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Advanced materials are widely used in several engineering
applications, involving primary and secondary structures,
especially where high specific strength plays a critical factor
for designers. Advanced materials applications can be found
in both military and civilian fields, such as aerospace, auto-
motive, and building, and there is no shortage of applications
in medical and sport equipment. However, despite their
great advantages, their application is limited by many critical
aspects, such as the fact that they are prone to different
typologies of defects and damage respect to conventional
materials. Many of such defects and damage can be very
critical for structures, because theymay be invisible and cause
a significant decrease of the residual strength. Developing
further knowhow about understanding failure mechanisms
in advanced materials, due to phenomena such as impacts,
fatigue, creep, and stress corrosion, is mandatory to build
up a safe and efficient structure. For such reasons, before
employing new materials in structures, several tests are
usually carried out. Static, corrosion, impact, fatigue, high
strain rate, and several other tests are usually carried out at
both coupon and full scale component in order to understand
the behaviour and to increase the structural performance.
As a matter of the fact, the knowledge about the onset and
evolution failure mechanisms in advanced materials is still
not enough to face properly the design phase. Hence, during
the design current practice, in order to fill the knowledge gap
about the ability in predicting the failures, structural compo-
nents are usually oversized. Such design strategy allows the
structure to tolerate damage so its structural health is not
compromised under the real loading conditions, according

to a damage tolerance design philosophy. As a result, the sci-
entific community is aimed to develop analytical, empirical,
and semiempirical models able to predict the failure mecha-
nisms under different loading conditions and nondestructive
examinations, inspections, and evaluations which are widely
performed to achieve all possible information about the
failure mechanisms in order to develop predicting models.
Achieving detailed information about such mechanisms is a
necessary condition to design a safe and an efficient structure.

In more detail, the state of the art is full of atomistic mod-
els related to several types of failures, efficient for specific test
cases. However, failure prediction knowledge at macro-scale
lever is still poor. Empirical analyses and analytical models
are often developed and used to describe failure mechanism
at micro-scale level. The challenge is to transfer such detailed
information to higher scales in order to reproduce the
structural behaviour of a real component. Different tools are,
in fact, used to achieve constitutive damage law atmicro-scale
level to implement inside macro-scale models able to predict
the structural behaviour of a specific structure. In fact, thanks
to the current computational power, multiscale numerical
models are developed in order to simulate the behaviour of
components, assemblies, and whole structures under both
real and critical loading conditions, before proceeding to the
manufacturing.

The present special issue contains original research
and review articles that seek to address modelling and
optimizing structural behaviour and damage of advanced
materials. Among the areas emphasized in the special
issue are case histories; sample calculations of practical
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design problems; material characterization procedures; fail-
ure mechanisms assessment of critical components; stochas-
tic modelling; propagationmechanisms; effect of microstruc-
ture and defects on fatigue behaviour; life prediction and
remaining useful life estimation. The papers submitted by
the authors have been subjected to the normal journal peer-
review process. Special topics include but are not limited to
continuummechanics, crack propagation, criteria for fatigue
and fracture, multiphysics damage modelling and analysis,
effect of process and design parameters on fatigue resistance,
life prediction and remaining useful life estimation, scale
effect and structural failure, and ageing.

Francesco Caputo
Carlos Navarro

Paulo M. S. T. de Castro
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The aim of the proposed research activity is to investigate the mechanical behaviour of a part of aerospace horizontal stabilizer,
made of composite materials and undergoing static loads.The prototype design andmanufacturing phases have been carried out in
the framework of this research activity.The structural components of such stabilizer are made of composite sandwich panels (HTA
5131/RTM 6) with honeycomb core (HRH-10-1/8-4.0); the sandwich skins have been made by means of Resin Transfer Moulding
(RTM) process. In order to assess the mechanical strength of this stabilizer, experimental tests have been performed. In particular,
themost critical inflight recorded aerodynamic load has been experimentally reproduced and applied on the stabilizer. A numerical
model, based on the Finite ElementMethod (FEM) and aimed at reducing the experimental effort, has been preliminarily developed
to calibrate amplitude, direction, and distribution of an equivalent and simpler load vector to be used in the experimental test. The
FEM analysis, performed by using NASTRAN code, has allowedmodelling the skins of the composite sandwich plates by definition
of material properties and stack orientation of each lamina, while the honeycomb core has been modelled by using an equivalent
orthotropic plate. Numerical and experimental results have been compared and a good agreement has been achieved.

1. Introduction

In order to improve the performance of transport systems,
many companies are spending resources to find a way for
achieving structural lightweight and strength. As a result,
several studies are made for substituting traditional materials
with more efficient ones. So, new structural solutions, based
on innovative materials, are often applied in such fields. As
a matter of fact, advanced materials, such as composites,
represent an efficient solution to these problems. However,
their application is affected by critical aspects, due to their
sensitivity to notch effect, environmental conditions, damag-
ing under low velocity impacts, and so on. There are many
works in literature showing the application and investiga-
tion on aerospace structural components entirely made of

composite materials. In order to investigate the structural
behaviour of aircraft composite components, also several
experimental tests can be found in literature. A common
approach to investigate and study the phenomena involved
during in-service/critical loading conditions is based on
the joint usage of both Finite Element Method (FEM) and
laboratory experimental tests.

Bossak and Kaczkowski [1] investigated the crashworthi-
ness of a lightweight composite aircraft. A full scale finite
element model was provided in such work, in an attempt to
investigate the phenomena involving a crash landing event,
with a focus on the passenger’s safety.

Wittenberg et al. [2] investigated, by FEM modeling and
experimental tests, the postbuckling phenomenon, involving
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stiffened shear panels of ultra-high capacity aircraft under
compression loading conditions.

Linde et al. [3] investigated different modelling tech-
niques and solutionmethods for the study of the postbuckling
behaviour of stiffened aircraft fuselage panels. The virtual
testing proposed in such paper is based on the main goal
of reducing experimental test efforts, leveraging on virtual
parametric models.

Frulla and Cestino [4] carried out their research activities
on the design of an autonomous high altitude long-endurance
unmanned air vehicle (HALE-UAV) platform. A scaled-
prototype was designed in order to perform structural static
and dynamic tests and the results were compared with
numerical and analytical computations. The main structure
was made of CFRP materials.

Romano et al. [5] carried out research activities on the
design of a new CFRP aileron, considering as a baseline ref-
erence an aluminium aileron installed on the P180 AVANTI
aircraft. Composite laminates used for such structure were
manufactured by using the Resin Transfer Moulding (RTM)
process. An iterative designmethodology, developed by using
both simplified and detailed design approaches, was used in
such study, leading to an optimized aileron concept charac-
terized by a strong reduction of the number of the structural
subparts and by a considerable increase of the weight/costs
ratio. Finally, the effectiveness of the developed full scale
demonstrator was successfully assessed at the ultimate static
load, satisfying the same test performed for the certification
of the aluminium aileron.

Armentani et al. [6] and Citarella et al. [7, 8] carried
out studies on a full scale aeronautic panel made of fibre
metal laminate, tested under both static and fatigue biaxial
loads, applied by means of an innovative multiaxial fatigue
machine. The methodology proposed in these papers aims
at providing a general purpose evaluation tool for a better
understanding of the fatigue resistance of aeronautic panels,
providing a deeper insight into the role of fibre stiffness and
of delamination extension on the stress intensity factors of
a crack in the middle bay. The fatigue test was simulated in
[6] by the Dual Boundary Element Method (DBEM) in a
bidimensional approach, whereas in [7] a three-dimensional
FEM-BEM coupled approach was introduced to better detail
the analysis in the cracked area.

Further studies, performed at coupon level and aimed
at the characterization of composite materials under both
critical and in-service loading conditions, are provided; for
example, Schön et al. [9] dealt with end notch composite
specimens under bending loading conditions and provided
numerical-experimental outcomes concerning the fracture
behaviour under both static and cyclic loads.

Jones and Alesi [10] investigated another critical phe-
nomenon involving composite materials when affected by
compressive loading conditions. The authors analysed one
of the most critical events which can affect a stiffened com-
posite panel, the separation/debonding of the skin from the
stiffeners, as a consequence of excessive “through the thick-
ness” stresses. In particular, this paper shows the results of
a series of experimental, analytical, and numerical studies,

Figure 1: Exploded view of the stabilizer.

aimed at analysing the matrix-dominated failures involving
a rib stiffened panel under compression load.

Other authors, such as Caputo et al. [11] and Sepe et
al. [12], provided several numerical and experimental inves-
tigations on the structural behaviour of aircraft composite
components under LVI (low velocity impact) phenomena.
The dangerousness of such phenomena is related to the fact
that after a LVI a composite panel may return to its original
shape without any detectable damage (Barely Visible Impact
Damage (BVID)), while it has suffered massive internal
damage. The main goal of such research activity consists in
the prediction of interlaminar and intralaminar failuremech-
anisms bymeans of finite element procedures involving com-
posite components under such loading conditions.According
to the numerical-experimental comparison, fibre,matrix, and
delamination damage were well predicted by the developed
FE model.

The main focus of the work illustrated in this paper is to
analyse the mechanical behaviour of a part of aircraft hor-
izontal stabilizer made of composite materials. A prototype
of the stabilizer in hand has been designed for such purpose
and then manufactured. It was made by composite sandwich
panels (HTA 5131/RTM 6) with honeycomb core (HRH-10-
1/8-4.0). The sandwich facing skins were made by means
of RTM process [13, 14], which is one of the most efficient
available technologies for the production of such materials.

Some experimental tests were carried out on the pro-
totype. In particular, the most critical aerodynamic load,
recorded during the flights of a small aircraft [15], was
experimentally reproduced and applied to the stabilizer.

2. Materials and Manufacturing of Stabilizer

An exploded view of the analysed stabilizer is shown in
Figure 1.The stabilizer is made out of two skin panels: a lower
skin, in which the two main spars (front spar and rear spar)
are integrated, and anupper skin.Moreover, there are two ribs
between the spars and two root ribs, whose aim is to make
the stabilizer end stiffer, providing the needed constraints
during the static test. Each rib is bonded by T clips to the
lower skin and to the spars. All parts were manufactured
using 5131 6K HexForce G1157 (Hexcel) carbon fibres and
LY 5052 (Huntsman) epoxy resin by RTM process. Finally,
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Table 1: Staking sequence of each part.

Part Number of plies Thickness [mm] Staking sequence
Lower and upper skin 28 7.84 [+45/−45/90/−45/0/45/90/−45/0/45/90/−45/45/0]𝑆
Ribs 9 2.52 [+45/90/−45/0/0/0/−45/90/+45]
Root ribs 10 2.8 [+45/−45/0/90/0]𝑆
T-clips 10 2.8 [+45/−45/0/90/0]𝑆

a honeycomb insert core HRH-10-1/8-4.0 (Hexcel) is placed
in the central zone, between the lower and upper skin.

In the RTM process the resin is injected into a closed
mould filled with dry fibres. Fibre reinforcement is prelim-
inary preformed in order to make its positioning easier in the
mould. Such technique allows some benefits, as the possibility
of producing net shape and reduced tolerance parts, which
provide benefits also during the assembly phase.

The staking sequence of each part is reported in Table 1.
All parts were bonded with epoxy bicomponent adhesive
HYSOL EA934 N/A (Henkel Aerospace), the weight ratio
between mixing resin and hardener being 100 : 33. The grit
blasting, using alumina folder strip (220 grit), and the sur-
faces cleaning and drying (using propanol) were performed
to prepare the laminate surfaces for the subsequent bonding.
The cure cycle used for the adhesively bonding process was
determined based on the associated technical datasheet and
the entire process took approximately 108 h [16].

3. FE Analyses

In order to reproduce by experimental tests the critical
aerodynamic load condition acting on the stabilizer, FE
analyses were performed, by means of NASTRAN code, in
order to define an equivalent load system that turns out to
be easily reproducible experimentally and, at the same time,
allows simulating the structural behaviour of the stabilizer
under in-service loads.

3.1. FE Model. All the stabilizer parts were modelled with
SHELL elements CQUAD4 (an isoparametric membrane-
bending element with four nodes with six degrees of freedom
per node). A global view of the finite element model is shown
in Figure 2; it is based on 7783 elements and 7694 nodes.
The thickness of each lamina and the fibre orientation were
defined using the composite laminates tool. The mechanical
properties of the laminamaterial are reported inTable 2.MSC
PATRAN� preprocessor environmentwas used formodelling
the stabilizer and linear static analyses were performed by
means of NASTRAN� code.

3.2. Loads and Constraints. A complex loading condition
(MB MAX-800xVD-xFL2-2UCU-FUEL: START CRUISE
2544.7 kg) [15], corresponding to the most critical aerody-
namic loads recorded during the flight (Table 3), will be
applied to the stabilizer.

The directions of each load vector are defined in the local
system 10 (Figure 3), while the coordinates 𝑋, 𝑌, and 𝑍

Table 2:Mechanicalmaterial properties of laminaHTA5131/RTM6.

Longitudinal Young Modulus, 𝐸11 92.10GPa
Transverse Young Modulus, 𝐸22 = 𝐸33 7.61 GPa
In Plane Shear Modulus, 𝐺12 = 𝐺13 3.26GPa
In Plane Shear Modulus, 𝐺23 3.26GPa
Poisson ratio, ]12 = ]13 0.36
Poisson ratio, ]23 0.48
Longitudinal tensile strength𝑋𝑡 1222MPa
Longitudinal compressive strength𝑋𝑐 654MPa
Transverse tensile strength 𝑌𝑡 = 𝑍𝑡 42.8MPa
Transverse compressive strength 𝑌𝑐 = 𝑍𝑐 104MPa
Shear strength 𝑆12 = 𝑆13 62.5MPa
Ply thickness 0.28mm

Y
Z

X

Figure 2: FE model.

reported in Table 3 are referred to the global reference system
0 (Figure 3).

The points of load introduction are put in connection
with the stabilizer main structure by means of RBE3 rigid
elements, whereas the nodes in the stabilizer rear zone, close
to root ribs, are constrained for all six DOFs (Figure 4).

3.3. Equivalent Load System. In order to experimentally
reproduce the aforementioned most critical aerodynamic
load, FE analyses have been carried out considering dif-
ferent loading conditions. As previously said, the aim of
this procedure is to find an equivalent load system, easily
reproducible by experimental test but still able to simulate the
real structural behaviour of the stabilizer under the true loads.

This equivalent load configuration has been calculated
by means of eight linear numerical analyses: each one was
performed by applying in turn a unit load on the points
shown in Figure 5. Such loads have been applied through the
modelled test pads (Figure 5).
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Table 3: Load point position and load components.

ID position load 𝑋 [mm] 𝑌 [mm] 𝑍 [m] 𝐹𝑥 [N] 𝐹𝑦 [N] 𝐹𝑧 [N] 𝑀𝑥 [N⋅m] 𝑀𝑦 [N⋅m] 𝑀𝑧 [N⋅m]
𝑃1 477 −330 0 −83.2 182.2 −6081.2 −27 −30 −136𝑃2 660 −630 0 −169.6 231.3 −7556.9 −39 −272 −167𝑃3 992 −1170 0 −200.2 254.5 −9042.1 −38 53 −141𝑃4 1286 −1650 0 −180.9 221.0 −19659.3 47 70 −117

X

X

Y Y

Y

Z

System 0 System 0

System 10 P1

P3P3

P4 P4

P2 P2

P1

Figure 3: Reference system and lading point.

Y
Z

X

Figure 4: Loads and boundary conditions.

X

X
X5

X5–X1

X1

X2

X2

X3

X3

X7 X7

X6 X6

X4

X4

X8 X8

Y Y

Y

Z

System 0 System 0

System 10

Upper skin

Upper skin

Pad

Figure 5: Modelled test pads.

Finding an equivalent loads system means to set up a
linear combination of elementary loads able to reproduce the
stabilizer deflection recorded in the FE analysis considering
the real load system. The new load configuration can be
calculated by using

𝐸 (𝑋1, 𝑋2, . . . , 𝑋8) =
𝑁dof∑
ℎ=1

[ 8∑
𝑘=1

(𝑢ℎ,𝑘 ⋅ 𝑋𝑘) − 𝑢ℎ]
2

, (1)

where

𝐸(𝑋1, 𝑋2, . . . , 𝑋8) is the error function to minimize;
𝑋1, 𝑋2, . . . , 𝑋8 are the weights of such linear combi-
nation (they correspond to the load amplitudes of the
new equivalent load system);
𝑢ℎ,𝑘 is the translational displacement of ℎth degree of
freedom due to the 𝑘th unit force;
𝑢ℎ is the translational displacement of ℎth degree of
freedom due to the loads shown in Table 3;
𝑁dof is the number of translational degrees of freedom
of the whole model (equal to 23082).

In order to apply only downwards vertical forces, the
unknown linear combination coefficients𝑋1, 𝑋2, . . . , 𝑋8 can-
not be negative. So in order to find the minimum of the error
function, the following constraints must be added:

𝑋1 ≥ 0
𝑋2 ≥ 0
𝑋3 ≥ 0
𝑋4 ≥ 0
𝑋5 ≥ 0
𝑋6 ≥ 0
𝑋7 ≥ 0
𝑋8 ≥ 0.

(2)

In more detail, the new loads configuration come out from
the combination of the 8 coefficients 𝑋1, 𝑋2, . . . , 𝑋8 that
minimizes the sum of squared differences between the
displacements caused by the new loads system and those
caused by the loads system shown in Table 3. The minimum
square differences were calculated by MATLAB� code with
lsqnonneg function, which can retrieve the solution bymeans
of the algorithm reported in [17]. Therefore, it is possible
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Table 4: Equivalent loads system.

ID position (Figure 5) Load 𝑋 [mm] 𝑌 [mm] 𝑍 [mm] 𝐹𝑧 [N]𝑋4 𝑃EQ1 1520 −1515.7 63.3 −16204.4𝑋8 𝑃EQ2 1069.9 −1761.6 63.3 −13790.8

Y
Z

X

Figure 6: Equivalent load system and boundary conditions.

to simulate experimentally the load condition reported in
Table 3 by means of the application of only two forces, as
reported in Table 4.

The coordinates 𝑋, 𝑌, and 𝑍 and the load component𝐹𝑧 reported in Table 4 are referred to the global reference
system0 (Figure 3).The equivalent load system and boundary
conditions are reported in Figure 6.

3.4. Results and Discussion. In order to check the accuracy
of the new equivalent model, some considerations have been
made. The equivalent load system (Table 4) causes a max-
imum deflection equal to 25.69mm (Figure 7), with a
difference from the deflection caused by the real load system
(Table 3) equal to 1.64%.

The respective strain fields contour plots are also consis-
tent: the maximum strains among all the plies, in tension and
in compression, along the local 𝑥 direction, are shown in Fig-
ures 8 and 9, respectively. Difference between the maximum
strains due to the real load system (Table 3) and equivalent
load system (Table 4) is equal to −0.000028 (1.09%) while in
compression it is equal to −0.000075 (2.64%).

Likewise, the maximum strain, among all the plies, in
tension and in compression, along the local 𝑦 direction
is shown in Figures 10 and 11, respectively. The difference
between maximum strains due to the real load system
(Table 3) and equivalent load system (Table 4) is equal
to −0.000028 (1.09%) while in compression it is equal to−0.000075 (2.64%).

Themaximum in-plane shear strain among all the plies is
shown in Figure 12: the difference between strains due to two
different loading conditions is equal to 0.000084 (2.64%).

Displacements along the spars for the real and equivalent
load systems are shown in Figure 13(a). The curves relative to
displacements measured, for example, along the paths (red
lines) shown in Figure 13(b) are well matching. There is a
small difference (lower than 6.3%) only at the spar ends: this
is due to the presence of pads, responsible for an increase of
the structure stiffness in the area of load application.

In conclusion, the illustrated results confirm that the load
system reported in Table 4 can be considered as equivalent to
the real load system reported in Table 3.

4. Experimental Test

The equivalent load configuration has been experimentally
reproduced in laboratory (Figure 14), applying the load
system by means of two pads (in-plane sizes 30 × 30mm ×
mm).

Two hydraulic cylinders (Eland HD 20) with load cell of
20 kN have been used to apply the loads. In order to check
the stabilizer displacements, 6 transducers (range 0–500mm)
have been applied on it. The stabilizer has been constrained
by means of two “C” beams joined to the support fixture by
means of 10 boltsM16 (Figure 15). Two compliant plates (same
curvature of the skin) are bonded to the skin with PLEXUS
MA420 adhesive in order to enforce a continuity constraint.

Before starting with the test, the constraints efficiency has
been checked by partial application (40%) of the equivalent
loads. The stabilizer has been instrumented by strain gages,
located on the upper and lower skin. Fifteen strain gages,
type CEA-13-250UW-350 ofMMVishay, were bonded on the
specimen. The strain gages 𝑆1–𝑆8 (Figure 16(a)) provide the
strains on the upper skin, while 𝑆9–𝑆15 (Figure 16(b)) provide
those on the lower skin. All strain gages provide the strains
along spanwise direction. The strain gages were bonded by
a two-component epoxy adhesive in order to ensure good
performance in case of large strains and each strain gage was
attached to an acquisition system through a quarter bridge
connection. The strain gages position coordinates (𝑋, 𝑌, 𝑍)
are reported in Table 5 and are referred to the global reference
system 0 (Figure 16).

The values of strain and loads measured during experi-
mental test are reported in Table 6while the strain versus load𝑃EQ1 (chosen parameter) is shown in Figure 17.

Numerical strains, provided along the strain gage direc-
tions, are compared with the corresponding experimental
data in Table 7 in order to validate the overall numerical-
experimental procedure.The numerical strains obtainedwith
the equivalent load system (Table 4) may be considered in
good agreement with the strain gages outcomes (e.g., lower
than 8.5% relative difference). In fact, the results of strain
gages 𝑆2 and 𝑆8, which are on the upper skin, are affected by
the presence of ribs nearby 𝑆2 and of a pad nearby 𝑆8 (load
introduction area). Again, the relative difference between
numerical and strain gage values on the inferior skin is lower
than 8.5% but for strain gages 𝑆12, 𝑆13, and 𝑆15. In particular,𝑆12 and 𝑆13 results are affected by secondary bending effects,
whereas the 𝑆15 strain gages are bonded in a low stress zone.
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Table 5: Strain gages positions on stabilizer (see reference system in Figure 16).

Strain gage 𝑋 [mm] 𝑌 [mm] Skin Direction
𝑆1 387.9 −152.9 Upper Along spanwise𝑆2 893.5 −591.2 Upper Along spanwise𝑆3 1265.9 −1023.5 Upper Along spanwise𝑆4 1459.8 −1567.6 Upper Along spanwise𝑆5 205.5 −493.9 Upper Along spanwise𝑆6 522.1 −799.7 Upper Along spanwise𝑆7 766.4 −1328.0 Upper Along spanwise𝑆8 1144.2 −1743.1 Upper Along spanwise𝑆9 393.5 −151.1 Lower Along spanwise𝑆10 878.6 −363.8 Lower Along spanwise𝑆11 1238.4 −1048.0 Lower Along spanwise𝑆12 218.0 −486.5 Lower Along spanwise𝑆13 792.5 −1392.3 Lower Along spanwise𝑆14 692.7 −700.5 Lower Along spanwise𝑆15 1295.1 −1647.5 Lower Along spanwise
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Figure 7: Deflection [mm] along 𝑧-direction due to real system load (a) and equivalent system load (b).
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Figure 8: Maximum strain, among all the plies, in tension along the local 𝑥-axes, due to real load system (a) and equivalent load system (b).
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Figure 9: Maximum strain, among all the plies, in compression along the local 𝑥-axes, due to real load system (a) and equivalent load system
(b).
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Figure 10: Maximum strain, among all the plies, in tension along the local 𝑦-axes, due to real system load (a) and equivalent system load (b).
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Figure 11: Maximum strain, among all the plies, in compression along the local 𝑦-axes, due to real system load (a) and equivalent load system
(b).
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Figure 12: Maximum in-plane shear strain, among all the plies, along local 𝑥- and 𝑦-axis, due to real system load (a) and equivalent load
system (b).
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Figure 13: Displacement variation along the spars (a); paths along which the displacements are measured (b).

5. Conclusions

A FE numerical model has been developed for studying the
best way to experimentally simulate an aerodynamic load in

terms of amplitude, direction, and distribution of equivalent
forces. Related experimental tests have been illustrated, with
a good agreement achieved between numerical and experi-
mental results.
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Table 6: Values of strain and loads measured during experimental tests.

Load [N] Strain [𝜇m/m]𝑃EQ1 𝑃EQ2 𝑆1 𝑆2 𝑆3 𝑆4 𝑆5 𝑆6 𝑆7 𝑆8 𝑆9 𝑆10 𝑆11 𝑆12 𝑆13 𝑆14 𝑆15
5 3 0 −1 0 1 0 1 0 0 −1 0 1 0 1 −1 −1−3114 −2769 208 290 174 46 149 231 105 8 −126 −182 −87 −96 −63 −122 −5−6329 −5518 416 567 340 87 295 451 205 14 −252 −373 −176 −197 −136 −250 −14−9522 −8284 617 848 513 136 441 677 309 23 −372 −554 −261 −290 −197 −368 −18−12761 −11027 816 1126 683 182 582 897 413 32 −493 −744 −349 −386 −266 −491 −24−16200 −13786 1006 1398 850 229 723 1110 517 43 −607 −929 −435 −478 −333 −609 −29

Table 7: Numerical and experimental correlation for equivalent loading condition.

Strain gage FEM strain (𝑎) Experimental strain (𝑏) Deviation = (𝑎 − 𝑏) ∗ 100/𝑏
[𝜇m/m] [𝜇m/m] [%]𝑆1 920.78 1006 −8.5𝑆2 1126.63 1398 −19.4𝑆3 783.19 850 −7.88𝑆4 242.10 229 5.67𝑆5 664.13 723 −8.14𝑆6 1157.87 1110 4.31𝑆7 558.58 517 8.04𝑆8 23.52 43 −45.3𝑆9 −654.01 −607 7.74𝑆10 −1005.10 −929 8.19𝑆11 −460.56 −435 5.87𝑆12 −650.11 −478 36.00𝑆13 −389.21 −333 16.81𝑆14 −585.83 −609 −3.80𝑆15 −24.23 −29 −16.43

Figure 14: Experimental testing setup.

According to the performed static test, in fact, the
experimental-numerical differences in most cases are com-
parable to the intrinsic error level inherent in the strain gage
usage.

Hence the proposed numerical model appears to be an
efficient method to design quasi-static experimental tests
for the investigation of the mechanical behaviour of an
aerospace horizontal stabilizer made of composite materials
and undergoing aerodynamic loading conditions.

Figure 15: Support fixture.
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This study investigated the shear design equations for prestressed hollow-core (PHC) slabs and examined the suitability of strength
reduction factors based on the structural reliability theory.The reliability indexes were calculated for the shear strength equations of
PHC slabs specified in several national design codes and those proposed in previous studies. In addition, the appropriate strength
reduction factors for the shear strength equations to ensure the target reliability index were calculated. The results of the reliability
index analysis on the ACI318-08 equation showed that the shear strengths of the members with the heights of more than 315mm
were evaluated to be excessively safe, whereas some members with low depths did not satisfy the target reliability index.

1. Introduction

The prestressed hollow-core (PHC) slabs are made in the
form of hollow sections with a circular or elliptical shape, as
shown in Figure 1, to make them lighter and maximize the
sectional efficiency. The prestress is commonly introduced
to the PHC slabs by the placing of prestressing tendons,
which leads them to have excellent flexural resistance. In
addition, they have been widely used as a lightweight floor
structural system in Europe and North America due to
their excellent economic efficiency and constructability [1–3].
However, since the PHC slab members are typically formed
by extruder machines that cast concrete while moving in
the longitudinal direction of the members, it is very difficult
to place shear reinforcements which are to be placed in
the vertical direction. Moreover, the PHC slabs have thin
webs due to the hollow-cores inside, and thus their shear
strengths are typically dominated by the web-shear strength
at the ends of the members. The method of enhancing their
shear strength is truly very limited, compared to what can

be done to enhance their flexural strengths, for which their
member strengths are governed by the web-shear strength
in most cases [2, 3]. In particular, the previous experimental
studies [1, 3] reported that, for the PHC slabs with the depths
of greater than 315mm (12.5 in.), the shear strengths were
somewhat overestimated by the web-shear strength specified
in ACI318-05. On that basis, the shear provision in ACI318-
08 was substantially revised to reduce the shear strength of
the PHC slabs greater than 315mm depth with no minimum
shear reinforcement by half [3–6]. As mentioned by Im [7]
and Palmer and Schultz [6, 8], however, the revised shear
provision can provide very conservative shear strengths for
the PHC slabs thicker than 315mm, and it can thus serve
as a limiting factor for their wide applications. Therefore,
more detailed analyses and deep examinations on the shear
strengths of the PHC slabs are necessary. In the authors’
previous study [9], the shear strength equations in the current
design codes [4, 5, 10–13] and by a research group [14] were
examined in detail comparing to the experimental results of
the PHC slab members collected from literature. Then, they
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Figure 1: Various types of prestressed hollow-core slabs.

proposed an equation to calculate the web-shear strengths of
the PHC slabs which is simple but provides a proper margin
of safety.

In the design codes, based on the ultimate strength
design approach, the design strength (𝜙𝑅𝑛) is calculated by
multiplying the nominal strength (𝑅𝑛) of themember and the
strength reduction factor (𝜙) that is less than 1, depending
on the importance and failure mode of the member to take
into account the variability of materials and dimensions, the
construction errors, the uncertainties of code equations, and
so on.Macgregor et al. [15] determined the strength reduction
factor (𝜙) by performing structural reliability analyses on the
experimental results available at that time. In the current
ACI 318 design code (2014) [16], however, the shear strength
reduction factor is 0.75 for both reinforced concrete (RC) and
prestressed concrete (PSC) members even though the con-
struction errors and the uncertainties of the code equations
for the RC and PSC members are not the same. In particular,
Lee et al. [9] reported that the web-shear strength equation
for PSC members overestimated the shear strengths of the
PHC slabs with the heights of less than 315mm (thin PHC
slabs, hereafter) as well as those of greater than 315mm (thick
PHC slabs, hereafter). Thus, it is necessary to reexamine
the current reduction factor for the shear strengths of PHC
slabs. In this regard, this study examined the suitability of
the shear strength reduction factor of 0.75 specified in the
current ACI 318 design code (2014), based on the structural
reliability analysis on the experimental results of the PHC
slabs collected from literature including the authors’ previous
study.

2. Web-Shear Strength

The shear failures of PSC members without shear reinforce-
ments are generally divided into the web-shear and flexural-
shear failures [20–22]. The shear failure of PHC slabs that
have a thin web due to the hollow-cores in the section is
dominated by web-shear strength in most cases [3, 6–9, 23–
25]. In most design codes [4, 5, 11], two assumptions are
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Figure 2: Description of transfer length (𝑙𝑡), bearing length (𝑙𝑏), and
critical section (𝑙𝑐).

introduced to simplify the calculations of web-shear strength;
as shown in Figure 2, the critical section is located at a certain
distance (𝑙𝑐) away from the support, and the vertical normal
stress (𝜎𝑦) at the centroid of the section is negligible. Then,
the shear strength (𝜏𝑥𝑦) and the longitudinal stress (𝜎𝑥) at
the centroid axis of the critical section can be represented as
follows:

𝜎𝑥 = 𝛼𝑓𝑝𝑒𝐴𝑝𝑠𝐴𝑐 , (1)

𝜏𝑥𝑦 = 𝑆𝑏𝑤𝐼𝑔𝑉𝑦, (2)

where 𝛼 is the ratio of the prestress at the critical section
to the fully effective prestress of the strands, which can be
estimated as the distance (𝑙𝑐) from the member end to the
critical section divided by the transfer length (𝑙𝑡) as shown
in Figure 2. Also, 𝑓𝑝𝑒 is the effective prestress, 𝐴𝑝𝑠 and 𝐴𝑐
are the cross-sectional area of the strands and the member,
respectively, 𝑆 is the moment of area, 𝐼𝑔 is the moment of
inertia of gross section, 𝑏𝑤 is the sum of the web width, and𝑉𝑦 is the shear force acting on the section. According to the
theory of elasticity [26], the principal tensile stress (𝜎1) at the
critical section can be represented as follows:

𝜎1 = 𝜎𝑥2 + √𝜎𝑥24 + 𝜏𝑥𝑦2. (3)

The point at which the principal tensile stress (𝜎1) on
the web reaches the tensile strength of the concrete (𝑓𝑐𝑡) is
considered as the shear cracking strength of the PSCmember.
The shear cracking strength and the shear strength of the
member can be different, but they are assumed to be the same
because their difference is very small especiallywhenno shear
reinforcements are placed. Therefore, by substituting (1) and
(2) into 𝜎𝑥 and 𝜏𝑥𝑦 in (3), respectively, the web-shear strength
(𝑉𝑐𝑤) can be represented as follows:

𝑉𝑐𝑤 = 𝐼𝑔𝑏𝑤𝑆 √𝑓𝑐𝑡2 + 𝛼𝑓𝑝𝑒𝑓𝑐𝑡𝐴𝑝𝑠𝐴𝑐 . (4)
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In Eurocode 2 [11] and FIP recommendations [12], (4) is
used to calculate the web-shear strength of PSC members.
Eurocode 2 also presents the web-shear strength (𝑉𝑅𝑑,𝑐) of
PSC members in a similar form as follows:

𝑉𝑅𝑑,𝑐 = 𝐼 ⋅ 𝑏𝑤𝑆 √𝑓𝑐𝑡𝑑2 + 𝛼𝑙𝜎𝑐𝑝𝑓𝑐𝑡𝑑, (5)

where 𝑓𝑐𝑡𝑑 is 𝛼𝑐𝑡0.7𝑓𝑐𝑡𝑚/𝛾𝑐. Here, 𝛼𝑐𝑡 is a coefficient to take
account of long term effects on the tensile strength and
unfavorable effects depending on the patterns of applied
loads, and the recommended value is 1.0 in most cases. Also,𝛾𝑐 is the partial safety factor for concrete, and 1.5 was used.𝑓𝑐𝑡𝑚 is the mean value of axial tensile strength of concrete,
where 0.3(𝑓𝑐 )2/3 was applied when the compressive strength
of concrete (𝑓𝑐 ) is less than 50MPa and 2.12 ln(1+(𝑓𝑐+8)/10)
when𝑓𝑐 exceeds 50MPa. In addition, 𝛼𝑙 is 𝑙𝑥/𝑙𝑝𝑡2, which shall
not be greater than 1.0, where 𝑙𝑥 is the distance of the critical
section from the starting point of the transfer length (equals
to 𝑙𝑐), and 𝑙𝑝𝑡2 is the upper bound value of the transfer length
(equal to 𝑙𝑡), which is calculated to be 𝛼1𝛼2𝑑𝑏𝑓𝑝𝑖/𝜂𝑝1𝜂1𝑓𝑐𝑡𝑑.
Here, 𝛼1 is 1.25, 𝛼2 is 0.19, 𝜂𝑝1 is 3.2, 𝜂1 is 1.0, 𝑑𝑏 is the diameter
of strands, and 𝑓𝑝𝑖 is the stress of strands right after release.𝜎𝑐𝑝 is the concrete compressive stress at the centroid axis due
to axial loading and/or prestressing (equals to 𝑓𝑝𝑐).

Walraven and Mercx (1983) proposed the web-shear
strength (𝑉𝑐𝑤) of PHC slabs by applying the overall reduction
factor of 0.75 to Eurocode 2 equation, as follows:

𝑉𝑐𝑤 = 0.75𝐼𝑏𝑤𝑆 √𝑓𝑐𝑡2 + 𝛼𝑙𝑒𝜎𝑐𝑝𝑓𝑐𝑡, (6)

where 𝛼𝑙𝑒 is as follows:
𝛼𝑙𝑒 = 1 − [(𝑙𝑡 − 𝑙𝑏)𝑙𝑡 ]2 (7)

and 𝑓𝑐𝑡 is 0.05𝑓𝑐𝑢 + 1, and 𝑙𝑏 is the bearing length.
The FIP recommendation [12] suggests the web-shear

strength (𝑉𝑅𝑑12) as follows:
𝑉𝑅𝑑12 = 𝐼𝑏𝑤𝑆 √𝑓𝑐𝑡𝑑2 + 0.9𝛼𝜎𝑐𝑝𝑓𝑐𝑡𝑑. (8)

In (5), compared to (8), the reduction factor of 0.9 was
additionally considered. Also, 0.3(𝑓𝑐 )2/3 presented in the
CEB-FIP Model Code [12] is used for 𝑓𝑐𝑡𝑑, and the value𝛼𝑙𝑒 presented by Walraven and Mercx [14] in (7) is also
applied for 𝛼. In JSCE (2007), the web-shear strength (𝑉𝑤𝑐𝑑)
of the prestressed member without shear reinforcements is
presented as follows:

𝑉𝑤𝑐𝑑 = 𝑓𝑤𝑐𝑑𝑏𝑤𝑑𝛾𝑏 , (9)

where 𝑓𝑤𝑐𝑑 is 1.25√𝑓𝑐 , 𝛾𝑏 is the member factor that is
generally taken to the value of 1.3, and 𝑑 is the effective
member depth.

ACI318-08 and AASHTO-LRFD simplified method [10]
assumes the shear stress distribution as the mean shear stress
(𝜏𝑥𝑦,𝑎), as follows:

𝜏𝑥𝑦,𝑎 = 𝑉𝑦𝑏𝑤𝑑𝑝 . (10)

Accordingly, the web-shear strength (𝑉𝑐𝑤) is presented in
ACI318-08 (same as ACI318-14) and AASHTO-LRFD simpli-
fied method, respectively, as follows:

𝑉𝑐𝑤 = (0.29√𝑓𝑐 + 0.3𝑓𝑝𝑐) 𝑏𝑤𝑑𝑝 + 𝑉𝑝, (11)

𝑉𝑐𝑤 = (0.16√𝑓𝑐 + 0.3𝑓𝑝𝑐) 𝑏𝑤𝑑V + 𝑉𝑝, (12)

where 𝑑𝑝 is the distance from the extreme compression
fiber to the centroid of prestressing steel, 𝑑V is the effective
shear depth, and 𝑉𝑝 is the vertical component of prestressing
force. However, since most of the PHC slabs without shear
reinforcements fail in shear soon or right after diagonal cracks
occur in the web, mostly having no flexural cracks at the end
region, it is not suitable to calculate the web-shear strength
by assuming the shear stress as the mean stress value of a
cracked section.Therefore, in the authors’ previous study [9],
they considered the shear stress distribution as a parabolic
shape and proposed the web-shear strength (𝑉𝑐𝑤) as follows:

𝑉𝑐𝑤 = (0.29𝜆√𝑓𝑐 + 0.3𝑓𝑝𝑐) 𝑏𝑤𝐼𝑆 + 𝑉𝑝, (13)

where the web-shear strength presented in ACI318-05 was
lowered as much as the ratio of the average to the parabolic
shear stress; that is, [𝐼𝑔/(𝑆𝑑𝑝)]. In addition, a more simplified
version of (13) was also proposed by applying the mean value
of 𝐼𝑔/(𝑆𝑑𝑝) of the collected specimens as 0.76, as follows:

𝑉𝑐𝑤 = (0.22√𝑓𝑐 + 0.23𝑓𝑝𝑐) 𝑏𝑤𝑑𝑝. (14)

Even in the authors’ previous study (Lee et al., 2014), they
recommended reducing the shear strength, calculated by (14),
of the PHC slabmembers havingmore than 500mmdepth by
half to ensure a proper margin of safety.

As shown in Table 1, a total of 155 experimental data
sets were collected from Lee et al. [9] and Im [7] in order
to validate the accuracy and reliability of the shear strength
equations of design codes or previous studies. Table 3 presents
the strength ratios (𝑉𝑐𝑤,Cal/𝑉𝑐𝑤,Test) of the shear strengths
calculated by design codes and previous researchers to the
test results on the specimens collected in this study. Note
that no material or strength reduction factor was applied in
the calculation only to check the accuracies of their shear
strengths. It seems that the web-shear strength equation of
ACI318-05 provided a good accuracy with a mean of 0.955
and a COV (coefficient of variation) of 0.251. Lee et al.
[9] reported, however, that the shear strength by ACI318-05
provided unsafe results for a large number of specimens as
shown in Figure 3(a), and a similar observationwas alsomade
in the cases of FIP and JSCE. As shown in Figure 3(b), the
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Figure 3: Shear strength ratios by design codes of ACI318-05 and ACI318-08.

ACI318-08, revised fromACI318-05, provided very conserva-
tive estimation on the shear strength of the PHC slabs having
more than 315mm depth. Compared to these shear strength
equations, the proposed equations by Walraven and Mercx
[14] and Lee et al. [9] showed a better accuracy, as will be
examined in detail later in the section on the shear strength
reduction factor for PHC slabs. In particular, the equation
proposed by Lee et al. [9] is fairly easy to apply in practical
design because of its simple form.

3. Strength Reduction Factor

Many researches have been conducted to ensure the struc-
tural safety by considering the uncertainties of structural
materials and members [18, 27], which required a lot of
time and efforts since they are based on the vast amount
of experimental results and statistical data. Macgregor [27]
collected the experimental results of reinforced concrete
and prestressed concrete members, based on which they

performed statistical analysis to investigate the uncertainties
of the materials and members and derived the relationship
between the strength reduction factor and the load factor
based on the predetermined target reliability index (𝛽𝑡). The
target reliability is an index set to ensure a certain level of
safety. In general, the probabilistic approaches to evaluate the
structural safety by applying the structural reliability theory
[28, 29] are divided into three types, that is, Level I, Level II,
and Level III [30]. Level III is the most accurate approach,
in which numerous random values are generated through
a Monte Carlo simulation based on the mean and variance
of each random variable and then substituted into the limit
state function to directly calculate the number of failure cases.
This method requires a significantly large number of trials,
which is very disadvantageous. Level II is an approximate
approach that estimates the failure probability through the
reliabilitymethods such as the First-OrderReliabilityMethod
(FORM) and the Second-Order Reliability Method (SORM).
The limit state function can be linearized by the FORM, and
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the reliability index is then estimated in a simple manner.
The limit state function can be approximated in a quadratic
form by the SORM, and the probability of failure is then
estimated at the quadratic failure surface.Thesemethods have
an advantage in that the time required for analysis is relatively
shorter than Level III. Level I is a method that determines
the safety factor so that the reliability index (𝛽), based on
the design strength, exceeds the target reliability (𝛽𝑡) [31].
The target reliability can be determined by considering the
safety margin and the consequences of failure. Macgregor
[27] performed statistical analysis of the relationship between
the strength reduction factor and the load factor, based on
which he determined𝛽𝑡 as 3.0 to satisfy the failure probability
of 0.13%, and decided the load factors for the combination of
dead loads, live loads, and snow loads, as follows:

𝑈 = 1.2𝐷 + 1.6𝐿,
𝑈 = 1.2𝐷 + 1.6𝑆,
𝑈 = 1.4𝐷,

(15)

where 𝑈 is the factored load, 𝐷 is the dead load, 𝐿 is the live
load, and 𝑆 is the snow load. In addition, when a wind load
and earthquake load are applied, 𝛽𝑡 was set to 2.5 and 2.0,
respectively, and the load combinations were determined, as
follows:

𝑈 = 1.2𝐷 + 1.3𝑊 + 0.5𝐿,
𝑈 = 1.2𝐷 + 1.5𝐸 + (0.5𝐿 or 0.2𝑆) ,
𝑈 = 0.9𝐷 − (1.3𝑊 or 1.5𝐸) ,

(16)

where 𝑊 is the wind load and 𝐸 is the earthquake load.
The failure probability varies greatly depending not only on
the variability of the loads but also on the failure modes of
the members. For the case of shear, the differences between
the actual failure loads and the member strengths calculated
by code equations are relatively large, and thus it should be
designed to be safer compared to the case of flexure. There-
fore, Macgregor [27] proposed different strength reduction
factors according to failure modes so as to satisfy 𝛽𝑡 with
the load factors. In ACI318-83, the strength reduction factors
were 0.85 for flexure, 0.70 for shear and torsion, and 0.70 and
0.65 for the spiral and the tied columns under compression,
respectively, which were then revised a few times later up to
the current version of ACI318-14.

In recent years, however, the uncertainties of the material
and member strengths have been reduced with the develop-
ment of material production and processing technology and
structural design and construction technology. Accordingly,
the design of concrete members by applying the strength
reduction factors based on previous statistical data on the
materials andmembers can lead to becoming excessively con-
servative, which may cause restraining economic efficiency.
Nowak and Szerszen [18, 19] conducted a research on the
strength reduction factors by setting 𝛽𝑡 to 3.5 based on the
recent statistics data, that is, mean, variance, and coefficient
of variation of material, and proposed the strength reduction
factors of 0.9 and 0.85 for flexural and shear, respectively,

which are equal to or greater than those of 0.9 and 0.75
presented in ACI318-14. This is, as previously mentioned,
because the uncertainties are reduced due to a decrease in
the variation of the material and member strengths and an
enhanced accuracy of their strength estimation.Thus, a more
reasonable strength reduction factor, which is on the safe side,
was proposed by setting higher 𝛽𝑡.

In accordance with the recent researches, the target
reliability for shear in PHC slabs was set to 3.5 in this study.
The strength reduction factor for the shear and torsion in
RC members is 0.75 in ACI318-14, which applies equally to
PHC slabs. As mentioned previously, because PHC slabs are
mostlymanufactured in a factory, the quality ofmaterials and
members is consistently good, and the uncertainties of the
member strengths are relatively small compared to typical RC
members. In addition, the PHC slab members have hollow-
cores in the section and relatively small depths, compared to
the typical PSC beam members, and thus they have different
deviations of the material and member strengths from those
PSC beams. Therefore, a detailed analysis is necessary to
check the suitability of 0.75 as the strength reduction factor
for the shear design of PHC slabs when they are designed
by applying the shear strength equations used for the general
PSC members.

3.1. Shear Failure Probability of PHC Slabs. In order to inves-
tigate whether it is appropriate to apply the shear strength
reduction factor of 0.75 in calculating the shear strengths
of PHC slabs, the reliability index (𝛽) was estimated for 155
data pieces collected in this study, based on the First-Order
Reliability Method [30]. For the load combination of 1.2𝐷 +1.6𝐿, the nominal strength (𝜙𝑅𝑛) should be designed to be
equal to or greater than the required strength (𝑄1.2𝐷+1.6𝐿),
which can be expressed as follows:

𝜙𝑅𝑛 ≥ 𝑄1.2𝐷+1.6𝐿, (17)

where the safety factor (SF) can be defined as follows:

SF = (1.2𝐷 + 1.6𝐿) /𝜙𝐷 + 𝐿 . (18)

Considering 𝐷 + 𝐿 in (18) as the load at shear failure of
the specimen, the limit state function (𝑔) can be defined as
follows:

𝑔 = SF ⋅ 𝑉𝑛 − 𝑉test < 0, (19)

where 𝑉𝑛 is the shear strength calculated by the code
equations or other proposed equations by researchers and𝑉test is the experimental value. The shear strength (𝑉𝑛) of
the PHC slab is a function of several random variables. As
shown in (11), that is, the ACI code equation, the compressive
strength of concrete (𝑓𝑐 ), the compressive stress in concrete
at the centroid of the cross section (𝑓𝑝𝑐), and the shape of the
PHC slab (𝑏𝑤, 𝑑𝑝) are the random variables. The moment of
inertia of gross section (𝐼𝑔) and section modulus (𝑄) can be
additional random variables in Eurocode (see (5)). The bias
factors and COVs for each random variable refer to the study
of Nowak and Szerszen [18] as shown in Table 2. Since 𝑓𝑝𝑐 is
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Table 2: Statistical parameters for variables [18, 19].

Parameters Nominal value
(MPa) Bias factor COV Distribution

𝑓𝑐𝑘
48 1.19 0.115 Normal
55 1.09 0.090 Normal
62 1.16 0.100 Normal
69 1.13 0.115 Normal
83 1.04 0.105 Normal

𝑓𝑝𝑒 — 0.9 0.16 Normal
𝑏𝑤 — 1.00 0.06 Normal
𝑑𝑝 — 1.00 0.06 Normal

Table 3: Summary of shear strength ratios.

