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Signal processing is a long-established engineering field with
broad applications in so different arenas such as multime-
dia (audio, still image, video, graphics, etc.), coding, com-
munications, seismology, astronomy, biomedicine, artificial
intelligence, and econometrics, to only name some of them.
Signal processing stems from cross-fertilized grounds includ-
ing mathematical analysis, algebra, numerical analysis, prob-
ability, statistics, information theory, discrete mathematics,
cybernetics, and computer science. Advances in signal pro-
cessing have frequently been pulled by needs in specific
application domains, so that they are readily incorporated to
the signal processing knowledge base for convenient use in
distant areas of application.

Signal and image processing is ubiquitous in modern
biomedical imaging, as it provides essential techniques for
image construction, enhancement, coding, storage, trans-
mission, analysis, understanding, and visualization from any
of an increasing number of different multidimensional sens-
ing modalities. As biomedical imaging is rapidly evolving,
new and more powerful signal and image processing algo-
rithms are required to meet the challenges imposed by
modern hugemultidimensionalmultimodal biomedical data,
particularly in real clinical settings.

In this special issue, we present high-quality original
research papers that address specific challenges for the
biomedical imaging community and benefit of advanced
and emerging methods in signal and image processing
required for novel time-varying high-dimensional structural
and functional biomedical imaging modalities. Interesting
new ideas from other fields of application of signal and
image processing have been highly welcome since their

practical relevance for biomedical imaging is clearly moti-
vated.

In particular, this special issue features original research
for different imagingmodalities, such as generalized diffusion
tensor imaging (GDTI), conventional diffusion weighted
MRI (DW-MRI), dynamic contrast enhanced MRI (DCE-
MRI), functional MRI (fMRI), X-ray mammography and
time-frequency representations (TFR) of electrophysiological
data such as electroencephalography (EEG), magnetoen-
cephalography (MEG), or local field potentials (LFP). The
medical application areas include central nervous system
fiber tractography, analysis of episodic memory and motor
brain activity, analysis of neural activity patterns, and breast
cancer screening and detection. As for the signal and image
processing methods, a brief list of topics addressed in this
special issue include higher-order tensors, signal estimation
and classification, clustering, and multivariate statistics, to
name a few.

In “Fast and analytical EAP approximation from a 4th-
order tensor,” A. Ghosha and R. Deriche deal with the
complicated problem of inferring themicrostructure of tissue
or fiber bundles from DW-MRI. To this extent they propose
a modified GDTI approach, where the higher-Order tensor
(HOT) representation of the apparent diffusivity coefficient
(ADC) is estimated, from the DW-MRI data, in such a
way that they provide a closed-form approximation, using
Hermite polynomials, to the ensemble average propagator
(EAP) that overcomes the computational overload of other
EAP estimation methods from GDTI.The EAP describes the
probability of the diffusing particles, and, hence, the geome-
try of the EAP is a direct indicator of themicrostructure of the
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underlying tissue or fiber bundles.They provide experimental
results on the fiber bundles estimated from real and synthetic
brain datasets.

In “DCE-MRI and DWI integration for breast lesions
assessment and heterogeneity quantification,” C. A. Méndez et
al. address the quantification of breast tumor heterogeneity
using jointly DW-MRI and DCE-MRI, which provide a
measure of cellularity and an indication of blood volume,
flow, and vascular permeability, respectively. To that end, they
first make an affine followed by an elastic registration of both
datasets and approach the tissue segmentation by clustering
using a dissimilarity-based representation (DBR) of the DCE
curves and the ADC maps, followed by K-means. Statistical
testing is carried out for the ADC maps of the resulting
clusters. They provide experimental results from 21 patients
with primary ductal carcinoma.

In “The smoothing artifact of spatially constrained canon-
ical correlation analysis in functional MRI,” D. Cordes et
al. address the problem of the spatial specificity of the
activation signal in fMRI due to smoothing artifacts that
arise in an extension of the canonical correlation analysis
(CCA) termed constrained CCA (cCCA), which is used as
a statistic in fMRI to test for functional brain activation in a
specific neighborhood. In particular, they investigate in detail
the smoothing artifact that is associated with each spatial
constraint in cCCA and provide a novel approach in order to
correct the measure of activation for the smoothing artifact
within a Bayesian testing framework. They also provide
experimental results on six real cases with six normal subjects
carrying out certain motor and episodic memory tasks.

In “A new GLLD operator for mass detection in digital
mammograms,” N. Gargouri et al. propose an extension to
the local binary pattern (LBP) operator used for texture
classification in order to overcome some limitations that arise
from the fact that LBP uses local gray-level differences. In
particular they introduce the gray level and local Difference
(GLLD) representation that, in addition to differences, also
uses gray levels and investigate the efficiency of the GLLD-
based approach as amethod of feature extraction.They tackle
the detection of abnormal masses on breast X-ray images by
performing a manual region of interest (ROI) delineation,
followed by the GLLD representation and standard classi-
fication by k-NN, support vector machines, and multilayer
perceptrons. Experimental results are from 1000 ROIs from
the Digital Database for Screening Mammography.

Last but not least, in “A flexible model for feature extrac-
tion from brain signals in the time-frequency domain,” R. Hei-
deklang and G. Ivanova provide a different perspective since
they deal with electrophysiological data. Images arise from
the time-frequency representation (TFR) of these nonstation-
ary signals that are obtained in the paper from the smoothed
pseudo-Wigner-Ville distribution. A common problem of
TFRs from electrophysiological data is inter- and intrasubject
variability of the features to be extracted (curves in the
TFR), which is here addressed by proposing the smooth
natural Gaussian extension (snaGe) model, characterized by
a sequence of multivariate Gaussians located on a parametric
curve described by a cubic B-spline. By combining cubic B-
splines with the Gaussian shape, they obtain a “sufficiently

smooth model which inherits both the splines’ flexibility and
the Gaussian standard model’s robustness.” In order to fit the
model to the data, after subsampling, an initial estimation of
the initial parameters of the curve is obtained by dynamic
programming, which is refined through iteration, and using
Fréchet and other metrics for curve difference. The authors
present results on real and synthetic EEG data, and they
discuss the robustness and the sensitivity of the method to
noise.

We hope that the readers enjoy this special issue.

Juan Ruiz-Alzola
Carlos Alberola-López
Carl-Fredrik Westin



Hindawi Publishing Corporation
International Journal of Biomedical Imaging
Volume 2013, Article ID 759421, 12 pages
http://dx.doi.org/10.1155/2013/759421

Research Article
ANovel Flexible Model for the Extraction of Features from
Brain Signals in the Time-Frequency Domain

R. Heideklang and G. Ivanova

Institut für Informatik, Humboldt-Universität zu Berlin, Unter den Linden 6, 10099 Berlin, Germany

Correspondence should be addressed to G. Ivanova; givanova@informatik.hu-berlin.de

Received 20 July 2012; Revised 28 September 2012; Accepted 21 November 2012

Academic Editor: Juan Ruiz-Alzola

Copyright © 2013 R. Heideklang and G. Ivanova. is is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

Electrophysiological signals such as the EEG,MEG, or LFPs have been extensively studied over the last decades, and elaborate signal
processing algorithms have been developed for their analysis. Many of these methods are based on time-frequency decomposition
to account for the signals’ spectral properties while maintaining their temporal dynamics. However, the data typically exhibit
intra- and interindividual variability. Existing algorithms oen do not take into account this variability, for instance by using
�xed frequency bands. is shortcoming has inspired us to develop a new robust and �exible method for time-frequency analysis
and signal feature extraction using the novel smooth natural Gaussian extension (snaGe) model. e model is nonlinear, and its
parameters are interpretable. We propose an algorithm to derive initial parameters based on dynamic programming for nonlinear
�tting and describe an iterative re�nement scheme to robustly �t high-order models. We further present distance functions to be
able to compare different instances of our model. e method’s functionality and robustness are demonstrated using simulated as
well as real data. e snaGemodel is a general tool allowing for a wide range of applications in biomedical data analysis.

1. Introduction

Electrophysiological brain signals are widely studied to get
insights into the inner function of the brain. e electro-
encephalogram (EEG), as an example, has been analyzed for
decades and is particularly popular because of its noninva-
siveness, wide availability, relatively small cost and excellent
temporal resolution which enables capturing the fast neural
dynamics. Because it is known that electrophysiological brain
signals exhibit important spectral characteristics, frequency
transforms are oen applied. However, since in general brain
signals do not possess the statistical property of stationarity,
time-frequency transforms are of special interest. Suchmeth-
ods are able to represent a given signal jointly in the time-
frequency domain, called its time-frequency representation
(TFR). ereby the signal’s spectral components can be
analyzed in relation to its temporal dynamics. In a wide sense,
TFRs can be interpreted as images containing complex pixel
intensities in general.

An important feature of biological signals, and par-
ticularly brain signals, is their inter- and intraindividual

variability. at is, under �xed experimental conditions,
the obtained signals exhibit heterogeneousness not only
between groups of subjects, but also between subjects within
the same experimental group and even within the same
subject between multiple experimental trials. Existing sig-
nal analysis techniques either do not take this issue into
account adequately or usually treat it by de�ning frequency
bands of interest rather than single frequencies, and simi-
larly time intervals instead of sharp instants. However, this
strategy requires a priori knowledge about the variability
to appropriately set the interval widths, and it is imprecise
because it blindly includes all information contained in that
time/frequency region.

A good example is the time-frequency coherence analysis
of two given input signals, for instance, by means of the
cross short-time Fourier transform [1], the crossWigner-Ville
distribution [2], or the wavelet coherence [1, 3]. All of these
methods relate both signals at �xed time/frequency (or scale)
locations.us, if signal A exhibits the same neural activation
as signal B, but signal A’s pattern is shied in frequency just
a little, none of the abovementioned techniques will be able
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to �nd the strong similarity of A and B. Although coherence
estimation and other rigid strategies have been successfully
applied “for more than 30 years” [4], this issue has inspired us
to develop a general �exible method of pattern analysis and
corresponding feature extraction in electrophysiological TFR
data.

By abstracting from the TFR images andworkingwith the
representation of a TFR pattern, numerous applications in
biomedical signal processing emerge. TFR patterns quantify
neural activity and therefore extract useful features for sub-
sequent analyses.emodel proposed in this work goes even
further by offering interpretable parameters. TFR patterns
reduce dimensionality by representing neural activity in a
wide spectrotemporal region by comparably few quantities.
Pattern-based outlier detection has the potential to become a
useful tool for data quality assurance. In ongoing studies we
are employing the presentedmethod, for instance, to estimate
functional brain connectivity by means of a pattern-based
approach.

In the following, we present the developed neuroinspired
interpretable model which is able to capture general time-
frequency patterns. We use solely EEG data for demon-
strations here, but our method is applicable to general
electrophysiological signals or even to other signals showing
similar behavior. Section 2 is devoted to developing our
idea by extending the multivariate Gaussian model. Algo-
rithms for robustly �tting the novel model to time-frequency
representations are presented. A strategy for �nding an
appropriate model order is given, and distance functions are
de�ned which quantify (dis-)similarity of two given models.
ese methods are tested in Section 3, where real as well
as simulated data are used to demonstrate our technique’s
functionality and robustness.

2. Methods

While our technique is not restricted to speci�c time-
frequency distributions, we employ the smoothed pseudo
Wigner-Ville distribution [5] in this work. is is a quadratic
transform estimating signal power in the time-frequency
domain, whereby all quantities in this work are real numbers.
e transform generates quite smooth TFRs, which means
that neighboring pixel values are correlated. Although only
positive values can be interpreted as signal power, the
Wigner-Ville distribution introduces also negative values in
general [6]. ese data properties will be taken into account
by our method.

We will refer to time-frequency representations as map-
pings 𝑦𝑦(TFR) ∶ 𝑇𝑇 𝑇 𝑇𝑇 𝑇 𝑇 which estimate signal power for
each point in the time-frequency domain.

Of the numerous ways to quantify TFR patterns, we
choose to �t a parametric surface to the data. Because of the
spatial correlation inherent in the data, traditional regression
assumptions about independence of observations do not hold
here [7]. is absence of strong gradients in the TFR images
also invalidates most image feature extraction techniques,
which are oen based on edges and texture [8]. Our model,
however, is especially designed for spatially correlated data;
furthermore its parameters are interpretable.ese quantities

are useful features which embody important information
about the underlying signal and thereby considerably reduce
data dimensionality. Using our method, feature extraction
can be fully automated, and no training data are necessary.
Nevertheless, a priori information can be incorporated fairly
easily.

In the following, we propose an extension of the well-
known Gaussian model for TFR analysis.

2.1. e Gaussian Model. e Gaussian model for multivari-
ate data 𝑥𝑥 𝑥 𝑇𝑛𝑛 is de�ned by

𝑦𝑦(𝐺𝐺) (𝑥𝑥) = 𝐶𝐶 𝐶 𝐶𝐶 𝐶𝐶𝐶 −
1
2
𝑥𝑥 − 𝑥𝑥𝑇𝑇Σ−1 𝑥𝑥 − 𝑥𝑥 (1)

with 𝐶𝐶 𝑥 𝑇 being a constant additive offset, 𝐶𝐶 𝑥 𝑇 the
amplitude relative to the offset, 𝑥𝑥 𝑥 𝑇𝑛𝑛 the constant 𝑛𝑛-
dimensional mean vector, and Σ denoting a 𝑛𝑛 𝑇 𝑛𝑛 symmetric
positive de�nite matrix. Positive de�niteness ensures that
the argument to the exponential function is always negative;
additionally we know that 𝑒𝑒𝑥𝑥 is bounded by zero and one for
negative 𝑥𝑥. erefore, the exponential factor scales the �nal
amplitude between 0 and 𝐶𝐶 relative to the offset 𝐶𝐶. e term
(𝑥𝑥 − 𝑥𝑥)𝑇𝑇Σ−1(𝑥𝑥−𝑥𝑥) is also known as the squaredMahalanobis
distance of 𝑥𝑥 with respect to 𝑥𝑥 and Σ.

Because in our context this function represents arbitrary
data in contrast to statistical distributions,𝑥𝑥will also be called
the position vector, and Σ is the spread matrix, its entries 𝜎𝜎𝑖𝑖𝑖𝑖
are denoted spread parameters.

Gaussian models are quite robust in various ways. Firstly,
themodel will be shaped like a peak for all possible parameter
values by imposing the constraint that Σ (and thus also
Σ−1) is symmetric positive de�nite. ereby, the model will
never be able to completely “degenerate.” Because the model
is not �exible enough to �t small local variations of an
expected pattern, the Gaussian model is relatively insensitive
to local data outliers and is also unsusceptible to over�tting.
An additional aspect of robustness is that extreme peak
deformations are directly re�ected in extreme parameter
values.ereby degenerated models can be easily detected or
may even be prevented by imposing parameter constraints.

2.1.1. Interpretability. e Gaussian model is well-suited
to extract bivariate peaks from brain signals’ TFR data,
re�ecting short intervals of neural excitement in a speci�c
frequency range. An instance of the above described surface,
in the bivariate case, is fully identi�ed by its parameter vector

𝑝𝑝 = 𝐶𝐶𝐶𝐶𝐶𝐶 𝑥𝑥1𝐶 𝑥𝑥2𝐶 𝜎𝜎11𝐶 𝜎𝜎12𝐶 𝜎𝜎22
𝑇𝑇. (2)

e absolute peak height 𝐶𝐶 𝐶 𝐶𝐶, the peak position (𝑥𝑥1𝐶 𝑥𝑥2)
𝑇𝑇,

and the peak orientation can be derived from the parameter
vector. Further relevant quantities are the temporal peak
onset, peak offset, and peak duration (as the difference of the
previous two).

2.2. Extending the Gaussian Model: e snaGe Model. As
alreadymentioned, theGaussianmodel’s robustness comes at
the cost of in�exibility. While some local effects in TFR data
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can be appropriately explained by (1), more general patterns
of activation do not follow peak-like shapes, as will be shown
later. us a generalization of the Gaussian model would
be desirable, especially concerning the ability to represent
patterns of activation rather than just independent “events” in
the spectrotemporal domain. At the same time, a generalized
method should maintain maximum robustness in order not
to degenerate easily and to prevent over�tting. e so-called
Gaussian mixture modeling (GMM) is a straightforward
extension [9], but this method still assumes (multiple-) peak-
shaped data. In the following, the smooth natural Gaussian
extension (snaGe) model is presented as a �exible extension
of the multivariate Gaussian model.

Before giving a formal de�nition, we explain the idea in
an intuitive way, guided by Figure 1. e 𝑛𝑛-variate Gaussian
model can be described by its (𝑛𝑛𝑛𝑛𝑛-dimensional peak point
𝑃𝑃 𝑃 (𝑃𝑃𝑛,… , 𝑃𝑃𝑛𝑛, 𝐴𝐴𝑛 and its spread parameters controlling the
exponential �attening relative to 𝑃𝑃 along the independent
variables’ dimensions. Now the idea is to not use only one,
but 𝐾𝐾 peak points 𝑃𝑃(𝑖𝑖𝑛 ∈ ℝ𝑛𝑛𝑛𝑛, 𝑖𝑖 𝑃 𝑛…𝐾𝐾, interpolated by a
smooth (𝑛𝑛𝑛𝑛𝑛-dimensional curve of peaks. A way to think of
the surface in Figure 1 modeled by snaGe is to “shape” it by
sliding an 𝑛𝑛-variate Gaussian model along the curve, its peak
point being connected to the curve and thus varying in height
(𝐴𝐴) and position (vector 𝑃𝑃). ereby complex smoothly
“bent” patterns of data with varying amplitude (dependent
variable) can be captured. e term snaGe is inspired by
these snake-like forms. Analogously to the Gaussian model,
an 𝑛𝑛 𝑛 𝑛𝑛 spread matrix determines the model’s shape, which
is a surface for 𝑛𝑛 𝑃 𝑛.

e tradeoff between robustness and �exibility can be
controlled by choosing the number of peak points 𝐾𝐾. Using
many peak points will allow for good �ts to complex patterns
but will also increase the danger of over�tting. �hoosing
a small 𝐾𝐾 yields a robust model, but its ability to capture
complex patterns will be limited. By setting 𝐾𝐾 𝑃 𝑛, snaGe
reduces to the traditional Gaussian model as a special case.

Regarding the standard Gaussian model, each function
value𝑦𝑦(𝐺𝐺𝑛(𝑥𝑥𝑛 is fully determined by theMahalanobis distance
of the point 𝑥𝑥 to the unique mean point 𝑃𝑃. But since the
snaGemodel offers in�nitely manymean points, the question
arises how to calculate the surface values. is issue will be
addressed in the next section, where a formal de�nition is
given.

������ �or�a� �e�nition� Let the “number of peak points”
be denoted by 𝐾𝐾 ∈ 𝐾, 𝐾𝐾 𝐾 𝑛. Let 𝑃𝑃 𝜇 𝜇𝑛, 𝐾𝐾𝜇 𝜇 ℝ𝑛𝑛

denote a smooth 𝑛𝑛-dimensional curve of “means,” and let
𝐴𝐴 𝜇 𝜇𝑛,𝐾𝐾𝜇 𝜇 ℝ be a smooth one-dimensional curve of
“amplitudes” along 𝑃𝑃. Let further the “offset” 𝐶𝐶 ∈ ℝ, and let
Σ ∈ ℝ𝑛𝑛𝑛𝑛𝑛 be a symmetric positive de�nite matrix. �e�ne

𝑦𝑦(𝑠𝑠𝑛𝑛𝑠𝑠𝐺𝐺𝑠𝑠𝑛 𝜇 ℝ𝑛𝑛 𝑛 𝜇𝑛,𝐾𝐾𝜇𝜇 ℝ

𝑦𝑦(𝑠𝑠𝑛𝑛𝑠𝑠𝐺𝐺𝑠𝑠𝑛 (𝑥𝑥, 𝑥𝑥𝑛 𝜇𝑃 𝐶𝐶 𝑛 𝐴𝐴 (𝑥𝑥𝑛 exp −
𝑛
𝑛
𝑥𝑥 − 𝑃𝑃 (𝑥𝑥𝑛𝑇𝑇

𝑛Σ−𝑛 𝑥𝑥 − 𝑃𝑃 (𝑥𝑥𝑛  .

(3)

Curve (µ(u),A(u))T

x1

x 2

P(1)

P(2)

P(3)

y
(s
n
aG

e)

F 1: Example of an instance of the snaGe model, in the
bivariate case. A surface plot is shown as well as its two-dimensional
projection (colored contours).𝐾𝐾 𝑃 𝐾 three-dimensional points were
smoothly interpolated to yield a “curve of peaks” (curve connecting
the circles). is curve’s 2d projection is 𝑃𝑃(𝑥𝑥𝑛, the black line. A
surface is determined by the spread parameters (dashed 2d ellipses),
controlling the shape of the exponential �attening to both sides of
the curve.

