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When it is possible to determine governing equations, shapes
and sizes of the domains, boundary and initial conditions,
material properties of structures, and internal sources and
external forces or inputs, then the analysis determining the
unknown field is considered mathematically or numerically
solvable. This issue compiles excellent articles, most of which
are very meticulously performed reviews of the available
current literature.

The availability of cheap electronic monitoring systems
and computers makes the structural health monitoring
affordable. More and more practical applications will appear
in the next years. The need of studying inverse problems in
structures becomes higher. Inverse techniques for various
structures are studied by a host of investigators using a variety
of approaches.

S. H. Cho and J. H. Im deal with mathematical approach
in rheological characterizing of asphalt emulsion residues.
In their study three different emulsion residues, such as SS-
1HP, HFE-90, and SS-1VH (Trackless), and a base asphalt
binder (PG 64-22) are compared to characterize rheological
properties by using DSR test. J. Song et al. propose a deriva-
tion method for the foundation boundaries of the hydraulic
numerical simulation model based on the elastic Boussinesq
solution. The paper by S.-Y. Lee proposes an advanced
coupled genetic algorithm for identifying unknown moving
loads on bridge decks.

The tendon force identification method is addressed in
three manuscripts. K.-S. Park et al. study feasibilities on
tension estimation technique for hanger cables using the FE

model-based system identificationmethod. In their work, the
applicability of the tension estimationmethods using the sys-
tem identification approach is investigated using the hanger
cables. M.-H. Noh and W.-Y. Jung verify the applicability of
tension estimationmethod based on the finite elementmodel
with system identification technique. The proposed method
is applied to estimate the tension of benchmark numerical
example, model structures, and field structures. M.-H. Noh
and W.-Y. Jung present field application of cable tension
estimation technique using the h-SI method.

Besides those, there are several interesting topics in the
issue. K.-M. Lee et al. suggest amass change predictionmodel
for sulfate attack of concrete containing mineral admixtures
through an immersion test in sulfate solutions. For this, 100%
OPCaswell as binary and ternary cement concrete specimens
are manufactured by changing the types and amount of
mineral admixture.W. Li et al. preform interring gas dynamic
analysis of piston in a diesel engine considering the thermal
effect. B. S. Ju et al. review probabilistic risk assessment in
piping fragility due to earthquake fault mechanisms. B. S. Ju
and W.-Y. Jung review evaluation of seismic fragility of weir
structures in South Korea.

By compiling these papers, we hope to enrich our readers
and researchers with respect to various inverse problems and
their solutions in structural engineering.

Sang-Youl Lee
Guillermo Rus

Georgios E. Stavroulakis
Woo-Young Jung
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In order to reduce earthquake damage ofmultifunctional weir systems similar to a dam structure, this study focused on probabilistic
seismic risk assessment of the weir structure using the fragility methodology based on Monte Carlo simulation (MCS), with
emphasis on the uncertainties of the seismic ground motions in terms of near field induced pulse-like motions and far field faults.
The 2D simple linear elastic plain strain finite element (FE)model including soil structure foundations using tie connectionmethod
in ABAQUS was developed to incorporate the uncertainty. In addition, five different limit states as safety criteria were defined for
the seismic vulnerability of the weir system. As a consequence, the results obtained from multiple linear time history analyses
revealed that the weir structure was more vulnerable to the tensile stress of the mass concrete in both near and far field ground
motions specified earthquake hazard levels. In addition, the system subjected to near field motions was primarily more fragile than
that under far field ground motions. On the other hand, the probability of failure due to the tensile stress at weir sill and stilling
basin showed the similar trend in the overall peak ground acceleration levels.

1. Introduction

Recently 16 multifunctional weir structures were constructed
on four major rivers in Korea. Weir structures designed to
change river flow characteristics have similar functions like
dams such as electric power generation, flooding control,
and water supply. While there are many advantages asso-
ciated with weir structures, they also have weaknesses; few
weaknesses were reported in the case of weir structures built
in the rivers. In another word, the weir structure is one of
the infrastructures that have coexisting pros and cons. The
general examples of drawbacks include increase of the oxygen
content, accumulating garbage and other debris, and fauna
changes in the water (http://en.wikipedia.org/wiki/Weir).
Furthermore, the weir structures can be exposed to multiple
hazards such as earthquakes and flooding caused by serious
problems such as flooding due to structural failure, discon-
tinuity between soil foundation and the weir, and strong
impulse water wave due to ground motions.

According to Chanson [1], over the past decades, several
failures in 20 hydraulic structures (dams and weirs) derived

from foundation failures, concrete cracks, and flood overflow
in the world. In addition, the hydraulic structures as an
essential energy supply system like the power plant must
remain operational and functional safety without hydro-
dynamic instabilities during an earthquake. However, on
September 21st, 1999, Chi-Chi earthquake (𝑀

𝑤
7.6) struck

critical facilities such as Taipei 101 building, Shih-Kang dam
as a concrete gravity dam, and Shih-Kang Primary School
located at central region of Taiwan. Taipei 101 building did
not suffer any significant structural damage even though it
was under construction during the earthquake. On the other
hand, Kung et al. [2] observed that the damage of Shih-
Kang dam was caused by three different types of failures:
(1) structural failure due to large ground motion greater
than allowable deformation of the concrete gravity dam;
(2) the cracks to weir body and the piers due to strong
contact impact; (3) the fracture failure (i.e., one of the most
complicated failure types) to the spillways and the abutment
of the dam due to combination impact between strong
ground motion and fault rupture energy. Besides, analytical
studies of seismic evaluation in terms of hydraulic structures

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 391569, 10 pages
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have been issued in recent years, after the unique failure of
Shih-Kang dam as a concrete gravity dam structure.

For example, Yao et al. [3] conducted the safety evaluation
using seismic fragility of a concrete arch dam located in
the southwestern area of China. The seismic fragility was
evaluated by nonlinear time history analyses using 18 realistic
seismic groundmotions.The results from numerical analyses
using ABAQUS 3D Finite Element (FE) model noted that the
failure criteria such as opening, slipping, and displacement
of the damwere affected by seismic groundmotions intensity
levels. Tekie and Ellingwood [4] used 4 limit states (material
failure-concrete, material failure-foundation, sliding at the
dam, and deflection of the top of the dam relative to the heel)
to develop seismic fragility of concrete gravity dam located
on New River in West Virginia in the USA. In particular,
the dam-reservoir hydraulic interaction was considered in
dynamic equation of motion and spectral accelerations,
especially 12 earthquake records which occurred in the USA
as intensity measure of ground motions were applied. The
numerical results obtained from 2D FE analyses revealed that
the sliding at the dam and tensile cracking at the neck of the
dam were more critical than other limit states.

Consequently, the seismic safety evaluation of infras-
tructure (i.e., weir structures) with increase of earthquake
records in Korea has received more attention as a key area
of research. This study focused on evaluating Probabilistic
Seismic Risk Assessment (PSRA) of the weir structure. More
specifically, the 2D FE model of the weir structure including
soil-structure foundation was conducted by ABAQUS Finite
Element package, in order to develop the seismic fragility
of the weirs. Furthermore, 30 near-field and 30 far-field
earthquake records scaled to different peak ground accelera-
tion (PGA) levels were considered as intensity measure and
ground motions uncertainty. In this study, multiple linear
time history analyses were carried out to generate the fragility
based on Monte Carlo Simulation (MCS).

2. Description of the Weir Structure

The weir structure, Gangjeong-Goryeong weir, designed in
2009 to 2011 is located on the Nakdong River near Daegu
Metropolitan City in Korea. This structure was constructed
to control the flood and drought, supply the drinking water,
and generate the electric power (3000 kW).The overall length
of the multifunctional weir system as a concrete gravity
structure is 933.5m. It consists of two different systems: (1) the
weir structure (nonoverflow section) with rising sector gates
(120m); (2) another concrete gravity weir system to allow
overflow through their tops (833.5m). The height of each
structure is 11m and the elevation of the two different systems
is 9.47m and 19.50m, respectively. The storage volume of the
system is 92.3 millionm3 and the design flood is 13,200m3/s.
Moreover, the structure is designed for the maximum flood
elevation at 24.02m.Themaintenance range of upstream and
downstream of the structure is 300m and 700m, respectively,
as shown in Figure 1 (http://www.kwater.or.kr/).The soil foun-
dation at the site is classified by three layers: (1) sand layer;
(2) gravel-sand mixture layer; (3) rock layer. Figure 2 shows
a general design of weirs and the dimensions of overflow

Figure 1: The maintenance range of upstream and downstream in
the Weir (http://www.kwater.or.kr/).

Upstream 

Downstream 

Mass concrete 

Weir sill 
Downstream face 

Stilling basin 
Weir 

End sill Soil layer 1 

Soil layer 2 

Soil layer 3 

Figure 2: Description of the Gangjeong-Goryeong weir.

Table 1: Material properties of the weir structure.

Structures
Elastic
modulus
(MPa)

Poisson’s ratio Density
(t/mm3)

Weir body 26,637 0.167 2.4𝐸 − 9

Mass concrete 24,579 0.167 2.4𝐸 − 9

Steel 200,000 0.25 7.85𝐸 − 9

Soil layer 1 2 0.4 1.7𝐸 − 9

Soil layer 1 25 0.4 1.9𝐸 − 9

Soil layer 1 2,000 0.3 2.4𝐸 − 9

monolith (block number 10) at Gangjeong-Goryeong weir
structure which is shown in Figure 3.

3. Finite Element Model of the Weir Structure

3.1. FE Modeling Description. To evaluate the performance
of the weir structures, the Finite Element (FE) model was
generated by ABAQUS [5], as shown in Figure 4, and a 4-
node bilinear plane strain quadrilateral element was applied
to the weir body, mass concrete, and soil-structure founda-
tion. The dimension of 𝑦 direction of the weir system was
modeled with 58.114m and 𝑥 direction was 83.5m including
upstream and downstream side, in consideration of stress
transfer. The material properties for the weir system were
listed in Table 1. The design strength of the weir body and
mass concrete systemdesigned to peak ground acceleration at
0.154 g was 24MPa and 18MPa, respectively, and unit weight
was 2350 kg/m3. For simplification, the weir body as a master
surface and mass concrete as a slave surface were connected
by tie condition in ABAQUS.
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Figure 3: Schematic design of the weir structure (block number 10, unit: mm).

Figure 4: FE model of the weir including soil foundations.

3.2. Loading Conditions. Ingeneral, the systemweight (gravity-
weight) was determined by the combination of concrete unit
weight and the system volume and 5 different loading con-
ditions (hydrostatic pressure, hydrodynamic pressure, uplift
pressure, silt pressure, and earthquake) were considered in
this study. The hydrostatic pressure is typically proportional
to the depth of water and the equation of hydrostatic pressure
can be expressed as

𝑃
𝑤
= 𝛾
𝑤
ℎ, (1)

where 𝛾
𝑤
= unit weight of water and ℎ is the depth of water.

Therefore, the total water pressure in the horizontal direction
and vertical water pressure by the unit length are (1/2)𝛾

𝑤
ℎ
2

and 𝛾
𝑤
ℎ𝐴, respectively.

Next, the weir-reservoir interaction as a hydrodynamic
effect was obtained from Westergaard [6] hydrodynamic
approach. The mathematical description of hydrodynamic

governing equation in two-dimensional system can be derived
as follows [6, 7]:

𝜕
2

𝑃

𝜕𝑥2
+

𝜕
2

𝑃

𝜕𝑦2
=

1

𝐶2

𝜕
2

𝑃

𝜕𝑡2
. (2)

In this equation, the velocity of sound in water 𝐶 = √𝐾/𝜌
𝑤

and 𝑃(𝑥, 𝑦, 𝑡) is the hydrodynamic pressure. 𝜌
𝑤
is the water

density and 𝐾 is the water bulk modulus. In particular, for
the structure subjected to an earthquake, the Westergaard
hydrodynamic pressure based on addedmassmethod is given
as follows:

𝑃
𝑑
=

7

8
𝜌
𝑤
𝑔𝑘√𝐻 × ℎ, (3)

where 𝑘 is (2/3)(𝑃𝐺𝐴/𝑔). 𝐻 is the total depth of the water
and ℎ is the depth from the water surface to the point of
hydrodynamic pressure [8].

The uplift pressure of the weir structure is characterized
by upward pressure of water as it flows through opening
cracks of the foundation or the body connection parts due
to the seepage or penetration path [8]. The equation of uplift
pressure associated with the hydrostatic pressure may be
written as [9]

𝑈 = 𝛾
𝑤
× 𝐶 × 𝐴 × [𝐻

2
+

1

2
(𝐻
1
− 𝐻
2
) × 𝜏] , (4)

where 𝐶 is the ratio of area with respect to hydrostatic pres-
sure and 𝐴 is the bottom area due to uplift pressure. 𝐻

1
is
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the depth of upstream of the system and 𝐻
2
is the depth of

downstream of the weir. Also, 𝜏 means the ratio of 𝐻
1
− 𝐻
2

in terms of cut-off grouting and drainage curtain.
Besides, earth pressure due to backfill placed against the

structure in foundation excavation and silt (horizontal and
vertical) pressure due to deposit of silt must be taken into
account in the dam or weir design [10]. With dam design
criteria in Korea (2011), silt pressure can be calculated by the
following:

𝑃
𝑠
= 𝛾sub𝐾𝑎𝐻, (5)

in which 𝛾sub is the submerged unit weight; 𝐾
𝑎
defines the

coefficient of earth pressure, and𝐻 is the depth of silt deposit
in the structure.

Lastly, in order to consider the dynamic interaction
among the structure, reservoir, and soil-foundation, the
dynamic equation of motion of the system subjected to a
seismic ground motion can be obtained

[𝑚] { ̈𝑢 (𝑡)} + [𝑐] { ̇𝑢 (𝑡)} + [𝑘] {𝑢 (𝑡)} = − [𝑚] { ̈𝑢
𝑔
(𝑡)} + 𝑅,

(6)

where ̈𝑢(𝑡), ̇𝑢(𝑡), and 𝑢(𝑡) are the acceleration, velocity,
and displacement, ̈𝑢

𝑔
(𝑡) is the ground motion, and 𝑅 is

the hydropressure and earth pressure mentioned above. In
addition, [𝑚], [𝑐], and [𝑘] are themass, damping, and stiffness
matrices of the system. Details of seismic ground motions
for analytical fragility functions of the weir structure are
described in the next section.

4. Seismic Ground Motions

In order to develop the seismic vulnerability of the system,
the uncertainties of the ground motions with respect to
frequency range, ground motion intensity, and earthquake
fault mechanism were taken into account. According to
Billah et al. [11], the ground motion fault mechanisms as
an uncertainty characteristic have a significant effect on
the seismic fragility of the bridge. In case of near fault
mechanisms, a long period velocity pulse (pulse-like motion)
and higher input energy on the system were discharged [11,
12]. Hence, 30-near-field set with epicentral distance less than
10 km and 30-far-field set with epicentral distance over 10 km
were carried out to generate the seismic fragility for the weir
structure. The details of the ground motions selected from
PEER-NGA [13] were listed in Tables 2 and 3.

5. Probabilistic Risk Assessment Methodology:
Fragility Function

In recent years, seismic probabilistic risk assessment (SPRA)
has beenapplied to identify the performance and limit/damage
state of the systems (nuclear power plants (NPP), bridges,
buildings, dams, etc.) in hazard and risk management.
Kennedy et al. [14] came out with the seismic fragility as
a factor of safe method for NPP and the Electric Power
Research Institute (EPRI) [15] developed the assessment of
NPP seismic margin using conservative deterministic failure

margin methodology to provide in-depth recommendation
for the seismic fragility analysis. Moreover, in order to
estimate the seismic vulnerability of a bridge structure,
various analytical fragility methodologies such as nonlinear
time history analyses [16], nonlinear static analyses [17], and
Bayesian approach [18] were used. Ellingwood and Tekie
[19] and Tekie and Ellingwood [4] presented the safety
evaluation of existing concrete gravity dams by reservoir
inflow, pool elevation, and spectral acceleration of seismic
ground motions. Additionally, Ju et al. [20], Ju and Jung [21],
and Ju and Jung [22] carried out Monte Carlo Simulation
(MCS) to generate the seismic fragility of piping systems as a
nonstructural component in critical facilities. Based on MCS
methodology, the conditional probability of failure of theweir
structure can be defined as follows:

𝑃
𝑓
(PGA) = 𝑃 [EDPs > LS | PGA] , (7)

in which 𝑃
𝑓
(PGA) denotes the conditional probability in

terms of peak ground acceleration (PGA) as the ground
intensitymeasure. In this study, the displacement and stresses
are considered as engineering demand parameters (EDPs)
and limit state (LS) is associated with EDPs to construct the
fragility. Then, the empirical fragility of the weir structure
corresponding to LS given in (8) was obtained from multi-
ple linear time-history analyses using MCS accounting for
ground motion uncertainties:

𝑃
𝑓
(𝜆) =

∑
𝑁

𝑖=1
(EDPs ≥ LS | PGA = 𝜆)

#EQs
, (8)

where EDPs are the maximum stress or displacement from
𝑖th linear earthquake time-history analysis at a given PGA
level. Therefore, the analytical fragility based on MCS for the
weir structure in this study can be derived by log-normal
cumulative distribution function (CDF) [23]:

𝑃
𝑓
(𝜆) = Φ[

ln (𝜆/𝑚
𝑐
)

𝛽sd
] . (9)

Also, the analytical fragility of the weir structure correspond-
ing to damage states is conducted by a correlation between the
median capacity (𝑚

𝑐
) and the logarithmic standard deviation

(𝛽sd) of the structural system. Therefore, the damage states
or limit states must be achieved prior to evaluation of the
probability of failure of the system. This study defined the
limit states of the weir structure based on Concrete Design
Criteria 2003 [24] and DamDesign Criteria 2011 [9] in Korea
and five different limit states for the system were presented in
Table 4.

6. Seismic Fragility of the Weir Structure

A straightforward elastic FE model of the weir structure
including the soil-structure foundation was dealt with for
the fragility analyses. Before the evaluation, the analysis of
eigenvalues and eigenvectors was conducted, in order to
determine the dynamic properties of the weir structure with
5% damping ratio. The damping matrix in this study was
determined by Rayleigh damping method in form of [25]

[𝐶] = 𝛼 [𝑀] + 𝛽 [𝐾] , (10)
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Table 2: Selected ground motions: near field.

Number Events Year Station Mag. Fault Epicentral distance (km) PGA
(g)

1 Parkfield June 28th,
1966

Cholame-Shand on
Array number 5 6.19 Strike-slip 9.6 0.1381

2 San Fernando Feb. 9th,
1971

Pacoima
dam 6.61 Reverse 0 1.2259

3 Tabas,
Iran

Sep. 16th,
1978 Dayhook 7.35 Reverse 0 0.3279

4 Tabas,
Iran

Sep. 16th,
1978 Tabas 7.35 Reverse 1.8 0.8358

5 Imperial
Valley

Oct. 15th,
1979

Aeropuerto
Mexicali 6.53 Strike-slip 0 0.3267

6 Imperial
Valley

Oct. 15th,
1979

El Centro
Array number 10 6.53 Strike-slip 6.2 0.1053

7 Imperial
Valley

Oct. 15th,
1979

El Centro
Array number 4 6.53 Strike-slip 4.9 0.2478

8 Imperial
Valley

Oct. 15th,
1979

Sahop Casa
Flores 6.53 Strike-slip 9.6 0.2874

9 Victoria,
Mexico

June 9th,
1980

Victoria
Hospital 6.33 Strike-slip 6.1 0.0446

10 Irpinia,
Italy

Nov. 23rd,
1980 Auletta 6.9 Normal 9.5 0.0576

11 Irpinia,
Italy

Nov. 23rd,
1980

Bagnoli
Irpino 6.9 Normal 8.1 0.1394

12 Irpinia
Italy

Nov. 23rd,
1980 Sturno 6.9 Normal 6.8 0.2506

13 Irpinia,
Italy

Nov. 23rd,
1980 Calitri 6.9 Normal 8.8 0.1774

14 Morgan
Hill

Apr. 24th,
1984

Anderson
Dam 6.19 Strike-slip 3.2 0.4230

15 Morgan
Hill

Apr. 24th,
1984

Coyote
Lake Dam 6.19 Strike-slip 0.2 0.7109

16 Nahanni,
Canada

Dec. 23rd,
1985 Site 2 6.76 Reverse 0 0.4890

17 Nahanni,
Canada

Dec. 23rd,
1985 Site 3 6.76 Reverse 4.9 0.1404

18 N. Palm
Springs

July 08th,
1986

Desert Hot
Springs 6.06 Reverse 1.0 0.3313

19 N. Palm
Springs

July 08th,
1986

Morongo
Valley 6.06 Reverse 3.7 0.2182

20 N. Palm
Springs

July 08th,
1986

North Palm
Springs 6.06 Reverse 0 0.5941

21 Superstition
Hills

Nov. 24th,
1987

Parachute
Test Site 6.54 Strike-slip 0.9 0.4550

22 Loma Prieta Oct. 18th,
1989 Capitola 6.93 Reverse 8.7 0.5285

23 Loma Prieta Oct. 18th,
1989

Gilroy
Gavilan Coll. 6.93 Reverse 9.2 0.3570

24 Loma Prieta Oct. 18th,
1989

Gilroy
Array number 1 6.93 Reverse 8.8 0.2088

25 Chi-Chi
Taiwan

Sep. 20th,
1999 CHY006 7.62 Reverse 9.8 0.1301

26 Chi-Chi
Taiwan

Sep. 20th,
1999 TCU076 7.62 Reverse 2.8 0.3029

27 Kobe,
Japan

Jan. 16th,
1995

Nishi
Akashi 6.9 Strike-slip 7.1 0.5093
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Table 2: Continued.

Number Events Year Station Mag. Fault Epicentral distance (km) PGA
(g)

28 Kobe,
Japan

Jan. 16th,
1995 Takatori 6.9 Strike-slip 1.5 0.6114

29 North Ridge Jan. 17th,
1994 Newhall 6.69 Reverse 3.2 0.5830

30 North Ridge Jan. 17th,
1994

Pacoima
Kagel
Canyon

6.69 Reverse 5.3 0.3011
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Figure 5: The seismic fragility of the weir subjected to near field
ground motions.

where 𝛼 = the mass constant value and 𝛽 = the stiffness
constant value. Then, the fundamental, second, and third
frequencies from the eigenvalues were 0.8911, 1.1223, and
1.2622Hz, respectively, and about 26% effective mass partic-
ipation was observed at the third mode. It revealed that the
third mode was the largest proportion of the total mass in
horizontal direction. Consequently, in the estimation of the
fragility of the weir structure, 30-near-field and 30-far-field
ground motions normalized to the same PGA levels (0.1 g,
0.2 g, 0.4 g, 0.6 g, 0.8 g, 1.0 g, and 1.5 g) were applied to the
simple linear elastic FE model, respectively. In addition, the
seismic fragilities were implemented at each PGA using (8)
as the empirical method and the analytical seismic fragilities
were established by (9) for theGangjeong-Goryeongweir sys-
tem. With the multiple time-history analyses accounting for
ground motion uncertainties, seismic fragilities correspond-
ing to the limit states were described in Figures 5 and 6. The
fragilities noted that the system subjected to ground motions
was more vulnerable to the tensile stress of the mass concrete
structure than other damages. The similar manner is also
observed in the weir system subjected to near field and far
field ground motions.The probability of failure due to tensile
stress (LS-2) of the weir body was not significantly different
from LS-3 (i.e., compressive stress of the mass concrete) in
overall PGA levels, as shown in Figure 5. On the other hand,
in case of the far field ground motions (Figure 6), the failure
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Figure 6: The seismic fragility of the weir subjected to far field
ground motions.

difference between LS-2 and LS-3 gradually increased as the
seismic hazard level increased. Particularly, it showed that
the fragility difference between tensile stress of the weir body
and compressive stress of the mass concrete was about 27% at
PGA 1.0 g. Also, the relative displacement (LS-5) showed the
lowest probability of failure in comparison to other damage
states on both ground motions. The fragility comparison
for the weir structure subjected to near field and far field
ground motion intensity was described in Figures 7 to 11. In
comparison to the fragility at limit state 2, the probability of
failure of the system presented the similar trend between near
field and far field ground motions. In addition, the system
subjected to near field ground motions was more vulnerable
than the weir structure subjected to far field groundmotions.
However, the probability of failure of the system at LS-1 due
to far field groundmotions was higher than that of the system
under near field ground motion intensity up to PGA 0.78 g.
Therefore, the investigations depicted that the weir structure
was sensitive to the ground motion intensity, which was the
acceleration-sensitivity structural system.

7. Conclusions

Theseismic probabilistic risk assessment, which is the seismic
fragility, can be commonly used to identify the performance
or characteristic strength of the system at a given seismic
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Table 3: Selected ground motions: far field.

Number Events Year Station Mag. Fault Epicentral distance (km) PGA
(g)

1 Kocaeli,
Turkey

June 28th,
1999 Ambarli 7.51 Strike-slip 68.1 0.2487

2 San Fernando Feb. 9th,
1971

Carbon
Canyon
Dam

6.61 Reverse 61.8 0.0695

3 San Fernando Feb. 9th,
1971

Cedar
Spring 6.61 Reverse 92.2 0.0267

4 San Fernando Feb. 9th, 1971 Colton 6.61 Reverse 96.8 0.0321

5 San Fernando Feb. 9th, 1971 Fairmont
Dam 6.61 Reverse 25.6 0.0712

6 Friuli,
Italy May 6th, 1976 Barcis 6.5 Reverse 49.1 0.0289

7 Friuli,
Italy May 6th, 1976 Conegliano 6.5 Reverse 80.4 0.0491

8 Irpinia
Italy-01

Nov. 23rd,
1980

Rionero in
Vulture 6.9 Normal 29.8 0.1059

9 Imperial
Valley

Oct 15th,
1979

Calipatria
Fire STA 6.53 Strike-slip 23.2 0.1282

10 Imperial
Valley

Oct. 15th,
1979

Cerro
Prieto 6.53 Strike-slip 15.2 0.1691

11 Irpinia
Italy-02

Nov. 23rd,
1980

Mercato
San Severino 6.2 Normal 43.5 0.0417

12 Imperial
Valley

Oct. 15th,
1979 Compuertas 6.53 Strike-slip 13.5 0.1862

13 Imperial
Valley

Oct. 15th
1979 Delta 6.53 Strike-slip 22 0.2378

14 Imperial
Valley

Oct. 15th,
1979

Parachute
Test Site 6.53 Strike-slip 12.7 0.1113

15 Imperial
Valley

Oct. 15th,
1979

Superstition
MTN
Camera

6.53 Strike-slip 24.6 0.1092

16 Irpinia
Italy-02

Nov. 23rd,
1980

Rionero in
Vulture 6.2 Normal 22.7 0.0988

17 Chi-Chi
Taiwan

Sep. 20th,
1999 CHY019 7.62 Reverse 50 0.0637

18 Chi-Chi
Taiwan

Sep. 20th,
1999 CHY022 7.62 Reverse 63.2 0.0443

19 Chi-Chi
Taiwan

Sep. 20th,
1999 CHY023 7.62 Reverse 81.1 0.0584

20 Chi-Chi
Taiwan

Sep. 20th,
1999 CHY025 7.62 Reverse 19.1 0.1592

21 Kocaeli,
Turkey

June 28th,
1999 Arcelik 7.51 Strike-slip 10.6 0.2188

22 Kocaeli,
Turkey

June 28th,
1999 Atakoy 7.51 Strike-slip 56.5 0.1048

23 Kocaeli,
Turkey

June 28th,
1999 Bursa 7.51 Strike-slip 65.5 0.0453

24 New Zealand
02

Mar. 2nd,
1987

Matahina
Dam 6.6 Normal 16.1 0.2553

25 Imperial
Valley

Oct. 15th,
1979

El Centro
Array

number 12
6.53 Strike-slip 17.9 0.0658

26 Imperial
Valley

Oct. 15th,
1979

El Centro
Array

number 13
6.53 Strike-slip 22 0.0456
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Table 3: Continued.

Number Events Year Station Mag. Fault Epicentral distance (km) PGA
(g)

27 Imperial
Valley

Oct. 15th,
1979

El Centro
Array

number 3
6.53 Strike-slip 10.8 0.1267

28 Imperial
Valley

Oct. 15th,
1979

El Centro
Array

number 1
6.53 Strike-slip 21.7 0.0564

29 Imperial
Valley

Oct. 15th,
1979

El Centro
Array

number 11
6.53 Strike-slip 12.4 0.1403

30 Parkfield June 28th,
1966

Temblor
Pre-1969 6.19 Strike-slip 17.6 0.3574

Table 4: Limit states of the weir structure.

Limit
states Details Design criteria

LS-1 Compressive stress at the
weir body and stilling basin 0.25𝑓

𝑐𝑘
= 6MPa

LS-2 Tensile stress at the weir
body and stilling basin 0.42√𝑓

𝑐𝑘
= 2.058MPa

LS-3 Compressive stress at the
mass concrete 0.25𝑓

𝑐𝑘
= 4.5MPa

LS-4 Tensile stress at the mass
concrete 0.42√𝑓

𝑐𝑘
= 1.782MPa

LS-5 The displacement of the
weir structure 10mm
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Figure 7: Comparison of the fragility corresponding to LS-1.

hazard level in civil engineering structures. In order to
develop the safety assessment for the weir structure as a
critical structure in Korea, the fragility analysis was carried
out in this study. More specifically, this study developed the
simple linear elastic FE model including the soil-structure
foundation of Gangjeong-Goryeong weir located on the
Nakdong River near Daegu Metropolitan City in Korea. To
describe the uncertainty in ground motions of the seismic
fragility analyses, near field (30 earthquake records) and far
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Figure 8: Comparison of the fragility corresponding to LS-2.
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Figure 9: Comparison of the fragility corresponding to LS-3.

field (30 earthquake records) earthquakes were accounted
for as intensity measures. With the particular emphasis
on incorporating uncertainty into the 2D plain FE model,
multiple linear time history analyses based on MCS were
carried out. Through this preprocess, the vulnerability of the
weir structure was estimated. As a result, from the eigenvalue
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Figure 10: Comparison of the fragility corresponding to LS-4.
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Figure 11: Comparison of the fragility corresponding to LS-5.

analysis, the effective mass participation of the third mode
in the weir structure was significantly larger than that of the
first mode and the second mode in horizontal direction. It
was noted that the mode shape and mass participation were
very different from the typical building type. The empirical
and analytical fragility results in particular revealed that the
weir structure was more conservative to the near field fault
mechanism in comparison to the far field fault. Furthermore,
the weir system includingmass concrete and soil foundations
was relatively susceptible to limit state 4 (tensile stress at the
mass concrete) as compared to other damage states, during
an earthquake.

Finally, the seismic fragility accounting for the nonlinear-
ity with respect to the interaction between the weir body and
soil-structure foundation must be achieved and for a future
safety assessment of the weir system the effect of flooding
condition must be also considered.
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Various types of external tendons are considered to verify the applicability of tension estimationmethod based on the finite element
model with system identification technique. The proposed method is applied to estimate the tension of benchmark numerical
example, model structure, and field structure. The numerical and experimental results show that the existing methods such as taut
string theory and linear regression method show large error in the estimated tension when the condition of external tendon is
different with the basic assumption used during the derivation of relationship between tension and natural frequency. However,
the proposed method gives reasonable results for all of the considered external tendons in this study. Furthermore, the proposed
method can evaluate the accuracy of estimated tension indirectly by comparing the measured and calculated natural frequencies.
Therefore, the proposed method can be effectively used for field application of various types of external tendons.

1. Introduction

Many structures use external tendons including the main
and hanger cables for suspension bridges as well as the
main cables for cable-stayed bridges, stranded cables, external
reinforcing cables. External tendons use the tensile force
applied to the cable, and it is used as the main or sub-
members for many structures. The tensile force of the
external tendon applied during the construction phase varies
over time after completion depending on various factors.
Therefore, to estimate the tensile force of the external tendon
is of a paramount importance in terms of the stability and
maintenance of a structure. The most accurate means to
estimate the tension on the cables is to use load cells to collect
the data directly. However, this is not an option inmany cases
due to the conditions in the field and the higher price of
the cells and short service lives of these components, which
can be a maintenance challenge when malfunctions occur.
Therefore, the most commonly used method is to extract the
natural frequency from the acceleration signal measures and
enter the data into an equation that shows the relationship
between the natural frequency and tension, to estimate the
tension indirectly.

The two most widely used methods are the taut string
theory [1] which does not take the bending stiffness into
consideration and the linear regression method [2–4] which
regards the cable as a beam under the axial load and
considers the bending stiffness. The estimation methods for
tension using the existing dynamic method put the natural
frequency values to the equation on the natural frequency and
tension. Therefore, if the mathematical model used differs
significantly from the actual structure, a significant error is
unavoidable.

The method of estimating the tensile force of external
tendons we introduce in this paper has the following two
outstanding characteristics. First, since it uses the finite
element model, it can be applied to any form of external
tendon because when the structure is geometrically complex
and difficult to determine the value of a mathematical model,
the finite element model is themost effective alternative.That
is, the natural frequencies of the structure can be calculated
using the finite element model but not analytical methods.
Second, when the number of variables to be identified is
large, the methods to minimize the error between the calcu-
lated natural frequency and the measured natural frequency
involve a lot of computation. For this reason, we applied
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Finite element model for cables

Computation of sensitivity matrix
through nonlinear finite element vibration analysis

Calculation of the rate of change
for the identification variables

Calculation of updated identification variables

The rate of change

Output of estimated variables and tension 

No

Yes

Measured eigenvalue and
assumption of identification variables

for natural frequency ≒ 0

Figure 1:The process of estimating the tensile force using the system
identification method [5].

the system identification method that uses the sensitivity
analysis, which is garnering greater attention these days. The
overall diagram for the process of estimating the tensile force
using the system identification method is shown in Figure 1,
and further details can be found in the studies by Park and
Kim [5] and Park et al. [6]. In this study, the theoretical
formulation of tension estimation is carried out through
the system identification technique that uses the sensitivity
updating algorithm, which is then applied to the benchmark
numerical examples, laboratory test samples, and the field
structures to verify the effectiveness of our method.

2. Theoretical Formulation

In the process of estimating the tensionusing the system iden-
tification approach based on the finite element model, the
tension of external tendons is illustrated by the identification
vector which is composed of several unknown parameters.
The identification vector containing unknown parameters 𝑥𝑝
(𝑝 = 1, . . . , 𝑚) used for identifying the tensile force in the
system identification procedure can be defined as

x = [𝑥
1

𝑥
2

⋅ ⋅ ⋅ 𝑥
𝑘
]
T
, (1)

where 𝑥
1

, 𝑥
2

, . . . , 𝑥
𝑘 denote the identification variables for

estimating tensile force. For example, the 𝑥𝑘 could be set to
the tension or other physical property for external tendons,
that is, need to identify.

