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Biomedical signal processing aims to provide significant
insights into the analysis of the information flows from
physiological signals. As such, it can be understood as a spe-
cific interdisciplinary scientific discipline. In fact, biomedical
signals extract information from complex biological models
thus proposing challenging mathematical problems, whose
solution has to be interpreted from a biological point of view.
The focus of this special issue is the mathematical analysis
and modeling of time series in living systems and biomedical
signals. The main steps of the biomedical signals processing
are as follows.

(1) Signal processing of biological data implies many
different interesting problems dealing with signal
acquisition, sampling, and quantization. The noise
reduction and similar problems as image enhance-
ment are a fundamental step in order to avoid signif-
icant errors in the analysis of data. Feature extraction
is themost important part of the analysis of biological
signals because of the importance which is clinically
given to even the smallest singularity of the image
(signal).

(2) Information flows from signals imply the modeling
and analysis of spatial structures, self-organization,
environmental interaction, behavior, and develop-
ment. Usually this is related to the complexity analysis
in the sense that the information flows come from
complex systems so that signals show typical features,
such as randomness, nowhere differentiability, fractal

behavior, and self-similarity which characterize com-
plex systems. As a consequence typical parameters
of complexity such as entropy, power spectrum,
randomness, and multifractality play a fundamental
role, because their values can be used to detect the
emergence of clinical pathologies.

(3) Physiological signals usually come as 1D time series or
2D images. The most known biosignals are based on
sounds (ultrasounds), electromagnetic pulses (ECG,
EEG, and MRI), radiation (X-ray and CT), images
(microscopy), and many others. The clinical signal
understanding of them follows from the correct, from
a mathematical point of view, interpretation of the
signal.

(4) Physiological signals are detected and measured by
modern biomedical devices. Amongothers, one of the
main problems is to optimize both the investigation
methods and the device performances.

The papers selected for this special issue represent a
good panel in recent challenges. They represent some of the
most recent advances inmany different clinical investigations
devoted to the analysis of complexity in living systems, like,
for example, network science, dynamical systems theory,
dynamical complexity, pattern analysis, implementation, and
algorithms. They cannot be exhaustive because of the rapid
growing both ofmathematical methods of signal analysis and
of the technical performances of devices. However they aim
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to offer a wide introduction on a multidisciplinary discipline
and to give some of themore interesting and original solution
of challenging problems. Among them themost fascinating is
to understanding of the biological structure and organization,
the intracellular exchange of information, the localization of
information in cell nuclei, and in particular the unrevealing of
the mathematical information (functionally related) content
in DNA.

This special issue contains 23 papers. In the category of
modeling dynamical complexity, L.-P. Tian et al. make com-
plex analysis and parameter estimation of dynamicmetabolic
systems. M. Adib and E. Cretu present wavelet-based artifact
identification and separation technique for EEG signals
during galvanic vestibular stimulation. X. Wu and N. Wu
use thresholded two-phase test sample representation for
outlier rejection in biological recognition. Z.Ma et al. propose
nonlinear Radon transform using Zernike moment for shape
analysis. C.-Y. Liou et al. study structural complexity of DNA
sequence.M. Li et al. investigate heavy-tailed prediction error
in predicting biomedical signals of 1/f noise type. X. Wang
et al. propose reliable RANSAC using a novel preprocessing
model. J. Zheng et al. give fast discriminative stochastic
neighbor embedding analysis.

In the category of methods for analysis of dynamical
complexity, R. Schiavetti and G. Sannino give in vitro evalu-
ation of ferrule effect and depth of post insertion on fracture
resistance of fiber posts. G. Sannino and G. Vairo make
comparative evaluation of osseointegrated dental implants
based on platform-switching concept and find influence
of diameter, length, thread shape, and in-bone positioning
depth on stress-based performance. H.-T. Wu et al. use
multiscale cross-approximate entropy analysis as a measure
of complexity among the aged and diabetic. T. Kauppi et al.
construct benchmark databases and protocols for medical
image analysis with diabetic retinopathy. B. Zhu et al. present
a novel automatic detection system for ECG arrhythmias
using maximum margin clustering with an immune evolu-
tionary algorithm. Y.-S. Juang et al. study optimization and
implementation of scaling-free CORDIC-based direct digital
frequency synthesizer for body care area network systems. Z.
Bian et al. find the effect of Pilates training on alpha rhythm.

In the category of biomedical signal analysis, A. F.
Badea et al. give fractal analysis of elastographic images for
automatic detection of diffuse diseases of salivary glands. Q.
Guan et al. present Bayes clustering and structural support
vectormachines for segmentation of carotid artery plaques in
multicontrastMRI. J. Zhang et al. present self-adaptive image
reconstruction inspired by insect compound eye mechanism.
X. Zheng et al. improve spatial adaptivity of nonlocal means
in low-dosed CT imaging using pointwise fractal dimen-
sion. N. Wu et al. study three-dimensional identification of
microorganisms using a digital holographic microscope. Y.
Tang et al. propose a computational approach to seasonal
changes of living leaves. L. Lin et al. study plane-based
sampling for a ray casting algorithm in sequential medical
images. Y.-S. Juang et al. propose a rate-distortion-based
merging algorithm for compressed image segmentation.

As already mentioned, the topics and papers are not an
exhaustive representation of the area of biomedical signal

processing and modeling complexity of living systems. How-
ever we believe that we have succeeded to collect some of
the most significant papers in this area aiming to improve
the scientific debate in the modern interdisciplinary field of
biomedical signal processing.
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A metabolic system consists of a number of reactions transforming molecules of one kind into another to provide the energy that
living cells need. Based on the biochemical reaction principles, dynamic metabolic systems can be modeled by a group of coupled
differential equations which consists of parameters, states (concentration of molecules involved), and reaction rates. Reaction rates
are typically either polynomials or rational functions in states and constant parameters. As a result, dynamic metabolic systems
are a group of differential equations nonlinear and coupled in both parameters and states. Therefore, it is challenging to estimate
parameters in complex dynamic metabolic systems. In this paper, we propose a method to analyze the complexity of dynamic
metabolic systems for parameter estimation. As a result, the estimation of parameters in dynamic metabolic systems is reduced
to the estimation of parameters in a group of decoupled rational functions plus polynomials (which we call improper rational
functions) or in polynomials. Furthermore, by taking its special structure of improper rational functions, we develop an efficient
algorithm to estimate parameters in improper rational functions. The proposed method is applied to the estimation of parameters
in a dynamic metabolic system. The simulation results show the superior performance of the proposed method.

1. Introduction

Living cells require energy andmaterial for maintaining their
essential biological processes through metabolism, which is
a highly organized process. Metabolic systems are defined by
the enzymes dynamically converting molecules of one type
into molecules of another type in a reversible or irreversible
manner. Modeling and parameter estimation in dynamic
metabolic systems provide new approaches towards the
analysis of experimental data and properties of the systems,
ultimately leading to a great understanding of the language of
living cells and organisms. Moreover, these approaches can
also provide systematic strategies for key issues in medicine,
pharmaceutical, and biotechnological industries [1]. The
formulation and identification ofmetabolic systems generally
includes the building of themathematical model of biological
process and the estimating of system parameters. Because the
components of a pathway interact not only with each other

in the same pathway but also with those in different path-
ways, most (if not all) of mathematical models of metabolic
systems are highly complex and nonlinear. The widely used
approaches for modeling inter- and intracellular dynamic
processes are based on mass action law [1–4]. By mass action
law, the reaction rates are generally polynomials in concen-
trations of metabolites with reaction constants or rational
functions which are a fraction and whose denominator and
numerators are polynomials in concentrations of metabolites
with reaction constants [1–4]. As a result, the mathematical
model is nonlinear not only in the states but also in the
parameters. Estimation of these parameters is crucial to
construct a whole metabolic system [5–7].

In general, all algorithms for nonlinear parameter esti-
mation can be used to estimate parameters in metabolic sys-
tems, for example, Gauss-Newton iteration method, and its
variants such as Box-Kanemasu interpolation method, Lev-
enberg damped least squares methods and Marquardt’s
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Figure 1: Schematic representation of the upper part of glycolysis [4].

method [8, 9]. However, these iteration methods are initial-
sensitive. Another main shortcoming is that these methods
may converge to the local minimum of the least squares cost
function and thus cannot find the real values of parame-
ters. Furthermore, because of their highly complexity and
nonlinearity, Gauss-Newton iterationmethod and its variants
cannot efficiently and accurately estimate the parameters in
metabolic systems [5–7, 10, 11].

In this paper, we propose a systematic method for esti-
mating parameters in dynamic metabolic systems. Typically
mathematical model of dynamic metabolic systems consists
of a group of nonlinear differential equations, some of which
contains several rational functions in which parameters are
nonlinear. In Section 2, we propose a method for model
complexity analysis via the stoichiometric matrix. As a result,
we obtain a group of equations, each of which contains only
one-rational function plus polynomial functions which we
called an improper rational function. Then, based on the
observation that in the improper rational functions both the
denominator and numerator are linear in parameters while
polynomials are also linear in parameters, we develop an iter-
ative linear least squares method for estimating parameters
in dynamic metabolic systems in Section 3. The basic idea
is to transfer optimizing a nonlinear least squares objective
function into iteratively solving a sequence of linear least
squares problems. In Section 4, we apply our developed
method to estimate parameters in a metabolism system.
Finally we give conclusions and some directions of future
work along with this study in Section 5.

2. Model Complexity Analysis for
Parameter Estimation

A dynamic metabolic system consists of 𝑘 substances
(molecules), and 𝑚 reactions can be described by a system
of differential equations as follows:

𝑑𝑥
𝑖

𝑑𝑡
=

𝑚

∑

𝑗=1

𝑐
𝑖𝑗
𝑟
𝑗
, for 𝑖 = 1, . . . , 𝑘, (1)

where 𝑥
𝑖
represents the concentrations of molecule 𝑖, 𝑟

𝑗

represents the reaction rate 𝑗, and 𝑐
𝑖𝑗
represents the stoi-

chiometric coefficient of molecule 𝑖 in reaction 𝑗. The mass
action law in biochemical kinetics [2–4, 12] states that the
reaction rate is proportional to the probability of a collision
of the reactants. This probability is in turn proportional to
the concentration of reactants. Therefore, reaction rate 𝑟

𝑗
is

a function of the concentrations of molecules involved in
reaction 𝑗 and proportion constants.

The stoichiometric coefficient 𝑐
𝑖𝑗
assigned to molecule 𝑖

and reaction 𝑗 can be put into a so-called stoichiometric
matrix C = [𝑐

𝑖𝑗
]
𝑘×𝑚

. Let 𝑋 = [𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑘
]
𝑇 and r =

[𝑟
1
, 𝑟
2
, . . . , 𝑟

𝑚
]
𝑇, and let 𝛽 = [𝛽

1
, 𝛽
2
, . . . , 𝛽

𝑝
]
𝑇 represent the

vector consisting of all independent proportion constants,
and then (1) can be rewritten in the following vector-matrix
format:

𝑑𝑋

𝑑𝑡
= Cr (𝑋,𝛽) . (2)

In principle, the stoichiometric coefficient 𝑐
𝑖𝑗
in matrix C

is a constant integer and can be decided according to how
molecule 𝑖 is involved in reaction 𝑗. According to mass action
law, the expression of reaction rates can be determined to be
polynomials or rational functions with reaction constants [2–
4, 12]. The challenge to build up the mathematic model of
dynamic metabolic system (2) is to estimate the parameter
vector 𝛽, especially when some reaction rates are in the form
of rational functions in which parameters are nonlinear.

If each differential equation in (2) contains one-rational
function without or with polynomial functions, the parame-
ters in model (2) can be estimated by algorithms in [13, 14]
or a new algorithm proposed in the next section of this
paper. Unfortunately, each differential equation contains a
linear combination of several rational functions,whichmakes
the parameter estimation in those coupled differential equa-
tions more difficult. The stoichiometric matrix contains very
important information about the structure of the metabolic
systems and is widely used to analyze the steady state and
flux balance of metabolic systems [2–4]. In this paper, via
the stoichiometric matrix, we propose a systematic method
to transfer a system of differential equations (2) into another
system of differential equations, in which each differential
equation contains at most one-rational function.

Running Example. To illustrate the proposed method, we use
the upper part of glycolysis system as a running example,
showing how the method is applied to this system step after
step. The schematic representation of this system is shown in
Figure 1. The model for this metabolic system is described by
the system of differential equations (2) as follows:

𝑑

𝑑𝑡
Gluc6P = 𝑟

1
− 𝑟
2
− 𝑟
3
,

𝑑

𝑑𝑡
Fruc6P = 𝑟

3
− 𝑟
4
,

𝑑

𝑑𝑡
Fruc1, 6P

2
= 𝑟
4
− 𝑟
5
,
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𝑑

𝑑𝑡
ATP = −𝑟

1
− 𝑟
2
− 𝑟
4
+ 𝑟
6
− 𝑟
7
− 𝑟
8
,

𝑑

𝑑𝑡
ADP = 𝑟

1
+ 𝑟
2
+ 𝑟
4
− 𝑟
6
+ 𝑟
7
+ 2𝑟
8
,

𝑑

𝑑𝑡
AMP = −𝑟

8
.

(3)

Based on the mass action law, the individual reaction rates
can be expressed as

𝑟
1
=

𝑉max,2ATP (𝑡)

𝐾ATP,1 + ATP (𝑡)
,

𝑟
2
= 𝑘
2
ATP (𝑡) ⋅ Gluc6P (𝑡) ,

𝑟
3
= (

𝑉
𝑓

max,3

𝐾Gluc6P,3
Gluc6P (𝑡)

−
𝑉
𝑟

max,3

𝐾Fruc6P,3
Fruc6P (𝑡))

× (1 + (
Gluc6P (𝑡)

𝐾Gluc6P,3
)

+
Fruc6P (𝑡)

𝐾Fruc6P,3
)

−1

,

𝑟
4
=

𝑉max,4(Fruc6P (𝑡))
2

𝐾Fruc6P,4 (1 + 𝜅(ATP (𝑡) /AMP (𝑡))
2
) + (Fruc6P (𝑡))

2
,

𝑟
5
= 𝑘
5
Fruc1, 6P

2 (𝑡) ,

𝑟
6
= 𝑘
6
ADP (𝑡) ,

𝑟
7
= 𝑘
7
ATP (𝑡) ,

𝑟
8
= 𝑘
8𝑓
ATP (𝑡) ⋅ AMP (𝑡) − 𝑘

8𝑟(ADP (𝑡))
2
.

(4)

Model (3) has six ordinary differential equations (ODEs) and
15 parameters contained in eight reaction rates, three out of
which are rational functions. Some ODEs contain more than
one rational reaction rates, which makes the parameter more
difficult.

Comparing (3) to (2) we have the state vector: X =
[Gluc6P; Fruc6P; Fruc1,6P

2
; ATP, ADP, AMP] and stoichio-

metric matrix:

C =

[
[
[
[
[
[
[

[

1 −1 −1 0 0 0 0 0

0 0 1 −1 0 0 0 0

0 0 0 1 −1 0 0 0

−1 −1 0 −1 0 1 −1 −1

1 1 0 1 0 −1 1 2

0 0 0 0 0 0 0 −1

]
]
]
]
]
]
]

]

. (5)

In the following, we describe our proposedmethod to analyze
the complexity of model (2) through the running example.

Step 1. Collect the columns in the stoichiometric matrix
corresponding to the rational reaction rates in model (2) to
construct a submatrix C

𝑟
and collect other columns (cor-

responding to polynomial reaction rates) to construct a
submatrix C

𝑝
. Therefore, we have

𝑑𝑋

𝑑𝑡
= Cr (𝑋,𝛽) = C

𝑟
r
𝑟
(𝑋,𝛽) + C

𝑝
r
𝑝
(𝑋,𝛽) , (6)

where r
𝑟
is the subvector of r and consists of all rational

reaction rates while r
𝑝
is another subvector of r and consists

of all polynomial reaction rates. In this step, we should
make sure that the rank of matrix C

𝑟
equals the number of

rational reaction rates. If the rank of matrixC
𝑟
does not equal

the number of rational reaction rates, it means that some
rational reaction rates are not independent.Thenwe combine
dependent rational reaction rates together to create a new
reaction rate such that all resulted rational reaction rates
should be linearly independent [14]. As a result, the rank of
matrix C

𝑟
will equal the number of rational reaction rates.

For the running example, we have

C
𝑟
= [𝑐
1
, 𝑐
3
, 𝑐
4
] =

[
[
[
[
[
[
[

[

1 −1 0

0 1 −1

0 0 1

−1 0 −1

1 0 1

0 0 0

]
]
]
]
]
]
]

]

,

C
𝑝

= [𝑐
2
, 𝑐
5
, 𝑐
6
, 𝑐
7
, 𝑐
8
] =

[
[
[
[
[
[
[

[

−1 0 0 0 0

0 0 0 0 0

0 −1 0 0 0

−1 0 1 −1 −1

1 0 −1 1 2

0 0 0 0 −1

]
]
]
]
]
]
]

]

,

(7)

and r
𝑟

= [𝑟
1
, 𝑟
3
, 𝑟
4
] and r

𝑝
= [𝑟
2
, 𝑟
5
, 𝑟
6
, 𝑟
7
, 𝑟
8
]. The rank of

matrix C
𝑟
equals 3, which is the number of rational reaction

rates.

Step 2. Calculate the left inverse matrix of C
𝑟
. That is, cal-

culate C−
𝑟
such that

C−
𝑟
C
𝑟
= 𝐼. (8)

As matrix C
𝑟
has the column full rank, matrix C−

𝑟
satisfying

(8) exists although it is typically not unique. For a given
matrix C

𝑟
, C−
𝑟
can be easily found by solving (8) which is

a linear algebraic system. If it is not unique, any matrix
satisfying (8) works for our proposed method.

For the running example, we can have

C−
𝑟

= [

[

1 1 1 0 0 0

0 1 1 0 0 0

0 0 1 0 0 0

]

]

. (9)

Step 3. Multiply (6) by matrix C−
𝑟
from the left to obtain

C−
𝑟

𝑑𝑋

𝑑𝑡
= C−
𝑟
C
𝑟
r
𝑟
(𝑋,𝛽) + C−

𝑟
C
𝑝
r
𝑝
(𝑋,𝛽)

= r
𝑟
(𝑋,𝛽) + C−

𝑟
C
𝑝
r
𝑝
(𝑋,𝛽)

(10)
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or

r
𝑟
(𝑋,𝛽) + C−

𝑟
C
𝑝
r
𝑝
(𝑋,𝛽) = C−

𝑟

𝑑𝑋

𝑑𝑡
. (11)

From its expression, each differential equation in the system
(11) contains only one-rational reaction rates plus a linear
combination of polynomial reaction rates.

For the running example, we have

𝑟
1
− 𝑟
2
− 𝑟
5
=

𝑑

𝑑𝑡
(Gluc6P + Fruc6P + Fruc1, 6P

2
) ,

𝑟
3
− 𝑟
5
=

𝑑

𝑑𝑡
(Fruc6P + Fruc1, 6P

2
) ,

𝑟
4
− 𝑟
5
=

𝑑

𝑑𝑡
Fruc1, 6𝑃

2
.

(12)

Step 4. Calculate matrix C⊥
𝑟
such that

C⊥
𝑟
C
𝑟
= 0, (13)

where C⊥
𝑟
has the full row rank and rank(C⊥

𝑟
) + rank(C−

𝑟
) =

the number of rows in C
𝑟
. Note that C⊥

𝑟
can be easily found

by solving (13), which is a homogenous linear algebraic
system. Again if it is not unique, any matrix satisfying (13)
works for our proposed method.

Then multiply (6) by matrix C⊥
𝑟
from the left to obtain

C⊥
𝑟

𝑑𝑋

𝑑𝑡
= C⊥
𝑟
C
𝑟
r
𝑟
(𝑋,𝛽) + C⊥

𝑟
C
𝑝
r
𝑝
(𝑋,𝛽) = C⊥

𝑟
C
𝑝
r
𝑝
(𝑋,𝛽)

(14)
or

C⊥
𝑟
C
𝑝
r
𝑝
(𝑋,𝛽) = C⊥

𝑟

𝑑𝑋

𝑑𝑡
. (15)

For the running example, we can have

C⊥
𝑟

= [

[

1 1 2 1 0 0

0 0 0 1 1 0

0 0 0 0 0 1

]

]

,

C⊥
𝑟
C
𝑝

= [

[

−2 −2 1 −1 −1

0 0 0 0 1

0 0 0 0 −1

]

]

.

(16)

Step 5. Let𝐷 = C⊥
𝑟
C
𝑝
. If rank(𝐷) ≥ the number of columns,

then solving (15) yields

r
𝑝
(𝑋,𝛽) = (𝐷

𝑇
𝐷)
−1

𝐷
𝑇C⊥
𝑟

𝑑𝑋

𝑑𝑡
. (17)

If rank(𝐷) < the number of columns, it means that some
polynomial reaction rates in (15) are linearly dependent.Then
combine the linearly dependent rates and construct a new
reaction rate vector r

𝑝
(𝑋,𝛽) and full column rank matrix 𝐷

such that

𝐷r
𝑝
(𝑋,𝛽) = 𝐷r

𝑝
(𝑋,𝛽) = C⊥

𝑟
C
𝑝
r
𝑝
(𝑋,𝛽) = C⊥

𝑟

𝑑𝑋

𝑑𝑡
, (18)

and then solving (18) yields

r
𝑝
(𝑋,𝛽) = (𝐷

𝑇

𝐷)𝐷
𝑇C⊥
𝑟

𝑑𝑋

𝑑𝑡
. (19)

For the running example, we have rank(𝐷) < the number
of columns. As the first four columns are linearly dependent,
we can have a new reaction rates−2𝑟

2
−2𝑟
5
+𝑟
6
−𝑟
7
.Therefore,

we have

𝐷 = [

[

1 −1

0 1

0 −1

]

]

, 𝐷
𝑇C⊥
𝑟

= [
1 1 2 1 0 0

−1 −1 −2 0 1 −1
] ,

(20)

and furthermore, noting that (𝑑/𝑑𝑡)(ATP+ADP+AMP) = 0,
from (19) we have

𝑟
6
− 𝑟
7
− 2𝑟
2
− 2𝑟
5

=
𝑑

𝑑𝑡
(Gluc6P + Fruc6P

+ 2Fruc1, 6P
2
+ ATP − AMP) ,

𝑟
8
= −

𝑑

𝑑𝑡
AMP.

(21)

After these five steps, dynamic metabolic system (2) is
transferred into a system of differential equations, in which
each differential equation contains one-rational function
plus polynomial functions ((11) or (12)) or only polynomial
function ((19) or (21)). Parameters in (19) can be analytically
estimated by well-known least squares methods. In the next
section, we describe an algorithm to estimate parameters in
(11).

3. Parameter Estimation Algorithm

After its complexity analysis, estimating parameters in
dynamic metabolic system is reduced to mainly estimating
parameters in a rational function plus polynomial, which
we call the improper rational function. These functions are
nonlinear in both parameters and state variables. Therefore,
estimation of parameters in these models is a nonlinear
estimation problem. In general, all algorithms for nonlinear
parameter estimation can be used to estimate parameters
in the improper rational functions, for example, Gauss-
Newton iteration method and its variants such as Box-
Kanemasu interpolation method, Levenberg damped least
squares methods, Marquardt’s method [9–12, 15], and more
sophisticatedmethods [16].However, these iterationmethods
are initial sensitive. Another main shortcoming is that most
of these methods may converge to the local minimum of
the least squares cost function and thus cannot find the
real values of parameters. In the following, we describe an
iterative linear least squaresmethod to estimate parameters in
the improper rational functions. The basic idea is to transfer
optimizing a nonlinear least squares objective function into
iteratively solving a sequence of linear least squares problems.

Consider the general form of the following improper
rational functions:

𝜂 (X,𝛽) =
𝑁
0 (X) + ∑

𝑝𝑁

𝑖=1
𝑁
𝑖 (X) 𝛽𝑁𝑖

𝐷
0 (X) + ∑

𝑝𝐷

𝑗=1
𝐷
𝑗 (X) 𝛽𝐷𝑗

+

𝑝𝑃

∑

𝑘=1

𝑃
𝑘 (X) 𝛽𝑃𝑘

, (22)
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where the vector X consists of the state variables and the
𝑝-dimensional vector 𝛽 consists of all parameters in the
improper rational function (22), which can naturally be
divided into three groups: those in the numerator of the ratio-
nal functions 𝛽

𝑁𝑖
(𝑖 = 1, . . . , 𝑝

𝑁
), those in the denominator

of the rational function 𝛽
𝐷𝑗

(𝑗 = 1, . . . , 𝑝
𝐷
), and those in the

polynomial 𝛽
𝑃𝑘

(𝑘 = 1, . . . , 𝑝
𝑃
), where we have that 𝑝

𝐷
+𝑝
𝑁
+

𝑝
𝑃

= 𝑝. 𝑁
𝑖
(X) (𝑖 = 0, 1, . . . , 𝑝

𝑁
), 𝐷
𝑗
(X) (𝑗 = 0, 1, . . . , 𝑝

𝐷
),

and 𝑃
𝑘
(X) (𝑘 = 1, . . . , 𝑝

𝑃
) are the known functions nonlinear

in the state variable X and do not contain any unknown
parameters. Either 𝑁

0
(X) or 𝐷

0
(X) must be nonzero, and

otherwise from sensitivity analysis [9, 16] the parameters in
model (22) cannot be uniquely identified.

If there is no polynomial part, model (22) is reduced
to a rational function. Recently, several methods have been
proposed for estimating parameters in rational functions
[5, 6, 13, 14]. The authors in [5, 6] have employed general
nonlinear parameter estimation methods to estimate param-
eters in rational functions. As shown in their results, the
estimation error is fairly large. We have observed that in
rational functions both the denominator and numerator are
linear in the parameters. Based on this observation, we have
developed iterative linear least squares methods in [13, 14] for
estimating parameters in rational functions. Mathematically,
improper rational function (22) can be rewritten as the
following rational function:

𝜂 (X,𝛽) = (𝑁
0 (X) +

𝑝𝑁

∑

𝑖=1

𝑁
𝑖 (X) 𝛽𝑁𝑖

+ (

𝑝𝑃

∑

𝑘=1

𝑃
𝑘 (X) 𝛽𝑃𝑘

)

×(𝐷
0 (X) +

𝑝𝐷

∑

𝑗=1

𝐷
𝑗 (X) 𝛽𝐷𝑗

))

× (𝐷
0
(X) +

𝑝𝐷

∑

𝑗=1

𝐷
𝑗
(X)𝛽
𝐷𝑗

)

−1

.

(23)

However, in the numerator of the model above, there are
𝑝
𝐷
𝑝
𝑃

+ 𝑝
𝑁

+ 𝑝
𝑃
coefficients while there are 𝑝

𝐷
+ 𝑝
𝑁

+

𝑝
𝑃
unknown parameters. When 𝑝

𝑃
= 1, the number of

parameters is equal to the numbers of coefficients, and the
methods developed in [13, 14] can be applied. However, when
𝑝
𝑃

> 1, those methods are not applicable as the number
of parameters is less than the number of coefficients in the
numerator.

In order to describe an algorithm to estimate parameters
in the improper rational function (22) for 𝑛 given groups of
observation data 𝑦

𝑡
and X

𝑡
(𝑡 = 1, 2, . . . , 𝑛), we introduce the

following notation:

𝛽
𝑁

= [𝛽
𝑁1

, 𝛽
𝑁2

, . . . , 𝛽
𝑁𝑝𝑁

]
𝑇

∈ 𝑅
𝑝𝑁 ,

𝛽
𝐷

= [𝛽
𝐷1

, 𝛽
𝐷2

, . . . , 𝛽
𝐷𝑝𝐷

]
𝑇

∈ 𝑅
𝑝𝐷 ,

𝛽
𝑃

= [𝛽
𝑃1

, 𝛽
𝑃2

, . . . , 𝛽
𝑃𝑝𝐷

]
𝑇

∈ 𝑅
𝑝𝑃 ,

𝛽 = [ 𝛽𝑇
𝑃
𝛽𝑇
𝑁
𝛽𝑇
𝐷
]
𝑇

,

𝜑
𝑁

(X
𝑡
) = [𝑁

1
(X
𝑡
) ,𝑁
2
(X
𝑡
) , . . . , 𝑁

𝑝𝑁
(X
𝑡
)] ∈ 𝑅

𝑝𝑁 ,

𝜑
𝐷

(X
𝑡
) = [𝐷

1
(X
𝑡
) , 𝐷
2
(X
𝑡
) , . . . , 𝐷

𝑝𝐷
(X
𝑡
)] ∈ 𝑅

𝑝𝐷 ,

𝜑
𝑃
(X
𝑡
) = [𝑃

1
(X
𝑡
) , 𝑃
2
(X
𝑡
) , . . . , 𝑃

𝑝𝑃
(X
𝑡
)] ∈ 𝑅

𝑝𝑃 ,

Y = [𝑦(1), 𝑦(2), . . . , 𝑦(𝑛)]
𝑇

∈ 𝑅
𝑛
,

Φ
𝑁0

= [𝑁
0
(X
1
) ,𝑁
0
(X
2
) , . . . , 𝑁

0
(X
𝑛
)]
𝑇

∈ 𝑅
𝑛
,

Φ
𝐷0

= [𝐷
0
(X
1
), 𝐷
0
(X
2
), . . . , 𝐷

0
(X
𝑛
)]
𝑇

∈ 𝑅
𝑛
,

Φ
𝑁

=

[
[
[
[
[

[

𝜑
𝑁

(X
1
)

𝜑
𝑁

(X
2
)

...
𝜑
𝑁

(X
𝑛
)

]
]
]
]
]

]

∈ 𝑅
𝑛×𝑝𝑁 ,

Φ
𝐷

=

[
[
[
[
[

[

𝜑
𝐷

(X
1
)

𝜑
𝐷

(X
2
)

...
𝜑
𝐷

(X
𝑛
)

]
]
]
]
]

]

∈ 𝑅
𝑛×𝑝𝐷 ,

Φ
𝑃

=

[
[
[
[
[

[

𝜑
𝑃
(X
1
)

𝜑
𝑃
(X
2
)

...
𝜑
𝑃
(X
𝑛
)

]
]
]
]
]

]

∈ 𝑅
𝑛×𝑝𝑃 ,

Ψ (𝛽
𝐷
) = diag

[
[
[
[
[

[

𝐷
0
(X
1
) + 𝜑
𝐷

(X
1
)𝛽
𝐷

𝐷
0
(X
2
) + 𝜑
𝐷

(X
2
)𝛽
𝐷

...
𝐷
0
(X
𝑛
) + 𝜑
𝐷

(X
𝑛
)𝛽
𝐷

]
]
]
]
]

]

∈ 𝑅
𝑛×𝑛

.

(24)

To estimate parameters in the improper rational function
(22), as in [11], we form a sum of the weighted squared errors
(the cost function) with the notions above as follows:

𝐽 (𝛽) = 𝐽 (𝛽
𝑃
,𝛽
𝑁
,𝛽
𝐷
)

= ∑(𝐷
0
(X
𝑡
) + 𝜑
𝐷

(X
𝑡
)𝛽
𝐷
)
2

× (
𝑁
0
(X
𝑡
) + 𝜑
𝑁

(X
𝑡
)𝛽
𝑁

𝐷
0
(X
𝑡
) + 𝜑
𝐷

(X
𝑡
)𝛽
𝐷

+ Φ
𝑃
𝛽
𝑃
− 𝑦
𝑡
)

2

.

(25)

Minimizing 𝐽(𝛽) with respect to 𝛽 = [𝛽𝑇
𝑃
,𝛽𝑇
𝑁
,𝛽𝑇
𝐷
]
𝑇

can
give the nonlinear least squares estimation of parameters 𝛽

𝑃
,

𝛽
𝑁
, and𝛽

𝐷
.We rewrite the objective function (22) as follows:

𝐽 (𝛽) = ∑[(𝐷
0
(X
𝑡
) + 𝜑
𝐷

(X
𝑡
)𝛽
𝐷
)Φ
𝑃
𝛽
𝑃
+ 𝜑
𝑁

(X
𝑡
)𝛽
𝑁

−𝜑
𝐷

(X
𝑡
) 𝑦
𝑡
𝛽
𝐷

− 𝐷
0
(X
𝑡
) 𝑦
𝑡
+ 𝑁
0
(X
𝑡
)]
2
.

(26)
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Table 1: The true value (from [4]), estimated value, and relative estimation errors.

Parameter name True value Estimated value REE (%)
𝑉max,2 (mM⋅min−1) 50.2747 50.2447 0.0001
𝐾ATP,1 (mM) 0.10 0.10000 0.0399
𝑘
2
(mM−1⋅min−1) 2.26 2.2599 0.0049

𝑉
𝑓

max,3 (mM⋅min−1) 140.282 139.4917 0.5633
𝑉
𝑟

max,3 (mM⋅min−1) 140.282 141.3623 0.7701
𝐾Gluc6P,3 (mM) 0.80 0.7999 1.3884
𝐾Fruc6P,3 (mM) 0.15 0.1499 0.0930
𝑉max,4 (mM⋅min−1) 44.7287 44.6664 0.1372
𝐾Fruc6P,4 (mM2) 0.021 0.0206 1.8457
𝑘 0.15 0.1526 1.7447
𝑘
5
(min−1) 6.04662 6.0466 0.0007

𝑘
6
(min−1) 68.48 68.4837 0.0054

𝑘
7
(min−1) 3.21 3.20797 0.0078

𝑘
8𝑓

(min−1) 432.9 432.8408 0.0137
𝑘
8𝑟
(min−1) 133.33 133.314 0.0120

In the objective function (26), for a given parameters 𝛽
𝐷
in

the first term, we have

𝐽 (𝛽) = 𝐽 (𝛽
𝑃
,𝛽
𝑁
,𝛽
𝐷
,𝛽
𝐷
)

= [A (𝛽
𝐷
)𝛽 − b]

𝑇

[A (𝛽
𝐷
)𝛽 − b] ,

(27)

where

𝐴(𝛽
𝐷
) =

[
[
[

[

Ψ(𝛽
𝐷
)Φ
𝑇

𝑃

Φ
𝑇

𝑁

− diag (𝑌)Φ
𝑇

𝐷

]
]
]

]

∈ 𝑅
𝑛×𝑝

, (28)

b = (Φ
𝐷0

diag (𝑌) − Φ
𝑁0

) ∈ 𝑅
𝑛
. (29)

Then for given parameters 𝛽
𝐷
, we can estimate the param-

eters 𝛽 = [𝛽𝑇
𝑃
,𝛽𝑇
𝑁
,𝛽𝑇
𝐷
]
𝑇

by linear least squares method as
follows:

𝛽 = [A𝑇 (𝛽
𝐷
)A (𝛽

𝐷
)]
−1

A𝑇 (𝛽
𝐷
) b. (30)

Based on the above discussion, we propose the following
iterative linear least squares method.

Step 1. Choose the initial guess for 𝛽0
𝐷
.

Step 2. Iteratively construct matrix A(𝛽𝑠
𝐷
) and vector b by

(28) and (29), respectively, and then solve the linear least
squares problem:

𝐽 (𝛽
𝑠+1

) = [A (𝛽
𝑠

𝐷
)𝛽
𝑠+1

− b]
𝑇

[A (𝛽
𝑠

𝐷
)𝛽
𝑠+1

− b] , (31)

which gives the solution

𝛽
𝑠+1

= [A𝑇 (𝛽𝑠
𝐷
)A (𝛽

𝑠

𝐷
)]
−1

A𝑇 (𝛽𝑠
𝐷
) b (32)

until the stopping criterion is met, where 𝛽𝑠 = [𝛽𝑠𝑇
𝑃

,𝛽𝑠𝑇
𝑁

,

𝛽𝑠𝑇
𝐷

]
𝑇 is the estimation of parameters 𝛽 at step 𝑠.

From (31), if the estimation sequence 𝛽1,𝛽2, . . . is con-
verged to𝛽∗, the objective function (26) reaches itsminimum
value at 𝛽∗. That is, 𝛽∗is the estimation of parameters in
model (22).

There are several ways to set up a stopping criterion. In
this paper the stopping criteria are chosen as


𝛽𝑘 − 𝛽𝑘−1



𝛽𝑘−1


+ 1

≤ 𝜀, (33)

where ‖ ⋅‖ is the Euclidean norm of the vector and 𝜀 is a preset
small positive number, for example, 10−5.

4. Application

To investigate the method developed in previous sec-
tions, this study generates artificial data from the dynamic
metabolic system in the running example with the biochem-
ically plausible parameter values [4] listed in column 2 of
Table 1 and initial values: Gluc6P(0) = 1mM, Fruc6P(0) =
0mM, Fruc1,6P

2
(0) = 0mM, ATP(0) = 2.1mM, ADP(0) =

1.4mM, and AMP (0) = 0.1mM.The trajectory of this system
is depicted in Figure 2. From Figure 2, the concentrations of
all molecules except for Frucose-1,6-biphosphate reach their
its steady states after about 0.1 minutes while Frucose-1,6-
biphosphate after 0.5 minutes. Therefore, we do not use the
data simulated after 0.5 minutes.

Although no noise is added to the artificial data in the
simulation, noises are introduced in numerically calculating
the derivatives by finite difference formulas. In general, the
higher the sampling frequency and more data points are
used, the more accurate the numerical derivatives are. On the
other hand, we may not obtain data with the high frequency
because of experimental limitations in practice. In this study,
the sampling frequency is 100 data points per minute. In
numerically calculating the concentration change rate at each
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Figure 2: Trajectory of system (3).

time point from concentration 𝑥, we adopt the five-point
central finite difference formula as follows:

̇𝑥(𝑡
𝑛
) =

1

12Δ𝑡
[𝑥 (𝑡
𝑛−2

) − 8𝑥 (𝑡
𝑛−1

) + 8𝑥 (𝑡
𝑛+1

) − 𝑥 (𝑡
𝑛+2

)] .

(34)

The estimation accuracy of the proposed method is
investigated in terms of relative estimation error which is
defined as

REE =
‖estimate value − true value‖

‖true value‖
. (35)

As all parameters to be estimated are nonnegative, initial
values are chosen as 0 or 1 in this study. The experimental
results are listed in columns 3 and 4 in Table 1. From column 3
in Table 1, the estimated parameter values are very close to the
corresponding true values. Actually the relative estimation
errors calculated from (29) for all estimated parameters
except for two are less than 1%. This indicates that the
proposed method can accurately estimate the parameters in
this system.

5. Conclusions and Future Work

In this study, we have first described a method to analyze the
complexity of metabolic systems for parameter estimation,
based on the stoichiometric matrix of the metabolic systems.
As a result, the estimation of parameters in the metabolic
systems has been reduced to the estimation of parameters
in the improper rational functions or polynomial functions.
Then we have developed an iterative linear least squares
method for estimating parameters in the improper rational
models. The results from its application to a metabolism
system have shown that the proposed method can accurately
estimate the parameters in metabolic systems.

We do not consider the noises in the data except those
introduced by numerical derivatives in this study. One direc-
tion of future work is to investigate the influence of noises in
the data to the estimation accuracy. In addition, low sampling
frequency is expected, particularly for molecular biological
systems as in practice measurements from them may be
very expensive or it is impossible to sample measurements
with high frequencies. Another direction of future work is
to improve the estimation accuracy of the proposed method
with low sampling frequencies.

Acknowledgments

This work was supported by the Special Fund of Ministry of
Education of Beijing for Distinguishing Professors and Sci-
ence and Technology Funds of Beijing Ministry of Education
(SQKM201210037001) to Li-Ping Tian, by National Natural
Science Foundation of China (NSFC 61134004) to Zhong-
Ke Shi, and by Natural Sciences and Engineering Research
Council of Canada (NSERC) to Fang-Xiang Wu.

References

[1] M. Fussenegger, J. E. Bailey, and J. Varner, “A mathematical
model of caspase function in apoptosis,” Nature Biotechnology,
vol. 18, no. 7, pp. 768–774, 2000.

[2] J. Nielsen, J. Villadsen, and G. Liden, Bioreaction Engineering
Principles, Kluwer Academic Publishers, New York, NY, USA,
2nd edition, 2003.

[3] G. N. Stephanopoulos, A. A. Aritidou, and J. Nielsen,Metabolic
Engineering: Principles and Methodologies, Academic Press, San
Diego, Calif, USA, 1998.

[4] E. Klipp, R. Herwig, A. Kowald, C. Wierling, and H. Lehrach,
Systems Biology in Practice: Concepts, Implementation and
Application,Wiley-VCHandKGaA,Weinheim,Germany, 2005.

[5] K. G. Gadkar, J. Varner, and F. J. Doyle III, “Model identification
of signal transduction networks from data using a state regula-
tor problem,” Systems Biology, vol. 2, no. 1, pp. 17–29, 2005.

[6] K. G. Gadkar, R. Gunawan, and F. J. Doyle III, “Iterative
approach to model identification of biological networks,” BMC
Bioinformatics, vol. 6, article 155, 2005.

[7] I.-C. Chou and E. O. Voit, “Recent developments in parameter
estimation and structure identification of biochemical and
genomic systems,”Mathematical Biosciences, vol. 219, no. 2, pp.
57–83, 2009.

[8] J. V. Beck and K. J. Arnold, Parameter Estimation in Engineering
and Science, John Wiley & Sons, New York, NY, USA, 1977.

[9] A. van den Bos, Parameter Estimation for Scientists and Engi-
neers, John Wiley & Sons, Hoboken, NJ, USA, 2007.

[10] P. Mendes and D. B. Kell, “Non-linear optimization of bio-
chemical pathways: applications to metabolic engineering and
parameter estimation,” Bioinformatics, vol. 14, no. 10, pp. 869–
883, 1998.

[11] C. G. Moles, P. Mendes, and J. R. Banga, “Parameter estimation
in biochemical pathways: a comparison of global optimization
methods,”Genome Research, vol. 13, no. 11, pp. 2467–2474, 2003.

[12] E. Klipp, W. Liebermeister, C. Wierling, A. Kowald, H. Lehracj,
and R. Herwing, Systems Biology: A Textbook, Wiley-VCH and
KGaA, Weiheim, Germany, 2009.



8 Computational and Mathematical Methods in Medicine

[13] F. X. Wu, L. Mu, and Z. K. Shi, “Estimation of parameters
in rational reaction rates of molecular biological systems via
weighted least squares,” International Journal of Systems Science,
vol. 41, no. 1, pp. 73–80, 2010.

[14] F. X. Wu, Z. K. Shi, and L. Mu, “Estimating parameters in
the caspase activated apoptosis system,” Journal of Biomedical
Engineering and Technology, vol. 4, no. 4, pp. 338–354.

[15] L. Marucci, S. Santini, M. di Bernardo, and D. di Bernardo,
“Derivation, identification and validation of a computational
model of a novel synthetic regulatory network in yeast,” Journal
of Mathematical Biology, vol. 62, no. 5, pp. 685–706, 2011.

[16] L. Cheng, Z. G. Hou, Y. Lin, M. Tan, W. C. Zhang, and F.-
X. Wu, “Recurrent neural network for non-smooth convex
optimization problems with application to the identification
of genetic regulatory networks,” IEEE Transactions on Neural
Networks, vol. 22, no. 5, pp. 714–726, 2011.



Hindawi Publishing Corporation
Computational and Mathematical Methods in Medicine
Volume 2013, Article ID 167069, 13 pages
http://dx.doi.org/10.1155/2013/167069

Research Article
Wavelet-Based Artifact Identification and Separation Technique
for EEG Signals during Galvanic Vestibular Stimulation

Mani Adib and Edmond Cretu

Department of Electrical and Computer Engineering, The University of British Columbia, Vancouver, BC, Canada V6T 1Z4

Correspondence should be addressed to Mani Adib; mani.adib@gmail.com

Received 22 March 2013; Accepted 5 June 2013

Academic Editor: Carlo Cattani

Copyright © 2013 M. Adib and E. Cretu. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

We present a newmethod for removing artifacts in electroencephalography (EEG) records during Galvanic Vestibular Stimulation
(GVS).Themain challenge in exploiting GVS is to understand how the stimulus acts as an input to brain. We used EEG to monitor
the brain and elicit the GVS reflexes. However, GVS current distribution throughout the scalp generates an artifact on EEG signals.
We need to eliminate this artifact to be able to analyze the EEG signals during GVS. We propose a novel method to estimate the
contribution of the GVS current in the EEG signals at each electrode by combining time-series regression methods with wavelet
decomposition methods. We use wavelet transform to project the recorded EEG signal into various frequency bands and then
estimate the GVS current distribution in each frequency band.The proposedmethodwas optimized using simulated signals, and its
performance was compared to well-accepted artifact removal methods such as ICA-based methods and adaptive filters.The results
show that the proposed method has better performance in removing GVS artifacts, compared to the others. Using the proposed
method, a higher signal to artifact ratio of−1.625 dBwas achieved, which outperformed othermethods such as ICA-basedmethods,
regression methods, and adaptive filters.

1. Introduction

Brain stimulation by means of electrical currents has been
employed in neurological studies for therapy purposes for
many years [1–5]. However, the ability to analyze the ongoing
neural activities during the stimulation is limited due to the
artifact generated by GVS. The leakage of the stimulation
current through the scalp generates an additional electrical
potential with a much higher amplitude than that of the
neural activities. As a result, higher artifactual potentials are
collected by the EEG electrodes, especially in the neighbour-
hood of stimulation areas.The stimulation artifacts which are
superimposed on the EEG signals are the main obstacle in
understanding the effects of the GVS interactions with neural
circuitries in different brain regions. Analyzing the EEG sig-
nals during GVS stimulation is of high importance, as it pro-
vides information on how it affects the neural activities. For
instance, in suppressing the symptoms of some neurological
disorders using GVS, researchers are interested in eliciting
GVS responses in different brain regions. Furthermore, to be

able to perform GVS studies in closed-loop mode, where the
delivered GVS stimuli are adjusted in response to ongoing
neural activities, it is necessary to remove the stimulation
artifacts from neural activities signals. An experimentally
measured example of EEG signals contaminated with the
GVS artifacts is illustrated in Figure 1.

Considering that the frequency spectra of the neural
signals and GVS artifacts overlap, filtering the frequency
components of GVS artifacts results in the loss of the original
neural signals.The fourmajor EEG frequency bands areDelta
(the lowest frequency band up to 4Hz),Theta (4Hz to 8Hz),
Alpha (8Hz to 12Hz), and Beta (12Hz to 30Hz). In order to
analyze and understand the effect of GVS on EEG patterns, it
is essential to be able to remove the artifact signals from the
frequency band of interest, before establishing any GVS-EEG
interaction models.

There are various methods to remove different types of
artifacts, such as myogenic artifacts [6–9], ocular artifacts
[10–15], extrinsic artifacts such as MRI induced artifacts in
simultaneous EEG/fMRI studies [16], stimulation artifacts
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Figure 1:Measured EEG data during 72 seconds of GVS stimulation
and 60 seconds before and after applying the GVS.

[17–20], and general artifacts and signals that have noncere-
bral origin [21, 22]. One of themost commonly usedmethods
to remove artifacts from EEG signals is the Independent
Component Analysis (ICA). Generally, in the component-
basedmethods such as ICA, the EEG signals are decomposed
into statistically independent and uncorrelated terms; the
artifact components are then identified and filtered out, and
the EEG signals can be reconstructed from the neural compo-
nents without artifacts. However, applying ICA to remove the
GVS stimulation artifacts is challenging, particularly when
we increase the amplitude of the GVS over 1mAwith a signal
to artifact ratio less than −35 dB. We will discuss this in more
detail later in the section “Comparison of the performance of
different artifact removal methods”.

We propose a novel method for GVS artifacts removal
by combining time-series regression methods and wavelet
decompositionmethods. To enhance the precision of the arti-
fact estimation using regression models, the models should
account for the complex behavior of the GVS interactions
in the frequency domain. So we decomposed the recorded
EEG and GVS signals into different frequency bands and
then used regression models to estimate the GVS artifacts
in each frequency band. We used multiresolution wavelet
analysis to decompose nonstationary EEG signals in the time-
frequency plane. Both the discrete wavelet transform (DWT)
and the stationary wavelet transform (SWT) algorithms were
employed, and the results were compared. To estimate the
GVS current distribution through the scalp using time-
series regression methods based on biophysical models, we
used and compared the performance of different parametric
regression models, such as discrete-time polynomials, non-
linear Hammerstein-Wiener, and state-space models.

In this study, we firstly used simulated data to assess and
optimize the performance of the proposed method using
various regression models and different wavelet algorithms.
The resulting optimizedmethodwas then applied to real data.
We compared the results of the proposed method and other
methods, such as ICA, using both simulated and real data.
This paper is organized as follows: Section 2 provides a
detailed description of the equipment and set-up, the data
simulation, the signal processing methods, and the compar-
ison of their performances. Section 3 shows the results of

Table 1: EEG channels.

ch1 ch2 ch3 ch4 ch5 ch6 ch7 ch8 ch9 ch10
FP1 FP2 F7 F3 Fz F4 F8 T7 C3 Cz
ch11 ch12 ch13 ch14 ch15 ch16 ch17 ch18 ch19 ch20
C4 T8 P7 P3 Pz P4 P8 O1 O2 Ref

the proposed artifact removal method, and in Section 4, we
discuss the proposedmethod, its results, and suggestedworks
for the future.

2. Materials and Methods

2.1. Equipment and Setup. The EEG recording was carried
out with a NeuroScan SynAmps2 system, with 20 electrodes
located according to the international 10–20 EEG system
(Table 1) and with a sampling frequency set to 1 kHz.

The GVS signal was applied using a Digitimer DS5 iso-
lated bipolar current stimulator. This stimulator can generate
a stimulation current with a waveform proportional to the
controlling voltage applied to its input. The waveform was
generated using LabVIEWand sent to the stimulator through
a National Instrument (NI) Data Acquisition (DAQ) board.
In this study, we applied a zero-mean pink noise current, with
a 1/𝑓-type power spectrum within a frequency range of 0.1 to
10Hz and duration of 72 seconds. We kept the amplitude of
the delivered stimuli lower than the feeling threshold, in the
range of 100 𝜇A to 800𝜇A, with the root mean square values
between 60𝜇A and 450 𝜇A. The stimulator is equipped with
a data acquisition device to record the delivered stimulus,
which allows us to make a continuous record of the delivered
stimulation current and voltage.We recorded the EEG signals
during the stimulation, 60 seconds before and 60 seconds
after the stimulation. The EEG data for these experiments
were acquired by our collaborator in the Pacific Parkinson’s
Research Centre. Nine healthy subjects (6 males, 3 females),
between the ages of 21 and 53 yr, with no known history of
neurological disease or injury, participated in this study. All
subjects were asked to relax, remain still, and concentrate
on a focal point on the screen in front of them so that
less myogenic and ocular artifacts occur. Also, under resting
conditions, there are less variations in the head impedance
[23], which is important for data acquisition in this study.

2.2. Simulated Data. To quantitatively assess and optimize
the performance of the proposed method and compare the
accuracy of different methods in removing the GVS artifacts
from the EEG recordings, we used simulated data. The simu-
lation study was carried out by combining the clean (artifact
free) EEG recordings with the simulatedGVS contamination.
To simulate the actual process of the GVS contamination, we
paid attention to the physical structure of the electrode-skin
interface and the electrical impedance of the head between
the points that the EEG and the GVS electrodes are placed.
As the skull impedance is much higher than scalp impedance
[23], we can assume that the GVS current mainly distributes
through the scalp. The skin and the electrode-skin interface
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Figure 2: Electrical equivalent circuit for the electrode-skin inter-
face and the underlying skin [24].

can be modeled using a resistive-capacitive circuit [24], as
shown in Figure 2.

In this electrical equivalent circuit, 𝐸
ℎ𝑒

is the half cell
potential of the electrode/gel interface, and the parallel com-
bination of resistive 𝑅

𝑑
and capacitive 𝐶

𝑑
components repre-

sents the impedance associated with the electrode-gel inter-
face. 𝑅

𝑠
is the series impedance associated with the resistance

of the electrode gel. 𝐸
𝑠𝑒
is the potential difference across the

epidermis, whose impedance is represented by the resistance
𝑅
𝑒
and capacitance 𝐶

𝑒
. In general, the dermis and the subcu-

taneous layer under it behave as an equivalent pure resistance
𝑅
𝑢
.Thedeeper layers of the skin, containing vascular, nervous

components and hair follicles, contribute very less to the
electrical skin impedance, but sweat glands and ducts add an
equivalent parallel RC network (represented by broken lines
in Figure 2) and a potential difference between sweat glands,
ducts, dermis, and subcutaneous layers [24]. If we neglect the
pure resistance of the deeper layers of skin and the resistance
of the electrode gel, we can simplify the impedance structure
as follows:

𝑍 (𝑠) ≈ (
𝑅
𝑑

𝑠𝑅
𝑑
𝐶
𝑑
+ 1

+
𝑅
𝑒

𝑠𝑅
𝑒
𝐶
𝑒
+ 1

‖
𝑅
𝑝

𝑠𝑅
𝑝
𝐶
𝑝
+ 1

) . (1)

This equation can be rewritten as

𝑍 (𝑠) ≈
𝑠𝐵
1
+ 𝐵
0

𝑠2𝐴
2
+ 𝑠𝐴
1
+ 1

, (2)

where 𝑠 is the complex frequency variable,𝐴
2
,𝐴
1
, 𝐵
2
, and 𝐵

1

represent specific combinations of 𝑅
𝑑
, 𝑅
𝑒
, 𝑅
𝑝
, 𝐶
𝑑
, 𝐶
𝑒
, and 𝐶

𝑝

for each electrode. This model-based identification approach
suggests the following relation between the injected GVS
current and the collected EEG voltage at a given electrode:

𝐸
𝑚
= 𝑋in

𝑠𝐵
1
+ 𝐵
0

𝑠2𝐴
2
+ 𝑠𝐴
1
+ 1

+ 𝐸 +𝑊noise, (3)
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Figure 3: Fit percentage between the simulation output and the
measured EEG at each channel.

where 𝐸
𝑚

is the measured EEG, 𝑋in is the injected GVS
current, 𝐸 is the original neural signals or EEG without arti-
fact, and𝑊noise is the measurement noise. We simulated this
impedance structure to be able to compute the GVS contri-
bution at each EEG channel output:

𝐸
∗

𝑚
= 𝑋in

𝑠𝐵
1
+ 𝐵
0

𝑠2𝐴
2
+ 𝑠𝐴
1
+ 1

, (4)

where 𝐸∗
𝑚
represents the GVS artifacts in the measured EEG

signals. The simulated impedance structure between GVS
electrodes and all 19 EEG electrodes was used to calculate the
output voltage due to the GVS current (the GVS artifact) at
each EEG electrode (Figure 3).

The fit percentage is a measure of the relative energy
fraction in the simulated GVS artifact calculated as given by:

fit = 100(1 −
∑ (𝐸
𝑚 (𝑡) − 𝐸

∗

𝑚
(𝑡))
2

(∑ (𝐸
𝑚 (𝑡) −mean(𝐸

𝑚 (𝑡))
2
))

) . (5)

The results show that the fitness of simulated GVS artifact
is higher at the EEG electrodes which are closer to the GVS
electrodes and it is lower at further channels like channel
15 (Pz), channel 10 (Cz), channel 5 (Fz), channel 1 (FP1),
and channel 2 (FP2). According to (2), we can assume that
the skin impedance model is a low-order, continuous-time
transfer function with one zero and two poles. To simulate
the skin impedance structure, we used an iterative nonlinear
least-squares algorithm to minimize a selected cost function
taken as the weighted sum of the squares of the errors.
This algorithm has been applied to real measured data, and
the parameters of the impedance model were identified for
each EEG electrode. For instance, the simulated electrical
equivalent impedance for channel 18 (O1, occipital) has been
calculated as:

𝑍 (𝑠) = 𝐾
𝑝

1 + 𝑠𝑇
𝑧

𝑠2𝑇2
𝑤
+ 2𝑠𝜁 ⋅ 𝑇

𝑤
+ 1

(6)

with 𝐾
𝑝

= −40921, 𝑇
𝑤

= 0.10848, 𝜁 = 4.7863, and
𝑇
𝑧
= −2.3726. We used this modeled impedance to simulate
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Figure 4: The fit percentage for the simulated GVS artifact at channel 18 for time intervals (a) 1 sec, (b) 2 sec, (c) 5 sec, (d) 7 sec, (e) 10 sec,
and (f) 14 sec.

the output signal due to scalp propagation between channel
18 and the GVS electrodes (the simulated GVS artifact) which
is the dominant term of the total measured EEG signals, with
a high fit percentage of about 87%.

We calculated the impedance models using the entire
EEG data collected in each trial (70 seconds). To address
the concern about the time-variant properties of the scalp
impedance, we computed the impedance models for shorter

time intervals (e.g., 1s, 2s, 5s, 7s, 10s, and 14s) and analyzed the
fitness of the simulated GVS artifact with the measured EEG
data (Figure 4).

The results show that the fitness of the models does not
vary for different lengths of time intervals, and for different
time intervals it is very close to the fitness of the outputmodel
using the entire 70 seconds EEG data, which is around 87%.
The above results indicate that the impedance of the scalp can
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be represented by one transfer function for the entire trial. To
simulate the measured EEG data during the GVS, we com-
bined the simulated GVS artifacts with the clean EEG data
collected right before the GVS is applied, in order to get a
global data set with known EEG and GVS artifact compo-
nents. This facilitates a quantitative comparison of the effec-
tiveness of the method in removing the undesirable artifact
signals.

2.3. Regression-Based Methods for Artifact Removal. The
injected GVS current and the EEG signals are recorded con-
currently by the measurement system, while the GVS current
distribution through the scalp contaminates the recorded
EEG signals. We can use the recorded GVS current as a refer-
ence to identify the GVS artifacts in the measured EEG sig-
nals. To identify the GVS artifacts in the contaminated EEG
signals, we applied time-series regression methods using dif-
ferent model structures. One class of model structures is the
discrete-time polynomial models, described by the following
general equation:

𝐴 (𝑞) 𝑦 (𝑡) =
𝐵 (𝑞)

𝐹 (𝑞)
𝑢 (𝑡) +

𝐶 (𝑞)

𝐷 (𝑞)
𝑒 (𝑡) . (7)

Here 𝑢(𝑡) is the recorded GVS current, 𝑦(𝑡) is the esti-
mated GVS artifact, and 𝑒(𝑡) is a white noise (mean = 0, vari-
ance = 𝜎

2) which represents the stochastic part of the model.
𝐴(𝑞), 𝐵(𝑞), 𝐶(𝑞), 𝐷(𝑞), and 𝐹(𝑞) are polynomials in terms
of the time-shift operator q which describe the influence of
the GVS current and measurement noise on the EEG data.
Model structures such as ARMAX, Box-Jenkins, andOutput-
Error (OE) are the subsets of the above general polynomial
equation. In ARMAX model 𝐹(𝑞) and 𝐷(𝑞) are equal to 1, in
Box-Jenkins 𝐴(𝑞) is equal to 1, and in Output-Error model
𝐴(𝑞), 𝐶(𝑞), and𝐷(𝑞) are equal to 1.

Another class of model structures is Hammerstein-
Wiener model, which uses one or two static nonlinear blocks
in series with a linear block. This model structure can be
employed to capture some of the nonlinear behavior of
the system. The linear block is a discrete transfer function,
represents the dynamic component of the model, and will be
parameterized using an Output-Error model similar to the
previous model. The nonlinear block can be a nonlinear
function such as dead-zone, saturation, or piecewise-linear
functions. As we have not observed any dead-zone or satura-
tion type of nonlinearity in our data, we chose the piecewise-
linear function by which we can break down a nonlinear sys-
tem into a number of linear systems between the breakpoints.

We also used state-space models in which the relation
between the GVS signals, noise, and the GVS artifacts are
described by a system of first-order differential equations
relating functions of the state variables, noise, and the GVS
signal to the first derivatives of the state variables and Output
equations relating the state variables and the GVS signal to
the GVS artifact.

2.4. Adaptive Filtering Methods for Artifact Removal. Adap-
tive filtering is another approach to remove artifacts. This
method is specifically suitable for real time applications.

The adaptive filter uses the received input data point to refine
its properties (e.g., transfer function or filter coefficients) and
match the changing parameters at every time instant. These
filters have been employed to remove different EEG artifacts
[25].

In our application, the primary input to the adaptive filter
system is the measured contaminated EEG signal 𝐸

𝑚
(𝑛) as a

mixture of a true EEG 𝐸
𝑡
(𝑛) and an artifact component 𝑧(𝑛).

The adaptive filter block takes the GVS current 𝑖GVS(𝑛) as the
reference input and estimates the artifact component.The fil-
ter coefficients ℎ

𝑚
are adjusted recursively in an optimization

algorithm driven by an error signal:

𝑒 (𝑛) = 𝐸
𝑚 (𝑛) − 𝐸GVS (𝑛) = 𝐸

𝑡 (𝑛) − [𝑧 (𝑛) − 𝐸GVS (𝑛)] , (8)

where

𝐸GVS (𝑛) =
𝑀

∑

𝑚=1

ℎ
𝑚
⋅ 𝑖GVS (𝑛 + 1 − 𝑚) . (9)

Because of the function of vestibular systemwhichmodulates
the stimulation signals [26], there is no direct linear correla-
tion between the true EEG 𝐸(𝑛) and the GVS current 𝑖GVS(𝑛).
On the other hand, there is a strong correlation between
the GVS artifact 𝑧(𝑛) and 𝑖GVS(𝑛), so we can calculate the
expected value of 𝑒2 as follows:

𝐸 [𝑒
2
(𝑛)] = 𝐸 [(𝐸

𝑚 (𝑛) − 𝐸GVS (𝑛))
2

] (10)

or

𝐸 [𝑒
2
(𝑛)] = 𝐸 [𝐸

2

𝑡
(𝑛)] − 𝐸 [(𝑧 (𝑛) − 𝐸GVS (𝑛))

2

] . (11)

And as the adjustment of the filter coefficients does not
affect the 𝐸[𝐸2

𝑡
(𝑛)], therefore minimizing the term 𝐸[(𝑧(𝑛) −

𝐸GVS(𝑛))
2
] is equivalent to minimizing 𝐸[𝑒2(𝑛)].

Among the various optimization techniques, we chose the
Recursive Least-Squares (RLS) and the Least Mean Squares
(LMS) for our application. In the section “Comparison of
the performance of different artifact removal methods”, we
compared the results of adaptive filters with those of the other
methods.

2.5. Wavelet Decomposition Methods. In this section, we
explain how we employ the wavelet methods to enhance the
performance of our artifact removal method. The applied
GVS current in this study is a pink noise with frequency band
of 0.1–10Hz. Both the GVS current and the EEG data are
acquired at the sampling rate of 1000Hz. After antialiasing
filtering, the signals are in a frequency range of 0–500Hz.
The following is the power spectrumof theGVS current using
Welch’s method (Figure 5).

As shown above, the main GVS frequency components
are in the range of 0.1 to 10Hz. To achieve the best fit between
the estimated GVS contribution and the measured EEG at
each EEG channel, we broke down the recorded GVS current
and the contaminated EEG data into various frequency
bands by means of wavelet analysis and estimated the GVS
artifacts in each frequency band.Wavelet transform is able to
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Table 2: Frequency bands for approximation and details components.

L1 L2 L3 L4 L5 L6
Approximation 0–250 0–125 0–62.5 0–31.25 0–15.75 0–7.87
Details 250–500 125–250 62.5–125 31.25–62.5 15.75–31.25 7.87–15.75

L7 L8 L9 L10 L11 L12
Approximation 0–3.93 0–1.96 0–0.98 0–0.49 0–0.24 0–0.12
Details 3.93–7.87 1.96–3.93 0.98–1.96 0.49–0.98 0.24–0.49 0.12–0.24
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Figure 5: The GVS current power spectrum.

construct a high resolution time-frequency representation of
nonstationary signals like EEG signals. In wavelet transform,
the signal is decomposed into a set of basis functions,
obtained by dilations and shifts of a unique function 𝜓 called
themother or the prototypewavelet, as opposed to a sine wave
which is used as the basis function in the Fourier Transform.
When the signals are discrete, the discrete wavelet transform
(DWT) algorithm can be applied, and the set of basis func-
tions are defined on a “dyadic” grid in the time-scale plane as

𝜓
𝑗,𝑘 (𝑡) = 2

−(𝑗/2)
𝜓 (2
−𝑗
𝑡 − 𝑘) , (12)

where 2
𝑗 governs the amount of scaling and 𝑘2

𝑗 governs
the amount of translation or time shifting. The wavelet
transform is the inner product of the basis wavelet functions
and the signal in the time domain. In the DWT algorithm,
the discrete time-domain signal is decomposed into high
frequency or details components and low frequency or
approximation components through successive low pass and
high pass filters. For multi resolution analysis, the original
signal is decomposed into an approximation and details parts.
The approximation part is decomposed again by iterating
this process; thus one signal can be decomposed into many
components. The basic DWT algorithm does not preserve
translation invariance. Consequently a translation of wavelet
coefficients does not necessarily correspond to the same
translation of the original signal.This nonstationary property
originates from the downsampling operations in the pyram-
idal algorithm. The algorithm can be modified by inserting
2
𝑗
− 1 zeros between filters coefficients of the layer 𝑗, instead

of down-sampling. This modified version of the DWT
algorithm is called stationary wavelet transform (SWT), and it
can preserve the translation invariance property. In this study,
we applied both DWT and SWT, to decompose the EEG
signals using different mother wavelets such as Symlet and
Daubechies of different orders. Both the GVS current and the
simulated EEG signals were decomposed into 12 levels, and
thus we have the frequency bands for approximation and
detail components, shown in Table 2.

2.6. ICA-Based Methods for Artifact Removal. Independent
Component Analysis (ICA) is a statistical method used to
extract independent components from a set of measured
signals. This method is a special case of the Blind Source Sep-
arationmethods, where the 𝐾 channels of the recorded EEG
signals (𝐸(𝑡) = 𝑒

1
(𝑡), . . . , 𝑒

𝐾
(𝑡)) are assumed to be a linear

combination of 𝑁(𝑁 ≤ 𝐾) unknown independent sources
(𝑆(𝑡) = 𝑠

1
(𝑡), . . . , 𝑠

𝑁
(𝑡)):

𝐸 (𝑡) = 𝑀𝑆 (𝑡) , (13)

where 𝑀 is the unknown mixing matrix defining weights
for each source contributions to the EEG signals recorded at
each channel. In ICA, the measured 𝐾 channel EEG signals
are taken into an 𝑁 dimensional space and projected onto a
coordinate frame where the data projections are minimally
overlapped and maximally independent of each other. There
are various algorithms with different approaches to find the
independent components, such as minimizing the mutual
information or maximizing the joint entropy among the data
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Figure 6:The ICA component attributed to the stimulus artifact, 72
seconds in the middle.

projections. The ICA algorithm we used in this study is
the extended Infomax algorithm [27] which is a modified
version of the Infomax algorithm proposed by Bell and
Sejnowski [28]. It uses a learning rule that switches between
different types of distributions such as Sub-gaussian and
Super-gaussian sources. The extended Infomax algorithm is
implemented in EEGLABMATLAB toolbox [29] and widely
used to analyze EEG studies. The ICA was applied to the
measured EEG set to find the GVS artifacts components.
To remove the GVS artifact we need to find all components
that are attributed to the GVS applied to the subject. These
components can be identified by calculating the correlation
coefficient between the ICA components and the GVS signal.
The temporal structure of the GVS artifact components is
also different from the other components as, during the time
that the GVS is applied, a large amplitude artifact appears
(Figure 6).

We tried two approaches to remove the artifact. The
first approach is to zero out the artifact signals from the
components that account for the GVS parasitic influence
and obtain a new cleaned-up source matrix 𝑆(𝑡). The second
approach is to apply a threshold on the artifact components,
in order to extract the artifact spikes and set them to zero.The
thresholdwas set at three standard deviations above themean
of the EEG signal without the artifact (e.g., the signal before
applying the GVS), and all data points with amplitude over
the threshold were set to zero.Thus we obtained a new source
matrix, 𝑆(𝑡), with the modified components.The threshold at
3 standard deviations of the original neural signals enables
us to keep a major part of the original neural activities
untouched as much as possible (Figure 7).

Eventually, we reconstruct ICA-corrected EEG signals as:

𝐸 (𝑡) = 𝑀𝑆 (𝑡) , (14)

where 𝐸(𝑡) is the new data set which represents the estimated
artifact-free data.

2.7. The Proposed Artifact Removal Method. In the proposed
method, we decomposed the EEG andGVS current signals in
12 frequency bands (Table 2), and then using the regression
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Figure 7: The ICA component attributed to the stimulus artifact
after applying the threshold.

methods, we estimated the GVS artifact components in each
frequency band. Figure 8 shows the process for detecting
GVS artifacts. As shown in this flowchart, in each frequency
band, the GVS artifacts are detected through a regression
analysis, where the GVS signals are taken as the reference
signals.

The estimated GVS artifact frequency components are
subtracted from the contaminated EEG frequency compo-
nents. The wavelet decomposition enables us to focus on
the frequency bands of interest and calculate the estimated
GVS artifacts in each frequency band independently; thus
the regression method can deal better with some nonlinear
behaviors of the skin in the frequency domain. This wavelet-
based time-frequency analysis approach enhances the perfor-
mance of the artifact removal method.The cleaned-up signal
is reconstructed from the proper frequency components of
the estimated GVS signal components in the frequency range
of interest (e.g., 1 Hz to 32Hz). We calculated the correlation
coefficients between the GVS signals and the estimated GVS
artifacts reconstructed from different frequency bands, and
we observed that the regression results improve when we
reconstruct the estimated GVS artifact components from
corresponding frequency bands separately.

The result of the correlation analysis is tabulated in
Table 3. In this analysis, the real data from channel O1,
occipital EEG, was decomposed into 12 frequency bands,
using the SWT algorithm with the mother wavelet db3, and
the GVS current was estimated using OE regression model of
order 2.We calculated Pearson’s correlation for the correlation
analysis as

Corr (𝑢, 𝑦) =
Cov (𝑢, 𝑦)
𝜎
𝑢
⋅ 𝜎
𝑦

, (15)

where 𝑢(𝑡) is the recorded GVS current and 𝑦
𝑖
(𝑡) is the esti-

mated GVS artifact reconstructed from different frequency
components.

The result shows that the correlation between the GVS
signal and the estimated GVS artifact significantly increases
by using wavelet decomposition method. We applied the
wavelet transform to remove frequency components lower
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Table 3: Correlation between the GVS signal and the estimated GVS artifact reconstructed from different frequency components.

Estimated GVS artifact without
wavelet decomposition

Estimated GVS artifact
from 0.12Hz to 250Hz

Estimated GVS artifact
from 0.24Hz to 125Hz

Estimated GVS artifact
from 0.49Hz to 62.5Hz

Correlation 0.6960 0.8463 0.9168 0.9725
Estimated GVS artifact from
0.49Hz to 31.25Hz

Estimated GVS artifact
from 0.49Hz to 15.75Hz

Estimated GVS artifact
from 0.98Hz to 31.25Hz

Estimated GVS artifact
from 0.98Hz to 15.75Hz

Correlation 0.9776 0.9769 0.9899 0.9899
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Figure 8: Flowchart of the process for detecting GVS artifacts in the proposed method.

than 0.98Hz and higher than 31.25Hz, which are not of the
main interest, and the correlation between theGVS signal and
estimated GVS artifact was increased up to 0.9899.

We employed both SWT andDWTalgorithms in the pro-
posed artifact removal method.The difference between SWT
and DWT algorithms was briefly explained in the wavelet
analysis section. We also used various regression models to
estimate the GVS artifact. To assess the performance of the
proposed method using different algorithms and models, we
applied our method to the simulated data and examined
the cleaned-up EEG signals in comparison with the original
artifact-free EEG signals. For this assessment, not only did we
calculate the correlation between the artifact-removed EEG
signals and the original artifact-free EEG signals, but also we
measured the fitness of the artifact-removed signals based
on the normalized residual sum of squares which is sometime
introduced as the normalized quadratic error defined by

RSS
𝑁
=

∑ (𝐸
𝑜 (𝑡) − 𝐸

𝑜 (𝑡))
2

∑(𝐸
𝑜 (𝑡) −mean (𝐸

𝑜 (𝑡)))
2
, (16)

where 𝐸
𝑜
(𝑡) represents the original artifact-free signal and

𝐸
𝑜
(𝑡) is the artifact-removed signal.

We measured the performance of the proposed method
based on the correlation (15) and the normalized residual
sum of squares (16).The choice for the wavelet algorithm and
mother wavelet was made such that the performance of the
artifact removal method is maximized. To compare different
wavelet algorithms and mother wavelets, we employed a
number of mother wavelets from two different wavelet
families which have been commonly used in EEG signal pro-
cessing, Daubechies (𝑑𝑏3, 𝑑𝑏4, and 𝑑𝑏5) and Symlets (𝑠𝑦𝑚3,
𝑠𝑦𝑚4, and 𝑠𝑦𝑚5). Both SWT and DWTwere used with these
motherwavelets in the proposed artifact removalmethod and
applied to the simulated data. We tabulated the normalized
residual sum of squares and the correlation between the
artifact-removed signals and the original artifact-free signals
in the frequency range lower than 31.25Hz (Table 4).

The results show that SWT algorithm has a superior
performance compared to DWT algorithm, and between dif-
ferent mother wavelets both Daubechies and Symlet wavelets
with order of 4 performed better than the others.

Another step to improve the performance of the method,
is finding an optimum regression method to calculate the
estimated GVS artifacts as accurate as possible. We used
three different classes of model structure, Output-Error (OE)
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Table 4: Correlation and normalized residual sum of squares between the artifact-removed signals and the original artifact-free EEG signals
for simulated data using different wavelet decomposition algorithms.

DWT db3 DWT db4 DWT db5 DWT db6 DWT sym3 DWT sym4 DWT sym5 DWT sym6
Corr. 0.8781 0.9023 0.9155 0.9242 0.8781 0.9023 0.9156 0.9242
RSS
𝑁

0.5517 0.4870 0.4503 0.4255 0.5517 0.4870 0.4503 0.4255
SWT db3 SWT db4 SWT db5 SWT db6 SWT sym3 SWT sym4 SWT sym5 SWT sym6

Corr. 0.9932 0.9933 0.9933 0.9932 0.9932 0.9933 0.9933 0.9932
RSS
𝑁

0.1710 0.1700 0.1705 0.1714 0.1710 0.1700 0.1705 0.1714

Table 5: Correlation and normalized residual sum of squares
between the artifact-removed signals and the original artifact-free
EEG signals for simulated data using different models for estimating
the GVS artifacts.

OE2 OE3 OE4 OE5 NLHW2
Corr. 0.9933 0.9933 0.9933 0.9822 0.9934
RSS
𝑁

0.1700 0.1701 0.1704 0.2267 0.1711
SS2 SS3 SS4 NLHW3 NLHW4

Corr. 0.9933 0.8105 0.7466 0.9926 0.9851
RSS
𝑁

0.1704 0.7628 0.9174 0.1230 0.1725

as a simple special case of the general polynomial model,
Hammerstein-Wiener with the piecewise-linear function,
and Space-State models, which were all introduced in the
“Regression-based approach” section. We employed these
models with different orders in the proposed artifact removal
method and applied the proposed method using each of
these models to the simulated data. In order to compare the
performance, we used SWTwith Daubechies 4 to decompose
the contaminated signals, estimated the GVS artifact using
different models, and then assessed the performance in terms
of the correlation and the normalized residual sum of squares
between the original artifact-free signal and the artifact-
removed signal reconstructed in the frequency range lower
than 31.25Hz. The results are tabulated in Table 5.

For nonlinear Hammerstein-Wiener models we used the
piecewise-linear function and broke down the EEG signal
into a number of intervals. We tried a various number of
intervals and observed that, with 4 intervals (or less), we
could get the highest correlation and the least residual.

The results show that, between all those models, both
Output-Error and nonlinear Hammerstein-Wiener have bet-
ter performance. We employed these regression models to
maximize the performance of the proposed method, then we
applied the proposed method to the real data.

We also used two ICA-based methods for removing the
artifact: filtering out the artifact components and applying a
threshold on the artifact components amplitude to remove
the artifact spikes beyond the threshold.

To assess the performances of the ICA methods on the
simulated data, we calculated both the correlation and the
normalized residual sum of squares between the artifact-
removed EEG signals and the original artifact-free EEG
signals.

We compared the ICA-based methods with the pro-
posed methods using the Output-Error and nonlinear

Table 6: Correlation and normalized residual sum of squares
between the artifact-removed signals and the original artifact-free
EEG signals for simulated data using the proposedmethod and ICA-
based methods.

