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Recent progress in wave sensing techniques and technologies
has resulted in the development of applications in disparate
fields, including radar imaging, remote sensing, and commu-
nication. Within this context, electromagnetic modeling
plays an important role, since scattering models have explic-
itly or implicitly been used in wave sensing applications or
integrated within the inherent signal processing schemes.
Scattering models, as abstractions of the real world given in
terms of computable mathematical functions, are effective
according to their predictive capabilities in describing the
wave interaction phenomenon under investigation. Depend-
ing on the adopted methodological approach, scattering
models may be analytical or numerical, continuous or dis-
crete, and either deterministic or stochastic, with some of
them being more appropriate, in terms of accuracy and
computational cost, for a specific application scenario.
Scattering modeling, pertaining to either man-made or
natural complex structures or environments, extends to
the vast field of practical sensing applications, thus still
posing challenging problems of theoretical, computational,
and experimental relevance.

This special issue reports contribution to the research
in the area of electromagnetic wave sensing, thus describ-
ing recent advancements, developments, and applications,
with a special emphasis on the scattering modeling in
complex scenarios.

The technical contributions in the accepted papers range
from theoretical to numerical modeling, with application to
remote sensing, optics, and wireless communications.

The paper titled “Replacement of Ensemble Averaging by
the Use of a Broadband Source in Scattering of Light from a
One-Dimensional Randomly Rough Interface between Two
Dielectric Media”, by A.A. Maradudin and I. Simonsen, pre-
sents a theoretical investigation based on phase perturbation
theory. Specifically, authors demonstrate that illuminating
one realization of a rough interface by a broadband Gaussian
beam produces an intensity profile of the scattered field that
closely matches the one produced by averaging the intensity
of the scattered field, produced by a monochromatic incident
beam, over the ensemble of realizations of the random sur-
face profile function.

A review of methodologies for the EM scattering in
layered media has been presented in the paper titled
“Modelling Scattering of Electromagnetic Waves in Lay-
ered Media: An Up-to-date Perspective” by P. Imperatore
et al., thus covering the recent progress achieved with differ-
ent approaches.

The goal of the paper titled “An Efficient Hybrid
Method for 3D Scattering from Inhomogeneous Object
Buried beneath a Dielectric Randomly Rough Surface” by
H. He et al. is to develop an iterative analytical-numerical
method. The proposed strategy encompasses both Kirchhoff
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approximation (KA) and finite element method (FEM) com-
bined with the boundary integral method (BIM).

The paper titled “Application of a Sparsity Pattern and
Region Clustering for Near Field Sparse Approximate
Inverse Preconditioners inMethod of Moments Simulations”
by C. Delgado et al. presents an improved preconditioning
approach for method of moments (MoM) problems using
multiple regions. More precisely, it presents a technique for
the generation of sparse inverse preconditioners based on
the near-field coupling matrices of MoM simulations, where
the geometry has been partitioned in terms of regions.

A maritime application is considered in the paper by
L. Guo and T. Feng, “Electromagnetic Scattering of Electri-
cally Large Ship above Sea Surface with SBR-SDFMMethod”.
In particular, a hybrid method is proposed for predicting
the electromagnetic scattering by electrically large ships
above the sea surface.

The paper titled “Modeling and Characterization of
the Uplink and Downlink Exposure in Wireless Networks”,
by A. Krayni et al., combines FDTD simulations, a simpli-
fied propagation model and measurements to evaluate
both global and local radio wave exposure induced by a
wireless network.

A roadside scattering environment is considered by
X. Chen et al. in the paper entitled “Research on Spatial
Channel Model for Vehicle-to-Vehicle Communication
Channel in Roadside Scattering Environment”. Impact on
vehicle speed, traffic density, and other statistical perfor-
mances of the proposed vehicle-to-vehicle communication
channel is discussed.

We would like to thank all the authors for their important
contributions, and all the anonymous reviewers who helped
improve the quality of the published papers.

Pasquale Imperatore
Antonio Iodice

Matteo Pastorino
Nicolas Pinel
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By the use of phase perturbation theory we show that if a single realization of a one-dimensional randomly rough interface between
two dielectric media is illuminated at normal incidence from either medium by a broadband Gaussian beam, it produces a scattered
field whose differential reflection coefficient closely matches the result produced by averaging the differential reflection coefficient
produced by a monochromatic incident beam over the ensemble of realizations of the interface profile function.

1. Introduction

In theoretical calculations of some property of monochro-
matic light scattered from, or transmitted through, a ran-
domly rough surface, such as the angular or spatial
dependence of its intensity, what is actually calculated is the
average of that property over the ensemble of realizations of
the random surface profile. This procedure averages over
the speckles that would be produced if monochromatic light
were scattered by or transmitted through a single realization
of the random surface and produces a smooth angular or
spatial dependence of the property of interest.

In an experiment, this property is measured for a single
realization of the random surface. If the surface is illuminated
by a monochromatic source, the resulting speckles have to be
averaged in some way to produce the kind of smooth curve
that ensemble averaging yields. This can be done by rotating
or dithering the sample. However, in some cases, moving the
surface is not an option. In such cases, one can exploit the
fact that the speckle pattern depends on the wavelength of
the incident light [1] to average over the speckles by using a
broadband (polychromatic) beam to illuminate the surface
instead of a monochromatic one. In an earlier paper [2], it

was demonstrated that illuminating one realization of a
one-dimensional randomly rough perfectly conducting sur-
face by an s-polarized broadband Gaussian beam produced
an intensity profile of the scattered field that closely
matched the one produced by averaging the intensity of
the scattered field produced by a monochromatic incident
beam over the ensemble of realizations of the random surface
profile function.

In this paper, we explore the replacement of ensemble
averaging by the use of an incident broadband Gaussian
beam in the more realistic case where the one-dimensional
rough interface between two dielectric media is illuminated
at normal incidence from either medium and the differential
reflection coefficient of the scattered light is sought.

2. Scattering Theory

The system we study consists of a dielectric medium whose
dielectric constant is ε1 in the region x3> ζ(x1) and a dielec-
tric medium whose dielectric constant is ε2 in the region
x3< ζ(x1) (Figure 1). Both ε1 and ε2 are assumed to be real,
positive, and frequency independent. The interface profile
function ζ(x1) is assumed to be a single-valued function of
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x1 that is differentiable and constitutes a random process.
This interface is illuminated at normal incidence from the
region x3> ζ(x1) by a p- or s-polarized broadband Gaussian
beam of light of angular frequency ω, whose plane of inci-
dence is the x1x3 plane. The single nonzero component of
its electromagnetic field is a weighted superposition of
incoming plane waves,

Fv x1, x3 t inc

=
∞

−∞

dω
2π

ε1
ω
c

− ε1
ω
c

dk
2πW k, ω exp ikx1 − iα1 k, ω x3 − iωt ,

1

where Fν(x1,x3;t)inc is H2(x1,x3;t)inc when ν = p and is
E2(x1,x3;t) when ν = s. The function α1(k,ω) is defined

by α1 k, ω = ε1 ω/c 2 − k2
1/2

with Reα1(k,ω) > 0 and
Imα1(k,ω) > 0, where c is the speed of light in vacuum. The
weight function W(k,ω) has the factored form

W k, ω =G k F ω , 2

where

G k = 2 π

α1 k, ω ε1
wω
2c exp − ε1

wω
2c

2
arcsin2 kc

ε1ω
,

3

while F(ω) is a random function that possesses the properties

F ω F∗ ω′
F
= 2πδ ω − ω′ S0 ω ,

F ω F ω′
F
= 0

4

The angle brackets ⋯ F here denote an average over the
ensemble of realizations of the field [3]. An incident field of
this nature is produced by a superluminescent diode [4], for

example. We assume that the spectral density of the incident
field S0(ω) has a Gaussian form with a central frequency
ω0 and a 1/e halfwidth Δω,

S0 ω = 1
πΔω exp −

ω − ω0
Δω

2
5

In the following, it will be assumed that the halfwidth is small
enough that the spectral density of the incident light can be
regarded as zero when ω< 0. Moreover, for convenience,
the function F(ω) will be regarded as zero when ω< 0.

In the limit that ε1wω/2c≫ 1, that will be assumed
here, (1) represents a Gaussian beam of 1/e halfwidth w that
is incident normally on the rough interface. To see this, one
will make the change of variable k = ε1 ω/c sin θ in (1)
which results in a Gaussian integral on the right-hand side
of this equation that is evaluated analytically to produce

Fv x1, x3 t inc =
∞

−∞

dω
2π F ω exp −

x1
w

2
− i ε1

ω

c
x3 − iωt

6

Due to the linearity of the scattering problem, the scat-
tered field can be written as

Fv x1, x3 t sc =
∞

−∞

dω
2π F ω

ε1
ω
c

− ε1
ω
c

dk
2πG k

∞

−∞

dq
2πRv q∣k exp iqx1 + iα1 q, ω x3 − iωt ,

7

where Rν(q|k) is the scattering amplitude that is obtained when
the incident field is given by exp ikx1 − iα1 k, ω x3 − iωt or

�휃s

Incident �eld

�휃0

x3 = �휁(x1)

x1

�휀2

�휀1

x3

Figure 1: Schematics of the scattering geometry.

2 International Journal of Antennas and Propagation



Fv r, θs t sc

=
∞

−∞

dω
2π F ω

ε1
ω
c

− ε1
ω
c

dk
2πG k

∞

−∞

dq
2πRv q∣k exp iqr sin θs + ia1 q, ω r cos θs − iωt ,

8

where r = x21 + x23 and x1 = rsin θs, x3 = rcos θs. It can be
calculated by any of the several approaches such as small
amplitude perturbation theory [5], the Kirchhoff approxima-
tion [6], phase-perturbation theory [7], and by rigorous
numerical solutions of the equations of scattering theory
[8]. We will use here the first-order phase perturbation the-
ory expression for Rv q∣k , due to its simplicity and because
it interpolates between small-amplitude perturbation theory
and the Kirchhoff approximation.

In small-amplitude perturbation theory, the expression
obtained for Rv q∣k to the lowest nonzero order in the inter-
face profile function ζ(x1) is

Rv q∣k = Rv k 2πδ q − k + iΦv q∣k ζ̂ q − k +⋯ , 9

where

ζ̂ Q =
∞

−∞
dx1ζ x1 exp −iQx1 , 10

while

Rp k = ε2α1 k, ω − ε1α2 k, ω
ε2α1 k, ω + ε1α2 k, ω ,

Φp q∣k = ε2 − ε1
ε2α1 q, ω + ε1α2 q, ω ε2qk − ε1α2 q, ω α2 k, ω

2α1 k, ω
ε2a1 k, ω − ε1α2 k, ω ,

11

and

Rs k = α1 k, ω − α2 k, ω
α1 k, ω + α2 k, ω ,

Φs q∣k = α2 q, ω − α1 q, ω 2α1 k, ω
α1 k, ω − α2 k, ω ,

12

with α2 k, ω = ε2 ω/c 2 − k2
1/2
, Re α2 k, ω > 0, and Im α2

k, ω > 0. We can rewrite the right-hand side of (9) as a
Fourier integral,

Rν q∣k

= Rν k
∞

−∞
dx1 exp −i q − k x1 1 + iΦν q∣k ζ x1 +⋯

13

On exponentiating the expression in brackets in the
integrand in this expression, we obtain the first-order phase
perturbation theory expression for Rv q∣k ,

Rv q∣k = Rv k
∞

−∞
dx1exp −i q − k x1 exp iΦv q∣k ζ x1

14

We will use this expression here due to its simplicity. After
interchanging the order of the k and q integrations in
(7), it follows that the scattering amplitude for a Gaussian
monochromatic beam of frequency ω can be expressed as

Rv q, ω =
ε1

ω
c

− ε1
ω
c

dk
2πRv q∣k G k , 15

so that the scattered field becomes

Fv x1, x3 t sc =
∞

−∞

dω
2π F ω

∞

−∞

dq
2πRv q, ω exp iqx1 + iα1 q, ω x3 − iωt

16

The scattering amplitude Rv q, ω enters the definition of the
differential reflection coefficient which is defined as the frac-
tion of the power flux incident onto the rough interface that
is scattered into an angular interval of width dθs about the
scattering angle θs [9]. For an illumination of the random
interface by a normally incident Gaussian beam of frequency
ω, the expression for the differential reflection coefficient in
the wide beam limit ε1wω/2c≫ 1 reads [8, 10]

∂Rv

∂θs
θs = ε1

2π3/2
ω

cw
cos2θs R q, ω 2, 17

where q = ε1 ω/c sin θs. When the differential reflection
coefficient from (17), for monochromatic illumination at fre-
quency ω0, is averaged over an ensemble of realizations of the
random interface, the mean differential reflection coefficient
is obtained and we denote it ∂Rv/∂θs in the following.
On the other hand, if the illumination of the random
interface is done by a broadband source and characterized
by the center frequency ω0 and the halfwidth is Δω, the
“broadband” differential reflection coefficient ∂Rv/∂θs F
is obtained.

We now turn to the calculation of a simple expression for
the scattering amplitude Rv q, ω . On substituting into (15),
the results from (14) and (3) and making the change of vari-
able k = ε1 ω/c sin θ in the resulting expression, one gets

Rv q, ω = ε1
π

wω
2c

π/2

−π/2
dθ exp − ε1

wω
2c

2
θ2 Rv ε1

ω

c
sin θ

×
∞

−∞
dx1exp −iqx1 + i ε1

ω

c
sin θx1

exp iΦv q∣ ε1
ω

c
sin θ ζ x1

18

On passing to the limit ε1 wω/2c ≫ 1, corresponding to
a wide Gaussian beam, one may take advantage of the

3International Journal of Antennas and Propagation



approximations sin θ ≈ 0 and cos θ ≈ 1, with the conse-
quence that Φν becomes a linear function of the variable θ,

Φv q∣ ε1
ω

c
sin θ ≈ ϕ 0

v q, ω + ϕ 1
v q, ω θ, 19

with

ϕ 0
v q, ω =Φv q∣0 , 20

and

ϕ
1
p q, ω = 2ω

c
ε1ε2 ε1 + ε2

q
ε2α1 q, ω + ε1α2 q, ω

ϕ 1
s q, ω = 0

21

Moreover, in the limit ε1 wω/2c ≫ 1, the θ integral in (18)
takes the Gaussian form, due to the results in (19)–(21) and
can hence be evaluated analytically with the result that

Rv q, ω = Rv 0
∞

−∞
dx1exp −

x1
w

+ ϕ
1
v q, ω ζ x1

ε1 ω/c w

2

− iqx1 + iϕ 0
v q, ω ζ x1

22

This is the simplified expression for the scattering amplitude
derived from phase perturbation theory that we will use to
produce the results to be presented later in this paper. It
represents a significant simplification relative to, for
instance, obtaining the scattering amplitude by rigorous
means [8], which requires solving a linear system of equa-
tions that becomes time-consuming when the interface
becomes long.

The interface profile function ζ(x1) is assumed to be a
single-valued function of x1 that is differentiable and consti-
tutes a zero-mean, stationary Gaussian random process
defined by

ζ x1 ζ x1′ = δ2W ∣x1 − x1′∣ 23

The angle brackets here denote an average over the ensemble

of realizations of ζ x1 , δ = ζ2 x1
1/2

is the root mean-
square height of the interface, and W(|x1|) is the normalized
interface height auto-correlation function.

The power spectrum of the interface roughness, g(|k|), is
the Fourier transform of W(|x1|),

g k =
∞

−∞
dx1W x1 exp −ikx1 24

In the calculations carried out in this work, W(|x1|), will be
assumed to have the Gaussian form

W x1 = exp −
x21
a2

, 25

where the characteristic length a is the transverse correlation
length if the interface roughness. The power spectrum g(|k|)
in this case also has the Gaussian form

g k = πa exp −
k2a2

4 26

A single realization of the interface profile function is
given by [11]

ζ x1 = δ
2
L

〠
∞

m=1
g

2πm
L

1/2

ξ2m−1 sin
2πmx1
L

+ ξ2m cos 2πmx1
L

27

In this expression, the {ξm} are independent Gaussian
random deviates with zero mean and unit variance:

ξm = 0,  ξ2m = 1 28

The function defined by (27) is a periodic function of x1 with
a period L . To avoid edge effects, only the portion of this
function in the interval −L/2 < x1<L/2 where L =ℒ/2 is used
in calculations.

3. Results and Discussion

In Figure 2(a), we present a plot of the speckle pattern of the
scattered field as a function of the scattering angle θs pro-
duced by a monochromatic p-polarized Gaussian beam of
frequency ω0, given by (6) with F(ω) = 2πδ(ω−ω0), incident
on a single realization of a one-dimensional randomly rough
interface generated with the use of (27). In Figure 2(b), we
present the differential reflection coefficient of the scattered
field given by (16) when the realization of the interface profile
function used in obtaining Figure 2(a) is illuminated by a
broadband Gaussian beam whose center frequency is ω0 with
a halfwidth Δω = 0 2ω0. To obtain this result, calculations of
the differential reflection coefficient were carried out for
several values of Δω, ranging from 0.2ω0 to 0.4ω0. The results
did not differ in any significant way so we chose to use the
smallest of these Δω values. It should be remarked that when
a different realization of the surface was illuminated by the
same broadband beam used to produce the result in
Figure 2(b), the result was essentially ∂Rp/∂θs F

from the
same figure except for some small-amplitude fine details.
Finally, in Figure 2(c), we plot the mean differential reflec-
tion coefficient ∂Rp/∂θs obtained by averaging the results
from Np=10,000 realizations of the interface profile func-
tion generated by (27) when the interface is illuminated by
the same monochromatic Gaussian beam of frequency ω0
used in obtaining Figure 2(a). The values of the theoretical
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and experimental parameters assumed in obtaining these
results were ε1 = 1, ε2 = 2 25, λ0 = 2πc/ω0 = 632 8 nm, and
w = L/4 where L is the length of the surface. The parameters
defining the interface roughness were δ = 0 15λ0, a = 1 50λ0,
and L = 104λ0. The sampling interval used was Δx1 =λ0/10
so that the interface was discretized onto N=105 points.
Figure 3 presents corresponding results for s-polarized
incident beams.

The results presented in Figures 2 and 3 show that the
use of a broadband beam in illuminating a single realization
of a one-dimensional randomly rough interface averages
over the speckles produced by a monochromatic beam. It
therefore produces a differential reflection coefficient that
closely matches the one produced by a monochromatic
beam when the resulting differential reflection coefficient is
averaged over the ensemble of realizations of the interface
profile function.

To facilitate the comparison of ∂Rv/∂θs F and ∂Rv/∂θs ,
in Figures 4(a) and 4(c), we plot simultaneously these
quantities on a semilogarithmic scale. It is observed that the
agreement between them is rather good even in the tails of
the scattered intensity distributions.

The results presented in Figures 2 and 3 were, for
convenience, all obtained under the assumption of phase

perturbation theory. In Figure 4, we compare the mean dif-
ferential reflection coefficients ∂Rv/∂θs from Figures 2(c)
and 3(c) to rigorous computer simulation results obtained
by solving the equations of scattering theory [8]. The agree-
ment between the two sets of results is rather convincing.
In passing, it should be noted that in performing the rigorous
simulations the length used for the rough interface was
L′ = 102λ0 and the width of the Gaussian beam was L′/4.
This length of the rough interface is two orders of magnitude
shorter than the length used in obtaining the results based on
phase perturbation theory.

We now turn to a scattering geometry where the
medium of incidence is the optically denser medium. Here,
we assume a glass-vacuum system characterized by ε1 =
2 25 and ε2 = 1. Physically, this corresponds to the light
being incident from the opposite side of the rough interface
relative to the system we previously studied. The results for
the differential reflection coefficients for the glass-vacuum
system are presented in Figures 5, 6, and 7. In these figures,
the angles for which θs ≥ θ∗s have been indicated as
shaded regions, where θ∗s = arcsin ε2/ε1 = 41 81° denotes
the critical angle for total internal reflection. Due to the
assumptions underlying phase perturbation theory, it is
expected not to work well when the angles of incidence
and/or scattering in absolute value are larger than this critical
angle. Hence, in Figures 5, 6, and 7, we have plotted the
results obtained on the basis of phase perturbation theory
only for θs < θ∗s .

On the basis of the results presented in Figures 5, 6,
and 7, it is concluded that also for systems where the
medium of incidence is the optically denser medium, one
finds that the differential reflection coefficients ∂Rv/∂θs F
and ∂Rv/∂θs match each other rather well in the angular
interval θs < θ∗s .
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Figure 2: The differential reflection coefficient ∂Rp/∂θs defined by
(17) for a vacuum-glass system [ε1 = 1 and ε2 = 2 25] illuminated
from the vacuum side by different p-polarized incident beams: (a)
a Gaussian monochromatic beam of halfwidth w and frequency
ω0; (b) a broadband Gaussian beam of center frequency ω0 and
frequency bandwidth Δω = 0 2ω0; and (c) a monochromatic beam
as in Figure 2(a) but with an average performed over an ensemble
of Np= 10,000 realizations of the interface profile function. The
angle of incidence was θ0 = 0° and the wavelength was λ0 = 2πc/
ω0 = 632.8 nm. The randomly rough interface was characterized by
the parameters δ = 0 15λ0, a = 1 50λ0, and L = 104λ0, and the
sampling interval used to discretize the surface was Δx1 = λ0/10.
For the width of the Gaussian beam, the value w = L/4 was used.
The same random interface was used in producing the results of
the first two panels of this figure.
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4. Conclusions

The scattering of normally incident p- or s-polarized light
from a one-dimensional randomly rough interface between
two dielectric media is studied. Based on phase perturbation
theory, it is demonstrated that using a broadband Gaussian

beam to illuminate the surface produces a differential reflec-
tion coefficient that closely matches the one produced by a
monochromatic Gaussian beam when the resulting differen-
tial reflection coefficient is averaged over the ensemble of
realizations of the interface profile function. This result is
obtained since the broadband beam averages over the
speckles produced by a monochromatic beam.

The confirmation of the conjecture prompting the pres-
ent work by these proof-of-concept calculations encourages
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0.1

0.2

0.3

0.1

0.2

0.0

0.1

0.2

(a)

(b)

(c)

−90 −60 −30 60 90
�휃s [deg]

300

<∂
R
p
/∂
�휃 s

>
<∂

R
p
/∂
�휃 s

> F
∂
R
p
/∂
�휃 s

Figure 5: Same as Figure 2, that is, p-polarized illumination, but for
a system where the medium of incidence is the optically denser
medium (ε1 = 2 25 and ε2 = 1), the shaded regions correspond to
θs ≥ θ∗s where θ∗s = arcsin ε2/ε1 = 41 81∘ denotes the critical
angle for total internal reflection. The results are presented only
for θs < θ∗s .

(a)

(b)

(c)

−90 −60 −30 60 90
�휃s [deg]

300

0.1

0.2

0.3

0.1

0.2

0.0

0.1

0.2

<∂
R
s/
∂
�휃 s

>
<∂

R
s/
∂
�휃 s

> F
∂
R
s/
∂
�휃 s

Figure 6: Same as Figure 5 (ε1 = 2 25 and ε2 = 1) but assuming s-
polarized illumination.

6 International Journal of Antennas and Propagation



additional calculations using rigorous computer simulation
methods instead of the phase perturbation theory approach,
to explore the efficacy of a broadband source in calculations
of rough surface scattering phenomena and in experimental
studies of them.
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This paper addresses the subject of electromagnetic wave scattering in layered media, thus covering the recent progress achieved
with different approaches. Existing theories andmodels are analyzed, classified, and summarized on the basis of their characteristics.
Emphasis is placed on both theoretical and practical application. Finally, patterns and trends in the current literature are identified
and critically discussed.

1. Introduction

The problem of electromagnetic (EM) wave scattering in lay-
ered or stratified media has become an extremely important
subject with theoretical and practical relevance.

Indeed, most of the real structures of interest, both those
occurring naturally and those fabricated artificially, can be
reasonably assimilated to layered structures to some degree.
As a matter of fact, the solution of Maxwell equations in such
structures poses serious difficulties of a mathematical nature,
and there is no general and uniform approach. In fact, meth-
ods of studying scattering phenomena in layered media are
greatly diversified. They depend on the kind and description
of structure (objects embedded in layers, inhomogeneities
distributed in a continuous manner or in the form of ran-
domly distributed discrete scattering elements, etc.), on the
information at our disposal concerning the structure of the
medium, and on the kind of information that is sought about
the wave process in question. Depending on the application
context, the investigation on wave phenomena in layered
structure, in some cases, can be successfully conducted by
resorting to deterministic description; however, as far as

natural scenarios are concerned, a stochastic description can
provide a more adequate description of reality.

Within this framework, a clear understanding of the wave
scattering processes taking place in the layered structures still
poses great theoretical challenges. Accordingly, modelling
EM scattering phenomena in stratified media is an active
area of research with many practical applications, and there
exists a very extensive literature on the subject. The inherent
problem formulation can be treated from several viewpoints.
As a first distinction, the existing techniques can be grouped
into two main classes: direct and inverse approaches. Direct
scattering models for layered structures have a practical
relevance in a number of contexts, such as radio-wave propa-
gation, optics, radar imaging, andmicrowave remote sensing.
Direct modelling methods can generally be categorized in
analytical and numerical methods. Some of them turn out
more appropriate, in terms of accuracy and computational
cost, in a specific application context. Stratified structures
play a paramount role also in the solution of electromagnetic
inverse scattering problems, which are involved in imaging of
hidden or buried targets in multilayer media. Nondestructive
testing and evaluations represent significant example, as well
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as the modelling of layered structures in through-the-wall
procedures for security applications and in the geophysical
prospecting of buried cultural heritages.

Numerous recent publications, in the last decades, wit-
ness an increasing interest in the study of scattering inter-
actions in layered structures, with advancements including
both analytical and computational approaches. Nonetheless,
the significant progress on this topic, which has also been
driven by emerging applications, deserves to be framed and
discussed in an organized way.

Therefore, this paper aims at providing a concise and
organized exposition of the existing methods of analysis of
EM scattering in layered media. Moreover, the emphasis is
placed on conceptual advancements and novel methods that
have been recently established, thus outlining important new
research directions.Thedifferentmethodologies are classified
on the basis of their characteristics, also discussing pertinent
basic principles, advantages, and disadvantages.

The paper is organized as follows. Section 2 focused on
existing analytical formulations, with a particular emphasis
on recently developed functional forms for rough multi-
layer media scattering. Numerical methods of interest are
addressed in Section 3, thus covering both well-established
and innovative methods. Section 4 is devoted to EM inverse
scattering problems in layered structures, also delineating
current progress and trends.

2. Analytical Formulations

The analytical evaluation of the scattering in layered media
has received considerable attention in last decades [1–56],
due to its crucial role played in the different applications.
Indeed, the analytical approach permits an understanding
of the functional dependence of the scattering response on
the structure parameters and, in some cases, an intelligible
explanation of the underlying phenomenon.

Conversely, the regime of validity inherent to the approx-
imate solutions implies a limited application domain. In the
following, the emphasis is placed on scattering from layered
media with rough interfaces. In particular, we consider the
two main classical approaches for scattering from rough
dielectric surface that have recently been extended to deal
with layered configurations. The first classical approach is
provided by the perturbative theory. At the end of 19th
century, Lord Rayleigh originally proposed for the first time
the small perturbations method (SPM) for the description of
wave scattering from a surface separating two media. SPM
has been further developed by a number of authors [1–3].
The second traditional approach is referred to as theKirchhoff
approximation, in which the tangent plane approximation is
used to compute the tangential fields at the interfaces [1, 2].
For each approach, the corresponding extension to a layered
configuration is extensively discussed in the following. Fur-
ther approaches are also considered in Section 2.3.

2.1. PerturbativeMethods. We refer to the 3D roughmultilay-
ered structure depicted in Figure 1. Each layer is assumed to
be homogeneous and characterized by deterministic param-
eters: the dielectric relative permittivity 𝜀𝑚 and the thickness

Δ𝑚 = 𝑑𝑚 − 𝑑𝑚−1. In general, the interfacial roughness is
assumed to be described by a random function of the space
coordinates.

In such a case, an approximated solution for the actual
structure, which can be described by small changes with
respect to an idealized (unperturbed) structure, is obtained
by suitably taking advantage of the exact solution available
for the associated unperturbed problem.