The identification vector for the rth iteration in the
sensitivity-based updating algorithm can be assumed as

𝑟x = [
𝑟
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where 𝑟𝑥1, 𝑟𝑥2, . . . , 𝑟𝑥𝑘 mean the identification variables for
the rth iteration.

Then, the static displacement and tendon force distribu-
tion can be produced for the identification vector. In the next
step, the natural frequency 𝜔

𝑗
(𝑗 = 1, . . . , 𝑞) is determined

from the finite element vibration analysis using the static
displacement curve and tendon force distribution. Using
the change in natural frequencies for different identification
variables, the sensitivity matrix (S) with (𝑞 × 𝑝) size can be
determined approximately as follows:
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Then, from the produced natural frequency data, the rate
of change (𝑑𝑟𝜔) for the eigenvalue can be obtained as

𝑑
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, (4)

where 𝜔𝑚
𝑞
and 𝑟𝜔𝑐

𝑞
denote the 𝑞th mode’s natural frequency

measured from experiment or field test and the 𝑞th mode’s
frequency calculated from nonlinear finite element vibration
analysis using 𝑟𝑥𝑝 in the 𝑟th iteration, respectively. Equation
(4) can be rewritten in the vector form as

𝑑
𝑟

𝜔
(𝑞×1)

=
𝑟S
(𝑞×𝑝)

𝑑
𝑟x
(𝑝×1)

. (5)

Equation (5) is referred to as a linear sensitivity equation,
and the rate of change for the identification vector by using
(5) can be expressed as

𝑑
𝑟x = 𝑟S−1𝑑𝑟𝜔, (6)

where 𝑟S−1means the pseudoinverse matrix for 𝑟S and can be
determined as

𝑟S−1 = (
𝑟ST𝑟S)

−1
𝑟ST. (7)

Finally, the 𝑝th identification variable in the (𝑟 + 1)th
iteration can recalculated as
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(8)

From (2) to (8), the loop is repeated until the termina-
tion condition is satisfied. The convergence condition for
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T: 50kN, m: 1.5 kg/m, L: 5m

Figure 2: Benchmark numerical examples.

the repetition analysis uses the square roots of the sum of
square (SRSS) in the following:
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< 0.01.

(9)

Finally, tensile force is determined from the identification
variables holding at the termination stage and relevant natu-
ral frequencies can be determined through the finite element
vibration analysis with the identification variables.

To identify the mode shape number of measured natural
frequency, a number of sensors are required in the system
identification approach based on the finite element model.

However, few sensors (e.g., less than 4 sensors) are
enough to get the required number of natural frequency
with mode shape (e.g., 2 or 3 modes) in this approach.
Furthermore, the sensor location can be varied when there
are a limited number of sensors.

The tension estimation results will be compared with
existing methods, that is, taut string theory and linear
regression method and the governing equations of these two
methods are shown as

𝑇 = 4𝑚𝐿
2

𝑒
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2
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+ (
𝐸𝐼𝜋
2

4𝑚𝐿4
𝑒

)𝑛
2

,

(10)

where𝑚, 𝐿
𝑒
, and𝐸𝐼 aremass per unit length, effective length,

and flexural rigidity, respectively.

3. Benchmark Numerical Examples

Before the field application of the tension estimation method
using the system identification technique, we developed
the benchmark example shown in Figure 2 to verify the
development theory. In this case, the bending stiffness and
boundary conditions of the cable were changed as shown
in Table 1 to validate the advantages of the newly developed
theory compared to existing ones.

The purpose of C1 and C2 in Table 1 is to check the
influence of the bending stiffness, while C2 and C3 are to
see the influence of the boundary conditions. For each of the
cables, the theoretical first through third natural frequencies
are shown in Table 2.

Table 3 shows the results of the tensile force estimations
for the three benchmark cables using the taut string theory,

(a) No shielding

(b) Shielding

Figure 3: Seven-strand cables.

Anchorage

Anchorage head Strand

Figure 4: Test set-up.

Table 1: Variation of parameter for benchmark numerical examples.

Cable ID Bending stiffness (N-m2) Boundary condition
C1 100 Hinged-Hinged
C2 1000 Hinged-Hinged
C3 1000 Fixed-Fixed

Table 2: Natural frequencies calculated from benchmark numerical
examples (Hz).

Cable ID 1st 2nd 3rd
C1 18.26 36.57 54.79
C2 18.33 37.09 56.69
C3 19.44 39.33 60.12

the linear regression method, and the newly developed
method. As shown in Table 3, the taut string theory, which
is in capable of considering the bending stiffness, shows the
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Table 3: Tension estimations error (%) of the benchmark examples.

Cable ID Taut string theory Linear regression method System identification method (this study)

C1
1st
2nd
3rd

0.08
0.32
0.71

0.00 0.00

C2
1st
2nd
3rd

0.08
3.16
7.11

0.00 0.00

C3
1st
2nd
3rd

13.32
16.01
20.47

12.43 0.00

Table 4: Estimation error (%) of multiple variables for the cable C2.

Identification variable Estimation error
𝑇, 𝐿 𝑇 = 0.02, 𝐿 = 0.01

𝑇,𝑚 𝑇 = 0.13,𝑚 = 0.13

𝑚, 𝐿 𝑚 = 0.04, 𝐿 = 0.02

𝑇,𝑚, 𝐿 𝑇 = 0.77,𝑚 = 0.00, 𝐿 = 0.36

Table 5: Applied tension and extracted natural frequencies.

Test ID Applied tension
(ton)

Extracted natural
frequencies (Hz)

Test 1 4.05 21.36, 42.94
Test 2 8.73 30.88, 61.87, 93.41
Test 3 13.46 38.07, 76.35, 114.80
Test 4 18.35 44.31, 88.68

errors in the estimated tensile forces as the bending stiffness
increases (C1 to C2.) For tension estimations through the taut
string theory and linear regression method, the boundary
conditions cannot be considered, which resulted in a signif-
icant error in the C3 cable. Also, as the string theory has
only one natural frequency, it can estimate the tensile force
differently depending on the mode of natural frequency used
even under the same tensile force. Therefore, when there is a
difference in the natural frequency used in the field without
the identification of the natural vibration mode, a big error is
inevitable. On the other hand, the method of system identi-
fication considers the physical properties and boundary con-
ditions, including bending stiffness.Therefore, the numerical
example demonstrated that it is able to estimate the tensile
force with precision. In addition, we used the SRSS (square
root of sum of square) of the converged errors of the natural
frequencies during the field application, which allowed us to
indirectly verify the reliability of the estimated tensile force.

Since the tension estimation method using the system
identification technique is based on the finite element model,
it is possible to estimate not only the tensile force but also
the effective length, unit mass, and bending stiffness. It
is also capable of estimating single and multiple variables
simultaneously. Table 4 shows the results of estimation of
multiple variables for the cable C2 in Table 1.

Estimation of the multiple variables can reduce errors in
the estimation of tensile force, as it can indirectly determine

Anchorage
Jig

Accelerometer

Anchorage
head

4660mm

920mm
1770mm

920mm
1770mm

Figure 5: Vibration measurement set-up.

Figure 6: Laboratory-scale cable-stayed bridge test sample.

the variable that significantly affects the errors in estimating
the tensile force (effective length, boundary conditions, and
equivalent unit mass)

4. Application to Laboratory Test Samples

Before we applied the newly developed method that was
verified by means of the benchmark numerical example, we
applied this new method to two test samples to identify
possible problems that might occur during field applications
and complement them as necessary.

4.1. Strand Cable Test Sample. Strand cables are composed
of 7 smaller wires and are usually the basic element to
make PC steel strands or cables for cable stayed bridges
and suspended cables. Depending on the application, some
strands use additional fillers or shielding to prevent them
from being corroded, as shown in Figure 3. The steel strand
cable used in this study was a seven-strand cable used for PC
steel strand cables, and it had no fillers or shielding.

To check the estimation effect of the tension due to the
changes in tension as shown in Figure 4, we used a 3000-kN
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Figure 7: Vibration test with a laboratory-scale test sample of a cable-stayed bridge.
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Figure 8: Extraction of natural vibration mode for test 1.

actuator that was located in the POSCO steel structure testing
center. To measure the signals of acceleration, as shown in
Figure 5, we added four accelerometers to the strand cable.
The acceleration signal was transmitted to the computer
through a wireless logger.

The load was applied in 4 steps. The natural frequency
based on the natural vibration mode extracted from the

acceleration signals are shown in Table 5. Here, tests 1 and 4
failed to identify the third natural vibration mode.

As shown in Table 6, the technique of estimating the
tensile force using the system identification method turned
out to have less errors in terms of tensile force estimation
compared to the taut string theory or linear regression
method. This is because the existing theories could not
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Table 6: Applied tension estimation error (%) of strand cables.

Test ID Taut string theory Linear regression method System identification method (this study)

Test 1 1st
2nd

11.68
12.83 11.29 0.70

Test 2
1st
2nd
3rd

8.09
8.48
9.90

7.74 0.05

Test 3
1st
2nd
3rd

6.61
7.20
7.72

6.56 0.35

Test 4 1st
2nd

5.92
6.07 5.87 0.62

Table 7: Tension estimation error (%) of a laboratory-scale test sample of a cable-stayed bridge.

Test ID Taut string theory Linear regression method System identification method (this study)

Test 1
1st
2nd
3rd

12.95
13.98
16.59

12.35 1.49

Test 2
1st
2nd
3rd

12.95
14.24
16.94

12.36 1.60

Test 3
(Test 4)

1st
2nd
3rd

14.24
14.24
17.03

13.44 2.19

For SeoulFor Osan 

Left cableRight cable

Figure 9: Yeongdeok number 1 cable-stayed bridge.

Table 8: Mean and standard deviation (%) of tension estimation
errors for stay-cable.

Method Mean Standard deviation
Taut string theory 4.42 4.59
Linear regression
method 4.14 4.29

System identification
method (this study) 1.95 1.59

consider the boundary conditions of the strand cable or the
bending stiffness.

4.2. Laboratory-Scale Cable-Stayed Bridge Test Sample. In
addition to the strand cable test sample, we conducted the
tensile force estimation experiment with a laboratory-scale
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Figure 10: Tension estimation error (%) of Yeongdeok number 1
stay-cable.

test sample of a cable-stayed bridge as shown in Figures 6 and
7. In this case, the cable used was shielded steel strand cable,
with a tensile force of 30 kN.

To examine the influence on the estimation of the tensile
force by the setup of the vibration measurement, we altered
the positions of the accelerometers, the hitting point of the
impact hammer, and the time of measuring the vibration, in
four separate test scenarios.
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(a) Vibration preventing device (b) Deviation block

Figure 11: External tendon of the approach bridge of Incheon Grand Bridge.

As carried out in the case of the strand cable test, we
extracted three natural frequencies for each test. Figure 8
shows the extracted natural vibration modes for test 1. Based
on these frequencies, we estimated the tensile force as shown
in Table 7, which also shows the technique for estimating
the tensile force using the system identification method.This
turned out to have fewer errors in terms of tensile force
estimation compared to the taut string theory or the linear
regression method, as with the case of steel strand cables.

5. Field Application

Weverified the feasibility of the system identificationmethod,
which was verified by the tests with laboratory-scale test
samples, by estimating the tensile forces in the field.

5.1. Stay-Cable of Yeongdeok Number 1 Bridge. The first test
in the field was conducted with the cables in a cable-stayed
bridge, for which the tension estimations in the field were
being performed using existing theories (string theory, linear
regression). Yeongdeok number 1 Bridge is a cable-stayed
bridge located in Giheung district, Youngin-si, Gyounggi-do.
This bridge uses PPWS (prefabricated parallel wire strands)
cables.

We estimated the tensile forces of 12 cables on both
sides of the bridge as shown in Figure 9 and compared
the estimation results from the existing methods and new
method. Figure 10 shows that the force estimation made by
the system identification method has errors not exceeding
5%. However, the existing methods, in some cases, showed a
high level of errors. However, the methods of estimating the
tensile force using the existing theories also yielded relatively
desirable outcomes. This is because the length of cable stays
of the bridge is within a range from 44m to 95m, which is
relatively long and similar to the assumptions used in the
existing theories.

The tension estimation method using the system iden-
tification shown in Table 8 has a relatively smaller standard
deviation for the estimation errors compared to those of the
existing theories. Therefore, the tensile forces are able to be
estimated with more reliability.

Table 9: Mean and standard deviation (%) of tension estimation
errors for external tendon.

Method Mean Standard deviation
Taut string theory 18.60 7.61
Linear regression
method 11.13 4.19

System identification
method (this study) 3.11 2.21

5.2. External Tendon for the Approach Bridge Section of
Incheon Grand Bridge. The external tendon for normal
bridges is applied during the construction phase or after-
wards for reinforcing the structure. To check the applicability
of the system identification method for such external ten-
dons, we applied this method to the external tendons of the
approach bridge section of the Incheon Grand Bridge. The
external tendons, unlike cables in cable-stayed or suspension
bridges, installed deviation blocks, or vibration preventing
device between the external tendons, as shown in Figure 11.
Also, the external tendon was shielded in HDPE pipes and
the interior was filled with mortar to prevent corrosion.
Therefore, it was difficult to apply the existing theories, and
there is no other way used in the field to examine the tension
except load cells.

Figure 12 and Table 9 show that existing theories show
significant errors with the external tendon, which is unlike
the cases in the cable stays in the Yeongdeok Bridge number
1. This is because the external tendon differs significantly
in many aspects of the assumptions. The tension estimation
technique using the system identification method showed
increased errors from the level in Yeongdeok Bridge. Still,
however, the range of errors did not exceed 5%.

5.3. Extradosed Cable for Aam Bridge. Aam Bridge of
Figure 13 constructed in the approach sector of the Incheon
Grand Bridge. It was built as an extradosed bridge, which is
similar to a cable stayed bridge and uses MS (multistrand)
cables that are shielded in HDPE pipes. There is no separate
grouting inside the cable. Figure 14 shows the vibration
measurement set-up of an extradosed cable.



8 Mathematical Problems in Engineering

0

5

10

15

20

25

30

35

40

Number 1 Number 3 Number 4 Number 6

Te
ns

io
n 

es
tim

at
io

n 
er

ro
r (

%
)

Tendon ID

Taut string theory-1st
Taut string theory-2nd
Taut string theory-3rd
Linear regression method
System identification method (this study)

Figure 12: Tension estimation error (%) of external tendon of
Incheon Grand Bridge.

Figure 13: An overall view of Aam Bridge.

Table 10: Mean and standard deviation (%) of tension estimation
errors for extradosed cables.

Method Mean Standard deviation
Taut string theory 1.93 1.24
Linear regression
method 1.08 0.54

System identification
method (this study) 2.27 1.34

The cables used in Aam Bridge are relatively long in
length, and the estimation results of their tension using the
existing theories, as shown in Figure 15 and Table 10, show
somewhat improved results compared to those of the system
identification method. However, all methods showed tensile
force estimation errors within a range of 5%. Therefore, the
system identification method is thought to be applicable to
the field operations if field engineers assume a ±5% error
when estimating tensile force due to errors in the acceleration
signal measurements, material properties, and geometrical
variable errors, and other environmental errors that cannot
be excluded theoretically, such as thermal influence.

L1 L2 L3 L4

CH1 CH2

Cable

C2

C1

Figure 14: Vibration measurement set-up.
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Figure 15: Tension estimation error (%) of Aam Bridge.

5.4. The Sigma Level Calculation of the Field Application
Results. The statistical information (i.e., error of estimation
method) is very important to field engineers. Therefore, as
shown in Figures 16, 17, and 18, we performed sigma-level
calculations for three field application results based on each
tensile force estimationmethod to verify their reliabilities and
applicability. In this case, the string theory and the linear
regression methods differed in terms of their error level
depending on the site, which did not satisfy the requirements
for regularity. Therefore, the DPMO (Defect Per Million
Opportunities) method was used for a short-term sigma-
level calculation. As for the system identification method, it
satisfied the regularity requirement, and the Z-bench value
was used to calculate the short-term sigma level. In all
methods, a tensile force estimation error of 5% was set as the
upper limit.



Mathematical Problems in Engineering 9

30.022.515.07.50.0

5
6.41831

65
7.28111

Z.Bench
Z.LSL
Z.USL
Ppk
Cpm

400000.00
PPM total 400000.00

577222.41
577222.41

Process data
Lower spec. limit
Target value
Upper spec. limit
Sample mean

Std. dev. (total)

Total process capability

Observed performance Expected performance (total)

Upper spec. limit

−7.5

−0.19

−0.19

−0.06

PPM < lower spec. limit
PPM > upper spec. limit

Sample N

∗

PPM total

PPM < lower spec. limit
PPM > upper spec. limit

∗

∗

∗

∗

∗

Figure 16: Process capability of field application error for the taut string theory.
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Figure 17: Process capability of field application error for the linear regression method.

As with Table 11, the system identification method was
shown to be a better method than existing theories in terms
of field applicability for external tendons of various types if
the yield and short-term sigma level are compared.

6. Conclusion

This study used the system identification method for esti-
mating the tensile force of external tendons to benchmark
numerical examples, laboratory test samples, and field struc-
ture to get the following conclusion.

The string theory and the linear regression method are
based on theoretical closed-form equations. For this reason,
they showed an allowable level of errors in terms of estimating
the tensile force for the field applications with the external
tendons that had similar characteristics with the assumptions
used in deriving the relationship equations between the
natural frequencies and tensile forces (for Yeongdeok number
1 Bridge and Aam Bridge). However, they were not applicable
for field applications as the errors were too large for the exter-
nal tendons with different properties from those assumed,
whereas the tension estimation method using the system
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Figure 18: Process capability of field application error for the system identification method.

Table 11: Final yield and short-term sigma level.

Method DPMO/𝑍-bench Yield (%) Short-term sigma level
Taut string theory 400,000 60.0 1.75
Linear regression method 363,636 63.6 1.85
System identification method (this study) 1.67 95.3 3.17

identification technique was applicable not only to the exter-
nal tendons to which the existing theories could be applied
(Yeongdeok number 1 Bridge and Aam Bridge) but also to
the external tendons to which they could not be applied
(approach bridge section of Incheon Grand Bridge). This is
because the development method was based on the finite
element model. Also, the newly developed method could
use the SRSS errors between the measurements of natural
frequencies and their calculated results to determine the
reliability of the estimated tensile force. Therefore, the tensile
force estimation method using the system identification
technique could be used efficiently to estimate the tensile
forces of various types of external tendons.
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A lifeline system, serving as an energy-supply system, is an essential component of urban infrastructure. In a hospital, for example,
the piping system supplies elements essential for hospital operations, such as water and fire-suppression foam. Such nonstructural
components, especially piping systems and their subcomponents, must remain operational and functional during earthquake-
induced fires. But the behavior of piping systems as subjected to seismic ground motions is very complex, owing particularly to the
nonlinearity affected by the existence ofmany connections such as T-joints and elbows.The present study carried out a probabilistic
risk assessment on a hospital fire-protection piping system’s acceleration-sensitive 2-inch T-joint sprinkler components under
seismic ground motions. Specifically, the system’s seismic capacity, using an experimental-test-based nonlinear finite element (FE)
model, was evaluated for the probability of failure under different earthquake-fault mechanisms including normal fault, reverse
fault, strike-slip fault, and near-source ground motions. It was observed that the probabilistic failure of the T-joint of the fire-
protection piping system varied significantly according to the fault mechanisms. The normal-fault mechanism led to a higher
probability of system failure at locations 1 and 2. The strike-slip fault mechanism, contrastingly, affected the lowest fragility of
the piping system at a higher PGA.

1. Introduction

In the event of earthquake, the fire-protection piping sys-
tem (sprinkler piping system), as an essential nonstructural
component in critical facilities such as hospitals, emergency
clinics, and high-tech factories, must remain secure and
operational in order to prevent the damage from fire. Inter-
estingly, many previous reports have attributed the most
serious earthquake damage to the poor performance of
nonstructural components such as HVAC, ceiling system,
and fire-protection piping system [1] rather than to structural
components. The Olive View Hospital, for example, seismi-
cally retrofitted after the 1971 San Fernando earthquake, did
not incur any structural damage from the 1994 Northridge
event. However, due to leakages from the fire-protection
piping system and the chilled water distribution system,
the hospital had to be shut down, further necessitating
the evacuation of 377 patients [2]. During the 1995 Kobe

earthquake in Japan, 40.8% of fire-suppression systems such
as sprinkler piping systems were damaged [3], due to the
acute seismic vulnerability of sprinkler piping systems (as
part of fire-protection piping systems) relative to other fire-
suppression systems such as indoor fire hydrants, foam-based
extinguishing systems, and fire doors.

In order to prevent or minimize damage from fire,
hospitals’ nonstructural components including automatic fire
alarm systems, HVAC systems, and fire-protection piping
systems (sprinkler piping systems) must remain operational
and functional both during and after earthquakes. In recent
years, significant research has been conducted to evaluate
the seismic performance and vulnerability of fire-protection
piping systems in hospitals according to earthquake engi-
neering principles. Antaki and Guzy [4] performed a seis-
mic performance analysis of a fire-protection piping system
incorporating grooved and threaded connections. Also, the
University of Buffalo [5, 6] conducted experimental tests on
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Figure 1: Sprinkler piping system configuration with multibranch
systems [7].

a sprinkler piping system under monotonic and cyclic
loading conditions, with respect to two connection types
(threaded T-joint and grooved T-joint) and two materials
(black iron and chlorinated polyvinyl chloride (CPVC)).

Based on the outcomes of relevant previous investigations
[7, 8, 11], the present study, in order to reduce seismic-induced
fire risk and develop a probabilistic risk assessment protocol
for sprinkler piping systems in hospitals, (1) incorporated an
analytical and numerical nonlinear T-joint model specified
by experimental-test-derivedmoment-rotation relationships,
(2) considered various seismic ground-motion intensities
and various fault mechanisms as a function of uncertainties,
(3) conducted multiple nonlinear time-history analyses for
a Monte Carlo simulation, and (4) estimated the system’s
change of probabilistic failure and acceleration sensitivity
according to various earthquake-fault mechanisms.

2. Fire-Protection Piping System

Taking the lead of Ju and Jung [7], a hospital’s top-floor
main piping system (designed according to the NFPA-
13 [12] and SMACNA [13] seismic guidelines), with two
nonlinear T-joint branch systems supported by unbraced
single hangers, transverse braced hangers, and longitudinal
braced hangers, was selected for the purposes of the present
study. The particular locations of the multibranch piping
systems were determined, by linear time-history analysis
of the complete piping system, to be the first and second
maximum displacements and rotations. Figure 1 illustrates
the piping system configuration considered in this study.The
natural frequencies of the piping system in the fundamental
and second modes were 1.82 (Hz) and 3.28 (Hz), respectively.

2.1. Finite Element (FE) Model of T-Joint System [7]. The
existence of many connections and linkages in a sprinkler

𝜃L 𝜃R

D

Figure 2: FE model of T-joint system [8].
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Figure 3: Pinching4material in OpenSees [9].

piping system causes complex nonlinear behavior. In the
study of nonlinear behavior by FE analysis, dense mesh
and special contact elements often are required; however,
considering these factors in fragility estimation can be
computationally inefficient. Therefore, in the present study,
a nonlinear moment-rotation relationship obtained from
University of Buffalo (UB) cyclic-experimental data [5, 6] was
used to generate the nonlinear FEmodel of a threaded T-joint
in a 2-inch black iron branch piping system. Figure 2 provides
a schematic of the FE model, which represents the system’s
nonlinear behavior by two nonlinear rotational springs.
Smaller rotations were allowed by means of a hinge support-
ing the branchpipes.The loadwas applied at the bottomalong
the perpendicular axis. The Pinching4 uniaxial material was
applied on theOpenSeesplatform [14].ThePinching4material
shown in Figure 3 used various parameters such as positive
and negative response envelopes, the ratio of deformation,
force, and strength under unloading conditions, and the
ratio of deformation, force, and strength under reloading
conditions. Furthermore, the Pinching4 material model was
able to represent the stiffness degradation, the strength
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degradation, and the unloading/reloading conditions under
cyclic loading [9]. Figure 4 plots the validation data on the
FE model for the threaded T-joint system. The moment-
rotation relationship obtained in the FE analysis was in good
agreement with the experimental values.

3. Seismic Ground Motions

Damage to a nonstructural fire-protection piping system
subjected to seismic ground motions is a function of the
strength and deformation capacity of each component. Dam-
age to structural and nonstructural components, meanwhile,
correlates with both input and dissipated energy [15]. In
the present study, various ground motions, namely, normal-
fault, reverse-fault, strike-slip fault, and near-source ground
motions, were applied in order to investigate the effect of
input and dissipated energy on the piping system. Ground
motions over the Richter magnitude 𝑀

𝑤
6.0 were selected

from PEER-NGA [16], and near-source ground motions
influenced by a few pulses were borrowed from Sasani et al.
[15]. Each earthquake dataset was normalized to the same
peak ground acceleration (PGA) (1.0 g). Figures 5(a) to 5(d)
provide the response spectra for a 5% damping ratio. The
thick solid curve indicates the mean value of the response
spectra.

The dynamic equation of motion for this piping system
subjected to earthquakes can be expressed as

[𝑀] { ̈𝑢 (𝑡)} + [𝐶] { ̇𝑢 (𝑡)} + [𝐾] {𝑢 (𝑡)} = − [𝑀] { ̈𝑢
𝑔
(𝑡)} , (1)

where 𝑀, 𝐶, 𝐾, and ̈𝑢
𝑔
(𝑡) are mass, damping, stiffness,

and ground acceleration, respectively. In particular, Rayleigh
classical damping known as mass and stiffness proportional
damping was used in order to generate damping matrix. The
damping equation is as follows:

[𝐶] = 𝛼 [𝑀] + 𝛽 [𝐾] . (2)

The mass and stiffness coefficients (𝛼 and 𝛽) can be de-
scribed as follows:

1

2

[
[
[

[

1

𝜔
𝑖

𝜔
𝑖

1

𝜔
𝑗

𝜔
𝑗

]
]
]

]

{
𝛼

𝛽
} = {

𝜉
𝑖

𝜉
𝑗

} , (3)

in which 𝜔
𝑖
and 𝜔

𝑗
are the natural frequency for the 𝑖th and

𝑗th modes. Also, 𝜉
𝑖
and 𝜉

𝑗
are the specified damping ratios

for the 𝑖th and 𝑗th modes [17]. Specifically, in this study, 2%
damping ratio was applied for the black iron piping system.

4. Probabilistic Risk Assessment of
Piping System

Probabilistic risk assessment and performance-based design
are practical approaches to the mitigation of potential fire,
hurricane, or earthquake damage to structural systems [18].
Additionally, the Electric Power Research Institute (EPRI)
recently formulated a fragility analysis methodology for use
in probabilistic risk assessment (PRA) of nuclear power
plants [19]. According to Shinozuka et al. [20], the empirical
fragilities based on lognormal distribution function were
classified into two different methods: (1) Parameter Esti-
mation (Method 1) by means of the maximum likelihood
procedure and (2) Parameter Estimation (Method 2) by log-
standard deviation along with the medians of the lognormal
distribution in terms of the aid of maximum likelihood
method.Themaximum likelihood function forMethod 1 can
be expressed as

𝐿 =

𝑁

∏

𝑖=1

[𝐹 (𝑎
𝑖
)]
𝑥𝑖
[1 − 𝐹 (𝑎

𝑖
)]
1−𝑥𝑖

, (4)

where 𝐹(𝑎
𝑖
) indicates the probability of failure with respect to

the specified damage level and the analytical solution for the
fragility curve was given by

𝐹 (⋅) = Φ[
ln (𝑎/𝑐)

𝜍
] , (5)

where parameter “𝑎” is peak ground acceleration (PGA).
Furthermore, the fragility (Method 2) corresponding to

four damage states (𝐸
1
, 𝐸
2
, 𝐸
3
, and 𝐸

4
) is described by two

parameters: median (𝑚
𝑐
) and lognormal standard deviation

(𝛽
𝑠𝑑
) given in

𝐹 (⋅) = Φ[
ln (𝑎
𝑖
/𝑚
𝑐
)

𝛽sd
] . (6)

The probability of failure for each damage state (no
damage, minor, moderate, and major damage) at given PGA
levels was also described as follows:

𝑃
1
= 𝑃 (𝑎

𝑖
, 𝐸
1
) = 1 − 𝐹

1
(⋅) ,

𝑃
2
= 𝑃 (𝑎

𝑖
, 𝐸
2
) = 𝐹
1
(⋅) − 𝐹

2
(⋅) ,

𝑃
3
= 𝑃 (𝑎

𝑖
, 𝐸
3
) = 𝐹
2
(⋅) − 𝐹

3
(⋅) ,

𝑃
4
= 𝑃 (𝑎

𝑖
, 𝐸
4
) = 𝐹
3
(⋅) .

(7)
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Figure 5: Seismic ground motions: response spectra based on fault mechanisms.

In this case, the likelihood function can be generalized as

𝐿 (⋅) =

𝑁

∏

𝑖=1

4

∏

𝑗=1

𝑃
𝑗
(𝑎
𝑖
; 𝐸
𝑗
)
𝑥𝑖𝑗

. (8)

Further details for the analytical fragility methodology
can be found in the study by Shinozuka et al. [20].

Based on this fragility analysis (Parameter Estimation:
Method 2), Ju et al. [8] defined the probability of failure of
a fire-protection piping system as follows:

𝑃
𝑓
(𝜆) = 𝑃 [𝐺 (⋅) < 0 | Earthquake Intensity = 𝜆] ,

𝑃
𝑓
(𝜆) = 𝑃 [𝐶 < 𝐷 | PGA = 𝜆] ,

(9)

in which 𝐺(⋅) represents failure limit state, 𝐶 is the capacity
or strength of the system, and 𝐷 is the load or demand.

Nonstructural fragilities, which are engineering demand
parameter (EDP) functions, indicate the probabilities that
certain nonstructural components will exceed a certain level
of damage [18]. Equation (9) above formulates fragility for a
peak ground acceleration (PGA) level of 𝜆.

Structural fragilities, meanwhile, are estimated empiri-
cally by conducting multiple nonlinear time-history analyses
of a structure for various ground motions:

𝑃
𝑓
(𝜆) =

∑
𝑁

𝑖=1
1 (𝜃
𝑖,𝜆

≥ 𝜃lim | PGA = 𝜆)

𝑁
. (10)

In (10), 𝜃
𝑖,𝜆

is the maximum rotation from the 𝑖th
earthquake time-history analysis at a PGA level of 𝜆, and 1(⋅)

is the indicator function.

5. Limit State of 2-Inch T-Joint System

As (9) and (10) reflect, it was necessary to characterize the
limit state criteria corresponding to fire-protection piping
system damage. Failure due to leakage generally predomi-
nated over support system failure in this study.Therefore, the
American Society of Mechanical Engineers (ASME) BPVP
code (Section 3) defined rotation corresponding to plastic
collapse of piping components using the “twice the elastic
slope” (TES) criteria [8]. Based on these criteria, the rotation
corresponding to plastic collapse 𝜃

𝜑
can be determined by

the abscissa of the point at which a line with twice the elastic
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slope intersects the moment-rotation curve. This condition
is exemplified in Figure 6, where 𝜑 = 2𝜃. In Figure 7,
the rotations of the left spring corresponding to the “First-
Leak” damage state during three cyclic tests are plotted
along with the moment-rotation relationship obtained from
the experimental data. It can be seen that all three failure
rotations lay between the lines 𝜑 = 2𝜃 and 𝜑 = 2.5𝜃, where 𝜃

is the elastic slope. It can be concluded that the TES (𝜑 = 2𝜃)
criteria can be conservatively assumed as the limit state corre-
sponding to the “First Leak” (0.0135 radians) [8]. Hence, three
damage states are defined by minor (0.0135 rad), moderate
(0.0175 rad), and severe damage (0.0217 rad), respectively.

6. Seismic Fragility of Fire-Protection
Piping Systems Subjected to Various
Fault Mechanisms

The piping-system seismic fragility evaluation presented in
this paper was based on analyses of multiple nonlinear time-
histories as functions of uncertainties such as magnitude,
soil types, and fault mechanisms. The evaluation proceeds as
follows.

(1) Select seismic ground motions of each fault mech-
anism (normal, reverse, and strike-slip) and near-
source ground motions as functions of uncertainties.

(2) Incorporate the nonlinear T-joint FE model into the
main piping system based on the experimental result.

(3) Perform multiple nonlinear time-history analyses by
means of aMonte Carlo simulation (MCS) of the fire-
protection piping system on the OpenSees platform.

Finally, from the numerical analyses, the absolute max-
imum inelastic rotations were obtained, and the numerical
fragility curves for the three different fault mechanisms and
near-source ground motions were evaluated by (10). Figure 8
showed the procedure of system fragility analysis based on
Monte Carlo simulation [10]. The nonlinear time-history
analyses were conducted at many PGA levels ranging from
0.2 g to 4.0 g increments.

The fragility estimates (i.e., probabilities of failure) cor-
responding to the piping system’s limit state of inelastic
rotation (0.0135 radians) for each fault mechanism case are
compared in Figure 9.The fragility of a fire-protection piping
system subjected to 50 seismic ground motions (50 EQs)
was determined by Ju and Jung [7]. As shown in the
figure, the probability of failure at location 1 significantly
differed among the four earthquake types. The piping system
subjected to 50 EQs was most fragile under the normal-
fault mechanism and yielded greatly. The fragility values
according to the reverse and near-source ground motions
tended to show similar probabilities of failure.Themaximum
probability difference, between the normal- and strike-slip
faultmechanisms, was approximately 40% at the PGAof 1.8 g.

Figure 10 plots the probabilities of failure at location 2.
Overall, the fragility values there were lower than at location
1. The fragility as subjected to the normal-fault mechanism
was highly conservative, showing a similar pattern to that
indicated in Figure 9. However, the values with respect to
the probability of failure at location 2 under the reverse-fault
mechanism were significantly lower than the other values
up to the PGA of 2.5 g. The maximum fragility difference,
this time between the normal- and reverse-fault mechanisms,
was approximately 41% at the PGA of 2.2 g. Also, analytical
fragility curves (solid lines) for each case are evaluated by
(6) andmedian and lognormal standard deviation (Table 1) is
obtained from numerical fragility analyses (MCS). Based on
(7), Figure 11 illustrates the damage-state (minor, moderate,
and severe damage) probabilities of the piping system sub-
jected to normal earthquake-fault mechanism at locations 1
and 2.
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Table 1: Median and lognormal standard deviation variables.