Note that 𝑦𝑦(𝑠𝑠𝑛𝑛𝑠𝑠𝐺𝐺𝑠𝑠𝑛 is a family of traditional Gaussian models,
parameterized by the curve parameter𝑥𝑥. In order to construct
a function which is independent of 𝑥𝑥, we de�ne

𝑥𝑥∗ (𝑥𝑥𝑛 𝜇𝑃 arg max
𝑥𝑥∈𝜇𝑛,𝐾𝐾𝜇

 𝑦𝑦(𝑠𝑠𝑛𝑛𝑠𝑠𝐺𝐺𝑠𝑠𝑛 (𝑥𝑥, 𝑥𝑥𝑛 − 𝐶𝐶 . (4)

e snaGemodel is then given by

𝑦𝑦(𝑠𝑠𝑛𝑛𝑠𝑠𝐺𝐺𝑠𝑠𝑛 𝜇 ℝ𝑛𝑛 𝜇 ℝ

𝑦𝑦(𝑠𝑠𝑛𝑛𝑠𝑠𝐺𝐺𝑠𝑠𝑛 (𝑥𝑥𝑛 𝜇𝑃 𝑦𝑦(𝑠𝑠𝑛𝑛𝑠𝑠𝐺𝐺𝑠𝑠𝑛 𝑥𝑥, 𝑥𝑥∗ (𝑥𝑥𝑛 .
(5)

e function 𝑥𝑥∗(𝑥𝑥𝑛 de�nes that traditional Gaussian
model which assigns to 𝑥𝑥 the largest absolute amplitude
relative to the offset 𝐶𝐶 among all members of the Gaussian
family 𝑦𝑦(𝑠𝑠𝑛𝑛𝑠𝑠𝐺𝐺𝑠𝑠𝑛. is is necessary to cope with positive as well
as negative 𝐴𝐴(𝑥𝑥𝑛. In TFR analysis, 𝐴𝐴(𝑥𝑥𝑛 can be restricted to
only positive values (see Section 2.3.1), in which case (5) in
fact simpli�es to

𝑦𝑦(𝑠𝑠𝑛𝑛𝑠𝑠𝐺𝐺𝑠𝑠𝑛𝑛 (𝑥𝑥𝑛 𝜇𝑃 max
𝑥𝑥∈𝜇𝑛,𝐾𝐾𝜇

𝑦𝑦(𝑠𝑠𝑛𝑛𝑠𝑠𝐺𝐺𝑠𝑠𝑛 (𝑥𝑥, 𝑥𝑥𝑛 . (6)

For 𝑦𝑦(𝑠𝑠𝑛𝑛𝑠𝑠𝐺𝐺𝑠𝑠𝑛 as well as 𝑦𝑦(𝑠𝑠𝑛𝑛𝑠𝑠𝐺𝐺𝑠𝑠𝑛𝑛 the max( 𝑛 function is nec-
essary in case 𝑃𝑃(𝑥𝑥𝑛 is a “near self-intersecting” curve, in the
sense that ‖𝑃𝑃(𝑥𝑥𝑛𝑛−𝑃𝑃(𝑥𝑥𝑛𝑛‖ is small, but |𝐴𝐴(𝑥𝑥𝑛𝑛−𝐴𝐴(𝑥𝑥𝑛𝑛| is large.
Figure 2 illustrates such an exemplary scenario.

We assume that the diagonal entries of the spread matrix
Σ, that is, the spread along each dimension, are sufficient to
control a TFR pattern’s “width.” erefore, we �x offdiagonal
entries to zero for the sake of robustness. ereby, the Maha-
lanobis distance in (3) reduces to the weighted Euclidean
distance.
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e two curves 𝐴𝐴𝐴𝐴𝐴𝐴 and 𝜇𝜇𝐴𝐴𝐴𝐴 are yet to be de�ned in
terms of discrete parameter values. For good parameter inter-
pretability, we choose to form both curves by interpolating
𝐾𝐾 points 𝑃𝑃𝐴𝑖𝑖𝐴 ∈ ℝ𝑛𝑛𝑛𝑛, 𝑖𝑖 𝑖 𝑛𝑖𝐾𝐾 by B-splines of degree ≤3,
which yields the curve:

𝑃𝑃 𝑃 [𝑛,𝐾𝐾]⟶ ℝ𝑛𝑛𝑛𝑛, 𝑃𝑃 𝐴𝐴𝐴𝐴 𝑖 

𝑃𝑃𝑛 𝐴𝐴𝐴𝐴
𝑖

𝑃𝑃𝑛𝑛 𝐴𝐴𝐴𝐴
𝑃𝑃𝑛𝑛𝑛𝑛 𝐴𝐴𝐴𝐴



𝑖 

𝜇𝜇𝑛 𝐴𝐴𝐴𝐴
𝑖

𝜇𝜇𝑛𝑛 𝐴𝐴𝐴𝐴
𝐴𝐴 𝐴𝐴𝐴𝐴

 𝑖 𝜇𝜇 𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴 .

(7)

By combining cubic B-splines with the Gaussian shape,
we obtain a sufficiently smooth model which inherits both
the splines’ �exibility and the Gaussian standard model’s
robustness. Our model further inherits the B-splines’ local
control property; that is, varying a 𝑃𝑃𝐴𝑖𝑖𝐴 will affect the model
only in the𝑃𝑃𝐴𝑖𝑖𝐴’s vicinity. Additionally, the degree of �exibility
can be adapted to the data at hand by varying𝐾𝐾 from 1 (single
Gaussian peak) to arbitrary �exibility with𝐾𝐾 𝐾 𝑛.

An instance of the 𝑛𝑛-variate snaGe model with 𝐾𝐾 points
(or of order𝐾𝐾) is fully represented by the parameter vector of
length 𝑛 𝑛 𝑛𝑛 𝑛 𝐴𝑛𝑛 𝑛 𝑛𝐴𝐾𝐾:

𝑝𝑝 𝑖 𝐶𝐶, 𝐶𝐶𝑛𝑛, 𝐶𝐶22,𝑖 , 𝐶𝐶𝑛𝑛𝑛𝑛, 𝑃𝑃
𝐴𝑛𝐴
𝑛 ,𝑖 , 𝑃𝑃𝐴𝑛𝐴𝑛𝑛𝑛𝑛,𝑖 , 𝑃𝑃𝐴𝐾𝐾𝐴𝑛 ,𝑖 , 𝑃𝑃𝐴𝐾𝐾𝐴𝑛𝑛𝑛𝑛

𝑇𝑇
.

(8)

While the offset 𝐶𝐶 and the spread parameters are mainly
responsible for the prediction of data values, the curve 𝑃𝑃𝐴𝐴𝐴𝐴
interpolating the 𝑃𝑃𝐴𝑖𝑖𝐴 is directly interpretable as it models the
main path of peaks in the data.

In the next section we show how to �t the model to data
in a robust manner.

2.3. Fitting the Model to TFR Data. Given a time-frequency
representation 𝑦𝑦TFR𝐴𝑥𝑥𝐴, 𝑥𝑥 ∈ 𝑇𝑇𝑥𝑥𝑥, we aim to �nd a parameter
vector 𝑝𝑝 so that the respective model 𝑦𝑦𝐴𝑠𝑠𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝐴 �ts the data
“best,” in the sense that it minimizes a cost function. We use
the sum of squared differences of the data and the modeled
surface:

SSE 𝑝𝑝 𝑖 
𝑥𝑥𝑖𝐴𝑥𝑥,𝑥𝑥𝐴𝑇𝑇

𝑥𝑥∈𝑇𝑇,𝑥𝑥∈𝑥𝑥

𝑦𝑦𝐴TFR𝐴 𝐴𝑥𝑥𝐴 − 𝑦𝑦𝐴𝑠𝑠𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝐴 𝐴𝑥𝑥𝐴
2
.

(9)

e parameters 𝑝𝑝 are implicitly represented by 𝑦𝑦𝐴𝑠𝑠𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝐴 in
the above formula. is quantity is also called the “sum of
squares due to error” which is zero if the model perfectly
�ts the data. SSE is a nonlinear function dependent on 𝑝𝑝.
Using squared differences pronounces outliers, but these
are not expected to occur frequently in our smooth TFR
data. In order to �nd a locally minimum solution of SSE,
a nonlinear least squares algorithm implemented in the
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F 2: Depiction of the maximum rule.e curve of means 𝜇𝜇𝐴𝐴𝐴𝐴
is sharply bent. e surface value for a point 𝐴𝑥𝑥∗𝑛 , 𝑥𝑥

∗
2 𝐴 (coordinates

depicted by red lines) is chosen among all possible traditional
Gaussians (black graphs visualize 1D cuts of two of these) by the
maximum rule (red circles), see (6).

MATLABOptimization Toolbox, lsqnonlin [10], is employed.
Given an initial parameter vector and the cost function
SSE, this optimizer produces a sequence of models 𝑝𝑝𝑖𝑖. e
iteration hopefully converges to a𝑝𝑝∗ withminimumcost, that
is, best resemblance between model and data.

We attempt to provide advantageous starting conditions
for the optimizer by preprocessing the TFR and by obtaining
an initial parameter vector 𝑝𝑝0 which is expected to be close
to the optimum with respect to SSE. Moreover, an iterative
re�nement scheme is proposed to be able to robustly �t
models of high order. e process of �tting is outlined by
Figure 4.

2.3.1. TFR Preprocessing. TFR data are badly scaled, showing
differences of several orders of magnitude in values of time,
frequency, and signal power, which affects optimization per-
formance [11]. To address this problem, lsqnonlin offers a way
to take into account typical values for each dimension for gra-
dient estimation. Also concerning this issue, any Euclidean
distance operating on TFR data in our algorithms is weighted
appropriately. Furthermore, smooth objective functions are
desirable so that the low-order Taylor approximations used
during optimization resemble the cost function in a relatively
large neighborhood around the current point. To this end,
the TFR images are smoothed and subsampled, which has the
additional bene�t of faster cost function evaluations. Finally,
since negative values in the time-frequency domain are not
interpretable, they are usually set to zero.

2.3.2. Estimation of Initial Parameters. Generally, nonlinear
cost functions may exhibit multiple local extreme values.
Since lsqnonlin performs local optimization, a start parameter
vector should be chosen such that it already lies in the basin
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F 3: Illustration of an optimal horizontal image path (red line)
found by a dynamic programming algorithm. e sum of signal
power values along the red line is higher or equal to that of any other
horizontal path. e trajectory is smoothed (black) for the robust
extraction of the initial peak points’ time-frequency coordinates.
e background TFR image is computed from simulated data,
whose three consecutive peaks of activity are correctly connected
by the path.
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F 4: Flow chart of the �tting process. Initial parameters are
derived from the TFR data, or a previously �tted model is used to
determine 𝑝𝑝. e model is �tted using a nonlinear optimization
algorithm. If desired, the optimal model can be iteratively re�ned
up to𝐾𝐾max.

of the cost function’s (unknown) global minimum, that is, a
vector whose cost is already low. To this end, the constant
offset and the spread parameters are initialized to 𝐶𝐶 𝐶 𝐶,
𝜎𝜎11 𝐶 (𝑡𝑡max − 𝑡𝑡min)/5 and 𝜎𝜎22 𝐶 (𝑓𝑓max − 𝑓𝑓min)/5 if the
underlying TFR’s time and frequency axes are bounded by
𝑡𝑡min, 𝑡𝑡max and 𝑓𝑓min, 𝑓𝑓max, respectively. One may choose
any sensible values alike, but the spreads should not be
initialized too small in order to obtain a generalizable model.
Yet, more thought has to be put in choosing the number
and coordinates of the peak points 𝑃𝑃(𝑖𝑖). In the following we
propose a way to compute initial estimates of the time, and
frequency coordinates of all 𝑃𝑃(𝑖𝑖) directly from the data.

A reasonable approximation to the unknown optimal
curve of peaks can be found by tracing a path through the
TFR image 𝑦𝑦(TFR img) from le to right, which runs through
areas of high pixel intensity. More precisely, the sum of all
pixel intensities along this path should be as high as possible.
is is an optimization problem in turn, yet its solution can
be computed in quadratic time complexity (provided that
the path’s slope is bounded) by a dynamic programming
algorithm, see [12]. Because a global optimum is guaranteed
to be found, this strategy is insensitive to local outliers and
noise. To this end, a similar approach as described in [13]
is employed. Following the notation therein, we de�ne our

energy function to be equal to the TFR values themselves,
that is, 𝑒𝑒(𝑒𝑒) 𝐶 𝑒𝑒. A horizontal path 𝑠𝑠∗ (called seam in [13])
which maximizes (this is in contrast to [13], whereminimum
energy seams are computed) this simple cost function is
found by dynamic programming. See Figure 3 for an example.
Additionally, the paths are constrained by imposing an
upper bound 𝑘𝑘 on their slopes. is value depends on the
time-frequency resolution here and once more represents a
compromise between robustness and �exibility.

Given the found path 𝑠𝑠∗ and the desired model order,
𝐾𝐾 evenly spaced samples are subsequently drawn from a
smooth approximating curve to obtain estimates of the �rst
two coordinates of the 𝑃𝑃(𝑖𝑖), 𝑖𝑖 𝐶 1𝑖𝐾𝐾. We choose to
empirically set the 𝑃𝑃(𝑖𝑖)s’ last components, interpretable as
amplitudes relative to the initial constant offset 𝐶𝐶 𝐶 𝐶, to
max(𝑦𝑦(TFR)) − 𝐶𝐶 𝐶 max(𝑦𝑦(TFR)).

Once a parametric representation of the data is available,
its accuracy can be improved in a step-wise manner, as is
presented in the following section.

������ ��e�a�i�e �e�nemen�� As already stated, the number of
points 𝑃𝑃(𝑖𝑖) controls the model’s robustness which comple-
ments its ability to resemble complex patterns. erefore,
the demand for a near-optimal initial parameter vector
increases with the model order 𝐾𝐾. Employing the optimal
image path method described in the previous section yields
a “reasonable” estimation, but sampling𝐾𝐾 equidistant points
𝑃𝑃(𝑖𝑖), 𝑖𝑖 𝐶 1𝑖𝐾𝐾 from the resulting curve is a simpli�cation.
In fact, it can be observed that the optimizer tends to
concentrate the 𝑃𝑃(𝑖𝑖) in time-frequency regions of high signal
variability. For low model order 𝐾𝐾, this shortcoming of our
initial parameter estimation algorithm can be compensated
easily by the optimization algorithm, but it may become a
problem for increasingly �exible models. For this reason we
propose an iterative scheme.

(1) Find initial parameters 𝑝𝑝𝐶 by means of an optimal
path (see Section 2.3.2) for a �rst, robustmodel of low
order𝐾𝐾𝐶. Let 𝑖𝑖 𝑖𝐶 𝐶.

(2) Fit themodel to the data to obtain optimal parameters
𝑝𝑝∗𝑖𝑖 .

(3) Construct the optimal curve of peaks 𝑃𝑃(𝑃𝑃) by inter-
polation of the peak points (see Section 2.2.1).

(4) Obtain the 𝐾𝐾𝑖𝑖𝑖1 𝐶 𝐾𝐾𝑖𝑖 𝑖 1 peak points for a re�ned
model by uniformly sampling (with respect to the
spline’s sites 𝑃𝑃𝑗𝑗) the curve computed in the previous
step.

(5) Construct the parameter vector 𝑝𝑝𝑖𝑖𝑖1 of the re�ned
model from 𝑝𝑝𝑖𝑖 by replacing the old 𝐾𝐾𝑖𝑖 peak points
with the𝐾𝐾𝑖𝑖𝑖1 new ones.

(6) If𝐾𝐾𝑖𝑖 < 𝐾𝐾max, let 𝑖𝑖 𝑖𝐶 𝑖𝑖 𝑖 1 and continue with step 2.

e curve found in steps 2 and 3 will exhibit smaller
gradient magnitude, that is, traversal speed, in areas of
high signal variability than in other regions. We aim at
maintaining the curve-de�ning points’ optimumdistribution
found by the �tting algorithm and at enhancing the model’s
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�exibility mainly in these areas. It turns out that simply by
uniformly sampling the �tted curve (step 4) we obtain a new
interpolated curve which retains these properties.

An application of this algorithm is demonstrated in
Section 3.1, where the resulting sequence of nested models
is evaluated.

2.4. Model Distance. In this section we propose two func-
tions for calculating the distance between two models
𝑦𝑦(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠1 , 𝑦𝑦(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠2 regarding (dis-)similarity of shape. Distance
measures are necessary, for instance, to quantify how well the
data exhibit an expected pattern. We will also employ these
functions to assess our model’s robustness.

Distance functions which are based solely on the curve
of peaks 𝑃𝑃(𝑃𝑃𝑠 were found to be quite effective. Other
possibilities include parameter vector distances and pixel-
wise differences of signal power of the models’ generated
data. By comparison, curve-based distance functions have
the advantage of being able to interrelate models of different
orders. Additionally, they are not in�uenced by the less
informative parameters (offset 𝐶𝐶 and the entries of Σ).

A popular distance measure for parametric curves is the
Fréchet distance [14]. In the continuous case, the Fréchet
distance of two parametric curves 𝑃𝑃1(𝑃𝑃𝑠 and 𝑃𝑃2(𝑃𝑃𝑠 is de�ned
by

𝐷𝐷𝐹𝐹_max 𝑃𝑃1, 𝑃𝑃2 = inf𝛼𝛼,𝛼𝛼
max
𝑃𝑃

𝑑𝑑 𝑃𝑃1 (𝛼𝛼 (𝑃𝑃𝑠𝑠 , 𝑃𝑃2 𝛼𝛼 (𝑃𝑃𝑠 .

(10)

Here, 𝛼𝛼(𝛼𝛼𝑠 and 𝛼𝛼(𝛼𝛼𝑠 are monotone reparameterizations of the
two curves, and 𝑑𝑑( 𝑠 denotes (weighted) Euclidean distance.
In words, we search for those reparameterizations which
make the curves the most similar with respect to maximum
point-wise Euclidean distance along the curves. is max-
imum for these reparameterizations is returned as the two
curves’ continuous Fréchet distance. In practice, the discrete
Fréchet distance is frequently applied, whose computation
is based on dynamic programming once more [15]. In the
discrete case, an additional distance function𝐷𝐷𝐹𝐹_sum(𝑃𝑃1, 𝑃𝑃2𝑠
can be obtained by replacing the max function with a sum
over 𝑃𝑃. at way, 𝐷𝐷𝐹𝐹_sum represents an average distance,
being less prone to outliers in the curves.

3. Results

3.1. Real Data. We demonstrate the work�ow to determine
the appropriate model order 𝐾𝐾 by �tting a TFR of real EEG
data in this section. Typically we determine the necessary
model complexity by �tting data with good signal to noise
ratio (SNR) in order to prevent the overestimation of 𝐾𝐾. For
example, one possibility to achieve sufficient data quality is
to average several TFRs which are expected to show similar
patterns.e averaged TFR of real EEG data shown in Figure
5 will guide the following explanations. e depicted brain
signals located in the lower frequency bands were recorded
from the temporal brain region during a face recognition
experiment. ese data exhibit a pattern of activity which is
too complex to be captured by a traditional Gaussian model.
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F 5: TFR of real EEG data which is �tted by iteratively re�ned
models. Multiple local peaks are visible which are connected by a
path of increased activity. is forms a complex pattern.

e iterative scheme described in Section 2.3.3 is
employed to �t models of increasing �exibility to the high-
quality data. An optimal path (see Section 2.3.2) estimates
the initial parameters for the �rst, least �exible model of
order𝐾𝐾0. A minimum value of𝐾𝐾0 = 3 is necessary to model
bent patterns. Since the appropriate 𝐾𝐾 is still unknown,
a sufficiently large number 𝐾𝐾max = 7 is chosen for the
re�nement. At each re�nement stage the respective model is
evaluated, and in the end the most suitable

𝐾𝐾∗ ∈ 𝐾𝐾0,… ,𝐾𝐾max , 𝐾𝐾0 ≤ 𝐾𝐾
∗ ≤ 𝐾𝐾max (11)

is chosen as the model order for future �ttings on lower-
quality data. Model evaluation is realized by three measures.
ese are the cost function value (SSE, see Section 2.3), the
coefficient of determination 𝑅𝑅2 and its adjusted version 𝑅𝑅2adj
[16]. Although the use of quantities based on the coefficient
of determination is discouraged for nonlinear models [17],
they are applied here nonetheless for two reasons. ey are
found to perform well for our purposes, and the proposed
alternatives (AIC [18] and BIC [19]) are not easily applicable
here. is is because the assumption of normally distributed
residuals oen does not hold, which is supported by a highly
signi�cant Shapiro-Wilk test [20] at 𝛼𝛼 = 𝛼𝛼 yielding𝑝𝑝 𝑝 10−3
for this experiment.

Figures 6, 7, and 8 illustrate the results.
e results show that for the data at hand amodel of order

𝐾𝐾∗ = 4 is sufficient to capture the variability.
Having determined the maximum model complexity

on high-quality data, such a model can now be �tted to
the rest of the data. If the TFRs are not expected to vary
substantially, like when �tting amodel to signals from several
nearby sensors, a previous �t may serve as the initial model.
However, if, for instance, multiple data segments of the
same sensor should be �tted, the TFRs’ patterns may vary
strongly. In this case, initial parameters should be chosen
depending on the data by using the method of optimal paths
described in Section 2.3.2. Since in this example 𝐾𝐾∗ = 4 is a
quite moderate number, the iterative re�nement may also be
skipped. However, in general we would start with 𝐾𝐾0 = 3 or
𝐾𝐾0 = 4 and re�ne up to the determined 𝐾𝐾∗, as proposed in
Section 2.3.3.

3.2. Synthetic Data. Wewant to assess ourmodel’s robustness
by simulating data and measuring how strongly the model is
affected by additive Gaussian noise. To this end, arti�cial data
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F 6: Surfaces of 5 iteratively re�ned models. Increasing the model order𝐾𝐾 clearly enhances the models� �exibility.
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F 7:ree-dimensional plot of the �ttedmodel of order𝐾𝐾 𝐾 𝐾.
e black line represents the curve of peaks.

are created in the time domain, and their TFRs are computed
to which our model will be �tted.

3.2.1. Description of the Simulated Data. We created a signal
consisting of three consecutive oscillations, representing an
alpha-theta-alpha EEG pattern at 10Hz/4Hz/10Hz respec-
tively over a time span of 2.5 seconds. e simulated sample
rate is 250Hz. A plot is shown in Figure 9. ese data are
quite challenging for our model because three distinct peaks

emerge in the TFR which could be more appropriately mod-
eled by a mixture of independent Gaussian peaks. However,
we want to demonstrate the �exibility of the snaGe model
which should also be able to cope with patterns of this form.

For the following experiments we chose to start the
�tting with a model of order 𝐾𝐾 𝐾 𝐾 to account for the
pattern�s complexity and perform one re�nement step. Initial
parameters are estimated by �nding optimal paths, which
means that no a-priori information about the known optimal
model is passed to the �tting procedure other than the
number of 𝑃𝑃(𝑖𝑖𝑖 to use. We de�ne the optimal model by
�tting the noise-free simulation in the sameway.e distance
measures from Section 2.4 are used to determine how well
the simulated pattern is found.