Within this framework, two different systematic formula-
tions have recently been introduced to deal with the analysis
of a layered structure with an arbitrary number of rough
interfaces. Specifically, the results of the boundary pertur-
bation theory (BPT) [4–6] lead to polarimetric, formally
symmetric, and physically revealing closed-form analytical
solutions. In this case, a suitable perturbation pertinent to the
structure geometry is concerned.The volumetric-perturbative
reciprocal theory (VPRT) for the evaluation of the scattering
from a layered structure with an arbitrary number of rough
interfaces considers a perturbation pertinent to the dielectric
properties of the structure [7–9]. It is important to note that
both BPT and VPRT lead to formally identical expressions
of the first-order scattered field. The BPT/VRPT fist-order
solution is hereinafter detailed for amonostatic configuration
in terms of normalized radar scattering cross section (NRCS).
Assuming a 𝑝-polarized incident wave impinging on the
structure from the upper half space (see Figure 1), the NRCS
of the layered medium with 𝑁 corrugated interfaces can be
expressed in compact closed-form as follows:

�̃�0pp = 𝜋𝑘40
𝑁−1∑
𝑛=0

�̃�𝑛,𝑛+1pp (𝑘𝑖⊥)2𝑊𝑛 (−2k𝑖⊥)
+ 𝜋𝑘40 ∑

𝑛 ̸=𝑚

Re {�̃�𝑛,𝑛+1pp (𝑘𝑖⊥) (�̃�𝑚,𝑚+1pp (𝑘𝑖⊥))∗}
⋅ 𝑊𝑛𝑚 (−2k𝑖⊥) ,

(1)

wherein �̃�𝑚,𝑚+1pp denotes the polarimetric coefficient pertinent
to the rough interface between the layers 𝑚 and 𝑚 + 1, whose
expressions are

�̃�𝑚,𝑚+1hh (𝑘𝑖⊥) = − (𝜀𝑚+1 − 𝜀𝑚) (𝜉+ℎ0→𝑚 (𝑘𝑖⊥))2

�̃�𝑚,𝑚+1vv (𝑘𝑖⊥) = (𝜀𝑚+1 − 𝜀𝑚) [ 𝜀𝑚𝜀𝑚+1 ( 𝑘𝑖⊥𝑘0𝜀𝑚 𝜉+V0→𝑚 (𝑘𝑖⊥))2

+ ( 𝑘𝑖𝑧𝑚𝑘0𝜀𝑚 𝜉−V0→𝑚 (𝑘𝑖⊥))2] ,
(2)

where 𝑘𝑖𝑧𝑚 = √𝑘2𝑚 − (𝑘𝑖⊥)2, and the following notation has
been used:

𝜉±𝑝0→𝑚 (𝑘𝑖⊥) = T
𝑝

0|𝑚
(𝑘𝑖⊥) 𝑒𝑗𝑘𝑖𝑧𝑚Δ𝑚 [1 ± R

𝑝

𝑚|𝑚+1
(𝑘𝑖⊥)] , (3)

with R
𝑝

𝑚|𝑚+1
and T

𝑝

0|𝑚
denoting the generalized reflection

coefficient at the interface between the regions 𝑚 and 𝑚 +1 and the generalized transmission coefficient in downward



International Journal of Antennas and Propagation 3

z
i0

ki
⊥

0

1

2

N−2

N−1

N

z = −d0 = 0

z = −d1

z = −d2

z = −dN−2

z = −dN−1

z = 0(x, y) − d0

z = 1(x, y) − d1

z = 2(x, y) − d2

z = N−2(x, y) − dN−2

z = N−1(x, y) − dN−1

Figure 1: Schematic rough multilayer structure.The interfacial roughness of the 𝑖th interface is described by the 2D random process 𝜁𝑖(𝑥, 𝑦).

direction through the regions 0 and 𝑚, respectively. They
can be expressed by recursive relations in terms of the
ordinary transmission and reflection coefficients, like in [6,
10]. Moreover, in (1)–(3) the adopted notation is as follows:
the asterisk symbolizes the complex conjugated operator;
Re{ } denotes the real part operator; 𝑝 ∈ {V, ℎ} indicates the
incident (vertical or horizontal) polarization; k𝑖⊥ represents
the 2D projection of incident wavenumber vector on the
plane 𝑧 = 0 (superscript 𝑖 referring to the incident field
direction); and 𝑘𝑖⊥ = |k𝑖⊥|. Finally, 𝑊𝑛(𝜅) and 𝑊𝑛𝑚(𝜅) denote
the (spatial) power spectral density of 𝑛th corrugated interface
and the cross power spectral density (between the interfaces 𝑛
and 𝑚), respectively [1, 4].

We stress that (1)–(3) represent the backscattering solu-
tion; a more general expression valid for a bistatic configura-
tion can be found in [4, 6, 7]. As far as the backscattering case
is concerned, it is should be noted that the BPT/VPRT cross-
polarized scattering coefficients (�̃�0𝑝𝑞 with 𝑝 ̸= 𝑞) evaluated
in the plane of incidence vanish, in full accordance with the
classical first-order SPMmethod for a rough surface between
two different media. Moreover, the dual solution concerning
the scattering through the rough multilayer has also been
obtained in [5, 6].

The domain of validity of the perturbative solution is
defined as follows: the height deviation of the rough inter-
faces, about the unperturbed interface, is everywhere small
compared to the wavelength of the incoming wave and the
gradient of the interface is small in comparison to unity [11].
A comprehensive discussion on the relevant domain of appli-
cability is provided in [12, 13]. Concerning the considered
BPT/VPRT solutions, several comments are in order.

First, we discuss the inherent functional form.The closed-
form solution (1)–(3) makes the functional dependence of
scattering properties on layered structure (geometric and
electromagnetic) parameters explicit. Specifically, the analyti-
cal solution permits the evaluation of the backscattering from
the layered rough structure, once the 3D layered structure

parameters (shape of the roughness spectra, layer thickness,
and complex permittivity) and the incident field parameters
(frequency, polarization, and direction of incidence) have
been specified. Therefore, the considered perturbative solu-
tion provides a forward solver whose recursive formulation
results in effective computational time. Furthermore, the
NRCS of the layered media is sensitive to the correlation
between rough profiles of different interfaces. In particular,
when completely uncorrelated random interfaces are con-
cerned (𝑊𝑛𝑚(𝜅) = 0), scattered intensity (in the first-order
approximation) arises from the incoherent superposition of
the field contributions scattered from each rough interface
[see (1)]. Interface roughness description (and the corre-
sponding spectral representation) is typically provided in
terms of classical parameters (height standard deviation and
correlation length); however, it can also be expressed in terms
of the fractal parameters [14, 15]. Indeed, fractal description
for the interfacial roughness has also been adopted for
evaluating scattering from multilayered structures (see also
Section 2.2.3). A fractional Brownian motion (fBm) process
based description has been used in conjunction with the BPT
scattering solution in [16].

Second, we provide a perspective on the interpretability
of the perturbative solutions. The physical meaning of the
perturbative solutions for the scattering from and through the
3D layered structure has been investigated in [17, 18], where a
physically revealing interpretation involving ray-series repre-
sentation is obtained by rigorously establishing a functional
decomposition of the first-order scattering solutions in terms
of basic single-scattering local processes. Accordingly, the
fundamental interactions in the multilayer contemplated by
the mathematical solutions can be revealed, thus gaining
a neat picture of the physical meaning of the theoretical
construct. Furthermore, the VPRT procedure can also be
reformulated in a more physically sound way by avoiding use
of Dirac delta function and distribution theory. Such VPRT
reformulation also enables an interesting interpretation in
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terms of internal field approximation,which is consistentwith
the gently rough assumption, thus providing an additional
insight into the first-order approximation (which is slightly
different from the usual Born approximation) [1, 12]. Another
interesting interpretation of the scattering solution can be
given in terms of multireaction, by exploiting the fundamen-
tal concept of Rumsey reaction [7, 10].

Third, the theoretical and experimental consistencies of
the perturbative solution deserve to be discussed. Regarding
the former, it is important to highlight that all the previous
existing perturbative scattering models, introduced by differ-
ent authors to deal with some simplified layered geometry,
with one [19–21] or two [22] rough interfaces, can be all
rigorously regarded as a special cases of the general BPT/
VPRT solutions [4, 7, 23]. Accordingly, BPT/VPRT results
can be regarded as the generalization of the classical first-
order SPM for rough surface to the case of rough multilayer.
As a matter of fact, the validity of a mathematical model
resides in the concordance of model-based predictions with
experimental observations. In this regard, it is worth men-
tioning that a first assessment of the BTP solution validity
in a real scenario has been provided in [24], thus showing
that theoretical predictions are in good accordance with the
experimental evidence.

Second andhigher-order perturbative developments have
also been investigated [9, 26–29]. It is worth highlighting
that pertinent analytical developments following a boundary
perturbation approach can be particularly cumbersome [27];
conversely, rigorous second-order volumetric-perturbative
developments demand for an appropriate mathematical
playground (the distribution theory for discontinuous test
functions) [9]. In particular, in [27] the predictions of the
fourth-order perturbation have been examined for scattering
from two rough surfaces in a layered geometry. Accordingly,
the interaction effects between the two surfaces can, in some
cases, be the dominant contribution to cross-pol returns.
Notice that the first-order solution for the scattered field
does not predict the cross-polarized intensity in the incidence
plane. In [29] it has been demonstrated that there exists a
“strong” condition of energy conservation in that the kernel
functions multiplying the spectral density of each interface
obey energy conservation exactly. Accordingly, the energy is
conserved independent of the roughness spectral densities of
the rough surfaces. Finally, we observe that the development
of perturbative approaches enabling systematical evaluation
of both interfacial and volumetric inhomogeneity in layered
media is a main challenge.

2.2. Kirchhoff Approach/PO. Here, focus is made on the so-
called Kirchhoff-tangent plane approximation, often called
Kirchhoff approximation (KA) for short, in which the tangent
plane approximation is used to calculate the tangential fields
at the interfaces. It is often rather called physical optics (PO)
approximation by numericians or in the radar community
[30, 31]. This approximation is valid for surfaces that can
be considered as locally flat. Thus, at moderate angles, the
validity domain is such that the mean surface curvature
radius is significantly greater than the EM wavelength. It
may then be considered as a high-frequency approximation.

As a consequence, at each surface point, the surface can be
replaced by its tangent plane, which is a flat surface whose
local slope vector is that of the original random rough surface
at considered surface point. Then, each ray of the incident
wave is reflected/transmitted in the appropriate local specular
direction.

However, it must be emphasized that this model becomes
less valid for angles becoming lowly grazing (in particular,
for low-grazing incidence): it is due to the phenomenon of
shadowing of the surface. In such configurations, it is nec-
essary to introduce a corrective parameter called shadowing
function (or illumination function) to overcome this issue
[32]. Besides, unless the process of scattered field calculation
is iterated, the KA does not take the phenomenon of multiple
scattering into account.This reduces the validity of themodel
to surfaces having small to moderate slopes, typically RMS
slopes less than about 0.3–0.5 [33].

Starting from the calculation of the scattered field, we are
usually interested in calculating a mean scattered intensity.
Then, the KA is often not used as such, as it is usually desired
to further simplify the mathematical expression of the aver-
age scattered intensity, in order to get faster numerical results.
It is particularly true here whenwe are interested in analytical
formulations. Usually, two opposite solutions are elected:
the first one considers very rough surfaces (the geometric
optics (GO) approximation) and the other one slightly rough
surfaces (the scalar Kirchhoff approximation (SKA)). Then,
the GO calculates only the incoherent scattered intensity,
whereas the SKA generally focuses on the calculation of the
coherent scattered intensity.

2.2.1. GO Model. Let us first focus on the GO model. The
classical GO model for single reflection onto a rough surface
uses the so-called method of stationary phase (MSP) to
simplify the expression of the scattered field (or intensity).
This method assumes that only the surface points that spec-
ularly reflect/transmit the incident wave into the observation
direction contribute to the scattering process. This restricts
the contribution to surface slopes checking 𝛾 = −QH/𝑄𝑧,
with Q = kr − ki called the Ewald vector (ki and kr
being the incidence and reflection wave vectors, resp.), QH
and 𝑄𝑧 being the horizontal and vertical components of Q,
respectively. From the MSP, the GO model further simplifies
the scattered intensity by retaining only the surface points
that are highly correlated. Thus, the NRCS under the GO is
only incoherent and can be expressed as follows [34]:

𝜎0𝑟,1 (kr, ki)
=


K (kr, ki)

𝑄𝑧

2

𝑝𝑠 (𝛾 = −QH𝑄𝑧 ) 𝑆 (ki, kr | 𝛾) (4)

with K being the so-called Kirchhoff kernel, which is a
polarization-dependent term proportional to the Fresnel
reflection coefficient and related to the projection of the
incident wave vector onto the normal to the surface. 𝑆 is the
shadowing function [32].
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Figure 2: Configuration of the different orders of reflection from a
multilayer, focus on the upper layer Ω2.

The extension of the GO to a layer of two random
rough interfaces has been first led for 2D problems [35, 36].
By doing so, the NRCS associated with a given order of
reflection from the layer (see Figure 2) has the great advantage
of being proportional to the product of elementary NRCS
corresponding to each scattering in reflection or transmission
at a given interface. It may be written in the following form
for the second-order NRCS (associated with the field 𝐸2 in
Figure 2) [35, 36]:

𝜎0𝑟,2 (𝜃𝑟, 𝜃𝑖) ∝ ∬ 𝑑𝜃𝑚1𝑑𝜃𝑝1𝜎0𝑡21 (𝜃𝑟, 𝜃𝑝1)
⋅ 𝜎0𝑟23 (𝜃𝑝1, 𝜃𝑚1) 𝜎0𝑡12 (𝜃𝑚1, 𝜃𝑖)

(5)

with 𝜎0𝑡12 being the NRCS associated with the transmission
of the incident wave into the inner layer Ω2, 𝜎0𝑟23 the
NRCS associated with the reflection of this wave onto the
lower interface Σ2, and 𝜎0𝑡21 the NRCS associated with the
transmission of thiswave back into the incidencemediumΩ1.
Then, it has been shown that this approach can be generalized
to any order n of reflection from the layer (associated with the
field 𝐸𝑛 in Figure 2) as [36]

𝜎0𝑟,𝑛 (𝜃𝑟, 𝜃𝑖) ∝ ∫ ⋅ ⋅ ⋅ ∫ 𝑑𝜃𝑚1𝑑𝜃𝑝𝑛𝜎0𝑡21 (𝜃𝑟, 𝜃𝑝𝑛) 𝜎0𝑟23 (𝜃𝑝1,
𝜃𝑚1) 𝜎0𝑡12 (𝜃𝑚1, 𝜃𝑖)

× 𝑛−1∏
𝑘=2

[𝑑𝜃𝑝(𝑘−1)𝑑𝜃𝑚𝑘𝜎0𝑟21 (𝜃𝑝(𝑘−1), 𝜃𝑚𝑘)

⋅ 𝜎0𝑟23 (𝜃𝑚𝑘, 𝜃𝑝𝑘)] .

(6)

Then, the number of numerical integrations to be computed
is equal to 𝑛 − 1. For the more general case of 3D problems,
unfortunately it is not possible to write the NRCS in such
a compact way of a product between NRCS, owing to the

fact that the polarization terms are not scalar anymore but
become square matrices of length 2.This is due to the co- and
cross-polarization terms that must be considered for having
a correct computation of the physical contributions to the
scattering process [37, 38]. This approach has been validated
by a reference numerical method based on the method of
moments [37, 38].

2.2.2. SKA Model. Starting from the KA for calculating the
scattered field, the scalar Kirchhoff approximation [39], also
called zero-order KA [40], is an alternative to the GOmodel.
This approximation is valid for calculating the scattered field
around nadir for slightly rough surfaces. It is generally used
for evaluating the coherent scattered intensity.

In the context of scattering from random rough layers,
each order contribution must be calculated, or at least the
first orders. The first order is well known and corresponds
to the scattering from a single rough interface. Under this
model, it has been shown that taking the interface roughness
into account is simple and consists in replacing the Fresnel
reflection coefficient 𝑟12 by a modified reflection coefficient�̃�12 checking [39, 40]

�̃�12 = 𝑟12 exp (−2𝜅1𝑧2𝜎ℎ12) (7)

with 𝜎ℎ1 being the RMS height of the upper interface Σ1 and𝜅1𝑧 the vertical component of the propagation vector insideΩ1 (see Figure 2). The term 𝜅1𝑧𝜎ℎ1 is sometimes referred
to as the Rayleigh roughness parameter, which accounts for
the attenuation of the field amplitude due to the interface
roughness. The extension to the calculation of the second-
order contribution leads to an attenuation of [39, 40]

exp (−2𝜅2𝑧2𝜎ℎ22) exp (− (𝜅1𝑧 − 𝜅2𝑧)2 𝜎ℎ12) (8)

with 𝜎ℎ2 being the RMS height of the interface Σ2 and 𝜅2𝑧
the vertical component of the propagation vector inside Ω2.
Then, by calculating each order contribution, it is possible to
obtain a new equivalent reflection coefficient �̃�eq of the form
[40]

�̃�eq = �̃�12 + (1 − �̃�122) �̃�23 exp (𝑖2𝜅2𝑧𝐻2)1 + �̃�12�̃�23 exp (𝑖2𝜅2𝑧𝐻2) (9)

with �̃�23 = 𝑟23 exp(−2𝜅2𝑧2𝜎ℎ22) and 𝐻2 being the mean
thickness of the layer Ω2. For perfectly flat interfaces 𝜎ℎ1 =𝜎ℎ2 = 0, this reduces to the classical formula of generalized
reflection coefficientR𝑝

1|2
[4, 10, 40]:

R
𝑝

1|2
= 𝑟12 + 𝑟23exp (𝑖2𝜅2𝑧𝐻2)1 + 𝑟12𝑟23exp (𝑖2𝜅2𝑧𝐻2) . (10)

This approach has been validated by comparisonwith numer-
ical methods [39, 40].

2.2.3. KA Model and Fractal Surfaces. It is finally worth
mentioning that the KA can be adapted to evaluate electro-
magnetic scattering from fractal surfaces. Fractal geometry
was introduced by Mandelbrot in the ’70s of the last century
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to provide a mathematical tool for the complex and irregular
shapes of natural objects [14]. Effectiveness of fractals to
describe natural surfaces has been demonstrated in a very
impressive way by producing surprisingly realistic computer-
generated synthetic landscapes [14]. Accordingly, fractal
models, and in particular the fractional Brownian motion
(fBm) model, have been extensively used in different fields
to describe natural surfaces. The reason of this success is the
ability of fractal models to properly account for the statistical
scale invariance properties (self-affinity) of natural surfaces.
We recall that a set is self-similar if it is invariant (possibly in a
statistical sense) with respect to a transformation in which all
the coordinates are scaled down by the same factor, whereas
it is self-affine if it is invariant (possibly in a statistical sense)
with respect to a transformation in which coordinates are
scaled down by factors not all equal. Self-affinity of fractal
sets is the key property that makes them particularly useful in
describing natural surfaces. However, while fractal sets main-
tain their self-affinity at any (arbitrarily small or large) obser-
vation scale, natural surfaces have characteristic inner and
outer scales. In other words, they exhibit fractal characteris-
tics only on a wide but limited range of scale lengths (range
of fractalness). When an electromagnetic wave impinges on
a natural surface, the range of scale lengths involved in the
scattering mechanism is limited on one side by the finite
dimension of the illuminated surface and on the other by
the electromagnetic wavelength. If this range of scales is
included in the surface range of fractalness, then the fractal
description is appropriate (and can be used) to evaluate the
scattered field.This is often the case at microwave frequencies
[41].

First studies on application of KA to fBm surfaces (some-
times approximated by Weierstrass-Mandelbrot functions
[42]) date back to the last decades of last century [15, 41,
43, 44]. To summarize the obtained results, we have to
preliminarily recall that an fBm surface is a 2D random
process whose increments over a fixed distance 𝜏 are zero-
mean Gaussian with variance

𝑆 (𝜏) = 𝑇(2−2𝐻)𝜏2𝐻, (11)

where 𝐻 is the Hurst coefficient, linked to the surface fractal
dimension 𝐷 by the relation 𝐷 = 3 − 𝐻, and 𝑇 is the
surface topothesy. According to KA, the mean square value
of the modulus of the field scattered by an fBm surface is
[41]

⟨𝐸𝑝𝑞2⟩ = 𝑘2 𝐸(𝑖)𝑝 2 K (ki, kr)2(4𝜋𝑅0)2

⋅ 2𝜋𝐴 ∫∞
0

𝐽0 (QH
 𝜏) exp [−12𝑄2𝑧𝑆 (𝜏)] 𝜏 𝑑𝜏.

(12)

The integral in (12) can be evaluated via two different series
expansions: one is an asymptotic expansion of the scattering
integral for near-specular directions or high frequency and
the other for far-from-specular direction or low frequency.
The behavior of these series and their practical evaluation are
analyzed in detail in [45]. It has been also highlighted that the

integral in (12) is in the form of the PDF of an alpha-stable
process [46–48], and a physical interpretation of this result
was provided in [48].

2.3. Other Analytical Approaches. For the sake of complete-
ness, in the following we briefly consider further approaches
adopting different schematizations and/or approximations,
which deserve to be discussed.

The small-slope approximation (SSA) was originally pro-
posed by Voronovich [30, 49]. SSA exhibits an extended
domain of applicability, which is aimed at including the
domain of the small-perturbation method and the domain
of the Kirchhoff approximation. SSA extended to the fourth-
order terms of the perturbative development has been con-
sidered in [50] for studying slab with uncorrelated rough 2D
interfaces. A first-order SSA method applied to an arbitrary
number of 1D interfaces has been presented in [51]. In
particular, the scattering amplitudes under the first-order
small-slope approximation are deduced from results derived
from the first-order SPM.

Generally speaking, modelling techniques for describing
electromagnetic scattering in a random layered medium can
be categorized in two main classes: continuous and discrete.
For the continuous case, exact equations for the mean and
correlation of the electric field are referred to as the Dyson
and Bethe-Salteper equations, respectively [1]. These equa-
tions are difficult to be solved even under ideal conditions,
thus simplified assumptions have to be introduced in order
to achieve tractable forms. Discrete scattering models, for
describing the response of a layer containing a random col-
lection of discrete scatters (e.g., dielectric cylinders or disks),
have also been developed (see, e.g., [52–56]). In particular, the
scattering coefficients of the layer can be computed using a
distorted Born approximation, with themean wave evaluated
according to the Foldy-Lax approximation [1].

However, the consistent treatment of interfacial and
volumetric inhomogeneity in layered media is still posing a
challenge.

3. Numerical Methods

In this section, the focus is on the main numerical methods
of interest, which exhibit different degrees of approximation
and computational complexity [57–87]. In particular, we first
consider the rigorous numerical techniques referred to as the
method of moments (MoM), and then efficient approaches
are discussed.

3.1. Method of Moments (MoM). As already mentioned, the
electromagnetic field scattered by the rough interfaces of
a layered medium can be computed from knowledge of
the tangential components of the electric and magnetic
fields at the interfaces (i.e., equivalent magnetic and electric
surface currents, resp.). To compute such tangential field
components, integral equations must be solved [82]. For the
complete equations to be solved in the single interface case,
the reader is referred to [82] for full 3D problems and to
[83] for 2D cylindrical problems; for the equations that apply
to the case of two or more interfaces, see Section 3.3 and



International Journal of Antennas and Propagation 7

references therein. Here, to simplify the notation, we report
the scalar version of those integral equations, which is a
Fredholm equation:

∬
𝑆

𝑔 (r, r) 𝑓 (r) 𝑑r = 𝑖 (r) (13)

in which 𝑆 is the interface (or a set of interfaces), r and
r are two points over 𝑆, 𝑖(r) is known (it is a component
of the incident field), 𝑔(r, r) is an element of the dyadic
Green function, and 𝑓(r) is the unknown (a component of
the tangential fields). This integral equation can be solved
numerically by using the method of moments (MoM). The
unknown function is expanded by using a finite set of𝑁 basis
functions 𝑓𝑛(r)

𝑓 (r) = 𝑁∑
𝑛=1

𝑥𝑛𝑓𝑛 (r) (14)

and the inner product of both sides of (13) with 𝑁 test, or
weighting, functions 𝑤𝑚(r) is evaluated:

𝑁∑
𝑛=1

𝑥𝑛∬
𝑆

𝑤𝑚 (r) ∬
𝑆

𝑔 (r, r) 𝑓𝑛 (r) 𝑑r𝑑r
= ∬
𝑆

𝑤𝑚 (r) 𝑖 (r) 𝑑r.
(15)

We then get the system of linear algebraic equations

𝐴 𝑥 = 𝑦 (16)

in which

𝐴𝑚𝑛 = ∬
𝑆

𝑤𝑚 (r) ∬
𝑆

𝑔 (r, r) 𝑓𝑛 (r) 𝑑r𝑑r,
𝑦𝑚 = ∬

𝑆
𝑤𝑚 (r) 𝑖 (r) 𝑑r,

(17)

and 𝑥𝑛 are the unknowns. Once the system is solved for 𝑥𝑛,
the solution of the original integral equation can be obtained
from (14).

If𝑤𝑛(r) = 𝑓𝑛(r), that is, the sets of basis and test functions
coincide, then we get the Galerkin method. A usual choice
is to use rectangular pulse basis functions and Dirac pulse
test functions, so obtaining the so-called point-matching
method. This choice simplifies evaluations of matrix and
vector elements, but it requires a high number of unknowns𝑁. Different choices of basis and test functions may lead to
a smaller number of unknowns and/or to a sparser matrix.
In the framework of the problem of scattering from rough
interfaces, the point-matching method is the most used [64–
70, 72, 74, 83], but a very popular choice is also the Rao-
Wilton-Glisson (RWG) basis [84]. More recently, use of Haar
[85], B-spline [85], and Coifman [62, 86, 87] wavelets as basis
and test functions in the Galerkin method has also been
demonstrated to lead to efficient evaluation of scattered field.

3.2. Iterative Methods. As shown above, by using the MoM,
integral equations to be solved to evaluate induced (real or
equivalent) surface currents over the (possibly) rough inter-
faces are converted into a systemof linear algebraic equations,
whose general form is given by (16). However, direct methods
for the solution of linear systems have a high computational
cost. In fact, they require a number of computer operations
asymptotically increasing as 𝑁3 (i.e., 𝑂(𝑁3)), where 𝑁
is the (usually very large) number of unknowns (i.e., for
the point-matching method, of surface points). To reduce
computational complexity to 𝑂(𝑁2), iterative methods can
be used. Linear iterative methods can be cast in the following
general form:

𝑥(𝑛) = 𝐺(𝑛) 𝑥(𝑛−1) + 𝑐(𝑛), (18)

where 𝐺(𝑛) and 𝑐(𝑛) are linear functions of 𝐴 and 𝑦. If they
actually depend on 𝑛, that is, they are adaptively changed at
each iteration, the iterative method is called nonstationary.
Different nonstationary methods have been applied to rough
interface scattering problem, namely, the conjugate gradient
squared (CGS), biconjugate gradient-stable (BICGSTAB),
quasiminimum residual (QMR), general minimal residual
(GMRES), and conjugate gradient-normal equation (CGNR)
[58–62]. Conversely, if 𝐺 and 𝑐 do not depend on 𝑛, the
iterative method is said to be stationary. In addition, if we let

𝐺 = 𝐼 − 𝑄−1𝐴,
𝑐 = 𝑄−1𝑦, (19)

then it can be shown that the iterative procedure (19)
converges to the exact solution of (16) if and only if all the
eigenvalues of 𝐺 lie within the unit circle on the complex
plane [63]. Different choices for the “splitting matrix” 𝑄
define the different iterative stationarymethods. For instance,𝑄 = 𝐷, where 𝐷 is the diagonal part of 𝐴, defines the Jacobi
(or simple iteration) method. In addition, for

𝑄 = (𝐷 − 𝐿) 𝐷−1 (𝐷 − 𝑈) , (20)

𝑄 = (𝐷(𝜋) − 𝐿(𝜋)) 𝐷(𝜋)−1 (𝐷(𝜋) − 𝑈(𝜋)) , (21)

we get the symmetric successive overrelaxation (SSOR) and
the 2 × 2-block-SSOR methods (with unitary relaxation
parameter 𝜔), respectively. In (20)-(21), −𝐿 and −𝑈 are the
lower and upper triangular parts of 𝐴, and 𝐷(𝜋), −𝐿(𝜋), and
−𝑈(𝜋) are the 2 × 2 block-diagonal, block-lower triangular,
and block-upper triangular parts of 𝐴 [63]. It turns out that
nonstationary methods are in general more robust, meaning
that they converge for a wider range of roughness conditions.
However, stationary methods have the advantage of having
a physical interpretation when applied to the problem of
scattering from rough surfaces, so that it is easier to predict
interface roughness conditions under which they rapidly
converge. In fact, the Jacobi method coincides with the
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iterative (or “extended”) Kirchhoff approach (IKA) [64] for
perfectly conducting surfaces, whereas SSOR and block-
SSOR methods are equivalent to the forward-backward (FB)
(or the differently formulated, but equivalent, method of
ordered multiple interactions, MOMI) for perfectly conduct-
ing [65, 66] and dielectric [67] interfaces, respectively. It
is interesting to note that IKA, FB, and MOMI were first
devised in [64–66] based on physical considerations, and
only subsequently it was shown that they are equivalent to
already available stationary methods (in [61] for perfectly
conducting surfaces and in [68] for dielectric interfaces).