Fault mechanisms Location 1 Location 2
𝑚
𝑐

𝛽sd 𝑚
𝑐

𝛽sd

Normal 0.4835 0.2534 0.6264 0.3594
Reverse 0.6679 0.3945 0.9095 0.2598
Strike-slip 0.8144 0.5210 0.9270 0.5167
Near-source 0.6752 0.2948 0.7792 0.3963
50 EQs 0.4144 0.3741 0.6771 0.3398

In addition, in order to generate entire fragility corre-
sponding to particular damage state, the ground acceleration
capacity (𝐴) related to median ground acceleration capacity
(𝑎
𝑚
) and lognormal random variables (𝜀

𝑅
𝜀
𝑈
) in terms of the

median and uncertainty in the median value must be defined
by [21]

𝐴 = 𝑎
𝑚
𝜀
𝑅
𝜀
𝑈
. (11)

Therefore, themedian PGA capacities (50% probability of
failure) at locations 1 and 2 are listed in Table 2. The primary
reason for the differences among the fragility values was the
sensitive response of the piping system to the seismic ground-
motion frequency and acceleration.

7. Conclusions

This study developed a framework for probabilistic risk
assessment of fire-protection piping systems (sprinkler piping
systems) subjected to various earthquake-fault mechanisms
in order to improve their seismic performance and reduce
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Figure 9: Probabilities of failure of fire-protection piping system at
location 1.

0.0
0.00

0.20

0.40

0.60

0.80

1.00

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
PGA (g)

Normal
Reverse
Strike-slip

Near-source
50 EQs

P
f

Figure 10: Probabilities of failure of fire-protection piping system at
location 2.

Table 2: Median PGA capacities.

Fault mechanisms Location 1 (g) Location 2 (g)
Normal 1.624 1.872
Reverse 1.960 2.484
Strike-slip 2.260 2.548
Near-source 1.968 2.184
50 EQs 1.524 1.972

seismic-induced fire damage during and after an earthquake.
A stochastic seismic analysis was performed on a 2-inch black
iron multibranch piping system represented by a nonlinear
FEmodel. AMonte Carlo simulation was conducted in order
to evaluate the system-level fragility of T-joint piping system.
Based on the finding from simulation, the fragility curves
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(a) Damage states’ probabilities at location 1
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(b) Damage states’ probabilities at location 2

Figure 11: Probabilities of failure corresponding to the damage
states.

properly fitted into a lognormal cumulative distribution.The
overall study results showed that the failure probabilities at
locations 1 and 2 differ significantly by fault mechanism.
The fragility according to the normal-fault mechanism was
similar to the fragility of the piping system as subjected to
50 EQs at locations 1 and 2. This normal-fault fragility was
extremely conservative or, in otherwords, exceedingly fragile.
The maximum difference between the different fault types
was approximately 40% at both locations 1 and 2. This sug-
gests that seismic ground-motion acceleration and frequency
in piping systems that include acceleration-sensitive compo-
nents can have a considerable effect on fragility. Indeed, this
was the rationale for the present study’s evaluation of the
seismic capacities of the T-joint sprinkler piping components.
Further evaluation of the interaction between buildings and
their fire-protection piping systems and of the dynamic
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impact influence between ceiling systems and sprinkler heads
remains for future work.
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This paper investigates field applicability of a new system identification technique of estimating tensile force for a cable of long
span bridges. The newly proposed h-SI method using the combination of the sensitivity updating algorithm and the advanced
hybrid microgenetic algorithm can allow not only avoiding the trap of local minimum at initial searching stage but also finding
the optimal solution in terms of better numerical efficiency than existing methods. First, this paper overviews the procedure of
tension estimation through a theoretical formulation. Secondly, the validity of the proposed technique is numerically examined
using a set of dynamic data obtained from benchmark numerical samples considering the effect of sag extensibility and bending
stiffness of a sag-cable system. Finally, the feasibility of the proposedmethod is investigated through actual field data extracted from
a cable-stayed Seohae Bridge.The test results show that the existingmethods require precise initial data in advance but the proposed
method is not affected by such initial information. In particular, the proposed method can improve accuracy and convergence rate
toward final values. Consequently, the proposedmethod can be more effective than existing methods in terms of characterizing the
tensile force variation for cable structures.

1. Introduction

Recently, the number of cable-stayed structures built in
countries around the world is increasing. The cable-stayed
structures deteriorate due to a variety of reasons such as
overloading, aging, manufacturing imperfection, and climate
conditions. Localized damage in materials may make delete-
rious contributions to the tensile force of the cable system.
Therefore, it is necessary to estimate the tension of the cables
to ensure structural safety during the construction phase and
maintenance work after completion.

The tensile force of the cable system can be characterized
by means of a condition assessment technology based on
a variety of disciplines. Among the many nondestructive
evaluation (NDE) methods, this study is focused on the
use of dynamic response in detecting tensile forces in the
cable structure system. Of the many condition assessment
techniques for cable-stayed structures available today, system
identification methods are based on detecting the changes in

static or dynamic behavior of a cable [1–3].The tensile force of
cables could be inversely determined by using mathematical
models based on the taut string theory or axially loaded
beam theory fromnatural frequency data.Theseworks, based
on simplified analytical approaches, have limited capabilities
in dealing with complex problems, primarily due to their
limitations in handling real cable shapes in the analysis. The
differences between the real structural system andmathemat-
ical model for various cables make deleterious contributions
to the accurate detection of the tensile force [4]. In addition,
Bati and Tonietti [5] presented the significance of the flexural
rigidity of cables in determining tensile forces.They reported
that the tensile force induced from the simplified string
model, which does not consider flexural rigidity, is not reli-
able for most cases. The difference becomes more dramatic
for cases of the geometrical shape of cables, construction
tolerances, or support conditions. Blasi and Sorace [6] pro-
posed a method for detecting tensile forces by combining
static and dynamic identification techniques, which reflect

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 971023, 13 pages
http://dx.doi.org/10.1155/2015/971023

http://dx.doi.org/10.1155/2015/971023


2 Mathematical Problems in Engineering

the characteristics of the tie-rod structural system. Park
et al. [7] carried out the identification of the tensile force
in high-tension bars using modal sensitivities. Park et al. [8]
developed a system identification technique to determine the
tensile force and various rigidities of cables simultaneously
by using the finite element method and sensitivity equation.
They proved the proposedmethod through lab-scale and field
test.

These works, based on the local optimization algorithm
(LOA), have limited capabilities in dealing with complex
problems, primarily due to their limitations in handling
assumed initial conditions in the analysis. They have several
limitations, such as divergence and instability problems,
during numerical calculations. In particular, the trap problem
of false minimum is frequently observed for large and
complicated structures. In recent years, global optimization
algorithms (GOA), such as neural networks, genetic algo-
rithms (GAs), and simulated annealing methods have been
developed and promisingly applied to the field of structural
identification. Among them, GAs attracted our attention
because not a great deal of data was needed in advance. This
is an advantage over natural frequency-based neural network
methods that require priori-knowledge of both the modal
frequencies and themodal shapes to train the neural network
and to detect the structural damage. Lee and Wooh [9]
presented amicrogenetic algorithm that is able to identify the
location and extent of damage in plate-type structures using
only the frequency information. Noh et al. [10] suggested
a differential evolutionary algorithm to determine external
tendon forces and Rayleigh damping coefficients.

Despite the broad spectrum of applications, the conven-
tional GAs usually require a large number of iterations and
thus high computational cost. To solve an inverse problem
using a GA, it is necessary to carry out iterative forward
computations for each individual. Noh andLee [11] developed
a hybrid genetic algorithm (h-GA) to reduce the iterations by
using the organic-hybridization technique. For a cable-stayed
structure, global optimization algorithms such as GAs and
an efficient sensitivity method could serve a dominant role
in improving the convergence. Noh and Hu [12] developed
a new algorithm using the advantages of both the LOA and
GOA. They adopted the posthybridization method where
the GOA provides the initial values for the LOA. The most
significant characteristic of this method is that the hybrid
microgentic algorithm (h-GA), which is a GOA, helps solve
the local convergence problem due to incorrect initial value
settings, by using the sensitivity-updating algorithm (SUA),
which is a LOA, to improve the precision and convergence to
the final value. However, the validity of the new method has
been restrictively verified through numerical and laboratory-
scale studies from computation efficiency point of view.
Therefore, it will be also necessary to prove the concept from
further experimental studies for real cable-stayed long-span
bridges.

In this paper, we will focus on the practical applications
of the proposed method to cable-stayed long-span bridge
suggested in the study of Noh and Hu [12]. First, the process
of tension estimation using the h-SI method is reformulated
in a general form theoretically. Secondly, the validity of

the technique is numerically verified using a set of dynamic
data obtained from a simulation of benchmark numerical
samples considering the effect of sag-extensibility and bend-
ing stiffness of a sag-cable system. Finally, the feasibility of the
proposed method is investigated through field data extracted
from a cable-stayed Seohae Bridge, and its applicability is
verified.

2. Theoretical Background for Tension
Estimation Method Using the h-SI

Noh and Hu [12] developed the hybrid system identification
method using the combined effects of the hybrid micro-
gentic algorithms (h-GA) and the sensitivity equation for
the tension estimation of cable structures. Figure 1 illustrates
the hybrid procedure used in this study. The hybrid system
identification (h-SI) algorithm consists of h-GA in GOA and
the sensitivity-updating algorithm in LOA. It also uses the
posthybridization procedure to avoid the local convergence,
in which the GOA provides the initial value to LOA.

In the process of tension estimation using the h-SI
method based on the finite element model, the tensile force
to be identified is a component of an identification vector of
the following form:

x = [𝑥
1

𝑥
2

⋅ ⋅ ⋅ 𝑥
𝑗

⋅ ⋅ ⋅ 𝑥
𝑝

]
T
, (1)

where 𝑥
𝑗 (𝑗 = 1, . . . , 𝑝) denotes the component of the

identification vector and 𝑝 denotes the number of iden-
tification parameters. The tension of a cable should be a
major component of the identification vector, and material
and/or geometrical properties of the cable can also be other
components.

First, to explain a new reproduction process of the h-GA
in GOA different compared to the existing GA algorithm,
the reproduction process for mating pools is formulated,
assuming the 𝑘th generation 𝑘P consisting of 𝑁 members.
Consider

𝑘P = [
𝑘

𝜒
1

𝑘

𝜒
2
⋅ ⋅ ⋅
𝑘

𝜒
𝑖
⋅ ⋅ ⋅
𝑘

𝜒
𝑁
]
T
, (2)

where 𝑘𝜒
𝑖
(𝑖 = 1, . . . , 𝑁) denotes the 𝑖th individual for

every 𝑘th generation, is composed of a binary combination
of identification parameters for the estimation of the tension,
and can be expressed as

𝑘

𝜒
𝑖
= (
𝑘
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𝑖
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𝑖
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𝑚

𝑖
) , (3)

where 𝑘𝜒𝑗
𝑖
(𝑗 = 1, . . . , 𝑚) denotes a component of the binary

string vector for the 𝑖th individual of the 𝑘th generation,
which consists of either 0 or 1, and 𝑚 denotes the number
of total bits assigned to the string vector composed of the
combination of identification.

Next, for the reproduction process, the string vector of (3)
can be decoded as

𝑘x
𝑖
= [
𝑘

𝑥
1

𝑖

𝑘

𝑥
2

𝑖
⋅ ⋅ ⋅
𝑘

𝑥
𝑗

𝑖
⋅ ⋅ ⋅
𝑘

𝑥
𝑝

𝑖
]
T
, (4)
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Figure 1: A schematic representation of the h-SI method.

where 𝑘𝑥𝑗
𝑖
denotes the 𝑗th identification parameter for 𝑖th

individual in the 𝑘th generation. The components of the
row vectors are real numbers. Using those row vectors, an
identification matrix with (𝑁 × 𝑝) size can be defined as
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To identify the tension of cables accurately, h-GA should
be combined with the nonlinear finite element model that
can reflect the properties of cables in the present state.
That is, the finite element model parameters that can be
sensitive to changes in tension should be determined as
the identification parameters in the system identification
procedure. In this study, natural frequencies are produced
from the finite element model, which are considered the
deflection curve and tensile force distribution of cables. The
produced frequencies are used for determining the object
function (𝑘Ξ

𝑖
) and fitness values (𝑘𝑓

𝑖
) as follows:

𝑘

Ξ
𝑖
(
𝑘x
𝑖
) =

𝑞

∑

𝑗=1
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)


𝑘
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𝑖
(
𝑘x
𝑖
) = −
𝑘

Ξ
𝑖
(
𝑘x
𝑖
) −
𝑘−1𝛾 (> 0) ,

(6)

where 𝜔∗
𝑗
denotes the natural frequency data measured from

real cable structures and 𝑘𝜔
𝑗
denotes the produced natural

frequency data calculated from the finite element vibration
model. Then, the best fitness function can be prescribed
by finding the minimum of the 𝑘𝑓

𝑖
(
𝑘x
𝑖
) among the total

individuals in a loop. Consider

𝑘x
𝑏
=
𝑘xbest

𝑘

𝑓
𝑏
= min
1≤𝑖≤𝑁

[
𝑘

𝑓
𝑖
(
𝑘x
𝑖
)] ,

(7)

where best = argmin
1≤𝑖≤𝑁

[
𝑘

𝑓
𝑖
(
𝑘x
𝑖
)] and argmin[⋅] is the

function to transfer a number of the individuals, which
minimizes the value of the fitness function.

In the next step, new identification parameters including
the tension of a cable are investigated using (7). The new
search point is defined as

𝑘+1x
𝑖
= [1 −

𝑘

𝜉
𝑖
]
𝑘x
𝑖
+
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𝜉
𝑖

𝑘

𝑥
𝑏
, (8)

where 𝑘+1x
𝑖
(= [
𝑘

𝑥
1

𝑖

𝑘

𝑥
2

𝑖
⋅ ⋅ ⋅
𝑘

𝑥
𝑗

𝑖
⋅ ⋅ ⋅
𝑘

𝑥
𝑝

𝑖
]
T
∈ R𝑝) that is

the 𝑖th real number row vector provided newly is used to form
the (𝑘+1)th mating pool and 𝑘𝜉

𝑖
(= 𝜂
𝑖
[
𝑘

𝑓
𝑏
−
𝑘

𝑓
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]/
𝑘

𝑓
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) denotes

the coefficient of linear combination in which 𝜂
𝑖
applies a

positive constant between 0 and 2.
It may be noted that the next search point 𝑘+1𝑥

𝑖
, selected

sequentially by the linear combination of 𝑘𝑥
𝑖
and 𝑘𝑥

𝑏
, can be

the best gene to have survived from the previous iteration.
Then, the identification parameters can be encoded in binary
digits to form a gene for each individual as shown in the
following expressions:

𝑘+1P = [
𝑘+1

𝜒
1

𝑘+1

𝜒
2
⋅ ⋅ ⋅
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𝜒
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]
T
. (9)
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Once the parent genes are selected by a new h-GA
reproduction process through (1) to (9), matings take place
using the existing crossover scheme and then a temporary
offspring matrix is produced as

𝑘+1P̃ = [
𝑘+1

�̃�
1

𝑘+1

�̃�
2
⋅ ⋅ ⋅
𝑘+1

�̃�
𝑖
⋅ ⋅ ⋅
𝑘+1

�̃�
𝑁
]
T
. (10)

Then, the purpose of the final loop of the h-GA operation
is to introduce diversity by mutation, in order to explore
other areas in the search space. It is suggested that the
mutation probability should be lowered adaptively as the
process converges. Finally, through the mutation process, the
following group matrix for the (𝑘 + 1)th generation can be
obtained:

𝑘+1P = [
𝑘+1

𝜒
1

𝑘+1

𝜒
2
⋅ ⋅ ⋅
𝑘+1

𝜒
𝑖
⋅ ⋅ ⋅
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𝜒
𝑁
]
T
. (11)

The group matrix 𝑘+1P for the (𝑘 + 1)th generation is
used as initial information of LOA in the system updating
algorithm (SUA) after performing the repeated operation up
to the preassigned number for h-GA of GOA. In the case of
applying methods to detect the tensile forces using LOA, the
proposed h-GA provides initial values for better efficiency,
especially for insufficient information at the initial stage.

In order to decide a proper bifurcation between GOA
and LOA, the number of generations in h-GA and iterations
in SUA should be assigned in advance. In this study, the
relationship between the number of generations (𝑘

𝐺
) in h-GA

and the number of identification parameters (𝑝) is assumed

to be linear, and the number of iterations (𝑘
𝐿
) in SUA also can

be preassigned for computational efficiency using the 𝑘
𝐺
as

𝑘
𝐺
= 𝑁
𝑎
𝑝

𝑘
𝐿
= Ceil [

𝑘
𝐺

2𝑝
] ,

(12)

where 𝑁
𝑎
denotes the preassigned arbitrary integer and

Ceil[⋅] is the function to transfer the smallest following
integer.

After iterative calculations for 𝑘
𝐺
, the final identification

vector can be obtained as
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where (𝑘
𝐺
+ 1) means the first iteration step of SUA in

LOA. After the termination of the h-GA procedure, the
identification vector for the 𝑟th (1 ≤ 𝑟 ≤ 𝑘

𝐿
) iteration in SUA

can be assumed as
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𝑥
𝑗
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T
. (14)

Then, the static displacement and tensile force distribu-
tion can be produced for the identification vector, which is
similar to the h-GA process. In the next step, the natural
frequencies are determined from the finite element vibration
model using the static displacement curve and tensile force
distribution. Using the change in natural frequencies for
different identification parameters, the sensitivity matrix (𝑟S)
with (𝑞×𝑝) size can be determined approximately as follows:

𝑟S =
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where 𝑟𝑥𝑗 (𝑗 = 1, . . . , 𝑝) and 𝑟𝜔
𝑖
(𝑖 = 1, . . . , 𝑞) denote the

𝑗th component of the identification vector and the 𝑖th mode
natural frequency for the 𝑟th iteration in SUA, respectively.

Then, from the produced natural frequency data, the rate
of change (𝑑𝑟𝜔) for the eigenvalue can be obtained as
𝑑
𝑟
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= [
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∗
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T

,

(16)

where 𝜔∗
𝑖
and 𝑟𝜔

𝑖
denote natural frequencies measured from

experiment or field test and produced from nonlinear finite
element vibration analysis using 𝑟x in the 𝑟th iteration,
respectively. Equation (16) can be rewritten in vector form
using (15) as

𝑑
𝑟

𝜔
(𝑞×1)

=
𝑟S
(𝑞×𝑝)

𝑑
𝑟x
(𝑝×1)

. (17)
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Equation (17) is referred to as a linear sensitivity equation,
and the rate of change for the identification vector by using
(17) can be expressed as

𝑑
𝑟x = 𝑟S−1𝑑𝑟𝜔, (18)

where 𝑟S−1means the pseudoinverse matrix for 𝑟S and can be
determined as

𝑟S−1 = (
𝑟ST𝑟S)

−1
𝑟ST. (19)

Finally, the 𝑗th identification parameter in the (𝑟 + 1)th
iteration can recalculated as

𝑟+1

𝑥
𝑗

= (1 + 𝑑
𝑟

𝑥
𝑗

)
𝑟

𝑥
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2
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𝑥
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⋅ ⋅ ⋅
𝑟+1

𝑥
𝑝

]
T
.

(20)

From (13) to (20), the loop is repeated until the termina-
tion condition is satisfied. In the case of not preassigning the
number of iterations (𝑘

𝐿
) in SUA, the convergence condition

for termination of SUA process can be determined by the
predefined object function that is the square roots of the sum
of square (SRSS) in the following:
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× 100)

2


< 0.01.

(21)

Finally, the tension of a cable is determined from the iden-
tification parameters holding at the termination stage and
relevant natural frequencies can also be determined through
the finite element vibration analysis using the identification
parameters.

3. Benchmark Numerical Tests

Before the field application of the tension estimation method
using the h-SI method, the benchmark numerical tests are
carried out to verify the development theory. In addition,
the results of the estimations of the tension force using
the characteristic equation of the mathematical model, the
system identification method based on the LOA and GOA,
and the proposed h-SI method are compared to investigate
the accuracy and applicability of the proposed h-SI method.

Figure 2 shows a sagged cable model for benchmark
numerical tests, and the mechanical and material properties
of four types (B1∼B4) of cables used in this study are
summarized in Table 1. In the table, 𝜆2 and 𝜉 represent char-
acteristics of cables thatmean dimensionless sag-extensibility
and bending-stiffness parameters, respectively. When we
consider the calculated values shown in Table 1, B1 is a slope
cable with a very small sag and high bending stiffness and
B2 is a slope cable with large sag and a moderate bending
stiffness. Also, B3 means a slope cable with moderate sag and

H

H

h

𝜃

l
x

E
, A
, I
, L

Figure 2: The sagged cable mode for benchmark numerical tests.

an intermediate bending stiffness, while B4 means a slope
cable with intermediate sag and high bending stiffness.

The finite element models of the cables used in the
benchmark numerical tests were modeled with 60 linear
beam elements of the same length. Also, in the repetitive
calculation phase of the h-SI method, the finite element
model used for vibration analysis is renewed at the time
when the system identification parameters are updated. The
process of renewal can be summarized as follows. First, for the
identification parameters that are updated at each repetition,
a geometric nonlinear finite element analysis under the
weight of the cable is performed to calculate the static sag and
distribution of the tension force.Then, a finite elementmodel
that has a static sag curve and a calculated distribution of
tension force is constructed. After that, the vibration analysis
is performed to calculate the natural frequency.

To estimate the tension force of benchmark numerical
examples for a slope cable including sags using the h-SI
method, the first thing that should be done is to select
the system identification parameters. In this benchmark
numerical study, the tension of cables is characterized by
three independent identification parameters of horizontal
force (𝐻), effective diameter (𝑑

𝑒
), and effective mass per

unit length (𝑚
𝑒
) of the cable. Here, the reason why the

effective nominal diameter and the mass per unit length in
addition to the horizontal force of the cable are included as
the identification parameters is that a real cable is not of
a full-section, and therefore it is necessary to calculate the
precise nominal diameter to estimate the accurate tension
of cables. For the tension force estimation method using the
existing mathematical characteristic, errors were created as
they assumed the cables to be of a full-section. Table 2 shows
the search range of the identification parameters used in h-
GA, which is a GOA of the h-SI method.

Since we set the value of 𝑁
𝑎
at 25 in this numerical

study, the maximum number (𝑘
𝐺
) of generations of GOA

that applies h-GA is 75, while the maximum number (𝑘
𝐿
) of

calculations of LOA that applies SUA is 38, making a total of
113 repetitions. Table 3 shows the results of the 113 repetitive
calculations using the h-SI method. Except for the B1 cable
with a very small sag and high bending stiffness, all cases
show an error of 1% or less. This is evidence that they were
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Table 1: Material and geometrical properties for four numerical inclined cable models.

Items Material and geometrical properties
B1 B2 B3 B4

𝜆
2 0.079 5075.8 1.41 0.508

𝜉 1923.5 3.0295 50.459 505.113
𝜃 (∘) 30 30 30 30
𝐿 (m) 100 100 100 100
𝑚 (kg/m) 400 400 400 400
𝐻 (MN) 2.9036 0.7259 26.1325 0.7259
𝐸 (GPa) 1.5988 17.186 20826.0 0.00478
𝐴 (10−3 m2) 7.8507 7.6110 7.8633 273.45
𝑑 (m) 0.1 0.984 0.1001 0.5901
𝐼 (10−6 m4) 4.9535 4.6097 4.9204 5950.6

Table 2: The search range of identification variable.

Parameters Search range
𝐻 (MN) [0 30]

𝑑
𝑒
(m) [10

−3

1.0]

𝑚
𝑒
(kg/m) [10

−3

500]

Table 3: Estimated identification parameters (total number of
iterative computation: 113).

Parameters Estimated results
B1 B2 B3 B4

𝐻 (MN) 2.749
(−5.324)

0.726
(−0.041)

26.058
(−0.285)

0.730
(0.620)

𝑑
𝑒
(m) 0.097

(−3.000)
0.984

(−0.010)
0.100

(−0.100)
0.592
(0.305)

𝑚
𝑒
(kg/m) 378.735

(−5.316)
399.800
(−0.050)

398.856
(−0.286)

402.530
(0.632)

Elapsed time (sec) 0.65 0.56 0.57 0.58
( ): identification error (%).

capable of precisely estimating the tension force. For B1, it was
not possible to guarantee the convergence of the final value
with 113 repetitive calculations. Therefore, it was necessary
to increase the number of calculations of the SUA of LOA
so after more than 300 repetitive calculations, the 𝐻 value
was calculated as 2.9035MN, which reduced the errors to
approximately 0.001%.

Figure 3 shows the convergence tendency of the lateral
force of B1∼B4 cables. The cases of B2∼4, other than B1,
converge to the final value after 113 repetitive calculations.The
B1 case shows a change in the value of the lateral force during
being identified after the 98th repetitive calculation, hinting
that it is following a track of continuous convergence process.
Therefore, in the case of B1, the number of LOA’s repetitive
calculations should be increased to reduce identification
errors. As shown in the figure, the GOA, which is operated
to provide initial value information for LOA, converges at
relatively early generations. It needs to be noticed that the
GOA’s h-GA provides information on the initial value of the
LOA’s SUA very effectively.

B1

B2

B3

B4

B1
B2

B3
B4

Generation or iteration

SUA
(LOA)

0 10 20 30
0

10

20

30

40 50 60 70 80 90 1000

h-GA
(GOA)

H
(M

N
)

Figure 3:The convergence processes to find the horizontal force for
B1∼4.

The proposed method using the h-SI is compared with
those of various existing approaches as listed in Table 4. The
table reveals that theseworks, based on analytical approaches,
have limited capabilities in dealing with the tension detection
of cables, primarily due to their limitations in handling
different geometries of cables and bending stiffness effects in
the analysis. It should be also noted that the approach using
the characteristic equation of beams could result in model
error, especially for cables with large sag.

In the case of applying SUA and h-SI, it shows excellent
detectability as errors were within 0.63%, except for B1,
because it uses the FE model which reflects the geometrical
characteristics of cables such as the sag. For the same iteration
(113 times), the detectability for the case of B1 is lower
than others because of their complexity due to small sagged
geometry and large flexural stiffness. It means that, for B1, it
is not possible to guarantee the convergence of the final value
with 113 repetitive calculations. Therefore, it is necessary to
increase the number of calculations of SUA of LOA in order
to obtain an optimal solution.

Table 5 shows the results of estimations of the identi-
fication parameters using the SUA methods with and 90%
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Table 4: Estimation results of cable tension using various existing approaches.

Methods Estimated cable tension (MN)
B1 B2 B3 B4

Taut string theory 3.325
(−0.048)

112.346
(>100)

44.789
(48.430)

0.838
(−0.522)

Triantafyllou and Grinfogel [16] 3.352
(−0.057)

0.815
(−3.287)

31.330
(3.828)

0.841
(−0.202)

Linear regression method 3.352
(−0.069)

0.690
(−18.073)

30.160
(−0.049)

0.835
(−0.973)

Zui et al. [1] 3.354
(−0.012)

2.940
(>100)

29.031
(−3.791)

0.685
(−18.696)

Sensitivity updating algorithm 3.106
(−7.391)

0.838
(−0.558)

30.089
(−0.285)

0.848
(0.629)

Microgenetic algorithm (𝜇-GA) 3.362
(0.242)

1.398
(65.895)

27.736
(−8.083)

0.723
(−14.204)

This study (h-GA + SUA) 3.174
(−5.634)

0.838
(−0.558)

30.089
(−0.285)

0.843
(0.036)

True cable tension (𝑇true) 3.354 0.843 30.175 0.843
( ): identification error (%).

Table 5: Influence of initial information of identification parameters on the estimated results.

Case Initial value Identification parameters
𝐻 (MN) 𝑑 (m) 𝑚 (kg/m)

B1

0

𝑥
𝑗 (Max) 5.547 0.139 764.340

0

𝑥
𝑗 (90% of True) 2.690 0.096 370.587
0

𝑥
𝑗 (Min) ∗ ∗ ∗

B2

0

𝑥
𝑗 (Max) ∗ ∗ ∗

0

𝑥
𝑗 (90% of True) 0.726 0.984 399.800
0

𝑥
𝑗 (Min) ∗ ∗ ∗

B3

0

𝑥
𝑗 (Max) ∗ ∗ ∗

0

𝑥
𝑗 (90% of True) 26.058 0.100 398.856
0

𝑥
𝑗 (Min) ∗ ∗ ∗

B4

0

𝑥
𝑗 (Max) 5.126 0.997 2828.500

0

𝑥
𝑗 (90% of True) 0.734 0.592 402.530
0

𝑥
𝑗 (Min) ∗ ∗ ∗

∗: numerical divergence or local minimum.

of actual values of Table 1 and maximum and minimum
values of Table 2. All numerical tests confirm the possibility
that the wrong selection of initial information may result in
numerical divergence or local minimum. This emphasizes
the significance of the information at the initial stage when
applying SUA, which is one of the drawbacks of the LOA
method. If the initial value is set similar to the actual value,
the estimated errors can be reduced and the calculation
time for LOA can be reduced. However, in actual field,
the information on the initial values is very limited, and a
repetitive process of trial and error is inevitable.

Since the 𝜇-GA is dealing with small populations, it is
unlikely that the process converges into the true value in the
first iteration loop. In this case, we need more iteration to
converge into the accurate value. Note that the tension force
detection of cables in this case is heavily dependent on the
number of iterations and initial information. On the other

hand, the h-SI method using a combination of GOA and
LOA shows the excellent detectability for all cases.This shows
that the tension estimation technique using the proposed h-SI
can provide good initial information for SUA. Table 6 shows
elapsed times of each system identification method after 113
iterative generations or computing. We may conclude from
the table that the computational performance of the h-SI is
equal to or greater improvement than the 𝜇-GA and SUA
while maintaining the same level of accuracy.

4. Field Applicability Tests

To investigate field applicability of the proposed h-SImethod,
we considered the time series data measured by the four
accelerometers that were installed by 2 on each side of an
actual cable-stayed bridge (cables number 1 and number
44, Seohae Bridge). As shown in Figure 4, the cross-section
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Table 6: Comparison of elapsed time of each system identification method after 113 iterative generations or computing.

System identification methods Elapsed time (sec)
B1 B2 B3 B4

SUA [
0

𝑥
𝑗 (Max)] 0.62 ∗ ∗ 1.48

SUA [
0

𝑥
𝑗 (90% of True)] 1.12 1.29 1.18 1.31

SUA [
0

𝑥
𝑗 (Min)] ∗ ∗ ∗ ∗

𝜇-GA 0.72 0.69 0.61 0.72
h-SI (This study) 0.65 0.56 0.57 0.58
∗: numerical divergence or local minimum.

HPDE tube

Cable number 1 (6 in × 91) Cable number 44 (6 in × 61)

2
8
0

m
m

2
2
5

m
m

Cable number 1 Cable number 44

Figure 4: The locations, number, and section of measured cables.

of cable number 1 is composed of 91 strands of which
the nominal diameter (𝜙) is 0.0157m (0.6 in). The cable is
shielded in HPDE pipes. Cable number 1 is the longest and
vulnerable to vibration. The weight of cable number 1 is
125 kgf/m, which is also the heaviest. The cross-section of
cable number 44 is composed of 61 strandwires with the same
diameter as those in cable number 1.The cable is also shielded
by HPDE tubes. The weight of cable number 44 is 84 kgf/m.
Here, to build a necessary finite elementmodel for the system
identification, an ideal sloped cable as shown in Figure 5 is
constructed.

Using a Piezoelectric type accelerometer, time series
acceleration data perpendicular to the longitudinal direc-
tion of the cables on both sides were obtained. Here, the
sampling frequency was 0.01 sec, while the average wind
velocity during the measurement was 4.23m/s. The ambient
temperature was −1.76∘C. The time series data of the accel-
eration measurement was examined using Welch’s method
(NFFT = 2048, Hanning window) to identify the acceleration
spectrum.Also, by using the ERADC [13]method, the natural
frequency was also extracted. Tables 7 and 8 show the natural

frequencies extracted by the finite element model with 100
elements and the natural frequencies measured from cables
number 1 and number 44 on each side of the bridge. The
material and geometrical properties of the cables for the finite
element analysis are shown in Table 9.

The result of cable tension force estimation using the
existingmethods and the proposed h-SImethod based on the
natural frequency obtained through the field measurement
is shown in Table 10. In addition, using the SUA, 𝜇-GA,
and h-SI methods, the results of estimating the lateral forces
and effective nominal diameters, which are two identification
parameters, are shown in Table 11.

The estimation of the tension force using the taut
string theory yields average tension forces of 5.586MN and
5.532MN for cable number 1 on each side of the bridge,
while cable number 44 yields 5.226MN and 5.253MN,
respectively. Here, the effective lengths of the cable applied
were 228.86m and 165.33m, while the mass per unit length
was as per the reported actual physical properties of the
actual cables. The method of Triantafyllou and Gingfogel,
which estimates the average tension force from nonlinear
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Table 7: Extracted natural frequencies from measured data and calculated natural frequencies from FE models for cable number 1 (Hz).

Mode number Upward-bound Downward-bound
Test FEM Error (%) Test FEM Error (%)

1 0.47 0.46 −1.71 — 0.46 —
2 0.94 0.92 −1.87 0.92 0.92 0.48
3 — 1.14 — — 0.94 —
4 1.38 1.38 −0.28 1.38 1.38 0.25
5 1.84 1.85 0.42 1.84 1.84 0.25
6 — 2.28 — — 1.87 —
7 2.30 2.31 0.30 2.29 2.29 −0.20
8 2.76 2.77 0.19 2.75 2.75 −0.11
9 3.23 3.23 0.06 — 2.80 —
10 — 3.42 — 3.21 3.21 0.06
11 3.69 3.69 −0.01 3.67 3.67 −0.07
12 4.15 4.16 0.24 — 3.74 —
13 — 4.56 — 4.13 4.13 0.04
14 4.61 4.62 0.25 4.59 4.59 0.07
15 5.08 5.08 0.09 — 4.68 —
16 5.54 5.54 0.03 5.05 5.05 0.07
17 — 5.70 — 5.51 5.51 −0.02
18 6.00 6.00 0.08 — 5.61 —
19 6.46 6.46 −0.01 5.98 5.97 −0.15
20 — 6.84 — 6.44 6.43 −0.10
—: not extracted.
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Figure 5: Idealized cable for FE model.

characteristics equations of the sloped cables and takes sags
into consideration, shows errors within 1.4% in all cases,
indicating a moderate level of precision in estimation. The
mass per unit length of the cable and data on the axial
stiffness of the cable were assumed to be known in advance.
The estimated tension force using the linear regression
method, which considers bending, ignores the sag, and uses
the relationships between the natural frequency, bending
stiffness, and average tension forces, shows errors within
1.8% for a relatively higher level of precision. However, when

the bending stiffness was estimated, F4 case showed a nega-
tive value of bending stiffness, which was −2.545𝑒 + 05MN,
rendering the results physically irrelevant. This shows the
limitations in estimating the tension force using the linear
regression method. The estimation of the tension force using
the high mode method suggested by Shimada [2] shows
an error range within 2.3%. This is the least precise of all
estimation methods. Still, the error is relatively small.