Removing
the ICA
artifact

component

Applying
threshold to
the ICA
artifact

component

SWT decom-
position with
DB4 modeled
with OE2

SWT decom-
position with
DB4 modeled
with NLHW2

Corr. 0.6445 0.6171 0.9933 0.9934
RSS
𝑁

0.9567 1.0241 0.1700 0.1711

Table 7: Correlation between the GVS signals and the estimated
GVS artifact extracted from EEG signals for real data using the
proposed method and ICA-based methods.

Removing
the ICA
artifact

component

Applying
threshold to
the ICA
artifact

component

SWT decom-
position with
DB4 modeled
with OE2

SWT decom-
position with
DB4 modeled
with NLHW2

Corr. 0.6859 0.6858 0.8743 0.8743

Hammerstein-Wiener models order 2, along with 12-level
STW decomposition with DB4 mother wavelet (Tables 6 and
7).

2.8. Comparison of Different Artifact Removal Methods. We
applied different artifact removal methods on real EEG data
acquired during application of GVS. We used the data from
channel O1 (occipital EEG) of different subjects in EEG/GVS
studies. We applied stimulation signals of different ampli-
tudes in our experiments and observed consistent results
from these experiments. By calculating the correlation coef-
ficients between the GVS signals and the estimated GVS arti-
facts, we compared the performance of these methods. First
we compare ICA-based, regression-based, and adaptive filters
without using the wavelet analysis.Then we use the proposed
method where the wavelet analysis was employed to improve
the performance of our artifact removal method.

The best algorithms for ICA-based methods, best models
for regression-based methods and best filters for adaptive
filtering methods were selected. Between different ICA algo-
rithms (as mentioned in the section “ICA-based artifact
removal methods”), the extended Infomax showed better
results. Between regression-based methods (as previously
introduced in the section “Regression-based artifact removal
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Table 8: Correlation between the GVS signals and the estimated
GVS artifact extracted from EEG signals for real data using different
methods.

Method Correlation
ICA-Infomax method (remove the artifact
component) 0.6859

ICA-Infomax method (threshold the artifact
component) 0.6858

Regression method with OE2 0.7673
RLS Adaptive filter (forgetting factor: 0.99997,
length: 2) 0.7615

LMS Adaptive filter (adaptation gain: 0.5, length: 3) 0.7010

Table 9: Correlation between theGVS signal and the estimatedGVS
artifact reconstructed from different frequency components for real
data.

Frequency band Correlation
Estimated GVS artifact without wavelet
decomposition 0.7673

Estimated GVS artifact from 0.12Hz to 250Hz 0.8463
Estimated GVS artifact from 0.24Hz to 125Hz 0.9168
Estimated GVS artifact from 0.49Hz to 62.5Hz 0.9725
Estimated GVS artifact from 0.49Hz to 31.25Hz 0.9776
Estimated GVS artifact from 0.49Hz to 15.75Hz 0.9769
Estimated GVS artifact from 0.98Hz to 31.25Hz 0.9899
Estimated GVS artifact from 0.98Hz to 15.75Hz 0.9899

methods”), OE order 2 showed better performance, and
between adaptive filters (as previously introduced in the
section “Adaptive filtering methods for artifact removal”),
RLS filterwith the forgetting factor of 0.99997, the filter length
of 2, LMS filter with the adaptation gain of 0.5, and the filter
length of 3 had better performance. We tabulated (Table 8)
the correlation between the GVS signals and the estimated
GVS artifacts.

The results show that, between all the above methods,
the regression-based methods are able to estimate the GVS
artifacts with higher correlation with the original GVS sig-
nals. Thus, we employed the regression-based method along
with the wavelet analysis in our proposed method to achieve
the best performance in removing GVS artifact. The wavelet
decomposition method improves the estimation of the GVS
artifacts in both correlation performance and robustness.
This is due to the separate transfer function estimations for
each frequency band, aspect that makes it less prone to non-
linear skin behavior or to other noise sources. Furthermore,
with wavelet decomposition, we can filter out the frequency
components that are not of interest. Removing those fre-
quency components can improve the results of the regression
analysis as well. The cleaned EEG data is reconstructed from
the frequency range of interest (e.g., 1 Hz to 32Hz).

Using a correlation analysis, we show how the wavelet-
based time-frequency analysis approach enhances the per-
formance of the artifact removal method. We calculated
the correlation coefficients between the GVS signals and
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Figure 9: Correlation between the GVS signal and the estimated
GVS artifact using the proposed method (red) and the ICA method
(blue) for different GVS amplitudes.

the estimated GVS artifacts reconstructed from different
frequency bands (tabulated in Table 9). We observed that by
focusing on the frequency components of interest, for exam-
ple, between 1Hz to 32Hz, we could achieve much higher
correlation between the estimated and original GVS signals.

As shown in Table 9, after removing the frequency bands
lower than 0.98Hz and larger than 31.25Hz, which were out-
side our interest at the present time, the correlation between
the GVS signal and the estimated GVS artifact significantly
increases from 0.7673 to 0.9899 by using wavelet decomposi-
tion method.

So far, we showed the proposedmethod has superior per-
formance than the other methods when it is applied to low-
amplitude stochastic GVS signals up to 1mA.We also applied
our artifact removal method to EEG/GVS data sets collected
by our other collaborator in the Sensorimotor Physiology
Laboratory, where higher amplitude pink noise GVS up to
3100 𝜇Awas applied in the EEG/GVS studies. In one data sets,
pink noise GVS in a wide range of amplitudes from 100 𝜇A
to 3100 𝜇A (each 300 𝜇A) was applied, and the EEG/GVS
data were collected. We compared the performance of the
proposed method and the extended Infomax ICA method.
The results show that while the performance of the ICA
method deteriorates as the GVS amplitude is increased, the
proposed method provides a robust performance (Figure 9).

3. Results

In the section “The proposed artifact removal method”, we
optimized the proposed method using the simulated data.
To find the optimum algorithms for signal decomposition,
we compared the SWT and DWT decomposition algo-
rithms using different mother wavelets (the results shown in
Table 4), and to achieve better estimation of theGVS artifacts,
we employed different model structures (results shown in
Table 5).

In the optimized algorithm, we employed the SWT
decomposition algorithm using DB4 mother wavelet and
decomposed the signals into 12 frequency bands.This enabled
us to separate the GVS artifact into different frequency bands
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Figure 10: The fit percentage of the detail components of the
estimated GVS artifacts using the OE model order 2 in each
frequency band.
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Figure 11: The correlation between the detail components of the
estimated GVS signals and the GVS signals for the simulated data
using the OE model order 2 in each frequency bands.

and estimate the artifact using a time-domain regression
model. The comparison of the different model structures
shows that the Output-Error (OE) and the nonlinear Ham-
merstein-Wiener order 2 have similar performances, better
than the other models.

In the previous section, we compared the performance of
different methods and observed that how the combining of
wavelet decomposition and regression analysis (Table 9) can
improve the performance of the artifact removal method for
GVS/EEG studies.

Using the proposed method, we can focus on specific
frequency bands and remove the GVS artifact with better
performance in each frequency band, separately. Figures 10
and 11 show the fit percentage (5) and the correlation (15)
between the detail components of the estimated GVS signals
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Figure 12: The occipital EEG channel data after applying the
proposed artifact removal method using the frequency components
lower than 64Hz.
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Figure 13: The occipital EEG channel data after applying the
proposed artifact removal method using the frequency components
between 1Hz to 32Hz.

and the GVS signals for the simulated data in the frequency
bands introduced in Table 2.

The results show that for frequency components L6 to
L10, which correspond approximately to 8–16Hz, 4–8Hz,
2–4Hz, 1-2Hz, and 0.5–1Hz bands, we can achieve higher
performance in rejecting the GVS artifacts separately. One
of the reasons of the robustness of the method is building
separate equivalent transfer functions for the GVS signals for
each frequency band which helps in maintaining the perfor-
mance of the algorithms for a large range of GVS intensity
levels and frequency ranges. To illustrate the importance of
the wavelet analysis, we depicted the artifact-removed signals
using different frequency components (Figures 12, 13, and 14).

Figure 14 shows that whenwe use specific frequency com-
ponents to estimate the GVS artifacts, we can significantly
suppress the GVS artifact and achieve high signal to artifact
ratio (SAR). SAR is defined as the ratio of the signal amplitude
to the artifact amplitude in decibels (dB). We can achieve an
SARof−1.625 dB in the frequency range of 1Hz–16Hz,while,
using the frequency components in the range of 1Hz–32Hz
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Figure 14: The occipital EEG channel data after applying the
proposed artifact removal method using the frequency components
between 1Hz to 16Hz.

(Figure 13), we can obtain a SAR of −10.498 dB; using the fre-
quency components in the range of 1Hz–64Hz (Figure 12),
we have an SAR of −13.863 dB. In the original contaminated
EEG signals, without removing the GVS artifact (Figure 1),
the SAR is −32.189 dB.

4. Discussion

In the section “Simulated data”, we showed that by simulating
the skin impedance and estimating the transfer function of
the skin (one function for the whole frequency range), we
could reconstruct a major portion of the GVS artifact. As an
example, for channel 18, around 87% of the GVS artifact was
reconstructed (Figure 3), thus we could simulate the contam-
inated EEG signals to assess the performance of the proposed
method.

Using the wavelet decomposition, we were able to recon-
struct up to 96% of the GVS artifact components in some
frequency bands, especially in the frequency range of theGVS
signals (Figure 10).

We showed that the use of the wavelet decomposition can
improve the time domain regression approach to estimate the
GVS artifacts. By means of the combination of the regression
andwavelet analysis in the proposed artifact removalmethod,
we were able to focus on different frequency bands and
significantly improve the SAR of the contaminated EEG data
in specific frequency bands.

The proposed method and the ICA-based methods
behave differently in rejecting the GVS artifact. We observed
a high correlation between the estimated GVS artifacts and
the original GVS signals using the proposed method, but we
could not obtain a good correlation using the ICA-based
methods.

As illustrated earlier, we cannot completely remove the
GVS contamination in all frequency ranges (e.g., over 16Hz).
Removing the whole GVS artifacts remains a problem for the
future approaches.

In this study we also observed that nonlinear Ham-
merstein-Wienermodel of the second order, using piecewise-
linear blocks with 4 breakpoints (or less), provided the same

performance as the Output-Error model of the second order.
This implies that the relationships between the GVS artifacts
at the EEG electrodes and the injected GVS current are linear
and remain constant over the entire epoch. Our simulation
study results also showed that the impedancemodels between
the EEG electrodes and the GVS electrodes remain constant
over the entire epoch (Figure 4) and using short epochs
would not improve the fitness of the impedance models and
the estimation of the GVS artifacts. As a matter of fact, it may
even worsen the estimation of time-domain characteristics.

We also showed that, when we apply the proposed
method to remove the GVS artifacts, less distortion is intro-
duced in the cleaned EEG signals, compared to the distortion
that the other methods (e.g., ICA-based methods) introduce.
Furthermore, using the proposed method, we do not need
to collect and process all EEG channels as in the ICA-
based analysis; therefore it is much faster than the ICA-based
methods. This allows us to have a simple experimental setup
for collecting EEG signals with less EEG channels for theGVS
studies which makes the preparation for the data acquisition
session take less time before the subject gets tired, and more
myogenic and ocular artifacts are introduced. Compared
to the ICA methods, the proposed method is easier to be
implemented in a real time system for future applications.
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Sébastien Blouin, from the Sensorimotor Physiology Labora-
tory, University of British Columbia, for the collection of the
experimental data and for the useful dialogs during ourwork.

References

[1] Y. Yamamoto, Z. R. Struzik, R. Soma, K. Ohashi, and S. Kwak,
“Noisy vestibular stimulation improves autonomic and motor
responsiveness in central neurodegenerative disorders,” Annals
of Neurology, vol. 58, no. 2, pp. 175–181, 2005.

[2] W. Pan, R. Soma, S. Kwak, and Y. Yamamoto, “Improvement
of motor functions by noisy vestibular stimulation in central
neurodegenerative disorders,” Journal of Neurology, vol. 255, pp.
1657–1661, 2008.

[3] S. Pal, S.M. Rosengren, and J. G. Colebatch, “Stochastic galvanic
vestibular stimulation produces a small reduction in sway in
parkinson’s disease,” Journal of Vestibular Research, vol. 19, pp.
137–142, 2009.

[4] Y. Yamamoto, R. Soma, Z. R. Struzik, and S. Kwak, “Can
electrical vestibular noise be used for the treatment of brain
diseases?” in Proceedings of the 4th International Conference on
Unsolved Problems of Noise and Fluctuations in Physics, Biology
and High Technology (UPoN ’05), pp. 279–286, Gallipoli, Italy,
June 2005.

[5] K. S. Utz, V. Dimova, K. Oppenlander, and G. Kerkhoff, “Elec-
trified minds: transcranial direct current stimulation (tdcs)
and galvanic vestibular stimulation (gvs) as methods of non-
invasive brain stimulation in neuropsychology—a review of
current data and future implications,”Neuropsychologia, vol. 48,
no. 10, pp. 2789–2810, 2010.



Computational and Mathematical Methods in Medicine 13

[6] A. J. Shackman, B. W. McMenamin, H. A. Slagter, J. S. Maxwell,
L. L. Greischar, and R. J. Davidson, “Electromyogenic artifacts
and electroencephalographic inferences,” Brain Topography,
vol. 22, no. 1, pp. 7–12, 2009.

[7] B. W. McMenamin, A. J. Shackman, J. S. Maxwell et al.,
“Validation of ica-based myogenic artifact correction for scalp
and source-localized EEG,”NeuroImage, vol. 49, no. 3, pp. 2416–
2432, 2010.

[8] M. Crespo-Garcia, M. Atienza, and J. L. Cantero, “Muscle
artifact removal from human sleep EEG by using independent
component analysis,” Annals of Biomedical Engineering, vol. 36,
no. 3, pp. 467–475, 2008.

[9] B. W. McMenamin, A. J. Shackman, J. S. Maxwell, L. L.
Greischar, and R. J. Davidson, “Validation of regression-based
myogenic correction techniques for scalp and source-localized
EEG,” Psychophysiology, vol. 46, no. 3, pp. 578–592, 2009.

[10] J. Gao, Y. Yang, P. Lin, P. Wang, and C. Zheng, “Automatic
removal of eye-movement and blink artifacts from EEG sig-
nals,” Brain Topography, vol. 23, no. 3, pp. 105–114, 2010.

[11] A. Schlogl, C. Keinrath, D. Zimmermann, R. Scherer, R. Leeb,
and G. Pfurtscheller, “A fully automated correction method of
eog artifacts in eeg recordings,” Clinical Neurophysiology, vol.
118, no. 1, pp. 98–104, 2007.

[12] R. Magjarevic, M. A. Klados, C. Papadelis, C. D. Lithari,
and P. D. Bamidis, “The removal of ocular artifacts from eeg
signals: a comparison of performances for differentmethods,” in
Proceedings of the 4th European Conference of the International
Federation for Medical and Biological Engineering (IFMBE ’09),
J. Sloten, P. Verdonck, M. Nyssen, and J. Haueisen, Eds., vol. 22,
pp. 1259–1263, Springer, Berlin, Germany, 2009.

[13] P. He, G. Wilson, C. Russell, and M. Gerschutz, “Removal of
ocular artifacts from the EEG: a comparison between time-
domain regression method and adaptive filtering method using
simulated data,” Medical and Biological Engineering and Com-
puting, vol. 45, no. 5, pp. 495–503, 2007.

[14] A. Schloegl, A. Ziehe, and K. R. Müller, “Automated ocular
artifact removal: comparing regression and component-based
methods,” Nature Precedings, 2009.

[15] G. L. Wallstrom, R. E. Kass, A. Miller, J. F. Cohn, and N. A.
Fox, “Automatic correction of ocular artifacts in the eeg: a com-
parison of regression-based and component-based methods,”
International Journal of Psychophysiology, vol. 53, no. 2, pp. 105–
119, 2004.

[16] F. Grouiller, L. Vercueil, A. Krainik, C. Segebarth, P. Kahane,
andO.David, “A comparative study of different artefact removal
algorithms for eeg signals acquired during functional MRI,”
NeuroImage, vol. 38, no. 1, pp. 124–137, 2007.

[17] Y. Erez, H. Tischler, A. Moran, and I. Bar-Gad, “Generalized
framework for stimulus artifact removal,” Journal of Neuro-
science Methods, vol. 191, no. 1, pp. 45–59, 2010.

[18] F. Morbidi, A. Garulli, D. Prattichizzo, C. Rizzo, and S. Rossi,
“Application of Kalman filter to remove TMS-induced artifacts
from EEG recordings,” IEEE Transactions on Control Systems
Technology, vol. 16, no. 6, pp. 1360–1366, 2008.

[19] T. I. Aksenova, D. V. Nowicki, and A.-L. Benabid, “Filtering out
deep brain stimulation artifacts using a nonlinear oscillatory
model,”Neural Computation, vol. 21, no. 9, pp. 2648–2666, 2009.

[20] T. Hashimoto, C. M. Elder, and J. L. Vitek, “A template sub-
traction method for stimulus artifact removal in highfrequency
deep brain stimulation,” Journal of Neuroscience Methods, vol.
113, no. 2, pp. 181–186, 2002.

[21] G. Inuso, F. La Foresta,N.Mammone, andF.C.Morabito, “Brain
activity investigation by EEG processing: wavelet analysis, kur-
tosis and Renyi’s entropy for artifact detection,” in Proceedings
of the International Conference on InformationAcquisition (ICIA
’07), pp. 195–200, Seogwipo-si, South Korea, July 2007.

[22] G. Inuso, F. La Foresta, N. Mammone, and F. C. Morabito,
“Wavelet-ICA methodology for efficient artifact removal from
Electroencephalographic recordings,” in Proceedings of the
International Joint Conference on Neural Networks (IJCNN ’07),
pp. 1524–1529, Orlando, Fla, USA, August 2007.

[23] A. T. Tidswell, A. Gibson, R. H. Bayford, and D. S. Holder,
“Electrical impedance tomography of human brain activity
with a two-dimensional ring of scalp electrodes,” Physiological
Measurement, vol. 22, no. 1, pp. 167–175, 2001.

[24] J. G. Webster,Medical Instrumentation-Application and Design,
Wiley, New York, NY, USA, 4th edition, 2009.

[25] A. Garcés Correa, E. Laciar, H. D. Pat̃ıo, andM. E. Valentinuzzi,
“Artifact removal from EEG signals using adaptive filters in
cascade,” Journal of Physics, vol. 90, Article ID 012081, 2007.

[26] R. C. Fitzpatrick and B. L. Day, “Probing the human vestibular
systemwith galvanic stimulation,” Journal of Applied Physiology,
vol. 96, no. 6, pp. 2301–2316, 2004.

[27] T.-W. Lee, M. Girolami, and T. J. Sejnowski, “Independent com-
ponent analysis using an extended infomax algorithm formixed
subgaussian and supergaussian sources,” Neural Computation,
vol. 11, no. 2, pp. 417–441, 1999.

[28] A. J. Bell and T. J. Sejnowski, “An information-maximization
approach to blind separation and blind deconvolution,” Neural
Computation, vol. 7, no. 6, pp. 1129–1159, 1995.

[29] A. Delorme and S. Makeig, “Eeglab: an open source toolbox for
analysis of single-trial EEG dynamics including independent
component analysis,” Journal of Neuroscience Methods, vol. 134,
no. 1, pp. 9–21, 2004.



Hindawi Publishing Corporation
Computational and Mathematical Methods in Medicine
Volume 2013, Article ID 324325, 7 pages
http://dx.doi.org/10.1155/2013/324325

Research Article
Multiscale Cross-Approximate Entropy Analysis as a Measure of
Complexity among the Aged and Diabetic

Hsien-Tsai Wu,1 Cyuan-Cin Liu,1 Men-Tzung Lo,2 Po-Chun Hsu,1 An-Bang Liu,3

Kai-Yu Chang,1 and Chieh-Ju Tang4

1 Department of Electrical Engineering, National Dong Hwa University, No. 1, Section 2, Da Hsueh Road, Shoufeng,
Hualien 97401, Taiwan

2 Research Center for Adaptive Data Analysis & Center for Dynamical Biomarkers and Translational Medicine,
National Central University, Chungli 32001, Taiwan

3Department of Neurology, Buddhist Tzu Chi General Hospital and Buddhist Tzu Chi University, Hualien 97002, Taiwan
4Department of Internal Medicine, Hualien Hospital, Health Executive Yuan, Hualien 97061, Taiwan

Correspondence should be addressed to Hsien-Tsai Wu; dsphans@mail.ndhu.edu.tw

Received 22 March 2013; Revised 27 May 2013; Accepted 1 June 2013

Academic Editor: Shengyong Chen

Copyright © 2013 Hsien-Tsai Wu et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Complex fluctuations within physiological signals can be used to evaluate the health of the human body. This study recruited four
groups of subjects: young healthy subjects (Group 1, 𝑛 = 32), healthy upper middle-aged subjects (Group 2, 𝑛 = 36), subjects with
well-controlled type 2 diabetes (Group 3, 𝑛 = 31), and subjects with poorly controlled type 2 diabetes (Group 4, 𝑛 = 24). Data
acquisition for each participant lasted 30 minutes. We obtained data related to consecutive time series with R-R interval (RRI) and
pulse transit time (PTT). Using multiscale cross-approximate entropy (MCE), we quantified the complexity between the two series
and thereby differentiated the influence of age and diabetes on the complexity of physiological signals. This study used MCE in the
quantification of complexity between RRI and PTT time series. We observed changes in the influences of age and disease on the
coupling effects between the heart and blood vessels in the cardiovascular system, which reduced the complexity between RRI and
PTT series.

1. Introduction

Multiple temporal and spatial scales produce complex fluctu-
ations within the output signals of physiological systems [1].
In recent studies on translational medicine [1–5], researchers
have found that implicit information within the complex
fluctuations of physiological signals can be used to evaluate
health conditions.

Many recent studies [2, 3] have employed nonlinear
dynamical analysis to quantify the complexity of physiolog-
ical signals in the cardiovascular system. Costa et al. [2]
were the first to propose multiscale entropy (MSE) as an
approach to analyze the R-R interval (RRI) series of healthy
individuals and discovered that the RRI series of young
individuals were more complex than that of elderly people.
Wu et al. [3] adopted the same method in an examination of
pulse wave velocity (PWV) and found that the complexity of

these series decreased with aging and/or the progression of
diabetes. In addition to time and space, “coupling behavior”
in the physiological system also affects the complexity of
individual physiological signals, such as RRI or PWV [6].
Drinnan et al. [7] indicated that pulse transit time (PTT)
is influenced by RRI and other cardiovascular variables
and used cross-correlation functions to quantify the phase
relationship between the two time series signals in the
cardiovascular system. They established that there was a
strong correlation betweenPTT andRRI variations in healthy
subjects. However, Pincus [8] claimed that cross-approximate
entropy (Co ApEn) is more effective than cross-correlation
functions in the evaluation of complexity between the two
series.

Despite the fact that Co ApEn has been widely applied
to evaluate the complexity between two time series [9–
12], single-scale entropy values are not necessarily able to



2 Computational and Mathematical Methods in Medicine

identify the dynamic complexity of physiological signals.
Therefore, this study was an attempt to use a multiscale
Co ApEn (MCE) [13] to quantify the complexity between
the synchronous time series of cardiac functions and the
degree of atherosclerosis.We assumed that complexity would
exist in RRI and PTT series of the cardiovascular system
due to the mutual interaction between the heart and blood
vessels. Moreover, we assumed that complexity reduces with
aging and the influence of disease. We used MCE to develop
an index for the quantification of complexity between the
two time series capable of distinguishing between healthy
individuals and those with diabetes.

2. Methods

2.1. Study Design. This study evaluated the influences of age
and diabetes on RRI and PTT. Considering that RRI and PTT
are nonlinear, cardiovascular variables, we tested the applica-
bility of MCE in the study subjects and investigated whether
this dynamic parameter could provide further information
related to the clinical control of diabetes.

2.2. Subject Populations and Experiment Procedure. Between
July 2009 and March 2012, four groups of subjects were
recruited for this study: young healthy subjects (Group 1, age
range: 18–40, 𝑛 = 32), healthy upper middle-aged subjects
(Group 2, age range: 41–80, 𝑛 = 36), subjects with well-
controlled type 2 diabetes (Group 3, age range: 41–80, 𝑛 =

31, 6.5% ≦ glycosylated hemoglobin (HbA1c) < 8%), and
subjects with poorly controlled type 2 diabetes (Group 4, age
range: 41–80, 𝑛 = 24, HbA1c ≧ 8%) [3]. The other 22 subjects
were excluded due to incomplete or unstable waveform data
acquisition. All diabetic subjects were recruited from the
HualienHospital DiabeticOutpatient Clinic; healthy controls
were recruited from a health examination program at the
same hospital. None of the healthy subjects had personal
or family history of cardiovascular disease. Type 2 diabetes
was diagnosed as either fasting sugar higher than 126mg/dL
or HbA1c ≧ 6.5%. All diabetic subjects had been receiving
regular treatment and follow-up care in the clinic for more
than two years. Regarding the use of medications, there was
no significant difference in the type (i.e., antihypertensive,
lipid-lowering, and hypoglycemic medications), dosage, and
frequency among the well-controlled and poorly controlled
diabetic subjects.This studywas approved by the Institutional
Review Board (IRB) of Hualien Hospital and National Dong
Hwa University. All subjects refrained from caffeinated bev-
erages and theophylline-containing medications for 8 hours
prior to each hospital visit. Each subject gave informed
consent, completed questionnaires on demographic data and
medical history, and underwent blood sampling prior to data
acquisition. Blood pressure was obtained once from the left
arm of supine subjects using an automated oscillometric
device (BP3AG1,Microlife, Taiwan) with a cuff of appropriate
size, followed by the acquisition of waveform data from
the second toe using a six-channel ECG-PWV [14, 15] as
previously described.

2.3. Data Collection and Calculation of RRI and PTT Series.
All subjects were permitted to rest in a supine position in a
quiet, temperature-controlled room at 25 ± 1∘C for 5 minutes
prior to subsequent 30-minute measurements. Again, a good
reproducibility of six-channel ECG-PWV system [14, 15]
was used for waveform measurement from the second toe.
Infrared sensors were simultaneously applied to points of ref-
erence for the acquisition of data. Electrocardiogram (ECG)
measurementswere obtained using the conventionalmethod.
After being processed through an analog-to-digital converter
(USB-6009 DAQ, National Instruments, Austin, TX USA) at
a sampling frequency of 500Hz, the digitized signals were
stored on a computer. Because of its conspicuousness, the R
wave in Lead II was selected as a reference point: the time
interval between the R-wave peak of the jth cardiac cycle to
the footpoint of the toe pulse from the left foot was defined as
PTT(j); the time difference between the two continues peak
of ECG R wave was defined as RRI(i), as shown as Figure 1.

Using ECG and photoplethysmography (PPG), we
obtained the RRI series {RRI(𝑖)} = {RRI(1),RRI(2), . . . ,
RRI(1000)} and PTT series {PTT(𝑗)} = {PTT(1),PTT(2), . . . ,
PTT(1000)} from each subject. All series were retrieved from
1000 consecutive, stable ECG tracings and PPG toe pulse
signals synchronous with the cardiac cycle [14].

Due to a trend within physiological signals [6, 16],
nonzeromeansmay be included; therefore, we used empirical
mode decomposition (EMD) [17] to deconstruct the {RRI(𝑖)}
and {PTT(𝑗)} series, thereby eliminating the trend from
the original series. We then normalized the {RRI(𝑖)} and
{PTT(𝑗)} series, as shown in (1). In these equations, SD

𝑥
and

SD
𝑦
represent the standard deviations of series {RRI(𝑖)} and

{PTT(𝑗)}, respectively. Complexity analysis was performed
on the normalized results, {RRI(𝑖)} and {PTT(𝑗)}. Consider

{RRI (𝑖)} =
{RRI (𝑖)}
SD
𝑥

,

{PTT (𝑗)} =
{PTT (𝑗)}

SD
𝑦

.

(1)

2.4. Multiscale Cross-Approximate Entropy (MCE) Using Nor-
malized RRI and PTT Series Together. Previous studies [1–3,
18] have employed MSE to overcome comparison difficulties
at a scale factor of 1, when physiological complexity is
reduced due to age or disease. However, other research [7]
has indicated a strong relationship between variations in PTT
series and RRI series; therefore, we used MCE to investigate
the interactions between PTT and RRI.

2.4.1. Coarse-Grained Process and Cross-Approximate Entropy
(Co ApEn). MSE involves the use of a scale factor 𝜏 (𝜏 =

1, 2, 3, . . . , 𝑛), which is selected according to a 1D series of
consecutive cycles. This factor enables the application of
a coarse-graining process capable of deriving a new series
prior to the calculation of entropy in each new individ-
ual series [1–3, 18]. Using this approach, we performed
coarse-graining on the normalized 1D consecutive cycles of
the {RRI(𝑖)} and {PTT(𝑗)} series based on scale factor 𝜏,
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Figure 1: 1000 consecutive data points from ECG signals and PPG signals: PTT(j) refers to the time interval between the R-wave peak of the
jth cardiac cycle to the footpoint of the toe pulse from the left foot.

thereby obtaining the series {RRI(𝜏)} and {PTT(𝜏)} as shown
in (2). We then calculated entropy as follows:

RRI(𝑢)(𝜏) = 1

𝜏

𝑢𝜏

∑

𝑖=(𝑢−1)𝜏+1

RRI (𝑖) , 1 ≤ 𝑢 ≤
1000

𝜏
,

PTT(𝑢)(𝜏) = 1

𝜏

𝑢𝜏

∑

𝑗=(𝑢−1)𝜏+1

PTT (𝑗) , 1 ≤ 𝑢 ≤
1000

𝜏
.

(2)

Previous studies [19, 20] have used Co ApEn, an
improved analysis method of approximate entropy, to ana-
lyze two synchronous physiological time series, define their
relationship, and calculate the complexity within that rela-
tionship [8, 21]. This method utilizes the dynamic changes
between the two series to evaluate the physiological system.
Similarities between changes in the two series can be used
to observe the regulatory mechanisms in the physiological
system. However, many studies [8, 19–21] presented their
results at a scale factor of 1. To obtain a deeper understanding
of the complexity of the physiological system, we utilized
coarse-grained {RRI(𝜏)} and {PTT(𝜏)} series to calculate the
Co ApEn at each scale, using (7). We refer to this approach
as multiscale cross-approximate entropy (MCE). The details
of the algorithm are as follows [22].

(1) For given𝑚, for two sets of𝑚-vectors,

x (𝑖) ≡ [RRI(𝜏) (𝑖) RRI(𝜏) (𝑖 + 1) ⋅ ⋅ ⋅ RRI(𝜏) (𝑖 + 𝑚 − 1)] ,

𝑖 = 1, 𝑁 − 𝑚 + 1,

y (𝑗)

≡ [PTT(𝜏) (𝑗) PTT(𝜏) (𝑗 + 1) ⋅ ⋅ ⋅ PTT(𝜏) (𝑗 + 𝑚 − 1)] ,

𝑗 = 1, 𝑁 − 𝑚 + 1.

(3)

(2) Define the distance between the vectors x(𝑖), y(𝑗)
as the maximum absolute difference between their
corresponding elements, as follows:

𝑑 [x (𝑖) ,y (𝑗)]

=
𝑚max
𝑘=1

[

RRI(𝜏) (𝑖 + 𝑘 − 1) − PTT(𝜏) (𝑗 + 𝑘 − 1)


] .

(4)

(3) With the given x(𝑖), find the value of 𝑑[x(𝑖),y(𝑗)]
(where 𝑗 = 1 to𝑁 –𝑚 + 1) that is smaller than or equal
to r and the ratio of this number to the total number
of𝑚-vectors (𝑁 –𝑚 + 1). That is,

let𝑁𝑚RRI(𝜏)PTT(𝜏)(𝑖) = the number of y(𝑗) satisfy-
ing the requirement 𝑑[x(𝑖),y(𝑗)] ≦ 𝑟, then

𝐶
𝑚

RRI(𝜏)PTT(𝜏) (𝑖) =
𝑁
𝑚

RRI(𝜏)PTT(𝜏) (𝑖)

𝑁 − 𝑚 + 1
. (5)

C𝑚RRI(𝜏)PTT(𝜏)(𝑖) measures the frequency of the
m-point PTT(𝜏) pattern being similar (within a
tolerance of ±𝑟) to the 𝑚-point RRI(𝜏) pattern
formed by x(𝑖).

(4) Average the logarithm of 𝐶
𝑚

RRI(𝜏)PTT(𝜏)(𝑖) over 𝑖 to
obtain 𝜙

𝑚

RRI(𝜏)PTT(𝜏)(𝑟), as follows:

𝜙
𝑚

RRI(𝜏)PTT(𝜏) (𝑟) =
1

𝑁 − 𝑚 + 1

𝑁−𝑚+1

∑

𝑖=1

ln𝐶𝑚RRI(𝜏)PTT(𝜏) (𝑖) . (6)

(5) Increase 𝑚 by 1, and repeat steps 1∼ 4 to obtain
𝐶
𝑚+1

RRI(𝜏)PTT(𝜏)(𝑖), 𝜙
𝑚+1

RRI(𝜏)PTT(𝜏)(𝑟).
(6) Finally, take Co ApEnRRI(𝜏)PTT(𝜏)(𝑚, 𝑟) = lim

𝑁→∞

[𝜙
𝑚

RRI(𝜏)PTT(𝜏)(𝑟) − 𝜙
𝑚+1

RRI(𝜏)PTT(𝜏)(𝑟)] and for 𝑁-point
data, the estimate is

Co ApEnRRI(𝜏)PTT(𝜏) (𝑚, 𝑟,𝑁) = 𝜙
𝑚

RRI(𝜏)PTT(𝜏) (𝑟)

− 𝜙
𝑚+1

RRI(𝜏)PTT(𝜏) (𝑟) ,
(7)
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where 𝑚 represents the chosen vector dimension, 𝑟
represents a tolerance range, and𝑁 is the data length.
To ensure efficiency and accuracy of calculation, the
parameters of this study were set at 𝑚 = 3, 𝑟 = 0.15,
and𝑁 = 1000.

2.4.2. RRI and PTT-Based Multiscale Cross-Approximate
Entropy Index (MCEI) for Small and Large Scales. The values
of Co ApEnRRI(𝜏)PTT(𝜏)(𝜏)were obtained from a range of scale
factors between 1 and 20 using theMCEdata analysismethod.
The values of Co ApEnRRI(𝜏)PTT(𝜏)(𝜏) between scale factors
1 and 5 were defined as small scale; those between scale
factors 6 and 20 were defined as large scale [23]. The sum
of MCE between scale factors 1 and 5 was MCEISS in (8),
while the sum of MCE between scale factors 6 and 20 was
MCEILS in (9). Defining and calculating these two indices of
multiscale cross-approximate entropy enables the assessment
and quantification of complexity in RRI and PTT between
different scale factors. Consider

MCEISS =
5

∑

𝜏=1

Co ApEnRRI(𝜏)PTT(𝜏) (𝜏) , (8)

MCEILS =
20

∑

𝜏=6

Co ApEnRRI(𝜏)PTT(𝜏) (𝜏) . (9)

2.5. Multiscale Entropy Index (MEI) Using RRI or PTT Only.
Sample entropy (𝑆

𝐸
) was used to quantify the complexity of

RRI or PTT series in twenty scales. The values of 𝑆
𝐸
between

scale factors 1 and 5were defined as small scale, whereas those
between scale factors 6 and 20 were defined as large scale.The
sum of MSE in small scale was defined as MEISS, while the
sum of MSE in large scale was MEILS [3].

2.6. Statistical Analysis. Average values were expressed as
mean ± SD. Significant differences in anthropometric, hemo-
dynamic, and computational parameters (i.e., RRI, PTT,
MCEISS, and MCEILS) between different groups were deter-
mined using an independent sample 𝑡-test. Statistical Package
for the Social Science (SPSS, version 14.0 for Windows) was
used for all statistical analysis. A 𝑃 value less than 0.05 was
considered statistically significant.

3. Results

3.1. Comparison of Basic Demographic and Cardiovascular
Parameters in Different Groups. Table 1 presents the basic
demographic parameters of Group 1 and Group 2, showing
no significant difference in major demographic parameters
except for age, HbA1c levels, and body height. Significant
differences were observed in body mass index (BMI), waist
circumference, systolic blood pressure (SBP), pulse pressure
(PP), HbA1c levels, and fasting blood sugar level between
Group 2 and Group 3 (Group 3 > Group 2). In addition,
significant differences were also observed in HbA1c levels,
triglycerides, and fasting blood sugar level between Group 3
and Group 4.

3.2. MCEI
𝐿𝑆

as Parameters Indicative of Age and Diabetic
Control. There were no significant differences in the val-
ues of 𝑆

𝐸
(RRI) and 𝑆

𝐸
(PTT) at any scale (Figure 2), or

in MEISS(RRI), MEILS(RRI), MEISS(PTT), and MEILS(PTT)
among the 4 groups (Table 1).

Figure 3 summarizes the results of the MCE analysis
for the values of RRI and PTT time series over 1000
identical cardiac cycles obtained from the four groups of
participants. At a scale factor of 1 (𝜏 = 1), the magnitudes
of Co ApEnRRI(1)PTT(1)(1) ranked as follows: Group 1/Group
3/Group 4/Group 2. The value of Co ApEnRRI(𝜏)PTT(𝜏)(𝜏)
began dropping in all groups at a scale factor of 2 (𝜏 = 2).

Beginning at a scale factor of 3 (𝜏 = 3), the reduction in
Co ApEnRRI(𝜏)PTT(𝜏)(𝜏) in Group 1 slowed. However, in the
other groups, the values continued decreasing rapidly. Begin-
ning at a scale factor of 5 (𝜏 = 5), the Co ApEnRRI(𝜏)PTT(𝜏)(𝜏)
of Group 2 achieved stability with only minor fluctuations.
The decline in Co ApEnRRI(𝜏)PTT(𝜏)(𝜏) in Group 4 remained
greater than that in Group 3.When plotted against large scale
factors (i.e., 6–20), the magnitudes of Co ApEnRRI(𝜏)PTT(𝜏)(𝜏)
ranked as follows: Group 1, Group 2, Group 3, and Group 4.

MCEISS only presented a significant difference between
Groups 1 and 2 (10.18 ± 0.52 versus 9.42 ± 0.70, 𝑃 < 0.01).The
differences among Groups 2, 3, and 4 did not reach statistical
significance. In comparison, MCEILS presented significant
differences among all four of the groups (Group 1 versus
Group 2: 28.30 ± 1.26 versus 25.96 ± 1.99, 𝑃 < 0.01; Group
2 versus Group 3: 25.96 ± 1.99 versus 23.14 ± 1.85, 𝑃 < 0.01;
Group 3 versus Group 4: 23.14 ± 1.85 versus 20.13 ± 1.73,
𝑃 < 0.01) (Table 1).

4. Discussion

Since Pincus and Singer’s study [19], Co ApEn has generally
been used to reveal similarities between two synchronous,
consecutive variables within a single network. This approach
has also been used to research the complexity of physio-
logical signals [12, 19]; however, the influence of multiple
temporal and spatial scales creates complexity. Thus, this
study employed multiscale Co ApEn (MCE) to evaluate the
complexity between the cardiac function-related parameter,
RRI, and the atherosclerosis-related parameter, PTT, in the
cardiovascular systems of various subject groups.

Previous studies [1, 2, 18] have also indicated that physio-
logical signals are generally nonlinear and exist in nonstation-
ary states. The use of MSE to quantify complexity within the
times series of a single type of physiological signal (i.e., RRI
or PWV) demonstrated that the complexity of physiological
signals decreases with aging [2] or with the influence of
diabetes [3]. In this study, although we used MSE to quantify
complexity of RRI or PTT series, there were no significant
differences in MEISS(RRI), MEILS(RRI), MEISS(PTT), and
MEILS(PTT) between well-controlled and poor-controlled
diabetic subjects. Therefore, the influence of the degree of
glycemic control on complexity of physiological signalsmight
not be evaluated efficiently according to the use ofMSE when
analyzing single time series (i.e., RRI or PTT).

Drinnan et al.’s study [7] stated that cardiovascular
variables such as RRI and PTT are regulated by complex
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Table 1: Comparisons of demographic, anthropometric, and serum biochemical parameters, MCEISS, and MCEILS among different subject
populations.

Parameters Group 1 Group 2 Group 3 Group 4
Age, year 26.56 ± 9.60 58.19 ± 8.29

∗∗
62.74 ± 0.55 60.58 ± 7.68

Body height, cm 169.38 ± 7.92 162.83 ± 6.85
∗∗

161.56 ± 8.97 161.17 ± 7.28

Body weight, kg 66.38 ± 12.21 65.22 ± 11.55 69.40 ± 11.37 73.75 ± 14.86

BMI, kg/m2
23.02 ± 3.27 24.55 ± 3.90 26.52 ± 3.21

†
28.42 ± 5.47

Waist circumference, cm 81.20 ± 11.09 82.94 ± 11.00 93.33 ± 9.37
††

97.46 ± 3.77

SBP, mmHg 116.50 ± 12.89 115.67 ± 14.12 128.32 ± 16.08
††

128.46 ± 16.36

DBP, mmHg 71.44 ± 6.70 74.75 ± 9.93 75.58 ± 9.63 78.21 ± 9.89

PP, mmHg 42.97 ± 0.96 40.92 ± 9.29 52.74 ± 14.34
††

50.25 ± 13.12

HbA1c, % 5.43 ± 0.32 5.84 ± 0.34
∗∗

6.74 ± 0.62
††

9.36 ± 1.59
‡‡

Triglyceride, mg/dL 88.88 ± 62.54 114.06 ± 88.15 120.87 ± 47.74 168.04 ± 98.43
‡

Fasting blood sugar, mg/dL 93.13 ± 6.96 97.78 ± 14.69 127.27 ± 24.75
††

183.96 ± 58.66
‡‡

MEISS(RRI) 9.31 ± 0.54 8.54 ± 0.78 8.00 ± 1.08
†

7.64 ± 0.81

MEILS(RRI) 27.11 ± 2.16 26.38 ± 2.07 25.59 ± 2.89 25.45 ± 3.25

MEISS(PTT) 9.97 ± 0.38 9.90 ± 0.40 9.85 ± 0.56 9.50 ± 1.41

MEILS(PTT) 26.73 ± 2.40 23.86 ± 3.71
∗∗

21.65 ± 2.55
†

21.06 ± 4.92

MCEISS 10.18 ± 0.52 9.42 ± 0.70
∗∗

9.41 ± 0.62 9.25 ± 0.39

MCEILS 28.30 ± 1.26 25.96 ± 1.99
∗∗

23.14 ± 1.85
††

20.13 ± 1.73
‡‡

Group 1: healthy young subjects, Group 2: healthy uppermiddle-aged subjects, Group 3: type 2 diabetic well-controlled patients, Group 4: type 2 diabetic poorly
controlled patients. Values are expressed as mean ± SD. BMI: body mass index; SBP: systolic blood pressure; DBP: diastolic blood pressure; PP: pulse pressure;
HbA1c: glycosylated hemoglobin; MEISS(RRI): R-R interval-based multiscale entropy index with small scale; MEILS(RRI): R-R interval-based multiscale
entropy index with large scale; MEISS(PTT): pulse transit time-based multiscale entropy index with small scale; MEILS(PTT): pulse transit time-based
multiscale entropy index with large scale; MCEISS: multiscale Co ApEnRRI(𝜏)PTT(𝜏) (𝜏) index with small scale; MCEILS: multiscale Co ApEnRRI(𝜏)PTT(𝜏) (𝜏)
index with large scale.
†
𝑃 < 0.05 Group 2 versus Group 3, ‡𝑃 < 0.05 Group 3 versus Group 4. ∗∗𝑃 < 0.01 Group 1 versus Group 2, ††𝑃 < 0.01 Group 2 versus Group 3, and ‡‡𝑃 <
0.01 Group 3 versus Group 4.
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Figure 2:Multiscale entropy (MSE) analysis of (a) RRI and (b) PTT time series showing changes in sample entropy, 𝑆
𝐸
, among the four groups

of study subjects for different scale factors. Symbols represent the mean values of entropy for each group, and bars represent the standard
error (given by SE = SD/√𝑛, where 𝑛 is the number of subjects).
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Figure 3: Co ApEnRRI(𝜏)PTT(𝜏) (𝜏) curve of the four groups was cal-
culated using the MCE calculation (𝜏 = 1∼20) on 1000 consecutive
RRI and PTT times series. Symbols represent the mean values of
entropy for each group, and bars represent the standard error (given
by SE = SD/√𝑛, where n is the number of subjects).

physiological systems and that a strong relationship exists
between variations in PTT and those in RRI. We there-
fore employed the Co ApEn integrated with preprocessing
coarse-graining to calculate MCEI values as well as the
complexity between the synchronous time series RRI and
PTT. Figure 3 shows that at small-scale factors (from 1 to 5),
it is difficult to determine the influence of age, diabetes, or
glycemic control based on the complexity between the time
series RRI and PTT using Co ApEnRRI(𝜏)PTT(𝜏)(𝜏). Similarly,
MCEISS indicates only that aging reduces the complexity
between the two time series. This finding is similar to that
of previous studies [3]. As the scale factor increased (from
6 to 20), Co ApEnRRI(𝜏)PTT(𝜏)(𝜏) began revealing significant
differences between the four study groups (Figure 3). Table 1
shows that the MCEILS values of the young healthy subjects
were the highest, whereas subjects with poorly controlled
type 2 diabetes were the lowest. This may be due to the fact
that the coupling effect between the heart and the blood
vessels in the cardiovascular system varies according to age
and the influence of disease [24, 25]. In other words, the
complexity between the time series RRI and PTT decreases
due to age and disease.

Although the MCEILS can be used to quantify the com-
plexity of RRI and PTT and have been shown to effectively
identify significant difference among study groups, limita-
tions still exist. First, a lengthy process of data acquisition and
considerable calculation and off-line processing is needed.
MCE analysis involves a 30-minutemeasurement, as opposed
to the relatively shorter duration measurement of only RRI
and PTT, making the process tiring for participants. The
nature of analysis postmeasurement further prevented sub-
jects from receiving their MCEI test results immediately.
Second, the medications that the diabetic patients used such
as hypoglycemic, antihyperlipidemic, and antihypertensive
drugs may also affect autonomic nervous activity. These
effects, however, were difficult to assess. The potential effect

ofmedications, therefore, was not considered in the statistical
analysis of this study.

5. Conclusions

This study integrates cross-approximate entropy with multi-
ple scales to analyze the complexity between two synchronous
physiological signals (RRI and PTT) in the cardiovascular
system. According to our results, MCEILS clearly reveals
a reduction in the complexity of two physiological signals
caused by aging and diabetes.
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We address the performance evaluation practices for developing medical image analysis methods, in particular, how to establish
and share databases of medical images with verified ground truth and solid evaluation protocols. Such databases support the
development of better algorithms, execution of profound method comparisons, and, consequently, technology transfer from
research laboratories to clinical practice. For this purpose, we propose a framework consisting of reusablemethods and tools for the
laborious task of constructing a benchmark database. We provide a software tool for medical image annotation helping to collect
class label, spatial span, and expert’s confidence on lesions and a method to appropriately combine the manual segmentations from
multiple experts. The tool and all necessary functionality for method evaluation are provided as public software packages. As a
case study, we utilized the framework and tools to establish the DiaRetDB1 V2.1 database for benchmarking diabetic retinopathy
detection algorithms. The database contains a set of retinal images, ground truth based on information from multiple experts, and
a baseline algorithm for the detection of retinopathy lesions.

1. Introduction

Image databases and expert ground truth are regularly
used in medical image processing. However, it is relatively
common that the data is not public, and, therefore, reliable
comparisons and state-of-the-art surveys are difficult to
conduct. In contrast to, for example, biometrics including
face, iris, and fingerprint recognition, the research has been
driven by public databases and solid evaluation protocols.
These databases have been extended and revised resulting in
continuous pressure for the development of better methods.
For every medical application, it should be an acknowledged
scientific contribution to provide a set of images, collect
accurate and reliable ground truth for the images, and devise
a meaningful evaluation protocol. Once this pioneering work

has been done, it sets an evaluation standard for a selected
problem.

We have set our primary goal to the automatic detection
of diabetic retinopathy [1] which is very well motivated since
diabetes has become one of the most rapidly increasing
health threats worldwide [2, 3]. Since the retina is vul-
nerable to microvascular changes of diabetes and diabetic
retinopathy is the most common complication of diabetes,
retinal imaging is considered a noninvasive and painless
mean to screen and monitor the progress of the disease
[4]. Since these diagnostic procedures as well as regular
monitoring of state of diabetes require the attention of
medical personnel, for example, GP and ophthalmologists,
the workload and shortage of personnel will eventually
exceed the current resources for screening. To cope with
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these challenges, digital imaging of the eye fundus, and
automatic or semiautomatic image analysis algorithms based
on image processing and computer vision techniques provide
a great potential. For this, suitable retinal image databases
containing well-defined and annotated ground truth are
needed.

In this work, our main contributions are (1) an image
annotation tool for medical experts, (2) a public retinal
image databasewith expert annotations, (3) a solid evaluation
framework for the image analysis system development and
comparison (Figure 1), and (4) image-based and pixel-based
evaluation methods. We particularly focus on constructing
benchmark databases and protocols. We have experienced
that developing databases from scratch is demanding, labo-
rious, and time consuming. However, certain tasks occur
repeatedly and are reusable as such. Here, we discuss the
related practical issues, point out and solve repeated occur-
ring subtasks, and provide the solutions as open-source
tools on our website. In the experimental part, we utilize
the proposed framework and construct a revised version
of the diabetic retinopathy database DiaRetDB1 originally
published in [5, 6], and later discussed in [7].

The paper is organized as follows: in Section 2, we discuss
medical benchmarking in general, provide relevant guide-
lines, and briefly survey the related works. In Section 3, we
discuss collecting patient images and the spatial ground truth.
We propose a portable data format for the ground truth, and
represent and solve the problem of fusing multiple expert
annotations. In Section 4, we discuss evaluation practices
in general, and provide an evaluation approach based on
the standard ROC analysis. We evaluate our color-cue-
based detection method (baseline) by using the constructed
database. In Section 5, we utilize the given results and
tools to establish the diabetic retinopathy evaluation and
benchmarking database DiaRetDB1 V2.1, and we draw the
conclusions in Section 6.

2. Benchmarking in General and
Previous Work

Public image databases for benchmarking purposes are
essential resources in the development of image analysis
algorithms and help medical imaging researchers evaluate
and compare state-of-the-art methods. Eventually, this leads
to the development of better algorithms and, consequently,
will support technology transfer from research laborato-
ries to clinical practice. However, the public availability of
image databases is limited because of the amount of work
needed to make internal data publicly available, including
the ground truth annotation and the privacy protection
of the patient information. Therefore, reliable comparisons
and state-of-the-art surveys are difficult to perform. In this
section, a benchmarking framework is described that pro-
vides guidelines on how to construct benchmarking image
databases with a particular emphasis on retinal image analy-
sis.The benchmarking framework comprises three important
requirements: (1) patient images, (2) the ground truth, and
(3) an evaluation protocol.

2.1. Key Questions in Constructing Benchmarks. Thacker et al.
[10] studied the performance characterization of computer
visionmethods.They provide good examples which are easily
transferable to applications of medical image processing.
The results in [10] can be utilized in every step of the
method development, but we set special attention to the final
diagnosis, that is, the subject-wise decision making directly
serving the clinical work. In other words, the framework
omits the development and research phase evaluations and
constructs the good practices to evaluate the performance of
retinal image analysis algorithms. For that purpose, the eight
general considerations adopted from [10] are addressed and
referred to as the key questions.

C1: “How is testing currently performed?” If a commonly
used database and protocol are available, their validity
for the development and evaluation needs to be
examined. In the worst case, a new database needs
to be constructed for which the proposed framework
can be useful.

C2: “Is there a data set for which the correct answers are
known?” Such a data set can be used to report the
results in accordance to other studies. This enables
method comparison.

C3: “Are there data sets in common use?” See C1 and C2.
Common data sets facilitate fair method comparison.

C4: “Are there experiments which show that algorithms
are stable and work as expected?” These experiments
can be realized if representative data and expert
ground truth are available.

C5: “Are there any strawman algorithms?” If a strawman
algorithm is included in the database, it defines
the baseline performance for other methods. In this
paper, we call these kinds of baseline methods as
strawman algorithms.

C6: “What code and data are available?” By publishing the
method’s code or at least executable version of it, other
research groups can avoid laborious reimplementa-
tion.

C7: “Is there a quantitative methodology for the design of
algorithms?” This depends on the medical problem,
but the methodology can be typically devised by
following corresponding clinical work and practices.
Understanding of the medical practitioners’ task
which should be assisted or automated provides a
conceptual guideline. If the database is correctly built
to reflect the real-world conditions, then the database
implicitly reflects the applicability of the algorithm’s
design to the problem.

C8: “What should we be measuring to quantify perfor-
mance? which metrics are used?” At least in the
image-wise (subject-wise) experiments, the receiver
operating characteristic (ROC) curve is in accordance
with the medical practice, where the sensitivity and
specificity values are in common use.The ROC curve,
also known as ROC analysis, is a widely used tool
in medical community for visualizing and comparing
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Figure 1: A framework for constructing benchmark databases and protocols [1].

methods based on their performance [11]. It is a
graphical representation that describes the trade-off
between the sensitivity and specificity (e.g., correctly
classified normal images versus correctly classified
abnormal images). In the curve, the 𝑥-axis is defined
as 1 − specificity, and the 𝑦-axis is directly the
sensitivity [12].

In general, C1 ∈ C2 ∈ C3, which means that if there is a
commonly used data set in the form of, for example, a
benchmark database, the answers to C1 and C2 are known.
Similarly, C4 ∈ C5 ∈ C6 defines the maturity of the existing
solutions. In the case where the data and code are both
available and have been shown to work by achieving the
required sensitivity and specificity rates, the solution is at a
mature level and true clinical experiments can be started. C7

is a general guideline for the design to find an acceptable work
flow for a specific problem, and C8 sets the quantitative and
meaningful performance measures.

2.2. Requirements for Benchmarking. Benchmarking image
databases in retinal imaging require threemandatory compo-
nents: (1) patient images, (2) ground truth by domain experts,
and (3) an evaluation protocol. Additional components, such
as a baseline algorithm, provide notable additional value,
but in the following, the three mandatory components are
discussed.

2.2.1. True Patient Images. True patient images carry infor-
mation which is meaningful for solving a given problem; that
is, algorithms which work with these images are expected to
perform well also in practice. The images can be recorded
using alternative subjects, such as animals that are physio-
logically close to humans, and disease-related lesions can be
produced artificially by using various substances. These are
standard practices in medical research, but before drawing
any general conclusions, their relevance and accuracy to
the real world must be carefully verified. With true patient
images, the results are biased by the distribution of database

images with respect to the specific real population. The
collection and selection of images are further discussed in
Section 3. The true patient image requirement concerns the
key questions C2,C3,C4, and C6.

2.2.2. Ground Truth Given by Experts. Ground truth must be
accurate and reliable in the sense that it is statistically repre-
sentative over experts. In the field of retinal image processing,
it is advisable that the tools for ground truth annotation
are provided by computer vision scientists, but the images
are selected and annotated by medical experts specialized
in the field. It is also clear that the ground truth must be
independently collected from multiple experts. This can be
laborious and expensive, but it enables statistical studies of
reliability. In the case of multiple experts, disambiguation of
the data is often necessary prior to the application of machine
learning methods. Collecting the ground truth from experts
concerns the key questions C2,C3,C4, and C6.

2.2.3. Evaluation Protocol. A valid evaluation protocol pro-
viding quantitative and comparable information is essential
for reliable performance evaluations. Most articles related to
retinal image analysis report the sensitivity and specificity
separately, but they are meaningless metrics unless a method
can produce superior values for both. The golden standard
in similar problems is the ROC analysis. The approach is
essentially the same as reporting the sensitivity and specificity
but provides the evaluation result over all possible combi-
nations of these values. It turns out that in benchmarking,
the comparison of ROC curves is problematic, and, therefore,
specific well-justified operation points or the area under
curve (AUC) can be used as a single measure. This issue is
further discussed in Section 4. In addition to the evaluation
protocol, a baseline method (C5) or at least the results with
the baseline method are helpful since they set the perfor-
mance level which new methods should clearly outperform.
From another viewpoint, the best reported results by using
a commonly accepted database set the state of the art.
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Table 1: Summary of the current state of the reference image databases in terms of the key questions addressed in Section 2.1.

Key questions STARE
(vessel)

STARE
(disc) DRIVE MESSIDOR CMIF ROC REVIEW

C2: “Is there a data set for which the correct answers are known?” x x x x x
C3: “Are there data sets in common use?” x x x x x x x
C4: “Are there experiments which show algorithms are stable and work
as expected?” x x x

C5: “Are there any strawman algorithms?” x x x
C6.1: “What code is available?” x
C6.2: “What data is available?” x x x x x x x
C7: “Is there a quantitative methodology for the design of algorithms?”
C8.1: “What should we be measuring to quantify performance?” x x x x x
C8.2: “What metrics are used?” x x x x
∑ 6 5 7 3 2 7 5

The evaluation protocol requirement concerns the key ques-
tions C1,C4,C7, and C8.

2.3. Eye Disease Databases. This section describes the most
important public benchmarking databases in retinal image
analysis.The database review provides a short description for
each database, where the key questions C1–C8 addressed in
Section 2.1 are used to highlight the main properties. Since
each database is publicly available, they are expected to be in
common use (C3). See Table 1 for a short summary.

STARE (structured analysis of the retina) [17] is one of
the most used reference image database in the literature
(C3,C4) for comparing blood vessel detection and optic disc
localization algorithms. The STARE website [17] provides 20
images with pixel-wise hand-labeled ground truth for blood
vessel detection (C2) and 81 images for optic disc localization
without ground truth. The performance of blood vessel
detection is measured using the ROC curve analysis, where
the sensitivity is the proportion of correctly classified blood
vessel pixels and the specificity is the proportion of correctly
classified normal pixels (C8.1) [18]. In the evaluation of optic
disc localization, the proportion of correctly localized optic
discs indicates that the performance and the localization
are successful if the center of optic disc generated by the
algorithm is within 60 pixels from the ground truth (C8) [19].
The evaluation procedures for both data sets are published
with vessel detection algorithm and baseline results (C5)
[18, 19].

DRIVE (digital retinal images for vessel extraction) [20,
21] is another well-known reference database for blood vessel
detection (C3), which contains 40 retinal images (C6.2) with
manually segmented pixel-wise ground truth (C2,C6.2). The
manual segmentation task was divided between three medi-
cal experts, and the database was published along with vessel
detection algorithm (C5) [21]. The detection performance
is measured similarly as in the STARE database, that is,
comparing the sensitivity to the specificity (C8.1) fromwhich
the area under curve (AUC) is computed to produce the final
measure for the algorithm comparison (C8.2) [20, 21]. In

addition, the authors implemented and internally evaluated
a number of blood vessel detection algorithms from various
research groups and the results were published in [22] and on
the DRIVE database website (C4) [20].

MESSIDOR (methods to evaluate segmentation and
indexing techniques in the field of retinal ophthalmology)
[23] is a reference image database collected to facilitate
computer-assisted image analysis of diabetic retinopathy. Its
primary objectives are to enable evaluation and compar-
ison of algorithms for analyzing the severity of diabetic
retinopathy, prediction of the risk of macular oedema, and
indexing and managing image databases, that is, support
image retrieval. For the evaluation, the MESSIDOR database
website [23] provides 1200 images (C6.2) with image-
wise severity grading (C2,C6.2) from three ophthalmologic
departments including descriptions for the severity grading.
It is noteworthy to mention that the severity grading is based
on the existence and number of diabetic lesions and their
distance from the macula.

CMIF (collection of multispectral images of the fundus)
[24, 25] is a public multispectral retinal image database.
The spectral images were obtained by implementing a “filter
wheel” into a fundus camera containing a set of narrow-band
filters corresponding to the set of desired wavelengths [25].
The database itself consists of normal and abnormal images
(C6.2) spanning a variety of ethnic backgrounds covering
35 subjects in total [25]. As such, the database is not ready
for benchmarking, but it provides a new insight into retinal
pathologies.

ROC (retinopathy online challenge) [26, 27] follows the
idea of asynchronous online algorithm comparison proposed
by Scharstein and Szeliski [28] for stereo correspondence
algorithms (Middlebury Stereo Vision Page), where a web
evaluation interface with public evaluation data sets ensures
that the submitted results are comparable. The research
groups download the data set, they submit their results in
the required format, and the results are evaluated by the web
evaluation system. Since the evaluation is fully automatic, the
research groups can submit and update their results contin-
uously. In the current state, the ROC database website [26]
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Table 2: Summary of the DiaRetDB1 V2.1 database in terms of the key questions addressed in Section 2.1.

Key questions DiaRetDB1 V2.1
C2: “Is there a data set for which the correct answers are
known?” Yes

C3: “Are there data sets in common use?” Yes (publicly available at [13])
C4: “Are there experiments which show algorithms are stable
and work as expected?” Experimental results reported in Section 4.4

C5: “Are there any strawman algorithms?” No, but the baseline algorithm sets the baseline results for the
DiaRetDB1 database

C6.1: “What code is available?”
Functionality for reading/writing images and ground truth,
strawman algorithm, and annotation software (publicly
available at [13, 14])

C6.2: “What data is available?” Images and ground truth (XML) (publicly available at [13])
C7: “Is there a quantitative methodology for the design of
algorithms?”

No, but medical practice is used as a guideline at each
development step

C8.1: “What should we be measuring to quantify performance?” Image- and pixel-based ROC analysis (description in Section 4)
C8.2: “What metrics are used?” Equal error rate (EER) defined in Section 4

provides 100 retinal images (C6.2), a ground truth (C2,C6.2)
and an online evaluation system for microaneurysms, and
the evaluation results for a number of detection algorithms
(C4). The algorithm performance is measured by comparing
the sensitivity (the proportion of correctly classified lesions)
against the average number of false positives in the image,
that is, free-response receiver operating characteristic curve
(FROC) (C8.1) [27]. The sensitivities of predefined false
positive points are averaged to generate the final measure
for algorithm comparison (C8.2) [27]. The annotations were
gathered from 4 medical experts by marking the location,
approximate size, and confidence of the annotation. Consen-
sus of two medical experts was required for a lesion to be
selected to the ground truth.

REVIEW (retinal vessel image set for estimation of
widths) [29, 30] is a new reference image database to
assess the performance of blood vessel width measurement
algorithms. To characterize the different vessel properties
encountered in the retinal images, the database consists of
four image sets: (1) high-resolution image set (4 images);
(2) vascular disease image set (8 images); (3) central light
reflex image set (2 images), and (4) kick point image set
(2 images) (C6.2). The REVIEW database concentrates on
high-precision annotations, and, therefore, it provides only
segments of blood vessels and not the whole network.
To achieve high precision, the human observers used a
semiautomatic tool to annotate a series of image locations
from which the vessel widths were automatically determined
[30]. The annotations were gathered from three medical
experts, and the mean vessel width was defined as the
ground truth (C2,C6.2). In the evaluation, the performance is
measured using an unbiased standard deviation of the width
difference between the algorithm-estimated vessel widths and
the ground truth (C8) [30].

In general, most of the reference databases reach the
minimal requirements for benchmarking image analysis
algorithms; that is, they provide true patient images, ground
truth from experts, and an evaluation protocol (Table 1).

In some cases, the usability is already at a mature level,
for example, in the case of the web evaluation system in
the ROC database. The primary shortcomings appear to
be related to the availability of software (C6.1) and how
the algorithm’s design for the medical problem is observed
(C7). By publishing source codes or an executable, other
researchers can avoid laborious reimplementation and if the
database is correctly built to reflect real-world conditions,
then the database implicitly reflects the applicability of the
algorithm’s design to the problem. The database properties
in terms of the key questions are summarized in Table 1 and
for comparison the proposed DiaRetDB1 database properties
are summarized in Table 2. The framework for constructing
benchmark databases and protocols has been summarized in
Figure 1. The details of the framework are discussed in the
next sections.

3. Patient Images and Ground Truth

3.1. Collecting Patient Images. The task of capturing and
selecting patient images should be conducted by medical
doctors or others specifically trained for photographing the
eye fundus. With the images, there are two issues which
should be justified: (1) distribution correspondence with the
desired population and (2) privacy protection of patient data.

InDiaRetDB1, the ophthalmologistswanted to investigate
the accuracy of automatic methods analyzing retinal images
of patients who are diagnosed with having diabetes. Conse-
quently, the images do not correspond to the actual severity or
prevalence of diabetic retinopathy in the Finnish population
but provide clear findings for automated detection methods.
The data is, however, clinically relevant since the studied
subpopulation is routinely screened by Finnish primary
health care.

The privacy protection of patient data is a task related to
the ethics of clinical practice, medical research, and also data
security. A permission for collecting and publishing the data
must be acquired from a corresponding national organization
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(e.g., national or institutional ethical committee) and from
the patients themselves. Moreover, all data must be securely
stored; that is, all patient information, such as identifying
metadata, must be explicitly removed from images which are
to be used in a public database. In DiaRetDB1, the retinal
images were acquired using a standard fundus camera and its
accompanying software.The acquired images were converted
to raw bitmaps and then saved to portable network graphics
(PNG) format using lossless compression. The raw bitmaps
contained nothing but the pixel data which guaranteed the
removal of hidden metadata.

3.2. Image Annotations as the Ground Truth. In general,
the image annotations are essential for training supervised
algorithms, as well as for their evaluation and comparison.
Such information is typically collected by manually anno-
tating a set of images. In face recognition, for example, a
ground truth contains identifiers of persons in the images
and often also the locations of facial landmarks, such as eye
centers, which can be very useful in training the methods.
Commonly, simple tailored tools are used to collect the
data, but also generic applications are available for problems
which require an exhaustive amount of image data, for
example, LabelMe [31] Web tool for annotating visual object
categories. Annotating medical images is not an exception,
but two essential considerations apply: (1) annotations must
be performed by clinically qualified persons (specialized or
specializing medical doctors, or other trained professionals
for specific tasks), denoted as “experts” and (2) the ground
truth should include annotations from multiple experts.

A more technical problem is to develop a reusable tool
for the annotation task. To avoid biasing the results, the
experts should be given minimal guidance for their actual
annotation work. Basic image manipulation, such as zoom
and brightness control, for viewing the images is needed, and
a set of geometric primitives are provided for making the
spatial annotations. In LabelMe [31], the only primitive is
polygon region defined by an ordered set of points. A polygon
can represent an arbitrarily complex spatial structure, but
ophthalmologists found also the following primitives useful:
small circle, which can be quickly put on a small lesion,
and circle area and ellipse area which are described by their
centroid, radius/radii, and orientation (ellipse). The system
also requires at least one representative point for each lesion.
This point should represent themost salient cue, such as color
or texture, that describes the specific lesion. Furthermore,
a confidence selection from the set of three discrete values,
low, moderate, or high, is required for every annotation. The
experts are allowed to freely define the types of annotations,
that is, the class labels for the lesion types, but typically it
is preferable to agree with the labels beforehand (e.g., in
DiaRetDB1: hard exudates, soft exudates, microaneurysms,
and haemorrhages). An important design choice is related
to the usability of the tool with respect to its graphical user
interface (GUI). For example, the GUI should not use colors
which distract the annotators from image content.

The development of an annotation tool may take unde-
sirable amount of research time and resources. To help other

Figure 2: Graphical user interface of the image annotation tool [1].

researchers in this task the tool is available upon request as
Matlab M-files and as a Windows executable. Users have full
access to the source code which enables tailoring of the tool
for their specific needs. The default graphical user interface
(GUI) is shown in Figure 2.

3.3. Data Format forMedical Annotations. To store the anno-
tations and to be able to restore their graphical layout, the data
format must be defined.The data is naturally structured, and,
therefore, structural data description languages are preferred.
Several protocols for describing medical data exist, such as
HL7 based on the extensible markup language (XML) [32],
but these are complex protocols designed for patient infor-
mation exchange between organizations and information
systems. Since the requirements for benchmarking databases
in general are considerably less comprehensive, a light-weight
data format based on the XML data description language is
adopted. Instead of the XML Schema document description,
amore compact and, consequently, more interpretable Docu-
ment Type Definition (DTD) description is applied.The used
format is given in Listing 1.

3.4. Fusion of Manual Segmentations from Multiple Experts.
A desired characteristic of collecting the ground truth for
medical images is that one or several experts provide infor-
mation on the image contents such as the disease-related
lesions. Since there can exist inconsistencies in the case of a
single expert (e.g., due to changing criteria while performing
the annotation work) and nobody can be considered as the
unparalleled expert, the use of several experts is preferred.
Only in clear cases, however, the experts fully agree on the
interpretation of the visible information. Since the early signs
of retinopathy are very subtle changes in the images, it is
necessary to develop a method to appropriately combine
the expert information which is only partially coherent. To
design such a method, the important questions relevant
to training, evaluating, and benchmarking by using the
database are as follows: (1) how to resolve inconsistencies
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<!ELEMENT imgannotooldata (header, markinglist)>
<!ELEMENT header (creator, software?,

affiliation?, copyrightnotice)>
<!ELEMENT creator (#PCDATA)>
<!ELEMENT software (#PCDATA)>
<!ATTLIST software version CDATA #REQUIRED>

<!ELEMENT affiliation (#PCDATA)>
<!ELEMENT copyrightnotice (#PCDATA)>
<!ELEMENT imagename (#PCDATA)>
<!ELEMENT imagesize (width, height)>
<!ELEMENT width (#PCDATA)>
<!ELEMENT height (#PCDATA)>
<!ELEMENTmarkinglist (marking∗)>
<!ELEMENTmarking ((polygonregion |

circleregion | ellipseregion),
representativepoint+, confidencelevel, markingtype)>

<!ELEMENT centroid (coords2d)>
<!ELEMENT polygonregion (centroid, coords2d,

coords2d, coords2d+)>
<!ELEMENT circleregion (centroid, radius)>
<!ELEMENT ellipseregion (centroid, radius, radius, rotangle)>
<!ELEMENT representativepoint (coords2d)>
<!ELEMENT coords2d (#PCDATA)>
<!ELEMENT radius (#PCDATA)>
<!ATTLIST radius direction CDATA #REQUIRED>

<!ELEMENT rotangle (#PCDATA)>
<!ELEMENTmarkingtype (#PCDATA)>
<!ELEMENT confidencelevel (#PCDATA)>]>

Listing 1: DTD definition.

Representative point

Spatial coverage polygon

True finding area

Figure 3: The available expert information in the DiaRetDB1
database. The expert’s subjective confidence for the annotation is
defined as follows: 100%, >50%, and <50% [1].

in the annotations from a single expert and (2) how to fuse
equally trustworthy (no prior information on the superiority
of the experts related to the task) information from multiple
experts?

In our data format, the available expert information is
the following (Figure 3): (1) spatial coverage (polygon area),
(2) representative point(s) (small circle areas), and (3) the

subjective confidence level. The representative points are
distinctive “cue locations” that attracted the expert’s attention
to the specific lesion. The confidence level with a three-
value scale describes the expert’s subjective confidence for the
lesion to represent a specific class (lesion type) as shown in
Figure 4.

Combining the manual segmentations from multiple
experts was originally studied in [9]. In the study, the area
intersection provided the best fusion results in all experimen-
tal setups and is computed in a straightforward manner as
the sum of expert-annotated confidence images divided by
the number of experts. For DiaRetDB1, the fused confidence
with the threshold 0.75 yielded the best results [1], resolving
the inconsistencies of annotations either from a single expert
or multiple expert cofusion problems.

The area intersection is intuitive and the result is based on
processing the whole image ensemble. However, the thresh-
old was selected with the baselinemethod, which undesirably
tied the training and evaluation together. Therefore, the
combination problem was revised in [8].

Themost straightforward combination procedure is aver-
aging where the expert segmentations are spatially averaged
for each image and lesion type. In this procedure, the given
confidence levels are used, and the only requirement for the
confidence scale is that it is monotonically increasing. The
average confidence image corresponds to the mean expert
opinion, but it has two disadvantages: (1) it does not take
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Figure 4: Four independent sets of spatial annotations (contours and representative points) for the same lesion type (hard exudates). The
representative point markers denote the confidence level (𝑠𝑞𝑢𝑎𝑟𝑒 = 100%, 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 > 50%, and 𝑐𝑖𝑟𝑐𝑙𝑒 < 50%) [1].

(a) (b) (c)

Figure 5: 1st row: DiaRetDB1 expert spatial annotations for the lesionHard exudate (red: high confidence, yellow: moderate, green: low). 2nd
row: the ground truth (white) produced by the original method and (a) minimal and (b) maximal confidence. The disambiguated ground
truth by (c) the revised method [8].

into account the possible differences of the experts in their
use of the scale and (2) it does not produce binary values for
the foreground (lesion of specific type) and background. As a
solution, a binary mask can be generated by thresholding the
average expert segmentation image.The threshold parameter
𝜏 ∈ [0, 1] adjusts experts’ joint agreement: for 𝜏 → 0, the
binary mask approaches set union and for 𝜏 → 1 approaches
set intersection (see Figure 5).

The revised combining method is based on the following
principle: The ground truth should optimally represent the
mutual agreement of all experts. To evaluate the degree of
mutual agreement, a performance measure is needed. The
performance depends only on two factors: experts’ markings
and the ground truth, and, without loss of generality, the
measure is expected to output a real number

perf: {𝐼exp
𝑖,𝑗,𝑛

, 𝑔
𝑡𝑖,𝑗

} → R, (1)

where expert segmentation masks 𝐼exp
𝑖,𝑗,𝑛

represents the
expert segmentation mask for the input image 𝑖, lesion type
𝑗, and expert 𝑛, 𝑔

𝑡
is the ground truth, and {⋅} is used

to denote that the performance is computed for a set of

rated images. Generation of the image-wise ground truth is
straightforward: if any of the pixels in the produced 𝐼mask𝑖,𝑗
for the lesion 𝑗 is nonzero, the image is labeled to contain
that lesion. A detection ROC curve can be automatically
computed from the image-wise ground truth and image
scores computed from the expert images. For the image-
wise expert scores, we adopted the summax rule described in
Section 4: pixel confidences of 𝐼exp

𝑖,𝑗,𝑛

are sorted, and 1% of the
highest values are summed.The average equal error rate (EER
point on the ROC curve) was chosen as the performance
measure in (1), which can be given in an explicit form:

perf ({𝐼exp
𝑖,𝑗,𝑛

} , {𝑔
𝑡𝑖,𝑗

})

=
1

𝑁
∑

𝑛

EER ({summax
1% (𝐼exp

𝑖,𝑗,𝑛

)} , {𝐼mask𝑖,𝑗 (𝑥, 𝑦; 𝜏)}) .

(2)

A single EER value is computed for each expert 𝑛 and over
all images (𝑖), and then the expert-specific EER values are
summed for the lesion type 𝑗.
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(a) (b)

Figure 6: Pixel-wise likelihoods for Hard exudates produced by the strawman algorithm: (a) original image (hard exudates are the small
yellow spots in the right part of the image); (b) “likelihood map” for hard exudates [9].

The utilization of the summax rule is justified as a robust
maximum rule by the multiple classifier theory [33]. Also
the EER measure can be replaced with any other measure
if, for example, prior information on the decision-related
costs is available. The only factor affecting the performance
in (2) is the threshold 𝜏 which is used to produce the ground
truth. To maximize the mutual agreement, it is necessary to
seek the most appropriate threshold 𝜏 providing the highest
average performance (EER) over all experts. Instead of a
single threshold, lesion-specific thresholds 𝜏

𝑗
are determined

since different lesions may significantly differ by their visual
detectability. The optimal ground truth is equivalent to
searching the optimal threshold:

𝜏
𝑗
← argmin

𝜏𝑗

1

𝑁
∑

𝑛

EER (⋅, ⋅) . (3)

A straightforward approach to implement the optimization is
to iteratively test all possible values of 𝜏 from 0 to 1. Equation
(3) maximizes the performance for each lesion type over all
experts (𝑁). The optimal thresholds 𝜏

𝑗
are guaranteed to

produce the maximal mutual expert agreement according to
the performance measure perf.

The revised combining method was shown to produce
better results when compared to the original method and
even to simultaneous truth and performance level estimation
(STAPLE) [34]. The full description of the method and
comparisons is presented in [8].

