, 𝑢)𝐶2 (𝑥, 𝑦, 𝑢))
= ((−2𝑥2𝑦1𝑢2 − 2𝑥1𝑦2𝑢2 − 2𝑥2𝑦2𝑢1 − 6𝑥2𝑦2𝑢2) 𝑎𝛿(2𝑥2𝑦1𝑢2 + 2𝑥1𝑦2𝑢2 + 2𝑥2𝑦2𝑢1 + 6𝑥2𝑦2𝑢2) 𝑏𝛿 ) ,

(21)

where

𝐵𝑖 (𝑥, 𝑦) = 2∑
𝑗,𝑘=1

𝛿2𝐹𝑖 (𝜉, 𝛿)𝛿𝜉𝑗𝛿𝜉𝑘
𝜉=0 𝑥𝑗𝑦𝑘,

𝐶𝑖 (𝑥, 𝑦, 𝑢) = 2∑
𝑗,𝑘,𝑙=1

𝛿2𝐹𝑖 (𝜉, 𝛿)𝛿𝜉𝑗𝛿𝜉𝑘𝛿𝜉𝑙
𝜉=0 𝑥𝑗𝑦𝑘𝑢𝑙,(𝑖 = 1, 2) , 𝛿 = 𝛿1.

(22)

Let 𝑝, 𝑞 ∈ R2 be two eigenvectors (left and right) of 𝐴
associated with eigenvalue 𝜆1(𝛿1) = −1, respectively. Then𝐴(𝛿1)𝑞 = −𝑞 and 𝐴𝑇(𝛿1)𝑝 = −𝑝. After some algebraic
calculation, we get𝑞 ∼ (2 + 𝛿1 (𝑏 − 𝑑) , 0)𝑇 ,𝑝 ∼ (2 + 𝛿1 (𝑏 − 𝑑) , 2𝑎)𝑇 . (23)

We set 𝑝 = 𝛾1(2+𝛿1(𝑏−𝑑), 2𝑎)𝑇, where 𝛾1 = 1/(2+𝛿1(𝑏−𝑑))2. Then by the standard scalar product in R2 defined by⟨𝑝, 𝑞⟩ = 𝑝1𝑞1 + 𝑝2𝑞2, it is obvious to see that ⟨𝑝, 𝑞⟩ = 1. The
direction of the flip bifurcation can be obtained by the sign
of 𝑐(𝛿1), the coefficient of critical normal form [25], and is
computed via𝑐 (𝛿1) = 16 ⟨𝑝, 𝐶 (𝑞, 𝑞, 𝑞)⟩− 12 ⟨𝑝, 𝐵 (𝑞, (𝐴 − 𝐼)−1 𝐵 (𝑞, 𝑞))⟩

= 2𝛿1 (2 + 𝛿1 (𝑏 − 𝑑))2 ̸= 0.
(24)

The above discussion leads to the following result.

Theorem 4. If (17) holds and 𝛿 varies around the set 𝐹𝐵1𝐸
1

,
then system (4) passes through a flip bifurcation at fixed point𝐸1(1, 0). Moreover, the period-2 orbits that bifurcate from𝐸1(1, 0) are stable (resp., unstable) if 𝑐(𝛿1) > 0 (resp., 𝑐(𝛿1) <0).
3.2. Flip and Neimark-Sacker Bifurcation at Fixed Point𝐸2(𝑥∗, 𝑦∗). We first discuss flip bifurcation of system (4) at
fixed point 𝐸2. We take parameter (𝑎, 𝑏, 𝑑, 𝛿) arbitrarily from
FB1𝐸

2

(similarly for the case of FB2𝐸
2

); then it follows that 𝑃∗ >0; that is, (𝑎1 − 𝑏2)2 − 4𝑎2𝑏1 > 0. (25)

Let

𝛿 = 𝛿𝐹 = 𝑁∗ − √𝑃∗𝑀∗ , (26)

or

𝛿 = 𝛿𝐹 = 𝑁∗ + √𝑃∗𝑀∗ , for the case of FB2𝐸
2

. (27)

Then the eigenvalues of positive fixed point (𝑥∗, 𝑦∗) are
𝜆1 (𝛿𝐹) = −1,𝜆2 (𝛿𝐹) = 3 − 𝛿𝐹𝑁∗. (28)

The condition |𝜆2(𝛿𝐹)| ̸= 1 leads to
𝛿𝐹𝑁∗ ̸= 2, 4. (29)

Using the transformation 𝑥 = 𝑥 − 𝑥∗, 𝑦 = 𝑦 − 𝑦∗ and
writing 𝐴(𝛿) = 𝐽(𝑥∗, 𝑦∗), we shift the fixed point (𝑥∗, 𝑦∗) of
system (4) to the origin. After Taylor expansion, system (4)
reduces to

(𝑥𝑦) → 𝐴 (𝛿) (𝑥𝑦) + (𝐹1 (𝑥, 𝑦, 𝛿)𝐹2 (𝑥, 𝑦, 𝛿)) , (30)

where𝑋 = (𝑥, 𝑦)𝑇 and
𝐹1 (𝑥, 𝑦, 𝛿) = 16 [− 6𝑎𝛿𝑥∗2(𝑥∗ + 𝑦∗)4𝑦3 − 6𝑎𝛿𝑦∗2(𝑥∗ + 𝑦∗)4 𝑥3
+ 2𝑎𝛿 (2𝑥∗ − 𝑦∗) 𝑦∗(𝑥∗ + 𝑦∗)4 3𝑥2𝑦
− 2𝑎𝛿 (𝑥∗ − 2𝑦∗) 𝑥∗(𝑥∗ + 𝑦∗)4 3𝑥𝑦2] + 12 [ 2𝑎𝛿𝑥∗2(𝑥∗ + 𝑦∗)3𝑦2
+ (−2𝛿 + 2𝑎𝛿𝑦∗2(𝑥∗ + 𝑦∗)3)𝑥2 − 2𝑎𝛿𝑥∗𝑦∗(𝑥∗ + 𝑦∗)3 2𝑥𝑦]+ 𝑂 (‖𝑋‖4) ,

𝐹2 (𝑥, 𝑦, 𝛿) = 16 [ 6𝑏𝛿𝑥∗2(𝑥∗ + 𝑦∗)4𝑦3 + 6𝑏𝛿𝑦∗2(𝑥∗ + 𝑦∗)4 𝑥3
− 2𝑏𝛿 (2𝑥∗ − 𝑦∗) 𝑦∗(𝑥∗ + 𝑦∗)4 3𝑥2𝑦
+ 2𝑏𝛿 (𝑥∗ − 2𝑦∗) 𝑥∗(𝑥∗ + 𝑦∗)4 3𝑥𝑦2] + 12 [− 2𝑏𝛿𝑥∗2(𝑥∗ + 𝑦∗)3𝑦2
− 2𝑏𝛿𝑦∗2(𝑥∗ + 𝑦∗)3 𝑥2 + 2𝑏𝛿𝑥∗𝑦∗(𝑥∗ + 𝑦∗)3 2𝑥𝑦] + 𝑂 (‖𝑋‖4) .

(31)
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It follows that

𝐵1 (𝑥, 𝑦) = 2∑
𝑗,𝑘=1

𝛿2𝐹1 (𝜉, 𝛿)𝛿𝜉𝑗𝛿𝜉𝑘
𝜉=0 𝑥𝑗𝑦𝑘 = 2𝑎𝛿𝑥∗2(𝑥∗ + 𝑦∗)3

⋅ 𝑥2𝑦2 + (−2𝛿 + 2𝑎𝛿𝑦∗2(𝑥∗ + 𝑦∗)3)𝑥1𝑦1
− 2𝑎𝛿𝑥∗𝑦∗(𝑥∗ + 𝑦∗)3 (𝑥1𝑦2 + 𝑥2𝑦1) ,

(32)

𝐵2 (𝑥, 𝑦) = 2∑
𝑗,𝑘=1

𝛿2𝐹2 (𝜉, 𝛿)𝛿𝜉𝑗𝛿𝜉𝑘
𝜉=0 𝑥𝑗𝑦𝑘 = − 2𝑏𝛿𝑥∗2(𝑥∗ + 𝑦∗)3

⋅ 𝑥2𝑦2 − 2𝑏𝛿𝑦∗2(𝑥∗ + 𝑦∗)3 𝑥1𝑦1 + 2𝑏𝛿𝑥∗𝑦∗(𝑥∗ + 𝑦∗)3 (𝑥1𝑦2+ 𝑥2𝑦1) ,
(33)

𝐶1 (𝑥, 𝑦, 𝑢) = 2∑
𝑗,𝑘,𝑙=1

𝛿2𝐹1 (𝜉, 𝛿)𝛿𝜉𝑗𝛿𝜉𝑘𝛿𝜉𝑙
𝜉=0 𝑥𝑗𝑦𝑘𝑢𝑙

= − 6𝑎𝛿𝑥∗2(𝑥∗ + 𝑦∗)4 𝑥2𝑦2𝑢2 − 6𝑎𝛿𝑦∗2(𝑥∗ + 𝑦∗)4 𝑥1𝑦1𝑢1
+ 2𝑎𝛿 (2𝑥∗ − 𝑦∗) 𝑦∗(𝑥∗ + 𝑦∗)4 (𝑥1𝑦1𝑢2 + 𝑥1𝑦2𝑢1 + 𝑥2𝑦1𝑢1
+ 𝑥2𝑦1𝑢2 + 𝑥1𝑦2𝑢2 + 𝑥2𝑦2𝑢1) ,

(34)

𝐶2 (𝑥, 𝑦, 𝑢) = 2∑
𝑗,𝑘,𝑙=1

𝛿2𝐹2 (𝜉, 𝛿)𝛿𝜉𝑗𝛿𝜉𝑘𝛿𝜉𝑙
𝜉=0 𝑥𝑗𝑦𝑘𝑢𝑙

= 6𝑏𝛿𝑥∗2(𝑥∗ + 𝑦∗)4 𝑥2𝑦2𝑢2 + 6𝑏𝛿𝑦∗2(𝑥∗ + 𝑦∗)4 𝑥1𝑦1𝑢1
− 2𝑏𝛿 (𝑥∗ − 2𝑦∗) 𝑥∗(𝑥∗ + 𝑦∗)4 (𝑥1𝑦1𝑢2 + 𝑥1𝑦2𝑢1 + 𝑥2𝑦1𝑢1
+ 𝑥2𝑦1𝑢2 + 𝑥1𝑦2𝑢2 + 𝑥2𝑦2𝑢1) ,

(35)

and 𝛿 = 𝛿𝐹.
Therefore, we get the following symmetric multilinear

vector functions of 𝑥, 𝑦, 𝑢 ∈ R2: 𝐵(𝑥, 𝑦) = ( 𝐵1(𝑥,𝑦)𝐵
2
(𝑥,𝑦) ) and𝐶(𝑥, 𝑦, 𝑢) = ( 𝐶1(𝑥,𝑦,𝑢)𝐶

2
(𝑥,𝑦,𝑢) ) .

Let 𝑝, 𝑞 ∈ R2 be two eigenvectors (left and right) of 𝐴
associated with eigenvalue 𝜆1(𝛿𝐹) = −1, respectively. Then𝐴(𝛿𝐹)𝑞 = −𝑞 and 𝐴𝑇(𝛿𝐹)𝑝 = −𝑝. After some algebraic
calculation, we get

𝑞 ∼ (−2 − 𝛿𝐹𝑏2, 𝛿𝐹𝑎2)𝑇 ,𝑝 ∼ (−2 − 𝛿𝐹𝑏2, −𝛿𝐹𝑏1)𝑇 . (36)

We set 𝑝 = 𝛾1(−2 − 𝛿𝐹𝑏2, −𝛿𝐹𝑏1)𝑇, where𝛾1 = 1(−2 − 𝛿𝐹𝑏2)2 − 𝛿2𝐹𝑎2𝑏1 . (37)

Then by the standard scalar product in R2 defined by⟨𝑝, 𝑞⟩ = 𝑝1𝑞1 + 𝑝2𝑞2, it is obvious to see that ⟨𝑝, 𝑞⟩ = 1.
The direction of the flip bifurcation can be obtained by the
sign of 𝑐(𝛿𝐹), the coefficient of critical normal form [25], and
is computed via

𝑐 (𝛿𝐹) = 16 ⟨𝑝, 𝐶 (𝑞, 𝑞, 𝑞)⟩− 12 ⟨𝑝, 𝐵 (𝑞, (𝐴 − 𝐼)−1 𝐵 (𝑞, 𝑞))⟩ . (38)

The above discussion leads to the following result.

Theorem 5. If (29) holds, 𝑐(𝛿𝐹) ̸= 0, and 𝛿 varies around
the set FB1𝐸

2

, then system (4) passes through a flip bifurcation
at fixed point 𝐸2(𝑥∗, 𝑦∗). Moreover, the period-2 orbits that
bifurcate from 𝐸2(𝑥∗, 𝑦∗) are stable (resp., unstable) if 𝑐(𝛿𝐹) >0 (resp., 𝑐(𝛿𝐹) < 0).

We next discuss a Neimark-Sacker bifurcation of system
(4).

We first take parameter (𝑎, 𝑏, 𝑑, 𝛿) arbitrarily from NSB𝐸
2

and consider system (4) at fixed point 𝐸2(𝑥∗, 𝑦∗).
Since the parameters belong to NSB𝐸

2

, the complex
eigenvalues of (6) are

𝜆, 𝜆 = tr 𝐽2 ± 𝑖2√4 det 𝐽 − (tr 𝐽)2, (39)

where the condition (tr 𝐽)2 − 4 det 𝐽 < 0 leads to (𝑎1 − 𝑏2)2 −4𝑎2𝑏1 < 0. Let
𝛿 = 𝛿NS = 𝑁∗𝑀∗ ; (40)

then det 𝐽(𝛿NS) = 1 and |𝜆| = √det 𝐽 (𝛿),𝑑 |𝜆 (𝛿)|𝑑𝛿 𝛿=𝛿NS

= 𝑁∗2 ̸= 0. (41)

Moreover, if tr 𝐽(𝛿NS) ̸= 0, −1, then 𝛿NS𝑁∗ ̸= 2, 3 which
leads to 𝜆𝑘 (𝛿NS) ̸= 1 for 𝑘 = 1, 2, 3, 4. (42)

Let 𝑞, 𝑝 ∈ C2 be eigenvectors of 𝐴(𝛿NS) and 𝐴𝑇(𝛿NS)
corresponding to the eigenvalues 𝜆(𝛿NS) and 𝜆(𝛿NS) such that𝐴 (𝛿NS) 𝑞 = 𝜆 (𝛿NS) 𝑞,𝐴 (𝛿NS) 𝑞 = 𝜆 (𝛿NS) 𝑞,𝐴𝑇 (𝛿NS) 𝑝 = 𝜆 (𝛿NS) 𝑝,𝐴𝑇 (𝛿NS) 𝑝 = 𝜆 (𝛿NS) 𝑝.

(43)
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Then by algebraic calculation, we obtain𝑞 ∼ (1 + 𝛿NS𝑏2 − 𝜆, −𝛿NS𝑎2)𝑇 ,𝑝 ∼ (1 + 𝛿NS𝑏2 − 𝜆, 𝛿NS𝑏1)𝑇 . (44)

We set 𝑝 = 𝛾2(1 + 𝛿NS𝑏2 − 𝜆, 𝛿NS𝑏1)𝑇, where𝛾2 = 1(1 + 𝛿NS𝑏2 − 𝜆)2 − 𝛿2NS𝑎2𝑏1 . (45)

Then it is obvious that ⟨𝑝, 𝑞⟩ = 1, where ⟨𝑝, 𝑞⟩ = 𝑝1𝑞2 +𝑝2𝑞1 for 𝑝, 𝑞 ∈ C2. We can decompose vector 𝑋 ∈ R2 as𝑋 = 𝑧𝑞 + 𝑧𝑞, for 𝛿 close to 𝛿NS and 𝑧 ∈ C. Obviously, 𝑧 =⟨𝑝,𝑋⟩. Thus, we obtain the following transformed form of
system (30) for |𝛿| near 𝛿NS:𝑧 → 𝜆 (𝛿) 𝑧 + 𝑔 (𝑧, 𝑧, 𝛿) , (46)

where 𝜆(𝛿) = (1 + 𝜑(𝛿))𝑒𝑖𝜃(𝛿) with 𝜑(𝛿NS) = 0 and 𝑔(𝑧, 𝑧, 𝛿)
is a smooth complex-valued function. Taylor expression of 𝑔
with respect to (𝑧, 𝑧) yields
𝑔 (𝑧, 𝑧, 𝛿) = ∑

𝑘+𝑙≥2

1𝑘!𝑙!𝑔𝑘𝑙 (𝛿) 𝑧𝑘𝑧𝑙,
with 𝑔𝑘𝑙 ∈ C, 𝑘, 𝑙 = 0, 1, . . . . (47)

According to multilinear symmetric vector functions, we
can express the coefficients 𝑔𝑘𝑙 as follows:𝑔20 (𝛿NS) = ⟨𝑝, 𝐵 (𝑞, 𝑞)⟩ ,𝑔11 (𝛿NS) = ⟨𝑝, 𝐵 (𝑞, 𝑞)⟩ ,𝑔02 (𝛿NS) = ⟨𝑝, 𝐵 (𝑞, 𝑞)⟩ ,𝑔21 (𝛿NS) = ⟨𝑝, 𝐶 (𝑞, 𝑞, 𝑞)⟩ .

(48)

We calculate the coefficient 𝑎(𝛿NS) by the following formula
to determine the direction in which invariant closed curve
appears.

𝑎 (𝛿NS) = Re(𝑒−𝑖𝜃(𝛿NS)𝑔212 )
− Re((1 − 2𝑒𝑖𝜃(𝛿NS)) 𝑒−2𝑖𝜃(𝛿NS)2 (1 − 𝑒𝑖𝜃(𝛿NS)) 𝑔20𝑔11)
− 12 𝑔112 − 14 𝑔022 ,

(49)

where 𝑒𝑖𝜃(𝛿NS) = 𝜆(𝛿NS).
It is clear that two conditions (41) and (42) known as

transversal and nondegenerate hold well for system (4).
Therefore, we have the following result.

Theorem 6. If 𝑎(𝛿NS) ̸= 0 and 𝛿 changes its value around
NSB𝐸

2

, then system (4) passes through a Neimark-Sacker
bifurcation at fixed point 𝐸2. Moreover, if 𝑎(𝛿NS) < 0 (resp.,> 0), then there exists an attracting (resp., repelling) invariant
closed curve which bifurcates from 𝐸2.

Table 1: Set of parameter values.

Varying parameter Fixed parameters
Case (i) 1.8 ≤ 𝛿 ≤ 3 𝑎 = 1.0, 𝑏 = 0.5, 𝑑 = 0.6
Case (ii) 2.05 ≤ 𝛿 ≤ 3.2 𝑎 = 1.67, 𝑏 = 1.0, 𝑑 = 0.6
Case (iii) 2.05 ≤ 𝛿 ≤ 3.2, 1.6 ≤ 𝑎 ≤ 1.7 𝑏 = 1.0, 𝑑 = 0.6
4. Numerical Simulations

Here, diagrams for bifurcation, phase portraits, Lyapunov
exponents, and fractal dimension of system (4) will be pre-
sented by performing numerical simulation to validate our
analytical results. The parameter 𝛿 is chosen as a bifurcation
parameter to see the effect of ratio-dependent functional
response in the system. We restrict our attention in the case
of NS bifurcation only.

Now we consider bifurcation parameters in the following
cases.

For case (i): by taking parameters as in Table 1, we see that,
at the fixed point (1, 0), a flip bifurcation occurs at 𝛿 = 𝛿1 = 2
and it shows 𝑐(𝛿1) = 12.96 > 0. This confirmsTheorem 4.

Figure 2(a) displays the bifurcation diagram of system
(4). This illustrates that stability of fixed point 𝐸1 happens
for 𝛿 < 2, bifurcation occurs at 𝛿 = 2, and there appears
period doubling bifurcation if 𝛿 > 2. Figure 2(b) results in
the maximum Lyapunov exponents relating bifurcation in
Figure 2(a) confirming the parametric space in which the
behaviors of system (4) are chaotic or stable period window.

For case (ii): by taking parameters as in Table 1, we see
that, at the fixed point (0.332, 0.221333), a NS bifurcation
emerges at 𝛿 = 𝛿NS = 2.14859 and it shows 𝑎(𝛿NS) =−0.630982 < 0. This confirmsTheorem 6.

Figures 3(a) and 3(b) display the bifurcation diagrams
of system (4). This illustrates that stability of fixed point 𝐸2
happens for 𝛿 < 2.14859, bifurcation occurs at 𝛿 = 2.14859,
and there appears attracting invariant circle if 𝛿 > 2.14859.
Figure 3(c) results in the maximum Lyapunov exponents
relating bifurcation in Figures 3(a) and 3(b) confirming
the parametric space in which the behaviors of system (4)
are chaotic or stable period window. Figure 3(d) is local
amplification of Figure 3(a) for 𝛿 ∈ [2.6503, 2.999].

The phase portraits of bifurcation diagrams related to
Figures 3(a) and 3(b) for various values of 𝛿 are plotted in
Figure 4, which clearly illustrates the act of smooth invariant
circle and how it bifurcates from the stable fixed point. We
observe that as 𝛿 increases, the invariant circle suddenly
disappears and periods 9, 26, and 19 orbits appear at 𝛿 =2.7, 2.902, 2.93, respectively.We also see that for 𝛿 = 3.2, there
exists a fully developed chaos in system (4).

For case (iii): the dynamics of map (4) can change when
more parameters vary. The diagrams of bifurcation of map
(4) for control parameters 𝛿 ∈ [2.05, 3.2], 𝑎 ∈ [1.6, 1.7],
respectively, and the fixing remaining parameters as in case
(ii) are disposed in Figures 5(a) and 5(b). The 3D maximum
Lyapunov exponent for two control parameters 𝛿 and 𝑎 is
plotted in Figure 5(c) and its 2D projection onto (𝛿, 𝑎) is
shown in Figure 5(d). It is easy to find values of control
parameters for which the dynamics of map (4) is in chaotic,
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Figure 2: Flip bifurcation and Lyapunov exponent of system (4). (a) Bifurcation for prey and (b) maximum Lyapunov exponents related to
(a). Initial value: (𝑥0, 𝑦0) = (0.98, 0.1).
periodic, or nonchaotic status. Obviously, there are chaotic
dynamics for 𝛿 = 3.1492 and 𝑎 = 1.67 and nonchaotic
dynamics for 𝛿 = 2.7 and 𝑎 = 1.67 (see Figure 4), which
are compatible with the signs of Lyapunov exponents in
Figure 5(c). This exhibits that as the parameter 𝑎 increases,
the map (4) shows more chaotic dynamics.

4.1. Initial Perturbation. Sensitivity to initial values of a sys-
tem demonstrates that at the beginning the two trajectories
are arbitrarily closely overlapped but a significant difference
builds up for future trajectories. For numerical simulation,
two perturbed trajectories for state variable 𝑥 of system (4)
against the number of iterations with initial points (𝑥0, 𝑦0)
and (𝑥0 + 0.001, 𝑦0) are generated and plotted in Figure 6(a).
The difference (error) between two trajectories is computed
byΔ𝑥 = 𝑥1−𝑥2 and presented in Figure 6(b), where 𝑥1 and 𝑥2
are solution trajectories of system (4) without and with initial
perturbation. We take 1000 iterations for each initial value.
From Figure 6, it is clear that the error is negligible initially
but it increases for trajectories in future time. Therefore, a
slightly initial perturbation may lead to complex dynamic
behavior of the system.

4.2. Fractal Dimension. The fractal dimension (FD) [29, 30]
which characterizes strange attractors of a map is defined by

𝑑𝐿 = 𝑗 + ∑𝑗𝑖=1 𝜆𝑖𝜆𝑗 , (50)

where 𝜆1, 𝜆2, . . . , 𝜆𝑛 are Lyapunov exponents and 𝑗 is the
largest integer such that ∑𝑗𝑖=1 𝜆𝑖 ≥ 0 and ∑𝑗+1𝑖=1 𝜆𝑖 < 0. For

our two-dimensionalmap (4), the fractal dimension takes the
form 𝑑𝐿 = 1 + 𝜆1𝜆2 , 𝜆1 > 0 > 𝜆2. (51)

Taking parameter values given as in case (i) and by
computer simulation, two Lyapunov exponents are 𝜆1 ≈0.0281 and 𝜆2 ≈ −0.0741 for 𝛿 = 2.9815 and 𝜆1 ≈ 0.0832
and 𝜆2 ≈ −0.0950 for 𝛿 = 3.1494. So the fractal dimensions
of map (4) are𝑑𝐿 ≈ 1 + 0.02810.0741 = 1.3793 for 𝛿 = 2.9815,

𝑑𝐿 ≈ 1 + 0.08320.0950 = 1.8759 for 𝛿 = 3.1494. (52)

The strange attractors given in Figure 4 are consistent with
the delta values’ corresponding fractal dimension and this
illustrates that the ratio-dependent discrete predator-prey
system (4) has a very complex dynamic behavior as the
parameter 𝛿 increases. We refer to Figure 7 to understand
the system dynamics using fractal dimension.