3.2.2. Noise Experiment. In this experiment we added Gaus-
sian noise, which is appropriately �ltered with respect to
the sampling frequency, to the simulated data in the time
domain. Signals exhibiting signal to noise ratios of −15 dB up
to +10 dB were generated in steps of 2.5 dB. At each SNR, ten
distinct noise realizations are created to obtain representative
results. is independent noise in the time domain will
produce correlated noise in the time-frequency domain due
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F 9: e simulated signal in the time domain and in the time-
frequency domain showing a complex alpha/theta/alpha oscillation
pattern.ewhite line with dots represents a �ttedmodel which will
serve as the reference model for the experiments.

to smoothing. erefore, the pattern shown in Figure 9 will
be distorted. is experiment serves to assess how strongly
our algorithm is affected by pattern variability, respectively,
to investigate its robustness. Small pattern distortions should
ideally only slightly alter the optimal model, re�ecting its
robustness and avoidance of over�tting. We further want to
�nd out towhat degree ourmodel is able to �nd the simulated
pattern at all.

We note here that adding noise increases the TFRs’ max-
imum amplitudes exponentially which strongly affects the

comparability of different models. Without normalization,
one would observe an exponentially decreasing distance for
increasing signal to noise ratio. But this would merely re�ect
the decreasing data amplitudes and contain no information
about the quality of �t. �owever, normalizing maximum
data values are not an appropriate option either, because,
for negative SNRs, this would keep the noise constant while
exponentially shrinking the pattern’s pixel intensities. Even
if the optimal model was perfectly recovered from the noisy
simulation, high distances would arise. Only if signal power
is excluded from model distance estimation, the returned
values are useful representatives of how well the pattern was
found. e snaGe’s robustness to noise with respect to the
pattern’s power is therefore not regarded here. is is done
by setting the third dimension of the path of peaks 𝑃𝑃𝑃𝑃𝑃𝑃 to
zero during Fréchet distance computation.

Figure 10 visualizes the results. Both curves of mean
distance consistently decrease with improving data quality.
Convergence to the optimal model seems to require high sig-
nal to noise ratios. At 7.5 dB, the distancemeasures’ variances
fall off, re�ecting the point of reliable pattern extraction.
Apparently, the noise and interferences introduced in this
experiment considerably impair the �tting process. In Figure
11, this issue is exemplarily investigated. At the positive SNR
of 5 dB, where distance variances across the noise realizations
are still high, the �t which exhibits the largest distance is
plotted. e pattern was in fact found, but only in a different
way than was expected. is leads to high Fréchet distances.
Nevertheless, this example shows that the impact different
kinds of noise may have on the �tting process.
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To get a better feel for the average ability to �t the pattern
under the in�uence of noise, see Figure 12. At each noise level,
the ten �tted models are averaged by computing the mean
parameter vector. Shown is a sequence ofmeanmodels which
progressively look more similar to the true pattern. In fact,
the average �tting capability concerning both the positioning
of the peak points in the time-frequency domain and the
estimation of surface values is better than expected aer
having studied Figure 10. Apparently, although the mean
distances are still decreasing at negative signal to noise ratios,
they are already small enough for successful pattern extrac-
tion on average. An example is the subplot corresponding to
SNR = 0 dB in Figure 12, which already clearly resembles the
simulated pattern.is experiment shows that interferences
between the desired signal and additive noise affect the �tting
process quite strongly in the worst case. Positive signal to
noise ratios of at least 7.5 dB are found to be necessary for
reliable pattern extraction in this investigation. However,
successful data modeling is also possible at lower SNRs, as
is seen in the average case.

4. Discussion

e snaGe model is especially suited for time-frequency
representations of electrophysiological signals because of
their (expected) nonnegativity, smoothness and their pat-
terns following a path of peaks. However, our robust model
is able to cope with data which do not exactly meet these
requirements.

In order to retain robustness, we imposed several restric-
tions on our model, like neglecting offdiagonal spread
parameters and holding the spread matrix constant over the
curve of peaks. An interesting question remains how the
model’s �exibility and robustness would be affected if these
constraints were dropped. Little effort would be necessary to
include the stated extensions.

As is typical for nonlinear optimization problems, the
choice of initial parameters is crucial to obtain satisfying
results. erefore, a-priori knowledge about the optimal
model can be incorporated by starting the optimization
with a model which was previously �tted to similar data.
Moreover, an algorithm based on an optimal path is devel-
oped to estimate initial model parameters directly from the
data. Its robustness stems from the guarantee to �nd the
globally optimal path. However, this method is limited to
positive peak polarity by trying tomaximize the path’s average
amplitude. Additionally, the technique will not be able to
�nd initial models which exhibit multiple contemporary
components. In such a case, the nonlinear optimization
algorithm, which was found to work well, must compensate.
Further strategies for the estimation of initial parameters
would be desirable. In particular, the extraction of the curve
interpolation points 𝑃𝑃(𝑖𝑖𝑖 from the optimal path possesses
potential for improvement.

An open question is how we should deal with the spatial
correlation of both the dependent variable and the residuals
in a statistical inferential context. Further work is necessary
to facilitate statistical testing, for instance, to assess the null
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instances.enoisy TFR is shown in the background.e signal was
successfully extracted, yet a high-distance results due to a different
connection of the three peaks compared to the pattern.

hypothesis that an expected pattern is not contained in the
data.

Concerning the presented measures of model distance,
the Fréchet distances were found to be very useful to assess
model similarity in our experiments involving simulated
noise. eir distinct advantage is their independence of
model order and the disregard of the less interpretable
parameters. On the other hand, spurious high distances could
be observed when in fact the pattern was found. is can
be attributed to the fact that the simulated data exhibit
three independent peaks, which is a violation of the snaGe’s
assumption of a connected path of peaks. erefore, a com-
bination of Fréchet values and a pixel-wise distance function
based on the models’ generated data seems advantageous.

When applied to noisy time signals, the snaGe model
adapts too well to the corresponding smooth time-frequency
representations. Because the optimized cost function does
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F 12: Mean snaGe models per simulated SNR. Models were averaged across the ten noise realizations by direct parameter vector
averaging. e curve of peaks (white line) is shown as well as the models’ predicted data 𝑦𝑦(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑡𝑡𝑡 𝑡𝑡𝑠. Compare with Figure 9.

not take into account information about the expected pattern,
the model simply tries to capture the TFR data as accurately
as possible. Data preprocessing and TFR interference sup-
pression are therefore extremely important. Adding penalty
terms to the cost function and/or providing explicit initial
parameters are ways to point the optimizer in the right direc-
tion. However, even without specifying a-priori knowledge,
themodel was able to �nd the simulated pattern for low signal
to noise ratios in the average case.

5. Conclusion

e analysis of time-frequency representations of electro-
physiological signals calls for �exible methods accounting
for inter- and intraindividual data variability. We present

the �exible, robust, and interpretable model snaGe, which
extends the established Gaussian model. Its ability to extract
3D features from time-frequency representations of elec-
trophysiological data is demonstrated. However, the model
applies to general multivariate data which exhibit similar
behavior.

In this work, several techniques to improve the model
�tting performance are described. We show how to estimate
start parameters directly from the data. An iterative scheme
to re�ne optimized models is proposed so that high-order
models can be robustly �tted.

Experiments with real as well as simulated data demon-
strate the snaGemodel’s robustness and �exibility. �nder the
in�uence of severe noise, the developed technique is best
suited for patterns which are too complex to be appropriately
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captured by a Gaussian model, but still simple enough to
facilitate robust �ts.

To summarize, due to its robustness and �exibility the
snaGe model possesses the potential to become a bene�cial
tool for practical EEG/MEG analysis, including functional
brain connectivity analysis, outlier detection, time-frequency
denoising, and feature extraction.
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Generalized diffusion tensor imaging (GDTI) was developed to model complex apparent diffusivity coefficient (ADC) using
higher-order tensors (HOTs) and to overcome the inherent single-peak shortcoming of DTI. However, the geometry of a complex
ADC profile does not correspond to the underlying structure of fibers. This tissue geometry can be inferred from the shape of the
ensemble average propagator (EAP). Though interesting methods for estimating a positive ADC using 4th-order diffusion tensors
were developed, GDTI in general was overtaken by other approaches, for example, the orientation distribution function (ODF),
since it is considerably difficult to recuperate the EAP from a HOT model of the ADC in GDTI. In this paper, we present a novel
closed-form approximation of the EAP using Hermite polynomials from a modified HOT model of the original GDTI-ADC. Since
the solution is analytical, it is fast, differentiable, and the approximation converges well to the true EAP. This method also makes
the effort of computing a positive ADC worthwhile, since now both the ADC and the EAP can be used and have closed forms. We
demonstrate our approach with 4th-order tensors on synthetic data and in vivo human data.

1. Introduction

Generalized diffusion tensor imaging (GDTI) [1–3], was
proposed to model the apparent diffusion coefficient (ADC)
recovered by diffusion MRI (dMRI) when imaging the
diffusion of water molecules in heterogeneous media like the
cerebral white matter. Essentially, GDTI uses higher-order
Cartesian tensors (HOTs) to model the spherical profile
of the ADC. However, although the complex shape of the
ADC reflects the complex geometry of the underlying tissue,
it is well known that the geometry of the ADC does not
correspond to the underlying fiber directions [4]. This can
be understood from the q-space formalism, where it can be
seen that the ADC and the diffusion signal are in the Fourier
domain of the diffusion ensemble average propagator (EAP),
which describes the probability of the diffusing particles.
The geometry of the EAP is a direct indicator of the
microstructure of the underlying tissue or fiber bundles.

But GDTI was proposed because it overcomes the
limitation of diffusion tensor imaging (DTI) [5], which
is inadequate for modelling the signal from regions with

multiple fiber configurations. In such regions, the HOT
that is used in GDTI can model the signal and the ADC
with greater accuracy than the 2nd-order diffusion tensor.
Therefore, the GDTI model has been of considerable interest
and has seen various developments. In particular, a number
of contributions were made to estimate 4th-order HOTs in
GDTI under the constraint of a positive diffusion profile
since negative diffusion is nonphysical. A ternary quartic
parameterization was used in [6–8], while a Riemannian
approach was proposed in [9]. Other sophisticated methods
were also proposed recently to estimate arbitrary even
order HOTs in GDTI with the positivity constraint. In [10]
the authors relied on a parameterization based on tensor
decomposition into a sum of squares, and in [11], the
authors used conic programming approaches to achieve this.

The GDTI model was also used to develop “biomarkers”
or scalar indices such as the generalized anisotropy (GA) and
the scaled entropy (SE) from HOTs modelling the ADC [3].
Additional scalar measures—in the form of invariants—were
also proposed for 4th-order Cartesian tensors in [12, 13].
Overall, the GDTI model in particular and the Cartesian
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tensors in general have evoked great interest and have
been extensively explored in dMRI. Various tensor-based
models other than GDTI have been advanced and many
methods (including GDTI) using tensors have been pro-
posed to leverage the Cartesian and the algebraic structure
of HOTs. A comprehensive review can be found in [14].
These indicate the importance and usefulness of HOTs in
dMRI.

However, in spite of the interest in HOTs, to describe
complex shaped ADCs, the tissue microstructure can only
be inferred from the shape of the EAP. But computing the
EAP from the HOT model of the ADC in GDTI is not
an easy task. In [2], the authors proposed a numerical fast
Fourier transform scheme—to emulate diffusion spectrum
imaging (DSI) [15] from GDTI—to estimate the EAP and
to recover the underlying fiber directions. However, this
method is computationally expensive, and although the
numerical Fourier transform can compute the values of
the EAP at desired points, it cannot compute a continuous
and differentiable function which has great advantages. That
is perhaps the reason why the GDTI approach has been
overshadowed by other methods that estimate the EAP or its
characteristics directly from the signal, such as orientation
distribution function (ODF) from Q-ball imaging (QBI),
persistent angular structure (PAS-MRI), diffusion orienta-
tion transform (DOT), and spherical deconvolution (SD)
[16–20]. It is interesting to note that DOT also uses the GDTI
model to analytically compute the EAP on fixed shells from
the ADC. However, in DOT, the spherical harmonic (SH)
basis is used to model the ADC instead of Cartesian tensors.

In this paper, we propose a modification to the original
GDTI model under the q-space formalism, which allows
us to compute a closed-form approximation of the EAP
using Hermite polynomials. In this modified model, we still
estimate HOTs from the signal, but these HOTs are used
to describe the ADC over the entire q-space instead of just
its spherical profile. We show that the approximated EAP
from the modified GDTI model converges well to the true
EAP, and that it allows us to recover the fiber directions of
the microstructure correctly. Furthermore, in our modified
GDTI model, when we use 4th-order tensors, we are still
able to apply the constraint of a positive diffusion profile
while estimating the HOT from the signal before computing
the EAP approximation from the tensor. Finally since the
solution is analytical, it is fast and can be implemented
efficiently.

We first test this approach on a synthetically generated
dataset that simulates crossing fibers. We compare the
computation time of this method with a numerical discrete
Fourier transform scheme to recover the EAP from the origi-
nal GDTI model. We show that with our modified approach,
we are able to recover the underlying fiber layout correctly
and also gain considerably in computation time. This is
of great relevance in visualization and in post-processing
such as tractography. We also conduct experiments on in
vivo human cerebral data to illustrate the applicability of
this approach on real data. We find that the peaks of the
approximate EAP clearly reveal major fiber bundles and also
discern crossings in the white matter.

The rest of the paper is structured as follows. In Section 2,
we present the main theory and mathematical formulation of
the modified GDTI model and algorithm to estimate the EAP
from the GDTI-HOT. We illustrate on 4th-order tensors. In
Section 3, we describe the synthetic and in vivo data, describe
the experiments, and present the results. In Section 4, we
discuss some properties of the approximation and how the
approximate EAP behaves with respect to the true EAP. We
finally conclude in Section 5.

2. Materials and Methods

2.1. Modified GDTI. We recall that the signal E(q) = S(q)/S0,
in GDTI [1], is modelled using a kth-order tensor D (k)

(with k being even), which describes the spherical or angular
profile of the ADC:

E
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q
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⎛
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where q = γδG/2π when G is the diffusion encoding gradient
vector, t = (Δ − δ/3), and gj are the components of the
unit gradient vector g = G/|G|. The second equality is a
reinterpretation of the first by a rearrangement of the indices
that highlights the polynomial interpretation of tensors [6].
k = 4 gives the 4th-order diffusion tensor model. We also
recall that in the q-space formalism, the diffusion signal and
the EAP are related by the Fourier transform [21]:

P(r) =
∫

E
(

q
)

exp
(
−2πiqTr

)
dq. (2)

The q-space formalism entails the “pulsed” gradient condi-
tion that δ� Δ, implying that t ≈ Δ.

For k = 2, E(q)2 is the DTI model, whose Fourier
transform P(r)2 is well known to also be a Gaussian, which
corresponds to the free diffusion propagator. We denote
by P(r)i the EAP computed from the Fourier transform of
E(q)i. However, for general k > 2, closed forms for the
Cartesian Fourier transform of E(q)k are hard to compute,
since in Cartesian coordinates, E(q)k is not separable in
q1, q2, and q3, the components of q. In [2], where a method
for recovering the EAP from GDTI is proposed, P(r)k
is computed numerically by evaluating E(q)k more or
less densely in q-space and by computing its fast Fourier
transform.

In this section, we propose to modify the original GDTI
model by making (1) separable in Cartesian coordinates.
This is done by realizing that GDTI in fact uses two orders
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k1 and k2 for the radial and the angular components, respec-
tively,
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where in GDTI k1 = 2 and k2 = k. In this formulation, α is a
constant with units m2−k1 that makes the exponent unit free
when k1 /= 2 and q = |q|. The first equality is written in the
components of the unit gradient vector g, while the second
equality is in the components of the reciprocal space vector q.
To pass from the first to the second equality, the components
of g have to be multiplied by q, the norm of q, raised to the
appropriate power, k2. To leave the equality unchanged, it is
therefore necessary to also multiply by q−k2, which results in
the second equality. This reformulation of GDTI allows E(q)
to become separable in q1, q2, and q3 when k1 = k2 = k.

Although the original formulation of GDTI uses a Carte-
sian HOT, it was in essence written in spherical coordinates
since the HOT D (k) was evaluated only along the unit
gradient vector g. Alternately, the spherical coordinates also
become evident from the two separate orders k1 and k2 for
the radial and the angular parts. By equating the two orders
k1 = k2, our modification converts the signal formulation
to Cartesian coordinates and recouples the radial and the
angular parts. The HOT is now evaluated over the entire q-
space. This reformulation allows us to compute an analytical
Fourier transform of E(q)k,k in Cartesian coordinates.

Interestingly, in spite of this reformulation, the signal in
(4) still retains a monoexponential form parameterized by
the diffusion HOT D (k2), like in the original formulation. In
(1), the negative logarithm of the signal is b · ADC, where
b = 4π2q2t. In the modified model, if we denote b′ = 4π2αt,
then

ln
(
E
(

q
)
k,k

)
= −b′ · ̂ADC = −b′

∑

m+n+p=k
D(k)

mnpqm1 q
n
2q

p
3 . (5)

This makes it evident that we can again estimate the HOT
D (k) from the diffusion signal in such a way that its diffusion

profile is positive, that is, ̂ADC > 0. Here, the diffusion

profile ̂ADC is no longer a function on the sphere but rather a
function on the entire q-space. However, from this equation,
we also see that when k = 4, the methods that were developed
to estimate a 4th-order tensor with a positive diffusion profile
for the GDTI model in (1), can all be directly applied to
the modified model in (4). Therefore, using the modified
model in (4), it is possible to estimate a 4th-order HOT
from the signal which satisfies a positive diffusion profile,
before computing the EAP from this HOT. In this paper,
we use the ternary quartic parameterization proposed in
[8].

2.2. Fast and Analytical EAP Approximation. Our solution
for the EAP from the modified GDTI model pivots around
the following property of the Fourier transform:

F
{
xn f (x)

} =
(

i

2π

)n dn

dtn
F
{
f (x)

}
(t), (6)

where F stands for the Fourier transform. If we employ
g(x) = e−2π2x2

for f (x), then its Fourier transform is G(t) =
F {g(x)}(t) = (1/

√
2π)e−t2/2. However, the derivatives of the

Gaussian function G(t) generate the Hermite polynomials
(−1)n(dn/dtn)e−t2/2 = Hen(t)e−t2/2. Therefore,

F
{
xne−2π2x2

}
(t) =

(−i
2π

)n
Hen(t)

1√
2π

e−t
2/2. (7)

The generalization to 3D is simple since the Gaussian
function is separable in the variables.

To take advantage of this property of the Fourier trans-
form, and those of the Gaussian function, for computing a
closed-form approximation of the EAP from E(q)k,k , that is,
its Fourier transform P(r)k,k, we propose to expand E(q)k,k
as a multivariate polynomial multiplied by a 3D Gaussian
function:

E
(

q
)
k,k ≈

(∑
Cl,s,uq

l
1q

s
2q

u
3

)
exp

(−2π2β
(
q2

1 + q2
2 + q2

3

))
, (8)

where β is a constant with units m2 to render the exponent
unit free, and the new coefficients Cl,s,u in the polynomial
expansion contain the imaging parameter b′ and the coef-
ficients of the HOT D (k). If this expansion was possible, then
E(q)k,k would become separable in q1, q2, and q3.

Such an expansion can be achieved from a few manipu-
lations and a Taylor expansion:

E
(

q
)
k,k = exp

((
−4π2αt

∑
D(k)

mnpqm1 q
n
2q

p
3

)

+ 2π2β
(
q2

1 + q2
2 + q2

3

))

× exp
(−2π2β

(
q2

1 + q2
2 + q2

3

))

= h
(

q
)

exp
(−2π2β

(
q2

1 + q2
2 + q2

3

))
,

(9)

where the summation in the first equality is over m,n, and p
such that m + n + p = k, as denoted in (4), and h(q) =
exp((−4π2αt

∑
Dmnpq

m
1 q

n
2q

p
3 )+2π2β(q2

1+q2
2+q2

3)). Since h(q)
is an exponential function eX(q), we define hn(q) as the nth-
order Taylor expansion of h(q) in the variables q1, q2, and q3.
Therefore, hn(q) is a trivariate polynomial of degree n−1 plus
an error term of degree n. Ignoring the error term, hn(q) has
the required form hn(q) = ∑

l+s+u<n Cl,s,uq
l
1q

s
2q

u
3 . Therefore,

we can define the nth-order approximation of the signal:

E
(

q
)(n)
k,k = hn

(
q
)

exp
(−2π2β

(
q2

1 + q2
2 + q2

3

))

=
⎛

⎝
∑

l+s+u<n

Cl,s,uq
l
1q

s
2q

u
3

⎞

⎠ exp
(−2π2β

(
q2

1 + q2
2 + q2

3

))
.

(10)

Since hn(q) is the Taylor’s expansion of an exponential
function h(q),hn(q) converges to h(q) uniformly over all R3
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as n is made large. Therefore, E(q)(n)
k,k converges to E(q)k,k

uniformly over R3 as n is made large.

As E(q)(n)
k,k is separable in q1, q2, and q3, it is possible to

compute a closed form for its Cartesian Fourier transform,
which is also separable. Using the property in (7):

P(r)(n)
k,k =

1
(
2πβ

)3/2 exp

(
−1
2β

(
r2

1 +r2
2 +r2

3

)
)

×
⎛

⎝
∑

l+s+u<n

(−i
2π

)l+s+u
Cl,s,uHel(r1)Hes(r2)Heu(r3)

⎞

⎠.

