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The automation transport system is essential in increasing the
communication, control, and level of autonomy of a broad
range of applications in land, sea, and air. The increase in
workforce age and cost has driven the technological develop-
ment and adaptation of innovative system design, simulation,
and application of intelligence in transport systems. The
changing technological demand and operating uncertainties
have resulted in new types of transportation challenges and
increased demand for sensors and sensor platforms for cap-
turing mobility analytics under uncertain operating environ-
ment. For example, various intelligent autonomous systems
such as unmanned aerial and submersible vehicle for traffic
survey, marine sediment transport, and vehicle accident
survey are used. For land transport system, the autonomous
vehicles such as Google autonomous car and Tesla are
focusing on the vehicle’s self-information and are developed
based on the Light Detection and Ranging (LiDAR) systems,
radar, and cameras.TheVehicular-to-Everything (V2X) com-
munication technology enables cars to communicate with
each other and with surrounding infrastructure access points
like roadside units (RSUs). It can provide global information
of the networked vehicles and has drawn extensive attention
due to its broad application prospects including advanced
driver assistance systems, enhanced collision avoidance, and

automatic toll fee collection. In all these developments toward
intelligent autonomous transport systems, there are appar-
ently a lot of significant problems and challenges in system
design and simulation that must be faced. Efficient system
design and simulation using artificial intelligence techniques
could help to address such challenging issues in the intelligent
autonomous transport systems. In this particular issue on
intelligent autonomous transport systems design and simu-
lation, we have invited few papers that address such issues.

One paper of this special issue addresses ecodriving
advisory system (EDAS) to reduceCO2 emissions and energy
consumption by letting the continuous vehicle pass through
multiple intersections with the minimum possibilities of
stops. Two strategies includingmaximized throughputmodel
(MTM) and smooth speed model (SSM) were designed and
compared with maximized throughput model (MaxTM),
open traffic light control model (OTLCM), and predic-
tive cruise control (PCC) models. Another paper intro-
duced a novel method for obtaining good quality paths
for autonomous road vehicles in narrow environments. The
approach consists of a global planner which generates a
preliminary path consisting of straight and turning-in-place
primitives and a local planner to make the preliminary path
feasible to car-like vehicles. The approximation process with
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the proposed local planner was proven to be convergent for
any preliminary global paths.

One of the papers presented a method to analyze the
nonlinear dynamics and stability in lane changes on highways
for tractor-semitrailer under rainy weather. The five degrees
of freedom mechanical model with nonlinear tire based on
vehicle test was used in the lane change simulation on low
adhesion coefficient road. A feedback linearization controller
combined with Active Front Steering (AFS) and DYC (Direct
Yaw Control) was used to eliminate bifurcations and to
improve lateral stability of tractor-semitrailer, during lane
changing on the highway under rainy weather. Another
paper investigated the vehicle platoon problems where the
actuator saturation and absent velocity measurement were
taken into consideration. A novel algorithm, where a smooth
function was introduced to deal with the sharp corner of
the input signals, was proposed for a group of vehicles with
actuator saturation by using the consensus theory. A control
strategy for the vehicle platoon with actuator saturation and
absent velocity measurement was successfully designed via
the adaptive control approach.

Another paper presented a unique method for designing
advanced driver assistance systems (ADAS) to minimize the
costs of the design phase and system implementation and, at
the same time, to maximize the positive effect the system has
on driver and vehicle safety.The describedmethod was based
on using a virtual prototyping tool to simulate the system
performance in real life situations. The approach enabled
an iterative design process that resulted in a reduction of
errors with almost no prototyping and testing costs. It leads
to another paper on the use of the genetic programming
which was proposed to give good results in the field of tasks
scheduling in the design phase. In the improved genetic
algorithm, a mix of random initialization population by
combining initializationmachine and initialization operation
with random initialization was designed for generating high-
quality initial population. One of the papers tried to solve
the problem associated with the precise prediction of the
dynamic trajectory of an autonomous vehicle. A Mivar
expert system was integrated into the control system of the
experimental autonomous vehicle. The system was made
more flexible and efficient by the introduction of hybrid arti-
ficial intelligence with logical reasoning for an autonomous
transport vehicle being involved in a collision.

One of the papers described a new rapidly exploring
random tree (RRT), that is, liveness-based RRT (Li-RRT) to
address autonomous vehicles motion. Different from typical
RRT, an index of each node in the random searching tree
named “liveness” to describe the potential effectiveness of
the expanding process was used. The expected time of
returning a valid pathwith Li-RRTwas improved to verify the
efficiency of the algorithm.Another paper used potential field
method to navigate a three omnidirectional wheels’ mobile
robot to avoid obstacles. The potential field method was
used to overcome the local minima problem and the goals
unreachable with obstacles nearby (GNRON) problem. Also,
model predictive control (MPC) was used to incorporate
motion constraints to make the velocity more realistic and
flexible in the mobile robot.

Another paper applied a comparative method to assess
the performance of artificial neural network’s (ANN) direct
inverse control (DIC-ANN) with the proportional-integral-
derivative (PID) control system. The comparison served
as an analysis tool to assess the advantages of DIC-ANN
over conventional control method for an unmanned aerial
vehicle (UAV) attitude controller. The DIC-ANN performed
learning mechanism to overcome the limitation of PID
tuning. Another paper presented a reactive path planning
approach named Dubins-APF (DAPF) to solve the path
planning problem for docking in an unknown environment
with obstacles. The Dubins curves were combined with the
designed obstacle avoidance potential field for planning a
possible pathway. The robot was navigated to the docking
station with proper pose via the DAPF approach.

One of the papers presented an integrated state-of-charge
(SOC) estimation model and active cell balancing of a 12-
cell lithium iron phosphate (LiFePO4) battery power system
for an electric vehicle (EV). It is vital as energy storage
system is present in all autonomous transport systems. The
strong tracking cubature extended Kalman filter (STCEKF)
gave an accurate SOC prediction compared to other Kalman-
based filter algorithms. The proposed GroupWise balancing
of the multiple SOC exhibited a higher balancing speed and
lower balancing loss than other cell balancing designs for
EV under varying the ambient temperature. In summary,
it is imperative that we continue to progress in our search
for better intelligent autonomous transport systems design
and simulation. The progress reported in this special issue
suggests that achieving these aims is an unattainable one.

Cheng Siong Chin
Xionghu Zhong

Mohammad Hamdan
Rongxin Cui
Juan C. Cano

Jose R. Martinez-de Dios
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With the vehicular ad hoc network (VANET) technology which support vehicle-to-vehicle (V2V) and vehicle to road side unit
(V2R/R2V) communications, vehicles can preview the intersection signal plan such as signal countdown message. In this paper,
an ecodriving advisory system (EDAS) is proposed to reduce CO2 emissions and energy consumption by letting the vehicle
continuously pass throughmultiple intersectionswith theminimumpossibilities of stops.We extend the isolated intersectionmodel
tomultiple continuous intersections scenario. A hybridmethod combining three strategies includingmaximized throughputmodel
(MTM), smooth speedmodel (SSM), andminimized acceleration and deceleration (MinADM) is designed, and it is compared with
related works maximized throughput model (MaxTM), open traffic light control model (OTLCM), and predictive cruise control
(PCC)models. Some issues for the practical application including safe car following, queue clearing, and glidingmode are discussed
and conquered. Simulation results show that the proposed model outperforms OTLCM 25.1%∼81.2% in the isolated intersection
scenario for the CO2 emissions and 20.5%∼84.3% in averaged travel time. It also performs better than the compared PCC model
in CO2 emissions (19.9%∼31.2%) as well as travel time (24.5%∼35.9%) in the multiple intersections scenario.

1. Introduction

Greenhouse gases (GHG) are recognized as the main cause
of the global warming, with CO2 being the primary GHG
emitted through human activities. Studies by the IEA [1, 2]
show that transport was responsible for 23% of world CO2
emissions in 2014, as shown in Figure 1(a). Within this, the
fastest growth in emissions has been from the road transport
sector, as shown in Figure 1(b), which increased by 64% since
1990 and accounted for about three-quarters of transport-
related emissions in 2014 [1]. In other words, encourag-
ing environmentally friendly driving practices (eco-driving,
hereafter) by eliminating unnecessary vehicle acceleration
and braking would reduce fuel consumption and CO2 emis-
sions and contribute to slowing down global warming. The
development of eco-driving systems is thus attracting strong
interest from academia, vehicle industry, and governments.

A typical driving trip consists of idling, accelerating,
cruising, and decelerating, and the related CO2 emissions
depend on changes in driver behavior, road geometry, or

traffic congestion [3]. Barth and Boriboonsomsin show that
when a vehicle is idling it consumes more fuel and emits
more exhaust fumes than when it cruises at a steady speed
[3]. Similarly, Frey et al. [4] show that accelerating and
decelerating cause more emissions than idling. In other
words, avoiding unnecessary engine idling periods and stops
and optimizing driving speedswill reduceCO2 emissions and
fuel consumption. An eco-driving advisory system (EDAS),
which provides smooth driving suggestion according to
current traffic dynamics and traffic signal plan, can help
drivers travel in an environmentally friendly manner.

With vehicular ad hoc network (VANET), also named
as connected vehicle technology, vehicles equipped with an
on-board unit (OBU) can communicate with road side units
(RSU) by vehicle-to-roadside (V2R/R2V) to preview the
traffic signal plans and obtain real-time information such as
waiting queue length and signal countdown message. For-
ward collision warning (FCW), which can detect the distance
relative to the vehicle ahead, facilitates vehicle safety driving
assistance such as adaptive cruise control (ACC). Assuming
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Figure 1: Statistics on CO2 emissions produced by the IEA [1].

that vehicles are equipped with VANET and FCW, OBU
can obtain real-time information and calculate the optimal
eco-speed to cross an intersection. Our previous work [5]
proposed two decision tree based eco-driving suggestion
models for an isolated signalized intersection, using OBU
to calculate the best eco-driving speed based on real-time
information including the traffic signal countdown messages
and waiting queue length broadcasted by RSU. These two
models are calledMaxTM (maximize throughputmodel) and
MinADM (minimize acceleration and deceleration model);
simulation results show that MaxTM outperforms MinADM
and Open Traffic Light Control Model (OTLCM) [6], being
5% to 102% better than MinADM and 13% to 209% better
thanOTLCMwith regard to CO2 emissions in the simulation
cases, and 8% to 14% better than MinADM and 15% to 231%
better than OTLCM in the real traffic cases [5].

MaxTM, MinADM [5], and OTLCM [6] are applied for
the isolated intersection scenario; however, in practice vehi-
cles may pass a number of intersections when traveling from
origin to destination. In such cases, the isolated intersection
eco-driving model may not always be appropriate for use
with multiple intersections, since OBU does not acquire the
necessary information from the next RSUs, and thus these
models cannot provide an optimized speed for the sequential
intersections. For example, in Figure 2(a) the vehicle may
drive at an unnecessarily high speed if it applies the isolated
EDAS model, and it has to stop at the second intersection
as it does not have the traffic signal countdown message for
the next intersection, as illustrated in Figure 2(b). With the
real-time information of the traffic signal timing plans of
the sequential intersections, it is possible to design a better
eco-driving model to avoid these energy wasting cases, thus
lowering fuel consumption and CO2 emissions.

In this paper we extend our previous works [5, 7] to
develop an EDAS that help drivers to avoid unnecessary
acceleration, braking, engine idling periods, and stops and
to optimize the driving speed in a continuous multiple inter-
sections scenario. Several studies in the literature discuss the
multiple intersection scenario. Alsabaan et al. proposed an
EEFGmodel [8] by using decision tree tomeasure the optimal
speed to pass multiple intersections.They then improved this
in 2013 [9] by dividing the road region into two parts, one
passable and the other unpassable. Asadi andVahidi [10] use a
predictive cruise control (PCC) algorithm in a mathematical
programming model to calculate the most economic cruise
speed without changing the velocity to pass through sequen-
tial intersections. Similar to the underlying concept of the
MaxTM, the speed suggested by PCC [10] can be as high as
the free flow speed in order to maximize the throughput in
conditions when this is possible. The results of their work
show that the proposed model can reduce fuel consumption
by up to 47% compared to the baseline model. Katsaros
et al. [11] proposed GLOSA (Green Light Optimized Speed
Advisory), which combines GPS information with common
vehicle sensors to obtain more accurate road slope estimates,
which are then used to optimize the fuel consumption of the
vehicle, thus achieving a 7% reduction in fuel consumption
comparing to the baseline. In summary, while a number of
works have proposed eco-driving advice systems for multiple
intersections [8–11] they are all insufficient or inefficient for
practical applications due to the following issues not fully
considered.

(1) Safe Car Following. Previous studies either do not consider
the issue of safely following cars [6, 8, 11] or following a
car with a fixed time gap [5]. This approach may result
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Figure 2: Comparison of the system with and without multiple intersection data.

in wasting road capacity at low speed conditions and may
cause accidents at high speed ones. A dynamic time gap
mechanism, based on the relative speed and distance of the
preceding vehicle and the host vehicle, will increase the usage
of road capacity.

(2) Queue Clearing. When vehicles are stopped by the traffic
signals, the time needed for the waiting queue dissipating
cannot be neglected, especially when we aim to enable a
vehicle to pass smoothly through an intersection without
stopping. In related works [6, 8–11], this issue is not consid-
ered so that the model would not be practical for realistic
applications. Waiting queue dissipating time, which is related
to the time needed from current time to the last vehicle
in the waiting queue passing through the vehicle, must be
considered. When the issue of queue clearing is considered,
the resulting eco-driving model will be more accurate and of
greater practical use.

(3) Gliding Mode. Only three vehicle moving control modes
(acceleration, deacceleration, andmaintaining current speed)
are applied in the traditional models [6, 8–11]. However,
vehicle gliding mode (free from gas pedal) leverages the
engine brake to slow the vehicle without additional fuel
consumption, thus causing less CO2 emissions than these
control modes. When the traffic signal plans are known in
advance, vehicles can apply gliding to slow down to the
suggestion speed.

In contrast to previous works, we take the above issues
into consideration and propose more realistic and accurate
suggestions with regard to the optimal eco-driving speed.
Safety is the major concern so that the proposed model
must follow the safe car following rule, speed limit, and
traffic signal regulations. Two eco-driving strategies are
proposed and compared in the continuous intersections
scenario, namely, the maximized throughput model (MTM)
and smooth speed model (SSM). These are illustrated in
Figure 3, in which the green time window upper bounded by𝑆𝐻(𝑖) and lower bounded by 𝑆𝐿(𝑖) (both in red dotted line) are

MTM
SSM

V

Intersection 1 Intersection 2 Intersection 3 Intersection 4

SH(i)

SL(i)

Sf

Figure 3: Comparison of two strategies: MTM and SSM.

first discovered in four continuous signalized intersections.
The MTM strategy (blue dashed line) keeps the suggested
speed as high as possible to avoid blocking the following
vehicles, thusmaximizing the throughput.On the other hand,
the SSM strategy (green dashed line) adopts the smooth
moving speed upper bound to avoid unnecessary acceleration
and deceleration.

The rest of this paper is organized as follows.The assump-
tions, terminologies, and VANET protocol are presented in
detail in Section 2.The algorithms used inMTM and SSM are
proposed in Section 3. Two simulation experiments are then
discussed in Section 4, including an isolated intersection sce-
nario and multiple intersections scenario, and the proposed
systemmodels are compared with the PCC [10], OTLCM [6],
and MaxTM [5] strategies. Finally, Section 5 concludes this
paper and presents some directions for future works.

2. Eco-Driving System Protocol

Assume that each traffic signal controller is equipped with
an RSU, and each vehicle is equipped with an OBU which
integrates a location module (ex. GPS) and FCW module
to detect the speed and distance of the front vehicle. With
these capabilities, themain purpose of theOBU is to calculate
the recommended speed (𝑆𝑟) and provide driving suggestions
(speed up/maintain speed/slow down/glide) to pass through
as many intersections as possible by considering all the
collected real-time information.
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The EDAS model is designed on top of the VANET
environment with V2R/R2V communication, as illustrated
in Figure 4. OBU can collect RSU broadcasted information
beyond the range of visual contact. RSU-to-RSU (R2R) com-
munication among the neighborhood RSUs is also included
in the system protocol to exchange the signal timing plan and
waiting queue length information. As illustrated in Figure 5,
every RSU (𝑅𝑂) will exchange real-time information with
three neighborhood RSUs (𝑅𝐷𝑖) in each direction, including
data on the waiting queue, signal phase timing plan, road
length, and traffic conditions.

The communication protocol of EDAS is designed as
illustrated in Figure 6, which is composed of six steps of
R2R, V2R, and R2V communication, as listed in Table 1 and
explained as below.

Step 1 (R2R exchange basic configuration and signal plan).
EachRSU, as the host RSU itself, will exchange its information
with twelve neighborhoodRSUs.The exchanged information,
as shown in (1), is organized as two parts including basic
configuration and signal plan. Basic configuration of an
RSU (𝑅𝑠), as defined in (1), includes RSU ID (𝑅𝑖), location

Table 1

Parameters Value
Road length (m) 200m; 400m; 600m
Traffic volume (vph) 50; 100; 200; 400; 800
Traffic signal (sec)
(green/red) 30/30; 45/45; 60/60

Spatial depth Four intersections
Temporal depth Four cycles
VANET range (m) 200
Cruise gliding acceleration −0.15m/s2

Idle gliding speed (𝑆min) 2m/s

(𝑋, 𝑌), road length to the next intersection in four directions(𝐿(𝑛, 𝑠, 𝑒, 𝑤)), and BSS (basic service set) identification in
802.11p (SSID). Traffic signal plan and current traffic informa-
tion (𝑅𝑝), as defined in (2), consisted of cycle time (𝑇𝑝), main
direction (north-south) green split (𝑇𝑔), current phase (𝑃𝑐, 0
indicates currently signal is green in north-south direction
and red in east-west direction and 1 indicates the reverse
case), and countdown remaining seconds in north-south and
east-west direction (𝑅(𝑛-𝑠, 𝑒-𝑤)). With the above definitions,
the R2R data exchange protocol is defined in (3), which
includes RSU configuration (𝑅𝑠), traffic signal plan (𝑅𝑝), and
timestamp (𝑇𝑠).

𝑅𝑠 = {𝑅𝑖, 𝑋, 𝑌, 𝐿 (𝑛, 𝑠, 𝑒, 𝑤) , SSID} (1)

𝑅𝑝 = {𝑇𝑝, 𝑇𝑔, 𝑃𝑐, 𝑅 (𝑛-𝑠, 𝑒-𝑤)} (2)

R2R : {𝑅𝑠, 𝑅𝑝, 𝑇𝑠} . (3)

Step 2 (RSUs broadcast synchronized message to OBUs).
Each RSU periodically broadcasts message to notify all the
vehicles (OBUs) with the range of its transmissions. These
messages are used to synchronize the OBUs and wake them
up if they are not currently in working status. The message
format is shown in (4), including broadcast RSU information
(𝑅𝑠) and timestamp for time synchronization. When an
OBU receives one or more RSU broadcasted messages from
different RSUs, it first decides which one is the host OBU
based on the relative location and moving direction and
computes the recommended speed using its current location,
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Figure 6: EDAS communication protocol.

speed, front vehicle speed and distance (from FCW), and the
information collected from the host RSU, as explained in the
next section.

R2V : {𝑅𝑠, 𝑇𝑠} . (4)

Step 3 (OBUs send information to RSUs). After receiving
a synchronized message from the host RSU, an OBU will
be in active mode and periodically broadcast information
including OBU ID (𝑂𝑖), current speed (𝑆𝑐), moving direction
(𝑆𝑑), current acceleration (𝐴𝑐), and position (𝑋, 𝑌), as shown
in (5). The OBU also starts to detect the distance and speed
of the front car via FCW at the same time.

V2R : {𝑂𝑖, 𝑆𝑐, 𝑆𝑑, 𝐴𝑐, 𝑋, 𝑌} . (5)

Step 4 (RSUs exchange dynamic traffic information collected
fromOBUs). AnRSU exchanges dynamic traffic information
with the neighborhood RSUs in this step, calculating the
waiting queue length in each directions by estimating the
vehicles’ positions using the collectedOBU information. Each
host RSU updates the neighborhood RSUs array each time an
RSU exchange event occurs. The exchange message format
is defined in (6), including RSU ID (𝑅𝑖), current phase and
signal plan (𝑅𝑝), waiting queue length in each direction(𝑄(𝑛, 𝑠, 𝑒, 𝑤)), and timestamp 𝑇𝑠.

R2R : {𝑅𝑖, 𝑅𝑝, 𝑄 (𝑛, 𝑠, 𝑒, 𝑤) , 𝑇𝑠} . (6)

Step 5 (RSUs broadcast dynamic signal message to OBUs).
In this step, the summarized information of all the RSUs,
including the RSU itself (𝑅𝑜) and the twelve neighborhood
RSUs (𝑅𝑑,𝑖), organized as an array as shown in (7), is
periodically broadcasted to OBU. The information includes
the RSUbasic information (𝑅𝑠), traffic signal timing plan (𝑅𝑝)

and waiting queue (𝑄) of host as well as neighborhood RSUs,
and timestamp 𝑇𝑠.

R2V : {𝑅𝑜 [𝑅𝑠, 𝑅𝑝, 𝑄 (𝑛, 𝑠, 𝑒, 𝑤)] ,
𝑅𝑑,𝑖 [𝑅𝑠, 𝑅𝑝, 𝑄 (𝑛, 𝑠, 𝑒, 𝑤)] , 𝑇𝑆} . (7)

Step 6 (OBU calculates recommended speed). To calculate
the suggested eco-speed, the OBU integrates the collected
RSUs array information broadcasted in Step 5, GPS status
(location, speed, and moving direction), and front vehicle
information, including 𝑆𝑝 (speed of front vehicle), and 𝐷𝑝
(distance to the front vehicle) from FCW. The OBU itself
repeats this step several times based on dynamic GPS status
and FCW information until the new R2V packet arrives.

3. Eco-Driving Advisory System

With the EDAS protocol, OBU can collect the up-to-date
information about upcoming traffic signals including RSU
locations, road segment length, and traffic signal timing plan,
and real-time traffic information, such as the waiting queue
length in each direction for each subsequent RSU, and vehicle
flow information collected from the host RSU.The goal of the
EDAS is to calculate the optimal speed and suggest driving
actions to maximize the possibility of moving through the
subsequent intersections without stopped or waiting behind
the signal. By comparing the current moving speed, the
suggested speed will be converted into suggested driving
actions such as speed up/brake/maintain speed/glide and
can be presented in colored LED bar-liked graphical user
interface.

Two critical decisions need to be made before calculating
the recommended speed (𝑆𝑟) based on the collected real-
time information, and then the three eco-driving strategies
are applied, as shown in Figure 7. The suggested driving
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Decision 1
Can vehicle move pass
the current intersection
under speed limit?

Decision 2
Traffic flow >
threshold ()?

Process A
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Process B
Smooth speed

Process C
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Yes No
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Compute Sr

Figure 7: Three strategies are applied in computing 𝑆𝑟.
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Figure 8: Eco-driving strategies comparison of the three models.

behaviors of the proposed eco-driving strategies MTM and
SSM as well as the comparative eco-driving model PCC [10]
are illustrated in Figure 8. The major difference between the
MTM, SSM, and PCC [10] is that the proposed models apply
vehicle gliding concept to leverage the engine brake. MTM
adopts free flow speed (𝑆𝑓) and thus applies gliding earlier
than the SSM, which adopts smooth speed at upper bound
of the speed range (𝑆𝐻(𝑖)). On the other hand, PCC [10]
has to brake the vehicle in front of the stop line, where the
averaged acceleration is much larger than gliding mode. The
three modes, two decision criteria, and some issues about
eco-driving are discussed in detail below.

Decision 1: Isolated or Multi-Intersections Mode. The top deci-
sion node determines if a vehicle should apply multi-inter-
section mode or isolated intersection mode by calculating

whether a vehicle can pass through the current intersection
under its current conditions with the appropriate speed
limit. The decision goes to the left subtree if the answer to
Decision-1 is “Yes,” and otherwise it goes to the right subtree,
where a modified isolated intersection model, the simplified
MinADM, will be applied.

To find out whether a vehicle can pass the intersection
under current traffic signal phase𝑃𝑐 (green (0), red (1)), phase
remain time (𝑅(𝑛-𝑠, 𝑒-𝑤)), we can check if the speed needed
for the vehicle to move the distance𝐷𝑖 by time period𝐺𝑡 falls
into the speed limit range [𝑆𝑓, 𝑆min], as shown in (10). 𝐺𝑡 is
defined as the remaining green time if the current signal is
green, and as the remaining red time plus the queue clearing
time (𝑇𝑄) if the current signal is red, as illustrated in (9).
The waiting queue clearance time (𝑇𝑄), as defined in (8), is
obtained from the literature [12].

𝑇𝑄 = 𝐾∑
𝑘=1

(𝐷𝑘 − 𝐷ℎ) (8)

𝐺𝑡 = {{{
𝑅𝑖 (𝑛𝑠) , if 𝑃𝑐 = 0
𝑅𝑖 (𝑒𝑤) + 𝑇𝑄, if 𝑃𝑐 = 1 (9)

Decision 1 = {{{{{{{
Y, if [𝐷𝑖𝐺𝑡 ] ∈ [𝑆𝑓, 𝑆min]
N, if [𝐷𝑖𝐺𝑡 ] ∉ [𝑆𝑓, 𝑆min] . (10)

Decision 2: Apply the MTM or SSM Strategy. Once Decision-
1 is “Y,” which means the vehicle can pass through cur-
rent intersection without stop, the multi-intersections mode
should be applied. In Decision-2, the EDAS will decide
whether MTM or SSM should be adopted. As shown in
Figure 3, the MTM strategy tries to maximize the traffic
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throughput so that the suggested speed will be as high as
possible while remaining under the speed limit to reduce the
possibility of blocking upstream vehicles. The SSM strategy,
on the other hand, tries to minimize the acceleration and
deceleration to keep the vehicle moving as smoothly as
possible. The choice between these two strategies will be a
compromise solution. On peak hours, adopting SSM may
result in more serious traffic congestion, as it may block the
upstream vehicles so that the number of vehicles stopped
by the signal will rise, thus making fuel consumption and
CO2 emissions worse. On the other hand, adopting theMTM
strategy on off-peak hour may increase the fuel consumption
due to unnecessary acceleration.

For this reason we set a compromise factor 𝛼 as the
threshold to alternate between the throughput oriented and
smooth speed models. The value of 𝛼 is determined by the
sensitivity test, and once 𝛼 is determined OBU can decide to
applyMTMor SSM based on the vehicle volume information
collected from the host RSU.

EDAS = {{{
MTM, if 𝛼 ≥ threshold

SSM, if 𝛼 < threshold. (11)

Process A: Maximized Throughput Model. In the MTM and
SSM cases, the target of EDAS is to provide the optimal
driving speed suggestion so that vehicles can move through
multiple sequential intersections without being stopped by
a signal. In order to maximize throughput and reduce the
possibility of blocking the upstream vehicles, MTM suggests
driving at as high a speed as possible while remaining safe
and under constraints such as the speed limit, safely following
the car in front, and so on. OBU suggests the highest speed
under the calculated speed range to pass the next intersection
when the vehicle passes the current intersection. By using
highest speed 𝑆𝐻(𝑖, 𝑗) and lowest speed 𝑆𝐿(𝑖, 𝑗) from (12)
which are the speeds needed to pass the 𝑖th intersection at
the beginning and ending time of the green signal at the 𝑗th
cycle is calculated, where 𝑇𝑃𝑖 and 𝑇𝐺𝑖 are the cycle time and
green time of the 𝑖th intersection, respectively. For example,𝑆𝐻(2, 1) indicates the speed needed to drive through the
second intersection at the first green second of the next signal
cycle (𝑗 = 1). 𝑆𝑟(3) indicates the suggested speed to pass
the third intersection, which is computed by calculating all
the possible speeds in all possible cycles (𝑗 = 0 to 4) and
intersecting this with the speed limitation [𝑆𝑓, 𝑆min]. Based
on this, the highest legal speed in the lowest cycle will be the
MTM eco-driving suggested speed (𝑆𝑅).

𝑆𝐻 (𝑖, 𝑗) =
{{{{{{{

𝐷𝑖𝑅𝑖 (𝑛𝑠) + 𝑗 ∗ 𝑇𝐺𝑖 , if𝑃𝑐 = 0𝐷𝑖𝑅𝑖 (𝑒𝑤) + 𝑇𝑄 + 𝑗 ∗ 𝑇𝑃𝑖 , if 𝑃𝑐 = 1

𝑆𝐿 (𝑖, 𝑗) =
{{{{{{{

𝐷𝑖𝑅𝑖 (𝑛𝑠) + 𝑗 ∗ 𝑇𝑃𝑖 , if𝑃𝑐 = 0𝐷𝑖𝑅𝑖 (𝑒𝑤) + 𝑇𝐺𝑖 + 𝑗 ∗ 𝑇𝑃𝑖 , if𝑃𝑐 = 1.

(12)

As illustrated in Algorithm 1, MTM first calculates the
speed needed to pass the 𝑖th intersection at the 𝑗th cycle in the
first green period (𝑆𝐻(𝑖, 𝑗)) or the last green period (𝑆𝐿(𝑖, 𝑗));
that is, it finds the green band for the vehicle to sequentially
drive through the intersections without any signal stops. By
using the MTM strategy, OBU will choose the highest speed
in the legal speed range which is available by intersecting
the calculated speed range ([𝑆𝐻(𝑖, 𝑗), 𝑆𝐿(𝑖, 𝑗)]) with the legal
speed range ([𝑆𝑓, 𝑆min]). The𝑀𝑎𝑥𝑆𝑅[𝑖] array in Algorithm 1
is applied to keep the calculated highest speed in each cycle.
It is initialized as zero and is assigned the calculated speed
during the iterations andwill remain at zero if there is no legal
speed that can be assigned because the intersection of the two
speed ranges is empty. The results of the MTM are presented
in the suggested speed array 𝑆𝑟[𝑖]. For example, the array𝑆𝑟 = [60, 60, 50, 0] indicates that the vehicle can continuously
drive through three intersections without stopping, and the
suggested speeds for these intersections will be 60, 60, and
50 km/hr.

Process B: Smooth SpeedModel. If there is a low volume traffic
flow then the MTM strategy may not be energy efficient,
because unnecessary acceleration would not help the vehicle
to pass throughmore intersections than the SSM strategy.The
SSM suggests a smooth driving speed that passes as many
intersections as possible at a stable speed. This enables more
economic driving as well as a more comfortable experience,
since it avoids sudden acceleration or deceleration. Here we
introduce a parameter 𝛽 to let the advised speed range from𝑆𝐻(𝑖, 𝑗) to 𝑆𝐿(𝑖, 𝑗), and the recommended speed 𝑆𝑟 in SSM can
be obtained from

𝑆𝑟 (𝑖) = 𝑆𝐿 (𝑖, 𝑗) + 𝛽 ∗ (𝑆𝐻 (𝑖, 𝑗) − 𝑆𝐿 (𝑖, 𝑗)) . (13)

Process C: Isolated Intersection Model (MinADM). In this
process, the vehicle condition is that it has to stop by the
signal at the intersection under the current signal phase
(either green or red), and there is no need to consider the
probability of blocking any vehicles that are behind it.We thus
adopt the minimized acceleration and deceleration model
(MinADM), which is simplified from a model proposed in
our previous work [5]. In this model, OBU is only concerned
with maintaining speed and deciding when to begin slowing
downby gliding [5].The recommended speed Sr in thismodel
is obtained from (14) and (15).

(1) When the current phase is green

𝑆𝑟 = {{{{{
𝑆𝑐 + 𝐴𝑔 ⋅ 𝑡, if

𝑆2𝑐−2 ∗ 𝐴𝑔 ≤ 𝑑𝐼 ≤
𝑆2𝑐−2 ∗ 𝐴𝑔𝑆𝑐, otherwise.

(14)

(2) When the current phase is red

𝑆𝑟
= {{{{{

𝑆𝑐 + 𝐴𝑔 ⋅ 𝑡, if
𝑆2𝑐−2 ∗ 𝐴𝑔 ≤ 𝑑𝐼 − 𝑄 ≤

𝑆2𝑐−2 ∗ 𝐴𝑔 + 𝐷ℎ𝑆𝑐, otherwise.

(15)
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Input:𝑁, // number of intersections𝑀, // number of cycles
RSU[𝑖]; // RSU array (𝐷𝑖, 𝑅𝑖(𝑛𝑠), 𝑅𝑖(ew), 𝑇𝐺𝑖, 𝑇𝑃𝑖)

Output: 𝑆𝑟[𝑖], // suggested speed for passing intersections: 1 ⋅ ⋅ ⋅ 𝑁(1) // finding out min, max speed for passing through 𝑖th intersection at 𝑗th cycle(2) for (𝑖 = 1; 𝑖 <= 𝑁; 𝑖++) { // iterate𝑁 intersections(3) for (𝑗 = 0; 𝑗 < 𝑀; 𝑗++) { // iterate𝑀 cycles, 𝑗 = 0means current cycle(4) if (𝑃𝑐 = 0) { // current signal is green(5) 𝑆𝐻(𝑖, 𝑗) =𝐷𝑖/(RSU[𝑖] ⋅ 𝑅𝑛𝑠 + 𝑗 ∗ RSU[𝑖] ⋅ 𝑇𝐺); //(6) 𝑆𝐿(𝑖, 𝑗) = 𝐷𝑖/(RSU[𝑖] ⋅ 𝑅𝑛𝑠 + 𝑗 ∗ RSU[𝑖] ⋅ 𝑇𝑃);(7) } else { // current signal is red(8) 𝑆𝐻(𝑖, 𝑗) =𝐷𝑖/(RSU[𝑖] ⋅ 𝑅𝑒𝑤 + RSU[𝑖] ⋅ 𝑇𝑄 + 𝑗 ∗ RSU[𝑖] ⋅ 𝑇𝑃);(9) 𝑆𝐿(𝑖, 𝑗) = 𝐷𝑖/(RSU[𝑖] ⋅ 𝑅𝑒𝑤 + RSU[𝑖] ⋅ 𝑇𝐺 + 𝑗 ∗ RSU[𝑖] ⋅ 𝑇𝑃);(10) }(11) }(12) }(13) // calculate the suggested speed for each intersection 𝑖(14) for (𝑖 = 1; 𝑖 <= 𝑁; 𝑖++) { // iterate𝑁 intersections(15) MaxSR[𝑖] = 0; // initialize suggested speed(16) for (𝑗 = 0; 𝑗 < 𝑀; 𝑗++) { // iterate𝑀 cycles to get max legal speed(17) if ((𝑆𝑓 < 𝑆𝐿(𝑖, 𝑗)) continue; // no solution(18) if (𝑆𝐻(𝑖, 𝑗) ≤ 𝑆𝑓) 𝑆𝑟[𝑖] = 𝑆𝐻(𝑖, 𝑗) else 𝑆𝑟[𝑖] = 𝑆𝑓;(19) if (MaxSR[𝑖] < 𝑆𝑟[𝑖])MaxSR[𝑖] = 𝑆𝑟[𝑖]; // choose the fastest(20) }(21) 𝑆𝑟[𝑖] = 𝑀𝑎𝑥𝑆𝑅[𝑖](22) }(23) Output 𝑆𝑟[𝑖]
Algorithm 1: MTM eco-driving suggested speed (𝑆𝑟).

The Issue of Safely Following Cars. In EDAS the top priority
is the issue of safely car following, whatever the suggested
speed is, OBU must obey the car following rule to prevent
the vehicle from being closer than the safe distance. In such
cases, OBU will dynamically calculate the suggested speed to
maintain a safe distance from the front vehicle.

If the FCW module detects a front vehicle, OBU will
switch to car following mode due to safety concerns. In this
study, we apply ISO 15623 [13] to keep a safe distance between
the focal vehicle and the one in front. Aa shown in (16), the
safe distance (𝐷𝑠) can be calculated by the vehicle’s current
speed (𝑆𝑐), front car current speed (𝑆𝑝), average maximum
deceleration of both the vehicles (𝐴𝑑), OBU refresh time 𝑡,
and additional safe headway space (𝐷ℎ, and in this study
we set this as 1 meter). The suggested safe speed 𝑆𝑠 for
maintaining the safe distance𝐷𝑠 in the car following mode is
defined in (17), which can be inferred by combining Newton’s
three law of motions with (16).

𝐷𝑠 = 𝑆𝑐 ⋅ 𝑡 + (𝑆𝑐
2 − 𝑆𝑝22𝐴𝑑 ) + 𝐷ℎ (16)

𝑆𝑠 = 2𝑆𝑝 − 𝑆𝑐 + 𝐴𝑝 ⋅ 𝑡 − 2𝑡 (𝐷𝑠 − 𝐷𝑝) (17)

Driving Action Suggestion. With the suggested moving speed𝑆𝑟 (without a front vehicle) or 𝑆𝑠 (with a front vehicle),
OBU can suggest appropriate eco-driving actions, including

speeding up, maintaining current speed, gliding (no pressure
applied on the gas pedal), maintaining the safe speed, or
braking by comparing the suggested speed (𝑆𝑠 or 𝑆𝑟) and the
vehicle’s current speed (𝑆𝑐).
4. Simulation Study and Discussions

Three experiments are designed to evaluate the performance
of the proposed MTM and SSM by comparing then with
three related models. In the isolated intersection scenario,
MTM is compared with MaxTM [5] and OTLCM [6]. In the
multiple intersection scenario, MTM and SSM are compared
with MaxTM [5] and PCC [10]. The third experiment tests 10
real cases collected from local city traffic bureau in isolated
scenario. The performance of all the models is evaluated and
simulated using Arena [14], a general simulation software
which is effective in modeling and analyzing processes or
flows.

To simplify the proposed model and without loss of
generality, the traffic signal in the yellow (Y) period is
combined with that in the green (G) period, and all the
red (AR) periods are combined into the red (R) period. The
assumptions used in all the simulation experiments are as
follows: (1) all the vehicles are with traditional combustion
engine, hybrid electric vehicle (HEV), and plugin hybrid
electric vehicle (PHEV) are not considered in this work; (2)
each traffic signal is equipped with an RSU, and the OBU
penetration rate is 100%; (3) there are no lane changes or
overtaking; (4) drivers always follow the recommend speed;
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Figure 9: CO2 emission comparison in isolated intersection case.

(5) there is only one type of vehicle; (6) all the signal cycle
times and green splits (the fraction of a cycle when the
signal is green) are the same in one simulation; and (7)
both RSU andOBU adopt the one-hopmessage broadcasting
mechanism. The simulation parameters are summarized in
Table 1.TheVANET one-hop communication range is 200m,
the road length parameters are 200∼600m, the traffic volume
(in each direction) parameters range from 50 to 800 vph,
and the traffic signal green-red period parameters are 30/30,
45/45, and 60/60. For eachOBU, four sequential intersections
are simultaneously considered in the spatial dimension, and
four cycles are considered for each RSU in the temporal
dimension.

To evaluate and compare the CO2 emissions we adopt
the Models for Projecting Energy Consumption and Air
Pollutants Emissions (MPECAPE) [15], which considers
microscopic CO2 emissions and was developed by the
Institute of Transportation, Ministry Of Transportation and
Communications (MOTC) inTaiwan. It is established in 2007
by MOTC using emissions data collected from various types
of vehicles considering multiple vehicle driving scenarios,
including on highways and in townships and urban areas.

Experiment 1 (isolated intersection scenario). In an isolated
intersection located in the center of four road segments in
four directions, each road segment has two lanes connected
in two directions, one for each direction.The proposedMTM
is compared withMaxTM [5] and OTLCM [6] with regard to
CO2 emissions and average travel time, as shown in Figures 9
and 10, respectively. The results show that in the case of road
lengths 200m, 400m, and 600m, the CO2 emission of MTM
is less than MaxTM [5] and OTLCM [6] models on the cases
from sparse traffic condition (50 vph) to congested condition
(800 vph). The travel time simulation also shows the similar
result; MTM has the best performance averaged travel time
and the travel time variability is very stable in all the road
length and traffic volume combination cases.

Experiment 2 (multiple intersections scenario). A cross road
network topology consisting of thirteen intersections, as
shown in Figure 5, is applied in the experiment. The assump-
tions and parameters are the same as those in Experiment 1.
The two proposed strategies, MTM and SSM, are compared
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Figure 10: Averaged travel time comparison in isolated intersection
case.
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Figure 11: CO2 emission comparison in multiple intersections case.

with MaxTM [5] and PCC [10] with regard to CO2 emis-
sions and average travel time, as shown in Figures 11 to
12, respectively. In multiple intersections simulation, all the
performances of these four models are quite well; MTM
outperforms the other three models SSM, PCC [10], and
MaxTM [5] in both CO2 emissions, average travel time. Two
interest points are revealed in this experiment. First, the
performances of PCC [10] and SSM are almost the same
due to the similar strategy and idea behind these models
(except the gliding). Second, although MaxTM [5] is an
isolated model which without the real-time knowledge of
multiple intersections, it performs better than the PCC [10]
and SSM. This may due to when SSM tries to smoothly pass
through the multiple intersections, the green band (ranged
from 𝑆𝐻(𝑖, 𝑗) to 𝑆𝐿(𝑖, 𝑗)) will be narrower when the number
of previewed intersections increased. This will result in the
suggestion speed (𝑆𝑟) advised by the SSM being much less
than theMaxTM [5], which blocks the upstream vehicles and
increases the possibilities of stops by signal for them.

Experiment 3 (real data collected from Tainan traffic bureau).
In addition to these simulation cases, 10 real traffic cases
including AM and PM peak hours as well as normal hours
(as listed inTable 2) collected from theTransportationBureau
of Tainan City Government are also simulated. The collected
parameters including road length, traffic flow volume, and
traffic signal plan (green and red splits) are stated in Table 3.
The proposed MTM is compared with MaxTM [5] and



10 Journal of Advanced Transportation

Table 2: Case definition of the real traffic cases.

Case name Duration Classification
C1, C6 7:00 to 12:00 am Hybrid
C2, C7 12:00 to 17:00 am Normal
C3, C8 7:00 to 9:00 am AM peak
C4, C8 17:00 to 19:00 pm PM peak
C5, C10 19:00 to 24:00 pm Night time

Table 3: Sample parameters of the real traffic cases simulation.

Case name Time plan offset VD ID Road length Traffic flow Timing plan 𝑇𝐺 Timing plan 𝑇𝑅
C1 Initial V009600 180m 279.72 80 s 40 s
C2 Initial V009600 180m 383.80 80 s 40 s
C3 Initial V009600 180m 360.85 80 s 40 s
C4 Initial V009600 180m 526.06 90 s 40 s
C4 105min - - - 80 s 40 s
C5 Initial V009600 180m 419.02 80 s 40 s
C5 120min - - - 75 s 45 s
C5 195min - - - 55 s 35 s
C6 Initial V052370 170m 312.5 75 s 45 s
C7 Initial V052370 170m 443.35 75 s 45 s
C8 Initial V052370 170m 398.59 75 s 45 s
C9 Initial V052370 170m 507.54 95 s 35 s
C9 105min - - - 75 s 45 s
C10 Initial V052370 170m 401.51 75 s 45 s
C10 195min - - - 63 s 27 s
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Figure 12: Averaged travel time comparison in multiple intersec-
tions case.

OTLCM [6] with regard to CO2 emissions and average travel
time, as shown in Figures 13 and 14, respectively. The results
show that the MTM outperforms MaxTM [5] and OTLCM
[6] models in CO2 emissions and average travel time on all
the 10 cases.

5. Conclusions

WithVANET,OBUon the vehicle can collect the information
from RSUs and preview the intersection signal plans so that
it can decide the optimal eco-driving speed to pass through
multiple intersections with the minimum possibilities of
stops.Thiswork proposes a hybridmodel that combines three

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10

OTLCM
MaxTM
MTM
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40
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80
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Figure 13: CO2 emission comparison in 10 real traffic cases.

strategies including MTM, SSM, and MinADM to provide
eco-driving suggestions. With the proposed EDAS, the sug-
gested driving actions can help vehicles avoid unnecessary
acceleration and braking and unnecessary stops. Moreover,
several practical issues with regard to applying EDAS in
the real world are taken into consideration including a safe
and efficient car following mode, signal queue clearing time,
cruise gliding, and idle gliding.

Traditionally, three indexes are applied to measure the
performance of an intersection in traffic management sci-
ence, including minimizing waiting queue length, minimiz-
ing vehicle waiting time, and maximizing the average cycle
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Figure 14: Travel time comparison in 10 real traffic cases.

time throughput. These indexes are generally considered
to be positively correlated to each other, and thus if one
index improves so will the two others. We adopt a strategy
of maximizing the average cycle time throughput, and the
simulation testing yielded promising results. Originally the
MTM is designed for multiple intersections cases; however,
the results show that it is 18.6%∼40.1% better thanMaxTM [5]
and 25.1%∼81.2% better than OTLCM [6] in CO2 emissions,
16.6%∼47.7% better than MaxTM [5], and 20.5%∼84.3%
better than OTLCM [6] in averaged travel time when MTM
is applied to the isolated intersection scenario. For the
multiple intersections scenario, the proposedMTM and SSM
outperformed the PCC [10] model as well as the MaxTM [5].
Comparing to PCC [10], MTM is 19.9%∼31.2% better in CO2
emissions and 24.5%∼35.9% better in travel time.

In real applications eco-driving recommendations
depend heavily on traffic conditions [5]. While the maximize
throughput strategy has good performance in congested as
well as normal traffic conditions, it may not be suited for
the case of very low traffic flow in off-peak hours, since the
chance of blocking the rear vehicles is very low. In such
conditions the SSM approach should be applied, as it may
have better performance than in the MTM. In future work
the traffic congestion threshold (𝛼) will be studied in more
detail and decided by sensitivity test experiments. Moreover,
the smooth speed control parameter (𝛽), which is applied
to decide the suggested speed in SSM (as shown in (13)),
can be further studied to acquire the optimal driving speed.
Once these issues have been dealt with, the MTM and SSM
can be combined into one eco-driving advisory system
that is more practical for use with continuous signalized
intersections.

Notations

𝑅𝑖, 𝑅𝑠, 𝑅𝑝: RSU ID, configuration, and signal plan𝑅𝑜, 𝑅𝑑,𝑖: Host RSU, 𝑖th neighborhood RSU in
direction 𝑑𝑂𝑖: OBU ID𝑛, 𝑠, 𝑒, 𝑤: North, South, East, West𝑛-𝑠, 𝑒-𝑤: North and south direction, East and
west direction

𝑋, 𝑌: Longitude and latitude𝑇𝑝: Cycle time period𝑇𝑔(𝑛-𝑠): Green light time period in north-south
direction𝑇𝑠: Time stamp𝑃𝑐: Current phase (0 = green, 1 = Red) in main
direction (north-south)𝑅(𝑛-𝑠, 𝑒-𝑤): Countdown remaining period𝐿: Road length (𝐿𝑛, 𝐿 𝑠, 𝐿𝑒, 𝐿𝑤)𝑄𝑑: Queue length in direction 𝑑𝑇𝑄(𝑑): Queue dissipating time for direction 𝑑𝑆𝑓: Free flow speed (Or speed limit)𝑆min: Min speed limit𝑆𝑟: Recommend speed𝑆𝑠: Safety speed for car following𝑆𝑐: Current speed𝑆𝑝: Front car speed𝑆𝑑: Direction𝑆𝐻(𝑖, 𝑗): Pass speed upper limit for 𝑖th signal at 𝑗th
cycle𝑆𝐿(𝑖, 𝑗): Pass speed bottom limit for 𝑖th signal at 𝑗th
cycle𝐴𝑐: Current acceleration𝐴𝑝: Acceleration of the front car𝐴𝑔: Cruise gliding deceleration𝐷𝑃: Front car distance𝐷ℎ: Minimum discharge headway𝐷𝑘: Headway of the 𝑘th queued vehicle

SSID: RSUWi-Fi SSID𝛼: Traffic congestion threshold𝛽: SSM control parameter.
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Since 2012, the Smart Power Team has been actively participating in the Shell Eco-marathon, which is a worldwide competition.
From the very beginning, the team has been working to increase driver’s safety on the road by developing Advanced Driver
Assistance Systems. This paper presents unique method for designing ADAS systems in order to minimize the costs of the design
phase and system implementation and, at the same time, to maximize the positive effect the system has on driver and vehicle safety.
The described method is based on using virtual prototyping tool to simulate the system performance in real-life situations. This
approach enabled an iterative design process, which resulted in reduction of errors with almost no prototyping and testing costs.

1. Introduction

Conducting the design process of Advanced Driver Assis-
tance Systems (ADAS) in an optimumway requires a specific
approach to defining and solving problem [1]. Profound
research and analysis have to be carried in order to prepare
well for this task. Sometimes it is impossible though to
identify and avoid certain mistakes in the process, without
using a prototype [2–4]. Currently, there are more and more
tools available for engineers that enable creating virtual
prototypes and therefore optimizing the design process in
terms of its effectiveness and fault minimization [5]. Nev-
ertheless, in order to use these tools efficiently, there needs
to be a proper approach to design process adopted. The aim
of this article is to present the approach to ADAS design
process, which includes the use of simulation methods and
virtual prototyping. Preceding the actualmethod description,
there are some considerations included, whether there are
reasonable grounds for using virtual prototyping tool and
what other tools should be considered beforemaking the final
decision. The subsequent sections of this article include the
method description and the use case, that is, design process
of Blind Spot Information System for urban vehicle. This
article is an extended version of the article [6] presented at the
International Conference on Transdisciplinary Engineering
2016 in Curitiba, Brazil.

2. Consideration of the Rationale for Using
Virtual Prototyping Tool

2.1. Defining the Needs. The first step that needs to be taken
into system of design process needs definition [4, 7, 8].
What must be identified are the problems that a driver is
facing and possibilities of finding the right solutions for them.
The most effective ways of finding them are interviews with
actual drivers and analysis of traffic situations of great risk
for driver, vehicle, or third parts safety. The most common
conditions in which the driving task is performed [1, 5] need
to be analysed in this step. For vehicles dedicated for specific
goals, such as competitions, these conditions can be described
very precisely, which enables finding most current problems
and most effective solutions. The choice of prototyping tool,
which would be used in further steps, needs to be based on
tool possibilities in terms of reflecting real environmental and
situational conditions.

2.2. Defining the External Constraints. Before deciding on
using virtual prototyping tool for ADAS design, it needs to
be considered whether there is such a need at all. To answer
this question, the external constraintsmust be considered and
it must be verified how the design process will be affected by
using simulation methods.
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There are multiple constraints that must be considered,
when thinking about designing ADAS. One of the most basic
ones are costs, time, and quality. According to a well-known
business rule of thumb, it is accepted that only two of these
three constraints can be fulfilled at the same time.

2.3. Discussion of Possible ADAS Design Methods. There are
various methods of ADAS design available and it is crucial to
choose the one that fits the needs of the project best. ADAS
can be designed in the following ways:

(1) No prototype: which does not enable us to verify its
performance in real-life situations until the system is
implemented

(2) Virtual prototype: which, accordingly to a chosen
tool, enables us to simulate the natural conditions
in really accurate but not perfectly accurate way,
generates low costs, and enables the iterative design
process [3, 5]

(3) Real prototype: which enables absolute verification
but has also many drawbacks such as costs, produc-
tion, and construction time or difficult interaction [3]

When considering the virtual prototyping tool, the above-
mentioned aspects must be included.

3. Design Method

3.1. Project Analysis. In order to minimize the need for
changes in further steps of the ADAS design process, it
is recommended to define all internal constraints before
working on an actual model. This approach enables us to
precisely set the goal of the designed ADA system and define
the required constraints early enough to be included in the
model. Using a virtual prototyping tool for such complicated
systems as ADAS requires splitting considerations about the
whole system into subsystems.

3.2. Designing and Testing. Testing part of designed system
is a step that must not be neglected. Thorough tests are the
last step before real system implementation that allow error
detection without generating additional costs in manufactur-
ing process. Correctly conducted testing enables also very
accurate error identification and makes its correction easier.

In order to properly define test cases for ADAS virtual
prototype testing, three separate system aspects must be
considered, in which an error could appear:

(1) Data processing: software

(1.1) What are the system inputs?
(1.2) What are the system outputs?
(1.3) What is the path of converting inputs to out-

puts?
(1.4) What values are independent from the system

design and may not be tested?

(2) Functional requirements: UI and usability

(2.1) What is the system supposed to do?

Figure 1: Bytel vehicle during Shell Eco-marathon race in Rotter-
dam (2015).

(2.2) What information is it supposed to communi-
cate to the driver?

(2.3) What must the system not do?

(3) Models design: the idea

(3.1) How should the system work?
(3.2) What inputs and outputs should it accept/gen-

erate?
(3.3) What functions are the system described by?

Such analysis enables us to create test cases sheet that
should be used in test experiments outcome evaluation. Only
when every test case will end successfully, that is, the values
will be corresponding with template values and the visual
verification will be fulfilled, the system can be implemented.

For correct testing process of ADAS virtual prototype, it
is also needed to cover all possible situations in simulations,
in which an error could appear. The test experiments should
include both typical traffic situations of a higher risk and
nonrisky situations in order to test the system against false
alarms.

4. Use Case: BLIS for Urban Electric Vehicle

The above-described design method was used in design
process of Blind Spot Information System (BLIS) [2, 6, 9, 10]
for urban electric vehicle, Bytel [6, 11, 12] (Figure 1). Bytel
is a vehicle created to participate in Shell Eco-marathon
(SEM) [13] competitions, the event which aims to encourage
design of highly efficient vehicles by students and scientific
organizations. Bytel has participated in SEM in 2014 and 2015
in two power source categories: battery electric and hydrogen
(hydrogen fuel cell stack).

The steps described above were taken to successfully
finish the process at minimal time and maximum quality,
keeping the costs reasonable at the same time.

4.1. Historical Determinants of BLIS SystemDevelopment. The
concept of this BLIS system is based on the team’s experience
in this field, taking into account specific conditions and upon
existing solutions. The basic assumption of the system is to
inform the driver about the appearance of another vehicle in
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Ultrasonic sensors HC-SR04 (on both sides of the vehicle)

Photoelectric sensor Datalog S300 (on trailing edge of
the vehicle body)

Figure 2: Vehicle MuSHELLka at Shell Eco-marathon 2013 in Rotterdam. Placement of BLIS system sensors in MuSHELLka.

the blind spot. The final form of the system was influenced
by experience with previous ADAS systems, including the
BLIS system, which was fitted with another vehicle [11]
(MuSHELLka) developed by the team (Figure 2).

Previous technical solution of BLIS system [6, 11] is
composed of a controller which is based on Microcontroller
ATmega8 and 3 sensors. The main task of the controller is
to handle sensors and to transmit information about the
detected threat to ACS controller using RS232. Two ultra-
sonic sensors HCSR-04 and diffusive photoelectric sensor
Datalogic S300 are used for scanning area behind the vehicle.
The HC-SR04 ultrasonic sensor uses sonar to determine the
distance from an object in the range of 2 cm–400 cm, with
3mm resolution. Sound wave that is used for measurement
has a frequency of 40 kHz [11]. Datalogic S300 is an advanced
photoelectric sensor with a detection range of 0–500 cm
for white objects and 0–350 cm for black objects. Infrared
radiation and triangulation are used for measurement. The
sensor response is binary, and the detection range can be
adjusted in the full range of measurement. Due to the use
of the sensor, a critical parameter is the response time.
Maximum response time for this sensor is shorter than
2ms [11]. All system components are placed in the rear
fairing, which was possible thanks to the compact design and
minimum weight.

This solution proved to be amuch smaller vehicle because
of its simple construction, low cost, and high operational
reliability. It is also suitable for small size vehicles and small
mass. It is important to use the BLIS virtual prototyping
method in the development of this system. As part of the
development of the previous system, a virtual race track
system was used, a vehicle model in the TASS PreScan [14]
environment, and a numerical simulation model of the BLIS
system in this environment using the MATLAB/Simulink
environment. As part of the development of the previous
system, a full simulation test was conducted in the simulation
environment and subsequent verification was performed on

the actual site. These tests confirmed the compatibility of the
system parameters with the assumptions and the experience
of the design process, virtual testing, and racing operation are
the basis for the development of the new BLIS system.

As the next designed vehicle [15, 16] (Bytel) is only
equipped with side mirrors and does not have a rear window
or a central rear-view mirror, it is not only the monitoring
of the area on the side of the vehicle, but also the area
immediately behind the vehicle. A number of conceptual
solutions have been analysed, of which three are presented
below (Figure 3).

The first concept (Figure 3(a)) was based on the use
of photoelectric sensors. The experience of using this type
of sensor in previous solutions indicated the potential for
such a system, but ultimately, due to the need to use a large
number of such sensors, the vehicle aerodynamic effects were
adversely affected, and its relatively low efficiency and range,
especially in variable weather conditions, and insufficient
information obtained from such a system has been rejected.

The second concept (Figure 3(b)) was based on the use
of a vision system based on the Kinect. The design assumes
the use of the depth camera included in the kit to determine
the distance of the approaching vehicles. If larger areas than a
single sensor have to be scanned, more Kinect devices can be
used.This, however, complicates the connection and requires
data analysis from two or more different sensors. Creating
a system, based on two or a few of this type of sensors,
which would recognize an object with satisfying accuracy
and calculates position, is a difficult task and thus it requires
great processing power. This affects not only the recognition
of the image, but also the angle at which the vehicles will be
detected. Taking into account the parameters of a commonly
available Kinect device, a sensor placement scheme was used
when using four devices. The advantages of this solution are
the innovation and the use of ready-made modules and the
large potential of the system. The disadvantages include the
large dimensions of the device, relatively small scanning angle
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(a) BLIS concept based on photoelectric sensors
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Figure 3: Alternative concepts of BLIS system.

in case of a single sensor, the possibility of disturbance of
measurements in real conditions (sun rays), and the need to
use a PC.

The third concept (Figure 3(c)) assumes the use of a
Hokuyo laser sensor. This sensor is characterized by high
resolution (1080 samples per 270∘, corresponding to 4 sam-
ples per 1∘), high sample rate (40Hz), and wide scan area
(270∘) [17]. The laser used in this sensor fulfils the 1st safety
class, which allows it to be used during SEM competition
and is characterized by low sensitivity to atmospheric agents
(sun, rain, snow, and fog).The advantages of this solution are
simple assembly, single device, and high reliability, whereas
the main disadvantage is the high cost of the sensor and the
possibility of problems arising from the analysis of so much
data. This, however, provides a field for the use of complex
algorithms to analyse the data to eliminate errors and increase
operational certainty, whichwas also used and presented later

in this paper. Ultimately, the laser sensor solution has been
used in further development work.

The reflections and experience gained from previous
development work led to the new BLIS solution to modify
both the system itself and the design methodology. The
new design method was shortened by abandoning the cost-
intensive and time-consuming verification of the real object.
Each of the newly constructed vehicles is treated as a
prototype vehicle and a shortened test of the actual object
is justified. These tests are designed to be carried out on the
track and during races. This does not mean that the system
will not be verified. The emphasis was placed on virtual
prototyping, a formal verification phase was established
during these studies, and new methods were introduced to
verify the results of the simulation tests by introducing new
independent computational methods to duplicate the results
of standard simulations.
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As far as the concept was concerned, it was decided to
change the concept of the system completely by introducing
a new interface in the driver’s field of vision, providing much
more information but not distracting the driver. The use of a
single Lidar sensor with a range of measurable resistance to
ambient conditions and at the same time tomeet the rigorous
requirements of the vehicle aerodynamic performance is
critical to ensure high reliability of the proposed system of
the development method using virtual prototyping methods
and it provides the possibility of using this sensor and
integration of the BLIS system into other ADAS systems
[18, 19].

4.2. Consideration of the Rationale for Using Virtual Proto-
typing Tool. The decision to develop BLIS for urban vehicle
wasmade based on low viewing range, which is characteristic
for common conditions for these kinds of vehicles [18],
that is, vehicles designed specifically for Shell Eco-marathon
competitions. BLIS is the system that informs the driver
about vehicles coming from the back of the vehicle, which
are invisible to the driver due to its low viewing range.
The need of creating such a system has been recognized
based on analysis of many accidents and dangerous situations
happening during the race and also after discussing the
problem with drivers participating in SEM.

While deciding to use virtual prototyping tool, the crucial
reason for using it was the necessity for parallel production
process. As the vehicle was still in development phase during
the design of BLIS, there was no possibility of using real
prototype in order to conduct tests and work on data
processing improvement.This is equivalent to accepting time
as the main external constraint that applies to this project.

The second constraint was quality of the system, as the
vehicle purpose was to take part in SEM competition; that is,
in the race, it was considered extremely important to provide
the driver with ADAS of the best possible quality. The point
was to help the driver keep safe and avoid active or passive
participation in accidents.

Last but not least, the adequate tool needed to be chosen
for designing and conducting BLIS simulations.There were a
few virtual prototyping tools especially dedicated to ADAS
design which were considered. The final choice was TASS
PreScan [14] due to its wide range of predefined sensors, very
friendly user interface, and great visualization capabilities.

4.3. Project Analysis

4.3.1. The Scope of Development Works Performed Using
Virtual Prototyping Methods. As part of the development
work on the new BLIS system for the Bytel vehicle, the
following scope of work is planned:

(i) Analytical analysis of previous versions of BLIS and
competing solutions

(ii) Development of detailed functional requirements and
requirements for integration with vehicle and other
vehicle systems, as well as internal and external
constraints

(iii) Development of a detailed BLIS concept

(iv) Construction of a simulation environment involving
simulationmodels of an example race track, designed
vehicle, and other vehicles

(v) Construction of the mathematical simulation model
of the BLIS system

(vi) Identification and development of simulation scenar-
ios

(vii) Development of alternative algorithms formethods of
verification of virtual prototyping simulations

(viii) Carrying out a series of simulations with verification
tests and improving the parameters and structure of
the developed BLIS solution in iterative mode until
the results are achieved

(ix) Performance analysis and production and integration
plan

According to the designers of the vehicle, a set of
detailed planning simulation tests and independent allowing
algorithms to verify the results of simulation studies are
particularly important for the newmethod. Correct planning
and carrying out of this part of the research guarantee the
possibility of doingwithout the physical prototype.Therefore,
further attention was paid to the detailed description of these
fragments of the research.

4.3.2. Defining the Internal Constraints. Following the de-
scribed method, the first step after recognizing the need of
creating BLIS and defining the external constraints that lead
to decision of using virtual prototyping tool was defining the
internal constraints of the designed system.

(1) The system cannot affect actively the breaking and/or
steering system.

(2) The system functions must be restricted to informa-
tion/warning functions.

The self-imposed constraints of the project were also
directly connected to Shell Eco-marathon assumptions, as the
purpose of Bytel vehicle was to achieve the best result possible
in this competition (SEM is about developing highly energetic
vehicles). In order to satisfy this goal, there were the following
constraint sets:

(1) The weight of the system must be minimized.
(2) The system should not consume relevant amount of

power.

These constraints enabled us to define the general ap-
proach to designed system.

At this point, the decision regarding system parts has
been made, which was vital to create the system model in
TASS PreScan. There were three possible kinds of sensors
considered: photoelectric sensors, Lidar, and depth camera.
These kinds of sensors are available in predefined form in
TASS PreScan, with a possibility of their configuration in
very wide range.The decision was made to use Hokuyo Lidar
(Figure 3(c)).
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What was crucial when deciding about rejecting the
photoelectric sensors option was their low resistance to
environmental conditions; a high risk of inaccurate results
was identified. Also, in case of photoelectric sensors, there
would be a need for using at least 9 sensors in order to cover
the area invisible to the driver sufficiently, whereas there was
only one Lidar needed to enable scanning of this range.

However, the difficulties in configuring and designing a
system based on depth camera and the size of the system that
interfere with the aerodynamic requirements have resulted in
rejection of this solution.

4.3.3. Splitting System into Subsystems. Defining the subsys-
tems and splitting the system into them when developing a
virtual prototype not only made it easier to follow the design
process step by step but also created good ground for tests
analysis.

The main determinants of dividing line which would
be used for splitting the system were assumed real-life
subsystems. This means that it was needed to consider the
separate parts of BLIS system, as they were meant to be
implemented in real life.This is why the decision wasmade to
consider BLIS in two subsystems: data processing subsystem
and control subsystem.

The data processing system included also a verification
subsystem, which uses the data generated in PreScan in
order to compare the values between ideal ones and the ones
that were received via data processing based on assumed

input values. An example of such comparison can be seen in
Figure 9.

4.4. Operational Model of the System. Operational model of
the system can be seen in Figure 4. The base of the system
is the use of one laser sensor with a large angular range and
coverage.

Input variables of the system are as follows:

(i) 𝑋V: 𝑋 coordinate of the Bytel vehicle in the absolute
coordinate system

(ii) 𝑌V: 𝑌 coordinate of the Bytel vehicle in the absolute
coordinate system

(iii) vehicleRot: rotation angle of the vehicle in the 𝑧-axis
(iv) thetaTIS: the angle at which the vehicle was detected
(v) rangeTIS: the distance of the detected vehicle to the

sensor
(vi) 𝑉dopp: vehicles relative velocity

Outputs of the system are as follows:

(i) yellowAlert: low (yellow) risk information
(ii) redAlert: high (red) risk information
(iii) alertLL: information about the appearance of an

object in the extreme left area
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Figure 5: Model of the environment made in TASS PreScan.

(iv) alertL: information about the appearance of an object
in the left area

(v) alertC: information about the appearance of an object
in the center area

(vi) alertR: information about the appearance of an object
in the right area

(vii) alertRR: information about the appearance of an
object in the extreme right

4.5. Building Scenario: Building Environment

4.5.1. Simulation Environment Modelling. In order to carry
out the relevant simulations to verify the correctness of
operation of the designed system, it was necessary to design
a simulation environment, vehicles with the dynamics, and
trajectory, as well as modeling the sensor which is the basis
of the system. Arrangement of roads and buildings is based
on the imported Street Map model of the Ahoy Arena area in
Rotterdam, where the Shell Eco-marathon 2014 competition
took place.Thedesignedmodel of the environment (Figure 5)
was supposed to reflect the actual conditions as faithfully as
possible.

4.5.2. Vehicle Movement Parameters Modelling. After build-
ing the environment, we have to upload the vehicle model for
which Advanced Driver Assistance System is designed. It is
necessary to assign a trajectory and to define the parameters
of vehicle movement.

TASS PreScan software allows implementation of any
velocity profile and trajectory. First trajectories have to be
defined and then velocity profile for the two vehicles has to
be determined. As a result, speeds and acceleration and paths
of the vehicles during the simulation are described in detail.
Figure 6 shows the speed profile for a vehicle overtaking a
leading Bytel vehicle.

4.5.3. Sensor Parameters Modelling. An important point of
the simulation design process is accurate mapping of param-
eters of used sensor. The PreScan allows the use of the Lidar
model; however, due to the large angular range and high
frequency sampling, a better solution was to use a sensor of
TIS type (Technology Independent Sensor) (Figure 7). TIS,
thanks to thewide possibilities ofmodification of parameters,
has enabled a very accurate representation of the Hokuyo
sensor to be used in the BLIS assistance system.

PreScan software enables visual verification of the range
of the proposed sensor (Figures 13, 14, and 15), which helps
in controlling the distance and angular range. With this
visualization, the right area of operation for the designed
sensor can be easily chosen. By controlling the moment of
appearance of another vehicle in sensor range, it is possible
to verify operation during simulation of the system as early
as at design stage (Figures 13, 14, and 15).

4.6. System Model: Data Processing System. After developing
all the details of the simulation, it is allowed to startmodelling
of the system. TASS PreScan software cooperates with the
MATLAB/Simulink software. When installing TASS PreScan
the reference to MATLAB/Simulink is established. After
starting PreScan Sim module user has ready-made models
of sensors, vehicles, and other control elements visible as
Simulink models. These models are generated by the TASS
PreScan individually for each of the simulations taking into
account the modifications described earlier.

4.6.1. System Main Window. The main window of system
visible after opening the PreScan Sim module contains two
models of vehicles and components fulfilling control warning
LEDs functions in the simulation.

The main block model represented in the main window
of PreScan Sim module contains modifications resulting in
BLIS system design. The output from the model of the first
Bytel vehicle that is a vehicle equipped with a sensor provides
brief information on occurrence of alarms yellow and red
and the area of detection of the object. At the input of
each diode is given the information about activity in its
assigned area and information about yellow or red alarm
occurrence.

4.6.2. Vehicle Model. GUI window of vehicle model includes
four groups of blocks:

(i) After entering the vehicle model (Figure 8), in the
left side of the window, you can see models generated by
the PreScan software describing it. In the case of a Bytel
vehicle, it is a trajectory model, parameters motion model,
and model of sensors assigned to the vehicle, TIS. Based on
previously developed block diagram showing the planned
method of the system operation, you can immediately pull
out of these variables which are necessary when developing
a BLIS model: 𝑥 and 𝑦 coordinates of the absolute position
of the Bytel vehicle, rotation of the vehicle in the absolute
coordinate system (vehicleRot), speed of the vehicle (𝑉V),
the value of distance of detected obstacle (rangeTIS), and
the relative speed of vehicles were determined using the TIS
sensor (𝑉dopp) and the angle in which the obstacle appears
(thetaTIS).

(ii) Blocks containing programs designed to perform
the calculations of parameters used in the BLIS system:
Object Position Calculation, Time To Collision, and Object
Velocity Calculation.The blocks are linked to necessary input
variables and output variables are derived.

(iii) Block of BLIS system together with its inputs and
outputs
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The dynamic parameters are visualized also in
charts, which help to evaluate their correctness

Vehicle trajectory is divided into slots; for each
slot there can be specific dynamic applied
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Figure 6: Speed profile for overtaking vehicle.

Figure 7: Modelling Hokuyo Lidar in BLIS.

Figure 8: General models and blocks of the BLIS system.
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Figure 9: Comparison of two values: ideal one (Doppler Velocity)
and the one achieved in data processing (Bytel Velocity, Object
Velocity).

