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The aim of the current special issue was to bring together
articles on various aspects of tumour modelling focusing on
treatment response and prediction of clinical outcome based
on functional imaging techniques.

Together with technological and radiobiological advan-
ces, tumourmodelling is an emerging area of oncology, which
plays a key role in predicting treatment outcome in cancer
patients. Despite the complexity of tumour biology and its
microenvironment, computational andmathematicalmodels
of virtual cancer behaviour and response to treatment are
successfully developed and employed for clinical research. A
mathematical (delay differential) model with optimal control
for tumour-immune response with chemoimmunotherapy
is presented by F. A. Rihan et al. in their research paper
that describes the interaction of tumour cells and immune
response cells with external therapy. In their model, the
authors propose a numerical technique to solve the optimal
control problem and identify the best strategy to combine
chemotherapy and immunotherapy in order to minimise
tumour load while maximising the strength of the immune
system.

Current diagnostic and imaging methods provide in-
depth metabolic information that can be employed for
tumour modelling. Latest technical and molecular advances
in the field of nuclear medicine offer new possibilities
in functional imaging, overcoming some of the confines

imposed by previous diagnostic techniques. Positron emis-
sion tomography (PET) is the most advanced technology
designed to provide metabolic information of disease, treat-
ment monitoring, and also evaluation of treatment outcome.
Together with other quantitative imaging techniques, such
as dynamic contrast-enhanced MRI, PET is a promising
diagnostic tool assisting in patient stratification for specific
therapies, evaluation of drug efficacy, assessment of chemo-
and radiotherapy outcome, and prediction of survival.

This research idea is underlined in the paper by M.
Jennings et al., which focuses on PET-specific parameters
and radiotracers in theoretical tumour modelling. The work
reviews the use of PET/CT information applied to in silico
models of tumour growth, development, and behaviour
during treatment. Tumour-related parameters such as cell
proliferation, hypoxia, angiogenesis, and pH as well as
PET/CT-specific biophysical parameters by means of SUV
(standardized uptake value) and Hounsfield units are revis-
ited in the context of computational modelling of complex
processed involving tumour kinetics and treatment outcome.

While several PET radiotracers have been developed
for clinical use to target specific tumour properties, FDG
(fluorodeoxyglucose) continues to be the most commonly
used radionuclide in functional imaging as it offers unique
information for tumour detection, staging, target definition,
and response monitoring during radio- and chemotherapy.
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In this special issue, J. Jeong and J. O. Deasy have modelled
the relationship between FGD uptake and tumour radiore-
sistance as a function of the tumour microenvironment.
The mechanistic model has considered cellular status to be
dictated by glucose and oxygen content, showing that cells
in the intermediate stress state (that receive glucose but not
oxygen) present an increased avidity of FDGwhen compared
to well-oxygenated cells. The role of hypoxia and the current
status of hypoxia imaging including PET-specific markers
are discussed by L. G. Marcu et al. in their review paper
written in the context of head and neck cancer. Hypoxia-
specific PET markers have been implemented in several
clinical trials to quantify hypoxic tumour subvolumes for
dose painting and personalised treatment planning. Tracer
pharmacokinetics and PET-derived functional parameters
serve as important input data for in silicomodels that aim to
simulate or interpret the acquired image.The paper discusses
two main streams of PET tracer modelling: (1) models of
specific tracer/oxygen dynamics with the aim of simulating
PET images leading to results that are in close agreement
with real PET images and (2) utilisation of PET data within
a separate tumour model with the aim of creating a more
specific model that is predictive of response to treatment.
The authors have collated analytical compartment models
of tracer pharmacokinetics, stochastic models of treatment
response using probability distribution functions, and reports
on model predictions within clinical radiotherapy planning
systems of dose distribution. A pertinent conclusion of
the review is that the role of computer models based on
functional imaging techniques in understanding patient-
specific tumour behaviour is effusively justified.

The challenge of hypoxia in cancermanagement is further
analysed by M. M. Iglesias et al. in a research article looking
at the multimodality functional imaging in radiotherapy
planning and the relationship between dynamic contrast-
enhanced (DCE) MRI, diffusion-weighted MRI, and FDG-
PET in order to develop predictive individualised models of
tumour response to radiotherapy in head and neck cancer
patients. For an optimal biologically guided radiotherapy,
to obtain relevant datasets on tumour hypoxia and cellular
density, there is a need to understand the correlations and
interactions between various functional imaging modalities.
Parameters such as SUV (PET), Hounsfield units, dose, ADC
(apparent diffusion coefficient) maps (MRI), and contrast
exchange coefficients (DCE-MRI) have been recorded for
each patient from the study and the relationship between
parameters analysed. The authors concluded that the above
functional parameters based on different image datasets
are valuable in describing in a complex manner tumour
oxygenation and vascularisation, cell density, and tumour
malignity offering, therefore, treatment personalisation and
optimisation.

A central motif of today’s cancer management is per-
sonalised treatment planning and delivery. While this trend
is featured in all papers of the current special issue, a
more focused view upon treatment individualisation via
multidimensional radiotherapy is presented in the work of I.
Toma-Dasu and A. Dasu. According to the authors, the key
approach tomaximise the individualisation of treatment is by

combining multiparameter information from imaging with
predictive information from biopsies and molecular analyses
and also by monitoring tumour response to treatment. The
emphasis of the paper is on biologically adapted radiation
therapy (BIOART), which is based on both pretreatment con-
ditions and intrinsic responsiveness assessed using functional
imaging techniques. The authors suggest that the BIOART
concept should replace the simple dose painting approach
for amore optimalmanagement of radioresistant subvolumes
within the BTV (biological target volume). Functional imag-
ing is shown to have the potential to provide a paradigm shift
in treatment planning and optimisation that extends beyond
target definition.

In silico modelling in cancer research was and continues
to be a very important tool of treatment simulation and
optimisation, contributing to a more personalised medicine
for an improved patient outcome. The use of computational
models for treatment assessment and outcome prediction is
fast growing and the power of in silico models as preclinical
tools becomes acknowledged. Therefore, multidisciplinary
research leading to predictive models of tumour response to
treatment using functional imaging techniques needs to be
encouraged to enable further developments in the diagnostic
and treatment of cancer.

Loredana G. Marcu
Eva Bezak

Iuliana Toma-Dasu
Alexandru Dasu
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Functional and molecular imaging of tumours have offered the possibility of redefining the target in cancer therapy and
individualising the treatment with a multidimensional approach that aims to target the adverse processes known to impact
negatively upon treatment result. Following the first theoretical attempts to include imaging information into treatment planning,
it became clear that the biological features of interest for targeting exhibit considerable heterogeneity with respect to magnitude,
spatial, and temporal distribution, both within one patient and between patients, which require more advanced solutions for the
way the treatment is planned and adapted. Combiningmultiparameter information from imagingwith predictive information from
biopsies and molecular analyses as well as in treatment monitoring of tumour responsiveness appears to be the key approach to
maximise the individualisation of treatment. This review paper aims to discuss some of the key challenges for incorporating into
treatment planning and optimisation the radiobiological features of the tumour derived from pretreatment PET imaging of tumour
metabolism, proliferation, and hypoxia and combining them with intreatment monitoring of responsiveness and other predictive
factors with the ultimate aim of individualising the treatment towards the maximisation of response.

1. Introduction

The progress and technological development of functional
and molecular techniques for imaging tumours have offered
the possibility of redefining the target in radiation therapy
and devising the treatment in an innovative manner. Four-
teen years have passed since Ling et al. [1] introduced the
concept of biological target volume (BTV) encompassing the
multidimensional physiological and functional information
provided by the new imaging techniques. At the end of their
seminal paper onmultidimensional radiotherapy, the authors
challenged the research and clinical communities to define
a biological target volume and apply it by the year 2010
moving towards evidence-based multidimensional radiation
therapy by conforming the physical dose distribution to the
radiobiological features of the target that may be derived
from molecular and functional imaging. Research has been
conducted towards this aim, but the current practice in
radiation therapy is still, at its best, based on the physi-
cal optimisation of the dose distribution according to the

anatomical information regarding the localisation and the
extent of the tumour and the normal tissue. The routine
planning in clinical radiation treatment does not generally
take into account the particular radiation sensitivity of the
tumour of an individual patient or the spatial and temporal
heterogeneity of tumour resistance. However, it is well known
that these aspects may be the causes for treatment failure
for a considerable fraction of the nonresponding patients, as
the standard dose prescription does not ensure sufficiently
curative doses to counteract the radiation resistance of the
tumour. Among these adverse factors one has to count the
variations in cellular density from tumour to tumour, the
proliferation characteristics of the tumour cells, and the
distinct microenvironmental characteristics of the tumours.

A broad array of techniques could now be used to deter-
mine the morphologic, functional, and molecular features of
tumours and normal tissues. Among these, positron emission
tomography (PET) has the advantage of being almost nonin-
vasive as it uses tracers that are usually metabolic substitutes
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and is quite sensitive since quite low concentrations of tracers
are required for imaging. Furthermore, several tracers are
already available for investigating various processes [2]. The
most quoted tumour phenotypes that could be integrated
with the CT-defined gross tumour volume (GTV) to obtain
the BTV are the tumour metabolism, proliferation, hypoxia,
and angiogenesis. Consequently, several methods have been
proposed for providing the relevant biological information on
metabolic, biochemical, and physiological factors resulting in
a new approach for the way the treatment is planned [3, 4].
However, it became clear that tumours do not contain one
biological target volume to which a homogeneous dose could
be prescribed, but instead the biological features of interest
for targeting exhibit considerable heterogeneity with respect
to magnitude, spatial, and temporal distribution, both within
one patient and between patients.

This review paper aims to add to these conceptual solu-
tions by discussing some of the key challenges for incorporat-
ing the radiobiological features of the tumour into themodels
for predicting the treatment outcome or for counteracting
the adverse tumour control factors based on PET imaging of
tumour metabolism, proliferation, and hypoxia.

2. PET Imaging of Key Tumour
Phenotypes and Corresponding Models for
Dose Painting

Several modelling studies have presented various approaches
with different degrees of complexity to include the imaging
information into treatment planning. Although in some cases
more than one type of PET image was available, to the
best of our knowledge the models currently proposed in the
literature did not focus on more than one of the adverse
tumour control factors at a time for determining the BTV
and its subregions and for addressing the radiation resistance
associated with them. With very large extent, the majority
of the models focused on tumour hypoxia since it is one of
the most important factors that determine the response of
the tumour to radiation therapy [5–8]. A common approach
is to delineate a hypoxic subtarget in the tumour based on
PET tracers specifically designed for imaging the tumour
oxygenation such as [18F]Fluoromisonidazole ([18F]FMISO),
[18F]Fluoroetanidazole ([18F]FETA), [18F]Fluoroazomycin-
arabinofuranoside ([18F]FAZA), or the nonimidazoles com-
pound Cu(II)-diacetyl-bis-N-(4)-methylthiosemicarbazone
(Cu-ATSM) and prescribe an escalation of the dose according
to available radiation therapy techniques and considering
the tolerance of the normal tissues around the tumour [9–
11]. However the risk of using such an empirical approach
is that the prescribed dose might not be large enough to
counteract the hypoxic radiation resistance and therefore
the method might fail to bring the expected results in
clinical settings. Other approaches recommended highly
heterogeneous dose distributions based on a linear increase
of the prescribed dose according to the signal intensity in
the PET image [12, 13] or, as a result of redistributing the
dose to the target, by increasing the dose to the hypoxic
voxels while decreasing the prescribed dose to the remaining

voxels in the tumour [14, 15]. More complex approaches for
heterogeneous dose prescription make use of dynamic PET
information [16]. However, heterogeneous dose distributions
are at risk of failing to provide the expected results for
cases of dynamic hypoxia as have indeed been seen in
clinical patients [17] since changes in the spatial distribution
of hypoxia could easily lead to mismatches between the
hypoxic subregions and the planned hotspots in the dose
distribution. Alternative approaches in which the impact of
local changes in the oxygenation of the tumour were also
theoretically explored and subsequently tested for feasibility
[18, 19].

Another factor that reduces treatment effectiveness
among the physiological factors that influence the response
to treatment is tumour cell proliferation. Cell prolifera-
tion and especially accelerated repopulation that is seen in
rapidly growing tumours like head-and-neck carcinomas are
regarded as adverse factors for the success of radiotherapy
because they increase the population of cells that could
regrow the tumour and therefore need to be sterilised with
radiation [20]. This warrants the noninvasive investigation
of tumour proliferation as a potential target to increase
local control. Proliferation and/ormetabolic PET tracers may
be used to image and quantify the tumour regions with
increased proliferation. They can also be used to predict and
evaluate the response to treatment and if necessary to adapt
or improve the therapy.

Many tumours also have an increased glycolytic metab-
olism compared to normal tissues [21]. This means that a
radioactive analogue of glucose will be easily taken up in
tumours and the tumour burden could be detected through
the difference in activity concentration. This is the case of
[18F]Fluorodeoxyglucose ([18F]FDG) that led to PET being
largely used for improving the detection and staging of
cancers as well as for target delineation and the evaluation
of treatment [22–24]. Other tracers, like 11C-acetate, would
have to be considered for non-FDG-avid tumours, offering
yet another facet of tumour metabolism [25–28].

Furthermore, some studies showed that the uptake of
FDG in slowly proliferating tumours is generally lower than
in rapidly growing, poorly differentiated tumours [2], sug-
gesting an indirect correlationwith the proliferating potential
of the tumours. However, FDG is not a dedicated tracer
for tumour proliferation and therefore some regions with
increased glycolytic metabolism such as inflammations will
also show a high FDG uptake and will be imaged, decreasing
the quality of the information provided by FDG-PET. Due to
these limitations other biomarkers have been proposed for
specifically characterising tumour proliferation [2], such as
[18F]3-deoxy-3-fluorotymidine ([18F]FLT). In comparison
to hypoxia, little attention has been paid to developingmodels
for the inclusion of proliferation information into treatment
planning. To the best of our knowledge, there is only one
study in which the possibility of including quantitative
imaging of tumour proliferation and cell density into the
radiobiological evaluation and optimisation of treatment
planning was theoretically explored [29].
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3. Multitracer Spatial and Temporal
Distributions and TCP Models

The most common hypotheses on which a dose paint-
ing approach is generally based are the following: local
recurrence is related to resistant foci not eradicated by the
currently prescribed and delivered uniform doses, nonin-
vasive functional and molecular imaging allows mapping
the target in terms of radiation resistance and progress in
treatment planning and radiation delivery allows nonho-
mogeneous target irradiation while the irradiation of the
normal tissue and organs-at-risk (OARs) is kept below the
tolerance levels. The subsequent steps that are taken when
proposing a strategy for dose painting are to determine what
functional noninvasive methods can be used for imaging
specific tumour phenotypes related to local control or risk of
relapse after (chemo)radiotherapy, to determine the response
function(s) that would allow the quantitative interpretation
of the image or images translated into a painting strategy, and
finally to determine how to prescribe and deliver the dose, as
dose boosting or as in the manner generally known as dose
painting by numbers.

The larger variability in the known approaches for per-
forming treatment planning based on functional imaging is
related to the interpretation of the images and their trans-
lation into dose prescription. Furthermore, for the case of
combined information regarding the key factors that should
be accounted for when attempting dose painting based on
functional PET imaging, tumour metabolism, proliferation,
and hypoxia, the complexity of the problem has prevented up
to the present date the proposal of quantitative radiobiologi-
cal models to simultaneously account for them.

The most general approach for modelling the tumour
response if information about the key features regarding
tumour resistance to radiation is available as derived from
functional imaging is to calculate the tumour control prob-
ability (TCP) at voxel level and then to integrate the response
over the whole target structure. Thus, assuming an initial
distribution of cell density 𝑛

0
(r) and a distribution of cell

survival following the treatment 𝑆𝐹(r), the probability of
controlling the tumour is given by the following expression
[18]:

TCP = exp [−∫
r
𝑛
0
(r) ⋅ 𝑆𝐹 (r) 𝑑r] . (1)

If the linear quadratic (LQ) model [30–32] adapted for
proliferation [33] is used for describing the cellular survival,
the fraction of cells surviving in a voxel r in the tumour is
given by

𝑆𝐹 (r) =
𝑛

∏

𝑖=1

exp [−𝛼 (r) ⋅ 𝑑
𝑖
(r) − 𝛽 (r) ⋅ 𝑑2

𝑖
(r)]

⋅ exp [𝑇 ln (2)
TD (r)
] ,

(2)

where 𝑛 is the number of fractions,𝑑
𝑖
(r) is the dose in fraction

𝑖 in voxel r, 𝛼(r) and 𝛽(r) are the LQ parameters describing
the radiosensitivity in voxel r,𝑇 is the treatment duration, and

TD(r) is the cell doubling time in the voxel r. If the variation
in radiation sensitivity is related to the oxygenation of the
cells, 𝛼(r) and 𝛽(r) could be expressed as functions of the 𝛼
and 𝛽 parameters relevant for well oxygenated cells and the
oxygen tension-dependent modification factors, OMF, and
thus (2) becomes

𝑆𝐹 (r) =
𝑛

∏

𝑖=1

exp[− 𝛼

OMF (𝑝𝑂
2
(r))
⋅ 𝑑
𝑖
(r)

−

𝛽

OMF2 (𝑝𝑂
2
(r))
⋅ 𝑑
2

𝑖
(r)]

⋅ exp [𝑇 ln (2)
TD (r)
] .

(3)

OMF (𝑝𝑂
2
(r)) is given by the following expression:

OMF (𝑝𝑂
2
(r)) = OMFmax

𝑘 + 𝑝𝑂
2
(r)

𝑘 +OMFmax𝑝𝑂2 (r)
, (4)

where OMFmax is the maximum protection achieved in the
absence of oxygen and 𝑘 is a reaction constant as described
by Alper and Howard-Flanders [34].

In these conditions, the probability for controlling the
tumour could be written as

TCP

= exp{−∫
r
𝑛
0
(r) ⋅
𝑛

∏

𝑖=1

exp[− 𝛼

OMF (𝑝𝑂
2
(r))
⋅ 𝑑
𝑖
(r)

−

𝛽

OMF2 (𝑝𝑂
2
(r))
⋅ 𝑑
2

𝑖
(r)]

⋅ exp [𝑇 ln (2)
TD (r)
] 𝑑r} .

(5)

Several proposals exist in the literature regarding the way the
parameters 𝑛

0
(r), TD(r), and OMF(𝑝𝑂

2
(r)) could be derived

from PET images. Thus, the density of the clonogenic cells
in the beginning of the treatment could be derived from a
FDG PET image based on the assumption that the enhanced
FDG uptake should correspond to areas of higher density
of glucose-avid clonogens [35]. As FLT is a marker taken
up by the cells and phosphorylated by thymidine kinase 1
(TK1)which is an enzyme closely tied to cellular proliferation,
it has been postulated that the retention of FLT within the
cells provides a measure of cellular proliferation [36, 37]. The
parameters used for describing the relationship between radi-
ation sensitivity and tumour oxygenation could be derived
based on the relative uptake of hypoxia-specific PETmarkers
for various oxygen tensions, as proposed by Toma-Dasu et al.
[38, 39], and subsequently tested with respect to its feasibility
based on FMISO PET [19]. Thus, if FDG, FLT, and FMISO
images of the tumour would be available before the start
of the treatment and the relationships between the tracers
uptake and 𝑛

0
(r), TD(r), and OMF(𝑝𝑂

2
(r)) would also be
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known, (5) could be used to determine the heterogeneous
dose distribution that should be delivered for achieving a
defined level of TCP.

Nevertheless, the practical implementation of this
approach towards the complex BTV concept proposed by
Ling et al. [1] is faced with several potential problems that
may not be easily solved. Thus, one key problem is the fact
that the required information about the biological parameters
of interest would in fact be derived from PET images taken
at different time points extending over several days to allow
for the clearance of the different tracers. Therefore, assuming
for example that the FDG PET image is taken at the time
point 𝑡

1
before the start of the treatment while FMISO and

FLT images are taken at 𝑡
2
and 𝑡
3
, respectively, (5) should be

rewritten as

TCP

= exp{ − ∫
r
𝑛
0
(r, 𝑡
1
)

⋅

𝑛

∏

𝑖=1

exp[− 𝛼

OMF (𝑝𝑂
2
(r, 𝑡
2
))

⋅ 𝑑
𝑖
(r)

−

𝛽

OMF2 (𝑝𝑂
2
(r, 𝑡
2
))

⋅ 𝑑
2

𝑖
(r)]

⋅ exp[ 𝑇 ln (2)
TD (r, 𝑡

3
)

] 𝑑r} .

(6)

The expression in (6) shows that in reality it is quite difficult
to speak about a time-independent BTV, given the spatial
and temporal heterogeneity of the parameters determining
the tumour control probability. Furthermore, the different
biological processes that have to be incorporated are seldom
coinciding in space [40, 41] meaning that several boost
volumes would have to be defined, possibly with different
boost levels.

