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L. Parker discovered in the early sixties that the expansion
of the Universe can lead to creation of particles out of the
vacuum. He pulled together quantum mechanics and general
relativity and found that the expansion of the Universe, or,
in general, a time-variant gravitational field can lead to an
impromptus production of (quantum) particles. �e Cosmic
Microwave Background (CMB) was discovered by Penzias
and Wilson around the same time, which brought new
insights into Cosmology and which provided the strongest
support to the Big-Bang �eory. In 1992, the COBE (Cosmic
Background Explorer) satellite detected small fluctuations
in the average temperature of the CMB for the first time.
�is has later been confirmed by many other experiments,
including the Planck satellite. Quantumfield theory in curved
spacetime and, in particular, gravitational particle creation
provides themechanism driving primitive fluctuations which
created the tiny perturbations in the CMB temperature. �e
creation of galaxies and galactic clusters by clumping of
matter can also be explained by this mechanism. Parker’s
formalism led Hawking to realize that black holes also create
particles, in a way consistent with the laws of thermo-
dynamics. Hawking’s beautiful result was very influential.
It revealed that the second law of thermodynamics was
valid for systems that included black holes. �is established
a deep connection between thermodynamics and general
relativity.

In recent years, gravitational particle creation is being
considered as a viable alternative toDarkEnergy (DE)models
due to difficulties in identifying the true nature as well as the

origin of DE which is considered to have exotic properties
such as a huge negative pressure.�eCosmological Constant,
which is supported by most observations as the driving force
behind the late time cosmic acceleration, is also plagued
by serious problems such as the Cosmological Constant
problem and coincidence problem. At this juncture, the
natural process of gravitational particle creation is speculated
to explain not only the presently observed accelerated epoch
of the Universe but also the inflationary phase in the early
Universe as prophesied by Alan Guth in 1981. In fact, there
have been several studies which have confirmed that this
process is well equipped to explain the evolutionary stages of
the Universe and is also thermodynamically stable. However,
there are several drawbacks too, the most important one
among them is that the exact rate of particle creation has
still not been determined. Consequently, researchers mostly
resort to phenomenological considerations to tackle this
problem. Moreover, there have been a very few obser-
vational studies in this direction and more such studies
are needed to understand this mechanism at a deeper
level.

In this special issue, we have devoted our attention to
understanding the significance of the gravitationally induced
particle creation mechanism in the context of Cosmology.
Several authors have made their contributions to this Spe-
cial Issue. We hope that the readers find these articles
useful for furthering their research and also gain insights
into this very important and rapidly emerging research
field.

Hindawi
Advances in High Energy Physics
Volume 2019, Article ID 1307167, 2 pages
https://doi.org/10.1155/2019/1307167

https://orcid.org/0000-0003-0429-6868
https://orcid.org/0000-0002-8988-1945
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/1307167


2 Advances in High Energy Physics

Conflicts of Interest

All the Guest Editors declare that there is no conflict of
interests regarding the publication of this paper.

Subhajit Saha
Kazuharu Bamba

Martiros Khurshudyan



Research Article
Particle Production via Dirac Dipole Moments in
the Magnetized and Nonmagnetized Exponentially
Expanding Universe

Semra Gurtas Dogan,1 Ganim Gecim,2 and Yusuf Sucu 1

1Department of Physics, Faculty of Science, Akdeniz University, 07058 Antalya, Turkey
2Department of Astronomy and Astrophysics, Faculty of Science, Atatürk Univ., 25240 Erzurum, Turkey

Correspondence should be addressed to Yusuf Sucu; ysucu@akdeniz.edu.tr

Received 5 April 2019; Revised 25 June 2019; Accepted 7 July 2019; Published 22 July 2019

Academic Editor: Kazuharu Bamba

Copyright © 2019 Semra Gurtas Dogan et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited. The publication of this article was funded by SCOAP3.

In the present paper, we solve the Dirac equation in the 2+1 dimensional exponentially expandingmagnetized by uniformmagnetic
field and nonmagnetized universes, separately. Asymptotic behaviors of the solutions are determined. Using these results we
discuss the current of a Dirac particle to discuss the polarization densities and the magnetization density in the context of Gordon
decomposition method. In this work we also calculate the total polarization and magnetization, to investigate how the magnetic
field affects the particle production. Furthermore, the electric and the magnetic dipole moments are calculated, and based on these,
we have discussed the effects of the dipole moments on the charge distribution of the universe and its conductivity for both the
early and the future time epoch in the presence/absence of a constant magnetic field and exponentially expanding spacetime.

1. Introduction

One of the most interesting and important results of the
formulation of the relativistic quantum mechanics in curved
spacetime is the particle creation event in the expanding
universe which was firstly discussed by Parker for the scalar
particles and Dirac particles [1–3]. So, he computed the num-
ber density of the created particles by means of the Bogolibov
transformation by using the out vacuum states constructed
from the solutions of the relativistic particles wave equations.
After these important works of Parker, the solutions of the
relativistic particle wave equations have extensively been
studied in various 3+1 dimensional spacetime backgrounds
[4–19]. Using the WKB approach, the number density and
renormalized energy-momentum tensor of the created spin-
1/2 particle in the spatially flat (3+1)-dimensional Friedmann-
Robertson-Walker (FRW) spacetime have been calculated
[20]. The effect of the scalar particle creation on the collapse
of a spherically symmetric massive star was investigated and
it was demonstrated that the collapsing process was not inde-
pendent from the particle creation rate [21].Moreover, in [22]

thermodynamics laws and equilibrium conditions are dis-
cussed in the presence of particle creation in the context of the
(3+1)-dimensional Chern-Simons gravity theory. Recently,
creation of the massless fermion in the Bianchi type-I space-
time investigated and showed that the massless particles can
be created during the early anisotropic expansion epoch [23].

The Gordon decomposition of the Dirac currents is
another useful tool for discussing the particle creation phe-
nomena [4, 9, 10, 24]. In the decomposition method, the
Dirac currents constructed from the solutions of the Dirac
equations are separated into three parts, the convective,
polarization with three components, and magnetization with
three components, in the 3+1 dimensional spacetime. This
method includes some complexities stemming from the
3+1 dimensional spacetime. Using this method in a 2+1
dimensional curved spacetime, the densities of the parti-
cle currents are separated into three parts, as in the 3+1
dimensional spacetime, but polarization density has two
components and the magnetization density has only one
component [24], and, moreover, as the Dirac spinor can
be defined by only two components, the computations in
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the 2+1 dimensional spacetime become more simple than
that of 3+1 dimensional spacetime. Because of the simplicity
stemming from the dimensions, the dipole moments that are
computed from the polarization and magnetization densities
of the Dirac electron under influence in a constant magnetic
field are easily computed and their result are, furthermore,
compatible with the current experimental results [25]. With
these motivations, in this study, we solve the Dirac equation
in the 2+1 dimensional exponentially expanding magnetized
by uniform magnetic field and nonmagnetized universes,
separately, and discuss the particle creation event by means
of the Dirac currents written in terms of these solutions. As
a result, we observe that the polarization and magnetization
parts of the currents are affected differentlywhether the expo-
nentially expanding universe is magnetized or not and find
expressions for the electric and magnetic dipole moments by
integrating the polarization and magnetization densities on
hypersurface.

The outline of the work is as follows; in Section 2, we,
at first, discuss the Dirac equation solutions in the 2+1
dimensional exponentially expanding universe. In Section 3,
the Dirac equation is solved in the 2+1 dimensional exponen-
tially expanding universe with a constant magnetic field. In
Section 4, we derive the components of Dirac currents for the
solutions obtained in Sections 2 and 3 and also compute the
polarization density, the magnetization density, total polar-
ization (electric dipole moment), and the total magnetization
(magnetic dipole moment). Finally, the last section, conclu-
sion, includes a discussion about the results of this work.

2. Dirac Particle in the 2+1 Dimensional
Exponentially Expanding Universe

The behavior of the electron in 2+1 dimensional curved space
is represented by the covariant form of the Dirac equation
[24], which is important application in curved spacetime [26–
33] {𝑖𝜎] (𝑥) [𝜕] − Γ] + 𝑖𝑒𝐴]]} Ψ (𝑥) = 𝑚Ψ (𝑥) , (1)

where Ψ(𝑥) =( Ψ1Ψ
2

) is the Dirac spinorial wave function
with two components that are positive and negative energy
eigenstates, 𝑚 is the mass of Dirac particle, 𝑒 is the charge of
the Dirac particle, and 𝐴] are 3-vectors of electromagnetic
potential. Using triads, 𝑒](�푖)(𝑥), Dirac matrices that dependent
on spacetime,𝜎](𝑥), arewritten in terms of the constantDirac
matrices, 𝜎�푖; 𝜎] (𝑥) = 𝑒](�푖) (𝑥) 𝜎�푖. (2)

So, we choose the constant Dirac matrices, 𝜎�푖, in the flat
spacetime as follows: 𝜎�푖 = (𝜎0, 𝜎1, 𝜎2) (3)

with 𝜎0 = 𝜎3,𝜎1 = 𝑖𝜎1,𝜎2 = 𝑖𝜎2, (4)

where 𝜎1, 𝜎2, and 𝜎3 are Pauli matrices. The spin connection,Γ](𝑥), for the diagonal metrics is defined asΓ] (𝑥) = −14𝑔�휏�훼Γ�훼]�훽 [𝜎�휏 (𝑥) , 𝜎�훽 (𝑥)] , (5)

where Γ�훼]�훽 is the Christoffel symbol given as follows [34]:Γ�훼]�훽 = 12𝑔�휆�훼 [𝜕𝑔�훽�휆,] + 𝜕𝑔]�휆,�훽 − 𝜕𝑔�훽],�휆] . (6)

Also, the metric tensor 𝑔�훽](𝑥) is written in terms of triads as
follows: 𝑔�훽] (𝑥) = 𝑒(�푖)�훽 (𝑥) 𝑒(�푗)] (𝑥) 𝜂(�푖)(�푗), (7)

where 𝛽 and ] are curved spacetime indices run from 0 to 2,𝑖 and 𝑗 are flat spacetime indices run 0 to 2, and 𝜂(�푖)(�푗) is the
signature with (1,-1,-1).

The (2+1) dimensional de Sitter spacetime metric can be
written as [35] 𝑑𝑠2 = 𝑑𝑡2 − 𝑒2�퐻�푡 [𝑑𝑟2 + 𝑟2𝑑𝜙2] (8)

where𝐻 is Hubble parameter. From (3)-(8), the spin connec-
tions for the metric readΓ0 = 0,Γ1 = −𝐻2 𝑒�퐻�푡𝜎0𝜎1,Γ2 = −12 [𝑟𝐻𝑒�퐻�푡𝜎0𝜎2 + 𝜎1𝜎2] .

(9)

Using (2), (8), and (9), then the Dirac equation in the 2+1
dimensional exponentially expanding universe becomes{𝜎0 (𝜕�푡 + 𝐻) + 𝑖𝑚 + 𝑒−�퐻�푡 [𝜎1 (𝜕�푟 + 12𝑟) + 𝜎2𝑟 𝜕�휙]}⋅ Ψ (𝑥) = 0. (10)

Letting (4) and (10) and the Dirac spinor, Ψ(𝑥) =( Ψ1Ψ
2

), we
write the Dirac equation in explicit form as follows:[𝜕�푡 + 𝑖𝑚 + 𝐻]𝜓1 + 𝑖𝑒−�퐻�푡 [𝜕�푟 + 12𝑟 − 𝑖𝑟𝜕�휙]𝜓2 = 0

[𝜕�푡 − 𝑖𝑚 + 𝐻]𝜓2 − 𝑖𝑒−�퐻�푡 [𝜕�푟 + 12𝑟 + 𝑖𝑟𝜕�휙]𝜓1 = 0. (11)

To find the solutions of (11), thanks to the separation of
variables method, the wave function components can be
defined as (Ψ1Ψ2) = 𝑒�푖�푘�휙 (𝑇1 (𝑡) 𝑅1 (𝑟)𝑇2 (𝑡) 𝑅2 (𝑟)) . (12)

By these definitions, the Dirac equation is separated into the
following two differential equation systems:[ 𝑑𝑑𝑟 + 12𝑟 + 𝑘𝑟 ]𝑅2 (𝑟) = −𝜆𝑅1 (𝑟)

[ 𝑑𝑑𝑟 + 12𝑟 − 𝑘𝑟 ]𝑅1 (𝑟) = 𝜆𝑅2 (𝑟) (13)
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and

[ 𝑑𝑑𝑡 + 𝑖𝑚 + 𝐻]𝑇1 (𝑡) = 𝑖𝜆𝑒−�퐻�푡𝑇2 (𝑡)
[ 𝑑𝑑𝑡 − 𝑖𝑚 + 𝐻]𝑇2 (𝑡) = 𝑖𝜆𝑒−�퐻�푡𝑇1 (𝑡) , (14)

where 𝜆 is a separation constant, and we find the solutions
of (13) in terms of the Bessel and confluent hypergeometric
functions as follows:𝑅1 (𝑟) = 𝐴𝐽�푘−1/2 (𝜆𝑟)= 𝐴𝑒−�푖�휆�푟 (𝜆𝑟/2)�푘−1/2Γ (𝑘 + 1/2) 1𝐹1 [𝑘, 2𝑘; 𝑖2𝑟𝜆] ,𝑅2 (𝑟) = 𝐵𝐽�푘+1/2 (𝜆𝑟)= 𝐵𝑒−�푖�휆�푟 (𝜆𝑟/2)�푘+1/2Γ (𝑘 + 3/2) 1𝐹1 [𝑘 + 1, 2𝑘 + 2; 𝑖2𝑟𝜆] .

(15)

On the other hand, to solve (14), we must define a new
variable such as 𝑧 = (𝜆/𝐻)𝑒−�퐻�푡. With the definition 𝑛 =−𝑖(𝑚/𝐻), the solutions of (14) are obtained in terms of Bessel
functions or confluent hypergeometric functions:𝑇1 (𝑧) = 𝐶𝑧3/2𝐽�푛+1/2 (𝑧)= 𝐶𝑧3/2 𝑒−�푖�푧 (𝑧/2)�푛+1/2Γ (𝑛 + 3/2) 1𝐹1 [𝑛 + 1, 2𝑛 + 2; 𝑖2𝑧]𝑇2 (𝑧) = 𝐷𝑧3/2𝐽�푛−1/2 (𝑧)= 𝐷𝑧3/2 𝑒−�푖�푧 (𝑧/2)�푛−1/2Γ (𝑛 + 1/2) 1𝐹1 [𝑛, 2𝑛; 𝑖2𝑧]

(16)

Then, the wave function, Ψ(𝑥), can be written as

Ψ = 𝑁𝑧3/2𝑒�푖�푘�휙 (𝐽�푛+1/2 (𝑧) 𝐽�푘−1/2 (𝜆𝑟)𝐽�푛−1/2 (𝑧) 𝐽�푘+1/2 (𝜆𝑟)) (17)

where𝑁 is normalization constant. To find the normalization
constant, we use the Dirac-delta normalization condition [4,
36, 37]: ∫√𝑔Ψ𝜎0Ψ𝑑𝜎 = 𝛿 (𝜆 − 𝜆�耠) (18)

where 𝑔 is determinant of the metric tensor and Ψ = Ψ†𝜎0
and 𝑑𝜎 = 𝑑𝑟𝑑𝜙 for the surface 𝑡 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 [25]. Thus, the
normalization constant is computed as

|𝑁|2 = 𝐻24𝜋𝑧𝜆𝐽�푛−1/2 (𝑧) 𝐽�푛+1/2 (𝑧) , (19)

where we use the following relation [4, 36, 37]:

∫∞
0
𝑟𝐽�푘+1/2 (𝜆𝑟) 𝐽�푘+1/2 (𝜆�耠𝑟) 𝑑𝑟 = 1𝜆𝛿 (𝜆�耠 − 𝜆) . (20)

3. Dirac Particle in the 2+1
Dimensional Exponentially Expanding
Magnetized Universe

It is interesting in discussing if the universe is under influence
in an external constant magnetic field in the beginning time.
Therefore, an electromagnetic potential can be chosen as𝐴0 = 0 and →𝐴(𝑟, 𝜙) = (1/2)𝐵0𝑟 ∧𝜙 for a constant magnetic
field in 2+1 dimensional spacetime.Then, the Dirac equation
in the 2+1 dimensional exponential expanding universe with
a constant magnetic field becomes

{𝜎0 (𝜕�푡 + 𝐻) + 𝑖𝑚+ 𝑒−�퐻�푡 [𝜎1 (𝜕�푟 + 12𝑟) + 𝜎2 ( 12𝑟𝜕�휙 + 𝑖𝑒𝐵02 )]}Ψ (𝑥)= 0
(21)

and, thus, the explicit form of the equation is written as

(𝜕�푡 + 𝑖𝑚 + 𝐻)𝜓1 + 𝑖𝑒−�퐻�푡 (𝜕�푟 + 12𝑟 − 𝑖𝑟𝜕�휙 + 𝑒𝐵02 )𝜓2= 0(𝜕�푡 − 𝑖𝑚 + 𝐻)𝜓2 − 𝑖𝑒−�퐻�푡 (𝜕�푟 + 12𝑟 + 𝑖𝑟𝜕�휙 − 𝑒𝐵02 )𝜓1= 0
(22)

To solve (22), we use the same procedure as the section before.
The solutions of the equations are

Ψ = 𝑁𝑧3/2𝑒�푖�푘�휙√𝜌 ( 𝐽�푛+1/2 (𝑧)𝑊�휅,�휂 (𝜌)
𝐽�푛−1/2 (𝑧) [[[

(𝜌 − 2𝜂 − 1) (√𝑒2𝐵20 − 4𝜆2 − 𝑒𝐵0)2𝜆𝜌 𝑊�휅,�휂 (𝜌) − √𝑒2𝐵20 − 4𝜆2𝜆𝜌 𝑊�휅+1,�휂 (𝜌)]]]) (23)

where 𝜅 = −𝑒𝑘𝐵0/√𝑒2𝐵20 − 4𝜆2, 𝜂 = 𝑘 − 1/2, 𝜌 =√𝑒2𝐵20 − 4𝜆2𝑟, and 𝑁 is normalization constant. As all

the contributions for particle creation and dipole moments
are taking place from the boundaries, we can write the wave
function in the following asymptotic form [36]:
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Ψ ∼ 𝑁𝑧3/2𝑒�푖�푘�휙𝜌�휅−1/2𝑒−�휌/2( 1Γ (𝑛 + 3/2) (𝑧2)�푛+1/21Γ (𝑛 + 1/2) (𝑧2)�푛−1/2 [(𝜌 − 2𝜂 − 1) (√𝑒2𝐵20 − 4𝜆2 − 𝑒𝐵0) − 2𝜌√𝑒2𝐵20 − 4𝜆2 − 𝑒𝐵0]2𝜆𝜌 ). (24)

Then, the normalization constant can be obtained from (18)
as follows:

|𝑁|2 ∼ 𝐻2 (𝜂 + 1/2)2 (1 − 4𝑛2)
cos (𝑛𝜋)⋅ 1[𝑧2 ((𝜂 + 1/2)2 − 𝜅2) Γ (2𝜅) + (1 − 4𝑛2) Γ (2𝜅 − 2)] , (25)

where we use Γ(−𝑛 + 3/2)Γ(𝑛 + 3/2) = 𝜋(1 − 4𝑛2)/4 cos(𝑛𝜋)
and Γ(−𝑛 + 1/2)Γ(𝑛 + 1/2) = 𝜋/ cos(𝑛𝜋).
4. Dirac Currents

The 2+1 dimensional Dirac current is written as𝐽] = Ψ𝜎] (𝑥)Ψ (26)

where Ψ is Hermitian conjugate of the Dirac spinor Ψ and
equal to Ψ = Ψ†𝜎0 = Ψ†𝜎3 [24]. As shown in [24], (26) is
expressed in explicit form as follows:𝐽�휏 = 12𝑚 (Ψ𝜎�휏�휐 (𝑡, 𝑟) Ψ)

,�휐− 12𝑚Ψ( 𝑖2𝑔�휏�휐←→𝜕�휐 − 𝑒𝐴�휏)Ψ− 𝑖4𝑚Ψ [𝜎�휐 (𝑡, 𝑟) , 𝜎�휏,�휐 (𝑡, 𝑟)] Ψ− 𝑖2𝑚Ψ [𝜎�휐 (𝑡, 𝑟) Γ�휐, 𝜎�휏 (𝑡, 𝑟)] Ψ− 𝑖4𝑚Ψ [𝜎�휐,�휐 (𝑡, 𝑟) , 𝜎�휏 (𝑡, 𝑟)] Ψ
(27)

The components of the Dirac current in the 2+1 dimensional
exponential expanding universe, 𝐽0 and 𝐽�푘, are𝐽0 = 12𝑚𝜕�푘 [Ψ𝜎0�푘 (𝑡, 𝑟) Ψ] − 12𝑚Ψ( 𝑖2←→𝜕0 − 𝑞𝐴0)Ψ− 𝑖2𝑚𝑟 exp (−𝐻𝑡)Ψ𝜎1𝜎0Ψ (28)

and 𝐽�푘 = 12𝑚𝜕0 (Ψ𝜎0�푘 (𝑡, 𝑟) Ψ) + 12𝑚𝜕�푙 (Ψ𝜎�푙�푘 (𝑡, 𝑟) Ψ)− 12𝑚Ψ( 𝑖2←→𝜕�푘 − 𝑞𝐴�푘)Ψ

+ 𝑖 3𝐻2𝑚𝑟 exp (−𝐻𝑡)Ψ𝜎0𝜎�푘Ψ+ 𝛿�푘2𝑖 3𝐻2𝑚𝑟 exp (−𝐻𝑡)Ψ𝜎1𝜎2Ψ
(29)

where 𝑘, 𝑙 = 1, 2, 𝜎0�푘 = 𝑖/2[𝜎0, 𝜎�푘(𝑡, 𝑟)], 𝜎�푘�푙 = 𝑖/2[𝜎�푘(𝑡,𝑟), 𝜎�푙(𝑡, 𝑟)], and 𝛿�푘2 is Dirac-delta function. Also these com-
ponents can be rewritten in terms of the convective, the
polarization, and magnetization parts as follows:𝐽0 = 𝜕�푘P�푘 + 𝜌�푐�표�푛V�푒�푐�푡�푖V�푒 − 𝑖2𝑚𝑟 exp (−𝐻𝑡)Ψ𝜎1𝜎0Ψ (30)

and 𝐽�푘 = 𝜕0P�푘 + 𝜕�푙M[�푙�푘] + 𝐽�푘 �푐�표�푛V�푒�푐�푡�푖V�푒+ 𝑖 3𝐻2𝑚𝑟 exp (−𝐻𝑡)Ψ𝜎0𝜎�푘Ψ+ 𝛿�푘2𝑖 3𝐻2𝑚𝑟 exp (−𝐻𝑡)Ψ𝜎1𝜎2Ψ
(31)

where P0�푘 are polarization densities and M[�푙�푘] is magnetiza-
tion density, and their explicit forms are given by𝑃0�푘 = 12𝑚Ψ𝜎�푘0 (𝑡, 𝑟) Ψ (32)

and 𝑀[�푙�푘] = 12𝑚Ψ𝜎�푙�푘 (𝑡, 𝑟) Ψ, (33)

respectively. From these relations, the total polarizations, 𝑝0�푙 ,
and magnetization, 𝜇, are defined as𝑝0�푙 = ∫𝑃0�푘 𝑑Σ�푘�푙 (34)

and 𝜇 = ∫𝑀�푘�푙 𝑑Σ�푘�푙, (35)

where 𝑑Σ�푘�푙 is an hypersurface for 𝑡 =constant and 𝑑Σ�푘�푙 =√|𝑔|𝑑2𝑥 = 𝑒2�퐻�푡𝑟 𝑑𝑟 𝑑𝜙 [25].
Now, we are going to discuss the Dirac currents and the

dipole moments expressions for the exponentially expending
universe. So, inserting (17) and its conjugate into (26), we
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compute the components of the Dirac currents in asymptotic
region as follows:𝐽0 ≈ 𝐻22𝜆2𝜋2 𝑧2𝑟 ,𝐽1 ≈ 𝐻3𝑧2 [(2𝑛 + 1)2 − 𝑧2]4𝜋2𝜆3 (2𝑛 + 1) 𝑟 sin(𝜆𝑟 − 𝑘𝜋2 ) ,

𝐽2 ≈ 𝑖𝐻3𝑧2 [𝑧2 − (2𝑛 + 1)2]4𝜋2𝜆3 (2𝑛 + 1) 𝑟 sin(𝜆𝑟 − 𝑘𝜋2 ) .
(36)

Similarly, substituting (17) and its conjugate in (32) and
(33), the components of the polarization densities and the
magnetization density are written as follows:𝑃1 = 𝐴 (𝑧) 𝐽�푘+1/2 (𝜆𝑟) 𝐽�푘−1/2 (𝜆𝑟) ,𝑃2 = 𝐵 (𝑧) 1𝑟 𝐽�푘+1/2 (𝜆𝑟) 𝐽�푘−1/2 (𝜆𝑟) ,𝑀12 = 𝜆4𝑟8𝜋𝑚3 [𝐽�푘+1/2 (𝜆𝑟) 𝐽�푘+1/2 (𝜆𝑟)− 𝐽�푘−1/2 (𝜆𝑟) 𝐽�푘−1/2 (𝜆𝑟)] ,

(37)

respectively, where we use the following abbreviations:𝐴 (𝑧) = 𝑖 𝐻3𝑧38𝜋𝜆2𝑚 [𝐽�푛+1/2 (𝑧)𝐽�푛−1/2 (𝑧) − 𝐽�푛−1/2 (𝑧)𝐽�푛+1/2 (𝑧)] ,𝐵 (𝑧) = −𝑖𝐴 (𝑧) . (38)

Giving to the polarization densities and magnetization den-
sity depending spacetime coordinates, we can say that par-
ticle production event takes place. To calculate the total
polarizations and magnetization, we insert (37), the polar-
ization densities, and magnetization density, into (34) and
(35), respectively, and later integrate them on the hypersur-
face. Then, we obtain the total polarization densities (elec-
tric dipole moments) and magnetization density (magnetic
dipole moment) as follows:𝑝1 = 0,𝑝2 = 𝜋𝜆𝐻2 𝐵 (𝑧)𝑧2 ,𝜇 = 0, (39)

where we use the integral representation of Bessel function
[36] and 𝑝1 and 𝑝2 are total polarizations, i.e., electric dipole
moment components, and also 𝜇 is total magnetization, i.e.,
magnetic dipole moment. From these results, we see that
the particle creation events are affected from only 𝑝2 total
polarization density, electric dipole moment. On the other
hand, in the limit 𝑡 → −∞ (𝑧 → ∞), 𝑝2 vanishes by the
following way:𝑝2 → 𝑧𝐻4𝜆𝑚 [2 cos2 (𝑧 − 𝑛𝜋/2) − 1

sin (2𝑧 − 𝑛𝜋) ] → 0, (40)

that is, there is not particle production in this limit or
the universe has a symmetric charge distribution in the
beginning time and, of course, the universe has not any dipole
moments, but, in the limit 𝑡 → +∞ (𝑧 → 0), 𝑝2 becomes

𝑝2 → 𝑒ℏ𝐻4𝜆𝑚𝑐2 [[𝑧2 − (1 − 𝑖 (2𝑚𝑐2/ℏ𝐻))
21 − 𝑖 (2𝑚𝑐2/ℏ𝐻) ]]→ − 𝑒2𝜆𝛿 exp (−𝑖𝛿) , (41)

where ℏ is Planck constant, 𝑐 is the speed of light, and 𝛿 =2𝑚𝑐2/ℏ𝐻, and, thus, the universe has a permanent complex
dipole moment, which it oscillates with Zitterbewegung
frequency, 2𝑚𝑐2/ℏ.

To calculate the Dirac current components for the Dirac
particle in the 2+1 dimensional exponentially expanding
magnetized universe, we insert (24) and its conjugate in (26).
Thus, we find that the current components are

𝐽0 ≈ 𝐻2𝑘2𝑧2 (𝑘2 − 𝜅2) Γ (2𝜅) + 𝑒2𝐵20 (1 − 4𝑛2) Γ (2𝜅 − 2)⋅ 𝑧3𝜌2�휅−1𝑒−�휌 [𝑧
+ (1 − 4𝑛2)𝑧 (𝑘2 − 𝜅2) 𝜌2 [(2𝑘 − 𝜌) (𝑘 + 𝜅) + 2𝑘𝜌]2]

𝐽1 ≈ 𝑖4𝑛𝐻3𝑒𝐵0𝑘2𝜅𝜋 (𝑘2 − 𝜅2) 𝑧4𝜌2�휅−2𝑒−�휌 [(2𝑘 − 𝜌) (𝑘 + 𝜅)+ 2𝑘𝜌]𝐽2 ≈ 4𝐻3𝑘3𝑧4𝜋 (𝑘2 − 𝜅2)⋅ (𝜌 − 2𝑘) (𝑘 + 𝜅) + 2𝑘𝜌𝑧2 (𝑘2 − 𝜅2) Γ (2𝜅) + (1 − 4𝑛2) Γ (2𝜅 − 2)⋅ 𝜌2�휅−3𝑒−�휌.

(42)

Using (24) in (32) and in (33), the components of polarization
and magnetization can be found as follows:

𝑃1 ≈ 2𝐻3𝑒𝐵0𝑘2𝑧4𝜅(𝑘2 − 𝜅2) 𝜋𝑚 (2𝑘 − 𝜌) (𝑘 + 𝜅) + 2𝑘𝜌2𝑧2𝜆2𝜅2Γ (2𝜅) + 𝑒2𝐵20 (1 − 4𝑛2) Γ (2𝜅 − 2)⋅ 𝜌2�휅−2𝑒−�휌𝑃2 ≈ 𝑖 4𝑛𝐻3𝑘3𝑧4𝜋𝑚 (𝑘2 − 𝜅2) [(2𝑘 − 𝜌) (𝑘 + 𝜅) + 2𝑘𝜌]𝑧2 (𝑘2 − 𝜅2) Γ (2𝜅) + (1 − 4𝑛2) Γ (2𝜅 − 2)⋅ 𝜌2�휅−3𝑒−�휌𝑀12≈ 2𝐻4𝑒𝐵0𝑘3𝑧5 (4𝑛2 − 1) 𝜅𝜋𝑚 (𝑘2 − 𝜅2) [4𝑧2𝜆2𝜅2Γ (2𝜅) + 𝑒𝐵0 (1 − 4𝑛2) Γ (2𝜅 − 2)]
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⋅ 𝜌2�휅−2𝑒−�휌× [ 𝑧(1 − 4𝑛2) + 1𝑧 (𝑘2 − 𝜅2) 𝜌2 [(2𝑘 − 𝜌) (𝑘 + 𝜅) + 2𝑘𝜌]2]
(43)

To calculate the total polarizations and total magnetization,
we insert (43) into (34) and (35). Then, using the integral
representation of Bessel function [36], we find the following
dipole moments expressions:

𝑝1 ≈ 𝐻𝑒3𝐵30𝑘4𝑧2𝜅3𝑚⋅ 2 (𝑘 − 𝜅)2 Γ (2𝜅)𝑧2 (𝑘2 − 𝜅2) Γ (2𝜅) + (1 − 4𝑛2) Γ (2𝜅 − 2) ,𝑝2 ≈ 𝑖2𝑛𝐻𝑒4𝐵40𝑘5𝑧2𝜅4𝑚⋅ (2𝑘2 − 2𝜅2 + 4𝑘𝜅 + 𝜅 − 𝑘) Γ (2𝜅 − 1)𝑧2 (𝑘2 − 𝜅2) Γ (2𝜅) + (1 − 4𝑛2) Γ (2𝜅 − 2) ,𝜇 ≈ 𝐻2𝑒3𝐵30𝑘5(𝑘2 − 𝜅2) 𝜅3𝑚𝑧3.
(44)

From these expressions, we see that, in finite time intervals,
the particle creation is influenced by both polarization and
magnetization components. On the other hand, in the limit𝑡 → ∞ (𝑧 → 0) the magnetic dipole moment, 𝜇, goes to
zero faster than the electric dipole moment components, 𝑝1
and 𝑝2. Therefore, the electric dipole moments in the particle
creation events become more dominant than the magnetic
dipole moment in finite time intervals if there exists in an
external constant magnetic field.

5. Summary and Conclusion

We exactly solve the Dirac equation in existence of the
exponentially expanding magnetized and nonmagnetized
universe and, from these solutions, derive some expressions
for the Dirac current components and dipole moments. The
particle creation in the exponentially expanding universe is
only affected by the 𝑝2 polarization in the finite time interval.
However, this component goes to zero in the limit 𝑡 → −∞,
i.e., in the beginning of the universe, but, in the limit 𝑡 →+∞, the universe has a permanent complex dipole moment
oscillating with Zitterbewegung frequency, 2𝑚𝑐2/ℏ: 𝑝2 ≃−(𝑒/2𝜆𝛿) exp(−𝑖𝛿). The complexity of the dipole moment
points out the conductivity of the exponentially expanding
universe. Also, the universe has the electric and magnetic
dipole moments which are dependent on time in existence of
an external constant magnetic field with the expansion such
that, in the limit 𝑡 → −∞, the dipole moment expressions
become infinite, but, in the limit 𝑡 → ∞, they go to zero.The
dependence on time of the polarization and magnetization
shows that the particle creation happens. Furthermore, in the
limit 𝑡 → ∞ (𝑧 → 0), the particle creation events are
affected only via the polarization because the magnetization,

𝑚, goes to zero faster than 𝑝1 and 𝑝2. From the point of
view, we point out that the exponential expansion of the
universe causes a particle creation, a permanent complex
electric dipole moment and asymmetric charge distribution,
but, in existence of an external constant magnetic field
with exponential expansion in time, the universe charge
distribution is get and getting symmetric and thus all the
dipole moments become zero as 𝑡 → ∞.
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In this paper, based on the basic principles of thermodynamics, we explore the hydrodynamic regime of interacting Lifshitz field
theories in the presence of broken rotational invariance.We compute the entropy current and discover new dissipative effects which
are consistent with the principle of local entropy production in the fluid. In our analysis, we consider both the parity even and the
parity odd sector upto first order in the derivative expansion. Finally, we argue that the present construction of the paper could be
systematically identified as that of the hydrodynamic description associated with spin waves (away from the domain of quantum
criticality) under certain limiting conditions.

1. Overview and Motivation

Low temperature phases of various strange metal systems
have been a mysterious issue since their discovery. One of
the key reasons for this lies behind the fact that unlike
the ordinary metallic systems, strange metals do not pos-
sess any quasiparticle description close to its Fermi sur-
face. These systems are therefore known as Non-Fermi liq-
uids(the enthusiastic reader is also referred to the review
[1] and references therein) [2–5].

Matter in this quantum critical domain (so called quan-
tum liquids) exhibits certain fascinating features as the tem-
perature is lowered substantially as follows.(1) The ratio between the specific heat and the temper-
ature turns out to be very large indicating the fact that the
effective mass for electrons could be many orders larger in
magnitude than the free electronmass near its Fermi surface.(2) The resistivity grows linearly with temperature,
namely, 𝜌 ∼ 𝑇, which is also strange from the point of view
of a Fermi liquid theory.

All the above features therefore strongly suggest the
breakdown of the usual Fermi liquid theory in the domain
of quantum criticality and as a result the low tempera-
ture physics of strongly correlated many body systems has
remained as a puzzle for the past couple of decades.

However, for various reasons, it is widely believed that
the physics within this quantum critical domain is mostly

governed by the obvious scaling symmetries of the underly-
ing Quantum Critical Point (QCP). It is by now quite evident
that the isometry group associated with QCPs is that of
Lifshitz type; namely, the scaling symmetries are anisotropic
at the fixed point [6]:

x → 𝜆x,
𝑡 → 𝜆𝑧𝑡 (1)

where 𝑧 is the dynamic critical exponent [7, 8].
The purpose of the present paper is however not to

explore physicswithin this domain of quantumcriticality; it is
rather slightly away from it by explicitly breaking symmetries
associated with the fixed point. In the following, we illustrate
this in a bit detail.

It turns out that QCPs with Lifshitz isometry group
explicitly break Lorentz boost invariance and on the other
handpreserve rotational symmetry aswell as the translational
invariance. The long wavelength dynamics associated with
these fixedpoints has been explored extensively fromboth the
perspective of a fluid description and the AdS/CFT duality
[9–18]. Keeping this literature in mind, in the present paper,
we are however interested in the questionwhether there exists
any notion of hydrodynamics beyond the domain of quantum
criticality and a possible systematic formulation of it based
on the fundamental principles of Thermodynamics. In the
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following, we systematically quote the purpose of the present
analysis:(1) We would like to explore the validity of the hydro-
dynamic description in a situation when the full Lifshitz
algebra is broken down to some reduced symmetry group
of it. It would be indeed quite interesting to explore what
happens if we relax the condition of rotational symmetry and
in particular howdoes it affect the parity odd transports of the
theory. Naturally, it relaxes many of the previous constraints
of the theory and allows additional tensor structures in the
constitutive relations which were previously incompatible
with the underlying symmetry of the system.(2)The ultimate goal of our analysis is to write down an
entropy current [19–24] in the presence of broken symmetry
generators and explore how does it constraint the additional
transports of the system which have emerged due to the
symmetry breaking effect. In other words, we would like to
explore whether there exist new dissipative effects (which
are consistent with the principle of local entropy production)
away from the domain of quantum criticality. In this regard,
we consider both the parity even and the parity odd sector
of the hydrodynamic constitutive relations and in particular
explore how the parity odd transports are affected due to
the presence of anisotropy in the system. In this sense, the
present analysis is valid for all of those fluid systems whose
underlying isometry group comprises that of the broken
generators of the Lifshitz algebra.

Two questions are quite obvious at this stage: (1)How do
we introduce anisotropy in our system and (2)What are the
low lying physical d.o.f. of the system that one would like to
interpret in spite of the fact that hydrodynamics is an effective
description and does not rely on the microscopic details of
the system.

The anisotropy that we introduce in our analysis is in fact
quite similar in spirit to that with the earlier analysis [25, 26].
However, as we shall see shortly, the interpretation as well as
the motivation for introducing such anisotropy is completely
different in spirit from that of the relativistic scenario.

In our analysis, we introduce anisotropy by means of
four vectors, v𝜇 pointing along a specific direction. We
associate a term Δ(= 𝑃⊥ − 𝑃‖) with those four vectors
which corresponds to the fact that the pressure along two
different directions is different even in the rest frame of the
fluid. With the introduction of this anisotropy, our next task
turns out to be to write down all possible tensor structures
which are possible to construct out of the basic variables
of the fluid system under consideration, namely, the fluid
velocity (u𝜇), temperature (𝑇), chemical potential (𝜇𝑐), and
the anisotropy (v𝜇). More specifically, one should be able
to write down a number of tensor structures within the
constitutive relations with arbitrary transports which could
be fixed later by demanding the positivity of the so called
entropy current.Moreover, it is to be noted that as the present
theory is considered to be a slow deformation (|Δ| ≪ 1) of the
original Lifshitz hydrodynamics, therefore one must recover
the known results of the Lifshitz theory as the fixed point is
approached (Δ → 0).

As far as the d.o.f. are concerned, the answer is rather
tricky. However, we claim that the present analysis could be

used to model the hydrodynamic description associated with
spin waves [27–30] in certain appropriate limit. The reason
for this claim is the following. First of all, one should note that
spin waves could be thought of as being low lying excitation of
certain material like dimer antiferromagnet above its ground
state. In other words, spin waves could be thought of as being
the gapless(this renders that the underlying theory is scale
invariant) excitation (Goldstone modes) associated with the
broken 𝑂(3) symmetry (at the level of hydrodynamics such
symmetry breaking effects should be manifested in terms of
the emergence of the pressure anisotropy in the constitutive
relations of the conserved quantities). These excitations
therefore clearly break the underlying rotational invariance
of the system and they vanish as one approaches the domain
of quantum crticality [27–30]. In the following, we illustrate
these points in detail. In particular, we try to explain what do
we exactly mean by spin wave hydrodynamics.

It turns out that the classical hydrodynamic description
of spin waves is valid as long as spin wave fluctuations are
smaller than the correlation length [27, 28]:

𝜉 ∼ 𝑐𝑇 log( 𝑇𝜇𝑐 − 𝜇𝑄𝐶𝑃𝑧]) (2)

where 𝜇𝑄𝐶𝑃 is the value of the chemical potetial exactly at
the critical point and the energy of the spin wave excitation
could be thought of ≤ 𝑐𝜉−1. In other words, we are still
in the region where the effective correlation is still much
greater than the low temperature thermal fluctuations of the
system.Therefore the hydrodynamic description is still valid.
Our ultimate goal would be to investigate whether it is at
all possible to write down an entropy current under such
circumstances.

The organization of the rest of the paper is the following.
In Section 2,we provide the basic anisotropic construction for
the most general charged dissipative fluids in the presence of
a global 𝑈(1) anomaly. In Section 3, we compute the entropy
current for both the parity even and the parity odd sector of
the theory. Finally, we conclude in Section 4.

Note Added. The entropy production in Lifshitz fluids might
have direct or indirect consequences on gravitational particle
production through the remarkable identification of gravita-
tional dynamics as an entropic force [31] whose relativistic
generalization leads to Einstein’s general theory of relativity.

2. Basics

The purpose of the present calculation is to explore the con-
sequences of broken rotational invariance on chiral Lifshitz
hydrodynamics [14]. However, to start with we first introduce
the notion of chiral anomaly in the context of Lifshitz
hydrodynamics as (the reader should not get confused with
the index 𝑎(= 1, .., 𝑁) as the index associated with internal
symmetry (non-abelian) generators. This index simply cor-
responds to the fact that to start with we have 𝑁 number
of anomalous 𝑈(1) charges in our system. However, in the
subsequent analysis we would perform our computation for
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the simplest case with 𝑎 = 1. The corresponding result for
multiple abelian charges could be generalized easily) [14]

𝜕𝜇T𝜇] = F
𝑎]𝜎

j
𝑎
𝜎

𝜕𝜇j𝑎𝜇 = c
𝑎𝑏𝑐

E
𝑏.B𝑐 (3)

where the anomaly coefficients are given by the rank 3 tensor
c𝑎𝑏𝑐. Here, j𝑎𝜇s are the𝑁 anomalous 𝑈(1) currents andF𝑎]𝜎(=𝜕]A𝑎𝜎 − 𝜕𝜎A𝑎]) are the 𝑁 abelian field strength tensors of
the theory. The electric and the magnetic field strengths are,
respectively, given by

E
𝑎𝜇 = F

𝑎𝜇𝜎
u𝜎

B
𝑎𝜇 = 12𝜀𝜇]𝜆𝜎u]F

𝑎
𝜆𝜎. (4)

We start our analysis by writing down the constitutive
relations (compatible with the reduced symmetries of the
system) for both the stress tensor and the charge currents
associated with the underlying hydrodynamic description.
We choose to work in the so called Landau frame [14].

We first focus on the stress tensor part. It typically consists
of the following two pieces (the reader should be aware of
the fact that to start with Lifshitz field theories are QFTs for
which 𝑧 > 1. As a result such theories by no means could be
connected to relativistic QFTs with Lorentz invariance (for
which, 𝑧 = 1). In other words, Lifshitz QFTs do not possess
a smooth Lorentzian limit and therefore it is not correct
to interpret Lifshitz QFTs as nonrelativistic QFTs simply
because they lack Lorentz boost generators. On the other
hand, because of the presence of the gapless excitation in the
theory, one might still hope to find some upper bound for
the speed of particles in the theory which could be identified
as the speed of light (𝑐) as well. However, one could switch
over to the corresponding nonrelativistic regime by taking
appropriate (V𝑖/𝑐) limit which would render nonrelativistic
QFTs with broken Galilean boost invariance [9]):

T
𝜇] = T

𝜇]
(𝑖𝑑𝑒𝑎𝑙)

+T
𝜇]
(𝐷) (5)

where T
𝜇]
(𝑖𝑑𝑒𝑎𝑙)

is the nondissipative (ideal) part of the stess
tensor. On the other hand, T𝜇]

(𝐷)
is the dissipative piece of

the stress tensor that includes all the first order derivative
expansions such as that in the Landau frame [9]:

u𝜇T
𝜇]
(𝐷)

= 0. (6)

Since the full Lifshitz isometry group is now broken down
to some reduced subset of it, therefore, to start with and in
principle we are allowed to incorporate more generic tensor
structures in the constitutive relation which were previously
disallowed due to the presence of the underlying rotational
invariance.Therefore in some sense the analysis of the present
paper generalizes all the previous studies in the literature [9–
14]. On top of it, due to the presence of additional transports
in the theory, the present analysis also turns out to be a bit
more intricate compared to its relativistic counterpart. In the
following we elaborate these issues into much more detail.

The starting point of our analysis is quite straightforward.
We write all possible distinct tensor structures which are
allowed by the (reduced) symmetry of the system (consis-
tent with the Landau frame criterion) and we express our
constitutive relations as a linear combination of each of
these structures.The coefficients associated with these tensor
structures are finally constrained by the principle of positivity
of entropy production. Those transports which do not seem
to be consistent with this physical constraint are set to be zero
although they are allowed by the symmetry of the system.
Keeping these facts in mind, the ideal part of the stress tensor
could be formally expressed as (this form of the stress tensor
is unique and is indeed consistent with the Landau frame
criterion, namely, T𝜇]u] = −𝜖u𝜇 [9]. Moreover, here g𝜇]
is the background metric with signature (−, +, +, +))

T
𝜇]
(𝑖𝑑𝑒𝑎𝑙)

= (𝜖 + 𝑃⊥)u𝜇u] + 𝑃⊥g𝜇] − Δv𝜇v] (7)

whereΔ = 𝑃⊥−𝑃‖ is the difference between the transverse and
the longitudinal pressures (note that the above choice (7) also
stems from the fact that at the ideal level the fluid stress tensor
must be diagonal) [25, 26]. Here,u𝜇 is the usual fluid velocity
and v𝜇 is the spacelike vector that defines the anisotropy in
the system and is pointing along the longitudinal axis (the
longitudinal axis defines the anisotropy in the system along
the direction perpendicular to the reaction plane. 𝑃‖ is the
pressure along this longitudinal axis, whereas on the other
hand 𝑃⊥ is the pressure along the direction perpendicular
to this axis) such that they are mutually orthogonal to each
other; namely (it turns out that the Landau frame criterion
(6) and the velocity normalization (8) are intimately related
to each other. Note that the Landau frame criterion (6) looks
quite natural in the sense that it simply implies the fact that
in the rest frame of the fluid the zeroth component of the
stress tensor must be equal to the rest energy (density) of the
fluid and this is the universal claim that should be valid for
all classes of QFTs irrespective of their underlying symmetry
group. Now it turns out that, given the stress tensor (5), the
above criterion could be satisfied if we choose the specific
normalization (8) for the velocity field (u𝜇) which therefore
turns out to be a natural choice even for Lifshitz systems)
[25, 26],

u
𝜇
u𝜇 = −1,

v
𝜇
v𝜇 = 1,

u
𝜇
v𝜇 = 0.

(8)

Considering the local rest frame of the fluid,

u
𝜇 = (1, 0, 0, 0) ,

v
𝜇 = (0, 0, 0, 1) (9)

It is indeed quite straightforward to show

T
𝜇]
(𝑖𝑑𝑒𝑎𝑙)

= diag (𝜖, 𝑃⊥, 𝑃⊥, 𝑃‖) (10)

which is clearly consistent with the fact that the momentum
density vanishes in the local rest frame of the ideal fluid.
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Before we proceed further, one nontrivial yet simple
check is inevitable. We consider the Lifshitz Ward identity
(note that the Ward identity is always satisfied if the underly-
ing scaling symmetry is preserved which is precisely the case
for our analysis as the spin wave excitation is gapless [27, 28])
[9]:

𝑧𝑇00 + 𝛿𝑖𝑗𝑇𝑗𝑖 = 0 (11)

which for the present case yields

𝑧𝜖 = 𝑑𝑃⊥ + Δ (12)

where 𝑑 is the number of spatial dimensions. This clearly
suggests that the corresponding equation of state is modified
due to the presence of anisotropy (spin wave excitations) in
the system. Suppose for the time being that we are dealing
with an uncharged fluid where the temperature (𝑇) is the
only scale in our theory. Therefore, it turns out that the
above equation of state (12) could be obtained from the Euler
relation

𝜖 + 𝑃⊥ = 𝑇s (13)

if we demand the following nontrivial scaling relations:

𝜖 ∼ 𝑃⊥, ‖ ∼ 𝑇(𝑧+𝑑)/𝑧+𝜃 (14)

where the exponent 𝜃(= Δ/𝑧𝑃⊥) clearly vanishes near the
fixed point of the theory and as a result one recovers the
standard scaling relations [9].

We now focus on the dissipative part of the stress tensor
(5). After a straightforward computation, one could in fact
express the dissipative contributions to the stress tensor (5)
into the following two pieces; namely (note that here we
have assumed 𝜕.v = 0 as there do not exist any sources for
anisotropy [25, 26]),

T
𝜇]
(𝐷)

= T
(0)𝜇]
(𝐷)

+ ΔT(Δ)𝜇]
(𝐷)

(15)

where the first piece (here, 𝜔𝜇 = (1/2)𝜀𝜇]𝜌𝜎u]𝜕𝜌u𝜎 is the so
called vorticity factor [32, 33])

T
(0)𝜇]
(𝐷)

= S
(0)𝜇] + u

𝜇
G
(0)] + O (𝜕2)

S
(0)𝜇] = −𝜂𝜎𝜇]

(u)
− 𝜁P𝜇] (𝜕.u)

G
(0)𝜇 = −𝛼1u𝜎𝜕𝜎u𝜇 − 2𝛼2 (E𝜇 − 𝑇P𝜇𝜎𝜕𝜎 (𝜇𝑐𝑇 ))− 𝛽𝜔𝑇𝜔𝜇 − 𝛽B𝑇B𝜇

(16)

contains the usual contributions to the stress tensor that do
not include any effects of anisotropy [14]. On the other hand,
the second piece (the transport associated with the Θ term

should be considered in a more general sense. When we
discuss the parity even sector it should be thought of as the
parity even transport while for the parity odd sectorwewould
replace it accordingly by parity odd transports)

T
(Δ)𝜇]
(𝐷)

= S
(Δ)𝜇] +Q

(Δ)𝜇] + u
𝜇
G
(Δ)] + O (𝜕2)

S
(Δ)𝜇] = −𝜆𝜎𝜇]

(v)
−P
𝜇] ((v.G) − 𝜅2Δ ((𝜕.u) + Θ))

+ v
𝜇
G

] + v
]
G
𝜇

− v
𝜇
v
] ((v.G) − 𝜅2ΔΘ + 𝜉1u.𝜕 (𝜇𝑐𝑇 ) − 𝜉2u𝜆u𝜎𝜕𝜆v𝜎

+ 2𝜅2Δ ((𝜕.u) + Θ))
Q
(Δ)𝜇] = u

𝜇
v
] ((v.G) − 𝜅2ΔΘ + 𝜅3u.𝜕 (𝜇𝑐𝑇 ))

G
(Δ)𝜇 = 𝜅1v𝜎𝜕𝜎u𝜇 + 𝜅2v𝜇 ((𝜕.u) + Θ)

(17)

contains all the first order dissipative corrections to the stress
tensor (5) that explicitly include the effects of anisotropy.
At this stage it is customary to note that in order to arrive
at the above relations (16), (17), we have used the following
definitions and/or the identifications; namely,

S
𝜇] = S

(0)𝜇] + ΔS(Δ)𝜇]
G
𝜇 = G

(0)𝜇 + ΔG(Δ)𝜇
𝜎𝜇]
(x)
= P
𝜇𝜎
P

]𝜆 (𝜕𝜎x𝜆 + 𝜕𝜆x𝜎 − 𝛿x,u 23P𝜎𝜆 (𝜕.x)) ,
(x = u, v)

Θ = v
𝜎 (−E𝜎 −B𝜎 + 𝑇𝜕𝜎 (𝜇𝑐𝑇 ) − 𝜔𝜎)

(18)

with P𝜇] = u𝜇u] + g𝜇] as the projection operator. At
this stage it is also noteworthy to mention that the entity
G𝜇 contains all the first order dissipative corrections in the
basic hydrodynamic variables, namely, the fluid velocity (u𝜇),
chemical potential (𝜇), and the temperature (𝑇). Moreover,
here the entity u𝜇G

𝜇 = 0 in the Landau frame [14].
Finally, the 𝑈(1) charged current could be formally

expressed as (in principle one could have added a term
proportional to v𝜇 at the zeroth order level in the derivative
expansion. However, as far as the present analysis is con-
cernedwe switch off all the components of the electric current
along the direction of the anisotropic vector field [25, 26])

j
𝑎𝜇 = 𝑎u𝜇 +D

𝑎𝜇 + O (𝜕2) (19)
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where the function D𝑎𝜇 contains all possible dissipative
corrections in the first order derivative expansion; namely
(one could formally expressD𝑎𝜇 ≡ D(0)𝑎𝜇 + ΔD(Δ)𝑎𝜇),

D
𝑎𝜇 = 2𝛼𝑎3u𝜎𝜕𝜎u𝜇 + (𝜎𝐷)𝑎𝑏 (E𝑏𝜇
− 𝑇P𝜇𝜎𝜕𝜎 (𝜇𝑏𝑐𝑇 )) + 𝜍𝑎𝜔𝜔𝜇 + (𝜍B)𝑎𝑏B𝑏𝜇
+ ΔD(Δ)𝑎𝜇

D
(Δ)𝑎𝜇 = 𝜅𝑎1v𝜎𝜕𝜎u𝜇 − v

𝜇 ((v.G𝑎) − Δ(𝜅2)𝑎𝑏Θ𝑏
+ 𝛾𝑎1v𝜆u𝜎𝜕𝜎u𝜆 + (𝛾2)𝑎𝑏u.𝜕 (𝜇𝑏𝑐𝑇 ))

(20)

such that in the Landau frame, u𝜇j
𝑎𝜇 = −𝑎.

3. Entropy Current

The purpose of this section is to construct a systematic
hydrodynamic description away from the quantum critical
region with Lifshitz isometry group. In order to do that, in
this paper we illustrate the simplest case with𝑁 = 1.
3.1. Thermodynamic Identities. As a first step of our analysis,
we first construct some basic thermodynamic identities
which will be required in the subsequent analysis. Consid-
ering the following identity (in order to avoid confusion, we
denote chemical potential as 𝜇𝑐),

I = u]𝜕𝜇T𝜇] + 𝜇𝑐𝜕𝜇j𝜇 (21)

and using (3), it is indeed quite trivial to note that I ∼ O(𝜕2)
which therefore clearly suggests that at the zeroth order level
in the derivative expansion ofT𝜇] and j𝜇 one must have I = 0
which naturally yields

− u
𝜇𝜕𝜇𝜖 + (𝜖 + 𝑃⊥)

s
u
𝜇𝜕𝜇s − Δu]v

𝜇𝜕𝜇v] + 𝜇𝑐𝜕𝜇u𝜇
− 𝜇𝑐

s
u
𝜇𝜕𝜇s = 0 (22)

where s is the so called entropy density such that 𝜕𝜇(su𝜇) = 0.
We would now like to interpret the entity v𝜇𝜕𝜇v] above in

(22). To do that, let us first note that in the so called boosted
frame one could formally express the four velocities as

u
𝜇 = ( 1√1 − 𝛽2 , 𝛽𝑖√1 − 𝛽2), (𝑖 = 𝑥, 𝑦, 𝑧)

v
𝜇 = ( 𝛽𝑧√1 − 𝛽2 − 𝛽2𝑧 , 0, 0,

√1 − 𝛽2
√1 − 𝛽2 − 𝛽2𝑧)

(23)

which clearly satisfy the above constraint in (8). Here, 𝛽𝑖(=
V𝑖/𝑐) are the arbitrary boosts along three different spatial
directions. Using (23), it is indeed quite straight forward to
show

v
𝜇𝜕𝜇v] = 𝜕] log 𝜗 (𝛽) (24)

where the function 𝜗(𝛽) could be formally expressed as

𝜗 (𝛽) = 𝛽𝑧√1 − 𝛽2 − 𝛽2𝑧 𝛿],0 +
√1 − 𝛽2

√1 − 𝛽2 − 𝛽2𝑧 𝛿],𝑧. (25)

Using (25), one could now formally express (20) as

− u
𝜇𝜕𝜇𝜖 + (𝜖 + 𝑃⊥)

s
u
𝜇𝜕𝜇s − Δ𝜗u]𝜕]𝜗 + 𝜇𝑐 (𝜕𝜇)u𝜇

− 𝜇𝑐
s

u
𝜇𝜕𝜇s = 0. (26)

Following the arguments of [25, 26], next we introduce
the so called generalized energy density function𝜖 = 𝜖 (, s, 𝜗) (27)

which naturally yields

𝑑𝜖 = ( 𝜕𝜖𝜕s),𝜗 𝑑s + (𝜕𝜖𝜕)s,𝜗

𝑑 + ( 𝜕𝜖𝜕𝜗)s,

𝑑𝜗
= 𝑇𝑑s + 𝜇𝑐𝑑 − Δ𝜗 𝑑𝜗.