(iv) Blocks including programs used to verification calcu-
lations

4.6.3. Part I: Calculations. Based on the block diagram of
the BLIS system, it had to be determined which calculations
should be performed to obtain the necessary to define the
logic of the system variables. Directly from the PreScan
software, the following variables were extracted:
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(i) 𝑋 and 𝑌 coordinates of Bytel vehicle in the absolute
coordinate system

(ii) Rotation angle of the vehicle in absolute coordinate
system (vehicleRot)

(iii) Vehicle velocity (𝑉V),
(iv) The distance of the detected obstacle (rangeTIS)
(v) Relative velocity determined by TIS sensor (𝑉dopp)
(vi) The angle at which obstacle was detected (thetaTIS)

These variables do not provide direct way to determine
the logic of the system, which was based on three basic pieces
of information:

(i) Comparison of the relative position of the object with
the value of YCD (Yellow Critical Distance) or RCD
(Red Critical Distance), which are functions defining
the threshold value of position of the object in the 𝑥
axis, for which there is raised up risk of collision

(ii) Value of relative velocity of vehicles 𝑉dopp
(iii) TTC value (Time To Collision)

On the basis of these variables, the following result
variables were obtained in the way of calculations:

(i) 𝑋𝑟: 𝑥 coordinate of the object relative position rela-
tive to Bytel vehicle determined based on the value
rangeTIS and thetaTIS

(ii) 𝑌𝑟:𝑌 coordinate of the object relative position relative
to the Bytel vehicle determined based on the value
rangeTIS and thetaTIS

(iii) Yellow Critical Distance: function determined based
on the value 𝑌𝑟

(iv) Red Critical Distance: function determined based on
the value 𝑌𝑟

(v) Time To Collision: time to collision, determined
based on the value rangeTIS and 𝑉dopp

4.6.4. Object Position Calculation. The activities carried out
inObject PositionCalculation block are divided into two sub-
systems: the calculation of the value of 𝑋 and 𝑌 coordinates
relative position of the detected object and calculation of the
coordinate values of𝑋 and 𝑌 absolute position of the object.

Program used to calculate the values of the 𝑋 and 𝑌
coordinates relative position of the detected object accepts
as input values thetaTIS and rangeTIS. Values 𝑋𝑟 and 𝑌𝑟
determining the relative position of the vehicle in the 𝑥 and
𝑦 axis are obtained by transforming the coordinate system of
polar to Cartesian coordinate system.

The second part of the Object Position Calculation block
represents calculations regarding the position of the object in
the absolute coordinate system. The program uses the input
values: thetaTIS, vehicleRot, rangeTIS, coordinates 𝑋V and
𝑌V, point rotation matrix in the two-dimensional space, and
value of coordinates and the value 𝑜 displacement vector of
the center of the local coordinate system of the Bytel vehicle
from the edge detected in the 𝑥 and 𝑦 axis.

An important assumption was rangeTIS 6 = 0, because
the value 0 is assigned to variable rangeTIS at a time when
there are any object detected in sensor range. In this case,
variables𝑋ob and 𝑌ob are assigned the value 0.

4.6.5. Time To Collision. Time To Collision block task is to
calculate the value of time, from the temporary situation of
the temporary traffic parameters to the potential collision.
This is an important element of calculations, because the
value of TTC is directly influenced by the decision to activate
the yellow or red alarm.

Also, here switch block was used making passed signal
dependent on the value of the variable 𝑉dopp. The variable
takes the value 0 when there are no objects detected in the
sensor range sensor. In this case, the variable TTC is assigned
the value 20 as the maximum time for which the threat of a
collision is practically nonexistent.

4.6.6. Object Velocity Calculation. Then, the third block of
the calculation is an Object Velocity Calculation. It contains
code to calculate the coordinates relative speed values 𝑉dopp.
Therefore, a distribution of the vector velocity 𝑉dopp on the
components of 𝑋 and 𝑌 depends on the angle thetaTIS.
Output values are 𝑉dopp𝑥 and 𝑉dopp𝑦.

4.6.7. Part II: Verification. The second part of the prepared
programwas verification part. Beforemodelling BLIS system,
it had to be checked whether calculations delivering the
required input values to the system are correct. For this
purpose, the values were compared with values generated by
the simulation environment (PreScan).

Verification of the relative speed values 𝑉dopp: relative
speed𝑉dopp is called theDoppler Velocity, which results in the
fact that its value is not always unequivocal from the expected
one. In order to check the difference between the variable
𝑉dopp and the actual vehicle speeds difference verification
program was elaborated. The example results can be seen in
Figure 9.

Verification of 𝑋 and 𝑌 coordinates relative position of
the object is as follows.

To verify the calculations of the value of 𝑋 and 𝑌
coordinates relative position of the object (relative to the
Bytel vehicle), the computed variables were compared with
variables 𝑋𝑟 and 𝑌𝑟 with the difference of the values of
the coordinates of the vehicle Bytel (𝑋V, 𝑌V) and the object
(𝑋𝑜, 𝑌𝑜) obtained artificially by PreScan software, taking into
account the offset point to be the center of the coordinate
system of the vehicle, to whom they are given the coordinates
of absolute position.

Verification of coordinates 𝑋 and 𝑌 absolute position of
the object is as follows. In order to verify the calculation of
the𝑋 and 𝑌 coordinates of the relative position of the object
(relative to the Bytel vehicle), the computed variables 𝑋ob
and 𝑌ob were compared with the object position coordinates
(𝑋𝑜, 𝑌𝑜) obtained artificially from the PreScan software.

4.6.8. Part III: BLIS System. The last step was to build the
logics of the BLIS system. This part of the system consists of
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three parts: Data, Alert Range Assignment, and Alert Colour
Assignment.

Data. This section of the BLIS window contains ordered
model input values, blocks of recording of signals to the
workspace.

Alert Range Assignment. The part called Alert Range Assign-
ment is responsible for assigning to the appropriate areas of
the alarm (LL, L, C, R, RR) angular ranges in which the object
appears.

(i) Range LL is assigned for thetaTIS ⟨48; 87.5⟩ deg.
(ii) Range L is assigned for thetaTIS ⟨7; 49⟩ deg.
(iii) Range C is assigned for thetaTIS ⟨−8; 8⟩ deg.
(iv) Range R is assigned for thetaTIS ⟨−49; −7⟩ deg.
(v) Range RR is assigned for thetaTIS ⟨−87.5; −48⟩ deg.

Alert Assignment Colour. Code fragment entitled Alert
Colour Assignment is responsible for assigning the alarm
corresponding colour in accordancewith the degree of threat,
yellow or red.

Decisions on the colour of the alarm are taken on the basis
of three pieces of information:

(i) Comparison of the position of the object relative
to the value of YCD (Yellow Critical Distance) or
RCD (Red Critical Distance), which are functions
defining the threshold value of position of the object
in the 𝑥 axis, for which there is an increased risk of
collision

(ii) Values 𝑉dopp
(iii) The value of TTC (Time To Collision)

The YCD function (Yellow Critical Distance) is given by

YCD = −4 ∗ 𝑌𝑟
 + 12. (1)

The RCD (Red Critical Distance) is given by

RCD = −4
3
∗ 𝑌𝑟
 + 4. (2)

Yellow alarm occurs when the following conditions are
met:

(𝑋𝑟 ≤ YCD (yellowFun) ∩ 𝑋𝑟 ̸= 0 ∩ 𝑉dopp ≤ 0) ∪ 4 < TTC ≤ 10. (3)

Red alarm occurs when the following conditions are met:

(((𝑋𝑟 ≤ RCD (redFun) ∩ 𝑋𝑟 ̸= 0) ∪ 0 < 𝑋𝑟 ≤ 1) ∩ 𝑉dopp ≤ 0) ∪ 0,1 < TTC ≤ 4. (4)

Figure 10 visualizes the conditions for activating the
alarms.

𝑋𝑟:𝑋 coordinate of relative position of the object
YCD: Yellow Critical Distance
RCD: Red Critical Distance
𝑉dopp: relative velocity of the object
TTC: Time To Collision

4.7. System Model: Control System. Having data processing
system, we can begin to design the control system of warning
LEDs. In the previous section, signals have been mentioned
that we receive at the output of the processing unit. The
system of transmission between the BLIS system and the LED
is shown in Figure 11 and is the same for each of the diodes.

On the output from the Bytel vehicle block, we have seven
binary signals:

(i) yellowAlert: the state of yellow alarm
(ii) redAlert: the state of red alarm

(iii) alertRR: the state of alarm for the RR range
(iv) alertR: the state of alarm for the R range
(v) alertC: the state of alarm for the C range
(vi) alertL: the state of alarm for the L range
(vii) alertLL: the state of alarm for the LL range

At the input of each of the LEDs blocks, the following
signals are given:

(i) yellowAlert: state of yellow alarm
(ii) redAlert: state of red alarm
(iii) alertX: state of alarm for the corresponding diode

range (RR, R, C, L, and LL)

For each of the five LEDs used to display warning
information, the same control was developed.

4.7.1. Part I: System Activation. The logics of the system is
based on a switch block which, depending on the condition
of the simultaneous occurrence of any of the alarms and
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Figure 10: Logic of the red and yellow alarm.

the activation of the range corresponding to LED (in this
case the LL range), transmits a signal specifying the colour
of the alarm (equivalent to the activation of the alarm) or
transmits the signal from the default, LEDs gray colour. The
same condition checked in switch block acts as a trigger of
alertColour block.

4.7.2. Part II: Determination of Alarm Colour. The condition
mentioned above checked in switch block acts simultaneously
as a trigger of alertColour block.

In the case where you get any of the alarms (yellowAlarm
or redAlarm) and at the same time the object was detected in
the corresponding range, the block alertColour is executed.
This block is to assign a diode suitable for the degree of danger
colour: the colour red for a higher degree of threat and the
yellow colour for a lower degree of threat. In the case where
there is information about the appearance of red alert and
activating the appropriate range, signal carrying information
about the red alarm is passed, if not, yellow.This logic makes
the red alarm the priority.

5. Testing

The test phase of the design process is often treated in a
disrespectful way, but properly planned and carried out tests
allow you to determine the imperfections and errors of the
project very accurately and at the same time to facilitate their
improvement greatly. During test planning, the first step is to
verify the correctness of the calculations made in the model.
In order to determine what we should investigate properly, it
is necessary to answer the following questions:

(i) What are the inputs to the model?
(ii) What are the outputs from the model?
(iii) How outputs were from the model obtained?
(iv) Which of these activities relate to the independent

variables of the operation of the system, which are the
physical representation of unknown values?

Answering these questions will allow the identification of
transformation, which should be explored in terms of their
compliancewith the physical values that do not belong to a set
of values of the inputmodel. PreScan software provides many
of these values, which makes the comparison of the model
with the actual data possible without an actual field testing.

The next step in the test planning is to return to the design
assumptions and answer the questions:

(i) What is the designed system supposed to do? What
are the requirements?

(ii) What information does the system provide the user
with?

(iii) What should not the system do?

The above questions relate to the direct effects of the
system, its functionality, and purpose but they do not specify
requirements regarding the project completely. The tests
are considered for remaining elements, which are invisible
to the user and dependent largely on the designer of the
system. These elements are the basis of the system. In order
to determine them, it is necessary to answer the following
questions:

(i) How should the designed system operate?
(ii) What inputs and outputs should it generate/set?
(iii) What functions are its main characteristics?

The answers to these questions should be clarified on the
basis of the design phase, the software built, and the expected
behaviour of a system. Having already collected information
about the system sorted out according to the above scheme,
it is possible to begin to plan test case studies. What is most
important in the operation of the safety system is its correct
operation and efficiency. If the system is to comply with the
quite simple functions (e.g., warn the driver about a negative
temperature), it is not necessary to develop complex test
scenarios.

The case is complicated, however, when the system has
a more extensive set of functionalities, when it has to react
differently in different situations, when the output value
depends on the value of larger quantities of inputs, and where
there is the possibility of false alarms. In this case, it is good
to previously develop scenarios to test and test cases for each
scenario. After tests, a summary of the verification of the
correctness of the system should be made. In the case where
the system does not meet one (or several) of the designated
test case studies, it is necessary to carry out repair procedures.
This phase resembles the design phase, but instead of building
the system from the beginning, repairs are carried out
and changes to the existing system on the basis of data
obtained in the test phase are introduced. Well-conducted
tests allow us to identify errors in the system quickly and
often arise the way for solutions. In this chapter, the test
phase for BLIS system design for the Bytel vehicle will be
described.

5.1. Tests Plan

5.1.1. Calculations Verification. Based on the previously elab-
orated flowchart, the first step of the procedure of Blind
Spot Information System test planning for Bytel vehicle is
the answer to the question about the correctness of the
calculations implemented in the model.

(i) What are inputs to the model?

In the model, the following inputs are used:

(a) 𝑋V [m]:𝑋 coordinate of Bytel vehicle in absolute
coordinate system
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(b) 𝑌V [m]: 𝑌 coordinate of Bytel vehicle in absolute
coordinate system

(c) vehicleRot [∘]: rotation angle related to 𝑧 axis of
Bytel vehicle

(d) 𝑉V [m/s]: Bytel vehicle velocity
(e) rangeTIS [m]: distance from the sensor to de-

tected object
(f) 𝑉dopp [m/s]: relative vehicles velocity
(g) thetaTIS [∘]: angle at which obstacle was detect-

ed

(ii) What are the outputs of model?

In the model, the following outputs are generated:

(a) yellowAlert (0/1): yellow alarm status
(b) redAlert (0/1): red alarm status
(c) alertLL (0/1): LL alarm status
(d) alertL (0/1): L alarm status
(e) alertC (0/1): C alarm status
(f) alertR (0/1): R alarm status
(g) alertRR (0/1): RR alarm status

(iii) How are the above outputs generated?

Decisions on the classification of the alarmdue to the level
of risk (yellow or red) system are taken on the basis of three
pieces of information:

(a) Comparison of relative position of object with
value of YCD (yellow Critical Distance) or RCD
(Red Critical Distance), which are functions
determining threshold values of object along 𝑥
axis for which increased risk of collision exists

(b) 𝑉dopp value
(c) TTC value (Time To Collision)

Decision on selection of the area, which is assigned to an
alarm, depends only on the value of the angle thetaTIS.

(iv) Which of these activities relate to the independent
variables from the operation of the system and which
are the physical representation of unknown values?

Variable determined by calculation are as follows:

(a) 𝑋𝑟: 𝑋 coordinate of object position related to
Bytel vehicle determined on the basis of values
of rangeTIS and thetaTIS

(b) 𝑌𝑟: 𝑌 coordinate of object position related to
Bytel vehicle determined on the basis of values
of rangeTIS and thetaTIS

(c) Yellow Critical Distance: function determined
on the basis of 𝑌𝑟 value

(d) Red Critical Distance: function determined on
the basis of 𝑌𝑟 value

(e) Time To Collision: time to collision determined
on the basis of rangeTIS and 𝑉dopp values

Based on this information, it was decided to examine the
above-mentioned dependence by comparing them with the
values of the corresponding variables artificially generated by
the PreScan software. An example of such a comparison can
be seen in Figure 12.

5.1.2. Verification from the User Perspective: Visual Verifica-
tion. The next step is to answer the questions about system
importance from the perspective of the user (Figures 13 and
14).

(i) What should the designed system do?
The purpose of the system is to inform the user of
the location of another vehicle behind the driven one,
which is not visible to the driver, or its notification
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Figure 12: Comparison of corresponding variables determined by
virtual BLIS system and directly by PreScan.

requires too much effort of the driver. The informa-
tion should be communicated in a visual way, using
LEDs.

(ii) What information should the system provide the user
with?
System is to inform the user of the observation of the
vehicle in one (or more) of the five ranges designated
for the driven vehicle and the degree of risk associated
with the event. For low-level threats, the alarm should
accept yellow colour and for high threat red.

(iii) What should not the system do?
The system should not react to vehicles in the area
of the sensor, but in a place visible to the driver
of the vehicle. The system also should not generate
false positives: that is, the alarm is not caused by the
appearance of the object in the field of sight of the
driver.

5.1.3. Numerical Verification. The next step is to analyse
important questions from the perspective of the creators of
the system (Figure 16):

(i) How the designed system should operate?
The system is intended to operate on the basis of
information from the vehicle (vehicle location, vehi-
cle speed), and the information from the sensor (the
distance of the detected object from the sensor, the
angle at which the object appears, Doppler speed).
The system should set, on the basis of the data, relative
location information of vehicles to each other and the
speed difference between vehicles. The system should
assign one of the five predesignated areas to a given
position. Based on the information about the speed
difference between vehicles and their relative posi-
tion system, it should set TTC (Time To Collision).
Depending on the value of TTC and the distance
between the vehicles, the system should assign areas

of the degree of risk: no risk, the LED is not lit; low
threat, LED yellow; high risks, the LED lights red.

(ii) What input and output values should it take?
The system should set the following inputs and
outputs:

(a) Distance of detected object from driven vehicle:
0–40 [m]

(b) Velocity of driven vehicle: 0–15 [m/s]
(c) Relative velocity of vehicles: 0–15 [m/s]
(d) Position of the vehicle on 𝑥, 𝑦 axis [m]
(e) Angle of appearance of object: −87,5∘–87,5∘

The system should generate the following output values:

(a) Value 0/1 on output corresponding to LL, L, C,
R, and RR LEDs

(b) Value 0/1 on output corresponding to yellow
alarm

(c) Value 0/1 on output corresponding to red alarm

(iii) What functions characterize it?

(a) TTC (Time To Collision) for every moment
when object is within the sensor range

(b) RangeTIS for every moment when object is in
the sensor range

(c) Relative object and Bytel vehicle position:𝑋𝑟,𝑌𝑟
(d) ThetaTIS angle, in which the object detected

remains for each moment of time in which the
object is located within the sensor range

(e) Relative object and Bytel vehicle velocity

5.1.4. The Development of a Set of Test Cases. Based on the
information collected, Table 1 was prepared containing test
cases, which were used to verify the operation of the system
BLIS.

5.2. Test Case Scenario: Vehicle Overtaken from the Left Side

5.2.1. Description of the Scenario. The object comes from the
left side of the vehicle Bytel. The ratio of speed of an object
to Bytel vehicle speed is in the range of 0 to 1.5 for each
moment of virtual experiment.The speed difference between
the object and the Bytel vehicle is not greater than 10m/s.The
speed of the object and the vehicle does not exceed 12m/s
(Figures 13, 14, and 15).

5.2.2. Results Verification. In order to investigate the above-
mentioned cases, we have to use different methods. For
testing cases (1) (Table 1) and (3) (Table 1), it was necessary to
analyse the relevant variables for cases (2) (Table 1) and visual
inspection simulation is sufficient.

Calculation Verification. In order to check the correctness
of the algorithms implemented in the BLIS system model
comparative charts were used comparing variables with
variables generated by the PreScan software.
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Situation view Front panel BLIS interface (5 LEDs)
view of the first vehicle

Yellow LED signaling approaching
vehicle from the left behind (far

distance)

Figure 13: Example of visual verification, scenario 1, overtaking phase 1.

Situation view Front panel BLIS interface (5 LEDs)
view of the first vehicle

Red LED signaling approaching vehicle
from the left behind (short distance)

Figure 14: Example of visual verification, scenario 1, overtaking phase 2.

(i) Comparison of 𝑉dopp speed with the difference in
velocity of the Bytel vehicle and the object overtaking
Bytel; both speeds are available in the PreScan soft-
ware.

Based on a comparison graph of the Doppler Velocity
and difference of vehicles velocities, it can be con-
cluded that the mapping of Doppler Velocity does
not fully coincide with the actual vehicles speeds
difference. The biggest differences can be seen for the
time intervals: 0–2 s and 16–19 s. This is connected
with themoment of occurrence of the object in a short
distance from the sensor. Despite these cases, it is
concluded that the proposed function of the velocity
can be used in the design of system.

(ii) Comparison of the relative position in the𝑥 and𝑦 axis
of overtaking object with respect to the Bytel vehicle,
calculated using information about the distances of
overtaking object and the angle in which it is located,
with a difference of location coordinates of the vehicle
and the object with a leading Bytel; coordinates are
available in the PreScan software.

Based on the comparison charts 𝑋 and 𝑌 calculated
using data on the distance and angle of the object

overtaking with the actual difference in the position
of the Bytel vehicle and the overtaking object, it
was found that the adopted model calculation of the
relative position of the object is correct. In addition,
the graphs present compliance of variables only until
reaching 20th second. It is associated with the period
when the object is within the range of the sensor,
which enabled the calculation of its relative position.

(iii) Comparison of the absolute position of the 𝑥 and 𝑦
axis overtaking object calculated using information
about the distances of overtaking object, the angle at
which it is located and the coordinates of the Bytel
vehicle, the absolute position of the object, which is
made available in the PreScan software.
Based on the comparison charts 𝑋 and 𝑌 calculated
using data on the distance, angle and coordinates
of the object overtaking the Bytel vehicle with the
actual position of the absolute object, it was found
that the adopted computational model of the absolute
position of the object is correct. The graphs show
compliance only until reaching 20th second. It is
associated with the period when the object is within
the range of the sensor, which enabled the calculation
of its relative position.



Journal of Advanced Transportation 15

Situation view Front panel BLIS interface (5 LEDs)
view of the first vehicle

Red LED signaling approaching vehicle
from the (more) left behind (short

distance)

Figure 15: Example of visual verification, scenario 1, overtaking phase 3.
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Figure 16: TTC (Time To Collision), comparison of YCD (Yellow
Critical Distance), and RCD (Red Critical Distance) with object
relative position𝑋.

Visual Verification (Figures 13, 14, and 15)

(i) The object is coming from the direction established in
the description of the scenario: object is coming from
the left.
Based on the simulation results, the system has been
found to meet this condition.

(ii) The object is located within the sensor range: it was
possible to carry out tests of the BLIS system and the
object must be in range of the sensor.
Based on the simulation results, the system has been
found meeting the above condition.

(iii) Operation of warning LL LEDs, since the object is
overtaking on the left side of the Bytel vehicle after
fulfilment of additional conditions LED should light

up depending on the object distances in red and/or
yellow.
Based on the simulation results, the system has been
found meeting the above condition.

(iv) Operation of warning L LEDs, since the object is
overtaking on the left side of the Bytel vehicle after
fulfilment of additional conditions LED should light
up depending on the object distances in red and/or
yellow.
Based on the simulation results, the system has been
found to meet the above condition.

(v) Operation of warning C LED, since the overtaking
object at any moment in time is located centrally
behind the Bytel vehicle the LED should not light up.
Based on the simulation results, the system has been
found to meet the above condition.

(vi) Operation of warning R LED, since the overtaking
object at anymoment in time is located from the right
side of Bytel vehicle the LED should not light up.
Based on the simulation results, the system has been
found to meet the above condition.

(vii) Operation of warning RR LED, since the overtaking
object at anymoment in time is located from the right
side of Bytel vehicle, the LED should not light up.
Based on the simulation results, the system has been
found to meet the above condition.

Numerical Verification

(i) Inspection of Bytel vehicle velocity:
According to the assumptions of this scenario, Bytel
vehicle velocity at any moment in time should not be
greater than 12m/s. Based on the velocity chart of the
Bytel vehicle the system has been found to meet this
assumption.

(ii) Inspection of overtaking object velocity:
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Table 1: Test cases used to verify the operation of the BLIS system.

Number Test description Initial conditions Expected value Outcome
(1) Calculation verification

(1.1) 𝑋
𝑟
position rangeTIS ̸= 0 𝑋

𝑟
≅ 𝑋V − 𝑋𝑜

(1.2) 𝑌
𝑟
position rangeTIS ̸= 0 𝑌

𝑟
≅ 𝑌V − 𝑌𝑜

(1.3) Yellow Critical Distance rangeTIS ̸= 0 YCD = −4 ∗ abs(𝑌
𝑟
) + 12

(1.4) Red Critical Distance rangeTIS ̸= 0 RCD = −4/3 ∗ abs(𝑌
𝑟
) + 4

(1.5) Time To Collision 𝑉dopp ̸= 0 TTC = −rangeTIS/𝑉dopp
(2) Visual tests

(2.1) Object approaches from direction
assumed in the scenario description - Left/right side, behind the

object

(2.2) Object is in the sensor range - The object is in the sensor
range

(2.3) Correct functioning of the LL
warning LED

Object in the LL area,
danger LED lights up Y/R

(2.4) Correct functioning of the L
warning LED Object in the L area, danger LED lights up Y/R

(2.5) Correct functioning of the C
warning LED Object in the C area, danger LED lights up Y/R

(2.6) Correct functioning of the R
warning LED Object in the R area, danger LED lights up Y/R

(2.7) Correct functioning of the RR
warning LED

Object in the RR area,
danger LED lights up Y/R

(3) Computational tests

(3.1) Object velocity/Bytel vehicle
velocity 𝑉V ̸= 0 ≥1

(3.2) Object velocity/Bytel vehicle
velocity 𝑉V ̸= 1 ≤10m/s

(3.3) Object velocity - ≤12m/s
(3.4) Bytel vehicle velocity - ≤10m/s

(3.5) Turning on yellow alert 4 ≤ TTC ≤ 10 ∪ (𝑋
𝑟
≤

YCD ∩ 𝑉dopp < 0 ∩ 𝑋𝑟 ̸= 0)
yellowAlert = 1

(3.6) Turning on red alert 0.1 ≤ TTC ≤ 4 ∪ (𝑋
𝑟
≤

RCD ∩ 𝑉dopp < 0 ∩ 𝑋𝑟 ̸= 0)
redAlert = 1

(3.7) LL area control 48 ≤ thetaTIS ≤ 87.5 alertLL = 1
(3.8) L area control 7 ≤ thetaTIS ≤ 49 alertL = 1
(3.9) C area control 8 ≤ thetaTIS ≤ −8 alertC = 1
(3.10) R area control −49 ≤ thetaTIS ≤ −7 alertR = 1
(3.11) RR area control −87.5 ≤ thetaTIS ≤ −48.5 alertRR = 1

According to the assumptions of this scenario over-
taking vehicle velocity at any moment in time should
not be greater than 12m/s. Based on the velocity chart
of the overtaking vehicle the system has been found to
meet this assumption.

(iii) Inspection of object and Bytel vehicle velocities ratio:

According to the assumptions of this scenario, ratio
of velocities of object to Bytel vehicle velocity at any
moment in time should not be less than 1. Based on
the velocities ratio chart, the system has been found
to meet this assumption.

(iv) Inspection of object and Bytel vehicle velocities differ-
ence:

According to the assumptions of this scenario, the
difference of overtaking vehicle velocity and Bytel
vehicle velocity at any moment in time should not be
greater than 10m/s. Based on the vehicles velocities
difference chart system has been found to meet this
assumption.

(v) Inspection of alarm activation:
In order to inspect correctness of activation of yellow
and red alarm, the following charts were used: TTC
(Time To Collision), YCD (Yellow Critical Distance),
and RCD (Red Critical Distance) compared to 𝑋𝑟
(relative position of object in 𝑥 axis). Charts are
shown in Figure 16.

(vi) Inspection of yellow alarm activation:
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According to the assumptions of the design, the
yellow alarm should be activated under the following
conditions:

(a) TTC (Time To Collision) ranges from 4 to 10 s
or

(b) the value of the relative position of the object
in the 𝑥-axis representing the longitudinal axis
of the Bytel vehicle is less than the value of the
function YCD (Yellow Critical Distance).

Based on the charts of relative position of the object in
the 𝑥-axis and functions of Yellow Critical Distance,
charts of TTC and yellow alarm activity system have
been found to meet this assumption.

(vii) Inspection of red alarm activation:
According to the assumptions of the design, the
red alarm should be activated under the following
conditions:

(a) TTC (Time To Collision) ranges from 0,1 to 4 s
or

(b) the value of the relative position of the object
in the 𝑥-axis representing the longitudinal axis
of the Bytel vehicle is less than the value of the
function RCD (Red Critical Distance)

Based on the charts of relative position of the object
in the 𝑥-axis and functions of Red Critical Distance,
the charts of TTC and red alarm activity system have
been found to meet this assumption.

(viii) Inspection of operation of LL alarm corresponding to
extreme left scanning area:
As designed LL alarm should be activated when the
vehicle is detected in an angular range from 48∘
to 87.5∘. Based on the charts, TIS sensor range, the
angle of appearance of the object, and graph LL
alarm activity system have been found to meet this
assumption.

(ix) Inspection of operation of L alarm corresponding to
left scanning area:
As designed L alarm should be activated when the
vehicle is detected in an angular range from 7∘ to 49∘.
Based on the charts, TIS sensor range, the angle of
appearance of the object, and graph L alarm activity
system have been found to meet this assumption.

(x) Inspection of operation of C alarm corresponding to
central scanning area:
As designed, C alarm should be activated when the
vehicle is detected in an angular range from −8∘ to
8∘. Based on the charts, TIS sensor range, the angle of
appearance of the object, and graph C alarm activity
system have been found to meet this assumption.

(xi) Inspection of operation of R alarm corresponding to
right scanning area:

As designed R alarm should be activated when the
vehicle is detected in an angular range from −49∘ to
−7∘. Based on the charts, TIS sensor range, the angle
of appearance of the object, and graphR alarmactivity
system have been found to meet this assumption.

(xii) Inspection of operation of RR alarm corresponding to
extreme right scanning area:
As designed RR alarm should be activated when the
vehicle is detected in an angular range from −87,5∘
to −48∘. Based on the charts, TIS sensor range, the
angle of appearance of the object, and graph RR
alarm activity system have been found to meet this
assumption.

5.2.3. Final Results of Virtual Verification. Based on the above
results, Table 1 of test cases was completed, and it was found
that tests for scenario I were completed successfully as can be
seen in Table 2.

6. Consideration of Possible Improvements

Although the final result of applying the described method
was satisfying, there were still areas for the improvement.
First of all there should be stronger emphasis put on the
iterative approach to design, combining design phase with
testing phase.

In this context, it is important to choose the scenarios
of simulation tests carefully and, on the basis of subsequent
experience, expand the list of these scenarios to the new
situations observed in the race conditions.

What also would be of a great value is real-life implemen-
tation system and comparison of real-life values with outputs
received from simulation.This could help to identify the areas
where the described method does not prove correct or needs
improvement.

Similarly, as TASS, PreScan enables also creating exper-
iments for various weather conditions and it would be
valuable to test the designed system for different atmospheric
conditions. It is especially true for systems that assume using
sensors which output values are weather-dependent (e.g.,
sonars, Lidars).

There is considerable potential for the transfer of work
results related to the BLIS system as well as its methodology
for commercial development.The particular advantage of the
developed system is its modularity and the ability to adapt to
other types of vehicle and other operating conditions.

7. Conclusions

Thedescribedmethod of AdvancedDriver Assistance System
design, with the use of virtual prototyping tool, has been
applied in real-life project. The outcome of taking this
approach can be evaluated as successful, since the reasons
for using this kind of method have been proven and the final
results have been considered satisfying.

Using simulation method in ADAS design shortens work
time, makes the iterative approach to design easier and
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Table 2: Approved results of test cases.

Number Test description Initial conditions Expected value Outcome
(1) Calculation verification Approved

(1.1) 𝑋
𝑟
position rangeTIS ̸= 0 𝑋

𝑟
≅ 𝑋V − 𝑋𝑜 Approved

(1.2) 𝑌
𝑟
position rangeTIS ̸= 0 𝑌

𝑟
≅ 𝑌V − 𝑌𝑜 Approved

(1.3) Yellow Critical Distance rangeTIS ̸= 0 YCD = −4 ∗ abs(𝑌
𝑟
) + 12 Approved

(1.4) Red Critical Distance rangeTIS ̸= 0 RCD = −4/3 ∗ abs(𝑌
𝑟
) + 4 Approved

(1.5) Time To Collision 𝑉dopp ̸= 0 TTC = −rangeTIS/𝑉dopp Approved
(2) Visual tests Approved

(2.1) Object approaches from direction
assumed in the scenario description - Left/right side, behind the

object Approved

(2.2) Object is in the sensor range - The object is in the sensor
range Approved

(2.3) Correct functioning of the LL
warning LED

Object in the LL area,
danger LED lights up Y/R Approved

(2.4) Correct functioning of the L
warning LED Object in the L area, danger LED lights up Y/R Approved

(2.5) Correct functioning of the C
warning LED Object in the C area, danger LED lights up Y/R Approved

(2.6) Correct functioning of the R
warning LED Object in the R area, danger LED lights up Y/R Approved

(2.7) Correct functioning of the RR
warning LED

Object in the RR area,
danger LED lights up Y/R Approved

(3) Computational tests Approved

(3.1) Object velocity/Bytel vehicle
velocity 𝑉V ̸= 0 ≥1 Approved

(3.2) Object velocity/Bytel vehicle
velocity 𝑉V ̸= 1 ≤10m/s Approved

(3.3) Object velocity - ≤12m/s Approved
(3.4) Bytel vehicle velocity - ≤10m/s Approved

(3.5) Turning on yellow alert 4 ≤ TTC ≤ 10 ∪ (𝑋
𝑟
≤

YCD ∩ 𝑉dopp < 0 ∩ 𝑋𝑟 ̸= 0)
yellowAlert = 1 Approved

(3.6) Turning on red alert 0.1 ≤ TTC ≤ 4 ∪ (𝑋
𝑟
≤

RCD ∩ 𝑉dopp < 0 ∩ 𝑋𝑟 ̸= 0)
redAlert = 1 Approved

(3.7) LL area control 48 ≤ thetaTIS ≤ 87.5 alertLL = 1 Approved
(3.8) L area control 7 ≤ thetaTIS ≤ 49 alertL = 1 Approved
(3.9) C area control 8 ≤ thetaTIS ≤ −8 alertC = 1 Approved
(3.10) R area control −49 ≤ thetaTIS≤ −7 alertR = 1 Approved
(3.11) RR area control −87.5 ≤ thetaTIS ≤ −48.5 alertRR = 1 Approved

faster, enables early error detection and identification, and
encourages parallel work. Therefore, it can be stated that
using this method results also in costs reduction and system
quality improvement.

The elimination of the need to verify the system in
practice is due to the use of algorithms that verify the
simulation results without allowing uncritical reliance on
simulation results solely.

The high reliability of the BLIS system itself was achieved
by taking into account not only the position of the adjacent
vehicles, but also their direction of travel as well as the
relative speed of the vehicles. This made it possible to
calculate the potential collisions and predict the time it could
take place (TTC). This approach eliminates false alarms of

most nonroad traffic situations, despite the relatively close
proximity of the vehicle to other objects on the track or in
the immediate vicinity.
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This article proposes a comparative method to assess the performance of artificial neural network’s direct inverse control (DIC-
ANN) with the PID control system. The comparison served as an analysis tool to assess the advantages of DIC-ANN over
conventional control method for a UAV attitude controller. The development of ANN method for UAV control purposes arises
due to the limitations of the conventional control method, which is the mathematical based model, involving complex expression,
and most of them are difficult to be solved directly into analytic solution. Although the linearization simplified the solving process
for suchmathematical based model, omitting the nonlinear and the coupling terms is unsuitable for the dynamics of the multirotor
vehicle. Thus, the DIC-ANN perform learning mechanism to overcome the limitation of PID tuning. Therefore, the proposed
comparative method is developed to obtain conclusive results of DIC-ANN advantages over the linear method in UAV attitude
control. Better achievement in the altitude dynamics was attained by the DIC-ANN compared to PID control method.

1. Introduction

The advancement of the Unmanned Aerial Vehicle (UAV)
has triggered the development of the autonomous technology
for various assignments, from the applied strategic and
tactical mission to the simple carrier of the video shooting
camera and, recently, the SAR purposes [1, 2]. Meanwhile, in
the field of autonomous technology, UAVs already become
the preferred platform for research and development of
the flight control systems. Numerous types of UAV have
been constructed and developed for research platform, and
between those types, the quadrotor becomes the popular
type. The popularity emerged because of the construction’s
simplicity, the easiness of maintenance, their ability to hover,
and the capability of performing vertical take-off and landing
(VTOL) [3]. The quadrotor also provides two advantages
from the traditional rotorcraft vehicle like the helicopter [3].
First, the quadrotor does not require complicated linkages
to actuate its rotor; instead, the flight was controlled by
varying the angular speed of each rotor. Second, by using
four propellers instead of one, the quadrotor required smaller
diameter for propellers.

The quadrotor is a basically unstable aerial vehicle [4].
Such instability—although quadrotor has been successfully
flying in 1920—has inhibited the development of the prac-
tical quadrotor until recent years. The instability occurred
because of the difficulties of controlling all of the four rotors
simultaneously with a proper amount of bandwidth [3]; until
these days, due to the availability of sophisticated flight
controller board, one can fly the unmanned quadrotor using
the aeromodelling remote controller. These conventional
flight controllers, including the commercially produced, were
based on the PID controlmethod and designed bymathemat-
ical based model.

The PID control method is a common method of control
which processes the error signal into input signal by the
aid of proportional factor (P), integrative action (I), and
differential action (D). The states were compared with their
respective references (the set points) to obtain the error
signal. The error signal amplified with the proportional gain
(𝐾P), interpreted as the present error term, to improve the
speed of the system response to its error. In parallel, the
error signal also integrated together with the integral gain
(𝐾I) as the accumulation of the past error term and being
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differentiated together with the derivative gain (𝐾D) as the
prediction of future error term [5].These gains were adjusted
with the tuning methods based on the linear mathematical
model that represents the dynamics of the system. The PID
gains can be tuned easily for the systems with a low level of
nonlinearity and perfectly uncoupled between the modes of
its dynamics. On the contrary, the quadrotor flight dynamics
is a highly nonlinear, strongly coupled,multivariable, and also
underactuated system [4]. Hence, these contraries stimulated
various research about quadrotor flight control methods
besides PID.

Alongside the linear control method like PID, the nonlin-
ear methods are also developed widely from the underwater
robot like ROV [6, 7] and AUV [8, 9], to the aerial robot
like quadrotor. Several appliedmethods for the quadrotor and
unmanned robots are the backstepping control [10–13], slid-
ing mode control [9, 14–17], and the learning-based control
method like fuzzy logic and artificial neural-network-based
controllers [18]. This article compared one of the artificial
neural-network-based controllers, that is, the artificial neural
network’s direct inverse control (DIC-ANN), with the PID
controller in the quadrotor attitude dynamics.

Artificial neural network (ANN) is a parallel distributed
processor consisting of simple neurons that enabled memo-
rizing the knowledge of a system by mimicking its nonlinear
model after training process [19]. In the control areas, the
ANN-based control system arises due to the drawbacks of the
nonlinear control systems like backstepping, sliding mode
controller, and so forth. The backstepping controller has
a fast converge rate and can handle uncertainties, but the
robustness is bad; while the sliding mode controller has good
robustness and simple physical implementation, it suffers the
chattering phenomena [20].

TheANNworked as regressor structure whichminimizes
an error function in an iterative process by applying the
backpropagation of error algorithm. Since ANN is a non-
parametric model consisting of connected neurons in several
layers, the training process will adjust the weight in every
neuron’s connection to obtain the optimum fitting of system
dynamics representation. For control purposes, the ANN
has been used to invert the system dynamics to obtain the
input signal correlated with the desired output results. The
inversion technique initiates the direct inverse control (DIC)
method with the use of ANN. The ANN method has been
applied for nonlinear systems from chemical reactor [21] to
nuclear purposes [22], whereas, in the field of unmanned
system’s controller, the DIC-ANN becomes research topics
in UAV, for example, hexacopter [19], helicopter [23], and
quadrotor [24] to the AUV [8].

This article proposed the method of comparing the DIC-
ANN with the PID control method. The research of DIC-
ANN in UAV controller [19, 23, 24] has published the
advantages of the method for UAV application. However, to
validate their improvement, the results still not be comparable
with the conventional control method. Hence this article
assesses the requirement of such comparison for the valida-
tion purpose. The method was derived to perform a “head to
head” comparison to measure the improvement occurred.

To give insight into the proposed comparative method
between ANN and PID control in quadrotor attitude, the
paper will be organized as follows. After introductory nar-
ration in the first section, Section 2 will address the PID
control system representing the dominant conventional con-
trol method for UAV. To introduce the ANN control system,
Section 3 will present the DIC-ANN control system for
quadrotor attitude dynamics. Since the ANN-based control
appears to have advantages compared to the conventional
control method, Section 4 will discuss the comparison
method required for validation purposes. Continued from
the previous sections, the comparative analysis will be per-
formed in Section 5 to validate the advantages of DIC-ANN
over PID control method. Finally, Section 6 will conclude the
work in this article.

2. PID Control of Quadrotor Dynamics

The PID is a popular method of control for various system
dynamics. Besides the wide application in the industry, the
PID was also applied in UAV control systems. Including
the quadrotor, PID also become a common method to
build the flight controller. Although many methods and
control algorithms have been explored for a quadrotor,
like backstepping, sliding mode, feedback linearization, and
adaptive control, the PID method was popularly applied
in current control board developer [25]. The main reason
of PID implementation is the simple structure, the simple
hardware implementation, being easily tunable, and having
a good range of performance [26]. Yet the PID controller was
simple to be implemented, but the manual tuning process
for its gains is a complex and time-consuming effort with
required experience and caution [25]. Moreover, from the
practitioner point of view, the mathematical based PID
tuning is considered to be difficult and impractical for the
quadrotor purpose, so they tuned their PID by trial and error
method instead [27–30].

2.1. Quadrotor Attitude Dynamics. The quadrotor is a UAV
built from four rotors installed at the corner of “plus” shaped
frame (the + configuration). Each rotor consists of a fixed-
pitch propellermounted to the brushless DCmotor for lifting
the vehicle while controlling its attitude simultaneously. As
an illustration, Figure 1 showed the quadrotor built by the
Computational Intelligence and Intelligent Systems (CIIS)
research group of Universitas Indonesia for their research
purposes.

Quadrotor gains its recent popularity from recreational,
commercial, and military purpose [31]. The commercial
aspect varies from filming landscapes to movies, even deliv-
ering purchased items to buyers with the aid of GPS [32].The
advanced purposes also served by quadrotor are such as real-
time information gathering for disaster area [1] and becoming
part of rescuing technology in SAR activities [2]. Quadrotor
is also popular as a research platform in flight control areas
due to the simple design andmaintenance; the ability to take-
off, hover, and land vertically; being inexpensive and of lower
risk compared to traditional helicopter [3, 32].The quadrotor
controlling can be illustrated as shown in Figure 2.
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Figure 1: Quadrotor UAV.
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Figure 2: Quadrotor flight convention.

The typical quadrotor sketched in Figure 2 was having
the known rotorcraft characteristics of underactuated and
strong coupling in pitch-yaw-roll [33]. The latitude (𝑧) of
hovering, rolling (𝜙), pitching (𝜃), and yawing (𝜓) are directly
actuated by changing the rotor’s RPM, while the forward
and side translation can only be performed indirectly. This
underactuated system of quadrotor dynamics will become a
suitable case for control method comparison and evaluation.
The addition of strong nonlinearity and coupled dynamics
brought another challenge to be handled by the compared
methods.

Conventionally, the quadrotor dynamic model was
derived from the first principle technique. Starting with the
Newton-Euler equation ofmotion, the rotational dynamics of
UAV can be expressed by the following vector equation [34]:

J�̇�⇀𝜔 = ⇀𝑢 − ⇀𝜔 × (J⇀𝜔) . (1)

Equation (1) is related to the quadrotor’s angular acceleration
vector, �̇�⇀𝜔 , due to the control torque vector, ⇀𝑢 , over the cross
product of its current angular rate, ⇀𝜔 , and its inertia tensor,
J, while the quadrotor’s angular acceleration vector, �̇�⇀𝜔 , is
inversely proportional to the inertia tensor, J. The inertia

tensor consists of three inertia terms with respect to 𝑥, 𝑦, and𝑧 rotation axis, that is, 𝐼𝑥𝑥, 𝐼𝑦𝑦, and 𝐼𝑧𝑧, plus another six terms
of product of inertia between their respective crossed axis,
that is, 𝐼𝑥𝑦, 𝐼𝑦𝑥, 𝐼𝑦𝑥, 𝐼𝑦𝑧, 𝐼𝑧𝑥, and 𝐼𝑧𝑦, arranged as follows:

J = [[[[
𝐼𝑥𝑥 𝐼𝑥𝑦 𝐼𝑥𝑧𝐼𝑦𝑥 𝐼𝑦𝑦 𝐼𝑦𝑧𝐼𝑧𝑥 𝐼𝑧𝑦 𝐼𝑧𝑧

]]]]
. (2)

The quadrotor angular rate ⇀𝜔 consists of the rolling rate,𝑝, pitching rate, 𝑞, and yawing rate, 𝑟, in the vector bracket⇀𝜔 = [𝑝 𝑞 𝑟]𝑇. The quadrotor control torque vector, ⇀𝑢 ,
consists of rolling torque rolling, 𝑢𝜙, pitching torque, 𝑢𝜃, and
yawing torque, 𝑢𝜓, as expressed in the vector bracket ⇀𝑢 =[𝑢𝜙 𝑢𝜃 𝑢𝜓]𝑇.

In practice, by expanding (1) together with (2), one
can rearrange it to obtain another form of Newton-Euler
formalism for the quadrotor attitude dynamics equation as
follows [35, 36]:

�̇� = 𝐼𝑦𝑦 − 𝐼𝑧𝑧𝐼𝑥𝑥 𝑞𝑟 − 𝐽𝑇𝑃𝐼𝑥𝑥 + 𝑢𝜙𝐼𝑥𝑥
̇𝑞 = 𝐼𝑧𝑧 − 𝐼𝑥𝑥𝐼𝑦𝑦 𝑝𝑟 − 𝐽𝑇𝑃𝐼𝑦𝑦 + 𝑢𝜃𝐼𝑦𝑦
̇𝑟 = 𝐼𝑥𝑥 − 𝐼𝑦𝑦𝐼𝑧𝑧 + 𝑢𝜓𝐼𝑧𝑧

�̈� = −𝑔 + (cos 𝜃 cos𝜙) 𝑢𝑧𝑚 .

(3)

Equation (3) shows the quadrotor’s angular acceleration in
rolling (�̇�), pitching ( ̇𝑞), and yawing ( ̇𝑟) axis, as functions
of moment of inertias in 𝑥-, 𝑦-, and 𝑧-axis (𝐼𝑥𝑥, 𝐼𝑦𝑦, 𝐼𝑧𝑧);
rotor inertia (𝐽𝑇𝑃); control torque for rolling-pitching-yawing(𝑢𝜙, 𝑢𝜃, 𝑢𝜓); and roll-pitch-yaw angular rates (𝑝, 𝑞, 𝑟). The
hovering dynamics expressed the quadrotor’s vertical accel-
eration (�̈�) as a function of mass (𝑚), gravity constant (𝑔),
vertical control thrust (𝑢𝑧), and pitching and rolling angle
(𝜃 and 𝜙). In kinematics, the roll-pitch-yaw angular rates(𝑝, 𝑞, 𝑟) were measured in body frame and rotating the
quadrotor to achieve its orientation in the inertial frame.The
orientation of the quadrotor can be observed as the roll-pitch-
yaw flight angles (𝜙, 𝜃, 𝜓) and their differential with respect to
time related with 𝑝, 𝑞, 𝑟, as follows [37]:

{{{{{{{
̇�̇�

𝜃�̇�
}}}}}}}

= [[[[[

1 sin𝜙 tan 𝜃 cos𝜙 tan 𝜃0 cos𝜙 − sin𝜙
0 sin𝜙

cos 𝜃 cos𝜙
cos 𝜃

]]]]]
{{{{{

𝑝𝑞𝑟
}}}}}

. (4)

Equations (3) and (4) clearly show the nonlinearity of the
quadrotor angular dynamics, for example, the multiplication
between states𝑝, 𝑞, 𝑟 in (1) or between states 𝜙, 𝜃,𝜓 in (2).The
strong coupling can also be seen in the 𝜃 and 𝜙 interaction
when moving the (�̈�); in other words, to induce a vertical
climb the quadrotor also experienced the pitch-roll coupling
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Figure 4: PID control scheme for quadrotor dynamic system.

and vice versa. Consequently, a proper model of altitude
dynamics involved all roll, pitch, and yaw coupling each other.
Thus, controlling the altitude dynamics is interrelated with
the control of rolling, pitching, and yawing movement.These
conditions enhanced the requirement to perform a modeling
method which accommodates such strong nonlinearities.
After the completion of Section 2, such requirement of
nonlinear modeling is accommodated by applying the ANN-
based system identification tomodel the quadrotor dynamics
in Section 3.

2.2. The Main Ideas in PID Control Systems. The PID control
method works in a feedback scheme to stabilize a system
dynamics.The feedback line passes the output to the summa-
tion junction to obtain the errors and proportionally multi-
plies it (P-action), integrates it (I-action), and differentiates
it (D-action) into the system’s input to have it reduced.
For optimal result, these P, I, and D actions are amplified
with their respective gains, 𝐾P, 𝐾I, and 𝐾D as illustrated in
Figure 3.

The proportional action is speeding the system’s response
to counter the error according to the 𝐾P gain. Thus, better
response due to error measured should be obtained by
high 𝐾P gain. However, the increment of 𝐾P gain above a
certain limit can destabilize the system. The integral action
accumulated the error and continually reduce the further
error values.The optimum value of𝐾I eliminates the system’s
steady state error.The differential action processed the rate of
change of the system’s error. The sensitivity of this action was
affected by 𝐾D. The optimum value of 𝐾D predicts the future
error of the system, to anticipate such error.

To produce the best result, these gains must be tuned to
attain the optimal combination. Such tuning was dependable
on the accuracy of the dynamic modeling. For practical
purposes, the developed PID technique is mostly tuned in
the linearized model of the system. Thus, applying PID in
quadrotor will potentially uncover its nonlinearity aspects.

2.3. Constructing PID Controller for Quadrotor Attitude
Dynamics. Recently, most of the various flight controller
boards like Ardupilot, Pixhawk, and OpenPilot applied the
PID controlmethodwith double loop structure for roll, pitch,
and yaw channel [25]. Thus, PID becomes the conventional
method inUAV’s autonomous feature. In the field of research,
the quadrotor’s PID control was processing the error values
to generate the control torsion [38–40]. This is due to the
application of Newton-Euler model to analyze the quadrotor
flight behavior.

The controller scheme in Figure 4 compares the roll, pitch,
yaw, and altitude with their references as their respective
errors. Each error values were fed into the PID to produce the
hovering thrust, the rolling, pitching, and yawing control tor-
sion. Such configuration was common in quadrotor studies
involving PID, according to the following structure [40–42]:

𝑢𝑧 = 𝐾P𝑧 (𝑧𝑟 − 𝑧) + 𝐾I𝑧 ∫ (𝑧𝑟 − 𝑧) + 𝐾D𝑧
𝑑𝑑𝑡 (𝑧𝑟 − 𝑧)

𝑢𝜙 = 𝐾P𝜙 (𝜙𝑟 − 𝜙) + 𝐾I𝜙 ∫ (𝜙𝑟 − 𝜙) + 𝐾D𝜙
𝑑𝑑𝑡 (𝜙𝑟 − 𝜙)

𝑢𝜃 = 𝐾P𝜃 (𝜃𝑟 − 𝜃) + 𝐾I𝜃 ∫ (𝜃𝑟 − 𝜃) + 𝐾D𝜃
𝑑𝑑𝑡 (𝜃𝑟 − 𝜃)
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Table 1: The PID gains.

Configuration Mode KP KI KD N Remark

Config. #1

Roll (𝜙) 0.4 0.3 0.1 5

Assuming all rotors have similar characteristicsPitch (𝜃) 0.4 0.3 0.1 5
Yaw (𝜓) 0.2 0.1 0.1 5

Altitude (z) 0.3 0.3 0.1 5

Config. #2

Roll (𝜙) 0.4 0.3 0.1 5

Treating each rotor with its own respective coefficientsPitch (𝜃) 0.4 0.3 0.1 5
Yaw (𝜓) 0.2 0.1 0.1 5

Altitude (z) 0.3 0.3 0.1 5

Config. #3

Roll (𝜙) 2 5 2 5

Treating each rotor with its own respective coefficientsPitch (𝜃) 2 5 2 5
Yaw (𝜓) 1 5 2 5

Altitude (z) 2 2.5 0.5 5

𝑢𝜓 = 𝐾P𝜓 (𝜓𝑟 − 𝜓) + 𝐾I𝜓 ∫ (𝜓𝑟 − 𝜓)
+ 𝐾D𝜓

𝑑𝑑𝑡 (𝜓𝑟 − 𝜓) .
(5)

The symbols 𝜙, 𝜃, and𝜓 refer to the flight angles of roll, pitch,
and yaw. Thus, 𝑢𝑧 denotes the hovering thrust, while 𝑢𝜙, 𝑢𝜃,
and 𝑢𝜓 denote the rolling, pitching, and yawing torsion.

To perform the comparative simulation, the quadrotor
was modeled using the ANN-based system identification
which directly related the altitude and flight angles as the
function of the PWM values, that is, the motor command
signals. The choice of such PID structure, although common
in quadrotor flight analysis was unable to be directly cascaded
to the twin ANN model for comparison purpose in this
article. Thus, as illustrated in previous Figure 4, a special
inverse mechanism must be constructed to convert this
controlling force-torsion into PWM values or the motors
command signals.

2.4. Tuning the Quadrotor PID Gains . There are many types
of tuning methods, varying from the simple Ziegler-Nichols
to the more advanced fuzzy logic based tuning to obtain a
good combination of PID gains [43]. However, an extensive
study by O’Dwyer revealed that there were many industrial
PID controllers “out of tune” [44]. Thus, regardless of the
numerous methods available, the PID tuning was not really
a simple task. Similarly, in the practical world, the quadrotor
practitioners found that the tuning of quadrotor’s PID was
difficult [27]. Hence, they tuned their PID by using trial and
error method [27–30].

From their trial and error approach, these quadrotor
practitioners developed systematics steps that differ from one
to another. Beginning from the roughmethod, the quadrotor
flight dynamics were observed, and then the PID gains are
adjusted until the oscillation disappears [29] and continued
with the common procedure which tuned the pitch and roll
parameters with the same values and then tuned the yaw
[27]. Another separated technique is tuning one axis at a
time, from roll, pitch, and then yaw axis, while the quadrotor

hovers. In that axis, they adjust each gain of 𝐾P, 𝐾I, and 𝐾D.
Due to the coupling dynamics of quadrotor, they return to
readjust the gains of previous axis [28].Thedifferent sequence
is also used by tuning of 𝐾P first, then 𝐾D, and finally the 𝐾I
gains [30]. Initially, the gains were set to zero and then slowly
increased until the quadrotor’s oscillation critically damped;
after that, the tuning process repeated until quadrotor flies in
a stable manner.

A practitioner’s method in tuning quadrotor’s PID gains
using computational software was reported in [45]. Although
the computational software seemed to result in optimized
gains, the first flight crashed due to the incorrect sampling
rate, and extensive tuning had to be performed again to fly
the quadrotor at the following attempt. Furthermore, the
increment of the controller performance conducted by tuning
the PID gains manually. These conditions have enhanced the
requirement of an accurate model of quadrotor’s dynamic to
correctly tune its PID gains.

The manual tuning of PID still becomes a common
preferable method in quadrotor control studies [40, 41, 46].
Thus, in this work, the PID gains were manually tuned to
work on the discrete form of controller [47]:

𝐾P + 𝐾I ⋅ 𝑇𝑠 1𝑧 − 1 + 𝐾D
𝑁1 + 𝑁 ⋅ 𝑇𝑠 (1/ (𝑧 − 1)) . (6)

After extensive iteration, the optimal gains are obtained in
Table 1.

Figure 5 showed the result of several tuning processes
with the gains described in Table 1 before obtaining the
preferable response of PID control on quadrotor altitude.The
reference altitude profile is plotted by the green dashed line,
showing two ramps and two segments of constant altitude.
This choice of the pattern is explained in detail in Section 5.
Thus, the objective of the tuning is to obtain such altitude
response which follows the reference profile with small error
to ensure the quadrotor is able to hover as commanded.

The first gain combination in the upper part of Table 1
results in the “Config 1” response drawn in black dash-
dotted line in Figure 5. The gain was the same as the “Config
2” whose responses are also displayed in the blue dotted
line. The significant difference between them is the way of
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converting PID results into PWM values. In the “Config
1,” the PWMs are calculated using a single parameter of
the motor, assuming that they were similar to each other.
Unfortunately, each motor has their unique characteristic
which cannot be neglected, and the ANN system identifica-
tion captured this characteristic inside the quadrotor model.
Hence, each motor then separately measured again and each
of their parameters inputted the force-torsion converter to
PWM. After recognizing the characteristics of each motor
individually, the PID with the gain combinations in the
middle part of Table 1 yield better response as plotted in
“Config 2” curve. The further explanation of the PWM
converter will be presented in Section 4.3.

The response of “Config 2” PID is still inadequate to bring
the quadrotor into the desired altitude. Thus, the gains were
increased again as in the combination in the lower part of
Table 1 to speed up the response, while the limiters added
and bound the controlling torsion and thrust inside the upper
and lower threshold to avoid divergence. In the final trial,
the “Config 3” gains obtained and enabled the quadrotor
achieved the desired altitude shown with the red solid curve
in Figure 5. However, a superposition of oscillation occurred
as transient response. Nevertheless, since these gains are the
best result of extensive trial and error process, then the PID
with “Config 3” gains are chosen to be compared with the
DIC-ANN in the following section. The performance of this
PID controller is discussed in the comparative analysis at the
Section 4.

3. Direct Inverse Control: Artificial
Neural Network for Controlling Quadrotor
Attitude Dynamics

This article will compare theDIC-ANNwith the conventional
control, which is represented by the PID method. The
artificial neural network’s direct inverse control (DIC-ANN)

method itself had shown terrific achievement in controlling
nonlinear dynamics aspect of UAV [19, 23, 24]. Consider-
ing the quadrotor as a highly nonlinear, strongly coupled,
interacting in multivariable dynamics, and underactuated
system [4], the DIC-ANNwill be suitable for controlling such
system. Thus, this section will present the quadrotor flight
data and then discuss the DIC-ANN method together with
the artificial neural-network-based modeling and control.

The direct inverse control (DIC) is a method to obtain
the required input of a system to produce the desired output
by constructing its dynamics inversion. In a linear system,
such inversion can be performed analytically, for example,
the dynamic inversion control method [48]. However, since
quadrotor flight is a dynamic system with strong nonlin-
earity [4], the dynamic inversion will not be suitable to
be implemented. In addition, the dynamic inversion can-
not be performed alone for quadrotor because the system
underactuated condition cannot guarantee that the vehicle
will achieve the desired outputs [33]. Thus, the inversion of
quadrotor’s dynamic needs to be constructed in suchmanner
to accommodate its strong nonlinearity and underactuated
condition. In this work, the DIC-ANN were implemented to
control the quadrotor for a better flight performance.

3.1. The Direct Inverse Control of the ANN-Based Controller
Design. The DIC-ANN applies the artificial neural network
controller for a nonlinear process. Generally, the artificial
neural network has been utilized for system identification
and controller in wide areas of applications from the indus-
trial nonlinear process to the vehicle control system. These
included the thermal dynamic of pulsating heat pipe [49]
and greenhouse temperature [50] to the autonomous vehicle
control [51] and UAVs [19, 23, 24].

The DIC-ANN was constructed by directly cascading the
system’s inverse, which consists of the artificial neural net-
work controller, with the plant or the controlled system. The
arrangement provides an identity that mapped the reference
signal to the output of the controlled system. Consequently,
the cascaded arrangement allows the artificial neural network
to directly control the system’s dynamic and achieve the
desired response. The cascaded arrangement illustrated in
Figure 6 was developed to control the quadrotor in this
article. The DIC produce required control command 𝑢, to
bring the quadrotor states 𝑦, in achieving the reference states,𝑟.

As an advantage, the DIC-ANN was able to use the most
powerful feature of the artificial neural networks learning
mechanism to synthesize its controller parameters. However,
the initial output depended on the semirandomly initial
weight matrix of the artificial neural network, which may
reduce the controller robustness [52]. The block diagram
illustrated in Figure 6 also showed that the direct inverse
controller will depend solely on the reliability of the ANN
controller in the inverse block.

In general, problems might be showed up and arisen
severely because of no feedback signal involved, and further-
more, the absence of the feedback line will cause the lack of
the ANN controller robustness. To optimize the open loop
arrangement of the DIC, a feedback line was then equipped
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into the input channel of the ANN controller so the closed
loop system is achieved as illustrated in Figure 7.The required
control command 𝑢, quadrotor states 𝑦, and the reference
states 𝑟 become the input for DIC-ANN with their delayed
values symbolized by the D blocks.

The DIC applied the multilayer perceptron in its ANN
controller which consists of an input layer, one hidden layer,
and an output layer while the learning mechanism employed
the backpropagation of error method. The learning process
was conducted iteratively by adjusting the ANN weights that
connect the neurons in the hidden layer with the output
layer, according to the vector of the quadrotor input pattern
and its desired output vector, that is, the corresponding
set of the quadrotor output patterns. In parallel with the
iteration, an input vector propagated forward in the network
to temporarily calculate the output vector of the output
layer. The difference of this output vector with its reference
value will be defined as the error to be minimized by
adjusting the connections weights. The backpropagation of
error determines these adjustments by using the function of
the neuron’s mathematical model. As the learning process
converges tominimize themean square root error (MSE), the
iteration stopped once theMSE fall below a chosen threshold.

3.2. The Quadrotor Telemetry Data. The artificial neural
network (ANN) is a suitable method for modeling nonlinear
systems, for example, quadrotor’s flight dynamic. To obtain
the model of the system’s dynamics, the ANN runs a learning
algorithm which iteratively relates the output of the system
with its input until the acceptable error is achieved. Thus,

to obtain the quadrotor ANN model, the flight test must be
conducted in gathering the flight data.

The UAV flight test is different from the common aircraft
flight test. Due to the small dimension of the quadrotor
UAV, its flight test becomes less in risk and less in the effort.
The popularity of quadrotor had brought many practitioners
which become a skilled pilot to fly the quadrotor for required
maneuvers. The commercial controller device also equipped
with data logging feature to record the gyro and accelerator
output. Since conducting flight test has become feasible, the
system identification for quadrotor can be performed to
model its dynamics directly from the logged flight data.

The scope of this article is the altitude dynamics which
involved the inner loop of the quadrotor flight control.Hence,
the flight data to be processed consist of the quadrotor’s
altitude, its Euler flight angles, and its command signal for the
motors. The Euler angles were roll, pitch, and yaw angle, and
the commanded motor was PWM values for all the motor.
The 4 minutes of the test result was presented in the green
dash-dotted thick lines in Figure 9.

While the quadrotor was hovering, the test pilot excited
the control stick to oscillate the quadrotor in rolling and
pitching. In the green dash-dotted thick lines in roll and
pitch graph of Figure 9, these variations logged between −20
and +20 degrees of flight angle. Before ending the flight test,
the test pilot performs circular movement to vary the yaw
angle from the direction of 100 to direction 120 (both in
degrees). The altitude response showed the take-off, hover,
and landing in the flight test. These flight data, especially
the variations recorded, identified the quadrotor dynamics
system by training the ANN model. After obtaining the
sophisticated model, the ANN-DIC and PID controller can
be compared head to head using this twin quadrotor dynamic
model.

3.3. Modeling Quadrotor Using Artificial Neural Network Sys-
tem Identification. The quadrotor dynamics can be modeled
by many ways, such as the physical based modeling which
derived from the first principle or using the system identi-
fication methods which relied on the flight data. In a con-
ventional way, the model from the first principle depended
on the accuracy of its physical properties such as dimension,
weight, andmoments of inertia. However,moments of inertia
can only be estimated by geometrical approximation [37,
53], CAD [54, 55], or pendulum method [56]. While the
estimation relied on the measurement precision, dimension,
and the construction of the pendulum [57], it also suffers
from unmodeled phenomena when oscillating the UAV [58].
Thus, a system identification performed to build a reliable
model for quadrotor dynamics which accommodated the
nonlinearity, coupled and underactuated dynamics, that is,
the ANN system identification.

Artificial neural network can be envisaged as a nonlinear
transformation between multidimensional input and output
[59]. In this work, the implemented ANN related the output
of a system as the function of its input to be processed inter-
relatedly into a set of activation functions via an optimum
combination of weights. The weights then were iteratively
tuned by the backpropagation of error algorithm using the
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difference between the models’ output from the system real
output to adjust the weights.

A nonlinear dynamic system, which processes input 𝑥
into output𝑦, can be approximated with the followingmodel:

𝑦 (𝑘) = 𝑓 (Φ (𝑘) , Θ) . (7)

𝑦(𝑘) denotes the model’s output,Φ(𝑘) denotes the regression
vector, and Θ denotes the parameter vector. Choose the
Nonlinear AutoRegressive networks with eXogeneous inputs
(NARX) structure using the finite amount of past inputs
and past outputs as expressed by the regression function as
follows:

Φ (𝑘) = (𝑥 (𝑘 − 1) , . . . , 𝑥 (𝑘 − 𝑁𝑥) , 𝑦 (𝑘 − 1) , . . . ,
𝑦 (𝑘 − 𝑁𝑦)) , (8)

where 𝑁𝑥 is the maximum lag of input and 𝑁𝑦 is the
maximum lag of output.

As the learning mechanism, the back propagation of
error will approximate the nonlinear mapping for the NARX
identification model as illustrated in Figure 8. The artificial
neural network to identify the quadrotor dynamics will be
defined by the input neuron including the input and output
signal with 𝑁𝑥 = 2 and 𝑁𝑦 = 2, followed by a hidden
layer consisting of 20 neurons and 4 output neurons. Each
of the input elements (𝑥(𝑘 − 1), . . . , 𝑥(𝑘 − 𝑁𝑥) and 𝑦(𝑘 −1), . . . , 𝑦(𝑘 − 𝑁𝑦)) is multiplied with the weight V𝑥𝑛𝑚 or V𝑦𝑛𝑚
and summed into each neuron in the hidden layer.The index𝑛 = 1, 2, . . . , 𝑁 denotes the number of input neurons and𝑚 = 1, 2, . . . ,𝑀 denotes the number of the hidden neurons.

These summed values were then inputted into the sig-
moid activation function to obtain the output of the hidden
neuron 𝑧𝑚(𝑘).The next step ismultiplying the hidden neuron𝑧𝑚(𝑘) with the weights 𝑤𝑚, then summing them all into
the sigmoid function, and yielding the output neuron 𝑦(𝑘)
according to the following expression:

𝑦 (𝑘) = 𝑀∑
𝑚=1

𝑤𝑚(1 − exp {− (∑𝑁𝑦1 𝑦 (𝑘 − 𝑛𝑦) V𝑦𝑛𝑚 + ∑𝑁𝑥1 𝑥 (𝑘 − 𝑛𝑥) V𝑥𝑛𝑚)}1 + exp {− (∑𝑁𝑦1 𝑦 (𝑘 − 𝑛𝑦) V𝑦𝑛𝑚 + ∑𝑁𝑥1 𝑥 (𝑘 − 𝑛𝑥) V𝑥𝑛𝑚)}) . (9)

The system identification from the ANN has modeled the
quadrotor dynamics in the fine result as shown in Figure 9.
The measured values were plotted in the green dash-dotted
line, while the modeling results were displayed in the solid
red line. By using the PWM logged as input, the results
showed that the ANN system identification hasmimicked the
quadrotor dynamics.Thus, the ANNmodel obtained became
the Quadrotor Twin ANN ID to be controlled for both PID
and DIC-ANN for the comparative simulation.

3.4. Performance of Quadrotor DIC-ANN. The DIC-ANN
is composed of artificial neural network structures which
represented the inverse of the system dynamics after finishing
a training process. Mathematically, the DIC-ANN can be
expressed in the following regression function:

𝑥 (𝑘) = 𝑓 (𝑥 (𝑘 − 1) , . . . , 𝑥 (𝑘 − 𝑁𝑥) , 𝑦 (𝑘 + 1) , . . . ,
𝑦 (𝑘 − 𝑁𝑦)) . (10)

The schematic diagram in Figure 10 illustrates the itera-
tion to obtain the DIC-ANN with 𝑁𝑥 = 2 and 𝑁𝑦 = 2 as the
maximum lag of the input and output.The ANN architecture
consists of a three-layer network with 28 neurons at the input
layer, 20 neurons in the hidden layer, and 4 neurons in the
output layer. The 28-20-4 network then trained to follow the
response of the quadrotor by using the backpropagation of
error algorithm.

After training the inverse block, the simulation of DIC-
ANN showing satisfactory results in directing the quadrotor
to achieve its desired reference. By cascading the DIC-ANN
block with the system identification block and using a flight
profile as the references for altitude, roll, pitch, and yaw,

the DIC showed coinciding curve between simulation results
with the desired values in Figure 11. The altitude, roll, pitch,
and yaw responses in the red dotted line following the
variation of the reference are given in the green dashed line.

The quadrotor UAV flight responses in Figure 11 have
validated the DIC-ANN performance. The ability to execute
curvy and oscillatory profile as their references indicated that
the DIC-ANN has accommodated the strong nonlinearity
and the cross-coupling of the quadrotor dynamics. The
constructed inverse block has mapped the targeted quadro-
tor output into a proper PWM command [19]. To assess
the advantages of DIC-ANN over the conventional control
method, the following sections will design the comparative
method and conclude the results.

4. Deriving Comparative Methods of
DIC-ANN and PID

The DIC-ANN has been reported as a promising method for
the UAV flight dynamics control [19]. Beginning from the
application in pattern recognition, the ANN developed into
intelligent control systems and furthermore to autonomous
technology in the intelligent transportation system [60].
This autonomous concept aimed to be the backbone of
transportation technology to overcome the human error
problem and increase the safety level of vehicle operation
[60]. In current transportation applications, the autonomous
technology was also implemented in UAV application for
traffic monitoring [61].

This condition initiates a curiosity to analyze the incre-
ment of the performance of intelligent control method from
its predecessor, the conventional control method. Moreover,
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the investigation of quantifying the advantage of intelligent
control method over conventional method becomes a signif-
icant research. This article initiates addressing those issues
by proposing a comparative methodology and, to be specific,
comparatively simulating the DIC-ANN with PID control in
quadrotor UAV.

4.1. The Proposed Method of Comparison. In control engi-
neering research, there are many comparative studies
between ANN-based control and conventional method that
were reported, from the simple comparison of ANN control
with classical control (including the comparison between
ANN modeling with state space modeling) [62] to the
comparison with PD control [63]. Since the PID control is
widely applied, there are also several comparative studies
between ANN-based control and PID at industrial purposes,
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Figure 10: The inverse training scheme.
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that is, in kiln [64], water bath temperature [65], compressor
[66], gas production [67], and air conditioning [68].

These studies show satisfactory performance of theANN-
based method in controlling the nonlinear plants. Since
quadrotor UAVs were governed in a nonlinear fashion,
the implementation of ANN-based control should also be
performed better than the PID. To prove such hypothesis,
a proper comparative study was required in analyzing the
advantages and performance increment of DIC-ANN con-
troller from the PID.

There are many comparative studies performed between
ANN-based and PID controller and hence, various method-
ologies are also applied.Thus, in this article, amethodology of
comparison will be developed to obtain a proper conclusion.
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The method to perform the comparison was designed to
achieve the “apple to apple,” the “head to head,” and the
“ceteris paribus” condition.

A good comparison must handle the “apple to apple”
condition; that is, both control methods should be applied to
the exact same quadrotor so their response will make sense to
be comparable to each other.Thus, both controllersmust have
similar functionality in controlling the quadrotor dynamics.
They must process the same type of input and produce the
same type of output.