To illustrate the physical meaning of FB, we need to recall
that, as shown in [68], (18)-(19) with (21) can be recast as

(𝐷(𝜋) − 𝐿(𝜋)) 𝑥𝑓,(𝑛) = 𝑦 + 𝐿(𝜋)𝑥𝑏,(𝑛−1), (22)

(𝐷(𝜋) − 𝑈(𝜋)) 𝑥𝑏,(𝑛) = 𝑈(𝜋)𝑥𝑓,(𝑛), (23)

with 𝑥𝑏,(0) = 0, where 𝑥 = 𝑥𝑓 + 𝑥𝑏. It can be shown [67] that
solution of (22)-(23) does not involve any matrix inversion,
except for the inversion ofN 2 × 2 matrices. Analysis of these
equations shows that, at the first step (𝑛 = 1), (22) allows cal-
culating the surface currents𝑥 due to forward scatteredwaves
and (23) based on these currents computes the new currents
that are due to both forward and backward scattered waves.
Accordingly, computed currents after the first step include
all orders of multiple scattering which involve no backward-
forward change of direction and no more than one forward-
backward change of direction. By iterating the reasoning, it
is not difficult to realise that computed currents after the 𝑛-th
step include all orders of multiple scattering which involve no
more than 𝑛 − 1 backward-forward changes of direction and
nomore than 𝑛 forward-backward changes of direction. Since
scattered energy is not expected to change direction more
than a few times (except that for extremely rough surfaces),
we conclude that the iterative procedure should converge very
rapidly. This expectation is experimentally confirmed for 1D
nonreentrant rough profiles [67–69]; for 2D rough surfaces,
proper ordering of matrix elements must be performed to
obtain convergence of the method [70], even for moderate
roughness.

Extension of FB to layered structures with rough
interfaces is illustrated in [74] and can be possibly coupled
with methods presented in the next subsection. Both
stationary and nonstationary iterative techniques can be
further accelerated by identifying a strong-interaction region
(𝐴 𝑖𝑗 elements with |𝑖–𝑗| smaller than a prescribed threshold)
and a weak-interaction region (all other elements of 𝐴) and
using some form of approximation when summing up terms
corresponding to the weak-interaction region in (18). In this
way, it is possible to reduce computational complexity up to𝑂(𝑁 log𝑁) or even 𝑂(𝑁). This class of algorithms includes,
for instance, the banded-matrix iterative approach/canonical
grid method (BMIA/CG) [71], the spectrally accelerated
(SA) BCGSTAB [60], and SA-FB [72]. An approach with
some analogies with algorithms of this class is the BIE/SDIM
(Boundary Integral Equation/Subdomain Decomposition
Iterative Method), which has been recently proposed [77]. It
is a rigorousmethod based onMoM,which splits the problem

into subdomains. Similar to the PILE method (see the des-
cription in Section 3.3), the diagonal blocks of the global
impedance matrix correspond to the subdomain impedance
matrices, whereas the off-diagonal blocks correspond to cou-
pling matrices accounting for the interactions between two
different subdomains. The principle of SDIM is to invert the
impedance matrix by blocks, which significantly reduces the
complexity by comparison with a direct LU. In addition, to
accelerate thematrix-vector products and to reduce themem-
ory requirement, the adaptive cross approximation (ACA) is
applied to compress the subdomain coupling matrices.

Finally, convergence properties of iterative methods can
be in some cases improved by using proper preconditioning,
that is, by left-multiplying both sides of (16) by the inverse of
a preconditioner matrix; see, for example, [73].

3.3. Efficient Approaches. Resolving the scattering by a mul-
tilayered medium with a MoM-based method may be time
consuming for large surfaces and/or high frequencies, in
particular for several interfaces.Then, it is of interest to apply
efficient approaches that accelerate the computing process.
Most approaches have been described in previous subsection.
Here, we will focus on the so-called PILE (Propagation Inside
Layer Expansion) method [79, 80] for dealing with surfacesΣ1 and Σ2, as well as its generalized version, GPILE [81], for
dealing with surfaces Σ1, Σ2, . . . , Σ𝑛 in Figure 2.

Based on the MoM, the main feature of PILE is its
ability to split the total scattered field into the contribution
of each order of reflection from a layer (see 𝐸1, 𝐸2, . . . , 𝐸𝑛
in Figure 2). It has the great advantage of being able to be
coupled with acceleration methods existing for scattering
from single interfaces, like the BMIA/CG or the FB [76, 77].

We start from the linear system in (16), where 𝑥 is a vector
of length 2(𝑁1 + 𝑁2) representing the unknown total field on
the surfaces Σ1 and Σ2 (𝑁1 and 𝑁2 are the number of surface
samples for the MoM calculation on Σ1 and Σ2, resp.). Then,𝑥 can be expressed as

𝑥 = (𝑥1
𝑥2) (24)

with 𝑥1 and 𝑥2 being vectors of length 𝑁1 and 𝑁2, respec-
tively, containing the unknown fields and their normal deri-
vatives on Σ1 and Σ2, respectively. 𝑦 is a source term vector of
length 2(𝑁1 + 𝑁2) such that

𝑦 = (𝑦1
𝑦2) (25)

where 𝑦1 and 𝑦2 are vectors of length 2𝑁1 and 2𝑁2, respec-
tively, containing information of the incident field on Σ1 andΣ2, respectively (inside Ω1 and Ω2, resp.; see Figure 2). Here,
there is no incident field inside Ω2; hence 𝑦2 = 0. This also
holds for the last 𝑁1 terms of 𝑦1. 𝐴 is a square impedance
matrix of size 2(𝑁1 + 𝑁2), with

𝐴 = ( 𝑍1 𝑍21
𝑍12 𝑍2 ) . (26)



International Journal of Antennas and Propagation 9

𝑍𝑖 is the impedancematrix of size 2𝑁𝑖×2𝑁𝑖 of surfaceΣ𝑖 (with𝑖 = {1, 2}), and𝑍21 of size 2𝑁1×2𝑁2 (for the propagation fromΣ2 to Σ1) and𝑍12 of size 2𝑁2×2𝑁1 (for the propagation fromΣ1 to Σ2) are coupling matrices between the two surfaces.
To effectively solve the system 𝐴 𝑥 = 𝑦, the PILE method

has been developed [79]. It is based on an inversion by blocks
of the impedance matrix, by making a decomposition of
domains from the Taylor series expansion of the inverse of
the Schur complement. This leads to

𝑥1 = [𝑃PILE∑
𝑝=0

𝑀𝑝𝑐1] 𝑍−11 𝑦1 = 𝑃PILE∑
𝑝=0

𝑌(𝑝)1 , (27)

where 𝑌(0)1 = 𝑍−11 𝑦1 and 𝑌(𝑝)1 = 𝑀𝑐1𝑌(𝑝)1 , with

𝑀𝑐1 = 𝑍−11 𝑍21𝑍−12 𝑍12 (28)

and 𝑥1 = −𝑍−12 𝑍12𝑥1.
The above series expansion is then valid if ‖𝑀𝑝𝑐1‖ < 1,

with ‖ ⋅ ⋅ ⋅ ‖ the norm operator, which is also here a so-called
spectral radius, that is, the modulus of the highest mod-
ulus eigenvalue. Physically, the total currents 𝑥1 on the upper
surface are the sum of the contributions 𝑌(𝑝)1 , which corre-
spond to successive iterations 𝑝, corresponding to each order
of reflection from the layer 𝑘 = 𝑝 + 1 (with 𝑘 ∈ {1, 2, . . . , 𝑛} in
Figure 2).Thus, by construction, PILE computes the scattered
field associated with each order of reflection from the upper
layer.

By following the same principle, an extension to 3 inter-
faces and even a generalization to any number of interfaces
have been developed [81]. For more details, the reader is
referred to Appendix A of [81].

4. Inverse Scattering Approaches

Layered structures have been widely considered in the
solution of electromagnetic inverse scattering problems for
imaging purposes. Buried and concealed targets can be
inspected by using inverse scattering concepts in several
application areas, ranging from nondestructive evaluation
and testing to civil engineering, security and military appli-
cations, geophysical prospecting, and biomedical diagnostics
[88–90].

A possible imaging configuration is sketched in Figure 3,
where a target is buried in a stratified medium and is illumi-
nated by a source located in the upper half space (noninvasive
imaging).One ormore antennas or sensors are used to receive
the field scattered by the target. It should be considered that
several works have been focused on the detection of the
dielectric properties of the various layers (stratified media)
[10, 91, 92], whereas for the imaging of concealed targets,
the propagating structure is usually assumed to be made of
known layers (e.g., inmost through-the-wall inspection tech-
niques [93]). The reconstruction process can be performed
in time-domain [94] or in the spatial-domain [95]. Time-
reversal approaches have also been adopted. In most cases,
however, time-harmonic fields are used, with reference to
both single- and multifrequency processing [96]. From a

Tx and Rx antennas

External
medium

Buried
target

Layer 1

Layer 2

Layer N

Figure 3: Schematic representation of an imaging system for buried
object detection in a stratified medium.

general point of view, another classification holds: approaches
based on radar and beamforming concepts [97, 98], such
as those adopted in breast cancer imaging, and methods
based on inverse scattering [90]. In geophysical applica-
tions, both methods can be used to inspect shallow buried
targets in order to extend the diagnostic capabilities of the so-
called ground penetrating radar [99].Moreover, the inversion
procedure can be based on deterministic [100] or stochastic
concepts [101].

Considering approaches based on inverse scattering in
harmonic fields, the following electric field integral equation
(EFIE) can be considered [90] (it is worth noting that other
approaches can be followed, e.g., those based on the so-called
contrast source formulation [102]):

E𝑠 = E𝑡 − E𝑖 = ∫
𝑉

𝛾E𝑡 ⋅ Gstr𝑑V; (29)

in this equation, E𝑖, E𝑠, and E𝑡 denote the incident, scattered,
and total electric field vectors, respectively. The scattering
potential is indicated by 𝛾 and contains the information about
the dielectric properties of the unknown target. Finally, Gstr
is proper Green’s dyadic function for the considered buried
or stratified configuration [103].

As it is well known, this equation is nonlinear and
severely ill-posed [90]. It can be linearized in the case
of presence of weakly scattering targets. One of the most
used approximations is the Born one [104], for which the
scattered field due to the targets inside the investigation area
is expressed in terms of the incident field only. In some case,
the use of the second-order Born approximation has been
proposed, too [105]. Also the Rytov approximation, which is
applied to the complex phase of the field, has been used [106].

It should be mentioned that the Born approximation can
be combined with a numerical evaluation of Green’s func-
tion resulting in a very effective iterative reconstruction pro-
cedure, called the distorted-wave Born approximation [107],
which is widely used with a great success in several imaging
approaches.

Methods based on certain approximations on the con-
sidered model can be called qualitative methods [108, 109].
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Figure 4: B-scan reporting the estimated field scattered by the
buried object [96].

They are aimed at retrieving some fundamental properties of
a target (e.g., position and shape inside the test area), without
providing complete maps of the dielectric properties of the
targets.

So far, we mentioned approaches for the imaging of
penetrable targets. Different approaches can be adopted for
conducting objects [110, 111].

Gauss-Newton methods seem to be very effective deter-
ministic techniques for inspecting buried or stratified targets.
Recently, they have been developed also with reference to
Lp Banach spaces [112, 113], where the oversmoothing effects
usually associated with regularization procedures developed
in the common Hilbert space seem to be mitigated. It
should be also noticed that sparsity concepts and compressive
sensing can be successfully adopted [114, 115].

An example of reconstruction results is reported in the
following. The inexact-Newton procedure developed in [96]
has been used. It refers to the detection of a two-dimensional
buried object in a half space configuration (under transverse
magnetic illumination conditions). The considered cross-
sectional investigation test domain 𝐷inv has height 𝐿𝑦 = 1m
and width 𝐿𝑥 = 2m. The region 𝐷inv has been partitioned
into 40 × 20 square cells for solving the forward problem (by
means of the method of moments) and 30 × 15 subdomains
for the inversion process. The lower half space medium has
dielectric properties 𝜖𝑟 = 4 and 𝜎 = 0.01 S/m. The upper
half space is air (modelled as vacuum). A dielectric circular
cylinder is buried inside 𝐷inv. In particular, it has center
at r𝑐1 = (0.35, −0.3)m, diameter 𝑑𝑐1 = 0.16m, dielectric
permittivity 𝜖𝑟 = 8, and electric conductivity 𝜎 = 0.02 S/m.
A GPR B-scan has been simulated by considering 𝑀 = 30
equally spaced measurement positions on a line at heightℎ = 0.05m from the soil level, 𝑆 = 2m long, and horizontally
centered at the origin.The offset between the transmitter and
the receiver is 𝑠TX = 0.3m. An additive white Gaussian noise
with zero-mean value and signal-to-noise ratio SNR = 10 dB
has been used for corrupting the scattered electric field data.

Figure 4 reports the B-scan of the estimated field scat-
tered by the buried cylinder. In the qualitative step, 21
frequency samples equally spaced in the band from 150MHz
to 350MHz have been used. In the quantitative inversion,
a subset of 𝐹 = 5 equally spaced frequencies in the same
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Figure 5: Spatial distribution of the normalized object function Λ
in the investigation domain 𝐷inv, for SNR = 10 dB [96].
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Figure 6: Reconstructed distributions of the relative dielectric
permittivity in the investigation domain 𝐷inv for SNR = 10 dB,
obtained considering five frequencies in the considered band [96].

band has been considered. In the inexact-Newton algorithm,𝐼IN = 20 and 𝐾LW = 10 maximum Gauss-Newton and Land-
weber iterations, respectively, have been considered. The dis-
tribution of the normalized qualitative object function Λ
inside the investigation domain is presented in Figure 5. In
Figure 6, the quantitative reconstruction of the relative dielec-
tric permittivity 𝜖𝑟 in 𝐷inv is shown.

The scientific literature on electromagnetic inverse prob-
lem is now very wide and the reader can refer to the men-
tioned papers and the references therein. A significant inter-
est has also been focused on the use of canonical multilayer
objects, since they allow analytical or quasianalytical solu-
tions that can be used for fast computations when dealing
with configurations that approximate real imaging cases [116].
In addition, they can be used in the validation phase of
inversion procedures. Just as an example, in [117] a two-step
inversion procedure for detecting the dielectric permittivity
and the velocity of multilayer axially moving targets has
been developed, with particular emphasis to cylinders with
elliptical cross sections, forwhich relatedGreen’s function has
been deduced in [118].

5. Conclusion

Layered structure modelling is an important topic in in
modem applied electromagnetics. A review ofmethodologies
for the EM scattering in layered media has been presented in
this paper. Different techniques in the literature have been
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examined and discussed, by emphasizing their basic prin-
ciples, advantages, and disadvantages. Particularly, special
attention has been given to direct methods for modelling
scattering in layered rough structure that have been recently
established.The role of stratifiedmedia in the solution of elec-
tromagnetic inverse scattering problems has been discussed,
too. In particular, the current trend in the development of
inverse procedures for target detection in half spaces and
in multilayer materials has been delineated. We emphasize
that the model selection generally represents a compromise
between accuracy and computational complexity, with the
best compromise thatmay significantly change, depending on
the application contexts.

Therefore, our review has been aimed at providing a cur-
rent perspective on the subject, also highlighting innovative
research directions. However, we make no claim to cover
all the many topics pertinent to layered media. Indeed, with
the rapid growth of the field, such a task would be almost
impossible in a single paper.

The list of publications included in the paper is represen-
tative for our discussion andwill hopefully prove useful to any
researcher active in the area. Nonetheless, it does not exhaust
the very extensive literature on the subject, which indeed
covers several disciplines (optics, applied mathematics, etc.).
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nicazioni,Università di Napoli Federico II, Naples, Italy, 2010.

[24] N. Firoozy, A. S. Komarov, J. Landy, D. G. Barber, P. Mojabi, and
R. K. Scharien, “Inversion-based sensitivity analysis of snow-
covered sea ice electromagnetic profiles,” IEEE Journal of Sel-
ected Topics in Applied Earth Observations and Remote Sensing,
vol. 8, no. 7, pp. 3643–3655, 2015.

[25] S. Afifi and R. Dusseaux, “On the co-polarized phase difference
of rough layered surfaces: formulae derived from the small



12 International Journal of Antennas and Propagation

perturbation method,” IEEE Transactions on Antennas and
Propagation, vol. 59, no. 7, pp. 2607–2618, 2011.
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AEÜ - International Journal of Electronics and Communications,
vol. 61, no. 6, pp. 377–387, 2007.

[57] L. Tsang, J. A. Kong, K. Ding, andC. O. Ao, Scattering of Electro-
magnetic Waves: Numerical Simulations, vol. 2, Wiley, New
York, NY, USA, 1st edition, 2001.



International Journal of Antennas and Propagation 13

[58] C. F. Smith, A. F. Peterson, and R. Mittra, “The Biconjugate
Gradient Method for Electromagnetic Scattering,” IEEE Trans-
actions onAntennas and Propagation, vol. 38, no. 6, pp. 938–940,
1990.

[59] F. Chen, “The numerical calculation of two-dimensional rough
surface scattering by the conjugate gradient method,” Interna-
tional Journal of Remote Sensing, vol. 17, no. 4, pp. 801–808, 1996.

[60] B. Babaoglu, A. Altintas, and V. B. Ertürk, “Spectrally acceler-
ated biconjugate gradient stabilized method for scattering from
and propagation over electrically large inhomogeneous geo-
metries,”Microwave and Optical Technology Letters, vol. 46, no.
2, pp. 158–162, 2005.

[61] J. C. West and J. M. Sturm, “On iterative approaches for elec-
tromagnetic rough-surface scattering problems,” IEEE Transac-
tions on Antennas and Propagation, vol. 47, no. 8, pp. 1281–1288,
1999.

[62] L. Zhang, G. G. Pan, and J. A. Jones Jr, “On unified numerical
algorithm for 3-d scattering from dielectric and pec random
rough surfaces,” IEEE Transactions on Antennas and Propaga-
tion, vol. 65, no. 5, pp. 2615–2623, 2017.

[63] D. M. Young, Iterative Solution of Large Linear Systems, Aca-
demic Press, New York, NY, USA, 1971.

[64] E. G. Liszka and J. J. McCoy, “Scattering at a rough boundary—
extensions of the Kirchhoff approximation,” The Journal of the
Acoustical Society of America, vol. 71, no. 5, pp. 1093–1100, 1982.

[65] D. A. Kapp and G. S. Brown, “A new numerical method for
rough-surface scattering calculations,” IEEE Transactions on
Antennas and Propagation, vol. 44, no. 5, pp. 711–721, 1996.

[66] D. Holliday, L. L. Deraad Jr., and G. J. St-Cyr, “Forward-
backward: A new method for computing low-grazing angle
scattering,” IEEE Transactions on Antennas and Propagation,
vol. 44, no. 5, pp. 722–729, 1996.

[67] A. Iodice, “Forward-backward method for scattering from
dielectric rough surfaces,” IEEE Transactions on Antennas and
Propagation, vol. 50, no. 7, pp. 901–911, 2002.

[68] A. Iodice, “Scattering from natural soils modeled by dielectric
fractal profiles: The forward-backward approach,” IEEE Trans-
actions on Geoscience and Remote Sensing, vol. 42, no. 1, pp. 77–
85, 2004.

[69] K. Inan and V. B. Ertürk, “Application of iterative techniques
for electromagnetic scattering from dielectric random and
reentrant rough surfaces,” IEEE Transactions on Geoscience and
Remote Sensing, vol. 44, no. 11, pp. 3320–3329, 2006.

[70] P. Tran, “Calculation of the scattering electromagnetic waves
from a two-dimensional perfectly conducting surface using
the method of ordered multiple interactions,” Waves Random
Media, vol. 7, no. 3, pp. 295–302, 1997.

[71] L. Tsang, C. H. Chan, K. Pak, and H. Sangani, “Monte Carlo
simulations of large-scale problems of random rough surface
scattering and applications to grazing incidence with the
BMIA/canonical grid method,” IEEE Transactions on Antennas
and Propagation, vol. 43, no. 8, pp. 851–859, 1995.

[72] H.-T. Chou and J. T. Johnson, “A novel acceleration algorithm
for the computation of scattering from rough surfaces with the
forward-backward method,” Radio Science, vol. 33, no. 5, pp.
1277–1287, 1998.

[73] J. Von Hagen and W. Wiesbeck, “Physics-based preconditioner
for iterative algorithms in MoM-problems,” IEEE Transactions
on Antennas and Propagation, vol. 50, no. 9, pp. 1315-1316, 2002.

[74] C. D. Moss, T. M. Grzegorczyk, H. . Han, and J. A. Kong,
“Forward-backward method with spectral acceleration for

scattering from layered rough surfaces,” IEEE Transactions on
Antennas and Propagation, vol. 54, no. 3, pp. 1006–1016, 2006.

[75] Y. Ren, Y. Chen, Q. Zhan, J. Niu, and Q. H. Liu, “A higher order
hybrid SIE/FEM/SEM method for the flexible electromag-
netic simulation in layeredmedium,” IEEETransactions onGeo-
science and Remote Sensing, vol. 55, no. 5, pp. 2563–2574, 2017.

[76] C.-H. Kuo and M. Moghaddam, “Scattering from multilayer
rough surfaces based on the extended boundary condition
method and truncated singular value decomposition,” IEEE
Transactions on Antennas and Propagation, vol. 54, no. 10, pp.
2917–2929, 2006.
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This document presents a technique for the generation of Sparse Inverse Preconditioners based on the near field coupling matrices
of Method of Moments simulations where the geometry has been partitioned in terms of regions. A distance parameter is used to
determine the sparsity pattern of the preconditioner. The rows of the preconditioner are computed in groups at a time, according
to the number of unknowns contained in each region of the geometry. Two filtering thresholds allow considering only the coupling
terms with a significant weight for a faster generation of the preconditioner and storing only the most significant preconditioner
coefficients in order to decrease the memory required. The generation of the preconditioner involves the computation of as many
independent linear least square problems as the number of regions in which the geometry is partitioned, resulting in very good
scalability properties regarding its parallelization.

1. Introduction

Many of the modern approaches for electromagnetic analysis
based on the Method of Moments (MoM) [1] rely on
the idea of only storing the near field coupling terms of
the impedance matrix, which typically extends about one-
quarter of the wavelength under analysis. The coupling
effects between distant parts of the geometry are taken into
account in the matrix-vector product computation as a part
of the iterative solution process, and the specific manner in
which this is carried out depends on each approach. Some
popular schemes are based on the use of the Multilevel
Fast Multipole Algorithm (MLFMA) [2], which includes the
processes of aggregation, translation, and disaggregation of
multipole expansions in the computation of such products.
Other schemes use matrix compression techniques [3, 4] to
compute these multiplications efficiently. All these methods
circumvent the burden of storing the full MoM matrix,
which would easily surpass the memory capacity and cripple
the efficiency for the analysis of even moderately sized
problems.

Since the full couplingmatrix is no longer to be calculated
and due to the size of the system to be computed, iterative
solvers play a major role in modern simulation methods,
although it is worthwhile to mention that some approaches
extend the range in which direct solvers can be applied,
such as those based on the use of Macro Basis functions
[5], which reduce the number of unknowns of the original
problem. The necessity of iteration, however, is unavoidable
for electrically large or very large problems and with the use
of iterative solvers arises the problem of slow convergence
for some cases, due to reasons of different nature, such as
geometrical features of the model, multiscale problems, or to
the intrinsic electromagnetic behavior, such as the presence of
resonant regions within the geometry. In any case the use of
preconditioners is very important in order to ease the iterative
process, which, in many cases, accounts for most of the total
simulation time.

It is noteworthy to mention a family of preconditioners
that are based on the physical properties of the prob-
lem and more specifically on the idea that inverse matrix
that is approximately represented by the preconditioner is
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essentially an approximate solution of the electromagnetic
problem. Previous works have been published for the efficient
generation of physical-based preconditioners considering
quasiplanar structures [6] or exploiting the quasiplanar elec-
tromagnetic behavior of conducting rough surfaces [7]. A
method for the generation of a preconditioner for problems
involving multiple scatterers, based on splitting the system
matrix according to the types of material of the subdomains
as well as currents on different parts, is shown in [8].

Another group of preconditioners that are also com-
monly used in the context mentioned above rely on the
numerical manipulation of the system matrix rather than
on physical properties of the problem under analysis. The
Incomplete LU (ILU) decomposition [9–11] and the Sparse
Approximate Inverse (SAI) [12–14] show a good behavior
and are extensively used at the present time. The ILU
preconditioner is considered slightly more efficient for the
same amount of data [15], although the SAI approach is
much more scalable, since it can be computed by solving
independent linear least square (LLS) systems that generate
the rows of the preconditioner. This property renders the
SAI preconditioner very well suited to be used in very large
problems that require a fair number of processing nodes. It
should be noted, however, that modern ILU preconditioners
based on multifrontal/multilevel schemes allow better per-
formance than the conventional ILU approach while offer-
ing a good compromise between robustness and efficiency
[16–18]. The application of multilevel ILU preconditioning
techniques applied to electromagnetic problems involving
the Electric Field Integral Equation has been documented in
[19].

The preconditioners based on the ILU and SAI ap-
proaches are often generated considering only the near field
part of the coupling matrix, which includes the strongest
interactions between basis and testing functions. This allows
a fast generation and reasonably reduced size, although the
performance of such preconditioners may be lacking in the
analysis of problems in which there are strong interactions
between parts of the geometry that are physically distant, like
the interaction between the feed of a reflector antenna and
the main reflector or between parts of certain cavities.

The most common approach in the application of the
SAI preconditioner involves the definition of a sparsity
pattern, understood as the pattern of the elements of the
preconditioner that are not null, which is the same as that of
the near field couplingmatrix [12]. In this workwe propose an
improved strategy based on the clustering of the least squares
systems that fall under each near field region as well as a
distance threshold parameter that allows a finer control of the
sparsity pattern of the SAI preconditioner. We have obtained
noticeable improvements on the convergence properties of
the conventional use of the SAI preconditioner compared to
the approach described here. Illustrative examples are given
in the Numerical Results.

2. Description of the Approach

Theapplication of theMoM is based on the solution of a linear
system of equations as follows:

[𝑍] [𝐽] = [𝑉] , (1)

where [𝐽] and [𝑉] are the current coefficient and the
excitation vectors, respectively, and matrix [𝑍] contains the
coupling terms between each basis function and each testing
function of the problem. The expression of term (𝑖, 𝑗) of [𝑍]
can be written as

𝑍𝑖,𝑗 = ⟨𝐿 (𝐵𝑗) , 𝑇𝑖⟩ , (2)

where it is computed as the inner product of the 𝑖th testing
function 𝑇𝑖 and the field radiated by the 𝑗th active basis
function 𝐵𝑗 over the 𝑖th subdomain. This field is given by
the operator 𝐿(𝐵𝑗). Consequently, each row of matrix [𝑍]
represents the coupling terms between all the active basis
functions of the geometry and one passive testing function
and, in turn, a column of [𝑍] contains the coupling terms
between one active basis function and all the passive testing
functions. Since [𝑍] is dense and unmanageable for many
realistic problems it is very common to compartmentalize
the original geometry into regions and only calculate and
store the coupling terms of the basis and testing functions
contained within the same region, as well as those contained
within adjacent regions. The typical region size is about 𝜆/4,
which makes the matrix containing such terms, denoted
as [𝑍NF] in this work, sparse and with a much more
manageable size even for large problems. The rest of the
coupling terms, noticeably weaker, are contained in the far
field couplingmatrix [𝑍FF].Manymodern efficient numerical
methods do not require calculating the far field coupling
matrix [2–4] and consider those interactions using alternative
approaches.

In order to incorporate the near field preconditioning
scheme proposed in the present work, it is useful to write the
MoM equation separating the coupling matrix into the near
field term ([𝑍NF]) and the far field term ([𝑍FF]) as shown as
follows:

[𝑀] ([𝑍NF] + [𝑍FF]) [𝐽] = [𝑀] [𝑉] , (3)

where [𝑀] is the preconditioner. This matrix should ideally
be as close as possible to the inverse of [𝑍] = [𝑍NF] +[𝑍FF]. However, it is very important to keep the generation
procedure scalable and efficient both in terms of size andCPU
time.

Under the assumption that the near field part of the
coupling matrix is stronger than the far field term, it is
possible to rewrite (3) in the following fashion:

[𝑀] [𝑍NF] [𝐽] ≈ [𝑀] [𝑉] . (4)

2.1. Region Clustering in the Generation of the Preconditioner.
A commonly used SAI preconditioner relies on the gener-
ation of [𝑀] by minimizing the Frobenius norm of {[𝐼] −[𝑀][𝑍NF]}, where [𝐼] is the identity matrix. The scalability
properties of this preconditioner arise from the possibility
of decomposing such expression into the minimization of
the norm of the difference between each row of the identity



International Journal of Antennas and Propagation 3

matrix and the preconditioner multiplied by the near field
coupling matrix as follows:

min [𝐼] − [𝑀] [𝑍NF]2𝐹 =
𝑛∑
𝑘=1

min e𝑘 −m𝑘 [𝑍NF]22 , (5)

where 𝑛 indicates the total number of basis functions of
the problem, e𝑘 stands for the 𝑘th row of the identity
matrix, and m𝑘 denotes the 𝑘th row of the preconditioner[𝑀].