The estimation results by the SUA, 𝜇-GA, and h-SI
methods, which are system identification methods, show
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Table 8: Extracted natural frequencies from measured data and calculated natural frequencies from FE models for cable number 44 (Hz).

Mode number Upward-bound Downward-bound
Test FEM Error (%) Test FEM Error (%)

1 — 0.75 — — 0.76 —
2 — 1.33 — — 1.33 —
3 1.50 1.51 0.50 1.51 1.51 0.33
4 2.26 2.26 0.06 2.27 2.27 0.05
5 — 2.66 — — 2.67 —
6 3.01 3.02 0.24 3.02 3.02 0.00
7 3.77 3.77 −0.03 3.78 3.78 −0.12
8 — 3.99 — — 4.00 —
9 4.52 4.52 −0.02 4.55 4.54 −0.13
10 5.29 5.28 −0.18 5.31 5.29 −0.38
11 — 5.32 — — 5.34 —
12 6.03 6.03 −0.05 6.05 6.05 0.02
13 — 6.65 — — 6.67 —
14 6.79 6.79 −0.03 6.82 6.81 −0.21
15 7.55 7.54 −0.19 7.58 7.56 −0.27
16 — 7.99 — — 8.01 —
17 8.31 8.3 −0.09 8.33 8.32 −0.17
18 9.06 9.05 −0.09 9.09 9.07 −0.25
19 — 9.32 — — 9.35 —
20 9.81 9.81 −0.03 9.83 9.83 −0.02
—: not extracted.

Table 9: The material and geometrical properties of each cable.

Condition Tests
F1 F2 F3 F4

𝜆
2 0.0147 0.0093 0.0021 0.0017

𝜉 1455.3 873.1 800.5 4313.9
Horizontal load (MN) 4.8940 4.8341 4.3652 4.3938
Effective diameter (m) 0.280 0.280 0.225 0.225
Elasticity (GPa) 2.1 2.1 2.1 2.1
Remark Number 1 (up) Number 1 (down) Number 44 (up) Number 44 (down)

Table 10: Cable tension force estimated from existing methods and the h-SI method.

Methods Estimated cable tension (MN)
F1 F2 F3 F4

Taut string theory 5.586
(−1.000)

5.532
(−1.401)

5.226
(−1.547)

5.253
(1.152)

Triantafyllou and Grinfogel [16] 5.578
(−1.147)

5.534
(−1.372)

5.226
(−1.545)

5.253
(1.152)

Linear regression method 5.571
(−1.276)

5.518
(−1.650)

5.214
(−1.773)

5.267
(1.419)

Shimada [2] 5.549
(−1.653)

5.486
(−2.233)

5.196
(−2.110)

5.204
(0.206)

Sensitivity updating algorithm 5.583
(−1.058)

5.525
(−1.533)

5.233
(−1.413)

5.275
(1.579)

Microgenetic algorithm (𝜇-GA) 5.592
(−0.899)

5.514
(−1.729)

5.250
(−1.093)

5.287
(1.810)

This study (h-GA + SUA) 5.583
(−1.058)

5.525
(−1.533)

5.233
(−1.413)

5.272
(1.521)

Static jacking force (𝑇true) 5.643 5.611 5.308 5.193
( ): identification error (%).
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Table 11: Estimation results of identification parameters through various system identification methods.

Case final
𝑥
𝑗

Methods
SUA (LOA) 𝜇-GA (GOA) h-SI (GOA + LOA)

F1

𝐻 (MN) 4.892 4.887 4.892
𝑑 (m) 0.184 0.210 0.188

𝐸𝐼 (Nm2) 1.182e + 05 2.005e + 05 1.288e + 05
𝐸𝐴 (MN) 55.840 73.736 58.294

𝜆
2 0.033 0.043 0.034
𝜉 1,473 1,130 1,411

F2

𝐻 (MN) 4.841 4.832 4.841
𝑑 (m) 0.208 0.224 0.208

𝐸𝐼 (Nm2) 1.929e + 05 2.595e + 05 1.929e + 05
𝐸𝐴 (MN) 71.357 82.757 71.357

𝜆
2 0.043 0.051 0.043
𝜉 1,147 988 1,147

F3

𝐻 (MN) 4.362 4.887 4.892
𝑑 (m) 0.212 0.210 0.188

𝐸𝐼 (Nm2) 2.082e + 05 2.005e + 05 1.288e + 05
𝐸𝐴 (MN) 55.840 73.736 58.294

𝜆
2 0.014 0.010 0.014
𝜉 757 1,087 750

F4

𝐻 (MN) 4.892 4.887 4.892
𝑑 (m) 0.184 0.210 0.188

𝐸𝐼 (Nm2) 1.182e + 05 2.005e + 05 1.288e + 05
𝐸𝐴 (MN) 55.840 73.736 58.294

𝜆
2 0.014 0.013 0.012
𝜉 760 813 871

errors within 1.6%, 1.9%, and 1.6%, respectively. These errors
do not differ significantly from those of existing methods
using the mathematical equations. The reason for this is that
the cables of the cable-stayed bridges used in field study are
part of systems that are less influenced by sags and bending
compared to those of the benchmark numerical models. In
fact, the values of the dimensionless sag-extensibility (𝜆2) for
the numerical model are of a range of 0.079∼5,076. However,
as shown in Table 9, they are less than 0.015 in all field
experiment cases, which signifies that the cables used in field
study are less influenced by sags and bending.

When compared to the tension forces measured using a
hydraulic jack before completion [14] allmethods show errors
by less than 2.3%. Such errors can be regarded as the loss
of cable tension force. When considering the fact that the
bridge undergoes the tension loss by continuous changes of
tension forces, with an accumulation of damage due to the
environmental cyclic loadings such as thermal, traffic, and
wind loads, the reduction rate in tension force mentioned
above is insignificant. Unlike cables used in the benchmark
numerical tests, the actual cables of cable-stayed bridges
used in field study are systems that are less influenced by
sags and bending.Therefore, the existing estimationmethods
and the proposed h-SI method do not differ significantly in
terms of the estimation result. However, while the existing
mathematical models and SUA, which are LOA, require

accurate data in advance, it should be noted that the 𝜇-GA,
whichwasGOA, and the h-SImethod are not affected by such
initial information. Also, compared to the 𝜇-GA, it should
be noted that h-SI could improve the converging tendency
toward the final value and the precision by being combined
with SUA.

5. Summary and Conclusions

In this paper, the characteristics of the h-SI methods that
could be applied to the estimation of the tension forces
effectively are examined and the theoretical formulation
process of the h-SI method is suggested. Also, to verify
the efficiency of the h-SI tension force estimation method,
benchmark numerical tests for various cases are conducted
and the applicability of the h-SI method through field tests is
verified. During the benchmark numerical and field studies,
comparative studies with the existing characteristics equation
methods and system identification methods are also carried
out. The key findings from this study are summarized as
follows.

The h-SI method is a new algorithm combined to use
the advantages of both the LOA and GOA and adopts
the posthybridization method where the GOA provides the
initial values for the LOA.The most significant characteristic
of this method is that the h-GA, which is a GOA, helps solve
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the local convergence problem due to incorrect initial value
settings, by using the sensitivity based system identification
method, which is a LOA, to improve the precision and
convergence to the final value.

The benchmark numerical tests that consider sag and
bending stiffness showed that, in the case of string theory, it
was more appropriate for the estimation of tension force for
a simple cable system where the influence of sag and bending
stiffness is not significant. Also, the method suggested by
Triantafyllou and Grinfogel, which considers sags, showed
errors within 4% in all cases, proving to be a relatively
precisemethod.However, as themethod uses a trial and error
method, it is time consuming to find the tension compared
to the string theory and initial information on the mass
per unit length and axial stiffness of the cable is required
to estimate the tension force properly. For estimating the
tension force using the linear regression method, in which
bending is considered but sags are not, except for the cable
with large sags, the tension force can be estimated precisely
within 1% errors. However, when applying the characteristic
equation of the beam under axial loading for cables with
large sags, model errors were confirmed in the results of
tension estimation. For the low mode method suggested by
Zui et al. [1] and Yen et al. [15], which considers both bending
and sag, the bending stiffness, axial stiffness, and sag ratio
are required in advance to estimate cable tension accurately.
For cables with larger sags or higher bending stiffness, the
accuracy of the estimation of the tension force was confirmed
to be undermined significantly. On the other hand, when
applying SUA, which is a LOA, all showed an estimation error
lower within 1.2% except for B1, signifying that the estimation
method using SUA is effective. All benchmark numerical
tests showed the possibility that the wrong selection of
initial information may result in numerical divergence or
local minimum. In the case of applying 𝜇-GA, which is a
GOA, when exploring the solution space, it could not have
a direction, and it resulted in slow convergence to the final
value. Therefore, with 113 generations in total, it still did not
converge to the final value showing the errors in all cases.
Therefore, after 113 generations, it still did not converge to
the final value and showed significant errors in all cases. The
proposed h-SI technique that combined the h-GA and SUA
was the most effective in estimation. In particular, in the h-SI
method of estimating the tension force, the h-GA can play an
important role in the initial operation of the SUA.

In the field test that used cables applied to an actual
cable-stayed bridge, all methods showed errors smaller than
2.3%. When considering the fact that the bridge undergoes
the tension loss by continuous changes of tension forces,
with an accumulation of damage due to the environmental
cyclic loadings such as thermal, traffic, and wind loads,
the reduction rate in tension force mentioned above is
insignificant. Unlike cables used in the benchmark numerical
tests, the actual cables of cable-stayed bridges used in field
study are systems that are less influenced by sags and bending.
Therefore, the existing estimation methods and the proposed
h-SI method do not differ significantly in terms of the
estimation result. However, while the existing mathematical
models and the SUA, which is LOA, require precise data in

advance, it should be noted that the𝜇-GA,which is GOA, and
the h-SI method are not affected by such information. Also,
compared to the 𝜇-GA, it should be noted that h-SI could
improve the converging tendency toward the final value and
precision by being combined with SUA.

Conclusively, the proposed h-SI method could be effec-
tively applied to estimate the tension force variation without
initial information in actual cable bridges with inclined cables
including sag.
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The present study suggested a mass change prediction model for sulfate attack of concrete containing mineral admixtures through
an immersion test in sulfate solutions. For this, 100% OPC as well as binary and ternary blended cement concrete specimens were
manufactured by changing the types and amount of mineral admixture. The concrete specimens were immersed in fresh water,
10% sodium sulfate solution, and 10% magnesium sulfate solution, respectively, and mass change of the specimens was measured
at 28, 56, 91, 182, and 365 days.The experimental results indicated that resistance of concrete containing mineral admixture against
sodium sulfate attack was far greater than that of 100% OPC concrete. However, in terms of resistance against magnesium sulfate
attack, concrete containing mineral admixture was lower than 100% OPC concrete due to the formation of magnesium silicate
hydrate (M-S-H), the noncementitious material. Ultimately, based on the experimental results, a mass change prediction model
was suggested and it was found that the prediction values using the model corresponded relatively well with the experimental
results.

1. Introduction

Concrete structures exposed to soil, groundwater, and sea-
water environments are subject to performance degradation
due to sulfate attack. The harmful ions including sulfate ion
penetrate into concrete and react with calcium hydroxide
and calcium aluminate hydrate to form expansion hydration
products such as gypsum and ettringite. This may lead to
cracking and softening action and eventually lower durabil-
ity of concrete structures [1–4]. In case of sodium sulfate
(Na
2
SO
4
) attack, the reaction of sulfate ion (SO

4

2−) and
calcium hydroxide generated by cement hydration forms
gypsum, which results in softening and loss of strength of
cement paste. In this case, the gypsum reacts with calcium
aluminate hydrate (C

4
AH
13
), monosulfate (C

4
A 𝑆 H

12
), and

tricalcium aluminate (C
3
A) to produce secondary ettringite,

which accompanies volume increase, and therefore results in
expansion and cracking [5–7]. In case of magnesium sulfate
(MgSO

4
) attack, magnesium sulfate and calcium hydroxide

react first to form gypsum and brucite (Mg(OH)
2
). Brucite

is low in pH and thus destabilizes C-S-H (calcium silicate
hydrate) and ettringite. As a result, magnesium sulfate reacts
easily with C-S-H to form gypsum, brucite, and silica gel
(S
2
H). The lime freed by this reaction reacts further with

magnesium sulfate instead of reestablishing the pH and forms
more brucite; accordingly the concentration of gypsum and
brucite in the paste matrix will increase. As the increased
brucite reacts with S

2
H, C-S-H gradually loses lime and

becomes converted to noncementitious M-S-H [6, 8, 9].
The chemical reaction mechanism by sulfate is influ-

enced by the numerous controlling parameters, such as
concentration of sulfate ions, ambient temperature, types
and proportions of cementitiousmaterials, water-binder ratio
(W/B), and curing period [2, 10].This is a complex and time-
dependent phenomenon that takes place over a long time
due to the relatively lower diffusivities of sulfate ions that
penetrate into concrete. Accordingly, although studies have
been conducted for long on the chemical erosion of concrete,
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Table 1: Physical properties and chemical composition of cement and mineral admixtures.

Type of binder Physical properties Chemical composition (%)
Specific gravity Blaine (m2/kg) SiO2 Al2O3 Fe2O3 CaO MgO SO3 R2O

OPC 3.15 329.0 21.1 4.6 3.5 61.8 3.2 2.1 0.9
GGBFS 2.89 489.3 34.1 16.1 0.4 42.3 4.1 2.5 0.7
FA 2.23 375.0 56.5 27.1 4.4 3.8 0.8 0.2 1.3
SF 2.20 20,000 88.7 1.8 1.8 1.5 0.8 0.1 1.0

Table 2: C3A content of concretes containing mineral admixtures.

Type of concrete 100% OPC BBC∗ TBC1∗∗ TBC2∗∗∗

C3A content (%) 6.58 3.18 2.87 2.70
∗OPC :GGBFS = 50% : 50%.
∗∗OPC :GGBFS : FA = 40% : 40% : 20%.
∗∗∗OPC :GGBFS : SF = 50% : 45% : 5%.

Table 3: Physical properties of fine aggregate.

Specimen Density (g/cm3) Absorption (%) Unit mass (kg/m3) Amount of passing
No. 200 sieve (%) Fineness modulus

River sand 2.60 1.47 1,597 2.2 2.43

Table 4: Physical properties of coarse aggregate.

Specimen 𝐺max (mm) Density (g/cm3) Absorption (%) Unit mass (kg/m3) Fineness modulus
Crushed rock 20 2.65 0.58 1,648 7.27

Table 5: Properties of superplasticizer.

Main composition Specific gravity pH Solid content (%) Quantity (%) (by mass of cement)
Polycarbonic acid 1.05 9 38 0.5∼2.5

complete verification of the mechanism and establishment of
prevention measures are yet to be done.

Meanwhile, a study has been conducted to improve
sulfate attack resistance of concrete by utilizing mineral
admixture such as fly ash (FA), ground granulated blast fur-
nace slag (GGBFS), and silica fume (SF). Mineral admixtures
react with the portlandite (Ca(OH)

2
) liberated during the

hydration of cement to form secondary C-S-H gel, which is
relatively denser than the primaryC-S-H gel, thus resulting in
pore refinement. The other beneficial effect of incorporating
mineral admixtures into the concretemixture is the reduction
of portlandite and alumina contents in the cementitious
material that are essential for the formation of gypsum and
ettringite [2, 6, 11–13].

Thus, the purpose of this research is to investigate the
influence of mineral admixture on sulfate attack resistance of
concrete through an immersion test in sulfate solutions and to
suggest amass change predictionmodel of concrete subjected
to sulfate attack. For this, concrete test specimens with W/Bs
of 32% and 43% were manufactured using 100% ordinary
portland cement (OPC) concrete as well as binary blended
cement (BBC) and ternary blended cement (TBC) concrete
mixed with OPC and mineral admixture. Then, according to
the JSTMC 7401 [14] sulfate attack resistance was assessed by

investigating mass change as per immersion age. Ultimately,
based on the experimental results, a mass change prediction
model for sulfate attack of concrete was suggested.

2. Experimental Work

2.1. Materials Used and Mix Proportions. To manufacture
concrete specimens for sulfate resistance test, OPC, FA,
GGBFS, and SF were used. The physical properties and
chemical compositions of cement andmineral admixtures are
given in Table 1. To use C

3
A content in concrete, which exerts

significant influence on the sulfate attackmechanism, as a key
parameter of sulfate attack prediction model, C

3
A contents

of concrete containing a number of mineral admixtures as
shown in Table 2 were analyzed. For fine aggregate and
coarse aggregate, river sand and crushed rock were used,
respectively. Their physical properties are given in Tables 3
and 4. To control fluidity of concrete mixture, air entraining
(AE) and high-range water reducing agent of polycarbonic
acid were used as a kind of superplasticizer. The properties
are as shown in Table 5.

To manufacture concrete specimens for sulfate resistance
test, mix proportions for BBC concrete and two types of
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Table 6: Mix proportions of concrete mixtures.

𝐺max (mm) W/B (%) S/a (%) Cement type
Unit mass (kg/m3)

Superplasticizer (B × %)
W Binder (B) S G

OPC GGBFS FA SF

20 32 42

OPC 160 500 0 0 0 691 966 1.10
BBC 160 250 250 0 0 684 955 0.85
TBC1 160 200 200 100 0 707 910 1.30
TBC2 160 250 225 0 25 681 951 1.36

20 43 47

OPC 165 388 0 0 0 811 925 1.00
BBC 165 194 194 0 0 805 918 0.80
TBC1 165 155.2 155.2 77.6 0 798 910 1.03
TBC2 165 194 174.6 0 19.4 802 915 1.23

Demolding Water
curing

1∼2 days ∼26 days ∼28 days

Dry curing
20

∘C, 60% 20
∘C

Figure 1: Pretreatment process of concrete in case of no incrusta-
tion.

ternary blended cement (TBC1, TBC2) concrete were deter-
mined as shown in Table 6 in addition to 100%OPC concrete.
OPC and GGBFS were used for BBC concrete and FA and SF
were additionally used, respectively, for TBC concrete. W/B
was 32% and 43% and target slumps and air contents of all
of the concrete mixtures were 180 ± 25mm and 5.0 ± 0.5%,
respectively.

2.2. Specimen Preparation. Concrete cylinders (Ø100 ×
200mm) were prepared for compressive strength test and
sulfate attack test. After cylinders were molded, they were
kept inside a constant temperature and humidity chamber
over 24 hours. Then, the molds were removed and test
specimens for standard curing were cured in a water bath
with temperature of 20 ± 2∘C until test began. As for test
specimens for sulfate solution immersion, pretreatment was
conducted as illustrated in Figure 1. In this study, no incrus-
tation specimens were used. Therefore, test specimens were
left inside a constant temperature and humidity chamberwith
temperature of 20 ± 2∘C and relative humidity of 60 ± 5%
until 26 days and then the specimens were cured underwater
at 20 ± 2∘C until 28 days.

2.3. Test Method for Sulfate Attack Resistance. The test
method for chemical resistance of concrete is also specified in
theASTMC 1012 [15].However, thismethod is formortar and
therefore, in this study, sulfate attack resistance of concrete
was tested according to the “test method for chemical
resistance by concrete immersion in solution” of JSTM C
7401 [14]. This method is to assess chemical resistance by
immersing test specimens into acid or alkaline solutions for a
prescribed period of time and by comparing changes in the
measurements against those of standard curing specimens.

Of chemicals proposed for this method, 10% sodium sulfate
and 10% magnesium sulfate solutions were selected for the
test.

In this test, sulfate attack resistance of concrete is assessed
in terms of compressive strength ratio as well as mass and
length change ratios. For this study, sulfate attack resistance
was assessed by mass change ratio as follows:

mass change ratio (%) =
𝑊
𝑖
−𝑊
𝑐𝑖

𝑊
𝑐𝑖

× 100, (1)

where 𝑊
𝑖
is mass of concrete immersed in test solution at

the measuring age (g) and 𝑊
𝑐𝑖
is mass of concrete before

immersion in test solution (g).
In addition, to investigate microstructure of the concrete

degraded by sulfate ion, powder samples were extracted from
the sulfate reaction areas of concrete specimens immersed in
each solution for 365 days and XRD analysis was conducted
on the samples using JCPDS (joint committee on powder
diffraction standards) card method.

3. Results and Discussion

3.1. Fundamental Properties. Table 7 shows slumps and air
contents of fresh concrete as well as compressive strengths
of standard cured concrete at 28 days per mix proportions
of concrete used in the sulfate attack resistance test. Com-
pressive strengths and slumps of concrete are the mean value
for 3 and 2 times, respectively, and air contents are one
measured value. Slumps and air contents of all of the concrete
mixtures satisfied the target values of 180 ± 25mm and
5.0 ± 0.5%, respectively. In case of W/B = 32%, compressive
strength of BBC concrete and TBC concrete containing
mineral admixture was higher than 100% OPC concrete.
On the other hand, in case of W/B = 43%, compressive
strength of BBC concrete and TBC concrete was found to be
generally lower than 100% OPC concrete. This is because, in
concrete containing GGBFS, compressive strength increases
regardless of GGBFS replacement ratio in case of high
strength concrete with unit binder content of 500 kg/m3,
but, in normal strength concrete with unit binder content
of approximately 400 kg/m3, compressive strength becomes
lower than that of OPC concrete when GGBFS replacement
ratio exceeds approximately 30% [16].
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Table 7: Compressive strength, slump, and air content for concrete.

W/B
(%)

Cement
type

Compressive
strength at 28
days (MPa)

Slump
(mm)

Air
content
(%)

32

OPC 49.5 196 5.2
BBC 57.4 197 4.9
TBC1 54.0 205 5.2
TBC2 54.6 196 5.1

43

OPC 36.6 197 5.0
BBC 26.5 203 5.2
TBC1 29.5 205 5.1
TBC2 36.7 194 5.0

3.2. Mass Change. Table 8 shows charges in the appearance
of concrete specimens immersed in 10% sodium sulfate
and 10% magnesium sulfate solutions for 28, 182, and 365
days. Figures 2 and 3 show mass change ratios of concrete
specimens immersed in sulfate solution for 28, 56, 91, 182, and
365 days according to W/B.

In case of W/B = 32%, all of the concrete specimens
immersed in 10% sodium sulfate solution displayed almost no
mass change. This is because the low W/B increased density
of the microstructure of concrete and therefore slowed down
the process of deterioration by sodium sulfate attack. This
result indicated that the use of low W/B was very effective
in suppressing sodium sulfate attack. In case of W/B = 43%,
the rate of mass decrease in 100% OPC concrete and BBC
concrete was found to increase as the age increased. On the
other hand, rate of mass decrease was almost not observed
in TBC1 concrete and TBC2 concrete. This result proves that
resistance against sodium sulfate of mineral admixture is
more effective in TBC concrete additionally containing silica
fume or fly ash than in OPC concrete and BBC concrete
(Table 8).

In case of specimens immersed in 10%magnesium sulfate
solution, the rate of mass decrease in concrete containing
mineral admixturewas larger than that in 100%OPCconcrete
regardless of W/B. The reason that the rate of mass decrease
is higher by magnesium sulfate attack than sodium sulfate
attack is because magnesium hydroxide reacts with silica gel
and, as a result, C-S-H gradually loses calcium and becomes
converted into magnesium silicate hydrates, the nonbinding
material [8, 9]. In this case, resistance against magnesium
sulfate attack was found to be higher in the order of OPC,
TBC2, TBC1, andBBC concrete indicating that use ofmineral
admixture is disadvantageous. Therefore, caution is required
in using mineral admixture when concrete is exposed to
magnesium sulfates, such as soil and groundwater.

3.3. XRD Analysis. Figure 4 shows the result of XRD analysis
on the sulfate reaction parts of concrete specimens with
W/B = 43% immersed in sulfate solution for 365 days. As
illustrated by the figure, gypsum and ettringite peaks were
formed when specimens were immersed in sodium sulfate
solution indicating that these two types of hydrates are the
main products of reaction against sodium sulfate attack
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Figure 2: Mass change of concrete (W/B = 32%).

causing expansion and cracking. In case of immersion in
magnesium sulfate solution, brucite of a relatively lower peak
was observed in addition to gypsum and ettringite. Brucite
is generated by the reaction of hydration products of cement
and cation (Mg2+) which combines with sulfate ions. It plays
a determinant role in magnesium sulfate attack mechanism.
Therefore, it was indicated that cation (Mg2+) bound with
sulfate ions affected the mechanism of magnesium sulfate
attack.

3.4. Mass Change Prediction Model for Sulfate Attack

3.4.1. Suggestion of Mass Change Prediction Model for Sulfate
Attack. As sulfate attack prediction models of concrete,
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Table 8: Visual appearance changes with immersion ages.

W/B (%) Immersion period
(days) 10% Na2SO4 10% MgSO4

32

28

OPC BBC TBC1TBC2 OPC BBCTBC1TBC2

182

OPC BBC TBC1TBC2 OPC BBC TBC1TBC2

365

OPC BBC TBC1TBC2 OPC BBC TBC1TBC2

43

28

OPC BBCTBC1TBC2 OPC BBC TBC1TBC2

182

OPC BBC TBC1TBC2 OPC BBCTBC1TBC2

365

OPC BBC TBC1TBC2 OPC BBC TBC1TBC2

empirical model, mechanistic model, and numerical model
are available. However, since the mechanism of sulfate attack
is yet to be completely verified, empirical model based on
test results is mainly used. Equations (2) and (3) are an
empirical model suggested by Kurtis et al. [17].This is a result
of regression analysis on concrete specimens immersed in
2.1% sodium sulfate solution for 40 years to predict concrete
expansion by sulfate attack with W/C, immersion period,
and C

3
A content as independent variables and concrete

expansion amount as a dependent variable. In case C
3
A

content is low, this equation can also be applied to concrete
with wide W/C range. However, if C

3
A content is high,

the W/C-related variables are statistically insignificant and
therefore W/C was not included in the prediction model.
Consider

Exp = 0.0246 + [0.0180 (𝑇) (W/C)]

+ [0.00016 (𝑇) (C
3
A)] : C

3
A < 8%,

(2)

In (Exp) = −3.753 + [0.930 (𝑇)]

+ [0.0998 In (𝑇) (C
3
A)] : C

3
A > 10%,

(3)

where Exp is percentage of expansion by sulfate attack (%), 𝑇
is immersion period (year), W/C is water-cement ratio, and
C
3
A is C

3
A content of cement (%).

Equation (4) is an empirical model suggested by Jambor
[18] of which W/B is 60% and the purpose is to verify
behavior of mortar immersed in sodium sulfate solution.
In this test, C

3
A content was 9∼13%. Also, 10∼70% GGBFS

and 10∼50% volcanic tuff were used. As the test solution,
sodium sulfate solutionwith SO

4
content of 500∼33,800mg/L

was used. Using results of measuring amount of sulfates
bound by the mortar specimens, mass change, volume
change, dynamic modulus of elasticity, compressive strength,
and bending strength change of mortar specimens over 4
years, a prediction model for the degree of sulfate-induced
corrosion was suggested. In this model, SO

4
concentration,

immersion period, C
3
A content, and replacement ratio of
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Figure 3: Mass change of concrete (W/B = 43%).

mineral admixture were used as independent variables and
degree of sulfate-induced corrosion of mortar was used as a
dependent variable. Consider

DC = 𝑒−0.016𝐴 ⋅ [0.11𝑆0.45] [0.143𝑇0.33] [0.204𝑒0.145C3A] , (4)

where DC is degree of sulfate-induced corrosion, 𝑆 is SO
4

concentration (mg/L) of sulfate solution, 𝑇 is immersion
period (day), C

3
A is C

3
A content of cement (%), and 𝐴 is

replacement ratio of mineral admixture (binder mass %).
In this study, mass changes of concrete specimens

immersed in 10% sodium sulfate solution and 10% magne-
sium sulfate solution for 1 year were measured per age of
immersion and, based on the existing empirical model of
(2), a prediction model for mass change by sulfate attack
was suggested as of (5)∼(8). To determine coefficients of

this model, regression analysis was conducted using SAS
(statistical analysis system) [19], a general statistical program,
with immersion period, W/B, and C

3
A content of concrete

as independent variables and mass change as a dependent
variable.

(i) Concrete immersed in sodium sulfate solution
for 100% OPC concrete is

MC = − exp [−5.997 + 1.455 (𝑇0.5) (W/B)

− 0.00165 (𝑇) (C
3
A) ] (𝑅2 = 0.98) ;

(5)

for BBC concrete and TBC concrete:

MC = − exp [ − 3.131 + 0.088 (𝑇) In (W/B)

+ 0.076 (𝑇) In (C
3
A)] (𝑅2 = 0.77) .

(6)

(ii) Concrete immersed inmagnesium sulfate solution for
100% OPC concrete is

MC = [0.586 − 0.00525 (𝑇) (W/B)

− 0.078 In (𝑇) (C
3
A)] (𝑅2 = 0.50) ;

(7)

for BBC concrete and TBC concrete:

MC = − exp [ − 0.466 + 0.007 (𝑇) In (W/B)

+ 0.0046 (𝑇) (C
3
A)] (𝑅2 = 0.83) ,

(8)

where MC is mass change of concrete by sulfate attack (%),
𝑇 is immersion period (day), W/B is water-binder ratio, and
C
3
A is C

3
A content of concrete (%).

3.4.2. Verification of Mass Change Prediction Model.
Figures 5 and 6 summarize comparison of the test results
of mass change of concrete specimens immersed in sulfate
solution with mass change prediction values using the model
suggested in this study. As illustrated by the figures, the
test results and mass change prediction values of the model
suggested in this study correspond relatively well, indicating
that prediction of mass change by sulfate attack with a
relatively high reliability can be achieved using the model
suggested in this study.

Figure 7 compares mass change prediction result using
the model suggested in this study with result of the exist-
ing model of (4) to predict the degree of sulfate-induced
corrosion, in case of concrete immersed in 10% sodium
sulfate solution per immersion period. Despite following a
similar trend as a whole, the results have slight differences.
This is because while the existing model of (4) predicts a
general degradation of mortar according to mass and volume
change, strength, and dynamic modulus of elasticity, the
suggested model predicts only the mass change of concrete
by sulfate attack and therefore test conditions and variables
are different.
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Figure 4: XRD analysis results of concrete specimens (G: gypsum, E: ettringite, B: brucite Q: quartz, C: calcite, and F: feldspar).
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Figure 5: Comparison of the measurements and predictions (10% Na
2
SO
4
).
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Figure 6: Comparison of the measurements and predictions (10% MgSO
4
).

4. Conclusions

The following conclusions were drawn from the experimental
study on the mass change of concrete subjected to sulfate
attack.

(1) In case of immersion in 10% sodium sulfate solution,
almost no mass change was observed in all of the
concrete specimens regardless of the use of mineral

admixture when W/B was 32%. This is because the
lowW/B increased density of concretemicrostructure
and therefore slowed down degradation by sodium
sulfate attack. When W/B was 43%, the rate of mass
decrease in 100% OPC concrete and BBC concrete
specimens was found to be higher as the age of
immersion increased. However, there was almost no
mass decrease of TBC1 concrete and TBC2 concrete.
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Figure 7: Comparison of results predicted by proposed model and Jambor’s model (W/B = 43%, 10% Na
2
SO
4
).

This proves that the resistance of mineral admixture
against sodium sulfate was greater in TBC than in
BBC.

(2) In case of immersion in 10% magnesium sulfate
solution, the rate of mass decrease of concrete con-
taining mineral admixture was found to be higher
than OPC concrete regardless ofW/B.This is because
pozzolanic reaction of mineral admixture consumes

calcium hydroxide and resultantly lowers the C-S-H
protection effect of calcium hydroxide at magnesium
sulfate attack.Therefore, it is necessary to take caution
in using mineral admixture when concrete is exposed
to the magnesium sulfate environment, such as soil
and groundwater.

(3) Based on the test results, a prediction model for mass
change of concrete by sulfate attackwas suggested and
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it was found that the test results and predictions by
the suggested model corresponded relatively well. To
further generalize sulfate attack prediction model, it
will be necessary to pursue studies on sulfate resis-
tance test andmechanistic and numerical methods by
considering a variety of influential factors.
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Understanding the interaction between ring dynamics and gas transport in ring pack systems is crucial and needs to be imperatively
studied. The present work features detailed interring gas dynamics of piston ring pack behavior in internal combustion engines.
Themodel is developed for a ring pack with four rings.The dynamics of ring pack are simulated. Due to the fact that small changes
in geometry of the grooves and lands would have a significant impact on the interring gas dynamics, the thermal deformation of
piston has been considered during the ring pack motion analysis in this study. In order to get the temperature distribution of piston
head more quickly and accurately, an efficient method utilizing the concept of inverse heat conduction is presented. Moreover, a
sensitive analysis based on the analysis of partial regression coefficients is presented to investigate the effect of groove parameters
on blowby.

1. Introduction

The piston ring performs its function as a seal of high and
low pressure sides in a cylinder and a medium of heat trans-
fer from piston to cylinder walls.The operation of piston ring
packs influences the performance, efficiency, durability, and
emissions of engines in terms of friction, wear, oil consump-
tion, and gas blowby. For those reasons, the performance
of piston rings in combustion engines has been a topic of
research for many years. Ting and Mayer [1, 2] developed
early models of ring lubrication and blowby. Their models
were aimed at the eventual prediction of cylinder wear. The
work of Dowson et al. [3] and Ruddy et al. [4, 5] has resulted
in the development of more integrated simulations, which
include effects of ring dynamics. Rhode [6] has incorpo-
rated into ring lubrication calculations a model of mixed
lubrication, which allows more realistic calculation of ring
friction; it has been so since adopted by a number of other
investigators.The effort toward further integration of various
submodels into what has become an established scheme of
two-dimensional axisymmetric analysis of ring packs has
continued in the eighties [7], with more studies involving
various design parameters aswell as comparison to data [8, 9].