The temporal stability and the reproducibility of the
signal in the images before the start of the treatment given
by the technical limitations of the imaging method, but,
moreover, by the dynamics of the biological system that is
imaged, may add yet another layer of complication to the
already challenging task of multiparameter mapping of the
target with respect to the radiobiological tumour features
related to adverse response to (chemo)radiotherapy.

Last, but not least, the intrinsic radiosensitivity of the
patients would have to be accounted for. Radiosensitivity
parameters could be derived from clinical dose-response
curves, but these are considered relevant for populations
of patients which often exhibit considerable interpatient
heterogeneity [42]. Instead one could use for example patient-
specific parameters derived in vitro from biopsy materials
as these were shown to better describe the response to
treatment than generic or average parameters [43]. In the
future such information may also be combined with pre-
dictive molecular assays providing quantitative information
on the responsiveness of individuals to various forms of

treatment. Therefore, the true individualisation of treatment
would have to determine the right prescription levels not only
for the BTV or its equivalents, but also for the CTV and the
GTV.

4. Integrated Biological Dose
Prescription and Treatment Adaptation
Based on Functional Imaging: Is It Time for
a New Paradigm Shift?

Given the inherent limitations in defining the BTV and
determining the dose prescription that should overcome
the radioresistent foci within the BTV, the implementation
of simple dose painting approaches might lead to disap-
pointing results in clinical settings. Therefore, the present
paper proposes a paradigm shift from focusing on the radio-
biological dose prescription towards biologically adapted
radiation therapy, BIOART, based on tumour responsiveness
assessed with functional imaging. The BIOART concept, in a
much wider acceptation, was introduced by Brahme in 2003
as Biologically Optimized in vivo Predictive Assay-Based
Adaptive RadiationTherapy [3].The original paper proposed
that combining accurate knowledge about the delivered dose
acquired with a PET camera based on the nuclear reactions
induced in the patient by ions or high energy photons,
together with information regarding the density of tumour
clonogens at some early point during the treatment derived
from two successive PET images, one taken before the start
of the treatment and one after about one week, could be used
to assess the responsiveness of the tumour to the treatment
and consequently to adapt the treatment. Although very
appealing, the monitoring of the dose delivery or rather
of the production of positron emitting isotopes inside the
patient following nuclear reactions, in case of ion therapy,
or photonuclear reactions in case of photon irradiation with
high energy photons, is not yet possible as a routine clinical
procedure [44, 45], the accurate dose determination being
achieved at its best through deformable dose registration
based on repeated CBCT images during the course of the
treatment. The effectiveness of this approach has however
been debated on the grounds of the associated uncertainties
[46].

The second component of the generic BIOART approach,
monitoring of the tumour response by repeated PET images
early during the treatment, is actually currently feasible.
Indeed, several studies have explored qualitatively the cor-
relations between variations in PET tracer uptake and treat-
ment outcome [47–53]. Nevertheless, a very recent study
on NSCLC imaged with FDG-PET before the start of
(chemo)radiotherapy and during the second week of radia-
tion therapy showed that it is feasible to determine a threshold
value for the effective radiosensitivity of the patients that
could be used quantitatively to divide the patients into good
and poor responders to treatment as assessed by overall
survival at 2 years after treatment [54].These results therefore
support the high potential of early assessment of treatment
responsiveness and subsequent treatment individualisation
by identifying the likely candidates for more aggressive
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Figure 1: Schematic illustration of customised adaptive radiation therapy accounting for tumour hypoxia and/or proliferation.

strategies like dose escalation or combined therapies needed
to increase the rate of local control.

This approach also provides another advantage, as
repeated examinations in the same patient ensure that each
patient is its own reference and does not require spe-
cific assumptions regarding the radiosensitivity. In fact, the
approach opens the possibility of deriving effective radiore-
sistance parameters that could eventually be used for treat-
ment adaptation.Thus, assuming that the FDG images give a
measure of the tumour burden, variations in signal intensities
in individual voxels in the same patent would reflect changes
in the density of functional clonogenic cells due to cell kill
or proliferation. These and the dose distributions could then
be used together with (2) or a simplified version of it to
determine effective parameters for radiosensitivity [3, 54].
Other investigations of biologically adverse processes like
hypoxia and proliferation could offer additional information
that could be used for fine-tuning the parameters or included
in the treatment optimisation process, provided that their
intrinsic heterogeneity and dynamics are accounted for. A
schematic illustration of the currently proposed approach
for individualising the treatment and adapting it based on
functional PET imaging is shown in Figure 1.

Several papers have shown that pretreatment FDG,
FMISO, and FLT PET imaging might have not only prog-
nostic values for indicating the likely course of the disease
in the untreated individual, but also, more importantly in
this setting, predictive values that might allow the selection
of patients that would benefit from the chosen treatment
[55–59]. However, proper patient selection and subsequent
dose painting approaches for prescribing and delivering the
dose do not guarantee the success of the treatment due
to the large interpatient variability in response [56] and
therefore they should be integrated in complex strategies for

the management of the tumour which include early monitor-
ing of the response and treatment adaptation.

Central to responsiveness evaluation and treatment adap-
tation is the registration of images containing anatomic,
functional, and dosimetric information. This is the result
of a mathematical optimisation process using algorithms
aimed at aligning the images through rigid or deformable
transformations [60]. Several sources of uncertainties exist
in this process, some intrinsic to the algorithms used and
other originating in uncertainties or noise in the analysed
images. As there is the risk that these uncertainties might
interfere with the analysis of the information in the images,
it is important to include them in a sensitivity analysis aimed
at testing the robustness of the results or predictions, as done,
for example, by Tilly et al. [61]. It has to be highlighted that
best results are probably obtained when the assessment of the
response has to take place not later than two weeks from the
start of the treatment. This not only prevents the inflamma-
tory response from dominating the information that could
be retrieved from repeated FDG images, but also minimises
the morphological changes that may be caused, for example,
by tumour shrinkage or progression and whichmight require
deformable registration algorithms that are more error prone
and therefore more of a source of uncertainties.

The proposal above has mainly been concerned with
using functional information from PET images for treatment
monitoring and adaptation. Nevertheless, similar consider-
ation might also apply for functional magnetic resonance
imaging (MRI) that allows both qualitative and quantitative
characterisation of clinical tumours and the subsequentmap-
ping of the tumour response. Thus, parameters derived from
diffusion-weighted MRI (DW-MRI) could offer information
on tissue cellularity and may therefore be used for treatment
response monitoring [62]. Other methods like dynamic
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contrast-enhanced (DCE) imaging may be useful to obtain
information on tissue vasculature [63], although it has been
argued that tumour oxygenation might have a more complex
dependence [64]. Proposals also exist for imaging lactate
or choline levels in tumours as surrogates for hypoxia and
proliferation [2].

5. Conclusions

There is no doubt that functional and molecular imaging
have the potential to provide a paradigm shift in treat-
ment planning and optimisation in cancer therapy that
extends well beyond target definition. While multiparameter
examinations will nevertheless provide valuable prognostic
information for each patient, it is in unleashing the pre-
dictive power of the tracers that the true value of PET lies
in modern radiotherapy. Thus, pretreatment investigations,
possibly combined with predictive molecular information
on the intrinsic features of each patient, will provide initial
information on the dose levels needed to be included in
the individual treatment plan and the likely therapeutic
approaches. Subsequent examinations early during the treat-
ment would then provide information on tumour responsive-
ness that may subsequently be used to determine the need for
treatment adaptation taking into account the delivered dose
distributions as well as adjuvant therapies, the effectiveness
of which could also be assessed with this proposed approach.
This may therefore be a simple and quite straightforward
way to individualise treatment, considering not only the
pretreatment condition of the patient, but also its intrinsic
responsiveness and individual dose distributions that deter-
mine the need for later treatment adaptation. This is in fact
the ultimate aim towards true individualisation of modern
cancer treatment.
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the County Council of Östergötland is gratefully acknowl-
edged.

References

[1] C. C. Ling, J. Humm, S. Larson et al., “Towards multidimen-
sional radiotherapy (MD-CRT): biological imaging and biolog-
ical conformality,” International Journal of Radiation Oncology
Biology Physics, vol. 47, no. 3, pp. 551–560, 2000.

[2] S. Apisarnthanarax and K. S. C. Chao, “Current imaging
paradigms in radiation oncology,” Radiation Research, vol. 163,
no. 1, pp. 1–25, 2005.

[3] A. Brahme, “Biologically optimized 3-dimensional in vivo pre-
dictive assay-based radiation therapy using positron emission

tomography-computerized tomography imaging,” Acta Onco-
logica, vol. 42, no. 2, pp. 123–136, 2003.

[4] S. M. Bentzen, “Theragnostic imaging for radiation oncology:
dose-painting by numbers,” The Lancet Oncology, vol. 6, no. 2,
pp. 112–117, 2005.

[5] M. Nordsmark, M. Overgaard, and J. Overgaard, “Pretreatment
oxygenation predicts radiation response in advanced squamous
cell carcinoma of the head and neck,” Radiotherapy and Oncol-
ogy, vol. 41, no. 1, pp. 31–39, 1996.

[6] D. M. Brizel, G. S. Sibley, L. R. Prosnitz, R. L. Scher, and M.
W. Dewhirst, “Tumor hypoxia adversely affects the prognosis
of carcinoma of the head and neck,” International Journal of
Radiation Oncology Biology Physics, vol. 38, no. 2, pp. 285–289,
1997.

[7] J. Overgaard, “Clinical evaluation of nitroimidazoles as modi-
fiers of hypoxia in solid tumors,” Oncology Research, vol. 6, no.
10-11, pp. 509–518, 1994.

[8] P. Vaupel and A. Mayer, “Hypoxia in cancer: significance and
impact on clinical outcome,” Cancer and Metastasis Reviews,
vol. 26, no. 2, pp. 225–239, 2007.

[9] K. S. C. Chao, W. R. Bosch, S. Mutic et al., “A novel
approach to overcome hypoxic tumor resistance: Cu-ATSM-
guided intensity-modulated radiation therapy,” International
Journal of Radiation Oncology Biology Physics, vol. 49, no. 4, pp.
1171–1182, 2001.

[10] A.-L. Grosu, M. Souvatzoglou, B. Röper et al., “Hypoxia
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and D. de Ruysscher, “Therapeutic implications of molecular
imaging with PET in the combined modality treatment of lung
cancer,” Cancer Treatment Reviews, vol. 37, no. 5, pp. 331–343,
2011.

[57] H. Quon and D. M. Brizel, “Predictive and prognostic role of
functional imaging of head and neck squamous cell carcino-
mas,” Seminars in Radiation Oncology, vol. 22, no. 3, pp. 220–
232, 2012.

[58] H. J.W. L. Aerts, J. Bussink,W. J. G.Oyen et al., “Identification of
residual metabolic-active areas within NSCLC tumours using a
pre-radiotherapy FDG-PET-CT scan: a prospective validation,”
Lung Cancer, vol. 75, no. 1, pp. 73–76, 2012.

[59] M. Inubushi, T. Saga, M. Koizumi et al., “Predictive value of
3-deoxy-3-[18F]fluorothymidine positron emission tomogra-
phy/computed tomography for outcome of carbon ion radio-
therapy in patients with head and neck mucosal malignant
melanoma,” Annals of Nuclear Medicine, vol. 27, no. 1, pp. 1–10,
2013.

[60] D. L. Hill, P. G. Batchelor, M. Holden, and D. J. Hawkes,
“Medical image registration,” Physics in Medicine and Biology,
vol. 46, no. 3, pp. R1–45, 2001.

[61] D. Tilly, N. Tilly, and A. Ahnesjo, “Dose mapping sensitivity
to deformable registration uncertainties in fractionated radio-
therapy: applied to prostate proton treatments,” BMC Medical
Physics, vol. 13, article 2, no. 1, 2013.

[62] H.C.Thoeny andB.D. Ross, “Predicting andmonitoring cancer
treatment response with diffusion-weighted MRI,” Journal of
Magnetic Resonance Imaging, vol. 32, no. 1, pp. 2–16, 2010.

[63] T. Nielsen, T. Wittenborn, and M. R. Horsman, “Dynamic
contrast-enhancedmagnetic resonance imaging (DCE-MRI) in
preclinical studies of antivascular treatments,” Pharmaceutics,
vol. 4, no. 4, pp. 563–589, 2012.

[64] A. Dasu and I. Toma-Dasu, “Vascular oxygen content and the
tissue oxygenation: a theoretical analysis,”Medical Physics, vol.
35, no. 2, pp. 539–545, 2008.



Review Article
PET-Specific Parameters and Radiotracers in
Theoretical Tumour Modelling

Matthew Jennings,1,2 Loredana G. Marcu,1,3 and Eva Bezak1,2

1School of Chemistry & Physics, University of Adelaide, Adelaide, SA 5000, Australia
2Department of Medical Physics, Royal Adelaide Hospital, Adelaide, SA 5000, Australia
3Faculty of Science, University of Oradea, 410087 Oradea, Romania

Correspondence should be addressed to Matthew Jennings; matthew.jennings@health.sa.gov.au

Received 17 July 2014; Accepted 15 September 2014

Academic Editor: Iuliana Toma-Dasu

Copyright © 2015 Matthew Jennings et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

The innovation of computational techniques serves as an important step toward optimized, patient-specific management of cancer.
In particular, in silico simulation of tumour growth and treatment response may eventually yield accurate information on disease
progression, enhance the quality of cancer treatment, and explain why certain therapies are effective where others are not. In
silicomodelling is demonstrated to considerably benefit from information obtainable with PET and PET/CT. In particular, models
have successfully integrated tumour glucose metabolism, cell proliferation, and cell oxygenation from multiple tracers in order to
simulate tumour behaviour. With the development of novel radiotracers to image additional tumour phenomena, such as pH and
gene expression, the value of PET and PET/CT data for use in tumourmodels will continue to grow. In this work, the use of PET and
PET/CT information in in silico tumour models is reviewed. The various parameters that can be obtained using PET and PET/CT
are detailed, as well as the radiotracers that may be used for this purpose, their utility, and limitations. The biophysical measures
used to quantify PET and PET/CT data are also described. Finally, a list of in silico models that incorporate PET and/or PET/CT
data is provided and reviewed.

1. Introduction

Anatomic imaging modalities, particularly X-ray computed
tomography (CT) and magnetic resonance imaging (MRI),
have long been the standard tools for the accurate localization
of organs and lesions in radiation oncology. Today, they
play a routine role in three-dimensional treatment planning.
However, the effectiveness of structural imaging techniques
in determining metabolic or functional tissue information
is limited. Functional imaging has been demonstrated to
be invaluable for the initial diagnosis and staging of cancer
as well as the monitoring of therapy and the detection of
cancer recurrence [1]. Metabolic changes in tissue com-
monly precede the structural changes that are detected via
CT and MRI. Thus, imaging of metabolic changes may
enable the detection of malignant disease at earlier stages of
development [2]. In addition, the availability of functional
information is advantageous for cases in which there is poor

contrast between normal and malignant tissue when using
structural imaging. For example, for the initial staging of
lymphomas, the metabolic information provided by positron
emission tomography (PET) enables more accurate delin-
eation of the extent of nodal disease as compared with CT
and bone scans. Similarly and perhaps most notably, PET
demonstrates superior local staging capabilities for head and
neck cancers over both CT and MRI. FDG-PET alone has a
plethora of indications for a wide variety of malignancies [3].
Consequently, functional imagingmodalities such as PET are
playing an increasingly important role in the management of
malignant disease.

PET scanning has progressed into widespread clini-
cal practice since its first commercialization in the late
1970s. For oncological PET studies, the most utilized and
extensively researched radiotracer is 18F-fluorodeoxyglucose
(FDG). FDG-PET has demonstrated superior accuracy over
conventional imagingmodalities in multiple scenarios across
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both the diagnosis and the staging of cancer [3, 4]. In a variety
of clinical settings, FDG-PET exhibits improved values of
sensitivity, specificity, or both. Examples of clinical scenarios
in which FDG-PET has demonstrated efficacy include the
evaluation ofmass lesions, the staging and restaging of cancer,
the planning of radiotherapy treatments, the monitoring of
therapy, and the detection of cancer recurrence [3]. However,
the primary drawback of functional imaging is the lack of
anatomic information that it provides. This necessitates its
accompaniment with structural imaging for application in
clinical oncology [1].

In order to take advantage of their inherent benefits, the
combined use of both anatomic and physiologic imaging
modalities is optimal. The accurate structure localization
capabilities of CT complement the mapping of normal and
abnormal tissue function performed by PET. Because of this,
PET images are routinely read alongside CT images in order
to both distinguish and localize metabolic irregularities. In
the first instance, this has been achieved via the coregistration
of separately acquired PET and CT images using fusion
software, a technique which has especially proved to be
effective for brain imaging. However, coregistration of images
of other anatomical regions poses significant challenges [5].
Difficulties in the registration process primarily arise from
varying patient positioning between the two image sets.
Whilst such difficulties are minimal for brain scans, they
may be significant in other anatomical regions wherein there
may be substantial organ movement or deformation. In light
of this, the development and subsequent commercialization
of the PET/CT scanner in 2001 has generally addressed the
issues affecting the coregistration of separately acquired PET
and CT images [6].

The use of integrated PET/CT in oncologic imaging has
since become a widespread field of research, particularly
with the utilization of 18F-FDG. This combined modality
overcomes some of the drawbacks that are characteristic of
standalone PET scanning, namely, the significant presence of
noise in attenuation correction factors, the lengthy duration
of scans, and the absence of anatomic markers [7]. While the
vast majority of published research concerns standalone PET,
PET/CT has begun to show great promise across a multitude
of clinical settings [3]. Studies have shown significantly
improved accuracy in the staging of nonsmall cell lung cancer
with PET/CT over the separate performance of PET and CT
[8–10]. Some centres perform a series of PET/CT scans on
nonoperative head and neck cancer patients following either
radiation therapy or chemotherapy due to its indispensable
combined anatomical and functional information [3, 7, 11].
For patients with recurrent or metastasized thyroid cancer,
the localization capabilities of 18F-FDG-PET/CT can lead to
improved diagnostic accuracy [12]. Finally, the incorporation
of FDG-PET/CT data into the radiation treatment planning
process has repeatedly shown to improve target delineation
and enhance the therapeutic ratio via its increased cancer
staging accuracy [13]. The ongoing clinical evaluation and
further innovation of PET/CT, namely, via technological
improvements and the establishment of new tracers, will
continue to propel this technology into widespread use in
oncology [3].

The significant interpatient variability in both tumour
behaviour and normal tissue response to cancer therapy
has prompted increasing demand for individualized treat-
ment planning. Simulations of radiobiological processes in
malignancies provide scope for the further optimization of
individual treatment plans and to ultimately improve patient
outcomes. The development of computer or in silico models
of these radiobiological processes is particularly beneficial
[14]. It is here in which PET and PET/CT, as noninvasive
functional imaging modalities, can play a crucial role [15–
17]. The aim of this work is to review the application and
effectiveness of PET and PET/CT for the in silico modelling
of tumours. In particular, it examines the various parameters
that can be determined via PET and PET/CT imaging along
with the assortment of radiotracers available for these pur-
poses. The biophysical quantities used to quantify PET and
PET/CTdata, including SUVand compartmentalmodels, are
assessed. Finally, an overview of the existing in silico models
that utilize PET or PET/CT data is provided.

2. Tumour Model Parameters Obtainable from
PET Imaging

With the objective of optimal, individualized treatment plan-
ning,many biological characteristics of a given tumour can be
considered for computer simulation. In the case of radiation
therapy, the proliferative potential of a tumour and its
radiosensitivity are of particular interest. Parameters which
describe tumour cell proliferation and repopulation charac-
teristics are useful for in silico modelling of tumour growth
and treatment response. Similarly, since it is well established
that tumour’s oxygenation level contributes significantly to
its radioresistance, modelling parameters that character-
ize tumour hypoxia and angiogenesis are also common.
Increasingly, in silico models have expanded to incorporate
additional contributing factors to tumour radiosensitivity,
including intracellular tumour pH, gene expression, and
cell-cycle simulation. The complexity of any given model
dictates the number of characteristics simulated, as well as the
accuracy with which each tumour characteristic is simulated.
Simpler models may use averaged, macroscopic measures of
a given tumour characteristic, while more complex models
may simulate a tumour and its behaviour at the microscopic,
molecular, and even atomic levels. Indeed, some of the
most accurate, contemporary models are “multiscale”; they
simulate tumour behaviour across multiple biological scales,
reconciling the macroscopic and microscopic levels [18].
Details of the various parameters utilized for tumour mod-
elling obtainable from PET and PET/CT data are provided
below.

2.1. Cell Proliferation. There are many approaches to mod-
elling cell proliferation but it is useful to separately con-
sider modelling at the macroscopic and microscopic scales.
At the macroscopic scale, tumours are commonly simu-
lated using continuum models. Using this approach, gross
tumour morphology and behaviour are modelled under
various environmental conditions and typically governed
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by a set of differential equations whose initial condi-
tions serve as input parameters [18]. Input parameters
include such quantities as cell density (both viable and
necrotic), cell volume fractions, and gross tumour prolif-
eration and metabolic rates [19]. Such parameters may be
gathered from PET/CT data, where a corresponding radio-
tracer can be utilized [20]. Details of various radiotracers
and the functional information they provide are given in
Section 3.