It should be remarked that the technique described in
this work relies on the compartmentalization of the compu-
tational space in terms of regions, so that only the coupling
terms between subdomain functions located in the same or in
adjacent regions are to be computed.This is a widely adopted
scheme by many modern methods. Under this context, it is
possible to take advantage of the reutilization of the same
LLS matrix to obtain as many rows of the preconditioner
as the number of the unknowns contained in each region.
This can be illustrated by rewriting (5) in the following
manner:

𝑛∑
𝑘=1

min e𝑘 −m𝑘 [𝑍NF]22

= 𝑅∑
𝑟=1

min [𝐼𝑟] − [𝑀𝑟] [𝑍NF]2𝐹 ,
(6)

where𝑅 indicates the total number of regions of the problem.
Considering at this point that𝑁𝑖 is the number of subdomain
functions contained in region 𝑖 and that 𝑆𝑟𝑖 represents the
absolute index of the 𝑖th subdomain contained in region𝑟, the [𝐼𝑟] matrix in (6) consists of 𝑁𝑟 rows of the unit
matrix

[𝐼𝑟] =
[[[[
[

e𝑆𝑟
1...

e𝑆𝑟
𝑁𝑟

]]]]
]

(7)

and, analogously, [𝑀𝑟] contains 𝑁𝑟 rows of the precondi-
tioner:

[𝑀𝑟] =
[[[[
[

m𝑆𝑟
1...

m𝑆𝑟
𝑁𝑟

]]]]
]
. (8)

2.2. Parametric Sparsity Pattern. Noting that [𝑀𝑟] will be
generally a full matrix it is necessary to define a sparsity
pattern that enforces null values for some of its coefficients.

It is common to see approaches in the literature that con-
sider such a sparsity pattern to be identical as that of the
original near field coupling matrix [12]. We introduce an
alternative approach by defining in this context the sparsity
distance parameter 𝜉 as the distance threshold that determines
whether the subdomains contained in a region are to be
included in the sparsity pattern. Let us denote for this purpose𝑅𝑖 as the region in which subdomain 𝑖 is contained and𝐷(𝑅𝑖, 𝑅𝑗) as the distance between the centres of regions𝑅𝑖 and𝑅𝑗, where 𝑖 an 𝑗 are two arbitrary subdomains. The sparsity
mask matrix for region 𝑟 is defined as

[Ω]𝜉𝑟 =
[[[[
[

Ω1,1 ⋅ ⋅ ⋅ Ω1,𝑛
... d

...
Ω𝑛,1 ⋅ ⋅ ⋅ Ω𝑛,𝑛

]]]]
]
,

where Ω𝑖,𝑗 = {{{
1, if 𝐷(𝑅𝑖, 𝑅𝑟) ≤ 𝜉
0, if 𝐷(𝑅𝑖, 𝑅𝑟) > 𝜉.

(9)

The [Ω]𝜉𝑟 matrix, applied for all the regions, defines the
sparsity pattern used to generate the preconditioner. With
this consideration, the right hand side of expression (6) can
be approximated as

𝑅∑
𝑟=1

min [𝐼]𝑟 − [𝑀𝑟] [𝑍NF]2𝐹

≅ 𝑅∑
𝑟=1

min [𝐼𝑟] − [𝑀𝑟] [𝑍NF]2𝐹 ,
(10)

where [𝑀𝑟] is an approximation of [𝑀𝑟] obtained as the
solution of the LLS where the matrices marked with the tilde
overscore denote the application of the sparsity pattern by
computing theHadamard product with the sparsity mask and
eliminating the null rows and columns of the result:

[𝐼𝑟] = ℵ ([Ω]𝜉𝑟 ⊙ [𝐼𝑟]) ,
[𝑍NF] = ℵ ([Ω]𝜉𝑟 ⊙ ℶ𝜏𝑟 ([𝑍NF])) .

(11)

In this expression ⊙ denotes the element-wise matrix mul-
tiplication operator and ℵ([𝐴]) represents the matrix that
results from the elimination of the null rows and columns
of [𝐴]. The term ℶ𝜏𝑟 ([𝑍NF]), in turn, is an operator that
returns a filtered version of [𝑍NF] discarding the coefficients
with a module lower than 𝜏 times the largest self-impedance
in the region where they belong. The 𝜏 parameter, named
preprocessing threshold parameter through the rest of this
document, allows a reduction of the size of the LLS problems
to be solved for the generation of the preconditioner by
eliminating low-magnitude rows and columns, resulting in
faster computation. Considering these comments ℶ𝜏𝑟 ([𝑍NF])
can be written as follows:
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ℶ𝜏𝑟 ([𝑍NF]) =
[[[[
[

ℶ1,1 ⋅ ⋅ ⋅ ℶ1,𝑛
... d

...
ℶ𝑛,1 ⋅ ⋅ ⋅ ℶ𝑛,𝑛

]]]]
]
,

with 0 ≤ 𝜏 ≤ 1, where ℶ𝑖,𝑗 = {{{
0, if

[𝑍NF]𝑖,𝑗 ≤ 𝜏 ⋅max ([𝑍NF]𝑘,𝑘) with 𝑘 ∈ Region 𝑟
[𝑍NF]𝑖,𝑗 , if

[𝑍NF]𝑖,𝑗 > 𝜏 ⋅max ([𝑍NF]𝑘,𝑘) with 𝑘 ∈ Region 𝑟.

(12)

The preconditioner, therefore, can be computed by calculat-
ing the result of 𝑅 independent LLS problems, which can be
distributed among an arbitrary number of processing nodes,
and assembling the preconditioner using the partial [𝑀𝑟]
matrices. It is convenient, however, to filter these results to
retain only the elements that pose a significantweight for each
row of the preconditioner. Experimental results have shown
that for typical applications the size of the preconditioner
can be reduced at least by an order of magnitude without
a compromise in the convergence performance. Expression

(12) illustrates the row filtering of [𝑀𝑟] introducing the
postprocessing threshold parameter 𝜍:

[̃̃𝑀𝑟] = Ψ𝜍 ([𝑀𝑟]) , with 0 ≤ 𝜍 ≤ 1, (13)

where Ψ𝜍([𝑀𝑟]) retains the elements with an absolute value
over 𝜍 times the largest element in each row of the precondi-
tioner:

Ψ𝜍 ([𝑀𝑟]) =
[[[[
[

Ψ1,1 ⋅ ⋅ ⋅ Ψ1,𝑛
... d

...
Ψ𝑛,1 ⋅ ⋅ ⋅ Ψ𝑛,𝑛

]]]]
]
, where Ψ𝑖,𝑗 = {{{

0, if
[𝑀𝑟]𝑖,𝑗

 ≤ 𝜍 ⋅max ([𝑀𝑟]𝑖,𝑗
) within row 𝑖

[𝑀𝑟]𝑖,𝑗 , if
[𝑀𝑟]𝑖,𝑗

 > 𝜍 ⋅max ([𝑀𝑟]𝑖,𝑗
) within row 𝑖. (14)

The sparsity distance parameter 𝜉 introduced in this section
allows a fine control of the size of the preconditioning
matrix. Large values (similar to the size of the geometry)
imply no restrictions in the sparsity pattern of the resulting
preconditioner, which can lead to the computation of the
exact inverse of [𝑍NF] with a prohibitive computational
cost. Low values, around the size of the regions in which
the geometry has been previously partitioned, render an
approximate inverse with the same size as [𝑍NF] that can
be computed fast. These sizes can then be modified by the
filtering threshold 𝜍 that discards the least significant terms.
Our experience, as shown in the next section, shows that
sparsity distance parameter values ranging from 0.5𝜆 to 𝜆
present a good tradeoff between size and performance.

3. Numerical Results

Some test cases have been selected in this section in order
to illustrate the performance of the approach described in
the present document. All the simulations have been run
on an HP Z820 workstation using 16 Intel Xeon E5-2660
2.2GHz processing cores and 128GB of RAM. In all the
cases we have applied the Method of Moments combined
with the Multilevel Fast Multipole Algorithm using 0.25𝜆 as
the region size unless otherwise indicated. The SAI precon-
ditioners have been obtained distributing the computation
of [̃̃𝑀𝑟] shown in expression (13) for all the regions of the

problem between the computing nodes using the OpenMP
paradigm [20].The GeneralizedMinimal Residual (GMRES)
iterative solver [21] with a restart parameter of 300 has been
used for all the simulations presented in this section. The
parallelization scheme of the SAI preconditioner followed
in the simulations shown in this section consists of a loop
that iterates over the regions in which the geometry has been
previously partitioned. For each iteration the corresponding
LLS matrix is assembled and the LAPACK numerical library
[22] is used to obtain the solution. Since we use OpenMP
to merely distribute the iterations of this loop over all the
processing nodes, it is extremely important that the iterations
are independent of each other, as is the case for the proposed
preconditioner.

In the results presented in this section 𝜃 represents the
polar angle measured from the 𝑧-axis and 𝜙 denotes the
azimuthal angle measured from the 𝑥-axis, with 0∘ ≤ 𝜃 ≤
180∘, 0∘ ≤ 𝜑 < 360∘. These angular coordinates have been
illustrated in Figure 1 for the sake of clarification.

Figure 2 depicts the geometry of the PLACYL case,
originally proposed for the JINA EM 2006 workshop [23],
consisting of a cylinder with a radius of 0.2m and a length
of 1m connected to a semispherical surface on one side and
located on top of a plane plate that extends 1.8m along the𝑋
direction and 1.2m along the 𝑌 direction. The gap between
the cylinder and the plate is 0.02m. The monostatic RCS of
this setup has been computed at a frequency of 10GHz for



International Journal of Antennas and Propagation 5

X

Y

Z

r





Figure 1: Depiction of the spherical coordinates considered.
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Figure 2: Geometrical model of the PLACYL case.

a set of 181 theta polarized incident waves corresponding to
the directions given by 𝜃 = 45∘ and 𝜙 ranging from 0∘ to 180∘.
The electrical length of the cylinder at this frequency is 40𝜆
and the radius is 6.67 𝜆, while the plate is 60 𝜆 long and 40 𝜆
wide.TheElectric Field Integral Equation (EFIE) formulation
has been considered for all the surfaces of this case instead
of the Combined Field Integral Equation (CFIE) in order to
obtain amoderately ill-conditioned problem useful to test the
performance of the preconditioners. The geometry has been
meshed using a sampling rate of 10 divisions per wavelength,
resulting 831,734 unknowns, and the compartmentalization
of the geometry has generated 73,590 regions. The iteration
error threshold of the GMRES solver has been 10−3. Figure 3
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Figure 3: Monostatic RCS results for the PLACYL case, 𝑓 =10GHz.

shows the results obtained for this case. Table 1 shows the
CPU time required for the generation of the preconditioner
as well as the memory for its storage considering different
configurations and the average number of iterations per
monostatic direction necessary to compute the solution. The
values of the SAI parameters (sparsity distance 𝜉, preprocess-
ing threshold 𝜏, and postprocessing threshold 𝜍) defined in
the approach presented in this work are also included in the
table.

The results plotted in Figure 3 show that there is a certain
amount of specular reflection on the hemisphere and between
the hemisphere and the plate at 𝜙 = 0∘ that provides a RCS
level that fades in a very narrow angular margin. The con-
vergence for this direction is not especially slow because of
the predominant specular effect over the high-order coupling
reflections between plat and hemisphere. From 𝜙 = 0∘ to 𝜙 =
90∘ the backscattering RCS contributions are due to diffuse
reflections on the plate, cylinder, and high-order effects
between both bodies, leading to slow convergence due to the
low RCS levels and strong coupling. The RCS increases very
noticeably for angular values around 𝜙= 90∘, due to the larger
cross section of the cylinder that provides specular reflection,
as well as the high-order specular reflections between the
side of the cylinder and the plate and creeping effects on the
cylinder. From 𝜙 = 90∘ to 𝜙 = 180∘ the contribution of the
interaction between the flat part of the cylinder and the plate
becomes increasingly stronger and for the angular margin
around 𝜙 = 180∘ the double reflection between the plate and
the flat cap of the cylinder is overwhelmingly predominant,
yielding high RCS values and easing the convergence rate.

It can be seen in Table 1 that thememory requirements for
the storage of the preconditioner have a weak dependency on
the sparsity distance parameter 𝜉. This is due to the use of the
postprocessing threshold 𝜍 that eliminates the least significant
terms of the preconditioner. In general, it is normal to see a
mild increase of the size of the preconditioner as 𝜉 increases
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Table 1: Convergence performance for several SAI parameters.

Precond.
generation
time (s)

Precond. size
(MB)

Avg. number
of iterations
per direction

(𝜃 pol.)

Avg. number
of iterations
per direction

(𝜙 pol.)
No preconditioner — — 394.15 332.42
Conventional SAI 189 378.43 192.00 172.05
Proposed SAI 43 284.57 181.94 158.73
Sparsity distance (𝜉) = 0.25 𝜆
Preprocessing threshold (𝜏) = 0.03
Postprocessing threshold (𝜍) = 0.03
Proposed SAI 192 281.78 129.81 115.98
Sparsity distance (𝜉) = 0.5 𝜆
Preprocessing threshold (𝜏) = 0.03
Postprocessing threshold (𝜍) = 0.03
Proposed SAI 1208 304.33 111.78 103.21
Sparsity distance (𝜉) = 𝜆
Preprocessing threshold (𝜏) = 0.03
Postprocessing threshold (𝜍) = 0.03

because, as more coefficients are included in the sparsity
pattern of the preconditioner, a number of them are probably
going to have a magnitude that exceeds the threshold, adding
information to the computed preconditioner.

In addition to the monostatic results shown above, it is
interesting to test the behavior of the convergence of the
proposed approach for a different number of configurations.
For the next example we have considered the PLACYL
geometry increasing the frequency to 20GHz, resulting in
an electrical length of 80 𝜆 for the cylinder with a radius
of 13.35 𝜆 and a plate size of 120 𝜆 × 80 𝜆. Now the CFIE
formulation with parameter 𝛼 = 0.5 has been applied for
the closed body (cylinder and semisphere), and the EFIE
formulation has been applied for the plane plate. In this case,
meshing with the standard rate of 10 samples per wavelength,
we obtain 3,358,631 unknowns and 297,132 regions. A bistatic
RCS analysis has been performed for the excitation incidence
given by 𝜃 = 45∘ and 𝜙 = 0∘ with observation directions
separated by 0.1∘ steps between 𝜃=0∘ and 𝜃=90∘.The sparsity
distance parameter considered in this case has been 𝜉 =0.5 𝜆, and the preprocessing and postprocessing thresholds
have been, respectively, 𝜏 = 0.05 and 𝜍 = 0.03. Figure 4
shows the results obtained for the 𝜃-polarized incident field
considering an iteration error threshold of 10−3. Figure 5
shows the convergence analysis of this case considering the
use of the conventional SAI approach (with the same sparsity
pattern as the near field coupling matrix), the SAI approach
proposed in this document and without any preconditioner.

For the next example, the RCS of a realistic model of
an Opel Astra car has been simulated at a frequency of
5.9GHz. The geometry is shown in Figure 6 and has been
modeled using 282 NURBS surfaces. This case consists of
2,255,500 unknowns and 200,936 regions using a sampling
rate of 10 samples per wavelength. In order to analyze a
more realistic problem, several surfaces have been treated as
dielectric layers, defining their relative permeability 𝜀𝑟. The
windows and lights have been modeled using a thin layer
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Figure 4: Bistatic RCS results of the PLACYL case, 𝑓 = 20GHz.

approximation with 𝜀𝑟 = 4. The wheels have been modeled
by means of a thin layer approximation using 𝜀𝑟 = 7, and
dielectric losses have been introduced by assigning the loss
tangent tan(𝛿) = 0.04, considering these values as a realistic
approach for the rubber compound of the tires [24]. The
size of the car is approximately 4.14 meters long, 1.64 meters
wide, and 1.35 meters tall, which at the working frequency
corresponds to 81.5 𝜆 tall, 32.25 𝜆 wide, and 26.55 𝜆 high.
The bistatic RCS has been computed for a 𝜃-polarized plane
wave impinging from 𝜃 = 80∘ and 𝜙 = 45∘. The observation
directions are contained in the 𝜙 = 45∘ angular cut 𝜃 ranging
from 0∘ to 90∘ in 0.1∘ steps. The EFIE formulation has been
applied, due to the geometrical and material features of this
problem. Figure 7 shows the computed results. Convergence
has been obtained for an error of 10−3 in 281 iterations.
Realistic cases often offer a slow convergence due to the more
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Figure 6: Geometrical model of an Opel Astra car.

complex geometrical models. The inclusion of very small
patches, degenerate surfaces, and other sublambda details
produces an irregular mesh that favors slower convergence
rates. In addition, the use of dielectric materials assigned
to some of the surfaces of the model combined with PEC
surfaces in the rest of the body also poses a burden to
the convergence properties of the problem. In this case the
conventional SAI approach did not reach convergence and
stalled with an error value of 2.2 ⋅ 10−2. The conventional
SAI preconditioner uses the same sparsity pattern as the
near field coupling matrix, which is in essence equivalent
to generating the preconditioner using a sparsity distance
of 𝜉 = 0.25 𝜆 in this case. However, due to the features of
this geometrical model the resulting preconditioner does not
adequately resemble the inverse of [𝑍NF].The extended value
of the sparsity distance used with the proposed approach (𝜉 =0.75 𝜆) allows the computation of a denser preconditioner
that provides better convergence. The total simulation time
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Figure 7: Bistatic RCS results for the Opel Astra car, 𝑓 = 5.9GHz.

has been 18,976 seconds. The preconditioner in this case has
been generated with a sparsity distance parameter 𝜉 = 0.75 𝜆,
a preprocessing threshold 𝜏 = 5⋅10−3, and the postprocessing
threshold 𝜍 = 2 ⋅ 10−2 in 2,220 s and has required 5.9GB of
RAM.

4. Conclusion

A new sparsity pattern and filtering approach that can be
used to generate Sparse Approximate Inverse precondition-
ers considering the near field part for computations based
on the Method of Moments have been presented in this
document. The rows of the preconditioner are generated
as groups that result from the solution of similar least
squares problems. In addition, a parametric distance sparsity
parameter allows a fine control of the amount of data to
be used. The scalability properties of this preconditioner
are excellent and make it well suited to solve large and
realistic problems with a moderate computing time and
RAM footprint. Some illustrative examples have been pro-
vided in order to test the performance of the proposed
approach.

From the experience gathered by the authors, some rec-
ommended typical values of the parameters of the proposed
preconditioner can be a sparsity distance ranging between
0.5 𝜆 and 𝜆, as well as preprocessing and postprocessing
thresholds between 0.01 and 0.03. For those cases with an
especially difficult convergence the sparsity distance can be
raised up to 2 𝜆 at the expense of higher CPU time andmem-
ory consumption. In cases where thememory consumption is
a critical issue the postprocessing threshold can be increased
to values around 0.05 in order to reduce the size of the precon-
ditioner, with the possible consequence of a slightly slower
convergence.
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[18] M. Bollhöfer and Y. Saad, “Multilevel preconditioners con-
structed from inverse-based ILUs,” SIAM Journal on Scientific
Computing, vol. 27, no. 5, pp. 1627–1650, 2006.

[19] B. Carpentieri and M. Bollhöfer, “Symmetric inverse-based
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Hybrid scheme combining shooting and bouncing ray with semi-deterministic facet model is proposed to analyze composite
scattering from ship-ocean scene in this study. This model can deal with complex electromagnetic interaction between ship and
sea surface. Thus, scattering properties of composite ship-ocean scenes with influence of various parameters (such as incident
angle and wind speed) can be studied and analyzed efficiently. Studying such properties is of significance for target detection and
high-resolution radar imaging in sea environments. Accuracy and performance of this method are validated and evaluated by
comparing with multilevel fast multipole method of FEKO for electrically small objects. All simulation results indicate that the
proposed method is suitable for providing preliminary radar cross section prediction of electrically large composite model.

1. Introduction

Electromagnetic scattering of electrically large targets above
rough sea surface is common military scene in target detec-
tion and tracking [1–3]. In recent years, extensive endeavors
have been devoted to simulation of such complex composite
scattering. Method of Moment (MoM) [4] is widely used
numerical algorithm, which is adequately developed into fast
algorithms, such as Generalized Forward-Backward Method
(GFBM) [5, 6] and multilevel fast multipole algorithm
(MLFMA) [7, 8]. However, such methods require consider-
able computational time when dealing with electrically large
targets. Asymptotic methods such as Iterative Physical Optics
(IPO) which contains a large number of iterations to ensure
the accuracy also face poor computing efficiency. Traditional
four-path model [9] uses complex reflection coefficient to
evaluate coupling interaction of ship-ocean. However, actual
sea surface is usually assumed to be two-scale rough surface
model [10]: capillary waves modulated by gravity wave in
large scale. Thus, scattering field is not only concentrated on
specular direction. Besides, four-pathmodel cannot consider
mutual shade between ship and ocean. Shooting and Bounc-
ing Ray (SBR) [11, 12] seems more flexible and suitable for
such issue.With ray tracing capacity of SBRmethod,multiple

interactions between ship and ocean can be determined.
Nevertheless, SBR method requires more refined meshes
involving capillarywaves on the sea surface.This requirement
enormously increases computing burden. For large-scope sea
surfaces, semi-deterministic facet scattering model (SDFM)
[13, 14] was developed in relevant publications. In this model,
elementary radar echoes from respective facets are computed
by a semideterministic scheme considering both specular and
diffuse configurations.

This paper aims to establish feasible scheme that con-
forms to sea surface two-scale model by combining SDFM
and SBR method. With SDFM considering Bragg scatter-
ing from capillary waves, sea surface can be meshed into
larger triangle patches, which adapt well to SBR method
for ray tracing between the ship and ocean. Additionally,
based on improved backward SBR tracing process and kd-
tree acceleration treatment mentioned in [15], computation
time rapidly decreases. In the proposed composite scattering
model, SBR method is used to calculate scattering from
multiple interactions of ship-ocean and scattering from ship,
whereas scattering from sea surface is calculated by SDFM.
Hybrid SBR-SDFMmethod should be time-saving and highly
efficient to handle radar cross section calculation of electri-
cally large ship-ocean composite model.
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Figure 1: Illustration of composite scattering model.

2. SBR-SDFM Method for
Composite Scattering

2.1. Composite Scattering Model of Ship-Ocean. Figure 1
shows simplified composite scattering model of ship above
rough sea surface. Under framework of the SBR-SDFM
method, composite scattering model is divided into four
major parts.

(1) Single Scattering from Ship. This part is calculated equiva-
lently by physical optics. During the computation, not only
self-shade of ship but also shade to ship by sea surface should
be taken into consideration. As shown in Figure 1, scattering
calculation does not involve part of ship submerged in sea
surface.

(2) Multiple Scattering from Ship. This part is calculated
by SBR. Ship model usually contains numerous dihedral
structures; these structures can generate large number of
multiple reflections, which develop intomajor components of
backscattered field. Hence, multiple scattering of ship should
be considered.

(3) Single Scattering from Sea Surface. SDFM method is
adopted to calculate scattering contribution of sea surface. In
the theory of SDFM, sea wave is envisaged as a superposition
of gravity wave configuration approximated by planar facets
and capillary wave configuration added on the planar facets
at resonant wavenumber. This assumption better conforms
to the sea surface two-scale model than PO or SBR. Then,
with Bragg scattering from capillary waves being considered
separately, sea surface can be meshed into larger triangle
patches, which can adapt well to the SBR method for ray
tracing between ship and ocean. Thus, computing time is
comparatively reduced. Furthermore, visibility of facets on
the sea surface should be checked to eliminate shade from
ship and other facets on the sea surface.

(4) Coupling Scattering between Ship and Sea Surface. This
part will be discussed in Section 2.2 in detail.

Then, scattered field of composite model →𝐸 total
can be

developed by creating superposition of obtained scattered
fields:

→𝐸 total = →𝐸 ship,1 + →𝐸 ship,2,3,... + →𝐸 sea,1 + →𝐸 sea-ship,1,2,3,4, (1)

where →𝐸 ship,1
, →𝐸 ship,2,3,...

, →𝐸 sea,1
, and →𝐸 sea-ship,1,2,3,4

are scatter-
ing field of four parts mentioned above, respectively.

S1 S2 S3

T1

Target

Sea surface

Figure 2: Illustration of ray tracing for coupling interaction of ship-
ocean.

2.2. Coupling Scattering between Ship and Ocean. SBR
method is applied to describe coupling of ship and sea surface
(see Figure 2). There are four main ray paths included: ship-
sea, sea-ship, ship-sea-ship, and sea-ship-sea. First, the ship
and the sea surface are meshed into triangle patches, which
are numbered and stored into kd-trees, respectively. Taking
ray path ship-sea as an example, given the incident wave
direction, patches on the ship model illuminated directly by
the incident wave will be identified (i.e., triangle T1) and
stored into computer memory as an array. Then the ray
starts from illuminated patches on the ship and propagates
along the reflected direction, implementing intersection tests
with previously built kd-tree of sea surface to determine
illuminated patches on the sea surface. Once one patch is
found to be illuminated (i.e., triangle S2), backward ray
tracing will be performed on its neighbors (i.e., triangles S1
and S3; their IDs are always adjacent to illuminated patches)
to check their visibility. Finally, calculation will be performed
on far field scattering of all illuminated patches on the sea
surface.

In this study, scattering field from sea surface is computed
based on SDFM. Bragg scattering field from each facet can
be obtained by Fuks’ model, with fair approximation that
Bragg wave is a single frequency sinusoidal wave to simplify
computation, and the polarization factor is modulated by
gravity wave. The Bragg scattering field can be expressed as
follows:

→𝐸 facet
𝑝𝑞 (�̂�𝑖, �̂�𝑠) = 2𝜋exp (𝑖𝑘𝑅)𝑖𝑅 𝑆𝑝𝑞 (�̂�𝑖, �̂�𝑠) , (2)

where �̂�𝑖 and �̂�𝑠 represent the combined vectors of incident
and scattered wave number, respectively; 𝑅 is the distance
from the observation to the facet centers; 𝑘 is the electro-
magnetic wave number; 𝑝 and 𝑞 are the polarization of
the incident and scattered wave; 𝑆𝑝𝑞 denotes the scattering
amplitude that can be expressed as

𝑆𝑝𝑞 (�̂�𝑖, �̂�𝑠)

= 𝑘
2 (1 − 𝜀)
8𝜋2 𝐹𝑝𝑞∬𝜉(→𝑟 ) exp (−𝑖→𝑞 ⋅ →𝑟 ) 𝑑→𝑟 ,

(3)
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Figure 3: Illustration of a single frequency sinusoidal wave model.
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Figure 4: Bistatic RCS results for the facet (HH-polarization).

where 𝜀 is the relative permittivity of the sea water. →𝑞 is
defined by →𝑞 = 𝑘(�̂�𝑖 − �̂�𝑠), and 𝑘 is the electromagnetic wave
number. 𝐹𝑝𝑞 is the polarization factor.

𝜉(→𝑟 ) in (3) represents the fluctuations of the capillary on
the facet, which is envisaged to be a sinusoidal wave that can
result in the Bragg resonance and it can be written as

𝜉 (→𝑟 , 𝑡) = 𝐵 (→𝑘 𝑐) sin (→𝑘 𝑐 ⋅ →𝜌 𝑐 − 𝜔𝑐𝑡) , (4)

where
→𝑘 𝑐, 𝜔𝑐 are the wavenumber and circle frequency of the

Bragg resonance and →𝜌 𝑐 is the coordinate of the respective
point on the facet.𝐵(→𝑘 𝑐) = 2𝜋√𝑆𝑃𝑀(→𝑘 𝑐)/Δ𝑆 is the amplitude
of the sinusoidal shortwave, 𝑆𝑃𝑀(→𝑘 𝑐) is the sea spectrum, and
Δ𝑆 is the area of each facet.

We have performed simulation for an individual facet
(6𝜆 × 6𝜆) on the sea surface (see Figure 3) to verify the cor-
rectness of the model. Consider a sinusoidal wave expressed
by 𝜉 = 0.015 cos(2𝜋𝑥𝑔/Λ), where 𝑥𝑔 is the size of the facet
and Λ = 𝜆/(2 sin 𝜃𝑖) is the spatial wavelength satisfying the
Bragg resonance. The dielectric constant of the sea surface
is (71.603, 50.657) and the incident wave frequency is set
to 2.0GHz. The incident direction is set by 𝜃𝑖 = 30∘,
𝜑𝑖 = 0∘. Figures 4 and 5 show numerical results of SDFM
compared with those simulated by MLFMM in commercial
software FEKO. Results of SDFM are consistent with those of
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Figure 5: Bistatic RCS results for the facet (VV-polarization).

Table 1: Runtime performances of different methods.

Method SDFM MLFMM (FEKO)
Runtime (s) 49.864 4210.692

MLFMM. Table 1 presents the computational time of results
in Figure 4. The computer configuration is Intel(R) Xeon(R)
CPU (2.1 GHz, 32.0GB).