Standards and
authors

Mean
(𝑉𝑐𝑤,Cal/𝑉𝑐𝑤,Test) Standard deviation COV

Eurocode 2 1.111 0.290 0.260
FIP recommendation 1.185 0.293 0.247
JSCE 1.104 0.291 0.263
AASHTO-LRFD 0.600 0.153 0.255
ACI 318-05 0.955 0.239 0.251
ACI 318-08 0.735 0.281 0.383
Walraven and Mercx 0.913 0.227 0.249
Lee et al.
(simplified equation) 0.710 0.175 0.246

a function of the combinations of several random variables,
such as the effective prestress (𝑓𝑝𝑒), sectional area of tendon
(𝐴𝑝𝑠), and sectional area of the PHC slab (𝐴𝑔 = 𝑏𝑤𝑑𝑝), this
study assumed a normal distribution of these variables (𝑓𝑝𝑒,𝑏𝑤, 𝑑𝑝) and then generated 1.0 × 106 random numbers for
each random variable through a Monte Carlo simulation to
determine the COV and bias factor of 𝑓𝑝𝑐. The First-Order
Reliability Method (FORM) analysis was performed using
the limit state function presented in (19) and the probability
distribution of the influencing variables on the shear strength,
based on which the reliability index (𝛽) was calculated for all
the specimens. In case the limit state function is linear, 𝛽 can
be estimated by calculating the minimum distance between
the origin and the limit state function in a plane where each
random variable (𝑋1, 𝑋2) is changed to standard normal
distribution random variables (𝑋1,𝑋2) as shown in Figure 4.
That is, the point that orthogonally comes in contact with the
limit state function is the most probable failure point (MPP),
and the distance between the origin and the MPP (𝛽) can
be expressed as a function of the mean and variance of each
random variable as follows [30]:

𝛽 = 𝜇𝑋1 − 𝜇𝑋2
√𝜎2𝑋1 + 𝜎2𝑋2

. (20)

When the limit state function is nonlinear, it is very difficult
to calculate the 𝛽 value, and it can be thus simplified by the

first-order approximation. The limit state function can be
expanded by the Taylor series, as follows:

𝑔 (𝑋1, 𝑋2, . . . , 𝑋𝑛) = 𝑔 (𝑥∗1 , 𝑥∗2 , . . . , 𝑥∗1 )
+ 𝑛∑
𝑖=1

(𝑋𝑖 − 𝑥∗𝑖 ) ( 𝜕𝑔𝜕𝑋𝑖)

+ 𝑛∑
𝑗=1

𝑛∑
𝑖=1

(𝑋𝑖 − 𝑥∗𝑖 ) (𝑋𝑗 − 𝑥∗𝑗 )
(𝜕𝑔/𝜕𝑋𝑖𝜕𝑋𝑗)

+ ⋅ ⋅ ⋅ ,

(21)

where 𝑔 is a limit state function,𝑋𝑖 is a random variable, and𝑥∗𝑖 is a random variable at the MPP. By the FORM, the first-
order term of (21) can be taken as follows:

𝑔 (𝑋1, 𝑋2, . . . , 𝑋𝑛) = 𝑛∑
𝑖=1

(𝑋𝑖 − 𝑥∗𝑖 )( 𝜕𝑔𝜕𝑋𝑖 ) , (22)

where 𝑋𝑖 and 𝑥∗𝑖 are reduced variates and taken as follows,
respectively:

𝑋𝑖 = 𝑋𝑖 − 𝜇𝑋𝑖𝜎𝑋𝑖 , (23a)

𝑥∗𝑖 = 𝑥∗𝑖 − 𝜇𝑋𝑖𝜎𝑋𝑖 . (23b)
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Figure 4: Space of reduced variates 𝑋1 and𝑋2.
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Figure 5: Web-shear strength failure probability of PHC slabs in
ACI318-08.

From the first-order approximation, the mean value and
variance (𝜇𝑔 and 𝜎2𝑔) of the function 𝑔(𝑋) can be presented,
as follows:

𝜇𝑔 ≈ − 𝑛∑
𝑖=1

𝑥∗𝑖 ( 𝜕𝑔𝜕𝑋𝑖 ) , (24a)

𝜎2𝑔 ≈ 𝑛∑
𝑖=1

( 𝜕𝑔𝜕𝑋𝑖 )
2 . (24b)

As mentioned previously, the reliability index can be
expressed as a function of the mean and standard deviation,
and thus the reliability index of FORM becomes

𝛽 = 𝜇𝑔𝜎𝑔 =
−∑𝑛𝑖=1 𝑥∗𝑖 (𝜕𝑔/𝜕𝑋𝑖)
√∑𝑛𝑖=1 (𝜕𝑔/𝜕𝑋𝑖)2

. (25)

Figure 5 shows the reliability index (𝛽) for 155 specimens,
which were calculated by applying the ACI318-08 equation
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Figure 6: Ratio of average shear stress to parabolic shear stress.

to the limit state function with a strength reduction factor of
0.75 and a live load ratio to dead load of 0.5. The ACI318-
08 equation showed significantly greater reliability index
values in the cases of the PHC members with more than
315mm depth because it allows only half the shear strengths
of the members, and it confirms that the shear strengths
by the ACI318-08 equation are excessively conservative for
those thickmembers.Therefore, the shear strength reduction
factor of 0.75 for the thick PHC slabs could result in a very
uneconomical design. In addition, there were many cases
that did not satisfy the target reliability (𝛽𝑡 = 3.5) in the
PHC members with less than 315mm depth. This is because
the ACI318-08 equation is based on the assumption of the
average shear stress distribution as shown in (10), and thus,
as shown in Figure 6, the shear strength is underestimated
by about 80% compared to the shear strength obtained by
assuming the parabolic distribution of shear stress on the
web. In contrast, as shown in Figure 7, the shear strength
by Lee et al.’s [9] and Walraven and Mercx’s [14] models
in which the shear stress distribution of the PHC slab is
considered to be a parabolicwas found to secure the reliability
index more than the target reliability (𝛽𝑡) for most PHC slab
members including the members with more than 315mm
depth. In Lee et al.’s [9] and Walraven and Mercx’s [14]
models, however, the reliability index values (𝛽) for most of
the data were greater than 4.5, which means that the failure
probability is lower than 3.4 × 10−4%. Therefore, if the PHC
slabs are designed by these approaches, the shear strength
reduction factor of 0.75 could result in a very uneconomical
design.

3.2. Shear Strength Reduction Factor for PHC Slabs. This
study derived the relationship between the strength reduction
factor of the PHC slab and reliability index (𝛽) by using the
shear strength estimation model proposed by the authors’
previous study [9]. In order to consider various load con-
ditions applied to the structures, as shown in Figure 8, the
reliability indexes (𝛽) were calculated according to the ratio
of the dead load to the sum of dead load and live load (𝐷/(𝐷
+ 𝐿)). The load ratios 𝐷/(𝐷 + 𝐿) ranged from 0.9, in which
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Figure 7: Reliability index values of PHC slabs.
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Figure 8: Reliability index for Lee et al.’s model.

the live load is very small, to 0.09 where the live load is very
large. The reliability index (𝛽) is expressed as follows:

𝛽 = 𝜇Lee − 𝜇𝐷 − 𝜇𝐿
√𝜎2Lee + 𝜎2𝐷 + 𝜎2𝐿 , (26)

where 𝜇Lee and 𝜎Lee are the mean and variance of Lee et al.’s
model, respectively. In this study, a normal distribution was
assumed for the variables used in Lee et al.’s model and 1.0 ×
106 random numbers were then generated for each random
variable through the Monte Carlo simulation to determine
the COV and bias factor (𝜆) of Lee et al.’s model.The sectional
and material properties of PHC slabs were referred from Im
tests shown in Table 1, and their bias factors and COVs were
referred fromNowak and Szerszen [18] as shown inTable 2. In
(26), 𝜇𝐷 and 𝜇𝐿 are themean values of the dead and live loads,
respectively, and 𝜎2𝐷 and 𝜎2𝐿 are the variances of the dead and
live loads, respectively. The statistical data for the loads used
in this study is also based on the study byNowak and Szerszen
[18] as presented in Table 4. The mean values of 𝜇Lee, 𝜇𝐷, and𝜇𝐿 can be expressed as follows:

𝜇Lee = 𝜆Lee𝑅, (27a)

𝜇𝐷 = 𝜆𝐷𝐷, (27b)

𝜇𝐿 = 𝜆𝐿𝐿, (27c)

Table 4: Statistical parameters for loads [18, 19].

Load component Bias COV Distribution
Dead load 1.03 0.08 Normal
Live load 1.00 0.18 Normal

where𝜆Lee,𝜆𝐷, and𝜆𝐿 are the bias factors of Lee et al.’smodel,
dead loads, and live loads, respectively. By using (17) and the
ratios of dead load to dead load plus live load (𝐷/(𝐷 + 𝐿)),
(26) can be rearranged as a function of 𝜇𝐷.

When the dead load and live load are the same (i.e.,𝐷/(𝐷 + 𝐿) = 0.5), if the shear strength reduction factor
of 0.75 is used, the reliability index was about 4.0, which
is on the safe side. For the strength reduction factor of 0.8,
the reliability index was about 3.5 which is almost equal to
the target reliability (𝛽𝑡). According to Nowak and Szerszen
[18, 19], the load ratio 𝐷/(𝐷 + 𝐿) was reported to range
generally from 0.3 to 0.7 in beams, from 0.3 to 0.6 in slabs,
and from 0.4 to 0.9 in columns.Therefore, when the strength
reduction factor of 0.75 is applied for the cases of load ratios
ranging from0.3 to 0.6, which is typical in slabs, the reliability
index (𝛽) ranges from 3.90 to 4.07, which means being very
safe. When the strength reduction factor of 0.8 is applied, the
reliability index (𝛽) ranges from 3.51 to 3.71, which is slightly
greater than the target reliability index (𝛽𝑡). This suggests
that the use of the strength reduction factor of 0.8 makes it
possible to perform an economic design, while satisfying the
target reliability index. As mentioned previously, however, a
large number of results of ACI318 equation do not satisfy the
target reliability index (𝛽𝑡) for the members with less than
315mm depth; thus, it is desirable to slightly lower the shear
strength reduction factor for the design of the PHC slabs
based on ACI318-08.

4. Conclusion

This study evaluated the accuracy on the web-shear strength
equations of various codes and researchers by comparing to
the experimental results of PHC slabs failed in web-shear and
examined the shear strength reduction factors suitable for
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the shear design of the PHC slabs. The following conclusions
were obtained from this study.

(1) The reliability analysis showed that the ACI318-08
equation is excessively conservative for the PHC
members with greater than 315mm depth; the shear
strength reduction factor of 0.75 for the thick PHC
slabs could result in a very uneconomical design.

(2) The ACI318-08 equation did not satisfy the target
reliability (𝛽𝑡 = 3.5) for the PHC slabs with less than
315mmdepth, and thus it is desirable to slightly lower
the shear strength reduction factor for the design of
the PHC slabs based on ACI318-08.

(3) The models by Walraven and Mercx and Lee et al.
provided a good accuracy on the shear strengths
of PHC slabs, but they provided very conservative
results when the shear strength reduction factor of
0.75 was used.

(4) The reliability analysis of Lee et al.’s shear strength
equation showed that the strength reduction factor of
0.8 works well, leading to an economic design, while
satisfying the target reliability index.
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This paper focuses on the use of no-contact experimental techniques for monitoring the interlaminar damage evolution in
composite laminates. Indeed, Infrared Thermography and Digital Image Correlation are adopted to investigate, in composite
plates with artificial delamination, the influence of the delamination initial position on the delamination growth. The paper also
investigates the feasibility of using a no-contact experimental technique for the measurement of displacement and strain during
mechanical tests, such as the Digital Image Correlation, to evaluate, by means of indirect measurements, the delamination growth
as a function of the applied load.

1. Introduction

Carbon fiber reinforced polymer (CFRP) laminates are being
studied widely in aerospace and naval application due to
their low specific weight and high corrosion resistance
with respect to the metallic alloys [1]. However, carbon
fiber/epoxy laminates can experience damage formation or
imperfections arising during the manufacture and assembly
phases or during their service life. Indeed, carbon fiber/epoxy
laminates are susceptible to develop, as a consequence of
low velocity impacts [2–5], critical damage mechanisms
(fiber failure, matrix cracking, and delamination) which are
hardly detectable by visual inspection [6–10] and then very
dangerous in terms of load carrying capability reduction
especially under compressive loading conditions. Moreover,
geometrical and material imperfections make the structure
prone to the buckling phenomenon, as investigated in [11].
Hence, the study of the compressive behavior of impacted
composite structures becomes of main concern for ensuring
the fulfilment of integrity and safety structural requirements
[12, 13].

In order to assess the internal defects and to monitor the
damage initiation and propagation in composite structures,
widespread experimental techniques are adopted. Among
others, Infrared Thermography (IRT) and Digital Image
Correlation (DIC), whose combination has been used in [14]
to study plastic deformations, can be considered effective
and reliable no-contact experimental techniques able to
assess the integrity of composite structures. The Infrared
Thermography technique is usually adopted to evaluate the
temperature field [15–17], while theDigital Image Correlation
technique has been found able to satisfy the increasing
demand of experimental detailed information connected to
a deformation problem [18–23]. The advantages related to
these two techniques are the real-time measures, the high
precision, and the absence of any contact or interference with
the measured samples.

The Infrared Thermography is also used for detection
of material defects in structures [24, 25] being particularly
useful when no-contact inspection is needed, for example,
when the investigated structural component is hot and
dangerous to inspect with contact sensors or when parts are
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difficult to reach or disconnect or more in general could
be damaged by contact. Indeed, the Infrared Thermography
is able to reveal heat patterns in the infrared wavelength
spectrum, which helps to visualize the damaged elements,
using an infrared camera that captures the thermal images in
specific ranges of temperatures (i.e., parts of the electromag-
netic spectra). Among thermographic techniques, the active
approach requires to induce a temperature gradient between
the inspected body and the environment, generally warming
up or cooling down thematerial. In the case of the used Lock-
Inmethod, the component is warmed up by amodulated heat
wave while the emitted heat by the component is acquired
by the thermal camera and processed by a software whose
algorithm is FFT based. [26, 27]. Infrared thermocameras
are being continuously developed in terms of both pixel
resolution/noise level [28] and Lock-In technique [29] for
various applications on solar cells, integrated circuits, and
gate oxide integrity defects.

TheDIC is one of themost popular no-contact techniques
thanks to its ease of implementation, solution accuracy, and
cheapness. It is an optical technique, which works by using
cameras for recording digital photographs at different loading
stages to be compared in order to obtain stress and strain
fields. Indeed, according to the DIC technique, random and
unique blocks of pixels are tracked to obtain strain and stress
measurements.

Many researches have adopted the DIC technique to
measure the strain field and the surface displacements in the
last years.The local last squares fittingmethod to calculate the
true strain field in presence of holes or crack areas has been
investigated in [30] while the detection of strain singularity
due to artificial delamination by using the DIC technique
has been considered in [31, 32]. The DIC technique has been
used to study the crack growth behavior in [33], the impact
induced damage in composite structures under compressive
load in [34], and finally, holes in composite laminates and the
bonded repairs performance also under tensile load in [35].

In the present paper, the combination of DIC and IRT
techniques is used to provide the displacements and the inter-
nal damage development in delaminated composite plates
during a compressive test. The main aim is to investigate
the influence of delamination position on the delamination
growth in composite plates. The paper also investigates
the feasibility of using the DIC, to evaluate, by means of
indirect measurements of strain and displacement fields, the
delamination growth as a function of the applied load.

In Sections 2 and 3, the IRT end DIC techniques are,
respectively, introduced briefly explaining their working
principles. In Section 4, the tested specimen characteristics
and the test procedures and setup are presented. Finally,
in Section 5, the experimental results are introduced and
critically discussed.

2. Infrared Camera and
Lock-In Thermography

Every object at temperature 𝑇, greater than the absolute
zero (i.e., 𝑇 > 0K), emits electromagnetic radiations. These

radiations mainly fall into the infrared portion of the electro-
magnetic spectrum.The latter, called also infrared radiations
or thermal radiations, propagates from one place to another
through the electromagnetic waves. Infrared Thermography
offers no-contact fast inspection of extensive areas and can
be used as an alternative or complement to other inspection
technologies because the infrared imaging device reveals
features that are not visible to the naked eye.

Thermography is a nondestructive evaluation (NDE)
tool that allows detecting imperfections or characterizing
the materials and measuring temperature changes on the
material surface due to stress generated thermal fields (SGTF)
or externally applied thermal fields (EATF). A sensitive
infrared camera, capable of detecting temperature changes
less than 0.05mK, is used to detect anomalies in the material
heat transfer characteristics related to imperfections.

Materials must be thermally excited to show imperfec-
tions. Excitation sources can be applied by external thermal
fields or by mechanical tools. In both cases, the produced
thermal field depends on the investigatedmaterial emissivity.
The emissivity, 𝜀, in (1), is defined as the ratio between
the thermal radiation, 𝐸, emitted from a real surface, and
the thermal radiation, 𝐸𝐵, related to a blackbody at the
same conditions (temperature, 𝑇, wavelength, lambda, and
direction):

𝜀 (𝜆, 𝑇) = 𝐸 (𝜆, 𝑇)𝐸𝐵 (𝜆, 𝑇) . (1)

Infrared detectors are transducers of incident radiant energy.
The most used infrared detectors (Figure 1) are

(i) thermal detectors;
(ii) quantum/photon detectors.

They can be classified into cooled and uncooled infrared.
Cooled detectors have to be cooled down under ambient

temperature in order to obtain a very rapid scanning rate,
high sensitivity, and low thermal noise. The FLIR� thermal
camera used for this work is provided with a Stirling cycle
cooling system. The InSb photovoltaic sensor is effective
within the 3÷5 𝜇m wavelength transmission window, that is,
Medium Infrared part of the spectra. Lock-InThermography
is based on the solution of the Fourier equation obtained
taking into account the hypothesis that a homogeneous
semi-infinite solid body is impinged by a sinusoidal thermal
wave of temperature 𝑇 propagating along 𝑥 direction with
modulation frequency, 𝜔, and initial temperature, 𝑇0,

𝑇 (𝑥, 𝑡) = 𝑇0𝑒−𝑥/𝜇 cos(𝜔𝑡 − 𝑥𝜇) . (2)

Equation (2) describes the harmonic part of that solution as
a thermal wave, with the same modulation frequency as the
exciting heat source, delayed by a phase lag 𝜑 = 𝑥/𝜇 and
with an amplitude damped by a factor depending on the so-
called diffusion length 𝜇 = (2𝛼/𝜔)1/2, where 𝛼 is the thermal
diffusivity.

According to the Lock-In Thermography technique, a
series of thermal images representing the time evolution of
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Figure 1: Types of IR detectors.

the surface temperature of the inspected body are collected
and “compared” with the reference signal given by the
excitation thermal wave taken as a reference. So, as in Lock-
In amplifiers through the FFT the phase lag between the
waves as well as the final amplitude can be obtained. From
a computational point of view, if the two signals are both of
sine-type, the same can be obtainedwith at least 4 equidistant
(or even three) data points per modulation cycle (𝑆1 to 𝑆4 in
Figure 2) [26].

Therefore, for each pixel, amplitude𝐴 (see (3)) and phase𝜑 (see (4)) can be calculated bymeans of already four thermal
images taken during one modulation cycle:

𝐴 (𝑥) = √(𝑆3 − 𝑆1)2 + (𝑆4 − 𝑆2)2, (3)

𝜑 (𝑥) = arctg(𝑆3 − 𝑆1𝑆4 − 𝑆2) . (4)

From an experimental point of view, the excitation heat
source is made by a halogen lamp which emits light mod-
ulated by a function generator. So it is possible to choose
the frequency and the amplitude of the heat source. Both the
reference signal and the heat reemitted by the inspected body
are acquired by the thermal camera. The Lock-In software
provides two maps in false colour related to 𝐴 and 𝜑. The
phase maps are particularly interesting due to the possibility
of investigating deeper within the thickness of the specimen;
the smaller the frequency is the deeper it probes. Since
the phase is dependent also on 𝜇, if the body has local
discontinuities with different thermal response they will give
different phase values, easily represented onto the phasemaps
with different colours with respect to the surrounding areas.

3. Digital Image Correlation

The DIC technique uses a couple of digital cameras for
capturing stereoimages related to the examined structure
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Figure 2: Amplitude and phase obtained by a sinusoidal thermal
excitation.

under different loading conditions and so it allows estimating
the unknown displacement (also out of the plane) and
strain fields by comparing the recorded images to the initial
nondeformed configuration [36].ThemainDIC benefit is the
capability of analyzing large displacements and deformations
areas with no need of attaching sensors if compared with the
conventional measuring methods.
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Figure 3: Specimen preparation for DIC.

Figure 3 shows the specimen’s surface preparation for
DIC application. The surface is marked with a black dots
pattern on a white background to increase the capability to
distinguish locations on the specimen surface. Indeed, the
black dots have to be absolutely randomly positioned and
of random size, depending on the specimens’ dimensions.
The images of the specimens, acquired during testing, are
elaborated by splitting the surface and the pattern in many
subsets. 50 substeps with step 2-3 and strain gauge length
of 1mm were automatically selected by the VIC 3D device
in order to minimize the influence on the displacement and
strain field, according to the selected region of interest and to
the random black dot size and position.

The black pattern on a white background is conceived
to make easier and quicker the algorithm work in recording
and elaborating the captured images. Indeed, integer values
from 0 (black) to 100 (white), according to the current gray
gradation, within the pattern are used. During the test, the
pattern substep will move to a new position and the software
is able to recognize this new position for the displacement
calculation. This process is described in Figure 4.

In order to evaluate the displacement field, a correlation
method is needed.There are three main correlationmethods,
which belong to the sum of squared differences criteria
group. All the suggested criteria are used to evaluate the
displacements. The strains field is evaluated by derivatives of
the computed displacement field.

(i) Sum of Squared Differences Criterion

𝐶SSD = 𝑁∑
𝑖

𝑁∑
𝑗

[𝑓 (𝑥𝑖, 𝑦𝑖) − 𝑔 (𝑥𝑖 , 𝑦𝑖 )]2 , (5)

where 𝑓 and 𝑔 are the values before and after the motion,(𝑥𝑖, 𝑦𝑖) are the pixel coordinate in the reference image before
the motion, and (𝑥𝑖 , 𝑦𝑖 ) are the pixel coordinate in the
reference image after the motion. It is a particularly fast
criterion, even if it is not very robust because it is very
sensitive to brightness changes.

(ii) Normalized Sum of Squared Differences Criterion

𝐶NSSD = 𝑁∑
𝑖

𝑁∑
𝑗

[𝑓 (𝑥𝑖, 𝑦𝑖)𝑓 − 𝑔 (𝑥𝑖 , 𝑦𝑖 )𝑔 ]2 (6)

with

𝑓 = √ 𝑁∑
𝑖

𝑁∑
𝑗

[𝑓 (𝑥𝑖, 𝑦𝑖)]2,

𝑔 = √ 𝑁∑
𝑖

𝑁∑
𝑗

[𝑔 (𝑥𝑖 , 𝑦𝑖 )]2.
(7)

This criterion seems to be more robust than the previous one
because it is not sensitive to the brightness scale variation.

(iii) Zero-Normalized Sum of Squared Differences Criterion

𝐶ZNSSD = 𝑁∑
𝑖

𝑁∑
𝑗

[𝑓 (𝑥𝑖, 𝑦𝑖) − 𝑓𝑚Δ𝑓 − 𝑔 (𝑥𝑖 , 𝑦𝑖 ) − 𝑔𝑚Δ𝑔 ]2 (8)

with

Δ𝑓 = √ 𝑁∑
𝑖

𝑁∑
𝑗

[𝑓 (𝑥𝑖, 𝑦𝑖) − 𝑓𝑚]2,

Δ𝑔 = √ 𝑁∑
𝑖

𝑁∑
𝑗

[𝑔 (𝑥𝑖 , 𝑦𝑖 ) − 𝑔𝑚]2,
(9)

where 𝑓𝑚 and 𝑔𝑚 are the average gray values of the respective
subset. This is the most robust formulation because it is not
sensitive to both brightness scale and brightness changes [26].

In order to correctly evaluate the displacements and
the strains, it is necessary to know the specimen position
according to a 3D scanning system. The camera parameters
and relative orientation should be also calibrated to extract
the specimen position in the chosen reference coordinate
system by means of an arbitrary calibrated rigid target (white
grid with equally spaced black dots in Figure 5).

The target does not need to be exactly flat (even if a rather
flat calibration target is adopted), but the distance between
two points has to be clearly known. In order to guarantee
the grid covering the entire image, in particular close to
the boundaries, distortions become really important. These
distortions are calibrated by short lenses which require a
substantial number of images.

4. Tested Specimen and Test
Procedures Description

4.1. Tested Specimen Description. As already mentioned, the
IRT and DIC techniques have been used to track damage
propagation and strain/displacements fields in delaminated
composite plates.

The tested specimens are composite plates made of
G1157/RTM6 material. The material properties have been
evaluated by means of a full experimental material char-
acterization campaign performed by CNR (Italian National
Research Council). The system plies have been arranged
according to the stacking sequence [0, 90, 90, 0]4𝑆. An arti-
ficial circular delamination with 40mm diameter has been
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Figure 4: (a) Grayscale values (nondeformed configuration). (b) Grayscale values (deformed configuration).

placed between the second and the third ply by means
of a Teflon insert during manufacturing with a negligible
thickness. In this paper only one thickness (𝑡) and one
radius (𝑅) values have been examined. Further studies could
evaluate the thickness and the delamination radius changes
influence. Two geometrical configurations with central and
side delamination have been tested. The geometrical con-
figuration is described in Figure 6 while the geometrical
description of the tested specimens and the properties of the
material system are presented in Tables 1 and 2, respectively.

Figure 7 shows phase maps taken from a preliminary IRT
inspection on the two delaminated panels in order to detect
the artificial defect.

The infrared camera and the DIC cameras are placed
framing, respectively, the opposite sides of the same speci-
men.This caution is due to the presence of the black andwhite

pattern on one side of the sample, which could be responsible
for an emissivity degradation of the surface, making IRT less
effective. First, the thinner sublaminate has been analyzed as
shown in Figure 8.

The DIC and the IR measurements have been carried out
simultaneously. Indeed, the heat from the lighting system of
the DIC optical setup is negligible if compared to the heat
from the halogen lamps used during Lock-InThermography
inspection. Hence, it has been easily verified during the tests.

In order to investigate the influence of the delamination
position on the compressive mechanical behavior of the
specimen, including delamination growth, the specimen has
been subjected to an increasing compressive axial displace-
ment. The compressive displacement has been applied in
steps. In order to check for delamination growth, the IRT
test has been performed at the end of each load step by
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Figure 5: Example of the calibration grid.
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Figure 6: Geometrical description of the two tested specimens.

(a) (b)

Figure 7: Two specimens’ initial delamination position; (a) side delamination; (b) central delamination.
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(a) (b)

Figure 8: IRF and DIC test setup; (a) IRT and DIC cameras on the opposite side of the tested specimen; (b) complete test setup.

Table 1: Geometrical description of the tested specimens.

Specimens height (𝐻) 250mm
Specimens length (𝐿) 80mm
Specimens width (𝑊) 5.6mm
Delamination position through the
thickness (𝑡) 0.35mm

Delamination position in plan (ℎ) 125mm
Delamination position in plan (𝐿1) 20mm
Delamination position in plan (𝐿2) 40mm
Delamination diameter (Φ) 40mm
Specimens landing lengths 45mm

Table 2: Material properties.

Properties Value
Ply thickness 0.175mm

Elastic properties 𝐸1 = 130.05GPa; 𝐸2 = 𝐸3 = 11.55GPa; 𝐺12 = 𝐺13
= 𝐺23 = 6GPa; ]12 = ]13 = 0.312; ]23 = 0.48;

Strength [MPa]
𝑋𝑡 = 1460.7MPa; 𝑋𝑐 = 876.42MPa; 𝑌𝑡 = 𝑍𝑡 =
77.145MPa; 𝑌𝑐 = 𝑍𝑐 = 241.43MPa; 𝑆12 = 𝑆13 =

30MPa; 𝑆23 = 40MPa;
Fracture toughness 𝐺𝐼𝑐 = 180 J × m−2; 𝐺𝐼𝐼𝑐 = 𝐺𝐼𝐼𝐼𝑐 = 500 J × m−2;

pausing the loading process without unloading the specimen.
Then the specimen is unloaded and a new step is started,
applying an increasing level of displacement. On the other
hand, during the same experimental analysis, the DIC test
has been performed continuously by recording every out-of-
plane surface displacement of the specimen when increasing
the load within each step. The adopted infrared camera is a
FLIR silver SC5500, while the DIC has been performed by
using theVIC-3D� systemprovidedwith twohigh resolution
cameras. The compression test has been carried out using
the 810 Material Testing System (MTS) hydraulic machine in
a statistical regime. The test has been performed setting the
parameters reported in Table 3.

Table 3: Test parameters.

DIC 1Hz (1 image per second)
Infrared camera (frame frequency) 103Hz
Lamp (heat excitation frequency) 0.5Hz
LOA velocity 0.3mm/min (compression)

Table 4: Load conditions for the side delamination.

Step Displacement [mm] Load [kN]
1 0.61 −40
2 0.645 −42.2
3 0.76 −42.7
4 0.83 −42.7
5 0.9 −42.4
6 1.03 −41.9 → −41.5
7 1.13 −41.1 → −40.6
8 1.2 −40 → −39.5
9 1.75 −29 → −25
5. Experimental Results

As already mentioned, in order to be able to investigate
the delamination growth during the compressive test, the
test has been performed by applying 9 increasing levels of
displacement, as shown in Tables 4 and 5 for the specimen
with side and central delamination.

At the end of each load step, without unloading the
specimen, the Lock-In method is applied to check for the
delamination growth by observing edges modification of the
artificial defect onto the phase maps. Then the specimen
is unloaded and a new step is performed up to the next
level of displacement. On the other hand the DIC has
been performed continuously during each loading step when
applying the compressive displacement.

Figures 9 and 10 show the force-displacement curves,
obtained at each step, respectively, for the specimen with
side and central delamination. The slope reduction passing
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Figure 9: Force-displacement curves for the side delamination.
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Figure 10: Force-displacement curves for the central delamination.

from one step to the next can be considered representative of
the damage evolution experienced by the specimens during
compression.

From Figures 9 and 10, both the specimens experience
the buckling phenomenon leading to a constant value of
the load while increasing the compressive displacements.
The side delamination appears to be clearly affected by a
reduction of the stiffness between one step and another with
a clear decrease of the buckling load value. On the other
hand, the specimen with central delamination seems to be
not affected by stiffness or buckling load reduction from one
step to another for all the performed compressive steps up to
specimen failure.

Figures 11 and 12 show the DIC contour plot of the
surface strain in the loading direction, respectively, for the
specimen with side and central delamination at the end of
the loading step. These images have been taken from the
thicker sublaminate side. It is worth noting that all the DIC
measurements have been taken in a 4000 × 4000 pixels
(100 pixels = 1mm) windows centered with respect to the
specimen center. In a cyclic experimental test the variation of
the local strain field distribution could be of course associated
with localized damage effects. However, this phenomenon
has been not analyzed because out of the scope of the present
paper. Future works could be focused on the correlation
between local damage and strain distribution.
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Figure 11: Surface strain-principal step-side delamination specimen [𝜇𝜀].
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Figure 12: Surface strain-principal step-central delamination specimen [𝜇𝜀].
Table 5: Load conditions for the central delamination.

Step Displacement [mm] Load [kN]
1 0.61 −33.75
2 0.645 −35.4
3 0.76 −38.13
4 0.83 −38.3
5 0.9 −38.45
6 1.03 −38.3
7 1.13 −38.3
8 1.2 −38.3 → −38
9 1.75 −37.9 → −36

The influence of delamination position on the strain
distribution can be clearly observed in Figures 11 and 12 at
the end of the first load steps. Indeed, increasing the applied
displacement from one step to another the global buckling
shape can be clearly distinguished.

The DIC surface strain distributions are plotted for each
step along 𝑥 and 𝑦 symmetry axes for the specimen with side

and central delamination, respectively, in Figures 13 and 14.
The considerations made for Figures 11 and 12 apply.

The DIC out-of-plane displacements contours for both
the studied specimens at the end of the loading steps are
shown in Figures 15 and 16.

The effect of local delamination buckling on the out-of-
plane displacements for the side delamination can be appre-
ciated from the first steps images reported in Figure 15. On
the other hand, Figure 16 shows that the central delamination
buckling profile can be hardly distinguished from the first
steps images.

The effects of the global buckling of the specimen on
the out-of-plane displacements distribution can be observed
from the last step images for both configurations. It is worth
noting that, under compressive load, the two tested speci-
mens undergo different deformed buckling shapes. Indeed,
the specimen with side delamination buckles in the opposite
direction with respect to thinner sublaminate while the
central delaminated specimen buckles toward the direction
of the thinner sublaminate.

The DIC out-of-plane displacements distributions are
plotted for each step along 𝑥 and 𝑦 axes for the specimenwith
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Figure 13: Surface strain-principal values along symmetry axes-side delamination specimen.

side and central delamination, respectively, in Figures 17 and
18. The considerations made for Figures 15 and 16 apply.

Tridimensional representations of the out-of-plane dis-
placement distributions obtained with the DIC are presented
in Figures 19 and 20, respectively, for the specimen with side
and central delamination.

In these figures a comparison between the tridimensional
distributions of the out-of-plane displacements obtained at
the end of the first step and at the end of the last step
is introduced. As it can be observed in Figure 19, even if
the noise level is quite relevant in the first step images,
the influence of the side positioned delamination on the
out-of-plane displacements of the specimen is clearly dis-
tinguishable. The same cannot be said for Figure 20 where
the central buckling delamination profile seems not to be
completely developed. The global buckling profile is, again,
clearly observable for both the specimen configurations. The
difficulty in detecting the local buckling of delamination is
due to the position of the DIC apparatus. Indeed the DIC
apparatus, as already mentioned, has been located on the
thicker sublaminate side. Hence, all we can appreciate from
this position is the effect of the delamination buckling on the

global out-of-plane and strain distributions of the specimen.
The effect of delamination buckling on the global strain and
displacement distributions seems to be more relevant for the
side delamination with respect to the central delamination.

The Lock-In method has allowed evaluating the delami-
nation growth during the compressive static tests.

The delamination evolution as a function of the increas-
ing compressive load is shown in the following phase maps.
In Figure 21 the specimen with side delamination is shown
as a circular red shape juxtaposed to blue background and in
Figure 22 the phase maps of the specimen with the central
delamination can be seen (also in this case as circular red
shape on a blue background).

Figure 21 shows that the side delamination specimen is
interested by a relevant delamination growth. Indeed, the
side delamination area grows from 1256mm2 to 2045mm2
from the first step up to the specimen failure. On the
other hand, Figure 22 shows that the central delamina-
tion growth is almost negligible (central delamination area,
from the first step up to the specimen failure, grows from
1256mm2 to 1471mm2). This behavior can be explained by
the different global buckling shape in terms of out-of-plane
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Figure 14: Surface strain-principal values along symmetry axes-central delamination specimen.
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Figure 15: Out-of-plane displacement-principal step-side delamination specimen [𝜇𝜀].
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Figure 16: Out-of-plane displacement-principal step-central delamination specimen [𝜇𝜀].
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Figure 17: Out-of-plane displacement values along symmetry axes-side delamination specimen.
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Figure 18: Out-of-plane displacement values along symmetry axes-central delamination specimen.

direction observed for the two specimens. Indeed, for the side
delamination specimen, the thinner sublaminate is under
compression and the local buckling turns out to be a natural
consequence. For the central delamination specimen, the
thinner sublaminate is under traction, and hence it is not
prone to the local buckling. The growth trend as a function
of the applied compressive displacements, for the two types
of delamination, is reported in Figure 23. For this figure,
the differences in terms of growth between the two analyzed
configurations can be clearly noticed. Indeed, for the side
delamination, a constant growth can be appreciated with a

sudden increase of delamination size at the global buckling
displacement. On the contrary, the central delamination does
not substantially grow up to the global buckling displacement
where an instantaneous small increase of delaminated area
can be noticed.

These experimental observations on the delamination
size changes during compressive displacements application
can be easily related to the load displacement curves recorded
during the load steps and shown in Figures 9 and 10, respec-
tively, for the side and the central delamination configuration.
Indeed the delamination growth experienced by the side
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Figure 19: DIC: First and last step-3D plot-side delamination specimen.
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Figure 20: DIC: First and last step-3D plot-central delamination specimen.

delamination seems to influence the global stiffness and the
global buckling load of the specimen (see Figure 9). On
the other hand, the specimen with the central delamination,
which does not propagate, seems to not experience stiffness
and buckling load reductions. As an example, in Figure 24
the deformation of the specimen with central delamination
at buckling is shown.

In the frame of this paper, due to need of elevated
emissivity values for Lock-In performing, the DIC measure-
ments have been taken on the opposite side with respect
to surface closer to the artificial delamination. Hence, from
the presented DIC measurements nothing can be derived
concerning the delamination growth status. Indeed only the
effects of delamination propagation on the global strain and
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Figure 22: Delamination development-principal step-central delamination specimen.
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Figure 23: Delaminated area as a function of the applied compres-
sive displacement, comparison between side and central delamina-
tion configuration.

out-of-plane displacements on the opposite side with respect
to delamination have been evaluated. However, the details of

Figure 24: Specimen deformation at buckling, specimen with
central delamination.

the obtained experimental results in terms of out-of-plane
displacements (even in the first compressive steps when the
delamination buckling can be relevant) suggest an alternative
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use for the Digital Image Correlation. As a matter of facts,
the use of DIC measurements, taken on the delaminated
surface, for its capability to determine with accuracy the
strain and displacements in the delamination plane, could
provide useful indirect no-contact information in terms of
delamination buckling shape size.

6. Conclusions

In this paper, an experimental investigation on the delami-
nation growth in composite plates under compressive load,
by using two different experimental techniques (Infrared
Thermography via Lock-In method and Damage Image Cor-
relation), is presented. Two specimens with different delami-
nation locations (side and central) have been investigated in
order to understand the influence of delamination position
on their global compressive behavior. The infrared camera
has been used to monitor the internal damage development
and the Digital Image Correlation (DIC) method has been
used to obtain surface strain and out-of-plane displacements
fields.

IRF and DIC measurements showed that, during test, the
compressive behavior of the specimenwith side delamination
has been found mostly influenced by the delamination
growth both in terms of stiffness and buckling load variations.
On the contrary, no growth has been detected for the central
delamination up to the final failure of the specimen. The
influence of the local buckling of the delamination on the final
surface strains and out-of-plane displacements distribution
has been also appreciated for the two analyzed configurations.
The obtained results suggest the use of DIC outputs, in terms
of out-of-plane displacements, for the indirect measurement
of the delamination size with a very easy implementation and
without the need of contact with the specimen surface.
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Facoltà di Ingegneria Industriale, Corso di Laurea in Ingegneria
Meccanica, 2012.

http://thermosensorik.com/


Research Article
Stochastic Effect of Grain Elongation on Nanocrystalline
Materials Strain and Strain Rate Produced by Accumulative
Roll-Bonding and Equal Channel Angular Pressing

P. Baonhe Sob,1 A. Alfayo Alugongo,1 and T. Ba Bob Tengen2

1Department of Mechanical Engineering, Faculty of Engineering and Technology, Vaal University of Technology,
Private Bag X021, Vanderbijlpark 1900, South Africa
2Department of Industrial Engineering and Operations Management, Faculty of Engineering and Technology,
Vaal University of Technology, Private Bag X021, Vanderbijlpark 1900, South Africa

Correspondence should be addressed to P. Baonhe Sob; baonhe_sob@rocketmail.com

Received 20 February 2017; Accepted 3 May 2017; Published 12 June 2017

Academic Editor: Paulo M. S. T. De Castro

Copyright © 2017 P. Baonhe Sob et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Severe plastic deformation techniques are acknowledged to produce elongated grains during fabrication of nanostructured
materials. Previous models relating grain size to mechanical properties considered only equivalent radius, thus ignoring other
approaches of measuring grain sizes such as semiminor axis, semimajor axis, and major axis radii that determine true grain shape.
In this paper, stochastic models of nanomaterials mechanical properties that include the ignored parameters have been proposed. The
proposed models are tested with data from nanocrystalline aluminum samples. The following facts were experimentally observed
and also revealed by themodels. Grain elongates to amaximum value and then decreases with further grain refinement due to grain
breakages. Materials yield stress increases with elongation to a maximum and then decreases continuously.The varying approaches
of measuring grain radius reveal a common trend of Hall-Petch and Reverse Hall-Petch Relationship but with different critical
grain sizes.Materials with high curvature grains havemore enhanced yield stress. Reducing strain rates leads tomaterials withmore
enhanced yield stress, with critical strain rates values beyondwhich further reductions donot lead to yield stress enhancement. It can
be concluded that, by considering different approaches of measuring grain sizes, reasons for different yield stress for nanomaterials
that were observed but could not be explained have been dealt with.

1. Introduction

Amongst the severe plastic deformation (SPD) techniques
developed and tested, the Equal Channel Angular Pressing
(ECAP) and Accumulative Roll-Bonding (ARB) are unique
due to their abilities to produce nanomaterials with ultrafine
grain structures and high shear strains [1, 2]. The ECAP pro-
duces high shear strain without changing the sample shape
or dimension [1, 2]. Its main shortcoming is that only small
quantities of nanomaterials can be produced during experi-
mentation, which makes it not suitable for industrial appli-
cation. However, the ARB solves this “small quantity” prob-
lem due to its ability to improve on productivity of bulk
nanostructure. Both ECAP and ARB are unique and similar
since both methods involve large misorientation-angle grain

boundaries that lead to very high strains during the deforma-
tion of nanostructures [3, 4].

Materials are called nanomaterials because of their
refined grain sizes, and most nanomaterials properties have
been characterized as a function of their grain sizes or
sizes of the constituent structures. The sizes of 3D grain
can be described by the equivalent radius 𝑟, semiminor
axis radius 𝑟2, semimajor axis radius 𝑟1, and major axis
radius 𝑟3. Hillert [5] initially established the model for
evolution of grain size or grain growth assuming spherical
grains while employing the Theory of Second Phase Particle
Coarsening. Tengen [6] further states that the theoretical and
experimental investigations reveal that grain growth not only
is brought about by Grain Boundary Migration (GBM), but
also is accompanied by Grain Rotation-Coalescence (GRC)
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mechanism. Tengen [6] modified the Hillert Model [5] so
as to consider GRC mechanism, the random or stochastic
nature of grain size by adding fluctuation terms that account
for randomfluctuations due to GBMandGRC processes, and
variable grain boundary energy.

Despite these modifications of the models for grain size
evolutions, most nanomaterials mechanical properties are
given as functions of spherical grains [7, 8] although with
random size distribution.The relationship between grain size
(i.e., equivalent radius) and yield stress was first proposed
by Hall and Petch [7, 8]. The Hall-Petch Relationship (HPR)
states that as the average size of the grains in materials
gets finer, the yield stress increases. This relationship has its
shortcoming since infinite refinement does not lead to infinite
yield stress. The HPRmodel was modified by Zhao and Jiang
[9] to reveal the Reverse Hall-Petch Relationship (RHPR),
which was later modified by Tengen et al. [10] to consider the
stochastic nature of grain size.

It should be noted that all the above-mentioned modified
models dealt only with the equivalent radius 𝑟 or made the
assumptions that the grains in nanomaterials are spherical in
nature. Experimentally, this spherical shape of all the grains in
nanomaterials is not the case; in fact, majority of the grains in
nanomaterials are not nearly spherical nature.Thus, themod-
els that consider that the grains in nanomaterials are spherical
ignore other important parameters such as semiminor axis
radius 𝑟2, semimajor axis radius 𝑟1, and the major axis radius𝑟3, which can be used to closely define elongation and shape.
It must be remarked here that a grain undergoing elongation
during nanomaterial refinement might not change in equiv-
alent radius (with equivalent radius defined as the radius of
an equivalent sphere or circle obtained by the displacement
method of volume/area measurement). As such, the impacts
of grain elongation on nanomaterials mechanical properties
cannot be properly addressed with the use of equivalent
radius only.Therefore a stochastic model of grain elongation for
3D grain undergoing severe plastic deformation that considers
the various approaches of measuring grain size is necessary,
which has been proposed in the current report. The impacts
of the different approaches of measuring grain sizes and the
impacts of grain elongations on nanomaterials are then dealt
with in this report. The proposed models are tested with data
from grain deformation in nanocrystalline aluminum.

2. Methodology

2.1. Experimental Procedure of Accumulative Roll-Bonding
(ARB). The experimental setup for ARB is shown schemat-
ically in Figure 1(a). The ARB technology made use of con-
ventional rolling facility. In this report two shafts were placed
horizontally so that they were free to rotate by means of a
mechanically automated operation.Three gauges (load gauge,
temperature gauge, and a time gauge or a stop watch) were
used during experimentation. One measured the applied
force, which caused the deformation; the second gauge
measured the temperature at the time of experiment; and the
third gauge measured the time of deformation. All rotating
shafts were mounted on the support roll cage with roller

bearings to prevent friction during motion. Extra support
shafts were mounted to ensure stability of the system during
operation. Power was transferred from the power generator
to the gearbox by a shaft. Drive was also transferred from
the gearbox to the rotating beam by a chain drive. During
experimentation a plunger connected to another motor was
used to force or feed the AA6082-T6Aluminum (Al) through
the rotating shafts. The purpose of this second motor was to
control the feed rate or deformation rate or strain rate. The
rotating shafts gripped the AA6082-T6 Aluminum sample
and forced the sample through the rollers in the first pass.

The deformed AA6082-T6 Aluminum was cut in two
pieces and stacked together. Before stacking, the entire
surfaces of the strips were degreased with tetrachlorethylene
and wire-brushed (stainless steel brush) to achieve good
bonding. The materials were joined together in the corners
using aluminum wires and subsequently rolled. The whole
sequence of “rolling, cutting, face-brushing, degreasing, and
stacking” was repeated again for several “passes” until nano-
materials with required characteristics were obtained.

The samples with the deformed microstructures were
examined using Transmission Electron Microscopy (TEM).
The microstructure was observed to lengthen along the
semimajor axis 𝑟3, semimajor axis 𝑟1, and semiminor axis 𝑟2.
The observed nanostructures are presented in Figure 1(b).

2.2. Experimental Procedure of Equal Channel Angular Press-
ing (ECAP). The experiments were carried out as demon-
strated by the routes in Figures 2(a) and 2(b) using samples
of AA6082-T6 Aluminum. The ECAP die tunnels were
designed to intersect “internally” at angle 𝜙 (𝜙 = 90∘) but
subtended by the arc or curved “external” surface. During
fabrication of nanomaterials, a 50-ton hydraulic press was
used to press the aluminum sample through the ECAP die
shown in Figures 2(a)–2(c). Since it was very difficult to
force the AA6082-T6 Aluminum sample through the ECAP
die at the point where the two tunnels meet, the AA6082-
T6 Aluminum samples were heat-treated before each ECAP
pass to enable the sample to pass through the ECAP die,
as recommended by other researchers [1]. It was observed
that heating the AA6082-T6 Aluminum sample led to grain
growth and subjecting the material through the ECAP die
led to grain refinement. The samples with the deformed
microstructures were examined using TEM to obtain values
of semiminor axis radius, semimajor axis radius, and major
axis radius.

2.3. Justifications for Material Used for ARB and ECAP
Experimentations. In the current study AA6082-T6 was used
for the experimentations. Aluminum material is the most
used material in domestic and industrial applications. There
are several reasons why aluminum material is widely used in
severe plastic deformation process. Some of the reasons are
that it is easy to deform aluminum material when compared
with othermaterials. It is also easy to bend aluminum samples
to the desired shape during experimentations. Aluminum
material is lighter and cheaperwhen compared to othermate-
rials. However, since most severe plastic deformations have
been carried out on aluminum material, it is therefore easy
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Figure 1: (a) Schematic of ARB experimental setup [11] and (b) microscopic observation.
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Figure 2: Schematic of ECAP processing routes by Estrin and Vinogradov [1], (a) illustration of material deformation, (b) schematic of
material deformation, and (c) schematic of grain refinement.

to compare and validate experimental results and theoretical
results, which is critical aspect.