(11)

For large n, the approximation P(r)(n)
k,k converges to the true

EAP P(r)k,k. In practice, we use n = 5, 7, 9.
We thus find a closed-form approximation of the EAP

from the modified GDTI model of the ADC using HOTs. The
solution is a polynomial multiplied by a Gaussian. Therefore,
the polynomial can be interpreted as the correction to the
free diffusion Gaussian EAP due to the complex heteroge-
neous medium.

An alternate interpretation to this method can be
found from (10) and (11), which avoids modifying the
GDTI model. Equations (10) and (11) resemble closely the
formulation of the signal in the expansion of the cumulant
generating function, and the approximation of the EAP using
the Gram-Charlier series, as proposed in [22]. While in
[22], in the cumulant expansion, the signal is expanded
in the standard polynomial basis with the cumulants as
the coefficients, in (10) the signal is in fact expanded in a
subset of the standard polynomial basis. Since the Fourier
transform of a monomial multiplied by a Gaussian is a
Hermite polynomial multiplied by a Gaussian, in [22] too,
the EAP is approximated in the Hermite polynomial basis—
again with the cumulants as the coefficients using the Gram-
Charlier series. Likewise in (11), the EAP is approximated in
the Hermite polynomial basis.

The difference between this method and [22] lies in the
fact that while [22] uses the entire polynomial (Hermite
polynomial) basis to expand the signal (EAP), this method
uses only a subset of these bases. Therefore, the coefficients
Cl,s,u are no longer the cumulants. Or, in other words, if
the entire polynomial basis had been used here, then Cl,s,u

would have become the cumulants. Also, the coefficients
Cl,s,u are not estimated directly from the signal, though they
can be if (10) were used, but Cl,s,u are instead computed
from the coefficients of the tensor D (k) and the Taylor
expansion in (10). Therefore, changing the order n of the
approximation has an effect on the approximated EAP, since
it adds or subtracts terms in (11). However, as shown in the
experiments, this does not affect the direction of the peaks of
the approximate EAP.

We program an efficient implementation of the proposed
method through symbolic computation. Using Maple and
assuming (4), we expand E(q)k,k into a Taylor series in
the variables q1, q2, and q3 up to predefined orders n =
5, 7, 9. This expansion automatically computes for us the new
coefficients Cl,s,u from the coefficients of the HOT D (k) (10).

The EAP approximation P(r)(n)
k,k , is then generated by again

computing the Fourier transform of E(q)(n)
k,k symbolically.

The expansion of the EAP is then converted to C-code using
Maple, which is compiled. This routine therefore takes the
imaging parameters as input, namely, t and the coefficients
of D (k) that are estimated from the diffusion signal. α,β are
taken to be equal to 1.

3. Experiments and Results

Although we developed the theory for arbitrary k = k1 =
k2, for the following experiments we consider k = 4, that is,

E(q)4,4 and Pr(n)
4,4 . This is because, as we have seen, for E(q)4,4,

we can employ the estimation techniques that guarantee that

the 4th-order HOT has a positive diffusion profile, ̂ADC >
0. In all the following the 4th-order HOT D (4) is estimated
from (3), with k1 = k2 = 4 using the method described in
[8]. The estimation in [8] is described for (1), which depends
on the b-value, that is, b = 4π2q2t. We adapt this to (3) by
replacing the b-value by the imaging parameters 4π2αt and

the ADC by the ̂ADC. We test the approach first on synthetic
data and then on in vivo human cerebral data.

3.1. Synthetic Dataset. To conduct controlled experiments
with known ground truths, we use a multitensor approach
to generate synthetic DWIs [23]. The EAP corresponding
to a single fiber is taken to be an anisotropic free diffusion
Gaussian distribution, parameterized by a covariance tensor
D = diag(1390, 355, 355) × 10−6 mm2/s in its canonical
coordinates. D is rotated using rotation matrices to orient
the fiber in space. We generate the signal DWIs for the
single fiber by considering the q-space formalism and taking
the Fourier transform of the Gaussian EAP, which results
in the anisotropic Stejskal-Tanner signal equation. Multiple
crossing fibers are simulated by considering an EAP, that is,
the weighted sum of free diffusion Gaussians, where each
Gaussian represents a fiber oriented in space. The signal
DWIs for a multifiber or crossing fiber is derived easily in
the same fashion as S(gi) = ∑N

k=1 wke−bgTi Dkgi , such that∑
k wk = 1, Dk = RT

k DRk with R a rotation matrix, S(gi)
represents the DWI along the ith gradient direction, and N
are the number of fibers crossing in the voxel. We use a b-
value of 3000 s/mm2 to generate the signal and corrupt it
with a Rician noise with signal to noise ratio (SNR) of 30.
The gradient directions are considered isotropically spread
out on the sphere along 81 encoding directions. Since the
dataset is generated from a fixed b-value, we consider the
imaging parameter t = 50 ms, which allows us to compute
q.

3.2. In Vivo Human Cerebral Dataset. The in vivo human
cerebral dataset, described in [24], was acquired with a
whole-body 3T Siemens Trio scanner, with an 8-channel
array head coil and maximum gradient strength of 40 mT/m.
The DWIs were acquired using spin-echo echo planar imag-
ing (EPI) (time repetition [TR] = 12 s, echo time [TE] =
100 ms, 128 × 128 image matrix, FOV = 220× 220 mm2,
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(a) (b)

Figure 1: Spherical profiles of (a) the ̂ADC estimated from the modified GDTI with a 4th-order tensor and (b) EAP approximation, P(r)(7)
4,4,

with increasing |r| from 12μm to 20μm.

72 slices with 1.7 mm thickness (no gap) covering the whole
brain). The diffusion weighting was isotropically distributed
along 60 encoding directions, with a b-value of 1000 s/mm2.
Seven images without any diffusion weightings were placed
at the beginning of the sequence and after each block of ten
DWIs as anatomical reference for offline motion correction.
Random variations in the data were reduced by averaging
3 acquisitions, resulting in an acquisition time of about 45
minutes. The SNR in the white matter of the S0 image was
estimated to be approximately 37. The motion correction
for the DWIs was combined with a global registration to
T1 anatomy images. The gradient direction for each volume
was corrected using rotation parameters. The registered
images were interpolated to the new reference frame with an
isotropic voxel resolution of 1.72 mm.

3.3. Synthetic Dataset Experiment. A first example of the
synthetic data and the results of our method are shown in
Figure 1. In this proof of concept experiment, we consider
two fibers crossing perpendicularly in a voxel with equal
weights. On the left, in Figure 1(a), is shown the positive
̂ADC modelled by a 4th-order tensor which was estimated
using [8]. In Figure 1(b) are shown the profiles of the
analytically approximated EAP (n = 7) for increasing norms
of the vector r from 12 μm to 20 μm. As expected, we observe
the desired “sharpening” effect from the different profiles
of the EAP as the probability of water molecules diffusing
declines sharply along nonfiber directions as the radius of the
probability distribution is increased. This provides a strong
motivation for estimating positive higher-order diffusion
tensors from the (modified) GDTI model, since now from
the analytically approximated EAP it is also possible to infer
underlying fiber directions.

In the main synthetic data experiment, we consider two
fiber bundles crossing or overlapping in a way that makes
them converge and diverge. This changes their crossing
angles gradually in the region where they intersect. The
voxels outside the fiber bundles are generated using an
isotropic diffusion profile. We set three goals for this
experiment. First, we test if our analytically approximate
EAP can recover the three types of voxel models from the
noisy DWIs, namely, isotropic, single fiber, and crossing
fiber voxels. Second, we compare the computation time of
our proposed method to the numerical Fourier transform
approach. Finally, third, we also conduct tests on the effects

of the estimation order on the EAP; these are discussed in
Section 4.

The layout of the synthetic dataset fibers and the result of

the estimated ̂ADC from 4th-order HOTs and the analytical

EAP approximations of order 7, Pr(7)
4,4 are presented in

Figure 2. It shows the two simulated fiber bundles and the
three types of voxel models that constitute the synthetic
dataset experiment. The effect of the EAP transformation

of the ̂ADC are highlighted in the zooms. Although the
̂ADC profiles clearly indicate the regions with complex
microstructures, that is, fiber crossings, the geometry of the
̂ADC is not aligned with the fiber bundle directions. The
peaks of the EAP on the other hand correctly indicate the
underlying fiber directions.

To evaluate the validity of the EAP approximation, we
have proposed the angular profiles of the EAP, for fixed
|r| = 20μm that are presented in Figure 3. In the two
zooms, we take a closer look at some of the voxels in the
crossing regions. In the top zoom, we see that the peaks of
the angular profile of the EAP correctly detect the changing
angle between the converging or diverging fiber bundles. In
the bottom zoom, we see the three different types of voxels
recovered by the approximate EAP, namely, the isotropic,
the single fiber, and the two fibers crossings. Although the
isotropic voxels also have some peaks, the peaks of the EAPs
representing crossings are much more sharp, and it is easy to
distinguish these two types of voxel geometries. The peaks
in the isotropic voxels are caused by the signal noise and
augmented order (4th) of the HOT. Nonetheless, as opposed
to many other higher-order models such as PASMRI or SD,
the voxels not containing fiber bundles are clearly identifiable
as isotropic.

Speed is of great relevance in visualization and in
processing after local estimation, such as in tractography.
The closed-form of Pr(n)

4,4 makes it computationally efficient,
especially since the expression for a fixed n can be hard coded
and compiled. In the synthetic data experiment, we compare
this approach to a numerical Fourier transform of the GDTI
model. For visualization and comparison, we consider the
whole slice, which is partially seen in Figure 3, with 30 × 30
voxels. For the implementation of the numerical Fourier
transform, we evaluate the GDTI model (1) on a 21×21×21
Cartesian grid. We evaluate the numerically computed EAP
on a coarse spherical mesh with 162 vertices. The results are
presented in Table 1. The computation time on our computer
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(a) (b)

Analytic EAP
approximation

Figure 2: Synthetic dataset experiment. Two fiber bundles intersecting with the DWI signal corrupted by a Rician noise of SNR = 30. (a)
̂ADC from 4th-order tensors. (b) Analytically approximated EAP, Pr(7)

4,4.

Figure 3: Synthetic dataset experiment. Left: fiber bundle layout. Centre: Pr(7)
4,4. Right: zoom into the regions with crossings—top: the

changing angle between the fiber bundles is detected and bottom: three types of voxels—isotropic, single fiber, and crossing fibers.

was 526 s. We then compute Pr(7)
4,4, but this time on a finer

spherical mesh with 2562 vertices. The computation time
on the same computer was 73 sec. Despite the finer mesh,
Pr(7)

4,4 is about seven times faster than the regular discrete
Fourier transform. On the coarse mesh with 162 vertices, the
computation time for Pr(7)

4,4 was about 10 s.

3.4. In Vivo Dataset Experiment. For the in vivo human
cerebral dataset described above, we make certain assump-
tions about the imaging parameters since this dataset was
acquired using a twice refocused Reese sequence [25], and
not a standard pulsed-gradient spin-echo (PGSE) sequence.
The gradient durations used in the Reese sequence were
δ1 = 12.03 ms, δ2 = 19.88 ms, δ3 = 21.76 ms, and δ4 =
10.15 ms. As suggested in [26], Reese sequence parameters
are sometimes adapted to the standard PGSE parameters
with δ = δ1 + δ2, and Δ as the time between the start of
δ1 and the start of δ3. However, since the application times
of δi were unknown, we assume that q2 = b, which implies
4π2t = 1.

We choose a coronal slice from the in vivo dataset
where three fiber bundles are known to cross. The resulting
analytically approximated EAPs from 4th-order tensors in

the coronal slice are shown in Figure 4. In the plane
horizontally and diagonally is the corpus callosum (CC), top
to bottom is the corticospinal tract (CST), and going through
the plane is the superior longitudinal fasciculus (SLF). The
4th-order HOTs were approximated from this dataset. In
Figure 4, are shown the estimated order 7 approximations

Pr(7)
4,4 of the EAP. The zooms highlight the crossings between

the major fiber bundles. In the main zoom is the region
where the three fibers, the CC, the CST, and the SLF, intersect
each other. In the upper secondary zoom, the crossing
between the CC and the cingulum is highlighted, which
occurs due to partial voluming. In the lower secondary zoom,
are seen the main voxels with three peaks, which correspond
to the

4. Discussion

From the synthetic dataset and in vivo dataset experiments
above, we were able to show that it is possible to recover
the microstructure or fiber directions of the underlying
tissue from our proposed analytical approximation of the
EAP that was computed from 4th-order tensors. However,
it is important to realize that the proposed approach only
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Figure 4: Real dataset experiment. A coronal slice with the Pr(7)
4,4. The main zoom contains regions where three fiber bundles, namely, the

CC, the CST, and the SLF intersect. The upper secondary zoom highlights the crossing between the CC and the cingulum due to partial
voluming. The lower secondary zoom shows the main voxels with three peaks that correspond to the crossing between the CC, the CST, and
the SLF.

Table 1: Computation time. A 30 × 30 voxel slice of the synthetic
dataset was used for computations. The numerical Fourier Trans-
form was performed on a coarse spherical mesh with 162 vertices
to compute the angular profile of the EAP. The proposed analytical
approximate EAPs were computed on both the coarse mesh and a
finer spherical mesh with 2562 vertices. The analytical formulation
is clearly advantageous.

Numerical coarse Analytical coarse Analytical fine

Time 526 s = 8 m 46 s 10 s 73 s

approximates the true EAP up to the truncation order of
the Taylor series in (10). In this section, we validate the
effects of this truncation or approximation on the fiber
directions estimated by the approximate EAP. To do this,
we again consider the synthetic dataset and look at a region
where all three kinds of voxel models are present. We then
compute the analytical EAP for approximation orders of
n = 5, 7, 9. We compare the angular profiles of these different
approximations at a fixed radius |r| to the angular profiles of
the fixed approximation at n = 7 for varying radii.

Figure 5 shows the effect of the Taylor expansion order n
on the EAP approximation. The six images are zooms into
a region where the two fiber bundles converge and cross. In

the top row, we present Pr(n)
4,4 , with n = 5, 7, 9 evaluated for

the probability radius |r| = 16μm. Increasing n adds more
terms to the EAP approximation in (11), which adds more
corrections to the approximation, making it converge better

to the true EAP. As the approximation Pr(n)
4,4 , is corrected,

it shows sharper peaks and narrower crossings for n = 9,
than n = 5, for the same probability radius. However,
this also increases the computation time. But the peaks of
the lower-order approximations seem to be well aligned
with the higher-order approximations. In other words, the
peaks maintain their angular alignment, although they lose
sharpness, and the EAP loses angular resolution, and narrow
crossings become harder to discern. However, the angular
resolution can be recovered, and the peaks “sharpened” in
the lower-order approximations by increasing the probability
radius, which saves computing time. This is shown in the

bottom row, where we show Pr(7)
4,4 for the probability radius

varying from |r| = 16μm − −20μm These experiments
reveal that the effect of the Taylor expansion order n is to
underestimate the EAP in the approximation. Therefore, we
use the order 7 approximation Pr(7)

4,4, as a good trade-off
between convergence to the true EAP and computation time.

5. Conclusion

GDTI was developed to model complex ADC profiles which
was an inherent shortcoming of DTI. GDTI uses HOTs of
order k to model a complex ADC geometry. However, the
shape of the ADC does not correspond to the underlying
fiber directions. The microstructure of the tissue can be
inferred from the geometry of the EAP, where in the q-space
formalism, the EAP and the diffusion signal are related by
the Fourier transform. But it is not easy to compute the EAP,
P(r)k, from the HOT model of the signal E(q)k in GDTI.
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(a) (b) (c)

(d) (e) (f)

Figure 5: Effects of the approximating order n and the probability radius |r|. In top row, |r| is fixed, and we vary n. In bottom row, n is fixed,
and we vary |r|. Top row: |r| = 16μm: (a) Pr(5)

4,4, (b) Pr(7)
4,4, and (c) Pr(9)

4,4. Bottom row: n = 7 (Pr(7)
4,4): (d) ≡ (b) |r| = 16μm, (e) |r| = 18μm,

and |r| = 20μm.

We overcome this hurdle by modifying the ADC model of
GDTI, which allows us to approximate E(q) by a multivariate
polynomial approximation and by proposing a novel closed-
form approximation of P(r) using Hermite polynomials.
The solution is a polynomial times a Gaussian; therefore,
the polynomial can be interpreted as the correction to the
Gaussian EAP due to the inhomogeneous medium. An
alternate explanation can be used to explain this method,
where the signal is expanded in the polynomial basis, and
the EAP is expressed in the Hermite polynomial basis, which
establishes the similarity of the proposed method to [22].
Also, since the solution is analytical, it is fast, and the
approximation converges well to the true EAP.

In case of an order 4 HOT, this method can be directly
adapted to the methods proposed for estimating 4th-order
diffusion tensors with positive diffusion profiles. Therefore,
it is possible to estimate a 4th-order HOT with a positive
diffusion profile using this modified model before approx-
imating the EAP. The experiments show that estimating
only the 15 coefficients of a 4th-order HOT are enough
to reveal the underlying fiber bundle layout. However, this
is dependent on the order of the Taylor expansion used.
Although the order of the expansion does not change the
angular alignment of the peaks of the approximate EAP,
it does affect its angular resolution or its capability of
discerning narrow crossings. Increasing of the order increases
the corrections to the approximation, which improves this
angular resolution. However, it also increases the computa-
tion time. The angular resolution can be recovered in lower-
order approximations, by increasing the probability radius,
which saves computation time. However, this overall effect

indicates that the truncation in the Taylor expansion has the
effect of underestimating the true EAP in the approximation.

Abbreviations

CC: Corpus callosum
CST: Corticospinal tract
DOT: Diffusion orientation transform
DSI: Diffusion spectrum imaging
DTI: Diffusion tensor imaging
DWI: Diffusion-weighted image
EAP: Ensemble average propagator
GA: Generalized anisotropy
GDTI: Generalized DTI
HOT: Higher-(than 2) order (Cartesian) tensor
QBI: Q-ball imaging
ODF: Orientation distribution function
PASMRI: Persistent angular structure MRI
PGSE: Pulsed-gradient spin echo
SD: Spherical deconvolution
SE: Scaled entropy
SH: Spherical harmonic (basis)
SLF: Superior longitudinal fasciculus.
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A wide range of studies show the capacity of multivariate statistical methods for fMRI to improve mapping of brain activations in
a noisy environment. An advanced method uses local canonical correlation analysis (CCA) to encompass a group of neighboring
voxels instead of looking at the single voxel time course. The value of a suitable test statistic is used as a measure of activation. It
is customary to assign the value to the center voxel; however, this is a choice of convenience and without constraints introduces
artifacts, especially in regions of strong localized activation. To compensate for these deficiencies, different spatial constraints in
CCA have been introduced to enforce dominance of the center voxel. However, even if the dominance condition for the center
voxel is satisfied, constrained CCA can still lead to a smoothing artifact, often called the “bleeding artifact of CCA”, in fMRI
activation patterns. In this paper a new method is introduced to measure and correct for the smoothing artifact for constrained
CCA methods. It is shown that constrained CCA methods corrected for the smoothing artifact lead to more plausible activation
patterns in fMRI as shown using data from a motor task and a memory task.

1. Introduction

Local canonical correlation analysis (CCA) is a multivariate
statistical method in fMRI that uses the joint time course
of a group of neighboring voxels, usually in a 3 × 3 in-
plane voxel grid, to determine the significance of activation.
The value of a suitable test statistic is used as a measure of
activation. Since the joint time course of the neighborhood is
used, it is not immediately clear to which voxel the measure
of activation should be assigned. For example, if a 3 × 3
voxel neighborhood is chosen and the measure of activation
is significant, without further assumptions one can only con-
clude that activation occurred somewhere within the 3 × 3
voxel neighborhood. If the activation is assigned to all
voxels of the neighborhood, loss of spatial specificity will
occur. To increase spatial specificity, it has been proposed
to assign the measure of activation to the center voxel of

the 3 × 3 neighborhood [1, 2]. A center voxel assignment
is usually justified by mathematical convenience but can
also be reasoned on the fact that the fMRI BOLD response
leads to patches of activation patterns that are most likely
of convex shape and simple connectivity (without any holes
in the interior neighborhood). However, this center voxel
assignment proved to be prone to yield artifacts as activations
tend to bleed to the neighboring voxels of strongly active
voxels. The result is a loss of spatial specificity from this
smoothing artifact.

The smoothing artifact is not only common in con-
ventional CCA, but also in any analysis technique that
involves spatial low-pass filter kernels, such as univariate
(single voxel) analysis where the data have been preprocessed
using Gaussian spatial smoothing. In conventional data
smoothing, the smoothing artifact has been intentionally
“induced” to increase the signal-to-noise ratio at the cost of
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reduced specificity and occurrence of typical spatial low-pass
artifacts such as blurring of edges of activation patterns.

To compensate for the smoothing artifact in conventional
CCA, different assignment schemes were proposed. For
example, a minimum relative weight for the center voxel was
used to restrict false activations [3]. In another study using a
more adaptive approach, the smoothing artifact was reduced
by utilizing the spatial dependence among voxels as much as
possible and assigning the significance of activation to the
dominant voxel of local maxima [4]. This method was shown
to be effective in eliminating the smoothing artifact in motor
activation data that is known to have large contrast-to-noise
ratio (CNR), however, in data where the activation is more
subtle (such as hippocampal activation using an episodic
memory paradigm), the method has the disadvantage of
being less sensitive, according to our studies.

To reduce the smoothing artifact in CCA, it is necessary
to constrain the spatial weights properly and impose the
condition that the center voxel always has the largest weight.
Constrained CCA (cCCA) with positivity constraints have
been proposed for fMRI. Friman et al. [5] as well as
Ragnehed et al. [6] use nonnegative spatial weights with
maximum weight of the center voxel in order to ensure
spatial low-pass filter properties of cCCA. This has the
additional benefit of constraining CCA to eliminate spurious
correlations occurring in conventional CCA where spatial
filters can have positive and negative coefficients.