The second achievement is the “head to head” condition;
that is, both control methods responses must be compared
directly with each other. Consequently, both controllers will
process exactly the same reference to be executed by the
quadrotor. Their response will be plotted in the same graph
to be directly compared and analyzed.

The last achievement is the “ceteris paribus” condition;
that is, each comparison in a certain flight parameter will
be held by exciting that parameter and keeping the other
unexcited. The technique is applied to isolate the responses
of a certain flight parameter from the rest of them.

To achieve the “apple to apple,” the “head to head,” and
the “ceteris paribus” condition, the following methods are
generated:

(1) Using twin model (the ANN system identification of
quadrotor dynamics) for both controllers

(2) Converting the control force and torsion in PID
output into PWM values

(3) Simultaneously performing numerical simulation of
both control methods

(4) Using equivalent reference profile for both DIC-ANN
and PID controller and then plotting their responses
in a joint graph.

These steps guided the numerical simulation in producing the
comparable results for analysis purposes.

4.2. Using the Quadrotor ANN System Identification as the
Twin Model. The twin model was applied to obtain the
“apple to apple” condition in the comparative simulation.
The practice of using twin model in the joint simulation
will ensure that both controllers experienced the exact same
environment while interacting with one quadrotor dynamics.
This type of equality will be unachievable if the comparison
was held in the flight test. The controlled aerial environ-
ment will almost be impossible to be attained in the open
space. Although the weather can be predicted with certain
accuracy, the instantaneous wind condition is unpredicted
in its direction and speed. For small dimension aircraft
like UAVs, any wind occurring is not negligible for the
vehicle’s dynamics. Such unexpected disturbances made the
comparison be better performed in a simulation than in flight
test.

Most of the studies of the PID controller applied the
linearized state space model. On the other hand, most of the
studies of DIC-ANN applied the ANN system identification
for modeling the quadrotor dynamics. However, the use

of state space model will eliminate the nonlinear aspect
which is the challenge to overcome. Thus, the ANN system
identification becomes a suitable model of quadrotor dynam-
ics for both control methods to be compared. The ANN
model captured the strong nonlinearity, highly coupled, and
underactuated system of quadrotor dynamics. In previous
studies, besides the quadrotor, the comparison of ANN
control and PID was using the ANN mutual model due to
the strong nonlinearity in their plant [64, 68].

In the previous section, the quadrotor dynamics for the
comparative simulation has been modeled with the ANN
system identification scheme. The previous studies which
modeled the UAV by the ANN system identification had
proved the model’s high accuracy due to the very small
value of mean of squared error [19, 23, 24]. The quadrotor
ANN model in this comparative simulation receives PWM
values as input and produces the roll, pitch, yaw, and altitude
as the output. Thus, the ANN model becomes a more
realistic representation of the quadrotor controller since the
model directly processed command values to its final states
which accommodate all aspects of nonlinearities and coupled
dynamics to the internal mechanical interactions.

4.3. Converting Force-Torsion into PWM Signal. The quadro-
tor in this workwas flown by four propellers and each of them
was driven by BLDC motor. These motors receive command
in the form of PWM signals from the main controller. These
PWM signals were recorded in the flight data log and then
together with the roll, pitch, yaw, and altitude were used to
build the common ANN dynamic model of the quadrotor.

Consequently, amore realistic simulation can be achieved
by using the PWM quantities as the controller’s output to
be fed into the quadrotor dynamics model. Such arrange-
ment was applied in directly converting the PID’s output to
be PWM quantities without calculating the control forces
and torsion [46]. However, such arrangement cannot be
implemented here, since the output of PID was the control
force and torsion. Thus, an inverse mechanism was required
to convert these control force and torsion to be individual
motor thrust and then invert the thrust to the motor’s PWM
quantities.

In this article, the inverter mechanism was named as the
“Torsion-Force-PWMconverter” to denotes its input, output,
and function. Similar PWM generator block was known with
different terms since they have a different construction from
each other, such as rotational speed inverter [11], inverted
movement matrix [69], PPM converter [70], or RPM-PWM
mapping function [42]. The steps of generating PWM values
were summarized as follows:

(1) Convert the control force-torsion to individual rotor
thrust.

(2) Convert the rotor thrust into its PWM values.

The first step is converting the control force-torsion to
individual rotor thrust.The controlling torsion can be derived
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and showed from eachmotor thrust by using Figure 2 in these
relations:

𝑢𝑧 = 𝐹1 + 𝐹2 + 𝐹3 + 𝐹4
𝑢𝜙 = ℓ (−𝐹2 + 𝐹4)
𝑢𝜃 = ℓ (−𝐹1 + 𝐹3)
𝑢𝜓 = 𝑐 (𝐹1 − 𝐹2 + 𝐹3 − 𝐹4) .

(11)

The notations 𝐹1, 𝐹2, 𝐹3, 𝐹4 are the thrust of motor numbers 1
to 4, respectively, ℓ are the distance between propeller’s center
hub and the quadrotor center point, and 𝑐 is the constant of
drag moment. Hence, each motor thrust can be computed as
follows:

{{{{{{{{{{{

𝐹1𝐹2𝐹3𝐹4

}}}}}}}}}}}
= [[[[[[

1 1 1 10 −ℓ 0 ℓ−ℓ 0 ℓ 0𝑐 𝑐 𝑐 𝑐
]]]]]]

−1{{{{{{{{{{{

𝑢𝑧𝑢𝜙𝑢𝜃𝑢𝜓

}}}}}}}}}}}
. (12)

The second step is converting the rotor thrust into the
motor’s PWMvalues.This conversionwas obtained by the aid
of polynomial regression to invert the PWMcommand values
as a function of its thrust. The regression curve in Figure 12
was obtained aftermeasuring the rotor’s thrust in a bench test.
The similar description about the thrust measurement can be
viewed in [71, 72].

To obtain the 𝑐 constant, the coefficient for rotor’s drag
moment as a function of its thrust, the measurement result
was mapped in a linear curve. By using the tachometer, the
rotor thrust can be fitted with a linear curve when plotted
with the squared values rotor’s speed, Ω2, in Figure 13 and
continued with fitting the drag moment with the squared
values rotor’s speed, Ω2, in Figure 14. Thus, by combining
their gradient, the 𝑐 constant can be obtained.

Thus, the Torsion-Force-PWM converter generates the
PWM in the linear approximation. After finishing the
Torsion-Force-PWM converter, the PID gains can be tuned
in the conventional technique. However, the plots of mea-
surement results were showing the existence of nonlinear
effect in the small amount. While the “Torsion-Force-PWM
converter” excludes the existence of this nonlinearity, the
DIC-ANN embedded them.

4.4. Simultaneous Numerical Simulation. Parallel with the
aim of using the twin model, the simultaneous simulation
also performed to ensure an “apple to apple” comparison.
Thus, the simulation should run in the discrete time domain
with the equivalent reference profile, each into the twin
model. In simultaneous simulation it was meant that each
control method runs on its own model, which is an equal
model of quadrotor dynamics. The simultaneous simulation
treats both control methods with an equal condition; that
is, both are isolated from disturbance or environmental
effect. Figure 15 showed the illustration of this simultaneous
simulation.
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Using the equivalent reference profile, into the twin
model, for the simultaneously numerical simulation there is
a series of method designs to ensure the “apple to apple”
comparison. In this work, the input was applied to the
altitude channel in the ramp and constant height profile.This
combination of reference profiles was designed to excite the
responses of DIC-ANN and PID controller at the transient
and steady condition.

Although there are many studies that compared the PID
and ANN-based control systems, most of them are not
directly comparing the results. Each controller’s performance
was plotted in the separate graph and separately analyzed
[64, 65]. However, a direct comparison will produce a sharp
analysis and unambiguous results. Thus, by placing the
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results of DIC-ANN and PID controller in the, respectively,
mutual plot, they will be directly compared and identify their
advantages or disadvantages to each other.

5. Comparison Result of DIC-ANN and PID
Control Method

The comparison of DIC-ANN and PID control method is
performed in the following description: first, each controller
is using the twin model, second, for PID, the controlling
force and torsion converted to obtain PWM values, third,
the numerical simulation was executed simultaneously, and
fourth, both controllers were excited with equivalent altitude
profile as their reference and the responses plotted in joint
graphs. Since the early descriptions have been revealed, this
section compared the results in “head to head” fashion.
Several published studies analyzed their comparison in the
joint graph [62, 67, 68], as adopted in the following analysis.

5.1. Flight Profile for the Altitude Response Comparison. The
flight simulation aimed tomimic the flight test of a quadrotor
as illustrated in Figure 16.The simulated flight consists of four
phases, first, the “take-off and climb” phase at 0 < 𝑡 < 10 s,
second, the “hovering” phase at 10 < 𝑡 < 20 s, third the “climb
in ramp” phase at 20 < 𝑡 < 22.5 s, and fourth, the “final
altitude” phase at 22.5 < 𝑡 < 50 s. Initially, the quadrotor
is simulated to take-off from the ground and climb to a
safety altitude preferable for a test pilot to execute required
maneuvers. In the numerical quantities, the quadrotor is
simulated to fly from zero to 5m of height in the “take-off
and climb” phase and then “hovering” to maintain the 5m
of height. Such flight profile had enabled both controllers
to achieve a steady hovering condition; thus, an equivalent
excitation can be induced to stimulate the time response
especially in the altitude to be observed. The excitation was
enforced by lifting the quadrotor in the “climb in ramp” phase
to achieve the 7.5m height of “final altitude” phase. The slope
in the “climb in ramp” phase is 1m/s to give a 2.5m of altitude
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Figure 16: Flight profile for altitude’s response comparison.

increment from 𝑡 = 20 s to 𝑡 = 22.5 s. Finally, the simulation
stopped at 𝑡 = 50 s after the quadrotor altitude achieved the
steady state of the “final altitude” phase.

Although, in the first 10 seconds of simulation, the DIC-
ANN showed a remarkable response in following the take-off
profile, no further comparison will be studied in this segment
since the maneuver was meant to bring the quadrotor to the
safety altitude. The comparisons are started after 𝑡 = 20 s
when the hovering quadrotor was excited by the 1m/s of
ramp. The comparisons also covered the transient response
at 𝑡 = 22.5 s and the steady state response right after the ramp
ended at the 7.5m of constant height.

5.2. Comparison of the Ramp Response and Steady State.
The ramp maneuver was chosen to obtain a more realistic
simulation of flight compared to the standard step function
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for exciting the modes of quadrotor motion. The ramp
response of quadrotor altitude is shown in Figure 17(b)
entitled “ramp for climbing.” The steady state response was
shown in Figure 17(c) entitled “maintain final altitude.” The
reference altitude profile is displayed as the green dashed
line, and the DIC-ANN response was represented by the red
dotted curve while the PID response was presented by the
solid blue curve.

Along with the reference profile, the DIC-ANN altitude
response was quickly damped and rising to follow the ref-
erence slope without significant oscillation observed. While
the oscillation in PID controller response was observed for
2.5 s until the ramp ended. A closer examination in the
Figure 17(b) showed that the PID controller produced a lower
error when following the ramp maneuver compared to the
DIC-ANN altitude response.

After the ramp completed at 𝑡 = 22.5 s and becomes
constant altitude in the reference profile, the altitude response
shows the transient oscillatory mode until it damped and
achieved the steady state condition. The steady state achieve-
ment can be seen in Figure 17(c), while the transient response
is discussed in the following subsection. Although the

simulation runs 37.5 s after the transient occurrence at the
edge of the ramp, the PID controller is still unable to damp
the oscillatorymode.This residual oscillatorymode forms the
PID resulting in a vertical vibration with 0.04m or 4 cm of
amplitude and 1Hz of frequency, that is, significant enough
with the quadrotor dimension and its potential mission
performance.On the contrary, theDIChas a shorter transient
response and achieves its steady state for 3 s after the ramp is
completed, shown in Figure 18(b) at the following subsection.
Thus, the DIC-ANN has settling time equal to 3 s while the
PID controller fails to settle after 37.5 s due to the residual
oscillatory mode with 0.04m or 4 cm of amplitude and 1
Hertz of frequency.

5.3. Comparison of the Transient Responses. The quadrotor
was brought up from 5m of altitude to 7.5m by a 1m/s
ramp maneuver. Hence, the ramp is completed after 2.5 s
and the altitude is being constantly maintained. However, a
sudden discontinuity at the end of rampmaneuver excites the
oscillatory mode of the quadrotor flight motion. These oscil-
latory motions, known as the transient response, occurred
at both of DIC-ANN and PID controllers. The transient
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responses of the quadrotor altitude are displayed in Figures
18(b) and 18(c). Although the DIC-ANN damped the tran-
sient response immediately, the PID controller still exhibits
its transient response involving multiple frequencies. These
plural frequencies were exposed by splitting the display into
two sequential graphs, that is, Figure 18(b) entitled “Transient
A” for 21.5 s < 𝑡 < 25 s and Figure 18(b) entitled “Transient
B” for 24 s < 𝑡 < 40 s. The reference altitude profile is
depicted as the greendashed line, and theDIC-ANNresponse
is represented by the red dotted curve while the PID response
is represented by the blue solid curve.

As interpreted from Figure 18(b), the DIC-ANN suc-
cessfully damped the transient response and brought the
quadrotor altitude to its desired height. On the other hand,
the PID experienced 1Hz transient oscillation which was
undamped after 3 s. As the observation continued, the PID
controller in Figure 18(c) showed the superposition of the
short period (large frequencies) oscillation modulated with
the long period (rare frequencies), for example, the swing
with 16 s period. To be concluded, the DIC-ANN have better
performance in handling the transient response of quadrotor
altitude compared to the PID controller, since DIC-ANN
damped the oscillation after 3 s while PID was unable to do
so for 17.5 s after excitation occurred.

The absolute error of both controllers presented in Fig-
ures 19(a), 19(b), and 19(c), while Figure 19(d) showed the
altitude profile to relate itself with the corresponding error
characteristic. The DIC-ANN absolute error is represented
by the red dash-dotted curve while the PID absolute error is
represented by the diamond-marked blue curve.The absolute
error of ramp execution displayed in Figure 19(b) provides
the maximum error of DIC-ANN which does not exceed
0.2m. After 𝑡 = 22 s, the DIC-ANN absolute error tends to
be reduced as shown in the slight decrement which ended
at 𝑡 = 22.5 s when the ramp is completed. Since most
of the quadrotor mission required altitude precision in the
hovering maneuver, thus, the DIC-ANN ramp errors are still
acceptable although the PID have smaller error, i.e., a half
of the DIC-ANN. On the contrary, Figure 19(c) highlighted
the PID absolute error to 0.5m from the desired altitude in
the final altitude aimed. After the quadrotor completed the
ramp, the DIC-ANN ramp error decreased immediately in
less than 3 s as shown in Figure 19(c) while the PID ramp
error increased and oscillated between 0 and 0.5m until 17.5 s
after the ramp completed. The absolute error characteristic
enhanced the DIC-ANN capability to overcome a sudden
change in the reference profile and following it with lower
oscillation than the PID.
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6. Concluding Remarks

The method of comparison built in this article originated
from the satisfactory results of DIC-ANN controller in UAVs.
Thus, the gap in the comparative research betweenDIC-ANN
and PID for quadrotor has been elaborated to pull out a
proper comparative method between these control systems.
The comparison composed the twin ANN model usage, the
conversion into PWM values, the simultaneous numerical
simulation, and the equivalent reference profile to be plotted
on a joint graph. These steps ensured the comparison to be
apple to apple, head to head, and ceteris paribus.

The comparison result showed that the DIC-ANN per-
formance was better than the PID controller in handling the
quadrotor altitude dynamics. Although the DIC experienced

slight overshoot in following the ramp input given, the error
is not exceeding 0.2m while it tends to be decreased.

The sudden changes from climbing to hover exhibit
the lower steady state error in the DIC-ANN controller
and the transient oscillation damped faster by the DIC-
ANN. These results showed that DIC-ANN was better in
controlling the nonlinear vehicle than the PID controller
did. Equipped with the learning algorithm, the DIC-ANN
performed better compared to the PID that involved efforts
of tuning. Such results will support the DIC-ANN application
for the autonomous technology. For further development,
the comparison will be suitable to be expanded to analyze
the translation responses. By analyzing the UAV responses in
the 𝑥 and 𝑦 direction, the trajectory can be compared and
validated.
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This paper presents an integrated state-of-charge (SOC) estimation model and active cell balancing of a 12-cell lithium iron
phosphate (LiFePO4) battery power system.The strong tracking cubature extended Kalman filter (STCEKF) gave an accurate SOC
prediction compared to other Kalman-based filter algorithms. The proposed groupwise balancing of the multiple SOC exhibited
a higher balancing speed and lower balancing loss than other cell balancing designs. The experimental results demonstrated the
robustness and performance of the battery when subjected to current load profile of an electric vehicle under varying ambient
temperature.

1. Introduction

Lithium-ion battery storage system plays a vital role in elec-
tric vehicle (EV) applications [1–5]. Portable lithium batteries
are commonly used for their high energy density and low
cost. However, the voltages of these battery cells are quite low
and require many battery cells in series to meet the voltage
requirement for real applications. In addition, there exist
many problems with the battery management system (BMS)
such as inaccurate state-of-charge (SOC) estimation due to
multiple charging and discharge of the cells. Hence, the SOC
[6] was one of the essential parameters to estimate in order to
prevent damage to the battery. Unfortunately, the estimation
of SOC is not a simple process as it depends on factors
such as battery’s capacitance, resistance, internal temperature,
ambient temperature [7, 8], and other cell characteristics.The
ratio of the charge delivered to the battery over the total
charge of the battery was typically used to obtain the SOC.

The common ampere-hour integralmethod caused biases
due to the integration. On the other hand, the voltage
method used the battery voltage and SOC relationship or
discharge curve to determine the SOC. The battery cell
needs to disconnect from the load in order to determine the

open-circuit voltage during actual battery operation. Another
approach based on equivalent circuit model (ECM) [9–12]
was used to estimate the SOC. The resistors and capacitors
were used for modeling the battery cell in ECM. Although
it requires an experiment to validate the parameters, it is
relatively easy to use and implement. However, the battery
is a nonlinear time-varying system with capacity changes
due to aging, and ambient temperature variation, an accurate
estimation of the SOC on the ECM, is therefore required.

Another approach using fuzzy logic [13] was proposed to
estimate the SOC of the lithium-ion battery in EV. It utilized
both battery terminal voltages to overcome the problem
of overdischarging. The rules of combining membership
functions were not robust due to the types of the battery cell
used. The active cell balancing for multicell battery was not
discussed.

As a result, a nonmodel based approach such as neural
network [14–16] and its combination with fuzzy logic named
fuzzy-neural network [17] was used. The support vector
machine [18] was also used to estimate the battery dynamics.
Although the neural network based approach and SVM
were both a nonlinear estimation method that does not
require the battery model [19, 20], a significant dataset and
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computational time for training the SOC valuewere required.
To circumvent the issue of training time, the extrememachine
learning (ELM) [21–25] was proposed that uses regular-
ized least squares to compute faster than the conventional
quadratic programming approach without tuning the hidden
to output neurons. Nevertheless, a significant dataset for
an accurate SOC estimation was required despite the short
training time. Moreover, the application of a multicell SOC
estimation and cell balancing was not proposed.

Instead of nonmodel based approach, a more accurate
physical modeling using electrochemical model was used
[26–29]. The electrochemical model provided an accurate
physical meaning of the electrical and chemical properties of
the battery cell. The nonlinear partial differential equations
increased themodel complexity and computational time dur-
ing SOC estimation. As a result, a linear model using fewer
parameters in the electrochemical model was adopted [30]
with Kalman filter (KF) to estimate the SOC. The extended
Kalman filter (KF) [31–33], sliding-mode observer [34, 35],
and Luenberger observer [36, 37] were applied to estimate the
SOC using the ECMmodel. However, it required an accurate
model of the battery and higher computing resource with
correct initialization of parameters that changed rapidly.

The extended KF (EKF) was then proposed to estimate
the SOC using a nonlinear ordinary differential equation
model [38]. The unscented KF was utilized [39] to avoid
such linearization of the nonlinear equation in EKF. A
nonlinear SOC estimator [40] was then employed on the
electrochemical model of the battery instead of the ECM.
But the computation time and numerical error increased
due to the numerical approach used in solving the partial
differential equations. In addition, it could not track the
sudden change in the SOC value. A strong tracking cubature
Kalman filter (CKF) [41] that outperformed the EKF was
proposed to track the sudden change of SOC value accurately.
It was followed by the multirate strong tracking extended
Kalman filter (STEKF) [42] to handle a higher dimensional
state estimation of SOC.However, the paper demonstrated on
a six-cell battery stackwithout using theCKF to track the fast-
changing SOC value. Hence, the use of the strong tracking
cubature on extended Kalman filter (STCEKF) with cell
balancing is desired. Furthermore, most of the literature that
involved SOC estimation was mainly dealt with theoretical
development and comparisons with other SOC estimation
methods on a single cell.

In addition to SOC estimation, an active cell balancing
(AB) circuit [43–45] is another important element in the
battery management system. Most batteries are made up of
multiple cells that requiredAB to prevent each cell from over-
charge or discharge after the SOC was determined. Although
the topics of SOC estimation and active balancing were
separately analyzed or published, it is essential to examine
how a battery power system with both SOC estimation and
AB can be realized.

With cell balancing, the battery cell lifetime and capacity
can be further extended. In general, there exist two different
AB circuits. The first type consumed the redundant energy
of parallel resistance to maintain the terminal voltage of
the cells. The second type used inductors, converters, or

transformers to realize energy transfer between cells. The
energy in the cells with higher SOC or terminal voltage
can be transferred to other cells to maintain the same
SOC and voltage among the cells. The disadvantage was
the complexity of controlling the converters [41, 46–48]. A
multistage equalization was used to simplify the circuit and
increase the balancing speed.

There exist different cell balancing methods using a resis-
tor, capacitor, inductor/transformer, and energy converter
balancing method [44, 45]. For example, the shuttling capac-
itors cell balancing method named “charge shuttling cells
equalization” used capacitors as external energy storage for
alternating the energy between the cells for charge balancing.
The control strategy was straightforward and efficient. But
the disadvantages were the relatively long balancing time
and high cost as compared to the passive balancing method.
However, the shuttling capacitors can be optimized using
a double-tiered switched capacitor (STSC) based on the
switched capacitor to decrease the balancing time.

Another energy conversion cell balancing topology using
inductors was used tomove energy from a cell to another cell.
The relative high balancing current provided a shorter bal-
ancing time. However, the inductor topology was relatively
costly with high balancing losses.The energy converters such
as Cuk, Buck-Boost, full-bridge PWM energy, and Quasi-
Resonant Converter were used for cell balancing. When the
imbalance was detected, the converters allowed the energy to
transfer between cells. This method was used for high power
applications. But they can be expensive and quite complex to
control.

Hence, a proposed multicell battery power system with
both SOC estimation andABhas the following contributions.
The novelty will come from the proposed AB circuit to
accomplish the groupwise balancing of the multiple SOC
obtained via the STCEKF. The AB circuit consists of a
switching circuit using a DC-DC converter, IGBT drivers,
inductors, and diodes to balance the SOC among the cells.
Each cell uses a single fast driver to reduce the balancing
loss by controlling the cells’ discharge, charge, and cut-off.
The battery packs will be divided into groups to balance
the energy simultaneously by transferring the energy from
the cell with higher to lower SOC. In summary, a new
integrated STCEKF model-based SOC estimation and the
active cell balancing will be implemented on a multicell
LiFePO4 battery power system to improve its performance
and robustness in an electric vehicle.

The paper is organized as followed. In Section 2, a
proposed battery design is presented followed by Section 3
of SOC estimation. In Section 4, describes the experimental
results of the battery pack using actual load followed by the
conclusion in Section 5.

2. Proposed Battery Power System Design

The nominal voltage and continuous discharge current of a
single LiFePO4 cell (ANR26650M1-B) are limited to 3.3 V
and 50A, respectively. As shown in Figure 1, the battery pack
consists of 12 cells connected in series to produce 2 kWh.
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Figure 1: Proposed lithium iron phosphate battery prototype.
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Figure 2: Proposed battery management system architecture with several subsystems for SOC estimation and active cell balancing.

An open frame design was used to accommodate all circuit
boards, sensors, and battery cells in the prototyping stage.

The battery management system (BMS) will perform
SOC estimation and active cell balancing on a single board.
Figure 2 shows the proposed subsystems used in the archi-
tecture of the BMS board. Based on the power consumption,
the main control board will compute the desired voltage
and current. A lookup table will be used to record the
optimal current and voltage of the battery at different power
and voltage condition. A DC/DC converter will be used
to interface between the cells and external load. The active
balancing and protection (ABP) circuit will balance the SOC
among the 12 cells via the multicell battery stack monitoring
using the LT6803 chip. The analog signals from the current,
voltage, temperature, and pressure sensor will be processed in
the front-end connection (FEC) circuit. The measured data
from the sensor will be transmitted via the serial port of the
microprocessor. The control signal will send to the 12 cells

via the ABP and FEC circuits. The online SOC estimator
in Figure 2 can estimate the SOC based on the sampled
data obtained via the front-end connection circuit. The SOC
estimation and cell balancing algorithms were coded in C++
via MPLAB software on the host computer or laptop.

The active balancing circuit consists of relays, DC-DC
converters, and current transducers. The relays and DC-
DC converters were connected to the batteries as shown in
Figure 3. The relays are represented by the switch symbols.
One DC-DC converter (DC/DC2) was used to balance Cell
#1 to Cell #6 (i.e., Pack #1) and another DC-DC converter
(DC/DC1) was used to balance Cell #7 to Cell #12 (i.e., Pack
#2). As shown in the inputs of the DC/DCs in Figure 3, the
DC/DC2 was powered by Cell #8 to Cell #12 while DC/DC1
was powered by Cell #1 to Cell #5. Relays were employed
to make these connections and enable the connections from
DC/DC2 output to Cell #1 to Cell #6 and DC/DC1 output
to Cell #7 to 12 independently. There exist four current
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Figure 3: Active cell balancing scheme.

transducers to monitor the current drawn and delivered by
both the DC-DC converters. The current transducers were
configured to measure ±2A, ±3A, or ±6A.

The flowchart of the active cell balancing is shown in
Figure 4. Firstly, the system checks for any abnormalities
condition using the estimated SOC. If the SOC is lower or
higher than a preset limit, the cell will not be used. The
remaining normal cells will be deployed. The SOC for each
cell in a group of six will be ranked.There exist two groups of
six cells, namely, Pack #1 and Pack #2. The cells with unequal

voltages will be balanced. For example, the cell with highest
SOCwill be discharged while the cell with lowest SOCwill be
charged sequentially until the cells have equal voltage levels.
The duration of the cycle depends on the time taken for the
cells’ balancing.

3. SOC Estimation

Many techniques were proposed for SOC estimation. How-
ever, the equivalent circuit model in Figure 5 was used. This
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model consists of open-circuit voltage (OCV) source𝑈ocwith
an indefinite number of parallel 𝑅𝐶 branches and a series
resistance 𝑅0. The model also contains a parasitic branch
that represents self-charge and charging losses denoted by 𝐼𝑝.
Instead of using indefinite 𝑅𝐶 branches as seen in Figure 5,
a 2-𝑅𝐶 equivalent circuit was used. The MATLAB/Simscape
was utilized tomodel the cell’s SOCusing the 2-𝑅𝐶 equivalent
circuit. As seen in Figure 6, the Simscape model consists

of five lookup tables, namely, 𝑅0, 𝑅1, 𝐶1, 𝑅2, and 𝐶2 at a
different ambient temperature from 5∘C to 45∘C. The data in
the lookup data was further optimized using the Parameter
Estimation Toolbox at different SOC. The different 2-𝑅𝐶
parameters at various SOC are tabulated in Table 1.

The dynamic equation of SOC can be given as

̇SOC = −𝜂𝐼 (𝑡)𝐶𝑛 , (1)

where 𝐶𝑛 is the battery cell capacity and 𝜂 is the coulomb
efficiency.

From the structure in Figure 5, the dynamic equations of
the voltages 𝑈1 and 𝑈2 can be expressed as

�̇�1 = 𝐼
𝐶1 −

𝑈1
𝑅1𝐶1 ,

�̇�2 = 𝐼
𝐶2 −

𝑈2
𝑅2𝐶2 .

(2)
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Table 1: Parameters of 2-𝑅𝐶 equivalent circuit model.

SOC 𝑅0 (ohm) 𝑅1 (ohm) 𝑅2 (ohm) 𝐶1 (F) 𝐶2 (F)
0.05 0.0215 0.0152 0.0148 38848.99 90150.93
0.10 0.0026 0.0032 0.0020 1294.020 179973.3
0.19 0.0042 0.0046 0.0023 20618.27 636416.8
0.28 0.0033 0.0030 0.0024 10690.21 207895.2
0.37 0.0033 0.0018 0.0030 3880.350 117578.1
0.46 0.0026 0.0035 0.0013 67312.19 12303.82
0.54 0.0045 0.0001 0.0044 3643.250 111455.1
0.63 0.0056 0.0027 0.0006 318347.7 85798.68
0.72 0.0032 0.0036 0.0010 47656.71 11604.30
0.81 0.0022 0.0012 0.0019 1026.310 141113.7
0.90 0.0033 0.0027 0.0019 23379.15 432980.6
0.99 0.0101 0.0026 0.0027 12565.53 66708.01
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Figure 6: 2-𝑅𝐶 equivalent circuit model of battery cell.

The battery terminal voltage can be written as

𝑈𝐿 = 𝑈oc − 𝐼𝑅0 − 𝑈1 − 𝑈2, (3)

where 𝑈oc can be estimated by polynomial fitting. It is a
standard method to determine the relationship between 𝑈oc
and SOC. But the errors are apparent during the end of
the charging and discharging period. To compensate the
fitting error, an exponential function and natural logarithm
function are used

𝑈oc (SOC) = 𝑎0 + 𝑎1SOC + 𝑎2 log SOC

+ 𝑎3 log (1 − SOC) , (4)

where 𝑎0, 𝑎1, 𝑎2, and 𝑎3 are identified through open-circuit
voltage- (OCV-) SOC curve fitting method.

The battery model has to be discretized in order to
program the SOC algorithm into the microcontroller. In
discrete time, the SOC dynamics can be given as follows:

SOC (𝑘) = SOC (𝑘 − 1) − 𝜂𝐼 (𝑘) Δ𝑡
𝐶𝑛 , (5)

where Δ𝑡 is the sampling time interval.
The discrete time versions of (2) can be obtained by using

zero-order hold (ZOH) process. The transformed equations
are expressed as follows:

𝑈1 (𝑘 + 1) = 𝑒−Δ𝑡/𝑅1𝐶1𝑈1 (𝑘) + 𝑅1 (1 − 𝑒−Δ𝑡/𝑅1𝐶1) 𝐼 (𝑘) ,
𝑈2 (𝑘 + 1) = 𝑒−Δ𝑡/𝑅2𝐶2𝑈2 (𝑘) + 𝑅2 (1 − 𝑒−Δ𝑡/𝑅2𝐶2) 𝐼 (𝑘) .

(6)
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Define the state vector 𝑥𝑘 = [SOC(𝑘) 𝑈1(𝑘) 𝑈2(𝑘)]𝑇;
the following state space model of the battery cell in discrete
matrix form can be obtained:

[[
[

SOC (𝑘)
𝑈1 (𝑘)
𝑈2 (𝑘)

]]
]

= [[[
[

1 0 0
0 𝑒−Δ𝑡/𝑅1𝐶1 0
0 0 𝑒−Δ𝑡/𝑅2𝐶2

]]]
]
[[
[

SOC (𝑘 − 1)
𝑈1 (𝑘 − 1)
𝑈2 (𝑘 − 1)

]]
]

+
[[[[[
[

−𝜂𝐼 (𝑘) Δ𝑡𝐶𝑛
𝑅1 (1 − 𝑒−Δ𝑡/𝑅1𝐶1)
𝑅2 (1 − 𝑒−Δ𝑡/𝑅2𝐶2)

]]]]]
]
𝐼 (𝑘 − 1) + 𝑤 (𝑘 − 1) .

(7)

The battery terminal voltage at any time sample 𝑘 is
written as such

𝑈𝐿 (𝑘) = 𝑈oc (SOC (𝑘)) − 𝐼 (𝑘) 𝑅0 − 𝑈1 (𝑘) − 𝑈2 (𝑘) . (8)

In this model, the term 𝑈oc(SOC(𝑘)) function is a
nonlinear equation.The state and output equations in discrete
time is expressed as follows:

𝑥𝑘+1 = 𝑓 (𝑥𝑘, 𝑢𝑘) + 𝑤𝑘,
𝑦𝑘 = 𝑔 (𝑥𝑘, 𝑢𝑘) + V𝑘,

(9)

where 𝑓(𝑥𝑘, 𝑢𝑘) and 𝑔(𝑥𝑘, 𝑢𝑘) are continuously differentiable
nonlinear functions,𝑤𝑘 is the process noise with zero means,
and V𝑘 is the measurement noise, which is independent of𝑤𝑘
with zero mean value.

The Strong Tracking Filter (STF) with online adaptively
modifiedKalman gainmatrix and prior state error covariance
to track the sudden change in the state vectors was used.
The critical feature of the STF is the method to rearrange
the prior error covariance P−𝑘 by multiplying it by a diagonal
matrixΛ𝑘 inwhich the differing diagonal entries optimize the
propagation of components in state vector by diminishing the
impacts of old data on current parameter estimation

P−𝑘 = Λ𝑘G𝑘P+𝑘−1G𝑘 + 𝛽𝑘Q𝑘𝛽𝑘, (10)

where Λ𝑘 denotes multiple fading factors matrix that is
determined as

Λ𝑘 = diag (𝜆1, 𝜆1, . . . , 𝜆𝑛) . (11)

The proportion of 𝜆 and its constraint can be realized by
prior knowledge of the system

𝜆1 : 𝜆2 : ⋅ ⋅ ⋅ : 𝜆𝑛 = 𝑐𝑘 (𝑎1 : 𝑎2 : ⋅ ⋅ ⋅ : 𝑎𝑛) ,
𝜆𝑖 = max (1, 𝑐𝑘 (𝑎𝑖)) ,

(12)

where 𝑎𝑖 ≥ 1, 𝑖 = 1, 2, . . . , 𝑛, are predetermined constants
which reflect the distinctive fading rate of the state estimation,

𝑎𝑖 is set to be of relatively larger value when it comes to
circumstance that 𝑖th component in the state vector changes
much faster as compared to the others, and 𝑐𝑘 is the standard
factor of 𝜆𝑛 that is given as follows:

𝑉𝑘 =
{{
{{
{

𝑆1𝑆1𝑇, 𝑘 = 0
𝜌𝑉𝑘−1 + 𝑆𝑘𝑆𝑘𝑇

1 + 𝜌 , 𝑘 ≥ 1,

𝑁𝑘 = 𝑉𝑘 − 𝛽𝑅𝑘 − 𝐻𝑘𝛽𝑘𝑄𝑘𝛽𝑘𝐻𝑘𝑇,
𝑀𝑘 = diag (𝑎1, 𝑎2, . . . , 𝑎𝑛) 𝐺𝑘𝑃+𝑘−1𝐺𝑇𝑘𝐻𝑘𝑇𝐻𝑘,

𝑐𝑘 = trace (𝑁𝑘)
trace (𝑀𝑘) ,

(13)

where 𝑆𝑘 denotes the difference of output calculated by STF
and measurement value. 𝜌 = 0.95 and 𝛽 ≥ 1 are forgetting
and weakening factors, respectively.

The STEKF was developed by applying the strong track-
ing algorithm on the EKF. STEKF benefits the estimation
process by taking the advantages of EKF that minimizes
the estimation error covariance and STF that track the state
vector variation accurately. In addition, cubature Kalman
filter generates a set of cubature points propagated by system
equations to approximate the posterior estimate which was
used. It can also track the fast-changing SOC value. As a
result, the strong tracking with cubature on extended Kalman
filter algorithm (STCEKF) was formed. For clarity, the steps
in the algorithm of STCEKF are given as follows.

In the time update, the cubature points are generated

𝑋+𝑖,𝑘−1 = 𝑆+𝑘−1𝜀𝑖 + 𝑥+𝑘−1, 𝑖 = 1, 2, . . . , 𝑛,

𝜀𝑖 = {
{
{
√𝑛 [1]𝑖 , 𝑖 = 1, 2, . . . , 𝑛
−√𝑛 [1]𝑖 , 𝑖 = 𝑛 + 1, 𝑛 + 2, . . . , 2𝑛,

(14)

where 𝑆+𝑘−1(𝑆+𝑘−1)𝑇 = 𝑃+𝑘−1 and 𝑛 is the dimension of the state
vector.

The cubature points are propagated

𝑋𝑖,𝑘 = 𝑔 (𝑋+𝑖,𝑘−1, 𝑢𝑘−1) . (15)

The predicted state is estimated

𝑥−𝑘 = 1
2𝑛
𝑛

∑
𝑖=1

𝑋𝑖,𝑘. (16)

The predicted error covariance is calculated

𝑃−𝑘 = 1
2𝑛
𝑛

∑
𝑖=1

𝑋𝑖,𝑘 (𝑋𝑖,𝑘)𝑇 − 𝑥−𝑘 (𝑥−𝑘 )𝑇 + 𝛽𝑘𝑄𝑘𝛽𝑘. (17)

In the measurement update, the cubature points are
generated

𝑋𝑖,𝑘 = 𝑆−𝑘 𝜀𝑖 + 𝑥−𝑘 , 𝑖 = 1, 2, . . . , 𝑛. (18)



8 Journal of Advanced Transportation

cell12cell6cell5

[lk12][lk11][lk10] [vol12][vol11][vol10][lk9][vol9][lk8][vol8][lk7][vol7][lk6][vol6][lk5][vol5][lk4][vol4][lk3][vol3][lk2][vol2][lk1][vol1]

cell2 cell3 cell4 cell7 cell8 cell9 cell10 cell11

PS
 S

PS
 S

PS
 S

PS
 S

PS
 S

PS
 S

PS
 S PS

 S

PS
 S PS

 S

PS
 S PS

 S

PS
 S PS
 S

PS
 S

PS
 S

PS
 S PS
 S

PS
 S PS
 S

PS
 S PS
 S

PS
 S PS
 S

battery−
ba

tte
ry

−

cu
rr

en
t −

pulse−

cu
rr

en
t +

cu
rr

en
t−

cu
rr

en
t+

cu
rr

en
t

current current1

tr
ig

ge
r

co
nt

ro
l

de
t_

so
c

tr
ig

ge
r

co
nt

ro
l

de
t_

so
c

cu
rr

en
t −

cu
rr

en
t+

tr
ig

ge
r

co
nt

ro
l

de
t_

so
c

cu
rr

en
t −

cu
rr

en
t+

tr
ig

ge
r

co
nt

ro
l

de
t_

so
c

cu
rr

en
t −

cu
rr

en
t +

tr
ig

ge
r

co
nt

ro
l

de
t_

so
c

cu
rr

en
t −

cu
rr

en
t +

tr
ig

ge
r

co
nt

ro
l

de
t_

so
c

cu
rr

en
t −

cu
rr

en
t+

tr
ig

ge
r

co
nt

ro
l

de
t_

so
c

cu
rr

en
t −

cu
rr

en
t +

tr
ig

ge
r

co
nt

ro
l

de
t_

so
c

cu
rr

en
t −

cu
rr

en
t +

tr
ig

ge
r

co
nt

ro
l

de
t_

so
c

cu
rr

en
t −

cu
rr

en
t+

tr
ig

ge
r

co
nt

ro
l

de
t_

so
c

cu
rr

en
t −

cu
rr

en
t+

tr
ig

ge
r

co
nt

ro
l

de
t_

so
c

current2 current3 current4 current5 current6 current7 current8 current9 current10

[det_soc11]
From35

[det_soc10]

From34

[det_soc9]

From33

[det_soc8]

From32

[det_soc7]

From31

[det_soc6]

From30

[det_soc5]

From23

[det_soc4]

From22

[det_soc3]

From21

[det_soc2]

From20

[det_soc1]

From19

pulse+

pulse

SOC measure logic
Pulse

Generator

Controlled Current

Electrical Reference

Electrical Reference1

MOSFET MOSFET1 MOSFET2 MOSFET3 MOSFET4 MOSFET5 MOSFET6 MOSFET7 MOSFET8 MOSFET9 MOSFET10 MOSFET11

MOSFET17

MOSFET21

MOSFET16MOSFET15

MOSFET19

MOSFET20

MOSFET18

MOSFET14MOSFET13MOSFET12

Controlled Current

Inductor

Inductor6 Inductor7

Inductor9

Inductor8

Inductor10

Inductor1 Inductor2 Inductor3 Inductor4 Inductor5

s ds d

s d s d s d s d s d s d

s d

s d

s d

s d

s d s d s d s d s d s d s d s d s d s d

Source

Source1

Constant1

vo
lta

ge
SO

C

cell1

Goto1

1

[soc1] Goto2 [soc2] Goto3 [soc3] Goto4 [soc4] Goto5 [soc5] Goto6 [soc6] Goto24 [soc7] Goto25 [soc8] Goto26 [soc9] Goto27 -T- Goto28 -T- Goto29 -T-
2

2

ba
tte

ry
+

ba
tte

ry
−

cu
rr

en
t

vo
lta

ge
SO

C

ba
tte

ry
+

ba
tte

ry
−

cu
rr

en
t

vo
lta

ge
SO

C

ba
tte

ry
+

ba
tte

ry
−

cu
rr

en
t

vo
lta

ge
SO

C

ba
tte

ry
+

ba
tte

ry
−

cu
rr

en
t

vo
lta

ge
SO

C

ba
tte

ry
+

ba
tte

ry
−

cu
rr

en
t

vo
lta

ge
SO

C

ba
tte

ry
+

ba
tte

ry
−

cu
rr

en
t

vo
lta

ge
SO

C

ba
tte

ry
+

ba
tte

ry
−

cu
rr

en
t

vo
lta

ge
SO

C

ba
tte

ry
+

ba
tte

ry
−

cu
rr

en
t

vo
lta

ge
SO

C

ba
tte

ry
+

ba
tte

ry
−

cu
rr

en
t

vo
lta

ge
SO

C

ba
tte

ry
+

ba
tte

ry
−

cu
rr

en
t

vo
lta

ge
SO

C

ba
tte

ry
+

ba
t t e

ry
−

cu
rr

en
t

vo
lta

ge
SO

C

ba
tte

ry
+

battery+

− +− +− +− +− +− +− +− +− +− +− +− +

− +

− +

− +

− +

− +

− + − + − + − + − +

−
+

−
+

−
+

−
+

−
+

−
+

−
+

−
+

−
+

−
+

−
+

M

s d
s d

− +

− +

−−
+

−−
+

−
+

−−
+

−
+

−
+

−
+

−
+

nce

−
+

ncnc

+

++

s d

− +

s d

− +

s d

− +

s d

− +

s d

− +

s d

− +

s d

− +++++

s d

− +

s d

− +

M

s d

− +

s d

− +

M

s d
− +

s d

− +

M

s d

− +

s d

− +

Electri

nce1

s d

− +

Figure 7: Example of battery model including SOC estimator (top) and cell balancing (bottom).

The propagated cubature points are evaluated

𝑍𝑖,𝑘 = ℎ (𝑋𝑖,𝑘, 𝑢𝑘) . (19)

The predicted measurement is estimated

�̂�𝑘 = 1
2𝑛
𝑛

∑
𝑖=1

𝑍𝑖,𝑘. (20)

The innovation covariance matrix is obtained

𝑃𝑧𝑧,𝑘 = 1
2𝑛
𝑛

∑
𝑖=1

𝑍𝑖,𝑘 (𝑍𝑖,𝑘)𝑇 − 𝑧𝑘 (𝑧𝑘)𝑇 + 𝛾𝑘𝑅𝑘𝛾𝑘. (21)

The cross-covariance matrix is determined

𝑃𝑥𝑧,𝑘 = 1
2𝑛
𝑛

∑
𝑖=1

𝑋𝑖,𝑘 (𝑍𝑖,𝑘)𝑇 − 𝑥−𝑘 (�̂�𝑘)𝑇 . (22)

The Kalman gain is calculated

𝐾𝑘 = 𝑃𝑥𝑧,𝑘 (𝑃𝑧𝑧,𝑘)−1 . (23)

The updated state is estimated

𝑥+𝑘 = 𝑥−𝑘 + 𝐾𝑘 (𝑧𝑘 − �̂�𝑘) . (24)

The corresponding error covariance is computed

𝑃+𝑘 = 𝑃−𝑘 − 𝐾𝑘𝑃𝑧𝑧,𝑘 (𝐾𝑘)𝑇 . (25)

The simulation model that includes the SOC estimation
using STCEKF and the active cell balancing can be seen in
Figure 7.

4. Experimental Tests

The battery was tested in a laboratory setup [8] as shown
in Figure 8. The twelve lithium iron phosphate battery cells
(ANR26650M1-B) were used during the test. The specifi-
cations of the cell can be obtained from a123batteries.com
datasheet.The load current was generated by a DC electronic
load while the battery cells were charged by a programmable
DCpower supply. It was used to control the voltage or current
source with the output voltage (maximum at 36V) and
current (maximum at 20A).The host PC communicates with
the DAQ device to measure the charging and discharging
of each cell. The NI DAQ device controlled the outputs and
inputs data with acquisition rate set to 1 sample per second.
A current sensor measured the current during the charging
and discharge operation for one battery cell. As all the battery
cells are unique due to the manufacturing variation, the test
was repeated for other 11 cells. The experimental data for the
2-𝑅𝐶 model for the 12 cells were obtained. The validated 2-
𝑅𝐶 models were updated into the series of lookup tables as
shown in Figure 6.

4.1. Proposed Battery Model Validation. The prototype of the
battery power system can be seen in Figure 9. The prototype
was used to validate the 2-𝑅𝐶 cell models at different ambient
temperatures from 5∘C, 15∘C, 25∘C, 35∘C, and 45∘C in an
environmental chamber. For example, the root means square
or RMS errors between the simulation and experimental
results at 25∘C for the 12-cell are shown in Table 2. The RMS
error of Cell #1 terminal voltage between the simulation and
experiment was around 7.20 × 10−5 at 25∘C (see Table 2).
The experimental data at a different ambient temperature of
25∘C was compared with the model to test the robustness
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Figure 8: Test bench setup for battery cell testing [8].

Figure 9: 12-cell battery pack prototype for multicell testing.

of the numerical model in Figure 10. The result shows that
the battery model output can estimate the terminal voltage
with small error. The errors of the terminal voltage due to
the current fluctuation can converge to zero within 1.20 ×
10−5 s.The result showed that the proposed batterymodel was
accurate. Note that the results are valid for the type of battery
cells used.

4.2. SOC Estimation Algorithms Comparision. Several SOC
estimation algorithms such as EKF, STEKF, CKF, STCEKF
were compared using the 2-𝑅𝐶 equivalent circuit battery
cell models obtained at 25∘C. The following test process was
used to evaluate the proposed SOC estimation algorithmwith
other algorithms.

(1) Initialization. To determine the benchmark of the SOC, the
battery cell needs to be fully charged followed by a 15-hour
relaxation period before running the algorithms. It helped to

Table 2: RMSE between simulation and experiment of terminal
voltage at 25∘C.

Cell number Root means square error
(RMSE) of terminal voltage

Cell 01 2.26 × 10−05

Cell 02 8.98 × 10−06

Cell 03 1.88 × 10−05

Cell 04 2.34 × 10−05

Cell 05 2.54 × 10−05

Cell 06 1.99 × 10−05

Cell 07 2.37 × 10−05

Cell 08 2.51 × 10−05

Cell 09 1.92 × 10−05

Cell 10 2.00 × 10−05

Cell 11 1.74 × 10−05

Cell 12 2.19 × 10−05

ensure that the initial SOC of the battery cell is 100% in its
equilibrium state.

(2) Compute Actual SOC. A reference ampere-hour method
was used to determine the actual SOC for comparison.

(3) Test Different Algorithms. An initial SOC error was set to
20% for testing the convergence performance using different
SOC estimation algorithms.

(4) Comparison Process.The rootmeans square error (RMSE)
was computed to evaluate the estimation performance for
various SOC estimation algorithms. As shown in Figure 11,
the initial transient stage of the SOC estimation was quite
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Figure 11: SOC estimation results using EKF, STEKF, CKF, and STCEKF at 25∘C.

different for each method. The CKF exhibits an overshoot
while EKF was quite sluggish in the response. As compared
to the STCEKF, there was a smaller overshoot with a faster
response as compared to the other methods. However,
the STEKF deviated from the reference SOC curve during
the discharging. Most of the SOC estimation results could
converge to the reference SOC. The RMSE values and the

convergence time of the SOC estimation are tabulated in
Table 3. It can be seen that STCEKF exhibits the smallest
RMSE and the shorter convergence time as compared to
other methods. Therefore, the STCEKF has faster and more
accurate SOC estimation as compared to EKF, STEKF, and
CKF. Note that similar behavior can be found at a different
temperature.
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Table 3: RMSE for SOC estimation using EKF, STEKF, CKF, and STCEKF at 25∘C.

Descriptions Extended Kalman
filter (EKF)

Strong tracking extended
Kalman filter (STEKF)

Cubature Kalman filter
(CKF)

Strong tracking with
cubature on extended

Kalman filter (STCEKF)
Root means square error (RMSE) 0.02735 0.01455 0.01223 0.01176
Convergence time (min) 35 20 11.7 10
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Figure 12: Active cell balancing results using proposed active cell
balancing circuit for all cells at 25∘C.

As mentioned in the above section, the balancing routine
was used to balance the imbalanced cells. Firstly, the balanc-
ing routine will seek for the lowest, highest, and average SOC
of the cells.The cell number with the lowest and highest SOC
will be logged. Secondly, the balancing routine will determine
whether the BMS has been balanced by using the lowest,
highest, and average SOC of the cells. If all the cells were
balanced, the balancing routine would turn off all the relays
that control the active cell balancing. Thirdly, the balancing
routine will execute the balancing for the cell with the lowest
SOC first. Note that one DC-DC converter will be used to
balance Cell #1 to #6, and another DC-DC converter will be
used to balance Cell #7 to #12.

Figure 12 shows the experimental results of SOC for each
cell (labeled as C1 to C12) after the active cell balancing. As
seen in Figure 12, the SOC of each cell was maintained at the
same value at the end of the cell balancing. Most of the cells
exhibited same SOC value at the end of the balancing time
frame of 5564 s. The SOC of each cell converged to similar
value while the battery pack was running. It did not have to
wait for 5564 s for powering. A comparative study between
different active balancing topologies was shown in Table 4 to
further examine the balancing speed and the balancing loss
between these methods. In Table 4, the capacitors showed a
slower balancing speed than the transformer. Although the
proposed algorithm for the active cell balancing method was
slightly complicated than other methods, it demonstrated

some merits of higher balancing speed and lower balancing
loss for the battery management system. For brevity, only
the cell balancing test at 25∘C was shown. The similar test at
different ambient temperatures can be repeated.

4.3. SOC Estimation under Realistic Load Profile and Vary-
ing Ambient Temperature. To further validate the proposed
ambient temperature model and SOC estimation algorithm
under the practical and dynamic situation, theNewEuropean
Driving Cycle load profile [49] was applied to the 12-cell
series battery pack prototype to simulate the electric vehicle
applications under varying the ambient temperature. The
ambient temperature variation can be seen in Figure 13(a).
The current load profile of the electric vehicle subjected to the
temperature disturbance is depicted in Figure 13(b).The load
profile was scaled down to fit the battery pack. However, it
can be adjusted to different current level. The programmable
DC electronic load was used to run the preprogrammed
load profile. Before the experiment, the battery pack was
fully charged to 100% in Figure 13(c). The instantaneous
error was determined based on the difference between the
respective methods (i.e., STCEKF and EKF) and the actual
SOC value obtained by the Ah countingmethod. As observed
in Figure 13(c), the proposed SOC estimation can follow
the actual SOC value by the Ah counting method under
the changing operating ambient temperature. Despite the
ambient temperature perturbation, the SOC error of the
STCEKF method (see Figure 13(d)) settled to a smaller
steady-state error after a short period of drift as compared
to EKF-based SOC model that was unable to recover from
the ambient temperature disturbances. In summary, the
proposed STCEKF is more robust than EKF in the SOC
estimation. The graphs for the STEKF and CKF were not
available at the time of comparison. In addition, the tests can
be repeated for different cell type and current load profiles at
different temperatures.

5. Conclusions

The first strong tracking cubature extended Kalman filter
(STCEKF) and active cell balancing for the lithium iron
phosphate battery system model were jointly developed. The
SOC estimation using the STCEKF produced the lowest
error and faster computational time as compared with the
extended Kalman filter (EKF). A new cell balancing circuit
and algorithm showed a higher balancing speed and less
balancing loss during the charging and discharging. The
proposed battery power system design was validated by both
model simulation and experiment using the actual battery
prototype. The New European Driving Cycle load profile
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Table 4: Comparison of different active cell balancing methods at 25∘C.

Capacitor Switched capacitor
(STSC) Inductor Proposed method Transformer

Balancing speed 11330 s 8550 s 6833 s 5564 s 6064 s
Average state-of-charge
(efficiency) 90.0% 90.0% 89.2% 89.5% 89.3%

Cost 4 3 3 3 1
Size 3 2 3 3 1
Complexity 4 4 1 2 3
Note. Cost (4: cheap, 1: expensive); size (4: small, 1: big); complexity (4: low, 1: high).
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Figure 13: (a) Ambient temperature profile; (b) current profile; (c) SOC comparison of proposed STCKF and EKF-based model; (d) SOC
error comparison.

for an electric vehicle was used to verify and compare the
proposed SOC estimation performance by the STCEKF with
the EKF. The experimental results showed that the STCEKF
performed better than the EKF under the varying ambient
temperature and current load profile (that was equivalent to

the actual load profile in the electric vehicle). In summary,
the proposed STCEKF was successfully implemented and
validated in the actual 12-cell battery pack with less SOC
estimation error, faster balancing time, and less balancing
loss for real-time application. For future works, the battery
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model will be fine-tuned and further developed to detect and
diagnose uncertain faults subjected to external disturbances
with less computation burden.
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In this paper we introduce a novel method for obtaining good quality paths for autonomous road vehicles (e.g., cars or buses)
in narrow environments. There are many traffic situations in urban scenarios where nontrivial maneuvering in narrow places is
necessary. Navigating in cluttered parking lots or having to avoid obstacles blocking the way and finding a detour even in narrow
streets are challenging, especially if the vehicle has large dimensions like a bus. We present a combined approximation-based
approach to solve the path planning problem in such situations. Our approach consists of a global planner which generates a
preliminary path consisting of straight and turning-in-place primitives and a local planner which is used to make the preliminary
path feasible to car-like vehicles. The approximation methodology is well known in the literature; however, both components
proposed in this paper differ from existing similar planning methods. The approximation process with the proposed local planner
is proven to be convergent for any preliminary global paths.The resulting path has continuous curvature which renders ourmethod
well suited for application on real vehicles. Simulation experiments show that the proposedmethod outperforms similar approaches
in terms of path quality in complicated planning tasks.

1. Introduction

Looking around in the automotive industry, we can see a
great amount of automation and an accelerating pursuit to
develop intelligent self-driving vehicles. According to the
popularity of the field, research is considerably active in the
last decades [1–5].The navigation task of autonomous robotic
vehicles consists of many subproblems, involving sensing,
perception and recognition of situations, localization,motion
planning, and execution. Amongst these, we treat here the
problem of generating appropriate paths for robotic cars in
the presence of obstacles. As usual in case of cars, we assume
the workspace of interest being a planar surface. From a
control theoretic view, the rolling without slipping constraint
of wheels induces nonholonomic constraints, which do not
prohibit the controllability of a system but cause remarkable
difficulties (it is enough to think of parallel parking a car).
Although controlling a nonholonomic vehicle is a control
theoretic challenge, it is worth incorporating knowledge
about the specific system in the path planning task as well.

This paper describes a path planning algorithm which is
intended to solve navigation problems where the vehicle has
to cross narrow or cluttered areas in order to reach the goal.
Since cars have a nonzero minimum turning radius, such
environments require in many cases nontrivial maneuvering
(including more reversals) between narrowing. Our solution
is appropriate for the continuous steering car, which means
that the finite steering rate is taken into account as well
beyond the turning radius. In other words, steering at
standstill is avoided by forcing the path to have a continuous
curvature profile. This is achieved by using clothoid curves
between straight and circular path segments. The proposed
algorithm is an approximation-based method consisting of a
local and a global planner.The local planner generates feasible
paths in the absence of obstacles. The global planner delivers
a preliminary collision-free path by omitting the minimum
turning radius constraint of the vehicle. It is shown that the
proposed local and global planners are appropriate to be
applied together and guarantee finding a feasible solution
in the presence of obstacles if the planning task is solvable.
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Moreover, the local paths are designed to be similar to those
a human driver would find.

Although different human drivers and passengers prefer
different types of paths, we try to summarize the main char-
acteristics of a “human-like” path as follows. Existing optimal
planners strive to return the shortest possible solution which
results in sharp (mostly maximal curvature) turns and many
reversals in most cases. In our opinion optimal length is not
as important for a passenger as feeling comfortable. If a path
is longer than optimal (to a meaningful extent, of course) but
contains less sharp turns and reversals, then we treat it better
from the passenger’s perspective. Our proposed approach is
designed with these preferences in mind: the preliminary
global path consists only of straight segments (with in-place
turning between them), and the local planner has the task of
connecting these segments with smooth and not necessarily
maximal curvature turns.

The remaining part of the paper is organized as follows.
The next section summarizes related work in path planning
for car-like vehicles. Section 3 introduces the main charac-
teristics of the proposed approach and the previous work of
the authors in this field. In Section 4 we describe the local
planning component (TTS-planner) in detail, in which we
discuss the applied path elements, the properties of local
paths, and a topological admissible steeringmethod based on
these. In Section 5 the global planning tool (RTR-planner)
is described which generates the collision-free preliminary
path. Finally, simulation examples are presented which
confirm the advantageous characteristics of the proposed
approach.

2. Related Work

Thepath planning task for nonholonomic systems is difficult,
caused by the concurrent presence of global geometric
(environmental) and local kinematic constraints. For this
reason most available approaches decouple the treatment
of these in two separate phases of the planning process.
Basically we can distinguish between global and local path
planning methods, which account for the two subproblems.
In some approaches the configuration space of the vehicle is
sampled and a graph-based description is used to grasp the
topological structure of the environment [6]. For example,
the Probabilistic Roadmap Method [7] uses general graphs
with an offline sampling; the Rapidly Exploring Random
Tree approach [8–10] builds one or more trees online to
cover the free space.These sampling-based frameworksmake
use of a vehicle-specific local planner module (also denoted
as a steering method), which accounts for connecting two
arbitrary configurations of the nonholonomic car. Graph
vertices represent configurations, while edges in the graphs
correspond to local paths in these approaches. The global
admissibility of these is checked by an appropriate collision
detector module.

Other approaches are based on the Holonomic Path
Approximation Algorithm [11], which recommends planning
a preliminary holonomic (kinematically unconstrained) path
first and approximating it using a steering method in a
second step. In this framework, the holonomic global path is

iteratively subdivided and the steering method together with
a collision detector is applied to replace the parts. To ensure
the convergence of this algorithm, the steeringmethod has to
verify the topologically property, which is defined in [12].

Steering nonholonomic systems is a difficult task even in
the absence of obstacles. Exact algorithms are not available in
general but only for special classes, for example, nilpotentiz-
able [13], chain-formed [14–16], and differentially flat systems
[17]. Common examples for the above-mentioned system
classes include wheeled vehicles with or without trailers.
There exist elegant solutions of path planning and control
especially for differentially driven and car-like robots [18–21]
and mobile manipulators [22–24]. Most of the available work
investigates differentially driven robots with one trailer [19]
or more trailers [18, 20]. The steering methods presented in
[19, 20] are shown to verify the topological property as well.
Since the kinematics of a car is equivalent to a differentially
driven robot towing a trailer hitched on top of the wheel axis,
these flatness-basedmethods were shown to be applicable for
cars [21] as well. In these approaches a sufficiently smooth
planar curve is planned for the flat output of the system,
which is the axlemidpoint of the last trailer, or simply the rear
axle midpoint in case of a single car. Although the method
proposed in [21] is a simple and elegant way of generating
local paths for carswith continuous curvature, it does not take
into account the upper-bounded curvature constraint (except
at the start and end configurations).

An important and widely used family of steering
approaches is based on optimal control. For general sys-
tems only approximate methods exist [25]. However, exact
methods for computing optimal (e.g., shortest length) local
paths are available for cars moving only forward (Dubins-
car [26]) or both forward and backward (Reeds–Shepp-
car [27–30]). For the Reeds–Shepp-car, it is shown in [27]
that for any pair of configurations the shortest path can
be chosen from 48 possible sets of paths, each of which
consisting of maximum five circular or straight segments
and having maximum two cusps. The number of sets was
reduced to 46 in [28] and to 26 in [30]. Because these
optimal paths consist of linear and circular segments, the
resulting curvature profile contains abrupt changes, which
can be traversed precisely only when the car is stopped at
points where the curvature changes, in order to reorient its
wheels. To overcome this limitation, a steering method is
introduced in [31] which approximates Reeds–Shepp paths
using continuous curvature turns, which contain clothoid
curves to connect linear and circular parts. It was shown that
although these paths are not optimal, they converge to the
optimal Reeds–Shepp paths when the allowed sharpness of
the clothoids tends to infinity. Both the Reeds–Shepp planner
and its continuous curvature generalization (let us denote it
as CCRS planner in the sequel) is proved to be topological
admissible.

Other continuous curvature planning approaches fall into
the “path smoothing” class, where a sequence of configura-
tions or a preliminary polygonal route is given and the goal
is turning it to a smooth curve. These make use of clothoids
[32] and higher order polynomial curves [33–35], or curves
with closed form expressions such as Bézier curves [36, 37]
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or 𝐵-splines [38]. Unfortunately these are not treating issues
such as topological admissibility or convergence guarantees
in general planning tasks.

Beyond these approaches, there are specialized algo-
rithms, which were designed to solve a specific planning
task, for example, parallel or garage parking. These are not
suited to solve more general planning problems in case of
arbitrary obstacle distributions. For example, [39, 40] use
circle segments and straight lines to generate trajectories for
car parking. In [40] these are denoted as translation (TM) and
rotation movements (RM), and a number of TM–RM–TM
combinations are linked together, depending on the maneu-
vering complexity of the parking task. An exhaustive search is
performed in every step; thus the computational complexity
increases heavily with the number of necessary maneuvers.
Themethod of Müller et al. [41] proposes solving the parking
task by the general two-step path approximation approach,
where they use the CCRS local planner [31] and the global
planner described in [42]. Although a general framework is
applied, they exploit some simplifications and assumptions
(e.g., regarding the shape of obstacles and symmetry of their
distribution) in order to make computations tractable for
real-time applications.

A recent publication [43] introduces a planning approach
which generalizes a parking planner to handle more difficult
obstacle distributions, for example, navigation in a narrow
parking lot containing some additional obstacles. It is shown
that the algorithm can be applied in real time thanks to the
fast optimization strategy it is based on. However, complete-
ness or guaranteed convergence is not proven.

3. The RTR + TTS-Planner

Many of the mentioned planning methods were seminal for
the development of our approach presented in this paper. Our
goal was to design an algorithmwith the following properties:

(i) It should solve the general planning task; that is,
no assumptions are made regarding the obstacle
distribution or the starting and goal configurations of
the vehicle. At the same time, it should perform well
also in the specialized parking situations.

(ii) The resulting paths should have continuous curvature
profile.

(iii) The aim is to generate “human-like” paths, which
are simple and contain a “meaningful” number of
maneuvers needed by the task at hand.

We chose the followingmethodology during the design of
this planning method. A two-step approximation approach
similar to [11, 41] was chosen; however, our global planner
already takes some nonholonomic properties of the vehicle
into account. The main contributions of this paper are the
introduction of our novel topological admissible continuous
curvature local planning method (TTS-planner) which facil-
itates the construction of “human-like” paths, as well as the
detailed description of the global RTR-planner.

This paper extends our previous work [45] giving a thor-
ough theoretical treatment, detailed derivation, and proofs

L
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Figure 1: Kinematic model of a car.

regarding the local planning method, as well as a more
detailed description of the global planner.

Previous versions of the proposed two-step planning
approach can be found in [46–49], where the local plan-
ner used only straight and circular segments, resulting in
a discontinuous curvature profile. The currently proposed
generalized version uses clothoids as well (similarly to [31]).
In the derivation we rely on the results of Wilde [50]
regarding the parametrization of clothoids. Our approach is
mostly comparable to the CCRS planner [31] or the two-step
planning method [41] based on it, because they have similar
theoretical properties. However, the simulation examples in
Section 6 show that our local planner generates better quality
paths and has a higher success rate in narrow environments
than a CCRS-based approach.

In the sequel we introduce the local TTS-planner first,
by deriving it from the kinematic properties of the car
and choosing path primitives with clothoids as building
blocks.The global RTR-planner is introduced after that where
we explain the reason of using only straight movement
and in-place turning primitives in the preliminary planning
phase.

4. Local Planning: The TTS-Planner

Before going into details of the local path planning method,
we give mathematical definitions of the solvable problem.
First the vehicle model is introduced, followed by basic
properties of the feasible paths, which will serve as a basis for
choosing the geometric building elements of the local planner
module.

4.1. Vehicle Model. The geometrical model of a car can be
seen in Figure 1. In this approach we use the one-track (or
bicycle) motionmodel of a continuous steering kinematic car
[41]:
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[[[[[[[
�̇̇��̇��̇�𝜙
]]]]]]] = [[[[[[[

cos 𝜃
sin 𝜃1𝐿 tan𝜙0

]]]]]]] V + [[[[[[
0001
]]]]]]Ω, (1)

where 𝑥 and 𝑦 are the position coordinates of the back axle
midpoint (treated as the reference point of the model), 𝜃 is
the orientation of the car, 𝜙 denotes the steering angle, and 𝐿
is the distance of the front and rear wheel axles. The signed
velocity of the reference point is V (positive means forward
motion), and Ω stands for the steering rate. The absolute
values of the steering angle and its rate of change are limited
to 𝜙 ≤ 𝜙max < 𝜋2|Ω| ≤ Ωmax < ∞. (2)

The instantaneous turning radius (the reciprocal of the path
curvature 𝜅) is given by 1𝜅 = 𝐿

tan𝜙 . (3)

The steering angle limit implies an upper bound on the path
curvature |𝜅| ≤ 𝜅max = tan𝜙max𝐿 . (4)

The more widespread form of the motion equation is the
following [51]:

[[[[[[
�̇̇��̇��̇�𝜅
]]]]]] = [[[[[[

cos 𝜃
sin 𝜃𝜅0

]]]]]] V + [[[[[[
0001
]]]]]]𝜎, (5)

where 𝜎 denotes the curvature change rate. The vector 𝑞 =(𝑥, 𝑦, 𝜃, 𝜅) is called the configuration (or state) of the vehicle
and 𝑢 = (V, 𝜎) is the input vector of the system. The
connection between (1) and (5) is given by𝜅 = tan𝜙𝐿𝜎 = �̇� = �̇�𝐿 cos2𝜙 = Ω𝐿 cos2𝜙 . (6)

An upper bound on the curvature change rate can be ex-
pressed as |𝜎| ≤ 𝜎max = Ωmax𝐿 ≤ Ωmax𝐿 cos2𝜙 . (7)

4.2. Feasible Paths. To elaborate the properties of feasible
local paths of our car model, let the translational velocity
of the car be written as V = 𝛾|V|, where |V| stands for the

magnitude of the velocity and 𝛾 represents the local direction
of motion:

𝛾 = {{{1, if V ≥ 0 (forward motion),−1, if V < 0 (backward motion).
(8)

Furthermore, let us introduce the translational displacement
of the car along its path𝑠 (𝑡) = ∫𝑡

0
|V (𝜏)| 𝑑𝜏 (9)

and express the translational velocity as

V = 𝛾𝑑𝑠𝑑𝑡 . (10)

Using (10) and the chain rule of differentiation, we reformu-
late the motion equation (5) as follows:

𝑑𝑑𝑠 [[[[[[
𝑥𝑦𝜃𝜅
]]]]]] ⋅ 𝑑𝑠𝑑𝑡 = [[[[[[

cos 𝜃
sin 𝜃𝜅0

]]]]]]𝛾𝑑𝑠𝑑𝑡 + [[[[[[
0001
]]]]]]𝜎. (11)

After dividing by (10) and defining𝛼 (𝑠) = 𝜎
V
= 𝛾𝑑𝜅𝑑𝑠 (𝑠) = 𝑑2𝜃𝑑𝑠2 (𝑠) , (12)

the sharpness of the path, we get the spatial description of
feasible paths:

𝛾 𝑑𝑑𝑠 [[[[[[
𝑥𝑦𝜃𝜅
]]]]]] = [[[[[[

cos 𝜃
sin 𝜃𝜅0

]]]]]] + [[[[[[
0001
]]]]]]𝛼. (13)

We can establish the following properties of these paths
for our car model:

(i) The orientation 𝜃 at 𝑠 is constrained by the local dis-
placements along the𝑥- and𝑦-axes and by themotion
direction 𝛾. The path curvature 𝜅 is given by the first
(spatial) derivative of 𝜃 and the motion direction.
Thus every feasible path can be fully described by a
planar curve labeled by the motion direction at every
point. This fact actually arises from the differential
flatness property of the carwith the rear axlemidpoint
position as flat output [17, 21].

(ii) The sharpness of the path is the second derivative of𝜃 (the spatial change rate of the curvature along the
path) and determines themaximal allowed velocity at
every point on the path:|V (𝑠)| ≤ 𝜎max|𝛼 (𝑠)| . (14)
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If a nonzero minimal traveling speed Vmin is required,
then the sharpness has an upper bound:|𝛼 (𝑠)| ≤ 𝛼max = 𝜎maxVmin

 . (15)

In otherwords, if wewould like to obtain a pathwhich can
be followed by the continuous steering car (1) and we allow
the car to stop only if the motion direction is reversed, then
the path should be a planar curve with

(i) bounded curvature and
(ii) bounded sharpness (continuous curvature).

In Sections 4.3, 4.4, and 4.5 we are about to present
specific paths fulfilling these requirements and the local path
planner for generating such paths.