2.4. Sample Preparation for TEM Examination. Standard
TEM thin foils that were 3mm in diameter were prepared
by electrolytic twin jet polishing (at −30∘C, 30V) in Struers
Tenupol 2 filled with 6% solution of perchloric acid in

methanol. The 3D observations were carried out at 200KV
with JEOL JEM 2000FX microscope equipped with an X-ray
energy dispersive spectrometer (XEDS) LINKAN 10000.

2.5. Schematic of Experimental ObservationNeeded forModels
Derivations. The material dealt with in this research had
grains that were assumed to be initially closely spherical as
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Figure 3: (a) Initially spherical grains before deformation and (b) elongated grains due to deformation.

shown in Figure 3(a). As the materials were subjected to
deformation it was observed that the semimajor axis radius 𝑟1
and major axis radius 𝑟3 initially increased (as shown in Fig-
ure 3(b)) and then decreased since grain breakages took place
in these directions. As a result of this repeated lengthening
and grain breakage processes the effective lengths of 𝑟1 and𝑟3 decreased during grain refinement. It was also observed
during grain refinement that the equivalent radius axis 𝑟 and
semiminor axis radius 𝑟2 decrease continuously. It was further
observed that 𝑟2 and 𝑟3 evolved as proportions or fractions of𝑟 and 𝑟1, respectively.
2.6. Models Derivation. Themodel for grain elongation in 2D
[12] can be modified to be applicable to 3D grain from the
previous work of Sob et al. [13] for grain elongation in 2D
to grain elongation in 3D grain by relating the cross-sectional
area𝐴 of a 2D grain given in the previousmodel [12] from [13]
to the volume in 3D grain of [13] since in 3D the density of a
material is determined by it volume.This relationship is given
as 𝐴 = 𝑉2/3. Thus the expression of elongation as defined by
Nash [12] is modified to

Elongation = 𝑃𝑟0𝑉2/3𝐸, (1)

where 𝑟0 is initial length, 𝐸 is Young’s modulus, and 𝑃 is the
applied force.

The model for Young’s modulus (𝐸) of nanomaterials as
defined by Sob et al. [14] is given as

𝐸 = (𝑃𝑑)(
𝑟3
192𝐼) , (2)

where it can be inferred that the moment of inertial is 𝐼 =𝜋𝑟41/64, 𝑑 = 𝑑𝑟 = (𝑟 − 𝑟0), and 𝑟 is length or equivalent radius
of nanocrystalline grain.

It is experimentally observed during grain size evolution
that at any instant the radii can be related to the equivalent
volume of the grain through (4/3)𝜋𝑟3 = 𝑉 = (4/3)𝜋𝑟1𝑟2𝑟3.
This gives

𝑟3 = 𝑟1𝑟2𝑟3. (3)

By substituting expressions (2) and (3) into expression (1), the
derived model of elongation for 3D grain is given as

Elongation = 3𝜋𝑟0𝑟41𝑟2𝑟3𝑟3 (𝑟 − 𝑟0) . (4)

By employing the different experimental observations for 𝑟,𝑟1, 𝑟2, and 𝑟3 during grain refinement, the following set of
grain size variant evolutions (given in expressions (5)–(8))
were established for 3D grain as defined by Sob et al. [14] as
follows.

Since 𝑟1 increased and instantaneously decreased after
breakage, the evolution of 𝑟1 during grain refinement can be
represented as

𝑑𝑟1 = 𝑀( 1
𝑟𝑐1 −

1
𝑟1)𝑑𝑡 + 𝑟

1/2

1 𝐷𝑑𝑊(𝑡) − 𝑍𝑟1𝑉1𝑑 (𝑡) , (5)

where 𝑟𝑐1 is local critical grain size, 𝑍 and 𝐷 are constants,𝑑𝑊(𝑡) is change of the Wiener process, 𝑉1 = 𝜏1𝑟21 defines
rate of grain breakage, 𝑀 = 𝑀𝑜(1 + 𝐶𝐷/𝑟1), 𝐶𝐷 =4(𝐻𝑚)(ℎ𝑜)/((𝑘)(𝑇)), 𝑇𝑚 = 𝑇{ln(𝑀𝑜1/𝑀)}, and 𝑀𝑂 =𝑀𝑂1 exp{(inf)/𝑇} as given by [6, 10].

Since 𝑟3 evolves (i.e., decreases) as a fraction or pro-
portion (Ratio1) of 𝑟1 during grain refinement, 𝑟3 can be
represented by

𝑑𝑟3 = Ratio1 (𝑑𝑟1) . (6)

Since equivalent radius 𝑟 decreases continuously during grain
refinement, 𝑟 can be represented by

𝑑𝑟 = −𝑂𝑟𝑑𝑡 + 𝐼𝑑𝑊 (𝑡) , (7)

where 𝑂 and 𝐼 are constants.
For 𝑟2 that evolves or decreases as a fraction (Ratio2) of 𝑟

during grain refinement, 𝑟2 can be represented by

𝑑𝑟2 = Ratio2 (𝑑𝑟) . (8)

Moving now to other mechanical properties, the model of
the yield stress given by Reversed Hall-Petch Relationship
(RHPR) as modified by Zhao and Jiang [9] is given by

𝜎 (𝑟) = 𝜎0 + 𝐴 (𝑟−1/2) − 𝐵 (𝑟−1) − 𝐶 (𝑟−3/2) , (9)
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Figure 4: (a) Time evolution of size, (b) time evolution of elongation, and (c) evolution of elongation as function of size.

where 𝜎0 = 𝜎0 + 𝐾𝑡 is bulk yield stress, 𝐴 = 𝐾𝑑 is
HPR proportionality constant, 𝐵 = 𝐾𝑡[2ℎ𝐻𝑚/𝑅𝑇𝑟], 𝐶 =𝐾𝑑[2ℎ𝐻𝑚/𝑅𝑇𝑟], 𝐾𝑡 is a constant, ℎ is atomic diameter in the
case of metal, 𝐻𝑚 is the bulk melting enthalpy, 𝑅 is ideal
gas constant, and 𝑇𝑟 is the room temperature, 𝐾𝑑⟩100𝐾𝑡 and𝜎0⟩10𝐾𝑡.

The models of strain evolution for nanocrystalline mate-
rial for the different approaches of measuring grain size
evolution given in expressions (5)–(8) as defined by Sob et
al. [14] are as follows:

𝑑𝜀1 = 𝑑 [𝑑𝑟1𝑟1 ]

= 𝑑(𝑀( 1
𝑟1𝑐)(

1
𝑟1) −

1
𝑟21 )𝑑𝑡 +

𝐶𝐷𝑑𝑊(𝑡)
𝑟1

− 𝑍𝑉1𝑟21𝑑 (𝑡)𝑟1 ,
𝑑𝜀3 = 𝑑 [𝑑𝑟3𝑟3 ] = 𝑑(Ratio1𝑑𝑟1𝑟3 ) ,
𝑑𝜀𝑟 = 𝑑 [𝑑𝑟𝑟 ] = 𝑑(−𝑂𝑟𝑑𝑡 + 𝐼𝑑𝑊 (𝑡)

𝑟 ) ,

𝑑𝜀2 = 𝑑 [𝑑𝑟2𝑟2 ] = 𝑑(Ratio2𝑑𝑟𝑟2 ) .
(10)

Equations (1) to (10) are solved simultaneously using Engi-
neering Equation Solver software (F-Chart Software, Madi-
son, W153744, USA) while employing the lognormal distri-
bution of grain size.

3. Results and Discussion

To test the models proposed in this paper, the data from
(nanocrystalline) aluminum sample (some of which are
found in other papers [6]) are used, which are 𝑀0 =
0.01 nm2s−1, 𝑚 = 4, 𝐶𝐶 = 12, 𝑎 = 0.90, 𝐷 = 10−4,ℎ0 = 0.25 nm, 𝑇𝑚(∞) = 933.47 K, 𝐶𝑉0 = 0.3, 𝐻𝑚(∞) =
10.71 KJMol1, 𝜎0 = 16.7MPa, 𝐾𝑡 = 1.3, 𝜎0 = 15.40MPa, 𝐾𝑑 =
1301.77MPa_nm1/2, 𝑅 = 8.31 JK−1mol−1, and 𝑇𝑟 = 300K.The
additional data obtained for thiswork are𝑂 = 0.0035, 𝐼 = 1.1,𝑟𝑐1 = 1.95𝑟, 𝑟0 = 100 nm, 𝑍 = 0.4, Ratio1 = 0.81, Ratio2 =1.071, and 𝜏1 = 0.000008. The obtained results are presented
in Figures 4(a), 4(b), and 4(c).
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Figure 5: (a) Time evolutions of strains and ((b)–(d)) strain evolutions as functions of grain size variants (nm).

It should be observed from Figure 4(a) that the natures
of decrease of the different approaches of measuring grain
sizes are typical of experimental revelations of 3D grains.The
different approaches of measuring grain size such as 𝑟1, 𝑟2,𝑟3, and 𝑟 have different characteristics and hence different
properties (yield stress) due to different grain orientation and
grain curvatures as shown in Figures 3(a) and 3(b). Since
grain breakage rotation, grain migration, and grain rotation
coalescence events take place during grain refinement by
ARB and ECAP whose rates depend on grain curvature or
elongation, differentmaterial yield stresses are being reported
as shown in Figures 3(a) and 3(b). It should be observed from
Figure 4(a) that 𝑟2 decrease as lower value when compared
to 𝑟 throughout the deformation process, and, similarly, 𝑟1
decrease as lower value when compared with 𝑟3 throughout
the deformation range. It was also observed that both 𝑟1 and𝑟3 initially started with breakage and as such smaller grain
sizes, which then lengthened and became larger than the sizes
of 𝑟 and 𝑟2. The increase in grain elongation with time as
shown in Figure 4(b) or with decreasing grain size as shown
in Figure 4(c) can be explained by the fact that, during grain
refinement, new high angle grain boundaries are generated.
It is noted further from Figure 4(c) that, depending on the
approach of measuring grain size or observing the grain size,

the elongation values can become so large at larger grain size
or the elongation values become larger at smaller grain size.

It is shown from Figure 5(a) that, at a time of, for
example, 600 sec, different strains are obtained for the dif-
ferent approaches of measuring grain size. The nature of the
evolution of strains depends on the direction along which
the grain size is measured, as shown in Figures 5(b)–5(d).
The reasons for this nature of evolution of strain values
with respect to the different directions of observation (of
the grain size) are that it was noted experimentally that,
along the axial (𝑟1) and lateral (𝑟3) directions, both change-
in-grain size and grain size varied proportionately with both
either increasing or decreasing simultaneously, while, along
the normal direction (𝑟2) or equivalent radius measured (𝑟),
the increasing change-in-grain sizes were accompanied by
reductions in the grain sizes making the strains approach
infinite values.

From Figure 6 it is observed that yield stress evolved as
predicted by Hall-Petch to Reversed Hall-Petch Relationship
(HPR-RHPR) when measured as functions of time, different
approaches of measuring grain size, elongation, strain, and
strain rate. The yield stress generally tended to increase
with decreasing gain size since it is reported [14, 15] to be
a result of dislocation motion from grain interiors to grain
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Figure 6: Plots of yield stress as a function of (a) time, (b) size, (c) elongation, (d) strain, and ((e)-(f)) strain rate.

boundaries and subsequent dislocation pile-ups at the grain
boundaries. It was observed that, in the directions whereby
the sizes increased and subsequently decreased due to grain
breakage (i.e., 𝑟1 and 𝑟3), there were more material flow in
those directions, which can without loss of generality be
claimed that there were more dislocation motions and pile-
ups towards those directions and hencemore grain boundary

curvatures in those directions. As a result the yield stress
when measured as a function of grain size and strain with
size measured along the 𝑟1 and 𝑟3 directions show more
rapid enhanced properties (see Figures 6(b) and 6(d)). Since
elongation can be termed lengthening, it can be concluded
that materials with elongated grains have more enhanced
properties which rapidly drop with continuous lengthening
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Figure 7: Plots of strain rate as a function of (a) time and (b)–(d) size (nm).

of grains, as revealed in Figures 6(b), 6(c), and 6(d) and for
most ARB processes at rolling facilities. The reason for the
subsequent decrease in yield stress with further decrease in
grain size was that low plastic deformation occurred resulting
in low materials hardness and properties. Extreme plastic
straining led to distorted structures where the grain bound-
aries and grain curvatures were in “nonequilibrium” states. At
these nonequilibrium states the grain boundaries and grain
curvatures are characterized by more grain boundary energy,
enhanced free volume, and the presence of long range elastic
stresses [16].

Studying the effect of curvature on properties, reference is
made to Figure 6(b). From the figure it is noted that, at grain
size of 35 nm, the material has the most enhanced property
(i.e., yield stress) for radius measured along 𝑟 since the grain
curvature of𝐶𝑟 is higher than the grain curvature of𝐶𝑟1,𝐶𝑟2,
and𝐶𝑟3 at that 35 nm.When thematerial getsmore refined at
a size of 30 nm, the material has the most enhanced property
for the radius measured along 𝑟3 since grain curvature for𝐶𝑟3 is higher than the grain curvature of 𝐶𝑟1, 𝐶𝑟2, and 𝐶𝑟.
Furthermore, it has been revealed as shown in Figure 6(b)
that different critical grain sizes exist for 𝑟1, 𝑟2, 𝑟3, and 𝑟 but
give the same yield stress value at those different critical grain

sizes. It is observed from Figure 6(d) that the yield stresses for
the grain size variants increase with increasing strains due to
differentmisorientation angles and the grain curvatures (𝐶𝑟1,𝐶𝑟2, 𝐶𝑟3, and 𝐶𝑟) during grain deformation.

The different strain rates observed in Figures 6(e) and 6(f)
have a general trend. This implied that in order to increase
the material yield stress the rate of straining the material
had to be reduced, similar to observations made by other
researchers [16–18].This is required so as to allow thematerial
to relax and accommodate more plastic strain. Furthermore,
it is observed that indefinite reduction in strain rate or feed
rate does not lead tomore property enhancement since it was
becoming difficult for thematerial to be gripped by the rollers
and get deformed. It was also noted that the rate of straining
the material depended on the direction of observation or
measuring the grain size. Figure 7 shows that in order to have
more grain refinements the strain rates have to be decreased.

4. Conclusions

The current work was aimed at investigating the impacts
of elongation or grain shapes on nanomaterials properties.
To achieve that, the model for elongation that has been
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previously given for 2D was modified to be applicable to 3D
grains. Furthermore, the stochastic natures of the grain size
variants (i.e., different approaches of measuring or observing
grain sizes) were also taken into consideration.

It was observed that the stochastic effect of grain elon-
gation led to different mechanical properties when studied
as functions of different grain size variants due to different
grain curvatures. It was shown that the properties varied in
different ways with equivalent radius, semiminor axis radius,
semimajor axis radius, and major axis radius. The present
analysis revealed that the material has the most enhanced
property for radiusmeasuredwith higher grain curvature and
less enhanced property for radius with low grain curvature. It
has also been revealed that in order to increase the material
yield stress the rate of straining thematerial has to be reduced.
It was also observed that materials with elongated grains have
more enhanced properties that rapidly drop with continuous
lengthening of grains.Thepresent analysis for 3D grain shows
more properties for nanomaterials that were not revealed
from the models that dealt only with the equivalent radius.
These findings provide valuable insights into the possibility
of tailoring sample dimensions to elicit desired property.
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Feasibility of rock dynamic properties by split-Hopkinson pressure bar (SHPB) was experimentally and numerically evaluated with
ANSYS/LS-DYNA.The effects of different diameters, different loading rates, and different propagation distances onwave dispersion
of input bars in SHPB with rectangle and half-sine wave loadings were analyzed. The results show that the dispersion effect on the
diameter of input bar, loading rate, and propagation distance under half-sine waveform loading is ignorable comparedwith the rect-
angle wave loading. Moreover, the degrees of stress uniformity under rectangle and half-sine input wave loadings are compared in
SHPB tests, and the time required for stress uniformity is calculated under different above-mentioned loadings. It is confirmed that
the stress uniformity can be realized more easily using the half-sine pulse loading compared to the rectangle pulse loading, and this
has significant advantages in the dynamic test of rock-likematerials. Finally, theHolmquist-Johnson-Concrete constitutivemodel is
introduced to simulate the failuremechanism and failure and fragmentation characteristics of rock under different strain rates. And
the numerical results agree with that obtained from the experiment, which confirms the effectiveness of the model and the method.

1. Introduction

Understanding the dynamic characteristics of rocks under
higher strain rate is significant for either engineering sta-
bility or rock fragmentation efficiency. Since the first use
of split-Hopkinson pressure bar (SHPB) system by Kolsky
(1949), extensive studies have been performed to investigate
dynamic mechanical properties of different materials. So
far, SHPB experimental technique has been widely used in
geotechnical evaluations and substantial efforts have been
made to study dynamic mechanical properties of rocks [1–
9]. The result shows that the dynamic compressive strength
and dynamic tensile strength of lands measurement using
SHPB are valid and reliable by Dai et al. [10]. Currently, there
is an increasing demand for better experimental equipment
and higher experimental accuracy on this aspect. Numerical

simulation is an important way to improve and optimize the
SHPB experimental technique. Firstly, the SHPB experiment
technology can be perfected and supplemented by using
numerical simulation. The sensitivity coefficient of the strain
gauge attached to SHPB bars needs to be statically calibrated
prior to relevant tests. By comparing the accurate numerical
result with the experimental waveform, the coefficient can be
obtained to reduce the number of errors. Xu et al. confirmed
the validity of this DEM model to reproduce the dynamic
fracturing and the feasibility to simultaneously measure
key dynamic rock fracture parameters, including initiation
fracture toughness, fracture energy, and propagation fracture
toughness [11]. The damage and rupture process of coal-rock
is accompanied by acoustic emission (AE) by Wen et al. [12];
the results show that coal-rock’s size influences the uniaxial
compressive strength, peak strain, and elastic modulus of
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Figure 1: Striker of SHPB measurement equipment (𝜑, 50mm).
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Figure 2: Typical SHPB testing device.

itself. Assessing via discrete element method shows that
the loading-rate-dependent cracking profiles of chevron-
notched specimens cannot be ignored in order to determine
accurately the fracture toughness of rock in dynamic mode I
[13]. The bedding effect on the coal behavior at static strain
rate is more prominent than that at dynamic strain rate
[14]. A two-dimensional axisymmetric numerical analysis is
used to compute all components of the stress, strain, and
strain rate tensors at each mesh point within the specimen
and the elastic bars by Bertholf and Karnes [15]. The result
shows that inertia and friction between the specimen and
the elastic bars affected the response of specimen differently
because of different length-to-diameter ratios, and serious
stress and strain nonuniformity exists when the ends are not
lubricated. To efficiently study and analyze the mechanism
behind major stope disasters, a method based on monitoring
the stress and displacement of stopes was adopted, and a
method of ascertaining stope stability based on qualitative
identification of the dynamics was further proposed. At the
same time, the relations and differences between rockburst
in the coal mine and rockburst in the metal mine were
studied. Coal mine rockburst is divided into two types: static
loading type during roadway excavation process and dynamic
loading type duringmining face advancing [16–18]. Secondly,
the shape of the pulse and the materials of the bars have
attracted attention recently [19, 20]. The result shows that, by
virtue of the ramped wave loading, the force equilibrium of
the specimen can be effectively achieved and the rupture is
precisely measured to synchronize with the peak force, both
of which guarantee the quasi-static data reduction method
employed to determine the dynamic flexural strength by Xu
et al. [21]. A series of rock cutting tests were performed to
investigate the influence of back rake angle on the critical
failure mode transition depth by Zhou et al. [22]. It is found
that the critical failure mode transition depth increases with
the back rake angle. This suggests that the brittle fracture
failure induced at large depth of cut can be inhibited by
increasing the back rake angle. Cutting at a small back rake

angle, on the other hand, is desirable if minimization of the
cutting energy is required in the application.

Although the results of numerical simulation demon-
strate that rectangular wave and trapezoidal wave applied
performed perfectly, simulation analysis was still compli-
cated. It barely takes action to load with sine wave. In this
study, the dynamic compressive properties of rocks were
experimentally and numerically evaluated using ANSYS/LS-
DYNA. And for numerical simulation analysis, an approach,
which uses sine wave, was put into use.

2. Experimental Apparatus

2.1. Impact Ram. The rectangular waveform loading was
adopted in the conventional SHPB experiment on rocks,
and the obtained curves were smoothly processed. However,
large experimental errors exist for rock-like materials [7].
In order to eliminate this error, Li et al. [23, 24] proposed
a half-sine waveform loading instead of the conventional
rectangular waveform loading in SHPB tests. The novel
striker (Figure 1) was designed by back-design method and
Numerical Simulation Software [8, 25–28], whose material is
the same as the bars.

2.2. Experimental Apparatus and Principle. A typical test
system consists of a gas gun, an input bar, an output bar, and
the specimen as shown in Figure 2. Figure 3 shows the sketch
of the experiment devices.

When the striker impacts the free end of the input bar, an
elastic compressive stress pulse is produced which propagates
in the input bar toward the specimen.When the pulse reaches
the specimen, it is partially reflected, with one part back into
the input bar and the rest transmitted into the output bar
through the specimen.

3. Computational Model and Method

3.1. FEM Model. In the SHPB apparatus, the bars and
specimens are designed into cylinders, and they are coaxial.
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Figure 3: The sketch of the experiment devices (1, stress transfer
device, 2, axial compression load outreach framework, 3, axial
compression loading device, and 4, bearing of the axial compression
loading outreach framework).
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Specimen

Figure 4: Modeling of the SHPB apparatus.

The input and output bars are made by 40 Cr alloy and the
length is 200mm and 150mm, respectively.The diameter and
the length of the specimens can be changed according to
different needs. Surface contacts are adopted between bars
and specimens on condition that the effect of friction is
neglected.

3.2. Numerical Modeling Development. The model is dis-
cretized by three-dimensional 8-node elements with reduced
integration and hourglass control (SOLID164). Totally, 37042
elements and 46293 nodes are constructed in the model
(Figure 4), 21600 elements for the input bar, 16200 elements
for the output bar, and 1080 elements for the specimen.

3.3. Computational Method. Because the yield strength of
the Hopkinson bars outclasses that of specimen, the finite
element models of the Hopkinson bars are assumed to be
a linear elastic material. Poisson ratio, density, and elastic
modulus for the bars are 0.30, 7795 kg/m3, and 210GPa,
respectively.

Rock is a typical quasi-brittle, flaws-embedded material.
The deformation failure of rock is usually accompanied with
nonuniform, noncontinuous, and large deformation which
makes it a very complex highly nonlinear problem because
of the particularity and complexity of the rock material.

The Holmquist-Johnson-Concrete constitutive equation
is used to model rock-like material in the finite element
simulation, which makes it possible to simulate large strains,
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Figure 5: The incident pulse.

Table 1: Mechanical properties of the rock.

Properties value
Type of rock Sandstone
𝜌 (kg/m3) 2630
𝐺/GPa 6.00
𝐴 0.71
𝐵 1.84
𝐶 0.007
𝑁 1.00
̇𝜀0/s−1 2.9 × 10−5

𝜀𝑓min 0.01
𝑆max 5.0
𝑃cr/GPa 0.035
𝜇cr 8.0 × 10−4
𝑃lock/GPa 1.035
𝜇lock 0.100
𝐷1 0.045
𝐷2 1.00
Tensile strength/MPa 13.8
𝑓𝑐/MPa 91.36
𝐾1/GPa 85
𝐾2/GPa −171
𝐾3/GPa 208
𝐴: standard cohesion strength;𝐵: standard pressure hardening coefficient;𝐶:
the coefficient of strain rate; 𝑁: pressure hardening index; 𝐷1/𝐷2: damage
constant; 𝑃cr/𝑃lock : Elastic peak point/the pressure of crack compaction
point; 𝜇cr/𝜇lock : bulk strain; 𝐾1, 𝐾2, and 𝐾3: rock constant; 𝑓𝑐: compressive
strength; 𝑆max: ultimate strength; 𝜀𝑓min: the minimum tensile strain at break;
̇𝜀0: reference rate of strain.

high strain rates, and high pressure in rock-like materials.
Mechanical properties used for the specimens are listed in
Table 1 [29].
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Figure 6: Time-history of stress pulses at different propagation distances (𝐿) away from the impact end of the input bar.
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(b) Half-sine waveform pulse loading

Figure 7: Time-history of stress pulses at different diameters (𝐿 = 100mm).

3.4. Loading and Constraint. The constraint is applied on the
symmetrical surfaces. The axial constraint is applied on the
center nodes of the bars and specimens. Other surfaces of the
coaxial system of the model are all stress-free.

In the SHPB test, the incident pulse is normally provided
by the effect of a striker on the incident bar. The incident
wave is determined by the shape of the striker. While the
length of the striker can change that of the incident pulse, it
has limited impact on the incident wave. In order to easily
control the waveform and facilitate the analysis, the direct

stress loading mode, pulse duration, and stress amplitude are
designed for different needs (Figure 5). In this study, two
waveforms, rectangular waveform and half-sine waveform,
are used for analogy calculation.

4. Results and Analysis

4.1. The Choice of the Rational Waveform Loading of Rock
with SHPB. In order to investigate the rational waveform
loading of rock with SHPB, both rectangle and half-sine
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Figure 8: Time-history of stress pulses at different loading rates.
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Figure 9: Variation curve of stress equilibrium equations factor (the diameter is 50mm, and the length-diameter ratio of specimen is 1).

waveform loadings are chosen. The wave dispersion and the
stress uniformity process under two input wave loadings are
analyzed by conducting large-diameter SHPB test.

4.1.1. Numerical Analysis of Wave Dispersion. It is shown
that the dispersion phenomenon occurs when the stress
pulse transmits along the input bar in conventional SHPB,
which can cause severe oscillation of the ultimate dynamic
constitutive response of materials [7, 15, 30, 31]. Merle and
Zhao suggest a correct method, which can find potential
error of frequency components [32]. Zhao and Gary pro-
posed a direct calculation of dispersion relations, which can

accurately analyze the dispersion effect and not consider
the stress uniformity [33]. To study the influence of wave
dispersion on the stress distribution across the bar section
at different radii (10mm, 20mm, 30mm, 40mm, 50mm,
75mm, and 100mm), the stress distribution in input bar
(2.0m in length) under different loadings was numerically
analyzed. The material parameters used in the finite element
model (Figure 4) for the bar are listed in Table 1. The time-
stress curves are recorded at two positions which are 50 cm
and 100 cm from the loading interface, respectively.

Figure 6 shows typical stress pulses recorded under both
rectangle and half-sine waveform loadings. It is apparent
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Figure 10: Stress pulses and stress equilibrium equations factor.

that both the rise time of the stress front and oscillation
amplitude increased with the wave propagation distance as
shown in Figure 6(a), and the high frequency oscillations
and oscillation amplitude of wave became stronger with the
increase of bar diameter.

It is also shown in Figure 7 that the higher the loading
rate is, the more serious the P-C oscillation is, thus making it
impossible to obtain proper dynamic mechanical properties.
However, the oscillation can be eliminated when the half-
sine waveform pulse is loaded (see Figure 8), and there was
absence of oscillation in the incident wave with the range of
loading rate.

The reason of the dispersion phenomenon is that rect-
angle wave is of many different frequencies and harmonics.

Supposing that the time period is 𝜏, which denotes the rect-
angular wave, the formula can be expanded to the following
equation according to Fourier class [34]:

𝜎𝜏 (𝑡) = 4
𝜋
𝑛

∑
𝑖=1

sin [2𝑖 − 1
𝜏 𝜋𝑡] 𝑖 = 1, 2, . . . , 𝑛

𝑤𝑖 = (2𝑖 − 1)
𝜏 𝜋 ∝ 𝑓( 1

𝜆𝑖) .
(1)

For this waveform, even the front main harmonic can
guarantee that 𝑟/𝜆 ⩽ 1 (𝑖 = 1, 2, . . . , 𝑘); there will always
be numerous high-harmonic items behind, where velocity
𝑐𝑃 < 𝑐0 will occur at the time of high-frequency items; then
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Figure 11: Numerical fracture process (the average strain rate is 52 s−1).

during the rod transmission process, it will certainly lead to
the high-frequency dispersion at the first part of the wave.
Meanwhile the single-frequency half-sine waves, as long as
the bar radius meets the one-dimensional stress conditions
(when 𝑟/𝜆 ≪ 1, 𝑐𝑃 ≈ 𝑐0, that is, to meet the one-dimensional
stress conditions), will not produce geometric dispersion
during the wave propagation.

4.1.2. Correlation between the Stress Uniformity and the
Incident Pulse. Accuracy of the SHPB test is based on
the assumption of stress and strain uniformity within the
specimen, which, however, is not always satisfied in an actual

SHPB test due to the existence of some unavoidable negative
factors, for example, friction and specimen size effects.

To quantify the stress uniformity process, the coefficient
of the axial stress uniformity, whichwas proposed by Zencker
and Clos [35], is defined as

𝐷 = 2

𝜎(𝑎)𝑧 − 𝜎(𝑏)𝑧
𝜎(𝑎)𝑧 + 𝜎(𝑏)𝑧


, (2)

where 𝜎(𝑎)𝑧 and 𝜎(𝑏)𝑧 describe the stress at𝑋1-interface and𝑋2-
interface of specimen, respectively.
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Figure 12: Numerical fracture process (the average strain rate is 52 s−1).

Figure 9 presents a typical curve of stress equilibrium
equations factor versus loading time received in this study by
using pulse shaping technique. If 𝐷 ≤ 0.05, as can be seen
from Figure 9, the stress within the specimen is uniform at
50 us when the half-sine waveform loading is adopted. When
it is assumed that the failure strain is 5000 us at 100/s for
rock, the total loading time before the failure is 100 us. It is
clear that the stress distribution along the radius is uniform
during the loading period, which is very important for
SHPB experiment. While the rectangular waveform loading
is adopted, good equilibrium effect is achieved when the
time is above 125 us after the stress reaches its maximum
(Figure 10).

4.2. Numerical Analysis on the Failure Process of Rock. The
mechanical behavior of rock, including its fracture character-
istics, has become more and more important in recent years
[36].

The pressure loading shape is half-sine. The stress level is
150MPa and 250MPa, respectively. The rising is 125 𝜇s, and
the duration is 250 𝜇s. The tensile stress of 13.8MPa is set as
failure point of the element in numerical simulation.The rock
is gripped between incident bar and transmission bar, and
the process of damage of the specimen is shown in Figures
11, 12, 13, and 14. It is clear that its main damage is mostly in
the form of tensile splitting failure along the axial direction.
There was no damage in the front-end unit of specimen in
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Figure 13: Numerical fracture process (the average strain rate is 130 s−1).

the initial loading stage, while some cracks developed at some
certain locations, such as the sides, finally leading to specimen
collapse. This is because the lateral face is free; when the
compression wave converts into tensile wave after reflection,
it easily leads to tensile failure for rock-like material, even if
the tension is not so strong.

It is also observed from numerical results that the failure
modes transformed from fragmentation to pulverization.
With the increase of strain rate, the number of broken pieces
increased, as shown in Figure 13. Figure 14 summarizes the
process of damage in high-speed photographs for SHPB
experiments, and it is evident that the main crack orientation
is axial, that is, parallel to the direction of wave propagation.

Figures 15 and 16 show the photos of failure modes
of specimens, which are similar to the simulation results
(Figures 11 and 13). The failure strength (as can be seen
from the stress versus strain profiles in Figure 17) of rock is
shown to have positive strain rate sensitivity.These results are
satisfactory, showing the strain rate’s effect on the degree of
fragmentation accurately.

5. Conclusions

Feasibility of rock dynamic properties by split-Hopkinson
pressure bar (SHPB) was experimentally and numerically
evaluated with ANSYS/LS-DYNA.

It is found that the time required to achieve a uniform
stress state in a specimen for the half-sine incident pulse
is noticeably shorter than that for the perfectly rectangular
incident pulse. Therefore, the half-sine wave is an optimum
incident pulse shape that canmake themeasured data reliable
and valid.

The numerical modeling indicates the existence of some
relationship between compressive fracture process and strain
rate of rock material. This is similar to experimental investi-
gation. It is also found that there is a good agreement between
numerical stress-strain curves and experimental stress-strain
curves. This study provides evidence that half-sine pulse
decreases dispersion in wave propagation.
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Figure 14: Photograph of fracture process from tests (the length-diameter ratio of specimen is 0.5, and the average strain rate is 119 s−1).

Figure 15: Failure modes of specimens in the SHPB test (the length-diameter ratio of specimen is 0.5, and the average strain rate is 75.3 s−1).



Advances in Materials Science and Engineering 11

Figure 16: Failure modes of specimens in the SHPB test (the length-diameter ratio of specimen is 0.5, and the average strain rate is 162 s−1).
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Effects of crack width, wet-dry ratio, and exposure duration of wet-dry cycles on chloride ingress of RC beams were experimentally
studied. Crack widths of 40, 70, 90, and 120 microns were, respectively, induced by three-point flexural loading and four wet-dry
ratios (seawater spraying 1 d in one wet-dry cycle) of 1 : 3, 1 : 7, 1 : 11, and 1 : 15 were selected. Chloride contents of RC beams were
tested every 32 d (or 16 d) of wet-dry cycles. Results show that chloride content increased significantly when crack width was larger
than 90 microns and wet-dry ratio was 1 : 3, and it increased slightly when crack width was 120 microns and wet-dry ratio was
1 : 7, 1 : 11, and 1 : 15. The chloride content on steel bar surface became the largest when crack width was less than 90 microns and
wet-dry ratio was 1 : 7, and while crack width was equal to or greater than 90 microns and wet-dry ratio was 1 : 3, it was the largest.
Based on the testing results, chloride diffusion model and prediction model of residual service life of RC beams were suggested
considering combined effects of crack width and exposure duration. The predicted residual service lives were corresponding well
with experimental results and they decreased as crack width increased.

1. Introduction

The attack of chloride corrosion is one of the major factors
that reduce durability of existing reinforced concrete (RC)
structures in coastal region; these structures are normally
worked with cracks induced by service loading.The corrosive
medium (e.g., chloride, oxygen, and water) could penetrate
into concrete through these cracks. So RC structures in
coastal region normally suffered the combined action of
cracks and chloride corrosion [1]. There are many experi-
ments about chloride ingress of concrete structures exposed
to the environment of seawater wet-dry cycles, but few
experiments investigated the difference of chloride diffusion
when RC structures are exposed to chloride environments
with different ratios of wetting time and drying time.

Hong and Hooton [2] immersed plain concrete spec-
imens in 1.0mol/LNaCl solution for 6 h, and then these
specimens were dried for 18 h (one-day cycle) or 66 h (three-
day cycle). After 1, 4, 9, 16, 25, and 36 cycles (one-day cycle)
and 1, 4, 9, 16, and 25 cycles (three-day cycle), the testing

results of chloride content showed that prolonging the drying
time could increase the rate of chloride ingress and there
existed a good relationship between the depth of chloride
penetration and the square root of the number of cycles. C.
Li and K. Li [3] experimentally studied the law of chloride
diffusion in the process of wet-dry cycles. The exposed
surface of specimens contacted 1.0mol/L NaCl solution for
12 h and then dried at 20∘C, RH70%.Wet-dry ratios were 1 : 6;
1 : 13; 1 : 27, respectively. It was indicated that when wet-dry
ratio was 1 : 6 and 1 : 13, the content of acid-soluble chloride
ion was relatively larger. Gang et al. [4] immersed specimens
in 7% (by weight) NaCl solution, and wet-dry ratios were
1 : 1, 3 : 1, 5 : 1, 1 : 3, and 1 : 5, respectively, and cycling time
was 48 h. The testing results of chloride content showed that,
with the decrease of wet-dry ratio, the peak concentration
of convection became higher. These indicated that chloride
diffusion in uncracked concrete was significantly influenced
by wet-dry ratios. But few experiments investigated the
effect of wet-dry ratios on chloride diffusion of cracked RC
structures.
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Figure 1: Dimensions and reinforcements of RC beams.

Apparent chloride diffusion is time-dependent, and it
decays with time for the reason that pore structure is being
more compact as the continuous hydration of concrete and
the repulsive effect of anions on chloride ion [5]. Mangat and
Molloy [6] placed concrete specimens in the tidal zone at
Aberdeen beach for up to 3.3 years and tested the chloride
content of concrete. The testing results showed that as the
exposure duration increased, the chloride content increased
but the increasing rate reduced; that is, chloride diffusion
coefficient reduced. Moradllo et al. [7] measured the surface
chloride content of concrete with different surface coatings in
tidal zone during five years. It was found that surface chloride
content of most specimens increased and chloride diffusion
coefficient decreased as exposure duration increased.

Şahmaran [8] studied the effect of cracks, where speci-
mens were immersed in NaCl solution for 30 d at concrete
age of 43 d. Results showed that when crack width was less
than 135 microns, the effect of cracks on chloride diffusion
coefficient could be neglected; and when crack width was
larger than 135 microns, the diffusion coefficient increased
obviously. Win et al. [9] applied a bending load to induce
four widths of cracks (100, 200, 300, and 500 microns) in
concrete specimens. Then the specimens were immersed in
NaCl solution for 1 month. The results of Electron Probe
Microanalysis showed that the chloride penetration profile
around the crack was more than twice that in the uncracked
surface. Lei et al. [10] tested the chloride content of RC
columns after 100 wet-dry cycles and calculated chloride
diffusion coefficients. Immersing for 8 h and naturally drying
for 16 h acted as one wet-dry cycle. Results showed that
when crack width was less than 100microns, chloride content
and diffusion coefficient changed little. When 100 microns≤ width ≤ 140 microns, the chloride content on steel bar
surface increased slightlywhile diffusion coefficient increased
significantly. Li [11] sprayed NaCl solution to specimens for
8 h, and then these specimens were naturally dried at 25∘C
and RH 60% for 1 d and then dried at 50∘C and RH 20% for
1 d. After the designed wet-dry cycles, chloride contents of
concrete with three widths of cracks (less than 50 microns,
100 microns, and 200 microns) were tested. It was shown
that when crack width was greater than 100 microns, cracks
had significant effect on chloride content of concrete. Existing
experimentsmainly considered the effect of single factor such
as crack width, or wet-dry ratio, or exposure duration on
chlorine ion permeability, but few considered the combined
effects of crack width, wet-dry ratio, and exposure duration.

Table 1: Concrete mixture composition (kg/m3).

425 Portland cement 315
Water 170
River sand 661
Coarse aggregates 1284
Note. 425 Portland cement refers to a cement class in China; its compressive
strength at age of 28 d was 42.5MPa.

Theworking conditions of RC structures in coastal region
were stimulated in lab and the evolution of crack widths,
chloride diffusivity, and service life were experimentally
investigated considering different wet-dry ratios (1 : 3, 1 : 7,
1 : 11, and 1 : 15), different crack widths (0∼120 microns),
and different exposure durations (32 d∼160 d). Based on the
research, the model of chloride diffusion and life prediction
of RC beams, where the combined effects of crack width and
exposure duration were considered, were proposed.

2. Specimen and Testing Program

2.1. Specimens. The working conditions of RC structures in
coastal regionwere stimulated in lab and the combined effects
of crack width, wet-dry ratio, and exposure duration on
evolution of crack widths, chloride diffusivity, and service life
were experimentally investigated. The testing environments
in the current study included seawater wet-dry environment
and laboratory natural environment. Total 150 RC beam
specimens with same sizes and same reinforcements were
made, where 102 beam specimens were exposed in the
environment of seawater wet-dry cycles, and 21 beams were
placed in lab atmosphere environment as reference group.
The rest of 27 beam specimens were used as to study how
to induce the designed width of cracks and acted as spare
specimens in the wet-dry cycles.

The reinforcement arrangements of RC beam specimens
are showed in Figure 1. The dimension of the rectangular
cross-section was 100mm × 120mm, and the length of the
beam specimen was 400mm. The diameter of longitudinal
tensile steel bar was 10mm and concrete cover was 30mm.
Themixtures of concrete included 425 Portland cement, river
sand, and coarse aggregates. The maximum size of aggregate
was 10mm and the water-cement ratio was 0.54.The concrete
mixture composition in per cubic meter is given in Table 1.
The average compressive strength of the concrete used for the
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Table 2: Names of RC beam specimens (Group A = 1 : 3, or B = 1 : 7, or D = 1 : 15).

Crack width Duration
32 d 48 d 64 d 96 d 128 d 144 d 160 d

00 microns A-00-32 A-00-48 A-00-64 A-00-96 A-00-128 A-00-144 A-00-160
40 microns A-40-32 A-40-48 A-40-64 A-40-96 A-40-128 A-40-144 A-40-160
70 microns A-70-32 — A-70-64 A-70-96 A-70-128 — A-70-160
90 microns A-90-32 — A-90-64 A-90-96 A-90-128 — A-90-160
120 microns A-120-32 — A-120-64 A-120-96 A-120-128 — A-120-160

Table 3: Names of RC beam specimens (Group C = 1 : 11).

Crack width Duration
32 d 48 d 64 d 96 d 128 d 144 d 160 d

00 microns — C-00-48 — C-00-96 — C-00-144 —
40 microns — C-40-48 — C-40-96 — C-40-144 —
70 microns — C-70-48 — C-70-96 — C-70-144 —
90 microns — C-90-48 — C-90-96 — C-90-144 —
120 microns — C-120-48 — C-120-96 — C-120-144 —

150 RC beam specimens was 41MPa, as determined on the
prisms at an age of 28 days.

2.2. Testing Program. All tests were performed in the Civil
Engineering Laboratory at Beihang University in Beijing.
Based on the wet-dry ratios, 102 beam specimens were
classified into A, B, C, and D four groups, and the wet-dry
ratio is as follows: Group A = 1 : 3, Group B = 1 : 7, Group
C = 1 : 11, and Group D = 1 : 15, which means that the beam
specimens were subjected to seawater spraying for 1 d and
then atmosphere drying in lab environment for 3, 7, 11, and
15 d, respectively. Within each group, the beam specimens
were further divided by five crack widths (0, 40, 70, 90, and
120 microns) and seven exposure durations (32 d, 48 d, 64 d,
96 d, 128 d, 144 d, and 160 d). The beam specimens of Groups
A, B, and D are summarized in Table 2, named as group
number-crack width-exposure duration; for example, A-00-
32 means Group A, crack width of 00 microns, and exposure
duration 32 d, and so on. And beam specimens of Group C
are summarized in Table 3.

All beam specimens were demolded after 24 h of casting
and were cured under standard temperature and moisture
conditions. At the age of 28 d, three-point flexural loadingwas
performed on RC beam specimens to induce different widths
of flexural cracks, where loading increment was controlled
by mid-span deflection. The loading equipment was shown
in Figure 2. The maximum crack width was measured and
recorded with a crack detector after two hours of the beam
specimens unloading and classified into five crack widths (0,
40, 70, 90, and 120 microns), as listed in Tables 2 and 3.

To simulate the combined actions of crack width, wet-dry
ratio, and exposure duration, the beam specimens of Group
A, B, C, and D were sprayed with seawater for 1 d and then
atmosphere dried in lab environment for 3 d (Group A), 7 d
(Group B), 11 d (Group C), and 15 d (Group D), respectively,

Figure 2: Loading equipment.

Figure 3: Spraying device.

as one round of wet-dry cycle. This procedure was repeated
until the designed exposure duration as listed in Tables 2 and
3.

Automatic device of seawater spraying was shown in
Figure 3; the seawater here was artificiallymadewith 3.5% (by



4 Advances in Materials Science and Engineering

Figure 4: Sampling from tensile side of RC beam specimens.

weight) NaCl. In order to ensure one-dimensional diffusion
in the process of wet-dry cycles, all beam specimens were
coated with waterproof paint except for the testing surface.

After accomplishment of designed exposure duration of
wet-dry cycles, a cylinder concrete sample was drilled at
tensile side of RC beam specimens, as shown in Figure 4.
The diameter and depth of the cylinder sample was 50mm
and 30mm, respectively. The cylinder sample was then
subdivided into 5 slices along the depth. Each slice was
ground into fine powder and the free chloride content in each
slice was tested by the Ion Selective Electrode Method [12]
according to the standard JTJ 270-98 [13].

3. Results and Discussion

The initial cracks on RC beam specimens were induced by
three-point flexural loading at the age of 28 d, and then the
load was removed. The beam specimens with different crack
widths were exposed to the designed wet-dry ratios and
cycles. During the period of wet-dry cycles, the evolution of
crack width was monitored. After the designed duration of
wet-dry cycles completed, the chloride contents of cracked
and uncracked concrete at depths of 0∼6mm, 6∼12mm, 12∼
18mm, 18∼24mm, and 24∼30mm were tested. The experi-
mental results of crack width and chloride content are briefly
introduced as the following.

3.1. Self-Healing Effect of Concrete Cracks. The crack photos
of initial widths 120 microns on beam specimens in Groups
A, B, C, and D, before (𝑡 = 0) and after wet-dry cycles, were
shown in Figure 5. It can be seen from Figure 5, when initial
width was 120 microns after designed wet-dry cycles, self-
healing effect of cracks in Group A (wet-dry ratio 1 : 3) was
quite obvious, and Group B (wet-dry ratio 1 : 7) was next,
and Groups C and D (wet-dry ratios 1 : 11 and 1 : 15) were not
obvious. Therefore, as wet-dry ratio decreased from 1 : 3 to
1 : 15, self-healing effect of concrete cracks weakened.

Figure 6 shows the photos of cracks on RC beam
specimens in Group B, with different initial crack widths
of 40, 70, 90, and 120 microns, before (𝑡 = 0) and after

Table 4: Crack width of four groups (A = 1 : 3, B = 1 : 7, C = 1 : 11, and
D = 1 : 15) after wet-dry cycles.

Initial width(𝑡 = 0) 𝑡 = 160 d (microns)
Group A Group B Group C (144 d) Group D

40 microns 00 00 00 00
70 microns 00 30 45 50
90 microns 00 70 75 75
120 microns 40 70 90 90

Table 5: Cracks evolution of Group B (1 : 7) after designed exposure
duration.

Initial width Duration
32 d 64 d 96 d 128 d 160 d

40 microns 40 35 25 5 00
70 microns 70 65 60 40 30
90 microns 90 90 85 70 70
120 microns 120 120 100 80 70

(𝑡 = 160 d) wet-dry cycles. After 160 d of wet-dry cycles,
as shown in Figure 6, when initial crack width was 40 or
70 microns, the crack nearly disappeared due to self-healing
effect of concrete materials, while when initial crack width
was 90 or 120 microns, self-healing effect was not quite
obvious.The conclusion was that as the width of initial cracks
increased from 40 microns to 120 microns, self-healing effect
of concrete cracks gradually weakened.

The testing results of crack widths after designed wet-dry
cycles for four groups are listed in Table 4. It was indicated
that self-healing effect of crack surface was the best where
the wet-dry ratio was 1 : 3 (Group A). And when initial
crack width was 40 microns, the crack in concrete surface
of four groups disappeared after the designed wet-dry cycles.
Besides, as the wet-dry ratio decreased from 1 : 3 to 1 : 15 and
crack widths increased from 40 microns to 120 microns, self-
healing effect gradually weakened.

The testing results of crack widths in Group B with dif-
ferent initial crack widths and exposure durations were listed
in Table 5. It can be seen from Table 5 that as the exposure
duration increased from 0 d to 160 d, the self-healing effects
of concrete cracks were observed to be gradually obvious, and
as the width of initial crack increased from 40 microns to
120 microns, the self-healing effects of concrete cracks were
monitored to be gradually weaken.

In the exposure duration of wet-dry cycles, the self-
healing effect of concrete cracks mainly comes from two
aspects. On one hand, the white deposit (CaCO3) blocked
the crack [14, 15], which was chemically formed by CO2
from the air and the alkaline component from concrete. On
the other hand, the beam specimens in Group A suffered
the longest duration of seawater spraying, which result in
sufficient hydration of concrete and obvious self-healing of
concrete cracks after 160 d wet-dry cycles.