To our knowledge, the smoothing artifact in cCCA has
never been studied. Recently, we provided a mathematical
framework for cCCA and computed ROC properties of
cCCA with different linear constraints and a nonlinear
constraint for activation patterns of motor data and episodic
memory data [7, 8]. In this paper we expand our previous
research and investigate in detail the smoothing artifact
that is associated with each spatial constraint in cCCA.
Furthermore, we provide a novel approach of how to correct
the measure of activation for the smoothing artifact. Results
for motor activation data and episodic memory activation
data are presented. Parts of this paper have been published in
abstract form (one page) at a recent conference [9].

2. Theory

2.1. Constrained CCA (cCCA). In the following we briefly
review CCA and cCCA, and explicitly consider the con-
straints introduced recently [8]. Mathematically, CCA is a
generalization of the General Linear Model (GLM) by allow-
ing the incorporation of spatial basis functions according to

(
α1 f1(ξ) + · · · + αs fs(ξ)

)⊗ Y(ξ, t)

= β1x1(t) + · · · + βrxr(t) + ε(t),
(1)

where the data are given by Y(ξ, t), ξ is the vector represent-
ing the spatial coordinates x, y, and z, and t is time. The func-
tions fi(ξ), i = 1, . . . , s represent the spatial basis functions
modeling the activation pattern in a neighborhood. The
functions xj(t), j = 1, . . . , r are the temporal basis functions
modeling the signal observed (which is the result of a
convolution of the hemodynamic response function and the

stimulus function). The coefficients αi and βj are the spatial
and temporal weights, respectively, that are being determined
and optimized by the data for each individual neighborhood
using an optimization routine. The symbol ⊗ denotes spatial
convolution and ε(t) is a Gaussian-distributed random error
term. If the number of spatial basis functions is reduced to a
single function, (1) becomes

f1(ξ)⊗ Y(ξ, t) = β1x1(t) + · · · + βrxr(t) + ε(t). (2)

When f1(ξ) is a simple Gaussian function, we obtain the
conventional GLM used frequently in fMRI.

Equation (1) can be represented conveniently in matrix
form. In the following we assume that the functions
fi(ξ), i = 1, . . . , s are spatial Dirac delta functions defining
a local neighborhood within a 3 × 3 pixel neighborhood
(s ≤ 9). Let Y be the matrix representing s voxel time courses
with dimension t × s and X the conventional design matrix
of size t × r for the r temporal regressors. Furthermore, let
α and β be two unknown vectors of size s × 1 and r × 1,
respectively. In CCA, we look for the linear combinations
of voxel time courses Yα and temporal regressors Xβ such
that the correlation between both quantities is maximum.
This leads to an eigenvalue problem with min(s, r) solutions
from which the solution with the largest eigenvalue (i.e.,
maximum canonical correlation) is being chosen. Without
constraints on the αi, the specificity of the activation pattern
obtained by CCA is low and could result in artifacts (see e.g.,
[8]). To put constraints on the spatial weights α in order
to restrict the space of unreasonable solutions for fMRI, we
consider the following four scenarios for the components αi
of α, where α1 is the weight for the center voxel and the other
αi’s represent the weights for the s neighborhood voxels.

Constraint 1 (Simple Constraint). One has

α1 > 0, αi ≥ 0 ∀i ≥ 2. (3)

Constraint 2 (Sum Constraint). One has

α1 ≥
s∑

i=2

αi > 0, αi ≥ 0 ∀i ≥ 2. (4)

Constraint 3 (Average Constraint). One has

α1 ≥ 1
s− 1

s∑

i=2

αi > 0, αi ≥ 0 ∀i ≥ 2. (5)

Constraint 4 (Maximum Constraint). One has

α1 ≥ max(αi) > 0, αi ≥ 0 ∀i ≥ 2. (6)

Note that the neighborhood size s is not a fixed quantity, but
is determined from the data by cCCA and can differ for each
center voxel.



International Journal of Biomedical Imaging 3

2.2. Smoothing Artifact. The smoothing artifact in CCA is
defined as the probability of incorrectly declaring the center
voxel of a configuration of size s (s ≤ 9 for a 3 × 3
neighborhood) to be active. In the following, we outline
how to compute the posterior probability to detect the
smoothing artifact in real data using a Bayesian framework.
The posterior probability, P, that a center voxel is not active
when it was in fact declared active, is given by

P = p(center voxel is not active | ω > ω0, cnr,M, CNR, s),
(7)

where ω > ω0 indicates that the center voxel was declared
active (statistic ω > threshold ω0 with ω ∈ [0,∞)),
cnr is the univariate contrast-to-noise ratio of the center
voxel, M labels the method of data analysis, CNR is the
contrast-to-noise ratio of the entire configuration defining
the neighborhood within a 3× 3 pixel region, and s is the size
of the configuration (i.e., number of declared active voxels
≤9 within the neighborhood). For abbreviation, we define
the set of parameters, θ, to be

θ = {cnr,M, CNR, s}. (8)

Then, according to Bayes’ theorem for conditional probabil-
ities, (7) can be written as

P = p(ω > ω0 | center voxel is not active, θ)

× p(center voxel is not active | θ)
(
p(ω > ω0 | θ)

)−1,
(9)

which is of the form

P = P1P3

P2
, (10)

where

P1 = p(ω > ω0 | center voxel is not active, θ), (11)

P2 = p(ω > ω0 | θ), (12)

P3 = p(center voxel is not active | θ). (13)

The term P1 is called the bleeding artifact because it
represents the probability that an inactive voxel is declared
as active. We determine P1 as a function of the size, s, of the
configuration only and not as a function of the geometrical
shape of the configuration. Note that the dependence on s
is an approximation, because in reality there are 28 = 256
possible configurations that can contain 0 to 8 active
voxels (corresponding to s ∈ {1, . . . , 9} since s labels the
neighborhood size within a 3 × 3 pixel grid, which always
includes the center voxel, independent if the center voxel is
active or not). Each configuration of size s has, depending
on its distance of all voxel members to the center voxel, a
slightly different value for P1. For example, configurations
with s = 7 leads to 3 different classes based on a distance
measure, that is, class 1 = {center voxel, 4 corner voxels, and
2 midedge voxels}, class 2 = {center voxel, 3 corner voxels,

and 3 midedge voxels}, class 3 = {center voxel, 2 corner
voxels, and 4 midedge voxels}.

According to our simulations, P1 is strongly dependent
on s but not on a particular configuration of s. Only a
weak dependence based on different class memberships exist,
which we neglect for the purpose of this research. To estimate
P1, it is thus reasonable to group all configurations for a
particular s together and compute an average value of P1 over
all possible configurations with size s.

2.2.1. Estimation of P1 (See (11)). The term P1 can be
estimated from simulations using a mixture of resampled
resting-state data and activation data at given θ using kernel
density estimation [10]. Resampled resting-state data are
considered null data with respect to any task fMRI function
since the temporal structure is destroyed by resampling using
the wavelet transform. This resampling, however, does not
destroy the autocorrelations inherent in resting-state data.
Furthermore, the resampling does not affect the spatial
correlations within the data because the permutations of
the wavelet coefficients are kept the same for each voxel
time series in a particular simulation; however, different
simulations use different permutations [11, 12].

The simulated data are superpositions of time series from
a 3 × 3 pixel neighborhood of null data and activation data.
Since the entire neighborhoods are used from resting-state
data, realistic spatial correlations of the simulated data are
obtained. In particular, for a configuration of s active voxels
in the 3× 3 neighborhood, the simulated voxel time courses,
yi(t), are obtained by

yi(t) =
⎧
⎨

⎩
y(0)
i (t), for i = 1,

βx(t) + y(0)
i (t), for i ∈ {2, . . . , s}, (14)

where i = 1 refers to the center voxel and all other i
to the surrounding voxels of the configuration of size s

within the 3 × 3 neighborhood. All y(0)
i (t) correspond to

resampled resting-state time courses and represent spatially
and temporally correlated null (noise) data. Note that the
center voxel is always inactive by design to compute P1. Thus,
P1 is a strong function of CNR of the configuration but
not of the value cnr (which is the contrast-to-noise ratio
of the inactive center voxel), and the dependence of P1 on
cnr can be neglected. The activation is determined by the
hemodynamic response function, x(t), of interest multiplied
by factor β so that the configuration has a given CNR. In
order to compute the CNR we use the general definition

CNR =
(∑

λi∑
σi

)1/2

, (15)

where λi and σi are the eigenvalues of the covariance matrix
of the activation signal and noise, respectively [13]. Note that
(15) can be used for a single voxel time series or an entire
neighborhood of arbitrary size. To determine the activation
signal and noise of a configuration using cCCA, we convert
the cCCA problem into a multivariate multiple regression
problem of the form

Yα = XBα + Eα, (16)
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where Y are the data (size t × s), α is the optimum spatial
weight vector (size s× 1), X is the design matrix (size t × r),
B is the matrix of regression weights (size r × s), and E
is a residual error matrix (size t × s). For a given contrast
vector c, we reparameterize the design matrix X and obtain a
transformed design matrix X̃ such that

X̃ = [Xeff X⊥], (17)

where

Xeff = X(X′X)−1c
(

c′(X′X)−1c
)−1

(18)

is the first regressor of the new design matrix X̃ that is asso-
ciated with a parameter estimate equivalent to the original
contrast c′Bα [8, 14]. The matrix X⊥ is perpendicular to Xeff

and plays no role in the estimation of c′β. Then, the signal
S(t) is obtained by

S = XeffB, (19)

and the noise N(t) is obtained by

N = (Y−XeffB)α. (20)

2.2.2. Estimation of P2 (See (12)). This term can be estimated
directly from the real data. In this case, for each M and s > 1,
P2 is a 2D function of cnr and CNR, but depends strongly
only on CNR so that the dependence on cnr can be neglected.
Note that for s = 1, cnr = CNR, and in this case P2 is a
1D function of cnr only. It is possible to determine first the
joint probability density p(ω, CNR | s,M) using 2D kernel
density estimation with a 2D Gaussian kernel, which then
can be integrated numerically to obtain P2 according to

P2(ω0, CNR, s,M) =
∫∞
ω0

p(ω, CNR | s,M)dω
∫∞

0 p(ω, CNR | s,M)dω
. (21)

Note that P2(ω0, CNR, s,M) for fixed {ω0, s,M} has a
sigmoidal shape approaching the value 1 for CNR > 0.6.
Thus, voxels that are declared active at a family-wise error
rate (FWE) <0.05 have necessarily a large CNR for which
P2(ω0, CNR, s,M) → 1 (see Section 4).

2.2.3. Estimation of P3 (See (13)). The term P3 is less difficult
to determine because it is independent of the value of the
statistic ω and depends strongly on the univariate cnr of the
center voxel (configuration with size s = 1, and M = 1), that
is,

P3 = p(center voxel is not active | θ)

≈ p(center voxel is not active | cnr, s = 1,M = 1)

= p(center voxel is not active, cnr | s = 1,M = 1)
p(cnr | s = 1,M = 1)

,

(22)

where M = 1 labels the univariate single voxel analysis
method without smoothing. Then, P3 is only a function of

cnr and can be estimated from linear mixture modeling
of the real data assuming that the data consists only of
active and inactive voxels with unknown fractions. With this
assumption, we define the cnr distribution of the data as
h(cnr), consisting of the mixtures f (cnr) and Gμ,σ(cnr) using

h(x) = a
1
d
f
(

cnr
d

)
+ (1− a)Gμ,σ(cnr). (23)

The distribution f (cnr) is estimated from resampled resting-
state data and the scaled distribution (1/d) f (cnr/d) reflects
the null distribution in activation data. The fact that f (cnr)
is scaled by constant d is rooted in the observation that
in activation data more neural activity exists and maybe
by spatial correlations or other hemodynamic means the
distribution of the signal corresponding to inactive voxels is
shifted to slightly larger values of cnr. The second term on
the right in (23), Gμ,σ(cnr), represents the cnr distribution
of active voxels modeled by a Gaussian distribution with
mean μ and variance σ . All the parameters a,d,μ, and σ
are obtained from least squares fitting using activation data.
Then,

P3(cnr) = a(1/d) f (cnr/d)
h(cnr)

. (24)

2.2.4. Final Result of Estimation of P (See (9) and (10)).
Overall, the posterior probability that a center voxel is not
active is given by

P = p(center voxel is not active | ω > ω0, θ)

≈ p(ω > ω0 | center voxel is not active, θ)P3(cnr)
p(ω > ω0 | θ)

≈ P1(ω0, CNR,M, s)P3(cnr),

(25)

since p(ω > ω0 | θ) → 1 for voxels declared highly
active (i.e., FWE <0.05). In the following, we call the
function P1(ω0, CNR,M, s) the smoothing artifact function.
To correct for the smoothing artifact we propose the rule:

Voxel is assigned to be inactive if P > 0.5 (26)

and assign zero to the measure of activation if this statement
is true. If this statement is not true, the measure of activation
is unchanged.

3. Materials and Methods

FMRI was performed for 6 normal subjects with IRB
approval (according to institutional requirements) in a
3.0T GE HDx MRI scanner equipped with an 8-channel
head coil and parallel imaging acquisition using EPI with
imaging parameters: ASSET = 2, ramp sampling, TR/TE =
2 sec/30 ms, FA = 70 deg, FOV = 22 cm × 22 cm, thick-
ness/gap = 4 mm/1 mm, 25 slices, and resolution 96 × 96.
Three fMRI data sets were obtained for each subject. In the
following we briefly describe the paradigms and refer the
reader for more detail to our previous article [7].
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Figure 1: Smoothing artifact of the center voxel for different analysis methods as a function of the configuration size and CNR for simulated
motor activation data. Note that the figure is composed of 9 separate images belonging to configuration sizes 1 to 9, and each image for a
particular configuration size is a function of the CNR ranging from 0 to 1 in steps of 0.1 in the horizontal direction. The center voxel for
each configuration is by design nonactive and the other members (neighboring voxels belonging to the particular configuration) are active
with given CNR. In general the smoothing artifact increases with increasing CNR except for single-voxel analysis, where no artifact exists
(as expected). Regarding the computation of the false positive fraction, the statistical thresholds were chosen corresponding to a family-wise
error rate (FWE) < 0.05 for re-sampled restingstate data.

The first data set was collected during resting-state where
the subject tried to relax and refrain from executing any
overt task with eyes closed. The second data set was collected
while the subject was performing an episodic memory task
with oblique coronal slices collected perpendicular to the
long axis of the hippocampus. Specifically, this task consisted
of memorization of novel faces paired with occupations
and contained 6 periods of encoding, distraction, and
recognition tasks as well as short instructions where words
on the screen reminded subjects of the task ahead. The third
data set was obtained by performing an event-related motor
task involving bilateral finger tapping while the subject was
looking at a screen.

3.1. Data Analysis. All fMRI data were realigned using
Statistical Parametric Mapping (SPM5, http://www.fil.ion
.ucl.ac.uk/spm/) and maximum motion components were
found to be less than 0.6 mm in all directions. In a prepro-
cessing step, all voxel time series were corrected for different
slice timings and high-pass filtered by regression using a
discrete cosine basis with cut-off frequency 1/120 Hz [15].
No temporal low-pass filtering was carried out. All voxels
with intensity larger than 10% of the mean intensity were
used in the analysis. This threshold effectively eliminated all
nonbrain voxels leading to an average of about 4500 voxels
per slice. All activation maps were thresholded using a FWE
<0.05 determined by using nonparametric methods [7, 16]
with wavelet resampled resting-state data [11, 12].

3.2. Basis Functions for CCA. All voxel time courses and
temporal regressors were mean subtracted (over time) and
variance normalized. As local spatial basis functions we use
Dirac delta functions in each 3 × 3 in-slice neighborhood.

0.5
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0.2

0.1

0
20

10
0

−10 −0.2 0 0.2 0.4 0.6 0.8 1 1.2

CNR

ω

Figure 2: Example of the calculated joint probability density
p(ω, CNR | s,M) for motor activation data for a neighborhood size
s = 5 and cCCA with the maximum constraint. The function was
determined using 2D kernel density estimation with a 2D Gaussian
kernel. The variables ω and CNR specify the statistic and the
contrast-to-noise ratio of the 5-voxel neighborhood, respectively.
The threshold to obtain FWE <0.05 is ω0 = 6.7.

For the temporal modeling, we specified design matrices
as in SPM5 containing all conditions of the paradigms. In
particular, for the memory paradigm we modeled instruction
(I), encoding (E), recognition (R), and control (C) by tem-
poral reference functions whereas for the motor paradigm,
fixation (F), and motor task (M) were modeled according to
the paradigm timings. All reference functions were convolved
as usual with the standard SPM5 two-gamma hemodynamic
response function. For the motor task we computed activa-
tion maps for the contrast M-F, and for the memory task
we used the contrast E-C. We used reparameterization of
the design matrix X (see (18)) to incorporate the contrast of
interest and optimized the spatial coefficients for each spatial
constraint using the methods proposed in our previous
publication [8].



6 International Journal of Biomedical Imaging

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

CNR

P
2

s = 1
s = 2
s = 3
s = 4
s = 5

s = 6
s = 7
s = 8
s = 9

Figure 3: Estimation of P2(ω0, CNR, s,M) = ∫∞
ω0

p(ω, CNR |
s,M)dω/

∫∞
0 p(ω, CNR | s,M)dω from motor activation data using

numerical integration for all configurations of size s ∈ {1, . . . , 9}
for cCCA with the maximum constraint. The joint probability
density p(ω, CNR | s,M) in the integrands are determined with
2D kernel density estimation using a 2D Gaussian kernel (for an
example see Figure 2). Note that for CNR > 0.6, P2 approaches the
value 1 rapidly for all s /= 1. This relationship is also true for data
obtained from the memory experiment. Note that configurations
with s = 1 have no significance in contributing to the smoothing
artifact because the smoothing artifact is by definition equal to zero
for s = 1.
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Figure 4: Density estimation of active and inactive voxels in motor
activation data. The top curve (dark blue) shows the distribution
of the cnr using kernel density estimation techniques. The green
and red curves are the estimated distributions of the cnr for the
inactive and active voxels, respectively. Note that the distribution
of the inactive voxels (green curve) was derived from wavelet
resampled resting-state data using a dilation variable, whereas the
distribution of the active voxels (red curve) was derived from a
Gaussian distribution. The mixture of the estimated distributions
for null and active voxels is given by the light blue curve showing
very small differences to the raw curve (dark blue).
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Figure 5: Density estimation of active and inactive voxels in
memory activation data. The top curve (dark blue) shows the
distribution of the cnr using kernel density estimation techniques.
The green and red curves are the estimated distributions of the
cnr for the inactive and active voxels, respectively. Note that
the distribution of the inactive voxels (green curve) was derived
from wavelet resampled resting-state data using a dilation variable,
whereas the distribution of the active voxels (red curve) was
derived from a Gaussian distribution. The mixture of the estimated
distributions for null and active voxels is given by the light blue
curve showing very small differences to the raw curve (dark blue).

4. Results and Discussion

4.1. The Smoothing Artifact Function. Using simulated data,
the smoothing artifact function P1 (see (11)) was determined
for the motor paradigm with contrast M-F and memory
paradigm with contrast E-C, respectively. Simulations were
carried out for all methods M (single voxel analysis, single
voxel analysis with Gaussian spatial smoothing, uncon-
strained CCA, CCA with the simple constraint, CCA with
the sum constraint, CCA with the average constraint, and
CCA with the maximum constraint), CNR in the range [0, 1]
in steps of 0.1, and configuration sizes 1 to 9. All possible
256 configurations in a 3 × 3 neighborhood with inactive
center voxel were simulated 1000 times and then regrouped
according to the sizes s = {1, . . . , 9}. Figure 1 shows the
smoothing artifact function for the motor paradigm for a
typical subject. An almost identical figure was obtained for
the memory paradigm. The threshold ω0 corresponds to
FWE = 0.05. Please note that this figure is a composition
of nine different images where each image belongs to a
configuration of a particular size (1 to 9) and each abscissa is
the CNR ranging from 0 to 1 in steps of 0.1. The vertical axis
labels the different analysis methods applied and the color
determines the value of P1, ranging from 0 to 1. Bluish color
indicates that the smoothing artifact is negligible whereas
red color indicates that the smoothing artifact is significant.
It is obvious that single-voxel analysis without Gaussian
smoothing does not show any smoothing artifact and single-
voxel analysis with spatial smoothing leads to a significant
smoothing artifact, the larger the CNR and the larger
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Figure 6: Motor activation maps for contrast “motor” minus “fixation” using different data analysis methods (single voxel with Gaussian
smoothing (GS), CCA with the sum constraint (cCCA sum), CCA with the average constraint (cCCA avg), CCA with the maximum
constraint (cCCA max)). In (a), original activations maps are shown at FWE <0.05. In (b), activation maps corrected for the smoothing
artifact are shown. Corrections are done for P > 0.5. In (c), voxels affected by the smoothing artifact are shown. The color scale on the right
refers to the magnitude of the smoothing artifact in (c). In (d) we show for comparison the activation map for single voxel analysis without
Gaussian smoothing.

the neighborhood is. It is also obvious that unconstrained
CCA has the largest smoothing artifact and this artifact is
already large for configuration sizes of s = 2 and CNR = 0.2.
However, choosing the simple nonnegativity constraint for
cCCA almost completely eliminates the smoothing artifact
(P1 < 0.35). Similarly, cCCA with the sum constraint has a
smoothing artifact that is even lower (P1 < 0.3) and should
be considered the method of choice if a high specificity is
desirable. The cCCA methods with the more complicated
constraints (avg constraint and max constraint) show a
significant smoothing artifact for configuration sizes of s ≥
3, as long as the CNR is large (CNR > 0.6). These two
cCCA methods have very high sensitivity but can lead to false
activations when the configuration size is large.