Classical theory of lubrication is based on the Reynolds equa-
tion, which can be derived from control volume analysis
under certain simplifying assumptions. This equation calcu-
lates the oil film pressure given the film thickness, squeeze
velocity, and the pressure at the boundaries (typically ambient
pressure).Then attention had been shifting from ring dynam-
ics and blowby, which can be predicted with reasonable
accuracy, to themodeling of oil consumption, the accuracy of
the current oil consumption models [9–11]. Keribar et al. [12]
developed an integrated model of piston ring pack including
ring-liner hydrodynamic and boundary lubrication, ring
axial, radial, and twist dynamics, interring gas dynamics,
and blowby. Blow-by gas flow refers to the undesired gas
flow from combustion chamber to the crankcase. It reduces
the efficiency of the engine and contaminates oil with the
combustion products present in the gases; the ring pack
system serves as a channel for blow-by gases. As a result, it is
important for engine manufacturers and lubricant suppliers
to optimize ring pack system to take it into account in con-
trolling oil consumption resulting from blow-by gases. Such
research pursues to decrease the amount of blow-by gas flow
while upholding sufficient lubrication andminimum friction.
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Most of the existing models above are based on the axi-
symmetric assumption, called 2D models. With the help of
these 2D models, a great deal of detailed analysis of ring
lubrication has been performed and some conclusions have
been used successfully in guiding the practical application
[13]. The efforts to model the ring dynamics in 3D manner
can also be found in the publications. Tian et al. [14] presented
ring dynamics and gas flow model to study ring/groove con-
tact, blowby, and the influence of ring static twist, keystone
ring/groove configurations, and other piston ring parameters.
Ejakov et al. [15] simulated the dynamic twist angle of the
piston ring pack along the circumference by using finite
element analysis. In [16], a combination of a detailed elastic
analysis and a complementarity method was used to evaluate
the ring/bore conformability in an accurate way. Ma [17, 18]
implemented a flow-continuity algorithm in the hydrody-
namic lubrication submodel, which ensured an accurate oil
transport simulation. Liu [19] developed a piston ring pack
model considering nonaxisymmetric characteristics of power
cylinder system considering oil transport along the liner.The
oil transport along the ring pack system is driven by the
motion of the piston rings [20]. Sometimes, oil is entrained
in blow-by gases, transported within the ring pack. The
demonstration of the interaction between ring performance
and gas transport can help to understand oil transport
mechanism and lead to effective ways of reducing the oil
consumption. Li [21] took the ring geometry, assembly load,
and mechanical and thermal properties into consideration in
their simulation of piston ring behavior.

In order to know the ring pack motion, the most impor-
tant part is to analyse the interring gas dynamic. Due to the
fact that small changes in geometry of the grooves, lands,
and bore would have a significant impact on the interring
gas dynamics, the thermal deformation should be taken into
consideration during ring pack motion analysis. In order to
determine the thermal deformation of bore and piston, a 2D
finite element (FE) model is used in this study. In the thermal
analysis part, an efficient method utilizing the concept of
inverse heat conduction is presented to get the temperature
distribution of piston. After getting the temperature distribu-
tion of piston, a thermostructure analysis is presented to get
the deformation of piston lands and grooves and bore, as the
input data for ring pack dynamics and tribological analysis.
The second part of this study focuses on the interring gas
dynamics of piston ring pack behavior in internal combustion
engines. The model is developed for a ring pack with four
rings.Thedynamics of the top three rings and the gas pressure
in the regions about the oil control ring are simulated.

2. Modeling of Piston Ring Pack Dynamics

The motion of piston ring within the piston groove can be
described by the axial rotational (toroidal twist) and radial
motions in the three respective degrees of freedom. The ring
motion in the circumference direction is neglected in this
study. As shown in Figure 1, a small section for the ring at a
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Figure 1: Free body diagram of ring cross-section.

circumferential location is considered. The governing equa-
tions for the ring motion are written as

𝑚
𝑟

𝑑
2

𝑦cg

𝑑𝑡2
= 𝐹
𝑔,oil + 𝐹𝑔,asp + 𝐹𝑐,frc − 𝐹𝑙,pre − 𝑚𝑟𝑔,

𝐼
𝑟

𝑑
2

𝛼

𝑑𝑡2
= 𝑀
𝑔,oil +𝑀𝑔,asp +𝑀𝑐,frc

+𝑀
𝑙,pre +𝑀𝑐,oil +𝑀𝑐,asp − 𝐾𝑟𝑡𝛼,

𝑚
𝑟

𝑑
2

ℎcg

𝑑𝑡2
= 𝐹
𝑔,pre + 𝐹𝑔,frc + 𝐹𝑐,oil

− 𝐹
𝑐,asp − 𝐹



𝑙,pre + 𝐾𝑟𝑟(ℎ


+ ℎ
0
),

(1)

where 𝑦cg and ℎcg are the axial and radial position of the
center of gravity of the ring and 𝛼 is the twist angle. 𝑚

𝑟
,

𝐼
𝑟
, and 𝐾

𝑟𝑡
are ring mass, moment of inertia for toroidal

rotation, and cross-sectional torsional stiffness. 𝐾
𝑟𝑟

is the
radial tension stiffness, ℎ the reduction in ring radius at
installation, and ℎ

0
the minimum ring-bore oil film thickness

(𝐹tension = 𝐾𝑟𝑟(ℎ


+ ℎ
0
)). 𝐹’s and𝑀’s are forces and moments

acting on the ring cross-section, as shown in the free body
diagrams of Figures 1 and 2. In terms of forces and moments
in (1) the first subscript indicates location on the ring (𝑔 =
groove, 𝑐 = cylinder, and 𝑙 = land) and the second subscript
describes the source of the force ormoment (oil = oil pressure,
asp = normal pressure due to asperity contact, pre = gas
pressure, and frc = hydrodynamic or boundary friction).The
torsional moment𝑀

𝑟𝑡
is calculated as

𝑀
𝑟𝑡
= 𝐾
𝑟𝑡
𝛼. (2)

For a complete ring with rectangular cross-section, the
cross-sectional torsional stiffness (𝐾

𝑟𝑡
) is given by

𝐾
𝑟𝑡
=
𝐸𝑏
3 ln(𝐷/𝑑)
3(𝐷 + 𝑑)

, (3)

where 𝐸 is the modulus of elasticity of piston ring, 𝑏 is the
axial height of piston ring section, 𝑑 is the inner diameter,
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and 𝐷 is the outer diameter of piston ring. The axial motion
of a ring relative to piston can be expressed as

𝑦cg = 𝑦𝑝 + 𝑦𝑟𝑝,

𝑑𝑦cg

𝑑𝑡
=

𝑑𝑦
𝑝

𝑑𝑡
+

𝑑𝑦
𝑟𝑝

𝑑𝑡
,

𝑑
2

𝑦cg

𝑑𝑡2
=

𝑑
2

𝑦
𝑝

𝑑𝑡2
+

𝑑
2

𝑦
𝑟𝑝

𝑑𝑡2
,

(4)

where 𝑦
𝑝
is the axial position of the piston and 𝑦

𝑟𝑝
is the axial

position of the ring related to the piston.
Forces and moment associated with land and groove gas

pressure are calculated using pressure solutions from gas
dynamics submodel. Those associated with oil pressure are
obtained from the lubrication submodel, and those associated
with local asperity contact pressure are calculated by asperity
deformation model. Ring axial position and twist influence
gas flow paths and the forces at the ring groove interface. Ring
twist also affects the effective profile presented by the ring
face to the cylinder bore and thus oil film thickness and ring
friction. The lubrication model, asperity deformation model,
and oil film squeezingmodel at ring side and groove interface
have specific introduction in [12, 14].

3. Interring Gas Dynamics

Thegas flow between the rings and groove flanks and the flow
behind the ring are calculated based on the actual interring
volumes due to actual clearances and ring positions. The
real mass flow rate is determined from the ideal flow by use
of discharge coefficients. The purpose of the interring gas
dynamics model is the calculation of the rate of gas blowby
through the leakage paths between series of gas volumes.
The gas volumes in ring grooves as well as ring-lands are
considered and calculated from the piston, groove, and ring
geometries and positions, as shown in Figure 2. The leakage

paths are the gaps between rings and grooves (due to areas
that become available during ring motions in grooves), the
gaps between the ring face and cylinder bore (due to ring
lift), and the ring-end gaps. The blowby is assumed to be an
unsteady adiabatic flow satisfying the perfect gas law. It is also
assumed that the combustion chamber pressure versus crank
angle relation remains unaffected despite the gas leakage.The
continuity equations for the land and groove gas volumes are
written as

𝑑𝑚
𝑙,𝑖

𝑑𝑡
= 𝑚leg,𝑖−1 + 𝑚ggb,𝑖−1 + 𝑚rlg,𝑖−1 − 𝑚geg,𝑖

− 𝑚ggt,𝑖 − 𝑚rlg,𝑖, (𝑖 = 2, . . . , 𝑁),

𝑑𝑚
𝑔,𝑖

𝑑𝑡
= 𝑚ggt,𝑖 + 𝑚geg,𝑖 − 𝑚ggb,𝑖 − 𝑚leg,𝑖, (𝑖 = 1, . . . , 𝑁),

(5)

where 𝑚 is the mass of gas in volume and 𝑚 denotes the
mass flow rate through the various flow paths identified by
subscripts “leg”/“geg” (ring-end gaps connected to groove
volume and connected to land volume), “ggt”/“ggb” (ring
groove gaps above and below ring), and “rlg” (ring-left gaps).
For the first land volume, the continuity equation is

𝑑𝑚
𝑙,1

𝑑𝑡
= 𝑚lin,1 − 𝑚geg,1𝑚ggt,1 − 𝑚rlg,1, (6)

where 𝑚lin,1 is the mass flow rate through the gap between
piston and bore at the piston top position. The gas flow
rates through the flow paths are calculated by the following
relationship.

If 𝑝
𝑑
/𝑝
𝑢
> (2/(𝛾 + 1))

𝛾/(𝛾−1),

𝑚 = 𝐶
𝑓
𝐴(

2𝛾

𝑅(𝛾 + 1)𝑇
𝑢

)

1/2

⋅ 𝑝
𝑢
(
𝑝
𝑑

𝑝
𝑢

)

1/𝛾

[1 − (
𝑝
𝑑

𝑝
𝑢

)

(𝛾−1)/𝛾

]

1/2

.

(7)
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If 𝑝
𝑑
/𝑝
𝑢
≤ (2/(𝛾 + 1))

𝛾/(𝛾−1),

𝑚 = 𝐶
𝑓
𝐴(

2𝛾

𝑅(𝛾 + 1)𝑇
𝑢

)

1/2

⋅ 𝑝
𝑢
(

2

𝛾 + 1
)

1/(𝛾−1)

[1 − (
2

𝛾 + 1
)]

1/2

.

(8)

In (7) and (8), 𝐶
𝑓
is the orifice flow coefficient, 𝐴 is

the orifice area, 𝑅 and 𝛾 are the gas constant and polytropic
exponent, 𝑝

𝑢
and 𝑝

𝑑
are pressure upstream and downstream

of the orifice, and 𝑇
𝑢
is the upstream temperature.

The gas equation of state is applied to land volumes and
the groove volumes:

𝑝
𝑙,𝑖
𝑉
𝑙,𝑖
= 𝑚
𝑙,𝑖
𝑅𝑇
𝑙,𝑖
, (𝑖 = 1, . . . , 𝑁),

𝑝
𝑔,𝑖
𝑉
𝑔,𝑖
= 𝑚
𝑔,𝑖
𝑅𝑇
𝑔,𝑖
, (𝑖 = 1, . . . , 𝑁).

(9)

In this paper, the whole system includes three piston
rings and five gas zones that are formed by rings, piston, and
liner as sketched in Figure 3. Gas temperatures in the land
volumes and groove volumes are assumed to be equal to the
instantaneous area-weighted average of the temperature of
surfaces surrounding each volume. And those temperatures
and volumes would be gotten by the thermomechanical
analysis of piston. In this study, an efficient method utilizing
the concept of inverse heat conduction based on the FEA is
presented for the thermal analysis of piston.

4. Thermomechanical Analysis of
Piston Based on Using the Inverse Heat
Conduction Method

According to the structure of piston head and bore, shown
in Figure 3, in order to get the gas temperatures in land
volumes and groove volumes, it is important to know the
temperature distribution of piston head and bore. In recent
years, finite elementmethod has been used to calculate piston
temperature [21–29]. It should be noticed that after having
identified one correlation for one engine, we acknowledge
that those correlation parameters are not valid for another
engine with similar characteristics. This is because the con-
vection heat transfer coefficient has many influence factors,
and it is hard to give an accurate correlation to describe
the distribution of HTC. In this paper, an efficient method
utilizing the concept of inverse heat conduction based on the
FEA is presented for the thermal analysis of pistons [27]. And
using the inverse heat conduction method, the HTC can be
effectively determined without giving the correlation.

4.1. Inverse Heat Conduction Method. The relationship
between temperature and HTC (ℎ

𝑐
) can be given by

𝑇 = 𝑇(ℎ
𝑐
). (10)

Thus, the inverse heat conduction problem can be
described to find

𝑛

∑

𝑖=1


[𝑇


− 𝑇(ℎ
𝑐
)]

→ min, (11)

where𝑇 is the real temperature (testing temperature), related
to 𝑇(ℎ

𝑐
) (predicted temperature) and 𝑛 is the number of

conduction segments.Due to the specific piston, the structure
of this piston is known, and the HTC is the only unknown
parameter. According to (11), if the error between calculated
temperature and test temperature can be satisfied, the calcu-
lation requirement, the HTC ℎ

𝑐
can be tried as the real HTC

during conduction in real situation. The governing equation
of the steady state thermal conduction in the piston can be
expressed as [27]

𝑘
𝜕𝑇

𝜕𝑛

Γ

= ℎ
𝑐
(𝑡 − 𝑇

𝑓
)
Γ
, (12)

where 𝑇 and 𝑘 represent the temperature and thermal con-
ductivity, respectively. Similar to earlier studies on the ther-
mal analysis of the piston [30], the convection boundary
condition can be applied to the piston surface according to
the equation as follows:

𝑞 = ℎ(𝑇 − 𝑇
∞
), (13)

where 𝑞, ℎ, and 𝑇
∞

represent the outward normal heat
flux, the HTC, and the surrounding temperature at the
surface, respectively. The surrounding temperature 𝑇

∞
can

be defined as the combustion gas temperature 𝑇gas at the
combustion-side top surface of the piston head, the cooling



Mathematical Problems in Engineering 5

Piston head

Piston skirt

(a) 2D finite element of the piston

1–10

11

12, 13, 14
15

16, 17, 18
19

20, 21, 22
23

(b) Convection subregion of head

Point 1

Point 2

Point 3

Point 4
224

∘C

267
∘C

292
∘C

201
∘C

(c) Temperature testing point distribution on the head

Figure 4: 2D model of piston.

water temperature 𝑇
𝑐
at the side, and the oil temperature 𝑇oil

at the underside and cooling gallery [31].
In order to find an accurate solution to the inverse

heat conduction problem, the finite element (FE) method
is employed in this study. The 2D FE model of piston is
built by quadratic solid 55 elements in order to analyze the
axisymmetric problem (as shown in Figure 4(a)). And the
head of piston is divided into numerous boundary segments
(𝑛 = 23) of which HTCs are a piecewise constant (as shown
in Figure 4(b)). The distribution of testing point is shown in
Figure 4(c). Assume the temperature of node 𝑖 is 𝑇

𝑖
(ℎ
𝑐
), and

the initial magnitude is ℎ
𝑐0
= (ℎ
𝑐10
, ℎ
𝑐20
, . . . , ℎ

𝑐𝑛0
). Thus using

Taylor’s formula, 𝑇
𝑖
(ℎ
𝑐
) can be expressed as

𝑇
𝑖
(ℎ
𝑐
) = 𝑇
𝑖
(ℎ
𝑐0
) +

𝑛

∑

𝑗=1

𝜕𝑇
𝑖

𝜕ℎ
𝑐𝑗

ℎ
𝑐𝑗
(ℎ
𝑐𝑗
− ℎ
𝑐𝑗0
),

(𝑖 = 1, 2, . . . , 𝑛).

(14)

If 𝑇
𝑖
(ℎ
𝑐
) = 𝑇
𝑖
, (14) can be written as

𝑛

∑

𝑗=1

𝜕𝑇
𝑖

𝜕ℎ
𝑐𝑗

ℎ
𝑐𝑗
= 𝑇


𝑖
− 𝑇
𝑖
(ℎ
𝑐0
) +∑

𝜕𝑇
𝑖

𝜕ℎ
𝑐𝑗

ℎ
𝑐𝑗0
. (15)

Thus, those equations can compose a linear equation
system relating to (ℎ

𝑐1
, ℎ
𝑐2
, . . . , ℎ

𝑐𝑛
), and it can be written as

Whc = P, (16)

where the HTC matrix hc = (ℎ𝑐1, ℎ𝑐2, . . . , ℎ𝑐𝑛)𝑇, the equation
coefficient matrixW = [

𝑤11 ⋅⋅⋅ 𝑤1𝑛

⋅⋅⋅

⋅⋅⋅ 𝑤𝑛𝑛

], and each element can be
calculated by

𝑤
𝑗𝑘
=
𝜕𝑇
𝑖

𝜕ℎ
𝑐𝑘

ℎ𝑐𝑘=ℎ𝑐𝑘0

. (17)

And 𝑃 = {𝑃
1
, 𝑃
2
, . . . , 𝑃

𝑛
}; vector element in this matrix

can be given by

𝑃
𝑘
= 𝑇


𝑖
− 𝑇
𝑖
+𝑊ℎ

𝑐0
. (18)

If the partial derivative of each HTC is known, the solu-
tion is the optimum solution. However, it is hard to know
the linear correlation between HTC and temperature and the
following equation can be used to get the better approximate
solution:

[𝐾]{𝑇} = {𝑃}, (19)
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where {𝑇} is the predicted temperature which is unknown
and [𝐾] is the function of HTC and heat conductivity
coefficient (HCC); it can be given as𝐾 = 𝑓(𝑘, ℎ

𝑐
). There are a

number of partial derivatives in (19). In order to improve the
solving accuracy, the first-ordermethod of the ANSYS design
optimization module is used in this study.

4.2. Numerical Simulation Procedure. The inverse heat con-
duction problem of the equation above can be solved using
the optimization technique; the procedure to solve the prob-
lem is described in Figure 5. The HTC varies depending on
the location of the piston surface. The HTC at the surface
of head, excluding the piston head, is determined by Lu
et al. [31], and the initial value of all design variables, that
is, the HTC, is set uniformly as 100W/m2K. An inverse heat
conduction problem to determine ℎ

𝑖
can be formulated as an

optimization problem as finding [32]

ℎ ≡ {ℎ
1
, . . . , ℎ

𝑛
} (20)

to minimize

𝜙(ℎ) ≡

𝑙

∑

𝑖=1

(𝑇
𝑎𝑖
− 𝑇
𝑚𝑖
)
2

. (21)

The numerical implementation to solve the optimization
problem is performed by ANSYS. The first-order method of
the ANSYS design optimization module is used, the gradi-
ents being calculated with a design variable increment of 0.05
percent of the difference between the upper and lower
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Figure 6: Iteration history of the objective function and tempera-
tures of testing point.

Table 1: Comparison of the measured temperatures and the pre-
dicted temperatures with the optimum HTC.

Measurement
points

Predicted
temperature
𝑇
𝑚𝑖

∘C

Measured
temperature
𝑇
𝑎𝑖

∘C

|(𝑇
𝑚𝑖
− 𝑇
𝑎𝑖
)/𝑇
𝑎𝑖
|

(%)

Point 1 197.25 201 1.9

Point 2 291.31 292 0.23

Point 3 268.15 267 0.43

Point 4 222.68 224 0.59

bounds. The acceptable change in the design variables be-
tween iterations for convergence is set as 0.01∗current value.

5. Results and Discussion

5.1. Temperature Distribution and Thermal Deformation of
Piston Lands and Grooves. The optimization problem for
the piston is analyzed. Less than 9 iterations are taken to
obtain the optimum solutions; the history of the objective
function and testing points’ temperature during iterations
is shown in Figure 6. The initial optimum value of the
objective function is very large and the optimum value of
objective function is very close to zero. As an inverse problem,
the temperatures of testing points become close to the test
value (shown in Figure 6) very fast. And the temperature
distributions calculated by initial and optimum value of
the HTC are shown in Figure 7. The analyzed temperature
using the optimum HTC is compared with the measured
temperature in Table 1. Note that the maximum error is less
than 1.9%.



Mathematical Problems in Engineering 7

X

Y

Z

377.381

419.162

460.943

502.724

544.505

586.286

628.067

669.849

711.63

753.411

(a) Initial HTC

X

Y

Z

377.378

398.992

420.607

442.221

463.835

485.45

507.064

528.678

550.293

571.907

(b) Optimum HTC

Figure 7: Temperature distribution of the piston head.

√
R
z
4

√Rz6

First ring Second ring and
third ring

Oil ring

Ground

0
.4

m
ax

0
.4

m
ax

3
.5

5
.2

±
0
.2

1
.4
5

±
0
.4
5

0
.8 0
.8

0
.2

±
0
.1 1
.4
5

±
0
.4
5

0
.2

±
0
.1

3 · · · 12 𝜇m 3 · · · 12𝜇m

4
5
∘

4
5 ∘

±
5
∘

4
5
∘

±
5
∘

3
∘

±30
∘

G
es

ch
liff

en

44 · · · 66𝜇m

3
0 ∘

0.9 ±0.1

0
.5

±
0
.0
5

3
5
∘

±
2
∘

3
5
∘

±
2
∘

−0.005

−0.050

R0.4
R0.4

≈
3
.5

R0.
3 max

R
0.
3

max

Figure 8: The geometry of the piston rings.

5.2. Performance of Ring Pack. The geometry of the piston
rings and structure of piston head used in this study are
shown in Figures 8 and 9. Each ring is modeled as a single
mass; twisting (including pretwist angles) is considered. The
equations of motion, which consider equilibrium condition
of moments and forces for each ring, are solved.The dynamic
components of the ring motion are calculated by means of

time integration methods of explicit type. The mechanism of
piston ring sealing is equivalent to a labyrinth seal, where the
gap clearances are determined by the actual position of the
rings in the groove in consideration of the global movement
and tilting of the piston [33]. The law for isotropic flow of
ideal gas is used for the calculation of the gas flows, as (9)
showed. The calculation of the updated gas pressures due
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Table 2: The temperature distribution of piston grooves and lands.

Parameters Location Temperature/∘C

Groove

A B

C D

h1 h2

r1

r2

1st ring
groove (A) 201.6

1st ring
groove (B) 167.1

1st ring
groove (C) 158.7

1st ring
groove (D) 153.5

2nd ring
groove (A) 152.8

2nd ring
groove (B) 147.2

2nd ring
groove (C) 136.5

2nd ring
groove (D) 136.0

3rd ring
groove (A) 135.8

3rd ring
groove (B) 135.7

3rd ring
groove (C) 135.2

3rd ring
groove (D) 135.2

to changes in mass and vessel volume is described by the
isotherm equation of state.The particular piston temperature
and thermal deformation are given by FEA, listed in Tables
2 and 3. The Reynolds equations are solved iteratively in
each time step to determine the hydrodynamic pressure
distribution between ring running surface and liner. The last
part of the simulation procedure deals with the evaluation of
oil consumption to the combustion gas [34] and the friction
loss [35, 36]. All relevant mechanisms are considered; the
calculation is done quasistatically per time step, and the
program code is designed by Fortran.

5.2.1. The Pressure Distribution in Ring Grooves and Piston
Lands. The calculated axial position of rings in grooves is

Table 3: Deformation of grooves and lands.

Parameters Value (𝜇m)
1st ring groove
Δℎ1 −35

Δℎ2 −2

Δ𝑟1 267
Δ𝑟2 255

2nd ring groove
Δℎ1 −19

Δℎ2 1
Δ𝑟1 247
Δ𝑟2 240

3rd ring groove
Δℎ1 4
Δℎ2 7
Δ𝑟1 243
Δ𝑟2 259

Positive = increase; negative = decrease.

Table 4:The friction loss, blowby, and oil consumption considering
thermal effect.

Friction loss (kW)
Total loss (kW)

Oil
consumption

(g/h)First ring Second
ring Third ring

3.4191 1.3196 1.2451 5.9837 257.5
Inverse blowby∗ (g/s) Average blowby (g/s)

First ring Second
ring Third ring

−7.6367 −0.2203 0.00000 0.9675
∗The average blowby is the average of the flow ring downland to upland, and
the “−” is the inverse.

shown in Figure 10. Wear of the parallel surfaces in piston
ring grooves, commonly called ring groove wear, occurs
mainly in the top groove. The main reason for the wear is
the combined effect of gas forces and radial motion of the
ring, and the wear process is accelerated by poor lubrication
and a high temperature. The reasons for the radial motion of
the ring are the cylinder distortion, the secondary movement
of the piston, and piston tilt allowed by the piston/cylinder
clearance. Mass forces, friction forces, axial ring movement,
and ring rotation increase the ring groove wear. Instationary
gas pressure and gas blowbymay cause radial vibrations in the
ring, which accelerates the ring groovewear at the ring groove
contact areas [37]. And the friction loss and gas blowby at
the piston rings are summarized in Table 4. It is clear that the
ratios of the first ring in friction loss and inverse blowby are
majority (57.14%and97.44%, resp.), and thismeans the design
of the first ring groove is significant for the piston design.

5.2.2. Piston Groove Parameters Sensitive Analysis. Blow-by
gas flow refers to the undesired gas flow from the combustion
chamber to the crankcase. It reduces the efficiency of engine
and contaminates oil with the combustion products present
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Table 5: An analysis of variance table for the simple linear regression model.

Source SS (sums of squares) df (degrees of freedom) MS (mean squares) 𝐹-statistic Significance 𝐹
Regression SS

𝑅
df
𝑅
= 𝑚 MS

𝑅
𝐹 = MS

𝑅
/MS
𝑟

𝐹
𝛼
(𝑚, 𝑛 − 𝑚 − 1)

Residual SS
𝑟

df
𝑟
= 𝑛 − 𝑚 − 1 MS

𝑟

Total SS
𝑇

df
𝑇
= 𝑛 − 1

Table 6: Analysis of variance table for the multiple linear regression (Δℎ1).

Source SS df MS 𝐹 Significance 𝐹
Regression 2.75𝐸 − 03 3 9.18𝐸 − 04 3.00𝐸 + 07 𝐹

0.05
(3, 1) = 216

Δℎ1(1) 4.00𝐸 − 08 1 4.00𝐸 − 08 1.31𝐸 + 03 𝐹
0.01
(3, 1) = 540

Δℎ1(2) 0 1 0 ∼0 𝐹
0.05
(1, 1) = 161

Δℎ1(3) 0 1 0 ∼0 𝐹
0.01
(1, 1) = 405

Residual 3.06𝐸 − 11 1 1.1867
Total 2.75𝐸 − 03 2

Table 7: Analysis of variance table for the multiple linear regression (Δℎ2).

Source SS df MS 𝐹 Significance 𝐹
Regression 2.65𝐸 − 03 3 9.12𝐸 − 04 2.92𝐸 + 07 𝐹

0.05
(3, 1) = 216

Δℎ2(1) 3.82𝐸 − 08 1 3.82𝐸 − 08 1.21𝐸 + 03 𝐹
0.01
(3, 1) = 540

Δℎ2(2) 0 1 0 ∼0 𝐹
0.05
(1, 1) = 161

Δℎ2(3) 0 1 0 ∼0 𝐹
0.01
(1, 1) = 405

Residual 3.00𝐸 − 11 1 1.1277
Total 2.75𝐸 − 03 2
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Figure 10: The axial position of rings in grooves.

in the gases. The ring pack system serves as a channel
for blow-by gases. As a result, it is important for engine
manufacturers and lubricant suppliers to optimize ring pack
system to take it into account in controlling oil consumption
resulting from blow-by gases. In order to investigate the
effect of groove parameters on blowby, a sensitive analysis
based on the analysis of partial regression coefficients and
an analysis of variance (ANOVA) table for the simple linear

regression model can be given in Table 5 [38]. During the
multiple linear regression (MLR) analysis, the blowby of first
ring is the dependent variable (DV), and the parameters of
groove, such as Δℎ1(𝑖), Δℎ2(𝑖), Δ𝑟1(𝑖), and Δ𝑟2(𝑖) (𝑖 is the
number of grooves) shown in Table 2, are the independent
variables (IVs). In this study, when one IV increased by one
unit (1mm), all the other IVs are held constant (as shown
in Table 3). The analysis results of multiple linear regression
related to the groove parameters are listed in Tables 6–9,
respectively. Based on those tables, it is obvious that Δℎ1(1)
and Δℎ2(1) have significant influence on blow-by gas flow
and other parameters without any obvious impact on it. Due
to the thermal effect on Δℎ1(1) and Δℎ2(1), the interring gas
dynamic analysis should consider the thermal effect.

6. Conclusions

The present work features detailed interring gas dynamics of
piston ring pack behavior in internal combustion engines.
The model is developed for a ring pack with four rings. The
dynamics of ring pack are simulated. Due to the fact that
small changes in geometry of the grooves and lands would
have a significant impact on the interring gas dynamics, the
thermal deformation of piston and bore has been considered
during the ring packmotion analysis in this study. In order to
get the temperature distribution of piston head more quickly
and accurately, an efficient method utilizing the concept
of inverse heat conduction is presented. The result of the
temperature analyzed using the optimum HTC is compared
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Table 8: Analysis of variance table for the multiple linear regression (𝑟1).

Source SS df MS 𝐹 Significance 𝐹
Regression 2.75𝐸 − 03 3 9.17𝐸 − 04 3.06𝐸 + 02 𝐹

0.05
(3, 1) = 216

𝑟1(1) −2.21𝐸 − 12 1 −2.21𝐸 − 12 ∼0 𝐹
0.01
(3, 1) = 540

𝑟1(2) 0 1 0 ∼0 𝐹
0.05
(1, 1) = 161

𝑟1(3) 0 1 0 ∼0 𝐹
0.01
(1, 1) = 405

Residual 2.99𝐸 − 06 1 2.99𝐸 − 06

Total 2.75𝐸 − 03 2

Table 9: Analysis of variance table for the multiple linear regression (𝑟2).

Source SS df MS 𝐹 Significance 𝐹
Regression 2.66𝐸 − 03 3 8.86𝐸 − 04 9.30𝐸 + 00 𝐹

0.05
(3, 1) = 216

𝑟2(1) −5.50𝐸 − 18 1 −5.50𝐸 − 18 ∼0 𝐹
0.01
(3, 1) = 540

𝑟2(2) 1.44𝐸 − 18 1 1.44𝐸 − 18 ∼0 𝐹
0.05
(1, 1) = 161

𝑟2(3) 3.77𝐸 − 18 1 3.77𝐸 − 18 ∼0 𝐹
0.01
(1, 1) = 405

Residual 9.53𝐸 − 05 1 9.53𝐸 − 05

Total 2.75𝐸 − 03 2

with the measured temperature, and reasonable agreement is
obtained. Moreover, a sensitive analysis based on the analysis
of partial regression coefficients is presented to investigate the
effect of groove parameters on blowby. And the result shows
that Δℎ1(1) and Δℎ2(1) (shown in Table 2) have significant
influence on blow-by gas flow, while other parameters have
no obvious impact on it. As the thermal effect on Δℎ1(1) and
Δℎ2(1), the interring gas dynamic analysis should consider
the thermal effect.
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Three different emulsion residues, such as SS1HP, HFE90, and SS-1VH (trackless), and a base asphalt binder (PG 64-22) are
compared to characterize rheological properties by usingDSR test. In order to capture the emulsion properties, different frequencies
(from 1 to 100 rad/sec at a 10% constant shear rate) and temperatures (from −45∘C to 75∘C with 15∘C increments) were applied.
Then, a master curve for shear modulus was plotted for each emulsion. The transition of the HFE90 emulsion from viscous
to elastic behavior occurs at lower temperatures, compared to the other materials. This emulsion is known for performing
in a wider temperature range as shown in the results. The trackless emulsion presents an elastic behavior at intermediate
temperatures. This product is known as having very fast setting and high resistance to shear stresses. The trackless emulsion
presents the highest viscous and elastic modulus, followed by the PG 64-22 binder, SS1HP, and HFE90 emulsion. Shear strength
test results show a behavior between trackless emulsion and SS1HP similar to the frequency sweep test results performed by
DSR.

1. Introduction

As the need for new construction for asphalt pavement has
been decreased over time, an increased interest in preventive
maintenance and rehabilitation has come to the fore. The
asphalt emulsion is one of the most effective materials
for the preventive maintenance of asphalt pavement. Also,
the asphalt emulsion is an ecofriendly material because its
construction system does not include heating equipment. For
example, chip seals, which are among the most efficient and
cost-effective methods utilized by state highway agencies to
preserve and rejuvenate existing pavements, are constructed
by application of asphalt emulsion and aggregate.The asphalt
emulsion is applied as a liquid condition, and then it becomes
a residue condition by curing procedure.Therefore, the prop-
erties of asphalt residue play a vital role in the performance.

Diverse laboratory tests are usually performed on the
asphalt emulsions and their residue. In order to obtain

appropriate properties that can be related to field perfor-
mance, it is critical to obtain an emulsion residue that is
representative of the emulsion used in the field.

Takamura [1] proved that high temperatures of distilla-
tion procedure, which are 177∘C or 260∘C, can significantly
alter or damage the microscopic structure of the emulsion
and thus the residues recovered by these processes do
not represent the field conditions where construction is
done in ambient temperatures. Also, he proposed a new
residue recovery procedure that uses airflow under ambient
temperatures to simulate field conditions. The forced air-
drying procedure, in which the emulsion was dried under
ambient temperatures for 5-6 hours, was found to preserve
the microscopic polymer network in the residue.

King et al. [2] showed some early indications about the
performance of emulsions made using polymer-modified
asphalts. The tests were limited to HF emulsions and
aCRS emulsion for both neat and polymer-modified asphalts.
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Figure 1: (a) DSR equipment and (b) schematic of cylindrical specimen.

200

−1.5

−1

−0.5

0

0.5

1

1.5

𝛾max

𝛾min

𝜏max

𝜏min

Δt

0 100 300 400 500

Δt =

Viscoelastic: 0 < 𝛿 < 90
∘

22222200222222222222222222222222222022220222222222222222220

ΔΔΔΔt

00 100 300

time lag → 𝛿

Figure 2: Definition of phase angle.

The asphalts were recovered from the respective emulsions by
distillation at 204∘C. It was found that the use of polymer-
modified binder with an HF (high float) emulsifier could
decrease the limiting stiffness temperature by 3∘C.

Also, Barcena et al. [3] proposed asphalt emulsion used
for surface treatments from an extension of King’s study.This
surface performance grading system follows the PG system
with certain changes in the dynamic shear rheometer (DSR)
high temperature test and the bending beam rheometer
(BBR) test specification limits. They proposed that emulsion
residues could be efficiently obtained without degrading
polymer morphology by a stirred-can procedure performed
under a nitrogen blanket at 163∘C for 170 minutes. A survey
by TxDOT found that aggregate loss due to flow and brittle
fracture at high and low temperatures, respectively, were the
principle modes of distress for surface treatments.