4. Algorithm Evaluation

4.1. Evaluation Methodology. The ROC-based analysis per-
fectly suits to medical decision making, being the acknowl-
edged methodology in medical research [35]. An evaluation
protocol based on the ROC analysis was proposed in [6] for
image-based (patient-wise) evaluation and benchmarking,
and the protocol was further studied in [9]. In clinical
medicine, the terms sensitivity and specificity defined in the

range [0%, 100%] or [0, 1] are used to compare methods and
laboratory assessments. The sensitivity

SN =
TP

TP + FN
(4)

depends on the diseased population whereas the specificity

SP =
TN

TN + FP
(5)

on the healthy population, defined by true positive (TP), true
negative (TN), false positive (FP), and false negative (FN).
The 𝑥-axis of an ROC curve is 1 − specificity, whereas the
𝑦-axis represents directly the sensitivity [12].

It is useful to form an ROC-based quality measure. the
quality measures preferred are as follows:The equal error rate
(EER) [36] defined as when (SN = SP)

SN = SP = 1 − EER, (6)

or weighted error rate (WER) [37]

WER (�̂�) =
FPR + �̂� ⋅ FNR

1 + �̂�
=

(1 − SP) + �̂� ⋅ (1 − SN)

1 + �̂�
, (7)

where �̂� = 𝐶FNR/𝐶FPR is the cost ratio between the false
negative rate FNR = 1 − SN = FN/(TP + FN) and false
positive rate FPR = 1 − SP = FP/(FP + TN). The main
difference between the two measures is that EER assumes
equal penalties for both false positives and negatives, whereas
in the WER, the penalties are adjustable.

In the image-based evaluation, a single likelihood value
for each lesion should be produced for all test images. Using
the likelihood values, an ROC curve can be automatically
computed [9]. If a method provides multiple values for
a single image, such as the full-image likelihood map in
Figure 6(b), the values must be fused to produce a single
score.

4.2. Image-Based Evaluation. The automatic image-based
evaluation follows the medical practice where the decisions
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(1) for each test image do
(2) TN ← 0, TP ← 0, FN ← 0, FP ← 0

(3) curr score ← image score
(4) for each test image do
(5) if curr score ≥ image score then
(6) if ground truth assignment = “normal” then
(7) TN = TN + 1

(8) else
(9) FN = FN + 1

(10) end if
(11) else
(12) if ground truth assignment = “abnormal” then
(13) TP = TP + 1

(14) else
(15) FP = FP + 1

(16) end if
(17) end if
(18) end for
(19) SN =

TP
TP + FN

(Sensitivity)

(20) SP =
TN

TN + FP
(Specificity)

(21) Add new ROC point (𝑥; 𝑦) = (1− SP, SN)
(22) end for
(23) Return the final ROC curve (all points)

Algorithm 1: Image-wise evaluation based on image scores.

are “subject-wise.” An image analysis system is treated as
a black-box which takes an image as the input. If the images
are assumed to be either normal or abnormal, the system
produces a score that corresponds to the probability of the
image being abnormal, and a high score corresponds with
high probability.The objective of the image-based evaluation
protocol is to generate an ROC curve by manipulating the
score values of the test images. The practices were adopted
from [38].

Let the image analysis algorithm produced score values
for 𝑛 test images be 𝜁im = {𝜁

im
1

, . . . , 𝜁
im
𝑛

} and let the corre-
sponding image-wise ground truths be 𝜔im = {𝜔

im
1

, . . . , 𝜔
im
𝑛

},
where each 𝜔

im
𝑖

is either “normal” or “abnormal.” Then,
by selecting a threshold for the score values (𝜁im), the test
images can be classified as either normal or abnormal, and
the performance expressed in the form of sensitivity and
specificity can be determined by comparing the outcome
with the corresponding image-wise ground truth (𝜔im). If the
same procedure is repeated using each test image score as the
threshold, the ROC curve can be automatically determined
since each threshold generates a (sensitivity, specificity)
pair that is a point on the ROC curve. Consequently, the
procedure requires that the test images include samples from
both populations, normal and abnormal. The image score-
based evaluation method is presented in Algorithm 1.

4.3. Pixel-Based Evaluation. To validate a design choice in
method development, it can be useful to measure also

the spatial accuracy, that is, whether the detected lesions
are found in correct locations. Therefore, a pixel-based
evaluation protocol which is analogous to the image-based
evaluation is proposed. In this case, the image analysis system
takes an image as the input and outputs a similar score for
each pixel. The objective of the pixel-based evaluation is
to generate an ROC curve which describes the pixel-level
success.

Let the image analysis algorithm-produced pixel score
values for all 𝑛 pixels in test set be 𝜁pix = {𝜁

pix
1

, . . . , 𝜁
pix
𝑛

}

and let the corresponding pixel-wise ground truth be
𝜔pix = {𝜔

pix
1

, . . . , 𝜔
pix
𝑛

}, where the 𝜔pix is either “normal” or
“abnormal.” Then, by selecting a global pixel-wise threshold
for the pixel score values (𝜁pix), the pixels in all images can be
classified to either normal or abnormal. Now, the sensitivity
and specificity can be computed by comparing the outcome
to the pixel-wise ground truth (𝜔pix). If the procedure is
repeated using each unique pixel score as the threshold, the
ROC curve can be automatically determined. The pixel-wise
evaluation procedure is given in Algorithm 2. Note that the
abnormal test image pixels contribute to both sensitivity and
specificity, whereas the normal images only contribute to the
specificity.

The evaluation forms a list of global pixel-wise scores
from the test image pixel scores which determines the score
thresholds.Theuse of all unique pixel scores in the test images
is time consuming if the number of images in the test set
is large or high-resolution images are used. The problem
can be overcome by sampling the test image pixel scores.
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(1) Form a list of tested pixel scores
(2) for each tested pixel score (curr pix score) do
(3) TN ← 0, TP ← 0, FN ← 0, FP ← 0

(4) for each test image do
(5) for each test image pixel score do
(6) if curr pix score ≥ pixel score then
(7) if ground truth pixel assignment = “normal” then
(8) TN = TN + 1
(9) else
(10) FN = FN + 1
(11) end if
(12) else
(13) if ground truth pixel assignment = “abnormal” then
(14) TP = TP + 1
(15) else
(16) FP = FP + 1
(17) end if
(18) end if
(19) end for
(20) end for
(21) SN =

TP
TP + FN

(Sensitivity)

(22) SP =
TN

TN + FP
(Specificity)

(23) Add new ROC point (𝑥; 𝑦) = (1− SP, SN)
(24) end for
(25) Return the final ROC curve (all points)

Algorithm 2: Pixel-wise evaluation based on pixel scores.

(1) Extract colour information (𝑟, 𝑔, 𝑏) of the lesion from the train set images (Section 3.4).
(2) Estimate 𝑝(𝑟, 𝑔, 𝑏 | lesion) from the extracted color information using a Gaussian

mixture model determined by using the Figueiredo-Jain method [15, 16].
(3) Compute 𝑝(𝑟, 𝑔, 𝑏 | lesion) for every pixel in the test image (repeat step for every

test image in the test set).
(4) Evaluate the performance (Section 4).

Algorithm 3: Strawman algorithm.

To preserve the test set’s pixel score distribution, the global
threshold scores can be devised as follows: (1) sort all the
unique pixel scores in an ascending order to form an ordered
sequence 𝐿 and (2) compose the new reduced sequence
of pixel scores 𝐿 sampled by selecting every 𝑗th likelihood in
𝐿.

4.4.The Strawman Algorithm. We provide a baseline method
in the form of a strawman algorithm. The algorithm is based
on the use of photometric cue as described in Algorithm 3
[9].

The score fusion in the strawman algorithm is based on
the following reasoning: if we consider 𝑀 medical evidence
(features) extracted from the image, x

1
, . . . , x

𝑀
, where each

evidence is a vector, then we can denote the score value of the
image as 𝑝(x

1
, . . . , x

𝑀
| abnormal). The joint probability is

approximated from the classification results (likelihoods) in
terms of decision rules using the combined classifier theory
(classifier ensembles) [33].The decision rules for deriving the
score were compared in the study [9] where the rules were
devised based on Kittler et al. [33] and an intuitive rank-
order-based rule “summax.” The rule defines the image score
𝑝(x
1
, . . . , x

𝑀
| abnormal) using the compared decision rules

when the prior values of the population characteristics are
equal (𝑃(normal) = 𝑃(abnormal)) as follows:

SCOREsummax = ∑

𝑚∈𝑁𝑌%

𝑝 (x
𝑚

| abnormal) , (8)

where 𝑁
𝑌% are the indices of 𝑌% top-scoring pixel scores.

Experimenting also with the max, mean, and product
rules, strong empirical evidence supports the rank-order-
based sum of maxima (summax; proportion fixed to 1%)
[9].
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Figure 7:The ROC curves for the DiaRetDB1 strawman algorithm using the original ground truth (squares denote the EER points): (a) image
based; (b) pixel based. Note the clear difference with microaneurysms as compared to the revised ground truth in Figure 8.

Table 3: The minimum, maximum, and average EER (5 random iterations) for the baseline method and evaluation protocol when using
DiaRetDB1. The results include the original and the revised ground truth [8].

Haemorrhage (HA) Hard exud. (HE) Microaneurysm (MA) Soft exud. (SE) Overall
Min Max Avg Min Max Avg Min Max Avg Min Max Avg

In [9] 0.233 0.333 0.273 0.200 0.220 0.216 0.476 0.625 0.593 0.250 0.333 0.317 0.349
In [8] (min) 0.263 0.476 0.322 0.250 0.250 0.250 0.286 0.574 0.338 0.333 0.333 0.333 0.311
In [8] ( max) 0.263 0.476 0.322 0.250 0.250 0.250 0.386 0.574 0.338 0.200 0.268 0.241 0.288

The achieved results for DiaRetDB1 are shown in Figure 7
(ROC curves) and in Table 3 (EER values). The performance
is reported by using the EER which is justified since EER
represents a “balanced error point” on the ROC curve and
allows comparison to the previous works.

To quantify the effect of the revised method for combin-
ing the expert information, results from a comparison are
shown in Table 3. It should be noted that the experiment
is independent of the one presented above. The original
confidence threshold (0.75) in [9] was not optimal for any of
the lesion types and was clearly incorrect for haemorrhages
(HA, 0.60) and microaneurysms (MA, 0.10). The underlined
values in the table are the best achieved performances. The
average performance for all lesion types significantly varies
depending on the threshold.

The minimum and maximum thresholds for the revised
combining method produce equal results except in the case
of soft exudates, for which the maximum in the equally
performing interval (1.0) is clearly better.Themain difference
from the original DiaRetDB1 method occurs with microa-
neurysms, since the optimal threshold (0.1) significantly dif-
fers from the original (0.75). For haemorrhages, the original

result was too optimistic since the optimal confidence yields
worse minimum and average EER. On average, the revised
method provided 11–17% better performance. The related
ROC curves are shown in Figure 8.

5. Case Study: DiaRetDB1 Diabetic
Retinopathy Database and Protocol V2.1

The authors have published two medical image databases
with the accompanied ground truth: DiaRetDB0 and
DiaRetDB1. The work on DiaRetDB0 provided us with
essential information on how diabetic retinopathy data
should be collected, stored, annotated, and distributed.
DiaRetDB1 was a continuation to establish a better database
for algorithm evaluation. DiaRetDB1 contains retinal images
selected by experienced ophthalmologists.The lesion types of
interest were selected by the medical doctors (see Figure 9):
microaneurysms (distensions in the capillary), haemorrhages
(caused by ruptured or permeable capillaries), hard exudates
(leaking lipid formations), soft exudates (microinfarcts), and
neovascularisation (new fragile blood vessels). These lesions
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Figure 8: ROC curves for the DiaRetDB1 baseline method using the original and revised (max) method to generate the training and testing
data [8].

are signs of mild, moderate, and severe diabetic retinopathy,
and they provide evidence also for the early diagnosis. The
images were annotated by four independent and experienced
medical doctors inspecting similar images in their regular
work.

The images and ground truth are publicly available on the
Internet [13]. The images are in PNG format, and the ground
truth annotations follow the XML format. Moreover, we
provide a DiaRetDB1 kit containing full Matlab functionality
(M-files) for reading and writing the images and ground
truth, fusing expert annotations, and generating image-
based evaluation scores. The whole pipeline from images to
evaluation results (including the strawman algorithm) can

be tested using the provided functionality. The annotation
software (Matlab files and executables) is also available upon
request.

6. Conclusions

We have discussed the problem of establishing benchmark
databases for the development of medical image analysis.
We have pointed out the importance of commonly accepted
and used databases. We have proposed the framework for
constructing benchmark databases and protocols for diabetic
retinopathy inmedical image analysis.We have built reusable
tools needed to solve the important subtasks, including
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(a) (b)

(c) (d)

Figure 9: Abnormal retinal findings caused by the diabetes (best viewed in colour): (a) haemorrhages; (b) microaneurysms (marked with an
arrow); (c) hard exudates; (d) soft exudate (marked with an arrow) [6].

the annotation tool for collecting the expert knowledge,
made our implementations publicly available, and established
the diabetic retinopathy database DiaRetDB1 to promote
and help other researchers collect and publish their data.
We believe that public databases and common evalua-
tion procedures support development of better methods
and promote the best methods to be adopted in clinical
practice.
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This study aimed to investigate the influence of implant design (in terms of diameter, length, and thread shape), in-bone
positioning depth, and bone posthealing crestal morphology on load transfer mechanisms of osseointegrated dental implants
based on platform-switching concept. In order to perform an effective multiparametric comparative analysis, 11 implants different
in dimensions and in thread features were analyzed by a linearly elastic 3-dimensional finite element approach, under a static
load. Implant models were integrated with the detailed model of a maxillary premolar bone segment. Different implant in-bone
positioning levels were modeled, considering also different posthealing crestal bone morphologies. Bone overloading risk was
quantified by introducing proper local stress measures, highlighting that implant diameter is a more effective design parameter
than the implant length, as well as that thread shape and thread details can significantly affect stresses at peri-implant bone,
especially for short implants. Numerical simulations revealed that the optimal in-bone positioning depth results from the balance
of 2 counteracting effects: cratering phenomena and bone apposition induced by platform-switching configuration. Proposed
results contribute to identify the mutual influence of a number of factors affecting the bone-implant loading transfer mechanisms,
furnishing useful insights and indications for choosing and/or designing threaded osseointegrated implants.

1. Introduction

In the last three decades and in the field of the prosthetic
dentistry, features of dental implants and surgical procedures
have been developed and enhanced aiming to ensure pre-
dictable results and to improve function and aesthetics in
completely or partially edentulous patients [1].

A dental implant is a biocompatible device, surgically
placed into mandibular or maxillary bone for supporting a
prosthetic tooth crown, and thus allowing the replace of the
teeth lost due to caries, periodontal disease, injuries, or other
reasons. Worldwide statistics show that a high success rate of
dental implants (over 95%) occurs if implants are properly
designed andmanufactured, and if they are inserted in a bone
segment characterized by good quality and quantity (e.g.,

[2–4]). Nevertheless, success of the prosthetic treatment is
widely affected by a number of factors that can change the
biomechanichal coupling between implant and bone, such as
implant location, mechanical and morphological properties
of bone, mechanical and geometrical features of implant, and
type and magnitude of the load transferred by the implant to
the bone, as well as by host factors such as smoking and
bacterial environment [5–7].

A crucial aspect that determines the effectiveness of a
dental implantation is identified by the proper development
of the osseointegration process at the bone-implant interface.
This process is similar to the healing process in bone fracture
[7–9] and arises from remodeling mechanisms that involve a
number of cellular and extracellular coupled biomechanical
features. After the implantation, the gap between the implant
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and the host bone is rapidly filled by blood clots that are
afterwards substituted by a trabecular network. The latter
generally evolves towards the formation of lamellar bone that,
in turn, undergoes amaturation process thatmodifies density
and mechanical properties of the tissue [8–11]. At the end of
the healing process, the mature bone is directly in contact
with the implant surface, leading to an interfacial binding
that allows to enhance loading transfer mechanisms from
prosthetic crown to the bone [12, 13].

Nevertheless, a proper osseointegration process may be
counteracted by the activation of histological resorption
mechanisms [9, 14–16] that can induce bone weakening or
loss at the peri-implant region. Bone resorptionmainly affects
the bone region around the implant neck, producing a crater-
ing morphology, and it may be activated by surgical trauma
or bacterial infection, as well as by overloading states [4, 5, 14–
22]. Under functional or pathological (e.g., induced by brux-
ism) loads, overloading at the peri-implant bone may occur
by a shortcoming in load transfer mechanisms, mainly due
to bad occlusion, improper implant use, wrong prosthesis
and/or implant design, and improper implant placement. In
these cases, high stress concentrations are induced at the
bone-implant interfaces, leading to possible physiologically
inadmissible strains that activate bone resorption [23, 24].
Clinical trials and follow-up analyses [2–4, 17, 18] have shown
that the implant failure may generally occur if the bone
resorption process significantly evolves from a crestal initi-
ation. Depending on implant features, positioning and loads,
this process may become instable, leading to a progressive
increase in stress intensity at the peri-implant interface [19]
that, in turn, further contributes to the progressive overload-
induced bone loss.

Recent clinical evidence [25–29] suggests that cratering
phenomenamay be significantly limitedwhen the connection
diameter of the abutment is narrower than the implant
collar and when an implant subcrestal positioning is applied.
In this case, probably due to the different position of the
implant/abutment microgap and to the different stress pat-
tern induced at the peri-implant regions with respect to
a crestal positioning, remodeling process generally evolves
allowing bone apposition on the horizontal implant surface
and thus transferring the biological width from the vertical
to the horizontal level (platform switching) [30–34].

In order to improve durability and clinical effectiveness
of rehabilitations based on such an approach, mechanical
and biological factors mainly affecting loading transfer from
implant to bone have to be properly identified and quantified.
Thereby, optimized implant designing strategies and surgical
protocols could be traced, allowing us to minimize overload-
ing risks and marginal bone loss, as well as contributing to
ensure predictable clinical results.

In the recent specialized literature many authors have
proposed results based on well-established in vivo, in vitro,
and in silico approaches, aiming to investigate main biome-
chanical factors influencing the preservation of the peri-
implant marginal bone as well as the stress/strain patterns
induced by osseointegrated implants [4, 26–29, 35, 36]. In this
context, finite-element method has been widely used in the
last years to analyze the influence of implant and prosthesis

design [37–40], of magnitude and direction of loads [41–44],
and of bone mechanical properties [45–47], as well as for
modeling different clinical scenarios [48–54]. Nevertheless,
many effects related to the implant design and to the in-bone
positioning depth, as well as their mutual influence on the
stress-based implant performance, have not yet been com-
pletely understood and clarified, especially for implants based
on platform-switching concept.

In this study, 11 threaded dental implants, based on
platform-switching concept and different for dimensions and
thread type, were compared via a multiparametric three-
dimensional (3D) finite-element approach. Accurate and
convergent bone-implant models, defined by considering
a maxillary premolar bone segment, have been solved by
employing a linearly elastic displacement-based formulation
and considering a static functional loading condition. Stress
distributions were numerically evaluated at the peri-implant
regions on both compact and cancellous bone, furnishing
quantitative risk measures of bone physiological failure. Pro-
posed numerical results highlighted the influence of implant
shape, in terms of implant length and diameter as well as
in terms of thread features, on possible overloading risks
and onmechanisms of load transfer.The influence of implant
positioning in bone was also investigated by considering
numerical models based on both crestal and subcrestal
implant placements. Finally, in the case of a crestal position-
ing and in order to contribute to the understanding of the
biomechanical relationship between mechanical stimuli and
marginal bone loss, several numerical simulations were car-
ried out for analyzing the effects of different cratering levels
on stress patterns at the peri-implant bone.

2. Material and Methods

Ten threaded dental implants, different in diameter (𝐷),
length (𝐿), thread shape, and geometrical concept, were
analyzed and compared with each other and with an Ankylos
implant (Dentsply Friadent, Mannheim, Germany) charac-
terized by 𝐷 = 3.5mm and 𝐿 = 11.0mm. Figure 1 summa-
rizes the main geometrical features of the implants analyzed
in this study, introducing also the corresponding notation.
Symbols T0/30 and T10/30 refer to the implant thread: T0/30
denotes a saw-tooth thread with the side angled at 120∘ with
respect to the implant axis and with a free thickness of
0.33mmat the internal diameter; T10/30 denotes a trapezoid-
shaped thread with sides angled at 120∘ and 100∘ with respect
to the implant axis and with a free thickness of 0.25mm at
the internal diameter. Both threads are characterized by two
starts with a conical helix having the same anomaly and with
an effective pitch of 1.2mm. Moreover, symbol ST indicates
that both starts exhibit the same thread truncation, resulting
in a maximum thread depth of 0.38mm, whereas symbol DT
denotes implants with a different thread truncation for each
start, resulting in maximum thread depths of 0.19mm and
0.38mm, respectively. Implants, except the Ankylos device,
have also a helical milling, with the effective pitch equal to the
implant threaded length. Depending on width and depth of
cut, small and largemillings are identified by symbols SM and
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Figure 1:Threaded dental implants analyzed in this study.Notation and examples of implant-abutment coupled systems that allow a platform-
switching configuration.

LM, respectively. Implants denoted by 1 to 10 in Figure 1 were
characterized by an internal lead-in bevel extending from the
outer most diameter of the implant platform into a flattened
area or ledge. Moreover, implants analyzed in this study have
vertical cutting grooves for self-tapping insertion and have
been coupled with abutments characterized by connection
diameters narrower than the implant collars, thereby allowing
a platform-switching configuration (see Figure 1).

Models of implants and abutments were built up by
using a parametric CAD software (SolidWorks 9; Dessault
Systèmes, Concord,Mass) and, in order to perform consistent
comparisons, they were integrated within the model of a pre-
molar bone segment, obtained by the three-dimensional (3D)
model of an edentulous maxilla (Figure 2). The latter was
reconstructed starting frommultislice computed tomography
(MSCT) scans and by using a modeling commercial software
(Mimics, Materialise HQ, Leuven, Belgium). Moving from
the different hues of gray displayed in the planar CT scans,
corresponding to different radiolucency levels of substances
with different density values, the software allowed us to
distinguish between mineralized and soft tissues, by filtering
pixels with a suitable Hounsfield units (HU) [55]. In detail,
disregarding gingival soft tissues, the solid model of the

maxillary jaw was obtained by a segmentation procedure of
voxels identified by HU > 150 (Figure 2(a)) and based on
a home-made smoothed linear interpolation algorithm. Cor-
tical and trabecular regions were distinguished, considering
150 < HU ≤ 750 for the cancellous bone and HU > 750
for the cortical bone. With the aim of improving the model
quality, ad hoc local geometry adjustments were performed,
ensuring that the cortical bone regions were characterized by
a mean thickness of about 2mm. Starting from the complete
maxillary jaw model, the finite-element computations were
carried out on a submodel of the second premolar region,
defined by considering two coronal sections at the distance of
40mmalong themesiodistal direction (𝑦, in Figure 2(b)) and
positioning implants at the mid-span of the bone segment.

A subcrestal positioning was firstly investigated, by con-
sidering implant models positioned with the crestal platform
at 1mm depth with respect to the outer bone surface. As
a notation rule, in the foregoing this configuration will be
denoted as P1. Moreover, in order to analyze the positioning
influence for implants similar in diameter and length, numer-
ical models relevant to the implants D3.6-L9-T10/30-DT-SM
and Ankylos (indicated as 8 and A, resp., in Figure 1) were
analyzed by considering a crestal positioning (i.e., with the
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Figure 2: (a)Three-dimensional solidmodel of the edentulousmaxilla considered in this study and obtained by a segmentation process based
on multislice computed tomography (MSCT). (b) Submodel of the second premolar maxillary region, defined by considering two coronal
sections at the distance of 40mm along the mesiodistal direction (𝑦 axis) and positioning implants at the mid-span of the bone segment. (c)
Examples of mesh details. (d) Loading condition.

1 mm
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0.5 mm

Ankylos D3.6-L5.5-T10-30-ST-SM

Cortical bone Cancellous bone

0.2 mm

P0.5

Figure 3: Modeling of crestal bone geometries and different configurations of implant in-bone positioning analyzed in this study. In the case
of the configuration P0, a crestal bone loss of about 10% in thickness is depicted.

implant platform at the level of the outer bone surface and
denoted as P0); an intermediate subcrestal positioning at
0.5mm depth (denoted as P05). With the aim of reproducing
as realistically as possible the physiological structure of the
compact bone arising around a functioning implant after a
healing period, different crestal geometries were modeled.

In particular, in agreement with well-established clinical evi-
dence [25–27] and modeling approaches [40, 47, 53], and as
sketched in Figure 3, a crestal bone apposition at the implant
platform of about 0.25mm in mean thickness was mod-
eled for subcrestal placements (i.e., for models denoted as
P1 and P05), whereas a marginal bone loss of 10% in cortical
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thickness was modeled for the crestal positioning (P0). For
implants 8 and A crestally placed (P0), the influence of
different levels of marginal bone loss (0–50% in cortical
thickness) was also analyzed.

All the involvedmaterials weremodeled as linearly elastic
with an isotropic constitutive symmetry, and all material
volumesweremodeled as homogeneous.Thereby, bone living
tissue was described by considering a dry-material model,
wherein viscous and fluid-solid interaction effects were
neglected. Implants and abutments were assumed to be con-
stituted by a titanium alloy, Ti6Al4V, whose Young’s modulus
and Poisson’s ratio were 114.0GPa and 0.34, respectively [56].
Bone elastic properties were assumed to approximate type II
bone quality [57] and, in agreement with data available in the
literature [40, 47, 58], they were set as follows:

(i) Poisson’s ratio of the bone tissue (both cortical and
trabecular) equal to 0.30;

(ii) Young’s modulus of the cortical bone equal to
13.7 GPa;

(iii) Young’s modulus of the cancellous bone equal to
0.5GPa, corresponding to a mean bone density of
about 0.5 g⋅cm−3 [59].

Finite-element simulations were carried out considering
a static load applied at the top of the abutments without
any eccentricity with respect to the implant axis and angled
with respect to the occlusal plane of about 68∘. The lateral
force component along the buccolingual direction (𝑥, in
Figure 2) was assumed to be equal to 100N and the vertical
intrusive one (along 𝑧, in Figure 2) was 250N. In order to
allow consistent comparisons, abutments were adjusted in
such a way that the application points of the load were 7mm
from the bone insertion surface in all numerical models (see
Figure 2(d)).

Complete osseous integration between implant and bone
tissue was assumed, enforcing the continuity of the dis-
placement field at the bone-implant interface. Furthermore,
displacement continuity is imposed between each component
of a given prosthetic device. As regards boundary conditions
for numerical models describing the coupled bone-implant
system, all displacement degrees of freedom were prevented
for any boundary node lying on the coronal sections delim-
iting the bone submodel. In agreement with the theory of
elasticity [60], since the distance between submodel bound-
ary sections and the implant location was much greater than
the implant’s characteristic dimensions, these boundary con-
ditions did not significantly affect stress-based comparative
results at the peri-implant regions.

Discrete finite-element meshes were generated by em-
ploying elements based on a pure displacement formulation
and were analyzed with a commercial solver code (Ansys
13.0; Ansys Inc., Canonsburg, PA). Computational models
were obtained by considering 10-node tetrahedral elements
[61], with quadratic shape functions and three degrees of free-
dom per node. In order to ensure suitable accuracy of
the numerical finite-element solutions at the peri-implant
regions, mesh-size for the bone-implant models was set
up as a result of a convergence analysis, based on the

coupled estimate within the multiregion computational
domain of the displacement error norm and of the energy
error norm [61]. In detail, following the numerical procedure
proposed by Zienkiewicz and Zhu [62], implemented in the
Ansys environment and recently applied for prosthetic den-
tal applications [47], the proposed numerical results were
obtained by solving discrete models based on ℎ

0
/𝐷 = 0.1 and

ℎ
𝑖
/𝐷 = 0.01, ℎ

0
and ℎ

𝑖
being mean mesh-size away from the

bone-implant interface and close to the peri-implant regions,
respectively.This choice was proved to ensure a good numer-
ical accuracy, resulting for all models analyzed in this study
in a value of the energy error norm lower than 5% and in a
value of the displacement error norm lower than 0.5%.

Jaw submodel treated by a single-implant prosthesis
was numerically compared by analyzing stress distributions
arising at the peri-implant regions.The VonMises equivalent
stress (𝜎VM), often used in well-established numerical dental
studies (e.g., [35–54, 63, 64]), was used as a global stress
indicator for characterizing load transfer mechanisms of a
given implant. Nevertheless, the Von Mises stress measure,
always positive in sign, does not allow a distinction between
tensile and compressive local stresses. Since experimental evi-
dence [24, 58, 65] confirms that bone physiological failure and
overload-induced resorption process are differently activated
in traction and compression, more effective and direct risk
indications were obtained by analyzing stress measures based
on principal stresses (𝜎

𝑖
, with 𝑖 = 1, 2, 3) [44, 47, 53, 63, 64].

In detail, in a given material point 𝑃 of the computational
domain that models the peri-implant bone, the following
stress measures were computed:

𝜎
𝐶 (𝑃) = min {𝜎

1 (𝑃) , 𝜎2 (𝑃) , 𝜎3 (𝑃) , 0} ,

𝜎
𝑇 (𝑃) = max {𝜎

1 (𝑃) , 𝜎2 (𝑃) , 𝜎3 (𝑃) , 0} ,

(1)

𝜎
𝐶
and 𝜎

𝑇
having the meaning of maximum compressive

and maximum tensile stress in 𝑃, respectively. Therefore, in
order to combine effects induced on bone by compressive and
tensile local states which are simultaneously present, the bone
safety in 𝑃 against overloading-related failure/resorption
process activation was postulated to occur if the following
inequality was satisfied:

𝑅 =

𝜎𝐶


𝜎
𝐶0

+
𝜎
𝑇

𝜎
𝑇0

≤ 1, (2)

where symbol |𝑎| denotes the absolute value of the scalar
quantity 𝑎 and where 𝜎

𝑇0
, 𝜎
𝐶0

are the admissible stress levels
in pure traction and compression, respectively. Accordingly,
the dimensionless positive quantity 𝑅 can be thought of as
a quantitative risk indicator, such that the condition 𝑅 > 1
identifies a local critical state of bone with respect to
overloading effects. By assuming that overloads occur when
ultimate bone strength is reached, in this study it was assumed
that 𝜎

𝑇0
= 180MPa and 𝜎

𝐶0
= 115MPa for cortical bone and

𝜎
𝑇0
= 𝜎
𝐶0
= 5MPa for trabecular bone [58, 65].

In order to perform significant numerical comparisons,
the previously introduced stress measures and the risk index
𝑅were computed for each implant within a control volumeΩ,
defined by considering a bone layer surrounding the implant
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Figure 4: Control regions employed for computing the local stress
measures and the overloading risk index 𝑅 at the bone-implant
interface.

with a mean thickness 𝛿. With reference to the sketch in
Figure 4, the region Ω has been conveniently considered as
subdivided in its complementary parts Ω

𝑐
and Ω

𝑡
(such that

Ω = Ω
𝑐
∪ Ω
𝑡
), representing cortical and trabecular control

regions, respectively. In turn,Ω
𝑡
has been further subdivided,

by 2 planes orthogonal to the implant axis, into 3 comple-
mentary control subregions having equal length along the
implant axis. These three trabecular regions will be denoted
asΩ𝑐
𝑡
(crestal region),Ω𝑖

𝑡
(intermediate region), andΩ𝑎

𝑡
(apex

region). Results discussed in the foregoing were obtained by
assuming 𝛿/𝐷 = 0.25, and they refer to average and peak
values of 𝜎VM, 𝜎𝐶, 𝜎𝑇, and 𝑅 over Ω

𝑐
, Ω𝑐
𝑡
, Ω𝑖
𝑡
, Ω𝑎
𝑡
. These

results were computed via a postprocessing phase carried out
by means of a MatLab (The MathWorks, Inc., Natick, MA)
home-made procedure, taking as input by the solver code
some primary geometrical and topological data (nodes and
elements lying in Ω), as well as stress solutions at the finite-
element Gauss points withinΩ.

3. Results

3.1. Subcrestal Positioning P1. For implants introduced in
Figure 1 and considering the subcrestal positioning P1 (see
Figure 3), Figures 5 and 6 showVonMises stress distributions
relevant to the loading coronal plane 𝑦 = 0, computed via the
present 3D finite-element approach at the peri-implant cor-
tical and trabecular bone regions. Moreover, Figure 7 shows
average and peak values over the control volumes Ω

𝑐
and

Ω
𝑡
(see Figure 4) of 𝜎VM and of the principal stress measures

defined by (1). Finally, Figure 8 highlights mean and peak
values of the overloading risk index 𝑅 computed at both
trabecular and cortical peri-implant bone regions.

By assuming complete osseous integration, the highest
stress concentrationswere computed at the cortical bone near
the implant neck. There, stress patterns were significantly
affected by implant diameter (𝐷) and bone-implant interface
length (𝐿). In detail, by increasing 𝐷 and/or by increasing
𝐿 mean and peak stress values decreased in Ω

𝑐
and Ω

𝑡
, and

stress distributions tended to be more homogenous. Com-
pressive mean and peak values at the cortical peri-implant
region always prevailed with respect to the corresponding
tensile states. This occurrence was not generally respected at
the trabecular interface, wherein tensile stresses were higher
at the crestal region (Ω𝑐

𝑡
) and smaller at the implant apex

(Ω𝑎
𝑡
) than the compressive stresses. Nevertheless, the highest

trabecular stress peaks were associated with the compressive
states arising inΩ𝑎

𝑡
(see Figure 7(b)).

Referring to the notation introduced in Figure 1, implants
denoted by D4.3-L9 (i.e., labeled as 4, 5, and 6) exhibited the
best stress performances, resulting in the smallest values of
the stress measures as well as in the smallest values of the
overloading risk index 𝑅. On the contrary, implants denoted
by D3.6-L5.5 (labeled as 1 and 2) numerically experienced
the worst loading transmission mechanisms. Moreover, the
stress-based performance of the commercial implantAnkylos
D3.5-L11 was estimated as fully comparable with that of
the threaded implants D3.6-L9 (labeled as 7, 8, 9, and 10),
although the greater Ankylos’ length induced more favorable
stress distributions at the trabecular bone, especially referring
to the compressive states arising at the implant apex (see
Figure 7(b)).

Proposed results clearly show that the parameter that
mainly affects the implant stress-based performances is the
diameter𝐷, irrespective of the length 𝐿. In fact, by comparing
stress results relevant to implant 2with those of implant 3, that
is, by increasing𝐷 of about 20% (passing from𝐷 = 3.6mmto
𝐷 = 4.3mm) when 𝐿 = 5.5mm, compressive (resp., tensile)
peak values reduced of about 27% in both Ω

𝑐
and Ω

𝑡
(resp.,

20% in Ω
𝑐
and 30% in Ω

𝑡
). On the contrary, by comparing

stress results relevant to implant 2 with those of implant 9,
that is, by increasing 𝐿 of about 60% (passing from 𝐿 =
5.5mm to 𝐿 = 9mm) when 𝐷 = 3.6mm, compressive peaks
reduced only by about 16% (resp., 26%) at the cortical (resp.,
trabecular) bone, whereas tensile peaks were almost compa-
rable. These considerations are qualitatively applicable also
when the overloading risk index𝑅 is addressed (see Figure 8),
leading to similar conclusions.

Within the limitations of this study, overloading risks
were greater in cancellous region than those in cortical, and
proposed numerical results highlighted that, under the sim-
ulated loading condition, the safety inequality 𝑅 < 1 was
everywhere satisfied in bone for all the analyzed implants.

Moreover, the proposed numerical results suggest that
thread shape and thread details can induce significant effects
on local stress patterns in bone around implants. In particu-
lar, the use of the same thread truncation (ST) for both thread
starts induced a more uniform local stress distributions than
the case characterized by a different thread truncation (DT),
since all the threads had practically the same engaged depth.
As a result, mean and peak values of𝜎

𝑇
reduced at the cortical

bone passing from DT to ST, as it is shown in Figure 7(b) by
comparing results relevant to implants 5 and 6 (peaks reduced
of about 20% andmean values of about 13%) and to implants 9
and 10 (peaks reduced of about 23% andmean values of about
18%).

The influence of the thread shape may be clearly
highlighted by analyzing the stress-based performances of



Computational and Mathematical Methods in Medicine 7

(1) D3.6-L5.5-T0/30-ST-SM (2) D3.6-L5.5-T10/30-ST-SM (3) D4.3-L5.5-T10/30-ST-SM
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Figure 5: Von Mises stress contours (blue: 0; red: 70MPa) at the coronal section 𝑦 = 0 for implants defined in Figure 1 and in the case of the
subcrestal positioning P1 (see Figure 3). Cortical peri-implant bone interface.

(1) D3.6-L5.5-T0/30-ST-SM (2) D3.6-L5.5-T10/30-ST-SM (3) D4.3-L5.5-T10/30-ST-SM

(4) D4.3-L9-T10/30-DT-SM (5) D4.3-L9-T10/30-DT-LM (6) D4.3-L9-T10/30-ST-LM

(7) D3.6-L9-T0/30-DT-SM (8) D3.6-L9-T10/30-DT-SM (9) D3.6-L9-T10/30-DT-LM
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Figure 6: VonMises stress contours (blue: 0; red: 4.5MPa) at the coronal section 𝑦 = 0 for implants defined in Figure 1 and in the case of the
subcrestal positioning P1 (see Figure 3). Trabecular peri-implant bone interface.

implants 1 and 2 and of implants 7 and 8. In particular,
trapezoid-shaped thread (labelled as T10/30 in Figure 1)
inducedmore favorable compressive and tensile states at both
cortical and trabecular regions than the saw-tooth thread
(T0/30), leading to the reduction of the cortical peak values
of about 24% for 𝜎

𝐶
when the implants D3.6-L5.5 were

addressed and of about 35% for 𝜎
𝑇
in the case of the implants

D3.6-L9. Such an effect is also observable by analyzing the
risk index 𝑅 (see Figure 8). In particular, the thread shape
T10/30 induced a significant reduction in 𝑅 (at both cortical
and trabecular regions), especially for short implants.

Finally, indications on the influence of the helical-milling
width and depth may be drawn by considering numerical
results relevant to implants 4 and 5 and to implants 8 and 9.
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Figure 7: Von Mises ((a), 𝜎VM) and principal ((b), 𝜎
𝑇
tensile and 𝜎

𝐶
compressive) stress measures at cortical (left side) and trabecular (right

side) bone-implant interface for implants defined in Figure 1 and in the case of the subcrestal positioning P1 (see Figure 3). Average (bars)
and peak (lines) values.

Although almost comparable global stress patterns and local
stress measures were experienced passing from SM (small
milling) to LM (large milling), the analysis of the index 𝑅
reveals that large milling shape can induce a reduction of the
risk of overloading states at the cancellous bone, especially for
small values of 𝐿.

3.2. Influence of In-Bone Positioning Depth. In order to ana-
lyze the influence of the implant in-bone positioning depth
on loading transmission mechanisms, reference has been
made to the comparative numerical analyses carried out

for the implant D3.6-L9-T10/30-DT-SM and for the implant
Ankylos D3.5-L11 (i.e., for implants 8 and A in Figure 1).
Addressing the positioning configurations introduced in
Figure 3, Figure 9 shows Von Mises stress distributions rel-
evant to the loading coronal plane 𝑦 = 0, computed at
cortical and trabecular peri-implant bone regions, and
Figure 10 shows mean and peak values of 𝜎VM, 𝜎𝑇, and 𝜎𝐶
computed over the control volumesΩ

𝑐
andΩ

𝑡
(see Figure 4).

Finally, Figure 11 summarizes mean and peak values of the
overloading risk index 𝑅 computed at both trabecular and
cortical bone interfaces. It is worth pointing out that the
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Figure 8: Overloading risk index 𝑅 computed at cortical and trabecular peri-implant bone for implants defined in Figure 1 and in the case
of the subcrestal positioning P1 (see Figure 3). Average (bars) and peak (lines) values.
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Figure 9: Von Mises stress contours (blue: 0; red: 70MPa) at the coronal section 𝑦 = 0 for implants 8 and A (see Figure 1) and for different
implant in-bone positioning levels (see Figure 3). Cortical (a) and trabecular (b) peri-implant bone interface.
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Figure 10: VonMises ((a), 𝜎VM) and principal ((b), 𝜎𝑇 tensile and 𝜎𝐶 compressive) stress measures at cortical (left side) and trabecular (right
side) bone-implant interface for implants 8 and A (see Figure 1) and for different implant in-bone positioning levels (see Figure 3). Average
(bars) and peak (lines) values.

results referred to the crestal positioning P0 were computed
bymodeling a crestal bone loss of about 10% in cortical thick-
ness (see Figure 3).

Proposed numerical results confirmed that the implant
Ankylos inducedmore favorable loading transmissionmech-
anisms than implant 8, also considering different values of
in-bone positioning depth. Moreover, the analysis of Von
Mises stress distributions as well as of the values of principal-
stress-based measures suggests that the crestal positioning
(P0) induced significant stress concentrations at the cortical
bone around the implant neck. In this case, stress peaks
were estimated as comparable with those obtained for the
subcrestal positioning P1. When the intermediate subcrestal

positioning P05 was analyzed, the lowest compressive peaks
atΩ
𝑐
were experienced for both implants, although tractions

slightly greater than the other positioning configurations
occurred. In trabecular bone, stress patterns were computed
as almost comparable in the three cases under investigation.
Nevertheless, the positioning case P0 induced stress distribu-
tions in trabecular regions that were slightly better than P05
and P1.

This evidence is fully confirmed by analyzing the results
obtained for the risk index 𝑅. In particular, referring to its
peak values, overloading risk at the cortical bone for P05 was
lower than that for P0 and P1 of about 14% and 19% for
implant 8, respectively, and of about 6% and 3% for implantA.
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Figure 11: Overloading risk index 𝑅 computed at cortical and
trabecular peri-implant bone for implants 8 and A (see Figure 1)
and for different implant in-bone positioning levels (see Figure 3).
Average (bars) and peak (lines) values.

On the other hand, values of 𝑅 for P0 were lower at the
trabecular bone than those for P05 and P1 of about 10% and
18% for implant 8, respectively, and of about 10% and 15% for
implant A.

3.3. Influence of Marginal Bone Loss in Crestal Positioning.
For implants 8 and A (see Figure 1), crestally positioned
in agreement with the configuration P0 (see Figure 3), the
influence of the amount in crestal bone losswas also analyzed.
In particular, numerical simulations were carried out consid-
ering three different levels of marginal bone loss, from the
ideal case consisting in the absence of cratering effects (bone
loss equal to 0% in thickness of the cortical bone layer) up
to the case of 50% bone loss. For the sake of compactness, in
Figure 12 only peak and mean values of the Von Mises stress
measure computed over Ω

𝑐
and Ω

𝑡
are shown, together with

results computed for the overloading risk index 𝑅.
Numerical analyses showed that modeling an increase

in cratering depth induced an increase in stress levels at
both cortical and trabecular peri-implant regions and thereby
induced an increase in the risk of overloading. In particular,
for both implants, the Von Mises stress peaks relevant to a
crestal bone loss of 50% in thickness were greater of about
120% in cortical bone and 105% in trabecular than those in
the ideal case of 0% bone loss.

4. Discussion

The 11 dental implants that were analyzed by finite-element
simulations exhibited different stress-based biomechanical
behaviours, dependent on implant shape and thread, as well
as on positioning depth and bone geometry around the
implant neck. Simulation results considered functioning
implants based on platform-switching concept and were

obtained by modeling the crestal bone geometry after a
healing and loading period.

Numerical results obtained by considering a subcrestal
in-bone positioning 1mmdepth of implants have highlighted
the influence of implant length and diameter on load transfer
mechanisms. In agreement with numerical findings obtained
by other authors [37–41], an increase in implant diame-
ter induced a significant reduction of stress peaks mainly
at cortical bone, whereas the variation in implant length pro-
duced a certain influence only on stress patterns at the cancel-
lous bone-implant interface. Accordingly, the present numer-
ical results suggest that, in order to control overloading risk,
the implant diameter can be considered as a more effective
design parameter than the implant length. Similar findings
were proposed in [40, 47] andwere relevant also to traditional
implants crestally positioned. Overloading risk, quantita-
tively estimated by combining compressive and tensile effects
via a principal-stress-based strength criterion for bone, was
computed as significant at the cortical region around the
implant neck (mainly as a result of dominant compressive
states induced by the lateral load component) and/or at
crestal (dominant tensile states) or apical (dominant com-
pressive states) trabecular regions (induced by the vertical
intrusive load component).

Stress analyses of implants with similar length and
diameter allowed us to investigate the influence of some
thread features. In particular, the proposed numerical results
suggest that thread shape and thread details can induce
significant effects on the peri-implant stress patterns.Threads
analyzed in this study were characterized by two starts and
numerical results have shown that the use of the same thread
truncation for both starts induced more uniform local stress
distributions than the cases characterized by a different
thread truncation. As regards the thread shape, trapezoid-
shaped thread produced compressive and tensile states at
both cortical and trabecular regions more favorable than
those of the saw-tooth thread, leading to reductions in stress
values that were significantly affected by implant length and
diameter. Moreover, numerical evidence has highlighted that
the presence of a wide helical-milling along the implant body
does not significantly affect the loading transmission mecha-
nisms, but it can contribute to reduce risks of overloading at
the trabecular apical bone, especially when short implants are
considered.

Numerical simulations carried out on coupled bone-
implant models defined by considering different levels of the
implant in-bone positioning depth have shown that a crestal
placement, combined with a reduced marginal bone loss,
induced great stress values at the crestal cortical regions, con-
firming the biomechanical relationship between the stress-
based mechanical stimuli and the possible activation of bone
resorption process at the implant collar [21]. In agreement
with clinical evidence and with other numerical studies
[4, 18, 19, 25–34, 40, 47, 53], present results confirm also
that a subcrestal positioning of implants based on platform-
switching concept may contribute to the preservation of
the crestal bone as well as can induce more effective and
homogeneous stress distributions at the peri-implant regions.
In particular, proposed simulation results have shown that,
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Figure 12: Von Mises stress measure at cortical (a) and trabecular (b) bone-implant interface for implants 8 and A (see Figure 1) and with a
crestal positioning characterized by different levels of crestal bone loss. (c) Overloading risk index 𝑅. Average (bars) and peak (lines) values.

in the case of subcrestal placements, stress distributions were
mainly affected by two counteracting effects. On one hand,
when the implant’s in-bone positioning depth increases then
the vertical thickness of the cortical bone engaged in load
transfer mechanisms reduces, tending to generate stress con-
centrations. But, on the other hand, the horizontal bone appo-
sition induced by the platform-switching configuration in a
subcrestal positioning highly contributes to an effective
redistribution of the stress field. As a result of a balance con-
dition between previous effects, the best stress-based perfor-
mance among cases herein analyzed has been experienced
considering an in-bone positioning depth of about 25% in
cortical thickness.

In the case of crestal positioning, the proposed numerical
results have shown that if the crestal bone morphology,
affected by possible marginal bone loss, is not properly mod-
eled, then a significant underestimation of stress values and
an inaccurate evaluation of loading transfer mechanisms are
generally obtained. Moreover, the present finite-element
analyses have confirmed that a progressivemarginal bone loss
can lead to a progressive increase in stress intensity at the
peri-implant interface that, in turn, can contribute to a
further overload-induced bone loss, jeopardizing clinical
effectiveness and durability of the prosthetic treatment.These
results are qualitatively in agreement with numerical evi-
dence obtained in [19, 40, 41, 47] although, due to simplified
and/or different models used in those studies, quantitative
comparisons cannot be made.

It is worth remarking that, contrary to a number of
recent numerical approaches [33, 38, 39, 41, 46], the present
study accounted for the influence of posthealing crestal bone
morphology in functioning implants and was based on a
detailed three-dimensional geometricalmodeling of the bone

segment wherein the implant is inserted. Accordingly, the
results herein proposed can be retained as complementary
with respect to several previous simplified studies, furnishing
more refined and accurate indications for choosing and/or
designing threaded dental implants, as well as giving clear
insights towards the understanding of main factors affecting
the loading transmission mechanisms.

Although in the current study a number of aspects influ-
encing the biomechanical interaction between dental implant
and bone have been accounted for, some limitations can
be found in modeling assumptions herein employed. In
particular, the ideal and unrealistic condition of 100%osseous
integration was assumed; stress analyses were performed by
simulating static loads and disregarding any muscle-jaw
interaction; bone wasmodeled as a dry isotropic linear elastic
material, whose mechanical properties were assumed to be
time independent; the space dependence of bone density and
mechanical response has been simply described by distin-
guishing trabecular and cortical homogeneous regions. All
these assumptions do not completely describe possible clini-
cal scenarios because of possible osseointegration defects at
the peri-implant regions; different patient-dependent load-
ing distributions; much more complex and time-dependent
forces and significant muscular effects; anisotropic, inhomo-
geneous, nonlinear, and inelastic response of living tissues;
bone remodeling; and spatially graded tissue properties. Nev-
ertheless, in agreement with other numerical studies [35–54],
present assumptions can be accepted in a computational
sense in order to deduce significant and clinically useful
indications for the comparative stress-based assessment of
threaded dental implants.

In order to enhance the present finite-element approach,
future studies will be devoted to the modeling of bone
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as a nonlinear, anisotropic, viscous, and inhomogeneous
regenerative tissue that responds to stress by resorption or
regeneration under time-dependent muscular and external
loads, accounting also for a more refined correlation between
bone density and its mechanical response.

5. Concluding Remarks

Within the limitations of this study, numerical simulations
showed that implant design (in terms of implant diameter,
length, thread shape), in-bone positioning depth, and crestal
bonemorphology highly affect themechanisms of load trans-
mission. Aiming at theminimization of the overloading risks,
the implant diameter can be retained as a more effective
design parameter than the implant length. In particular, a
significant reduction of stress peaks, mainly at the cortical
bone, occurred when implant diameter increased. Never-
theless, implant length exhibited a certain influence on
the bone-implant mechanical interaction at the cancellous
interface, resulting in more effective and homogeneous stress
distributions in trabecular bone when the implant length
increased. Stress-based performances of dental implants were
also found to be significantly affected by thread features.
In detail, trapezoid-shaped thread induced compressive and
tensile states at both cortical and trabecular regions more
favorable than the saw-tooth thread. Moreover, the use of the
same thread truncation for different thread starts induced
a more uniform local stress distributions than the case of a
different thread truncation. In the case of short implants, the
presence of a wide helical-milling along the implant body
produced a reduction in the overloading risk at the trabecular
apical bone.Overloading riskswere computed as high around
the implant neck (for compressive states) in cortical bone and
at the crestal (for tensile states) or apical (for compressive
states) trabecular bone. Risk of overloading reduced when
small levels of crestal bone loss were considered, as induced
by suitable platform-switching strategies.
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In this study, the effect of Pilates training on the brain function was investigated through five case studies. Alpha rhythm changes
during the Pilates training over the different regions and the whole brain were mainly analyzed, including power spectral density
and global synchronization index (GSI). It was found that the neural network of the brain was more active, and the synchronization
strength reduced in the frontal and temporal regions due to the Pilates training. These results supported that the Pilates training is
very beneficial for improving brain function or intelligence. These findings maybe give us some line evidence to suggest that the
Pilates training is very helpful for the intervention of brain degenerative diseases and cogitative dysfunction rehabilitation.

1. Introduction

Pilates was created in the 1920s by physical trainer Joseph
H. Pilates and has been developed based on the Eastern
and Western health preservation methods, such as Yoga and
Taichi. This exercise is suitable for all the people and may
be one of the most attractive fitness trainings [1, 2]. Pilates
exercise was found to be able to correct body posture, relax
the waist and neck, solve the problem of shoulder, and reduce
fat of arm and abdomen [3–5]. Pilates can improve the blood
circulation and cardiopulmonary function as the exercise is
dominated by the rhythmic breath, particularly the lateral
thoracic breathing that can effectively promote the exchange
of oxygen. The Pilates has been proven to impact personal
autonomy [6], pain control [1], improvedmuscle strength [7],
flexibility [8], and motor skills [9]. Physical activity can be
considered as an approach to improve organic conditions and
prevent physical degeneration [10]. Further studies suggest
that Pilates can release the stress of mind, increase brain’s
oxygen supply, and enhance brain function [11, 12], and
studies in aged samples also suggest that Pilates is beneficial
to mental state, including sleep quality, emotion, and self-
confidence [2].

However, the direct evidence of Pilates on brain activity
such as electroencephalographic (EEG) is lacking. In this
study, we recorded resting-state EEG signals before and after
Pilates exercise. We concentrated on the analysis of alpha
rhythm (8–13Hz) changes of the EEG, which is associated
with the intelligence. The aim is to demonstrate whether or
not Pilates can impact the brain functions or intelligence.

2. Methods

2.1. Subjects. After providing informed consent, five healthy
postgraduate girls (mean age 24 ± 1 years) voluntarily
participated in this study. They were free to withdraw from
the experiments at any time. All subjects included in this
experiment were right-handed, nonathletes, and had never
been suffering from neurological and psychiatric disorders.
The study was approved by the local ethics committee, and
all participants gave written informed consent for this study.

2.2. Pilates Training. The five girls were trained with Pilates
four sessions a week (Monday, Tuesday, Thursday, and Fri-
day) in awell-ventilated room, at least 90minutes per session.
For the first three weeks, they were taught Pilates movements
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step by step, and they reviewed the former movements in
each training session and were corrected by the coach after
learning the new ones. After they were taught a total of 24
movements, they practiced for 4–6 times in each session, and
they were instructed to perform the sequences as accurately
and smoothly coupled with breathing.The training lasted for
10 weeks. And the resting-state EEG rhythms were recorded
with eyes closed before Pilates training and after each two
weeks training.

2.3. Data Acquisition. EEG recordings were performed at six
different time points. The first recording was performed just
prior to the onset of training week (week 0). After each two
weeks training, there was one recording, such as week 2,
week 4, week 6, week 8, and week 10. During recordings, the
subjects were asked to close their eyes and sit in a comfortable
armchair, who were relaxed and awake in a dim room for 5
minutes during each recording.

The EEG data acquisition was performedwith Neuroscan
EEG/ERP recording system amplifiers (SynAmps2) with 64
Ag/AgCl surface electrodes, which were fixed in a cap at the
standard positions according to the extended international
10–20 system, and with 32 bit SCAN4.5 acquisition system
that could also be used to continuously view the EEG record-
ings. A reference electrode was placed between Cz and CPz,
and ground electrode was placed between FPz and Fz. Hori-
zontal and vertical electrooculograms (EOG) were recorded
aswell.TheEEGwas recordedwith unipolarmontages except
for the EOG with bipolar montages. The impedances of all
electrodes were <10 kΩ. During the recording, the data was
band-pass filtered in the frequency range 0.05–200Hz and
sampled at 2 KHz. Digital conversion of the measured analog
signals was accomplished with a 24 bit digitizer.

2.4. Data Analysis. In this study, the alpha rhythm (8–13Hz)
in the EEG recordings was concentrated on. In order to detect
the alpha rhythm’s changes over different regions, the brain
was divided into five regions: frontal, left temporal, central,
right temporal, and posterior (see Figure 1). Power spectral
density and global synchronization index (GSI) at the alpha
frequency band were computed in all regions.

2.4.1. Preprocessing for EEG. The raw EEG data was analyzed
offline using EEGLAB (http://sccn.ucsd.edu/eeglab/ [13]). It
was rereferenced to M1 (left mastoid process) and M2 (right
mastoid process), the two EOG channels were extracted, the
band-pass filter (8–13Hz) was initially used to include the
frequency band of interest, and then the data was resampled
to 250Hz for further analysis.

2.4.2. Spectral Analysis. After preprocessing, we chose EEG
data of 4 minutes for analysis. Power spectral density (PSD)
was estimated using pwelch method, which has a better noise
performance compared with other power spectra estimation
methods. The PSD was calculated using 10s epochs for each
signal. Each epoch was divided into overlapping segments
using periodic 10-s hamming window with 50% overlap.
And then the peak power and peak power frequency were
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Figure 1: Extended 10–20 electrodes system and area electrodes’
partition. The dotted lines divided the whole into 5 regions: the
numbers 1, 2, 3, 4, and 5 separately denote the frontal, left temporal,
central, right temporal, and posterior regions, respectively.

calculated for the alpha band in each epoch.Outliers rejection
was performedusing generalized extreme studentized deviate
(GESD) [14] for all epochs in each channel. The remained
epochs were averaged.

The PSD for each channel in all frequency bands was
obtained. In order to estimate the changes of peak power
and corresponding frequency during the Pilates training over
different regions and the whole brain, the PSD was averaged
over each region and the whole brain.

2.4.3. GSI. Synchronization is known as a key feature to eval-
uate the information process in the brain. For long EEG data,
global synchronization index (GSI) can reveal the true syn-
chronization features of multivariable EEG sequences better
than other methods [15].

To eliminate the effect of amplitude, the EEG signals pre-
processed need to be normalized by

𝑍 = {𝑧
𝑖 (𝑛)} (𝑖 = 1, . . . , 𝑀; 𝑛 = 1, . . . , 𝑇) ,

𝑥
𝑖 (𝑛) =

(𝑧
𝑖 (𝑛) − ⟨𝑍

𝑖
⟩)

𝜎
𝑖

,

𝑋 = {𝑥
𝑖 (𝑛)} ,

(1)

where 𝑍 is considered as the multivariate EEG data, 𝑀 is the
number of channels, 𝑛 is the number of data points in time
window 𝑇, 𝑥

𝑖
(𝑛) is the normalized signal, and 𝑋 is a vector of

𝑥
𝑖
(𝑛), and ⟨𝑍

𝑖
⟩ and 𝜎

𝑖
are the mean and standard deviation of

𝑧
𝑖
(𝑛), respectively.
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Table 1: Comparisons of global changes before training (BT) and after training (AT) for each case.

Persons
Changes

Alpha peak power Alpha peak frequency GSI
BT (𝜇V2/Hz) AT (𝜇V2/Hz) BT (Hz) AT (Hz) BT AT

First 209.26 213.47 ± 32.79 10.05 10.02 ± 0.06 0.53 0.43 ± 0.03

Second 6.53 9.67 ± 1.27 9.23 9.76 ± 0.09 0.37 0.31 ± 0.03

Third 3.55 3.91 ± 0.52 11.89 11.48 ± 0.25 0.32 0.28 ± 0.02

Forth 45.06 65.95 ± 10.97 10.23 9.61 ± 0.08 0.35 0.32 ± 0.05

Fifth 44.28 57.34 ± 9.25 10.06 10.06 ± 0.06 0.34 0.29 ± 0.02

Average 61.74 70.07 ± 10.96 10.29 10.18 ± 0.11 0.38 0.33 ± 0.03

To calculate the GSI of multivariate EEG data, a phase
correlation matrix C was constructed. The phase of the each
EEG series is estimated using continuous wavelet transform.
The phase difference of two EEG traces is defined by

Δ𝜑
𝑤

𝑥𝑖𝑥𝑘
(𝑠, 𝜏) = 𝜑

𝑤

𝑥𝑖
(𝑠, 𝜏) − 𝜑

𝑤

𝑥𝑘
(𝑠, 𝜏) (𝑘 = 1, . . . , 𝑀) . (2)

Then, the phase synchronization is calculated by

𝛾
𝑖𝑘

=

⟨𝑒
𝑗Δ𝜑
𝑤

𝑥𝑖𝑥𝑘
(𝑠,𝜏)

⟩
𝑇


∈ [0, 1] , (3)

where ⟨⋅⟩
𝑇
indicates the average of the time window 𝑇.

𝛾
𝑖𝑘
indicates the phase synchronization of signals 𝑥

𝑖
(𝑛) and

𝑥
𝑘
(𝑛). For all EEG series, a phase correlation matrix can be

written as C = {𝛾
𝑖𝑘

}.
Then, the eigenvalue decomposition of C is defined as

follows:

Ck
𝑖

= 𝜆
𝑖
k
𝑖
, (4)

where eigenvalues 𝜆
1

≤ 𝜆
2

≤ ⋅ ⋅ ⋅ ≤ 𝜆
𝑀
are in increasing order

and k
𝑖
, 𝑖 = 1, . . . , 𝑀 are the corresponding eigenvectors.

In order to reduce the “bias” caused by the algorithm
and length of data, amplitude adjusted Fourier transformed
(AAFT) surrogate method [16] was used in this study. Based
on the surrogate series 𝑋surr, the normalized phase surrogate
correlation matrix R was calculated, and the 𝜆

𝑠

1
≤ 𝜆
𝑠

2
≤

⋅ ⋅ ⋅ ≤ 𝜆
𝑠

𝑀
were the eigenvalues of surrogate correlation

matrix R. The distribution of the surrogate eigenvalues can
reflect the random synchronization of the multivariate time
series. To reduce the effects of the random components in
the total synchronization, the eigenvalues were divided by the
averaged surrogate eigenvalues. The GSI was calculated by

𝜆
𝑔

𝑖
=

𝜆
𝑖
/𝜆𝑠
𝑖

∑
𝑀

𝑖=1
𝜆
𝑖
/𝜆𝑠
𝑖

(𝑖 = 1, . . . , 𝑀) ,

GSI = 1 +
∑
𝑀

𝑖=1
𝜆
𝑔

𝑖
log (𝜆

𝑔

𝑖
)

log (𝑀)
,

(5)

where 𝜆𝑠
𝑖
is the averaged eigenvalues of the surrogate series.

Calculating the GSI used 10 s epochs with 50% overlap for
the alpha rhythm over the five regions and the whole brain.
Outlier’s rejection [14] was also used, and then the remained
epochs were averaged. Average of GSI over different regions
and the whole brain was obtained as well.

2.4.4. Calculation of the Relative Variable Ratio. In order to
estimate the changes during the Pilates training, the relative
variable ratio may be calculated by

𝑟
(𝑘)

𝑗𝑖
=

𝑦
(𝑘)

𝑗𝑖
− 𝑦
(𝑘)

𝑗1

𝑦
(𝑘)

𝑗1

(𝑖 = 1, . . . , 𝑁, 𝑁 = 6; 𝑗 = 1, . . . 𝐾, 𝐾 = 5; 𝑘 = 1, 2, 3) ,

(6)

where 𝑁 is the number of tests, 𝐾 is the number of subjects,
and 𝑟
(𝑘)

𝑗𝑖
is the relative variable ratio to the first test. 𝑦

(𝑘)

𝑗𝑖
is the

feature value of EEG recordings. When 𝑘 = 1, 𝑟
(𝑘)

𝑗𝑖
presents

the changes of the peak power; when 𝑘 = 2, 𝑟
(𝑘)

𝑗𝑖
presents the

changes of the peak frequency; when 𝑘 = 3, 𝑟
(𝑘)

𝑗𝑖
presents the

changes of GSI. All changes were over the Pilates training.
If the variables increased over the Pilates training, 𝑟(𝑘)

𝑗𝑖
will

be greater than zero; if they decreased, 𝑟
(𝑘)

𝑗𝑖
will be less than

zero; if there are no changes, 𝑟
(𝑘)

𝑗𝑖
will be approximate to zero.

For the limited numbers of only five subjects, boxplot is used
to describe the changes over the Pilates training duration.

3. Results

3.1. Spectral Analysis. The results of alpha peak power and
alpha peak frequency in each region and over the whole brain
were shown in Figure 2. The comparisons of global changes
before training (BT) and after training (AT) for each casewere
shown in Table 1.

The alpha peak powers were different among the five
cases. The power that is in the first case was the largest.
A relative lower peak power was observed in the second
and the third cases. There may be individual difference, but
the trend of changes was the same. Table 1 presented that
the alpha peak power increased in all cases and the average
value increased as well (61.74 to 70.07 ± 10.96) (Table 1). The
changes of alpha peak frequencies varied among different
individuals: decreased in three cases, increased in one case,
and unchanged in one case, and the average value was slightly
decreased (10.29 to 10.18 ± 0.11) (Table 1).

The ratios of alpha peak power and alpha peak frequency
could eliminate the effect of individual factor (see Figure 2).
The ratios were obtained to investigate the two indicators’
changes during Pilates training. Figure 2(a) showed that
alpha peak power was increased in various regions and



4 Computational and Mathematical Methods in Medicine

Fr
on

ta
l r

at
io

Ri
gh

t t
em

po
ra

l r
at

io

Le
ft 

te
m

po
ra

l r
at

io

C
en

tr
al

 ra
tio

O
cc

ip
ita

l r
at

io

G
lo

ba
l r

at
io

0

1

2

3

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6
N test N test

−1

0

1

2

3

−1

0

1

2

3

−1

0

1

2

3

−1

0

1

2

3

−1

0

1

2

3

−1

N test

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6
N test N testN test

(a) Alpha Peak Power

−0.2

−0.1

0

0.1

−0.2

−0.1

0

0.1

−0.2

−0.1

0

0.1

−0.2

−0.1

0.1

−0.2

−0.1

0.1

−0.2

−0.1

0 0 0

0.1

Fr
on

ta
l r

at
io

Ri
gh

t t
em

po
ra

l r
at

io

Le
ft 

te
m

po
ra

l r
at

io

C
en

tr
al

 ra
tio

O
cc

ip
ita

l r
at

io

G
lo

ba
l r

at
io

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6
N test N testN test

1 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6
N test N testN test

(b) Alpha Peak Frequency

Figure 2: Relative changes of alpha peak power (a) and peak frequency (b) during the Pilates training. Alpha peak power increased in the
five regions and the whole brain as (a) shows. As (b) shows, most of the median of alpha peak frequency decreased but was not significant.
One box represented one test in (a) and (b).
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Figure 3: Relative changes of GSI for alpha rhythm during the Pilates training. The GSI in the frontal and temporal regions was decreased,
but it almost increased in the central region, and the changes in the occipital region were not obvious.TheGSI over the whole brain decreased
obviously. One box represented one test.

the whole brain. The median of ratios was greater than zero.
The ratios of alpha peak power versus alpha peak frequency
were increased by about 30% to 90%, (especially in the second
test, which was two weeks after Pilates training), 10% to 30%,
10% to 60%, and 20% to 40%, for the frontal, temporal,
central, occipital, and the whole brain, respectively.The alpha
peak frequency decreased in small degree during Pilates
training, and the changeswere not statistically significant (see
Figure 2(b)).

3.2. GSI. TheGSI changes of the whole brain before and after
pilates training in individuals and the average value of the five
subjects were listed in Table 1. The GSI values were decreased
during the Pilates training significantly.

The time-dependent changes of GSI during the Pilates
training in different regions and over the whole brain were
also studied. Figure 3 plotted the relative variable ratios of
GSI. For the frontal region, the GSI has decreased by about 0–
10%, 8%–10%, and 5% after two, four, and six weeks training,
respectively, but increased in some subjects after eight weeks
training. For the left temporal region, the GSI decreased
at least by 5–25% after two weeks training. For the right
temporal region, the GSI decreased at least by 5–40% after
four weeks training, but there was inconsistent variation
after the two weeks training. For the central region, the GSI
increased in varying degrees after two weeks training. For
the occipital region, there were no consistent changes during
Pilates training. For the whole area of the brain, the GSI

decreased slightly after two weeks training but decreased at
least by 5% after four weeks training.

4. Discussions

In this study, we used the resting-state EEG recording to
investigate the effects of the Pilates training on the brain EEG.
The results showed that the Pilates training could increase
the power of the brain alpha rhythm and reduce the synchro-
nization strength of alpha rhythm in the frontal and temporal
regions. These findings may support that the Pilates training
maybe beneficial for improving brain function because the
alpha rhythm and its synchronization are associated with
the human brain higher function such as intelligence. These
results suggest that Pilates training may be helpful for the
intervention of brain degenerative diseases and cogitative
dysfunction rehabilitation. Future studywill demonstrate this
hypothesis.

Human EEG activity reflects the synchronization of cor-
tical pyramidal neurons. Alpha rhythm in the spontaneous
EEG signals is an important predictor of the efficacy of
cortical information processing during cognitive and sen-
sorimotor demand [17]. Alpha rhythm is often considered
as one of the indicators of the brain function and has a
significant correlation with performance on memory tasks
[18], and the alpha power is considered as an important
parameter to represent neural activities and processing
mechanisms [19]. Although the exact mechanisms of alpha
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rhythm generation and its functional significance are not
understood completely so far, there is increasing evidence
that synchronized oscillatory activity in the cerebral cortex
is essential for spatiotemporal coordination and integration
of activity of anatomically distributed but functionally related
neural elements [20]. Alpha power was positively correlated
with intelligence variables, while some lower frequency bands
negatively correlated with them [21]. The higher the absolute
amplitude or power of the EEG, the stronger the background
neural synchronization, then the better the cognitive per-
formance [22], and the higher the IQ [23]. Lower alpha
power is associated with many diseases, such as obsessive-
compulsive disorder [24], Down’s syndrome [25], Alzheimer’
[26], and restless legs syndrome [27]. Patients with these
diseases showed intelligence, memory loss, and alpha rhythm
abnormalities [26]. There is also a correlation between alpha
power and intelligence [21]. Cortical neural synchronization
at the basis of eye-closed resting-state EEG rhythms was
enhanced in elite karate athletes [28]. In this study, the alpha
peak power was increased during the Pilates training, which
suggests the increased neural network activity and perhaps
the intelligence during the Pilates training.

Previous study found that right postcentral gyrus and
bilateral supramarginal gyrus were sensitive to themotor skill
training [29], and the functional connectivity in the right
postcentral gyrus and right supramarginal gyrus strength-
ened from week 0 to week 2 and decreased from week 2 to
week 4. The findings in these case studies are very similar
to the above results, and the functional connectivity changes
based on the resting-state EEG recordings are associated with
motor skill learning. Another similar study also demonstrates
that the frontoparietal network connectivity increased one
week after two brief motor training sessions in a dynamic
balancing task [30], and there is an association between
structural greymatter alterations and functional connectivity
changes in prefrontal and supplementary motor areas. The
GSI is a synchronization method of reflecting the multichan-
nel synchronization strength. As shown in Figure 3, the GSI
values of the alpha rhythm decreased in varying degrees over
the frontal and temporal regions, increased over the central
region, and decreased over the whole brain for all cases after
two weeks training. The frontal and temporal regions are
associated with cognition (i.e., attention and planning), and
the central region is motor related. Because the Pilates can
improve the balance, control, and muscle strength [7], the
GSI of alpha rhythm in the frontal and temporal regions
decreased when the subjects were in the resting state, in
which the subjects were in a very relaxed condition, without
attention and planning procession. The reduction of the
synchronization strength in those regions can support what
is mentioned above. This study demonstrates that the Pilates
training may improve the function of control.
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Feature is important for many applications in biomedical signal analysis and living system analysis. A fast discriminative stochastic
neighbor embedding analysis (FDSNE) method for feature extraction is proposed in this paper by improving the existing DSNE
method.The proposed algorithm adopts an alternative probability distributionmodel constructed based on itsK-nearest neighbors
from the interclass and intraclass samples. Furthermore, FDSNE is extended to nonlinear scenarios using the kernel trick and
then kernel-based methods, that is, KFDSNE1 and KFDSNE2. FDSNE, KFDSNE1, and KFDSNE2 are evaluated in three aspects:
visualization, recognition, and elapsed time. Experimental results on several datasets show that, compared with DSNE and MSNP,
the proposed algorithm not only significantly enhances the computational efficiency but also obtains higher classification accuracy.

1. Introduction

In recent years, dimensional reduction which can reduce the
curse of dimensionality [1] and remove irrelevant attributes in
high-dimensional space plays an increasingly important role
in many areas. It promotes the classification, visualization,
and compression of the high dimensional data. In machine
learning, dimension reduction is used to reduce the dimen-
sion by mapping the samples from the high-dimensional
space to the low-dimensional space.There aremany purposes
of studying it: firstly, to reduce the amount of storage, sec-
ondly, to remove the influence of noise, thirdly, to understand
data distribution easily, and last but not least, to achieve good
results in classification or clustering.

Currently, many dimensional reduction methods have
been proposed, and they can be classified variously from dif-
ferent perspectives. Based on the nature of the input data,
they are broadly categorized into two classes: linear subspace
methods which try to find a linear subspace as feature space
so as to preserve certain kind of characteristics of observed
data, and nonlinear approaches such as kernel-based tech-
niques and geometry-based techniques; from the class labels’
perspective, they are divided into supervised learning and
unsupervised learning; furthermore, the purpose of the for-
mer is tomaximize the recognition rate between classes while
the latter is for making the minimum of information loss. In
addition, judging whether samples utilize local information

or global information, we divide them into local method and
global method.

We briefly introduce several existing dimensional reduc-
tion techniques. In the main linear techniques, principal
component analysis (PCA) [2] aims at maximizing the vari-
ance of the samples in the low-dimensional representation
with a linear mapping matrix. It is global and unsupervised.
Different from PCA, linear discriminant analysis (LDA) [3]
learns a linear projection with the assistance of class labels.
It computes the linear transformation by maximizing the
amount of interclass variance relative to the amount of intra-
class variance. Based on LDA,marginal fisher analysis (MFA)
[4], local fisher discriminant analysis (LFDA) [5], and max-
min distance analysis (MMDA) [6] are proposed. All of the
three are linear supervised dimensional reduction methods.
MFA utilizes the intrinsic graph to characterize the intraclass
compactness and uses meanwhile the penalty graph to char-
acterize interclass separability. LFDA introduces the locality
to the LFD algorithm and is particularly useful for samples
consisting of intraclass separate clusters. MMDA considers
maximizing the minimum pairwise samples of interclass.

To deal with nonlinear structural data, which can often be
found in biomedical applications [7–10], a number of nonlin-
ear approaches have been developed for dimensional reduc-
tion. Among these kernel-based techniques and geometry-
based techniques are two hot issues. Kernel-based techniques
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attempt to obtain the linear structure of nonlinearly dis-
tributed data bymapping the original inputs to a high-dimen-
sional feature space. For instance, kernel principal compo-
nent analysis (kernel PCA) [11] is the extension of PCA using
kernel tricks. Geometry-based techniques, in general, are
known as manifold learning techniques such as isometric
mapping (ISOMAP) [12], locally linear embedding (LLE)
[13], Laplacian eigenmap (LE) [14], Hessian LLE (HLLE) [15],
and local tangent space alignment (LTSA) [16]. ISOMAP
is used for manifold learning by computing the pairwise
geodesic distances for input samples and extending multi-
dimensional scaling. LLE exploits the linear reconstructions
to discover nonlinear structure in high-dimensional space.
LE first constructs an undirected weighted graph, and then
recovers the structure of manifold by graph manipulation.
HLLE is based on sparse matrix techniques. As for LTSA,
it begins by computing the tangent space at every point and
then optimizes to find an embedding that aligns the tangent
spaces.

Recently, stochastic neighbor embedding (SNE) [17] and
extensions thereof have become popular for feature extrac-
tion.The basic principle of SNE is to convert pairwise Euclid-
ean distances into probabilities of selecting neighbors to
model pairwise similarities. As extension of SNE, 𝑡-SNE [18]
uses Student’s 𝑡-distribution tomodel pairwise dissimilarities
in low-dimensional space and it alleviates the optimization
problems and the crowding problem of SNE by the methods
below: (1) it uses a symmetrized version of the SNE cost func-
tion with simpler gradients that was briefly introduced by
Cook et al. [19], and (2) it employs a heavy-tailed distribution
in the low-dimensional space. Subsequently, Yang et al. [20]
systematically analyze the characteristics of the heavy-tailed
distribution and the solutions to crowding problem. More
recently, Wu et al. [21] explored how to measure similarity
on manifold more accurately and proposed a projection
approach called manifold-oriented stochastic neighbor pro-
jection (MSNP) for feature extraction based on SNE and 𝑡-
SNE. MSNP employs Cauchy distribution rather than stan-
dard Student’s 𝑡-distribution used in 𝑡-SNE. In addition, for
the purpose of learning the similarity on manifold with high
accuracy, MSNP uses geodesic distance for characterizing
data similarity.ThoughMSNP has many advantages in terms
of feature extraction, there is still a drawback in it:MSNP is an
unsupervised method and lacks the idea of class label, so it is
not suitable for pattern identification. To overcome the disad-
vantage of MSNP, we have done some preliminary work and
presented amethod called discriminative stochastic neighbor
embedding analysis (DSNE) [22]. DSNE effectively resolves
the problems above, but since it selects all the training sam-
ples as their reference points, it has high computational cost
and is thus computationally infeasible for the large-scale clas-
sification tasks with high-dimensional features [23, 24]. On
the basis of our previous research, we present amethod called
fast discriminative stochastic neighbor embedding analysis
(FDSNE) to overcome the disadvantages of DSNE in this
paper.