In contrast to continuum tumour models, discrete
tumour models developed at the microscopic scale simulate
individual cell behaviour. Their input parameters corre-
spondingly describe a set of biophysical rules applied to the
modelled cells and the diversity of these rules varies across
different models. Each cell is assigned an initial state and
its status is subsequently tracked throughout the simulation.
Consequently, discrete models directly simulate cell prolifer-
ation; a process which is mediated by input parameters such
as proliferative potential, cell-cycle positions, and durations
for different cell types, probability of cell division, cell loss
rates, and maximum tumour radius or cell number [19].
Patient-specific parameters such as tumour radius and prolif-
erating cells per voxel are directly obtainable from functional
imaging data [15].

2.2. Hypoxia. The adverse effects of tumour hypoxia on
patient outcomes following radiotherapy have been well
established. Indeed, hypoxia is often attributed to poor
tumour control probabilities in locally advanced head and
neck cancers, for which low oxygenation levels are common
[21]. Accordingly the simulation of oxygenation in tumours
has been a prolific area of research in the tumour modelling
community for more than 60 years [22]. The simulation
of tumour hypoxia varies greatly across different models;
the most complex models concurrently simulate oxygen
diffusion, oxygen consumption by tissue, and the interdepen-
dence of oxygen with tumour proliferation and vasculature
[23].

Oxygen information is generally modelled using an
analytic approach. That is, sets of differential equations are
used to describe oxygen diffusion and/or consumption rates
both during tumour growth and in response to treatment.
Even stochastic (discrete) tumour cell proliferation models
that incorporate oxygen information typically employ a com-
posite approach; oxygen and other substrate concentrations
are generally governed by continuous fields. Since the oxygen
distribution within a tumour is directly related to the extent
and nature of its vasculature, many tumour hypoxia models
incorporate blood vessel information into their simulations.
The most sophisticated models simulate angiogenesis (see
Section 2.3) and its effect on tumour hypoxia [16, 23, 24].

Simulated oxygen distributions are typically quantified
using partial oxygen tension or pO

2
values. Thus, for the

successful simulation of tumour hypoxia, realistic initial pO
2

conditions must be set. In order to categorize the oxygen
status of tissue, binary approaches to oxygen modelling
establish a defined threshold pO

2
value below which the

region is considered to be hypoxic.More robustmodels estab-
lish a more detailed relationship between tumour growth

or treatment response and oxygen information and may
incorporate both oxygen diffusion and oxygen consumption
by tissue [23, 25]. Additional parameters of interest may be
included for oxygen effects, such as reoxygenation proba-
bility distributions and hypoxic thresholds for which cell
quiescence is initiated. Multiple studies have demonstrated
the utility of PET for obtaining pO

2
distributions for use in

patient-specific tumour models [16, 23, 26].

2.3. Angiogenesis. The extent and nature of tumour vascula-
ture significantly influence tumour growth and oxygen status.
Consequently, the simulation of angiogenesis serves as a
useful complement tomodels of tumour cell proliferation and
hypoxia. Likecell proliferation, models of tumour-induced
angiogenesis may be either continuous or discrete in nature.
More advancedmodels utilize both approaches for simulating
the various mechanisms involved in angiogenesis, such as
capillary sprout formation, endothelial cell migration, blood
flow, and vessel adaptation [19].

Input parameters related to vessel branching generally
include probabilities of random endothelial cell migration,
chemotaxis with tumour angiogenesis factor concentration
(especially vascular endothelial growth factor or VEGF),
and haptotaxis with fibronectin gradients [18]. The utility
of PET for the imaging of specific angiogenic markers,
such as 𝛼v𝛽3 integrins and tumour expression of VEGF,
has been demonstrated by multiple groups [28, 29]. To
date, tumour models of angiogenesis have traditionally not
incorporated angiogenesis-specific PET data. However, since
cellular oxygenation and tumour vasculature are intimately
related phenomena, hypoxia-specific PET data has been
utilised in models of tumour vasculature [16, 23]. Specifically,
the value of PET information for the conversion of oxygen
maps into capillary density maps has been demonstrated.
The potential of angiogenesis-specific PET-based imaging for
input in modelling the temporal development of vasculature
or angiogenesis is well understood and will develop with
ongoing studies [16].

2.4. pH. Though the intracellular pH of solid tumours is
maintained in a range similar to that of normal cells, the
extracellular pH of solid tumours is commonly acidic. The
increased glucose metabolism of solid tumours, assisted
by characteristically poor perfusion, is the most probable
cause of their low extracellular pH. This is because glucose
catabolism results in net acid production and insufficient
vasculature cannot remove excess acid from the extracellular
environment [30].

Perhaps the most compelling value of including pH
in tumour growth models arises from the acid-mediated
tumour invasion hypothesis. This suggests that tumour cells
develop phenotypic adaptations to the harmful effects of
acidosis during carcinogenesis, traits that are not present
in normal cells. Consequently, tumour cells are rendered
relatively impervious to the decreased pH in the tumour
microenvironment resulting from increased anaerobic gly-
colysis, which is otherwise toxic to normal tissue. Effectively
the tumour provides for itself a selective growth advantage
and a useful mechanism for invasion [31]. Investigation of
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Table 1: PET Radiotracers whose data has been/the potential to be incorporated into in silicomodels.

PET radiotracer Functional characteristic Corresponding tumour model parameters Use in in silicomodels?

FDG Glucose metabolism (i) Intracellular Volume Fraction (ICVF) Yes
(ii) Acid production rates∗

FLT DNA replication Tumour cell proliferative rates (vector- or voxel-based) Yes

FMISO Hypoxia (i) Partial oxygen tension (pO2) Yes
(ii) Relative hypoxic fraction (RH)

Cu-ATSM Hypoxia Partial oxygen tension (pO2) Yes
pHLIP Acidosis Extracellular pH (pHe) Potential
Galacto-RGD Angiogenesis (i) 𝛼V𝛽3 expression rate Potential
FDOPA Malignancy (ii) L-DOPA activity Potential
FES Malignancy (iii) Oestrogen overexpression Potential
∗The specificity of FDG to glucose metabolism provides in indirect measure of acid production rates in tumour cells, since anaerobic glycolysis is net acid
producing.

this phenomenon is particularly suited for in silico tumour
growth modelling and the role played by acid gradients in
triggering tumour invasion has been evaluated this way [31].
Excess H+ ion concentration may be simulated in a con-
tinuummodel utilizing reaction-diffusion partial differential
equations, where input parameters such as acid production
rate, reabsorption rate, and H+ ion diffusion coefficients may
be obtained from measurement [32].

As with angiogenesis, in silico models incorporating
tumour pH have not utilized noninvasive PET data for input.
Though PET has been used for the measurement of pH since
the 1970s and was the first noninvasive in vivo pH meter,
it has historically been both an inaccurate and imprecise
measurement tool [30]. However, the development of novel
radiotracers that selectively target acidic tumours will enable
the incorporation of pH related PET data into in silicomodels
of tumour growth [33].

3. Radiotracers Used for Tumour Modelling

PET and PET/CT are able to image an increasing variety
of physiological phenomena. This versatility arises from
the ability to select a radiotracer that specifically targets
a particular mechanism. Additionally, the diversity of PET
tracers continues to expand with ongoing innovations in
radiopharmaceutical production. Today, radiotracers exist
for the imaging of metabolism, proliferation, perfusion,
drug/receptor interactions, and gene expression. Despite this
variety, the extent of PET data incorporated into in silico
tumourmodels has so far been limited to radiotracers specific
to glucose metabolism, cell proliferation, and hypoxia. There
is significant potential for the use of alternative radiotracers to
obtain additional functional information for in silicomodels
using PET. A list of radiotracers whose information has been
directly incorporated into in silicomodels as well as those that
show significant promise for such applications is provided in
Table 1.

3.1. FDG. 18F-2-Fluoro-2-deoxy-glucose or FDG is by far
the most commonly used and extensively researched PET
radiotracer. Today, FDG-PET plays an important role in

oncology. It has been recommended for use as an imaging
tool additional to traditional radiological modalities in the
appropriate clinical setting. In particular, it has demonstrated
efficacy in the diagnosis, staging, unknown primary discov-
ery, and the detection of cancer recurrence [1].

Increased glucose consumption is a typical characteristic
of most cancers. In hypoxic regions, the Pasteur effect results
in the upregulation of anaerobic glycolysis and the GLUT 1
glucose transporter in tumour cells. However, even if oxygen
is plentiful, cancers undergo accelerated glycolysis. This
observation, called theWarburg effect, is widely attributed to
mutations in oncogenes and tumour suppressor genes [34].
Since FDG is a glucose analogue, it is a particularly suitable
radiotracer to measure the increased glucose utilization typ-
ical of cancers. Along with increased glucose consumption,
the upregulation of appropriate enzymatic activity further
amplifies FDG uptake in tumour cells.

The primary drawback of FDG-PET for oncologic imag-
ing is that FDG uptake is not specific to cancer.That is, FDG-
PET exhibits a poor level of specificity for certain applica-
tions. FDG uptake may be intense in benign diseases as well
as in areas of infectious disease and inflammatory tissue.
That is, there are many potential causes of false-positive PET
signals in oncologic imaging [1, 35, 36]. Conversely, some
malignant diseases do not exhibit high glycolytic activity.
Bronchioloalveolar carcinoma and carcinoid tumours are
examples of cancers for which false-negative signals may
occur for standalone FDG-PET imaging [35]. Combining
FDG-PET with other imaging modalities has served to
mediate this drawback somewhat; FDG-PET/CT has demon-
strated superior performance than standalone FDG-PET
in common cancers [37]. Additionally, the emergence of
novel radiotracers that target biochemical processes that are
more specific to cancer promises to overcome the relative
nonspecificity of FDG-PET in oncologic imaging.

Commensurate with the predominance of FDG as the
PET radiotracer of choice, metabolic information provided
by FDG-PET is often utilized in in silico models of both
tumour growth and treatment response [16, 20]. The specific
information employed from FDG-PET varies across such
models. Images may be used solely to identify existing



Computational and Mathematical Methods in Medicine 5

cancerous tissue, particularly in simulations for the predic-
tion of tumour response to therapy [16]. Alternatively, glucose
metabolism data from FDG-PET can be quantitatively used
to simulate metabolic processes in predictive models of
tumour growth [20].

3.2. FLT. PET radiotracers specific to cell proliferation
are an effective alternative to those specific to glucose
metabolism, such as FDG. Of these tracers, 18F-3-fluoro-
3-deoxy-thymidine (FLT) is perhaps the most researched
and the most utilized. FLT-PET is typically a less sensitive
imaging modality than FDG-PET: the difference in FLT
uptake between normal and malignant tissues is usually less
pronounced than that for FDG [38]. However, FLT uptake
correlates very well with Ki-67, an index of cell proliferation.
Consequently, FLT-PET is useful for aiding in the grading of
tumours. The combined FLT-PET/CT modality has demon-
strated efficacy for the early prediction of treatment response
[39–41] as well as the assessment of cancer aggressiveness
[42]. The uptake of FLT in infectious or inflammatory tissue
is less than that of FDG and FLT has lower background
activity in the brain and thorax [43, 44]. Consequently, the
specificity of FLT-PET/CT exceeds that of FDG-PET/CT in
certain imaging applications [44].

The magnitude of FLT that is trapped in a tumour
cell is proportional to the amount of DNA/RNA synthesis
undertaken by the cell. Since the growth of malignant
tissue is intricately related to DNA replication, the degree
of FLT uptake is strongly correlated with proliferation rate.
Accordingly, FLT-PET data is particularly useful for patient-
specific tumourmodelling, where proliferative rates are often
of paramount interest. A group led by Benjamin Titz at the
University of Wisconsin has correspondingly acquired cell
proliferation information from FLT-PET data for in silico
models of tumour growth and treatment response [15, 16].

3.3. FMISO. In an effort to develop accurate, noninvasive
measurement techniques of tumour hypoxia, a number of
PET radiotracers have been produced which irreversibly
bind to cells in poorly oxygenated conditions. Of these, 18F-
fluoromisonidazole (FMISO) is the most extensively studied
and clinically validated. FMISO uptake is inversely propor-
tional toO

2
level and perfusion does not restrict its delivery to

malignant tissue. Several studies have demonstrated FMISO-
PET to be a viable prognostic indicator of tumour response
to treatment [45].

FMISO-PET has not been universally adopted into rou-
tine clinical application because of a number of limitations
inherent in the radiotracer. Since it relies on passive transport
mechanisms, its uptake is relatively slow in hypoxic tumours,
usually requiring 2–4 hours to be selectively retained in the
target following injection [46]. FMISO-PET imaging also
exhibits relatively low tumour-to-background ratios, since
its binding to malignant, hypoxic cells is highly nonspe-
cific. Finally, considerable levels of unwanted, radioactive
metabolite products result from the nonoxygen dependent
metabolism of FMISO [45]. Improvements in the quantifi-
cation of hypoxia by modelling FMISO-PET dynamics, as

opposed to using the standardized uptake value (SUV) in a
binary manner, may aid in overcoming contrast limitations.
Several studies have demonstrated reasonable success in the
simulation of tracer transport and its application to tumour
models (see Section 5) [25–27].

3.4. Cu-ATSM. Alternative hypoxia-specific PET radiotrac-
ers have been developed in order to overcome the var-
ious limitations of FMISO. Several other nitroimidazole
compounds have been developed for this purpose [47]. In
1997, an alternative hypoxia PET tracer was proposed that
does not suffer from the undesirable radioactive residues
of nitroimidazoles. This tracer is Cu(ll)-diacetyl-bis(N4-
methylthiosemicarbazone) or Cu-ATSM [48]. Cu-ATSM has
evolved to become one of the most promising PET agents
for hypoxia imaging. It has demonstrably high hypoxic
tissue selectivity [45]. It is able to rapidly identify hypoxic
tissue with high tumour-to-background ratios, due to a
combination of small molecular weight, high cell membrane
permeability, rapid blood clearance, and prompt retention in
hypoxic tissues [45].

The effectiveness of Cu-ATSM for providing clinically
relevant tumour oxygenation information has been con-
firmed in multiple studies and its predictive value of tumour
behaviour and treatment response has been demonstrated
[49–51]. Perhaps unsurprisingly, it is a preferred radiotracer
for the determination of oxygenation information using PET
for incorporation into in silico tumour models [15, 16, 23].
For example, Titz and Jeraj chose a sigmoidal relationship
between the SUV of Cu-ATSM and local tissue oxygenation
[15], following the findings of Lewis et al. [52]. Using pretreat-
ment Cu-ATSM-PET spatial maps of tumour oxygenation,
it was demonstrated that lower oxygen levels resulted in
reduced treatment efficacy. However, the group did note
that further investigation into the quantitative relationship
between partial oxygen tension and Cu-ATSM uptake is
warranted.

3.5. Other Radiotracers. Although in silico models are yet
to incorporate PET or PET/CT information beyond glucose
metabolism, cell proliferation, and tumour oxygenation,
there is scope for the use of tracers that image additional
processes. Tumour acidosis arising from amplified glycolysis
is a common feature of cancers and is a likely trigger of
invasion into surrounding tissue [53]. Consequently, several
mathematical models, inclusive of tumour acidity, have been
developed to study the glycolytic phenotype and the tumour-
host interface [31, 54]. There is suggestive potential of PET
and particularly PET/CT for directly obtaining parameters
of interest for such models, including glucose metabolic
rate and acid production rates. One promising, novel PET
tracer that specifically targets acidosis is pH low insertion
peptide (pHLIP) [33]. pHLIP binds to acidic cell membranes
and has demonstrated ability to target areas of hypoxia
and carbonic anhydrase IX (CAIX) overexpression, an acid-
extruding protein [55].

As discussed in Section 2, the simulation of angiogenesis
is of significant interest for in silico tumour modelling.
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Though parameters related to angiogenesis can be indirectly
obtained using hypoxia-specific PET-imaging, alternative
markers of angiogenesis can instead be targeted. For example,
vascular integrins are targeted by PET radiotracers contain-
ing the tripeptide sequence arginine-glycine-aspartic acid
(RGD) [28]. In particular, the 𝛼V𝛽3 integrin is a receptor
related to cell adhesion and involved in tumour-induced
angiogenesis that can be imaged using radiotracers such as
18F-Galacto-RGD [29].

In models that simulate specific tumour types, PET infor-
mation from alternative tracers might be useful. For example,
neuroendocrine tumours are typically characterised by an
increased L-DOPA decarboxylase activity [56]. The imaging
of advanced neuroendocrine tumours has been validated
with PET using 18F-dihydroxyphenylalanine (FDOPA) [57]
and may be of value in the modelling of these tumours.
Similar arguments may be made for the simulation of breast
cancers and the imaging of oestrogen receptor expression
using 18F labelled oestrogens such as 18F-fluoroestradiol
(FES) [58].

4. Biophysical Parameters Used in
PET and PET/CT

The integration of reliable imaging-based information into
in silico models of tumour growth and treatment response
greatly relies on the accurate and precise quantification of
imaging data.This is especially relevant for PET and PET/CT,
forwhich radiotracer uptake is dependent on a host of factors.
SUV is the most extensively used parameter clinically for the
analysis of PET tracers, but its high degree of sensitivity to
multiple variables can render the comparison of SUVs taken
at different times or between different centres to be extremely
difficult [59].

Details of the biophysical parameters used to quantify
PET and PET/CT data are provided below.Their applications
and limitations are discussed and compared, as well as the
various methods that have been developed to overcome the
potential pitfalls of a given measure. The present use of PET
and PET/CT quantification measures in in silico models of
tumour growth and treatment response is also discussed.

4.1. SUV. The standardized uptake value is the quintessential
parameter employed to analyse and quantify PET radiotracer
data. It is defined as follows:

SUV = radiotracer concentration in ROI
total injected activity/𝑁

g/mL, (1)

where the concentration is as measured with PET in kBq/mL,
ROI is the region or volume elements of interest, and 𝑁 is a
factor normalizing for bodyweight, body surface area, or lean
body mass. The overall denominator has units kBq/g. The
radiotracer is commonly computed by scanning the patient
for a 5–15-minute interval after a predetermined period (e.g.,
1 hour) after radiotracer injection.

In general, SUV depends on the time between injection
and scanning as well as multiple image acquisition settings

such as the reconstruction algorithm and scatter and atten-
uation corrections [59]. Its comparative value is hampered
by methodology differences, such as choice of normalization
factor and choice ofmax,mean, peak, or total SUV [60]. SUV
may also be confounded by biological mechanisms, such as
variations in plasma clearance before and after treatment and
plasma glucose concentration (in the case of FDG) [59].

Despite its limitations, SUV poses advantages over alter-
native quantification techniques such as compartmental
methods (see Section 4.2). It is the only method of PET
quantitative analysis that can be realistically employed for
routine clinical use, due to its sheer simplicity and the
efficiency of the associated scan protocols. In addition, the
effectiveness of SUV for the assessment of cancer therapy
response by comparing values for scans taken before and after
treatment has been extensively validated. This is particularly
true for FDG-PET, whose efficacy has been confirmed for
multiple cancer types [59]. Accordingly, in spite of its large
variation in some situations, the use of SUV is common
for the acquisition of metabolic information, proliferation
rates, and pO

2
values for use in in silico tumour models

[16, 20, 23].

4.2. Compartmental Models. Compartmental or kinetic
modelling (CM) is the “gold standard” of quantification
methods for PET data [59]. In CM, the exchange of the
PET radiotracer between a number of physiological entities
(called compartments) is simulated. These compartments
are homogeneous in nature and the tracer transport and
binding rates between them is modelled by a set of first-order
differential equations [61]. The set of equations are solved
numerically to obtain the rate constants, kinetic parameters
analogous to those outlines in Section 2, such as glucose
metabolic rates or blood flow [59].

Despite its accuracy and relative independence of con-
founding effects as compared to SUV, CM has the disad-
vantage of requiring a complex, time-intensive acquisition
protocol. Techniques with which the requisite scan protocol
complexity of CM can be overcome CM are an ongoing field
of research [62, 63]. In the case of radiotracers such as FDG
for which the use of SUV has been strongly validated (via
comparison with CM, in some cases), the added benefit of
employing CM techniques for PET analysis is likely to be
insubstantial [59].

However, in the case of FMISO-PET imaging of hypoxia,
the use of CM is warranted. Whilst FMISO can be used to
identify and image tumour hypoxia, it typically exhibits poor
tumour-to-background ratios using the standard SUV mea-
sure, generating highly variable results [25, 27]. Compart-
mental modelling of hypoxia imaging for dynamic FMISO-
PET data has shown great success in ameliorating this
problem, with particularly promising contributions from
Thorwarth et al. [25] and Wang et al. [27].