3.2. Testing Results of Chloride Content andDiscussion. When
the designed duration of wet-dry cycles was finished, cylinder
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A-120-160 A-120-160

120 microns

t = 0 d t = 160 d

(a)

B-120-160 B-120-160

120 microns

t = 0 d t = 160 d

(b)

C-120-144 C-120-144
120 microns

t = 0 d t = 144 d

(c)

D-120-160 D-120-160

120 microns

t = 0 d t = 160 d

(d)

Figure 5: Cracks in Groups A, B, C, and D (initial width 120 microns) before and after wet-dry cycles: (a) Group A; (b) Group B; (c) Group
C; (d) Group D.

B-40-160 B-40-160
40 microns

t = 0 d t = 160 d

(a)

B-70-160 B-70-160

70 microns

t = 0 d t = 160 d

(b)

B-90-160 B-90-160

90 microns

t = 0 d t = 160 d

(c)

B-120-160 B-120-160

120 microns

t = 0 d t = 160 d

(d)

Figure 6: Self-healing of cracks in Group B (initial width = 40, 70, 90, and 120 microns) before and after wet-dry cycles: (a) 40 microns; (b)
70 microns; (c) 90 microns; (d) 120 microns.

samples were drilled at tensile side of RC beam specimens, as
shown in Figure 4. The chloride contents along the depth of
concrete coverwith different crackwidths in four groupswere
tested.The relationship of the chloride content with the crack
width, wet-dry ratio, and exposure duration will be discussed
in the following sections.

3.2.1. Effect of Crack Widths on Chloride Content. The chlo-
ride contents along the depth of the concrete covers with
different widths of crack in Group A were plotted in Figure 7,
when the exposure duration 160 d was finished. As can be
seen from Figure 7, the chloride content decreased as the
depth increased from surface to 30mm, where the chloride
content decreased rapidly as the depth increased from surface
to 15mm, and the chloride content decreased slowly as the
depth increased from 15mm to 30mm. It can be seen from

Figure 7 that the chloride content increased as the crack
widths increased and when the crack width was 120 microns,
the chloride content was obviously larger.

The chloride contents at different depths of concrete cover
with different crack widths in Groups A, B, C, and D are
shown in Figures 8(a), 8(b), 8(c), and 8(d), respectively.
Since the chloride content at depth 0∼6mm showed a large
discreteness, the data at this depth was abandoned here.

As shown in Figures 8(a), 8(b), 8(c), and 8(d), the chloride
content at the same depth increased as the crack width
increased from 0 to 120 microns. As can be seen from
Figure 8(a), the chloride content changed little when crack
width was less than 90 microns, and the chloride content
increased significantly when the crack width was larger than
90 microns. As can be seen from Figures 8(b), 8(c), and 8(d),
with the wet-dry ratios of 1 : 7, 1 : 11, and 1 : 15, the chloride
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Figure 7: Chloride contents along the depth of concrete cover with different crack widths in Group A.
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Figure 8: Chloride content with different crack widths and different wet-dry ratios. (a) Group A (1 : 3); (b) Group B (1 : 7); (c) Group C (1 : 11);
(d) Group D (1 : 15).
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Table 6: Chloride content on steel bar surface (%) and its increment compared with uncracked concrete (%).

Crack width
(microns)

Chloride content
A (160 d)

Incr.
A (160 d)

Chloride content
B (160 d)

Incr.
B (160 d)

Chloride content
C (144 d)

Incr.
C (144 d)

Chloride content
D (160 d)

Incr.
D (160 d)

00 0.0208 0.00 0.0245 0.00 0.0090 0.00 0.0121 0.00
40 0.0217 4.33 0.0257 4.90 0.0138 53.33 0.0174 43.80
70 0.0226 8.65 0.0254 3.67 0.0204 126.67 0.0225 85.95
90 0.0279 34.13 0.0260 6.12 0.0262 191.11 0.0270 123.14
120 0.0604 190.38 0.0411 67.76 0.0354 293.33 0.0352 190.91
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Figure 9: Chloride content on steel bar surface of uncracked
concrete with different wet-dry ratios and different durations.

content changed little when crack width was equal to or less
than 90 microns and the chloride content increased slightly
when the crack width was 120 microns.

In conclusion, when wet-dry ratio was 1 : 3, the chlo-
ride content along the depth of concrete cover increased
significantly as crack width was larger than 90 microns and
whenwet-dry ratios were 1 : 7, 1 : 11, and 1 : 15, chloride content
increased slightly as crack width increased from 0 to 120
microns. A possible explanation was that the evaporation
of pore solution influenced the concentration difference
along the depth of concrete cover, which leads to different
penetration rate of chloride ion during wetting process.

3.2.2. Effect of Wet-Dry Ratios on Chloride Content. The
chloride content on steel bar surface of uncracked concrete
with different wet-dry ratios (Groups A, B, C, and D) and
different exposure durations are plotted in Figure 9. As
shown in Figure 9, for the same duration, when wet-dry ratio
increased from 1 : 15 to 1 : 3, the chloride content on steel bar
surface changed and reached the largest value when the wet-
dry ratio was 1 : 7, and the chloride content on steel bar surface
increased as the exposure duration increased from 48 d to
160 d.

The chloride contents on steel bar surface and the incre-
ments of chloride content comparedwith uncracked concrete
in the same group were listed in Table 6, where wet-dry ratios
of four groups were A (1 : 3), B (1 : 7), C (1 : 11), and D (1 : 15),
respectively. As shown in Table 6, for the same group, the
chloride content on steel bar surface increased as the crack
width increased. And the increment of chloride content also
increased as the crack width increased, compared with the
chloride content of uncracked RC beam specimens in the
same group.When crack width was 120microns, the chloride
content on steel bar surface was the largest and the increment
was 190.38%, 67.76%, 293.33%, and 190.91% for Groups A, B,
C, andD, respectively.Whenwet-dry ratio was 1 : 3 or 1 : 7, the
increment of the chloride content on steel bar surface with
crack width of 40 microns or 70 microns was smaller than
10%, while the increment of the chloride content on steel bar
surface increased sharply when crack width was greater than
90 microns. When wet-dry ratio was 1 : 11 or 1 : 15 and crack
width was 40 microns, the increment of chloride content was
53.33% or 43.80%, respectively, while the chloride content
was relatively small. This indicated that as the wet-dry ratio
decreased to 1 : 11 or 1 : 15, cracks had significant effect on the
increment of the chloride content.

A possible explanation of the results in Figure 9 and
Table 6 was that convection zone increased due to the
extension of wet-dry cycles [4]. Based on the “inkbottle
effect” and “hysteresis” [15, 16], the water evaporation rate
in the drying process was obviously lagging behind the
penetration rate of liquid in the wetting process. And when
the drying duration was not enough for evaporation of the
pore solution, diffusion played the major role and convection
effect was not evident during the next wetting process [4],
while the penetration rate would be accelerated because of
wide concentration difference between the inside and outside
solution [2]. As wet-dry ratio decreased from 1 : 3 to 1 : 15, the
drying duration became longer and chloride penetration was
accelerated, while the duration of concrete surface exposed to
NaCl solution was shortened, which led to a decrease of the
total chloride ion in concrete. So moderate drying duration
was more conducive to chloride diffusivity.

The chloride contents on steel bar surface with different
crackwidths in different groups ofwet-dry ratioswere plotted
in Figure 10, where the chloride content of exposure duration
96 d was shown in Figure 10(a) and that of exposure duration
160 d was shown in Figure 10(b). The ratios of chloride
content in four groups and chloride content in reference
group were listed in Table 7, where the wet-dry ratios of
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Figure 10: Chloride content on steel bar surface with different wet-dry ratios and different crack widths: (a) exposure duration 96 d; (b)
exposure duration 160 d.

Table 7: Ratio of chloride content on steel bar surface of Groups A,
B, C, and D and reference group.

Group A (160 d) B (160 d) C (144 d) D (160 d)
00 microns 3.22 3.79 1.39 1.87
40 microns 3.36 3.98 2.14 2.69
70 microns 3.50 3.93 3.16 3.48
90 microns 4.32 4.02 4.06 4.18
120 microns 9.35 6.36 5.48 5.45

four groups were A = 1 : 3, B = 1 : 7, C = 1 : 11, and D = 1 : 15,
respectively, and the duration of wet-dry cycles for Groups
A, B, and D was 160 d and for Group C was 144 d.

As can be seen from Figure 10 and Table 7, when crack
width was less than 90 microns, chloride content of Group B
(wet-dry ratio 1 : 7) was the largest of four groups. And when
crack width was equal to or greater than 90microns, chloride
content of Group A (wet-dry ratio 1 : 3) was the largest.

A possible explanation was that when crack width was 90
or 120microns, the wider crack was conducive to evaporation
of pore solution and led to a wide concentration difference
between the inside and outside solution, even the wet-dry
ratio was 1 : 3 (Group A). And when crack widths were less
than 90 microns, the wetting duration in Group B (wet-
dry ratio 1 : 7) was shorter than Group A, and the chloride
diffusivity was improved due to less hydration of cement and
less self-healing effect of crack,which indicated thatmoderate
drying duration was more conducive to chloride diffusivity.

3.2.3. Effect of Exposure Duration on Chloride Content. The
time dependency of chloride content on steel bar surface in
four groupswithwet-dry ratios of 1 : 3, 1 : 7, 1 : 11, and 1 : 15were

plotted in Figures 11(a), 11(b), 11(c), and 11(d), respectively.
It can be seen from Figure 11(a), in Group A (wet-dry ratio
1 : 3), that the chloride content changed little when exposure
duration was shorter than 96 d and the chloride content
increased significantly when exposure duration increased
from 96 d to 160 d. It can be seen from Figures 11(b), 11(c), and
11(d), in the rest of the three groups, that the chloride content
changed little when the exposure duration was less than 96 d,
and the chloride content increased significantly when crack
width was larger than 90 microns and the exposure duration
was larger than 96 d.

In conclusion, chloride content on steel bar surface
increased sharply when exposure duration was larger than
96 d and crack width was larger than 90 microns for all four
groups.

4. Apparent Chloride Diffusion Coefficient
(𝐷𝜔) and Service Life Prediction

4.1. Effect of Exposure Duration on Chloride Diffusion Coef-
ficient. Based on Fick’s second law and related research
of chloride diffusion of concrete, surface chloride content(𝐶𝑠) and apparent chloride diffusion coefficient (𝐷𝜔) were
obtained by regression analysis using (1) as to result into the
best fit curve [17]. Because (1) only considered the effect of
diffusion, the convection zone was removed in the fitting
process.

𝐶 (𝑥, 𝑡) = 𝐶𝑠 [1 − erf ( 𝑥
2√𝐷𝜔𝑡)] , (1)

where 𝐶(𝑥, 𝑡) is the chloride content of concrete at the depth𝑥 and the exposure duration 𝑡.
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Figure 11: Chloride content on steel bar surface with different exposure durations and different crack widths. (a) Group A (1 : 3); (b) Group
B (1 : 7); (c) Group C (1 : 11); (d) Group D (1 : 15).
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Figure 12:𝐷𝜔 versus exposure duration.

The time-dependent change of𝐷𝜔 in uncracked concrete
of Group B is given in Figure 12. According to the study of

Thomas and Bamforth [18], the time dependency of 𝐷𝜔 can
be described as follows [7]:

𝐷𝜔 (𝑡) = 𝐷28 (28𝑡 )
𝛼𝑡 , (2)

where 𝐷𝜔(𝑡) is the apparent chloride diffusion coefficient
(10−12m2/s); 𝑡 is the exposure duration of wet-dry cycles
(day);𝐷28 is the apparent chloride diffusion coefficient at age
of 28 d (10−12m2/s); 𝛼𝑡 is the time decay factor.

As can be seen from Figure 12, 𝐷𝜔 decreased from 1.72× 10–12 to almost 1.01 × 10–12m2/s as exposure duration
increased to 160 d. In Figure 12, two time-dependent trends
of 𝐷𝜔 were observed and they were represented by two
dashed lines. The intersection of two dashed lines was 96 d,
which implied that exposure duration 96 d was a critical
value. When exposure duration increased from 32 d to 96 d,𝐷𝜔 decreased sharply from 1.72 × 10–12 to almost 1.20 ×
10–12m2/s. When exposure duration increased from 96 d to
160 d,𝐷𝜔 decreased slowly from almost 1.20 × 10–12 to almost
1.01 × 10–12m2/s. The relationship between 𝐷𝜔 and exposure
duration was regressed and the result was given by solid line
in Figure 12. The coefficient of determination (𝑅2) was 0. 96,
which indicated correlation was well.
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Table 8:𝐷28 and 𝛼𝜔 of different crack widths.
Crack width 𝐷28 (10−12m2/s) 𝛼𝜔
00 microns 1.80 1.00
40 microns 1.83 1.02
70 microns 1.95 1.08
90 microns 2.83 1.57
120 microns 5.64 3.13
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Figure 13:𝐷𝜔 versus crack width (160 d).

4.2. Effect of Crack Widths and Wet-Dry Ratios on Chloride
Diffusion Coefficient. After 160 d of wet-dry cycles, 𝐷𝜔 in
Groups A, B, and D are plotted in Figure 13. As shown
in Figure 13, 𝐷𝜔 increased as crack width increased and𝐷𝜔 increased slowly as crack width increased from 0 to 90
microns and increased sharply as crack width increased from
90 to 120 microns. It implied that width of 90 microns was a
critical value to consider the effect of crack width on chloride
diffusion coefficient.

Besides, as shown in Figure 13, when crack width was 0
and 40 microns, wet-dry ratio had little influence on𝐷𝜔; and𝐷𝜔 achieved the largest values whenwet-dry ratio was 1 : 7 for
all crack widths. This means that moderate ratio of wetting
and drying duration would be conductive to the chloride
ingress; that is, wet-dry ratio 1 : 7 was the critical wet-dry ratio
for lab accelerated test.

The crack factor 𝛼𝜔 was introduced to consider the effect
of initial crack. The apparent chloride diffusion coefficient of
concrete at 28 d in Group B (wet-dry ratio 1 : 7) was obtained
by (2) and the ratio of this apparent chloride diffusion
coefficient between cracked concrete (𝐷𝑐) and uncracked
concrete (𝐷0) was listed in Table 8. Crack factor 𝛼𝜔 was
calculated by (3) and the result of 𝛼𝜔 was given in Figure 14
and Table 8.

𝛼𝜔 = 𝐷𝑐𝐷0 . (3)

Table 9: 𝐶𝑠 and decrement.

Group 𝜆 𝜆𝑡 𝑅2 𝐶𝑠 (160 d) Decrement
A (wet-dry 1 : 3) 1.42 ∗ 10−5 0.065 0.91 0.55 1
B (wet-dry 1 : 7) 1.29 ∗ 10−5 0.065 0.92 0.50 9.1%
D (wet-dry 1 : 15) 0.57 ∗ 10−5 0.065 0.83 0.22 60.0%
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Figure 14: 𝛼𝜔 versus crack width.

As can be seen from Figure 14, 𝛼𝜔 increased from 1 to
3.13 as crack width increased to 120 microns. In Figure 14,
two development trends of 𝛼𝜔 were observed and they were
represented by two dashed lines. The intersection of two
dashed lines was 90 microns, which implied that crack
width of 90 microns was a critical value. When crack width
increased from 0 to 90 microns, 𝛼𝜔 increased slowly from 1
to almost 1.53. When crack width increased from 90 to 120
microns, 𝛼𝜔 increased sharply from almost 1.53 to 3.13. The
relationship between 𝛼𝜔 and crack width was regressed and
the result was given by solid line in Figure 14. The coefficient
of determination (𝑅2) was 0.99, which indicated correlation
was well.

4.3. Effect of ExposureDuration andWet-Dry Ratios on𝐶𝑠. As
mentioned above, (1) was used to obtain the surface chloride
content (𝐶𝑠) by curve fitting. In this paper, the specimen
surface was under unsaturated state because of seawater
wet-dry cycles and subsequently 𝐶𝑠 increased as exposure
duration increased. To describe the time dependency of
the surface chloride content (𝐶𝑠), (4) [5] was obtained by
regression based on the results of the surface chloride content(𝐶𝑠) from Groups A, B, and D.

𝐶𝑠 = 𝜆 ⋅ 𝑒(𝜆𝑡 ⋅𝑡), (4)

where 𝜆 is an environmental parameter; 𝜆𝑡 is a time-
dependent parameter; 𝑡 is the exposure duration of wet-dry
cycles (day).

Table 9 gives the value of the surface chloride content
(𝐶𝑠) from (1) and the regression results of 𝜆, 𝜆𝑡, and its
determination coefficient (𝑅2) from Groups A, B, and D as
well as the decrement of 𝐶𝑠 compared with 𝐶𝑠 of Group
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A. As can be seen from Table 9, compared with 𝐶𝑠 of
Group A, 𝐶𝑠 in Groups B and D decreased by 9.1% and
60.0%, respectively. It was indicated that 𝐶𝑠 was significantly
affected by the environment; that is, with the decrease of
the proportion of wetting time, surface chloride content
significantly decreased.

4.4. Life Prediction considering Cracks, Wet-Dry Ratios, and
Exposure Durations

4.4.1. Model of Life Prediction. Recently, in order to calculate
the chloride profile resulting from ingress of penetrating
chlorides, many researches have adopted model of chloride
transmission in concrete proposed by Collepardi et al. [19]
according to Fick’s second law of one-dimensional unsteady
flowing [20], and its mathematical expression is

𝜕𝐶 (𝑥, 𝑡)𝜕𝑡 = 𝐷𝜕2𝐶 (𝑥, 𝑡)𝜕𝑥2 , (5)

where 𝑥 is the depth; 𝑡 is exposure duration; 𝐶(𝑥, 𝑡) is the
chloride content of concrete at the depth 𝑥 and exposure
duration 𝑡; 𝐷 is the apparent chloride diffusion coefficient at
duration 𝑡.

Collepardi et al. [19] assumed the initial and boundary
conditions (𝐶(𝑥, 𝑡 = 0) = 0 and 𝐶(𝑥 = 0, 𝑡) = 𝐶𝑠) and
simplified (5) into (6) through the function (erf).

𝐶 (𝑥, 𝑡) = 𝐶𝑠 − (𝐶𝑠 − 𝐶𝑖) ⋅ erf ( 𝑥
2√𝐷𝑤 ⋅ 𝑡) , (6)

where 𝐶𝑠 is surface chloride content and 𝐶𝑖 is initial chloride
content.

In the theory of life prediction of chloride diffusion, the
end point of the durability life of structures is that the chloride
content on steel surface reaches critical value (𝐶cr) [21].Thus,
in this study, it is assumed that time to corrosion initiation
was reached when the chloride content on the steel surface
has reached the critical chloride content 𝐶cr. With America
ACI222 [22] and Europe BS-EN206 [23] as reference, 𝐶cr =
0.063% (g/cm3); that is, 0.2% of cement weight was adopted
in this paper.

As it was concluded in Section 4.1, the chloride diffusion
coefficient (𝐷𝜔) decreased as exposure duration increased in

service life. Stanish andThomas [24] used (7) to describe the
time-dependent change of chloride diffusion coefficient,

𝐷𝑡 = 𝐷ref (𝑡ref𝑡 )
𝑚 , (7)

where 𝐷𝑡 is chloride diffusion coefficient at time 𝑡, 𝐷ref is
the chloride diffusion coefficient at reference time 𝑡ref (𝑡ref =
28 d), and𝑚 is the so-called ageing factor.

According to study of Stanish and Thomas [24], the
relationship between 𝐷𝑡 and 𝑡 can be expressed as follows:

𝐷𝑡 =
{{{{{{{
𝐷ref (𝑡ref𝑡 )

𝑚 𝑡 ≤ 𝑡𝑅
𝐷ref (𝑡ref𝑡𝑅 )

𝑚 = 𝐷𝑡𝑅 𝑡 > 𝑡𝑅, (8)

where 𝑡𝑅 is the time after which the diffusion coefficient is
assumed to remain constant and 𝑡𝑅 is generally assumed to
be 30 years [12].

Tang and Gulikers [25] substitute (8) into (9) to get 𝑇.
Consequently, 𝑇 can be expressed by (10),

𝑇 = ∫𝑡2
𝑡1

𝐷𝑡𝑑𝑡 (9)

𝑇

=
{{{{{{{{{

𝐷ref (𝑡ref)𝑚(1 − 𝑚) (𝑡1−𝑚2 − 𝑡1−𝑚1 ) 𝑡2 ≤ 𝑡𝑅
𝐷ref [(𝑡ref)

𝑚 (𝑡1−𝑚𝑅 − 𝑡1−𝑚1 )
(1 − 𝑚) + (𝑡ref𝑡𝑅 )

𝑚 (𝑡2 − 𝑡𝑅)] 𝑡2 > 𝑡𝑅,
(10)

where 𝑡1 is the start of exposure period and 𝑡2 is the end of
exposure period.

In this paper, crack factor (𝛼𝜔) was introduced to consider
the effect of cracks and (3) was used to take the place of𝐷𝑡 in
(9), referring to Section 4.2. And time decay factor (𝛼𝑡) was
introduced to take the place of 𝑚, referring to Section 4.1.
So 𝑇 can be calculated by (11) which are derived from (10).
Based on 𝐶𝑠 and𝐷ref of each sample, substituting the critical
chloride content 𝐶cr = 0.063%, concrete cover 𝑥 = 30mm, 𝑡1
= 𝑡ref = 28 d, 𝑡𝑅 = 30 year, and each 𝐶𝑖, 𝛼𝜔, and 𝛼𝑡 into (12),
the magnitude of 𝑡2 could be calculated as calculated service
life.

𝑇 =
{{{{{{{{{

𝛼𝜔𝐷ref (𝑡ref)𝛼𝑡(1 − 𝛼𝑡) (𝑡1−𝛼𝑡2 − 𝑡1−𝛼𝑡1 ) 𝑡2 ≤ 𝑡𝑅
𝛼𝜔𝐷ref [(𝑡ref)

𝛼𝑡 (𝑡1−𝛼𝑡
𝑅

− 𝑡1−𝛼𝑡1 )
(1 − 𝛼𝑡) + (𝑡ref𝑡𝑅 )

𝛼𝑡 (𝑡2 − 𝑡𝑅)] 𝑡2 > 𝑡𝑅
(11)

𝐶cr = 𝐶𝑠 − (𝐶𝑠 − 𝐶𝑖) ⋅ erf ( 𝑥
2√𝑇) . (12)

4.4.2. Prediction of Residual Service Life. Figure 15 shows the
residual service life of RC beam specimens in Groups A,

B, and D. As can be seen from Figure 15, as crack width
increased to 120 microns, the residual service life of RC beam
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Figure 15: Residual service life of RC beams with the increase of
crack widths.

specimens decreased from 43 years to 17 years in Group A
(wet-dry ratio 1 : 3), 41 years to 10 years in Group B (wet-
dry ratio 1 : 7), and 64 years to 15 years in Group D (wet-
dry ratio 1 : 15), respectively. As mentioned above, chloride
diffusivity of Group B (wet-dry ratio 1 : 7) was accelerated
most and subsequently Group B (wet-dry ratio 1 : 7) showed
the shortest residual service life, compared with Group A
(wet-dry ratio 1 : 3) and Group D (wet-dry ratio 1 : 15).

5. Conclusion

This study investigated the combined effects of crack width,
wet-dry ratio, and exposure duration of wet-dry cycles on
chloride ions diffusion of RC beams to stimulate working
conditions of RC structures. The chloride diffusion model
was obtained based on the experiments, which considered
crack width, wet-dry ratio, and exposure duration. The
life prediction model of RC structures and critical value
of chloride ion content were also concluded. Conclusions
specifically are as follows:

(1) The chloride content along the depth of concrete
cover increased significantly when crack width was
larger than 90microns and wet-dry ratio was 1 : 3, and
the chloride content increased slightly as crack width
increased from 0 to 120 microns when wet-dry ratios
were 1 : 7, 1 : 11, and 1 : 15, respectively.

(2) When crack width was less than 90 microns and wet-
dry ratio was 1 : 7, the chloride content on steel bar
surface was the largest of four wet-dry ratios (1 : 3, 1 : 7,
1 : 11, and 1 : 15). Andwhen crack width was equal to or
greater than 90microns andwet-dry ratiowas 1 : 3, the
chloride content on steel bar surface was the largest.

(3) Based on the testing results of chloride content on
steel bar surface and the analysis results of chloride

diffusion coefficient, the suitable ratio of wetting and
drying duration was 1 : 7, which was conductive to
the chloride ingress for the cracked RC structures of
working conditions.

(4) The chloride diffusion model and prediction model
of residual service life of RC beams were suggested,
taking the combined effects of crack width and
exposure duration into consideration. The predicted
residual service life decreased with the increase of
crack width and the residual service lives of RC
structures predicted here were corresponding well
with the experimental results.
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This paper compares stiffness degradation models of cross-ply glass fiber/epoxy laminates based on four of the most commonly
used approaches to micromechanical modelling: shear-lag, variational, McCartney, and synergistic damage mechanics (SDM). All
of these include the process of defining [0/90]s laminate unit cell, from which governing differential equations and corresponding
boundary conditions are stated. Afterwards, these boundary value problems (BVP) are solved in order to obtain a stress
function which couples the initial and perturbation stresses, the latter being in function of crack density, thus related to material
stiffness reduction. When compared against experimental results, shear-lag model presented accurate results however, additional
differentiation and integration steps were required in order to obtain the final stress field. Hashin’s variational method predicts
correctly the boundary conditions at crack surfaces and gives out the complete stress field. McCartney’s approach shows further
improvement over the previous two models, taking into account thermal strains and stresses. Finally, SDM, which is designed for
numerical experimentation, implying a more economical alternative in comparison to traditional physical experimentation, also
presented very good agreement with experimental results and can be extended to arbitrary laminate stackings, going beyond the
classical cross-ply.

1. Introduction

Composite laminates have found increased use inmechanical
applications over the last years, especially in areas related to
aerospace, civil, and mechanical systems. Efforts have been
particularly intense on damage assessment of large composite
structures.There aremanymodels such as the ones developed
by Shokrieh [1] that focus on the degradation of mechanical
properties, relying on experimental curve fits which do not
necessarily have a direct physical interpretation. This can
represent a large obstacle for understanding the mechanisms
of onset and propagation of damage over a component or
structure.

Of these damagemodes, matrix cracking has received the
most attention, followed by delamination. After the material
reaches certain level of crack density, there is progressively
less space for transverse crack formation. This phenomenon
is known as crack saturation [2] and the corresponding

density is known as Characteristic Damage State (CDS), but
before this happens, delamination may occur. Delamination
[3] is the mechanism of separation between plies caused by
an interfacial weakening partially due to previously formed
intralaminar cracks. Delamination proves to be more catas-
trophic than matrix cracking, because it could render the
structure useless in a short amount of time driving it to failure
[4].

Matrix cracking in 90-degree plies was first studied
by Reifsneider [5], who experimentally investigated this
phenomenon on [0/±45/90]s laminates subjected to uniaxial
quasistatic and cyclic tests. Although practical, physical
experiments can become relatively expensive when less
assumption is considered, especially when compared with
ever-increasing computer capacity [6].

The first micromechanical model was shear-lag, intro-
duced by Garrett and Bailey [7–9] and significantly improved
by Cox [10]. Shear-lag model relies on the basic principle that
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Figure 1: Unit cell for shear-load and variational methods. (a) Geometry. (b) Equilibrium. The crack is supposed to span all the laminate
width, adapted from [12, 14].

relaxed stresses arising from the formation of intralaminar
cracks transfer to ply interface [11] in form of shear stress,
increasing in turn the occurrence of delamination. In the
present review, Berthelot complete parabolic shear-lag model
is used [12], which means a parabolic variation of axial dis-
placement is introduced for both 0- and 90-degree layers (see
(1a)-(1b)).Then, corresponding stress functions are obtained,
which ultimately translate into stress accumulation and
degradationmechanical properties, particularly stiffness [13].

Another family of micromechanical approaches is pro-
posed by Hashin [14] who proposes a variational stress-
perturbation function, departing from crack-free stress state.
In order to achieve this, Hashin applied the minimum
complementary energy principle and optimized it. Subse-
quently, the total stress field (crack-free plus perturbation)
was recovered for cross-ply (0/90m)s laminates. Similar to
the first approach, the stresses formed cracks, which in turn
translated inmaterial degradation, chiefly stiffness reduction.
Hashin’s variational analysis has become a seminal work in
the field of micromechanical damage analysis on composite
materials [14]. For example, it has been used and adapted
for predicting fatigue [15], random crack growth [16], and
delamination [17].Thereafter, McCartney [18] introduced his
model based on Hashin’s variational approach and classical
elasticity, presenting three novelties: inclusion of the thermal
expansion strains, explicit expressions for displacements, and
a further expansion to three-dimensional stress evaluation
that will not be reviewed in this work.

Continuum damage mechanics (CDM) is another family
that has become more commonplace in literature over the
last years due to increased computational capacity. These
models are based on updating stiffness matrices in function
of crack opening displacement (COD) or density. Their
scheme may be iterative, such as the so-called self-consistent
methods [19, 20] and the proposed by Barbero [21–23],
or departing from an initial set of real-life [24] or virtual
finite element simulations such as the Synergistic Damage
Mechanics (SDM) model presented by Singh and Talreja
[25–27], which expanded the scope of micromechanical
modelling to laminates other than cross-ply.

Driven by aerospace and wind energy applications in
which other laminate configurations such as the [0/±45/90]s

are preferred, recent models such as the ones proposed by
Hajikazemi [28] and Adumitroaie [29] have also expanded to
laminates other than cross-ply. However, as these models are
usually extensions of previous models (Hashin’s variational
for the case ofHajikazemi’smodel and SDMforAdumitroaie’s
model), the main goal of this work is drawing a com-
parison between these four approaches (shear-lag, Hashin’s
variational, McCartney, and SDM) and highlighting the
advantages and setbacks for each one. This comparison will
be helpful for selecting the most appropriate matrix cracking
approach for future works related to damage propagation
in fiber-reinforced polymers for different applications. The
nomenclature used throughout the article is summarized in
the Nomenclature.

2. Models

2.1. Shear-Lag Model. As mentioned above, the shear-lag
models were the first approaches on intralaminar cracking.
The basic governing principle consists in stress redistribution
along the loading direction causing an increase in interfacial
shear-load due to crack onset. The basic unit cell is shown in
Figure 1, representing a symmetric (0/90)s laminate element
composed of two 0∘-degree outer plies of thickness 𝑡0 and a
90∘-degree inner ply of thickness 𝑡90. Total laminate thickness
is thus ℎ = 2(𝑡0 + 𝑡90). In addition, 𝑥 is loading direction, 2𝑙
is crack spacing, and ply interface is located along coordinate𝑧 = 𝑡90.

Shear-lag model is considerably simple compared to the
other approaches presented below because of the following
assumptions: (a) plane stress and (b) longitudinal stresses 𝜎𝑥𝑥
are assumed to be uniform across the thickness of 0∘ and 90∘
plies and (c) the tensile load applied to 0∘ plies is considered
to be transmitted into the 90∘ ply by shear of the transverse
ply [12].

However, these assumptions may compromise the accu-
racy of the model. For this reason, Berthelot [12] introduced
parabolic profiles for 𝑥-direction displacements in 0- and 90-
degree plies.

𝑢0 (𝑥, 𝑧) = 𝐴0 (𝑥) 𝑧2 + 𝐵0 (𝑥) 𝑧 + 𝐶0 (𝑥) (1a)

𝑢90 (𝑥, 𝑧) = 𝐴90 (𝑥) 𝑧2 + 𝐵90 (𝑥) 𝑧 + 𝐶90 (𝑥) , (1b)
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Table 1: Comparison of boundary conditions of the four models analyzed in the present article.

Boundary conditions governing shear lag model [12]
(i) Traction free crack surfaces 𝜎90𝑥𝑥 (𝑙) = 0
(ii) Interlaminar shear stress symmetry condition 𝜏 (0) = 0

Boundary conditions governing variational model [14]
(i) Symmetry 𝜎90𝑥𝑧 (𝑥, 0) = 0
(ii) Traction continuity 𝜎90𝑥𝑧 (𝑥, 𝑡90) = 𝜎0𝑥𝑧 (𝑥, 𝑡90)𝜎90𝑧𝑧 (𝑥, 𝑡90) = 𝜎0𝑧𝑧 (𝑥, 𝑡90)
(iii) Traction-free end 𝜎0𝑥𝑧 (𝑥, ℎ) = 0

𝜎0𝑧𝑧 (𝑥, ℎ) = 0
(iv) Traction-free crack surfaces 𝜎90𝑥𝑥 (±𝑎, 𝑧) = −𝜎90𝜎90𝑥𝑧 (±𝑎, 𝑧) = 0

Boundary conditions governing McCartney model [18]

(i) Perfect interlaminar bonding 𝜎𝑚𝑥𝑥 = 𝜎𝑓𝑥𝑥, 𝜎𝑚𝑥𝑦 = 𝜎𝑓𝑥𝑦@𝑥 = 𝑎, 𝑦 ≤ 𝐿
𝑢𝑚 = 𝑢𝑓, V𝑚 = V𝑓@𝑥 = 𝑎, 𝑦 ≤ 𝐿

(ii) Stress-free external surface of outer plies 𝜎𝑓𝑥𝑥 = 0, 𝜎𝑓𝑥𝑦 = 0@𝑥 = ℎ, 𝑦 ≤ 𝐿
(iii) Symmetry about 𝑦-axis 𝜎𝑚𝑥𝑦 = 0, 𝑢𝑚 = 0@𝑥 = 0, 𝑦 ≤ 𝐿
(iv) Symmetry about 𝑥-axis 𝜎𝑚𝑥𝑦 = 0, V𝑚 = 0@𝑦 = 0, 0 ≤ 𝑥 ≤ 𝑎

𝜎𝑓𝑥𝑦 = 0, V𝑓 = 0@𝑦 = 0, 𝑎 ≤ 𝑥 ≤ ℎ
(v) Stress-free crack surface 𝜎𝑚𝑦𝑦 = 0, 𝜎𝑚𝑥𝑦 = 0@𝑦 = 𝐿, 0 ≤ 𝑥 ≤ 𝑎
(vi) Bridging outer plies 𝜎𝑓𝑥𝑦 = 0@𝑦 = 𝐿, 𝑎 ≤ 𝑥 ≤ ℎ

V𝑓 = 𝐿𝜖𝑥@𝑦 = 𝐿, 𝑎 ≤ 𝑥 ≤ ℎ
Boundary conditions governing SDM model [25]

(i) Symmetry about midplane 𝑤 = 0@𝑧 = 0
(ii) Displacement condition at right face 𝑢 = 𝑢0@𝑥 = 2𝑙 = 𝑠𝛼
(iii) Fixture at left face 𝑢 = 0@𝑥 = 0

where𝐴,𝐵, and𝐶 are integration constants.These profiles are
then introduced within the framework of classic equations
for elasticity: first kinematics (strain-displacement), then
compliance, and finally equilibrium within the unit cell
shown in Figure 1(b) [12].

𝜕𝜎90𝑥𝑥𝜕𝑥 + 𝜕𝜎90𝑥𝑧𝜕𝑧 = 0. (2)

This produces the boundary value problem (BVP) with
governing equation in terms of average longitudinal stress in
the 90-degree layer (𝜎90𝑥𝑥)

𝑑2𝜎90𝑥𝑥𝑑𝑥2 − 𝜆2𝜎90𝑥𝑥 = −𝜆2𝐸22𝐸0𝑥 𝜎𝑐, (3a)

where 𝜆2 = 3𝐺0𝑥𝑦(𝑡0 + 𝑡90)𝐸0𝑥/𝑡290𝑡0𝐸11𝐸22, and the laminate
stiffness constants for shear𝐺0𝑥𝑦 = 𝐺23/(1+𝑡0𝐺23/𝑡90𝐺12) and
Young’s modulus 𝐸0𝑥 = (𝑡0𝐸11 + 𝑡90𝐸22)/(𝑡0 + 𝑡90), subject to a
global load 𝜎𝑐.

This governing equation is subject to the boundary
conditions (BCs) shown in Table 1.

Thus, the complete solution for 𝑥-direction stress field in
0-degree and 90-degree plies is given out by

𝜎90𝑥𝑥 (𝑥) = 𝜎𝑐𝐸22𝐸0𝑥 (1 −
cosh 𝜂𝑎 (𝑥/𝑙)

cosh 𝜂𝑎 ) (4a)

𝜎0𝑥𝑥 (𝑥) = 𝜎𝑐𝐸11𝐸0𝑥 (1 +
𝑡90𝑡0

𝐸22𝐸11
cosh 𝜂𝑎 (𝑥/𝑙)

cosh 𝜂𝑎 ) (4b)

𝜎0𝑥𝑥 (𝑥, 𝑧) = 𝜎0𝑥𝑥 (𝑥) − 𝜎𝑐 𝐸112𝐺12
𝐸22𝐸0𝑥

𝑡90𝑡0
⋅ 𝜂2 [( 𝑧𝑡90)

2 − 2 (1 + 𝛼) 𝑧𝑡90 +
23𝛼2 + 2𝛼 + 1]

⋅ cosh 𝜂𝑎 (𝑥/𝑙)
cosh 𝜂𝑎

(4c)

𝜎90𝑥𝑥 (𝑥, 𝑧) = 𝜎90𝑥𝑥 (𝑥) + 𝜎𝑐 𝐸2222𝐺23𝐸0𝑥 𝜂
2 [( 𝑧𝑡90)

2 − 13]
⋅ cosh 𝜂𝑎 (𝑥/𝑙)

cosh 𝜂𝑎
(4d)
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𝑎 = 𝑙𝑡90 (4e)

𝜂2 = 𝜆2𝑡290 = 3𝐺0𝑥𝑦 (𝑡0 + 𝑡90) 𝐸0𝑥𝑡0𝐸11𝐸22 (4f)

𝛼 = 𝑡0𝑡90 , (4g)

where (4e) expresses the aspect ratio 𝑎. This parameter is
of great importance as it reflects the relationship of crack
spacing to ply thickness, having a profound impact on the
degradation model. Meanwhile, (4g) shows the stacking
parameter 𝛼. Shear-lag method calculates in a straightfor-
ward fashion the interfacial shear-load that may be applied
later to delamination models. The complete model for inter-
laminar shear stress is also obtained as follows:

𝜏 (𝑥) = 𝜎𝑐𝐸22𝐸11 𝜂
sinh 𝜂𝑎 (𝑥/𝑙)
cosh 𝜂𝑎 . (5)

The shear stress field is obtained introducing (4c)-(4d)
into (2) and solving for 𝜎𝑥𝑧. Subsequently the 𝑧-direction
axial stress field is obtained introducing this solution into
equilibrium equation (6) and solving for 𝜎𝑧𝑧.This procedure
is repeated for the 0-degree ply.

𝜕𝜎90𝑥𝑧𝜕𝑥 + 𝜕𝜎90𝑧𝑧𝜕𝑧 = 0. (6)

Finally, these stresses have an effect on the material, which is
reflected in degradation rules such as the stiffness reduction
formula obtained by Ogin [13]:

𝐸𝑥𝐸0𝑥 =
11 + (𝑡90/𝑡0) (𝐸22/𝐸11) (1/𝜂𝑎) tanh 𝜂𝑎 . (7)

2.2. Variational Method. In 1985, Hashin proposed another
approach to solve the crack problem in a cross-ply laminate,
already shown in Figure 1. The variational method is an
energetic approach that consists in posing an internal energy
formulation for a perturbation stress, which is considered
a variation from the intact material stress, caused by crack
onset. Because this is an equilibrium situation, total energy
change is considered near zero, with this method being
therefore soundly based on virtual work statics.

The assumptions taken for this approach are as follows:

(i) The normal stress in external load direction is con-
stant over ply thickness.

(ii) Shear stresses develop only within a boundary layer
of unknown thickness in between plies.

(iii) Cracks remain sufficiently far apart so that their
mutual interaction can be neglected.

Said this, the stresses in the cracked laminate are

𝜎𝑚𝑖𝑗 = 𝜎𝑚𝑖𝑗,0 + 𝜎𝑚𝑖𝑗,𝑝, (8)

where 𝑖, 𝑗 subscripts stand for 𝑥, 𝑧 direction of the stresses.
The index 𝑚 represents the ply, whether 0- or 90-degree.

Finally, the subscript 0 represents the stress of the intact
matrix and 𝑝, the perturbation stress generated by the crack.
After applying the equilibrium equations obtained from basic
elasticity over the region illustrated in Figure 1 and the
boundary conditions listed in Table 1, the perturbation stress
field in terms of intact 90-degree ply stress (𝜎90) is found out.

𝜎0𝑥𝑥,𝑝 (𝑥, 𝑧) = −𝜎90𝜙 (𝑥) (9a)

𝜎0𝑥𝑧,𝑝 (𝑥, 𝑧) = 𝜎90𝜙 (𝑥) 𝑧 (9b)

𝜎0𝑧𝑧,𝑝 (𝑥, 𝑧) = 𝜎90𝜙 (𝑥) 12 (ℎ𝑡90 − 𝑧2) (9c)

𝜎90𝑥𝑥,𝑝 (𝑥, 𝑧) = 𝜎90 (𝑡90𝑡0 )𝜙 (𝑥) (9d)

𝜎90𝑥𝑧,𝑝 (𝑥, 𝑧) = 𝜎90 (𝑡90𝑡0 )𝜙 (𝑥) (ℎ − 𝑧) (9e)

𝜎90𝑧𝑧,𝑝 (𝑥, 𝑧) = 𝜎90 (𝑡90𝑡0 )𝜙 (𝑥)
12 (ℎ − 𝑧)2 , (9f)

where the perturbation function 𝜙(𝑥) is evaluated by the
following formulation, provided that in most epoxy/carbon
materials, 4𝑞 > 𝑝2:

𝜙 = 𝐴1 cosh𝛼1𝜉 cos𝛼2𝜉 + 𝐴2 sinh𝛼1𝜉 sin𝛼2𝜉 (10a)

𝜉 = 𝑥𝑡90 (10b)

𝐴1 = 2 (𝛼1 cosh𝛼1𝑎 sin𝛼2𝑎 + 𝛼2 sinh𝛼1𝑎 cos𝛼2𝑎)𝛼1 sin 2𝛼2𝑎 + 𝛼2 sinh 2𝛼1𝑎 (10c)

𝐴2 = 2 (𝛼2 cosh𝛼1𝑎 sin𝛼2𝑎 − 𝛼1 sinh𝛼1𝑎 cos𝛼2𝑎)𝛼1 sin 2𝛼2𝑎 + 𝛼2 sinh 2𝛼1𝑎 , (10d)

where 𝛼1 = 𝑞1/4 cos(1/2)Θ, 𝛼2 = 𝑞1/4 sin(1/2)Θ, and tanΘ =
√4𝑞/𝑝2 − 1.Thematerial constants 𝑝 and 𝑞may be evaluated
as follows:

𝑝 = 𝐶02 − 𝐶11𝐶22 ;
𝑞 = 𝐶00𝐶22

(11a)

𝐶00 = 1𝐸22 +
1𝛼𝐸11 ;

𝐶02 = ( ]23𝐸22)(𝛼 +
23) − ]12𝛼3𝐸11

(11b)

𝐶22 = (𝛼 + 1) (3𝛼2 + 12𝛼 + 8)
60𝐸22 ;

𝐶11 = 13 ( 1𝐺23 +
𝛼𝐺12) .

(11c)

For the equations governing case 4𝑞 < 𝑝2, the reader is
referred to Talreja [11]. As in the previous method, a stress
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Figure 2: (a) Unit cell used to derive the equations of the McCartney model. (b) Coordinates for boundary conditions shown in Table 1.
Adapted from [18].

field is recovered and then applied in a degradation rule that
has an effect on material’s elasticity.

1𝐸𝑥 =
1𝐸0𝑥 +

1𝐸22 𝑘21
𝜇 (𝛼)𝑎 𝜒 (𝑎) , (12a)

where 𝑘1 = 𝜎90/𝜎𝑐 and is obtained from traditional laminate
analysis. The other functions are evaluated as follows:

𝜒 (𝑎) = −𝜙 (𝜉 = 𝑎) (12b)

𝜇 (𝛼) = (3𝛼2 + 12𝛼 + 8)
60 . (12c)

Finally, it is important to take into account the fact that this
formulation is only applicable to equally spaced cracks. If
the separation is arbitrary, a probabilistic distribution such
as those used by Vinogradov [16] must be used.

2.3. McCartney Method. McCartney proposed another ana-
lytical method in 1992 [18]. Similar to variational approach,
the method models the same phenomenon by optimizing
an energetic expression. As in the previous two models,
it only considers cross-ply laminates. Nevertheless, there
are three noteworthy novelties. First of all, components of
thermal expansion are taken into account for stain and
stress modelling. Then, even though precision is similar
to Hashin, McCartney model includes explicit expressions
for displacement field. Finally, in contrast to shear-lag, the
McCartney model satisfies exactly a more comprehensive set
of boundary conditions. The basic unit cell of the laminate

between two cracks, subjected to uniaxial stress, is shown in
Figure 2(a).

Then, from basic elasticity and including thermal strains,
the field equations for generalized plane strain conditions are
expressed by

𝜕𝜎𝑥𝑥𝜕𝑥 + 𝜕𝜎𝑥𝑧𝜕𝑧 = 0,
𝜕𝜎𝑥𝑧𝜕𝑥 + 𝜕𝜎𝑧𝑧𝜕𝑧 = 0

𝜖𝑥𝑥 = − ]12𝐸11 𝜎𝑧𝑧 +
1𝐸11 𝜎𝑥𝑥 + 𝛼


𝐴Δ𝑇

− ]12
𝐸22𝐸11 𝜖∗𝑐 =

𝜕𝑢𝜕𝑥
𝜖𝑧𝑧 = 1𝐸22 𝜎𝑧𝑧 −

]12𝐸11 𝜎𝑥𝑥 + 𝛼

𝑇Δ𝑇 − ]23𝜖∗𝑐

= 𝜕𝑤𝜕𝑧
𝜖𝑥𝑧 = 𝜎𝑥𝑧2𝐺12 =

12 (𝜕𝑢𝜕𝑧 + 𝜕𝑤𝜕𝑥 ) .

(13)

It is important to keep in mind that (13) actually represents
two sets of equations, one for outer 0-degree plies and another
one for inner 90-degree plies. Engineering elastic constants
that feature an apostrophe are the modified moduli, which
are shown in more details in [18]. The original moduli
appear with no apostrophe. Finally, the development for the
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uniform transverse strain in the cracked laminate 𝜖∗𝑐 is also
shown in the referred paper. Assuming perfect interlaminar
bonding, McCartney model is governed by the boundary
conditions shown in Table 1 (cf. Figure 2(b)), where 𝜖𝑐 is the
longitudinal strain experienced by the cracked composite and
is also explained in further details in [18]. Now, assume that
longitudinal stress components 𝜎0𝑥𝑥 and 𝜎90𝑥𝑥 are independent
of 𝑧 and are of the form

𝜎0𝑥𝑥 = 𝐶 (𝑥) + 𝐸11 (𝜖 + V12
𝐸22𝐸11 𝜖∗ − 𝛼𝐴Δ𝑇)

= 𝐶 (𝑥) + 𝜎0
𝜎90𝑥𝑥 = − 𝑡0𝑡90𝐶 (𝑦) + 𝐸22 (𝜖 + V12𝜖∗ − 𝛼𝑇Δ𝑇)

= − 𝑡0𝑡90𝐶 (𝑥) + 𝜎90,

(14)

where 𝜖 and 𝜖∗ are the corresponding longitudinal and
transverse strains for the undamaged laminate. We now
proceed to introduce (14) in field (1a) and (1b) with boundary
conditions (Table 1) in order to obtain the following stress
field:

𝜎0𝑥𝑧 = 𝐶 (𝑥) (ℎ − 𝑧)
𝜎0𝑧𝑧 = 12𝐶 (𝑥) (ℎ − 𝑧)2
𝜎90𝑥𝑧 = 𝑡0𝑡90𝐶 (𝑥) 𝑧
𝜎90𝑧𝑧 = 12 𝑡0𝑡90𝐶 (𝑥) (ℎ𝑡90 − 𝑧2) .