(28)

The above equation (28) could be thought of as the modified
first law of thermodynamics in the presence of anisotropies.
The first two terms are precisely the contributions arising
from the entropy density as well as the charge density
associated with the system whereas, on the other hand, the
last term is precisely the anisotropic contribution to the
energy density of the system.

Finally, using (26) and (28), it is quite useful to obtain the
following set of identities:𝜖 + 𝑃⊥ = 𝑇s + 𝜇𝑐

𝑑𝑃⊥ = s𝑑𝑇 + 𝑑𝜇𝑐 + Δ𝜗 𝑑𝜗 (29)

which we use in the subsequent discussions.
Before we conclude this section, it is now customary to

derive the so called equation for the entropy current [34]
in the presence of the pressure anisotropy. Using (3), it is
indeed quite trivial to note down the following conservation
equation:

u]𝜕𝜇T𝜇] + 𝜇𝑐𝜕𝜇j𝜇 = −E𝜇j𝜇 + 𝜇𝑐cE𝜇B𝜇 (30)

which by virtue of the arguments as mentioned above in (21)
gives rise to nontrivial contributions at the quadratic order in
the derivative expansion; namely,

𝜕𝜇J𝜇s = − 1𝑇𝜕𝜇u]S
(0)𝜇] −D

(0)𝜇 (P𝜇]𝜕] (𝜇𝑐𝑇 ) − E𝜇𝑇 )
− 𝜇𝑐𝑇 cE.B − 1𝑇G(0)]u𝜇𝜕𝜇u] + ΔM(Δ)

(31)
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where

J
𝜇
s = su

𝜇 − 𝜇𝑐𝑇D
𝜇 = J
(0)𝜇
s + ΔJ(Δ)𝜇s (32)

is the so called entropy current of the system. Clearly, from
(32), it is quite evident that in the presence of pressure
anisotropies, the so called entropy current of the system
receives nontrivial corrections which is naturally reflected in
its divergence equation (31). The first part on the R.H.S. of
(31) is the usual contribution to the entropy current in the
absence of pressure anisotropy [14]. The entity M(Δ), on the
other hand, summaries all the anisotropic contributions to
the divergence equation; namely,

M
(Δ) = − 1𝑇𝜕𝜇u]S

(Δ)𝜇]

−D
(Δ)𝜇 (P𝜇]𝜕] (𝜇𝑐𝑇 ) − E𝜇𝑇 )

− 1𝑇G(Δ)]u𝜇𝜕𝜇u] + 1𝑇u]𝜕𝜇Q(Δ)𝜇].
(33)

3.2. A Note on the Parity Even Sector. Before we proceed
further, at this stage it is noteworthy to mention that the
parity breaking terms would definitely modify the entropy
current as expected from the earlier analysis [34]. However,
before moving to the parity odd sector, it is customary to
check the parity even sector in the presence of pressure
anisotropy (in the subsequent discussion of this subsection
we consider only the parity even part of (31). In principle, one
could do this since the two sectors do not get mixed up even
in the presence of anisotropy [14]. A careful investigation
would reveal the fact that this is the unique feature of first
order dissipative hydrodynamics which essentially truncates
constitutive relations upto leading order inG𝜇). As the reader
might have noticed so far that due to the presence of the
pressure anisotropy in the system even in the parity even
sector of the stress tensor (17) (as well as the charge current
(22)) we encounter a number of additional transports which
need to be fixed first.We expect to fix these coefficients purely
from the condition of the positivity of the entropy current;
namely, 𝜕𝜇J𝜇s ≥ 0.

We would first consider the parity even sector in (31);
namely,

𝜕𝜇J(𝑃)𝜇s = − 1𝑇𝜕𝜇u]S
(0)𝜇]

−D
(0,𝑃)𝜇 (P𝜇]𝜕] (𝜇𝑐𝑇 ) − E𝜇𝑇 )

− 1𝑇G(0,𝑃)]u𝜇𝜕𝜇u] + ΔM(Δ,𝑃)
(34)

where each of the individual entities could be formally
expressed as

M
(Δ,𝑃) = − 1𝑇𝜕𝜇u]S

(Δ,𝑃)𝜇] −D
(Δ,𝑃)𝜇 (P𝜇]𝜕] (𝜇𝑐𝑇 )

− E𝜇𝑇 ) − 1𝑇G(Δ,𝑃)]u𝜇𝜕𝜇u] + 1𝑇u]𝜕𝜇Q(Δ,𝑃)𝜇]
S
(Δ,𝑃)𝜇] = −𝜆𝜎𝜇]

(v)
−P
𝜇] ((v.G(𝑃))

− 𝜅2Δ ((𝜕.u) + Θ(𝑃))) + v
𝜇
G
(𝑃)] + v

]
G
(𝑃)𝜇

− v
𝜇
v
] ((v.G(𝑃)) − 𝜅2ΔΘ(𝑃) + 𝜉1u.𝜕 (𝜇𝑐𝑇 )

− 𝜉2u𝜆u𝜎𝜕𝜆v𝜎 + 2𝜅2Δ ((𝜕.u) + Θ(𝑃)))
D
(0,𝑃)𝜇 = 2𝛼3u𝜎𝜕𝜎u𝜇 + 𝜎𝐷 (E𝜇 − 𝑇P𝜇𝜎𝜕𝜎 (𝜇𝑐𝑇 ))

D
(Δ,𝑃)𝜇 = 𝜅1v𝜎𝜕𝜎u𝜇 − v

𝜇 ((v.G(𝑃)) − 𝜅2ΔΘ(𝑃)
+ 𝛾1v𝜆u𝜎𝜕𝜎u𝜆 + 𝛾2u.𝜕 (𝜇𝑏𝑐𝑇 ))

Q
(Δ,𝑃)𝜇] = u

𝜇
v
] ((v.G(𝑃)) − 𝜅2ΔΘ(𝑃) + 𝜅3u.𝜕 (𝜇𝑐𝑇 ))

G
(𝑃)𝜇 = G

(0,𝑃)𝜇 + ΔG(Δ,𝑃)𝜇
G
(0,𝑃)𝜇 = −𝛼1u𝜎𝜕𝜎u𝜇 − 2𝛼2 (E𝜇 − 𝑇P𝜇𝜎𝜕𝜎 (𝜇𝑐𝑇 ))

G
(Δ,𝑃)𝜇 = 𝜅1v𝜎𝜕𝜎u𝜇 + 𝜅2v𝜇 ((𝜕.u) + Θ(𝑃))

Θ(𝑃) = v
𝜎 (−E𝜎 + 𝑇𝜕𝜎 (𝜇𝑐𝑇 )) .

(35)

At this stage, it is also noteworthy to mention that some
of the transports appearing in the isotropic part of the parity
even sector also appear in its anisotropic counterpart. As a
consequence of this, all the previously determined constraints
[14] on the transport coefficients of the (isotropic) parity
even sector (in the constitutive relations) might not hold
good and one therefore needs to redo the calculations. In the
following we enumerate each of the entities in (34) separately.
A straightforward computation yields the following:

(I)

− 1𝑇𝜕𝜇u]S
(0)𝜇] = 𝜂𝑇𝜎𝜇]𝜎𝜇] + 𝜁𝑇 (𝜕.u)2 . (36)

(II)

−D
(0,𝑃)𝜇 (P𝜇]𝜕] (𝜇𝑐𝑇 ) − E𝜇𝑇 )
= 𝜎𝐷𝑇 (E𝜇 − 𝑇P𝜇]𝜕] (𝜇𝑐𝑇 ))2 + 𝛼3𝑇 P

𝜇]K𝜇]Θ(𝑃)
(37)

where

K𝛼𝛽 = 𝜕𝛼v𝛽 + 𝜕𝛽v𝛼. (38)
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(III)

− 1𝑇G(0,𝑃)]u𝜇𝜕𝜇u] = 𝛼1𝑇 (u𝜎𝜕𝜎u𝜇)2
+ 𝛼2𝑇 P

𝜇]K𝜇]Θ(𝑃). (39)

(IV)

− 1𝑇𝜕𝜇u]G
(Δ,𝑃)𝜇] = 𝜆K𝜇]𝑇 (𝜕𝜎u]u𝜇𝑢𝜎 + Q𝜇]2 )

+ 𝛼1𝑇 (𝜕.u)P𝜇]K𝜇]
+ 𝜉12𝑇 (v𝜇v]Q𝜇]) (u.𝜕 (𝜇𝑐𝑇 ))
+ 𝛼1𝑇 v

𝜇
u
𝜎Q𝜇]𝜕𝜎u]

+ 2𝛼2𝑇 (𝜕.u) Θ(𝑃)
+ Δ (𝜅1 − 𝜅2)2𝑇 (𝜕.u) v𝜇v]Q𝜇]
− 𝛼2𝑇 v

𝜇
v
]Q𝜇]Θ(𝑃)

− Δ𝜅1𝑇 v
𝜇
v
𝜎Q𝜇]𝜕𝜎u]

+ (𝛼1 − 𝜉2)4𝑇 P
𝜎𝜆K𝜎𝜆v

𝜇
v
]Q𝜇]

+ Δ𝜅14𝑇 (v𝜇v]Q𝜇])2

(40)

where

Q𝛼𝛽 = 𝜕𝛼u𝛽 + 𝜕𝛽u𝛼. (41)

(V)

−D
(Δ,𝑃)𝜇 (P𝜇]𝜕] (𝜇𝑐𝑇 ) − E𝜇𝑇 )
= −𝜅1 (1 − Δ)2𝑇 v

𝜇
v
]Q𝜇]Θ(𝑃) + 2𝛼2𝑇 Θ2(𝑃)

+ (𝛼1 − 𝛾1)2𝑇 P
𝜇]K𝜇]Θ(𝑃) + Δ𝜅2𝑇 (𝜕.u) Θ(𝑃)

+ 𝛾2𝑇 Θ(𝑃)u.𝜕 (𝜇𝑐𝑇 ) .
(42)

(VI)

− 1𝑇G(Δ,𝑃)]u𝜇𝜕𝜇u] = −𝜅1𝑇 v
𝜇
u
𝜎Q𝜇]𝜕𝜎u]

− 𝜅1𝑇 u
𝜇
u
𝜎K𝜇]𝜕𝜎u]

− (𝜅1 − 𝜅2)2𝑇 (𝜕.u)P𝜇]K𝜇]
+ 𝜅1𝑇 u

𝜇𝜕𝜇v]𝜕𝜎 (u𝜎u])
+ 𝜅22𝑇P𝜇]K𝜇]Θ(𝑃).

(43)

(VII)1𝑇u]𝜕𝜇Q(Δ,𝑃)𝜇] = 𝛼14𝑇 (P𝜇]K𝜇])2 + 𝛼2𝑇 P
𝜇]K𝜇]Θ(𝑃)

+ Δ𝜅14𝑇 P
𝜆𝜎K𝜆𝜎v

𝜇
v
]Q𝜇]

+ Δ𝜅22𝑇 (𝜕.u)P𝜇]K𝜇]
+ 𝜅32𝑇 (P𝜇]K𝜇]) (u.𝜕 (𝜇𝑐𝑇 )) .

(44)

(i) Observations. In order for the entropy current (34) to
be positive definite, from the above computations (36), (38),
(39), (41), (42), (43), and (44) we observe the following (in the
following discussion we assume, Δ > 0).(1)Three of the following transports need to be positive
definite, namely, 𝜂 ≥ 0,𝜁 ≥ 0,𝜎𝐷 ≥ 0.

(45)

(2) The rest of the transports satisfy nontrivial algebraic
identities, part of which could be simplified further in order
to obtain 𝜆 = 𝛼2 = 𝛼1,𝜅2 = 𝜅1,𝜉2 = 𝜅1 (2Δ − 1) − 𝛼1,Δ𝛾1 − 2𝛼3 = (3Δ + 2) 𝛼1 + Δ𝜅1 ≥ 0,𝛼1, 𝛼2 ≥ 0, 𝜅1 ≥ 0.

(46)

(3)The rest of the constraints could be formally expressed
as 𝜆K𝜇]Q𝜇] + 2𝜅1 (P𝜇]K𝜇] (𝜕.u) + (u𝜇𝜕𝜇v]) (u𝜎𝜕𝜎u])

− Δv𝜇 (v𝜎𝜕𝜎u])Q𝜇]) = 0
𝜉1 (v𝜇v]Q𝜇]) + 2𝛾2Θ(𝑃) + 𝜅3 (P𝜇]K𝜇]) = 0.

(47)
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In other words, once we move away from the quantum
criticality (by breaking symmetries associated with it) a
number of additional transports appear which are found to
obey nontrivial constraints among themselves. However, all
of these new transports cannot be determined uniquely as we
have lesser number of constraints available. It turns out that
once we determine a few of them, the rest is trivially fixed due
to constraints (46)-(47) present in the system.

3.3. Some Useful Relations. We now focus solely on the parity
odd sector of (31). Before we proceed further, it is now
customary to derive certain useful identities that would be
required in the subsequent analysis of the entropy current.

(i) Derivation of 𝜕𝜇𝜔𝜇. We start our analysis by noting down
the following identity [14]:

u
𝜇
u
]𝜕𝜇𝜔] = −12𝜕𝜇𝜔𝜇. (48)

Next, using conservation equation (3) we find

𝜔]𝜕𝜇T𝜇] = 𝜔𝜇E𝜇 + O (𝜕3) . (49)

Finally, using (7), (24), and (49) we obtain

𝜕𝜇𝜔𝜇 = − 2(𝜖 + 𝑃⊥)𝜔𝜇W𝜇 + O (𝜕3) (50)

where the vectorW𝜇 could be formally expressed as

W
𝜇 = 𝑔𝜇] (𝜕]𝑃⊥ − Δ𝜕] log 𝜗) − E𝜇 − v

𝜇
v
]𝜕]Δ. (51)

(ii) Derivation of 𝜕𝜇B𝜇. We start our analysis with the
following identity [14]:𝜕𝜇B𝜇 = u

]𝜕]u𝜇B𝜇 − 2𝜔𝜇E𝜇 = −u𝜇u]𝜕𝜇B] − 2𝜔𝜇E𝜇 (52)

Following the same steps as above we note that

B]𝜕𝜇T𝜇] = B𝜇E𝜇 + O (𝜕3) . (53)

Finally, using (7), (24), and (52) we find

𝜕𝜇B𝜇 = −2𝜔𝜇E𝜇 − 1(𝜖 + 𝑃⊥)B𝜇W𝜇 + O (𝜕3) . (54)

3.4. Parity Odd Sector. Following the prescription of [34], we
modify our entropy current as

J
𝜇
s → J

𝜇
s + D𝜔𝜔𝜇 + DBB

𝜇 = J
𝜇
s + J̃
𝜇
s (55)

which yields the divergence equation as (at this stage it is
noteworthy to mention that here by�𝑃 we explicitly mean all
the parity odd terms of the entropy current (31))

𝜕𝜇J(�𝑃)𝜇s = −D(0,�𝑃)𝜇 (P𝜇]𝜕] (𝜇𝑐𝑇 ) − E𝜇𝑇 )
− 𝜇𝑐𝑇 cE𝜇B

𝜇 − 1𝑇G(0,�𝑃)]u𝜇𝜕𝜇u] + ΔM(Δ,�𝑃)
+ 𝜕𝜇J̃𝜇s

(56)

where the functionM(Δ,�𝑃) could be formally expressed as

M
(Δ,�𝑃) = − 1𝑇𝜕𝜇u]S

(Δ,�𝑃)𝜇]

−D
(Δ,�𝑃)𝜇 (P𝜇]𝜕] (𝜇𝑐𝑇 ) − E𝜇𝑇 )

− 1𝑇G(Δ,�𝑃)]u𝜇𝜕𝜇u] + 1𝑇u]𝜕𝜇Q(Δ,�𝑃)𝜇].
(57)

In the following, we enumerate each of the individual
terms one by one.

(I)

−D
(0,�𝑃)𝜇 (P𝜇]𝜕] (𝜇𝑐𝑇 ) − E𝜇𝑇 )
= 𝜍𝜔𝑇 𝜔𝜇E𝜇 − 𝜍𝜔𝜔𝜇𝜕𝜇 (𝜇𝑐𝑇 ) + 𝜍B𝑇 E𝜇B

𝜇

− 𝜍BB𝜇𝜕𝜇 (𝜇𝑐𝑇 ) .
(58)

(II)

− 1𝑇G(0,�𝑃)]u𝜇𝜕𝜇u]

= (𝛽𝜔𝜔𝜇 + 𝛽BB𝜇)(𝜖 + 𝑃⊥) (E𝜇 − 𝜕𝜇𝑃⊥ + Δ𝜕𝜇 log 𝜗) . (59)

At this stage it is noteworthy to mention that in deriving the
above relation we have used the conservation equation (3)
in order to obtain (in our derivation we have assumed that
v𝜇𝜕𝜇Δ = 0 which corresponds to the fact that the gradient of
the pressure difference is orthogonal to the anisotropy vector
v𝜇 [25, 26])

a
𝜇 = u

]𝜕]u𝜇
= 1(𝜖 + 𝑃⊥) (E𝜇 −P

𝜇] (𝜕]𝑃⊥ − Δ𝜕] log 𝜗)) . (60)

Therefore, to be precise, we are looking for an on shell cancel-
lation in the parity odd sector of the entropy current where
the last term corresponds to the anisotropic contribution to
the acceleration of the fluid particles [14].

(III)

− 1𝑇𝜕𝜇u]S
(Δ,�𝑃)𝜇] = (𝛽𝜔𝜔𝜇 + 𝛽BB𝜇) (v]Q𝜇] − v𝜇N) (61)

where N = 𝜕.u − 2u𝜇𝜕𝜇 log 𝜗.
(IV)

−D
(Δ,�𝑃)𝜇 (P𝜇]𝜕] (𝜇𝑐𝑇 ) − E𝜇𝑇 )
= − (𝛽𝜔𝜔𝜇 + 𝛽BB𝜇) v𝜇Θ(𝑃).

(62)

(V)

− 1𝑇G(Δ,�𝑃)]u𝜇𝜕𝜇u] = (𝛽𝜔𝜔𝜇 + 𝛽BB𝜇) v𝜇 (v.a) . (63)
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(VI)

1𝑇u]𝜕𝜇Q(Δ,�𝑃)𝜇] = (𝛽𝜔𝜔𝜇 + 𝛽BB𝜇) v𝜇 (v.a) . (64)

Finally, collecting all the individual pieces in (56) we
arrive at the following set of constraint equations, namely,

𝜕𝜇D𝜔 − (2D𝜔 + 𝛽𝜔)(𝜖 + 𝑃⊥) (𝜕𝜇𝑃⊥ − Δ𝜕𝜇 log 𝜗) − 𝜍𝜔𝜕𝜇 (𝜇𝑐𝑇 )
+ Δ𝛽𝜔v] (Q𝜇] − 𝑔𝜇]Z) = 0(2D𝜔 + 𝛽𝜔) (𝜖 + 𝑃⊥) − 2DB + 𝜍𝜔𝑇 = 0

𝜕𝜇DB − (DB + 𝛽B)(𝜖 + 𝑃⊥) (𝜕𝜇𝑃⊥ − Δ𝜕𝜇 log 𝜗) − 𝜍B𝜕𝜇 (𝜇𝑐𝑇 )
+ Δ𝛽Bv] (Q𝜇] − 𝑔𝜇]Z) = 0(DB + 𝛽B) (𝜖 + 𝑃⊥) + 𝜍B𝑇 − c

𝜇𝑐𝑇 = 0

(65)

where the entity Z could be formally expressed as

Z = N + Θ(𝑃) − 2 (v.a) . (66)

The above set of (65) precisely corresponds to the
anisotropic generalization of the earlier results [14] obtained
in the context of anomalous hydrodynamics at quantum
critical (Lifshitz) point. Our ultimate goal would be to solve
(65) in order to obtain parity odd transports away from
quantum critical point. In order to proceed further, we
however treat the above set of equations perturbatively in the
anisotropy and/or the spin wave excitation (|Δ| ≪ 1). We
consider the following perturbative expansion of anomalous
transports, namely,

Q𝑖 = Q
(0)
𝑖 + ΔQ(1)𝑖 + O (Δ2) (67)

where Q = {D, 𝛽, 𝜍} and 𝑖 = {𝜔,B}. The zeroth order
solutions are indeed trivial and have been found earlier in
[14]. However, the first nontrivial correction appears at the
leading order in Δ. The corresponding set of equations at
leading order turns out to be (for the sake of simplicity we do
not quote the zeroth order solutions here. Interested reader
may have a look at [14]. These solutions are purely fixed by

the anomaly. However, we will use them explicitly in order to
explore solutions at leading order in the anisotropy)

𝜕𝜇D(1)𝜔 − (2D(1)𝜔 + 𝛽(1)𝜔 )( 𝜕𝜇𝑃⊥𝜖 + 𝑃⊥)
+ (2D(0)𝜔 + 𝛽(0)𝜔 )(𝜖 + 𝑃⊥) 𝜕𝜇 log 𝜗 − 𝜍(1)𝜔 𝜕𝜇 (𝜇𝑐𝑇 )
+ 𝛽𝜔v] (Q𝜇] − 𝑔𝜇]Z) = 0

(2D(1)𝜔 + 𝛽(1)𝜔 ) (𝜖 + 𝑃⊥) − 2D(1)
B
+ 𝜍(1)𝜔𝑇 = 0

𝜕𝜇D(1)B − (D(1)
B
+ 𝛽(1)

B
)( 𝜕𝜇𝑃⊥𝜖 + 𝑃⊥)

+ (D(0)B + 𝛽(0)
B
)(𝜖 + 𝑃⊥) 𝜕𝜇 log 𝜗 − 𝜍(1)B 𝜕𝜇 (𝜇𝑐𝑇 )

+ 𝛽Bv] (Q𝜇] − 𝑔𝜇]Z) = 0
(D(1)

B
+ 𝛽(1)

B
) (𝜖 + 𝑃⊥) + 𝜍(1)B𝑇 = 0.

(68)

The above set of (68) could be simplified further in order
to obtain the following reduced set of equations, namely,

𝜕𝜇 (D(1)𝜔 − D
(1)
B
)

− (2D(1)𝜔 − D
(1)
B
+ 𝛽(1)𝜔 − 𝛽(1)

B
)( 𝜕𝜇𝑃⊥𝜖 + 𝑃⊥)

+ X(0)(𝜖 + 𝑃⊥)𝜕𝜇 log 𝜗
− (𝜍(1)𝜔 − 𝜍(1)

B
) 𝜕𝜇 (𝜇𝑐𝑇 ) = 0(2D(1)𝜔 + 𝛽(1)𝜔 ) (𝜖 + 𝑃⊥) − 2D(1)

B
+ 𝜍(1)𝜔𝑇 = 0

(D(1)
B
+ 𝛽(1)

B
) (𝜖 + 𝑃⊥) + 𝜍(1)B𝑇 = 0

(69)

where the entityX(0) could be formally expressed as

X
(0) = 2D(0)𝜔 − D

(0)
B
+ 𝛽(0)𝜔 − 𝛽(0)

B
. (70)

Considering the general identity (here we define 𝜇𝑐 =𝜇𝑐/𝑇),
𝜕𝜇D(1)𝑖 = (𝜕D(1)𝑖𝜕𝑃⊥ )𝜇

𝑐
,log 𝜗

𝜕𝜇𝑃⊥ + (𝜕D(1)𝑖𝜕𝜇𝑐 )𝑃
⊥
,log 𝜗

𝜕𝜇𝜇𝑐
+ ( 𝜕D(1)𝑖𝜕 log 𝜗)

𝑃
⊥
,𝜇
𝑐

𝜕𝜇 log 𝜗
(71)
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From (69), we arrive at the following set of equations:

(𝜕D(1)𝜔𝜕𝑃⊥ )𝜇
𝑐
,log 𝜗

− (2D(1)𝜔 − D
(1)
B
+ 𝛽(1)𝜔 − 𝛽(1)

B
)(𝜖 + 𝑃⊥) = 0

(𝜕D(1)𝜔𝜕𝜇𝑐 )𝑃
⊥
,log 𝜗

− (𝜍(1)𝜔 − 𝜍(1)
B
) = 0

( 𝜕D(1)𝜔𝜕 log 𝜗)
𝑃
⊥
,𝜇
𝑐

+ X(0)(𝜖 + 𝑃⊥) = 0
(𝜕D(1)B𝜕𝑃⊥ )𝜇

𝑐
,log 𝜗

+ (2D(1)𝜔 − D
(1)
B
+ 𝛽(1)𝜔 − 𝛽(1)

B
)(𝜖 + 𝑃⊥) = 0

(𝜕D(1)B𝜕𝜇𝑐 )𝑃
⊥
,log 𝜗

+ (𝜍(1)𝜔 − 𝜍(1)
B
) = 0

( 𝜕D(1)
B𝜕 log 𝜗)
𝑃
⊥
,𝜇
𝑐

− X(0)(𝜖 + 𝑃⊥) = 0
(2D(1)𝜔 + 𝛽(1)𝜔 ) (𝜖 + 𝑃⊥) − 2D(1)

B
+ 𝜍(1)𝜔𝑇 = 0

(D(1)
B
+ 𝛽(1)

B
) (𝜖 + 𝑃⊥) + 𝜍(1)B𝑇 = 0.

(72)

Equation (72) is precisely an artifact of the symmetry
breaking effect which nontrivially modifies the previously
obtained constraint equations [14]. In order to proceed
further, from (29) we note

(𝜕𝜇𝑐𝜕𝑇 )𝑃
⊥
,log 𝜗

= −(𝜖 + 𝑃⊥)𝑇2
(𝜕𝑃⊥𝜕𝑇 )𝜇

𝑐
,log 𝜗

= (𝜖 + 𝑃⊥)𝑇
(𝜕 log 𝜗𝜕𝑇 )

𝜇
𝑐
,𝑃
⊥

= − 1Δ (𝜖 + 𝑃⊥)𝑇 .
(73)

Substituting (73) into (72) we find

( 𝜕D(1)𝜔𝜕 log 𝜗)
𝑇,𝜇
𝑐

+ ( 𝜕D(1)
B𝜕 log 𝜗)
𝑇,𝜇
𝑐

+ O (Δ2, 𝑇) = 0
(1 − 𝑇2(𝜖 + 𝑃⊥))((𝜕D

(1)
𝜔𝜕𝑇 )
𝜇
𝑐
,log 𝜗

+ (𝜕D(1)B𝜕𝑇 )
𝜇
𝑐
,log 𝜗

)
+ (𝜕D(1)𝜔𝜕𝜇𝑐 )𝑇,log 𝜗 + (𝜕D

(1)
B𝜕𝜇𝑐 )𝑇,log 𝜗 = 0

(2D(1)𝜔 + 𝛽(1)𝜔 ) (𝜖 + 𝑃⊥) − 2D(1)
B
+ 𝜍(1)𝜔𝑇 = 0

(D(1)
B
+ 𝛽(1)

B
) (𝜖 + 𝑃⊥) + 𝜍(1)B𝑇 = 0.

(74)

From the first two equations in (74), we find

D
(1)
B
+ D
(1)
𝜔 = C (75)

where C is some integration constant that does not depend
on any of the thermodynamic variables. Using (75), the last
two equations of (74) could be further modified as

(2C + 𝛽(1)𝜔 ) (𝜖 + 𝑃⊥) − 2D(1)
B
(1 + (𝜖 + 𝑃⊥)) + 𝜍

(1)
𝜔𝑇 = 0

(D(1)
B
+ 𝛽(1)

B
) (𝜖 + 𝑃⊥) + 𝜍(1)B𝑇 = 0.

(76)

Clearly, the above equation (76) is inadequate to solve all
the five different transports in a unique fashion (similar
conclusions have been drawn earlier by other authors in [35]).
Therefore what we find from the above computation is that
the entropy current cannot uniquely fix all the parity odd
transports once we break the underlying symmetry of the
system. However, it indeed imposes nontrivial constraints
among different transports as we have also noticed earlier in
the parity even sector.

4. Summary and Final Remarks

We now summarise the key findings of our analysis. The
most significant outcome of our analysis is the establishment
of the hydrodynamic description away from the quantum
criticality. We claim that such hydrodynamic description
could be identified with the corresponding hydrodynamic
description of spin waves in the appropriate limit. The reason
for this claim rests over the facts that (1) the spin wave
excitations are naturally diminished as the fixed point is
approached and (2) they spontaneously break the underlying
rotational symmetry of the system. Both of them have been
incorporated in the present analysis. Our analysis reveals
that it is indeed possible to find out new dissipative effects
whenwe explicitly break the underlying symmetry associated
with QCPs. We compute the entropy current in order to
fix these arbitrary coefficients in the constitutive relation.
It turns out that none of these transports could be fixed
uniquely. Nevertheless, they are nontrivially constrained
by their respective constraint equations. We perform our
analysis for the most general charged dissipative fluids where
we consider both parity preserving and parity violating effects
at leading order in the derivative expansion.

Finally, as mentioned earlier, for realistic models of
strange metal systems one should actually consider the so
called nonrelativistic limit of the Lifshitz hydrodynamics that
has been discussed so far.This will eventually lead us towards
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a formulation of nonrelativistic QFTs with broken Galilean
boost starting from a theory with broken Lorentz boost
invariance. This could be done in two different ways. One
could either take a (V𝑖/𝑐) limit of the theory [9] or simply go
to some light cone frame [36, 37]. However, one should take
care of the fact that in the nonrelativistic limit the so called
scaling relations will also get modified leading to a modified
Ward identity [9]. We leave all these issues for the purpose of
future investigation.
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The phenomenon of dark energy and its manifestations are studied in a spherically symmetric universe considering the Brans-
Dicke scalar tensor theory. In the first model, the dark energy behaves like a phantom type and in such a universe the existence
of negative time is validated with an indication that our universe started its evolution before 𝑡 = 0. Dark energy prevalent in this
universe is found to be more active at times when other types of energies remain passive.The secondmodel of universe begins with
big bang. On the other hand, the dark energy prevalent in the third model is found to be of the quintessence type. Here, it is seen
that the dark energy triggers the big bang and after that much of the dark energy reduces to dark matter. One peculiarity in such a
model is that the scalar field is prevalent eternally; it never tends to zero.

1. Introduction

The type Ia (SNIa) supernovae observations suggested that
our universe is not only expanding, but also the rate of
expansion is in accelerating way [1, 2] and this acceleration
is caused by some mysterious object, so called dark energy.
The matter species in the universe are broadly classified into
relativistic particle, nonrelativistic particle, and dark energy.
Another component, apparently a scalar field, dominated
during the period of inflation in the early universe. In
the present universe, the sum of the density parameters of
baryons, radiation, and dark matter does not exceed 30% [3];
we still need to identify the remaining 70% of the cosmic
matter.We call this 70% unknown component as dark energy,
and it is supposed to be responsible for the present cosmic
acceleration of the universe. According to the cosmological
principle, our universe is homogeneous and isotropic in
large scale. By assuming isotropicity and homogeneity, the
acceleration equation of the universe in general theory of
relativity can be written as ̈𝑎/𝑎 = −(1/6)𝜅2(𝜌 + 3𝑝). The
acceleration and deceleration of the universe depend on the
sign of ̈𝑎; that is, the universe will accelerate if 𝜌 + 3𝑝 < 0
or decelerate if 𝜌 + 3𝑝 > 0. So, the condition 𝜌 + 3𝑝 < 0

has to be satisfied in general relativity to explain accelerated
expansion of the universe.This implies that the strong energy
condition is violated; moreover, the strong energy condi-
tion is violated, meaning that the universe contains some
abnormal (something not normal) matter. Hence, without
violating strong energy condition, the accelerated expansion
of the universe is not possible in general theory of relativity.
Therefore, the modification of the general theory of relativity
is necessary. Essentially, there are two approaches, out of
which one is to modify the right-hand side of Einstein’s field
equations (i.e., matter part of the universe) by considering
some specific forms of the energy momentum tensor 𝑇𝜇]
having a huge negative pressure and which is concluded in
the form of some mysterious energy dubbed as dark energy.
In this approach, the simplest candidate for dark energy is
cosmological constant Λ, which is described by the equation
of state𝑝 = −𝜌 [4].The second approach is bymodifying Ein-
stein Hilbert action, that is, the geometry of the space-time,
which is named as modified gravity theory. So many modifi-
cations of general relativity theory have been done, namely,
Brans-Dicke (BD) [5] and Saez-Ballester scalar-tensor the-
ories [6], 𝑓(𝑅) gravity [7–12], 𝑓(𝑇) gravity [13–16], Gauss-
Bonnet theory [17–20], Horava-Lifshitz gravity [21–23],
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and recently 𝑓(𝑅, 𝑇) gravity [24]. Subsequently, so many
authors [25–54] have been studying modified gravity theory
to understand the nature of the dark energy and accelerated
expansion of the universe.

Apart from this, the Hubble parameter 𝐻 may provide
some important information about the evolution of our
universe. It is dynamically determined by the Friedmann
equations and then evolves with cosmological red-shift.
The evolution of Hubble parameter is closely related with
radiation, baryon, cold dark matter, and dark energy or even
other exotic components available in the universe. Further, it
may be impacted by some interactions between these cosmic
inventories. Thus, one can look out upon the evolution of
the universe by studying the Hubble parameter. Besides
dark energy, there exists a dark matter component of the
universe. One can verify whether these two components can
interact with each other. Theoretically, there is no evidence
against their interaction. Basically, they may exchange their
energy which affects the cosmic evolution of the universe.
Furthermore, it is not clear whether the nongravitational
interactions between two energy sources produced by two
different matters in our universe can produce acceleration.
We can assume for a while that the origin of nongravita-
tional interaction is related to emergence of the space-time
dynamics. However, this is not of much help, since this
hypothesis is not more fundamental compared with other
phenomenological assumptions within modern cosmology
[55–59].However, the authors [60, 61] studied the finding that
the interacting cosmological models make good agreement
with observational data. The aim of this paper is to study
a cosmological model, where a phenomenological form of
nongravitational interactions is involved. In this article, we
are interested in the problem of accelerated expansion of the
large-scale universe; we follow the well-known approxima-
tion of the energy content of the recent universe. Namely,
we consider the interaction between dark energy and other
matters (including dark matter).

2. Space-Time and Field Equations

We consider the spherically symmetric space-time

𝑑𝑠2 = 𝑑𝑡2 − 𝑒𝜆 (𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2 sin2 𝜃 𝑑𝜙2) , (1)

where 𝜆 is a function of time. The energy momentum tensor
for the fluid comprising our universe is taken as

𝑇𝜇] = (𝑝 + 𝜌) 𝑢𝜇𝑢] − 𝑝𝑔𝜇], (2)

where 𝜌 and 𝑝 are, respectively, the total energy density and
total pressure which are taken as

𝜌 = 𝜌𝑚 + 𝜌𝑑 (3)

and

𝑝 = 𝑝𝑚 + 𝑝𝑑, (4)

with 𝜌𝑑 and 𝜌𝑚 being, respectively, the densities of dark
energy and other matters in this universe. 𝑝𝑑 and 𝑝𝑚 are,

respectively, the pressures of dark energy and other matters
(including dark matter) in this universe. And 𝑢𝜇 is the flow
vector satisfying the relations

𝑢𝜇𝑢𝜇 = 1;
𝑢𝜇𝑢] = 0. (5)

The Brans-Dicke scalar tensor field equations are given by

𝑅𝜇] − 12𝑅𝑔𝜇] = −8𝜋𝜙−1𝑇𝜇]
− 𝜔𝜙−2 (𝜙,𝜇𝜙,] − 12𝑔𝜇]𝜙,𝛾𝜙,𝛾)
− 𝜙−1 (𝜙𝜇;] − 𝑔𝜇]𝜙,𝛾;𝛾)

(6)

with

𝜙,𝛾;𝛾 = 8𝜋 (3 + 2𝜔)−1 𝑇, (7)

where 𝜔 is the coupling constant and 𝜙 is the scalar field.
Energy conservation gives the equation

𝑇𝜇];𝜇 = 0 (8)

Here the field equations take the form

34 �̇�2 − 𝜔2
̇𝜙2𝜙2 + 32 �̇�

̇𝜙𝜙 = 8𝜋𝜙−1 (𝜌𝑚 + 𝜌𝑑) (9)

�̈� + 34 �̇�2 + 𝜔2
̇𝜙2𝜙2 + �̇�

̇𝜙𝜙 +
̈𝜙𝜙 = −8𝜋𝜙−1 (𝑝𝑚 + 𝑝𝑑) (10)

32 (�̈� + �̇�2) + 𝜔2
̇𝜙2𝜙2 +

̈𝜙𝜙 + 32 �̇�
̇𝜙𝜙 = −8𝜋𝜙−1 (𝑝𝑚 + 𝑝𝑑) (11)

̈𝜙 + 32 �̇� ̇𝜙 = 8𝜋 (3 + 2𝜔)−1 (𝜌𝑚 + 𝜌𝑑 − 3𝑝𝑚 − 3𝑝𝑑) (12)

Here, we take the equation of state parameter for dark energy
as 𝛼 so that

𝑝𝑑 = 𝛼𝜌𝑑. (13)

And the conservation equation gives

̇𝜌 + (𝑝 + 𝜌) 32 �̇� = 0 (14)

Since the dark energy and othermatters are interacting in this
universe, (14) can be written as

̇𝜌𝑚 + (𝜌𝑚 + 𝑝𝑚) 32 �̇� = −𝑄 (15)

and

̇𝜌𝑑 + (𝜌𝑑 + 𝑝𝑑) 32 �̇� = 𝑄, (16)
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where 𝑄 is the interaction between dark energy and other
matters (including dark matter) which this universe com-
prises. Here 𝑄 can take different forms like 3𝑧2𝜌, 3𝑧2𝜌𝑚,3𝑧2𝜌𝑑, and so forth, where 𝑧2 is a coupling constant. It can
also take other forms which are functions of 𝜌 and ̇𝜌. Now
from (10) and (11) we get the relation

�̈� + 34 �̇�2 + �̇�
̇𝜙𝜙 = 32 �̈� + 32 �̇�2 + 32 �̇�

̇𝜙𝜙 (17)

which gives

𝑒(3/2)𝜆�̇� = 𝑎0𝜙−1 (18)

where 𝑎0 is an arbitrary constant.

3. Analytical Solutions

In this section, we try to obtain the analytical solutions of the
field equations in three different cases based on the different
forms of the interaction parameter 𝑄.
3.1. Case-I. From (17) and (18) we get

𝜆 = 23 log 𝑏2 + log (𝑏0 + 𝑏1𝑡)𝑎1 (19)

𝜙 = 𝑎0𝑎1𝑏1𝑏2 (𝑏0 + 𝑏1𝑡)
1−(3/2)𝑎1 (20)

where 𝑎1, 𝑏0, 𝑏1, and b2 are arbitrary constants. Here in this
case we take

𝑄 = 3𝑧2𝐻𝜌, (21)

where 𝐻 is Hubble’s parameter so that the conservation
equation takes the form of the equations

̇𝜌𝑚 + (𝜌𝑚 + 𝑝𝑚) 32 �̇� = −32𝑧2�̇�𝜌 (22)

and

̇𝜌𝑑 + (𝜌𝑑 + 𝑝𝑑) 32 �̇� = 32𝑧2�̇�𝜌. (23)

Now from (23) we get

𝜌𝑑 = 𝑏4 (𝑏0 + 𝑏1𝑡)−(3/2)(𝛼+1)𝑎1
+ 𝑏3 (1 − 32𝑎1𝛼)

−1 (𝑏0 + 𝑏1𝑡)−1−(3/2)𝑎1
(24)

where 𝑏4 is an arbitrary constant and

𝑏3
= 3𝑧2𝑎0𝑏116𝑏2𝜋 [43𝑎21 − 𝜔2 (1 − 32𝑎1)

2 + 32𝑎1 (1 − 32𝑎1)]
(25)

Thus using (24) in (9) we have

𝜌𝑚 = 2𝑏33𝑎1𝑧2 (𝑏0 + 𝑏1𝑡)
−1−(3/2)𝑎1

+ 𝑏3 (32𝑎1𝛼 − 1)
−1 (𝑏0 + 𝑏1𝑡)−1−(3/2)𝑎1

− 𝑏4 (𝑏0 + 𝑏1𝑡)−(3/2)(1+𝛼)𝑎1
(26)

Therefore (22) gives

𝑝𝑚 = [ 𝑧2𝑎0𝑏18𝜋𝑎1𝑏2 {
𝜔2 (1 − 32𝑎1)

2 − 43𝑎21
− 32𝑎1 (1 − 32𝑎1)} − 23𝑎1𝑏1 {

2𝑏1𝑏33𝑎1𝑧2
+ 𝑏1𝑏3 (32𝑎1𝛼 − 1)

−1} − 2𝑏33𝑎1𝑧2 − 𝑏3 (
32𝑎1𝛼

− 1)−1] (𝑏0 + 𝑏1𝑡)−1−(3/2)𝑎1 + (𝑏4 + 2𝑏43𝑎1) (𝑏0
+ 𝑏1𝑡)−(3/2)(1+𝛼)𝑎1

(27)

Now using (27) in (10) we have

𝑝𝑑 = [ 𝑧2𝑎0𝑏18𝜋𝑎1𝑏2 {
43𝑎21 − 𝜔2 (1 − 32𝑎1)

2

+ 32𝑎1 (1 − 32𝑎1)} + 23𝑎1𝑏1 {
2𝑏1𝑏33𝑎1𝑧2

+ 𝑏1𝑏3 (32𝑎1𝛼 − 1)
−1} + 𝑏3 (32𝑎1𝛼 − 1)

−1

+ 2𝑏33𝑎1𝑧2 −
𝑎08𝜋𝑎1𝑏1𝑏2 {

34𝑎21𝑏21 − 𝑎1𝑏21
+ 𝜔2 𝑏21 (1 − 32𝑎1)

2 + 𝑎1𝑏21 (1 − 32𝑎1)
− 𝑏21 (1 − 32𝑎1)}] (𝑏0 + 𝑏1𝑡)−1(3/2)𝑎1 − 𝑏4 (1
+ 23𝑎1) (𝑏0 + 𝑏1𝑡)

−(3/2)(1+𝛼)𝑎1

(28)

Again from (13) and (24) we get

𝑝𝑑 = 𝛼𝑏4 (𝑏0 + 𝑏1𝑡)−(3/2)(1+𝛼)𝑎1
+ 𝛼𝑏3 (1 − 32𝑎1𝛼)

−1 (𝑏0 + 𝑏1𝑡)−1−(3/2)𝑎1
(29)
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Thus comparing coefficients of (𝑏0 + 𝑏1𝑡)−(3/2)(1+𝛼)𝑎1 and (𝑏0 +𝑏1𝑡)−(3/2)𝑎1−1 of the two expressions of 𝑝𝑑 in (28) and (29), we
obtain

𝑧2𝑎0𝑎1𝑏16𝜋𝑏2 − 𝑧2𝜔𝑎0𝑏116𝜋𝑎1𝑏2 (1 −
32𝑎1)
2

+ 𝑧2𝑎0𝑏116𝜋𝑏2 (1 −
32𝑎1) + 4𝑏39𝑎21𝑧2

+ 2𝑏33𝑎1 (
32𝑎1𝛼 − 1)

−1 + 2𝑏33𝑎1𝑧2
+ 𝑏3 (32𝑎1𝛼 − 1)

−1 − 3𝑎0𝑎1𝑏132𝜋𝑏2 +
𝑎0𝑏18𝜋𝑏2

− 𝜔𝑎0𝑏116𝜋𝑎1𝑏2 (1 −
32𝑎1)
2 − 𝑎0𝑏18𝜋𝑏2 (1 −

32𝑎1)
+ 𝑎0𝑏18𝜋𝑎1𝑏2 (1 −

32𝑎1)
= 𝑧2𝑎0𝑎1𝑏16𝜋𝑏2 − 𝑧2𝜔𝑎0𝑏116𝜋𝑎1𝑏2 (1 −

32𝑎1)
2

+ 𝑧2𝑎0𝑏116𝜋𝑏2 (1 −
32𝑎1) + 4𝑏39𝑎21𝑧2 +

2𝑏33𝑎1𝑧2
+ 𝑏3 (32𝑎1𝛼 − 1)

−1 ( 23𝑎1 + 1) +
3𝑎0𝑎1𝑏132𝜋𝑏2

− 𝜔𝑎0𝑏116𝜋𝑎1𝑏2 (1 −
32𝑎1)
2 + 𝑎0𝑏18𝜋𝑎1𝑏2 (1 −

32𝑎1)

(30)

which is automatically satisfied; and

𝛼 = −(1 + 23𝑎1) (31)

In this case

𝜌 = 2𝑏33𝑎1𝑧2 (𝑏0 + 𝑏1𝑡)
−1−(3/2)𝑎1 (32)

And the interaction 𝑄 is given by

𝑄 = 3𝑧2𝑎0𝑏2116𝑏2𝜋 [43𝑎21 − 𝜔2 (1 − 32𝑎1)
2

+ 32𝑎1 (1 − 32𝑎1)] (𝑏0 + 𝑏1𝑡)−2−(3/2)𝑎1
(33)

The physical and kinematical properties of the model are
obtained as follows:

Volume is

𝑉 = 𝑏2 (𝑏0𝑏1𝑡)(3/2)𝑎1 (34)

Hubble’s parameter is

𝐻 = 12𝑎1𝑏1 (𝑏0 + 𝑏1𝑡)−1 (35)

Expansion factor is

𝜃 = 32𝑎1𝑏1 (𝑏0 + 𝑏1𝑡)−1 (36)

Deceleration parameter is

𝑞 = 2𝑎1 − 1 (37)

Jerk parameter is

𝑗 = 2𝑏1𝑎1 (
𝑎12 − 1) (𝑎12 − 2) (𝑏0 + 𝑏1𝑡)−1 (38)

And state-finder parameters {𝑟, 𝑠} are obtained as

𝑟 = 4𝑎21 (𝑎12 − 1) (𝑎12 − 2) (39)

𝑠 = 23𝑎−11 (𝑎1 − 2) (𝑎1 − 4) (4 − 3𝑎1)−1 (40)

Dark energy parameter is

Ω𝑑 = 𝜌𝑑3𝐻2
= 𝑎−21 𝑏−21 𝑏3 (4 + 3𝑎1) (𝑏0 + 𝑏1𝑡)−1−(3/2)𝑎1
+ 43𝑎−21 𝑏−21 𝑏4 (𝑏0 + 𝑏1𝑡)3

(41)

3.2. Case-II. As another solution we get from (17) and (18),

𝜆 = (𝑐1𝑡 + 𝑐0)𝑐2 (42)

𝜙 = 𝑎0𝑐1𝑐2 (𝑐1𝑡 + 𝑐0)
1−𝑐2 𝑒(−3/2)(𝑐1𝑡+𝑐0)𝑐2 (43)

where 𝑐0, 𝑐1, and 𝑐2 are arbitrary constants. Here in the case
we take the interaction 𝑄 as

𝑄 = 3𝑧2𝐻𝜌𝑑 (44)

where𝐻 is the mean Hubble’s parameter. Then (15) and (16),
respectively, take the forms

̇𝜌𝑚 + (𝜌𝑚 + 𝑝𝑚) 32 �̇� = −3𝑧2𝜌𝑑 �̇�2 (45)

and

̇𝜌𝑑 + (𝜌𝑑 + 𝑝𝑑) 32 �̇� = 3𝑧2𝜌𝑑 �̇�2 (46)

From (46) we get

𝜌𝑑 = 𝑐3𝑒(3/2)(𝑧2−𝛼−1)(𝑐1𝑡+𝑐0)𝑐2 (47)
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where 𝑐3 is an arbitrary constant. Now using (42), (43), and
(47) in (9) we get

𝜌𝑚
= 𝑎0𝑐1𝑐28𝜋 (34 − 9𝜔8 ) (𝑐1𝑡 + 𝑐0)𝑐2−1 𝑒−(3/2)(𝑐1𝑡+𝑐0)

𝑐2

− 𝜔𝑎0𝑐116𝜋𝑐2 (1 − 𝑐2)
2 (𝑐1𝑡 + 𝑐0)−1−𝑐2 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2

+ 3𝑎0𝑐116𝜋 (1 − 𝑐2) (1 + 𝜔) (𝑐1𝑡 + 𝑐0)−1 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2

− 9𝑎0𝑐1𝑐232𝜋 (𝑐1𝑡 + 𝑐0)𝑐2−1 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2
− 𝑐3𝑒(3/2)(𝑧2−𝛼−1)(𝑐1𝑡+𝑐0)𝑐2

(48)

Here, using (47), (48) and (13), (12) gives

𝑝𝑚 = (21𝑎0𝑐1𝑐296𝜋 + 27𝜔𝑎0𝑐1𝑐248𝜋 − 932𝜋 − 9𝜔48𝜋)
× (𝑐1𝑡 + 𝑐0)𝑐2−1 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2 + 𝑎0𝑐116𝜋 (1 − 𝑐2)
⋅ (1 + 𝜔) (𝑐1𝑡 + 𝑐0)−1 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2

+ [𝑎0𝑐21 (1 − 𝑐2)24𝜋 (3 + 2𝜔) − 𝜔𝑎0𝑐1 (1 − 𝑐2)248𝜋𝑐2 ]
⋅ (𝑐1𝑡 + 𝑐0)−𝑐2−1 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2

− 𝛼𝑐3𝑒(3/2)(𝑧2−𝛼−1)(𝑐1𝑡+𝑐0)𝑐2

(49)

In this case

𝜌
= 𝑎0𝑐1𝑐28𝜋 (34 − 9𝜔8 ) (𝑐1𝑡 + 𝑐0)𝑐2−1 𝑒−(3/2)(𝑐1𝑡+𝑐0)

𝑐2

− 𝜔𝑎0𝑐116𝜋𝑐2 (1 − 𝑐2)
2 (𝑐1𝑡 + 𝑐0)−1−𝑐2 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2

+ 3𝑎0𝑐116𝜋 (1 − 𝑐2) (1 + 𝜔) (𝑐1𝑡 + 𝑐0)−1 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2

− 9𝑎0𝑐1𝑐232𝜋 (𝑐1𝑡 + 𝑐0)𝑐2−1 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2

(50)

And the interaction 𝑄 is obtained as

𝑄 = 32𝑧2𝑐1𝑐2𝑐3 (𝑐1𝑡 + 𝑐0)𝑐2−1 𝑒(3/2)(𝑧
2−𝛼−1)(𝑐1𝑡+𝑐0)

𝑐2 (51)

3.3. Case-II(a). In this case, we take the interaction 𝑄 as3𝑧2𝜌𝑚(�̇�/2), so that the conservation equations take the forms

̇𝜌𝑚 + (𝜌𝑚 + 𝑝𝑚) 32 �̇� = −3𝑧2𝜌𝑚 �̇�2 (52)

̇𝜌𝑑 + (𝜌𝑑 + 𝑝𝑑) 32 �̇� = 3𝑧2𝜌𝑚 �̇�2 (53)

Now, from (9), using (42) and (43), we get

𝜌𝑚 = 𝑎08𝜋𝑐1𝑐2 𝑒
−(3/2)(𝑐1𝑡+𝑐0)

𝑐2 [(32𝜔𝑐21 𝑐2 (1 − 𝑐2)
+ 32𝑐11 𝑐2 (1 − 𝑐2)) × (𝑐1𝑡 + 𝑐0)−1 − 𝜔2 𝑐21 (1 − 𝑐2)2
⋅ (𝑐1𝑡 + 𝑐0)−1−𝑐2 − (32 + 9𝜔8 ) 𝑐21 𝑐22 (𝑐1𝑡 + 𝑐0)𝑐2−1]
− 𝜌𝑑

(54)

From (53), using (54), (13) and (42), we have

̇𝜌𝑑 = −32𝑐1𝑐2 (𝑐1𝑡 + 𝑐0)𝑐2−1 𝜌𝑑 + 3𝑎0𝑧
2

16𝜋
⋅ 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2 [−𝜔2 𝑐21 (1 − 𝑐2)2 (𝑐1𝑡 + 𝑐0)−2
+ 32𝑐21 𝑐2 (1 + 𝜔) (1 − 𝑐2) (𝑐1𝑡 + 𝑐0)𝑐2−2
− (32 + 9𝜔8 ) 𝑐21 𝑐22 (𝑐1𝑡 + 𝑐0)2𝑐2−1] ,

(55)

where

𝛼 = −𝑧2 (56)

And this is possible without loss of generality as 𝛼 can take
values such that −1 ≤ 𝛼 < 0 as well as 𝛼 < −1 which is the
characteristic of different forms of dark energy which can be
attained according to different values of 𝑧2. Now (55) gives

𝜌𝑑 = 3𝑎0𝑧216𝜋 𝑒−(3/2)(𝑐1𝑡+𝑐0)
𝑐2 [𝜔2 𝑐1 (1 − 𝑐2)2 (𝑐1𝑡 + 𝑐0)−1

− 12 (32 + 9𝜔8 ) 𝑐1𝑐2 (𝑐1𝑡 + 𝑐0)2𝑐2
− 32 (1 + 𝜔) 𝑐1𝑐2 (𝑐1𝑡 + 𝑐0)𝑐2−1]

(57)

From (54) and (57), we have

𝜌𝑚 = 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2 [(3𝑎0𝑐116𝜋 (1 + 𝜔) (1 − 𝑐2)
− 3𝑎0𝜔𝑐1𝑧232𝜋 (1 − 𝑐2)2) × (𝑐1𝑡 + 𝑐0)−1

+ (9𝑎0𝑐1𝑐232𝜋 (1 + 𝜔) 𝑧2 − 𝑎08𝜋𝑐1𝑐2 (32 + 9𝜔8 )) (𝑐1𝑡
+ 𝑐0)𝑐2−1 + 3𝑎0𝑐1𝑐232𝜋 𝑧2 (32 + 9𝜔8 ) (𝑐1𝑡 + 𝑐0)2𝑐2

− 𝑎0𝜔𝑐116𝜋𝑐2 (1 − 𝑐2)
2 (𝑐1𝑡 + 𝑐0)−𝑐2−1]

(58)
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Now from (57) and (13) we take

𝑝𝑑 = 3𝑎0𝑧2𝛼16𝜋 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2 [𝜔2 𝑐1 (1 − 𝑐2)2 (𝑐1𝑡 + 𝑐0)−1
− 12 (32 + 9𝜔8 ) 𝑐1𝑐2 (𝑐1𝑡 + 𝑐0)2𝑐2
− 32 (1 + 𝜔) 𝑐1𝑐2 (𝑐1𝑡 + 𝑐0)𝑐2−1]

(59)

Thus, now using (59) in (10), we get

𝑝𝑚 = [{3𝑎0𝜔𝑐132𝜋 𝑧4 (1 − 𝑐2)2 + 3𝜔𝑎0𝑐116𝜋 (1 − 𝑐2)
+ 3𝑎0𝑐116𝜋 (1 − 𝑐2)} (𝑐1𝑡 + 𝑐0)−1 − 3𝑎0𝑧4𝑐1𝑐232𝜋 (32
+ 9𝜔8 ) (𝑐1𝑡 + 𝑐0)2𝑐2 + (9𝑎0𝑧

4

32𝜋 (1 + 𝜔) 𝑐1𝑐2
+ 3𝑎0𝑐1𝑐232𝜋 − 9𝜔𝑎0𝑐1𝑐232𝜋 − 9𝑎0𝑐132𝜋 ) (𝑐1𝑡 + 𝑐0)𝑐2−1

+ (𝑎0𝑐1 (1 − 𝑐2)8𝜋 − 𝜔𝑎0𝑐116𝜋𝑐2 (1 − 𝑐2)
2) (𝑐1𝑡

+ 𝑐0)−1−𝑐2] 𝑒−(3/2)(𝑐1𝑡+𝑐0)𝑐2

(60)

And in this case

𝜌 = 𝑎08𝜋𝑐1𝑐2 𝑒
−(3/2)(𝑐1𝑡+𝑐0)

𝑐2 [(3𝜔2 𝑐21 𝑐2 (1 − 𝑐2)
+ 32𝑐21 𝑐2 (1 − 𝑐2)) × (𝑐1𝑡 + 𝑐0)−1 − 𝜔2 𝑐21 (1 − 𝑐2)2
⋅ (𝑐1𝑡 + 𝑐0)−1−𝑐2 − (32 + 9𝜔8 ) 𝑐11 𝑐22 (𝑐1𝑡 + 𝑐0)𝑐2−1]

(61)