5. Chaos Control

We shall apply a state feedback control method [24, 31] in
order to stabilize chaos of system (4) at the state of unstable
trajectories. By adding a feedback control law as the control
force 𝑢𝑛 to system (4), the controlled form of (4) becomes

𝑥𝑛+1 = 𝑥𝑛 + 𝛿 [𝑥𝑛 (1 − 𝑥𝑛) − 𝑎𝑥𝑛𝑦𝑛𝑦𝑛 + 𝑥𝑛 ] + 𝑢𝑛,𝑦𝑛+1 = 𝑦𝑛 + 𝛿 [−𝑑𝑦𝑛 + 𝑏𝑥𝑛𝑦𝑛𝑦𝑛 + 𝑥𝑛 ] ,
(53)
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Figure 3: Neimark-Sacker bifurcation and Lyapunov exponent of system (4). (a) Bifurcation for prey, (b) bifurcation for predator, (c)
maximum Lyapunov exponents related to (a-b), and (d) local amplification related to (a) for 𝛿 ∈ [2.6503, 2.999]. Initial value: (𝑥0, 𝑦0) =(0.324, 0.2163).

𝑢𝑛 = −𝑘1 (𝑥𝑛 − 𝑥∗) − 𝑘2 (𝑦𝑛 − 𝑦∗) , (54)

where the feedback gains are denoted by 𝑘1 and 𝑘2 and(𝑥∗, 𝑦∗) represent positive fixed point of (4).
The Jacobian matrix 𝐽𝑐 of the controlled system (53) is

given by

𝐽𝑐 (𝑥∗, 𝑦∗) = (𝑎11 − 𝑘1 𝑎12 − 𝑘2𝑎21 𝑎22 ) , (55)

where 𝑎11 = 1 + 𝛿𝑎1, 𝑎12 = −𝛿𝑏1, 𝑎21 = 𝛿𝑎2, 𝑎22 = 1 + 𝛿𝑏2,
and 𝑎1, 𝑏1, 𝑎2, and 𝑏2 are determined by (7).The characteristic
equation of matrix 𝐽𝑐 is𝜆2 − (tr 𝐽𝑐) 𝜆 + det 𝐽𝑐 = 0, (56)

where tr 𝐽𝑐 = 𝑎11+𝑎22−𝑘1 and det 𝐽𝑐 = 𝑎22(𝑎11−𝑘1)−𝑎21(𝑎12−𝑘2). Let 𝜆1 and 𝜆2 be the roots of (56), that is, eigenvalues
of (55). Then

𝜆1 + 𝜆2 = tr 𝐽𝑐, (57)𝜆1𝜆2 = det 𝐽𝑐. (58)

The solution of the equations 𝜆1 = ±1 and 𝜆1𝜆2 = 1
determines the lines of marginal stability. These conditions
confirm that |𝜆1,2| < 1. Assume that 𝜆1𝜆2 = 1; then from
(58) we have det 𝐽𝑐 = 1; that is,

𝑙1 : 𝑎22𝑘1 − 𝑎21𝑘2 = 𝑎11𝑎22 − 𝑎12𝑎21 − 1. (59)
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Figure 4: Continued.
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Initial value: (𝑥0, 𝑦0) = (0.324, 0.2163).
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Figure 7: Fractal dimension of system (4). (a) FD related to Figure 2(a) and (b) FD related to Figure 3(a).

Now, suppose that 𝜆1 = 1; then from (57) and (58), we get
tr 𝐽𝑐 − det 𝐽𝑐 = 1; that is,𝑙2 : (1 − 𝑎22) 𝑘1 + 𝑎21𝑘2= 𝑎11 + 𝑎22 − 1 − 𝑎11𝑎22 + 𝑎12𝑎21. (60)

Next, assume that 𝜆1 = −1; then from (57) and (58), we
obtain tr 𝐽𝑐 + det 𝐽𝑐 = −1; that is,𝑙3 : (1 + 𝑎22) 𝑘1 − 𝑎21𝑘2= 𝑎11 + 𝑎22 + 1 + 𝑎11𝑎22 − 𝑎12𝑎21. (61)

Then the lines 𝑙1, 𝑙2, and 𝑙3 (see Figure 8(a)) in the (𝑘1, 𝑘2)
plane determine a triangular region which keeps stable
eigenvalues.

In order to observe how feedback method works and
controls chaos at unstable state, we have presented some
numerical simulations. We set 𝛿 = 3.15 and the rest
as in case(i) as fixed parameters. The initial value is(𝑥0, 𝑦0) = (0.324, 0.21633), and the feedback gains are 𝑘1 =2.38 and 𝑘2 = −1.23. Figures 8(b) and 8(c) illustrate that,
at the fixed point (0.332, 0.221333), the chaotic trajectory is
stabilized.

6. Discussions

We investigated the dynamic complexities of discrete
predator-prey system with ratio-dependent functional re-
sponse (4) in the closed first quadrant of R2+. We established
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Figure 8: Control of chaotic trajectories of controlled system (53). (a) Bounded region for stable eigenvalues and (b-c) the time series for
states 𝑥 and 𝑦.
the existence conditions for a flip bifurcation and a NS
bifurcation of system (4) by using center manifold theorem
and bifurcation theory. Specifically, we showed that system
(4) displays the change of complex dynamical behaviors via
flip bifurcation and NS bifurcation including an invariant
cycle, orbits of periods 9, 19, and 26, and attracting chaotic
sets when parameter 𝛿 changes its value around sets FB𝐸

1

and
NSB𝐸

2

, respectively. This indicates that, at the state of chaos,
the system is unstable. In particular, it is observed that if the
dynamics of prey is chaotic, then the dynamics of predator
will ultimately tend to zero or tend to unstable periodic
orbit. This results in the interaction between predator and
prey which can approach oscillatory balance behavior.
Moreover, the variation of two control parameters which
displayed captivating chaotic dynamics exists in the system
and one can directly observe the chaotic phenomenon from

two-dimensional parameter-spaces. Finally, we applied a
strategy of feedback control to stabilize chaos at the state of
unstable trajectories resulting in predictable stable orbits.
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Many researchers have used quadratic utility function to study its influences on economic games with product differentiation. Such
games include Cournot, Bertrand, and amixed-type game called Cournot-Bertrand.Within this paper, a cubic utility function that
is derived from a constant elasticity of substitution production function (CES) is introduced. This cubic function is more desirable
than the quadratic one besides its amenability to efficiency analysis. Based on that utility a two-dimensional Cournot duopoly
game with horizontal product differentiation is modeled using a discrete time scale. Two different types of games are studied in
this paper. In the first game, firms are updating their output production using the traditional bounded rationality approach. In
the second game, firms adopt Puu’s mechanism to update their productions. Puu’s mechanism does not require any information
about the profit function; instead it needs both firms to know their production and their profits in the past time periods. In both
scenarios, an explicit form for the Nash equilibrium point is obtained under certain conditions.The stability analysis of Nash point
is considered. Furthermore, some numerical simulations are carried out to confirm the chaotic behavior of Nash equilibrium point.
This analysis includes bifurcation, attractor, maximum Lyapunov exponent, and sensitivity to initial conditions.

1. Introduction

Complex dynamic behaviors are typically undesirable phe-
nomena in economic games where searching for stable
equilibrium states is amain interest.These complex behaviors
are important when studying the characteristics of equi-
librium states in such models. The complexity may arise
from different sources. It may occur due to the form of
utility function adopted to construct those models or from
the demand function whether it is linear or nonlinear, or
finally it may come from the amount of information that
each player involved in those models knows about its rival.
Many economically plausible models which have handled
this complexity have been studied in literature. Cournot
[1] introduced his first model about firms competition and
since that time Cournot’s model became a central concept
of many studies that came later. In Cournot’s model, it has
been assumed that firms played against each other using

quantities as their strategic variables. Quantities are not the
only variables that firms can use. There are also prices that
have been used by Bertrand [2] in studying another type
of games named later as Bertrand games. The appearance
of Cournot and Bertrand models has led to more inves-
tigations and analysis of such economic games and hence
some important results have been obtained.Those important
results have shown some complex dynamic characteristics
such as bifurcation and chaos. For instance, recently, studies
on such economical competition were suspected to lead to
complex dynamic behavior such as bifurcation and chaos. In
[3], complex dynamics characteristics have been detected in
a simple monopoly model. Using a demand function with no
inflection points, complex behaviors such as bifurcation and
chaos have been investigated in [4]. Askar [5] has shown some
important results about Cournot duopoly game that was
formed by a concave demand function. Other investigations
on those complex characteristics can be found in [6–12].
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It has been discussed in [13–15] that quantities may have
a degree of competition that is low if commodities are substi-
tutes. Therefore, if firms are free to decide their key variables,
they certainly favor to perform with quantities instead of
prices.On the other hand, there are types of strategic variables
which are a mix between quantities and prices. Games that
adopted such type of variables are called Cournot-Bertrand.
To the best of our knowledge, Shubik [16] introduced the first
model of duopoly on which firms use quantities and prices as
their strategic variables. Even though Shubik introduced an
analytical scheme for analyzing the behavior of such games,
he was not capable of deriving the equilibrium point of those
games. Since then literature has contained few number of
studies in which the Nash equilibrium (equilibrium solution)
was explicitly obtained in an analytical form and its stability
has been investigated. The Cournot-Bertrand competition
requires a certain degree of differentiation among products
offered by firms to avoid one firm dominating the market
by its lower price. In [17–20], the authors have argued that,
in certain cases, Cournot-Bertrand game may be optimal.
Furthermore, Tremblay et al. [21] have demonstrated that
empirical evidence has led to the fact that this kind of
competition is abundant. Recently, C. H. Tremblay and V. J.
Tremblay [22] have shown the static properties of the Nash
equilibrium of a Cournot-Bertrand duopoly according to
product differentiation. Naimzada and Tramontana [23] have
studied the dynamic properties of a Cournot duopoly game
with product differentiation using linearity of demand and
cost objective functions. In [24], the authors have studied an
economic market on which three heterogeneous firms are in
conflict and the demand function they adopt is isoelastic.
A dynamic duopoly game with heterogeneous players has
been investigated in [25] by taking one of the two competed
firms as an upper limiter on output, and the other one is a
lower limiter. The influences of the limiter on the dynamic
behavior of the firms have been shown. In [26], the dynamics
of a duopoly Cournot game model has been analyzed.
The game has been modeled based on different adjustment
mechanisms and expectations on which one of the firms
adopts the mechanism “one-period look-ahead” and selects
his decision using estimations, while the other firm uses
a bounded rational mechanism. A dynamic of a banking
duopoly game using homogeneous and heterogeneous firms
has been analyzed in [27] in order to identify the impact of
capital requirements in the context of theMonti-Kleinmodel.
Fanti et al. have studied a nonlinear dynamic duopoly model
on which price and product differentiation are augmented
with managerial firms [28]. In [29], a heterogeneous duopoly
Cournot game is studied where firms adopt two different
approaches which are Local Monopolistic Approximation
(LMA) and a gradient-based approach. In [30], an investment
process has been considered and studied in a duopoly game
where all the firms are heterogeneous firms.

In monopoly and duopoly markets, there are two impor-
tant methods that have been used to tackle those types
of markets. They are called bounded rationality and Puu’s
incomplete information. In bounded rationality approach,
firms estimate their marginal profit so that they can update
their output productions. Depending on this estimation of

the profit and using discrete time steps they build a discrete
dynamical system that describes the dynamic behavior of the
game. In addition, the firms adopting such local adjustment
mechanism are not requested to know the demand and the
cost functions used in the market [31]. Instead they need to
know if there is some small changes in the production by the
marginal profit estimation, will that lead to a response from
the market?This mechanism is sometimes called myopic [31]
and has been extensively used by many authors, mainly with
continuous time [32]. However, it is discussed elsewhere [31]
that a decision process based on discrete time scales is more
realistic because in real economic systems it may not be pos-
sible to revise the production decisions at every time instant.
On the other hand, an alternative and different approach has
been introduced recently byPuu [33]. It depends on imperfect
information about the competed firms in the market and
is called Puu’s incomplete information. It is characterized
by its applicability in economic markets as it is realistically
accepted. It requires the firms to know the quantity and the
profit in the past two times steps. Furthermore, it does not
need any information about the form of the profit function
in order to estimate the quantity produced in the next
time step. One of the disadvantages of this mechanism is
its singularity when approaching the equilibrium point and
this has been reported in [34]. It has been investigated that
systems based on Puu’s techniques are numerically unstable
when approaching the equilibrium position [34]. Moreover
such systems have serious instabilities in the case of duopoly.
The authors in [34] have modified those systems based on
Puu’s techniques with a change in the quantities produced by
10% per time step to avoid singularities in such systems.

Investors’ utility functions may assume some complex
forms; however, most recent theoretical and applied discus-
sions have dealt with relatively simple forms such as quadratic
utility functions [13, 14]. The reason for choosing such forms
is to manage the investment decision rules in a simple form.
Utility functions should possess some specific and amenable
characteristics such as continuity and differentiability. Even
though there are different functional forms of utility, still
there is little guidance for researchers to select among them.
Regardless of such functional forms, utility functions must
possess some important aspects such as strictly positive
marginal utility of income, estimating the parameters of the
function in an easy way to manipulate it analytically [35, 36].

The main aim of this paper is to analyze the influences
of a cubic utility function on a Cournot duopoly game with
differentiated products. We claim that cubic utility function
may be amenable and desirable to some extent compared
to quadratic form. Our main results concern stability and
instability of the fixed points of the proposedmodel including
the routes that lead to different types of bifurcations. Our
studies in this paper include analyzing two types of games
depending on two important and different methods, the
bounded rationality and Puu’s methods. Furthermore, we
develop a new control model based on the parameters
adjustment approach in order to protect the system from
instability and chaos.

The paper is organized as follows. In Section 2, two
different games are introduced. The first one consists of two
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bounded rational Cournot duopoly games and the second
one describes a competition between a bounded rational and
naive Cournot duopoly players. For both games, the Nash
equilibrium point is obtained and its stability is investigated.
Under some conditions, it is shown that the Nash point is
locally asymptotically stable and then it loses its stability via
bifurcation. In Section 3, a game between two duopolistic
firms is introduced in which both firms adopt Puu’s approach
to update their productions in the next time step. For
Puu’s game, Nash point is computed and its stability is
investigated. In Section 4, a control method to suppress chaos
in Puu’s system is developed. Finally, we end the paper with
conclusions to show the significance of our results.

2. The Dynamic Model

In this section, we assume an economic market where
two types of agents are presented: firms and consumers.
The competition in this market may be divided into two
important sectors. The first sector produces the numeraire
commodity 𝑦 ⩾ 0, while the other sector consists of two
duopolistic firms, usually called firm 1 and firm 2. Both firms’
decision variables are either prices𝑝𝑖 or production quantities𝑞𝑖, 𝑖 = 1, 2. Existence of a continuum identical consumers
that have preferences towards 𝑞1, 𝑞2, and 𝑦 is assumed.These
preferencesmay be represented by a separable utility function𝑉(𝑞1, 𝑞2, 𝑦) : R3+ → R+ given by 𝑉(𝑞1, 𝑞2, 𝑦) = 𝑈(𝑞1, 𝑞2) + 𝑦,
where 𝑈(𝑞1, 𝑞2) : R2+ → R+ is a twice differentiable func-
tion. The representative consumer has an exogenously given
income, 𝑀 ⩾ 0, and thus maximizes his/her preferences
with respect to the quantities produced, 𝑞1, 𝑞2, according to a
budget constraint, 𝑝1𝑞1+𝑝2𝑞2+𝑦 = 𝑀. According to that the
consumer’s optimization problem is given by the following
form:

max
𝑞
1
,𝑞

2

𝑈(𝑞1, 𝑞2) − 𝑝1𝑞1 − 𝑝2𝑞2 +𝑀. (1)

Solving problem (1) gives the inverse demand function,𝑝𝑖 = 𝜕𝑈/𝜕𝑞𝑖 = 𝑝𝑖(𝑞1, 𝑞2), 𝑖 = 1, 2, which represents the
prices of commodities produced by the firms as functions
of quantities. In order to have explicit demand functions,
a specific utility function is required. In this paper, the
following cubic utility function is considered:

𝑈 (𝑞1, 𝑞2) = (𝑎 − 𝑑𝑞1𝑞2) (𝑞1 + 𝑞2) − 13 (𝑞31 + 𝑞32) . (2)

It is easy to check that 𝑈 is strictly concave at 𝑞1 =𝑞2 = √𝑎/(1 + 3𝑑), 𝑑 ∈ (−1/3, 1). Therefore, it is strictly
quasiconcave and so is strictly convex to the origin level
curves.Thismeans that by setting the total differential𝑑𝑈 = 0
we get the marginal rate of technical substitution, MRTS =−𝑑𝑞2/𝑑𝑞1 = (𝑎 − (𝑞21 + 2𝑞1𝑞2 + 𝑑𝑞22))/(𝑎 − (𝑑𝑞21 + 2𝑞1𝑞2 +𝑞22)), which is strictly convex to the origin. It means that the
consumer can substitute one input for the other and continue
to produce the same level of output. Here 𝑎 > 0 captures the
size of the market demand, while −1 < 𝑑 < 1 represents

the degree of horizontal product differentiation. Using (1) and
(2), one gets

𝑝1 = 𝑎 − 𝑞21 − 𝑑𝑞22 − 2𝑑𝑞1𝑞2,
𝑝2 = 𝑎 − 𝑑𝑞21 − 𝑞22 − 2𝑑𝑞1𝑞2. (3)

If 𝑑 = 1, the two inverse demand functions become
identical, which is the case of homogenous goods. This leads
to MRTS = −𝑑𝑞2/𝑑𝑞1 = 1 and hence 𝑑𝑞2 = −𝑑𝑞1 which
means that the consumer can substitute one good for the
other and continue to remain on the same indifference curve.
If 𝑑 = 0, it implies that the market has two monopolistic
firms. Assuming negative values of the parameter 𝑑 implies
complementarity between the two firms. Now, we construct
our proposed games.

First, it is assumed that both firms play based on their
marginal profits.Theprofit function for firm 𝑖 is𝜋𝑖 = (𝑝𝑖−𝑐)𝑞𝑖,𝑖 = 1, 2, where 𝑐 is a fixedmarginal cost. By substituting (3) in𝜋𝑖, 𝑖 = 1, 2, profits of firm 1 and firm 2 are, respectively, given
by

𝜋1 (𝑞1, 𝑞2) = (𝑎 − 𝑐 − 𝑞21 − 𝑑𝑞22 − 2𝑑𝑞1𝑞2) 𝑞1,
𝜋2 (𝑞1, 𝑞2) = (𝑎 − 𝑐 − 𝑑𝑞21 − 𝑞22 − 2𝑑𝑞1𝑞2) 𝑞2.

(4)

Suppose a dynamic competition between the two firms
takes place. For a discrete time 𝑡 ∈ Z+, (4) can be rewritten in
the form

𝜋1,𝑡 (𝑞1,𝑡, 𝑞2,𝑡) = (𝑎 − 𝑐 − 𝑞21,𝑡 − 𝑑𝑞22,𝑡 − 2𝑑𝑞1,𝑡𝑞2,𝑡) 𝑞1,𝑡,
𝜋2,𝑡 (𝑞1,𝑡, 𝑞2,𝑡) = (𝑎 − 𝑐 − 𝑑𝑞21,𝑡 − 𝑞22,𝑡 − 2𝑑𝑞1,𝑡𝑞2,𝑡) 𝑞2,𝑡.

(5)

Therefore, the marginal profits are obtained as follows:

𝜕𝜋1,𝑡 (𝑞1,𝑡, 𝑞2,𝑡)𝜕𝑞1,𝑡 = 𝑎 − 𝑐 − 3𝑞21,𝑡 − 𝑑𝑞22,𝑡 − 4𝑑𝑞1,𝑡𝑞2,𝑡,
𝜕𝜋2,𝑡 (𝑞1,𝑡, 𝑞2,𝑡)𝜕𝑞2,𝑡 = 𝑎 − 𝑐 − 𝑑𝑞21,𝑡 − 3𝑞22,𝑡 − 4𝑑𝑞1,𝑡𝑞2,𝑡.

(6)

Now, we may set up the information by which each
player should know about its competitor. If each player has
a complete knowledge of the profit function (i.e., demand
and cost functions), then he/she will use some kind of
expectations against his/her competitor’s decision. Those
expectations may be naive, rational, or adaptive expectations,
or, alternatively, some weighted sum of previous decision to
set the quantities at time 𝑡 + 1. On the other hand, if a player
does not have a complete knowledge of the profit function,
he/she can use some local estimation of the marginal profit
in order to follow the steepest slope of the profit function [6].
Such limited informationmakes players unable to completely
solve the optimization problem max𝑞

1
,𝑞

2

𝜋𝑖,𝑡+1(𝑞1,𝑡+1, 𝑞2,𝑡+1)
by considering expectations about the quantity that the
competitor will choose for the next period, but they are able
to get a correct estimate of their own local slope, that is,
the partial derivatives of the profit computed at the current
state of production. This will help each player to increase
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Figure 1: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.8. (b) Attractor of 𝑞1,𝑡 and𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.8.

or decrease the quantity produced at time 𝑡 + 1 depending
on whether its own marginal profit at time 𝑡 is positive
or negative. Assuming limited information, the adjustment
mechanism of quantities over time is described as follows:

𝑞1,𝑡+1 = 𝑞1,𝑡 + 𝑘𝜕𝜋1,𝑡𝜕𝑞1,𝑡 ,
𝑞2,𝑡+1 = 𝑞2,𝑡 + 𝑘𝜕𝜋2,𝑡𝜕𝑞2,𝑡 ,

(7)

where 𝑘 > 0 is a constant that captures the speed atwhich firm𝑖 adjusts its quantity with respect to the consequent marginal
change in its profit. Now the following games are considered.

Bounded Rational Cournot Duopoly Game. By taking into
account (6), system (7) becomes as follows:

𝑞1,𝑡+1 = 𝑞1,𝑡 + 𝑘 (𝑎 − 𝑐 − 3𝑞21,𝑡 − 𝑑𝑞22,𝑡 − 4𝑑𝑞1,𝑡𝑞2,𝑡) ,
𝑞2,𝑡+1 = 𝑞2,𝑡 + 𝑘 (𝑎 − 𝑐 − 𝑑𝑞21,𝑡 − 3𝑞22,𝑡 − 4𝑑𝑞1,𝑡𝑞2,𝑡) .

(8)

The above system describes our proposed game. Its
equilibrium point can be obtained by setting in system (8)(𝑞1,𝑡+1, 𝑞2,𝑡+1) = (𝑞1,𝑡, 𝑞2,𝑡); then the following proposition
holds.

Proposition 1. The system given by (8) admits a unique
positive fixed point at −3/5 < 𝑑 < 1. It is given by NE =(√(𝑎 − 𝑐)/(3 + 5𝑑), √(𝑎 − 𝑐)/(3 + 5𝑑)) and 𝑎 > 𝑐.

It is interesting to study the stability and instability of this
fixed point. The Jacobian matrix of system (8) at this point is
given by the following:
𝐽 : [[[

[
1 − 2𝑘 (3 + 2𝑑)√ 𝑎 − 𝑐3 + 5𝑑 −6𝑘𝑑√ 𝑎 − 𝑐3 + 5𝑑

−6𝑘𝑑√ 𝑎 − 𝑐3 + 5𝑑 1 − 2𝑘 (3 + 2𝑑)√ 𝑎 − 𝑐3 + 5𝑑
]]]
]

(9)

whose eigenvalues are

𝜆1 = 1 − 2𝑘 (3 − 𝑑)√ 𝑎 − 𝑐3 + 5𝑑 ,
𝜆2 = 1 − 2𝑘 (3 + 5𝑑)√ 𝑎 − 𝑐3 + 5𝑑 .

(10)

Therefore, this fixed point is asymptotically stable under the
condition 0 < 𝑘 < 1/√(𝑎 − 𝑐)(3 + 5𝑑).

Some numerical evidences are provided to illustrate the
above results given in Proposition 1. They are carried out by
assuming the system’s parameters as follows: 𝑎 = 1, 𝑐 =0.7, 𝑑 = 0.8. The results graphically show that the behavior
of map (8) changes from stability to chaotic state for different
values of the reaction coefficient 𝑘. Figure 1 shows that the
fixed point is asymptotically stable for certain values of 𝑘 and
at the same time positive values of the quantities produced are
guaranteed. After that it becomes unstable due to bifurcation
appearing and the negative values of quantities obtained. In
Figure 1(b) the attractor behavior of the two firms at those
parameters is depicted. The bifurcation diagram shows that
the system moves from stability through a sequence of a
period doubling bifurcation to chaos. In Figure 2(a), one can
easily see that a bifurcation is reported too and the region of
stability increases as the differentiation parameter𝑑 decreases
in the case substitutability (0 < 𝑑 < 1). Figure 3 shows
that when 𝑑 approaches zero (in the case of substitutability)
the stability region increases and then becomes unstable due
to bifurcation. Moreover, the simulation experiments have
confirmed that when choosing values of 𝑑 ∈ [0.8, 1] no
results can be obtained and this is because both firms’ outputs
become negative and that has no sense in economy.