(15)

It is interesting to note the similarities between (10a), (10b),
(10c), and (10d) from Hashin and (14) and (15) fromMcCart-
ney. Now, the corresponding displacement field (16a), (16b),
(16c), and (16d) is obtained

𝑤90 = 𝑡0𝑡90
V23𝐸22𝐶 (𝑥) 𝑧 −

16 𝑡0𝑡90
1𝐸22𝐶
 (𝑥) 𝑧 (𝑧2

− 3𝑡90ℎ) − ( V23𝐸22 𝜎90 − 𝛼

𝑇Δ𝑇 + V12𝜖∗)𝑧

(16a)

𝑤0 = [ V23𝐸22 𝑡0 −
V12𝐸11 (𝑧 − 𝑡90)]𝐶 (𝑥)

+ { 16𝐸22 [𝑡
3
0 − (ℎ − 𝑧)3] + 13𝐸22 𝑡0𝑡90 (ℎ +

12𝑡0)}
⋅ 𝐶 (𝑥) − ( V12𝐸11 𝜎0 − 𝛼


𝑇Δ𝑇 + V23𝜖∗) (𝑧 − 𝑡90)

− ( V23𝐸22 𝜎90 − 𝛼

𝑇Δ𝑇 + V12𝜖∗) 𝑡90

(16b)

𝑢0 = { V122𝐸11 (𝑧 − 𝑡90)
2 − V23𝐸22 𝑡0 (𝑧 − 𝑡90)

− 12𝐺12 [(𝑧 − ℎ)2 − 𝑡20]}𝐶 (𝑥)
− { 124𝐸22 [(𝑧 − ℎ)

4 + 4𝑡30 (𝑧 − 𝑡90) − 𝑡40]
+ 13𝐸22 𝑡0𝑡90 (ℎ +

12𝑡0) (𝑧 − 𝑡90)}𝐶 (𝑥) + 𝐴 (𝑥)

(16c)

𝑢90 = 𝑡02𝑡90 (
1𝐺23 −

V23𝐸22)(𝑧
2 − 𝑡290) 𝐶 (𝑥) + 124𝐸22

⋅ 𝑡0𝑡90 [𝑧4 − 𝑡490 − 6𝑡90ℎ (𝑧2 − 𝑡290)] 𝐶 (𝑥) + 𝐴 (𝑥) ,
(16d)

where𝐴(𝑥) is the 𝑥-displacement at the interface of inner and
outer plies

𝐴 (𝑥)
= 1𝐸11𝐶 (𝑥) − (

V123𝐸11 −
V232𝐸22 +

13𝐺12) 𝑡20𝐶 (𝑥)
+ [ 120𝐸22 +

112𝐸22
𝑡90𝑡0 (2

𝑡90𝑡0 + 3)] 𝑡40𝐶 (𝑥)
+ 𝜖𝑥.

(17)

And perturbation function 𝐶(𝑥), similar to Hashin’s, is
defined for most composites as

𝐶 (𝑥) = 𝑃 cosh
𝑝1𝑥𝑡0 cos

𝑞1𝑥𝑡0 + 𝑄 sinh
𝑝1𝑥𝑡0 sin

𝑞1𝑥𝑡0 (18a)

𝑝1 = √12 ( 𝐺2𝐹 + √𝐻𝐹 ),

𝑞1 = √12

𝐺2𝐹 − √𝐻𝐹


(18b)

𝑃 = Λ(𝑞1 sinh 𝑝1𝑙𝑡0 cos
𝑞1𝑙𝑡0 + 𝑝1 cosh

𝑝1𝑙𝑡0 sin
𝑞1𝑙𝑡0 )

⋅ 𝑡90𝑡0 𝜎90,
𝑄 = Λ(𝑞1 cosh 𝑝1𝑙𝑡90 sin

𝑞1𝑙𝑡90 − 𝑝1 sinh
𝑝1𝑙𝑡90 cos

𝑞1𝑙𝑡90 )
⋅ 𝑡90𝑡0 𝜎90

(18c)

1Λ = 𝑞1 sinh 𝑝1𝑙𝑡0 cosh
𝑝1𝑙𝑡0 + 𝑝1 sin

𝑞1𝑙𝑡0 cos
𝑞1𝑙𝑡0 . (18d)
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Figure 3: (a) Representative unit cell for a laminate under SDM micromechanics analysis, adapted from [25]. (b) Special case for cross-ply
analysis, adapted from [24].

Here 𝐹, 𝐺, and 𝐻 are constants dependent on geometry
and material and are defined thoroughly in [18]. Then, the
function 𝐶(𝑥) is computed from the following integral:

𝐶 (𝑥) = ∫𝑥
0
𝐶 (𝑥) 𝑑𝑥. (19)

Once the perturbation function is obtained it is used to
calculate stiffness reduction in the cracked laminate.

1𝐸𝑥 =
1𝐸0𝑥 +

1Ξ [(1 − ]0𝑥𝑦V12) 𝐸22𝐸0𝑥 ]
𝑡290ℎ𝑙 𝐻Φ (20a)

Φ = 2Λ𝑝1𝑞1𝑝21 + 𝑞21 (cosh
2𝑝1𝑙𝑡0 − cos2

𝑞1𝑙𝑡0 ) (20b)

Ξ = 1 − (V12 − V12
𝐸22𝐸11)
2 𝑡20ℎ𝑙 Φ𝐻𝐸0𝑦 , (20c)

where ]0𝑥𝑦, 𝐸0𝑥, and 𝐸0𝑦 are the longitudinal Poisson ratio
and longitudinal and transverse Young’s moduli of the
undamaged laminate, respectively. Finally, in the same work,
McCartney introduces a novel 3D version of the formerly
explainedmodel, which is not included in this analysis for the
sake of comparison, and because the plane strain assumption
under which the 2Dmodel operates is enough for adequately
modelling the mechanics of cracked composite plies.

2.4. Synergistic Damage Mechanics (SDM). Up to now,
micromechanical models shown in Sections 2.1 to 2.3 refer
to cracked composites limited to the cross-ply case, which
has very limited applications. For most aerospace and wind
energy applications, a [0/±45/90]s configuration is more
common. For this reason, Singh and Talreja developed the
Synergistic Damage Mechanics (SDM) model [25], which is
explained as follows.

The basic cell under which the SDM model operates is
shown in Figure 3(a). The picture clearly shows that the

model is flexible for stacking more arbitrary ply orientations
than those presented previously. For the sake of comparison
against previous shown models, the basic cell used for simu-
lations shown in Section 3 is also cross-ply [24], Figure 3(b);
nevertheless, in this section the general case is described in
order to discuss all the innovations the SDMmodel poses.

Of these innovations, the most important over the pre-
vious micromechanical models is that SDM can initiate and
multiply cracks in any of the layers of the laminate, even if
the probability of this occurring at 0∘ is relatively low. Each of
these crack orientations is defined in SDM as damage modes,
denoted by 𝛼. As it will be described, each of these modes
will have their particular stress fields, stiffness changes, and
damage tensors as each one of them contributes individually
to the total damage state and stiffness reduction in the
laminate.

The model starts with a damage state tensor D𝛼ij, with a
given spacing (𝑠𝛼), thickness (𝑡𝛼), restriction parameter (𝜅𝛼),
and orientation 𝑛𝑖𝑛𝑗 for the damage mode 𝛼. Finally, the total
laminate thickness is represented by 𝑡.

D𝛼ij = 𝜅𝛼 (𝑡𝛼)2𝑠𝛼𝑡 𝑛𝑖𝑛𝑗. (21)

The normal orientation vector is expressed by 𝑛𝑖 = (sin 𝜃,
cos 𝜃, 0). Meanwhile, the restriction parameter 𝜅𝛼 accounts
for the constraining effect on ply cracks caused by adjacent
plies in the laminate.

𝜅𝛼 = �̃�𝛼𝑛𝜖22𝑡𝛼 , (22)

where 𝜖22 is the transformed applied strain component
normal to the crack surface and �̃�𝛼𝑛 is the normal average
crack opening displacement (COD) for a given crack spacing.
These averaged CODs are computed previously from a series
of FE simulations using software such as ANSYS [30]. The
micromechanical unit cell (Figure 3) is modelled by repli-
cating the material stacking and elastic constants, defined by
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the size of crack spacing, and three boundary conditions [25]
shown in Table 1.

Another important quantity resulting from the model is
the stiffness tensor and its reduction caused by the presence of
the microcracks. For the case being [25], the damage stiffness
tensors for each mode 𝐶𝛼𝑝𝑞 are expressed by

𝐶1𝑝𝑞 + 𝐶2𝑝𝑞 = 𝜅𝜃𝑡𝜃𝑠𝜃𝑡
[[[
[

2𝑎1,21 𝑎1,24 0
𝑎1,24 2𝑎1,22 0
0 0 2𝑎1,23

]]]
]
= 𝐷𝜃 [𝑎1,2𝑖 ] (23a)

𝐶3𝑝𝑞 = 𝜅90𝑡90𝑠90𝑡
[[[
[

2𝑎31 𝑎34 0
𝑎34 2𝑎32 0
0 0 2𝑎33

]]]
]
= 𝐷90 [𝑎3𝑖 ] (23b)

𝐶4𝑝𝑞 = 𝜅0𝑡0𝑠0𝑡
[[[
[

2𝑎41 𝑎44 0
𝑎44 2𝑎42 0
0 0 2𝑎43

]]]
]
= 𝐷0 [𝑎4𝑖 ] . (23c)

This stiffness reduction scheme needs the determination
of material constants 𝑎𝛼𝑖𝑗. In order to obtain these con-
stants, stiffness reduction curves are taken from previously
described ANSYS simulations over [0/90]s laminates where
the values of 𝐸11, 𝐸22, 𝐺12, and V12 are plotted against the
value of crack spacing 𝑠𝛼 for each ply. Finally, a curve fitting
procedure is conducted in order to satisfy the following set of
equations:

𝐶𝑝𝑞 =
[[[[[[[
[

𝐸0𝑥1 − V0𝑥𝑦V0𝑦𝑥

V0𝑥𝑦𝐸0𝑦1 − V0𝑥𝑦V0𝑦𝑥
0

V0𝑥𝑦𝐸0𝑦1 − V0𝑥𝑦V0𝑦𝑥

𝐸0𝑦1 − V0𝑥𝑦V0𝑦𝑥
0

0 0 𝐺0𝑥𝑦

]]]]]]]
]

−∑
𝛼

𝑎𝛼𝐷𝜃 [𝑎𝛼𝑖 ] ,

(24a)

where the 0-superscripted engineering constants correspond
to those of the virgin laminate. For a [0/±𝜃/90]s laminate, the
total damage tensor is given by

∑
𝛼

𝑎𝛼𝐷𝜃 [𝑎𝛼𝑖 ] = ∑
𝛼

𝐶𝛼𝑝𝑞
= 2 {𝐶1𝑝𝑞 + 𝐶2𝑝𝑞} + 𝐶3𝑝𝑞 + 2𝐶4𝑝𝑞.

(24b)

Once the model is ready, (24a) and (24b) is applied again,
but now for the current crack separation parameter present

in the laminate. The final results are the degraded elasticity
engineering constants of the material.

𝐸𝑥 = 𝐶11𝐶22 − 𝐶212𝐶22 ,
𝐸𝑦 = 𝐶11𝐶22 − 𝐶212𝐶22 ,
V𝑥𝑦 = 𝐶12𝐶22 ,
𝐺𝑥𝑦 = 𝐺66,
V𝑦𝑥 = V𝑥𝑦

𝐸𝑦𝐸𝑥 .

(25)

Subsequently, the resulting stress tensor is recalculated

𝜎𝛼𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙 (𝐷𝛼𝑖𝑗) 𝜖𝑘𝑙. (26)

As stated previously, even if Synergistic Damage Mechanics
(SDM) model has the capability of analyzing stresses and
stiffness degradation in laminates such as [0/±45/90]s, it is
first necessary to perform simulations on cross-ply laminates.
As in all other stiffness degradation models, SDM stiffness
reduction for [0/90]s glass/epoxy laminates is plotted against
crack density, which is also in terms of the reciprocal of crack
spacing as per (27). This means that for each case of crack
density (𝑠𝜃 = 16, 8, 4, 2, 1, 0.75, 0.5, 0.2, and 0.1mm) FE
modelswere prepared and analyzed usingANSYSby applying
loading, geometry, and boundary conditions as shown in
Figure 3(b). An intact case simulated with highly spaced
cracking (𝑠𝜃 = 32) was also prepared.

𝑐 = 1𝑠𝜃 =
12𝑎𝑡90 . (27)

Boundary conditions for each crack spacing case remained
the same, with applied displacement at right face of (𝑢)𝑥=2𝑙
= 5 𝜇m. Left face is fixed and there is a symmetry condition
in the bottom face, along 𝑧-axis. Cracks were supposed to
have grown throughout the width of the cell. Subsequently,
each model was meshed using 10,000–25,000 3D tetrahedral
elements. Then, stress field was recovered and averaged
along the volume. At last, longitudinal Young’s modulus is
then obtained, according to [31], by applying the following
equation:

𝐸𝑥 = ⟨𝜎𝑥𝑥⟩⟨𝜖𝑥𝑥⟩ = (1/𝑉RVE) ∫𝑉 𝜎𝑥𝑥𝑑𝑉𝑢0/2𝑙 , (28)

where 𝑉RVE is the volume of the whole unit cell, ∫
𝑉
𝜎𝑥𝑥𝑑𝑉 ∼∑𝑖(𝜎𝑥𝑥,𝑖𝑉𝑖), where 𝜎𝑥𝑥,𝑖 and 𝑉𝑖 are the normal axial stress and

volume of element 𝑖; 𝑢0 is the applied displacement in the
right face, as well. Finally, these curves can later be used for
obtaining through fitting, materials constants 𝑎𝛼𝑖𝑗, which can
later be used in (24a) and (24b) in order to calculate stiffness
degradation in stacking cases such as [0/45/90]s.
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Table 2: Elastic engineering constants for glass-fiber/epoxy and
carbon fiber/epoxy composites [5].

Property GFRP CFRP
Longitudinal Young’s modulus (𝐸11), GPa 41.7 208.3
Transverse Young’s modulus (𝐸22), GPa 13.0 6.5
Longitudinal shear modulus (𝐺12 = 𝐺13), GPa 3.4 1.65
Transverse shear modulus (𝐺23), GPa 4.58 2.3
Longitudinal Poisson’s ratio (V12 = V13) 0.3 0.255
Transverse Poisson’s ratio (V23) 0.45 0.413

−0.1

−0.05

0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4

0.2

0.15

0.1

0.05

0

−0.05

−0.1

−0.15

−0.2

z
(m

m
)

x (mm)

Normalized xx90 stress in 90-degree layer

−
0.
5

−
0.
4

−
0.
3

−
0.
2

−
0.
1 0

0.
1

0.
2

0.
3

0.
4

0.
5

Figure 4: Normal longitudinal stress distribution 𝜎𝑥𝑥 in 90-
degree layer for a glass fiber/epoxy cross-ply [0/90]s laminate using
Berthelot-modified shear-lag model [12].

3. Results and Discussion

From the formulation explained in Section 2, stress distribu-
tion is drawn for longitudinal stress 𝜎𝑥𝑥 in 90-degree layer
for an 𝐸-glass fiber/epoxy laminate with material constants
(Table 2) obtained from Highsmith and Reifsneider [5],
with 90-ply thickness 𝑡90 = 0.203mm, stacking parameter𝛼 = 1, and aspect ratio of cracking 𝑎 = 2.5 and 𝑘1 =
0.464. Cracking aspect ratio and 90-ply thickness will be
kept constant through results analysis; for other values their
variation will be presented as needed.

It is seen from Figure 4 that minimum normal stress is
zero and is found where the cracks are located; meanwhile
the maximum longitudinal stress is found midway between
consecutive cracks. Furthermore, it is observed from Figure 5
that crack onset has increased interlaminar shear.

Nevertheless, shear-lag method is at disadvantage when
compared to variational micromechanics because the shear-
lag assumption forces the model not to follow the zero-
traction boundary condition, in stark comparison to Hashin
formulation. This brings considerable error for the shear-lag
method as it approaches the crack surface (Figure 6).

Taking the shear stress variation for the interface located
between 0- and 90-degree plies from Hashin variational

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10
Normalized longitudinal position (x/l)

Variation of interlaminar shear ()

N
or

m
al

iz
ed

 sh
ea

r s
tre

ss

/

c

Figure 5: Variation of interlaminar shear in 0/90 interface for a glass
fiber/epoxy cross-ply [0/90]s composite using Berthelot-modified
shear-lag model [12].
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Figure 6: Comparison of longitudinal stress obtained by shear-lag
and variational methods for 90-degree ply in a glass fiber/epoxy
cross-ply [0/90]s composite under longitudinal stress.

method (Figure 7(a)) [14], it is observed from Figure 7
that shear stress redistributes to somewhere in the middle
between crack surface and the 𝑧-axis of symmetry because of
the restriction imposed on crack surface. Again, this contrasts
with Berthelot shear-lag model, which puts the maximum
location of shear redistribution just above the cracking
surface (Figure 5). Finally, a complete stress distribution field
for 𝜎90𝑥𝑧 by Hashin method is illustrated in Figure 7(b), from
where it is observed that 𝜎90𝑥𝑧 becomes progressively higher as
it approaches the interlaminar interface.
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under longitudinal stress and (b) shear stress distribution for a glass fiber/epoxy cross-ply laminate under longitudinal stress, both using
variational method [14].
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Figure 8: Curve comparing the four methods covered in this
paper for longitudinal Young’s modulus reduction on a [0/90]s glass
fiber/epoxy laminate.

Afterwards, degradation of longitudinal Young’smodulus𝐷 = 𝐸𝑥/𝐸0𝑥 against crack density 𝑐, (27) for [0/90]s
glass/epoxy laminates (𝛼 = 1, 𝑘1 = 0.464), is plotted for
all four stiffness reduction models (Figure 8). For shear-lag
model used by Berthelot [12], Ogin model stiffness reduction
curve is applied [13]. Meanwhile, for the Hashin variational
method [14], Reifsneider formulation was employed instead
[5]. McCartney [18] and SDM [25] incorporate their own
stiffness reduction methods. As a first verification step, con-
vergence for all four curves is verified against (29) proposed

by Reifsneider [5]; there is very good agreement between all
model results.

1𝐸𝑥 =
1𝐸0𝑥 +

𝑘21𝛼 + 1 ( 1𝐸22 +
1𝛼𝐸11) . (29)

Regarding experimental results, a comparison was drawn
between all four models and Smith and Wood experimenta-
tion [32]. Again, from Figure 8 it is seen that only shear-lag
and SDM follow good agreement at initial cracking stages.
Smith and Wood do not provide experimental results for
advanced (𝑐 > 2 cracks/mm), nonetheless convergence has
been proved with (29).

4. Conclusions

A comparison between four micromechanical models has
been presented. From degradation rules, it is noticed that all
four methods covered in this paper predicted convergence
value quite accurately. From Hashin’s variational method it
is important to remark that it not only predicts correctly the
boundary conditions at the surfaces of the crack but also
readily gives out the complete stress field. Although limited
by model assumptions, there are novel methods capable of
analyzing arbitrary stacking [28] based onHashin’s approach.
In contrast, shear-lag degradation model is more accurate
when compared against experimental results [32] but it
takes additional differentiation and integration steps in order
to obtain the final stress field. However, the assumptions
under which it is governed limit its application to cross-ply
laminates.

McCartney’s approach shows further improvement over
the last two methods because it takes the generalized plane
strain assumption, which soundly resonates with laminate
mechanics. This model is also unique because it takes
into account thermal strains and stresses. Furthermore,
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this model is applied to multiaxial loading conditions. By
last, McCartney provides explicit expressions for comput-
ing displacements throughout the laminate cell. However,
McCartney model is computationally expensive because of
higher order differentiation involved in the computation of
stiffness reduction.

For the case of SDM, the model not only converges but
also replicates experimental results with relative accuracy.
Furthermore, SDM is designed for numerical experimenta-
tion, implying a more economical alternative in comparison
to traditional physical experimentation. Damage mechanics
models present the advantage of being flexible because they
may be applied to a wider range of laminate stacking, going
beyond the classical cross-ply case and thus proving more
useful in practical cases that involve laminates of arbitrary
stacking [23, 25], such as the widely used [0/±45/90]s
laminates. However, these modelling approaches may be
computationally expensive and heavily dependent on mesh
size for the case of virtual simulations.

Nomenclature

𝐴(𝑥): Interlaminar region displacement
function (only McCartney model)𝐴1, 𝐴2: Integration constants (variational
method)𝐴0, 𝐵0, 𝐶0: Integration constants for parabolic
displacement profile in 0-degree plies
(shear-lag)𝐴90, 𝐵90, 𝐶90: Integration constants for parabolic
displacement profile in 90-degree plies
(shear-lag)𝐶(𝑥): McCartney perturbation function𝐶00, 𝐶22, 𝐶02, 𝐶11: Variational method material constants𝐶𝑝𝑞: Damaged stiffness tensor𝐶0𝑝𝑞: Undamaged stiffness tensor

D𝛼ij: SDM damage tensor𝐸11: Ply longitudinal Young’s modulus𝐸22: Ply transverse Young’s modulus𝐸0𝑥: Intact laminate longitudinal Young’s
modulus𝐸0𝑦: Intact laminate transverse Young’s
modulus𝐸𝑥: Cracked laminate longitudinal Young’s
modulus𝐹, 𝐺,𝐻: McCartney material constants𝐺12: Ply in-plane shear modulus𝐺23: Ply out-of-plane shear modulus𝑃,𝑄: McCartney integration constants𝑉RVE: Volume of unit cell𝑎: Crack aspect ratio𝑎𝛼𝑖𝑗: SDMmaterial constants for 𝛼 ply𝑐: Crack densityℎ: Half-laminate thickness𝑘1: Stress ratio in cross-ply laminates,
obtained from classical lamination
theory (CLT)

𝑙: Half crack spacing𝑛𝑖, 𝑛𝑗: Normal orientation vectors𝑝, 𝑞: Variational method material constants𝑝1, 𝑞1: McCartney integration constants𝑠𝛼: Crack spacing, that is, 𝑠𝛼 = 2𝑙𝑡0, 𝑡90, 𝑡: Ply thickness𝑢, V, 𝑤: Displacements𝑢0: Applied displacement�̃�𝑛: Normal average crack opening
displacement𝑥, 𝑦, 𝑧: PositionsΔ𝑇: Temperature increaseΘ: Variational method integration constantΛ: McCartney integration constantΞ,Φ: McCartney material degradation
constants𝛼: Laminate stacking parameter𝛼1, 𝛼2: Variational method integration
constants𝛼𝐴, 𝛼𝑇: Longitudinal and transverse thermal
expansion coefficients𝜖, 𝜖∗: Longitudinal and transverse strains in
undamaged laminates𝜖𝑐, 𝜖∗𝑐 : Longitudinal and transverse strains in
cracked laminates𝜖𝑖𝑖, 𝜖𝑖𝑗: Normal and shear strain𝜂: Shear-lag integration constant𝜃: Ply orientation respect loading axis𝜅: SDM interlaminar restriction parameter𝜆: Shear-lag integration constant

V12: In-plane ply Poisson’s ratio
V23: Out-of-plane ply Poisson’s ratio
V0𝑥𝑦: In-plane intact laminate Poisson’s ration𝜉: Normalized 𝑥-position coordinate𝜎0, 𝜎90: Stress in intact 0- and 90-degree plies𝜎𝑐: Longitudinal load applied on laminate𝜎𝑖𝑖: Normal stress𝜎𝑖𝑗: Shear stress𝜎𝑥𝑥: Average longitudinal stress𝜏(𝑥): Interlaminar shear stress function𝜙: Variation method perturbation

function.
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This work is devoted to the study of the high temperature friction and wear behaviors of Cu-based friction pairs in wet clutches
under different temperatures, rotation speeds, and loads. Pin-on-disc tests are carried out on the UMT-3. The friction coefficient,
wear factor, and high temperature wear mechanism are primarily analyzed. The results show that as the temperature rises from
120∘C to 420∘C, the friction coefficient increases from 0.28 to 0.35 at first and then decreases to 0.30, when the vibration of friction
coefficient is significantly identified.Meanwhile, the wear factor grows gradually from𝐾 = 7.9×10−8 g/Nm to𝐾 = 41.8×10−8 g/Nm
at first and then grows sharply to𝐾 = 112.2 × 10−8 g/Nm.The main wear mechanisms are abrasive wear and ploughing wear when
the temperature is below 345∘C, and thewear seriously deteriorateswhen the temperature exceeds 345∘C,when thewearmechanism
changes to adhesive wear and delamination wear.

1. Introduction

Cu-based powder metallurgy friction pairs are widely used
in the wet multidisc clutch, which is one of the main parts in
tracked-vehicle integrated transmissions. As power switching
and torque transfer devices, wet clutches often work under
extremely atrocious conditions, such as high initial sliding
velocity, rapid temperature rise, and high surface pressure.
The failures of wet clutches due to the friction and wear
problems have become a limiting factor for the use of inte-
grated transmissions.Therefore, the friction and wear behav-
iors of Cu-based friction pairs in wet clutches have to be
thoroughly investigated.

The friction andwear behaviors of Cu-based friction pairs
in wet clutches crucially depend on the operating conditions.
However, the operating conditions in wet clutches are com-
plex and unstable. Gao et al. [1], Deur et al. [2], Ompusunggu
et al. [3], and Iqbal et al. [4] proposed numerical models and
tests to investigate the engagement of wet clutches. At the
initial stage of engagement, friction plates are separated from
the mating discs and rotate with a high relative speed. Then,
asperity contacts emerge and the relative speed decreases

sharply. During the engagement of wet clutches, a large
quantity of heat is generated intensively in 1 second, and the
temperature rises rapidly at the interfaces of friction pairs.
Researchers, such asMansouri et al. [5], Jen andNemecek [6],
Ingram et al. [7], Seo et al. [8], and Wenbin et al. [9], investi-
gated the heat transfer, temperature distribution, and thermal
stresses of wet clutches by numerical models and experi-
ments. The temperature distribution at the contact surfaces
and the thermal stresses in the friction pairs are nonhomo-
geneous. The friction pairs can buckle due to the elevated
temperatures and thermal stresses that occur during clutch
engagements. Therefore, the friction and wear behaviors of
Cu-based friction pairswill be influenced by the deterioration
of operating conditions.

The friction and wear behaviors of wet clutches have long
been investigated by numerical and experimental methods.
Xiong et al. [10] investigated the effects of Fe and SiO2 friction
components on the friction and wear behaviors of the Cu-
based friction materials by an experimental method, and the
wear mechanisms were analyzed. Ost et al. [11] investigated
the friction and wear behaviors of paper-based wet clutch
friction pairs by both SAE#II and pin-on-disc tests, and the
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Figure 1: Structure diagram of wet multidisc clutch.

influences of material parameters and operating conditions
on friction coefficient and wear rate were analyzed. Nyman
et al. [12] investigated the influence of changes in the topog-
raphy of the sintered friction material on the friction charac-
teristics of wet clutches by an experimental method. Yao et al.
[13] investigated the characteristics of a worn surface of
Cu-based powder metallurgy brake materials after working
under service condition, and the main mechanisms were
discussed. Zhou et al. [14] investigated the drag torque in a
two-speed dual clutch transmission by numerical and exper-
imental methods. Li et al. [15] presented a methodology for
prediction of wear in the friction lining of a wet clutch sub-
jected to repeated engagement cycles. Pica et al. [16] provided
a temperature and slip speed dependent model to investigate
the torque characteristics of dry dual clutches. Gong et al.
[17] investigated the wear behaviors of Cu-based friction wet
clutches by ring-on-ring test, and the dominant wear mecha-
nisms were discussed. Hoic et al. [18] investigated the wear
behaviors of dry dual clutch by experimental characteriza-
tion and mathematical model. However, the investigations
presented above mainly focused on the friction and wear
behaviors of wet clutch friction pairs under normal operating
conditions, and fewof them investigated the friction andwear
behaviors of Cu-based friction pairs in wet clutches under
severe operating conditions, especially the high temperature
friction and wear behaviors.

In this paper, based on the Cu-based wet multidisc
clutches used in tracked-vehicle integrated transmissions, as
shown in Figure 1, pin-on-disc tests are conducted on the
UMT-3 to investigate the friction and wear behaviors of Cu-
based friction pairs under severe operating conditions, espe-
cially the high temperature friction and wear behaviors. The
friction coefficient and wear factor under different operating
conditions and the high temperature wear mechanisms are
primarily analyzed.

2. Experimental Details

The friction and wear behaviors of Cu-based friction pairs in
wet clutches crucially depend on the operating conditions.

P

HolderPin Work 
stage 

Friction discHeater

𝜔

Figure 2: Elevated temperature chamber for rotary drives.

However, the local temperature, the local contact pressure,
and the local relative sliding velocity are not constant on
the contact surfaces of the friction pairs. Therefore, to better
study the local friction and wear behaviors of Cu-based fric-
tion pairs under different operating conditions, pin-on-disc
tests are conducted on a professional test apparatus, Universal
Material Tester (UMT), themodel of which used in this paper
is UMT-3, provided by the Bruker Corporation in the United
States. Generally, during the engagement of wet clutches, a
large quantity of heat is generated intensively in 1 second, and
the lubricant film can fail due to the rapid temperature rise.
Therefore, in this paper, the high temperature friction and
wear behaviors of Cu-based friction pairs are investigated by
dry pin-on-disc tests, and there is no lubricant present during
these experiments.

The structure of elevated temperature chamber for rotary
drives is shown in Figure 2. The heating range of the elevated
temperature chamber is 0∼1000∘C. The diameter of the steel
pin is 𝑑 = 6mm, and the rotation radius of the sliding track
on the friction disc is 𝑟 = 25mm. In the process of testing, the
pin was fixed with the sensor module, and the friction disc
rotated with the rotary chamber.

The steel pinwasmade of 65Mn steel, and the friction disc
was made of Cu-based powder metallurgy material. Copper
was the matrix material, and the iron powder (5% in weight),
feldspar powder (5% in weight), carbon (6% in weight),
and so forth were the additive materials. The RMS surface
roughness of the friction disc was 0.61𝜇m.When the friction
coefficient was stable after running in, we started the tests.
When the temperature stabilized at the target temperature, we
carried out the test procedures: (1) pressure the pin against the
friction disc; (2) bring the electromotor to the target rotation
speed; (3) record the rotation speed, load, temperature, and
friction coefficient; (4) stop the electromotor and separate the
pin and friction disc; (5) change the pin and disc with brand
new ones. Operating parameter settings in pin-on-disc tests
and corresponding values inwet clutches are shown inTable 1.

3. Results and Discussion

In order to investigate the high temperature friction and wear
behaviors of Cu-based friction pairs, the test results presented
below are carried out with five different temperature levels,
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Table 1: Parameter settings in pin-on-disc tests and corresponding values in wet clutches.

Parameters Values
Rotation speed in pin-on-disc tests (rpm) 400, 500, 600, 700, 800
Relative sliding velocity in wet clutches (mm/s) 1047, 1309, 1571, 1833, 2095
Load in pin-on-disc tests (N) 60, 80, 100, 120, 140
Average surface pressure in wet clutches (MPa) 2.1, 2.8, 3.5, 4.2, 4.9
Temperature in pin-on-disc tests (∘C) 120, 195, 270, 345, 420
Temperature in wet clutches (∘C) 120, 195, 270, 345, 420

(a) 𝑇 = 120∘C (b) 𝑇 = 195∘C (c) 𝑇 = 270∘C

(d) 𝑇 = 345∘C (e) 𝑇 = 420∘C

Figure 3: Friction discs after tests with different levels of temperature.

five different rotation speeds, and five different load levels.
The test duration is 30 minutes. The friction coefficient, wear
factor, and high temperature wearmechanismwill be primar-
ily analyzed in this part. The pin and the disc used in each
experiment are brand new.

Figures 3(a)–3(e) show the surface state of the friction
discs after tests with different temperatures. It is clear that the
depth of wear groove increases significantly as the tempera-
ture rises. Furthermore, the friction condition and the wear
mechanism of Cu-based friction pairs change in the process
of temperature rising.

Figure 4(a) presents the test results of friction coefficient
and average friction coefficient under different temperatures.
It is clear that temperature rise has a significant influence on
the friction coefficient of Cu-based friction pairs. When the
temperature is 𝑇 = 120∘C, the friction coefficient is stable
and themean value of friction coefficient is about 0.28. As the
temperature rises to 𝑇 = 195∘C, the friction coefficient has
slight fluctuation and the mean value increases to about 0.32.

With the temperature 𝑇 = 270∘C, the friction coefficient is
the biggest, about 0.35, and begins to vibrate obviously.Then,
as the temperature rises to 𝑇 = 345∘C, the friction coefficient
deceases to about 0.33 and fluctuates strongly. When the
temperature rises to𝑇 = 420∘C, the vibration of friction coef-
ficient is significantly identified, and the mean value of the
friction coefficient decreases to about 0.30.

Figures 4(b) and 4(c) present the test results of friction
coefficient and average friction coefficient under different
rotation speeds and different loads.We can see that the effects
of rotation speed and load on the friction coefficient of Cu-
based friction pairs are also obvious. As the rotation speed
increases from 400 rpm to 800 rpm, the average friction coef-
ficient decreases gradually from about 0.38 to 0.32, and the
vibration of the friction coefficient decreases at the same time.
Similarly, as the load increases from60N to 140N, the average
friction coefficient decreases gradually from about 0.39 to
0.32, and there is no significant change in the vibration of the
friction coefficient.
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Figure 4: Test results of friction coefficient under different temperatures, rotation speeds, and loads.
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Figure 5: Test results of wear factor under different temperatures, rotation speeds, and loads.

The wear loss of the friction disc is measured by an
electronic balance, and the wear factor can be calculated from
the test result of weight loss by Archard’s wear model:

𝐾 =
𝑊test
𝐹test𝑆
, (1)

where 𝑊test is the test result of weight loss (g); 𝐹test is the
load of pin-on-disc test (N); and 𝑆 is the total relative sliding
distance of the pin and the disc (m). The unit of the wear
factor𝐾 is g/Nm.

Figure 5(a) shows the test results of wear factor under
different temperatures. We can see that the wear of Cu-based
friction pairs seriously deteriorates when the temperature
exceeds 345∘C. When the temperature is 𝑇 = 120∘C, the
wear of Cu-based friction pairs is slight, and the wear factor
is about 𝐾 = 7.9 × 10−8 g/Nm. As the temperature rises to
𝑇 = 270∘C, the wear factor of Cu-based friction pairs grows
gradually to about𝐾 = 20.1 × 10−8 g/Nm. When the temper-
ature is higher than 𝑇 = 300∘C, the growth of the wear factor
becomes faster.When the temperature is𝑇 = 345∘C, the wear

factor of Cu-based friction pairs grows significantly to about
𝐾 = 41.8 × 10−8 g/Nm. However, as the temperature rises to
𝑇 = 420∘C, the wear factor of Cu-based friction pairs grows
sharply to about 𝐾 = 112.2 × 10−8 g/Nm.

Figures 5(b) and 5(c) show the test results of wear factor
under different rotation speeds and loads. We can see that
there is no significant change in the wear factor of Cu-based
friction pairs when the rotation speed or the load increases.
As the rotation speed increases from 400 rpm to 800 rpm,
the wear factor decreases slightly from about 𝐾 = 21.3 ×
10−8 g/Nm to 𝐾 = 19.2 × 10−8 g/Nm. On the contrary, as
the load increases from 60N to 140N, the wear factor of the
Cu-based friction pairs increases slightly from about 𝐾 =
18.7 × 10−8 g/Nm to 𝐾 = 21.2 × 10−8 g/Nm.

Figures 6(a)–6(e) provide the SEM micrographs of worn
surfaces of Cu-based friction pairs after test under different
temperatures. It is observed that thewearmechanism changes
obviously as the temperature rises from 𝑇 = 120∘C to 𝑇 =
420∘C. When the temperature is 𝑇 = 120∘C, the wear of the
friction surface is slight, and the wear mechanism is abrasive
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(a) 𝑇 = 120∘C

(b) 𝑇 = 195∘C

(c) 𝑇 = 270∘C

(d) 𝑇 = 345∘C

(e) 𝑇 = 420∘C

Figure 6: SEM micrographs of worn surfaces of Cu-based friction pairs after the test.
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wear. As the temperature rises to 𝑇 = 195∘C, the wear of the
friction surface becomes more obvious, and the wear mech-
anism is still abrasive wear. When the temperature rises to
𝑇 = 270∘C, some furrows emerge, and the wear mechanism
becomes ploughing wear. As the temperature rises to 𝑇 =
345∘C, the Cu-based powder metallurgy material begins to
soften, and the main wear mechanism changes to adhesive
wear. When the temperature rises continuously to extremely
high 𝑇 = 420∘C, the wear of Cu-based friction pairs deterio-
rates seriously, and there are massive exfoliations on the fric-
tion surface, when the wear mechanism changes to delami-
nation wear.

4. Conclusions

The high temperature friction and wear behaviors of Cu-
based friction pairs in wet clutches have been investigated
based on pin-on-disc tests. The friction coefficient, wear
factor, and high temperature wear mechanism have been
primarily analyzed.Themain conclusions are summarized as
follows:

(1) When the temperature is 120∘C, the friction coef-
ficient of Cu-based friction pairs is stable. As the
temperature rises to 420∘C, the friction coefficient
begins to vibrate significantly. The friction coefficient
increases from0.28 to 0.35when the temperature rises
from 120∘C to 270∘C and decreases to 0.30 when the
temperature continuously rises to 420∘C.

(2) When the temperature rises from 120∘C to 270∘C, the
wear of Cu-based friction pairs is slight, and the wear
factor grows gradually from 𝐾 = 7.9 × 10−8 g/Nm to
𝐾 = 20.1 × 10−8 g/Nm. However, as the temperature
rises from 345∘C to 420∘C, the wear factor grows
sharply from 𝐾 = 41.8 × 10−8 g/Nm to 𝐾 = 112.2 ×
10−8 g/Nm.

(3) When the temperature is lower than 345∘C, the main
wear mechanisms are abrasive wear and ploughing
wear. As the temperature rises to higher than 345∘C,
the wear of Cu-based friction pairs seriously deteri-
orates, and the wear mechanism changes to adhesive
wear and delamination wear.
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A two-dimensional mesoscale modeling framework, which considers concrete as a four-phase material including voids, is
developed for studying the effects of voids on concrete tensile fracturing under the plane stress condition. Aggregate is assumed to
behave elastically, while a continuum damaged plasticity model is employed to describe the mechanical behaviors of mortar and
ITZ. The effects of voids on the fracture mechanism of concrete under uniaxial tension are first detailed, followed by an extensive
investigation of the effects of void volume fraction on concrete tensile fracturing. It is found that both the prepeak and postpeak
mesoscale cracking in concrete are highly affected by voids, and there is not a straightforward relation between void volume fraction
and the postpeak behavior due to the randomness of void distribution. The fracture pattern of concrete specimen with voids is
controlled by both the aggregate arrangement and the distribution of voids, and two types of failuremodes are identified for concrete
specimens under uniaxial tension. It is suggested that voids should be explicitly modeled for the accurate fracturing simulation of
concrete on the mesoscale.

1. Introduction

Concrete is widely used as a construction material and is
traditionally treated as a homogeneous continuum on the
structural scale (macroscale). This homogenization assump-
tion can hold well as long as the mechanical response of
concrete remains in the elastic regime [1, 2]. However, when
fracturing occurs, the macroscale mechanical behavior of
concrete is greatly controlled by its components and their
interactions taking place on a finer scale (mesoscale) [3, 4],
which means accurate modeling of concrete fracturing calls
for the consideration of its mesostructure.

Up to date, several mesoscale models have been devel-
oped to provide tools for a better understanding of concrete
fracturing. From the simulation strategy point of view, most
of the existing concrete mesoscale models can be broadly
grouped into two types: the continuum model and the
lattice model. In the continuum model, concrete is usually
characterized by a continuum composite material with each
component discretized by finite elements, while, for the lattice
model, a discrete system composed of lattice elements is used

to represent concrete.Moreover, the discrete elementmethod
(DEM) has been recently used to perform the mesoscale
simulation of concrete [5], and it is shown that the discrete
model requires a huge numerical effort that is necessary
for this approach to obtain a reasonable representation of
concrete mesostructure.

Several researchers studied the concrete fracturing by
employing the continuum modeling strategy, and represen-
tative contributions can be found in [6–12]. The most recent
investigations following this strategy were carried out by Du
et al. [13] who studied the dynamic tensile fracturing of
concrete by assuming concrete to be composed of aggregate
and mortar matrix, by Huang et al. [14] who performed a 3D
mesoscale fracturing simulation based on the actual concrete
mesostructure, and by Wang et al. [15, 16] who developed a
computational technology using the interface element with a
cohesive law to performMonte Carlo simulations of concrete
fracturing and to study the 3D mesostructure effects on
concrete damage and failure. Overall, the principal merit
of the continuum model lies in the detailed representation
of concrete mesostructure, which ensures the ability to
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realize reasonable simulations of cracking initiation on the
mesoscale and coalescence of multiple distributed cracks
into localized macroscale cracks and fracture propagation.
However, it tends to be computationally intensive even for
laboratory-scale specimens, especially for three-dimensional
cases.

With respect to the lattice modeling strategy, represen-
tative studies were carried out in [17–20], and the most
recent improvements are performed by Cusatis et al. [21,
22] who proposed a novel model named the lattice discrete
particle model (LDPM) by exploiting the merits of both the
lattice model and the discrete particle model. In contrast
to the continuum model, the lattice model is considered
computationally less demanding as concrete mesostructure
is roughly represented by a discrete system with relatively
less degrees of freedom and meanwhile can still possess the
ability to capture the most important aspects of concrete
fracturing. However, it is hard to investigate the interactions
of concrete components in a real sense since the actual
concrete mesostructure is not fully taken into account in the
lattice model.

Voids (or pores) with different sizes always exist in
concrete and typically take up 2–6% of the total volume, and
the use of entrained air void system is a common approach
in concrete technology to resist cyclic freezing and thawing
degradation [23]. However, the effects of voids on concrete
fracturing on the mesoscale are still not well understood.
Wang et al. [15] built numerical concrete samples with pores
using interface elements and studied the effects of porosity on
concrete loading-carrying capability under uniaxial tension,
but the fracturing mechanism on the mesoscale was not
detailed. Huang et al. [14] reported the distribution of voids
greatly influences the tensile strength and crack patterns
based on the simulation results of a single 3D specimen. On
the whole, it has been recognized that the existence of voids
affects the concrete mechanical behavior to a large extent, but
further research is needed to reveal the effects of voids on
concrete fracturing.

With this in mind, a 2D finite element (FE) mesoscale
modeling framework for concrete is proposed in this study
in which concrete is considered as a four-phase material
composed of aggregate, mortar, interfacial transitional zone
(ITZ), and void, and the effects of voids on concrete tensile
fracturing under the plane stress condition are detailed
by performing several simulations. The rest of this paper
is organized as follows: Section 2 presents the generation
procedures of concrete mesostructure; the FE modeling
methodology including mesh discretization, insertion of ITZ
elements, and constitutive modeling of mortar and ITZ is
described in Section 3; in Section 4, the effects of voids on
concrete tensile fracturing are discussed in detail based on
the simulation results of several concrete specimens with
different mesostructures; finally, the study is summarized
with conclusions in Section 5.

2. Generation of Concrete Mesostructure

In this study, concrete is treated as a four-phase composite
material, that is, coarse aggregate, mortar composed of

cement matrix and fine aggregate, interfacial transitional
zone (ITZ), and void randomly distributed in the mortar.
Regarding aggregate generation, gravel is idealized as circle,
while crushed aggregate is considered as polygon. Mortar is
assumed as a homogenous continuum, and the interface with
a specified thickness between coarse aggregate (hereinafter
referred to as aggregate) and mortar is used to represent ITZ.
Moreover, void is viewed as circle for simplicity.

2.1. Size Distribution of Aggregates and Voids. The aggregate
size distribution of concrete is described by Talbot’s equation
as

𝐹𝑝 (𝑑𝑎) = ( 𝑑𝑎
𝑑max

)
𝑛

, (1)

where 𝑑𝑎 is the size of aggregate, 𝑑max is the maximum size of
aggregate, 𝐹𝑝(𝑑𝑎) represents the ratio of aggregates by weight
passing through a sieve of characteristic size equal to 𝑑𝑎,
and 𝑛 is the exponent of Talbot’s equation. For 𝑛 = 0.5, the
corresponding curve is known as Fuller’s curve extensively
employed in concrete grading design for optimal packing
properties.

For a concrete specimen with total volume𝑉, the volume
of aggregates within a grading segment [𝑑𝑖, 𝑑𝑖+1] can be
calculated by

𝑉agg [𝑑𝑖, 𝑑𝑖+1] = 𝐹𝑝 (𝑑𝑖+1) − 𝐹𝑝 (𝑑𝑖)
𝐹𝑝 (𝑑max) − 𝐹𝑝 (𝑑min) × 𝐴𝐹 × 𝑉, (2)

where 𝑑min is the minimum size of aggregate and 𝐴𝐹
represents the aggregate volume fraction.

Currently, the size distribution of voids in concrete has
not been detailed. In general, these voids can be broadly
grouped into two types according to different formation ways
and the resulting different sizes: the (smaller) entrained voids
with typical sizes on the order of 0.1mm and the (larger)
entrapped voids with typical sizes commonly more than
1mm. In this study void size is considered to be uniformly
distributed, and the same assumption is also employed by
other researchers [15, 16]. Thus, denoting the size range of
void by [𝑑Vmin, 𝑑Vmax], the void size can be calculated by 𝑑V =𝑑Vmin +𝑃×(𝑑Vmax −𝑑Vmin) (𝑃 is a uniformly distributed random
number between 0 and 1).

2.2. Generation and Placement of Aggregates and Voids. In
order to build numerical concrete specimens automatically,
a mesostructure generator for concrete (MGC) is developed
usingMATLABbased on the take-and-placemethod [24, 25].

In the take-process, aggregates and voids, which will
be placed into the specimen volume in the place-process,
are generated separately. For the aggregate generation, the
aggregate volume for each grading segment is first calculated
according to (2). Then, starting with the grading segment
with the maximum average size, the aggregates are generated
one by one for each grading segment. For a certain grading
segment [𝑑𝑖, 𝑑𝑖+1], the generation of aggregates takes the
following procedures.
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(a) (b)

(c) (d)

Figure 1: Numerical concrete specimens. (a) Circular aggregate (𝐴𝐹 = 40%, 𝐴V = 2%). (b) Circular aggregate (𝐴𝐹 = 50%, 𝐴V = 2%). (c)
Polygonal aggregate (𝐴𝐹 = 40%, 𝐴V = 2%). (d) Polygonal aggregate (𝐴𝐹 = 50%, 𝐴V = 2%).

Step 1. Generate a random number representing the aggre-
gate size 𝑑𝑎, which is assumed to follow a uniform distribu-
tion and therefore can be taken as 𝑑𝑎 = 𝑑𝑖 + 𝑃 × (𝑑𝑖+1 − 𝑑𝑖).
Step 2. For gravel, a circle with radius of 𝑑𝑎/2 is defined
to represent the aggregate, while, for crushed aggregate, a
polygon with the random number of sides ranging from 4
to 10 and with the smallest width equal to 𝑑𝑎 is generated to
represent the aggregate (see [24] for more details). Then, the
volume of the current generated aggregate is calculated.

Step 3. Repeat the previous two steps until the remaining
volume left is less than𝜋𝑑2𝑎/4, namely, not enough to generate
a new aggregate.

Step 4. Transfer the remaining volume to the next grading
segment.

Following the similar procedures for generating gravel
aggregates, the generation of voids can be performed with
ease provided by the given void volume fraction and size

range, which is followed by the placement of aggregates and
voids (the place-process).

In the place-process, the generated aggregates and voids
are first sorted according to their volume, respectively. Then,
for the convenience of mesh discretization discussed in
Section 3, the size of each aggregate is increased by a specified
value (the thickness of ITZ,𝑇ITZ) to consider the surrounding
ITZ, which means the aggregate finally placed consists of
two parts (i.e., aggregate piece and the surrounding ITZ with
a specified thickness). After the modification of aggregate
size, all aggregates are placed into the specified specimen one
by one starting with the aggregate with the largest volume,
followed by the placement of voids starting from the biggest
one.The procedures of the placement of aggregates and voids
are detailed as follows.