Here the interaction 𝑄 is obtained as

𝑄 = 32𝑐1𝑐2𝑧2 (𝑐1𝑡 + 𝑐0)𝑐2−1 𝑒−(3/2)(𝑐1𝑡+c0)
𝑐2

× [(3𝑎0𝑐116𝜋 (1 + 𝜔) (1 − 𝑐2) − 3𝑎0𝜔𝑐1𝑧
2 (1 − 𝑐2)232𝜋 )

⋅ (𝑐1𝑡 + 𝑐0)−1
+ (9𝑎0𝑐1𝑐232𝜋 (1 + 𝜔) 𝑧2 − 𝑎08𝜋𝑐1𝑐2 (32 + 9𝜔8 ))

⋅ (𝑐1𝑡 + 𝑐0)𝑐2−1 + 3𝑎0𝑐1𝑐232𝜋 𝑧2 (32 + 9𝜔8 ) (𝑐1𝑡 + 𝑐0)2𝑐2

− 𝑎0𝜔𝑐116𝜋𝑐2 (1 − 𝑐2)
2 (𝑐1𝑡 + 𝑐0)−1−𝑐2]

(62)

The physical and kinematical properties of the models are as
follows:

𝑉 = 𝑒(3/2)(𝑐1𝑡+𝑐0)𝑐2 (63)

𝐻 = 12𝑐1𝑐2 (𝑐1𝑡 + 𝑐0)𝑐2−1 (64)

𝜃 = 32𝑐1𝑐2 (𝑐1𝑡 + 𝑐0)𝑐2−1 (65)

𝑞 = − 2𝑐1𝑐2 (𝑐2 − 1) (𝑐1𝑡 + 𝑐0)
−𝑐2 − 1 (66)

𝑗 = 12𝑐1𝑐2 (𝑐1𝑡 + 𝑐0)𝑐2−1 + 3𝑐1 (𝑐2 − 1) (𝑐1𝑡 + 𝑐0)−1
+ 2𝑐1𝑐−12 (𝑐1𝑡 + 𝑐0)−𝑐2−1

(67)

𝑟 = 1 + 4𝑐−22 (𝑐2 − 1) (𝑐2 − 2) (𝑐1𝑡 + 𝑐0)−2𝑐2 + 6𝑐−12 (𝑐2
− 1) (𝑐1𝑡 + 𝑐0)−𝑐2

(68)

𝑠 = −13 [ 2𝑐1𝑐2 (𝑐2 − 1) (𝑐1𝑡 + 𝑐0)
−𝑐2 + 32]

−1

× [6𝑐−12 (𝑐2 − 1) (𝑐1𝑡 + 𝑐0)−𝑐2
+ 4𝑐−22 (𝑐2 − 1) (𝑐2 − 2) (𝑐1𝑡 + 𝑐0)−2𝑐2]

(69)

3.4. Case-III. Equations (17) and (18) give

𝜆 = 𝛽 (log 𝑡)𝑛 , 𝛽 > 0, 𝑛 > 1 (70)

𝜙 = 𝑎0 (𝑛𝛽)−1 𝑡 (log 𝑡)1−𝑛 𝑒−(3𝛽/2)(log 𝑡)𝑛 (71)

Here in this case we assume the interaction between dark
energy and other matters of the universe in the form

𝑄 = 3𝑧2𝐻𝜌𝑚 (72)

so that (15) and (16), respectively, take the forms

̇𝜌𝑚 + (𝜌𝑚 + 𝑝𝑚) 3 �̇�2 = −3𝑧2𝜌𝑚 �̇�2 (73)

̇𝜌𝑑 + (𝜌𝑑 + 𝑝𝑑) 3 �̇�2 = 3𝑧2𝜌𝑚 �̇�2 (74)
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Now from (9) we get

𝜌𝑚 = 𝑎0𝑛𝛽8𝜋𝑡 (log 𝑡)𝑛−1 𝑒−(3/2)𝛽(log 𝑡)
𝑛

+ 3𝑎016𝜋𝑡 (1 − 𝜔) (1 − 𝑛) (log 𝑡)−1 𝑒−(3/2)𝛽(log 𝑡)
𝑛

+ 𝑎08𝜋𝑡 (1 − 𝜔2 ) 𝑒−(3/2)𝛽(log 𝑡)
𝑛

− 𝑎0𝜔16𝜋𝑛𝛽𝑡 (log 𝑡)1−𝑛 𝑒−(3/2)𝛽(log 𝑡)
𝑛

− (1 − 𝑛)2 𝜔𝑎016𝜋𝑛𝛽𝑡 (log 𝑡)−𝑛−1 𝑒−(3/2)𝛽(log 𝑡)𝑛

− (1 − 𝑛) 𝜔𝑎08𝜋𝑛𝛽𝑡 (log 𝑡)−𝑛 𝑒−(3/2)𝛽(log 𝑡)𝑛 − 𝜌𝑑

(75)

Thus, from (74) and (75), using relation (13), we have

𝜌𝑑 = 𝑒−(3/2)𝛽(𝛼+1+𝑧2)(log 𝑡)𝑛 × 𝜓 (𝑡) (76)

where

𝜓 (𝑡) = ∫ 3𝑧2𝑛𝛽2𝑡2 (log 𝑡)𝑛−1

⋅ 𝑒(3/2)𝛽(𝛼+𝑧2)(log 𝑡)𝑛 [𝑛𝑎0𝛽8𝜋 (log 𝑡)𝑛−1

+ 3𝑎0 (1 − 𝑛)16𝜋 (1 − 𝜔) (log 𝑡)−1 + (1 − 𝜔2 ) 𝑎08𝜋
− (1 − 𝑛)2 𝜔𝑎016𝜋𝑛𝛽 (log 𝑡)−𝑛−1 − 𝜔𝑎016𝜋𝑛𝛽 (log 𝑡)1−𝑛

− (1 − 𝑛) 𝜔𝑎08𝜋𝑛𝛽 (log 𝑡)−𝑛]𝑑𝑡

(77)

Again using relations (70), (71), (75), (76), and (13) in (12), we
have

𝑝𝑚 = 124𝜋𝑡 (3 + 2𝜔)
⋅ 𝑒−(3/2)𝛽(log 𝑡)𝑛 [𝑎0𝛽 (1 − 𝑛) (log 𝑡)−1−𝑛 + 32𝑎0
+ 32𝑎0 (1 − 𝑛) (log 𝑡)−1 − 𝑎0𝑛𝛽 (1 − 𝑛) (log 𝑡)−𝑛

− 9𝑛𝑎0𝛽4 (log 𝑡)𝑛−1] − 𝑛𝛽 (3 + 2𝜔)16𝜋𝑡 (log 𝑡)𝑛−1

⋅ 𝑒−(3/2)𝛽(log 𝑡)𝑛 × [ 𝑎0𝑛𝛽 (log 𝑡)1−𝑛 − 3𝑎02

+ 𝑎0𝑛𝛽 (1 − 𝑛) (log 𝑡)−𝑛] + 13 [𝑛𝑎0𝛽8𝜋𝑡 (log 𝑡)𝑛−1

+ 3 (1 − 𝜔) 𝑎0 (1 − 𝑛)16𝜋𝑡 (log 𝑡)−1 + 𝑎08𝜋𝑡 (1 − 𝜔2 )
− 𝜔𝑎016𝜋𝑛𝛽𝑡 (log 𝑡)1−𝑛 − (1 − 𝑛)

2 𝜔𝑎016𝜋𝑛𝛽𝑡 (log 𝑡)−1−𝑛

− (1 − 𝑛) 𝜔𝑎08𝜋𝑛𝛽𝑡 (log 𝑡)−𝑛] 𝑒−(3/2)𝛽(log 𝑡)𝑛 − 𝛼𝜓 (𝑡)
⋅ 𝑒−(3/2)𝛽(𝛼+1+𝑧2)(log 𝑡)𝑛

(78)

Here

𝜌𝑚 = 𝑛𝑎0𝛽8𝜋𝑡 (log 𝑡)𝑛−1 𝑒−(3/2)𝛽(log 𝑡)
𝑛

+ 3𝑎016𝜋𝑡 (1 − 𝜔) (1 − 𝑛) (log 𝑡)−1 𝑒−(3/2)𝛽(log 𝑡)
𝑛

+ 𝑎08𝜋𝑡 (1 − 𝜔2 ) 𝑒−(3/2)𝛽(log 𝑡)
𝑛

− 𝜔𝑎016𝜋𝑛𝛽𝑡 (log 𝑡)1−𝑛 𝑒−(3/2)𝛽(log 𝑡)
𝑛

− 𝜔𝑎016𝜋𝑛𝛽𝑡 (1 − 𝑛)2 (log 𝑡)−𝑛−1 𝑒−(3/2)𝛽(log 𝑡)
𝑛

− 𝜔𝑎0 (1 − 𝑛)8𝜋𝑛𝛽𝑡 (log 𝑡)−𝑛 𝑒−(3/2)𝛽(log 𝑡)𝑛

− 𝑒−(3/2)𝛽(𝛼+1+𝑧2)(log 𝑡)𝑛𝜓 (𝑡)

(79)

And

𝜌 = 𝑎0𝑛𝛽8𝜋𝑡 (log 𝑡)𝑛−1 𝑒−(3/2)𝛽(log 𝑡)
𝑛

+ 3𝑎016𝜋𝑡 (1 − 𝜔) (1 − 𝑛) (log 𝑡)−1 𝑒−(3/2)𝛽(log 𝑡)
𝑛

+ 𝑎08𝜋𝑡 (1 − 𝜔2 ) 𝑒−(3/2)𝛽(log 𝑡)
𝑛

− 𝜔𝑎016𝜋𝑛𝛽𝑡 (log 𝑡)1−𝑛 𝑒−(3/2)𝛽(log 𝑡)
𝑛

− (1 − 𝑛)2 𝜔𝑎016𝜋𝑛𝛽𝑡 (log 𝑡)−𝑛−1 𝑒−(3/2)𝛽(log 𝑡)𝑛

− (1 − 𝑛) 𝜔𝑎08𝜋𝑛𝛽𝑡 (log 𝑡)−𝑛 𝑒−(3/2)𝛽(log 𝑡)𝑛

(80)

In this case, the interaction 𝑄 is given by

𝑄 = 3𝑧2𝑛𝛽2𝑡 (log 𝑡)𝑛−1 [𝑛𝑎0𝛽8𝜋𝑡 (log 𝑡)𝑛−1 𝑒−(3/2)𝛽(log 𝑡)
𝑛

+ 3𝑎016𝜋𝑡 (1 − 𝜔) (1 − 𝑛) (log 𝑡)−1 𝑒−(3/2)𝛽(log 𝑡)
𝑛
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+ 𝑎08𝜋𝑡 (1 − 𝜔2 ) 𝑒−(3/2)𝛽(log 𝑡)
𝑛

− 𝜔𝑎016𝜋𝑛𝛽𝑡 (log 𝑡)1−𝑛 𝑒−(3/2)𝛽(log 𝑡)
𝑛

− 𝜔𝑎016𝜋𝑛𝛽𝑡 (1 − 𝑛)2 (log 𝑡)−𝑛−1 𝑒−(3/2)𝛽(log 𝑡)
𝑛

− 𝜔𝑎0 (1 − 𝑛)8𝜋𝑛𝛽𝑡 (log 𝑡)−𝑛 𝑒−(3/2)𝛽(log 𝑡)𝑛

− 𝑒−(3/2)𝛽(𝛼+1+𝑧2)(log 𝑡)𝑛𝜓 (𝑡)]
(81)

The physical and kinematical properties of the model are
obtained as follows:

𝑉 = 𝑒(3/2)𝛽(log 𝑡)𝑛 (82)

𝐻 = 𝑛𝛽2𝑡 (log 𝑡)𝑛−1 (83)

𝜃 = 3𝑛𝛽2𝑡 (log 𝑡)𝑛−1 (84)

𝑞 = 2𝑛𝛽 (log 𝑡)𝑛−1 + 2 (𝑛 − 1)𝑛𝛽 (log 𝑡)𝑛−2 − 1 (85)

𝑗 = 𝑛𝛽2 𝑡−1 (log 𝑡)𝑛−1 + 3 (𝑛 − 1) 𝑡−3 (log 𝑡)−1
+ 4𝑛𝛽𝑡−1 (log 𝑡)−𝑛+1 − 3𝑡−3

− 6𝑛𝛽 (𝑛 − 1) 𝑡−1 (log 𝑡)−𝑛

+ 2𝑛𝛽 (𝑛 − 1) (𝑛 − 2) 𝑡−1 (log 𝑡)𝑛−3

(86)

𝑟 = 1 + 6𝑛𝛽 (𝑛 − 1) 𝑡−2 (log 𝑡)−𝑛 − 6𝑛𝛽𝑡−2 (log 𝑡)−𝑛+1

+ 8𝑛2𝛽2 (log 𝑡)−2𝑛+2

− 12𝑛2𝛽2 (𝑛 − 1) (log 𝑡)−2𝑛+1

+ 4𝑛2𝛽2 (𝑛 − 1) (𝑛 − 2) (log 𝑡)−2

(87)

𝑠 = 13 [ 2𝑛𝛽 (log 𝑡)𝑛−1 + 2 (𝑛 − 1)𝑛𝛽 (log 𝑡)𝑛−2 − 32]
−1

× [ 6𝑛𝛽 (𝑛 − 1) 𝑡−2 (log 𝑡)−𝑛

− 6𝑛𝛽𝑡−2 (log 𝑡)−𝑛+1 + 8𝑛2𝛽2 (log 𝑡)−2𝑛+2

− 12𝑛2𝛽2 (𝑛 − 1) (log 𝑡)−2𝑛+1

+ 4𝑛2𝛽2 (𝑛 − 1) (𝑛 − 2) (log 𝑡)−2
(88)

4. Study of the Solutions and Conclusions

For the model universe in Case-I, we see that, at 𝑡 = 0, the
energy density has finite value dependent on the coupling
constant of the interaction between dark energy and other
matters in this universe, and the total energy density is found
to decrease with time until it tends to zero at infinite time
and the interaction term is also found to follow the same
behavior with respect to time. But during this time the rate of
decrease of the dark energy density is slower in comparison to
the rate of decrease of the energy density of other matters in
the universe. Therefore, as time passes by, dark energy seems
to dominate over other matters. Thus, the scenario in such
type of universe is that dark energy plays a vital role and it
seems that as the energy density of dark energy increases the
expansion of the universe increases.

In thismodel, it is seen that, at 𝑡 = 0,𝑉 = 𝑏2(𝑏0+𝑏1𝑡)(3/2)𝑎1 ,
which shows that if we have to accept the big bang theory, the
universe begins its evolution at time 𝑡 → −𝑏0/𝑏1, thereby
implying the existence of negative time which is almost
possible from the presence of dark energy in this universe.
Again the value of the deceleration parameter obtained here
implies that the value of 𝑎1 is limited by the condition(𝑎1 > 2). And in this model the expansion of the universe is
accelerating though the rate decreases with time. Therefore,
this universe may be taken as a reasonable model; otherwise,
if the rate of expansion increases with time, there will be a
singularity where the universe ends transforming itself into a
cloud of dust.

In this universe, we see that the interaction between dark
energy and other matters decreases with time, and perhaps
there is a tendency where the dark energy decays into cold
dark matter. Again it is seen that dark energy density is zero
only at time 𝑡 = −𝑏0/𝑏1 showing that dark energy exists before𝑡 = 0 also. Thus perhaps there exists an epoch before our
cosmic time begins in the history of evolution of the universe.

Here, in this case, if either 𝑎1 = 2 or 𝑎1 = 4, then we get
the state-finder parameter {𝑟, 𝑠} as 𝑟 = 0 and 𝑠 = 0 for which
the dark energy model reduces to a flat Λ𝐶𝐷𝑀model which
predicts a highly accelerated expansion before these events
of time. In this model, the interaction between dark energy
and other matters is found to exist at these events of time not
interrupted by the high speed of expansion.

For this universe, the equation of state parameter for dark
energy is found to be less than −1 which indicates that the
dark energy contained is of the phantom type. From the study
of the interaction, we also see that the action of such type of
dark energy is more when the energies from other types of
sources remain idle or not so active. It is also opposite to or
against the light energy. It acts also against the living energy
or the energy possessed by the human beings.
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In Case-II, though the universe is expanding and the rate
of expansion is accelerating, it depends much on the value
of 𝑐1, which indicates that the expansion is related to the
dark energy density. There it may be taken that dark energy
enhances the accelerated expansion. And this enhancement
is also dependent on the value of 𝑧2 which is the coupling
constant of the interaction between dark energy and other
matters in this universe. This implies that the expansion of
the universe is very much interrelated with the interaction
between dark energy and other components of the universe.
Thus, all themembers of this universemay be taken to expand
due to also the presence of dark energy. Hence, considering a
small-scale structure of the universe, the earth may be taken
to expand due to also the presence of dark energy.

In this universe, we see that when 𝑐2 → 0, it goes to the
asymptotic static era with 𝑟 → ∞ and 𝑠 → ∞. And when𝑐2 = 1, the universe goes toΛ𝐶𝐷𝑀model forwhich 𝑟 = 1 and𝑠 = 0.Thus, the state-finder parameters {𝑟, 𝑠} show the picture
of the evolution of our universe, starting from the asymptotic
static era and then coming to the Λ𝐶𝐷𝑀model era. Here we
see that the interaction𝑄 → 0 as 𝑐2 → 0 which means that
the interaction almost stops at the cosmic timewhen the scale
factor of the universe becomes or takes the value 𝑒1/2.

Again it is seen that the energy density of this model
universe tends to infinity at 𝑐2 = 0 and decreases gradually
as 𝑐2 → 1; thus it seems that our universe started with a
big bang. From the above behaviors of this model, it is also
implied that at the beginning of the evolution of this universe
there was no interaction between dark energy and other
components of the universe, and after that the interaction
between them becomes active and increases with time, and
at present they are highly interacting. But this interaction
also depends much on the values of 𝛼 and 𝑧2 which are,
respectively, equation of state parameter of the dark energy
contained and the coupling constant of interaction.

Case-III represents the logamediate scenario of the uni-
versewhere the cosmological solutions have indefinite expan-
sion [62]. In this case, the dark energy has a quintessence-like
behavior. Here the matter content of the universe is seen to
increase slowly due to the interaction and the cosmic effect.
In this universe, there is an interesting event of time, that
is, the cosmic time, when 𝑡 = 1. At this point, the universe
has the tendency of accelerating expansion, but the expansion
suddenly stops at thismoment and the volume of the universe
takes the value of 1 at this juncture. So it seems that there is a
bounce and a new epoch begins from this juncture. Also we
see that, at 𝑡 = 1, the state-finder parameters {𝑟, 𝑠} take the
values 𝑟 = 1 and 𝑠 = 0. Thus at this instant our universe will
go to that of a Λ𝐶𝐷𝑀model which implies that at this event
of time most of the dark energy contained will reduce to cold
dark matter.

The energy density of thismodel universe tends to infinity
at 𝑡 = 0 which indicates that this universe begins with a big
bang, and it (energy density) decreases gradually until it tends
to a finite quantity at infinite time, of course with a bounce
at 𝑡 = 1. And at 𝑡 = 0, the dark energy density is found to
be exceptionally high which indicates that it helps much in
triggering the big bang. It is also seen that the dark energy is

highly interacting with other components of the universe at𝑡 = 0, with the interaction decreasing slowly with the passing
away of the cosmic time. In this universe, we see that both the
scalar field 𝜙 and the interaction𝑄 tend to vanish as 𝑎0 → 0.
Thus, the scalar field is very much interconnected with the
dark energy content of this universe and plays a vital role in
the production and existence of it. One peculiarity in this
model is that the scalar field does not vanish at 𝑡 → ∞;
thus, the dark energy seems to be prevalent eternally in this
universe due to this scalar field.
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We apply Debbasch proposal to obtain mean metric of coarse graining (statistical ensemble) of quantum perturbed Reissner-
Nordstöm black hole (𝑅𝑁𝐵𝐻). Then we seek its thermodynamic phase transition behavior. Our calculations predict first-order
phase transition which can take Bose-Einstein’s condensation behavior.

1. Introduction

Every observation in any arbitrary system is necessarily finite
which deals with a finite number of measured quantities
with a finite precision. A given system is therefore gener-
ally susceptible of different, equally valid descriptions and
building the bridges between those different descriptions is
the task of statistical physics (see introduction in [1] for
more discussion). Nonlinearity property of Einstein’s metric
equations causes their averaging to be nontrivial. Various
possible ways of averaging the geometry of space time have
already been proposed by [2–8], but none of them seems
fully satisfactory (see section 7 in [1] for full discussion).
Debbasch used an alternative way to averaging Einstein’s
metric equation in [1]. To do so, he chose a general framework
where the mean metric still obeys the equations of general
theory of relativity. In his approach averaging and/or coarse
graining a gravitational field changes the matter content of
space time called “apparent matter” which in cosmologi-
cal context is related to the dark energy (see [9–12]). So
general relativity mean field theory can propose a physical
meaning for unknown cosmological dark energy/matter via
the “apparent matter”. In the Debbasch approach, statisti-
cal ensemble of metric is ensembles of histories and not
ensembles of states. This is different basically with ordinary
statistical mechanics of classical and/or quantum particles.
From the latter point of view, it has been known for a long
time that black holes in asymptotically flat space times do

not admit stable equilibrium states in the canonical ensemble
(see introduction in [13]). But from the former point of
view the Debbasch gives in [1] general proposal to obtain
a mean field theory for the general theory of relativity. In
his model members of the ensembles will be labeled by
the symbol 𝜔 ∈ Ω where Ω is an arbitrary probability
space [14]. To each 𝜔, there are corresponding metric tensor𝑔(𝜔), compatible connections Γ(𝜔), and the Einstein metric
equation (see [1] and section 2 in [10]). All members of
the ensemble correspond to the same macroscopic history
of the space time manifold, in particular to a given same
mean metric 𝑔𝜇](𝑥) = ⟨𝑔𝜇](𝑥, 𝜔)⟩ and corresponding mean
connection Γ𝜇]𝜂 = ⟨Γ𝜇]𝜂(𝑔, 𝜕𝑔, 𝜔)⟩. As application of his model
Debbasch and coworkers considered statistical ensemble of
Schwarzschild black holes as nonvacuum solutions of mean
Einstein metric equation by using Kerr-Schild coordinates𝑅 = 𝑟−𝜔.They calculated nonvanishing temperature ofmean
metric where single Schwarzschild black hole is well known
which has nonvanishing temperature as a vacuum solution
of the Einstein equation. They discussed their results with
special emphasis on their connections with the context of
astrophysical observations [12]. Extreme RNBH with 𝑚 =1 has vanishing temperature (see next section) and regular
Kerr-Schild coordinates 𝑅 = 𝑟 − 𝜔 are not applicable
to obtain mean metric similar to the Schwarzschild one
because the coarse graining space time turns out not to be a
black hole [9]. Hence Chevalier and Debbasch used analytic
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continuation of the Kerr-Schild coordinates as 𝑅 = 𝑟 −𝑖𝜔 to obtain mean metric of extreme classical black hole
in [11]. According to the Debbasch approach we are free
to choose types of coarse graining and/or ensemble space
to obtain mean metric of the space times ensemble under
consideration. We should point that topology of ensemble
space times must be similar to topology of their mean metric
(see [9]) which restrict us to choose an analytic continuation
of Kerr-Schild coordinates for extreme RNBH. In short, with
Debbasch proposal the averaging process does not change
topology between ensemble of the curved space times and
the corresponding mean space time. Precisely, the averaging
process modifies the horizon radius and changes the energy-
momentum tensor of space time but not total energy or mass
of the black holes ensemble. Really the averaging process
just redistributes without any change in the total mass which
means that the total energy of the black holes dose not change
by the coarse graining proposal.

Similar to study of thermodynamic behavior of single
RNBH [15], we seek thermodynamic aspect of mean metric
of nonextreme RNBHs ensemble in this work, by applying
the Debbasch approach to evaluate the mean and/or coarse
graining metric. Organization of the paper is as follows.

In Section 2, we calculate mean metric of ensemble of
RNBHs. In Section 3 we obtain locations of mean metric
horizons. In Section 4 we calculate interior and exterior
horizons entropy, temperature, heat capacity, Gibbs free
energy, and pressure of RNBHs mean metric. In Section 5
we calculate interior and exterior horizons luminosity and
corresponding mass loss equation of quantum perturbed
RN mean metric. Section 6 denotes concluding remark and
discussion.

2. RNBHs Ensemble and Mean Metric

Exterior metric tensor of a single charged, nonrotating,
spherically symmetric body is given by

𝑑𝑠2 = (1 − 2𝑀𝑟 + 𝑒2𝑟2)𝑑𝑡2 − 𝑑𝑟2(1 − 2𝑀/𝑟 + 𝑒2/𝑟2)
− 𝑟2 (𝑑𝜃2 + sin2 𝜃𝑑𝜑2) .

(1)

This is metric solution of Einstein-Maxwell equation and is
called RNBH in which 𝑀 and 𝑒 are corresponding ADM
mass and electric charge defined in units where 𝑐 = 𝐺 = 1.
Equating 𝑔𝜇]𝜕𝜇𝑟𝜕]𝑟 = 0 for arbitrary spherically symmetric
hypersurface 𝑟 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, one can obtain apparent (exterior)
horizon radius as 𝑟+ = 𝑀 + √𝑀2 − 𝑒2 and Cauchy (interior)
horizon radius as 𝑟− = 𝑀 − √𝑀2 − 𝑒2 which appear only for0 ≤ (𝑒/𝑀)2 ≤ 1. One can obtain mass independent relation
between 𝑟+ and 𝑟− as 𝑟− = 𝑒2/𝑟+.With particular choice 𝑒 =𝑀 (called extreme and/or Lukewarm RNBH) these horizons
coincide as 𝑟− = 𝑟+ = 𝑀. Clearly the RNBH metric solution
(1) leads to Schwarzschild one by setting 𝑒 = 0 for which we
will have 𝑟+ = 2𝑀 and 𝑟− = 0. Temperature of a single RNBH
can be obtained for interior and exterior horizons as 𝑇± =(1/8𝜋𝑟±)(𝜕𝑟±/𝜕𝑀)−1𝑒 = ±√𝑀2 − 𝑒2/8𝜋(𝑀 ± √𝑀2 − 𝑒2)2 [1]

which reduce to a zero value for extreme (Lukewarm) RNBH
because of𝑀 = 𝑒.They show positive (negative) temperature
for exterior (interior) horizons. Negative temperatures of
systems have physical meaning and happen under particu-
lar conditions. More authors studied conditions where the
physical systems are taken to have negative temperatures.
See [16] for temperatures of interior and exterior horizons
of Kerr-Newman black hole. One can see [17–19] for nega-
tive temperature of nongravitational systems. In the nature,
materials are obtained which have interesting properties like
negative refraction index and reversibility of the Doppler’s
effect, and so the phase and group velocity (velocity of
energy propagation) have opposite singes. In these systems
temperature will have negative values (see [17] and references
therein). Such systems are called dual system (left-handed)
of direct counterpart (right-handed conventional materials).
Absolute temperature is usually bounded to be positive but its
violation is shown in [18] by Braun et al. They showed, under
special conditions, however negative temperatures where
high energy states are more occupied than low energy states.
Such states have been demonstrated in localized systems
with finite, discrete spectra. They used the Bose-Hubbard
Hamiltonian and obtained attractively interacting ensemble
of ultra-cold bosons at negative temperature which are stable
against collapse for arbitrary atom number. Furman et al.
studied in [19] behavior of quantum discord of dipole-dipole
interacting spins in an external magnetic field in the whole
temperature range −∞ < 𝑇 < ∞. They obtained that
negative temperatures, which are introduced to describe
inversions in the population in a finite level system, provide
more favorable conditions for emergence of quantum corre-
lations including entanglement. At negative temperature the
correlations becomemore intense and discord exists between
remove spins being in separated states. According to the
documentation and looking to diagrams of the present work,
one can be convinced that a quantum perturbedmeanmetric
of coarse graining RNBHs will be exhibited finally with a
first-order phase transition and Bose-Einstein condensation
state microscopically. According to the Debbasch approach
[1] ensemble of the nonextremeRNBHs is collection of coarse
graining RNBHs indexed by a 3-dimensional real parameter→𝜔 ∈ →Ω where →Ω is the three balls of radius →𝑎 as follows:→Ω = {→𝜔 ∈ R

3; 𝜔2 ≤ 𝑎2} . (2)

The metric solution (1) is convenient to be rewritten with
Kerr-Schild coordinates (𝜏, 𝑟, 𝜃, 𝜑) by transforming

𝑑𝑡 = 𝑑𝜏 + ℎ (𝑟) 𝑑𝑟1 − ℎ (𝑟) (3)

as follows (see [10–12]):

𝑑𝑠2 = 𝑑𝜏2 − 𝑑→𝑟 ⋅ 𝑑→𝑟 − ℎ (𝑟) (𝑑𝜏 − →𝑟 ⋅ 𝑑→𝑟𝑟 )2 (4)

where

ℎ (𝑟) = 2𝑀𝑟 − 𝑒2𝑟2 (5)
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and 𝑟 = |→𝑟 | is the Euclidean norm of the vector →𝑟 .
It should be pointed that all metric solutions of Einstein’s
field equation will have simple form by using Kerr-Schild
coordinates. They are decomposed into the well-known flat
Minkowski background metric 𝜂𝜇] and null vector fields𝐾𝜇 as 𝑔𝜇] = 𝜂𝜇] − 2ℎ(𝑥𝜇)𝐾𝜇𝐾] where 𝐾𝜇𝐾𝜇 = 0 =𝑔𝜇]𝐾𝜇𝐾] = 𝜂𝜇]𝐾𝜇𝐾] and ℎ(𝑥𝜇) is a scalar function (see [20]
and references therein). Now, we must choose a probability
measure. Hence we follow the assumption presented in [11]
and choose uniform probability measure 𝑑p𝜔 in which p is
probability density of this measure with respect to Lebesgue
measure 𝑑3𝜔 as p(𝜔) = 1/𝑉𝑎 with 𝑉𝑎 = (4/3)𝜋𝑎3. Applying
the Kerr-Schild radial coordinate (in case of extreme RNBH
where𝑀 = 𝑒 we must use analytic continuation of the Kerr-
Schild coordinates as 𝑅 = 𝑟 − 𝑖𝜔 (see discussion given in
the introduction)) →𝑅(→𝑟 , →𝜔) = →𝑟 − →𝜔 , we extend single
RNBH metric (4) to obtain metric of coarse graining and/or
statistical ensemble of RNBHs as follows:

𝑑𝑠2 = 𝑑𝜏2 − 𝑑→𝑟 ⋅ 𝑑→𝑟 − ℎ (𝑅)(𝑑𝜏 − →𝑅.𝑑→𝑟𝑅 )2 (6)

where ℎ(𝑅) = 2𝑀/𝑅 − 𝑒2/𝑅2 and 𝑅 = √→𝑅 ⋅ →𝑅. Using
perturbation series expansion method and averaging the
metric (6) against →𝜔 we obtain mean metric of (6) such that
(see [21] for details of calculations)

⟨𝑑𝑠2⟩
𝜔
= 𝑏1 (𝑟) 𝑑𝜏2 + 𝑏2 (𝑟) 𝑑→𝑟 ⋅ 𝑑→𝑟 + 𝑏3 (𝑟) 𝑑𝑟2
+ 𝑏4 (𝑟) 𝑑𝑟𝑑𝜏 (7)

where |𝑒| < 𝑀, 𝑑→𝑟 ⋅ 𝑑→𝑟 = 𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2𝜃𝑑𝜑2),
𝑏1 (𝑟) = 1 − 2𝑀𝑟 + 𝑒2𝑟2 (1 + 𝑎25𝑟2) , (8)

𝑏2 (𝑟) = −1 − 2𝑎2𝑀5𝑟3 + 𝑎2𝑒25𝑟4 , (9)

𝑏3 (𝑟) = −2𝑀𝑟 (1 − 3𝑎25𝑟2 ) + 𝑒
2

𝑟2 (1 − 2𝑎
2

5𝑟2 ) , (10)

and

𝑏4 (𝑟) = 4𝑀𝑟 (1 − 𝑎25𝑟2) − 2𝑒
2

𝑟2 . (11)

It is simple to show that the mean metric (7) reduces to a
single RNBH metric (4) by setting 𝑎 = 0. We can rewrite
the mean metric (7) in the static frame by defining the
Schwarzschild coordinates. To do so, we first choose a suitable
local frame with coordinates (𝑡, 𝜌, 𝜃, 𝜑) as

𝜌 (𝑟) = 𝑟√−𝑏2 (𝑟) (12)

and

𝑑𝜏 = 𝑑𝑡 − 𝛼 (𝜌) 𝑑𝜌 (13)

where

𝛼 (𝜌) = 𝑏4 (𝑟)2𝑏1 (𝑟) (𝜕𝜌𝜕𝑟)
−1 . (14)

In the latter case the mean metric (7) reads

⟨𝑑𝑠2⟩ = 𝐹 (𝜌) 𝑑𝜏2 − 𝑓 (𝜌) 𝑑𝜌2
− 𝜌2 (𝑑𝜃2 + sin2 𝜃𝑑𝜑2) (15)

where we defined

𝐹 (𝜌) = 1 − 2𝑀𝑟 (𝜌) + 𝑒2𝑟2 (𝜌) (1 + 𝑎25𝑟2 (𝜌)) (16)

and

𝑓 (𝜌) = 1𝐹 (𝜌) (1 − 𝑒2𝑎25𝑟4 (𝜌)) . (17)

We now seek location of mean metric horizons.

3. Horizons Location for Mean Metric

One can obtain event horizon location of themeanmetric (15)
by solving 𝐹(𝜌𝐸𝐻) = 0 and location of apparent (interior and
exterior) horizons by solving null condition 𝑔𝜇]𝜕𝜇𝜌𝜕]𝜌 = 0
which leads to the equation 𝐹(𝜌𝐴𝐻) = 0 such that

1 − 2𝑀𝑟𝐻 + 𝑒2𝑟2𝐻 + 𝑒
2𝑎25𝑟4𝐻 = 0. (18)

The above equation has not exactly analytic solution for 𝑎 ̸= 0
but for small 𝑎 we can use perturbation series expansion to
evaluate the event horizon location. To do so we first define𝜖 = 𝑎/𝑟𝐻 for which the horizon equation (18) can be written
as 𝑟2𝐻 − 2𝑀𝑟𝐻 + 𝑒2(1 + 𝜖2) = 0. The latter equation has
a real solution as 𝑟𝐻 = 𝑀{1 + √1 − (𝑒2/𝑀2)(1 + 𝜖2/5)}
for (𝑒2/𝑀2)(1 + 𝜖2/5) < 1. We know that for a single RN
black hole 𝑒/𝑀 < 1 and so the condition (𝑒2/𝑀2)(1 +𝜖2/5) < 1 reads 𝜖 < 1(𝑎 < 𝑟𝐻) for which horizon of the
ensemble of statistical RN black holes is not destructed by
raising 0 < 𝜖 < 1 if we want to apply perturbation series
expansion method to obtain asymptotically behavior of the
event horizon solution versus the parameters (𝑎, 𝑒,𝑀).Thus
we must obtain perturbation series expansion form of the
event horizon but for 𝑎 < 𝑟𝐻 as follows. Inserting

𝑟±𝐻 = 𝑟±0 + 𝑎𝑟±1 + 𝑎2𝑟±2 + 𝑂 (𝑎3) (19)

and solving (18) as order by order, we obtain

𝑟±0 = 𝑀 ± √𝑀2 − 𝑒2,
𝑟±1 = 0,
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𝑟±2 = ∓𝑒2
10√𝑀2 − 𝑒2 (𝑀 ± √𝑀2 − 𝑒2)2

(20)

where 𝑟+𝐻 and 𝑟−𝐻 denote apparent exterior and Cauchy (inte-
rior) horizon radiuses of the mean metric (7), respectively.
Inserting (9) and (19), one can obtain perturbation series
expansion of (12) which up to terms in order of 𝑂(𝑎3)
becomes

𝜌𝐻 = 𝜌±0 + 𝑎2𝜌±2 (21)
where we defined 𝜌±0 = 𝑟±0 ,

𝜌±2 = 𝑟±2 + 2𝑀𝑟±0 − 𝑒210𝑟±0 3 . (22)

Area equation of apparent horizon hypersurface of the
spherically symmetric static mean metric (15) is defined by𝐴 = 4𝜋𝜌2𝐻 which up to terms in order of 𝑂(𝑎3) reads

𝐴± = 𝐴±0 + 𝑎2𝐴±2 (23)
where we defined𝐴±0 = 4𝜋 (𝑟±0 )2 ,

𝐴±2 = 8𝜋[𝑟±0 𝑟±2 + 110𝑟±0 (2𝑀 − 𝑒2𝑟±0 )] .
(24)

According to Bekenstein-Hawking entropy theorem we have
the result that 𝐴+(𝐴−) given by (23) will be entropy function
of exterior (interior) horizon of the mean metric (15). Black
holes containing multiple horizons have several correspond-
ing temperatures. Such a black hole will be in-equilibrium
thermally throughout the space time where the temperature
has a gradient between the horizons. Thermal equilibrium is
possible only if horizon radiuses and so the corresponding
temperatures become equal (see, for instance, [22, 23]). The
latter situations happen for an extreme RNBH where𝑀 = 𝑒
and so 𝑟+𝐻 = 𝑟−𝐻. We now calculate thermodynamic charac-
teristics of interior and exterior horizons of the nonextreme
mean metric of RNBHs statistical ensemble.

4. Mean Metric Thermodynamics

In the next section we will consider massless, chargeless
quantum scalar field effects on luminosity of the quantum
perturbed coarse graining RNBHs where its electric charge
becomes invariant quantity. Hence it is useful to define
dimensionless black hole mass𝑚 = 𝑀/𝑒 and ensemble factor𝛿 = 𝑎/𝑒 in what follows. In the latter case exterior horizon
entropy of mean metric (15) can be obtained up to terms in
order of 𝑂(𝛿3) as follows:
𝑆+ (𝑚, 𝛿) = (𝑚 + √𝑚2 − 1)2

+ 𝛿25 [[
2 (𝑚2 − 1)3/2 + 𝑚(2𝑚2 − 3)
√𝑚2 − 1 (𝑚 + √𝑚2 − 1)2 ]]

(25)

and its interior horizon entropy becomes

𝑆− (𝑚, 𝛿) = (𝑚 − √𝑚2 − 1)2

+ 𝛿25 [[
2 (𝑚2 − 1)3/2 − 𝑚(2𝑚2 − 3)
√𝑚2 − 1 (𝑚 − √𝑚2 − 1)2 ]]

(26)

where 0 < 𝛿 < 1 and
𝑆± = 𝐴±4𝜋𝑒2 > 0. (27)

Diagrams of entropies (25) and (26) are plotted versus 𝑚 in
Figure 4. They show that 𝑆± > 0 for a single RNBH (𝛿 = 0)
in limits 𝑚 → 1 but for an ensemble of RNBHs for which
we use 𝛿 = 0.9, they reach infinity 𝑆± → ∓∞. In fact for
physical systems the entropy itself must be positive function
but its variations may reach some negative values. Hence
we define difference between interior horizon entropy and
exterior horizon entropy as

Δ𝑆 = 𝑆+ − 𝑆− = 4𝑚√𝑚2 − 1
+ 2𝛿25 [𝑚 (2𝑚2 − 1) (2𝑚2 − 3)√𝑚2 − 1
− 4𝑚 (𝑚2 − 1)3/2]

(28)

and total entropy such as follows:

𝑆𝑡𝑜𝑡 = 𝑆+ + 𝑆− = 4𝑚2 − 2 + 4𝛿25 (4𝑚4 − 6𝑚2 + 1) . (29)

Diagrams of Δ𝑆 and 𝑆𝑡𝑜𝑡 are plotted in Figure 3. Fortunately
these diagrams show that, for a single RNBH where 𝛿 =0, we will have Δ𝑆 > 0 by decreasing 𝑚 → 1 and𝑆𝑡𝑜𝑡 > 0 but for ensemble of RNBHs with 𝛿 = 0.9 we
have Δ𝑆 < 0 while 𝑆𝑡𝑜𝑡 > 0. Hence Δ𝑆 and 𝑆𝑡𝑜𝑡 should be
considered as physical entropies of coarse graining RNBHs.
Decrease of entropy causes some negative temperatures (see
Figure 2) in thermodynamic systems containing bounded
energy levels. In the latter case there is a critical temperature
for which the system exhibits a phase transition reaching
Bose-Einstein condensation state microscopically. In ther-
modynamics, increase of entropy Δ𝑆 > 0 means an increase
of disorder or randomness in natural systems. It measures
heat transfer of the system for which heat flows naturally
from a warmer to a cooler substance. Decrease of entropyΔ𝑆 < 0 means an increase of orderliness or organization
of microstates of a system. To do so the substance of a
system must loose heat in the transfer process. Individual
systems can experience negative entropy, but overall, natural
processes in the universe trend toward positive entropy.
Negative entropy was first introduced for living things by
Ervin Schrödinger in 1944 as the reverse concept of entropy,
to describe the order that can emerge from chaos [24]. The
heat generated by computations in the information theory
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is other applications for negative entropy concept (see [25–
28] for more discussions). However we consider Δ𝑆 and𝑆𝑡𝑜𝑡 to be physical entropies of RNBHs statistical ensemble
containing two horizons which is in accord with positivity
condition of the Bekenstein-Hawking entropy theorem. Our
coarse graining RNBHs can be considered as a two-level
thermodynamical system with upper bound finite energy𝑀
because it has two dual (interior and exterior) horizons. We
now calculate exterior (interior) horizon temperature 𝑇+(𝑇−)
of the RNBHs mean metric (15) as follows:

𝑇∗± = (4𝜋𝑒) 𝑇± = 1(𝜕𝑆±/𝜕𝑚)𝛿 = ±
12 √𝑚2 − 1
(𝑚 ± √𝑚2 − 1)2

+ 𝛿260 [[
4𝑚 − 2𝑚3 − 2𝑚5 ∓ √𝑚2 − 1 (2𝑚4 + 3𝑚2 − 3)

(𝑚2 − 1)5/6 (𝑚 ± √𝑚2 − 1)6 ]]

(30)

Their diagrams are plotted against𝑚 in Figure 2 for 𝛿 = 0; 0.9.
For 𝑚 ≫ 1 we see that 𝑇∗− (𝑇∗+ ) has some negative (positive)

values and their sign is changed when 𝑚 → 1. We also
plotted diagram for 𝑇∗± versus Δ𝑇∗ = 𝑇∗+ − 𝑇∗− in Figure 2.
They show that 𝑇∗− < 0 for Δ𝑇∗ > 0 reaching zero value
at Δ𝑇∗ = 0 for 𝛿 = 0, 0.9. While 𝑇∗+ > 0(𝑇∗+ < 0),Δ𝑇∗ → 0+ for 𝛿 = 0(0.9) after that to obtain a finite
positive maximum value. This maximum has smaller value
for 𝛿 = 0.9 with respect to situations where we choose𝛿 = 0. In ordinary statistical physics, negative temperatures
are taken into account when the system has upper bound
(maximum finite) energy for which entropy is continuously
increasing but the energy and temperature decrease and vice
versa. In the latter case the system reaches Bose-Einstein
condensation state microscopically. Energy upper bound of
our system is its total mass 𝑀 for which we have 𝑚 > 1.
Regarding quantum matter effects on mean metric we will
show in Section 5 that mass of mean metric decreases finally
as𝑚𝑓𝑖𝑛𝑎𝑙 = 1 (see Figure 1). Bose-Einstein condensation state
needs a phase transition which happens when sign of heat
capacity is changed. Hence we now calculate interior and
exterior horizon of mean metric heat capacity 𝐶∗± which up
to terms in order of 𝑂(𝛿3), at constant electric charge 𝑒 and
ensemble radius 𝑎, become

𝐶±∗ = 𝐶±𝛿4𝜋𝑒2 = (𝑇± 𝜕𝑆±𝜕𝑇±)𝛿 = (
𝜕𝑇∗±𝜕𝑚 )−1

𝛿

= −2√𝑚2 − 1 (𝑚 ± √𝑚2 − 1)22√𝑚2 − 1 ∓ 𝑚 + 2𝛿245 [[
2𝑚√𝑚2 − 1 (4𝑚4 + 12𝑚2 − 15) ± 8𝑚6 ± 20𝑚4 ∓ 49𝑚2 ± 21

(𝑚2 − 2 ± 𝑚√𝑚2 − 1)2 (𝑚2 − 1)5/6 ]] .
(31)

Their diagrams are plotted against 𝑚 in Figure 5. They show
that sign of 𝐶∗+ is changed at 𝑚𝑐 = 1.15(1.2) for 𝛿 = 0(0.9)
but sign of 𝐶∗− is changed at 𝑚 = 1 for 𝛿 = 0, 0.9. We plot
also diagrams of 𝐶∗± versus Δ𝑇∗ in Figure 5. They show a
changing of sign for 𝐶∗+ when Δ𝑇∗ → 0 and 𝛿 = 0, 0.9
but not for 𝐶∗−. In case 𝛿 = 0.9 we see 𝐶∗− < 0 for Δ𝑇∗ >0 but its absolute value exhibits a minimum value. WhenΔ𝑇∗ → 0 we see 𝐶∗− which decreases monotonically to
negative infinite value for 𝛿 = 0. Changing of sign of exterior
horizon heat capacity means that a phase transition happens
when the quantum perturbed RNBHs ensemble reaches its
stable state with minimum mass 𝑚𝑓𝑖𝑛𝑎𝑙 = 1. To determine
order kind of this phase transition we should study behavior
of the corresponding Gibbs free energy as follows.

Exterior and interior horizon Gibbs free energies are
defined by

𝐺± = 𝑀 − 𝑇±𝐴± − Φ± (32)

where entropy 𝐴± is given by (24) and electric potential Φ±
is defined by

Φ± = −𝑇± (𝜕𝐴±𝜕𝑒 )𝑎,𝑀 . (33)

Inserting𝑀 = 𝑒𝑚,𝐴± = 4𝜋𝑒2𝑆±, and (30), the above Gibbs
energy equation reads

𝐺∗± = 𝐺±𝑒 = 𝑚 − 𝑇∗±𝑆± − 8𝜋𝑆± − 4𝜋𝑒𝜕𝑆±𝜕𝑒 (34)

in which we have

𝑒𝜕𝑆±𝜕𝑒 = ∓2𝑚 (𝑚 ± √𝑚2 − 1)2√𝑚2 − 1
− 𝛿2
15 (𝑚2 − 1)11/6 (𝑚 ± √𝑚2 − 1)2 × [28𝑚7

− 75𝑚5 + 74𝑚3 − 27𝑚
± √𝑚2 − 1 (26𝑚6 − 61𝑚4 + 47𝑚2 − 12)] .

(35)

We plot diagrams of the above equations against 𝑚 in
Figure 6. They show that 𝐺∗− has minimum zero value at𝑚 = 1 but 𝐺∗+ raises to +∞ by decreasing 𝑚 → 1 for𝛿 = 0.9. In case 𝛿 = 0, we see 𝐺∗± → ±∞ when 𝑚 → 1.
Furthermore we plot diagrams of 𝐺∗± versus Δ𝑇∗ in Figure 6.
We see 𝐺∗− → −∞ when Δ𝑇∗ → 0 for 𝛿 = 0 but 𝐺∗− → 0+
for 𝛿 = 0. 𝐺∗+ decreases to a positive minimum value by
decreasingΔ𝑇∗ → 0 and then reaches positive infinite value.
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Figure 1: Diagram of mass loss𝑚(V), interior (exterior) horizon entropy 𝑆−(𝑆+), and difference of temperatures between interior and exterior
horizons Δ𝑇∗(𝑚) is plotted against for single RNBH 𝛿 = 0 and mean metric of coarse graining RNBHs 𝛿 = 0.9.

The latter behavior shows changing the sign of first derivative
of 𝐺∗+ when decreases 𝑚 and/or Δ𝑇∗ which means that the
phase transition is first order.

One of other suitable quantities which should be calcu-
lated is pressure of black hole microparticles which coincide
with the interior horizon as follows. If a quantum particle
is collapsed inside of the interior (exterior) horizon then its
de Broglie wave length must be at least 𝜆− ≈ 2𝜌−(𝜆+ ≈

2𝜌+).We use de Broglie quantization condition on quantum
particles as 𝑝± = ℎ/𝜆± where ℎ is Planck constant and 𝑝±
is momentum of in-falling quantum particles inside of the
horizons. In Plank units where 𝑐 = ℎ = 𝐺 = 1 we can write

Δ𝑝 = 𝑝− − 𝑝+ = 12 ( 1𝜌− − 1𝜌+) (36)
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Figure 2: Diagram of 𝑇∗± is plotted against𝑚 and Δ𝑇∗ for 𝛿 = 0 and 𝛿 = 0.9.

in whichΔ𝑝 is difference of momentum of quantum particles
which move from exterior horizon 𝜌+ to interior 𝜌− horizon.
For 𝑐 = 1 they move for durations Δ𝑡 = 𝜌+ − 𝜌−.We now use
the latter assumptions to rewrite Newton’s second law as

𝐹 = Δ𝑝Δ𝑡 = 12𝜌+𝜌− . (37)

𝐹 is dimensionless force which affects interior horizon sur-
face. When the system becomes stable mechanically, then 𝐹

must be balanced by the electric force of the systemdefined by𝐹𝐸 = 𝑒((Φ−−Φ+)/(𝜌+−𝜌−)). Spherically symmetric condition
of the system causes choosing some radial motions for
quantum particles located inside of the statistical ensemble of
RNBHs. However one can define pressure of moving charged
quantum particle on the interior horizon as

𝑃− = 𝐹4𝜋𝜌2− = 18𝜋𝜌+𝜌3− (38)
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Figure 3: Diagram of Δ𝑆 and 𝑆𝑡𝑜𝑡 is plotted against𝑚 and Δ𝑇∗ for 𝛿 = 0 and 𝛿 = 0.9.
which by inserting (22) and using some simple calculations
reads

𝑃∗− (𝑚) = 8𝜋𝑒4𝑃− = (𝑚 − √𝑚2 − 1)−2{{{1 +
𝛿25

× [[
24𝑚5 − 26𝑚3 + 2𝑚2 − 6𝑚 − 2

(𝑚 − √𝑚2 − 1)3

− (24𝑚6 − 38𝑚4 + 2𝑚3 + 16𝑚2 − 3𝑚 − 2)√𝑚2 − 1 (𝑚 − √𝑚2 − 1)3 ]]
}}} .

(39)

We plot diagram of the above pressure in Figure 8. They
show that 𝑃∗− > 0(< 0) in case 𝛿 = 0(0.9) for all values
of Δ𝑇∗ > 0. Diagrams show that 𝑃∗− is vanishing whenΔ𝑇∗ → 0. Also we plot diagram for 𝑃∗− versus 𝑚. It shows
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Figure 4: Diagram of 𝑆± is plotted against𝑚 and Δ𝑇∗ for 𝛿 = 0 and 𝛿 = 0.9.
𝑃∗− → 0+ for 𝛿 = 0. In case where 𝛿 = 0.9 one can
see 𝑃∗− < 0 when 𝑚 → 1 for 𝑚 > 1 but 𝑃∗− → +∞.
The latter results predict dark matter behavior of the interior
horizon matter counterpart where for positive mass 𝑚 > 1
there is some “negative” pressure. How can mass of mean
metric RNBHs decrease? Dynamically this is possible if we
consider corrections of quantummatter field interacting with
the mean metric of RNBHs as follows. This makes the mean
metric of RNBHs unstable quantummechanically. In the next
section we assume interaction of the mean metric of RNBHs

statistical ensemble with massless, chargeless quantum scalar
field for which 𝑒 will be invariant of the system and so there
is not any electromagnetic radiation. In other words there
will be only mass interaction between quantum scalar field
and ensemble of the RNBHs.They reduce usually to the well-
knownHawking thermal radiation of the quantumperturbed
mean metric which is causing mass loss of the mean RNBHs.
For such a quantum mechanically unstable mean metric we
now calculate its luminosity, mass loss process, and switching
off effect.
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5. Mean Quantum RNBH Mass Loss

We applied massless, chargeless quantum scalar field Hawk-
ing thermal radiation effects on single quantum unstable
RNBH and calculated time dependence mass loss function
in [15]. We obtained that the evaporating quantum perturbed
RNBH exhibits switching off effect before its mass disappears
completely. It should be pointed that electric charge of the
black hole is invariant of the system because there is no

electromagnetic interaction between its electric charge and
chargeless quantum matter scalar field. Thus mass of the
RNBH decreases to reach nonvanishing remnant stable mini
Lukewarm black hole with 𝑚𝑓𝑖𝑛𝑎𝑙 = 1. In other words its
luminosity is eliminatedwhile itsmass is not eliminated com-
pletely (see figures 9, 10, and 11 given in [15]). Here we study
mass loss and switching off effect of quantumperturbedmean
metric (15).This is a dynamical approach to describe that how
mean metric of RNBHs statistical ensemble exhibits a phase
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transition leading to a possible Bose-Einstein condensation
state microscopically. Line element of the evaporating mean
metric (15) can be written near the exterior horizon as Vaida
form (see, for instance, [29]):

𝑑𝑠2 ≃ (1 − 𝑟+ (V)𝑟 ) 𝑑V2 − 2𝑑V𝑑𝑟
− 𝑟2 (𝑑𝜃2 + sin2 𝜃𝑑𝜑2) (40)

with the associated stress energy tensor

⟨�̂�𝑞𝑢𝑎𝑛𝑡𝜇] ⟩
𝑟𝑒𝑛
= 14𝜋𝑟2 𝑑𝑟+ (V)𝑑V 𝛿𝜇V𝛿]V (41)

where (V, 𝑟) is advance Eddington-Finkelstein coordinates
system. Subscript 𝑟𝑒𝑛 denotes the word 𝑅𝑒𝑛𝑜𝑟𝑚𝑎𝑙𝑖𝑧𝑎𝑡𝑖𝑜𝑛,
and ⟨⟩ denotes expectation value of quantum matter scalar
field stress tensor operator evaluated in its vacuum state. The
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Figure 7: Diagram of exterior and interior horizons luminosity 𝐿∗± is plotted against𝑚 and Δ𝑇∗ for 𝛿 = 0 and 0.9.

black hole luminosity is defined by the following equation
from point of view of distant observer located in 𝑟.