On the other hand, when choosing negative values of𝑑 ∈ (−0.54, 0), the behavior of the fixed point of system
(8) becomes asymptotically stable for some values of the
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Figure 2: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.2. (b) Attractor of 𝑞1,𝑡 and𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.2.
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Figure 3: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.01. (b) Attractor of 𝑞1,𝑡
and 𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.01.

parameter 𝑘. Figures 4, 5, and 6 show the behavior of the
system when negative values of 𝑑 are chosen. Comparing the
above attractors, there are some changes in their structures
in both cases, the case of substitutability (𝑑 ∈ (0, 0.8)) and
the case of complementarity (𝑑 ∈ (−3/5, 0)). Furthermore,
Figure 4 shows that in the latter case when 𝑑 increases
(𝑑 ∈ (−3/5, 0)), and no matter what the two firms choose
initially, the stability region of the fixed point increases. In
Figure 7(a), the maximum Lyapunov exponents are plotted.
The sensitivity of system (8) to the initial conditions is also
depicted in Figure 7. The two orbits are initially started and
slightly deviated from (𝑞1,0, 𝑞2,0) = (0.1, 0.5) and (𝑞1,0 +0.0001, 𝑞2,0) = (0.1001, 0.5).

Bounded Rational versus Naive Cournot Duopoly Game. In
this game, some heterogeneous expectations are assumed.
We assume that the first firm adopts bounded rational
expectations against the quantity produced by its opponent
in the future. The second firm has a naive expectation in the
sense that it expects that the competitor will produce in the
future a quantity based on the marginal profit obtained in
the last period. In this case, system (8) can be rewritten as
follows:

𝑞1,𝑡+1 = 𝑞1,𝑡 + 𝑘 (𝑎 − 𝑐 − 3𝑞21,𝑡 − 𝑑𝑞22,𝑡 − 4𝑑𝑞1,𝑡𝑞2,𝑡) ,
𝑞2,𝑡+1 = 𝑎 − 𝑐 − 𝑑𝑞21,𝑡 − 3𝑞22,𝑡 − 4𝑑𝑞1,𝑡𝑞2,𝑡. (11)
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Figure 4: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.2. (b) Attractor of 𝑞1,𝑡
and 𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.2.
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Figure 5: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.4. (b) Attractor of 𝑞1,𝑡
and 𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.4.

Proposition 2. The system given by (11) admits the fixed point𝐸 = (𝑞1, 𝑞2) that satisfies the condition (3 − 𝑑)(𝑞21 − 𝑞22) = 𝑞2.
The Jacobian matrix of system (11) at this point is given by

𝐽 : [1 − 2𝑘 (3𝑞1 + 2𝑑𝑞2) −2𝑘𝑑 (2𝑞1 + 𝑞2)−2𝑑 (𝑞1 + 2𝑞2) −2 (2𝑑𝑞1 + 3𝑞2)] (12)

whose trace and determinant are, respectively,

Tr = 1 − 2𝑘 (2𝑑𝑞2 + 3𝑞1) − 2 (2𝑑𝑞1 + 3𝑞2) ,
Det = −2 [(𝑑𝑞1 + 3𝑞2)

− 2𝑘 (3 − 𝑑) (2𝑑𝑞21 + 𝑑𝑞1𝑞2 + 2𝑑𝑞22 + 3𝑞1𝑞2)] .
(13)

To study the stability of the fixed point 𝐸, we recall the well-
known stability conditions [7] which are generally given by

(i) 𝐹 fl 1 + Tr+Det > 0
(ii) 𝑇𝐶 fl 1 − Tr+Det > 0
(iii) 𝐻 fl 1 − Det > 0.

(14)

It is known that the violation of any conditions of the
above with the other two being simultaneously satisfied leads to
different types of bifurcation. Using 𝐸 = (𝑞1, 𝑞2), the conditions
can be rewritten in the following form:

𝐹 fl 2 − 12𝑞2 + 6𝑘 (6𝑞1𝑞2 − 𝑞1)
+ 𝑑 [4𝑘 (6𝑞21 + 6𝑞22 − 𝑞2) − 8𝑞1]



Discrete Dynamics in Nature and Society 7

0 0.2 0.4 0.6 0.8 1
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

NE

k

q
1,
t,
q
2,
t

(a)

−0.4 −0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

NE

q1, t

q
2,
t

(b)

Figure 6: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.54. (b) Attractor of 𝑞1,𝑡
and 𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.54.
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Figure 7: (a) The maximum Lyapunov exponent with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.2. (b) Sensitivity to initial
conditions at 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.2, 𝑘 = 0.9 and 𝑞1,0 = 0.1, 𝑞2,0 = 0.5.

− 4𝑘𝑑2 (2𝑞21 + 𝑞1𝑞2 + 2𝑞22) ,
𝑇𝐶 fl 6𝑘𝑞1 (1 + 6𝑞2) + 4𝑘𝑑 (6𝑞21 + 6𝑞22 + 𝑞2)

− 4𝑘𝑑2 (2𝑞21 + 𝑞1𝑞2 + 2𝑞22) ,
𝐻 fl 1 + 2 (𝑑𝑞1 + 3𝑞2)

− 4𝑑 (3 − 𝑑) (3𝑑𝑞21 + 𝑑𝑞1𝑞2 + 2𝑑𝑞22 + 3𝑞1𝑞2) .
(15)

Theabove conditions do not give any information about the
stability of the fixed point of system (11). Instead, we use some
numerical simulations to get some insights about the stability
behavior of the fixed point. We choose the system’s parameters
as follows: 𝑎 = 1, 𝑐 = 0.7, and 𝑑 = −0.55. It is shown
in Figure 8 that both firms are unstable since bifurcations
start to appear from the initial quantities chosen. In addition,
simulation experiments have shown that for any values of the
system’s parameters both firms will be entirely unstable and this
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Figure 8: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.55. (b) Attractor of 𝑞1,𝑡
and 𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.55.
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Figure 9: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.6. (b) Attractor of 𝑞1,𝑡
and 𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.6.

is clear from Figures 9, 10, and 11. The reason for that may be
the naive expectation adopted by the second firm.

3. Puu’s Games and Main Results

Puu’s incomplete information approach is an alternative to
the bounded rationality approach. It has a main advantage
that it is realistic since a firm does not need to know the
form of the profit function to get an estimate of the quantity
(Cournot game) or price (Bertrand game). Instead all it needs
is its profits and the quantities (or prices in the case of
Bertrand) in the past two time steps. However it has a serious
problem; that is, the system 𝑞𝑖,𝑡+1 = 𝑞𝑖,𝑡 + 𝑘(𝑞𝑖,𝑡)((𝜋𝑖,𝑡 −𝜋𝑖,𝑡−1)/(𝑞𝑖,𝑡 − 𝑞𝑖,𝑡−1)), 𝑖 = 1, 2, is numerically unstable as it

approaches equilibrium (𝑞𝑖,𝑡+1 = 𝑞𝑖,𝑡 = 𝑞𝑖,𝑡−1, 𝑖 = 1, 2). There
is no guarantee that the rate of convergence of the profits will
be faster than or equal to that of the quantities (or prices).
Now, using (5), the following system is obtained:

𝑞1,𝑡+1 = 𝑞1,𝑡 + 𝑘 (𝑞1,𝑡) [𝑎 − 𝑐
− (𝑞21,𝑡 + 𝑞1,𝑡𝑞1,𝑡−1 + 𝑞21,𝑡−1)
− 𝑑 (𝑞1,𝑡𝑞22,𝑡 − 𝑞22,𝑡−1𝑞1,𝑡−1)𝑞1,𝑡 − 𝑞1,𝑡−1
− 2𝑑 (𝑞21,𝑡𝑞2,𝑡 − 𝑞21,𝑡−1𝑞2,𝑡−1)𝑞1,𝑡 − 𝑞1,𝑡−1 ] ,
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Figure 10: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.62. (b) Attractor of 𝑞1,𝑡
and 𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.62.
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Figure 11: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.7. (b) Attractor of 𝑞1,𝑡 and𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.7.

𝑞2,𝑡+1 = 𝑞2,𝑡 + 𝑘 (𝑞2,𝑡) [𝑎 − 𝑐
− (𝑞22,𝑡 + 𝑞2,𝑡𝑞2,𝑡−1 + 𝑞22,𝑡−1)
− 𝑑 (𝑞2,𝑡𝑞21,𝑡 − 𝑞21,𝑡−1𝑞2,𝑡−1)𝑞2,𝑡 − 𝑞2,𝑡−1
− 2𝑑 (𝑞22,𝑡𝑞1,𝑡 − 𝑞22,𝑡−1𝑞1,𝑡−1)𝑞2,𝑡 − 𝑞2,𝑡−1 ] .

(16)

The singularity of the above system at the equilibrium
point causes instability. To overcome this disadvantage, there
are two possibilities.Thefirst is that the two firms are different
enough such that eventually only one firm persists while the
other goes bankrupt. In this case, one regains the case of
monopoly and, therefore, the market is dominated by this
firm. The other possibility is that the two firms are close
enough that they all persist. This means that when the game
is with incomplete information, firms may or may not know
some information about the other firms, for example, their
“type,” their strategies, their payoffs, or their preferences.
Here, we assume that both firms know their amount of



10 Discrete Dynamics in Nature and Society

0 1 2 3 4 5 6
−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

k

q
1,
t,
q
2,
t

(a)

−1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

q1, t

q
2,
t

(b)

Figure 12: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.3. (b) Attractor of 𝑞1,𝑡
and 𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.3.

quantities at time 𝑡 and, in this case, the above system can
be approximated by setting 𝑞1,𝑡 ≈ 𝑞2,𝑡:

𝑞1,𝑡+1 = 𝑞1,𝑡 + 𝑘 (𝑞1,𝑡)
⋅ [𝑎 − 𝑐 − (1 + 3𝑑) (𝑞21,𝑡 + 𝑞1,𝑡𝑞1,𝑡−1 + 𝑞21,𝑡−1)] ,

𝑞2,𝑡+1 = 𝑞2,𝑡 + 𝑘 (𝑞2,𝑡)
⋅ [𝑎 − 𝑐 − (1 + 3𝑑) (𝑞22,𝑡 + 𝑞2,𝑡𝑞2,𝑡−1 + 𝑞22,𝑡−1)] .

(17)

Now, two different cases for 𝑘(𝑞1,𝑡) are studied.
Case 1. Let 𝑘(𝑞1,𝑡) = 𝑘 be a constant; then the following
proposition is given.

Proposition 3. The system given by (17) admits the positive
fixed point 𝐸∗ = (√(𝑎 − 𝑐)/3(1 + 3𝑑), √(𝑎 − 𝑐)/3(1 + 3𝑑)),𝑎 > 𝑐, and 𝑑 ∈ (−1/3, 1).

The Jacobian matrix of system (17) at this point is given by

𝐽 : [[[
[
1 − 6𝑘 (1 + 3𝑑)√ 𝑎 − 𝑐3 (1 + 3𝑑) 0

0 1 − 6𝑘 (1 + 3𝑑)√ 𝑎 − 𝑐3 (1 + 3𝑑)
]]]
]

(18)

whose eigenvalues are 𝜆1 = 𝜆2 = 1 − 6𝑘(1 +3𝑑)√(𝑎 − 𝑐)/3(1 + 3𝑑) and therefore 𝐸∗ is stable under the
condition 𝑘 < 1/√3(𝑎 − 𝑐)(1 + 3𝑑). We use some simulations
to confirm these obtained results. We start with 𝑎 = 1, 𝑐 =0.7, 𝑑 = −0.3. Figure 12 shows that this fixed point of system
(17) is asymptotically stable for some values of the parameter𝑘. Moreover, when 𝑑 increases above the interval (−1/3, 0),
the region of stability decreases and the fixed point becomes
unstable due to chaos. Figures 13 and 14 show the behavior of
system (17) for different values of 𝑑.

4. Controlling Chaos via
Parameters Adjustment

Since chaos is an undesirable phenomena in economic
systems, then it needs to be controlled. In this section, we
develop a control method to suppress chaos in the systems
presented in the previous section. To start the numerical
simulation of the controlled system, we should rewrite system
(17) in the following form:

𝑞1,𝑡+1 = (1 − 1𝛼) 𝑞1,𝑡 + ( 1𝛼)
⋅ [𝑎 − 𝑐 − (1 + 3𝑑) (𝑞21,𝑡 + 𝑞1,𝑡𝑞1,𝑡−1 + 𝑞21,𝑡−1)] ,

𝑞2,𝑡+1 = (1 − 1𝛼) 𝑞2,𝑡 + ( 1𝛼)
⋅ [𝑎 − 𝑐 − (1 + 3𝑑) (𝑞22,𝑡 + 𝑞2,𝑡𝑞2,𝑡−1 + 𝑞22,𝑡−1)] .

(19)

Figure 15 shows that for the parameters 𝑎 = 1, 𝑐 =0.7, 𝑑 = −0.03, and 𝛼 ≤ 0.5 the system behaves chaotically
and the fixed point of the system is unstable. In addition, for
any value for the parameter of product differentiation less
than−0.03 and the other parameters are fixed, the system gets
involved in the chaotic region and hence the fixed point is
unstable. Figure 16 presents another controllable case of the
system at 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.6. Once 𝛼 ≥ 1.2 with the
other parameters being fixed and 𝑑 ∈ [−0.3, 1] the fixed point
becomes asymptotically stable and this is clear in Figure 16.

5. Conclusion

In this paper, we have generalized and extended results
in literature for the Cournot duopoly games with product
differentiation. Based on a proposed cubic utility function
that is derived from a constant elasticity of substitution



Discrete Dynamics in Nature and Society 11

0 0.5 1 1.5 2 2.5 3 3.5 4
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

k

q
1,
t,
q
2,
t

(a)

−0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

q1, t

q
2,
t

(b)

Figure 13: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.01. (b) Attractor of 𝑞1,𝑡
and 𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.01.
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Figure 14: (a) Bifurcation diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.9. (b) Attractor of 𝑞1,𝑡 and𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.9.

production function (CES), firms have made some compu-
tational skills required to make their decisions. In particular,
the time evolution of those games has been modeled by
a discrete dynamic system obtained by the iteration of a
two-dimensional map. A rational Cournot duopoly and a
Puu duopoly with quantity competition have been proposed.
For each game, the Nash equilibrium of the game has been
computed. Complete analytical and numerical studies of the
stability conditions for theNash point have been investigated.
The analysis of bifurcation which causes qualitative changes
in the behavior of games and causes loss of stability of
Nash equilibrium has been discussed through numerical
explorations. We conclude according to the obtained results
that it is not directed to say which one of the two games is
better than the other since both games are sensitive to their

parameters. Finally, a developed control technique has been
applied to Puu’s game.

For a long time, although the quadratic utility function
has got more attention in economic studies, but in decision
analysis many applications have some critical steps about
the estimation of a suitable utility function. The choice of a
utility function may be critical as it may have an influence
on the decision-makers. We have adopted in this paper
the cubic utility function because it has certain properties
which are preferred to those of quadratic one. One of these
properties includes the fact that the utility function should
be monotonically increasing under certain restrictions on
its coefficients. We believe that since utility function reflects
the individual’s preferences, it is not likely that one form of
utility will be used to correctly predict individual’s behavior.
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Figure 15: (a) Behavior diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.03. (b) Attractor of 𝑞1,𝑡
and 𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = −0.03.
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Figure 16: (a) Behavior diagram of 𝑞1,𝑡 and 𝑞2,𝑡 with respect to 𝑘 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.6. (b) Attractor of 𝑞1,𝑡 and𝑞2,𝑡 at the system parameters: 𝑎 = 1, 𝑐 = 0.7, 𝑑 = 0.6.

Therefore, our future studies will focus on exploring types of
utility function including the exponential one and study its
impact on dynamic economic games.
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This paper proposes a synchronization scheme for two discrete-time chaotic systems with bounded disturbance. By using active
controlmethod and imposing some restriction on the error state, the computation of controller’s feedbackmatrix is converted to the
min-max optimization problem.The theoretical results are derived with the aid of predictive model predictive paradigm and linear
matrix inequality technique. Two example simulations are performed to show the effectiveness of the designed control method.

1. Introduction

Since the pioneering work of Pecora and Carroll [1], syn-
chronization of chaotic systems has attracted more and more
interest due to its significant applications in many fields such
as chemical systems [2], ecological systems [3], physical sys-
tems [4], and secure communications [5]. From then, many
methods have been proposed to study synchronization of
chaotic systems. A vast variety of synchronization schemes
have been proposed and applied inmany research fields, such
as adaptive control method [6], feedback control method [7],
model predictive control method [8], impulse control method
[9], and slidingmodemethod [10]. However, most of the des-
igned methods have been applied only to investigate contin-
uous-time chaotic systems’ synchronization.

In practice, discrete-time chaotic dynamical systems are
more important than continuous ones, andmanymodels inc-
luding neural networks, biological process, physical process,
and chemical process are described by discrete-time chaotic
dynamical models [11]. Therefore, the research of discrete-
time chaotic systems’ synchronization also plays an impor-
tant role. Recently, many researches pay more and more
attention to the synchronization of discrete-time chaotic sys-
tems for its applications in many fields such as secure
communication and cryptology, and many synchronization
methods are proposed like variable structure control [12],

𝐻∞ control [13], backstepping scheme [14, 15], digital filter
method [16], nonlinear control [17], adaptive control [18, 19],
active model predictive control [8], and so on [20–25].

However,most of the aforementioned researches consider
the ideal condition without disturbance, and it is not real
case in practice. The disturbance not only destroys the sys-
tem’s performance but also even makes the system not stable.
So it is important to consider the discrete-time chaos syn-
chronization with additive disturbance.

Based on our previous work [8], in this paper we propose
a synchronization scheme for two discrete-time chaotic sys-
temswith bounded disturbance.Thedesignedmethod ismai-
nly based on the model predictive control (MPC), and the
most difficulty is how to eliminate the influence of the addi-
tive disturbance on the stability of closed system. With the
aid of quadratic boundedness, it is proved that the designed
closed system is stable and realizes the two discrete-time cha-
otic systems’ synchronization.

Notations. 𝑥 is the transpose vector 𝑥, and for (semi-)posi-
tive-definite matrix 𝑇, ‖𝑥‖𝑇 = 𝑥𝑇𝑥. 𝐼 is the identity matrix.𝜀𝑃 fl {𝜉 : 𝜉𝑃𝜉 ≤ 1} defines the ellipsoid. Co{⋅} denotes
a convex combination of the elements in {⋅}. The symbol ∗
induces a symmetric structure in linear matrix inequalities.𝑥(𝑖 | 𝑘) is the prediction value of 𝑥 at time 𝑘 + 𝑖.
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2. Preliminary

In this section, the definition of quadratic boundedness is
revisited [26]. Consider the following discrete-time system
described by

𝑥 (𝑘 + 1) = 𝐺 (𝑘) 𝑥 (𝑘) + 𝐻 (𝑘)𝑤 (𝑘) , (1)

where 𝑥(𝑘) ∈ 𝑅𝑛 is the state vector and𝑤(𝑘) ∈ 𝑅𝑝 is the noise
vector. It is assumed that 𝑤(𝑘) belongs to an ellipsoidal com-
pact set 𝜀𝑇 with 𝑇 > 0. 𝐺(𝑘) and 𝐻(𝑘) are two matrices with
appropriated dimension, and suppose that they are unknown
but belong to a known bounded set.

Definition 1 (see [26]). A set 𝜑 is said to be strictly quadrat-
ically bounded with a common Lyapunov matrix of system
(1) for all 𝑤(𝑘) ∈ 𝜀𝑇, (𝐺(𝑘),𝐻(𝑘)) ∈ 𝜑, 𝑘 = 0, 1, . . ., if𝑥(𝑘)𝑃𝑥(𝑘) > 1 implies (𝐺𝑥+𝐻𝑤)𝑃(𝐺𝑥+𝐻𝑤) < 𝑥(𝑘)𝑃𝑥(𝑘),
for any 𝑤(𝑘) ∈ 𝜀𝑇 and (𝐺,𝐻) ∈ 𝜑.
Definition 2 (see [26, 27]). A set 𝜑 is said to be a positively
invariant set for system (1) for all𝑤(𝑘) ∈ 𝜀𝑇, (𝐺(𝑘),𝐻(𝑘)) ∈ 𝜑,𝑘 = 0, 1, . . ., if 𝑥 ∈ 𝜑 implies 𝐺𝑥 + 𝐻𝑤 ∈ 𝜑, for any 𝑤(𝑘) ∈ 𝜀𝑇
and (𝐺,𝐻) ∈ 𝜑.
3. Problem Formulation and
Controller Design

Consider the following form of master chaotic system:

𝑥 (𝑘 + 1) = 𝐴 (𝑘) 𝑥 (𝑘) + 𝑓 (𝑥 (𝑘) , 𝑘) + 𝑤 (𝑘) , (2)

where 𝑥 ∈ 𝑅𝑛 is the system’s state vector and 𝐴(𝑘) ∈ Ω =
Co{𝐴1, 𝐴2, . . . , 𝐴𝐿} is unknown constant matrix with appro-
priate dimension. 𝑓(𝑥(𝑘), 𝑘) is the nonlinear part and𝑤(𝑘) ∈𝜀𝑃𝑤 ⊂ 𝑅𝑛 is the bounded disturbance vector. The controlled
slave chaotic system is described by

𝑦 (𝑘 + 1) = 𝐴 (𝑘) 𝑦 (𝑘) + 𝑓 (𝑦 (𝑘) , 𝑘) + 𝑢 (𝑘) , (3)

where 𝑦 ∈ 𝑅𝑛 is the slave system’s state vector and 𝑢(𝑘) is the
designed controller.

Define the system error

𝑒 (𝑘) = 𝑦 (𝑘) − 𝑥 (𝑘) . (4)

Then we can get the error system

𝑒 (𝑘 + 1) = 𝐴 (𝑘) 𝑒 (𝑘) + 𝑓 (𝑦 (𝑘) , 𝑘) − 𝑓 (𝑥 (𝑘) , 𝑘)
− 𝑤 (𝑘) + 𝑢 (𝑘) . (5)

With the aid of the active control technique [8, 28, 29], we
select the following controller:

𝑢 (𝑘) = 𝑢1 (𝑘) − 𝑓 (𝑦 (𝑘) , 𝑘) + 𝑓 (𝑥 (𝑘) , 𝑘) ,
𝑢1 (𝑘) = 𝐹 (𝑘) 𝑥 (𝑘) , (6)

where 𝐹(𝑘) will be computed in the following optimization
problem. Substituting (6) into (5), we can get

𝑒 (𝑘 + 1) = [𝐴 (𝑘) + 𝐹 (𝑘)] 𝑒 (𝑘) − 𝑤 (𝑘) ; (7)

that is,

𝑒 (𝑘 + 1) = 𝐿∑
𝑙=1

𝑤𝑙 (𝑘) [𝐴 𝑙 + 𝐹 (𝑘)] 𝑒 (𝑘) − 𝑤 (𝑘) . (8)

Lemma 3 (see [26]). For system (8), the following facts are
equivalent:

(a) For all allowable𝑤(𝑘) ∈ 𝜀𝑃𝑤 , 𝑘 ≥ 0, (8) is strictly quad-
ratically bounded with a common Lyapunov matrix𝑀 > 0.

(b) For any 𝑤(𝑘) ∈ 𝜀𝑃𝑤 and any 𝑙 ∈ {1, . . . , 𝐿}, 𝑒𝑇𝑀𝑒 > 1
implies

[(𝐴 𝑙 + 𝐹) 𝑒 − 𝑤]𝑇𝑀[(𝐴 𝑙 + 𝐹) 𝑒 − 𝑤] < 𝑒𝑇𝑀𝑒 (9)

and 𝑒𝑇𝑀𝑒 = 1 implies

[(𝐴 𝑙 + 𝐹) 𝑒 − 𝑤]𝑇𝑀[(𝐴 𝑙 + 𝐹) 𝑒 − 𝑤] ≤ 𝑒𝑇𝑀𝑒. (10)

(c) For any allowable 𝑤(𝑘) ∈ 𝜀𝑃𝑤 , 𝑘 ≥ 0, the ellipsoid 𝜀𝑀
is a positively invariant set for (8).