4.3. Hounsfield Units. The process of positron emission
tomography is based on the coincident detection of colinear,
511 keV photons originating from an annihilation event. This
measurement may be affected by an interaction between one
or both of the photons and the attenuator prior to reaching
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the detectors. A colinear coincident event is consequently not
detected and may instead register as scatter coincidence or
no coincidence. To account for this signal loss, attenuation
corrections are performed during PET image reconstruction
in an effort to salvage the true radiotracer distribution. Until
the development of PET/CT attenuation correction in PET
was performed using a transmission scan taken immediately
prior to the imaging scan, effectively doubling the total scan
time. In modern PET/CT scanners, CT-based attenuation
correction of PET images can be performed using the imme-
diately available CT images. 511 keV linear attenuation values
are obtained from the Hounsfield unit (HU) data provided
by the CT using an appropriate transformation scheme [64],
usually a bilinear relationship.

CT scanners convert attenuation coefficient distributions
𝜇(𝑥, 𝑦, 𝑧) into HU for display. Since attenuation is directly
proportional to attenuator density, the HU of a particular
voxel may be interpreted as the density of the object within
that voxel relative to that of water. Typical scans consist of
image noise within the range of 10–50HU, corresponding to
a relative error of 1–5% [65]. Consequently, CT is a powerful
imager of tumour density. For oncologic scenarios in which
lesions and background tissues are characterized by similar
HU values, assessment with CT is facilitated by the use of
positive and negative contrast agents. Contrast enhancement
in PET/CT has been reported to improve lesion detection,
characterization, and localization in some clinical settings
[66–68].

Positive contrast agents within PET/CT may cause over-
estimation of PET attenuation with contrast-enhanced CT
based attenuation corrections. This can lead to artifacts
of apparently increased tracer uptake in regions of high
contrast concentration within the PET image. However, such
artifacts can often be attributed to an underlying vessel and
hence do not cause problems with image interpretation [65].
Furthermore, several research studies have confirmed the
clinical insignificance of this effect, since the typical SUV
measure is negligibly affected by contrast [69, 70].

5. Review of Computational and
Mathematical Models of Tumour Growth
and Prediction to Treatment Response
Based on PET Imaging Data

With the advances in technology, the current imagingmodal-
ities offer a great variety of biological, biophysical, and clinical
parameters to be further studied and implemented into com-
plex tumour models. Computational modelling is an ever-
increasing area of research in tumour biology and therapy.
Depending on their design (i.e., continuum or discrete)
models offer various levels of understanding of biological,
biochemical, and biophysical processes occurring in tumours
before and during treatment. Models are versatile in terms of
input parameters, equations used, phenomena simulated, and
end points. While never perfectly illustrating the biological
reality, models are valuable complements to kinetic analysis
of tumour growth and development, treatment outcome

prediction, patient selection, and important decision-making
towards personalized medicine.

There are a large number of computational and mathe-
matical tumour models that incorporate functional imaging
data in the scientific literature. This is particularly true for
PET and PET/CT. A detailed list is provided in Table 2, which
includes models of tumour growth, tumour characteristics,
and response to treatment. The aims of the models, the
corresponding imaging techniques used and physiological
parameters imaged, and the relevant group’s findings are
given.

Tumour growth models are an important initial step
when modelling treatment response. Using dual-phase CT
and FDG-PET imaging modalities, Liu et al. have developed
a tumour growth model for pancreatic cancers [20, 71]. They
have introduced the intracellular volume fraction (ICVF) as
biomarker for the estimation and evaluation of the model’s
parameters, based on longitudinal dual-phase CT images
measured on pre- and postcontrast images. SUVwas used as a
semiquantitative measure of tumour metabolism (metabolic
rate), which was further related to tumour proliferation rate.
The model was validated by comparing the virtual tumour
with a real pancreatic tumour, in terms of average ICVF dif-
ference of tumour surface, relative tumour volume difference,
and average surface distance between the predicted tumour
surface and the CT-segmented (reference) tumour surface
[20].

Perhaps the vast majority of the models address the chal-
lenge of tumour hypoxia and neovascularization [15, 16, 23,
27]. The approach used in the models varies among research
groups. Given that compartmental models are great tools in
kinetic modelling of perfusion, diffusion, and pharmacoki-
netics of various tracers, they were chosen by some groups to
quantitatively estimate the levels of hypoxia in head and neck
tumours and also to assess the hypoxic distributionwithin the
tumour [25, 27]. Considering the controversies around SUV
and its correlation with the partial oxygen tension (pO

2
),

Thorwarth et al. came to a practical conclusion, whereby
compartmental kinetic models are more reliable for hypoxia
assessment than early static SUV measurements, due to the
low uptake of FMISO by severely hypoxic cells.

Experimental probability density functions were em-
ployed by other groups to simulate the direction and spatial
arrangement of microvascular tumour density, using patient-
specific PET imaging information [23]. The discovered cor-
relation between microvessel density and tumour oxygena-
tion levels (i.e., pO

2
) suggests that patient-based simulation

can contribute towards individualized patient planning and
treatment.

Hybrid models (or multiscale models) are often used
for complex assessment of tumour growth and behaviour
under therapy, due to their versatility and ability to integrate
mathematical/computational modelling with experimental
data on different physical scales.The hybridmodel developed
by Titz and Jeraj is an example of this [15]. Depending on
the input parameters chosen in terms of relevance and reli-
ability, such hybrid models can predict, with high accuracy,
tumour response to various treatments. As illustrated in
Section 3, functional imaging and particularly PET imaging
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Table 2: Models of tumour growth and prediction to treatment response based on PET imaging data.

Aim of the model
[references]

Imaging technique
used Model parameters Results/observations

Models of tumour growth

Spatial-temporal
characterization of
pancreatic tumour
growth and progression
[20]

Dual-phase CT and
FDG-PET

Intracellular Volume Fraction (ICVF)
which reflects tumour cell invasion and
SUV used for determination of cell
metabolic rate, growth rate, cell motion:
diffusion and advection (for mass effect).

The model was successfully validated
against a real tumour using average ICVF
difference of tumour surface, relative
tumour volume difference & average
surface distance between predicted and
segmented tumour surface.

Models of tumour characteristics

Evaluation of tumour
hypoxia in head and
neck tumours [25]

Dynamic FMISO-PET

Tracer transport and diffusion model;
voxel-based data analysis used to
decompose time-activity curves into
components for perfusion, diffusion and
hypoxia-induced retention.

Quantification of hypoxia; hypoxic
regions are spatially separated from blood
vessels; tracer uptake occurs in viable
hypoxic cells-only.
The kinetic model is more accurate than
static SUV values.

Simulation of tumour
oxygenation [26] Dynamic FMISO-PET

Model input parameters for steady-state
O2 distribution: 2D vascular map, oxygen
tension and rate of oxygen consumption.
Binding rates of FMISO estimated and
spatial-temporal O2 distribution found.
Probability density function was used to
model tumour vasculature to identify
hypoxic sub-regions.

Hypoxic sub-region distribution and
shape resulting from the simulation agree
with real imaging data. It was shown that
the extent of vasculature is of greater
importance than the level of tissue
oxygen supply. The model allows for
quantitative analysis of tumour
parameters when physiological changes
occur in tumour microenvironment.

Estimation of tumour
hypoxia in head and
neck tumours [27]

Dynamic FMISO-PET

Region of interest and arterial blood are
identified via PET. Values of kinetic
parameters (for oxic, hypoxic and
necrotic areas) are taken from
PET-scanned patient data.

Voxel-based compartmental analysis is
feasible to quantify tumour hypoxia and
more reliable than static PET-SUV
measurements.

Simulation of tumour
vasculature [23]

Cu-ATSM PET and
contrast CT

Capillaries were simulated using
probability density functions
(micro-vessel density) and patient
imaging data. Capillary diameter was
modelled in conjunction with voxel size;
a relationship between vessel density and
pO2 was employed.

Simulation of homogenous and
heterogeneous oxygen and vascular
distribution. The model was tested on
mouse tumour: the simulated vasculature
and the Cu-ATSM PET hypoxia map
represent the image-based hypoxia
distribution. The model can be used for
anti-angiogenic treatment simulation.

Models of treatment response

Tumour growth and
response model with
hypoxia effects [15]

18F-FLT (for
proliferation) &
Cu-ATSM PET
(for hypoxia) and CT

CT used for tumour anatomy. Behaviour
of tumour voxels modelled upon PET
data. FLT uptake was used as proliferation
index. A sigmoid relationship was
considered between Cu-ATSM SUV and
pO2. The Linear Quadratic model was
used for cell survival.

The model accurately reproduced tumour
behaviour for different oxygen
distribution patterns. Treatment
simulations resulted in poor control for
hypoxic tumours: heterogeneous oxygen
distribution resulted in heterogeneous
tumour response (i.e. higher survival
among hypoxic cells).y

Evaluation of tumour
response to
anti-angiogenic therapy
[16]

18F-FDG (for metabolic
activity)
18F-FLT (for
proliferation) &
Cu-ATSM PET
(for hypoxia) and CT

Model based on previous work [15] with
an added vascular component.
Microvessel density was used as model
parameter in direct relationship with the
vascular growth fraction. Probability
density functions were used to sample
capillary properties and geometry.

The maximum vascular growth fraction
was found to be the most sensitive model
parameter. The dosage of the
anti-angiogenic agent bevacizumab can
be adjusted to improve oxygenation. The
model was validated on imaging data of a
phase I trial with bevacizumab on head
and neck cancer patients.
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employing tumour-specific radiotracers play an important
role in fulfilling this task. Therefore, information regarding
tumour kinetics and proliferation can be obtained from
proliferation-specific agents (such as FLT) while oxygen
distribution data is gained from hypoxia-specific radio-
tracers (such as FMISO or Cu-ATSM). Additionally, with
ongoing radiotracer development and evaluation, there
is scope for obtaining additional tumour characteristics,
such as acidosis using pHLIP and gene expression using
protein-specific agents such as Galacto-RGD, FDOPA, and
FES.

To further prove the usefulness of complex multiscale
models, the same group has simulated the effect of beva-
cizumab, an anti-VEGF agent, which is administered for
targeting endothelial cell population in tumours [16]. Tumour
hypoxia and proliferation data were gathered from PET
images taken before and after the antiangiogenic treatment.
Simulated hypoxia levels were compared with mean SUV
values and changes in mean SUV after the administration
of bevacizumab for various levels of hypoxia, proliferation,
and VEGF expression were analysed. The findings were
implemented on imaging data of a phase I clinical trial that
involved eight head and neck cancer patients, showing the
potential of such models to optimise treatment outcome.

6. Conclusion

The incorporation of patient-specific data into multiscale
models is necessary for individualized, predictive simula-
tion. This is an essential component of predictive oncology.
Image-based information can be transformed into input
parameters and incorporated into either probabilistic or
deterministic equations governing their relationships and
interdependences. Using these tools, countless hypotheses
can then be generated and scenarios of “what if ” can be
simulated and solved. Models usually have the benefit of
independence from the manner in which input parameters
are obtained. This allows for the constant refinement of
parameters with future innovations in measurement tech-
niques, particularly in PET and PET/CT. Additionally, most
models can be readily adapted to include new parameters
in order to better resemble the real tumour environment.
The widespread, continuing research into in silico model
development and refinement permits the simulation of can-
cer with ever-increasing accuracy, with the goal of optimally
individualizing cancer management and improving overall
patient outcome.
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Objectives. Biologically guided radiotherapy needs an understanding of how different functional imaging techniques interact and
link together. We analyse three functional imaging techniques that can be useful tools for achieving this objective. Materials and
Methods. The three different imaging modalities from one selected patient are ADC maps, DCE-MRI, and 18F-FDG PET/CT,
because they are widely used and give a great amount of complementary information. We show the relationship between these
three datasets and evaluate them as markers for tumour response or hypoxia marker. Thus, vascularization measured using DCE-
MRI parameters can determine tumour hypoxia, and ADC maps can be used for evaluating tumour response. Results. ADC and
DCE-MRI include information from 18F-FDG, as glucose metabolism is associated with hypoxia and tumour cell density, although
18F-FDG includes more information about the malignancy of the tumour. The main disadvantage of ADC maps is the distortion,
and we used only low distorted regions, and extracellular volume calculated from DCE-MRI can be considered equivalent to ADC
in well-vascularized areas. Conclusion. A dataset for achieving the biologically guided radiotherapy must include a tumour density
study and a hypoxiamarker.This information can be achieved using onlyMRI data or only PET/CT studies ormixing both datasets.

1. Introduction

Radiotherapy is in a process of transformation from image-
guided radiotherapy to biologically guided radiotherapy [1].
To this effect, in the last few years some commercial treat-
ment units have been developed that include an MRI unit
combined with a linac in a single device [2–5], and PET/CT
(positron emission tomography/computed tomography) has
proven useful for tumour staging and target delineation,
especially in head and neck tumours and lung tumour [6–
8]. The main change in clinical practice will arrive when the
prescription of a treatment moves from dose prescribed to

target volumes and to prescription of results of a function, as
tumour control probability, which considers all the radiobio-
logical phenomena and adapts the treatment to early tumour
response and uses different functional images as inputs.
Although not widely available yet, several tools,methods, and
models have been developed for achieving these objectives in
a retrospective manner:

(1) quantitative methods in diffusion-weighted imaging-
(DW-)MRI providing ADC (apparent diffusion coef-
ficient) maps that allow determining early tumour
response [9–13],

Hindawi Publishing Corporation
Computational and Mathematical Methods in Medicine
Volume 2015, Article ID 103843, 10 pages
http://dx.doi.org/10.1155/2015/103843

http://dx.doi.org/10.1155/2015/103843


2 Computational and Mathematical Methods in Medicine

(2) in vivo measurement of hypoxia [14, 15], using either
MRI datasets [16–22] or PET/CT [23–28],

(3) inverse-planning optimisation algorithm that includes
biological criteria [29, 30] and/or functional imaging
information [31, 32] or even radiobiological models
adapted to functional imaging information [33].

In this paper a case study is presented using datasets from
18F-FDG (fludeoxyglucose labelled with 18F) PET/CT, DW-
MRI/ADC maps, and dynamic contrast-enhanced- (DCE-)
MRI for characterizing tumour behaviour and for using the
multimodality parameters as predictive values of tumour
response from a patient included in the ARTFIBio project
[34–36].

18F-FDG PET images the glucose consumption of each
region. Tumour cells use glycolysis rather than lipolysis as
the metabolic process to produce ATP and they use more
glucose than normal cells. Glycolysis is a rather inefficient
process and therefore large amounts of glucose are needed
for cell survival and tumour growth. The PET enhancement
(standard uptake value or SUV) in tumours is due to three
differentmechanisms: (i) cancer cells producemoreATP out-
side the mitochondria, even in well-oxygenated conditions
(Warburg effect [37]); (ii) cancer cells proliferate more than
normal tissue cells [38], and then they need more glucose;
and, finally, (iii) cancer cells can survive in lower oxygenated
regions better than normal tissue cells [39, 40] but consume
more glucose because they need to produce ATP by glycolysis
in absence of oxygen (Pasteur effect).

DW-MRImeasures the diffusion of protons in amedium.
Its principle is based on the attenuation of the signal accord-
ing to Stejskal and Tanner’s model [41]. Tumour cells are
abnormal in size and shape compared to normal cells, and
they are more tightly packed and have higher cellularity than
the tissue fromwhich they originate.The extracellular volume
is smaller in tumour regions, and therefore the freedom of
movements of protons in tumour regions is restricted [42,
43]. The logarithm of the signal attenuation is a function
of the applied gradient, the gap between pulses of gradient,
and the pulse duration. By varying these parameters during
acquisition, the ADC can be calculated for each voxel.

DCE-MRI has been proposed by several authors for treat-
ment monitoring [44–46] and for measurement of oxygena-
tion distribution [19–22].Themain problem is the complexity
of the data analysis and the correspondence between mea-
surement and biological parameters. Another disadvantage is
the necessity of a contrast agent.

In order to characterize the tumour and to implement
new predictive models based on functional imaging data, we
must ensure we can extract as much information as possible
from the available data. Some of themain parameters to char-
acterize tumour behaviour, along with radiotherapy treat-
ment, must be initial tumour density, hypoxia, malignancy/
proliferation, dose to each voxel, and timing of the dose. In
this work, attention is focused on showing the relationship
between ADC maps, DCE-MRI parameters, dose, and 18-
F-FDG PET/CT SUV (standard uptake value). Many other
types of images can show the main parameters we are inter-
ested in modelling (18F-fluorothymidine for proliferation

[47], Zr-89-cetuximab for response to chemotherapy [31],
and dynamic FDG [28] and fluoromisonidazole (FMISO)
[26] for hypoxia), but it is hypothesized that the proposed
combination of techniques can give us enough information
about the tumour environment to assess the treatment
response, but not the tumour microenvironment (data are
averaged into the voxel size): the 𝑘trans parameter in DCE-
MRI is related to vascularization and then to hypoxia [18] and
V
𝑒
is related to extracellular volume and in heterogeneously

vascularized areas to tumour density [18]; SUV is related
to tumour metabolism and then is related to malignancy
(enhancement of the Warburg effect to the Pasteur effect),
hypoxia (Pasteur effect), and tumour density and prolifera-
tion. Finally, ADC maps are related to water mobility and
then to tumour density [12]. We will explore the relationships
between ADC, DCE-MRI parameters, and SUV values and
will evaluate their influence on tumour response in a case
study where we have in the same slice a necrotic volume,
a hypoxic area, and a heterogeneously vascularized tumour
volume.

2. Material and Methods

2.1. Patients. This study is conducted in accordance with
the Declaration of Helsinki [48] and the study protocol was
approved by the local ethics committee; informed consent
was obtained from all patients.

The aim of ARTFIBio project (http://artfibio.cesga.es/Art-
fibio/application/) is to create a network for sharing infor-
mation and for developing predictive individualized models
of the tumour response to radiotherapy in patients with
head and neck cancer based on in vivo functional data. For
this purpose, several studies of MRI and PET/CT were per-
formed. Patients within the ARTFIBio project [34–36] had
oropharyngeal cancer (squamous cancer cell) of stages T3 and
T4. All of them are treated with IMRT (intensity-modulated
radiation therapy) and the prescribed dose was between
66Gy and 70Gy to the local PTV.The imaging protocol (Fig-
ure 1) is as follows:

(i) pretreatment: MRI study (DCE-MRI + ADC) and
PET/CT study (18F-FDG),

(ii) first control (10–30Gy): MRI study (DCE-MRI +
ADC),

(iii) second control (30Gy–60Gy): MRI study (DCE-
MRI + ADC),

(iv) three months after the treatment: PET/CT and MRI
study (DCE-MRI + ADC).

For all imaging studies the patient is positioned using the
RT immobilisation devices. The geometrical distortion on
MRI images and registration process (rigid registration and
deformable registration) were checked with an MRI phan-
tom. Regardless, only central slices showing low distortion
were analysed. For each patient and each set of images the
ADC values, contrast exchange coefficients (𝐾trans), SUV,
dose, and Hounsfield units (HU) per voxel were recorded of
each volume.
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Table 1: Main parameters of MRI acquisition protocols.

Technique TR/TE
(ms)

Field of view
(cm2) Matrix size

Slice
thickness
(mm)

Gap Sense
factor

Contrast
agent

T1-Turbo Spin Echo 425/4.8 23 × 23 272 × 272 6 1 1.6 —
T2-Turbo Spin Echo 6171/90 23 × 23 320 × 312 6 1 1.6 —
ADC 𝑏 = 0, 600 s/mm2 5270/77 25 × 25 120 × 97 6 1 —
ADC 𝑏 = 0, 1000 s/mm2 5926/85 25 × 25 120 × 97 6 1 —
DCE-MRI-Dynamic T1 High Resolution Isotropic
Volume Excitation (THRIVE)—7 series every 33 s 4.1/1.97 24 × 24 120 × 120 6 1.5 Gd

Planning PET/CT/MRI Treatment

Calculated dose

66.61.8 3.6 4.8 5.4 7.2 7.2 7.2 9 64.8

Recorded dose

1.8 3.6 4.7 5.4 5.4 5.4 5.4 7.1 66.564.7

Follow up

DCE-MRI + DW-MRI DCE-MRI + DW-MRI DCE-MRI + DW-MRI DCE-MRI + DW-MRI

18F-FDG 18F-FDG

· · ·

· · ·

Figure 1: Scheme of the image acquisition process along the radiotherapy course.

In this paper a case study is highlighted from one patient
who has three clearly differentiated volumes in a single
slice: a heterogeneously vascularized tumour and a hypoxic
region surrounding a necrotic area. This case is very useful
to visualize and investigate the different behaviours of the
tumour volumes in glucose metabolism and in treatment
response.

2.2. Acquisition and Analysis of MR Images. All MRI exami-
nations were performed on a 1.5-T scanner (Achieva; Philips
Healthcare) with the patients in supine position. Routine
T2-weighted, T1, DW-MRI, and DCE-MRI were obtained
using the parameters showed in Table 1. Flex-L coil (Philips
Sense Flex Medium) was placed over the neck. After image
acquisition, pixel-to-pixel ADCmapwas reconstructed using

the standard software on the imaging console (Achieva; Phil-
ips Healthcare). According to Stejskal and Tanner’s model
[41] and considering the monoexponential approximation,
the ADC value can be calculated using the following:

ADC =
ln (𝑆
0
/𝑆
1
)

(𝑏
1
− 𝑏
0
)

, (1)

where 𝑆
1
and 𝑆

0
are signal values of the images at 𝑏 values,

𝑏
1
and 𝑏

0
, respectively, and ADC is the apparent diffusion

coefficient obtained using 𝑏
1
= 600 and 𝑏

0
= 0.