𝐿 (𝑟, V) = 4𝜋𝑟2 ⟨�̂�𝑟V⟩𝑞𝑢𝑎𝑛𝑡𝑟𝑒𝑛 . (42)

Applying (40) and (41), (42) becomes

𝐿 = −12 𝑑𝑟+ (V)𝑑V (43)
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Figure 8: Diagram of interior horizon pressure 𝑃∗− is plotted against𝑚 and Δ𝑇∗ for 𝛿 = 0 and 𝛿 = 0.9.

where negative sign describes inward flux of negative energy
across the horizon. This causes the mean metric horizon
of RNBHs statistical ensemble to shrink. In the latter case
quantum particles of matter content of the black hole are in
high energy state and so one can assume that the quantum
black hole behaves as a black body radiation of which
luminosity is defined by well-known Stefan-Boltzman law as
follows:

𝐿 = 𝜎𝑆𝐵𝐴𝑇4 (44)
where 𝐴 is surface area of the black body and 𝑇 is its
temperature. 𝜎𝑆𝐵 = 5.67 × 10−8(𝐽/(𝑚2 × ∘𝐾4 × 𝑆𝑒𝑐)) is Stefan-
Boltzman coupling constant of which dimensions become as(𝑙𝑒𝑛𝑔𝑡ℎ)2 in units 𝐺 = 𝑐 = 1. If (44) satisfies (43), then we
can obtain mass loss equation of the mean metric of RNBHs
statistical ensemble such that𝑑𝑟+ (V)𝑑V = −2𝜎𝑆𝐵𝜉𝐴+ (V) 𝑇4+ (V) (45)

where the normalization constant 𝜉 depends linearity on the
number of massless, chargeless quantum matter fields and
will control the rate of evaporation. Inserting (27) one can
show that the luminosity (44) for RNBHs mean metric (15)
becomes

𝐿∗+ (𝑚) = (4𝜋)3 𝑒2𝜎𝑆𝐵 𝐿 = 𝑆+ (𝑚) 𝑇∗4+ (𝑚) (46)

where 𝑆+(𝑚) and 𝑇∗+ (𝑚) should be inserted from (25) and
(30), respectively. Applying (19), (20), (21), (22), (27), and
some simple calculations, we can show that the mean mass
loss equation (45) for RNBHs mean metric (15) reads

ΔV∗ = V∗ (𝑚) − V∗∞ = −12 ∫
1

𝑚
(𝑑𝑟+𝑑𝜌+) 𝑑𝑚𝑆3/2+ 𝑇∗+ 5 (47)
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where we used (19), (20), (21), (22), (27), 𝛿 = 𝑎/𝑒, 𝑚 = 𝑀/𝑒,
and 𝜌+ = 𝑒√𝑆+ to calculate 𝑑𝑟+/𝑑𝜌+ which up to terms in
order of 𝑂(𝛿3) become

𝑑𝑟+𝑑𝜌+
= 1
+ 𝛿25 ( 2

(𝑚 + √𝑚2 − 1)3 −
3

(𝑚 + √𝑚2 − 1)4) .
(48)

V∗∞ = V∗(1) given in (47) is integral constant for which evap-
orating mean mass of RNBHs statistical ensemble reaches
its final value as 𝑚𝑓𝑖𝑛𝑎𝑙 = 1. Also we defined dimensionless
advance Eddington-Finkelstein time coordinate V∗ as follows:

V∗

V
= 2𝜉𝜎𝑆𝐵(4𝜋𝑒)3 . (49)

When exterior horizon of quantum evaporating RNBHs
mean metric reduces to scale of its interior horizon as𝑟+(V) → 𝑟− then one can use similar equations for
luminosity and mass loss equations (46) and (47) for interior
horizon as follows:

𝐿∗− (𝑚) = (4𝜋)3 𝑒2𝜎𝑆𝐵 𝐿 = 𝑆− (𝑚) 𝑇∗4− (𝑚) (50)

ΔV∗ = V∗ (𝑚) − V∗∞

= −12 ∫
1

𝑚
(𝑑𝑟−𝑑𝜌−)(𝑑𝑆−𝑑𝑚) 𝑑𝑚𝑆3/2− 𝑇∗− 4

(51)

where

𝑑𝑟−𝑑𝜌−
= 1
+ 𝛿25 ( 2

(𝑚 − √𝑚2 − 1)3 −
3

(𝑚 − √𝑚2 − 1)4) .
(52)

Diagrams of the luminosities (46) and (50) and the evapo-
rating mean RNBHs mass loss equations (47) and (51) are
plotted versus mass parameter𝑚 in Figure 7. They show that
evaporating quantum unstable mean mass of RNBHs final
state reaches remnant stable cold mini Lukewarm RNBH
with final mass 𝑚𝑓𝑖𝑛𝑎𝑙 = 1 where its causal singularity
is still covered by its shrunken horizon and its luminosity
reaches zero value. We see that invariant conditions on
the black hole electric charge 𝑒 causes the Penrose cosmic
censorship hypothesis to be valid while the black hole metric
is evaporated where the casual singularity of mean metric
(15) defined by 𝜌 = 0 is still covered by their smallest scale
horizons hypersurface with no naked singularity.

6. Summary and Discussion

According to the Debbasch approach we calculated mean
metric of RNBHs statistical ensemble to obtain locations of
interior and exterior horizons. We calculated corresponding
entropy, temperature, heat capacity, Gibbs free energy, and
pressure. At last section of the paper we considered interac-
tion of massless, chargeless quantum scalar matter field on
quantum perturbed mean metric of coarse graining RNBHs.
Our mathematical calculations predict evaporation of the
mean metric which reduces to a remnant stable mini black
hole metric with nonvanishing mass. Before the evaporation
reaches its final state, the mean metric exhibits a first-
order phase transition and Bose-Einstein condensation state
happens microscopically. Our results approve outputs of the
published work [15] qualitatively in which the author studied
thermodynamic behavior of a single RN black hole.
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A new mechanism for generating particle number asymmetry (PNA) has been developed. This mechanism is realized with a
Lagrangian including a complex scalar field and a neutral scalar field. The complex scalar carries U(1) charge which is associated
with the PNA. It is written in terms of the condensation and Green’s function, which is obtained with two-particle irreducible (2PI)
closed time path (CTP) effective action (EA). In the spatially flat universe with a time-dependent scale factor, the time evolution
of the PNA is computed. We start with an initial condition where only the condensation of the neutral scalar is nonzero.The initial
condition for the fields is specified by a density operator parameterized by the temperature of the universe. With the above initial
conditions, the PNA vanishes at the initial time and later it is generated through the interaction between the complex scalar and
the condensation of the neutral scalar. We investigate the case that both the interaction and the expansion rate of the universe are
small and include their effects up to the first order of the perturbation.The expanding universe causes the effects of the dilution of
the PNA, freezing interaction, and the redshift of the particle energy. As for the time dependence of the PNA, we found that PNA
oscillates at the early time and it begins to dump at the later time. The period and the amplitude of the oscillation depend on the
mass spectrum of the model, the temperature, and the expansion rate of the universe.

1. Introduction

The origin of BAU has long been a question of great interest
in explaining why there is more baryon than antibaryon
in nature. Big bang nucleosynthesis (BBN) [1] and cosmic
microwave background [2] measurements give the BAU as𝜂 ≡ 𝑛�퐵/𝑠 ≃ 10−10, where 𝑛�퐵 is the baryon number density
and 𝑠 is the entropy density. In order to address this issue,
many different models and mechanisms have been proposed
[3–7]. The mechanisms discussed in the literature satisfy the
three Sakharov conditions [3], namely, (i) baryon number (𝐵)
violation, (ii) charge (𝐶) and charge-parity (𝐶𝑃) violations,
and (iii) a departure from the thermal equilibrium. For
reviews of different types of models and mechanisms, see, for
example, [8–10]. Recently, the variety of the method for the
calculation of BAU has been also developed [11–13].

In the present paper, we further extend themodel of scalar
fields [14] so that it generates the PNA through interactions.
In many of the previous works, the mechanism generating
BAU relies on the heavy particle decays. Another mechanism
uses U(1) phase of the complex scalar field [6]. In this work,
we develop a new mechanism to generate PNA. The new
feature of our approach is briefly explained below.

The model which we have proposed [15] consists of a
complex scalar field and a neutral scalar field. The PNA is
related to the U(1) current of the complex field. In our model,
the neutral scalar field has a time-dependent expectation
value which is called condensation. In the new mechanism,
the oscillating condensation of the neutral scalar interacts
with the complex scalar field. Since the complex scalar field
carries U(1) charge, the interactions with the condensation of
the neutral scalar generate PNA.The interactions break U(1)
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symmetry as well as charge conjugation symmetry. At the
initial time, the condensation of the neutral scalar is nonzero.
We propose a way which realizes such initial condition.

As for the computation of the PNA, we use 2PI formalism
combined with density operator formulation of quantum
field theory [16]. The initial conditions of the quantum fields
are specified with the density operator. The density operator
is parameterized by the temperature of the universe at the
initial time. We also include the effect of the expansion
of the universe. It is treated perturbatively and the leading
order term which is proportional to the Hubble parameter
at the initial time is considered. With this method, the time
dependence of the PNA is computed and the numerical
analysis is carried out. The dependence, especially, on the
various parameters of the model such as masses and strength
of interactions is investigated. We also study the dependence
on the temperature and the Hubble parameter at the initial
time. We first carry out the numerical simulation without
specifying the unit of parameter sets. Later, in a radiation
dominated era, we specify the unit of the parameters and
estimate the numerical value of the PNAover entropy density.

This paper is organized as follows. In Section 2, we
introduce our model with 𝐶𝑃 and particle number violating
interactions.We also specify the density operator as the initial
state. In Section 3, we derive the equation of motion for
Green’s function and field by using 2PI CTP EA formalism.
We also provide the initial condition for Green’s function and
field. In Section 4, using the solution of Green’s function and
field, we compute the expectation value of the PNA. Section 5
provides the numerical study of the time dependence of
the PNA. We will also discuss the dependence on the
parameters of the model. Section 6 is devoted to conclusion
and discussion. In Appendix A, we introduce a differential
equation which is a prototype for Green’s function and field
equations. Applying the solutions of the prototype, we obtain
the solutions for both Green’s function and field equations. In
Appendices B–D, the useful formulas to obtain the PNA for
nonvanishing Hubble parameter case are derived.

2. A Model with CP and Particle Number
Violating Interaction

In this section, we present a model which consists of scalar
fields [15]. It has both 𝐶𝑃 and particle number violating
features. As an initial statistical state for scalar fields, we
employ the density operator for thermal equilibrium.

Let us start by introducing amodel consisting of a neutral
scalar,𝑁, and a complex scalar, 𝜙. The action is given by

𝑆 = ∫𝑑4𝑥√−𝑔 (Lf ree +Lint) ,
Lf ree = 𝑔�휇]∇�휇𝜙†∇]𝜙 − 𝑚2

�휙
𝜙2 + 12∇�휇𝑁∇�휇𝑁

− 𝑀2
�푁2 𝑁2 + 𝐵2

2 (𝜙2 + 𝜙†2)+ (𝛼22 𝜙2 + ℎ.𝑐.)𝑅 + 𝛼3 𝜙2 𝑅,
Lint = 𝐴𝜙2𝑁 + 𝐴∗𝜙†2𝑁 + 𝐴0

𝜙2𝑁,

(1)

where 𝑔�휇] is the metric and 𝑅 is the Riemann curvature. With
this Lagrangian, we aim to produce the PNA through the
soft-breaking terms of U(1) symmetry whose coefficients are
denoted by 𝐴 and 𝐵2. One may add the quartic terms to the
Lagrangian which are invariant under the U(1) symmetry.
Though those terms preserve the stability of the potential
for large field configuration and are also important for the
renormalizability, we assume they do not lead to the leading
contribution for the generation of the PNA. We also set
the coefficients of the odd power terms for 𝑁�푛 (𝑛 = 1, 3)
zero in order to obtain a simple oscillating behavior for
the time dependence of the condensation of 𝑁. We assume
that our universe is homogeneous for space and employ the
Friedmann-Lemaı̂tre-Robertson-Walker metric,

𝑔�휇] = (1, −𝑎2 (𝑥0) , −𝑎2 (𝑥0) , −𝑎2 (𝑥0)) , (2)

where 𝑎(𝑥0) is the scale factor at time 𝑥0. Correspondingly
the Riemann curvature is given by

𝑅 (𝑥0) = 6[[
̈𝑎 (𝑥0)𝑎 (𝑥0) + ( ̇𝑎 (𝑥0)𝑎 (𝑥0) )

2]] . (3)

In (1), the terms proportional to 𝐴, 𝐵, and 𝛼2 are the particle
number violating interactions. In general, only one of the
phases of those parameters can be rotated away. Throughout
this paper, we study the special case that 𝐵 and 𝛼2 are real
numbers and 𝐴 is a complex number. Since only 𝐴 is a
complex number, it is a unique source of the 𝐶𝑃 violation.

We rewrite all the fields in terms of real scalar fields, 𝜙�푖
(𝑖 = 1, 2, 3), defined as

𝜙 = 𝜙1 + 𝑖𝜙2√2 , 𝑁 = 𝜙3. (4)

With these definitions, the free part of the Lagrangian is
rewritten as

Lf ree = 12√−𝑔 [𝑔�휇]∇�휇𝜙�푖∇]𝜙�푖 − �̃�2
�푖 (𝑥0) 𝜙2�푖 ] , (5)

where the kinetic term is given by

𝑔�휇]∇�휇𝜙�푖∇]𝜙�푖 = 𝜕𝜙�푖𝜕𝑥0 𝜕𝜙�푖𝜕𝑥0 − 1𝑎 (𝑥0)2 𝜕𝜙�푖𝜕𝑥�푗 𝜕𝜙�푖𝜕𝑥�푗 , (6)

and their effective masses are given as follows:

�̃�2
1 (𝑥0) = 𝑚2

�휙 − 𝐵2 − (𝛼2 + 𝛼3) 𝑅 (𝑥0) , (7)

�̃�2
2 (𝑥0) = 𝑚2

�휙 + 𝐵2 + (𝛼2 − 𝛼3) 𝑅 (𝑥0) , (8)

�̃�2
3 (𝑥0) = 𝑚2

�푁. (9)

Nonzero 𝐵2 or 𝛼2 leads to the nondegenerate mass spectrum
for 𝜙1 and 𝜙2. The interaction Lagrangian is rewritten with a
totally symmetric coefficient 𝐴 �푖�푗�푘,

Lint = 3∑
�푖�푗�푘=1

13𝐴 �푖�푗�푘𝜙�푖𝜙�푗𝜙�푘 (10)
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Table 1: The cubic interactions and their properties.

Cubic interaction coupling Property

𝐴113 = 𝐴02 + Re.(𝐴) –

𝐴223 = 𝐴02 − Re.(𝐴) –

𝐴113 − 𝐴223 = 2Re.(𝐴) U(1) violation𝐴123 = −Im.(𝐴) U(1), 𝐶𝑃 violation

with 𝑖, 𝑗, 𝑘 = 1, 2, 3. The nonzero components of 𝐴 �푖�푗�푘 are
written with the couplings for cubic interaction, 𝐴 and𝐴0, as
shown in Table 1. We also summarize the qubic interactions
and their properties according to U(1) symmetry and 𝐶𝑃
symmetry.

Nöether current related to the U(1) transformation is

𝑗�휇 (𝑥) = 𝑖2 (𝜙†←→𝜕�휇 𝜙 − 𝜙←→𝜕�휇 𝜙†) . (11)

In terms of real scalar fields, the Nöether current alters into

𝑗�휇 = 12 (𝜙2←→𝜕�휇 𝜙1 − 𝜙1←→𝜕�휇 𝜙2) . (12)

The ordering of the operators in (11) is arranged so that it is
Hermite and the particle number operator,

𝑄(𝑥0) = ∫𝑑3x√−𝑔 𝑗0 (𝑥) , (13)

has a normal ordered expression. Then, in the vanishing
limit of interaction terms and particle number violating
terms, the vacuum expectation value of the particle number
vanishes. With the above definition, 𝑗0(𝑥) is the PNA per
unit comoving volume. The expectation value of the PNA is
written with a density operator,

⟨𝑗0 (𝑥)⟩ = Tr (𝑗0 (𝑥) 𝜌 (𝑡0)) . (14)

Note that, the PNA is a Heisenberg operator and 𝜌(𝑡0) is a
density operator which specifies the state at the initial time𝑥0 = 𝑡0. In this work, we use the density operator with zero
chemical potential. It is specifically given by

𝜌 (𝑡0) = 𝑒−�훽�퐻
Tr (𝑒−�훽�퐻) , (15)

where 𝛽 denotes inverse temperature, 1/𝑇, and 𝐻 is a
Hamiltonian which includes linear term of fields,

𝐻 = 12
3∑
�푖=1

∫𝑑3x 𝑎 (𝑡0)3

⋅ [𝜋�휙𝑖𝜋�휙𝑖 + ∇𝜙�푖 ⋅ ∇𝜙�푖𝑎 (𝑡0)2 + �̃�2
�푖 (𝜙�푖 − V�푖)2] ,

(16)

where V�푖 is a constant. The linear term of fields in (16) is
prepared for the nonzero expectation value of fields. Note

that the density operator in (15) is not exactly the same as
the thermal equilibrium one since, in the Hamiltonian, the
interaction parts are not included. Since we assume three-
dimensional space is translational invariant, then the expec-
tation value of the PNA depends on time 𝑥0 and the initial
time 𝑡0. As we will show later, the nonzero expectation value
for the field 𝜙3 leads to the time-dependent condensation
which is the origin of the nonequilibrium time evolution of
the system.

Below we consider the matrix element of the density
operator given in (15). We start with the following density
operator for one component real scalar field as an example,

𝜌 (𝑡0) = 𝑒−�훽�퐻example

Tr (𝑒−�훽�퐻example) , (17)

𝐻example

= 12 ∫ 𝑑3x𝑎 (𝑡0)3 [𝜋�휙𝜋�휙 + ∇𝜙 ⋅ ∇𝜙𝑎 (𝑡0)2 + �̃�2 (𝜙 − V)2] . (18)

The above Hamiltonian is obtained from that of (16) by
keeping only one of the real scalar fields. The matrix element
of the initial density operator in (17) is written in terms of the
path integral form of the imaginary time formalism given as

⟨𝜙1 𝜌 (𝑡0) 𝜙2⟩ = ∫
�휙(0)=�휙2 ,�휙(�훽)=�휙1

𝑑𝜙𝑒−�푆example
𝐸

[�휙]

∫ 𝑑𝜙1 ∫
�휙(0)=�휙1 ,�휙(�훽)=�휙1

𝑑𝜙𝑒−�푆example
𝐸

[�휙]
, (19)

where 𝑆example
�퐸 is an Euclidean action which corresponds to

the Hamiltonian in (18) and it is given by

𝑆example
�퐸 [𝜙 (x, 𝑢)] = 12 ∫

�훽

0
𝑑𝑢∫𝑑3x{(𝜕𝜙𝜕𝑢)

2

+ ∇𝜙 ⋅ ∇𝜙𝑎 (𝑡0)2 + �̃�2 (𝜙 − V)2} .
(20)

After carrying out the path integral, the density matrix is
written with 𝑆example

�퐸 [𝜙cl(x, 𝑢)] which is the action for the
classical orbit 𝜙cl satisfying the boundary conditions, 𝜙cl(𝑢 =0) = 𝜙2, 𝜙cl(𝑢 = 𝛽) = 𝜙1. It is given as the functional of the
boundary fields 𝜙�푖 (𝑖 = 1, 2) and vacuum expectation value V
as

⟨𝜙1 𝜌 (𝑡0) 𝜙2⟩ = exp [−𝑆example
Ecl [𝜙1, 𝜙2]]

∫ 𝑑𝜙1 exp [−𝑆example
Ecl [𝜙1, 𝜙1]] , (21)

where 𝑆example
Ecl [𝜙1, 𝜙2] ≃ 𝑆example

�퐸 [𝜙cl(x, 𝑢)] is given by
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𝑆example
Ecl [𝜙1, 𝜙2] = −𝑎 (𝑡0)62
⋅ ∫ 𝑑3k(2𝜋)3 {

2∑
�푖=1

𝜙�푖 (k) 𝜅�푖�푖 (−k) 𝜙�푖 (−k)
− 𝜙1 (k) 𝜅12 (−k) 𝜙2 (−k)
− 𝜙2 (k) 𝜅21 (−k) 𝜙1 (−k)} + 𝑎 (𝑡0)6 { 2∑

�푖=1

𝜙�푖 (0)
⋅ 𝜅�푖�푖 (0) − 𝜙1 (0) 𝜅12 (0) − 𝜙2 (0) 𝜅21 (0)} V.

(22)

In the above expression, we drop the terms which are
proportional to V2 because they do not contribute to the
normalized density matrix. 𝜅�푏�푑(k) is defined as [14]

𝜅11 (k) = 𝜅22 (k) fl − 1𝑎 (𝑡0)3
𝜔 (k) cosh𝛽𝜔 (k)

sinh 𝛽𝜔 (k) ,
𝜅12 (k) = 𝜅21 (k) fl − 1𝑎 (𝑡0)3

𝜔 (k)
sinh 𝛽𝜔 (k) ,

𝜔 (k) fl √ k2

𝑎 (𝑡0)2 + �̃�2.
(23)

Using the above definitions, one can write the density matrix
in (21) as the following form,

⟨𝜙1 𝜌 (𝑡0) 𝜙2⟩ = 𝑁 exp [∫√−𝑔 (𝑥)𝑑4𝑥𝐽�푎 (𝑥)
⋅ 𝑐�푎�푏𝜙�푏 (𝑥) + 12 ∫𝑑4𝑥𝑑4𝑦√−𝑔 (𝑥)𝜙�푎 (𝑥)
⋅ 𝑐�푎�푏𝐾�푏�푑 (𝑥, 𝑦) 𝑐�푑�푒𝜙�푒 (𝑦)√−𝑔 (𝑦)] ,

(24)

with 𝜙1(𝑡0) = 𝜙1 and 𝜙2(𝑡0) = 𝜙2. The upper indices 𝑎 and 𝑏
are 1 or 2. 𝑐�푎�푏 is the metric of CTP formalism [16] and 𝑐11 =−𝑐22 = 1 and 𝑐12 = 𝑐21 = 0. In the above expression, the
source terms 𝐽 and 𝐾 do not vanish only at the initial time 𝑡0
and they are given by

𝐽�푏 (𝑥) fl −𝑖𝛿 (𝑥0 − 𝑡0) 𝑗�푏,
𝑗�푏 = −𝑎3�푡0𝜅�푏�푑 (k = 0) 𝑐�푑�푒V�푒, (25)

𝐾�푏�푑 (𝑥, 𝑦) fl −𝑖𝛿 (𝑥0 − 𝑡0) 𝛿 (𝑦0 − 𝑡0) 𝜅�푏�푑 (x − y) ,
𝜅�푎�푏 (x) = ∫ 𝑑3𝑘(2𝜋)3 𝜅�푎�푏 (k) 𝑒−�푖k⋅x,

(26)

where 𝜅�푎�푏(k) is given in (23). In (24), 𝑁 is a normalization
constant which is given as

1𝑁 = ∫𝑑𝜙1 ∫𝑑𝜙2𝛿 (𝜙1 − 𝜙2)
⋅ exp [∫√−𝑔 (𝑥)𝑑4𝑥𝐽�푎 (𝑥) 𝑐�푎�푏𝜙�푏 (𝑥) + 12
⋅ ∫𝑑4𝑥𝑑4𝑦√−𝑔 (𝑥)𝜙�푎 (𝑥) 𝑐�푎�푏𝐾�푏�푑 (𝑥, 𝑦) 𝑐�푑�푒𝜙�푒 (𝑦)
⋅ √−𝑔 (𝑦)] .

(27)

3. Two-Particle Irreducible Closed Time Path
Effective Action

In this section, we derive the equations of motion, i.e., the
Schwinger-Dyson equations (SDEs) for bothGreen’s function
and field. SDEs are obtained by taking the variation of 2PI
EA with respect to fields and Green’s functions, respectively.
In addition, we also provide the initial condition for Green’s
function and field to solve SDEs.

3.1. 2PI Formalism in Curved Space-Time. 2PI CTP EA in
curved space-time has been investigated in [17] and their
formulations can be applied to the present model. In 2PI
formalism, one introduces nonlocal source term denoted as𝐾 and local source term denoted as 𝐽,

𝑒�푖�푊[�퐽,�퐾] = ∫𝑑𝜙 exp (𝑖 [𝑆 [𝜙, 𝑔]
+ ∫√−𝑔 (𝑥)𝑑4𝑥𝐽�푎�푖 (𝑥) 𝑐�푎�푏𝜙�푏�푖 (𝑥)
+ 12 ∫ 𝑑4𝑥𝑑4𝑦√−𝑔 (𝑥)
× 𝜙�푎�푖 (𝑥) 𝑐�푎�푏𝐾�푏�푑

�푖�푗 (𝑥, 𝑦) 𝑐�푑�푒𝜙�푒�푗 (𝑦)√−𝑔 (𝑦)]) ,

(28)

where 𝑖, 𝑗 = 1 or 2 and 𝑆[𝜙, 𝑔] is given by

𝑆 [𝜙, 𝑔] = ∫ 𝑑4𝑥√−𝑔 (𝑥)
⋅ [12𝑐�푎�푏 (𝑔�휇]∇�휇𝜙�푎�푖 ∇]𝜙�푏�푖 − �̃�2

�푖�푖𝜙�푎�푖 𝜙�푏�푖 )
+ 13𝐷�푎�푏�푐𝐴 �푖�푗�푘𝜙�푎�푖 𝜙�푏�푗𝜙�푐�푘] ,

(29)

where𝐷111 = −𝐷222 = 1 and the other components are zero.
Theupper indices of the field and the source termsdistinguish
two different time paths in closed time path formalism [16].
One can define the mean fields 𝜙�푎�푖 and Green’s function by
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taking the functional derivative with respect to the source
terms 𝐽 and 𝐾, respectively,

𝜙�푎�푖 (𝑥) = 𝑐�푎�푏√−𝑔 (𝑥) 𝛿𝑊 [𝐽, 𝐾]𝛿𝐽�푏�푖 (𝑥) , (30)

𝜙�푎�푖 (𝑥) 𝜙�푒�푗 (𝑦) + 𝐺�푎�푒
�푖�푗 (𝑥, 𝑦)

= 2 𝑐�푎�푏√−𝑔 (𝑥) 𝛿𝑊[𝐽,𝐾]𝛿𝐾�푏�푑
�푖�푗 (𝑥, 𝑦)

𝑐�푑�푒
√−𝑔 (𝑦) .

(31)

If one sets the source terms to be the ones given in (25)
and (26), one can show that the expectation value of the
product of the field operators with the initial density operator
is related to theGreen function andmean fields.Definitely, we
can prove the following relations,

𝜙�푎�푖 (𝑥)
= ∫ 𝑑𝜙1 ∫𝑑𝜙2 ⟨𝜙2 𝜙�푖 (𝑥) 𝜙1⟩ exp (−𝑆�퐸cl [𝜙1, 𝜙2])∫ 𝑑𝜙1 ∫𝑑𝜙2𝛿 (𝜙1 − 𝜙2) exp (−𝑆�퐸cl [𝜙1, 𝜙2])

(32)

= Tr [𝜙�푖 (𝑥) 𝜌 (𝑡0)] , (33)

𝐺12
�푖�푗 (𝑥, 𝑦)
= ∫∫𝑑𝜙1𝑑𝜙2 ⟨𝜙2 Φ�푗 (𝑦)Φ�푖 (𝑥) 𝜙1⟩ 𝑒−�푆𝐸cl[�휙1 ,�휙2]∫∫ 𝑑𝜙1𝑑𝜙2𝛿 (𝜙2 − 𝜙1) 𝑒−�푆𝐸cl[�휙1 ,�휙2]

(34)

= Tr [𝜙�푗 (𝑦) 𝜙�푖 (𝑥) 𝜌 (𝑡0)] − 𝜙2�푗 (𝑦) 𝜙1�푖 (𝑥) , (35)

with 𝜙�푎(𝑥) = 𝜙(𝑥) and Φ(𝑥) is a Heisenberg operator which
has form as Φ(𝑥0, x) ≡ 𝜙(𝑥0, x) − 𝜙(𝑥0). With (35), one can
write the expectation value of the current as the sum of the
contribution from Green’s function and the current of the
mean fields. Then (14) alters into

⟨𝑗0 (𝑥)⟩ = Re [( 𝜕𝜕𝑥0 − 𝜕𝜕𝑦0) 𝐺12
12 (𝑥, 𝑦)�푦�㨀→�푥

+ 𝜙22 (𝑥)←→𝜕0 𝜙11 (𝑥)] ,
(36)

where we have used (12) and the following relations

𝐺�푎�푏∗
�푖�푗 (𝑥, 𝑦) = 𝜏1�푎�푐𝐺�푐�푑

�푖�푗 (𝑥, 𝑦) 𝜏1�푑�푏, (37)

𝜙�푎∗�푖 (𝑥) = 𝜏1�푎�푏𝜙�푏�푖 (𝑥) , (38)

where 𝜏 is the Pauli matrix.
The Green’s functions and expectation value of fields are

derived as solutions of the SDEs which are obtained with

2PI EA. The 2PI EA is related to the generating functional𝑊[𝐽,𝐾] by Legendre transformation as [18, 19]

Γ2 [𝐺, 𝜙, 𝑔] = 𝑊 [𝐽, 𝐾] − ∫𝑑4𝑥√−𝑔 (𝑥)𝐽�푎�푖 (𝑥)
⋅ 𝑐�푎�푏𝜙�푏�푖 (𝑥) − 12 ∫ 𝑑4𝑥∫𝑑4𝑦√−𝑔 (𝑥)𝑐�푎�푏𝐾�푏�푑

�푖�푗 (𝑥, 𝑦)
⋅ 𝑐�푑�푒 {𝜙�푎�푖 (𝑥) 𝜙�푒�푗 (𝑦) + 𝐺�푎�푒

�푖�푗 (𝑥, 𝑦)}√−𝑔 (𝑦).
(39)

Let us write the 2PI EA Γ2 in our model, in which we
only keep the interaction term up to the first order of cubic
interaction, 𝐴 �푖�푗�푘. It is given as

Γ2 [𝐺, 𝜙, 𝑔]
= 𝑆 [𝜙, 𝑔]
+ 12 ∫ 𝑑4𝑥∫𝑑4𝑦 𝛿2𝑆 [𝜙, 𝑔]

𝛿𝜙�푎�푖 (𝑥) 𝛿𝜙�푏�푗 (𝑦)𝐺
�푎�푏
�푖�푗 (𝑥, 𝑦)

+ 𝑖2TrLn𝐺−1,

(40)

where 𝑆[𝜙, 𝑔] is the action written in terms of mean fields as

𝑆 [𝜙, 𝑔] = ∫ 𝑑4𝑥√−𝑔 (𝑥) [−𝜙�푎�푖 12𝑐�푎�푏 (◻ + �̃�2
�푖�푖) 𝜙�푏�푖 + 13

⋅ 𝐷�푎�푏�푐𝐴 �푖�푗�푘𝜙�푎�푖 𝜙�푏�푗𝜙�푐�푘] + 12
⋅ ∫ 𝑑4𝑥√−𝑔 (𝑥) [𝛿 (𝑥0 − 𝑇) − 𝛿 (𝑥0 − 𝑡0)] 𝜙�푎�푖 𝑐�푎�푏�̇��푏�푖 .

(41)

In (40), the interactions are included in the first term as well
as in the second term. In the action above, we have also
taken into account the surface term at the boundary which
corresponds to the last term of (41). 𝑇 and 𝑡0 in (41) are the
upper bound and the lower bound of the time integration,
respectively.

3.2. Schwinger Dyson Equations. Now let us derive SDEs
for both Green’s function and field. These equations can be
obtained by taking the variation of the 2PI EA, Γ2 , with respect
to the scalar field 𝜙 and Green’s function 𝐺.

In the following, we first derive SDEs for the field. The
variation of the 2PI EA in (39) with respect to the scalar field𝜙 leads to

1√−𝑔 (𝑥) 𝛿Γ2𝛿𝜙�푎�푖 (𝑥)
= −𝑐�푎�푏𝐽�푏�푖 (𝑥)
− ∫𝑑4𝑧 𝑐�푎�푏𝐾�푏�푐

�푖�푗 (𝑥, 𝑧) 𝑐�푐�푑√−𝑔 (𝑧)𝜙�푑�푗 (𝑧) .
(42)
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Using (25) and (26), one computes the right-hand side of the
above equation as

𝑐�푎�푏𝐽�푏�푖 (𝑥) + ∫ 𝑑4𝑧𝑐�푎�푏𝐾�푏�푐
�푖�푗 (𝑥, 𝑧) 𝑐�푐�푑√−𝑔 (𝑧)𝜙�푑�푗 (𝑧)

= −𝑖𝛿 (𝑥0 − 𝑡0)
⋅ (V�푖�̃��푖 tanh

𝛽�̃��푖2 + 𝑐�푎�푏𝜅�푏�푐�푖�푖 (k = 0) 𝑐�푐�푑𝑎 (𝑡0)3 V�푑�푖 )
= 0,

(43)

where we have used 𝜅�푎�푏(k) given in (23).The left-hand side of
Eq. (42) is computed using (40) and one obtains the following
equation of motion of the scalar field 𝜙,

(𝛿�푖�푗◻ + �̃�2
�푖�푗) 𝜙�푑�푗 (𝑥)

= 𝑐�푑�푎𝐷�푎�푏�푐𝐴 �푖�푗�푘 {𝜙�푏�푗 (𝑥) 𝜙�푐�푘 (𝑥) + 𝐺�푏�푐
�푗�푘 (𝑥, 𝑥)} , (44)

where the Laplacian of Friedman-Lemâıtre-Robertson-
Walker metric is given by

◻ = ∇�휇∇�휇 = 𝜕2𝜕𝑥02 − 1𝑎 (𝑥0)2∇ ⋅ ∇ + 3 ̇𝑎𝑎 𝜕𝜕𝑥0 . (45)

Next, the equation of motion for Green’s function is
derived in the following way. The variation of the 2PI EA in
(39) with respect to Green’s function 𝐺 leads to

𝛿Γ2𝛿𝐺�푎�푏
�푖�푗 (𝑥, 𝑦) = −

12𝑐�푎�푐√−𝑔 (𝑥)𝐾�푐�푑
�푖�푗 (𝑥, 𝑦)√−𝑔 (𝑦)𝑐�푑�푏. (46)

The left-hand side of the above equation is obtained by taking
variation of Eq. (40) with respect to Green’s function as,

𝛿Γ2𝛿𝐺�푎�푏
�푖�푗 (𝑥, 𝑦) = −

𝑖2 (𝐺−1)�푏�푎
�푗�푖
(𝑦, 𝑥)

+ 12 𝛿2𝑆 [𝜙, 𝑔]
𝛿𝜙�푎�푖 (𝑥) 𝛿𝜙�푏�푗 (𝑦) ,

(47)

where the second term of above expression is computed using
action in (41). Taking all together (46) and (47), one obtains
the following two differential equations for Green’s function,

(→◻�푥 + �̃�2
�푖 ) 𝐺�푎�푏

�푖�푗 (𝑥, 𝑦)
= −𝑖𝛿�푖�푗 𝑐�푎�푏√−𝑔 (𝑥)𝛿 (𝑥 − 𝑦)
+ 2𝑐�푎�푑𝐷�푑�푐�푒𝐴 �푖�푘�푙𝜙�푒�푙,�푥𝐺�푐�푏

�푘�푗,�푥�푦

+ ∫𝑑4𝑧𝐾�푎�푒
�푖�푘 (𝑥, 𝑧) √−𝑔 (𝑧)𝑐�푒�푓𝐺�푓�푏

�푘�푗 (𝑧, 𝑦) ,
(48)

(→◻�푦 + �̃�2
�푗) 𝐺�푎�푏

�푖�푗 (𝑥, 𝑦)
= −𝑖𝛿�푖�푗𝛿 (𝑥 − 𝑦) 𝑐�푎�푏

√−𝑔 (𝑦)
+ 2𝐺�푎�푐

�푖�푘,�푥�푦𝐷�푐�푒�푓𝐴�푘�푗�푙𝜙�푓�푙,�푦𝑐�푒�푏
+ ∫𝑑4𝑧𝐺�푎�푒

�푖�푘 (𝑥, 𝑧) 𝑐�푒�푓√−𝑔 (𝑧)𝐾�푓�푏

�푘�푗
(𝑧, 𝑦) ,

(49)

where ◻�푥 = ∇�휇
�푥∇�푥

�휇 and ◻�푦 = ∇�휇
�푦∇�푦

�휇 .
Next, we rescale Green’s function, field and coupling

constant of interaction as follows:

𝜙 (𝑥0) š ( 𝑎�푡0𝑎 (𝑥0))
3/2 𝜑 (𝑥0) , (50)

𝐺 (𝑥0, 𝑦0, k)
š ( 𝑎�푡0𝑎 (𝑥0))

3/2 𝐺 (𝑥0, 𝑦0, k)( 𝑎�푡0𝑎 (𝑦0))
3/2 , (51)

𝐴 (𝑥0) fl ( 𝑎�푡0𝑎 (𝑥0))
3/2 𝐴, (52)

where 𝑎�푡0 stands for the initial value for the scale factor and
we have defined 𝑎�푡0 fl 𝑎(𝑡0) and we have used Fourier
transformation for Green’s function as

𝐺(𝑥0, 𝑦0, k) = ∫𝑑3r𝐺 (𝑥0, r, 𝑦0, 0) 𝑒�푖k⋅r. (53)

By using these new definitions, SDEs in (44) are written as

[ 𝜕2𝜕𝑥02 + 𝑚2
�푖 (𝑥0)] 𝜑�푑�푖 (𝑥0)

= 𝑐�푑�푎𝐷�푎�푏�푐𝐴 �푖�푗�푘 (𝑥0) {𝜑�푏�푗 (𝑥0) 𝜑�푐�푘 (𝑥0) + 𝐺�푏�푐
�푗�푘 (𝑥, 𝑥)} .

(54)

Next SDEs for the rescaled Green’s function in (48) and
(49) are written as
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[ 𝜕2𝜕𝑥02 + Ω2
�푖,k (𝑥0)]𝐺�푎�푏

�푖�푗,�푥0�푦0 (k)
= 2𝑐�푎�푑𝐷�푑�푐�푒𝐴 �푖�푘�푙,�푥0𝜑�푒�푙,�푥0𝐺�푐�푏

�푘�푗,�푥0�푦0 (k) − 𝑖𝛿�푖�푗𝛿�푥0�푦0 𝑐�푎�푏𝑎3�푡0− 𝑖𝛿�푡0�푥0𝜅�푎�푒�푖�푘 (k) 𝑎3�푡0𝑐�푒�푓𝐺�푓�푏

�푘�푗,�푡0�푦
0 (k) ,

(55)

[ 𝜕2𝜕𝑦02 + Ω2
�푖,k (𝑦0)]𝐺�푎�푏

�푖�푗,�푥0�푦0 (k)
= 2𝐺�푎�푐

�푖�푘,�푥0�푦0 (k)𝐷�푐�푒�푓𝐴�푘�푗�푙,�푦0𝜑�푓�푙,�푦0𝑐�푒�푏 − 𝑖𝛿�푖�푗𝛿�푥0�푦0 𝑐�푎�푏𝑎3�푡0
− 𝑖𝐺�푎�푒

�푖�푘,�푥0�푡0
(k) 𝑐�푒�푓𝑎3�푡0𝜅�푓�푏�푘�푗 (k) 𝛿�푡0�푦0 ,

(56)

where we have defined

Ω2
�푖,k (𝑥0) fl k2

𝑎 (𝑥0)2 + 𝑚2
�푖 (𝑥0) , (57)

𝑚2
�푖 (𝑥0) fl �̃�2

�푖 (𝑥0) − 32 ( ̈𝑎 (𝑥0)𝑎 (𝑥0) )
− 34 ( ̇𝑎 (𝑥0)𝑎 (𝑥0) )

2 .
(58)

Note that the first derivative with respect to time which is
originally presented in the expression of Laplacian (45) is now
absent in the expression of SDEs for the rescaled fields and
Green’s functions.

3.3. The Initial Condition for Green’s Function and Field. In
this subsection, the initial conditions for Green’s function
and field are determined. For simplicity, let us look back to
example model for one real scalar field. We first compute the
initial condensation of the field 𝜙(𝑡0) = 𝜑(𝑡0) (see (50)). Using
(32) and setting 𝑥0 = 𝑡0, we compute it as follows:

𝜙 (𝑡0) ≡ ⟨𝜙 (𝑡0, x)⟩ fl ∫ 𝑑𝜙𝜙 (𝑡0, x) exp [−𝑆example
Ecl [𝜙, 𝜙]]

∫ 𝑑𝜙 exp [−𝑆example
Ecl [𝜙, 𝜙]]

= ∫ 𝑑𝜙𝜙 (x) exp [− (1/2) ∫ 𝑑3x𝑑3y𝜙 (x) 𝐷 (x − y) 𝜙 (y) + 2𝑎3�푡0 ∫𝑑3x𝜙 (x) 𝑗1]∫ 𝑑𝜙 exp [− (1/2) ∫ 𝑑3x𝑑3y𝜙 (x)𝐷 (x − y) 𝜙 (y) + 2𝑎3�푡0 ∫𝑑3x𝜙 (x) 𝑗1] ,
(59)

where we have computed the last term of (22) using (25) and𝐷(r) is defined as [14]

𝐷(r) = 2𝑎3�푡0 ∫ 𝑑3k(2𝜋)3 𝜔 (k) (cosh 𝛽𝜔 (k) − 1)sinh 𝛽𝜔 (k) 𝑒−�푖 r⋅k . (60)

To proceed the calculation, we denote 𝐽(x) as 𝐽(x) = 2𝑎3�푡0𝑗1.
Then the initial condensation of field ⟨𝜙(𝑡0, x)⟩ is given by

⟨𝜙 (𝑡0, x)⟩ = ∫ 𝑑𝜙�耠 (x) {𝜙�耠 (x) + ∫ 𝑑3z𝐷−1 (x − z) 𝐽 (z)} exp [− (1/2) ∫ 𝑑3x𝑑3y𝜙�耠 (x)𝐷 (x − y) 𝜙�耠 (y)]
∫ 𝑑𝜙�耠 (x) exp [− (1/2) ∫ 𝑑3x𝑑3y𝜙�耠 (x) 𝐷 (x − y) 𝜙�耠 (y)] = V, (61)

where we have defined 𝜙�耠(x) = 𝜙(x) − ∫ 𝑑3z𝐷−1(z − x)𝐽(z)
and 𝐷−1(z − x) satisfies

∫𝑑3x𝐷−1 (z − x) 𝐷 (x − y) = 𝛿 (z − y) . (62)

Next we will compute the initial condition for Green’s
function𝐺(𝑡0, 𝑡0, k) = 𝐺(𝑡0, 𝑡0, k) (see (51)). By using (34) and
setting 𝑥0 = 𝑡0 and 𝑦0 = 𝑡0, one computes it as follows:

𝐺�푎�푏 (𝑡0, x, 𝑡0, y) = ∫ ∫𝑑𝜙1𝑑𝜙2 ⟨𝜙2 Φ (𝑡0, y) Φ (𝑡0, x) 𝜙1⟩ exp [−𝑆example
Ecl [𝜙1, 𝜙2]]

∫ 𝑑𝜙 exp [−𝑆example
Ecl [𝜙, 𝜙]]

= ∫ 𝑑𝜙�耠 𝜙�耠 (y) 𝜙�耠 (x) exp [− (1/2) ∫ 𝑑3x𝑑3y𝜙�耠 (x) 𝐷 (x − y) 𝜙�耠 (y)]
∫ 𝑑𝜙�耠 exp [− (1/2) ∫ 𝑑3x𝑑3y𝜙�耠 (x) 𝐷 (x − y) 𝜙�耠 (y)] ,

= 𝐷−1 (y − x) .
(63)
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Using (53) and (60), (63) becomes

𝐺�푎�푏 (𝑡0, 𝑡0, k) = 𝐷−1 (k)
= 12𝜔 (k) 𝑎3�푡0 [

sinh 𝛽𝜔 (k)
cosh𝛽𝜔 (k) − 1] . (64)

The above results with the example model can be
extended to our model and we summarize them as

𝐺�푎�푏
�푖�푗,�푡0�푡0

(k) = 𝛿�푖�푗 12𝜔�푖 (k) 𝑎3�푡0 [
sinh 𝛽𝜔�푖 (k)

cosh 𝛽𝜔�푖 (k) − 1] , (65)

𝜑�푎�푖 (𝑡0) = V�푖. (66)

Next we derive the time derivative of the field and Green’s
function at the initial time 𝑡0. First we integrate the field
equation in (54) with respect to time. By setting 𝑥0 = 𝑡0, we
obtain

𝜕𝜑�푖,�푥0𝜕𝑥0
�푥0=�푡0 = 0. (67)

Similarly, we integrate (55) with respect to time 𝑥0. By setting
both 𝑥0 and 𝑦0 equal to 𝑡0, we obtain the following initial
condition

lim
�푥0�㨀→�푡0

𝜕𝜕𝑥0𝐺�푎�푏
�푖�푗,�푥0�푡0

(k) = −𝑖𝛿�푖�푗 𝑐�푎�푏𝑎3�푡0
− 𝑖𝜅�푎�푒�푖�푘 (k) 𝑎3�푡0𝑐�푒�푓𝐺�푓�푏

�푘�푗,�푡0�푡0
(k) .

(68)

Finally, we integrate (56) with respect to time 𝑦0. By setting
both𝑥0 and𝑦0 equal to 𝑡0 , we obtain another initial condition,

lim
�푦0�㨀→�푡0

𝜕𝜕𝑦0𝐺�푎�푏
�푖�푗,�푡0�푦
0 (k) = −𝑖𝛿�푖�푗 𝑐�푎�푏𝑎3�푡0

− 𝑖𝐺�푎�푒
�푖�푘,�푡0�푡0

(k) 𝑐�푒�푓𝑎3�푡0𝜅�푓�푏�푘�푗 (k) .
(69)

4. The Expectation Value of PNA

The SDEs obtained in the previous section allow us to write
the solutions for both Green’s functions and fields in the
form of integral equations. In this section, we present the
correction to the expectation value of the PNA up to the
first order contribution with respect to the cubic interaction.
For this purpose, in Subsection 4.1, we show how one
analytically obtains the solutions of SDEs. We write down the
solutions up to the first order of the cubic interaction. In the
Subsection 4.2, we alsowrite the expectation value of the PNA
up to the first order of the cubic interaction and investigate it
by taking into account of the time dependence of the scale
factor.

4.1. The Solution of Green’s Function and Fields including 𝑜(𝐴)
Corrections. The SDEs in present work are inhomogeneous
differential equations of the second order. To solve the

differential equation, the variation of constants method is
used. With the method, the solutions of SDEs are written in
the form of integral equations. We solve the integral equation
perturbatively and the solutions up to the first order of the
cubic interaction are obtained. We first write the solutions of
fields as

𝜑�푑�푖,�푥0 = 𝜑�푑,f ree�푖,�푥0
+ 𝜑�푑,�표(�퐴)

�푖,�푥0
, (70)

𝜑�푑,f ree
�푖,�푥0

= −𝐾�耠

�푖,�푥0�푡0
𝜑�푑�푖,�푡0 , (71)

𝜑�푑,�표(�퐴)
�푖,�푥0

= ∫�푥0

�푡0

𝐾�푖,�푥0�푡𝑐�푑�푎𝐷�푎�푏�푐𝐴 �푖�푗�푘 (𝑡)
⋅ {𝜑�푏,f ree�푗 (𝑡) 𝜑�푐,f ree�푘 (𝑡) + ∫ 𝑑3𝑘(2𝜋)3𝐺�푏�푐,f ree

�푗�푘,�푡�푡 (k)} 𝑑𝑡,
(72)

where 𝜑f ree denotes the free part contribution while 𝜑�표(�퐴) is
the contribution due to the first order of the cubic interaction.
In Appendix A.2, (70)-(72) are derived in detail. 𝐾�푖,�푥0�푦0 fl𝐾�푖,�푥0�푦0 ,k=0 and 𝐾�푖,�푥0�푦0 ,k is defined by

𝐾�푖,�푥0�푦0 ,k

fl
1𝑊�푖,k
{𝑓�푖,k (𝑥0) 𝑔�푖,k (𝑦0) − 𝑔�푖,k (𝑥0) 𝑓�푖,k (𝑦0)} , (73)

where𝑊�푖,k is defined as

𝑊�푖,k fl ̇𝑓�푖,k (𝑥0) 𝑔�푖,k (𝑥0) − 𝑓�푖,k (𝑥0) ̇𝑔�푖,k (𝑥0) . (74)

𝑓�푖,k and 𝑔�푖,k are the solutions which satisfy the following
homogeneous differential equations:

[ 𝜕2𝜕𝑥02 + Ω2
�푖,k (𝑥0)] 𝑓�푖,k (𝑥0) = 0, (75)

[ 𝜕2𝜕𝑥02 + Ω2
�푖,k (𝑥0)] 𝑔�푖,k (𝑥0) = 0, (76)

where Ω2
�푖,k(𝑥0) is given in (57). In Appendix B, 𝑓�푖,k and 𝑔�푖,k

are derived in detail. 𝐾�耠
�푖,�푥0�푦0 fl 𝐾�耠

�푖,�푥0�푦0,k=0 and 𝐾�耠
�푖,�푥0�푦0 ,k is

also defined as follows:

𝐾�耠
�푖,�푥0�푦0 ,k fl

𝜕𝐾�푖,�푥0�푦0 ,k𝜕𝑦0 . (77)

Next we write down the solution of Green’s function as
follows:

𝐺�푎�푏
�푖�푗,�푥0�푦0 (k) = 𝐺�푎�푏,f ree

�푖�푗,�푥0�푦0
(k) + 𝐺�푎�푏,�표(�퐴)

�푖�푗,�푥0�푦0
(k) , (78)

𝐺�푎�푏,f ree
�푖�푗,�푥0�푦0

(k) = 𝛿�푖�푗2𝜔�푖,k𝑎3�푡0 coth
𝛽𝜔�푖,k2 (1 11 1)

�푎�푏

⋅ [𝐾�耠

�푖,�푥0�푡0,k𝐾�耠

�푖,�푦0�푡0 ,k + 𝜔2
�푖,k𝐾�푖,�푥0�푡0,k𝐾�푦0�푡0 ,k] + 𝑖𝛿�푖�푗2𝑎3�푡0

⋅ 𝐾�푖,�푥0�푦0 ,k {𝜖�푎�푏 + 𝑐�푎�푏 (𝜃 (𝑦0 − 𝑥0) − 𝜃 (𝑥0 − 𝑦0))} ,
(79)
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where 𝜖�푎�푏 is an antisymmetric tensor and its nonzero com-
ponents are given as 𝜖12 = 1 while 𝜃(𝑡) denotes a unit step
function,

𝐺�푎�푏,�표(�퐴)

�푖�푗,�푥0�푦0
(k) = ∫�푦0

�푡0

𝑅�푎�푏,�표(�퐴)

�푖�푗,�푥0�푡,k𝐾�푗,�푦0�푡,k𝑑𝑡
+ ∫�푥0

�푡0

𝐾�푖,�푥0�푡,k𝑄�푎�푐,�표(�퐴)
�푖�푗,�푡�푡0,k (𝐸�푇,�푐�푏

�푗�푗,k𝐾�푗,�푦0�푡0,k

− 𝐾�耠

�푗,�푦0�푡0 ,k𝛿�푐�푏) 𝑑𝑡,
(80)

where𝑄�표(�퐴), 𝑅�표(A), and 𝐸k are given as

𝑄�푎�푏,�표(�퐴)

�푖�푗,�푥0�푦0 ,k = 2𝑐�푎�푑𝐷�푑�푐�푒𝐴 �푖�푘�푙,�푥0𝜑�푒,f ree�푙,�푥0
𝐺�푐�푏,f ree

�푘�푗,�푥0�푦0
(k) , (81)

𝑅�푎�푏,�표(�퐴)

�푖�푗,�푥0�푦0 ,k = 2𝐺�푎�푐,f ree
�푖�푘,�푥0�푦0

(k)𝐷�푐�푒�푓𝐴�푘�푗�푙,�푦0𝜑�푓,f ree�푙,�푦0
𝑐�푒�푏, (82)

𝐸�푎�푐
�푖�푘,k = −𝑖𝜅�푎�푒�푖�푘 (k) 𝑎3�푡0𝑐�푒�푐, (83)

and 𝜅�푎�푏�푖�푗 (k) is given in (23). In Appendices A.4 and A.5, we
derive (79) and (80) in detail, respectively.

4.2. The Expectation Value of PNA including 𝑜(𝐴) Corrections
and the First Order of the Hubble Parameter. Next we com-
pute the PNA in (36) including the first order correction with
respect to 𝐴 (𝑜(𝐴)) and the effect of expansion up to the
first order of the Hubble parameter. By using rescaled fields,
Green’s function, and coupling constant in (50)-(52), one can
write down total contribution to the expectation value of PNA
with order 𝑜(𝐴) corrections as

(𝑎 (𝑥0)𝑎�푡0 )3 ⟨𝑗0 (𝑥0)⟩ = Re [𝜑1,f ree2 (𝑥0) ̇̂𝜑1∗,f ree1 (𝑥0) − 𝜑1,f ree1 (𝑥0) ̇̂𝜑1∗,f ree2 (𝑥0)]
+∫ 𝑑3k(2𝜋)3 ( 𝜕𝜕𝑥0 − 𝜕𝜕𝑦0)Re [𝐺12,�표(�퐴)

12 (𝑥0, 𝑦0, k)]�푦0�㨀→�푥0

+Re [𝜑1,f ree2 (𝑥0) ̇̂𝜑1∗,�표(�퐴)1 (𝑥0) − 𝜑1,f ree1 (𝑥0) ̇̂𝜑1∗,�표(�퐴)2 (𝑥0)]
+Re [𝜑1,�표(�퐴)2 (𝑥0) ̇̂𝜑1∗,f ree1 (𝑥0) − 𝜑1,�표(�퐴)1 (𝑥0) ̇̂𝜑1∗,f ree2 (𝑥0)]

(84)

The first line of the above equation is the zeroth order of the
cubic interactionwhile the next three terms are the first order.

As was indicated previously, we will further investigate
the expectation value of the PNA for the case of time-
dependent scale factor. For that purpose, one can expand
scale factor around 𝑡0 for 0 < 𝑡0 ⩽ 𝑥0 as follows:𝑎 (𝑥0) = 𝑎 (𝑡0) + (𝑥0 − 𝑡0) ̇𝑎 (𝑡0)

+ 12 (𝑥0 − 𝑡0)2 ̈𝑎 (𝑡0) + . . .
= 𝑎(0) + 𝑎(1) (𝑥0) + 𝑎(2) (𝑥0) + . . . .

(85)

We first assume that 𝑎(�푛+1)(𝑥0) < 𝑎(�푛)(𝑥0) when 𝑥0 is near 𝑡0.
Then one can keep only the following terms:

𝑎 (𝑥0) ≃ 𝑎(0) + 𝑎(1) (𝑥0) , (86)

and 𝑎(�푛)(𝑥0) for (𝑛 ⩾ 2) are set to be zero. 𝑎(0) corresponds
to the constant scale factor and 𝑎(1)(𝑥0) corresponds to linear
Hubble parameter𝐻(𝑡0). Thus it can be written as

𝑎 (𝑥0)𝑎 (𝑡0) = 1 + (𝑥0 − 𝑡0)𝐻 (𝑡0) , (87)

where𝐻(𝑡0) is given by

𝐻(𝑡0) = ̇𝑎 (𝑡0)𝑎 (𝑡0) , (88)

and 𝑡0 > 0. Throughout this study, we only keep first order
of 𝐻(𝑡0) as the first nontrivial approximation. For the case
that Hubble parameter is positive, it corresponds to the case
for the expanding universe. Under this situation, ̇𝑎(𝑥0) =𝑎(𝑡0)𝐻(𝑡0) and ̈𝑎(𝑥0) = 0.