The rest of this paper is organized as follows: in Section 2,
we introduce in detail the proposed FDSNE and briefly
compare it with MSNP and DSNE in Section 3. Section 4

gives the nonlinear extension of FDSNE. Furthermore, exper-
iments on various databases are presented in Section 5. Final-
ly, Section 6 concludes this paper and several issues for future
works are described.

2. Fast Discriminative Stochastic Neighbor
Embedding Analysis

Consider a labeled data samples matrix as

X = {x1
1
, . . . , x1

𝑁1
, x2
1
, . . . , x2

𝑁2
, . . . , x𝐶

1
, . . . , x𝐶

𝑁𝐶
} , (1)

where x𝑐
𝑖
∈ 𝑅
𝑑 is a 𝑑-dimensional sample and means the 𝑖th

sample in the 𝑐th class. 𝐶 is the number of sample classes,𝑁
𝑐

is the number of samples in the 𝑐th class, and𝑁 = 𝑁
1
+𝑁
2
+

⋅ ⋅ ⋅ + 𝑁
𝐶
.

In fact, the basic principle of FDSNE is the same as 𝑡-
SNE which is to convert pairwise Euclidean distances into
probabilities of selecting neighbors to model pairwise sim-
ilarities [18]. Since the DSNE selects all the training samples
as its reference points, it has high computational cost and
is thus computationally infeasible for the large-scale classi-
fication tasks with high-dimensional features. So according
to the KNN classification rule, we propose an alternative
probability distribution function which makes the label of
target sample determined by its first 𝐾-nearest neighbors in
FDSNE. In this paper, NH

𝑙
(x
𝑖
) andNM

𝑙
(x
𝑖
) are defined.They,

respectively, denote the 𝑙th-nearest neighbor of x
𝑖
from the

same class and the different classes in the transformed space.
Mathematically, the joint probability 𝑝

𝑖𝑗
is given by

𝑝
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=

{{{{{{{{{
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In formula (2), 𝑑
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𝑗
)
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Euclidian distance between two samples x
𝑖
and x
𝑗
, the param-

eter 𝜆 is the variance parameter of Gaussian which deter-
mines the value of 𝑝

𝑖𝑗
, 𝐻
𝑖
= {𝑗 | 1 ≤ 𝑗 ≤ 𝑁, 1 ≤ 𝑖 ≤ 𝑁,
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2
}, and then the denominator in formula (2) means

all of the reference points under selection from the same class
or the different classes. In particular, the joint probability 𝑝

𝑖𝑗

not only keeps symmetrical characteristics of the probability
distribution matrix but also makes the probability value of
interclass data to be 1 and the same for intraclass data.

For low-dimensional representations, FDSNE uses coun-
terparts y

𝑖
and y
𝑗
of the high-dimensional datapoints x

𝑖
and
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x
𝑗
. It is possible to compute a similar joint probability via the

following expression:
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In what follows, we introduce the transformation by a lin-
ear projection: y

𝑖
= Ax
𝑖
(A ∈ R𝑟×𝑑) so that 𝑑
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algebra formulation, formula (3) has the following equivalent
expression:
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Note that all data have the intrinsic geometry distribution
and there is no exception for intraclass samples and interclass
samples. Then the same distribution is required to hold in
feature space. Since the Kullback-Leiber divergence [25] is
wildly used to quantify the proximity of two probability
distributions, we choose it to build our penalty function here.
Based on the above definition, the function can be formulated
as:

min𝐶 (A) = ∑
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log
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In this work, we use the conjugate gradient method to
minimize𝐶(A). In order tomake the derivation less cluttered,
we first define four auxiliary variables 𝑤

𝑖𝑗
, 𝑢
𝑖𝑗
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Then differentiating𝐶(A)with respect to the transforma-
tion matrix A gives the following gradient, which we adopt
for learning:
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Let U𝐻 be the 𝑁 order matrix with element 𝑢𝐻
𝑖𝑗
, and let

U𝑀 be the 𝑁 order matrix with element 𝑢𝑀
𝑖𝑗
. Note that U𝐻

andU𝑀 are symmetricmatrices; therefore,D𝐻 can be defined
as a diagonal matrix that each entry is column (or row) sum
of U𝐻 and the same for D𝑀, that is, D𝐻

𝑖𝑖
= ∑
𝑗
U𝐻
𝑖𝑗
and D𝑀

𝑖𝑖
=

∑
𝑗
U𝑀
𝑖𝑗
. With this definition, the gradient expression (7) can

be reduced to

𝑑𝐶 (A)
𝑑 (A)

= 2A
{

{

{

∑

∀𝑗∈𝐻𝑖

𝑢
𝑖𝑗
(x
𝑖
− x
𝑗
) (x
𝑖
− x
𝑗
)
𝑇

+ ∑

∀𝑗∈𝑀𝑖

𝑢
𝑖𝑗
(x
𝑖
− x
𝑗
) (x
𝑖
− x
𝑗
)
𝑇}

}

}

= 2A
{

{

{

( ∑

∀𝑗∈𝐻𝑖

𝑢
𝑖𝑗
x
𝑖
x𝑇
𝑖
+ ∑

∀𝑗∈𝐻𝑖

𝑢
𝑖𝑗
x
𝑗
x𝑇
𝑗

− ∑

∀𝑗∈𝐻𝑖

𝑢
𝑖𝑗
x
𝑖
x𝑇
𝑗
− ∑

∀𝑗∈𝐻𝑖

𝑢
𝑖𝑗
x
𝑗
x𝑇
𝑖
)

+ ( ∑

∀𝑗∈𝑀𝑖

𝑢
𝑖𝑗
x
𝑖
x𝑇
𝑖
+ ∑

∀𝑗∈𝑀𝑖

𝑢
𝑖𝑗
x
𝑗
x𝑇
𝑗

− ∑

∀𝑗∈𝑀𝑖

𝑢
𝑖𝑗
x
𝑖
x𝑇
𝑗
− ∑

∀𝑗∈𝑀𝑖

𝑢
𝑖𝑗
x
𝑗
x𝑇
𝑖
)
}

}

}

= 4A {(XD𝐻X𝑇 − XU𝐻X𝑇)

+ (XD𝑀X𝑇 − XU𝑀X𝑇)}

= 4A {X (D𝐻 − U𝐻 +D𝑀 − U𝑀)X𝑇} .

(8)

Once the gradient is calculated, our optimal problem (5)
can be solved by an iterative procedure based on the conjugate
gradientmethod.Thedescription of FDSNE algorithm can be
given by the following.

Step 1. Collect the sample matrix X with class labels, and
set 𝐾-nearest neighborhood parameter 𝐾

1
, 𝐾
2
, the variance

parameter 𝜆, and the maximum iteration times𝑀𝑡.

Step 2. Compute the pairwise Euclidian distance for X and
compute the joint probability 𝑝

𝑖𝑗
by utilizing formula (2) and

class labels.

Step 3 (set 𝑡 = 1 : 𝑀𝑡). We search for the solution in loop:
firstly, compute the joint probability 𝑞

𝑖𝑗
by utilizing formula

(4); then, compute gradient 𝑑𝐶(A)/𝑑(A) by utilizing formula
(8); finally, update A𝑡 based on A𝑡−1 by conjugate gradient
operation.

Step 4. Judge whether 𝐶𝑡 − 𝐶𝑡−1 < 𝜀 (in this paper, we take
𝜀 = 1𝑒 − 7) converges to a stable solution or 𝑡 reaches the

maximum value 𝑀𝑡. If these prerequisites are met, Step 5 is
performed; otherwise, we repeat Step 3.

Step 5. Output A = A𝑡.

Hereafter, we call the proposed method as fast discrimi-
native stochastic neighbor embedding analysis (FDSNE).

3. Comparison with MSNP and DSNE

MSNP is derived from SNE and 𝑡-SNE, and it is a linear
method and has nice properties, such as sensitivity to non-
linear manifold structure and convenience for feature extrac-
tion. Since the structure of MSNP is closer to that of FDSNE,
we briefly compare FDSNE with MSNP and DSNE in this
section.

FDSNE, MSNP, and DSNE use different probability dis-
tributions to determine the reference points. The difference
can be explained in the following aspects.

Firstly, MSNP learns the similarity relationship of the
high-dimensional samples by estimating neighborhood dis-
tribution based on geodesic distance metric, and the same
distribution is required in feature space. Then the linear pro-
jection matrix A is used to discover the underlying structure
of data manifold which is nonlinear. Finally, the Kullback-
Leibler divergence objective function is used to keep pair-
wise similarities in feature space. So the probability distribu-
tion function of MSNP and its gradient used for learning are
respectively given by

𝑝
𝑖𝑗
=

exp (−𝐷geo
𝑖𝑗
/2)

∑
𝑘 ̸= 𝑖

exp (−𝐷geo
𝑖𝑘
/2)

,

𝑞
𝑖𝑗
=

[𝛾
2
+ (x
𝑖
− x
𝑗
)
𝑇

A𝑇A (x
𝑖
− x
𝑗
)]

−1

∑
𝑘 ̸= 𝑙

[𝛾2 + (x
𝑘
− x
𝑙
)
𝑇A𝑇A(x

𝑘
− x
𝑙
)]
−1
,

min𝐶 (A) = ∑
𝑖,𝑗

𝑝
𝑖𝑗
log

𝑝
𝑖𝑗

𝑞
𝑖𝑗

,

(9)

where 𝐷geo
𝑖𝑗

is the geodesic distance for x
𝑖
and x
𝑗
and 𝛾 is the

freedom degree parameter of Cauchy distribution.
DSNE selects the joint probability to model the pair-

wise similarities of input samples with class labels. It also
introduces the linear projection matrix A as MSNP. The cost
function is constructed to minimize the intraclass Kullback-
Leibler divergence as well as to maximize the interclass KL
divergences. Its probability distribution function and gra-
dient are, respectively, given as by

𝑝
𝑖𝑗
=

{{{{{{{{

{{{{{{{{

{

exp (−x𝑖 − x
𝑗



2

/2𝜆
2
)

∑
𝑐𝑘=𝑐𝑙

exp (−x𝑘 − x
𝑙


2
/2𝜆2)

if 𝑐
𝑖
= 𝑐
𝑗

exp (−x𝑖 − x
𝑗



2

/2𝜆
2
)

∑
𝑐𝑘 ̸=𝑐𝑚

exp (−x𝑘 − x
𝑚


2
/2𝜆2)

else
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𝑞
𝑖𝑗
=

{{{{{{{{{{{

{{{{{{{{{{{

{

(1 + (x
𝑖
− x
𝑗
)
𝑇

A𝑇A (x
𝑖
− x
𝑗
))

−1

∑
𝑐𝑘=𝑐𝑙

(1 + (x
𝑘
− x
𝑙
)
𝑇A𝑇A (x

𝑘
− x
𝑙
))
−1

if 𝑐
𝑖
= 𝑐
𝑗

(1 + (x
𝑖
− x
𝑗
)
𝑇

A𝑇A (x
𝑖
− x
𝑗
))

−1

∑
𝑐𝑘 ̸=𝑐𝑚

(1 + (x
𝑘
− x
𝑚
)
𝑇A𝑇A (x

𝑘
− x
𝑚
))
−1

else,

min𝐶 (A) = ∑

𝑐𝑖=𝑐𝑗

𝑝
𝑖𝑗
log

𝑝
𝑖𝑗

𝑞
𝑖𝑗

+ ∑

𝑐𝑖 ̸=𝑐𝑘

𝑝
𝑖𝑘
log

𝑝
𝑖𝑘

𝑞
𝑖𝑘

.

(10)

Note that on the basis of the DSNE, FDSNEmakes full use of
class label which not only keeps symmetrical characteristics
of the probability distribution matrix but also makes the
probability value of interclass data and intraclass data to be
1, and it can effectively overcome large interclass confusion
degree in the projected subspace.

Secondly, it is obvious that the selection of reference point
in MSNP or DSNE is related to all training samples, while
FDSNEonly uses the first𝐾-nearest neighbors of each sample
from all classes. In other words, we propose an alternative
probability distribution function to determine whether x

𝑖

would pick x
𝑗
as its reference point or not. Actually, the

computation of gradient during the optimization process
mainly determines the computational cost of MSNP and
DSNE. So their computational complexity can be written as
𝑂(2𝑟𝑁𝑑+𝑁

2
𝑑) in each iteration. Similarly, the computational

complexity of FDSNE is 𝑂(2𝑟𝑁𝑑 + 𝐾𝑁𝑑) in each iteration,
where 𝐾 = 𝐾

1
+ 𝐾
2
. It is obvious that 𝐾 ≪ 𝑁. Therefore,

FDSNE is faster thanMSNP andDSNE during each iteration.

4. Kernel FDSNE

As a bridge from linear to nonlinear, kernel method emerged
in the early beginning of the 20th century and its applica-
tions in pattern recognition can be traced back to 1964. In
recent years, kernel method has attracted wide attention and
numerous researchers have proposed various theories and
approaches based on it.

The principle of kernel method is a mapping of the data
from the input space𝑅𝑑 to a high-dimensional space𝐹, which
we will refer to as the feature space, by nonlinear function.
Data processing is then performed in the feature space, and
this can be expressed solely in terms of inner product in
the feature space. Hence, the nonlinear mapping need not
be explicitly constructed but can be specified by defining
the form of the inner product in terms of a Mercer kernel
function 𝜅.

Obviously, FDSNE is a linear feature dimensionality re-
duction algorithm. So the remainder of this section is devoted
to extend FDSNE to a nonlinear scenario using techniques of
kernel methods. Let

𝜅 (x
𝑖
, x
𝑗
) = ⟨𝜑 (x

𝑖
) , 𝜑 (x

𝑗
)⟩ (11)

which allows us to compute the value of the inner product in
𝐹 without having to carry out the map.

It should be noted that we use 𝜑
𝑖
to denote 𝜑(x

𝑖
) for

brevity in the following. Next, we express the transformation
A with

A = [

𝑁

∑

𝑖=1

𝑏
(1)

𝑖
𝜑
𝑖
, . . . ,

𝑁

∑

𝑖=1

𝑏
(𝑟)

𝑖
𝜑
𝑖
]

𝑇

. (12)

We define B = [𝑏
(1)
, . . . , 𝑏

(𝑟)
]
𝑇

and Φ = [𝜑
1
, . . . , 𝜑

𝑁
]
𝑇,

and then A = BΦ. Based on above definition, the Euclidian
distance between x

𝑖
and x
𝑗
in the 𝐹 space is

𝑑
𝐹

𝑖𝑗
(A) = A (𝜑

𝑖
− 𝜑
𝑗
)

=

BΦ (𝜑

𝑖
− 𝜑
𝑗
)


=

B (𝐾
𝑖
− 𝐾
𝑗
)

= √(𝐾

𝑖
− 𝐾
𝑗
)
𝑇

B𝑇B (𝐾
𝑖
− 𝐾
𝑗
),

(13)

where 𝐾
𝑖
= [𝜅(x

1
, x
𝑖
), . . . , 𝜅(x

𝑁
, x
𝑖
)]
𝑇 is a column vector. It

is clear that the distance in the kernel embedding space is
related to the kernel function and the matrix B.

In this section, we propose two methods to construct the
objective function. The first strategy makes B parameterize
the objective function. Firstly, we replace 𝑑

𝑖𝑗
(A) with 𝑑𝐹

𝑖𝑗
(A)

in formula (3) so that 𝑝1
𝑖𝑗
, 𝑞1
𝑖𝑗
which are defined to be applied

in the high dimensional space 𝐹 can be written as

𝑝
1

𝑖𝑗

=

{{{{{{{{{{{{

{{{{{{{{{{{{

{

exp (− (𝐾
𝑖𝑖
+ 𝐾
𝑗𝑗
− 2𝐾
𝑖𝑗
) /2𝜆
2
)

∑
𝑡∈𝐻𝑚

exp (− (𝐾
𝑚𝑚

+𝐾
𝑡𝑡
−2𝐾
𝑚𝑡
) /2𝜆2)

∀𝑗 ∈ 𝐻
𝑖

exp (− (𝐾
𝑖𝑖
+ 𝐾
𝑗𝑗
− 2𝐾
𝑖𝑗
) /2𝜆
2
)

∑
𝑡∈𝑀𝑚

exp (− (𝐾
𝑚𝑚

+𝐾
𝑡𝑡
−2𝐾
𝑚𝑡
) /2𝜆2)

∀𝑗 ∈ 𝑀
𝑖

0 otherwise,

𝑞
1

𝑖𝑗

=

{{{{{{{{{{{{{{

{{{{{{{{{{{{{{

{

(1 + (𝐾
𝑖
− 𝐾
𝑗
)
𝑇

B𝑇B (𝐾
𝑖
− 𝐾
𝑗
))

−1

∑
𝑡∈𝐻𝑚

(1+(𝐾
𝑚
−𝐾
𝑡
)
𝑇B𝑇B (𝐾

𝑚
−𝐾
𝑡
))
−1

∀𝑗 ∈ 𝐻
𝑖

(1 + (𝐾
𝑖
− 𝐾
𝑗
)
𝑇

B𝑇B (𝐾
𝑖
− 𝐾
𝑗
))

−1

∑
𝑡∈𝑀𝑚

(1+(𝐾
𝑚
−𝐾
𝑡
)
𝑇B𝑇B (𝐾

𝑚
−𝐾
𝑡
))
−1

∀𝑗 ∈ 𝑀
𝑖

0 otherwise.
(14)

Then, we denote 𝐶(B) by modifying 𝐶(A) via substituting A
with B into the regularization term of formula (5). Finally,
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Figure 1: Sample images from COIL-20 dataset.

Figure 2: Samples of the cropped images from USPS dataset.

by the same argument as formula (7), we give the following
gradient:

𝑑𝐶 (B)
𝑑 (B)

= ∑

∀𝑗∈𝑀𝑖

𝑝
1

𝑖𝑗

𝑞1
𝑖𝑗

(𝑞
1

𝑖𝑗
)


+ ∑

∀𝑗∈𝐻𝑖

𝑝
1

𝑖𝑗

𝑞1
𝑖𝑗

(𝑞
1

𝑖𝑗
)


= 2B[
[

∑

∀𝑗∈𝐻𝑖

𝑢
1

𝑖𝑗
(𝐾
𝑖
− 𝐾
𝑗
) (𝐾
𝑖
− 𝐾
𝑗
)
𝑇

+ ∑

∀𝑗∈𝑀𝑖

𝑢
1

𝑖𝑗
(𝐾
𝑖
− 𝐾
𝑗
) (𝐾
𝑖
− 𝐾
𝑗
)
𝑇
]

]

.

(15)

In order to make formula (15) easy to be comprehended,
𝑤
1

𝑖𝑗
, 𝑢1
𝑖𝑗
, 𝑢1𝐻
𝑖𝑗
, and 𝑢1𝑀

𝑖𝑗
are given by

𝑤
1

𝑖𝑗
= [1 + (𝐾

𝑖
− 𝐾
𝑗
)
𝑇

B𝑇B (𝐾
𝑖
− 𝐾
𝑗
)]

−1

,

𝑢
1

𝑖𝑗
= (𝑝
𝑖𝑗
− 𝑞
𝑖𝑗
)𝑤
1

𝑖𝑗
,

𝑢
1𝐻

𝑖𝑗
= {

𝑢
1

𝑖𝑗
∀𝑗 ∈ 𝐻

𝑖

0 otherwise,

𝑢
1𝑀

𝑖𝑗
= {

𝑢
1

𝑖𝑗
∀𝑗 ∈ 𝑀

𝑖

0 otherwise.

(16)

Meanwhile, the gradient expression (15) can be reduced to

𝑑𝐶 (B)
𝑑 (B)

= 2B
{

{

{

∑

∀𝑗∈𝐻𝑖

𝑢
1

𝑖𝑗
(𝐾
𝑖
− 𝐾
𝑗
) (𝐾
𝑖
− 𝐾
𝑗
)
𝑇

+ ∑

∀𝑗∈𝑀𝑖

𝑢
1

𝑖𝑗
(𝐾
𝑖
− 𝐾
𝑗
) (𝐾
𝑖
− 𝐾
𝑗
)
𝑇}

}

}

Figure 3: Sample face images from ORL dataset.

= 4B {(KD1𝐻K𝑇 − KU1𝐻K𝑇)

+ (KD1𝑀K𝑇 − KU1𝑀K𝑇)}

= 4B {K (D1𝐻 − U1𝐻 +D1𝑀 − U1𝑀)K𝑇} ,
(17)

where U1𝐻 is the𝑁 order matrix with element 𝑢1𝐻
𝑖𝑗
, and U𝑀

is the 𝑁 order matrix with element 𝑢1𝑀
𝑖𝑗

. Note that U1𝐻 and
U1𝑀 are symmetric matrices; therefore, D1𝐻 can be defined
as a diagonal matrix that each entry is column (or row) sum
of U1𝐻 and the same for D1𝑀, that is, D1𝐻

𝑖𝑖
= ∑
𝑗
U1𝐻
𝑖𝑗

and
D1𝑀
𝑖𝑖

= ∑
𝑗
U1𝑀
𝑖𝑗

.
For convenience, we name this kernel method as FKD-

SNE1.
Another strategy is that we let 𝐶𝐹(A) be the objective

function in the embedding space 𝐹. So its gradient can be
written as

𝑑𝐶
𝐹
(A)

𝑑 (A)

= ∑

∀𝑗∈𝑀𝑖

𝑝
1

𝑖𝑗
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+ ∑
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]
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)
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(a) FKDSNE2 (b) FKDSNE1 (c) FDSNE

(d) MSNP (e) SNE (f) 𝑡-SNE

Figure 4: Visualization of 100 images from COIL-20 images dataset.

×( ∑

𝑡∈𝑀𝑚

(1 + (𝐾
𝑚
− 𝐾
𝑡
)
𝑇B𝑇B (𝐾

𝑚
− 𝐾
𝑡
))
−1

)

−1

]

]

= 2[

[

∑

∀𝑗∈𝐻𝑖

𝑝
1

𝑖𝑗
𝑤
1

𝑖𝑗
B𝑄(𝐾𝑖−𝐾𝑗)
𝑖𝑗

− ∑

𝑡∈𝐻𝑚

𝑞
1

𝑚𝑡
𝑤
1

𝑚𝑡
B𝑄(𝐾𝑚−𝐾𝑡)
𝑚𝑡

]

]

Φ

+ 2[

[

∑

∀𝑗∈𝑀𝑖

𝑝
1

𝑖𝑗
𝑤
1

𝑖𝑗
B𝑄(𝐾𝑖−𝐾𝑗)
𝑖𝑗

− ∑

𝑡∈𝑀𝑚

𝑞
1

𝑚𝑡
𝑤
1

𝑚𝑡
B𝑄(𝐾𝑚−𝐾𝑡)
𝑚𝑡

]

]

Φ

= 2[

[

∑

∀𝑗∈𝐻𝑖

𝑢
1

𝑖𝑗
B𝑄(𝐾𝑖−𝐾𝑗)
𝑖𝑗

+ ∑

∀𝑗∈𝑀𝑖

𝑢
1

𝑖𝑗
B𝑄(𝐾𝑖−𝐾𝑗)
𝑖𝑗

]

]

Φ

(18)

in this form,𝑄(𝐾𝑖−𝐾𝑗)
𝑖𝑗

can be regard as the𝑁×𝑁matrix with
vector 𝐾

𝑖
− 𝐾
𝑗
in the 𝑖th column, and vector 𝐾

𝑗
− 𝐾
𝑖
in the

𝑗th column and the other columns are all zeros.
Thismethod is termed as FKDSNE2.Note thatΦ is a con-

stant matrix. Furthermore, the observations of formula (18)
make us know that updating thematrixA in the optimization
only means updating the matrix B. Additionally, Φ does not
need to be computed explicitly. Therefore, we do not need to
explicitly perform the nonlinear map 𝜑(x) to minimize the
objective function 𝐶𝐹(A). The computational complexity of

FKDSNE1 and FKDSNE2, is respectively,𝑂(2𝑟𝑁2+𝑟𝑁𝐾) and
𝑂(2𝑟𝐾𝑁 + 𝑟𝑁

2
) in each iteration. Hence, it is obvious that

FKDSNE2 is faster than FKDSNE1 during each iteration.

5. Experiments

In this section, we evaluate the performance of our FDSNE,
FKDSNE1, and FKDSNE2 methods for feature extraction.
Three sets of experiments are carried out onColumbiaObject
Image Library (COIL-20) (http://www1.cs.columbia.edu/CA
VE/software/softlib/coil-20.php), US Postal Service (USPS)
(http://www.cs.nyu.edu/∼roweis/data.html), and ORL (http:
//www.cam-orl.co.uk) face datasets to demonstrate their
good behavior on visualization, accuracy, and elapsed time.
In the first set of experiments, we focus on the visualization of
the proposed methods which are compared with that of the
relevant algorithms, including SNE [17], 𝑡-SNE [18], and
MSNP [21]. In the second set of experiments, we apply our
methods to recognition task to verify their feature extraction
capability and compare them with MSNP and DSNE [22].
Moreover, the elapsed time of FDSNE, FKDSNE1, FKDSNE2,
and DSNE is compared in the third set of experiments. In
particular, the Gaussian RBF kernel 𝜅(x, x) = exp(−‖x−
x‖2/2𝜎2) is chosen as the kernel function of FKDSNE1 and
FKDSNE2, where 𝜎 is set as the variance of the training
sample set of X.
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(a) FKDSNE2 (b) FKDSNE1 (c) FDSNE

(d) MSNP (e) SNE (f) 𝑡-SNE

Figure 5: Visualization of 140 images from USPS handwritten digits dataset.

5.1. COIL-20, USPS, and ORL Datasets. The datasets used in
our experiments are summarized as follows.

COIL-20 is a dataset of gray-scale images of 20 objects.
The images of each object were taken 5 degrees apart as the
object is rotated on a turntable and each object has 72 images.
The size of each image is 40×40 pixels. Figure 1 shows sample
images from COIL-20 images dataset.

USPS handwritten digit dataset includes 10 digit charac-
ters and 1100 samples in total. The original data format is of
16 × 16 pixels. Figure 2 shows samples of the cropped images
from USPS handwritten digits dataset.

ORL consists of gray images of faces from 40 distinct
subjects, with 10 pictures for each subject. For every subject,
the images were taken with varied lighting condition and dif-
ferent facial expressions. The original size of each image
is 112 × 92 pixels, with 256 gray levels per pixel. Figure 3
illustrates a sample subject of ORL dataset.

5.2. Visualization Using FDSNE, FKDSNE1, and FKDSNE2.
We apply FDSNE, FKDSNE1, and FKDSNE2 to visualization
task to evaluate their capability of classification performance.
The experiments are carried out, respectively, on COIL-20,
USPS, and ORL datasets. For the sake of computational effi-
ciency as well as noise filtering, we first adjust the size of each

image to 32×32pixels onORL, and thenwe select five samples
fromeach class onCOIL-20, fourteen samples fromeach class
on USPS, and five samples from each class on ORL.

The experimental procedure is to extract a 20-dime-
nsional feature for each image by FDSNE, FKDSNE1, and
FKDSNE2, respectively. Then to evaluate the quality of fea-
tures through visual presentation of the first two-dimensional
feature.

FDSNE, FKDSNE1, and FKDSNE2 are compared with
three well known visualization methods for detecting classi-
fication performance: (1) SNE, (2) 𝑡-SNE, and (3) MSPN.The
parameters are set as follows: the 𝐾-nearest neighborhood
parameter of FDSNE, FKDSNE1, and FKDSNE2 methods is
𝐾
1
= ℎ − 1 (let ℎ denote the number of training samples in

each class), 𝐾
2
= 40; for SNE and 𝑡-SNE, the perplexity

parameter is perp = 20 and the iteration number is 𝑀𝑡 =

1000; for MSNP, the degree freedom of Cauchy distribution
is 𝛾 = 4 and the iteration number is 1000 as well.

Figures 4, 5, and 6 show the visual presentation results
of FDSNE, FKDSNE1, FKDSNE2, SNE, 𝑡-SNE, and MSNP,
respectively, on COIL-20, USPS, and ORL datasets. The vis-
ual presentation is represented as a scatterplot in which a dif-
ferent color determines different class information. The fig-
ures reveal that the three nearest-neighbor-based methods,
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(a) FKDSNE2 (b) FKDSNE1 (c) FDSNE

(d) MSNP (e) SNE (f) 𝑡-SNE

Figure 6: Visualization of 200 face images from ORL faces dataset.
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Figure 7: Recognition rate (%) versus subspace dimension on COIL-20.
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Figure 8: Recognition rate (%) versus subspace dimension on USPS.
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Figure 9: Recognition rate (%) versus subspace dimension on ORL.

that is, FDSNE, FKDSNE1, and FKDSNE2, give considerably
better classification result than SNE, 𝑡-SNE, andMSNP on all
datasets, for the separation between classes is quite obvious.
In particular, SNE and 𝑡-SNE not only get less separation for
the interclass data but also produce larger intraclass scatter.
For MSNP, it has smaller intraclass scatter, but there exists
an overlapping phenomenon among classes. With regard to
FDSNE, FKDSNE1, and FKDSNE2, we can find from the fig-
ures that FKDSNE1 shows the best classification performance
among all the algorithms on ORL face dataset, while not
on the other two datasets COIL-20 and USPS; thereinto, the
classification performance of FKDSNE1 is inferior to FDSNE

on COIL-20 while on USPS it is inferior to FKDSNE2. In
addition, the clustering qualities and separation degree of
FKDSNE1 and FKDSNE2 are obviously better than that of
FDSNE.

5.3. Recognition Using FDSNE, FKDSNE1, and FKDSNE2. In
this subsection, we apply FDSNE, FKDSNE1, and FKDSNE2
to recognition task to verify their feature extraction capability.
Nonlinear dimensional reduction algorithms such as SNE
and 𝑡-SNE lack explicit projection matrix for the out-of-
sample data, which means they are not suitable for recogni-
tion. So we compare the proposed methods with DSNE and
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Figure 10: Elapsed time (seconds) versus subspace dimension on COIL-20.
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Figure 11: Elapsed time (seconds) versus subspace dimension on USPS.

MSNP, both of them are linear methods and were proved
to be better than existing feature extraction algorithms such
as SNE, 𝑡-SNE, LLTSA, LPP, and so on in [21, 22]. The
procedure of recognition is described as follows: firstly, divide
dataset into training sample set Xtrain and testing sample set
Xtest randomly; secondly, the training process for the optimal
matrixA or B is taken for FDSNE, FKDSNE1 and FKDSNE2;
thirdly, feature extraction is accomplished for all samples
using A or B; finally, a testing image is identified by a near-
est neighbor classifier. The parameters are set as follows: the
𝐾-nearest neighborhood parameter𝐾

1
,𝐾
2
in FDSNE, FKD-

SNE1, and FKDSNE2 is 𝐾
1
= ℎ − 1, 𝐾

2
= 40; for DSNE,

the perplexity parameter is 𝜆 = 0.1 and the iteration number
is 𝑀𝑡 = 1000; for MSNP, the freedom degree 𝛾 of Cauchy
distribution in MSNP is determined by cross validation and
the iteration number is 1000 as well.

Figure 7 demonstrates the effectiveness of different sub-
space dimensions for COIL-20 ((a): ℎ = 5, (b): ℎ = 10).
Figure 8 is the result of the experiment in USPS ((a): ℎ =

14, (b): ℎ = 25), and Figure 9 shows the recognition rate
versus subspace dimension on ORL ((a): ℎ = 3, (b): ℎ = 5).
The maximal recognition rate of each method and the corre-
sponding dimension are given in Table 1, where the number
in bold stands for the highest recognition rate. From Table 1,
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Figure 12: Elapsed time (seconds) versus subspace dimension on ORL.

Table 1: The maximal recognition rates (%) versus the subspace dimension.

COIL-20 h = 5 COIL-20 h = 10 USPS h = 14 USPS h = 25 ORL h = 3 ORL h = 5
MSNP 0.8149 (32) 0.9063 (50) 0.7958 (38) 0.8395 (58) 0.7989 (59) 0.8690 (58)
DSNE 0.8325 (36) 0.9130 (54) 0.8093 (50) 0.8522 (42) 0.8357 (42) 0.9150 (39)
FDSNE 0.8396 (52) 0.9277 (54) 0.8150 (58) 0.8489 (59) 0.8279 (58) 0.9160 (39)
FKDSNE1 0.8651 (22) 0.9575 (20) 0.8409 (26) 0.8848 (26) 0.8550 (26) 0.9405 (24)
FKDSNE2 0.8689 (28) 0.9491 (22) 0.8585 (22) 0.9021 (28) 0.8470 (24) 0.9193 (20)
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Figure 13: Objective function value (log) versus iterative number on
ORL dataset.

we can find that FKDSNE1 and FKDSNE2 outperform
MSNP, DSNE, and FDSNE on COIL-20, USPS, and ORL. As
can be seen, FKDSNE1 and FKDSNE2 enhance the maximal

recognition rate for at least 2% compared with other three
methods. Besides, FKDSNE1 and FKDSNE2 achieve consid-
erable recognition accuracy when feature dimension is 20 on
the three datasets. It indicates that FKDSNE1 and FKDSNE2
grasp the key character of face images relative to identification
with a few features. Though the maximal recognition rate
of DSNE and FDSNE is closer to that of FKDSNE1 and
FKDSNE2 on ORL dataset, the corresponding dimension of
FKDSNE1 and FKDSNE2 is 20 while that of DSNE and
FDSNE exceeds 30. From the essence of dimensional reduc-
tion, this result demonstrates that FDSNE and DSNE are
inferior to FKDSNE1 and FKDSNE2.

5.4. Analysis of Elapsed Time. In this subsection, we further
compare the computational efficiency of DSNE, FKDSNE,
FKDSNE1, and FKDSNE2.The algorithmMSPN is not com-
pared since its recognition rate is obviously worse than other
algorithms. The parameters of the experiment are the same
to Section 5.3. Figures 10, 11, and 12, respectively, show the
elapsed time of four algorithms under different subspace
dimensions on the three datasets. It can be observed from
the figures that FKDSNE2 has the lowest computational cost
among the four algorithms while DSNE is much inferior to
other nearest-neighbor-based algorithms on all datasets. Par-
ticularly, on the COIL-20 dataset, the elapsed time of FKD-
SNE2 is more than 2 times faster than DSNE. As for DSNE
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and FDSNE, the former is obviously slower than the latter.
Besides, for the two kernel methods, FKDSNE2 is notably
faster than FKDSNE1, which confirms our discussion in
Section 4.

Furthermore, kernel-based algorithms FKDSNE1 and
FKDSNE2 can effectively indicate the linear structure on
high-dimensional space.Their objective function can achieve
better values on desirable dimensions. For instance, Figure 13
illustrates the objective function value ofMSNP,DSNE, FKD-
SNE, FKDSNE1, and FKDSNE2 versus iterative number on
ORL dataset. It can be found that FKDSNE2 and FKDSNE1
is close to the convergence value 1𝑒 − 7 while FDSNE and
DSNE only achieve 1𝑒 − 6 and MSNP achieves 1𝑒 − 5.4 when
the iterative number is 400. It means that FKDSNE1 and
FKDSNE2 can get the more precise objective function value
with less iterative number compared with DSNE and FDSNE;
that is to say that, FKDSNE1 and FKDSNE2 can achieve the
same value by using forty percent of the elapsed time ofDSNE
and FDSNE.

6. Conclusion

On the basis of DSNE, we present a method called
fast discriminative stochastic neighbor embedding analysis
(FDSNE) which chooses the reference points in 𝐾-nearest
neighbors of the target sample from the same class and the
different classes instead of the total training samples and thus
has much lower computational complexity than that of
DSNE. Furthermore, since FDSNE is a linear feature dimen-
sionality reduction algorithm, we extend FDSNE to a nonlin-
ear scenario using techniques of kernel trick and present two
kernel-based methods: FKDSNE1 and FKDSNE2. Experi-
mental results onCOIL-20, USPS, andORLdatasets show the
superior performance of the proposed methods. Our future
work might include further empirical studies on the learning
speed and robustness of FDSNE by using more extensive,
especially large-scale, experiments. It also remains important
to investigate acceleration techniques in both initialization
and long-run stages of the learning.

Acknowledgment

This project was partially supported by Zhejiang Provincial
Natural Science Foundation of China (nos. LQ12F03011 and
LQ12F03005).

References

[1] E. Cherchi and C. A. Guevara, “A Monte Carlo experiment to
analyze the curse of dimensionality in estimating random coef-
ficients models with a full variance-covariance matrix,” Trans-
portation Research B, vol. 46, no. 2, pp. 321–332, 2012.

[2] M. Turk and A. Pentland, “Eigenfaces for recognition,” Journal
of Cognitive Neuroscience, vol. 3, no. 1, pp. 71–86, 1991.

[3] S. Yan,D. Xu, B. Zhang,H.-J. Zhang,Q. Yang, and S. Lin, “Graph
embedding and extensions: a general framework for dimen-
sionality reduction,” IEEE Transactions on Pattern Analysis and
Machine Intelligence, vol. 29, no. 1, pp. 40–51, 2007.

[4] P. N. Belhumeur, J. P. Hespanha, and D. J. Kriegman, “Eigen-
faces versus fisherfaces: recognition using class specific linear
projection,” IEEE Transactions on Pattern Analysis andMachine
Intelligence, vol. 19, no. 7, pp. 711–720, 1997.

[5] M. Sugiyama, “Dimensionality reduction ofmultimodal labeled
data by local fisher discriminant analysis,” Journal of Machine
Learning Research, vol. 8, pp. 1027–1061, 2007.

[6] W. Bian and D. Tao, “Max-min distance analysis by using se-
quential SDP relaxation for dimension reduction,” IEEE Trans-
actions on Pattern Analysis andMachine Intelligence, vol. 33, no.
5, pp. 1037–1050, 2011.

[7] Z. Teng, J.He et al., “Criticalmechanical conditions aroundneo-
vessels in carotid atherosclerotic plaque may promote intra-
plaque hemorrhage,”Atherosclerosis, vol. 223, no. 2, pp. 321–326,
2012.

[8] Z. Teng, A. J. Degnan, U. Sadat et al., “Characterization of heal-
ing following atherosclerotic carotid plaque rupture in acutely
symptomatic patients: an exploratory study using in vivo cardi-
ovascular magnetic resonance,” Journal of Cardiovascular Mag-
netic Resonance, vol. 13, article 64, 2011.

[9] C. E. Hann, I. Singh-Levett, B. L. Deam, J. B. Mander, and J. G.
Chase, “Real-time system identification of a nonlinear four-sto-
ry steel frame structure-application to structural health moni-
toring,” IEEE Sensors Journal, vol. 9, no. 11, pp. 1339–1346, 2009.

[10] A. Segui, J. P. Lebaron, and R. Leverge, “Biomedical engineering
approach of pharmacokinetic problems: computer-aided design
in pharmacokinetics and bioprocessing,” IEE ProceedingsD, vol.
133, no. 5, pp. 217–225, 1986.

[11] F.Wu, Y. Zhong, andQ. Y.Wu, “Online classification framework
for data stream based on incremental kernel principal compo-
nent analysis,” Acta Automatica Sinica, vol. 36, no. 4, pp. 534–
542, 2010.

[12] J. B. Tenenbaum, V. de Silva, and J. C. Langford, “A global geo-
metric framework for nonlinear dimensionality reduction,” Sci-
ence, vol. 290, no. 5500, pp. 2319–2323, 2000.

[13] S. T. Roweis and L. K. Saul, “Nonlinear dimensionality reduc-
tion by locally linear embedding,” Science, vol. 290, no. 5500,
pp. 2323–2326, 2000.

[14] M. Belkin and P. Niyogi, “Laplacian eigenmaps for dimension-
ality reduction and data representation,” Neural Computation,
vol. 15, no. 6, pp. 1373–1396, 2003.

[15] H. Li, H. Jiang, R. Barrio, X. Liao, L. Cheng, and F. Su, “Incre-
mentalmanifold learning by spectral embeddingmethods,”Pat-
tern Recognition Letters, vol. 32, no. 10, pp. 1447–1455, 2011.

[16] P. Zhang, H. Qiao, and B. Zhang, “An improved local tangent
space alignment method for manifold learning,” Pattern Recog-
nition Letters, vol. 32, no. 2, pp. 181–189, 2011.

[17] G.Hinton and S. Roweis, “Stochastic neighbor embedding,”Ad-
vances inNeural Information Processing Systems, vol. 15, pp. 833–
840, 2002.

[18] L. van der Maaten and G. Hinton, “Visualizing data using t-
SNE,” Journal of Machine Learning Research, vol. 9, pp. 2579–
2605, 2008.

[19] J. A. Cook, I. Sutskever, A.Mnih, andG. E. Hinton, “Visualizing
similarity data with amixture ofmaps,” in Proceedings of the 11th
International Conference on Artificial Intelligence and Statistics,
vol. 2, pp. 67–74, 2007.

[20] Z. R. Yang, I. King, Z. L. Xu, and E. Oja, “Heavy-tailed sym-
metric stochastic neighbor embedding,” Advances in Neural In-
formation Processing Systems, vol. 22, pp. 2169–2177, 2009.



14 Computational and Mathematical Methods in Medicine

[21] S. Wu, M. Sun, and J. Yang, “Stochastic neighbor projection on
manifold for feature extraction,”Neurocomputing, vol. 74, no. 17,
pp. 2780–2789, 2011.

[22] J.W.Zheng,H.Qiu, Y. B. Jiang, andW.L.Wang, “Discriminative
stochastic neighbor embedding analysis method,” Computer-
Aided Design & Computer Graphics, vol. 24, no. 11, pp. 1477–
1484, 2012.

[23] C. Cattani, R. Badea, S. Chen, and M. Crisan, “Biomedical sig-
nal processing and modeling complexity of living systems,”
Computational and Mathematical Methods in Medicine, vol.
2012, Article ID 298634, 2 pages, 2012.

[24] X. Zhang, Y. Zhang, J. Zhang et al., “Unsupervised clustering for
logo images using singular values region covariance matrices
on Lie groups,” Optical Engineering, vol. 51, no. 4, Article ID
047005, 8 pages, 2012.

[25] P. J. Moreno, P. Ho, and N. Vasconcelos, “A Kullback-Leibler
divergence based kernel for SVM classification in multimedia
applications,” Advances in Neural Information Processing Sys-
tems, vol. 16, pp. 1385–1393, 2003.



Hindawi Publishing Corporation
Computational and Mathematical Methods in Medicine
Volume 2013, Article ID 347238, 6 pages
http://dx.doi.org/10.1155/2013/347238

Research Article
Fractal Analysis of Elastographic Images for
Automatic Detection of Diffuse Diseases of Salivary
Glands: Preliminary Results

Alexandru Florin Badea,1 Monica Lupsor Platon,2 Maria Crisan,3 Carlo Cattani,4

Iulia Badea,5 Gaetano Pierro,6 Gianpaolo Sannino,7 and Grigore Baciut1

1 Department of Cranio-Maxillo-Facial Surgery, University of Medicine and Pharmacy “Iuliu Haţieganu”, Cardinal Hossu Street 37,
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The geometry of some medical images of tissues, obtained by elastography and ultrasonography, is characterized in terms of
complexity parameters such as the fractal dimension (FD). It is well known that in any image there are very subtle details that are not
easily detectable by the human eye. However, in many cases like medical imaging diagnosis, these details are very important since
they might contain some hidden information about the possible existence of certain pathological lesions like tissue degeneration,
inflammation, or tumors. Therefore, an automatic method of analysis could be an expedient tool for physicians to give a faultless
diagnosis.The fractal analysis is of great importance in relation to a quantitative evaluation of “real-time” elastography, a procedure
considered to be operator dependent in the current clinical practice. Mathematical analysis reveals significant discrepancies among
normal and pathological image patterns. The main objective of our work is to demonstrate the clinical utility of this procedure on
an ultrasound image corresponding to a submandibular diffuse pathology.

1. Introduction

In some recent papers [1–4], the fractal nature of nucleotide
distribution in DNA has been investigated in order to classify
and compare DNA sequences and to single out some partic-
ularities in the nucleotide distribution, sometimes in order to
be used asmarkers for the existence of certain pathologies [5–
9]. Almost all these papers are motivated by the hypothesis
that changes in the fractal dimension might be taken as
markers for the existence of pathologies since it is universally
accepted nowadays that bioactivity and the biological systems

are based on some fractal nature organization [3, 4, 10–13].
From amathematical point of view, this could be explained by
the fact that the larger the number of interacting individuals,
the more complex the corresponding system of interactions
is. These hidden rules that lead to this complex fractal
topology could be some simple recursive rules, typical of any
fractal-like structure, which usually requires a large number
of recursions in order to fill the space.

In recent years, many papers [3–6, 9, 14, 15] have
investigated the multi-fractality of biological signals such as
DNA and the possible influence of the fractal geometry on
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the functionality of DNA from a biological-chemical point of
view. Almost all these papers concerning the multifractality
of biological signals are based on the hypothesis that the
functionality and the evolution of tissues/cells/DNA are
related to and measured by the evolving fractal geometry
(complexity), so that malfunctions and pathologies can
be linked with the degeneracy of the geometry during its
evolution time [5–7, 16–18].

Fromamathematical point of view, a fractal is a geometric
objectmainly characterized by the noninteger dimension and
self-similarity so that a typical pattern repeats itself cyclically
at different scales. A more complex definition of a fractal is
based on the four properties: self-similarity, fine structure,
irregularities, and noninteger dimension [19]. The fractal
dimension is a parameter which measures the relationship
between the geometric un-smoothness of the object and its
underlying metric space. Since it is a noninteger value, it is
usually taken as a measure of the unsmoothness, thus being
improperly related to the level of complexity or disorder.
Fractality has been observed and measured in several fields
of specialization in biology, similar to those in pathology and
cancer models [20, 21]. However, only recently have been
made some attempts to investigate the structural importance
of the “fractal nature” of the DNA. It has been observed
in some recent papers that the higher FD corresponds to
the higher information complexity and thus to the evolution
towards a pathological state [3, 4].

In the following, we will analyse the particularities of
the fractal dimension focused on the pathological aspects of
some tissues,more specific those belonging to a submandibu-
lar gland. For the first time, the FD is computed on images
obtained by the new technology of elastographic imaging
focused on this salivary gland.

2. Materials and Methods

2.1. Material. A 55-year-old woman presented herself in the
emergency room of the Maxilo-Facial Surgery Department
for acute pain and enlargement of the left submandibu-
lar gland and was selected for ultrasound evaluation. The
ultrasound examination was performed using the ACUSON
S2000 (Siemens) ultrasound equipment, where the ARFI
(acoustic radiation force impulse) and real-time elastography
technique were implemented. The ACUSON S2000 is a
powerful, non-invasive, ultrasound based device, which gives
very accurate B mode and Doppler images of tissues. It has
been profitably used for the analysis of abdominal, breast,
cardiac, obstetrical, and gynaecological imaging and also for
small parts such as thyroid and vascular imaging.

The patient was placed laying down and facing up,
while the transducer was placed in contact with skin on
the area of the right and then the left submandibular gland
successively. The shear wave velocity within the right and
the left submandibular gland parenchyma was determined
for each submandibular gland (in meters/second); colour
elastographic images were also acquired. A colour map was
used where stiff tissues were coded in blue and soft tissues in
red.These images were studied afterwards for fractal analysis.

Figure 1: Gray scale ultrasonography of the submandibular gland
(right side). The gland is enlarged (total volume around 12 cmc)
with well-defined delineation, inhomogeneous structure, hypoe-
choic area in the center (belongs to the hilum of the gland), and
hyperechoic areas under the capsule (belong to the parenchyma).

Figure 1 represents a 2D ultrasound evaluation in a “grey
scale” mode, and Figure 2 represents a combination between
2D ultrasonography and “colour flowmap” (CFM, or “duplex
sonography”). From the first viewing, we can easily detect,
by its enlargement, the gland swelling (Figure 1) and the
hyper vascular pattern (Figure 2), both of these pieces of
information being highly suggestive for the inflammation
diagnosis. The combined clinical and ultrasound evaluation
is conclusive for an acute inflammation of the submandibular
gland. Figures 3 and 5 (obtained on the right salivary swollen
gland) and Figures 4 and 6 (obtained on the left side, normal
gland) represent elastography in quantitative mode (Figures
3 and 4), color mode (Figures 5 and 6) (ARFI tissue imaging
mapping color).

2.2. Methods. Concerning the fractal analysis in this section,
we will summarize some definitions already given in [3].

2.3. Parameters for the Analysis of Complexity and Fractal
Geometry. As a measure of the complexity and fractal geom-
etry, we will consider only the fractal dimension and regres-
sion analysis (Shannon information entropy, lacunarity, and
succolarity will be considered in a forthcoming paper).

Let 𝑝
𝑥
(𝑛) be the probability to find the value 𝑥 at the

position 𝑛, the fractal dimension is given by [3, 4, 22]

𝐷 =
1

𝑁

𝑁

∑

𝑛=2

log 𝑝
𝑥 (𝑛)

log 𝑛
. (1)

In order to compute the FD, we will make use of the gliding
box method on a converted black and white image. Let 𝑆

𝑁

be a given black and white image (BW) with 1 and 0 in
correspondence with respectively, black and white pixels, we
can consider a gliding box of 𝑟-length, so that

𝜇
𝑟 (𝑘) =

𝑘+𝑟−1

∑

𝑠=𝑘

V∗sh (2)
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Figure 2: Colour coded Doppler ultrasonography (same case as
Figure 1). In the central part of the gland there are vessels (blue and
red according to the direction of the blood flow in relation to the
transducer). The amplitude and extension of the colour signal are
suggestive of hyperaemia (in this case it was an acute inflammation
of the submandibular salivary gland).

Figure 3: Elastogram of the submandibular gland (on the right
side, inflamed gland) using the ARFI procedure.Themeasurements
are made in an area of glandular parenchyma, in a predefined
rectangular area, vessel free. The ultrasound speed is 2,55m/sec.

is the frequency of “1” within the box. The corresponding
probability is

𝑝
𝑟 (𝑘) =
1

𝑟

𝑘+𝑟−1

∑

𝑠=𝑘

V∗sh. (3)

Then the boxmoves to the next position 𝑘+1 so that we obtain
the probability distribution

{𝑝
𝑟 (𝑘)}𝑘=1,...,𝑁, (4)

so that we can compute the frequency of “1” within the box.
The FD is computed on such gliding boxes through (1).

3. Results

3.1. Fractal Dimension for 2D Ultrasound and Elastographic
Images. Concerning the fractal dimension of the elasto-
graphic images, as given by (1), we can see (Table 1) that the
highest FD is shown by Figure 7 and lowest by the Figure 8.

The images were analyzed in 8-bit using the Image J
software (tools box counting).

Figure 4: Elastogram of the submandibular gland (left side, normal
gland) by means of ARFI procedure. The sample rectangle is
positioned subscapular, in a similar position as it was on the right
side gland.The ultrasound speed in the measured area is 1,36m/sec.

Figure 5: Qualitative (black and white coded; black is rigid; white is
soft) elastogram (ARFI procedure) of the submandibular inflamed
gland (right side). The pathological area inside the gland is well
defined. This area presents a high rigidity index in relation to the
amplitude of the pathological process.

The figures are referred to a patient with an acute
inflammation of the submandibular gland.

Figure 1 shows a 2D ultrasound evaluation in grey scale.
Figure 2 shows a 2D colour flow map evaluation (duplex
sonography). Figures 3 and 4 were obtained by using the
method elastography ARFI-Siemens, and they display quan-
titative information. The values of fractal dimension (FD) of
Figures 3 and 4 are similar, and it is not possible to distinguish
between pathological (Figure 3) and normal (Figure 4) states.
The Figures 5 and 6 are obtained through elastography ARFI
with qualitative information. From the fractal analysis by
the box counting method, we have noticed that the value of
Fd is lower (1.650) in Figure 5 (pathological condition) than
Figure 6 (normal state). Figures 7 (pathological state) and 8
(normal state) were obtained through real time elastography.

From the computations, we can note that the higher
value of Fd belongs to the pathological state (1.907), thus
suggesting that the Fd increases during the evolution of
the pathology (increasing degeneracy). Therefore, from Fd,
analysis is possible to distinguish between pathological state
and normal state of tissues by real time elastography because
it is the better method to discriminate Fd values in a clear,
sharp way.
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Figure 6: Qualitative (black and white coded; black is rigid; white is
soft) elastogram (ARFI procedure) of the normal gland (considered
to be the “witness,” on the left side). The dispersion of the vectors of
speed is obvious. There is no obvious compact hard parenchyma as
in the right pathological gland (Figure 5).

Table 1: Fractal values.

Type of image Fractal value
2D evaluation ultrasound grey scale 1.777
Duplex sonography 1.754
ARFI (quantitative)—Ps 1.771
ARFI (quantitative)—Ns 1.796
ARFI (qualitative)—Ps 1.650
ARFI (qualitative)—Ns 1.701
Real-time elastography—Ps 1.907
Real-time elastography—Ns 1.543
Ps: pathological state, Ns: normal situation.

4. Discussion

Elastography is an ultrasonographic technique which appre-
ciates tissue stiffness either by evaluating a colour map [23,
24] or by quantifying the shear wave velocity generated by
the transmission of an acoustic pressure into the parenchyma
(ARFI technique) [25–27]. In the first situation, the visualiza-
tion of the tissue stiffness implies a “real-time” representation
of the colour mode elastographic images overlapped on the
conventional gray-scale images, each value (from 1 to 255)
being attached to a color. The system uses a color map (red-
green-blue) in which stiff tissues are coded in dark blue,
intermediate ones in shades of green, softer tissues in yellow
and the softest in red, but the color scale may be reversed in
relation to how the equipment is calibrated.Depending on the
color and with the help of a special software, several elasticity
scores that correlate with the degree of tissue stiffness can be
calculated [23]. Numerous clinical applications using these
procedures were introduced into routine practice, many of
them being focused on the detection of tumoral tissue in
breast, thyroid, and prostate.

In the last years, a new elastographic method, based
on the ARFI technique (acoustic radiation force impulse
imaging), is available on modern ultrasound equipment.
The ARFI technique consists in a mechanical stimulation
of the tissue on which it is applied by the transmission of

Figure 7: Real-time elastography (qualitative colour coded elastog-
raphy; blue is rigid; red is soft) obtained by the compression of the
right submandibular gland. The blue colour is in direct relation to
the rigid parenchyma which is considered to be pathological.

Figure 8: Real-time elastography (qualitative colour coded elastog-
raphy; blue is rigid; red is soft) obtained by the compression of the
left submandibular gland (normal). This is a normal pattern for the
gland, suggestive of parts of different elasticity.

a short time acoustic wave (<1ms) in a region of interest,
determined by the examiner, perpendicular on the direction
of the pressure waves, and leading to a micronic scale
“dislocation” of the tissues. Therefore, in contrast with the
usual ultrasonographic examination, where the sound waves
have an axial orientation, the shear waves do not interact
directly with the transducer. Furthermore, the shear waves
are attenuated 10.000 faster than the conventional ultrasound
waves and therefore need a higher sensitivity in order to
be measured [25–29]. Detection waves, which are simulta-
neously generated, have a much lower intensity than the
pressure acoustic wave (1 : 1000). The moment when the
detection waves interact with the shear waves represents
the time passed from the moment the shear waves were
generated until they crossed the region of interest. The
shear waves are registered in different locations at various
moments and thus the shear wave velocity is automatically
calculated, the stiffer the organ the higher the velocity of the
shear waves. Therefore, the shear wave velocity is actually
considered to be an intrinsic feature of the tissue [25–29].
In current clinical practice, the same transducer is used
both to generate the pressure acoustic wave and to register
the tissue dislocation. Since the technique is implemented
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in the ultrasound equipment through software changes, B
mode ultrasound examination, color Doppler interrogation
and ARFI images are all possible on the same machine [30].

Currently, elastography is widely studied in relation to
different clinical applications: breast, thyroid, liver, colon and
prostate [29, 31–36].The application in salivary gland pathol-
ogy has been singularly considered at least in our literature
database. Some reports present the utility of elastography in
a better delineation of tumors of these glands. Applications on
diffuse disease are few although the importance of this kind
of pathology is important! Inflammations of salivary glands
occur in many conditions and the incidence is significant.
There is a need for accurate diagnosis, staging, and prognosis.
The occurrence of complications is also very important! Elas-
tography represents a “virtual” way of palpation reproductive
and with possibility of quantification.

Although there are several improvements, the main
limitation of elastography is the dependency of the procedure
to the operator’s experience. This characteristic makes elas-
tography vulnerable with a quite high amount of variations
of elastographic results and interpretation. A more accurate
analysis of the elastographic picture based on very precise
evaluation as fractal analysis is an obvious step forward. In
our preliminary study, the difference between normal and
pathologic submandibular tissue using the fractal analysis
was demonstrated. Because of the very new technologies
accessible in practice as elastography is, and because of the
mathematical instruments available as fractal analysis of the
pictures, we are encouraged to believe that the ultrasound
procedure might become operator independent and more
confident for subtle diagnosis. However, a higher number of
pictures coming from different patients with diffuse diseases
in different stages of evolution are needed.

5. Conclusion

In this work, the multi-fractality of 2D and elastographic
images of diffuse pathological states in submandibular glands
has been investigated. The corresponding FD has been
computed and has shown that images with the highest FD
correspond to the existence of pathology. The extension
of this study with incrementing the number of ultrasound
images and patients is needed to demonstrate the practical
utility of this procedure.
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We extend the linear Radon transform to a nonlinear space and propose a method by applying the nonlinear Radon transform to
Zernike moments to extract shape descriptors. These descriptors are obtained by computing Zernike moment on the radial and
angular coordinates of the pattern image’s nonlinear Radon matrix. Theoretical and experimental results validate the effectiveness
and the robustness of the method.The experimental results show the performance of the proposed method in the case of nonlinear
space equals or outperforms that in the case of linear Radon.

1. Introduction

Shape analysis methods have been broadly applied to
biomedical signal processing, object recognition, image
retrieval, target tracking, and so forth [1]. Moments methods
[2, 3] can be referred to shape descriptors because of their
good characterization in describing different shapes. The
most important properties of shape descriptors achieved
by different moments are invariance, including translation,
rotation, scaling, and stretching, stability to noise, and com-
pleteness [4].

In the past twenty years, many attentions have been paid
to the completeness property of the invariant descriptor set
in pattern recognition and other similar application fields.
These kinds of methods can be obtained by the following
processes. Firstly, Fourier transform or Radon transform
is employed to map the image into other space. Secondly,
the different ideas can be conceived to construct invariant
descriptors based on the information in new space. Sim
et al. [5] gave a new method for texture image retrieval.
They converted the images in Fourier domain and calculated
modified Zernikemoments to extract the texture descriptors.

It is tested that the descriptor has higher accuracy comparing
to Gabor, Radon, and wavelet based methods and requires
low computational effort. However, it is not invariant to
scale. Wang et al. [6] and Xiao et al. [7] introduced the
Radon transform to Fourier-Mellin transform to achieve
RST (rotation, scaling, and translation) invariance and RS
invariance combined blur, respectively. In virtue of Xiao’s
idea, Zhu et al. [8] constructed RST invariants using Radon
transforms and complex moments in digital watermarking.
Similarly, the Zernikemoments can be connectedwithRadon
transform. Rouze et al. [9] described a method to design an
approach by calculating the Zernike moments of an image
from its Radon transform using a polynomial transform
in the position coordinate and a Fourier transform in the
angular coordinate. However, the proposed descriptors are
only invariant to rotation. Meanwhile, in order to improve
the precision of image retrieval and noise robustness, Hoang
and Tabbone [10] proposed a new method similar to Xiao’s
descriptor to obtain RST invariance based on the Radon,
Fourier, and Mellin transform.

Then, Radon transform is widely applied in many meth-
odsmainly because of its better properties in projection space
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[11–15]. In the projective space, a rotation of the original
image results in a translation in the angle variable, and a
scaling of the original image leads to a scaling in the spatial
variable together with an amplitude scaling [16, 17]. Based on
these properties, a rotation and scaling invariant function is
easy to construct and highly robust to noise.

Enlightened by the peers’ research works, we extend
Radon transform to nonlinear Radon transform and propose
a new set of complete invariant descriptors by applying
Zernike moments to the radial coordinate of the pattern’s
nonlinear Radon space of an image [18–22].

The remainder of this paper is organized as follows. In
Section 2, we briefly review the definition of nonlinear Radon
transform and Zernike moments, and propose a newmethod
based on Zernike moment and nonlinear Radon transform.
In Section 3, the comparative experiments of the proposed
approach with Hu moment invariance, Chong’s method is
conducted in terms of image retrieval efficiency, different
noise robustness. Section 4 concludes this paper.

2. Nonlinear Radon Transform and
Zernike Moments

2.1. Nonlinear Radon Transform. Thenonlinear Radon trans-
form of an image function 𝑓(𝑥, 𝑦) is defined as [10]

𝑃 (𝑟, 𝜃) = 𝑅 (𝑟, 𝜃) {𝑓 (𝑥, 𝑦)}

= ∬

∞

−∞

𝑓 (𝑥, 𝑦) 𝛿 (𝑟
𝑞1 − 𝑇 (𝜓 (𝑥, 𝑦) , 𝜃)) 𝑑𝑥 𝑑𝑦,

(1)

where 𝜓(𝑥, 𝑦) ∈ 𝐿
2
(𝐷), 𝑞

1
is a real instance, 𝜃 denotes

the angle vector formed by the function 𝜓(𝑥, 𝑦), and
𝑇(𝜓(𝑥, 𝑦), 𝜃) is a rotation function by 𝜓(𝑥, 𝑦) with an angel
of 𝜃 and defined by

𝑇 (𝜓 (𝑥, 𝑦) , 𝜃) − 𝑟
𝑞1 = 0. (2)

The nonlinear Radon transform indicates curve integral
of the image function 𝑓(𝑥, 𝑦) along different curves. The
parameter 𝑞

1
can control the shape of curve. Different curves

can be obtained by the values of parameter 𝑞
1
and function

𝜓(𝑥, 𝑦).
Especially when 𝜓(𝑥, 𝑦) = 𝑥 and 𝑞

1
= 1, 𝑇(𝜓(𝑥, 𝑦), 𝜃) =

𝑥 cos 𝜃 +𝑦 sin 𝜃. This reveals that the linear Radon transform
is the special case of nonlinear Radon transform. The results
of different curves’ Radon transform are shown in Table 1.

The nonlinear Radon transform has some properties that
are beneficial for pattern recognition as outlined below.

(1) Periodicity: the nonlinear Radon transformof𝑓(𝑥, 𝑦)
is periodic in the variable 𝜃 with period 2𝜋 when
𝜓(𝑥, 𝑦) is an arbitrarily parametric inference,

𝑃 (𝑟, 𝜃) = 𝑃 (𝑟, 𝜃 ± 2𝑘𝜋) . (3)

(2) Resistance: if 𝑓
1
(𝑥, 𝑦) and 𝑓

2
(𝑥, 𝑦) are two images

with little difference when 𝜓(𝑥, 𝑦) is arbitrarily para-
metric inference, the corresponding nonlinear Radon
transform of 𝑓

1
(𝑥, 𝑦) and 𝑓

2
(𝑥, 𝑦) are as followes:

𝑃1 (𝑟, 𝜃) − 𝑃2 (𝑟, 𝜃)


≤ ∬
𝐷


𝑓1 (𝑟, 𝜃)−𝑓2 (𝑟, 𝜃)

 𝛿 (𝑟
𝑞1−𝑇 (𝜓 (𝑥, 𝑦) , 𝜃))

 𝑑𝑥 𝑑𝑦.

(4)

(3) Translation: a translation of 𝑓(𝑥, 𝑦) by a vector ⇀𝑢 =

(𝑥
0
, 𝑦
0
) results in a shift in the variable 𝑟 of 𝑃(𝑟, 𝜃) by

a distance 𝑑 = 𝑥
0
cos 𝜃 + 𝑦

0
sin 𝜃 and equals to the

length of the projection of ⇀𝑢 onto the line 𝑥 cos 𝜃 +
𝑦 sin 𝜃 = 𝑟,

𝑃 (𝑟, 𝜃) = 𝑃 (𝑟 − 𝑥0 cos 𝜃 − 𝑦0 sin 𝜃, 𝜃) . (5)

(4) Rotation: a rotation of𝑓(𝑥, 𝑦) by an angle 𝜃
0
implies a

shift in the variable 𝜃 of 𝑃(𝑟, 𝜃) by a distance 𝜃
0
when

𝜓(𝑥, 𝑦) is arbitrarily parametric inference,

𝑃 (𝑟, 𝜃) → 𝑃 (𝑟, 𝜃 + 𝜃
0
) . (6)

(5) Scaling: a scaling of 𝑓(𝑥, 𝑦) by a factor of 𝑎 results
in a scaling in the variable 𝑟 and 1/𝑎 of amplitude of
𝑃(𝑟, 𝜃), respectively, when 𝜓(𝑥, 𝑦) represents ellipse
or hyperbola curve,

𝑓 (𝑎𝑥, 𝑎𝑦) →
1

𝑎2
𝑃 (𝑎𝑟, 𝜃) . (7)

2.2. Zernike Moment. The radial Zernike moments of order
(𝑝, 𝑞) of an image function 𝑓(𝑟, 𝜃), is defined as

𝑍
𝑝𝑞
=
(𝑝 + 1)

𝜋
∫

2𝜋

0

∫

1

0

𝑅
𝑝𝑞 (𝑟) 𝑒

−𝑞�̂�𝜃
𝑓 (𝑟, 𝜃) 𝑟𝑑𝑟 𝑑𝜃, (8)

where the radial Zernikemoment of order (𝑝, 𝑞) is defined by
the following equation:

𝑅
𝑝𝑞 (𝑟) =

𝑝

∑

𝑘=𝑞

𝑝−𝑘=even

𝐵
𝑝|𝑞|𝑘

𝑟
𝑘
. (9)

With

𝐵
𝑝|𝑞|𝑘

=

{{

{{

{

(−1)
((𝑝−𝑘)/2)

((𝑝+𝑘) /2)!

((𝑝−𝑘) /2)! ((𝑞+𝑘) /2)! ((𝑘−𝑞) /2)!
, 𝑝−𝑘 = even

0, 𝑝−𝑘 = odd.
(10)

2.3. NRZM Descriptor Based on Nonlinear Radon Transform
and Zernike Moment. The Zernike moment is carried out
to be computed after the projective matrix of nonlinear
Radon transform ismapped to the polar coordinate (NRZM).
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Table 1: The diagrams of results using different curves’ Radon transform.

Line Radon
transform

Parabola Radon
transform

Ellipse Radon
transform

Hyperbola Radon
transform

The computational process of our proposed method, NRZM,
is illuminated in Figure 1.

Supposed 𝑓(𝑥, 𝑦) is the image 𝑓(𝑥, 𝑦) rotated by rota-
tional angle 𝛽 and scaled by scaling factor 𝜆, and Radon
transform of 𝑓(𝑥, 𝑦) is given by

�̃� (𝑟, 𝜃) = 𝜆𝑃(
𝑟

𝜆
, 𝜃 + 𝛽) . (11)

The Zernike moments of �̃�(𝑟, 𝜃) is

𝑍
𝑝𝑞
=
𝑝 + 1

𝜋
∫

2𝜋

0

∫

1

0

�̃� (𝑟, 𝜃) 𝑅𝑝𝑞 (𝜆𝑟) 𝑒
(−�̂�𝑞𝜃)

𝑟𝑑𝑟 𝑑𝜃

=
𝑝 + 1

𝜋
∫

2𝜋

0

∫

1

0

𝜆𝑃(
𝑟

𝜆
, 𝜃 + 𝛽)𝑅

𝑝𝑞 (𝜆𝑟) 𝑒
(−�̂�𝑞𝜃)

𝑟𝑑𝑟 𝑑𝜃.

(12)

The radial Zernike polynomials 𝑅
𝑝𝑞
(𝜆𝑟) can be expressed as

a series of 𝑅
𝑝𝑞
(𝑟) as follows:

𝑅
𝑝𝑞 (𝜆𝑟) =

𝑝

∑

𝑘=𝑞

𝑅
𝑝𝑘 (𝑟)

𝑘

∑

𝑖=𝑞

𝜆
𝑖
𝐵
𝑝𝑞𝑖
𝐷
𝑝𝑖𝑘
. (13)

Image

Ellipse-Radon
transform

Parabola-Radon
transform

Zernike
moment NRZM

Hyperbola-Radon
transform

Figure 1: The computation process of NRZM.

The derivation process of (13) is given in the Appendix.
According to (12), we have

𝑍
𝑝𝑞
=
𝑝 + 1

𝜋

× ∫

2𝜋

0

∫

1

0

𝜆𝑃(
𝑟

𝜆
, 𝜃+𝛽)

×

𝑝

∑

𝑘=𝑞

𝑅
𝑝𝑘 (𝑟)

𝑘

∑

𝑖=𝑞

𝜆
𝑖
𝐵
𝑝𝑞𝑖
𝐷
𝑝𝑖𝑘
𝑒
(−�̂�𝑞𝜃)

𝑟𝑑𝑟 𝑑𝜃.

(14)
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Let 𝜏 = 𝑟/𝜆, 𝜑 = 𝜃 + 𝛽, (14) can be rewritten as

𝑍
𝑝𝑞
=
𝑝 + 1

𝜋

× ∫

2𝜋

0

∫

1

0

𝜆𝑃 (𝜏, 𝜑)

𝑝

∑

𝑘=𝑞

𝑅
𝑝𝑘 (𝑟)

×

𝑘

∑

𝑖=𝑞

(𝜆
𝑖
𝐵
𝑝𝑞𝑖
𝐷
𝑝𝑖𝑘
) 𝑒
(−�̂�𝑞(𝜑−𝛽))

𝜆
2
𝜏𝑑𝜏 𝑑𝜑

=
𝑝 + 1

𝜋
𝑒
�̂�𝑞𝛽

× ∫

2𝜋

0

∫

1

0

𝑃 (𝜏, 𝜑)

×

𝑝

∑

𝑘=𝑞

𝑅
𝑝𝑘 (𝑟)

𝑘

∑

𝑖=𝑞

(𝜆
𝑖+3
𝐵
𝑝𝑞𝑖
𝐷
𝑝𝑖𝑘
) 𝑒
−�̂�𝑞𝜑

𝜏𝑑𝜏 𝑑𝜑

=
𝑝 + 1

𝜋
𝑒
�̂�𝑞𝛽

×

𝑝

∑

𝑘=𝑞

𝑘

∑

𝑖=𝑞

(𝜆
𝑖+3
𝐵
𝑝𝑞𝑖
𝐷
𝑝𝑖𝑘
)

× ∫

2𝜋

0

∫

1

0

𝑃 (𝜏, 𝜑) 𝑅
𝑝𝑘 (𝑟) 𝑒

−�̂�𝑞𝜑
𝜏𝑑𝜏 𝑑𝜑

= 𝑒
�̂�𝑞𝛽

𝑝

∑

𝑘=𝑞

𝑘

∑

𝑖=𝑞

(𝜆
𝑖+3
𝐵
𝑝𝑞𝑖
𝐷
𝑝𝑖𝑘
)𝑍
𝑝𝑘
.

(15)

Equation (15) shows that the radial Zernike moments of
being rotated image can be expressed as a linear combination
of the radial Zernike moments of original image. Based on
this relationship, we can construct a set of rotation invariant
𝐼
𝑝𝑞

which is described as follows:

𝐼
𝑝𝑞
= exp (𝑗𝑞𝑎𝑟𝑔 (𝑍

11
))

𝑝

∑

𝑘=𝑞

(

𝑘

∑

𝑖=𝑞

𝑍
00

−((𝑖+3)/3)
𝐵
𝑝𝑞𝑖
𝐷
𝑝𝑖𝑘
)𝑍
𝑝𝑘
.

(16)

Then, 𝐼
𝑝𝑞

is invariant to rotation and translation.

3. Experimental Results and Discussions

This section is intended to test the performance of a complete
family of similarity invariants introduced in the previous
section for images retrieval by comparison, Chong’s method
presented in [12], Hu moment presented in [13]. In the
experiments, the feature descriptors are calculated by

𝑅𝑍𝑀 = [𝐼
𝑓 (1, 0) , 𝐼𝑓 (1, 1) , . . . , 𝐼𝑓 (𝑀,𝑀)] . (17)

Three subsections are included in this section. In the
first subsection, we test the retrieval efficiency of proposed
descriptors in shape 216 dataset. This dataset is composed of

Table 2: The most suitable values of parameters.

The kind of curves 𝑞
0

𝑞
1

Ellipse 190/90 1
Hyperbola 350/100 2
Parabola 2000 2

PRZ
RZ
ERZ

HRZ
Hu moment
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0.1

0
0 0.2 0.4 0.6 0.8 1

Chong’s method

Figure 2: The precision-recall curve of shape 216.

18 shape categories with 12 samples per category, and each
of every category cannot be obtained by RST transforming
from any other shape from the same category. In the second
subsection, we test robustness of proposed descriptors in
different noisy dataset. In the third subsection, we verify the
rotation invariance of the proposed method.

3.1. Experiment 1. The kind of curves is changing with the
controlled parameters varying. So, the retrieval efficiency is
different with the controlled parameters. Many experiments
are conducted to find the best parameters’ values of every
curve in nonlinear Radon transform, and finally the most
suitable values of parameters are listed in Table 2. In the
subsequent experiments, we analyze the retrieval efficiency
of linear Radon transform, ellipse Radon transform, hyper-
bola Radon transform, and parabola Radon transform with
Zernike moment, respectively, which is referred to as NZ,
EPZ, HPZ, and PRZ, respectively.

In order to obtain the best retrieval efficiency of every
curve Radon, the comparative precisions-recall curves in
Shapes 216 are shown in Figure 2. It can be seen that the
precision-recall curve of PRZ moves downward more slowly
than those of others, which indicates that the retrieval
efficient of PRZ is slightly higher than that of RZ while HRZ
is weaker than PRZ and RZ.

The comparative number of relevant image upon every
category is a better insight into the performance of proposed
method as shown in Figure 3. It is easy to see that almost the
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Figure 3: The retrieved number of every category in shape 216.

number of relevant image in every category is higher than
6, especially in bird, children, elephant, face, glass, hammer,
heart, and misk.

3.2. Experiment 2. The robustness of the proposed descrip-
tors is demonstrated using eight datasets added additive “salt
& pepper” and “Gaussian” noise, respectively. The first seven
datasets are generated from original shape 216 database, and
each image is corrupted by “salt & pepper” noise with SNR
varying from 16 to 4 dB with 2 dB decrements. The last one is
generated from shape 216 added “Gaussian” noise with noise
density = 0.01, . . . , 0.2.

The retrieval experiments are conducted again in the
datasets mentioned above and the precision-recall curves
of comparative descriptors are depicted in Figure 4. From
Figures 4(a)–4(g), it can be observed that efficiency of the
PRZ and RZ are similar. It also can be seen that the PRZ and
RZ descriptors have better performances than other compar-
ative methods in “salt and pepper” noisy datasets from SNR
= 16 to 8, while Hu moment and Chong’s descriptors have
similarly the worse performance. However, when SNR = 6
and SNR = 4, the situation has changed. The deterioration
appears in the PRZ and RZ because their precision-recall
curvesmoves downwardmore rapidly than those of HPZ and
EPZ, while they move downward more slowly than those of
Chong’s method and CMI. This demonstrates that PRZ and
RZ descriptor are sensitive than other nonlinear methods’
descriptors when the value of SNR is low of 8 though it has the
stronger robustness than Chong’s method and Hu moment.
In short, the impact of noise on RZ, ERZ, HRZ, and PRZ
curves sometimes were little similar or sometimes differ from
one to another. It is also observed that

(1) as the values of SNR decrease, the curves of all the
descriptors generally move downwards;

(2) Hu moment and Chong’s descriptors are very sensi-
tive to noise, and their performance has not changed
much under different levels of noise;

(3) Hu moment method has more resistance to “salt &
pepper” noise than Chong’s descriptors;

(4) among the RZ, ERZ, PRZ, and HRZ, the resistance
of PRZ is the strongest to “salt & pepper” noise and
that of RZ is close to PRZ when the values of SNR are
higher than 6;

(5) PRZ is always slightly more robust to “salt & pepper”
noise than RZ except for SNR = 6 and SNR = 4;

(6) EPZ and HPZ descriptors are more robust to “salt &
pepper” noise than PRZ and RZ when values of SNR
are higher than 6.