A nonlinear model [49] was utilized to convert signal to
gadolinium concentration in DCE-MRI as per Tofts [50]. It
considers two different compartments: the blood plasma (or
intravascular space) and the extracellular extravascular space
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Table 2: Main parameters of the Tofts model.

Quantity Definition
𝐶
𝑎
(𝑡) Arterial concentration as a function of time
𝐶
𝑡
(𝑡) Tissue concentration as a function of time
𝐻
𝑐𝑡

Hematocrit volume
𝐾trans Transfer constant from the blood plasma into the EES
𝐾
𝑒𝑝

Transfer constant from the EES back to the blood plasma
𝑇 Onset time of arterial contrast uptake
V
𝑏

Whole blood volume per unit of tissue
V
𝑒

Total EES volume (V
𝑒
= 𝐾trans/𝐾𝑒𝑝)

(EES or interstitial space).The parameters utilized to generate
the Tofts model are described in Table 2.

The relationship between all these parameters can be
obtained by

𝐶
𝑡
(𝑡) =

𝐾trans
1 − 𝐻

𝑐𝑡

(𝐶
𝑎
(𝑡) ⊗ 𝑒

−𝐾
𝑒𝑝
(𝑡−𝜏)
) + 𝑉
𝑏
𝐶
𝑎
(𝑡) . (2)

A voxel-based perfusion analysis method was used based on
the modified Tofts model [49]. A 3D voxel-wise perfusion
analysis method [51, 52] was applied to the DCE-MRI data
which generated perfusion parameters 𝑘trans, 𝑘𝑒𝑝, and V

𝑏

from the modified Tofts model. This method also provided
semiquantitative metrics such as area under the curve (AUC)
and time to max enhancement.

Variable flip angle (VFA) spoiled gradient recalled echo
scans at three flip angles variations (5∘, 10∘, and 15∘) were uti-
lized to calculate the voxel by voxel T1

0
of the GTV (gross

tumour volume) of 3 different patients. The average T1
0
of

these patients (800ms)was appliedwhen calculating the con-
centration of the analyzed patient which unfortunately did
not have VFA scans themselves.

The arterial input function (AIF) was chosen in the
carotid artery near the base of skull.

2.3. Acquisition of PET/CT Images. Whole-body PET/CT
scan was carried out from head to thigh, 60min after intra-
venous administration of approximately 370MBq (±10%) of
18F-FDG on a PET/CT scanner (Discovery, GE Healthcare
Bio-Sciences Corp.) with a 70 cm axial FOV, a 218 × 218
matrix. Studywas acquired in 3Dmode.Thepixel spacingwas
5.47mm with a slice thickness of 3.27mm. The spatial reso-
lution to 1 cm varies from 3.99mm to 4.56mm. PET images
were corrected for attenuation, scatter, decay, dead time,
random coincidences, and slice sensitivity.

To calculate the SUV [53] for the selected patient and on a
voxel by voxel basis, we took into account an injected activity
of 345MBq with a weight of the patient of 49 kg.

2.4. Noise Reduction and Registration. To reduce image noise
a 3 × 3 nearest-neighbour smoothing filter was applied to the
DCE-MRI, PET-CT, and ADC images. Deformable registra-
tion of the images, with the CT of treatment as reference,
was performed using tailored in-house software specifically
developed for the ARTFIBio project [36] and based on ITK
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Figure 2: The relationship between SUV and ADC. In the hypoxic
area (excluding necrotic area), high SUV values are obtained
independently of the ADC value; this is explained by the addition
of the Warburg effect and the Pasteur effect. In the heterogeneously
vascularized area, SUV values decrease with ADC. This is likely a
result of the fact that a reduction in ADC implies an increase in
tumour cell density.

libraries [54]. Using the GTV contoured for radiation treat-
ment, the numerical values of each voxel of the coregistered
images were extracted. Bone and air voxels (as determined by
CT) were dropped from the analysis profiles.

3. Results and Discussion

3.1. SUV versus ADC. The relationship between the different
image datasets and functional parameters was investigated
in order to achieve the best possible picture of the internal
tumour dynamics. Using one representative patient a plot of
SUV versus ADC for the CTV is displayed in Figure 2; the
hypoxic area (low ADC, low 𝐾trans), surrounding necrotic
volume (medium-high ADC, low 𝐾trans), and heteroge-
neously vascularized tumour (low ADC, high 𝐾trans) have
each been considered separately (Figure 2).

3.2. ADC versus V
𝑒
(DCE-MRI). Several parameters can be

obtained fromDCE-MRI, but only the relationships between
𝐾trans and extracellular volume V

𝑒
have been investigated here.

In order to perform kinetic modeling of the tumour
robust arterial input function (AIF) needs to be selected.

The AIF was chosen in the carotid artery near the base
of skull for increased reproducibility since a larger variability
was observed in the values of T1

0
in the carotid at the level of

the neck (Figure 3).
V
𝑒
should be most closely correlated to ADC information

as the extracellular volume is related to the freedom of water
molecules in the medium. Both sets of data were compared
and they are represented in Figure 4.

For values of V
𝑒
greater than 0.02 (values less than this

value correspond to badly vascularized areas and low𝐾trans in
the studied data), a clear relationship between both datasets
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Figure 3: In this axial slice (bottom), 𝑘trans is represented along (top) a voxel line at different stages of treatment (pretreatment, at 27.72Gy,
and at 33.38Gy). We can see how 𝑘trans increases with dose and the central U-shaped valley corresponding to the badly vascularized area is
becoming increasingly narrow. In the upper left figure, we consider AIF from data of the carotid artery near brain, and in the lower left figure,
we consider AIF from data of the carotid artery in neck.
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Figure 4: V
𝑒
versus ADC (𝜇m2/s) for the selected slice of the patient

of Figure 3. In well-vascularized areas (red dots), a clear relationship
can be found.

is found, indicating that a smaller extracellular volume cor-
responds to a higher tumour cell density in well-vascularized
or heterogeneously vascularized areas but not hypoxic areas.

3.3. SUV, ADC versus 𝑘trans (DCE-MRI). Of all the analyzed
parameters, 𝑘trans is the most related to vascularization.
Vascularization must be related to oxygenation [55–59], as
Figure 5 shows, because with increasing 𝐾trans values, that
is, increasing perfusion, SUV values decrease because of the
reduction of the Pasteur effect (green dots, Figure 5(c)).

On the other hand, no clear relationship has been found
between ADC map and 𝑘trans values, although ADC values
appear to be rather constant (blue dots, Figure 5(d)) because
they are selected from a small homogeneous region. Addi-
tionally, tumour cells are able to survive in badly oxygenated
areas and the tumour cell density is less variable in these areas.

3.4. ADC versus Dose Influenced by𝐾trans. Wehave generated
the ADC values during the treatment for a heterogeneously
vascularized tumour volume. In this case, the delivered dose
to achieve an ADC value corresponding to normal tissue is
much lower than for badly vascularized voxels.The influence
of vascularization/oxygenation in the ADC response can be
observed with the DCE-MRI studies, as shown in Figure 6.

3.5. Discussion. The results presented have some similarities
to those obtained by Atuegwu et al. [12] and indicate that
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Figure 5: In this figure SUV versus 𝐾trans and ADC versus 𝐾trans are represented. (a) 𝐾trans map overlaid on the simulation CT. (b) PET/CT.
(c) In the hypoxic area (near necrotic area), high SUV values are obtained independently for all low 𝐾trans values, because of the addition
of the Warburg effect and the Pasteur effect. In the heterogeneously vascularized area, SUV values are decreasing with 𝐾trans, as expected,
because the Pasteur effect is reducing in this area as𝐾trans increases. (d) No clear relationship can be found between ADC and𝐾trans. (e) ADC
map overlaid simulation CT.
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Figure 6: ADC values for a heterogeneously vascularized tumour
volume are represented versus delivered dose (fractions 13th and
17th), and the colour represents the 𝑘trans value. In this graph, it can
be observed that heterogeneously vascularized voxels show a greater
increment in ADC values.

ADC values can be a good marker of the tumour response
[11, 12]. Further, the combination of biological information
obtained from different modalities can improve the charac-
terization of tumour behaviour. From our point of view, at
least two different sets of data must be considered: one for
tumour response and another one for hypoxia measurement.
If geometrical distortion is not considered or can be corrected
[60], ADCmaps can be a suitable choice for tumour response.

The polarographic electrode has been considered by some
authors as the gold standard for measuring tumour hypoxia
in vivo [61], although theoretical simulations have shown
that it gives only a qualitative characterisation. Considering
only radiopharmaceuticals and PET/CT, the most common
are FMISO [24, 26, 32, 33], dynamic FDG [28], and Cu-
ATSM [47]. When considering MRI, typically BOLD [17]
and DCE-MRI [19, 20, 22, 62] are the most widely used
methods; however we have not found any study using them
for modifying the treatment (as with FMISO [26, 33, 63]).
Vascularity measurements from DCE-MRI data can provide
a surrogate marker of tumour hypoxia, as was shown by
Newbold et al. [20] and Donaldson et al. [21] in head and
neck cancer. These measurements could potentially guide
treatment [22] and are easy to obtain; however more studies
are needed in order to apply to clinical practice, as input data
either for dose painting or for delimiting hypoxic volumes.

18F-FDG shows different aspects of the tumour behav-
iour, mainly associated with tumour cell density, malignancy,
and oxygenation, and the quotient between ADC and SUV
has been proposed as a measurement of malignancy in breast
tumours [64] and in invasive ductal cancer [65]. These last
papers found correlation between maximum SUV and bad
prognoses that could be explained because high SUV can be
associated with hypoxic areas as we have observed.

Using biomechanical models [66] that consider both the
dynamics of the tumour and variation of tumour density
(including diffusion) and oxygenation along the treatment,
instead of static models, can be quite useful for increasing the
predictability of the models.

ADC maps appear to be a good option for evaluating
tumour response; however their disadvantage is image distor-
tion. Unfortunately, this cannot be corrected using standard
deformable registration algorithm, but reversed gradients
method looks like a very promising algorithm to solve this
problem [60]. It is possible that extracellular volume calcu-
lated from DCE-MRI can be used as an equivalent of ADC
values in well-vascularized areas.

4. Conclusions

Multimodality imaging offers much more information about
tumour behaviour than the individual datasets on their own.
The relationship between different types of images must be
studied in detail in order to establish a minimum set of data
required to personalize the radiotherapy treatment and to
optimize the treatment for each patient. This could comprise
not only a gradient of dose along the treatment, but also
different fractionation for each voxel.

Multicentre studies can be useful for recruitment of a
large number of patients and increase the statistical power of
the results, if imaging standards and protocol compliance are
followed [67].

Voxel by voxel analysis seems possible if we consider
small volumes and undistorted regions from ADC maps or
corrected data.
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[6] V. Grégoire, K. Haustermans, X. Geets, S. Roels, and M. Lon-
neux, “PET-based treatment planning in radiotherapy: a new
standard?” Journal of Nuclear Medicine, vol. 48, supplement 1,
pp. 68S–77S, 2007.

[7] M. Lonneux, M. Hamoir, H. Reychler et al., “Positron emission
tomography with [18F]fluorodeoxyglucose improves staging
and patient management in patients with head and neck squa-
mous cell carcinoma: a multicenter prospective study,” Journal
of Clinical Oncology, vol. 28, no. 7, pp. 1190–1195, 2010.

[8] M. MacManus, U. Nestle, K. E. Rosenzweig et al., “Use of PET
andPET/CT for radiation therapy planning: IAEAexpert report
2006-2007,”Radiotherapy andOncology, vol. 91, no. 1, pp. 85–94,
2009.

[9] D. A. Hamstra, T. L. Chenevert, B. A. Moffat et al., “Evaluation
of the functional diffusion map as an early biomarker of time-
to-progression and overall survival in high-grade glioma,” Pro-
ceedings of the National Academy of Sciences of the United States
of America, vol. 102, no. 46, pp. 16759–16764, 2005.

[10] C. J. Galbán, S. K. Mukherji, T. L. Chenevert et al., “A feasi-
bility study of parametric response map analysis of diffusion-
weighted magnetic resonance imaging scans of head and neck
cancer patients for providing early detection of therapeutic
efficacy,” Translational Oncology, vol. 2, no. 3, pp. 184–190, 2009.

[11] S. Kim, L. Loevner, H. Quon et al., “Diffusion-weighted mag-
netic resonance imaging for predicting and detecting early
response to chemoradiation therapy of squamous cell carcino-
mas of the head and neck,” Clinical Cancer Research, vol. 15, no.
3, pp. 986–994, 2009.

[12] N. C. Atuegwu, J. C. Gore, and T. E. Yankeelov, “The integration
of quantitative multi-modality imaging data into mathematical
models of tumors,” Physics in Medicine and Biology, vol. 55, no.
9, pp. 2429–2449, 2010.

[13] L. A. P. Romasanta, M. J. G. Velloso, and A. L. Medina, “Func-
tional imaging in radiation therapy planning for head and neck
cancer,” Reports of Practical Oncology and Radiotherapy, vol. 18,
no. 6, pp. 376–382, 2013.

[14] J. M. Arbeit, J. M. Brown, K. S. C. Chao et al., “Hypoxia: impor-
tance in tumor biology, noninvasive measurement by imaging,
and value of its measurement in the management of cancer
therapy,” International Journal of Radiation Biology, vol. 82, no.
10, pp. 699–757, 2006.

[15] A. R. Padhani, K. A. Krohn, J. S. Lewis, and M. Alber, “Imaging
oxygenation of human tumours,” European Radiology, vol. 17,
no. 4, pp. 861–872, 2007.

[16] Y. Cao, C. I. Tsien, V. Nagesh et al., “Clinical investigation sur-
vival prediction in high-grade gliomas byMRI perfusion before
and during early stage of RT,” International Journal of Radiation
Oncology Biology Physics, vol. 64, no. 3, pp. 876–885, 2006.

[17] J. F. Dunn, J. A. O’Hara, Y. Zaim-Wadghiri et al., “Changes
in oxygenation of intracranial tumors with carbogen: a BOLD
MRI and EPR oximetry study,” Journal of Magnetic Resonance
Imaging, vol. 16, no. 5, pp. 511–521, 2002.

[18] M. A. Zahra, K. G. Hollingsworth, E. Sala, D. J. Lomas, and
L. T. Tan, “Dynamic contrast-enhanced MRI as a predictor of
tumour response to radiotherapy,” The Lancet Oncology, vol. 8,
no. 1, pp. 63–74, 2007.

[19] J. T. Elliott, E. A. Wright, K. M. Tichauer et al., “Arterial input
function of an optical tracer for dynamic contrast enhanced
imaging can be determined from pulse oximetry oxygen sat-
urationmeasurements,” Physics inMedicine and Biology, vol. 57,
no. 24, pp. 8285–8295, 2012.

[20] K.Newbold, I. Castellano, E.Charles-Edwards et al., “An explor-
atory study into the rol of dynamic contrast-enhancedmagnetic
resonance imaging or perfusion computed tomography for
detection of intratumoral hypoxia in head and neck cancer,”
International Journal of Radiation Oncology Biology Physics, vol.
74, no. 1, pp. 29–37, 2009.

[21] S. B. Donaldson, G. Betts, S. C. Bonington et al., “Perfusion
estimated with rapid dynamic contrast-enhanced magnetic
resonance imaging correlates inversely with vascular endothe-
lial growth factor expression and pimonidazole staining in
head-and-neck cancer: a pilot study,” International Journal of
Radiation Oncology Biology Physics, vol. 81, no. 4, pp. 1176–1183,
2011.

[22] J. M. Berstein, J. J. Homer, and C. M. West, “Dynamic contrast-
enhanced magnetic resonance imaging biomarkers in head and
neck cancer: potential to guide treatment? A systematic review,”
Oral Oncology, vol. 50, no. 10, pp. 963–970, 2014.

[23] M. Busk, M. R. Horsman, S. Jakobsen et al., “Can hypoxia-
PET map hypoxic cell density heterogeneity accurately in an
animal tumor model at a clinically obtainable image contrast?”
Radiotherapy and Oncology, vol. 92, no. 3, pp. 429–436, 2009.

[24] N. Y. Lee, J. G. Mechalakos, S. Nehmeh et al., “Fluorine-18-
labeled fluoromisonidazole positron emission and computed
tomography-guided intensity-modulated radiotherapy for head
and neck cancer: a feasibility study,” International Journal of
Radiation Oncology, Biology, Physics, vol. 70, no. 1, pp. 2–13,
2008.

[25] S. A. Nehmeh, N. Y. Lee, H. Schröder et al., “Reproducibility
of intratumor distribution of (18)F-fluoromisonidazole in head
and neck cancer,” International Journal of Radiation Oncology
Biology Physics, vol. 70, no. 1, pp. 235–242, 2008.

[26] D.Thorwarth, S.-M. Eschmann, F. Paulsen, andM.Alber, “Hyp-
oxia dose painting by numbers: a planning study,” International
Journal of Radiation Oncology Biology Physics, vol. 68, no. 1, pp.
291–300, 2007.

[27] S.-M. Eschmann, F. Paulsen, M. Reimold et al., “Prognostic
impact of hypoxia imaging with 18F-misonidazole PET in non-
small cell lung cancer and head and neck cancer before radio-
therapy,” Journal of NuclearMedicine, vol. 46, no. 2, pp. 253–260,
2005.

[28] K. Røe, T. B. Aleksandersen, A. Kristian et al., “Preclinical
dynamic 18F-FDG PET tumor characterization and radiother-
apy response assessment by kinetic compartment analysis,”Acta
Oncologica, vol. 49, no. 7, pp. 914–921, 2010.



Computational and Mathematical Methods in Medicine 9

[29] V. A. Semenenko, B. Reitz, E. Day, X. S. Qi, M. Miften, and
X. A. Li, “Evaluation of a commercial biologically based IMRT
treatment planning system,”Medical Physics, vol. 35, no. 12, pp.
5851–5860, 2008.

[30] P. Stavrev, D. Hristov, B. Warkentin, E. Sham, N. Stavreva, and
B. G. Fallone, “Inverse treatment planning by physically con-
strained minimization of a biological objective function,”Med-
ical Physics, vol. 30, no. 11, pp. 2948–2958, 2003.

[31] J. Heukelom, O. Hamming, H. Bartelink et al., “Adaptive and
innovative Radiation Treatment FOR improving Cancer treat-
ment outcomE (ARTFORCE); a randomized controlled phase
II trial for individualized treatment of head and neck cancer,”
BMC Cancer, vol. 13, article 84, 2013.

[32] D.Thorwarth andM. Alber, “Implementation of hypoxia imag-
ing into treatment planning and delivery,” Radiotherapy and
Oncology, vol. 97, no. 2, pp. 172–175, 2010.

[33] I. Toma-Dasu, J. Uhrdin, L. Antonovic et al., “Dose prescription
and treatment planning based on FMISO-PET hypoxia,” Acta
Oncologica, vol. 51, no. 2, pp. 222–230, 2012.
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High fluorodeoxyglucose positron emission tomography (FDG-PET) uptake in tumors has often been correlated with increasing
local failure and shorter overall survival, but the radiobiological mechanisms of this uptake are unclear. We explore the relationship
between FDG-PET uptake and tumor radioresistance using a mechanistic model that considers cellular status as a function of
microenvironmental conditions, including proliferating cells with access to oxygen and glucose, metabolically active cells with
access to glucose but not oxygen, and severely hypoxic cells that are starving. However, it is unclear what the precise uptake levels
of glucose should be for cells that receive oxygen and glucose versus cells that only receive glucose. Different potential FDG uptake
profiles, as a function of the microenvironment, were simulated. Predicted tumor doses for 50% control (TD

50
) in 2Gy fractions

were estimated for each assumed uptake profile and for various possible cell mixtures. The results support the hypothesis of an
increased avidity of FDG for cells in the intermediate stress state (those receiving glucose but not oxygen) compared to well-
oxygenated (and proliferating) cells.

1. Introduction

As the most commonly used functional imaging modality in
oncology, 18F-labeled fluorodeoxyglucose positron emission
tomography (FDG-PET) has played a valuable role since first
being synthesized in 1978 [1]. Most malignant tumors exhibit
an elevated glucose uptake and FDG-PET, as a close glucose
chemical analogy, results in an image of glucose uptake in
the patient, offering unique information for cancer detection,
staging, target definition, and response monitoring [2, 3].

As a significant predictor of prognosis in radiation ther-
apy (RT), FDG uptake seems to reflect an increased radiore-
sistance; however, this is poorly understood. Many clinical
outcome analyses have verified that high uptake of FDG in
a tumor is correlated with increased local failure and shorter
survival formany tumor sites, as summarized in severalmeta-
analyses [4–7]. Therefore, FDG-avid regions in a tumor are
recognized as a possible target for dose escalation to compen-
sate for the radioresistance [8, 9]. Recently, utilizing a novel
meta-analysis tool, we showed that FDG-avid head and neck

tumors require about 20% more doses to equalize the local
control rate with FDG nonavid tumors [10], although tumor
size confounded that analysis to an unknown extent.