Now let us briefly go back to (58). With these approxima-
tions, the second term of (58) is apparently vanished. Sincė𝑎(𝑥0) is proportional to linear 𝐻(𝑡0), the third term of (58)
involves second order of 𝐻(𝑡0). Hence, one can neglect it
and the Riemann curvature 𝑅(𝑥0) in (3) is also vanished.
Therefore,𝑚2

�푖 (𝑥0) is simply written as �̃�2
�푖 . Now �̃�2

�푖 are given
as

�̃�2
1 = 𝑚2

�휙 − 𝐵2, (89)

�̃�2
2 = 𝑚2

�휙 + 𝐵2, (90)

�̃�2
3 = 𝑚2

�푁. (91)

Next we define 𝜔�푖,k as

𝜔�푖,k fl √ k2

𝑎2�푡0 + �̃�2
�푖 . (92)

We consider Ω�푖,k(𝑥0) defined in (57). One can expand it
around time 𝑡0 as
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Ω�푖,k (𝑥0) ≃ 𝜔�푖,k + (𝑥0 − 𝑡0) 𝜕𝜕𝑥0Ω�푖,k (𝑥0)�푥0=�푡0
= 𝜔�푖,k {1 − 𝐻(𝑡0) (𝑥0 − 𝑡0) k2

[𝑎 (𝑡0) 𝜔�푖,k (𝑡0)]2} .
(93)

Now let us investigate the expectation value of PNAunder
these approximations. For the case that 𝜑1,�푡0 = 𝜑2,�푡0 = 0 and𝜑3,�푡0 ̸= 0, the nonzero contribution to the expectation value of
PNA comes only from 𝑜(𝐴) corrections to Green’s function.
From (84), we can obtain

⟨𝑗0 (𝑥0)⟩ = 2𝑎 (𝑥0)3 𝜑3,�푡0 ∫ 𝑑3k(2𝜋)3 ∫
�푥0

�푡0

𝐴123,�푡 (−𝐾�耠

3,�푡�푡0 ,0) [{ 12𝜔2,k (𝑡0) × coth
𝛽𝜔2,k (𝑡0)2

⋅ [(�̇�1,�푥0�푡,k𝐾�耠

2,�푥0�푡0 ,k − 𝐾1,�푥0�푡,k�̇��耠

2,�푥0�푡0 ,k)𝐾�耠

2,�푡�푡0 ,k + 𝜔2
2,k (𝑡0) (�̇�1,�푥0�푡,k𝐾2,�푥0�푡0 ,k − 𝐾1,�푥0�푡,k�̇�2,�푥0�푡0 ,k)𝐾2,�푡�푡0 ,k]} − {1

←→ 2 for lower indices}] 𝑑𝑡,
(94)

where we have used (71) and (80). Following the expression
of the scale factor in (87), 𝐾 is also divided into the part of
the constant scale factor and the part which is proportional
to 𝐻(𝑡0). In Appendix C, 𝐾 and its derivative are derived in
detail. In the above expression,𝐻(𝑡0) is also included in𝐴(𝑡).
Since we are interested in the PNA up to the first order of𝐻(𝑡0), we expand it as follows:

𝐴 (𝑡) ≃ 𝐴{1 − 32 (𝑡 − 𝑡0)𝐻 (𝑡0)} . (95)

Furthermore, substituting (87), (95) and 𝐾 and its derivative
in (C.7), (C.8), (C.11)-(C.16) into Eq. (94), one can divide the
PNA into two parts,

⟨𝑗0 (𝑥0)⟩ = ⟨𝑗0 (𝑥0)⟩1st + ⟨𝑗0 (𝑥0)⟩2nd , (96)

⟨𝑗0 (𝑥0)⟩1st = 2𝜑3,�푡0𝐴123𝑎3�푡0 ∫ 𝑑3k(2𝜋)3 ∫
�푥0

�푡0

{1 − 3 (𝑥0 − 𝑡0)𝐻 (𝑡0) − 32 (𝑡 − 𝑡0)𝐻 (𝑡0)} × [[[
{{{{{
(−𝐾(0)�耠

3,�푡�푡0 ,0)2𝜔2,k (𝑡0) coth
𝛽𝜔2,k (𝑡0)2 [(𝐾(0)�耠

2,�푥0�푡0,k
←→𝜕. 𝐾(0)

1,�푥0�푡,k)𝐾(0)�耠

2,�푡�푡0 ,k

+ 𝜔2
2,k (𝑡0) (𝐾(0)

2,�푥0�푡0 ,k
←→𝜕. 𝐾(0)

1,�푥0�푡,k)𝐾(0)

2,�푡�푡0 ,k]}}}}}
− {1 ←→ 2 for lower indices}]]]

𝑑𝑡,
(97)

⟨𝑗0 (𝑥0)⟩2nd = 2𝜑3,�푡0𝐴123𝑎3�푡0 ∫ 𝑑3k(2𝜋)3 ∫
�푥0

�푡0

[[[
{{{{{
(−𝐾(0)�耠

3,�푡�푡0 ,0)2𝜔2,k (𝑡0) coth
𝛽𝜔2,k (𝑡0)2

× [(𝐾(0)�耠

2,�푥0�푡0,k
←→𝜕. 𝐾(0)

1,�푥0�푡,k)𝐾(1)�耠

2,�푡�푡0 ,k + (𝐾(1)�耠

2,�푥0�푡0 ,k
←→𝜕. 𝐾(0)

1,�푥0�푡,k + 𝐾(0)�耠

2,�푥0�푡0,k
←→𝜕. 𝐾(1)

1,�푥0�푡,k)𝐾(0)�耠

2,�푡�푡0 ,k + 𝜔2
2,k (𝑡0) [(𝐾(0)

2,�푥0�푡0 ,k
←→𝜕. 𝐾(0)

1,�푥0�푡,k)𝐾(1)

2,�푡�푡0 ,k + (𝐾(1)

2,�푥0�푡0 ,k
←→𝜕. 𝐾(0)

1,�푥0�푡,k + 𝐾(0)

2,�푥0�푡0 ,k
←→𝜕. 𝐾(1)

1,�푥0�푡,k)𝐾(0)

2,�푡�푡0,k]]}}}}}
− {1 ←→ 2 for lower indices}]]]

𝑑𝑡,

(98)

and the derivative
←→𝜕. acts on the first argument of 𝐾 and is

defined as follows:

𝐾2,�푥0�푡,k
←→𝜕. 𝐾1,�푥0�푡,k = 𝐾2,�푥0�푡,k ( 𝜕𝜕𝑥0𝐾1,�푥0�푡,k)

− ( 𝜕𝜕𝑥0𝐾2,�푥0�푡,k)𝐾1,�푥0�푡,k.
(99)

Each term of the PNA shown in (97) and (98) can be
understood as follows. The first term is the PNA with the
constant scale factor. The second term with a prefactor−3𝐻(𝑡0)(𝑥0 − 𝑡0)(1/𝑎3�푡0) ≃ 1/𝑎(𝑥0)3 − 1/𝑎3�푡0 is called the

dilution effect.The third termwith a prefactor−(3/2)𝐴123(𝑡−𝑡0)𝐻(𝑡0) ≃ 𝐴123(𝑡) − 𝐴123 is called the freezing interaction
effect. The fourth term which corresponds to ⟨𝑗0(𝑥0)⟩2nd is
called the redshift effect. Below we explain their physical
origins. The dilution of the PNA is caused by the increase
of the volume of the universe. The origin of the freezing
interaction effect can be understood with (95). It implies that
the strength of the cubic interaction 𝐴(𝑡) controlling the size
of PNA decreases as the scale factor grows. The origin of the
redshift can be explained as follows. As shown in (57), as the
scale factor grows, the physical wavelength becomes large.
Therefore, the momentum and the energy of the particles
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become small. Note that this effect does not apply to the zero-
mode such as condensate which is homogeneous and is a
constant in the space.

Before closing this section, we compute the production
rate of the PNA per unit time which is a useful expression
when we understand the numerical results of the PNA. We
compute the time derivative of the PNA for the case of the
constant scale factor𝐻�푡0

= 0. By setting 𝐻�푡0
= 0, one obtains

it at the initial time 𝑥1 = 𝑥0 − 𝑡0 = 0,𝜕𝜕𝑥1 ⟨𝑗0 (𝑥1 + 𝑡0)⟩�푥1=0 = V3𝐴123𝑎3�푡0
⋅ ∫∞

0

𝑘2𝑑𝑘2𝜋2 1𝜔1,k𝜔2,k
× [(𝑛2 − 𝑛1) (𝜔1,k + 𝜔2,k)

+ (𝑛2 + 𝑛1 + 1) (𝜔1,k − 𝜔2,k)] ,
(100)

where 𝑛�푖 is the distribution functions for the Bose particles,

𝑛�푖 = 𝑒−�훽�휔𝑖,k1 − 𝑒−�훽�휔𝑖,k , (𝑖 = 1, 2) . (101)

In Appendix D, we derive (100) in detail. Because we assume�̃�1 < �̃�2, one obtains inequality 𝑛2 < 𝑛1. From the
expression above, the production rate of PNA at the initial
time is negative for V3𝐴123 > 0. One also finds the rate is
logarithmically divergent for the momentum (k) integration,

𝜕𝜕𝑥1 ⟨𝑗0 (𝑥1 + 𝑡0)⟩

divergent

�푥1=0

≃ V3𝐴1232𝜋2𝑎3�푡0
𝑚2

1 − �̃�2
22 log(𝑘max𝜇 ) , (102)

where 𝜇 = 𝑂(�̃��푖) (𝑖 = 1, 2) and 𝑘max is an ultraviolet
cut off for the momentum integration. With the expression,
one expects that for the positive V3𝐴123, the PNA becomes
negative from zero just after the initial time and the behavior
will be confirmed in the numerical simulation.

5. Numerical Results

In this section, we numerically study the time dependence of
the PNA. The PNA depends on the parameters of the model
such as masses and coupling constants. It also depends on
the initial conditions and the expansion rates of the universe.
Since the PNA is linearly proportional to the coupling
constant 𝐴123 and the initial value of the field 𝜑3,�푡0 , we can
set these parameters as unity in the unit of energy and later
on one can multiply their values. As for the initial scale factor𝑎�푡0 , without loss of generality, one can set this dimensionless
factor as unity. For the other parameters of the model, we
choose �̃�2, 𝐵, and𝜔3,0 = �̃�3 as independent parameters since
the mass �̃�1 is written as

�̃�2
1 = �̃�2

2 − 2𝐵2. (103)

The temperature 𝑇 and the expansion rate 𝐻(𝑡0) determine
the environment for the universe. The former determines

the thermal distribution of the scalar fields. Within the
approximation for the time dependence of the scale factor
in (87), 𝐻(𝑡0) is the only parameter which controls the
expansion rate of the universe.The approximation is good for
the time range which satisfies the following inequality:

𝑥0 − 𝑡0 ≪ 13𝐻(𝑡0) . (104)

The time dependence of PNA is plotted as a function of the
dimensionless time defined as

𝑡 = 𝜔�푟
3,0 (𝑥0 − 𝑡0) , (105)

where 𝜔�푟
3,0 is a reference frequency. In terms of the dimen-

sionless time, the condition of (104) is written as

𝑡 ≪ 𝑡max ≡ 𝜔�푟
3,03𝐻 (𝑡0) . (106)

How the PNA behaves with respect to time is discussed
in the following Subsections 5.1–5.3. The results, as will
be shown later, revealed that the PNA has an oscillatory
behavior. We also investigate the parameter dependence for
two typical cases, one of which corresponds to the longer
period and the other corresponds to the shorter period. In the
numerical simulation, we do not specify the unit of param-
eters. Note that the numerical values for the dimensionless
quantities such as ratio ofmasses do not depend on the choice
of the unit as far as the quantities in the ratio are given in
the same unit. In Subsection 5.4, we assign the unit for the
parameters and estimate the ratio of the PNA over entropy
density.

5.1. The PNA with the Longer Period. Let us now consider
the PNA which has the longer period. While we investigate
the dependence of several parameters, we fix two parameters
as (�̃�2, 𝐻�푡0

) = (0.05, 10−3). In Figure 1, the temperature (𝑇)
dependence of PNA is shown. It depends on the temperature
only through hyperbolic function as shown in (94). In this
figure, 𝑡max in (106) is around 110. What stands out of this
figure is the change of the amplitude for PNA among the
three curves. As the temperature increases, the amplitude
of the oscillation becomes larger. In Figure 2, we show the𝐵 dependence. Interestingly, both of the amplitude and the
period of the oscillation change when we alter the parameter𝐵. As it increases, the amplitude becomes larger and its
period becomes shorter. Figure 3 shows the dependence of
the PNA on 𝜔3,0. As shown in the black, blue, and dot-
dashed blue lines, the position of the first node does not
change when 𝜔3,0 takes its value within the difference of�̃�1 and �̃�2. However, the amplitude of oscillation gradually
decreases as 𝜔3,0 increases up to the mass difference. The
more interesting findings were observed when 𝜔3,0 becomes
larger than the mass difference. As 𝜔3,0 becomes larger, the
amplitude decreases and the new node is formed at once.
The dashed and dotted blue lines show this behavior. The
dependence on the expansion rate (𝐻�푡0

) is shown in Figure 4.
There is an interesting aspect of this figure at the fixed time𝑡. As the expansion rate becomes larger, the size of PNA
becomes smaller.
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Figure 1: Dependence on temperature 𝑇 of the time evolution of
PNA. In horizontal axis, we use the dimensionless time 𝑡 = 𝜔�푟

3,0(𝑥0−𝑡0) where we choose 𝜔�푟
3,0 = 0.35. We fix a set of parameters as

(�̃�1, �̃�2, 𝐵,𝐻�푡0
, 𝜔3,0) = (0.04, 0.05, 0.021, 10−3, 0.0035) for all of the

lines.The dotted red, black, dashed red, and red lines show the cases𝑇 = 50, 100, 200, and 400, respectively.

t
0 20 40 60 80 100

⟨j0(Ｎ)⟩ (B=0.027)
⟨j0(Ｎ)⟩ (B=0.025)
⟨j0(Ｎ)⟩ (B=0.024)

⟨j0(Ｎ)⟩ (B=0.021)
⟨j0(Ｎ)⟩ (B=0.018)
⟨j0(Ｎ)⟩ (B=0.012)

−8

−6

−4

−2

0

2

4

⟨j
0
(Ｎ
)⟩

Figure 2:Dependence on parameter𝐵 of the time evolution of PNA.
Thehorizontal axis is the dimensionless time defined as 𝑡 = 𝜔�푟

3,0(𝑥0−𝑡0). As a reference angular frequency, we choose 𝜔�푟
3,0 = 0.35. We

fix a set of parameters as (�̃�2, 𝑇,𝐻�푡0
, 𝜔3,0) = (0.05, 100, 10−3, 0.0035)

for all of the lines. The purple, thin purple, dotted purple, black,
dashed purple, and dot-dashed purple lines show the cases 𝐵 =0.027, 0.025, 0.024, 0.021, 0.018 and 0.012, respectively.
5.2. The PNA with the Shorter Period. Now we investigate
the PNA with the shorter period. In Figure 5, we show
the temperature (𝑇) dependence for the time evolution of
PNA. In this regard, the temperature dependence is similar
to the one with the longer period. Namely, the amplitude
of oscillation becomes larger as the temperature increases.
Figure 6 shows the 𝐵 dependence. As 𝐵 parameter decreases,
the period of oscillation becomes longer. However, there were
different effects on the amplitude of oscillation. In the left

t
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Figure 3: The 𝜔3,0 dependence of the time evolution of PNA. In
horizontal axis, we use the dimensionless time 𝑡 = 𝜔�푟

3,0(𝑥0 − 𝑡0)
where we choose 𝜔�푟

3,0 = 0.35. We use a set of parameters as
(�̃�1, �̃�2, 𝐵, 𝑇,𝐻�푡0

) = (0.04, 0.05, 0.021, 100, 10−3) for all of the lines.
The black, blue, dot-dashed blue, dashed blue and dotted blue
lines show the cases 𝜔3,0 = 0.0035, 0.0045, 0.008, 0.012 and 0.015,
respectively.
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Figure 4: Dependence on the expansion rate 𝐻�푡0
of the time

evolution of PNA. In the horizontal axis, we use the dimensionless
time 𝑡 = 𝜔�푟

3,0(𝑥0 − 𝑡0) where we choose 𝜔�푟
3,0 = 0.35. We fix a set

of parameters as (�̃�1, �̃�2, 𝐵, 𝑇,𝜔3,0) = (0.04, 0.05, 0.021, 100, 0.0035)
for all of the lines.The gray, dashed gray, dotted gray, and black lines
show the cases𝐻�푡0

= 0, 10−4, 5 × 10−4 and 10−3, respectively.
plot, we show the cases that the mass difference �̃�2 − �̃�1 is
larger than the frequency 𝜔3,0. Since 𝐵2, proportional to mass
squared difference �̃�2

2 − �̃�2
1, of the magenta line is smaller

than that of the black line, the mass difference �̃�2 − �̃�1 of the
magenta line is closer to 𝜔3,0. At the beginning (0 < 𝑡 < 22),
the black line of large 𝐵 has the larger amplitude than that of
the magenta line of small 𝐵. At time 𝑡 ∼ 22, the amplitude of
the magenta line becomes larger than that of the black line.
We also observed that when the mass difference is near to the𝜔3,0, that is for the case of magenta line, the amplitude grows
slowly compared with that of the black line and reaches its
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Figure 5: Dependence on temperature 𝑇 of the time evolution of
PNA. As for horizontal axis, we use the dimensionless time 𝑡 =𝜔�푟
3,0(𝑥0 − 𝑡0) where we choose𝜔�푟

3,0 = 0.35. We fix a set of parameters
as (�̃�1, �̃�2, 𝐵, 𝜔3, 𝐻�푡0

) = (2, 3, 1.58, 0.35, 10−3) for all the lines. The
black, light red, and red lines show the cases 𝑇 = 100, 200, and 400,
respectively.

maximal value between one and a half period and twice of
the period. After taking itsmaximal value, it slowly decreases.
In the right plot, the blue line shows the case that the mass
difference �̃�2 − �̃�1 is smaller than the frequency 𝜔3,0. In
comparison with the black line, the phase shift of 𝜋/2 was
observed in the blue line. The dependence on the parameter𝐵 is similar to that of the magenta line. Namely, as 𝐵 becomes
smaller, the amplitude gradually grows at the beginning and
slowly decreases at the later time.

In Figure 7, we show the dependence on 𝜔3,0. In the
left plot, we show the cases that 𝜔3,0’s are smaller than the
mass difference as, 𝜔black

3,0 < 𝜔orange
3,0 < �̃�2 − �̃�1. As 𝜔3,0

increases, the period of the oscillation becomes shorter.There
is also a different behavior of the amplitudes as follows. At
the beginning, the amplitudes of both black and orange lines
increase. After that, in comparison with the black lines, the
amplitude of the orange line slowly decreases. In the right
plot, the green line shows the case that 𝜔3,0 is larger than the
mass difference. We observe that the amplitude of the green
line is smaller than that of the black line and the period of the
green one is shorter than that of the black one. Figure 8 shows
the dependence of expansion rate (𝐻�푡0

). In this plot, the PNA
gradually decreases as the expansion rate increases.

5.3.The Comparison of Two Different Periods. In this subsec-
tion, we present a comparison of two different periods of the
time evolution of the PNA. In Figure 9, the black line shows
the case of the shorter period and the dotted black line shows
the case of the longer one. As can be seen in this figure, the
PNAwith the shorter period frequently changes the sign and
the magnitude also strongly depends on the time. In contrast
to the shorter period case, both the sign and magnitude of
the longer period case are stable if restricted to the time range𝑡 = 30 ∼ 60 in Figure 9.

5.4. The Evolution of the PNA with the Scale Factor of a
Specific TimeDependence. In this subsection, we interpret the
numerical simulation in a specific situation. We assume that
the time dependence of the scale factor is given by the one
in radiation dominated era. We also specify the unit of the
parameters, time and temperature. By doing so, we can clarify
implication of the numerical simulation in a more concrete
situation.

Specifically, the time dependence of the scale factor is
given as follows:

𝑎 (𝑥0) = √1 + 2𝐻�푡0
(𝑥0 − 𝑡0). (107)

The above equation is derived as follows. The Einstein’s equa-
tions without cosmological constant lead to the following
equation:

( ̇𝑎𝑎)
2 = 8𝜋3 𝐺𝜌, (108)

where 𝐺 is the Newton’s constant. 𝜌 is the energy density for
radiation and it is given by

𝜌 (𝑥0) = 𝜌0𝑎−4 (𝑥0) , (109)

where 𝜌0 is the initial energy density and we set 𝑎�푡0 = 1. By
setting 𝑥0 = 𝑡0 in (108), the initial Hubble parameter is given
by

𝐻2
�푡0
= 8𝜋3 𝐺𝜌0. (110)

Then using (110), (108) becomes

𝑑𝑑𝑥0 {𝑎 (𝑥0)2} = 2𝐻�푡0
. (111)

Solving the equation above, one can obtain (107).
From the expression in (107), one needs to specify the unit

of the Hubble parameter at 𝑡0. Through (110), it is related to
the initial energy density𝜌0 . Assuming𝜌0 is given by radiation
with an effective degree of freedom 𝑔∗ and a temperature𝑇(𝑡0), one can write 𝜌0 as follows:

𝜌0 = 𝑔∗𝜋230𝑇4 (𝑡0) . (112)

Hereafter, we assume that the temperature of the radiation𝑇(𝑡0) is equal to the temperature 𝑇 in the density operator
for the scalar fields. Then one can write the ratio of the initial
Hubble parameter and temperature 𝑇 as follows:

𝐻�푡0𝑇 = 𝜋3√4𝜋𝑔∗5 𝑇𝑀Pl
, (113)

where𝑀Pl is the Planck mass and𝑀Pl = 1.2 × 1019 (GeV).
Then one can write the temperature 𝑇 in GeV unit as follows:

𝑇 (GeV) = 3𝜋√ 54𝜋𝑔∗ (
𝐻�푡0𝑇 )𝑀Pl (GeV) . (114)
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Figure 6: 𝐵 dependence for the time evolution of PNA. The horizontal axis is the dimensionless time defined as 𝑡 = 𝜔�푟
3,0(𝑥0 − 𝑡0). As a

reference angular frequency, we choose 𝜔�푟
3,0 = 0.35. We use a set of parameters as (�̃�2, 𝑇,𝐻�푡0

, 𝜔3,0) = (3, 100, 10−3, 0.35) for all the lines. In
the left plot, the black and magenta lines display the cases 𝐵 = 1.58 and 1.01, respectively. For the right plot, the black and blue lines display
the cases 𝐵 = 1.58 and 0.76, respectively.
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Figure 7: Dependence on frequency 𝜔3,0 of the time evolution of the PNA. We use the dimensionless time 𝑡 = 𝜔�푟
3,0(𝑥0 − 𝑡0) for horizontal

axis and as a reference angular frequency, we choose𝜔�푟
3,0 = 0.35. We fix parameters (�̃�1, �̃�2, 𝐵, 𝑇,𝐻�푡0

) = (2, 3, 1.58, 100, 10−3) for all the lines.
The black and orange lines show the cases 𝜔3,0 = 0.35 and 0.9, respectively (left plot). The black and green lines show the cases 𝜔3,0 = 0.35
and 1.5, respectively (right plot).

In the numerical simulation, the ratio 𝐻�푡0
/𝑇 is given. There-

fore, for the given ratio and 𝑔∗, the temperature 𝑇 in terms of
GeV unit is determined. Then𝐻�푡0

in GeV unit also becomes

𝐻�푡0
(GeV) = 𝑇 (GeV) × (𝐻�푡0𝑇 ) . (115)

The masses of the scalar fields �̃��푖 (𝑖 = 1, 2, 3) can be also
expressed in GeV unit as

�̃��푖 (GeV) = 𝐻�푡0
(GeV) × ( �̃��푖𝐻�푡0

) , (116)

where we use the ratios �̃��푖/𝐻�푡0
given in the numerical

simulation.

As an example, we study the implication of the numerical
simulation shown in Figure 9 by specifying the mass param-
eter in GeV unit. We also determine the unit of time scale.
We first determine the temperature in GeV unit using (114).
As for the degree of freedom, we can take 𝑔∗ ≃ 100 which
corresponds to the case that all the standard model particles
are regarded as radiation.Then, substituting the ratio𝐻�푡0

/𝑇 =10−5 adapted in Figure 9 to (114) and (115), one obtains 𝑇 ∼1013 (GeV) and 𝐻(𝑡0) ∼ 108 (GeV), respectively. The mass
parameters are different between the longer period case (the
dotted line) and the shorter period case (the solid line). They
are also given in GeV unit shown in Table 2. The time scaleΔ𝑡 = 100 corresponds to 3 × 10−9 (GeV)−1 which is about2 × 10−33 (sec).
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Figure 8: The expansion rate 𝐻(𝑡0) dependence of the time
evolution PNA. In horizontal axes, we use the dimensionless time𝑡 = 𝜔�푟

3,0(𝑥0 − 𝑡0) where we choose 𝜔�푟
3,0 = 0.35. We fix parameters as(�̃�1, �̃�2, 𝐵, 𝜔3,0, 𝑇) = (2, 3, 1.58, 0.35, 100) for all the lines. The light

gray, brown, and black lines display the cases𝐻(𝑡0) = 0, 5×10−4 and10−3, respectively.
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Figure 9: Comparison between two different periods of the time
evolution of the PNA. We use the dimensionless time 𝑡 = 𝜔�푟

3,0(𝑥0 −𝑡0) for horizontal axis and as a reference we choose 𝜔�푟
3,0 =0.35. We fix parameters (𝑇,𝐻�푡0

) = (100, 10−3) for all the lines.
The black (shorter period) and black dotted (longer period) lines
show the set parameters (�̃�1, �̃�2, 𝐵, 𝜔3,0) as (2, 3, 1.58, 0.35) and
(0.04, 0.05, 0.021, 0.0035), respectively. Notice that our approxima-
tion will break down after 𝑡 = 80.

One can also estimate the size of PNA. Here, we consider
the maximum value of the PNA for the longer period case
in Figure 9. We evaluate the ratio of the PNA over entropy
density 𝑠,

⟨𝑗0 (𝑡 ≃ 50)⟩𝑠 = −5 × 1011 (GeV)𝑇 (GeV) × 𝐴123 (GeV)𝑇 (GeV)
× V3 (GeV)𝑇 (GeV) × 452𝜋2𝑔∗ ,

(117)

Table 2: The mass parameters in GeV unit for both longer and
shorter period cases in Figure 9.

Mass parameter (GeV) The shorter period The longer period𝑚1 2 × 1011 4 × 109𝑚2 3 × 1011 5 × 109𝜔3,0 3.5 × 1010 3.5 × 108
where 𝑠 is given by

𝑠 = 𝑔∗ 2𝜋245 𝑇3 (GeV3) . (118)

In (117), the first numerical factor,−5×1011(GeV), is obtained
in the following way:

𝐴123 (GeV)𝑇 (GeV) = 𝐴123𝑇 , (119)

V3 (GeV)𝑇 (GeV) = V3𝑇 , (120)

−5 × 1011 (GeV)𝑇 (GeV) = −5𝑇 . (121)

In the right-hand side of the above equations, 𝑇 denotes the
temperature in the universal unit of the simulation in Figure 9
where 𝑇 = 100 is used. In the left-hand side, 𝑇 denotes the
corresponding temperature in GeV unit and it is 𝑇 = 1013
(GeV). Substituting the temperature 𝑇 = 1013 (GeV) into
(117), one obtains

⟨𝑗0 (𝑡 ≃ 50)⟩𝑠 = −1 × 10−11 × (𝐴123 (GeV)108 (GeV) )
× ( V3 (GeV)1010 (GeV)) .

(122)

From the equation above, we can achieve the ratio as 10−10 by
taking 𝐴123 = 108 (GeV) and V3 = 1011 (GeV).
6. Discussion and Conclusion

In this paper, we developed a new mechanism for generating
the PNA.This mechanism is realized with the specific model
Lagrangian which we have proposed. The model includes
a complex scalar. The PNA is associated with U(1) charge
of the complex scalar. In addition, we introduce a neutral
scalar which interacts with the complex scalar. The U(1)
charge is not conserved due to particle number violating
interaction. As another source of particle number violation,
the U(1) symmetry breaking mass term for the complex
scalar is introduced. The initial value for the condensation
of the neutral scalar is nonzero. Using 2PI formalism and
specifying the initial condition with density operator, the
time-dependent PNA is obtained. To include the effect of the
time dependence of the scale factor, we approximate it up to
the first order of Hubble parameter.

The results show that the PNAdepends on the interaction
coupling 𝐴123 and the initial value of the condensation of
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Table 3: The classification of 𝑜(𝐻�푡0
) contributions to the PNA.

The effect The origin
Dilution The increase of volume of the universe due to expansion, 1/𝑎(𝑥0)3 − 1/𝑎3�푡0
Freezing interaction The decrease of the strength of the cubic interaction𝐴 as𝐴123 − 𝐴123

Redshift The effective energy of particle as indicated in Eq. (57), k2/𝑎(𝑥0)2 + 𝑚2
�푖 (𝑥0)

the neutral scalar 𝜑3,�푡0 . It also depends on the mass squared
difference of two real scalars which originally form a complex
scalar. We found that the interaction coupling 𝐴123 and the
mass squared difference play a key role to give rise to non-
vanishing PNA. Even if the initial value of the neutral scalar
is nonzero, in the vanishing limit of interaction terms and
the mass squared difference, the PNA will vanish. Another
important finding is that the contribution to the PNA is
divided into four types.The constant scale factor which is the
zeroth order of Hubble parameter is the leading contribution.
The rest which are the first order term contribute according
to their origins. Those are summarized in Table 3.

We have numerically calculated time evolution of the
PNA and have investigated its dependence on the temper-
ature, parameter 𝐵, the angular frequency 𝜔3,0, and the
expansion rate of the universe. Starting with the null PNA at
the initial time, it is generated by particle number violating
interaction. Once the nonzero PNA is generated, it starts
to oscillate. The amplitude decreases as the time gets larger.
The dumping rate of the amplitude increases as the Hubble
parameter becomes larger. The period of the oscillation
depends on the angular frequency 𝜔3,0 and the parameter𝐵. The former determines the oscillation period for the
condensation of the neutral scalar. The latter determines
the mass difference of 𝜙1 and 𝜙2. In the simulation, we
focus on the two cases for the oscillation period, one of
which corresponds to the longer period case and the other
is the shorter period case. The longer period is about
half of the Hubble time (1/𝐻�푡0

) and the shorter period
is one percent of the Hubble time. The set of parameters(𝜔3,0, 𝐵) which corresponds to the longer period is typically
one percent of the values for the shorter period. In both
cases, the amplitude gets larger as the temperature increases.
For the longer period, as parameter 𝐵 becomes larger, the
amplitude increases. For the shorter period, in order to have
large amplitude, the parameter 𝐵 is taken so that the mass
difference �̃�2 − �̃�1 is near to 𝜔3,0. In other words, when
the resonance condition 𝜔3,0 ≃ �̃�2 − �̃�1 is satisfied, the
amplitude becomes large. For the longer period case, as the
angular frequency 𝜔3,0 decreases, the amplitude becomes
large.

To show how the mechanism can be applied to a real-
istic situation, we study the simulated results for radiation
dominated era when the degree of freedom of light particles
is assumed to be 𝑔∗ ≃ 𝑂(100). Then when the initial
temperature of the scalar fields is the same as that of the light
particles, the simulation with 𝐻�푡0

/𝑇 = 10−5 corresponds to
the case that the temperature of the universe is 1013 (GeV)

which is slightly lower than GUT scale ∼ 1016 (GeV) [20,
21]. The masses of the scalar fields in Figure 9 are different
between the shorter period case and the longer period case
as shown in Table 2. In the shorter period case, the mass
spectrum of the scalar ranges from 1010 (GeV) to 1011 (GeV)
while for the longer period case, it is lower than that of the
shorter period case by two orders of magnitude. For the
longer period case, the maximum asymmetry is achieved
at 10−33 (sec) after the initial time. For shorter period, it
is achieved at about 10−34 (sec). We have estimated the
ratio of the PNA over entropy density by substituting the
numerical values of the coupling constant (𝐴123) and the
initial expectation value (V3).

Compared with the previous works [13, 14, 22, 23], instead
of assuming the nonzero PNA at the initial time, the PNA
is created through interactions. These interactions have the
following unique feature; namely, the interaction between
the complex scalars and oscillating condensation of a neutral
scalar leads to the PNA. In our work, by assuming the
initial condensation of the neutral scalar is away from the
equilibrium point, the condensation starts to oscillate. In
the expression of the amplitude of PNA, one finds that it
is proportional to the CP violating coupling between the
scalars and the condensation, the initial condensation of the
neutral scalars, andmass difference between mass eigenstates
of the two neutral scalars which are originally introduced
as a complex scalar with the particle number violating mass
and curvature terms. One of the distinctive features of the
present mechanism from the one which utilizes the PNA
created through the heavy particle decays is as follows. In
the mechanism which utilizes the heavy particle decays, the
temperature must be high enough so that it once brings
the heavy particle to the state of the thermal equilibrium.
Therefore the temperature of the universe at reheating era
must be as high as the mass of the heavy particle. In
contrast to this class of the models, the present model is
not restricted by such condition. In place of the condition,
the initial condensation must be large enough to explain the
asymmetry.

In our model, even for the longer period case, the
oscillation period is shorter than the Hubble time (1/𝐻�푡0

).
It implies that one of Sakharov conditions for BAU, namely,
nonequilibrium condition, is not satisfied. In this respect, we
expect that due to the finite life time of the condensation of
the neutral scalar, the interaction between the condensation
and complex scalars will vanish and eventually the oscillation
of the PNA may terminate. The detailed study will be given
in the future work. The relation between the PNA and the
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observed BAU should be also studied. In particular, we
need to consider the mechanism how the created PNA is
transferred to the observed BAU.

Appendix

A. The Solution of SDEs for Both Green’s
Function and Field

A.1. The General Solutions of SDEs. In this subsection, we
provide the general solution of SDEs. Let us introduce the
following differential equation for a field 𝜑,
[ 𝜕2𝜕𝑥02 + 𝑚2 (𝑥0)] 𝜑 (𝑥0)
= 𝑆 (𝑥0) + 𝐸 (𝑡0) 𝛿 (𝑥0 − 𝑡0) + 𝐹 (𝑇) 𝛿 (𝑥0 − 𝑇) ,

(A.1)

where 𝑆 is an arbitrary function of time 𝑥0 and we will find
the solution within the time range from 𝑥0 = 𝑡0 to 𝑥0 = 𝑇. At
the boundaries 𝑥0 = 𝑡0 and 𝑥0 = 𝑇, we introduce the source
terms of the form of delta function. The strength of the delta
function is denoted as 𝐸(𝑡0) and 𝐹(𝑇), respectively. One may
assume that field vanishes at 𝑥0 < 𝑡0,

𝜑 (𝑥0 < 𝑡0) = 0,
𝜕𝜑 (𝑥0)𝜕𝑥0

�푥0<�푡0 = 0.
(A.2)

One integrates (A.1) with respect to time 𝑥0 from 𝑡0 − 𝜖 to𝑡0 + 𝜖 and obtains initial condition for the first derivative of
the field as

𝜕𝜑 (𝑥0)𝜕𝑥0
�푡+
0

= 𝐸 (𝑡0) , (A.3)

where we have used the above assumption and taken limit𝜖 → 0. 𝑡+0 denotes 𝑡0 + 0.
The method of variation of constants has been employed

to determine the solution of (A.1) and it is written as

𝜑 (𝑥0) = 𝐶1 (𝑥0)𝑓 (𝑥0) + 𝐶2 (𝑥0) 𝑔 (𝑥0) , (A.4)

where 𝑓(𝑥0) and 𝑔(𝑥0) are two linear independent solutions
of the following homogeneous equation:

[ 𝜕2(𝜕𝑥0)2 + 𝑚2 (𝑥0)]𝜑homo (𝑥0) = 0. (A.5)

Firstly, the following condition is imposed:

�̇�1 (𝑥0) 𝑓 (𝑥0) + �̇�2 (𝑥0) 𝑔 (𝑥0) = 0. (A.6)

Equation (A.4) becomes the solution of the differential
equation (A.1) when 𝐶�푖(𝑥0) satisfies another condition,

�̇�1 (𝑥0) ̇𝑓 (𝑥0) + �̇�2 (𝑥0) ̇𝑔 (𝑥0)
= 𝑆 (𝑥0) + 𝐹 (𝑇) 𝛿 (𝑥0 − 𝑇) . (A.7)

The remaining task is to find 𝐶�푖(𝑥0) which satisfy the
conditions in (A.6) and (A.7). It is convenient to write these
conditions in matrix form as

(�̇�1 (𝑥0)�̇�2 (𝑥0)) = 1𝑊
⋅ ( 𝑔 (𝑥0) − ̇𝑔 (𝑥0)
−𝑓 (𝑥0) ̇𝑓 (𝑥0) )(𝑆 (𝑥

0) + 𝐹 (𝑇) 𝛿 (𝑥0 − 𝑇)0 ) ,
(A.8)

where we have defined

𝑊 = ̇𝑓 (𝑥0) 𝑔 (𝑥0) − 𝑓 (𝑥0) ̇𝑔 (𝑥0) . (A.9)

and it is a constant with respect to time. Integrating (A.8) with
respect to time from 𝑡+0 to 𝑥0, one obtains

𝐶1 (𝑥0)
= ∫�푥0

�푡+
0

1𝑊 (𝑔 (𝑡) {𝑆 (𝑡) + 𝐹 (𝑡) 𝛿 (𝑡 − 𝑇)}) 𝑑𝑡
+ 𝐶1 (𝑡+0 )

(A.10)

𝐶2 (𝑥0)
= −∫�푥0

�푡+
0

1𝑊 (𝑓 (𝑡) {𝑆 (𝑡) + 𝐹 (𝑡) 𝛿 (𝑡 − 𝑇)}) 𝑑𝑡
+ 𝐶2 (𝑡+0 )

(A.11)

Therefore (A.4) becomes

𝜑 (𝑥0) = 1𝑊 ∫�푥0

�푡+
0

[𝑓 (𝑥0) 𝑔 (𝑡) − 𝑔 (𝑥0) 𝑓 (𝑡)]
⋅ {𝑆 (𝑡) + 𝐹 (𝑡) 𝛿 (𝑡 − 𝑇)} 𝑑𝑡 + 𝐶1 (𝑡+0 ) 𝑓 (𝑥0)
+ 𝐶2 (𝑡+0 ) 𝑔 (𝑥0) .

(A.12)

In this regard, it enables us to define

𝐾[𝑥0, 𝑦0] fl 1𝑊 [𝑓 (𝑥0) 𝑔 (𝑦0) − 𝑔 (𝑥0) 𝑓 (𝑦0)] . (A.13)

Then (A.12) alters into

𝜑 (𝑥0) = ∫�푥0

�푡+
0

𝐾[𝑥0, 𝑡] {𝑆 (𝑡) + 𝐹 (𝑡) 𝛿 (𝑡 − 𝑇)} 𝑑𝑡
+ 𝐶1 (𝑡+0 ) 𝑓 (𝑥0) + 𝐶2 (𝑡+0 ) 𝑔 (𝑥0) .

(A.14)

To determine 𝐶�푖(𝑡+0 ), the first derivative of field is required,

𝜕𝜕𝑥0 𝜑 (𝑥0)
= ∫�푥0

�푡+
0

(𝜕𝐾[𝑥0, 𝑡]𝜕𝑥0 ) {𝑆 (𝑡) + 𝐹 (𝑡) 𝛿 (𝑡 − 𝑇)} 𝑑𝑡
+ 𝐶1 (𝑡+0 ) ̇𝑓 (𝑥0) + 𝐶2 (𝑡+0 ) ̇𝑔 (𝑥0) .

(A.15)
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Consequently, using definition (A.13), the term which
includes 𝑆(𝑡0) vanishes after integration. From now on, we
will denote �̇�(𝑥0) as 𝜕𝜑(𝑥0)/𝜕𝑥0.

Let us now write 𝐶�푖(𝑡+0 ) in terms of 𝜑(𝑡0) and �̇�(𝑡0). We
consider the following equations:

𝜑 (𝑡+0 ) = 𝐶1 (𝑡+0 ) 𝑓 (𝑡+0 ) + 𝐶2 (𝑡+0 ) 𝑔 (𝑡+0 ) , (A.16)

�̇� (𝑡+0 ) = 𝐶1 (𝑡+0 ) ̇𝑓 (𝑡+0 ) + 𝐶2 (𝑡+0 ) ̇𝑔 (𝑡+0 ) . (A.17)

Next, one can write 𝐶�푖(𝑡+0 ) in matrix form as

(𝐶1 (𝑡+0 )𝐶2 (𝑡+0 )) = −
1𝑊 ( ̇𝑔 (𝑡+0 ) −𝑔 (𝑡+0 )− ̇𝑓 (𝑡+0 ) 𝑓 (𝑡+0 ) )(

𝜑 (𝑡+0 )�̇� (𝑡+0 )) . (A.18)

Thus one substitutes these 𝐶�푖(𝑡+0 ) into (A.14) and obtains

𝜑 (𝑥0) = ∫�푥0

�푡+
0

𝐾[𝑥0, 𝑡] 𝑆 (𝑡) 𝑑𝑡
+ 𝐾 [𝑥0, 𝑇] 𝐹 (𝑇) 𝜃 (𝑥0 − 𝑇)
− 𝐾�耠 [𝑥0, 𝑡0] 𝜑 (𝑡0) + 𝐾 [𝑥0, 𝑡0] 𝐸 (𝑡0) ,

(A.19)

where we have used the initial condition in (A.3) and𝐾�耠[𝑥0, 𝑦0] is defined as

𝐾�耠 [𝑥0, 𝑦0] fl 𝜕𝐾 [𝑥0, 𝑦0]𝜕𝑦0 . (A.20)

In the next subsection, we will use the obtained solution to
provide the solution of SDEs.

A.2. The SDEs for the Field. Next we move to consider the
SDEs for the field in (54). It is rewritten as

[ 𝜕2𝜕𝑥02 + Ω2
�푖,�푥0,k=0]𝜑�푑�푖,�푥0 = 𝑆�푑�푖,�푥0 , (A.21)

where we have defined 𝑆�푑�푖,�푥0 as
𝑆�푑�푖,�푥0 fl 𝑐�푑�푎𝐷�푎�푏�푐𝐴 �푖�푗�푘 (𝑥0)

⋅ {𝜑�푏�푗 (𝑥0) 𝜑�푐�푘 (𝑥0) + 𝐺�푏�푐
�푗�푘 (𝑥, 𝑥)} . (A.22)

To solve (A.21), one first sets 𝐸(𝑡0) = 0 and 𝐹(𝑇) = 0 in
(A.1). Then, the general differential equation is similar to the
SDEs for the field.The SDEs of the field in the form of integral
equation are given by

𝜑�푑�푖,�푥0 = −𝐾�耠

�푖,�푥0�푡0
𝜑�푑�푖,�푡0 + ∫�푥0

�푡+
0

𝐾�푖,�푥0�푡𝑆�푑�푖,�푡 𝑑𝑡, (A.23)

𝜑�푑,f ree
�푖,�푥0

= −𝐾�耠

�푖,�푥0�푡0
𝜑�푑�푖,�푡0 , (A.24)

𝜑�푑,int
�푖,�푥0

= ∫�푥0

�푡+
0

𝐾�푖,�푥0�푡𝑆�푑�푖,�푡 𝑑𝑡. (A.25)

By using the above equations and keeping the solutions up to
the first order of the cubic interaction, one obtains (70)-(72).

A.3. The SDEs for Green’s Function. In this subsection, we
consider the SDEs for Green’s function in (55) and (56).They
are simply rewritten as

[[
→𝜕2𝜕𝑥02 + Ω2

�푖,�푥0,k
]]𝐺

�푎�푏
�푖�푗,�푥0�푦0 ,k

= 𝑄�푎�푏
�푖�푗,�푥0�푦0,k + 𝐸�푎�푐

�푖�푘,k𝐺�푐�푏
�푘�푗,�푡0�푦

0 ,k𝛿�푡0�푥0 + 𝐹�푎�푏
�푖�푗 𝛿�푥0�푦0 ,

(A.26)

𝐺�푎�푏
�푖�푗,�푥0�푦0 ,k

[[
←𝜕2𝜕𝑦02 + Ω2

�푖,�푦0,k
]]

= 𝑅�푎�푏
�푖�푗,�푥0�푦0,k + 𝐺�푎�푐

�푖�푘,�푥0�푡0,k𝐸�푇�푐�푏
�푘�푗,k𝛿�푡0�푦0 + 𝐹�푎�푏

�푖�푗 𝛿�푥0�푦0 ,
(A.27)

where we have defined

𝐹�푎�푏
�푖�푗 fl −𝑖𝛿�푖�푗 𝑐�푎�푏𝑎3�푡0 , (A.28)

𝑄�푎�푏
�푖�푗,�푥0�푦0 (k) fl 2𝑐�푎�푑𝐷�푑�푐�푒𝐴 �푖�푘�푙,�푥0𝜑�푒�푙,�푥0𝐺�푐�푏

�푘�푗,�푥0�푦0 (k) , (A.29)

𝑅�푎�푏
�푖�푗,�푥0�푦0 (k) fl 2𝐺�푎�푐

�푖�푘,�푥0�푦0 (k)𝐷�푐�푒�푓𝐴�푘�푗�푙,�푦0𝜑�푓�푙,�푦0𝑐�푒�푏, (A.30)

and 𝐸�푎�푐
�푖�푘,k is given in (83).

In the following, we will obtain SDEs for Green’s func-
tions at (𝑥0, 𝑦0) in the form of integral equation. Starting
with the initial condition for Green’s function at (𝑡0, 𝑡0),
we obtain two expressions for Green’s function at (𝑥0, 𝑦0).
The two expressions correspond to two paths shown in
Figure 10 which are used to integrate the differential equa-
tion in (A.26) and (A.27). They are given by (dot mul-
tiplication describes matrix product corresponding their
indices)

𝐺�푏�푟
�푥0�푦0 = {𝐾�푥0�푡0

⋅ (𝐸 ⋅ 𝐺�푡0�푡0
+ 𝐹) − 𝐾�耠

�푥0�푡0
⋅ 𝐺�푡0�푡0

}
⋅ (𝐸�푇 ⋅ 𝐾�푦0�푡0

− 𝐾�耠

�푦0�푡0
) + 𝜃 (𝑦0 − 𝑥0) 𝐹

⋅ 𝐾�푦0�푥0 + ∫�푦0

�푡+
0

𝑅�푥0�푡 ⋅ 𝐾�푦0�푡 𝑑𝑡
+ ∫�푥0

�푡+
0

𝐾�푥0�푡 ⋅ 𝑄�푡�푡0
𝑑𝑡

⋅ (𝐸�푇 ⋅ 𝐾�푦0�푡0
− 𝐾�耠

�푦0�푡0
) ,

(A.31)
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G(t0, y

0)

G(t0, t0)

G(x0, y0)

G(x0, x0)

G(x0, t0) x0

x0

Figure 10: Two paths to obtain𝐺(𝑥0, 𝑦0). We show the paths for the
case 𝑥0 < 𝑦0.

𝐺�푔�표

�푥0�푦0
= (𝐾�푥0�푡0

⋅ 𝐸 − 𝐾�耠

�푥0�푡0
)

⋅ {(𝐺�푡0�푡0
⋅ 𝐸�푇 + 𝐹) ⋅ 𝐾�푦0�푡0

− 𝐺�푡0�푡0
⋅ 𝐾�耠

�푦0�푡0
}

+ 𝜃 (𝑥0 − 𝑦0)𝐾�푥0�푦0 ⋅ 𝐹
+ ∫�푥0

�푡+
0

𝐾�푥0�푡 ⋅ 𝑄�푡�푦0 𝑑𝑡
+ (𝐾�푥0�푡0

⋅ 𝐸 − 𝐾�耠

�푥0�푡0
)

⋅ ∫�푦0

�푡+
0

𝑅�푡0�푡
⋅ 𝐾�푦0�푡 𝑑𝑡,

(A.32)

where the upper indices “𝑏𝑟” and “𝑔𝑜” denote the blue red
path and the green orange path, respectively.

Now let us explain how one can derive (A.31). The steps
are summarized below.

(i) We first consider the differential equation in (A.26)
which Green’s function 𝐺(𝑡, 𝑡0) on the blue line
(𝑡0 ≤ 𝑡 ≤ 𝑥0) satisfies. Using the solution of the
general differential equation in (A.19), we obtain the
expression

𝐺�푥0�푡0
= ∫�푥0

�푡+
0

𝐾�푥0�푡 ⋅ 𝑄�푡�푡0
𝑑𝑡 + 𝐾�푥0�푡0

⋅ (𝐸 ⋅ 𝐺�푡0�푡0
+ 𝐹)

− 𝐾�耠

�푥0�푡0
⋅ 𝐺�푡0�푡0

,
(A.33)

where 𝐺�푡0�푡0
denotes the initial condition.

(ii) Next we consider the differential equation in (A.27)
which Green’s function 𝐺(𝑥0, 𝑡) on the red line (𝑡0 ≤

𝑡 ≤ 𝑦0) satisfies. Using the solution of the general dif-
ferential equation in (A.19), we obtain the expression

𝐺�푥0�푦0 = ∫�푦0

�푡+
0

𝑅�푥0�푡 ⋅ 𝐾�푦0�푡 𝑑𝑡 + 𝐺�푥0�푡0

⋅ (𝐸 ⋅ 𝐾�푦0�푡0
− 𝐾�耠

�푦0�푡0
) + 𝜃 (𝑦0 − 𝑥0) 𝐹

⋅ 𝐾�푦0�푥0 ,
(A.34)

where 𝐺�푥0�푡0
denotes the initial condition.

(iii) Substituting (A.33) to (A.34), we obtain (A.31).

Equation (A.32) is obtained through the steps similar to
the above. The difference is as follows. We first integrate
the differential equation on the green line with the initial
condition at (𝑡0, 𝑡0) and obtain the expression for 𝐺�푡0�푦

0 .
Using it as the initial condition, we integrate the differential
equation on the orange line and obtain the expression in
(A.32).

A.4. The Derivation of Free Part for Green’s Function and Its
Path Independence. In the following subsection, we derive
the free parts ofGreen’s functionwhich are the zeroth order of
cubic interaction. From (A.31) and (A.32), we can write them
respectively as

𝐺�푏�푟,f ree
�푥0�푦0

= {𝐾�푥0�푡0
⋅ (𝐸 ⋅ 𝐺�푡0�푡0

+ 𝐹) − 𝐾�耠

�푥0�푡0
⋅ 𝐺�푡0�푡0

}
⋅ (𝐸�푇 ⋅ 𝐾�푦0�푡0

− 𝐾�耠

�푦0�푡0
) + 𝜃 (𝑦0 − 𝑥0) 𝐹

⋅ 𝐾�푦0�푥0 ,
(A.35)

𝐺�푔�표,f ree
�푥0�푦0

= (𝐾�푥0�푡0
⋅ 𝐸 − 𝐾�耠

�푥0�푡0
)

⋅ {(𝐺�푡0�푡0
⋅ 𝐸�푇 + 𝐹) ⋅ 𝐾�푦0�푡0

− 𝐺�푡0�푡0
⋅ 𝐾�耠

�푦0�푡0
}

+ 𝜃 (𝑥0 − 𝑦0)𝐾�푥0�푦0 ⋅ 𝐹.
(A.36)

Both of the above expressions satisfy the differential equa-
tions in which we turn off the interaction part, namely,

[[
→𝜕2𝜕𝑥02 + Ω2

�푖,�푥0 ,k
]]𝐺

�푎�푏,f ree
�푖�푗,�푥0�푦0 ,k

= 𝐸�푎�푐
�푖�푘,k𝐺�푐�푏,f ree

�푘�푗,�푡0�푦
0 ,k𝛿�푡0�푥0 + 𝐹�푎�푏

�푖�푗 𝛿�푥0�푦0 ,
(A.37)

𝐺�푎�푏,f ree
�푖�푗,�푥0�푦0 ,k

[[
←𝜕2𝜕𝑦02 + Ω2

�푖,�푦0 ,k
]]

= 𝐺�푎�푐,f ree
�푖�푘,�푥0�푡0 ,k

𝐸�푇�푐�푏
�푘�푗,k𝛿�푡0�푦0 + 𝐹�푎�푏

�푖�푗 𝛿�푥0�푦0 ,
(A.38)

Belowwe showboth expressions in (A.35) and (A.36) lead to a
single expression. Using (66), (83), and (A.28), we can rewrite
them as follows:
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𝐺�푎�푏,�푏�푟,f ree
�푖�푗,�푥0�푦0

(k) = 𝛿�푖�푗2𝜔�푖 (k) 𝑎3�푡0 [
sinh 𝛽𝜔�푖 (k)

cosh 𝛽𝜔�푖 (k) − 1]
⋅ (1 11 1)

�푎�푏

× [𝐾�耠

�푖,�푥0�푡0
𝐾�耠

�푖,�푦0�푡0
+ 𝜔2

�푖 (k) 𝐾�푖,�푥0�푡0
𝐾�푖,�푦0�푡0

]
+ 𝑖𝛿�푖�푗2𝑎3�푡0 (𝐾

�耠

�푖,�푥0�푡0
𝐾�푖,�푦0�푡0

− 𝐾�푖,�푥0�푡0
𝐾�耠

�푖,�푦0�푡0
)(−1 1−1 1)

�푎�푏

− 𝑖𝛿�푖�푗2𝑎3�푡0 𝜃 (𝑦0 − 𝑥0)𝐾�푖,�푦0�푥0𝑐�푎�푏,

(A.39)

𝐺�푎�푏,�푔�표,f ree
�푖�푗,�푥0�푦0

(k) = 𝛿�푖�푗2𝜔�푖 (k) 𝑎3�푡0 [
sinh 𝛽𝜔�푖 (k)

cosh 𝛽𝜔�푖 (k) − 1]
⋅ (1 11 1)

�푎�푏

× [𝐾�耠

�푖,�푥0�푡0
𝐾�耠

�푖,�푦0�푡0
+ 𝜔2

�푖 (k) 𝐾�푖,�푥0�푡0
𝐾�푖,�푦0�푡0

]
+ 𝑖𝛿�푖�푗2𝑎3�푡0 (𝐾

�耠

�푖,�푥0�푡0
𝐾�푖,�푦0�푡0

− 𝐾�푖,�푥0�푡0
𝐾�耠

�푖,�푦0�푡0
)

⋅ ( 1 1−1 −1)
�푎�푏 − 𝑖𝛿�푖�푗2𝑎3�푡0 𝜃 (𝑥0 − 𝑦0)𝐾�푖,�푥0�푦0𝑐�푎�푏.

(A.40)

By using the following relation,

𝐾�耠

�푖,�푥0�푡0
𝐾�푖,�푦0�푡0

− 𝐾�푖,�푥0�푡0
𝐾�耠

�푖,�푦0�푡0
= 𝐾�푖,�푥0�푦0 , (A.41)

we can show that two expressions are identical to each other.
Therefore, they can be summarized into a single expression
which is (79).

A.5. The Interaction Part of Green’s Function and Its Path
Independence. Now we move to consider the interaction
parts of Green’s function. From (A.31) and (A.32), we can
temporary define them, respectively, as

𝐺�푏�푟,int
�푥0�푦0

fl ∫�푦0

�푡+
0

𝑅�푥0�푡 ⋅ 𝐾�푦0�푡 𝑑𝑡 + ∫�푥0

�푡+
0

𝐾�푥0�푡 ⋅ 𝑄�푡�푡0
𝑑𝑡

⋅ (𝐸�푇 ⋅ 𝐾�푦0�푡0
− 𝐾�耠

�푦0�푡0
) ,

(A.42)

𝐺�푔�표,int
�푥0�푦0

fl ∫�푥0

�푡+
0

𝐾�푥0�푡 ⋅ 𝑄�푡�푦0 𝑑𝑡 + (𝐾�푥0�푡0
⋅ 𝐸 − 𝐾�耠

�푥0�푡0
)

⋅ ∫�푦0

�푡+
0

𝑅�푡0�푡
⋅ 𝐾�푦0�푡 𝑑𝑡,

(A.43)

where 𝑄 and 𝑅 are written in terms of the same 𝐺 and 𝜑 in
(A.29) and (A.30). Below, we will show the two expressions
are similar to each other. Remind us that 𝑄 and 𝑅 in (A.42)

and (A.43) are written in terms of𝐺�푥0�푦0 ,int in (78) through the
following differential equation:

𝑄�푥0�푦0 = [[
→𝜕2𝜕𝑥02 + Ω2

�푥0
]]𝐺

int
�푥0�푦0 − 𝐸 ⋅ 𝐺int

�푡0�푦
0𝛿�푡0�푥0 , (A.44)

𝑅�푥0�푦0 = 𝐺int
�푥0�푦0

[[
←𝜕2𝜕𝑦02 + Ω2

�푦0
]] − 𝐺

int
�푥0�푡0

⋅ 𝐸�푇𝛿�푡0�푦0 . (A.45)

Substituting these expressions to (A.42) and (A.43), we obtain

𝐺�푔�표,int
�푥0�푦0

= 𝐺int
�푥0�푦0 + 𝐾�푥0�푡0

⋅ (𝐸 ⋅ 𝐺int
�푡0�푦
0 − lim

�푡�㨀→�푡0

𝜕𝐺int
�푡�푦0𝜕𝑡 )

+ (𝐾�푥0�푡0
⋅ 𝐸 − 𝐾�耠

�푥0�푡0
) ⋅ 𝐺int

�푡0�푡0
⋅ 𝐾�耠

�푦0�푡0

+ (𝐾�耠

�푥0�푡0
− 𝐾�푥0�푡0

⋅ 𝐸) ⋅ lim
�푡�㨀→�푡0

𝜕𝐺int
�푡0�푡𝜕𝑡

⋅ 𝐾�푦0�푡0
,

(A.46)

= 𝐺int
�푥0�푦0 , (A.47)

𝐺�푏�푟,int
�푥0�푦0

= 𝐺int
�푥0�푦0 + (𝐺int

�푥0�푡0
⋅ 𝐸�푇 − lim

�푡�㨀→�푡0

𝜕𝐺int
�푥0�푡𝜕𝑡 ) ⋅ 𝐾�푦0�푡0

+ 𝐾�耠

�푥0�푡0
⋅ 𝐺int

�푡0�푡0
⋅ (𝐸�푇 ⋅ 𝐾�푦0�푡0

− 𝐾�耠

�푦0�푡0
)

+ 𝐾�푥0�푡0
⋅ lim
�푡�㨀→�푡0

𝜕𝐺int
�푡�푡0𝜕𝑡

⋅ (𝐾�耠

�푦0�푡0
− 𝐸�푇 ⋅ 𝐾�푦0�푡0

) ,

(A.48)

= 𝐺int
�푥0�푦0 , (A.49)

respectively. To show the equalities of (A.47) and (A.49), we
have used the following relations:

𝐺int
�푡0�푡0
= 0, (A.50)

lim
�푡�㨀→�푡0

𝜕𝜕𝑡𝐺int
�푡0�푡
= 0, (A.51)

lim
�푡�㨀→�푡0

𝜕𝐺int
�푡�푡0𝜕𝑡 = 0, (A.52)

𝐸 ⋅ 𝐺int
�푡0�푦
0 = lim

�푡�㨀→�푡0

𝜕𝐺int
�푡�푦0𝜕𝑡 , (A.53)

𝐺int
�푥0�푡0

⋅ 𝐸�푇 = lim
�푡�㨀→�푡0

𝜕𝐺int
�푥0�푡𝜕𝑡 . (A.54)

We complete the proof of equality of two expressions given in
(A.42) and (A.43). Since they are identical to each other, from
now on, we will use 𝐺�푏�푟,int

�푥0�푦0
in (A.42).
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To summarize this subsection, let us write the SDEs of
Green’s functions in the form of integral equations. Omitting
the upper and lower indices 𝑖, 𝑗, 𝑎, and 𝑏, the interaction part
of Green’s function is written as

𝐺int
�푥0�푦0

= ∫�푦0

�푡+
0

𝑅�푥0�푡 ⋅ 𝐾�푦0�푡 𝑑𝑡
− ∫�푥0

�푡+
0

𝐾�푥0�푡 ⋅ [𝑄�푡�푡0
⋅ 𝐾�耠

�푦0�푡0
− 𝑄�푡�푡0

⋅ 𝐸�푇 ⋅ 𝐾�푦0�푡0
] 𝑑𝑡,

(A.55)

where𝑄 and𝑅 are given in (A.29) and (A.30).Using the above
equations and keeping the solutions up to the first order of the
cubic interaction, one can obtain (80).