Step 1. Define the shape of concrete specimen using 𝑋 and
𝑌 coordinates of the boundary vertices numbered clockwise
or anticlockwise, which will be used in Step 3 to check if an
aggregate is inside the concrete specimen.
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Figure 2: FE mesh discretization (polygonal aggregate).
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Figure 5: Total stress-strain relation under uniaxial compression
and compression hardening curve of mortar.
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Figure 6: Total stress-strain relation under uniaxial tension and
tension softening curve of mortar.

Step 2. Generate random numbers to define the position
(and orientation if polygon is used to represent the crushed
aggregate) of the aggregate using𝑋min,𝑋max, 𝑌min, and 𝑌max,
which represent the minimum andmaximum value of𝑋 and
𝑌 coordinates of all boundary vertices, respectively.

Step 3. Perform the aggregate placing. The placement is
considered to be successful if the following four conditions
are satisfied: (1) the whole aggregate should be within the
concrete specimen; (2) no overlapping/intersection occurs
between the aggregate to be placed and any existing aggre-
gate; (3) a minimum distance (defined by 𝑟1) should exist
between the aggregate and the specimen boundary; and (4)
a minimum gap (defined by 𝑟2) should exist between any two
aggregates. If any of the four conditions is violated, Step 2 is
repeated to make a new attempt until the placement of the
aggregate is completed.

Step 4. Repeat Steps 2-3 until all aggregates are placed inside
the specimen.
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Figure 7: Stress-displacement curve (𝐴𝐹 = 40%, without void).

After the placement of aggregates, voids should also
be placed into the specimen, which can be carried out by
following the similar steps given above. It is worth noting that
voids are considered to be embedded in mortar in this study.

Using MGC, numerical concrete specimens can be built
with ease. The specimens shown in this paper are 100mm
squares, and the 4-segment Fuller curve is used to describe
the aggregate grading for all specimens. For aggregates, 𝑑max
and 𝑑min are set to 10mm and 4mm, respectively, while,
for voids, 𝑑Vmax = 2mm and 𝑑Vmin = 1mm are used. In
addition,𝑇ITZ is approximately set to 100 𝜇maccording to the
experimental observation [1], and both 𝑟1 and 𝑟2 are taken as
0.1 times of the size of aggregate or void to be placed.

Figures 1(a) and 1(b) sketch two numerical samples using
circular aggregates with the same void volume fraction (𝐴V =2%) and the aggregate volume fraction 𝐴𝐹 = 40% and 50%,
respectively, whereas two numerical samples using polygonal
aggregates with 𝐴V = 2% and 𝐴𝐹 = 40% and 50%,
respectively, are plotted in Figures 1(c) and 1(d).

3. Finite Element Modeling Methodology

Once the concrete mesostructure is obtained, a correspond-
ing FE model is required for performing numerical simula-
tions.The details of the FEmodelingmethodology developed
in this study are presented as follows.

3.1. Mesh Discretization. In order to automatically carry
out the mesh discretization of the concrete specimen with
complex mesostructure, a mesh generator is developed using
MATLAB by exploiting the powerful preprocessing mod-
ules provided by the commercial finite element software
ABAQUS. For a numerical concrete specimen with pregen-
erated mesostructure, a two-part python file, which defines

the boundary of the specimen together with the locations
and shapes of aggregates and voids using the first part of the
file and specifies the mesh discretization parameters using
the second part of the file, is first generated using the mesh
generator by taking concrete mesostructure as input data.
Then, a FE mesh composed of linear triangular elements
can be obtained by the mesh generator through calling
ABAQUS/CAE kernel to execute the generated python file.
An example of the FE mesh discretization with aggregate
elements highlighted is shown in Figure 2. It must be noted
that ITZ elements are not included in the original generated
FE mesh as the tiny thickness of ITZ makes the mesh
discretization harder and leads to a poor mesh quality, and
therefore a modification of the original FE mesh is needed
for obtaining the final FE mesh, which is discussed in detail
in Section 3.2.

3.2. Insertion of ITZ Elements. As stated in Section 2, the size
of an aggregate is increased by a specified value determined
by the thickness of ITZ before placing this aggregate into
the specimen volume. Hence, the aggregate elements in
the FE mesh generated in Section 3.1 not only occupy the
volume of aggregates but also take up the volume of ITZs.
In order to explicitly represent the surrounding ITZs and
the actual sizes of aggregates in the FE model, ITZ elements
should be inserted between aggregate elements and the
correspondingmortar elements and the coordinates of nodes
on the boundaries of aggregate elements are required to
be adjusted for accurately representing the actual aggregate
sizes.

To this end, a four-step procedure is proposed. Firstly,
the original nodes on the boundaries of amplified aggregates
are identified, followed by the definition of new nodes based
on the coordinates of original nodes on the boundaries and
the given thickness of ITZ. Then, the connectivities of the
aggregate elements associated with these nodes are redefined
by replacing the number of the original nodes by the number
of the corresponding new nodes. Subsequently, 4-noded
ITZ elements are formulated one by one using the original
nodes and the corresponding new nodes. Finally, an updated
input file for ABAQUS, which contains final mesh data, is
generated. An in-house MATLAB program, which follows
the above procedure, is developed, and part of the final FE
mesh discretization corresponding to Figure 2 is illustrated
as an example in Figure 3.

3.3. Continuum Damaged Plasticity Model. Without consid-
ering voids, it is well recognized that ITZ is weaker than
aggregate and mortar, and consequently mesoscale cracking
in concrete under loading is commonly considered to first
appear in ITZs. After that, mesoscale cracks propagate into
mortar and additional cracks initiate within mortar with
the further increase of loading [1]. In general, aggregates
behave elastically during the process of concrete fracturing.
Hence, the isotropic linear elasticmodel is employed tomodel
the mechanical behavior of aggregates, while a continuum
damaged plasticity (CDP) model [26, 27] implemented in
ABAQUS is utilized to describe the mechanical behavior of
bothmortar and ITZ, which is briefly summarized as follows.
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Figure 8: Mesoscale cracking development at different loading levels of the concrete specimen without void (𝐴𝐹 = 40%). (a), (b), (c), (d),
(e), and (f) show the equivalent tensile plastic strain distributions at points a–f, respectively.

In CDP model, two independent hardening variables,
that is, equivalent compressive and tensile plastic strains 𝜀𝑝𝑐
and 𝜀𝑝𝑡 , are introduced for considering compressive crushing
and tensile cracking, respectively. Then, two independent
damage variables, 𝑑𝑐(𝜀𝑝𝑐 ) and 𝑑𝑡(𝜀𝑝𝑡 ), are defined to represent

the compressive and tensile damage states. Furthermore, in
order to describe the overall damage in an isotropic manner,
a scale variable 𝑑 is defined as

𝑑 = 1 − (1 − 𝑠𝑡𝑑𝑐) (1 − 𝑠𝑐𝑑𝑡) , (3)
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Figure 9: Stress-displacement curve (𝐴𝐹 = 40%, 𝐴V = 2%).

where 𝑠𝑡 and 𝑠𝑐 are functions of the stress state that are
introduced to represent stiffness recovery effects associated
with stress reversals (see [27] for more details).

Then, the damaged elastic modulus 𝐸 depending on
different failure mechanisms under tension and compression
can be described by

𝐸 = (1 − 𝑑) 𝐸0 (4)

in which 𝐸0 represents the initial elastic modulus.
Based on the concept of damage mechanics, the effective

stress 𝜎 can be calculated by

𝜎 = 𝜎1 − 𝑑 , (5)

where 𝜎 is the Cauchy stress.
The yield function of CDP model is given in the effective

stress space as

𝐹 (𝜎, �̃�𝑝)
= 1
1 − 𝛼 (𝑞 − 3𝛼𝑝 + 𝛽 (�̃�𝑝) ⟨�̂�max⟩ − 𝛾 ⟨−�̂�max⟩)
− 𝜎𝑐 (𝜀𝑝𝑐 ) ,

(6)

where �̃�𝑝 = [𝜀𝑝𝑡 𝜀𝑝𝑐 ]𝑇; 𝑝 and 𝑞 are the effective hydrostatic
pressure and the effective Mises equivalent deviatoric stress,
respectively; �̂�max is the algebraically maximum eigenvalue
of 𝜎; the brackets ⟨⋅⟩ are used in Macaulay sense; 𝜎𝑐(𝜀𝑝𝑐 )
is the uniaxial compressive effective strength; 𝛼 and 𝛾 are
dimensionless material constants, which can be determined
by comparing the initial equibiaxial and uniaxial compressive
yield stress and by comparing the yield conditions along the

tensile and compressive meridians, respectively; and 𝛽(�̃�𝑝)
can be calculated by

𝛽 (�̃�𝑝) = 𝜎𝑐 (𝜀𝑝𝑐 )
𝜎𝑡 (𝜀𝑝𝑡 )

(1 − 𝛼) − (1 + 𝛼) (7)

in which 𝜎𝑡(𝜀𝑝𝑡 ) is the uniaxial tensile effective strength.
Figure 4 illustrates the yield surface in the case of plane stress.

In order to describe the dilatancy reasonably, nonasso-
ciated flow rule is employed in CDP model, and the flow
potential takes the form as

𝐺 (𝜎) = √(𝜖𝜎𝑡0 tan𝜓)2 + 𝑞2 − 𝑝 tan (𝜓) (8)

in which 𝜖 is a parameter defining the rate at which the
function approaches the asymptote; 𝜎𝑡0 is the uniaxial tensile
stress at failure; 𝜓 is the dilation angle measured in 𝑝-𝑞 plane
at high confining pressure.

As presented earlier, the material softening under tension
is defined by the relationship between the uniaxial tensile
effective strength and equivalent tensile plastic strain (see
(7)), which means mesh sensitivity will be encountered when
applying the CDP model in FE simulations. Therefore, a
stress-displacement relation is used in this study to define
the tensile softening behavior for alleviating the influence of
mesh sensitivity on the simulation results.

3.4. Numerical Solution Algorithm. Due to the highly non-
linear and softening behavior of concrete in the process of
fracturing, the ABAQUS/Explicit solver is employed in all
simulations with the aim of capturing the entire fracturing
process of concrete.

As is well known, the dynamic effect inevitably exists
in an explicit FE analysis, and its influence on the solution
of a quasi-static problem should be small enough to be
neglected. In order to minimise the dynamic effect, the
loading time should be large enough, while, on the other
hand, the computational effort increases proportionally with
the increase of loading time. Hence, a balance has to be
made between the computational efficiency and simulation
accuracy, which can be achieved through comparing the
results under different loading time (or loading rates).

4. Results and Discussion

4.1. Numerical Specimens andMechanical Properties. Aiming
to investigate the effects of voids on the tensile fracturing
of concrete with different aggregate volume fractions, three
sets of numerical concrete specimens with dimensions of
100mm × 100mm using polygonal aggregates are generated,
and each set contains four specimens with the same aggregate
arrangement and different 𝐴V (0%, 2%, 4%, and 6%, resp.).
For Set I, 𝐴𝐹 is set to 30%, while 𝐴𝐹 = 40% and 50% are
chosen for Sets II and III, respectively. The typical element
size is chosen as 0.4 times that of the minimum aggregate
size; however the number of both elements and nodes of
numerical specimens increases with the increase of 𝐴V. For
example, the number of elements and nodes for the specimen
with 𝐴𝐹 = 40% and 𝐴V = 2% is 15796 and 9136, respectively,
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Figure 10: Mesoscale cracking development at different loading levels of concrete specimen with 𝐴𝐹 = 40% and 𝐴V = 2%. (a), (b), (c), (d),
(e), and (f) show the equivalent tensile plastic strain distributions at points a–f, respectively.

and the number of elements and nodes for the specimen with
𝐴𝐹 = 40% and 𝐴V = 6% is 20528 and 12126, respectively.

For each specimen, uniaxial tensile fracturing is simu-
lated. In FE simulations, the left end of concrete specimen
is fixed in the horizontal direction, while the opposite end

is subjected to a uniformly distributed horizontal displace-
ment up to 0.06mm, namely, a displacement-controlled
loading scheme is used. Following the strategy discussed
in Section 3.4, the loading time is set to 0.012 s, which
corresponds to a loading rate 5mm/s.
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Table 1: Mechanical properties of concrete components.

Material 𝐸0 (GPa) Poisson’s ratio (—) 𝜎𝑡0 (MPa) 𝜖 (—) 𝜓 (∘) 𝛼 (—) 𝛾 (—)
Aggregate 60 0.2 — — — — —
Mortar 20 0.2 1.94 0.1 35 0.12 2.0
ITZ 15 0.2 1.46 0.1 35 0.12 2.0
Void — — — — — — —
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Figure 11: Stress-displacement curves of different aggregate volume
fractions.

The samemechanical properties of aggregate,mortar, and
ITZ are adopted for all specimens, as listed in Table 1. It is
noted that the mechanical properties of mortar are directly
obtained from Chinese code GB 50010-2002 (code for design
of concrete structures), and the compression hardening curve
and the tension softening curve are shown in Figures 5
and 6, respectively. Moreover, due to the lack of detailed
experimental results for ITZ, the compressive and tensile
strengths and elastic modulus of ITZ are assumed to be 75%
of those of mortar for the sake of modeling the weaker ITZ,
while the other mechanical properties of ITZ are taken as the
same of mortar.

4.2. Effects of Voids on Concrete Tensile FracturingMechanism.
In order to study the effects of voids on concrete tensile frac-
turingmechanism, the simulation results of two specimens in
Set II, which include one without void and the other one with
voids taking up 2% of the specimen volume, are discussed in
detail in the following.

The macroscopic stress versus displacement curve of
the concrete specimen without void (𝐴𝐹 = 40%) under
uniaxial tension is shown in Figure 7, and the elements with

nonzero equivalent tensile plastic strain at different loading
levels are illustrated in Figure 8, in which the elements with
equivalent tensile plastic strain bigger than 100 microstrains
are highlighted in red color.

It can be observed that although concrete specimen ini-
tially exhibits elastic response on the macroscale, mesoscale
cracking still occurs in ITZs (see Figure 8(a)) due to their
lower fracture properties than mortar. With the increase
of applied displacement, cracking develops in ITZs and
subsequently propagates into mortar. The mesoscopic crack
at the peak stress is shown in Figure 8(b), and it can be
found that a macroscale crack close to the right end is formed
as a result of the coalescence of mesoscopic cracks. In the
softening stage, strain localization, which is accompanied by
the decrease of macroscopic stress (see Figure 7) and finally
leads to macroscopic tensile failure, can be clearly identified
from Figures 8(c), 8(d), 8(e), and 8(f).

The macroscopic stress versus displacement curve of the
concrete specimen (𝐴𝐹 = 40% and 𝐴V = 2%) under uniaxial
tension is shown in Figure 9, and the elements with nonzero
equivalent tensile plastic strain at different loading levels
are illustrated in Figure 10. Compared to the case without
void discussed above, mesoscale cracking appears in both
ITZs and the mortar around voids in the macroscale elastic
stage (see Figure 10(a)), and, additionally, cracked mortar
generally suffers from bigger equivalent tensile plastic strain
(see Figure 10(b)) at the peak stress as a result of the existence
of voids. Similar to the specimen without void, a macroscale
crack is formed at the peak stress point due to the coalescence
of mesoscopic cracks. However, the fracture pattern is quite
different from the one observed in the specimenwithout void
even if the same aggregate arrangement is employed in both
specimens, which indicates the existence of void dominates
the fracturing behavior of concrete to a large extent. The
phenomenon of strain localization, which is accompanied by
the decrease of macroscopic stress (see Figure 9) and leads to
the final tensile failure, is visualized in Figures 10(c), 10(d),
10(e), and 10(f).

Overall, different fracturingmechanisms can be observed
for the two concrete specimens by comparing the develop-
ment processes of mesoscale cracking shown in Figures 8
and 10. For the concrete specimen without void, mesoscale
crack first appears in ITZ and then propagates into the
neighboring mortar, while, for the concrete specimen with
voids, mesoscale cracks are first found in both ITZ and
mortar around voids and then coalesce in the fracturing
process.

4.3. Effects of Void Volume Fraction. In this section, the
effects of aggregate volume fraction (𝐴𝐹) on concrete tensile
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Figure 12: Stress-displacement curves for (a) 𝐴𝐹 = 30%; (b) 𝐴𝐹 = 40%; (c) 𝐴𝐹 = 50%.



Advances in Materials Science and Engineering 11

(a) (b)

(c) (d)

Figure 13: Fracture patterns of concrete specimens with 𝐴𝐹 = 30% for (a) 𝐴V = 0%; (b) 𝐴V = 2%; (c) 𝐴V = 4%; (d) 𝐴V = 6%.

fracturing are first investigated, followed by the detailed
discussion on the effects of void volume fraction on concrete
with different aggregate volume fractions.

The specimens without void in Sets I, II, and III are
simulated, and the macroscopic stress versus displacement
curves are depicted in Figure 11. It is shown that the elastic
responses of the three specimens are almost identical, which
are in general linear and can be approximately characterized
by the same elastic modulus. As 𝐴𝐹 increases, the reached
peak tensile stress slightly decreases (similar to the results
reported in [15]), which can be attributed to the fact thatmore
ITZs exist in the case of higher 𝐴𝐹. On the other hand, the
postpeak stress in the case of𝐴𝐹 = 40%generally dropsmore
quickly than in the case of 𝐴𝐹 = 30%, as expected. However,
in the case of 𝐴𝐹 = 50%, the postpeak drops less quickly
than in the other two cases, which may be due to the fact
that this specimen finally fails with a different failure mode
(two dominantmacroscale cracks; see Figure 15(a)) from that
of the other two specimens (one dominant macroscale crack;
see Figures 13(a) and 14(a)), leading to higher fracture energy
dissipated in tensile fracturing. From the above discussion,

it can be concluded that the postpeak behavior of concrete
highly depends on the failure mode, namely, the more
macroscale cracks appear, the higher fracture energy should
be expected.

Provided the simulation results of Sets I, II, and III,
the effects of void volume fraction (𝐴V) on concrete tensile
fracturing are analyzed in the following. Figures 12(a), 12(b),
and 12(c) present the stress-displacement relations of con-
crete specimens with 𝐴𝐹 = 30%, 40%, and 50%, respectively,
and Figures 13, 14, and 15 illustrate the fracture patterns
of concrete specimens with 𝐴𝐹 = 30%, 40%, and 50%,
respectively. In Figures 12(a), 12(b), and 12(c), it is shown
that the macroscale elastic modulus in prepeak stage can be
considered to be independent of 𝐴V, while the peak stress
decreases as𝐴V increases. Moreover, the relation between𝐴V
and the postpeak behavior is not straightforward as depicted.
As shown in Figures 13, 14, and 15, the fracture patterns of
concrete specimens with the same aggregate arrangement
(represented by highlighted red polygons) and different 𝐴V
differ from each other. For concrete specimens without void,
fracture pattern is mainly controlled by the distribution of
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Figure 14: Fracture patterns of concrete specimens with 𝐴𝐹 = 40% for (a) 𝐴V = 0%; (b) 𝐴V = 2%; (c) 𝐴V = 4%; (d) 𝐴V = 6%.

aggregates (or ITZs), whereas, for concrete specimens with
voids, the fracture pattern is dominated not only by the
aggregate arrangement but also by the distribution of voids
in mortar, leading to the differences of fracture patterns
illustrated in Figures 13, 14, and 15. Consequently, accurate
fracturing analysis of concrete calls for the explicit modeling
of voids. Furthermore, both the concrete specimen without
void and the concrete specimens with voids present two
types of failure modes: one is with a single macroscale crack
(Type I, typically shown in Figure 15(b)), and the other is
with two macroscale cracks (Type II; see Figure 13(b), e.g.).
Owing to the longer crack length, the higher fracture energy
is dissipated in Type II, and therefore the postpeak stress-
displacement curve of Type II drops less quickly than that of
Type I, which can be found in Figure 12.

5. Conclusions

A finite element modeling strategy of concrete with random
mesostructure explicitly taking void into consideration has

been proposed in the present work. The tensile fracturing
mechanism of concrete with voids is detailed on the
mesoscale by comparing the simulation results of two speci-
mens consisting of one without void and the other one with
voids with the same aggregate arrangement. Then, several
simulations are carried outwith prime attention placed on the
effects of void volume fraction on concrete tensile fracturing.
The main conclusions are as follows:

(i) Different fracturing mechanisms are observed for
the two concrete specimens with the same aggregate
arrangement including one without void and the
other one with voids, and the fracture pattern of
concrete specimen with voids is controlled by both
the aggregate arrangement and the distribution of
voids.

(ii) Compared to aggregate volume fraction, void volume
fraction has a larger influence on concrete tension
strength. The elastic modulus of concrete in the
prepeak stage can be considered to be independent
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Figure 15: Fracture patterns of concrete specimens with 𝐴𝐹 = 50% for (a) 𝐴V = 0%; (b) 𝐴V = 2%; (c) 𝐴V = 4%; (d) 𝐴V = 6%.

of both aggregate volume fraction and void volume
fraction.

(iii) The relation between concrete postpeak behavior and
void volume fraction is not straightforward due to
the randomness of void distribution and the resulting
fracture pattern.

(iv) Two types of failure modes are identified for concrete
specimens under uniaxial tension, in which Type I is
characterized by a single macroscale crack and Type
II by two. Due to the longer crack length, the postpeak
stress of Type II drops less quickly than that of
Type I.

(v) It is necessary tomodel void explicitly for the accurate
fracturing simulation of concrete on the mesoscale.
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[18] Z. P. Bažant, M. R. Tabbara, M. T. Kazemi, and G. Pyaudier-
Cabot, “Randomparticlemodel for fracture of aggregate or fiber
composites,” Journal of EngineeringMechanics, vol. 116, no. 8, pp.
1686–1705, 1990.

[19] E. Schlangen and J. G. M. van Mier, “Simple lattice model
for numerical simulation of fracture of concrete materials and
structures,”Materials and Structures, vol. 25, no. 9, pp. 534–542,
1992.

[20] E. Schlangen and E. J. Garboczi, “Fracture simulations of con-
crete using lattice models: computational aspects,” Engineering
Fracture Mechanics, vol. 57, no. 2-3, pp. 319–332, 1997.

[21] G. Cusatis, D. Pelessone, and A. Mencarelli, “Lattice Discrete
Particle Model (LDPM) for failure behavior of concrete. I:
Theory,”Cement andConcrete Composites, vol. 33, no. 9, pp. 881–
890, 2011.

[22] G. Cusatis, A. Mencarelli, D. Pelessone, and J. Baylot, “Lat-
tice Discrete Particle Model (LDPM) for failure behavior of
concrete. II: calibration and validation,” Cement and Concrete
Composites, vol. 33, no. 9, pp. 891–905, 2011.

[23] F. Chen and P. Qiao, “Probabilistic damage modeling and
service-life prediction of concrete under freeze–thaw action,”
Materials and Structures/Materiaux et Constructions, vol. 48, no.
8, pp. 2697–2711, 2014.

[24] Z.Wang, A. Kwan, andH. Chan, “Mesoscopic study of concrete
I: generation of random aggregate structure and finite element
mesh,” Computers and Structures, vol. 70, no. 5, pp. 533–544,
1999.

[25] V. Palmieri and L. De Lorenzis, “Multiscale modeling of con-
crete and of the FRP-concrete interface,” Engineering Fracture
Mechanics, vol. 131, pp. 150–175, 2014.

[26] J. Lubliner, J. Oliver, S. Oller, and E. Oñate, “A plastic-damage
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The damage variable is very important to study damage evolution of material. Taking frozen loess as an example, a series of
triaxial compression and triaxial loading-unloading tests are performed under five strain rates of 5.0 × 10−6–1.3 × 10−2/s at a
temperature of −6∘C. A damage criterion of frozen loess is defined and a damage factor𝐷𝑐 is introduced to satisfy the requirements
of the engineering application. The damage variable of frozen loess is investigated using the following four methods: the stiffness
degradationmethod, the deformation increasemethod, the dissipated energy increasemethod, and the constitutivemodel deducing
method during deformation process. In addition, the advantages and disadvantages of the fourmethods are discussedwhen they are
used for frozen loess material. According to the discussion, the plastic strain may be the most appropriate variable to characterize
the damage evolution of frozen loess during the deformation process based on thematerial properties and the nature of thematerial
service.

1. Introduction

There are many defects in a material, such as voids and
cracks, which may constantly grow and accumulate under
external loads.These inner defects and their change processes
under external loads are defined as the damage and the
damage evolution of material [1]. The damage evolution can
also be considered the degradation of material properties.
Xu introduced a continuous variable and an evaluation law
to describe the rupture process of metal materials under
the creep process [1]. Since then, many achievements in the
damage evaluation of materials were obtained [2–6], and a
new discipline in solid mechanics has been developed, which
is named continuum damage mechanics (CDM).

In general, the main methods of characterizing the dam-
age and damage evolution of a material are the mesomethod
based on material science (metal physics), the macromethod
based on phenomenology, and the micromethod based on
statistics. The study covers the following three major com-
ponents: selection of the damage variable, definition of the

damage threshold value, and establishment of the damage
evolution law. However, because of the randomness of the
defects, it is too difficult to consider the effects of all defects
on the degradation of material properties under external
loads. Therefore, the most common investigation method
of damage mechanics is to introduce a continuous variable,
which can describe the changing process of microstructure
defects during deformation process. Then, the changes in
effective loading area or macromechanical properties of the
material under loads are characterized; thus, this continuous
variable is also called the damage factor [7]. The damage
variable is introduced to describe the change of the damage
factor. An appropriate damage variable should include three
features. First, it must have a direct response to the meso-
scopic changes of the material. Second, the damage variable
of different materials should select this physical index, which
can directly or indirectly characterize the main property of
thematerial.Third, the selected variable better can be directly
obtained from the experiment. Before selecting the damage
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Table 1: Grain size distribution and physical properties of frozen loess.

Grain size distribution of loess in Lanzhou/% Initial moisture
/%

Liquid limit
/%

Plastic limit
/%0.05–0.075mm 0.005–0.05mm <0.005mm

23.88 66.57 9.55 6.40 15.70 24.30

variable and establishing the damage evolution law, the initial
criterion of damage (entering the damage status) and failure
criterion of damage (damage thresholds of material) should
be defined.The theory was first introduced to study themate-
rial uniaxial tension: 𝐷 = 0, undamaged state; 𝐷 = 1, failure
state; and 0 < 𝐷 < 1, damaged intermediate state [8]. Voyi-
adjis also raised a key issue concerning damage of different
materials: “What is failure?” [9]. According to Voyiadjis, the
failure criteria of different materials (𝐷 = 1) should be clearly
defined by considering the material properties and purposes
of engineering applications; otherwise, the definition of the
damage variable will lose its meaning. According to the
ideal condition, the failure criterion of material is that the
effective stress of the material reaches the residual strength
value. However, for engineering applications, considering the
unpredictable loads and structural instability, the situation
that cannot satisfy safety requirements will appear even if
the stress conditions do not reach failure conditions (the
residual strength) [1]. For engineering requirements, CDM
often provides a critical damage 𝐷𝑐 to represent failure
conditions. Based on the abovementioned developments,
researchers have proposed many different methods, such as
the stiffness degradation [10], dissipated energy increase [11],
and development of plastic strain [12]. Lapovok [12] and Shi et
al. [13] studied the damage evolution of metal by deformation
and density variation. Cao et al. studied the damage evolution
of rock using the digital speckle correlation method (DSCM)
and compared with the results from computed tomography
(CT) [14]. Swoboda and Yang considered that the dissipated
energy could be turned as the driving force of crack growth
based on the view of Griffith crack in fracture mechanics
under the isothermal and insulate condition [11]. In addition,
the constitutive model of some materials has been obtained,
but it cannot clearly observe the damage evolution law.Then,
the law can be derived by the theory of effective stress
[7, 15].

However, few studies compared the advantages and dis-
advantages among different damage variables or discussed
the selection criteria of the damage variable to the same
material. In this paper, the frozen loess is a typical com-
plex material with a four-phase medium [16], which is
notably sensitive to environmental conditions. In addition,
the microdefects are difficult to describe because of the
complexity of the material structure. Thus, many microtest
methods, including CT and scanning electron microscope
(SEM), cannot be used for their damage testing [5]. At
present, the common method of damage research of frozen
loess depends on the macroexperimental results. This paper
studies the damage evolution of frozen loess under external
loads based on a series of triaxial test results on frozen
loess; the evolution characteristics of different damage vari-
ables during deformation are investigated and compared.

The comparison analysis is also conducted by using different
damage factors to evaluate the mechanical properties of
frozen loess based on experimental results and previous
studies.

2. Specimen Preparation and Test Conditions

Loess soils from Jiuzhoutai town (a seasonal frozen region)
of Lanzhou City, northwest China, are used in this study.The
particle size distribution and associated physical parameters
of the soils are shown in Table 1. To ensure the uniformity,
the soil specimens are prepared according to the following
steps: air drying of the undisturbed soils, crushing and 2mm
screening, measuring the initial moisture content, mixing
to obtain a 16.5% moisture content, and maintaining that
content for 6 h without evaporation. The specimens are
compacted using variable loading rates in a cylinder. The
dimensions of the specimens are 61.8mm in diameter and
125.0mm in height. After the compaction, the specimens
are completely saturated using distilled water in vacuum
conditions for 10 h. Then, they are put into rigid molds and
quickly frozen at a low temperature of −25∘C for over 48 h
to limit water loss and migration. After the freezing, the
specimens are taken from themolds andmountedwith epoxy
resin platens on both ends and covered with rubber sleeves.
Finally, the specimens are kept in an incubator for over 12 h
until the specimens reached the target testing temperature of−6∘C [17].

Two types of mechanical tests are conducted using a
material testing machine (MTS-810): constant strain rate
triaxial compression (𝐶) and loading-unloading compression
(𝐿-𝑈-𝐶). All tests are performed at a constant confining
pressure (𝜎3 = 0.1MPa) and a constant temperature (𝑇 =−6∘C).The strain rates of the tests are 1.3× 10−2/s, 5.0× 10−3/s,
5.0 × 10−4/s, 5.0 × 10−5/s, and 5.0 × 10−6/s. The loading and
unloading tests are performed at the identical strain rate to
avoid the effect of the strain rate on the same trial.

3. Results and Analysis

The 𝐶 test results under five different strain rates are shown
in Figure 1. The deviator stress (𝜎1 − 𝜎3) and axial strain
(𝜀1) relation of frozen loess strongly depends on the strain
rate. At small strain, the stress-strain behavior performs
as hardening. With the continuous loading, the specimen
damage gradually develops and the stress-strain behavior
performs as strain softening. With the increase in strain rate,
the peak axial strain 𝜀𝑢1 sharply increases and approaches the
maximum at a strain rate of 5.0 × 10−3/s. Then, the peak axial
strain decreases with the strain rate increase, as shown in
Figure 2. This result suggests that the damage of frozen loess
is strain-dependent and strongly rate-dependent. Variations
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Figure 2: Peak strain for frozen loess under 𝐶 tests.

of the stress-strain relations and the peak axial strains with
the strain rates are related to the rheological characteristics
of frozen loess.

The 𝐿-𝑈-𝐶 test results under the five different strain rates
are shown in Figure 3, and the comparison of 𝐶 and 𝐿-𝑈-𝐶
test results is shown in Figure 4. It can be seen that the loading
and unloading cycles test do not affect the deformation
behavior of frozen loess. To verify the accuracy of the test
data, some repeated tests are carried out, as shown in Figure 5.

4. Damage Features of Frozen Loess

In this paper, the following studies are conducted on the
premise of the phenomenalism and isotropic continuum
medium. The changes of the mesofabric are characterized by
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Figure 3: Deviator stress-axial strain curves for frozen loess under𝐿-𝑈-𝐶 tests.

introducing a continuous variable. Then, the macro descrip-
tion of damage accumulation can be expressed by a scalar
equation as follows [12, 18]:

𝐷 = 𝐷(𝜎𝑖𝑗, 𝜀𝑖𝑗, ̇𝜀𝑖𝑗) . (1)

There were different damage variables with different
damage evolution lawsïĳŇ even when the identical physical
process is described.The concept of damage variable was first
introduced from the concept of effective stress, which was
proposed by Kachanov [19].

𝜎eff = 𝜎01 − 𝐷. (2)

Then, the damage evolution law can be written as

𝑑𝐷
𝑑𝑡 = 𝑓 (𝐷, 𝜎𝑖𝑗) , (3)

where𝐷 is the damage variable; 𝜎eff is the effective stress; and𝜎0 is the nominal stress. If a reasonable damage evolution law
can be established, then the damage state, residual strength,
and longevity of material can be easily and accurately pre-
dicted.

4.1. Damage Criterion of Frozen Loess. According to the
studies of Zhao et al. [5], Xu et al. [6], and Huang and Li
[20] and the test results of this study, the material is softening
when the deformation reaches a certain level. Then, the
cracks in the material expand rapidly, the strength decreases
rapidly, and the structure becomes unstable. Therefore, some
researchers proposed that the failure condition of material
could be defined as the status that the stress reaches the
extreme value point [1]. The status can be expressed as
follows:

𝑑𝜎
𝑑𝜀

𝐷
𝑐

= 0. (4)
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Figure 4: The comparison of 𝐶 and 𝐿-𝑈-𝐶 tests under different strain rates.
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Figure 6: The selected criterion of critical damage for frozen loess.

Based on a series of repeated tests, the peak strain of
frozen loess is obtained under different strain rates according
to the statistics principle. The new test is accomplished when
the strain reaches the peak strain. The typical physical status
of frozen loess around the peak strain is shown in Figure 6.
The cracks on the frozen loess surface are large and rapidly
develop after the peak strain. Thus, this status is unsuited
for continuous loading and can be referred to as the critical
damage status of frozen loess material.

In addition, the selection of the damage factor and
quantitative relationship between the damage factor and
the damage variable should be considered. Based on pre-
vious studies and the test results of this study, this paper
discusses four common damage factors and damage varia-
bles.

4.2. Damage Variables of Frozen Loess

4.2.1. Stiffness DegradationMethod. The stiffness of themate-
rial continuously degenerates with the increase of defor-
mation. The degradation of mechanical properties of the
material is due to the nucleation and development of the
material damage at the microscale level, such as voids and
cracks. According to the above discussions and previous
studies [8, 10, 21], the unloading modulus is selected to
characterize the stiffness of the material under different
damage states. Then, the damage variable can be written as
follows:

𝐷 = 1 − 𝐸
𝐸0 , (5)

where 𝐸0 is the initial elastic modulus of the material, which
is also known as the undamaged modulus. 𝐸 is the elastic
modulus under different damage state.

To obtain the component of the elastic strain 𝜀𝑒1, plastic
strain 𝜀𝑝1 , and the change law of unloading modulus during
the deformation, the hysteretic loop is addressed using the
approximation-linearizedmethod [22], as shown in Figure 7.

There are two selections for the unloading modulus:
modulus of hysteretic loop 𝐸ℎ and the secant modulus 𝐸𝑠.
The variations of 𝐸ℎ and 𝐸𝑠 with the axial strain are shown
in Figures 8(a) and 8(b), respectively.

In Figure 8, the unloading modulus of frozen loess
decreases with the increase in axial strain when the strain
rate is below 5.0 × 10−4/s, but the change trend is not obvious
when the strain rate is above 5.0 × 10−4/s. The phenomenon
is verified by repeated tests. According to Xie [23] and Yu
[24], the unloading modulus was selected as a damage factor
based on the equivalence hypothesis of strain and themethod
of elastic modulus. However, this hypothesis can only be
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applied for elastic damage. The frozen loess is an elastic-
plastic coupling material, which can be verified from the 𝐿-𝑈-𝐶 tests that the plastic deformation is dominant even if the
axial strain is 1%. Thus, the actual damage feature of frozen
loess is significantly simplified or hidden when the unloading
modulus is selected as the damage factor.

Many experimental results show that the unloading
modulus can only decrease when the deformation reaches a
certain status [23]. This phenomenon suggests that there is
a damage threshold value for elastic-plastic materials, which
is consistent with the law that the granular material is first
compacted, and subsequently shear failure under external
loads.Theunloadingmodulusmay be greater than or equal to
the initial elastic modulus of the material before this certain
status. Then, using the unloading modulus (𝐸ℎ or 𝐸𝑠) to
calculate thematerial damagewill lead to awrong conclusion;
for example, no damage or even negative damage occurs.
However, for the unloading modulus, 𝐸𝑠 may be better than𝐸ℎ because 𝐸𝑠 is only a part of the unloading curve.

To study the stiffness degradation of the material dur-
ing the deformation, some researchers proposed that the
deformation modulus should be adopted, which is defined
as the slope of the secant line of the stress-strain curve from
the loading point to the instantaneous damage point (see
Figure 9) [24–26]. The deformation modulus 𝐸𝑑 is used to
describe the damage evolution of the material.

The evolution law of 𝐸𝑑 with axial strain under different
strain rates is shown in Figure 10. The damage variable is
expressed as follows:

𝐷 = 1 − 𝐸𝑑𝐸0 . (6)

In addition, there is a quantitative relationship between
the unloading modulus 𝐸𝑠 and the deformation modulus 𝐸𝑑
under the same strain and stress [23]:

𝐸𝑑 = 𝜀1 − 𝜀𝑝1𝜀1 𝐸𝑠, (7)
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Figure 8: Variation of 𝐸ℎ and 𝐸𝑠 with axial strain under different
strain rates.

where 𝜀𝑝1 is the axial plastic strain. Then, the damage variable
can be described with the unloading modulus (𝐸𝑠).

𝐷 = 1 − 𝜀1 − 𝜀𝑝1𝜀1 (𝐸𝑠𝐸0) . (8)

Then, the unloading modulus (𝐸𝑠) can describe the
increase in damage and the stiffness degradation of material
like the deformation modulus (𝐸𝑑). Based on the test results
of this study, the relationship between axial strain anddamage
variable is established as follows:

𝐷 = 𝜀1𝑎𝜀21 + 𝑏𝜀1 + 𝑐 , (9)

where 𝑎, 𝑏, and 𝑐 are material parameters corresponding to
the strain rate.The test results and fitting curves are shown in
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Table 2: Material parameters 𝑎, 𝑏, and 𝑐 under different strain rates (stiffness).

̇𝜀1 1.3 × 10−2/s 5.0 × 10−3/s 5.0 × 10−4/s 5.0 × 10−5/s 5.0 × 10−6/s
𝑎 −0.381 −0.377 −0.544 −0.463 −0.532
𝑏 1.142 1.150 1.189 1.134 1.127
𝑐 0.014 0.009 0.003 0.005 0.004

Table 3: Material parameter 𝜃 under different strain rates (plastic strain).

̇𝜀1 1.3 × 10−2/s 5.0 × 10−3/s 5.0 × 10−4/s 5.0 × 10−5/s 5.0 × 10−6/s
𝜃 5.520 4.710 5.448 7.241 9.075
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Figure 9: The definition of deformation modulus 𝐸𝑑.

Figure 11, and the parameters 𝑎, 𝑏, and 𝑐 under different strain
rates are listed in Table 2.

4.2.2. Plastic Strain Method. Considering the process of
fatigue damage, Lemaitre [27] and Lapovok [12] proposed
that plastic strain or permanent strain was an irreversibility
macroscopic behavior as a result of microcrack growth and
development (damage-fatigue equivalent analogy method).
Therefore, the plastic deformation can be selected as the
damage factor according to the ability of the material to resist
permanent deformation. Then, according to Liao et al. [28],
the damage variable can be written as follows:

𝐷 = 1 − exp(−𝜀𝑝1𝜀𝑢1 ) , (10)

where 𝜀𝑢1 is the peak strain (see Figure 2) and 𝜀𝑝1 is plastic
strain under different deformation statuses.

The variation of 𝜀𝑝1 with axial strain under different strain
rates is shown in Figure 12. Within the total deformation,
the plastic strain is dominant, and the elastic deformation
contributes very little. In addition, the development of plastic
strain is almost independent of the strain rate. Based on the
test results of this study, the relationship between the damage
variable and the axial strain is shown in Figure 13.
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Figure 10: Variation of 𝐸𝑑 with axial strain under different strain
rates.

Liao et al. introduced the following negative exponential
function in order to establish the relationship of the damage
variable and the axial strain [28]:

𝐷 = 1 − exp (−𝜃𝜀1) , (11)

where 𝜃 is amaterial parameter corresponding to time, which
controls the damage degree and degradation of material
properties. Parameter 𝜃 under different strain rates is listed
in Table 3 according to the test results of this study. Different
strain rates that correspond to the critical damage (𝐷𝑐) are
shown in Figure 13. The strains considerably vary when the
critical damage approaches under different strain rates, but
the critical damage value (𝐷𝑐) differs a little. This result
suggests that the plastic strain, elastic strain, and their
contributions to the total deformation are independent of the
deformation degree and strain rate.

4.2.3. Energy Dissipation Method. According to thermody-
namics and fracture mechanics, the work performed by
external loads is not entirely stored as elastic strain energy
under the isothermal and adiabatic condition, and a part
of it is consumed in damage nucleation and evaluation. For
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Figure 12: Variation of the plastic strain with axial strain under different strain rates.

convenience, it is a hypothesis that the dissipated energy can
contribute to the development of material damage according
to the view of 𝐽 integral in fracture mechanics. Thus, the
dissipated energy can also be treated as a damage factor for
the damage evolution. Regarding the dissipated energy, the
hysteresis loop area 𝑊ℎ of loading and unloading curves is
commonly considered the dissipated energy of the material
[6].

According to the principle of energy conservation and
damage evolution, the initial damage of the specimen should

be selected as the reference point of damage evolution.
However, the hysteresis loop area is only the dissipated energy
of one loading-unloading cycle (the dissipated energy within
the rebound strain) [29].

Based on the test results in this study, the variation of the
hysteresis loop area of frozen loess with axial strain under
different strain rates is shown in Figure 14. The area of the
hysteresis loop decreases after the peak strain because the
shear failure of the frozen loess mesostructure makes the
strength reduction. Then, the hysteresis loop area cannot
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accurately reflect the mesofailure process of frozen loess. The
test results again indicate that the hysteresis loop area could
not be directly considered the damage factor.

Based on the view of fracture mechanics and energy
conservation, the dissipated energy is recalculated as follows:

𝑊 = 𝑊𝑠 + 𝑊𝑏 + 𝑊𝑟, (12)

where 𝑊𝑠 is the storage elastic energy of the testing system
during loading; 𝑊𝑏 is the dissipated energy of the testing
machine damping; and 𝑊𝑟 is the absorbed energy by the
specimen. 𝑊𝑠, 𝑊𝑏 can be ignored because the stiffness of the
testing machine is far greater than the frozen loess specimen.
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Figure 15: The calculation method of dissipated energy (𝜀𝑝𝑖𝑗 is the
plastic strain).

Then, the entire work (𝑊) can be considered absorbed by the
specimen (𝑊𝑟). In the isothermal and adiabatic conditions,
one part of the work performed by external loads is stored
in the form of elastic energy (𝑊𝑒), which is released after
unloading. Another part of the work is consumed by the
development of plastic deformation and cracks based on
Huang and Li [20]. Thus, this part can also be called the
dissipated energy (𝑊𝑑).

𝑊 ≈ 𝑊𝑟 = 𝑊𝑒 + 𝑊𝑑 = ∫𝜀
0
𝜎𝑖𝑗 𝑑𝜀𝑖𝑗

𝑊𝑒 = ∫
𝑠
𝜎𝑖𝑗 𝑑𝜀𝑒𝑖𝑗,

(13)

where 𝑠 is the unloading path and 𝜀𝑒𝑖𝑗 is the elastic strain.Then,
the dissipated energy can be calculated from the 𝐿-𝑈-𝐶 test
results, and the calculation method is shown in Figure 15.

The variation of dissipated energy with axial strain is
shown in Figure 16. The dissipated energy increases with
the increase in axial strain. With the increase in dissipated
energy, the cracks and holes in the specimen increase, and
the specimen eventually achieves the extreme damage status.
Considering the irreversibility of the damage, the damage
variable can be expressed as follows:

𝐷 = ∑𝑛𝑖=1𝑊𝑖𝑑𝑊𝑢
𝑑

, (14)

where 𝑊𝑢𝑑 is the dissipated energy of the specimen corre-
sponding to the critical damage; 𝑊𝑖𝑑 is the dissipated energy
under different damage stages. The relationship between the
damage variable and the axial strain is shown in Figure 17.
Based on the test results of this study and Darabi et al. [15],
the damage evolution law can be written as follows:

𝐷 = 𝛼( 𝜀1𝜀𝑢1 ) exp(𝛽 𝜀1𝜀𝑢1 ) , (15)
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Table 4: Material parameters 𝛼 and 𝛽 under different strain rates (dissipated energy).

̇𝜀1 1.3 × 10−2/s 5.0 × 10−3/s 5.0 × 10−4/s 5.0 × 10−5/s 5.0 × 10−6/s
𝛼 0.415 0.482 0.369 0.468 0.474
𝛽 0.881 0.748 1.001 0.773 0.760
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Figure 16: Variation of dissipated energy with axial strain under
different strain rates.
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Figure 17: Variation of the damage variable with axial strain under
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where 𝛼 and 𝛽 are material parameters corresponding to the
strain rate. These parameters under different strain rates are
listed in Table 4.

4.2.4. Damage Evolution Laws Deduced from the Constitutive
Model. The constitutive model of some materials has been

3024181260

�휀1 (%)

0

1

2

3

5

4

6

�휎
1
−
�휎
3
(M

Pa
)

Equation (16)

1.3 × 10−2

5.0 × 10−3

5.0 × 10−4

5.0 × 10−5

5.0 × 10−6
(s−1)
(s−1)
(s−1)

(s−1)
(s−1)

Figure 18: The model matches effect.

known, but the damage evolution law cannot be clearly
observed from the model. Then, the damage evolution law
can be deduced from the constitutive model. Bažant and
Mazars [25] and Lemaitre [30] calculated the damage of a
material by fitting stress-strain curves according to the phe-
nomenological theory.

Considering the deformation features of frozen loess, a
generalized hyperbolic model is used in this study [31]. With
the model, the 𝐶 test results are fitted, as shown in Figure 18.

𝜎1 − 𝜎3 = 𝑙 + 𝑚𝜀1
(𝑙 + 𝑛𝜀1)2 𝜀1 = (1 − 𝐷) 𝐸∗0 𝜀1 (16)

𝜎
(1 − 𝐷) = 𝜎eff , (17)

where𝐸∗0 is the initial modulus that corresponds to the fitting
curves; 𝑙, 𝑚, and 𝑛 are material parameters that are related
to the strain rate. These parameters under different strain
rates are listed in Table 5. The physical significance of these
parameters can be found in Prévost [31]. The methods can
characterize stiffness degradation ofmaterial bymodulus (16)
and the strength change of material by the effective stress
(17) in the deformation process. The two variables can be
deduced from the same method [23]. In the paper, we used
the modulus as an example.

Then, the equation of damage evolution can be obtained
as follows:

𝐷 = 1 − 𝑙 + 𝑚𝜀1
𝐸∗0 (𝑙 + 𝑛𝜀1)2 . (18)
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Table 5: Material parameters 𝑙, 𝑚, and 𝑛 under different strain rates (constitutive model).

̇𝜀1 1.3 × 10−2/s 5.0 × 10−3/s 5.0 × 10−4/s 5.0 × 10−5/s 5.0 × 10−6/s
𝑙 0.01159 0.01660 0.02520 0.02200 0.01800
𝑚 −0.01853 −0.03000 −0.06200 −0.06200 −0.04540
𝑛 0.02570 0.02090 0.01660 0.04720 0.09450
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Figure 19: Variation of the damage variable with axial strain under
different strain rates (constitutive model).

The variation of the damage variable with axial strain is
shown in Figure 19. The development of damage is closely
related to the loading time,which is consistentwith the results
of the 𝐶 tests. The critical damage (𝐷𝑐) is shown in Figure 19.

5. Discussion

At present, few studies compared the advantages and dis-
advantages among different damage factors or discussed
the selection criteria of the damage variable to the same
material. In this paper, four damage factors were studied
and compared based on macro tests results of frozen loess.
Based on the above studies, the four methods can describe
the damage and damage evolution of frozen loess under ideal
conditions. However, considering the special properties and
engineering service purposes on frozen loess, the advantages
and disadvantages of these damage factors and damage
variables will be assessed as follows.