(d) There exists 𝛼 ∈ (0, 1), such that
[[
[

(1 − 𝛼)𝑀 ∗ ∗
0 𝛼𝑃𝑤 ∗

𝑀(𝐴 𝑙 + 𝐹) −𝑀 𝑀
]]
]

≥ 0, 𝑙 ∈ {1, . . . , 𝐿} . (11)

The target of the following part is to solve a dynamic
feedback MPC where, at each time 𝑘, the feedback matrix is
computed through the following optimization problem:

min
𝛽<1,𝛾,𝑄,𝐹

max
[𝐴]∈Ω,𝑤(𝑘+𝑖)∈𝜀𝑝𝑤 ,𝑖=0,1,...,𝑁−1

𝐽𝑁 (𝑘) , (12)

where

𝐽𝑁 (𝑘) = 𝑁∑
𝑖=0

‖𝑒 (𝑖 | 𝑘)‖𝑅 (13)

and𝑅 is a symmetric positive-definiteweightingmatrix. Con-
sider a quadratic Lyapunov function 𝑉(𝑒) = 𝑒𝑃𝑒 (𝑃 > 0) of
the error state 𝑒 with 𝑉(0) = 0. At every sampling time 𝑘,
suppose the error state 𝑒 and 𝑉 satisfy the following condi-
tion:

𝑒 (𝑘) ∈ 𝜀𝑄−1 (14)

𝑒 (𝑖1 | 𝑘) ∈ 𝜀𝑄−1 \ 𝜀𝛽−1𝑄−1 ,
0 ≤ 𝑖1 < 𝑁 (15)

𝑒 (𝑖2 | 𝑘) ∈ 𝜀𝛽−1𝑄−1 , ∀𝑖2 ≥ 𝑁 (16)

‖𝑒 (𝑖 | 𝑘)‖2𝑄−1 ≥ 1 ⇒
‖𝑒 (𝑖 | 𝑘)‖2𝑄−1 − ‖𝑒 (𝑖 + 1 | 𝑘)‖2𝑄−1 ≥ 1𝛾 ‖𝑒 (𝑖 | 𝑘)‖2𝑅 ,

0 ≤ 𝑖 < 𝑁,
(17)
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where𝑄−1 = 𝑃. It is obvious that condition (14) consists of the
initial condition of the min-max problem, (15) implies 𝑒(𝑘)
within 𝜀𝑄−1 , (15) guarantees that system (7) is quadratically
bounded with a common Lyapunov matrix 𝑄−1, and (16) is
used to guarantee convergence of 𝑒(𝑘) towards 𝜀𝛽−1𝑄−1 when𝑒(𝑘) ∉ 𝜀𝑄−1 . 𝑁 need not to be known and 𝛽 < 1 is to ensure
that 𝑒(𝑘) ∉ 𝜀𝛽−1𝑄−1 . Note that, since 𝑒(𝑘) can only convergence
to a neighborhood of 𝑒(𝑘) = 0, there exist 𝑘 > 0 when (16)
becomes infeasible. In this case, we will stop computing the
optimization problem.

Since 𝑤(𝑘) ∈ 𝜀𝑃𝑤 , 𝑒(𝑘) ∉ 𝜀𝛽−1𝑄−1 is equivalent to
𝛽 ‖𝑤 (𝑘 + 𝑖)‖2𝑃𝑤 ≤ ‖𝑒 (𝑖 | 𝑘)‖2𝑄−1 ⇒

‖𝑒 (𝑖 | 𝑘)‖2𝑄−1 − ‖𝑒 (𝑖 + 1 | 𝑘)‖2𝑄−1 ≥ 1𝛾 ‖𝑒 (𝑖 | 𝑘)‖𝑅 . (18)

By applying (8) and using the S-procedure [30], we can get
that the result of (18) is satisfied if and only if

∃𝛼 ≥ 0 : [𝛾𝑄−1 − 𝛾 [𝐴 + 𝐹]𝑇𝑄−1 [𝐴 + 𝐹] ∗
𝛾𝑄−1 [𝐴 + 𝐹] −𝛾𝑄−1]

− 𝛼𝛾[𝑄−1 0
0 −𝛽𝑃𝑤] ≥ 0.

(19)

Using Schur complement it is shown that (19) is guaranteed
by

[[[[[[[[[
[

(1 − 𝛼)𝑄−1 ∗ ∗ ∗ ∗
0 𝛼𝛽𝑃𝑤 ∗ ∗ ∗

−𝑄−1 [𝐴 𝑙 + 𝐹] 𝑄−1 𝑄−1 ∗ ∗
𝑅1/2 0 0 𝛾𝐼 ∗
0 0 0 0 𝐼

]]]]]]]]]
]

≥ 0

𝑙 = 1, . . . , 𝐿.

(20)

By pre- and postmultiplying both sides of (20) with diag{𝑄, 𝐼,𝑄, 𝐼, 𝐼}, then one can obtain

[[[[[[[[[
[

(1 − 𝛼)𝑄 ∗ ∗ ∗ ∗
0 𝛼𝛽𝑃𝑤 ∗ ∗ ∗

− [𝐴 𝑙 + 𝐹] 𝐼 𝑄 ∗ ∗
𝑄𝑅1/2 0 0 𝛾𝐼 ∗

0 0 0 0 𝐼

]]]]]]]]]
]

≥ 0 𝑙 = 1, . . . , 𝐿. (21)

Summing (17) from 𝑖 = 0 to 𝑖 = 𝑁 − 1 and applying (14) yield
𝐽𝑁 (𝑘) ≤ 𝛾 ‖𝑒 (𝑘)‖2𝑄−1 ≤ 𝛾. (22)

Hence, (18) is imposed not only for quadratic boundedness
but also for optimality (𝛾 will be minimized). Then we can
get the following theorem.
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Figure 1: Attractor of Hénon map.

Theorem 4. The master system (2) and slave system (3) can
realize the synchronizationwith controller (6), and the feedback
matrix 𝐹 is computed through the following optimization:

min
𝛽<1,𝛾,𝑄,𝐹 (23)

subject to

[ 1 ∗
𝑒 (𝑘) 𝑄] ≥ 0

[[[[[[[[
[

(1 − 𝛼)𝑄 ∗ ∗ ∗ ∗
0 𝛼𝛽𝑃𝑤 ∗ ∗ ∗

− [𝐴 𝑙 + 𝐹] 𝐼 𝑄 ∗ ∗
𝑄𝑅1/2 0 0 𝛾𝐼 ∗

0 0 0 0 𝐼

]]]]]]]]
]

≥ 0 𝑙 = 1, . . . , 𝐿.
(24)

4. Numerical Examples

Example 1. This example verifies the effectiveness of the
prosed robust activeMPC control method in solving the syn-
chronization between two identical discrete chaotic systems.
Consider the well-known discrete Hénon map [31]:

𝑥1 (𝑘 + 1) = 𝑥2 (𝑘) + 1 − 𝑎𝑥2 (𝑘)
𝑥2 (𝑘 + 1) = 𝑏𝑥1 (𝑘) . (25)

Corresponding to (2), 𝐴 = ( 0 1𝑏 0 ), 𝑓(𝑥(𝑘)) = ( 1−𝑎𝑥2(𝑘)2
0

). The
system has a strange attractor when 𝑎 = 1.4, 𝑏 = 0.3, and
its attractor is shown if Figure 1 with the initial value 𝑥(0) =(0, 0)𝑇. The master system is selected as

𝑥1 (𝑘 + 1) = 𝑥2 (𝑘) + 1 − 𝑎𝑥2 (𝑘) + 0.25 sin (𝑘)
𝑥2 (𝑘 + 1) = 𝑏𝑥1 (𝑘) + 0.25 cos (𝑘) . (26)
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When parameter 𝑏 varied between 0.2 and 0.4, the matrix 𝐴
belongs to the polytope Ω = Co{𝐴1, 𝐴2}, where 𝐴1 = ( 0 10.2 0 )
and 𝐴2 = ( 0 10.4 0 ). And the slave system is chosen as

𝑦 (𝑘 + 1) = 𝐴𝑦 (𝑘) + 𝑓 (𝑦 (𝑘) , 𝑘) + 𝑢 (𝑘) , (27)

where 𝑦 = (𝑦1, 𝑦2)𝑇 is the slave system’s state and it is obvious
that 𝑃𝑤 = 4𝐼. When we select 𝛼 = 0.5, 𝛽 = 0.9, and 𝑅 = 2𝐼,
and the initial values are selected as 𝑥(0) = (16, −8)𝑇, 𝑦(0) =(2, 6)𝑇, then the error of the master system and slave system
is shown in Figure 2 with controller (6).

Example 2. In this example, the proposed robust active MPC
controller is applied to stabilize the uncertain generalized
hyperchaotic Hénon map [32]:

𝑥1 (𝑘 + 1) = 1 + 𝑥3 (𝑘) − 𝑎𝑥2 (𝑘)2
𝑥2 (𝑘 + 1) = 1 + 𝑏𝑥2 (𝑘) − 𝑎𝑥1 (𝑘)2
𝑥3 (𝑘 + 1) = 𝑏𝑥1 (𝑘) .

(28)

When 𝑎 = 1.4, 𝑏 = 0.2 the generalized Hénon map has an
attractor which is shown in Figure 3 with the initial values𝑥(0) = (0.1, 0.05, 0.3)𝑇. The master system is selected as

𝑥1 (𝑘 + 1) = 1 + 𝑥3 (𝑘) − 𝑎𝑥2 (𝑘)2 + 0.25 sin (𝑘)
𝑥2 (𝑘 + 1) = 1 + 𝑏𝑥2 (𝑘) − 𝑎𝑥1 (𝑘)2 + 0.25 cos (𝑘)
𝑥3 (𝑘 + 1) = 𝑏𝑥1 (𝑘) 0.15 sin (2𝑘) .

(29)

When parameter 𝑏 varied between 0.1 and 0.3, the matrix𝐴 belongs to the polytope Ω = Co{𝐴1, 𝐴2}, where 𝐴1 =
( 0 0 10 0.1 0
0.1 0 0

) and 𝐴2 = ( 0 0 10 0.3 0
0.3 0 0

). The slave system is selected
as

𝑦 (𝑘 + 1) = 𝐴𝑦 (𝑘) + 𝑔 (𝑦 (𝑘) , 𝑘) + 𝑢 (𝑘) , (30)

where 𝑦(𝑘) = (𝑦1(𝑘), 𝑦2(𝑘), 𝑦3(𝑘))𝑇, 𝐴 = ( 0 0 10 𝑏 0
𝑏 0 0

) ,
𝑓(𝑦(𝑘)) = ( 1−𝑎𝑦2(𝑘)21−𝑎𝑦1(𝑘)

2

0

).
When solving the optimization (23), we select the param-

eters as 𝑃𝑤 = 4𝐼, 𝛼 = 0.5, 𝛽 = 0.9, and 𝑅 = 𝐼 and the
simulation error of the master system and the slave system is
shown in Figure 4 with the initial value of 𝑥(0) = (16, −8, 1)𝑇
and 𝑦(0) = (0, 4, −5)𝑇.

5. Conclusions

In this paper, the robust active MPC synchronization for two
discrete-time chaotic systems with bounded disturbance is
studied. With the help of the active control technique, the
synchronization problem is changed into a min-max opti-
mization problem. On the basis of discrete Lyapunov stability
theory, we prove the stability of the closed-loop system. Two
simulation examples demonstrate that the designed control
technique can synchronize the two uncertain discrete-time
chaotic systems.
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Discrete stage-structured prey and prey-predator models are considered. Regarding the former, we prove that the models at hand
are permanent (i.e., the population will neither go extinct nor exhibit explosive oscillations) and, moreover, that the transfer from
stability to nonstationary behaviour always goes through a supercritical Neimark−Sacker bifurcation.The preymodel covers species
that possess a wide range of different life histories. Predation pressure may both stabilize and destabilize the prey dynamics but the
strength of impact is closely related to life history. Indeed, if the prey possesses a precocious semelparous life history and exhibits
chaotic oscillations, it is shown that increased predation may stabilize the dynamics and also, in case of large predation pressure,
transfer the population to another chaotic regime.

1. Introduction

As it is well known, discrete nonlinear age- and stage-
structured population models serve as excellent tools in
order to study the dynamical outcomes of various ecological
populations. Such models contain species which may possess
different life histories ranging from biennials to species that
may live for many years. Regarding the age-structured case,
examples of studies on concrete species as well as pure
theoretical approachesmay be obtained in [1–7]. In the stage-
structured case, we refer the reader to [8–13]. A comparison
of dynamic outcomes from age- and stage-structured models
may be obtained in [14], and the analysis of the models that
also incorporate spatial structure may be found in [15, 16].

The models referred to above may also be extended to
include prey-predator interactions (see [17–22]). Some of
these models are two-dimensional in the sense that neither
the prey nor the predator has an internal structure, while
others may, for example, be four-dimensional. Considering
the latter,Wikan [21] provides an analysis of several examples
where both the prey and the predator populations are divided
into two age classes.

The purpose of this paper is to bring out the analysis
of a case where the predator preys upon newborns only.

Therefore, we have developed a three-dimensional model
where we split the prey population into two separate parts
by use of the same strategy as in [10], while the interaction
between newborn prey and the predator is modelled in
the same way as in [18]. The focus is on the stability and
nonlinear behaviour. In particular, we address the question
how the impact from the predator acts on prey populations
that possess different life histories. The results from analysis
of the prey part of the model are also provided and compared
with findings obtained from other models.

The structure of the paper is as follows: In Section 2,
we present and analyse the various models with respect
to stability and nonstationary behaviour. Section 3 provides
examples of preymodels as well as prey-predator interactions
while in Section 4 we unify and discuss the results.

2. Model(s), Fixed Points, and Stability

Let 𝑥1,𝑡 and 𝑥2,𝑡 be the immature and mature part of the prey
population 𝑥𝑡 = 𝑥1,𝑡 + 𝑥2,𝑡 at time 𝑡, respectively, and let𝑦𝑡 be the predator population. 𝜇1 and 𝜇2, such that 0 < 𝜇1
and 𝜇2 < 1, are the fractions of the immature population𝑥1 and the mature (adult) population 𝑥2 that survive from
time 𝑡 to time 𝑡 + 1. 𝑝, with 0 < 𝑝 < 1, is the fraction
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of the immature population that survives to become mature
one time unit (year) later and 𝑓 = 𝐹 exp(−𝑥2), 𝐹 > 0, is the
density dependent fecundity.Depending on the species under
consideration, exp(−𝑥2) may account for crowding effects,
effects linked to shortage of food, and for some species it
may also incorporate cannibalistic behaviour. Further, it is
assumed that predation will take place only on the young
of the part year, exp(−𝑥2)𝑥2, of the prey population. This is
accounted for by the term exp(−𝑎𝑦)where 𝑎 ≥ 0measures the
skill of predation. The constant 𝑐, 𝑐 > 0, may be interpreted
as a conversion of prey into predator, or clutch parameter, the
following year (see [18]). The relation between 𝑥1, 𝑥2, and 𝑦
at two consecutive time steps may then be given as a map:

(𝑥1, 𝑥2, 𝑦) → (𝜇1 (1 − 𝑝) 𝑥1+ 𝐹 exp (−𝑥2) exp (−𝑎𝑦) 𝑥2, 𝜇1𝑝𝑥1+ 𝜇2𝑥2𝑐𝐹 exp (−𝑥2) 𝑥2 (1 − exp (−𝑎𝑦))) . (1)

When 𝑎 → 0, (1) degenerates to the prey map:

(𝑥1, 𝑥2)→ (𝜇1 (1 − 𝑝) 𝑥1 + 𝐹 exp (−𝑥2) 𝑥2, 𝜇1𝑝𝑥1 + 𝜇2𝑥2) . (2)

Note that (2) has a striking similarity to the general stage-
structured model proposed and analysed in [10]. The differ-
ence is found in the density dependent term.

By adjusting the size of the parameters, it is easy to see that
(2) covers species that possess different life histories. Indeed,
following [10], if 𝜇2 → 0, the population is semelparous (i.e.,
reproducing only once). If 0 < 𝜇2 < 1, the population is
iteroparous (repeated reproduction). The subclass 𝜇2 → 0,𝑝 → 1 is often referred to as precocious semelparity which
covers species with rapid development followed by only one
reproduction, for example, biennials and annual plants (see
[11]). Delayed semelparity occurs when 𝜇2 → 0 and 0 < 𝑝 <1. Typical examples are periodical cicadas [11, 23], and several
salmon species that live for many years before they become
mature and reproduce only once. We may also divide the
iteroparous case into two subclasses.The subclass 0 < 𝜇2 < 1,𝑝 → 1, is classified as precocious iteroparity and covers
several small mammals species, among them small rodent
species that start to reproduce at young age and may survive
to reproduce for several years. The fourth subclass, delayed
iteroparity, is characterized by 0 < 𝜇2 < 1, 0 < 𝑝 < 1, which
covers species which may live long before maturity and then
survive to reproduce for many years. In this subclass, we find
large mammals. Consequently, (2) may be used in order to
capture the dynamics of a wide range of (prey) populations,
and the role and impact of predation on newborns and young
individuals are then analysed by (1).

We start by revealing someproperties of (2).There are two
fixed points, the trivial one (𝑥1, 𝑥2) = (0, 0) and the nontrivial
one:

(𝑥∗1 , 𝑥∗2 ) = (1 − 𝜇2𝜇1𝑝 𝐾, 𝐾) , (3)

where

𝐾 = ln( 𝜇1𝑝𝐹(1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝))) = ln𝑅0, (4)

and in order for (3) to be a feasible fixed point (equilibrium),
we assume 𝑅0 > 1. Moreover, by use of stability analysis,
it is straightforward to show that (𝑥1, 𝑥2) is stable provided𝑅0 ≤ 1. Therefore, the restriction 𝑅0 > 1 ensures both that
the origin is a repeller and that (3) is feasible.

Model (2) is said to be permanent if there exist 𝛿 > 0 and𝐷 > 0 such that𝛿 < lim
𝑡→∞

inf𝑥𝑡 ≤ lim
𝑡→∞

sup𝑥𝑡 < 𝐷 (5)

(cf. [24]).

Theorem 1. Model (2) is permanent provided 𝑅0 > 1.
Proof. See Appendix A.

Considering the stability properties of the nontrivial
fixed point (3), we find that the eigenvalue equation of the
linearization of (2) may be expressed as𝜆2 + 𝑎1𝜆 + 𝑎2 = 0, (6)

where𝑎1 = − (𝜇1 (1 − 𝑝) + 𝜇2)𝑎2 = 𝜇1 (1 − 𝑝) 𝜇2 − (1 − 𝐾) (1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) , (7)

and according to the Jury criteria (cf. [25]), (3) is stable
provided the inequalities 1 + 𝑎1 + 𝑎2 > 0, 1 − 𝑎2 + 𝑎3 > 0,
and 1 − |𝑎2| > 0 hold; that is,(1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) 𝐾 > 0, (8a)2 (𝜇1 (1 − 𝑝) + 𝜇2) + 𝐾 (1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) > 0, (8b)

𝐾 = ln𝑅0 < 2 − (𝜇1 (1 − 𝑝) + 𝜇2)(1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) . (8c)

Obviously, the left-hand sides, LHS, of (8a) and (8b) are
positive. Therefore, there will be no transfer from stability to
instability as an eigenvalue crosses the boundary of the unit
circle through 1 (8a) or −1 (8b). Regarding (8c), it is clearly
valid for small values of𝐾 but when𝐾 is increased (as a result
of increasing𝐹), LHS of (8c) eventually equals the right-hand
side, RHS, and (𝑥∗1 , 𝑥∗2 ) will lose its hyperbolicity through
a Neimark−Sacker (Hopf) bifurcation as a pair of complex
valued eigenvalues cross the unit circle. Such a bifurcation
may be of supercritical or subcritical nature. In the former
case, when the fixed point loses its stability, an attracting
invariant curve about the unstable fixed point is established
and the dynamics are restricted to that curve. In the latter
case (subcritical), there is no such attracting curve. Now,
considering (2), we have the following result.

Theorem2. Consider (2) together with the fixed point (𝑥∗1 , 𝑥∗2 )
given by (3). Then, for the fixed values of 𝜇1, 𝜇2 and 𝑝, 0 <
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Table 1𝑎 0.4 0.5 0.56 0.6 0.7 0.76 0.80 1 1.5 2 3𝑦∗ ≈0 ≈0 0.512 1.286 1.655 1.682 1.674 1.530 1.148 0.901 0.625𝑎𝑦∗ ≈0 ≈0 0.287 0.772 1.158 1.278 1.339 1.530 1.723 1.802 1.875𝑥∗2 ≈2 ≈2 1.713 1.228 0.842 0.722 0.661 0.470 0.277 0.198 0.125𝑥∗1 ≈2 ≈2 1.713 1.228 0.842 0.722 0.661 0.470 0.277 0.198 0.125

Table 2𝑎 1.00 1.05 1.10 1.20 1.30 1.40 1.50 1.60 2.00 3.00𝑦∗ ≈0 1.384 1.705 1.825 1.804 1.749 1.682 1.614 1.364 0.961𝑎𝑦∗ ≈0 1.453 1.875 2.190 2.345 2.448 2.523 2.582 2.729 2.882𝑥∗2 3.11 1.657 1.235 0.920 0.765 0.662 0.587 0.528 0.381 0.228𝑥∗1 1.729 0.921 0.687 0.511 0.425 0.368 0.326 0.294 0.212 0.127

𝜇1, 𝜇2, 𝑝 < 1, (3) will undergo a supercritical Neimark−Sacker
bifurcation at the threshold

𝐾 = ln𝑅0 = 2 − (𝜇1 (1 − 𝑝) + 𝜇2)(1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) (9a)

or equivalently when

𝐹 = 𝐹𝑐 = (1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝))𝜇1𝑝
⋅ exp( 2 − (𝜇1 (1 − 𝑝) + 𝜇2)(1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝))) . (9b)

Proof. See Appendix B.

Next, let us focus on the “full” prey-predator map (1).
There is one obvious fixed point, namely, the trivial one(𝑥1, 𝑥2, 𝑦) = (0, 0, 0). The other fixed point is in the form of

(𝑥∗1 , 𝑥∗2 , 𝑦∗) = (1 − 𝜇2𝜇1𝑝 (𝐾 − 𝑎𝑦∗) , 𝐾 − 𝑎𝑦∗, 𝑦∗) , (10)

where 𝑦∗ must be found by means of numerical methods
from the equation

𝑦 − 𝑐(1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝))𝜇1𝑝 (𝐾 − 𝑎𝑦) (𝑒𝑎𝑦 − 1) = 0. (11)

Clearly, if 𝑎 = 0, (11) implies that 𝑦 = 0 so one possibility
is that (10) is in the form of (𝑥∗1 , 𝑥∗2 , 0). Depending on the
value of 𝐾, the same scenario persists also in the case of 𝑎 >0. Consequently, as also found in the prey-predator model
analysed in [21], the interaction or skill parameter a must
exceed a critical threshold 𝑎𝑐 in order to establish a fixed point(𝑥∗1 , 𝑥∗2 , 𝑦∗) where both species coexist. Moreover, note that𝑎 < 𝑎𝑐 implies 𝑎𝑦∗ = 0. If 𝑎 > 𝑎𝑐, an increase of a makes 𝑎𝑦∗
larger which according to (10) leads to a reduction of 𝑥∗2 and𝑥∗1 . A final observation from (10) and (11) is that a decrease of
clutch parameter 𝑐 leads to a smaller predator equilibrium𝑦∗.

This makes sense; the smaller the 𝑐, the smaller the benefit
of eating. A couple of numerical examples are presented in
Tables 1 and 2. In Table 1, we have used the parameter values𝜇1 = 1, 𝜇2 = 0.1, 𝑝 = 0.9, 𝑐 = 1, and 𝐾 = 2 (𝐹 = 6.65)
which means that the prey possesses precocious semelparous
life history and that the prey in the absence of the predator
has a stable fixed point (𝑥∗1 , 𝑥∗2 ). In Table 2, the prey may be
classified as a precocious iteroparous population. Parameter
values are 𝜇1 = 1, 𝜇2 = 0.5, 𝑝 = 0.9, 𝑐 = 0.5, 𝐾 =3.11 (𝐹 = 11.22) which means that (𝑥∗1 , 𝑥∗2 ) is located at
instability threshold.

Now, let us turn to stability. The eigenvalue equation of
the linearization of (1) may be expressed as

𝜆3 + 𝑎1𝜆2 + 𝑎2𝜆 + 𝑎3 = 0, (12)

where the coefficients are𝑎1 = − {𝜇1 (1 − 𝑝) + 𝜇2 + 𝑎𝑐𝐹𝑥∗2 𝑒−𝐾}𝑎2 = 𝜇1 (1 − 𝑝) 𝜇2 + 𝜇1 (1 − 𝑝) 𝑎𝑐𝐹𝑥∗2 𝑒−𝐾+ 𝑎𝑐𝜇2𝐹𝑥∗2 𝑒−𝐾 − 𝜇1𝑝𝐹 (1 − 𝑥∗2 ) 𝑒−𝐾
𝑎3 = 𝜇1𝑝𝑎𝑐𝐹2 (1 − 𝑥∗2 ) 𝑥∗2 𝑒−𝑥∗2 𝑒−𝐾− 𝜇1 (1 − 𝑝) 𝜇2𝑎𝑐𝐹𝑥∗2 𝑒−𝐾.