4.2. Density Estimation of P2 (See (21)). The function
P2(ω0, CNR, s,M) = ∫∞ω0

p(ω, CNR | s,M)dω/
∫∞

0 p(ω, CNR |
s,M)dω was calculated in MATLAB (http://www.math-
works.com/) by 2D kernel density estimation of p(ω, CNR |
s,M) using an optimum bandwidth estimator according to
Sheather and Jones [17]. In general, p(ω, CNR | s,M)
has a bimodal distribution for configuration sizes s ∈
{2, 3, 4, 5, 6, 7}. For lower s, the larger mode of the density
occurs at lower values of {ω, CNR}, whereas for larger
values of s, the larger mode occurs at higher values of
{ω, CNR}. For s ∈ {8, 9}, the density becomes unimodal
with mode located at large values of {ω, CNR}. Also note,
that ω is strongly correlated with CNR, which is expected.
An example of p(ω, CNR | s,M) is given in Figure 2 for



8 International Journal of Biomedical Imaging

Single voxel + GS cCCA sum cCCA avg cCCA max 

(a)

(b)

1

0.5

0.1

(c)

Single voxel

(d)

Figure 7: Memory activation maps for contrast “encoding” minus “control” using different data analysis methods (single voxel with Gaussian
smoothing (GS), CCA with the sum constraint (cCCA sum), CCA with the average constraint (cCCA avg), and CCA with the maximum
constraint (cCCA max)). In (a), original activations maps are shown at FWE <0.05. In (b), activation maps corrected for the smoothing
artifact are shown. Corrections are done for P > 0.5. In (c), voxels affected by the smoothing artifact are shown. The color scale on the right
refers to the magnitude of the smoothing artifact in (c). In (d) we show for comparison the activation map for single-voxel analysis without
Gaussian smoothing.

s = 5 and cCCA with the maximum constraint. The shape
of P2(ω0, CNR, s,M) obtained by numerical integration of∫∞
ω0

p(ω, CNR | s,M)dω/
∫∞

0 p(ω, CNR | s,M)dω and density
smoothing is shown in Figure 3 for all s and 0 ≤ CNR ≤
1. Note the S-shaped form obtained for P2(ω0, CNR, s,M)
for all integrations of bimodal distributions involving
p(ω, CNR | s,M), whereas for s = 1 the function P2 is
zero for CNR ≤ 1 and for s ∈ {8, 9} P2 has the value 1
for 0 < CNR ≤ 1. The function P2 for size s = 1 plays no
role in determining the posterior probability P because the
smoothing artifact is zero by definition, since a single-voxel-
neighborhood cannot have any bleeding of signal strength.

4.3. Density Estimation of the Null cnr Distribution in
Activation Data. In Figure 4 we computed the null cnr
density function (1/d) f (cnr/d) using real motor activation
data of a typical subject and obtained a dilation parameter

d = 1.26, indicating that the null distribution of the cnr
obtained from resampled resting-state data is slightly inflated
in activation data. The overall fit of the density functions
(1/d) f (cnr/d) and Gμ,σ(cnr) is good leading to a small
residual mean squared error = 0.014 ± 0.114 (compare the
light blue curve and the dark blue curve in Figure 4). A very
similar curve was obtained for the memory paradigm using
data from a different subject. Here the dilation parameter was
found to be d = 1.27 and mean squared error = 0.011±0.105
(Figure 5). Overall, the density fits obtained were similar.

4.4. Correcting the Smoothing Artifact in Motor and Memory
Data. In Figures 6 and 7 we show examples of the severity
of the smoothing artifact for activation data thresholded at
the P < 0.05 level, corrected for multiple comparison (i.e.,
FWE<0.05). The number of voxels affected by the smoothing
artifact can be considerable for single voxel with Gaussian
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Figure 8: Magnified motor activation maps from Figure 6 for selected analysis methods (single voxel without Gaussian smoothing, single
voxel with Gaussian smoothing (GS), and CCA with the maximum constraint (cCCA max)). The top row shows the original images at FWE
<0.05 without any correction for the smoothing artifact. The bottom row shows the original images corrected for the smoothing artifact.
The green arrows point to major differences of the activation patterns. Note that correction for the smoothing artifact leads to a splitting of
activation pattern in the left (radiological convention) motor cortex (see bottom row images with green arrows pointing to the ROI).

 

Single voxel Single voxel + GS cCCA max 

Figure 9: Magnified memory activation maps from Figure 7 for selected analysis methods (single voxel without Gaussian smoothing, single
voxel with Gaussian smoothing (GS), and CCA with the maximum constraint (cCCA max)). The top row shows the original images at FWE
<0.05 without any correction for the smoothing artifact. The bottom row shows the original images corrected for the smoothing artifact.
The blue arrows point to major differences of the activation patterns. Note that hippocampal activation after correction for the smoothing
artifact appears to have three separate foci in the right temporal lobe (radiological convention) as shown in the bottom image on the right
(blue arrow).

smoothing and cCCA with the average constraint as well
as cCCA with the max constraint, as seen in motor data
(Figure 6). For cCCA with the sum constraint, however, there
is no correction for the smoothing artifact necessary because
the sum constraint produces a sufficiently dominant weight
for the center voxel so that inactive voxels cannot obtain
a dominant weight in the neighborhood of active voxels.
We did not find any voxel with a smoothing artifact >0.1
confirming that cCCA with the sum constraint has largest
specificity of the proposed cCCA methods. The activation
patterns that are corrected for the smoothing artifact show
small changes compared to the uncorrected ones, however,
these changes can provide important information of the
activation profile. For example, in Figures 8 and 9 we show
a magnified region of the left motor cortex and the right
hippocampus, respectively, for selected analysis methods
(single voxel with and without Gaussian smoothing, cCCA
with the maximum constraint). Here we see that correction
for the smoothing artifact leads to a separation of the right
motor cortex (see green arrows in Figure 8). This result

is consistent with the activation pattern from single voxel
analysis without Gaussian smoothing. We believe that for
the motor activation data, single-voxel analysis is already
accurate due to the high cnr of the BOLD response for
motor activation. Regarding the hippocampal activation, we
see that the correction for the smoothing artifact leads to a
clear separation of hippocampal activation into three focal
regions (see blue arrow in Figure 9). It is conceivable that the
corrected activation maps are more accurate representations
of true hippocampal activations in this high-resolution study
because it is known that the hippocampus is composed
of the CA fields (CA1, CA2, CA3, and CA4), the dentate
gyrus and subiculum, and each of these subregions has a
specific function in memory. The obtained corrections of
the activation pattern are more probable than a continuous
elongated activation pattern obtained with cCCA without
correction for the smoothing artifact.

We chose to correct the smoothing artifact when P > 0.5.
This condition is still a conservative correction for activation
maps. To obtain better specificity but at a cost of losing
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Figure 10: Number of voxels affected by the smoothing artifact
for two different constrained CCA methods (CCA with the average
constraint (cCCA avg) and CCA with the maximum constraint
(cCCA max)) as a function of the neighborhood size of the
configuration. (a) is for motor data, (b) for memory data (obtained
from Figures 6 and 7, resp.). Note that CCA with the max constraint
leads to configurations of larger neighborhoods that need to be
corrected for the smoothing artifact compared to CCA with the
average constraint. The result for CCA with the sum constraint
is not shown because the smoothing artifact associated with this
constraint is negligible (compare Tables 1 and 2).

Table 1: Number of voxels affected by the smoothing artifact for
different data analysis methods as a function of P > threshold in
motor activation data for contrast “motor” minus “fixation”.

Threshold SV + GS cCCA sum cCCA avg cCCA max

0.5 34 0 9 27

0.4 38 0 14 40

0.3 40 0 24 51

0.2 42 0 48 104

0.1 43 0 98 174

sensitivity, it may be worthwhile to lower the threshold.
Tables 1 and 2 show the number of voxels affected by
the smoothing artifact for thresholds 0.1 to 0.5. Note that
lowering the threshold for P to 0.2 leads to a dramatic

Table 2: Number of voxels affected by the smoothing artifact for
different data analysis methods as a function of P > threshold in
memory activation data for contrast “encoding” minus “control”.

Threshold SV + GS cCCA sum cCCA avg cCCA max

0.5 5 0 26 20

0.4 5 0 32 20

0.3 6 0 37 24

0.2 7 0 45 33

0.1 10 0 55 44

increase in the number of voxels. Thus, P > 0.2 should be
avoided. The choice P > 0.3 is probably a good compromise
of achieving better specificity and still maintaining high
sensitivity for the examples shown here. However, the
decision to use a lower threshold than 0.5 will primarily
dependent on the particular application of the research. We
preferred P > 0.5 which lead to a relatively small number
of voxels that needed to be corrected. With this threshold
the sensitivity of the methods is still very large and mostly
voxel configurations of sizes 4 to 8 in motor data and 3 to
7 in memory data were affected by the smoothing artifact
(Figure 10). Note that cCCA with the max constraint leads
to larger configuration sizes (mean value s = 5.6) that
are affected by the smoothing artifact than cCCA with the
average constraint (mean value s = 4.3). This fact is expected
due to the increased freedom of the spatial constraints in
cCCA with the maximum constraint leading, on average,
to larger configuration sizes which are more probable to
induce a smoothing artifact than the other constrained cCCA
methods.

5. Conclusions

We summarize the ideas introduced in this study and results
obtained as follows.

(1) We investigated the smoothing artifact in CCA and
proposed a new technique to reduce this artifact in
fMRI data analysis.

(2) Using data from a motor activation paradigm and
an episodic memory paradigm, we showed exam-
ples of activation maps obtained with constrained
CCA methods, the corresponding magnitude of the
smoothing artifact, and activation maps corrected for
the smoothing artifact.

(3) For all data studied, we found no appreciable
smoothing artifact for cCCA with the sum constraint.

(4) The best overall performance was obtained by cCCA
with the maximum constraint corrected for the
smoothing artifact. We recommend this technique
for fMRI data analysis to obtain high sensitivity and
good specificity.
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During the last decade, several works have dealt with computer automatic diagnosis (CAD) of masses in digital mammograms.
Generally, the main difficulty remains the detection of masses. This work proposes an efficient methodology for mass detection
based on a new local feature extraction. Local binary pattern (LBP) operator and its variants proposed by Ojala are a powerful tool
for textures classification. However, it has been proved that such operators are not able to model at their own texture masses. We
propose in this paper a new local pattern model named gray level and local difference (GLLD) where we take into consideration
absolute gray level values as well as local difference as local binary features. Artificial neural networks (ANNs), support vector
machine (SVM), and k-nearest neighbors (kNNs) are, then, used for classifying masses from nonmasses, illustrating better
performance of ANN classifier. We have used 1000 regions of interest (ROIs) obtained from the Digital Database for Screening
Mammography (DDSM). The area under the curve of the corresponding approach has been found to be Az = 0.95 for the mass
detection step. A comparative study with previous approaches proves that our approach offers the best performances.

1. Introduction

Breast cancer is the major public health problem in the
world. It constitutes the most common cancer among the
female population [1]. A study developed by American
cancer society estimates that between one in eight and one
in twelve will be diagnosed with breast cancer in their life
time [2]. The European community estimates that breast
cancer corresponds to 19% of cancer death. Moreover, it
represents 24% of cancer cases [3]. In a Tunisian country,
breast cancer is 16,5% of cancer death [4]. Mostly, 25%
of all cases of breast cancer deaths occur if women were
diagnosed between the age of 40 and 49. Although breast
cancer incidence has increased over the last decade, breast
cancer mortality has declined among women of all ages [5],
thanks to the development of both breast cancer treatment
and mammography screening.

Among the different imaging modalities used for the
detection of breast cancer, mammography remains the most
used one to reveal breast abnormalities. Vacek et al. [14]

demonstrate that the ratio of breast tumor detection in
Vermont (USA), when applying screening mammography,
increased from 2% to 36% between 1995 and 1999.

Nowadays, the digital mammography gives the opportu-
nity of increasing the use of the CAD systems in order to help
the expert radiologists in the interpretation and diagnosis of
mammograms [15].

However, the rapid improvement of full digital mam-
mography has been accompanied by natural increase of
such systems. The CAD is a set of tools developed to
help radiologists in the detection and interpretation of
mammographic images [16].

Back in 2001, Freer and Ulissey [16] have proposed
an algorithm using substantial dataset containing 12,860
cases and have concluded that the application of CAD
in the analysis of screening mammograms may increase
the malignancies detection at an early stage. The main
disadvantage of existent CAD systems is the lack of general
algorithms producing good results for all cases and images.
Masses and microcalcifications are common lesions found in
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Table 1: Previously developed approaches on mass detection based on feature extraction and on learning. In this table, we specify for each
approach the feature extraction technique, the classifier, the ratio which indicates the number of real masses/number of normal ROIs, and
the obtained results. In the feature extraction methods, ICA, PCA, and 2DPCA correspond, respectively, to independent component analysis,
principal component analysis and two-dimensional PCA. In the classification stage, ANN, NN, and SVM correspond, respectively, to the
artificial neural network, nearest neighbors, and support vector machines. Generally, the evaluation of the works is given in terms of Az

where Az represents the area under the ROC curve, except for both works of Christoyianni et al. and Leonardo et al. giving the correct
classification true positive and true negative in percentage.

Classifier based

Author Year Texture Morphology Shape Gray level ICA PCA 2DPCA Classifier Ratios Results

Qian et al. [6] 2001
√ √

ANN 200/600 Az = 0.86

Christoyianni et al. [7] 2002
√ √ √

ANN 119/119 88.23%

Oliver et al. [8] 2006
√

C4.5 + NN 196/392 Az = 0.83

Oliver et al. [9] 2007
√

NN 256/1536 Az = 0.86

Varela et al. [10] 2007
√ √

ANN 60/60 Az = 0.90

Leonardo et al. [11] 2009
√ √

SVM 250/1177 92.63%

mammographic images. We will focus in this paper on mass-
related lesions. In order to develop an improved computer-
aided clinical decision classifying the tumor and identifying
the stage of the cancer, we must ensure whether it is an
area which contains a mass or not. The mass detection is
therefore a valuable step in diagnosis. Our work focuses on
classification of the tissue of the breast as mass or mass free.
So, mass detection system is able to assist health professionals
in finding out mass abnormalities in mammograms.

Several algorithms are typically based on only one view.
However, some recent approaches have used multiple views
[17], but this has three main drawbacks.

(i) Image views must be properly registered to allow a
correct comparison of regions.

(ii) Gray level values must also be correctly registered.

(iii) There are some cases where comparison is not
possible, because no correspondance between pixels
can be done (e.g., the case of patients which have
suffered from a previous breast surgery).

It is important to note that algorithms typically working
with one view can always be applied to multiple views. Textu-
ral information has already been used to solve this problem
and has been introduced in several works [6, 10]. Oliver
et al. have proposed an algorithm for mammographic mass
detection based on LBP [18]. Results have indicated that the
use of LBP and its extensions has been promising in different
comparative studies and has been applied in different texture
analysis tasks [6, 19]. However, LBP descriptors are not able
to model mammogram texture because they are mapping
only the differences of pixel gray level values. So, we will
work here on a new approach taking into consideration the
texture whole information, the local difference and local gray
values as features, namely, gray level and local difference
features (GLLD). Accordingly, we intend to investigate the
efficiency of the GLLD based approach as a method of feature
extraction. We perform our experiments on a set of 1000
ROIs obtained from the DDSM database.

This paper, using a single view, proposes a new CAD
methodology in order to achieve better performances in

terms of false negative and false positive using GLLD
operator. The remaining of this paper is organized as follows.
Section 2 shows some related works on mass detection
in mammogram images. In Section 3, we present a brief
review of LBP operator and an analysis of our GLLD based
approach. In Section 4, a brief description of a set of classi-
fication methods is given, namely, support vector machine
(SVM), k-nearest neighbors (kNNs), and artificial neural
network. Section 5 is reserved to the validation of the GLLD
proposed technique simulation, and results and discussion
are conducted. In the last section, we summarize the paper
contribution and end our work by some concluding remarks
and future work.

2. Background

Several image processing techniques have been formulated as
tools that can assist early automatic mass detection [20, 21].
Algorithms for mammographic mass detection using a single
image view are based on a characteristic classifier scheme:
for a given database consisting of known cases, the decision
making system learns how to distinguish between the two
kinds of ROIs (mass and nonmass ROI). Thereafter, once
the given system has been trained, a new ROI can be rightly
classified. Among all these detection algorithms, we can
differentiate between two strategies. The first one includes
the algorithms which extract features usually related to their
texture from the ROI and then trains a classifier. Approches
lying in such strategy are summarized in Table 1. The second
strategy turns this problem into a template matching one.
Each new ROI is compared to all the remaining ROI images
obtained from the database in order to be finally classified
as mass or nonmass. Table 2 shows different approaches
applying this strategy.

On the one hand, Qian et al. [6] have analyzed the imple-
mentation of an adaptive CAD to develop a fully automatic
procedure for mass segmentation and classification which
consists in training a novel Kalman-filtering neural network
to classify features extracted from wavelet decomposition [6].
On the other hand, Christoyianni et al. [7] have extracted
features based on independent component analysis (ICA),
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Table 2: Previously developed approaches on mass detection based on template matching. In this table, the ratio which indicates the number
of real masses/number of normal ROIs.

Template-matching based

Author Year Gray level Shape Entropy Similarity Ratios Results

Chang et al. [12] 2001
√ √

Likelihood function 300/300 Az = 0.83

Tourassi et al. [13] 2007
√ √

Mutual function 901/919 Az = 0.81

gray level and texture, in order to train the ANN as a classifier.
Furthermore, they have applied the principal component
analysis (PCA) for the preprocessing step to overcome the
problem of complexity and of increasing dimensionality.
Oliver et al. [8] have proposed a different strategy. The latter
is based on the translation of eigenfaces approach for face
detection/classification problems to the mass detection one.
They introduced the concept of spanning the ROI subspace
of an original image space. As result of such transformation,
they have obtained a vector which describes the contribution
of each eigenrau for the representation of the corresponding
image. They have used these vectors in the construction of
the models for the step of training. In [9], Oliver et al. have
extended their proposed method based on PCA by using
the two-dimensional PCA (2DPCA) technique. Varela et al.
[10] have proposed a methodology based on extracting gray
level as well as morphological features and classifying, using
ANN, the new ROI. Leonardo et al. [11] have proposed an
algorithm for the detection of masses in mammographic
images. The technique is based on the use of textural and
shape measures for K-means clustering algorithm and the
SVM, aiming at detecting masses in mammographic images.

As shown in Table 2, the proposed approach of Chang
et al. [12] and Tourassi et al. [13] has been based on a
template matching-based approach. They have proposed for
classification purposes to undertake a comparison of the new
ROI with the remaining ROIs in the database composed of
ROIs depicting masses. The difference between these works
appears in the similarity measure function. As indicated in
Table 2, there are only limited publications trying to detect
masses using template-matching based methods. From the
two tables, we can conclude that one of the main dissimilarity
among these recent works is the ratio between the ROIs
depicting abnormality and the total number of cropped
images. It is important to note that when the number
of normal ROIs increases, the number of ROIs wrongly
classified is likely to increase. One should remember that the
purpose of this work is the classification of mammographic
masses and normal breast tissue. All the developed methods
allow the tradeoff between the reduction of false positive
fraction and the increase of false negative fraction. Such
trade off can be ensured when using the receiver operating
characteristics (ROC) [22] in the performance evaluation
step. This is the case of most of the approaches in Tables 1
and 2. The ROC curve is a graphical curve representing the
true positive rate (sensitivity) versus the false positive rate
(100 specificity), extensively used in classifier performance
evaluation. Points representing ROC curve correspond to
sensitivity/specificity pair representing a particular decision
threshold. The AUC (known as Az) is an information about

the overall performance of the approach. Furthermore, the
latter is a metric which can be used to compare different
features, and it allows the reduction of the ROC curve
to a single value summarizing expected performance. A
reasonable test should have

0.5◦ ≤ AUC◦ ≤ 1. (1)

Most of the approaches in the first strategy have the
drawback that a large number of features need to be
calculated but only the most discriminant will be selected
[7, 8]. Besides, for the second strategy, the used similarity
function measure for classifying needs to be recomputed for
each element. In our paper, to overcome such limitations,
the LBP operator has been investigated with the idea of
performing gray scale invariant texture analysis. The latter
has proved to be relevant in many applications. However,
it shows some limitations when applied to mammographic
image. For instance, it gives the same results with two
different absolute gray levels. Knowing that the gray level
information is of great importance in mammography, our
approach will add to LBP absolute gray level information
rather than gray level difference. We will focus in our
approach on making use of small size feature vector as well as
possible. In the following section, we will introduce our mass
detection methodology based on the GLLD for the extraction
of texture features obtained from the ROIs.

3. Local LBP Approach and Improvements

Texture classification is nowadays a challenging problem.
It is an active topic in computer vision research. Early
methods of texture classification are based on statistical
analysis of images with different textures. The most rep-
resentative ones are the cooccurrence matrix method [23]
and filtering for texture-classification methods [24]. At an
early stage, exploratory models were developed to investigate
rotation invariance in texture classification, such as hidden
Markov model [25] and Gaussian Markov random field [26].
Varma and Zisserman [27] have proposed to learn from
a training set a rotation invariant texton and to classify
the obtained texture according to its texton distribution.
Varma and Zisserman [28] have later proposed to use the
image patch in order to represent features directly. Some
recently proposed works have been developed for scale as
well as affine invariant texture classification. Later, Ojala et
al. [29] have proposed the LBP histogram application in
order to achieve a rotation invariant texture classification.
It is worth noting that the LBP is efficient in describing
local image pattern and its performance in computer vision
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Figure 1: Example of basic LBP operator.

and pattern recognition is promising. However, it still needs
to be improved for mammography texture modeling. In
order to generate texton, Ojala et al. [30] have applied the
Absolute Gray Level Difference (AGLD) between each pixel
and its neighbors. After that, the obtained histogram has
been used to represent the image texture. Then, Ojala et al.
[29] have proposed the LBP using the sign of the difference
for the representation of local patterns. In [31], Ojala et al.
suggested to use signed gray level Difference (SGLD) and its
multidimensional distribution for the description of texture
and considered LBP as a simplification of SGLD. With
such variants of LBP, there still remain questions that need
answering, such as what information is lost in the considered
code? How to represent the missing information to obtain
better texture modeling? Here, we propose a new feature
extractor to improve the system performance, based on
GLLD features.