4.3. Path Elements. Our aim is to choose geometric primi-
tives which can serve as building elements in the process of
path construction. We assume that the motion direction is
the same along a primitive, but it can change between the
primitives (whichmeans a cusp in the path).Themost simple
planar curves with bounded curvature are straight lines (𝜅 =0, called 𝑆 segments in the sequel) and curvature-limited
circular arcs (|𝜅(𝑠)| = const ≤ 𝜅max, called𝐶 segments). Paths
constructed by these primitives have piecewise constant cur-
vature with abrupt curvature changes (i.e., infinite sharpness)
between the pieces. To obtain continuous curvature, we are
about to use clothoids, which are the most simple parametric
curves with changing curvature and bounded sharpness.

4.3.1. Clothoids. Aclothoid is a curvewith constant sharpness|𝛼 (𝑠)| = |𝛼| ≤ 𝛼max < ∞, ∀𝑠. (16)

According to (13), the equations describing a clothoid path
can be obtained by integration. If we assume that 𝑞(0) = 0,
we get

𝑥 (𝑠) = 𝛾√ 𝜋|𝛼|𝐶𝐹(√ |𝛼|𝜋 𝑠) , (17a)

𝑦 (𝑠) = 𝛾 sgn (𝛼)√ 𝜋|𝛼|𝑆𝐹(√ |𝛼|𝜋 𝑠) , (17b)

where sgn(𝛼) denotes the sign of 𝛼 and 𝐶𝐹 and 𝑆𝐹 stand for
the Fresnel cosine and sine integrals:𝐶𝐹 (𝑟) = ∫𝑟

0
cos(𝜋2 𝜇2)𝑑𝜇, (18a)

𝑆𝐹 (𝑟) = ∫𝑟

0
sin(𝜋2 𝜇2)𝑑𝜇. (18b)

4.3.2. Clothoid Types. From the point of view of path plan-
ning, eight different types of clothoids can be distinguished,
based on the following properties:

CCNB
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CCNF
out

CCPF
out

CCPB
in

CCPF
in

CCPB
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CCNB
out

x

y

CCNF
in

Figure 2: Clothoid types.

(i) Sign of the sharpness: sgn(𝛼) = 𝛾 sgn(𝑑𝜅/𝑑𝑠), it can
be positive (𝑃, sgn(𝛼) = 1) or negative (𝑁, sgn(𝛼) =−1). Zero sharpness is omitted because it results in a
straight or circular segment instead a clothoid.

(ii) Direction of motion: 𝛾, it can be forward (𝐹) or
backward (𝐵)

(iii) Sign of the absolute curvature change: sgn(𝑑|𝜅|/𝑑𝑠).
The absolute curvature grows if the vehicle is entering
a turn (called in-type clothoid) and vanishes if it
returns to a straight segment (out-type clothoid).

Equations (17a) and (17b) describe in-type clothoids
parametrized by the constants 𝛼, 𝛾 and the running variable𝑠 ∈ [0, 𝑠CC], starting from 𝑞in(0) = 0 and arriving at some𝑞in(𝑠CC), where 𝑠CC denotes the whole curve length. From
every in-type clothoid we can derive an out-type counterpart
by preserving the same geometry but reversing the motion
direction:𝑥out (𝑠) = −𝛾√ 𝜋|𝛼|𝐶𝐹(√ |𝛼|𝜋 (𝑠CC − 𝑠)) , (19a)

𝑦out (𝑠) = −𝛾 sgn (𝛼)√ 𝜋|𝛼|𝑆𝐹(√ |𝛼|𝜋 (𝑠CC − 𝑠)) . (19b)

Note that these out-type clothoids start from some 𝑞out(0) =𝑞in(𝑠CC) and arrive at 𝑞out(𝑠CC) = 0. The eight different types
of clothoids are illustrated in Figure 2.

Note that we deal here only with such clothoid path
segments which have either their starting or their final con-
figuration at the origin with zero orientation and curvature
(𝑞(0) = 0 for in-type and 𝑞(𝑠CC) = 0 for out-type clothoids).
However, this causes no serious limitations. On the one hand,
any 𝑞 = (𝑥, 𝑦, 𝜃, 0) can be transformed to 𝑞 = (0, 0, 0, 0)
by translation and rotation. On the other hand, 𝜅(0) = 0
or 𝜅(𝑠CC) = 0 means that our final concatenated paths
can consist of 𝑆 segments, CCin-𝐶-CCout triplets, and CCin-
CCout pairs. Practically, the only limitation is that transitions
between two 𝐶 segments of different curvatures are allowed
only with a curvature profile crossing or touching zero, that
is, by a 𝐶-CCout-CCin-𝐶 sequence. As we will see later, this
does not prohibit the creation of a complete path planner.
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From now on, according to the nomenclature of [31], we
will denote CCin-𝐶-CCout triplets asCC-turns or𝑇 segments,
andCCin-CCout pairs as elementary paths or𝐸 segments.Note
that an elementary path is a special case of a CC-turn.

4.3.3. Reparametrization of Clothoids. By looking at (17a) and
(17b), we can state that any point on an in-type clothoid
starting from 𝑞(0) = 0 can be described by the pair (𝛼, 𝛾𝑠),
the sharpness and the signed displacement along the curve. It
was shown byWilde [50] that an equivalent representation is
available using the pair (𝜅, 𝛿), the curvature and the deflection
of the curve at a certain point:

𝑥 (𝜅, 𝛿) = sgn (𝛿) √2𝜋 |𝛿|𝜅 𝐶𝐹(√2 |𝛿|𝜋 ) , (20a)

𝑦 (𝜅, 𝛿) = √2𝜋 |𝛿|𝜅 𝑆𝐹(√2 |𝛿|𝜋 ) . (20b)

As it can be seen, 𝜅 appears only as a multiplier in the
expressions; thus it can be interpreted as a scaling factor. In
this representation 𝛿 is responsible for the “shape” of the
clothoid segment, and 𝜅 determines its “size.”

From a computational perspective, this (𝜅, 𝛿) parametri-
zation is less convenient than the parametrization by (𝛼, 𝛾𝑠).
The reason is that 𝛼 and 𝛾 are constant values and only 𝑠 is
variable along the path segment; thus the curve is described
by some fixed parameters and exactly one free parameter, as
usual. This makes the explicit computation of these curves
simple, for example, for visualization or collision checking.
Opposed to this, both 𝜅 and 𝛿 are varying along the curve,
and coherency has to be maintained between them to obtain
proper results. The coherency is ensured by the constant
sharpness, which is related to 𝜅 and 𝛿 as𝛼 = 𝜅22𝛿 . (21)

For simplicity, let us choose fixed curvature and deflection
values 𝜅CC and 𝛿CC at the endpoint of curve. This is the point
with maximal absolute curvature and deflection:𝜅CC = argmax

𝜅
|𝜅| , (22a)𝛿CC = argmax

𝛿
|𝛿| . (22b)

Based on (20a), (20b), (22a), and (22b), in-type clothoids can
be fully described by

𝑥in (𝛿) = sgn (𝛿CC) √2𝜋 𝛿CC𝜅CC 𝐶𝐹(√2 |𝛿|𝜋 ) , (23a)

𝑦in (𝛿) = √2𝜋 𝛿CC𝜅CC 𝑆𝐹(√2 |𝛿|𝜋 ) , (23b)

𝜃in (𝛿) = 𝛿, (23c)

𝜅in (𝛿) = 𝜅CC√ 𝛿𝛿CC , (23d)

where 𝛿 ∈ [0, 𝛿CC] is the variable parameter and 𝛿CC and 𝜅CC
are constant values. A shorter form for 𝑥in(𝛿) and 𝑦in(𝛿) can
be obtained by defining the following functions:

𝑋(𝛽) = sgn (𝛽)√𝜋 𝛽 ⋅ 𝐶𝐹(√ 𝛽𝜋 ) (24)

𝑌 (𝛽) = √𝜋 𝛽 ⋅ 𝑆𝐹(√ 𝛽𝜋 ) . (25)

Using these, (23a), (23b), (23c), and (23d) will look like

𝑥in (𝛿) = 𝑋 (2𝛿)𝜅CC √𝛿CC𝛿 = 𝑋 (2𝛿)𝜅in (𝛿) , (26a)

𝑦in (𝛿) = 𝑌 (2𝛿)𝜅CC √𝛿CC𝛿 = 𝑌 (2𝛿)𝜅in (𝛿) , (26b)𝜃in (𝛿) = 𝛿, (26c)𝜅in (𝛿) = 𝜅CC√ 𝛿𝛿CC . (26d)

Note that if we look at the endpoint, 𝑋(2𝛿CC) and 𝑌(2𝛿CC)
can be treated as the end position of and “unscaled” in-type
clothoid of 𝛿CC full deflection.The “scaling factor” 1/𝜅CC can
be used to obtain the real endpoint coordinates 𝑥in(𝛿CC) and𝑦in(𝛿CC).

Now, let us consider a pair of in-type and out-type
clothoids having the same geometry (such pairs were shown
in Figure 2, e.g., CC𝑃𝐹

in and CC𝑃𝐵
out). In order to ensure the

above-mentioned coherency between 𝜅CC and 𝛿CC, we define
them according to (22a) and (22b) for out-type clothoids
as well. However, in this case 𝜅CC belongs to the starting
point, while 𝛿CC to the endpoint of the curve. Since an out-
type clothoid has the same geometry as its in-type pair but
opposite motion direction, we can obtain its equation as𝑥out (𝛿)

= − sgn (𝛿CC) √2𝜋 𝛿CC𝜅CC 𝐶𝐹(√2 𝛿 − 𝛿CC𝜋 ) , (27a)

𝑦out (𝛿) = √2𝜋 𝛿CC𝜅CC 𝑆𝐹(√2 𝛿 − 𝛿CC𝜋 ) , (27b)

𝜃out (𝛿) = 𝛿 − 𝛿CC, (27c)

𝜅out (𝛿) = 𝜅CC√𝛿CC − 𝛿𝛿CC . (27d)
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Figure 3: Structure of (a) elementary paths and (b) CC-turns.

4.3.4. Elementary Paths and CC-Turns. As already men-
tioned, elementary paths (𝐸 segments) are symmetric curves,
consisting of a pair of compatible CCin and CCout clothoids.
The curvature of the first curve changes from 0 to 𝜅CC, while
the second from 𝜅CC back to 0. Both curves have the same
deflection 𝛿CC. Compatibility is assured by the same motion
direction 𝛾 and the same curvature 𝜅CC at the end of the
in-type part and at the beginning of the out-type part. The
compatible pairs are

(i) CC𝑃𝐹
in and CC𝑁𝐹

out ,

(ii) CC𝑁𝐹
in and CC𝑃𝐹

out,

(iii) CC𝑃𝐵
in and CC𝑁𝐵

out ,

(iv) CC𝑁𝐵
in and CC𝑃𝐵

out.

A CC-turn consists of a pair of compatible CCin and
CCout curves, with an additional circular arc between them,
which has 𝜅𝐶 = 𝜅CC curvature and 𝛿𝐶 deflection. As
mentioned before, an elementary path is a special case of a
CC-turn with 𝛿𝐶 = 0 (see Figure 3).

Let us characterize these path components. They can
be described by a parametric configuration curve 𝑞(𝛿) =(𝑥(𝛿), 𝑦(𝛿), 𝜃(𝛿), 𝜅(𝛿)) with 𝛿 ∈ [0, 𝛿end]. The curve is fully
determined by the following parameters:

(i) A starting configuration 𝑞(0) = 𝑞𝑠 = (𝑥𝑠, 𝑦𝑠, 𝜃𝑠, 0).
(ii) The maximal curvature 𝜅CC (in an absolute sense:|𝜅CC| ≥ |𝜅(𝛿)|, ∀𝛿).
(iii) Deflections of the clothoid (𝛿CC) and circular (𝛿𝐶)

parts.

We use the following building elements to synthesize elemen-
tary paths and CC-turns:

(i) An in-type clothoid 𝑞in(𝛿) of deflection 𝛿CC, starting
from 𝑞in(0) = (0, 0, 0, 0) and arriving at 𝑞in(𝛿CC) =(𝑥in(𝛿CC), 𝑦in(𝛿CC), 𝛿CC, 𝜅CC), as described by (23a),
(23b), (23c), and (23d).

(ii) A circular arc 𝑞𝑐(𝛿) of deflection 𝛿𝐶 and curvature𝜅CC, starting from 𝑞𝑐(0) = (0, 0, 0, 0), described by𝑥𝑐 (𝛿) = sin 𝛿𝜅CC (28a)

𝑦𝑐 (𝛿) = 1 − cos 𝛿𝜅CC (28b)𝜃𝑐 (𝛿) = 𝛿 (28c)𝜅𝑐 (𝛿) = 𝜅CC. (28d)

(iii) A compatible out-type clothoid 𝑞out(𝛿) of deflec-
tion 𝛿CC, starting from 𝑞out(0) = (𝑥out(0), 𝑦out(0),−𝛿CC, 𝜅CC) and arriving at 𝑞out(𝛿CC) = (0, 0, 0, 0), as
described by (27a), (27b), (27c), and (27d).

The starting and end configurations of these parts have to be
aligned in order to obtain the resulting elementary path or
CC-turn. The alignment is performed by rotation and trans-
lation, described by homogeneous transformation matrices.
Let us assign a transformation matrix to any configuration 𝑞0
as follows:

𝑞0 = (𝑥0𝑦0𝜃0𝜅0) →

𝑇(𝑞0) = [[[[[[[[[
cos 𝜃0 − sin 𝜃0 0 0 𝑥0
sin 𝜃0 cos 𝜃0 0 0 𝑦00 0 1 0 𝜃00 0 0 1 00 0 0 0 1

]]]]]]]]]
.

(29)

This transformation matrix represents the pose of the local
coordinate frame attached to 𝑞0. The transformation of
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another configuration 𝑞 by 𝑇(𝑞0) can be performed as usual:(𝑞1) = 𝑇 (𝑞0) (𝑞1) . (30)

This means that we interpret the coordinates of 𝑞 as local,
relative to 𝑞0.Multiplying by𝑇(𝑞0)we get 𝑞, which represents
the global coordinates of the transformed 𝑞. Notice that
the transformation does not affect the curvature part of the
configuration. It follows that the original configuration 𝑞0
can be obtained by applying the transformation 𝑇(𝑞0) to 𝑞 =(0, 0, 0, 𝜅0):

(𝑞01 ) = 𝑇 (𝑞0)((
(

000𝜅01
))
)

. (31)

The inverse transformation is given by𝑇−1 (𝑞0)
= [[[[[[[[[

cos 𝜃0 sin 𝜃0 0 0 −𝑥0 cos 𝜃0 − 𝑦0 sin 𝜃0− sin 𝜃0 cos 𝜃0 0 0 𝑥0 sin 𝜃0 − 𝑦0 cos 𝜃00 0 1 0 −𝜃00 0 0 1 00 0 0 0 1
]]]]]]]]]
. (32)

These transformation matrices have the following chaining
property:

𝐻𝑞 = 𝑇 (𝑞0) ⋅ 𝐻𝑞 ⇐⇒ 𝑇(𝑞) = 𝑇 (𝑞0) ⋅ 𝑇 (𝑞) , (33)

where the upper “𝐻” index stands for the homogenous
coordinate representation 𝐻𝑞 = [𝑞, 1]𝑇.

Now, we have all the tools to assemble CC-turns and
elementary paths. A general description of these is obtained
as follows:

𝐻𝑞 (𝛿) = 𝑇 (𝑞𝑠) ⋅ 𝐻𝑞in (𝛿) , if 𝛿 ∈ [0, 𝛿CC] , (34a)

𝐻𝑞 (𝛿) = 𝑇 (𝑞 (𝛿CC)) ⋅ 𝐻𝑞𝑐 (𝛿 − 𝛿CC) ,
if 𝛿 ∈ (𝛿𝐶𝐶, 𝛿CC + 𝛿𝐶] . (34b)

𝐻𝑞 (𝛿) = 𝑇 (𝑞 (𝛿CC + 𝛿𝐶)) ⋅ 𝑇−1 (𝑞out (0))⋅ 𝐻𝑞out (𝛿 − 𝛿CC − 𝛿𝐶) ,
if 𝛿 ∈ (𝛿CC + 𝛿𝐶, 2𝛿CC + 𝛿𝐶] , (34c)

where 𝑞𝑠 stands for a given arbitrary starting configuration
with zero curvature and 𝑞in(𝛿) and 𝑞out(𝛿) are given by
(23a), (23b), (23c), (23d), (27a), (27b), (27c), and (27d),
respectively. This can be treated as a “direct” approach for
generating a CC-turn or elementary path. One specifies the

starting configuration 𝑞𝑠, the maximal curvature 𝜅CC, and
the deflections 𝛿CC and 𝛿𝐶, and the end configuration 𝑞𝑒 =𝑞(2𝛿CC+𝛿𝐶) is obtained directly using (34a), (34b), and (34c).
Without loss of generality we can assume that 𝑞𝑠 = (0, 0, 0, 0).
In this case we get

𝐻𝑞 (𝛿CC) = 𝐻𝑞
in (𝛿CC) = 𝑇 (𝑞in (𝛿CC)) ⋅ 𝐻0, (35a)

𝐻𝑞 (𝛿CC + 𝛿𝐶) = 𝑇 (𝑞in (𝛿CC)) ⋅ 𝐻𝑞c (𝛿𝐶)= 𝑇 (𝑞in (𝛿CC)) ⋅ 𝑇 (𝑞𝑐 (𝛿𝐶))⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑇(𝑞(𝛿CC+𝛿𝐶))

⋅ 𝐻0, (35b)

𝐻𝑞𝑒 = 𝐻𝑞 (2𝛿CC + 𝛿𝐶)= 𝑇 (𝑞 (𝛿CC + 𝛿𝐶)) ⋅ 𝑇−1 (𝑞out (0))⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑇(𝑞𝑒)⋅ 𝐻𝑞out (𝛿CC) = 𝑇 (𝑞𝑒) ⋅ 𝐻0,

(35c)

because the endpoint of a standard out-type clothoid is
the origin, according to (27a), (27b), (27c), and (27d). The
components of𝑇 (𝑞𝑒) = 𝑇 (𝑞in (𝛿CC)) ⋅ 𝑇 (𝑞𝑐 (𝛿𝐶)) ⋅ 𝑇−1 (𝑞out (0)) (36)

have the following form:𝑇 (𝑞in (𝛿CC))
=
[[[[[[[[[[[[

cos 𝛿CC − sin 𝛿CC 0 0 𝑋 (2𝛿CC)𝜅CC
sin 𝛿CC cos 𝛿CC 0 0 𝑌 (2𝛿CC)𝜅CC0 0 1 0 𝛿CC0 0 0 1 00 0 0 0 1

]]]]]]]]]]]]
𝑇 (𝑞𝑐 (𝛿𝐶)) =

[[[[[[[[[[[
cos 𝛿𝐶 − sin 𝛿𝐶 0 0 sin 𝛿𝐶𝜅CC
sin 𝛿𝐶 cos 𝛿𝐶 0 0 1 − cos 𝛿𝐶𝜅CC0 0 1 0 𝛿𝐶0 0 0 1 00 0 0 0 1

]]]]]]]]]]]
.

(37)

In order to obtain 𝑇−1(𝑞out(0)), we express 𝑞out(0) first:
𝑞out (0) = (−𝑥in (𝛿CC)𝑦in (𝛿CC)−𝛿CC𝜅CC ) = ((

(
−𝑋(2𝛿CC)𝜅CC𝑌 (2𝛿CC)𝜅CC−𝛿CC𝜅CC

))
)

, (38)
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and it follows from (32) that

𝑇−1 (𝑞out (0)) = [[[[[[[[[
cos 𝛿CC − sin 𝛿CC 0 0 𝑡1,5
sin 𝛿CC cos 𝛿CC 0 0 𝑡2,50 0 1 0 𝛿CC0 0 0 1 00 0 0 0 1

]]]]]]]]]
, (39)

where𝑡1,5 = 𝑋 (2𝛿CC)𝜅CC cos 𝛿CC + 𝑌 (2𝛿CC)𝜅CC sin 𝛿CC,
𝑡2,5 = 𝑋 (2𝛿CC)𝜅CC sin 𝛿CC − 𝑌 (2𝛿CC)𝜅CC cos 𝛿CC. (40)

After multiplying the three matrices we get𝑇 (𝑞𝑒)
=
[[[[[[[[[[[[

cos (𝛿end) − sin (𝛿end) 0 0 𝐴 (2𝛿CC, 𝛿𝐶)𝜅CC
sin (𝛿end) cos (𝛿end) 0 0 𝐵 (2𝛿CC, 𝛿𝐶)𝜅CC0 0 1 0 𝛿end0 0 0 1 00 0 0 0 1

]]]]]]]]]]]]
, (41)

where 𝛿end = 2𝛿CC + 𝛿𝐶, (42)𝐴 (2𝛿CC, 𝛿𝐶) = 𝑋 (2𝛿CC) (1 + cos (2𝛿CC + 𝛿𝐶))+ 𝑌 (2𝛿CC) sin (2𝛿CC + 𝛿𝐶)+ sin (𝛿CC + 𝛿𝐶) − sin 𝛿CC, (43)

𝐵 (2𝛿CC, 𝛿𝐶) = 𝑋 (2𝛿CC) sin (2𝛿CC + 𝛿𝐶)+ 𝑌 (2𝛿CC) (1 − cos (2𝛿CC + 𝛿𝐶))− cos (𝛿CC + 𝛿𝐶) + cos𝛿CC. (44)

The end configuration of theCC-turn is given by the elements
in the last column of 𝑇(𝑞𝑒):𝑥𝑒 = 𝐴 (2𝛿CC, 𝛿𝐶)𝜅CC . (45a)

𝑦𝑒 = 𝐵 (2𝛿CC, 𝛿𝐶)𝜅CC (45b)𝜃𝑒 = 2𝛿CC + 𝛿𝐶 (45c)𝜅𝑒 = 0 (45d)

It is important to note that, in order to fully define a
CC-turn, two of the deflections 𝛿CC, 𝛿𝐶, and 𝛿end should be

given, together with the maximal curvature 𝜅CC. The third
deflection parameter is determined by (42).

The equations of an elementary path are similar to (45a),
(45b), (45c), and (45d); we only need to substitute 𝛿𝐶 = 0:𝑥𝑒 = 𝐴 (2𝛿CC, 0)𝜅CC = 𝐴 (2𝛿CC)𝜅CC , (46a)

𝑦𝑒 = 𝐵 (2𝛿CC, 0)𝜅CC = 𝐵 (2𝛿CC)𝜅CC , (46b)𝜃𝑒 = 2𝛿CC, (46c)𝜅𝑒 = 0, (46d)

where 𝐴 (2𝛿CC) = 𝑋 (2𝛿CC) (1 + cos (2𝛿CC))+ 𝑌 (2𝛿CC) sin (2𝛿CC) ,𝐵 (2𝛿CC) = 𝑋 (2𝛿CC) sin (2𝛿CC)+ 𝑌 (2𝛿CC) (1 − cos (2𝛿CC)) .
(47)

4.4. TTS Paths for Local Planning. Algorithms that generate
feasible local paths for a wheeled system—such as our car
model (5)—in the absence of obstacles are called local
planners or steering methods. The exact definition of these
is the following.

Definition 1 (steering method). Let us denote by Λ 𝑓 the set
of all feasible local paths 𝜆𝑓 regarding system equation �̇� =𝑓(𝑞, 𝑢). A steering method (or local planner module) is a
function

Steer : C ×C → Λ 𝑓, i.e., 𝜆𝑓 (⋅) = Steer (𝑞0, 𝑞1) (48)

such that 𝜆𝑓 (0) = Steer (𝑞0, 𝑞1) (0) = 𝑞0,𝜆𝑓 (𝑆𝜆) = Steer (𝑞0, 𝑞1) (𝑆𝜆) = 𝑞1. (49)

As already mentioned in Section 2, the most widely used
local planners for the simple kinematic car model (without
the requirement of curvature continuity) are based on the
optimal length Reeds–Shepp (RS) paths [27]. These local
paths consist of maximum five circular or straight segments
and have at most two cusps, where the curvature of circular
arcs is exactly ±𝜅max. If the continuous steering car model
(5) is used, the continuous curvature generalization proposed
in [31] can be applied. This approximates Reeds–Shepp paths
by replacing circular segments with CC-turns. It was shown
that although the resulting CCRS paths are not optimal,
they converge to the optimal RS paths when the allowed
sharpness of the clothoids tends to infinity. The CC-turns
in this approach consist of clothoids having the maximal
allowed sharpness and circle segments of maximal curvature.

In the sequel we are doing something similar: introduce
a new set of local paths for the continuous steering car. The
main ideas which motivated the invention of our approach
instead using the CCRS paths are the following:
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(i) The main goal is global planning in the presence
of obstacles. Most existing planning methods use a
concatenation of local paths, which has the conse-
quence that the result will be not optimal, even if the
parts were generated by an optimal planner. Even the
CCRS paths are suboptimal. Thus, having the final
application in our mind, we lifted the requirement of
optimality of our local paths.

(ii) Insteadminimizing the global path length, we had the
goal to achieve “natural” or “human-like” paths.What
this means is informally described in the following
points.

(iii) The RS (resp., CCRS) paths consist of up to five
circular (resp., CC-turn) and straight segments. We
show in the sequel that three path segments are
sufficient to connect any two configurations.

(iv) The RS (resp., CCRS) paths use circular segments
(resp., CC-turns) having the maximal allowed curva-
ture (the steering wheel is turned to the end position
in every curve). Our planner is not restricted to this.
Only the limit is taken into account, but smaller
curvatures are allowed.

(v) The last segment of RS (resp., CCRS) paths is always
circular (resp., CC-turn). We argue that this contra-
dicts the behavior of human drivers. Because the car
can only move forward or backward, in most cases
the more natural behavior is to arrive at a given
goal configuration by a straight movement. There are
a few exceptions, for example, the case of parallel
parking, but these can usually be transformed to
the mentioned case by reversing the roles of initial
and goal configurations. Consequently, we choose a
straight segment as the last section of our local paths.

To simplify notation in the sequel, we will denote local
paths as a concatenation of 𝑆, 𝑇, and 𝐸 letters, corresponding
straight segments, CC-turns, and elementary paths, respec-
tively. In our approach we use 𝑇𝑇𝑆 (as well as 𝐸𝐸𝑆) paths
(note that in our previous work [45] we used the notations𝑇∗𝑇𝑆 and 𝐸∗𝐸𝑆 where 𝑇∗ and 𝐸∗ represented “CC-turn or
straight segment” and “elementary path or straight segment,”
although we omit here the possibility of having a straight
segment as the first element because our experiments showed
that 𝑆𝑇𝑆 and 𝑆𝐸𝑆 paths are chosen very rarely by the
implemented planning algorithm). In the sequel we present
the construction of 𝐸𝐸𝑆 paths first (where we use only
elementary paths in place of CC-turns) and show that this
class of paths is sufficient to connect an arbitrary pair of
configurations. After that we generalize 𝐸 segments to CC-
turns.

4.4.1. Construction of EES Paths. Let us assume without
loss of generality that the path starts from a given initial
configuration 𝑞𝐼 = (𝑥𝐼, 𝑦𝐼, 𝜃𝐼, 0) and arrives at the origin as
goal configuration 𝑞𝐺 = (0, 0, 0, 0). Any query pair (𝑞𝐼, 𝑞𝐺)
can be transformed to this form by translation and rotation,
and the designed path can be transformed back. Let us denote
the intermediate configurations between the path segments
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Figure 4: EES path.

by �̃�𝐼 and �̃�𝐺. For every segment, 𝑖 denotes its index (1, 2
or 3) inside the path. A straight segment is parametrized
by its absolute length 𝑠𝑖 and direction 𝛾𝑖 and an elementary
path segment by its curvature 𝜅𝑖,CC and deflection 𝛿𝑖,CC at the
middle point between the CCin and CCout parts. To simplify
the notation, let us neglect the “CC” subscript from now on:
let 𝜅𝑖 = 𝜅𝑖,CC and 𝛿𝑖 = 𝛿𝑖,CC.

The scheme of an 𝐸𝐸𝑆 path (illustrated in Figure 4) is the
following: 𝑞𝐼 𝐸→

𝛿1,𝜅1
�̃�𝐼 𝐸→

𝛿2 ,𝜅2
�̃�𝐺 𝑆→

𝑠3 ,𝛾3
𝑞𝐺. (50)

The coordinates of �̃�𝐼 can be obtained from 𝑞𝐼 by a
transformation belonging to the first elementary path

𝐻�̃�𝐼 = 𝑇 (𝑞𝐼) ⋅ 𝑇 (𝑞𝑒 (𝛿1, 𝜅1)) ⋅ 𝐻0, (51)

where𝑇 (𝑞𝑒 (𝛿1, 𝜅1))
=
[[[[[[[[[[[[

cos (2𝛿1) − sin (2𝛿1) 0 0 𝐴 (2𝛿1)𝜅1
sin (2𝛿1) cos (2𝛿1) 0 0 𝐵 (2𝛿1)𝜅10 0 1 0 2𝛿10 0 0 1 00 0 0 0 1

]]]]]]]]]]]]
,

𝑇 (𝑞𝐼) = [[[[[[[[[
cos (𝜃𝐼) − sin (𝜃𝐼) 0 0 𝑥𝐼
sin (𝜃𝐼) cos (𝜃𝐼) 0 0 𝑦𝐼0 0 1 0 𝜃𝐼0 0 0 1 00 0 0 0 1

]]]]]]]]]
.

(52)

By applying the matrix product we obtain�̃�𝐼 = 𝐴 (2𝛿1)𝜅1 cos (𝜃𝐼) − 𝐵 (2𝛿1)𝜅1 sin (𝜃𝐼) + 𝑥𝐼 (53a)

�̃�𝐼 = 𝐴 (2𝛿1)𝜅1 sin (𝜃𝐼) + 𝐵 (2𝛿1)𝜅1 cos (𝜃𝐼) + 𝑦𝐼 (53b)
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Let us define the auxiliary functions𝐶 (𝛽, 𝜓) = 𝐴 (𝛽) cos𝜓 − 𝐵 (𝛽) sin𝜓𝐷 (𝛽, 𝜓) = 𝐴 (𝛽) sin𝜓 + 𝐵 (𝛽) cos𝜓 (54)

and write (53a), (53b), (53c), and (53d) in a shorter form:�̃�𝐼 = 𝐶 (2𝛿1, 𝜃𝐼)𝜅1 + 𝑥𝐼 (55a)

�̃�𝐼 = 𝐷 (2𝛿1, 𝜃𝐼)𝜅1 + 𝑦𝐼 (55b)�̃�𝐼 = 2𝛿1 + 𝜃𝐼 (55c)�̃�𝐼 = 0. (55d)

Alternatively, we can get �̃�𝐼 from �̃�𝐺 = (�̃�𝐺, 0, 0, 0)
by “traveling backward” along the elementary path. This
corresponds to a normal 𝐸 segment with inverse deflection.
We can obtain �̃�𝐼 this way by applying the transformation

𝐻�̃�𝐼 = 𝑇 (�̃�𝐺) ⋅ 𝑇 (𝑞𝑒 (−𝛿2, 𝜅2)) ⋅ 𝐻0, (56)

where 𝑇(𝑞𝑒(−𝛿2, 𝜅2)) is the same as (41) with parameters𝛿CC = −𝛿2 and 𝛿𝐶 = 0:𝑇 (𝑞𝑒 (−𝛿2, 𝜅2))
=
[[[[[[[[[[[[

cos (2𝛿2) sin (2𝛿2) 0 0 𝐴 (−2𝛿2)𝜅2− sin (2𝛿2) cos (2𝛿2) 0 0 𝐵 (−2𝛿2)𝜅20 0 1 0 −2𝛿20 0 0 1 00 0 0 0 1
]]]]]]]]]]]]

(57)

and 𝑇(�̃�𝐺) looks like
𝑇 (�̃�𝐺) = [[[[[[[[[

1 0 0 0 �̃�𝐺0 1 0 0 00 0 1 0 00 0 0 1 00 0 0 0 1
]]]]]]]]]
. (58)

The result of the transformation is�̃�𝐼 = 𝐴 (−2𝛿2)𝜅2 + �̃�𝐺 (59a)

�̃�𝐼 = 𝐵 (−2𝛿2)𝜅2 (59b)�̃�𝐼 = −2𝛿2 (59c)�̃�𝐼 = 0. (59d)

By comparing (55a), (55b), (55c), (55d), (59a), (59b),
(59c), and (59d) we can conclude that the path parameters 𝛿1,𝜅1, 𝛿2, 𝜅2, and �̃�𝐺 = −𝛾3𝑠3 of an 𝐸𝐸𝑆 path fulfill the following
constraints: 𝐶 (2𝛿1, 𝜃𝐼)𝜅1 + 𝑥𝐼 = 𝐴 (−2𝛿2)𝜅2 − 𝛾3𝑠3 (60a)𝐷(2𝛿1, 𝜃𝐼)𝜅1 + 𝑦𝐼 = 𝐵 (−2𝛿2)𝜅2 (60b)2𝛿1 + 𝜃𝐼 = −2𝛿2. (60c)

One can conclude that in an 𝐸𝐸𝑆 planning problem only
one path segment can be parametrized freely; the others
are determined. In the sequel we will use 𝛿1 and 𝜅1 as free
parameters.

Let us pay some attention to the ranges of angle param-
eters in the above equations. The orientation parameter 𝜃𝐼 is
treated as being in the interval [−𝜋, 𝜋]/∼, where “/∼” means
that the two boundary values are identified. Similarly to the
geometric derivation of CC-turns, we introduce an upper
bound |𝛿end,𝑖| ≤ 𝜋 on the whole deflection of both elementary
paths, which results in 𝛿𝑖 ∈ [−𝜋/2, 𝜋/2]. In order to ensure
that 𝛿1, 𝛿2, and 𝜃𝐼 being in the given intervals fulfill the
constraint (60c), we have to choose the set carefully from
which 𝛿1 and 𝛿2 can be taken. Let us examine two cases:

(i) 𝜃𝐼 ∈ [0, 𝜋]: choosing 𝛿1 ∈ [−𝜋/2, 𝜋/2 − 𝜃𝐼/2] ⊆[−𝜋/2, 𝜋/2] results in𝛿1 + 𝜃𝐼2 = −𝛿2 ∈ [−𝜋2 + 𝜃𝐼2 , 𝜋2 ] ⊆ [−𝜋2 , 𝜋2 ] . (61)

(ii) 𝜃𝐼 ∈ [−𝜋, 0]: choosing 𝛿1 ∈ [−𝜃𝐼/2 − 𝜋/2, 𝜋/2] ⊆[−𝜋/2, 𝜋/2] results in𝛿1 + 𝜃𝐼2 = −𝛿2 ∈ [−𝜋2 , 𝜋2 + 𝜃𝐼2 ] ⊆ [−𝜋2 , 𝜋2 ] . (62)

These choices ensure both 𝛿1 and 𝛿2 being in [−𝜋/2, 𝜋/2] for
any values of 𝜃𝐼. We can write these conditions in a single
compact form:𝛿1, 𝛿2 ∈ 𝐼𝛿 (𝜃𝐼) = [−sgn𝑝 (𝜃𝐼) 𝜋2 , sgn𝑝 (𝜃𝐼) 𝜋2 − 𝜃𝐼2 ] , (63)

where sgn𝑝(⋅) is a special sign function with sgn𝑝(0) = 1:
sgn𝑝 (𝑥) = {{{sgn (𝑥) , if 𝑥 ̸= 01, if 𝑥 = 0 . (64)

An illustration of this set can be seen in Figure 5.
Up to now we have not taken the curvature bound into

account. It can be proven that an arbitrary configuration pair
can be connected by an 𝐸𝐸𝑆 path even if an upper bound on
the absolute curvature is given. The following Lemma states
this fact; the proof is elaborated in Appendix A.
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Figure 6:There is an infinite number of TTS solutions between two
configurations.

Lemma 2. In the absence of obstacles, any (𝑞𝐼, 𝑞𝐺) pair of
initial and goal configurations of a continuous steering car can
be connected by an 𝐸𝐸𝑆 path.

Furthermore, it turns out that infinitely many solutions
can be found even with bounded curvature, due to the
infinitely many choices of 𝛿1 and 𝜅1 parameters. This means
that �̃�𝐼 can be chosen in infinitely many ways, as illustrated in
Figure 6.

4.4.2. From EES to TTS Paths. As we have already seen in
Section 4.3.4, elementary paths are special CC-turns with𝛿𝐶 = 0. It follows that the results for elementary paths used
in 𝐸𝐸𝑆 planning can be generalized to CC-turns as well.
The equations of an elementary path starting from any �̃�𝐼
and arriving at the 𝑥-axis—the middle segment of an 𝐸𝐸𝑆
path—are given by (59a), (59b), (59c), and (59d). This can
easily be generalized to the case when the deflection of the
circular part is nonzero:�̃�𝐼 = 𝐴 (−2𝛿2,CC, −𝛿2,𝐶)𝜅2 + �̃�𝐺 (65a)

�̃�𝐼 = 𝐵 (−2𝛿2,CC, −𝛿2,𝐶)𝜅2 (65b)

�̃�𝐼 = −2𝛿2,CC − 𝛿2,𝐶 (65c)�̃�𝐼 = 0, (65d)

where 𝛿2,CC and 𝛿2,𝐶 stand for the deflections of the clothoid
and the circular parts, respectively. The full deflection of the
CC-turn is 𝛿2,end = 2𝛿2,CC + 𝛿2,𝐶 = −�̃�𝐼. (66)

Let us introduce the relative amount of the circular part of a
CC-turn as 𝑅𝛿 = 𝛿𝐶𝛿end . (67)

Using this, we can express (65b) as�̃�𝐼 = 𝐵 ((1 − 𝑅𝛿,2) 𝛿2,end, 𝑅𝛿,2𝛿2,end)𝜅2 . (68)

Themaximal curvature and the sharpness of the CC-turn are
given by𝜅2 = 1̃𝑦𝐼

𝐵 ((1 − 𝑅𝛿,2) 𝛿2,end, 𝑅𝛿,2𝛿2,end) (69a)

𝛼2 = 𝜅222𝛿2,CC = 𝐵2 ((1 − 𝑅𝛿,2) 𝛿2,end, 𝑅𝛿,2𝛿2,end)�̃�2
𝐼 (1 − 𝑅𝛿,2) 𝛿2,end . (69b)

Note that if we fix the full deflection 𝛿2,end and change the
ratio 𝑅𝛿,2 only, then for a given �̃�𝐼 the end configuration �̃�𝐺
on the 𝑥-axis remains the same; only 𝜅2 and 𝛼2 are affected.
In other words, we can tune the shape of a CC-turn with 𝑅𝛿

without affecting the starting and final configurations. This
is illustrated in Figure 7, where clothoids are drawn with
solid black lines and the red dashed arcs represent circular
segments.

When 𝑅𝛿 grows, the curvature is decreasing but the
sharpness is increasing at the same time, independently from
the full deflection of the path segment. This property can be
examined in Figure 8, which shows surface and contour plots
of the (absolute) curvature and sharpness of a CC-turn (with
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Figure 7: Effect of 𝑅𝛿 on the shape of a CC-turn (𝑅𝛿 is modified in
steps of 0.1).

�̃�𝐼 = 1), depending on the full deflection and the relative
amount of the circular part.

It follows that if we already have obtained an 𝐸 segment
between any two configurations, we can reshape it to a
CC-turn having smaller curvature and higher sharpness by
tuning the 𝑅𝛿 parameter. With this, we can define a maximal
sharpness 𝛼max beyond the already treated 𝜅max constraint. If
the sharpness of the initial 𝐸 segment is less than 𝛼max, then
there exists an𝑅𝛿 value such that |𝛼| = 𝛼max.This is beneficial
because the length of the path segment is decreasing, as can
be seen in Figure 7.

If we have an 𝐸𝐸𝑆 path, we can do this reshaping for
every 𝐸 segment to obtain a 𝑇𝑇𝑆 path. However, if any of
the 𝐸 segments violates the 𝛼max constraint, then it is not
so straightforward. Fortunately it can be shown that a 𝑇𝑇𝑆
solution obeying the 𝛼max constraint exists in all cases. If the
second segment in the 𝐸𝐸𝑆 solution violates the sharpness
constraint, we can write using (59c) and (69b) and (A.3) in
Appendix A: 𝜅max = √𝛼max�̃�𝐼 (70)�̃�𝐼

 ≥ 𝐵 (�̃�𝐼)𝜅max
, (71)

where 𝜅max is theminimal value of the curvature upper bound
ensuring that the second elementary path will have |𝛼| ≤𝛼max. If we would like to obtain a 𝑇𝑇𝑆 path from an 𝐸𝐸𝑆
solution, then by recalling (55b) and (A.6) in Appendix A
we can state that 𝜅1 can be decreased arbitrarily in order to
fulfill condition (71) for the second segment and the maximal
sharpness constraint for the first segment at the same time.

The only drawback of using 𝑇𝑇𝑆 paths instead 𝐸𝐸𝑆
solutions is that the sharpness tuning requires an iterative

search of 𝑅𝛿 in the interval [0, 1]. This cannot be avoided,
because 𝑅𝛿 is in the argument of the 𝐵(⋅, ⋅) function in (69a)
and (69b), which does not have an inverse because of the
contained Fresnel integrals.

4.5. A Steering Method Based on EES Paths. A 𝑇𝑇𝑆 path
planner based on the conditions in proof of Lemma 2 and
their generalization in Section 4.4.2 is not a steering method
itself (in the sense of Definition 1), because it delivers not
only one solution for a query pair. Instead of this, it delivers
a parametrized class of solutions, which contains an infinite
number of 𝐸𝐸𝑆 (and 𝑇𝑇𝑆) paths from 𝑞𝐼 to 𝑞𝐺, fulfilling
the maximum curvature (and sharpness) constraint. This
property is useful in global planning problems (i.e., in the
presence of obstacles), because one can more likely find a
collision-free path from a solution class than from the one
and only solution of an exact local planner.

This does not mean that in the presence of obstacles
the existence of any collision-free (local) solution would be
guaranteed. For successful global planning explicit reasoning
about free space connectivity is necessary. As mentioned in
Section 3, we apply the framework of the Holonomic Path
Approximation Algorithm [11] for this purpose. A distinct
global planner delivers a preliminary geometric path, which
is iteratively subdivided and approximated by an appropriate
steeringmethod. To ensure the convergence of this algorithm,
the local planner has to generate such paths that get closer
to the original path as the local endpoints get closer to each
other. This is called the topological property [12] which is
formulated more precisely in Appendix B.

Therefore, if a collision-free geometric path is given and
we have an appropriate steering method that verifies the
topological property, then a complete (completeness means
that the algorithm does not fail to return a solution if
the problem is solvable) approximation algorithm can be
constructed (whichwas a footnote in themanuscript). Hence,
in order to design such a complete algorithm based on 𝑇𝑇𝑆
paths, we need a steering method which returns exactly one
from the class of 𝑇𝑇𝑆 paths and verifies the topological
property.

4.5.1. Definition of 𝑒𝑒𝑆 Paths. In the sequel we take only 𝐸𝐸𝑆
paths into account for the purpose of designing the exact
steering method. This choice will make possible proving the
topological property, because 𝐸𝐸𝑆 paths have closed form
expressions. In contrast to that, 𝑇𝑇𝑆 paths with a given
sharpness can only be obtained by iterative deriving from𝐸𝐸𝑆
solutions, as seen in Section 4.4.2.

More possibilities can be found to restrict the class of𝐸𝐸𝑆 paths to exactly one specific solution for every query
pair (𝑞𝐼, 𝑞𝐺). For example, we may choose the sign of 𝜅2 and
the equality in condition (A.4) in Appendix A and fix 𝛿1
to any chosen value except 0 and −𝜃𝐼 ± 𝜋. In this case the
remaining parameter 𝜅1 is determined unequivocally. This
would result in an 𝐸𝐸𝑆 path with |𝜅2| = 𝜅max and having
the intermediate orientation �̃�𝐼 = 𝜃𝐼 + 2𝛿1 at the end of
the first 𝐸 segment. This approach has the problem that it
is hard to formulate any reasonable direct rule for choosing𝛿1 and the sign of 𝜅2 for a given query. Instead of this we
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Figure 8: Dependence of (a)-(b) maximal curvature and (c)-(d) sharpness of CC-turns on the full detection and relative amount of the
circular part (absolute values are depicted).

introduce the following approach. Let us choose 𝜅1 = −𝜅2
such that |𝜅1| = |𝜅2| is maximal. In this case we do not
have to specify any other parameters. The resulting 𝐸𝐸𝑆 path
has two 𝐸 segments with same maximal absolute curvature,
but having opposite signs (the steering wheel is turned from
right to left or reversely). This type of paths is denoted as 𝑒𝑒𝑆
paths in the sequel to emphasize that the resulting turning
radii (reciprocal of the curvature) are opposite, equal, and
minimal. The 𝑒𝑒𝑆 planning problem is formulated as follows:𝑞𝐼 𝐸→

𝛿1,𝜅1
�̃�𝐼 𝐸→

𝛿2 ,𝜅2
�̃�𝐺 𝑆→

𝑠3 ,𝛾3
𝑞𝐺 (72)

such that 𝑞𝐼 = (𝑥𝐼, 𝑦𝐼, 𝜃𝐼, 0) ,𝑞𝐺 = (0, 0, 0, 0) , (73)𝜅 fl 𝜅1 = −𝜅2, (74)|𝜅| ≤ 𝜅max, (75)|𝜅| → max. (76)
Using (74) we can reformulate (60a), (60b), and (60c) as𝑥𝐼 + 𝛾3𝑠3 + 𝐴 (2𝛿1 + 𝜃𝐼) + 𝐶 (2𝛿1, 𝜃𝐼)𝜅 = 0 (77a)

𝑦𝐼 + 𝐺(2𝛿1,𝜃𝐼)⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝐵 (2𝛿1 + 𝜃𝐼) + 𝐷 (2𝛿1, 𝜃𝐼)𝜅 = 0 (77b)

𝛿2 = −𝛿1 − 𝜃𝐼2 . (77c)

The necessary and sufficient condition for existence of
this kind of 𝐸𝐸𝑆 paths is obtained by (75) and (77b):𝐺 (2𝛿1, 𝜃𝐼) = 𝑦𝐼 ⋅ |𝜅| ≤ 𝑦𝐼 ⋅ 𝜅max. (78)
In the sequel we use some properties of the 𝐺(⋅, ⋅) function,
which are established in Appendix C.

Lemma 3. For any (𝑦𝐼, 𝜃𝐼) there exists 𝛿1 such that |𝐺(2𝛿1,𝜃𝐼)| ≤ |𝑦𝐼|𝜅max.

Proof. According to Properties C.6 and C.7 of the𝐺 function
we can state that for all 𝜃𝐼 there exist 𝛿1 values for both𝐺(2𝛿1, 𝜃𝐼) ̸= 0 and 𝐺(2𝛿1, 𝜃𝐼) = 0. Since 𝐺 is a continuous
function, this means that, for all 𝜃𝐼, |𝐺(2𝛿1, 𝜃𝐼)| can take an
arbitrarily small value.

4.5.2. The 𝑒𝑒𝑆 Steering Method. Based on the existence
condition (78) and the optimization criterion (76) we can
construct a steeringmethodwhich generates a single 𝑒𝑒𝑆 path
for any local planning query. We denote it as the 𝑒𝑒𝑆-planner.
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Let us examine the special case 𝑦𝐼 = 0 first, where the
existence condition (78) takes the form𝐺 (2𝛿1, 𝜃𝐼) = 0. (79)

According to the Proof of Property C.7 in Appendix, we can
state that |𝐺(2𝛿1, 𝜃𝐼)| has a zero for all 𝜃𝐼 in the interval 𝛿1 ∈[−𝜃𝐼/2, 0]. Let us denote this 𝛿1 solution as 𝛿1,𝑧:𝛿1,𝑧 (𝜃𝐼) : {𝛿1 ∈ [−𝜃𝐼2 , 0] | 𝐺 (2𝛿1, 𝜃𝐼) = 0} (80)

In this case 𝜅 could be chosen arbitrarily, but the condition
(76) suggests the choice of 𝜅 = ±𝜅max.

If 𝑦𝐼 ̸= 0 then it follows that

𝜅 = −𝐺 (2𝛿1, 𝜃𝐼)𝑦𝐼 , (81)

and 𝛿1 which maximizes |𝜅| is defined by𝛿∗1 (𝜃𝐼) = arg max
𝛿1∈𝐼𝛿(𝜃𝐼)

{𝐺 (2𝛿1, 𝜃𝐼)} . (82)

Let us define 𝜅∗ as𝜅∗ (𝑦𝐼, 𝜃𝐼) = −𝐺 (2𝛿∗1 (𝜃𝐼) , 𝜃𝐼)𝑦𝐼 , (83)

which can be treated as the unbounded optimum of 𝜅. Since|𝐺| has a maximum at 𝛿∗1 and zero at 𝛿1,𝑧, an arbitrary |𝜅| ∈(0, |𝜅∗|] can be achieved by 𝛿1 ∈ (𝛿1,𝑧, 𝛿∗1 ]. It follows that if|𝜅∗(𝑦𝐼, 𝜃𝐼)| > 𝜅max, then a 𝛿1,max(𝑦𝐼, 𝜃𝐼) can be found between𝛿∗1 (𝜃𝐼) and 𝛿1,𝑧(𝜃𝐼) such that |𝜅| = 𝜅max:𝛿1,max (𝑦𝐼, 𝜃𝐼) :{𝛿1 ∈ (𝛿1,𝑧, 𝛿∗1 ] | 𝐺 (2𝛿1, 𝜃𝐼)𝑦𝐼 = 𝜅max} (84)

We can summarize the 𝑒𝑒𝑆 steering method as follows.
For a given 𝑞𝐼 we have to determine 𝛿1 and 𝜅 = 𝜅1 first:

Condition 𝛿1 𝜅1𝑦𝐼 = 0 𝛿1,𝑧 (𝜃𝐼) ±𝜅max𝑦𝐼 ̸= 0, 𝜅∗ ≤ 𝜅max 𝛿∗1 (𝜃𝐼) 𝜅∗ (𝑦𝐼, 𝜃𝐼)𝑦𝐼 ̸= 0, 𝜅∗ > 𝜅max 𝛿1,max (𝑦𝐼, 𝜃𝐼) sgn (𝜅∗) 𝜅max

(85)

The remaining path parameters 𝛿2, 𝜅2, and 𝛾3𝑠3 can be
determined using (77c), (74), and (77a), respectively.

We have proven that the above defined 𝑒𝑒𝑆 steering
method verifies the topological property which renders it
suitable for application in any approximation-based planning
approach. The topological property theoretically guarantees
convergence of the approximation process in any cases. This
advantageous fact is stated byTheoremB.2 inAppendix B and
the proof is given there in detail as well.
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Figure 9: Contour plot of the |𝐺| function.
4.5.3. Implementation Issues. It turns out by numerical exam-
ination of 𝐺(2𝛿1, 𝜃𝐼) that for any 𝜃𝐼 there is exactly one 𝛿1,𝑧
and 𝛿∗1 value; hence 𝛿1,max must be unique as well. Figure 9
shows a contour plot of the |𝐺| function, where the thick red
lines show the zeros and the thick black lines the maxima of|𝐺|. It can be seen that for every 𝜃𝐼 there is another zero �̂�1,𝑧
outside the interval [−𝜃𝐼/2, 0], but 𝛿1,𝑧 inside the interval is
unique.

Unfortunately there are no closed form expressions for
calculating 𝛿1,𝑧, 𝛿∗1 , and 𝛿1,max values, because 𝐺 contains
Fresnel integrals with 𝛿1 in the argument. Thus a numerical
evaluation is neededwhich can be done by approximating the
Fresnel integrals, for example, by using precalculated lookup
tables for𝑋(𝛽) and 𝑌(𝛽). It is important to note that no two-
dimensional lookup table for 𝐺 is needed because we can
decompose it to one-dimensional factors and terms of 𝑋(𝛽),𝑌(𝛽) and trigonometric functions.

4.5.4. Remarks on Bounded Sharpness. In the above described
local planner we payed attention only to the upper bound
of the curvature. One could argue that the sharpness should
have an upper bound as well to achieve paths which can be
traversed by a givenminimal velocity. Indeed, as already seen
in (15), when a minimal traveling speed is required, then
the sharpness of the path should have a given upper bound.
The 𝐸 segments in the 𝐸𝐸𝑆 or 𝑒𝑒𝑆 have a sharpness of 𝛼 =𝜅2CC/2𝛿CC, which has the worst-case value 𝛼 = 𝜅2max/2𝛿CC. It
follows that the sharpness is unbounded if 𝛿CC approaches
zero, and we can only state that it is less than infinity, because𝛿CC = 0 means no motion. Hence the curvature is contin-
uous and the maximal allowed speed is greater than zero
everywhere.

Let us determine the traveling time along an 𝐸 segment
in case of |𝜅CC| = 𝜅max. For this purpose we can use the
velocity constraint (14) along the path and the following
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identities related to the𝛼, 𝛾𝑠, 𝛿, and 𝜅 parameters of a clothoid
[50]: 𝛾𝑠 = 2𝛿𝜅 ,𝛼 = 2𝛿𝑠2 . (86)

Based on these we obtain the length of an 𝐸 segment (twice
as long as a clothoid), the maximal allowed absolute velocity
and the minimal travel time along the segment:𝑠 (𝛿CC) = 4 𝛿CC𝜅max

,
Vmax (𝛿CC) = 𝜎max𝛼 (𝛿CC) ,𝑡min (𝛿CC) = 𝑠 (𝛿CC)

Vmax (𝛿CC) = 4 𝛿CC𝜅max
⋅ 𝜅2max2 𝛿CC 𝜎max= 2𝜅max𝜎max

.
(87)

It turns out that the traveling time along such an 𝐸 segment is
finite and lower bounded by 2𝜅max/𝜎max, independently from𝛿CC. Thus we can state that the car can go along the planned
path in finite time if the number of path segments is finite.

4.6. The TTS Planning Algorithm. At the end of this section,
let us summarize how we can use 𝑇𝑇𝑆 paths and the𝑒𝑒𝑆 steering method in an approximation framework for
the purpose of generating collision-free local paths in the
presence of obstacles. A mixed algorithm was implemented,
which consists of two parts: the first building block is a
sampling-based method relying on general 𝑇𝑇𝑆 paths; the
second one is the exact 𝑒𝑒𝑆 steering method, as described
in Section 4.5.2. We will denote this mixed algorithm as the
TTS-planner in the sequel. It takes a number of samples from
the set of 𝑇𝑇𝑆 paths connecting 𝑞𝐼 and 𝑞𝐺 and fulfilling the
maximal curvature and sharpness constraints. Additionally, it
computes the unique 𝑒𝑒𝑆 solution between 𝑞𝐼 and 𝑞𝐺 as well.
From the resulting local path candidates the colliding ones
are excluded and the shortest is returned from the remaining
set. If every candidate is in collision, then the TTS-planner
tries to find new candidates by switching the roles of initial
and goal configurations. When no collision-free local path
candidate could be found, the TTS-planner reports failure,
and the approximation algorithm proceeds with subdividing
the global path. The reason of using this mixed local planner
approach is twofold. At one hand the 𝑒𝑒𝑆-planner part guar-
antees convergence of the approximation process, according
to its topological property. On the other hand, the sampling
part gives a good chance of generating good quality paths by
reducing the number of necessary subdivision steps during
approximation. In fact, the use of 𝑒𝑒𝑆 steering method alone
would be sufficient to ensure convergence, but the sampling
part gives a number of alternatives which contribute to path
quality and are beneficial when the 𝑒𝑒𝑆 solution collides.

(1) T. Init(𝑞init)(2) for all 𝑘 = 1 to 𝐾 do(3) 𝑞rand ← RandomConfig()(4) 𝑞near ← T.NearestNeighbor(𝑞rand)(5) if 𝑞new ← T.Connect(𝑞rand, 𝑞near) then(6) T.AddVertex(𝑞new)(7) T.AddEdge(𝑞near, 𝑞new)(8) end if(9) end for(10) return T

Algorithm 1: The basic RRT construction algorithm [44].

5. Global Planning: The RTR-Planner

In Section 4.4 we argued that “human-like” driving prefers
moving along straight path segments. We designed the TTS-
planner with this assumption in mind; indeed it tries to find
a local path which arrives at the straight line defined by 𝑞𝐺
(or 𝑞𝐼). In order to obtain an effective approximation-based
planning solution, we need a global planner which facilitates
the local planning phase. Thus a preliminary global path is
required which is not necessarily feasible for the car, but can
be approximated easily with the TTS-planner.

For this purpose we decided not to use any general holo-
nomic planning algorithm; however the topological property
of our local planner ensures approximation convergence
for any collision-free paths. Instead of this, we looked for
a preliminary path which is “almost” feasible for the car.
The solution has been found by omitting the minimum
turning radius and designing a global planner which uses
only straight motion and turning-in-place primitives. The
resulting paths are directly applicable for differential drive
robots, which have similar motion model as cars except the
turning radius constraint. The planning method is based on
the Rapidly Exploring Random Trees (RRT) approach [8–10]
which is known for its fast convergence properties even in
high dimensional configuration spaces and widely used in
path planning applications.

Let us first summarize the basic RRT planning process
and after that we derive our RTR (rotate-translate-rotate)
approach.

5.1. Rapidly Exploring Random Trees. The basic RRT con-
struction process can be seen in Algorithm 1. The building of
the treeT starts from the initial configuration. RandomCon-
fig() returns a randomconfiguration 𝑞rand from the configura-
tion space C (sampling step). NearestNeighbor() determines
the nearest configuration 𝑞near in the tree, according to a
metric defined on the configuration space (vertex selection
step). It depends on the implementation if this function
can return only graph vertices or inner configurations of
edges as well. Connect() tries to connect 𝑞near to 𝑞rand by
simply interpolating between them (tree extension step). It
extends 𝑞near until it is connected to 𝑞rand or a collision is
detected. In the latter case 𝑞new will be the farthest collision-
free configuration towards 𝑞rand. In order to reach the goal



Journal of Advanced Transportation 17

(a) (b)

Figure 10: Illustration of RRT and RTR global planning. (a) RRT trees after 1000 iterations and (b) RTR trees and solution path after 65
iterations.

configuration, the random sampling can be biased to include𝑞goal sometimes in the random sequence, or a bidirectional
search [10] can be performed by growing two trees from both
the initial and goal configurations.

The RRT method can be inherently applied to nonholo-
nomic systems. Instead of a simple interpolation towards𝑞rand (which assumes free mobility in any directions) a
system-specific local planner should be applied in the Con-
nect() step. The original RRT version proposed in [8] rec-
ommended choosing an input and applying for a given time
quantum Δ𝑡 to obtain a Δ𝑞 which brings 𝑞near closer to 𝑞rand.
This was augmented in [9] for such systems where an explicit
local planning (steering) method is available to connect two
configurations. Actually we build our approach on this RRT-
Connect version.

For our purpose (i.e., for differential drive) the simplest
steering method is the following sequence of straight motion
and turning-in-place primitives: (1) turn to head the next
position, (2) move straight until it is reached, and (3)
turn to the desired orientation. If a collision occurs during
this motion sequence, the extension is stopped at the last
collision-free configuration. This simple method has the
advantage that it delivers an exact solution between two
configurations (no sampling of the input set is needed).
Furthermore the tree edges will be straight thus making the
nearest neighbor search easy, even if inner configurations
of edges are involved in the search. This latter property
helps to keep the number of tree vertices as low as possible,
although we experienced that a naive application of this
rotate-translate-rotate steering method together with RRT
has poor performance if narrow areas have to be crossed in
order to obtain a result. The reason is that in narrow places
the collision will occur most likely during the first rotation
primitive; hence no translation, that is, no effective extension
of the tree will be achieved. An example scenario with a

Table 1: Performance measures of RRT and RTR (based on 100
runs).

RRT RTR
Success Ratio 25% 100%
Avg. no. of iterations 882.5 65.4

narrow passage is depicted in Figure 10, with illustrative
results of RRT and the below described RTR planners. Both
algorithms have been run 100 times; in every run maximum
1000 iterations were allowed. We found that RRT had only
25% success rate and 882.5 iterations on average, while RTR
was successful in every trial with averagely 65.4 iterations (see
Table 1). We describe the operation of RTR-planner in the
sequel.

5.2. RT-Trees and Primitives. RTR-planner is similar to a bidi-
rectional RRT-Connect algorithm; however, it has differences
in the sampling, the vertex selection, and the extension steps
as well. It uses translation (T) and rotation (R) primitives for
building the trees. In the extension steps, only RT (rotate-
translate) sequences are used instead of the exact rotate-
translate-rotate steering method. For this reason, we denote
the constructed trees as RT-trees. The vertices of the trees
are configurations as usual and the edges are continua of
configurations. According to T and R motion primitives,
these are called Translational Configuration Intervals (TCIs)
and Rotational Configuration Intervals (RCIs). The process
of an RT-tree construction can be seen in Algorithm 2 and is
detailed in the sequel.

5.2.1. Sampling. The first difference to RRT can be found in
the sampling step. RandomPos() returns a random position𝑝𝐺 without orientation, denoted as the guiding position in
the sequel, instead of a configuration. It can be treated as
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(1) function RT CONSTRUCT(𝑞init)(2) T. Init(𝑞init)(3) for all 𝑘 = 1 to 𝐾 do(4) 𝑝𝐺 ← RandomPos()(5) 𝑞near ← T.NearestNeighbor(𝑝𝐺)(6) 𝑡𝑢𝑟𝑛𝐷𝑖𝑟 ← MinTurnDir(𝑞𝑛𝑒𝑎𝑟, 𝑝𝐺)(7) 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 ← T.Extend(𝑞near, 𝑡𝑢𝑟𝑛𝐷𝑖𝑟)(8) if 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 then(9) T.Extend(𝑞near, −𝑡𝑢𝑟𝑛𝐷𝑖𝑟)(10) end if(11) end for(12) return T(13) end function(14)(15) function T. Init(𝑞)(16) T.AddVertex(𝑞)(17) 𝑇𝐶𝐼 ← TCIExtend (𝑞, “forward”)(18) T.AddVertex(𝑇𝐶𝐼.𝑞end)(19) T.AddEdge(𝑞, 𝑇𝐶𝐼)(20) 𝑇𝐶𝐼 ← TCIExtend (𝑞, “backward”)(21) T.AddVertex(𝑇𝐶𝐼.𝑞end)(22) T.AddEdge(𝑞, 𝑇𝐶𝐼)(23) end function(24)(25) function T.Extend(𝑞, 𝑡𝑢𝑟𝑛𝐷𝑖𝑟)(26) [𝑅𝐶𝐼, 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛] ← RCIExtend(𝑞, 𝑡𝑢𝑟𝑛𝐷𝑖𝑟)(27) T.AddVertex(𝑅𝐶𝐼.𝑞end)(28) T.AddEdge(𝑞, 𝑅𝐶𝐼)(29) 𝑇𝐶𝐼 ← TCIExtend (𝑅𝐶𝐼.𝑞end, “forward”)(30) T.AddVertex(𝑇𝐶𝐼.𝑞end)(31) T.AddEdge(𝑅𝐶𝐼.𝑞end, 𝑇𝐶𝐼)(32) 𝑇𝐶𝐼 ← TCIExtend(𝑅𝐶𝐼.𝑞end, “backward”)(33) T.AddVertex(𝑇𝐶𝐼.𝑞end)(34) T.AddEdge(𝑅𝐶𝐼.𝑞end, 𝑇𝐶𝐼)(35) return collision(36) end function

Algorithm 2: Construction of an RT-tree.

a one-dimensional continuous set of configurations, from
which any element can serve as local goal in the tree extension
step.

5.2.2. Vertex Selection. T.NearestNeighbor() returns the con-
figuration in the existing tree which has the smallest position
distance to 𝑝𝐺. This step uses a simple Euclidean metric;
hence no special configuration space metrics are needed.

5.2.3. Extension. The main difference to the RRT method
can be found in the tree extension step. On the one hand,
translation is always performed in both forward and back-
ward directions. Additionally, the translation is not stopped
when 𝑝𝐺 is reached, but continued until the first collision
in both directions (this is the functionality of TCIExtend(),
called by both T.Init() and T.Extend() functions). On the
other hand, an important difference is the fact that an R-T
sequence will always be planned, even if a collision occurs
in the rotation phase. The RTR-planner balances between
reaching guiding positions and extending the tree. If 𝑝𝐺

pG

Figure 11: Illustration of the tree extension procedure if the direc-
tion to 𝑝𝐺 is blocked.

cannot be reached due to a collision, then two things can be
done:

(1) If the collision occurred during the T primitive, then
the iteration is finished (because the tree has been
extended).

(2) If the collision occurred during the R primitive,
then TCI EXTEND is performed in both forward
and backward directions at the colliding orientation
(first extension), and the rotation is tried again in
the other turning direction as well. After the second
rotation, independently from its success or collision,
TCI EXTEND is called again (second extension). An
example of this procedure can be seen in Figure 11.

This extension strategy causes a more aggressive free
space exploration than in case of the basic RRT method.

5.3. Connecting RT-Trees. As the RTR-planner builds two
RT-trees—from both the initial and goal configurations—in
order to obtain a final path, the two trees have to be
connected. This is attempted in every iteration. The newly
added TCIs are checked against every TCI in the other tree,
starting from its root. If an intersection is found and if a
collision-free RCI can be put between the intersecting TCIs
to connect them, then the two trees can be merged and the
path determined easily by tracing the trees back to their roots.

6. Simulation Results

The RTR + TTS planning algorithm was tested extensively
in simulations and compared to other similar approaches
in terms of effectiveness and path quality. To two other
algorithms were investigated:

(i) RRT-Connect (CCRS). Bidirectional RRT using the
CCRS steering method as local planner (direct one-
step approach, no approximation needed).

(ii) RTR + CCRS. The RTR-planner is used for generating
a preliminary global path, followed by an approxima-
tion phase using CCRS paths.

The following scenarios have been used for testing:
(i) A wide environment with few obstacles (can be

treated as an easy planning task, see Figure 12).
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(a) RRT-Connect (CCRS) (b) RTR + CCRS (c) RTR + TTS (proposed method)

Figure 12: Path planning in a wide environment.

(a) RRT-Connect (CCRS) (b) RTR + CCRS (c) RTR + TTS (proposed method)

Figure 13: Path planning for parallel parking.

(a) RTR + CCRS (b) RTR + TTS (proposed method)

Figure 14: Crossing a narrow corridor.

(ii) A simple parallel parking scenario (a well known
problem for path planning algorithms, see Figure 13).

(iii) Driving through a narrow corridor and parking next
to the wall (can be treated as a difficult planning task,
see Figure 14).

(iv) Crossing three perpendicular narrow corridors with
bigger free areas at the corners (can be treated as a
very difficult planning task, see Figure 15).

The simulated car is 4m long and 2m wide with 4.42m
minimal turning radius.

To obtain practical results, we constrained the maximum
iteration count of the tree building process to 10000 in every
algorithm and applied a lower bound of path subdivision at
the approximation phase. Every algorithm has been run 100
times in every scenario, and the average results are shown in
Figure 16. The performance and path quality is measured by
the following metrics:

(i) Success Ratio. Percentage of successful runs.

(ii) Number of Cusps. The number of reversals along
the path. A good path contains as few reversals as
possible.

(iii) Steering Amount. The absolute integral of the path
curvature. It gives the amount of turning along the
path. A path with less sharp turns or with more
straight segments is more comfortable than a path
requiring much turning along the way.

(iv) Travel Time. The time of driving along the resulting
path is estimated as follows. A traveling speed func-
tion with Vmax = 5m/s and Vmin = 1m/s is assigned
to the path, which is inversely proportional to the
actual path curvature. The cusps are penalized with0.5 s “reversing time.” Those paths are better, which
require less time to travel along.

Numerical results are listed in Figure 16, while illustrative
examples can be examined in Figures 12–15.

As expected, the “easy” path planning task in wide
environment can be flawlessly solved by all selected algorithm
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(a) RTR + CCRS (b) RTR + TTS (proposed method)

Figure 15: Crossing three narrow corridors.
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Figure 16: Summary of the simulation results.

combinations (Figure 12).The path quality measures are sim-
ilar (first column in Figure 16); however the proposed RTR
+ TTS-planner combination results in the most comfortable
and human-like paths with respect to steering amount and
travel time.

Similarly, the parallel parking task is solvable as well by
every tested algorithm (Figure 13).The TTS-based local plan-
ner obtains the highest quality paths. This is not surprising
because the most “natural” parallel parking maneuver is a𝑇𝑇𝑆 path itself. The reason for obtaining more complicated
paths with CCRS-based methods is that the CCRS planner
does not have the “natural” solution amongst its local path
candidates; hence it relies stronger on the global planning
phase. During parallel parking we want to achieve a lateral
shift to a narrow place which is quite unnatural for the
car; this results in many approximation steps for the RTR

+ CCRS planner, producing an enormous number of small
movements. The result is much better if the CCRS local
planner is applied directly in the RRT-Connect planning
phase, because in this case the unnatural approximation is
avoided. However, the RTR + TTS-planner outperforms this
as well (see the second column in Figure 16).

As we move to more complicated planning challenges
in environments containing narrow corridors, sampling-
based planners need more iterations to find a solution,
resulting in lower success rates (because the number of
iterations is limited). Those global planners which tend to
use mainly straight movements are more successful than
others. In the scenario with one corridor the direct RRT-
Connect method completely fails since it uses curved local
paths to connect configuration samples (for this reason only
RTR + CCRS and RTR + TTS solutions are depicted in
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Figure 14). Approximation methods are better suited to such
environments and it can be seen in the third column of 14
that the TTS local planner results in higher success ratios
and better quality paths. The effectiveness of RTR as global
planner originates from the aggressive extension step and
from the fact that it contains only straight forward and
backward translation movements. Because 𝑇𝑇𝑆 paths are
designed to arrive at straight lines, they are well suited for
the approximation of RTR paths, resulting in less subdivision
steps (efficiency) and simpler path geometry (quality).

The effectiveness of the RTR global planner canmostly be
examined in the last scenario, where three narrow corridors
have to be passed (Figure 15). Comparing the approximation
result using CCRS and TTS local planners, we can find a
much higher efficiency and much better path quality in case
of TTS. Furthermore, we can see the different philosophies
behind the two local planners; namely, CCRS paths strive
to have the maximal allowed curvature, while 𝑇𝑇𝑆 paths
are not restricted to this. In the larger “turning spaces”
between corridors, the TTS-planner generates less sharp
turns and needs less reversals, which increases the comfort of
passengers in the car. The direct RRT-Connect method with
CCRS local planner completely fails, similarly to the previous
example. As can be seen in the last column of Figure 16,
the RTR + TTS-planner significantly outperforms the other
algorithms.