(13)

As long as all eigenvalues of (12) are located within the unit
circle, (10) is stable and this is ensured if the Jury criteria1 + 𝑎1 + 𝑎2 + 𝑎3 > 0 (14a)1 − 𝑎1 + 𝑎2 − 𝑎3 > 0 (14b)1 − 𝑎2 > 0 (14c)1 − 𝑎23  − 𝑎2 − 𝑎3𝑎1 > 0 (14d)

hold.
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Now, by use of the relation 𝑥∗2 + 𝑎𝑦∗ = 𝐾 and map (1), we
find that criteria (14a)–(14d) may be cast in the forms

(1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) [𝐾 − (𝐾 − 𝑎𝑦∗) 𝑎𝑦∗1 − 𝑒−𝑎𝑦∗ ]
> 0 (15a)

(1 + 𝜇2) (1 + 𝜇1 (1 − 𝑝)) (1 + 𝑎𝑦∗1 − 𝑒−𝑎𝑦∗ 𝑒−𝑎𝑦∗) − (1
− 𝜇2) (1 − 𝜇1 (1 − 𝑝)) (1 − (𝐾 − 𝑎𝑦∗)) (1
+ 𝑎𝑦∗1 − 𝑒−𝑎𝑦∗ ) > 0

(15b)

1 − 𝑎𝑦∗1 − 𝑒−𝑎𝑦∗ [(1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) (1
− (𝐾 − 𝑎𝑦∗)) − 𝜇1 (1 − 𝑝) 𝜇2𝑒−𝑎𝑦∗] > 0 (15c)

(1 − 𝜇1 (1 − 𝑝) 𝜇2) {1 − 𝑎𝑦∗1 − 𝑒−𝑎𝑦∗ 𝑒−𝑎𝑦∗ [𝜇1 (1 − 𝑝)
+ 𝜇2 + 𝜇1 (1 − 𝑝) 𝜇2 𝑎𝑦∗1 − 𝑒−𝑎𝑦∗ 𝑒−𝑎𝑦∗]} + (1 − 𝜇2)
⋅ (1 − 𝜇1 (1 − 𝑝)) (1 − (𝐾 − 𝑎𝑦∗)) × {1
− 𝑎𝑦∗1 − 𝑒−𝑎𝑦∗ (𝜇1 (1 − 𝑝) + 𝜇2) + ( 𝑎𝑦∗1 − 𝑒−𝑎𝑦∗ )2
⋅ 𝑒−𝑎𝑦∗𝐾 − 𝑎𝑦∗ [𝜇1 (1 − 𝑝) 𝜇2
− (𝐾 − 𝑎𝑦∗) (1 − 𝜇1 (1 − 𝑝) 𝜇2)] − ( 𝑎𝑦∗1 − 𝑒−𝑎𝑦∗ )2
⋅ (1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) 1 − (𝐾 − 𝑎𝑦∗)𝐾 − 𝑎𝑦∗ } > 0

(15d)

and our first observation is that the clutch parameter 𝑐 drops
out of the criteria. Thus, different values of 𝑐 correspond
to different values of 𝑥∗1 , 𝑥∗2 , and 𝑦∗ but it does not affect
qualitative changes of dynamics.

Considering the criteria, assuming 𝑎 > 𝑎𝑐, we find that
LHS of (15a) is an increasing function of 𝑎𝑦∗ provided

𝑎𝑦∗ + 𝑎𝑦∗ (1 − 𝑒−𝑎𝑦∗)1 − (1 + 𝑎𝑦∗) 𝑒−𝑎𝑦∗ ≥ 𝐾. (16)

The minimal value is found to be(1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝))
⋅ 2𝑎𝑦∗ (1 − 𝑒−𝑎𝑦∗) − (𝑎𝑦∗)2 (1 + 𝑒−𝑎𝑦∗)1 − (1 + 𝑎𝑦∗) 𝑒−𝑎𝑦∗ (17)

and the sign as well as the value of (17) depends on 𝐾.

Turning to (15b), we find that LHS is a decreasing function
since 𝑔(𝑧) = 𝑧𝑒−𝑧(1 − 𝑒−𝑧)−1 is decreasing and (1 − (𝐾 − 𝑧))
as well as 𝑧(1 − 𝑒−𝑧)−1 is increasing. Further, observe that in
case of 𝑎𝑦∗ → 0 the LHS approaches the positive expression2 [(1 + 𝜇2) (1 + 𝜇1 (1 + 𝑝))− (1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) (1 − 𝐾)] . (18)

On the other hand, if 𝑎𝑦∗ → 𝐾, the LHSmay be expressed as(1 + 𝜇2) (1 + 𝜇1 (1 − 𝑝))
− (1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) 𝐾𝑒−𝐾 , (19)

which is negative provided 𝐾 is large enough.
Scrutinizing (15c), the same picture emerges. LHS is a

decreasing function and when 𝑎𝑦∗ is small, LHS approaches
the positive expression1 − (1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) (1 − 𝐾) + 𝜇1 (1 − 𝑝) 𝜇2. (20)

When 𝑎𝑦∗ becomes large, LHS degenerates to

1 − 𝐾1 − 𝑒−𝐾 [(1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝))
− 𝜇1 (1 − 𝑝) 𝜇2𝑒−𝐾] (21)

which is negative. Now, assuming equality in (15c), we find

1 + 𝑎𝑦∗1 − 𝑒−𝑎𝑦∗ 𝑒−𝑎𝑦∗𝜇1 (1 − 𝑝) 𝜇2 = 𝑎𝑦∗1 − 𝑒−𝑎𝑦∗ (1 − 𝜇2)⋅ (1 − 𝜇1 (1 − 𝑝)) (1 − (𝐾 − 𝑎𝑦∗)) (22)

and by substituting into (15b) we arrive at𝜇1 (1 − 𝑝) + 𝜇2 + 𝜇1 (1 − 𝑝) 𝜇2
+ 𝑎𝑦∗𝑒𝑎𝑦∗ − 1 [1 + 𝜇2 − 𝜇1 (1 − 𝑝) (1 + 2𝜇2)]− (1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) (1 − (𝐾 − 𝑎𝑦∗)) > 0

(23)

which holds. Consequently, LHS of (15c) crosses the 𝑎𝑦∗ axis
before LHS of (15b) so we may rule out the possibility of a
period doubling bifurcation at instability threshold.

Finally, turning to (15d), when 𝑎𝑦∗ → 𝐾, the LHS be-
comes negative (notice the term 𝐾 − 𝑎𝑦∗ in the last fraction).
In the case 𝑎𝑦∗ → 0, the LHS may be written as(1 − 𝜇1 (1 − 𝑝) 𝜇2) {1 − [𝜇1 (1 − 𝑝) + 𝜇2+ 𝜇1 (1 − 𝑝) 𝜇2]} + (1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) (1

− 𝐾) × { 1𝐾 [𝜇1 (1 − 𝑝) 𝜇2− (1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)) (1 − 𝐾)] − 𝜇1 (1 − 𝑝)
⋅ (1 − 𝜇2) − 𝜇2} .

(24)
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Figure 1: Dynamics generated by (2). Parameter values 𝜇1 = 1, 𝑝 = 0.9, and 𝜇2 = 0.1. (a) 𝐹 = 10, (b) 𝐹 = 15, and (c) 𝐹 = 20.
This expression is positive for small values of 𝐾 and
approaches zero when 𝐾 becomes large.

Thus, to summarise, if 𝐾 is so small that the prey in the
absence of the predator possesses a stable fixed point (𝑥∗1 , 𝑥∗2 ),
all LHS of (15a)–(15d) are positive. Whenever the population
pressure 𝑎𝑦 is small, the long term dynamics is a stable fixed
point (𝑥∗1 , 𝑥∗2 , 𝑦∗). As predation pressure ay increases, the
magnitude of the dominating eigenvalue(s) becomes smaller
until the graph of LHS of (15a) intersects the corresponding
graph of (15d) or (15c).Then, themagnitude increases and the
fixed point undergoes a Neimark−Sacker bifurcation when
the LHS of (15d) or (15c) becomes zero. If 𝐾 is so large that
the prey in the absence of the predator exhibits nonstationary

dynamics, (17) is negative in case of 𝑎𝑦∗ small; therefore,(𝑥∗1 , 𝑥∗2 , 𝑦∗) is unstable. However, when 𝑎𝑦∗ increases, we
observe the same qualitative picture as reported above.

3. Examples

First, we concentrate on dynamics generated by the “prey
map” (2) and we start with a numerical example where 𝜇1 =1, 𝑝 = 0.9, and 𝜇2 = 0.1 (precocious semelparity). At
threshold (9b), 𝐹 = 8.31 (or 𝐾 = 2.22) and the fixed point(𝑥∗1 , 𝑥∗2 ) = (2.22, 2.22) undergoes a Neimark−Sacker bifur-
cation. In Figure 1(a), we show the attracting invariant curve
together with some initial transients in case of 𝐹 = 10.
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When 𝐹 is further increased (𝐹 = 15), the curve becomes
kinked and not topologically equivalent to a circle anymore
and in case of 𝐹 = 20 the curve has broken up into a diffuse
cloud of points. Thus, through an enlargement of 𝐹 (or 𝐾),
the dynamics change from stability to chaotic behaviour. The
whole scenario is displayed in Figures 1(a)–1(c).

If we instead use 𝜇1 = 1, 𝑝 = 0.3, and 𝜇2 = 0.1 (delayed
semelparity), 𝐹 = 33.31 at threshold and the corresponding
fixed point is (𝑥∗1 , 𝑥∗2 ) = (8.12, 3.61). When 𝐹 > 33.31, we
find invariant curves here too, and such a curve also persists
when 𝐹 > 100. We have not detected chaotic dynamics as
in the previous case. Hence, a natural conclusion to suggest
is that populations that possess delayed semelparous life
histories have better stability properties than populations
with precocious semelparous life histories.This is in excellent
agreement with results obtained by Neubert and Caswell [10]
but not with the findings in [14] where an age-structured
model is analysed.

Turning to the precocious iteroparous case, exemplified
by 𝜇1 = 1, 𝑝 = 0.9, and 𝜇2 = 0.5, we find 𝐹 = 11.22
and (𝑥∗1 , 𝑥∗2 ) = (1.72, 3.11) at instability threshold. Beyond
threshold, the behaviour is qualitatively similar to the preco-
cious semelparous case.

Finally, considering delayed iteroparity through the
example of 𝜇1 = 1, 𝑝 = 0.4, and 𝜇2 = 0.5, we find from (9b)
that 𝐹 = 45 at threshold and the corresponding fixed point
becomes (𝑥∗1 , 𝑥∗2 ) = (5.63, 4.51). As we increase 𝐹 beyond 45,
there are invariant curves with the same kind of shapes as in
the former case. The main difference between the precocious
and delayed case is the size of equilibrium population at
threshold. Hence, by use of the same classification as in [10],
we find it natural to support the conjecture that species that
possess a delayed iteroparous life history have better stability
properties than populations with precocious iteroparous life
histories.

Next, consider the “full” prey-predator map (1). We start
our analysis by use of the same parameter values as we did
when Table 1 was established (i.e., we study a case where
the prey possesses a precocious semelparous life history). As
already shown, 𝐾 = 2 implies that (𝑥∗1 , 𝑥∗2 ) is stable in the
absence of predation. Then, we increase 𝑎𝑦 (starting at 𝑎𝑦 =0.28, cf. Table 1) and calculate the LHS of (15a)–(15d), respec-
tively, and the results of these calculations are presented in
Figure 2. Clearly, (𝑥∗1 , 𝑥∗2 , 𝑦∗) is stable in the interval 0.28 ≤𝑎𝑦 ≤ 1.43. It fails to be stable when LHS of (15d) becomes zero
and a (supercritical) Neimark−Sacker bifurcation takes place.
Just beyond 1.43 the nonstationary dynamics are restricted
to an invariant curve, but through further enlargement of𝑎𝑦 the curve becomes kinked and eventually it breaks up.
This is shown in Figures 3(a)–3(c). Thus, in case of small and
moderate predation stability properties are improved. On the
other hand, severe predation pressure may be classified as a
strong destabilizing effect.

The results referred to above are further strengthened
through our next example. In Figure 4, we present the
calculations of LHS of (15a)–(15d) in case of 𝐾 = 2.5 (which
in contrast to the previous example means that (𝑥∗1 , 𝑥∗2 ) is
unstable in case of no predation). As is shown, there is
no stable fixed point in the interval 0.4 ≤ 𝑎𝑦 ≤ 0.71

(15a), (15b), (15c), (15d)

ay value
1.0 1.5

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Figure 2: The graphs of LHS of (15a), (15b), (15c), and (15d).
Parameter values: 𝜇1 = 𝑐 = 1, 𝑝 = 0.9, 𝜇2 = 0.1, and 𝐾 = 2. LHS of
(15a) is the increasing function. LHS of (15d), (15c), and (15b) cross
the 𝑎𝑦-axis at 1.44, 1.61, and 1.67, respectively.

(cf. (16) and (17)). Otherwise, the graphs look similar to the
graphs in Figure 2. In Figure 5, we display the dynamics. In
Figure 5(a), we use 𝑎 = 0.425, and Figures 5(b) and 5(c) show
the cases 𝑎 = 0.75 and 𝑎 = 1.5.

Both examples referred to above consider species that
possess a precocious semelparous life history. We have also
scrutinised species with other life histories and our findings
are that there is a striking resemblance between the graphs
of (15a)–(15d) in these cases and Figures 2 and 4. The main
difference really is that aymust be increased to amuch higher
value in the delayed iteroparous case in order to establish an
equilibrium with coexisting species.

4. Discussion

In the previous section, we have analysed a selected number
of stage-structured prey and prey-predator models. The
parameter space is hugewhich allows us to consider prey pop-
ulations that possess a wide range of different life histories.
We shall now unify and discuss our findings.

First, let us comment on the prey map (2). As is shown,
independent of life history, (2) possesses a stable fixed point(𝑥∗1 , 𝑥∗2 ) whenever 𝐹 is small enough and the transfer from
stability to instability occurs when the fixed point undergoes
a supercritical Neimark−Sacker bifurcation at thresholds
(9a) and (9b). In Figure 6, we show the value of the total
equilibrium population 𝑥∗ = 𝑥∗(𝑝) at instability for different
values of 𝜇2. For a given value of 𝜇2, the stable region is
located below the corresponding curve. Hence, whenever𝑝 > 0.3 (roughly), populations which exhibit iteroparous
life histories have better stability properties than species that
possess semelparous life histories. On the other hand, if 𝑝 <0.3, we arrive at the opposite conclusion. Moreover, since all
functions 𝑥∗(𝑝) are decreasing, (𝑥∗,(𝑝) = −𝜇1(1 − 𝜇1(1 −𝑝))−2), we may also conclude that the delayed cases appear
to be more stable than the precocious ones.

It is tempting to compare the findings above with the
results obtained from the model:(𝑥1, 𝑥2) → (𝜇1 (1 − 𝑝) 𝑥1 + 𝐹𝑒−𝑥𝑥2, 𝜇1𝑝𝑥1 + 𝜇2𝑥2) (25)
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Figure 3: Dynamics generated by (1). Parameter values: 𝜇1 = 𝑐 = 1.0, 𝑝 = 0.9, 𝜇2 = 0.1, and 𝐾 = 2. (a) 𝑎 = 0.76, (b) 𝑎 = 1.6, and (c) 𝑎 = 2.
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Figure 4: LHS of (15a)–(15d) in case of 𝐾 = 2.5. Other parameter values as in Figure 2.
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Figure 5: Dynamics generated by (1). Parameter values as in Figure 3 except 𝐾 = 2.5. (a) 𝑎 = 0.425, (b) 𝑎 = 0.75, and (c) 𝑎 = 1.5.
x

p

0

5

10

15

20

25

30

35

0.90.80.70.60.50.40.3

Figure 6: Graphs of 𝑥∗ = 𝑥∗(𝑝) at bifurcation threshold in case of𝜇2 = 0.1, 0.5, and 0.9. 𝜇1 = 1. When 𝜇2 = 0.1, 𝑥∗(0.2) ≈ 33, 𝜇2 = 0.5
and 0.9 imply 𝑥∗(0.2) ≈ 25 and 𝑥∗(0.2) ≈ 22.
which is analysed in [10]. Note that 𝑥𝑡 = 𝑥1.𝑡 + 𝑥2,𝑡. Thus,
the difference between our model and (25) is that while we
consider cases where only the mature part of population

contributes to density effects, the whole population con-
tributes in (25). This has a pronounced impact on the results.
Indeed, just as (2), the fixed point (𝑥1, 𝑥2) of (25) is stable in
case of 𝐹 sufficiently small and loses its hyperbolicity at

𝑥 = 2 (𝜇1 + 𝜇2 − 𝜇1𝑝) (1 − 𝜇2 + 𝜇1𝑝)(1 − 𝜇2) (1 + 𝜇2 − 𝜇1𝑝) (1 − 𝜇1 (1 − 𝑝)) , (26)

where 𝑥 = 𝑥1 + 𝑥2, but in contrast to our model, (𝑥1, 𝑥2)
becomes unstable as the dominant eigenvalue of the lineariza-
tion of (25) crosses the boundary of the unit circle through−1. Consequently, when 𝑥 exceeds RHS of (26), a (stable)
two-period orbit is established and depending on life history,
further increase of 𝐹 may generate periodic orbits of period2𝑘, 𝑘 > 1, as well as chaotic dynamics. Also, note that while
all stability curves in Figure 6 are decreasing (independent
of 𝜇2), 𝑥(𝑝) is an increasing function whenever 𝜇2 is large
(cf. [10]). Therefore, based upon the analysis of (25), Neubert
and Caswell [10] conjectured that species with precocious
iteroparous life histories possess more stable dynamics than
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species with delayed iteroparous life histories. Due to the
findings from (2), we feel that this conjecture should be
modified.

Let us now focus on possible periodic dynamics. Since(𝑥∗1 , 𝑥∗2 ) fails to be hyperbolic as a pair of complex valued
eigenvalues cross the unit circle, we may exclude periodic
dynamics of period 2𝑘, 𝑘 ≥ 1. Moreover, as is shown,
when 𝐹 exceeds 𝐹𝑐 and |𝐹 − 𝐹𝑐| is small (cf. (9b)), the
dynamics is restricted to an invariant curve. On that curve,
(2) is topologically equivalent to a circle map which in polar
coordinates may be expressed as(𝑟, 𝜃) → ((1 + 𝑑𝜇) 𝑟 + 𝑎𝑟3, 𝜃 + 𝑐 + 𝑏𝑟2)+ higher order term

(27)

(see [26]), where 𝑐 = | arg 𝜆| gives asymptotic information of
the rotation number associated with the circle map. Now, at
threshold (9b), the solution of (6) may be expressed as

𝜆 = 𝜇1 (1 − 𝑝) + 𝜇22 ± 𝑖√1 − (𝜇1 (1 − 𝑝) + 𝜇2)24 (28)

and here we may notice that if 𝑝 → 1 and 𝜇2 is small
(precocious semelparity), we roughly have arg 𝜆 = 𝜋/2which
in turn implies that the rotation number is close to 1/4. This
signals approximate 4-periodic behaviour and one may even
expect exact 4-period orbits through frequency locking as𝐹 is further increased. Examples of such behaviour may be
obtained in [5] or [27]. However, this does not occur. We
have not been able to detect periodic dynamics of low period
(period 3 or 4) generated by (2). Therefore, based upon our
findings here, lots of simulations, and indeed also findings
from other stage- and age-structured population models, it
appears that if 𝑥2 only contributes to density effects, periodic
dynamics are likely to be absent.

Next, let us turn to predation. The predator population
must reach a certain size in order to establish a fixed
point (𝑥∗1 , 𝑥∗2 , 𝑦∗) where both species coexist. Depending
on parameter values, (𝑥∗1 , 𝑥∗2 , 𝑦∗) may be stable or unstable.
Moreover, starting at a low value, an increase of 𝑎𝑦 acts in a
stabilizing fashion, but when 𝑎𝑦 is large, further enlargement
acts in a destabilizing fashion. The “turning” point is where
graphs of (15a) and (15d) intersect. This scenario takes place
independent of prey life histories.

However, the “strength” of increasing ay is strongly
related to life history of prey. Regarding precocious semel-
parous life history, we have shown that a prey population
which possesses nonstationary dynamics may first be stabi-
lized (as shown in Figure 4) and then driven to chaos through
an enlargement of predation pressure. In fact (through
simulations), we have also verified that a prey population
which in the absence of predators exhibits chaotic oscillations
may be stabilized and then brought to another chaotic regime
as predation pressure is increased. Thus, it is plausible to
consider predation pressure as a strong (both stabilizing and
destabilizing) effect. It should also be mentioned that the
results above are in excellent agreement with the findings
obtained from age-structured prey-predator models with few

age classes (cf. [21]). In many ways, this is expected. Indeed,
if 𝜇2 becomes small and 𝑝 → 1, one may argue that stage-
structured models degenerate to age-structured models. One
important difference between the outcomes of discrete age-
and stage-structured models in the precocious semelparous
case is linked to possible periodic dynamics. In the age-
structured case, it is possible to show that prey that possesses
periodic dynamics of low period may force the predator to
oscillate with the same kind of periodicity. Such phenomena
have not been detected in our model.

The impact of predation when the prey possesses a
delayed, semelparous or iteroparous, life history is somewhat
different in the sense that the destabilizing effect does not
seem to be very strong. It is not obvious what causes this
discrepancy. In the precocious case, the value of 𝑦∗ gets
smaller but not very much smaller, compared to the delayed
case when a is increased. Hence, when 𝑎 is large, the prey is
exposed to a large predator populationwith excellent hunting
skills. This is not the situation in the delayed cases. Although
an increase of 𝑎 leads to an increase of 𝑎𝑦∗ here too, there is
a substantial reduction of predators possessing good hunting
skills.

Appendix

A. Proof of Theorem 1 in the Main Text

As already shown, if 𝑅0 > 1, then (𝑥1, 𝑥2) is unstable. More-
over, the restrictions on parameters given in (2) ensure that𝐴0 is irreducible and that 𝐴𝑥 is nonnegative for all (𝑥1, 𝑥2) ∈
R2. Consequently, (2) isR+ \ {0} forward invariant. Wemust
show that there exists a compact set 𝑋 ∈ R2 such that for all(𝑥1,0, 𝑥2.0) ∈ R2 there exists a 𝑡𝑀 = 𝑡𝑀(𝑥1,0, 𝑥2.0) satisfying𝑥𝑡 ∈ 𝑋 for all 𝑡 > 𝑡𝑀. To this end, let 𝐾0 be a constant
satisfying exp(−𝑥2)𝑥2 ≤ 𝐾0. Then, from (2) (using difference
equation notation),𝑥1,𝑡+1 ≤ 𝜇1 (1 − 𝑝) 𝑥1,𝑡 + 𝐹𝐾0, (A.1)

and by induction

𝑥1,𝑡+1 ≤ (𝜇1 (1 − 𝑝))𝑡 𝑥1,0 + 𝐹𝐾0 (1 − 𝜇1 (1 − 𝑝))−1 . (A.2)

Then, there exists 𝑡𝐴 = 𝑡𝐴(𝑥1,0) such that for 𝑡 > 𝑡𝐴
𝑥1,𝑡+1 ≤ 2𝐹𝐾0 (1 − 𝜇1 (1 − 𝑝))−1 = 𝐾1. (A.3)

Further, in case if 𝑡 > 𝑡𝐴, we also have𝑥2,𝑡𝑀 ≤ 𝜇1𝑝𝐾1 + 𝜇2𝑥2,𝑡, (A.4)

and once again (induction) we find that for 𝑡 > 𝑡𝐵(𝑥2,0)𝑥2,𝑡 ≤ 2𝜇1𝑝𝐾1 (1 − 𝜇2)−1 = 𝐾2. (A.5)

Finally, take 𝑡𝑀 = max{𝑡𝐴, 𝑡𝐵} and 𝐾 = max{𝐾1, 𝐾2}; then,
for 𝑡 > 𝑡𝑀, 𝑥1,𝑡 ≤ 𝐾1, 𝑥2,𝑡 ≤ 𝐾2, and we are done. This proof
is based upon Kon et al. (2004).
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B. Proof of Theorem 2 in the Main Text

The proof consists of two parts. First we show that the
eigenvalues really leave the unit circle at threshold. To this
end, note that (6) implies that|𝜆|

= √𝜇1 (1 − 𝑝) 𝜇2 − (1 − 𝐾) (1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)), (B.1)

hence evaluated at threshold (9b)𝑑𝑑𝐹 |𝜆| = 𝑑 |𝜆|𝑑𝐾 𝑑𝐾𝑑𝐹
= 12𝜇1𝑝 exp(− 2 − (𝜇1 (1 − 𝑝) + 𝜇2)(1 − 𝜇2) (1 − 𝜇1 (1 − 𝑝)))
> 0.

(B.2)

Thus, the eigenvalues leave the unit circle.
Next, note that the Jacobian of (2) (evaluated at threshold)

may be written as

𝐽 = (𝜇1 (1 − 𝑝) 𝜇1 (1 − 𝑝) − 𝜇2 − 1𝜇1𝑝𝜇1𝑝 𝜇2 ) (B.3)

with associated complex valued modulus 1 eigenvalues

𝜆 = 𝜇1 (1 − 𝑝) + 𝜇22 ± 𝑏2 𝑖, (B.4)

where 𝑏 = √4 − (𝜇1(1 − 𝑝) + 𝜇2)2.
Define the matrix

𝑇 = (𝜇1 (1 − 𝑝) − 𝜇22𝜇1𝑝 − 𝑏2𝜇1𝑝1 0 ) (B.5)

whose columns are the real and imaginary parts, respectively,
of the eigenvectors associated with the eigenvalues.