For frozen loess, it is difficult to accurately measure the
dissipated energy by experiments, and it is not for presenting
the damage process considering the special physical property
of the granular material [32]. In the paper, the dissipated
energy of the frozen loess was calculated based on many
hypotheses.Thus, the dissipated energy is hardly investigated
and not recommended in this area.The fourthmethod is that
the damage evolution law is obtained from the constitutive
model based on the theory of effective stress, but the premise

is that the constitutive model of the material is known.
Because of the complexity of the geotechnical property, such
as large regional characteristics and the complex structure,
it is difficult to obtain a simple and accurate model. There-
fore, this method is also difficult to apply. The theory of
stiffness degradation can be used for most materials and
the stiffness of material is also easy to measure. Thus, many
researchers choose the stiffness as the damage factor to study
the mechanical damage of material. The main limitation of
the method is that damage is uniformly distributed in the
volume on which strain is measured. Thus, it is also difficult
regarding frozen loess. For frozen loess engineering, the key
engineering problem is the deformation issue, for example,
subgrade settlement and foundation deformation, which is
the safety evaluation index to these engineering. Therefore,
plastic deformation (permanent deformation) is the most
suitable for the damage research of frozen loess based on the
material properties and the nature of the material service.

In addition, the problem of establishing a quantitative
relationship between the damage factor and the damage vari-
able for different materials and different purposes should be
considered. Different relationships lead to different evolution
processes, such as the comparison results of the exponential
function (10) and linear function ((6) and (14)).The key point
to understand is how to exactly define the damage criterions.

Selecting an appropriate damage factor has been a hot
topic for a long time in CDM. Based on this discussion, it
can be seen that a new technology (microscopic scanning)
and method must be developed to more accurately describe
the damage evolution of the material under external loads.
Themethod is a comprehensivemethod that containsmacro-
and micromethods (the combination of material science and
continuous media mechanics or mechanical damage and
physical damage). Both methods are essential; otherwise, the
damage process of the material can only be described from
one side. In other words, the method must be able to verify
and inverse the macromechanical properties of the material
according to the change law of mesoscopic fabric status.
Selecting a cross-scale damage variable is also the key bridge
to explore the essence of deformation and failure ofmaterials.
This subject is also a main issue of the study of material
properties in current solid mechanics [33].

6. Conclusions

This paper presented a series of tests, including monotonic
and load-unloading-loading tests, to the frozen loess under
five strain rates in order to investigate the rate-dependent
deformation behavior and the damage evolution law. Four
damage factors were studied and compared based on tests
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results. Some conclusions drawn from experimental and
theoretical results are summarized below.

(1) The strength and the deformation behavior of frozen
loess strongly depend on the strain rate. In addition, the load-
ing and unloading cycles test does not affect the deformation
behavior of frozen loess.

(2) 𝐸ℎ and 𝐸𝑠 cannot describe the stiffness degradation of
the frozen loess in the deformation process. So 𝐸𝑑 is selected
based on the test results and previous studies.

(3) The hysteresis loop area cannot accurately reflect the
dissipated energy of frozen loess The value of dissipated
energy is recalculated according to the view of fracture
mechanics and energy conservation in order to describe the
development of the material damage.

(4) According to the discussion, the plastic deformation
is the most suitable for the damage research of frozen loess
based on the material properties and the nature of the
material service.
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This paper evaluates the residual safety of isolated T-joists with severe corrosion for the two extreme cases of boundary conditions,
simply supported and fixed-ended, in order to help in making decisions about the magnitude of the necessary intervention. When
the T-joist is part of a complete slab, the boundary conditions will be in an intermediate situation between these two extreme cases,
so that it is possible to assess the safety with respect to its degree of embedding. The research is conducted for the cases of healthy
T-joist, T-joist with complete corrosion of the lower reinforcement, and repaired T-joists with a variable number of CFRP sheets.
This work is based on the ACI 318 load test to maintain a structure in use and proposes a Load Factor (LF), which estimates the
safety reserve.The simply supported T-joists specimens with severe corrosion do not meet the Load Factor or ACI 318 criteria, even
with a large number of CFRP sheets. On the other hand, fixed-ended cases can be kept in use despite corrosion by applying light
CFRP strengthening, and with four sheets the initial safety is restored.

1. Introduction

The rehabilitation sector has achieved a greater importance
than the construction of new buildings in recent years, due to
the crisis in the construction of buildings. According to the
Instituto de Tecnologı́a de la Construcción [1], the forecasts
for the coming years in Spain indicate that rehabilitation will
be the sector with more activity (Figure 1). Because of this, it
is essential to pay attention to the entire set of actions carried
out in cases of rehabilitation.

But in the growing sector of rehabilitation, the flexural
elements are the structural elements in which the higher
percentages of damage appear. In Spain, lesions appear in
25.6% of the slabs, and corrosion in one-way slabs represents
68% of these cases [2].

In some cases of large damage, the severe corrosion of
the lower level of tendons of a joist causes the spalling of
the lower concrete cover. This effect is enhanced by the use
of aluminous cement in prefabrication, widely used for a
few decades because of its shorter time of manufacture. This
occurs due to the conversion of this type of cement, since

the concrete becomes more porous and attackable and less
resistant [3]. In Spain, it is estimated that, of the 3,400,000
households built between 1950 and 1970, between 12 and 24%
of them have used this type of cement in the slabs [4].

When the technicians analyze a case of structural pathol-
ogy, they find the difficulty of assessing the remaining safety,
in order to decide the magnitude of the intervention to be
performed. This research quantifies the residual safety and
helps to make this important decision.

Strengthening may be required when structures are dam-
aged due to an aggressive environment. In these cases, the
most common rehabilitation techniques have been accom-
plished by the use of conventional materials such as steel
structural profiles (see Figure 2). However, recently the use
of innovative materials like fiber-reinforced polymer (FRP)
has emerged as an alternative to the use of the conventional
techniques and it seems to be the most promising method to
be used in structural engineering [5].

FRP is typically organized in a laminated structure, where
each sheet contains an arrangement of unidirectional fibers
or woven fiber fabrics embedded within a thin layer of
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Figure 1: Evolution of the different subsectors in the Spanish
building construction market. Production rates at constant prices,
basis 2011 = 100.
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Figure 2: Constructive detail (a) healthy joist, (b) joist with severe
corrosion and spalling, (c) joist repaired with UPN profile, (d) joist
repaired with IPE profile, and (e) joist repaired with CFRP sheet.

light polymer matrix material. Fibers are typically composed
of carbon, aramid, or glass. The matrix protects the fibers
from damage and transfers the stresses between fibers. This
matrix is commonlymade of polyester, epoxy, or nylon.There
are two additional types of FRP composite, bidirectional
fibers, which are used commonly for strengthening two-way
slabs, and the FRP rods, which became an alternative for
reinforcement steel bars [6].

Externally bonded FRP reinforcement has been shown
to be applicable for the strengthening of many types of
reinforced concrete (RC) structures such as columns, beams,
slabs, andwalls and can be used to improve flexural and shear
capacities [7–9] and also provide confinement and ductility to
compression members [10–12].

Externally bonded strengthening system, where the FRP
sheets or plates are bonded to the concrete tensile surface,
is widely used to improve the flexural capacity of concrete
structures. Their application has multiple benefits, including
increased ultimate flexural strength capacity and increased
postcracking stiffness, as well as concrete crack control [13],
high tensile strength, high durability, minimum increases in
structural size and weight, ease of site handling, and good
corrosion resistance. There are even some studies that aim to
improve the properties of FRP sheets with carbon nanotubes
or graphene nanoplatelets [14, 15]. Recently, near-surface-
mounted technique was introduced, where the FRP bars of

plates are inserted into a groove made in the concrete surface
[16].

Although there are some authors who evaluate other
types of FRP [17], the Carbon Fiber-Reinforced Polymer
(CFRP) is mostly employed. There are numerous works
which research about externally bondedCFRP reinforcement
in order to strengthen many types of RC structures to resist
higher design loads [18–22], but there is less available research
on corroded, patched, and CFRP-repaired RC specimens [23,
24].

Most of the work done by other authors is centered on
isolated linear elements, usually beams, although there is
some study of bidirectional elements like solid slabs [25].
There is no research on safety of joists inside a one-way
slab. The aim of this research is to evaluate the residual
safety increase of joists with a high degree of damage when
they are part of a complete unidirectional slab, by gluing
CFRP sheets on the underside. For this reason, specimens
of isolated T-joists are assessed, with the different boundary
conditions of usual modeling in structure analysis (simply
supported and fixed-ended). When the joist is in a slab,
its boundary conditions will be between these two extreme
cases, so that we can assess its safety with respect to the
degree of embedding that they have. This work focuses on
the evaluation of slabs whose failure is dominated by flexion.
This happens in most cases, because corrosion usually occurs
in the lower reinforcement, due to it has less concrete cover.

2. Materials and Methods

Researchers have not made great efforts to accurately assess
the remaining safety in cases of corrosion, in the field of
building construction. The habitual action is to repair or
reinforce, leaving the existing building on the side of safety.

The structural simplification of considering the actual
three-dimensional elements such as lines does not represent
the minimum balance of work with which they behave in
reality. The loads are transmitted in various simultaneous
forms in space. Mechanisms such as struts and ties or the
arch effect appear in the elements subjected to flexion and
contribute considerably if these elements have the horizontal
displacement restrained. Because of this, it is necessary to
study the elements in three dimensions, to properly assess the
safety they possess.

2.1. Methodology for Assessing the Remaining Safety. The
methodology used for the evaluation of the remaining safety
of prestressed joists with severe corrosion and repaired with
CFRP sheets is similar to the one the authors have developed
in some publications of pathology in complete buildings [26],
but in this case with CFRP strengthening. The novelty of
this research is that it quantifies the remaining safety. Some
healthy and damaged specimens of prestressed joist with
compression layer (T-section) are simulated with ANSYS
finite element software. With these simulations, the load-
vertical displacement curves at midspan can be drawn. The
proposed method to assess the remaining safety is based on
the study of two aspects in these behavioral curves. First,
the ACI 318 [27] load test for existing structures indicates
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Figure 3: Simulated T-joist.

Table 1: Process of load application.

Load (N/m2)
Joist + compression layer dead load 3,500
Flooring + ceiling dead load 1,000
Partition walls dead load 1,000
Total dead load 5,500
Quasipermanent live load 600
Service load 6,100
Total live load 2,000
Total standard load 7,500

ACI 318 load test
Load 9,435
Deflection increase limitation (mm) 3.11

whether a structure may continue in use and then the
evaluation of the proposed Load Factor (LF).

According to ACI 318, the analyzed area must be loaded
to 0.85 (1.4𝐷 + 1.7𝐿), including dead load already present.
𝐷 is the sum of the dead loads, and 𝐿 is the total live load.
Therefore, the total load value for the load test is equal to
9,435N/m2 (see Table 1). If the deflection increase caused by
the test satisfies Δ 1 ≤ 𝑙2𝑡 /20,000ℎ, the specimen can continue
in use, where 𝑙𝑡 is the span between supports (4.32m in the
present research) and ℎ is the specimen thickness (0.3m).
Thus, a deflection increase equal to 3.11mm is allowed.
When exceeding this limitation, retrieved deflection must be
measured after the unloading. If the retrieved deformation is
greater than 75%, the specimen is also accepted to continue
in use.

And when it has been found that the slab can remain
in use, the Load Factor is analyzed in order to quantify
the remaining safety and the magnitude of the necessary
intervention.This factor is obtainedmaking the ratio between
the load at which each specimen reaches the permissible
active deflection for the partition walls and the total standard
load (total dead load + total live load). The LF relates the
load that each model bears and the total load that they must
bear, according to standards. According to the Spanish code
on structural concrete [28], the limitation on the permissible

active deflection for the partition walls of 𝐿/400 is given, 𝐿
being the span. In this research, this value is 1.08 cm. This
deflection occurs from the moment that the partition walls
are constructed. A vertical displacement of 1.08 cm is allowed
from this moment, and the supported load in each specimen
is related to the total standard load.

2.2. Specimens Geometry. Nonlinear simulations of pre-
stressed T-joists throughout their load range were performed
using the finite element method (FEM). The T-joist models
are very accurate, with the real 3D geometry and the rein-
forcement in its exact position (Figure 3). The simulated joist
is part of a one-way slab of 30 cm thickness with a span of
4.92m between column axes, with flat beams of 60 cm width.
Therefore the joist length is 4.32m.

The compression layer is centered on the joist and has
69 cm width, because it is the spacing between joists in the
one-way slab, and 5 cm thickness. The reinforcement mesh
inside the compression layer is composed of a 6mmrod every
24 cm in both directions. The filler blocks are not simulated
because they are not resistant elements. The prestressed joist
is the T12.3 model of the Spanish company Prevalesa S. L.,
with four 5mm prestressed tendons on three levels. The
middle and the upper level have one tendon, simulated as
two half tendons in order to keep the section symmetry in
the simulations.

This research work comprises 12 T-joist specimens, in
which the influence of the boundary conditions, the damage
level, and the CFRP strengthening are assessed. Simply
supported models are from (A1) to (A6) specimens, and
fixed-ended joists models are presented in (B1) to (B6)
specimens. As previously stated, when a T-joist is part of a
complete building, it does not behave in any of these two
ways, because it is in an intermediate position between full
restrain and freedom. In order to assess the increased safety
in damaged joists with CFRP repair, there are six variants:
healthy, extreme corrosion without CFRP repair, with 1, 2, 3,
and 4 CFRP sheets.

2.3. Process of Loads and Constructive Elements. The strict
simulation of the process of loads and order of appearance of
structural and building elements is very important, in order
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Table 2: Mechanical properties of materials.

Material
Concrete Steel CFRPHA-30 HP-40 B-500-SD Y-1860-C

Density (kN/m3) 25 25 78.5 78.5 —
Elastic modulus (GPa) 28.6 30.9 200 200 230
Compression strength (MPa) 38 48 — — —
Tensile strength (MPa) 3.39 3.96 — — 4850
Poisson’s ratio 0.2 0.2 0.3 0.3 —
Yielding strength (MPa) — — 500 1581 —
Ultimate strain — — — — 0.02
Element type SOLID65 SOLID65 LINK180 Prest. F SHELL181

to capture the behavior and get the closest results to the actual
situation when the joist is part of a complete building.

The simulated steps, which correspond with real steps in
the constructive process and are summarized in Table 1, are
the following:

(i) Prestressed joist: in a first step, only the prestressed
joist is simulated, and therefore at this point only
these elements are active. The prestress is introduced
as equivalent prestressing forces at the corresponding
points. The equivalent force per 5mm diameter rebar
is equal to 17,000N, after a 29% loss over infinite
time. At the end of this step, the joist has a negative
deflection, as in reality.

(ii) Structural dead load: in a second step, the concrete is
poured in situ in order to complete the slab thickness
and the compression layer.

(iii) Flooring and ceiling dead load: these constructive
elements appear in this moment and are simulated as
a load increment of 1,000N/m2.

(iv) Partition walls dead load: now, the partition walls
appear as a dead load increment of 1,000N/m2. The
active deflection with respect to the partition walls
will start as soon as this load is completely added.
This deflection is limited to 1.08 cm in the assessed
specimens, due to their length.

(v) Service load: when the building is finished, the T-joist
is supporting the service load. The service load is the
load to which the structure will be subjected most of
its useful life. It consists of the dead loads and the
quasipermanent part of the live load, according to the
standard CTE-06 [29]. The characteristic value of the
live load for housing in Spain is 2,000N/m2, and the
quasipermanent value is 600N/m2.

(vi) Corrosion: corrosion damage appears during the
service life. The most severe pathological cases are
assessed in this research. Therefore, the corrosion
is modeled as the removal of the lower level of
prestressed tendons and the concrete cover spalling,
as it may occur in some extreme cases. But the other
two levels of prestressed tendons are maintained,
because they continue to assist in supporting the joist.
The assessment of the most severe cases provides the

lowest value of failure load, so that it is on the side
of safety. Due to their boundary conditions, simply
supported specimens experience a large vertical dis-
placement at midspan if the disappearance of the
lower tendons and concrete cover is simulated to the
load corresponding to the service load (6,100N/m2).
Because of this, corrosion was simulated to a lower
load value in these cases (4,000N/m2), and from this
point, the following load steps were loaded succes-
sively as explained in this part. This consideration
does not affect the results of the research, since
the objective is to assess residual safety and achieve
adequate safety at the end.

(vii) CFRP sheet: the prefabricated sheets are bonded to
the tension side of the specimens after sandblasting,
brushing, and cleaning the concrete surface to guar-
antee a good bond between the adhesive and the
concrete [30]. The choice and placement of the CFRP
sheet must follow the ACI Committee 440 guidelines
[31].

(viii) Total standard load: at this point, the specimens are
loaded with the total live load, in order to reach the
total standard load. This is the total load that the slab
must support according to standards.

(ix) Load until failure: finally, the T-joist is loaded until
collapse.

2.4. Materials. For the T-joist specimens, the simulation of
the behavior of five materials is needed: two types of concrete
and two types of steel and the CFRP sheet. Because the joists
are prefabricated and the rest of the reinforced concrete T-
joist is constructed in situ, different qualities of both steel and
concrete appear. The assessed prestressed joist is the T12.3
model of the Spanish companyPrevalesa S. L., with four 5mm
prestressed tendons on three levels. HP-40 concrete and
Y-1860-C high performance prestressing steel form precast
joists. Instead, the concrete in situ is the commonly used
HA-30 and the steel reinforcements are made with B-500-SD
steel. In addition, CFRP sheets are placed to repair damaged
specimens. The chosen CFRP sheet for this research work
is MAPEI MapeWrap C UNI-AX 300/10 with 0.166mm
thickness. Table 2 summarizes the mechanical properties of
the employed materials.
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2.5. Finite Element Model. The finite element method (FEM)
is conducted to simulate the behavior of the test specimens
in ANSYS software. The investigated T-joist specimens were
developed in three-dimensional models in order to account
for the materials nonlinear behavior.

Eight-node solid brick elements (Solid65) were used to
simulate the concrete. This solid is capable of cracking in
tension and crushing in compression, creep nonlinearity,
and large deflection geometrical nonlinearity. The concrete
requires multilinear isotropic material properties and the
Willam-Warnke [32] spatial failure criteria to properly model
its behavior.The uniaxial stress-strain relation was defined by
the civil engineering Eurocode. Two simulation techniques
have been used for steel reinforcements. The prestressed bars
of the precast joist are introduced as equivalent prestressing
forces at the corresponding points, and 3D spar elements
(Link180) were employed to simulate the reinforcementmesh
inside the compression layer.This three-dimensional element
is a uniaxial tension-compression element with three degrees
of freedom at each node. Plasticity, creep, swelling, stress
stiffening, and large deflection capabilities are included. The
steel is assumed to be an elastic-perfectly plastic material and
identical in tension and compression, and its behavior can be
simplified by an isotropic bilinear curve. And finally, a shell
element (Shell181) was used to simulate the CFRP sheets. It is
a four-node 3D element with six degrees of freedom at each
node and is well-suited for linear, large rotation, and/or large
strain nonlinear applications. The CFRP-material is consid-
ered as linear elastic until failure. This type of element needs
a failure criterion for the complete definition of behavior.The
physical failure criteria are specially formulated to account
for different damage mechanisms (fiber and matrix failure)
in fiber-reinforced composite materials. Hashin maximum
stress failure criteria were used in this research [33] for the
CFRP sheets. To complete the material damage definition, it
is also necessary to specify a compatible damage initiation
criteria and evolution law. Progressive damage evolution
based on continuum damage mechanism was chosen. In
this case, energies dissipated per unit area 𝐺𝐶 are specified
individually for all damage modes (fiber tension, fiber com-
pression, matrix tension, and matrix compression). For a
specific damage mode, 𝐺𝐶 is given by

𝐺𝐶 = ∫
𝑈𝑓𝑒

0
𝜎𝑒 𝑑𝑈𝑒. (1)

where 𝜎𝑒 is the equivalent stress, 𝑈𝑒 is the equivalent dis-
placement, and 𝑈𝑓𝑒 is the ultimate equivalent displacement,
where total material stiffness is lost for the specific mode
[34]. For complex stress state, the equivalent stresses and
strains are calculated based onHashin failure criteria. Viscous
damping coefficients 𝜂 are also specified respectively for all
four damagemodes. For a specific damagemode, the damage
evolution is regularized as follows:

𝑑𝑡+Δ𝑡 = 𝜂𝜂 + Δ𝑡𝑑

𝑡 + Δ𝑡𝜂 + Δ𝑡𝑑𝑡+Δ𝑡. (2)

where 𝑑𝑡+Δ𝑡 is the regularized damage variable at current
time, 𝑑𝑡 is the regularized damage variable at the end of the

Table 3: Esfahani et al. test results of reinforcing bars.

Bar diameter (mm) 8 10 16
Yielding stress (MPa) 350 365 406
Ultimate stress (MPa) 459 572 583

last substep, and 𝑑𝑡+Δ𝑡 is the unregularized current damage
variable [34].

Half of the T-joist specimen has been simulated, seeking
to optimize computing time. Therefore, it was necessary to
simulate suitable boundary conditions to behave in the same
manner as the complete T-joist. The simulated boundary
conditions were of symmetry at the midspan, allowing the
vertical displacement and roller support or embedding in the
end, according to the assessedmodel. A total of 5679 elements
were required for T-joist analysis (5040 3D elements, 423 link
elements, and 216 shell elements). The total nodes of each
specimen were 7592. Most of the concrete elements are a
prism with 30 × 30 × 30mm. The choice of mesh size was
based on preliminary studies in which different sizes were
used [35].This number of elements represents a good balance
between the computational time and the numerical accuracy
of results.

TheNewton-Raphson equilibrium iterationswere used in
the nonlinear solutions. Convergence criteria for the speci-
menswere based on force and displacement.The convergence
tolerance limits were selected by analysis program [36].

In this study, a perfect bond between concrete and steel
was assumed. The nodes of the CFRP elements are also
connected to those of adjacent concrete elements [37]. The
interaction between the concrete joist and the CFRP is
modeled without considering debonding.The bond does not
have to be explicitly modeled in the numerical analysis [38].

The ANSYS software allows the generation of load steps
and the birth and death of elements in the different steps.
The cases of corrosion evaluated in this work are the most
severe, involving the total loss of the concrete cover and the
lower level of tendons. Therefore, corrosion is simulated in
the model by the death of the elements constituting the cover
and the lower reinforcement in the proper load step.

2.6. Model Verification. A very careful calibration of the
numeric simulations has been made in order to verify the
accuracy of the used hypothesis and models regarding the
behavior of CFRP sheets. The FE software is used to predict
the flexural behavior of strengthened beams reported by Esfa-
hani et al. [39] in order to validate the research methodology
and its results and final conclusions.

For the Esfahani et al. specimens, the design compressive
strength of 25MPa was used for concrete and different sizes
of reinforcing bars were used in specimens. The yield and
ultimate strength of different bars are given in Table 3. The
mechanical properties of CFRP are the following: the ultimate
strain is 0.012, the tensile strength is 2845MPa, and the
modulus of elasticity is 237GPa. Reaction force versus CFRP
strain relationship in simulated sheet can be seen in Figure 4.

The specimens (B5) and (B7) were selected. The dimen-
sions details of the beam are shown in Figure 5. The 8mm
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Table 4: Load at permissible active deflection, Load Factor values, and ACI 318 load test results for simulated specimens.

Specimen
Load at

permissible
active deflection

(N/m2)

Load
Factor
(LF)

ACI 318
load test

Simply supported joist

(A1) Healthy 9,984 1.33 Right
(A2) Corroded without repair 5,216 0.70 Negative
(A3) Corroded with 1 CRRP sheet 5,960 0.79 Negative
(A4) Corroded with 2 CRRP sheets 7,085 0.94 Negative
(A5) Corroded with 3 CRRP sheets 8,107 1.08 Negative
(A6) Corroded with 4 CRRP sheets 9,080 1.21 Negative

Fixed-ended joist

(B1) Healthy 18,685 2.49 Right
(B2) Corroded without repair 14,520 1.93 Right
(B3) Corroded with 1 CRRP sheet 15,706 2.09 Right
(B4) Corroded with 2 CRRP sheets 16,874 2.26 Right
(B5) Corroded with 3 CRRP sheets 17,589 2.33 Right
(B6) Corroded with 4 CRRP sheets 18,096 2.42 Right
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Figure 4: Reaction force versus strain relationship in simulated
CFRP sheet.

steel rods are employed for stirrups each 80mm.Thenominal
thickness andwidth of the CFRPwere 0.176mm and 150mm,
and the specimen (B7) was strengthened with one CFRP
sheet.

All specimens have been reproduced successfully in FE
software. A good correspondence in the behavior of the
different models has been achieved, following their specifica-
tions when performing the simulations. A great concordance
in the load-displacement curves has been obtained in all
cases. In Figure 6 the B5 and B7 specimens are shown, as
an illustrative example, where it can be seen that our work
improves the correlation between the results of the analytical
and the experimental study. The validated results are consis-
tent in all models, so that both the software and the materials
properties are accepted as valid tools for the research.

3. Results and Discussion

The prestressed T-joists simulation throughout their load
range has been performed. Load-vertical displacement plots
at midspan are compared in healthy, corroded, and repaired
models in order to assess the residual safety. Figures 7
and 8 represent the load-vertical displacement at midspan
relationships for the 12 specimens. Table 4 shows the load
at permissible active deflection, the Load Factor (LF) values,
and ACI 318 load test results for simulated specimens.

Several aspects can be seen in a deep analysis of the load-
vertical displacement curves, which are as follows:

(i) The initial precamber produced by the process of
prestressing in prefabrication.

(ii) The horizontal stretch due to corrosion: the end of
this step is the starting point for the simulation of the
load test acceptance criterion of existing structures
proposed by the ACI 318. For simply supported
specimens, it must be remembered that cases with
severe corrosion have a large vertical displacement if
corrosion appears at 6100N/m2, so that the corrosion
has been simulated to a load of 4000N/m2. But load
test is correctly performed from the service load, with
the deflection that the T-joist would have in service
life with pathology. The Load Factor has also been
obtained with the permissible active deflection from
the appearance of the partition walls.

(iii) ACI 318 load test evaluation: this test determines
whether a structure can remain in use, and its com-
pliance is graphically analyzed in Figures 7 and 8.The
procedure consists of limiting graphically the service
load and ACI 318 load test and then also limiting the
allowed deflection increase.

(iv) Load Factor: the load supported at permissible active
deflection for the partition walls and the standard
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results and analytical predictions with our simulations.

load can be analyzed in Figures 7 and 8 and graphi-
cally understand the relationshipwithwhich the Load
Factor is obtained.

Simply supported damaged specimens do not withstand
the loads established by Building Technical Code CTE-06
[40] with less than 3 CFRP sheets ((A2), (A3), and (A4)
specimens), so they have a Load Factor of less than 1. A safety
coefficient of 1.08 and 1.21 was obtained with 3 and 4 sheets,
respectively ((A5) and (A6) specimens), remaining with an
unacceptable safety in structure analysis. In addition, no sim-
ply supported damaged specimen meets the criteria for con-
tinue in use of the ACI 318, even with 4 CFRP sheets. Severe
corrosion in the simply supported specimen causes a 47.4%
reduction in the ultimate capacity of the T-joist.The inclusion
ofCFRP sheets improves the bearing capacity of the specimen
with respect to the damaged joist without repair as follows:
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Figure 7: Load-vertical displacement at midspan curves for simply
supported T-joist specimens.

+12.9% with 1 sheet, +34.3% with 2 sheets, +54.3% with 3
sheets, and +72.9% with 4 sheets, not reaching initial safety.

Fixed-ended damaged T-joist without repair ((B2) spec-
imen) support the loads established by the standard with a
safety coefficient of 1.93, almost double of the standard load
(dead loads + live loads). When gluing one CFRP sheet, the
Load Factor 2 is exceeded, and with 2, 3, and 4 sheets, the
safety coefficients of 2.26, 2.33, and 2.42, respectively, are
reached. All studied fixed-ended specimens can continue in
use according toACI 318.The complete corrosion of the lower
level of tendons and the loss of the concrete cover in the fixed-
ended specimen causes a 22.5% reduction in the ultimate
capacity. The capacity of the severe damaged T-joist is
improvedwith the inclusion of CFRP sheets as follows: +8.3%
with 1 sheet, +17.1% with 2 sheets, +20.7% with 3 sheets, and
+25.4%with 4 sheets, getting close to recovering initial safety.
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Figure 8: Load-vertical displacement at midspan curves for fixed-
ended T-joist specimens.

Severe corrosion reduces the ultimate capacity of the
simply supported T-joists in a more noticeable way. But, on
the other hand, the addition of CFRP sheets improves to a
greater extent the capacity of this type of joists.

The regulations establish clear safety coefficients for the
calculation of structures in new construction, where they
have a great control of the materials and the processes of
construction. The acceptable Load Factor in cases of reha-
bilitation remains the responsibility of the expert performing
the project and depends on local standards. Anyway, it seems
sensible to assume a value near 2 as a minimum, depending
on the reliability of the materials tests.

4. Conclusions

The actual boundary conditions of a T-joist when it is
part of an entire one-way slab are in an intermediate case
of restriction on the ends, neither totally free nor totally
restrained. The evaluation of the two extreme theoretical
cases presented in this paper is very important because it
allows the technician to establish some actuation limits.

Cases of severely damaged simply supported T-joist do
not support the service load without the help of neighboring
joists.The added stiffness by strengthening with CFRP sheets
with low thickness does not solve the problem, and it can not
be accepted as constructive solution. Vertical displacement
can not be controlled according to EHE-08 [28], even in the
case with the addition of 4 CFRP sheets. Damaged simply
supported specimens do not meet the ACI 318 load test
to maintain the structure in use, not even with 4 CFRP
sheets. Perhaps proper safety can be reached with a higher
number of sheets, but it is not a common solution. The most
common cases in actual practice are in which one or two
sheets are used. Load Factor assessment indicates that none
of the repairs reaches an acceptable safety, notwithstanding

the loads with the safety factors established by the standards.
Our experience tells us that if there is a group of contiguous
and hardly damaged joists in a one-way slab, the loads
transmission perpendicular to joists force them to collaborate
onewith each other. Despite the damage in the lower tendons,
damage may not appear in the rest of construction elements
in some cases. But even if the damage does not appear on the
other elements, an immediate shoring up and deep repair are
necessary.

The boundary conditions in the cases of fixed-ended T-
joists are theoretical. This degree of embedment is attainable
in the central bays of slabs with a large symmetry of spans or
with a very small difference in lengths. It is remarkable that
in the evaluated real cases of this type of slab it can be seen
that in spite of a great deterioration in the joists no cracking
or damage appears in the other elements of the building.
This can be understood watching the simulations of these
cases with severe corrosion, where the vertical displacement
at midspan with heavy loads remains small in magnitude.
The ACI 318 load test for these cases of isolated T-joist with a
span of 4.32m indicates the meeting of all safety criteria. The
simulation of the load test in these specimens gives vertical
displacements around 30% of standard limitation, because
the boundary conditions maintain a high stiffness, even with
a severe degree of corrosion. The Load Factor for all these
cases exceeds the safety factors proposed by standards. It is
noted that the case with four CFRP sheets recovers the initial
safety.
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This paper presents a finite element analysis approach to evaluate the flexural behavior of posttensioned two-way slabs depending
on the tendon layout. A finite element model was established based on layered and degenerated shell elements. Nonlinearities of
the materials are considered using the stress-strain relationships for concrete, reinforcing steel, and prestressing tendons. Flexural
testing of the posttensioned two-way slabs was conducted to validate the developed analytical process. Comparing the analytical
results with the experimental results in terms of deflections, it showed generally good agreements. Also a parametric study was
performed to investigate the effects of different types of tendon layout.

1. Introduction

Posttensioned concrete slabs have many advantages, such
as rapid construction, reduction of overall member depth,
and reduced materials. In addition, posttensioned concrete
slabs with proper posttensioning show little deflection and
few cracks under service loads. Although posttensioned
concrete slabs have many advantages, their performance is
still not fully understood, and the behaviors of two-way
slab systems are more difficult to determine than those
of one-way slabs. To evaluate posttensioned concrete slabs,
several experimental studies have been performed. Burns
and Hemakom [1] observed the strength and behavior of
posttensioned flat plates. They applied the banded tendon
layout in column strips in the x-direction and distributed
single tendons in the y-direction on the slabs. Through this
study they found that the banded and distributed tendon
layout improved the flexural and shear capacities. Kosut et al.
[2] experimentally evaluated the behavior of posttensioned
flat plates with distributed and banded tendon arrangements
in each direction. They found that banded tendons on the
column strip can resist punching shear failure, and dis-
tributed tendons can improve flexural capacity. Roschke and
Inoue [3] tested prestressed concrete flat slabs to investigate

strain distribution in regions adjacent to the transverse post-
tensioning bands.

To analyze complex posttensioned concrete slabs effi-
ciently, some researchers have proposed finite element
approaches. Van Greunen and Scordelis [4] researched a
numerical procedure for the materials and a geometric
nonlinear analysis for prestressed concrete slabs. Wu et al.
[5] proposed a tendon model based on the finite element
method that can represent the interaction between tendons
and concrete. They verified the accuracy of their proposed
equation against existing experimental data. El-Mezaini and
Çitipitioğlu [6] developed quadratic and cubic finite elements
with movable nodes to predict the behavior of different bond
conditions for the tendons. Kang and Huang [7] proposed
nonlinear finite element models to evaluate the behavior
of unbonded posttensioned slab-column connections. The
spring elements and contact formation were applied to the
model to consider the interface between the concrete and
prestressing tendon. Kang et al. [8] compared the structural
performance of the bonded and unbonded posttensioned
concrete members through experiment and analysis. Ghallab
[9] suggested using simple equations to predict the pre-
stressing tendons at ultimate stage of continuous concrete
beams. The simple equations were verified by comparing
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with existing experimental data. Although much analytical
research has been performed to evaluate the behavior of
bonded and unbonded posttensioned concrete members,
a relatively limited number of studies have been reported
for the prediction of flexural behavior considering tendon
layouts.

Two-way slab systems offer several possible arrangements
for the tendon layout [10]: banded, distributed, or a mixed
layout. Posttensioned slabs are used for long spans and heavy
live loads, so flexural strength and ductility are important.
Flexural strength usually governs the behavior of the interior
panel in two-way slabs. In other words, the distribution of
tendons can affect the flexural behavior and ductility of the
interior panel of the two-way slabs.Thoughmany researchers
have focused on the development of finite element models,
little information is available on the flexural behavior of post-
tensioned two-way slabs with different tendon layouts. In this
study, examined was the flexural behavior of posttensioned
two-way slabs depending on the tendon layout.

The objective of this paper is to present an efficient
numerical analysis approach for the materials and a geomet-
ric nonlinear analysis for the posttensioned two-way slabs. In
this study, developed was a nonlinear finite element model
that can simulate the behavior of posttensioned two-way
slabs. The reinforced concrete was modeled as combination
of concrete, steel, and prestressing tendons. The test results
were compared with those from the finite element model as
well.

2. Finite Element Model

2.1. Layered Element Formulation. A finite element model
formulated using layered and degenerate shell elements can
be used in a three-dimensional global analysis of structures.
Eight-node isoparametric degenerated shell elements were
formulated following the procedure ofHinton andOwen [11].
It was assumed that plane cross-sections remain both plane
and normal during bending. Layered elements were applied
to account for the behaviors of the reinforced concrete mem-
bers, which exhibited different properties in the thickness
direction because of the placement of the reinforcements.
Each element is divided into layers, and each layer has one
integration point on its midsurface. Each layer was com-
posed of different materials; concrete, steel reinforcement,
and prestressing tendon are defined separately. The strains
and stresses are calculated at midpoint of each layer. The
strain-displacement matrix and the constitutive matrix are
calculated at the midpoint of each layer. Stress resultants are
evaluated by integrating the corresponding stress. Normal
forces and bending moments can be obtained by

𝑁𝑥(𝑦) = ∫ℎ/2
−ℎ/2

𝜎𝑥(𝑦)𝑑𝑧 = ℎ2
𝑛∑
𝑖=1

𝜎𝑖𝑥(𝑦)Δ𝜁𝑖,

𝑀𝑥(𝑦)(𝑥𝑦) = −∫
ℎ2
−
ℎ2
𝜎𝑥(𝑦)(𝑥𝑦)𝑧 𝑑𝑧

= −ℎ24
𝑛∑
𝑖=1

𝜎𝑙𝑥(𝑦)(𝜏𝑥𝑦)𝜁𝑖Δ𝜁𝑖,

(1)

k = 0.67 +
62

k = 1

0

fc

fc,max
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Figure 1: Stress-strain relationship in compression by Collins and
Porasz (1989).

where 𝑁𝑥 is normal force, 𝑀𝑥 is bending moment, 𝜎 is
normal stress, ℎ is layer depth, and 𝑛 is number of layers.

The reinforcement layers were used tomodel the in-plane
reinforcement. Transverse reinforcement can be specified as
a property of a concrete layer. The prestressing tendons at a
single depth were grouped with the same prestressing force
into one layer [12]. The concrete, steel reinforcement, and
prestressing tendons were assumed to be perfectly bonded.
The perfect bond is applicable to the analysis of reinforced
concrete and posttensioned concrete with bonded tendons.
The same degrees of freedom were assigned to concrete and
reinforcement nodes occupying a single location.

2.2. Constitutive Models. In this paper, the failure of concrete
two-way slabs is considered to be tension cracking or plastic
yielding of reinforcement. Uncracked concrete was assumed
to be a linear elasticmaterial. After cracking, the concrete was
treated as an orthotropic material. The total material matrix
consists of concrete, steel reinforcement, and prestressing
tendons.

Figure 1 shows the stress-strain relationship for concrete
in compression [13]. The compressive stress of concrete can
be calculated by

𝑓𝑐 = 𝑓𝑐2,max (𝑛𝜀/𝜀𝑐)(𝑛 − 1) + (𝜀/𝜀𝑐)𝑛𝑘 ,
𝑓𝑐,max = 𝑓𝑐0.8 − 0.34 (𝜀𝑐/𝜀𝑐) ≤ 𝑓𝑐 ,

𝑛 = 0.8 + 𝑓𝑐2,max17 ,
(2)

where𝑓𝑐 is the concrete stress;𝑓𝑐2,max is the compressive stress
of cracked concrete; 𝜀𝑐 is the concrete strain; 𝜀𝑐 is the concrete
strain corresponding to peak compressive stress; and𝑓𝑐 is the
compressive cylinder strength of concrete.

After cracking, the stiffness of the reinforced concrete
decreases, but it does not drop to zero because the intact
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Figure 3: Stress-strain relationship of steel reinforcement.

concrete between adjacent cracks can still carry some tensile
stress due to the bond between the reinforcement and sur-
rounding concrete. In this paper, tension stiffening was
modeled as a constitutive model [14], as shown in Figure 2.

The steel reinforcement was considered as steel layers
with uniaxial behavior. A bilinear model was adopted for the
elastoplastic stress-strain relationship, as shown in Figure 3.
The stress-strain relationship was characterized by Young’s
modulus 𝐸𝑠 and the uniaxial yield stress 𝑓𝑦.

For the prestressing tendon,Menegotto and Pinto’smodel
[15] was adopted (Figure 4). The mathematical expression is
given as follows:

𝜎𝑝 = 𝐸𝑝𝜀𝑃[[[
𝑄 + 1 − 𝑄

[1 + (𝐸𝑝𝜀𝑝/𝐾𝑓𝑝𝑦)𝑁]1/𝑁
]]]
,

𝑄 = 𝑓𝑝𝑢 − 𝐾𝑓𝑝𝑦𝐸𝑝𝜀𝑝𝑢 − 𝐾𝑓𝑝𝑦 ,
(3)

where 𝜎𝑝 is the stress of a prestressing tendon; 𝐸𝑝 is Young’s
modulus of the prestressing tendon; 𝜀𝑝 is the strain of the

fps

fpu

fpy

py pu 

Figure 4: Constitutive model of prestressing tendon proposed by
Menegotto and Pinto (1973).

prestressing tendon; 𝑓𝑝𝑦 is the yield stress; 𝑓𝑝𝑢 is the ultimate
yield stress; 𝜀𝑐𝑢 is the ultimate strain; and 𝑁, 𝐾, and 𝑄 are
empirical parameters whose values were recommended by
Naaman [16] as 6.06, 1.0325, and 0.00625, respectively.

2.3. Analysis Procedures. Directmethod is applied as solution
algorithm [11]. In each iterative step, the full load is applied to
the structures. The obtained unknowns are the full displace-
ments. In the first iteration, the materials have linearly elastic
behavior and the initial displacements are zero. After that,
the model can calculate the new stiffness matrix considering
the appropriate material constitutive models. Full load is
reapplied to the model, then the stiffness matrix is updated,
and displacement can be found. The steps of evaluation and
update of stiffness matrix are repeated until the satisfied
convergence condition.

The displacement criterion was selected as the conver-
gence condition.The displacement convergence is as follows:

√Σ(𝐷𝑎 − 𝐷𝑝)2Σ𝐷2𝑎 × 100% < 𝑇, (4)

where 𝐷𝑎 is current step displacement, 𝐷𝑝 is previous step
displacement, and 𝑇 is tolerance.

Large tolerance value can lead to inaccurate results, and
the tolerance was set to 0.8.

3. Experimental Program

To validate the suggested finite element model, flexural
testing was performed.The designed compressive strength of
the concrete used for the fabrication of the specimens was
35MPa. The average compressive strength measured at 28
days was 36.7MPa. Deformed steel bars with a diameter of
13mm and 10mm were used for longitudinal reinforcements
and stirrups, respectively.Their tensile strength andmodulus
of elasticity were 400MPa and 200GPa, respectively. Seven
wire steel-strand tendons with 12.7mm of diameter were
used. Their nominal ultimate tensile strength was 1860MPa.
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Figure 5: Details of the specimens.

Table 1: Details of specimens.

Specimen 𝐴 𝑠,𝑥 (mm2) 𝐴 𝑠,𝑦 (mm2) 𝑓𝑝𝑒 (MPa) 𝑓𝑝𝑒/𝑓𝑝𝑢 𝜌𝑝,𝑥 (%) 𝜌𝑝,𝑦 (%) 𝜌𝑠,𝑥 (%) 𝜌𝑠,𝑦 (%) 𝑑𝑝 (mm) 𝑓𝑐 (MPa)
PT-x 493.5 — 1488 0.8 0.198 — 0.185 0.185 168 36.7
PT-xy 493.5 493.5 1488 0.8 0.198 0.198 0.185 0.185 168

Two posttensioned two-way slabs were manufactured for
the test. One specimen had tendons distributed in only the
x-direction (PT-x), and the other had tendons distributed in
both the x- and y-directions (PT-xy). Details of the specimens
are presented in Figure 5 and summarized in Table 1. The
size of the test specimens was 3000mm × 3000mm with
250mm thickness. Both specimens were posttensioned with
a constant eccentricity of 43mm. A prestressing force of
1488MPa was applied corresponding to approximately 80%
of the tensile strength of the tendon.

Load was applied to each specimen using a hydraulic jack
with maximum capacity of 5000 kN.The test specimens were
simply supported along the four sides.The force generated by
the hydraulic jack was transmitted to a loading plate placed
at the middle of the specimen. The distance from support to
loading point was 1.25m, giving a shear span to depth ratio of
6.

4. Numerical Modeling and Discussion

In order to evaluate the accuracy of the analytical model, the
theoretical value is compared with test results. Comparison
is made in terms of load-deflections curves. The analytical
model sizewas set tomatch the posttensioned specimens, and
the model contained 100 elements. It was divided into nine
layers in the direction of different thickness. The thicknesses
of the first and last layers were determined by considering
the concrete cover. The steel reinforcements were placed at
the 2nd and 8th layers in the direction of the thickness.
The prestressing tendons were placed at the 6th layer in the

direction of the thickness. In this paper, Young’s modulus of
concrete (𝐸𝑐) was determined according toACI 318 [17]. Pois-
son’s coefficient (]) is 0.15, and the equation to compute the
modulus of rupture of concrete is 0.32√𝑓𝑐 (Table 2). To sim-
ulate the experimental support conditions, four sides of slabs
are simply supported and the load is applied to the center of
the slab.

Themodel values were comparedwith load-displacement
curves obtained from the posttensioned two-way slabs under
flexural loads. The comparisons between the test results and
the analytical results are shown in Figures 6 and 7. As shown
in the Figures, both test and analytical results indicated that
the load-displacement curves exhibit three stages: elastic,
cracking, and plastic. Overall, the analytical model predicted
the deflection of the posttensioned specimens in a relatively
accurate manner. However, in all cases the models show
a slightly stiffer response at the cracking stage because
prestressing loss and slip were not considered in the finite ele-
ment analysis. Both the testing and analytical results showed
that the one-way and two-way prestressing tendon layout
did not significantly affect the maximum load capacity and
deflection.

The validated finite elementmodel was used to investigate
the effects of changes in span length, height, and concrete
strength. In total, nine posttensioned slabs were analyzed as
shown in Table 3. To perform the parametric analysis, the
same geometry and material properties were used same as
in the verification of the proposed model, along with the
one-way tendon layout. The same load to each model was
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Table 2: Material properties used in the finite element analysis.

Concrete Steel and prestressing tendon𝑓𝑐 (MPa) 𝑓𝑡 (MPa) 𝐸𝑐 (MPa) 𝜀𝑐𝑟 ]𝑐 𝑓𝑦 (MPa) 𝐸𝑠 (GPa) ]𝑠
36.7 3.8 28472.9 0.002 0.15 360 210 0.25

Table 3: Analytical dimensions and results of parametric study.

Model Span Height Compressive strength of concrete Displacement
(mm) (mm) (MPa) (mm)

PT1 3000 250 35 41.77
PT2 4500 250 35 48.54
PT3 6000 250 35 56.13
PT4 7500 250 35 67.20
PT5 3000 180 35 43.62
PT6 3000 350 35 40.14
PT7 3000 450 35 37.32
PT8 3000 250 50 40.33
PT9 3000 250 65 38.16
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Figure 6: Load-displacement relations of PT-x specimen.

applied and compared the results in terms of deflections.
Figure 8–10 show the displacement according to span length,
slab height, and the compressive strength of the concrete.The
displacement increased with the span length and decreased
as the height and concrete strength increased. The results
of the parametric analysis indicate that the deflection of
posttensioned two-way slab is more affected by the span
length than by the other variables.

5. Conclusions

In this paper, the flexural behavior of posttensioned concrete
two-way slab was analytically investigated. A finite element
analysis model was proposed to predict the flexural behavior
of specimens depending on the tendon layout and conducted
flexural tests to evaluate the validity and applicability of the
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Figure 7: Load-displacement relations of PT-xy specimen.
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ment.

proposed model. The following specific conclusions were
drawn from this study:

(1) A finite element analysismodel has been developed to
evaluate the flexural behavior of posttensioned two-
way slabs considering tendon layout. The proposed
finite element model, which considers the nonlinear
behavior of concrete and reinforcement and neglects
the bond slip and loss of prestressing force, gives
relatively good predictions for the load-deflection
curves.

(2) The increase in themaximum load capacity was unaf-
fected by tendon layouts. Regardless of the direction
of the tendon, the load-displacement curves indicated
similar responses. The analytical response is slightly
stiffer than the test results at the cracking stages,
possibly because of bond slip and the loss of prestress-
ing force. Consideration of bond slip and the loss
of prestressing force could improve the model accu-
racy. However, the difference in deflection between
the analytical and test results is relatively small.
The proposed finite element analysis demonstrates

the rationality of the posttensioning two-way slabs
model.

(3) To investigate the effects of span length, slab height,
and concrete strength on posttensioned two-way
slabs, a parametric study was conducted. The displa-
cement increased with the span length and decreased
as the concrete strength and member height inc-
reased.The span length, height, and concrete strength
all contribute to the flexural strength.
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The experiment study on the air-entrained concrete of 100mm cubes under triaxial compression with different intermediate
stress ratio 𝛼

2
= 𝜎𝐷
2
:𝜎𝐷
3
was carried out using a hydraulic-servo testing system. The influence of rapid freeze-thaw cycles and

intermediate stress ratio on the triaxial compressive strength 𝜎𝐷
3
was analyzed according to the experimental results, respectively.