7. Conclusions

In this paper we presented a global planning method for
car-like vehicles, producing paths with continuous curvature.
A comparative analysis with possible alternatives was per-
formed as well and we could see that both components (RTR
and TTS) of the two-phase planning approach contribute to
the effectiveness and path quality of the resulting algorithm.
The (preliminary) RTR path planner is capable of designing
paths consisting of straight movements and turning-in-place.
We apply the TTS local planner to the RTR path in a second
approximation phase, in order to obtain a final path obeying
the bounded and continuous curvature conditions.The TTS-
planner uses straight segments, CC-turns, and elementary
paths in order to generate a feasible and human-like solution
even in cluttered and narrow environments. We gave an
overview of how to build CC-turns and elementary paths;
the class of curvature and sharpness bounded 𝐸𝐸𝑆 and 𝑇𝑇𝑆
paths were introduced, and existence conditions were given
for them. An exact steering method: the 𝑒𝑒𝑆-planner was
presented as well, which delivers a unique 𝐸𝐸𝑆 solution for
a planning query and verifies the topological property. Sim-
ulation studies were presented to illustrate that the proposed
RTR + TTS planning algorithm can be applied universally in
less and more difficult situations and the obtained paths are
quite “natural.”

We continue this work in the future by implementing the
proposed algorithm on our physical testbed [52, 53] utilizing
small-sized model cars and later on a real vehicle to per-
form real-life tests and performance measurements. Further
research includes the investigation of possible applications
in previously unknown and changing environments, and the

interaction possibilities of this planning method with online
map building algorithms.

Appendix

A. Existence Conditions for EES Paths

Lemma 2 stated that, in the absence of obstacles, any (𝑞𝐼, 𝑞𝐺)
pair of initial and goal configurations of a continuous steering
car can be connected by an 𝐸𝐸𝑆 path. Here we give its proof,
where we use some properties of 𝐵(⋅) and 𝐷(⋅, ⋅) functions,
which are established in Appendix C.

Proof of Lemma 2. Let us apply the curvature bound to 𝜅2
first: 𝜅2 ≤ 𝜅max. (A.1)

After substituting (59b) it gets the form𝜅2 = 𝐵 (�̃�𝐼)�̃�𝐼

 ≤ 𝜅max. (A.2)

Using the fact that 𝐵(⋅) is nonnegative in the interval of
interest (cf. Property C.3 in Appendix C) we can rearrange
this to �̃�𝐼

 ≥ 𝐵 (�̃�𝐼)𝜅max
= Δ𝑦2,min (�̃�𝐼) , (A.3)

which means that, for a given �̃�𝐼 = −2𝛿2, a valid 𝐸𝑆 subpath
exists if and only if �̃�𝐼 is farther from the 𝑥-axis than the
minimal possible change in the 𝑦-coordinate determined by
the necessary deflection and the given curvature constraint.

We can obtain the necessary and sufficient conditions for
the existence of 𝐸𝐸𝑆 paths by substituting (55a), (55b), (55c),
and (55d) into (A.3):𝑦𝐼 + 𝐷 (2𝛿1, 𝜃𝐼)𝜅1  ≥ 𝐵 (2𝛿1 + 𝜃𝐼)𝜅max

, (A.4)

alternatively written as𝑦𝐼 + Δ𝑦1 (𝜃𝐼, 𝛿1, 𝜅1) ≥ Δ𝑦2,min (𝜃𝐼, 𝛿1) , (A.5)

together with the obvious other condition |𝜅1| ≤ 𝜅max.
According to Property C.5 in Appendix C,𝐷(2𝛿1, 𝜃𝐼) = 0

only if 𝛿1 = 0 or 𝛿1 = −𝜃𝐼 ± 𝜋. This means that, for any 𝜃𝐼
and 𝛿1 ∉ {0, −𝜃𝐼±𝜋}, the Δ𝑦1 term is nonzero and a 𝜅1 can be
found such that (A.5) and the curvature bound are fulfilled,
because

lim
𝜅1→0

𝐷 (2𝛿1, 𝜃𝐼)𝜅1  = ∞. (A.6)

We have seen that for any query pair of the form (𝑞𝐼, 0)
a class of 𝐸𝐸𝑆 paths—parametrized by (𝛿1, 𝜅1)—is available.
A more general query pair (𝑞𝐼, 𝑞𝐺) can be transformed to the
form (𝑞𝐼, 0) by the inverse transformation 𝑇−1(𝑞𝐺), and the
resulting path can be transformed back by 𝑇(𝑞𝐺).
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Steer (q0 , q1)

Figure 17: Illustration of topological property forC = R2.

B. Topological Property of
the 𝑒𝑒𝑆 Steering Method

The topological property of steering methods is defined as
follows [12].

Definition B.1 (topological property). A steering method
Steer(𝑞0, 𝑞1) verifies the topological property if∀𝜖 > 0,∃𝜂 > 0,∀𝑞0, 𝑞1 ∈ C𝑑C (𝑞0, 𝑞1) < 𝜂 ⇒ 𝑑C (𝑞0, Steer (𝑞0, 𝑞1) (𝑠)) < 𝜖,∀𝑠 ∈ [0, 𝑆𝜆] ,

(B.1)

where 𝑑C is any metric defined on the configuration space
C and 𝑆𝜆 is the total length of the of the path returned by
Steer(𝑞0, 𝑞1).

This means that, for every nonzero 𝜖, 𝜂 can be found
such that if 𝑞1 is in an 𝜂-neighborhood of 𝑞0, then the local
path generated by Steer does not exit the 𝜖-neighborhood
of 𝑞0. When approximating a global path and having 𝑞0 as
an intermediate point on it which has a collision-free 𝜖-
neighborhood, then we can find another intermediate point𝑞1 along the path in the 𝜂-neighborhood of 𝑞0 such that
the feasible local path Steer (𝑞0, 𝑞1) is collision-free (see
Figure 17). Hence if the global path has nonzero clearance,
then the topological property ensures that a feasible path
can be constructed along it using a sequence of local paths
generated by the steering method.

We will show in the sequel that the 𝑒𝑒𝑆 steering method
has this advantageous property. But before that, a metric 𝑑C
has to be defined over C. The most important metrics over
the 𝑛-dimensional Euclidean space R𝑛 belong to the family
of 𝐿𝑝 metrics [6]:

𝐿𝑝 (𝑟, 𝑟) = ( 𝑛∑
𝑖=1

𝑟𝑖 − 𝑟𝑖 𝑝)1/𝑝 , 𝑟, 𝑟 ∈ R
𝑛. (B.2)

A special 𝐿𝑝 metric is the 𝐿∞ metric which can be obtained
from (B.2) if 𝑝 → ∞:𝐿∞ (𝑟, 𝑟) = max

1≤𝑖≤𝑛
{𝑟𝑖 − 𝑟𝑖 } . (B.3)

The configuration space of the continuous steering car is
not an Euclidean space but a manifold C = R2 × S1 ×[−𝜅max, 𝜅max], where S1 stands for the unit circle which is
homeomorphic to [−𝜋, 𝜋]/∼. Because of the identification of−𝜋 and 𝜋, special care must be taken when the “distance” of
two angles has to be measured. An appropriate metric for S1

can be the following [6]:𝑑S1 (𝜃, 𝜃) = min {𝜃 − 𝜃 , 2𝜋 − 𝜃 − 𝜃} . (B.4)

As stated in [6], metric spaces are extendable by Cartesian
product and a new metric can be defined for the extended
space using the original metrics. Since our configuration
space C is an extension over R2 and S1, we can choose 𝐿∞

metric for R2, 𝑑S1 for S1, and 𝐿∞ again over these:𝑑C (𝑞0, 𝑞1)= 𝐿∞ (𝐿∞ ((𝑥0, 𝑦0) , (𝑥1, 𝑦1)) , 𝑑S1 (𝜃0, 𝜃1)) , (B.5)

which leads to𝑑C (𝑞0, 𝑞1) = max {𝑥0 − 𝑥1 , 𝑦0 − 𝑦1 ,
min {𝜃0 − 𝜃1 , 2𝜋 − 𝜃0 − 𝜃1}} . (B.6)

Note that we have neglected one dimension of the con-
figuration space (the [−𝜅max, 𝜅max] part) in the metric. This is
valid because the curvatures of 𝑞𝐼 and 𝑞𝐺 are always 0; thus
the “curvature distance” of these is zero as well. Furthermore,
note that in this metric Euclidean distances are compared to
angles, which is a common problem in motion planning. It
is hard to define a metric over C that can avoid this issue.
Nevertheless, the above defined metric is appropriate for
proving the following theorem.

Theorem B.2. The 𝑒𝑒𝑆 steering method verifies the topological
property.

Proof. Since the goal configuration is at the origin by assump-
tion (without loss of generality), the metric (B.6) can be
written in the following form:𝑑C (𝑞 (𝑠)) = max {|𝑥 (𝑠)| , 𝑦 (𝑠) , |𝜃 (𝑠)|} , (B.7)

where 𝑞(𝑠) is a shorthand for Steer (0, 𝑞𝐼)(𝑠). The total length
of an 𝑒𝑒𝑆 path is𝑆𝜆 = 𝑠1 + 𝑠2 + 𝑠3 =  4𝛿1𝜅  +  4𝛿2𝜅  + 𝑠3, (B.8)

where 𝑠1, 𝑠2, and 𝑠3 are the corresponding path segment
lengths, according to (86). It is obvious that|𝑥 (𝑠)| ≤ 𝑠 ≤ 𝑆𝜆, (B.9)𝑦 (𝑠) ≤ 𝑠 ≤ 𝑆𝜆, (B.10)|𝜃 (𝑠)| ≤ 2𝛿1 + 2𝛿2 (B.11)
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for all 𝑠 ∈ [0, 𝑆𝜆]. After multiplying (B.11) with 2/|𝜅| we get2 |𝜃 (𝑠)||𝜅| ≤ 𝑠1 + 𝑠2 ≤ 𝑆𝜆, (B.12)

which results in |𝜃 (𝑠)| ≤ 𝑆𝜆 |𝜅|2 ≤ 𝑆𝜆 𝜅max2 . (B.13)

Looking at (B.7) and (B.9)–(B.13) we can state that𝑑C (𝑞 (𝑠)) ≤ 𝑆𝜆 ⋅max {1, 𝜅max2 } . (B.14)

With this, the statement to be proven is equivalent to𝑑C (𝑞𝐼) < 𝜂 ⇒ 𝑆𝜆 ⋅max {1, 𝜅max2 } < 𝜖, (B.15)

which holds when

lim
𝑞𝐼→0

𝑆𝜆 = 0. (B.16)

According to (83), 𝑞𝐼 → 0 means that |𝜅∗| → ∞; hence|𝜅| → 𝜅max. It follows that

lim
𝑞𝐼→0

𝑆𝜆 = 4𝛿1𝜅max
+ 4𝛿2𝜅max

+ 𝑠3. (B.17)

Let us define the function𝐹 (𝑦𝐼, 𝜃𝐼, 𝛿1) fl 𝑦𝐼 + 𝐺 (2𝛿1, 𝜃𝐼)𝜅 (B.18)

for any fixed 𝜅. According to (77b) we know that for any 𝑒𝑒𝑆
path 𝐹 (𝑦𝐼, 𝜃𝐼, 𝛿1) = 0. (B.19)

Let us examine the behavior of𝐹(⋅) in the vicinity of (𝑦𝐼, 𝜃𝐼) =(0, 0):
lim

(𝑦𝐼,𝜃𝐼)→(0,0)
𝐹 (𝑦𝐼, 𝜃𝐼, 𝛿1) = 0 + 𝐺 (2𝛿1, 0)±𝜅max= ±2𝐵 (2𝛿1)𝜅max

, (B.20)

where we applied Property C.4 in Appendix C. This implies
together with (B.19) ±2𝐵 (2𝛿1)𝜅max

= 0. (B.21)

Property C.3 in Appendix C states that𝐵 (2𝛿1) = 0 ⇐⇒ 𝛿1 = 0, (B.22)

which implies

lim
(𝑦𝐼,𝜃𝐼)→(0,0)

𝐹 (𝑦𝐼, 𝜃𝐼, 𝛿1) = 0 ⇐⇒ 𝛿1 → 0. (B.23)

In other words, in the neighborhood of (𝑦𝐼, 𝜃𝐼) = (0, 0) an 𝑒𝑒𝑆
path can only exist iff 𝛿1 → 0.

To sum it up, we now that if 𝑞𝐼 → 0, then|𝜅| → 𝜅max,𝛿1 → 0,𝛿2 = −𝛿1 − 𝜃𝐼2 → 0. (B.24)

Furthermore, based on (77a) we get

ＦＣＧ
q→0

s3 = ＦＣＧ maxq→0


xI +

A (21 + I) + C(21, I)

 


= 0,

0 0
0 (B.25)

where we used (B.23) and Property C.1 in Appendix C.
Finally, we can conclude that

ＦＣＧ
q→0

S =

41



+

42



+ s3 = 0,

0 0
0

max max
(B.26)

which proves (B.15); thus the requirement for the topological
property is fulfilled.

C. Auxiliary Functions

Some auxiliary functions are used during deriving the 𝐸𝐸𝑆
and 𝑒𝑒𝑆 paths:

𝑋(𝛽) = sgn (𝛽)√𝜋 𝛽 ⋅ 𝐶𝐹(√ 𝛽𝜋 ) (C.1)

𝑌 (𝛽) = √𝜋 𝛽 ⋅ 𝑆𝐹(√ 𝛽𝜋 ) (C.2)

𝐴 (𝛽) = 𝑋 (𝛽) (1 + cos𝛽) + 𝑌 (𝛽) sin𝛽 (C.3)𝐵 (𝛽) = 𝑋 (𝛽) sin𝛽 + 𝑌 (𝛽) (1 − cos𝛽) (C.4)𝐶 (𝛽, 𝜓) = 𝐴 (𝛽) cos𝜓 − 𝐵 (𝛽) sin𝜓 (C.5)𝐷(𝛽, 𝜓) = 𝐴 (𝛽) sin𝜓 + 𝐵 (𝛽) cos𝜓 (C.6)𝐺 (𝛽, 𝜓) = 𝐵 (𝛽 + 𝜓) + 𝐷 (𝛽, 𝜓) . (C.7)

Because all of these contain Fresnel integrals, it is hard
to solve equations including these functions if the unknown
variable is in the argument. However, some function prop-
erties can be specified including parity, zeros, and specific
values.These properties are useful when dealing with expres-
sions containing them.

Property C.1. The functions𝑋(𝛽), 𝑌(𝛽), 𝐴(𝛽), 𝐵(𝛽), 𝐶(𝛽, 𝜓),
and𝐷(𝛽, 𝜓) have zero value at 𝛽 = 0.
Proof. For 𝑋(𝛽) and 𝑌(𝛽) the value at 𝛽 = 0 can be
obtained by substitution: all factors are zero. It follows from
the definitions that 𝑋(0) and 𝑌(0) make every term zero in
the other functions as well.
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Table 2: Signs of the terms of 𝐵(𝛽).𝛽 𝑋(𝛽) sin𝛽 𝑌(𝛽) 1 − cos𝛽 𝐵(𝛽)−𝜋 − 0 + + +(−𝜋, 0) − − + + +0 0 0 0 0 0(0, 𝜋) + + + + +𝜋 + 0 + + +
Property C.2. 𝑋(𝛽) and 𝐴(𝛽) are odd, while 𝑌(𝛽) and 𝐵(𝛽)
are even functions. Additionally, sgn(𝑋(𝛽)) = sgn(𝛽) and𝑌(𝛽) ≥ 0.
Proof. It follows from the definition of Fresnel sine and cosine
integrals (18a) and (18b) that they are odd functions and
their signs are the same as the sign of their arguments. In
the definitions of 𝑋(𝛽) and 𝑌(𝛽), the arguments of 𝐶𝐹 and𝑆𝐹 depend on the absolute value of 𝛽, which results in even
functions with nonnegative values. The multiplication factor√𝜋|𝛽| is even as well, while the sgn(⋅) function is odd. We
know that the product of two functions is even if the parities
of factors are the same. Similarly, if the parities differ, then the
resulting function is odd. Based on these, it is obvious that𝑋(𝛽) is odd with sgn(𝑋(𝛽)) = sgn(𝛽) and 𝑌(𝛽) is even and
nonnegative.

Given that the sine function is odd and cosine is even and𝑋(0) = 𝑌(0) = 0, it can be easily seen that both terms in
the definition of 𝐴(𝛽) are odd; thus 𝐴(𝛽) itself is odd as well.
Similarly, both terms in 𝐵(𝛽) are even; thus 𝐵(𝛽) itself is even
as well.

Property C.3. In the range 𝛽 ∈ [−𝜋, 𝜋],𝐵(𝛽) is positive except
at 𝛽 = 0, where it has zero value.
Proof. Let us see the sign of terms of 𝐵(𝛽) in different subsets
of range 𝛽 ∈ [−𝜋, 𝜋], as listed in Table 2. It can be seen that𝐵(𝛽) is a sum of positive or zero-valued terms. Only𝑋(𝛽) and
sin𝛽 can be negative, but in all such cases the product of them
is positive or zero. The table shows that𝐵 (𝛽) = 0 ⇐⇒ 𝛽 = 0, (C.8)𝐵 (𝛽) > 0 ⇐⇒ 𝛽 ̸= 0. (C.9)

Property C.4. 𝐷(𝛽, 𝜓) has the following specific values:𝐷(𝛽, 0) = 𝐵 (𝛽) (C.10)𝐷(−𝛽, 𝛽) = 𝐷 (𝛽, −𝛽) = −𝐵 (𝛽) . (C.11)

Proof. (C.10) can be verified easily by substituting 𝜓 = 0
into (C.4). Before looking at the second equation, let us
reformulate the definition of𝐷(𝛽) as follows:𝐷(𝛽, 𝜓) = 𝑋 (𝛽) (sin𝜓 + sin (𝛽 + 𝜓))+ 𝑌 (𝛽) (cos𝜓 − cos (𝛽 + 𝜓)) . (C.12)

We used here the definitions of 𝐴(𝛽) and 𝐵(𝛽) and trigono-
metric addition rules. In both cases of (C.11) we get𝐷(−𝛽, 𝛽) = 𝐷 (𝛽, −𝛽)= −𝑋 (𝛽) sin𝛽 + 𝑌 (𝛽) (cos𝛽 − 1) , (C.13)

which is obviously equal to −𝐵(𝛽).
Property C.5. The function 𝐷(𝛽, 𝜓) has zeros only at 𝛽 = 0
and 𝛽 = −2𝜓 + 2𝜋𝑘, 𝑘 ∈ Z in the range 𝛽 ∈ [−𝜋, 𝜋].
Proof. The first condition for 𝐷(𝛽, 𝜓) being zero was already
stated by Property C.1. The second condition can be verified
easily by substitution to (C.12). Furthermore, we have to
check whether 𝐷(𝛽, 𝜓) has zeros elsewhere. Let us assume
that 𝛽 ̸= 0 and 𝛽 ̸= −2𝜓 + 2𝜋𝑘, but 𝐷(𝛽, 𝜓) = 0. In this
case the following equality would be true:𝑋(𝛽) (sin𝜓 + sin (𝛽 + 𝜓))= −𝑌 (𝛽) (cos𝜓 − cos (𝛽 + 𝜓)) . (C.14)

Let us introduce a new variable𝛼 fl 𝛽 + 2𝜓 − 2𝜋𝑘 ̸= 0 (C.15)

according to our assumption 𝛽 ̸= −2𝜓 + 2𝜋𝑘. After
substituting 𝜓 = 𝛼/2 − 𝛽/2 + 𝜋𝑘 into (C.14) we get𝑋(𝛽) [sin(𝛼2 − 𝛽2 + 𝜋𝑘) + sin(𝛼2 + 𝛽2 + 𝜋𝑘)]= −𝑌 (𝛽)⋅ [cos(𝛼2 − 𝛽2 + 𝜋𝑘) − cos(𝛼2 + 𝛽2 + 𝜋𝑘)] . (C.16)

By applying trigonometric addition rules we can reformulate
it: 𝑋(𝛽) ⋅�������2 sin(𝛼2 + 𝜋𝑘) ⋅ cos 𝛽2= −𝑌 (𝛽) ⋅�������2 sin(𝛼2 + 𝜋𝑘) ⋅ sin 𝛽2 . (C.17)

The 2 sin(𝛼/2 + 𝜋𝑘) terms can be canceled because they are
nonzero according to (C.15).The equality should hold for the
signs as well:

sgn (𝑋 (𝛽)) sgn(cos𝛽2)= − sgn (𝑌 (𝛽)) sgn(sin𝛽2) , (C.18)
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which evaluates to

sgn (𝛽) = − sgn (𝛽) , if 𝛽 ∈ (−𝜋, 𝜋) \ 0,0 = 1, if 𝛽 = −𝜋,0 = −1, if 𝛽 = 𝜋. (C.19)

Because all of these are contradictions, the assumption that𝐷(𝛽, 𝜓) has zeros elsewhere than 𝛽 = 0 and 𝛽 = −2𝜓 + 2𝜋𝑘
was wrong.

Property C.6. In the range 𝛽 ∈ [−𝜋, 𝜋] and 𝜓 ∈ [−𝜋, 𝜋], for
all 𝜓 there exists 𝛽 such that 𝐺(𝛽, 𝜓) ̸= 0.
Proof. First let us see the case 𝜓 = 0. Using (C.7) and (C.10)
we get 𝐺 (𝛽, 0) = 2𝐵 (𝛽) . (C.20)

According to (C.9) we can state that 𝐺(𝛽 ̸= 0, 𝜓 = 0) ̸= 0.
We can check this for 𝜓 ̸= 0 as well. For example, let us

choose 𝜓 = −𝛽. Using (C.7) and (C.11) we arrive at𝐺 (𝛽, −𝛽) = −𝐵 (𝛽) . (C.21)

Because 𝛽 = −𝜓 ̸= 0, based on (C.9) we can state again that
in case of 𝜓 ̸= 0 a 𝛽 can be found such that 𝐺(𝛽, 𝜓) ̸= 0.
Property C.7. In the range 𝛽 ∈ [−𝜋, 𝜋] and 𝜓 ∈ [−𝜋, 𝜋], for
all 𝜓 there exists 𝛽 such that 𝐺(𝛽, 𝜓) = 0.
Proof. Let us look again at the case 𝜓 = 0 first. Based on
(C.20) and (C.8) we can state that 𝐺(0, 0) = 0.

In the case 𝜓 ̸= 0 let us examine two specific values for 𝛽:
(i) If 𝛽 = 0, then, using (C.7) and Properties C.1 and C.3,

we get 𝐺 (0, 𝜓) = 𝐵 (𝜓) > 0. (C.22)

(ii) If 𝛽 = −𝜓, then, using (C.7) and (C.11) and
Property C.3, we get𝐺 (0, 𝜓) = −𝐵 (𝜓) < 0. (C.23)

It follows that for all 𝜓 there exists a 𝛽 ∈ (−𝜓, 0) such that𝐺(𝛽, 𝜓) = 0.
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A new method is proposed for analyzing the nonlinear dynamics and stability in lane changes on highways for tractor-semitrailer
under rainy weather. Unlike most of the literature associated with a simulated linear dynamic model for tractor-semitrailers steady
steering on dry road, a verified 5DOF mechanical model with nonlinear tire based on vehicle test was used in the lane change
simulation on low adhesion coefficient road. According to Jacobian matrix eigenvalues of the vehicle model, bifurcations of steady
steering and sinusoidal steering on highways under rainy weather were investigated using a numerical method. Furthermore, based
on feedback linearization theory, taking the tractor yaw rate and joint angle as control objects, a feedback linearization controller
combined with AFS and DYC was established. The numerical simulation results reveal that Hopf bifurcations are identified in
steady and sinusoidal steering conditions, which translate into an oscillatory behavior leading to instability. And simulations of
urgent step and single-lane change in high velocity show that the designed controller has good effects on eliminating bifurcations
and improving lateral stability of tractor-semitrailer, during lane changing on highway under rainy weather. It is a valuable reference
for safety design of tractor-semitrailers to improve the traffic safety with driver-vehicle-road closed-loop system.

1. Introduction

Tractor-semitrailer, as an articulated vehicle system, has com-
plex nonlinear dynamic characteristics. Vehicle dynamics
bifurcation mechanisms and driving stability have basically
been confirmed based on nonlinear theory and tire mechan-
ics. Early works on this subject have established three degrees
of freedom (DOF) dynamic model with simplified nonlinear
tire formula, which are essential for a clear understanding
of the system’s nonlinear stability [1, 2]. Due to the special
articulated structure, jackknife and coordination stability
have drawn wide attention. Dunn et al. rigorously developed
a 15-state model using Lagrange’s method and studied in
detail the effects on jackknife stability when using brakes

under different road adhesion coefficients [3–5]. To protect
the vehicle from spinning and realize improved cornering
performance, van de Molengraft-Luijten et al. employed
the Routh-Hurwitz stability criterion and bifurcation theory
method to get a system equilibrium approximation near the
zero value for the forward speed and front wheel steering
angle, which revealed the vehicle’s instability under high
speeds and substantial steering [6, 7]. Similarly, Ding et al.
explained some instability phenomena of the vehicle system
such as jackknifing, sideslip, and spinning by correlating
themwith the behavior in the neighborhood of unstable fixed
points based on analysis of eigenvectors, phase trajectories,
and status of lateral tire force saturation [8]. Sadri and Wu
investigated Lyapunov concept exponents and applications to
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analyze the stability for the nonlinear vehicle in planemotion
with a third-order polynomial tire model [9]. In addition, the
existing literatures focus on bifurcation application analysis
for the stability assessment of a complex railway vehicle
model [10, 11].

Moreover, vehicle/driver and vehicle/driver/road coop-
eration systems and influence parameters were introduced
for tractor-semitrailer nonlinearity investigations [12–15]. To
study vehicle Hopf bifurcation and chaos characteristics
and variation in pilot model parameters and to discuss the
qualitative motion behavior near the critical speed, Rossa et
al. proposed a simple 3DOF closed-loop vehicle/drivermodel
[16, 17]. Li et al. presented a nonlinear vehicle-road coupled
model and analyzed the dynamic behaviors of a nonlinear
system using a numerical integration method [18]. With a
closed-loop system of articulated heavy vehicles with driver
steering control, Liu et al. employed an integration method
to derive an analytical periodic solution of the system in the
neighborhood of the critical speed and analyzed supercritical
and subcritical Hopf bifurcations [19]. Koglbauer et al. paid
close attention to drivers’ workload and effort in different
road conditions [20]. Bie et al. proposes a weather factor
model built by introducing weather factors to free flow
speed, capacity, and critical density and plugged it into traffic
control [21]. Tang et al. investigated the road condition and
driver characteristics on the lane change driving trajectory
and traffic safety, such as lane number, driver’s time delay,
and perception ability effect [22–27]. Related researches are
helpful to master the interactions of vehicle, driver, and work
environment.

Furthermore, with the rapid development of control
theory, a variety of methods are available in the tractor-
semitrailer stability control system and product, such as
ABS (Antilock Brake System) and ESC (Electronic Stability
Control). By an optimal control approach for driver model,
Liu studied the stability of a time delayed dynamical tractor-
semitrailer, using a numerical method by computing the
eigenvalues near the imaginary axis [13]. Lin et al. proposed
optimal linear quadratic control algorithm to improve the
yaw stability of a tractor semitrailer using active semitrailer
steering [28]. Palkovics and El-Gindy applied RLQR/𝐻∞
approach to ensure the vehicle’s performance in the presence
of parametric uncertainties and discussed the influence of
different control strategies on the vehicle’s directional and roll
stability during severe path-follow lane change manoeuvre
[29]. Chang et al. designed a 𝐻∞ loop shaping robust con-
troller robust of tractor-semitrailer, which provides a novel
mean or method for explore tracking control problem of
the tractor-semitrailer [30]. Liang et al. proposed a specified
fuzzy sliding mode controller to guarantee the robust control
in the presence of system uncertainties [31]. By active wheel
braking, Takenaga et al. proposed a novel fuzzy logic based
yaw moment controllers to track the reference yaw rate
of the tractor and the hitch angle and demonstrated the
robust and effects in stabilizing the severe instabilities such
as jackknife and trailer oscillation in the chosen simulation
scenarios [32–34]. Zong et al. applied a multiobjective sta-
bility control algorithm to improve the vehicle stability of a
tractor semitrailer by using differential braking [35]. Recently,

more and more people pay attention to intelligent vehicle
based on Cooperative Vehicle Infrastructure System [36–43].
Besides, vehicle control and system model was combined
with transportation simulation [44–52].

Many of the conclusions of the classical literature play
a positive role in vehicle handing stability. However, there
are still some limitations, especially in particular research
backgrounds. First, it is clear that the vehicle instability in
critical conditions is mainly due to the nonlinearity of tires,
but most of traditional vehicle dynamics models are deduced
by simplified tire formulas. The convenient calculations still
deviate greatly from reality. Second, previous research on
vehicles’ characteristics has concentrated on steady steering
[53–56]. However, lane changes and overtaking by heavy
trucks on highways, as a frequent driving behavior, could
gain more attention in the near future. Furthermore, most
of the traditional efforts have focused on vehicle stability
on common road [57, 58]. In fact, rainy weather and lower
adhesion coefficient should be taken into consideration,
especially for heavy trucks.

Tractor-semitrailer, as a very important and highly effec-
tive means of freight transportation, is more dangerous than
general passenger cars because of their articulated structure,
large size, and difficult handling. Accidents involving tractor-
semitrailers tend to cause serious casualties and losses.There-
fore, active safety and traffic transportation researchers have
paid more attention to tractor-semitrailers’ driving stability
in recent years. In particular, lane changing is a common
driving behavior onhighways, but high speeds and large-scale
continuous steering can easily cause stability losses, such as
sideslips and nonlinear oscillatory, for tractor-semitrailers.
Last but not least, considering the large-scale rainy season
in the south of our country, vehicles driving on lower
adhesion efficient road and harsh environment are common,
which cause increased instability and traffic accidents [59–
63]. Therefore, nonlinear analysis and control of tractor-
semitrailers’ lane changing on highways under rainy weather
have important practical significance in the vehicle dynamics
research field and provide a valuable reference for active
safety design.

This work deals with the nonlinear dynamics and control
of tractor-semitrailers changing lanes on highways under
rainy weather, which is a highly relevant real-life situation.
In order to master the essence of stability and instability
mechanism of tractor-semitrailer changing lanes at high
speed, Rough-Hurwitz stability criterion is developed to
analyze vehicle transient stability, and the vehicle bifurca-
tion characteristics under steady and transient steering are
studied based on nonlinear theory. In view of the vehicle’s
instability mechanism, feedback linearization control model
is deduced and controller combined with AFS (Active Front
Steering) and DYC (Direct Yaw Control) was established and
presented. It is significant to provide a valuable reference for
safety design of tractor-semitrailers, to improve the traffic
safety of driver-vehicle-road closed-loop system.

This text is structured as follows: after a brief description
of the vehicle model and validation in Section 2, Section 3
analyzes bifurcations with steady steering and sinusoidal
steering to simulate the main process of lane changing.
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Section 4 deals with an investigation of feedback linearization
control for lane changing. Section 5 proposes a conclusion
and further work. Conflicts of interest and acknowledge-
ments are dealt with at the end of the article.

2. Vehicle System Model

By defining ground coordinate system 𝑋𝑂𝑌, Figure 1 illus-
trates the plane motion force diagrams of tractor and semi-
trailer vehicle coordinate systems 𝑥t𝑜t𝑦t and 𝑥s𝑜s𝑦s. The 𝑥t
and 𝑥s axes, respectively, point forward and lie both in the
ground plane and in the plane normal to the ground of
tractor and semitrailer. The 𝑦t and 𝑦s axes point to the left.
Positions of 𝑜t and 𝑜s are, respectively, centroid of the vehicles.
As motion variables we define the longitudinal velocities
V𝑥t and V𝑥s, lateral velocities V𝑦t and V𝑦s of tractor and
semitrailer centroids, the slip angles 𝛽t and 𝛽s are respectively
introduced by longitudinal and lateral velocities of tractor
and semitrailer, the yaw angles 𝜑t and 𝜑s are respectively
included angles between longitudinal axes and 𝑥s and 𝑥t axes
of tractor and semitrailer.

As shown in Figure 1, when front wheels are steering, the
vehicle is not only moving along the longitudinal direction,
but also introduced the lateral motion around the steering
center, and the yaw motion caused by dynamic centrifugal
force at centroid.Thus, 5DOFmodel involves steering system
motion, tractor, and semitrailer’s longitudinal and lateral
motions, and yawmotions could be depicted in Figure 1. Dur-
ing the process, forces acting on the tires provide centripetal
force of vehicle motion. In common situation, the centrifugal
force is balanced with the centripetal force, and the plane
motions of the vehicle will be in a regular way. Otherwise, if
the centrifugal force is greater than the centripetal force, the
vehicle will sideslip.

2.1. Vehicle Dynamics Model. Considering the research vehi-
cle is moving on highway when steering without active
braking and the road is flat, but wet and slippery under rainy
weather, vertical, roll, and pitch motion can be ignored in
this situation. Thus, the established vehicle model could be
simplified as 5DOF model. The corresponding equations of
the vehicle model are as follows:

(1) Tractor,

𝑚t (V̇𝑥t + V𝑦t�̇�t) = 𝐹𝑥tf + 𝐹𝑥tr − 𝐹𝑥th,
𝑚t (V̇𝑦t + V𝑥t�̇�t) = 𝐹𝑦tf + 𝐹𝑦tr − 𝐹𝑦th,

𝐼𝑧t�̈�t = 𝑎t𝐹𝑦tf − 𝑏t𝐹𝑦tr + 𝑐𝐹𝑦th.
(1)

(2) Semitrailer,

𝑚s (V̇𝑥s + V𝑦s�̇�s) = 𝐹𝑥s + 𝐹𝑥sh,
𝑚s (V̇𝑦s + V𝑥s�̇�s) = 𝐹𝑦s + 𝐹𝑦sh,

𝐼𝑧s�̈�s = −𝑏s𝐹𝑦s + 𝑎s𝐹𝑦sh.
(2)
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Figure 1: Schematic diagram of tractor-semitrailer plane motion.

(3) Steering system [64],

𝐼w ̈𝛿f + 𝐶w
̇𝛿f = 𝐾w (𝛿sw𝑖 − 𝛿f) − 𝜀𝐹𝑦tf . (3)

Meanwhile, conditions of saddle balance approximately
satisfy

V𝑥t = V𝑥s,
V𝑦s = V𝑥t𝜃 + V𝑦t − (𝑐 + 𝑎s) �̇�t + 𝑎s ̇𝜃,
𝐹𝑥th = 𝐹𝑥sh,
𝐹𝑦th = 𝐹𝑦sh.

(4)

Taking a domestic tractor-semitrailer as an example,
relevant vehicle parameters and symbols are listed in Table 1.
Here, the mass and structure values of the vehicle refer to test
data, inertia, and stiffness and the other performance data are
selected based on database of Trucksim.

2.2. Nonlinear Tire Model. In addition to supporting the
vehicle steering dynamics, the tires provide the lateral forces
necessary to change the speed and direction of the vehicle.
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Table 1: Tractor-semitrailer parameters and symbols.

Symbol Parameter name Value Unit
𝑚t Tractor mass 5800 kg
𝑚s Semitrailer mass 19080 kg
𝑎t Distance between tractor centroid and front axle 2.0 m
𝑏t Distance between tractor centroid and rear axle 1.4 m
𝑐 Distance between tractor centroid and saddle point 0.8 m
𝑎s Distance between semitrailer centroid and saddle point 2.0 m
𝑏s Distance between semitrailer centroid and rear axle 1.4 m
𝐼𝑧t Tractor yaw moment of inertia 9737 kg⋅m2
𝐼𝑧s Semitrailer yaw moment of inertia 138437 kg⋅m2
𝐼w Moment of inertia of steering wheel around spin 60 kg⋅m2
𝐶w Damping coefficient of steering wheel around spin 10250 —
𝐾w Steering system stiffness 2000 Nm/rad
𝜀 Tractor front tire pneumatic trail 0.01 m
𝑖 Steering radio 28 —
V𝑥t Tractor longitudinal velocity — m/s
V𝑥s Semitrailer longitudinal velocity — m/s
V𝑦t Tractor lateral velocity — m/s
V𝑦s Semitrailer lateral velocity — m/s
𝜑t Tractor yaw angle — rad/s
𝜑s Semitrailer yaw angle — rad/s
𝜃 Articulated angle — rad
𝛿sw Tractor steering wheel angle — rad
𝛿f Tractor front wheel steering angle — rad
𝐹𝑥tf Tractor front wheel longitudinal force — N
𝐹𝑥tr Tractor rear wheel longitudinal force — N
𝐹𝑦tf Tractor front wheel lateral force — N
𝐹𝑦tr Tractor rear wheel lateral force — N
𝐹𝑥s Semitrailer wheel longitudinal force — N
𝐹𝑦s Semitrailer front wheel lateral force — N
𝐹𝑥th Longitudinal force from saddle to tractor — N
𝐹𝑦th Lateral force from saddle to tractor — N
𝐹𝑥sh Longitudinal force from saddle to semitrailer — N
𝐹𝑦sh Lateral force from saddle to semitrailer — N

There exist many tire models to describe tire behaviors
beyond the linear region. One model commonly used in
vehicle dynamics simulationswas developed by Pacejka of the
Delft University of Technology [64, 65]. The lateral slip angle𝛼 generates a lateral force, 𝐹𝑦, at the tire-ground interface,
which could be expressed as a magic formula:

𝐹𝑦 = 𝐷 sin (𝐶 atan {𝐵𝛼 − 𝐸 [𝐵𝛼 − atan (𝐵𝛼)]}) , (5)

where 𝛼 is the tire slip angle and 𝐵, 𝐶, 𝐷, and 𝐸 are,
respectively, the stiffness factor, shape factor, peak factor, and
curvature factor.

As we know, sideslip instability of a tractor-semitrailer
is caused by exceeding the lateral tire force saturation.
Lower lateral tire force saturation arises from lower adhesion
coefficient under rainy weather, which easily causes severe

Table 2: Values of 𝐵, 𝐶,𝐷, and 𝐸 for a nonlinear tire.

Tire position Tire number 𝐵 𝐶 𝐷 𝐸
Tractor front wheel 2 3.32 1.2 −12987.6 −1.45
Tractor rear wheel 4 11.35 1.2 −16327.2 −1.45
Semitrailer wheel 8 19.62 1.2 −25792.8 −1.45

nonlinear performance of the vehicle. Normally, on wet and
slippery road, the absolute value of peak factor 𝐷 must be
lower and the stiffness and shape factors (𝐵 and𝐶) are higher
than that on general roads. Relevant parameters valued as all
wheels of each axis on wet road (𝜇 = 0.3) for the tires are
listed in Table 2 [66].
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Figure 2: Image of vehicle test environment.

These slip angles may be obtained using the following
handing relations:

𝛼tf = arctan(V𝑦t + 𝑎t𝜔t

V𝑥t
) − 𝛿f ,

𝛼tr = arctan(V𝑦t − 𝑏t𝜔t

V𝑥t
) ,

𝛼s = arctan(V𝑦s − 𝑏s𝜔s

V𝑥s
) ,

(6)

where 𝛼tf, 𝛼tr, and 𝛼s are, respectively, the tractor front and
rear wheel and the semitrailer wheel’s slip angle, V𝑦t and V𝑦s
are, respectively, the tractor and semitrailer’s lateral velocity,
V𝑥t and V𝑥s are, respectively, the tractor and semitrailer’s
longitudinal velocity, 𝑎t is the distance between tractor
centroid and front axle, 𝑏t is distance between tractor centroid
and rear axle, 𝑏𝑠 is the distance between semitrailer centroid
and rear axle, and 𝜔t and 𝜔s are, respectively, the tractor and
semitrailer’s yaw rate.

2.3. Vehicle Dynamics Model Validation. The double-lane
change is deemed the general method of overtaking. The
whole process can be divided into five steps: straight driving
in original lane, approximately sinusoidal steering, straight
driving in the other lane, and approximately sinusoidal
steering and steer returning in original lane.Thus, the tractor-
semitrailer comes under complex and severe dynamics, with
changes in lane position, large-scale continuous steering, and
high speed.

To validate the vehicle dynamics model, applying a
domestic tractor-semitrailer, we conducted a physical
double-lane change experiment on an even and wet road,
just as a tractor-semitrailer overtaking under rainy weather
on highway. Tests were carried out at a professional test site
in the Key Laboratory of Operation Safety Technology for
Transport Vehicles, at the Research Institute of the Highway
Ministry of Transport, Beijing, China. Details of the test
environment are shown in Figure 2.

The tested vehicle was driven along the double-change
channel on an even and wet road, with its velocity kept to
about 60 km/h. The integrated test system mainly involved

a VBOX III for tractor, a VBOX II and an inertial sensor
for semitrailer, a vehicle-handling force and angle meter
for vehicle steering, a data collection device, and a power
supply device, whose function was to measure the steering
wheel angle input and the output vehicle motion parameters,
including velocity, acceleration, and angular velocity.

Setting the simulation inputs the same as test velocities
and steering wheel angles, in addition, the time step is 0.05 s
in accord with test sampling frequency 20Hz. Furthermore,
the orientations of simulated output variables keep consistent
with test.

Under the same conditions, tractor and semitrailer lateral
accelerations, yaw rates, and joint angle were obtained using
vehicle testing and Matlab simulation and compared, as
shown in Figure 3.

Clearly, the vehicle’s lateral and yaw dynamics in Figure 3
exhibit good consistency between the simulation and the
vehicle test. The validation of the model basis is given, using
limited data. Moreover, according to the test results, roll
angles of the tractor and semitrailer shown in Figure 3(g) are
very small (less than 1 deg), so vehicle roll motions onwet and
slippery road could be ignored reasonably.Therefore, it can be
conservatively concluded that the established 5DOF nonlin-
ear dynamics model closely reflects the physical properties.

3. Bifurcation of Steering

Bifurcation theory is the mathematical study of changes in
the qualitative or topological structure of a given family,
such as the integral curves of a family of vector fields,
and the solutions of a family of differential equations. Most
commonly applied to the mathematical study of dynamical
systems, a bifurcation occurs when a small smooth change
made to the parameter values (the bifurcation parameters) of
a system causes a sudden “qualitative” or topological change
in its behavior. The name “bifurcation” was first introduced
by Henri Poincaré in 1885 in the first paper in mathematics
showing such a behavior [67, 68].

In view of the lane change handling steps, steering at a
high speed on a highway under rainy weather is the primary
extensive condition within the whole process. Considering
the specific features of tractor-semitrailer, the vehicle nonlin-
ear dynamics with large-scale steering on wet road are more
complex than single vehicle under the normal situation and
are analyzed in the following subsections.

3.1. VehicleModel Transformation. In order to efficiently ana-
lyze tractor-semitrailer’s bifurcation characteristics in typical
work conditions and simplify calculation process, steering
wheel is not applied as the input of steering, front wheel
instead. Based on the idea, the vehicle system is transformed
as

Ẋ = 𝑓 (X, 𝛿f) , (7)

where X = (V𝑥t, V𝑦t, �̇�t, ̇𝜃, 𝜃)T.
In the case of the vehicle steering motion, suppose the

vector Xe = (Ve𝑥t, Ve𝑦t, �̇�e
t , ̇𝜃e, 𝜃e)T is an equilibrium point for

the system described in (7). To assess the system behavior
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Journal of Advanced Transportation 7

Table 3: Calculated eigenvalues of Jacobian matrix 𝐴 under various front wheel steering angles.

𝛿f/rad Eig. 1 Eig. 2 Eig. 3 Eig. 4 Eig. 5
Re Im Re Im Re Im Re Im Re Im

0.01 −1.8135 3.3965 −1.8135 −3.3965 −1.3298 2.1452 −1.3298 −2.1452 −0.0001 0
0.02 −1.7838 3.3517 −1.7838 −3.3517 −1.3154 2.1192 −1.3154 −2.1192 −0.0006 0
0.03 −1.7011 3.2258 −1.7011 −3.2258 −1.2801 2.0400 −1.2801 −2.0400 −0.0014 0
0.04 −1.4962 2.9357 −1.4962 −2.9357 −1.2203 1.8070 −1.2203 −1.8070 −0.0032 0
0.049 −0.8385 2.2125 −0.8385 −2.2125 0 0.1102 0 −0.1102 −2.1906 0

after stability loss, (7) is expanded into a multidimensional
Taylor series in 𝑥𝑖 around Xe up to order 3, yielding

Ẋ = 𝐴X + 𝐹 (X, 𝛿f) +O (|X|4) , (8)

where 𝐴 is the Jacobian matrix of the nonlinear function𝑓(X, 𝛿f), computed at the equilibrium point Xe and 𝐹(X, 𝛿f)
contains nonlinear terms of order 3 at Xe:

𝐴 = 𝐷x𝑓 (X, 𝛿f)(Ve
𝑥t ,Ve𝑦t,�̇�et , ̇𝜃e,𝜃e)T

. (9)

The fifth-order characteristic equation of Jacobian matrix𝐴 is as follows:

𝜆5 + 𝑐1𝜆4 + 𝑐2𝜆3 + 𝑐3𝜆2 + 𝑐4𝜆 + 𝑐5 = 0. (10)

According to Hurwitz stability criterion, if and only if all
the roots of Jacobian matrix𝐴 have strictly negative real part,
the system is stable. The criterion identifies the conditions
when the poles of a polynomial cross into the right hand half
plane and hence would be considered as unstable in control
engineering [67–69].

3.2. Bifurcation of Steady Steering. Steady steering not only
is a typical working condition, for exhibiting vehicle steady
characteristics, but also is the basic of transient. Good steady
characteristics predict better transient performance to a
certain extent.

With initial longitudinal velocity 20m/s, the calculated
five eigenvalues (Re represents the real part and Im represents
the imaginary part) of Jacobian matrix 𝐴 with front wheel
steering angle varying in the range [0.01, 0.049] rad are listed
in Table 3.

As shown in Table 3, when the steering angle is less than
0.049 rad, there are five eigenvalues with negative real parts.
According to the nonlinear theory, in these cases, the vehicle
system is stable and the equilibrium points are called nodal
points. Once the steering angle reaches 0.049 rad, two pairs
of imaginary eigenvalues with zero real parts appear, which
means that a Hopf bifurcation may exist [69].

According to [68], there is a pair of pure imaginary
conjugate eigenvalues and the other eigenvalues have nonzero
real part; thus, the corresponding equilibrium point is non-
hyperbolic. In addition, it is clearly seen that the real part of

the eigenvalues varies as the steering angle increases, and the
transverse condition is satisfied as follows:

𝑑Re (𝜆)𝑑𝛿f
𝛿f=0.049 = Re(𝑑 (𝜆)𝑑𝛿f )

𝛿f=0.049
= 0 − (−1.2203)0.049 − 0.04 = 135.59 ̸= 0.

(11)

Therefore, it is proved that theHopf bifurcation is taking place
at the equilibrium point when 𝛿f = 0.049 rad.

The equilibriumpoint could be calculatedwith the vehicle
model by Matlab. Input parameters are 𝛿f = 0.049 rad and
initial V𝑥 = 20m/s; the system will be stable within a
limited period of time; then the equilibrium point could be
obtained according to the stable variables; that is, (Xe, 𝛿f) =(−1.3162, 0.0761, 0, 0.0576, 19.86, 0.049).

Once Hopf bifurcation is taking place, under reasonably
generic assumptions about the dynamical system, as steering
angle slightly rises, a periodic solution called limit cycle
branches from the fixed point [67, 68]. When the steering
angle is 0.05 rad, limit circles of tractor’s velocities with time
are shown in Figure 4.

It can be seen from Figure 4, as time increases, a large-
scale periodic vibration of the tractor’s velocities, which rep-
resents a periodic solution of vehicle system. So there is limit
circle when the steering angle is 0.05 rad, after Hopf bifur-
cation has taken place, which shows large range conversion
of vehicle longitudinal and lateral kinetic energy. Obviously,
the energy conversion could not be realized in reality because
of frictional loss and motion constraint between tractor and
semitrailer. However, the articulated vehicle’s conservation of
energy and dynamic trends of stability loss is clearly revealed.

For the 4DOF model with longitudinal velocity changes,
the state variable of quasiperiodic vibration shows energy
conservation. Moreover, the eigenvalues change from imag-
inary with negative real part to pure imaginary in accor-
dance with the manifolds, predicting the Hopf bifurcation
phenomenon. It is verified that a pair of conjugate roots,
first crossing on the imaginary axis, translates into oscillatory
behavior leading to instability.

3.3. Bifurcation of Sinusoidal Steering. Sinusoidal steering is
introduced to approximately represent the steering process
for lane changing. Unlike steady steering, the front wheel
steering angle is represented as

𝛿f = 𝐴 s sin (2𝜋𝑓𝑡) , (12)
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Figure 4: Limit circle of tractor’s velocities with 𝛿f = 0.05 rad.

where 𝐴 s is the steering amplitude and 𝑓 is steering fre-
quency. Compared with steady steering, the vehicle with
sinusoidal steering is considered a time-changing system.The
equilibrium points and corresponding eigenvalues vary with
time and the steering angle.

Figure 5 shows the changes in the steering angle, lat-
eral velocity, and calculated eigenvalues when the initial
longitudinal velocity is 20m/s, and the front wheel steer-
ing amplitude and frequency are, respectively, 0.06 rad and
0.2Hz. With 𝐴 s = 0.06 rad, 𝑓 = 0.2Hz, the calculated
eigenvalues present a double wave shape with sinusoidal
steering. According to the tractor lateral velocity, the vehicle
system is still stable, although transit values of eigenvalue
1 and eigenvalue 3 are positive or have positive real parts
during steering. In addition, when 𝑡 > 6.3 s, all of the
eigenvalues are negative as steer returning takes place and
eigenvalue 5 is approximately equal to 0. Therefore, it can
be concluded that the negative eigenvalue is sufficient, but
not necessary, for judging stability. Furthermore, comparing
sinusoidal and steady steering, when the front wheel angle is
greater than 0.05 rad, the vehicle system with steady steering
loses stability, but thatwith sinusoidal steering remains stable.
Specifically, vehicle stability is influenced by the frequency
and the transient state.

Figure 6 shows, as the amplitude is increased from
0.06 rad to 0.07 rad, the changes in the steering angle, lateral
velocity, and calculated eigenvalues.

It can be seen fromFigure 6 that, as the steering amplitude
increases to 0.07 rad, not only transit values of eigenvalue
1 and eigenvalue 3 are positive or have positive real parts
during steering, just as 𝐴 s = 0.06 rad, but also transit
values of eigenvalue 5 are positive eigenvalues after steer
returning.Meanwhile, there is a pair of conjugate eigenvalues
(eigenvalues 1 and 2), approximately lying on the imaginary
axis, which indicates the existence of Hopf bifurcation.
Figure 7 shows the unstable limit circle of the vehicle typical
parameters with continuous sinusoidal steering when 𝐴 s =0.07 rad, 𝑓 = 0.2Hz.

Just as in Figure 4 for the case of steady steering, Figure 7
shows an unstable limit circle of vehicle dynamic motions
with critical sinusoidal steering. It clearly shows there are
obvious differences in fluctuation range of vehicle’s lateral
velocity between steady and sinusoidal steering. Besides this,
the vehicle’s dynamic bifurcation and oscillatory behavior are
identical.

4. Bifurcation Control with
Feedback Linearization

It is obvious that, with the Jacobian matrix 𝐴 induced by
vehicle’s nonlinear model, the eigenvalues could reveal the
bifurcation characteristics and stability. Thus, basic ideal is
proposed to ensure the eigenvalues with negative real parts,
by proper control method.

Feedback Linearization is an approach to nonlinear
control design which has attracted a great deal of research
interest in recent years. Algebraically transform a nonlinear
system into a (fully or partly) linear one, so that linear control
techniques can be applied. This differs from the conventional
linearization in that feedback linearization is achieved by
exact state transformations and feedback, rather than by linear
approximations of the dynamics [63, 69–72]. Considering
the nonlinearity of tractor-semitrailer, based on feedback
linearization theory, an integrated controller is introduced
to realize vehicle system asymptotically stable and tracking
performance in this section.

4.1. Vehicle Control Model. Supposing the tractor longitu-
dinal velocity constant, the vehicle model introduced in
Section 2 is deduced as follows:

Ẋ = 𝑓 (X, 𝛿sw) , (13)

where X = [𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6]T = [V𝑦t, �̇�t, ̇𝜃, 𝜃, ̇𝛿f , 𝛿f ]T.
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Figure 5: Changes in steering angle, lateral velocity, and calculated eigenvalues with 𝐴 s = 0.06 rad, 𝑓 = 0.2Hz.

In order to linearize nonlinear systems by feedback
linearization method, feedback parameters, as control out-
puts, not only are controllable, but also ensure linearization.
Therefore, setting tractor yaw rate �̇�t and the difference
of joint angle and steering angle 𝜃 − 𝛿f as control output
variables, applying AFS and DYC combined control method,
the feedback linearization control model could be described
as

Ẋ = 𝑓 (X, 𝛿sw) + 𝑔1𝑢1 + 𝑔2𝑢2,
𝑦1 = ℎ1 (𝑥) = �̇�t,
𝑦2 = ℎ2 (𝑥) = 𝜃 − 𝛿f ,

(14)

where

𝑓 (X, 𝛿sw) =
[[[[[[[[[[[[
[

𝑎11𝐹𝑦𝑓 + 𝑎12𝐹𝑦𝑟 + 𝑎13𝐹𝑦𝑠 + 𝑎14V𝑥t𝑥2𝑎21𝐹𝑦𝑓 + 𝑎22𝐹𝑦𝑟 + 𝑎23𝐹𝑦𝑠𝑎31𝐹𝑦𝑓 + 𝑎32𝐹𝑦𝑟 + 𝑎33𝐹𝑦𝑠𝑥3
−𝐶w𝑥5𝐼w − 𝐾w𝑥6𝐼w − 𝜀𝐹𝑦tf𝐼w + 𝐾w𝑖𝐼w 𝛿𝑠𝑤𝑥5

]]]]]]]]]]]]
]

, (15)

𝑔1 = [0, 0, 0, 0, −𝐾w𝐼w , 0]T ,
𝑔2 = [𝑔21, 𝑔22, 𝑔23, 0, 0, 0]T ,

(16)
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20 40 60 80 1000
Time t (s)

−20

−10

0

10

20

Tr
ac

to
r l

on
gi

tu
di

na
l v

elo
ci

ty
 x

Ｎ
(m

/s
)

(a) Tractor longitudinal velocity

20 40 60 80 1000
Time t (s)

−25

−20

−15

−10

−5

0

5

Tr
ac

to
r l

at
er

al
 v

el
oc

ity
 y

Ｎ
(m

/s
)

(b) Tractor lateral velocity

Figure 7: Limit circle of vehicle’s velocity with 𝐴 s = 0.07 rad, 𝑓 = 0.2Hz.
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𝑢1 = 𝛿swc,
𝑢2 = 𝑀c. (17)

Variables 𝑎11, 𝑎12, 𝑎13, and so on in (15) and 𝑔21, 𝑔22, and𝑔23 in (16) could be expressed by known variables, as follows:

𝑎11 = (𝑎1 + 𝑐) 𝑐𝑚2𝐼𝑧2 + 𝐼𝑧1𝐼𝑧2 + 𝑎22𝑚2𝐼𝑧1𝑆 ,
𝑎12 = (𝑐 − 𝑏1) 𝑐𝑚2𝐼𝑧2 + 𝐼𝑧1𝐼𝑧2 + 𝑎22𝑚2𝐼𝑧1𝑆 ,
𝑎13 = (𝐼𝑧2 − 𝑎2𝑏2𝑚2) 𝐼𝑧1𝑆 ,

𝑎14 = − (𝑎22𝐼𝑧1 + 𝑐2𝐼𝑧2)𝑚1𝑚2 − (𝑚1 + 𝑚2) 𝐼𝑧1𝐼𝑧2𝑆 ,
𝑎21 = 𝑎1𝑎22𝑚1𝑚2 + (𝑎1𝑚1 + 𝑎1𝑚2 + 𝑐𝑚2) 𝐼𝑧2 − 𝑎2𝑚2𝐼𝑧1𝑆 ,
𝑎22 = (𝑐𝑚2 − 𝑏1𝑚1 − 𝑏1𝑚2) 𝐼𝑧2 − 𝑎22𝑏1𝑚1𝑚2𝑆 ,
𝑎23 = 𝑐𝑚1 (𝑎2𝑏2𝑚2 − 𝐼𝑧2)𝑆 ,
𝑎31
= 𝑎1𝑎2 (𝑐 + 𝑎2)𝑚1𝑚2 + (𝑎1𝑚1 + 𝑎1𝑚2 + 𝑐𝑚2) 𝐼𝑧2 − 𝑎2𝑚2𝐼𝑧1𝑆 ,
𝑎32
= −𝑎2𝑏1 (𝑐 + 𝑎2)𝑚1𝑚2 + (𝑐𝑚2 − 𝑏1𝑚2 − 𝑏1𝑚1) 𝐼𝑧2 − 𝑎2𝑚2𝐼𝑧1𝑆 ,
𝑎33
= (𝑎2𝐼𝑧1 − 𝑐𝐼𝑧2)𝑚1 + 𝑏2 [(𝑚1 + 𝑚2) 𝐼𝑧1 + 𝑐 (𝑐 + 𝑎2)𝑚1𝑚2]𝑆 ,
𝑔21 = (𝑎2𝐼𝑧1 − 𝑐𝐼𝑧2)𝑚2𝑆 ,
𝑔22 = − (𝑎2 + 𝑐) 𝑎2𝑚1𝑚2 − (𝑚1 + 𝑚2) 𝐼𝑧2𝑆 ,
𝑔23 = − (𝑎2 + 𝑐)2𝑚1𝑚2 − (𝑚1 + 𝑚2) (𝐼𝑧1 + 𝐼𝑧2)𝑆 ,
𝑆 = (𝑎22𝐼𝑧1 + 𝑐2𝐼𝑧2)𝑚1𝑚2 + (𝑚1 + 𝑚2) 𝐼𝑧1𝐼𝑧2.

(18)

According to conditions of feedback linearization theory,
relative degree of vehicle system should be confirmed as

𝐿𝑔1ℎ1 (𝑥) = 𝜕 (𝑥2)𝜕 (X) ⋅ 𝑔1 = 0;
𝐿𝑔2ℎ2 (𝑥) = 𝜕 (𝑥2)𝜕 (X) ⋅ 𝑔2 = 𝑔22 ̸= 0;

𝐿𝑔1ℎ2 (𝑥) = 𝜕 (𝑥4 − 𝑥6)𝜕 (X) ⋅ 𝑔1 = 0;
𝐿𝑔2ℎ2 (𝑥) = 𝜕 (𝑥4 − 𝑥6)𝜕 (X) ⋅ 𝑔2 = 0;
𝐿𝑓ℎ1 (𝑥) = 𝜕 (𝑥2)𝜕 (X) ⋅ 𝑓 (X)

= 𝑎21𝐹𝑦tf + 𝑎22𝐹𝑦tr + 𝑎23𝐹𝑦s;
𝐿𝑓ℎ2 (𝑥) = 𝜕 (𝑥4 − 𝑥6)𝜕 (X) ⋅ 𝑓 (X) = 𝑥3 − 𝑥5;

𝐿𝑔1𝐿𝑓ℎ2 (𝑥) = 𝜕 (𝑥3 − 𝑥5)𝜕 (X) ⋅ 𝑔1 = 𝑘w𝐼w ̸= 0;
𝐿𝑔2𝐿𝑓ℎ2 (𝑥) = 𝜕 (𝑥3 − 𝑥5)𝜕 (X) ⋅ 𝑔2 = 𝑔23 ̸= 0;

𝐿2𝑓ℎ2 (𝑥) = 𝜕 (𝑥3 − 𝑥5)𝜕 (X) ⋅ 𝑓 (X)
= (𝑎31 + 𝜀𝐼w)𝐹𝑦tf + 𝑎32𝐹𝑦tr + 𝑎33𝐹𝑦s
+ 𝐶w𝐼w 𝑥5 + 𝑘w𝐼w 𝑥6 −

𝑘w𝐼w 𝛿sw.
(19)

It is concluded that relative degree of vehicle system is 3
less than 6, which satisfies partial feedback linearization.

Coordinate transformation is necessary for the model, as

Z = [𝑧1, 𝑧2, 𝑧3, 𝑧4, 𝑧5, 𝑧6]T = [𝑥2, 𝑥4 − 𝑥6, 𝑥3 − 𝑥5,
− 𝑔22𝑥1𝑔21 + 𝑥2, −𝑔23𝑥1𝑔21 + 𝑥3, 𝑥6] ,

X = [𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6]T = [𝑔21 (𝑧1 − 𝑧4)𝑔22 , 𝑧1, 𝑧5
+ 𝑔21 (𝑧1 − 𝑧4)𝑔22 , 𝑧2 + 𝑧6, 𝑧5 − 𝑧3
+ 𝑔23 (𝑧1 − 𝑧4)𝑔22 , 𝑧6]

T .

(20)

Then, partial feedback linearization control model is as
follows:

�̇� = 𝐴c𝜉 + 𝐵c𝛾 (X) [u − 𝛼 (X)] ,
�̇� = 𝑞0 (𝜂, 𝜉) ,
y = 𝐶c𝜉,

(21)

where 𝜉 = [𝑧1, 𝑧2, 𝑧3]T; 𝜂 = [𝑧4, 𝑧5, 𝑧6]T.
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That is,

�̇� = [[[[
[

�̇�1
�̇�2
�̇�3
]]]]
]
= [[[[
[

0 0 0
0 0 1
0 0 0

]]]]
]
[[[[
[

𝑧1
𝑧2
𝑧3
]]]]
]
+ [[[[[
[

𝐿𝑓ℎ1 (𝑥) + 𝐿𝑔1ℎ1 (𝑥) 𝑢1 + 𝐿𝑔2ℎ2 (𝑥) 𝑢2
0

𝐿2𝑓ℎ2 (𝑥) + 𝐿𝑔1𝐿𝑓ℎ2 (𝑥) 𝑢1 + 𝐿𝑔2𝐿𝑓ℎ2 (𝑥) 𝑢2

]]]]]
]
,

�̇� = [[[[
[

�̇�4
�̇�5
�̇�6
]]]]
]
=
[[[[[[[[[
[

(𝑎21 − 𝑔22𝑎11𝑔21 )𝐹𝑦tf + (𝑎22 − 𝑔22𝑎12𝑔21 )𝐹𝑦tr + (𝑎23 − 𝑔22𝑎13𝑔21 )𝐹𝑦s − 𝑔22𝑎14𝑥2𝑔21
(𝑎31 − 𝑔23𝑎11𝑔21 )𝐹𝑦tf + (𝑎32 − 𝑔23𝑎12𝑔21 )𝐹𝑦tr + (𝑎33 − 𝑔23𝑎13𝑔21 )𝐹𝑦s − 𝑔23𝑎14𝑥2𝑔21

𝑥5

]]]]]]]]]
]

,

y = [[[[
[

1 0 0
0 1 0
0 0 0

]]]]
]
[[[[
[

𝑧1
𝑧2
𝑧3
]]]]
]
.

(22)

According to (14) and (22), it is satisfied that 𝑥2 = 𝑥3 =𝑥4 = 𝑥5 = 𝑥6 = 0 if 𝜉 = [𝑧1, 𝑧2, 𝑧3] ≡ 0. Thus, the zero
dynamic equation �̇� = [�̇�4, �̇�5, �̇�6]T is asymptotic stable at the
origin. So it is proved that the vehicle feedback linearization
model could be effectively controlled by �̇� = [�̇�1, �̇�2, �̇�3]T.

Defining control input variable v, as

k = [V1
V2
]

= [ 𝐿𝑓ℎ1 (𝑥) + 𝐿𝑔1ℎ1 (𝑥) 𝑢1 + 𝐿𝑔2ℎ1 (𝑥) 𝑢2
𝐿2𝑓ℎ2 (𝑥) + 𝐿𝑔1𝐿𝑓ℎ2 (𝑥) 𝑢1 + 𝐿𝑔2𝐿𝑓ℎ2 (𝑥) 𝑢2] ,

(23)

then initial system could be transformed as a linear system
�̇� = 𝐴c𝜉 + 𝐵ck.

4.2. Feedback LinearizationController Design. A linear 4DOF
model of tractor-semitrailer is introduced to obtain a

reference for control output. Just as the controlledmodel (13),
the reference 4DOF vehicle model also considers tractor and
semitrailer’s lateral motions and yaw motions and steering
wheel rotation. The only difference is that it is applied linear
tire model, as

𝐹𝑦 = 𝑘𝛼, (24)

where 𝑘 is tire slip stiffness and 𝛼 is tire slip angle.
Based on first-order Taylor expansion of magic formula

(5), 𝑘 of each tractor-semitrailer’s tire could be calculated by𝑘𝑖 = 𝐵𝑖𝐶𝑖𝐷𝑖, whose values are shown in Table 2.
The reference 4DOF vehicle model is describes as

Ẋr = 𝐴 rXr + 𝐵r𝛿sw, (25)

where the reference state variables Xr = [𝑥1r, 𝑥2r, 𝑥3r, 𝑥4r, 𝑥5r,𝑥6r]T = [V𝑦tr, �̇�tr, ̇𝜃r, 𝜃r, ̇𝛿fr, 𝛿fr]T and the reference outputs are𝑦1r = 𝑥1r and 𝑦2r = 𝑥4r − 𝑥6r. 𝐴 r and 𝐵r are as follows:

𝐴 r =

[[[[[[[[[[[[[[
[

𝑚t + 𝑚s − (𝑐 + 𝑎s)𝑚s 𝑎s𝑚s 0 0 0
𝑐𝑚t 𝐼𝑧t 0 0 0 0
𝑎s𝑚t 𝐼𝑧s −𝐼𝑧s 0 0 0
0 0 0 1 0 0
0 0 0 0 𝐼w 0
0 0 0 0 0 1

]]]]]]]]]]]]]]
]

−1
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Figure 8: Structure of feedback tracking controller.

×

[[[[[[[[[[[[[[[[[[[[[[
[

𝑘tf + 𝑘tr + 𝑘s −[(𝑚s + 𝑚t) V𝑥t − 𝑎t𝑘tf − 𝑏t𝑘tr − (𝑐 + 𝑎s + 𝑏s) 𝑘s
V𝑥t

] (𝑎s + 𝑏s) 𝑘s
V𝑥t

𝑘s 0 −𝑘tf
(𝑎t + 𝑐) 𝑘tf + (𝑐 − 𝑏t) 𝑘tr −𝑐𝑚tV𝑥t + 𝑎t (𝑎t + 𝑐) 𝑘tf + 𝑏t (𝑏t − 𝑐) 𝑘tr

V𝑥t
0 0 0 − (𝑎t + 𝑐) 𝑘tf

𝑎s (𝑘tf + 𝑘tr) − 𝑏s𝑘s −𝑎s𝑚tV𝑥t + 𝑎s (𝑎t𝑘tf − 𝑏t𝑘tr) + 𝑏s (𝑐 + 𝑎s + 𝑏s) 𝑘s
V𝑥t

−𝑏s (𝑎s + 𝑏s) 𝑘s
V𝑥t

−𝑏s𝑘s 0 −𝑎s𝑘tf
0 0 1 0 0 0

−𝜀𝑘tf
V𝑥t

−𝑎t𝜀𝑘tf
V𝑥t

0 0 −𝐶w 𝜀𝑘tf − 𝐾w

0 0 0 0 1 0

]]]]]]]]]]]]]]]]]]]]]]
]

,

𝐵r = [0 0 0 0 𝐾w𝑖 0] .
(26)

Figure 8 shows a designed feedback tracking controller.
The control input variable v is defined as

V1 = −𝜆1𝑒1 + ̇𝑦1r,
V2 = −𝜆2𝑒2 − 𝜆3 ̇𝑒2 + ̈𝑦2r, (27)

where 𝑒1 and 𝑒2 are tracking errors, 𝑒1 = 𝑦1 − 𝑦1r and 𝑒2 =𝑦2 − 𝑦2r.
Equation (27) is satisfied as

̇𝑒1 + 𝜆1𝑒1 = 0,
̈𝑒2 + 𝜆3 ̇𝑒2 + 𝜆2𝑒 = 0. (28)

Therefore, the closed-loop system errors 𝑒1 and 𝑒2 are
exponentially stable by reasonable choice of 𝜆1, 𝜆2, and 𝜆3.
4.3. Control Performance Analysis. The specific control
effects are mainly considered by the control stability, rapidity,
and accuracy. Typical effect parameters contain peak time 𝑡p,
overshoot 𝜎%, and regulation time 𝑡s.

Applying the proposed vehicle dynamic model, driving
circles of step steering and single-lane changing with 20m/s

are conducted to simulate tractor-semitrailer lane changing
on highway under rainy weather.

Step steering is used to select control parameters 𝜆1, 𝜆2,
and 𝜆3 by contrasting control effects. Choosing 4 sets of data
of 𝜆1, 𝜆2, and 𝜆3 control effects of each set and are shown in
Figure 9.

It can be seen fromFigure 9 that there are slight difference
among 4 sets of data.Then, maximum values of 𝑒1, 𝑒2, typical
effect parameters 𝑡p, 𝜎%, and 𝑡s and DYC torque input are,
respectively, calculated, as listed in Table 4.

Table 4 indicates the influence of control parameters
for vehicle system control response and accuracy. It clearly
showed some diametrically opposed change trend of control
effects, such as 𝑒1 and 𝑒2 and 𝜎% and 𝑡s. In consideration of
response time, control input size, and system stability, when𝜆1 = 300, 𝜆2 = 5000, and 𝜆3 = 6, values of the peak time𝑡p = 1.08 s and regulation time 𝑡s = 2.08 s are all smaller,
and the DYC torque input 𝑇max = 779.4590N is also lower
correspondingly. Because of the balance of control effects,
Group 2 is determined to be as final control parameters.

Based on the selected control parameters, critical scenar-
ios of steady steering (𝛿f = 0.05) and single-lane changing
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Figure 9: Control effects with 4 sets of data.

Table 4: Calculated controlled effect parameters and DYC input torques with 4 sets of data.

No. 𝜆1 𝜆2 𝜆3 𝑒1max/rad/s 𝑒2max/rad
Tractor yaw rate response DYC 𝑇max/N𝑡p/s 𝜎% 𝑡s/s(1) 500 3000 6 0.0052 0.0303 1.11 47.77 2.04 809.0810(2) 300 5000 6 0.0071 0.0296 1.08 46.59 2.08 779.4590(3) 200 8000 6 0.0088 0.0290 1.07 46.02 2.16 751.6507(4) 100 10000 6 0.0115 0.0281 1.06 45.26 3.34 1.2294𝑒 + 003



Journal of Advanced Transportation 15

Without control
With control

0

0.2

0.4

0.6

0.8

1

1.2

1.4
Tr

ac
to

r y
aw

 ra
te

 (r
ad

/s
)

0.5 1 1.5 2 2.5 30
Time t (s)

(a) Tractor yaw rate control

Without control
With control

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Jo
in

t a
ng

le
 (r

ad
)

0.5 1 1.5 2 2.5 30
Time t (s)

(b) Joint angle control

Figure 10: Typical contract of vehicle dynamic variables in critical steady steering.