However, the retrieval results shown in Figure 4(h) are
essentially different from those in Figures 4(a)–4(g). It is
clear that ERZ and HRZ are more robust to “Gaussian” noise
than other methods because their precision-recall curves
are absolutely on the top of others in the “Gaussian” noisy
dataset.This indicates that “Gaussian” noise can result in poor
performance in the case of linear transform. In these cases,
the nonlinear Radon transform should be a top priority to be
employed in the proposed method.

3.3. Experiment 3. The last test dataset is color objective
dataset generated by choosing 7 sample images from Col
and View subset. Each of the datasets is transformed by
being rotated by 72 arbitrary angles (10–360) with 5 degree
increment. As a result, the last dataset consists of 504 images,
and the retrieval results are shown in Figure 5. From the
figure, it can be concluded that the proposed descriptors are
invariant to rotation, and the retrieval performance of PRZ is
more efficient.

4. Conclusion

In this paper, we proposed amethod to derive a set of rotation
invariants using Radon transform and Zernike moments and
extend linear Radon transform to nonlinear Radon trans-
form.

Comparing to linear Radon transform, the proposed
method can perform better or similar. However, the numeri-
cal experiments show that different curve Radon transforms
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(f) SNR = 6

Figure 4: Continued.
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(h) Gaussian noisy dataset of shape 216

Figure 4: The precision upon recall curves of different descriptors on seven noisy datasets added “salt & pepper” and one “Gaussian” noisy
dataset.

PRZ
RZ
ERZ

HRZ
Hu moment

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1
0 0.80.60.40.2 1

1

Chong’s method

Figure 5: The precision-recall curves of different descriptors on
rotated dataset.

and Zernike moment perform different. In the noiseless
dataset, the retrieval efficiency of PRZ is higher than com-
parative methods. In the “salt & pepper” noise and the PRZ
consistently performs better except SNR = 6 and SNR =
4. While when SNR = 6, SNR = 4, the EPZ and HPZ are
most robust than RZ. And in “Gaussian” noise dataset, the
proposed method in the cases of nonlinear Radon transform
is more robust to “Gaussian” noise than that in the case
of linear Radon transform. Moreover, the nonlinear Radon
transform can be exploited to other application fields for

engineer application and recognition for the sake of the good
characteristic, especially their robustness.

Appendix

Proof of (13)
From (12), the radial Zernike polynomials can be expressed
as a series of decreasing power of as follows:

(

𝑅
𝑝𝑞 (𝑟)

𝑅
𝑝𝑞+1 (𝑟)

...
𝑅
𝑝𝑝 (𝑟)

)

=(

𝐵
𝑝𝑞𝑞

𝐵
𝑝𝑞𝑞+1

⋅ ⋅ ⋅ 𝐵
𝑝𝑞𝑝

𝐵
𝑝𝑞+1𝑞+1

⋅ ⋅ ⋅ 𝐵
𝑝𝑞+1𝑝

d
...

𝐵
𝑝𝑝𝑝

)(

𝑟
𝑞

𝑟
𝑞+1

...
𝑟
𝑝

).

(A.1)

Since all the diagonal element 𝐵
𝑝𝑖𝑖

are not zero, the matrix 𝐵
is nonsingular, thus

(

𝑟
𝑞

𝑟
𝑞+1

...
𝑟
𝑝

) = (

𝐵
𝑝𝑞𝑞

𝐵
𝑝𝑞𝑞+1

⋅ ⋅ ⋅ 𝐵
𝑝𝑞𝑝

𝐵
𝑝𝑞+1𝑞+1

⋅ ⋅ ⋅ 𝐵
𝑝𝑞+1𝑝

d
...

𝐵
𝑝𝑝𝑝

)

−1

×(

𝑅
𝑝𝑞 (𝑟)

𝑅
𝑝𝑞+1 (𝑟)

...
𝑅
𝑝𝑝 (𝑟)

)
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= (

𝐷
𝑝𝑞𝑞

𝐷
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⋅ ⋅ ⋅ 𝐷
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𝑅
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𝑞
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)
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...
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)

=

𝑝

∑
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This paper presents a novel maximum margin clustering method with immune evolution (IEMMC) for automatic diagnosis of
electrocardiogram (ECG) arrhythmias. This diagnostic system consists of signal processing, feature extraction, and the IEMMC
algorithm for clustering of ECG arrhythmias. First, raw ECG signal is processed by an adaptive ECG filter based on wavelet
transforms, and waveform of the ECG signal is detected; then, features are extracted from ECG signal to cluster different types of
arrhythmias by the IEMMC algorithm.Three types of performance evaluation indicators are used to assess the effect of the IEMMC
method for ECG arrhythmias, such as sensitivity, specificity, and accuracy. Compared with K-means and iterSVR algorithms, the
IEMMCalgorithm reflects better performance not only in clustering result but also in terms of global search ability and convergence
ability, which proves its effectiveness for the detection of ECG arrhythmias.

1. Introduction

Electrocardiogram (ECG) iswidely used in cardiology since it
consists of effective, simple, noninvasive, low-cost procedures
for the diagnosis of cardiovascular diseases (CVDs). Since
the state of cardiac heart is generally reflected in the shape
of ECG waveform and heart rate, ECG is considered to
be a representative signal of cardiac physiology, useful in
diagnosing cardiac disorders and detecting any arrhythmia
[1, 2].

ECG arrhythmia can be defined as any of a group of
conditions in which the electrical activity of the heart is
irregular and can cause heartbeat to be slow or fast. It can
take place in a healthy heart and be of minimal consequence,
but they may also indicate a serious problem that leads
to stroke or sudden cardiac death. As ECG signal being
nonstationary signal, the arrhythmia may occur at random
in the time-scale, which means, the arrhythmia symptoms
may not show up all the time but would manifest at certain
irregular intervals during the day. Therefore, for effective

diagnostics, the variability of ECG signal may have to be
observed over several hours. For this reason, together with
the fact that the volume of the ECG data is enormous, the
study is tedious and time consuming. Thus, automatic and
computer-based detection and classification of arrhythmia is
critical in clinical cardiology, especially for the treatment of
patients in the intensive care unit [1].

In the recent years, several methods have been developed
in the literatures for detection and classification of ECG
arrhythmias. Artificial neural network (ANN) classification
method is one of the main methods for ECG arrhyth-
mia recognition. By integration of many data reduction
and feature extraction techniques, such as principal com-
ponent analysis (PCA), independent component analysis,
fuzzy logic, and wavelet transform (WT), improved ANN
techniques have been shown to be able to recognize and
classify ECG arrhythmia accurately [3–7]. However, many
ANN algorithms suffer from slow convergence to local and
global minima and from random settings of initial values of
weights [7]. Since support vector machine (SVM) classifiers
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do not trap in local minima points and need less training
input, various methods of SVM have been adopted for ECG
signals classification and proved to be effective [8–11].

Although many ECG arrhythmia classification methods
show good performance in the laboratory, there are only few
techniques gaining popularity in practical applications. One
of the main reasons is that most methods are supervised
methods which require multiple samples manually labeled
with the correct type of ECG signals in context. From
these samples, a supervised system can learn to predict the
correct sense of the similar ECG signal in a new context.
However, these data sets are labor intensive, time consuming,
and expensive to produce; thus, few data could be labeled
and may be only for several ambiguous types. Therefore,
using this technique to detect all kinds of arrhythmias is
not optimal in the diagnosis of cardiovascular arrhythmia.
Moreover, same state of cardiac heart presents different ECG
waveforms for different individual characteristics because
of the differences in their body, such as heart volume and
coronary artery. Even for the same individual, the waveforms
would present different shapes when the sample is involved
in different activity states, such as walking, running, and
sleeping. In order to address this problem, some methods
containing unsupervised techniques are developed to analyze
the ECG arrhythmia [4–6, 12–16], which do not need any
labeled training sample and can find out unknown ECG
arrhythmia. In these methods, the key point is the design of
an ideal clustering method, as the accuracy of cluster analysis
significantly affects the overall performance.

In this paper, we propose a novel immune evolution
maximum margin clustering method (IEMMC) for ECG
arrhythmias detection. Specifically, we decompose the ECG
arrhythmias diagnosis procedure into three steps, including
signal processing, feature extraction, and clustering. First, we
apply a wavelet transform based adaptive filter to remove
the noise and detect ECG waveform. Then, features are
extracted to represent ECG signal. Finally, we employ max-
imum margin clustering (MMC) method to recognize ECG
arrhythmias. Considering huge amount of ECG data and
expensive computation of traditional MMC algorithm [17],
we propose the IEMMC algorithm as the improvement of the
existing MMC and make it more suitable for the detection
of ECG abnormalities. Our key contribution is to utilize
immune evolutionary algorithm to perform optimization
directly on the nonconvex optimization problem formulated
by original MMC problem and find the optimal solution
which has maximum margin. Our IEMMC method avoids
the requirement of solving a nonconvex integer problem and
semidefinite programming (SDP) relaxations in the tradi-
tional MMC algorithm, which is computationally expensive
and time consuming. Due to the outstanding global search
ability and robustness of immune evolutionary algorithm,
performance of the IEMMC algorithm could maintain at a
high level even with a poor quality of random initialization,
and the astringency of the IEMMC method is also superior
to the existing approaches.

The rest of this paper is organized as follows. Section 2
describes our proposed ECG arrhythmias detection system,
including signal preprocessing, feature extraction, and the

ECG
signal

Signal
processing

Feature
extraction

IEMMC
algorithm

Result
compare

Figure 1: The automatic detection system for ECG arrhythmias.

Clear
ECGAdaptive

Filter

ECG signal without
high-frequency

noise 𝐸1

Raw
ECG
signal

Low-frequency
noise in ECG signal

𝐸2

Reference
input

Wavelet
transform

Figure 2: The adaptive ECG filter based on wavelet transforms.

IEMMC method for ECG arrhythmias. Then, the cluster
performance is examined through simulation experiments
in Section 3. Finally, the concluding remarks are given in
Section 4.

2. A Novel Automatic Detection
System for ECG Arrhythmias

The automatic detection system for ECG arrhythmias con-
sists of three stages and is constructed as shown in Figure 1.
The first stage is the preprocessing which includes filtering,
baseline correction, and waveform detection. The second
stage is the feature extraction which aims to find the best
coefficients set to describe the ECG signal. The last stage is
designed to cluster ECGperiods using the IEMMCalgorithm
according to the previously extracted features in order to
construct the arrhythmia classes.

2.1. Preprocessing

2.1.1. ECG Signal Filtering. ECG signals can be contami-
nated with several types of noise, such as motion artifact
(MA), electromyogram noise (EMG), and baseline wander-
ing (BW), which can affect the feature extraction algorithm.
So, the ECG samples should be preprocessed before feature
extraction and clustering. Due to the frequency spectrum
overlapping between ECG signal and noise like motion
artifact and baseline wandering which is less than 7Hz, tradi-
tional wavelet decomposition and wavelet threshold method
would make ECG waveform distorted, such as the distortion
of 𝑃 wave or 𝑇 wave signal. For this situation, we apply
a wavelet transform based adaptive filter which combines
the advantages of wavelet transform and adaptive filtering
techniques to preprocess the ECG signal. The construction
of our ECG signal filter is demonstrated in Figure 2.

As Figure 2 shows, the procedures of the ECG signal filter
can be summarized as the following four steps.

(1) According to the sampling frequency of ECG signal,
the least wavelet decomposition level 𝑖 could be
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Table 1: Nine features of ECG signal.

𝑅𝑅
𝑛
(s) 𝑅𝑅



𝑛
(s) 𝑄𝑅𝑆

𝑛
(s) 𝑃𝑅

𝑛
(s) 𝑄𝑇

𝑛
(s) 𝑆𝑇

𝑛
(s) 𝑅

𝑛
(mv) 𝑃

𝑛
(mv) 𝑇

𝑛
(mv)

0.8477 0.8692 0.0742 0.1663 0.2930 0.2188 1.8149 0.0570 0.6817
0.9023 0.8931 0.0742 0.1445 0.2891 0.2148 1.6339 0.0142 0.5926
0.8594 0.8916 0.0781 0.1406 0.2852 0.2070 2.3085 0.0579 0.6125
0.8281 0.8034 0.0742 0.1663 0.2931 0.2109 2.1007 0.0469 0.6247

determined by separating ECG signal from high-
frequency noise. Then, the ECG signal with noise
could be wavelet decomposed into 𝑖 scales.

(2) After wavelet decomposition and removal of precise
components containing high-frequency noise signal,
we set the approximate components𝐸

1
which contain

ECG signal without high-frequency noise as the
primary input signal of the adaptive filter.

(3) In linewith spectrum relations between variouswave-
form and low-frequency noise, such as baseline drift
and motion artifact, the least wavelet decomposition
level 𝑗 which can separate ECG signal from low-
frequency noise would be determined. By wavelet
decomposition of𝐸

1
into 𝑗 scales, the left approximate

components 𝐸
2
containing baseline drift, motion

artifact, and other low-frequency interference would
be taken as the reference input signal of the adaptive
filter.

(4) Least mean squares (LMS) adaptive filtering is used
to preprocess the primary input signal and get clear
ECG signals.

2.1.2. Waveform Detection. The waveform detection of the
ECG signal is the very basis of feature extraction. There
are actually three separate algorithms, each of which is
designated to detect certain waveform of ECG signal.

(1) 𝑅 𝐷𝑒𝑡𝑒𝑐𝑡𝑖𝑜𝑛. The detection of 𝑄𝑅𝑆 complex takes a vital
role in ECG waveform detection. In order to achieve QRS
complex detection,𝑅wavemust be located at first. According
to the fact that 𝑅 wave boasts the largest slope, difference
of ECG amplitude array is generated to make 𝑅 peaks more
noticeable. Then, a practically lower limit is employed to
remove unrelated noisy peaks from the signal. In order
to avoid interference of big 𝑇 wave, the relative refractory
period, which lasts 200ms after 𝑅 peak is detected, should
be skipped. Meanwhile, every 𝑅𝑅 interval should be judged
in case of escaped inspection of 𝑅 peak.

(2) 𝑄𝑆 Detection. After finishing the positioning of 𝑅 wave,
𝑄 and 𝑆 peaks can be identified in accordance with the
morphological characteristics. 𝑄 and 𝑆 peaks occur around
the 𝑅 peak within 0.1 second. The turning point connecting
baseline and falling edge is just the 𝑄 peak. Similarly, S peak
could be found in the right side.

(3) 𝑃 and 𝑇 Wave Detection. In the light of waveform
characteristics of the normal ECG signal, it is found that 𝑃
wave, 𝑄𝑅𝑆 wave, and 𝑇 wave appear alternately. Besides, the

gap between the peak of 𝑃 wave and 𝑄𝑅𝑆 is no more than
0.16 seconds. This suggests that the maximum voltage point
within 0.16 seconds before the 𝑄 peak shall be 𝑃 peak, while
the maximum voltage point between 𝑆 peak and the next 𝑃
peak shall be the 𝑇 peak.

2.2. Feature Extraction. Feature extraction is a process to
determine the best coefficients which could describe the ECG
waveform accurately. In order to extract the best features that
represent the structure of the ECG signals, nine times domain
coefficients belonging to two succeeding ECG periods are
considered, as shown in Table 1. The first row in the table is
the name of the features, while the rest show the value of each
feature. All features are listed as follows:

(a) normalized 𝑅𝑅 interval between the acquired 𝑅 wave
and the preceding 𝑅 wave (𝑅𝑅

𝑛
);

(b) normalized RR interval between the acquired 𝑅 wave
and the following 𝑅 wave (𝑅𝑅

𝑛
);

(c) normalizedQRS interval of the acquired beat (𝑄𝑅𝑆
𝑛
);

(d) normalized PR interval of the acquired beat (𝑃𝑅
𝑛
);

(e) normalized QT interval belonging to the acquired
beat (𝑄𝑇

𝑛
);

(f) normalized ST interval of the acquired beat (𝑆𝑇
𝑛
);

(g) normalized 𝑅 amplitude of the acquired beat (𝑅
𝑛
);

(h) normalized 𝑃 amplitude of the acquired beat (𝑃
𝑛
);

(i) normalized 𝑇 amplitude of the acquired beat (𝑇
𝑛
).

𝑄𝑅𝑆 interval is calculated as the time interval between
𝑄 wave and 𝑆 wave. 𝑃𝑅 interval is calculated as the time
interval between the 𝑃 peak and the 𝑅 peak. 𝑆𝑇 interval is
calculated as the time interval between 𝑆 wave and 𝑇 peak.
𝑄𝑇 interval is measured as the time interval between 𝑇 wave
and the onset time of the 𝑄 wave. From the medical point
of view, the detection of arrhythmia depends on two or more
ECG signal periods.Theprevious period of anECG signal has
many indicators of current arrhythmia. So, in our approach,
two 𝑄𝑅𝑆 periods’ parameters 𝑅𝑅

𝑛
and 𝑅𝑅



𝑛
are considered to

be the features of ECG signal. 𝑅 amplitude is measured as the
distance between the peak of the 𝑅 wave and the baseline. 𝑃
amplitude and 𝑇 amplitude are measured in the same way.

2.3. Clustering Method for ECG Arrhythmia

2.3.1. Maximum Margin Clustering. The MMC extends the
theory of SVM to the unsupervised scenario, which aims to
find a way to label the samples by running SVM implicitly
with the maximummargin over all possible labels [18].
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Mathematically, given a point set 𝜒 = {𝑥
1
, . . . , 𝑥

𝑛
} and

their labels 𝑦 = {𝑦
1
, . . . , 𝑦

𝑛
} ∈ {−1, +1}

𝑛, SVM seeks a
hyperplane 𝑓(𝑥) = 𝑤

𝑇
𝜙(𝑥) + 𝑏 by solving the following

optimization problem:

min
𝑤,𝑏,𝜉𝑖

1

2
‖𝑤‖
2
+ 𝐶

𝑛

∑

𝑖=1

𝜉
𝑖

s.t. 𝑦
𝑖
(𝑤
𝑇
𝜙 (𝑥) + 𝑏) ≥ 1 − 𝜉

𝑖
,

𝜉
𝑖
≥ 0, 𝑖 = 1, . . . , 𝑛,

(1)

where 𝜙(⋅) is a nonlinear function that maps the data samples
in a high dimensional feature space and makes the nonsep-
arable problem in the original data space to be separable in
the feature space. The 𝜉

𝑖
values are called slack variables, and

𝐶 > 0 is a manually chosen constant.
Different from SVM, where the class labels are given and

the only variables are the hyperplane parameters (𝑤, 𝑏),MMC
aims at finding not only the optimal hyperplane (𝑤

∗
, 𝑏
∗
),

but also the optimal labeling vector 𝑦 [17]. Originally, this
task was formulated in terms of the following optimization
problem [18]:

min
𝑦∈{−1,+1}

𝑛
min
𝑤,𝑏,𝜉𝑖

1

2
‖𝑤‖
2
+ 𝐶

𝑛

∑

𝑖=1

𝜉
𝑖

s.t. 𝑦
𝑖
(𝑤
𝑇
𝜙 (𝑥) + 𝑏) ≥ 1 − 𝜉

𝑖
,

𝜉
𝑖
≥ 0, 𝑖 = 1, . . . , 𝑛, 𝐶 ≥ 0.

(2)

However, the previous optimization problem has a triv-
ially “optimal” solution, which is to assign all data to the same
class and obtain an unbounded margin. Moreover, another
unwanted solution is to separate a single outlier or a very
small group of samples from the rest of the data. To alleviate
these trivial solutions, Xu et al. [18] imposed a class balance
constraint on 𝑦,

−ℓ ≤ 𝑒
𝑇
𝑦 ≤ ℓ, (3)

where ℓ ≥ 0 is a constant to control the class imbalance, which
could bound the difference in class size and avoid assigning
all patterns to the same class, and 𝑒 is an all-one vector.

TheMMCmethod often outperforms common clustering
methods with respect to the accuracy [17, 18]. It can be
expected that the detection of ECG arrhythmia by using
the MMC algorithm will achieve a high level of accuracy.
However, applying the approach requires solving a noncon-
vex integer problem, which is computationally expensive,
and only small data sets can be handled by the MMC
method so far. At present, various optimization techniques
have been applied to handle this problem. Xu et al. [18]
proposed to make several relaxations to the original MMC
problem and reformulate it as a SDP problem, which can
then be solved by standard SDP solvers such as SDPT3
and SeDuMi. Valizadegan and Jin [19] further proposed
the generalized MMC algorithm which reduces the scale
of the original SDP problem significantly. To make MMC

method more practical, Zhang et al. [17] put forward a
method which iteratively applied an SVM to improve an
initial candidate obtained by a 𝐾-means preprocessing step.
Recently, Zhao et al. [20] proposed a cutting plane MMC
method based on constructing a sequence of intermedi-
ate tasks and each of the intermediate tasks, was solved
using constrained concave-convex procedure. Although the
recently proposed approaches have improved the efficiency
of the MMC method, the application of these methods has
not always been guaranteed. For example, as an iterative
approach, the performance of iterSVR algorithm [17] which
begins with assigning a set of initial labels is crucial for the
quality of initialization. Random initialization will usually
result in poor clustering.

2.3.2. Maximum Margin Clustering with Immune Evolution.
The concept of SVMs can be considered to be a special case
of regularization problems in the following form:

inf
𝑓∈𝐻

1

𝑛

𝑛

∑

𝑖=1

𝐿 (𝑦
𝑖
, 𝑓 (𝑥
𝑖
)) + 𝜆

𝑓

2

𝐻
, (4)

where 𝜆 > 0 is a fixed real number, 𝐿 : 𝑌 × R → [0,∞) is
a loss function measuring the performance of the prediction
function 𝑓 on the training set, and ‖𝑓‖

2

𝐻
is the squared norm

in a reproducing kernel Hilbert space 𝐻 ⊆ R𝑥 = {𝑓 :

Χ → R} induced by a kernel function. In the SVM approach
(1), the hinge loss 𝐿

ℎ
(𝑦, 𝑓) = max{0, 1 − 𝑦𝑓(𝑥)} with 𝑦 ∈

{−1, +1} is used. Instead of using the hinge loss, our approach
penalizes overconfident predictions by using the square loss
𝐿
𝑠
(𝑦, 𝑓) = (𝑦 − 𝑓(𝑥))

2 leading to

min
𝑤,𝑏,𝜂

1

2
‖𝑤‖
2
+
𝐶

2

𝑛

∑

𝑖=1

𝜂
2

s.t. 𝑦i ((𝑤
𝑇
𝜙 (𝑥
𝑖
)) + 𝑏) = 1 − 𝜂, 𝑖 = 1, . . . , 𝑛.

(5)

So, in our MMC algorithm, we aim at finding a solution
for

min
y∈{−1,+1}𝑛,𝑤,𝑏

𝐽 (𝑦, 𝑤, 𝑏) =
1

2
‖𝑤‖
2
+
𝐶

2

𝑛

∑

𝑖=1

𝜂
2

s.t. 𝑦i ((𝑤
𝑇
𝜙 (𝑥
𝑖
)) + 𝑏) = 1 − 𝜂,

𝑖 = 1, . . . , 𝑛, −𝑙 ≤

𝑛

∑

𝑖=1

𝑦
𝑖
≤ 𝑙.

(6)

In order to solve problem (6), the original non-convex
problem is considered to be a special case of optimization
problem, and immune evolutionary algorithm is proposed
to find optimal solution. Recent studies have shown that the
immune evolutionary algorithm possesses several attractive
immune properties that allow evolutionary algorithms to
avoid premature convergence and improve local search capa-
bility [21–25]. By utilizing powerful global search capability
and fast convergence of the immune evolutionary algorithm,
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IEMMC could avoid SDP relaxations and find optimal
solution of the MMCmethod efficiently.

The Process of IEMMC Algorithm. The framework of our
IEMMC algorithm is given by Algorithm 1.

Algorithm 1 (Maximum Margin Clustering with Immune
Evolution).

Step 1. Generate a set of candidate solutions 𝑃 = {𝑦
1
, . . . ,

𝑦
𝑚+𝑟

} ⊆ {−1, +1}
𝑛, composed of the subset of memory cells

𝑃
𝑚

added to the remaining 𝑃
𝑟
(𝑃 = 𝑃

𝑚
+ 𝑃
𝑟
). 𝑃 should

fulfill the balance constraint (3) and ‖𝑦
𝑖
− 𝑦
𝑗
‖ > 𝑡
𝑠
, 𝑡
𝑠
is the

suppression threshold.

Step 2. Compute the affinity values 𝐹(𝑦) for each 𝑦
𝑗
∈ 𝑃.

Step 3. Determine the 𝑁
𝑐
best individuals, 𝑃

𝑐
of the popula-

tion 𝑃
𝑟
, based on an affinity measure. Perform clone selection

on the population 𝑃
𝑐
to generate a temporary population of

clones 𝑃∗
𝑐
.

Step 4. Determine the 𝑁
𝑚

best individuals, 𝑃
𝑚

of the
remaining population 𝑃

𝑟
− 𝑃
𝑐
, based on an affinity measure.

Apply mutation to the antibodies population 𝑃
𝑚
, where the

hypermutation is proportional to affinity of the antibody. A
maturated antibody population 𝑃

∗

𝑚
is generated.

Step 5. Re-select the improved individuals from 𝑃
∗

𝑐
and 𝑃

∗

𝑚
to

compose the memory set and the population 𝑃
𝑟
.

Step 6. Perform receptor editing, replace some low affinity
antibodies of the population 𝑃

𝑟
by randomly created new

antibodies, maintaining its diversity.

Step 7. If termination conditions are not satisfied, go to Step 2.

Step 8. Return the best individual 𝑦
𝑖
.

The starting point is generating a set of candidate
solutions 𝑃 = {𝑦

1
, . . . , 𝑦

𝑚+𝑟
} ⊆ {−1, +1}

𝑛, composed of
the subset of memory cells 𝑃

𝑚
added to the remaining

𝑃
𝑟
(𝑃 = 𝑃

𝑚
+ 𝑃
𝑟
). Each of these individuals constitutes a

possible solution for optimization problem (6). Throughout
our IEMMC algorithm, we ensure that only valid individuals
are created; that is, individuals 𝑦 should fulfill the balance
constraint (3). In Step 2, the affinity value 𝐹(𝑦) is computed
for each of the initial individuals, where

𝐹 (𝑦) = exp (−min 𝐽 (𝑦, 𝑤, 𝑏)) . (7)

Depending on the affinity values, the copies of the antibodies
are generated, and clone selection is performed on superior
individuals. In Step 4, mutation process is applied to the
antibodies. If the affinity value of the new antibody is
better than that of original value, new antibody is stored
in the place of the original one; otherwise, old antibody
is kept in population. After the mutation process, receptor
editing is applied to the antibody population. In the receptor
editing process, a percentage of antibodies in the antibody
population are replaced by randomly created new antibodies.

When the best individual satisfies termination condition, 𝑦
𝑖

would be returned.

Fitness Computation. For fixed solution 𝑦, the problem
formulated in the function (6) could be solved by the standard
SVM learning algorithm. So, we can compute (𝑤, 𝑏) from the
Karush-Kuhn-Tucker (KKT) conditions as usual tomaximize
margin between clusters. But this solution (𝑤, 𝑏, 𝑦) is not the
optimal clustering solutions for problem (6). Therefore, we
continue to find a better bias 𝑏 and cluster label 𝑦 by fixing 𝑤
and minimizing problem (6) which is reduced to

min
𝑦,𝑏

𝑛

∑

𝑖=1

(𝑤 ⋅ 𝜙 (𝑥
𝑖
) + 𝑏 − 𝑦

𝑖
)
2

s.t. 𝑦
𝑖
∈ {±1} ,

𝑖 = 1, . . . , 𝑛, −ℓ ≤ 𝑒
𝑇
𝑦 ≤ ℓ.

(8)

Then, problem (8) can be solved without the use of any
optimization solver by the following proposition. At first,
we sort 𝑤𝑇𝜙(𝑥

𝑖
) and use the set of midpoints between any

two consecutive w𝑇𝜙(𝑥
𝑖
) values as the candidates of 𝑏. From

these candidates of 𝑏, the first (𝑛 − 𝑙)/2 and the last (𝑛 − 𝑙)/2

of the candidates should be removed for not satisfying the
class balance constraint (3). For each remaining candidate,
we determine 𝑦 = sign(𝑤𝑇𝜑(𝑥) + 𝑏) and compute the
corresponding objective value in (8). Finally, we choose 𝑏 and
corresponding 𝑦 that has the optimal objective. Since both𝑤

and 𝑏 have been determined, fitness value 𝐹(𝑦) for the new
individual𝑦 can be obtained by𝐹(𝑦) = exp(−min 𝐽(𝑦, 𝑤, 𝑏)).

3. Experiment and Results

3.1. Experimental Data. Experimental data of ECG arrhyth-
mias used in this study are taken from MIT-BIH ECG
Arrhythmias Database [26]. All ECG data are classified
into five classes according to standard of The Association
for the Advancement of Medical Instrumentation (AAMI)
[27], since this database urges all users to follow the AAMI
recommendations. In this standard, abnormal ECG could
be divided into following four types. Type S contains atrial
premature (AP), nodal premature (NP), and supraventricular
premature (SP). Type V contains premature ventricular con-
traction (PVC) and ventricular ectopic (VE). Type F contains
fusion of ventricular and normal beat. Type Q contains paced
beat, fusion of paced and normal beat, and unclassified beat.
The other kinds of heartbeats are considered as N type,
including normal beat, atrial escape (AE), nodal escape (NE),
right bundle branch block (R), and left bundle branch block
(L).

Totally 1682 ECG periods are selected from seven records
of MIT/BIH database to test the correctness of the IEMMC
algorithm. The distribution of records is shown in Table 2.
Thefirst row corresponds to the labels according to theAAMI
standard. And the first column is the name of the records,
whereas the others contain the number of heartbeats of each
type.
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Table 2: The number of sample records according to arrhythmia
type.

MIT code N S V F Q Total
106 104 0 83 0 0 187
200 125 0 112 0 0 237
208 95 0 0 86 0 181
209 102 106 0 0 0 208
213 106 0 0 113 0 219
217 205 0 0 0 211 416
222 122 112 0 0 234
Total 859 218 195 199 211 1682

Table 3: The ECG arrhythmias clustering results using the IEMMC
algorithm.

Clustering result
Arrhythmia type N S F V Q
N 803 15 12 13 16
S 27 191 0 0 0
V 35 0 164 0 0
F 17 0 0 178 0
Q 28 0 0 0 183

3.2. Experimental Results. In this section, we demonstrate
the superiority of the proposed IEMMC procedure for ECG
arrhythmias detection, and the following three types of
performance evaluation indicators are used to assess the
effect of ECG arrhythmias clustering method:

sensitivity =
TP

(TP + FN)
,

specificity =
TN

(FP + TN)
,

accuracy =
(TP + TN)

(TP + FN + FP + TN)
,

(9)

where true positive (TP) means the number of true arrhyth-
mia that has been successfully detected; false positive (FP)
is the number of true arrhythmia that has been missed; true
negative (TN)means the number of corresponding nontarget
arrhythmia that has been correctly detected; false negative
(FN) is the count of nontarget arrhythmia that has been
detected wrongly.

The simulation results are listed in Table 3, and the
performance analysis of the clustering result is in Table 4. As
shown in Tables 3 and 4, by using the IEMMC algorithm, the
correctness of ECG arrhythmias is at a high level.

From the result, we can find that type N is the most
regular and numerous heartbeats and easy to be separated
from the other types; so, its result is better than other types.
However, the performance of type F is lower than that in the
previous case. Given that morphology of type F is often very
similar to that of other types, it is very difficult to characterize
type F.

In order to verify and measure the IEMMC algorithm’s
superiority, three methods are developed in parallel to

Table 4: The performance analysis result of the ECG arrhythmias
clustering method.

Arrhythmia type Sensitivity (%) Specificity (%) Accuracy (%)
N 97.9 92.7 95.4
S 83.0 98.0 95.8
F 82.4 97.5 95.6
V 82.8 98.7 96.6
Q 83.9 97.9 96.0
Total 90.3 97.4 95.9

compare with our algorithm, including standard 𝐾-means
algorithm, iterSVR which is the first approach capable of
dealing with large data sets [17], and SVM which has been
proved to be a successful supervised learning method for
ECG recognition and classification [8–11]. The performance
of all clustering methods is shown in Figure 3. Two initializa-
tion schemes are developed for both iterSVR and IEMMC in
the experiment: (1) random; (2) standard𝐾-means clustering
(KM). In the first scheme, initial candidate solutions of
IEMMC and iterSVR are generated randomly. In the second
scheme, iterSVR is initialized by standard 𝐾-means cluster-
ing. Only one of IEMMC candidate solutions is initialized
by standard 𝐾-means clustering, and the rest solutions are
generated at random. The class balance parameter of both
IEMMC and iterSVR is always set as 𝐿 = 0.2 ∗ 𝑛. Also,
20% of the ECG data are extracted randomly to be the
training data of the SVM classification. The radical basis
function (RBF) kernel 𝑘(𝑥, 𝑥) = exp(−‖𝑥 − 𝑥


‖/𝜎
2
) is used

for all the kernel methods in the experiment. As for the
regularization parameter 𝐶, we choose the best value from
a set of candidates (1, 10, 100, 500) for each data set. All
algorithms are, respectively, repeated three times because of
the inherent randomness. For eachmethod and each data set,
we report the result with its best value chosen from a set of
candidates.

From Figure 3, the IEMMC’s performance is as similar
as that of the SVM and better than those of all clustering
methods. Also, we can find that the performance of iterSVR
largely depends on the superiority of initialization. With
random initialization, clustering result from iterSVR is even
worse than that of 𝐾-means algorithm. Since the perfor-
mance of 𝐾-means is also unsatisfactory, even initialized
by 𝐾-means, iterSVR still cannot meet the expectation of
the ECG arrhythmia diagnosis. However, inheriting the out-
standing global optimization ability of immune evolutionary
algorithm, the IEMMC algorithm can find the best clustering
for objective function in a very short evolution period, even
in the case of random initialization. Additionally, IEMMC
algorithm not only excelled in performance but also in
convergence. While iterSVR needs to iterate ten times to find
solution, the IEMMC algorithm only needs to evolve four
generations. Especially, the IEMMC algorithm could obtain
the same optimal solution fromdifferent initializations in few
generations of evolutions, due to the prominent convergence
and global search ability. This excellent performance in the
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Figure 3: The performance comparison of different clustering methods.

experiment has proved that the IEMMC algorithm is very
effective for the detection of ECG arrhythmia.

4. Conclusions

In this paper, a novel IEMMCalgorithm is proposed to cluster
the ECG signal and detect ECG arrhythmias, which itera-
tively updates the quality of candidates by means of immune
evolutionary without employing any training process. The

experimental analysis reveals that our approach yields better
clustering performance than some competitive methods in
most cases.

In the future, we will use some other biological principles
based evolutionary algorithm to solve the MMC problem,
like ant colony optimization and particle swarm optimizer,
since they have been proved to have global optimizaton
ability. Furthermore, comparison with immune evolutionary
algorithm will be done to find out a more efficient ECG data
clustering algorithm.
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of ECGdata on the least square support vectormachine,”Digital
Signal Processing, vol. 18, no. 1, pp. 25–32, 2008.
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In modern bioinformatics, finding an efficient way to allocate sequence fragments with biological functions is an important issue.
This paper presents a structural approach based on context-free grammars extracted from original DNA or protein sequences.
This approach is radically different from all those statistical methods. Furthermore, this approach is compared with a topological
entropy-based method for consistency and difference of the complexity results.

1. Introduction

DNA sequence analysis becomes important part in modern
molecular biology. DNA sequence is composed of four
nucleotide bases—adenine (abbreviated A), cytosine (C),
guanine (G), and thymine (T) in any order. With four
different nucleotides, 2 nucleotides could only code for
maximum of 42 amino acids, but 3 nucleotides could code
for a maximum 4

3 amino acids. George Gamow was the first
person to postulate that every three bases can translate to a
single amino acid, called a codon. Marshall Nirenberg and
Heinrich J. Matthaei were the first to elucidate the nature
of a genetic code. A short DNA sequence can contain less
genetic information, while lots of bases may contain much
more genetic information, and any two nucleotides switch
place may change the meaning of genetic messages.

Sequence arrangement can produce many different
results, but only few codons exist in living bodies. Some
sequences do not contain any information which is known
as junk DNA. Finding an efficient way to analyze a sequence
fragment corresponding to genetic functions is also a chal-
lenging problem.

In recent papers,methods broadly fall into two categories,
sequence complexity [1, 2] and structural pattern analysis [3–
8]. Koslicki [1] presented a method for computing sequence
complexities. He redefined topological entropy function so
that the complexity value will not converge toward zero for
much longer sequences. With separate sequence into several

segments, it can determine the segments where are exons or
introns, and meaningful or meaningless. Hao et al. [7] given
a graphical representation of DNA sequence, according to
this paper, we can find some rare occurred subsequences.
R. Zhang and C. T. Zhang [4] used four-nucleotide-related
function drawing 3D curves graph to analyze the number of
four-nucleotide occurrence probabilities. Liou et al. [9] had
given a new idea in modeling complexity for music rhythms;
this paper translated textmessages into computable values, so
computers can score for music rhythms.

In this paper, we propose a new method for calculating
sequences different from other traditional methods. It holds
not only statistical values but also structural information.We
replace four nucleotides with tree structure presented in [9]
and use mathematical tools to calculate complexity values of
the sequences. So we can compare two sequences with values
and determine dissimilarity between these two sequences.
In biomedical section, we can use this technique to find the
effective drugs for new virus with priority.

2. DNA Sequence Represented
with Tree Structure

Our method uses Lindenmayer system [10–12] property
among calculated complexities from tree structure [9]; it is
a different way of computing complexities of sequences. At
first, we introduce DNA tree and convert DNA sequence to
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Figure 1: Nucleotide bases corresponding trees.
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Figure 2: DNA sequence represented with tree structure.

tree structure. A DNA tree is a binary tree of which each
subtree is also aDNA tree. Every tree node is either a terminal
node or a nodewith two childrens (branches or descendants).

Lindenmayer system is a powerful rewriting system used
to model the growth processes of plant development. We will
introduce it in Section 2.2 in detail. Lindenmayer system uses
some initial and rewriting rules to construct beautiful graphs.
Since it can construct a tree from rewriting rules, it also can
extract rewriting rules from a tree. In this section, we will use
tools to generate the rules from tree.

We use 4 fixed tree representations for nucleotide bases A,
T, C, and G (see Figure 1). When we apply this method to
amino acid sequence, we can construct more tree representa-
tion for amino acids, respectively.

Whenwe transfer a sequence toDNA tree, we will replace
every word to tree elements step by step, and two consecutive
trees can combine to a bigger tree. Following the previous
steps, a DNA sequence will be transfer to a DNA tree (see
Figure 2).

2.1. Bracketed Strings for a DNA Sequence. For computing
complexity of our DNA tree, we need some rules for con-
verting tree to another structure. We use a stack similarly
structure to represent the hierarchy of DNA tree, called
bracketed string. DNA tree can transfer to a unique bracketed
string by the following symbols, and it can transfer back to
the original tree:

(i) 𝐹: the current location of tree nodes; it can be replaced
by any word or be omitted;

(ii) +: the following string will express the right subtree;
(iii) −: the following string will express the left subtree;
(iv) [: this symbol is pairing with ]; “[⋅ ⋅ ⋅]” denotes a

subtree where “⋅ ⋅ ⋅”; indicates all the bracketed strings
of its subtree;

(v) ]: see [ description.

Following the previous symbols, Figure 3 shows that
nucleotide base A and T represented tree can transfer to
[𝐹[−𝐹][+𝐹]] and [𝐹[−𝐹][+𝐹[−𝐹][+𝐹]]], respectively.

[ 𝐹[− ]

[ 𝐹[− ]

[ 𝐹[− ]

[𝐹]
[𝐹]

[+𝐹]

[+𝐹]

[+𝐹]

[𝐹[−𝐹][+𝐹[−𝐹][+𝐹]]][𝐹[−𝐹][+𝐹]]

Figure 3: Bracketed strings representation for two trees.

And Figure 4 is the bracketed string of Figure 2. We
can see that when the tree grows, string seems to be more
redundant. Since we focus here only on DNA trees, we can
simplify the bracketed string representations. First, our trees
have only two subtrees. Second, the “𝐹” notation for the tree
is trivial. With these two characteristics, we may omit the “𝐹”
notation from the bracketed string and use only four symbols,
{[, ], −, +}, to represent trees. In our cases, “[⋅ ⋅ ⋅]” denotes
a subtree where “⋅ ⋅ ⋅” indicates all the bracketed strings of
its subtrees. “−” indicated the next “[⋅ ⋅ ⋅]” notation for a tree
is a left subtree of current node, and “+” is a right subtree
vice versa. Figure 5 is the simplified string of bracketed string
shown in Figure 4.

2.2. DNA Sequence Represented with L-System. When we
obtain DNA tree and bracketed string representation, we
need rewriting rules for analyzing tree structure. There are
some types of rewriting mechanism such as Chomsky gram-
mar andLindenmayer system (L-system for short).The largest
difference between two string rewriting mechanisms lies in
the technique used to apply productions. Chomsky grammar
is suitable for applying productions sequentially, while L-
system is for parallel. In our structure, applying L-system to
our representations is better than Chomsky grammar.

The L-system was introduced by the biologist Linden-
mayer in 1968 [13]. The central concept of the L-system is
rewriting. In general, rewriting is a technique used to define
complex objects by successively replacing parts of a simple
initial object, using a set of rewriting rules or productions. In
the next section, we will present how we use L-system to our
DNA tree. The L-system is defined as follows.

Definition 1. L-system grammars are very similar to the
Chomsky grammar, defined as a tuple [14]:

𝐺 = (𝑉, 𝜔, 𝑃) , (1)

where

(i) 𝑉 = {𝑠
1
, 𝑠
2
, . . . , 𝑠

𝑛
} is an alphabet,

(ii) 𝜔 (start, axiom, or initiator) is a string of symbols
from 𝑉 defining the initial state of the system,

(iii) 𝑃 is defined by a production map 𝑃 : 𝑉 → 𝑉
∗ with

𝑠 → 𝑃(𝑠) for each 𝑠 in 𝑉. The identity production
𝑠 → 𝑠 is assumed.These symbols are called constants
or terminals.

2.3. Rewriting Rules for DNA Sequences. As discussed earlier,
we want to generate the rules fromDNA trees. In this section,
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A A T T C C G G A C T G C A G T
[[−𝐹[−𝐹[−𝐹[−𝐹[−𝐹][+𝐹]][+𝐹[−𝐹][+𝐹]]][+𝐹[−𝐹[−𝐹][+𝐹[−𝐹][+𝐹]]][+𝐹[−𝐹][+𝐹[−𝐹][+𝐹]]]]][+𝐹[−𝐹[−𝐹[−𝐹[−𝐹][+𝐹]]

[+𝐹]][+𝐹[−𝐹[−𝐹][+𝐹]][+𝐹]]][+𝐹[−𝐹[−𝐹[−𝐹][+𝐹]][+𝐹[−𝐹][+𝐹]]][+𝐹[−𝐹[−𝐹][+𝐹]][+𝐹[−𝐹][+𝐹]]]]]][+𝐹[−𝐹[−𝐹[−𝐹

[−𝐹][+𝐹]][+𝐹[−𝐹[−𝐹][+𝐹]][+𝐹]]][+𝐹[−𝐹[−𝐹][+𝐹[−𝐹][+𝐹]]][+𝐹[−𝐹[−𝐹][+𝐹]][+𝐹[−𝐹][+𝐹]]]]][+𝐹[−𝐹[−𝐹[−𝐹[−𝐹]

[+𝐹]][+𝐹]][+𝐹[−𝐹][+𝐹]]][+𝐹[−𝐹[−𝐹[−𝐹][+𝐹]][+𝐹[−𝐹][+𝐹]]][+𝐹[−𝐹][+𝐹[−𝐹][+𝐹]]]]]]]

Figure 4: Bracketed strings representation for Figure 2.

[−[−[−[−[−+]+[−+]]+[−[−+[−+]]+[−+[−+]]]]+[−[−[−[−+]+]+[−[−+]+]]+[−[−[−+]+[−+]]+[−[−+]+[−+]]]]]

+[−[−[−[−+]+[−[−+]+]]+[−[−+[−+]]+[−[−+]+[−+]]]]+[−[−[−[−+]+]+[−+]]+[−[−[−+]+[−+]]+[−+[−+]]]]]]

Figure 5: More simply bracketed strings representation for Figure 2.

we will explain how we apply rewriting rules to those trees.
We can apply distinct variables to each node. Since the
technique described previously always generates two subtrees
for each node, for every nonterminal node, they always can be
explained in the following format:

𝑃 → 𝐿𝑅, (2)

where 𝑃 denotes the current node, 𝐿 denotes its left subtree,
and 𝑅 denotes its right subtree, respectively. We give an
example shown in Figure 6; left tree has three nodes and only
root is nonterminal node, it can be rewritten as 𝑃 → 𝐿𝑅.
Right tree has five nodes, root 𝑃 with left subtree 𝐿 and right
subtree 𝑅. Left subtree is terminal, but right is not. 𝑅 has two
terminal subtrees 𝑅

𝐿
and 𝑅

𝑅
, so this tree can be rewritten as

𝑃 → 𝐿𝑅 and 𝑅 → 𝑅
𝐿
𝑅
𝑅
.

2.4. Rewriting Rules for Bracketed Strings. Similarly, we can
also use rewriting rules to generate bracketed strings. In
rewriting rules for DNA trees shown in Section 2.3, we write
𝑃 → 𝐿𝑅 for a tree with left and right subtrees. Note that
we call 𝐿 and 𝑅 as the nonterminals. In this section, terminal
nodes will be separated from trees, and we use “null” to
represent a terminal. Such tree will have a corresponding
bracketed string as follows: [[−𝐹 ⋅ ⋅ ⋅][+𝐹 ⋅ ⋅ ⋅]]. “[−𝐹 ⋅ ⋅ ⋅]” rep-
resents the left subtree, while “[+𝐹 ⋅ ⋅ ⋅]” represents the right
subtree. Therefore, we can replace the rewriting rules with

𝑃 → [−𝐹𝐿] [+𝐹𝑅] ,

𝐹 → ⋅ ⋅ ⋅ ,

𝑅 → ⋅ ⋅ ⋅ ,

(3)

where “⋅ ⋅ ⋅” is the rewriting rule for the bracketed string of
each subtree. For the sake of readability, we replace the words
such as “𝑅

𝑅𝐿
” and “𝑅

𝑅𝑅
”. In Figure 7, we show the rewriting

rules for the bracketed string of the tree in Figure 3.

𝑃

𝐿 𝐿𝑅 𝑅

𝑃

𝑅𝐿 𝑅𝑅

𝑃 → 𝐿𝑅 𝑃 → 𝐿𝑅

𝑅 → 𝑅𝐿𝑅𝑅

Figure 6: Example of rewriting rules for trees.

As we can see, there are “nulls” in the rules. Those “nulls”
do not have significant effects to our algorithm, so we simply
ignore the nulls. Now, Figure 3 can apply new rewriting rules
without trivial nulls as Figure 8.

When tree grows up, the rewriting rules may generate
identical rules. Assume that we have the following rules:

𝑃 → [−𝐹𝑇
𝐿
] [+𝐹𝑇

𝑅
] ,

𝑇
𝐿
→ [−𝐹] [+𝐹] ,

𝑇
𝑅
→ [−𝐹] [+𝐹𝑇𝑅𝑅

] ,

𝑇
𝑅𝑅

→ [−𝐹] [+𝐹𝑇𝑅𝑅𝑅
] ,

𝑇
𝑅𝑅𝑅

→ [−𝐹] .

(4)

These rules can generate exactly one bracketed string and,
thus, exactly one DNA tree. All these rules form a rule set
that represents a unique DNA tree. When we look at 𝑇

𝑅
→

[−𝐹][+𝐹𝑇
𝑅𝑅
] and 𝑇

𝑅𝑅
→ [−𝐹][+𝐹𝑇

𝑅𝑅𝑅
], they have the same

structure since they both have a right subtree and do not have
a left subtree. The only difference is that one of the subtrees
is 𝑇
𝑅𝑅

and that the other is 𝑇
𝑅𝑅𝑅

. We will define two terms to
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𝑃
𝑃

𝑇𝐿

𝑇𝐿
𝑇𝑅

𝑇𝑅

𝑇𝑅𝑅

𝑇𝑅𝐿

𝑃 → [−𝐹𝑇𝐿][+𝐹𝑇𝑅]
𝑃 → [−𝐹𝑇𝐿][+𝐹𝑇𝑅]

𝑇𝑅 → [−𝐹𝑇𝑅𝐿
][+𝐹𝑇𝑅𝑅

]

𝑇𝑅 → null

𝑇𝐿 → null
𝑇𝐿 → null

𝑇𝑅𝐿
→ null

𝑇𝑅𝑅
→ null

Figure 7: Rewriting rules for the bracketed string of trees.

𝑃

𝑇𝐿 𝑇𝑅

𝑃

𝑇𝐿 𝑇𝑅

𝑇𝑅𝑅
𝑇𝑅𝐿

𝑃 → [−𝐹𝑇𝐿][+𝐹𝑇𝑅] 𝑃 → [−𝐹𝑇𝐿][+𝐹𝑇𝑅]

𝑇𝑅 → [−𝐹𝑇𝑅𝐿
][+𝐹𝑇𝑅𝑅

]

Figure 8: Rewriting rules for the bracketed string without nulls of
trees.

express the similarity between two rewriting rules, and these
terms can simplify complexity analysis.

2.5. Homomorphism and Isomorphism of Rewriting Rules. At
the end of the previous section, we discussed that 𝑇

𝑅
→

[−𝐹][+𝐹𝑇
𝑅𝑅
] and 𝑇

𝑅𝑅
→ [−𝐹][+𝐹𝑇

𝑅𝑅𝑅
] are almost the same.

How can we summarize or organize an effective feature to
them? Liou et al. [9] gave two definitions to classify similar
rewriting rules described before as follows.

Definition 2. Homomorphism in rewriting rules. We define
that rewriting rule𝑅

1
and rewriting rule𝑅

2
are homomorphic

to each other if and only if they have the same structure.

In detail, rewriting rule 𝑅
1
and rewriting rule 𝑅

2
in DNA

trees both have subtrees in corresponding positions or both
not. Ignoring all nonterminals, if rule𝑅

1
and rule𝑅

2
generate

the same bracketed string, then they are homomorphic by
definition.

Definition 3. Isomorphism on level 𝑋 in rewriting rules.
Rewriting rule 𝑅

1
and rewriting rule 𝑅

2
are isomorphic on

depth𝑋 if they are homomorphic and their nonterminals are
relatively isomorphic on depth 𝑋 − 1. Isomorphic on level 0
indicates homomorphism.

Applying to the bracketed string, we ignore all nontermi-
nals in (4) as follows:

𝑃 → [−𝐹𝑇
𝐿
] [+𝐹𝑇

𝑅
] → [−𝐹] [+𝐹] ,

𝑇
𝐿
→ [−𝐹] [+𝐹] → [−𝐹] [+𝐹] ,

𝑇
𝑅
→ [−𝐹] [+𝐹𝑇𝑅𝑅

] → [−𝐹] [+𝐹] ,

𝑇
𝑅𝑅

→ [−𝐹] [+𝐹𝑇𝑅𝑅𝑅
] → [−𝐹] [+𝐹] ,

𝑇
𝑅𝑅𝑅

→ [−𝐹] → [−𝐹] .

(5)

We find that 𝑃, 𝑇
𝐿
, 𝑇
𝑅
, and 𝑇

𝑅𝑅
are homomorphic to each

other; they generate the same bracketed string, [−𝐹][+𝐹].
But 𝑇

𝑅𝑅𝑅
is not homomorphic to any of the other rules; its

bracketed string is [−𝐹].
Let us recall DNA tree example in Figure 2; we will use

this figure as an example to clarify these definitions. Now we
marked some nodes shown in Figure 9; there are tree rooted
at A, B, C, and D, respectively, tree A, tree B, tree C, and tree
D. Tree A is isomorphic to tree C on depth 0 to 3, but they are
not isomorphic on depth 4. Tree B is isomorphic to tree C on
depth from 0 to 2, but they are not isomorphic on depth 3. D
is not isomorphic to any other trees, nor is it homomorphic
to any other trees.

Afterwe define the similarity between rules by homomor-
phism and isomorphism, we can classify all the rules into
different subsets, and every subset has the same similarity
relation. Now we list all the rewriting rules of Figure 2 into
Table 1 but ignore terminal rules such as “→ null” and
transfer rule’s name to class name (or class number). For
example, we can give terminal rewriting rule a class, “𝐶

3
→

null”, and a rule link to two terminals; we can give them
“𝐶
2
→ 𝐶
3
𝐶
3
”; here𝐶

3
is the terminal class. After performing

classification, we obtain not only a new rewriting rule set
but also a context-free grammar, which can be converted to
automata.

In Table 1, rules such as 𝑇
𝑅𝐿𝐿𝐿

→ [−𝐹][+𝐹], and
𝑇
𝑅𝑅𝑅𝐿𝐿

→ [−𝐹][+𝐹] and 𝑇
𝑅𝐿𝑅𝐿𝑅

→ [−𝐹][+𝐹] are isomor-
phic on depth 1 and assigned to Class 4.There are twenty such
rules before classification, so we write “(20)𝐶

4
→ [−𝐹][+𝐹]”.

Similar rules such as 𝑃 → [−𝐹𝑇
𝐿
][+𝐹𝑇

𝑅
], 𝑇
𝑅𝐿𝐿𝐿

→

[−𝐹][+𝐹], and 𝑇
𝑅𝑅𝑅𝑅

→ [−𝐹][+𝐹𝑇
𝑅𝑅𝑅𝑅𝑅

] are isomorphic on
depth 0, and there are 47 such rules. They are all assigned
to Class 1 by following a similar classification procedure. The
classification of the all rules is listed in Table 2. Note that this
section also presents a new way to convert a context-sensitive
grammar to a context-free one.

3. DNA Sequence Complexity

When we transfer the DNA sequence to the rewriting
rules, and classify all those rules we attempt to explore the
redundancy in the tree that will be the base for building
the cognitive map [15]. We compute the complexity of the
tree which those classified rules represent. We know that a
classified rewriting rule set is also a context-free grammar,
so there are some methods for computing complexity of
rewriting rule as follows.

Definition 4. Topological entropy of a context-free grammar.
The topological entropy 𝐾

0
of (context-free grammar) CFG

can be evaluated by means of the following three procedures
[16, 17].
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Table 1: Rewriting rules for the DNA tree in Figure 2.

𝑃 → [−𝐹𝑇
𝐿
] [+𝐹𝑇

𝑅
]

𝑇
𝐿
→ [−𝐹𝑇

𝐿𝐿
] [+𝐹𝑇

𝐿𝑅
]

𝑇
𝐿𝐿

→ [−𝐹𝑇
𝐿𝐿𝐿

] [+𝐹𝑇
𝐿𝐿𝑅

]

𝑇
𝐿𝐿𝐿

→ [−𝐹𝑇
𝐿𝐿𝐿𝐿

] [+𝐹𝑇
𝐿𝐿𝐿𝑅

]

𝑇
𝐿𝐿𝐿𝐿

→ [−𝐹] [+𝐹]

𝑇
𝐿𝐿𝐿𝑅

→ [−𝐹] [+𝐹]

𝑇
𝐿𝐿𝑅

→ [−𝐹𝑇
𝐿𝐿𝑅𝐿

] [+𝐹𝑇
𝐿𝐿𝑅𝑅

]

𝑇
𝐿𝐿𝑅𝐿

→ [−𝐹] [+𝐹𝑇𝐿𝐿𝑅𝐿𝑅
]

𝑇
𝐿𝐿𝑅𝐿𝑅

→ [−𝐹] [+𝐹]

𝑇
𝐿𝐿𝑅𝑅

→ [−𝐹] [+𝐹𝑇𝐿𝐿𝑅𝑅𝑅
]

𝑇
𝐿𝐿𝑅𝑅𝑅

→ [−𝐹] [+𝐹]

𝑇
𝐿𝑅

→ [−𝐹𝑇
𝐿𝑅𝐿

] [+𝐹𝑇
𝐿𝑅𝑅

]

𝑇
𝐿𝑅𝐿

→ [−𝐹𝑇
𝐿𝑅𝐿𝐿

] [+𝐹𝑇
𝐿𝑅𝐿𝑅

]

𝑇
𝐿𝑅𝐿𝐿

→ [−𝐹𝑇
𝐿𝑅𝐿𝐿𝐿

] [+𝐹]

𝑇
𝐿𝑅𝐿𝐿𝐿

→ [−𝐹] [+𝐹]

𝑇
𝐿𝑅𝐿𝑅

→ [−𝐹𝑇
𝐿𝑅𝐿𝑅𝐿

] [+𝐹]

𝑇
𝐿𝑅𝐿𝑅𝐿

→ [−𝐹] [+𝐹]

𝑇
𝐿𝑅𝑅

→ [−𝐹𝑇
𝐿𝑅𝑅𝐿

] [+𝐹𝑇
𝐿𝑅𝑅𝑅

]

𝑇
𝐿𝑅𝑅𝐿

→ [−𝐹𝑇
𝐿𝑅𝑅𝐿𝐿

] [+𝐹𝑇
𝐿𝑅𝑅𝐿𝑅

]

𝑇
𝐿𝑅𝑅𝐿𝐿

→ [−𝐹] [+𝐹]

𝑇
𝐿𝑅𝑅𝐿𝑅

→ [−𝐹] [+𝐹]

𝑇
𝐿𝑅𝑅𝑅

→ [−𝐹𝑇
𝐿𝑅𝑅𝑅𝐿

] [+𝐹𝑇
𝐿𝑅𝑅𝑅𝑅

]

𝑇
𝐿𝑅𝑅𝑅𝐿

→ [−𝐹] [+𝐹]

𝑇
𝐿𝑅𝑅𝑅𝑅

→ [−𝐹] [+𝐹]

𝑇
𝑅
→ [−𝐹𝑇

𝑅𝐿
] [+𝐹𝑇

𝑅𝑅
]

𝑇
𝑅𝐿

→ [−𝐹𝑇
𝑅𝐿𝐿

] [+𝐹𝑇
𝑅𝐿𝑅

]

Table 1: Continued.

𝑇
𝑅𝐿𝐿

→ [−𝐹𝑇
𝑅𝐿𝐿𝐿

] [+𝐹𝑇
𝑅𝐿𝐿𝑅

]

𝑇
𝑅𝐿𝐿𝐿

→ [−𝐹] [+𝐹]

𝑇
𝑅𝐿𝐿𝑅

→ [−𝐹𝑇
𝑅𝐿𝐿𝑅𝐿

] [+𝐹]

𝑇
𝑅𝐿𝐿𝑅𝐿

→ [−𝐹][+𝐹]

𝑇
𝑅𝐿𝑅

→ [−𝐹𝑇
𝑅𝐿𝑅𝐿

] [+𝐹𝑇
𝑅𝐿𝑅𝑅

]

𝑇
𝑅𝐿𝑅𝐿

→ [−𝐹] [+𝐹𝑇𝑅𝐿𝑅𝐿𝑅
]

𝑇
𝑅𝐿𝑅𝐿𝑅

→ [−𝐹][+𝐹]

𝑇
𝑅𝐿𝑅𝑅

→ [−𝐹𝑇
𝑅𝐿𝑅𝑅𝐿

] [+𝐹𝑇
𝑅𝐿𝑅𝑅𝑅

]

𝑇
𝑅𝐿𝑅𝑅𝐿

→ [−𝐹][+𝐹]

𝑇
𝑅𝐿𝑅𝑅𝑅

→ [−𝐹] [+𝐹]

𝑇
𝑅𝑅

→ [−𝐹𝑇
𝑅𝑅𝐿

] [+𝐹𝑇
𝑅𝑅𝑅

]

𝑇
𝑅𝑅𝐿

→ [−𝐹𝑇
𝑅𝑅𝐿𝐿

] [+𝐹𝑇
𝑅𝑅𝐿𝑅

]

𝑇
𝑅𝑅𝐿𝐿

→ [−𝐹𝑇
𝑅𝑅𝐿𝐿𝐿

] [+𝐹]

𝑇
𝑅𝑅𝐿𝐿𝐿

→ [−𝐹] [+𝐹]

𝑇
𝑅𝑅𝐿𝑅

→ [−𝐹][+𝐹]

𝑇
𝑅𝑅𝑅

→ [−𝐹𝑇
𝑅𝑅𝑅𝐿

] [+𝐹𝑇
𝑅𝑅𝑅𝑅

]

𝑇
𝑅𝑅𝑅𝐿

→ [−𝐹𝑇
𝑅𝑅𝑅𝐿𝐿

] [+𝐹𝑇
𝑅𝑅𝑅𝐿𝑅

]

𝑇
𝑅𝑅𝑅𝐿𝐿

→ [−𝐹][+𝐹]

𝑇
𝑅𝑅𝑅𝐿𝑅

→ [−𝐹][+𝐹]

𝑇
𝑅𝑅𝑅𝑅

→ [−𝐹] [+𝐹𝑇𝑅𝑅𝑅𝑅𝑅
]

𝑇
𝑅𝑅𝑅𝑅𝑅

→ [−𝐹][+𝐹]

(1) For each variable 𝑉
𝑖
with productions (in Greibach

form),

𝑉
𝑖
→ 𝑡
𝑖1
𝑈
𝑖1
, 𝑡
𝑖2
𝑈
𝑖2
, . . . , 𝑡

𝑖𝑘𝑖
𝑈
𝑖𝑘𝑖
, (6)

where {𝑡
𝑖1
, 𝑡
𝑖2
, . . . , 𝑡

𝑖𝑘𝑖
, } are terminals and {𝑈

𝑖1
, 𝑈
𝑖2
,

. . . , 𝑈
𝑖𝑘𝑖
, } are nonterminals. The formal algebraic

expression for each variable is

𝑉
𝑖
=

𝑘𝑖

∑

𝑗=1

𝑡
𝑖𝑗
𝑈
𝑖𝑗
. (7)

(2) By replacing every terminal 𝑡
𝑖𝑗

with an auxiliary
variable 𝑧, one obtains the generating function

𝑉
𝑖 (𝑧) =

∞

∑

𝑛=1

𝑁
𝑖 (𝑛) 𝑧

𝑛
, (8)

where 𝑁
𝑖
(𝑛) is the number of words of length 𝑛

descending from 𝑉
𝑖
.

(3) Let 𝑁(𝑛) be the largest one of 𝑁
𝑖
(𝑛), 𝑁(𝑛) =

max{𝑁
𝑖
(𝑛), for all 𝑖}. The previous series converges
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Table 2: Classification based on the similarity of rewriting rules.

Classification of rules Isomorphic Isomorphic Isomorphic Isomorphic
Depth #0 Depth #1 Depth #2 Depth #3

Class #1
(19) 𝐶

1
→ 𝐶
1
𝐶
1

(4) 𝐶
1
→ 𝐶
1
𝐶
2

(4) 𝐶
1
→ 𝐶
2
𝐶
1

(20) 𝐶
1
→ 𝐶
2
𝐶
2

(8) 𝐶
1
→ 𝐶
1
𝐶
1

(3) 𝐶
1
→ 𝐶
1
𝐶
1

(1) 𝐶
1
→ 𝐶
1
𝐶
1

(1) 𝐶
1
→ 𝐶
1
𝐶
3

(1) 𝐶
1
→ 𝐶
4
𝐶
2

(1) 𝐶
1
→ 𝐶
4
𝐶
3

(1) 𝐶
1
→ 𝐶
2
𝐶
2

(1) 𝐶
1
→ 𝐶
7
𝐶
5

(1) 𝐶
1
→ 𝐶
5
𝐶
2

(1) 𝐶
1
→ 𝐶
2
𝐶
4

(1) 𝐶
1
→ 𝐶
8
𝐶
8

(1) 𝐶
1
→ 𝐶
3
𝐶
1

(1) 𝐶
1
→ 𝐶
3
𝐶
1

(1) 𝐶
1
→ 𝐶
3
𝐶
3

(1) 𝐶
1
→ 𝐶
8
𝐶
6

(1) 𝐶
1
→ 𝐶
4
𝐶
2

(5) 𝐶
1
→ 𝐶
4
𝐶
4

Class #2 (48) 𝐶
2
→ null (4) 𝐶

2
→ 𝐶
4
𝐶
5

(1) 𝐶
2
→ 𝐶
8
𝐶
10

(1) 𝐶
2
→ 𝐶
8
𝐶
6

Class #3 (4) 𝐶
3
→ 𝐶
5
𝐶
4

(1) 𝐶
3
→ 𝐶
9
𝐶
9

(1) 𝐶
3
→ 𝐶
9
𝐶
7

Class #4 (20) 𝐶
4
→ 𝐶
5
𝐶
5

(1) 𝐶
4
→ 𝐶
9
𝐶
11

(1) 𝐶
4
→ 𝐶
12
𝐶
10

Class #5 (48) 𝐶
5
→ null (1) 𝐶

5
→ 𝐶
10
𝐶
8

(1) 𝐶
5
→ 𝐶
13
𝐶
11

Class #6 (1) 𝐶
6
→ 𝐶
10
𝐶
10

(1) 𝐶
6
→ 𝐶
13
𝐶
13

Class #7 (1) 𝐶
7
→ 𝐶
11
𝐶
9

(1) 𝐶
7
→ 𝐶
13
𝐶
15

Class #8 (5) 𝐶
8
→ 𝐶
11
𝐶
11

(1) 𝐶
8
→ 𝐶
14
𝐶
14

Class #9 (4) 𝐶
9
→ 𝐶
11
𝐶
12

(1) 𝐶
9
→ 𝐶
14
𝐶
16

Class #10 (4) 𝐶
10

→ 𝐶
12
𝐶
11

(1) 𝐶
10

→ 𝐶
15
𝐶
13

Class #11 (20) 𝐶
11

→ 𝐶
12
𝐶
12

(1) 𝐶
11

→ 𝐶
15
𝐶
15

Class #12 (48) 𝐶
12

→ null (1) 𝐶
12

→ 𝐶
16
𝐶
14

Class #13 (5) 𝐶
13

→ 𝐶
16
𝐶
16

Class #14 (4) 𝐶
14

→ 𝐶
16
𝐶
17

Class #15 (4) 𝐶
15

→ 𝐶
17
𝐶
16

Class #16 (20) 𝐶
16

→ 𝐶
17
𝐶
17

Class #17 (48) 𝐶
17

→ null

when 𝑧 < 𝑅 = 𝑒
−𝐾0 . The topological entropy is given

by the radius of convergence 𝑅 as

𝐾
0
= − ln𝑅. (9)

Our productions have some difference from the afore-
mentioned definitions. First, our productions are written in
Chomsky-reduced form instead of Greibach form. Second,
DNA is finite sequence; it generates finite tree, but the
previous formulas are applied on infinite sequences. For
convenience in the DNA tree case, we rewrite the definition
as follows [9].

Definition 5. Topological entropy of context free grammar for
DNA tree.

(1) Assume that there are 𝑛 classes of rules and that each
class 𝐶

𝑖
contains 𝑛

𝑖
rules. Let 𝑉

𝑖
∈ {𝐶
1
, 𝐶
2
, . . . , 𝐶

𝑛
},

𝑈
𝑖𝑗
∈ {𝑅
𝑖𝑗
, 𝑖 = 1, 2, . . . , 𝑛, 𝑗 = 1, 2, . . . , 𝑛

𝑖
}, and 𝑎

𝑖𝑗𝑘
∈

{𝑥 : 𝑥 = 1, 2, . . . , 𝑛}, where each 𝑈
𝑖𝑗
has the following

form:

𝑈
𝑖1
→ 𝑉

𝑎𝑖11
𝑉
𝑎𝑖12

,

𝑈
𝑖2
→ 𝑉

𝑎𝑖21
𝑉
𝑎𝑖22

,

⋅ ⋅ ⋅ → ⋅ ⋅ ⋅ ,

𝑈
𝑖𝑛𝑖

→ 𝑉
𝑎𝑖𝑛𝑖1

𝑉
𝑎𝑖𝑛𝑖2

.

(10)

(2) The generating function of𝑉
𝑖
, 𝑉
𝑖
(𝑧) has a new form as

follows:

𝑉
𝑖 (𝑧) =

∑
𝑛𝑖

𝑝=1
𝑛
𝑖𝑝
𝑧𝑉
𝑎𝑖𝑝1

(𝑧) 𝑉𝑎𝑖𝑝2
(𝑧)

∑
𝑛𝑖

𝑞=1
𝑛
𝑖𝑞

. (11)

If 𝑉
𝑖
does not have any nonterminal variables, we set

𝑉
𝑖
(𝑧) = 1.

(3) After formulating the generating function 𝑉
𝑖
(𝑧), we

intend to find the largest value of 𝑧, 𝑧max, at which
𝑉
1
(𝑧

max
) converges. Note that we use𝑉

1
to denote the
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rule for the root node of theDNA tree. After obtaining
the largest value, 𝑧max, of 𝑉

1
(𝑧), we set 𝑅 = 𝑧

max,
the radius of convergence of 𝑉

1
(𝑧). We define the

complexity of the DNA tree as

𝐾
0
= − ln𝑅. (12)

Now we can do some examples of computation pro-
cedure for the complexity. According to our definition,
the given values for the class parameters are listed in
Table 3. There are five classes, so we obtain the formulas for
𝑉
5
(𝑧

), 𝑉
4
(𝑧

), 𝑉
3
(𝑧

), 𝑉
2
(𝑧

), and𝑉

1
(𝑧

) successively.They are

𝑉
5
(𝑧

) = 1 (by definition) ,

𝑉
4
(𝑧

) =

∑
𝑛4

𝑝=1
𝑛
4𝑝
𝑧

𝑉
𝑎4𝑝1

(𝑧

)𝑉
𝑎4𝑝2

(𝑧

)

∑
𝑛𝑖

𝑞=1
𝑛
𝑖𝑞

=
𝑧

× (20 × 𝑉

5
(𝑧

) × 𝑉
5
(𝑧

))

20
= 𝑧

,

𝑉
3
(𝑧

) =

∑
𝑛3

𝑝=1
𝑛
3𝑝
𝑧

𝑉
𝑎3𝑝1

(𝑧

)𝑉
𝑎3𝑝2

(𝑧

)

∑
𝑛𝑖

𝑞=1
𝑛
𝑖𝑞

=
𝑧

× (4 × 𝑉

5
(𝑧

) × 𝑉
4
(𝑧

))

4
= 𝑧
2
,

𝑉
2
(𝑧

) =

∑
𝑛2

𝑝=1
𝑛
2𝑝
𝑧

𝑉
𝑎2𝑝1

(𝑧

)𝑉
𝑎2𝑝2

(𝑧

)

∑
𝑛𝑖

𝑞=1
𝑛
𝑖𝑞

=
𝑧

× (4 × 𝑉

4
(𝑧

) × 𝑉
5
(𝑧

))

4
= 𝑧
2
,

𝑉
1
(𝑧

) =

∑
𝑛1

𝑝=1
𝑛
1𝑝
𝑧

𝑉
𝑎1𝑝1

(𝑧

)𝑉
𝑎1𝑝2

(𝑧

)

∑
𝑛𝑖

𝑞=1
𝑛
𝑖𝑞

=
8𝑧

× 𝑉
1
(𝑧

)
2

+ 2(𝑧

)
3

× 𝑉
1
(𝑧

)

19

+

(2(𝑧

)
5

+ 2(𝑧

)
4

+ 5(𝑧

)
3

)

19
.

(13)

Rearranging the previous equation for 𝑉
1
(𝑧

), we obtain

a quadratic for 𝑉
1
(𝑧

):

8

19
(𝑧

) × 𝑉
1
(𝑧

) + (1 −

2

19
(𝑧

)
3

) × 𝑉
1
(𝑧

)

+
1

19
(2(𝑧

)
5

+ 2(𝑧

)
4

+ 5(𝑧

)
3

) = 0.

(14)

Solving 𝑉
1
(𝑧

), we obtain the formula

𝑉
1
(𝑧

) = (

(𝑧

)
2

4
−

19

8𝑧
) ±

19

8𝑧
√𝐵2 − 𝐴, (15)

Table 3: The values for the class parameters of Table 2.

Classification of rules Isomorphic depth #1
𝑛
11

𝑛
111

𝑛
112

(8) 𝐶
1
→ 𝐶
1
𝐶
1

𝑛
12

𝑛
121

𝑛
122

(1) 𝐶
1
→ 𝐶
1
𝐶
3

𝑛
13

𝑛
131

𝑛
132

(1) 𝐶
1
→ 𝐶
2
𝐶
2

𝑛
14

𝑛
141

𝑛
142

(𝑛 = 5) Class #1 (𝑛
1
= 8)

(1) 𝐶
1
→ 𝐶
2
𝐶
4

𝑛
15

𝑛
151

𝑛
152

(1) 𝐶
1
→ 𝐶
3
𝐶
1

𝑛
16

𝑛
161

𝑛
162

(4) 𝐶
1
→ 𝐶
3
𝐶
3

𝑛
17

𝑛
171

𝑛
172

(1) 𝐶
1
→ 𝐶
4
𝐶
2

𝑛
18

𝑛
181

𝑛
182

(5) 𝐶
1
→ 𝐶
4
𝐶
4

Class #2 (𝑛
2
= 1)

𝑛
21

𝑛
211

𝑛
212

(4) 𝐶
2
→ 𝐶
4
𝐶
5

Class #3 (𝑛
3
= 1)

𝑛
31

𝑛
311

𝑛
312

(4) 𝐶
3
→ 𝐶
5
𝐶
4

Class #4 (𝑛
4
= 1)

𝑛
41

𝑛
411

𝑛
412

(20) 𝐶
4
→ 𝐶
5
𝐶
5

Class #5 (𝑛
5
= 1)

𝑛
51

𝑛
511

𝑛
512

(48) 𝐶
5
→ null

Table 4: Test data with topological entropy method and our
method.

Type Name Koslicki method Our method
E. colia Available Available
EV71b Available Available

DNA H1N1c Available Available
H5N1d Available Available
SARSe Available Available
Abrin Too short Available

Amino acid Ricin Too short Available
BSEf Too short Available
CJDg Too short Available

aEscherichia coli O157:H7.
bEnterovirus 71.
cInfluenza A virus subtype H1N1.
dInfluenza A virus subtype H5N1.
eSevere acute respiratory syndrome.
fBovine spongiform encephalopathy.
gCreutzfeldt-Jakob disease.

where

𝐴 =
32

361
(2(𝑧

)
6

+ 2(𝑧

)
5

+ 5(𝑧

)
4

) ,

𝐵 = 1 −
2

19
(𝑧

)
3

.

(16)
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Figure 9: Example of homomorphism and isomorphism.
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Figure 10: Koslicki method (topological entropy method, TE for
short) example.

Finally, the radius of convergence, 𝑅, and complexity,
𝐾
0

= − ln𝑅, can be obtained from this formula. But,
computing the 𝑧max directly is difficult, so we use iterations
and region tests to approximate the complexity; details are as
follows.

(1) Rewrite the generating function as

𝑉
𝑚

𝑖
(𝑧

) =

∑
𝑛𝑖

𝑝=1
𝑛
𝑖𝑝
𝑧

𝑉
𝑚−1

𝑎𝑖𝑝1
(𝑧

)𝑉
𝑚−1

𝑎𝑖𝑝2
(𝑧

)

∑
𝑛𝑖

𝑞=1
𝑛
𝑖𝑞

,

𝑉
0

𝑖
(𝑧

) = 1.

(17)

(2) The value from 𝑉
0

𝑖
(𝑧

) to 𝑉

𝑚

𝑖
(𝑧

). When 𝑉

𝑚−1

𝑖
(𝑧

) =

𝑉
𝑚

𝑖
(𝑧

) for all rules, we say that 𝑉𝑚

𝑖
(𝑧

) reach the

convergence, but 𝑧 is not the 𝑧max we want. Here, we
set𝑚 = 1000 for each iteration.

(3) Now we can test whether 𝑉
𝑖
(𝑧

) is convergent or

divergent at a number 𝑧. We use binary search to
test every real number between 0 and 1; in every test,
when 𝑉

𝑖
(𝑧

) converges, we set bigger 𝑧

 next time,
but when 𝑉

𝑖
(𝑧

) diverges, we set smaller 𝑧 next time.

Running more iterations will obtain more precise
radius.

4. Results

In 2011, Koslicki [1] gave an efficient way to compute
the topological entropy of DNA sequence. He used fixed
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0.8
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1.2

1 11 21 31 41 51 61 71 81 91
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Figure 11: Our method compared with TE using test sequences.