3.1. Brief Review of LBP Formulation. The LBP operator
used eight neighboring pixels when considering the center
gray value as threshold. This operator generates “1” if the
considered neighbor value is greater or equal to that of the
center. Otherwise, it generates “0.”

Accordingly and referring to Figure 1, LBP [29] code may
be computed as follows:

LBPP,R =
P−1∑

p=0

s
(
gp − gc

)
2p,

s(x) =
{

1, x ≥ 0

0, x < 0,

(2)

where gc corresponds to the gray value of the central
pixel, gp corresponds to the value of its neighbors, and

(p = 0, 1, . . . ,P − 1) and P, R correspond to the number
of neighbors and to the radius of the neighborhood,
respectively. The binary code is then represented with
an 8-bit number. gp coordinates are ((R cos(2πp/P) and
R sin(2πp/P)). If neighbors are not in the image grids,
their gray values may be estimated by interpolation. After
identifying LBP pattern of each pixel (i, j), we associate LBP
histogram to the whole image, with a given image size (N1∗
N2) as

HLBP(k) =
N1∑

i=1

N2∑

j=1

f
(
LBPP,R

(
i, j
)
, k
)
, k ∈ [0,K],

f
(
x, y

) =
{

1, x = y

0, otherwise,

(3)

where K corresponds to the maximum gray level value.
Let U be a function corresponding to the value of an LBP

pattern, it is defined as the number of transitions (i.e., change
from 0 to 1 or 1 to 0) in the following pattern:

U
(
LBPP,R

) =
∣
∣
∣s
(
gp−1 − gc

)
− s
(
g0 − gc

)∣∣
∣

+
P−1∑

p=1

∣∣
∣s
(
gp − gc

)
− s
(
gp−1 − gc

)∣∣
∣.

(4)

Patterns corresponding to limited transitions or discontinu-
ities are with U ≤ 2, in a binary presentation. Otherwise,
these patterns are noted as uniform LBP patterns [29].
The mapping from the original LBPP,R to LBPu2

P,R, knowing
that the superscript u2 refers to uniform patterns, may be
implemented using a look-up table containing 2p elements.



International Journal of Biomedical Imaging 5

g1

g0

g2

g3

g4

g5

g6

g7

α

R

gP−1

α = 2Π/P

gc mean

Figure 2: The central pixel gc and its P circularly symmetric
neighbor with radius R.

A local rotation invariant pattern is defined as follows
[32]:

LBPriu2
P,R =

⎧
⎪⎪⎨

⎪⎪⎩

P−1∑

p=0

∣
∣
∣s
(
gp − gc

)∣∣
∣ if U

(
LBPP,R

) ≤ 2

P + 1 otherwise.

(5)

The mapping from LBPP,R to LBPriu2
P,R , knowing that the

superscript riu2 corresponds to rotation invariant uniform
patterns, may be implemented using a look up table.

3.2. GLLD Feature-Based Approach. The main limitation
using LBP code is that it may give the same results with two
completely different gray levels when the differences with the
neighbors are the same.

Knowing that for mammographic images, the gray level
information is directly related to the breast tissue density,
gray level and local difference are two important features of
the texture which must be used together in order to have
more accurate results.

In our approach, we propose to calculate the average for
each 3 × 3 neighborhood and to attribute it to the central
pixel. The new value of the central pixel is noted as gcmean.

Given the new value of the central pixel gcmean and
its P circularly symmetric neighbor (see Figure 2), the
substraction of the value of gcmean is presented as follows:

T = t
(
gcmean, g0 − gcmean, . . . , gP−1 − gcmean

)
. (6)

Thus, the difference between gcmean and gp may be repre-
sented as diffp = gp − gcmean and the local difference may be
represented with a vector noted diffp knowing that diffp =
[diff0, . . . , diffP−1], diffp describes the local image structure
around the gcmean. Because of its robustness and efficiency,
the obtained vector diffp is decomposed of sign and modulus
components in order to achieve much better performance in
texture classification. In our proposal, sp corresponds to the
sign of the differences, and it is obtained by thresholding with
respect to the value of gcmean as expressed in (8). However,mp

corresponds to the absolute value of diffp as expressed in (9).

We obtain, also, two vectors, the sign vector [s0, . . . , sP−1] and
the modulus vector [m0, . . . ,mP−1], with

diffp = mp · sp, (7)

knowing that

sp =
{

1, diffp ≥ 0

−1, diffp < 0,
(8)

mp =
∣
∣
∣diffp

∣
∣
∣. (9)

Figure 3 shows an illustration example of the proposed
method. Aiming at recognizing robustly and efficiently the
texture patterns, we should extract both absolute and relative
features from pixel gray levels.

The modulus component provides discriminant infor-
mation to the sign component; the intensity value of
the central pixel corresponding to the mean value of its
neighbors may also give us useful information [33, 34]. It
will also be seen that by coding the sign, the modulus,
and the central gray level features into rotation invariant
binary codes and fusing them, results may provide much
better performance in mammogram texture classification
than using each one by itself. This fusion provides useful
information about local gray level which is so important in
the stage of mass detection in mammographic images.

3.2.1. SGLLD, MGLLD, and CGLLD Operators. In this
subsection, we present the gray level and local difference
(GLLD) different processing steps to explore the proposed
three features, which are illustrated in Figure 4.

We start by extracting different ROIs from mammo-
graphic images. After that, in the selected ROI, each central
gray level corresponds to the mean of its neighbors and
its local difference. The latter is decomposed into sign and
modulus components as expressed in (7). Given a pixel in the
image, the sign coding component is noted as (SGLLD) and
is computed by comparing it with the values of its neighbors
as follows:

SGLLDP,R =
P−1∑

p=0

s
(
gp − gcmean

)
2p, (10)

where s(x) is defined by

s(x) =
{

1, x ≥ 0

−1, x < 0,
(11)

where gcmean is the average value of the central pixel and its
neighbors. Inspired by the method of coding (SGLLD), the
coding of the Magnitude component is noted as (MGLLD)
and is defined as follows:

MGLLDP,R =
P−1∑

p=0

t
(
mp, c

)
2p, (12)

t(x, c) =
{

1, x ≥ c

0, x < c,
(13)
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Figure 4: Different processing steps of of the proposed GLLD based
approach.

where c corresponds to a global gray level threshold which is
determined adaptively. We set it as the average value from the
whole image.

The new value of the central pixel, which expresses
the gray level of the image, represents also a discriminant
information. So, to make it consistent with the two previous
operators SGLLD and MGLLD, we code it as

CGLLDP,R = t
(
gcmean, cI

)
, (14)

where t is already defined in (13), cI corresponds to the
threshold and is set as the mean gray level of the whole input
image. CGLLD is defined to extract the image local gray level.
Figure 5 illustrates the image results after the application of
the three operators and their fusion.

For the three obtained codes, the rotation invariant
version is defined to achieve rotation invariant classification.
Each code carries specific texture information, that is why
we concatenate them to build the GLLD feature, which
corresponds to a vector. So, the three obtained histograms
were concatenated to one histogram (cf. Figure 6).

The procedure consists in using the GLLD in order to
build local descriptor of the obtained ROIs knowing that the
concatenation leads to global description and the obtained
global and local GLLD texture descriptor are, then, used as
features for mass detection.

The following images (Figure 7) illustrate the obtained
histogram for differents ROIs. In this figure, we have
considered three trivial examples as well as three challenging
examples which were misclassified by a radiologist. All of the
six ROI examples where correctly classified by our GLLD
texture features. In a further section, we will focus on
validating our approach statistically on the DDSM database.
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4. Classification

The last step of our proposal is mass classification. For
the sake of generality and for doing a best choice of
the classifier, an investigation of three classifiers will be
undertaken, namely, support vector machine (SVM), k-
nearest neighbors (kNNs) and artificial neural network. The
following subsection give a brief review of such classifiers.

4.1. Support Vector Machine. The SVM is a largely used
classification technique introduced by Vapanick [35]. It
learns how to discriminate between positive and negativ(in
our case mass and non mass), by finding a hyperplane as
a decision surface separating the classes. The hyperplane is
defined by support vectors. The SVM uses an optimization
method identifying the support vectors si, the weights ai, and

the bias b which are used for the classification of the vectors
x according to the following equation:

C(x) =
∑

i

aiϕ(si, x) + b, (15)

where ϕ corresponds to a kernel function. ϕ refers to a dot
product in the case of a linear kernel. Then, if c ≥ 0, x is
classified as a member belonging to the first class. Otherwise,
it is classified as a member belonging to the second class.

4.2. k-Nearest Neighbors. kNN classifier is a well-known
method in a large number of applications. Since kNN is
memory based, no models need to be trained. For a given
instance x, the kNN first finds the k closest training points
with respect to a particular distance metric. Then, it uses
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Figure 6: The extraction of the different local features from an ROI sample. Step (I): the texture features can be computed by building the
histogram over the corresponding ROI. Step (II): the histogram from the three operators is concatenated to build the texture features of the
selected ROI.

its labels in order to classify the instance x by majority vote
[36]. In this study, we use the Euclidian distance to determine
the nearest neighbors of the query element, and k is used as
a training parameter. For each element x, the output score
corresponds to the ratio of the winning class elements among
the total number of neighborhood in the corresponding
dataset.

4.3. Artificial Neural Network. ANN has been widely used
in many applications where the expert knowledge is not
clearly defined [37]. The idea of the ANN has been inspired
from the biological nervous system and has been successfully
applied in medical imaging. This technique is based on
the adjustment of weights between the neurons for any
input-output function approximation. Therefore ANN, has
been widely used in digital mammography to mimic this
computational power and the perception capabilities of
human brain.

Two basic types of ANN, the multilayer perceptron
(MLP) as well as the radial basis function network (RBF),
are frequently used in recent works.

On the one hand, multilayer perceptrons (MLPs) are
feedforward ANN models typically trained with static
backpropagation. The MLPs find their way into many
applications which require static pattern classification. Their
principal advantage is the ease of use and the approximation
capability of any input/output map.

On the other hand, radial basis function (RBF) networks
are nonlinear hybrid networks containing a single hidden
layer of processing elements. This layer uses gaussian transfer
functions and the sigmoidal functions used by MLPs [38].
This type of ANN is in generally used when the number
of samples is so small (<100). So, the limitation of the
RBF neural network is that it is very sensitive to the
dimensionality and has more and more difficulties if the
number of units is large.

Based on this assumption, and knowing that the GLLD
feature size is of 1352, we intend to investigate the MLP
to exploit the results using the ANN [39]. Details of the
used MLP network parameter are presented in Table 3. Let
us consider x = (x1, x2, . . . , xd)T the input vector, ω =
(ω1,ω2, . . . ,ωd)T , the weight vector, and g(x) = (1 + e−x)−1
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Figure 7: GLLD feature distributions extracted and concatenated to constitute the final histogram.



10 International Journal of Biomedical Imaging

Table 3: Details of MLP network parameter.

Number Functions used for MLP Used parameters

4 Activation Sigmoid function

5
Hidden Layer 1

Number of hidden units 20

6 Input neurons 1352

7 Output neuron 1

8 Maximum mean square error 0.001

9 Number of iterations 2000

11

x(1)

x(n)

b1
b2

y
GLLD
vector

...

...

Figure 8: MLP classifier architecture.

the activation function which corresponds to a sigmoid
function, and the network output is thus defined as follows:

y = g
(
ωTxb

)
= g

⎛

⎝
d∑

i=1

ωixi − b

⎞

⎠. (16)

For each ROI sample, GLLD features are computed and used
in the classification step as inputs of the neural network.
Figure 8 illustrates the applied neural network.

The evaluation of the effectiveness of the training is based
on the measure of the network relative error as follows:

E =
∑n

i=1

(
y − T

)

number of applied samples
, (17)

where y is the ROI corresponding to masses or nonmasses
resulting from ANN and T corresponds to the target. The
use of artificial network may lead to low error rates. After
the training step, generalization errors may be evaluated for
various features and network conditions. Figure 9 maps the
different steps of the proposed method.

In the following section, the obtained results for ANN,
SVM, and kNN classifiers will be illustrated for comparison
purposes.

5. Experimental Results

This section is composed of the following parts. First of all,
the database used in the evaluation is presented. Afterwards,

GLLD feature

Decision

Regions of interest

Artificial neural network

Figure 9: Implementation of the proposed method.

we illustrate the results for different rotation invariant rows
under setting. We then do an investigation of the feature
relevance, by using each of the proposed features (SGLLD,
MGLLD, CGLLD) separately as input vector to the classifier.
In further step, we made the classifier input a concatenated
vector made up with different feature vectors. The obtained
feature vector allow as to compare different methods of
classification. Then, we made our experiments for different
ROI image sizes. Finally, a comparative study of our proposal
to those in the state-of-the-art will be done for a fair
evaluation.

5.1. Mammogram Dataset. Our approach has been evaluated
based on publicly available database taken from the DDSM
database [40].

DDSM contains 2620 individuals, available in 43 vol-
umes. A volume corresponds to the collection of different
cases. A case is the collection of all information to the
mammography exam of one patient. Each case in the DDSM
database contains two images, of each breast, that is, in
each case the mammograms include a craniocaudal and
mediolateral oblique view (CC and MLO, resp.). The DDSM
database provides the metadata (date of study, breast den-
sity, assessment categories, etc.) of each abnormality using
the breast imaging reporting and data System (BI-RADS)
lexicon, it provides, also, the corresponding chain codes of
the suspicious regions. With these chain codes, the outlines
of the abnormalities may be identified. The DDSM provide
delineations of mass regions. However, precision of such
delineations is not adequate for validation in our approach,



International Journal of Biomedical Imaging 11

Table 4: Classification rates when using different number of
rotation invariant rows under settings of (P,R) = (8, 1), (P,R) =
(16, 2), and (P,R) = (24, 3).

P,R 8, 1 16, 2 24, 3

Az 0.93 0.94 0.95

Table 5: Az comparison of the different methods of classification
(SVM, kNN, ANN) when utilizing GLLD as a feature extraction
technique.

Az

kNN SVM ANN

GLLDriu2
24,3 0.89 0.9 0.95

since it was done on downscaled images of DDSM database
(by factor of 8) [41], see Section 2. Therefore, we wore
based in the extraction of ROI’s on manual segmentation
entertained by two expert radiologists of more than 30 years
of clinical experience from the Farabi imaging. We should
also notice that all the considered masses in DDSM are
biopsy proven ones.

5.2. Influence of Rotation Invariant Rows under Settings. The
study was based on 1000 ROI extracted from mammograms
from DDSM database. These ROIs were randomly selected
and separated into two sets: 500 samples for training and
500 samples for tests. In the training set as well as in the
setting set, we used 250 samples corresponding to masses and
250 samples corresponding to nonmasses. The evaluation of
our mass detection algorithm is performed by applying a
leave-one-out methodology, where the input ROI is classified
by using the appropriate classification method and the
procedure is reapplied for all the remaining ROIs used as
input.

From the results presented in Table 4, we can conclude
that with (P,R) = (24, 3), the area under curve for the GLLD
is increased from 0.93 to 0.95. Rows under settings choice
affect very slightly Az performance. In the next experiments,
GLLDriu2

24,3 will be used.

5.3. Investigation of the Method of Classification. From the
comparative study, as shown in Table 5, we note that the
ANN provides the best results. This can be attributed to its
higher performance as function approximator.

5.4. Investigation of the Relevance of the Features. As illus-
trated in Figure 10 and Table 6 the CAD system achieves
better performance (Az = 0.93) when using the sign com-
ponent than the modulus component. However, their fusion
may provide much better results in texture classification than
using either sign or modulus (Az = 0.95). The AUC of the
GLLDriu2

24,3 after the fusion of the three operators SGLLDriu2
24,3,

MGLLDriu2
24,3, and CGLLDriu2

24,3 using the ANN as classifier is
about (Az = 0.95) for the experimental set.

As can be noted from Table 6, the GLLDriu2
24,3 feature pro-

vides useful information about local gray level which is the
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Figure 10: ROC curve corresponding to a subset of 1000 ROIs
images from the DDSM database.

most significant one for mass detection in mammographic
images.

5.5. Results Varying the ROI Image Sizes. Based on the size
of the lesion, we use six different group of ROI images,
which is an important aspect for the correct classification
of the masses. These classes correspond to the following
specified mass sizes intervals [9]: size 1: <10 mm2, size 2: (10–
60) mm2, size 3: (60–120) mm2, size 4 : (120–190) mm2, size
5: (190, 270) mm2, and size 6: >270 mm2. However, the used
numbers of masses in each class size were, respectively, 28,
32, 37, 57, 69, and 33 masses. Table 7 illustrates the Az values
for each class of ROI image sizes and the obtained mean Az

values. We include in this table a quantitative comparison
with the work of Oliver et al. [8, 9] where the same sizes are
considered. Oliver et al. in [8, 9] have used our database of
ROI ratio (1/3), the same specified mass size intervals, and
the same number of masses in each class size.

The results presented in Table 7 have shown that the
GLLDriu2

24,3 features are effective for mass detection at different
ROI image sizes, and the latter is an important aspect for
correct classification of the masses. Our method proves its
performance in the most difficult case, which correspond to
the smaller masses. Note that for this proposed ratio, better
results are obtained for all the size intervals.

5.6. Comparison with Some Consequent Approaches on Mass
Detection in the State-of-the-Art. Table 8 shows the different
Az performance values for different approaches in the
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Table 6: Az for different existing local pattern-based features and the GLLD proposed one.

LBP + ANN SGLLDriu2
24,3 + ANN MGLLDriu2

24,3 + ANN GLLDriu2
24,3 + ANN

Az 0.89 0.93 0.92 0.96

Table 7: Obtained Az values (ratio 1/3) of the classification of masses according to the ROI image sizes. The final column illustrates the
mean Az value. Size 1 to size 6 correspond to the different ROIs image sizes, from smaller to bigger one.

Az

Method Size 1 Size 2 Size 3 Size 4 Size 5 Size 6 Mean

Oliver et al. [8] 0.53 0.7 0.7 0.68 0.72 0.83 0.7

Oliver at al. [9] 0.81 0.83 0.87 0.84 0.89 0.93 0.86

GLLDriu2
24,3 + ANN 0.98 0.99 0.97 0.92 0.9 0.93 0.94

Table 8: Presented Az values for different methods in the state-of-
the-art aiming at mass detection and that of the proposed one.

Method Number of used ROIs Ratio Az

Qian et al. [6] 800 1/3 0.86

Chang et al. [12] 600 1/1 0.83

Varela et al. [10] 120 1/1 0.90

Oliver at al. [9] 1792 1/2 0.83

Tourassi et al. [13] 1820 1/1 0.81

GLLDriu2
24,3 + ANN 1100 1/1 0.95

Human observers 1100 1/1 0.87

state-of-the-art presented in Section 2. Such which were
represented comparison demonstrates the effectiveness of the
proposed GLLD operator in mass detection. For instance,
[10, 12, 13], which used ratio (1/1) the same as in our cases,
obtained Az values 0.83, 0.90, and 0.81, respectively, as our
obtained Az = 0.95.

6. Conclusion

CAD systems have been used and gained greater utility in
recent years, as a second virtual reader for the medical
images, contributing to increase an early detecting of breast
cancer. This work presents a new method for mammographic
mass detection based on textural features. Our proposal
combines gray level as well as local differences. The com-
bined descriptors are, respectively, SGLLDriu2

24,3, MGLLDriu2
24,3,

and CGLLDriu2
24,3 providing a final texture feature descriptor

named GLLD, which will be used to classify the ROIs to
masses and mass free. The ANN classifier gives better perfor-
mances in term of classification owing to its higher function
approximation. Different image sizes were considered for
better improving detection rates. Finally, a comparative
study with previous works was done for fairer evaluation.
Such comparison illustrates that our proposed method leads
to the best performance Az = 0.95. The specialists who
I have collaborated with found that the proposed CAD
improved the sensitivity of mammography screening. In
fact, CAD system is useful in situations where there is a
high interobserver variability, lack of trained observers, or

impossibility to perform the double reading with two or
more radiologists as stated in the BIRADS categories. Future
work will be focused in the classification of masses into the
four Breast Imaging-Reporting and Data System (BI-RADS)
categories.
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In order to better predict and follow treatment responses in cancer patients, there is growing interest in noninvasively
characterizing tumor heterogeneity based on MR images possessing different contrast and quantitative information. This requires
mechanisms for integrating such data and reducing the data dimensionality to levels amenable to interpretation by human readers.
Here we propose a two-step pipeline for integrating diffusion and perfusion MRI that we demonstrate in the quantification
of breast lesion heterogeneity. First, the images acquired with the two modalities are aligned using an intermodal registration.
Dissimilarity-based clustering is then performed exploiting the information coming from both modalities. To this end an ad
hoc distance metric is developed and tested for tuning the weighting for the two modalities. The distributions of the diffusion
parameter values in subregions identified by the algorithm are extracted and compared through nonparametric testing for
posterior evaluation of the tissue heterogeneity. Results show that the joint exploitation of the information brought by DCE and
DWI leads to consistent results accounting for both perfusion and microstructural information yielding a greater refinement of
the segmentation than the separate processing of the two modalities, consistent with that drawn manually by a radiologist with
access to the same data.

1. Introduction

Responses to cancer treatment are increasingly differentiated
based not only on tumor type, but also on genetic and
histochemical biomarkers. Exemplifying the progress in this
respect is breast cancer. Biopsy-derived histological biomark-
ers offer high biological specificity and play an important
role in determining the choice of chemotherapeutic agent. As
different parts of a tumor often show different histological
signatures or have evolved to different stages of tumor
progression that may impact on their response to a given
therapy, it is important to obtain a complete coverage
of the tumor. Biopsies, however, are difficult to localize
within the breast, are subject to sampling errors, and can
seldom be repeated. Thus, there is growing clinical interest

in the possible role of imaging to describe anatomical and
physiological heterogeneity of tumors [1, 2].