(𝐴 s = 0.07 rad, 𝑓 = 0.2Hz), just as introduced in Section 3,
are simulated with the established feedback linearization
controller. Typical contract of vehicle dynamic variables is
shown in Figures 10 and 11.

Figures 10 and 11 clearly show the control effects in critical
steady steering and single-lane changing conditions. It can be
seen from Figure 10 that if it is without control, tractor and
semitrailer yaw motions increase sharply and joint angle will
reach to 0.7 rad (about 40.1 deg) in 3 seconds, which indicates
that there is jackknife instability in critical steady steering.
But vehicle will reach to an ideal steady state value with
steady steering if applying the designed controller. Similarly,
in Figure 11, vehicle dynamics is stable and the yaw motions
change regularly with control in critical single-lane changing,
but if it is without control, it is also obvious that the vehicles
yaw sharply as yaw rate and joint angle increase rapidly
(tractor yaw rate reaches about 2 rad/s in 5 seconds and joint
angle reaches about 150 deg), which indicates serious sideslip
and jackknife instability.

Looking back atHopf bifurcation phenomenon and insta-
bility in critical steady steering or single-lane changing, it can
be seen from Figures 10 and 11 that, by feedback linearization
controller, combined with AFS and DYC strategy, vehicle’s
dynamic characteristics could be effectively controlled and
ensure stability. In Figure 12, taking the critical single-lane
changing as an example, real parts of calculated eigenvalues
with control are all lying in the negative half plane with 𝐴 s =0.07 rad, 𝑓 = 0.2Hz, which indicates the control effects in
eliminating bifurcation and ensure stability.

5. Discussion and Conclusion

In this paper, considering the high degree of danger and
complex maneuvers for tractor-semitrailer on low adhesion
coefficient road, the nonlinear lane changing behaviors on

highways under rainy weather have been studied with a
verified 5DOFmechanical model based on a test experiment,
and a feedback linearization controller by DYC and AFS
strategy is designed to ensure stability in critical scenarios.
Points of discussion and conclusions can be summarized as
follows:

(1) Nonlinear theory is used to analyze the relationship
between the eigenvalues of the Jacobian matrix and
vehicle stability. Considering the transient response,
the eigenvalues of Jacobian matrix may be posi-
tive or have positive real parts as steering wheel
angle approaches peak, but the vehicle system is
still stable with the angle returns. Therefore, unlike
steady steering, transient stability is satisfied if there
are transient positive real parts eigenvalues, so it
is definitely improved that eigenvalues lying in the
negative half plane is sufficient but not necessary for
judging stability. It is also clearly concluded that Hopf
bifurcation occurs with critical steady and sinusoidal
steering, which translates into an oscillatory behavior
leading to instability.

(2) It is realized for application feedback linearization
theory in tractor-semitrailer stability control. Design
process of an integrated controller is detailed pre-
sented with vehicle mechanical model, which con-
tains model building, feedback linearization, and
control parameters selection. The consequences of
performance analysis introduce new insight into the
vehicle nonlinear stability control. The eigenvalues
analysis results also provide a substantive understand-
ing on control principle.

(3) Through analyzing the vehicle nonlinear stability in
special driving conditions, the dynamic rule and
stability mechanism for tractor-semitrailers changing
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Figure 11: Typical contract of vehicle dynamic variables in critical single-lane changing.
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Figure 12: Changes in real parts of calculated eigenvalues with
control in critical single-lane changing.

lanes at high speeds under rainy weather are well
mastered. The bifurcation analysis and nonlinear
control provided could be informative for research
into vehicle dynamics and active safety control design.

Furthermore, tractor-semitrailers have complex nonlin-
ear behaviors, especially considering driver and environment
characteristics. The following could be considered in the
future:

(1) The driver is always an early decision-maker for
vehicle movement; it is essential to study the lane-
changing nonlinear behaviors of tractor-semitrailers
associated with driver characteristics.

(2) As the study on adhesion coefficient caused by rainy
weather, the influence of the other meteorological
effects, such as rain for driver sight distance and
high winds for vehicle dynamic, should be taken
into account to comprehensively analyze the driving
stability of tractor-semitrailers.

(3) Synergetic thought should be introduced creatively
to tractor-semitrailers, not only for single tractor and
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semitrailer internal relationship, but also for coopera-
tive operation management of a dynamic motorcade,
under a driver/vehicle/road integrated system.

As we know, traffic safety is the interaction results of
human, vehicle, and environment. First, based on the essence
of stabilitymechanism andnonlinear dynamic characteristics
of tractor-semitrailer, advanced active control devices similar
to ABS and ESC, should be developed and equipped, espe-
cially on slippery pavement. Second, large vehicle drivers’
physiological and psychological characteristics should be
paid more attention and it is necessary to research and apply
ADAS (Advanced Driver Assistance Systems), such as fatigue
warning, auxiliary brake, and Lane keeping assist system. Last
but not least, with the development of Internet technology,
ITS (Intelligent Traffic System) should be widely applied to
build a harmonious running state.
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Motion planning is a crucial, basic issue in robotics, which aims at driving vehicles or robots towards to a given destination with
various constraints, such as obstacles and limited resource. This paper presents a new version of rapidly exploring random trees
(RRT), that is, liveness-based RRT (Li-RRT), to address autonomous underwater vehicles (AUVs) motion problem. Different
from typical RRT, we define an index of each node in the random searching tree, called “liveness” in this paper, to describe the
potential effectiveness during the expanding process. We show that Li-RRT is provably probabilistic completeness as original RRT.
In addition, the expected time of returning a valid path with Li-RRT is obviously reduced. To verify the efficiency of our algorithm,
numerical experiments are carried out in this paper.

1. Introduction

In the last decade, motion planning for single robot or
multiple robot system has gained a lot of research interest
as one of the primary problems in robot field. In most
application cases, it mainly involves the structured mobility
to drive the robots to the final destination given any initial
states [1]. In general, the motion planning algorithms can be
generally categorized into two types [2]. The first ones return
the positions along the path from start to the goal, which are
called path planning algorithms. In addition, the second ones,
that is, trajectory planning algorithms (also called motion
planning algorithms), return a sequence set of input space
that drives the robot towards the destination.

In recent years, various algorithms have been proposed
for both path and trajectory planning problems. Artificial
potential fields (APF) can be viewed as a powerfulmethod for
path planning, which was firstly proposed in [3]. Although
APF suffers from the presence of local minimums, it is
adaptable in such cases with online intractable changes of
environment. Meantime, various of methods are proposed
to avoid sticking into local minimums, such as potential
functions without local minimums [4] and random search
methods [5–7].

Another remarkable probabilistic method was proposed
as Probabilistic Roadmap (PRM) [8–11].The key idea of PRM
is to generate a connective random graph that comprises
valid nodes selected randomly in the free configuration
space (C-space). Meanwhile, RRT was presented as a single
query incremental algorithm [12]. PRM and RRT are shown
with more effectiveness, especially facing high-dimensional
problems. Besides, they are insensitive to the complexity of
the problems. RRT has provably probabilistic completeness,
whichmeans that the probability that RRT cannot find a valid
path from the initial to the goal position converges to zero,
as the number of samples tends to infinity. Also, the concept
of probabilistic completeness is officially defined, which is a
crucial property, although it is weaker than “completeness” in
the field of sample based algorithms. Consequently, RRT has
been applied in many applications ranging from industrial
production to military battle systems.

Several RRT based algorithms are designed in order
to deal with different constraints or to provide solutions
more effectively. For example, in [13–16], additional dynamic
differential constraints are considered when extending the
random tree. A kind of new variation space, called tra-
jectory parameter-space (TP-space), was presented in [17].
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Particularly each edge is kinematically feasible once it is
generated by two points in TP-space. In [18], the expanding
process utilizes implicit flood-fill-like mechanism to avoid
the local minimum.Thus, the expected time to find the solu-
tion is reduced. Because of the insensitivity to the dimension
of problems, it is able to be used to search time invariant
parameters [19]. It is a fact that AUVs have been widely
applied in the marine resources exploration and utilization
[20–23]. In order to map a scalar field, mutual information
based multidimensional RRT algorithm was presented for
multiple AUVs in [15].

However, RRT is proven to converge almost to a nonop-
timal path [24], in which RRT∗ was detailed to be asymptoti-
cally optimal. That means RRT∗ will “almost surely” find the
optimal path as the number of samples tends to infinity. RRT∗
applies the reconstruction of the searching tree, which always
contains the optimal subtree at each iteration. Since then sev-
eral RRT∗ based optimal planning algorithms were proposed
[25–28] and applied in many fields [29, 30]. LBT-RRT was
proposed in [25], which is a combination algorithmwith RRT
and RRT∗. It defines a variable 𝜖 to describe the “distance”
away from the optimal path. In other words, 𝜖 can be viewed
as the comparison between RRT and RRT∗. If 𝜖 equals zero,
it becomes RRT∗ essentially. In [26], RRT∗ is refined to
be capable of replanning with dynamic environments. In
[27], the limitation, that is, requirements for an asymptotical
optimal steer function during the tree’s expansion, is provably
addressed based on sparse data structure.

From [31], we know that the sampling strategies have
much effect on the efficiency of sampling-based algorithms.
In early researches, typical choice is sampling uniformly in
C-space [8, 12, 24]. Every node in C-space is sampled with
exactly the same probability, by which the prior information
actually is not exploited. For instance, a new node intuitively
prefers to be sampled away from the region where a large
number of samples already exist. And it certainly reduces the
probability that samples are generated in the case of narrow
passages [31]. For this reason, various heuristic methodolo-
gies are designed. Goal bias is generally utilized to enhance
extending towards the goal due to its effectiveness. Medial
axis is combined with path planning algorithms to search
the C-space with much more efficiency [8]. On the contrary,
Gaussian sampling strategy prefers the region nearby obsta-
cles [10, 32]. In this view, geometric shapes of obstacles are
able to be quickly constructed. Some other hybrid sampling
strategies are proposed to combine two or more methods.
These methods uniformly consider the information of the
environment to refine the sampling probability; however,
the information of nodes is not totally utilized. Specifically,
regions where a number of nodes are already sampled can
be mostly considered with less worth. In other words, it is
preferred to sample in “new” regions.

In this paper, we demonstrate the expanding mechanism
of the random tree and make an estimation of the expanding
ability of each node. We present several new indicators in
the expanding procedure, which are utilized in our new algo-
rithm. Also, we detail the indicators quantitative descriptions
of the nodes. Meanwhile, we provide theoretical analysis
and property of our algorithm with mathematical proof (i.e.,

probabilistic completeness and outperforming compared to
RRT). The proof is based on a technical notation attraction
sequence and probability theory.

The reminder of the paper is organized as follows.
Section 2 introduces the definition and notations in this
paper. The indicators which reflect the growing of the tree
and expanding ability are analyzed in Section 3. Then our
new algorithm, that is, Li-RRT, is described in detail. In
Section 4, the analysis of Li-RRT is provided. Section 5
presents an application example for a planar mobile robot. In
final, concluding remarks are drawn in Section 6.

2. Preliminaries and Problem Formation

2.1. Problem Formulation. Path planning problem can be
generally viewed as a search problem in the C-space 𝐶 ⊆ R𝑛.
For instance, the C-space of a planar two-wheel mobile robot
can be defined as 𝐶 ⊆ R3, that is, position (𝑥, 𝑦), heading
angle 𝜃. In this way, any 𝑥 ∈ 𝐶 ⊆ R3 can describe the
state of the mobile robot. Additionally, we define 𝐶obs ⊂ 𝐶
and 𝐶free = 𝐶 \ 𝐶obs as the obstacle C-space and free C-
space separately. The path planning problems require a finite
sequence of states in 𝐶free from an initial state to a given goal
state. Here we present the basic path planning problem as
defined in [24].

Problem 1 (path planning problem [24]). The bounded C-
space 𝐶, obstacle space 𝐶obs, initial state 𝑥start ∈ 𝐶free, goal
region 𝑋goal ∈ 𝐶free, denoted as tuple {𝑥start, 𝐶free, 𝑋goal},
return a path 𝜉 : [0, 1] → 𝐶free, such that 𝜉(0) = 𝑥start,𝜉(1) ∈ 𝑋goal. If there exist no feasible paths, return failure.

Facing path planning problems, each element of dimen-
sion is considered independently with no other constraints.
However, it is unrealistic inmost applications. Specifically, the
kinodynamic of AUVs is restricted in case of uncontrollabil-
ity. It means that there exists corresponding available input
sequence 𝑢(𝑠) : [0, 1] → 𝑈 that drives the AUV from 𝑥start to𝑋goal. Subsequently the path can also be viewed as a function
of input sequence 𝜉(𝑢(⋅)) : 𝑢(⋅) → 𝐶free. Formally, we give the
definition of trajectory planning problem for AUVs.

Problem 2 (trajectory planning problem for AUVs). Given{𝑥start, 𝐶free, 𝑋goal} and kinodynamic constraint of AUVs �̇� =𝑓(𝑥, 𝑢), return an available control sequence 𝑢 : [0, 1] → 𝑈,
such that the path 𝜉(𝑢(⋅)) = {𝑥 ∈ 𝐶free | 𝜉(𝑢(0)) = 𝑥init,𝜉(𝑢(1)) ∈ 𝐶free, 𝜉(𝑢(𝑠)) = ∫1

0
[𝑥init + 𝑓(𝑥, 𝑢)]𝑑𝑠}.

In this paper, we focus on the trajectory planning problem
for AUVs. Since the initial force has major impact on the
motion of AUVs compared to ground vehicles, the kinody-
namic constraints are more complex.

3. Algorithms

RRT was firstly introduced by Lavalle as a sampling-based
path planning algorithm, which is shown in Algorithm 1.
It has the ability of quickly searching or exploring the C-
space by a random tree. At each iteration, the tree expands
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Figure 1: Grid point distance from the nearest node in the tree. 𝛿 is an adjustable grid spacing, and the dashed arrow indicates the distance,𝑑𝑗, from the grid points to their closet nodes in tree.

Require: C-space 𝐶, Free C-space 𝐶free, Initial state𝑥start, Goal region 𝑋goal, max searching iteration 𝐾;
Ensure: Feasible path 𝜏
(1) 𝑉 ←(𝑥start); 𝐸 ← 0;G ← (𝑉, 𝐸); // Initialization
(2) for 𝑘 = 1, 2, . . . , 𝐾 do
(3) 𝑥rand ← Sample(𝑘); // Randomized sample in 𝐶free
(4) G(𝑉, 𝐸) ← Extend(G, 𝑥rand); // Extend random tree
(5) end for
(6) 𝜏 ← Export(G); // Return the feasible path
(7) return 𝜏;

Algorithm 1: Body of basic RRT algorithm [33].

sequentially towards the goal.We refer readers tomore details
about RRT in [12].

The main branches of RRT are firstly constructed as it
rapidly reaches the far corners of the square. As samples
are incrementally added in the searching tree, C-spaces are
mostly covered by smaller branches gradually. In otherwords,
given any interval 𝜖 > 0, C-space will be filled with nodes
as the number of samples tends to infinity. It means the
probability that there exists at least one node of the random
tree located in the goal set equals one, as the number of
samples tends to infinity, if there exists one available path in𝐶free: that is, lim𝑛→∞P{∀𝑥 ∈ C, ∃𝑥 ∈ 𝑥RRT, |𝑥 − 𝑥| < 𝜖, 𝜖 >0} = 1.
3.1. Coverage of a Graph. A kind of coverage measure of the
tree in C-space was proposed in [34]. We uniformly overlay
grids of 𝑛𝑔 points and spacing 𝛿 on 𝐶. Define the minimum
distance from each grid point 𝑗 to the nearest node in the tree
as 𝑑𝑗. Thus, min(𝑑𝑗, 𝛿) can describe the radius of the largest
ball centered at the grid point which contains no nodes of the
tree and adjacent grid points as shown in Figure 1. Given a
graphG, we define its coverage measure as in [34].

𝑐 (G) = 1𝛿
𝑛𝑔∑
𝑗=1

min (𝑑𝑗, 𝛿)𝑛𝑔 , (1)

where 1/𝛿 removes the impact of different spacing distance.
The coverage of a tree can be viewed as the average of all nodes
distances, normalized by the grid space 𝛿.

The key idea of this measure is to describe the dispersion
of all nodes, which is a conception proposed from the Monte
Carlomethod that indicates the unevenness of sample points.
Primarily, the cover performance is significantly better with
smaller coverage measure. In other words, expanding more
widely and uniformly may lead to smaller coverage measure.
In an extreme case, that is, 𝑐(G) = 0 which is impracticable,
if there exists at least one node of the tree in every grid point,
the tree can be viewed well distributed in 𝐶free with given
solution of the grids. Intuitively, we may try to optimize 𝑐(G)
with an acceptable computing complexity, which is addressed
in Section 3.4.

3.2. Growth Speed of a Tree. The growth of a tree is naturally
defined as the derivative of the coverage measure. We denote
the number of nodes in the tree as 𝑛𝑡 and then define the
growth of the tree as [34]

𝑔 (G) = −Δ𝑐 (G)Δ𝑛𝑡 . (2)

Because the differential form 𝑑𝑐(G)/𝑑𝑛𝑡 is intractably formed
and computed, we utilize the difference form to indicate the
growing speed of the tree. Obviously, 𝑔(G) is able to be
used to test the nodes of tree appropriately. Let 𝑔 denote the
threshold, if 𝑔(G) drops below 𝑔 with new node V𝑖, it means
that V𝑖 is almost worthless.

3.3. Liveliness of Nodes. The factors which illustrate expand-
ing ability of nodes in a tree can be roughly categorized into
two parts: the external circumstance factors and the internal
circumstance factors.

3.3.1. External Circumstance of Nodes. External environment
has significant influence on the expanding ability of each
node. If some node locates in a blind alley, it has absolutely no
contribution on searching. As shown in Figure 2, it describes
the scope of a parent node that could be extended to within
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Figure 2: Latent expansion with obstacles.

time interval Δ𝑡. Without loss of generality, we assume that
an appropriate discrete control set 𝑈 is defined and the
cardinality of𝑈 is𝑚: that is,𝑈 = 𝑢1, 𝑢2, . . . , 𝑢𝑚. Let 𝑥𝑘 denote
the parent and let 𝑥𝑢𝑖

𝑘+1
, 𝑖 = 1, . . . , 𝑚 denote the successor of𝑥𝑘.The superscript 𝑢𝑖means the control vector applied on 𝑥𝑘,

where the gray areas represent the obstacles. If 𝑥𝑢𝑖
𝑘+1

locates in𝐶obs for all 𝑘 = 1, 2, . . . , 𝑚, it certainly means that 𝑥𝑘 is dead
for the concurrent tree. Also, this expansion by 𝑥𝑘 should
be considered totally useless. By reducing useless nodes the
searching process can be obtained more efficiently.

Based on that, the available potential successor set of𝑥𝑘 is achieved by applying 𝑈; that is, 𝑋𝑈𝑘+1 = {𝑥𝑢𝑖
𝑘+1

|
Collision Free(𝑥𝑘, 𝑥𝑢𝑖𝑘+1) = TRUE, 𝑖 = 1, 2, . . . , 𝑚}. Mean-
time, we denote the corresponding available control vector as�̃� = {𝑢𝑖 | Collision Free(𝑥𝑘, 𝑥𝑢𝑖𝑘+1) = TRUE, 𝑖 = 1, 2, . . . , 𝑚}.
We denote the cardinality of �̃� as 𝑚𝑎 and define collision
detective index as Se(𝑥𝑘) = 𝑚𝑎/𝑚. Note that if Se(𝑥𝑘) = 0, the
point 𝑥𝑘 is a dead point. If so, 𝑥𝑘 is necessarily removed from
the tree. Meanwhile, we could define the collision detective
index of a tree as

Se (G) = ∑𝑛𝑙
𝑘=1

Se (𝑥𝑘)𝑛𝑙 , (3)

where 𝑛𝑙 denotes the number of nodes in a tree, which is
utilized to normalize the feature of the nodes. The collision
detective index of a tree is the average value of all component
nodes.

It is a fact that the prior information about the environ-
ment is unavailable in many applications. In such cases, the
performance of searching C-space is more important. Se(G),
defined in (3), may give a reasonable solution on the process
of expansion of searching tree. Generally, we prefer the nodes
that make Se(G) as large as possible or larger than a threshold𝑆𝑒, because itmeans that the probability of reaching the target
will stay high.

Unfortunately, it is commonly difficult to tell whether a
node is stuck in a blind alley or just in a narrow passage. Note
that it is still necessary to expand 𝑥𝑘 if𝑚𝑎 is not equal to zero.
In other words, only {𝑥𝑘 | 𝑚𝑎 = 0} could be removed in case
of unexpected failure. In this way, the set of state {𝑥𝑘 | 𝑚𝑎 =0} can be viewed as the inevitable obstacles. Unlike that, the
dead nodes in this paper are naturally cheap to compute.

3.3.2. Internal Structure of Trees. Internal structure of a
tree also influences the expanding ability of nodes. Due to
the stochastic sampling strategy, it may lead to crowd in
some regions by random expanding. In Figure 3(a), the gray
circles with dotted lines are considered as regression nodes,
which are avoided by RRT-blossommethod proposed in [18].
Although it may be necessary to explore the regression states
since the complex environment, the other unexplored regions
have reasonable high priority.

In Figure 3(a), the hollow white dots are possible newly
added nodes of an identical parent. The hollow white dots
embraced in the ellipse together with a solid black dot are
closer to the neighbor nodes than their parents. Figure 3(b)
shows all expansions in the tree which avoid being closer to
the existing structure. This strategy ensures that the tree will
have a strong tendency to explore the whole C-space with
inflated branches.

We define the degree of a node as the number of its
successors, which is denoted by 𝑑(𝑥𝑘). All offspring of a node
is defined as

𝑑𝑠 (𝑥𝑘) = ∑
𝑥𝑖∈Us(𝑥𝑘)

𝑑 (𝑥𝑖) , (4)

where the set Us(𝑥𝑘) is the union of all offspring of the node𝑥𝑘. It is obviously that a node with more successors and
offspring has less expanding ability. Figure 4 illustrates a tree’s
distribution of degrees and offspring.

The neighbors of a node are viewed as obstacles, which
are shown in Figure 5. The neighbor nodes are viewed
as circular or spherical obstacles with a fixed radius.
Define the number of neighbor collisions as 𝑚nei

𝑎 (𝑥𝑘) =∑𝑚𝑖=1 1{Collision Free(𝑥𝑘, 𝑥𝑢𝑖𝑘+1 = TRUE)}, where 1(⋅) equals
1 if equation (⋅) holds.

Considering all these factors, we design a hybrid indicator
to illustrate the quantity of liveliness of each node. Synthesiz-
ing two external and internal factors, the liveliness index of
each node in a tree is defined in the form of

Li (𝑥𝑘)
= Se (𝑥𝑘) exp (−𝑚ℎ) exp [−𝑑 (𝑥𝑘)] exp[−𝑑𝑠 (𝑥𝑘)𝑛𝑡 ] , (5)

where 𝑛𝑡 is the number of total nodes at current iteration.
Indeed, (5) reflects the expanding ability of a specific node.
We translate Li(𝑥𝑘) in logs denoted as LnLi.

LnLi (𝑥𝑘) = ln Li (𝑥𝑘)
= ln Se (𝑥𝑘) − [𝑚ℎ + 𝑑 (𝑥𝑘) + 𝑑𝑠𝑘𝑛𝑡 ] . (6)

Since log function has the same monotonicity, LnLi(𝑥𝑘) can
describe the liveness of each node. Particularly, if 𝑥𝑘 is a dead
point, that is, Se(𝑥𝑘) = 0, we set LnLi(𝑥𝑘) = −inf .

Obviously, the liveness LnLi defined in (6) will be
attached to each node once added to the random tree. The
value of LnLi is calculated and updated when the expanding
process will be called. It can be viewed as a guidance that
describes a better expanding direction for the searching tree.
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(a) Regression expansions (b) Nonregressing expansions

Figure 3: RRT-blossom regression. New point tends to stay away from the existing structure, like the hollow circles.
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Figure 4: The degree of nodes in a tree.
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Figure 5: Neighbor obstacles. The radius of neighbor obstacle is
generally obtained from experience.

3.4. Li-RRT. In this section, we present the hybrid RRT
algorithm, that is, Li-RRT, as shown in Algorithm 2. It utilizes
the liveness of each node to guide the expanding process of
the random searching tree.More efficient or useful nodes will
be popped out to enhance the property of exploration. The
mainmethodology of Li-RRT is based onRRT.Different from
the typical RRT, we define a liveness set 𝐿 = {LnLi(V) | V ∈ 𝑉}
initially (line (1)).

At each iteration, node max Li pops with max liveness
from 𝐿 in line (3). Then an input vector is randomly selected
from functionRandU (line (5)), according towhich a random
state in 𝐶free is generated. Meantime, 𝑥rand is chosen from𝑋goal with probability W (line (13)). It is proposed as a goal
bias samplingmethod,which is simple but effective. Similarly,
the nearest node is calculated given the cost function 𝑐(⋅).
New node 𝑥new then is achieved based on forward processing
drive (line (20)). CollisionFree is called to verify the validity
of 𝑥new and (𝑥nearest, 𝑥new) (line (21)). Expanding process is
implemented by adding 𝑥new and (𝑥nearest, 𝑥new) (line (22)).

Liveness of each node is updated by UpdateLi(V) in
Algorithm 3. From the definition of LnLi(𝑥𝑘) (see (5)), we
only need to care about three nodes sets, that is, {𝑉1ch, 𝑉2ch, 𝑉3ch}.𝑉1ch contains only 𝑥new, since Se(𝑥𝑘) is constant and is
determined based on the state and the environments. Here
we define that “all parent nodes” of 𝑥𝑘 are the nodes set{V | 𝑥𝑘 can be traced from V} different from the parent
node 𝑥par(𝑥𝑘). 𝑉2ch includes exactly all parent nodes of 𝑥new.
Because 𝑥new increases the successors of V ∈ 𝑉2ch, we set
LnLi(V ∈ 𝑉2ch) = LnLi(V) + (𝑑𝑠(V)/𝑛𝑡 − (𝑑𝑠(V) + 1)/(𝑛𝑡 + 1)).
Specifically, we set the liveness of 𝑥par𝑥(𝑥new) as LnLi(𝑥par𝑥) =
LnLi(𝑥par𝑥) − 1. 𝑉3ch is the near set of 𝑥new: that is, 𝑉3ch = {V |𝑐(V, 𝑥new) ≤ H}. 𝑚ℎ of V ∈ 𝑉3ch will increase because of 𝑥new.
Thus, we define LnLi(V ∈ 𝑉3ch) = LnLi(V) − 1.
4. Analysis of the Algorithms

To prove the following theorems, we remind the definition of
attraction sequence [35]. LetA = {𝐴0, 𝐴1, . . . , 𝐴𝑘} be a finite
sequence of sets as follows. (i) For each 𝐴 𝑖, there exists a set𝐴 𝑖 ⊆ 𝐵𝑖 ⊆ 𝐶free called the basin of 𝐴 𝑖, and ∀𝑥 ∈ 𝐴 𝑖−1 and𝑦 ∈ 𝐴 𝑖 and 𝑧 ∈ 𝐶free \ 𝐵𝑖, ‖𝑥 − 𝑦‖ ≤ ‖𝑥 − 𝑧‖ holds. (ii)∀𝑥 ∈ 𝐵𝑖, there exists an 𝑚 such that the sequence of action{𝑢1, 𝑢2, . . . , 𝑢𝑚} selected by LOCAL PLANNER algorithm
will bring the point into 𝐴 𝑖 ⊆ 𝐵𝑖. (iii) 𝐴0 = {𝑥start} and𝐴𝑘 = {𝑋goal}.

An attractor region 𝐴 𝑖 like a funnel as a metaphor for
motions converges into a small region in the space. As shown
in Figure 6, a basin 𝐵𝑖 can be viewed as a safety zone
which ensures that a point of 𝐵𝑖 will be selected by the
NEAREST NEIGHBOR and potential well which attracts the
point into 𝐴 𝑖. Given an attraction sequence A with length 𝑘
and letting 𝑝𝑖 = 𝜇(𝐴 𝑖)/𝜇(𝐶free) and 𝑝𝑚 = min𝑝𝑖, we have the
following lemma.
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Require: C-space 𝐶, Obstacle space 𝐶obs, Initial point𝑥start, Goal region𝑋goal, Discrete input set 𝑈 = [𝑢1, 𝑢2, . . . , 𝑢𝑓],
Maximum search steps𝐾;

Ensure: Feasible trajectory 𝜉
(1)𝑉 ← 𝑥start; 𝐸 ← 0;G ← (𝑉, 𝐸); Liveness set 𝐿 = {Li(𝑥start)}

// Initialization
(2) for 𝑘 = 1, . . . , 𝐾 do
(3) max Li ← argmaxV∈𝑉LnLi(V)
(4) if Rand() < B then
(5) 𝑢rand ← RandU(𝑢1, . . . , 𝑢𝑓)
(6) 𝑥rand ← drive(max Li, 𝑢rand); 𝑥nearest ← max Li
(7) for each 𝑥near ∈ 𝑋near do
(8) if 𝑐(𝑥near, 𝑥rand) < 𝑐(max Li, 𝑥rand) then
(9) 𝑥nearest ← 𝑥near
(10) end if
(11) end for
(12) else
(13) if Rand() < W then
(14) 𝑥rand ← 𝑥goal ∈ 𝑋goal
(15) else
(16) 𝑥rand ← RandProc(𝐶free)
(17) 𝑥nearest ← Nearest(𝑥rand)
(18) end if
(19) end if
(20) 𝑥new ← drive(𝑥nearest, 𝑥rand)
(21) if CollisionFree(𝑥nearest, 𝑥rand) then
(22) 𝑉 ← 𝑉 ∪ 𝑥new; 𝐸 ← 𝐸 ∪ (𝑥nearest, 𝑥new)
(23) end if
(24) if 𝑥new ∈ 𝑋goal then
(25) objective = TRUE
(26) end if
(27) for all V ∈ 𝑉 do
(28) UpdateLi(V)
(29) end for
(30) end for
(31) return 𝜉 if objective = TRUE; else failure

Algorithm 2: Liveliness-based RRT algorithm.

Require: Near set thresholdH; Three nodes set{𝑉1ch, 𝑉2ch, 𝑉3ch}
(1) LnLi(𝑥new) ← ln Se(𝑥new) + [−𝑚ℎ(𝑥new)]
(2) for V ∈ 𝑉2ch do
(3) LnLi(V) ← LnLi(V) + (𝑑𝑠(V)/𝑛𝑡 − (𝑑𝑠(V) + 1)/(𝑛𝑡 + 1))
(4) end for
(5) 𝑥par ← parent(𝑥new)
(6) LnLi(𝑥par) ← LnLi(𝑥par) − 1
(7) for V ∈ 𝑉3ch = Near(𝑥new) do
(8) LnLi(V) ← LnLi(V) − 1
(9) end for

Algorithm 3: Update liveness algorithm.
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Lemma 3 (see [36]). Let 𝐶1, 𝐶2, . . . , 𝐶𝑛 be independent Pois-
son trials such that, for 1 ≤ 𝑖 ≤ 𝑛, Pr[𝐶𝑖 = 1] = 𝑝𝑖, where0 < 𝑝𝑖 < 1. Then, for C = ∑𝑛𝑖=1 𝐶𝑖, 𝜇 = E[C] = ∑𝑛𝑖=1 𝑝𝑖, and0 < 𝛿 ≤ 1,

Pr [C < (1 − 𝛿) 𝜇] < exp(−𝜇𝛿22 ) . (7)

Lemma 4 (see [35]). If an attraction sequence of length 𝑘
exists, for a constant 𝛿, the probability of basic RRT algo-
rithm fails to find a trajectory after 𝑛 iterations are at most
exp[−(1/2)(𝑛𝑝𝑚 − 2𝑘)].

Let sequence {𝑝1, 𝑝2, . . . , 𝑝𝑛} be an ascending order that𝑝1 ≤ 𝑝2 ≤ ⋅ ⋅ ⋅ ≤ 𝑝𝑛, where 𝑝𝑖 ∈ {𝑝1, 𝑝2, . . . , 𝑝𝑛}, 𝑝1 = min𝑖𝑝𝑖
and 𝑝𝑛 = max𝑖𝑝𝑖; the following theorem can be achieved.

While 𝐶free is partitioned into 𝑚 connected regions,
motion planning problem for multiple AUVs could be con-
sidered as an 𝑚 goals version of Problem 2. A(𝑖) = {𝐴(𝑖)1 , 𝐴(𝑖)2 ,. . . , 𝐴(𝑖)

𝑘𝑖
} is an attraction sequence which connects 𝑥start and𝑋𝑖goal, where 𝑘𝑖 is the length of attraction sequence. Let 𝑝(𝑖)𝑗 =

𝜇(𝐴(𝑖)𝑗 )/𝜇(𝐶free), 𝑖 = 1, 2, . . . , 𝑚, 𝑗 = 1, 2, . . . , 𝑘𝑖, 𝑝𝑚 =
min𝑖𝑗𝑝(𝑖)𝑗 ; we have the following theorem.

Theorem 5. If 𝑚 attraction sequences of length 𝑘𝑖, 𝑖 =1, 2, . . . , 𝑚 exist, the probability of basic RRT algorithm
fails to find 𝑚 trajectories after 𝑛 iterations are at most
exp[−(1/2)(𝑛𝑝𝑚 − 2∑𝑚𝑖=1 𝑘𝑖)].
Theorem 6. If 𝑚 attraction sequences of length 𝑘𝑖, 𝑖 =1, 2, . . . , 𝑚 exist, the probability of liveliness-based RRT algo-
rithm fails to find 𝑚 trajectories after 𝑛 iterations are at most
exp[(1/𝑛)∑𝑚𝑖=1∑𝑛𝑖𝑗=1((𝑝(𝑖)𝑗 /𝑝𝑚)(−(1/2)𝑛𝑝𝑚 + ∑𝑚𝑖=1 𝑘𝑖))].
Proof. Let sequence (𝑝(𝑖)1 , 𝑝(𝑖)2 , . . . , 𝑝(𝑖)𝑛𝑖 ) be 𝑚 ascending
orders satisfying (𝑝(𝑖)1 ≤ 𝑝(𝑖)2 ≤ ⋅ ⋅ ⋅ ≤ 𝑝(𝑖)𝑛𝑖 ), where 𝑝(𝑖)1 =
min𝑗𝑝(𝑖)𝑗 , and 𝑝(𝑖)𝑛𝑖 = max𝑗𝑝(𝑖)𝑗 , 𝑗 = 1, 2, . . . , 𝑛𝑖, 𝑖 = 1, 2, . . . ,𝑚. While using the strategy of eliminating the “useless”
nodes, the random variableC is viewed as Poisson trails with
probability distribution (𝑝𝑖𝑗 ), 𝑖 = 1, 2, . . . , 𝑚; 𝑗 = 1, 2, . . . , 𝑛𝑖.
C is viewed as Poisson trails with probability distribution𝑝(𝑖)𝑗 ; then 𝜇 = E[C] = ∑𝑚𝑖=1∑𝑛𝑖𝑗=1 𝑝(𝑖)𝑗 , and 0 < 𝛿 ≤ 1.

According to Lemma 3, Pr[C < (1 − 𝛿)𝜇] < exp(−𝜇𝛿2/2),
where 𝛿 = 1 − ∑𝑚𝑖=1 𝑘𝑖/(𝑛𝑝𝑚). In addition,

−𝜇𝛿22 = −12
𝑚∑
𝑖=1

𝑛𝑖∑
𝑗=1

𝑝𝑖𝑗𝑝𝑚 (1 − ∑𝑚𝑖=1 𝑘𝑖𝑛𝑝𝑚 )2

= 1𝑛
𝑚∑
𝑖=1

𝑛𝑖∑
𝑗=1

𝑝𝑖𝑗𝑝𝑚 (−12𝑛𝑝𝑚 + 𝑚∑
𝑖=1

𝑘𝑖 − (∑𝑚𝑖=1 𝑘𝑖)22𝑛𝑝𝑚 )

< 1𝑛
𝑚∑
𝑖=1

𝑛𝑖∑
𝑗=1

𝑝𝑖𝑗𝑝𝑚 (−12𝑛𝑝𝑚 + 𝑚∑
𝑖=1

𝑘𝑖) .

(8)

This completes the proof.

Proposition 7. Given specific 𝐶, 𝐶free, 𝑥start, and a set of goal
regions {𝑋1goal, 𝑋2goal, . . . , 𝑋𝑚goal}, while solving Problem 2,
the liveliness-based RRT algorithm always has smaller failing
probability than the basic RRT algorithm.

Proof. Note that (1/𝑛)∑𝑚𝑖=1∑𝑛𝑖𝑗=1(𝑝𝑖𝑗 /𝑝𝑚) > 1, according to
Theorems 5 and 6,

Pr [LiRRT] = exp[
[
1𝑛
𝑚∑
𝑖=1

𝑛𝑖∑
𝑗=1

𝑝(𝑖)𝑗𝑝𝑚 (−12𝑛𝑝𝑚 + 𝑚∑
𝑖=1

𝑘𝑖)]
]

< exp[−12 (𝑛𝑝𝑚 − 2 𝑚∑
𝑖=1

𝑘𝑖)]
= Pr [bRRT] .

(9)

In summary, we can see that Li-RRT enhances the
expanding efficiency from Proposition 7.

5. Applications of Li-RRT

In this section, we present a numerical simulation for planar
AUV with data from NOAA. A region of Hawaii, that is,
a rectangle from 157∘5848W, 21∘2024N to 157∘5736W,
21∘2136N, is utilized to testify the effectiveness of Li-RRT;
see Figure 7(a). Without loss of generality, we assume that
AUV only voyages at depth of 5 meters at least. And the
dynamics of AUV is �̇� = V cos(𝜃), ̇𝑦 = V sin(𝜃), ̇𝜃 = 𝜔.
Meantime, we set 0 ≤ |V| ≤ 2m/s and 0 ≤ |𝜔| ≤ 0.15 rad/s.

We can see that a valid path is found by Li-RRT shown
as in Figure 7(b). Although solutions returned by Li-RRT are
mostly not optimal, it can supply candidate paths effectively
in less planning time. A comparison between RRT and Li-
RRT is described in Figure 8. Li-RRT obviously costs less
searching iterations by utilizing existing information between
current random tree and the environment.

Here we take multiple simulations by RRT with same
conditions and present two better solutions. We can see
that RRT needs more searching iterations than Li-RRT
averagely. Sampling strategy in typical RRT utilizes only goal
bias method which tries to make the random searching
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(a) Hawaii DEM figure

Li-RRT (iteration: 1026)

(b) Path found by Li-RRT

Figure 7: Start position locates at 157∘5830W, 21∘2029N; goal locates at 157∘5747W, 21∘2114N, shown as a solid blue circle. Red line
describes a valid path from start to goal.

RRT (iteration: 2075)

(a) RRT with 2075 iterations

RRT (iteration: 3093)

(b) RRT with 3093 iterations

Figure 8: Planning with the same conditions by RRT. Start position locates at 157∘5830W, 21∘2029N; Goal locates at 157∘5747W,
21∘2114N, shown as a solid blue circle. Red line describes a valid path from start to goal.

tree towards the goal region. It certainly may generate
useless sampling nodes in every searching step. For example,
sampling that avoids an oversampled areas seems more
efficient; however, typical RRT has no such ability. Thus,
RRT needs more searching time or iterations to reach the
goal.

6. Conclusions

In this paper, we have presented an analysis of rapidly
exploring random trees and defined the several indicators of a
tree, including the coverage and the growth speed describing
the growing behavior of a tree. Considering the external
and internal factors which influence the expanding ability,

we also have defined indicators collision detective index,
degree, offspring, and neighbor collisions. On this basis,
we have proposed Li-RRT for AUVs motion planning. By
using the tools attraction sequence, theoretical analysis has
indicated that liveliness-based RRT enhances the expanding
speed. Simulations are also provided to show the effectiveness
of Li-RRT. It has been shown that Li-RRT performs well
in finite planning time. Moreover, the growth direction of
a tree also reflects some properties of a tree’s expanding
ability which could be utilized by RRT to conduct the
expanding procedure. One of the possible research directions
will focus on the planning without any prior information
in the uncertain environment considering such indicators
proposed in this work.
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Autonomous robots need to be recharged and exchange information with the host through docking in the long-distance tasks.
Therefore, feasible path is required in the docking process to guide the robot and adjust its pose. However, when there are unknown
obstacles in the work area, it becomes difficult to determine the feasible path for docking. This paper presents a reactive path
planning approach named Dubins-APF (DAPF) to solve the path planning problem for docking in unknown environment with
obstacles. In this proposed approach the Dubins curves are combined with the designed obstacle avoidance potential field to plan
the feasible path. Firstly, an initial path is planned and followed according to the configurations of the robot and the docking station.
Then when the followed path is evaluated to be infeasible, the intermediate configuration is calculated as well as the replanned path
based on the obstacle avoidance potential field. The robot will be navigated to the docking station with proper pose eventually via
the DAPF approach. The proposed DAPF approach is efficient and does not require the prior knowledge about the environment.
Simulation results are given to validate the effectiveness and feasibility of the proposed approach.

1. Introduction

Nowadays autonomous mobile robots such as autonomous
drones, autonomous underwater vehicles, and automated
vehicles are widely used in the complex environment and
undertake the dangerous and heavy tasks [1–8]. However,
their durations are constrained by their limited battery
capacities and data storage spaces [9]. To solve this problem
docking stations are designed and deployed in the work
areas of the robots to maintain them in practical applications
[10, 11]. To ensure the safety and the success in the docking
process, a feasible path is required to be planned firstly [12].
This is because, for one thing, the area for docking may be
unknown in advance or dynamically changing and there may
be static and moving obstacles that threat the safety of the
robots [12, 13]. For another, the final configuration (pose and
velocity) of the robot should be adjusted properly to avoid the
impact with the docking station. The kinematic characters of
the robot should be considered as well for path tracking and
energy saving [14–16].

In recent years, a variety of approaches have been
proposed to solve the path planning problem in unknown

environment. Among them a biologically inspired neural
network approach is presented in [17] to plan path for the
autonomous underwater vehicle in unknown two-dimension
(2D) environment, which is achieved via updating the envi-
ronmentmaps according to Dempster-Shafer theory in steps.
In [18] the online path planning problem with prescribed
target in environment with unknown obstacles is consid-
ered and the neural networks trained by the reinforcement
learning approach are adopted to solve this problem. In [19]
the rapidly exploring random trees star (RRT∗) algorithm
is employed to plan the path for autonomous underwater
vehicles, where the mutual information between the scalar
field model and observations is used to improve the path
planning result. In [20] the path planning problem for
household robot in unknown environment is considered and
solved by themodified artificial potential field (APF)method
based on the motion characteristics of household animals.
In [21] the collision-free path planning for autonomous
container truck is achieved via utilizing the improved ant
colony optimization (ACO) algorithm. In this algorithm the
local path is generated according to the selected local target
which is determined and updated by the rolling window
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approach. In [22] a dynamic planning algorithm is presented
to determine the collision-free path for the mobile terrestrial
robot in unknown environment. In this algorithm the local
objectives are determined by the genetic algorithm (GA) and
the optimum routes are generated dynamically towards the
global object. It can be concluded from the efforts above that
the efficiency of the path planning approach is considered
emphatically in the unknown environment. Meanwhile the
reactive frameworks are adaptive in solving the path planning
problem in the unknown environment in spite of the fact
that different various local path planning approaches such
as modified bioinspired method, RRT algorithm, and APF
method are adopted.However, the smoothness of the planned
path is rarely considered in these efforts as well as the pose
and velocity of the robot, which is critical in the docking tasks
[23].

In this paper, a reactive path planning approach named
Dubins-APF is proposed to solve the path planning problem
for docking in unknown environment based on combination
of the Dubins curves and the APF approach. Dubins curves
have been proved to be the optimal paths with minimal
turning radius that connect two points with prescribed poses
in 2D space [24, 25]. However, if there are obstacles in the
environment for docking, it is difficult to determine the
feasible path based on Dubins curves [26, 27]. Since the APF
approach is efficient in obstacle avoidance, in this paper it
is combined with the Dubins curves to determine the fea-
sible path for docking [28–31]. The proposed path planning
approach works in a reactive mode which is described as
follows. Once the planned path is infeasible, feasible inter-
mediate configurations are determined based on the obstacle
avoidance potential field according to the configurations of
the detected obstacles. Then feasible Dubins curves are
generated as the replanned path based on the intermediate
configuration. Through implementing this path planning-
replanning strategy continually, the DAPF algorithm will
solve the path planning problem for docking.

The main contributions of this paper are as follows:

(1) The geometrical approach to determine the 3D
Dubins curves is proposed in this paper. It can be
utilized to generate the docking path and evaluate the
feasibility of the planned path as well.

(2) The conception of combining the advantages of the
Dubins curves and the artificial potential field is pro-
posed and implemented in this paper to improve the
quality of the docking path while avoiding obstacles.

The structure of this paper is presented as follows. The
path planning problem for docking and the notion of the
DAPF approach are introduced in Section 1. The problem
statement and the path generation approach with 3D Dubins
curves are described in Section 2. In Section 3 the Dubins-
APF path planning approach is proposed and illustrated in
detail. The simulation result and discussion about the DAPF
approach are presented in Section 4. Some conclusions and
future works are provided in Section 5.

2. Path Planning with 3D Dubins Curves

2.1. Problem Statement. Thepath planning problem for dock-
ing is to determine a collision-free path to connect the initial
position of the autonomous robot and the docking station
with prescribed poses under certain constraints of the robot
[28]. In this paper the docking station with unidirectional
entrance is considered and it is assumed to be static.The posi-
tion of the docking station is written as 𝑃𝑑 and the direction
of its entrance is expressed as →𝑉𝑑. Meanwhile the velocity of
the autonomous robot is assumed be constant and its position
and velocity are written as 𝑃𝑟 and →𝑉𝑟, where ‖→𝑉𝑟‖ = V.
The turning ability of the robot is assumed to be limited
and the minimal turning radius is written as 𝑅𝑡. Hence to
avoid collision with the docking station, the final position
and velocity of the robot should be close to 𝑃𝑑 and →𝑉𝑑.
Additionally the work area for docking is assumed to be
unknown in advance, which means the autonomous robot
can only acquire the environment information within its
sensor range 𝑅𝑠.
2.2. 3D Dubins Curves. The Dubins curve only consists of
two kinds of segments which are the circle (𝐶) segment
and the straight-line (𝑆) segment, where the radius of the𝐶 segment is equal to the minimal turning radius of the
robot and this curve is smooth at the intersections of the
adjacent segments. In 2D environment the optimality of the
twoDubins curves has been proved and the𝐶𝐶𝐶 curve or the𝐶𝑆𝐶 curve is reckoned as the shortest path [24]. However, the
determination of the Dubins curve becomes complex in 3D
environment due to the increase of the dimensionality, which
means not all the segments of the Dubins curves are coplanar
[32, 33].Therefore considering the efficiency of its application
in path planning, a 3DDubins curve determination approach
is presented in this paper based on the geometric characters
of the typical 𝐶𝑆𝐶 curve.

The typical 𝐶𝑆𝐶 curve is shown in Figure 1. The initial
configuration of position and pose (green vector) and the
final configuration (red vector) are presented as [𝑃1, →𝑉1] and[𝑃2, →𝑉2] and the feasible path that connects them is a 3D
Dubins curve which consists of one 𝑆 segment and two 𝐶
segments. The 𝐶 segments 𝐶1 (red arc) and 𝐶2 (green arc)
are two circular arcs with centers 𝑂1 and 𝑂2 and radii 𝑅1 and𝑅2, respectively. They are connected by the 𝑆 segment (blue
straight line) with intersections 𝑃5 and 𝑃6 separately. To indi-
cate the coplanarity of the Dubins curve, two auxiliary lines𝐿1 and 𝐿2 are drawn as Figure 1 shows. 𝐿1 has 𝑃1 on it and
parallels with →𝑉1 and 𝐿2 has 𝑃2 on it and parallels with →𝑉2.
They intersect with the elongation of the 𝑆 segment at 𝑃3 and𝑃4, respectively. Based on the spatial relations of 𝐿1, 𝐿2, and
the 𝑆 segment, the segments of the 𝐶𝑆𝐶 curve can be divided
into two planes determined by 𝐿1 and the 𝑆 segment and 𝐿2
and the 𝑆 segment separately. The intersection line of these
two planes is the 𝑆 segment.

Inspired by the geometric relations of these two planes,
the determination process of the 3D Dubins curve is imple-
mented as follows. The intersections of 𝐿1, 𝐿2, and the
elongation of 𝑆 are presented as
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Figure 1: The illustration of the typical 3D 𝐶𝑆𝐶 curve.

𝑃3 = 𝑃1 + 𝑘3→𝑉1,𝑃4 = 𝑃2 + 𝑘4→𝑉2, (1)

where 𝑘3 and 𝑘4 are nonzero constants. A special case of (1)
should be noticed where either 𝑘3 or 𝑘4 is infinite. It means
that the corresponding𝐶 segment is semicircular arc and this
case will be discussed later. Once 𝑘3 and 𝑘4 are determined,
the intersections of 𝐶1 and 𝐶2 with 𝑆 can be expressed as

𝑃5 = 𝑃3 + 𝑘5→𝑉3,
𝑃6 = 𝑃4 + 𝑘6→𝑉3, (2)

where 𝑘5 and 𝑘6 are constants and →𝑉3 is the vector that
indicates the moving direction of the robot on the 𝑆 segment.
Since the Dubins curve is smooth at the intersections of every
two adjacent segments, →𝑉3 can be obtained

→𝑉3 = sign (𝑘3) g (→𝑂1𝑃1 × →𝑂1𝑃5 × →𝑂1𝑃5)
= −sign (𝑘4) g (→𝑂2𝑃6 × →𝑂2𝑃2 × →𝑂2𝑃6) = g (→𝑃5𝑃6) , (3)

where sign(𝑠) presents the sign function which returns the
sign of the variable 𝑠 and g(→𝑆 ) is the function which
normalizes the vector →𝑆 and it is defined as

g (→𝑆 ) = {{{{{{{{{

→𝑆→𝑆  , if
→𝑆  ̸= 0,

[0, 0, 0] , if
→𝑆  = 0.

(4)

Table 1: Points for other Dubins curves.

Type 𝑆 𝐶 𝐶𝑆 𝑆𝐶 𝐶𝑆𝐶
Points 𝑃1, 𝑃2 𝑃1, 𝑃2 𝑃1, 𝑃5, 𝑃2 𝑃1, 𝑃6, 𝑃2 𝑃1, 𝑃5, 𝑃6, 𝑃2
Constants / 𝑂1, 𝑃3 𝑂1, 𝑃3 𝑂2, 𝑃4 𝑂1, 𝑃3, 𝑃4, 𝑂2
Parameters / 𝑘1, 𝑘3 𝑘1, 𝑘3, 𝑘5 𝑘2, 𝑘4, 𝑘6 𝑘1, 𝑘2, . . . , 𝑘6
Due to the fact that 𝑃5 and 𝑃6 are the tangent points of𝐶1 and𝐶2 with the 𝑆 segment, there are→𝑃5𝑂1 × →𝑉3 = 0,

→𝑃1𝑂1 × →𝑉1 = 0,
→𝑃6𝑂2 × →𝑉3 = 0,
→𝑃2𝑂2 × →𝑉2 = 0,

(5)

𝑃5𝑂1 = 𝑃1𝑂1 = 𝑅1,
𝑃6𝑂2 = 𝑃2𝑂2 = 𝑅2. (6)

Furthermore, it can be concluded from (6) that 𝑃3𝑂1 and𝑃4𝑂2 are the angle bisector of ∠𝑃3𝑃1𝑂1 and ∠𝑃4𝑃2𝑂2; there-
fore there are

𝑂1 = 𝑃3 + 𝑘1sign (𝑘3) (−→𝑉1 + →𝑉3)
𝑂2 = 𝑃4 + 𝑘2sign (𝑘4) (−→𝑉2 + →𝑉3) . (7)

The parameters 𝑘1–𝑘6 can be calculated based on the
specified set of equations to determine the 𝐶𝑆𝐶 curve by
substituting the variables in (5) and (6) with corresponding
expression in (1)–(3) and (7) if there is no semicircular 𝐶
segment in the 𝐶𝑆𝐶 curve. Likewise, other types of Dubins
curves, such as 𝑆, 𝐶, 𝐶𝑆, and 𝑆𝐶 curves, can be determined
easily due to the coplanarity of their initial and final configu-
rations and segments. The key points and constants for their
determinations are presented in Table 1 and the set of
equations for calculation can be obtained as well based on the
presented equations above.

If the 𝐶𝑆𝐶 curve has semicircular 𝐶 segments, the
equations for calculation are built throughmodifying the cor-
responding equations above based on the curve’s geometric
characters. For example, for a 𝐶𝑆𝐶 curve with semicircular𝐶1, the modified equations for its calculation are presented
as →𝑉3 = −→𝑉1,→𝑃5𝑂1 = →𝑃1𝑂1. (8)

Meanwhile, (2) is substituted by

𝑃6 = 𝑃5 + 𝑘5→𝑉3, (9)

where 𝑘5 is constant that indicates the length of the 𝑆 segment.
With these equations there will be sufficient equations to
determine the feasible 𝐶𝑆𝐶 Dubins curve. The other Dubins
curves can be determined by a similar technique.
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2.3. Dubins Path Planning. Considering the efficiency and
optimality in path planning, several candidate Dubins curves
are adopted in this paper which are 𝑆, 𝐶, 𝐶𝑆, 𝑆𝐶, and𝐶𝑆𝐶 in the order of priority from high to low. Meanwhile,
these curves can be divided into two classes which are the
coplanar curves and the noncoplanar curves according to
the coplanarity of the initial and final configurations. The
coplanar curves contain the 𝑆,𝐶,𝐶𝑆, 𝑆𝐶, and few𝐶𝑆𝐶 curves
because the initial and final configurations of these curves lie
in the same plane.The noncoplanar curves consist of the𝐶𝑆𝐶
curves with noncoplanar segments. Therefore, the Dubins
curve determination approach is expressed as follows. Firstly
the coplanarity of the initial and final configurations is
evaluated. If they are coplanar, the coplanar curves are
selected as the candidate curves and checked in the order
of priority. Otherwise the noncoplanar curve is selected and
checked instead. Once the feasible curve is obtained, it is
adopted as the feasible path.The algorithm of this approach is
presented as Algorithm 1.

To simplify the expression of the Dubins curve determi-
nation approach, the calculation process of a certain curve is
presented as

𝑇 (𝑃𝑡, 𝐶𝑓1, 𝐶𝑓2, 𝐶𝑟) = {{{
𝐿, if the curve exists

0, otherwise, (10)

where 𝑃𝑡 is the desired type of the Dubins curve for deter-
mination while 𝐶𝑓1 and 𝐶𝑓2 are the initial and final configu-
rations of 𝑃𝑡, respectively, and 𝐶𝑟 presents the collection of
the feasible radii according to 𝑃𝑡. The function 𝑇 returns
the desired Dubins curve if this curve can be determined;
otherwise it returns 0. Besides, the vector →𝑛 is defined to help
evaluate the colinearity and coplanarity of the initial and final
configurations, where →𝑛 = g(→𝑉1 × →𝑉2).

To prove the validity and efficiency of Algorithm 1, an
example is presented and analyzed on the CPU Intel Core I3
6300@3.8GHz with Matlab. The conditions of this example
are set as

𝑃1 = [0, 0, 0] ,
→𝑉1 = [1, 0, 0] ,
𝑃2 = [6, 5, 4] ,

→𝑉2 = [−1, −1, −1] ,
𝑅 = 2.

(11)

In this example the Dubins curve determination problem is
converted into a least squares problem and solved with the
Levenberg-Marquardt (L-M) algorithmwhere 𝜆 = 0.005.The
time consumption of Algorithm 1 is 0.683 s with computa-
tional accuracy 10−5 and the simulation result is illustrated
in Figure 2. If the computation resource of the robot is
abundant, the evaluation processes of the candidate curves
in Algorithm 1 can be implemented at the same time to
reduce the time consumption.

Input: 𝑃1, →𝑉1, 𝑃2, →𝑉2, 𝑅
Output: feasible Dubins curve 𝐿
(1) if [𝑃1, →𝑉1], [𝑃2, →𝑉2] are coplanar, then
(2) if →𝑉1 = →𝑉2 = g(→𝑃1𝑃2), then
(3) 𝐿 ← 𝑇(𝑆, [𝑃1, →𝑉1], [𝑃2, →𝑉2])
(4) break
(5) end if
(6) if →𝑃1𝑃2 = ±𝑅(g(→𝑛 × →𝑉1) + g(→𝑛 × →𝑉2)), then
(7) 𝐿 ← 𝑇(𝐶, [𝑃1, →𝑉1], [𝑃2, →𝑉2], 𝑅)
(8) break
(9) end if
(10) if ∃𝑃5, 𝑇(𝐶, [𝑃1, →𝑉1], [𝑃5, →𝑉2], 𝑅) ̸= 0 and𝑇(𝑆, [𝑃5, →𝑉2], [𝑃2, →𝑉2]) ̸= 0, then
(11) 𝐿 ← 𝑇(𝐶𝑆, [𝑃1, →𝑉1], [𝑃2, →𝑉2], 𝑅)
(12) break
(13) end if
(14) if ∃𝑃6, 𝑇(𝑆, [𝑃1, →𝑉1], [𝑃6, →𝑉1]) ̸= 0 and𝑇(𝐶, [𝑃6, →𝑉1], [𝑃2, →𝑉2], 𝑅) ̸= 0, then
(15) 𝐿 ← 𝑇(𝑆𝐶, [𝑃1, →𝑉1], [𝑃2, →𝑉2], 𝑅)
(16) break
(17) end if
(18) 𝐿 ← 𝑇(𝐶𝑆𝐶, [𝑃1, →𝑉1], [𝑃2, →𝑉2], [𝑅, 𝑅])
(19) break
(20) else
(21) 𝐿 ← 𝑇(𝐶𝑆𝐶, [𝑃1, →𝑉1], [𝑃2, →𝑉2], [𝑅, 𝑅])
(22) break
(23) end if

Algorithm 1: Dubins curve determination algorithm.
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Figure 2:The result of Algorithm 1 in Dubins curve determination.

3. Dubins-APF Path Planning

Although the Dubins curves are feasible to form the path for
docking with posture constraints, it is difficult to determine
the collision-free path and ensure the safety of the robot
only using Algorithm 1 when there are unknown obstacles
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Figure 3: Different types of 𝐶 segments. (a) The minor 𝐶 segment; (b) the semicircular 𝐶 segment; (c) the major 𝐶 segment.

in the workspace. To overcome this shortcoming, a path
planning strategy is designed and introduced in this section
via combining the Dubins curves with the APF approach to
avoid collision with obstacles.

In this paper both static obstacles and moving obstacles
are considered. The position and velocity of the obstacle 𝑖 are
written as 𝑂𝑖 and →𝑉𝑜𝑖 separately. Assuming that the minimal
safe distance between the robot and obstacle is 𝛿𝑠, the radius
of the obstacle 𝑖 can be written as 𝑅𝑖 = 𝑅𝑖 + 𝛿𝑠, where 𝑅𝑖 is the
physical radius of the obstacle.

3.1. Collision Prediction. Collision prediction is one of the
fundamental issues of the obstacle avoidance researches [34,
35]. If the planned path is written as𝐿, themotion of the robot
following 𝐿 is presented as𝑃𝑟(𝑡), where 𝑡 ∈ [0, 𝑡𝑓] and 𝑡𝑓 is the
final time the robot follows 𝐿. This issue is easy to address
in this paper because the planned path solely consists of
the Dubins curves. Therefore once 𝐿 is obtained, the param-
eters of these Dubins curves can be utilized to evaluate the
feasibility of the planned path in collision prediction. First of
all, Θ(→𝑉𝑖, →𝑉𝑗) is defined as the operator which calculates and
returns the angle between the initial vector →𝑉𝑖 and the final
vector →𝑉𝑗.

For following the 𝑆 segment 𝑃1𝑃2, the movement of the
robot on it is simple and can be described as

𝑃𝑟 (𝑡) = 𝑃1 + 𝑡𝑉1, (12)

where 𝑡 ∈ [0, ‖𝑃1𝑃2‖/V].
There are three types of𝐶 segments that oneDubins curve

might have which are the minor 𝐶 segment, the semicircular𝐶 segment, and the major 𝐶 segment. These 𝐶 segments are
illustrated in Figure 3, respectively.

The illustration of the minor 𝐶 segment is presented in
Figure 3(a). For following the minor 𝐶 segment 𝑃1𝑃2, 𝑃𝑟(𝑡) is
expressed as

𝑃𝑟 (𝑡) = 𝑂 + sin (𝜃 − 𝑡 (V/𝑅)) →𝑉1 + sin (𝑡 (V/𝑅)) →𝑉2
sin (𝜃) , (13)

Table 2: Parameters of 𝑐1, 𝑐2, and 𝑐3.
Index →𝑉𝑖 and →𝑉𝑗 Central angle 𝜃 Initial and final time𝑐1 →𝑉1, −→𝑉2 Θ(→𝑉1, −→𝑉2) 0, 𝜃1𝑅/V𝑐2 −→𝑉2, −→𝑉1 Θ(−→𝑉2, −→𝑉1) 𝑡1, 𝑡1 + 𝜃2𝑅/V𝑐3 −→𝑉1, →𝑉2 Θ(−→𝑉1, →𝑉2) 𝑡2, 𝑡2 + 𝜃3𝑅/V

where 𝑡 ∈ [0, (𝑅/V)Θ(→𝑂𝑃1, →𝑂𝑃2)],→𝑉1 = g(→𝑂𝑃1),→𝑉2 = g(→𝑂𝑃2),
and 𝜃 = Θ(→𝑉1, →𝑉2).

Similarly, the major 𝐶 segment is shown in Figure 3(c).𝑃𝑟(𝑡) can be determined by dividing the major 𝐶 segment
into three minor 𝐶 segments which are named 𝑐1, 𝑐2, and𝑐3. If the initial vector and the final vector of the major 𝐶
segment are expressed as →𝑉1 = g(→𝑂𝑃1) and →𝑉2 = g(→𝑂𝑃2),
the parameters of 𝑐1, 𝑐2, and 𝑐3 are concluded in Table 2.
Meanwhile, the movement on each minor 𝐶 segment can be
determined according to (13) and 𝑃𝑟(𝑡) of the major 𝐶
segment can be obtained by their combination.

The semicircular 𝐶 segment is shown in Figure 3(b).
Likewise, it can be divided into two minor 𝐶 segments which
are 𝑐1 and 𝑐2. The initial and final vectors of 𝑐1 and 𝑐2 are →𝑉1,→𝑉𝑟(0) and →𝑉𝑟(0), →𝑉2, respectively, where →𝑉𝑟(0) is the initial
pose of the robot following the semicircular 𝐶 segment. The
movements on 𝑐1 and 𝑐2 can be determined according to (13)
and 𝑃𝑟(𝑡) can be obtained by their combination.

Based on 𝑃𝑟(𝑡) of each 𝐶 segment and 𝑆 segment of the
planned path, the movement of the robot following certain
Dubins curve can be specified as well. The feasibility of 𝐿
can be determined by evaluating these path segments in the
temporal order. If there are ‖𝑃𝑟(𝑡) − 𝑂𝑖(𝑡)‖ ≥ 𝑅𝑖 for all
the obstacles, 𝐿 is collision-free. If 𝐿 is not collision-free as
Figure 4 shows, the time when ‖𝑃𝑟(𝑡) − 𝑂𝑖(𝑡)‖ is minimal is
defined as the maximal collision time 𝑇𝑐𝑖 for 𝑂𝑖. At 𝑇𝑐𝑖 the
distance between𝑂𝑖 and𝑃𝑟 is defined as theminimal collision
distance 𝐷𝑐𝑖 for 𝑂𝑖 and 𝐷𝑐𝑖 = ‖𝑃𝑟(𝑇𝑐𝑖) − 𝑂𝑖(𝑇𝑐𝑖)‖. Therefore
if 𝐷𝑐𝑖 < 𝑅𝑖 , the robot will collide with the obstacle 𝑂𝑖 by
following 𝐿 and new 𝐿 is needed.
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3.2. Path Replanning Strategy. Once the planned path is not
collision-free, new path is required immediately to avoid col-
lision for the safety of robot. However, sometimes only local
knowledge about the environment can be obtained in practice
while the replanning process could not be implemented in
advance [36–39].Moreover, if the area for docking is crowded
with obstacles, the efficiency of the path replanning process is
critical.

To solve this problem, a reactive path replanning strategy
is proposed in this paper. The conception of this replanning
strategy is to construct the obstacle avoidance potential field
to determine the feasible intermediate configuration and the
pass-by path is generated to avoid the obstacle based on
this intermediate configuration. Then the follow-up path
from the intermediate configuration to the docking station
is generated to complete the path for docking. The details of
this proposed replanning strategy are described as follows.

3.2.1. Obstacle Avoidance Potential Field Design. The obstacle
avoidance potential field is proposed in this paper to help
determine the intermediate configuration for path replanning
inspired by themethods proposed in [30, 31, 40].The obstacle
avoidance potential field is a compound repulsive potential
field which consists of two components 𝑈𝑝 and 𝑈V. These
components are caused by the positions and velocities of the
obstacles, respectively. For the obstacle 𝑂𝑖, its corresponding
repulsive potential field 𝑈𝑝𝑖 is designed as

𝑈𝑝𝑖 (→𝑃𝑟𝑂𝑖) = {{{
𝑘𝑠𝑒−‖→𝑃𝑟𝑂𝑖‖, →𝑃𝑟𝑂𝑖 < →𝑃𝑟𝑃𝑑0, otherwise, (14)

where 𝑘𝑠 is a constant. The corresponding repulsive potential
field force →𝐹𝑝𝑖 is designed as

→𝐹𝑝𝑖 (→𝑃𝑟𝑂𝑖) = −∇𝑈𝑝𝑖 = −𝑘𝑠𝑒−‖→𝑃𝑟𝑂𝑖‖g (→𝑃𝑟𝑂𝑖) , (15)

when ‖→𝑃𝑟𝑂𝑖‖ < ‖→𝑃𝑟𝑃𝑑‖.
If the obstacle 𝑂𝑖 is a moving obstacle, the velocity dif-

ference between it and the robot is expressed as 𝛿→𝑉 = →𝑉𝑟 −

→𝑉𝑜𝑖. If →𝐻𝑖 is defined that →𝐻𝑖 = g(→𝑃𝑟𝑂𝑖 × 𝛿→𝑉 × →𝑃𝑟𝑂𝑖), the
corresponding repulsive potential field 𝑈V𝑖 is expressed as

𝑈V𝑖 (→𝐻𝑖) = {{{
−𝑘V 𝛿→𝑉 𝑒−‖→𝑃𝑟𝑂𝑖‖, →𝑃𝑟𝑂𝑖 < →𝑃𝑟𝑃𝑑0, otherwise, (16)

where 𝜃𝑖 = Θ(→𝑉𝑟, →𝑃𝑟𝑂𝑖) and 𝑘V is a constant.The correspond-
ing repulsive force is expressed as→𝐹V𝑖 = −∇𝑈V𝑖 = 𝑘V 𝛿→𝑉 𝑒−‖→𝑃𝑟𝑂𝑖‖→𝐻𝑖, (17)

when ‖→𝑃𝑟𝑂𝑖‖ < ‖→𝑃𝑟𝑃𝑑‖.
The total repulsive field force caused by 𝑂𝑖 can be derived

from 𝐹𝑝𝑖 and 𝐹V𝑖 as→𝐹 𝑟 = 𝑁∑
𝑖=1

(−∇𝑈𝑝𝑖 − ∇𝑈V𝑖) = 𝑁∑
𝑖=1

(→𝐹𝑝𝑖 + →𝐹V𝑖) , (18)

where𝑁 is the number of the detected obstacles that ‖→𝑃𝑟𝑂𝑖‖ <‖→𝑃𝑟𝑃𝑑‖.
In this paper→𝐹 𝑟 is used to determine the feasible interme-

diate configuration for obstacle avoidance while considering
both the positions and velocities of the obstacles.

3.2.2. Intermediate Configuration Determination. In this
paper the feasible intermediate configuration is utilized to
generate collision-free path according to →𝐹 𝑟. The intermedi-
ate configuration [𝑃𝑚, →𝑉𝑚] is determined as follows. Firstly,
the obstacle 𝑂𝑔 is defined as the target obstacle 𝑂𝑔 for
determining the intermediate configuration, where

𝑂𝑔 = {𝑂𝑔 | 𝑇𝑐𝑔 = min {𝑇𝑐1, 𝑇𝑐2, . . . , 𝑇𝑐𝑖, . . . , 𝑇𝑐𝑁}} . (19)

Then the final pose of the path segment that 𝑃𝑟(𝑇𝑐𝑔) is on
is chosen as the intermediate pose. Therefore, the original
intermediate point 𝑃𝑚 is expressed as

𝑃𝑚 = 𝑂𝑔 (𝑇𝑐𝑔) + (𝑅𝑔 + 𝛼) g (→𝐹𝑚) , (20)

where 𝛼 is the parameter to adjust the position of the
intermediate point.The larger 𝛼 is, the more conservative the
path replanning strategy is. →𝐹𝑚 is defined as the intermediate
direction where

→𝐹𝑚 = {{{
g (→𝑉𝑚 × →𝐹 𝑟 × →𝑉𝑚) , →𝑉𝑚 × →𝐹 𝑟 ̸= 0
g (→𝑉𝑚 × →𝐹 rand × →𝑉𝑚) , otherwise, (21)

where →𝐹 rand is a nonzero random vector and g(→𝐹 rand) ̸=
g(→𝐹 𝑟). At last the Dubins curve 𝐿 from [𝑃𝑟, →𝑉𝑟] to [𝑃𝑚, →𝑉𝑚]
with radii 𝑅𝑡 and 𝑅𝑔 is generated as the pass-by path 𝐿.

If 𝐿 is collision-free, the intermediate configuration is
adopted and 𝐿 is adopted as the pass-by path 𝐿pass-by. If 𝐿 is
not collision-free, the new target obstacle can be determined
and the new intermediate point 𝑃𝑚𝑔 can be obtained as
well. The pose of the new intermediate vector is chosen as→𝑉𝑚 = →𝑉𝑚 and the intermediate configuration determination
process is repeated.