Then, after expanding the first component of (2) up to
the third order, applying the change of coordinates (𝑥1, 𝑥2) =(𝑥1−𝑥∗1 , 𝑥2−𝑥∗2 ) (in order to transform the bifurcation to the
origin) together with the transformations

(𝑥1𝑥2) = 𝑇 (𝑢
V
) (𝑢

V
) = 𝑇−1 (𝑥1𝑥2) , (B.6)

map (4) may be cast into “standard form” as

(𝑢
V
)
→ (𝜇1 (1 − 𝑝) + 𝜇22 −𝑏2𝑏2 𝜇1 (1 − 𝑝) + 𝜇22 ) (𝑢

V
)

+ ( 0𝑔 (𝑢)) ,
(B.7)

where𝑔 (𝑢) = −2𝜇1𝑝𝑏 (𝐴𝑢2 + 𝐵𝑢3) ,
𝐴 = 𝑓 + 12𝑓𝑥∗2

= 12𝜇1𝑝 {𝜇1 (1 + 𝑝) + 𝜇2 − 2𝜇1 (1 − 𝑝) 𝜇2}
= 12𝜇1𝑝𝐴,

𝐵 = 12𝑓 + 16𝑓𝑥∗2
= 16𝜇1𝑝 {1 − 2𝜇1 (1 − 𝑝) − 2𝜇2 + 3𝜇1 (1 − 𝑝) 𝜇2}
= 16𝜇1𝑝𝐵,

(B.8)

and 𝑓 = 𝐹 exp(−𝑥2).
Now, by use of Theorem 3.5.2 in Guckenheimer and

Holmes (1990), the bifurcation will be of supercritical nature
if the quantity a defined through

𝑎 = −Re[(1 − 2𝜆) 𝜆21 − 𝜆 𝜉11𝜉20] − 12 𝜉112 − 𝜉022
+ Re (𝜆𝜉21) (B.9)

is negative. For the problem at hand,

𝜉20 = 18 𝑖𝑔𝑢𝑢 = −𝜇1𝑝2𝑏 𝐴𝑖
𝜉11 = 14 𝑖𝑔𝑢𝑢 = −𝜇1𝑝𝑏 𝐴𝑖
𝜉02 = 18 𝑖𝑔𝑢𝑢 = −𝜇1𝑝2𝑏 𝐴𝑖
𝜉21 = 116 𝑖𝑔𝑢𝑢𝑢 = −3𝜇1𝑝4𝑏 𝐵𝑖
Re[(1 − 2𝜆) 𝜆21 − 𝜆 𝜉11𝜉20]

= 14 (𝜇1𝑝𝑏 𝐴)2 (3 + (𝜇1 (1 − 𝑝) + 𝜇2)) .

(B.10)

This yields

𝑎 = − 116 {(𝐴𝑏 )2 (𝜇1 (1 − 𝑝) + 𝜇2 + 6) + 𝐵} , (B.11)

which is negative and we conclude that the bifurcation is
supercritical.
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Thiswork is related to dynamics of a discrete-time 3-dimensional plant-herbivoremodel.We investigate existence anduniqueness of
positive equilibriumandparametric conditions for local asymptotic stability of positive equilibriumpoint of thismodel.Moreover, it
is also proved that the system undergoes Neimark-Sacker bifurcation for positive equilibrium with the help of an explicit criterion
for Neimark-Sacker bifurcation. The chaos control in the model is discussed through implementation of two feedback control
strategies, that is, pole-placement technique and hybrid control methodology. Finally, numerical simulations are provided to
illustrate theoretical results. These results of numerical simulations demonstrate chaotic long-term behavior over a broad range
of parameters. The computation of the maximum Lyapunov exponents confirms the presence of chaotic behavior in the model.

1. Introduction and Preliminaries

In [1], authors proposed a mathematical model governed
by ordinary differential equations related to the interaction
between a plant and an insect. We extend this model by
interchanging ordinary differential equations into fractional-
order differential equations. Arguing as in [1], we assume
that the larval stage of an insect develops and grows at the
expense of nonreproductive tissues of the plant; on the other
hand, these insects at their adult stage convey pollen to or
deposit pollen on the flowers of the same plant, so allowing
fertilization. Moreover, we denote 𝑃, 𝐿, 𝐴, and 𝐹 as densities
of plant species, larval species of insect, adult species of insect,
and flower species involving in pollination, respectively. The
interaction among𝑃,𝐿,𝐴, and𝐹 is described by the following
system of nonlinear differential equations:

𝑑𝑃

𝑑𝜏
= 𝑎𝑃 (1 − 𝑏𝑃) + 𝑐𝑑𝐹𝐴 − 𝑎

1
𝑃𝐿,

𝑑𝐹

𝑑𝜏
= 𝑏
1
𝑃 − 𝑐
1
𝐹 − 𝑑𝐹𝐴,

𝑑𝐿

𝑑𝜏
= 𝑑
1
𝐹𝐴 + 𝑎

2
𝐴 − 𝑏
2
𝑎
1
𝑃𝐿 − 𝑐

2
𝐿,

𝑑𝐴

𝑑𝜏
= 𝑏
2
𝑎
1
𝑃𝐿 − 𝑑

2
𝐴.

(1)

Then, we recall the definition of Caputo fractional-order
derivative [2] for any function 𝑓, and it is given by

𝐷
𝛼
𝑓 (𝑡) = 𝐼

𝑚−𝛼
𝑓
(𝑚)

(𝑡) , 𝛼 > 0, (2)

where 𝑚 is the least positive integer satisfying 𝑚 ≥ 𝛼 and
𝐼
𝜗 denotes integral operator of Riemann-Liouville type with
order 𝜗, and it is defined by

𝐼
𝜗
𝑔 (𝑡) =

1

Γ (𝜗)
∫

𝑡

0

(𝑡 − 𝑠)
𝜗−1

𝑔 (𝑠) 𝑑𝑠, 𝜗 > 0, (3)
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where Γ(⋅) represents Euler’s Gamma function. Furthermore,
the fractional-order counterpart of (5) is given by the follow-
ing system:

𝑑
𝛼
𝑃

𝑑𝜏𝛼
= 𝑎𝑃 (1 − 𝑏𝑃) + 𝑐𝑑𝐹𝐴 − 𝑎

1
𝑃𝐿,

𝑑
𝛼
𝐹

𝑑𝜏𝛼
= 𝑏
1
𝑃 − 𝑐
1
𝐹 − 𝑑𝐹𝐴,

𝑑
𝛼
𝐿

𝑑𝜏𝛼
= 𝑑
1
𝐹𝐴 + 𝑎

2
𝐴 − 𝑏
2
𝑎
1
𝑃𝐿 − 𝑐

2
𝐿,

𝑑
𝛼
𝐴

𝑑𝜏𝛼
= 𝑏
2
𝑎
1
𝑃𝐿 − 𝑑

2
𝐴,

(4)

where 0 < 𝛼 ≤ 1, 𝑑
𝛼
/𝑑𝜏
𝛼 is in the sense of the Caputo

fractional derivative defined in (2), 𝑎 is plant intrinsic growth
rate, 𝑏 is plant intraspecific self-regulation coefficient (also
the inverse is its carrying capacity), 𝑑 denotes pollination
rate, 𝑎

1
is called herbivory rate, 𝑏

1
is flower production

rate, 𝑐
1
is flower decay rate, 𝑐

2
and 𝑑

2
are larva and adult

mortality rates, 𝑐 is plant pollination efficiency ratio, 𝑑
1

denotes adult consumption efficiency ratio, and 𝑏
2
is called

the maturation rate for brevity. Moreover, parameter 𝑎
2

represents a reproduction rate resulting from the pollination
of other plants species. We now consider the fact that flowers
last for a very short time as compared to the life cycles of
plants and insects. This means that the variables 𝑃, 𝐿, and 𝐴
have slower dynamics, and, on the other hand, the variable
𝐹 has fast dynamics [3]. In case of steady states of plants
and insects, one can find a steady state of flowers by putting
right hand side of second equation of system (4) that is equal
to zero, that is, 𝑏

1
𝑃 − 𝑐
1
𝐹 − 𝑑𝐹𝐴 = 0; then it follows that

𝐹 = 𝑏
1
𝑃/(𝑐
1
+ 𝑑𝐴) [1]. Putting 𝐹 = 𝑏

1
𝑃/(𝑐
1
+ 𝑑𝐴) in system

(4), we obtain the following 3-dimensional fractional-order
system:

𝑑
𝛼
𝑃

𝑑𝜏𝛼
= 𝑎𝑃 (1 − 𝑏𝑃) +

𝑑𝑏
1
𝑐𝐴𝑃

𝑐
1
+ 𝑑𝐴

− 𝑎
1
𝑃𝐿,

𝑑
𝛼
𝐿

𝑑𝜏𝛼
=
𝑑
1
𝑏
1
𝐴𝑃

𝑐
1
+ 𝑑𝐴

+ 𝑎
2
𝐴 − 𝑏
2
𝑎
1
𝑃𝐿 − 𝑐

2
𝐿,

𝑑
𝛼
𝐴

𝑑𝜏𝛼
= 𝑏
2
𝑎
1
𝑃𝐿 − 𝑑

2
𝐴.

(5)

For lenient mathematical analysis, one can reduce the num-
ber of parameters in system (5) by using the following
transformations:

𝑥 = 𝑏𝑃,

𝑦 = 𝑏𝐿,

𝑧 = 𝑏𝐴,

𝑡 = 𝑎𝜏.

(6)

We have the following dimensionless system:

𝑑
𝛼
𝑥

𝑑𝑡𝛼
= 𝑥 (1 − 𝑥) +

𝜆𝑐𝑥𝑧

𝜂 + 𝑧
− 𝛽𝑥𝑦,

𝑑
𝛼
𝑦

𝑑𝑡𝛼
=
𝜆𝑑
1
𝑥𝑧

𝜂 + 𝑧
+ 𝜙𝑧 − 𝑏

2
𝛽𝑥𝑦 − 𝜇𝑦,

𝑑
𝛼
𝑧

𝑑𝑡𝛼
= 𝛽𝑥𝑦 − ]𝑧,

(7)

where 𝜆 = 𝑏
1
/𝑎, 𝜂 = 𝑐

1
𝑏/𝑑, 𝛽 = 𝑎

1
/𝑎𝑏, 𝜇 = 𝑐

2
/𝑎, ] = 𝑑

2
/𝑎,

and 𝜙 = 𝑎
2
/𝑎. Since population densities cannot be negative,

the state space of system (7) is given by

{(𝑥, 𝑦, 𝑧) ∈ R
3
: 𝑥 ≥ 0, 𝑦 ≥ 0, 𝑧 ≥ 0} . (8)

Due to efficient computational results, discrete dynamical
systems are much better than related systems in differential
equations. Particularly, in case of nonoverlapping genera-
tions, difference equations are more suitable to study the
behavior of population models [4–8]. For more details on
some interesting population models both in differential
equations and in difference equations, we refer the inter-
ested reader to [9–12]. It is very interesting to investigate
the parametric conditions for existence of Neimark-Sacker
bifurcation and to discuss chaos control techniques due to
emergence of Neimark-Sacker bifurcation for discrete-time
population models. For some interesting results related to
Neimark-Sacker bifurcation and chaos control of discrete-
time population models, we refer the reader to [13–17].

Now we consider the counterpart of (7) with piecewise
constant arguments as follows:

𝑑
𝛼
𝑥

𝑑𝑡𝛼
= 𝑥 ([𝑡/𝑘] 𝑘) (1 − 𝑥 ([𝑡/𝑘] 𝑘))

+
𝜆𝑐𝑥 ([𝑡/𝑘] 𝑘) 𝑧 ([𝑡/𝑘] 𝑘)

𝜂 + 𝑧 ([𝑡/𝑘] 𝑘)

− 𝛽𝑥 ([𝑡/𝑘] 𝑘) 𝑦 ([𝑡/𝑘] 𝑘) ,

𝑑
𝛼
𝑦

𝑑𝑡𝛼
=
𝜆𝑑
1
𝑥 ([𝑡/𝑘] 𝑘) 𝑧 ([𝑡/𝑘] 𝑘)

𝜂 + 𝑧 ([𝑡/𝑘] 𝑘)
+ 𝜙𝑧 ([𝑡/𝑘] 𝑘)

− 𝑏
2
𝛽𝑥 ([𝑡/𝑘] 𝑘) 𝑦 ([𝑡/𝑘] 𝑘) − 𝜇𝑦 ([𝑡/𝑘] 𝑘) ,

𝑑
𝛼
𝑧

𝑑𝑡𝛼
= 𝛽𝑥 ([𝑡/𝑘] 𝑘) 𝑦 ([𝑡/𝑘] 𝑘) − ]𝑧 ([𝑡/𝑘] 𝑘) ,

(9)

with initial conditions 𝑥(0) = 𝑥
0
, 𝑦(0) = 𝑦

0
, 𝑧(0) = 𝑧

0
. Fur-

thermore, assume that 𝑡 ∈ [0, 𝑘); then it follows that 𝑡/𝑘 ∈

[0, 1). So for 𝑡 ∈ [0, 𝑘), system (9) gives

𝑑
𝛼
𝑥

𝑑𝑡𝛼
= 𝑥
0
(1 − 𝑥

0
) +

𝜆𝑐𝑥
0
𝑧
0

𝜂 + 𝑧
0

− 𝛽𝑥
0
𝑦
0
,

𝑑
𝛼
𝑦

𝑑𝑡𝛼
=
𝜆𝑑
1
𝑥
0
𝑧
0

𝜂 + 𝑧
0

+ 𝜙𝑧
0
− 𝑏
2
𝛽𝑥
0
𝑦
0
− 𝜇𝑦
0
,

𝑑
𝛼
𝑧

𝑑𝑡𝛼
= 𝛽𝑥
0
𝑦
0
− ]𝑧
0
.

(10)
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The solution of (9) is given by

𝑥
1
(𝑡) = 𝑥

0
+ 𝐼
𝛼
[𝑥
0
(1 − 𝑥

0
) +

𝜆𝑐𝑥
0
𝑧
0

𝜂 + 𝑧
0

− 𝛽𝑥
0
𝑦
0
] ,

𝑦
1
(𝑡) = 𝑦

0
+ 𝐼
𝛼
[
𝜆𝑑
1
𝑥
0
𝑧
0

𝜂 + 𝑧
0

+ 𝜙𝑧
0
− 𝑏
2
𝛽𝑥
0
𝑦
0
− 𝜇𝑦
0
] ,

𝑧
1
(𝑡) = 𝑧

0
+ 𝐼
𝛼
[𝛽𝑥
0
𝑦
0
− ]𝑧
0
] ,

(11)

where 𝐼𝛼 is the Riemann-Liouville integral operator of order
𝛼 which is defined in (3). From (3) and (11), it follows that

𝑥
1
(𝑡)

= 𝑥
0

+
𝑡
𝛼

Γ (𝛼 + 1)
[𝑥
0
(1 − 𝑥

0
) +

𝜆𝑐𝑥
0
𝑧
0

𝜂 + 𝑧
0

− 𝛽𝑥
0
𝑦
0
] ,

𝑦
1
(𝑡)

= 𝑦
0

+
𝑡
𝛼

Γ (𝛼 + 1)
[
𝜆𝑑
1
𝑥
0
𝑧
0

𝜂 + 𝑧
0

+ 𝜙𝑧
0
− 𝑏
2
𝛽𝑥
0
𝑦
0
− 𝜇𝑦
0
] ,

𝑧
1
(𝑡) = 𝑧

0
+

𝑡
𝛼

Γ (𝛼 + 1)
[𝛽𝑥
0
𝑦
0
− ]𝑧
0
] .

(12)

Similarly, for 𝑡 ∈ [𝑘, 2𝑘), so that 𝑡/𝑘 ∈ [1, 2), we obtain

𝑑
𝛼
𝑥

𝑑𝑡𝛼
= 𝑥
1
(1 − 𝑥

1
) +

𝜆𝑐𝑥
1
𝑧
1

𝜂 + 𝑧
1

− 𝛽𝑥
1
𝑦
1
,

𝑑
𝛼
𝑦

𝑑𝑡𝛼
=
𝜆𝑑
1
𝑥
1
𝑧
1

𝜂 + 𝑧
1

+ 𝜙𝑧
1
− 𝑏
2
𝛽𝑥
1
𝑦
1
− 𝜇𝑦
1
,

𝑑
𝛼
𝑧

𝑑𝑡𝛼
= 𝛽𝑥
1
𝑦
1
− ]𝑧
1
.

(13)

The solution of (13) is given by

𝑥
2
(𝑡) = 𝑥

1
(𝑘) +

(𝑡 − 𝑘)
𝛼

Γ (𝛼 + 1)
[𝑥
1
(𝑘) (1 − 𝑥

1
(𝑘))

+
𝜆𝑐𝑥
1
(𝑘) 𝑧
1
(𝑘)

𝜂 + 𝑧
1
(𝑘)

− 𝛽𝑥
1
(𝑘) 𝑦
1
(𝑘)] ,

𝑦
2
(𝑡) = 𝑦

1
(𝑘) +

(𝑡 − 𝑘)
𝛼

Γ (𝛼 + 1)
[
𝜆𝑑
1
𝑥
1
(𝑘) 𝑧
1
(𝑘)

𝜂 + 𝑧
1
(𝑘)

+ 𝜙𝑧
1
(𝑘) − 𝑏

2
𝛽𝑥
1
(𝑘) 𝑦
1
(𝑘) − 𝜇𝑦

1
(𝑘)] ,

𝑧
2
(𝑡) = 𝑧

1
(𝑘) +

(𝑡 − 𝑘)
𝛼

Γ (𝛼 + 1)
[𝛽𝑥
1
(𝑘) 𝑦
1
(𝑘) − ]𝑧

1
(𝑘)] .

(14)

Repeating the above process 𝑛-times, the solution of (9) for
𝑡 ∈ [𝑛𝑘, (𝑛 + 1)𝑘) is given by

𝑥
𝑛+1

(𝑡) = 𝑥
𝑛
(𝑛𝑘) +

(𝑡 − 𝑛𝑘)
𝛼

Γ (𝛼 + 1)
[𝑥
𝑛
(𝑛𝑘) (1 − 𝑥

𝑛
(𝑛𝑘))

+
𝜆𝑐𝑥
𝑛
(𝑛𝑘) 𝑧

𝑛
(𝑛𝑘)

𝜂 + 𝑧
𝑛
(𝑛𝑘)

− 𝛽𝑥
𝑛
(𝑛𝑘) 𝑦

𝑛
(𝑛𝑘)] ,

𝑦
𝑛+1

(𝑡) = 𝑦
𝑛
(𝑛𝑘) +

(𝑡 − 𝑛𝑘)
𝛼

Γ (𝛼 + 1)
[
𝜆𝑑
1
𝑥
𝑛
(𝑛𝑘) 𝑧

𝑛
(𝑛𝑘)

𝜂 + 𝑧
𝑛
(𝑛𝑘)

+ 𝜙𝑧
𝑛
(𝑛𝑘) − 𝑏

2
𝛽𝑥
𝑛
(𝑛𝑘) 𝑦

𝑛
(𝑛𝑘) − 𝜇𝑦

𝑛
(𝑛𝑘)] ,

𝑧
𝑛+1

(𝑡) = 𝑧
𝑛
(𝑛𝑘) +

(𝑡 − 𝑛𝑘)
𝛼

Γ (𝛼 + 1)
[𝛽𝑥
𝑛
(𝑛𝑘) 𝑦

𝑛
(𝑛𝑘)

− ]𝑧
𝑛
(𝑛𝑘)] .

(15)

Next taking 𝑡 → (𝑛 + 1)𝑘 and adopting the notation of
difference equations, system (15) yields

𝑥
𝑛+1

= 𝑥
𝑛

+
𝑘
𝛼

Γ (𝛼 + 1)
[𝑥
𝑛
(1 − 𝑥

𝑛
) +

𝜆𝑐𝑥
𝑛
𝑧
𝑛

𝜂 + 𝑧
𝑛

− 𝛽𝑥
𝑛
𝑦
𝑛
] ,

𝑦
𝑛+1

= 𝑦
𝑛

+
𝑘
𝛼

Γ (𝛼 + 1)
[
𝜆𝑑
1
𝑥
𝑛
𝑧
𝑛

𝜂 + 𝑧
𝑛

+ 𝜙𝑧
𝑛
− 𝑏
2
𝛽𝑥
𝑛
𝑦
𝑛
− 𝜇𝑦
𝑛
] ,

𝑧
𝑛+1

= 𝑧
𝑛
+

𝑘
𝛼

Γ (𝛼 + 1)
[𝛽𝑥
𝑛
𝑦
𝑛
− ]𝑧
𝑛
] .

(16)

Our aim in this paper is to study the local asymptotic stability
of equilibrium points of system (16). Moreover, Neimark-
Sacker bifurcation for positive equilibrium of system (16)
is also investigated. In order to control the chaos due to
emergence of Neimark-Sacker bifurcation, pole-placement
and hybrid control strategies are implemented on system
(16). Similar methods of discretization for fractional-order
systems are also used in [18–22].

2. Linearized Stability of System (16)

First, we consider possible steady-state (equilibrium point)
(𝑥
∗
, 𝑦
∗
, 𝑧
∗
) of system (16), which can be obtained by solving

the following system:
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𝑥
∗
(1 − 𝑥

∗
) +

𝜆𝑐𝑥
∗
𝑧
∗

𝜂 + 𝑧∗
− 𝛽𝑥
∗
𝑦
∗
= 0,

𝜆𝑑
1
𝑥
∗
𝑧
∗

𝜂 + 𝑧∗
+ 𝜙𝑧
∗
− 𝑏
2
𝛽𝑥
∗
𝑦
∗
− 𝜇𝑦
∗
= 0,

𝛽𝑥
∗
𝑦
∗
− ]𝑧∗ = 0.

(17)

Then it is easy to see that (𝑥∗, 𝑦∗, 𝑧∗) = (0, 0, 0) and (𝑥∗, 𝑦∗,
𝑧
∗
) = (1, 0, 0) are two solutions of system (17). It follows that

𝑃
0
= (0, 0, 0) and 𝑃

1
= (1, 0, 0) are two equilibria of system

(16). Neglecting the trivial equilibrium, we are left with

1 − 𝑥
∗
+

𝜆𝑐𝑧
∗

𝜂 + 𝑧∗
− 𝛽𝑦
∗
= 0,

𝜆𝑑
1
𝑥
∗
𝑧
∗

𝜂 + 𝑧∗
+ 𝜙𝑧
∗
− 𝑏
2
𝛽𝑥
∗
𝑦
∗
− 𝜇𝑦
∗
= 0,

𝛽𝑥
∗
𝑦
∗
− ]𝑧∗ = 0.

(18)

It must be noted that the equilibrium point of system (16),
that is, the solution of system (18), may not be unique, but
we do not care howmany. For biological reasons, we are only
interested in positive solutions of (18). From system (18), we
obtain

𝑦
∗
=
𝜆𝑑
1
𝛽] (𝑥∗)2 + 𝜙𝛽𝜂]𝑥∗ − 𝜂]2 (𝑏

2
𝛽𝑥
∗
+ 𝜇)

𝛽]𝑥∗ (𝑏
2
𝛽𝑥∗ + 𝜇) − 𝜙𝛽2 (𝑥

∗
)
2

,

𝑧
∗
=
𝜆𝑑
1
𝛽 (𝑥
∗
)
2

+ 𝜙𝛽𝜂𝑥
∗
− 𝜂] (𝑏

2
𝛽𝑥
∗
+ 𝜇)

] (𝑏
2
𝛽𝑥∗ + 𝜇) − 𝜙𝛽𝑥∗

,

(19)

where 𝑥∗ is one of the roots of the following quartic poly-
nomial:

𝑃 (𝑡) = 𝐴𝑡
4
+ 𝐵𝑡
3
+ 𝐶𝑡
2
+ 𝐷𝑡 + 𝐸, (20)

such that

𝐴 = 𝛽
2
𝑑
1
(𝑏
2
] − 𝜙) ,

𝐵 = 𝛽𝑑
1
(𝛽𝑐𝜆𝜙 + 𝛽𝑑

1
𝜆] + 𝛽𝜙 + 𝜇] − 𝑏

2
𝛽𝑐𝜆] − 𝑏

2
𝛽]) ,

𝐶 = 𝛽 (𝛽𝑏
2

2
𝑐𝜂]2 + 𝛽𝑐𝜂𝜙2 + 𝛽𝑑

1
𝜂]𝜙 − 2𝑏

2
𝛽𝑐𝜂]𝜙

− 𝑏
2
𝛽𝑑
1
𝜂]2 − 𝑐𝑑

1
𝜆𝜇] − 𝑑

1
𝜇]) ,

𝐷 = 𝛽𝜇]𝜂 (2𝑏
2
𝑐] − 2𝑐𝜙 − 𝑑

1
]) ,

𝐸 = 𝑐𝜂𝜇
2]2.