Deneuvillers and Samanos [4] conducted a series of emul-
sions with different particle size diameters and correlated
the various rheological properties like viscosity, breaking
index, and cohesion build-up with respect to parameters
like median diameter of the emulsion gel particles and their
standard deviation and also arrived at characterizing grading
curves.

Bec et al. [5] studied an accelerated curing mechanism
for cold mixes in laboratory conditions, with the idea of

being able to predict final mechanical properties. The study
indicates that conditioning of the test pieces at 50∘C and 10%
RHgives the same level of resistance after five days that would
be obtained in 30 days for test pieces conditioned at 18∘C
and 50% RH. The results also show that, regardless of the
temperature and RH conditions, it is almost impossible to
completely eliminate the water.

2. Objective

The objective of this study is to characterize rheological
properties of three different asphalt emulsion residues and a
base binder by using DSR. The results also will be related to
the emulsions performance as a tack coat material.

3. Methodology

Three different emulsions SS1HP, HFE90, and SS-1VH (track-
less) are used in this study. For the sake of time, the RTFO
method has been selected to recover emulsion residues.
In addition, a base binder with PG 64-22 is also tested.
The samples are characterized by using dynamic shear
rheometer (DSR) to find their rheological properties such
as shear modulus (𝐺∗) and phase angle (𝛿). The proposed
test procedure is to run a frequency sweep test from 1
to 100 rad/sec at a 10% constant shear rate. The test is
conducted at a temperature range of −45∘C to 75∘C with 15∘C
increments (9 temperatures in total) to capture the emulsion
properties through its glassy behavior to viscous behavior.
Then, a master curve for shear modulus is plotted for each
emulsion.

3.1. Dynamic Shear Rheometer Test. The dynamic shear
rheometer (DSR) is a common device to characterize the
elastic and viscoelastic behaviors of asphalt binders as well
as asphalt emulsions at high and intermediate tempera-
ture. Figure 1(a) presents the DSR equipment used in this
study.

The emulsion residues are obtained using the Superpave
binder test procedures by Marasteanu and Clyne [6]. For
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Figure 4: (a) 𝐺∗ master curve and (b) phase angle results at 45∘C.

the air cured and RTFOT cured specimens tests are per-
formed on the small plate (8mm) at intermediate tempera-
tures from 10∘C to 40∘Cand on the large plate (25mm) at high
temperatures from 40∘C to 64∘C. The specimens are 1mm
thick for the large plate and 2mm thick for the small plate.
Frequency sweeps are performed from 1 to 100 rad/sec.

This test system consists of parallel metal plates, an
environmental chamber, a loading device, and a control and
data acquisition and measures the rheological properties of
asphalt binder. The test is performed by sandwiching the
binder specimen between a fixed plate and a rotated plate
on which the torque is applied. The DSR is able to directly
apply and measure torque (𝑇) and deflection angle (𝜑). Shear

stresses (𝜏) and shear strains (𝛾) are calculated and reported
by the instrument using the following equations:

𝛾max =
𝜑 ⋅ 𝑟

ℎ
,

𝜏max =
2 ⋅ 𝑇

𝜋 ⋅ 𝑟3
,

(1)

where 𝑟 is sample radius and ℎ is sample height.
Note that the shear stress and shear strain are not uniform

in DSR testing. Rather, stress and strain are maximum at
the sample periphery and zero at the sample center. The
maximum stress and strain at the edge of the sample are
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Figure 5: Tack coat shear test results.
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Figure 6: (a) Complex modulus, (b) complex compliance master curves, (c) phase angle at 45∘C, and (d) complex modulus at each
temperature.
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normally reported in DSR testing, assuming a fixed sample
radius and height.

Two important parameters are obtained from the
dynamic shear rheometer test on asphalt: |𝐺∗| the complex
modulus and 𝛿 the phase angle. These parameters can be
used to characterize both viscous and elastic behavior of the
material. The complex modulus can be defined as a ratio
between the maximum and minimum strain and stress as
shown in Figure 2 and (2), respectively:

𝐺
∗

=
𝜏max − 𝜏min
𝛾max − 𝛾min

. (2)

The complex modulus is a measurement of a binder’s
total resistance to deformation and can be divided into two
components, such as a real part and imaginary part. The
simple relation is shown below:

𝐺
∗

(𝜔) = 𝐺


(𝜔) + 𝑖𝐺


(𝜔) ,

𝐺
∗

(𝜔)
 =

√𝐺 (𝜔)
2

+ 𝐺 (𝜔)
2

,

𝐺


(𝜔) = 𝐺
∗

(𝜔) cos (𝛿 (𝜔)) ,

𝐺


(𝜔) = 𝐺
∗

(𝜔) sin (𝛿 (𝜔)) ,

(3)

where𝐺∗(𝜔) is complex shearmodulus at frequency𝜔,𝐺(𝜔)
is dynamic storagemodulus at frequency𝜔,𝐺(𝜔) is dynamic
loss modulus at frequency𝜔, 𝛿(𝜔) is phase angle at frequency
𝜔, and 𝑖 is complex number (equal to√−1).

Additionally, the phase angle can be represented by the
following equation:

𝛿 = tan−1 (𝐺


(𝜔)

𝐺 (𝜔)
) . (4)

The shape of the load, which is used in this test, is
sinusoidal, and the loading is controlled by two types, such as
constant stress and constant strain mode. The complex shear
modulus and phase angle are automatically calculated by
proprietary computer software.Themore detailed procedures
for DSR test can be found in ASTM D7175-05 [7].

Marasteanu and Clyne [6] utilized dynamic shear
rheometer (DSR) data to construct master curves for each
ofthe residues. Tests were performed at 6∘C temperature
increments from 10∘C to 64∘C usingfrequency sweeps from
1 to 100 radians/sec. The master curves were constructed by
fitting the Christensen-Anderson-Marasteanu (CAM)model
to the |𝐺∗| data obtained with the DSR.

Salomon and Zhai [8] conducted dynamic shear rheome-
ter (DSR) test to evaluate the rheological properties of
several types of emulsified asphalts. In their study, rheological
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Figure 8: (a) Complex modulus, (b) complex compliance master curves, (c) phase angle at 45∘C, and (d) complex modulus at each
temperature.

properties were obtained by testing emulsified asphalts with
test protocols developed for asphalt testing, such as stress
sweep, frequency sweep, creep, and recovery. The results
demonstrated that rheological measurements can be used to
predict the field applications of emulsified asphalts.

Zhai et al. [9] developed several new tests to simulate
application conditions of emulsified asphalts by using Bohlin
CVO DSR with controlled stress mode. Stress sweeps, time
sweep, and temperature sweep tests were all conducted on
this DSR. A three-step (low shear rate, high shear rate, and
low shear rate) test was developed to simulate spraying and
setting characteristics for different emulsions. In this study,
they concluded gel point determined by temperature sweep
test can be used to study storage stability and setting time
for different emulsions and spraying of an emulsion can be
simulated using a high shear rate test.

3.2. Time-Temperature Superposition (TTS). Asphalt binder
is well-known for thermorheologically simple (TRS) material
by most researchers in asphalt pavement field if it is con-
strained to the so-called linear viscoelastic range. The time-
temperature superposition principle (t-TS) is a renowned
characteristic of thermorheologically simple (TRS) materials.
Viscoelastic properties (i.e., the complex modulus |(𝐺∗)|
values and time-temperature (t-T) shift factors) obtained in

the linear viscoelastic range at different loading rates and
temperatures can be superposed to develop a single master
curve by shifting them horizontally to a certain reference
temperature. The horizontal distance necessary to superpose
a curve to a reference curve, in order to develop a continuous
curve, is termed the time-temperature shift factor (𝑎

𝑇
), and it

is unique to a given temperature.
The effects of time and temperature on viscoelastic mate-

rial behavior can be combined into a single parameter, called
reduced time, through the time-temperature superposition
principle. Equation (5) represents a definition of reduced time
(𝜉) in common form. In terms of frequency domain, the
reduced frequency is computed using (6):

𝜉 =
𝑡

𝑎
𝑇

, (5)

𝑓
𝑅
= 𝑓 × 𝑎

𝑇
, (6)

log (𝑎
𝑇
) = 𝛼
1
𝑇
2

+ 𝛼
2
𝑇 + 𝛼
3
, (7)

where 𝑓 is frequency in Hz, 𝑎
𝑇
is the time-temperature shift

factor, 𝛼
1
, 𝛼
2
, 𝛼
3
are coefficients, and 𝑇 is temperature.

The principle of time-temperature superposition states
that the change in amaterial property (e.g., |𝐺∗|) with respect
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Figure 9: (a) Elastic and viscous modulus at 45∘C and (b) shift factors at reference temperature (45∘C).

to temperature is equivalent to a horizontal shift on the log
time or log frequency scale [10]. This principle implies that
increasing temperature is equivalent to increasing loading
time (or decreasing loading frequency). Similarly, decreasing
temperature is equivalent to decreasing loading time (or
increasing loading frequency).

The data at various temperatures are shifted with respect
to time until the curves merge into a single smooth function.
This behavior allows for the horizontal shifting of the data
onto an arbitrarily selected reference temperature curve to
form a single curve, the master curve, which is used to
describe the constitutive behavior of asphalt binder over a
wide range of temperatures and frequencies.The concept of a
master curve is illustrated in Figure 3.

3.3. Shift Factor Laws. The t-T shift factor (𝑎
𝑇
) is the amount

of horizontal shift in log scale that is required to create the
continuous curve.The amount of shifting is dependent on the
temperature chosen as the reference temperature and, there-
fore, varies by temperature. The amount of shifting along the
horizontal𝑥-axis in a typical time-temperature superposition
(TTS) plot required to align the individual experimental data
points into the master curve is generally described using
one of two common theoretical models. The first of these
models is the Williams-Landel-Ferry (WLF) equation. The
Williams-Landel-Ferry equation can be used to determine

the time-temperature shift factors at any temperature for a
given reference temperature by the following equation:

log (𝑎
𝑇
) =

−𝐶
1
(𝑇 − 𝑇

0
)

𝐶
2
+ (𝑇 − 𝑇

0
)
, (8)

where 𝐶
1
and 𝐶

2
are constant, 𝑇

0
is reference temperature

(in 𝐾), 𝑇 is measurement temperature (in 𝐾), and 𝑎
𝑇
is shift

factor.
The WLF equation is typically used to describe the time-

temperature behavior of polymers in the glass transition
region. The equation is based on the assumption that, above
the glass transition temperature, the fractional free volume
increases linearly with respect to temperature.Themodel also
assumes that as the free volume of the material increases, its
viscosity rapidly decreases.

The other model commonly used is the Arrhenius equa-
tion (9). The Arrhenius equation is typically used to describe
behavior outside the glass transition region but has also been
used to obtain the activation energy associated with the glass
transition:

log (𝑎
𝑇
) = 𝐶(

1

𝑇
−
1

𝑇
0

) =
0.4347𝐵

1

𝑅
(
1

𝑇
−
1

𝑇
0

) , (9)

where𝐶 is constant,𝐵
1
is activation energy (J/mol) associated

with the relaxation, 𝑅 is ideal gas constant (8.314 J/mol), 𝑇 is
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Figure 10: (a) Complex modulus, (b) complex compliance master curves, (c) phase angle at 45∘C, and (d) complex modulus at each
temperature.

measurement temperature, 𝑇
0
is reference temperature, and

𝑎
𝑇
is time-based shift factor.

4. Analysis of Test Results

Several trial tests are performed on the sealant samples. Based
on these tests the testing frequency is selected to cover a
range from 0.1 rad/sec to 100 rad/sec to cover both high and
low loading speeds. The applied strain is changed to 0.1%
to make sure that the sample does not damage at either
low temperature or high frequency. Because of the testing
time and instrument limitation, the temperature range also
shortened from 15∘C to 75∘C.

Totally 40 points aremeasured during each test. For some
of the samples, it was hard to capture data at low temperature
because of brittleness of the samples which may lead to
damage or at high temperature because the sample was so soft
to bear a shear load.

Figure 4 shows complexmodulusmaster curve and phase
angle result for each material. As shown in Figure 4(a),
trackless emulsion is stiffer than othermaterials on thewhole,
but it is too brittle at high frequency or low temperature, and

thus scattered results were obtained. Considering the reasons
for this phenomenon, the property of trackless emulsion
at these conditions is close to solid phase so that some
damagemight happen. In addition, the loss of contact surface
between material and parallel plate can be another factor.
Most commonly used emulsion, SS1HP, as a tack coatmaterial
is stiffer than HFE90. Also, it is stiffer than PG 64-22 binder
at low frequency and high temperature, but if the condition of
frequency and temperature are changed inversely, PG 64-22
binder is stiffer than SS1HP. Figure 4(b) shows phase angle
results for each material. The result of phase angle for the
trackless emulsion shows that the inflection point appears at
a lower frequency, as compared with that of other materials.

As shown in Figure 5, trackless emulsion at low temper-
ature shows lower shear strength than SS1HP for mixture of
both 4.75mm and 9.5mm. However, the opposite pattern is
shown at the temperature of more than 5∘C.

4.1. Asphalt Binder PG 64-22. For PG 64-22 binder, it can
be seen that the complex modulus increases as the frequency
increases or temperature decreases. For the complex compli-
ance, the behavior is inversed. In other words, it decreases as
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Figure 11: (a) Elastic and viscous modulus at 45∘C and (b) shift factors at reference temperature (45∘C).

frequency increases or temperature decreases.Themaximum
complexmodulus obtained for thismaterial was 4,318,000 Pa.
Regarding the phase angle, it starts decreasing at a higher rate
when the reduced frequency reaches an approximate value
of 3,000 rad/s. It occurs at 2.9 rad/s and 15∘C for the real
frequency.

Similarly, it can be noticed from the shear modulus chart
that at low frequencies or high temperatures the material
presents a viscous-like behavior since the viscous modules
(𝐺


) are higher than the elastic modulus (𝐺). However, after
the crossover point, where 𝐺 = 𝐺

, the material changes
to an elastic behavior. Here, the temperature has reduced
and frequency has increased. In addition, it is important to
notice that the crossover point (𝐺 = 𝐺



) occurs when the
phase angle is 45∘(degree). At this same point the frequency is
approximately 3,000 rad/s which is the same point discussed
above where the phase angle starts to decrease at higher rate.

Considering the prediction of rutting resistance, it is
necessary to know the locations where 𝐺



> 𝐺
 and

𝐺


< 𝐺
, since these two zones dictate the recoverable and

nonrecoverable deformations. Additionally, fatigue cracking
can be estimated by analyzing the complex modulus and
phase angle for long-term aged materials.

Figure 6 also shows how the shear modulus is higher at
low temperatures. Also, for each temperature, the modulus
increases as frequency increases. Finally, Figure 7 illustrates
the shift factors at each temperature at which the material
was tested. The William-Landel-Ferry (WLF) coefficients as

well as the Arrhenius coefficient are presented. However,
Arrhenius coefficient is not suitable for this case since the
temperatures used are above the glassy transition tempera-
ture (Tg).

4.2. HFE90 Emulsion. For HFE90 emulsion, the complex
modulus increases as the frequency increases or temperature
decreases as can be seen in Figure 8.This behavior is common
for viscoelastic materials as presented previously for the
PG 64-22 asphalt binder. The maximum complex modulus
obtained for this material was 3,131,000 Pa. In Figure 9,
the phase angle starts decreasing at a higher rate when
the reduced frequency reaches an approximate value of
4,000 rad/s. The crossover point (𝐺 = 𝐺



) occurs at this
same frequency where the phase angle approximates 45∘C. It
occurs at 4.9 rad/s and 15∘C for the real frequency.

For this material, it can be seen again that for each tem-
perature the modulus increases as temperature decreases and
frequency increases.The shift factors for each temperature as
well as theWLF coefficients andArrhenius coefficient are also
shown.

4.3. SS1HP Emulsion. For SS1-HP emulsion as for the two
previous materials, the complex modulus increases as the
frequency increases or temperature decreases as can be seen
in Figure 10. The maximum complex modulus obtained for
this material was 3,281,000 Pa. In Figure 11, the phase angle
starts decreasing at a higher rate when the reduced frequency
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Figure 12: (a) Complex modulus, (b) complex compliance master curves, (c) phase angle at 45∘C, and (d) complex modulus at each
temperature.

reaches an approximate value of 2,100 rad/s. The crossover
point (𝐺 = 𝐺



) occurs at this same frequency where the
phase angle approximates 45∘C. It occurs at 2.0 rad/s and 15∘C
for the real frequency.

For this material, it can be seen again that for each tem-
perature the modulus increases as temperature decreases and
frequency increases.The shift factors for each temperature as
well as theWLF coefficients andArrhenius coefficient are also
shown.

4.4. Trackless Emulsion. For trackless emulsion as for the
three previous materials, the complex modulus increases as
the frequency increases or temperature decreases as can be
seen in Figure 12. However, it became stiffer and is started
to show a brittle behavior at low temperatures and high
frequencies. As it becomes solid-like, it loses contact with the
parallel plates during test causing difficulties to obtain a good
data. In Figure 13, it can be seen that the data is scattered at
high frequencies. The maximum complex modulus obtained
for this material was 5,326,000 Pa. From the data obtained
for this material, it is hard to predict at what frequency the
phase angle starts decreasing at a higher rate. However, it
was estimated to happen at a frequency less than 100 rad/s.

It occurs at 2.9 rad/s and 30∘C for the real frequency. The
crossover point (𝐺 = 𝐺



) was also estimated to happen at
this same point with phase angle close to 45∘C.

Additionally, it can be seen in Figure 13 that the result of
shear modulus at 15∘C and 30∘C behaves in an odd manner.
However, as temperature increases, the data starts to stabilize.
Regarding the shift factors, it can be seen that the WLF
coefficients and Arrhenius coefficient are not similar to the
other three materials.

4.5. Comparison of Viscous Modulus. After the results for all
the material were shown, it is important to compare at what
frequency the crossover point takes place for each material.
It was found that for the HFE90 emulsion the crossover
point occurred approximately at 4,000 rad/s, which means
that for this product the transition from viscous to elastic
behavior takes place at lower temperatures comparing to the
other three materials. On the other hand, it can be seen from
Figure 14 that HFE90 has one of the lowest viscous shear
moduli.

Conversely, crossover point of the trackless emulsion
was estimated to happen at less than 100 rad/s, which
means that this material will become elastic at intermediate
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Figure 14: Viscous modulus for each material at 45∘C.

temperatures. Also, this product has the highest viscous
modulus compared to the other three materials.

4.6. Stiffness Ratio (SR). Stiffness ratio (SR) is used to have a
better comparison between different emulsions.This stiffness
ratio is the modulus (𝐺∗, 𝐺, or 𝐺) of an emulsion divided

by the modulus of SS1HP product at a certain frequency and
temperature:

SR = Emulsion Modules
SS1HP Modules

. (10)

The SR results for viscous modulus are presented in
Figure 15 at low (0.1 rad/sec), intermediate (1 and 10 rad/sec),
and high (100 rad/s) frequencies. Viscous modulus is an
important parameter for emulsions used as a tack coat mate-
rial. Having a high viscous modulus, tack coat material can
perform better at high deformations between the pavement
layers and provide proper and long-lasting bonding between
them.

Figure 15 shows that SR depends on both temperature
and loading frequency. At low frequencies, trackless emulsion
has the highest modulus. At high frequencies below a certain
temperature trackless emulsion turns to show the lowest
modulus. We can call this point turning point for trackless
emulsion product behavior. This turning point temperature
depends on the frequency. As the frequency increases, the
higher temperature will be obtained for the turning point. For
example, at 10 rad/sec the turning point temperature is 30∘C
and at 100 rad/sec it is 20∘C.

The results from the shear testing on tack coat also
show a similar behavior. For a certain shearing speed at low
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Figure 15: SR based on viscous modulus at different frequencies: (a) 0.1, (b) 1, (c) 10, and (d) 100 rad/sec.

temperatures, trackless emulsion has lower shear strength
than SS1HP product and at high temperature tack coat has
higher shear strength than SS1HP.

5. Conclusion

In this study three different emulsion residues, such as
SS1HP, HFE90, and SS-1VH (trackless), and a base asphalt
binder (PG 64-22) were compared to characterize rheological
properties by using DSR test. In order to capture the emul-
sion properties, different frequencies and temperatures were
applied. Then, a master curve for shear modulus was plotted
for each emulsion. The results of this study are as follows.

(i) The HFE90 emulsion presents the crossover point
(𝐺


= 𝐺


) at the highest frequency. Therefore, the
transition from viscous to elastic behavior occurs at
lower temperatures, compared to the other materials.
This emulsion is known for performing in a wider
temperature range as shown in the results.

(ii) The trackless emulsion has the crossover point at
reduced frequency lower than 100 rad/s. It indicates

that the material presents an elastic behavior at
intermediate temperatures. This product is known as
having very fast setting and high resistance to shear
stresses.

(iii) The trackless emulsion presents the highest viscous
and elasticmodulus, followed by the PG 64-22 binder,
SS1HP, and HFE90 emulsion.

(iv) At high temperatures trackless emulsion has the
highest modulus.

(v) Depending on the frequency below a certain temper-
ature, trackless material has the lowest modulus. This
temperature gets lower as the frequency decreases.

(vi) Shear strength test results show a behavior between
trackless emulsion and SS1HP similar to the fre-
quency sweep test results performed by DSR.
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Hanger cables in suspension bridges are partly constrained by horizontal clamps. So, existing tension estimationmethods based on a
single cablemodel are prone to higher errors as the cable gets shorter, making it more sensitive to flexural rigidity.Therefore, inverse
analysis and system identification methods based on finite element models are suggested recently. In this paper, the applicability
of system identification methods is investigated using the hanger cables of Gwang-An bridge. The test results show that the inverse
analysis and systemic identification methods based on finite element models are more reliable than the existing string theory and
linear regression method for calculating the tension in terms of natural frequency errors. However, the estimation error of tension
can be varied according to the accuracy of finite element model in model based methods. In particular, the boundary conditions
affect the resultsmore profoundlywhen the cable gets shorter.Therefore, it is important to identify the boundary conditions through
experiment if it is possible. The FE model-based tension estimation method using system identification method can take various
boundary conditions into account. Also, since it is not sensitive to the number of natural frequency inputs, the availability of this
system is high.

1. Introduction

Recently, the number of long-span bridges built in countries
around the world is increasing. Of these long-span bridges,
the suspension bridge uses stiffening girders that are attached
to themain cables to support the load. In Korea, starting from
the completion of the Nam-Hae Bridge in 1973, Yeongjong,
Gwang-An, Yi Sun-Sin, and many other suspension bridges
have been constructed, and Ulsan Bridge is also under
construction as a suspension bridge. Most long-span bridges,
such as suspension bridges, support their loads by means of
cables. Therefore, it is necessary to estimate the tension of
the cables to ensure structural safety during the construction
phase and maintenance work after completion.

The most accurate means to estimate the tension on the
cables is to use the load cells to collect the data directly.
However, this is not an option in many cases due to the
conditions in the field. Therefore, the most commonly used
method is to extract the natural frequency from themeasure-
ments of acceleration signal and enter the extracted data into

an equation that shows the relationship between the natural
frequency and tension, and thus the cable tension can be
estimated indirectly. The two most widely used methods are
the taut string theory [1], which does not take the flexural
rigidity into consideration, and the linear regression method
[2], which regards the cable as a beam under the axial load
and considers the flexural rigidity. Yun et al. [3] analyzed
the influence of the effective length in the linear regression
method, while Ahn et al. [4] used the static method, which
requires the minimal amount of measurements compared to
the dynamic methods, to calculate the tension on the hanger
cables.

The estimation methods for tension using the existing
dynamic method put the natural frequency values to the
equation on the natural frequency and tension. Therefore, if
the mathematical model used differs significantly from the
actual structure, a significant error is unavoidable. In parti-
cular, in the case of hanger cables that transfer the load
applied to the stiffening girder to the main cable, they are,
in most cases, short cables with higher flexural rigidity. Also,
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due to the influence from the clamps and boundary con-
ditions, errors are significant when the tension is estimated
using the existing methods [5–7].

Therefore, to estimate the tension of shorter cables that
are greatly influenced by flexural rigidity, like the hanger
cables in a suspension bridge, some new methods are pro-
posed that are based on the finite elementmodel of the hanger
cable. Kim et al. [6, 7] suggested formula-based inverse ana-
lysis method, which defines the errors between the calculated
frequency using the analysis models and the frequency actu-
ally measured as the objective functions, and uses an opti-
mized algorithm, the univariate search method and modal
participation factor. Park et al. [5] suggested a vibration-
based system identification technique. This method uses the
measured frequency as the input variable and the sensitivity
equation to estimate the tension force through repeated
calculations. Here, for a precise system identification of the
hanger cables, a 3D finite element model is created, in
which the physical properties including the tension force
and the rigidities of hanger cable and clamp are set as the
identification variables. The tension estimation technique for
the hanger cable using the formula-based inverse analysis
method was applied to the Gwang-An Bridge [6, 7] while
the tension estimation technique for the hanger cables based
on the FE model-based system identification method was
applied to the theoretical development [5], Yeongjong Bridge
[6, 7], and the test sample [8].

In this paper, through the hanger cables of Gwang-An
Bridge, the reliability of the system identification method
based on the finite element model, which has higher applica-
bility in tensile force estimation for short cables that are more
sensitive to the flexural rigidity, is compared with that of the
existing tension estimation methods, and its applicability is
verified.

2. Tension Estimation Methods

2.1. Methods Using Mathematical Equation on the Natural
Frequency and Tension. Many dynamic methods to estimate
tensile force for cables have been developed considering
dynamic characteristics and physical properties of cables.
Among them, the flat taut string theory for cables that neglect
both sag-extensibility and flexural rigidity is as follows:

𝑇 = 4𝑚𝐿
2

(
𝑓
𝑛

𝑛
)

2

, (1)

where 𝑓
𝑛
denotes the 𝑛th natural frequency in Hz. The terms

𝑇, 𝑚, and 𝐿 denote tension force, mass density, and length
of cable, respectively. The computation of tension force is
straightforward with given measured frequency and mode

number. However, the application of this formula is strictly
limited to a flat long slender cable because it can not consider
both sag-extensibility and bending stiffness of cables.

The modern cable theory [9] that takes account of the
sag-extensibility without flexural rigidity requires additional
information of the unstrained length of cable and involves
solving a nonlinear characteristic equation by trial-and-
error [10]. However, such additional information is often not
available in practice, therefore the linear regression method
[11] that considers cables as an axial load beam had been
developed. This method considers the flexural rigidity but
neglects the sag-extensibility as follows:

(
𝑓
𝑛

𝑛
)

2

= (
1

4𝑚𝐿2
)𝑇 + (

𝑛
2

𝜋
2

4𝑚𝐿4
)𝐸𝐼, (2)

where 𝐸𝐼 denotes the flexural rigidity of a cable. The
unknown tension force and flexural rigidity can be identified
through linear regression procedures with given measured
frequency and mode number. This method is widely used by
the field engineers because of its simplicity and speediness.
To consider both sag-extensibility and bending stiffness, the
practical formula [12] had been developed. But a priori data
of the axial and flexural rigidities of the target cable system is
required for the proper use of this practicalmethod.However,
the flexural rigidity of cable is often neither available nor valid
because the shear and bendingmechanisms of a cross section
of cable could be different from those of beam.

2.2. Methods Using System Identification Approach Based on
FE Model. In the process of estimating the tension using
the finite element model based system identificationmethod,
the tensile force of cables is illustrated by the identification
vector which is composed of several unknown parameters.
In this study, the nine unknown parameters 𝑥𝑝 (𝑝 =

1, . . . , 9) are used for identifying the tensile force in the
system identification procedure and the identification vector
is defined as

x = [𝑥1 𝑥2 ⋅ ⋅ ⋅ 𝑥9]T

= [𝑇 𝐸𝐴 𝐸𝐼
𝑦
𝐸𝐼
𝑧
𝐺𝐽 𝐸𝐴

𝑐
𝐸𝐼
𝑦𝑐
𝐸𝐼
𝑧𝑐
𝐺𝐽
𝑐
]
T
,

(3)

where 𝑇 denotes the tensile force of a cable; 𝐸𝐴, 𝐸𝐼
𝑦
(𝐸𝐼
𝑧
),

and 𝐺𝐽 denote axial, flexural, and torsional rigidities for a
cable, respectively; and𝐸𝐴

𝑐
,𝐸𝐼
𝑦𝑐
(𝐸𝐼
𝑧𝑐
), and𝐺𝐽

𝑐
denote axial,

flexural, and torsional rigidities for a clamp, respectively.
The identification vector for the 𝑟th iteration in the

sensitivity-based updating algorithm can be assumed as

𝑟x = [ 𝑟𝑥1 𝑟𝑥2 ⋅ ⋅ ⋅ 𝑟𝑥9]
T
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𝐺𝐽
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T
,

(4)

where 𝑟x mean the identification vector for the 𝑟th itera-
tion.

Then, the static displacement and tensile force distri-
bution can be produced for the identification vector. In
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the next step, the natural frequency 𝜔
𝑗
(𝑗 = 1, . . . , 𝑞) is

determined from the finite element vibration analysis using
the static displacement curve and tension distribution. Using
the change in natural frequencies for different identification
variables, the sensitivity matrix (S) with (𝑞 × 𝑝) size can be
determined approximately as follows:
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. (5)

Then, from the produced natural frequency data, the rate
of change (𝑑𝑟𝜔) for the eigenvalue can be obtained as

𝑑
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where 𝜔𝑚
𝑞
and 𝑟𝜔𝑐

𝑞
denote the 𝑞th mode’s natural frequency

measured from experiment or field test and the 𝑞th mode’s

frequency calculated from nonlinear finite element vibration
analysis using 𝑟𝑥𝑝 in the 𝑟th iteration, respectively. Equation
(6) can be rewritten in the vector form as

𝑑
𝑟

𝜔
(𝑞×1)

=
𝑟S
(𝑞×𝑝)

𝑑
𝑟x
(𝑝×1)

. (7)

Equation (7) is referred to as a linear sensitivity equation,
and the rate of change for the identification vector by using
(7) can be expressed as

𝑑
𝑟x = 𝑟S−1𝑑𝑟𝜔, (8)

where 𝑟S−1 means the pseudoinverse matrix for 𝑟S and can
be determined as

𝑟S−1 = ( 𝑟ST 𝑟S)
−1
𝑟ST. (9)

Finally, the 𝑝th identification variable in the (𝑟 + 1)th
iteration can recalculated as
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(10)

From (4) to (10), the loop is repeated until the conver-
gence condition is satisfied. The convergence condition for
the repetition analysis uses the square roots of the sum of
square (SRSS) in the following:
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< 0.01.

(11)

Finally, tensile force is determined from the identification
variables holding at the termination stage and relevant natu-
ral frequencies can be determined through the finite element
vibration analysis with the identification variables.

3. Field Application: Hanger Cables of
Gwang-An Bridge

3.1. Measurement of the Vibration Signal. Located in Busan,
Gwang-An Bridge is 900m in total length (center span =
500m; 3 spans and 2 hinges with each side span = 200m)
and a width of 24m. The height of the main tower (from
sea level) is 116.5m. The hanger cables of Gwang-An Bridge

become shorter as they approach the center of the span from
the location of the main tower. In this paper, we examined
the two hanger cables located on the beach side, as shown
in Figure 1. At each sector, one hanger cable band holds two
groups of hanger cables as shown in Figure 2. Of these, the
acceleration signals of the hanger cable installed on the bridge
side were measured.

On June 6, 2008, acceleration sensors were installed in
a direction perpendicular to the hanger cables as shown
in Figure 3, to measure the acceleration vibration signals
of the hanger cables. Here, the acceleration sensors were
installed at the height of the guardrail on the bridge to avoid
missing the low vibration mode and to install them easily.
The measurements were taken on holidays, which resulted
in smaller amounts of traffic. Therefore, to get more reliable
acceleration signals, vibration signals that lasted about 5
minutes over two measurement attempts were measured.
Figure 4 shows how the field measurements scene.

For the four hanger cables, the sampling rates at ambient
vibration were 1000Hz. To efficiently obtain vibration mea-
surements, we used a 1 CH AnyLogger, a dynamic wireless
logger manufactured by Korea Maintenance Co., Ltd. Figure
5 shows the acceleration response signals obtained from the
ambient vibrations in a direction perpendicular to the hanger
cables and the PSD (power spectral density) of the response
signal.When estimating the tensile force using the FEmodel-
based system identification method, the order and natural
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Figure 1: The locations of two hanger cables for measurement [6, 7].
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Figure 2: The groups of hanger cables [6, 7].
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Number 29
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Figure 3: The locations for accelerometers attached on hanger
cables.

frequency value of each vibration mode are important, while
the absolutemagnitude of acceleration signal and PSD do not
significantly affect the results of tension estimation.

3.2. Finite Element Model. For the tensile force estimation
method using the system identification technique, the hanger
cablesweremodeled using three-dimensional linear elements
that support the axial load to analyze the changes in natural
frequency due to changes in tensile force. Here, the mass
matrix was that of the frame elements, while the stiffness
matrix is the sum of the stiffness matrix (Euler beam) of the
normal frame elements and the geometric stiffness matrix in
consideration of the influence of the tension.

Bluetooth receiver

Accelerometors

Wireless loggers

Figure 4: Acceleration measurements for hanger cables.

The lengths and physical properties of the hanger cables
of Gwang-An Bridge assuming hinges at both ends are as
shown in Table 1. Here, the diameter of the cable is the
effective diameter equivalent to the effective cross-sectional
area. The design tension was the tensile force mentioned in
the design specifications of the hanger cable for the bridge
andwas assumed to be the initial tensionwhen estimating the
tension force using the FEmodel-based system identification
method.

As for the clamps, the rectangular part other than the
lower fixed sockets was modeled. Also, the length of the cable
at the upper part of the clamp in the hanger cables was set at
1m without variation. The cable at the bottom of the clamp
was assumed to be the length minus the height (0.5m) of the
fixed socket at the bottom of the clamp to consider that some
part of the cable is fixed by the clamps.

Figure 6 shows the finite elementmodel of cable 29A.The
hanger cables on both sides were modeled in 30 elements
each, while the clamps were modeled in 3 elements.

3.3. Extraction of the Natural Frequency. As shown in Figure
5(b) the ambient vibration signals of the normal hanger
cables are difficult to define due to the indistinctness of the
measured vibration mode in many cases. Also in this study,
only 1 instrument to measure acceleration at each hanger
cable was installed. Therefore, it was not possible to extract
the vibration mode through experiment. Therefore, the nat-
ural frequencies and the vibration mode were determined by
comparing the results with measurements presented in the
research byKim et al. [6, 7].The natural frequencies extracted
in this way for the hanger cables are as shown in Table 2. In
this case, the natural frequency is determined as the average
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Figure 5: Measured accelerations and PSD data of hanger cables: (a) acceleration signals and (b) power spectral density.

Table 1: Geometrical and material properties of the hanger cables.