Journal of Advanced Transportation 7

Input: [𝑃𝑟, →𝑉𝑟], [𝑃𝑑, →𝑉𝑑], 𝑅𝑡, [𝑂, →𝑉𝑜, 𝑅], 𝐿, 𝑅1, 𝑅2, 𝑘𝑠,𝑘V, 𝛼
Output: 𝐿
(1) rpflag = 0
(2) while true do
(3) 𝑇min = min{𝑇𝑐𝑖 | 𝐷𝑐𝑖 < 𝑅𝑖 , 𝑖 ∈ [0, 𝑡𝑓]}
(4) if 𝑇min > 0 then
(5) 𝑇𝑔 ← 𝑇min, obtain 𝑂𝑔, 𝑅𝑔, 𝑃𝑚, →𝑉𝑚
(6) if rpflag == 0 then
(7) 𝑅1 ← 𝑅2, 𝑅2 ← 𝑅𝑔
(8) end if
(9) 𝐿pass-by ← 𝑇([𝑃𝑟, →𝑉𝑟], [𝑃𝑚, →𝑉𝑚], [𝑅1, 𝑅2])
(10) if 𝐿pass-by is not collision-free then
(11) 𝐿 ← 𝐿pass-by, rpflag = 1
(12) continue
(13) end if
(14) 𝑅1 ← 𝑅2, 𝑅2 ← 𝑅𝑡
(15) 𝐿 follow-up ← 𝑇([𝑃𝑚, →𝑉𝑚], [𝑃𝑑, →𝑉𝑑], [𝑅1, 𝑅2])
(16) if 𝐿 follow-up is not collision-free then
(17) Replan 𝐿 follow-up with Algorithm 2
(18) else
(19) 𝐿 ← 𝐿pass-by + 𝐿 follow-up
(20) end if
(21) else
(22) break
(23) end if
(24) end while

Algorithm 2: Path replanning algorithm.

3.2.3. Path Generation. The replanned path 𝐿 consists of two
subpaths which are the pass-by path 𝐿pass-by and the follow-
up path 𝐿 follow-up. The initial and final configurations of𝐿pass-by are [𝑃𝑟, →𝑉𝑟] and [𝑃𝑚, →𝑉𝑚], respectively, while the
initial and final configurations of 𝐿 follow-up are [𝑃𝑚, →𝑉𝑚]
and [𝑃𝑑, →𝑉𝑑]. Since 𝐿pass-by is obtained in the intermediate
configuration determination process, 𝐿 follow-up is generated
after 𝐿pass-by is determined. If 𝐿 follow-up is collision-free, the
combination of 𝐿pass-by and 𝐿 follow-up is set as the replanned
path for docking and followed till this path is evaluated to be
infeasible. Otherwise, 𝐿 follow-up is replanned according to the
replanning strategy as well.

This proposed path replanning strategy is concluded in
Algorithm 2. In Algorithm 2 rpflag is the flag bit which indi-
cates whether a feasible path has been planned (rpflag == 1)
or not (rpflag == 0). Once Algorithm 2 is called, the minimal
maximal collision time 𝑇min is calculated firstly to evaluate
whether a newpath should be replanned. If𝑇min > 0, itmeans
the new path is required and the path replanning strategy
is implemented. If 𝑇min ≤ 0, it means the planned path 𝐿
is collision-free and the replanned path is accepted as the
feasible path for docking.

The parameters of Algorithm 2 are selected according the
following rules.The obstacle avoidance strategy is affected by𝑘𝑠/𝑘V. The larger 𝑘𝑠/𝑘V is, the more attentions are paid on

avoiding the static obstacles and vice versa. Therefore if the
moving obstacles in the environment for docking are large
and fast, a small 𝑘𝑠/𝑘V is preferred to make the path planner
sensitive to the moving obstacles. 𝛼 provides the margin for
robot controller in handling the emergency situations such
as the velocity change of the moving obstacle and ocean
currents. The larger 𝛼 is, the more potentials are preserved
for robot control but, however, the longer the planned path
may be. Therefore 𝛼 is chosen based on the estimation of the
environment for docking.

3.3. DAPFPath PlanningApproach. TheDAPFpath planning
approach can be concluded as Algorithm 3 based on the
Dubins curves and the path replanning strategy. In Algo-
rithm 3 the configuration of the known obstacles is written
as C. The DAPF path planning approach works in a reactive
way to the change of the environment as follows. Firstly, an
initial path is generated as the target path 𝐿 and followed by
the robot. Then the feasibility of 𝐿 is evaluated when C is
changed. If 𝐿 is infeasible, then the new path is generated and𝐿 is substituted by the new path. OtherwiseC is updated and𝐿 is followed.

An example of the DAPF path planning approach is given
in Figure 5, where

𝑃𝑟 = [0, 0, 0] ,
→𝑉𝑟 = [1, 0, 0] ,
𝑃𝑑 = [6, 5, 4] ,

→𝑉𝑑 = [1, −0, 0] ,
𝑅𝑡 = 2,
𝑅𝑠 = 6,
𝛼 = 0.1,

𝑂1 = [9, 0, −4] ,
→𝑉𝑜1 = [0, 0, 0.5] ,
𝑅1 = 3.

(22)

The result of this scenario shows that the proposed path
planning strategy is feasible in generating collision-free path.

4. Simulation and Discussion

In this section simulation experiments are given to prove the
validity of the proposed DAPF approach in solving the path
planning problem for docking in unknown environment.
Meanwhile, the traditional APF approach is adopted in these
scenarios to compare the path planning performancewith the
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Figure 5: Example of the DAPF path planning strategy in environment with one obstacle. (a) The intermediate configuration is determined
as well as 𝐿pass-by. (b) The planned path is collision-free and feasible for docking.

Input: [𝑃𝑟, →𝑉𝑟], [𝑃𝑑, →𝑉𝑑], 𝑅𝑡, 𝑘𝑠, 𝑘V, 𝛼
Output: 𝐿
(1) 𝐿 ← 𝑇([𝑃𝑟, →𝑉𝑟], [𝑃𝑑, →𝑉𝑑], [𝑅𝑡, 𝑅𝑡])
(2) 𝑅1 ← 𝑅𝑡, 𝑅2 ← 𝑅𝑡
(3) C ← [𝑂, →𝑉𝑜, 𝑅]
(4) while [𝑃𝑟, →𝑉𝑟] ̸= [𝑃𝑑, →𝑉𝑑] do
(5) if C ̸⊂ C then
(6) 𝐿 ← Algorithm 2
(7) end if
(8) C ← C ∪ C

(9) follow 𝐿
(10) end while

Algorithm 3: DAPF path planning algorithm.

proposed path planning approach. The common parameters
of these scenarios are set as𝑃𝑟 (0) = [0, 0, 0] ,

→𝑉𝑟 (0) = [1, 0, 0] ,
𝑃𝑑 = [15, 0, 0] ,

→𝑉𝑑 = [1, 0, 0] ,
𝑅𝑡 = 2,
𝑅𝑠 = 6,

(23)

and the step length of these simulations is set as 0.5. The
traditional APF approach is designed as

𝑈attr (→𝑃𝑟𝑂𝑖) = 𝑘𝑎2 ( 1→𝑃𝑟𝑂𝑖 − 𝑅𝑖 −
1→𝑃𝑟𝑃𝑑)

2

,

𝑈repu (→𝑃𝑟𝑂𝑖) = 𝑘𝑟( 1→𝑃𝑟𝑂𝑖 − 𝑅𝑖) ,
(24)

where 𝑘𝑎 = 1 and 𝑘𝑟 = 5. The parameters of the DAPF
approach are 𝑘𝑠 = 1, 𝑘V = 1, and 𝛼 = 0.1.
4.1. Scenario 1. Both static and moving obstacles are con-
sidered in scenario 1. In this scenario, one of the static
obstacles is set close to the docking station which simulates
a goal nonreachable problem identified in [41, 42]. The
configurations of the obstacles are set as

𝑂1 = [4, 2, 1] ,
→𝑉1 = [0, 0, 0] ,
𝑅1 = 1,
𝑂2 = [13, −2, 0] ,
→𝑉2 = [0, 0, 0] ,
𝑅2 = 2,
𝑂3 = [7, 0, −4] ,
→𝑉3 = [0, 0, 0.5] ,
𝑅3 = 3.

(25)

The path planning results of the traditional APF and DAPF
approaches are illustrated in Figure 6 and Table 3. From
Figure 6 it can be concluded that the path planned by the
APF approach (cyan cross line) is affected by the obstacle near
the docking station and the final configuration of its planned
path is infeasible for docking.The path planned by the DAPF
(black solid line) is collision-free and its final configuration is𝑉𝑟 = [0.9934, 0.1097, 0.0331]. It is also proved in this scenario
that the DAPF approach is capable of planning the feasible
path even if the environment near the docking station is
complex.



Journal of Advanced Transportation 9

Table 3: Results of scenario 1.

Approach Final pose Reach time ||Δ→𝑉||
APF [0.0051, 0.0564, −0.9984] 21.0000 1.4106
DAPF [0.9934, 0.1097, 0.0331] 24.5102 0.1148
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Figure 6: Scenario 1: path planning for docking in the environment
with static and moving obstacles.

4.2. Scenario 2. In scenario 2, the local minima problem
is considered and modeled as Figure 7 shows, where the
configurations of the obstacles are set as

𝑂1 = [7, −2, −2] ,
𝑂2 = [7, −2, 2] ,
𝑂3 = [7, 2, 2] ,
𝑂4 = [7, 2, −2] ,
𝑂5 = [7, −2√2, 0] ,
𝑂6 = [7, 0, 2√2] ,
𝑂7 = [7, 0, −2√2] ,
𝑂8 = [7, 2√2, 0] ,
𝑂9 = [9, 0, 0] ,
𝑅1 = 2,
𝑅2 = 2,
𝑅3 = 2,
𝑅4 = 2,
𝑅5 = 3,

(26)

and the velocities of these obstacles are all set as [0, 0, 0].
Therefore, these obstacles form a compound concave obstacle
together which will cause the local minima problem in the
traditional APF approach.

As Figure 7 and Table 4 show, the path planned by the
APF approach (cyan cross line) encounters the local minima

Table 4: Results of scenario 2.

Approach Final pose Reach time ||Δ→𝑉||
APF / ∞ /
DAPF [0.9999, 0.0000, 0.0001] 17.9533 0.0001
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Figure 7: Scenario 2: path planning for docking in environment
with concave obstacle.

problem and gets stuck at the local minima area while the
path planned by the DAPF approach (black solid line) is
free from the affection of the local minima and reaches the
docking station with feasible pose in spite of the fact that a
modified APF is utilized in path replanning.

5. Conclusion and Future Work

In this paper a path planning approach named DAPF is
presented for autonomous robot docking based on the com-
bination of the Dubins curves and the artificial potential field
approach. Firstly, the determination approach of the Dubins
curves is proposed and the collision prediction approach of
the planned path is realized based on this approach. Then
the path replanning strategy is proposed with the help of the
obstacle avoidance potential field. In the replanning strategy
the intermediate configuration is calculated based on the
obstacle avoidance potential field and adopted to determine
the new path. The path planning task is completed through
implementing the planning and replanning process in a
reactive mode to the changes of environment. Simulation
results are also presented to prove the feasibility of the
DAPF approach through comparison with the traditional
APF approach.

In this proposed approach, little prior knowledge about
the environment is required and the planned path is feasible
for autonomous robot to follow. As a kind of reactive path
planning approaches, this approach is easy to execute by
the CPU of the robot in practice. Better performance can
be achieved in the future work via adapting parallel com-
putation techniques to enhance the real-time capability of
this approach. Specific models of the autonomous robots
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will be considered to improve the feasibility of this approach
in practical applications such as underwater docking and
parking.
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[20] B. Kovács, G. Szayer, F. Tajti, M. Burdelis, and P. Korondi,
“A novel potential field method for path planning of mobile
robots by adapting animal motion attributes,” Robotics and
Autonomous Systems, vol. 82, pp. 24–34, 2016.

[21] Q. Huang and G. Zheng, “Route Optimization for Autonomous
Container Truck Based on Rolling Window,” International
Journal of Advanced Robotic Systems, vol. 13, no. 3, Article ID
64116, 2016.
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bacterial potential field based path planner for autonomous
mobile robot navigation,” International Journal of Advanced
Robotic Systems, vol. 12, 2015.



Research Article
Consensus Based Platoon Algorithm for
Velocity-Measurement-Absent Vehicles with
Actuator Saturation

Maode Yan, Ye Tang, Panpan Yang, and Lei Zuo

School of Electronic and Control Engineering, Chang’an University, Xi’an 710064, China

Correspondence should be addressed to Maode Yan; mdyan@chd.edu.cn

Received 1 June 2017; Accepted 19 July 2017; Published 20 August 2017

Academic Editor: Cheng S. Chin

Copyright © 2017 Maode Yan et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We investigate the vehicle platoon problems, where the actuator saturation and absent velocity measurement are taken into
consideration. Firstly, a novel algorithm, where a smooth function is introduced to deal with the sharp corner of the input signals,
is proposed for a group of vehicles with actuator saturation by using the consensus theory. Secondly, by applying an auxiliary
system for the followers to estimate the velocities, a control strategy for the vehicle platoon with actuator saturation and absent
velocity measurement is designed via the adaptive control approach. Finally, numerical simulations are provided to illustrate the
effectiveness of the proposed approaches.

1. Introduction

Vehicle platoon is well studied in the field of formation
control, which is an effective approach to enhance the traffic
safety and efficiency [1].Themain objective of vehicle platoon
is to avoid traffic jams and improve the traffic security.
Usually, a vehicle platoon contains a group of vehicles, which
are moving in a lane with certain velocities. From this
definition, we can clearly find that the key point of vehicle
platoon control is to adjust the velocities and positions of the
vehicles, such that they can reach the desired platoon.

In the past few years, a lot of results, like sliding mode
control [2], consensus [3], neural network [4], and so on
[5–7], have been proposed to deal with the platoon control
problems in some ways. For instance, a robust acceleration
tracking control with vehicle longitudinal dynamics is pre-
sented in [8] for platoon-level automation. In [9], an adaptive
bidirectional platoon control method is proposed by using
a coupled sliding mode control algorithm. Furthermore,
a novel distributed control architecture is given in [10]
for heterogeneous platoons, where a group of linear time-
invariant autonomous vehicles are considered.

To further study the vehicle platoon control problems,
some limitations are taken into account. For example, in [11],

range-limit sensors and delayed actuators are handled by
guaranteed-cost platoon control method. Considering the
capacity limitation and random packet loss, a closed-form
methodology for vehicular platoon control is proposed in
[12]. Moreover, a hierarchical platoon control framework
is established in [13] to deal with the negative effect of the
tracking parameter. The practical string stability of platoon
is investigated in [14] for parasitic time delays and lags of the
actuators and sensors. In [15], the authors propose control
laws in the case of losing communications between the
lead vehicle and the other vehicles in a platoon. Besides,
disturbances, nonlinear, control input nonlinearities are
also taken into consideration in many literatures [16, 17].
However, the fundamental limitations, associated with both
actuator saturation and absent velocity measurement, have
not been fully studied.

Actuator saturation is one of the most common con-
straints in practical control systems and it is still a challenge to
design the control law with actuator saturation. Considerable
attention is paid to the systems with actuator saturation since
1950s [18]. In [19], an online approximation is developed
for automation train operation with the presence of actuator
saturation. In [20], a position and heading trajectory tracking
control law is developed for Swedish wheeled robots with
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Figure 1: Topology structure of vehicle platoon.

unaccounted actuator saturation. In [21], a modified fault
tolerant control strategy is presented in the flexible spacecraft
to ensure that the control signal will never incur saturation.

For the vehicle platoon with absent velocity measure-
ment, there are also some results. For instance, in [22],
passive filters are employed to design an output feedback
coordinated formation controller in multiple spacecrafts
with absent velocity measurement. A decentralized control
strategy is proposed with the neighboring topology for
velocity constraints in double-integrator dynamics in [23].
In [24], an adaptive MIMO-ESO is designed to estimate the
unmeasurable linear and angular velocities of underwater
robots. Moreover, leader-follower output feedback synchro-
nization scheme is given in [25] for controlling the attitude
of two satellites when angular velocity measurements are not
available. However, to the best of our knowledge, few results
have dealt with both issues, absent velocity measurement
and actuator saturation, simultaneously in vehicle platoon
control.

Motivated by this fact, we propose a novel control
strategy to dispose of both the cases: actuator saturation and
absent velocity measurement in vehicle platoon. The main
contributions of this paper are twofolds:

(i) We solve the “actuator saturation” problem in vehicle
platoon, which occurs when the desired force exceeds
the maximum output force of the engines. Transient
period or even long period of such behavior will
increase the loss of engine and reduce its life. A
smooth function tanh(⋅) is introduced to handle this
problem such that the control inputs can always be
below the maximum inputs.

(ii) We solve the “velocity absent measurement” problem
in vehicle platoon control, where intensive oscillation
may arise without velocity measurement. We apply
an auxiliary system into the control law to estimate
the velocity values so that the vehicles can relax
the information requirements and communication
burden.

The remainder of the paper is organized as follows.
Section 2 gives the problem formulation. In Section 3, the
controller for vehicle platoon control systems with actuator
saturation is designed. Section 4 further proposes an algo-
rithm with both actuator saturation and absent velocity mea-
surement. Numerical simulations are presented in Section 5.
Finally, Section 6 draws the conclusion.

2. Problem Formulation

Modeling is an important step in understanding the behavior
of the system [26]. In this paper, we consider a group of
vehicles, which are composed of one leader and 𝑁 − 1
followers, moving in one-dimensional plane.The topological
structure of this vehicle platoon is shown in Figure 1, where𝑅 is the desired distance between two consecutive vehicles.

The dynamics of the leader is shown as

̇𝑟𝐿 = V𝐿, (1)

where 𝑟𝐿 and V𝐿 are the position and velocity of the leader,
respectively.

The dynamic models of followers are described as

̇𝑟𝑖 = V𝑖,
V̇𝑖 = 1𝑀𝑖 𝑢𝑖,

𝑖 = 1, 2, . . . , 𝑁 − 1,
(2)

where 𝑟𝑖 ∈ R𝑚 and V𝑖 ∈ R𝑚 are the position and velocity of
vehicle 𝑖, respectively. 𝑀𝑖 represents the mass of vehicle 𝑖 and𝑢𝑖 ∈ R𝑚 denotes the control input.

In practical applications, the engine will work at maxi-
mum output status when there is actuator saturation, which
will increase the loss of engine and reduce its life. In addition,
due to the loss of velocity information, namely, “absent
velocity measurement,” the performance of vehicle platoon
control will degrade.

Therefore, the main objective of this paper is to control
the velocity-measurement-absent vehicles with actuator sat-
uration such that they can move along a platoon with the
desired velocities. Meanwhile, they can keep distance from
avoiding collision during the process and the safe distances
can converge to a stable constant when they reach the desired
states.

3. Vehicle Platoon with Actuator Saturation

Due to the physical limitations of actuators, the control inputs𝑢𝑖 can be written as

𝑢𝑖 (𝑡) = sat (−𝑢𝑀, 𝑢 (𝑡) , 𝑢𝑀)
= {sign (𝑢 (𝑡)) 𝑢𝑀, |𝑢 (𝑡)| ≥ 𝑢𝑀𝑢 (𝑡) , |𝑢 (𝑡)| < 𝑢𝑀,

(3)

where 𝑢𝑀 is the upper bound of 𝑢𝑖(𝑡).
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As there is a sharp corner between 𝑢𝑖(𝑡) and 𝑢(𝑡), it is
unrealizable to use this kind of input signals in practice.
Hence, we use a smooth function to approximate the control
inputs, which is defined as [27]

𝑔 (𝑢 (𝑡)) = 𝑢𝑀 × tanh(𝑢 (𝑡)𝑢𝑀 )
= 𝑢𝑀 𝑒𝑢(𝑡)/𝑢𝑀 − 𝑒−𝑢(𝑡)/𝑢𝑀𝑒𝑢(𝑡)/𝑢𝑀 + 𝑒−𝑢(𝑡)/𝑢𝑀 .

(4)

Then, sat(𝑢(𝑡)) in (3) is expressed as

sat (𝑢 (𝑡)) = 𝑔 (𝑢 (𝑡)) + 𝑑1 (𝑢 (𝑡))
= 𝑢𝑀 × tanh(𝑢 (𝑡)𝑢𝑀 ) + 𝑑1 (𝑢 (𝑡)) , (5)

where 𝑑1(𝑢(𝑡)) = sat(𝑢(𝑡)) − 𝑔(𝑢(𝑡)) is a bounded function
and its bound can be obtained as

𝑑1 (𝑢 (𝑡)) = sat (𝑢 (𝑡)) − 𝑔 (𝑢 (𝑡))
≤ 𝑢𝑀 (1 − tanh (1)) = 𝐷1. (6)

As 0 ≤ |𝑢(𝑡)| ≤ 𝑢𝑀, the bound 𝑑1(𝑡) increases from 0
to 𝐷1 as |𝑢(𝑡)| varies from 0 to 𝑢𝑀. Otherwise, the bound𝑑1(𝑢(𝑡)) decreases from 𝐷1 to 0.

On this basis, an algorithm for the vehicle platoon with
actuator saturation is proposed as follows:

𝑢𝑖 = V̇𝑟 − 𝑛∑
𝑗=1

𝑘𝑖𝑗 tanh (𝜆𝑘𝑅𝑖𝑗)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(a)

− 𝑛∑
𝑗=1

𝛾𝑖𝑗 tanh [𝜆𝛾 (V𝑖 − V𝑗)]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
(b)

.
(7)

Section (a) represents the position control, where 𝑅𝑖𝑗 =(𝑟𝑖−𝑟𝑗)−(𝛿𝑖−𝛿𝑗) and (𝛿𝑖−𝛿𝑗) represents the desired distance
between each two vehicles. In addition, 𝐾 = [𝑘𝑖𝑗]𝑛×𝑛 is the
weighted adjacency matrix with 𝑘𝑖𝑗 ≥ 0 and 𝜆𝑘 is the strictly
positive scalar gain.

Section (b) is the velocity control, where 𝛾 = [𝛾𝑖𝑗]𝑛×𝑛 is
also the weighted adjacency matrix with 𝛾𝑖𝑗 ≥ 0 and 𝜆𝛾 is the
strictly positive scalar gain.

Furthermore, the following lemma is introduced for the
proposed control system.

Lemma 1. Suppose 𝜂 ∈ R𝑚, 𝜉 ∈ R𝑚, 𝜌 ∈ R𝑚, and 𝐾 = [𝑘𝑖𝑗] ∈
R𝑛×𝑛. If 𝐾 is symmetric (𝑘𝑖𝑗 = 𝑘𝑗𝑖), then

12
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑘𝑖𝑗 (𝜂𝑖 − 𝜂𝑗)𝑇 tanh [𝜌 (𝜉𝑖 − 𝜉𝑗)]

= 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑘𝑖𝑗𝜂𝑇𝑖 tanh [𝜌 (𝜉𝑖 − 𝜉𝑗)] .
(8)

Then, the theorem of platoon control with actuator
saturation is presented as follows.

Theorem 2. Consider a group of vehicles with actuator satu-
ration in a one-dimensional platoon. By using the control law
in (7), the vehicles can reach the platoon with desired distances
and velocities. Namely,

(i) |𝑢𝑖| ≤ |V̇𝑟|𝑚𝑎𝑥 + | ∑𝑛𝑗=1 𝑘𝑖𝑗| + | ∑𝑛𝑗=1 𝛾𝑖𝑗|;
(ii) lim𝑡→∞(V𝑖 − V𝑗) = lim𝑡→∞(V𝑖 − V𝐿) = 0;
(iii) lim𝑡→∞(𝑟𝑖 − 𝑟𝑗) = ‖𝑖 − 𝑗‖𝑅.
(iv) lim𝑡→∞(𝑟𝑖 − 𝑟𝐿) = 𝑖 ⋅ 𝑅.

Proof. Based on absolute value inequality, we can easily find
that the control input in (7) is bounded as

𝑢𝑖 ≤ V̇𝑟max +

𝑛∑
𝑗=1

𝑘𝑖𝑗
 +


𝑛∑
𝑗=1

𝛾𝑖𝑗
 . (9)

Let Ṽ𝑖 = V𝑖−V𝑟. Consider the following Lyapunov function
candidate:

𝑉1 = 12
𝑛∑
𝑖=1

ṼT𝑖 Ṽ𝑖 + 12
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑘𝑖𝑗𝜆𝑘 1T𝑚 log (cosh (𝜆𝑘𝑅𝑖𝑗)) , (10)

where 1𝑚 ∈ R𝑚 is a vector with all elements equal to one.
Note that𝑉1 is positive definite and radially unboundwith

respect to 𝑅𝑖𝑗. Taking the derivative of 𝑉1, we have
�̇�1 = 𝑛∑
𝑖=1

ṼT𝑖 ̇̃V𝑖 + 12
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑘𝑖𝑗 (V𝑖 − V𝑗)T tanh (𝜆𝑘𝑅𝑖𝑗)

= 𝑛∑
𝑖=1

ṼT𝑖 [[
− 𝑛∑
𝑗=1

𝑘𝑖𝑗 tanh (𝜆𝑘𝑅𝑖𝑗)

− 𝑛∑
𝑗=1

𝛾𝑖𝑗tanh [𝜆𝛾 (V𝑖 − V𝑗)]]]
+ 12
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑘𝑖𝑗 (V𝑖 − V𝑗)T

⋅ tanh (𝜆𝑘𝑅𝑖𝑗) .

(11)

According to Lemma 1, we obtain that

�̇�1 = −12
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝛾𝑖𝑗 (Ṽ𝑖 − Ṽ𝑖)T tanh [𝜆𝛾 (Ṽ𝑖 − Ṽ𝑗)] ≤ 0. (12)

This reveals that 𝑉1 ≤ 𝑉1(0), and hence V𝑖, 𝑟𝑖 − 𝑟𝑗 are
globally bounded.

Since ( ̇̃V𝑖 − ̇̃V𝑗) = (V̇𝑖 − V̇𝑗) is bounded, we can conclude
that �̈�1 is bounded. Based on Barbălat Lemma, we have
lim𝑡→∞(Ṽ𝑖 − Ṽ𝑗) = 0 and lim𝑡→∞(V𝑖 − V𝑗) = 0.

As lim𝑡→∞(V̇𝑖 − V̇𝑟) = lim𝑡→∞(𝑢𝑖 − V̇𝑟) = 0, it leads to
lim
𝑡→∞

[
[

− 𝑛∑
𝑗=1

𝛾𝑖𝑗 tanh [𝜆𝛾 (V𝑖 − V𝑗)]

− 𝑛∑
𝑗=1

𝑘𝑖𝑗 tanh (𝜆𝑘𝑅𝑖𝑗)]]
= 0.

(13)
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Then, we have

lim
𝑡→∞

𝑛∑
𝑗=1

𝑘𝑖𝑗 tanh (𝜆𝑘𝑅𝑖𝑗) = 0. (14)

Eq. (14) satisfies

lim
𝑡→∞

𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑘𝑖𝑗 (𝑟𝑖 − 𝛿𝑖)T tanh (𝜆𝑘𝑅𝑖𝑗)

= 12 lim
𝑡→∞

𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑘𝑖𝑗𝑅T
𝑖𝑗 tanh (𝜆𝑘𝑅𝑖𝑗) = 0.

(15)

As a result, lim𝑡→∞𝑅𝑖𝑗 = 0.
Remark 3. Thepurpose of using (𝛿𝑖−𝛿𝑗) as a safe distance is to
complete the proof by Lyapunov function.With the algorithm
(7) proposed in this section, we can obtain that (𝑟𝑖 − 𝑟𝑗) →(𝛿𝑖 − 𝛿𝑗) → ‖𝑖 − 𝑗‖𝑅.
4. Vehicle Platoon with Actuator Saturation
and Absent Velocity Measurement

In this section, we take both the actuator saturation and
absent velocity measurement into consideration and propose
a novel platoon control law. The main strategy of this
proposed method is to design an auxiliary system for the
followers, so that they can estimate the velocities effectively.

Invoking the adaptive control theory, the algorithm for
the vehicle platoon with both actuator saturation and absent
velocity measurement can be presented as

𝑢𝑖 = V̇𝑟 − 𝑛∑
𝑗=1

𝑘𝑖𝑗 tanh (𝜆𝑘𝑅𝑖𝑗) − 𝜁V𝑖 tanh (𝜆𝜁 (𝑟𝑖 − Ψ𝑖))
+ Θ̇𝑖,

(16)

where 𝐾 = [𝑘𝑖𝑗]𝑛×𝑛 is the weighted adjacency matrix with
𝑘𝑖𝑗 ≥ 0. 𝜆𝑘 and 𝜆𝜁 are positive scalar gains, and 𝜁V𝑖 > 0 is
defined as the scalar gain.

The auxiliary system, denoted by Θ𝑖 and Ψ𝑖, is defined as
follows:

Θ̇𝑖 = − 𝑛∑
𝑗=1

𝑘𝑖𝑗 tanh (𝜆𝑘𝑅𝑖𝑗) − 𝑘𝜃𝑖 tanh (𝜆𝜃Θ𝑖)
− 𝜁V𝑖 tanh (𝜆𝜁 (𝑟𝑖 − Ψ𝑖)) ,

(17)

Ψ̇𝑖 = V𝑟 + 𝑘𝜓𝑖 (𝑟𝑖 − Ψ𝑖) , (18)

where 𝜆𝜃, 𝑘𝜃𝑖 , and 𝑘𝜓𝑖 are strictly positive constants, and Θ𝑖
and Ψ𝑖 have arbitrarily initial values.
Theorem 4. Consider a group of vehicles with actuator satu-
ration and absent velocity measurement in a platoon. By using
the control law in (16), the vehicles can reach the platoon with
desired distances and velocities. Namely,

(i) |𝑢𝑖| ≤ |V̇𝑟|𝑚𝑎𝑥 + 2 × [∑𝑛𝑗=1(|𝑘𝑖𝑗| + |𝜁V𝑖 |)] + |𝑘𝜃𝑖 |;
(ii) lim𝑡→∞(V𝑖 − V𝑗) = lim𝑡→∞(V𝑖 − V𝐿) = 0;
(iii) lim𝑡→∞(𝑟𝑖 − 𝑟𝑗) = ‖𝑖 − 𝑗‖𝑅.
(iv) lim𝑡→∞(𝑟𝑖 − 𝑟𝐿) = 𝑖 ⋅ 𝑅.

Proof. From Theorem 2, we can obtain that the control laws
in (16) are bounded as

𝑢𝑖 ≤ V̇𝑟max + 2 × [
[
𝑛∑
𝑗=1

(𝑘𝑖𝑗 + 𝜁V𝑖 )]]
+ 𝑘𝜃𝑖  . (19)

Then denote Ṽ𝑖 = V𝑖−V𝑟. Consider the following Lyapunov
function candidate

𝑉2 = 12
𝑛∑
𝑖=1

(Ṽ𝑖 − Θ𝑖)T (Ṽ𝑖 − Θ𝑖) + 12
𝑛∑
𝑖=1

ΘT
𝑖 Θ𝑖

+ 𝑛∑
𝑖=1

𝜁V𝑖𝜆𝜁 1T𝑚 log (cosh (𝜆𝜁 (𝑟𝑖 − Ψ𝑖)))

+ 12
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑘𝑖𝑗𝜆𝑘 1T𝑚log [cosh (𝜆𝑘𝑅𝑖𝑗)] ,
(20)

where 1𝑚 ∈ R𝑚 is a vector with all elements equal to one and
the functions log(⋅) and cosh(⋅) are defined elements-wise for
a vector.

Invoking (2) and (16), the time derivative of𝑉2 is given by
�̇�2 = 𝑛∑
𝑖=1

(Ṽ𝑖 − Θ𝑖)T ( ̇̃V𝑖 − Θ̇𝑖) + 𝑛∑
𝑖=1

ΘT
𝑖 Θ̇𝑖 + 𝑛∑

𝑖=1

𝜁V𝑖 ( ̇𝑟𝑖
− Ψ̇𝑖)T tanh (𝜆𝜁 (𝑟𝑖 − Ψ𝑖)) + 12

𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑘𝑖𝑗 (�̇�𝑖𝑗)T

⋅ tanh (𝜆𝑘𝑅𝑖𝑗) = 𝑛∑
𝑖=1

(Ṽ𝑖 − Θ𝑖)T

⋅ [
[

− 𝑛∑
𝑗=1

𝑘𝑖𝑗 tanh (𝜆𝑘𝑅𝑖𝑗) − 𝜁V𝑖 tanh (𝜆𝜁 (𝑟𝑖 − Ψ𝑖))]]
+ 𝑛∑
𝑖=1

ΘT
𝑖

[
[

−𝑘𝜃𝑖 tanh (𝜆𝜃Θ𝑖) − 𝑛∑
𝑗=1

𝑘𝑖𝑗 tanh (𝜆𝑘𝑅𝑖𝑗)

− 𝜁V𝑖 tanh (𝜆𝜁 (𝑟𝑖 − Ψ𝑖))]]
− 𝑛∑
𝑖=1

𝜁V𝑖 𝑘𝜓𝑖 (𝑟𝑖 − Ψ𝑖)T

⋅ tanh (𝜆𝜁 (𝑟𝑖 − Ψ𝑖)) + 𝑛∑
𝑖=1

𝜁V𝑖 Ṽ𝑖 tanh (𝜆𝜁 (𝑟𝑖 − Ψ𝑖))

+ 12
𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝑘𝑖𝑗 (V𝑖 − V𝑗)T tanh (𝜆𝑘𝑅𝑖𝑗) .

(21)
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From Lemma 1, we know that Ṽ𝑖 = V𝑖 − V𝑟 and V𝑖 − V𝑗 =
Ṽ𝑖 − Ṽ𝑗. Then, we obtain that

�̇�2 = − 𝑛∑
𝑖=1

𝜁V𝑖 𝑘𝜓𝑖 (𝑟𝑖 − Ψ𝑖)T tanh (𝜆𝜁 (𝑟𝑖 − Ψ𝑖))

− 𝑛∑
𝑖=1

𝑘𝜃𝑖ΘT
𝑖 [tanh (𝜆𝜃Θ𝑖)] ≤ 0.

(22)

This shows that 𝑉2 ≤ 𝑉2(0), and V𝑖, Θ𝑖, 𝑅𝑖𝑗, and (𝑟𝑖 − Ψ𝑖)
are globally bounded.

From the above derivations, we conclude that Ψ̇ is
bounded. In addition, due to the boundedness of tanh(⋅), Θ̇𝑖
and �̈�2 are also bounded. On the basis of the above analysis,
we obtain that lim𝑡→∞Θ𝑖(𝑡) = 0 and lim𝑡→∞(𝑟𝑖(𝑡) − Ψ𝑖(𝑡)) =0. Since Ψ̇𝑖, V𝑖, and Θ̇𝑖 are bounded, we know that Θ̈𝑖 is
also bounded. From Barbălat Lemma, we can testify that
lim𝑡→∞Θ̇𝑖(𝑡) = 0 with the fact that lim𝑡→∞Θ𝑖(𝑡) = 0 and Θ̈𝑖
is bounded.

Then, we have that

lim
𝑡→∞

𝑛∑
𝑛=1

𝑘𝑖𝑗 tanh (𝜆𝑘𝑅𝑖𝑗) = 0. (23)

With 𝑘𝑖𝑗 = 𝑘𝑗𝑖, (23) satisfies
lim
𝑡→∞

𝑛∑
𝑖=1

𝑘𝑖𝑗 (𝑟𝑖 − 𝛿𝑖)T tanh (𝜆𝑘𝑅𝑖𝑗)

= 12 lim
𝑡→∞

𝑛∑
𝑖=1

𝑘𝑖𝑗𝑅T
𝑖𝑗 tanh (𝜆𝑘𝑅𝑖𝑗) .

(24)

Therefore, lim𝑡→∞𝑅𝑖𝑗 = 0. According toBarbălat Lemma,
we can obtain that lim𝑡→∞(V𝑖 − V𝑗) = 0 because ̇̃V𝑖 = V̇𝑖 − V̇𝑟 is
bounded.

As the derivative of (18), Ψ̈ = V̇𝑟 + 𝑘𝜓𝑖 (V̇𝑖 − Ψ̇𝑖), is bounded
and𝑢𝑖 is also bounded, ( ̈𝑟𝑖−Ψ̈𝑖) is proven to be bounded.Then,
we can conclude that lim𝑡→∞(𝑟𝑖 − Ψ𝑖) = 0, and lim𝑡→∞(V𝑖 −Ψ̇𝑖) = 0. Furthermore, we know from (18) that lim𝑡→∞(V𝑖 −
V𝑟) = 0.

Based on the above analysis, we can conclude that
lim𝑡→∞(V𝑖 − V𝑟) = 0 for all vehicles.

Remark 5. As the auxiliary system has the same structure
with the actual velocity mode, the proposed approach in
this paper provides an indirect asymptotic estimation of the
velocity. By applying this auxiliary system, the platoon control
system can generate the necessary damping for the overall
closed stability [28, 29].

5. Simulations

To verify the effectiveness of the proposed algorithms in
this paper for handing both the “actuator saturation” and
“absent velocity measurement” problem, we design a series
of simulations, which consist of 6 followers and 1 leader. The
initial conditions and safe distance are shown in Table 1.

Table 1: Initial conditions and safe distance.

Symbol Value Unit𝛿𝑖 − 𝛿𝑗 5 m
𝑟𝐿(0) 38 m𝑟𝑖(0) [0; 10; 14; 20; 26; 31] m
V𝐿(0) 0 m/s
V𝑖(0) 0 m/s
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Figure 2: Velocities of vehicles with actuator saturation in vehicle
platoon.

Then, the reference velocities of the leader are presented
as follows, which includes the processes of acceleration,
cruise, and deceleration:

V𝑟1 = 20 sin( 𝜋80𝑡) , 𝑡 < 40;
V𝑟2 = 20, 40 ≤ 𝑡 < 200;
V𝑟3 = 20 sin( 𝜋80𝑡) , 200 ≤ 𝑡 < 240.

(25)

5.1. Vehicle Platoon with Actuator Saturation. In this part,
we only consider the control strategy in (7) and select the
controller gains such as 𝑘𝑖𝑗 = 𝛾𝑖𝑗 = 𝜆𝑘 = 𝜆𝛾 = 1.

In the simulations, Figure 2 shows the velocities of
vehicles, from which we can see that all the vehicles follow
the desired velocities based on the present control law. In
Figure 3, it is observed that the followers track the positions
of leader vehicle and the distance between two consecutive
vehicles converges to a desired constant value. In addition,
we can see that there is no collision during this process.

Note that, in Figure 4, control laws generate traction
force for vehicles during the acceleration phase, while they
generate braking force when the desired velocities decline.
In particularly, the maximum traction force and maximum
braking force are limited. Aforementioned simulations con-
firm the effectiveness of our proposed approachwith actuator
saturation.
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Figure 4: Control inputs of vehicles with actuator saturation in
vehicle platoon.

5.2. Vehicle Platoon with Actuator Saturation and Absent
Velocity Measurement. In this part, we consider control law
(16)–(18). We set the initial values of signal Θ𝑖 as Θ𝑖 = 0 andΘ̇𝑖 as Θ̇𝑖 = 0. Similarly, Ψ𝑖 = Ψ̇𝑖 = 0. The controller gains
are chosen as 𝜆𝑘 = 𝜆𝜁 = 𝜁V𝑖 = 1. Figures 5–7 are depicted to
validate the effectiveness of control algorithm in (16).

Velocities are illustrated in Figure 5, from which we
can see that followers can reach the desired velocity, while
oscillations present at the beginning in vehicle platoon. This
is caused by the damping from auxiliary in order to handle
the absent velocities. Figure 6 depicts the position trajectories
of vehicles, which has the similar trend with Figure 3. As
shown in Figure 6, position gaps converge to the desired
value asymptotically, which indicates that platoon maneuver
is achieved.

Control inputs in vehicle platoonwith actuator saturation
and absent velocity measurement are shown in Figure 7,
where active control inputs exist in the first period of accel-
eration and then they can make a quick and smooth change
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Figure 5: Velocities of vehicles with actuator saturation and absent
velocity measurement.
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Figure 6: Positions of each vehicle and position gaps between
vehicles.

to accommodate the various desired velocities. Furthermore,
we can also see that maximum control input in Figure 7 is
12m⋅s−2, which is within the controllable range in (19) due to
the limitations of traction behavior and braking behavior. All
the simulations in this part demonstrate control strategy in
(16) can achieve similar control performance as control law
in (7) despite absent velocity measurement.

5.3. Comparative Analysis. In order to illustrate the advan-
tages of the proposed algorithm, we further design two
comparative simulations between the proposed method in
this paper and the other related methods.

Firstly, we verify the superiority of the algorithm with the
smooth function tanh(⋅) in Section 4. A comparison simu-
lation is designed for the proposed algorithm in Section 4
with an existing algorithm, where the upper bounded input
is 15m⋅s−2, the lower bounded input is −15m⋅s−2, and other
parameters are the same. Under the control of the algorithm
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Figure 7: Control inputs of vehicles with actuator saturation and
absent velocity measurement.

Control inputs without considering actuator saturation
Control inputs of the proposed algorithm in this paper

40 80 120 160 200 2400
t (s)

−15

−10

−5

0

5

10

15

u
(Ｇ

∗
Ｍ−

2
)

−20
−10

0
10
20

1 2 3 40

Figure 8: Performance comparison with actuator saturation.

in Section 4, the vehicle platoon can maintain the desired
states without actuator saturation. The results are as follows.

From Figure 8, we can see that the proposed algorithm
can deal with the control inputs saturation, while saturation
occurs in other related algorithm.

Secondly, we verify the superiority of the algorithm with
the auxiliary system in Section 4 for handling the absent
velocity measurement problem. The velocity measurement
can be estimated by the auxiliary system on the basis of posi-
tion information. An existing algorithm without considering
the absent velocitymeasurement is performed as the contrast.
The results are as follows.

From Figure 9, we can see that, without velocity mea-
surement, other algorithmwill lead to intensive oscillation in
the control inputs. However, the proposed algorithm in this
paper can effectively deal with this problem and the control
inputs can converge to zero within a short time. In addition,
the velocities in some related literatures are varying during all
the simulations.

Control inputs without considering velocity measurement
Control inputs of the proposed algorithm in this paper
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Velocities without considering velocity measurement

40 80 120 160 200 2400
t (s)

−25

−15

−5

5

15

u
(Ｇ

∗
Ｍ−

2
)

−10

10

30

v
(Ｇ

∗
Ｍ−

1
)

20 40 60 80 1000
t (s)

Figure 9: Performance comparison with absent velocity measure-
ment.

6. Conclusions

This study proposed a method to investigate vehicle platoon
with actuator saturation and absent velocity measurement.
Firstly, we applied the consensus theory to the vehicle platoon
control strategy with actuator saturation. Based on this
achievement, we further proposed vehicle platoon control
algorithm for the velocity-measurement-absent vehicles with
actuator saturation. The stability of these proposed vehicle
platoon systems was proved through the Lyapunov theorem.
Finally, numerical simulations were provided to verify the
proposed approaches.
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This article describes some technical issues regarding the adaptation of a production car to a platform for the development and
testing of autonomous driving technologies. A universal approach to performing the reverse engineering of electric power steering
(EPS) for the purpose of external control is also presented. The primary objective of the related study was to solve the problem
associated with the precise prediction of the dynamic trajectory of an autonomous vehicle. This was accomplished by deriving a
new equation for determining the lateral tire forces and adjusting some of the vehicle parameters under road test conductions.
A Mivar expert system was also integrated into the control system of the experimental autonomous vehicle. The expert system
was made more flexible and effective for the present application by the introduction of hybrid artificial intelligence with logical
reasoning. The innovation offers a solution to the major problem of liability in the event of an autonomous transport vehicle being
involved in a collision.

1. Introduction

The desire for the development of more efficient trans-
port services through the use of innovative organizational
and technical solutions has fueled the development and
implementation of intelligent transport systems (ITS) and
intelligent (autonomous) vehicles [1]. A decrease in the effect
of the human factor on the process of driving is expected
to improve road safety and facilitate the achievement of
more efficient transport services. Reduction of the severity
of road traffic accidents, preservation of human capacity, and
increased labor productivity are some of the advantages of
autonomous technologies in everyday life.

The automation of road vehicles has been driven by
approximately a century of research in different countries
[2]. Several scientific studies [2–8] have been dedicated to
address the issues of automatic vehicle control, such as the
object component base, the mathematical apparatus and its
implementation, and technical vision systems. However, only

a few Advanced Driver Assistance Systems (ADASs) have
reached the market, such as serial production vehicles.

The significant stimulus that the field of autonomous road
vehicles has received in the last few years has been related to
the results of the DARPA Grand Challenge competitions [3].
Developmental projects on autonomous vehicle technologies
are currently undertaken by all global motor manufacturers,
especially in the US, Germany, Japan, and China. Automobile
groups such as Ford, Daimler, Volkswagen, Toyota, Honda,
GM, Geely, Tata, and Tesla, as well as other major techno-
logical organizations such as Google, Continental, Delphi,
Siemens, and Bosch, are involved in these projects as well.
Other players in the field include defense departments and
agencies of different countries (e.g., theUnited States’Defense
Advanced Research Projects Agency (DARPA)), universi-
ties (e.g., Stanford University, Carnegie Mellon University,
Technical University of Munich, University of Karlsruhe,
Fraunhofer Institute, University of Minnesota, Universidad
Politécnica de Madrid), and many other institutions.
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In this section, we will consider the main levels of
road vehicle control, with the purpose of highlighting some
aspects of the present study. In accordance with SAE J3016
approaches [9, 10] the overall act of driving can be divided
into three levels of driver efforts: Strategic, Tactical, and
Operational levels. The Strategic level involves trip planning;
the Tactical level involves maneuvering the vehicle through
traffic (lane change, overtaking, speed limit, etc.); and the
Operational level involves innate actions such as steering,
braking, and other vehicle system control for trajectory
tracking. The present study focused on the Tactical and the
Operational levels of autonomous vehicle control.

Through observation of the successes of foreign develop-
mental efforts on autonomous technologies and domestic test
driving of an experimental car in the autonomous mode, the
following main challenges have been determined:

(1) Operational-level vehicle movement control mod-
els are either simplified or parameterized, with the
parameters of the mathematical models manually
calibrated for each specific vehicle, weight condition,
tire type, and so on. In addition, the modeled vehicles
move along curved trajectories at only low velocities
[3, 11, 12].

(2) TheTactical level of control is strongly interconnected
with the scene recognition of the machine vision
systems, which generally utilize deep learning neural
networks [13], which in turn, despite their advan-
tages, increase the hardware requirements. It is thus
challenging to carry out analyses to justify specific
management decisions.

The rest of this paper is organized as follows. In Section 2,
we provide a detailed technical description of production
car procedures that potentially enable the development of
autonomous vehicles. In Section 3, we introduce the half-
empirical mathematical model of vehicle dynamics, adapt-
able to varying external conditions (individual tire traction
on different road types, road inclination, etc.), and the prop-
erties of vehicles (overall and mass parameters, steering and
stability properties, etc.) that enable precise real-time vehicle
trajectory prediction.The adjustment of the parameters of the
mathematicalmodel using the proposedmethod constitutes a
novel contribution to the literature. In Section 4, we describe
our application of Logical Artificial Intelligence, which is
based on a Mivar expert system, to Tactical-level control
strategies. The results of the application are presented and
discussed in Section 5, as well as the conclusions of the study
and scope of further work.

2. Open Platform for Development
and Testing of Autonomous Road
Vehicle Technologies

The experimental autonomous road vehicle used for this
study, which is based on Chevrolet Orlando production
car (2012MY), was built at the Automobiles department of
Moscow Automobile and Road Construction State Technical

University (MADI) as a platform for the development and
testing of relevant autonomous vehicle technologies.

The experimental car was equipped with the following
hardware:

(i) A vehicle electronic systems control module. The
small, specially designed dual-processor board is hid-
den above the pedal assembly and used to control the
power steering system, inner CAN-bus, and external
Ethernet communications, as well as the external
servo drives.

(ii) Brake pedal servo drive.
(iii) Automatic-transmission shifting mechanism (servo

drive).
(iv) Ethernet network with two switches.
(v) Two external side video cameras used by the lane

keeping assistance system.
(vi) One back video camera.
(vii) Three front video cameras (one for lane keeping and

two high-speed 2K cams for stereovision).
(viii) Forward 3D scanning device.The bionic vision device

is a specially designed Light Detection and Ranging
(LIDAR) device with one fast changeable beam ori-
entation based on the UDP protocol.

(ix) Five video processing modules.
(x) An autonomous driving module. There are two ver-

sions of this module. The first is a simple high-
performance computer located in the baggage com-
partment, while the second is a modern Android
smartphone with Wi-Fi connection to the vehicle
Ethernet network.

(xi) GLONASS/GPS navigation receiver.
(xii) Access point to LTE/4G networks.This is used for the

remote control function of the vehicle.

The cost of all the additional hardware installed on the
experimental vehicle was about $6000. The open protocol
of the communication with the vehicle and all the technical
vision devices were specially developed. External control of
the electric power steering (EPS) was achieved by a spe-
cial “electronic gate” installed between the steering column
torque sensor and the EPS electronic control unit (ECU).
This system has several advantages: (1) When the electronic
gate modulates a signal, the EPS ECU “thinks” that the driver
has applied a real torque to the steering wheel and begins to
turn the wheels. (2) The instances at which the driver wants
to take back control of the vehicle can be determined by
monitoring the difference between the real torque sensor data
and the data modulated by the electronic gate. (3) The EPS
functionality is preserved. (4) It affords the cheapest means
of taking control of the steering system of the car.

The steering column torque sensor digital signal of the
experimental car appears like a voltage ripple on the sensor
power supply wire (8V) within 7.5–8V. The duration of one
data package is about 207𝜇s, while the time interval between
packages is about 280 𝜇s.With the assumption ofManchester
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Figure 1: Protocol interpretation of the steering column torque
sensor.

encoding [14], we chose a time gap of 3.916 𝜇s and interpreted
a signal fall as a logical zero. We then transformed the data
package into a sequence of four 12-bit parts, implying a total
of 48 bits on one data line. Following is a sample sequence of
three packages:028 1FF 220 3AA029 1AA 2DF 38E02A 1EA 231 3E2

Further analysis revealed that the first four bits of each
segment did not change because there were four segments in
the package. The first 12-bit segment was a circular counter.
The result of the final transformation of the given sequence of
packages was as follows:

F20 FAA
ADF A8E
E31 AE2
It was thus determined that, in each package received

from the steering column torque sensor, there were two
important digits, which were the values of the two channels.
Our interpretation of the steering column torque sensor
protocol is graphically illustrated in Figure 1.

In Figure 1, the red cross indicates the point with
coordinates corresponding to the channel values, which are
transmitted by the digital protocol from the steering column
torque sensor to the EPS ECU. This implies that external
torque is not applied to the steering wheel shaft.

When an external torque is applied to the steering wheel,
the torque is directly proportional to the angle between the
radius (of the approximate circle generated by the torque) that
passes through the point of zero moment (red cross) and the

radius that passes through the variable point with coordinates
(channel 2; channel 1).This angle is hereafter referred to as the
equivalent torque of the steering wheel shaft.

The torque applied by the driver through the steering
wheel to the steering wheel shaft is given by

𝑀SW = 𝑘SW ⋅ 𝑀SWE, (1)

where𝑀SW is the torsion torque on the steering wheel shaft
[Nm], 𝑘SW is a proportionality factor [Nm/rad], and𝑀SWE is
the equivalent torque of the steering wheel shaft [rad].

The following empirical equation of the equivalent torque
of the steering wheel shaft was obtained:

𝑀SWE

= (arccos(2 ⋅ 8882 − (𝜆2 + 437)2 − (𝜆1 + 820)22 ⋅ 8882 ))
⋅ sgn (𝜆2 − 𝜆1 − 368) ,

(2)

where 𝜆1 and 𝜆2 are, respectively, channel 1 and channel 2
values.

To enable control of the EPS motor, the electronic gate
sends packages with the appropriate channel values to the PS
ECU.The channel values are calculated as

𝜆1 = −69 + 888 ⋅ sin(𝑀SWE − arccos(−474888)) ,
𝜆2 = 37 + 888 ⋅ cos(𝑀SWE − arccos(−474888)) .

(3)

As can be observed from Figure 1, the channel values
are dependent on the engine temperature. Our experiments
revealed that two data sets were sufficient for an approximate
circle of radius 888 for a cold engine (see (2) and (3)) and an
approximate circle of radius 830 for a heated engine.

The separate processor (STM32F105RCT6 LQFP64) of
the external vehicle electronic systems control module sat-
isfied the requirements of the electronic gate of the EPS
system. The main processor (STM32F407VGT6 LQFP100)
also satisfied the requirements of all the other tasks. Com-
munication between the processors was achieved through
the Serial Peripheral Interface (SPI) at a bit rate of 1Mbit/s.
The vehicle electronic systems control module was equipped
with a TJA1042T.118 CAN-bus driver and HLK-RM04 Wi-Fi
module with a universal asynchronous receiver/transmitter
(UART).

To avoid the need for the installation of additional sensors
on the experimental car [1], themessages from the high-speed
CAN-bus were decoded to determine the pedal positions,
steering wheel angle, wheel velocities, lateral acceleration,
yaw rate, and other parameters. The results in DBC format
are as follows:

BO 201 Pedals and RPM: 5 Vector—XXX
SG Accel pedal: 39\8@0 + (0.392157,0) [0\255] “%”
Vector—XXX
SG Engine RPM: 15\16@0 + (0.25,0) [0\255] “RPM”
Vector—XXX
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BO 485 Steering: 7 Vector—XXX

SG Steer wheel angle 1: 14\15@0-(0.0625,0) [-16383\
16383] “grad” Vector—XXX

SG Steer wheel angle 2: 46\15@0-(0.0625,0) [0\32767]
“grad” Vector—XXX

BO 840 Wheels front: 4 Vector—XXX

SG Front left wheel: 7\16@0 + (0.0305,0) [0\255]
“km/h” Vector—XXX

SG Front right wheel: 23\16@0 + (0.0305,0) [0\255]
“km/h” Vector—XXX

BO 842 Wheels rear: 4 Vector—XXX

SG Rear left wheel: 7\16@0 + (0.0305,0) [0\255]
“km/h” Vector—XXX

SG Rear right wheel: 23\16@0 + (0.0305,0) [0\255]
“km/h” Vector—XXX

BO 241 Brakes: 2 Vector—XXX

SG Brake pedal: 15\8@0 + (0.392157,0) [0\255] “%”
Vector—XXX

BO 249 Speed: 5 Vector—XXX

SG Vehicle speed: 31\16@0 + (0.03,0) [0\255] “km/h”
Vector—XXX

BO 489 Vehicle dynamics: 6 Vector—XXX

SG omega z: 35\12@0-(0.0625,0) [-2047\2047] “grad/s”
Vector—XXX

SG a y: 3\12@0-(0.0161,0) [-2047\2047] “m/s2” Vec-
tor—XXX

BO 501 Gearbox: 4 Vector—XXX

SG Gearbox position: 31\8@0 + (1,0) [0\4] “” Vec-
tor—XXX

Braking and automatic-transmission gear shifting were
accomplished through electric motors (LA12 GoMotor-
World). The electronic gate between the electric accelerator
pedal and the engine ECU was used (physically in the main
STM407 processor) to control the vehicle acceleration.

We thus achieved a platform for the development and
testing of autonomous road vehicles technologies.The exper-
imental vehicle currently has software for the test implemen-
tation of the following functions:

(i) Automatic braking and distance keeping.

(ii) High-accuracy positioning and route recording.

(iii) Controlling and holding the vehicle on a road lane.

(iv) Driving through a predetermined trajectory.

(v) Real-time dynamic trajectory prediction.

(vi) Remote control.
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Figure 2: Degrees of freedom of a vehicle.

3. High-Precision Vehicle Dynamic
Trajectory Prediction

Figure 2 shows the degrees of freedom of a vehicle, the pos-
itive directions of the coordinate axes, and the conventional
notations. With the exception of the fixed inertial system, all
the coordinates move with the vehicle.

A Burckhardt model [15] was used to describe the tire
interaction with the road surface. In this approach, the fric-
tion coefficient between the tire and the road was calculated
using

𝜇Res (𝑆Res) = (𝑐1 ⋅ (1 − exp (−𝑐2 ⋅ 𝑆Res)) − 𝑐3 ⋅ 𝑆Res)
⋅ exp (−𝑐4 ⋅ 𝑆Res ⋅ 𝑉CoG) ⋅ (1 − 𝑐5 ⋅ 𝐹2𝑍) , (4)

where the coefficients 𝑐1, 𝑐2, and 𝑐3 are determined by the type
of road surface (asphalt, concrete, cobblestones, snow, etc.),
with the relevant values available in literature [15–17]; 𝑐4 is
used to correct the equation for high driving velocities; 𝑐5 is
used to consider the dynamic vertical load change; 𝑉CoG is
the center of gravity (CoG) velocity; 𝑆Res is the resultant wheel
sleep; and𝐹𝑍 is the vertical load (vertical wheel contact force).

The following system of differential equations was used to
analyze the body motion of the vehicle:

𝑚CoG ⋅ [[
[
�̈�In̈𝑦In�̈�In

]]
]
= 𝑇𝑈In

⋅ [[
[
𝐹𝑋FL + 𝐹𝑋FR + 𝐹𝑋RL + 𝐹𝑋RR + 𝐹wind𝑋 + 𝐹G𝑋 + 𝐹RR𝐹𝑌FL + 𝐹𝑌FR + 𝐹𝑌RL + 𝐹𝑌RR + 𝐹wind𝑌 + 𝐹G𝑌𝐹𝑍FL + 𝐹𝑍FR + 𝐹𝑍RL + 𝐹𝑍RR + 𝐹wind𝑍 + 𝐹G𝑍

]]
]
,

𝐼𝑋 ⋅ �̈� + (𝐼𝑍 − 𝐼𝑌) ⋅ ̇𝜒 ⋅ �̇� = (𝐹𝑍FL − 𝐹𝑍FR) ⋅ 0.5 ⋅ 𝑏𝐹
+ (𝐹𝑍RL − 𝐹𝑍RR) ⋅ 0.5 ⋅ 𝑏𝑅 − 𝑚CoG ⋅ ̈𝑦CoG ⋅ ℎCoG,

𝐼𝑌 ⋅ ̈𝜒 + (𝐼𝑋 − 𝐼𝑍) ⋅ �̇� ⋅ �̇� = − (𝐹𝑍FL + 𝐹𝑍FR) ⋅ 𝑙𝐹
+ (𝐹𝑍RL + 𝐹𝑍RR) ⋅ 𝑙𝑅 + 𝑚CoG ⋅ �̈�CoG ⋅ ℎCoG,
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𝐼𝑍 ⋅ �̈� + (𝐼𝑌 − 𝐼𝑋) ⋅ �̇� ⋅ ̇𝜒 = (𝐹𝑌FR + 𝐹𝑌FL)
⋅ (𝑙𝐹 − 0.5 ⋅ (𝑛LFL + 𝑛LFR) ⋅ cos 𝛿𝑊) − (𝐹𝑌RL + 𝐹𝑌RR)
⋅ (𝑙𝑅 + 0.5 ⋅ (𝑛LRL + 𝑛LRR) ⋅ cos 𝛿𝑊) + (𝐹𝑋RR − 𝐹𝑋RL)
⋅ 0.5 ⋅ 𝑏𝑅 + 𝐹𝑋FR ⋅ (0.5 ⋅ 𝑏𝐹 + 𝑛LFR ⋅ sin 𝛿𝑊) − 𝐹𝑋FL
⋅ (0.5 ⋅ 𝑏𝐹 + 𝑛LFL ⋅ sin 𝛿𝑊) ,

(5)

where 𝑚CoG is the vehicle mass; �̈�In, ̈𝑦In, and �̈�In are the
projections of the CoG acceleration vector in the inertial
(fixed) coordinate system; �̈�CoG, ̈𝑦CoG, and �̈�CoG are the
projections of the CoG acceleration vector in the CoG
(chassis) coordinate system;𝑇𝑈In is the transformationmatrix
for rotation of the vector from the undercarriage to the
inertial coordinate system; the indices𝑋,𝑌, and𝑍 determine
the orientation of the vectors in the undercarriage coordinate
system; 𝐹wind𝑋, 𝐹wind𝑌, and 𝐹wind𝑍 are the projections of the
aerodynamic resistance force (wind force); 𝐹GX, 𝐹GY, and 𝐹GZ
are the projections of the vehicle gravitational force; 𝐼𝑋, 𝐼𝑌,
and 𝐼𝑍 are themainmoments of inertia; and ℎCoG is the height
of the vehicle CoG.

There is the known dynamics problem of precisely deter-
mining the lateral wheel force in an unsteady state, due
to the pneumatic tire elasticity. The same also applies in
a quasisteady state such as during driving with a constant
velocity along a constant curvature with a lateral acceleration
above 4m/s2 [16]. There are many different approaches to
solving this problem. The approach employed in this study
was a modification of that in [16, 18] using [19, 20]. The
following proposed equation for calculating the lateral wheel
force was thus obtained:

𝜕𝐹𝑆𝑖𝑗𝜕𝑡 = 𝑉𝑊𝐿𝑦0 ⋅ (𝑘red,𝑖𝑗 ⋅ (1 −
𝐹𝑍𝑖𝑗𝑘𝑦1 ) ⋅ 𝐹𝑍𝑖𝑗

⋅ arctan (𝑘𝑦2 ⋅ 𝛼 (𝑡)) − 𝐹𝑆𝑖𝑗) ,
(6)

where𝑉𝑊 is the wheel velocity;𝛼 is the tire side slip angle; 𝐿𝑦0
is the pneumatic tire relaxation length; 𝑘red is the reduction
factor, which prevents an increase of the lateral force above
the adhesion limit during simulation; and 𝑘𝑦1 and 𝑘𝑦2 are the
dynamic slip resistance coefficients.

The proposed equation (6) describes the decrease in the
amplitude of the lateral wheel force under rapid changes in
the external impacts (actions), as well as the delay in the
growth of the lateral wheel force due to the properties of the
tire elasticity.

The complex mathematical model was implemented
in MATLAB Simulink. We developed a methodology for
searching the unknownmodel parameters by nonlinear opti-
mization through comparison of the simulation results with
those of road tests using real cars. The adjusted parameters
of the mathematical model for different cars are presented in
Table 1. These parameters obtained by the present method-
ology constitute a novel contribution to the literature. The
model adequacy was examined by comparing the results of
road tests with those of simulations and further statistical
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Figure 3: Model validation and comparison of lateral acceleration.
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Figure 4: Model validation and comparison of yaw rates.

analysis of the error functions. The relative errors of the
estimated motion parameters were within 12%.

As an example, Figures 3 and 4 show comparisons of
experimental and simulation data. The road test was con-
ducted on a proving ground with spontaneous maneuvering
comprising a combination of consecutive actions, namely,
rapid acceleration, right turn, slalom, and emergency brak-
ing.

The mathematical model of the present experimental
autonomous vehicle (Chevrolet Orlando) with the adjusted
parameters was used to obtain a huge dataset of possible
future trajectories of the vehicle body over the next 3 s of
motion with respect to the incoming parameters (current
CoG velocity, CoG longitudinal and lateral acceleration, yaw
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Table 1: Adjusted parameters of mathematical model for different cars.

Number Parameter GAZ 322132 LR 3 (discovery 3) Chevrolet Orlando

(1) Coefficient of aerodynamic drag, 𝑐air𝑋
(—) 0.60 0.41 0.32

(2) Coefficient of overall driving resistance
(dry road), 𝑓01 (—) 0.03 0.04 0.03

(3)
Coefficient for considering increase in
wheel rolling resistance with increasing

vehicle velocity, 𝑘𝑓 (m2/s2) 5.54⋅10−6 5.41⋅10−6 5.29⋅10−6
(4) Dynamic slip resistance coefficient, 𝑘𝑦1

(N) 15746 18729 13808

(5) Dynamic slip resistance coefficient, 𝑘𝑦2
(rad−1)

16.39 25.42 20.38

(6) Tire relaxation length, 𝐿𝑦0 (m) 1.19 0.18 0.36

(7) Attenuation factor (degenerates the
Kamm circle into an ellipse), 𝑘𝑆 (—) 0.80 0.97 0.98
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Figure 5: Trajectories of the experimental autonomous vehicle.

rate and its derivative, steering wheel angle and its derivative,
and type of road under each wheel and corresponding
sets of control actions over the next 3 s). The dataset was
transformed into a multidimensional array for use in the
autonomous vehicle motion planning system (Operational
level) during driving along a fixed trajectory.This vehicle tra-
jectory prediction method can be used in real-time systems
for collision avoidance.

In Figure 5, the blue dotted line represents the actual
trajectory of the experimental vehicle’s CoG in an inner
coordinate system of the hybrid navigation during the imple-
mentation of a U-turn in real traffic in the city of Moscow.
For safety reasons, the vehicle was controlled by a human
and the calculations were performed after the experiment.
The red lines represent the predicted trajectories for the case
in which the control actions that are relevant to a certain
point of prediction are unchanged over the next 3 s.The black
lines represent the predicted trajectories with the input of a
multidimensional array ofmotion planning of the real control
actions, which were recorded during the road experiment.

The match of the predicted (black) and real (blue)
trajectories in Figure 5 within acceptable limits confirms the

efficiency of the proposed approach. We thus successfully
built an autonomous vehicle motion planning system
with precise trajectory prediction (Operational level).
The development of the system was based on a complex
mathematical model of vehicle dynamics, the parameters of
which can be adjusted for different types of road vehicles.
The model also takes into consideration the changeable
environmental conditions such as the road type under each
tire, the wind velocity, and the road inclinations, as well as
changes in the vehicle itself, such as load and tire changes.

4. Logical Artificial Intelligence in Control
Strategy of Autonomous Road Vehicle

It has become clear that, to achieve the fifth level of SAE
automation [9], road vehicles should be equipped with
hybrid artificial intelligence systems, which would enable the
solution of driving tasks under undetermined conditions.
According to [21], there have been three main waves in the
development of artificial intelligence (AI):

(1) Wave of “handcrafted knowledge”: this was the stage
in the development of expert systems in which
engineers created the sets of rules that represented
the available knowledge in well-defined domains.
The developed systems were characterized by poor
perception, no learning, and no abstracting abilities,
but good reasoning.

(2) Wave of “statistical learning”: this was the era of the
development of neural networks such as CNN and
deep learning algorithms, when engineers created
statistical models for specific problem domains and
then trained them using big data. The creations were
characterized by good perception and good learning,
but poor abstracting and reasoning abilities.

(3) Wave of “contextual adaptation”: this is the current era
of AI hybrid systems, which combine the advantages
of the above two innovations. The outlook of the
current innovations seems to be positive on all counts.
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Figure 6: Dashboard interface with resulting AI data (10 parameters).

We suppose that, in the driving of a road vehicle in the
fully autonomous mode, an expert system with a knowledge
database containing formalized traffic rules would initially
be sufficient. Attempts to formalize traffic rules in machine
language began in 1970.Themain challenge is that traffic rules
contained in legal texts aremostly written in natural language
and are thus often abstract and imprecise. A history of the
attempts at formalizing traffic rules and the development of a
new approach to the task using Isabelle/HOL are available in
[22].

In the present study, we used our own expert system
technological platform to formalize the traffic rules. The
expert system, which is referred to as the Mivar expert sys-
tem, consists of multidimensional databases, data processing
algorithms, and a cognitive model for describing objects and
their relationships. As a software solution, it also consists of
tools for designing knowledge models and for model usage
(server kernel).TheMivar models are structured as networks
of objects (conditions, etc.) and the links (rules) among
them. Similar to rational human reasoning, a Mivar kernel
initially identifies a means in the uploaded model for solving
a request and only thereafter performs a computation. This
approach to data processing produces a higher performance
compared to the use of classical programming languages and
structures like “if-else” (“switch-case”) with billions of rules
(combinations). More information about the Mivar expert
system can be found in [23, 24].

In the formalization of traffic rules, we divided all the
data into two main groups, namely, incoming and resulting
parameters. The incoming data was obtained by the scene
recognition module and consisted of actual road signs (319
pieces with triggers like “yes”/”no”), traffic lights (up to three
objects with 10 different types and four substates for each
one), road markings (up to 10 objects with seven different
types of road markings for each one), weather conditions
(five states), road type (five states), and all the surrounding
objects in the relative grid sections around the vehicle, as well
as collision prediction flags for the next 3 s of driving (48
sections with seven classes and three states of collision flags).
The incoming data formed a structure with 382 cells with
a maximum of 1846 independent variables. The exhaustion
of all the possible combinations of the variables involved
13e10 iterations. There were a total of approximately 800
traffic rules, and parallel computing could not be applied to
them owing to the requirement for consecutive reasoning.

Indeed, the application of classical programming languages
and hardware to such would require approximately 8e2000
computational iterations per request. However, the Mivar
expert system enables the performance of the task about 20
times per second (20Hz) using common hardware.

The Mivar expert system outputs 10 parameters with
permissions for performing the nearest maneuvers. This is
graphically portrayed in Figure 6 for a subsequent road
situation, where only forward driving and right turn are
allowed, the speed limit is 60 km/h, the give way indicator
is active, and stopping (slowing down) is required to avoid a
forecasted collision. If a collision occurs under this condition,
our vehicle would be guilty because it had no right of way
based on the traffic rules.

Figure 7 shows an example of a Mivar graph (represen-
tation of the objects, rules, and links) for crossing a road
intersection in the forward direction according to the traffic
rules.

One of the challenges of autonomous road vehicles is
the making of fast and correct decisions during operation,
with further logging of each reasoned step. Our principal
scheme for integrating Logical Artificial Intelligence into an
autonomous driving control system is illustrated in Figure 8.

However, an expert system is by itself a very rigid system.
In the event of a scenario that is not recognized in the
knowledge database, there will be no solution. For example,
if the autonomous car stops in front of a broken-down traffic
light with the red light on, the car would remain there for
eternity. To achieve greater flexibility of the expert system and
enhance its applicability to autonomous driving, we added
two additional units, namely, “riskmanagement” and “experi-
ence analysis.” The added scheme, which was named Logical
Artificial Intelligence (LAI), is color-shaded in Figure 8. The
knowledge database of LAI consists of three sectors: (1) basic
traffic rules; (2) based-on-experience rules; and (3) tempo-
rary rules. For example, in the situation of the broken-down
traffic light, the uncertainty trigger will lead the program to
the “risk management” unit, where all the potential future
maneuvers are predicted with respect to the proposed criteria
such as the risk of accident in civil driving, time loss in
military tasks, and economic factors in business.The optimal
maneuver will then be chosen. This will in turn cause the
knowledge database sector 3 to change with or without tra-
jectory or route change. After the execution of the maneuver,
the “experience analysis” unit will decide on whether to
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transfer the temporary rule to sector 2 or not.The experience
analysis unit may change sector 2 of the knowledge database
without the involvement of the “risk management,” and this
would amount to a social adaptation. The high performance
of the LAI expert system enables driving at high velocities.
Overall, the system offers the advantages of logically proven
reasoning, high performance, and self-learning.