(21)

We are looking for the unique positive equilibrium point of
system (18); for this, we have the following Descartes’s rule of
signs.

Lemma 1 (see [23]). Let 𝑓(𝑥) = 𝑎
𝑛
𝑥
𝑛
+ 𝑎
𝑛−1

𝑥
𝑛−1

+ ⋅ ⋅ ⋅ +

𝑎
1
𝑥 + 𝑎
0
be a polynomial function with real coefficients. Then

the number of positive real roots of 𝑓 is either the same as the
number of sign changes of 𝑓(𝑥) or less than the number of sign
changes of𝑓(𝑥) by a positive even integer.Moreover, if𝑓(𝑥) has
only one variation in sign, then 𝑓 has exactly one positive real
root.

Using Lemma 1, we have the following result for existence
of unique positive real root of polynomial 𝑃(𝑡) given in (20).

Lemma 2. Polynomial 𝑃(𝑡) in (20) has unique positive real
root if one of the following conditions hold:

(i) 𝐴 < 0, 𝐵 < 0, 𝐶 < 0, 𝐷 < 0, 𝐸 > 0.

(ii) 𝐴 < 0, 𝐵 > 0, 𝐶 > 0, 𝐷 > 0, 𝐸 > 0.

Due to above analysis, we have the following result about
the existence and uniqueness of positive equilibrium point of
system (16).

Lemma 3. Under the conditions of Lemma 2, system (16) has
unique positive equilibrium point if the following condition
holds:

𝜂]𝑏
2
− 𝜂𝜙

2𝜆𝑑
1

+
1

2

√
𝛽𝜂
2
𝜙
2
− 2𝛽𝜂

2]𝜙𝑏
2
+ 𝛽𝜂
2]2𝑏2
2
+ 4𝜂𝜆𝜇]𝑑

1

𝛽𝜆2𝑑
2

1

< 𝑥
∗
<

𝜇]
𝛽𝜙 − 𝛽]𝑏

2

,

(22)

where 𝑥∗ is unique positive real root of polynomial (20).

Next, the Jacobian matrix for system (16) evaluated at
(𝑥, 𝑦, 𝑧) is given by

𝐽 (𝑥, 𝑦, 𝑧) =

[
[
[
[
[
[
[
[
[

[

1 +
𝑘
𝛼
(1 − 2𝑥 − 𝑦𝛽 + 𝑐𝑧𝜆/ (𝑧 + 𝜂))

Γ (1 + 𝛼)
−

𝑘
𝛼
𝑥𝛽

Γ (1 + 𝛼)

𝑐𝑘
𝛼
𝑥𝜂𝜆

(𝑧 + 𝜂)
2

Γ (1 + 𝛼)

𝑘
𝛼
(−𝑦𝛽𝑏

2
+ 𝑧𝜆𝑑

1
/ (𝑧 + 𝜂))

Γ (1 + 𝛼)
1 +

𝑘
𝛼
(−𝜇 − 𝑥𝛽𝑏

2
)

Γ (1 + 𝛼)

𝑘
𝛼
((𝑧 + 𝜂)

2

𝜙 + 𝑥𝜂𝜆𝑑
1
)

(𝑧 + 𝜂)
2

Γ (1 + 𝛼)

𝑘
𝛼
𝑦𝛽

Γ (1 + 𝛼)

𝑘
𝛼
𝑥𝛽

Γ (1 + 𝛼)
1 −

𝑘
𝛼]

Γ (1 + 𝛼)

]
]
]
]
]
]
]
]
]

]

. (23)
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Theorem 4. For system (16), the following statements hold
true:

(i) The trivial equilibrium point 𝑃
0
is unstable.

(ii) The equilibrium point𝑃
1
is locally asymptotically stable

if and only if 𝑠𝛼/Γ(1 + 𝛼) < 2 and

𝑘
𝛼
(√𝜂 (𝜇 + ] + 𝛽𝑏

2
)

+ √𝜂 ((𝜇 − ])2 + 4𝛽𝜙 + 𝛽𝑏
2
(2𝜇 − 2] + 𝛽𝑏

2
)) + 4𝛽𝜆𝑑

1
)

< 4√𝜂Γ (1 + 𝛼) .

(24)

Proof. (i) The Jacobian matrix for system (16) evaluated at
trivial equilibrium 𝑃

0
= (0, 0, 0) is given by

𝐽 (0, 0, 0)

=

[
[
[
[
[
[
[

[

1 +
𝑘
𝛼

Γ (1 + 𝛼)
0 0

0 1 −
𝑘
𝛼
𝜇

Γ (1 + 𝛼)

𝑘
𝛼
𝜙

Γ (1 + 𝛼)

0 0 1 −
𝑘
𝛼]

Γ (1 + 𝛼)

]
]
]
]
]
]
]

]

.

(25)

Now it is easy to see that eigenvalues of Jacobian matrix
𝐽(0, 0, 0) are 𝜆

1
= 1 + 𝑘

𝛼
/Γ(1 + 𝛼), 𝜆

2
= 1 − 𝑘

𝛼
𝜇/Γ(1 + 𝛼),

and 𝜆
3
= 1 − 𝑘

𝛼]/Γ(1 + 𝛼). Since 0 < 𝛼 ≤ 1 and 𝑠 > 0 implies
that 𝑘𝛼/Γ(1 + 𝛼) > 0, then it follows that 𝜆

1
> 1. Hence 𝑃

0
is

unstable.
(ii)The Jacobianmatrix for system (16) evaluated at trivial

equilibrium 𝑃
1
= (1, 0, 0) is given by

𝐽 (1, 0, 0)

=

[
[
[
[
[
[
[
[
[
[

[

1 −
𝑘
𝛼

Γ (1 + 𝛼)
−

𝑠
𝛼
𝛽

Γ (1 + 𝛼)

𝑠
𝛼
𝑐𝜆

𝜂Γ (1 + 𝛼)

0 1 −
𝑠
𝛼
(𝜇 + 𝑏

2
𝛽)

Γ (1 + 𝛼)

𝑠
𝛼
(𝜂𝜙 + 𝜆𝑑

1
)

𝜂Γ (1 + 𝛼)

0
𝑠
𝛼
𝛽

Γ (1 + 𝛼)
1 −

𝑘
𝛼]

Γ (1 + 𝛼)

]
]
]
]
]
]
]
]
]
]

]

.

(26)

The eigenvalues of Jacobianmatrix 𝐽(1, 0, 0) are given by 𝜆
1
=

1 − 𝑘
𝛼
/Γ(1 + 𝛼) and

𝜆
2,3

= 1 −

𝑘
𝛼
(√𝜂 (𝜇 + ] + 𝛽𝑏

2
) ± √𝜂 ((𝜇 − ])2 + 4𝛽𝜙 + 𝛽𝑏

2
(2𝜇 − 2] + 𝛽𝑏

2
)) + 4𝛽𝜆𝑑

1
)

2√𝜂Γ (1 + 𝛼)
.

(27)

Now it is easy to see that |𝜆
1
| < 1 if and only if 𝑠𝛼/Γ(1+𝛼) < 2

and |𝜆
2,3
| < 1 if and only if

𝑘
𝛼
(√𝜂 (𝜇 + ] + 𝛽𝑏

2
)

+ √𝜂 ((𝜇 − ])2 + 4𝛽𝜙 + 𝛽𝑏
2
(2𝜇 − 2] + 𝛽𝑏

2
)) + 4𝛽𝜆𝑑

1
)

< 4√𝜂Γ (1 + 𝛼) .

(28)

Theorem 5. The unique positive equilibrium (𝑥
∗
, 𝑦
∗
, 𝑧
∗
) of

system (16) is locally asymptotically stable if the following
condition is satisfied:

𝐴1 + 𝐴3
 < 1 + 𝐴

2
,

𝐴1 − 3𝐴3
 < 3 − 𝐴

2
,

𝐴
2

3
+ 𝐴
2
− 𝐴
1
𝐴
3
< 1,

(29)

where

𝐴
1
= 𝑀(𝑥

∗
+ 𝜇 + ]) + 𝑀𝑥

∗
𝛽𝑏
2
− 3,

𝐴
2
= 3 − 2𝑀(𝑥

∗
+ 𝜇 + ]) + 𝑀2 [𝜇 (𝑦∗𝛽 + ])

− 𝑐𝐿𝑦
∗
𝛽 + 𝑥
∗
(𝜇 + ]) − (𝑥∗ + 𝑧∗) 𝛽𝜙]

+𝑀𝑥
∗
𝛽 [(−2 +𝑀(𝑥

∗
+ ])) 𝑏

2
− 𝐿𝑀𝑑

1
] ,

𝐴
3
= 𝑀[] + 𝑥∗ (𝑀𝜇 − 1) (𝑀] − 1) −𝑀2 (𝑥∗)2 𝛽𝜙

+𝑀𝑥
∗
𝛽 (1 +𝑀𝑦

∗
𝛽) 𝜙] + 𝑐𝐿𝑀

2
𝛽 (𝑦
∗
− 2𝑀𝑦

∗
𝜇

+𝑀𝑧
∗
𝜙) +𝑀 (𝑀] − 1) (𝑀𝑦

∗
𝛽𝜇 −𝑀𝑧

∗
𝛽𝜙 − 𝜇)

+𝑀𝑥
∗
𝛽 [(1 −𝑀(𝑥

∗
+ 𝑐𝐿𝑀𝑦

∗
𝛽)

+𝑀(𝑀𝑥
∗
− 1) ]) 𝑏

2
+ 𝐿𝑀(1 −𝑀𝑥

∗

+𝑀𝑦
∗
𝛽) 𝑑
1
] − 1,

𝐿 =
𝑥
∗
𝜂𝜆

(𝑧∗ + 𝜂)
2
,

𝑀 =
𝑠
𝛼

Γ (1 + 𝛼)
.

(30)

Proof. The Jacobian matrix for system (16) evaluated at
unique positive equilibrium (𝑥

∗
, 𝑦
∗
, 𝑧
∗
) is given by



6 Discrete Dynamics in Nature and Society

𝐽 (𝑥
∗
, 𝑦
∗
, 𝑧
∗
) =

[
[
[
[
[
[
[
[
[
[
[

[

1 −
𝑘
𝛼
𝑥
∗

Γ (1 + 𝛼)
−

𝑘
𝛼
𝑥
∗
𝛽

Γ (1 + 𝛼)

𝑐𝑘
𝛼
𝑥
∗
𝜂𝜆

(𝑧∗ + 𝜂)
2

Γ (1 + 𝛼)

𝑘
𝛼
(𝜇𝑦
∗
− 𝜙𝑧
∗
)

𝑥∗Γ (1 + 𝛼)
1 −

𝑘
𝛼
(𝜇 + 𝑥

∗
𝛽𝑏
2
)

Γ (1 + 𝛼)

𝑘
𝛼
((𝑧
∗
+ 𝜂)
2

𝜙 + 𝑥
∗
𝜂𝜆𝑑
1
)

(𝑧∗ + 𝜂)
2

Γ (1 + 𝛼)

𝑘
𝛼
𝑦
∗
𝛽

Γ (1 + 𝛼)

𝑘
𝛼
𝑥
∗
𝛽

Γ (1 + 𝛼)
1 −

𝑘
𝛼]

Γ (1 + 𝛼)

]
]
]
]
]
]
]
]
]
]
]

]

. (31)

The characteristic polynomial of Jacobian matrix 𝐽(𝑥
∗
, 𝑦
∗
,

𝑧
∗
) evaluated at positive equilibrium is given by

𝑃 (𝑇) = 𝑇
3
+ 𝐴
1
𝑇
2
+ 𝐴
2
𝑇 + 𝐴

3
, (32)

where
𝐴
1
= 𝑀(𝑥

∗
+ 𝜇 + ]) + 𝑀𝑥

∗
𝛽𝑏
2
− 3,

𝐴
2
= 3 − 2𝑀(𝑥

∗
+ 𝜇 + ]) + 𝑀2 [𝜇 (𝑦∗𝛽 + ])

− 𝑐𝐿𝑦
∗
𝛽 + 𝑥
∗
(𝜇 + ]) − (𝑥∗ + 𝑧∗) 𝛽𝜙]

+𝑀𝑥
∗
𝛽 [(−2 +𝑀(𝑥

∗
+ ])) 𝑏

2
− 𝐿𝑀𝑑

1
] ,

𝐴
3
= 𝑀[] + 𝑥∗ (𝑀𝜇 − 1) (𝑀] − 1) −𝑀2 (𝑥∗)2 𝛽𝜙

+𝑀𝑥
∗
𝛽 (1 +𝑀𝑦

∗
𝛽) 𝜙] + 𝑐𝐿𝑀

2
𝛽 (𝑦
∗
− 2𝑀𝑦

∗
𝜇

+𝑀𝑧
∗
𝜙) +𝑀 (𝑀] − 1) (𝑀𝑦

∗
𝛽𝜇 −𝑀𝑧

∗
𝛽𝜙 − 𝜇)

+𝑀𝑥
∗
𝛽 [(1 −𝑀(𝑥

∗
+ 𝑐𝐿𝑀𝑦

∗
𝛽)

+𝑀(𝑀𝑥
∗
− 1) ]) 𝑏

2
+ 𝐿𝑀(1 −𝑀𝑥

∗

+𝑀𝑦
∗
𝛽) 𝑑
1
] − 1,

𝐿 =
𝑥
∗
𝜂𝜆

(𝑧∗ + 𝜂)
2
,

𝑀 =
𝑠
𝛼

Γ (1 + 𝛼)
.

(33)

Now applying the Jury condition [11], the unique positive
equilibrium point (𝑥∗, 𝑦∗, 𝑧∗) is locally asymptotically stable
if the following conditions are satisfied:

𝐴1 + 𝐴3
 < 1 + 𝐴

2
,

𝐴1 + 3𝐴3
 < 3 − 𝐴

2
,

𝐴
2

3
+ 𝐴
2
− 𝐴
1
𝐴
3
< 1.

(34)

In order to study the Neimark-Sacker bifurcation in
system (16), we need the following explicit criterion of Hopf
bifurcation.

Lemma 6 (see [24]). Consider an 𝑛-dimensional discrete
dynamical system 𝑋

𝑘+1
= 𝑓
𝜇
(𝑋
𝑘
), where 𝜇 ∈ R is bifurcation

parameter. Let 𝑋∗ be a fixed point of 𝑓
𝜇
and the characteristic

polynomial for Jacobian matrix 𝐽(𝑋∗) = (𝑎
𝑖𝑗
)
𝑛×𝑛

of 𝑛-dimen-
sional map 𝑓

𝜇
is given by

𝑃
𝜇
(𝜆) = 𝜆

𝑛
+ 𝑎
1
𝜆
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑎
𝑛−1

𝜆 + 𝑎
𝑛
, (35)

where 𝑎
𝑖
= 𝑎
𝑖
(𝜇, 𝑢), 𝑖 = 1, 2, . . . , 𝑛 and 𝑢 is control parameter

or another parameter to be determined. Let Δ±
0
(𝜇, 𝑢) = 1,

Δ
±

1
(𝜇, 𝑢), . . . , Δ

±

𝑛
(𝜇, 𝑢) be a sequence of determinants defined

by Δ±
𝑖
(𝜇, 𝑢) = det(𝑀

1
±𝑀
2
), 𝑖 = 1, 2, . . . , 𝑛, where

𝑀
1
=

[
[
[
[
[
[
[
[
[
[

[

1 𝑎
1

𝑎
2
⋅ ⋅ ⋅ 𝑎
𝑖−1

0 1 𝑎
1
⋅ ⋅ ⋅ 𝑎
𝑖−2

0 0 1 ⋅ ⋅ ⋅ 𝑎
𝑖−3

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

0 0 0 ⋅ ⋅ ⋅ 1

]
]
]
]
]
]
]
]
]
]

]

,

𝑀
2
=

[
[
[
[
[
[
[
[
[
[

[

𝑎
𝑛−𝑖+1

𝑎
𝑛−𝑖+2

⋅ ⋅ ⋅ 𝑎
𝑛−1

𝑎
𝑛

𝑎
𝑛−𝑖+2

𝑎
𝑛−𝑖+3

⋅ ⋅ ⋅ 𝑎
𝑛

0

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

𝑎
𝑛−1

𝑎
𝑛

⋅ ⋅ ⋅ 0 0

𝑎
𝑛

0 ⋅ ⋅ ⋅ 0 0

]
]
]
]
]
]
]
]
]
]

]

.

(36)

Moreover, the following conditions hold:,

(H1) Eigenvalue assignment: Δ−
𝑛−1

(𝜇
0
, 𝑢) = 0, Δ+

𝑛−1
(𝜇
0
, 𝑢) >

0, 𝑃
𝜇0
(1) > 0, (−1)𝑛𝑃

𝜇0
(−1) > 0, Δ±

𝑖
(𝜇
0
, 𝑢) > 0, 𝑖 = 𝑛 −

3, 𝑛−5, . . . , 1(𝑜𝑟 2), when 𝑛 is even or odd, respectively.
(H2) Transversality condition: ((𝑑/𝑑𝜇)(Δ−

𝑛−1
(𝜇, 𝑢)))

𝜇=𝜇0
̸=

0.
(H3) Nonresonance condition: cos(2𝜋/𝑚) ̸= 𝜓, or resonance

condition cos(2𝜋/𝑚) = 𝜓, where 𝑚 = 3, 4, 5, . . .,
and 𝜓 = −1 + 0.5𝑃

𝜇0
(1)Δ
−

𝑛−3
(𝜇
0
, 𝑢)/Δ

+

𝑛−2
(𝜇
0
, 𝑢). Then

Neimark-Sacker bifurcation occurs at 𝜇
0
.

The following result shows that system (16) undergoes
Neimark-Sacker bifurcation if we take 𝜇 as bifurcation
parameter.
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Theorem 7. The unique positive equilibrium point of system
(16) undergoes Neimark-Sacker bifurcation if the following
conditions hold:

1 − 𝐴
2
+ 𝐴
3
(𝐴
1
− 𝐴
3
) = 0,

1 + 𝐴
2
− 𝐴
3
(𝐴
1
+ 𝐴
3
) > 0,

1 + 𝐴
1
+ 𝐴
2
+ 𝐴
3
> 0,

1 − 𝐴
1
+ 𝐴
2
− 𝐴
3
> 0,

(37)

where 𝐴
1
, 𝐴
2
, and 𝐴

3
are given in (32).

Proof. According to Lemma 6, for 𝑛 = 3, we have in (32)
the characteristic polynomial of system (16) evaluated at its
unique positive equilibrium, then we obtain the following
equalities and inequalities:

Δ
−

2
(𝜇) = 1 − 𝐴

2
+ 𝐴
3
(𝐴
1
− 𝐴
3
) = 0,

Δ
+

2
(𝜇) = 1 + 𝐴

2
− 𝐴
3
(𝐴
1
+ 𝐴
3
) > 0,

𝑃
𝜇
(1) = 1 + 𝐴

1
+ 𝐴
2
+ 𝐴
3
> 0,

(−1)
3
𝑃
𝜇
(−1) = 1 − 𝐴

1
+ 𝐴
2
− 𝐴
3
> 0.

(38)

3. Chaos Control

Controlling chaos in discrete-time models is a topic of great
interest for many researchers in recent times, and practical
methods can be used in many fields such as biochemistry,
cardiology, communications, physics laboratories, and tur-
bulence [25]. Chaos control in discrete-time models can
be obtained by using various methods. In this section, we
concentrate on two procedures only, that is, pole-placement
technique which is based on feedback control methodology
and the other one is hybrid control based on feedback control
strategy and parameter perturbation.

First, we study chaos controlling technique based on pole-
placement methodology introduced by Romeiras et al. [26]
(also see [27]), which may be treated as generalized OGY

method studied for the first time by Ott et al. [28]. In order
to apply pole-placement technique to system (16), we rewrite
system (16) as follows:

𝑥
𝑛+1

= 𝑥
𝑛

+
𝑘
𝛼

Γ (𝛼 + 1)
[𝑥
𝑛
(1 − 𝑥

𝑛
) +

𝜆𝑐𝑥
𝑛
𝑧
𝑛

𝜂 + 𝑧
𝑛

− 𝛽𝑥
𝑛
𝑦
𝑛
]

= 𝑓 (𝑥
𝑛
, 𝑦
𝑛
, 𝑧
𝑛
, 𝛽) ,

𝑦
𝑛+1

= 𝑦
𝑛

+
𝑘
𝛼

Γ (𝛼 + 1)
[
𝜆𝑑
1
𝑥
𝑛
𝑧
𝑛

𝜂 + 𝑧
𝑛

+ 𝜙𝑧
𝑛
− 𝑏
2
𝛽𝑥
𝑛
𝑦
𝑛
− 𝜇𝑦
𝑛
]

= 𝑔 (𝑥
𝑛
, 𝑦
𝑛
, 𝑧
𝑛
, 𝛽) ,

𝑧
𝑛+1

= 𝑧
𝑛
+

𝑘
𝛼

Γ (𝛼 + 1)
[𝛽𝑥
𝑛
𝑦
𝑛
− ]𝑧
𝑛
]

= ℎ (𝑥
𝑛
, 𝑦
𝑛
, 𝑧
𝑛
, 𝛽) ,

(39)

where 𝛽 is taken as control parameter. Moreover, 𝛽 is
restricted to lie in some small interval |𝛽 − 𝛽

0
| < 𝛿 with

𝛿 > 0 and 𝛽
0
denotes the nominal value belonging to chaotic

region. We apply the stabilizing feedback control strategy
in order to move the trajectory towards the desired orbit.
Assume that (𝑥∗, 𝑦∗, 𝑧∗) is unstable equilibrium point of
system (16) in chaotic region produced by Neimark-Sacker
bifurcation; then system (39) can be approximated in the
neighborhood of the unstable equilibrium point (𝑥∗, 𝑦∗, 𝑧∗)
by the following linear map:

[
[

[

𝑥
𝑛+1

− 𝑥
∗

𝑦
𝑛+1

− 𝑦
∗

𝑧
𝑛+1

− 𝑧
∗

]
]

]

≈ 𝐴
[
[

[

𝑥
𝑛
− 𝑥
∗

𝑦
𝑛
− 𝑦
∗

𝑧
𝑛
− 𝑧
∗

]
]

]

+ 𝐵 [𝛽 − 𝛽
0
] , (40)

where

𝐴 =

[
[
[
[
[
[
[
[

[

𝜕𝑓 (𝑥
∗
, 𝑦
∗
, 𝑧
∗
, 𝛽
0
)

𝜕𝑥

𝜕𝑓 (𝑥
∗
, 𝑦
∗
, 𝑧
∗
, 𝛽
0
)

𝜕𝑦

𝜕𝑓 (𝑥
∗
, 𝑦
∗
, 𝑧
∗
, 𝛽
0
)

𝜕𝑧

𝜕𝑔 (𝑥
∗
, 𝑦
∗
, 𝑧
∗
, 𝛽
0
)

𝜕𝑥

𝜕𝑔 (𝑥
∗
, 𝑦
∗
, 𝑧
∗
, 𝛽
0
)

𝜕𝑦

𝜕𝑔 (𝑥
∗
, 𝑦
∗
, 𝑧
∗
, 𝛽
0
)

𝜕𝑦

𝜕ℎ (𝑥
∗
, 𝑦
∗
, 𝑧
∗
, 𝛽
0
)

𝜕𝑥

𝜕ℎ (𝑥
∗
, 𝑦
∗
, 𝑧
∗
, 𝛽
0
)

𝜕𝑦

𝜕ℎ (𝑥
∗
, 𝑦
∗
, 𝑧
∗
, 𝛽
0
)

𝜕𝑦

]
]
]
]
]
]
]
]

]

,

𝐵 =

[
[
[
[
[
[
[
[
[

[

𝜕𝑓 (𝑥
∗
, 𝑦
∗
, 𝑧
∗
, 𝛽
0
)

𝜕𝛽

𝜕𝑔 (𝑥
∗
, 𝑦
∗
, 𝑧
∗
, 𝛽
0
)

𝜕𝛽

𝜕ℎ (𝑥
∗
, 𝑦
∗
, 𝑧
∗
, 𝛽
0
)

𝜕𝛽

]
]
]
]
]
]
]
]
]

]

=

[
[
[
[
[
[
[
[

[

−
𝑘
𝛼
𝑥
∗
𝑦
∗

Γ (𝛼 + 1)

−
𝑘
𝛼
𝑏
2
𝑥
∗
𝑦
∗

Γ (𝛼 + 1)

𝑘
𝛼
𝑥
∗
𝑦
∗

Γ (𝛼 + 1)

]
]
]
]
]
]
]
]

]

.