B. Derivation for 𝑓(𝑥0) and 𝑔(𝑥0) up to First
Order of𝐻(𝑡0)

𝑓(𝑥0) and 𝑔(𝑥0) are the solutions of a homogeneous differ-
ential equation given in (75) and (76). In this appendix, we
derive those solutions for the case that the scale factor is given
in (87). We present them within linear approximation with
respect to𝐻(𝑡0).

One first considers a couple of general homogeneous
differential equations given in (75) and (76). As for Ω�푖,k(𝑥0),
we substitute the expression given in (93). The solutions are
expanded up to the first order with respect to𝐻(𝑡0),

𝑓�푖,k (𝑥0) = 𝑓(0)
�푖,k (𝑥0) + 𝑓(1)

�푖,k (𝑥0) , (B.1)

𝑔�푖,k (𝑥0) = 𝑔(0)�푖,k (𝑥0) + 𝑔(1)�푖,k (𝑥0) , (B.2)

where 𝑓(0)(𝑥0) and 𝑔(0)(𝑥0) are the solutions which cor-
respond to the zeroth order of 𝐻(𝑡0) while 𝑓(1)(𝑥0) and𝑔(1)(𝑥0) are the solutions which correspond to the first order
correction with respect to𝐻(𝑡0).

We first compute solution for 𝑓(𝑥0). The differential
equations of 𝑓(𝑥0) in (75) can be rewritten as

[ 1𝜔2
�푖,k

𝜕2𝜕𝑥02 +
Ω2

�푖,k (𝑥0)𝜔2
�푖,k

]𝑓�푖,k (𝑥0) = 0. (B.3)

Using (93), the second term in parentheses of above expres-
sion is rewritten as

Ω2
�푖,k (𝑥0)𝜔2

�푖,k
= 1 − 2𝐻 (𝑡0) (𝑥0 − 𝑡0) k2

[𝑎 (𝑡0) 𝜔�푖,k]2 . (B.4)

Then using (B.4), (B.3) alters into

[ 1𝜔2
�푖,k

𝜕2𝜕𝑥02 + 1 − 2𝐻(𝑡0) (𝑥0 − 𝑡0) k2

[𝑎 (𝑡0) 𝜔�푖,k]2]
⋅ 𝑓�푖,k (𝑥0) = 0.

(B.5)

One can define several dimensionless parameters as

𝑠 fl 𝜔�푖,k𝑥0,𝑠0 fl 𝜔�푖,k𝑡0,
ℎ0 fl 𝐻(𝑡0)𝜔�푖,k

,
l fl k𝑎 (𝑡0) 𝜔�푖,k

(B.6)

Then using the above dimensionless parameters, (B.5) is
rewritten as (for simplicity, we omit the lower indices, 𝑖 and
k)

[ 𝜕2𝜕𝑠2 + 1 − 2ℎ0 (𝑠 − 𝑠0) l2]𝑓 (𝑠) = 0. (B.7)

The above equation leads to the following leading equations:

[ 𝜕2𝜕𝑠2 + 1]𝑓(0) (𝑠) = 0, (B.8)

[ 𝜕2𝜕𝑠2 + 1]𝑓(1) (𝑠) = 2ℎ0 (𝑠 − 𝑠0) l2𝑓(0) (𝑠) . (B.9)

As for the solution of (B.8), we choose

𝑓(0) (𝑠) = sin (𝑠) . (B.10)

Next one needs to solve 𝑓(1)(𝑠). The solution is written in
terms of linear combination of sine and cosine functions,

𝑓(1) (𝑠) = 𝐶1 (𝑠) sin (𝑠) + 𝐶2 (𝑠) cos (𝑠) , (B.11)
where their coefficients 𝐶�푖 depend on time. Since we can
impose the following condition,𝐶�耠

1 (𝑠) sin (𝑠) + 𝐶�耠
2 (𝑠) cos (𝑠) = 0, (B.12)

one can show that 𝐶�푖(𝑠) satisfy𝐶�耠
1 (𝑠) cos (𝑠) − 𝐶�耠

2 (𝑠) sin (𝑠)
= 2ℎ0 (𝑠 − 𝑠0) l2 sin (𝑠) , (B.13)

where 𝐶�耠
�푖 (𝑠) are defined as

𝐶�耠
�푖 (𝑠) fl 𝑑𝐶�푖 (𝑠)𝑑𝑠 . (B.14)

From (B.12) and (B.13), one can write 𝐶�耠
�푖 (𝑠) as𝐶�耠

1 (𝑠) = ℎ0 (𝑠 − 𝑠0) l2 sin (2𝑠) ,
𝐶�耠
2 (𝑠) = ℎ0 (𝑠 − 𝑠0) l2 {cos (2𝑠) − 1} . (B.15)

With the initial conditions 𝐶�푖(𝑠0) = 0, 𝐶�푖(𝑠) are written as

𝐶1 (𝑠) = −ℎ0l22 [(𝑠 − 𝑠0) cos (2𝑠)
− 12 {sin (2𝑠) − sin (2𝑠0)}] ,

(B.16)

𝐶2 (𝑠) = ℎ0l22 [(𝑠 − 𝑠0) {sin (2𝑠) − 2𝑠}
+ 12 {cos (2𝑠) − cos (2𝑠0)} + (𝑠2 − 𝑠20)] .

(B.17)
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Now using (B.16) and (B.17), the solution of 𝑓(1)(𝑠) is written
as

𝑓(1) (𝑠) = ℎ0l22 (𝑠 − 𝑠0) {sin (𝑠)
− sin (𝑠 − 𝑠0)(𝑠 − 𝑠0) sin (𝑠0) − (𝑠 − 𝑠0) cos (𝑠)} .

(B.18)

To summarize this part, let us write 𝑓(0)(𝑠) and 𝑓(1)(𝑠) in
terms of original dimensional parameters. They are given by

𝑓(0) (𝑥0) = sin [𝜔�푖,k𝑥0] , (B.19)

𝑓(1) (𝑥0) = 𝐻 (𝑡0) k2 (𝑥0 − 𝑡0)2 {𝑎 (𝑡0) 𝜔�푖,k}2 {sin [𝜔�푖,k𝑥0]
− sin [𝜔�푖,k (𝑥0 − 𝑡0)]𝜔�푖,k (𝑥0 − 𝑡0) sin [𝜔�푖,k𝑡0]
− 𝜔�푖,k (𝑥0 − 𝑡0) cos [𝜔�푖,k𝑥0]} .

(B.20)

Now we move to compute for 𝑔(𝑥0). In this regard, 𝑔(𝑠)
satisfies the same equation in (B.7) which 𝑓(𝑠) satisfies. The
difference is that 𝑔0(𝑠) is a cosine function,

𝑔(0) (𝑠) = cos (𝑠) . (B.21)

Applying the same procedure which we have used for the
derivation of 𝑓1(𝑠), we obtain

𝑔(1) (𝑠) = ℎ0l22 (𝑠 − 𝑠0) [cos (𝑠)
− sin (𝑠 − 𝑠0)(𝑠 − 𝑠0) cos (𝑠0) + (𝑠 − 𝑠0) sin (𝑠)] .

(B.22)

Finally, one rewrites 𝑔(0)(𝑠) and 𝑔(1)(𝑠) in terms of original
variables. They are given by

𝑔(0) (𝑥0) = cos [𝜔�푖,k𝑥0] , (B.23)

𝑔(1) (𝑥0) = 𝐻 (𝑡0) k2 (𝑥0 − 𝑡0)2 {𝑎 (𝑡0) 𝜔�푖,k}2 {cos [𝜔�푖,k𝑥0]
− sin [𝜔�푖,k (𝑥0 − 𝑡0)]𝜔�푖,k (𝑥0 − 𝑡0) cos [𝜔�푖,k𝑡0]
+ 𝜔�푖,k (𝑥0 − 𝑡0) sin [𝜔�푖,k𝑥0]} .

(B.24)

C. Derivation of 𝐾�푖[𝑥0,𝑦0] up to First
Order of 𝐻(𝑡0)

In this appendix, we present 𝐾�푖,�푥0�푦0 ,k given in (73) within the
linear approximation with respect to 𝐻(𝑡0). For simplicity,

momentum index k is suppressed. 𝐾�푖,�푥0�푦0 ,k is also expanded
up to the first order with respect to𝐻(𝑡0), namely,

𝐾�푖 [𝑥0, 𝑦0] = 𝐾(0)

�푖 [𝑥0, 𝑦0] + 𝐾(1)

�푖 [𝑥0, 𝑦0] , (C.1)

where we have defined

𝐾(0)

�푖 [𝑥0, 𝑦0] fl 1𝑊�푖

{𝑓(0)
�푖 (𝑥0) 𝑔(0)�푖 (𝑦0)

− 𝑓(0)
�푖 (𝑦0) 𝑔(0)�푖 (𝑥0)} , (C.2)

𝐾(1)

�푖 [𝑥0, 𝑦0] fl 1𝑊�푖

{𝑓(0)
�푖 (𝑥0) 𝑔(1)�푖 (𝑦0)

− 𝑓(0)
�푖 (𝑦0) 𝑔(1)�푖 (𝑥0) + 𝑓(1)

�푖 (𝑥0) 𝑔(0)�푖 (𝑦0)
− 𝑓(1)

�푖 (𝑦0) 𝑔(0)�푖 (𝑥0)} .
(C.3)

One can show that𝑊 is written in terms of the zeroth order
solutions 𝑓(0)

�푖 , 𝑔(0)�푖 , and their derivatives.

𝑊�푖 = ̇𝑓(0)
�푖 (𝑡0) 𝑔(0)�푖 (𝑡0) − 𝑓(0)

�푖 (𝑡0) ̇𝑔(0)�푖 (𝑡0) = 𝜔�푖,k , (C.4)

because 𝑓(1)(𝑡0), ̇𝑓(1)(𝑡0), 𝑔(1)(𝑡0), and ̇𝑔(1)(𝑡0) vanish. Substi-
tuting the zeroth order function and the first order function
of 𝑓 and 𝑔 in (B.10), (B.18), (B.21), and (B.22), equations (C.2)
and (C.3) alter into

𝐾(0)

�푖 [𝑥0, 𝑦0] = sin (𝑠 − 𝑢)𝜔�푖,k

𝐾(1)

�푖 [𝑥0, 𝑦0] = ℎ0l22𝜔�푖,k
{𝑢 + 𝑠 − 2𝑠0}

⋅ [sin (𝑠 − 𝑢) + (𝑢 − 𝑠) cos (𝑠 − 𝑢)]
(C.5)

where we have defined the following dimensionless parame-
ters as

𝑢 fl 𝜔�푖,k𝑦0,𝑠0 fl 𝑢0 = 𝜔�푖,k𝑡0. (C.6)

and 𝑠, 𝑠0, ℎ0, and l are defined in (B.6), respectively.Therefore,𝐾�푖[𝑥0, 𝑦0] in (C.1) is written in terms of original parameters
as

𝐾�푖 [𝑥0, 𝑦0] = 𝐾(0)

�푖 [𝑥0, 𝑦0] + 𝐾(1)

�푖 [𝑥0, 𝑦0]
𝐾(0)

�푖 [𝑥0, 𝑦0] = sin [𝜔�푖,k (𝑥0 − 𝑦0)]𝜔�푖,k
, (C.7)

𝐾(1)

�푖 [𝑥0, 𝑦0] = 𝐻 (𝑡0)2 k2

𝜔2
�푖,k𝑎 (𝑡0)2 (𝑥

0 + 𝑦0 − 2𝑡0)
× (sin [𝜔�푖,k (𝑥0 − 𝑦0)]𝜔�푖,k

− (𝑥0 − 𝑦0) cos [𝜔�푖,k (𝑥0 − 𝑦0)]) .
(C.8)
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We define �̇��푖 and �̇��耠

�푖 as

�̇��푖 [𝑥0, 𝑦0] fl 𝜕𝐾�푖 [𝑥0, 𝑦0]𝜕𝑥0 , (C.9)

�̇��耠

�푖 [𝑥0, 𝑦0] fl 𝜕2𝐾�푖 [𝑥0, 𝑦0]𝜕𝑥0𝜕𝑦0 . (C.10)

Then 𝐾�耠

�푖 in (A.20), �̇��푖, and �̇��耠

�푖 are given in terms of original
parameters by

𝐾�耠

�푖 [𝑥0, 𝑦0] = 𝐾(0)�耠

�푖 [𝑥0, 𝑦0] + 𝐾(1)�耠

�푖 [𝑥0, 𝑦0] ,
𝐾(0)�耠

�푖 [𝑥0, 𝑦0] = − cos (𝑠 − 𝑢)
= − cos [𝜔�푖,k (𝑥0 − 𝑦0)] ,

(C.11)

𝐾(1)�耠

�푖 [𝑥0, 𝑦0] = ℎ0l22 [(𝑢 − 𝑠) cos (𝑠 − 𝑢)
+ {1 + (𝑢 + 𝑠 − 2𝑠0) (𝑢 − 𝑠)} sin (𝑠 − 𝑢)] ,

= 𝐻 (𝑡0) k2

2𝜔3
�푖,k𝑎 (𝑡0)2 [𝜔�푖,k (𝑦0 − 𝑥0)

⋅ cos [𝜔�푖,k (𝑥0 − 𝑦0)]+ {1 + 𝜔2
�푖,k (𝑦0 + 𝑥0 − 2𝑡0) (𝑦0 − 𝑥0)}⋅ sin [𝜔�푖,k (𝑥0 − 𝑦0)]] ,

(C.12)

�̇��푖 [𝑥0, 𝑦0] = �̇�(0)

�푖 [𝑥0, 𝑦0] + �̇�(1)

�푖 [𝑥0, 𝑦0] ,
�̇�(0)

�푖 [𝑥0, 𝑦0] = cos (𝑠 − 𝑢) = cos [𝜔�푖,k (𝑥0 − 𝑦0)] , (C.13)

�̇�(1)

�푖 [𝑥0, 𝑦0] = ℎ0l22 [(𝑢 − 𝑠) cos (𝑠 − 𝑢)
+ {1 − (𝑢 + 𝑠 − 2𝑠0) (𝑢 − 𝑠)} sin (𝑠 − 𝑢)]
= 𝐻 (𝑡0) k2

2𝜔3
�푖,k𝑎 (𝑡0)2 [𝜔�푖,k (𝑦0 − 𝑥0)

⋅ cos [𝜔�푖,k (𝑥0 − 𝑦0)]+ {1 − 𝜔2
�푖,k (𝑦0 + 𝑥0 − 2𝑡0) (𝑦0 − 𝑥0)}⋅ sin [𝜔�푖,k (𝑥0 − 𝑦0)]] ,

(C.14)

�̇��耠

�푖 [𝑥0, 𝑦0] = �̇�(0)�耠

�푖 [𝑥0, 𝑦0] + �̇�(1)�耠

�푖 [𝑥0, 𝑦0] ,
�̇�(0)�耠

�푖 [𝑥0, 𝑦0] = 𝜔�푖,k sin (𝑠 − 𝑢) = 𝜔�푖,k⋅ sin [𝜔�푖,k (𝑥0 − 𝑦0)] ,
(C.15)

�̇�(1)�耠

�푖 [𝑥0, 𝑦0] = ℎ0l22 𝜔�푖,k (𝑢 + 𝑠 − 2𝑠0) [(𝑢 − 𝑠)⋅ cos (𝑠 − 𝑢) − sin (𝑠 − 𝑢)] = 𝐻 (𝑡0)
⋅ k22𝜔�푖,k𝑎 (𝑡0)2 (𝑦0 + 𝑥0 − 2𝑡0)× {𝜔�푖,k (𝑦0 − 𝑥0) cos [𝜔�푖,k (𝑥0 − 𝑦0)]− sin [𝜔�푖,k (𝑥0 − 𝑦0)]} .

(C.16)

D. Calculation of the Expectation
Value of PNA

D.1. Time Integration and Momentum Integration of
⟨𝑗0(𝑥0)⟩1𝑠𝑡. In this section, we provide both time and
momentum integrations in the expression of the expectation
value of the PNA. Let us first consider (97). It can be rewritten
as

⟨𝑗0 (𝑥0)⟩1st = ⟨𝑗0 (𝑥0)⟩1st,�퐴 + ⟨𝑗0 (𝑥0)⟩1st,�퐵 , (D.1)

where ⟨𝑗0(𝑥0)⟩1st,�퐴 and ⟨𝑗0(𝑥0)⟩1st,�퐵 are given by

⟨𝑗0 (𝑥0)⟩1st,�퐴 = 1𝑎3�푡0 𝜑3,�푡0𝐴123 {1 − 3 (𝑥0 − 𝑡0)
⋅ 𝐻 (𝑡0)} ∫ 𝑑3k(2𝜋)3 [12 ( 1𝜔2,k

+ 1𝜔1,k
)

× (coth 𝛽𝜔2,k2 − coth
𝛽𝜔1,k2 )

⋅ ∫�푥0

�푡0

cos𝜔3,0𝑡 cos (𝜔1,k − 𝜔2,k) (𝑥0 − 𝑡) 𝑑𝑡
+ 12 ( 1𝜔2,k

− 1𝜔1,k
)(coth 𝛽𝜔2,k2 + coth

𝛽𝜔1,k2 )
× ∫�푥0

�푡0

cos𝜔3,0𝑡 cos (𝜔1,k + 𝜔2,k) (𝑥0 − 𝑡) 𝑑𝑡] ,

(D.2)

⟨𝑗0 (𝑥0)⟩1st,�퐵 = −32 𝐻 (𝑡0)𝑎3�푡0
⋅ 𝜑3,�푡0𝐴123 ∫ 𝑑3k(2𝜋)3 [12 ( 1𝜔2,k

+ 1𝜔1,k
)

⋅ (coth 𝛽𝜔2,k2 − coth
𝛽𝜔1,k2 ) × ∫�푥0

�푡0

(𝑡 − 𝑡0)
⋅ cos𝜔3,0 (𝑡 − 𝑡0) cos (𝜔1,k − 𝜔2,k) (𝑥0 − 𝑡) 𝑑𝑡
+ 12 ( 1𝜔2,k

− 1𝜔1,k
)(coth𝛽𝜔2,k2 + coth

𝛽𝜔1,k2 )
× ∫�푥0

�푡0

(𝑡 − 𝑡0)
⋅ cos𝜔3,0 (𝑡 − 𝑡0) cos (𝜔1,k + 𝜔2,k) (𝑥0 − 𝑡) 𝑑𝑡] .

(D.3)

⟨𝑗0(𝑥0)⟩1st,�퐴 is the part which includes the PNAwith constant
scale factor and dilution effect while ⟨𝑗0(𝑥0)⟩1st,�퐵 is the part
which includes the freezing interaction effect. One can derive
(D.2) and (D.3) by substituting (C.7), (C.11), (C.13), and (C.15)
into (97).



24 Advances in High Energy Physics

Below we first carry out time integration of ⟨𝑗0(𝑥0)⟩1st,�퐴.
One defines the new variable of integration as

𝑠 fl 𝑥0 − 𝑡, (D.4)

𝑥1 fl 𝑥0 − 𝑡0. (D.5)

Then one obtains that

⟨𝑗0 (𝑥1 + 𝑡0)⟩1st,�퐴

= 𝜔3,02𝑎3�푡0 𝜑3,�푡0𝐴123 (�̃�2
1 − �̃�2

2) {1 − 3𝑥1𝐻(𝑡0)} ∫ 𝑑3k(2𝜋)3 1𝜔1,k𝜔2,k

× [( 2𝑒−�훽�휔2,k1 − 𝑒−�훽�휔2,k
− 2𝑒−�훽�휔1,k1 − 𝑒−�훽�휔1,k )
⋅ sin [𝜔3,0𝑥1] / (𝜔1,k − 𝜔2,k) − sin [(𝜔1,k − 𝜔2,k) 𝑥1] /𝜔3,0𝜔2

3,0 − (𝜔1,k − 𝜔2,k)2 + (1 + 𝑒−�훽�휔2,k1 − 𝑒−�훽�휔2,k
+ 1 + 𝑒−�훽�휔1,k1 − 𝑒−�훽�휔1,k )
⋅ sin [𝜔3,0𝑥1] / (𝜔1,k + 𝜔2,k) − sin [(𝜔1,k + 𝜔2,k) 𝑥1] /𝜔3,0𝜔2

3,0 − (𝜔1,k + 𝜔2,k)2 ] .

(D.6)

By taking first time derivative of the above expression, setting𝑥1 = 0, using the initial expectation value of 𝜑3,�푡0 = V3 and
setting 𝐻(𝑡0) = 0, we obtain (100).

We move now to compute ⟨𝑗0(𝑥0)⟩1st,�퐵. To perform time
integration for ⟨𝑗0(𝑥0)⟩1st,�퐵, one introduces the new variable
of integration,

𝑠 fl 𝑡 − 𝑡0, (D.7)

and obtains

⟨𝑗0 (𝑥1 + 𝑡0)⟩1st,�퐵 = −3𝐻(𝑡0) 𝜔3,04𝑎3�푡0 𝜑3,�푡0𝐴123 (�̃�2
1 − �̃�2

2)

⋅ ∫ 𝑑3k(2𝜋)3 1𝜔1,k𝜔2,k
[[(

coth (𝛽𝜔2,k/2) − coth (𝛽𝜔1,k/2)𝜔−
12,k

)

×( 𝑥1 sin𝜔3,0𝑥1(𝜔2
3,0 − 𝜔−

12,k
2)

+ ((𝜔2
3,0 + 𝜔−

12,k
2) /𝜔3,0) {cos𝜔3,0𝑥1 − cos [𝜔−

12,k𝑥1]}(𝜔2
3,0 − 𝜔−

12,k
2)2 )

+ (coth (𝛽𝜔2,k/2) + coth (𝛽𝜔1,k/2)𝜔+
12,k

)( 𝑥1 sin𝜔3,0𝑥1(𝜔2
3,0 − 𝜔+

12,k
2)

+ ((𝜔2
3,0 + 𝜔+

12,k
2) /𝜔3,0) {cos𝜔3,0𝑥1 − cos [𝜔+

12,k𝑥1]}(𝜔2
3,0 − 𝜔+

12,k
2)2 )]] ,

(D.8)

where we have defined 𝜔±
12,k as

𝜔±
12,k fl 𝜔1,k ± 𝜔2,k. (D.9)

The next task is to integrate (D.6) and (D.8) with respect
to spatial momentum. Using those equations, (D.1) leads to
the following expression:

⟨𝑗0 (𝑥1 + 𝑡0)⟩1st = −𝜑3,�푡0𝐴123𝑎3�푡0
(�̃�2

1 − �̃�2
2)𝜔3,0
[{1

− 3𝑥1𝐻(𝑡0)} {𝐽1 (𝑥1, �̃�1, �̃�2, 𝜔3,0)
+ 𝐽2 (𝑥1, �̃�1, �̃�2, 𝜔3,0)} + 34𝐻 (𝑡0)
⋅ {𝐽3 (𝑥1, �̃�1, �̃�2, 𝜔3,0) + 𝐽4 (𝑥1, �̃�1, �̃�2, 𝜔3,0)}] ,

(D.10)

where auxiliary functions 𝐽�푖(𝑥1, �̃�1, �̃�2, 𝜔3,0) (𝑖 = 1, . . . , 4)
are defined as

𝐽1 (𝑥1, �̃�1, �̃�2, 𝜔3,0) fl − sin [𝜔3,0𝑥1]2 ∫ 𝑑3k(2𝜋)3 1𝜔2,k𝜔1,k

((1 + 𝑒−�훽�휔2,k) / (1 − 𝑒−�훽�휔2,k) + (1 + 𝑒−�훽�휔1,k) / (1 − 𝑒−�훽�휔1,k))
1 − (𝜔+

12,k)2 /𝜔2
3,0

⋅ 1𝜔+
12,k

+ 12𝜔3,0
∫ 𝑑3k(2𝜋)3 1𝜔2,k𝜔1,k

((1 + 𝑒−�훽�휔2,k) / (1 − 𝑒−�훽�휔2,k) + (1 + 𝑒−�훽�휔1,k) / (1 − 𝑒−�훽�휔1,k)) sin [𝜔+
12,k𝑥1]1 − (𝜔+

12,k)2 /𝜔2
3,0

,
(D.11)

𝐽2 (𝑥1, �̃�1, �̃�2, 𝜔3,0) fl − sin [𝜔3,0𝑥1]2 (�̃�2
1 − �̃�2

2) ∫ 𝑑3k(2𝜋)3 𝜔+
12,k𝜔1,k𝜔2,k

((1 + 𝑒−�훽�휔2,k) / (1 − 𝑒−�훽�휔2,k) − (1 + 𝑒−�훽�휔1,k) / (1 − 𝑒−�훽�휔1,k))
1 − (𝜔−

12,k)2 /𝜔2
3,0

+ 12𝜔3,0
∫ 𝑑3k(2𝜋)3 1𝜔2,k𝜔1,k

((1 + 𝑒−�훽�휔2,k) / (1 − 𝑒−�훽�휔2,k) − (1 + 𝑒−�훽�휔1,k) / (1 − 𝑒−�훽�휔1,k)) sin [𝜔−
12,k𝑥1]1 − (𝜔−

12,k)2 /𝜔2
3,0

,
(D.12)
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𝐽3 (𝑥1, �̃�1, �̃�2, 𝜔3,0) fl ∫ 𝑑3k(2𝜋)3 1𝜔1,k𝜔2,k

𝜔+
12,k

2 (coth (𝛽𝜔2,k/2) − coth (𝛽𝜔1,k/2))𝜔+
12,k

2 − (�̃�2
1 − �̃�2

2)2 /𝜔2
3,0

[[[
𝑥1 sin [𝜔3,0𝑥1]𝜔−

12,k

+ (𝜔+
12,k

2 + (�̃�2
1 − �̃�2

2)2 /𝜔2
3,0) (cos [𝜔3,0𝑥1] /𝜔−

12,k − cos [(�̃�2
1 − �̃�2

2) 𝑥1/𝜔+
12,k] /𝜔−

12,k)𝜔3,0 (𝜔+
12,k

2 − (�̃�2
1 − �̃�2

2)2 /𝜔2
3,0)

]]]
,

(D.13)

𝐽4 (𝑥1, �̃�1, �̃�2, 𝜔3,0) fl ∫ 𝑑3k(2𝜋)3 1𝜔1,k𝜔2,k

((1 + 𝑒−�훽�휔2,k) / (1 − 𝑒−�훽�휔2,k) + (1 + 𝑒−�훽�휔1,k) / (1 − 𝑒−�훽�휔1,k))
1 − 𝜔+

12,k
2/𝜔2

3,0
[𝑥1 sin [𝜔3,0𝑥1]𝜔+

12,k

+ (1 + 𝜔+
12,k

2

𝜔2
3,0

) {cos [𝜔3,0𝑥1] − cos [𝜔+
12,k𝑥1]}𝜔3,0𝜔+

12,k (1 − 𝜔+
12,k

2/𝜔2
3,0) ] .

(D.14)

We carry out the momentum integration of the above
expressions numerically.

D.2. Time Integration and Momentum Integration of
⟨𝑗0(𝑥0)⟩2𝑛𝑑. Below we consider time and momentum
integrations of the second part of PNA which is (98).
Substituting (C.7), (C.8), (C.11)-(C.16) into (98) and
performing time integration, we obtain

⟨𝑗0 (𝑥1 + 𝑡0)⟩2nd = −2𝜑3,�푡0𝐴123𝑎3�푡0 ∫ 𝑑3k(2𝜋)3 [[[
{{{{{

12𝜔2

⋅ coth𝛽𝜔22
√Δ�耠

1Δ�耠
22 [ 1𝜔2

2

{𝜔−2
12 cos [𝜔+

12𝑥1]𝜔2
3 − 𝜔−2

12

− 𝜔+2
12 cos [𝜔−

12𝑥1]𝜔2
3 − 𝜔+2

12

− cos [𝜔3𝑥1] cos [2𝜔2𝑥1]
⋅ ( 𝜔−2

12𝜔2
3 − 𝜔−2

12

− 𝜔+2
12𝜔2

3 − 𝜔+2
12

) + 𝜔3 sin [𝜔3𝑥1]
⋅ sin [2𝜔2𝑥1] × ( 𝜔−

12𝜔2
3 − 𝜔−2

12

+ 𝜔+
12𝜔2

3 − 𝜔+2
12

)}
+ (�̃�2

1 − �̃�2
2)𝜔1

{4𝜔3𝑥1 sin [𝜔3𝑥1]( 𝜔+
12(𝜔2

3 − 𝜔+2
12 )2

− 𝜔−
12(𝜔2

3 − 𝜔−2
12 )2)

− 2𝜔+
12 {cos [𝜔3𝑥1] − cos [𝜔+

12𝑥1]}(𝜔2
3 − 𝜔+2

12 )2
+ 2𝜔−

12 {cos [𝜔3𝑥1] − cos [𝜔−
12𝑥1]}(𝜔2

3 − 𝜔−2
12 )2 − ((𝑥1)2

− 1𝜔1𝜔2

) 𝜔+
12 cos [𝜔+

12𝑥1]𝜔2
3 − 𝜔+2

12

+ 8𝜔2
3 (𝜔+

12 {cos [𝜔3𝑥1] − cos [𝜔+
12𝑥1]}(𝜔2

3 − 𝜔+2
12 )3

− 𝜔−
12 {cos [𝜔3𝑥1] − cos [𝜔−

12𝑥1]}(𝜔2
3 − 𝜔−2

12 )3 ) + ((𝑥1)2

+ 1𝜔1𝜔2

) 𝜔−
12 cos [𝜔−

12𝑥1]𝜔2
3 − 𝜔−2

12

− cos [𝜔3𝑥1]𝜔1𝜔2

( 𝜔+
12𝜔2

3 − 𝜔+2
12

+ 𝜔−
12𝜔2

3 − 𝜔−2
12

)}
− (𝑥1/𝜔1) (�̃�2

1 − �̃�2
2)𝜔1𝜔2

{( 𝜔+
12𝜔2

3 − 𝜔+2
12

+ 𝜔−
12𝜔2

3 − 𝜔−2
12

)𝜔3 sin [𝜔3𝑥1] − 𝜔+2
12 sin [𝜔+

12𝑥1]𝜔2
3 − 𝜔+2

12

− 𝜔−2
12 sin [𝜔−

12𝑥1]𝜔2
3 − 𝜔−2

12

} − 1𝜔1

(𝜔1𝜔2

+ 𝜔2𝜔1

)
⋅ {(𝜔2

3 + 𝜔+2
12 ) 𝜔−

12(𝜔2
3 − 𝜔+2

12 )2 {cos [𝜔3𝑥1] − cos [𝜔+
12𝑥1]}

+ (𝜔2
3 + 𝜔−2

12 )𝜔+
12(𝜔2

3 − 𝜔−2
12 )2

× {cos [𝜔3𝑥1] − cos [𝜔−
12𝑥1]}

+ ( 𝜔−
12𝜔2

3 − 𝜔+2
12

+ 𝜔+
12𝜔2

3 − 𝜔−2
12

)𝜔3𝑥1 sin [𝜔3𝑥1]}]}
− {1 ←→ 2 for lower indices}] ,

(D.15)
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where we have introduced Δ�耠
�푖,k defined by

Δ�耠
�푖,k = 𝐻 (𝑡0)2 k2

𝜔2
�푖,k𝑎 (𝑡0)2 . (D.16)

For notational simplicity, 𝜔�푖,k is denoted by 𝜔�푖 (𝑖 = 1, 2) and𝜔±
12,k is denoted by 𝜔±

12 in (D.15).
The next task is to integrate (D.15) with respect to

spatial momentum. Equation (D.15) leads to the following
expression:

⟨𝑗0 (𝑥1 + 𝑡0)⟩2nd = 𝜑3,�푡0𝐴123𝑎3�푡0
𝐻(𝑡0)4 (�̃�2

1 − �̃�2
2)

⋅ [𝐽11 (𝑥1, �̃�1, �̃�2, 𝜔3,0) + 𝐽12 (𝑥1, �̃�1, �̃�2, 𝜔3,0)
+ 𝐽13 (𝑥1, �̃�1, �̃�2, 𝜔3,0) + 𝐽14 (𝑥1, �̃�1, �̃�2, 𝜔3,0)
+ 𝐽15 (𝑥1, �̃�1, �̃�2, 𝜔3,0)] ,

(D.17)

where we have defined auxiliary functions 𝐽�푖(𝑥1,�̃�1, �̃�2, 𝜔3,0) (𝑖 = 11, . . . , 15) as
𝐽11 (𝑥1, �̃�1, �̃�2, 𝜔3,0)

fl ∫ 𝑑3k(2𝜋)3 k2

𝑎 (𝑡0)2
𝑥1(𝜔1𝜔2)3 [(coth

𝛽𝜔22
+ coth

𝛽𝜔12 ) × (𝜔+
12𝜔3 sin [𝜔3𝑥1]𝜔2

3 − 𝜔+2
12

− 𝜔+2
12 sin [𝜔+

12𝑥1]𝜔2
3 − 𝜔+2

12

) + (coth 𝛽𝜔22 − coth
𝛽𝜔12 )

× (𝜔−
12𝜔3 sin [𝜔3𝑥1]𝜔2

3 − 𝜔−2
12

− 𝜔−2
12 sin [𝜔−

12𝑥1]𝜔2
3 − 𝜔−2

12

)] ,

(D.18)

𝐽12 (𝑥1, �̃�1, �̃�2, 𝜔3,0) fl (�̃�2
1 − �̃�2

2)−1
⋅ ∫ 𝑑3k(2𝜋)3 k2

𝑎 (𝑡0)2
1𝜔1𝜔2

[(coth 𝛽𝜔12 1𝜔3
1

− coth
𝛽𝜔22 1𝜔3

2

) × (𝜔−2
12 cos [𝜔+

12𝑥1]𝜔2
3 − 𝜔−2

12

− 𝜔+2
12 cos [𝜔−

12𝑥1]𝜔2
3 − 𝜔+2

12

) + (coth 𝛽𝜔22 cos [2𝜔2𝑥1]𝜔3
2

− coth
𝛽𝜔12 cos [2𝜔1𝑥1]𝜔3

1

)( 𝜔−2
12𝜔2

3 − 𝜔−2
12

− 𝜔+2
12𝜔2

3 − 𝜔+2
12

) cos [𝜔3𝑥1]
− (coth 𝛽𝜔22 sin [2𝜔2𝑥1]𝜔3

2

+ coth
𝛽𝜔12 sin [2𝜔1𝑥1]𝜔3

1

) 𝜔−
12𝜔3 sin [𝜔3𝑥1]𝜔2

3 − 𝜔−2
12

− (coth 𝛽𝜔22 sin [2𝜔2𝑥1]𝜔3
2

− coth
𝛽𝜔12 sin [2𝜔1𝑥1]𝜔3

1

) 𝜔+
12𝜔3 sin [𝜔3𝑥1]𝜔2

3 − 𝜔+2
12

] ,
(D.19)

𝐽13 (𝑥1, �̃�1, �̃�2, 𝜔3,0) fl (�̃�2
1 − �̃�2

2)−1
⋅ ∫ 𝑑3k(2𝜋)3 k2

𝑎 (𝑡0)2
(𝜔2

1 + 𝜔2
2)(𝜔1𝜔2)3 [(coth 𝛽𝜔22

+ coth
𝛽𝜔12 )

× ((𝜔2
3 + 𝜔+2

12 ) 𝜔−
12 {cos [𝜔3𝑥1] − cos [𝜔+

12𝑥1]}(𝜔2
3 − 𝜔+2

12 )2
+ 𝜔−

12𝜔3𝑥1 sin [𝜔3𝑥1]𝜔2
3 − 𝜔+2

12

) + 2( 𝑒−�훽�휔21 − 𝑒−�훽�휔2
− 𝑒−�훽�휔11 − 𝑒−�훽�휔1 )
⋅ ((𝜔2

3 + 𝜔−2
12 )𝜔+

12 {cos [𝜔3𝑥1] − cos [𝜔−
12𝑥1]}(𝜔2

3 − 𝜔−2
12 )2

+ 𝜔+
12𝜔3𝑥1 sin [𝜔3𝑥1]𝜔2

3 − 𝜔−2
12

)] ,

(D.20)

𝐽14 (𝑥1, �̃�1, �̃�2, 𝜔3,0)
fl −∫ 𝑑3k(2𝜋)3 k2

𝑎 (𝑡0)2
1(𝜔1𝜔2)2 (coth

𝛽𝜔12
+ coth

𝛽𝜔22 ) × [4𝜔3𝑥1 sin [𝜔3𝑥1] 𝜔+
12(𝜔2

3 − 𝜔+2
12 )2

− 2𝜔+
12 {cos [𝜔3𝑥1] − cos [𝜔+

12𝑥1]}(𝜔2
3 − 𝜔+2

12 )2
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+ 8𝜔2
3𝜔+

12 {cos [𝜔3𝑥1] − cos [𝜔+
12𝑥1]}(𝜔2

3 − 𝜔+2
12 )3 − ((𝑥1)2

− 1𝜔1𝜔2

) 𝜔+
12 cos [𝜔+

12𝑥1]𝜔2
3 − 𝜔+2

12

−cos [𝜔3𝑥1]𝜔1𝜔2

⋅ 𝜔+
12𝜔2

3 − 𝜔+2
12

] ,
(D.21)

𝐽15 (𝑥1, �̃�1, �̃�2, 𝜔3,0)
fl −2∫ 𝑑3k(2𝜋)3 k2

𝑎 (𝑡0)2
1(𝜔1𝜔2)2 (

𝑒−�훽�휔11 − 𝑒−�훽�휔1
− 𝑒−�훽�휔21 − 𝑒−�훽�휔2 ) × [4𝜔3𝑥1 sin [𝜔3𝑥1] 𝜔−

12(𝜔2
3 − 𝜔−2

12 )2
− 2𝜔−

12 {cos [𝜔3𝑥1] − cos [𝜔−
12𝑥1]}(𝜔2

3 − 𝜔−2
12 )2

+ 8𝜔2
3𝜔−

12 {cos [𝜔3𝑥1] − cos [𝜔−
12𝑥1]}(𝜔2

3 − 𝜔−2
12 )3 − ((𝑥1)2

+ 1𝜔1𝜔2

) 𝜔−
12 cos [𝜔−

12𝑥1]𝜔2
3 − 𝜔−2

12

+cos [𝜔3𝑥1]𝜔1𝜔2

⋅ 𝜔−
12𝜔2

3 − 𝜔−2
12

] .

(D.22)

We carry out the momentum integration of the above
expressions numerically.
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We study the Klein-Gordon and the Dirac equations in the background of the Garfinkle-Horowitz-Strominger black hole in the
Einstein frame. Using a 𝑆𝑂(3, 1) × 𝑈(1)−gauge covariant approach, as an alternative to the Newman-Penrose formalism for the
Dirac equation, it turns out that these solutions can be expressed in terms of Heun confluent functions and we discuss some of
their properties.

1. Introduction

In recent years, black holes with electric or magnetic charge,
in presence of a scalar field called dilaton, have been studied
mainly in string theories. These charged black holes are solu-
tions of the low-energy four-dimensional effective theories
obtained by dimensional compactification of the heterotic
string theories. Generically, the effective action of these theo-
ries describes a massless dilaton coupled to an abelian vector
field [1]. Due to the dimensional compactification process, the
dilaton is also nonminimally coupled to the Ricci scalar, with
the effective solution being described in the so-called string
frame. However, to facilitate comparison with the standard
black holes in general relativity, it is convenient to go to the
so-called Einstein frame by performing conformal rescaling
of the metric (for a review, see [2]).

A remarkable black hole solution of the effective four-
dimensional compactified theory was found by Gibbons and
Maeda [3, 4] and independently rediscovered in a simpler
form, few years later, by Garfinkle, Horowitz, and Strominger
(GHS) [5] (for a review of its properties, see [6]). Even
though, in terms of the string metric, the electric and
magnetic black holes have very different properties, in the

Einstein frame the metric does not change when we go from
an electrically charged to a magnetically charged black hole
(this is basically due to the electromagnetic duality present in
the Einstein frame; in the string frame, the electromagnetic
field strength is also modified by the dilaton field [7]).

Using the GHS metric in the Einstein frame, the present
work is devoted to a study of the Klein-Gordon and
Dirac equations, which describe charged particles evolving
in the Garfinkle-Horowitz-Strominger (GHS) dilaton black
hole spacetime. Within a 𝑆𝑂(3, 1) × 𝑈(1)−gauge covariant
approach, it turns out that the solutions can be expressed in
terms of Heun confluent functions [8, 9]. Special attention
is given to the resonant frequencies, which arise here by
imposing a polynomial form of the Heun functions. In
general, the so-called quasi-normal modes have discrete
spectra of complex characteristic frequencies, with the real
part representing the actual frequency of the oscillation and
the imaginary part representing the damping. By comparing
these modes with the gravitational waves observed in the
universe, one should be able to identify the presence of a GHS
black hole [10, 11] (see also in [12] the effect of the dilaton field
imprint on the gravitational waves emitted in the collision of
two GHS black holes).
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When the parameter related to the dilaton field goes to
zero, one obtains the Klein-Gordon and Dirac equations for
the usual Schwarzschild metric, which have been intensively
worked out both in their original form and in different types
of extensions. For instance, recently, for the Schwarzschild
metric in the presence of an electromagnetic field, the Klein-
Gordon and Dirac equations for massless particles have been
put into a Heun-type form [13, 14]. One should note that
Heun functions are often encountered when studying the
propagation of various test fields in the background of various
black holes or relativistic stars [15–20] and also in cosmology
in the context of extended effective field theories of inflation
[21].

The method used in the present paper, while based on
Cartan’s formalism, is an alternative to the Newman-Penrose
(NP) formalism [22], which is usually employed for solving
Dirac equation describing fermions in the vicinity of different
types of black holes [23–27].

The structure of this paper is as follows: in the next
section, we present the solutions of the Klein-Gordon and
Dirac equations in the background of theGHSdilatonic black
hole. In Section 3, we discuss the solutions of the massless
Dirac equations in this background and show how to recover
the expression of the Hawking temperature. The final section
is dedicated to conclusions.

2. Klein-Gordon and Dirac Equations on the
GHS Dilaton Black Hole Metric

In Einstein frame, the static and spherically symmetric GHS
dilaton black hole metric is given by [5]

𝑑𝑠2 = −𝑅𝑑𝑡2 + 𝑑𝑟2𝑅 + 𝑟 (𝑟 − 𝑎) [𝑑𝜃2 + sin2 𝜃 𝑑𝜑2] , (1)

where

𝑅 = 1 − 2𝑀𝑟 ,
and 𝑎 = 𝑄2𝑀 ,

(2)

with 𝑀 and 𝑄 being the mass and the charge of this black
hole, which has an event horizon at 𝑟 = 2𝑀 and two
singularities located at 𝑟 = 0 and 𝑟 = 𝑎. Obviously, if the
electric charge of the GHS black hole is zero, the metric in (1)
reduces to the Schwarzschild one.

The parameter 𝑎 is related to the dilaton field 𝜙 as (Note
that we set the asymptotic value of the dilaton field 𝜙0 = 0.)

𝑒−2𝜙 = 1 ∓ 𝑎𝑟 , (3)

where the minus and plus signs are for, respectively, the
magnetically electrically charged black holes.

Within the 𝑆𝑂(3, 1)−gauge covariant formulation, we
introduce the pseudoorthonormal frame {𝐸𝑎}(𝑎=1,4); that is,

𝐸1 = √𝑅𝜕𝑟,
𝐸2 = 1√𝑟 (𝑟 − 𝑎)𝜕𝜃,
𝐸3 = 1√𝑟 (𝑟 − 𝑎) sin 𝜃𝜕𝜑,
𝐸4 = 1√𝑅𝜕𝑡,

(4)

whose corresponding dual base is

𝜔1 = 1√𝑅𝑑𝑟,
𝜔2 = √𝑟 (𝑟 − 𝑎)𝑑𝜃,
𝜔3 = √𝑟 (𝑟 − 𝑎) sin 𝜃 𝑑𝜑,
𝜔4 = √𝑅𝑑𝑡,

(5)

so that themetric in (1) becomes the usual Minkowskymetric𝑑𝑠2 = 𝜂𝑎𝑏 𝜔𝑎𝜔𝑏, with 𝜂𝑎𝑏 = diag[1, 1, 1, −1].
Using the first Cartan’s equation,

𝑑𝜔𝑎 = Γ𝑎.[𝑏𝑐]𝜔𝑏 ∧ 𝜔𝑐, (6)

with 1 ≤ 𝑏 < 𝑐 ≤ 4 and Γ𝑎.[𝑏𝑐] = Γ𝑎.𝑏𝑐 − Γ𝑎.𝑐𝑏, we obtain the
following connection one-forms Γ𝑎𝑏 = Γ𝑎𝑏𝑐𝜔𝑐, where Γ𝑎𝑏𝑐 =−Γ𝑏𝑎𝑐; namely,

Γ212 = Γ313 = 𝑟 − 𝑎/2𝑟 (𝑟 − 𝑎)√𝑅,
Γ323 = cot 𝜃

√𝑟 (𝑟 − 𝑎) ,
Γ414 = − 𝑀

𝑟2√𝑅

(7)

In the pseudoorthonormal bases (with 𝜂44 = −1), the
fourth component of the one-form potential is

𝐴4 = − 1√𝑅
𝑄𝑟 , (8)

and it corresponds to an electric field:

𝐹14 = 𝐸1𝐴4 − 𝐸4𝐴1 + 𝐴𝑐Γ𝑐𝑎𝑏 − 𝐴𝑐Γ𝑐𝑏𝑎 = 𝑄𝑟2 . (9)

2.1. The Klein-Gordon Equation. For the complex scalar field
of mass 𝑚0, minimally coupled to gravity, the Klein-Gordon
equationhas the general 𝑆𝑂(3, 1)×𝑈(1)-gauge covariant form

𝜂𝑎𝑏Φ;𝑎𝑏 − 𝑚20Φ = 0; (10)

that is,

𝜂𝑎𝑏Φ|𝑎𝑏 − 𝜂𝑎𝑏Φ|𝑐Γ𝑐𝑎𝑏 = 𝑚20Φ + 2𝑖𝑞𝐴𝑎Φ|𝑎 + 𝑞2𝐴𝑎𝐴𝑎Φ, (11)

where
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Φ;𝑎 = Φ|𝑎 − 𝑖𝑞𝐴𝑎Φ, (12)

with Φ|𝑎 = 𝐸𝑎Φ.
The two terms in the left-hand side of relation (11) are,

respectively, given by

𝜂𝑎𝑏Φ|𝑎𝑏 = 𝑅𝜕2Φ𝜕𝑟2 + 𝑀𝑟2 𝜕Φ𝜕𝑟
+ 1𝑟 (𝑟 − 𝑎) [𝜕

2Φ𝜕𝜃2 + 1
sin2 𝜃 𝜕

2Φ𝜕𝜑2 ] − 1𝑅 𝜕
2Φ𝜕𝑡2

(13)

and

𝜂𝑎𝑏Φ|𝑐Γ𝑐𝑎𝑏 = − [𝑀𝑟2 + 𝑅 (2𝑟 − 𝑎)𝑟 (𝑟 − 𝑎) ] 𝜕Φ𝜕𝑟
− cot 𝜃𝑟 (𝑟 − 𝑎) 𝜕Φ𝜕𝜃 ,

(14)

and the Klein-Gordon equation in (11) can be cast into the
following explicit form:

𝑟 (𝑟 − 𝑎) 𝑅𝜕2Φ𝜕𝑟2 + (2𝑟 − 2𝑀 − 𝑎) 𝜕Φ𝜕𝑟
+ [𝜕2Φ𝜕𝜃2 + cot 𝜃𝜕Φ𝜕𝜃 + 1

sin2 𝜃 𝜕
2Φ𝜕𝜑2 ]

− [𝑟 (𝑟 − 𝑎)𝑚20 + 𝑟 (𝑟 − 𝑎)𝑅 ( 𝜕𝜕𝑡 + 𝑖𝑞𝑄𝑟 )2]Φ
= 0.

(15)

Using the separation of the variables with the ansatz

Φ(𝑟, 𝜃, 𝜑, 𝑡) = 𝐺 (𝑟) 𝑌𝑚ℓ (𝜃, 𝜑) 𝑒−𝑖𝜔𝑡, (16)

where 𝑌𝑚ℓ are the spherical harmonics, it turns out that the
unknown function 𝐺(𝑟) is the solution of the differential
equation

𝑟 (𝑟 − 𝑎) 𝑅𝑑2𝐺𝑑𝑟2 + (2𝑟 − 2𝑀 − 𝑎) 𝑑𝐺𝑑𝑟
− [ℓ (ℓ + 1) + 𝑟 (𝑟 − 𝑎)𝑚20 − 𝑟 − 𝑎𝑟 − 2𝑀 (𝜔𝑟 − 𝑞𝑄)2]𝐺
= 0.

(17)

This equation can be solved exactly, with its solutions being
expressed in terms of the confluent Heun functions [8, 9] as

𝐺 = 𝑒𝛼𝑥/2 {𝐶1𝑥𝛽/2𝐻𝑒𝑢𝑛𝐶 [𝛼, 𝛽, 𝛾, 𝛿, 𝜂, 𝑥]
+ 𝐶2𝑥−𝛽/2𝐻𝑒𝑢𝑛𝐶 [𝛼, −𝛽, 𝛾, 𝛿, 𝜂, 𝑥]} (18)

with the variable

𝑥 = 𝑟 − 2𝑀𝑎 − 2𝑀 (19)

|G|
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Figure 1: The square modulus of the function 𝐺(𝑟) given in (18).

and parameters

𝛼 = 2𝑖 (𝑎 − 2𝑀)√𝜔2 − 𝑚20,
𝛽 = 2𝑖 (2𝑀𝜔 − 𝑞𝑄) ,
𝛾 = 0,
𝛿 = 2 [𝑀𝑚20 − 2𝑀𝜔2 + 𝑞𝑄𝜔] (2𝑀 − 𝑎) ,
𝜂 = −𝛿 − ℓ (ℓ + 1) .

(20)

The parameters 𝛼 and 𝛽 are purely imaginary, and the
radial part of the density probability is given by the square
modulus of the Heun functions in (18).The two independent
solutions have the generic behavior represented in Figure 1,
for 𝑟 > 2𝑀 > 𝑎.Themain features of the probability curve are
quite nice; that is, it satisfies all the text-book requirements
imposed to physically meaningful wave functions. In this
respect, |𝐺(𝑟)|2 = 1 on the horizon and it gets a series
of local decreasing maxima, finally vanishing rapidly, at the
spatial infinity. If the number of these maxima was finite, the
state would be bounded. Otherwise, it could asymptotically
radiate. More details on the physical phenomena related to
these properties are thoroughly discussed in [28], where the
authors are computing the complex values of the energy
spectrumcoming from the polynomial condition imposed on
the Heun functions. In [19, 28], the authors were working in
coordinate bases, with

𝐴(𝑐)4 = −𝑄𝑟 , (21)

so that 𝐴(𝑐)4 𝑑𝑡 = 𝐴4𝜔4, where 𝐴4 is given in (8).
In the particular case 𝑎 = 0, corresponding to the familiar

Schwarzschild black hole, the function 𝐺 has the same
expression as in (18) but with the variable and parameters
computed for 𝑎 = 0.
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2.2. The Dirac Equation. The spinor of mass 𝜇 minimally
coupled to gravity is described by the Dirac equation

𝛾𝑎Ψ;𝑎 + 𝜇Ψ = 0 (22)

with

Ψ;𝑎 = Ψ|𝑎 + 14Γ𝑏𝑐𝑎𝛾𝑏𝛾𝑐Ψ − 𝑖𝑞𝐴𝑎Ψ. (23)

In contrast to theKlein-Gordon case, the situation ismore
complicated in the case of the Dirac equation (22) and this
complication is basically due to the square root √𝑟(𝑟 − 𝑎),
which appears in the expressions of 𝐸2 and 𝐸3.Thus, with the
term expressing the Ricci spin-connection given by

14Γ𝑏𝑐𝑎𝛾𝑎𝛾𝑏𝛾𝑐 = 12 [ 2𝑟 − 𝑎𝑟 (𝑟 − 𝑎)√𝑅 + 𝑀
𝑟2√𝑅] 𝛾1

+ cot 𝜃
2√𝑟 (𝑟 − 𝑎)𝛾2,

(24)

the Dirac equation becomes

𝛾1 [√𝑅𝜕Ψ𝜕𝑟 + 2𝑟 − 𝑎 − 3𝑀 + 𝑎𝑀/𝑟
2√𝑅𝑟 (𝑟 − 𝑎) Ψ]

+ 𝛾2
√𝑟 (𝑟 − 𝑎) [

𝜕Ψ𝜕𝜃 + cot 𝜃2 Ψ]
+ 𝛾3
√𝑟 (𝑟 − 𝑎) sin 𝜃

𝜕Ψ𝜕𝜑 + 𝛾4√𝑅 [𝜕Ψ𝜕𝑡 + 𝑖𝑞𝑄𝑟 Ψ]
+ 𝜇Ψ = 0.

(25)

As in the previous Klein-Gordon case, one can use the
separation of the variables

Ψ = 𝜓 (𝑟, 𝜃) 𝑒𝑖(𝑚𝜑−𝜔𝑡), (26)

with the function 𝜓(𝑟, 𝜃) defined as

𝜓 (𝑟, 𝜃) = [𝑟 (𝑟 − 𝑎)√𝑅]−1/2 𝜒 (𝑟, 𝜃) (27)

and one obtains the explicit expression of the differential
equation satisfied by 𝜒(𝑟, 𝜃):

√𝑅𝑟 (𝑟 − 𝑎)𝛾1 𝜕𝜒𝜕𝑟 + 𝛾2𝐷𝜃𝜒 + 𝑖𝑚
sin 𝜃𝛾3𝜒

+ 𝑖√ 𝑟 (𝑟 − 𝑎)𝑅 (𝑞𝑄𝑟 − 𝜔) 𝛾4𝜒 + 𝜇√𝑟 (𝑟 − 𝑎)𝜒
= 0,

(28)

where

𝐷𝜃 = 𝜕𝜕𝜃 + cot 𝜃2 . (29)

Using the Weyl representation for the 𝛾𝑖 matrices,

𝛾1 = −𝑖𝛽𝛼3,
𝛾2 = −𝑖𝛽𝛼1,
𝛾3 = −𝑖𝛽𝛼2,
𝛾4 = −𝑖𝛽,

(30)

with

𝛼𝜇 = (𝜎𝜇 0
0 −𝜎𝜇) ,

𝛽 = ( 0 −I
−I 0 ) ,

so that 𝛾5 = (I 0
0 −I) ,

(31)

where 𝜎𝜇 denote the usual Pauli matrices and (28) becomes

√𝑅𝑟 (𝑟 − 𝑎)𝛼3 𝜕𝜒𝜕𝑟 + 𝛼1𝐷𝜃𝜒 + 𝑖𝑚
sin 𝜃𝛼2𝜒

+ 𝑖√ 𝑟 (𝑟 − 𝑎)𝑅 (𝑞𝑄𝑟 − 𝜔) 𝜒 + 𝑖𝜇√𝑟 (𝑟 − 𝑎)𝛽𝜒
= 0,

(32)

and one may use again the standard procedure based on the
separation of the variables. Thus, with the bi-spinor 𝜒written
in terms of two components spinors as

𝜒 (𝑟, 𝜃) = [𝜁 (𝑟, 𝜃)𝜂 (𝑟, 𝜃)] , (33)

where
𝜁1 = 𝑆1 (𝑟) 𝑇1 (𝜃) ,
𝜁2 = 𝑆2 (𝑟) 𝑇2 (𝜃) ,
𝜂1 = 𝑆2 (𝑟) 𝑇1 (𝜃) ,
𝜂2 = 𝑆1 (𝑟) 𝑇2 (𝜃) ,

(34)

one obtains the following system of coupled radial equations
for the components 𝑆1 and 𝑆2, that is,
𝑆1 + 𝑖 (𝑞𝑄 − 𝜔𝑟)

𝑟𝑅 𝑆1 + 1√𝑅 [ 𝜆√𝑟 (𝑟 − 𝑎) − 𝑖𝜇] 𝑆2 = 0,
𝑆2 − 𝑖 (𝑞𝑄 − 𝜔𝑟)

𝑟𝑅 𝑆2 + 1√𝑅 [ 𝜆
√𝑟 (𝑟 − 𝑎) + 𝑖𝜇] 𝑆1 = 0,

(35)

and take into account the following essential relations:

[ 𝑑𝑑𝜃 + cot 𝜃2 + 𝑚
sin 𝜃]𝑇2 = 𝜆𝑇1,

[ 𝑑𝑑𝜃 + cot 𝜃2 − 𝑚
sin 𝜃]𝑇1 = −𝜆𝑇2.