As for the ray path sea-ship, instead of patches on the ship,
patches on the sea surface illuminated directly by the incident
wave will be determined first, and the ray tracing process will
be implemented from sea surface to ship. Finally, scattering
field of illuminated patches on the ship will be calculated
by PO. Scattering field approximated by PO integral can be
written as follows:

⇀𝐸 𝑠 = 𝑗𝑘 exp (−𝑗𝑘𝑅)4𝜋𝑅
⋅∬𝜂 ⋅ �̂�𝑠 × (�̂�𝑠 × ⇀𝐽 ) exp 𝑗𝑘�̂�𝑠 ⋅ ⇀𝑟 𝑑𝑠,

(5)

where 𝜂 = (𝜀0/𝜇0)1/2; ⇀𝐽 is the current density at ⇀𝑟  on the
patch.

The high order coupling interaction of sea-ship-sea
or ship-sea-ship is similar to the second-order interaction
described above. The difference is that high order coupling
interaction requires one more ray tracing process.

2.3. Multiple Scattering of Ship. There are some simulation
results to verify the necessity of taking multiple scattering
of the ship into account. Figure 6 displays dimensions of the
ship. Figure 7 shows monostatic scattering results of the ship;
results include both first-order scattering and second-order
scattering.

Results present visible difference. When multiple scatter-
ing of the ship is considered, the backscattering field will be
significantly enhanced.
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Figure 6: Illustration of dimensions of the ship.
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Figure 7: Monostatic RCS results for the ship with the incident
plane at 10GHz.

3. Results and Discussion

3.1. Validation for the Composite Scattering Model

3.1.1. Cube on Flat Plate. The composite model of a flat plate
(0.36 × 0.36m2) with a cube located over at height of 0.03m
is simulated at frequency of 10GHz for HH-polarization
(see Figure 8). Figure 9 shows bistatic RCS of themodel when
side length of the cube is 0.03m, and the incident angles are
set to 𝜃𝑖 = 45∘, 𝜑𝑖 = 0∘. The monostatic RCS is shown in
Figure 10. The results of SBR method agree well with results
based onMLFMM. Furthermore, higher accuracy is obtained
compared with the four-path model.

3.1.2. Sphere on Rough Sea Surface. The diameter of the
sphere is 0.3m and the sphere is above the sea surface by
0.15m (see Figure 11). The sea area is 1.8 × 1.8m2, and the
wind speed is 𝑈 = 0.5m/s. The incident angle is 𝜃𝑖 = 30∘,
whereas the frequency of the incident wave is 4GHz. Both the
sphere and sea surface are assumed to be perfect electronic
conductor. Figure 12 shows the bistatic RCS results of the
model for HH-polarization.The simulation results calculated
by our method are in good agreement with those by FEKO-
MLFMM.
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Figure 8: Illustration of a cube on flat plate.
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Figure 9: Bistatic RCS results for 0.03m cube on flat plate.
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Figure 10: Monostatic RCS results for 0.03m cube on flat plate.
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Figure 11: Illustration of a sphere on flat plate.
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Figure 12: Bistatic RCS for a sphere above sea surface.
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Figure 13: Illustration of the composite model of ship-ocean.

3.2. Composite Scattering of the Ship-Ocean. In the following,
SBR-SDFM method is applied to the RCS prediction of the
battle cruiser above the sea surface. As presented in Figure 13
(dimensions of the ship are the same as those in Figure 6),
large size of model causes almost impossible calculation and
analysis of scattering problem using numerical algorithm at
high frequencies.

In our simulation, the incident wave frequency is
fixed at 10GHz. The permittivity of the sea surface is
(65.4219, 34.9864). First, bistatic RCS for HH-polarization is
calculated with the incident direction set at 𝜃𝑖 = 60∘, 𝜑𝑖 = 90∘,
and the scattering direction is 𝜃𝑠 = −90∘∼90∘, 𝜑𝑠 = 90∘. The
wind speed is selected by 𝑈 = 5m/s. Figure 14 illustrates

−90 −60 −30 0 30 60 90
0

20

40

60

80

100

RC
S 

(d
Bs

m
)

Ship
Sea
Ship + sea

s (Deg)

Figure 14: Bistatic RCS results of HH-polarization for the ship-
ocean model.
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Figure 15: Bistatic RCS results for HH-polarization of the ship-
ocean model at different wind speed.

bistatic RCS results. For this scenario, flank of the ship and
the sea surface form strong coupling, which can significantly
increase the backscattered field intensity. It can be seen from
the results that when scattering angle varies from 𝜃𝑠 = 0∘ to𝜃𝑠 = 90∘, scattering from both ship and coupling interaction
preponderate in the total scattered field because of dihedral
reflectors on the ship and dihedral reflectors formed by flank
of the ship and the sea surface. Nevertheless, in the specular
direction, scattering from the sea surface dominates the total
scattering field.

As is known, the wind speed is a principal factor that
influences the composite scattering field. The simulation
results of bistatic RCS for the HH-polarization in different
wind speeds 5m/s, 7m/s, and 10m/s are shown in Figure 15.
The incident wave slants at 𝜃𝑖 = 60∘, 𝜑𝑖 = 90∘, and the
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Figure 16: Monostatic RCS results for HH-polarization of the ship-
ocean model at different wind speed.

scattering direction is 𝜃𝑠 = −90∘∼90∘, 𝜑𝑠 = 90∘. As the
wind speed increases, the fluctuation of sea surface becomes
stronger, which can attenuate the scattering intensity in spec-
ular direction but enhance that in diffuse direction. From the
comparison results in Figure 15, one can see that scattering
field intensity in most diffuse directions increases and the
scattering field intensity in specular direction decreases, as
the wind speed increases.

Figure 16 indicates the monostatic RCS results of the
ship-ocean model at different wind speed. The incident
and scattering angles are set by 𝜃𝑠 = 𝜃𝑖, 𝜑𝑠 = 𝜑𝑖 =90∘. As the wind speed decreases, specular scattering from
sea surface is enhanced. This phenomenon consequently
amplifies the coupling interaction between ship and ocean,
further increasing the composite scattering.

4. Conclusion

This paper proposes suitable and efficient hybrid SBR-SDFM
method for calculation of composite scattering of electrically
large ship above sea surface. SBR and SDFM are, respectively,
applied to the ship and sea surface. For the key problem
coupling interaction between the ship and the sea surface,
SBR is used to provide accurate simulation. Results for the
validation of the method indicate good agreement with exact
numerical method of FEKO.
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In this paper, an extension of spatial channel model (SCM) for vehicle-to-vehicle (V2V) communication channel in roadside
scattering environment is investigated for the first time theoretically and by simulations. Subsequently, to efficiently describe the
roadside scattering environment and reflect the nonstationary properties of V2V channels, the proposed SCM V2Vmodel divides
the scattering objects into three categories of clusters according to the location of effective scatterers by introducing critical distance.
We derive general expressions for the most important statistical properties of V2V channels, such as channel impulse response,
power spectral density, angular power density, autocorrelation function, and Doppler spread of the proposed model.The impact of
vehicle speed, traffic density, and angle of departure, angle of arrival, and other statistical performances on theV2V channelmodel is
thoroughly discussed. Numerical simulation results are presented to validate the accuracy and effectiveness of the proposedmodel.

1. Introduction

Vehicle-to-vehicle (V2V) communication has recently
received phenomenal attention over the past few years in
both automakers and academia domains as it plays a vital
role in intelligent highways, collision avoidance, vehicles
safety, and better traffic efficiency [1, 2]. As a new emerging
communication system, V2V communication is regarded
as one basic type of communications in vehicular ad hoc
networks (VANET), also particularly useful in autonomous
driving system. More importantly, VANET can accurately
be represented by different forms of topologies: V2V and
vehicle-to-roadside (V2R) [3]. VANET technology has also
been hailed as a full wireless communication solution in
advancing driving comfort and increasing traffic safety and
ecological efficiency.

The design and deployment of the IEEE 802.11p stan-
dard, as well as alternative V2V wireless communication
systems, require a deep understanding of the underlying

V2V radio propagation channel behavior to facilitate the
information delivery in VANET. Due to the mobility of both
transmitter (Tx) and receiver (Rx), a big challenge in V2V
communications is that it is difficult for the wireless channel
between vehicles to achieve accurate and effective modeling
of the V2V communication channel. It is well known that
the mathematical channel characteristics can provide fun-
damental knowledge for all communication system physical
layer waveform design and analysis [4]. Reliable knowledge
of the propagation channel and a corresponding realistic
channel model serve as the enabling foundation for flexible
and practical design and testing of V2V systems. It is worth
pointing out that channel modeling is usually faced with the
dilemma of capturing the maximum of true V2V dynamic
processes while limiting the number of input parameters
and computational cost. This underlines the importance of
developing physically meaningful yet easy-to-use methods to
mimic V2V channels.
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It is natural to ponder the possibility that measurement
campaigns at different sites representing the crossing, sub-
urban, highway, and rural environments are the most direct
strategy [5]. However, VANET research relies heavily on
simulations, due to the prohibitive costs of deploying real-
world testbeds. There is therefore actual motivation and
interest to investigate the fact that mathematical channel
characterization results provide fundamental knowledge for
V2V channels. Many investigations focus on geometry-based
stochastic channel model (GSCM) for its well suiting for
nonstationary environments. In particular, regular shape
geometry-based stochastic models (RS-GBSM) can be found
in [6] (e.g., circular scattering model [7], elliptical scattering
model [8], and ringmodel [9]). To preserve themathematical
tractability, RS-GBSMs assume that all the effective scatterers
are located on a regular shape, which may not represent the
practical V2V scattering environments due to the randomly
distributed scatterers. In order to assess the performance of
real-world V2V communication systems, it is imperative to
develop a physical understanding of the V2V propagation
environment in terms of the angle of departure (AoD), angle
of arrival (AoA), and time of arrival (ToA) information of
multipath components of the wireless propagation channel.

Due to the obvious advantages such as directly modeling
the statistical characteristics of MIMO channel in the time,
space, and frequency domains and being flexible in changing
the various environments and simple to implement, the
feasibility study of using MIMO technology and a modified
spatial channel model (SCM) in V2V communication is also
discussed [3]. Taking advantage of the ray tracing, SCM
models the scattering environment based on the stochastic
channel models, which can specify the parameters for SCM
and develop a procedure for channel modeling [10, 11]. In the
context of roadside scattering, SCM modeling offers a good
compromise since it allows adapting location-specific and
reducing computationally expensive models compared with
general statistical models [4]. Motivated by these facts, this
paper investigates the theoretical characteristics of SCMV2V
channel model with roadside scattering scenarios to gain a
better understanding of the V2V wireless channel.

Proposed Approach. SCM is a wireless propagation chan-
nel based on stochastic modeling, especially for outdoor
antennas in moving conditions. In contrast to previous V2V
modeling works, we recently proposed a simple geometrical
SCM V2V model to encapsulate the effect of activity of
clusters by introducing relatively different locations and
critical distance of scatterers. In this work, we describe the
SCM V2V model in detail and discuss its channel impulse
response (CIR), power spectral density (PSD), angular power
density, autocorrelation function (ACF), andDoppler spread.

The contributions and novelties of this paper are summa-
rized as follows:

(i) The SCM V2V channel model is first proposed. All
scatterers are distributed along the roadside, which is
a better description of the assumption that scatterers
uniformly distributed around the vehicles in other
geometrical models.

(ii) Considering the relative position between scatterers
and vehicles and the similarities of scatterers in a
cluster, we divide the scattering objects along the
roadside into three categories: “Ahead,” “Between,”
and “Behind,” which takes the advantages of GSCMs
and cluster-based models.

(iii) The CIR, PSD, angular power density, ACF, and
Doppler spread are derived from the proposed new
model.

(iv) The accuracy and effectiveness of the proposed SCM
V2V channel model are validated by extensive simu-
lations.

The rest of this paper is organized as follows. After a
reviewof priorwork (Section 2), we propose the cluster-based
SCM V2V channel model and derive the expression of CIR,
PSD, and angular power density in Section 3. Section 4 ana-
lyzes the channel characterization of the proposed channel
model. Numerical analysis and simulations are presented in
Section 5, followed by the summary and concluding remarks
in Section 6.

2. Related Work

In recent years, research into V2V communications has
recently gained strong momentum. In particular, with the
advent of VANET, efficient and accurate channel modeling is
essential to evaluate and validate networking protocols under
realistic propagation conditions. We briefly review related
works which are closely relevant to our study.

Dedicated short range communication (DSRC) is the
wireless communication protocol for the VANET, and
75MHz of spectrum in 5.85–5.925GHz band to be allocated
for DSRC intended to provide V2V communication coverage
within 300m range has been mandated by the Federal
Communications Commission (FCC) [12]. In general, there
are three fundamental approaches to channel modeling:
deterministic, geometry-based stochastic, and the tapped
delay line (TDL) based stochastic models [8]. The author
in [13] used ray-tracing software to model the deterministic
environment, but its computational cost is exponentially
increased with accuracy requirement. The existing GBSM
can be easily adapted to diverse scenarios by predefining
stochastic distribution of scatterers but yields results that are
in very good agreement with the real V2V channels due to
not representing the non-wide sense stationary uncorrelated
scattering (non-WSSUS) properties conveniently [14]. The
TDLmodels based measurement data may be used widely by
their low complexity and extensibility [15], but time-varying
tap locations and statistics need to be provided and modified
to represent the non-WSSUS properties. Each of the channel
modeling methods mentioned above has specific advantages
and drawbacks.

In a real-world scenario, vehicle speed has a strong
negative correlation with traffic density when the density
exceeds a critical value, while traffic density could also be an
indication of the multipath effect from signal reflection and
scattering. With low elevations for both Rx and Tx antennas,
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obstruction of line-of-sight (LOS) paths will be more fre-
quent. The higher the traffic density, the more likely that the
case would be non-line-of-sight (NLOS) [16]. Apart fromRS-
GBSMs, MIMO V2V geometry-based street channel model
[17], T-junction models [18], and merging lanes on highway
model [19] are proposed to study V2V communications.
All the aforementioned V2V models just consider the static
scatterers on both roadsides, and there are still pressing needs
to model the V2V channels considering both the effect of
randomly distributed scatterers and non-WSSUS property.
Due to a dynamic change of speed and angle of motion
for vehicles and moving scatterers the radio propagation
conditions change rapidly, leading to nonstationary channel
properties. For an accurate description of V2V elevation
plane, 3D channelmodels have been proposed in [6, 8, 20, 21],
for a more precise spatial and temporal description of the
V2V communication links relative to that provided by 2D
channel models.

The focus of our work is to model the spatiotempo-
ral propagation characteristics of information under V2V
communications. To the best of our knowledge, SCM V2V
channel is not well surveyed in existing work. We will
therefore give more attention to the statistical characteristics
of SCM scattering channel model under the scenarios of
V2V communications. The multipath components usually
distribute in terms of clusters because of similar latency,
AoD, AoA, and ToA, which is more close to practical V2V
propagation environments [21]. Also, the cluster model is
more flexible. With proper parameters setting, the cluster
model can be regarded as regular-shaped models. In contrast
to previous V2V models that assume that scatterers are uni-
formly located on either a ring or the first ellipse surrounding
the vehicles, we propose a new SCM V2V model based on
clusters that all the scattering objects are distributed along the
roadside, which is more close to practical V2V environment.
Compared with previous V2V models, the proposed SCM
V2V model can offer a better tradeoff between tracking
accuracy and model complexity. Even though the proposed
V2V channel model is yet to be validated empirically, it
gives theoretical insights into some statistical characteristics
of nonstationary V2V channels.

3. SCM Model for V2V Channels

3.1. A Short Introduction to the SCM. The SCM [22, 23] can
be considered as a “statistical ray-tracing method,” which is
close to practical V2V environment because both of the near
and far scatterers such as buildings and trees are distributed
at the roadside randomly.

A simplified overview of SCM V2V scattering channel
model is depicted in Figure 1. For the sake of simplicity, only
two paths (LOS and NLOS) are shown in the figure. For
NLOS path, themodel derives the 𝜃𝑡 (AoD, the angle between
Tx and scatterers) and the 𝜃𝑟 (AoA, the angle between
scatterers and Rx), and, for LOS path, the 𝜙𝑡 and 𝜙𝑟 are the
AoD and AoA without any obstruction between Tx and Rx,
respectively.

3.2. The Proposed SCM V2V Channel Model. The main
objective of this section is to model the novel V2V channel
model using the SCM model. Roadside buildings and on-
road obstacles create a lot of reflection making this propaga-
tion model not suitable for Rayleigh/AWNG channel model
[3]. The proposed V2V channel model is an extension of
SCM in roadside scattering environment. Our approach is
described as follows. We first consider scatterers distributed
along the roadside at different distances, and the geometrical
roadside scattering V2V model encompassing fixed and
moving scatterers is illustrated in Figure 2. All scatterers
belonging to a given cluster have similar AoD and AoA. For
one cluster, all the effective scatterers are located on regular
geometric region 𝐷𝑐, and the dimension of 𝐷𝑐 is far less
than the distance between Tx and Rx. The AoA and the AoD
are closely related due to the fact that the single-bounced
scattering is assumed.

The V2V channel will be short range (1 km coverage
distance), employing similar low-height antennas and road
units and high mobility of user terminals [24]. In agreement
with the typical V2V environment in Figure 2, we divide the
impulse response into two parts: LOS component and NLOS
cluster (including at least two subpaths per cluster) produced
from effective scatterers along the roadside. For a cluster, the
AoD is referred to as 𝜃𝑡, whereas the AoA is denoted by 𝜃𝑟.
The symbols 𝑑𝑡,𝑖 and 𝑑𝑟,𝑖 stand for the 𝑖th subpath from Tx
to scatterers before impinging on the Rx.The transmitter and
receiver are moving with the velocities V𝑡 and V𝑟, equipped
with 𝑁𝑇 and 𝑁𝑅 antenna elements. The antenna element
spacing at Tx and Rx is denoted by 𝛿𝑡 and 𝛿𝑟, respectively.The
traffic density of a given cluster is referred to as 𝜌 in meters.
The distance between Tx and Rx is denoted by 𝐿 (LOS).

3.3. Channel Impulse Response of SCM V2V Channel Model.
In practical propagation environments, scatterers are inten-
sively distributed in terms of clusters along the roadside, and
subpaths have similar AoD, AoA, and latency in a cluster. In
order to assess the performance of real-world V2V channels,
we define three categories of clusters according to the specific
location of clusters with respect to vehicles. The SCM V2V
channel can be described by the superposition of the sum of
scattered components ℎ𝑎(𝑡), ℎ𝑏(𝑡), and ℎ𝑐(𝑡), which represent
the CIR of V2V channels caused by different clusters in
“Ahead,” “Between,” and “Behind” position as depicted in
Figures 3(a), 3(b), and 3(c), respectively.

In this case, the mathematical CIR ℎ(𝑡) can be expressed
by the following:ℎ (𝑡) = ℎ𝑎 (𝑡) + ℎ𝑏 (𝑡) + ℎ𝑐 (𝑡)

= √ 𝑃𝑛𝑀
𝑀∑
𝑚=1

{[√𝐴 𝑡 (𝜃𝑚,𝑛,𝑡)
⋅ exp (𝑗 (𝑘𝑑𝑡 sin 𝜃𝑚,𝑛,𝑡 + 𝜙𝑛,𝑚))] × [√𝐴𝑟 (𝜃𝑚,𝑛,𝑟)
⋅ exp (𝑗 (𝑘𝑑𝑟 sin 𝜃𝑚,𝑛,𝑟))]
× exp (𝑗𝑘 ‖V‖ cos (𝜃𝑚,𝑛,𝑟 − 𝜃V) 𝑡)} .

(1)
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Figure 1: Simplified overview of SCM V2V scattering channel model.
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Figure 2: Geometrical model for V2V channel in roadside scattering environment.

The key parameters of (1) are summarized in list of model
parameters in SCM-V2V model. Figure 4 shows the CIR
performance of the proposed model for various transmitter
speeds with respect to the receiver. Here, we assume that two
vehicles are on a collision course, which are in the absence of
LOS component owing to roadside infrastructures, buildings,
and foliage. The phase 𝜙𝑛,𝑚 is assumed to be an independent
random variable which is uniformly distributed between 0
and 2𝜋. Parameter values used in the calculation are as
follows: 𝑀 = 20, 𝑑𝑡 = 20m, 𝑑𝑟 = 30m, 𝜃𝑚,𝑛,𝑡 =𝜋/3, 𝜃𝑚,𝑛,𝑟 = 𝜋/4, 𝜃V = 𝜋/6, and 𝐴𝑟 = 𝐴 𝑡 = 1. All subpaths𝑃𝑛 in a cluster follow a Poisson distribution. It is interesting

to note that the velocity of cluster has a significant effect on
the CIR of SCM V2V channel model, and angles and phase
changes in (1) have no apparent peak in the calculation of
CIR.

3.4. Power Spectral Density. To practically analyze the V2V
channel model, it is necessary to derive the accurate expres-
sion of PSD from ray-based models and the predefined
stochastic distributions of effective scatterers by applying the
fundamental laws of wave propagation. The phase offset of
subpaths per cluster is omitted here owing to the similar dis-
tance of multipath components of V2V propagation channel.
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Figure 3: Different locations of a cluster along the roadside relative to Tx and Rx.

In agreement with the typical V2V environment in Figure 2,
we assume that the amount of power 𝑃𝑟 returning to the Rx
antenna from a cluster can be described by the following
radar equation:

𝑃𝑟 = 𝑛∑
𝑖=1

𝑃𝑡𝐺𝑡𝐺𝑟𝜆2𝜎(4𝜋)3 ( 1𝑑𝑡,𝑖2 exp (𝑗 (𝑘𝑑𝑡,𝑖 sin 𝜃𝑡,𝑖 + 𝜙𝑖)))
⋅ ( 1𝑑𝑟,𝑖2 exp (𝑗 (𝑘𝑑𝑟,𝑖 sin 𝜃𝑟,𝑖))) ,

(2)

where 𝑃𝑡 and 𝑃𝑟 are the transmitted and received power,
respectively. 𝐺𝑡 and 𝐺𝑟 are the Tx and Rx antenna gain,
respectively.𝜎 is the radar cross section of the object in square
meters (assumed to be isotropic). 𝑛 is the number of subpaths
per path (cluster). 𝜆 is the wavelength of the electromagnetic
wave at 5.9GHz. 𝑑𝑡 and 𝑑𝑟 are the distance from scatterers

to Tx and Rx, respectively. 𝜃𝑡,𝑖 and 𝜃𝑟,𝑖 are the AoD and AoA
of the 𝑖th subpath, respectively. 𝜙𝑖 is the initial phase of 𝑖th
subpath.

Consider scatterers within the different 𝜃𝑡 and 𝜃𝑟 with
respect to the Tx-Rx route (Figure 2). For the sake of
simplicity, the number of subpaths is two (𝑑𝑡,1 → 𝑑𝑟,1, 𝑑𝑡,2 →𝑑𝑟,2), 𝜌 is the density of scatterers in a cluster along the
roadside, and 𝑎 and 𝑏 are the average distance from Tx-Rx
route to the left and right roadside, respectively. We denote𝐿 to be the projected distance along the road from angle 𝜃𝑡,
and 𝑑𝐿 is the projected subpath length change along the road
from angle 𝑑𝜃𝑡.

From the geometry in Figure 2 we have

𝐿 = 𝑎
tan 𝜃𝑡 . (3)
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Figure 4: Comparison of CIR performance of different vehicle speeds for the SCMV2V channel model (CIR for vehicles speed from 20 km/h
to 80 km/h, omnidirectional transmitting antenna).

Taking the derivative on (3) we have

𝑑𝐿 = −𝑎 csc2𝜃𝑡𝑑𝜃𝑡. (4)

For a cluster with the angular range 𝑑𝜃𝑡, the number of
scatterers can therefore be given by

𝜌𝑑𝐿 = −𝜌𝑎 csc2𝜃𝑡𝑑𝜃𝑡. (5)

The total power arriving within the range of angles 𝑑𝜃𝑡 is
given by the power from one cluster (see (2)) multiplied by
the number of subpaths in the length −𝑑𝐿 from (5). Then we
can get the following expressions:

𝑃 = 𝑃𝑟
= 𝑛∑
𝑖=1

𝑃𝑡𝐺𝑡𝐺𝑟𝜆2𝜎(4𝜋)3 ( 1𝑑𝑡,𝑖2 exp (𝑗 (𝑘𝑑𝑡,𝑖 sin 𝜃𝑡,𝑖 + 𝜙𝑖)))
⋅ ( 1𝑑𝑟,𝑖2 exp (𝑗 (𝑘𝑑𝑟,𝑖 sin 𝜃𝑟,𝑖)))
= 𝑛∑
𝑖=1

𝑃𝑡𝐺𝑡𝐺𝑟𝜆2𝜎(4𝜋)3 1𝑑𝑡,𝑖2
1𝑑𝑟,𝑖2 ,

𝑑𝑃 = 𝑛∑
𝑖=1

𝑃𝑡𝐺𝑡𝐺𝑟𝜆2𝜎(4𝜋)3 ( 1𝑑𝑡,𝑖2)(
1𝑑𝑟,𝑖2)𝜌𝑎 csc2𝜃𝑡𝑑𝜃𝑡.

(6)

Thus, the PSD can be expressed as

𝑆 (𝑓) = 𝑑𝑃𝑑𝜃𝑡 𝑑𝜃𝑡𝑑𝑓 . (7)

The wave is then bounced to Tx. from the view of the
scattering object, the relative speed of Tx and Rx is V𝑡 cos 𝜃𝑡
and V𝑟 cos 𝜃𝑟, respectively. The total Doppler shift is therefore

𝑓 = (V𝑡 cos 𝜃𝑡 + V𝑟 cos 𝜃𝑟)𝜆 . (8)

From (8), we obtain

𝑑𝑓𝑑𝜃𝑡 = −(V𝑡 sin 𝜃𝑡 + V𝑟 sin 𝜃𝑟 (𝑑𝜃𝑟/𝑑𝜃𝑡))𝜆 . (9)

The magnitude of the PSD can be expressed as

𝑆 (𝑓) = 𝑛∑
𝑖=1

𝑃𝑡𝐺𝑡𝐺𝑟𝜆2𝜎(4𝜋)3 ( 1𝑑𝑡,𝑖2)(
1𝑑𝑟,𝑖2)

𝜌𝑎 csc2𝜃𝑡𝑑𝑓/𝑑𝜃𝑡
= 𝑛∑
𝑖=1

𝑃𝑡𝐺𝑡𝐺𝑟𝜆3𝜎(4𝜋)3 ( 1𝑑𝑡,𝑖2𝑑𝑟,𝑖2)
⋅ 𝜌𝑎 csc2𝜃𝑡(V𝑡 sin 𝜃𝑡 + V𝑟 sin 𝜃𝑟 𝑑𝜃𝑟/𝑑𝜃𝑡) .

(10)

However, in practice, the dual slope model is a finer
granularity fading vehicular channel, which can accurately
represent the measurements of V2V modeling [25]. Within
a critical distance 𝑑𝑐, the power is an inversely proportional
function of distance 𝑑 squared. Beyond this critical distance,
the signal strength varies with inverse fourth power of
distance for large 𝑑. To intelligently cater for the quantitative
relationship, a dimensionless distance function 𝐷(�̂�, �̂�𝑐) can
be given by

𝐷(�̂�, �̂�𝑐) =
{{{{{{{{{

1̂
𝑑2 if �̂� ≤ �̂�𝑐
1̂
𝑑𝑐2 (

�̂�𝑐�̂� )
4

if �̂� > �̂�𝑐, (11)

where �̂�𝑐 ≡ 𝑑𝑐/𝑑𝑡𝑟 and �̂� ≡ 𝑑/𝑑𝑡𝑟 are normalized distances to
the separation distance between Tx and Rx in a single cluster
(𝑑𝑡𝑟 = 𝑑𝑡,𝑖+𝑑𝑟,𝑖). Here, 𝑑𝑐 can be calculated as the first Fresnel
distance 𝑑𝑐 = 4ℎ𝑡ℎ𝑟/𝜆,where ℎ𝑡 and ℎ𝑟 are antenna heights of
Tx and Rx, respectively [5, 25]. For simplicity, we assume that
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Figure 5: Real-world propagation scenario with one cluster between Tx and Rx.

the heights of antennas on vehicles are ℎ𝑡 = ℎ𝑟 = 1.8m, giving
a Fresnel distance of 255m.

Thus, the modified PSD can be expressed as the following
equation:

𝑆 (𝑓)
= 𝑛∑
𝑖=1

𝑄𝐺𝑡 (𝜃𝑡) 𝐺𝑟 (𝜃𝑟)𝐷 (�̂�𝑡, �̂�𝑐)𝐷 (�̂�𝑟, �̂�𝑐) csc2𝜃𝑡𝑑𝑓/𝑑𝜃𝑡 ,
(12)

where 𝑄 = 𝑃𝑡𝜆2𝜎�̂�𝑎/(4𝜋𝑑𝑡𝑟)3, and �̂� ≡ 𝜌/𝑑𝑡𝑟 is the
normalized perpendicular distance to the cluster. In addition,
we can derive the angular power density from (7) as follows:

𝑑𝑃𝑑𝜃 = 𝑆 (𝑓)  𝑑𝑓𝑑𝜃𝑡


= 𝑛∑
𝑖=1

𝑄𝐺𝑡 (𝜃𝑡) 𝐺𝑟 (𝜃𝑟)𝐷 (�̂�𝑡, �̂�𝑐)𝐷 (�̂�𝑟, �̂�𝑐) csc2𝜃𝑡.
(13)

3.5. Different Relative Locations of Clusters. Owing to the
countless number of propagation environments combined
with similar delays and angles, it is reasonable to describe the
multipath components in terms of clusters. Since the above
parameters to the geometry vary between different scenarios,
it is needed to classify the V2V channels into three classes
based upon the local physical environment.