(41)
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It is easy to see that system (39) is controllable provided that
the following matrix

𝐶 = [𝐵 : 𝐴𝐵 : 𝐴
2
𝐵] (42)

has rank 3. Next, we assume that [𝛽 − 𝛽
0
] = −𝐾[

𝑥𝑛−𝑥
∗

𝑦𝑛−𝑦
∗

𝑧𝑛−𝑧
∗

],

where𝐾 = [𝑘1 𝑘
2
𝑘
3]; then system (40) can be written as

[
[

[

𝑥
𝑛+1

− 𝑥
∗

𝑦
𝑛+1

− 𝑦
∗

𝑧
𝑛+1

− 𝑧
∗

]
]

]

≈ [𝐴 − 𝐵𝐾]
[
[

[

𝑥
𝑛
− 𝑥
∗

𝑦
𝑛
− 𝑦
∗

𝑧
𝑛
− 𝑧
∗

]
]

]

. (43)

Moreover, equilibrium point (𝑥∗, 𝑦∗, 𝑧∗) is locally asymp-
totically stable if and only if all three eigenvalues of the
matrix 𝐴 − 𝐵𝐾, say, 𝜇

1
, 𝜇
2
, and 𝜇

3
, lie in an open unit

disk. These eigenvalues are known as regulator poles, and
problem of placing these regulator poles at suitable position is
known as pole-placement problem. Assume that rank of the
matrix𝐶 is 3; therefore pole-placement problem has a unique
solution. Next, we assume that 𝜆3 + 𝛼

1
𝜆
2
+ 𝛼
2
𝜆 + 𝛼
3
= 0 is

characteristic equation of 𝐴 and 𝜇3 + 𝜏
1
𝜇
2
+ 𝜏
2
𝜇 + 𝜏
3
= 0 is

characteristic equation of𝐴−𝐵𝐾; then unique solution of the
pole-placement problem is given by

𝐾 = [𝜏3 − 𝛼3 𝜏
2
− 𝛼
2
𝜏
1
− 𝛼
1] 𝑇
−1
, (44)

where 𝑇 = 𝐶𝑀 and

𝑀 =
[
[

[

𝛼
2
𝛼
1
1

𝛼
1

1 0

1 0 0

]
]

]

. (45)

Next in order to control Neimark-Sacker bifurcation in
system (16), we apply hybrid control feedback methodology
[29, 30]. Assuming that system (16) undergoes Neimark-
Sacker bifurcation at equilibrium point (𝑥∗, 𝑦∗, 𝑧∗), then
corresponding controlled system can be written as

𝑥
𝑛+1

= 𝜌𝑥
𝑛

+
𝜌𝑘
𝛼

Γ (𝛼 + 1)
[𝑥
𝑛
(1 − 𝑥

𝑛
) +

𝜆𝑐𝑥
𝑛
𝑧
𝑛

𝜂 + 𝑧
𝑛

− 𝛽𝑥
𝑛
𝑦
𝑛
]

+ (1 − 𝜌) 𝑥
𝑛
,

𝑦
𝑛+1

= 𝜌𝑦
𝑛

+
𝜌𝑘
𝛼

Γ (𝛼 + 1)
[
𝜆𝑑
1
𝑥
𝑛
𝑧
𝑛

𝜂 + 𝑧
𝑛

+ 𝜙𝑧
𝑛
− 𝑏
2
𝛽𝑥
𝑛
𝑦
𝑛
− 𝜇𝑦
𝑛
]

+ (1 − 𝜌) 𝑦
𝑛
,

𝑧
𝑛+1

= 𝜌𝑧
𝑛
+

𝜌𝑘
𝛼

Γ (𝛼 + 1)
[𝛽𝑥
𝑛
𝑦
𝑛
− ]𝑧
𝑛
] + (1 − 𝜌) 𝑧

𝑛
,

(46)

where 0 < 𝜌 < 1 and controlled strategy in (45) is a
combination of both parameter perturbation and feedback
control. Moreover, by suitable choice of controlled param-
eter 𝛼, the Neimark-Sacker bifurcation of the equilibrium
point (𝑥∗, 𝑦∗, 𝑧∗) of controlled system (45) can be advanced
(delayed) or even completely eliminated.The Jacobianmatrix
of controlled system (45) evaluated at positive equilibrium
(𝑥
∗
, 𝑦
∗
, 𝑧
∗
) is given by

[
[
[
[
[
[
[
[
[

[

1 −
𝜌𝑘
𝛼
𝑥
∗

Γ (1 + 𝛼)
−
𝜌𝑘
𝛼
𝑥
∗
𝛽

Γ (1 + 𝛼)

𝜌𝑐𝑘
𝛼
𝑥
∗
𝜂𝜆

(𝑧∗ + 𝜂)
2

Γ (1 + 𝛼)

𝜌𝑘
𝛼
(𝜇𝑦
∗
− 𝜙𝑧
∗
)

𝑥∗Γ (1 + 𝛼)
1 −

𝜌𝑘
𝛼
(𝜇 + 𝑥

∗
𝛽𝑏
2
)

Γ (1 + 𝛼)

𝜌𝑘
𝛼
((𝑧
∗
+ 𝜂)
2

𝜙 + 𝑥
∗
𝜂𝜆𝑑
1
)

(𝑧∗ + 𝜂)
2

Γ (1 + 𝛼)

𝜌𝑘
𝛼
𝑦
∗
𝛽

Γ (1 + 𝛼)

𝜌𝑘
𝛼
𝑥
∗
𝛽

Γ (1 + 𝛼)
1 −

𝜌𝑘
𝛼]

Γ (1 + 𝛼)

]
]
]
]
]
]
]
]
]

]

. (47)

Then, positive equilibrium (𝑥
∗
, 𝑦
∗
, 𝑧
∗
) of the controlled

system (45) is locally asymptotically stable if roots of the
characteristic polynomial of (47) lie in an open unit disk.

4. Numerical Simulations

Example 8. First, we take 𝛼 = 0.38, 𝑘 = 0.005, 𝑐 = 0.8,
𝜆 = 2.7, 𝜂 = 1.1, 𝑑

1
= 0.7, 𝑏

2
= 1.4, 𝜙 = 2.7, 𝜇 = 4, ] = 1.5,

𝑥
0
= 0.48, 𝑦

0
= 0.1, 𝑧

0
= 0.32, and 𝛽 ∈ [8, 14] in system

(16); then system (16) undergoes Neimark-Sacker bifurcation
when 𝛽 is taken as bifurcation parameter. In this case, at 𝛽 =

10.148, the unique positive equilibrium point of system (16)
is (𝑥∗, 𝑦∗, 𝑧∗) = (0.4784797606357651, 0.0996595753165892,

0.32260552713822044). The characteristic polynomial equa-
tion evaluated at this positive equilibrium is given by

𝑃 (𝑇) = 𝑇
3
− 1.0798313086203364𝑇

2

− 0.8127303335375109𝑇

+ 0.9108087500517679 = 0.

(48)

The roots of (48) are 𝑇
1
= −0.9107182237825987 and 𝑇

2,3
=

0.9952747662014675 ± 0.097609122147403𝑖 with |𝑇
2,3
| = 1.

Moreover, we have

Δ
−

2
(𝛽) = 1 − 𝐴

2
+ 𝐴
3
(𝐴
1
− 𝐴
3
) = 0,

Δ
+

2
(𝛽) = 1 + 𝐴

2
− 𝐴
3
(𝐴
1
+ 𝐴
3
) = 0.341217

> 0,
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(b) Bifurcation diagram for 𝑦𝑛
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(c) Bifurcation diagram for 𝑧𝑛
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Figure 1: Bifurcation diagrams and MLE for system (16) with 𝛼 = 0.38, 𝑘 = 0.005, 𝑐 = 0.8, 𝜆 = 2.7, 𝜂 = 1.1, 𝑑
1
= 0.7, 𝑏

2
= 1.4, 𝜙 = 2.7, 𝜇 = 4,

] = 1.5, 𝑥
0
= 0.48, 𝑦

0
= 0.1, 𝑧

0
= 0.32, and 𝛽 ∈ [8, 14].

𝑃
𝛽
(1) = 1 + 𝐴

1
+ 𝐴
2
+ 𝐴
3
= 0.0182471 > 0,

(−1)
3
𝑃
𝛽
(−1) = 1 − 𝐴

1
+ 𝐴
2
− 𝐴
3
= 0.356292 > 0.

(49)

Hence, according to Theorem 7, the conditions of
Neimark-Sacker bifurcation are obtained near the positive
equilibrium point (𝑥

∗
, 𝑦
∗
, 𝑧
∗
) = (0.4784797606357651,

0.0996595753165892, 0.32260552713822044) at the critical
value of Neimark-Sacker bifurcation 𝛽 = 10.148.

Furthermore, Figure 1 shows that all three populations
undergo Neimark-Sacker bifurcation (see Figures 1(a), 1(b),
and 1(c)) and corresponding maximum Lyapunov exponents
(MLEs) are shown in Figure 1(d). These MLEs confirm the
existence of the chaotic sets. In general, the positive Lyapunov
exponent is considered to be one of the characteristics
implying the existence of chaos.

Example 9. Next we take 𝛼 = 0.3, 𝑘 = 0.03, 𝑐 = 0.3, 𝜆 = 2.1,
𝜂 = 1.1, 𝑑

1
= 1.7, 𝑏

2
= 1.4, 𝜙 = 2.5, 𝜇 = 1.5, ] = 1.3,

𝑥
0
= 0.37, 𝑦

0
= 0.23, 𝑧

0
= 0.2, and 𝛽 ∈ [2, 5] in system

(16); then system (16) undergoes Neimark-Sacker bifurcation
when 𝛽 is taken as bifurcation parameter. In this case, at
𝛽 = 3.13, the unique positive equilibriumpoint of system (16)

is (𝑥∗, 𝑦∗, 𝑧∗) = (0.3691168623529498, 0.2335056090113552,
0.20752106517420343). The characteristic polynomial equa-
tion evaluated at this positive equilibrium is given by

𝑃 (𝑇) = 𝑇
3
− 1.137303699628256𝑇

2

− 0.5469293363877263𝑇

+ 0.7989950157191528 = 0.

(50)

The roots of (48) are 𝑇
1

= −0.798954 and 𝑇
2,3

=

0.9681288296244075 ± 0.2505552964214181𝑖 with |𝑇
2,3
| = 1.

Moreover, we verify the conditions of Theorem 7 as follows:

Δ
−

2
(𝛽) = 1 − 𝐴

2
+ 𝐴
3
(𝐴
1
− 𝐴
3
) = 0,

Δ
+

2
(𝛽) = 1 + 𝐴

2
− 𝐴
3
(𝐴
1
+ 𝐴
3
) = 0.723378

> 0,

𝑃
𝛽
(1) = 1 + 𝐴

1
+ 𝐴
2
+ 𝐴
3
= 0.114762 > 0,

(−1)
3
𝑃
𝛽
(−1) = 1 − 𝐴

1
+ 𝐴
2
− 𝐴
3
= 0.791379 > 0.

(51)

Hence, according to Theorem 7, the conditions of
Neimark-Sacker bifurcation are obtained near the positive
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Figure 2: Bifurcation diagrams and MLE for system (16) with 𝛼 = 0.3, 𝑘 = 0.03, 𝑐 = 0.3, 𝜆 = 2.1, 𝜂 = 1.1, 𝑑
1
= 1.7, 𝑏

2
= 1.4, 𝜙 = 2.5, 𝜇 = 1.5,

] = 1.3, 𝑥
0
= 0.37, 𝑦

0
= 0.23, 𝑧

0
= 0.2, and 𝛽 ∈ [2, 5].

equilibrium point (𝑥
∗
, 𝑦
∗
, 𝑧
∗
) = (0.3691168623529498,

0.2335056090113552, 0.20752106517420343) at the critical
value of Neimark-Sacker bifurcation 𝛽 = 3.13.

Furthermore, Figure 2 shows that all three populations
undergo Neimark-Sacker bifurcation (see Figures 2(a), 2(b),
and 2(c)) and corresponding maximum Lyapunov exponents
(MLEs) are shown in Figure 2(d).

Next, we fix the value of 𝛽 = 2.98. In Figure 3, the plot
of 𝑥
𝑛
is shown in Figure 3(a), the plot of 𝑦

𝑛
is shown in

Figure 3(b), the plot of 𝑧
𝑛
is shown in Figure 3(c), and phase

portrait of system (16) is shown in Figure 3(d). It is clear from
Figure 3 that system (16) has unique positive equilibrium
point which is locally asymptotically stable.

Furthermore, the phase portraits of system (16) for
different values of 𝛽 are shown in Figure 4.

Example 10. We choose the parametric values 𝛼 = 0.3, 𝑘 =

0.03, 𝑐 = 0.3, 𝜆 = 2.1, 𝜂 = 1.1, 𝑑
1
= 1.7, 𝑏

2
= 1.4, 𝜙 = 2.5,

𝜇 = 1.5, ] = 1.3, and 𝛽 = 3.2 and initial conditions 𝑥
0
=

0.37, 𝑦
0
= 0.23, and 𝑧

0
= 0.2 in system (16); then system

(16) has a unique positive equilibrium point (𝑥∗, 𝑦∗, 𝑧∗)
= (0.363861, 0.229828, 0.205847) which is unstable and
Figure 4(c) shows a chaotic attractor for system (16) for these
parametric values. So, one can take 𝛽

0
= 3.2 in order to apply

pole-placement technique for system (16). In this case, the
corresponding controlled system is given by

𝑥
𝑛+1

= 𝑥
𝑛
+

𝑘
𝛼

Γ (𝛼 + 1)
[𝑥
𝑛
(1 − 𝑥

𝑛
) +

𝜆𝑐𝑥
𝑛
𝑧
𝑛

𝜂 + 𝑧
𝑛

− (3.2

− 𝑘
1
(𝑥
𝑛
− 𝑥
∗
) − 𝑘
2
(𝑦
𝑛
− 𝑦
∗
) − 𝑘
3
(𝑧
𝑛
− 𝑧
∗
))

⋅ 𝑥
𝑛
𝑦
𝑛
] ,

𝑦
𝑛+1

= 𝑦
𝑛
+

𝑘
𝛼

Γ (𝛼 + 1)
[
𝜆𝑑
1
𝑥
𝑛
𝑧
𝑛

𝜂 + 𝑧
𝑛

+ 𝜙𝑧
𝑛
− 𝑏
2
(3.2

− 𝑘
1
(𝑥
𝑛
− 𝑥
∗
) − 𝑘
2
(𝑦
𝑛
− 𝑦
∗
) − 𝑘
3
(𝑧
𝑛
− 𝑧
∗
)) 𝑥
𝑛
𝑦
𝑛

− 𝜇𝑦
𝑛
] ,

𝑧
𝑛+1

= 𝑧
𝑛
+

𝑘
𝛼

Γ (𝛼 + 1)
[(3.2 − 𝑘

1
(𝑥
𝑛
− 𝑥
∗
)

− 𝑘
2
(𝑦
𝑛
− 𝑦
∗
) − 𝑘
3
(𝑧
𝑛
− 𝑧
∗
)) 𝑥
𝑛
𝑦
𝑛
− ]𝑧
𝑛
] ,

(52)

where 𝛼 = 0.3, 𝑘 = 0.03, 𝑐 = 0.3, 𝜆 = 2.1, 𝜂 = 1.1, 𝑑
1
= 1.7,

𝑏
2
= 1.4, 𝜙 = 2.5, 𝜇 = 1.5, ] = 1.3, 𝐾 = [𝑘1 𝑘

2
𝑘
3], and
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Figure 3: Plots for system (16) with 𝛼 = 0.3, 𝑘 = 0.03, 𝑐 = 0.3, 𝜆 = 2.1, 𝜂 = 1.1, 𝑑
1
= 1.7, 𝑏

2
= 1.4, 𝜙 = 2.5, 𝜇 = 1.5, ] = 1.3, 𝑥

0
= 0.37,

𝑦
0
= 0.23, 𝑧

0
= 0.2, and 𝛽 = 2.98.

(𝑥
∗
, 𝑦
∗
, 𝑧
∗
) = (0.363861, 0.229828, 0.205847). Furthermore,

we have

𝐴 =
[
[

[

0.8584036593529867 −0.45310829007044245 0.05754406574949606

−0.18168256820150672 −0.21807534869130007 1.2989559435682787

0.28619923857656004 0.45310829007044245 0.49410608975301007

]
]

]

,

𝐵 =
[
[

[

−0.03254276321257405

−0.04555986849760366

0.03254276321257405

]
]

]

,

𝐶 =
[
[

[

−0.03254276321257405 −0.005418630010373265 −0.03178440171863723

−0.04555986849760366 0.05811955270088685 −0.029716479899874457

0.03254276321257405 −0.01387769068267633 0.01792659188284191

]
]

]

.

(53)
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(c) Phase portrait of system (16) for 𝛽 = 3.2
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(d) Phase portrait of system (16) for 𝛽 = 3.5

Figure 4: Phase portraits of system (16) with different values of 𝛽 and taking 𝛼 = 0.3, 𝑘 = 0.03, 𝑐 = 0.3, 𝜆 = 2.1, 𝜂 = 1.1, 𝑑
1
= 1.7, 𝑏

2
= 1.4,

𝜙 = 2.5, 𝜇 = 1.5, ] = 1.3, 𝑥
0
= 0.37, 𝑦

0
= 0.23, and 𝑧

0
= 0.2.

Then it is easy to check that matrix 𝐶 is of rank 3. Thus
system (52) is controllable and its Jacobian matrix at
(𝑥
∗
, 𝑦
∗
, 𝑧
∗
) = (0.363861, 0.229828, 0.205847) is given by

𝐴 − 𝐵𝐾 =

[
[
[

[

0.858404 + 0.0325428𝑘
1

−0.453108 + 0.0325428𝑘
2
0.0575441 + 0.0325428𝑘

3

−0.181683 + 0.0455599𝑘
1
−0.218075 + 0.0455599𝑘

2
1.29896 + 0.0455599𝑘

3

0.286199 − 0.0325428𝑘
1

0.453108 − 0.0325428𝑘
2

0.494106 − 0.0325428𝑘
3

]
]
]

]

. (54)

The characteristic equation of 𝐴 − 𝐵𝐾 is given by

𝑃 (𝑇) = 𝑇
3
− (1.13443 + 0.0325428𝑘

1
+ 0.0455599𝑘

2

− 0.0325428𝑘
3
) 𝑇
2
− (0.558165 − 0.031499𝑘

1

− 0.109804𝑘
2
+ 0.0507953𝑘

3
) 𝑇 + 0.807993

− 0.00747308𝑘
1
− 0.0702194𝑘

2
+ 0.0155057𝑘

3

= 0.

(55)

Then a necessary and sufficient condition for all roots of the
equation (55) to lie inside the unit disk is

𝐴2 + 𝐴0
 < 1 + 𝐴

1
,

𝐴2 − 3𝐴0
 < 3 − 𝐴

1
,

𝐴
2

0
+ 𝐴
1
− 𝐴
0
𝐴
2
< 1,

(56)

where 𝐴
2

= −1.13443 − 0.0325428𝑘
1
− 0.0455599𝑘

2
+

0.0325428𝑘
3
, 𝐴
1
= −0.558165 + 0.031499𝑘

1
+ 0.109804𝑘

2
−

0.0507953𝑘
3
, and 𝐴

0
= −0.807993 + 0.00747308𝑘

1
+

0.0702194𝑘
2
− 0.0155057𝑘

3
. For simplicity, if we choose 𝑘

1
=
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(c) Bifurcation diagram of 𝑧𝑛 for system (52)

Figure 5: Bifurcation diagrams for the controlled system (52) with 𝑘
1
= 0.1, 𝑘

2
= −0.1, and 2 ≤ 𝑘

3
≤ 14.

0.1 and 𝑘
2
= −0.1, then the unique positive equilibrium point

of the controlled system (52) is locally asymptotically stable
if and only if 0.569236 < 𝑘

3
< 7.61676. Next, we choose

𝑘
1
= 0.1, 𝑘

2
= −0.1 and selecting 𝑘

3
∈ [2, 14] as bifurcation

parameter for the controlled system (52). Moreover, the
bifurcation diagrams for the controlled system are shown in
Figure 5. It can be noticed from Figure 5 that the unique pos-
itive equilibrium point (𝑥∗, 𝑦∗, 𝑧∗) = (0.363861, 0.229828,

0.205847) of the controlled system (52) undergoes period-
doubling bifurcation at 𝑘

3
≈ 7.61676; then both peri-

odic orbits inter the region in which these orbits undergo
Neimark-Sacker bifurcation separately.Thus we succeeded to
advance the Neimark-Sacker bifurcation by introducing the
pole-placement control technique in this case.

Finally, choosing the parametric values 𝛼 = 0.3, 𝑘 = 0.03,
𝑐 = 0.3, 𝜆 = 2.1, 𝜂 = 1.1, 𝑑

1
= 1.7, 𝑏

2
= 1.4, 𝜙 = 2.5, 𝜇 = 1.5,

] = 1.3, and 𝛽 = 3.133 and initial conditions 𝑥
0
= 0.37,

𝑦
0
= 0.23, and 𝑧

0
= 0.2 in system (16), then system (16)

undergoes Neimark-Sacker bifurcation for these parametric

values.Then unique positive equilibrium point (𝑥∗, 𝑦∗, 𝑧∗) =
(0.368888, 0.233346, 0.207449) of system (16) is unstable and
Figure 4(a) shows that closed invariant circle appears at
𝛽 = 3.133 enclosing this unstable equilibrium. For these
parametric values, the controlled system (45) can be written
as

𝑥
𝑛+1

= 𝑥
𝑛

+
𝜌𝑘
𝛼

Γ (𝛼 + 1)
[𝑥
𝑛
(1 − 𝑥

𝑛
) +

𝜆𝑐𝑥
𝑛
𝑧
𝑛

𝜂 + 𝑧
𝑛

− 𝛽𝑥
𝑛
𝑦
𝑛
] ,

𝑦
𝑛+1

= 𝑦
𝑛

+
𝜌𝑘
𝛼

Γ (𝛼 + 1)
[
𝜆𝑑
1
𝑥
𝑛
𝑧
𝑛

𝜂 + 𝑧
𝑛

+ 𝜙𝑧
𝑛
− 𝑏
2
𝛽𝑥
𝑛
𝑦
𝑛
− 𝜇𝑦
𝑛
] ,

𝑧
𝑛+1

= 𝑧
𝑛
+

𝜌𝑘
𝛼

Γ (𝛼 + 1)
[𝛽𝑥
𝑛
𝑦
𝑛
− ]𝑧
𝑛
] ,

(57)
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Figure 6: Plots for the controlled system (57) with 𝜌 = 0.95.

where 𝛼 = 0.3, 𝑘 = 0.03, 𝑐 = 0.3, 𝜆 = 2.1, 𝜂 = 1.1, 𝑑
1
=

1.7, 𝑏
2
= 1.4, 𝜙 = 2.5, 𝜇 = 1.5, ] = 1.3, 𝛽 = 3.133, and

0 < 𝜌 < 1. Then Jacobian matrix of system (57) evaluated at
(𝑥
∗
, 𝑦
∗
, 𝑧
∗
) = (0.368888, 0.233346, 0.207449) is given by

[
[

[

1 − 0.143552𝜌 −0.44975𝜌 0.0581961𝜌

−0.177865𝜌 1 − 1.21337𝜌 1.30265𝜌

0.284496𝜌 0.44975𝜌 1 − 0.505894𝜌

]
]

]

. (58)

The characteristic polynomial of (58) is given by

𝑇
3
− (3 − 1.863𝜌) 𝑇

2
+ (3 − 3.726𝜌 + 0.178𝜌

2
) 𝑇 − 1

+ 1.863𝜌 − 0.178𝜌
2
+ 0.115𝜌

3
= 0.

(59)

According to the Jury condition, the roots of (58) lie in the
unit open disk if and only if 0 < 𝜌 < 0.996829. Moreover, for
𝜌 = 0.95, the plots for the controlled system (57) are shown
in Figure 6.

5. Concluding Remarks

Westudy the qualitative behavior of a 3-dimensional discrete-
time fractional-order plant-herbivore model, and thus we
obtain the mathematical results related to existence and
uniqueness of positive steady state and conditions for local
asymptotic stability of positive equilibrium. In order to
confirm complexity in system (16), the existence of Neimark-
Sacker bifurcation for positive equilibrium point is proved
mathematically and numerical simulations are provided.
Through numerical simulation, we show that system (16)
undergoes Neimark-Sacker for wide range of bifurcation
parameter 𝛽. Neimark-Sacker bifurcation is successfully con-
trolled with two different control strategies. Fromour numer-
ical investigation, it is clear that pole-placement technique
based on feedback control methodology restores the stability
for wide range of parameters, whereas the hybrid control
based on feedback control and parameter perturbation works
more effectively. Although hybrid control strategy is basically
formulated for control of period-doubling bifurcation, it can
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also stabilize the unstable steady state for maximum possible
range of control parameter in case of Neimark-Sacker bifur-
cation as well. Moreover, through numerical simulations, it is
observed that the original system (16) undergoes Neimark-
Sacker bifurcation only and there is no chance of period-
doubling bifurcation for this system. But an application of
pole-placement control strategy gives an evidence of period-
doubling bifurcation for corresponding controlled system.
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