Enhanced glycolysis of tumor cells is certainly related
to hypoxia, because hypoxic cells produce energy (in the
form of ATP molecules) through glycolysis, without oxygen.
However, it is also known that tumor cells can show increased
glycolysis even in the presence of oxygen, compared to nor-
mal cells (the “Warberg effect”) [11, 12].The oncolytic appetite
for glycolysis is thought to be caused by a number of genetic
or possibly epigenetic changes that drive malignancy [13, 14].

Many studies have been carried out to correlate FDG
uptake with various physiological parameters, such as
hypoxia, proliferation, blood flow, histology, and differentia-
tion, utilizing FDG-PET and immunohistochemicalmethods
[15–20]. However, although several studies have shown the
relationship between the FDG uptake and hypoxia or prolif-
eration, the underlyingmechanism of FDGuptake in a tumor
is still unclear.
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In this study, we do not try to resolve the detailed
mechanism of FDG uptake. However, we do test various
assumptions correlating FDG uptake (and presumably glu-
cose consumption) with local cell microenvironmental con-
ditions.Themodel is an attempt to incorporate known radio-
biological effects that have been established as being impor-
tant to understand radiotherapy treatment response, such
as varying access to oxygen and glucose as well as the basic
mathematical features of tumors, including variable growth
fractions and cell loss factors. The key starting point of the
model is that there is a limited amount of chemical resources
for each tumor subvolume and that this level of resources is
assumed to remain constant over a course of radiotherapy.
We therefore used the model to determine the assumptions
relating FDG uptake to the underlying cell compartments
that best fits the observed correspondence between FDG
uptake and reduced local control.

2. Methods

2.1. State-Driven Tumor Response Model. To explore the
potential relationship between FDG-PETuptake and classical
radiobiological mechanisms, a previously developed state-
based tumor response model was used [21]. In the mecha-
nistic model, a tumor was assumed to be comprised of many
small tumorlets of a PET-voxel-comparable size (4 × 4 ×
4mm3). Each tumorlet is comprised of three subpopulations
of cells based on the level of proliferation, hypoxia, and cell
loss, which is thought to be related to the available amount
of oxygen and glucose, as shown by Kiran et al. [22].
Figure 1 shows the three compartments of a tumorlet in a
typical tumor microenvironment. Proliferation was assumed
to take place only in the P-compartment, wherein cells have
access to glucose and oxygen, whereas cell loss in the absence
of treatment only takes place in theH-compartment, wherein
cells have no access to either oxygen or glucose.The interme-
diate cells in the I-compartment, which have access to glucose
but not oxygen, were assumed to be metabolically active but
do not proliferate.

After RT begins, damaged cells (as deterministically cal-
culated by linear-quadratic model) become doomed accord-
ing to a compartment-specific radiosensitivity, leading to
mitotic cell death when doomed cells are attempting to pro-
liferate in the P-compartment. As doomed cells die, metabol-
ically active but hypoxic cells in the I-compartment receive
oxygen and move into the P-compartment, causing reoxy-
genation.Themodel assumes a locally-constant blood supply
over the course of RT. The transition of cells between
compartments is determined dynamically, with the P-
compartment always taking as many cells from the I-com-
partment as can be supported.

As a discrete-time simulation algorithm, the model keeps
updating the number of cells in each compartment in a
small time step. In each time step, a fraction of cells in the
P-compartment proliferate, cell loss takes place in the H-
compartment, the doomed cells in the P-compartment die
probabilistically following mitosis, and the cells are recom-
partmentalized based on the capacity of each compartment.

Proliferation

Cell death

I 

H 

P 
Proliferating,

normoxic

Nonproliferating,
metabolically

active but hypoxic

Nonproliferating,
extremely hypoxic

Blood supply
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Figure 1: Cartoon of the microenvironment with respect to the
blood supply. Due to a limited blood supply, there are limited sup-
plies of the oxygen and the key nutrient, glucose. Cells with adequate
oxygen and glucose are actively proliferating, while cells distant
from vessels are starving and dying. In the model, these populations
of cells were simplified into three different compartments (P, I, and
H) that have different levels of proliferation, hypoxia, cell death, and
radiosensitivity. Note that uniform levels of glucose and O

2
were

assumed for each compartment.

At the time of RT fraction, a fraction of viable cells in each
compartment becomes doomed according to compartment-
specific radiosensitivity value.

The model can be used to evaluate clinically important
phenomena, including fraction size effects, the reoxygenation
effect, repopulation effects, and tumor regression. Details of
the mathematical model are available elsewhere [21].

2.2.Hypothetical FDGUptake Patterns. Weconsider different
relative uptakes of FDG within the three compartments. The
subpopulations of tumor cells in the model were distin-
guished based on oxygen and glucose availability [22]: only
the P- and I-compartments were thought to be associated
with FDGuptake given themodel assumptions. Based on cor-
relation studies between FDG and physiological factors, three
different potential relationships between FDG uptake and
cell subpopulations are considered here: (1) FDG uptake is
proportional to the total number of metabolically viable cells
(pattern I); (2) FDG uptake is associated mainly with prolif-
erating cells with a reduced contribution from intermediate
cells (pattern II); and (3) the FDG uptake is associatedmainly
with the intermediate cells with a reduced contribution from
proliferating cells (pattern III), all shown in Figure 2. A
reduced contribution from extremely hypoxic (starving and
dying) cells in the H-compartment was additionally tested
(uptake pattern IV).

2.3. Model Simulation. The model simulations were per-
formed for a tumorlet treated with a standard RT regime of
2Gy/fx (5 fx/week).The size of tumorlet was set to be 64mm3
(based on typical PET-voxel size) with 6.4 × 107 cells, assum-
ing the tumor cell density of 106mm−3. Only a small subset of
cells is known to have stem-cell-like property and 1% of viable
cells were assumed to be clonogenic cells in the model [23].
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Figure 2: Assumed FDG uptake patterns in each compartment. We use straight lines to emphasize that uptake probably varies across
compartments, even though this variation is simplified in the model. The FDG uptake patterns were assumed to be (a) proportional to
the total number of viable cells (pattern I), (b) associated mainly with proliferation with a minor contribution from intermediate hypoxic
cells (pattern II), (c) associated mainly with intermediate hypoxia with a minor contribution from proliferating cells (pattern III), and (d)
associated mainly with intermediate hypoxic cells with minor contributions from proliferating and extremely hypoxic/dying cells (pattern
IV). Note that the sizes of the three compartments are variable depending on the microenvironmental conditions, although they are shown
with the same size in the figure.

Table 1: Parameter values for different compartments and the ranges of GF and CLF used in the model simulation.

Compartment 𝑃 𝐼 𝐻

Oxygen enhancement ratio (OER) 1 2 1.37
Glucose uptake level per cell Varies depending on the hypothetical FDG uptake patterna

Proliferation fraction 50–100%b — —

Cell loss mechanism and rate
Mitotic cell death due to irradiation
(survival rate of each progeny after

mitosis: 0.3)
— Cell loss due to starvation (cell loss

half time: 2 days)

Growth fraction (GF) range applied 0.01 to 1/(2 + CLF) [0.01 step]
Cell loss factor (CLF) range applied 0.03 to 0.99 [0.03 step]
aThe relative uptake ratios in P : I :H are 1 : 1 : 0, 3 : 1 : 0, 1 : 3 : 0, and 2 : 5 : 2 for patterns I, II, III, and IV, respectively, as shown in Figure 2.
bDepends on the fullness of the compartment: 50% of proliferation was assumed when the compartment is full, and 100% of proliferation was assumed when
the number of cells is less than half of the capacity of the P-compartment.

Based on previous work [21], relevant parameter values for
head and neck squamous cell carcinoma (HNSCC) were
used, including the radiosensitivity of the P-compartment
(𝛼
𝑝
= 0.382Gy−1, 𝛼/𝛽 = 6.63Gy). Hypoxic cells in the

I- and H-compartments are considered to be only in the
G0/G1-phase and the OER values for the I- and H-com-
partments were assumed to be 2 and 1.37, respectively,
considering the lower OER of the G0/G1-phase and reduced
repair capability of chronically hypoxic/highly stressed cells
in the H-compartment [24].

The initial distribution of cells in each compartment is
determined based on the presumed growth fraction (GF) and
cell loss factor (CLF). As the GF increases, more cells are in
proliferation and theP-compartment becomes larger. Given a
higher CLF, more cells are starving and dying, resulting in a
larger H-compartment. To consider a wide range of possible
microenvironmental conditions, all possible ranges of initial

cell distributions were simulated, based on various combina-
tions of GFs and CLFs (1315 combinations). The parameter
values for different compartments and the ranges of GF and
CLF used in the simulation are summarized in Table 1.

2.4. Correlation between FDG Uptake and TD
50
. For each

assumed FDG uptake pattern, the FDG uptake values were
quantified for all possible ranges of initial distributions of
cells in each compartment. Then, simulations were per-
formed to determine the tumor dose for 50% control (TD

50
)

for all the possible ranges of initial cell distributions. The
TD
50
value was estimated from the Poisson formalism based

on the total number of clonogenic cells in the tumorlet.
Finally, we correlated the resulting FDG uptake values with
the corresponding TD

50
values and determined the linear

correlation coefficient for comparison purposes.
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Figure 3: (a) Model predicted tumor dose for 50% control (TD
50
) assuming 2Gy/fx and (b) normalized FDG uptake (for pattern I) for all

possible initial conditions as a function of growth fraction (GF) and cell loss factor (CLF).

3. Results

Estimated TD
50
values for all possible ranges of initial condi-

tions are shown in Figure 3(a). TD
50
increased as the growth

fraction decreased, due to a larger fraction of cells in the
hypoxic compartments. TD

50
decreased as the cell loss factor

increased but the dependency of TD
50
on the cell loss factor

was much less significant compared to dependence on the
growth fraction. The FDG uptake value was also quantified
for all possible initial conditions based on the hypothesized
FDG uptake patterns, as shown in Figure 3(b) for the uptake
pattern I.

Hypothetical correlations between FDGuptake levels and
corresponding TD

50
values are shown in Figure 4, for the

four different hypothetical FDG uptake patterns. For the
first assumed pattern (pattern I), where the FDG uptake was
assumed to be proportional to the total number of viable cells,
only a weak positive correlation was observed between FDG
uptake and TD

50
value with a coefficient of determination

(𝑅2) of 0.38. When the uptake pattern was assumed to be
mainly associated with cell proliferation with a minor contri-
bution from intermediate cells (pattern II), a significant nega-
tive correlation existed between FDG uptake and TD

50
(𝑅2 =

0.76). For the hypothesis that metabolically-viable hypoxic
cells in the I-compartment are avid for FDG uptake (pat-
tern III), a strong positive correlation resulted (𝑅2 =
0.85). Inclusion of a reduced contribution from extremely
hypoxic/starving cells in the H-compartment (pattern IV)
yielded almost the same result as uptake pattern III, but with
a slightly higher value of coefficient of determination (𝑅2 =
0.86), because the cells in H-compartment are either dying
or reoxygenated into the I-compartment during the course
of RT.

To better understand the potential relationship between
FDG uptake and growth fraction (GF), the correlation
between FDGuptake (for pattern IV) andTD

50
was evaluated

for a fixed cell loss factor of 0.9, as shown in Figure 5. For

the assumed uptake pattern, the FDG uptake was inversely
correlated with the median GF in each bin.

4. Discussion

Potential causes for the observed clinical correlation between
FDG and radioresistance was explored using a mathematical
model, in which classical radiobiological mechanisms were
incorporated. Several different FDG uptake patterns were
explored. Among the assumed FDG uptake patterns, when
the metabolically viable hypoxic compartment (the I-
compartment) was assumed to dominate the FDG uptake
(uptake pattern III or IV), a significant positive correlation
between FDG uptake and the required TD

50
was observed

(𝑅2 = 0.85 or 0.86, resp.), implying that the increased cellular
radioresistance due to chronic hypoxia may be the cause of
the clinically observed increase in tumor radioresistance.

We tested for any potential role of starving and dying
cells (in theH-compartment).When the total number of cells
in each hypoxic compartment (I- or H-compartment) was
correlated with the required TD

50
values, a strong positive

correlation was observed for the I-compartment (𝑅2 = 0.86)
but a weak negative correlation for theH-compartment (𝑅2 =
0.38), as shown in Figure 6.

This implies that the extremely hypoxic cells in the H-
compartment are not the cause of an increased radioresis-
tance. Mathematically, this is due to the lower OER value of
theH-compartment used for the model simulation (OER

𝐻
=

1.37), compared to the OER of the I-compartment (OER
𝐼
=

2). To better understand this point, higher values of OER
𝐻

(OER
𝐻

= 2 or 3) were simulated (results not shown).
Although the significance of the correlation was slightly
reduced as the OER

𝐻
increased; quantitatively similar rela-

tionships were observed. Even when the OER
𝐻
was assumed

to be as high as 3, which is certainly unreasonable radiobi-
ologically, a strong correlation between the required TD

50
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Figure 4: Correlations between model predicted tumor dose for 50% control (TD
50
) in 2Gy/fx and FDG uptake (normalized to maximum)

for four different hypothetical uptake patterns. For each plot, all possible ranges of initial distributions of cells were simulated based on various
combinations of growth fractions and cell loss factors. Note that each box in the plot represents 25th to 75th percentile of the dataset with
tails for whole range.
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and the intermediate hypoxia in the I-compartment was still
present (𝑅2 = 0.83).

In this work, it was assumed that there is no proliferation
in the I-compartment for simplicity. Although it is known
that some cells can proliferate even in hypoxic condition [25],
the effect was evaluated to be not that significant due to the
trade-off between increased proliferation and increased
mitotic cell death, as shown in the previous work [21].

The ratio of TD
50

values between high versus low FDG
uptake tumorlets, separated by median normalized FDG
uptake, was estimated to be about 1.24 for the most likely
uptake pattern, pattern III.This implies that high FDGuptake
tumorlets require about 24% extra dose, which agrees with
the clinically estimated range of the extra dose (∼20%) for
FDG-avid head and neck cancers [10]. However, this estimate
might be an over-estimate of the effect, since it assumes
maximum heterogeneity of CLF and GF parameters, as
shown in Table 1.

The results suggest that the total number of metabolically
viable hypoxic cells (in I-compartment of the model) is a
deterministic factor in tumor response and this subpopula-
tion might be associated with the voxel-by-voxel correlation
studies performed by Pugachev et al. [16] and Rajendran et al.
[15], in which the microregional relationship between FDG
and hypoxia was observed. Also the result supports the study
of Wouters and Brown, in which the importance of the cells
at intermediate oxygen level was emphasized [26].

5. Conclusion

In this work, the potential relationship between FDG-
PET uptake and classical radiobiological mechanisms was
explored using a mathematical framework based on a law
of conservation of chemical resources. Several different FDG
uptake patterns were hypothesized and the estimated FDG
uptake values were correlated with tumor dose for 50% con-
trol (TD

50
) using the state-driven tumor responsemodel.The

model could generate a correlation between FDG uptake and
an increase in tumor radioresistance when it was assumed
that cells receiving glucose but not oxygen take up more
glucose than cells that are well-oxygenated. Establishing this
correspondence further, and understanding its limitations,
will require appropriate FDG-PET clinical datasets.
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Hypoxia plays an important role in tumour recurrence among head and neck cancer patients.The identification and quantification
of hypoxic regions are therefore an essential aspect of disease management. Several predictive assays for tumour oxygenation status
have been developed in the past with varying degrees of success. To date, functional imaging techniques employing positron
emission tomography (PET) have been shown to be an important tool for both pretreatment assessment and tumour response
evaluation during therapy. Hypoxia-specific PET markers have been implemented in several clinics to quantify hypoxic tumour
subvolumes for dose painting and personalized treatment planning and delivery. Several new radiotracers are under investigation.
PET-derived functional parameters and tracer pharmacokinetics serve as valuable input data for computational models aiming at
simulating or interpreting PET acquired data, for the purposes of input into treatment planning or radio/chemotherapy response
prediction programs.The present paper aims to cover the current status of hypoxia imaging in head and neck cancer together with
the justification for the need and the role of computer models based on PET parameters in understanding patient-specific tumour
behaviour.

1. Introduction

1.1. The Challenge of Hypoxia in Head and Neck Cancer.
Tumour hypoxia remains one of the major causes of treat-
ment failure in solid cancers. Advanced head and neck carci-
nomas are often aggressive and commonly hypoxic, features
that are associated with treatment resistance to both radio-
and chemotherapy and also poor survival [1]. Additionally,
there is evidence that hypoxia limits the effectiveness of
surgery as well [2]. Studies undertaken on head and neck
squamous cell carcinomas have concluded that the median
partial oxygen pressure (pO

2
) is one of the strongest inde-

pendent prognostic factors of both disease-free and overall
survival in these patients, regardless of treatment modality
[1, 3].

Hypoxia was shown to promote angiogenesis and dis-
tant metastases [4, 5] processes that add to the challenge

of managing hypoxic solid tumours. Furthermore, a bell-
shaped relationwas found between themicrovascular density
of head and neck tumours and patient survival, meaning
that both very low and very high concentrations of blood
vessels are associated with poor prognosis [6].Therefore, low
oxygenation status and intensified angiogenesis are equally
linked to treatment failure in head and neck cancer.

As a response to cell loss during treatment, head and neck
tumour cells activate various mechanisms to trigger tumour
repopulation. Similarly to tumour cells, endothelial cells,
which form the lining of blood vessels, have also exhibited
high activity during treatment, leading to regeneration of
microvessel density [7]. The process of tumour repopula-
tion and/or vascular regeneration in head and neck cancer
during radiotherapy creates a vicious circle that is difficult
to interrupt, which is the reason why these occurrences are
commonly associated with treatment failure.
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1.2. Hypoxia as a Promoter of Angiogenesis. Tumours need
oxygen and nutrients to survive and thrive. Tumours that
outgrow their own vasculature lack oxygen supplies and
therefore they start creating their own vascular network to
allow the oxygen transport. In fact, there is experimental
evidence showing that the induction of new blood vessel
formation (i.e., angiogenesis) is activated well before the
tumour outgrows its vasculature [8]. Tumours exceeding the
size of 1mm3 are reliant on blood supply from the newly
created vascular network [9].

Once the angiogenic switch is turned on, new capillaries
start to sprout and generate a whole new vascular network.
Thenewly formed vessels, however, are abnormal looking and
present with leaks, shunts, and blind ends, which can often
be obstructed. These obstructions cause further problems,
as oxygen cannot reach the cells in the affected areas.
Consequently, temporary hypoxia arises which renders the
cells resistant to treatment. This type of hypoxia, also known
as acute hypoxia, is one of the biggest challenges in the man-
agement of malignant neoplasms as they are both spatially
and temporally unstable. In other words, it is impossible to
predict where, when, and for how long a specific tumour
region will be hypoxic. This fact has further repercussions on
treatment planning and delivery, as the hypoxic areas based
on pretreatment images might not coincide with the hypoxic
areas that are present during treatment.

Chronic hypoxia, on the other hand, is more predictable,
as it typically occurs in the core of the tumour and the reoxy-
genation process befalls during fractionated radiotherapy.

1.3. Hypoxia as a Promoter of Distant Metastases. Tumour
hypoxia has been shown to play an essential role in the
promotion of distant metastasis [4] given that the hypoxia-
inducible factor-1𝛼 (HIF-1𝛼) regulates several processes along
the metastatic pathway.

Head and neck cancer metastasizes predominantly to
regional lymph nodes. Both large and small tumours have
the capacity to metastasize given that the primary tumour
expresses the gene for metastatic spread. For instance,
increased gene expression levels of the glucose transporter
protein Glut-1 were found to be correlated with local recur-
rence, regional lymph node metastases, and poor survival
in patients treated for oral squamous cell carcinomas [10].
Similar results were achieved by Zhou et al. in head and
neck cancer patients, indicating a strong relationship between
elevated Glut-1 levels and poor prognosis [11]. However, the
risk of distant metastases was shown to be lower in head and
neck tumours treated with hypoxia modifiers [12].

With today’s technological advances, locoregional control
of several types of cancers, including head and neck, has
improved. The challenge, however, remains controlling the
metastatic spread and thus in themanagement of the systemic
disease. Despite the fact that tumour metastases are the most
common cause of death among cancer patients, methods to
specifically target this process are scarce. Alongside hypoxia,
the metabolic information supplied by PET imaging offers
valuable assessment of tumour metastases. Such information

allows for further treatment planning materialized by either
chemotherapy or targeted radioimmunotherapy [13, 14].

2. Common Assays for Tumour
Oxygenation Status

Over the decades, several methods, including a variety of
imaging modalities, have been trialled to detect hypoxia
and differentiate between the acute and the chronic type,
whenever possible. Hypoxic subvolumes within a tumour
need adequate considerations during treatment planning and
delivery; thus they need to be reliably identified. Due to large
heterogeneities in tissue oxygenation and interpatient varia-
tions [15], hypoxia needs to be individually assessed for each
patient for an accurate target definition and identification of
hypoxic subvolumes for dose painting.