Magnetic resonance imaging (MRI) methods such as
dynamic contrast enhanced (DCE) and diffusion weighted
(DW) MRI methods are amongst those of interest as
they provide noninvasive digital biomarkers with good
spatial coverage and repeatability [3]. DCE-MRI uses serial
acquisition of images during and after the injection of
intravenous contrast agent and has been shown to reflect
tumor vascularity [4, 5]. DWI, on the other hand, generates
images that are sensitized to water displacement at the
diffusion scale and can be used to calculate a quantitative
index reflecting the apparent freedom of diffusion (apparent
diffusion coefficient (ADC)). Preclinical and clinical data
show that ADC reflects regional cellularity [6–8].
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DCE-MRI has a high sensitivity for breast cancer detec-
tion (89–100%), while DWI has shown utility in predicting
suitable therapies and monitoring response [9]. A recognized
weakness of DCE and DW-MRI is their lack of specificity
between tumor types as overlap between the findings of
benign and malignant lesions results in variable specificity
(37–86%) [9]. This is not entirely surprising given that across
cancer types the common features tend to include such
processes as cell proliferation, angiogenesis, and necrosis.
The ability of DCE- and DW-MRI to provide a spatial
depiction of these anatomical and physiological conditions
within a tumor makes them natural tools for probing tumor
heterogeneity. The reporting of MRI has long relied on
visual assessment of several scans having different contrasts,
but in relation to breast cancer, few studies have exploited
this inherently multiparametric data in a unified manner
[10–12]. Moreover, the most recent works mainly address
the problem of comparing and retrospectively integrating
the contributions from the different modalities, without
exploiting the conjunct information. Nevertheless, these
works have highlighted the potential of combining DCE-
MRI and DWI to differentiate the core of the tumor from
peritumoral tissues and normal tissues and thus provide an
indication of lesion heterogeneity [13].

In this work, we propose the multimodal integration of
the information provided by DCE-MRI and DWI of breast
cancer lesions for evaluating their heterogeneity, that is, to
divide the lesion into zones that share certain similarity
when using combined information coming from different
imaging domains. The ultimate intention of this protocol is
to allow a more extensive, reproducible characterization of
heterogeneity in tumors that have been previously identified
by a clinician.

In all previous reports on breast lesion segmentation
the representation of DCE curves and ADC maps has been
that of features in a vector space defined by the image
values [14–17]. In this work a different approach is followed
exploiting dissimilarity-based representations (DBR) [18].
The concept of dissimilarity-based representation consists of
focusing on the contrast, or distance, between objects and of
measuring it by a suitable criterion. The term object refers, in
the present context, to the information represented by each
particular voxel. This information need not be of a single
type and in this case consists of both signal intensities (i.e.,
the time-intensity enhancement curve for DCE-MRI) and
the ADC parameter value (derived from DW-MRI). A key
concept in DBR is that of a proximity relation between two
objects, which does not need to be explicitly represented in
a feature space. Objects are characterized through pairwise
dissimilarities; instead of using an absolute characterization
of the objects by a set of features, problem-centric knowledge
is used to define a measure that estimates the dissimilarity
between objects. Here, both DCE and DWI contribute to
such a measure leading to a novel multimodal approach to
tissue characterization.

This paper is organized as follows. Section 2 describes the
pipeline including the clustering and registration processing
steps. Section 3 presents the results, which are then discussed
in Section 4, and Section 5 derives conclusions.

2. Materials and Methods

This section provides an overview of the pipeline shown in
Figure 1 and details the methodological choices with respect
to both clustering and registration. The DCE-MRI data are
first visually inspected to identify a time point where the
lesion has the higher contrast with respect to the surrounding
tissue. Multimodal registration is carried out between DW-
MRI and DCE-MRI images, allowing a spatial mapping
of both volumes. Dissimilarity-based clustering is then
performed integrating information from both acquisition
modalities. Statistical analysis, consisting of nonparametric
tests, were applied on the ADC distributions defined by the
obtained clusters. An assessment of the results was carried
out by clinical experts, and, for the sake of completeness, an
evaluation of the tightness and separation of the clusters was
also performed.

2.1. Multimodal Registration. In order to perform voxelwise
dissimilarity-based clustering that incorporates both DCE-
MRI and DWI data, it is necessary to first spatially align
the two datasets. The problem of registering between DCE-
MRI and DWI becomes an increasingly difficult task in
a highly compressible and elastic tissues like the breast,
with its inhomogeneous anisotropic soft tissue, inherent
nonrigid behavior, and lack of solid landmarks to guide
the registration as fixed references. A standard registration
protocol was used. Due to the highly distinct contrast and
intensity characteristics of the two modalities as well as
the low resolution of the DWI volumes, the registration
process was divided into two steps, each following a standard
multiresolution strategy. In the first step, rigid and affine
transformations were performed successively in order to
align and match the features of the fixed (DCE-MRI) and
moving (DWI) images following a 5-level Gaussian scale
space. In the second step a multiresolution cubic B-spline
transformation with a regularization penalty was performed
to elastically refine the alignment. Lesion-specific masks
based on regions delineated by clinical experts were used
in order to assign a greater weight to the voxels in the
lesion area [19]. Normalized mutual information (NMI)
was used as registration metric. In order to regularize the
deformation, we used a bending energy penalty which is
based on the spatial derivatives of the transformation [20].
The methodology used for registration was implemented in
Elastix [19], and all the steps have been widely validated in
literature [20, 21].

The registration protocol was applied to the b0 images
from the DWI dataset and their transformation to the DCE-
MRI space validated for each subject through visual inspec-
tion by an expert. The resulting transformation was applied
to the remaining b-values, and the ADC was estimated on the
transformed DWI images.

2.2. Dissimilarity-Based Clustering Methodology. The next
step in the processing methodology is the construction of
a dissimilarity matrix. This matrix consists of a set of row
vectors, one for each voxel. These vectors represent the voxels
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Figure 1: Perfusion/diffusion analysis and integration pipeline.

in a vector space constructed by the dissimilarities to each
other voxel. Usually, such a space can be safely treated as an
Euclidean space equipped with the standard inner product
definition.

Let X = {x1, . . . , xn} be a voxel-based dataset. Given
a dissimilarity function, a data-dependent mapping D is
defined as D(·,R) : X → Dn linking X to the so-
called dissimilarity space [22]. The complete dissimilarity
representation yields a square matrix consisting of the
dissimilarities between all pairs of objects, such that every
object is described by an n-dimensional dissimilarity vector
D(x,X) = [d(x, x1) . . . d(x, xn)]T .

A distance function DDCE based on the adaptive dissim-
ilarity index first proposed in [23] has been exploited in a
previous work [24] for calculating the pairwise proximity
between DCE-MRI perfusion curves. There are two main
approaches to quantifiably compare two time series: one
makes use of the distances between the absolute values of
their elements while the other focuses on the similarity of
their behavior along time. Unlike conventional time-series
distance functions, which focus only on the closeness of the
values observed at corresponding points in time, ignoring
the interdependence relationship between elements that
characterize the time-series behavior, the proposed distance
function takes into account the proximity with respect to
values as well as the temporal correlation for the proximity
with respect to behavior. For two voxel-derived perfusion
curves S1 = (u1, . . . ,up) and S2 = (v1, . . . , vp), closeness
with respect to behavior is defined as the combination of
their monotonicity, that is, if both curves increase or decrease
simultaneously, and the closeness of their growth rate over a
determined period [23]. Both criteria are quantified by the
temporal correlation present in the first term of the distance
function DDCE, (1). The complete distance function DDCE for
DCE-MRI derived perfusion curves is defined as follows:

DDCE(S1, S2) = 2
1 + exp(Cort(S1, S2))

dH(S1, S2), (1)

where S1 = (u1, . . . ,up) and S2 = (v1, . . . , vp) are two voxel-
derived perfusion curves sampled at time instants (t1, . . . , tp)
[23, 25]. Cort is the temporal correlation (2), and dH is the

Hausdorff distance, defined in (3), which is used to measure
the distance between both voxelwise perfusion curves:

Cort(S1, S2) =
∑p−1

i=1

(
u(i+1) − ui

)(
v(i+1) − vi

)

√∑p−1
i=1

(
u(i+1) − ui

)2
√∑p−1

i=1

(
v(i+1) − vi

)2
,

(2)

dH(S1, S2) = max

{

max
u∈S1

min
v∈S2

‖u− v‖, max
v∈S2

min
u∈S1

‖v − u‖
}

.

(3)

The integration of the diffusion information into the dis-
similarity function is accomplished through the addition of
an ADC-dependent term DADC (4). This term is defined
as a sigmoid function which makes use of the normalized
difference between the ADCs (ADCS1 and ADCS2) of the
voxels under consideration, which ranges from 0 to 1:

DADC(S1, S2)

= 1
1 + exp(−kADC(‖(ADCS1 − ADCS2)/ max{ADCROI}‖ − 0.5))

.

(4)

The tuning parameter kADC weights the contribution of
DADC to the complete dissimilarity measure D by modulating
the shape of the sigmoid function. When the value of the
normalized difference between ADCs is low, denoting similar
ADC values between voxels, the dissimilarity function DADC

approaches zero. On the contrary, when the value of the
normalized difference between ADCs is high, denoting a
large dissimilarity between ADC values between voxels, DADC

approaches one, making the overall dissimilarity measure
approaches the value of DDCE. The impact of the different
values of kADC is illustrated in Figure 2.

The complete dissimilarity function D is then the prod-
uct of DADC and DDCE:

D = DADC ·DDCE. (5)

This global measure enables the monitoring of the perfor-
mance as a function of the relative weight given to the ADC,
as well as of different values of kADC.

2.3. Performance Assessment. In each of the patients, a ROI
was delineated by an expert around the lesion in the motion-
corrected DCE-MRI volumes. Since unsupervised classifi-
cation is sensitive to the general structure and distribution
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Figure 2: Effects of varying the tuning parameter kADC from (4).

of the data, the ROI was drawn just exceeding the area of
the enhancing lesion, allowing for a clear delineation of
the heterogeneity of the lesion inside the ROI. The time-
intensity curves normalized to the baseline at t = 0 and
the corresponding ADC values from the voxels inside the
ROI were treated as independent objects on a voxel by
voxel basis. Using D from (5), a dissimilarity matrix was
derived on a slicewise basis from the pairwise dissimilarities
of the elements in the corresponding ROI. In such a
space, each element was represented by a row vector whose
dimensionality was defined by the cardinality of the ROI.

Once the dissimilarity space was constructed, the K-
means algorithm [26] was used to group the voxels in
the ROI into clusters. The initial centroids were calculated
automatically following a preliminary clustering step with a
random 10% subsample, as a strategy to improve the algo-
rithm initialization avoiding a misplacement of the initial
seeds. K-means minimize the sum over all clusters of the
within-cluster sums of point-to-cluster-centroid distances
using, in this case, the squared Euclidean distance.

For selecting the K number of clusters the standard clin-
ical assessment protocol has been taken into consideration.
It considers only three classes (persistent, plateau, and wash-
out). An additional has been included for the surrounding
tissue considering that the ROI exceeds the estimated limits
of the enhancing lesion.

In order to perform a comparison with established meth-
ods the clustering procedure was also performed following
a morphologic feature-based approach. This method relies
on descriptors derived from the voxelwise time-intensity
curves, comprising mainly specific characteristics of the
shape of such curve. The features extracted from the DCE-
MRI voxelwise time-intensity curves are baseline, maximum
signal difference, time to peak, area under curve, maximum
enhancement, wash-in rate, maximum slope of increase,
wash-out rate, and the intercept of the line fitting the tail

of the time-intensity curve with the axis t = 0. The use
and definition of these morphologic features to describe the
contrast agent intake can be found in the related literature
[14, 17, 27]. Further, the clustering procedure was repeated
incorporating the ADC of each voxel as an additional
feature to the morphologic descriptor vectors calculated
previously. The ADC and the morphologic features were
standardized by subtracting their mean and dividing by their
standard deviation. The results of these two procedures were
compared with our method in order to assess the clustering
and data representation outcome.

2.4. Patient Population. Data were acquired from 21 patients
(age 50± 13.8 years). All the patients had been diagnosed to
have primary ductal carcinoma.

DWI was acquired with a single-shot spin-echo (SE) echo
planar imaging (EPI) sequence in three orthogonal diffusion
encoding directions (x, y, and z) using 4 b values (0, 250, 500
and 1000 s/mm2) with parallel imaging (acceleration factor
2). Subjects were breathing freely, with no gating applied.
The dataset consisted of 30 transverse slices (slice thickness
5 mm, no slice gap) and TR/TE 4800/71 ms, matrix 90× 150
over the field of view (FOV) 184.5× 307.5 mm.

DCE-MRI was performed using a 3D T1-weighted
FLASH sequence (TR/TE 7.4/4.7 ms) with a flip angle of
25◦ and an acquisition matrix of 384 × 384 × 128 and
field of view (FOV) 340 × 340 × 166 mm. Each 120-slice
set was collected in 90 s at 8 time points for approxi-
mately 12 min of scanning. A catheter placed within an
antecubital vein delivered 0.1 mmol/kg of the contrast agent,
gadopentetate dimeglumine, (Magnevist, Wayne, NJ, USA)
over 20 s (followed by saline flush) after the acquisition of
one baseline dynamic scan. The DCE-MRI time series was
motion corrected using the scanner manufacturer’s in-line
procedure.

3. Results

The regions resulting from dissimilarity-based clustering
were rendered as colored overlays on the morphological
images on each slice. The results from a representative patient
are displayed in Figure 3. After clustering was performed on
the normalized curves, the resulting clusters were assessed
by the radiologists to validate the segmentation of both
the central tumoral and surrounding regions. Figure 3(b)
shows examples of the clusters obtained, while Figures 3(c)
and 3(d) represent the plots of the average time-intensity
perfusion curves calculated on the raw and normalized
data, respectively. The plots show the impact that the
normalization step has in highlighting the intercluster dif-
ferences. The central region exhibits a characteristic pattern
in the DCE-MRI of a high early enhancement followed
by a rapid washout, indicative of angiogenesis (Figure 3(d),
red line). Typically, surrounding this central region lays a
cluster featuring a pattern of rapid enhancement followed
by a signal plateau (Figure 3(d), orange line). The outer-
most cluster surrounding these two central regions features
a slow enhancement behavior (Figure 3(d), yellow line).
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Figure 3: DCE-MRI image (a) and overlaid lesion clustering (b), comparison between the average raw (c), and normalized curves (d)
calculated for each cluster.

The voxels corresponding to the each cluster were extracted
from the spatially registered 3D ADC maps in order to
perform statistical analysis. The analysis was carried out in
the whole 3D ROI, that is, taking into account the ADC
values corresponding to all the clustered slices as a single
volume. Normality tests (Jarque-Bera) revealed that the ADC
values for the different clusters analyzed were not normally
distributed. Accordingly, a nonparametric test (Wilcoxon-
signed-rank test) was used (P = 0.05) to evaluate whether
the tumor’s subregions corresponded to regions in the ADC
maps with statistically different PDFs. In this way we found
that the distributions of the ADC values in the DCE-MRI
defined regions were statistically different, in each one of the
two conditions, in 19 out of 21 patients.

The radiologist reviewed the overlays in comparison to
the DCE seen as a dynamic loop, the DWI images, and the
ADC maps derived from them, as well as T2 STIR images.
Criteria for the review were whether or not any of the
subregions obtained by the method corresponded to a zone

of necrosis based on the complete set of images and whether
one or more regions that would be classified as either benign
or malignant have been subdivided.

Figure 4 illustrates a typical case setting kADC to 1, 3, and
5. From the obtained results it was highlighted by the experts
the usefulness of varying the parameter kADC to emphasize
different characteristics of the lesion. A high kADC allows the
discrimination between the core tumor and the surrounding
regions by giving a higher weight to the difference between
ADCs. This is mainly due to the fact that there is a progressive
increase in ADC from the core of the tumor to peritumor
tissues to normal tissues that leads to the possibility to use
the ADC for locoregional staging [28]. Lowering kADC allows
the subdivision of the core based on DCE-MRI dissimilarity
and the evaluation of the heterogeneity of the tumor thanks
to the balanced contribution of DCE and DWI in the distance
function D.

For the sake of cluster comparison and validation among
different methods, the silhouette analysis was used in all
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Figure 4: Clustering results using different values for the tuning parameter kADC (1, 3, and 5).

the clustering results. The silhouette analysis measures how
close each point in one cluster is to points in the same cluster
and how far away it is to points in the neighboring clusters.
This is performed by quantitatively comparing the clusters
by their tightness and separation and its average width
provides an evaluation of cluster validity [29]. The silhouette
analysis highlighted an improved performance of 31% for
the clustering performed using kADC = 1 with respect to
the established approach that employs morphologic features
derived from the DCE-MRI time-intensity curves and the
ADC as an additional feature (Table 1).

4. Discussion

As a general strategy, we have demonstrated a dissimilarity
clustering based on multidimensional data derived from
diffusion and perfusion MRI. Extension of the algorithm
to additional data is straightforward, though the compu-
tational demand rises, and the similarity metric will likely
need to incorporate further context-specific knowledge. As
examination of tumor heterogeneity is carried out on a
tumor by tumor basis, the data space can be restricted to

areas containing lesions already located, but not necessarily
segmented. For the specific use of DCE and DW-MRI, the
lower resolution of the DWI data presents an issue of partial
volume effects that affects the clustering of small lesions, but
this issue is not specific to any one characterization strategy.

The two free parameters of the protocol: number of
clusters (K), and relative weighting of the diffusion data
(kADC), warrant discussion as the present work provides only
a starting approximation to their choice, and the values
may well be pathology dependent. For an unsupervised
classification as used herein, the number of clusters should
follow the actual structure and separation of the data into
natural groups.

For breast tumors such as ductal carcinoma, the report-
ing of DCE-MRI data is currently based on a three-way
division, while DWI is binary between normal and abnormal.
The three DCE curve types (a rise and fall, a rise to a
plateau, and a steady rise) have established clinical utility
in predicting tumor malignancy [30]. This is not to say
however that only three subgroups are possible, nor that
these subgroupings are predictive of treatment response,
which is the motive for examining tumor heterogeneity.
In fact, works such as [14] have demonstrated that as the
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Table 1: Silhouette analysis scores describing cluster compactness and separation for the whole ROI and for each relevant region for the
kinetic features and the multimodal lesion assessment (MMLA) methods (the higher the better).

Method Mean Central 1 Central 2 Periferic

Morphologic features 0.51 0.53 0.51 0.49

Morphologic features + ADC 0.47 0.49 0.48 0.44

MMLA 0.62 0.57 0.65 0.61

MMLA + ADC, kADC = 1 0.62 0.57 0.64 0.62

MMLA + ADC, kADC = 3 0.58 0.54 0.59 0.60

MMLA + ADC, kADC = 5 0.57 0.56 0.58 0.58

temporal resolution increases, a higher number of curve
archetypes can be naturally identified and can be used for
classification of voxelwise perfusion curves.

We consider it noteworthy, therefore, that when K was
reduced to just three or four groups, these were identifiable
with the 3 enhancement patterns (or these three and non-
enhancement) used in clinical practice for the assessment of
the breast cancer. As well, the confines of the groups with
DCE-MRI time-course patterns consistent with malignant
and benign tumors coincided very closely with the tumor
margin drawn by a radiologist. Increasing the K value
showed the expected progressive splitting of these groups as
K increased, with kADC providing a distinction in the way
this splitting proceeded based on the relative weight given to
the diffusion data. The benefits of increasing the number of
clusters are evident for understanding the heterogeneity of
the lesion and the distribution of voxels that share certain
similarities; however, the increase of the number of clusters
should go hand to hand with cluster and data analysis
techniques in order to avoid false or meaningless divisions.
The overall protocol would also benefit from an integrating
methodology such as cluster ensembles, in order to combine
the multiple base clusterings done with different kADC values
into a unified consolidated clustering, reaching with this a
consensus solution.

The primary criteria for noninvasive assessment of
tumors based on DCE MRI involve three enhancement
patterns (four including necrosis/nonenhancement). In the
clinical data used for this study this assessment criteria
have limited the validation to the visual interpretation of
enhancement patterns based on the conventional interpreta-
tion of DCE curves, with a reader-dependent incorporation
of ADC information. Ultimately, the envisaged application is
in anticipating and evaluating treatment response. If tumor
heterogeneity in terms of both perfusion and diffusion is to
be encompassed, the conventional 3-way categorization may
not be adequate or appropriate and indeed for other organs
this rating is less common. We are now looking into robust
methods for further validation of the processing pipeline
that would enable a clinical exploitation of the multimodal
analysis. Access to ground truth beyond radiological and
biopsy evaluation is needed and likely requires voxelwise
comparison of with histology of resections, a process that
requires modifications to the surgical procedure that were
not justified for this first demonstration of the method. Even
were histology image data available, a significant task remains

in the spatially correlation of individual MRI voxels with the
histological results in order to get the requisite voxel-scale
validation.

5. Conclusions

In this paper, we presented a general methodology for
heterogeneity quantification that integrates information
from diffusion (an indicator of cellularity) and perfusion
(reflecting blood volume, flow, and vascular permeability)
MRI images and illustrated its use in application to ductal
carcinoma. The demonstration illustrated that multimodal
clustering leads to improved selectivity and yields a greater
refinement of the segmentation of tissues within the lesion
than the separate processing of the two modalities.

By demonstrating that statistically consistent subgroups
can be defined within tumors based on a combination of
DCE-MRI and DWI-MRI data, we have indicated a means
for objectively segmenting tumors that can be used for larger
studies to examine clinical impact. Moreover, the appearance
of statistically distinct perfusion regions within the tumor
at moderate and low ADC weightings that in turn have
statistically distinct ADC distributions suggests there is a
useable distinction present that is not capitalized upon in
present clinical practice.
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