Cable number Length (m) Diameter (mm) Young’s modulus (kN/mm2) Weight (kN/mm3) Design tension (kN)
29A 25.3234

49.52 1.3734 × 10
2

8.0 × 10
−8 377.68529B 24.9986

36A 9.0173
36B 8.8329

of the two experiments to measure the natural frequencies
that correspond to the symmetric mode of the hanger cables.

4. Results of Tension Estimation

In this study, the procedure for tension estimation using the
FE model-based system identification method considered is

shown in Figure 7. Further details can be found in Park et al.
[5].The identification variables in the FEmodel-based system
identification method were the tensile force, axial stiffness,
bending stiffness, and torsion stiffness of the cable and the
clamp. A total of 9 variables were assumed.

Figure 8 shows the symmetrical mode of the final finite
elementmodel of the 36B hanger cable in the FEmodel-based
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Table 2:The natural frequencies of symmetric modes of the hanger
cables.

Symmetrical mode Measured frequency (Hz)
29A 29B 36A 36B

1st 3.20 3.05 9.38 9.20
2nd 6.42 6.10 15.91 15.46
3rd 9.60 9.11 23.15 22.90
4th 12.63 12.05 34.82 34.78
5th 15.32 14.54 49.14 48.28

system identification method. Table 3 shows the tension of
each cable according to the estimation methods. Here, the
methods by Kim et al. [6, 7] assumed the boundary condi-
tions fixed at both sides and conducted formula-based inverse
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Figure 8: Symmetrical mode shapes of the final finite element
model.

analysis in consideration of the mode participation factor,
while, for the estimation of the tension using the FE model-
based system identification method, the boundary condition
was defined as fixed at both sides. The 5 symmetrical modes’
natural frequencies were used as the input measurement
values as well. The taut string theory and linear regression
method showed the estimation results of the tension force
using (1) and (2), respectively. In this case, the taut string
theory used the first symmetrical mode.

As shown in Figure 8, in the case of 36B cable, the 1st, 3rd,
5th, and 7th vibration modes in the perpendicular direction
are the 1st, 2nd, 3rd, and 4th symmetrical vibration modes,
respectively. When estimating tension using the FE model-
based system identification method, as shown in (4) not only
the tension of the cable but also other variables, such as the
axial, flexural, and torsional rigidities, could be estimated.
However, for the hanger cables, variations in the tension force
are the main cause of changes to the natural frequency. The
influences from other variables are not significant. This was
confirmed by the sensitivity analysis of each variable by Park
et al. [5]. Estimation of variables other than the tension using
the cables of Gwang-An Bridge shows a similar result, too.
Therefore, in this paper, the results of the tension estimation
other than the other variables are only presented. In Table
3, for the four hanger cables, the estimated tension by the
FEmodel-based system identificationmethod is smaller than
those estimated by other methods. This phenomenon is even
more significant with the shorter 36B cable. As the length
of the cable gets shorter, the estimated tension also appears
to be smaller. On the other hand, the formula-based inverse
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Figure 9: Errors in the natural frequencies for the tension estimation using the FE model-based system identification method: (a) cable 29A
(SRSS = 4.70%); (b) cable 29B (SRSS = 5.19%); (c) cable 36A (SRSS = 15.73%); and (d) cable 36B (SRSS = 16.07%).

Table 3: The tensions (kN) of each hanger cable according to the estimation methods.

Tension estimation methods Cable number
29A 29B 36A 36B

Design tension 377.685
FE model-based system identification method 355.82 309.92 287.79 256.58
Formula-based inverse analysis method 393.45 342.75 384.45 349.86
Taut string theory 402.35 355.54 412.60 382.73
Linear regression method 397.75 348.68 321.70 294.74

analysis method estimates the tension consistently regardless
of the length of the cable. However, the cable tension of A
group is estimated to be bigger than that of B group. The
taut string theory method shows a similar pattern with the
formula-based inverse analysis method but the deviations of
the estimated tension between A and B group are significant.
The linear regression method shows a reduction in the
estimated tension as the cable became shorter as was the case
with the FE model-based system identification method.

To check the reliability of the tension force measured by
each of these methods, it would be necessary to use load cells
to take actual measurements, which would then be compared
to the estimations. However, since there are no load cells
installed on the hanger cables numbers 29 and 36, it was not
possible to determine the exact tension values at the time of
the experiment. However, for methods of estimating the ten-
sion using inverse analysis and system identification techni-
ques, the accuracy of estimated tension could be checked
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Figure 10: Symmetrical mode shapes according to the boundary conditions.

indirectly bymeans of the SRSS errors of the natural frequen-
cies.

Figure 9 shows the errors in the natural frequencies for
the tension estimation using the FE model-based system
identification method for each of the hanger cables. As seen
in the figure, hanger cable number 29 shows a relatively
small error between the measured and calculated natural
frequencies. However, the deviation for hanger cable number
36 appears to be significant.Therefore, the tension estimation
results for the hanger cable number 36, where the error of the
natural frequency is greater, are less reliable. This is because
of the lower reliability of the measured natural frequencies,
or the finite element model and the boundary conditions of
the hanger cables are different from the actual conditions.
However, measurement of the natural frequency can be relat-
ively accurate compared to the results of Kim et al. [6, 7].The
only physical difference between cables numbers 29 and 36 is
the length, which causes the natural frequency to change.The
change here is sensitive to the boundary conditions. There-
fore, the influence from the boundary conditions should be
assumed to be the cause of the relatively bigger error with

cable number 36, and the influence of the boundary condi-
tions should be analyzed.

5. Sensitivity Analysis of the FE Model-Based
System Identification Method Depending on
the Input Conditions

When estimating the tension force using the FE model-
based system identification method, basically, the errors in
the natural frequency are minimized using the measured
natural frequency and the calculated natural frequency from
the finite element model. Therefore, it is exposed to the
influence from the boundary conditions of the finite element
model. In fact, to identify the boundary conditions of the
hanger cables, it is necessary to extract the vibration modes
experimentally. However, in this study, there were several
limitations that forced us to install only one instrument to
measure the acceleration on the hanger cable. Therefore, it
was not possible to extract the forms of the vibration modes
through experiments.
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Table 4: Results of the tension estimation using the FE model-based system identification method (hinges at both sides).

Cable number Frequency 1 2 3 4 5 SRSS (%) Tension (kN)

29A
Measured (Hz) 3.20 6.42 9.60 12.63 15.32

2.73 381.96Calculated (Hz) 3.18 6.36 9.53 12.66 15.68
Error (%) 0.79 0.91 0.73 0.25 2.33

29B
Measured (Hz) 3.05 6.10 9.11 12.05 15.54

3.03 334.38Calculated (Hz) 3.02 6.04 9.06 12.05 14.93
Error (%) 1.04 0.87 0.52 0.00 2.66

36A
Measured (Hz) 9.38 15.91 23.15 34.82 49.14

8.31 363.89Calculated (Hz) 9.12 16.77 23.90 24.28 47.00
Error (%) 2.82 5.40 3.27 1.53 4.35

36B
Measured (Hz) 9.20 15.46 22.90 34.78 48.28

7.96 331.92Calculated (Hz) 8.94 16.37 23.45 33.93 46.83
Error (%) 2.83 5.87 2.42 2.44 3.00

Table 4 shows the results of the tension estimation using
the FE model-based system identification method when the
boundary condition of the hanger cable was assumed as
hinges at both sides.

As seen in the table, compared to the cases of fixed
condition at both sides, errors in the natural frequency and

SRSS are reduced, while the estimated tension force is similar
to that of the formula-based inverse analysis method. In
particular, errors are reduced significantly with the number
36 hanger cable, which is shorter.This results in a subsequent
larger change in the estimated tension force because the
shorter cable is more sensitive to the boundary conditions
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Figure 12: Changes of the natural frequencies according to the number of the input natural frequency.

compared to longer cables. Figure 10 shows the symmetrical
mode shapes and natural frequency by the boundary condi-
tions of 36B cable.

As seen in the figure, the boundary condition influ-
ences the vibrationmode and natural frequency significantly.
Therefore, from the results of the tension estimation using the
FEmodel-based system identification method, it is rationally
assumed that the boundary conditions for this study with the
hanger cables of Gwang-An Bridge should be hinges at both
sides. This is different from the boundary condition of the
inverse analysis, which was fixed at both sides.The reason for
this difference is believed to be the differences in the finite
element model, the input natural frequency value, and their
numbers. Therefore, to identify the boundary conditions of
the hanger cables more precisely, a number of acceleration
measurement instruments to extract the vibration mode
should be used and the boundary conditions be identified
experimentally.

The tension estimationmethod using the FEmodel-based
system identification method is affected not only by the
accuracy of the finite element model, but also by the input
natural frequency. Therefore, to consider natural frequency

influence, the following method shown in the following is
considered:

EMM (%) =
(𝜙

T
𝑖
𝑀{1} /𝜙

T
𝑖
𝑀𝜙
𝑖
)

𝑀total
× 100, (12)

where each of the natural frequencies and effective modal
mass (EMM) are calculated to use the natural frequency of
the modes with higher effective modal mass in a sequential
order. Then, the estimated tension force and the calculated
natural frequency are analyzed.

Figure 11 shows the 10 natural vibration modes and their
effective modal masses with cable 29A under the boundary
condition of hinges at both sides and the design tension.
As seen in the figure, the effective modal mass of the
unsymmetrical mode was close to 0. Therefore, the effective
modal mass of each mode is considered and the results after
applying 1, 2, 3, 4, and 5 natural frequencies starting from the
one with the largest effectivemodalmass are compared. Table
5 shows the effective modal masses of vibration modes under
hinges at both sides as the boundary condition and the design
tension.
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Figure 13: Changes of the SRSS errors in the natural frequency and the estimated tension according to the number of the input natural
frequency.

As seen in Table 5, shorter cables have greater effective
modal masses under the unsymmetrical mode, though the
increase is not significantly large. For the symmetric mode,
cable number 29 is bigger in the effective modal mass by the
order of 1st, 3rd, 5th, 4th, and 2nd modes. However, for cable
number 36, the effectivemodalmass is the largest in the order
of 1st, 3rd, 2nd, 5th, and 4th. That is, the longer and shorter
cables are generally similar in terms of overall effectivemodal
masses. However, there are tiny differences depending on the
influence from the unsymmetrical mode or the order of size
of the effective modal masses.

Figures 12 and 13 show the natural frequencies, the SRSS
errors in the natural frequency, and the estimated tension
of the 5 symmetric modes of the final finite element model
according to the input natural frequency for the FE model-
based system identificationmethod. As seen in the figure, the
changes in terms of the natural frequency of the final finite
element model by the number of input natural frequencies
in the FE model-based system identification method are not
significant. In this case, as for cables 29A, 29B, 36A, and 36B,
they show about 10% deviations for the design tension, which
are 8.08, 9.34, 38.94, and 34.24 kN, respectively. Therefore, if

the tension is estimated using the FE model-based system
identification method, it is possible to reliably estimate the
tension using only the natural frequency of the small number
of vibrationmodeswith higher effectivemodalmasses, which
could be an advantage to using this method.

6. Conclusion

In this paper, the finite element model based method was
applied to estimate the tension of hanger cables on Gwang-
AnBridge, and its reliability and applicability are investigated.
The conclusion is as follows.

The taut string theory and the linear regression method,
which are used to estimate the tension of normal cables,
could render similar estimation results like the formula-
based inverse analysis method and the system identification
method based on the finite element models for cable number
29. However, for cable number 36, the results from these
twomethods differed significantly. Also, the existingmethods
could not be applied to various boundary conditions of
cables, and it was not possible to verify the reliability unless
the tensions were measured directly using load cells. On
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Table 5: Effective modal masses (%) of each vibration mode.

Mode 29A 29B 36A 36B
1 (1st symmetrical
mode) 25.9265 25.9176 27.1070 27.2265

2 (1st unsymmetrical
mode) 0.0000 0.0000 0.0000 0.0000

3 (2nd symmetrical
mode) 0.0237 0.0250 1.2822 1.2983

4 (2nd
unsymmetrical
mode)

0.0000 0.0000 0.0000 0.0000

5 (3rd symmetrical
mode) 3.5729 3.5950 3.5551 3.4151

6 (3rd unsymmetrical
mode) 0.0000 0.0000 0.0001 0.0001

7 (4th symmetrical
mode) 0.1392 0.1473 0.1101 0.1227

8 (4th unsymmetrical
mode) 0.0000 0.0000 0.0002 0.0002

9 (5th symmetrical
mode) 1.9872 2.008 0.4461 0.4355

10 (5th
unsymmetrical
mode)

0.0000 0.0000 0.0003 0.0004

the other hand, the system identification technique allowed
the boundary conditions to be taken into consideration
easily, and the reliability of the tension estimation could
indirectly be assessed by means of errors in the calculated
natural frequency from actual measurements of the natural
frequency. In addition to the tension, estimates could bemade
for variables such as the rigidities for cables and clamps. Since
it is not sensitive to the number of the natural frequency
inputs, the utility of this method is high.

The key to creating a finite element model is to introduce
an appropriate boundary condition. Shapes of the vibration
mode due to the change of the boundary condition are the
same, but the size of the relative vibration mode at each node
is different. Therefore, the vibration mode varies depending
on the boundary conditions, and this difference becomes
larger as it approaches the support. However, changes in the
frequencies caused by the boundary conditions did not have
a fixed tendency and varied in accordance with the order
of the natural frequency. As the cable becomes shorter, it is
influenced more by the boundary conditions. Therefore, it is
necessary to extract the vibration mode to judge the bound-
ary conditions experimentally.

For this reason, when the length of the cable was longer,
not only the existing methods, but also the methods based on
the finite elementmodels for the hanger cables could be used.
However, as the length decreased, the increase in errors in the
existingmethod is inevitable, and the reliability of the tension
estimation based on the finite element model is higher. How-
ever, the model-based tension estimationmethod is seriously
influenced by the accuracy of the finite element model that
includes the boundary conditions. Therefore, it is important
to create an appropriate finite element model.
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The foundation boundaries of numerical simulation models of hydraulic structures dominated by a vertical load are investigated.
The method used is based on the stress formula for fundamental solutions to semi-infinite space body elastic mechanics under
a vertical concentrated force. The limit method is introduced into the original formula, which is then partitioned and analyzed
according to the direction of the depth extension of the foundation. The point load will be changed to a linear load with a length
of 2a. Inverse proportion function assumptions are proposed at parameter a and depth l of the calculation points to solve the
singularity questions of elastic stress in a semi-infinite space near the ground. Compared with the original formula, changing the
point load to a linear load with a length of 2a is more reasonable. Finally, the boundary depth criterion of a hydraulic numerical
simulation model is derived and applied to determine the depth boundary formula for gravity dam numerical simulations.

1. Introduction

In hydraulic engineering, numerical simulation models are
widely used in structural analysis [1], such as in infinite and
discrete element methods. The finite element method (FEM)
is the most widely used technique in hydraulic numerical
simulation [2]. Selecting the foundation boundaries affects
the number of finite element mesh size, calculation accuracy,
and computation time [3]. Many scholars have proposed
selection methods for foundation boundaries based on the
finite element simulation model. Foundation boundaries are
generally selected based on engineering experience [4] or
by comparing the accuracy of stress results using FEM for
different boundary conditions [5]. However, these selection
methods are still not applied in engineering design because of
different issues in analyzed objects and calculation accuracy
[6]. At present, comprehensive qualitative studies remain

inadequate in both China and abroad; for example, select-
ing calculation boundaries has not been studied based on
elasticity theory [7]. According to Saint-Venant’s principle
[8], hydraulic structure load has more influence on the
stress of a point near the load and minimal influence on
the stress of a point far from the load; hence, conducting
a partition discussion is necessary. Research on foundation
boundaries under dam structure load can analyze foundation
stress under loads and search for the minimum impact areas
to function as boundaries [9]. Many hydraulic structure
loads are produced under vertical force such as in gravity
dams, water locks, and docks. The current study focuses
on hydraulic structures dominated by a vertical force. The
Boussinesq stress solution to a semi-infinite elasticmechanics
space body under a vertical concentrated load is widely
used in soil mechanics calculation [10]. This study combines
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Figure 1: Decomposing the structure of a load.

L’Hospital’s rule and the Boussinesq equation to derive the
formula for the selection principle of foundation boundaries.

2. Methodology

This study investigates the problem of selecting a finite
element numerical model and a foundation boundary scope
for hydraulic structures under a vertical load such as gravity
dams and sluices. The load of hydraulic structures on the
foundation consists of nonlinear vertical distributed loads
resulting from a nonlinear structure shape, nonlinear materi-
als, and construction factors [11]. It can be decomposed into
numerous distributed loads with different sizes (Figure 1).
The uneven distribution of loads has different effects on foun-
dation depth. The Boussinesq stress solution to semi-infinite
elastic mechanics space body under a vertical concentrated
load is widely used in soil mechanics calculation, particularly
when the calculation point stress of the foundation is approx-
imately zero. The coordinate of the point can determine the
foundation boundaries of a hydraulic numerical simulation
model. The formula, however, suffers from a singular point
problem [12] near the ground. In this chapter, formula
derivation is presented in three parts. Section 2.1 introduces
the Boussinesq foundation stress formula for vertical concen-
trated loads. Section 2.2 describes the singular point problem
near the ground and proposes solutions to this problem.
Section 2.3 derives the stress formula under distributed loads
with a parameter width of 𝑎 and determines the coordinates
of a point in which stress is approximately zero to obtain the
foundation boundaries for an elastic numerical simulation
model of a hydraulic structure.

2.1. Introduction to Common Formulas. A hydraulic struc-
ture load on a semi-infinite elastic foundation consists of
different continuous vertical distributed forces, which are
decomposed into concentrated forces. Stress equations based
on the half-space problem and the plane elastic mechanics
problem provided by Boussinesq satisfy the objective of the
aforementioned analysis problem.

Suppose that a half-space has no body force and the
normal concentrated force 𝑃 on the plane boundary has a
value of𝐹. Figure 2 shows the distributionmap of a load.This
problem is axisymmetric, and the coordinate origin point is
the center of𝑃.The stress boundary condition is (𝜎

𝑧
)
𝑧=0,𝑦 ̸=0

=

0, (𝜏
𝑧𝑟
)
𝑧=0,𝑟 ̸=0

= 0. The solution is described as follows:

𝜎
𝑥

=
3𝐹

2𝜋
{
𝑥
2

𝑧

𝑅5
+
1 − 2 𝜇

3
[

1

𝑅 (𝑅 + 𝑧)
−
(2𝑅 + 𝑧) 𝑥
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Figure 2: Distribution map of a load.

𝜎
𝑦

=
3𝐹

2𝜋
{
𝑦
2

𝑧

𝑅5
+
1 − 2 𝜇

3
[

1

𝑅 (𝑅 + 𝑧)
−
(2𝑅 + 𝑧) 𝑦

2

(𝑅 + 𝑧) 𝑅
5
−

𝑧

𝑅3
]} ,

(2)

𝜎
𝑧
=
3𝐹

2𝜋

𝑧
3

𝑅5
. (3)

In (1), (2), and (3), 𝜎
𝑥
is the stress in the direction of 𝑥, 𝜎

𝑦
is

the stress in the direction of 𝑦, 𝜎
𝑧
is the stress in the direction

of 𝑧, 𝜇 is Poisson’s ratio of the foundation, and𝐹 is the amount
of the force.

The Boussinesq solution focuses on axisymmetric prob-
lems.The stress of hydraulic structure load on a foundation is
an axisymmetric problem, wherein axes 𝑥 and 𝑦 are replace-
able when studying finite element boundaries. Equations (1),
(2), and (3) show that 3D stresses are proportional to the
square root of length factors. The vertical stress (𝜎

𝑧
) on the

foundation is critical because it is the main factor that results
in the settlement of buildings [13]. Therefore, additional
research on vertical stress (𝜎

𝑧
) to derive the foundation

boundary of the finite element model is reasonable.

2.2. Singular Point of CommonFormulas. Saint-Venant’s prin-
ciple in elasticmechanics states that if a force system acting on
a small elastic surface is replaced by another equivalent static
force, then the effects on the stress and strain of this region
are significant, whereas the effect on distance is negligible.
The accuracy of the Boussinesq formula is high when the
calculation point is far from the ground. By contrast, the
vertical force increases rapidly when the calculation point is
near load areas, which contradicts actual situations.Thus, the
point load formula is no longer applicable near the dam and
requires correction.Thevertical stress concentration problem
near the dam area under a point load [14, 15] can be proven
as follows:

lim𝜎
𝑧

𝑧→0
= lim
𝑧→0

3𝐹

2𝜋𝑧2 [1 + (𝑟/𝑧)
2

]
5/2

= lim
𝑧→0

3𝐹

2𝜋

1/𝑧
2

[1 + (𝑟2/𝑧2)]
5/2

, when

𝑢 =
1

𝑧2
, lim𝜎

𝑧

𝑧→0
= lim
𝑢→∞

𝑢

(1 + 𝑟2𝑢)
5/2

.

(4)
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Given the randomness of 𝑥, 𝑦, and 𝑧when they satisfy the
function of

𝑥
2

+ 𝑦
2

= 𝑟
2

=
1

𝑢2
, then

lim𝜎
𝑧

𝑧→0
= lim
𝑢→∞

𝑢

(1 + (1/𝑢3))
5/2

= ∞.

(5)

In the elastomeric hypothesis, the existence of stress con-
centration indicates the presence of a plastic expansion
area. If such area exists, then the elastomeric hypothesis
is contradicted. Newton solved the gravity concentration
problem of two close particles by considering each particle
as a sphere with a radius. To avoid stress concentration, the
point load is changed to a line load with a certain length.

InMathematical Principles and Natural Philosophy, New-
ton explained the law of gravitation of objects as follows.
When the distance between two particles tends to be
“infinitely small,” the particles are regarded as a sphere with
a radius [16], and consequently, the range of the integral of
the force between two objects in space can be calculated.
When the particles are close to each other, the Boussinesq
point stress formula presents the same problem; that is,
𝐺(𝑀𝑚/𝑟

2

) → ∞. Thus, particle assumption is no longer
true. Based on the definition of a particle provided in
Newton’s law of universal gravitation, the concept of a point
load is relative and can be calculated based on the particle
formula when two objects are far from each other. Based on
this principle, the span of a load is regarded as zero when
the load is far from the dam. Newton used calculus to solve
problems of increasing gravity in two particles with a small
distance between them. The Boussinesq vertical stress 𝜎

𝑧
→

∞when the calculation point is near the load. Consequently,
the point load near the dam should be changed to a line load
with a certain length.

2.3. Deriving the New Equation. To avoid the problem of
stress concentration near the ground, the aforementioned
method of changing the point load to a distributed load
is used to derive the correction formula for the plane and
space problems.Themodified formula is then used to analyze
the influence of the foundation scope. When the calculation
point is far from the load areas, its correction width can be
ignored based on Saint-Venant’s principle. By contrast, when
the calculation point is close to the load areas, its correction
width cannot be ignored. The following sections discuss the
plane and space problems. The vertical stress formula for
different depths under the effect of a point load is corrected
and the function of load width parameter 𝑎 and depth 𝑙 is
proposed. The relative error between the original and the
corrected formula, as well as the influence of the foundation
scope, is then analyzed.

2.3.1. The Plane Problem. Figure 3 shows the diagram of the
plane problem. The point of the load is stipulated as the
original point. Based on (3), for each point on line 𝑧 = 𝑧

0
,

the vertical stress of point𝑀 that is strictly under the original
point is maximal. When the vertical stress of point𝑀 𝜎

𝑧
→

O  
x

l

M

P

a a
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z = z0

Figure 3: Load distribution map of the plane problem.

0, the vertical stress of all points on line 𝑧 = 𝑧
0
tends to

be zero. In this research, the vertical stress (𝜎
𝑧
) of point 𝑀

whose distance from the original point is 𝑙 is studied. The
loads of hydraulic structures that are acting on the foundation
are superposed by successive point loads of different sizes.
The influence scope of an arbitrary point load can then be
analyzed. Based on the preceding analysis, the point load
is changed to a distributed load with a width of 2𝑎. The
following section provides the hypothetical function of width
parameter 𝑎 and the depth of calculated point 𝑙.

(1) Determining the Physical Parameters. According to Saint-
Venant’s principle, the farther the calculated point from the
load areas, the less the error caused by the correction width
parameter 2𝑎 of the distributed load and the original point
load. Meanwhile, the closer the calculated point is from the
load areas, the larger the width parameter 2𝑎 should be.

Assuming that the existence of critical depth 𝑙
0
satisfies

𝑙 ≥ 𝑙
0
, parameter 𝑎 approximates zero and the load can be

considered as a point load. By contrast, when 𝑙 < 𝑙
0
, the load

should be considered as a distributed load. Observed through
continuity, a tapering function between 𝑙 and 𝑎 exists.

Assuming that parameter 𝑎 is inversely proportional to 𝑙,
then

𝑎 =
𝑘

𝑙
. (6)

The three situations of the calculated point depth 𝑙 are as
follows.

A The calculation point is far from the surface with
𝑙
1
/𝑎 → ∞.

B Thecalculation point is close to the surfacewith 𝑎 ̸= 0,
𝑎/𝑙
2
→ ∞.

C The moderate area is 𝑙
2
< 𝑙 < 𝑙

1
. A constant 𝜀 > 0

exists, which ensures that 0 < |𝑙/𝑎 − 𝑁| < 𝜀, where𝑁
is a positive integer.

(2) Correction Formula and Comparison.The following form-
ulas correct the vertical stress formula for the three situations
of the calculation point depth 𝑙, respectively, and compare
precision before and after correction.



4 Mathematical Problems in Engineering

(1) 𝑙 is extremely large; thus, 𝑙/𝑎 → ∞:

𝑑𝜎
𝑧
=

3𝜎𝑧
3

𝑑𝑥

2𝜋 (𝑥2 + 𝑧2)
5/2

,

𝜎
𝑧
= ∫

𝑎

−𝑎

𝑑𝜎
𝑧
=
3𝜎𝑙
3

2𝜋
∫

𝑎

−𝑎

𝑑𝑥

(𝑥2 + 𝑙2)
5/2

,

(7)

with 𝑥 = 𝑙 tan𝛼,

𝜎
𝑧
=
3𝜎

2𝜋𝑙
∫

arctan(𝑎/𝑙)

− arctan(𝑎/𝑙)
cos3𝛼𝑑𝛼

=
3𝜎

𝜋𝑙
(sin𝛼 − 1

3
sin3𝛼)



arctan(𝑎/𝑙)

0

,

𝜎
𝑧
=
3𝜎

𝜋𝑙
(sinarctan𝑎

𝑙
−
1

3
sin3 arctan 𝑎

𝑙
) ,

(8)

where 𝜎 = 𝐹/2𝑎,

𝜎
𝑧
=

3𝐹

2𝜋𝑙𝑎
(sinarctan𝑎

𝑙
−
1

3
sin3 arctan 𝑎

𝑙
) . (9)

The result of the original formula is 𝜎
𝑧1
= 3𝐹/2𝜋𝑙

2.
The relative error is


𝜎
𝑧
− 𝜎
𝑧1

𝜎
𝑧1



=

((3𝐹/2𝜋𝑙𝑎) (sinarctan (𝑎/𝑙) − (1/3) sin3 arctan (𝑎/𝑙))

− 3𝐹/2𝜋𝑙
2

)

⋅ (3𝐹/2𝜋𝑙

2

)
−1

= lim
𝑎/𝑙→0



(3𝐹/2𝜋𝑙𝑎) (𝑎/𝑙 − 𝑎
3

/3𝑙
3

) − 3𝐹/2𝜋𝑙
2

3𝐹/2𝜋𝑙2



= lim
𝑎/𝑙→0



(3𝐹/2𝜋) (1/𝑙
2

− 𝑎
2

/3𝑙
4

) − 3𝐹/2𝜋𝑙
2

3𝐹/2𝜋𝑙2



= lim
𝑎/𝑙→0



(1 −
𝑎
2

3𝑙2
) − 1



= 0.

(10)

The error is merely 𝑎2/3𝑙2. Given that 𝑙/𝑎 → ∞, the error
is approximately zero, which illustrates that the Boussinesq
solution has good applicability. Hence, the error caused by
the width of the distributed load can be ignored.

(2) 𝑙 is very small; thus, 𝑎 ̸= 0, 𝑎/𝑙 → ∞. The following
statements prove that the stress concentration problem can
be solved using (6).

The integration results of the distributed load are as fol-
lows:

𝜎
𝑧
=

3𝐹

2𝜋𝑙𝑎
(sinarctan𝑎

𝑙
−
1

3
sin3 arctan 𝑎

𝑙
) , with

𝑎

𝑙
→ ∞, lim𝜎

𝑧
=

3𝐹

2𝜋𝑙𝑎
(1 −

1

3
) =

𝐹

𝜋𝑘
.

(11)

Thus, 𝜎
𝑧
is bounded. In fact, as long as 𝑙 × 𝑎 is bounded,

no singular point will exist.
Apply the Taylor series at 𝑥 = 0; then

sin (𝑥) = 𝑥 − 𝑥
3

6
+ 𝑜 (𝑥

3

) ,

arctan (𝑥) = 𝑥 − 𝑥
3

3
+ 𝑜 (𝑥

3

) ,

𝜎
𝑧
=

3𝐹

2𝜋𝑙𝑎
(
𝑎

𝑙
−
5𝑎
3

6𝑙3
) + 𝑜 (

𝑎

𝑙
)

3

=
3𝐹

2𝜋𝑙2
−
5𝐹𝑎
2

4𝜋𝑙4
.

(12)

The result of the original formula is 𝜎
𝑧1
= 3𝐹/2𝜋𝑙

2.
The relative error is


𝜎
𝑧
− 𝜎
𝑧1

𝜎
𝑧1



=



3𝐹/2𝜋𝑙
2

− 3𝐹/2𝜋𝑙
2

− 5𝐹𝑎
2

/4𝜋𝑙
4

3𝐹/2𝜋𝑙2



= lim
𝑎/𝑙→∞



5𝑎
2

6𝑙2



.

(13)

Given that 𝑎/𝑙 is extremely large when the calculation
point is near the ground, the error caused by the width of the
distributed load cannot be ignored. The stress concentration
problem can be solved in this area, which demonstrates that
the width of the distributed load cannot be ignored.

(3) 𝑙 is moderate, which corresponds to depth situationC:


𝜎
𝑧
− 𝜎
𝑧1

𝜎
𝑧1



=

((3𝐹/2𝜋𝑙𝑎) (sinarctan (𝑎/𝑙) − (1/3) sin3 arctan (𝑎/𝑙))

− 3𝐹/2𝜋𝑙
2

)

⋅ (3𝐹/2𝜋𝑙

2

)
−1

,



𝜎
𝑧
− 𝜎
𝑧1

𝜎
𝑧1



=



𝑙

𝑎
(sinarctan𝑎

𝑙
−
1

3
sin3 arctan 𝑎

𝑙
) − 1



.

(14)

Let
𝑎

𝑙
= 𝑢,



𝜎
𝑧
− 𝜎
𝑧1

𝜎
𝑧1



=


(
1

𝑢
) (sinarctan 𝑢 − (1

3
) sin3 arctan 𝑢) − 1


.

(15)

When searching for the intersection of 𝑦
1
= sinarctan 𝑢 −

(1/3)sin3 arctan 𝑢 and 𝑦
2
= 𝑢 using the software MATLAB,

the result is

𝑢 = 0.106. (16)

When 𝑢 < 0.106, the relative error and the width of the
distributed load can be ignored. By contrast, when 𝑢 >

0.106, the relative error cannot be ignored and the point load
must be changed to a distributed load. Therefore, for a plane
problem, the error caused by the width of the distributed load
can be ignored only if 𝑎/𝑙 < 0.106, and the Boussinesq point
stress solution can still be used.
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2.3.2. Space Problem. In a space problem, the point load is
changed to a distributed load with a radius of 𝑎.

(1) 𝑎 is the radius of the distributed load.When 𝑙 is extremely
large, 𝑙/𝑎 → ∞:

𝑑𝜎
𝑧
=

3𝜎𝑧
3

𝑑𝑥

2𝜋 (𝑥2 + 𝑧2)
5/2

=
3𝜎𝑧
3

𝑟 𝑑𝑟 𝑑𝜃

2𝜋 (𝑟2 + 𝑧2)
5/2

,

𝜎
𝑧
= ∫𝑑𝜎

𝑧
=
3𝜎𝑙
3

2𝜋
∫

2𝜋

0

𝑑𝜃∫

𝑎

0

𝑟𝑑𝑟

(𝑟2 + 𝑧2)
5/2

.

(17)

The result of the original formula is

𝜎
𝑧1
=

3𝐹

2𝜋𝑙2
,

𝜎
𝑧

𝜎
𝑧1

= −
2

3
⋅

(𝑎
2

/𝑙
2

+ 1)
−3/2

− 1

(𝑎/𝑙)
2

,

lim
𝑎/𝑙→0

𝜎
𝑧

𝜎
𝑧1

= lim
𝑎/𝑙→0

−
2

3
⋅

(𝑎
2

/𝑙
2

+ 1)
−3/2

− 1

(𝑎/𝑙)
2

= lim
𝑎/𝑙→0

−
2

3
⋅
− (3/2) ⋅ (𝑎/𝑙)

2

(𝑎/𝑙)
2

= 1.

(18)

The preceding equations show that when 𝑙 is extremely
large, the error caused by the radius of the distributed load
can be ignored.

(2) 𝑙 is extremely small, and thus 𝑎 ̸= 0, 𝑎/𝑙 → ∞. Following
the same analysis method,

𝑦 =
𝜎
𝑧

𝜎
𝑧1

= −
2

3

(𝑎
2

/𝑙
2

+ 1)
−3/2

− 1

𝑎2/𝑙2
. (19)

Let

𝑎
2

𝑙2
= 𝑥, 𝑦 = −

2

3

(𝑥 + 1)
−3/2

− 1

𝑥
. (20)

Following (20), when 𝑙 is extremely small, the error
caused by the radius of the distributed load is large.

When 𝑎/𝑙 = 0.106, 𝑦 = 0.986, and the relative error is
small.

3. Applications

The Three Gorges Dam located in Hubei Province, China,
is the largest hydropower project in the world. The dam
has two parts: the main building and the diversion. Three
Gorges is a concrete gravity dam that is 3035m long, 185m
high, 15m wide at its crest, and 124m wide at its bottom.
Its installed capacity of 22.5 million kW ranks first in the
world. In this section, the method proposed in Section 2 is
first used to analyze the boundary range of the Three Gorges
Dam through a numerical model. Then, the finite element
numerical model of the Three Gorges Dam is established to
illustrate the validity and efficiency of the proposed formulas.