(36)
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Thus, the angular parts 𝑇𝐴, with 𝐴 = 1, 2, are satisfying
the decoupled equations

𝑑2𝑇𝐴𝑑𝜃2 + cot 𝜃𝑑𝑇𝐴𝑑𝜃 − [(cos 𝜃 ∓ 2𝑚)24 sin2 𝜃 − 𝜆2 + 12]𝑇𝐴
= 0,

(37)

with the solutions given by the spin-weighted spherical
harmonics [29], for 𝜆 = ℓ + 1/2.

As for the radial equations, we employ the auxiliary
function method and consider 𝑆1 and 𝑆2 as

𝑆1 = 𝑒𝑖𝜔𝑟 ( 𝑟2𝑀 − 1)2𝑖𝜔𝑀−𝑖𝑞𝑄Σ1 (𝑟) ,
𝑆2 = 𝑒−𝑖𝜔𝑟 ( 𝑟2𝑀 − 1)−2𝑖𝜔𝑀+𝑖𝑞𝑄Σ2 (𝑟) ,

(38)

so that system (35) leads to the following simpler equations
for the unknown functions Σ𝐴:
Σ1 + ( 𝑟2𝑀 − 1)−4𝑖𝜔𝑀+2𝑖𝑞𝑄 𝑒−2𝑖𝜔𝑟√𝑅 [ 𝜆

√𝑟 (𝑟 − 𝑎) − 𝑖𝜇]
⋅ Σ2 = 0,

Σ2 + ( 𝑟2𝑀 − 1)4𝑖𝜔𝑀−2𝑖𝑞𝑄 𝑒2𝑖𝜔𝑟√𝑅 [ 𝜆
√𝑟 (𝑟 − 𝑎) + 𝑖𝜇]Σ1

= 0.

(39)

The differential equation for Σ1, that is,
Σ1 + [4𝑖𝜔𝑟 − 4𝑖𝑞𝑄 + 12 (𝑟 − 2𝑀) + 12 (𝑟 − 𝑎)

+ 𝑖𝜇 (2𝑟 − 𝑎)
2√𝑟 (𝑟 − 𝑎) [𝜆 − 𝑖𝜇√𝑟 (𝑟 − 𝑎)]] Σ1

− 𝑟𝑟 − 2𝑀 [ 𝜆2𝑟 (𝑟 − 𝑎) + 𝜇2]Σ1 = 0,

(40)

can not be analytically solved. Numerically, using Mathemat-
ica [30], with the initial conditions

Σ1 (2𝑀+) = 0,
Σ1 (2𝑀+) = 1, (41)

the absolute value of the radial part of |𝜓|2 given in (26),
namely,

𝐹 (𝑟) = 1
𝑟 (𝑟 − 𝑎)√𝑅 𝑆12 , (42)

is represented in Figure 2, for 𝑟 > 2𝑀 > 𝑎.
This is describing the fermionic ground state in the

outer region, with just one maximum (as it should) and
exponentially vanishing at infinity. We have not analyzed the
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Figure 2: Function (42), for 𝑎 = 1 and 2𝑀 = 1.5.

corresponding modes located within the black hole, since, in
the limit 𝑎 → 0, the area of the sphere 𝑟 = 𝑎 is zero so
that this surface is singular. Once 𝑄 increases, the singular
surface moves towards the event horizon 𝑟 = 2𝑀, and one
has to solve the problems related to the physically meaningful
boundary conditions.

If one imposes 𝜆 ≪ 𝜇𝑟 and performs a series expansion of
the last term multiplying Σ1 in (40), to first order in 𝑎/𝑟, this
last term can be approximated to 1/(𝑟 − 𝑎) and the solution is
given by the Heun confluent functions [8, 9] as

Σ1 = 𝐶1𝑒−𝜇𝑟𝐻𝑒𝑢𝑛𝐶[𝛼, 𝛽, 𝛾, 𝛿, 𝜂, 𝑟 − 2𝑀𝑎 − 2𝑀]
+ 𝐶2𝑒−𝜇𝑟 ( 𝑟2𝑀 − 1)−2𝑖𝜔𝑀+2𝑖𝑞𝑄+1/2

⋅ 𝐻𝑒𝑢𝑛𝐶[𝛼, −𝛽, 𝛾, 𝛿, 𝜂, 𝑟 − 2𝑀𝑎 − 2𝑀] ,
(43)

with the parameters

𝛼 = 2𝜇 (2𝑀 − 𝑎) ,
𝛽 = 2𝑖 (𝜔𝑀 − 𝑞𝑄) − 12 ,
𝛾 = −32 ,
𝛿 = 2𝜇2𝑀(2𝑀 − 𝑎)
𝜂 = −𝛿 + 𝑖 (𝜔𝑀 − 𝑞𝑄)

2 + 58 − 𝜆2.

(44)

Near the exterior event horizon, 𝑟 → 2𝑀; that is, 𝑥 →0; the Heun confluent functions in (43) have a polynomial
form if their parameters are satisfying the condition [8, 9]

𝛿𝛼 = − [𝑛 + 1 + 𝛽 + 𝛾2 ] . (45)

By replacing the expressions of (44) in (45), one gets the
relation

𝑖 (𝜔𝑀 − 𝑞𝑄) + 𝜇𝑀 = −𝑛, (46)
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for the Heun function multiplied by 𝐶1, and the relation

𝑖 (𝜔𝑀 − 𝑞𝑄) − 𝜇𝑀 = 𝑛 + 12 , (47)

for the onemultiplied by𝐶2 .These relations are pointing out a
quantized part of the imaginary part of 𝜔, which corresponds
to resonant frequencies [28].

3. The Massless Case

TheDirac equationhas beenworked out for several physically
important metrics, mainly using the NP formalism [25] and
some of the solutions, especially in the massless case, have
been expressed in terms of Heun confluent functions [13].

In view of the analysis developed in the previous section,
the massless and chargeless fermions are described by the
radial equations coming from system (35); namely,

𝑆1 − 𝑖𝜔𝑅 𝑆1 + 𝜆
√𝑅𝑟 (𝑟 − 𝑎)𝑆2 = 0,

𝑆2 + 𝑖𝜔𝑅 𝑆2 + 𝜆
√𝑅𝑟 (𝑟 − 𝑎)𝑆1 = 0,

(48)

with

𝑆1 = 𝑒𝑖𝜔𝑟 ( 𝑟2𝑀 − 1)2𝑖𝜔𝑀 Σ1 (𝑟) ,
𝑆2 = 𝑒−𝑖𝜔𝑟 ( 𝑟2𝑀 − 1)−2𝑖𝜔𝑀 Σ2 (𝑟) .

(49)

Thus, system (48) turns into the simpler form

Σ1 + 𝑒−2𝑖𝜔𝑟 ( 𝑟2𝑀 − 1)−4𝑖𝜔𝑀 𝜆
√𝑅𝑟 (𝑟 − 𝑎)Σ2 = 0,

Σ2 + 𝑒2𝑖𝜔𝑟 ( 𝑟2𝑀 − 1)4𝑖𝜔𝑀 𝜆
√𝑅𝑟 (𝑟 − 𝑎)Σ1 = 0,

(50)

which leads to the following differential equation for Σ1:
Σ1 + [ 4𝑖𝜔𝑟 + 12 (𝑟 − 2𝑀) + 12 (𝑟 − 𝑎)] Σ1

− 𝜆2(𝑟 − 2𝑀) (𝑟 − 𝑎)Σ1 = 0
(51)

and similarly forΣ2.The solution of this equation is expressed
in terms of Heun confluent functions as

Σ1 = 𝑒−2𝑖𝜔𝑟 {𝐶1𝐻𝑒𝑢𝑛𝐶 [𝛼, 𝛽, 𝛾, 𝛿, 𝜂, 𝑥]
+ 𝐶2𝑥−𝛽𝐻𝑒𝑢𝑛𝐶 [𝛼, −𝛽, 𝛾, 𝛿, 𝜂, 𝑥]} (52)

where the variable is

𝑥 = 𝑟 − 2𝑀𝑎 − 2𝑀 (53)

and the corresponding parameters are

𝛼 = 2𝑖𝜔 (2𝑀 − 𝑎) ,
𝛽 = 4𝑖𝜔𝑀 − 12 ,
𝛾 = −12 ,
𝛿 = 𝑖𝜔 (4𝑖𝜔𝑀 + 1) (2𝑀 − 𝑎)
𝜂 = −𝛿 − 𝑖𝜔𝑎2 + 38 − 𝜆2.

(54)

The solutions to Heun confluent equations are computed
as power series expansions around the regular singular point𝑥 = 0; that is, 𝑟 = 2𝑀. The series converges for 𝑟 < 𝑎
(the second regular singularity) and the analytic continuation
is obtained by expanding the solution around the regular
singularity 𝑟 = 𝑎 and overlapping the series.

For large 𝑥 values, one may use the formula [8, 28]

𝐻𝑒𝑢𝑛𝐶 [𝛼, 𝛽, 𝛾, 𝛿, 𝜂, 𝑥]
≈ 𝐷1𝑥−[(𝛽+𝛾+2)/2+𝛿/𝛼] + 𝐷2𝑒−𝛼𝑥𝑥−[(𝛽+𝛾+2)/2−𝛿/𝛼]
= 𝑒−𝛼𝑥/2𝑥−(𝛽+𝛾+2)/2 {𝐷1𝑒𝛼𝑥/2𝑥−𝛿/𝛼 + 𝐷2𝑒−𝛼𝑥/2𝑥𝛿/𝛼}
= 𝐷𝑒−𝛼𝑥/2𝑥−(𝛽+𝛾+2)/2 sin [−𝑖𝛼𝑥2 + 𝑖𝛿𝛼 ln𝑥 + 𝜎] ,

(55)

where𝐷 is an arbitrary constant and 𝜎 is the phase shift.With
the parameters given in (54), the component 𝑆1 from (49) gets
the asymptotic form

𝑆1 ≈ 𝐷√𝑟 sin [𝜔𝑟 + 2𝜔𝑀 ln 𝑟 − 𝑖2 ln 𝑟 + 𝜎] (56)

which, for large 𝑟 values, behaves like
𝑆1 ∼ exp [𝑖 (𝜔𝑟 + 2𝜔𝑀 ln 𝑟 + 𝜎)] . (57)

The necessary condition for a polynomial form of the
Heun confluent functions in (45) leads to the following
quantized imaginary quasi-spectrum:

𝜔 = 𝑖 (𝑛 + 1)4𝑀 . (58)

In order to study the radiation emitted by the GHS black
hole, one has to take the radial solutionnear the exterior event
horizon, 𝑟 → 𝑟ℎ = 2𝑀. For 𝑥 → 0, the Heun functions
can be approximated to 1 and the (radial) components of Ψ
defined in (26) and (33), with 𝑆𝐴 given in (49), can be written
as

Ψ1 ≈ 𝑒−𝑖𝜔𝑡𝑒−𝑖𝜔𝑟 1
√𝑟 (𝑟 − 𝑎) {𝐶1 (𝑟 − 2𝑀)2𝑖𝜔𝑀−1/4

+ 𝐶2 (𝑟 − 2𝑀)−2𝑖𝜔𝑀+1/4}
(59)
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and

Ψ2 ≈ 𝑒−𝑖𝜔𝑡𝑒𝑖𝜔𝑟 1
√𝑟 (𝑟 − 𝑎) {𝐶1 (𝑟 − 2𝑀)−2𝑖𝜔𝑀−1/4

+ 𝐶2 (𝑟 − 2𝑀)2𝑖𝜔𝑀+1/4} ,
(60)

pointing out the in and out modes

Ψ𝑖𝑛 ∼ 𝑒−𝑖𝜔𝑡 (𝑟 − 2𝑀)−2𝑖𝜔𝑀+1/4 ,
Ψ𝑜𝑢𝑡 ∼ 𝑒−𝑖𝜔𝑡 (𝑟 − 2𝑀)2𝑖𝜔𝑀−1/4 . (61)

By definition, the component𝜓𝑜𝑢𝑡 should asymptotically have
the form

Ψ𝑜𝑢𝑡 ∼ (𝑟 − 𝑟ℎ)(𝑖/2𝜅ℎ)(𝜔−𝜔ℎ) (62)

so that the relative scattering probability at the exterior event
horizon surface is given by

Γ = 
Ψ𝑜𝑢𝑡 (𝑟 > 2𝑀)Ψ𝑜𝑢𝑡 (𝑟 < 2𝑀)


2 = exp [−2𝜋𝜅ℎ (𝜔 − 𝜔ℎ)] . (63)

Inspecting the above relations, it yields the well-known
results: 𝜅ℎ = 1/(4𝑀),

Γ = 𝑒−8𝜋𝑀𝜔 (64)

and the mean number of emitted particles

𝑁 = Γ1 − Γ = 1𝑒𝜔/𝑇ℎ − 1 , (65)

where 𝑇ℎ = 1/(8𝜋𝑀) is the Hawking temperature.

4. Conclusions

In the present paper, we have used the free-of-coordinates
formalism to write down both the Klein-Gordon and the
Dirac equations, in their 𝑆𝑂(3, 1) × 𝑈(1) expression, for the
GHS metric in (1).

Unlike the case for bosons, it turns out that, for the
charged massive fermions interacting with the GHS dilaton
black hole, the radial equation (40) does not have an analytic
solution. However, to first order in 𝑎/𝑟, the corresponding
equations are satisfied by the Heun confluent functions (43).

In the massless case, the Dirac equation can be ana-
lytically solved and the derived solution, given by (52), is
valid for the whole space, which includes not only the near-
horizon region but also the far-away-from-the-black-hole
region. Once the relation in (45) among the Heun function’s
parameters is imposed, the confluent Heun functions can be
cast into a polynomial form and the energy spectrum is given
by the imaginary quantized expression (58).

Finally, by identifying the out modes near the event
horizon, we identified the Hawking black body radiation and
the expected Hawking temperature is correctly recovered.
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In this paper, we have studied gravitational collapse and expansion of nonstatic anisotropic fluid in 5𝐷 Einstein-Gauss-Bonnet
gravity. For this purpose, the field equations have been modeled and evaluated for the given source and geometry. The two
metric functions have been expressed in terms of parametric form of third metric function. We have examined the range of
parameter 𝛽 (appearing in the form of metric functions) for which Θ, the expansion scalar, becoming positive/negative leads to
expansion/collapse of the source. The trapped surface condition has been explored by using definition of Misner-Sharp mass and
auxiliary solutions. The auxiliary solutions of the field equations involve a single function that generates two types of anisotropic
solutions. Each solution can be represented in term of arbitrary function of time; this function has been chosen arbitrarily to fit
the different astrophysical time profiles. The existing solutions forecast gravitational expansion and collapse depending on the
choice of initial data. In this case, wall to wall collapse of spherical source has been investigated. The dynamics of the spherical
source have been observed graphically with the effects of Gauss-Bonnet coupling term 𝛼 in the case of collapse and expansion. The
energy conditions are satisfied for the specific values of parameters in both solutions; this implies that the solutions are physically
acceptable.

1. Introduction

In the gravitational study of more than four dimensions,
the unification problem of gravity with electromagnetism
and other basic connections are discussed by [1–3]. The
study on supergravity by Witten [4] has strongly sported
the work on unification problem of gravity. The problem
of gravitational unification study is entirely based on the
string theory [5, 6]. The ten-dimensional gravity that arises
from string theory contains a quadratic term in its action
[7, 8]; in low energy limit. Zwiebach [9] described the ghost-
free nontrivial gravitational interactions for greater than 4
dimensions in the study of 𝑛-dimensional action in [7].

In recent years, the higher-order gravity included higher
derivative curvature terms, which is an interesting and
developing study. The most widely studied theory in the
higher curvature gravities is known as Einstein-Gauss-
Bonnet (EGB) theory of gravity. The EGB theory of gravity is
a special case of the Lovelocks gravity.The Lagrangian of EGB
gravity was obtained from the first three terms of Lagrangian

of the Lovelock theory. Pedro [10] described that the 2𝑛𝑑 Euler
density is the Gauss-Bonnet combination and is topological
invariant in four dimensions. He also pointed out that,
to make dynamical GB combination in four-dimensional
theory, couple it to dynamical scalar field. The dynamical
stability and adiabatic and anisotropic fluid collapse of stars in5𝐷 EGB theory of gravity have been studied in [11, 12]. Gross
and Sloan [13, 14] investigated that EGB theory of gravity
occurs in the low energy effectual action [8] of super heterotic
sting theory. The exact black hole (BH) solution in greater
than or equal to five-dimensional gravitational theories is
studied by [8]. Dadhich [15] examined in Newtonian theory
that gravity is independent of space-time dimensions with
constant density of static sphere, and this result is valid
for Einstein and higher-order EGB theory of gravity. The
conditions for universality of Schwarzschild interior solution
describe sphere with uniform density for the dimensions
greater than or equal to four.The authors in [16–20] described
that the existence of EGB term in the string theory leads
to singularity-free solutions in cosmology and hairy black
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holes. The solutions described in [8] are generalization of 𝑛-
dimensional spherically symmetric BH solution determined
in [21, 22]. In literatures [23–25], the authors examined the
other spherical symmetric BH solutions in GB theory of
gravity. Cai [26, 27] discussed the structure of topologi-
cally nontrivial black holes. The effects of GB term on the
Vaidya solutions have been studied in [28–32]. Wheeler
[23] discussed the spherical symmetric BH solutions and
their physical properties. The GB term has no effect on the
existence of local naked singularity, but the strength of the
curvature is affected.

In the composition of stars, the nuclear matter is enclosed
inside the stars. The stars are gravitated and attracted contin-
uously to the direction of their center because of gravitational
interaction of their matter particles; this phenomenon is
known as gravitational contraction of stars, which leads
to gravitational collapse. It is studied in [33] that, during
the gravitational collapse, the space-time singularities are
generated. When the massive stars collapse due to their own
gravity, the end state of this collapse may be a neutron star,
white dwarf, a BH, or a naked singularity [34]. The spherical
symmetric collapse of perfect fluid is discussed in [35, 36].
The dissipative and viscous fluid gravitational collapse in GR
is discussed in literatures [37–48].

Zubair et al. [49] studied a dynamical stability of cylindri-
cal symmetric collapse of sphere filledwith locally anisotropic
fluid in 𝑓(𝑅, 𝑇) theory of gravity. A lot of literatures are
available about the gravitational collapse and BH in GB
theory of gravity [50–58]. If the 𝑓(𝑅, 𝑇) theory of gravity
obeys the stress-energy tensor conservation, then unknown𝑓(𝑅, 𝑇) function can be obtained in the closed form [59].
Abbas and Riaz [60] determined the exact solution of
nonstatic anisotropic gravitational fluid in 𝑓(𝑅, 𝑇) theory of
gravity, which may lead to collapse and expansion of the
star. Sharif and Aisha [61] studied the models for collapse
and expansion of charged self-gravitating objects in 𝑓(𝑅, 𝑇)
theory of gravity.

Oppenheimer and Snyder [62] observed the gravitational
contraction of inhomogeneous spherically symmetric dust
collapse, and according to this end state of the gravitational
collapse is BH. Markovic and Shapiro [63] studied this work
for positive cosmological constant, and Lake [64] discussed
this for negative as well as positive cosmological constant.
Sharif and Abbas [65] studied the gravitational perfect
fluid charged collapse with cosmological constant in the
Friedmann universe model with weak electromagnetic field.
Sharif and Ahmad [66–69] worked on the spherical sym-
metric gravitational collapse of perfect fluid withe positive
cosmological constant. Sharif and Abbas [70] discussed the
5-dimenssional symmetric spherical gravitational collapse
with positive cosmological constant in the existence of an
electromagnetic field. Abbas and Zubair [71] investigated the
dynamical anisotropic gravitational collapse in EGB theory
of gravity. A homogeneous spherical cloud collapse with
zero rotation and disappearing internal pressure leads to
a singularity covered by an event horizon [72]. Jhingan
and Ghosh [73] discussed the five or greater than five-
dimensional gravitational inhomogeneous dust collapse in
EGB theory of gravity. They investigated the exact solution in

closed form. Sunil et. al [74] investigated the exact solution to
the field equations for five-dimensional spherical symmetric
and static distribution of the prefect fluid in EGB modified
gravity. Abbas and Tahir [75] studied the exact solution of
motion during gravitational collapse of prefect fluid in EGB
theory of gravity. It should be observed in [73, 75–78] that
coupling term 𝛼 changes the structure of the singularities.
Glass [79] generated the collapsing and expansion solutions
of anisotropic fluid of Einstein field equations. In this paper,
we extended the work of Glass [79] to model the solutions for
collapse and expansion of anisotropic fluid in the EGB theory
of gravity. The paper has been arranged as follows.

In Section 2, we present interior matter distribution and
field equations. We discuss the generation of solutions for the
gravitational collapse and expansion in Section 3. The last
section presents the summary of the results of this paper.

2. Matter Distribution Inside the Star
and the Field Equations

We start with the 5𝐷 action given as

𝑆 = ∫𝑑5𝑥√−𝑔[ 12𝜅25 (𝑅 + 𝛼𝐿𝐺𝐵)] + 𝑆𝑚𝑎𝑡𝑡𝑒𝑟, (1)

where 𝜅5 ≡ √8𝜋𝐺5 is gravitational constant and 𝑅 is a Ricci
scalar in 5𝐷, and 𝛼 is known as the coupling constant of the
GB term. The GB Lagrangian is given as follows:

𝐿𝐺𝐵 = 𝑅2 − 4𝑅𝑎𝑏𝑅𝑎𝑏 + 𝑅𝑎𝑏𝑐𝑑𝑅𝑎𝑏𝑐𝑑. (2)

This kind of action is discussed in the low energy limit of
supersting theory [13, 14]. In this paper, we consider only the
case with 𝛼 > 0. The action in (1) gives the following field
equations:

𝐺𝑎𝑏 + 𝛼𝐻𝑎𝑏 = 𝑇𝑎𝑏, (3)

where

𝐺𝑎𝑏 = 𝑅𝑎𝑏 − 12𝑔𝑎𝑏𝑅 (4)

is the Einstein tensor and

𝐻𝑎𝑏 = 2 (𝑅𝑅𝑎𝑏 − 2𝑅𝑎𝛼𝑅𝛼𝑏 − 2𝑅𝛼𝛽𝑅𝑎𝛼𝑏𝛽 + 𝑅𝛼𝛽𝛾𝑎 𝑅𝑏𝛼𝛽𝛾)
− 12𝑔𝑎𝑏𝐿𝐺𝐵

(5)

is the Lanczos tensor.Wewant to find the solution for collapse
and expansion of a spherical anisotropic fluid in 5D-EGB
gravity.

𝑑𝑠2 = −𝐴 (𝑡, 𝑟)2 𝑑𝑡2 + 𝐵 (𝑡, 𝑟)2 𝑑𝑟2 + 𝑅 (𝑡, 𝑟)2 𝑑Ω23, (6)

where 𝑑Ω23 = (𝑑𝜃2 + sin2 𝜃(𝑑𝜙2 + sin2 𝜙𝑑𝜓2)) is a metric on
three spheres and 𝑅 = 𝑅(𝑡, 𝑟) ≥ 0, 𝐴 = 𝐴(𝑡, 𝑟), and 𝐵 =𝐵(𝑡, 𝑟). The energy-momentum tensor for anisotropic fluid is

𝑇𝑎𝑏 = (𝜇 + 𝑝⊥)𝑉𝑎𝑉𝑏 + 𝑝⊥𝑔𝑎𝑏 + (𝑝𝑟 − 𝑝⊥) 𝜒𝑎𝜒𝑏, (7)
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where 𝜇, 𝑝𝑟, 𝑝⊥, 𝜒𝑎, and 𝑉𝑎 are the energy density, radial
pressure, tangential pressure, unit four vector along the radial
direction, and four velocity of the fluid, respectively. For the
metric in (6), 𝑉𝑎 and 𝜒𝑎 are given by [60] as follows:

𝑉𝑎 = 𝐴−1𝛿𝑎0 ,
𝜒𝑎 = 𝐵−1𝛿𝑎1 (8)

which satisfy

𝑉𝑎𝑉𝑎 = −1,
𝜒𝑎𝜒𝑎 = 1,
𝜒𝑎𝑉𝑎 = 0.

(9)

The expansion scalar is

Θ = 1𝐴 (�̇�𝐵 + 3�̇�𝑅 ) . (10)

The dimensionless measure of anisotropy is defined as

𝑎 = 𝑝𝑟 − 𝑝⊥𝑝𝑟 . (11)

Equation (3) for the metric in (6) with the help of (7) is given
as follows:

𝜇 = 12𝛼𝐴4𝐵5𝑅3 [�̇� (�̇� (𝐴2𝑅 − 𝐵2�̇��̇�
+ 𝐴2 (𝐵𝑅 − 𝐵𝑅)) 𝐵2 + 𝐴2𝐵2�̇� (𝑅2 − 𝐵2))
+ 2𝐴𝐴𝐵2𝑅�̇� (�̇�𝑅 − 𝐵�̇�) + 𝐴4 (𝐵2 − 𝑅2) (𝐵𝑅
− 𝐵𝑅)] − 3𝐴2𝐵3𝑅2 [𝐵3 (𝐴2 + �̇�2) + 𝐴2𝑅 (𝐵𝑅
− 𝐵𝑅) + 𝐵𝑅 (𝐵�̇��̇� − 𝐴2𝑅)] ,

(12)

𝑝𝑟 = 12𝛼𝐴5𝐵4𝑅3 [𝐵2�̇�2 (�̇��̇�𝐵2 − 𝐴 (2𝐴2𝑅 + 𝐵2�̈�))
+ 𝐴2 ((𝐴2𝐴𝑅 + 𝐵2 (�̇��̇� − 𝐴�̈�)) (𝑅2 − 𝐵2)
+ 𝐵2𝐴𝑅�̇�2)] + 3𝐴3𝐵2𝑅2 [𝐴2 ((𝐴𝑅 + 𝐴𝑅) 𝑅
− 𝐴𝐵2) + 𝐵2 ((�̇��̇� − 𝐴�̈�) 𝑅 − 𝐴�̇�2)] ,

(13)

𝑝⊥ = −4𝛼𝐴5𝐵5𝑅2 [𝐵3�̇� (3𝐵�̇��̇�2 + 𝐴 (𝐴2�̇�
− 𝐵 (�̈��̇� + 2�̇��̈�))) + (𝐴𝐵)2 (�̇� (𝐵𝐴�̇�
+ 𝐴 (4�̇�𝑅 − 2𝐵�̇� − 𝐵�̇�)) + �̇� ((𝐵2 − 𝑅2) �̇�
+ 2�̇� (𝐵𝑅 − 𝐵𝑅))) + 𝐴3𝐵 (�̇�2𝑅2 − 𝐵3�̈�
+ 𝐵𝑅 (�̈�𝑅 − 2𝐵�̈� − 2�̇��̇�) + 𝐵2 (�̇�2 + 2�̈�𝑅))
+ 𝐴4 (𝐴𝐵 (𝐵2 − 𝑅2) − 𝐴 (𝐵 (𝐵𝐵 + 2𝑅𝑅)

− 3𝐵𝑅2))] − 1(𝐴𝐵)3 𝑅2 [𝑅2 ((𝐴�̈� − �̇��̇�) 𝐵2
+ 𝐴2 (𝐴𝐵 − 𝐴𝐵)) + 2𝑅 (𝐴𝐵 ((�̇��̇� + 𝐵�̈�) 𝐵
− 𝐴 (𝐴𝑅 + 𝐴𝑅)) + 𝐴3𝐵𝑅 − 𝐵3�̇��̇�)
+ 𝐴𝐵 (𝐵2 (𝐴2 + �̇�2) − 𝐴2𝑅2)] ,

(14)

0 = −12𝛼𝐴4𝐵4𝑅3 (𝐴𝐵�̇� − 𝐴𝐵�̇� + 𝐴�̇�𝑅) (2𝐴2 (𝐴𝐵
− 𝐴𝐵)𝑅2 − 𝐵2 (𝐴𝐵�̇�2 + 2�̇��̇�𝑅2) + 𝐴3𝐵 (𝑅2
− 𝐵2)) + 3𝐴𝐵𝑅 (𝐴𝐵�̇� − 𝐴𝐵�̇� + 𝐴�̇�𝑅)

(15)

where the prime and dot denote the partial derivative with
respect to r and t, respectively. The auxiliary solution of (15)
is

𝐴 = �̇�𝑅𝛽 ,
𝐵 = 𝑅𝛽. (16)

By Using the auxiliary solution in (16) in (10), the expansion
scalar becomes

Θ = 𝑅𝛽−1 (3 + 𝛽) . (17)

For 𝛽 > −3 and 𝛽 < −3, we obtained expansion and collapse
regions.Thematter components from (12), (13), and (14) with
the help of (16) are

𝜇 = 12𝛼𝑅4(1−𝛽) [𝑅2𝛽 ((((2𝑅�̇�


�̇� − 𝛽𝑅)𝑅 − 𝑅2𝛽 − 1)
⋅ 𝑅4𝛽 − 𝛽𝑅2) + 𝑅4)𝛽 + 𝑅2𝛽 (1 + 𝑅2𝛽) − 𝑅2)
⋅ 𝑅𝑅) − 𝑅4𝛽𝑅2�̇�2�̇�2 ] − 3𝑅2(1+𝛽) [(𝛽 − 1) 𝑅2 − 𝑅𝑅
+ 𝑅2𝛽 (1 + 𝑅2𝛽 (1 + 𝛽)] ,

(18)

𝑝𝑟 = 12𝛼𝑅4(1−𝛽) [[𝑅
4𝛽 (𝑅2𝛽 (1 − 𝑅2𝛽) + 𝑅(4𝑅�̇��̇�

+ 𝑅 ( 1𝑅2𝛽 + 𝑅2𝑅4𝛽 − 2)))𝛽 + 𝑅𝑅�̇��̇� ((1 − 𝑅2𝛽)
⋅ 𝑅2𝛽 − 𝑅2) − 2(𝑅2𝛽𝑅�̇��̇� )2]] + 3𝑅2 [ 1𝑅2𝛽 (𝑅2
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− 𝑅�̈� − �̇�2) + 1𝑅4𝛽 (𝑅�̇��̈� + 𝑅
�̇� −𝛽�̇� (�̇�2 + 𝑅2))

− 1] ,
(19)

𝑝⊥ = 4𝛼𝑅4(1+𝛽) [𝑅4𝛽 (𝛽 ((4𝛽 − 1)𝑅4𝛽 + 𝑅2𝛽 (2𝛽 − 1))
− 𝛽𝑅 + 𝑅2 (𝛽2 − 1)) + 𝑅2𝛽 (𝑅𝑅𝛽 − 𝑅2 (1 + 𝛽
+ 𝛽2)) + 𝑅2 (𝑅2 (1 + 𝛽 + 3𝛽2) − 3𝛽𝑅𝑅)
+ 𝑅2𝛽𝑅�̇� ((�̇�𝑅𝛽 − 𝑅�̇�) (𝑅2𝛽 + 1))
+ 𝑅𝑅�̇� (𝑅 (𝑅�̇� − 5𝛽�̇�𝑅) + 2𝑅�̇�𝑅)]
− 1𝑅2(1+𝛽) [𝑅2𝛽 − 𝑅2 (𝛽2 − 3𝛽 + 2) + 𝑅4𝛽 (2𝛽2 + 3𝛽
+ 1) + 𝑅𝑅 (𝛽 − 2) + �̇�𝑅 (𝑅�̇� (3𝛽 − 2) − 𝑅�̇�)] .

(20)

TheMisner-Sharp mass function m(t,r) is given as follows:

𝑚 (𝑡, 𝑟) = (𝑛 − 2)2𝑘2𝑛 𝑉𝑘𝑛−2 (𝑅𝑛−3 (𝑘 − 𝑔𝑎𝑏𝑅,𝑎𝑅,𝑏)
+ (𝑛 − 3) (𝑛 − 4) 𝛼 (𝑘 − 𝑔𝑎𝑏𝑅,𝑎𝑅,𝑏)2)

(21)

where comma represents partial differentiation and the sur-
face of (𝑛 − 2) dimensional unit space is represented by 𝑉𝑘𝑛−2.
By using 𝑉1𝑛−2 = (2𝜋(𝑛 − 1)/2)/Γ((𝑛 − 1)2), 𝑘 = 1 with 𝑛 = 5,
and (16) in (21), we get

𝑚(𝑟, 𝑡) = 32 (𝑅2 (1 − 𝑅2𝑅2𝛽 + 𝑅2𝛽)
+ 2𝛼(1 − 𝑅2𝑅2𝛽 + 𝑅2𝛽)

2) .
(22)

The specific values of 𝛽 and 𝑅(𝑟, 𝑡) form an anisotropic
configuration. When 𝑅 = 𝑅2𝛽, there exist trapped surfaces
at 𝑅 = ±√(2/3)𝑚 − 2𝛼, provided that 𝑚 ≥ 3𝛼. Therefore, in
this case, 𝑅 = 𝑅2𝛽 is trapped surface condition.

3. Generating Solutions

For the different values of 𝛽, expansion scalar Θ < 0 for
collapse and Θ > 0 for expansion solutions are discussed as
follows.

4. Collapse with 𝛽=−7/2
The expansion scalar must be negative in case of the collapse,
so for 𝛽 < −3, from (17), we getΘ < 0. By assuming 𝛽 = −7/2

and the trapped condition 𝑅 = 𝑅2𝛽 and then integration, we
obtain

𝑅𝑡𝑟𝑎𝑝 = (8𝑟 + 𝑧1 (𝑡))1/8 . (23)

It is to noted that (23) is only valid for the trapped surface,
and it can not be used everywhere. In order to discuss the
solutions outside the trapped surface, we follow Glass [79]
and take the value of 𝑅(𝑟, 𝑡) as posivite scalar (𝑘 > 1) multiple
of 𝑅𝑡𝑟𝑎𝑝, such that 𝑅(𝑟, 𝑡) > 𝑅𝑡𝑟𝑎𝑝. Hence the convenient form
of the areal radius 𝑅(𝑟, 𝑡) for the solution outside the trapped
surface is given by

𝑅 = 𝑘 (8𝑟 + 𝑧1 (𝑡))1/8 ,
𝑧1 (1) = 1 + 𝑡2. (24)

Thus (18)–(20) with (24) and 𝛽 = −7/2 yield the following set
of equations:

𝜇 = −21𝛼𝑘18 (8𝑟 + 𝑧1)9/4 [−2 + 𝑘
7 ((11 − 2𝑘16) 𝑘9

− 2 (8𝑟 + 𝑧1)7/8 (1 − 𝑘25))]
+ 32𝑘9 (8𝑟 + 𝑧1)9/8 [5 (𝑘

16 − 1) + 2𝑘7 (8𝑟 + 𝑧1)7/8] ,
(25)

𝑝𝑟 = −42𝛼𝑘18 (8𝑟 + 𝑧1)9/4 [−1 + 𝑘7 ((9 − 𝑘16) 𝑘9
− (8𝑟 + 𝑧1)7/8 (1 − 𝑘25))]
− 31024𝑘2 (8𝑟 + 𝑧1)5/4 [𝑘9 (896𝑘7�̇�1 + (8𝑟 + 𝑧1)

1/8

⋅ (1024 + 96�̇�12 − 𝑘8�̇�1 (128 + 7�̇�12))) + (128𝑟
+ 16𝑧1) ((8𝑟 + 𝑧1)1/8 (𝑘8�̇�1 − 8) 𝑘9�̈�1 − 64)] ,

(26)

𝑝⊥ = 𝛼𝑘18 (8𝑟 + 𝑧1)9/4 [210 − 𝑘
7 ((375 − 165𝑘16) 𝑘9

− (8𝑟 + 𝑧1)7/8 (112 − 67𝑘25))]
+ 14𝑘9 (8𝑟 + 𝑧1)9/8 [60 − 𝑘

7 (315𝑘9
− 4 (8𝑟 + 𝑧1)7/8)] .

(27)

In this case, (22) is reduced to the following form:

𝑚 (𝑟, 𝑡) = 32 [𝑘2 (8𝑟 + 𝑧1)1/4 − 𝑘11(8𝑟 + 𝑧1)5/8
+ (8𝑟 + 𝑧1)1/8𝑘5
+ 2𝛼(1 − 𝑘9(8𝑟 + 𝑧1)7/8 +

1𝑘7 (8𝑟 + 𝑧1)7/8)] .
(28)
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Figure 1: Plot of density along 𝑟 and 𝑡 for 𝑘 = 2.5 and the different
values of 𝛼.
Equation (11), with the help of (26) and (27), becomes

Δ𝑎 = 1 − 𝐶1 + 𝐶2𝐶3 + 𝐶4 (29)

where 𝐶1 = 45𝛼/(8𝑟 + 𝑧1)11/8, 𝐶2 = (1/(8𝑟 + 𝑧1)1/8)[45/4(8𝑟 + 𝑧1) + 1], 𝐶3 = −294𝛼(8𝑟 + 𝑧1)−9/4, and 𝐶4 =−(3/1024)[896�̇�1/(8𝑟+𝑧1)5/4 + (1/(8𝑟+𝑧1)9/8)(1024−128�̇�1+96�̇�12 − 7�̇�13) + ((128𝑟 + 16𝑧1)/(8𝑟 + 𝑧1)5/4)((8𝑟 + 𝑧1)1/8(�̇�1 −8)�̈�1 − 64)].
The energy conditions for the curvature matter coupled

gravity are

(i) Null energy condition: 𝜇 + 𝑝𝑟 ≥ 0; 𝜇 + (1/2)𝑝𝑡 ≥ 0
(ii) Weak energy condition: 𝜇 ≥ 0, 𝜇 + 𝑝𝑟 ≥ 0, and 𝜇 +(1/2)𝑝𝑡 ≥ 0
(iii) Strong energy condition: 𝜇 + (1/4)𝑝𝑟 + (1/2)𝑝𝑡 ≥ 0
In this case, we analyzed our results for time profile 𝑧1 =1 + 𝑡2, 𝑘 = 2.5, and the different values of 𝛼. For 𝛽 =−7/2, we obtained Θ < 0; the energy density is decreasing

with respect to radius r and time t and remains positive for
different values of coupling constant 𝛼 as shown in Figure 1.
As the density is decreasing, spherical object goes to collapse
outward the point. It is observed in Figure 2 that the radial
pressure is increasing outward the center, and it is also noted
in Figure 3 that the tangential pressure is increasing with
respect to radius r and time t at various values of 𝛼. Due to
this increase of radial and tangential pressure on the surface,
the sphere loses the equilibrium state, which may cause the
collapse of the sphere outward the center. Figure 4 shows that
the mass is decreasing function of r and t during the collapse
at different values of 𝛼. The anisotropy is directed outward
when 𝑝𝑡 < 𝑝𝑟; this implies that Δ𝑎 > 0 and it is directed
inward when 𝑝𝑟 < 𝑝𝑡; this implies that Δ𝑎 < 0. In this caseΔ𝑎 > 0 for increasing r and t at various values of 𝛼 as shown in
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Figure 2: Behavior of radial pressure along 𝑟 and 𝑡 for 𝑘 = 2.5 and
the different values of 𝛼.
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Figure 3: Tangential pressure along 𝑟 and 𝑡 for 𝑘 = 2.5 and the
different values of 𝛼.
Figure 5. This represents that the anisotropy force allows the
formation of more massive object and has attractive force forΔ𝑎 < 0 near the center. In the present case, the GB coupling
term 𝛼 affects the anisotropy and the homogeneity of the
collapsing sphere. All the energy conditions are plotted in
Figure 6; these plots represent that all the energy conditions
are satisfied for considered parameters in collapse solutions.

5. Expansion with 𝛽=−5/2
In this case, the expansion scalar Θ must be positive. When𝛽 > −3, from (17), the expansion scalar Θ is positive. We
assume that

𝑅 = (𝑟2 + 𝑟20)−1 + 𝑧2 (𝑡) , (30)

where 𝑟0 is constant and we take 𝑧2 = 𝑧2(𝑡) = 1 + 𝑡2.
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Figure 5: Plot of anisotropy parameter along 𝑟 and 𝑡 for 𝑘 = 2.5 and
the different values of 𝛼.

For 𝛽 = −5/2, (18), (19), and (20) take the forms

𝜇 = 𝛼[30𝑅9 ( 1𝑅5 + 1) + 6𝑅 (5𝑅2 + 2𝑅𝑅) (1
− 𝑅5𝑅2) + 1𝑅3 (12𝑅 − 75𝑅

2

𝑅 ) − 12 ̇𝑅𝑅2�̇� ( 1̇𝑅
+ 5𝑅𝑅 )] − 32 [ 1𝑅2 ( 3𝑅5 − 2) + 𝑅3 (7𝑅2
+ 2𝑅𝑅)] ,

(31)

𝑝𝑟 = −6𝛼[ 2 ̇𝑅𝑅2�̇� (2 ̇𝑅�̇� + 9𝑅𝑅 ) + 𝑅𝑅(2𝑅 ̇𝑅�̇�
+ 5�̇�3𝑅)(𝑅5𝑅2 − 1) + 5�̇�3𝑅14 (𝑅5 (5𝑅5𝑅2 − 1)
− 1)] + 34 [2𝑅3𝑅(2𝑅

̇𝑅�̇� + 7𝑅) − �̈�𝑅6�̇�2 ( 5𝑅7/2
+ 2) − 1𝑅2 ( 25𝑅17/2 + 4𝑅5 + 4)] ,

(32)

𝑝⊥ = 𝛼[ 1𝑅4 (110𝑅10 + 60𝑅5 + 21𝑅2) + 𝑅𝑅2 (69𝑅5𝑅2
− 19) + 10𝑅 ( 1𝑅3 + 𝑅2 (3𝑅5𝑅2 − 1))
+ 2𝑅2�̇� (�̇� (𝑅5 (𝑅5𝑅2 − 1) − 1)
+ 𝑅�̇�𝑅 (𝑅5 (4𝑅6𝑅 + 25𝑅5𝑅2 − 15) − 5)))]
+ 1𝑅2 ( 6𝑅5 + 1) − 92𝑅3 (𝑅𝑅 + 72𝑅2)
− 𝑅4�̇� (𝑅�̇� − 192 𝑅�̇�) .

(33)

Assuming that 𝐹(𝑟, 𝑡) = 1+𝑧2(𝑡)(𝑟2 +𝑟20 ) and 𝑅 = 𝐹/(𝑟2 +𝑟20 ),
(31), (32), and (33) in this case are

𝜇 = 𝛼[10(𝑟2 + 𝑟20𝐹 )9(1 + (𝑟2 + 𝑟20𝐹 )5)
+ 8𝐹2(𝑟2 + 𝑟20)5 (

4𝑟2𝐹5(𝑟2 + 𝑟20)9 − 1)(𝐹 (5𝑟
2 + 𝑟20)

− 𝑧2 (𝑟2 + 𝑟20) (𝑟20 − 3𝑟2)) + 4𝑟2( 20𝐹(𝑟2 + 𝑟20)5 −
25𝐹4

− 40𝑟2𝐹6(𝑟2 + 𝑟20)14) − 8 (5𝑟2 + 𝑟20)𝐹2 + 8𝑧2𝐹3 (𝑟2 + 𝑟20) (𝑟20
− 3𝑟2)] − 32 [[(𝑟

2 + 𝑟20)2(3 (𝑟2 + 𝑟20)5𝐹7 − 2𝐹2)
+ 4𝐹3(𝑟2 + 𝑟20)6 ((𝑟

2
0 − 3𝑟2) 𝑧2 − 𝐹2 (5𝑟2 + 𝑟20)(𝑟2 + 𝑟20)

+ 7𝑟2(𝑟2 + 𝑟20))]] ,

(34)
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Figure 6: Plot of energy conditions along 𝑟 and 𝑡 for 𝑘 = 2.5.

𝑝𝑟 = 6𝛼[5(𝑟2 + 𝑟20𝐹 )9(1 + (𝑟2 + 𝑟20𝐹 )5)
− 4𝑟2 (25𝐹4 − 5𝐹(𝑟2 + 𝑟20)5 (1 −

4𝑟2𝐹5(𝑟2 + 𝑟20)9)]

+ 34 [[−2
̈𝑧2̇𝑧2 (𝑟
2 + 𝑟20𝐹 )19/2(5 + 2( 𝐹𝑟2 + 𝑟20 )

7/2)

+ 56𝑟2𝐹3(𝑟2 + 𝑟20)7 − 25(
𝑟2 + 𝑟20𝐹 )21/2 − 4(𝑟2 + 𝑟20𝐹 )7

− 4(𝑟2 + 𝑟20𝐹 )2]] ,

(35)

𝑝⊥ = 𝛼[[60(
𝑟2 + 𝑟20𝐹 )9 + 110(𝑟2 + 𝑟20)8𝐹14

+ ( 10𝐹2(𝑟2 + 𝑟20)5 −
10𝐹3 − 60𝑟2𝐹7(𝑟2 + 𝑟20)14)

⋅ (2𝐹 (5𝑟2 + 𝑟20) − 2𝑧2 (𝑟2 + 𝑟20) (𝑟20 − 3𝑟2)) + (69
− 16𝐹2)( 16𝑟4𝐹6(𝑟2 + 𝑟20)14) + 𝑟2𝐹(𝑟2 + 𝑟20)5 (64𝐹2 − 76)

+ 𝑟2𝐹2 (84𝐹2 + 64)]] + (𝑟2 + 𝑟20𝐹 )2 + 6(𝑟2 + 𝑟20𝐹 )7

+ 𝐹3(𝑟2 + 𝑟20)7 (𝑟2 (16𝐹2 − 63) +
9𝐹2 (2𝐹 (5𝑟2 + 𝑟20)

− 2𝑧2 (𝑟2 + 𝑟20) (𝑟20 − 3𝑟2))) .

(36)

The mass function (22) in this case reduces to

𝑚(𝑟, 𝑡) = 32 [[[
𝐹2(𝑟2 + 𝑟20)2 (1

− ( 𝐹𝑟2 + 𝑟02 − 2𝑟𝐹(𝑟2 + 𝑟02)2)
2 ( 𝐹𝑟2 + 𝑟02 )

5

+ (𝑟2 + 𝑟02)5𝐹5 ) + 2𝛼(1
− ( 𝐹𝑟2 + 𝑟02 − 2𝑟𝐹(𝑟2 + 𝑟02)2)

2 ( 𝐹𝑟2 + 𝑟02 )
5

+ (𝑟2 + 𝑟02)5𝐹5 )
2]]]

.

(37)

With the help of (35) and (36), (11) takes the form

Δ𝑎 = 1 − 𝐸1 + 𝐸2𝐸3 + 𝐸4 (38)

where 𝐸1 = 𝛼[60((𝑟2 + 𝑟20)/𝐹)9 + 110((𝑟2 + 𝑟20)8/𝐹14) +(10𝐹2/(𝑟2 + 𝑟20)5 − 10/𝐹3 − 60𝑟2𝐹7/(𝑟2 + 𝑟20 )14)(2𝐹(5𝑟2 + 𝑟20) −2𝑧2(𝑟2 + 𝑟20 )(𝑟20 − 3𝑟2)) + (69 − 16𝐹2)(16𝑟4𝐹6/(𝑟2 + 𝑟20)14) +(𝑟2𝐹/(𝑟2 + 𝑟20)5)(64𝐹2 − 76) + (𝑟2/𝐹2)(84/𝐹2 + 64)], 𝐸2 =((𝑟2 + 𝑟20 )/𝐹)2 + 6((𝑟2 + 𝑟20)/𝐹)7 + (𝐹3/(𝑟2 + 𝑟20)7)(𝑟2(16𝐹2 −63) + (9𝐹/2)(2𝐹(5𝑟2 + 𝑟20) − 2𝑧2(𝑟2 + 𝑟20)(𝑟20 − 3𝑟2))), 𝐸3 =6𝛼[5((𝑟2 + 𝑟20)/𝐹)9(1 + ((𝑟2 + 𝑟20)/𝐹)5) − 4𝑟2(25/𝐹4 − (5𝐹/(𝑟2 +𝑟20)5)(1 − 4𝑟2𝐹5/(𝑟2 + 𝑟20 )9)], and 𝐸4 = (3/4)[−2( ̈𝑧2/ ̇𝑧2)((𝑟2 +𝑟20)/𝐹)19/2(5+2(𝐹/(𝑟2 +𝑟20))7/2) + 56𝑟2𝐹3/(𝑟2 +𝑟20)7 −25((𝑟2 +𝑟20)/𝐹)21/2 − 4((𝑟2 + 𝑟20)/𝐹)7 − 4((𝑟2 + 𝑟20)/𝐹)2].
In this case, we take 𝑟0 = 0.5, 𝑧2 = 1 + 𝑡2, and the

various values of 𝛼 and analyze our results. For 𝛽 = −5/2,
we obtained Θ > 0; Figure 7 shows that, for the variation of𝛼, the energy density increases for the time profile.The radial
pressure is initially maximum and then decreases along 𝑡; the
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Figure 8: Radial pressure behavior along 𝑟 and 𝑡 for 𝑟0 = 0.5 and the
different values of 𝛼.
tangential pressure is decreasing near the center along 𝑡 at
different values of 𝛼 as shown in Figures 8 and 9. The mass
of the sphere is increasing along 𝑡 and the different values of𝛼 as shown in Figure 10. In this case, 𝑝𝑡 > 𝑝𝑟; this implies
that Δ𝑎 > 0. The anisotropy parameter increases in this case
for the different values of 𝛼 as shown in Figure 11. It is shown
that, firstly, the anisotropy decreases and then increases with
radial increase of star for various values of 𝛼.The energy con-
ditions for the expansion case are also satisfied as shown in
Figure 12.

6. Summary

There has been a great interest in studying the relativistic
anisotropic systems due to the existence of such systems in
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Figure 9: Tangential pressure behavior along 𝑟 and 𝑡 for 𝑟0 = 0.5
and the different values of 𝛼.
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Figure 10: Mass behavior along 𝑟 and 𝑡 for 𝑟0 = 0.5 and the different
values of 𝛼.

the astronomical objects. The exact solutions of anisotropic
sphere are helpful to determine the anisotropy of the universe
during any era. Barrow and Maartens [80] studied the effects
of anisotropy on the late time expansion of inhomogeneous
universe. Mahmood et al. [81] modeled the exact solution
for the gravitational collapse and expansion of charged
anisotropic cylindrical source.

The EGB gravity theory is the low energy limits of super-
symmetric string theory of gravity [82]. The gravitational
collapse is a highly dissipative process, in which a big amount
of energy is released [37].The dynamic of an anisotropic fluid
collapse is observed in 5-dimensional Einstein-Gauss-Bonnet
gravity [71]. Collin [83] modeled the inhomogeneous cosmo-
logical nonstatic expanding solutions. For the suitable values
of 𝑅(𝑡, 𝑟) and 𝛽, Glass [79] observed anisotropic collapsing
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Figure 12: Plot of energy conditions along 𝑟 and 𝑡 for 𝑟0 = 0.5 at.
and expanding of spherical object. We have modeled the field
equations of anisotropic fluid in 5𝐷 EGB gravity.

The aim of this paper is to study the generating solutions
for anisotropic spherical symmetric fluid in 5𝐷EGB theory of
gravity. We have used auxiliary solution of one field equation
to obtain the solutions for remaining field equations. The
solution for expansion scalar Θ has been depending on the
range of free constant 𝛽, for which Θ being positive or
negative leads to expansion and collapse of the fluid. We use

the condition
𝑅= 𝑅2𝛽 in (22), which leads to two trapped

horizons at 𝑅 = ±√(2/3)𝑚 − 2𝛼, provided that 𝑚 ≥ 3𝛼. The
curvature singularity is hidden at the common center of the
inner (𝑅+) and outer (𝑅−) horizon. The matter components
like density, radial pressure, tangential pressure, anisotropic
parameter, and mass functions have been determined in the5𝐷 EGB theory of gravity. Equation (17) implies that, for𝛽 = −3,Θ = 0, and for𝛽 < −3 the expansion scalar is negative
and for 𝛽 > −3 the expansion scalar is positive, which lead to
bouncing, collapsing, and expanding, respectively. In other
words, 𝛽 > 0 and 𝛽 ∈ (−3,∞); and 𝛽 < 0 and 𝛽 ∈ (−∞,−3).
The solutions have been modeled by taking 𝛽 = −7/2 and

𝛽 = −5/2 for collapse and expansion of gravitating source,
respectively.

We assume that the areal radius 𝑅(𝑟, 𝑡) = 𝑘(8𝑟 + 𝑧(𝑡))1/8
outside the sphere for 𝑘 > 1. It is interesting that, for 𝑘 =1, 𝑅(𝑟, 𝑡) = 𝑅𝑡𝑟𝑎𝑝 and it is valid only for trapped surface, so
we take 𝑘 > 1 for collapsing solutions outside the trapped
surface. Further, 𝑘 < 0 should not be considered because this
leads to the solutions corresponding to the inner surface of
the trapped region, which is not the case of interest in the
present discussion.

The dynamics of the spherical fluid are discussed in
both cases. The density of the matter is decreasing/increasing
in collapse/expansion with the arbitrary choice of con-
stant/parameter, time profile, and different values of GB term𝛼. The radial pressure, tangential pressure, and mass have
different behaviors in both cases.The anisotropy is increasing
in both cases; in other words, this nonvanishing pressure
anisotropy in both cases leads to collapse and expansion of
the fluid. The energy conditions are satisfied for collapse
and expansion; this shows that our solutions are physically
acceptable.
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The idea of this article is to examine the effects on dynamics of dissipative gravitational collapse in nonstatic cylindrical symmetric
geometry by usingMisner-Sharp concept in framework of metric 𝑓(𝑅) gravity theory. In this interest, we extended our study to the
dissipative dark source case in both forms of heat flow and the free radiation streaming. Moreover, the role of different quantities
such as heat flux, bulk, and shear viscosity in the dynamical equation is evaluated in thorough version. The dynamical equation is
then coupled with full causal transportation equations in the context of Israel-Stewart formalism. The present scheme explains the
physical consequences of the gravitational collapse and that is given in the decreasing form of inertial mass density which depends
on thermodynamics viscous/heat coupling factors in background of 𝑓(𝑅) theory of gravity. It is very interesting to tell us that the
motives of this theory are reproduced for 𝑓(𝑅) = 𝑅 into general theory of relativity that has been done earlier.

1. Introduction

A multiple work has been done in the significance of rela-
tivistic geometry of the collapsing star to the general relativity
theory and higher order curvature theories. In this scenario,
too many open challenges and curious issues still exist in
modern physics, gravitational physics, cosmological physics,
relativistic dense objects, group of galaxies, neutron star, and
black holes. Currently, our aim is to discuss the gravitational
collapse of the relativistic dense object in the presence of
dissipative term.

In this arrangement, the formation of the dense star is
highly explosive and exhaustible due to the highly inmost pull
of gravity and this process is terminated with the external
pressure of the interior fuel. However, once the object has
wakened due to its thermodynamical fission reaction, there
is no any extended thermodynamical burning and there
will be an interminable gravitating collapse. The geometry
of the object is made up by its explosive mass which is
constantly gravitational and it is stimulating by the interior
core of the object due to the gravitating interaction between
their particles. Oppenheimer and Snyder [1] made an activity
stride in the field of gravitating collapse and examined the

nitty gritty work in regard to the gravitational collapse issues.
In this order after the midway of the 20th century, a brief
sensible evaluation was recognized by Misner and Sharp
[2] with isotropic matter distribution for the interior of
the imploding object as well as in vacuum of the outside
object. Vaidya [3] explained the gravitational collapse with
the radiating source.