(i) Ahead. Figure 3(a) shows the casewhen the cluster is ahead
of both Tx and Rx. In this setting 0 < 𝜃𝑡 ≤ 𝜃𝑟 < 𝜋/2; we have

�̂�𝑡 = �̂�
sin 𝜃𝑡 ,

�̂�𝑟 = �̂�
sin 𝜃𝑟 ,

(14)

�̂�𝑟 = √�̂�2 + (�̂�2 cot 𝜃𝑡 − 1)2. (15)

We can derive 𝜃𝑟 from Figure 3(a):

𝜃𝑟 = tan−1 ( �̂��̂� cot 𝜃𝑡 − 1) . (16)

Therefore,

𝑑𝜃𝑡𝑑𝜃𝑟 =
(�̂�2 cot 𝜃𝑡 − 1)2 + �̂�2�̂�2csc2𝜃𝑡 . (17)

(ii) Between. Figure 3(b) depicts the case when the cluster is
located in between Tx and Rx. In this setting 0 < 𝜃𝑡 ≤ 𝜋/2 ≤𝜃𝑟 < 𝜋; 𝜃𝑟 can be derived from the graph as follows:

𝜃𝑟 = 𝜋 − tan−1 ( �̂�1 − �̂� cot 𝜃𝑡) . (18)

As for the expressions of |𝑆(𝑓)|, �̂�𝑡, and �̂�𝑟, they are the same
equation as in the “Ahead” setting.

(iii) Behind. Figure 3(c) represents the case when the cluster
is behind both Tx and Rx. In this setting 𝜋/2 ≤ 𝜃𝑡 < 𝜃𝑟 < 𝜋;
also the expressions of |𝑆(𝑓)|, �̂�𝑡, and �̂�𝑟 have the same form
as in the “Ahead” setting.

4. SCM V2V Channel Characterization

Considering the geometrical model in Figure 5, scatterers are
lying on the right or left side of the street. In the following
part, we derive the corresponding autocorrelation function
(ACF) of a cluster under the scenario of suburban roadside.
Moving scatterers such as walking pedestrians and passing
vehicles are unavoidable in V2V communications. In light of
the real-world radio propagation environments, the complex
channel gain 𝜇(𝑡) of SCM V2V channels can be represented
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by the sum of stationary scatterers and moving scatterers
located on the same clusters in the following form:

𝜇 (𝑡) = 𝐴∑
𝑖=1

𝑎𝑖 exp [𝑗 (2𝜋𝑓𝑖𝑡 + 𝜃𝑖)]
+ 𝐵∑
𝑛=1

𝑏𝑛 exp [𝑗 (2𝜋𝑓𝑛𝑡 + 𝜃𝑛)]
= 𝑁∑
𝑛=1

𝑐𝑛 exp [𝑗 (2𝜋𝑓𝑛𝑡 + 𝜃𝑛)] ,
(19)

where 𝐴 and 𝐵 are the number of stationary scatterers and
moving scatterers in a cluster, respectively (𝑁 = 𝐴 +𝐵). 𝑎𝑖, 𝑏𝑛, and 𝑐𝑛 designate the attenuation factors caused
by the scattering objects. 𝑓𝑖 and 𝑓𝑛 represent the Doppler
shift caused by stationary scatterers and moving scatterers,
respectively. 𝜃𝑖 and 𝜃𝑛 denote the phase shift of the subpath,
which is usually assumed to be uniformly distributed between
0 and 2𝜋 considering both left and right roadside. For the
sake of brevity, this research only focuses on one direction
only, ignoring the scenarios of opposite direction of moving
vehicles. In [26], the frequency shift 𝑓𝑛 can be written in the
following compact form:

𝑓𝑛 = 1𝜆 [V𝑡 cos 𝜃𝑡 − V𝑠 (cos 𝜃𝑡 + cos 𝜃𝑟) + V𝑟 cos 𝜃𝑟] . (20)

Hence, the Doppler shift 𝑓𝑖 of stationary scatterers can be
obtained from (12) by setting V𝑠 = 0. The ACF 𝑟𝜇𝜇(𝜏) of
V2V channel coefficient can be determined by the following
definition:

𝑟𝜇𝜇 (𝜏) = 𝐸 {𝜇∗ (𝑡) ⋅ 𝜇 (𝑡 + 𝜏)} , (21)

where𝐸{⋅} denotes the expectation operator. Substituting (19)
in (21) gives us

𝑟𝜇𝜇 (𝜏) = 𝑁∑
𝑛=1

𝑀∑
𝑚=1

𝑐𝑛𝑐𝑚
⋅ 𝐸 {exp [𝑗 (2𝜋𝑡 (𝑓𝑚 − 𝑓𝑛) + (𝜃𝑚 − 𝜃𝑛) + 2𝜋𝑓𝑚𝜏)]} .

(22)

It is noteworthy that if the number of paths 𝑁 tends to
infinity, for any given isotropic scattering, hence all path gains𝑐𝑛 have the same fading coefficient. Regarding the fact that
both random phases and Doppler frequencies are uniformly
distributed with respect to Δ𝜃 → 0, (22) can be expressed by
the following:

𝑟𝜇𝜇 (𝜏) = lim
𝑁→∞

𝑁∑
𝑛=1

𝑐2𝑛𝐸 {exp [𝑗2𝜋𝑓𝑛𝜏]} . (23)

Under the idealized assumption of isotropic scattering
andAoA 𝜃𝑛 uniform distribution between 0 and 2𝜋, it follows
that all subpath gains 𝑐𝑛 = 𝜎0√2/𝑁 have the same size [27]. In
the case under consideration, the ACF of V2V channels can
be represented as follows:

𝑟𝜇𝜇 (𝜏) = 2𝜎20 ∫∞
0

∫2𝜋
0

∫2𝜋
0

exp{ 𝑗2𝜋𝜏𝜆 [V𝑡 cos 𝜃𝑡 − 2V𝑠 cos ((𝜃𝑡 + 𝜃𝑟) /2) cos ((𝜃𝑡 − 𝜃𝑟) /2) + V𝑟 cos 𝜃𝑟]} × 𝑝𝜃
𝑡
,𝜃
𝑟

(𝜃𝑡, 𝜃𝑟)
⋅ 𝑝V
𝑠

(V𝑠) 𝑑𝜃𝑡𝑑𝜃𝑟𝑑V𝑠.
(24)

In [27, pp. 64], we derive the closed-form expression
for the average Doppler spread 𝐵(1)𝜇𝜇 and Doppler spread𝐵(2)𝜇𝜇 , which can be derived from the first- and second-time
derivative of ACF 𝑟𝜇𝜇(𝜏) of the complex gain 𝜇(𝑡) as follows:

𝐵(1)𝜇𝜇 = 12𝜋𝑗 ⋅ ̇𝑟𝜇𝜇 (0)𝑟𝜇𝜇 (0) ,
𝐵(2)𝜇𝜇 = 12𝜋√( ̇𝑟𝜇𝜇 (0)𝑟𝜇𝜇 (0))

2 − ̈𝑟𝜇𝜇 (0)𝑟𝜇𝜇 (0) ,
(25)

where the ̇𝑟𝜇𝜇(𝜏) and ̈𝑟𝜇𝜇(𝜏) indicate the first- and second-
time derivative of 𝑟𝜇𝜇(𝜏), respectively.
5. Simulation Results and Discussion

Having derived the basic channel characterization of the
model, in this section, numerical simulation results are

provided to illustrate the validity of the proposed SCM V2V
model.

5.1. PSD of the SCM V2V Channel. Figures 6, 7, and 8 show
the PSD of the SCMV2V channel for different Tx/Rx vehicles
velocity distributions.The results presented therein have been
obtained by referring to (8)–(10). Parameter values used in
Figures 6, 7, and 8 calculations are 𝑃𝑡𝐺𝑡𝐺𝑟 = 1, 𝐿 =20m, 𝑎 = 10m, 𝑑𝑐 = 255m, 𝜌 = 10, 𝜎 = 1, and 𝑓𝑐 =5.9GHz. It is needed to point out that we do not consider the
speed of scatterers due to the fact that it is not a dominant
source of PSD inV2Vcommunications.As shown in Figure 6,
scatterers are assumed to be in between Tx and Rx. The
two vehicles are moving in the same direction. The first
conclusion to this figure is that the cut-off frequency ranges of
the spectrum are given by ±(V𝑡 +V𝑟)/𝜆, which is in agreement
with the typical two-ring model and the existing literature
[5]. By increasing the mean velocity of Tx/Rx vehicles, the
central peak of PSD also increases by gradually approaching
a delta function around the origin and decreases in tails. The
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Figure 6: Behavior of PSD 𝑆(𝑓) presented in (10) and Figure 3(b)
for V2V scenarios with different moving speeds of Tx/Rx vehicles.
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Figure 7: Behavior of PSD 𝑆(𝑓) presented in (10) and Figure 3(a)
for V2V scenarios with different moving speeds of Tx/Rx vehicles.

spectrum is symmetric since both Tx and Rx are moving at
the same speed. Furthermore, it can be observed that the
Tx/Rx vehicles speed distribution has significant effect on
both the magnitude and shape of the PSD in the presence
of same clusters or scatterers. The PSD 𝑆(𝑓) of the proposed
SCMV2V channel model is even and real, which also implies
that the ACF 𝑟𝜇𝜇(𝜏) is also even and real.

Figures 7 and 8 show the PSD of the proposed channel
model under the scenarios of clusters located at “Ahead” and
“Behind” position with respect to the Tx/Rx vehicles; it can
be concluded that all spectrums become one-sided because of
different distributions of AoDs 𝜃𝑡 and AoAs 𝜃𝑟. However, the
level of spectrum limits is close to the condition of “Between.”
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Figure 8: Behavior of PSD 𝑆(𝑓) presented in (10) and Figure 3(c) for
V2V scenarios with different moving speeds of Tx/Rx vehicles.

Note that we have labeled the Tx/Rx physically meaningful
to mimic V2V channels. One common understanding is
that V2V channel is reciprocal [5]; the general shape of
the spectrum between “Ahead” and “Behind” shows on a
coarse symmetry regardless of which vehicle is the Tx or Rx.
Compared with Figure 6, the PSD 𝑆(𝑓) of these two regions is
odd and real, which is fundamentally different characteristic
among Figures 6, 7, and 8. In contrast to our previous PSD,
it is interesting to note that the angular power density is
relatively smooth and has no apparent peak value due to the
function 𝑑𝑓/𝑑𝜃𝑡 in (11).

5.2. ACF of the SCM V2V Channel. To illustrate the effect of
moving scatterers and different positions of clusters on the
ACF of SCMV2V channel model, 20 subpaths in each cluster
are used for the simulation. The propagation environment
containsmoving clusters and fixed clusters, which are located
in the three regions along the roadside. Both the transmitter
and the receiver have the same speed in the same direction.
Here, we consider the case of nonisotropic scattering condi-
tions. The AoDs 𝜃𝑡 and AoAs 𝜃𝑟 are uniformly distributed
over the three regions: “Ahead” (0 < 𝜃𝑡 ≤ 𝜃𝑟 < 𝜋/2),
“Between” (0 < 𝜃𝑡 ≤ 𝜋/2 ≤ 𝜃𝑟 < 𝜋), and “Behind” (𝜋/2 ≤𝜃𝑡 < 𝜃𝑟 < 𝜋), respectively. Consider subpaths in a cluster
within the differential angle (Δ𝜃𝑡 ≤ 1∘, Δ𝜃𝑟 ≤ 1∘) about
the angle 𝜃𝑡 and 𝜃𝑟 with respect to their neighbor subpaths.
Each cluster has a length of 10m and is independent with its
neighbor clusters. The effective distance between scatterers
and Tx/Rx is within 1 km range. For simplicity purposes, the
attenuation factors 𝑐𝑛 are all set to one.

Let us compare the effect of fixed scatterers and moving
scatterers on the ACF 𝑟𝜇𝜇(𝜏) illustrated in Figures 9, 10, and
11. Case 1: V𝑡 = V𝑟 = 30 km/h, V𝑠 = 10 km/h; Case 2:
V𝑡 = V𝑟 = 80 km/h, V𝑠 = 30 km/h. It is noteworthy that as
the speed of V𝑡 and V𝑟 increases, the coherence time of V2V
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Figure 9: Behavior of ACF 𝑟𝜇𝜇(𝜏) presented in Figure 3(a) for V2V
scenarios (“Ahead” central angle: 𝜃𝑡 = 30∘, 𝜃𝑟 = 60∘ uniform
distribution).
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Figure 10: Behavior of ACF 𝑟𝜇𝜇(𝜏) presented in Figure 3(b) for V2V
scenarios (“Between” central angle: 𝜃𝑡 = 30∘, 𝜃𝑟 = 120∘ uniform
distribution).

channels decreases. Figures 9, 10, and 11 also demonstrate
the effect of moving scatterers on the ACF of V2V channels
when the speed of Tx and Rx keeps in the same value. As the
velocity ofmoving scatterers relatively to theTx/Rxdecreases,
V2V channels change more slowly. To study the impact of
slow moving scatterers, the average velocity V𝑠 in both cases
has been set to 10 km/h. Furthermore, one needs to compare
the ACF in the presence of moving scatterers with that of
fixed scatterers under the scenarios of clusters located at three
positions. In this regard, Figure 9 shows that the ACF value
of fixed scatterers of “Ahead” cluster is larger than that of
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Figure 11: Behavior of ACF 𝑟𝜇𝜇(𝜏) presented in Figure 3(c) for V2V
scenarios (“Behind” central angle: 𝜃𝑡 = 120∘, 𝜃𝑟 = 150∘ uniform
distribution).

other two regions. Figure 10 illustrates that the high speed of
moving scatterers and Tx/Rx has relatively a little effect on
the ACF of “Between” clusters. When the time difference 𝜏
exceeds a critical value 5ms, theACFvalues tend to be around
zero. The general form of the ACF can be obtained by taking
the inverse Fourier transform of the PSD in (10). Therefore,
the simulation results are in very good agreement with the
real world.

6. Summary and Conclusions

In this paper, a novel scattering cluster-based V2V chan-
nel model is proposed, which contributes to bridging the
gap between simplified SCM models and computationally
expensive geometry-based models by performing location-
specific propagation modeling with respect to the moving
and fixed scatterers in the vicinity of the communicating
vehicles. The general PSD, angular power density, CIR, ACF,
and the Doppler spread of the SCM V2V channel have been
derived. Comparisons with three classes of clusters show
that the proposed model describes the scattering component
and properties more accurately than GBSMs (e.g., two-
ring model). Furthermore, the effects of fixed scatterers and
moving scatterers on the ACF of the new model have been
studied. It has been shown that the moving scatterers have
a relatively major impact on the V2V communication links
as they can significantly affect the Doppler spread of the
V2V channels. Numerical results are presented to validate the
effectiveness of the proposed SCMV2Vmodel in terms of the
PSD, ACF, and CIR of the V2V channels. More investigations
concerning other statistical properties of the V2V channel,
for example, the influence of the opposite moving direction
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of vehicles and different distributions of scatterers and the
coherence time, may be addressed in future work.

List of Model Parameters in SCM-V2V Model

𝑃𝑛: Power of the 𝑛th path𝑁: Number of clusters𝑀: Number of subpaths per cluster𝐴 𝑡: Antenna gains of Tx𝐴𝑟: Antenna gains of Rx𝜃𝑚,𝑛,𝑡: AoD of the 𝑛th subpath of the𝑚th cluster𝜃𝑚,𝑛,𝑟: AoA of the 𝑛th subpath of the𝑚th cluster𝜃V: Angle of the Tx velocity vector𝑑𝑡: Distance in meters from Tx antenna elements𝑑𝑟: Distance in meters from Rx antenna elements𝜙𝑛,𝑚: Phase of the 𝑛th subpath of the𝑚th cluster𝑘: Wave number, 𝑘 = 2𝜋/𝜆
V: Relative speed of the Tx.
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An efficient iterative analytical-numerical method is proposed for three-dimensional (3D) electromagnetic scattering from an
inhomogeneous object buried beneath a two-dimensional (2D) randomly dielectric rough surface. In the hybrid method, the
electric and magnetic currents on the dielectric rough surface are obtained by current-based Kirchhoff approximation (KA), while
the scattering from the inhomogeneous object is rigorously studied by finite element method (FEM) combined with the boundary
integral method (BIM). The multiple interactions between the buried object and rough surface are taken into account by updating
the electric and magnetic current densities on them. Several numerical simulations are considered to demonstrate the algorithm’s
ability to deal with the scattering from the inhomogeneous target buried beneath a dielectric rough surface, and the effectiveness
of our proposed method is also illustrated.

1. Introduction

The scattering from an object buried beneath a randomly
dielectric rough surface which can bemodelled as sea surface
and sands is a subject of great interest in many applica-
tions, for example, geophysical exploration, buried target
detection, and remote sensing. Many researchers have paid
much attention to this problem andmany numericalmethods
have been proposed in the past decades. The method of
moments (MoM) was applied to discuss the scattering from
a rough surface with a two-dimensional (2D) target in [1, 2].
TheMoMwith the dyadicGreen’s function of the background
medium is applied in [3] to study the forward-scattering
problem of three-dimensional (3D) objects buried under
a 2D locally rough surface. To improve the computational
efficiency and reduce thememory requirement, some asymp-
totic methods and hybrid methods are developed to study
the scattering from a target buried beneath the rough surface.
The cylindrical wave approach combined with the first-order
small perturbation method (SPM) [4] was applied in [5] to
study the scattering from a cylinder buried below a slightly

rough surface. The SPM was applied to study the electro-
magnetic scattering from a 2D dielectric cylinder buried
beneath a slightly rough surface [6]. The second-order small
slope approximation was used in [7] to study the scattering
from one dimensional (1D) sea surface. The fields scattered
by an object below a rough surface were computed by the
efficient propagation-inside-layer-expansion (PILE) method
combined with the physical optics approximation [8]. Hybrid
KA-BIM was proposed in [9] to study the scattering from a
2D target buried beneath a rough surface. An efficient hybrid
KA-MoM was proposed to analyse the electromagnetic scat-
tering from a 3D perfectly electric conducting (PEC) object
buried beneath a dielectric rough surface [10]. However, these
numerical methods and hybrid methods mentioned above,
for both 2D and 3D scattering problems, are applicable to
PEC or dielectric objects. They all suffer the inconvenience
of dealing with the scattering from inhomogeneous objects
buried beneath dielectric rough surface.

For general inhomogeneous objects, the volume inte-
gral equation method is suitable. A fast volume integral
equation algorithm with dyadic Green’s function [11] was
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developed to simulate the electromagnetic scattering from
large inhomogeneous objects embedded in a planarly layered
medium. The other appropriate choice for inhomogeneous
objects is the finite element method (FEM) combined with
the boundary integral method (BIM). The hybrid FEM/BIM
methodwith the layeredmediumdyadicGreen’s function [12]
was proposed to predict the scattering from inhomogeneous
dielectric objects embedded in multilayered medium. But
these methods cannot be applied to deal with the scattering
from inhomogeneous object buried beneath randomly rough
surface, since the analytical expression of the dyadic Green’s
function for the half space with rough surface can hardly
be obtained. A hybrid FEM/MoM was applied in [13] to
study the scattering from a 3D dielectric object above a 2D
conductive rough surface. The FEM/BIM combined with
KA was used in [14] to model the scattering from a 3D
coated target above 2D PEC rough surface. The efficient and
accurate modelling of inhomogeneous object buried beneath
the randomly dielectric rough surface is still a challenging
problem.

In this paper, a hybrid method is firstly designed for the
fast and accurate solution of the 3D scattering problem related
to a 3D inhomogeneous target buried beneath a 2D randomly
dielectric rough surface. In order to achieve a significant
reduction in CPU time and memory requirements, the
asymptotic current-basedKA is applied in the hybridmethod
to obtain the electric and magnetic current densities on
the dielectric rough surface. To model the scattering from
the buried inhomogeneous target, the powerful FEM/BIM
is used in this paper. The multiple interactions between the
target and rough surface are taken into account by updating
the electric and magnetic fields on them. The accuracy of
our hybrid method has been proven by comparing the results
with that of the numerical method. And the effectiveness of
our hybrid method is also discussed.

2. Hybrid Theory and Formulations

The geometry of the electromagnetic scattering problem is
depicted in Figure 1. The whole space is separated into two
half-spaces by the rough surface ΓKA, which can be defined by
a function 𝑧 = 𝑓(𝑥, 𝑦) with mean ⟨𝑓(𝑥, 𝑦)⟩ = 0. The rough
surface generated by using the Monte-Carlo method based
on the corresponding power spectrum function is confined
to a square region 𝐿 = 𝐿𝑥 = 𝐿𝑦 on 𝑥-𝑦 plane of Cartesian
coordinate system. The 2D Gaussian roughness spectrum
used in this paper is given by

𝑆 (𝑘𝑥, 𝑘𝑦) = 𝛿2 𝑙𝑥𝑙𝑦4𝜋 exp(−𝑘2𝑥𝑙2𝑥 + 𝑘2𝑦𝑙2𝑦4 ) , (1)

where 𝛿 is the root-mean-square height of the rough surface,𝑙𝑥 and 𝑙𝑦 are the correlation lengths in the �̂� and �̂� directions,
respectively, and 𝑘𝑥 and 𝑘𝑦 are the spatial frequencies in the�̂� and �̂� directions, respectively.

The half-spaces above and below the rough surface are
marked as region 1 and region 2, respectively.Thepermittivity
and permeability of region 𝑖 are 𝜀𝑖 and 𝜇𝑖, respectively. The
inhomogeneous target buried in region 2 is bounded by ΓBIM.
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Figure 1: Geometry of the scattering problem of a 3D complex
dielectric object buried under a 2D randomly dielectric rough
surface.

The interior region ΩFEM of the target can be composed
of inhomogeneous dielectric objects with complex relative
permittivity 𝜀𝑟(r) and permeability 𝜇𝑟(r), and PEC. To reduce
the edge effects caused by the truncation of the finite surface
length, the rough surface is illuminated by a TE polarized
taperedwave [15] in this paper.The source of the taperedwave
is in region 1 and the tapered wave can be expressed as

Einc (r) = exp [−𝑗k1 ⋅ r (1 + 𝑤)] exp (−𝑡𝑥 − 𝑡𝑦) , (2)

where

𝑤 = 1𝑘21 [
2𝑡𝑥 − 1𝑔2cos2 𝜃inc +

2𝑡𝑦 − 1
𝑔2 ]

𝑡𝑥 = (cos 𝜃inccos𝜑inc𝑥 + cos 𝜃incsin𝜑inc𝑦 + sin 𝜃inc𝑧)2𝑔2cos2 𝜃inc
𝑡𝑦 = (−sin𝜑inc𝑥 + cos𝜑inc𝑦)2𝑔2 ,

(3)

where 𝜃inc and 𝜑inc are the incident angles, 𝑔 is the tapered
factor, and 𝑘1 is the wavenumber in the half space above the
rough surface.

Hybrid FEM/BIM is a powerful technique to deal with
the inhomogeneous media problem due to the differential
equation nature. As shown in Figure 1, region 2 can be
decomposed into two parts by boundary ΓBIM, the interior
regionΩFEM, and the outer region. In FEM/BIM, the interior
region ΩFEM is analysed by FEM and the outer region is
modelled by BIM, which naturally satisfies the radiation
condition. The interior field and the outer field are coupled
together via the field continuity conditions on the boundaryΓBIM.

In the FEM region ΩFEM, the electric field satisfies the
following Helmholtz’s equation:

∇ × ( 1𝜇𝑟 (r)∇ × E (r)) − 𝑘20𝜀𝑟 (r)E (r) = −𝑗𝑘0𝜂0J (r)
(r ∈ ΩFEM) ,

(4)
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where 𝑘0 is the free-space wavenumber, J(r) is the electric
current in the space, 𝜂0 is the free-space intrinsic impedance,
and E(r) is the total electric field.

Based on the theory of functional analysis, the equivalent
variational problem can be formulated as [16]

𝛿𝐹 (E) = 0
�̂� × E (r) = 0 r ∈ Γ0, (5)

where

𝐹 (E) = 12
⋅ ∫∫∫

ΩFEM

[ 1𝜇𝑟 (r) (∇ × E) ⋅ (∇ × E) − 𝑘20𝜀𝑟 (r)E ⋅ E] 𝑑𝑉

− 𝑗𝑘0𝜂0∯
ΓBIM

E ⋅ (�̂� ×Hscat
𝑡 ) 𝑑𝑆,

(6)

where �̂� is the out-ward unit vector normal to boundaryΓBIM and Hscat
𝑡 is the magnetic field scattered by the target

on the boundary ΓBIM. Discretizing the FEM region with
tetrahedral elements, the fields can be expanded by the vector
basis function [16] N𝑚(r):

E (r) = 𝑀∑
𝑚=1

𝐸𝑚N𝑚 (r)

H (r) = 𝑀∑
𝑚=1

𝐻𝑚N𝑚 (r) ,
(7)

where 𝑀 is the number of the vector bases defined in FEM
region. Then the following weak form of the matrix equation
can be obtained:

∫∫∫
ΩFEM

[ 1𝜇r (r) (∇ × N𝑖) ⋅ (∇ × E) − 𝑘20𝜀𝑟 (r)N𝑖 ⋅ E] 𝑑𝑉

− 𝑗𝑘0𝜂0 ∫∫
ΓBIM

N𝑖 ⋅ (�̂� ×Hscat
𝑡 ) 𝑑𝑆 = 0.

(8)

The outer region can bemodelled by the integral equation
method. The total electric field E(r) in the outer region
satisfies the following integral equation:

E (r) − Escat
𝑡 (r) = Escat

𝑠 (r) , (9)

where Escat
𝑠 (r) is the field excited by the equivalent surface

electric and magnetic currents (Jeq𝑠 and Meq
𝑠 ) on the rough

surface, which act as the source illuminating on the target.
Escat
𝑡 (r) is the field excited by the equivalent surface electric

and magnetic currents (Jeq𝑡 and Meq
𝑡 ) on the boundary ΓBIM.

The fields Escat
𝑡 (r) and Escat

𝑠 (r) can be obtained from the
following expressions, respectively:

Escat
𝑡 (r) = 𝜂2L2 (Jeq𝑡 ) − K2 (Meq

𝑡 ) (10)

Escat
𝑠 (r) = −𝜂2L2 (Jeq𝑠 ) + K2 (Meq

𝑠 ) . (11)

The operators L𝑖 and K𝑖 are defined as

L𝑖 (X) = −𝑗𝑘𝑖 ∫∫
Γ
X (r)𝐺𝑖 (r, r) + 1𝑘2𝑖 ∇



⋅ X (r) ∇𝐺𝑖 (r, r) 𝑑Γ

K𝑖 (X) = −∫∫
Γ
X (r) × ∇𝐺𝑖 (r, r) 𝑑Γ.

(12)

The symbols 𝜂𝑖, 𝑘𝑖, and 𝐺𝑖 are the complex impedance, the
wavenumber, and Green’s function associated with region 𝑖,
respectively.The expression of theGreen’s function𝐺𝑖 is given
by

𝐺𝑖 (r, r) = 𝑒−𝑗𝑘𝑖|r−r|4𝜋 r − r , (13)

where r and r are the position vectors of the source and
observation points, respectively.

On the boundary ΓBIM, the equivalent electric and mag-
netic currents (Jeq𝑡 and Meq

𝑡 ) have the relation with surface
fields as Jeq𝑡 = �̂� × Hscat

𝑡 and Meq
𝑡 = −�̂� × Escat

𝑡 , respectively.
Then the electric andmagnetic currents on the boundary can
be discretized as

Jeq𝑡 (r) =
𝑁𝑡∑
𝑛=1

𝐻𝑛f𝑛 (r)

Meq
𝑡 (r) =

𝑁𝑡∑
𝑛=1

𝐸𝑛f𝑛 (r) ,
(14)

where f𝑛(r) is the Rao-Wilton-Glisson (RWG) basis functions
which have relation with N𝑛(r) as f𝑛(r) = −�̂� × N𝑛(r).
When MoM is applied, the following matrix equations can
be obtained by discretizing (9):

[𝑃] {𝐸} + [𝑄] {𝐻} = {𝑏} , (15)

where [𝑃] and [𝑄] are the impedance matrices and {𝑏} is the
vector related to the fields scattered from the rough surface.
And they can be obtained by the following expressions:

𝑃𝑚𝑛
= ⟨f𝑚 (r) ,N𝑛 (r) + ∫

𝑆𝑛

f𝑛 (r) × ∇𝐺2 (r, r) 𝑑𝑆⟩
𝑄𝑚𝑛
= ⟨f𝑚 (r) , 𝑗𝑘2𝜂2 ∫

𝑆𝑛

f𝑛 (r)𝐺2 (r, r) 𝑑𝑆⟩

+⟨f𝑚 (r) , 𝑗𝜂2𝑘2 ∫𝑆𝑛 [∇
 ⋅ f𝑛 (r)] ∇𝐺2 (r, r) 𝑑𝑆⟩

𝑏𝑚 = ⟨f𝑚 (r) ,Escat
𝑠 (r)⟩ .