Despite all efforts to develop pretreatment assays to
evaluate the association between the level of hypoxia and
treatment outcome, several predictive assays failed the in
vivo testing [40]. The main objective of predictive assays
for tumour oxygenation status is to select the likelihood of
benefit from the addition of hypoxic cell sensitizers, hypoxic
cytotoxins, or other adjuvant therapies that would lead to an
increased therapeutic ratio in hypoxic tumours. Nowadays,
the importance of microvessel density assessment increases,
together with the development of antiangiogenic agents and
their inclusion in treatment protocols for patients who might
benefit from these therapies.

Both direct and indirect methods have been developed
in order to evaluate and quantify the level of oxygenation in
tumours (Table 1).Themost commonmethods involve (1) the
use of polarographic electrodes, (2) immunohistochemical
staining of hypoxic cells, and (3) a less invasive approach—
PET imaging using hypoxia-specific radiotracers.

It has already been mentioned that microvessel density
is a good predictive factor of treatment outcome in head
and neck cancer [6]. The evaluation of vascular density
represents an indirect method to determine tumour oxy-
genation and is undertaken using tumour biopsies. This
technique originated in the 1960s, when Kolstad showed
that tumours with long intercapillary distances (i.e., with
poor vascular networks) had low oxygenation and higher
probability to recur than tumours with short intercapillary
distances [41]. Microvascular density measurements involve
immunohistochemical techniques for counting of vessels that
were previously labeled with endothelium-specific markers.
One drawback of this method is the lack of information on
acutely hypoxic cell populations. However, vascular density
measurements offer indications regarding chronic hypoxia,
demonstrating that chronically hypoxic cells significantly
contribute to the overall hypoxic fraction and also influence
treatment outcome.

One of the most widely used tools for tumour oxygena-
tion measurements (oxygen tension or pO

2
) is the polaro-

graphic oxygen electrode. The principle of this technique is
based on the polarographic reduction of molecular oxygen at
a platinum electrode, which creates an electric current. The
magnitude of the current depends on the oxygen quantities
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Table 1: Techniques for tumour hypoxia evaluation/measurement.

Technique Characteristics

Polarographic electrode (Eppendorf oxygen
electrode)

Direct and invasive technique involving a fine-needle electrode (cathode) for
tumour hypoxia measurement. The current between the cathode and the
reference electrode is directly proportional to tissue pO2.

Cryospectrophotometry Indirect, histomorphometric assay of oxygen levels in tumour vasculature
assessed on frozen tissue samples.

Microvessel density (angiogenesis assessment)
Indirect way to assess hypoxia using immunohistochemical techniques for
counting blood vessels that were previously labeled with endothelium-specific
markers.

DNA strand break assay (comet assay)

Indirect way to assess tumour hypoxia through DNA strand breaks after
radiation exposure and fluorescent staining, based on the fact that oxic cells get
more damage than hypoxic cells. The DNA fragments detached from the nucleus
resemble the tail of a comet.

Endogenous hypoxia markers

Indirect method to evaluate the hypoxic fraction in tumours. Hypoxia inducible
factor (HIF)-1 alpha, glucose transporter 1 (GLUT 1), and carbonic anhydrase 9
(CA 9) have been identified as proteins, which under hypoxic exposure induce
the transcription of several genes.

Exogenous hypoxia markers
Indirect method to evaluate tumour hypoxia (using biopsies). Exogenous
markers are nitroaromatic compounds (pimo-, miso-, eta-nidazole) which
selectively bind to hypoxic cells.

Oximetry with electron paramagnetic
resonance

Noninvasive and direct method to quantify pO2 in tissue using stable nitroxides
that interact with molecular oxygen.

Blood oxygen level-dependent magnetic
resonance imaging (BOLDMRI)

Noninvasive method for evaluation of hypoxia through correlation of BOLD
signals with pO2.

Positron emission tomography Noninvasive and direct method to evaluate hypoxia via injection of
hypoxia-specific radiotracers.

that reach the electrode. The oxygen electrode that is cur-
rently used in labs is manufactured by Eppendorf-Netheler-
HinzGmbH,Hamburg,Germany.Due to its good correlation
with the clinical outcome, the Eppendorf electrode is still
considered the gold standard in determining the oxygen
tension [42].

One advantage of this technique is that allows quanti-
tative assessment of oxygen distribution levels within the
tumour, without, however, distinguishing between necrotic
and viable cancerous tissues. Amain drawback is linked to the
invasive approach, which limits the technique to superficial
tumours only.

Functional imaging techniques, besides having other
advantages, are noninvasive methods for the assessment of
tumour metabolism and of various tumour-related kinetic
parameters. Nowadays, tumour hypoxia is successfully eval-
uated using such imaging techniques. Positron emission
tomography (PET) and blood oxygen level-dependent mag-
netic resonance imaging (BOLD MRI) are two diagnostic
imaging methods widely used for oncologic investigations.
These two robust techniques are characterized by ease of
use and reliability and are able to assess the heterogeneous
distribution of oxygen with the tumour [43].

BOLD MRI uses paramagnetic deoxyhaemoglobin as
contrast agent (to target red blood cells), which makes
the method sensitive to pO

2
in blood vessels and also in

the neighbouring tissues. However, the technique does not
allow direct measurement of tissue pO

2
. There are various

studies looking into the relationship between pO
2
and BOLD

signal changes to find a reliable correlation between these
parameters [44, 45]. Given that in acute hypoxia the poorly
oxygenated regions extend up to the vasculature, BOLD
MRI seems to be a more sensitive measure of oxygen levels
for perfusion-related hypoxia than for diffusion-dependent
or chronic hypoxia. Due to the large distance between
chronically hypoxic areas and the red blood cells from
existing tumour vessels, BOLDMRI cannot reflect the status
of chronically hypoxic tumour regions [43]. While this
MRI technique does not provide a quantitative measure of
pO
2
, there is experimental evidence showing an association

between variations in tumour oxygenation and changes in
BOLD signals (spin lattice relaxation rate) [44].

Of all the currently existing techniques for in vivo detec-
tion of hypoxia, positron emission tomography is the best
validated and the most used clinical method. PET is a nonin-
vasive, functional imaging technique, which measures the in
vivo distribution of radiolabelled isotopes, after the injection
of a radioactive contrast material. For hypoxia imaging, PET
uses hypoxia-specific radioisotopes which together with 18F-
FDG (fluorodeoxyglucose) offer a complex picture of the
tumour.

3. The Role of PET in Hypoxia
Imaging of Head and Neck Cancer

PET imaging is a valuable tool in assessing oxygenation levels
in tumours for the purpose of treatment planning and also
as a prognostic indicator. It was shown that the information
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Table 2: Trials involving hypoxia-specific PET imaging in head and neck cancer over the last 10 years.

Radiotracer Reference Trial and aim Results

18F-MISO

Rischin et al. 2006 [16]

TROG randomized trial (45 patients)
To determine the association
between tumour hypoxia, treatment
regimen, and locoregional failure in
advanced HNC

18F-MISO-detected hypoxia is
associated with high locoregional failure
in patients not receiving tirapazamine.

Kikuchi et al. 2011 [17]
Clinical study (17 patients)
To evaluate the role of 18F-MISO as a
predictor of treatment outcome in
HNC

Local control after radiotherapy was
significantly lower in patients with high
uptake than in those with low tracer
uptake. Pretreatment scan with
18F-MISO may predict treatment
outcome.

18F-FAZA

Souvatzoglou et al. 2007 [18]
Phase I trial (11 patients)
Feasibility of 18F-FAZA for hypoxia
imaging in HNC patients

Feasible for clinical use and offers
adequate image quality for hypoxia
assessment.

Postema et al. 2009 [19]

Phase I trial (9 HNC patients out of 50
overall cancer patients)
To demonstrate the safety and
biodistribution pattern of 18F-FAZA
in patients with HNC, lung cancer,
gliomas, and lymphomas

Clear uptake of 18F-FAZA was observed
in 6 out of 9HNC patients; good
imaging properties; good
tumour-to-blood ratio. Promising agent
for hypoxia imaging in HNC.

18F-EF3 Mahy et al. 2008 [20]
Phase I trial (10 patients)
To assess the pharmacokinetics,
biodistribution, and metabolism
(324MBq versus 1,134MBq)

Uptake and retention in tumour was
observed; no difference between the
radioactivity groups; no side effects; safe
and feasible.

18F-EF5 Komar et al. 2008 [21]
Phase I trial (15 patients)
To determine the optimal PET
protocol for 18F-EF5 as a hypoxia
imaging agent

Initial 18F-EF5 uptake is governed by
blood flow; later phase uptake is hypoxia
specific (optimal detection time is 3 h
after injection); warranting more study.

18F-HX4 Chen et al. 2012 [22]
Phase I trial (12 patients)
To evaluate the feasibility of HX4
compared with 18F-MISO

HX4 possibly has higher sensitivity and
specificity and shorter
injection-acquisition time (1.5 h) than
18F-MISO

Cu-ATSM

Minagawa et al. 2011 [23]
Phase I/II trial (17 patients)
To evaluate the relationship between
62Cu-ATSM tumour uptake and
chemoradiotherapy

62Cu-ATSM SUVmax greatly differed
between patients with and without
residual disease. 62Cu-ATSM could be a
predictor of tumour response to
treatment.

Grassi et al. 2014 [24]

Preliminary prospective study (11
patients)
To assess the efficacy of pretreatment
64Cu-ATSM as a prognostic factor
and its role as a marker of disease
progression

64Cu-ATSM showed high sensitivity but
low specificity in predicting response to
chemoradiotherapy. There were no
differences between early and late scans.

HNC: head and neck cancer.

provided by PET/CT during therapy leads to changes in
treatment management in up to 40% of the cases [46].

To date, there are several hypoxia-specific PET radioiso-
topes in clinical use or under trial (Table 2). The feasibility
and clinical adequacy of new radiolabelled isotopes are
assessed by means of (1) tumour uptake and retention,
(2) metabolic information supplied, and (3) patient safety.
While several radioisotopes fulfill the clinical criteria as PET
radiotracers, there is need for more comprehensive trials in
order to distinguish in a qualitative manner between the
various compounds currently used.

One category of hypoxia-specific radioisotopes is the
group of radiolabelled nitroimidazole given that nitroim-
idazoles are known to bind selectively to hypoxic cells
where they are reduced [47]. The first labeled nitroimidazole
compound developed for PET detectionwas 18F-MISO ([18F]
fluoromisonidazole) [48]. Pretreatment 18F-MISO uptake
has been shown to be an independent prognostic indicator
following treatment of head and neck cancer (high FMISO
uptakes correspond to low tissue oxygen concentrations,
which usually are indicative of poor response to treatment)
[49]. A comparative study aiming at assessing tumour
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hypoxia in 38 head and neck cancer patients has been
undertaken by Gagel et al. [50] using the polarographic
electrode versus PET imaging with 18F-MISO combined
with 18F-FDG. The group concluded that the noninvasive
PET technique is valid and represents a feasible in vivo
method for determining clinically relevant hypoxia, despite
some of its limitations (such as limited spatial resolution
of PET which can be a challenge when imaging small
tumours).

Beside the quantitative evaluation of hypoxia-specific
radiotracers, there are studies investigating the reproducibil-
ity of the tracer’s uptake in the assessment of hypoxia. A study
undertaken by Okamoto et al. [51] involved eleven head and
neck cancer patients twice scanned with 18F-MISO within
a 48 h interval. The difference between the two maximum
standardized uptake values was 7% while the difference
between the two tumour-to-blood ratios was 9.9%.The study
demonstrated the reliability and reproducibility of 18F-MISO
in regard to tumour hypoxia in head and neck carcinomas.

Another radiotracer that has been intensively stud-
ied in relation to hypoxia is 18F-FAZA (fluoroazomycin-
arabinoside). A comparative study between 18F-FAZA and
18F-MISO undertaken on rat tumours has shown only minor
advantages of the former, consisting of higher tumour to
background and tumour-to-blood ratios due to more rapid
clearance from blood and nontarget tissues [52].

More lipophilic fluorine-based radiotracers have also
been investigated (18F-EF3, 18F-EF5); however clinical find-
ings have shown similar results to those obtained with 18F-
MISO. One of the newer hypoxia-specific PET agents is
18F-HX4 (2-nitroimidazole nucleoside analogue), which was
shown to have better water solubility and faster clearance
than the well-established tracers, presenting also a strong
dependence on tumour hypoxia [53].

Next to fluorine, copper-based radiotracers play an
important role in PET imaging of hypoxic tumour regions.
Lewis et al. have published the first report on the oxygen-
dependent uptake of Cu-ATSM both in vitro and in vivo,
showing that hypoxic cells present with a threefold higher
uptake compared to normally oxygenated cells [54].

While 18F-FDG is not particularly useful for the assess-
ment of hypoxia with static PET imaging, dynamic PET offers
valuable quantitative information on blood perfusion and
also drug pharmacokinetics, which represents an indirect
evaluation of vascular density and functionality [55].

Nevertheless, Mullani et al. [56] have shown that tumour
blood flow measurements can be undertaken from the first
pass of 18F-FDG through the tumour using a simple scan.
This idea is supported by the fact that the initial large influx
of the radiotracer into tissue during the first pass is delivered
as a function of the blood flow to the respective tissue
[55].

While more expertise is needed for dynamic PET image
acquisition and interpretation, the advantage of this approach
is the possibility of following over time the radiotracer’s
metabolism in the region of interest. This allows for a better
differentiation among metabolically dissimilar areas, includ-
ing differently oxygenated regions. Furthermore, dynamic

PET with 18F-FDG gives indications not only on metabolic
changes but also on vascular alterations during fractionated
radiotherapy [57].

It is probably safe to suggest that all radiolabelled com-
pounds trialed so far are valuable instruments, which assist
the clinicians to decide on the most favorable subsequent
treatment, thus bringing the individualized treatment plan-
ning one step closer to clinical implementation worldwide.
Developing clinically robust tools for tumour hypoxia assess-
ment would allow clinicians to choose treatment based
on an individualized, scientific foundation and select those
patients that would benefit from adjuvant therapies in order
to sensitize the tumour to radiation. As stated by Isa et al.
in a review paper published in 2006 [2]: “there is an unmet
need for biological parameters to individualize treatments.”
Several years later, while we have a larger pool of markers
and biological targets available, the above statement remains
valid.

4. Models of Hypoxia Based on PET-Imaging

Computational modelling of PET tracer dynamics is a crucial
step in understanding complex individualised data acquired
during PET imaging. Combined PET/CT image sets provide
functional as well as spatial data from tissue regions that are,
for example, highly metabolically active or relatively low in
oxygen, depending on the specific radioactive tracer (or label)
used. Only through the use of sophisticated models can we
begin to quantitatively analyse PET tracer pharmacokinetics
(PK) within in vivo tumours or normal tissues.

Motivation for this understanding stems from the desire
of clinicians and radiobiologists to utilise specific PET data
to predict tumour behaviour and responses to different
treatment options, such as fractionated radiotherapy. This
utilisation often requires development of further complex
computational models that can read in the PET data and
then apply cell line or tumour specific kinetic processes
and tumour/vessel architecture to simulate proliferation and
treatment induced cell death.

An initial step in interpreting and utilising complex
PET data is to develop a computational model, with the
aims of setting parameters with realistic values (through
comparison with reported biological values) and eventually
the generation of a complete virtual PET image. By these
means, parameters, such as drug uptake, diffusion, and
binding rates for a specific tracer, can be analysed in a model
sensitivity study, withmultiple-parameter solutions and asso-
ciated stochastic uncertainties generated, using the real PET
data as a baseline for comparison. However, model parameter
values may also be patient dependent and at present the field
of tracer modelling is still to reach a consensus on optimal
average population values and their uncertainties.

To be case specific, the model cannot be purely based on
a first principles approach using simple geometry; it requires
information to spatially place important structures such as
blood vessels so that the compound of interest can be accu-
rately simulated in the blood stream and into the target tissue.
This step can add imaging modality related uncertainties or
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other uncertainties if the data is estimated, for example, from
the average vascular densities and diameters from tumour
xenografts.

Two streams of reports exist on the topic of PET tracer
modelling.

(1) Modelling of specific tracer/oxygen dynamics—with
the aim of simulating PET images with results that are
in close agreement with real PET images [26, 58].

(2) Utilisation of PET data within a separate tumour
model—with the aim of making the tumour model
more specific and predictive of response to treatment
[33–35].

The subsections below are separated into the aforemen-
tioned categories, which exist due to the specific aims of
the authors in either studying PET pharmacokinetics (with
a strong emphasis on tumour oxygenation related tracers)
or input and interpretation of voxelized PET data into
computational tumour responsemodels. Models in these two
categories may utilise stochastic and/or analytical methods.
The former may have final objectives of optimising PET
injection and imaging sequencing protocols or investigation
of the impact of acute versus chronic hypoxia on tracer
uptake [26, 58], while the latter may have final aims which
vary due to the treatment modality considered. However
will generally have final objectives related to predicting if
treatment response is enhanced with modified treatment
regimes, compared to the current standard of care. In this
review, the latter topic is discussed in terms of the input of
specific patient PET information into cellular-scale models of
tumour proliferation and radiotherapy response [33–35].

4.1. Modelling PET Pharmacokinetics (PK). Modelling of the
transport of drug molecules through tissue, or “pharmacoki-
netics,” applied to the field of PET radioactive tracers, has
been studied for a number of decades. For the modelling of
tracers that preferentially reduce and bind in the presence
hypoxia or anoxia (i.e., a lack of or no presence of oxy-
genation), early 2- and 3-compartmental analytical model
work was published from approximately the mid-nineteen
seventies and into the first years of the twenty-first century
[59–61].

Compartmental modelling in this respect refers to the
spatial location (it’s “state” may also be specified) of the tracer
as it moves through tissue after injection; that is, the tracer
could exist: (1) in a free state within vessels (within blood
plasma), (2) in the interstitial space, or (3) in the intracellular
space, (i) a free or (ii) a bound (reduced/phosphorylated)
state. Note that the 2-compartment models neglect the
second step. The tracer may be modelled to move from (1)
to (2) via diffusion and/or interstitial fluid convection, while
movement from (2) to (3) requires active transport, facilitated
diffusion, and/or passive diffusion [25, 28].

Tabulated above is a selection of recent reports, where
modelling groups have aimed to predict and better under-
stand PET imaging data for specific tracers (Table 3). These
groupsmay have also performed simultaneous histological or
secondary imaging tests to compare with their primary PET

data set and model results, to validate the placement of well
vascularised, proliferative, or hypoxic tumour subvolumes
[25, 28, 29]. Secondary imaging has in some cases also
enabled realistic (and specific for the tissue being studied)
vessel maps to be incorporated into models for particular
tumour cell lines [30]. This allows the tracer and also oxygen
transport to be simulated in as close a manner (spatially) as
possible to the real situation. In general, model predictions
may be in the form of 2-dimensional virtual PET images
which can be compared to real PET images, or in the form
of parametric solutions for the mathematical model utilised,
that is, the best fit and statistical analysis of all compartment
model coefficients/ parameters.

To summarise the contents of Table 3, analytical com-
partment model work has been extended in recent years to
specific and relevant PET tracer molecules, with statistical
analysis of the best fit of the model parameters being found
to be in good agreement with biological interpretation of
the parameters (e.g., the diffusion rate constant of the tracer
through capillary walls) and with the generated virtual PET
images correlating well with patient and animal model PET
image sets.Thesemodels show that due to the dynamic action
of the tracer molecules, multiple or dynamic PET sequences
are required to best interpret PET data (e.g., to assess hypoxic
tumour regions). Early scans tend to indicate blood vessel
tracer presence, whereas later scans are required to gain infor-
mation about the desired more “final” end points of these
tracers in the target cells. However, specific tracer PK infor-
mation is vital. Modellers as well as clinical PET researchers
may have analysed their results using different terms,
commonly, time-activity-curves [25], standard uptake value
(SUV) with the mean or maximum values analysed for each
voxel [17], or tumour-muscle (TMR) or tumour-blood (TBR)
signal ratios [62]. The latter method normalizes results for
each individual to base-line levels within their own normal
tissue.

Problems in the comparison of virtual PET results with
real data inevitably arise due to noise in the images and
the absence of tracer in tissue regions in which the tracer
has difficulty in reaching, for example, very hypoxic/necrotic
tissue. As a consequence, the functions of tracer concentra-
tion (at any time point) required in models are not likely
to correspond linearly with tissue oxygenation. Rather, the
highest signal is likely to emanate from regions of low to
moderate hypoxia, where transport and binding probability
of the tracer is the highest compared to very low oxygenated
regions where binding is possible but vessel integrity and
density is insufficient. The PET tracer utilised may also
havemultiple biological pathways and reactions; for example,
Cu64[ATSM] has been shown to correlate well with hypoxic
tumour data due to its electrochemical properties, however
“. . .the precise mechanism of Cu-ATSM accumulation remains
largely unknown, as Cu-ATSM accumulation occurs under
normoxic conditions and is strongly influenced by genetic
characteristics that are independent of pO2 status” [29].