0
0.2
0.4
0.6
0.8

1
1.2
1.4

1 101 201

Bovine spongiform encephalopathy

Figure 12: An amino acid sequence example, Bovine spongiform
encephalopathy.

length depending on subword size to compute topologi-
cal entropy of sequence. For example, in Figure 10 (all
DNA and amino acid data can be found in NCBI website,
http://www.ncbi.nlm.nih.gov/), the sequence length is 1027
characters, and there are three subword sizes 2, 3, and 4 with
blue, red, and green lines, respectively. For larger subword
size, much larger fragment is required for complexity compu-
tation.The required fragment size grows exponentially, while
the length of sequence is not dependent on the growth rate of
subword size, so it is not a good method for us overall.

We present a new method called structural complexity in
previous sections, and there are several benefits from using
our method instead of Koslicki method, described as follows.

(1) Our results are very different from those obtained
by the topological entropy method; see the colored
lines in Figures 11∼14. These figures showed that our
method is much sensitive to certain arrangements of
the elements in the sequence.
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(b) Fragment size 32
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(c) Fragment size 64
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(d) Fragment size 128

Figure 13: Compare with different methods.

(2) Two different characters that exchange position will
change value since Koslicki method just calculates
the statistical values without structural information.
Result was shown in Figure 11 bottom chart; the test
sequence repeats the same subword several times.
For blue line, all complexity values from topological
entropy are equal within the region of repeated
subwords. For red line, complexity values depend
on the structure of subword. When the fragment of
sequence is different from each other, ourmethodwill
evaluate to different values.

(3) Our method can also calculate amino acid sequences.
The Koslicki method depends on alphabet size and
subword size, for example, in the basic length 2

substring calculation; since standard amino acid types
have up to 20, it requires a minimum length of 202 +
2−1 to calculate, but the amino acid strings are usually
very short. Sometimes, Koslicki method cannot com-
pute the amino acid sequence efficiently. Figure 12
shows that complexity of amino acid sequence can
also be calculated by our method.

We also did experiments with lots of data, including
fixed fragment size and fixed method on test sequences (see
Figures 13 and 14). Here, we redefine the Koslicki method;

the fragment size is no longer dependent on subword size.
Instead, fixed length fragment like our method is applied.
This change allows us to compare the data easier, and
not restricted to the exponentially growing fragment size
anymore. In Figure 13, we found that for larger fragment, the
complexity curve will become smoothly because fragments
for each data point contain more information. And we note
that there is a common local peak value of those figures; the
simple sequence region is big enough that our fragment size
still contains the same simple sequence.

When we compare with the same method shown in
Figure 14, we found the same situation more obviously. Thus,
if we have many complexity values with different sizes, we
have the opportunity to restore the portion of the DNA.

4.1. Application to Virus Sequences Database and Other
Sequences. Now we can apply our technique to Chinese
word sequences. Togawa et al. [18] gave a complexity of
Chinese words, but his study was based on the number of
strokes, which is different fromourmethod. Here we use Big5
encoding for our system. Since the number of Chinese words
is larger than 10000, we cannot directly usewords as alphabet,
so we need some conversion. We read a Chinese word into
four hexadecimal letters so that we can replace the sequence
with tree representation and compute the complexity.
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(b) Our method, isomorphism level 1
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(c) Our method, isomorphism level 2
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(d) Our method, isomorphism level 3

Figure 14: Compare with different fragment sizes.

When it comes to biomedical section, we can create virus
comparison database. Once a new virus or prion has been
found, it will be easy to select corresponding drugs at the
first time, according to cross comparison with each other
by complexity in the database. We focus on most important
viruses in recent years, such as Escherichia coli O157:H7 (E.
coli o157), Enterovirus 71 (EV71), Influenza A virus subtype
H1N1 (H1N1), Influenza A virus subtype H5N1 (H5N1), and
severe acute respiratory syndrome (SARS). In recent years,
these viruses have a significant impact and threat on the
human world. We test these viruses and prions listed in
Table 4. Here we can see that all prion regions cannot be
analyzed by Koslicki method, but we can do it.

Finally, if any object can be written as a sequence, and
there exists tree representation with alphabet of sequence, we
can compute the complexity of the object.

5. Summary

In this paper, we give a method for computing complexity
of DNA sequences. The traditional method focused on the
statistical data or simply explored the structural complexity
without value. In our method, we transform the DNA
sequence to DNA tree with tree representations at first.

Then we transform the tree to context-free grammar
format, so that it can be classified. Finally, we use redefined

generating function and find the complexity values. We give
a not only statistical but also structural complexity for DNA
sequences, and this technique can be used inmany important
applications.
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NLMs is a state-of-art image denoising method; however, it sometimes oversmoothes anatomical features in low-dose CT (LDCT)
imaging. In this paper, we propose a simple way to improve the spatial adaptivity (SA) of NLMs using pointwise fractal dimension
(PWFD). Unlike existing fractal image dimensions that are computed on the whole images or blocks of images, the new PWFD,
named pointwise box-counting dimension (PWBCD), is computed for each image pixel. PWBCD uses a fixed size local window
centered at the considered image pixel to fit the different local structures of images.Then based on PWBCD, a newmethod that uses
PWBCD to improve SA of NLMs directly is proposed.That is, PWBCD is combined with the weight of the difference between local
comparison windows for NLMs. Smoothing results for test images and real sinograms show that PWBCD-NLMs with well-chosen
parameters can preserve anatomical features better while suppressing the noises efficiently. In addition, PWBCD-NLMs also has
better performance both in visual quality and peak signal to noise ratio (PSNR) than NLMs in LDCT imaging.

1. Introduction

Radiation exposure and associated risk of cancer for patients
from CT examination have been increasing concerns in
recent years. Thus minimizing the radiation exposure to
patients has been one of the major efforts in modern clinical
X-ray CT radiology [1–8]. However, the presentation of
serious noise and many artifacts degrades the quality of low-
dose CT images dramatically and decreases the accuracy
of diagnosis dose. Although many strategies have been
proposed to reduce their noise and artifacts [9–14], filtering
noise from clinical scans is still a challenging task, since these
scans contain artifacts and consist of many structures with

different shape, size, and contrast, which should be preserved
for making correct diagnosis.

Recently nonlocalmeans (NLMs) is proposed for improv-
ing the performance of classical adaptive denoising methods
[15–17] and shows good performance even in low-dose CT
(LDCT) imaging [18–20].

There are two novel ideas for NLMs. One is that the
similar points should be found by comparing the difference
between their local neighborhoods instead of by comparing
their gray levels directly. Since gray levels of LDCT will be
polluted seriously by noises and artifacts, finding similar
points by local neighborhoods instead of by gray levels
directly will help NLMs find correct similar points.The other
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important idea for NLMs is that the similar points should
be searched in large windows to guarantee the reliability of
estimation.

Following the previous discussion, the NLMs denoising
should be performed in two windows: one is comparison
patch and the other is searching window. The sizes of these
two windows and the standard deviation 𝜎

𝑟
of the Gaussian

kernel, which is used for computing the distance between
two neighborhoods, should be determined according to
the standard deviation of noises [15–17], and these three
parameters are identical in an image.

Some researchers find that identical sizes of two windows
and identical Gaussian kernel 𝜎

𝑟
in an image are not the

best choice for image denoising [21–25].The straightest moti-
vation is that the parameters should be modified according
to the different local structures of images. For example, the
parameters near an edge should be different from parameters
in a large smooth region.

An important work to improve the performance of NLMs
is quasi-local means (QLMs) proposed by us [21, 22]. We
argue that nonlocal searching windows are not necessary for
most of image pixels. In fact, for points in smooth regions,
which are the majority of image pixels, local searching
windows are big enough, while for points near singularities,
only the minority of image pixels, nonlocal search windows
are necessary. Thus the method is named quasi-local whereit
is local for most of image pixels and nonlocal only for pixels
near singularities. The searching windows for quasi-local
means (QLMs) are variable for different local structures,
and QLMs can get better singularity preservation in image
denoising than classical NLMs.

Other important works about improving spatial adaptiv-
ity of NLMs are proposed very recently [23–25]. The starting
point for these works is that the image pixels are parted into
different groups using supervised learning or semisupervised
learning and clustering. However, the learning and clustering
will waste a lot of computation time and resource, which will
hamper them to be applied inmedical imaging.Thuswemust
propose a new method for improving the spatial adaptivity
with a simple way.

In this paper we propose a simple and powerful method
to improve spatial adaptivity for NLMs in LDCT imaging
using pointwise fractal dimension (PWFD) where PWFD
is computed pixel by pixel in a fixed-size window centered
at the considering pixel. According to the new definition of
PWFD, different local structures will be with different local
fractal dimensions, for example, pixels near edge regions will
be with relatively big PWFDs, while PWFDs of pixels in
smooth regions will be zeros. Thus PWFD can provide local
structure information for image denoising. After defined
PWFD, which can fit different local structures of images well,
we design a new weight function by combining the new
PWFD difference between two considering pixels with the
weight of original NLMs measured by gray level difference
between two comparison windows. Thus using this new
weight function, the proposed method will not only preserve
the gray level adaptivity of NLMs but also improve the SA of
NLMs.

The arrangement of this paper is as follows: In Section 2,
the backgrounds are introduced, then the new proposed
method is presented in Section 3, the experiment results are
shown and discussed in Section 4, and the final part is the
conclusions and acknowledgment.

2. Backgrounds

In this section, we will introduce related backgrounds of the
proposed method.

2.1. Noise Models. Based on repeated phantom experiments,
low-mA (or low-dose) CT calibrated projection data after
logarithm transform were found to follow approximately a
Gaussian distribution with an analytical formula between the
sample mean and sample variance; that is, the noise is a
signal-dependent Gaussian distribution [11].

The photon noise is due to the limited number of photons
collected by the detector. For a given attenuating path in the
imaged subject, 𝑁

0
(𝑖, 𝛼) and𝑁(𝑖, 𝛼) denote the incident and

the penetrated photon numbers, respectively. Here, 𝑖 denotes
the index of detector channel or bin and 𝛼 is the index of
projection angle. In the presence of noises, the sinogram
should be considered as a randomprocess and the attenuating
path is given by

𝑟
𝑖
= − ln [ 𝑁 (𝑖, 𝛼)

𝑁
0 (𝑖, 𝛼)

] , (1)

where 𝑁
0
(𝑖, 𝛼) is a constant and 𝑁(𝑖, 𝛼) is Poisson distribu-

tion with mean𝑁.
Thus we have

𝑁(𝑖, 𝛼) = 𝑁0 (𝑖, 𝛼) exp (−𝑟𝑖) . (2)

Both its mean value and variance are𝑁.
Gaussian distributions of ployenergetic systems were

assumed based on limited theorem for high-flux levels and
followed many repeated experiments in [11]. We have

𝜎
2

𝑖
(𝜇
𝑖
) = 𝑓
𝑖
exp(

𝜇
𝑖

𝛾
) , (3)

where 𝜇
𝑖
is the mean and 𝜎2

𝑖
is the variance of the projection

data at detector channel or bin 𝑖, 𝛾 is a scaling parameter, and
𝑓
𝑖
is a parameter adaptive to different detector bins.
The most common conclusion for the relation between

Poisson distribution and Gaussian distribution is that the
photon count will obey Gaussian distribution for the case
with large incident intensity and Poisson distribution with
feeble intensity [11].

2.2. Nonlocal Means (NLMs). Given a discrete noisy image
𝑦, the estimated value (�̂�

𝑖
), for a pixel 𝑖, is computed as a

weighted nonlocal average:

�̂�
𝑖
=

1

𝐶 (𝑖)
∑

𝑗∈𝐵(𝑖, 𝑟)

𝑦
𝑗
𝜔 (𝑖, 𝑗) , (4)
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where 𝐵(𝑖, 𝑟) indicates a neighborhood centered at 𝑖 and size
(2𝑟 + 1) × (2𝑟 + 1), called searching window, and 𝐶(𝑖) =

∑
𝑗∈𝐵(𝑖, 𝑟)

𝜔(𝑖, 𝑗). The family of weights {𝜔(𝑖, 𝑗)} depend on the
similarity between the pixels 𝑖 and 𝑗 and satisfy 0 ≤ 𝜔(𝑖, 𝑗) ≤ 1
and ∑

𝑗∈𝐵(𝑖, 𝑟)
𝜔(𝑖, 𝑗) = 1.

The similarity between two pixels 𝑖 and 𝑗, 𝑑2(𝑖, 𝑗) depends
on the similarity of the intensity gray level vectors 𝐵(𝑖, 𝑓) and
𝐵(𝑗, 𝑓), where 𝐵(𝑘, 𝑓) denotes a square window with fixed
size (2𝑓 + 1) × (2𝑓 + 1) and centered at a pixel 𝑘, named
comparison patch:

𝑑
2
(𝑖, 𝑗) =

1

(2𝑓 + 1)
2

∑

𝑘∈𝐵(0, 𝑓)

(𝑦
𝑖+𝑘
− 𝑦
𝑗+𝑘
)
2

, (5)

and the weights 𝜔(𝑖, 𝑗) are computed as

𝜔 (𝑖, 𝑗) = 𝑒
−max(𝑑2−2𝜎2

𝑁
, 0)/ℎ
2

, (6)

where 𝜎
𝑁
denotes the standard deviation of the noise and ℎ

is the filtering parameter set depending on the value 𝜎
𝑁
.

2.3. Box-CountingDimension. Box-counting dimension, also
known as Minkowski dimension or Minkowski-Bouligand
dimension, is a way of determining the fractal dimension
of a set 𝑆 in a Euclidean space 𝑅𝑛 or more generally in a
metric space (𝑋, 𝑑). To calculate this dimension for a fractal
𝑆, putting this fractal on an evenlyspaced grid and count how
many boxes are required to cover the set. The box-counting
dimension is calculated by seeing how this number changes as
wemake the grid finer by applying a box-counting algorithm.

Suppose that𝑁(𝜀) is the number of boxes of side length 𝜀
required to cover the set. Then the box-counting dimension
is defined as

dim (𝑆) = lim
𝜀→0

log𝑁(𝜀)

log (1/𝜀)
. (7)

Given an 𝑁 × 𝑁 image whose gray level is G, then the
image is part into the 𝜀 × 𝜀 grids, which are related to 𝜀 × 𝜀 × 𝜀
cube grids. If for the 𝑗th grid, the greatest gray level is in the
𝜄th box and the smallest is in the 𝜅th box, then the boxnumber
for covering the grid is

𝑛
𝜀
= 𝜄 − 𝜅 + 1. (8)

Therefore the box number for covering the whole image is

𝑁
𝜀
= ∑

𝑗

𝑛
𝜀
(𝑗) . (9)

Selecting different scale 𝜀, we can get related𝑁
𝜀
.Thuswe have

a group of pairs (𝜀,𝑁
𝜀
). The group can be fit with a line using

least-squares fitting, the slope of the line is the box-counting
dimension.

3. The New Method

In this section, wewill present our newproposed algorithm in
detail. The motivation for the proposed method is that SA of

NLMs should be improved in a simpler way. The new PWFD
is introduced firstly to adapt complex image local structures,
and then the new weight functions based on PWFD are
discussed. At the end of this section, the procedures of the
proposed method are shown.

3.1. Pointwise Box-CountingDimension. In image processing,
the fractal dimension usually is used for characterizing
roughness and self-similarity of images. However, most of
works only focus on how to compute fractal dimensions for
images or blocks of images [26–30]. Since fractal dimension
can characterize roughness and self-similarity of images, it
also can be used for characterizing the local structures of
images by generalizing it to PWFD, which is computed pixel
by pixel using a fixed-size window centered in the considered
pixel. Thus, each pixel in an image has a PWFD and it equals
the fractal dimension of the fixed-size window centered in the
considered pixel.

Following the previous discussion, the pointwise box-
counting dimension (PWBCD) starts from replacing each
pixel 𝑖 to a fixed-size window 𝑟 × 𝑟 centered at 𝑖. It is obvious
that PWFD can be generalized to all definitions of fractal
dimensions. However, in order tomake our explanationmore
clearly, we only extend the new definition to PWBCD.

According to the new PWFD, PWBCD should be com-
puted for each pixel in the image. For each pixel 𝑖, the
PWBCD is computed in a fixed-size 𝑟× 𝑟window centered at
𝑖.

The 𝑟 × 𝑟 window is parted into the 𝜀 × 𝜀 grids, which are
related to 𝜀 × 𝜀 × 𝜀 cube grids. If for the 𝑗th grid, the greatest
gray level is in the 𝜄th box and the smallest is in the 𝜅th box,
then the box number for covering the grid is

𝑛
𝜀 (𝑖) = 𝜄 − 𝜅 + 1. (10)

Therefore the box number for covering the whole 𝑟 × 𝑟

window is

𝑁
𝜀 (𝑖) = ∑

𝑗

𝑛
𝜀
(𝑗) . (11)

Selecting different scale 𝜀, we can get related 𝑁
𝜀
(𝑖). Thus we

have a group of pairs (𝜀, 𝑁
𝜀
(𝑖)). The group can be fit with a

line using least-squares fitting; the slope 𝑘(𝑖) of the line is the
box-counting dimension.

Note that each pixel in an image has a PWBCD value.
Thus we can test the rationality for PWBCD by showing
PWBCD values using an image. In these PWBCD images,
high PWBCD values are shown as white points, while low
PWBCD values are shown as gray or black points. If PWBCD
images are similar to the original images with big PWBCD
values near singularities and small PWBCD values in smooth
regions, the rationality is testified.

Figure 1 shows PWBCD images for three images: an test
image composed by some blocks with different gray levels,
a LDCT image, and 512 × 512 barbara. The white points
signify the pixels with big fractal dimensions, while black
points signify the pixels with small fractal dimensions. Here,
𝑟 = 32 and 𝜀 = 2, 4, 8, 16, 32. Note that the white parts
correspond the texture parts of barbara and soft tissues of the
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(a) (b) (c)

(d) (e) (f)

Figure 1: Images and their pointwise box-counting dimension images: the first row shows images while the second row shows their pointwise
box-counting dimension images. Here 𝑟 = 32 and 𝜀 = 2, 4, 8, 16, 32.

second image in the first row. Moreover, the PWBCD images
are very similar to the original imageswhich demonstrate that
the PWBCDcan be used for characterizing the local structure
of images.

3.2. The New Weight Function. After defining the PWBCD,
we must find an efficient and powerful way to use the
PWBCD in NLMs directly. Just as discussed in the previous
subsection, PWBCD can characterize the local structures for
images well. Thus PWBCD should be used to weight the
points in the searching patch. That is, (6) should be changed
as

𝜔 (𝑖, 𝑗) = 𝑒
−max(𝑑2−2𝜎2

𝑁
, 0)/ℎ
2

1
−(𝑘(𝑖)−𝑘(𝑗))

2
/ℎ
2

2 , (12)

where 𝑘(⋅) is FDBCD value for the considering pixel and is
computed according to the method proposed in Section 3.1,
𝜎
𝑁

denotes the standard deviation of the noise, ℎ
1
, ℎ
2
are

the filtering parameters. 𝑑2(𝑖, 𝑗) is the similarity between two
pixels 𝑖 and 𝑗 depending on the similarity of the intensity
gray level vectors 𝐵(𝑖, 𝑓) and 𝐵(𝑗, 𝑓), where 𝐵(𝑘, 𝑓) denotes a
squarewindowwith fixed size (2𝑓+1) × (2𝑓+1) and centered
at a pixel 𝑘:

𝑑
2
(𝑖, 𝑗) =

1

(2𝑓 + 1)
2

∑

𝑘∈𝐵(0, 𝑓)

(𝑦
𝑖+𝑘
− 𝑦
𝑗+𝑘
)
2

. (13)

Given a discrete noisy image 𝑦, the estimated value (�̂�
𝑖
),

for a pixel 𝑖 is computed as a weighted nonlocal average:

�̂�
𝑖
=

1

𝐶 (𝑖)
∑

𝑗∈𝐵(𝑖, 𝑟)

𝑦
𝑗
𝜔 (𝑖, 𝑗) , (14)

where 𝐵(𝑖, 𝑟) indicates a neighborhood centered at 𝑖 and
size (2𝑟 + 1) × (2𝑟 + 1), called searching window, and
𝐶(𝑖) = ∑

𝑗∈𝐵(𝑖, 𝑟)
𝜔(𝑖, 𝑗). Note that the family of weights

{𝜔(𝑖, 𝑗)} depend on the similarity between the pixels 𝑖 and 𝑗
and satisfy 0 ≤ 𝜔(𝑖, 𝑗) ≤ 1 and ∑

𝑗∈𝐵(𝑖, 𝑟)
𝜔(𝑖, 𝑗) = 1.

3.3. The Steps of the New Method. The steps of PWBCD-
NLMs are as follows.

(1) Compute pointwise box-counting dimension for each
ofthe pixels.
For each of the pixels, given 𝑟 = 2

𝑛
, 𝑛 ∈ 𝑍 and

𝜀 = 2, 4, . . . , 𝑟, compute PWBCD according to
Section 3.1, and get a matrix 𝐾 with the same size as
the image.

(2) Compute weights. determine parameters: 𝜎
𝑁
, ℎ
1
, ℎ
2
,

the size of comparison window 𝑐𝑟, and the size of the
searching patch 𝑠𝑟.
Compute the difference between two comparison
windows, 𝑑2, using (13).
Compute the weights 𝜔(𝑖, 𝑗) using (12).

(3) Estimate real gray levels: estimate real levels �̂�(𝑖) using
(14).

4. Experiments and Discussion

The main objective for smoothing LDCT images is to delete
the noise while preserving anatomy features for the images.

In order to show the performance of PWBCD-NLMs, a 2-
dimensional 512 × 512 test phantom is shown in Figure 1(a).
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(a) Noisy image with 𝑓𝑖 = 2.5, 𝑇 =
2𝑒 + 4

(b) Reconstructed image from (a)
using NLMs

(c) Reconstructed image from (a)
using PWBCD-NLMs

(d) Noisy image with 𝑓𝑖 = 4.0, 𝑇 =
2𝑒 + 4

(e) Reconstructed image from (d)
using NLMs

(f) Reconstructed image from (d)
using PWBCD-NLMs

Figure 2: Noisy test images and reconstructed images.

The number of bins per view is 888 with 984 views evenly
spanned on a circular orbit of 360∘. The detector arrays are
on an arc concentric to the X-ray source with a distance of
949.075mm. The distance from the rotation center to the X-
ray source is 541mm.The detector cell spacing is 1.0239mm.

The LDCT projection data (sinogram) is simulated by
adding Gaussian-dependent noise (GDN) whose analytic
form between its mean and variance has been shown in (3)
with 𝑓

𝑖
= 2.5, 3.5, 4.0 and 𝑇 = 2𝑒 + 4. The projection data

is reconstructed by standard Filtered Back Projection (FBP).
Since both the original projection data and sinogram have
been provided, the evaluation is based on peak signal to noise
ration (PSNR) between the ideal reconstructed image and
reconstructed image.

The PWBCDs for images are computed according to
Section 3.1, and the parameters are 𝑟 = 32 and 𝜀 =

2, 4, 8, 16, 32. The new proposed method is compared with
NLMs, and their common parameters includes the standard
deviation of noise 𝜎

𝑁
= 15; the size of comparison window

is 7 × 7 (𝑐𝑟 = 7), while the size of searching patch is 21 ×
21 (𝑠𝑟 = 21). The other parameter for NLMswhick is the
Gaussian kernel for weights defined on (13) is ℎ = 12 and
the parameters for the new method are the sizes of Gaussian
kernel for two weights defined on (12): ℎ

1
= 15 for the

weights of difference between comparison window and ℎ
2
=

10 for the weights between two PWBCDs. All parameters are
chosen by hand with many experiments, which has the best
performance.

Table 1 summarized PSNR between the ideal recon-
structed image and filtered reconstructed image. The

Table 1: PSNR for the test image.

Noise PSNR of PSNR of PSNR of
parameters the noisy image NLMs PWBCD-NLMs
𝑓
𝑖
= 2.5, 𝑇 = 2𝑒 + 4 23.29 34.19 34.95

𝑓
𝑖
= 3.5, 𝑇 = 2𝑒 + 4 21.88 33.79 34.59

𝑓
𝑖
= 4, 𝑇 = 2𝑒 + 4 21.30 33.45 34.16

PWBCD-NLMs has better performance in different noise
levels in the term of PSNR than NLMs.

Figure 2 shows noisy test images and their reconstructed
images using NLMs and the proposed method. Although
the reconstructed images are very similar to each other, the
reconstructed images using the newmethod also show better
performance in edge preservation especially in weak and
curve edge preserving than the NLMs. Since PWBCD-NLMs
provides a more flexible way for handling different local
image structures, it hasmuch good performance in denoising
while preserving structures.

One abdominal CT images of a 62-year-old woman were
scanned from a 16 multidetector row CT unit (Somatom
Sensation 16; Siemens Medical Solutions) using 120 kVp and
5mm slice thickness. Other remaining scanning parameters
are gantry rotation time, 0.5 second; detector configuration
(number of detector rows section thickness), 16 × 1.5mm;
table feed per gantry rotation, 24mm; pitch, 1 : 1; and recon-
struction method, Filtered Back Projection (FBP) algorithm
with the soft-tissue convolution kernel “B30f ”. Different CT
doses were controlled by using two different fixed tube
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(a) Original SDCT image with tube current time
product 150mAs

(b) Original LDCT image with tube current time
product 60mAs

(c) Reconstructed image from (b) using NLMs (d) Reconstructed image from (b) using
PWBCD-NLMs

Figure 3: (b) Real LDCT reconstructed image, (a) related SDCT reconstructed images and (c)-(d) reconstructed images fromLDCT sinogram
using NLMs and the new method.

currents 60mAs for LDCT and 150mAs (60mA or 300mAs)
for SDCT, resp.). The CT dose index volumes (CTDIvol)
for LDCT images and SDCT images are in positive linear
correlation to the tube current and are calculated to be
approximately ranged between 15.32mGy and 3.16mGy [18].

On sinogram space, the PWBCDs for images are com-
puted according to Section 3.1 and the parameters are 𝑟 =

32 and 𝜀 = 2, 4, 8, 16, 32. The new proposed method
is compared with NLMs and their common parameters
includes the standard deviation of noise 𝜎

𝑁
= 15; the size

of comparison window is 7 × 7 (𝑐𝑟 = 7), while the size of
searching patch is 21 × 21 (𝑠𝑟 = 21). The other parameter
for NLMswhich is the Gaussian kernel for weights defined
on (13) is ℎ = 12 and the parameters for the new method are
the sizes of Gaussian kernel for two weights defined on (12):
ℎ
1
= 15 for the weights of difference between comparison

window and ℎ
2
= 10 for the weights between two PWBCDs.

Comparing the original SDCT images and LDCT images
in Figure 3, we found that the LDCT images were severely
degraded by nonstationary noise and streak artifacts. In
Figure 3(d), for the proposed approach, experiments obtain

more smooth images. Both in Figures 3(c) and 3(d), we
can observe better noise/artifacts suppression and edge
preservation than the LDCT image. Especially, compared
to their corresponding original SDCT images, the fine fea-
tures representing the hepatic cyst were well restored by
using the proposed method. We can observe that the noise
grains and artifacts were significantly reduced for the NLMs
and PWBCD-NLMs processed LDCT images with suitable
parameters both in Figures 3(c) and 3(d). The fine anatomi-
cal/pathological features can be well preserved compared to
the original SDCT images (Figure 3(a)) under standard dose
conditions.

5. Conclusions

In this paper, we propose a new PWBCD-NLMs method
for LDCT imaging based on pointwise boxing-counting
dimension and its new weight function. Since PWBCD can
characterize the local structures of image well and also can be
combined with NLMs easily, it provides a more flexible way
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to balance the noise reduction and anatomical details preser-
vation. Smoothing results for phantoms and real sinograms
show that PWBCD-NLMs with suitable parameters has good
performance in visual quality and PSNR.
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This paper reports a method for three-dimensional (3D) analysis of shift-invariant pattern recognition and applies to holographic
images digitally reconstructed from holographic microscopes. It is shown that the sequential application of a 2D filter to the plane-
by-plane reconstruction of an optical field is exactly equivalent to the application of amore general filter with a 3D impulse response.
We show that any 3D filters with arbitrary impulse response can be implemented in this way.This type of processing is applied to the
two-class problem of distinguishing different types of bacteria. It is shown that the proposed technique can be easily implemented
using a modified microscope to develop a powerful and cost-effective system with great potential for biological screening.

1. Introduction

In the past, high-resolution imaging of three-dimensional
(3D) objects, or matter suspended in a volume of fluid, has
mainly been accomplished using confocal microscopes [1].
In recent years, however, attention has returned to wide-
field optical microscopy using coherent illumination and
holographic recording techniques that exploit advances in
digital imaging and image processing to compute 3D images.
In contrast, with confocal imaging, coherent microscopy
provides 3D information from a single recording that can
be processed to obtain imaging modes analogous to dark
field, phase or interference contrast as required [2–7]. In
comparison with incoherent microscopes, a coherent instru-
ment provides an image that can be focused at a later stage
and can be considered as a microscope with an extended
depth of field. For screening purposes, the increased depth
of field is significant, particularly at high magnifications and
high numerical aperture. For example a conventional, high
magnification microscope has a depth of field of only a
few microns whereas a comparable coherent instrument can

have a depth of field of a few millimetres or so. This means
that around 1000 times the volume of fluid can be screened
from the information contained in a single digital recording
[8].

The potential of coherent microscopes for automated
biological screening is clearly dependent on the development
of robust image or pattern recognition algorithms [9]. In
essence, the application of pattern recognition techniques to
coherent images is similar to that applied to their incoherent
counterpart. The task can be defined as that of highlighting
objects of interest (e.g., harmful bacteria) from other clutter
(e.g., cell tissue and benign bacteria). This process should be
accomplished regardless of position and orientation of the
objects of interest within the image. It can be accomplished
using variations on correlation processing. Linear correlation
processing has been criticized in the past for its lack of
rotation invariance and its inability to generalize in the
manner of neural network classifiers; however, a cascade
of correlators, separated by nonlinear (decision) layers, has
considerably enhanced performance [5, 10]. Furthermore, we
have shown that this is the architecture a neural network
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classifier assumes if it is trained to provide a shift-invariant
output [11, 12].

The application of linear correlation processing to
the complex images recorded by a digital phase shifting
interferometer has recently been demonstrated by Javidi
and Tajahuerce [13]. Pattern recognition techniques imple-
mented using a holographic microscope for the detection of
microscale objects has also been considered by Dubois et al.
[5, 14] In these works, the 3D sample field was reconstructed
plane by plane and image classification was performed by
the application of a 2D correlation filter to each of the
reconstructed planes. It is noted, however, that although 2D
correlation can be applied independently to different image
planes it does not take into account the true nature of 3D
optical fields, nor that the information in any two planes of
these fields is, in fact, highly correlated [15].

In this paper, we considered, from first principles, 3D
shift-invariant pattern recognition applied to optical fields
reconstructed from digital holographic recordings. It will
be shown that the sequential application of a 2D filter to
plane-by-plane reconstructions is exactly equivalent to the
application of a 3D filter to the full 3D reconstruction of
the optical field. However, a linear filter designed based on
the plane of focus will not necessarily work for planes out
of focus, and therefore a 3D nonlinear filtering scheme is
introduced into the optical propagation field. The 3D non-
linear filter is a system implemented with a general impulse
response and followed by a nonlinear threshold. We will
prove with experiment that a 3D nonlinear filtering structure
can significantly improve the classification performance in
3D pattern recognition. In the experiment, we will apply the
3D nonlinear filter to 3D images of two types of bacteria
recorded from a holographic microscope, and the enhanced
classification performance will be shown.

2. Theory

Firstly, we define the 3D cross-correlation of complex func-
tions 𝑢(r) and ℎ(r) as

𝑅 (r) = ∫
+∞

−∞

𝑢 (x) ℎ (x − r) 𝑑x, (1)

where r is a position vector and 𝑑x conventionally denotes
the scalar quantity (𝑑𝑥, 𝑑𝑦, 𝑑𝑧). Assume that𝐻(k) and 𝑈(k)
are the Fourier transforms of ℎ(r) and 𝑢(r), respectively;
according to the convolution theorem, 𝑅(r) can also be
written:

𝑅 (r) = ∫
+∞

−∞

𝑈 (k)𝐻∗ (k) 𝑒𝑗2𝜋k⋅r𝑑k, (2)

where the superscript ∗ denotes complex conjugation. For
pattern recognition purposes, (1) and (2) are equivalent ways
to describe the process of correlation filtering defined in space
domain and frequency domain, respectively.

It is clear from (1) and (2) that in general 3D correlation
filtering requires 3D integration (in either the space or
frequency domains). However, this is not the case when
correlation filtering is applied to monochromatic optical

fields propagating forward, typically the holographic recon-
struction of optical fields by digital or optical means. In
essence this is because 𝑈(k) is nonzero only within an area
of a 2D surface, and consequently 𝑢(r) is highly correlated.

According to scalar diffraction theory, the complex
amplitude 𝑢(r) representing a monochromatic optical field
propagation in a uniform dielectric must obey the Helmholtz
equation [16] such that

∇
2
𝑢 (r) + 4𝜋2𝑘2𝑢 (r) = 0, (3)

where 𝑘 is a constant. Neglecting evanescent waves that occur
close to boundaries and other obstructions, it is well known
that the solutions to this equation are planewaves of the form:

𝑢 (r) = 𝐴 exp (𝑗2𝜋k ⋅ r) , (4)

where 𝐴 is a complex constant. In these equations, 𝑘 and
k are the wave number and wave vector, respectively and
are defined here such that 𝑘 = |k| = 1/𝜆, where 𝜆
is wavelength. In consequence, any monochromatic optical
field propagating a uniform dielectric is described completely
by the superposition of plane waves such that

𝑢 (r) = ∫
+∞

−∞

𝑈 (k) exp (𝑗2𝜋k ⋅ r) 𝑑k, (5)

where 𝑈(k) is the spectral density, and 𝑈(k) is the Fourier
transform of 𝑢(r) such that

𝑈 (k) = ∫
+∞

−∞

𝑢 (r) exp (−𝑗2𝜋k ⋅ r) 𝑑k. (6)

It is noted that because 𝑢(r) consists of plane waves
of single wavelength, the values of 𝑈(k) only exist on an
infinitely thin, spherical shell with a radius 𝑘 = |k| = 1/𝜆. In
consequence, if a general 3D correlation filter with transfer
function 𝐻(k) is applied to a monochromatic optical field,
𝑈(k), then in frequency domain the product 𝑈(k)𝐻∗(k) is
also nonzero only on the spherical shell and consequently will
obey the Helmholtz equation. If we expand (5), we have

𝑢 (𝑟
𝑥
, 𝑟
𝑦
, 𝑟
𝑧
)

=∭
∞

𝑈(𝑘
𝑥
, 𝑘
𝑦
, 𝑘
𝑧
) exp (𝑗2𝜋 (𝑘

𝑥
𝑟
𝑥
+ 𝑘
𝑦
𝑟
𝑦
+ 𝑘
𝑧
𝑟
𝑧
)) 𝛿

× (𝑘
𝑧
± √

1

𝜆2
− 𝑘2
𝑥
− 𝑘2
𝑦
)𝑑𝑘
𝑥
𝑑𝑘
𝑦
𝑑𝑘
𝑧

= ∬
∞

𝑈(𝑘
𝑥
, 𝑘
𝑦
, ±√

1

𝜆2
− 𝑘2
𝑥
− 𝑘2
𝑦
)

× exp(𝑗2𝜋(𝑘
𝑥
𝑟
𝑥
+ 𝑘
𝑦
𝑟
𝑦

∓𝑟
𝑧
√
1

𝜆2
− 𝑘2
𝑥
− 𝑘2
𝑦
))𝑑𝑘

𝑥
𝑑𝑘
𝑦
.

(7)

The square root in these equations represents light prop-
agating through the 𝑥𝑦 plane in the positive and negative
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𝑧-directions, respectively. Since most holographic recordings
record the flux in only one direction, we will consider only
the positive root. According to (7), we can define 𝑈

𝑧
(𝑘
𝑥
, 𝑘
𝑦
)

as the 2D projection of the spectrum onto the plane, 𝑘
𝑧
= 0,

such that

𝑈
𝑧
(𝑘
𝑥
, 𝑘
𝑦
) = 𝑈(𝑘

𝑥
, 𝑘
𝑦
, √

1

𝜆2
− 𝑘2
𝑥
− 𝑘2
𝑦
) . (8)

If 𝑢
𝑍
(𝑟
𝑥
, 𝑟
𝑦
) represents the optical field in the plane 𝑟

𝑧
= 𝑍,

we have

𝑢
𝑍
(𝑟
𝑥
, 𝑟
𝑦
)

= ∬
∞

𝑈
𝑍
(𝑘
𝑥
, 𝑘
𝑦
) exp(𝑗2𝜋𝑍√ 1

𝜆2
− 𝑘2
𝑥
− 𝑘2
𝑦
)

× exp (𝑗2𝜋 (𝑘
𝑥
𝑟
𝑥
+ 𝑘
𝑦
𝑟
𝑦
)) 𝑑𝑘
𝑥
𝑑𝑘
𝑦
.

(9)

In addition, taking the Fourier transform, we have

𝑈
𝑍
(𝑘
𝑥
, 𝑘
𝑦
)

= exp(−𝑗2𝜋𝑍√ 1

𝜆2
− 𝑘2
𝑥
− 𝑘2
𝑦
)

×∬
∞

𝑢
𝑍
(𝑟
𝑥
, 𝑟
𝑦
) exp (−𝑗2𝜋 (𝑘

𝑥
𝑟
𝑥
+ 𝑘
𝑦
𝑟
𝑦
)) 𝑑𝑟
𝑥
𝑑𝑟
𝑦
.

(10)

Equation (10) allows the spectrum to be calculated from the
knowledge of the optical field propagating through a single
plane. Equation (9) allows the field in any parallel plane to be
calculated.

If we consider the application of a general 3D filter to
the reconstruction of a propagating monochromatic field, we
remember that the product 𝑈(k)𝐻∗(k) only exists on the
surface of a sphere. Consequently, according to the derivation
from (7) to (9), we have

𝑅
𝑍
(𝑟
𝑥
, 𝑟
𝑦
) = ∫

+∞

−∞

𝑈
𝑍
(𝑘
𝑥
, 𝑘
𝑦
)𝐻
∗

𝑧
(𝑘
𝑥
, 𝑘
𝑦
)

× exp(𝑗2𝜋𝑍√ 1

𝜆2
− 𝑘2
𝑥
− 𝑘2
𝑦
)

× exp (𝑗2𝜋 (𝑟
𝑥
𝑘
𝑥
+ 𝑟
𝑥
𝑘
𝑦
)) 𝑑𝑘
𝑥
𝑑𝑘
𝑦
,

(11)

where𝑅
𝑍
(𝑟
𝑥
, 𝑟
𝑦
) is the 3D correlation output in the plane 𝑟

𝑧
=

𝑍, and

𝐻
𝑍
(𝑘
𝑥
, 𝑘
𝑦
) = 𝐻(𝑘

𝑥
, 𝑘
𝑦
, √

1

𝜆2
− 𝑘2
𝑥
− 𝑘2
𝑦
) . (12)

Finally, we note that in the space domain the correlation is

𝑅
𝑍
(𝑟
𝑥
, 𝑟
𝑦
) = ∫

+∞

−∞

𝑢
𝑍 (𝑢, V) ℎ𝑍 (𝑢 − 𝑟𝑥, V − 𝑟𝑦) 𝑑𝑢 𝑑V,

(13)

Object beam

Sample

Microscope lens

CCD

Beam splitter
Reference beam

He-Ne laser Fibre optic probes

𝛼 (3∘)

Figure 1: Holographic microscope with a coherent laser source.

Figure 2: Holographic image with a field of view of 72 × 72𝜇m
(absolute value shown).

where

ℎ
𝑍
(𝑟
𝑥
, 𝑟
𝑦
) = ∫

+∞

−∞

𝐻
𝑍
(𝑘
𝑥
, 𝑘
𝑦
)

× exp (−𝑗2𝜋 (𝑟
𝑥
𝑘
𝑥
+ 𝑟
𝑥
𝑘
𝑦
)) 𝑑𝑘
𝑥
𝑑𝑘
𝑦
.

(14)

Equation (13) shows that a single plane (𝑟
𝑧
= 𝑍) of the

3D correlation of a propagating optical field, 𝑢(r), with a
general impulse response function, ℎ(r), can be calculated as
a 2D correlation of the field in that plane, 𝑢

𝑍
(𝑟
𝑥
, 𝑟
𝑦
) with an

impulse function, ℎ
𝑍
(𝑟
𝑥
, 𝑟
𝑦
), that is defined by (14).

In the recent literature, 2D correlation filtering has been
applied to complex images reconstructed from a digital holo-
graphic microscope [14]. Practically, a digital holographic
microscope measures the complex amplitude in the plane
of focus, and the complex amplitude images in the parallel
planes are calculated based on optical propagation theory. It is
noted that a linear filter that is designed to performwell in one
plane of focus will not necessarily perform well in another,
and therefore a nonlinear filtering process is required.

When the 3D complex amplitude distribution of samples
is reconstructed from the digital holographic recording,
correlation filters can be applied for pattern recognition.
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In the field of statistical pattern recognition, it is common to
describe a digitized image of any dimension by the ordered
variables in a vector [17], and we adopt this notation here.
In this way, the discrete form of a complex 3D image can
be written in vector notation by lexicographically scanning
the 3D image array. Thus, an 𝑛-dimensional vector x =

[𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
]
𝑇 represents a 3D image with 𝑛 volume ele-

ments.We define a correlation operator �̂�, with a filter kernel
(or impulse response), h = [ℎ

1
, ℎ
2
, . . . , ℎ

𝑛
]
𝑇, is defined as,

�̂�x =
𝑛

∑

𝑖=1

ℎ
∗

𝑖−𝑛+1
𝑥
𝑖
, (15)

where the superscript “∗” denotes the complex conjugate, and
the subscript is taken to be modulo 𝑛 such that

ℎ
𝑛+𝑎

= ℎ
𝑎
. (16)

A nonlinear threshold operator �̂� can be defined in the same
way to operate on the individual components of a vector such
that

�̂�x = [𝑎𝑥3
1
+ 𝑏𝑥
2

1
+ 𝑐𝑥
1
+ 𝑑, 𝑎𝑥

3

2
+ 𝑏𝑥
2

2
+ 𝑐𝑥
2

+𝑑, ..., 𝑎𝑥
3

𝑛
+ 𝑏𝑥
2

𝑛
+ 𝑐𝑥
𝑛
+ 𝑑]
𝑇

.

(17)

In general, image data from a hologram is a complex-
amplitude field; however, we consider only the intensity
distribution and define a modulus operator �̂� that operates
on the the output such that

�̂�x = [𝑥1

2
,
𝑥2

2
, ...,

𝑥𝑛

2
] . (18)

In this way, a 3D nonlinear filter, �̂�, can be expressed as

�̂� = �̂��̂�
𝑖
�̂�
𝑖
, (19)

where the subscript to each operator denotes the layer in
which a given operator is applied.

Without loss of generality, we design the 3D nonlinear
filter to generate a delta function for the objects to be
recognized, and zero outputs for the patterns to be rejected.
For this purpose, we define a matrix set, S, of 𝑚 reference
images such that S = [s

1
, s
2
, . . . , s

𝑚
] and the corresponding

output matrix, R, is given by

R = �̂�S. (20)

For the optimization of the 3D nonlinear filter, a matrix
𝑂 with all the desired outputs intensity images is defined. In
general, the desired outputs for in-class images will be a zero-
valued vector with the first element set to be unit magnitude,
and for an out-of-class image the desired output is zero. In
order to train the filter with the desired performance, the
error function below is requested to be minimized:

𝐸 =

𝑛,𝑚

∑

𝑖=1, 𝑗=1

(𝑅
𝑖𝑗
− 𝑂
𝑖𝑗
)
2

+ 𝑛

𝑚

∑

𝑗=1

(𝑅
1𝑗
− 𝑂
1𝑗
)
2

, (21)
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Figure 3: 3D image of the optical field reconstructed from Figure 2.

where𝑅
𝑖𝑗
and𝑂

𝑖𝑗
represent the ith pixel of the jth training and

output image, respectively.The first term in this expression is
the variance of the actual output from the desired output.The
second term represents the signal peaks (that for simplicity
are defined to be the first term in the output vector) and
is given extra weight to ensure that they have the desired
unit magnitude. Because (21) is a nonlinear function with
a large number of variables, it is not possible to find an
analytical solution. Hence, an iterative method is used in
the minimization process. In this case, a simulated annealing
algorithm was implemented in the optimization because it is
more likely to reach a global minimum [18].

In the practical implementations of the 3Dnonlinear filter
described in this paper, we require a filter to identify the
presence of fairly small objects in a relatively large field. In
these cases, a relatively small filter kernel is used, and the
kernel is zero-padded to the same size as the input image. In
the test of this paper, the training images are selected to be
32 × 32 × 16 elements, and we use 16 × 16 elements transfer
function (2D). The filter output, the filter kernel, and the
desired output images are all zero-padded to a resolution of
32 × 32 × 16 elements. In this way, edge effects in pattern
recognition for large images can be avoided.

3. Experiment

The objective of the work described in this section was to
demonstrate 3D rotationally invariance pattern recognition
based on digital holographicmicroscopy for the classification
of two species of live bacteria, E. coli and Pantoea.

The digital holographic microscope setup used for this
study is illustrated in Figure 1. In this arrangement, a He-Ne
laser (633 nm) is used as coherent light source and is divided
by a beam splitter and launched into a pair of optical fibres
of equal length. One fibre supplies the light that forms the
object beam for the holographic recording and is collimated.
The microscope is used in a transmission mode and has an
objective lens with 100x magnification and an oil immersion
objective with an equivalent numerical aperture of NA =
1.25. The object plane is imaged onto a CCD array placed
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(a) (b)

Figure 4: Typical bacteria (a) E. coli and (b) Pantoea in different rotated orientations.

approximately 200mm from the objective. It is noted that
because the microscope is holographic, the object of interest
need not be located in the object plane.

The fibre that supplies the reference beam has an open
termination that is arranged to diverge from a point in the
rear focal plane of the microscope objective. In this way,
the interference of the light from the reference beam and
the light scattered is recorded at the CCD. Phase curvature
introduced by the imaging process [19] is precisely matched
by the reference curvature, and straight interference fringes
are observed in the image plane in the absence of any
scattering objects. From the analysis in Section 2, we can see
that the interference pattern recorded by the CCD can be
demodulated to give the complex amplitude describing the
propagating field in the object plane. For reasons of process-
ing, efficiency care was taken to adjust the magnification of
the microscope to match the CCD resolution such that an
optimally sampled (Nyquist) reconstruction is produced.

The holographic microscope is implemented with a flow
cell that defines an experimental volume. The nutrient fluid
with two species of living bacteria, E. coli and Pantoea, is
syringed into the flow cell through a pipe. Figure 2 shows
an image taken from the microscope corresponding to
the absolute value of the complex amplitude in the object
plane. In this image, the bacteria understood to be E. coli
are highlighted with circles; some out-of-focus bacteria are
invisible on this plane. Figure 3 shows a 3D image of the field
in Figure 2 reconstructed using the method demonstrated in
the above section.

In this study, a 3D nonlinear filter was trained to highlight
live E. coli bacteria floating in the flow cell, while the
Pantoea bacteria will be ignored. However, the reference set
preparation is one of the most challenging problems for
the identification of the living cells because each of the live
bacteria varies in size and shape and appears at random
orientation. To recognise the bacteria regardless of their
shapes and orientations, adequate representative distortions
of bacteria images must be provided for the 3D nonlinear
filter as reference images.

The bacteria images registered as training set can be
obtained by directly cropping the cell images from the 3D
reconstructed field, or by simulating from the recorded
images. For example, a selected bacteria image can be rotated
to generate several orientation versions. Figure 4(a) shows
eight absolute value images of a typical rod-shaped E. coli
rotated in steps of 45 degrees. Pantoea bacteria have a
similar rod shape, but slightly different in size from E.
coli. Figure 4(b) shows one of the selected Pantoea in eight
different rotated versions.

To demonstrate the performance of the 3D nonlinear
filter, we train the system to detect E. coli bacteria with 42
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Figure 5: 3D output for the 3D nonlinear filter trained to recognize
E. coli (absolute amplitude value shown).

Figure 6: The projection of the output volume (absolute amplitude
value shown).

images, including 25 E. coli and 17 Pantoea images, and the
filer is tested with the complex amplitude image in Figure 2.
Figure 5 shows the 3D image of the 3D filter output. Figure 6
reports the projection of the output volume onto a plane.
It can be seen that most of the E. coli bacteria had been
highlighted by correlation peaks and the Pantoea had been
ignored. However, a small portion of the E. coli cannot be
detected; this is because the training set with limited number
of reference images does not represent all the distortions and
orientations of the bacteria. It is expected that classification
rate can be improved if more reference images are included
in the training set.
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4. Conclusion

This paper describes 3D pattern recognition with a 3D non-
linear filter applied to monochromatic optical fields that can
be recorded and reconstructed by holographic microscopes.
The 3D extension and formulation of the nonlinear filter
concept has been introduced. We have shown with experi-
mental data that the 3D nonlinear filtering system provides
additional capability as a means to perform 3D pattern
recognition in a shift and rotationally invariant means. We
demonstrate this in practice by applying the 3D nonlinear fil-
ter to a holographic recording of the light scattered from two
kinds of living bacteria suspended in water.The experimental
data demonstrated that the 3D nonlinear filter has good shift
and rotationally invariant property in 3D space.
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The two-phase test sample representation (TPTSR) was proposed as a useful classifier for face recognition. However, the TPTSR
method is not able to reject the impostor, so it should be modified for real-world applications. This paper introduces a thresholded
TPTSR (T-TPTSR) method for complex object recognition with outliers, and two criteria for assessing the performance of outlier
rejection and member classification are defined. The performance of the T-TPTSR method is compared with the modified global
representation, PCA and LDA methods, respectively. The results show that the T-TPTSR method achieves the best performance
among them according to the two criteria.

1. Introduction

Object recognition has become a hot topic in the field of
computer vision and pattern recognition in recent years,
and many approaches have been proposed for face image
classification with a given database. One type of the methods
is to reduce the dimensionality of sample by extracting the
feature vector with linear transformation methods, such as
the principal component analysis (PCA) [1–3] and the linear
discriminant analysis (LDA) [4, 5]. In the PCA method, the
training samples and the testing samples are transformed
from the original sample space into a space with the max-
imum variance of all the samples, while the LDA method
converts the samples to a feature space where the distances
of the centers of different classes are maximized. In these two
transformation methods, both the training samples and the
testing samples have their corresponding representations in
the new feature space, and the classification is carried out
based on the distance between the representations related to
the training set and the testing set.

Another type of transformation-based method was pro-
posed to focus on local information of the training samples.
Instead of using the whole training set, this type of method

only uses part of the samples, since the performance of
the classifier is usually limited within some local areas. By
concentrating on the local distribution of training data, the
design and testing of the classifier can be muchmore efficient
than the global methods [6]. Typical examples of local LDA
methods include the method for multimodal data projection
[7, 8] and the approach to use the local dependencies
of samples for classification [9]. It is also found that the
local PCA is more efficient than the global PCA in feature
extraction [10] or sample clustering [11].

In recent years, the sparse representation theory has been
applied to pattern recognition problems and has drawn a lot
of attentions [12–21]. The sparse representation method also
uses only part of the training data for classification by linearly
representing a testing sample with the training set, and part
of the linear combination coefficients is set to zero. The
classification criterion of the sparse representation method
is based on the biggest contribution from the sample classes
during the linear representation.

In a recent study, a two-phase test sample representation
(TPTSR) method was proposed for face recognition [22]. In
this method, classification process is divided into two steps:
the first step selects𝑀-nearest neighbors of the testing sample
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from the training set by using linear representation method
and the second step processes the selected𝑀 samples further
by using them to linearly represent the testing sample. The
classification result is based on the linear contribution of
the classes among the 𝑀-nearest neighbors in the second
phase of the TPTSR. By selecting 𝑀-closest neighbors from
the training set for further processing, the TPTSR method
identifies a local area thatmay contain the target class sample,
reducing the risk of misclassification because of a similar
nontarget sample.

Even the TPTSR method has been proven to be very
useful in face classification; however, for face recognition
applications with outliers the classification emphasis is dif-
ferent and the performance measurement criterion is also
new. In face recognition problems with outliers, like security
registration systems, only a small and particular group of
members is required to be classified and compared with a
large population of irrelevant people or intruders. In the
application of identifying wanted criminals at airports, train
station and other public places, the classifier is also required
to identify a minor number of target members from a large
number of irrelevant passengers. In previous studies, the
approaches for pattern classificationwith outliers include two
main methods, one is to train the classifier with only the
member samples, and the other is to take into account a small
number of outliers as a separate class in the training set [23].
However, neither of the methods can guarantee a low false
alarm rate while maintaining a reasonable recognition rate
for members.

In this paper, we further develop the TPTSR method
by applying a threshold in the classification process for
outlier rejection and member classification, and it is referred
to as thresholded TPTSR (T-TPTSR) method. In the T-
TPTSR, the distance between the testing sample and the
weighted contribution of the target class in the second-
phase linear representation is measured and compared with
a threshold, by which an outlier will be identified. In this
study, we also propose two different criteria for assessing
the performance of classifier for outlier rejection as well
as member classification, and, based on these criteria, we
test the thresholded global representation (T-GR) method,
thresholded PCA (T-PCA) method, and thresholded LDA
(T-LDA) method, respectively. The test results show that
the T-TPTSR achieves better performance in rejecting the
outliers while maintaining outstanding classification rate for
members.

In Sections 2 and 3 of this paper, we will introduce
the theory of the T-TPTSR, T-GR, T-PCA, and T-LDA,
respectively. Section 4 presents our experimental results with
different face image databases, and finally a conclusion will
be drawn in Section 5.

2. Thresholded Two-Phase Test Sample
Representation (T-TPTSR)

In this section, the TTPTSR method will be introduced
with a threshold applied to the second-phase output in the
classification process.

2.1. First Phase of the T-TPTSR with M-Nearest Neighbor
Selection. The first phase of the T-TPTSR is to select 𝑀-
nearest neighbors from all the training samples for further
processing in the second phase, narrowing the sample space
down to a local area for the target class [22]. The 𝑀-nearest
neighbors are selected by calculating the weighted distances
of the testing sample from each of the training samples.
Firstly, let us assume that there are 𝐿 classes and 𝑛 training
images, 𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
, and if some of these images are from

the 𝑗th class (𝑗 = 1, 2, . . . , 𝐿), then 𝑗 is their class label. It is
also assumed that a test image 𝑦 can be written in the form of
linear combination of all the training samples, such as

𝑦 = 𝑎
1
𝑥
1
+ 𝑎
2
𝑥
2
+ ⋅ ⋅ ⋅ + 𝑎

𝑛
𝑥
𝑛
, (1)

where 𝑎
𝑖
(𝑖 = 1, 2, . . . , 𝑛) is the coefficient for each training

image 𝑥
𝑛
. Equation (1) can also be written in the form of

vector operation, such as

𝑦 = 𝑋𝐴, (2)

where 𝐴 = [𝑎
1
⋅ ⋅ ⋅ 𝑎
𝑛
]
𝑇, 𝑋 = [𝑥

1
⋅ ⋅ ⋅ 𝑥
𝑛
]
𝑇
.𝑥
1
⋅ ⋅ ⋅ 𝑥
𝑛
, and 𝑦 are

all column vectors. If𝑋 is a singular square matrix, (2) can be
solved by using 𝐴 = (𝑋

𝑇
𝑋 + 𝜇𝐼)

−1

𝑋
𝑇
𝑦, or it can be solved

by using 𝐴 = 𝑋
−1
𝑦, where 𝜇 is a small positive constant and

𝐼 is the identity matrix. In our experiment with the T-TPTSR
method, 𝜇 in the solution is set to be 0.01.

By solving (2), we can represent the testing image using
the linear combination of the training set as shown in (1),
which means that the testing image is essentially an approxi-
mation of the weighted summation of all the training images,
and the weighted image 𝑎

𝑖
𝑥
𝑖
is a part of the approximation.

In order to measure the distance between the training image
𝑥
𝑖
and the testing image 𝑦, a distance metric is defined as

followed:

𝑒
𝑖
=
𝑦 − 𝑎

𝑖
𝑥
𝑖


2
, (3)

where 𝑒
𝑖
is called the distance function, and it gives the

difference between the testing sample 𝑦 and the training
sample 𝑥

𝑖
. It is clear that a smaller value of 𝑒

𝑖
means that the

𝑖th training sample is closer to the testing sample, and it is
more probable to be themember of the target class.These𝑀-
nearest neighbors are chosen to be processed further in the
second phase of the T-TPTSR where the final decision will be
made within a much smaller sample space. We assume that
the 𝑀-nearest neighbors selected are denoted as 𝑥

1
⋅ ⋅ ⋅ 𝑥
𝑀
,

and the corresponding class labels are 𝐶 = {𝑐
1
⋅ ⋅ ⋅ 𝑐
𝑀
}, where

𝑐
𝑖
∈ {1, 2, . . . , 𝐿}. In the second phase of the T-TPTSR, if a

sample 𝑥
𝑝
’s class label does not belong to 𝐶, then this class

will not be considered as a target class, and only a class from
𝐶 will be regarded as a potential target class.

2.2. Second Phase of the T-TPTSR for Outlier Rejection. In
the second phase of the T-TPTSR method, the 𝑀-nearest
neighbors selected from the first phase are further calculated
to obtain a final decision for the recognition task. We
represent the testing sample with the linear combination
of the training samples again, but only with the 𝑀-nearest
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neighbors selected from the first phase. If the 𝑀-nearest
neighbors selected are denoted as 𝑥

1
⋅ ⋅ ⋅ 𝑥
𝑀
, and their linear

combination for the approximation of the testing image 𝑦 is
assumed to be satisfied, such as

𝑦 = 𝑏
1
𝑥
1
+ ⋅ ⋅ ⋅ + 𝑏

𝑀
𝑥
𝑀
, (4)

where 𝑏
𝑖
(𝑖 = 1, 2, . . . ,𝑀) are the coefficients. In vector

operation form, (4) can be written as

𝑦 = �̃�𝐵, (5)

where 𝐵 = [𝑏
1
⋅ ⋅ ⋅ 𝑏
𝑀
]
𝑇, and �̃� = [𝑥

1
⋅ ⋅ ⋅ 𝑥
𝑀
]. In the same

philosophy as above, if �̃� is a nonsingular square matrix, (5)
can be solved by

𝐵 = (�̃�)
−1

𝑦, (6)

or, otherwise, 𝐵 can be solved by

𝐵 = (�̃�
𝑇

�̃� + 𝛾𝐼)
−1

�̃�
𝑇

𝑦, (7)

where 𝛾 is a positive small value constant, and it is usually set
to 0.01, and 𝐼 is the identity matrix.

When we obtain the coefficients 𝑏
𝑖
for each of the nearest

neighbors, the contribution of each of the classes to the testing
image will be measured, and the classification output will
be based on the distance between the contribution and the
testing image. If the nearest neighbors 𝑥

𝑠
⋅ ⋅ ⋅ 𝑥
𝑡
are from the

𝑟th class (𝑟 ∈ 𝐶), and the linear contribution to approximate
the testing sample by this class is defined as

𝑔
𝑟
= 𝑏
𝑠
𝑥
𝑠
+ ⋅ ⋅ ⋅ + 𝑏

𝑡
𝑥
𝑡
. (8)

The measurement of the distance between the testing sample
and the 𝑟th class samples in the 𝑀-nearest neighbors is
calculated by the deviation of 𝑔

𝑟
from 𝑦, such as

𝐷
𝑟
=
𝑦 − 𝑔

𝑟


2
, 𝑟 ∈ 𝐶. (9)

It is clear that a smaller value of 𝐷
𝑟
means a better approx-

imation of the training samples from the 𝑟th class for the
testing sample, and thus the 𝑟th class will have a higher
possibility over other classes to be the target class. However,
if outliers are considered, a threshold must be applied to
the classification output to differentiate the members of class
from outliers, such as

𝐷
𝑘
= min𝐷

𝑟
< 𝑇 (𝑘, 𝑟 ∈ 𝐶; 𝑇 ∈ [0, +∞)) , (10)

where 𝑇 is the threshold. If 𝐷
𝑘
≥ 𝑇, the testing sample will

be regarded as an outlier and therefore will be rejected. Only
when𝐷

𝑘
< 𝑇, the testing sample 𝑦 can be classified to the 𝑘th

class with the smallest deviation from 𝑦.
In the second phase of the T-TPTSR, the solution in (6)

or (7) finds the coefficients for the linear combination of
the 𝑀-nearest neighbors to approximate the testing sample,
and the training class with the minimum deviation of the
approximation will be considered as the target class for
the testing sample. However, the value of the minimum

deviation must be less than the threshold 𝑇. If the minimum
distance between the testing sample and the member class’s
approximations is greater than the threshold 𝑇, the testing
sample will be classified as an outlier and thus rejected.
However, if the value of the minimum deviation of the
linear combinations to an outlier is less than the threshold
𝑇, this outlier will be classified into the member class with
the minimum deviation, and a misclassification will occur.
Likewise, if a testing image belongs to a member class, but
theminimumdeviation from the linear combinations of each
of the classes is greater than the threshold 𝑇, this testing
image will be classified as an outlier, and a false alarm is
resulted. Since the samples used in the T-TPTSR method are
all normalized in advanced, the value of 𝐷

𝑟
in (9) will be

within a certain range, such that 0 ≤ 𝐷
𝑟
≤ 𝑠, where 𝑠 ≈ 1,

and therefore it is practical to determine a suitable threshold
for the identification task before the testing.

3. The T-GR, T-PCA, and T-LDA Methods for
Outlier Rejection

As a performance comparison with the T-TPTSR method, in
the following section, we also introduce themodified versions
of the GR, PCA, and LDA methods, respectively, for outlier
rejection and member classification in face recognition.

3.1.The T-GRMethod. The thresholded global representation
(T-GR) method is essentially the T-TPTSR method with all
the training samples that are selected as the𝑀-nearest neigh-
bors (𝑀 is selected as the number of all the training samples),
and it also finds the target class directly by calculating the best
representing sample class for the testing image.

In the T-GR method, the testing sample is represented
by the linear combination of all the training samples, and
the classification is not just based on the minimum deviation
of the linear contribution from each of the classes to the
testing sample, but also based on the value of the minimum
deviation. If the minimum deviation is greater than the
threshold applied, the testing sample will be identified as an
outlier.

3.2. The T-PCA Method. The PCA method is based on
linearly projecting the image space onto a lower-dimensional
feature space, and the projection directions are obtained by
maximizing the total scatter across all the training classes [24,
25]. Again, we assume that there are 𝐿 classes and 𝑛 training
images, 𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
, each of which is𝑚-dimensional, where

𝑛 < 𝑚. If a linear transformation is introduced to map the
original 𝑚-dimensional image space into an 𝑙-dimensional
feature space, where 𝑙 < 𝑚, the new feature vector 𝑢

𝑖
∈ 𝑅
𝑙

can be written in the form of

𝑢
𝑖
= 𝑊
𝑇
𝑥
𝑖 (𝑖 = 1, 2, . . . , 𝑛) , (11)

where 𝑊𝑇 ∈ 𝑅
𝑚×𝑙 is a matrix with orthonormal columns. If

the total scatter matrix 𝑆𝑇 is defined as

𝑆
𝑇
=

𝑛

∑

𝑖=1

(𝑥
𝑖
− 𝜇) (𝑥

𝑖
− 𝜇)
𝑇
, (12)
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where 𝜇 ∈ 𝑅
𝑚 is the mean of all the training samples, we

can see that, after applying the linear transformation𝑊𝑇, the
scatter of all the transformed feature vectors 𝑢

1
, 𝑢
2
, . . . , 𝑢

𝑛
is

𝑊
𝑇
𝑆
𝑇
𝑊, which can be maximized by finding a projection

direction𝑊
𝑚
, such as

𝑊
𝑚
= arg max

𝑊

𝑊
𝑇
𝑆
𝑇
𝑊

= [𝑤
1
, 𝑤
2
⋅ ⋅ ⋅ 𝑤
𝑙
] ,

(13)

where 𝑤
𝑖
(𝑖 = 1, . . . , 𝑙) is the set of 𝑚-dimensional eigenvec-

tors of 𝑆𝑇 corresponding to the 𝑙 biggest eigenvalues. During
the recognition process, both the testing sample 𝑦 and all the
training samples are projected into the new feature space via
𝑊
𝑚
before the distance between them is calculated, such as

𝐷
𝑖
=

𝑊
𝑇

𝑚
𝑦 −𝑊

𝑇

𝑚
𝑥
𝑖



2

=

𝑊
𝑇

𝑚
(𝑦 − 𝑥

𝑖
)


2

(𝑖 = 1, 2, . . . , 𝑛) .

(14)

In the thresholded PCA method, the testing sample 𝑦 will
be classified to the class whose member has the minimum
distance𝐷

𝑖
, but this distance must be less than the threshold

𝑇, such that

𝐷
𝑘
= min𝐷

𝑖
< 𝑇 (𝑘, 𝑖 = 1, 2, . . . , 𝑛; 𝑇 ∈ [0, +∞)) . (15)

The testing sample 𝑦 whose corresponding minimum dis-
tance 𝐷

𝑘
is less than the threshold 𝑇 will be classified as an

outlier and therefore rejected; otherwise 𝑦 will be classified
into the class with 𝑥

𝑘
.

3.3. The T-LDA Method. The LDA is a class-specific linear
method for dimensionality reduction and simple classifiers in
a reduced feature space [26–29]. The LDA method also finds
a direction to project the training images and testing images
into a lower dimension space, on the condition that the ratio
of the between-class scatter and the within-class scatter is
maximized.

Likewise, if there are 𝐿 classes and 𝑛 training images,
𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
, each of which is𝑚-dimensional, where 𝑛 < 𝑚,

and in the 𝑖th class there are𝑁
𝑖
samples (𝑖 = 1, 2, . . . , 𝐿), the

between-class scatter matrix can be written as

𝑆
𝑏
=

𝐿

∑

𝑖=1

𝑁
𝑖
(𝜇
𝑖
− 𝜇) (𝜇

𝑖
− 𝜇)
𝑇
, (16)

and the within-class scatter matrix can be defined as

𝑆
𝑤
=

𝐿

∑

𝑖=1

𝑁𝑖

∑

𝑗=1

(𝑥
𝑗
− 𝜇
𝑖
) (𝑥
𝑗
− 𝜇
𝑖
)
𝑇

, (17)

where 𝜇
𝑖
is the mean image of the 𝑖th class, and 𝜇 is

the mean of all the samples. It is noted that 𝑆
𝑤
must be

nonsingular in order to obtain an optimal projection matrix
𝑊
𝑚
with the orthonormal columns to maximize the ratio of

the determinant of the projected 𝑆
𝑏
and projected 𝑆

𝑤
, such

that

𝑊
𝑚
= argmax

𝑊


𝑊
𝑇
𝑆
𝑏
𝑊


𝑊𝑇𝑆
𝑤
𝑊

= [𝑤
1
𝑤
2
⋅ ⋅ ⋅ 𝑤
𝑙
] ,

(18)

where𝑤
𝑖
(𝑖 = 1, . . . , 𝑙) is the set of𝑚-dimensional generalized

eigenvectors of 𝑆
𝑏
and 𝑆

𝑤
corresponding to the 𝑙 biggest

eigenvalues, such as

𝑆
𝑏
𝑤
𝑖
= 𝜆
𝑖
𝑆
𝑤
𝑤
𝑖
, (𝑖 = 1, 2, . . . , 𝑙) , (19)

where 𝜆
𝑖
(𝑖 = 1, . . . , 𝑙) is the 𝑙 generalized eigenvalues. Since

there are the maximum number of 𝐿− 1 nonzero generalized
eigenvalues available, the maximum 𝑙 can only be 𝐿 − 1.

The distance between the projection of the testing sample
𝑦 and the training samples with𝑊

𝑚
in the new feature space

is calculated as

𝐷
𝑖
=

𝑊
𝑇

𝑚
𝑦 −𝑊

𝑇

𝑚
𝑥
𝑖



2

=

𝑊
𝑇

𝑚
(𝑦 − 𝑥

𝑖
)


2

(𝑖 = 1, 2, . . . , 𝑛) .

(20)

If the sample 𝑥
𝑘
’s projection into the feature space has a

minimum distance from the projection of the testing sample
𝑦, the testing sample will be classified into the same class as
𝑥
𝑘
, such that

𝐷
𝑘
= min𝐷

𝑖
< 𝑇 (𝑘, 𝑖 = 1, 2, . . . , 𝑛; 𝑇 ∈ [0, +∞)) ,

(21)

where 𝑇 is a threshold to screen out the outliers. For the
threshold LDA method, all the target members’ projection
distance 𝐷

𝑖
must be less than 𝑇, or otherwise they will be

classified as outliers and rejected.

4. Experimental Results

In this experiment, we test the performance of the T-TPTSR,
the T-GR, the T-PCA, and the T-LDA methods for outlier
rejection and member classification, respectively. One of
the measurement criteria for comparing the performance of
these methods is to find the minimum overall classification
error rate. During the classification task, an optimal threshold
𝑇 can be found for the above methods so that the overall
classification error rate is minimized. The overall classifi-
cation error rate is calculated based on three classification
error rates, such as the misclassifications among member’s
classes (when the testing sample is a member and 𝐷

𝑘
<

𝑇, but misclassified as another class), the misclassifications
of a member to outlier’s group (when the testing sample
is a member but 𝐷

𝑘
> 𝑇, and thus misclassified), and

misclassifications for outliers (when the testing sample is an
outlier but 𝐷

𝑘
< 𝑇, and therefore accepted wrongly as a

member). If ERRoverall(𝑇) represents the overall classification
error rate as a function of the threshold 𝑇, ERRmember(𝑇)
denotes the classification error rate for errors that occurred
among members (misclassifications recorded for testing
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samples from member’s group versus the total number of
testing samples from member’s group), and ERRoutlier(𝑇) is
the misclassification rate for outliers (classification errors
recorded for testing samples from the outlier’s group versus
the total number of testing outliers), their relationship can be
written as

ERRoverall (𝑇) = ERRmember (𝑇) + ERRoutlier (𝑇) . (22)

It is noted that the value of ERRmember varies with the
threshold 𝑇, and when 𝑇 = 0, ERRmember takes the value
of 100%, and it generally decreases when the value of 𝑇
increases until it reaches a constant classification error rate.
The classification error rate for outlier also changes its value
according to the threshold 𝑇, however, ERRoutlier = 0%when
𝑇 = 0, and its value increases until reaching 100%. The
minimum ERRoverall(𝑇) can be found between the range of
𝑇 = 0 and 𝑇 = 𝑇

𝑚
, where ERRmember(𝑇) becomes a constant,

or ERRoverall(𝑇) reaches 100%, such that

ERRopt = min ERRoverall (𝑇) , 𝑇 ∈ [0, +∞) . (23)

The value of ERRopt is an important criterion showing the
performance of a classifier for both of outlier rejection and
member recognition.

Another measuring criterion for measuring the perfor-
mance of the thresholded classifiers is the receiver operation
characteristics (ROC) curve, which is a graphical plot of
the true positive rate (TPR) versus the threshold 𝑇 in the
application of thresholded classification for outlier rejection.
We firstly define the true positive detection rate for the
outliers, TPRoutlier(𝑇), and it can be written in the form of
the classification error rate for the outliers, such that

TPRoutlier (𝑇) = 100% − ERRoutlier (𝑇) , 𝑇 ∈ [0, +∞) .

(24)

We also define the false alarm rate caused in the member’
group as a function of the threshold, ERRFA(𝑇), which is
the number of errors recorded for misclassifying a member
to an outlier versus the number of testing samples from the
member’s group. An optimal classifier for outlier rejection
and member classification needs to find a suitable threshold
𝑇 so that the TPRoutlier(𝑇) can be maximized as well as
the ERRFA(𝑇) can be minimized. Therefore, the following
function𝐷

𝑂-𝐹(𝑇) is defined for this measurement, such that

𝐷
𝑂-𝐹 (𝑇) = TPRoutlier (𝑇) − ERRFA (𝑇)

= 100% − ERRoutlier (𝑇)

− ERRFA (𝑇) , 𝑇 ∈ [0, +∞) .

(25)

It is obvious that𝐷
𝑂-𝐹(𝑇) is required to be maximized so that

a classifier can be optimized for both outlier rejection and
member classification, such that

𝐷opt = max𝐷
𝑂-𝐹 (𝑇) , 𝑇 ∈ [0, +∞) , (26)

and the value of 𝐷opt is an important metric for comparing
the performance of classifier for outlier rejection analysis.

Figure 1: Part of the face images from the Feret database for testing.

The minimum overall classification error rates ERRopt
and the maximum difference of the true positive outlier
recognition rate and the false-alarm rate 𝐷opt are essentially
the same performance assessment metric for a classifier
with outlier rejection. The difference is that the overall
classification error rate represents the efficiency of member
classification, while 𝐷

𝑂-𝐹 and 𝐷opt show the performance
of outlier rejection. In the following experiment, we test
and compare the minimum overall classification error rates
ERRopt and the maximum 𝐷opt of the T-TPTSR, T-GR, T-
PCA, and T-LDA methods, respectively, and based on these
two criteria we find the optimal classifier for outlier rejection
and member classification.

In our experiment, we test and compare the performance
of the above methods using the online face image databases
Feret [30, 31], ORL [32], and AR [33], respectively. These
databases provide face images from different faces with
different facial expression and facial details under different
lighting conditions. The Feret database provides 1400 face
images from 200 individuals for the training and testing, and
there are 7 face images from each of the classes. In the AR
database, there are totally 3120 face images from 120 people,
each of which provides 26 different facial details. For the
ORL database, there are 400 face images from 40 different
individuals, each of which has 10 face images.

In this experiment, the training set and the testing set
are selected randomly from each of the individuals. For each
of the databases, the people included are divided into two
groups and one is member’s group and the other is outlier’s
group. For individuals chosen as the member’s class, the
training samples are prepared by selecting some of their
images from the database, and the rest of the images are
taken as the testing set. For the outliers that is supposed to
be outside the member’s group, there is no training set for
the classification, and all the samples included in the outlier’s
group are taken as the testing set.

We firstly test the Feret database with the above outlier
rejection methods. The Feret database is divided into two
groups, 100 members from the 200 individuals are randomly
selected into the member’s group, and the rest of the 100
individuals are the outliers in the test. For each of the 100
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(d) T-LDA

Figure 2: Classification error rates for outliers, members, and overall of (a) the T-TPTSR method, (b) the T-GR method, (c) the T-PCA
method, and (d) the T-LDA method, respectively, on the Feret database.

member classes, 4 images out of 7 are selected randomly
as the training set, and the rest of the 3 images are for the
testing set. For the 100 individuals in the outlier’s group,
all 7 images from each of them are the testing set for the
classification task. Therefore, there are 400 training images
and 1000 testing images in this test, and, among the testing
images, there are 300 images from member’s group and
700 images from outlier’s group. Figure 1 shows part of the
member and outlier’s images from the Feret database for the
testing, and all the images have been resized to a 40×40-pixel
image by using a downsampling algorithm [34]. Since the
number of classes in the Feret database ismuchmore than the
ORL and AR databases, also the number of training images is
less, and the resolution of the images is lower, the testing with
the Feret database would be more challenging and the result
is generally regarded as more convincing.

In the test of the T-TPTSR method with the Feret
database, the number of nearest neighbors 𝑀 selected for

the first-phase processing is 60 (according to the empirical
data, the optimal number 𝑀 is selected about 10∼15% of
the number of training samples). In the test with the above
methods, the threshold value 𝑇 varies from 0 to a constant
that can result in 100% of ERRoutlier with the interval of 0.1
or 0.5, where all outliers are accepted as members. Figures
2(a)∼2(d) show different classification error rates of the above
methods as the function of the threshold 𝑇, respectively. It
can be seen that the ERRopt values of the T-TPTSR method
and the T-GR method are much lower than the T-PCA and
T-LDA methods, and the ERRmember curves of the T-TPTSR
and T-GR decrease from 100% to a much lower constant
than those of the T-PCA and T-LDA when the threshold 𝑇

increases.The second row of Table 1 lists all the ERRopt values
shown in Figure 2, and we can see that the T-TPTSR method
achieves the lowest overall classification error rate. Figure 3
shows the ROC curves of the T-TPTSR, T-GR, T-PCA and
T-LDA methods, respectively, and the third row of Table 1
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Figure 3: ROC curves for (a) T-TPTSR method, (b) T-GR method, (c) T-PCA method, and (d) T-LDA method, respectively, on the Feret
database.

gives details of all the 𝐷opt values shown in Figure 3. It can
be seen that the T-TPTSR also has a higher value of 𝐷opt
than other methods.