(16)
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Then we can obtain the final matrix equation for the
scattering problem of the inhomogeneous target buried
under the dielectric rough surface as

[[[[
[

𝐾II 𝐾IS 0
𝐾SI 𝐾SS 𝐶
0 𝑃 𝑄

]]]]
]

{{{{{{{{{

𝐸I

𝐸S

𝐻S

}}}}}}}}}
=
{{{{{{{{{

0
0
𝑏

}}}}}}}}}
, (17)

where [𝐾II], [𝐾IS], [𝐾SI], and [𝐾SS] are the FEM matrices.
The subscript I is denoting in the interior region ΩFEM and
subscript S is denoting on the boundary ΓBIM. [𝐶] is the
coupling matrix between FEM and BIM. [𝐾] and [𝐶] can be
represented by the following expressions, respectively:

𝐾𝑚𝑛 = ∭
Ω

1𝜇𝑟 (∇ × N𝑚) ⋅ (∇ × N𝑛) − 𝑘20𝜀𝑟N𝑚
⋅ N𝑛𝑑𝑉

𝐶𝑚𝑛 = 𝑗𝑘0𝜂0∬
Γ𝑚

N𝑚 ⋅ (�̂� × N𝑛) 𝑑𝑆.
(18)

Note that the effects of the rough surface are considered
in (17) as terms [𝑏]. To get the field Escat

𝑠 scattered from
the rough surface, we should firstly compute the equivalent
surface electric and magnetic currents (Jeq𝑠 and Meq

𝑠 ) on the
rough surface.They can be rigorously achieved by solving the
following integral equations with MoM:

− 𝜂2L2 (Jeq𝑠 ) − 𝜂1L1 (Jeq𝑠 ) + K2 (Meq
𝑠 ) + K1 (Meq

𝑠 )
= Einc − Escat

𝑡

− K2 (Jeq𝑠 ) − K1 (Jeq𝑠 ) − 1𝜂1 L1 (Meq
𝑠 ) − 1𝜂2 L2 (Meq

𝑠 )
= Hinc −Hscat

𝑡 .

(19)

However, solving these integral equations with MoM is very
time-consuming and requires a great amount of storage
memory, especially for 3D electrically large rough surface.
To reduce the computation time and memory requirement,
analytical KA is a good choice.

Based on the superposition principle, the electric and
magnetic currents on the rough surface can be represented
by the combination of two independent parts as

Jeq𝑠 = Jinc𝑠 + Jobj𝑠 (20)

Meq
𝑠 = Minc

𝑠 +Mobj
𝑠 , (21)

where Jinc𝑠 and Minc
𝑠 are the electric and magnetic currents

induced by the incident wave in the absence of the buried
target. Jobj𝑠 and Mobj

𝑠 are the electric and magnetic currents
generated by the fields scattered by the buried target in the
absence of the incident wave source.

According to the KA theory and equivalent principle, the
electric and magnetic currents (Jinc𝑠 and Minc

𝑠 ) at any point r
can be expressed as

Jinc𝑠 = �̂�𝑠 × [(1 + 𝑅TM
𝑈 ) (�̂�𝑖 ⋅ Einc)

𝜂1 �̂�𝑖

− (�̂�𝑖 ⋅ Einc)
𝜂1 (�̂�𝑖 − 𝑅TE

𝑈 �̂�𝑟 × �̂�𝑖)] ,
(22)

Minc
𝑠 = −�̂�𝑠 × [(1 + 𝑅TE

𝑈 ) (�̂�𝑖 ⋅ Einc) �̂�𝑖
+ (�̂�𝑖 ⋅ Einc) (�̂�𝑖 − 𝑅TM

𝑈 �̂�𝑟 × �̂�𝑖)] ,
(23)

where (�̂�𝑖, �̂�𝑖, �̂�inc) is a local orthonormal basis established at
any point r on the rough surface. The symbol �̂�inc is the unit
incident wave vector. The unit vectors �̂�𝑖 and �̂�𝑖 are the local
perpendicular and parallel polarization vectors, respectively,
which can be defined as

�̂�𝑖 (r) = �̂�inc × �̂�𝑠 (r)�̂�inc × �̂�𝑠 (r)
�̂�𝑖 (r) = �̂�𝑖 (r) × �̂�inc.

(24)

The symbol �̂�𝑟 is the unit local reflection direction vector.
Based on the tangent plane approximation, �̂�𝑟 = �̂�inc−2�̂�𝑠(�̂�𝑠 ⋅�̂�inc). 𝑅TE

𝑈 and 𝑅TM
𝑈 are the local Fresnel reflection coefficients

of TE polarization and TM polarization, respectively, which
can be expressed as

𝑅TE
𝑈 = cos 𝜃li − √𝜀2𝑟 − sin2 𝜃li

cos 𝜃li + √𝜀2𝑟 − sin2 𝜃li
𝑅TM
𝑈 = 𝜀2𝑟cos 𝜃li − √𝜀2𝑟 − sin2 𝜃li

𝜀2𝑟cos 𝜃li + √𝜀2𝑟 − sin2 𝜃li ,
(25)

where 𝜃li is the local incident angle on the rough surface
which satisfies cos 𝜃li = −�̂�𝑠 ⋅ �̂�𝑖 and 𝜀2𝑟 is the relative
permittivity of region 2.

Similarly, the electric and magnetic currents (Jobj𝑠 and
Mobj
𝑠 ) generated by the fields scattered by the buried target

can be expressed as

Jobj𝑠 = �̂�𝑠 × [(1 + 𝑅TM
𝐷 ) (�̂�𝑠 ⋅ Escat

𝑡 )
𝜂2 �̂�𝑠

− (�̂�𝑠 ⋅ Escat
𝑡 )

𝜂2 (�̂�𝑠 − 𝑅TE
𝐷 �̂�𝑟𝑠 × �̂�𝑠)] ,

(26)

Mobj
𝑠 = −�̂�𝑠 × [(1 + 𝑅TE

𝐷 ) (�̂�𝑠 ⋅ Escat
𝑡 ) �̂�𝑠

+ (�̂�𝑠 ⋅ Escat
𝑡 ) (�̂�𝑠 − 𝑅TM

𝐷 �̂�𝑟𝑠 × �̂�𝑠)] ,
(27)
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from the rough surface by (11)

The iterative error is 
less than 1%

Computing the bistatic NRCS

solving the matrix equation (17)

Computing the scattering 
field from the target by (10)

(26) and (27), respectively

Yes

No

(22) and (23), respectively

Initialization:

Updating J？Ｋs and M？Ｋ
s by

Computing JＣＨ＝s and MＣＨ＝
s by

Computing JＩ＜Ｄs and MＩ＜Ｄ
s byUpdating J？Ｋt and M？Ｋ

t by

J？Ｋs = JＣＨ＝s and M？Ｋ
s = MＣＨ＝

s

(20) and (21), respectively
Computing the scattering field

Figure 2: The flowchart of the iterative method.

where (�̂�𝑠, �̂�𝑠, �̂�𝑠) is a local orthonormal basis established at
any point r on the rough surface. �̂�𝑠 is the unit vector from the
source point r on the target to the field point r on the rough
surface, which satisfies �̂�𝑠 = (r − r)/‖r − r‖. The unit vectors�̂�𝑠 and �̂�𝑠 are the local perpendicular and parallel polarization
vectors, respectively, which can be defined as

�̂�𝑠 (r) = �̂�𝑠 × �̂�𝑠 (r)�̂�𝑠 × �̂�𝑠 (r)
�̂�𝑠 (r) = �̂�𝑠 (r) × �̂�𝑠,

(28)

where �̂�rs is the unit local reflection direction of the wave
induced by the electric and magnetic currents on the target,
which act as another incident source illuminating on the
rough surface from the bottom. 𝑅TE

𝐷 and 𝑅TM
𝐷 are the local

Fresnel reflection coefficients of TE polarization and TM
polarization, respectively, which can be expressed as

𝑅TE
𝐷 = √𝜀2𝑟 cos 𝜃ls − √1 − 𝜀2𝑟 sin2 𝜃ls

√𝜀2𝑟 cos 𝜃ls + √1 − 𝜀2𝑟 sin2 𝜃ls
𝑅TM
𝐷 = cos 𝜃ls − √𝜀2𝑟√1 − 𝜀2𝑟 sin2 𝜃ls

cos 𝜃ls + √𝜀2𝑟√1 − 𝜀2𝑟 sin2 𝜃ls ,
(29)

where 𝜃ls is the local incident angle and satisfies cos 𝜃ls =�̂�𝑠(r) ⋅ �̂�𝑠.
Then the scattering information from the rough surface

can be obtained by (20), (22), and (26), if the scattering field
Escat
𝑡 from the target is calculated beforehand. It should be

pointed out that, since the scattering from the rough surface
is considered byKA, the limitation of KA [17] should be taken
into account in our hybrid method; namely, the curvature
radius 𝜌 of the rough surface should be very large compared
to the wavelength of the incident wave, 𝜌 ≫ 𝜆.

The multiple interaction between the rough surface and
the buried target can be taken into account by an iterative
approach. To give a clearer depiction, the iterative process in

our method is shown in Figure 2.The iterative error at the 𝑖th
iteration is defined as

𝛾𝑖 =
J𝑖𝑡 − J𝑖−1𝑡

J𝑖𝑡 . (30)

Once the scattering information from the rough surface is
obtained, the bistatic normalized radar cross-section (NRCS)
can be calculated by

NRCS = lim
𝑟→∞

𝑟2 Escat2𝑃inc , (31)

where Escat is the field scattered by the rough surface at any
point r in the region 1, which can be obtained with the
following expression:

Escat = 𝜂1L1 (Jeq𝑠 ) − K1 (Meq
𝑠 ) . (32)

The symbol 𝑃inc is the incident beam power which can be
given by

𝑃inc = 𝜋2 𝑔2 cos 𝜃inc [1 − 1 + cos2 𝜃inc + 2 tan2 𝜃inc2𝑘21𝑔2 cos2 𝜃inc ] . (33)

3. Numerical Results

In this part, several numerical simulations are considered to
demonstrate the algorithm’s ability to deal with the scattering
from the inhomogeneous target buried beneath a dielectric
rough surface. The effectiveness of our proposed method is
also illustrated. In all examples, the region 1 is considered as
free space. In addition, all sizes are given in terms of free-
space wavelength 𝜆 which is equal to 1m in this paper unless
otherwise specified. Finally, the relative permittivity of region
2 is 𝜀2𝑟 = (2.0, −0.01).

Our numerical code is firstly applied to calculate the
bistatic NRCS of a 3D PEC sphere buried under a Gaussian
dielectric rough surface.The radius of the sphere is 0.5m and
the burial depth is 4.0m.The incident angles are 𝜃inc = 0∘ and𝜑inc = 0∘. The length of the truncated rough surface is 𝐿 =
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Figure 3: Bistatic NRCS of a 3D PEC sphere buried under dielectric rough surface: (a)𝑋-𝑍 Plane and (b) 𝑌-𝑍 Plane.

Table 1: Comparisons of the computing resource for different
methods.

Method Number of
unknowns

Memory
requirement (G)

Solving
time (s)

FEM/MoM 83836 107.34 3807
New method 12186 1.43 127
Calculated by a computer with a 2.8 GHz processor (AMD Opteron (tm)
Processor 4280), RAM 128GB.

9.0m. The tapering parameter of the tapered incident wave
is 𝑔 = 𝐿/4. The root-mean-square height and the correlation
length of the rough surface are 𝛿 = 2.0m and 𝑙𝑥 = 𝑙𝑦 = 𝑙 =
0.1m, respectively.

Figures 3(a) and 3(b) show the bistaticNRCS as a function
of scattering angle 𝜃𝑠 in 𝑋-𝑍 and 𝑌-𝑍 planes, respectively.
And the results are obtainedwith single rough surface sample.
In the legends, “Rs + Object” denotes the model of an object
buried under the rough surface. “Rs” denotes the model
of the rough surface only. Figure 3 shows that the results
obtained by our method agree with solutions of FEM/MoM
verywell. It can also be observed that the totalNRCS ismainly
contributed by the rough surface within the scattering angles𝜃𝑠 ∈ (−15∘, 15∘), while in other scattering angles, the total
NRCS is mainly contributed by the buried target.

Table 1 shows the comparisons of the computing resource
for a single rough surface sample for different methods. The
matrix of FEM/BIM is stored with compress sparse row
format, and the parallel LU decomposition is used to solve
the matrix equation. Table 1 indicates that the number of
unknowns in our method is reduced to 14.5% of that in
FEM/MoM, and the memory requirement and solving time
are reduced to 1.3% and 3.3%, respectively. The result shows
that our method is exact and efficient in dealing with the
scattering from the target buried beneath rough surface.

X

Z

0

PEC
r = 4.0

r = 2.5

R = 0.8

r1 = 0.3 r2 = 0.3

(−0.4, −4) (0, −4) (0.4, −4)

Figure 4: Cross-section of an inhomogeneous sphere.

To further demonstrate the ability of our method to
deal with the composite scattering from the inhomogeneous
target buried under rough surface, the scattering from a
3D inhomogeneous sphere buried under a dielectric rough
surface, as shown in Figure 4, is calculated. The default
parameters are set as follows: the incident angles are 𝜃inc = 15∘
and 𝜑inc = 0∘, the truncated length of the rough surface is 𝐿 =
10.5m, and the root-mean-square height and the correlation
length of the rough surface are 𝛿 = 1.5m and 𝑙𝑥 = 𝑙𝑦 = 𝑙 =
0.1m, respectively.

Figures 5(a) and 5(b) show the bistaticNRCS as a function
of scattering angle 𝜃𝑠 in 𝑋-𝑍 and 𝑌-𝑍 planes, respectively.
And the results are obtainedwith single rough surface sample.
It can be seen from Figure 5 that the results obtained by
our hybrid method agree with solutions of FEM/MoM very
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Figure 5: Bistatic NRCS of a 3D inhomogeneous sphere buried under dielectric rough surface: (a)𝑋-𝑍 Plane and (b) 𝑌-𝑍 Plane.
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Figure 6: Scattering results of a 3D inhomogeneous sphere buried under dielectric rough surface with different 𝛿 and 𝑙: (a) 𝑋-𝑍 Plane and
(b) 𝑌-𝑍 Plane.

well, demonstrating the ability of ourmethod to deal with the
scattering from inhomogeneous target.

In the third example, the influence of the surface rough-
ness on the scattering properties of the inhomogeneous
sphere buried under dielectric rough surface is studied.
The parameters of the inhomogeneous sphere are shown in
Figure 4. The other parameters are set as follows: the length
of the rough surface is 𝐿 = 50m, the incident angles are𝜃inc = 30∘ and 𝜑inc = 0∘. The parameters of the root-mean-
square height 𝛿 and the correlation length 𝑙𝑥 = 𝑙𝑦 = 𝑙 of the
rough surface can be found in the Figure 6.

The curves in Figure 6 present the influence of the surface
roughness on the scattering properties of the inhomogeneous
sphere buried under dielectric rough surface. The results
are obtained by taking the average of 50 rough surface
realizations. It can be seen fromFigure 6(a) that the scattering
coefficients have a small change with the change of the
roughness in the scattering directions defined by 𝜃𝑠 ∈[30∘, 90∘]. Within the scattering angles 𝜃𝑠 ∈ [−90∘, 30∘], the
scattering coefficient decreases in the specular direction with
the increase in the root-mean-square height of the rough
surface but increases in other scattering directions in the𝑋-𝑍
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Plane. In the𝑌-𝑍Plane, theNRCS increase evidently with the
increase in the root-mean-square height of the rough surface
in the scattering directions defined by 𝜃𝑠 ∈ [−45∘, 45∘]. The
increase in the correlation length weakens the NRCS in the
scattering directions 𝜃𝑠 ∈ [−30∘, 30∘] in the 𝑌-𝑍 Plane.

4. Conclusions

In this paper, an efficient hybrid method has been presented
to study the scattering from a 3D inhomogeneous object
buried beneath a 2D dielectric rough surface. The electric
and magnetic currents on the rough surface are analytically
obtained by KA, which can greatly reduce the computing
resource. The hybrid vector FEM/BIM, a powerful technique
to model complex dielectric problem, is chosen to calculate
the electric and magnetic currents on the inhomogeneous
object. The matrix of FEM/BIM is stored with compress
sparse row format, and the parallel LU decomposition is
used to solve the matrix. The validity of our hybrid method
is verified by numerical method. The effectiveness of our
method is also illustrated. The results show that the memory
requirement in our hybrid method is greatly reduced com-
pared with the numerical method, and the computational
time is also greatly reduced.The ability of our method to deal
with the scattering inhomogeneous object buried beneath
rough surface is also demonstrated.
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This paper deals with a new methodology to assess the exposure induced by both uplink and downlink of a cellular network using
3D electromagnetic simulations. It aims to analyze together the exposure induced by a personal device (uplink exposure) and that
induced by a base station (downlink exposure).The study involved themajor parameters contributing to variability and uncertainty
in exposure assessment, such as the user’s posture, the type of wireless device, and the propagation environment. Our approach is
relying basically on the modeling of the power radiated by the personal device and the ambient electric field, while taking into
account the effects of human body shadowing and the propagation channel fluctuations. The exposure assessment as well as the
human-wave interactions has been simulated using the finite difference in time domain method (FDTD). In uplink scenarios, four
FDTD simulations were performed with a child model, used in two postures (sitting and standing) and in two usage scenarios
(voice and data), which aimed to examine the exposure induced by a mobile phone and a tablet emitting, respectively, at 900MHz
and 1940MHz. In the downlink scenario, a series of FDTD simulations of an exposure to a single plane wave and multiplane waves
have been conducted, and an efficient metamodeling of the exposure using the Polynomial Chaos approach has been developed.

1. Introduction

The rapid developments in wireless network technology
have strengthened the presence of electromagnetic waves
in our everyday lives. Hence, the exposure to near and far
electromagnetic fields is becoming increasingly a matter of
public concern.The exposure is determined by the SAR (Spe-
cific Absorption Rate) (W/Kg), which quantifies the power
absorbed by human tissues from electromagnetic radiations.
Several studies have been conducted to characterize, on one
hand, the exposure induced by the base stations (downlink
exposure) [1] and, on the other hand, that induced by wireless
devices (uplink exposure) [2]. In most of these studies,
both types of exposure were studied separately. However,
in the context of wireless networks that are now so widely
present in everyone’s environment, a reliable characterization
of exposure requires taking into account both uplink and

downlink radio waves. Basically, for a given duplex com-
munication, these waves are not independent and involve
a power management protocol [3]. The downlink radiation
is mainly impacted by the propagation environment, partic-
ularly through the attenuation suffered by the signal wave
before arriving at the receiver [4]. In the other side, other
than the propagation environment, the uplink radiation is
dependent on the user’s activity, on the network (e.g., the
rate and the QoS), and fundamentally on the performance
of the device’s antenna [5]. Actually, the wireless devices are
often placed in the proximity of the user’s body, which is
a conducting system. Accordingly, a strong coupling effect
takes place between the human tissues and the antenna [6].
These interactions can affect severely the antenna radiation
properties, which are strongly involved in adjusting the
uplink power [7]. The purpose of this paper is to discuss a
numerical approach to characterize the variability associated
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with both links radiations as well as the resulting exposure,
using electromagnetic simulations and statistical analysis.

Compared to previous research [8, 9], this work involves
the use of an anatomic child model under various postures,
including standing and sitting position. Furthermore, it
aims at introducing a methodology for characterizing the
uplink power fluctuations as a function of shadowing effects
caused by the human body and the multipath fading. In the
downlink, this study deals with a metamodeling approach
allowing prediction analytically of the exposure induced by
a complex propagation environment.

In fact, a FDTD simulation incorporating a human body
with a resolution of 1-2mm is very expensive in time calcula-
tion and resources, which often impedes the study of a large
number of exposure configurations. Our proposed method
consists of extracting an input-output transfer function,
linking the exposure induced by multiple plane waves to
the parameters contributing in the variability of their total
electric field, using a regression metamodel approach in the
postprocessing of a finite subset of FDTD simulations.

This study is a part of anEuropean project called LEXNET
[10], supported by the European Commission under the
FP7, was established to minimize the exposure induced by
wireless systems. The rest of this paper is organized as
follows. The second section presents the methodology used
in the modeling of the uplink power and the electric field
received from a fixed base station.The third section illustrates
the materials used to prepare the simulations. Section 4 is
reserved to discuss the results as well as the statistical analysis
of the uplink exposure variability. Section 5 focuses on the
investigation of the exposure to single and multiple plane
waves. In this section, we discuss the use of Polynomial Chaos
(PC) [11] approach in the metamodeling of the multipath
exposure. In the last section, we apply the proposed results to
realistic traffic measurements. A global conclusion is drawn
in the end of the paper.

2. Exposure Assessment

In wireless systems, the total exposure induced by such a
radio communication is given as the sum of the uplink
exposure and the downlink exposure. Two quantities are
often used to characterize such exposure: the local SAR and
the global SAR.Thefirst is defined as the power absorbed over
a cube of 10 g, whose peak value is denoted by SARpeak

10 g . The
second is the whole-body average SARWB, well known as the
ratio of the absorbed power to the whole-body weight.

During a radio communication, the global induced expo-
sure can be deduced from the following system of equations:

SAR:

SARpeak
10 g = max {Λ} ,

where Λ = 𝑃𝑟SARUL∗
10 g + 𝐸2𝑎SARDL∗

10 g ,

SARWB = 𝑃inSARUL∗
WB + 𝐸2𝑎SARDL∗

WB ,

(1)

where SARUL∗
10 g and SARUL∗

WB are, respectively, the SARpeak
10 g and

SARWB induced by a fixed uplink power of 1W, respectively.
SARDL∗
10 g and SARDL∗

WB are, respectively, the SAR10 g matrix
and SARWB induced by an ambient electric field of 1 V/m,
respectively. It should be mentioned that the SAR10 g matrix
is used to regroup all SAR10 g, those calculated over the whole
body, in a 3D matrix whose dimensions are equal to the
dimensions of the user’s body [12, 13]. 𝑃in (W) and 𝐸𝑎 (V/m)
represent the input power delivered to the personal device
and the ambient electric field, respectively.

In both above relationships, the exposure level is cal-
culated using the proportional relationship between the
absorbed power and the electromagnetic radiation, which is
considered as an unknown time-varying parameter.

2.1. Power Radiated by a Personal Device. This part is devoted
to the modeling of the input power delivered to the per-
sonal device during an uplink communication. Obviously,
this quantity depends on various parameters, including the
antenna losses, the propagation channel (shadowing effects,
multipath fluctuations), and the network’s requirements in
terms of the signal to-noise-ratio (SNR), especially when
using a powermanagement protocol [14]. Several studies have
been performed to model the uplink power on a wireless
network [15]. The vast majority of these studies were largely
based on the use of statisticalmodels formultipath channel to
characterize the power fluctuations in different propagation
scenarios. Among the famous models, we can mention the
WINNER II project [16], which provides the main propaga-
tion characteristics of a set of specific environments, such as
rural, urban, and semiurban regions. For each environment,
it gives a prediction of the number of paths existing between
any system “transmitter-receiver” as well as their amplitudes,
phases, and arrivals and departures directions. In a typical
multipath propagation channel, the 𝑃in power should satisfy
the following equation:

𝑃in
𝑁𝑝

∑
𝑛=0

𝑎2𝑛 (𝜏𝑛) 𝐺𝑒 (𝜙𝑛, 𝜃𝑛) = 𝛼, (2)

where 𝛼 is the power radiated by the personal device,
which takes into account the user-induced losses and the
fluctuations of the radio link. Otherwise, 𝑃in is the antenna
input power. This unknown quantity is given as the sum of
the power absorbed by the users body and the useful power,
which can be used to ensure the radio communication. The
consideration of this basic relation is justified by the fact that
the antenna is assumed well matched (without losses).

To focus only on the impact of the propagation environ-
ment and antenna performances, without taking into account
the network requirements, the power 𝛼 is kept constant and
equal to 1mW.𝐺𝑒 is the effective gain, which is the gain of the
couple “user-antenna.” This couple is considered invariant.
In fact, the position of the device with respect to the user’s
body is assumed fixed during this study. 𝑁𝑝 denotes the
total number of paths, including the direct path Line-of-
Sight (LOS) and non-line-of-sight (NLOS) path. Each path
is parametrized by two angles: an azimuth angle 𝜙𝑛 and
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an elevation angle 𝜃𝑛. These angles are assumed to follow
a discrete uniform distribution between 0∘ and 360∘ and
a normal distribution with a mean of 0∘ and a standard
deviation of 0∘, respectively. The elevation 0∘ is associated
with the horizontal plane.

To model the losses induced by the distance, we have
intervened an attenuation coefficient 𝑎𝑛. This parameter is
generated using an exponential function that depends on the
delay spread 𝜏𝑛(𝑠).

𝑎2𝑛 (𝜏𝑛) ∝ 𝑒−𝜏𝑛/𝜎𝑠 , (3)

where 𝜏𝑛 represents the time delay between transmission and
reception of a signal. This time parameter is assumed to be
uniformly distributed and increasingly arranged between 0
and 𝜏𝑁. 0 is associated with the first path, which is often the
LOS. 𝜎𝑠 is the root mean square (rms) delay spread.

Three propagation scenarios have been considered:

(i) Line-of-Sight scenario (LOS): a very typical propaga-
tion of a low probability of occurrence.

(ii) Non-Line-Of-Sight Scenario (NLOS): common sce-
nario, such as indoor scenarios.

(iii) Combined LOS/NLOS: common scenario (e.g., urban
scenarios).

In the first case, we recall that the radio transmission
can take place only under the LOS path, while in the second
scenario we assume the existence of only indirect paths
(NLOS) between the user and the base station. The last
scenario assumes the existence of both types of paths together
during the communication.

To separate mappings between these different scenarios,
we note that the first component in (2), 𝑎20(𝜏0)𝐺𝑒(𝜙0, 𝜃0), is
associated with the LOS path. In LOS environment, 𝑎0 takes
1 by assuming a constant path loss normalized to be one.

In pure NLOS scenario, 𝑎0 is chosen equal to 0, while in
mixed LOS/NLOS scenario 𝑎0 is subject to theRice factor (𝐾),
which is given as follows:

𝐾 = 𝑎20 (𝜏0)
∑𝑁𝑝𝑛=1 𝑎2𝑛 (𝜏𝑛)

. (4)

All attenuation coefficients𝑎𝑘≥0 are normalized so that the
total sum is equal to one.

Themain characteristics of each propagation scenario are
illustrated in Table 1. A detailed explanation of the proposed
methodology as well as considered assumptions is offered in
[17].

2.2. The Ambient Electric Field. Turning to the downlink
radiations, throughout this study we assume that the electric
field emitted by the base station is considered as a uniform
plane wave. Similarly to the uplink case, the ambient electric
field can be composed of single or multiple plane waves
arriving form random directions, with various propagation

Table 1: Propagation environment parameters.

LOS NLOS LOS/NLOS
𝜃𝑛
Gaussian N (0, 30) N (0, 30) N (0, 30)

𝜙𝑛
Uniform U [0, 360] U [0, 360] U [0, 360]

𝐾
Log-normal LN (6, 7)

𝑁𝑝
Gaussian N (6, 3.5) N (10, 6)

𝑎𝑘
𝜎𝑠 (ns) 55 22

characteristics. Briefly, in a given location 𝑟, the total ambient
field →𝐸𝑎 can be expressed as the following sum:

→𝐸𝑎 =
𝑁𝑝

∑
𝑛=1

→𝐸𝑛
(V)
(𝛼𝑛, 𝜙𝑛, 𝜃𝑛) +

→𝐸𝑛
(H)

(𝛼𝑛, 𝜙𝑛, 𝜃𝑛) , (5)

where𝑁𝑝 is the number of waves.→𝐸𝑛
(V)

and→𝐸𝑛
(H)

are, respec-
tively, the vertical andhorizontal polarized components of the
𝑛th incident planewave.𝛼𝑛,𝜙𝑛, and 𝜃𝑛 are the phase angle, the
azimuth angle of arrival, and the elevation angle of arrival,
respectively.

The first two angles are assumed to follow a uniform
distribution between 0∘ and 360∘, whereas the third angle (𝜃𝑛)
is assumed to obey a normal distribution with a mean 𝜇 of 0∘
and a standard deviation 𝜎 of 20∘.