The experimental results of air-entrained concrete obtained from the study in this paper and the triaxial compression experimental
results of plain concrete got through the same triaxial-testing-system were compared and analyzed. The conclusion was that the
triaxial compressive strength is greater than the biaxial and uniaxial compressive strength after the same rapid freeze-thaw cycles,
and the increased percentage of triaxial compressive strength over biaxial compressive strength or uniaxial compressive strength
is dependent on the middle stress. The experimental data is useful for precise analysis of concrete member or concrete structure
under the action complex stress state.

1. Introduction

In cold regions, such as northern China, Russia, Canada,
and northern Europe, the performance (e.g., strength, defor-
mation and elasticity modulus) deterioration of concrete
applied in practical engineering can be caused by the action
of rapid freeze-thaw cycles. Özgan and Serin [1] investigated
the effect of freeze-thaw cycles on asphalt concrete mate-
rials according to Marshall stability values and ultrasonic
velocity and so forth. The value of fracture parameters of
lightweight concrete after different freeze-thaw cycles was
determined through a three-point bending test in [2]. The
weight loss, pulse velocity, and resonance frequency of silica
fume concrete after the action of freeze-thaw cycles were
reported in [3]. The influence of freeze-thaw cycles on the
behavior (compressive strength, weight loss, and relative
pulse velocity) of concrete with synthetic fibre additions
was studied in [4]. The experimental results show that the

freeze-thaw cycles can cause the degradation of the strength
and deformation properties of asphalt concrete, lightweight
aggregate concrete, silica fume concrete, and so forth.

Several kinds of mechanisms, such as “microscopic ice
lens growth” [5] and “hydraulic pressure” [6] could be used
to explain the frost damage in concrete. Some researches
demonstrated that the inner structures and material proper-
ties of concrete have more significant effect on this damage
degree than the external environment [7–9]. And the internal
structure of concrete may be affected by the frost damage
caused by the inner pressure and the associated micro cracks.
Based on this, air-entrained agent is added to the concrete
to make air-entrained concrete. One of the advantages of
air-entrained concrete is its greater resistance to damage
caused by freeze-thaw cycles [10–12] whichmake it especially
suitable in the construction of dam, long span bridges,
and offshore oil platforms in cold environment. So far, air-
entrained concrete [13] has been widely used in the field
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Table 1: Mix proportions of air-entrained concrete.

w/c Cement (kg/m3) Sand (kg/m3) Coarse Aggregate (kg/m3) Water (kg/m3) Air-entraining agents (kg/m3) Air content (%)
0.40 412.67 586.83 1186.00 164.30 1.03 5.80

of hydraulic engineering and civil engineering. However, a
lot of experimental tests are carried out to determine the
freeze-thaw durability of different type concrete, while, for
air-entrained concrete, the research is still comparatively rare.
Pheeraphan and Leung [14] studied the freeze-thaw resis-
tance of microwave cured air-entrained concrete. According
to the test results of Pheeraphan and Leung, the freeze-thaw
durability of highw/c concretewill be impaired bymicrowave
curing. Shang et al. [15] investigated the weight loss, relative
dynamic modulus of elasticity, tensile strength, compressive
strength, cubic compressive strength, and cleavage strength
of air-entrained concrete after different freeze-thaw cycles.
And it can be seen from [14, 15], for air-entrained concrete or
other types of concrete, that most of the previous researchers
mainly focused their attention on the dynamic elastic mod-
ulus, weight loss, flexural strength, and uniaxial compression
strength after different freeze-thaw cycles.Meanwhile, in civil
engineering, it can be well-known that concrete materials
in member of structure (e.g., shear walls, thin shells, and
slabs) are essentially in a complex stress state: such as biaxial
compression, triaxial tension-tension-compression, triaxial
compression [16–19]. For refined calculation, the behavior
of concrete materials under a stress state of multiaxial loads
should be examined carefully. The mechanical performance
of plain concrete under biaxial and triaxial compression was
studied after freeze-thaw cycles [20–22]. Wang and Song
[23] investigated the failure criterion of the haydite concrete
under triaxial loading. The strength criterion of lightweight
aggregate concrete under multiaxial loads was also studied
based on the unified twin-shear strength theory [24].

According to experimental results in the literature, it has
been realized that although a large number of test data are
available regarding the triaxial compression behavior of plain
concrete and some special concrete, very little information on
the behavior of air-entrained concrete under triaxial stress
state can be found, especially the behavior of air-entrained
concrete under triaxial compressive loads after the action of
different rapid freeze-thaw cycles. Many literatures [1–4, 9–
12, 19–21] illustrated that the strength and peak strain in
concrete are influenced significantly by the inner damage
caused by freeze-thaw cycles. Hanjari [25] pointed out that
the results obtained from the undamaged concrete can not
be applied directly for the frost-damaged concrete.

In order to better understand and predict the perfor-
mance of structure and member made with air-entrained
concrete material, the mechanical properties of air-entrained
concrete should be figured out. Shang [26] investigated the
triaxial compression behavior of air-concrete with stress ratio
𝜎𝐷
2
:𝜎𝐷
3
= 1.00 : 1.00. The experiment on strength behavior of

air-entrained concrete under triaxial compression load with
𝜎𝐷
1
:𝜎𝐷
3
= 0.10 : 1.00 after rapid freeze-thaw cycles was carried

out. Results obtained from the experimental studies will be

used to develop a simple relationship between mechanical
behavior and number of rapid freeze-thaw cycles for air-
entrained concrete. The relationship can be used as input to
computer programs to analyze the behavior of air-entrained
concrete structural members subjected to different rapid
freeze-thaw cycles.

2. Experimental Program

2.1. Materials and Mix Proportions. The 42.5# Ordinary
Portland cement (the compressive strength should reach
22.0MPa and 42.5MPa at days 3 and 28; the flexural strength
should reach 4.0MPa and 6.5MPa at days 3 and 28), tap
water, river sand (fineness modulus was 2.6), crushed natural
stone aggregate (diameter ranges from 5mm to 20mm), and
air-entrained admixture (rosin soap air-entraining agent was
used) were used in this experimental study. The proportions
by weight of cement: water: sand: coarse aggregate are
1 : 0.4 : 1.42 : 2.87. The mixing proportions in this experiment
were given in Table 1. The air content of the concrete mixture
was 5.8% after mixing.The compressive strength of 28 days is
25.64MPa.

2.2. Specimen and Testing Programs. In this experiment
study, horizontal forced action mixer with 0.1m3 was used
to elaborate the mixture. The following mixing procedure
was used: first, fine aggregate, coarse aggregate, and cement
were put into the mixer and the components were mixed for
1 minute; then, tap water was added and continued to stir
for 2∼3 minute; next, the fresh concrete material was cast
in cubical molds with size 100mm × 100mm × 100mm and
a vibrating table with size 1m × 1m was used to compact
concrete. After the fresh concrete was mixed, the air content
was measured with air-content measuring instrument. At the
same time, freshly cast specimens were kept in the molds for
24 hours. Finally, they were demoulded and stored in a curing
room which can keep 95 percent relative humidity and the
temperature of 20± 3∘C.At 24 days of age, some air-entrained
concrete specimens were taken out from the curing room and
immersed in water for 4 days.

According to “the testmethodof long-termanddurability
on ordinary concrete” [21, 27], the rapid freeze-thaw tests
were performed in a rapid freeze-thaw apparatus at 28 days
of age for concrete specimen. In a single rapid freeze-thaw
cycle, the center temperature of the specimens should cool
from 6∘C to −15∘C and then warm to 6∘C during about 2.5–
3 h.The temperature of the concrete specimenswasmeasured
and controlled by a Pt sensor embedded in the center of
concrete specimen. And the test is similar to the ASTMC666,
“Standard Test Method for Resistance of Concrete to Rapid
Freezing and Thawing” [28]. In a single cycle according to
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(a) Loading direction and surface crack of
specimen under triaxial compression load

(b) Failure mode and surface cracks of air-
entrained concrete under triaxial compres-
sion after rapid freeze-thaw cycles

(c) Fracture surface of air-entrained concrete
under triaxial compression load after 400 rapid
freeze-thaw cycles

Figure 1: The failure mode and fracture surface of air-entrained concrete specimen after different freeze-thaw cycles.

ASTMC 666, the temperature of the specimens cools from
4.4 to −17.8∘C and then warms to 4.4∘C within 2 to 5 h.

And the triaxial compression experiment was carried
out in a triaxial-testing-system [21, 29]. The stress ratios
were 𝛼 = 𝜎𝐷

1
:𝜎𝐷
2
:𝜎𝐷
3

= 0.10 : 0.25 : 1.00, 0.10 : 0.50 : 1.00,
0.10 : 0.75 : 1.00, and 0.10 : 1.00 : 1.00. The relationship of prin-
cipal compressive stresses was expressed as 𝜎𝐷

1
≤ 𝜎𝐷
2
≤

𝜎𝐷
3

(compression stress denoted as positive). The friction
between loading plate of testing machine and surface of
concrete specimen will affect the experimental results; in
order to eliminate the influence of friction, the friction-
reducing pads [30] (consisting of three plastic membranes
with three layers of butter between them) were used which
were placed between the specimen and the loading plate.

3. Results and Discussions

3.1. Failure Modes. Figure 1(a) gives the triaxial compres-
sion loading direction for air-entrained concrete specimens.
The triaxial compression failure mode and surface crack of
air-entrained concrete specimen after different freeze-thaw
cycles were given in Figure 1(b).

A gradual failure was observed in the triaxial compres-
sion experiment on air-entrained concrete specimens after
different freeze-thaw cycles. The failure surfaces are “neat
surfaces” and cracks pass through the “broken aggregate.”
The failure surface contained fractures through both cement
mortar and coarse aggregate. A typical fracture surface of an
air-entrained concrete specimen is shown in Figure 1(c).

Under triaxial compression load with stress ratios
𝛼 = 𝜎𝐷

1
:𝜎𝐷
2
:𝜎𝐷
3

= 0.10 : 0.25 : 1.00, 0.10 : 0.50 : 1.00,
0.10 : 0.75 : 1.00, and 0.10 : 1.00 : 1.00, the failure mode of
the specimens was slant-shear failure, which was caused
by the splitting tensile strain along 𝜎𝐷

1
direction. The angle

between the direction of 𝜎𝐷
3
and the crack was about 20∘∼30∘.

There were two cracks on 𝜎𝐷
2
surfaces; the number of cracks

on the 𝜎𝐷
3
surfaces was one or two, respectively.

Under triaxial compression load with stress ratios 𝛼 =
𝜎
1
:𝜎
2
:𝜎
3
= 0.05 : 1 : 1, 0.1 : 1 : 1, 0.15 : 1 : 1, and 0.2 : 1 : 1 in [26],

the failure mode of the specimens of air-entrained concrete
specimen was parallel plate-type fragments mode and slant-
shear failure mode; the angle between the crack and the
direction of 𝜎

3
was about 20∘∼30∘ when the stress ratios were

𝛼 = 0.1 : 1 : 1, 0.15 : 1 : 1, and 0.2 : 1 : 1; the angle between the
crack and the direction of 𝜎

3
was about 10∘∼20∘ when 𝛼 =

0.05 : 1 : 1; and parallel plate-type fragments were formed on
the surface of 𝜎

2
and 𝜎

3
under triaxial compression load

with stress ratios 𝛼 = 𝜎
1
:𝜎
2
:𝜎
3
= 0 : 1.00 : 1.00. According

to the experiment results of plain concrete conducted on
the same triaxial-testing-system with this paper [20], the
splitting cracks in slice shapes were formed on surface of
𝜎
2
and 𝜎

3
under triaxial compression load with stress ratios

𝛼 = 𝜎
1
:𝜎
2
:𝜎
3
= 0.1 : 1 : 1, and the slant-shear cracks are

in good agreement with experimental results obtained in
this paper when triaxial compression stress ratios are 𝛼 =
𝜎
1
:𝜎
2
:𝜎
3
= 0.1 : 0.25 : 1.0; 0.1 : 0.5 : 1.0; 0.1 : 0.75 : 1.0. Reference

[20] studied triaxial compression strength of plain concrete
through experiment, and three failure modes were observed
in this experiment, which are (1) splitting cracks in slice
shapes, (2) splitting cracks in column shapes, and (3) flow and
deformation.

3.2. Experimental Results. Table 2 listed the test results
of air-entrained concrete under triaxial compression load
with different intermediate stress ratio 𝛼

2
= 𝜎𝐷
2
:𝜎𝐷
3

after
rapid freeze-thaw cycles. The compressive stresses 𝜎𝐷

1
, 𝜎𝐷
2
,

and 𝜎𝐷
3

were got through dividing compressive loads with
loading area (0.01m2). 𝜎𝐷oct and 𝜏𝐷oct are the normal stress
and the shear stress in octahedral stress space after different
freeze-thaw cycles [20, 31] which can be computed from
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Table 2: Experimental results of air-entrained concrete under triaxial compression after rapid freeze-thaw cycles (MPa).

Freeze-thaw cycles 𝛼 𝜎𝐷
1

𝜎𝐷
2

𝜎𝐷
3

𝜎𝐷oct 𝜏𝐷oct 𝜎𝐷oct/𝑓𝑐 𝜏𝐷oct/𝑓𝑐

0

0.1 : 0.25 : 1 10.45 24.38 95.81 43.55 37.39 1.70 1.46
0.1 : 0.5 : 1 11.84 52.92 105.39 56.72 38.29 2.21 1.49
0.1 : 0.75 : 1 9.96 69.30 92.35 57.20 34.71 2.23 1.35
0.1 : 1 : 1 10.04 85.01 85.22 60.09 35.39 2.34 1.38

100

0.1 : 0.25 : 1 10.45 24.29 95.40 43.38 37.22 1.69 1.45
0.1 : 0.5 : 1 10.98 49.92 99.60 53.5 36.27 2.09 1.41
0.1 : 0.75 : 1 9.95 66.92 89.20 55.36 33.37 2.16 1.30
0.1 : 1 : 1 10.13 84.51 84.75 59.80 35.12 2.33 1.37

200

0.1 : 0.25 : 1 9.49 21.62 84.95 38.69 33.09 1.51 1.29
0.1 : 0.5 : 1 9.32 42.45 84.48 45.42 30.76 1.77 1.20
0.1 : 0.75 : 1 8.82 59.55 79.46 49.28 29.74 1.92 1.16
0.1 : 1 : 1 8.77 73.12 73.33 51.74 30.38 2.02 1.19

300

0.1 : 0.25 : 1 7.15 16.20 63.46 28.94 24.69 1.13 0.96
0.1 : 0.5 : 1 8.22 37.14 73.92 39.76 26.89 1.553 1.05
0.1 : 0.75 : 1 8.58 57.09 76.09 47.25 28.42 1.843 1.11
0.1 : 1 : 1 7.87 66.10 66.33 46.77 27.50 1.823 1.07

400

0.1 : 0.25 : 1 6.66 15.41 60.51 27.53 23.59 1.07 0.92
0.1 : 0.5 : 1 7.49 34.22 68.25 36.65 24.86 1.43 0.97
0.1 : 0.75 : 1 6.92 45.52 60.70 37.71 22.64 1.47 0.88
0.1 : 1 : 1 7.57 59.55 59.97 42.36 24.60 1.65 0.96

the following: 𝜏𝐷oct = (1/3)(𝜎𝐷1 + 𝜎𝐷2 + 𝜎𝐷3 ) and 𝜎𝐷oct =
(1/3)√(𝜎𝐷

1
− 𝜎𝐷
2
)2 + (𝜎𝐷

2
− 𝜎𝐷
3
)2 + (𝜎𝐷

3
− 𝜎𝐷
1
)2.

3.2.1. Effect of Rapid Freeze-Thaw Cycles on Peak Stress 𝜎𝐷
3
.

The effect of rapid freeze-thaw cycles on strength of air-
entrained concrete under triaxial compression load with
different stress ratio was depicted in Figure 2. Table 3
demonstrates the loss of ultimate strength of air-entrained
concrete under triaxial compression with increasing the
rapid freeze-thaw cycles. It can be got from Figure 2 and
Table 3 that the principal stress 𝜎𝐷

3
decreases as number of

rapid freeze-thaw cycles increases. The reduction of triaxial
compression strength of air-entrained concrete is slower
than that of uniaxial and biaxial compression strength as
number of rapid freeze-thaw cycles increases. After the action
of 200 rapid freeze-thaw cycles, the uniaxial compression
strength and biaxial equal compression strength decreased
to 81.0 and 83.1 percent of those prior to the rapid freeze-
thaw cycles, respectively; meanwhile, under the action of
triaxial compression with stress ratio 𝛼 = 0.10 : 1.00 : 1.00, the
strength decreased to 86.05 percent of that prior to the rapid
freeze-thaw cycles. After the action of 200 rapid freeze-thaw
cycles, the strength under triaxial compression with stress
ratios 𝛼 = 0.10 : 0.25 : 1.00, 0.10 : 0.50 : 1.00, 0.10 : 0.75 : 1.00,
and 0.10 : 1.00 : 1.00 varied from 80.16% to 88.67% of initial
value prior to freeze-thaw cycles.

For air-entrained concrete specimen under triaxial com-
pression with stress ratios 𝛼 = 0.05 : 1.00 : 1.00, 0.10 : 1.00 : 1.00,
0.15 : 1.00 : 1.00, and 0.20 : 1.00 : 1.00 [26], the strength after the
action of 200 rapid freeze-thaw cycles varied from 83.15%
to 93.82% of that prior to rapid freeze-thaw cycles. The

𝜎
D 3
/f

c

Number of freeze-thaw cycles
0 100 200 300 400

𝛼 = 0.1 : 0.25 : 1
𝛼 = 0.1 : 0.5 : 1

𝛼 = 0.1 : 0.75 : 1
𝛼 = 0.1 :  1 : 1

2

3

4

5

Figure 2: Effect of rapid freeze-thaw cycles on triaxial compressive
strength under different intermediate stress ratio.

effect of rapid freeze-thaw cycles on strength of air-entrained
concrete under triaxial compression load with stress ratios
0 : 1.0 : 1.0, 0.05 : 1.0 : 1.0, 0.15 : 1.0 : 1.0, and 0.2 : 1.0 : 1.0 was
given in Table 3. The effect of rapid freeze-thaw cycles
on strength of plain concrete under triaxial compression
load with stress ratios 𝛼 = 0.10 : 0.25 : 1.00, 0.10 : 0.50 : 1.00,
0.10 : 0.75 : 1.00, and 0.10 : 1.00 : 1.00 was given in Table 4 as
well.
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Table 3: Loss of ultimate strength of air-entrained concrete under triaxial compression load with rapid freeze-thaw cycles (%).

Stress ratio Number of rapid freeze-thaw cycles
100 200 300 400

0.1 : 0.25 : 1.0 99.57 88.67 66.24 63.16
0.1 : 0.50 : 1.0 94.51 80.16 70.14 64.76
0.1 : 0.75 : 1.0 96.59 86.04 82.39 65.73
0.1 : 1.0 : 1.0 99.45 86.05 77.83 70.37
Uniaxial compression 90.36 81.05 65.02 47.31
Biaxial equal compression 92.09 83.15 68.50 56.67
0 : 1.0 : 1.0 in [26] 92.09 83.15 68.50 56.67
0.05 : 1.0 : 1.0 in [26] 94.32 89.54 75.67 68.23
0.15 : 1.0 : 1.0 in [26] 96.63 93.82 89.12 81.00
0.2 : 1.0 : 1.0 in [26] 98.29 91.88 86.08 86.61

Table 4: Loss of ultimate strength of plain concrete under triaxial
compression with rapid freeze-thaw cycles (%).

Stress ratio Number of rapid freeze-thaw cycles
25 50 75

0.1 : 0.25 : 1.0 95.88 89.13 80.38
0.1 : 0.50 : 1.0 96.68 93.30 90.65
0.1 : 0.75 : 1.0 98.20 93.18 87.04
0.1 : 1.0 : 1.0 96.50 92.80 89.38

For plain concrete specimens of 100mm cube, the
mechanical properties under the action of uniaxial compres-
sion load, biaxial compression load, and triaxial compression
load with stress ratios 𝛼 = 0.10 : 0.25 : 1.00, 0.10 : 0.50 : 1.00,
0.10 : 0.75 : 1.00, and 0.10 : 1.00 : 1.00 after 0, 25, 50, and 75
freeze-thaw cycles have been investigated by Shang et al. [20].
According to the information in [20], the same conclusion
that the reduction of triaxial compressive strength is slower
than that of uniaxial and biaxial compression strength with
increasing the number of rapid freeze-thaw cycles was got.
To illustrate, after the action of 75 rapid freeze-thaw cycles,
compared with the initial strength of plain concrete under
triaxial compression load with stress ratio 𝛼 = 0.10 : 1.00 : 1.00
prior to the rapid freeze-thaw cycles, the triaxial compressive
strength decreased to 89.4 percent of initial value, while the
biaxial equal compression strength and uniaxial compression
strength decreased to 78.3 and 63.4 percent of initial value
prior to the rapid freeze-thaw cycles, respectively. And,
for plain specimen under triaxial compression with stress
ratios 𝛼 = 0.10 : 0.25 : 1.00, 0.10 : 0.50 : 1.00, 0.10 : 0.75 : 1.00,
and 0.10 : 1.00 : 1.00 [20], the strength after the action of
75 rapid freeze-thaw cycles varied from 80.38% to 90.65%
of initial value prior to rapid freeze-thaw cycles. It can
be obtained from Table 3 that the effect of rapid freeze-
thaw cycles on mechanical behavior (triaxial compression
strength, biaxial compression strength, or uniaxial com-
pression strength) of air-entrained concrete is much greater
than that on mechanical behavior of plain concrete. That is,
compared with plain concrete, air-entrained concrete is more
applicable to be used in the cold regions.

𝜎
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c
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Figure 3: Influence of middle stress ratio 𝛼
2
on triaxial compressive

strength after rapid freeze-thaw cycles.

3.2.2. Effect of Stress Ratio 𝛼
2
on Peak Stress 𝜎𝐷

3
. According

to the experiment result of air-entrained concrete after the
same rapid freeze-thaw cycles listed inTable 2, comparedwith
the uniaxial compression strength, the triaxial compression
strength improved greatly due to the action of lateral com-
pression stress. Under the action of triaxial compression load,
the increasing percentage of ultimate strength after differ-
ent freeze-thaw cycles compared with uniaxial compression
strength prior to freeze-thaw cycles is shown in Figure 3. Just
as demonstrated in Figure 3, the triaxial compressive strength
with all stress ratios is greater than the uniaxial compressive
strength after the same rapid freeze-thaw cycles. And the
improved value will change with the change of stress ratio of
triaxial compression. After the action of 0, 100, and 400 rapid
freeze-thaw cycles, the triaxial compressive strength is largest
when the stress ratio was equal to 0.10 : 0.50 : 1.00. Consistent
with this, for plain concrete under triaxial compression,
the same conclusion was got in [20]. According to the
experimental results in [20], for plain concrete subjected to
0, 25, 50, and 75 rapid freeze-thaw cycles, the improved value
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Table 5: Increased percentage of triaxial compression strength over uniaxial compression strength (%).

Stress ratio Number of rapid freeze-thaw cycles
Test results of air-entrained concrete Test results of plain concrete in [16]

0 100 200 300 400 0 25 50 75
0.1 : 0.25 : 1.0 3.74 4.11 3.60 3.32 3.74 3.94 3.78 3.51 3.16
0.1 : 0.50 : 1.0 3.72 3.88 3.48 3.31 3.72 4.15 4.01 3.87 3.76
0.1 : 0.75 : 1.0 3.31 3.29 3.10 2.86 3.31 3.71 3.64 3.45 3.23
0.1 : 1.0 : 1.0 2.48 2.88 2.97 2.59 2.48 3.28 3.16 3.04 2.93

Table 6: The value of 𝑎
1
, 𝑎
2
, 𝑎
3
, and 𝑟.

Stress ratio
0.05 : 1.0 : 1 0.1 : 0.25 : 1 0.1 : 0.5 : 1 0.1 : 0.75 : 1

𝑎
1

0.1902 −0.0051 −0.0739 0.0490
𝑎
2

0.5250 0.8608 0.7091 0.5842
𝑎
3
−0.0161 −0.0004 0.0077 −0.0061

𝑟 0.998 1.00 1.00 1.00

of triaxial compressive strength over uniaxial compression
strength is largest when triaxial compression stress ratio 𝛼 =
0.10 : 0.50 : 1.00.

For air-entrained concrete under triaxial compression
with different stress ratios prior to rapid freeze-thaw cycles,
the ratio between triaxial compression strength and uniaxial
compressive strength varied from 2.48 to 3.74. And, after
the action of 300 rapid freeze-thaw cycles, the ratio between
triaxial compression strength and uniaxial compression
strength varied from 2.59 to 3.32.

Meanwhile, for plain concrete under triaxial compression
load with different stress ratios prior to rapid freeze-thaw
cycles [20], the ratio between triaxial compression strength
and uniaxial compression strength varied from 3.28 to 4.15,
and, after the action of 50 rapid freeze-thaw cycles, the
ratio varied to be from 3.04 to 3.87 times the uniaxial
compression strength. The increased percentage of triaxial
compression strength over uniaxial compression strength for
air-entrained-concrete and plain concrete is shown in Table 5.

3.3. Failure Criteria. The failure criteria expressed in shear
stress 𝜏oct and normal stress 𝜎oct in octahedral stress space
[20, 31] can be proposed as follows:

𝜏oct
𝑓
𝑐

= 𝑎
1
+ 𝑎
2

𝜎oct
𝑓
𝑐

+ 𝑎
3
𝑁, (1)

where 𝑎
1
, 𝑎
2
, and 𝑎

3
are the regress parameters, respectively,

𝑁 is the number of rapid freeze-thaw cycles, the correlative
coefficient 𝑟 can be got through regression of the test results of
air-entrained concrete under triaxial compression load after
the action of different rapid freeze-thaw cycles, and the values
of 𝑎
1
, 𝑎
2
, 𝑎
3
, and 𝑟 were given in Table 6.

Figure 4 gives the testing results of air-entrained concrete
under triaxial compression load and the computed results
obtained according to (1).Through comparing the test results
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t/
f
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𝛼 = 0.1 : 0.5 : 1
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𝛼 = 0.1 : 0.25 : 1 computed
𝛼 = 0.1 : 0.5 : 1 computed
𝛼 = 0.1 : 0.75 : 1 computed
𝛼 = 0.1 : 1 : 1 computed

Figure 4: Test results of triaxial compressive strength after rapid
freeze-thaw cycles in octahedral stress space.

with the computed results, it can be seen from Figure 2 that
they are in good agreement.

3.4. Discussion. Thedeterioration of concretematerial will be
caused by the action of rapid freeze-thaw cycles. Compared
with plain concrete, the form of the bubble in air-entrained
concrete is more uniform due to the introduction of air-
entraining agent. Under the effect of rapid freeze-thaw
cycles, the existence of the bubble could relieve the internal
expansion pressure causedwhen thewater freezes.Then, after
the action of same rapid freeze-thaw cycles, the strength loss
of air-entrained concrete under triaxial compression load is
lower than that of plain concrete.

The damage of concrete under triaxial compression load,
biaxial compression load, and uniaxial compression load is
caused by the transverse cracking. Compared with concrete
specimen under uniaxial compression load, the existence
of lateral compression stress 𝜎𝐷

2
under biaxial compression

will have inhibitory effect on lateral expansion or lateral
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cracking in the direction of 𝜎𝐷
2
, and the existence of lateral

compression stresses 𝜎𝐷
1
and 𝜎𝐷

2
under triaxial compression

will have inhibitory effect on lateral expansion or lateral
cracking in the direction of 𝜎𝐷

1
and 𝜎𝐷

2
. So the triaxial

compression strength and biaxial compression strength of
air-entrained concrete are higher than uniaxial compression
strength, and the triaxial compression strength is higher than
biaxial compression strength due to the fact that there are
inhibitory effect in the direction of 𝜎𝐷

1
and 𝜎𝐷

2
.

4. Conclusions

Based upon the test results in the study and the discussion
on the experiment results, the following conclusions and
recommendations can be got:

(1) For air-entrained concrete under triaxial compression
load, the effect of the action of rapid freeze-thaw
cycles did not change the failure mode; slant-shear
failure caused by the splitting tensile strain along 𝜎𝐷

1

direction was observed, and the angle between the
crack and the direction of 𝜎𝐷

3
was about 20∘∼30∘.

There were two cracks on 𝜎𝐷
2
surface; the number of

cracks on 𝜎𝐷
3
surface was one or two, respectively.

(2) The triaxial compressive strength with all stress ratios
is greater than the biaxial and uniaxial compressive
strength after the same rapid freeze-thaw cycles; the
increased percentage of triaxial compressive strength
over biaxial compressive strength or uniaxial com-
pressive strength is dependent on the middle stress.

(3) The triaxial compression strength of air-entrained
concrete decreases as number of rapid freeze-thaw
cycles increases. The reduction of triaxial compres-
sion strength of air-entrained concrete is slower than
that of uniaxial and biaxial compression strength as
number of rapid freeze-thaw cycles increases.

(4) The failure criteria taking account of the action of
stress ratio and rapid freeze-thaw cycles in octahedral
stress space were suggested.
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Concrete material has been a choice for the construction structures, even in the cold regions and saline zone. However, these
environmental factors have critical damaging effect on the concrete characters. Consequently, this damage will decrease the
servicing time of the concrete construction within this environment. In order to evaluate the durability of concrete, the behavior of
concrete specimens under the sulfate solution corrosion attacks was studied in this presented work. Two groups of the specimens
were immersed into the sulfate solutions with a concentration of 10% and 20%, respectively. The strength development of the
specimens under different immersing time was studied. Based on Fick’s law, a steady diffusion equation for sulfate ions in concrete
was presented, and the depth of penetration of the attacking sulfate ions was also determined. Based on the depth of penetration
and the definition of damage, a damage model for concrete material is developed and a new equation (strength-time) describing
the chemical corrosion concrete material is proposed. Results show that the suggested analytical methods can quantify the damage
process of concrete under sulfate attack, and the power laws damage developing formula can be used to describe the damage
development of the concrete construction subjected to chemical corrosion.

1. Introduction

With a global production over 10000million tons per year [1],
the concrete material has been one of the most famous man-
made materials in civil engineering. With the developing
of concrete technology, the concrete material has been a
choice for the construction structures, which is exposed to the
extreme conditions (cold regions, saline zone) [2, 3]. How-
ever, because the durability is not strong enough to withstand
the applied loads in this environment after the concrete struc-
tures constructed in the saline zone about 5∼10 years, the con-
crete structures need to be repaired or replaced [4, 5]. Accord-
ing to the statistics, spending on repair and replacement of
deteriorated concrete structures is astronomical. Therefore,
the durability problem has been a social focal problem due to
the poor performance of concrete caused by various factors
[6, 7]. Recently, with the project (China Western Develop-
ment) implementation, many constructions of infrastructure

including energy, transport, and telecommunications facili-
ties and other key projects will be built up in the saline zone.
Consequently, there is an urgent need for a better understand-
ing of the durability of concrete structure, especially when the
concrete structures were placed in the saline zone.

The domestic and overseas scholars have studied the
durability of concrete under different environmental condi-
tions [8–13]. The previous results pointed out that the key
affecting factors for the durability of concrete structure are
material factor, environmental factor, and construction factor
[8, 9, 14]. The environmental factors such as physical and
chemical factors [8], freezing-thawing action [10], and sulfate
attack [9, 11] have a critical effect on the durability of concrete.
Compared to the freezing-thawing action and the continuous
immersing, the wet-dry cycling is the most primary factor,
which decreases the durability of concrete [15]. Thus, more
attention has been focused on the wet-dry cycling action on
the durability of concrete [16, 17]. However, single attacks
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Figure 1: Ion contents in soil from Qinghai-Tibet Plateau.

tested in laboratory conditions yield different results than
what may actually be experienced in field applications, where
multiple deterioration types are occurring simultaneously
[8]. According to the field investigation, the contents of
SO4
2−, Cl−, andNa+ ions were obtained, as shown in Figure 1.

Consequently, most of the studies about the concrete dete-
rioration were focused on anticorrosion of concrete against
the sulfate solution [5, 16]. For the abovementioned, the
durability of concrete immersed into the sulfate solution is
seldom considered. Because the long-term immersion in the
salt condition has an influence on the concrete deterioration,
thus, a study of concrete members (such as piles) immersed
into the sulfate solution is an important aspect of engineering
durability problems.

In order to investigate the durability of concrete subjected
to external salt attack, the durability tests of concrete were
conducted in laboratory and field [9, 12, 18]. Based on these
test results, the damagemechanism of concrete was analyzed.
However, the tests were carried out in a limited time. As a
result, the results can not reflect the long-term performance
of the concrete [6, 9]. Thus, the deterioration mechanism
model, which is used to predict the concrete durability, was
presented. Based on these deterioration mechanism models,
the long-term performances, such as load-bearing capacity
and durability, can be evaluated [12, 19]. Generally, these
models mainly focus on the following aspects: the process
of the sulfate ion diffusion, the increment of the expansion
strain and stress, and the cracking of a concrete plate [20–22].
However, due to the ideal assumptions of these deterioration
mechanismmodels, the predicted result has a large difference
with the testing result [23]. Furthermore, in many practical
applications, not only do chemical attacks occur in the
concrete structures, but also simultaneously the actions of
chemical attacks, freezing-thaw, andmechanical stresses take
place [8, 10, 14]. Thus, the deterioration mechanism of con-
crete is very complex, especially when there are interactions
between the concrete constructions and the environment

[24]. As a result, these models mentioned above, which try to
build a deteriorationmodel from the aspect ofmicrostructure
physical and chemical characteristics, are not suitable for pre-
dicting the service life of the concrete constructions [23, 24].
The engineering practice indicates that concrete deterioration
is a progressive reduction in properties and ultimately makes
concrete no longer serviceable for its intended application
[16]. Motivated by this phenomenon, based on the results of
systematic experiments, the damage development of concrete
subjected to freezing-thawing cycles and/or wet-dry cycles
and/or chemical attack was studied by the damagemechanics
principles [21, 25, 26]. Of all, the long-term performance
is a critical factor for service life prediction. Thus, it is
important to find a reasonable method to predict the long-
term performance of the concrete constructions.

After reviewing the history and the present situation of
the investigation on the concrete durability, it can be found
that there are many works that have been done about the
durability of concrete. This paper presents aspect of the
research performed in the laboratory using natural testing
procedures and looking at the deterioration of sulphane
ingress. The depth of penetration of the attacking sulphane
ions was determined after a certain time. Based on the
concept of the damage degree, a new equation (strength-
time) describing the chemical corrosion concrete material
is proposed. On the basis of the experimental results, the
prediction model was obtained and this model can be used
to predict the durability of the concrete construction.

2. Experimental Designs

2.1. Characteristics of Concrete Mixtures

2.1.1. Cement. The cement is ordinary Portland cement
(PO 42.5) produced by Qilianshan Corporation in Gansu
Province, China. The performance index of the used cement
is shown in Table 1.

2.2. Sample Preparing. The ratio mass (water) :mass
(cement) is 0.45, the ratio mass (sand) :mass (cement) is
1.23, and the ratio mass (stones) :mass (cement) is 2.63. The
details of the concrete mixture are listed in Table 2.

All specimens were prepared as cube of 100mm ×
100mm × 100mm in the laboratory. Raw materials included
Portland cement, silica sand, stone, and water. All specimens
were cured for one day in nature condition before being
demoulded and for another 27 days cured at 20 ± 1∘C with
a relative humidity at 95 ± 5%.

2.3. Continuous Immersing Tests. In order to measure the
sulfate erosion damage of the concrete specimens, Na2SO4
solution was chosen as the sulfate liquor, and two concentra-
tions of 10% and 20%were considered. After all the specimens
were cured for 28 days, the specimenswere immersed into the
sulfate solution. During the continuous immersing tests, the
sulfate solutionwas changed once amonth to ensure themass
fraction unchanged. After immersing 0 d, 30 d, 60 d, 90 d,
120 d, 180 d, 270 d, 360 d, and 450 d, the specimens are picked
out, and then the compressive strength test was conducted,
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Table 1: PO 42.5 performance index of Portland cement.

Specific
surface area[m2⋅kg−1]

Chloride ion[%] Alkali
content [%] Sulphur

trioxide [%] Ignition loss[%] Setting time [min] Compressive strength
[MPa]

Initial Final 3 days 28 days
347 0.012 0.43 2.44 1.52 185 325 21.7 48.6
Sand: well-graded medium river sand, the fineness modulus being 2.7; stones: continuous grading gravel, 5∼20mm; Na2SO4: analytical reagent with a quality
fraction of 99.28% and the relative molecular mass being 142.04; the running water was used to mix these raw materials.

(a) One month (b) Three months

(c) Eight months (d) Fifteen months

Figure 2: Microstructures of concrete specimens subjected to different immersing time.

Table 2: Concrete mixture.

Water
[kg]

Cement
[kg]

Sand
[kg]

Stone
[kg] W/C Sand

percentage [%]
205 455 562 1195 0.45 32

with a loading rate of 0.5MPa/s. During the test events, when
the two duplicate samples’ tolerance bias is over 5MPa, this
result is rejected.

3. Test Result

Figure 2 shows the microstructure of concrete specimens
subjected to different immersing times in sulfate solution
with a concentration of 10%. As shown in Figure 2(a), there
is no ettringite crystal that can be seen in the pores after
one month of immersion. With the increasing of immersing
time, a little amount of ettringite crystals can be seen in the

pores after immersion for three months (Figure 2(b)). With
the amount of ettringite crystals continuously increasingwith
immersion time, the sulfate solution has little destroying
effect on the concrete and is accompanied by small fracture
and convex protrusion (Figure 2(c)). After immersion for
eight months, massive ettringite crystals and gypsum crystals
could be noted in the pores (Figure 2(c)). It is well known
that when the corrosion products are formed enough, the
concrete has to bear the expansion stress [3]. If the expansion
stress generated by the expansive products exceeds the
tensile strength of concrete, the fracture may occur from the
surface to the internal region [18], as shown in Figure 2(d).
From the abovementioned, it can be concluded that with
the increasing of immersing time the sulfate attack has an
obviously destroying effect on the concrete structure.

FromFigure 2, the results indicate that the sulfate solution
is decreasing the durability of the concrete. However, the
damage level can be not determined. In order to analyze the
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Figure 3: Uniaxial compressive strength results.

damage mechanism of concrete under sulfate solution envi-
ronment, the uniaxial compressive tests were conducted and
the uniaxial compressive strength results are presented in Fig-
ure 3. As shown in Figure 3, the uniaxial compressive strength
decreases with the increasing of immersing time whatever
in the low or high concentration environment. Moreover,
concentration of 20% has more serious damage than the con-
centration of 10%.As the sulfate attack occurs continuously in
the concrete, the damage caused by chemical corrosion, espe-
cially the ettringite crystals, results in more porous structure
in concrete [18]. Due to the increasing of permeability, the
sulfate solution can more easily penetrate into the interior;
as a result, the porosity is increasing and the effective area
is decreasing. Consequently, it is accelerating the process of
deterioration, and the deterioration manifests as the uniaxial
compressive strength decreasing with immersing time.

According to the definition of the damage degree, the
following formula can be obtained [27]:

𝐷𝑖 = 1 − 𝜎𝑖𝜎0 , (1)

where 𝐷𝑖 is the damage degree of concrete after certain
immersing time; 𝜎𝑖 is the uniaxial compressive strength
of concrete after certain immersing time; 𝜎0 is the initial
uniaxial compressive strength of concrete.

Figure 4 shows the damage development of concrete
subjected to different sulfate solution concentrations. It can
be seen clearly from Figure 4 that the damage degree of con-
crete in both sulfate solutions increased with the immersing
time. Furthermore, the experimental results showed that the
damage degree of concrete immersing to the concentration
of 20% is higher than the concentration of 10%. With the
damage developing, the bearing of the concrete construction
is decreasing. When the damage reaches a certain degree, the
concrete constructions will fail completely.

Concentration 10%
Concentration 20%
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Figure 4: Damage developing with the immersing time.

4. Damage Developing Model for
Chemical Corrosion of Concrete

It is well known that the concrete constructions, such as
piles, were designed with a long service time. As a result,
much attention has been paid to the durability of concrete,
especially including the sulfate erosion [6, 8, 14]. Of course,
the uniaxial compressive strength is an important parameter
for determining the concrete durability. In this section, based
on Fick’s law, a steady diffusion equation of sulfate ions is
presented. With the damage developing equation of concrete
subjected to sulfate environment, a systematic theory for
the prediction of service life of concrete constructions was
presented.

The process of concrete degradation is simplified with
three important assumptions as follows:

(1) Microdefects and hydration product of SO2
−4 are

distributed evenly in the concrete.
(2) The expansion of the solid product is treated as a

uniform expansion.
(3) Ignoring the SO2

−4 concentration varies with time in
the corrosion areas.

4.1. Process of Ion Diffusion. The concrete material is consid-
ered as two-phase material, which consists of a matrix and
pores.Thus, the ion canmigrate in the concrete constructions
and the penetration depth increased with the increasing of
immersing time, as shown in Figure 5.

According to Fick’s law, the following equation can be
obtained:

𝐽 (𝑥) = d𝑚
d𝑡 = −𝐿2𝑘 𝜕𝑐𝜕𝑥 , (2)

where 𝐽(𝑥) is the erosion ion flux; 𝑚 is the mass of the ion
which diffuses into the concrete; 𝑡 is time in months; 𝐿 is
the length of the research area; 𝑘 is the diffusion coefficient;
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Figure 5: Cross section of the chemical attacked concrete specimen.

𝑐 is the solution concentration in the corrosion layer; 𝑥 is
coordinate.

Equation (2) can be written in another form:

𝜕𝑐 = −𝐽 (𝑥)𝐿2𝑘 𝜕𝑥. (3)

Integrating (3), we obtain

∫0
𝑐0

𝜕𝑐 = −∫𝑑(𝑡)
0

𝐽 (𝑥)𝐿2𝑘 𝜕𝑥, (4)

where 𝑐0 is the solution concentration at the surface of the
corrosion layer; 𝑑(𝑡) is the diffusible depth.

Rewriting (4) gives

𝐽 (𝑥) = 𝐿2𝑘𝑐0𝑑 (𝑡) . (5)

Substituting (2) into (5),

𝜕𝑐𝜕𝑥 = − 𝑐0𝑑 (𝑡) . (6)

Supposing that the mass of the hydration product of SO2
−4

in unit area is 𝑛, then the mass of the hydration product of
SO2
−4 in 𝐿2d𝑥 can be calculated:

𝑛𝐿2d𝑥 = −𝐿2𝑘 𝜕𝑐𝜕𝑥d𝑡. (7)

Substituting (6) into (7) and integrating, then the diffusible
depth can be described as follows:

𝑑 (𝑡) = √ 2𝑘𝑐0𝑡𝑛 . (8)

4.2. Process of DamageDeveloping. During the sulfates corro-
sion, the penetration of aggressive media leads to an increase
of the porosity of the material. It is assumed that, due to the
increasing of the porosity, there is an expansion coefficient of

the attacked area as shown in Figure 5 and (9). At any time 𝑡,
the length of the area can be drawn by the following formula:

𝐿 (𝑡) = 𝐿 + 2𝛽𝑑 (𝑡) . (9)

The length of noncorrosive areas is

𝑙 (𝑡) = 𝐿 − 2𝑑 (𝑡) . (10)

On the basis of certain definitions of macrophenomenolog-
ical damage mechanics, then, the damage degree 𝐷 of the
whole area 𝐴 can be obtained by [27]

𝐷 = (𝐴1𝐷1 + 𝐴0𝐷0)𝐴 , (11)

where 𝐴 is the area of the sample and 𝐴 = 𝐿2; 𝐴0 is the area
of the noncorrosive parts and 𝐴0 = (𝐿 − 2𝑑(𝑡))2; 𝐷0 is the
damage degree of the noncorrosive parts; 𝐴1 is the area of
the corrosive parts and 𝐴1 = (𝐿 + 2𝛽𝑑(𝑡))2 − 𝐴0; 𝐷1 is the
damage degree of the corrosive areas.

Changing (11) in another form,

𝐷 = 𝐷0 + 4𝑑 (𝑡) [(1 + 𝛽)𝐷1 − 𝐷0]𝐿
+ 4𝑑 (𝑡)2 [(𝛽2 − 1)𝐷1 + 𝐷0]𝐿2 .

(12)

Substituting (8) into (12),

𝐷 = 𝐷0 + 4√2𝑘𝑐0𝑡/𝑛 [(1 + 𝛽)𝐷1 − 𝐷0]𝐿
+ 4 (√2𝑘𝑐0𝑡/𝑛)

2 [(𝛽2 − 1)𝐷1 + 𝐷0]𝐿2 .
(13)

Due to the parameters 𝐷0, 𝐷1, 𝐿, 𝑘, 𝑐0, 𝑛, 𝛽 in (12) that
can be determined by the laboratory test, thus, the damage
developing of concrete is only depending on the immersing
time. Consequently, the damage equation can be rewritten as

𝐷 = 𝐷0 + 4√2𝑘𝑐0/𝑛 [(1 + 𝛽)𝐷1 − 𝐷0]𝐿 𝑡1/2

+ 8𝑘𝑐0 [(𝛽2 − 1)𝐷1 + 𝐷0]𝑛𝐿2 𝑡.
(14)

After the parameters 𝐷0, 𝐷1, 𝐿, 𝑘, 𝑐0, 𝑛, 𝛽 were determined,
the coefficients of 𝑡1/2 and 𝑡 in (14) can be determined. Thus,
(14) can be simplified as

𝐷 = 𝐷0 + 𝑏1𝑡1/2 + 𝑏2𝑡, (15)

where 𝑏1, 𝑏2 are the experimental constants, corresponding to
the concrete characteristic.

For the porousmaterials, such as soil, rocks, and concrete,
because they consist of a matrix and pores, these materials
always have initial damage. For the engineering purpose, it is
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Figure 6: Comparison result between the tested result and the predicted result.

Table 3: Regression results for the corrosion of the concrete
immersed into 10% and 20% sulfate solutions.

Concentration [%] Regression equation Standard deviation
10 𝐷rd = 0.0391𝑡1/2 + 0.0055𝑡 0.028
20 𝐷rd = 0.0685𝑡1/2 + 0.0021𝑡 0.067

more convenient to use the damage degree𝐷rd, which can be
described as follows:

𝐷rd = 𝐷 − 𝐷0 = 𝑏1𝑡1/2 + 𝑏2𝑡. (16)

According to the previous studies [6, 14, 21], chemical
corrosion can lead to an increase of the porosity and a
decrease of the matrix volume of the concrete materials.
Equation (14) was derived from the damage theory, which
is the effective working parts decreasing with time. Thus,
formula (14) including formulas (15) and (16) can be used
to evaluate these corrosion effects on concrete materials.
On the basis of the experimental damage developing results
(Figure 4), the formulas describing the effects of chemical
corrosion attacks with concrete construction immersed into
sulfate solutions have been obtained by means of regression.
The regression result is shown in Table 3 and Figure 6.

On the basis of the experimental result and the presented
model, the comparison result between the tested result and
the predicted result is shown in Figure 6. As shown in Fig-
ure 6, the theoretically derived power law (statistical regres-
sion) is complied with the tested results. The standard devia-
tions between the tested results and predicted results are less
than 10% in these two cases. This indicates that the predicted
value is well in agreement with the measurement results.
Consequently, the presented model is suitable for describing
the effect of chemical corrosion attacks with concrete.

5. Conclusions

In order to investigate the deterioration mechanism of the
concretematerials used in salt regions, two groups of concrete
specimens were immersed into sodium sulfate solution with
two concentrations of 10% and 20%.On the basis of the exper-
imental result, a damage developing model of concrete was
derived. As a result, the following conclusions can be drawn:

(1) The damage degree of the concrete is increasing with
the immersion time, and the macro damage features
are more clear. As a result, the concrete has obvious
deterioration due to the severe environmental condi-
tions.

(2) The depth of penetration of the corrosive salt solu-
tions increasing with the immersing time increased.
Furthermore, the velocity of penetration depends
on the initial concentration, the properties, and the
structure of the materials.

(3) Based on the relationship between the depth of pene-
tration and the damage degree, the damage develop-
ing formula was derived and the power laws can be
used to describe the damage development of the con-
crete construction subjected to chemical corrosion.
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