One significant obstacle to the broad implementation of
autonomous driving technologies is the question of liability
in the event of a collision. To address this issue, we propose
the use of a “black box” as amandatory device of autonomous
vehicles, for use in conjunction with the expert system unit
containing the formalized traffic rules (Figure 9). The main
challenge of this approach is the standardization of incoming
data from the scene recognition unit.

The first road experiments performed using our auton-
omous vehicle with the integrated LAI system encountered
problemswith the detection of dynamic scene changes (traffic
signs active areas detection/not those from digital map/poor
prediction of other traffic participants’ intentions). There
were also risk management problems in poorly determined
road scenes, as well as some technical issues. Nevertheless,

OEM autonomous driving solution

Scene
recognition

Standardized data
Expert system

with knowledge database
of the basic traffic rules

Logging Autonomous
vehicle

black box

Figure 9: Accountability of autonomous vehicles.

overall, the proposed approach was determined to be effi-
cient.

5. Conclusion

5.1. Results. (1) An experimental autonomous road vehicle
was built based on Chevrolet Orlando production car as
a platform for the development and testing of relevant
technologies. A universal approach to performing the reverse
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engineering of electric power steering (EPS) for purposes of
external control was also developed. The cost of all the addi-
tional hardware installed on the experimental vehicle was
about $6000. (2)The vehicle motion planning system is capa-
ble of highly precise trajectory prediction, which is achieved
by a complex mathematical model of the vehicle dynamics.
The model is capable of adjusting its parameters for different
types of road vehicles and takes into consideration changes
in the environmental conditions such as the road type under
each tire, the wind velocity, and the road inclinations, as well
as changes in the vehicle itself, such as load and tires changes.
The adjustment of the parameters of the mathematical model
and the proposed equation for determining the lateral tire
forces through trajectory prediction constitute novel con-
tributions to the literature. Multiple road tests have shown
that the relative errors of the estimated motion parameters
were within 12%. (3) A new Logical Artificial Intelligence
(LAI) scheme was developed and integrated into the control
system of the autonomous road vehicle. The Mivar expert
system enables the performance of the requests to knowledge
database of traffic rules with 800 rules and 1846 variables
about 20 times per second (20Hz) using one core of common
i7 processor without use of any GPU hardware. The resultant
Mivar expert system with LAI was found to be efficient. (4) A
method for addressing the issue of accountability in the event
of a collision involving an autonomous vehicle was proposed.

5.2. Discussion. (1) The technical processes of the adaptation
of a production car to an autonomous vehicle can be applied
only to research and testing purposes. In addition, for legal
and practical reasons, such a vehicle can only be driven in
closed areas and on proving grounds. (2) Sometimes abstract
and imprecise expression of traffic rules constitute a challenge
to formalizing them, but the application of a global collision
avoidance system can be used to overcome the challenge. (3)
The standardization of incoming data from the scene recogni-
tion unit poses a significant challenge to the use of black boxes
in conjunction with expert systems to address the issue of lia-
bility when an autonomous vehicle is involved in a collision.

5.3. Conclusion. The results of the present study indicate that
any modern vehicle with electric power steering (EPS), auto-
matic transmission (AT), and electronic braking assistance
(EBA) can be modified for autonomous driving through
appropriate wiring. The real-time dynamic trajectory predic-
tion method adopted in this study can be applied to different
autonomous motion planning systems, as well as active
collision avoidance safety systems. In addition, the proposed
modification of the expert system through the integration of
a hybrid artificial reasoning system, namely, the LAI system,
enhances the efficiency of autonomous driving control.

5.4. Future Work. We plan to integrate some V2X tech-
nologies in the developed autonomous driving platform
and conduct further experiments using more experimental
vehicles in the form of an autonomous connected fleet. We
would also like to address the highlighted challenges of the
LAI scheme.
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In real-world manufacturing systems, production scheduling systems are often implemented under random or dynamic events
like machine failure, unexpected processing times, stochastic arrival of the urgent orders, cancellation of the orders, and so on.
These dynamic events will lead the initial scheduling scheme to be nonoptimal and/or infeasible. Hence, appropriate dynamic
rescheduling approaches are needed to overcome the dynamic events. In this paper, we propose a dynamic rescheduling method
based on variable interval rescheduling strategy (VIRS) to deal with the dynamic flexible job shop scheduling problem considering
machine failure, urgent job arrival, and job damage as disruptions. On the other hand, an improved genetic algorithm (GA) is
proposed for minimizing makespan. In our improved GA, a mix of random initialization population by combining initialization
machine and initialization operation with random initialization is designed for generating high-quality initial population. In
addition, the elitist strategy (ES) and improved population diversity strategy (IPDS) are used to avoid falling into the local optimal
solution. Experimental results for static and several dynamic events in the FJSP show that our method is feasible and effective.

1. Introduction

The flexible job shop scheduling problem (FJSP) is an exten-
sion of the classical job shop scheduling problem (JSP) [1].
FJSP can be divided into two subproblems [2]: One is to
determine operation sequences, and the other one is to select
corresponding machine for these operations. The feasible
solution is generated by using these two subproblems in order
to make one or some objective functions optimal or near-
optimal. FJSP is more complex than JSP because not only the
sequencing problem for all operations but also an available
machine for each operation needs to be done.Therefore, FJSP
is considered as an extremely NP-hard problem [3, 4]. Hence,
it cannot be solved by some exact approaches [5] because of
the increased computational time in an exponential manner.
In recent years, numerous heuristics approaches are proposed
to solve FJSP, and thesemethods include simulated annealing
(SA) [6], tabu search (TS) [7], ant colony optimization (ACO)
[8], particle swarm optimization (PSO) [9], artificial bee
colony (ABC) [10], GA [11], evolutionary algorithm (EA) [12],
and improved or hybrid algorithms [13, 14].

As we know, in these heuristics approaches, GA is one
of the most popular methods for solving the FJSP because
of its potential parallelism and robustness. However, GA
has a slow convergence rate and tends to fall into the
local optimum; therefore many improved or hybrid genetic
algorithms are proposed to deal with the above-mentioned
disadvantages. Reference [1] proposed a modified genetic
algorithm based on a fuzzy roulette wheel selection, new
crossover operator, and new mutation operator for flexible
job shop scheduling problems. Zhang et al. [2] designed
global and local selection methods in order to generate
high-quality initial population forminimizing themakespan.
A new chromosome representation and different crossover
and mutation strategies are used to minimize the makespan
in [11]. A hybrid genetic algorithm with tabu search is
proposed to solve FJSP with transportation and bounded
processing times constraints in [15]. An improved genetic
algorithm for solving the distributed and flexible job shop
scheduling problem was introduced in [14]. A novel variable
neighborhood genetic algorithm for multiobjective flexible
job shop scheduling problems was given in [16].
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However, in fact, in real-world floor shop, the production
environments are uncertain, and several dynamic or random
events such as machine failure, unexpected processing times,
random arrival of the urgent orders, and cancellation of
the orders may often occur [17]. These dynamic events
will lead the initial so-called static scheduling scheme to
be infeasible; therefore many dynamic flexible job shop
scheduling approaches are proposed to satisfy the new
environments [18]. The robust scheduling for multiobjective
flexible job shop problem with randommachine breakdowns
was investigated in [19]. A two-stage hybrid genetic algorithm
is proposed to solve FJSP with randommachine breakdowns
by Al-Hinai and Elmekkawy [20]. A genetic algorithm was
used to generate a robust and stable scheduling for one
machine scheduling with random machine breakdowns in
[21]. Zhao et al. proposed a dynamic rescheduling model
by using multiagent system in [22]. A heuristic was used
to perform the reactive scheduling in a dynamic job shop
where jobs arrive over time in [23]. The random job arrivals
and machine breakdowns are considered in [24], and a
variable neighborhood search is used to solve these two kinds
of dynamic events in the FJSP. Considering efficiency and
stability, a metaheuristic approach based on GA is developed
for dynamic flexible job shop scheduling in [25]. A hybrid
genetic algorithm is presented to minimize makespan in
dynamic job shop scheduling problem in [26]. Two evolu-
tionary algorithms are used for multiobjective optimization
in the FJSP under random machine breakdown in [27].
A hybrid method based on artificial immune systems and
priority dispatching rules is proposed byQiu and Lau [28] for
dealing with dynamic online job shop scheduling problem.
A hybrid tabu search and genetic algorithm integrated with
a simulator to deal with the dynamic job shop scheduling
problem with machine breakdowns and random job arrivals
in [29]. The gravitational emulation local search algorithm
is proposed to solve the multiobjective flexible dynamic
job shop scheduling problem in [30]. A multicontextual
dispatching rule is proposed by Lu and Romanowski to solve
job shops with dynamic job arrival [31].

Although the dynamic or uncertain events in job shop
problems or flexible job shop scheduling problems have
attracted many researchers in recent years, most of the
researches on dynamic scheduling problems focus on cer-
tain or primary events such as machine failure or random
job’s arrival, yet the research on uncertain job’s damage is
comparatively limited. Meanwhile, as mentioned above, GA
has a slow convergence rate and tends to fall into the local
optimum; the second obvious weakness of the conventional
GA-based approaches is that their performance deteriorates
rapidly for complex flexible job shop scheduling problems;
the third problem is how to generate high-quality initial
population.

Therefore, in this paper, the dynamic FJSP with several
uncertain dynamic events is studied. An effective reschedul-
ing strategy is proposed. An improved GA is proposed
to minimize the makespan. Our first contribution is that
a random initialization population by combining initial-
ization machine and initialization operation with random
initialization is designed for generating high-quality initial

Table 1: Processing information of FJSP with 2 jobs and 2machines.

Job Operation Processing time
𝑀1 𝑀2 𝑀3

𝐽1
𝑂11 2 3 4
𝑂12 3 4 5
𝑂13 3 — —

𝐽2
𝑂21 7 2 3
𝑂22 4 4 —
𝑂23 2 — 5

population.Our second contribution is that the elitist strategy
(ES) and improved population diversity strategy (IPDS) are
used to avoid falling into the local optimal solution. The
third contribution is that the variable interval rescheduling
strategy is proposed to reduce the impact of dynamic events
on scheduling results. Simulation results demonstrate that the
proposed method is effective in both scheduling stage and
rescheduling stage.

2. Mathematical Formulation with
Dynamic Events

In FJSP, there is a set of 𝑛 jobs 𝐽 = {1, 2, 3, . . . , 𝑛} to be
processed on 𝑚 machines indexed by 𝑀 = {1, 2, 3, . . . , 𝑚}.
Each job has one or more operations denoted by 𝑜𝑖𝑗, 𝑗 ∈
{1, 2, . . . , 𝑛𝑖} (where 𝑛𝑖 is the total operations of job 𝐽𝑖). Each
operation in any job can be processed by one machine out
of a predetermined set of available machines. The processing
time of operation 𝑜𝑖𝑗 on machine 𝑘 is denoted by 𝑡𝑖𝑗𝑘. FJSP
is going to allocate each operation to a suitable machine
and determine the sequence of allocated operations on each
machine [32].

The assumptions on the FJSP are as follows:

(1) At time zero, each machine can be used.
(2) At time zero, each job can be started.
(3) One operation only can be processed on a machine at

a time.
(4) Once an operation is processed on a machine, it

cannot be interrupted.
(5) Both due dates and release times are not specified.
(6) The transportation and setup times of the jobs are

ignored.

The objective is tominimizemakespan denoted byC, and
it can be calculated according to

min 𝐶 = max
1≤𝑖≤𝑛
{𝐶𝑖} , (1)

where 𝐶𝑖 is the complete time of the 𝑖th job.
Table 1 shows an example of FJSP with 3 jobs and 2

machines. Each row and each column refer to an operation
and one machine, respectively. In Table 1, the first row
indicates that the first operation of 𝐽1 can be processed by
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𝑀1 (2 time unites) or 𝑀2 (3 time unites) or 𝑀3 (4 time
unites). On the other hand, the sixth row shows that the
third operation of 𝐽2 is allowed to be processed on 𝑀1
or 𝑀3. Symbol “—” means the machine cannot process
corresponding operation.

As mentioned above, the production environments are
uncertain, and several dynamic or random events such as
machine failure, unexpected processing times, arrival of an
urgent order, and cancellation of orders may often occur.
When a dynamic event occurs, rescheduling is needed in
order to adapt to the dynamic environments.

At present, there are three types of dynamic reschedul-
ing strategies and they are periodic rescheduling, event-
driven rescheduling, and hybrid periodic with event-driven
rescheduling.

Event-driven rescheduling means that when the schedul-
ing system encounters unexpected events such as machine
failure and urgent order insertion while the original schedul-
ing scheme is being executed, the system starts the reschedul-
ing immediately and reoptimizes the remaining unprocessed
operations according to the actual production conditions.
Event-based scheduling has a good emergent response to
unexpected events, but it lacks the global analysis. Periodic
rescheduling means that the entire process is divided into
several time periods according to the actual processing
conditions and machine load, and each period is a cycle.
The system automatically performs another rescheduling for
the remaining unprocessed operations after completing one
period until the end of the entire process. Periodic scheduling
can have a global consideration on the system based on
the production situation of each processing period, but it
cannot effectively deal with some emergencies. The hybrid
periodic and event-driven rescheduling strategy can make
full use of their advantages; however the results obtained
by this hybrid rescheduling method are not necessarily
optimal.

A variable interval rescheduling strategy (VIRS) is pro-
posed to deal with the dynamic flexible job shop schedul-
ing problem in this paper. VIRS means that the opera-
tions in a certain range are rescheduled after the dynamic
event occurs. The range is determined according to oper-
ations affected directly by the dynamic event. The opera-
tions in other intervals which are not directly affected by
the dynamic events keep the initial optimized processing
sequence. Meanwhile, the corresponding machines are also
unchanged.

The steps for determining the rescheduling interval are as
follows.

Step 1. Determine the affected jobs by the dynamic events.

Step 2. Delete the affected jobs from the initial scheduling
scheme.

Step 3. Merge the remaining unaffected jobs.

Step 4. Reschedule the affected and unaffected jobs by the
dynamic events together.

Table 2: Processing information of FJSP with 10 jobs and 5
machines.

Job Operation Processing time
𝑀1 𝑀2 𝑀3 𝑀4 𝑀5

𝐽1
𝑂11 2 3 2 5 2
𝑂12 5 3 2 4 3
𝑂13 5 2 5 2 4

𝐽2
𝑂21 2 2 2 2 4
𝑂22 5 3 4 4 3
𝑂23 3 3 3 3 5

𝐽3
𝑂31 2 2 3 2 5
𝑂32 3 5 5 3 4
𝑂33 4 2 3 5 4

𝐽4
𝑂41 4 4 4 4 2
𝑂42 2 4 3 5 2
𝑂43 2 4 2 3 3

𝐽5
𝑂51 3 4 2 3 5
𝑂52 5 3 2 2 4
𝑂53 4 4 4 5 2

𝐽6
𝑂61 3 3 2 3 5
𝑂62 2 4 2 3 5
𝑂63 4 2 2 2 4

𝐽7
𝑂71 5 2 4 5 5
𝑂72 3 5 4 5 4
𝑂73 3 4 5 2 4

𝐽8
𝑂81 2 2 4 5 3
𝑂82 4 2 3 5 5
𝑂83 2 2 4 3 4

𝐽9
𝑂91 4 3 5 4 4
𝑂92 2 3 2 4 5
𝑂93 2 2 3 2 5

𝐽10
𝑂101 4 2 3 4 3
𝑂102 4 4 2 4 5
𝑂103 2 5 2 3 3

Step 5. Determine the starting time 𝑡1 and the finishing
time 𝑡2 of the job directly affected by dynamic events after
rescheduling.

Step 6. The rescheduling interval is [𝑡1, 𝑡2].

Taking the processing information of FJSP in Table 2 as
an example, firstly, a static scheduling scheme is obtained and
the scheduling Gantt chart is shown in Figure 1. Assume that
𝑀1 is failure and cannot be repaired at time 5.Therefore jobs
2, 7, 8, and 9 are affected directly by the dynamic event, as
shown in Figure 2. The rescheduling Gantt chart obtained
by using the dynamic scheduling strategy based on variable
rescheduling interval is presented in Figure 3. It can be seen
from Figure 3 that the second operation of job 5 is shifted
backward, and the third operation of job 3 and the first
operation of job 1 are shifted backward so that the processing
order of the job which is not directly affected by the dynamic
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Figure 1: Static scheduling Gantt chart.
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Figure 2:𝑀1 failure at time 5.
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Figure 3: Dynamic rescheduling Gantt chart.

event keeps unchangeable. Meanwhile, the corresponding
machines are also unchanged.

3. Proposed Genetic Algorithm

3.1. Encoding. As mentioned above, there are two subprob-
lems in the FJSP; therefore the feasible encoding of FJSP has
two parts. Figure 4 shows a feasible solution for the instance
shown in Table 1. The first part of the chromosome is the
sequence of operations while the second part is the machine
allocation for executing the operations in the first part.

1 2 1 2 1 2 1 1 2 2 1 3

Part 1 Part 2

Operation Machine

Figure 4: Chromosome structure.

The chromosome consists of 12 genes. Numbers 1 and 2
which belong to part 1 represent jobs 𝐽1 and 𝐽2, respectively.
As 𝐽1 and 𝐽2 both have three operations, therefore numbers
1 and 2 appear three times in part 1. On the other hand,
numbers 1, 2, and 3 which occur in part 2 represent machines
𝑀1,𝑀2, and𝑀3, respectively. For example, the first gene, 1,
in part 2means that the first operation of 𝐽1 is to be processed
bymachine𝑀1, the last gene, 3, in part 2means that the third
operation of 𝐽2 is to be processed by machine𝑀3.

3.2. Initialization. Thequality of the initialization population
plays an important role for GA’s performance. The random
initialization population is used by most researches, while
this method probably generates the inferior population. As a
result, the population number or evolutionary number needs
to be enlarged to obtain the near-optimal solution. Kacem
et al. proposed a localization method for generating initial
population [34]; however, this method is dependent strongly
on the order in which machines and operations are given in
the table [35]. A mix of random initialization population by
combining initializationmachine and initialization operation
with random initialization is proposed in this paper.

3.2.1. InitializationMachine. Since the objective is themakes-
pan, therefore the machine with less processing time has a
priority to process the corresponding operation.The process-
ing order of the jobs is not considered in this stage, and the
specific steps are as follows.

Step 1. Read time table 𝑇 for all processing operations.

Step 2. Find the minimal value 𝑇 min𝑖 for each operation.

Step 3. Determine the probability (see (2)) for selecting
machine to process corresponding operation according to
𝑇 min𝑖. In (2), apq stands for the total operations of the 𝑖th
job.

Step 4. Select randomly machine according to the selection
probability calculated in Step 3.

Step 5. Repeat Step 4 until the initialization machine is fin-
ished.

𝑝𝑖 =
1/𝑇 min𝑖
∑𝑎𝑝𝑞𝑖 (1/𝑇 min𝑖)

. (2)

3.2.2. Initialization Operation

Step 1. Read the current processing information table.

Step 2. Calculate the completion time mak curi after select-
ing an optional job.
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Figure 5: Crossover operation for operation part.

Step 3. Determine the probability for selecting each job
according to (3).

Step 4. Determine the selected job according to the selection
probability calculated in Step 3.

Step 5. Repeat Step 4 until the initialization operation is
finished.

𝑝𝑖 =
1/𝑚𝑎𝑘 𝑐𝑢𝑟𝑖
∑𝑛𝑖 (1/𝑚𝑎𝑘 𝑐𝑢𝑟𝑖)

. (3)

3.2.3. Random Initialization

Step 1. Select randomly an optional machine.

Step 2. Select randomly the job fromanoptional set of the jobs.

Step 3. Repeat Steps 1 and 2 until the initialization population
is finished.

3.3. Selection. The selection based on elitist strategy (ES) and
improved population diversity strategy (IPDS) is used in this
paper.The elitist strategy can copy some of the best individu-
als fromone parent to the offspring. Comparedwith the tradi-
tional probabilistic selection, the pure elitist strategy can keep
the best solution monotonically improving from one genera-
tion to the next. However this may lead to a local minimum.
Therefore, the IPDS is used to avoid falling into the local
optimal solution. The specific steps of IPDS are as follows.

Step 1. Read the population information 𝑝𝑜𝑝, and set i and j
to 1 (1 ≤ 𝑖 ≤ 𝑝𝑜𝑝𝑠), respectively.

Step 2. Get the ith individual of the 𝑝𝑜𝑝.

Step 3. Let 𝑗 = 𝑖 + 1 and then compare the ith individual and
the jth individual. If individuals i and j have high similarity,
then delete the ith individual.

Step 4. Repeat Step 3 and 𝑗 = 𝑗 + 1.

Step 5. Repeat Steps 2, 3, and 4 until 𝑖 = 𝑝𝑜𝑝𝑠 − 1.

3.4. Crossover Operation. For operation part, the precedence
operation crossover (POX) in [36] is used. Assume that
chromosomes P1 and P2 are two parents and chromosomes
C1 and C2 are two offspring, the detailed crossover steps of
the POX are as follows.

Step 1. Randomly divide the job set {1, 2, 3, . . . , 𝑛} into two
nonempty subsets 𝐽1set and 𝐽2set.

Step 2. Copy the genes belonging to 𝐽1set in chromosome P1
to C1. Copy the genes belonging to 𝐽1set in chromosomes P2
to C2 and keep these genes in the same position.

Step 3. Copy the genes belonging to 𝐽2set in chromosomes P2
to C1. Copy the genes belonging to 𝐽1set in chromosomes P1
to C2 and keep these genes in the same order.

An example is shown in Figure 5.
For machine part, a multipoint crossover operation is

adopted. The procedure of crossover operation is as follows:
A set rand(0, 1), which is composed of 0 and 1, is randomly
generated. The length of the chromosome is equal to the
machine encoding. Exchange the genes, which are the same
as the genes in position 1 in set rand(0, 1), in parents P1 and
P2, and then create two offspring C1 and C2.

In addition, for partial flexible job shop scheduling
problem (P-FJSP), when the machine number is greater
than the total number of the available machines by this
crossover operation, then one machine is randomly selected
for processing the corresponding operation.

An example is shown in Figure 6.

3.5. Mutation Operation. For operation part, a mutation
method by swapping genes is adopted.The detailed mutation
procedure of this method is shown as follows.

Step 1. Select randomly two corresponding positions in
parent P1.

Step 2. Swap the genes to generate an offspring C1.

An example is shown in Figure 7.
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Figure 8: Mutation operation for machine part.

For machine part, a mutation method by moving genes
backward in the chromosome P1 is used to generate C1.

If the machine number obtained by this method is
greater than the total number of the available machines by
this crossover operation, then a machine is selected in the
machine set to process the corresponding operation in a
random manner.

An example is shown in Figure 8.
The flow chart of the proposed improved genetic algo-

rithm and dynamic rescheduling strategy is shown in
Figure 9.

4. Experiments and Results

4.1. Experiments of the Initialization Population Method. In
order to verify the effectiveness of our proposed initialization
population method, we compare our improved genetic algo-
rithm with the basic genetic algorithm on the fitness of the
best individual, the average fitness of the initial population,
and the evolutional generation. Table 3 shows the processing
information for 5-job and 5-machine FJSP.

Parameters are as follows: population size is 100, evolu-
tionary generation is 100, the crossover probability is 0.7, and
the mutation probability is 0.1.

Table 4 shows the comparison results by using our pro-
posed improved initializing population method and random

Table 3: Processing information for 5-job and 5-machine FJSP.

Job Operation Processing time
M1 M2 M3 M4 M5

𝐽1
𝑂11 5 4 7 4 10
𝑂12 4 4 10 3 9
𝑂13 5 8 3 6 10

𝐽2
𝑂21 8 9 9 9 4
𝑂22 3 2 2 1 7
𝑂23 8 2 4 7 8

𝐽3
𝑂31 7 2 1 9 9
𝑂32 8 7 7 8 2
𝑂33 4 6 1 7 1

𝐽4
𝑂41 1 8 7 9 8
𝑂42 7 8 3 4 10
𝑂43 8 3 1 6 6

𝐽5
𝑂51 3 7 7 10 6
𝑂52 2 10 9 5 10
𝑂53 2 2 5 9 5

Table 4: Comparison of the initializing population methods.

Method The fitness of the
best individual

The average fitness of
the initial population

Improved initializing
population 18.92 33.71

Random initializing
population 26.02 42.15

initializing population method by running randomly 100
times. It can be seen from Table 4 that our proposed initializ-
ing population method can obtain high-quality individuals.

Figure 10 shows the evolutionary curve obtained by the
traditional random initializing population method. Figure 11
shows the evolutionary curve obtained by our proposed
improved initializing population method. It can be seen that
the randommethod takesmore than 60 generations to obtain
the optimal solution, while the proposed improved initializ-
ing population method only needs less than 30 generations
to obtain the optimal solution. What is more, compared
with the basic GA, the optimal solution obtained by using
our improved GA is also better than that. Therefore, the
evolutionary speed and solution quality can be improved
obviously by using our proposed improved initializing popu-
lation method. Figure 12 shows the Gantt chart.

4.2. Experiments of the Dynamic Rescheduling Strategy. In
order to verify the effectiveness of our proposed improved
genetic algorithm and dynamic rescheduling strategy based
on variable interval scheduling, the comparative experiments
were done. The case about FJSP from literature [33] is shown
in Table 5. The static scheduling Gantt chart obtained by our
proposed improved genetic algorithm is shown in Figure 13,
and the optimal makespan is 35 which is smaller than the
optimal value obtained by Wu et al. [33].
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Figure 9: Flow chart of the proposed improved genetic algorithm and dynamic rescheduling strategy.
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Figure 10: Evolutionary curve obtained by random initializing
method.

The dynamic events often happen in an actual production
environment. In this section, the machine failure is consid-
ered. Suppose that𝑀6 is failure at time 20 s, the rescheduling
Gantt chart is shown in Figure 14, and the comparison results
for rescheduling are shown in Table 6.

From Table 6, it is not difficult to see that the involving
operations of the jobs that need to be processed on the
failure machine can be directly transferred to other machines
with considerable processing capacity after using the
dynamic scheduling strategy based on the variable interval
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Figure 11: Evolutionary curve obtained by proposed initializing
method.

rescheduling method proposed in this paper, and there
is no need to wait for the failure machine to continue
processing the involving operations after repairing, so that
the completion time is greatly reduced.

4.3. Dynamic Rescheduling for Some Other Dynamic Events.
In Section 4.2, the machine failure is considered. In order
to further verify the effectiveness of our proposed improved
genetic algorithm and dynamic rescheduling strategy based
on variable interval scheduling, the following dynamic events
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Figure 13: Static scheduling Gantt chart.

are considered: (1)machine failure: it can be repaired after a
period of time; here we name this kind of dynamic events as
DE1; (2) the job is damaged and it cannot be repaired; here
we name this kind of dynamic events as DE2; (3) the job is
damaged and it can be repaired; here we name this kind of
dynamic events as DE3; (4) urgent job arrival; here we name
this kind of dynamic events as DE4.

The processing information in Table 5 is still used in our
experiments; the dynamic event descriptions are shown in
Table 7. The static scheduling scheme is shown in Figure 13.

(1) Dynamic Rescheduling for DE1. When DE1 happens,𝑀6
cannot be used between time 20 and time 30. The normal
scheduling result is shown in Figure 15. However, if dynamic
rescheduling strategy based on variable interval scheduling
is carried out, the rescheduling result is shown in Figure 16.
FromFigures 15 and 16, it can be seen that the scheduling time
is reduced 10 units after performing our proposed dynamic
rescheduling strategy.

(2) Dynamic Rescheduling for DE2. When DE2 happens at
time 20, job 4 is damaged and it cannot be repaired; therefore
job 4 needs to be rescheduled. The normal scheduling result
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Figure 14: Rescheduling Gantt chart after𝑀6 failure.

Table 5: Processing information for 5-job and 6-machine FJSP.

Job Operation Processing time
𝑀1 𝑀2 𝑀3 𝑀4 𝑀5 𝑀6

𝐽1

𝑂11 2 3 4 — — —
𝑂12 — 3 — 2 4 —
𝑂13 1 4 5 — — —
𝑂14 4 — — 3 5 —
𝑂15 — 6 8 7 6 9

𝐽2

𝑂21 3 — 5 — 2 —
𝑂22 4 3 — — 6 —
𝑂23 — — 4 — 7 11
𝑂24 — 5 — 7 — 5
𝑂25 4 5 7 — 5 —

𝐽3

𝑂31 5 6 — — — —
𝑂32 — 4 — 3 5 —
𝑂33 — — 13 — 9 12
𝑂34 6 5 7 4 8 —
𝑂35 8 6 — — 7 8

𝐽4

𝑂41 9 — 7 9 — —
𝑂42 — 6 — 4 — 5
𝑂43 1 — 3 — — 3
𝑂44 6 — 9 7 5 4
𝑂45 — 8 7 8 8 —

𝐽5

𝑂51 4 3 7 9 3 6
𝑂52 5 6 — 4 — 5
𝑂53 6 — 4 — — 3
𝑂54 — 5 — 7 — 7
𝑂55 7 — 8 7 8 —

is shown in Figure 17. However, if the dynamic rescheduling
strategy is carried out, the rescheduling result is shown in
Figure 18. From Figures 17 and 18, it can be seen that the
scheduling time is reduced by 9 units after performing our
proposed dynamic rescheduling strategy.
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Table 6: Comparison results for rescheduling.

Actual enterprise’s scheduling result Method proposed in [33] Our proposed method
Failure time 20 20 20
Machine repair time 30 0 0
Ideal makespan 37 37 35
Actual makespan 67 37 35
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Figure 15: Scheduling Gantt chart by waiting for𝑀6 repair.
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Figure 16: ReschedulingGantt chart by using dynamic rescheduling
strategy.

(3) Dynamic Rescheduling for DE3. When DE3 happens at
time 20, the fourth operation of job 4 is damaged and it can
be repaired; therefore this operation needs to be reprocessed.
The normal scheduling result is shown in Figure 19. However,
if the dynamic rescheduling strategy is carried out, the
rescheduling result is shown in Figure 20. From Figures 21
and 22, it can be seen that the scheduling time is reduced by
2 units after performing our proposed dynamic rescheduling
strategy.

(4) Dynamic Rescheduling for DE4. When DE4 happens at
time 20, urgent job 6 arrives, and it is necessary to be added

Table 7: Information for dynamic events.

Type of dynamic
events Dynamic event descriptions

DE1 At time 20,𝑀6 is failure, and it is repaired after
time 30

DE2 At time 20, job 4 is damaged and it cannot be
repaired

DE3 At time 20, the fourth operation of job 4 is
damaged and it can be repaired

DE4 At time 20, an urgent job 6 arrives

Table 8: Processing information of job 6.

Job Operation Processing time
𝑀1 𝑀2 𝑀3 𝑀4 𝑀5 𝑀6

𝐽6

𝑂61 6 7 3 6 2 5
𝑂62 6 7 2 6 7 2
𝑂63 2 2 5 5 2 3
𝑂64 3 4 7 7 2 3
𝑂65 3 3 5 7 5 5

Table 9: Comparisons of dynamic events.

Dynamic event Makespan before
optimization

Makespan after
optimization

DE1 45 35
DE2 52 43
DE3 37 35
DE4 50 37

to the current scheduling sequences.The processing informa-
tion of job 6 is shown inTable 8.Thenormal scheduling result
is shown in Figure 21. However, if the dynamic rescheduling
strategy is carried out, the rescheduling result is shown in
Figure 22. From Figures 21 and 22, it can be seen that the
scheduling time is reduced by 13 units after performing our
proposed dynamic rescheduling strategy.

The scheduling results for these dynamic events are
shown in Table 9. It can be seen from Table 9 that the
makespans obtained by using our proposed method for all
these dynamic events are better than that before optimization.
Therefore, we firmly believe that the proposed method is
feasible and effective for static and dynamic events.
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Figure 17: Scheduling Gantt chart for DE2 before optimizing.
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Figure 18: Scheduling Gantt chart for DE2 after optimizing.
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Figure 19: Scheduling Gantt chart for DE3 before optimizing.
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Figure 20: Scheduling Gantt chart for DE3 after optimizing.
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Figure 21: Scheduling Gantt chart for DE4 before optimizing.
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Figure 22: Scheduling Gantt chart for DE4 after optimizing.

5. Conclusions

The flexible job shop scheduling problem is known as NP-
hard combinatorial optimization, and dynamic flexible job
shop scheduling is very important to the implementation of
the real-world manufacturing systems. In order to respond
to dynamic flexible job shop scheduling problem for mini-
mizing makespan, this paper develops an improved genetic
algorithmbased on variable interval rescheduling strategy for
generating new schedules. Several dynamic events are carried
out to evaluate the performance of the proposed method.
Experimental results for static and several dynamic events
in the FJSP demonstrate that our method is feasible and
effective.
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In this paper, potential field method has been used to navigate a three omnidirectional wheels’ mobile robot and to avoid obstacles.
The potential field method is used to overcome the local minima problem and the goals nonreachable with obstacles nearby
(GNRON) problem. For further consideration, model predictive control (MPC) has been used to incorporate motion constraints
and make the velocity more realistic and flexible. The proposed method is employed based on the kinematic model and dynamics
model of themobile robot in this paper. To show the performance of proposed control scheme, simulation studies have been carried
to perform the motion process of mobile robot in specific workplace.

1. Introduction

In recent decades, omnidirectional mobile robot (OMR) has
attracted increasing attention and investigation from the
research communities [1–3]. One of advantages of OMR
using omnidirectional wheels is that it does not have non-
holonomic constraint which exists in differentially driven
mobile robot [4–6]. With the input of the rotating speed of
each omnidirectional wheel, themobile robot can easilymove
wherever the userwants.This simplifies the control lawwhich
can be achieved easily. As it is shown in Figure 1, omnidirec-
tional wheel consists of wheel and rollers, which means that
the speed of the whole omnidirectional wheel is the combi-
nation of wheel speed and roller speed. Robot’s control is very
complicated, and sometimes it is necessary to consider state
constraint of the robot to complete the control design [7, 8].

Since the path planning problem has been put forward,
it has been studied by numbers of researchers [9]. A large
number of research results have been proposed. The path
planning algorithm develops from the earliest grid method,
artificial potential field method [10], visibility graph [11] to

C-space method [12], 𝐴∗ algorithm, and 𝐷∗ algorithm [13].
Now, it is also studied to combine fuzzy logic algorithm
[14, 15], adaptive algorithm [16, 17], and neural network
algorithm [18–21]. In recent years, potential field method is
more and more mature and widely used in omnidirectional
mobile robots, because of its logical simplicity and obsta-
cle avoidance capability. Many researches have proved the
excellent capability of navigation and obstacle avoidance [22–
24]. Hence, potential field method is utilized in this paper
for the motion planning of omnidirectional wheeled mobile
robot. To overcome the local minima problem and the goals
nonreachable with obstacles nearby (GNRON) problem, the
repulsive potential functions formotion planning contain the
distance between robot and obstacle.

A popular way to control a mobile robot is to design
the kinematic control based only on the kinematics equation
[25–27]. Since 1995, people have put forward an integral
dynamicsmodel of amobile robot [4]. Using dynamicsmodel
to control robot’s motion is a common way [28–31]. This
paper combines the kinematics as well as dynamics equation
of the omnidirectional wheel and potential field method, to
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Figure 1: The structure of 𝑖 omnidirectional wheel.

control and navigate the mobile robot. In addition to these
contributions in this paper, model predictive control (MPC)
is utilized in motion planning for robust controller perform-
ance [32–35]. This paper is organized as follows: in Sec-
tion 2, the kinematics equation of omnidirectional wheel and
how the mobile robot built with 3 omnidirectional wheels
can achieve the omnidirectional motion are discussed. In
Section 3, the dynamics model of 3-omnidirectional wheel
mobile robot is explained. In Section 4, a novel potential
field method, which can overcome the GNRON problem,
is introduced. In Section 5, MPC has been introduced.
Both kinematics model and dynamics model have been
applied in MPC. In Section 6, the simulations illustrating the
effectiveness of the proposed method are presented. Finally,
conclusion is given in Section 7.

2. The Kinematics Equation of
Omnidirectional Wheel

From Figure 2, the following equation can be obtained:

[V𝑖𝑥
V𝑖𝑦
] = [0 sin𝛼𝑖𝑟 cos𝛼𝑖][

𝜔𝑖
V𝑖𝑟
] = 𝐾𝑖1 [𝜔𝑖V𝑖𝑟] , (1)

where V𝑖𝑥, V𝑖𝑦, and 𝜔𝑖 are generalized velocity of point 𝑂𝑖
in Cartesian coordinate system and V𝑖𝑥, V


𝑖𝑦, and 𝜔𝑖 are gen-

eralized velocity of point 𝑂𝑖 in 𝑥𝑂𝑦 coordinate system. V𝑖𝑟
is the 𝑖th roller’s central velocity vector.

When the 𝑖th omnidirectional wheel’s central speed is
mapped to Cartesian coordinate system, then

[V𝑖𝑥
V𝑖𝑦
] = [cos 𝜂𝑖 − sin 𝜂𝑖

sin 𝜂𝑖 cos 𝜂𝑖 ][
V𝑖𝑥
V𝑖𝑦
] = 𝐾𝑖2𝐾𝑖1 [𝜔𝑖V𝑖𝑟] . (2)
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Figure 2: The motion relationship between system center and the 𝑖
omnidirectional wheel.

The system moves in two-dimensional space, so, accord-
ing to geometric relationship and [36], the wheels’ speed can
be represented by

[V𝑖𝑥
V𝑖𝑦
] = [1 0 −𝑙𝑖𝑦0 1 𝑙𝑖𝑥 ]

[[
[
V𝑥
V𝑦𝜔
]]
]
= 𝐾𝑖3 [[

[
�̇�𝑐̇𝑦𝑐𝜔
]]
]
, (3)

where 𝑙𝑖𝑥 and 𝑙𝑖𝑦 are the position of the 𝑖th wheel’s mass point
in 𝑥𝑂𝑦 coordinate. According to (2)-(3), the system inverse
kinematics equations can be defined as

𝐾𝑖2𝐾𝑖1 [𝜔𝑖V𝑖𝑟] = 𝐾𝑖3
[[
[
�̇�𝑐̇𝑦𝑐𝜔
]]
]
, 𝑖 = 1, 2, 3, (4)

where det(𝐾𝑖1) is not zero, so as the det(𝐾𝑖2). Define 𝐾𝑖 =[𝐾𝑖2]−1[𝐾𝑖1]−1𝐾𝑖3, 𝑙𝑖𝑥 = 𝑙𝑖 cos𝛽𝑖, and 𝑙𝑖𝑦 = 𝑙𝑖 sin𝛽𝑖. 𝛽𝑖 is the
angle between 𝑂𝑂𝑖 and 𝑥-axis. Then the inverse kinematics
equation of 𝑖th omnidirectional wheel is

[𝜔𝑖
V𝑖𝑟
] = [𝐾𝑖2]−1 [𝐾𝑖1]−1𝐾𝑖3 [[

[
�̇�𝑐̇𝑦𝑐𝜔
]]
]
; (5)

define 𝛾𝑖 = 𝜂𝑖 − 𝛼𝑖; then
𝐾𝑖 = 1−𝑟 sin𝛼𝑖
⋅ [ cos (𝛾𝑖) sin (𝛾𝑖) −𝑙𝑖𝑦 cos (𝛾𝑖) + 𝑙𝑖𝑥 sin (𝛾𝑖)𝑟 cos 𝜂𝑖 −𝑟 sin 𝜂𝑖 𝑙𝑖𝑦 ⋅ 𝑟 cos 𝜂𝑖 − 𝑙𝑖𝑥 ⋅ 𝑟 sin 𝜂𝑖 ] .

(6)
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Figure 3: The structure of 𝑖th omnidirectional wheel.

Define

𝐴1 =
[[[[[[[[
[

cos (𝛾1)
sin𝛼1
cos (𝛾2)
sin𝛼2
cos (𝛾3)
sin𝛼3

]]]]]]]]
]

𝐴2 =
[[[[[[[[
[

sin (𝛾1)
sin𝛼1
sin (𝛾2)
sin𝛼2
sin (𝛾3)
sin𝛼3

]]]]]]]]
]

𝐴3 =
[[[[[[[[
[

𝑙1 sin (𝛾1 − 𝛽1)
sin𝛼1𝑙2 sin (𝛾2 − 𝛽2)
sin𝛼2𝑙3 sin (𝛾3 − 𝛽3)
sin𝛼3

]]]]]]]]
]
.

(7)

The inverse kinematics solution of wheel speed to system
center is

[[[
[

𝜔1
𝜔2
𝜔3
]]]
]
= 1−𝑟 [𝐴1 𝐴2 𝐴3]

[[[
[

�̇�𝑐
̇𝑦𝑐
𝜔
]]]
]
. (8)

The Jacobian matrix systems inverse kinematics equation is

𝑅 = 1−𝑟 [𝐴1 𝐴2 𝐴3] . (9)

According to Figures 2–4, since this paper discusses a
mobile robot built by three omnidirectionalwheels,𝛼𝑖,𝛽𝑖, and𝜂𝑖, are fixed. The actual values are shown in Table 1.
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Figure 4: All three coordinates in OMR system.

Table 1: A table with notes.

Parameter 𝛽1 𝛽2 𝛽3 𝜂1 𝜂2 𝜂3 𝛼1 𝛼2 𝛼3
Value 60∘ 180∘ 300∘ 60∘ 180∘ 300∘ 90∘ 90∘ 90∘

From Table 1 and specification that 𝑟 = 50.67mm and 𝑙 =118.18mm, the actual parameter of OMR can be substituted
into (8); then

[[
[
𝜔1𝜔2𝜔3
]]
]
= [[
[
−0.0170 0.00987 2.3323

0 −0.0197 2.3323
0.0171 0.00987 2.3323

]]
]
[[
[
�̇�𝑐̇𝑦𝑐𝜔
]]
]
. (10)

From (10), rank(𝑅) = 3, which means that this robot can
achieve omnidirectional movement.

3. The Dynamics Equation of OMR

Three coordinates 𝑥𝑐𝑂𝑐𝑦𝑐, 𝑥𝑂𝑦, and 𝑥𝑖𝑂𝑖𝑦𝑖 are constructed
as in Figure 4. 𝑂𝑐 is a specific point in the workspace, and 𝑂
is the central point of the mobile robot while𝑂𝑖 is the central
point of each wheel. 𝜂 is the angle between the front of OMR
and 𝑋𝑐. The vector 𝑆𝑐 = [𝑥𝑐, 𝑦𝑐]𝑇 indicates the position of 𝑂.
According to Newton’s second law,

𝑚�̈�𝑐 = 𝐹𝑥𝑐
𝑚 ̈𝑦𝑐 = 𝐹𝑦𝑐 , (11)

equivalent to

𝑀 ̈𝑆𝑐 = 𝐹𝑐. (12)

𝐹 = [𝐹𝑥𝑐 , 𝐹𝑦𝑐]𝑇 is a force vector on the central point of
mobile robot in the Cartesian coordinate. 𝑀 = diag (𝑚,𝑚)
is a symmetric positive definite matrix, and 𝑚 is the mass of
mobile robot.

The transfer matrix which transfers coordinate 𝑥𝑐𝑂𝑐𝑦𝑐
into coordinate 𝑥𝑂𝑦 is

𝑇𝑐 = [cos 𝜂 − sin 𝜂
sin 𝜂 cos 𝜂 ] . (13)
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Consequently,

̇𝑆𝑐 = 𝑇𝑐 ̇𝑠
�̇�𝑐 = 𝑇𝑐 ̇𝑓 (14)

𝑠 = [𝑥, 𝑦]𝑇 and 𝑓 = [𝑓𝑥, 𝑓𝑦], respectively, mean the central
pointO’s displacement and force vector in mobile coordinate𝑥𝑂𝑦. Therefore, (12) becomes

𝑀(𝑇𝑇𝑐 �̇�𝑐 ̇𝑠 + ̈𝑠) = 𝑓. (15)

Finally, the dynamics of the omnidirection mobile robot can
be described as

𝑚(�̈� − ̈𝑦 ̇𝜂) = 𝑓𝑥
𝑚( ̈𝑦 + �̈� ̇𝜂) = 𝑓𝑦

𝐼𝜐 ̈𝜂 = 𝑀𝐼,
(16)

where 𝐼𝜐 and𝑀𝐼 are the moment of inertia of mobile robot
around its central axis and the corresponding torque, respect-
ively. Among them, 𝑓𝑥, 𝑓𝑦, and 𝑀𝐼 can be drawn by

𝑓𝑥 = − (𝑁𝑤1 + 𝑁𝑤2 ) sin 𝜇 + 𝑁3
𝑓𝑦 = (𝑁𝑤1 − 𝑁𝑤2 ) cos 𝜇, (17)

where 𝜇 is the angle between wheel and 𝑦-axis, and 𝜇1 =30∘, 𝜇2 = 30∘, and 𝜇3 = 90∘.
𝑀𝐼 = 𝑙1𝑁𝑤1 + 𝑙2𝑁𝑤2 + 𝑙3𝑁𝑤3 . (18)

According to [37], the dynamics model of drive system of
each wheel is assumed as

𝐼𝑤�̇�𝑖 + 𝜉𝜔𝑖 = ℎ𝜏𝑖 − 𝑟𝑁𝑤𝑖 (𝑖 = 1, 2, 3) , (19)

where𝑁𝑤𝑖 is the drive power of each wheel. 𝐼𝜔 is the moment
of inertia of wheel around its central axis. 𝜉 is viscous
friction constant between wheel and ground. �̇�𝑖 is angular
acceleration of each wheel. 𝑟 is radius of the wheel. ℎ is drive
factor. 𝜏𝑖 is the input torque of each wheel.

The speed of each omnidirectional mobile robot’s wheel
V𝑖 can be described as 𝑟𝜔𝑖. According to [38], the dynamics
model of OMR can be described as the following equation:

̈𝑞 = 𝐴 (𝑞) ̇𝑞 + 𝐵 (𝑞) 𝜏, (20)

where
𝐴 (𝑞)

=
[[[[[[[
[

−3𝜉3𝐼𝑤 + 2𝑀𝑟2 −3𝐼𝑤 ̇𝜂3𝐼𝑤 + 2𝑀𝑟2 0
3𝐼𝑤 ̇𝜂3𝐼𝑤 + 2𝑀𝑟2 3𝜉3𝐼𝑤 + 2𝑀𝑟2 0
0 0 −3𝜉𝑙23𝐼𝑤𝑙2 + 𝐼]𝑟2

]]]]]]]
]

𝐵 (𝑞)

=
[[[[[[[
[

−ℎ𝑟𝜅13𝐼𝑤 + 2𝑀𝑟2 ℎ𝑟𝜅13𝐼𝑤 + 2𝑀𝑟2 2ℎ𝑟 cos 𝜂3𝐼𝑤 + 2𝑀𝑟2ℎ𝑟𝜅23𝐼𝑤 + 2𝑀𝑟2 ℎ𝑟𝜅33𝐼𝑤 + 2𝑀𝑟2 2ℎ𝑟 sin 𝜂3𝐼𝑤 + 2𝑀𝑟2ℎ𝑟𝑙3𝐼𝑤𝑙2 + 𝐼]𝑟2
ℎ𝑟𝑙3𝐼𝑤𝑙2 + 𝐼]𝑟2

ℎ𝑟𝑙3𝐼𝑤𝑙2 + 𝐼]𝑟2

]]]]]]]
]
.

(21)

Let us define 𝜅1 = √3 sin 𝜂−cos 𝜂, 𝜅2 = −√3 cos 𝜂−sin 𝜂,
and 𝜅3 = √3 cos 𝜂 − sin 𝜂.
4. Potential Field for OMR’s Motion Planning

Using the potential field algorithm for OMR’s path planning
will be modified to produce a virtual force to navigate mobile
robot and obstacle avoidance. For simple theoretical analysis,
mobile robot is considered as a mass point andmoves in two-
dimensional space whose position can be denoted by 𝑠 =[𝑥, 𝑦]𝑇. The distance as well as the angle between robot and
goal, robot and obstacles can be detected by ultrasonic sen-
sors. Inspired by [23], then the attractive potential function
caused by goal can be calculated by the following equation:

𝑈att (𝑠) = 12𝑎att𝑑𝑐 (𝑠, 𝑠goal) , (22)

where 𝑎att is a positive scaling factor, 𝑑𝑐(𝑠, 𝑠goal) = ‖(𝑠goal − 𝑠)‖
is the distance between the OMB’s mass point and the goal𝑠goal, and 𝑐 = 1 or 2. For 𝑐 = 2, the attractive force is

𝐹att (𝑠) = −∇𝑈att (𝑠) = 𝑎att (𝑠goal − 𝑠) = 𝐹att𝑛RG. (23)

The repulsive potential function is
𝑈rep (𝑠)

= {{{{{
12𝑎rep ( 1𝑑 (𝑠, 𝑠obs) −

1𝑑 0)
2 𝑑𝑛 (𝑠, 𝑠goal) , if 𝑑 (𝑠, 𝑠obs) ≤ 𝑑0

0, if 𝑑 (𝑠, 𝑠obs) > 𝑑0.
(24)

where 𝑎rep is a positive scaling factor, 𝑑(𝑠, 𝑠obs) is the minimal
distance between the OMB’s mass point 𝑞 and the hindrance,𝑑0 denotes the level of the influence of the hindrance to the
robot and it is defined as a positive constant, and 𝑛 is a positive
constant. The repulsive force is

𝐹rep (𝑠) = −∇𝑈rep (𝑠)
= {{{

𝐹rep1𝑛OR + 𝐹rep2𝑛RG, if 𝑑 (𝑠, 𝑠obs) ≤ 𝑑0
0, if 𝑑 (𝑠, 𝑠obs) > 𝑑0.

(25)
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𝑛OR = ∇𝑑(𝑠, 𝑠obs) and 𝑛RG = −∇𝑑(𝑠, 𝑠goal) are two unit vectors
pointing from the obstacle to the OMR and from the OMR
to the goal. According to (23) and (25), 𝐹total is drawn by the
following equation:

𝐹total = 𝐹att (𝑠) + 𝐹rep (𝑠)
= 𝐹att𝑛RG + 𝐹rep1𝑛OR + 𝐹rep2𝑛RG. (26)

According to [23], for the robot with 3 omnidirectional
wheels, the real input is the 3 angular velocities of the omni-
directional wheels, 𝜔1, 𝜔2, and 𝜔3, which satisfies (8), and V𝑥𝑐
and V𝑦𝑐 have the following relationship with V and 𝜔:

V𝑥𝑐 = V cos 𝜂
V𝑦𝑐 = V sin 𝜂. (27)

The mobile robot needs to decelerate as soon as it nears the
obstacle, while its velocity will be higher when it is far from
the obstacle, so the robot’s velocity is chosen by the distance
between OMB and obstacle. Thus the velocity of the OMR in𝑥𝑐𝑂𝑐𝑦𝑐 can be determined by

V = {{{{{
V𝑜
𝑑 (𝑠, 𝑠obs)𝑑0 V𝑜, (28)

where V𝑜 is the optimal velocity of the robot.
As the total force 𝐹total can be calculated, its angle 𝜂𝑓 is

known. The difference angle between 𝜂𝑓 and the orientation
of the robot 𝜂𝑐 is

𝜂𝑒 = 𝜂𝑓 − 𝜂𝑐. (29)

Thus the angular velocities 𝜔 can be ensured by

𝜔 = 𝐾𝜂𝑒; (30)

define 𝐾 as a positive gain.

5. Model Predictive Control for Omnidirection
Mobile Robot

In recent years, MPC has been widely used in motion
control Internet of things applications [35, 39]. MPC has
low requirements for model’s accuracy and it is suitable for
step response model and linear and nonlinear model. The
control problem is described as a cost function’s optimization
problem. The input which is constrained by some specific
conditions and minimizes the cost function is the optimal
input. One of MPC’s advantage is its rolling optimization
[40] that means, according to its reference, it can optimize
a cost function to get an optimal input vector at every
sample time. According to the MPC method introduced by
[41], because the reference is produced by potential field,
what we need is a discrete-time model with constraints. In
the following section, according to [35] two discrete-time
controllers, kinematic controller, and dynamics controller are
proposed.

5.1. Kinematic Controller. With (8) and 𝜐 = 𝑟𝜔, then the kine-
matics model of mobile robot can be transformed into

𝜐 = [[
[
𝜐1𝜐2𝜐3
]]
]
= − [𝐴1 𝐴2 𝐴3] [[

[
�̇�𝑐̇𝑦𝑐𝜔
]]
]
. (31)

Define 𝑞 = [𝑥𝑐, 𝑦𝑐, 𝜂]𝑇 as the state of mobile robot in 𝑥𝑐𝑂𝑐𝑦𝑐
and 𝑆(𝑞) = (𝑟𝑅)−1. Therefore

̇𝑞 = −𝑆 (𝑞) 𝜐. (32)

With the help of zero-order hold (ZOH), a continuous-
time system can be described as a discrete-time form

𝑞 (𝑗 + 1) = 𝑞 (𝑗) + ̇𝑞 (𝑡) 𝑇. (33)

with a sampling period 𝑇. According to (31), (32), and (33)
can be rewritten as

𝑞 (𝑗 + 1) = [[[
[

𝑥𝑐 (𝑗 + 1)𝑦𝑐 (𝑗 + 1)𝜂 (𝑗 + 1)
]]]
]

= [[[
[

𝑥𝑐 (𝑗) − 1.1547𝑇𝜐1 − 0.5785𝑇𝜐2 + 0.5777𝑇𝜐3𝑦𝑐 (𝑗) − 1.002𝑇𝜐2 + 0.334𝑇𝜐3𝜂 (𝑗) + 0.0028𝑇𝜐3
]]]
]

(34)

The cost function for the MPC can be defined as

𝐽 (𝑞, 𝑢) = 𝑗+𝑁−1∑
𝑘=𝑗

𝐿𝐾 (𝑞 (𝑘) , 𝑢 (𝑘) + 𝐹 (𝑞 (𝑗 + 𝑁))) , (35)

where 𝐿𝐾(𝑞, 𝑢) is the stage cost.
𝐿𝐾 (𝑞, 𝑢) = 𝑁∑

𝑘=1

𝑞𝑇 (𝑘 + 𝑗 | 𝑗) 𝑄𝐾𝑞 (𝑘 + 𝑗 | 𝑗)

+ 𝑁𝑢−1∑
𝑘=0

Δ𝑢𝑇 (𝑘 + 𝑗 | 𝑗) 𝑅𝐾Δ𝑢 (𝑘 + 𝑗 | 𝑗) ,
(36)

where𝑁 is prediction horizon where𝑁 ≥ 1 and𝑁𝑢 is control
horizon where 1 ≤ 𝑁𝑢 ≤ 𝑁. 𝑄𝐾 and 𝑅𝐾 are appropriate
weighting matrices. 𝑞(𝑘 + 𝑗 | 𝑗) means the predicted state of
the OMR and Δ𝑢(𝑘 + 𝑗 | 𝑗)means the input increment of the
controller. 𝐿𝐾(𝑞, 𝑢) is the most used standard quadratic form
in practice. By way of solving the following finite-horizon
optimal control problem (FHOCQ) online:

𝑢∗ = argmin
𝑢
{𝐽 (𝑞 ⋅ 𝑢)} . (37)

The current control 𝑢(𝑗) = [𝜐(𝑗), 𝜔(𝑗)]𝑇 can be ensured at
the instant time 𝑗. Because the torques generated by motors
are limited by the performance of the motors, 𝑢(𝑗) has upper
bound and lower bound and the change of 𝑢(𝑗) is also
constrained. Thus

𝑢min ⩽ 𝑢 (𝑗) ⩽ 𝑢max

Δ𝑢𝑚𝑖𝑛 ⩽ Δ𝑢 (𝑗) ⩽ Δ𝑢max

𝑞min ⩽ 𝑞 (𝑗) ⩽ 𝑞max.
(38)
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According to [42], (38) can be transformed into

ℎ−𝑖 − �̂�𝑖 ⩽ �̂� (𝑗) ⩽ ℎ+𝑖 − �̂�𝑖
ℎ−𝑖 ⩽ 𝑞 (𝑗) ⩽ ℎ+𝑖 . (39)

The kinematic equation (34) can be described into the
following form:

𝑞 (𝑗 + 1) = 𝑔1 (𝑞 (𝑗)) + 𝑔2 (𝑞 (𝑗)) 𝑢 (𝑗) , (40)

where 𝑔1 and 𝑔2 are the continuous nonlinear function,𝑔1(0) = 0, 𝑞 = [𝑞1, 𝑞2, 𝑞3]𝑇 = [𝑥𝑐, 𝑦𝑐, 𝜂]𝑇 is the state vector,𝑢 = [𝑢1, 𝑢2]𝑇 = [𝜐, 𝜔]𝑇 is the input vector, and
𝑔1 (𝑞) = [[

[
𝑞1𝑞2𝑞3
]]
]
,

𝑔2 = 𝑇[[
[
−1.1547 −0.5785 0.5777

0 −1.002 0.334
0 0 0.0028

]]
]
.

(41)

Define the following vectors:

𝑞 = [𝑞 (𝑗 + 1 | 𝑗) , . . . , 𝑞 (𝑗 + 𝑁 | 𝑗)]𝑇 ∈ 𝑅3𝑁
𝑢 (𝑗) = [𝑢 (𝑗 + 1 | 𝑗) , . . . , 𝑢 (𝑗 + 𝑁 | 𝑗)]𝑇 ∈ 𝑅2𝑁𝑢

Δ𝑢 (𝑗) = [Δ𝑢 (𝑗 + 1 | 𝑗) , . . . , Δ𝑢 (𝑗 + 𝑁 | 𝑗)]𝑇
∈ 𝑅2𝑁𝑢 .

(42)

The predicated output can be determined by the following
form:

𝑥 = 𝐺Δ𝑢 (𝑗) + 𝑔1 + 𝑔2, (43)

where

𝐺 =
[[[[[[[
[

𝑔2 (𝑞 (𝑁1)) ⋅ ⋅ ⋅ 0
𝑔2 (𝑞 (𝑁2)) ⋅ ⋅ ⋅ 0

... d
...

𝑔2 (𝑞 (𝑁𝑁)) ⋅ ⋅ ⋅ 𝑔2 (𝑞 (𝑁𝑁))

]]]]]]]
]

𝑔1 =
[[[[[[[
[

𝑔1 (𝑞 (𝑁1))
𝑔1 (𝑞 (𝑁2))...
𝑔1 (𝑞 (𝑁𝑁))

]]]]]]]
]
∈ 𝑅3𝑁

𝑔2 =
[[[[[[[
[

𝑔2 (𝑞 (𝑁1)) 𝑢 (𝑗 − 1)
𝑔2 (𝑞 (𝑁2)) 𝑢 (𝑗 − 1)...
𝑔2 (𝑞 (𝑁𝑁)) 𝑢 (𝑗 − 1)

]]]]]]]
]
∈ 𝑅3𝑁;

(44)

define𝑁𝑖 = 𝑗 − 1 + 𝑖 | 𝑗 − 1.

Hence, the original optimization problem (35) can be
transformed into

min 𝑞 (𝑗)2𝑄𝐾 + Δ𝑢 (𝑗)2𝑅𝐾
= min 𝐺Δ𝑢 (𝑗) + 𝑔1 + 𝑔22𝑄𝐾 + Δ𝑢 (𝑗)2𝑅𝐾

(45)

subject to

Δ𝑢min ⩽ Δ𝑢 (𝑗) ⩽ Δ𝑢max

𝑢min ⩽ 𝑢 (𝑗 − 1) ⩽ Δ𝑢max

𝑢min ⩽ 𝑢 (𝑗 − 1) + 𝐼Δ𝑢 (𝑗) ⩽ Δ𝑢max

𝑥min ⩽ 𝐺Δ𝑢 (𝑗) + 𝑔1 + 𝑔2 ⩽ 𝑥max.
(46)

Problem (45) can be rewritten as a QP problem

min 12Δ𝑢𝑇𝑊Δ𝑢 + 𝐻𝑇Δ𝑢 (47)

subject to

𝐸Δ𝑢 ⩽ �̃�
Δ𝑢min ⩽ Δ𝑢 ⩽ Δ𝑢max, (48)

where the coefficients are

𝑊 = 2 (𝐺𝑇𝑄𝐾𝐺 + 𝑅𝐾)
𝐻 = −2𝐺𝑇𝑄𝐾 (𝑔1 + 𝑔2)
𝐸 = [−𝐼 𝐼 −𝐺 𝐺]𝑇 .

(49)

5.2. Dynamics Controller. According the dynamics model of
OMR, then

�̈�𝑐 = −3𝐼𝑤 ̇𝑦𝑐 ̇𝜂 − 3𝜉�̇�𝑐 − ℎ𝑟𝜅1𝜏1 + ℎ𝑟𝜅1𝜏2 + 2ℎ𝑟𝜏32𝑀𝑟2 + 3𝐼𝑤
̈𝑦𝑐 = 3𝐼𝑤�̇�𝑐 ̇𝜂 + 3𝜉 ̇𝑦𝑐 − ℎ𝑟𝜅2𝜏1 + ℎ𝑟𝜅3𝜏2 + 2ℎ𝑟𝜏32𝑀𝑟2 + 3𝐼𝑤
̈𝜂 = −3𝜉𝑙2𝜂2 + ℎ𝑙𝑟 (𝜏1 + 𝜏2 + 𝜏3)𝐼𝜐𝑟2 + 3𝐼𝑤𝑟2 .

(50)

Applying (33) into (50) and [�̈�, ̈𝑦, ̈𝜂] = [V̇𝑥𝑐 , V̇𝑦𝑐 , �̇�] the
discrete-time dynamics model of the OMR can be described
as

V𝑥 (𝑗 + 1) = V𝑥 (𝑗) + �̈�𝑇
V𝑦 (𝑗 + 1) = V𝑦 (𝑗) + ̈𝑦𝑇
𝜔 (𝑗 + 1) = 𝜔 (𝑗) + ̈𝜂𝑇.

(51)

According to 𝑢 = [V𝑥𝑐 , V𝑦𝑐 , 𝜔]𝑇 and 𝑞 = [𝑥𝑐, 𝑦𝑐, 𝜂]𝑇, then
𝑢 (𝑗 + 1) = 𝑢 (𝑗) + ̈𝑞𝑇 (52)
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Applying (52) into (40), then, we can draw

𝑞 (𝑗 + 2)
= 𝑔1 (𝑞 (𝑗)) + 𝑔2 (𝑞 (𝑗)) 𝑢 (𝑗)
+ 𝑔2 (𝑔1 (𝑞 (𝑗)) + 𝑔2 (𝑞 (𝑗)) 𝑢 (𝑗)) 𝑢 (𝑗 + 1)

(53)

subject to

𝑢min ⩽ 𝑢 (𝑗) ⩽ 𝑢max

𝜏min ⩽ 𝜏 (𝑗) ⩽ 𝜏max

̈𝑞min ⩽ ̈𝑞 (𝑗) ⩽ ̈𝑞max,
(54)

where, respectively, min and max means the lower bounds
and upper bounds. 𝜏 is the motor inputs. 𝑢 is the velocity. ̈𝑞 is
the acceleration.

According to (53), the predictivemodel can be formulated
as

𝑞 (𝑘 + 𝑗 | 𝑗) = 𝑔1 (𝑞 (𝑘 + 𝑗 − 2 | 𝑗))
+ 𝑔2 (𝑞 (𝑘 + 𝑗 − 2 | 𝑗)) 𝑢 (𝑘 + 𝑗 − 2 | 𝑘)
+ 𝑔2 (𝑔1 (𝑞 (𝑘 + 𝑗 − 2 | 𝑗))
+ 𝑔2 (𝑞 (𝑘 + 𝑗 − 2 | 𝑗)) 𝑢 (𝑘 + 𝑗 − 2 | 𝑘)) 𝑢 (𝑘 + 𝑗
− 1 | 𝑘) ,

(55)

where 𝑘 ⊆ [1,𝑁].
Thequadratic objective function (QBF) of the robot’s state

and the motor input under a predictive horizon𝑁 and a con-
trol horizon𝑁𝑢 can be determined by the following equation:

𝐿𝐷 (𝑘) = 𝑁∑
𝑘=1

𝑞𝑇 (𝑘 + 𝑗 | 𝑗) 𝑄𝐷𝑞 (𝑘 + 𝑗 | 𝑗)

+ 𝑁𝑢∑
𝑘=1

𝜏𝑇 (𝑘 + 𝑗 − 2 | 𝑗) 𝑅𝐷𝜏 (𝑘 + 𝑗 − 2 | 𝑗) ,
(56)

where 𝑄𝐷 and 𝑅𝐷 are appropriate weighting matrices.
Hence, the dynamics predictive motor torque can be

obtained by

𝜏∗ = argmin
𝜏
𝐿𝐷 (𝑗) (57)

subject to

𝜏min ⩽ 𝜏 (𝑘 + 𝑗 | 𝑗) ⩽ 𝜏max, 𝑘 ⊆ [0,𝑁 − 2]
̈𝑞min ⩽ ̈𝑞 (𝑘 + 𝑗 | 𝑗) ⩽ ̈𝑞max, 𝑘 ∈ [1,𝑁] . (58)

6. Experimental Part

In this section, we design a 100m × 100mworkplace within 6
obstacles (𝑂𝑖, 𝑖 = 1, 2, 3, 4, 5, 6). We define the velocity of the
OMR as 1m/s and the start point of the OMR as (3, 90) while

the destination is (70, 28). We define the prediction horizon𝑁 = 3 and the control horizon 𝑁𝑢 = 2. As the inputs of
kinematic controller and dynamics controller are different,
we set up a different constraint. The save distance between
the OMR and obstacle is adjustable and the accurate value of
the OMR’s model is based on the OMR we built physically.
The simulation is carried out in MATLAB.

6.1. Simulation of Kinematics Controller. In this section,
simulation is carried out based on kinematics model. The
OMR is navigated by potential fieldmethod combiningMPC.
In this simulation, we assume the goal position is already
known, and the start position and start velocity are defined
in advance.

The process of this simulation is shown by the following
flow chart in Figure 5, where 𝑂𝑖 means the 𝑖th obstacle. First,
we define the originate position of the mobile robot and
the originate velocity. Then, we sent the goal position to the
mobile robot.With the help of potential field method, mobile
robot can draw the next status, which is used as the reference
for the MPC. After the MPC process, the predictive status
is sent to mobile robot for navigation and to the previous
process for the next reference.

The area of workplace is within 100m × 100m and there
are some obstacles randomly distributed in it. With the help
of potential field and MPC, the OMR can adjust its velocity
and finally reach the goal which is shown by Figures 6 and 7.

According to Figures 6 and 7, we can see that the OMR
successfully reaches the goal and can smoothly self-avoid the
obstacle. The velocity of the OMR is shown by Figures 8, 9,
and 10.

At the beginning of simulation, we define the originate
velocity of the robot as 1. When the mobile robot starts mov-
ing, the velocity (V𝑡) is modified by MPC as V𝑡 on the left of
simulation.

Connecting Figures 6, 8, and 9, we can see that the
moment the change of V𝑡 is rapid is the moment that mobile
robot encounters an obstacle and it needs to change its
direction. Figure 10 is the velocities of three omnidirectional
wheels; the composition of all three velocities is V𝑡.

According to potential field method, we can get the total
force angle, and then we can determine 𝜂. The change of 𝜂 is
shown by Figure 11.

The result of potential field method in navigation is
outstanding. The OMR can smoothly avoid obstacles and
successfully guide itself to the goal.With supplement ofMPC,
the motion of mobile robot is constrained and the velocity
becomes more realistic and flexible.The robustness of system
is enhanced.

6.2. Simulation of Dynamics Controller. In this section, sim-
ilar to the last section, we change kinematics model into
dynamics model and simulate a similar process which OMR
is navigated by potential field and MPC. In this simulation,
we assume the goal position is already known, and the start
position and start velocity are defined in advance too.

According Figures 12 and 13, it shows that, with the
control of dynamics controller and navigation of potential
field, the OMR achieves its goal and successfully avoids the
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Figure 5: The velocity of the OMR during the simulation.
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Figure 6: The simulation of OMR controlled by kinematic con-
troller moving in the workplace.
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Figure 7: The trajectory of the OMR controlled by kinematic
controller in𝑋𝑐𝑂𝑐𝑌𝑐 coordinate.

obstacles. When the OMR approaches an obstacle, potential
field algorithm generates a repulsive force which makes the
OMR turn around and prevent itself fromhitting the obstacle.
With the help of MPC, the velocity is constrained, which can
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Figure 8: The velocity of the OMR controlled by kinematic
controller during the simulation.
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Figure 9: The change of velocity of the OMR controlled by
kinematic controller.

prevent some value that is beyond the real produced by the
potential field method from navigating the OMR.

Comparing Figures 14 and 15 to Figure 12, it is easy to see
that when the velocity changes sharply is when the OMR is
too close to the obstacle and it needs to slow down to avoid
possible collision.
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Figure 11: The angle with the change of robot’s position is deter-
mined by potential field.
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Figure 12: The simulation of the OMR controlled by dynamics
controller moving in the workplace.
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Figure 13: The trajectory of the OMR controlled by dynamics
controller in𝑋𝑐𝑂𝑐𝑌𝑐 coordinate.
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Figure 14: The velocity of the OMR controlled by dynamics
controller during the simulation.

10 20 30 40 50 600
Time

0.85

0.9

0.95

1

1.05

1.1

1.15

V
t

Figure 15: The change of velocity of the OMR controlled by
dynamics controller.
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Figure 16: The change of torque of the OMR.

According to Figure 16, when the OMR needs to change
its direction, it changes three torques, respectively, to generate
a combined effort to steer its motion.

7. Conclusion

In this paper, a novel potential field method has been used to
navigate a class of OMR. With the consideration of distance
between the robot and the goal, robot, and obstacle, the
GNRON problem is solved. In addition, it discusses the
kinematic as well as dynamics model of mobile robot. For
improving system’s robustness, it combines potential field
and MPC, so the motion planning is more complete. Finally,
simulation results show that the proposed control scheme is
more appropriate for omnidirectional mobile robot’s naviga-
tion.
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