Assuming that the original wave emitted from the base
station is vertically polarized, the power received at this
polarization can be described by a decreasing exponential
function depending on the time parameter described above
(𝜏𝑛, 𝜎𝑠):

𝐸
(V)
𝑛


2 = 𝑃0

𝑁𝑃
𝑒−𝜏𝑛/𝜎𝑠 , (6)

where 𝑃0 is the power associated with the original wave
emitted from the base station. As a result of multiple
scattering and reflection, the original signal can undergo
modification of its polarization. Hence, the signal arriving
at the receiver is mostly composed from vertically and
horizontally polarized waves. The ratio of the power received
in the vertical polarization to that received in the horizontal
polarization is given by the cross polarization ratio XPR𝑛:

XPR𝑛 =

𝐸(V)𝑛
𝐸(H)𝑛



2

. (7)

This parameter is assumed to obey a log-normal distribu-
tion with a mean 0 and standard deviation 7 [18].

The squares of all vertical and horizontal polarized com-
ponents are normalized to their total sum. We have always

𝑁𝑝

∑
𝑛=1

𝐸
(V)
𝑛


2 + 𝐸

(H)
𝑛


2 = 1. (8)
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Antenna

Screen

Battery

plane

(a) (b)

Ground plane

Figure 1: Wireless devices developed using MATLAB: (a) a mobile phone and (b) a tablet.

3. Materials

3.1. Realistic Human Phantom. To model the user body, we
use an anatomically realistic human phantom Eartha, an 8-
year-old child selected from the Virtual Family [19]. This
phantom is represented by a 3D heterogeneousmatrix having
77 different labels, which are devoted to label the various
child tissues. Using a deformation tool (EMPIRE Poser) [20],
we made many elastic deformations on the standard model
whose goal is to create realistic postures of the different
wireless device usage, including mainly voice calling (in
standing and sitting posture) and web browsing with a tablet
(standing and sitting). All of these models are designed with
a resolution of 2mm. The dielectric properties of various
tissues are assigned according to the data available in [21].

Concerning the radiation sources, we developed sim-
plified numerical models for a mobile phone and a tablet
operating at 900MHz and 1940MHz (see Figure 1).

Different antennas were then validated using FDTD sim-
ulations (in free space). As regards the reflection coefficient
𝑆11, the obtained results can be considered acceptable. As
presented in Figure 2, the 𝑆11 graph shows a significant
resonance at the frequency of simulation, with a return loss
below −10 dB with both antennas.

3.2. Exposure Simulations. We distinguish two types of
FDTD simulations: simulations with personal devices and
simulations with Huygens box. To study the exposure
induced by a personnel device, the developedwireless devices
are positioned close to the numerical phantom depending
on usage scenario, as illustrated in Figure 3. Each uplink
simulation starts with injecting an electric signal in the
antenna to create an electric field near to the child phantom.
Then, we integrate the iterative FDTD process to compute
the electric field inside the child body. In the downlink
simulation, we use the Huygens box excited by a plane wave
[22].
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Figure 2: Reflection coefficient 𝑆11 obtained from FDTD simula-
tions in “free space.”

4. Uplink Exposure: Results and Analysis

We begin by presenting the results obtained with the mobile
phone at 900MHz and the tablet at 1940MHz. Table 2 gives
values of the radiation efficiency, the power absorbed by the
child’s body, the SARWB, and the SARpeak

10 g . All of these values
are normalized to an input power of 1W. The results show
that almost 90% of the input power is absorbed by the child
in either sitting or standing postures. Most of the power is
absorbed by the head and the left hand (that holds the mobile
phone).

In the case of the tablet, the power absorbed by the child
was around 35% (standing) and 45% (sitting). Figure 4 shows
the sagittal𝑦𝑧plane distribution of the power absorbed by the
whole phantom. As shown, the level of the power absorbed
reached its maximum peak in the location of the personal
device.

Basically, in the case of an exposure to a personnel
device, the exposure dose and especially the SARpeak

10 g are very
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Table 2: The absorbed power and the SARWB normalized to an input power of 1W.

Radiation efficiency (%) Absorbed power (%) SARWB SARpeak
10 g

W⋅kg−1 W⋅kg−1
Voice-standing 10 90 0.029 3.61
Voice-sitting 10 90 0.029 4.7
Tablet-standing 65 35 0.011 3.67
Tablet-sitting 65 35 0.014 4.44

(a) (b)

Figure 3: Different postures: (a) voice-standing and sitting and (b) data-standing and sitting.

−70

−80

−90

−100

−110

−120
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Figure 4: Distribution of the absorbed power (db) inside the numerical phantom for an input power of 1W.

sensitive to the positioning of the antenna with respect to the
user’s body. For instance, a small change in the position of
the mobile phone has led to a variation of 30% between both
SARpeak
10 g obtained with standing and sitting postures.
Turning to the converse effect, we noticed that the user’s

proximity caused a considerable degradation of the radiation
pattern of the device’s antenna. Figure 5 shows a comparison
between the radiation pattern obtained with the mobile
phone in the presence of the child (in a standing posture)
and that calculated in free space. Briefly, we can see that a
large part of the radiation pattern has been distorted by the
left hand and the head, which caused the modification of the

directivity of the antenna (becomes more directional in the
opposite direction of the head).

Given these effects, such a characterization of the antenna
gain is considered an essential step in predicting the uplink
power while relying on the power fluctuation model given
in the Section 2.1. For full clarity, we again stress that the
variation in 𝑇𝑥 power stems from the power control, which is
enforced by the base station according to its received power,
sensitively determined by the radio channel.

A summary of the methodology is given in the diagram
displayed in Figure 6. To sum up, this approach uses a
FDTD simulation for characterizing the antenna’s gain (in
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With phantom
Free space

Figure 5: Effects of the head on the radiation pattern of the mobile
phone at 900MHz.

the presence of the user’s body) as well as the induced
exposure. The antenna gain obtained is then combined with
a propagation model, whose aim is to analyze the variability
of the input power.

To characterize the variability of the input power, a set of
104 values has been randomly generated for each propagation
scenario (LOS, NLOS/LOS, and NLOS). With the different
scenarios propagation, the statistical adjustment of obtained
values showed that the distribution of the input power can be
fitted by a log-normal distribution, whose parameters (mean
and standard deviation) depend on the propagation scenario.
Due to limited space, we illustrate a few results.

As an example of results, Figure 7 shows a comparison
between the log-normal distribution and the empirical distri-
bution of a set of 104 values of the input power obtained with
the posture voice-standing-900MHz, under a NLOS scenario.

As can be seen, the log-normal distribution suitably
models the power fluctuations in this case. Similar results
have been obtained with tablet at 1940MHz. The log-
normal distribution describes the shadowing/masking effects
in propagation.

Turning to the exposure investigation, by relying on the
proportional relationship between the input power and the
induced exposure, Figures 8 and 9 illustrate the cumulative
distribution functions (CDF) of the SARpeak

10 g , induced by the
input power in the posture voice-standing-900MHz and in
the case of posture data-standing-1940MHz, respectively.

With both postures, the SARpeak
10 g is varied logarithmically

over the ranges 0 and 1W/kg.
A similar study was done for the SARWB. The parameters

of obtained distributions are shown in Tables 2 and 3.
It is of practical interest to notice that, by setting 𝛼 equal

to 1mW, virtually all SARpeak
10 g and SARWB values induced

by the mobile phone and the tablet are less than thresholds
required by ICNIRP [23]: 2W/kg for SARpeak

10 g and 0.08W/kg
for SARWB.

Table 3: Characteristic of the distribution of exposure values at
900MHz.

𝜇 (dB) 𝜎 CV (%)
𝜇SAR10 g/𝜇SARWB

CVSAR10 g/CVSARWB

NLOS −3.18/−8.00 0.41 42/42
LOS+NLOS −2.95/−7.77 0.77 92/92
Only LOS −0.28/−5.10 0.92 112/112

Table 4: Characteristic of the distribution of exposure values at
1940MHz.

𝜇 (dB) 𝜎 CV (%)
𝜇SAR10 g/𝜇SARWB

CVSAR10 g/CVSARWB

NLOS −4.67/−10.67 0.32 36/36
LOS+NLOS −4.45/−10.45 0.8 125/125
LOS −4.32/−10.3251 1.03 178/178

To evaluate the impact of the propagation scenario on the
variability of the input power, we focused on the assessment
of the coefficient of variation (CV), given as the ratio of the
standard deviation to themeanmultiplied by 100%.As shown
in Tables 3 and 4, this statistical indicator increases from one
scenario to another in the following increasing order: NLOS,
NLOS+NLOS, and LOS.

In a LOS scenario, the input power is strictly depending
on the antenna gain in the LOS direction, which can vary as
a function of the user’s orientation with respect to the base
station. In such scenario, the large fluctuations of the input
power are explained by the nonuniformity of the antenna’s
gain.

In a pure NLOS scenario, the contribution of various
paths, characterized by a significant diversity, reduces the
impact of the radiation pattern nonuniformity. Briefly stated,
a certain averaging of the antenna gain is established by the
random combinations of NLOS path, which allows reducing
accordingly the variability of the input power. In a LOS and
NLOS mixture, this multipath adjustment remains valid, but
it is limited by the Rice factor 𝐾. With a higher 𝐾 value, the
case is similar to a pure LOS scenario.

𝜇(log(⋅)) and 𝜎 are the mean (dB) and the standard
deviation, respectively.

5. Downlink Exposure: Simulations Results
and Statistical Analysis

The downlink exposure is firstly investigated using a Huy-
gens’s box excited by a single plane arriving from different
directions. In fact, the first simulations are devoted to assess
the exposure induced by the LOS scenario, by assuming that
most of the power emitted by the base station arrived from a
single dominant direction.

In such case, for a given user’s posture, three parameters
have been considered: the direction of arrival (both azimuth
and elevation angles), the polarization, and the amplitude.

Due to the resource constraints and computing time
limitations, a spatial discretization of the arrival directions
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Figure 9: SAR10 g induced by the tablet at 1940MHz.

was refined, so as to reduce the number of simulations.
Therefore, the azimuth angle 𝜙 has been discretized into 12
angles, uniformly spaced with a gap of 30 and the elevation
angle 𝜃 ranged from −20 to 110 with a step width of 20 (3
angles). Both vertical (V) and horizontal (H) polarization
have been considered during each configuration, which
increased the number of simulations to 72 for each posture.
All parameters used in simulations are illustrated in Figure 10.

Figures 11 and 12 illustrate, respectively, the variation of
SARWB as a function of the elevation angle, azimuth angle,
and the polarization for the postures voice-standing-900MHz
and data-standing-1940MHz. These results are obtained with
an electric field of 1 V/m. In these figures, we can see that
SARWB is very sensitive to the azimuth angle 𝜙. Various
curves of SARWB show some sinusoidal behavior. As was
mentioned in the research of Conil et al. [24], the power
absorbed by the user’s body is proportional to the exposed
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Figure 10: Definition of the parameters involved in the study of the exposure to a single plane wave.
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surface, at least for the frequencies here considered. This
explains the origin of two peaks obtained at 𝜙 = 270 (frontal
wave) and 𝜙 = 90 (back wave).
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Figure 13: Comparison between the SARWB induced in voice and
data configurations (standing and sitting postures) at 900MHz and
1940MHz, respectively. Results obtained after an exposure to plane
wave vertically polarized at zero elevation.

The SARWB also varies from one posture to another,
which is basically due to the effective exposed surface of
the body to the incoming wave. Figure 13 deals with a
simple comparison between four specific postures: voice at
(standing/sitting) and data (standing and sitting). The results
show that, depending on the azimuth angle, the exposure
obtainedwith a standing posture is almost always higher than
that induced in a sitting posture. In fact, the SARWB obtained
with a sitting posture exceeds that induced in a standing
posture only when the plane wave is coming from the left side
of the phantom.This can be explained by the fact that a large
part of the power is absorbed by the arms and the legs.

As regards the impact of polarization, for the frequency
900MHz, the SARWB induced by a plane wave vertically
polarized (VP) is higher than that induced by horizontally
polarized (HP) in the case of a back/frontal plane wave.
Figure 14 illustrates the distribution of the power absorbed
inside the child’s body after an exposure to a frontal wave at
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Figure 14: Distribution of the absorbed power inside the phantom
after an exposure to a vertical/horizontal plane waves of 1 V/m.

900MHz with both vertical and horizontal polarization. The
exposure induced by HP becomes higher than that caused by
VP on the side of phantom.

According to results given in [25, 26], this tendency must
be true only with the frequencies below 1GHz [25, 26].

In fact, for the frequency 900MHz, the wavelengths
(0.33m) are, respectively, equal to the user’s width and 1/4 of
its height. Hence, the user’s body acts as a receiving antenna
that favors wave absorption in both vertical and horizontal
polarization. This is valid in, so far as the frequency is lower
than 1GHz, that when increasing the frequency, the exposure
induced by horizontally polarizedwaves becomes higher than
that induced by vertically polarized waves.

More clearly, for higher frequencies, the user’s height
begins larger than the wavelength (8 times higher at
1940MHz), while the user’s width remains relatively close
to this value (twice higher at 1940MHz). Consequently, the
user’s body becomes more sensitive to horizontally polarized
waves. As shown in Figure 12, the SARWB obtained at 1940
Mhzwith horizontal polarization is higher than that obtained
with vertical polarization.

Regarding the local exposure, we noticed that the SARpeak
10 g

is sensitive to the dielectric properties of the tissues as well
as the emitting frequency. However, the variation of SARpeak

10 g
depending on the azimuth arrival angle does not exhibit a
remarkable visual behavior.

Consequently, the efforts were concentrated only to iden-
tify the location of the peak value.

In this context, Figure 15 deals with the locations of
various peaks in the postures voice-standing-900MHz, voice-
sitting-900MHz, and data-sitting-1940MHz. With both voice
postures, the maximum is reached at the arms and feet, while
with the data-sitting-1940MHz the peak is located at the arms
and the head. In fact, the exposure peaks depend basically
on tissue types as well as the electromagnetic resonance.
Particularly, at 900MHz, this resonance occurs close to the
ground. This may explain the presence of several peaks of
exposure at the feet.

The motivation behind the peak identification is to
predict if some accumulation of the local exposure in a given
position can be expected, especially when the phantom is
exposed to the plane wave and the wireless device together.
Simultaneous uplink/downlink exposure is highly frequent
in the context of wireless networks. In fact, it is important
to anticipate if the peak induced by a multiple-exposure
can be higher than that induced by each path separately.
A graphic illustration of all local maximum allows evoking
the possibility of accumulation of both peaks associated with
both links in the same location. In such case, the local
exposure may exceed the limit imposed by the ICNIRP.
However, Figure 15 confirms that the probability of such
superposition is always negligible.

5.1. Metamodeling Approach for Exposure Assessment. The
single-wave exposure remains a singular case that does
not reflect all of reality, which is often characterized by
variousmultipath configurations. For that reason, we address
in this section the exposure resulting from multiple plane
waves having random propagation characteristics. In such
scenario, the exposure assessment could be much costly in
computation time and resources than that conducted with
personal devices. In fact, contrary to the uplink case, where
we were only interested in modeling the variability of the
input power during the postprocessing of FDTD simulations,
the evaluation of the downlink exposure requires performing
a large number of simulations to examine all possible multi-
paths configurations. Even if a suitable discretization of the
spatial domain can largely reduce the number of simulations
[27, 28], this technical approach cannot be applied to some
propagation scenarios, particularly in the presence of diffuse
scattering components. Therefore, the numerical calculation
process requires a very fine angular grid of arrival angles,
which can increase dramatically the number of FDTD sim-
ulations.

To cope with this constraint, we propose to use a statisti-
cal approach through an input-output metamodel allowing
approximating analytically the SARWB induced by a given
propagation scenario. The determination of this transfer
function requires firstly performing an initial set of FDTD
simulations, whose input parameters are generated using
various probability distributions.

The obtained results are then used to extract an input-
output function allowing to characterize all interactions
suffered by input parameters as well as their relationship with
the output quantity (SARWB).

We rely on classical regression techniques to compute
this transfer function which will be exploited to predict
analytically the SARWB.

Among themost popularmethods used in such problems,
we mention the Polynomial Chaos (PC) expansion, well
known for its simplicity and efficiency.

In essence, this method involves determining the transfer
function by expanding it over an orthogonal polynomial
basis, such as the Legendre polynomials.

Its principle consists in determining a transfer function
between the output (SARWB) of the FDTD simulations and all
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Figure 15: Identification of SA𝑅peak
10 g peak locations. (a) Voice-standing-900MHz, (b) voice-sitting-900MHz, and (c) data-sitting-1940MHz.

input parameters by expansion in an orthogonal polynomial
basis, such as the Legendre polynomials.

Derived from this algebra approach, the obtained SARWB
should be written as

SARPC
WB =

𝑀

∑
𝑘=1

𝛽𝑘Ψ𝑘 (𝑋) , (9)

where 𝛽 = {𝛽1, . . . , 𝛽𝑀} are unknown determinist coeffi-
cients and Ψ(.) are the multivariate orthogonal polynomials,
which are chosen to be the Legendre polynomials. 𝑋 =
{𝑋1, . . . , 𝑋𝑁} is the input vector that regroups all parameters
involved in the formulation of the ambient electric field (see
(5)), including the amplitude 𝐸𝑛, the azimuth angle 𝜙𝑛, the
elevation angle 𝜃𝑛, the phase 𝛼𝑛, and the cross polarization
ratio XPR𝑛.

For ensuring a good spatial coverage of the experimental
region with a finite number of samples, we relied on the Latin
hypercube sampling (LHS) [29] to generate all parameters
values. The various values provided by LHS are probabilities
𝑝𝑋𝑖,𝑖∈[1,𝑁] that range from zero to one. Hence, to use these
probability values in FDTD simulations, we need to calculate
the realization associated with each probability using the

inverse cumulative distribution function (ICDF) related to
each propagation parameter.

In order to achieve the interorthogonality of the poly-
nomials, especially when using the Legendre polynomials, it
is necessary to translate the probabilities given by LHS into
new variables varying between −1 and +1. To ensure this
constraint, we apply the linear transformation that associates
a probability 𝑝𝑋𝑖 with the value 2𝑝𝑋𝑖 − 1.

It is clear that the key step in this approach is the
determination of weighting coefficients 𝛽𝑖. To do this, we
use the regression approach to estimate the coefficients
that minimize the Mean Squared Distance (MSD) between
the analytic approximation SARPC

WB and the empirical value
SARFDTD

WB .

{𝛽𝑖,𝑖∈[1,𝑀]} = arg min {𝐴} , (10)

where

𝐴 =
{
{
{

𝑁sim

∑
𝑗=1

SAR
FDTD
WB (𝑋(𝑗)) − SARPC

WB (𝑋(𝑗))

2}
}
}
, (11)

where 𝑁sim and 𝑋(𝑗) are, respectively, the total number of
simulations and the input vector used in the 𝑗th simulation.
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Figure 16: Flowchart of the proposed approach.

To judge the fidelity and the performance of the final
metamodel, we conducted a certain number of validation
tests by relying on the leave-one-out (LOO) approach [30].
This technique consists of removing one simulation from
the total number of simulations and approximating a new
surrogate model using only 𝑁sim − 1 simulations. The novel
surrogate model should be used then to reestimate analyt-
ically the output of the removed simulation as well as the
induced error with respect to the empirical result (given by
the FDTD computation).

The average error 𝜖 is given as follows:

𝜖 = 1
𝑁sim

𝑁sim

∑
𝑗=1

SAR
FDTD
WB (𝑋(𝑗)) − SARPC,𝑗

WB (𝑋(𝑗))

2 , (12)

where SARPC,𝑗
WB is the analytic model, obtained without con-

sidering the 𝑗th simulation. In what follows, we use the error
coefficient 𝑄2 as a quality criterion, which is calculated as
follows:

𝑄2 = 1 − 𝜖
𝐸 {SAR

FDTD
WB

}
. (13)

A coefficient 𝑄2 of 1 indicates a perfect metamodeling.
Figure 16 shows a flowchart illustrating the process of the
exposure metamodeling.

To simplify the notation, the input vectorX is arranged in
the following order:

(i) 𝑋1,𝑗 is the amplitude ‖𝐸(V)𝑛 ‖.
(ii) 𝑋2,𝑗 is the azimuth 𝜙𝑛.
(iii) 𝑋3,𝑗 is the elevation 𝜃𝑛.
(iv) 𝑋4,𝑗 is the phase 𝛼𝑛.
(v) 𝑋5,𝑗 is the cross polarization XPR𝑛.

It should be noted that the number of input parameters
(size of X) is some multiple𝑁𝑝 (number of plane waves). To
ensure a fast convergence of the regression algorithm, with
a reasonable number of simulations, 𝑁𝑝 is assumed to be 5,
which remains a very reasonable choice [31].
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Figure 17: Fit of the SARWB distribution with a Gaussian mixture.

Due to a limited time budget, we are interested only in the
exposure induced in both models voice-standing-900MHz
and data-standing-1940MHz.

A set of 1000 FDTD simulations are performed with each
model whose obtained results are discussed below.

Beginning with the voice-standing-900MHz, Figure 17
shows the SARWB distribution obtained from 1000 simula-
tions. The drawn distribution resembles a Gaussian mixture
(GM), which represents two significant “shoulders.” On the
other hand, the distribution width is too narrow, with a
coefficient of variation of 14%. Unlike the results obtained
with a single plane wave, the SARWB converged to an
“average configuration” having poor sensitivity to the arrival
directions of the electromagnetic waves. We also found that
the exposure induced by 5 waves is often lower than that
induced by a single frontal plane wave (considered as a
worst case), when considering the same incident electric field
(1 V/m).The number of cases where the exposure exceeds the
classical worst case is less than 5% (see the colored region in
Figure 18).

Turning to the metamodeling process, Figure 18 presents
a graphical comparison between the empirical distribution
SARWB and that generated by the analytic metamodel when
using the same input vector X.

As regards the metamodeling fidelity, it was needed to
increase the degree and the number of Legendre polynomials
up 15 to obtain a 𝑄2 of 0.86. This can be explained by
the higher-order interactions existing between various input
parameters.

The final step in the exposure metamodeling process
is the prediction of the SARWB for other multiple-waves
realizations having similar propagation characteristics.

Figure 19 illustrates the distribution obtained from 105
random configurations. The resulting distribution does not
display two bumps (shown previously), but it gets close to
a Gaussian distribution with a mean of 2.10−5 (W/kg) and
a standard deviation of 15%. It should be noted, however,
that the mean and standard deviation of this distribution are
similar to the results obtainedwith the empirical distribution.
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This confirms the fact that the considered number of
simulations, even if it makes to predict the “skeleton” of the
transfer function (with a certain level of fidelity), remains
insufficient to illustrate the final distribution as well as all
interactions between 25 input parameters.

Similar results have been obtained with the data-
standing-1940MHz posture. An exposuremetamodel derived
from 1000 simulations is used to generate the SARWB induced
by 105 random realizations. The obtained CDF is shown
together with that calculated with data-standing-900MHz in
Figure 20.

Similar results are obtained with the posture data-
standing-1940MHz. An approximated metamodel of the
exposure induced by random propagation scenarios was
designed from 1000 FDTD simulations. This model was
used to generate the SARWB induced by 105 different con-
figurations. The obtained CDF is shown together with that
calculated with voice-standing-900MHz in Figure 20.
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Figure 20: CDFs of the SARWB obtained at 900MHz and 1940MHz.
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6. Statistical Modeling of a Realistic
Exposure Scenario

This section is devoted to applying the methodologies pre-
sented as well as the obtained results to a real network. For
this reason, various measurements of the uplink power 𝑇𝑥
(the power emitted by the user system) and the downlink
power 𝑅𝑥 (the power received at the user system) are
performed inside the Lyon city (France) and its surroundings
cities, including basically NLOS scenarios. We note that the
user system is the couple composed by the human body and
the personal device. For emissions at 900MHz, a hand-held
probe connected to various base stations is configured to
measure the radio traffic in both uplink and downlink paths.
Concerning the tarfics at 1940MHz, the data are taken from
a measuring campaign conducted using two mobile phone
trackers. A detailed description of measurement campaigns
and an analysis of obtained results are given in [32].

As an example of results, Figure 21 illustrates the variation
of the 𝑅𝑥 power as a function of the 𝑇𝑥 power. We can clearly
see that the uplink power varies inversely as the downlink
power, which can be explained by the use of advanced power
management techniques in both GSM and 3G technologies.
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We recall that all 𝑇𝑥/𝑅𝑥 values are harvested in the
presence of the user’s body, whether using a trace mobile
or a probe connected to the network. In both cases, the
measured power remains uncertain, which depends largely
on the losses induced by the users body. Otherwise, the
𝑇𝑥 power can be considered as the given parameter 𝛼 in
(2) (Section 2). Hence, the exposure induced by varying 𝑇𝑥
values is not constant, but it follows a log-normal distribution,
according to the fluctuations of the input power delivered
to the mobile phone tracker. Therefore, the uplink exposure
characterization process consists in extracting the exposure
CDF for each 𝑇𝑥 power.

In what follows, we limit ourselves to the case of a pure
NLOS scenario. As an example, Figures 22 and 23 show,
respectively, the CDFs of the SARpeak

10 g induced at 900MHz
and 1940 MHZ. We note that the SARpeak

10 g is generally lower
than 2W/kg. In fact, in the case of themobile phone, the time-
averaged input powermust not exceed 250mW (for technical
considerations). Consequently, themaximumof the resulting
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Figure 24:CDFs of SARWB induced by the downlink (5 planewaves)
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SARpeak
10 g remains below 0.9W/kg. Similar results are obtained

for the SARWB.
Turning to the downlink case, we draw attention to the

fact that the power density DSP (W/m2) and the square of the
ambient electric field 𝐸2𝑎 can be calculated from the received
power 𝑅𝑥 using the following mathematical relations:

DSP = 1
𝐶𝑖
10(𝑅𝑥−30)/10,

𝐸2𝑎 =
377
𝐶𝑖

10(𝑅𝑥−30)/10,
(14)

where 𝐶𝑖 is the aperture of a lossless isotropic antenna,
which is equal to 𝜆2/4𝜋. In fact, we consider here that the
received system (the user’s body + device) is a perfectly
matched isotropic antenna, without considering the gain
of the personal device. The objective of such hypothesis is
to simplify the assessment of the downlink exposure (far-
field) without taking into account the mobile phone mode
(active/sleep). The evaluation of this quantity consists in
using the analytic metamodel associated with the multiwave
exposure (Section 5). Indeed, the electric field received is
assumed to be a superposition of 5 plane waves. The rest of
the downlink exposure characterization process consists in
deducing the SARWB CDF using the proportional relation-
ship between the exposure dose and the electric field.

As a preliminary result, Figures 24 and 25 illustrate the
CDFs of the SARWB obtained from various values of DSP
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for each of the following scenarios: voice at 900MHz and
data at 1940MHz. Both figures indicate that the SARWB is not
significant, whose majority of values are less than 10−8W/kg
(900MHz) and 10−5W/kg (1940MHz).

The last part of this paper deals with the assessment of
the total exposure which is given as the sum of both the
uplink and downlink exposure (system of (1)). Due to the fact
that the variation coefficient of the exposure is insignificant
in the case of NLOS scenario, the contribution of each link
(personnel devices/plane waves) can be simplified to the
average of its associated distribution.

As regards the exposure at 900MHz, the results show that
the total exposure induced at 900MHz is largely dominated
by the mobile phone radiation. This is partly due to the fact
that the measured power 𝑅𝑥 is relatively low.

On the other side, three exposure cases have been
observed with the tablet at 1940MHz. In fact, we show that
the levels of the local/global exposure are largely due to
the downlink radiation, particularly when the 𝑇𝑥 power is
below 40 dB. Near this value, the resulting exposure is shared
equally between the two paths. By increasing the 𝑇𝑥 power,
the contribution of the tablet becomes significant.

7. Summary and Conclusions

This paper addresses the evaluation of both global and local
radio wave exposure induced by a wireless network, based on
FDTD simulations, on a simplified model of the propagation
and on measurements. Beyond the sole examination of a few
exposure configurations, it highlights that suitable method-
ological approaches as well as statistical techniques allow
characterizing the variability of exposure, in relation to the
characteristics of the radio channel. In the case of an exposure
to a personal device, the use of a statistical propagation
channel combined with shadowing effects induced by the
user proximity allowed us to characterize the variability of
the input antenna power as well as the resulting exposure.
The results obtained showed that both quantities are log-
normally distributed, regardless of the propagation scenario.
Concerning the exposure induced by a superposition of
plane waves, the application ofmetamodeling to the exposure
via the CP method allowed consolidating the validity of
the obtained statistical distributions with a limited number
of realizations, namely, of greedy FDTD simulations. Even
though the total exposure is often dominated by either uplink
or downlink, we found out that the local exposure requires
taking care of both radiation sources, especially in cases
for which the difference is not enormous. Future studies
will focus on the analysis of the exposure induced by other
anatomical models, including babies and a pregnant women,
under various propagation scenarios (in car, at smart home,
femtocell, and so on).
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