For the testing with the AR database, we randomly
selected 80 classes as themember and the rest of the 40 people
are taken as outliers. For each of the members, 13 images are
selected randomly from the 26 images as the training set, and
the rest of the 13 images are included in the testing set. Hence,
there are 1040 training images and 2080 testing images in this
test, and in the testing set, there are 1040member’s images and
1040 outlier’s images. Figure 4 shows part of the member’s
and outlier’s images from the AR database, and the images for
training and testing have been downsized to be a 40×50-pixel
image [34].

Whenwe test the T-TPTSRmethodwith theARdatabase,
the number of nearest neighbors 𝑀 selected is 150. Table 2
describes the ERRopt values and𝐷opt values of the T-TPTSR,
T-GR, T-PCA, andT-LDAmethods, respectively, when tested
with the AR database. It is obvious from the ERRopt values

Table 1: Minimum overall classification error rate and maximum
ROC difference for T-TPSR, T-GR, T-PCA, and T-LDA methods,
respectively, on the Feret database.

Methods T-TPTSR T-GR T-PCA(150) T-LDA(149)
ERRopt (%) 20.4 23.2 30.0 30.0
𝐷opt (%) 33.0 32.8 11.9 1.24
T-PCA(150) indicate that the T-PCA used 150 transform axes for feature
extraction, and T-LDA(119) means that the T-LDA used 119 transform axes
for feature extraction. Tables 2 and 3 show the method and number of
transform axes used in the same way.

and 𝐷opt values that the T-TPTSR method outperforms the
T-GR, the T-PCA, and the T-LDA methods in the outlier
rejection and member classification applications.

We also test the above methods with the ORL face image
database. There are totally 40 classes in the ORL database,
and we select 30 random classes to be the members and
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Figure 4: Part of the face images from the AR database for testing.

Table 2: Minimum overall classification error rate and maximum
ROC difference for T-TPSR, T-GR, T-PCA, and T-LDA methods,
respectively, on the AR database.

Methods T-TPTSR T-GR T-PCA(1040) T-LDA(79)
ERRopt (%) 27.2 30.2 33.0 50.0
𝐷opt (%) 45.5 41.8 43.4 21.8

the other 10 individuals to be the outliers. Among the 30
members, 5 images out of 10 for each of the members are
selected randomly as the training samples, and the rest of the
5 images are the testing samples. So in the test, we have 150
training images and 250 testing images, and, in the testing
set, there are 150 member’s images and 100 outlier’s images.
Figure 5 shows some sample images from the ORL database,
and the images used are also resized to 46 × 56 [34].

The number of nearest neighbors selected for the T-
TPTSR method for the ORL database is 40. Table 3 gives
the details of the ERRopt values and 𝐷opt values of the
four methods, respectively. It can be seen that the T-TPTSR
method also shows better performance than all the T-GR, T-
PCA, and T-LDA methods, and it has been confirmed that
the T-TPTSRmethod is the optimal solution among them for
outlier rejection and member classification.

It is noted that, in the test with theAR andORLdatabases,
the performance of the T-TPTSR, the T-GR, and the T-
PCA are comparable. This is because, under redundant and
reasonable resolution sample situation, the performance of
the T-PCA method is close to the T-TPTSR and T-GR
methods. However, when the T-PCA method is tested with a
small number of training samples and low-resolution images,
like the Feret database, the advantages of the T-TPTSR
method are very obvious.

The criterion we use for judging, whether a sample is
an outlier or not, is to measure the distance between the
testing sample and the selected target class. If this distance
is greater than the threshold, this sample will be classified as
an outlier. In T-TPTPR method, the first-phase process finds
a local distribution close to the testing sample in the wide
sample space by selecting𝑀-nearest samples. In the second-
phase processing of the T-TPTSR method, the testing sample

Figure 5: Part of the face images from the ORL database for testing.

Table 3: Minimum overall classification error rate and maximum
ROC difference for T-TPSR, T-GR, T-PCA, and T-LDA methods,
respectively, on the ORL database.

T-TPTSR T-GR T-PCA(200) T-LDA(29)
ERRopt (%) 21.2 24.0 22.8 60.0
𝐷opt (%) 58.6 57.3 57.3 30.0

is classified based on the distance between the testing sample
and the closest class among the 𝑀-nearest neighbors. If the
testing sample is an outlier, the measure of distance will only
be limited within the local distribution within the sample
space, and, therefore, the measurement is not confused with
other training samples that happen to be close to the outlier.

By applying a suitable threshold, a classifier can reject the
outliers and classify the members with the minimum overall
classification error rate and the maximum gap between the
outlier detection rate and false alarm rate formembers.TheT-
TPTSR method linearly representing the testing sample with
the training samples and the distance between the testing
sample and the target class are measured by calculating the
difference between the testing sample and the weighted con-
tribution of the class in the linear representation. In our test
above, the T-TPTSR method achieves the best performance
in outlier rejection as well as member classification. This is
because in the T-TPTSR the two-phase linear representation
of the testing sample results in a closer approximation
and assessment by the training samples. Thus, the distance
between the testing sample and the target class can be
minimized, and the distance between the testing sample and
an outlier can be maximized, leading to a better overall
classification rate and greater ratio of outlier recognition rate
versus the false alarm rate.

5. Conclusion

This paper introduces the modified versions of four useful
approaches in face recognition, the T-TPTSR method, the T-
GRmethod, the T-PCAmethod, and the T-LDAmethod, for
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the application of outlier rejection as well as member classifi-
cation.Their performance is tested with three different online
face image databases, the Feret, AR, and ORL databases,
respectively. The results show that the T-TPTSR method
achieves the lowest overall classification error rate as well
as the greatest difference between the outlier detection rate
and false-alarm rate. Even the T-PCA method may achieve
comparable performance with the T-TPTSR method under
ideal sample conditions, the test result of the T-PCA method
is generally poor under bad sample conditions.The T-TPTSR
method achieves the best performance in outlier rejection
as well as member classification because of the two-phase
linear representation of the testing sample with the training
samples.
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This paper proposes a computational approach to seasonal changes of living leaves by combining the geometric deformations and
textural color changes. The geometric model of a leaf is generated by triangulating the scanned image of a leaf using an optimized
mesh. The triangular mesh of the leaf is deformed by the improved mass-spring model, while the deformation is controlled by
setting different mass values for the vertices on the leaf model. In order to adaptively control the deformation of different regions in
the leaf, the mass values of vertices are set to be in proportion to the pixels’ intensities of the corresponding user-specified grayscale
mask map. The geometric deformations as well as the textural color changes of a leaf are used to simulate the seasonal changing
process of leaves based on Markov chain model with different environmental parameters including temperature, humidness, and
time. Experimental results show that the method successfully simulates the seasonal changes of leaves.

1. Introduction

The seasonal changes of trees vary the appearances of trees
through seasons, which include shapes and textures of the
leaves, flowers, and fruits. Among these, the change of leaves
constitutes the most important part of the seasonal changes
of trees. In this paper, we focus on how to compute the leaf
changing during different seasons.

As we observe the changes of leaves from spring to
winter, most leaves become withered and curled up due to
the influences of environmental factors [1]. Besides, the leaves
usually turn from green to yellow during the aging process
and finally fall off to the ground. According to the above
observation, the seasonal changes of leaves are simulated
in terms of their geometric deformations as well as their
textural colors transitions. There is a lot of research work
done in simulating 3D shape changes of leaves the occurring
during the withering process of leaves.Most of thesemethods
generate the 3Ddeformation of leaves based on the changes of
veins [2–7]. For veins-driven methods [3, 4, 6, 7], each vertex
in the 3D model of a leaf is deformed to the nearest vertex in
the interactively generated veins and deformations are con-
trolled by dragging some vertices in the veins.Thesemethods
involve, much user interaction to extract the skeleton of

the leaf, and the generated results are not realistic enough.
The method proposed by Chi et al. [8] combines the veins
with a double-layered model of the leaf and simulates the
deformation processmore realistically. However, thismethod
is computationally intensive and difficult to implement due to
the complex computation. In this paper, we propose a new
improved method using mass-spring model and grayscale
mask map to simulate the deformation process of leaves with
simplified computations and realistic results.

In order to simulate textural colors of leaves, the Phong
lighting model with a diffuse component derived from leaf
pigments is adopted to directly compute the reflections on
the surfaces of leaves [9]. Other methods use the technique
of texture mapping to produce the leaves’ appearances, and
the textures can be changed to reflect the appearance changes
of leaves [10]. In our method, we apply multiple textures to
represent appearance changing of leaves in different seasons.

In order to efficiently simulate the seasonal changes of
leaves, we combine the changes of geometric shape and tex-
tural color of the above methods in our algorithm to produce
the results.TheMarkov chain model is used to show the state
transfer of leaves in the dynamic growing process of trees.
The following sections are arranged as follows. In Section 2,
the related work is introduced. We describe the modeling of
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three-dimensional leaves in Section 3. Section 4 focuses on
the implementation of geometrical changes of leaves based
on improved mass-spring model. In Section 5, the Markov
chain-based method is described to compute different states
of leaves combining the texture and geometry changes. We
show our experimental results in Section 6 and conclusion in
Section 7.

2. Related Work

The work related to the simulation of seasonal changes
of leaves includes leaf modeling, leaf deformation, and
leaf appearances rendering. For leaf modeling, there are
L-system-based and image-based methods. The L-system-
based methods model leaves with self-similarity [11, 12].
As for image-based modeling methods [13, 14], usually the
feature points on the edge of the leaf are extracted from the
scanned leaf image, and the geometric shape of the leaf is
represented by the triangular meshes produced by Delaunay
algorithm [15]. According to the botanical characteristics
of the leaf, Dengler and Kang claim that leaf shapes have
a close relationship with leaf veins [16] which is used to
generate the shapes of leaves. Runions et al. present the
biologically motivated method to construct leaf veins with
user interaction [17]. Besides user interaction, the leaf veins
are generated by fixing the start points and setting the control
points of veins according to the sum of a fixed value and
a random parameter between zero and ten [18]. Chi et al.
[8] introduce an improved method to construct the leaf vein
skeleton which generates the main vein and the branch vein
separately, and the leaf model is built by a double-layered
mass-spring model. These methods produce the relatively
complex leaf models which reflect the characteristics of leaf ’s
geometric shapes. In this paper, we generate the optimized
triangular mesh to represent the leaf model by two steps.
In the first step, the key points on the edge of the leaf
are obtained through user interaction. Then, the optimized
leaf triangular mesh is generated by improved Delaunay
algorithm in the second step. Instead of generating the leaf
veins explicitly in the modeling procedure, we emphasize
leaf veins with a user-specified mask in the process of leaf
deformation.

The leaves gradually become withered and curled up
during the transitions of different seasons. The deformation
of geometric shapes of leaves is very important to simulate the
seasonal changes.The 3D deformation algorithms are mainly
classified into two categories, which are free-form-based
deformation methods [19] and physically based deformation
methods [20]. Free-form-based deformation methods are
widely used in the field of computer animation and geometric
modeling [21]. These kinds of methods embed the objects
into a local coordinate space and transform the local space to
make the objects deformed.There are two commonphysically
based deformation methods: skeleton-based method and
mass-spring-based method. The deformation method based
on skeleton is relatively simple [7] andproducesmore realistic
deformation results of leaves. However, it requires much
human interaction. Mass-spring model is more frequently
used in fabric deformation [22]. Tang and Yang [23] adopt

the mass-spring model to generate the deformation of leaves,
in which the mesh of the leaf is not optimized, and the
deformation effects are relatively unnatural and difficult to
control. Double mass-springmodel proposed by Chi et al. [8]
is capable of simulating the changes of leaves more realisti-
cally. However, it is complex and difficult to be implemented.

In order to simulate color changes of leaf surfaces in
various environmental conditions, Phong lighting model
considering leaf ’s pigments [9] and the technique of texture
mapping [24] have been adopted. The texture images of
leaves can be obtained by scanning real leaves [25] or texture
synthesis [26]. Desbenoit et al. [10] applies open Markov
chain model to decide which texture images are mapped to
certain leaves to simulate the aging process of the leaves.
In this paper, we also adopt the Markov chain model to
statistically determine the distribution of leaves, textures
on the tree under the influence of environmental factors
including temperature and humidness.

3. Modeling Three-Dimensional Leaves

In this paper, we apply the image-based approach to model
the geometric shapes of three-dimensional leaves [27, 28].
First, the key points on the edge of the leaf are obtained
through user interaction, and then the triangular mesh of the
leaf is constructed by Delaunay triangulation through incre-
mental insertion of points [29, 30]. Finally, the optimization
procedure is employed to compute the high qualitymeshwith
even-sized triangles.

Instead of adopting the automatic edge detection meth-
ods to extract the leaf contour, we provide the interface
to make the user interactively select the edge points of
the leaf. After the selection of edge points, the smooth B-
spline curve running through these points is automatically
generated to approximate the leaf edges [31]. The B-spline
edge which passes through the user-selected points is shown
in Figure 1(a), from which we find that the curve represents
the real leaf edge well. If more control points are selected,
the edge is more accurate. The generated B-spline curve
is sampled to get the key points which are to be used in
Delaunay triangulation.

The Delaunay triangulation method is usually used to
generate a triangulated irregular network (TIN) [32]. The
Delaunay triangles are a set of connected but not overlapping
triangles, and the circumscribed circle of the triangles does
not contain any other point in the same region.Unfortunately,
the initially triangular mesh generated with key points on
the edge usually contains some long and narrow triangles, as
shown in Figure 1(b).The leaf mesh with such bad quality tri-
angles would make the leaf deformation unnatural. Instead,
we need to generate a high quality leaf mesh with even-sized
triangles. So we optimize the triangular mesh based on the
subdivision method in [33]. An even-sized triangular mesh
is obtained by repeating the following two steps: (1) relocate
the vertex position; (2) modify the connection properties of
triangles.

The high-resolution triangular mesh produces more nat-
ural and smooth deformations. However, more triangles
in the mesh would lead to more time to compute the
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Figure 1: (a) The B-spline curve with key points selected by the user; (b) the Delaunay triangulated mesh of the leaf.

Figure 2: Triangular meshes of the maple leaf produced by a
different number of iterations.

deformation. According to the triangulation algorithm, the
subdivision level of triangular mesh is related to the number
of iterations. Usually, we set the number of iterations to be
160 in our implementation, which is enough to produce the
subdivided triangular mesh capable of natural deformation
within acceptable time. In Figure 2, we show the triangular
mesh models of the maple leaf produced by a different
number of iterations.

4. Deformations of Leaves Based on
Improved Mass-Spring Model

Leaves become slowly curled up as the season changes. This
phenomenon is mainly caused by the different structures
of the upper and bottom surfaces of a leaf, which have
different amounts of contraction during the dehydration
process. To take into account the differences between the
upper and bottom internal structures of a leaf, we introduce
the improved mass-spring model to make leaf deformation
more realistic.

4.1. Numerical Calculation and Constraints. Themass-spring
model is widely used in the simulation of the deformation
of soft fabrics [34]. This model consists of two important
parts: a series of virtual particles and the corresponding light
springs of natural length nonequal to zero. The deformation
of the object is determined by the displacements of particles
after they are stressed. The springs connecting the particles
constrain the movement of particles. The triangular mesh
model of a leaf can be used as the mass-spring model, where

the mesh vertices are regarded as particles and the edges are
as springs [8].

There are internal and external forces acting on the
springs, and we denote the joined forces as 𝐹

𝑖,𝑗
(𝑡). The force

distribution is computed by Newton’s laws of motion, and
explicit Euler’s method is adopted to find the numerical
solution of the model. The equations to compute the accel-
eration, particle velocity, and particle displacement are listed
as follows:

𝑎
𝑖,𝑗 (𝑡 + Δ𝑡) =

1

𝜇
𝑖,𝑗

𝐹
𝑖,𝑗 (𝑡) ,

V
𝑖,𝑗 (𝑡 + Δ𝑡) = V𝑖,𝑗 (𝑡) + Δ𝑡 ⋅ 𝑎𝑖,𝑗 (𝑡 + Δ𝑡) ,

𝑃
𝑖,𝑗 (𝑡 + Δ𝑡) = 𝑃𝑖,𝑗 (𝑡) + Δ𝑡 ⋅ V𝑖,𝑗 (𝑡 + Δ𝑡) .

(1)

In the above equations, the mass of a particle is denoted
as 𝜇
𝑖,𝑗
, the acceleration is denoted as 𝑎

𝑖,𝑗
, the velocity of a

particle is denoted as V
𝑖,𝑗
, and the particle’s displacement is

denoted as 𝑃
𝑖,𝑗
. The time step is denoted as Δ𝑡, the value of

which is important in computing the desirable deformation.
The time step needs to be small enough to ensure the stability
of the numerical calculation. Otherwise, dramatic changes of
particle positions would be incurred by large time step values.

Actually, the deformation curve of a leaf under forces is
not ideally linear. If we directly compute the deformationwith
the above equations, the problem of “over elasticity” would
occur, that is, the deformation of the springs would exceed
100%. To overcome this problem, we adopt the method of
constraining velocities to constrain the deformation of the
springs [35]. The basic idea is as follows. Particle 𝑢 and par-
ticle V are the ends of spring 𝑠.𝑉

𝜇
(𝑡) and 𝑉V(𝑡), respectively,

represent the velocity of particle 𝑢 and particle V at time 𝑡.
Assume that the relative velocity between the two particles
is 𝑉
𝜇,V(𝑡), and the relative position is 𝑃

𝜇,V(𝑡), the new relative
position after one time step 𝑃

𝑢,V(𝑡 + Δ𝑡) is computed by
constraining the velocity of the particle. If 𝑃

𝑢,V(𝑡+Δ𝑡) satisfies
(2), the velocity is updated [35]. Otherwise, it is not updated

𝑃
𝑢,V (𝑡 + Δ𝑡) =

𝑃𝑢,V (𝑡) + 𝑉𝑢,V (𝑡 + Δ𝑡) ⋅ Δ𝑡
 ≤ (1 + 𝜏𝑐) ⋅ 𝐿.

(2)
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Figure 3: (a) The texture of a maple leaf; (b) mask map of the maple model.

In (2), 𝐿 presents the natural length of the spring without
any forces exerted, and 𝜏

𝐶
is the threshold of deformation.

This equation guarantees that when the value of 𝜏
𝑐
is set to be

0.1, the maximum deformation length of the spring does not
exceed 10 percent of the natural length. In other words, the
difference between 𝑃

𝑢,V(𝑡+Δ𝑡) and 𝑃𝑢,V(𝑡) should be within 10
percent of the natural length.

4.2. Deformation. The key of shape deformation is to com-
pute the changes of the position of each particle. If each
particle has the same mass value, the relative displacements
in directions 𝑥, 𝑦, and 𝑧 only depend on the joint force in
each direction. For a relatively high-resolution mesh model
with nearly even-sized triangles, the joint forces between
most particles and its adjacent particles would not differ
enough to make desirable deformations. Thus, the uniform
mass of all particles is not in favor of generating the nonuni-
form deformation results relative to different leaf regions,
for example, the regions near edges usually undergo more
deformation than the center regions. To enhance the change
of the relative displacement of each particle and generate
the adaptively deformed results for different leaf regions, we
adaptively allocate themass values to different particles in our
improved deformation model.

According to Newton’s law of motion 𝐹 = 𝑚𝑎, for the
same force 𝐹, the smaller the object’s mass𝑚 is, the larger the
acceleration 𝑎 is. So we can control the deformation of leaves
by setting different masses of the particle’s. We introduce
the mask map to adaptively control the particles masses. The
mask map is generated according to the texture image of the
leaf. Suppose that we have a texture image of a leaf called
leaf1.bmp which is obtained by scanning the real leaf. We
select out the leaf region from the texture and paint different
grayscale colors to this region. The intensities of the painted
pixels are in proportion to the particle’s masses. For example,
if we try to set a smallermass value for a particle, we can paint
this pixel in black or an other color close to black. A maple
leaf is shown in Figure 3(a). According to our observations of
natural maple leaves, the regions around the leaf corner and
close to petiole usually undergomore deformation than other
regions. So we paint these regions in black or darker gray

values while other regions in brighter gray values as shown in
Figure 3(b). Differentmask mapsmap different masses to the
same particles, which results in different deformation results.
The correspondingmask map needs to be generated based on
the natural deformation pattern of the specific leaf.

According to the texture coordinates of the particles of
triangular mesh, we find in the mask map the pixels which
correspond to particles in the leaf mesh model. The gray
values of pixels in the mask map are mapped to the value of
particle masses𝑚 by the following:

𝑚 = {
0.5, gray = 0
ln (gray + 1) , gray! = 0

(3)

In (3), the mass value is computed as logarithm of the
grayscale value, which makes the change of the masses more
gentle and smooth compared with the changes of grayscale
values. Such mass distribution is more amenable to yield
natural deformation of leaves.

The detailed steps to implement deformation process are
shown as follows.

(1) Generate themask map to determine the mass distri-
bution of the leaf.

(2) Initialize parameter values in our improved mass-
spring model. Set the initial velocity and acceleration
of particles to be zero. Initializemasses of the particles
according to themask map.

(3) Establish constraints amongparticles.The connection
between particles (i.e., the mesh topology) deter-
mines what other particles directly exert forces on the
current particle for the computation of displacements.
The constraints are built by three steps as follows.

Step 1. Find the adjacent triangle faces of cur-
rent particle. Adjacent faces are those triangles
which include a current particle as one of their
vertices.
Step 2. Find the adjacent particles of a current
particle. The other two vertices in adjacent
triangles are the adjacent particles of a current
particle.
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Figure 4: Several deformations using the mask map in Figure 3(b).

Step 3. Establish the constraints. Set a flag
value for each particle to describe whether this
particle had been traversed, and initialize the
flag value as false. If one particle is traversed, set
its flag value as true. Set the constraints between
this particle and its adjacent particles if they are
not traversed. Thus, all particles are traversed
only once, and the constraints are set without
duplication. When this particle is moved, the
particles having constraints move with it too.

(4) Exert the force, and compute the change of position
of each particle by numerical calculation in one time
step.

(5) Repeat the numerical calculation in each time step
to obtain the new velocities and accelerations, and
update particle positions accordingly to produce
deformation effects at different time steps.

For example, the deformation results at different time
steps of the maple leaf under the mask map in Figure 3(b)
are showed in Figure 4 (the first model is the original mesh
model).

The deformation results in Figure 4 show that the leaf
regions with darker gray values are deformed more than
the regions with brighter gray values. The masses of those
regions with darker gray values are smaller so that they move
more distances under forces. The regions with brighter gray
values have largermasseswhichmake themmovemuchmore
slowly. Different movements of particles distributed over
the leaf surfaces produce the adaptive deformation results
over the leaf surface. If we paint the veins white or bright
gray values, we can get the deformation result in which
the veins are kept unmoved and two-side regions around
veins become curly. With this method, we can control the
leave’s deformation flexibly. For the same leaf model, we can
generate different deformation results by differentmaskmaps.
In Figure 6, we show the different deformation results for
the same leaf model for a different mask map in Figure 5.
Therefore, in order to achieve desirable deformations, we can
construct the corresponding mask map to make the leaves
deformed as expected.

Figure 5: Another mask map of the maple leaf model.

Figure 6: Different deformation results of the maple leaf for mask
map shown in Figure 5.
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Figure 7: Transition relationship for Markov chain model.

5. Textural and Geometric Changes

To simulate the seasonal changes of leaves, we need to take
the transitions of textural colors of leaves into account besides
geometric deformations. The whole seasonal changing pro-
cess of leaves can be regarded as the sequences of a series
of discrete states. The leaves transform from one state to
the other with certain probabilities conditioned by environ-
mental factors. This transformation can be approximated by
Markov chain model [10].

Markov chain model has two properties. (1)The state of
the system at time 𝑡 + 1 is only related to the state at time
𝑡 and has nothing to do with the states at a previous time.
(2) Transformation of the state from time 𝑡 to time 𝑡 + 1
has nothing to do with the value of 𝑡. The leaf changing
process can be regarded as the Markov chain. Different
texture images as well as the deformed geometric shapes are
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Texture 1 Texture 2 Texture 3 Texture 4 Texture 5 Texture 6 Texture 7

Figure 8: Seven texture states of a maple model.

organized to constitute different states in the Markov chain.
We simulate various distributions of leaves on the tree by the
randomness of the Markov chain model. The environmental
factors including temperature and humidness are used as
the conditions to determine the probability to transfer from
one state to another. By setting different environmental
parameters, we get the seasonal appearances of trees with the
corresponding distributions of leaves.

The leaf ’s state is denoted as 𝑆
𝑥
, where 0 ≤ 𝑥 < 𝑛 and 𝑛

represent the total number of possible states of leaves. Assume
that we have three states 𝑆

𝑖
, 𝑆
𝑗
, and 𝑆

𝑘
and the transition

relationship among these three states are shown in Figure 7.
It shows that for the state 𝑆

𝑖
at time 𝑡, it may evolve to states 𝑆

𝑗

and 𝑆
𝑘
or remain in the original state at time 𝑡+1with certain

probabilities.
The arc𝑃

𝑖𝑖
(𝑒, 𝑡) in Figure 7 represents the possibility that a

leaf at a given state 𝑆
𝑖
stays in the same state at the next time. It

is defined as the probability of keeping self-state.The function
of this probability is denoted as follows [10]:

𝑃
𝑖𝑖 (𝑒, 𝑡) = 𝑒

−𝜆𝑖(𝑒)𝑡, 0 ≤ 𝑖 ≤ 𝑛, (4)

𝜆
𝑖 (𝑒) =

ln 2
𝜏
𝑖 (𝑒)
. (5)

Function 𝜏
𝑖
(𝑒) is the bilinear interpolation of the temper-

ature and humidness.
The probability that the leaf transfers to other states is

denoted as 1 − 𝑃
𝑖𝑖
(𝑒, 𝑡). 𝑃

𝑖𝑗
(𝑒, 𝑡) is defined as the probability

of the leaf at state 𝑆
𝑖
transferring to another state 𝑆

𝑗
, and it is

computed by (6) as follows:

𝑃
𝑖𝑗 (𝑒, 𝑡) = (1 − 𝑃𝑖𝑖 (𝑒, 𝑡))𝑋𝑖𝑗 (𝑒) , 0 ≤ 𝑖 ≺ 𝑛, 𝑖 ̸=𝑗. (6)

Function 𝑋
𝑖𝑗
(𝑒) is the bilinear interpolation of four con-

stants between zero and one.These four constants correspond
to the transition possibilities in the four extreme cases: wet
and cold, wet andwarm, dry and cold, and dry andwarm.The
values of these constants are interactively specified by users.

The parameters of time, temperature, and humidness
are set by users. Taking the maple leaves in Figure 8, for
example, we use three specific combinations of textures and
shapes for each season. For instance, three main states are
used to represent leaves in summer, which are texture 2 in
Figure 8 combined with the first deformation in Figure 4,
texture 3 combined with the second deformation, and texture
4 combined with the third deformation.

Several states which combine changes of textures and
shapes in different seasons are showed in Figure 9. Given
the combinations of states, we calculate the transition prob-
abilities of leaves according to the specific temperature and

Figure 9: The basic triangular mesh model of the maple leaf, and
seven states combining textures and geometric deformations.

Begin

End

Specify all states of leaves
including textures and deformed

shapes

Set the parameters of season,
time, temperature, humidity,
and some constants through

user interaction

Compute the transition
probabilities

Compute the distribution of
states of leaves by the transition

probabilities

Import geometric leaf models and
perform texture mapping with
corresponding leaf textures

Figure 10: Seasonal changing process of leaves based on Markov-
chain model.

humidness set for certain seasons and get the corresponding
leave’s distributions in that season.

To summarize, the seasonal changing process of leaves
under certain environmental parameters is showed in
Figure 10.
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Figure 11: Tree growing process based on L-system.

Figure 12: Seasonal changes of a maple tree based onMarkov chain
model.

6. Results

To produce the results of seasonal changes of trees, we grow
the leaves on the trees and simulate their distributions for
different seasons. In order to get the 3D model of the tree,
we adopt the L-system method to produce the trunks and
branches of the tree. The trunks and branches of the tree
are drawn with quadratic surface, and the leaves grown on
branches are modeled as triangular meshes. In Figure 11, we
model the tree and its growth through the iteration of the
L-system, and the leaves grown on the tree are shown. To
simulate leaves, seasonal changes, we distribute various leaves
on the tree under different environments based on Markov
chain model. Figure 12 shows some seasonal changes of the

maple tree, and the enlarged picture at the lower right corner
show the change of the individual leaf more clearly.

7. Conclusion

In this paper, we propose a computational approach to sim-
ulate the seasonal changes of living leaves by combining the
changes in geometric shapes and textural colors. First, the key
points are selected on the leaf image by user interaction.Then,
the triangular mesh of the leaf is constructed and optimized
by improved Delaunay triangulation. After the models of
leaves have been obtained, the deformations of leaves are
computed by improved mass-spring models. The seasonal
changes of trees under different environmental parameters
are computed based on Markov chain. The improved mass-
spring model is based on the user-specifiedmask map which
adaptively determines the masses of particles on the leaf
surface.

In the future, we are interested in the following work.

(1) Work on how to generate the mask map more natu-
rally according to the characteristics of the deforma-
tions of leaves.

(2) Intend to simulate the dynamic procedure of the
leaves falling onto ground out of gravity.

(3) Develop a more precise model to compute the colors
of leaves which takes into account of the semitrans-
parency of leaves.
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Geometric assumption and verification with RANSAC has become a crucial step for corresponding to local features due to its wide
applications in biomedical feature analysis and vision computing. However, conventional RANSAC is very time-consuming due to
redundant sampling times, especially dealing with the case of numerous matching pairs. This paper presents a novel preprocessing
model to explore a reduced set with reliable correspondences from initial matching dataset. Both geometric model generation and
verification are carried out on this reduced set, which leads to considerable speedups. Afterwards, this paper proposes a reliable
RANSAC framework using preprocessingmodel, which was implemented and verified usingHarris and SIFT features, respectively.
Compared with traditional RANSAC, experimental results show that our method is more efficient.

1. Introduction

Feature matching is a basic problem in computer vision.
Corresponding to local features has become the dominant
paradigm for structure from motion [1, 2], image retrieval
[3], and medical image processing [4]. It is a crucial issue
to correspond to the features accurately and efficiently [5, 6].
Most applications are built upon a general pipeline consisting
of steps for extracting features from images, matching them
to obtain correspondences, and applying some forms of
geometric verification to reject the outliers. The geometric
verification is extremely critical for the pipeline’s success. It
has been proven that RANSAC [7] is the best method of
choice for this pipeline [8]. However, there are two obvious
shortcomings in RANSAC processing. On one hand, it is
time-consuming. On the other hand, when the sampling time
is restricted artificially, the selected matching pairs may not
be correct.

Consequently, numerous extensions for RANSAC have
been proposed to speed up different RANSAC stages, such
as SCRANSAC [8], optimal randomized RANSAC [9], and
other improved methods [10–12]. However, even with these

extensions, the geometric verification is still a major bot-
tleneck in applications. In addition, most of the improved
methods cost considerable implementation runtime and are
difficult to tune for optimal performance.

This paper proposes a fast and simple RANSAC frame-
work based on a preprocessing model. It can result in a
reduced correspondence set with a higher inlier percentage,
on which RANSAC will converge faster to a correct solution.
This model can successfully acquire a subset 𝐸 with higher
probability being inliers from the initial corresponding set
𝑃. Then, a reliable fundamental matrix F or a homography
matrix H can be estimated from subset 𝐸. Owing to 𝐸 with
higher inliers ratio, the estimated H or F is more reliable.
Finally, the outliers in set 𝑃 can be rejected according to the
estimatedH or F. Comparing with other improved methods,
the proposed approach in this paper can achieve similar
speedup while being considerably simpler to implement.

The rest of this paper is organized as follows. In Section 2,
this paper discusses RANSAC for outlier rejection and
introduces preprocessingmodel, including itsmotivation and
algorithm flowchart. In Section 3, a novel RANSAC frame-
work based on Preprocessing Model is proposed. Section 4
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presents the experimental results and data analysis. The last
part is a summarization of this paper.

2. Outlier Rejection

RANSAC has become the most popular tool to solve the geo-
metric estimation problems in datasets containing outliers,
which was first proposed by Fischler and Bolles in 1981 [7].
It is a nondeterministic algorithm with a purpose that it can
produce a reasonable result only with a certain probability.

2.1. RANSAC. RANSAC operates in a hypothesized-and-
verified framework. The basic assumption of RANSAC
algorithm is that the data consists of “inliers”, that is, the
data whose distribution can be explained by some set of
model parameters. And “outliers” are the data which do
not fit the model. The outliers probably result from errors
of measurement, unreasonable assumptions, or incorrect
calculations. RANSAC randomly samples a minimal subset 𝑠
of size from the initial set in order to hypothesize a geometric
model. This model is then verified against the remaining
correspondences, and the number of inliers, that is, of
correspondences consistent with the model, is determined as
its score. RANSAC achieves its goal by iteratively selecting a
random subset of the original data, which are hypothetical
inliers. This procedure is iterated until a certain termination
criterion is met. In confidence 𝑝, ensure that at least one
sampling within 𝑁 times sampling, the elements are all
inliers. The equation is

𝑁 =
log (1 − 𝑝)
log (1 − 𝜑𝑠)

, (1)

where 𝑠 is the mean of the minimal size of sampling subset
to hypothesize the geometric model, and 𝜑 represents the
probability of a point being an inlier.

The iteration ensures a bounded runtime aswell as a guar-
antee on the quality of the estimated result. As mentioned
above, there are some limits in RANSAC processing. Time-
consuming is the most urgent problem, especially when the
initial inliers rate is low. Hence, this paper proposes a novel
RANSAC framework with a preprocessing model to improve
it.

2.2. Preprocessing Model. The main effort of this prepro-
cessing model is to explore a reduced set with reliable
correspondences from initial matching dataset and estimate
the geometric model. This model can be divided into the
following two steps.

2.2.1. Selecting Reliable Corresponding Pairs. When verify-
ing hypotheses in RANSAC, the corresponding pairs are
categorized into inliers and outliers. Since the number of
samples taken by RANSAC depends on the inlier ratio, it is
desirable to reduce the fraction of outliers in the matching
set. Selecting a reduced set with higher inlier ratio is the first
step of this preprocessing model. Our approach is motivated
by the observation that extracting and exploring a subset 𝐸

Number of matches
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0 1
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2 3

1
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Figure 1: Monte Carlo sampling method.

with higher probability being inliers is an efficacious idea to
improve the runtime of RANSAC. The idea underlying the
preprocessing model is to use relaxation technique [13] to
acquire a reduced set of more confident correspondences.
It leads to a significant speedup of the RANSAC procedure
for two reasons. First, RANSAC only needs to operate on a
substantially smaller set 𝐸 for verifying model hypotheses.
Second, the additional constraints enforced in relaxation
method lead to an increased inlier ratio in reduced set 𝐸.
This directly affects the number 𝑁 of iterations. Hence,
the preprocessing model converges faster to a correct solu-
tion.

2.2.2. Fundamental Matrix 𝐹 Estimation. Zhang et al. [13]
used LMedS technique to discard false matches and estimate
fundamental matrix. However, when the inlier ratio is less
than 50%, the result estimated by LMedS method may
be unreliable. RANSAC is one of the robust methods for
fundamental matrix estimation, which can obtain robust
result even when the outlier ratio is more than 50%.

RANSAC is a stochastic optimization method, whose
efficiency can be improved byMonte Carlo sampling method
[14].Thismethod is shown in Figure 1.However, the sampling
results may be very close to each other. Such a situation
should be avoided because the estimation result may be
instable and useless. The bucketing technique [14] is used
to achieve higher stability and efficiency, which is shown
in Figure 2. It works as follows. The min and max of the
coordinates of the points are calculated in the first image.The
region of the image is then divided into 𝑏 × 𝑏 buckets (shown
in Figure 2). To each bucket is attached a set of feature points,
and indirectly a set of correspondences, which fall into it.
Those buckets which have no matches attached are excluded.
In order to estimate fundamental matrix 𝐹, a subsample of
8 points should be generated. It is selected in 8 mutually
different buckets, and then onematch in each selected bucket
is randomly selected.

Therefore, the fundamental matrix 𝐹 can be estimated
accurately and efficiently. This is the second step of the
preprocessing model.
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(1) Computation of the reduced set E from initial
matching set P

If (𝑞∗ ≥ 𝑞), store this pair in dataset E.
(2) RANSAC application

do
2.1 select the minimal sample s in set E
2.2 compute solution(s) for F
while 𝑝 = 1 − (1 − 𝜑red𝑠)

𝑁

< 𝑝
0
, compute and store

H(F).
(3) Compute the hypothesis’s support on full set P with

matrixH or F

Algorithm 1: RANSAC with preprocessing model.

3. RANSAC Framework with Preprocessing
Model

An improved RANSAC algorithm with preprocessing model
is proposed in this section. This model can be easily inte-
grated into the RANSAC procedure. The main idea is to
suppose knowing somematching pairs being inlierswith high
probability, which are put into subset 𝐸 (𝐸 ⊂ 𝑃). Therefore,
if RANSAC operates in subset 𝐸 with the same confidence,
it can calculate closer to the correct fundamental matrix F
(or homography matrix H) with much less time of iteration.
Thus, the preprocessing model can achieve the speedups in
the whole RANSAC procedure. The steps of our framework
are described as in Algorihm 1.

In Algorithm 1, 𝑞∗ is the threshold of relaxation iteration.
In this paper, 𝑞 is set to 60. 𝑝

0
is the RANSAC threshold

parameter, which is usually set to 95%. Let 𝜑red denote the
ratio of inliers to all correspondences in set 𝐸. Then, the
probability 𝑝 that in 𝑁 steps RANSAC ensures that at least
one sampling within times 𝑁 sampling, the elements are
all inliers follow as 𝑝 = 1 − (1 − 𝜑red

𝑠
)
𝑁. Once matrix

F is obtained in set 𝐸, we can additionally compute the
hypothesis’s support on the whole set 𝑃. In our experiments,

we however only perform this last step to report the inlier
numbers.

4. Experiment and Analysis

In the following, this paper experimentally evaluates
the improved RANSAC and compares it with a classical
approach. As we know, Harris and SIFT features are most
commonly used in correspondence [15, 16]. In order to
evaluate an approach comprehensively, choose both Harris
and SIFT feature in initial corresponding. The environment
of the experiments is Matlab R2010. Computer configuration
is 2.10G (CPU) and 4.00G (RAM).The experimental images
in this paper are from open databases: Visual Geometry
Group, Peter Kovesi’s home page, and the internet.

4.1. Experiment Based on Harris Feature. In the experi-
ments based on Harris feature, this paper chooses match-
by-correlation algorithm to obtain the initial matching set
𝑃. Then, the proposed RANSAC framework is operated on
set 𝑃. The consequent of the Preprocessing Model directly
determines the effect of the whole procedure. The reliable set
𝐸 can be acquired by adjusting the model parameters.

Figure 3 is the comparison between our approach and
the traditional RANSAC. Figure 3(a) shows the matching
result calculated by our improved RANSAC. The result
of traditional RANSAC method in the same experimental
condition is shown in Figure 3(b). The numbers of iterations
in Figures 3(a) and 3(b) are 260 and 361, respectively. 51/140
means extracting 51 inliers from 140 initial putative matching
set. From the comparison, it is obvious that the result of
our approach is better. The most important is that the
iteration times are reduced.Thus, it can improve the runtime
of RANSAC successfully. Compared with other improved
RANSAC algorithms, our RANSAC framework can achieve
the same result, while it is simpler to implement and the
sampling times are reduced.

4.2. Experiment Based on SIFT Feature. Currently, SIFT is a
popular and reliable algorithm to detect and describe local
features in images. However, the initial matching by SIFT still
exists in outliers. In this section, this paper uses the proposed
approach to reject the outliers for the initial corresponding
based on SIFT. The object is a model of scalp, which is
usually used in biomedical modeling. The results are shown
in Figure 4. Figure 4(a) is the result of initial matching by
SIFT, and the number of pairs is 68. Figure 4(b) shows the
result of our proposed RANSAC, the number of inliers is 50,
and iteration times are 14. Figure 4(c) illuminates the result
of classical RANSAC in the same experimental condition, the
number of inliers is 42, and iteration times are 31.

From the comparison results in Figure 4, it can be found
that our method is more effective for outlier rejection.
Moreover, the iteration times are reduced to almost 45%. It
is the most important benefit of our approach.

In conclusion, this paper argues that our method can be
generally used in outlier rejection, no matter which kind of
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(a) 51/140

(b) 47/140

Figure 3: Comparison between our proposed RANSAC and tradi-
tional RANSAC.

feature is used.Moreover, the preprocessingmodel is adaptive
for the condition of low-matching rate.

4.3. Analysis. As is shown above, the proposed RANSAC
succeeds in reducing the iteration times. Our framework’s
success owes to the preprocessing model, which is effective
for selecting the reliable corresponding pairs. Figure 5 illus-
trates the comparison of iteration times operating RANSAC
in subset 𝐸 and set 𝑃. It is obvious that there are huge
differences especially when the initial matching rate is low.
The main reason of the differences is that the elements of
set 𝐸 are much more reliable and with less scale. Through
experimental statistics, it can be found that in the case of
𝜑 ≤ 0.6, the proposed RANSAC needs much less iterations
than direct RANSAC processing does. While if the condition
of𝜑 is selected in 0.6 ≤ 𝜑 ≤ 0.9, the twomethods usually have
the same time complexity. Therefore, our model is beneficial
to screen a reliable matching set 𝐸 from the initial set 𝑃
with lower matching rate 𝜑 and can reduce the followup of
RANSAC iterations successfully.

5. Conclusion

In this paper, a novel framework was presented for improving
RANSAC’s efficiency in geometric matching applications.
The improvedRANSAC is based onPreprocessingModel that
lets RANSAC operate on a reduced set of more confident
correspondences with a higher inlier ratio. Compared with
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Figure 4: Results of the proposed method and classical RANSAC
for correspondences based on SIFT.
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Figure 5: The number of iterations for RANSAC in set 𝐸 and set 𝑃
at the condition of different initial matching rates, 𝑇 represents the
iteration time of RANSAC, and 𝜑means the initial matching rate.

classic screening model, this model is simpler and efficient
in implement, especially in the case of low-initial matching
rate. The experimental results show that our approach can
reduce much more iteration times especially when the initial
matching rate is lower than 60%. In addition, the experiments
were operated on two current features: Harris and SIFT.
Therefore, it can be concluded that the proposed RANSAC
framework is applicable.
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In conclusion, this paper makes the following contribu-
tions: (1) this paper proposed a RANSAC framework which
does not only rely on appearance but takes into account the
quality of neighboring correspondences in the image space;
(2) preprocessingmodelwas introduced for selecting reduced
set with higher inlier ratio, which improves runtime.
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is paper proposes a plane-based sampling method to improve the traditional Ray Casting Algorithm (RCA) for the fast
reconstruction of a three-dimensional biomedical model from sequential images. In the novel method, the optical properties of
all sampling points depend on the intersection points when a ray travels through an equidistant parallel plan cluster of the volume
dataset. e results show that the method improves the rendering speed at over three times compared with the conventional
algorithm and the image quality is well guaranteed.

1. Introduction

Modeling three-dimensional (3D) volume of biomedical
tissues from 2D sequential images is an important technique
to highly improve the diagnostic accuracy [1]. Volume ren-
dering refers to the process that maps the 3D discrete digital
data into image pixel values [2]. It can be classi�ed into two
categories: one is direct volume rendering which generates
images by compositing pixel values along rays cast into a
3D image, and the other one is indirect volume rendering
which visualizes geometry element graphics extracted from
the volume data [3]. e importance of volume rendering is
resampling and synthesizing image [4]. Ray casting, splatting,
and shear-warp are the three popular volume rendering
algorithms now [5].

Ray Casting Algorithm (RCA) is a direct volume ren-
dering algorithm. e traditional RCA is widely used for it
can precisely visualize various medical images with details of
boundary and internal information from sequential images,
while real-time rendering with traditional RCA is still an
obstacle due to its huge computation.

In recent years, numerous techniques have been proposed
to accelerate the rendering speed. In general, there are
three primary aspects, including hardware-based, parallel,

and soware-based acceleration algorithms. Liu et al. [6]
proposed a method combined that Graphics Processing Unit
(GPU) and octree encoding and accelerated RCA at a rate of
85 times. Wei and Feng [7] presented a GPU-based real-time
ray castingmethod for algebraic B-spline surfaces via iterative
root-�nding algorithms. �hang et al. [8] accelerated RCA on
Compute Uni�ed Device Architecture (CUDA), which can
performmore samplings within a ray segment using cubic B-
spline.

However, both hardware-based and parallel techniques
are inseparable from the development of computer hardware.
By comparison, soware-based algorithms can be quickly
transplanted among different machines. What is more, they
can show �exibility of the procedure and re�ect the thoughts
of researchers. Yang et al. [9] sampled points based on all
intersection points at which the ray transacts with the voxel.
All intersections in a voxel depend on four vertexes on one
face. However, the condition whether two intersection points
were on adjacent or opposite surface in a voxel was neglected.
Ling andQian [10] used a bounding volumemethod to avoid
casting the viewing rays that do not intersect with the volume.
Since such situation can be judged quickly by comparing
the world coordinates of sampling point with the volume
dataset, it did not obviously speed up the rendering process.
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Recently, Qian et al. [11] replaced the sampling points with
intersection points when rays travel through three groups
of parallel planes along three orthometric axes to reduce
the rendering time. However, it cannot guarantee the image
density when the distance between adjacent parallel planes
far surpasses the sampling interval.

is paper proposes an improved RCA to speed the
rendering process. e main idea is, when the ray travels
through one group of equidistant parallel planes of the
volume, intersection points are obtained.en the properties
of sampling points between adjacent intersection points
can be calculated by the formula of de�nite proportion
and separated points. By this method, a small number of
intersection points are considered; meanwhile the method
does not sacri�ce the sampling density.

2. Ray Casting Algorithm

2.1. Ray Casting Algorithm Overview. e traditional RCA
involves two steps: (1) assign optical properties such as color
and opacity to all 3D discrete vertexes according to their gray
value, and (2) apply a sampling and composing process. For
each output image pixel in sequence, do the following.

(i) Cast the ray through the volume from back to front.
(ii) Sample the color 𝑐𝑐𝑖𝑖 and opacity 𝑎𝑎𝑖𝑖 at each regular

sampling point along the ray.
(iii) Set the color of the current output pixel according to

𝑐𝑐out =
𝑛𝑛𝑛𝑛

𝑖𝑖=𝑖
𝑐𝑐 (𝑖𝑖)

𝑖𝑖𝑛𝑛

𝑗𝑗=𝑖

𝑛 𝑛 𝑎𝑎 𝑗𝑗

= 𝑐𝑐𝑖 + 𝑐𝑐𝑛 𝑛 𝑛 𝑎𝑎𝑖 + 𝑐𝑐2 𝑛 𝑛 𝑎𝑎𝑛 𝑛 𝑛 𝑎𝑎𝑖 + ⋯ .

(1)

e rendering time is mainly comprised of four parts
in the above-mentioned rendering process [11]. ey are
converting gray value into optical property (about 30%),
computing position of sampling points (about 3%), sampling
optical properties (about 39%), and compositing properties
into output pixel color (about 6%). e time proportion of
sampling is the highest. Moreover, the time ratio of four parts
is not constant. e greater the sampling data is, the larger
the proportion of sampling time is.erefore, sampling has a
direct impact on speed of RCA.

2.2. Traditional Sampling Method. Traditionally, the optical
property of each sampling point depends on eight vertexes
of its voxel by trilinear interpolation [12, 13]. In detail, there
are four steps for the sampling one point. First, locate its
voxel and convert the world coordinates of sampling point
into voxel’s local coordinates. e following three steps are
processes of linear interpolations along three different axes in
order.e interpolation diagram of Ray Casting Algorithm is
shown in Figure 1.

For example, to sample point 𝑆𝑆(𝑆𝑆𝑆 𝑆𝑆𝑆 𝑆𝑆) in white circle
(Figure 1), �rst obtain the voxel (𝑖𝑖𝑆 𝑗𝑗𝑆 𝑖𝑖) and local coordinates
(𝑆𝑆𝑛𝑛𝑆 𝑆𝑆𝑛𝑛𝑆 𝑆𝑆𝑛𝑛) of 𝑆𝑆, which are expressed in (2). en the optical
property of four points (𝐹𝐹𝑛𝑆 𝐹𝐹2𝑆 𝐹𝐹3𝑆 𝐹𝐹4) on the plane through

Image plane

Output pixel
Volume dataset

0

F 1: Interpolation for ray casting.

𝑆𝑆 is deduced according to eight vertexes (𝐼𝐼𝑖 ∼ 𝐼𝐼8) along z-
axis. e next property of two points (𝐹𝐹5𝑆 𝐹𝐹6) forming the
line segment through 𝑆𝑆 is computed along 𝑆𝑆-axis. At last 𝑆𝑆 is
obtained along 𝑆𝑆-axis by de�nite proportional division point
formula.

In Figure 1, assume the pixel spacing along 𝑆𝑆-, 𝑆𝑆-, 𝑆𝑆- axes
is Δ𝑆𝑆, Δ𝑆𝑆, and Δ𝑆𝑆, respectively, with 𝐼𝐼𝑖(𝑆𝑆𝑖𝑖𝑆 𝑆𝑆𝑗𝑗𝑆 𝑆𝑆𝑖𝑖):

𝑖𝑖 = 
𝑆𝑆
Δ𝑆𝑆

 𝑆 𝑗𝑗 = 
𝑆𝑆
Δ𝑆𝑆

 𝑆 𝑖𝑖 = 
𝑆𝑆
Δ𝑆𝑆

 𝑆

𝑆𝑆𝑖𝑖 = 𝑖𝑖 𝑖 Δ𝑆𝑆𝑆 𝑆𝑆𝑗𝑗 = 𝑗𝑗 𝑖 Δ𝑆𝑆𝑆 𝑆𝑆𝑖𝑖 = 𝑖𝑖 𝑖 Δ𝑆𝑆𝑆

𝑆𝑆𝑛𝑛 =
𝑆𝑆 𝑛 𝑆𝑆𝑖𝑖
Δ𝑆𝑆

𝑆 𝑆𝑆𝑛𝑛 =
𝑆𝑆 𝑛 𝑆𝑆𝑗𝑗
Δ𝑆𝑆

𝑆 𝑆𝑆𝑛𝑛 =
𝑆𝑆 𝑛 𝑆𝑆𝑖𝑖
Δ𝑆𝑆

𝑆

(2)

where operator [⋅] represents taking the �oor integral.
e property𝐹𝐹 of 𝑆𝑆 can be calculated by𝐹𝐹5 and𝐹𝐹6, which

are obtained by 𝐹𝐹𝑛𝑆 𝐹𝐹2𝑆 𝐹𝐹3, and 𝐹𝐹4. e relationship between
them is shown in

𝐹𝐹𝑛 = 𝐼𝐼𝑖 + 𝑆𝑆𝑛𝑛 𝑖 𝐼𝐼3 𝑛 𝐼𝐼𝑖 𝑆 𝐹𝐹2 = 𝐼𝐼𝑛 + 𝑆𝑆𝑛𝑛 𝑖 𝐼𝐼2 𝑛 𝐼𝐼𝑛 𝑆

𝐹𝐹3 = 𝐼𝐼5 + 𝑆𝑆𝑛𝑛 𝑖 𝐼𝐼6 𝑛 𝐼𝐼5 𝑆 𝐹𝐹4 = 𝐼𝐼4 + 𝑆𝑆𝑛𝑛 𝑖 𝐼𝐼7 𝑛 𝐼𝐼4 𝑆

𝐹𝐹5 = 𝐹𝐹𝑛 + 𝑆𝑆𝑛𝑛 𝑖 𝐹𝐹2 𝑛 𝐹𝐹𝑛 𝑆 𝐹𝐹6 = 𝐹𝐹4 + 𝑆𝑆𝑛𝑛 𝑖 𝐹𝐹3 𝑛 𝐹𝐹4 𝑆

𝐹𝐹 = 𝐹𝐹5 + 𝑆𝑆𝑛𝑛 𝑖 𝐹𝐹6 𝑛 𝐹𝐹5 .
(3)

According to the above equations, 17 additions and 16
multiplications are executed for sampling each point such as 𝑆𝑆
(see Figure 1), including 3 additions and 9 multiplications to
locate the voxel (𝑖𝑖𝑆 𝑗𝑗𝑆 𝑖𝑖) and get the local coordinates. In Figure
1, there are 6 sampling points in two voxels, 102 additions,
and 96multiplications performed. To simplify the calculation
of sampling process, a new RCA based on plane clusters
sampling is proposed.

2.3. Proposed Plan-Based SamplingMethod. e basic idea of
the plan-based sampling method is to acquire all sampling
points based on intersection points when ray travels through
a group of parallel planes in the volume data �eld.
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e sampling process, speci�cally, consists of three steps.
First, intersections and the corresponding plane are obtained
based on some necessary initial conditions. en the optical
property of all the intersection points is obtained by linear
interpolation according to vertexes on plane clusters. e
optical property of sampling points between intersection
points along the ray is computed by de�nite proportion and
separated point formula.

Assuming that the direction vector of ray is 𝜁𝜁 𝜁 𝜁𝜁𝜁𝜁𝜁𝜁𝜁 𝜁𝜁𝜁
and the extent of gridding volume data is 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸, with
the spacing Δ𝐸𝐸𝜁 Δ𝐸𝐸𝜁 Δ𝐸𝐸 along 𝐸𝐸-𝜁 𝐸𝐸-𝜁 𝐸𝐸- axes, respectively, the
three plane clusters are as follows:

𝑋𝑋𝑖𝑖 𝜁 𝑖𝑖Δ𝐸𝐸 𝜁𝑖𝑖 𝜁 𝑖𝜁 𝑖𝜁 𝑖𝜁𝑖 𝜁 𝐸𝐸𝐸𝐸 𝑖 𝑖𝜁 𝜁

𝑌𝑌𝑗𝑗 𝜁 𝑗𝑗Δ𝐸𝐸 𝑗𝑗 𝜁 𝑖𝜁 𝑖𝜁 𝑖𝜁𝑖 𝜁 𝐸𝐸𝐸𝐸 𝑖 𝑖 𝜁

𝑍𝑍𝑘𝑘 𝜁 𝑘𝑘Δ𝐸𝐸 𝜁𝑘𝑘 𝜁 𝑖𝜁 𝑖𝜁 𝑖𝜁𝑖 𝜁 𝐸𝐸𝐸𝐸 𝑖 𝑖𝜁 .

(4)

Parallel plane clusters along 𝐸𝐸 axis are selected. Let the
origin point of ray be 𝑂𝑂𝜁𝐸𝐸𝑜𝑜𝜁 𝐸𝐸𝑜𝑜𝜁 𝐸𝐸𝑜𝑜𝜁. e ray intersects with
plane 𝑌𝑌𝑗𝑗 at entry point 𝐸𝐸𝜁𝐸𝐸𝑖𝑖𝜁 𝐸𝐸𝑗𝑗𝜁 𝐸𝐸𝑘𝑘𝜁 and 𝐸𝐸 belongs to the
voxel 𝜁𝑖𝑖𝜁 𝑗𝑗𝜁 𝑘𝑘𝜁. e coordinates of 𝐸𝐸 and voxel 𝜁𝑖𝑖𝜁 𝑗𝑗𝜁 𝑘𝑘𝜁 are
deduced next. e derivation is shown as follows. Since

𝐸𝐸𝑗𝑗 𝜁 𝐸𝐸𝑜𝑜 + 𝜁𝜁 𝐸 𝑚𝑚𝑗𝑗 𝜁 𝑗𝑗Δ𝐸𝐸 𝑗𝑗 𝜁 𝑖𝜁 𝑖𝜁 𝑖𝜁𝑖 𝜁 𝐸𝐸𝐸𝐸 𝑖 𝑖 𝜁 (5)

where 𝑚𝑚𝑗𝑗 means the distance from𝑂𝑂 to 𝐸𝐸 along ray, the value
of 𝑗𝑗 can be obtained from

𝑗𝑗 𝜁 
𝐸𝐸
Δ𝐸𝐸

 . (6)

erefore,

𝑚𝑚𝑗𝑗 𝜁
𝑗𝑗Δ𝐸𝐸 𝑖 𝐸𝐸𝑜𝑜

𝜁𝜁
𝜁 (7)

and 𝐸𝐸𝑖𝑖𝜁 𝐸𝐸𝑘𝑘 of 𝐸𝐸𝜁𝐸𝐸𝑖𝑖𝜁 𝐸𝐸𝑗𝑗𝜁 𝐸𝐸𝑘𝑘𝜁 can be expressed as follows:

𝐸𝐸𝑖𝑖 𝜁 𝐸𝐸𝑜𝑜 + 𝜁𝜁 𝐸 𝑚𝑚𝑗𝑗; 𝐸𝐸𝑘𝑘 𝜁 𝐸𝐸𝑜𝑜 + 𝜁𝜁 𝐸 𝑚𝑚𝑗𝑗. (8)

Considering that 𝐸𝐸 belongs to voxel 𝜁𝑖𝑖𝜁 𝑗𝑗𝜁 𝑘𝑘𝜁, then 𝑖𝑖 and 𝑘𝑘 are
expressed as follows:

𝑖𝑖 𝜁 
𝐸𝐸𝑖𝑖
Δ𝐸𝐸

 𝜁

𝑘𝑘 𝜁 
𝐸𝐸𝑘𝑘
Δ𝐸𝐸

 .
(9)

erefore, when 𝑗𝑗is given, 𝐸𝐸𝜁𝐸𝐸𝑖𝑖𝜁 𝐸𝐸𝑗𝑗𝜁 𝐸𝐸𝑘𝑘𝜁, 𝑖𝑖 and 𝑘𝑘 can be
obtained through the above equations.

From the mathematical derivation, when original posi-
tion, direction vector, and the extent of volume data are given,
all the intersections and associated voxels can be quickly
obtained.

In Figure 1, the property 𝐼𝐼𝐸𝐸 of entry point 𝐸𝐸 can be
computed by the property (𝐼𝐼𝑖𝜁 𝐼𝐼𝑖𝜁 𝐼𝐼3) of three vertexes on
voxel 𝜁𝑖𝑖𝜁 𝑗𝑗𝜁 𝑘𝑘𝜁, that is,

𝐼𝐼𝐸𝐸 𝜁 𝐼𝐼𝑖 + 𝐼𝐼𝑖 𝑖 𝐼𝐼𝑖 
𝐸𝐸𝑖𝑖
Δ𝐸𝐸

𝑖 𝑖𝑖 + 𝐼𝐼3 𝑖 𝐼𝐼𝑖 
𝐸𝐸𝑘𝑘
Δ𝐸𝐸

𝑖 𝑘𝑘 . (10)

T 1: Comparison of two sampling methods.

Objects and sizes Head
512 𝐸 512 𝐸 295

Heart
512 𝐸 512 𝐸 41

Spacing
(mm 𝐸mm 𝐸mm)

0.486 𝐸 0.486 𝐸
0.700

0.318 𝐸 0.318 𝐸
2.000

Sampling distance (mm) 0.3 0.3
Time by the traditional (s) 58.274 7.192
Time by the proposed (s) 17.158 2.043
Acceleration rate 3.606 3.52

In the same way, the property 𝐼𝐼𝑄𝑄 of exit point 𝑄𝑄 can be
obtained. At last the property 𝐼𝐼𝑆𝑆 is expressed as follows:

𝐼𝐼𝑆𝑆 𝜁 𝐼𝐼𝐸𝐸 +
𝑚𝑚 𝑖 𝑚𝑚𝑗𝑗

𝑚𝑚𝑗𝑗+𝑖 𝑖 𝑚𝑚𝑗𝑗
𝐼𝐼𝑄𝑄 𝑖 𝐼𝐼𝐸𝐸 . (11)

In addition, when one component of the direction vector
𝜁𝜁 is zero, a plane cluster along another axis can be chosen. If
two components are zero, the plane clusters along the third
axis are taken into account.

2.4. Comparison of Two Sampling Methods. In the new RCA
sampling process, only intersection points on a plane cluster
along one axis need to be considered without converting
coordinates. While in the conventional sampling process,
the world coordinates of each sampling point are converted
into voxel’s local coordinates and computed by trilinear
interpolation [14, 15].

As is shown in Figure 1, there are 6 sampling points
between 𝐸𝐸 and 𝑄𝑄. 15 additions and 19 multiplications are
executed to sample 𝐸𝐸 and 𝑄𝑄, and 24 additions and 12
multiplications are run to sample six points based on 𝐸𝐸
and 𝑄𝑄. Totally, 39 additions and 31 multiplications are
taken compared with 102 additions and 96 multiplications
with trilinear interpolation. Furthermore, not all vertexes are
referred because some vertexes (such as 𝐼𝐼4𝜁 𝐼𝐼7𝜁 𝐼𝐼𝑖 in Figure 1)
are not used as reference by the newmethod.us, in theory,
the calculation amount is reduced to less than one third on
the whole.

3. Experiments and Analysis

3.1.Data. Experiments are carried out onheadCT sequences
and heart CT sequences. Both sequences are scanned by
Siemens spiral CT. e detail information is shown in Table
1. Taking head for an example, the extents are 5𝑖𝑖𝐸5𝑖𝑖𝐸𝑖95,
and the pixel spacing is 0.486mm, 0.486mm and 0.700mm
along𝐸𝐸-,𝐸𝐸-, 𝐸𝐸- axis, respectively.e sampling distance along
ray is 0.3mm.

3.2. Results. e reconstructed results of two datasets are
shown in Figures 2 and 3. e rendering time of the data is
shown in Table 1. For example, it takes 17.158 seconds to
render the head sequences with the new sampling method,
while 58.274 seconds using the traditional method.

3.3. Analysis. e new sampling method does not consult
all 3D vertexes of the volume data. For this reason, it is
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(a) Traditional method (b) Proposed method

F 2: Head images of ray casting.

(a) Traditional method (b) Proposed method

(c) the details of (a) (d) the details of (b)

F 3: Heart images with ray casting.

a question whether the image quality can be guaranteed. It
can be seen in Figures 2 and 3 that images reconstructed by
RCA based on plan cluster sampling method are almost the
same as those based on traditional trilinear interpolation in
RCA. ey can clearly show the details of the boundary and
internal information of the volume with the new sampling
method. erefore, the image quality can be well ensured.

By comparing the amount of computation (39/102-31/
96) in the two samplingmethods, the newmethod can reduce
the amount of traditional one to about one third. It can be
seen that the total rendering time (Table 1) using newmethod
is less than one third of that using conventional trilinear
interpolation. It indicates that the time saved to inquire the
property of the vertexes not for reference should not be
underestimated.

Moreover, it is shown that the acceleration rate of the
head images is higher than that of the heart images. e
main difference between them is that the spacing of head CT
sequences is denser than the heart data.erefore, the denser
the data is, the more efficient the new method is.

4. Conclusion

is paper presented a novel RCA based on a parallel
plan cluster sampling method. e proposed method can

efficiently speed up the sampling process at more than three
times and still clearly display the boundary and internal
information of the volume; thus the image quality is well
guaranteed. In addition, the comparison of acceleration rate
indicates that the new method is more effective for dataset
with denser spacing.e newmethod can meet the real-time
requirements of interactive rendering.
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Inspired by the mechanism of imaging and adaptation to luminosity in insect compound eyes (ICE), we propose an ICE-based
adaptive reconstruction method (ARM-ICE), which can adjust the sampling vision field of image according to the environment
light intensity. The target scene can be compressive, sampled independently with multichannel through ARM-ICE. Meanwhile,
ARM-ICE can regulate the visual field of sampling to control imaging according to the environment light intensity. Based on the
compressed sensing joint sparse model (JSM-1), we establish an information processing system of ARM-ICE. The simulation of a
four-channel ARM-ICE system shows that the new method improves the peak signal-to-noise ratio (PSNR) and resolution of the
reconstructed target scene under two different cases of light intensity. Furthermore, there is no distinct block effect in the result,
and the edge of the reconstructed image is smoother than that obtained by the other two reconstruction methods in this work.

1. Introduction

The classical reconstruction methods include the near-
est neighbor algorithm, bilinear interpolation, and bicu-
bic interpolation algorithm [1, 2]. According to existing
research, the reconstruction accuracy of bilinear interpola-
tion is higher than that of the nearest neighbor algorithm,
and the former can get better image reconstruction results.
However, the reconstructed image by bilinear interpolation
appears saw-tooth and blurring sometimes [3]. Although
the reconstruction results of bicubic interpolation are better
than the others, they always lose efficiency and take much
more time. As a compromise, bilinear interpolation is
often used for research. These algorithms can improve the
reconstruction quality of the original image to some extent.
However, only the correlation between the local and global
pixels is considered in these algorithms. Interpolation-based
reconstruction methods do improve the effect of image
reconstruction, but they destroy the high-frequency detailed
information of the original image [4, 5].

Some studies have found that insects have a relatively
broad living environment, for instance, the mantis shrimp

can live between 50 m and 100 m depth underwater. In
such living environment, the light condition changes dra-
matically, due to the combined effect of sunlight and water
media. To adapt to the changing environment, this species,
whose ommatidia structure is fixed, must regulate the light
acceptance angle adaptively [6, 7]. Through the joint action
of the lens and the rhabdome, the mantis shrimp has
different degrees of overlapping images in the whole region
of the ommatidia. The ommatidia get the different optical
information depending on the different lighting conditions.
Under the light and the dim environment conditions, the
mantis shrimp can regulate the length of rhabdome and
lens through relaxing or contracting the myofilament. Based
on the biological mechanism above, the ommatidia visual
field can be narrowed or expanded to get a relatively stable
number of incoming photons and a better spatial resolution.
Ultimately, the imaging system can reach balance between
the visual field and the resolution [8], as shown in Figure 1.
According to Schiff ’s [9] research, the imaging angle and
visual field of the mantis shrimp ommatidia both change
while the light intensity condition changes. For instance, the
ommatidia visual field is 5◦ under dim-adapted pattern, but
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(a)

(b)

Low sensitivity
High spatial resolution

High sensitivity
Low spatial resolution

Figure 1: Light-dim adaptive regulatory mechanism of ommatidia.
(a) Structure adaptation in ommatidia visual system. (b) Adapta-
tion in the view-field of ommatidia and compound eyes.

the corresponding visual field will be only 2◦ under bright-
adapted pattern, and some other species also have similar
characteristics [10–14].

Recently, the compressed sensing theory provides a new
approach for computer vision [15–17], image acquisition
[18, 19], and reconstruction [20–22]. This method can get
the reconstruction results as effectively as the traditional
imaging systems do, or even higher quality (in resolution,
SNR, etc.), with fewer sensors, lower sampling rate, less data
volume, and lower power consumption [23–27]. According
to the compressed sensing theory, the compressive sampling
can be executed effectively if there is a corresponding sparse
representation space. Currently, the compressed sensing
theory and application of the independent-channel signal
have been developed in-depth, such as single-pixel camera
imaging [28].

By the combined insect compound eye imaging mecha-
nism with compressed sensing joint sparse model (JSM-1)
model [29–32], we use the spatial correlation of multiple
sampled signals to get the compressive sampling and recon-
struction. Inspired by the light-dim self-adaptive regulatory
mechanism of insect compound eyes (ICE), this paper pro-
poses an ICE-based adaptive reconstruction method (ARM-
ICE). The new method can execute multiple compressive
sampling on the target scene. According to the environment
light intensity, it can regulate the sampling visual field
to control imaging. The simulation results show that, in
contrast to the image-by-image reconstruction and bilinear
interpolation algorithm, the new method can reconstruct
the target scene image under two kinds of light intensity
conditions with higher-peak signal-to-noise ratio (PSNR).
The new method also improves the resolution and detailed
information of reconstruction.

In the first section, we describe the imaging control
mechanism of insect compound eyes, compressed sensing
theory, and current research of bionic compound eyes
imaging system. Section 2 demonstrates the ARM-ICE imag-
ing system pattern from three aspects: visual field self-
adaptive adjusting, sampling, and reconstruction. Section 3
completes the ARM-ICE system simulation under the dim
and light conditions and then analyzes the imaging results
and the comparison of relevant parameters. In Section 4, we
conclude with possible topics for future work.

2. Compressed Sensing-Based Arm-Ice
Imaging System Pattern

Figure 2 shows an ARM-ICE imaging system pattern. The
purple lines represent the light environment visual field,
while the blue lines represent the dim environment visual
field. The target scene is imaged, respectively, by the
compound eye lens array. The isolation layer is composed
by multichannel opening shade blocks, which can be con-
trolled. And each port of shade blocks is connected to
a corresponding little lens of compound eye lenses. This
structure sets a number of independent controllable light-
sensitive cells. Each port of isolation layer opens at different
time. The feedback signal controls them to regulate the
relative position to make the light from target scene to the
n light-sensitive cells. The corresponding area is sparsely
sampled in the digital micromirror device. Measurement
data can be obtained in the imaging plane. Ultimately, the
processor reconstructs the target scene according to the k-
sparse property of data sensed on the wavelet basis Ψ and the
uncorrelated measurement matrix Φ.

2.1. Arm-ICE Visual Field Self-Adaptive Regulation. Accord-
ing to the biological research, in the insect compound eyes
system under different light intensities, the angle of imaging
and the visual field change accordingly [33–37]. Inspired
by this self-adaptive ability, this paper mimics the insect
compound eye system on its imaging control mechanism
based on light intensity sensitivity, to expand or narrow the
scope of visual field and overlapping field by regulating the
position of the lenses.

According to the results of biological research, the
relationship between light intensity, imaging pore size, and
other factors can be described as (1), hereby to regulate the
lenses position to achieve the overlap visual field [12]

ΔρT = 0.530
υmax

√
ln cNp − 1

2
ln
[
Np + σ2

D

]
, (1)

where ΔρT indicates the visual field range, υmax indicates
the maximum detectable spatial frequency, which can be
regarded as a constant, c is the mean contrast of the scene,
Np indicates the number of the photons captured by an input
port, and σ2

D shows the total variance for environmental light
intensity.

From (1), the visual field can be calculated according
to the υmax set while the light intensity changes. Based on
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Figure 2: ARM-ICE imaging system pattern.

the biological principle above, the visual field range can be
regulated according to the environment light intensity.

2.2. Compressive Sampling. The digital micromirror device
(DMD) senses the optical information from the lenses array,
and then makes sparse sampling. The principle is inner
product the optical signal from the lenses array perception
X(m) and DMD measurement basis vector ϕ(m), and make
the result as the output voltage (v)m of the DMD device at
the moment m. The output voltage v(m) of the photodiode
can be expressed as the inner product of the desired image x
with a measurement basis vector [26, 28, 29]:

v(m) ∝ 〈
X(m),ϕ(m)

〉
+ ODC, (2)

where the value of ϕ(m) is related to the position of DMD
micro-mirror; when the micromirror turns +10◦, φi(m) = 1;
when the micromirror turns −10◦, φi(m) = 0. ODC is the
direct current offset, which can be measured by setting all
mirrors to −10◦.

Based on the principle of measurement matrix of a single
DMD device, we can use the DMD device array to get sparse
signals of image system. The compound eye lenses and the
isolation layer constitute n light-sensitive independent cells,
each of which is controlled by the isolation layer to open at
different time. The array jointly senses the target scene data
Xi:

Xi = Xi,C + Xi,S, (3)

where Xi,C expresses the common information of the percep-
tion data and Xi,S expresses the specific information of each
lens. Vector XN = (X1,X2, . . . ,XN )T indicates the perception
data from n light-sensitive units. The perception data can be

regarded as k-sparse on wavelets basis Ψ due to the spatial
correlation:

XN = Ψθ, (4)

where θ = (λ0, γ0, γ1, . . . , γJ−1)T is the sparse vector coeffi-
cient, consisting of the high-frequency subset γ0, γ1, . . . , γJ−1

(γk is subset at scale J − k) and the low-frequency subset λ0

of wavelet transform. After light-sensitive lenses obtain XN ,
k-sparse signal XN is used to generate M measurement data
of the image plane from the M × N measurement matrix Φ
on the DMD device:

YM = (Y1,Y2, . . . ,YM)T = ΦXN , (5)

where matrix Φ is a 0-1 matrix, which consists of the output
voltage v(m) of the DMD device in (2) at the moment m.
Equation (5) can also be described as follows:

⎡
⎢⎢⎢⎢⎣
Y1

Y2
...

YM

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
Φ1 0

Φ2

. . .
0 ΦM

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
X1

X2
...

XN

⎤
⎥⎥⎥⎥⎦. (6)

2.3. Joint Reconstrucion. According to the multichannel
captured data, which are k-sparse on wavelet basis and
the inconsistency of the measurement matrix Φ with the
wavelet basis Ψ, the processor runs the decoding algorithm
to reconstruct the target scene:

min‖θ‖0, subject to YM = ΦΨθ. (7)

The optimized sparse solution θ∗ can be gotten by
solving the issue of optimizing l0 norm. The reconstruction
of captured data from each lens can be indicated as follows:
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Figure 3: ARM-ICE imaging results and comparison under strong light: (a) target scene, whose brightness value is 144.8527 Nits; (b) ARM-
ICE reconstructed image, whose PSNR is 41.9113 dB; (c) result of bilinear interpolation reconstruction, whose PSNR is 34.9112 dB; (d)
result of image-by-image reconstruction, whose PSNR is 27.8246 dB.

X̂N = (X̂1, X̂2, . . . , X̂N )
T = Ψθ∗. An important issue during

the reconstruction process is how to calculate the wavelet
basis Ψ. Assume the set of captured data XN is already
known, and λJ = XN . Each light-sensitive sensor captures
the target scene from different views, so its obtained data
can be divided into two parts: the common part λJ ,P and the
particular part λJ ,D. T indicates the lifting wavelet transform
after J times’ recursion:

for k = J to 1

⎧⎪⎪⎨
⎪⎪⎩
λk−1 = λk,P + U

(
γk−1

)
,

γk−1 = λk,D − P
(
λk,P

)
,

T(λk) = (λk−1, γk−1
)
,

(8)

where λk−1 is the low-frequency coefficient set, γk−1 is the
high-frequency coefficient set, P is the linear prediction
operator, and U is the linear update operator. Using the
spatial correlation of captured data, λk, D can be calculated
by λk,P . γk−1 contains fewer information relatively.

For λk, after k times’ recursive lifting wavelet transform:

Tk(λk) = {λ0, γ̂0, γ̂1, . . . , γ̂k−1
}
. (9)

After resetting the wavelet coefficients which are under
threshold value in γi, the sparsely structured γ̂i can be used
to reconstruct the original signal λk exactly. Assuming that
T−k(•) is a lifting wavelet inverse transform, as the linear
prediction operator and the linear update operator are both
linear operations, thereforeTk(•) and T−k(•) are both linear
transforms. T−k(•) can be expressed as follows:

T−K
(
λ0, γ̂0, γ̂1, . . . , γ̂k−1

) = λ̂k,

λ̂K = Ψθ∗ ≈ λk,
(10)

where θ∗ = (λ0, γ̂0, γ̂1, . . . , γ̂k−1)T . Since λJ = XN , the initial
data X̂N = Ψθ∗ can be reconstructed exactly.
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Figure 4: ARM-ICE imaging results and comparison under low light: (a) target scene, whose brightness value is 103.3661 Nits; (b) ARM-ICE
reconstructed image, whose PSNR is 44.4705 dB; (c) result of bilinear interpolation reconstruction, whose PSNR is 36.5021 dB; (d) result of
image-by-image reconstruction, whose PSNR is 29.5852 dB.

3. Four-Channel Arm-ICE Imaging
System Pattern Simulation

According to the ARM-ICE visual field self-adaptive adjust-
ment mechanism under different surrounding light inten-
sities described in Section 2.1, in this section, we simulate
a four-channel ARM-ICE imaging system. When the sur-
rounding light intensity turns strong, the lenses array regu-
lates their relative positions according to (1) automatically.
The simulation results are shown in Figure 3; Figure 3(a)
is the target scene under strong illumination environment,
whose brightness value is 144.8527 Nits. Figure 3(b) is the
joint reconstruction image from photoelectric coupler array,
and its reconstructed PSNR is 41.9113 dB. Figure 3(c) is a
reconstructed image by linear interpolation method, and its
PSNR is 27.8246 dB under the same sampling rate as ARM-
ICE. Figure 3(d) is an image-by-image reconstruction, and
its PSNR is 27.8246 dB under the same sampling rate as
ARM-ICE.