3.1. Deriving Foundation Size. Hydraulic structure loads such
as in gravity dams, water locks, and docks are dominated by a
continuous vertical concentration. Based on the conclusions
for the plane and space problems, one issue arises, that is, the
calculated value of the vertical stress (𝜎

𝑧
) at point𝑀 is small

when width parameter 𝑎 and calculation point depth value 𝑙
satisfy the condition of 𝑎/𝑙 < 0.106.

The objective of the present study is to explore the
boundaries of the finite element model selection problem for
vertical concentration loads, which is equivalent to finding
the coordinates of the points when the base stress is small. In
the following section, the base boundary depth of the finite
element model is analyzed using the preceding conclusions.

Because of the limit of influenced scope based on
the hydraulic structure loads, so the foundation boundary
belongs to the result of (11). Equation (11) shows the stress
results of the definite integral as follows:

𝜎
𝑧
=

3𝐹

2𝜋𝑘
(sinarctan𝑎

𝑙
−
1

3
sin3 arctan 𝑎

𝑙
) . (21)

For this formula, various hydraulic structures have different
values of 3𝐹/2𝜋𝑘 because of structure size and material
properties. When depth 𝑙 of the calculation point satisfies the
condition

𝑎/𝑙 = 0.106, (22)

𝜎
𝑧
tends to be equal to zero. Parameter 𝑎 is restricted by

the size of the structures. Assume that width 𝐿 and height
𝐻 of hydraulic structures satisfy the equation 𝐿 = 𝑚𝐻.
Then, the deeper 𝑙 is, the smaller parameter 𝑎 is, which results
in a smaller calculation error of the Boussinesq equation.
The maximum value of load length 2𝑎 is the width 𝐿 of
the structure, which corresponds to the maximum depth as
follows:

𝑙max =
𝑎max
0.106

=
𝐿

2 ∗ 0.106
= 4.717𝐿 = 4.717𝑚𝐻. (23)

When depth 𝑙 of the calculation point satisfies (23), vertical
stress (𝜎

𝑧
) tends to be zero, and 𝑙 is equivalent to the depth

boundary of the finite element calculation model. Various
hydraulic structures have different values for parameter 𝑚.
The value of 𝑚 should be calculated for each project, and
then the base depth boundary of the finite element numerical
simulation model can be calculated.

The preceding conclusions can be applied to a specific
project. The Three Gorges Water Conservancy Project is the
largest gravity dam project in China. In this study, the depth
boundary of the finite element numerical simulation model
of the aforementioned project is analyzed. TheThree Gorges
Dam Project is 185m high and 124m wide. The parameter𝑚
of Three Gorges is

𝑚 =
𝐿

𝐻
=
124

185
= 0.670. (24)

Its depth boundary is 𝑙max = 4.717𝑚𝐻 = 3.16𝐻.
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Figure 4: Finite element model.

Table 1: FEMmaterial parameters.

Area
Parameter

Deformation
modulus (GPa)

Poisson’s
ratio (𝜇)

Density
(kg/m3)

Dam concrete 21 0.167 2400
Foundation 26 0.2 2450

Table 2: FEM dimensions of the dam body.

Area

Dimensions

Width of
dam crest

Width of
dam bottom

Height
of dam

Slope of
downstream

surface
Dam body 15m 124m 185m 0.75

Table 3: FEM dimensions of the foundation.

Area
Dimensions

Width of
upstream

Width of
upstream

Depth of
foundation

Foundation 185m 185m 740m

3.2. Finite Element Numerical Simulation. The establishment
of the finite element model of the Three Gorges Dam
illustrates the effectiveness and accuracy of themodel analysis
used in this study. Figure 4 shows the finite element model of
the Three Gorges Dam with the following specifications: the
𝑥-axis along the downstream direction, the 𝑦-axis along the
damaxis, and the 𝑧-axis along the vertical direction.Thefinite
elementmodel is divided into 5393 units and 11102 nodes.The
FEMmaterial parameters are presented in Table 1.The actual
dimensions of the finite element model of the Three Gorges
Dam are provided in Tables 2 and 3.

Based on the aforementioned calculation principle and
parameter, the specific calculation results and analyses are as
follows.

S, S33 (avg: 75%)

M

+1.613e + 04

−5.350e + 05

−1.086e + 06

−1.637e + 06

−2.188e + 06

−2.739e + 06

−3.290e + 06

−4.393e + 06

−4.944e + 06

−5.495e + 06

−6.046e + 06

−6.597e + 06

−3.841e + 06

Figure 5: FEM vertical stress 𝜎
𝑧
.

Given that the foundation and dam body have the same
size and material along the 𝑦-axis direction, the stress results
of the plane and space problems along the 𝑦-axis section are
also the same. The following finite element model is focused
on plane problems. Figure 5 illustrates the vertical stress (𝜎

𝑧
)

calculation results of the finite element model of the Three
GorgesDam.All size parameters of the finite elementmethod
are chosen for the international system of units: meters. The
legend of Figure 5 is the size range of 𝜎

𝑧
(in Pascal). This

figure can indicate that the foundation vertical stress (𝜎
𝑧
)

is approximately zero when depth is deeper than the depth
of point 𝑀. The depth of point 𝑀 is the furthest depth of
the load effect. Figure 5 shows the depth of point𝑀; that is,
𝑍
𝑚
= 556m. Dam height is 185m; that is,𝑍

𝑀
= 556/185𝐻 =

3.01𝐻.
The boundary range acquisition method is based on the

Boussinesq formula. This formula is suitable for a semi-
infinite body problem under a concentrated load stress. The
finite element model of the Three Gorges Dam selected 1𝐻
to be the foundation range upstream and downstream and
4𝐻 to be the foundation depth range. According to the finite
element calculation results, the foundation influence scope is
limited on the loads of hydraulic structures and expanding
the scope of the foundation boundary has minimal effect
on calculation precision. The Boussinesq formula accurately
derives the elastic mechanics formula based on a differential
equation, but FEM is the solution to a partial differen-
tial equation. Moreover, numerical solution techniques are
approximated through the variation method, and the error
function is set to minimum values to generate a stable
solution. FEM is an approximate method for solving the
Boussinesq half-space problem. The two methods, which
have different principles, produce slightly different results;
however, they exhibit the same trend. The depth boundary
defined in Section 3.1 is 𝑍 = 3.16𝐻. Its relative error is
less than 5%; therefore, the model exhibits high precision.
Furthermore, the model proves that (23) can be used as
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a guideline for depth boundary in the numerical simulation
of gravity dams.

4. Conclusions

The following conclusions can be drawn from this study.

(1) Drawing lessons from the small distance correction
method of Newton’s law of gravity, the point load
is changed to a line load to solve the singular point
problem near the face area. Through correct results,
(23) can function as a guideline for depth boundary
in establishing finite element numerical simulation
models of hydraulic structures.

(2) The formula of parameter 𝑎 and 𝑙 should be
researched thoroughly. In this study, dam bottom
width 𝐿 is set to a maximum value of 2𝑎. By using this
method, maximum depth boundary 𝑙max is achieved.
If a certain magnitude for vertical stress (𝜎

𝑧
) is set,

then depth boundary can be reduced.
(3) This study only investigated the boundary of direction

𝑧. The boundaries of directions 𝑥 and 𝑦 should be
studied further.
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This study deals with an inverse method to identify moving loads on bridge decks using the finite element method (FEM) and a
coupled genetic algorithm (c-GA). We developed the inverse technique using a coupled genetic algorithm that can make global
solution searches possible as opposed to classical gradient-based optimization techniques. The technique described in this paper
allows us to not only detect the weight of moving vehicles but also find their moving velocities. To demonstrate the feasibility of
the method, the algorithm is applied to a bridge deck model with beam elements. In addition, 1D and 3D finite element models are
simulated to study the influence of measurement errors and model uncertainty between numerical and real structures. The results
demonstrate the excellence of themethod from the standpoints of computation efficiency and avoidance of premature convergence.

1. Introduction

Recently, moving loads detection technologies have been
developed to assess the bridge condition with limited infor-
mation related to moving loads. In these studies, the mea-
surement of the weight and velocity of the moving vehicle
is significant for the design of bridges and pavements,
performance assessment, bettermaintenance, and the control
of illegal vehicles on bridges and highways.

A variety of methods have been carried out to identify the
weight and velocity of moving vehicles on bridge structures.
These methods are called system identification (SI) methods
based on the inverse problem because it uses the static or
dynamic responses of structures such as natural frequency,
mode shape, and time histories of acceleration of the vehicles.
At an early stage of the development of the moving load
identification method, only static axle loads are measured.
Improved methods capable of identifying both the static
and dynamic moving loads were developed from the latter
half of the 1980s. Hoshiya and Maruyama [1] identified a
moving load on a simply supported beam by applying an
extended Kalman filter. O’Connor and Chan [2, 3] developed
a method that measured both static and dynamic loads using

strain responses obtained from bridge decks modeled as an
assembly of lumped masses with the massless elastic beam
element. Considering the interaction forces between vehicle
and bridge with the viscous damping on the Euler-Bernoulli
beam model, Law et al. [4] identified moving loads using
modal superposition principle in time domain. Moreover,
Law et al. [5] proposed a frequency time domain method
by performing Fourier transformation of the load-response
relationship to identify the moving load directly using least
squares. Chan et al. [6] applied a moving loads identification
method based on Euler’s beam theory together with modal
analysis. In addition to these methods, Steffen Jr. and Rade
[7] used a Fourier series to identify moving loads on a
simply supported beam. To obtain a good quality of moving
loads, Chan et al. [8] developed a method applicable to the
prestressed concrete bridges considering the effect of the
prestress on the structure. Chan and Ashebo [9] identified
moving loads on a continuous bridge using only a target
span. Also, they found that the accuracy of the identified
value of moving loads based on bending moment response is
better than acceleration response.The effect of the interaction
between the bridge and the vehicle, such as the dynamic
properties of the bridge and vehicle, made the road surface
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roughness an important criterion for the identification of
the moving load and many studies have been proposed to
confirm the results. Cantieni [10] performed the field test
regarding the vehicle-bridge interaction. Hwang and Nowak
[11] contributed to the development of a reliability-based
design code by developing a process for the calculation of the
dynamic load. Wang et al. [12] studied the dynamic response
of a single span multigirder bridge deck under single and
two vehicle loads with different velocities by adopting grillage
beam theory and Huang et al. [13] extended this method
to multigirder bridges. Chatterjee et al. [14] performed a
simulation with a quarter truck model by simplifying the
continuous bridge deck as a continuous Euler-Bernoulli
beam subjected to torsional vibration. In addition, the effect
of the speed parameter, the vehicle/bridge frequency ratio,
and damping of the bridge and road roughness was reported
by Yang et al. [15].

To solve these inverse problems, direct search methods
based onmetaheuristics techniques and artificial intelligence,
such as genetic algorithms (GAs), simulated annealing (SA)
methods, and neural networks (NN), have been introduced
and promisingly applied to the field of structural identifica-
tion [16]. Among them, GAs attract our attention because
they do not require a considerable amount of data in advance
in dealing with complex problems and make global solu-
tion search possible as opposed to classical gradient-based
optimization techniques. Suh et al. [17] presented a coupled
neurogenetic technique that is able to identify the region and
extent of damage in a beam or frame structure using only
frequency information. Mares and Surace [18] demonstrated
the ability of a GA to identify damage in elastic structures.
Friswell et al. [19] combined the genetic and eigen sensitivity
algorithms for locating damage. Chou and Ghaboussi [20]
proposed a GA-based method to determine the region and
extent of damage in truss structures from the measured static
displacements. Krawczuk [21] presented a wave propagation
approach to detect damage in beam structures based on GA
and the gradient technique. However, conventional GAs have
a limit in solving inverse problems using GA because of the
high computational cost of a large number of iterations: it
is necessary to perform iterative forward computations for
each chromosome. Thus, the total time spent in solving the
forward problem could be extremely long, usually on the
order of magnitude of several thousand or more depending
on the complexity of the problem. Unlike these, a uniform
microgenetic algorithm (𝜇GA) can avoid premature conver-
gence and deliver faster convergence to the near optimal
region than a simple GA. Carroll [22] found that a uniform
𝜇GA ismore robust in handing an order-3 deceptive function
than the traditional GA methods. Au et al. [23] developed a
natural-frequency-based 𝜇GA for detecting damage in a one-
dimensional beam. Lee and Wooh [24] applied a 𝜇GA for
detecting damage in plate structures subjected to dynamic
loading. However, the numerical examples used in the studies
are not practical in that they regard damage as a prede-
termined rectangular element. Rus et al. [25] examined the
identification of defects in laminated composite structures
subjected to in-plane static loads using the boundary element
method (BEM). They used an elliptic function with five

unknown parameters to represent an arbitrary damage shape.
However, this approach has several limitations such as the
use of static loads, limitation to in-plane behaviors, and lack
of capability to detect the extent of damage. Lee et al. [26]
presented a method to detect stiffness degradations using
a modified bivariate Gaussian function, with which it is
possible to consider an arbitrary damage shape. The method
has been applied to concrete plates subjected to impact loads
using the finite element method (FEM) and 𝜇GA. Lately,
Park et al. [27] proposed a damage-detection technique to
determinate damage distribution, which is a modified form
of the bivariate Gaussian distribution function. This method
uses a combination of the combined finite element method
(FEM) and the advanced 𝜇GA and moving loads as input
excitation. However, it is required to know the position and
velocity of the moving load in advance [28].

In this study, an advanced coupled GA (c-GA) is devel-
oped for solving the inverse problem. The c-GA can avoid
premature convergence like 𝜇GA and provide faster conver-
gence to the near optimal solution than 𝜇GA by introducing
a conventional gradient-based technique for which local
searching power is sufficient due to fast convergence. In
this study, we use a three-dimensional (3D) beam model for
obtaining themeasurement data.The approach of the present
study is more similar to reality than using the samemodel for
generating the simulated experiment and using the inverse
procedure. This is because the difference of measured data
due to modeling error between real bridges and numerical
models can be accounted for. A one-dimensional (1D) beam
model is used to run an inverse procedure to obtain better
computational efficiency. In this study, themodel uncertainty
is significantly considered as a realistic circumstance.

2. Forward Procedure

For the transient analysis of a bridge deck subjected to the
effects of moving loads, an implicit time integration method,
called the Newmark integration technique, is adopted with
the integration parameters 𝛽 = 1/4 and 𝛾 = 1/2, which lead
to constant-average acceleration approximation. Considering
a moving load with a velocity V on a plate element, the total
moving distance (𝑡+Δ𝑡𝐷

𝑡
) of the load at time 𝑡 +Δ𝑡 is given by

𝑡+Δ𝑡

𝐷
𝑡
=
VΔ𝑡
3.6

+ 𝐶
𝑥1
, (1)

where 𝐶
𝑥1

denotes the initial coordinate of the moving load
in the longitudinal direction. The location number 𝐼

𝑑
of the

element that the moving load passes through at time 𝑡 + Δ𝑡
can be expressed as

𝑡+Δ𝑡

𝐼
𝑑
= 𝑁
𝑑

𝑥2

𝐼
𝑙
+ 𝐼
𝑠
+ 1, (2)

where

𝐼
𝑙
= INT(

𝑡+Δ𝑡

𝐷
𝑡
𝑁
𝑑

𝑥1

𝐿
𝑥1

) , 𝐼
𝑠
= INT(

𝐶
𝑥2
𝑁
𝑑

𝑥2

𝐿
𝑥2

) , (3)

and 𝑁
𝑑

𝑥1

and 𝑁
𝑑

𝑥2

are the number of division elements in
the longitudinal (𝑥

1
) and transverse direction (𝑥

2
), 𝐶
𝑥2

is
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the initial coordinate of the moving load in the transverse
direction, 𝐿

𝑥1
and 𝐿

𝑥2
are the lengths of the plate in the 𝑥

1

and 𝑥
2
directions, respectively, and INT() means the integer

part of the value in parentheses.
The moving load vectors F

𝑘
(𝑡) at an arbitrary location on

the𝑁𝑑
𝑘
th element of the plate should be inevitably distributed

into the nodal loads F
𝑁𝑘
(𝑡) using the zero-order Hermite

(Lagrange) interpolation functionΦ.The natural coordinates
(𝜉
𝑘
, 𝜂
𝑘
) of the element for the moving load at time 𝑡 + Δ𝑡 can

be derived as

𝑡+Δ𝑡

𝜉
𝑘
= 2(

[𝐶
𝑥1
+
𝑡+Δ𝑡

𝐷
𝑡
]𝑁
𝑑

𝑥1

𝐿
𝑥1

− 𝐼
𝑙
) − 1,

𝑡+Δ𝑡

𝜂
𝑘
= 2(

𝐶
𝑥2
𝑁
𝑑

𝑥2

𝐿
𝑥2

− 𝐼
𝑠
) − 1.

(4)

In a four-node element with three degrees of freedom
per node, the moving load distribution into four neighbor-
hood nodes not considering distribution of moment can be
expressed as

𝑡+Δ𝑡F
𝑁𝑘
= Φ
𝑇

(
𝑡+Δ𝑡

𝜉
𝑘
,
𝑡+Δ𝑡

𝜂
𝑘
) 𝐹
𝑘
(𝑡 + Δ𝑡) . (5)

The total external force vectors F applied on the plate at
𝑡 + Δ𝑡 can be obtained by summing the distributed 𝑛 loads as
given by

𝑡+Δ𝑡F = 𝑡+Δ𝑡F
𝑁1
+
𝑡+Δ𝑡F
𝑁2
+ ⋅ ⋅ ⋅ +

𝑡+Δ𝑡F
𝑁𝑛
. (6)

In the Newmark integration scheme, the effective loads at
time 𝑡 + Δ𝑡 can be calculated as

𝑡+Δ𝑡F̂ = 𝑡+Δ𝑡F +M (𝜆
𝑡

0
U + 𝜆

𝑡

2
U̇ + 𝜆

𝑡

3
Ü) . (7)

The dynamic displacements U, accelerometers Ü, and
velocities U̇ at time 𝑡 + Δ𝑡 can be solved as

𝑡+Δ𝑡U = K̂−1𝑡+Δ𝑡F,
𝑡+Δ𝑡Ü = 𝜆

0
(
𝑡+Δ𝑡U −

𝑡U) − 𝜆𝑡
2
U̇ + 𝜆

𝑡

3
Ü,

𝑡+Δ𝑡U̇ =
𝑡U̇ − 𝜆

𝑡

6
Ü − 𝜆

𝑡+Δ𝑡

7
Ü,

(8)

where the triangularized effective stiffness matrix is K̂ = K̃ +

𝜆
0
M and 𝜆

0
, 𝜆
2
, 𝜆
3
, 𝜆
6
, and 𝜆

7
are integration constants in

the Newmark integration method, respectively.
The governing equation ofmotion of the system is written

in the form

MÜ + K̃U = F (𝑡) , (9)

whereU and Ü are the displacement and acceleration vectors,
respectively; M is the mass matrix without loss before and
after damage; K̃ is the stiffness reduction matrix; F(𝑡) is the
time history of the applied moving load.

3. Coupled Genetic Algorithm

The accuracy of a system identification method applying a
conventional gradient-based technique may be influenced
by the insufficient initial information. That is, the trap of
minima due to the incomplete initial values often occurs and
this problem should be dealt with. In this study, to resolve
the earlier trouble of a gradient-based technique in estimat-
ing system parameters, the advanced system identification
technique applying the c-GA is employed. In general, GAs
are good at global searching but slow at converging because
they are necessary to perform iterative forward computations
for each chromosome. On the other hand, a conventional
gradient-based technique is good at local searching but lacks
a global search power; thus, to enhance searching capability
and improve convergence performance, the incorporation
of a GA with a conventional gradient-based optimization
technique is enough to attract attention. The introduced c-
GA is such an algorithm. In addition, the c-GA can overcome
limitations in solving inverse problems using a conventional
GA because the high computational cost of a large number of
iterations can be reduced dramatically by operating on a very
small population size. The small population size very often
leads to the phenomenon of genetic drift in chromosomes
over a few generations. To maintain the genetic diversity
in the population, the c-GA enhances the genetic operation
and search strategy. To identify the unknown parameters,
the c-GA should be combined with the FEM that can reflect
the change of structural properties and loading condition in
bridges in the present state. In other words, the FE model
parameters that can explain the change of stiffness due to
damage under moving loads sensitively should be utilized as
identification parameters in an inverse procedure. In terms
of the genetic algorithm, the unknown parameter vector q𝑠
is represented by the selected individuals in each iteration.
Meanwhile, dynamic analysis using the combination of FEM
and c-GA can be considered the following vector function:

U : Ω ⊂ R
𝑠

→ Γ ⊂ R
𝑁

U (q𝑠) = [1𝑈 2𝑈 ⋅ ⋅ ⋅
𝑁

𝑈]
𝑇

; q𝑠 ∈ Ω,
(10)

where Ω is the vector space of identification variables; 𝑠 is
the number of identification variables; Γ is the vector space of
dynamic response such as displacements or acceleration data;
𝑁 is the number of measured data used to identify a system;
1

𝑈, . . . ,
𝑁

𝑈 are dynamic responses calculated by using the
dynamic analysis combining the FEM with the c-GA from
an arbitrary q𝑠. The function U reflects the distribution of
stiffness reductions in structures transformed equivalently
from dynamic responses changed from damages. Thus, the
system identification for computing a distribution of stiffness
reduction is described as the following optimization problem
set:

minimize(Ξ =
𝑁

∑

𝑖=1

[
𝑖

Ψ −
𝑖

𝑈(q𝑠)]
2

) , (11)

where 1Ψ, . . . ,𝑁Ψ are the measured data and 𝑖𝑈 : R𝑠 → R

(𝑖 = 1, . . . , 𝑁) is the function satisfying U = [
1

𝑈, . . . ,
𝑁

𝑈]
𝑇.
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Figure 1: A flow chart for identifying the region of damage and the distribution of stiffness change using the combination of FEM and c-GA.
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and the proposed c-GA.

Figure 1 illustrates a flow chart for identifying the parameters
q𝑠 computed by the combination of FEM and c-GA, as
applied in this study. Using the combined finite element anal-
ysis and coupled genetic algorithm, the location of a damaged
region as well as the distribution of deteriorated stiffness
finally can be determined by investigating the unknown
parameters q𝑠.

4. Numerical Examples

4.1. Comparison with Other Algorithms. The performance
of the coupled genetic algorithm (c-GA) proposed in this
study is compared with that of the well-known simple genetic
algorithm (SGA) and themicrogenetic algorithm (𝜇GA).The
test function used is called the foxhole function and the form
is as follows:

𝑓 (x) = (0.002 +
25

∑

𝑗=1

(𝑗 +

2

∑

𝑖=1

(𝑥
𝑖
− 𝑎
𝑖𝑗
)
6

)

−1

)

−1

, (12)

in which the coefficient 𝑎
𝑖𝑗
is continuous, nonconvex, non-

quadratic, and multimodal, has low-dimensional detection
property, and, especially, has 25 local solutions. The global
solution exists at x = [−32 −32]

𝑇 and the function value



Mathematical Problems in Engineering 5

1 2 3 4 5 6 7
S.SS.S Sensor

Moving velocity

8@3m = 24m

0.4m

0.8m

Figure 3: 3D-reality concrete beam model [29, 30].
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Figure 4: Numerical model and four moving load excitation cases of a beam used in the finite element model.

at the point is unity. In Figure 2, convergence rates obtained
through the SGA, the 𝜇GA, and the proposed c-GA are
represented. The figures indicate that the convergence rate
of the c-GA is faster than the others. The reason is that the
c-GA decreases the size of the population by 1/5 compared
with the SGA; thus, the computation amount in a forward
procedure is reduced, which increases the power for detecting
the optimal global solution by introducing the gradient-like
selection technique in reproduction operation and adopting
enhanced strategies such as the elitist strategy and the scaling
windows scheme compared with the 𝜇GA.

4.2. Moving Force Detection

4.2.1. Numerical Model. To consider the uncertainties
between 2D model and 3D reality, the measurement data
obtained from the actual bridge modeled by a three-
dimensional FE model [29, 30] shown in Figure 3 are used
in the inverse procedure for detecting the characteristics of
moving loads. Because of the uncertainties that occurred

from the differentmodels, attention is needed to the selection
of the measurement range and location for the moving load
excitation. In this study, the dynamic responses such as
acceleration, velocity, and displacement are measured at the
bottom of the 3D solid model and moving loads are excited
at the center line on the top of it as depicted in Figure 3. The
geometrical andmaterial properties of the beam are the same
as those of the numerical model. For the verification of the
ability to identifymoving loads using the proposed technique
combined with the FEM and the c-GA, in this study, three
cases of numerical tests are carried out. To focus on the
identification of moving loads, we consider an undamaged
concrete beam’s 20 divided elements (𝑁1 = 20) subjected
to the moving load of unknown velocity and weight, as
shown in Figure 4. The length, height, width, and density
of the beams are 24.0m, 0.8m, 0.4m, and 2,400 kg/m3,
respectively. In implementation using the coupled genetic
algorithm, we examine 4∼5 individuals due to moving load
excitation cases and the probability of uniform crossover was
set as 1.0.The combination of given possibilities (211 = 2048)
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Table 1: Estimated parameters values of the final run for the different examples for each case (Ψ: measured value, Ψ∗: estimated value).

Measured and estimated values

Model Parameter EX1 EX2 EX3

Ψ Ψ
∗

Ψ Ψ
∗

Ψ Ψ
∗

Case I

V1
0

36.00 36.08 36.90 39.45 64.80 64.57
𝑐
1

1
1.50 1.64 0.90 1.03 −1.50 −1.30

𝑐
1

2
1.50 1.33 1.10 1.06 −1.50 −1.59

𝑤
1

1
100.00 101.85 100.00 101.85 100.00 101.85

Case II

V1
0

50.40 50.84 57.60 55.78 57.60 57.34
V2
0

39.60 39.23 36.00 35.85 46.80 47.00
𝑤
1

1
70.00 75.02 70.00 73.16 70.00 69.26

𝑤
2

1
100.00 98.68 100.00 97.99 100.00 103.27

Case III

V1
0

39.60 38.82 64.80 63.45 54.00 51.76
𝑐
1

1
3.50 3.73 −3.50 −3.15 −2.00 −1.63

𝑤
1

1
80.00 83.92 80.00 88.221 80.00 88.22

𝑤
1

2
120.00 119.89 120.00 114.91 120.00 111.19

Case IV

V1
0

39.60 39.62 57.60 57.60 61.20 61.34
𝑐
1

1
2.00 1.99 −2.50 −2.49 −2.50 −2.55

𝑤
1

1
70.00 68.77 70.00 69.75 70.00 75.32

𝑤
1

2
130.00 129.76 130.00 128.79 130.00 125.07

𝑤
1

3
130.00 123.99 120.00 128.88 130.00 142.76

can be encoded in binary digits to form each individual. In
our case, we use an individual containing 68 chromosomes.

The main goal of this study is to identify the weight
and velocity of the moving load passing on a bridge by
adopting the quadratic function. In this study, the weight (𝑤)
of the moving load will be considered as a constant and a
quadratic function is applied to describe the characteristic
on the velocity of moving loads because the actual velocity of
the moving load may take shape in a smooth curve and will
be changed continuously. Thus, the moving velocity of the 𝑖
vehicle is expressed as

V𝑖 = V𝑖
0
+ 𝑐
𝑖

1
𝑡 + 𝑐
𝑖

2
𝑡
2

, (13)

where V𝑖
0
denotes the initial velocity of the 𝑖th vehicle (or axle);

𝑐
𝑖

1
and 𝑐𝑖
2
denote the coefficients of the 𝑖 vehicle with respect to

time. Therefore, general identification variables for detecting
moving load properties are given by

q𝑠 = [V𝑖
0
𝑐
𝑖

𝑗
𝑤
𝑖

𝑘
]
𝑇

(𝑖 = 1, . . . , 𝑛V; 𝑗 = 1, 2; 𝑘 = 1, . . . , 𝑛𝑤) ,

(14)

where 𝑖 denotes the number of vehicles considered; 𝑗 denotes
the number of the coefficients used to present the character-
istic of velocities; 𝑘 denotes the number of the axle weights
considered. With different moving load parameters in (13),
three examples (EX1∼EX3) for four moving load excitation
cases (Case I∼IV) are given in Table 1.

To quantitatively represent the accuracy of the known
parameters identified, the relative percentage errors (RPE)

are calculated with respect to the estimated values using the
following equation:

RPE =

𝑞
𝑖

− 𝑞
𝑖

0



𝑞
𝑖

0

× 100 (%) , (15)

where 𝑞𝑖 and 𝑞𝑖
0
denote the identified and the original values

of the known parameters, respectively.

4.2.2. Detection of Parameters. The estimated values of iden-
tification variables of several examples (EX1, EX2, and EX3)
for Cases I, II, III, and IV based on the c-GA are represented
in Table 1 with RPE in parentheses. Figure 5 shows the com-
parison of themeasured velocity and estimated velocity of the
vehicle for EX2 in Case I. As the loading time of a moving
load increases, the difference in velocities becomes more or
less increased but the overall values are found to not be
significantly different. The measured and estimated vertical
displacements at the midpoint about the same example and
case are plotted in Figure 6. The best fitness function values
for EX2 in Case I are shown in Figure 7. It is confirmed from
this figure that the estimated values of the parameters would
be close to real values when the number of generations is
increased. The other examples for EX1 and EX2 in Case I
showed a similar tendency.

Case II, representing bridges subjected tomoving loads of
multivehicles, is to describe a more realistic situation about a
moving load excitation. Unlike Case I, all moving loads are
assumed to move with constant velocities. In addition, two
velocities and two weights of the moving loads are estimated.
Figure 8 shows a comparison of the measured and estimated
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Figure 5: Measured and estimated velocities of the moving load for
EX2 in Case I.
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Figure 6: Measured and estimated displacements at the middle
sensor for EX2 in Case I.

velocities of the vehicles for EX1 in Case II. The difference
between the measured and estimated velocities is found to
be very small. The estimated vertical displacements at the
midpoint about the same example and case agree well with
the measured ones as depicted in Figure 9. The best fitness
function values are plotted in Figure 10. The convergence
rate of unknown parameters for Case II is relatively slow
compared to Case I since the number of moving loads is
double and the moving load properties contained in the
dynamic response are superposed and, thus, each property
of the moving load is not easily identified. However, it can be
observed from the figure that the value of the fitness function
converges after approximately the 3,000th generation. The
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Figure 7: Best fitness function values for EX1 in Case II.

0 0.5 1 1.5 2 2.5
30

35

40

45

50

55

60

65

70

Time (s)

Ve
lo

ci
ty

 (k
m

/h
)

Estimated
Measured

Figure 8: Measured and estimated velocities of the moving load for
EX1 in Case II.

other examples for EX2 and EX3 in Case II showed a similar
tendency. In Case III, two axle loads are considered to
describe midsize vehicles such as a car. Unlike Cases I and
II, in this case, a moving load is assumed to move with
constant acceleration. Two axle weights distributed into the
front and rear wheels in a vehicle are estimated. Figure 11
shows a comparison of themeasured and estimated velocities
of the vehicle for EX1 in Case II. The initial velocity of the
vehicle shows a slight difference but the overall values are
found to not differ significantly. In this case, a vertical velocity
is used as the dynamic response data for identifying the
unknown parameters. The vertical velocities at the midpoint
of the 3D-reality model and the equivalent model are plotted
in Figure 12. The behavior between the two models is shown
to be identical from the figure. It is seen from Figure 13 that
the estimated values of the parameters would be close to
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Figure 9: Measured and estimated displacements at the middle
sensor for EX1 in Case II.
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Figure 10: Best fitness function values for EX1 in Case II.

real values if the number of generations is increased. The
other examples for EX2 and EX3 in Case III showed a similar
tendency.

In Case IV, three axle loads are considered to represent
large vehicles such as a truck. Like Case III, in this case, the
moving load is assumed tomovewith constant acceleration as
well. Figure 14 shows a comparison of the measured velocity
and estimated velocity of EX3. As depicted in the figure, the
velocity of the vehicle is detected exactly. The quantitative
properties of the moving load are also present in Table 1.
Initial velocity V1

0
and constant acceleration 𝑐1

1
are relatively

exactly evaluated as 0.224% and 2.120%, respectively, in RPE.
The accuracy of estimation results of axle loads is unsteady in
this example but, in the remaining examples (EX1 and EX2),
for the most, part axle loads are exactly evaluated with the
relative percentage errors being less than 5%, as expected.
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Figure 11: Measured and estimated velocities of the moving load for
EX1 in Case III.
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Figure 12: Measured and estimated velocities at the middle sensor
for EX1 in Case III.

In this case, accelerations are used as the dynamic response
data for identifying unknown parameters. The accelerations
at the midpoint of the 3D-reality model and the equivalent
model are plotted in Figure 15. From the figure, we see that
the behavior between the two models is shown to be similar.
The best fitness function values are plotted in Figure 16, and
it is seen that the estimated values of the parameters would be
close to real values if the number of generations is increased.
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Figure 14:Measured and estimated velocities of themoving load for
EX3 in Case IV.

5. Summary and Conclusions

In this study, unknown moving loads parameters in a beam-
type structure are estimated by using the c-GA, which has
a superior computational efficiency. The damage character-
istics are not considered to investigate only properties of
moving loads. A quadratic function is applied to describe the
characteristic of the velocity of moving loads. In addition,
to consider modeling error in this study, dynamic responses
obtained from a three-dimensional FEmodel under amoving
load are used to obtain measurement data. Parametric case
studies showed that the proposed technique combining the
FEM and the c-GA is adequate to detect the properties of
moving loads. Based on the present computational results, the
following conclusions may be derived.
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Figure 15: Measured and estimated velocities at the middle sensor
for EX3 in Case IV.
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Figure 16: 16 best fitness function values for EX3 in Case IV.

(1) The c-GA, in comparison with its predecessor (SGA)
or other conventional searching techniques, is more
attractive not only because it can avoid premature
convergence but also because it converges faster.

(2) The weight and velocity of the moving load are
estimated with small error for examples in Cases I, II,
III, and IV considered in this study.

(3) The velocity properties of moving loads are relatively
evaluated by using a quadratic function for represent-
ing continuous moving velocity.

(4) The detections based on the dynamic response such
as displacement, velocity, and acceleration are all
effective in the inverse procedure.

It is concluded from numerical examples that the pro-
posed method works well for the numerical experiments
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that were tested. However, our moving load characterization
using two-dimensional modeling is a limited example for
solving the inverse problem of complex structures with large
degrees of freedom; hence, more advanced studies should be
carried out for more realistic bridge models such as a slab
or continuous bridge. In addition, for the application of an
uncertain measurement system, it is necessary to develop
filtering techniques that are capable of canceling noise signals
thatmay be contained in themeasured data. Furthermore, for
more complicated situations like damaged bridges subjected
to unknown moving loads, more advanced studies that can
simultaneously detect the characteristics of the damage and
the moving load are needed.
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