Numerous models still exist to explain the enigmatic role
of the dark energy in a system. In this inference, we use
the higher order modified gravity theories such as 𝑓(𝑅),𝑓(𝐺), and 𝑓(𝑅, 𝑇) gravity theories; it can provide the well-
established framework in the significance of rushing evolu-
tion of the universe. Capozziello [4] studied the notable issues
for the accelerated growth of the universe and quintessence in
the Friedmann Robertson Walker (FRW) model with higher
curvature gravity theories. Sharif and Yousaf [5] explored
the stability of the anisotropic fluid distribution in nonstatic
spherically symmetric geometry with𝑓(𝑅)metric formalism.
Mak and Harko [6] investigated the notional indications
throughmany astrophysical estimations and found the signif-
icant natural dissimilarities in the pressure. Herrera and San-
tos [7] determined the impacts on imperfect fluid formation
with astral spherical object for the behavior of restful rotation.
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Webber [8] examined the solutions of pressure anisotropy
in dense models with electromagnetic field. Chakraborty et
al. [9] analyzed the gears of tangential pressure and along
with radial pressure in stellar structures by quasispherical
paradigms in the form of collapse. Garattini [10] evaluated
the formation of exposed singularity throughmass limitation
in metric 𝑓(𝑅) theory of gravity. Sharif and his coresearchers
[11–18] studied the various consequences of energy density
inhomogeneity and Weyl tensor with gravitational collapse
in dense objects with General relativity theory as well as in
modified theories of gravity. Cognola et al. [19] introduced
the results of spherical imploding object for the black hole in𝑓(𝑅) context by the parameter of positive Ricci invariant 𝑅.
Capozziello et al. [20] examined the modified Lané-Emden
equation in context of metric 𝑓(𝑅) gravity theory and studied
the hydrostatic periods of astral models. Copeland et al.
[21] analyzed the several concepts for the rushing growth
of universe. Amendola et al. [22] discussed the feasible
paradigms of metric 𝑓(𝑅) gravity in the context of both
Einstein and Jordan frames.

Chandrasekhar [23] introduced the impacts on the con-
stancy of dynamics with perfect fluid collapsing geometry.
Herrera et al. [24] discussed the results of dynamical dise-
quilibrium with spherically symmetric nonadiabatic collapse
and found the heat flow out from the gravitating source in the
form of radial heat flux. Abbas et al. [25] presented the results
of compact star models in anisotropic fluid distribution
with cylindrical symmetric static spacetime geometry. Mak
and Harko [26] studied the kind of exact solutions of field
equations by considering the spherical symmetric structure
and also conferred the energy density along with tangential
and radial pressure that are limited and increased in the core
of the imperfect fluid object. Rahaman et al. [27] prolonged
the Krori-Barua solution with spherical symmetric static
spacetime for the investigation of charge imperfect fluid
distribution. Herrera and his collaborators [28–33] did work
in different directions, such as self-gravitating dens models
discussed with local anisotropic matter distribution in the
cracking spherical symmetric structure in context of equa-
tion of state with perturbed approach. They established the
various results in gravitational collapse for the dissipative case
by using Misner and Sharp approach; such gravitating source
undergoes in form of free radiation streaming and diffusion
approximations. They investigated the expansion free con-
ditions for the spherically symmetric anisotropic dissipative
collapsing matter. Further, Herrera and his collaborators [34–
38] have evaluated the Lake algorithm in static spherically
symmetric anisotropic configuration for the determination of
new formalism of two functions (instead of one) to generate
all possible results. They studied the results of structure
scalars 𝑌𝑇𝐹 for the charged dissipative anisotropic collapsing
geometry in presence of cosmological constant. They have
also done detailed work on the dynamical disequilibrium
with spherically symmetric locally anisotropic fluid which
collapses adiabatically under the expansion-free condition.
In few investigations they have used the noncasual as well
as casual approaches to discuss the dynamics of gravitating
source. Nolan [39] examined the effects on gravitational
collapse for counter rotating dust cloud with cylindrical

paradigms and found the naked singularity. Hayward [40]
produced the results of cylindrical geometry for black holes,
gravitational waves, and cosmic strings.

In this paper, we analyze the self-gravitational collapse
with cylindrical symmetric geometry in context of metric𝑓(𝑅) gravity theory. The main persistence of this study is to
examine the viscous dissipative collapse in the form of radial
heat flow and free radiation streaming in cylindrical nonstatic
spacetime with full causal approach.

The proposal of this work is as follows. In Section 2,
we express the cylindrical symmetric isotropic collapsing
matter distribution and its related variables in context of𝑓(𝑅)
theory of gravity. Section 3 consists of Einstein modified field
equations; matching conditions are given for the interior and
exterior manifolds𝑀− and𝑀+ and the dynamical equation
that was accompanied with physical parameters such as heat
flux, bulk, and shear viscosity. Section 4 is devoted to the
transportation equations attained in frame of𝑀�̈�𝑙𝑙𝑒𝑟-Israel-
Stewart formalism [41–43]; then transportation equations are
associated with dynamical equation. Finally, the conclusions
of the study have been discussed in the last section.

2. Self-Gravitational Collapsing Geometry and
Related Conventions

In this section, we consider a locally isotropic collapsing
fluid with full causal description in context of Misner-
Sharp approach, formed by cylindrically symmetric nonstatic
interior and exterior geometry of the dissipative fluid which
undergoes dissipation in the form of heat flow and free
streaming radiation. In general relativity the Einstein-Hilbert
(EH) action can be expressed as follows:

𝑆𝐸𝐻 = 12𝜅 ∫ 𝑑4𝑥√−𝑔𝑅. (1)

The extended formulation of the Einstein-Hilbert (EH) in𝑓(𝑅) context is
𝑆𝑚𝑜𝑑𝑖𝑓 = 12𝜅 ∫𝑑4𝑥√−𝑔 (𝑓 (𝑅) + 𝐿 (𝑚𝑎𝑡𝑡𝑒𝑟)) , (2)

where 𝑓(𝑅) is arbitrary function of Ricci scalar 𝑅, 𝜅 is cou-
pling constant, and 𝐿 (𝑚𝑎𝑡𝑡𝑒𝑟) the Lagrangian matter density of
the action. The following modified 𝑓(𝑅) field equations are
obtained by the variation of (2) with respect to 𝑔𝛼𝛽:
𝐹 (𝑅)𝑅𝛼𝛽 − 12𝑓 (𝑅) 𝑔𝛼𝛽 − ∇𝛼∇𝛽𝐹 (𝑅) + 𝑔𝛼𝛽∇𝛼∇𝛼𝐹 (𝑅)

= 𝜅𝑇𝛼𝛽,
(3)

where 𝐹(𝑅) = 𝑑𝑓(𝑅)/𝑑𝑅, ∇𝛼∇𝛼 is the D’ Alembert oper-
ator, ∇𝛼 denotes the covariant derivative, and 𝑇𝛼𝛽 is the
isotropic energy-momentum tensor.The above equations can
be expressed in Einstein tensor as given below:

𝐺𝛼𝛽 = 𝜅𝐹 (𝑇𝑚𝛼𝛽 + 𝑇𝐷𝛼𝛽) , (4)
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where

𝑇𝐷𝛼𝛽 = 1𝜅 [𝑓 (𝑅) − 𝑅𝐹 (𝑅)2 𝑔𝛼𝛽 + ∇𝛼∇𝛽𝐹 (𝑅)
− 𝑔𝛼𝛽∇𝛼∇𝛼𝐹 (𝑅)]

(5)

represent the action energy-momentum tensor. By consid-
ering the comoving coordinates bounded by cylindrically
symmetric nonstatic spacetime geometry, which contains the
dissipative nature of the fluid defines by interior metric,

𝑑𝑠−2 = −𝐴2𝑑𝑡2 + 𝐵2𝑑𝑟2 + 𝐶2𝑑𝜙2 + 𝐷2𝑑𝑧2. (6)

Here 𝐴 = 𝐴(𝑡, 𝑟), 𝐵 = 𝐵(𝑡, 𝑟), 𝐶 = 𝐶(𝑡, 𝑟), 𝐷 = 𝐷(𝑡, 𝑟) are the
metric functions. We labeled the coordinates 𝑥0 = 𝑡, 𝑥1 = 𝑟,𝑥2 = 𝜙 and 𝑥3 = 𝑧.

The tensor 𝑇−𝛼𝛽 of the dissipative collapsing matter distri-
bution is
𝑇−𝛼𝛽 = (𝜇 + 𝑝 + Π)𝑉𝛼𝑉𝛽 + (𝑝 + Π) 𝑔𝛼𝛽 + 𝑞𝛼𝑉𝛽 + 𝑞𝛽𝑉𝛼

+ 𝜖𝑙𝛼𝑙𝛽 + 𝜋𝛼𝛽, (7)

where 𝜇 is the energy density, 𝑝 is the isotropic pressure, Π
the bulk viscosity, 𝑞𝛼 the heat flux, 𝜋𝛼𝛽 is the shear viscosity, 𝜖
the radiation density, and 𝑉𝛼 the four velocity of the fluid.
Furthermore, 𝑙𝛼 denotes radial null four vector. The above
extents gratify the results as below.

𝑉𝛼𝑉𝛼 = −1,
𝑉𝛼𝑞𝛼 = 0,
𝑙𝛼𝑉𝛼 = −1,
𝑙𝛼𝑙𝛼 = 0,

(8)

𝜋𝜇]𝑉] = 0,
𝜋[𝜇]] = 0,
𝜋𝛼𝛼 = 0.

(9)

In the general nonreversible thermodynamics taken into [44,
45],

𝜋𝛼𝛽 = −2𝜂𝜎𝛼𝛽,
Π = −𝜁Θ; (10)

wherever 𝜂 is the factor of shear viscosity and 𝜁 denotes the
factor of bulk viscosity, 𝜎𝛼𝛽 and Θ are the shear tensor and
heat flow expansion, respectively.

The shear tensor 𝜎𝛼𝛽 is defined by

𝜎𝛼𝛽 = 𝑉(𝛼;𝛽) + 𝑎(𝛼𝑉𝛽) − 13Θℎ𝛼𝛽, (11)

where the acceleration 𝑎𝛼 and the expansionΘ are recognized
by

𝑎𝛼 = 𝑉𝛼;𝛽𝑉𝛽,
Θ = 𝑉𝛼

;𝛼, (12)

and ℎ𝛼𝛽 = 𝑔𝛼𝛽 + 𝑉𝛼𝑉𝛽 is the projector onto the hypersurface
orthogonal to the four velocity. let us define the following
quantities for the given metric:

𝑉𝛼 = 𝐴−1𝛿𝛼0 ,
𝑞𝛼 = 𝑞𝐵−1𝛿𝛼1 ,
𝑙𝛼 = 𝐴−1𝛿𝛼0 + 𝐵−1𝛿𝛼1 ,

(13)

where 𝑞 depending on 𝑡 and 𝑟. Also it trails from (8) so that

𝜋0𝛼 = 0,
𝜋11 = −2𝜋22 = −2𝜋33. (14)

In a more explicit formation we can write

𝜋𝛼𝛽 = Ω(𝜒𝛼𝜒𝛽 − 13ℎ𝛼𝛽) , (15)

where 𝜒𝛼 is a unit four vector along the radial direction,
fulfilling the conditions

𝜒𝛼𝜒𝛼 = 1,
𝜒𝛼𝑉𝛼 = 0,
𝜒𝛼 = 𝐵−1𝛿𝛼1 ,

(16)

and Ω = (3/2)𝜋11.
From the information of (13), we obtain the following

nonnull components of shear tensor.

𝜎11 = 𝐵23𝐴 [Σ1 − Σ3] ,
𝜎22 = 𝐶23𝐴 [Σ2 − Σ1] ,
𝜎33 = 𝐷2

3𝐴 [Σ3 − Σ2] ,
(17)

where

𝜎𝛼𝛽𝜎𝛼𝛽 = 𝜎2 = 13𝐴2
[Σ21 + Σ22 + Σ23] , (18)

where

Σ1 = �̇�𝐵 − �̇�𝐶 ,
Σ2 = �̇�𝐶 − �̇�𝐷,
Σ3 = �̇�𝐷 − �̇�𝐵 .

(19)

Here dot denotes derivative w.r.t. 𝑡.
By using (12) and (13), we get

𝑎1 = �́�𝐴 ,
Θ = 1𝐴 (�̇�𝐵 + �̇�𝐶 + �̇�𝐷) ,

(20)

where prime represents derivative with respect to 𝑟.
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3. Modified Field Equations in 𝑓(𝑅) Gravity
The modified field equation (4) for cylindrical symmetric
spacetime in 𝑓(𝑅) metric formalism gives the following
system of equations.

(𝐴𝐵)
2 [−𝐶𝐶 − 𝐷

𝐷 + 𝐵𝐵 (𝐶𝐶 + 𝐷

𝐷 ) − 𝐶𝐷

𝐶𝐷 ]

+ (�̇��̇�𝐵𝐶 + �̇��̇�𝐵𝐷 + �̇��̇�𝐶𝐷) = 𝜅𝐹 [(𝜇 + 𝜖)𝐴2

+ 𝐴2

𝜅 {−(𝑓 (𝑅) − 𝑅𝐹 (𝑅)2 )

− �̇�𝐴2
(�̇�𝐵 + �̇�𝐶 + �̇�𝐷) + 𝐹𝐵2

+ 𝐹𝐵2 (𝐶


𝐶 + 𝐷

𝐷 − 𝐵𝐵 )}] ,

(21)

− ( ̇𝐶𝐶 + �̇�

𝐷 − �̇�𝐶𝐵𝐶 − �̇�𝐷

𝐵𝐷 − �̇�𝐴

𝐴𝐶 − �̇�𝐴

𝐴𝐷 )

= 𝜅𝐹 [− (𝑞 + 𝜖)𝐴𝐵 + 1𝜅 ( ̇𝐹 − 𝐴�̇�𝐴 − �̇�𝐹𝐵 )] ,
(22)

− (𝐵𝐴)
2 (�̈�𝐶 + �̈�𝐷 + �̇��̇�𝐶𝐷 − �̇��̇�𝐴𝐶 − �̇��̇�𝐴𝐷) + (𝐶

𝐷

𝐶𝐷
+ 𝐴𝐶𝐴𝐶 + 𝐴𝐷

𝐴𝐷 ) = 𝜅𝐹 [(𝑝 + Π + 𝜖 + 2Ω3 )𝐵2

+ 𝐵2𝜅 {(𝑓 (𝑅) − 𝑅𝐹 (𝑅)2 ) + �̈�𝐴2

+ �̇�𝐴2
(�̇�𝐶 + �̇�𝐷 − �̇�𝐴) − 𝐹𝐵2 (𝐴



𝐴 + 𝐶𝐶 + 𝐷

𝐷 )}] ,

(23)

− (𝐶𝐴)
2 [�̈�𝐵 + �̈�𝐷 − �̇�𝐴 (�̇�𝐵 + �̇�𝐷) + �̇��̇�𝐵𝐷] + (𝐶𝐵)

2

⋅ [𝐴

𝐴 + 𝐷

𝐷 − 𝐴

𝐴 (𝐵𝐵 − 𝐷

𝐷 ) − 𝐵𝐷

𝐵𝐷 ]

= 𝜅𝐹 [(𝑝 + Π − Ω3 )𝐶2

− 𝐶2𝜅 {−(𝑓 (𝑅) − 𝑅𝐹 (𝑅)2 ) − �̈�𝐴2
+ 𝐹𝐵2

+ �̇�𝐴2
(�̇�𝐴 − �̇�𝐵 − �̇�𝐶 − �̇�𝐷)

+ 𝐹𝐵2 (𝐴


𝐴 − 𝐵𝐵 + 𝐶𝐶 + 𝐷

𝐷 )}] ,

(24)

− (𝐷𝐴)
2 [�̈�𝐵 + �̈�𝐶 − �̇�𝐴 (�̇�𝐵 + �̇�𝐶) + �̇��̇�𝐵𝐶] + (𝐷𝐵 )

2

⋅ [𝐴

𝐴 + 𝐶𝐶 − 𝐴

𝐴 (𝐵𝐵 − 𝐶𝐶 ) − 𝐵𝐶𝐵𝐶 ]
= 𝜅𝐹 [(𝑝 + Π − Ω3 )𝐷2

− 𝐷2

𝜅 {−(𝑓 (𝑅) − 𝑅𝐹 (𝑅)2 ) − �̈�𝐴2
+ 𝐹𝐵2

+ �̇�𝐴2
(�̇�𝐴 − �̇�𝐵 − �̇�𝐶 − �̇�𝐷)

+ 𝐹𝐵2 (𝐴


𝐴 − 𝐵𝐵 + 𝐶𝐶 + 𝐷

𝐷 )}] .

(25)

The energy of gravitating source per specific length defined
by cylindrical symmetric space-time is given by [40, 46–48].

𝐸 = (1 − 𝑙−2∇𝑎𝑟∇𝑎𝑟)8 . (26)

For a cylindrical symmetric paradigms by killing vectors, the
circumference radius 𝜌, and specific length 𝑙 and, moreover,
arial radius 𝑟 are described in [40, 46–48].𝜌2 = 𝜉(1)𝑎𝜉𝑎(1), 𝑙2 = 𝜉(2)𝑎𝜉𝑎(2), so that 𝑟 = 𝜌𝑙.

In the whole interior region C-energy has the following
form [16]:

𝑚(𝑟, 𝑡) = 𝐸𝑙
= 𝑙8
+ 18𝐷 [ 1𝐴2

(𝐶�̇� + �̇�𝐷)2 − 1𝐵2 (𝐶𝐷 + 𝐶𝐷)2] .
(27)

3.1. Matching Conditions. We consider an exterior spacetime
over 3𝐷 hypersurface Σ that describes the 4-dimensional
manifold𝑀+ in cylindrically symmetric geometry [16, 49] is
given by

𝑑𝑠2+ = −(−2�̃� (])
�̃� ) 𝑑]2 − 2𝑑]𝑑�̃�

+ �̃�2 (𝑑𝜙2 + 𝛾2𝑑𝑍2) ,
(28)

where �̃�(]) is the total mass and ] is the usual retarded time
coordinate, while 𝛾 is a constant having the dimension of1/length. Moreover, the interior spacetime of manifold 𝑀−

over the boundary hypersurface Σ is

𝑘− (𝑡, 𝑟) = 𝑟 − 𝑟Σ = 0. (29)

Here 𝑟Σ is constant. The interior metric of𝑀− over bounding
hypersurface becomes

𝑑𝑠2− Σ −𝑑𝜏2 + 𝐶2𝑑𝜙2 + 𝐷2𝑑𝑧2, (30)
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where

𝑑𝜏 Σ 𝐴𝑑𝑡 (31)

indicates the time coordinate on hypersurface Σ and
Σ

means the estimation is applied on Σ of both sides.
In a similar manner, we prescribed the exterior line-

element𝑀+ on 3𝐷 hypersurface Σ takes the form

𝑘+ (], �̃�) = �̃� − �̃�Σ (]) = 0. (32)

Thus, the exterior spacetime manifold𝑀+ on hypersurface is
given by

𝑑𝑠2+ Σ −2(−�̃� (])
�̃� + 𝑑�̃�Σ (])𝑑] )𝑑]2

+ �̃�2 (𝑑𝜙2 + 𝛾2𝑑𝑧2) .
(33)

The following conditions due to Darmois [50] are to be
satisfied.

(i) The continuity of the first fundamental form on Σ
becomes

𝑑𝑠2Σ = (𝑑𝑠2−)Σ = (𝑑𝑠2+)Σ . (34)

(ii) The continuity of the second fundamental form over
boundary three-surface is as follows:

[𝐾𝛼𝛽] = 𝐾+
𝛼𝛽 − 𝐾−

𝛼𝛽 = 0, (35)

where 𝐾𝛼𝛽 is the extrinsic curvature over the hyper-
surface Σ and given into

𝐾±
𝛼𝛽 = −𝑛±𝜇 ( 𝜕2𝑥𝜇±𝜕𝜌𝛼𝜕𝜌𝛽 + Γ𝜇𝑎𝑏

𝜕𝑥𝑎±𝜕𝑥𝑏±𝜕𝜌𝛼𝜕𝜌𝛽 ) ,
(𝜇, 𝑎, 𝑏 = 0, 1, 2, 3) .

(36)

From the above equation of the extrinsic curvature, the
Christoffel symbols are calculated for the interior and exte-
rior manifolds 𝑀− and 𝑀+ accordingly and we labeled(𝜌0, 𝜌2, 𝜌3)=(𝜏, 𝜙, 𝑧) for the intrinsic coordinates on bound-
ary surface Σ and 𝑛±𝜇 are the components of the outward unit
normal over Σ in the coordinates 𝑥𝜇±, thus we have
𝑛−𝜇 Σ (0, 𝐵, 0, 0) ,
𝑛+𝜇 Σ 𝜆(−𝑑�̃�𝑑] , 1, 0, 0) ,

𝜆 = 1
2 (−�̃� (]) /�̃� + 𝑑�̃�Σ (]) /𝑑])1/2 .

(37)

The following expressions are taken from the continuity of the
first fundamental form:

𝐶 (𝑡, 𝑟Σ) Σ �̃�Σ (]) ,
𝐷 (𝑡, 𝑟Σ) Σ 𝛾�̃�Σ (]) ,

𝑑𝑡𝑑𝜏 = 1𝐴 ,
𝑑]𝑑𝜏 = 𝜆.

(38)

Hence, the nonzero components of extrinsic curvature 𝐾±
𝛼𝛽

are

𝐾−
00 = (− 𝐴

𝐴𝐵)
Σ

, (39)

𝐾+
00 = [(𝑑]𝑑𝜏)

−1 (𝑑2]𝑑𝜏2) − �̃̃�
𝑅2 (

𝑑]𝑑𝜏)]
Σ

, (40)

𝐾−
22 = (𝐶𝐶𝐵 )

Σ

, (41)

𝐾−
33 = (𝐷𝐷𝐵 )

Σ

, (42)

𝐾+
22 = [�̃�(𝑑�̃�𝑑𝜏 ) − 2�̃� (𝑑]𝑑𝜏)]

Σ

= 𝛾−2𝐾+
33. (43)

Thus, continuity of the extrinsic curvature is organized with
(38); we obtain the following results over hypersurface Σ [16,
51]:

�̃� (]) Σ �̃�2 [(�̃�
.

𝐴)
2 − (�̃�𝐵 )

2] , (44)

𝐸 Σ 𝑙8 + 𝛾�̃� (]) , (45)

𝑞 Σ (𝑃 + Π + 2Ω3 ) + 𝑇𝐷01𝐴𝐵 + 𝑇𝐷11𝐵2 . (46)

Here 𝑇𝐷01 and 𝑇𝐷11 are the dark source components given in
Appendices (A.1) and (A.2), respectively.

Therefore, (44) shows the total mass of the interior
boundary surface Σ, whereas (45) gives the smooth associ-
ation between the 𝐶 energy for the cylindrical symmetric
geometry and the active mass on hypersurface Σ. Moreover,
(46) describes the linear association among the fluid quan-
tities (𝑃, Π,Ω, 𝑞) over the boundary three-surface Σ. Thus
effective pressure is in usual nonvanishing over Σ due to
dissipative nature of the dark source and this dissipation
through viscosity parameters in the form of heat flow and
undergoes free radiation streaming on the boundary surface.
The extra components on the right hand side defines the dark
source and appeared due to higher curvature of the geometry.
It should be very interesting to mention that if the fluid has
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no dark source components then effective pressure and heat
flux are equal on the boundary surface Σ.

Furthermore, other important results of the collapsing
fluid are performed on the bounding three-surface Σ for the
matching conditions of the Ricci invariant 𝑅 and its normal
derivative.The detailed description ofmatching conditions in𝑓(𝑅) gravity theory has been given in [50, 52–56].We require
thematching conditions for the continuity of both spacetimes𝑀− and𝑀+ over the hypersurface Σ; the following matching
conditions 𝑓(𝑅) theory are given by

𝑅|± = 0,
𝑓,𝑅𝑅 [𝜕]𝑅± = 0,

𝑓,𝑅𝑅 ̸= 0.
(47)

The above expressions are required for the continuity of Ricci
invariant 𝑅 over the boundary surface Σ in the cylindrical
collapsing fluid.

3.2. Dynamical Equations. Theproper time and radial deriva-
tives are given; we use Misner and Sharp technique [2].

𝐷𝑇 = 1𝐴 𝜕𝜕𝑡 ,
𝐷𝐶 = 1𝐶 𝜕𝜕𝑟 ,

(48)

where 𝐶 is the areal radius of a spherical surface inside the
limit. The velocity of the collapsing matter is described by the
proper time derivative of 𝐶 and 𝐷 [17]; i.e.,

𝑈 = 𝐷𝑇𝐶 = �̇�𝐴,
𝑉 = 𝐷𝑇𝐷 = �̇�𝐴 ,

(49)

which is always negative. Applying these results and (27), it
turns out into

𝐸 ≡ 𝐶𝐵
= [(𝑉𝐶 + 𝑈𝐷𝐷 )2 − 8𝐷 (𝑚 (𝑟, 𝑡) − 𝑙8)]

1/2 − 𝐶𝐷

𝐵𝐷 .
(50)

The rate of change of mass is w.r.t. proper time in (27); we use
(21), (22), and (23)-(25) as follows:

𝐷𝑇𝑚 (𝑟, 𝑡) = 𝐶𝐷𝐹 [−4𝜋 {(𝜇 + 2𝜖 − 𝑝 − Π + 4Ω3 )𝑈
+ 𝐸 (𝑞 + 𝜖)}

− 𝑈{ 𝐸2𝐶2 (𝐹
𝐶𝐶 + 𝐹𝐷

𝐷 − 3𝐸𝐹𝐷𝐶𝐵2 )
+ 𝐸22 (𝐷𝐶𝐴𝐷𝑇𝐹�̇� + 3𝐹𝐶2 )
+ 𝐸2𝐹𝐷 (𝐷𝐶𝐶𝐷 + (𝐷𝐶𝐷)24𝐷 + 𝐷𝐶𝐷4𝐶 )
+ 𝐸2𝐹𝐷𝐶𝐶𝐶𝐶 − 𝐸3𝐹𝐷𝐶𝐵𝐶 ( 1𝐶 + 𝐷𝐶𝐷𝐷 )
− 𝐹𝐵 (𝑉𝐷𝑇𝐵𝐷 + 𝐷𝑇𝑇𝐵) − 𝐹4 (𝐷𝑇𝑇𝐶𝐶 + 𝐷𝑇𝑇𝐷𝐷 )
+ 𝑅𝐹 (𝑅)2 − 𝑓 (𝑅)2 } − 𝑈3 { �̇��̇� (𝐷𝑇𝐴2�̇� − 1𝐶)
− �̈�
2�̇�2 +

𝐹𝐷𝑇𝐴4𝐶�̇� }
+ 𝑈2 {𝐸2�̇� (3�̇�𝐷𝑇𝐵2𝐸𝐶 − 𝐹𝐷𝐶𝐴2𝐶 ) + 𝑉�̇�

�̇�𝐷
+ 𝐹𝐷𝑇𝐵𝐵 ( 1𝐶 − 𝐷𝑇�̇�𝐶 )
− 𝐸2�̇�

𝐶 (𝐷𝐶𝐶𝐴 − 𝐸𝐷𝐶𝐴𝐷𝐶𝐵𝐶 + 𝐷𝐶𝐴2𝐶 )
+ 𝑉𝐹2𝐷 ( 34𝐶 − 𝐷𝑇�̇�𝐶 )} − 𝑉2𝐹2𝐷 (𝐸2𝐷𝐶𝐴�̇� − 𝑈2𝐷)
− 𝑉3𝐹4𝐷2

(𝐶𝐷 + 𝐶𝐷𝑇𝐴�̇� ) + 𝑉𝐹4𝐷 {𝐶𝐷𝑇𝑇𝐷𝐷 + 𝐷𝑇𝑇𝐶

+ 𝐸2 (𝐶 (𝐷𝐶𝐷)22𝐷2
− 12𝐶)}

− 𝐸22𝐶 {𝐸𝐷𝑇𝐵(𝐷𝐶𝐹 + 𝐹2𝐶 − 𝐶 (𝐷𝐶𝐷)2 𝐹2𝐷2
)

− 𝐹(𝐷𝑇𝐶2𝐶 + 𝐷𝑇𝐷

2𝐷 )
+ 𝐹𝐷𝐶𝐷2𝐷 (𝐶𝐷𝑇𝐷

𝐷 + 𝐷𝑇𝐶) − 𝐷𝑇𝐹}] .
(51)

The overhead result leads to telling us that the variation rate
of the total energy interior of the cylinder of radius C and the
R.H.S of (51), (𝜇+2𝜖−𝑝−Π+4Ω/3)𝑈 reflects that the energy
is increasing in the interior surface of radius 𝐶 (in case of
collapsing situation (𝑈 < 0)) through the rate of work being
done by the active radial pressure, the energy density 𝜇, and
the radiation pressure 𝜖. The usual thermodynamical result is𝜋𝛼𝛽 = −2𝜂𝜎𝛼𝛽 used in the relaxation phase. The second value
𝐸(𝑞+ 𝜖) of the right-hand side illustrates the matter energy of
the fluid, which is leaving the cylindrical surface. Moreover,
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all other extra terms play the natural role of the dark energy
dissipative source under the formation of modified theory of
gravity and decreasing the pressure in the core of the star due
to continuous collapsing phase of the dark energy. Similarly,
we can calculate

𝐷𝐶𝑚 (𝑟, 𝑡) = 𝐶𝐷2𝐹 [𝜅 {𝜇 + 2𝜖 + 𝑝 + Π + 2Ω3 + �̃�
𝐸 (𝑞

+ 𝜖)} + 𝑈3𝐹𝐷𝐶𝐴2𝐶�̇� + 𝑈2 {𝐷𝑇𝐹𝐷𝐶𝐴�̇� + 𝐹𝐶 (𝐷𝐶𝐷4𝐷
− 𝐷𝑇�̇�𝐶 )} − 𝑈{𝐸𝐷𝐶𝐹(𝐸𝐷𝐶𝐴�̇� − 𝐷𝑇𝐵𝐶 )
+ 𝐷𝑇𝐹𝐷𝑇𝐴�̇�
+ 𝐹( 1𝐶 (𝐷𝑇𝐶2𝐶 + 𝐷𝑇𝐷

2𝐷 − 𝐸𝐷𝑇𝐵𝐷𝐶𝐷𝐷 )
+ 𝐸2
�̇� (𝐷𝐶𝐴𝐶 + 𝐷𝐶𝐴𝐷𝐶𝐷𝐷 ))}

− 𝑉2𝐹2𝐷2
{𝐶(𝑈𝐷𝐶𝐴�̇� + 𝐷𝐶𝐷2𝐷 ) − 1}

+ 𝑉𝐹2𝐶𝐷 (𝐶𝐷𝑇𝐷

𝐷 + 𝐷𝑇𝐶) + 𝑈𝑉𝐹𝐷 ( 12𝐶
− 𝐷𝑇�̇�𝐶 ) − 𝐸2𝐹{𝐷𝐶𝐷2𝐷2

(𝐶𝐷𝐶𝐶𝐷 + 𝐷𝐶𝐷

− 𝐶 (𝐷𝐶𝐷)22𝐷 − 𝐸𝐶𝐷𝐶𝐵𝐷𝐶𝐷𝐶 ) − 12𝐶 (𝐷𝐶𝐶𝐶

− 3𝐷𝐶𝐷2𝐷 − 𝐸𝐷𝐶𝐵𝐶 ) + 12𝐷 (𝐷𝐶𝐷𝐷𝐶𝐶𝐶

− 𝐷𝐶𝐶𝐷)} − 𝐸𝐶 (𝐷𝑇𝐹𝐷𝑇𝐵 + 𝐸2𝐷𝐶𝐹𝐷𝐶𝐵

+ 𝐹𝐷𝑇𝐵𝐷𝑇𝐷𝐷 ) + 𝐷𝑇𝑇𝐹 + 𝐹𝐸2𝐶2 − 𝑈𝐷𝑇𝐹𝐶
+ 𝐹𝐷𝑇𝑇𝐶𝐶 + 𝐹𝐷𝑇𝑇𝐷𝐷 ] .

(52)

This solution of (52) explains how variational quantities affect
the matter distribution between the neighboring exteriors in
the object of radius C. The picture of the first two quantities
on the R.H.S of (52) is 𝜇 + 2𝜖 related with energy density of
the fluid and plus the addiction of the null fluid conferring
dissipation in the outgoing streaming approximation. The
last factor (𝑈/𝐸)(𝑞 + 𝜖) plays negative role in the collapsing
situation and estimates the dissipation in terms of heat flow
and radiation streaming. The extra values signify the input
of the dark energy (DE) due to its higher order of the
curvature matter. We Apply integration on (52) with 𝐶; we
get

𝑚(𝑟, 𝑡) = 12 ∫
𝐶

0

𝐶𝐷2𝐹 [𝜅 {𝜇 + 2𝜖 + 𝑝 + Π + 2Ω3 + �̃�
𝐸 (𝑞 + 𝜖)} + 𝑈3𝐹𝐷𝐶𝐴2𝐶�̇� + 𝑈2 {𝐷𝑇𝐹𝐷𝐶𝐴�̇� + 𝐹𝐶 (𝐷𝐶𝐷4𝐷 − 𝐷𝑇�̇�𝐶 )}

− 𝑈{𝐸𝐷𝐶𝐹(𝐸𝐷𝐶𝐴�̇� − 𝐷𝑇𝐵𝐶 ) + 𝐷𝑇𝐹𝐷𝑇A�̇�
+ 𝐹( 1𝐶 (𝐷𝑇𝐶2𝐶 + 𝐷𝑇𝐷

2𝐷 − 𝐸𝐷𝑇𝐵𝐷𝐶𝐷𝐷 ) + 𝐸2
�̇� (𝐷𝐶𝐴𝐶 + 𝐷𝐶𝐴𝐷𝐶𝐷𝐷 ))} − 𝑉2𝐹2𝐷2

{𝐶(𝑈𝐷𝐶𝐴�̇� + 𝐷𝐶𝐷2𝐷 ) − 1}

+ 𝑉𝐹2𝐶𝐷 (𝐶𝐷𝑇𝐷

𝐷 + 𝐷𝑇𝐶) + 𝑈𝑉𝐹𝐷 ( 12𝐶 − 𝐷𝑇�̇�𝐶 )

− 𝐸2𝐹{𝐷𝐶𝐷2𝐷2
(𝐶𝐷𝐶𝐶𝐷 + 𝐷𝐶𝐷 − 𝐶 (𝐷𝐶𝐷)22𝐷 − 𝐸𝐶𝐷𝐶𝐵𝐷𝐶𝐷𝐶 ) − 12𝐶 (𝐷𝐶𝐶𝐶 − 3𝐷𝐶𝐷2𝐷 − 𝐸𝐷𝐶𝐵𝐶 )

+ 12𝐷 (𝐷𝐶𝐷𝐷𝐶𝐶𝐶 − 𝐷𝐶𝐶𝐷)} − 𝐸𝐶 (𝐷𝑇𝐹𝐷𝑇𝐵 + 𝐸2𝐷𝐶𝐹𝐷𝐶𝐵 + 𝐹𝐷𝑇𝐵𝐷𝑇𝐷𝐷 ) + 𝐷𝑇𝑇𝐹 + 𝐹𝐸2𝐶2 − 𝑈𝐷𝑇𝐹𝐶

+ 𝐹𝐷𝑇𝑇𝐶𝐶 + 𝐹𝐷𝑇𝑇𝐷𝐷 ]𝑑𝐶.

(53)
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The above equation gives the total mass in terms of C-energy
inside the cylinder with the contribution of 𝑓(𝑅) dark source
term. Toobserve the dynamical equation by assumingMisner
and Sharp approach[2, 57], the contracted Bianchi identities
take the form,

(𝑇(𝑚)𝛼𝛽 + 𝑇(𝐷)𝛼𝛽 );𝛽 𝑉𝛼 = 0,
(𝑇(𝑚)𝛼𝛽 + 𝑇(𝐷)𝛼𝛽 );𝛽 𝜒𝛼 = 0,

(54)

which produce

1𝐴 [ ̇(𝜇 + 𝜖) + (𝜇 + 𝑝 + Π + 2𝜖 + 2Ω3 ) �̇�𝐵
+ (𝜇 + 𝑝 + Π + 𝜖 − Ω3 )(�̇�𝐶 + �̇�𝐷)]
+ 1𝐵 [(𝑞 + 𝜖) + (𝑞 + 𝜖) (2𝐴



𝐴 + (𝐶𝐷)𝐶𝐷 )] − 𝐷1

= 0,

(55)

1𝐴 [ ̇(𝑞 + 𝜖) + (𝑞 + 𝜖) (2�̇�𝐵 + �̇�𝐶 + �̇�𝐷)]
+ 1𝐵 [(𝑝 + Π + 𝜖 + 2Ω3 )

+ (𝜇 + 𝑝 + Π + 2𝜖 + 2Ω3 ) 𝐴

𝐴 + (𝜖 + Ω) (𝐶𝐷)𝐶𝐷 ]
+ 𝐷2 = 0.

(56)

Here 𝐷1 and 𝐷2 are the dark source components shown in
Appendix (A.3) and (A.4), respectively.

From (23) and (48)-(50), it follows that

𝐷𝑇 (𝜇 + 𝜖) + 13 (3𝜇 + 3𝑝 + 3Π + 4𝜖)Θ
+ 13 (𝜖 + Ω)( 2�̇�𝐴𝐵 − 𝑈𝐶 − 𝑉𝐷) + 𝐸𝐷𝐶 (𝑞 + 𝜖)
+ (𝑞 + 𝜖) (2𝑎1𝐵 + 𝐸𝐶 + 𝐷

𝐵𝐷) − 𝐷1 = 0.
(57)

𝐷𝑇 (𝑞 + 𝜖) + (𝑞 + 𝜖) (Θ + 𝐷𝑇𝐵𝐵 )
+ 𝐸𝐷𝐶 (𝑝 + Π + 𝜖 + 2Ω3 )
+ (𝜇 + 𝑝 + Π + 2𝜖 + 2Ω3 ) 𝑎1𝐵 + (𝜖 + Ω) (𝐶𝐷)𝐵𝐶𝐷
+ 𝐷2 = 0.

(58)

The acceleration 𝐷𝑇𝑈 of the dissipative viscous collapsing
source is attained by using (23) and (48)-(50); it becomes

𝐷𝑇𝑈 = −𝑚 (𝑟, 𝑡)𝐶𝐷 + 𝑙8𝐶𝐷 − 4𝜋𝐶𝐹 (𝑝 + Π + 𝜖 + 2Ω3 )
+ (𝐸2 + 𝐷𝐶2𝐵𝐷) 𝑎1𝐵 − 𝐶𝐹 [𝐷𝑇𝑇𝐹2
+ 𝑈𝐷𝑇𝐹2 ( 1𝐶 − 𝐷𝑇�̇�𝐶 ) + 𝑉𝐷𝑇𝐹2𝐷 − 𝐸𝐷𝐷𝐶𝐹2𝐵𝐷
− 𝐸2𝐷𝐶𝐹2 (𝑈𝐷𝐶𝐴�̇� + 1𝐶)] + 𝐷𝑇𝑇𝐶2 − 𝐶𝐷𝑇𝑇𝐷2𝐷
− 𝐷𝑇𝐴2𝐴 (𝑈 − 𝐶𝑉𝐷 ) − 14𝐷 (𝑈𝑉 − 𝐸𝐷

𝐵 )
+ 18𝐷2

(𝐶𝑉2 − 𝐶𝐷2

𝐵2 ) + 18𝐶 (𝑈2 − 𝐸2)
− 𝐶 (𝑓 (𝑅) − 𝑅𝐹 (𝑅))

4𝐹 .

(59)

After, inserting 𝑎1/𝐵 from (59) into (58), we get

(𝜇 + 𝑝 + Π + 2𝜖 + 2Ω3 )𝐷𝑇𝑈 = −(𝜇 + 𝑝 + Π + 2𝜖
+ 2Ω3 )[𝑚 (𝑟, 𝑡)𝐶𝐷 − 𝑙8𝐶𝐷
+ 4𝜋𝐶𝐹 (𝑝 + Π + 𝜖 + 2Ω3 ) + 𝐶 (𝑓 (𝑅) − 𝑅𝐹 (𝑅))

4𝐹
+ 𝐶𝐷𝑇𝑇𝐹2𝐹 + ( 1𝐶 − 𝐷𝑇�̇�𝐶 ) 𝑈𝐶𝐷𝑇𝐹2𝐹 + 𝑉𝐶𝐷𝑇𝐹2𝐷𝐹
− 𝐸𝐶𝐷𝐷𝐶𝐹2𝐵𝐷𝐹 − 𝐸2𝐶𝐷𝐶𝐹2𝐹 ( 1𝐶 + 𝑈𝐷𝐶𝐴�̇� )
− 𝐷𝑇𝑇𝐶2 + 𝐶𝐷𝑇𝑇𝐷2𝐷 + 𝐷𝑇𝐴2𝐴 (𝑈 − 𝑉𝐶𝐷 )
+ 14𝐷 (𝑈𝑉 − 𝐸𝐷

𝐵 ) − 18𝐷2
(𝑉2𝐶 − 𝐶𝐷2

𝐵2 )
− 18𝐶 (𝑈2 − 𝐸2)] − (𝐸2 + 𝐷𝐶2𝐵𝐷)
⋅ [𝐸𝐷𝐶 (𝑝 + Π + 𝜖 + 2Ω3 ) + 𝐸𝐶 (𝜖 + Ω)
+ 𝐷

𝐵𝐷 (𝜖 + Ω)] − (𝐸2 + 𝐷𝐶2𝐵𝐷)[𝐷𝑇 (𝑞 + 𝜖)
+ (𝑞 + 𝜖) (Θ + 𝐷𝑇𝐵𝐵 ) + 𝐷2] .

(60)

In this interpretation, to analyze the factor (𝜇 + 𝑝 + Π +2𝜖 + 2Ω/3), that comes on the L.H.S and on the R.H.S, this
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is effective inertial mass and defines through equivalence
principle. It can also be recognized as passive gravitational
mass. On the R.H.S, the first term of square bracket illus-
trates the impacts of the collapsing variables on the active
gravitational mass for the cylindrical collapsing object with
the dissipative dark source in f(R) metric theory; this datum
was early pointed by Herrera et al. [35] in the context of
GR. Moreover, in the second square bracket there is the
gradient of the whole active pressure which is influenced by
collapsing variables and radiating density. The final bracket
includes unalike quantities that define the collapsing nature
of the source. The second value of this bracket (𝑞 + 𝜖) is
positive concluding that dissipation is continuous in the form
of heat flow and free streaming radiation and finally decreases
the total energy of the system, which reduces the degree
of collapse. The last term of this bracket expresses the dark
energy source of the dissipative gravitating collapse.

4. Transport Equations

The purpose of this profile is to discuss the full causal
technique for the viscous dissipative gravitating collapse in
self-gravitating system accompanied by heat transference.
This study tells us that all collapsing variables should satisfy
the transportation equations attained from causal thermody-
namics. Therefore, we take the transportation equations for
heat, bulk, and shear viscosity from 𝑀�̈�𝑙𝑙𝑒𝑟-Israel-Stewart
formalism [41–43] for dissipative source. Herrera et al. [35]
discussed transportation equations for heat, bulk, and shear
viscosity. The entropy flux is given by

𝑆𝜇 = 𝑆𝑛𝑉𝜇 + 𝑞𝜇𝑇 − (𝛽0Π2 + 𝛽1𝑞]𝑞] + 𝛽2𝜋]𝜅𝜋]𝜅) 𝑉𝜇

2𝑇
+ 𝛼0Π𝑞𝜇𝑇 + 𝛼1𝜋𝜇]𝑞]𝑇 ,

(61)

where 𝛽1 and 𝛽2 are thermodynamic factors for unalike
additions to entropy density, 𝛼0 and 𝛼1 are thermodynamics
heat coupling factors, and 𝑇 is temperature.

Furthermore, from the Gibbs equation and Bianchi iden-
tities, it follows that

𝑇𝑆𝛼;𝛼 = −Π[𝑉𝛼
;𝛼 − 𝛼0𝑞𝛼;𝛼 + 𝛽0Π;𝛼𝑉𝛼

+ 𝑇2 (𝛽0𝑇 𝑉𝛼)
;𝛼

Π] − 𝑞𝛼 [ℎ𝜇𝛼 (ln𝑇),𝜇 (1 + 𝛼0Π)
+ 𝑉𝛼;𝜇𝑉𝜇 − 𝛼0Π;𝛼 − 𝛼1𝜋𝜇𝛼;𝜇 + 𝛼1𝜋𝜇𝛼ℎ𝛽𝜇 (ln𝑇),𝛽
+ 𝛽1𝑞𝛼;𝜇𝑉𝜇 + 𝑇2 (𝛽1𝑇 𝑉𝜇)

;𝜇

𝑞𝛼] − 𝜋𝛼𝜇 [𝜎𝛼𝜇
− 𝛼1𝑞𝜇;𝛼 + 𝛽2𝜋𝛼𝜇;]𝑉] + 𝑇2 (𝛽2𝑇 𝑉])

;]
𝜋𝛼𝜇] .

(62)

Finally, by the standard procedure, the constitutive transport
equations follow from the requirement 𝑆𝛼;𝛼 ≥ 0:

𝜏0Π,𝛼𝑉𝛼 + Π = −𝜁𝜃 + 𝛼0𝜁𝑞𝛼;𝛼 − 12𝜁𝑇( 𝜏0𝜁𝑇𝑉𝛼)
;𝛼

Π. (63)

𝜏1ℎ𝛽𝛼𝑞𝛽;𝜇𝑉𝜇 + 𝑞𝛼 = −𝜅 [ℎ𝛽𝛼𝑇,𝛽 (1 + 𝛼0Π) + 𝛼1𝜋𝜇𝛼ℎ𝛽𝜇𝑇,𝛽
+ 𝑇 (𝑎𝛼 − 𝛼0Π;𝛼 − 𝛼1𝜋𝜇𝛼;𝜇)] − 12𝜅𝑇2 ( 𝜏1𝜅𝑇2𝑉𝛽)

;𝛽

⋅ 𝑞𝛼
(64)

𝜏2ℎ𝜇𝛼ℎ]𝛽𝜋𝜇];𝜌𝑉𝜌 + 𝜋𝛼𝛽 = −2𝜂𝜎𝛼𝛽 + 2𝜂𝛼1𝑞⟨𝛽;𝛼⟩
− 𝜂𝑇( 𝜏22𝜂𝑇𝑉])

;]
𝜋𝛼𝛽, (65)

with

𝑞⟨𝛽;𝛼⟩ = ℎ𝜇𝛽ℎ]𝛼 (12 (𝑞𝜇;] + 𝑞];𝜇) − 13𝑞𝜎;𝜅ℎ𝜎𝜅ℎ𝜇]) , (66)

and where the relaxational times are given by

𝜏0 = 𝜁𝛽0,
𝜏1 = 𝜅𝑇𝛽1,
𝜏2 = 2𝜂𝛽2,

(67)

where 𝜁 and 𝜂 are the factors of bulk and shear viscosity. We
use the interior metric of the cylindrical structure from (63)-
(65), to get the following set of equations:

𝜏0Π̇ = − (𝜁 + 𝜏02 Π)𝐴Θ + 𝐴𝐵𝛼0𝜁 [𝑞 + 𝑞(𝐴


𝐴 + 𝐶𝐶
+ 𝐷

𝐷 )] − Π[𝜁𝑇2
̇( 𝜏0𝜁𝑇) + 𝐴] ,

(68)

𝜏1 ̇𝑞 = −𝐴𝐵 𝜅{𝑇 (1 + 𝛼0Π + 23𝛼1Ω) + 𝑇[𝐴


𝐴 − 𝛼0Π

− 23𝛼1 (Ω + 𝐴

𝐴 Ω + 32 (𝐶


𝐶 + 𝐷

𝐷 )Ω)]}
− 𝑞[𝜅𝑇22

̇( 𝜏1𝜅𝑇2 ) + 𝜏12 𝐴Θ + 𝐴] ,
(69)

𝜏2Ω̇ = −𝜂(2�̇�𝐵 − �̇�𝐶 − �̇�𝐷) + 2𝜂𝛼1𝐴𝐵𝑞

− Ω[𝜂𝑇 ̇( 𝜏22𝜂𝑇) + 𝜏22 𝐴Θ + 𝐴] ,
(70)
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wherewe have to analyze the effect on several dissipative vari-
ables for the cylindrical interior surface. For this persistence,
we use (69) and (60) and get

(𝜇 + 𝑝 + Π + 2𝜖 + 23Ω) (1 − Λ)𝐷𝑇𝑈 = (1 − Λ) 𝐹𝑔𝑟𝑎V
+ 𝐹ℎ𝑦𝑑 + 𝐸(𝐸2 + 𝐷𝐶2𝐵𝐷)
⋅ 𝜅𝜏1 {𝐷𝐶𝑇(1 + 𝛼0Π + 23𝛼1Ω)
− 𝑇[𝛼0𝐷𝐶Π + 23𝛼1 (𝐷𝐶Ω + 3 (𝐶𝐷)2𝐶𝐷𝐶 Ω)]}
+ (𝐸2 + 𝐷𝐶2𝐵𝐷)[𝜅𝑇

2𝑞2𝜏1 𝐷𝑇 ( 𝜏1𝜅𝑇2 ) − 𝐷𝑇𝜖] − (𝐸2
+ 𝐷𝐶2𝐵𝐷)[(𝑞2 + 2𝜖)Θ − 𝑞𝜏1 + (𝑞 + 𝜖)

𝐷𝑇𝐵𝐵 + 𝐷2] .

(71)

Here 𝐹𝑔𝑟𝑎V and 𝐹ℎ𝑦𝑑 are introduced into the form

𝐹𝑔𝑟𝑎V = −(𝜇 + 𝑝 + Π + 2𝜖 + 2Ω3 ) [𝑚 (𝑟, 𝑡) − 𝑙8
+ 4𝜋 (𝑝 + Π + 𝜖 + 2Ω3 ) 𝐶2𝐷𝐹
+ 𝐶2𝐷(𝑓 (𝑅) − 𝑅𝐹 (𝑅))

4𝐹 + 𝐶2𝐷𝐷𝑇𝑇𝐹2𝐹
+ 𝑈𝐶2𝐷𝐷𝑇𝐹2𝐹 ( 1𝐶 − 𝐷𝑇�̇�𝐶 ) + 𝑉𝐶2𝐷𝑇𝐹2𝐹
− 𝐸𝐶2𝐷𝐷𝐶𝐹2𝐵𝐹 − 𝐸2𝐶2𝐷𝐷𝐶𝐹2𝐹 ( 1𝐶 + 𝑈𝐷𝐶𝐴�̇� )
− 𝐶𝐷𝐷𝑇𝑇𝐶2 + 𝐶2𝐷𝑇𝑇𝐷2 + 𝐶𝐷𝐷𝑇𝐴2𝐴 (𝑈 − 𝑉𝐶𝐷 )
+ 𝐶4 (𝑈𝑉 − 𝐸𝐷

𝐵 ) − 𝐶8𝐷 (𝑉2𝐶 − 𝐶𝐷2

𝐵2 )

+ −𝐷8 (𝑈2 − 𝐸2)] 1𝐶𝐷,
𝐹ℎ𝑦𝑑 = −(𝐸2 + 𝐷𝐶2𝐵𝐷)[𝐸𝐷𝐶 (𝑝 + Π + 𝜖 + 2Ω3 )

+ 𝐸𝐶 (𝜖 + Ω) + 𝐷

𝐵𝐷 (𝜖 + Ω)] ,

(72)

and Λ is defined as

Λ = 𝜅𝑇𝜏1 (𝜇 + 𝑝 + Π + 2𝜖 + 23Ω)
−1 (1 − 23𝛼1Ω) . (73)

From (68) and (71) subsequently it becomes

(𝜇 + 𝑝 + Π + 2𝜖 + 23Ω) (1 − Λ + Δ)𝐷𝑇𝑈 = (1 − Λ
+ Δ) 𝐹𝑔𝑟𝑎V + 𝐹ℎ𝑦𝑑 + 𝐸𝜅𝜏1 (

𝐸2 + 𝐷𝐶2𝐵𝐷)
⋅ {𝐷𝐶𝑇(1 + 𝛼0Π + 23𝛼1Ω)
− 𝑇[𝛼0𝐷𝐶Π + 23𝛼1 (𝐷𝐶Ω + 3 (𝐶𝐷)2𝐶𝐷𝐶 Ω)]}
− 𝐸(𝐸2 + 𝐷𝐶2𝐵𝐷)(𝜇 + 𝑝 + Π + 2𝜖 + 23Ω)
⋅ Δ(𝐷𝐶𝑞𝑞 + (𝐶𝐷)𝐶𝐷𝐶) + (𝐸2 + 𝐷𝐶2𝐵𝐷)
⋅ [𝜅𝑇2𝑞2𝜏1 𝐷𝑇 ( 𝜏1𝜅𝑇2 ) − 𝐷𝑇𝜖] + (𝐸2 + 𝐷𝐶2𝐵𝐷)[ 𝑞𝜏1
− (𝑞 + 𝜖) 𝐷𝑇𝐵𝐵 − 𝐷2] + (𝐸2 + 𝐷𝐶2𝐵𝐷) Δ𝛼0𝜁𝑞 (𝜇
+ 𝑝 + Π + 2𝜖 + 23Ω){[1 + 𝜁𝑇2 𝐷𝑇 ( 𝜏0𝜁𝑇)]Π
+ 𝜏0𝐷𝑇Π} ,

(74)

where Δ is recognized as

Δ = 𝛼0𝜁𝑞 (𝜇 + 𝑝 + Π + 2𝜖 + 23Ω)
−1 ( 𝑞 + 2𝜖2𝜁 + 𝜏0Π) . (75)

In this account, once we have made the interpretation of the
causal transportation equations and then, coupled with the
dynamical equation, we found the factor 1−Λ+Δ; the roll of
this factor reduced the inertial energy density and effective
gravitational mass density that appears in the system. This
consequence agrees with the findings of Herrera et al. [35].

5. Conclusions

The beginning of the 20th century, after presenting general
theory of relativity Weyl [58] and Levi-Civita [59] discussed
the current issues with static cylindrical symmetric struc-
tures. In the starting scenario astrophysicists were focused
to find the self-gravitating models that are axially symmetric.
The relativistic fluids having dissipative nature are very useful
in the formulation of stellar models. Therefore, one can
not disagree with the effects of dissipation during the self-
gravitational collapse.

In this format, we have arranged the dynamical equation
which plays the meaningful role in progressive stages of
the viscous dissipative gravitational collapse. We notice the
impacts of 𝑓(𝑅) terms in the dynamical progression for
the dissipative case; this dissipation is undergone in the
form of heat flow and free streaming approximation. We
have considered the convenient formation of the collapsing
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variables involved in the transportation equations in terms of
heat flux, bulk, and shear viscosity ensuing from causal ther-
modynamical approach.Moreover, the dynamical equation is
coupled with full causal transportation equations for getting
themeaningful results that appear in the form of heat dissipa-
tion, bulk, and shear viscosity. In extensive point of view, the
main debate of the general thermodynamical approach is to
notice the relaxation phase whose direction either less than
or equal to radiating time. It is interesting to mention that
the hyperbolic concept of the collapse is much consistent and
having rare problems than parabolic concept [60–62].

A full causal technique has been implemented in [35], to
evaluate the impacts on collapsing variables with spherically
symmetric collapse geometry: this study gives the expressive
and momentous contribution in relativistic physics. The
application of this work is obtained by some astral objects and
relativistic structures. These massive systems have possessive
nature in dissipative collapsing situation in which dissipation
is undergone in the formof heat flow and radiation streaming.
The system was weakened due to leaving the energy from
the system and continues collapse. Furthermore, in this
connection it is worth mentioning that thermodynamical
viscous/heat coupling factors have nonterminating possibility
due to dissipative gravitational collapse; this framework gives
the momentous foundation in the modeling of relativistic
structures. In this respect we see another previous work given
by [63]; a partial technique is used to discuss the impacts
of bulk dissipative gravitating collapse in cylindrical surface
of the star with leaving the thermodynamical heat radiating
coupling factors in the transport equations.

Finally, in this evaluation we analyze the full causal
technique with viscous dissipative gravitational collapse and
get the dynamical equation (74), which explain how passive
gravitational mass and heat coupling factors influence the
gravitational collapse of radiating source. The passive grav-
itational mass density is affected by bulk and shear viscosity
and these factors are responsible for decreasing the internal
radial pressure of the collapsing source. These factors also
decrease the force of gravity in a system, this lessening due
to huge dissipation in the form of thermal conduction of
the gravitational collapse. Consequently, the outflow of heat
reduces the total energy of the collapsing cylindrical object.
Herrera et al. [64] investigated the bouncing action predicted
in mathematical framework for the current arithmetic calcu-
lation. The present work is reproduced in future with other
modified theories such as Gauss-Bonnet and 𝑓(𝑅, 𝑇) gravity
theories. This work has been done for spherical symmetry
with and without electromagnetic field [65].
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