When the surroundings are dim, the compound eye
lenses array contracts to the central area, sacrificing the visual
field to improve the reconstruction resolution of target scene.
The simulation results are shown in Figure 4. Figure 4(a) is
the target scene under the dim conditions whose brightness
value is 103.3661 Nits. Put the brightness values into (1) and
calculate the lenses’ positions at the moment. Figure 4(b) is
the joint reconstruction image from photoelectric coupler
array, and its reconstructed PSNR is 44.4705 dB. Figure 4(c)
is the reconstructed image by linear interpolation method.
PSNR is 36.5021 dB at the same sampling rate. Figure 4(d) is
the reconstruction result of image-by-image, whose PSNR is
29.5852 dB.

From the reconstruction effect, the result of linear
interpolation method is superior to the result reconstructed
by image-by-image. However, there is still obvious block
effect, and lack of smoothness at the edge direction. Cor-
respondingly, the image reconstructed by ARM-ICE has a
significant improvement in resolution. From Figures 3 and 4,
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Figure 5: The comparison of PSNR-Sampling rates under low light
and strong light conditions.

we can see that there is no distinct block effect in the result
and the edges of the reconstructed image are smoother
compared to the results of the other two reconstruction
methods studied in this work.

Figure 5 is the comparison of PSNR-Sampling rates
under low light and strong light conditions (144.8527 Nits).
The three black lines in the figure show the comparison
results under the strong light condition, in which the black
dotted line shows the result of ARM-ICE, the black diamond
line shows the result of bilinear interpolation, and the black
five-pointed star-shaped line shows the result of image-by-
image reconstruction. It can be concluded from the figure
that the PSNR of ARM-ICE is higher than bilinear inter-
polation and image-by-image reconstruction under different
sampling rates under the strong light condition.

The three red lines in the figure show the comparison
obtained under the low light condition (103.3661 Nits), in
which the red dotted line shows the result of ARM-ICE
reconstruction, the red diamond line shows the result of
bilinear interpolation, and the red five-pointed star-shaped
line shows the result of image-by-image reconstruction. It
can be seen from the figure that when the target scene
is under low light condition, the PSNR of ARM-ICE at
different sampling rates is higher than bilinear interpolation
and image-by-image reconstruction.

4. Conclusion

Inspired by the imaging mechanism and the adaptive regula-
tory regulation mechanism of the insect compound eyes, this
paper proposes a reconstruction method, which regulates
the scale of the sampling area adaptively according to the
surrounding light intensity condition. The imaging system

pattern of the new method can complete the multichannel
independent sampling in the target scene almost at the same
time. Meanwhile, the scale of the sampling area and the
optical signal redundancy can be regulated adaptively to
achieve the imaging control. Compared with the traditional
methods, the resolution of the reconstructed image by
ARM-ICE method has been significantly improved. The
reconstructed image with the proposed method has three
features: higher resolution, no distinct block effect, and
smooth edge.

Simulation results indicate that the new method makes
the PSNR of the reconstructed image higher under two kinds
of light conditions. However, the reconstruction quality
under low light conditions is improved by the proposed
algorithm at the cost of the scale of the visual field. Therefore,
the key issue in the future work would be how to reconstruct
high-resolution large scenes in low light conditions.
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Accurate segmentation of carotid artery plaque in MR images is not only a key part but also an essential step for in vivo plaque
analysis. Due to the indistinct MR images, it is very difficult to implement the automatic segmentation. Two kinds of classification
models, that is, Bayes clustering and SSVM, are introduced in this paper to segment the internal lumen wall of carotid artery. The
comparative experimental results show the segmentation performance of SSVM is better than Bayes.

1. Introduction

Cardiovascular diseases (CVDs) are the leading cause of
death globally according to the recent statistics of the World
Health Organization. Atherosclerosis, a kind of systematic
inflammatory disease, is estimated to be responsible for
CVDs to a great extent. Therefore, there are considerable
interests in characterizing atherosclerotic plaques for proper
treatment planning. Research in the past 20 years indicates
that plaque vulnerability is very relative to its structure, such
as the lumen condition, atherosclerotic components within
the plaque [1–5].

As the fundamental step, artery wall should be segmented
accurately. Meanwhile, explicit detection of wall is very im-
portant to locate each component inside the plaque correctly,
which is also very significant for the subsequent procedures
such as component analysis.

Automated analysis of plaque composition in the carotid
arteries has been presented by many researchers. Different
imaging techniques always bring out distinct characteristic
of image, which will restrict different applicable approach to
approach of segmentation. Among current standard imaging
techniques in clinical, in vivo multicontrast MRI technique
has been generally validated to be used to quantify the com-
position of plaque effectively [6]. Most segmentation meth-
ods based on this kind of imaging technique are generally

based on manual extraction of numerous contours. Auto-
matic segmentation not only makes the combination of
different multicontrast-weighted MR Image possible, but
also can further make full use of the advantages of different
image to improve the accurate rate of classification of com-
ponent within lumen. Other impressive experiments are also
carried out by taking use of model-based clustering and fuzzy
clustering [7], maximum-likelihood classifier and nearest-
mean classifier [8], morphology-enhanced probability maps
[9], and k-means clustering [10]. Most of these methods
are based on voxel-wise statistical classification, and the
manual analysis cannot be completely replaced by them.
An automatic method which was used to segment the
carotid artery plaques in CT angiography (CTA) [11] has
potential to replace the manual analysis. Firstly, the vessel
lumen was segmented. Subsequently, classifier was trained
to classify each pixel. However, this algorithm is needed to
be improved to deal with the multicontrast-weighted MR
Image. Furthermore, in order to provide a more accurate
and objective ground truth, a simultaneous segmentation
and registration model [12] is necessary in registration. This
method is an active contour model based on simultaneous
segmentation and registration which is belong to mutual-
information-based registration [13]. Therefore, researches
concerning segmentation of plaques are essential.
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Image registration
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Components extraction
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Figure 1: Flow of operations.

The paper is organized as follows. Significance of study-
ing carotid artery plaque and current research contributions
are briefly presented in Section 1. Section 2 is mainly focus
on describing major and special preprocessing such as ill-
illumination uniforming and image registration. Two kinds
of model used to segment the wall boundary are descried in
detailed in Section 3. Section 4 focuses on two algorithms to
segment the lumen, and a conclusion and further work are
presented in Section 5.

2. Testing Image Set

The complete process of plaque analysis system is organized
as below, which is composed of four modules. Firstly,
carotid artery region should be separated from the original
MRI image and then move on to the preprocessing parts
including noise removal and illumination uniform. After
that, the lumen and the outer wall in the images are obtained
in turn. The latter operations are related with extracting
and modeling essential plaque components, and mechanical
analysis based on FSI (fluid-structure interaction) theory will
be also introduced to estimate the risk extent of a plaque. The
steps in Figure 1 will be discussed in detail in this paper.

2.1. Acquisition of Testing Image Set. Images used in our
research are acquired by a MRI scanner named GE SIGNA.
Taking Figure 2(a) for instance, it can be found that carotid
arteries marked by two rectangles are closely surrounded
by other tissues as muscles, fat, bones, and other vessels
in the 512 mm × 512 mm MRI image. In order to handle
carotid artery alone as shown in Figure 2(b), small ROI of
each artery region should be firstly segmented from the
original scanning image by picking out the artery centroid
which size is 81 mm × 81 mm. The reduction of interested
region effectively avoids disturbing from other tissues and
also improves the computing speed.

The detail of MRI acquisition has already been published
in [14]. Briefly speaking, patients undergo high resolution
MRI of their carotid arteries in a 1.5 Tesla MRI system
(named as Signa HDx GE Healthcare, Waukesha, WI, USA)
with a 4-channel phased-array neck coil (named as PACC,
Machnet BV, Elde, The Netherlands). Artifact resulted from
movement is minimized by using a dedicated vacuum-
based head restraint system (VAC-LOK Cushion, Oncology
Systems Limited, UK). It is used to fix the head and neck
of patient in a comfortable position to avoid occurrence of
artefact. After an initial coronal localizer sequence is sampled
and tested, 2-dimensional (2D) axial time-of-fight (TOF)
MR angiography is performed to identify the location of
the carotid bifurcation and the region of maximum stenosis.

Axial images are acquired through the common carotid
artery 12 mm (4 slices) below the carotid bifurcation to a
point 12 mm (4 slices) distal to the extent of the stenosis
identified on the TOF sequence. This kind of method ensures
that the whole region of carotid plaque is completely imaged.

To describe the characteristic of different MRI sequence,
the following parameters are used: T1 weighted (repetition
time/echo time: 1 × RR/7.8 ms) with fat saturation, T2
weighted (repetition time/echo time: 2 × RR/100 ms) with
fat saturation, proton density weighted (repetition time/echo
time: 2 × RR/7.8 ms) with fat saturation, and short-time
inversion recovery (repetition time/echo time/inversion
time: 2 × RR/46/150 ms). The window of view of each MR
image is 10 cm × 10 cm, and size of data matrix is 512 × 512.
The spatial resolution achieved of each pixel is 0.39 mm ×
0.39 mm.

In Figure 2(a), two small ROIs marked by red rectangles
are carotid arteries each size of RIO is 81 mm × 81 mm.
Figure 2(b) is the amplified images of these two areas.

2.2. Preprocessing. Due to the inhomogeneity of coil, the
intensity of each image should be adjusted to be relative
uniform to obtain relative consistent gray scale for the sub-
sequent segmentation based on clustering. The region
(14 mm × 14 mm), which lies in the center of the vessel, is
selected as the interesting region. The contrast of the image is
increased by a linear transformation,

u1 = u0 −m

M −m
× 255, (1)

where u0 is the initial intensity, u1 is adjusted intensity,
and M and m are the maximum intensity and minimum
intensity of the original image. The adjusted results of
intensity uniform are shown in Figure 3.

2.3. Image Registration. According to the characteristics of
MR image, the contour of lumen is clearly presented in
the sequence of T1 which is blood suppressed for short. In
Figure 4, mark two feature points in images (a) and (b) as
red points. Normally, the luminal bifurcation and narrowest
location are selected as marking points for registration.

Generally speaking, the image is indistinct as shown in
Figure 4. Therefore it is very difficult to mark feature points
in some images. In order to deal with this problem, the
registration method proposed in this paper is based on prior-
constrained segmentation of carotid artery under DOG scale
space. As seen from the name, the segmentation algorithm
implies two parts. First, inspired by SIFT algorithm, the
advantage of difference of Gaussian (DOG) scale space is
introduced to catch the edges that seem ambiguous in the
original image scale, which is the scale derivative of Gaussian
scale space along the scale coordinate. Second, given a simple
prior knowledge that the artery wall is near round, a given
thickness of carotid artery wall is set to restrict the searching
area. Prior shape is critical information for external wall
segmentation. The steps to get the wall boundary are shown
in Figure 5.

Then through minimizing the energy function using
a gradient flow, we can achieve the goal of simultaneous
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(a) (b)

Figure 2: ROI extraction: (a) original MRI image, (b) extracted images.

(a) (b)

Figure 3: Preprocessing of selected slices of MR images: (a) a set of original images, (b) resultant images after contrast normalization.

segmentation and registration [12]. On the one hard, this
new method can reduce the influence of noise on the original
images and lead to improved registration, on the other hand
it also can improve the precision segmentation, especially for
segmentation the blurred images.

Given two images I1 and I2; C1 is the object contour of I1,
and C2 is the object contour of I2. Establish mapping C2 =
g(C1). The steps of simultaneous segmentation and registra-
tion method are listed as follows.

Step 1. Initialize C1, g, and C2.

Step 2. Optimize the registration parameters to obtain the
optimal mapping function g.

Step 3. Evolute C1 to obtain the optimum partition line of
the current image I1, and obtain the optimal split line of the
current image I by C2 = g(C1).

Step 4. Reach the maximum number of iterative steps, or
before and after the two results of the iteration are less
than the threshold value then the algorithm stops, ended;
otherwise turn to Step 2.

3. Modelling

To compare the results of different algorithm of modeling,
two kinds of model which are based on Bayes classification

algorithm and SSVM (structural support vector machines)
are carried out in this paper.

3.1. Building of Training Set. From MRI slices with matching
histological slices, slices 12 and 25 are selected to generate
the training set for segmentation. Images of those two slices
are manually segmented based on registered histological
results and relative intensity. A total of 549 pixels (each
pixel contains 4 densities representation with total 4 different
contrast weight) are selected randomly in the investigation.
From these segmentation results, each pixel is determined to
belong to one of the 4 issue types including lipid (denoted
as Z1), normal issue (denoted as Z2), calcification (denoted
as Z3), and others (including lumen or outer issue, denoted
as Z4). The training set is used to generate the probability
function which is used to determine the probability of tissue
type of each pixel in the model based on Bayes classification.

3.2. Model Based on Bayes Classification. The most impor-
tant part of the segmentation algorithms is to determine the
probabilities of each pixel. These probabilities represent the
likelihood that the tissue of the pixel at the current location
is lipid, calcification, normal issue, or others.

Maximum classifier is used to determine which issue type
the pixel belongs to. Figure 6 gives the flow-chart of our max-

imum decision probability functional classifier. Where �I is
one pixel of multicontrast weighted MR images transformed
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(a) (b) (c)

Figure 4: Handle marking points for registration: (a) MR images, (b) manual outline, (c) result of registration.
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Figure 5: Flowchart of multiscale PCA.
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Figure 6: Flowchart of maximum decision probability functional
classifier.

by preprocessing, gi(�I) is the decision function, and P(Zi | �I)
is class-conditional probability density function (pdf). By

comparing values of four functions, if gi(�I) is the maximum

probability value of one pixel, then pixel �I belongs to Zi and
is labeled i.

3.3. Model Based on SSVM. Recently, structured prediction
has already attracted much attention, and many approaches
have also been developed based on it. Structured learning is
one of the main approaches of structured prediction, which
not only studies the problems with well-structured inputs

Image feature
SSVM
training

Training
model

Testing set

Training set

Results

Intensity value

Figure 7: Flowchart of SSVM to obtain gray information.

Initialize
weight

constraint

condition

Y

N

Solve the most violated

Increase constraints

Satisfaction

Solve for QP (quadratic
programming), obtain new
weight

Obtain model

Figure 8: Flowchart of the iterative training of SSVM.

and outputs but also reveals strong internal correlations. It is
formulated as the learning of complex functional dependen-
cies between multivariate input and output representations.
Structured learning has significant impact in addressing
important computer vision tasks. Figure 7 gives the flowchart
of SSVM to obtain gray information. The flowchart of the
iterative training of SSVM is given in Figure 8.
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Figure 9: Two segmentation results of selected slice using multicontrast MR images: (a) testing MR images; (b) automatic segmentation
results of Bayes classifier; (c) automatic segmentation results of SSVM process.

4. Comparison

The results of segmentation of slices 28 and 34 MR images
based on Bayes and SSVM are illustrated in Figure 9.

As seen in Figure 9, the segmentation result in term
of classification algorithm reveals that the performance of
SSVM is much better than that of Bayes due to the former
including structural information, and smoothing effect of
segmentation of SSVM is also obvious.

The results presented by image are inadequate to make
evaluations. Here a parameter named misclassification rate
is defined to judge the accuracy of each algorithm.

In the experiment of this paper, a selected slice MR
image is corrupted by global intensity varying from 20%
to 40% and adding 1%–9% noise. Misclassification rate, an
evaluating criterion, is defined as the ratio of misclassified
pixels to total number of pixels of this class. It is formulated
as (2) as follows:

e(i) = f p + f n

n
, (2)

where e(i) is the misclassification rate of tissue i; f p is
the false positive responses (pixel belongs to tissue i but is
classified as other tissues); f n is the false negative responses
(pixel does not belong to tissue i but is classified as tissue type
i); n is the total number of pixels of tissue type i.

The misclassification rate of lumen obtained by Bayes
and SSVM algorithm is listed in Table 1. From the statistics

Table 1: Misclassification rate of lumen for Bayes and SSVM.

Noise
Misclassification rate

Bayes SSVM

1% 3.5 2.6

3% 5.3 4.8

5% 6.5 6.3

7% 10.6 8.5

9% 16.9 9.6

shown in Table 1, it can be seen that the misclassification
rate caused by SSVM is much lower than that of Bayes. That
stands for the performance of SSVM outperforms that of
Bayes, especially while the level of noise is higher.

5. Conclusion

To summarize, the work in this paper is focus on the first
several steps of carotid artery plaque analysis, including
preprocessing of MR image, model-based segmentation of
lumen, plaque, and external wall. Two kinds of model, Bayes
and SSVM, are separately constructed and applied to the
detection of internal wall. Receivable boundaries can be both
obtained by two algorithms, the results of experiment shows
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the segmentation performance of SSVM is better than that of
Bayes, especially, while the level of noise in image is higher.

But there are still some improvements need to be done
in the future to break the limitations of the current work.
Firstly, improve Bayes to better performance by increasing
structural information. Secondly, introduce sequence image
tracking technique in research to improve the performance
of human interaction to specify the center of lumen. Further
effort should focus on estimation of artery location in each
MRI slice and take advantage of information gained from
previous slice to pick out the artery centroid of current
image. Moreover, several other algorithms need to be testified
and compared with them when dealing with plaques.
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A fractal signal x(t) in biomedical engineering may be characterized by 1/ f noise, that is, the power spectrum density (PSD)
divergences at f = 0. According the Taqqu’s law, 1/ f noise has the properties of long-range dependence and heavy-tailed
probability density function (PDF). The contribution of this paper is to exhibit that the prediction error of a biomedical signal
of 1/ f noise type is long-range dependent (LRD). Thus, it is heavy-tailed and of 1/ f noise. Consequently, the variance of the
prediction error is usually large or may not exist, making predicting biomedical signals of 1/ f noise type difficult.

1. Introduction

Signals of 1/ f noise type are widely observed in biomedical
engineering, ranging from heart rate to DNA and protein,
see, for example, [1–37], just to cite a few. Predicting such a
type of signals is desired in the field [38–43]. A fundamental
issue in this regard is whether a biomedical signal of 1/ f
noise type to be predicted is predicable or not.

The predictability of signals of non-1/ f noise type is
well studied [44–48]. However, the predictability of 1/ f
noise is rarely reported, to our best knowledge. Since many
phenomena in biomedical engineering are characterized by
1/ f noise [1–37], the predictability issue of 1/ f noise is
worth investigating.

Note that minimizing the mean square error (MSE) of
prediction is a commonly used criterion in both theory and
practical techniques of prediction, see, for example, [49–
68]. Therefore, a sufficient condition for a biomedical signal
x(t) to be predictable is that the variance of its predication
error exists. If the variance of the predication error does not
exist, on the contrary, it may be difficult to be predicted if
not unpredictable. In the case of a signal being bandlimited,
the variance of its predication error is generally finite.
Consequently, it may be minimized and it is predictable.
However, that is not always the case for biomedical signals
of 1/ f noise type.

Let x(t) be a biomedical signal in the class of 1/ f noise.
Then, its PDF is heavy-tailed, and it is LRD, see, for example,
Adler et al. [69], Samorodnitsky and Taqqu [70], Mandelbrot
[71], Li and Zhao [72]. Due to that, here and below, the
terms, 1/ f noise, LRD random function, and heavy-tailed
random function are interchangeable.

Let p(x) be the PDF of a biomedical signal x(t) of 1/ f
noise type. Then, its variance is expressed by

Var[x(t)] =
∫∞
−∞

(
x − μx

)2
p(x)dx, (1)

where μx is the mean of x(t) if it exists. The term of heavy
tail in statistics implies that Var[x(t)] is large. Theoretically
speaking, in general, we cannot assume that Var[x(t)] always
exists [72]. In some cases, such as the Pareto distribution, the
Cauchy distribution, α-stable distributions [72], Var[x(t)]
may be infinite. That Var[x(t)] does not exist is particularly
true for signals in biomedical engineering and physiology,
see Bassingthwaighte et al. [33] for the interpretation of this
point of view.

Recall that a prediction error is a random function as we
shall soon mention below. Therefore, whether the prediction
error is of 1/ f noise, or equivalently, heavy-tailed, turns to be
a crucial issue we need studying. We aim at, in this research,
exhibiting that prediction error of 1/ f noise is heavy-tailed
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and accordingly is of 1/ f noise. Thus, generally speaking, the
variance of a prediction error of a biomedical signal x(t) of
1/ f noise type may not exist or large. That is a reason why
predicting biomedical signals of 1/ f noise type is difficult.

The rest of this paper is organized as follows. Heavy-
tailed prediction errors occurring in the prediction of
biomedical signals of 1/ f noise type are explained in
Section 2. Discussions are in Section 3, which is followed by
con-clusions.

2. Prediction Errors of 1/ f Noise Type

We use x(n) to represent a biomedical signal in the discrete
case for n ∈ N, where N is the set of natural numbers. Let
xN (n) be a given sample of x(n) for n = 0, 1, . . . ,N − 1.
Denote by xM(m) the predicted values of x(n) for m =
N ,N + 1,N + M − 1. Then, the prediction error denoted by
e(m) is given by

e(m) =
N+M−1∑
m=N

x(m)− xM(m). (2)

If one uses the given sample of x(n) for n = N ,N +
1, . . . , 2N −1 to obtain the predictions denoted by xM(m) for
m = 2N , 2N + 1, 2N + M − 1, the error is usually different
from (2), which implies that the error e(m) is a random
variable. Denote by p(e) the PDF of e(m). Then, its variance
is expressed by

Var[e(m)] =
N+M−1∑
m=N

(
e − μe

)2
p(e), (3)

where μe is the mean of e(m).
Let P be the operator of a predictor. Then,

xM(m) = PxN (n). (4)

A natural requirement in terms of P is that Var[e(m)] should
be minimized. Thus, the premise that Var[e(m)] can be
minimized is that it exists.

It is obviously seen that Var[e(m)] may be large if p(e)
is heavy tailed. In a certain cases, Var[e(m)] may not exist.
To explain the latter, we assume that e(m) follows a type of
heavy-tailed distribution called the Pareto distribution.

Denote by pPareto(e) the PDF of the Pareto distribution.
Then [73], it is in the form

pPareto(e) = aba

ea+1
, (5)

where e ≥ b, a > 0, and b > 0. The mean and variance of
e(m) are, respectively, expressed by

μe = ab

a− 1
,

Var(e) = ab2

(a− 1)2(a− 2)
.

(6)

The above exhibits that Var[e(m)] does not exist if a = 1 or
a = 2 and if e(m) follows the Pareto distribution.

Note that the situation that Var[e(m)] does not exist may
not occur if e(m) is light-tailed. Therefore, the question in
this regard is whether e(m) is heavy-tailed if a biomedical
signal x(n) is of 1/ f noise. The answer to that question is
affirmative. We explain it below.

Theorem 1. Let x(n) be a biomedical signal of 1/ f noise
type to be predicted. Then, its prediction error is heavy-tailed.
Consequently, it is of 1/ f noise.

Proof. Let rxx(k) be the autocorrelation function (ACF) of
x(n). Then,

rxx(k) = E[x(n)x(n + k)], (7)

where k is lag and E the mean operator. Let rMM(k) be the
ACF of xM(m). Then,

rMM(k) = E[xM(m)xM(m + k)]. (8)

Let ree(k) be the ACF of e(m). Then,

ree(k) = E[e(m)e(m + k)]. (9)

Note that

ree(k) = E[e(m)e(m + k)]

= E{[x(m)− xM(m)][x(m + k)− xM(m + k)]}
= E[x(m)x(m + k) + xM(m)xM(m + k)

−xM(m)x(m + k)− x(m)xM(m + k)]

= rxx(k) + rMM(k)− rMx(k)− rxM(k).

(10)

In the above expression, rMx(k) is the cross-correlation
between xM(m) and x(m). On the other side, rxM(k) is the
cross-correlation between x(m) and xM(m). Since rMx(k) =
rxM(k), we have

ree(k) = rxx(k) + rMM(k)− 2rxM(k). (11)

Recall that x(m) is 1/ f noise. Thus, it is heavy-tailed and
hence LRD. Consequently, for a constant c1 > 0, we have

rxx(k) ∼ c1k
−α (k −→ ∞) for 0 < α < 1. (12)

On the other hand, the predicted series xM(m) is LRD. Thus,
for a constant c2 > 0, the following holds:

rMM(k) ∼ c2k
−β (k −→ ∞) for 0 < β < 1. (13)

In (11), if rxM(k) is summable, that is, it decays faster than
rx(k) or rM(k), it may be ignored for k → ∞. In this case,
ree(k) is still non-summable. In fact, one has

ree(k) ∼

⎧⎪⎪⎨
⎪⎪⎩
c1k−α, 0 < α < β < 1,

c2k−β, 0 < β < α < 1,

(c1 + c2)k−β, α = β.

(k −→ ∞),

(14)
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On the other side, when rxM(k) is non-summable, re(k) is
non-summable too. In any case, we may write ree(k) by

ree(k) ∼ ck−γ (k −→ ∞) for 0 < γ < 1. (15)

Therefore, the prediction error e(m) is LRD. Its PDF p(e)
is heavy-tailed according to the Taqqu’s law. Following [72],
therefore, e(m) is a 1/ f noise. This completes the proof.

3. Discussions

The present result implies that cautions are needed for
dealing with predication errors of biomedical signals of 1/ f
noise type. In fact, if specific biomedical signals are in the
class of 1/ f noise, the variances of their prediction errors may
not exist or large [72]. Tucker and Garway-Heath used to
state that their prediction errors with either prediction model
they used are large [74]. The result in this paper may in a way
provide their research with an explanation.

Due to the fact that a biomedical signal may be of 1/ f
noise, PDF estimation is suggested as a preparatory stage
for prediction. As a matter of fact, if a PDF estimation of
biomedical signal is light-tailed, its variance of prediction
error exists. On the contrary, the variance of the prediction
error may not exist. In the latter case, special techniques have
to be considered [75–78]. For instance, weighting prediction
error may be a technique necessarily to be taken into account,
which is suggested in the domain of generalized functions
over the Schwartz distributions [79].

4. Conclusions

We have explained that the prediction error e(m) in pre-
dicting biomedical signals of 1/ f noise type is usually LRD.
This implies that its PDF p(e) is heavy-tailed and 1/ f noise.
Consequently, Var[e(m)] may in general be large. In some
cases [72], Var[e(m)] may not exist, making the prediction
of biomedical signals of 1/ f noise type difficult with the way
of minimizing Var[e(m)].
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Purpose. The analysis of the complex model of fiber post and ferrule is given and studied in this paper. A novel approach and a
solution to the evaluation of stress of post and core system within the ferrule effect are proposed. Methods. Sixty freshly extracted
premolars were selected for the study. The following experimental groups were therefore defined (n = 10): (1) 5 mm, (2) 7 mm, (3)
9 mm, (4) ferrule-5 mm, (5) ferrule-7 mm, and (6) ferrule-9 mm. Preshaping drills (C) were used to prepare the root canals at 5,
7, and 9 mm in depth. In specimens of groups 3–6 a circumferential collar of tooth structure of 2 mm in height. Fluorocore 2 core
build-up material (I) was used for fiber post luting. With the same material, a buildup of 2 mm in height was created. A controlled
compressive load (crosshead speed: 0.75 mm/min) was applied by means of a stainless steel stylus (Ø 1 mm) at the coronal end of
the post extruding out of the root. Results. In all the tests the level of significance was set at P < 0.05 . Significantly higher fracture
strengths were measured in the presence of a ferrule effect. In groups 1, 2, and 3 (ferrule group), the mean fracture values were,
respectively, 163,8 N, 270,9 N, and 254,7 N. These data are higher and statistically significantly different when compared with the
three groups 4, 5, and 6 (no-ferrule group), in which the values obtained were, respectively, 40,5 N, 41,7 N, and 44,9 N. Conclusion.
The ferrule effect in the endodontically treated teeth positively affects the fracture strength of the fiber post. Conversely, post depth
insertion did not affect the resistance to fracture.

1. Introduction

A persistent problem in clinical dentistry is represented by
the risk fracture of endodontically treated teeth [1]. These
teeth are considered to be less resistance, because of the
loss of tooth structure during conservative access cavity
preparation. The influence of subsequent canal instrumen-
tation and obturation leads to a reduction in the resistance
to fracture [2, 3]. To restore these teeth, posts are often
required in order to provide anchorage for the core-forming
material and coronoradicular stabilization [4, 5]. Cast posts
and cores have been used for this purpose for many years,
while more recently fiber posts showed to represent a valid
alternative. The clinical success of fiber post restorations
is mainly related to their biomechanical properties that,
being close to those of dentin, reduce stress transmission
to the roots [6–9]. The potential of fiber posts to reduce
the incidence of nonretrievable root fractures in comparison

with cast posts was confirmed in several studies [10–12].
Among the several parameters influencing the success of
a post-based rehabilitation, preservation of coronal dental
tissue and, particularly, the presence of a ferrule effect have
been advocated as favorable conditions to decrease stress
transmission to the root [13]. Sorensen and Engelman [14]
described the ferrule as the coronal-dentinal extension of
the tooth structure occlusal to the shoulder preparation.
The ferrule effect in association with cast post and cores
has been studied by many investigators [15–17]. Conversely,
little information is available if the ferrule is of additional
value in providing reinforcement in teeth restored with
prefabricated post and composite cores, and the advantages
coming from the presence of ferrule in prefabricated post
and core are questioned by Al-Hazaimeh and Gutteridge
[18].

The main task of this in vitro study is to evaluate the
effect of ferrule preparation on fracture resistance of fiber
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post, as a function of the presence/absence of a ferrule and
as a function of the depth of insertion of the fiber posts.

The formulated null hypothesis was that neither depth of
post insertion nor the presence of a 2 mm high ferrule had
a significant influence on fracture resistance of a fiber post-
retained restoration.

2. Material and Methods

Sixty freshly extracted premolars were selected for the study.
Teeth had to be free of cracks, caries, and fractures and
were stored at room temperature in saline solution before
testing. The anatomic crowns of all teeth were sectioned
perpendicularly to the tooth long axis at the cement-enamel
junction (CEJ). Roots were endodontically treated using the
“step-back” technique [19] to a number 70 size file (A) (see
Table 2) and irrigated with 2.5% sodium hypochlorite.

Each canal was obturated using the lateral condensation
technique with gutta-percha points (B) and the resin sealer
AH Plus Jet (C) (see Table 2). The endodontic access cavities
were temporarily filled with a glass ionomer cement (D)
(Fuji II, GC corp, Tokyo, Japan). After 24 hours, the coronal
seal was removed by means of 240-grit abrasive SiC papers
under water cooling. Roots were randomly divided into
six experimental groups that differed for the depth of the
prepared post space and for the presence or absence of
a ferrule effect. The following experimental groups were
therefore defined (n = 10): (1) 5 mm (Figure 1(a)); (2)
7 mm (Figure 1(b)); (3) 9 mm (Figure 1(c)); (4) ferrule-
5 mm (Figure 1(d)); (5) ferrule-7 mm (Figure 1(e)); (6)
ferrule-9 mm (Figure 1(f)). Preshaping drills (C) were used
to prepare the root canals at 5, 7, and 9 mm in depth. After
preparation, it was checked that a 3-mm long gutta-percha
apical seal. In specimens of groups 3–6 a circumferential
collar of tooth structure of 2 mm in height and 3 mm in
width was realized with a diamond bur (Figure 2).

Translucent quartz fiber posts (E) consisting of unidirec-
tional, pretensed fibers bound in a translucent epoxy resin
matrix, were used. Each post was tried in into the root canal,
and the portion of the post extruding out the root was cut
to a standardized length of 4.8 [20]. Prior to cementation, a
prehydrolyzed silane coupling agent (F) was applied with a
microbrush on the post surface for 30 s. The light cured, self-
priming adhesive Prime and Bond NT (G) was applied into
the root canal with a microbrush for 20 s and gently air-dried.
The excess was removed using paper points. The bonding
agent was polymerized with a conventional quartz-tungsten-
halogen light (750 mW/cm2) (H). Fluorocore 2 core build-
up material (I) was used for fiber post luting. Base and
catalyst (1 : 1) were mixed for 30 s, then the material was
applied on the post. The post was seated immediately into
the canal and sustained under finger pressure. With the same
material, a buildup of 2 mm in height was created. After the
first 7-minute autocure period, the material was light-cured
for 40 s. After curing, the specimens were prepared as for a
prosthetic crown, with a circumferential chamfer reduction
of 1,5 mm of maximum thickness, using a chamfer bur of
2 mm in diameter (M). After post cementation, each root

was embedded in a self-polymerizing acrylic resin (J) for half
of the root length, with the long axis sloped at a 45-degree
angle to the base of the resin block. During this procedure,
specimens were continuously irrigated with water to avoid
overheating due to resin polymerization. Before performing
the mechanical test, samples were stored for 24 hours at 37◦C
and 100% relative humidity.

Each sample was then mounted on a universal testing
machine (K). A controlled compressive load (cross-head
speed: 0.75 mm/min) was applied by means of a stainless
steel stylus (Ø 1 mm) at the coronal end of the post extruding
out of the root (Figure 3). A software (L) connected to the
loading machine recorded the load at failure of the post-
retained restoration measured in Newton (N).

3. Results

Descriptive statistics of fracture strength data are reported
in Table 1, along with the significance of between-group
differences. As the distribution of fracture strengths was not
normal according to the Kolmogorov-Smirnov test, the use
of the Two-Way Analysis of Variance to assess the influence
of depth, ferrule effect, and between-factor interaction was
precluded. Therefore, the Kruskal-Wallis One-Way Analysis
of Variance was applied with strength as the dependent
variable and experimental group as factor. Consequently,
the Dunn’s multiple range test was used for post hoc
comparisons. In all the tests the level of significance was
set at P < 0.05. Significantly higher fracture strengths were
measured in the presence of a ferrule effect. Neither in the
presence or in the absence of a ferrule effect had depth of
post insertion a significant influence on fracture strength, as
no statistically significant differences emerged either among
groups 1–3 or among groups 4–6.

The results obtained from this in vitro study showed a
correlation between the presence of the ferrule and increased
resistance to fracture. In groups 1, 2, and 3 (with ferrule), the
mean fracture values were, respectively, 163,8 N, 270,9 N and
254,7 N. These data are higher and statistically significantly
different when compared with the three groups 4, 5, and
6, without ferrule effect, in which the values obtained were,
respectively, 40,5 N, 41,7 N, and 44,9 N.

The depth of post insertion did not show to be a param-
eter affecting the results. In fact, no statistically significant
differences were found between groups 1, 2, and 3 as well as
between groups 4, 5, and 6.

4. Discussion

Since in the presence of a ferrule, significantly higher fracture
strengths were measured, the null hypothesis has to be
rejected.

Several factors determine the performances and the
success of a rehabilitation clinic in time: types, design,
and lengths of post, bonding capacity [21], and ferrule.
Large variations exist in regard to the physical and fatigue
resistance of resin-fiber posts [22]. The static or dynamic
behavior of resin-fiber posts depends on the composition
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Table 1: Descriptive statistics of fiber post fracture strength data with the significance of between-group differences.

Number group Name group N Mean Std. Deviation Median 25%–75% Significance P < 0.05

1 Ferrule-5 mm 10 163,8 72,5 142,9 132,7–181,1 AB

2 Ferrule-7 mm 10 270,9 105,6 244,9 215,2–350,3 A

3 Ferrule-9 mm 10 254,7 79,1 235,4 193,4–305,6 A

4 No ferrule-5 mm 10 40,5 3,1 40,2 38,4–44,2 C

5 No ferrule-7 mm 10 41,7 5,3 43 36,8–46,2 C

6 No ferrule-9 mm 10 44,9 6,7 44,5 40,5–51,7 BC

1

2

3

(a)

1

2

3

(b)

1

2

3

(c)

1

2

3

(d)

1

2

3

(e)

1

2

3

(f)

Figure 1: Experimental groups with different post depth (5, 7, and 9 mm) and postspace with (groups a, b, c) and without (groups d, e, f) a
ferrule effect.

(fiber type and density) as well as the fabrication process
and, in particular, the quality of the resin-fiber interface. In
an in vitro study examining physical properties of various
posts, it was concluded that the ideal post design comprises
a cylindrical coronal portion and a conical apical portion
[23]. Much discussed is still the ideal post length, if one
part provides greater stability to prosthetic rehabilitation at
the same time involves removal of dentin [24] and more
because of the existing limitations of adhesive procedures
within the root canal [25–27]. It has been demonstrated that
the loss of tooth vitality is not accompanied by significant
change in tissue moisture or collagen structure [28–30].
The most important changes in tooth biomechanics are
attributed to the loss of tissue either at radicular [2, 31]

or coronal [31–34] levels, pointing out the importance
of a highly conservative approach during endodontic and
restorative procedures. The significance of remaining cervical
tissue, known as the ferrule, was also well documented
[13, 35]. The incorporation of a ferrule is an important
factor of tooth preparation when using a post-supported
rehabilitation technique [36–38]. The effectiveness of the
ferrule has been evaluated with several laboratory tests as
fracture resistance, such as [39] impact [40], fatigue [41],
and photoelastic analysis [42]. According to these studies the
ferrule presence showed values of resistance to fracture much
higher and statistically significant differences in groups 1, 2,
and 3 than no-ferrule groups (groups 4, 5, 6). Concerning
the length of the ferrule, some studies have reported that
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Table 2: Classification of instruments used for collecting and meas-
uring data during the tests.

Class Type

(A) Flex R File, Union Broach, York, PA, USA

(B) Dentsply, Maillefer, Tulsa, OK, USA

(C) DeTrey, Konstanz, Germany

(D) Fuji II, Gc corp, Tokyo, Japan

(E)
ENDO LIGHT-POST number 3 Bisco, Schaumburg,
IL, USA

(F) Monobond S Ivoclar Vivadent, Schaan, Liechtenstein

(G)
Prime and Bond NT Dentsply DeTrey, Konstanz,
Germany

(H) Optilux 401 Kerr, Danbury, USA

(I) Fluorocore 2 Dentsply DeTrey, Konstanz, Germany

(J)
ProBase Cold Ivoclar Vivadent, Schaan Fürstentum,
Liechtenstein

(K) Instron Corp, Canton, MA, USA

(L) Digimax Plus Controls srl, Cernusco s/n, Italy

1

2

3
2 mm

Figure 2: Ferrule effect. A circumferential collar of tooth structure
at least 2 mm in height was preserved at the gingival aspect of the
preparation.

a tooth should have a minimum amount (2 mm) of coronal
structure above the cement-enamel junction (CEJ) to achieve
a proper resistance [43, 44].

The results of the present study, in which to assess the
mean fracture for each group the force was applied directly
on the post head, in order to exclude other variables, have
confirmed these observations.

About post insertion depth, it is known that with cast
post and core system the post length was an important
variable, because reducing post space can permit to save
tooth structure positively affecting the tooth fracture resis-
tance. Some authors [45] in a recent study designed to
obtain a biofaithful model of the maxillary incisor system
and to assess the effect of glass fiber post lengths using
Finite Element Analysis showed that the overall system’s

Figure 3: Example of a sample mounted on the loading machine
and prepared for the fracture test. The tooth is oriented such as the
load applied by means of the metallic stylus would have a 45-degree
direction.

strain pattern did not appear to be influenced by post length.
This could lead to the conclusion that a post inserted more
deeply could be more effective in a fiber post-supported
rehabilitation, as the length of the post insertion has a
significant effect on retention; the more apically the post is
placed in the root, the more retentive is the system [46–48].
This consideration should not be overestimated in clinical
practice. The adaptation of the canal shape to the post [49]
and the overall length of the root should be in fact taken into
consideration, because it has been reported that a residual
apical filling of less than 3 mm may result in an unpredictable
seal [50, 51].

From the results of the present study, a tendency of
the more deeply inserted post to have higher values of
resistance to fracture could be anyway observed, particularly
in the no-ferrule groups. This might be connected with
the use of tapered post, considering that a post inserted
more deeply has a wider diameter at the breaking point.
The use of a cylindrical shaped post could have minimized
this differences, and this could be considered as a limit of
the present study, even if Lang et al. [52] showed that if
an excessive amount of tooth structure is removed and the
natural geometry of the root canal is altered, this will have
a destabilizing effect on root-filled teeth. For this reason in
clinical practice the use of cylindrical-shaped post have been
progressively abandoned and replaced with tapered post.

As general consideration, it should be noted that this
in vitro study does not reproduce the exact clinical condi-
tions, where lateral forces should be considered as well as
axial forces and fatigue loading, ageing processes, alternate
thermal stress, mechanical stress, wear, and water storage.
In this in vitro study, in fact, lateral forces were applied
with a 45◦ angle between the post and the loading tip.
Moreover, stress applied to the teeth and dental restorations
is generally low and repetitive rather than being isolated and
loading. However, because of a linear relationship between
fatigue and static loading, the compressive static test also
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gives valuable information concerning load-bearing capacity
[53, 54]. Based on this statement, the results of this in vitro
study showed that the ferrule effect positively affects the
resistance to fracture of endodontically treated teeth restored
with fiber posts. Conversely, post depth of insertion did not
affect the resistance to fracture.

5. Conclusion

Within the limitation of this in vitro study, the statistical
results showed that the ferrule effect in the endodontically
treated teeth positively affects the fracture strength of
the fiber post. Conversely, post depth insertion did not
affect the resistance to fracture. It could be advisable in
the rehabilitation of endodontically treated teeth preserve
radicular tissue, reducing the postspace preparation, in order
to improve the fracture strength of the post with a ferrule
length of at least 2 mm.
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Coordinate rotation digital computer (CORDIC) is an efficient algorithm for computations of trigonometric functions. Scaling-
free-CORDIC is one of the famous CORDIC implementations with advantages of speed and area. In this paper, a novel direct
digital frequency synthesizer (DDFS) based on scaling-free CORDIC is presented. The proposed multiplier-less architecture with
small ROM and pipeline data path has advantages of high data rate, high precision, high performance, and less hardware cost. The
design procedure with performance and hardware analysis for optimization has also been given. It is verified by Matlab simulations
and then implemented with field programmable gate array (FPGA) by Verilog. The spurious-free dynamic range (SFDR) is over
86.85 dBc, and the signal-to-noise ratio (SNR) is more than 81.12 dB. The scaling-free CORDIC-based architecture is suitable for
VLSI implementations for the DDFS applications in terms of hardware cost, power consumption, SNR, and SFDR. The proposed
DDFS is very suitable for medical instruments and body care area network systems.

1. Introduction

Direct digital frequency synthesizer (DDFS) has been widely
used in the modern communication systems. DDFS is prefer-
able to the classical phase-locked-loop- (PLL-) based synthe-
sizer in terms of switching speed, frequency resolution, and
phase noise, which are beneficial to the high-performance
communication systems. Figure 1 depicts the conventional
DDFS architecture [1], which consists of a phase accumu-
lator, a sine/cosine generator, a digital-to-analog converter
(DAC), and a low-pass filter (LPF). As noted, two inputs: the
reference clock and the frequency control word (FCW) are
used; the phase accumulator integrates FCW to produce an
angle in the interval of [0, 2π), and the sine/cosine generator
computes the sinusoidal values. In practice, the sine/cosine
generator is implemented digitally, and thus followed by digi-
tal-to-analog conversion and low-pass filtering for analogue

outputs. Such systems can be applied in many fields,
especially in industrial, biological, and medical applications
[2–4].

The simplest way to implement the sine/cosine generator
is to use ROM lookup table (LUT). However, a large ROM
is needed [5]. Several efficient compression techniques have
been proposed to reduce the lookup table size [5–10]. The
quadrant compression technique can compress the lookup
table and then reduce the ROM size by 75% [6]. The Sunder-
land architecture splits the ROM into two smaller memories
[7], and the Nicholas architecture improves the Sunderland
architecture to achieve a higher ROM-compression ratio
(32 : 1) [8]. The ROM size can be further reduced by using
the polynomial approximations [11–18] or CORDIC algo-
rithm [19–27]. In the polynomial approximations-based
DDFSs, the interval of [0,π/4] is divided into subintervals,
and sine/cosine functions are evaluated in each subinterval.
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Figure 1: The conventional DDFS architecture.

The polynomial approximations-based DDFS requires a
ROM to store the coefficients of the polynomials and the
polynomial evaluation hardware with multipliers. In the
circular mode of CORDIC, which is an iterative algorithm
to compute sine/cosine functions, an initial vector is rotated
with a predetermined sequence of subangles such that the
summation of the rotations approaches the desired angle
[28, 29]. CORDIC has been widely used for the sine/cosine
generator of DDFS [19–27]. Compared to the lookup table-
based DDFS, the CORDIC-based DDFS has the advantage
of avoiding the exponential growth of hardware complexity
while the output word size increases [30–33].

In Figure 1, the word length of the phase accumulator is
v bits; thus, the period of the output signal is as follows:

To = 2vTs

FCW
, (1)

where FCW is the phase increment and Ts denotes the sampl-
ing period. It is noted that the output frequency can be writ-
ten by

Fo = 1
T0
= Fs

2v
· FCW. (2)

According to the equation above, the minimum change
of output frequency is given by

ΔFo,min = Fs
2v

(FCW + 1)− Fs
2v

FCW = Fs
2v
. (3)

Thus, the frequency resolution of DDFS is dependent on the
word length of the phase accumulator as follows:

ΔFo ≥ Fs
2v
. (4)

The bandwidth of DDFS is defined as the difference
between the highest and the lowest output frequencies. The
highest frequency is determined by either the maximum
clock rate or the speed of logic circuitries; the lowest fre-
quency is dependent on FCW. Spurious-free dynamic range
(SFDR) is defined as the ratio of the amplitude of the desired
frequency component to that of the largest undesired one at
the output of DDFS, which is often represented in dBc as
follows:

SFDR = 20 log
(
Ap

As

)
= 20 log

(
Ap

)
− 20 log(As), (5)

where Ap is the amplitude of the desired frequency compo-
nent and As is the amplitude of the largest undesired one.

In this paper, a novel DDFS architecture based on the
scaling-free CORDIC algorithm [34] with ROM mapping is
presented. The rest of the paper is organized as follows. In
Section 2, CORDIC is reviewed briefly. In Section 3, the
proposed DDFS architecture is presented. In Section 4, the
hardware implementation of DDFS is given. Conclusion can
be found in Section 5.

2. The CORDIC Algorithm

CORDIC is an efficient algorithm that evaluates various
elementary functions including sine and cosine functions. As
hardware implementation might only require simple adders
and shifters, CORDIC has been widely used in the high speed
applications.

2.1. The CORDIC Algorithm in the Circular Coordinate Sys-
tem. A rotation of angle θ in the circular coordinate system
can be obtained by performing a sequence of micro-rotations
in the iterative manner. Specifically, a vector can be succes-
sively rotated by the use of a sequence of pre-determined
step-angles: α(i) = tan−1(2−i). This methodology can be
applied to generate various elementary functions, in which
only simple adders and shifters are required. The conven-
tional CORDIC algorithm in the circular coordinate system
is as follows [28, 29]:

x(i + 1) = x(i)− σ(i)2−i y(i), (6)

y(i + 1) = y(i) + σ(i)2− jx(i), (7)

z(i + 1) = z(i)− σ(i)α(i), (8)

α(i) = tan−12−i, (9)

where σ(i) ∈ {−1, +1} denotes the direction of the ith micro-
rotation, σi = sign(z(i)) with z(i) → 0 in the vector rotation
mode [34], σi = − sign(x(i))·sign(y(i)) with y(i) → 0 in the
angle accumulated mode [34], the corresponding scale factor
k(i) is equal to

√
1 + σ2(i)2−2i, and i = 0, 1, . . . .,n − 1. The

product of the scale factors after n micro-rotations is given
by

K1 =
n−1∏
i=0

k(i) =
n−1∏
i=0

√
1 + 2−2i. (10)

In the vector rotation mode, sin θ and cos θ can be ob-
tained with the initial value: (x(0), y(0)) = (1/K1, 0). More
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specifically, xout and yout are computed from the initial value:
(xin, yin) = (x(0), y(0)) as follows:

[
xout

yout

]
= K1

[
cos θ − sin θ
sin θ cos θ

][
xin

yin

]
. (11)

2.2. Scaling-Free CORDIC Algorithm in the Circular Coordi-
nate System. Based on the following approximations of sine
and cosine functions:

sinα(i) ∼= α(i) = 2−i,

cosα(i) ∼= 1− α2(i)
2

= 1− 2−(2i+1),
(12)

the scaling-free CORDIC algorithm is thus obtained by using
(6), (7), and the above. In which, the iterative rotation is as
follows:[

x(i + 1)
y(i + 1)

]
=
[

1− 2−(2i+1) 2−i

−2−i 1− 2−(2i+1)

][
x(i)
y(i)

]
,

z(i + 1) = z(i)− 2−i.

(13)

For the word length of w bits, it is noted that the im-
plementation of scaling-free CORDIC algorithm utilizes four
shifters and four adders for each micro-rotation in the first
w/2-microrotations; it reduces two shifters and two adders
for each microrotation in the last w/2-micro-rotations [24,
34, 35].

3. Design and Optimization of the Scaling-Free
CORDIC-Based DDFS Architecture

In this section, the architecture together with performance
analysis of the proposed DDFS is presented. It is a combi-
nation of the scaling-free-CORDIC algorithm and LUT; this
hybrid approach takes advantage of both CORDIC and LUT
to achieve high precision and high data rate, respectively. The
proposed DDFS architecture consists of phase accumulator,
radian converter, sine/cosine generator, and output stage.

3.1. Phase Accumulator. Figure 2 shows the phase accumu-
lator, which consists of a 32-bit adder to accumulate the
phase angle by FCW recursively. At time n, the output of
phase accumulator is φ = (n · FCW)/232 and the sine/cosine
generator produces sin((n · FCW)/232) and cos((n · FCW)/
232). The load control signal is used for FCW to be loaded
into the register, and the reset signal is to initialize the content
of the phase accumulator to zero.

3.2. Radian Converter. In order to convert the output of the
phase accumulator into its binary representation in radians,
the following strategy has been adopted. Specifically, an
efficient ROM reduction scheme based on the symmetry
property of sinusoidal wave can be obtained by simple logic
operations to reconstruct the sinusoidal wave from its first
quadrant part only. In which, the first two MSBs of an angle

RegFCW

Adder

(32-bit)

Reg

Load

Reset

φ

Figure 2: The phase accumulator in DDFS.

π

2
+ φ

φ

π + φ

3π
2

+ φ

Figure 3: Symmetry-based map of an angle in either the second,
third, or fourth quadrant to the corresponding angle in the first
quadrant.

indicate the quadrant of the angle in the circular coordinate
and the third MSB indicates the half portion of the quadrant;
thus, the first three MSBs of an angle are used to control
the interchange/negation operation in the output stage. As
shown in Figure 3, the corresponding angles of φ′ in the sec-
ond, third, and fourth quadrants can be mapped into the first
quadrant by setting the first two MSBs to zero. The radian of
φ′ is therefore obtained by θ = (π/4)φ′, which can be imple-
mented by using simple shifters and adders array shown in
Figure 4. Note that the third MSB of any radian value in the
upper half of a quadrant is 1, and the sine/cosine of an angle
γ in the upper half of a quadrant can be obtained from the
corresponding angle in the lower half as shown in Figure 5.
More specifically, as cos γ = sin((π/2) − γ) and sin γ =
cos((π/2) − γ), the normalized angle can be obtained by
replacing θ with θ′ = 0.5−θ while the third MSB is 1. In case
the third MSB is 0, there is no need to perform the replace-
ment as θ′ = θ.

3.3. Sine/Cosine Generator. As the core of the DDFS archi-
tecture, the sine/cosine generator produces sinusoidal waves
based on the output of the radian converter. Without loss
of generality, let the output resolution be of 16 bits, for the
sine/cosine generator consisting of a cascade of w processors,
each of which performs the sub-rotation by a fixed angle of
2−i radian as follows:

x(i + 1) =
(

1− σ(i)2−(2i+1)
)
x(i) + σ(i)2−i y(i),

y(i + 1) =
(

1− σ(i)2−(2i+1)
)
y(i)− σ(i)2−ix(i).

(14)
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Table 1: The hardware costs in 16-bit DDFS with respect to the number of the replaced CORDIC stages (m: the number of the replaced
CORDIC stages, 16-bit adder: 200 gates, 16-bit shift: 90 gates, and 1-bit ROM: 1 gate).

m 0 1 2 3 4 5 6 7

CORDIC processor requirement:

CORDIC processor-A 7 5 4 3 2 1 0 0

CORDIC processor-B 9 9 9 9 9 9 9 8

Hardware cost:

16-bit Adders 46 38 34 30 26 22 18 16

16-bit Shifters 46 38 34 30 26 22 18 16

ROM size (bits) 4 × 16 8 × 16 14 × 16 26 × 16 50 × 16 102 × 16 194 × 16 386 × 16

Total gate counts 13404 11148 10084 9116 8340 8012 8324 10816

Table 2: Control signals of the output stage.

MSB’s of φ φ xinv yinv swap cos 2πφ sin 2πφ

0 0 0 0 < 2πφ <
π

4
0 0 0 cos θ sin θ

0 0 1
π

4
< 2πφ <

π

2
0 0 1 sin θ cos θ

0 1 0
π

2
< 2πφ <

3π
4

0 1 1 − sin θ cos θ

0 1 1
3π
4

< 2πφ < π 1 0 0 − cos θ sin θ

1 0 0 −π < 2πφ < −3π
4

1 1 0 − cos θ − sin θ

1 0 1 −3π
4

< 2πφ < −π

2
1 1 1 − sin θ − cos θ

1 1 0 −π

2
< 2πφ < −π

4
1 0 1 sin θ − cos θ

1 1 1 −π

4
< 2πφ < 0 0 1 0 cos θ − sin θ

Table 3: Comparisons of the proposed DDFS with other related works.

DDFS
Kang and

Swartzlander,
2006 [23]

Sharma et al.,
2009 [26]

Jafari et al., 2005
[17]

Ashrafi and
Adhami, 2007

[18]

Yi et al.,
2006 [6]

De Caro
et al., 2009

[27]

This work,
Juang et al.,

2012

Process (μm) 0.13 — 0.5 0.35 0.35 0.25 0.18

Core area (mm2) 0.35 — — — — 0.51 0.204

Maximum sampling rate
(MHz)

1018 230 106 210 100 385 500

Power consumption (mW) 0.343 — — 112 0.81 0.4 0.302

SFDR (dBc) 90 54 — 72.2 80 90 86.85

SNR (dB) — — — 67 — 70 81.12

Output resolution (bit) 17 10 14 12 16 13 16

Tuning latency (clock) — — 33 — — — 11

For 8 ≤ i < 16

x(i + 1) = x(i) + σ(i)2−i y(i),

y(i + 1) = y(i)− σ(i)2−ix(i),
(15)

where σ(i) ∈ {1, 0} representing the positive or zero subrota-
tion, respectively. Figure 6 depicts the CORDIC processor-A
for the first 7 microrotations, which consists of four 16-bit

adders and four 16-bit shifters. The CORDIC processor-B
with two 16-bit adders and two 16-bit shifters for the last 9
microrotations is shown in Figure 7.

The first m CORDIC stages can be replaced by simple
LUT to reduce the data path at the cost of hardware com-
plexity increasing exponentially. Table 1 depicts the hardware
costs in 16-bit DDFS with respect to the number of the
replaced CORDIC-stages, where each 16-bit adder, 16-bit
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shifter, and 1-bit memory require 200 gates, 90 gates, and 1
gate [36], respectively. Figure 8 shows the hardware require-
ments with respect to the number of the replaced CORDIC-
stages [24]. Figure 9 shows the SFDR/SNRs with respect to
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Figure 11: The proposed DDFS architecture.

the replaced CORDIC-stages [25]. As one can expect, based
on the above figures, there is a tradeoff between hardware
complexity and performance in the design of DDFS.

3.4. Output Stage. Figure 10 shows the architecture of output
stage, which maps the computed sin θ and cos θ to the desired

sinφ and cosφ. As mentioned previously, the above mapping
can be accomplished by simple negation and/or interchange
operations. The three control signals: xinv, yinv, and swap
derived from the first three MSBs of φ are shown in Table 2.
xinv and yinv are for the negation operation of the output
and swap for the interchange operation.
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Figure 15: Layout view of the proposed scaling-free-CORDIC-
based DDFS.

4. Hardware Implementation of
the Scaling-Free CORDIC-Based DDFS

In this section, the proposed low-power and high-perfor-
mance DDFS architecture (m = 5) is presented. Figure 11
depicts the system block diagram; SFDR of the proposed
DDFS architecture at output frequency Fclk/25 is shown in
Figure 12. As one can see, the SFDR of the proposed archi-
tecture is more than 86.85 dBc.

The platform for architecture development and verifi-
cation has also been designed as well as implemented to
evaluate the development cost [37–40]. The proposed DDFS
architecture has been implemented on the Xilinx FPGA
emulation board [41]. The Xilinx Spartan-3 FPGA has been
integrated with the microcontroller (MCU) and I/O inter-
face circuit (USB 2.0) to form the architecture development
and verification platform.
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Figure 13 depicts block diagram and circuit board of the
architecture development and evaluation platform. In which,
the microcontroller read data and commands from PC and
writes the results back to PC via USB 2.0 bus; the Xilinx
Spartan-3 FPGA implements the proposed DDFS architec-
ture. The hardware code in Verilog runs on PC with the
ModelSim simulation tool [42] and Xilinx ISE smart com-
piler [43]. It is noted that the throughput can be improved
by using the proposed architecture, while the computation
accuracy is the same as that obtained by using the conven-
tional one with the same word length. Thus, the proposed
DDFS architecture is able to improve the power consumption
and computation speed significantly. Moreover, all the con-
trol signals are internally generated on-chip. The proposed
DDFS provides both high performance and less hardware.

The chip has been synthesized by using the TSMC
0.18 μm 1P6M CMOS cell libraries [44]. The physical circuit
has been synthesized by the Astro tool. The circuit has been
evaluated by DRC, LVS, and PVS [45]. Figure 14 shows the
cell-based design flow.

Figure 15 shows layout view of the proposed scaling-
free CORDIC-based DDFS. The core size obtained by the
Synopsys design analyzer is 452 × 452μm2. The power con-
sumption obtained by the PrimePower is 0.302 mW with
clock rate of 500 MHz at 1.8 V. The tuning latency is 11 clock
cycles. All of the control signals are internally generated on-
chip. The chip provides both high throughput and low gate
count.

5. Conclusion

In this paper, we present a novel DDFS architecture-based
on the scaling-free CORDIC algorithm with small ROM
and pipeline data path. Circuit emulation shows that the
proposed high performance architecture has the advantages
of high precision, high data rate, and simple hardware. For
16-bit DDFS, the SFDR of the proposed architecture is more
than 86.85 dBc. As shown in Table 3, the proposed DDFS
is superior to the previous works in terms of SFDR, SNR,
output resolution, and tuning latency [6, 17, 18, 26, 27].
According to the high performance of the proposed DDFS, it
is very suited for medical instruments and body care network
systems [46–49]. The proposed DDFS with the use of the
portable Verilog is a reusable IP, which can be implemented
in various processes with tradeoffs of performance, area, and
power consumption.
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Original images are often compressed for the communication applications. In order to avoid the burden of decompressing
computations, it is thus desirable to segment images in the compressed domain directly. This paper presents a simple rate-
distortion-based scheme to segment images in the JPEG2000 domain. It is based on a binary arithmetic code table used in the
JPEG2000 standard, which is available at both encoder and decoder; thus, there is no need to transmit the segmentation result.
Experimental results on the Berkeley image database show that the proposed algorithm is preferable in terms of the running time
and the quantitative measures: probabilistic Rand index (PRI) and boundary displacement error (BDE).

1. Introduction

Data segmentation is important in many applications [1–6].
Early research work on image segmentation is mainly at
a single scale, especially for medical images [7–9]. In
the human visual system (HVS), the perceived image is
decomposed into a set of band-pass subimages by means
of filtering with simple visual cortical cells, which can
be well modeled by Gabor filters with suitable spatial
frequencies and orientations [10]. Other state-of-the-art
multiscale techniques are based on wavelet transform (WT),
which provides an efficient multiresolution representation
in accord with the property of HVS [11]. Specifically, the
higher-detail information of an image is projected onto a
shorter basis function with higher spatial resolution. Various
WT-based features and algorithms were proposed in the
literature for image segmentation at multiple scales [12–14].

For the communication applications, original images are
compressed in order to make good use of memory space
and channel bandwidth. Thus, it is desirable to segment a
compressed image directly. The Joint Photographic Expert
Group (JPEG) standard adopts discrete cosine transform for

subband image coding. In order to improve the compression
performance of JPEG with more coding advantages, for
example, embedded coding and progressive transmission,
the JPEG2000 standard adopts WT as the underlying trans-
form algorithm. Specifically, embedding coding is to code an
image into a single code stream, from which the decoded
image at any bit rate can be obtained. The embedded code
stream of an image is organized in decreasing order of
significance for progressive transmission over band-limited
channels. This property is particularly desirable for the
Internet streaming and database browsing applications [15–
17]. Zargari proposed an efficient method for JPEG2000
image retrieval in the compressed domain [18]. Pi proposed
a simple scheme to estimate the probability mass function
(PMF) of wavelet subbands by counting the number of 1-bits
and used the global PMF as features to retrieve similar images
from a large database [19]. For image segmentation, however,
the local PMF is needed. In [20], we proposed a simple
method to compute the local PMF of wavelet coefficients
based on the MQ table. It can be applied to a JPEG2000 code
stream directly, and the local PMF can be used as features to
segment a JPEG2000 image in the compressed domain.
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Motivated by the idea behind the postcompression rate
distortion (PCRD) algorithm [15], we propose a simple
algorithm called the rate-distortion-based merging (RDM)
algorithm for JPEG2000 image segmentation. It can be
applied to a JPEG2000 code stream instead of the decoded
image. As a result, the burden of decoding computation
can be saved. In addition, the RDM algorithm is based
on the MQ table, which is available at both encoder and
decoder; thus, no overhead transmission is added from
a segmentation viewpoint. The remainder of the paper
proceeds as follows. In Section 2, the JPEG2000 standard
is reviewed briefly. In Section 3, the MQ-table-based rate
distortion slope (MQRDS) is proposed to examine the
significance of wavelet segments; based on which, the RDM
algorithm is thus proposed to merge wavelet segments with
similar characteristics. Experimental results on the Berkeley
color image database are given in Section 4. Conclusions can
be found in Section 5.

2. Review of the JPEG2000 Standard

The core module of the JPEG2000 standard is the embedded
block coding with optimized truncation (EBCOT) algorithm
[15], which adopts wavelet transform (WT) as the under-
lying method to decompose an image into multiresolution
subbands. WT has many desirable properties, for example,
the self-similarity of wavelet coefficients across subbands of
the same orientation, the joint space-spatial frequency local-
ization with orientation selectivity, and the energy clustering
within each subband [11]. The fundamental idea behind
EBCOT is to take advantage of the energy clustering property
of wavelet coefficients. EBCOT is a two-tier algorithm; tier-
1 consists of bit plane coding (BPC) followed by arithmetic
coding (AC); tier-2 is primarily for optimal rate control.
Three coding passes, namely, the significance propagation
(SP) pass, the magnitude refinement (MR) pass, and the
clean-up (CU) pass, are involved with four primitive coding
operations, namely, the significance coding operation, the
sign coding operation, the magnitude refinement coding
operation, and the clean-up coding operation. For a wavelet
coefficient that is currently insignificant, if any of the 8
neighboring coefficients are already significant, it is coded
in the SP pass using the significance coding operation;
otherwise, it is coded in the CU pass using the clean-up
coding operation. If this coefficient becomes significant, its
sign is then coded using the sign coding operation. The
magnitude of the significant wavelet coefficients that have
been found in the previous coding passes is updated using the
magnitude refinement coding operation in the MR pass. The
resulting code streams of coding passes can be compressed
further by using a context-based arithmetic coder known
as the MQ coder. JPEG2000 defines 18 context labels for
the MQ coder and stores their respective probability models
in the MQ table. Specifically, 10 context labels are used for
the significance coding operation and the clean-up coding
operation, 5 context labels are used for the sign coding
operation, and 3 context labels are used for the magnitude
refinement coding operation.

In JPEG2000, a large image can be partitioned into
nonoverlapped subimages called tiles for computational
simplicity. WT is then applied to the tiles of an image
for subband decompositions; and each wavelet subband is
further divided into small blocks called code blocks. The
code blocks of an image are independently coded from the
most significant bit plane (MSB) to the least significant bit
plane (LSB). Based on the true rate-distortion slope (RDS)
of code blocks, JPEG2000 concatenates the significant code
streams with large RDS using the post compression rate
distortion (PCRD) algorithm for optimal rate control. More
specifically, let {Bi} be a set of code blocks in the whole
image. The code stream of Bi can be terminated at the end
of a coding pass, say ni, with the bit rate denoted by Rni

i ;
all the end points of coding passes are possible truncation
points. The distortion incurred by discarding the coding
passes after ni is denoted by Dni

i . PCRD selects the optimal
truncation points to minimize the overall distortion: D =∑

i D
ni
i subject to the rate constraint: R = ∑i R

ni
i ≤ Rc, where

Rc is a given bitrate. It is noted that the coding passes with
nonincreasing RDS are candidates for the optimal truncation
points. Motivated by the idea of the above, a new technique
is proposed to segment JPEG2000 images in the JPEG2000
domain; the detail is given in the following section.

3. Image Segmentation in
the JPEG2000 Domain

This section presents a simple merging algorithm for
JPEG2000 image segmentation. It merges wavelet segments
with similar characteristics based on the change of the
estimated RDS in the JPEG2000 domain. Thus, the proposed
algorithm can be applied to a JPEG2000 code stream without
decompressing complexity.

3.1. MQ Table-Based Probability Mass Function. In
JPEG2000, the wavelet coefficients of an image are quant-
ized with bit planes, and binary wavelet variables are
almost independent across bit planes. The probability mass
function (PMF) known as the wavelet histogram [19] can be
approximated by

P(|c| = x) =
n−1∏
j=0

Pj

(
xj
)

,

x =
n−1∑
j=0

xj · 2 j ; xj ∈ {0, 1},
(1)

where x is the magnitude of a wavelet coefficient, c, Pj(◦)
is the PMF of the binary wavelet variable, xj , on the jth
bit plane, and n is the number of bit planes. For image
segmentation, the local PFM is needed. We had proposed a
simple method to estimate the local PMF based on the MQ
table [20]. Specifically, the probability of 1-bit,P j(xj = 1), is
given by

Pj

(
xj = 1

)
=
{
Qe−Value if MPS = 0,

1−Qe−Value if MPS = 1,
(2)
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Figure 1: Flowchart of the RDM algorithm.

whereQe−Value is the probability of the less probable symbol
(LPS), which is stored in the MQ table and MPS denotes the
more probable symbol. The set {Pj(xj = 1); j = 0, . . . ,n−1}
obtained from the MQ table can be used to compute the
local PMF. As the MQ table is also available at decoder,
no overhead transmission is needed for the computation of
PMF. In addition, JPEG2000 defines only 18 context labels to
model the binary wavelet variables; thus, the computation of
PMF is simple.

3.2. MQ Table-Based Rate Distortion Slope and Merging Algo-
rithm. Motivated by the post compression rate distortion
(PCRD) algorithm [15], we propose the MQ table-based rate
distortion slope (MQRDS) for image segmentation in the
JPEG2000 domain as follows:

Sm = E[Dm]
E[Lm]

, (3)

where Dm is the distortion of wavelet segment: m defined as

Dm =
Nm∑
i=1

x2
m,i, (4)

xm,i is a wavelet coefficient at location: i in wavelet segment,
m represented by

xm,i =
n−1∑
j=0

xm,i, j · 2 j ; xm,i, j ∈ {0, 1}. (5)

The estimate of Dm can be computed by

E[Dm] =
Nm∑
i=1

n−1∑
j=0

n−1∑
k=0

E
[
xm,i, j · xm,i,k

]
· 2 j+k

∼=
Nm∑
i=1

n−1∑
j=0

n−1∑
k=0

E
[
xm,i, j

]
· E[xm,i,k

] · 2 j+k,

(6)

in which E[xm,i, j] can be obtained from the binary arithmetic
code table known as the MQ table as follows:

E
[
xm,i, j

]
= Pm,i, j

(
xm,i, j = 1

)
. (7)

The estimate of code length E[Lm] can be efficiently obtained
by using [2]

E[Lm] = (D + Nm) · E[Rm]−Nmlog2

(
Nm

N

)
(8)

E[Rm] =
n−1∑
j=0

H
(
xm, j

)
, (9)

H
(
xm, j

)
= − Pm, j

(
xm, j = 1

)
· log2

(
Pm, j

(
xm, j = 1

))

− Pm, j

(
xm, j = 0

)
· log2

(
Pm, j

(
xm, j = 0

))
,

(10)

Pm, j

(
xm, j

)
= 1

Nm

Nm∑
i=1

· Pm,i, j

(
xm,i, j

)
, (11)

where j denotes the bit plane index, xm,i, j is the binary
variable of xm,i on bit plane j, which are independent across
bit planes, n is the number of bit planes, D is the feature
space dimension, Nm is the number of wavelet coefficients
in segment m, N = ∑K

m=1 Nm is the total number of wavelet
coefficients, and H(◦) is an entropy operation. After merging
two wavelet segments, say m and n, the change of MQRDS is
given by

ΔSmn

= [Smn − ((Nm/(Nm + Nn ))Sm + (Nn/(Nm + Nn ))Sn)]
Smn

,

(12)

where Sm and Sn are the MQRDS of wavelet segments, m and
n, with sizes Nm and Nn, respectively, and Smn is the MQRDS
of the merged wavelet segment. As one can see, the change
of MQRDS is likely to be increased significantly for wavelet
segments with similar characteristics. Thus, we propose a
simple algorithm called the rate-distortion-based merging
(RDM) algorithm for JPEG2000 image segmentation, which
is presented in the steps below.

The RDM Algorithm

Step 1. Given a JPEG2000 code stream, compute the
MQ table-based local PMF of wavelet coefficients
using (2).
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Figure 2: Image segmentation using RDM in the JPEG2000 domain; (a) encoder; (b) decoder.

Step 2. As mentioned in [2], a set of oversegmented
regions known as superpixels is in general needed
for any merging algorithms; this low-level initial
segmentation can be obtained by coarsely clustering
the local PMF as features.

Step 3. For all pairs of superpixels, compute their
respective changes of MQRDS using (12), and merge
the one with maximum change of MQRDS.

Step 4. Continue the merging process in step 3 until
the change of MQRDS is insignificant.

In order to reduce the computation time, the following
equation can be used to approximate (6):

E[Dm] ∼= Nm ·
⎡
⎣n−1∑

j=0

n−1∑
k=0

⎛
⎝ 1
Nm

Nm∑
i=1

Pm,i, j

(
xm,i, j = 1

)⎞⎠

·
⎛
⎝ 1
Nm

Nm∑
i=1

Pm,i,k
(
xm,i,k = 1

)⎞⎠ · 2 j+k

⎤
⎦.

(13)

Moreover, the cross terms of the previous equation are
not significant and can be discarded for computational

simplicity. Figure 1 depicts flowchart of the RDM algorithm.
It is noted that the MQ table defined in JPEG2000 is finite,
thus (10) can be obtained by look-up table (LUT); this sure
reduces the computation time further. As shown in Figure 2,
RDM can be applied to a JPEG2000 code stream directly; this
is one of the advantages of RDM.

4. Experimental Results

In the first experiment, the potential of the MQ table-based
local PMF (LPMF) is shown by segmenting images with
Brodatz textures. As noted, the essential characteristics of
textures are mainly contained in the middle-high-frequency
wavelet subbands; thus, we applied a simple clustering
algorithm known as K-means to the LPMF of wavelet
coefficients to generate an initial segmentation. The number
of superpixels was set to 30, which was then finely merged
using the RDM algorithms. Figure 3(a) shows the test
image with two Brodatz textures, namely, wood and grass.
The segmentation result and error image with white pixels
representing misclassifications are shown in Figure 3(b) and
Figure 3(c), respectively. Figure 3(d) shows the percentages
of errors at various rates of bits per pixel (bpp). It is noted
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Figure 3: (a) Test image; (b) the segmentation result and (c) error image at 1 bpp; (d) error rates in percentage at various bpp rates.

that the segmentation results even at low-middle bpp rates
are still satisfactory. Hence, a small portion of JPEG2000 code
stream is sufficient for the segmentation task.

The RDM algorithm has also been extensively evaluated
on the Berkeley image database [21]. We adopted the
Waveseg algorithm [14] to compute the initial superpixels
of a natural color image. In order to avoid decoding a
JPEG2000 code stream, the Waveseg algorithm was applied
to the estimated wavelet coefficients instead of the decoded
wavelet coefficients. More specifically, the estimated wavelet
coefficient of xi using the MQ table-based LPMF is as follows.

E[xi] =
n−1∑
j=0

E
[
xi, j
]
· 2 j

=
n−1∑
j=0

Pi, j
(
xi, j = 1

)
· 2 j ,

(14)

where Pi, j(xi, j = 1) is the probability of 1-bit on the
jth bit plane, which can be obtained from the MQ table.
The resulting superpixels were then merged by RDM with
threshold, Td, set to 0.1. We compared the RDM algorithm
with two other state-of-the-art algorithms known as Mean-
shift [22] and CTM [2]. In Mean-shift, the parameters, hs and

hr , were set to 13 and 19, respectively; in CTM, the threshold
γ was set to 0.1, as suggested in [2]. The original images
shown at the top of Figure 4 are natural images contained in
the Berkeley database, namely, Pyramids, Landscape, Horses,
and Giraffes. Their respective segmentation results using
RDM, CTM, and Mean-shift are shown in the second, third,
and fourth rows. Visual inspection shows that RDM and
Mean-shift have similar performances for the first three
images; the performances of RDM and CTM are similar to
detect the giraffes shown in the fourth image.

In addition to visual inspection [23, 24], two commonly
used measures, namely, the probabilistic Rand index (PRI)
and the boundary displacement error (BDE) [25], were
adopted for quantitative comparisons. Table 1 gives the
average PRI performance on the Berkeley database. PRI
ranges from 0 to 1, and higher is better. BDE measures
the average displacement error of boundaries between
segmented images, which is nonnegative, and lower is better.
The average BDE performance is given in Table 2. It is noted
that RDM outperforms CTM and Mean-shift in terms of the
PRI and BDE measures.

The running times on a PC are given in Table 3. It shows
that RDM is faster than CTM and Mean-shift due largely to
the simple computations of (8) and (13). Moreover, RDM
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Figure 4: (a) Original images; (b) segmentation using RDM; (c) segmentation using CTM; (d) segmentation using Mean-shift.

Table 1: Average PRI on the Berkeley database.

RDM CTM Mean-shift

0.771 0.762 0.755

Table 2: Average BDE on the berkeley database.

RDM CTM Mean-shift

8.7 9.4 9.7

Table 3: Execution times.

Pyramids Landscape Horses Giraffes

RDM 8.9 s 8.7 s 10.7 s 6.8 s

Mean-shift 18.3 s 27.5 s 20.7 s 18.9 s

CTM 35.3 s 17.2 s 57.6 s 13.5 s

can be applied to a JPEG2000 code stream directly while
most algorithms such as Mean-shift and CTM are primarily
applied to the original or decoded image and it takes more
time to decode a compressed image.

5. Conclusions

The MQ table defined in the JPEG2000 standard provides
useful information that can be used to compute the local
probability mass function (LPMF) of wavelet coefficients. A
simple LPMF-based scheme has been proposed to estimate
the rate distortion slope (RDS) of a wavelet segment. It is
noted that the RDS is increased significantly after merging
a pair of wavelet segments with similar characteristics into
a single segment. Similar ideas of the above can be used to
improve the rate control performance of JPEG2000 [26–28].
In this paper, we propose the rate-distortion-based merging
(RDM) algorithm to segment images in the framework of
JPEG2000. RDM has been evaluated on images with Brodatz
textures and the Berkeley color image database. Experimental
results show that the segmentation performance even at low-
middle bpp rates is rather promising. For natural images
with high-detail contents, RDM is preferable in terms of
the average PRI and BDE measures. In addition, the total
running time of RDM, which includes the computation of
superpixels and the merging process, is faster than Mean-
shift and CTM.

As RDM is based on the MQ table, which is available
at both encoder and decoder, no overhead transmission is
needed to compute the LPMF of wavelet coefficients. RDM
can be applied to a JPEG2000 code stream directly; thus,
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the burden of decompressing computation can be avoided,
and memory space that is required to store the decompressed
image is no longer necessary from the segmentation point of
view.
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