Common assumptions made in PK and O
2
diffusion

models due to limitations of complexity, time, computing
power, and available parametric data include the following.
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Table 3: Models from the literature that simulate the pharmacokinetics (PK) of PET tracers to predict and analyse PET scan images.

Reference Modelling Methods Details and Outcomes

(Kelly and Brady
2006) [25]

2-compartment F18[MISO] PK model with
reversible binding, with transport via
diffusion only. 2-dimensional analytical
spatiotemporal model.

Michaelis-Menten techniques were used to model the
conservation of O2 and cap consumption in oxic tissue (pO2
dependent equation). Randomly angled/oriented vessels,
temporal dynamics modelled by changing vessel pressure and
hence flow. Hypoxic tissue: gradual increase in activity then an
accumulation curve. Oxic tissue: activity follows plasma levels
then accumulation curve seen at later stages. Late slope of TAC
curve indicated hypoxia while the beginning represented local
vascular supply. Results compared to pimonidazole stained
tumour sections from clinical colorectal cancer data.

(Wang et al.
2009) [26]

Iterative stochastic optimisation algorithm
to delineate acute and chronic hypoxia in
sequential F18[MISO] and FDG PET in
2-dimensional image maps, with
comparisons to HNSCC clinical data.

Simulated images (known hypoxic regions) as well as sequential
PET Data from 14 male HNSCC patients analysed assuming
chronic (Gaussian histogram of number of voxels versus SUV)
hypoxia remained constant while acute hypoxia (Poisson
histogram) was varied. Normalisation methods forced the
volume of hypoxia to be the same in both time-point scans;
however the location of acute hypoxia varied. Image registration
and resolution issues are discussed. Model predicted Gaussian
chronic hypoxia distributions well in the generated images (𝑟2 =
0.93). Good fit found (13/14 cases), with acute hypoxia described
well by a Poisson curve (11/14 cases) with an average of 34%
(acute hypoxic volume). Suggested a third scan to increase
temporal hypoxia information. 4mm PET pixel size issue
accounted for using power law distribution of chronic versus
acute hypoxia within each pixel.

(Bartlett et al.
2012) [27]

Two varieties of 2-compartment,
3-rate-constant models applied to
F18[MISO] PET images of human prostate
tumour xenografts in rats.

One model constrained kinetic parameters 𝑘
1
and 𝑘

2
to be equal

while the other did not. Intratumoural pO2 was assessed using a
robotic driven probe in tumour versus plasma regions of the
animal’s tumour mass. Pimonidazole and perfusion Hoechst
33342 staining also analysed. Kinetic voxelised modelling (of
parameter 𝑘

3
) identified hypoxia with greater accuracy than

tumour-to-plasma ratios. Constraining 𝑘
1
to equal 𝑘

2
during

fitting was effective in controlling noise in the trapping rate
constant, 𝑘

3
, without introducing bias. No obvious pO2 cutoff

for isolating hypoxic and nonhypoxic volumes (3.4mmHg
applied) however noise of approx. 0.7mmHg in measurement
technique.

(Gu et al. 2012)
[28]

3-compartment F18[FLT] PK model (3 rate
constants) applied to a separate GBM
growth model utilising spatial MR data and
considering invasion, hypoxia, necrosis, and
angiogenesis.

Voxels assigned “cell density” values with hypoxic versus oxic
percentages (e.g., 70 versus 30%) generated. Model simulated
the dynamic clinical-scale imaging process in terms of noise and
reconstruction uncertainties of PET. Clinical GBM patient data
used for comparison, with patient specific virtual PET scans
generated with no statistical difference to real hypoxic tumour
image sets. Model could predict and distinguish hypoxic cell
hyperactivity versus hyperdensity on the PET image.

(McCall et al.
2012) [29]

TACs derived from mean tissue activity
concentration functions for Cu64[ATSM]
(Ct) in HNSCC and muscle and compared
to venous input functions (Cp).

Tracer dynamics studied in HNSCC (FaDu) xenografts in rats
and analytical parameters of the model fitted to generated
results matching real PET data. Influx-constants (Ki) calculated
by analysis of Patlak plots of Ct/Cp ratios versus normalized
time integrals of Cp. PET mean data analysed from 1min up to
18 hours after injection. Distribution volumes (𝑉

𝑑
) calculated.

High tumour to muscle uptake ratios found (4 : 1 tumour to
muscle ratio at 20min). No Cu64[ATSM] correlation to
pimonidazole hypoxia staining (early or late). Cu dynamics are
not only pO2 dependent, more study recommended. Early
uptake of tracer in tumour at 1min found followed by slower
but steady increase, while muscle signal increased quickly then
plateaued. Wash out rates in tumour and normal tissue difficult
to define.
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Table 3: Continued.

Reference Modelling Methods Details and Outcomes

(Monnich et al.
2013 [30],
M ̈onnich et al.
2011) [31]

O2 kinetic and F18[MISO] tracer PK model
simulating 2-dimensional virtual PET maps,
based on blood vessel maps from human
HNSCC xenografts stained for endothelial
structures

Xenografts were utilised to derive 2D vessel maps (∼3% vascular
fraction) and an explicit pO2-dependent binding rate,𝐾(𝑃).
Oxygen and tracer flux across vessel walls, 𝐽

𝑇
, assumed

proportional to the concentration differences on the intra- and
extravascular side. Tracer moved via diffusion. Irreversible
binding rate modelled as dependent on pO2 only. Nonlinear
Michaelis-Menten oxygen consumption versus pO2 tension.
Individual time-point data did not show correlation with real
data (2.5mmHg threshold for each voxel with median pO2 in
each voxel assessed); however, ratios of 0–15min versus 4-hour
data had significant outcomes. Four-hour data did correlate but
not as well as ratio data. From 2011: binding versus pO2 function
described with steep initial increase (<0.5mmHg). Simulated
local TACs share characteristics with clinical PET TACs hence it
may be possible to measure perfusion from early dynamic PET.
Alternative tracer dynamics (faster clearance) also simulated
with earlier time point PET scans predicted optimum, although
free-tracer signals limit earlier time feasibility.

(Liu et al. 2014)
[32]

F18[FLT] 2- and 3-compartment PK models
compared for HNSCC clinical PET images,
incorporating diffusion as well as convection
transport of the tracer.

A comprehensive statistical analysis of the PK model is
reported. “EM-BIC” clustering methodology described, and
model used to analyse raw PET images and reduce noise and
hence uncertainty in the rate constant parameters derived.
Model results compared to 10 × 1-hour dynamic HNSCC
clinical PET data sets, with the 3-compartment (6 rate
constants) “3C6K” model best fitted patient data.

[TAC: time activity curve; HNSCC: head and neck squamous cell carcinoma; GBM: glioblastoma multiforme; PK: pharmacokinetic; pO2: partial pressure of
oxygen; SUV: standard uptake value].

(1) Homogeneous cellular density, diffusion, and con-
sumption coefficients, which is not the case in a
heterogeneous tumour.

(2) The use of static histological data used to generate
vessel maps and hence the assigning of O

2
in 2- or

3-dimensional maps does not reflect acute hypoxic
dynamics, which can be overcome by specifically
modelling O

2
kinetics [30] with realistic temporal

fluctuations in O
2
supply and realistic cellular O

2

consumption [28].
(3) The lack of machine specific corrections (dead time,

decay rate, noise, scatter, attenuation correction, and
time-of-flight) and reconstruction related random
and systematic uncertainties, considered however by
some groups [28, 33] and specifically investigated in
terms of attenuation correction based on X-ray CT
data [63] or segmentation of emission images and in
terms of partial volume effects [64].

Neglected in Table 3 are reports from authors addressing
oxygen and/or tracer dynamics using multimodality imaging
techniques without a “modelling” approach (see Section 3).
These reports can add valuable data in terms of correlations
between anatomy, tracer, and oxygenation in space and time,
for example, the work of Cho et al., who have combined
PET (F18[MISO]), MR, H&E, pimonidazole, and F18 autora-
diography techniques in a prostate xenograft tumour model
to analyse necrosis, hypoxia, and well perfused tissue and
to confirm the validity of the different imaging modalities

in identifying these tumour subvolumes [37]. Cho et al.
[37] found that combined hypoxia and perfusion data could
predict outcome but could neither alone correlate well with
regions of perfused tissue (as indicated by early PET uptake).

4.2. Utilisation of PET Data in Treatment Response Models.
As the previous section has shown, there are many factors
that influence final PET image voxel intensities.These factors
reduce down to being related to both tracer pharmacokinetics
and specificity or machine intrinsic spatial resolution limits.
When desiring to take this data and use it for input into
computational tumour models, these factors must also be of
paramount concern. The tumour model, if at the cellular-
scale, will require a suitable scaling paradigm to convert data
at the mm scale down to an approximate 10–50𝜇m scale and
also method of converting the PET signal intensity assigned
to each tumour voxel or “cell” into an actual parameter value,
such as pO

2
if, for example, oxygenation data has been the

intention of the PET scan.
Stochastic methods utilising probability distributions

may be useful for both of these tasks. Models capable of
simulating tumours at the cellular level with real tumour-
like proportions are challenging, hence limited number of
papers reviewed.This topic is however at a stage of expansion
and it is foreseen that more groups will report of their
modelling experiences in the field of PET data tumour
response modelling within the present decade. This will
be aided by not only computing power increases, but also
the demand by clinicians and the public to use currently,
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Table 4: Stochastic tumour models utilising PET oxygenation data to predict the efficacy of nonstandard treatment solutions.

Reference Modelling methods Details and outcomes

(Toma-Daşu et al.
2009) [33]

F18[MISO] and Cu[ATSM] distribution
functions modelled in a 108 cell tumour
growth and O2 transport model followed by
uniform or central boost RT.

Tracer binding versus pO2 functions used (higher uptake at
intermediate O2 for Cu) to generate tracer uptake maps for each
tracer on a 2D slice of heterogeneous spherical tumour.
Convolution function used to describe finite resolution of the
imaging modality. Local temporal changes in cellular O2
accounted for. Virtual image maps generated to predict LQ
survival and Poisson tumour control using 2 different circular
dose distributions with central boost doses. Redistribution of
dose (same integral dose but hotter in the centre) was possible
for each tracer without decreasing the target tumour control
(90%).

(Titz and Jeraj 2008,
Titz et al. 2012)
[34, 35]

Simulating effects of antiangiogenic
treatment using F18[FDG], F18[FLT] and
Cu61[ATSM] PET data in a tumour
proliferation and therapy model
(2008—where RT is modelled as the
treatment modality) with an added vascular
and PET/drug PK/PD component (open
2-compartment) (2012).

BvMb plasma concentration-time-profiles cbev(t) utilised, with
model parameters adapted to population-based values (e.g.,
MVD to determine BvMb PD). A linear relationship between
VEGF expression and endothelial cell (EC) proliferation used.
Nonnormal distributions manipulated the raw data O2 PET data
(∼4mm pixels) for cellular level input to generate 2D
oxygenation maps considering multiple diameters and angles of
the vessels. 8HNSCC PET scans used (phase 1 trial data), before
and after RT for input and comparison to model predictions. A
decrease in SUVs (i.e., reduction in vasculature) after BvMb
agreed with follow-up PET. Increase in hypoxia due to BvMb
observed, peaking at week 2 after treatment, but decreasing with
increasing baseline levels of hypoxia and increasing CCT. Due
to pO2 and proliferation interdynamics, simulations could
provide estimates of optimal drug administration times (i.e.,
every 2 or 3 weeks). Expansion planned for the use of
voxel-based kinetic parameters to model drug uptake more
precisely and vessel “remodelling” in response drugs.

[PD: pharmacodynamic; CCT: cell cycle time; BvMb: bevacizumab].

or soon-to-be, available individualised PET data for specific
(not only region of interest contouring) purposes during
treatment planning.

Two reports from stochastic tumour modelling groups
are summarised in Table 4. These groups have developed
models of varying complexities, including treatment response
modelling, with discussions about how the previously pre-
sented limitations and issues have been considered.

To expand upon the work that has been performed to
estimate modified treatment responses, Table 5 has been
included to further highlight efforts that have been made
to consider tumour model predictions within clinical radio-
therapy treatment planning systems (TPS) dose distributions,
where the plan has either been delivered to real patients or
the distributions analysed for their feasibility in terms of
deliverability and toxicity.

A thorough overview of the process of gaining infor-
mation from PET/CT and using it to optimise pre- and
midtherapy planning processes was published in 2013 [65].
The authors concentrate on how hypoxia related information
can be obtained and used in the planning process, from
interpretation of PET data to final planning and prescriptions
for radiotherapy. Dose painting (DP) methods, for example,
methods to “redistribute dose” to the most radioresistant
HTVs or escalating/boosting the dose to HTVs above the
standard uniform dose prescription, are discussed along with

many of the current challenges that requiremore research and
validation. Indeed, modern IMRT techniques are confirmed
here as being capable of delivering complex nonuniform dose
gradients with a resolution similar to that of PET images
which could in theory deliver a gradient of prescription doses
to subvolumeswith different severities of oxygen deprivation.

Geets et al. remind us of the difficulties faced in imple-
mentation arising not only from intrinsic noise, blur, and
partial volume effects in PET data, but also in the use of a suit-
able tracer that is specific and can reach the hypoxic tumour
environment (i.e., low probability of being bound/reduced
due to other microenvironmental factors such as low pH)
and the use of suitable scan time protocols. References
are provided from groups reporting workable solutions to
uncertainties arising due to the image acquisition itself;
however, as the reports in Table 3 confirm, the latter issues
may not be easily overcome without future tracer specificity
research and scanning at multiple time points after injection.
F18[FAZA] ismentioned as showing promise as good hypoxia
tracer; however all tracers did [65] and continue to have
issues, with no compound standing out as superior.

This report also discusses the issues of converting
oxygenation information into radioresistance estimates
and hence prescription requirements, in order to achieve
increased tumour control. These are nontrivial challenges,
as both functions of converting pO

2
to cell death probably,
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Table 5: Application of model predictions to clinical radiotherapy dose distributions to increase tumour control in hypoxic tumours.

Reference Treatment/Model Methods Details and Outcomes

(Thorwarth and Alber
2008) [36]

F18[MISO] PET/CT performed on 15HNC
patients, with mid-RT scan after 20Gy and
with total dose of 70Gy. DP strategies
investigated.

Hypoxia and well as perfusion parameters combined could
predict for RT outcomes, but neither alone (similar to study
by Cho et al. 2009) [37] Model was calibrated using hypoxia
and perfusion outcomes from this patient set and was
designed to be used to predict optimal dose escalation
factors to radioresistant HTVs. DP found feasible without
increased toxicity to normal tissues.

(Choi et al. 2010) [38]

IMRT dose escalation to the HTV (from 2.4 to
2.6–3.6Gy/30 fractions) planned for 8HNSCC
patients after F18[MISO] PET/CT (4 hours post
injection). ECLIPSE TPS and 6MV X-rays
beams utilised.

Tumour/cerebellum activity ratio of 1.3 used as a cut-off
value for HTV definitions. Dose escalation to at least 2.6Gy
to the HTV found feasible for 6/8 patients, where the HTV
received a total of 78Gy, without increasing normal tissue
doses.

(Toma-Dasu et al.
2012) [39]

IMRT optimisation performed using a research
TPS to plan dose distributions for various
scenarios of HTV evolution during RT. Data
from 7HNSCC patients after F18[MISO]
PET/CT (120–160min post injection) applied.
HTV aim (dynamic pO2 case) of increasing
dose from 60 to 77Gy.

PET signal to uptake (and hence pO2 and then
radiosensitivity) data conversion used a maximal pO2 level
of 60mmHg and analytical formula. Model provides an
objective method to set minimum doses to hypoxic regions
to counteract increased radioresistance in individual
tumours, without comprising tumour control, that is no
decreasing non-hypoxic volume doses below current
clinical doses.

[DP: Dose Painting; HTV: Hypoxic Target Volume; IMRT: Intensity Modulated Radiotherapy; TPS: Treatment Planning System; RT: Radiotherapy].

that is, radiosensitivity, or cell death to tumour control are
nonlinear and dependent on patient specific parameters. The
authors remind us that chronic hypoxia remains the focus
of the discussed techniques, as opposed to acute/transient
hypoxia which may alter in oxygenation faster than the time
a PET scan can be acquired and analysed (or radiotherapy
planned/delivered). Logistical noteworthy challenges are
discussed, for example, the set-up accuracies required,
volume expansion protocols for adding margins onto regions
of interest nonuniform dose prescription, and how often to
rescan during therapy to balance workload of scanning and
replanning with the timing of substantial biological change
and hence improvement in therapeutic ratio if the plan is
altered.

5. Conclusions

Tumour hypoxia remains one of the major causes of treat-
ment failure in head and neck cancer. By promoting angio-
genesis as well as distant metastases, hypoxia becomes an
important treatment target. In order to increase the ther-
apeutic ratio it is crucial to identify and to quantify the
hypoxic subvolumes. To date, PET-based molecular imaging
is the most commonly employed technique applied for this
purpose.

The use of computational models for treatment assess-
ment and prediction is fast growing. Whether simulated or
actual PET data has been applied to a tumour response
model, overall the current literature suggests that targeting
radioresistant hypoxic tumour subvolumes using complex
dose gradients or even simpler boost doses is feasible using
modern radiotherapy techniques. Research has also shown
that toxicity need not be compromised if careful planning
is performed, with a possible solution being not to increase

the integral dose but rather decrease the prescription to well
oxygenated regions and increase it to chronically hypoxic
areas. This is still to be confirmed in randomised clinical
trials.

As it stands currently, all the signs point to hypoxia
dose painting as being feasible to tackle notoriously hypoxic
tumours, such as head and neck carcinomas. To further
improve, the field moves into requiring individual tracer
pharmacokinetic information/analysis so that PET data can
be accurately interpreted and then utilised appropriately
to predict optimal treatment plans and overall outcome
improvement.

Health institutions will need to encourage and support
multidisciplinary research and prioritize resources to make
the use of functional PET information feasible, as assess-
ing the dynamic changes of the tumour characteristics at
a number of time points after PET injections and then
at multiple intervals throughout radiotherapy will always
inevitably be highly resource intensive.This will be especially
true during the learning phase as this technique is translated
from research into the routine clinical environment. Compu-
tational pharmacokinetics and tumourmodels will be vital in
this translation process.
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We present a delay differential model with optimal control that describes the interactions of the tumour cells and immune response
cells with external therapy.The intracellular delay is incorporated into themodel to justify the time required to stimulate the effector
cells. The optimal control variables are incorporated to identify the best treatment strategy with minimum side effects by blocking
the production of new tumour cells and keeping the number of normal cells above 75% of its carrying capacity. Existence of the
optimal control pair and optimality system are established. Pontryagin’smaximumprinciple is applicable to characterize the optimal
controls.Themodel displays a tumour-free steady state and up to three coexisting steady states.The numerical results show that the
optimal treatment strategies reduce the tumour cells load and increase the effector cells after a few days of therapy.The performance
of combination therapy protocol of immunochemotherapy is better than the standard protocol of chemotherapy alone.

1. Introduction

Cancer is considered one of the most complicated diseases
to be treated clinically and one of the main causes of death.
Accordingly, a great research effort is being devoted to
understand the interaction between the tumour cells and the
immune system. The treatment of cancer is then one of the
most challenging problems of modern medicine. The cancer
treatment should kill cancer cells in the entire body and in the
meantime keep the healthy cells above the minimum level.
Chemotherapy is one of themost prominent cancer treatment
modalities. However, it is not always a comprehensive solu-
tion for tumor regression. Other treatment options, including
surgery, immunotherapy, and radiation, are often able to force
the cancer into remission, but better and suitable treatments
are needed to fulfil the requirements [1–3].

Recently, chemotherapy is used in combination with
immunotherapy to protect the patient from opportunistic
infection, as well as fighting the cancer itself [4, 5]. This

is due to the fact that the chemotherapy treatment kills
both cancerous and healthy cells and therefore it depletes
the patients immune system, making the patient prone
to dangerous infections. For this and other reasons, it is
desirable to strengthen the immune system after an immune-
depleting course of chemotherapy. Additionally, however, the
ability to recruit the body’s own defenses to fight the cancer
can be a powerful treatment strategy. Therefore, maintaining
a strong immune system, by combining immunotherapy
during chemotherapy, may be essential to successfully fight
the cancer. However, the query now is how tomost effectively
combine cancer immunotherapy and chemotherapy?

Mathematical models, using ordinary, partial, and delay
differential equations, play an important role in under-
standing the dynamics and tracking tumour and immune
populations over time (see, e.g., [6–14]). Kuznetsov et al.
[3] model the interactions of cytotoxic T lymphocyte (CTL)
response and the growth of an immunogenic tumour. In
the contributions of [15–17], the authors take into account
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the penetration of the tumour cells by the effector cells,
which simultaneously causes the inactivation of effector
cells. Recently, in [18], the authors adopted a predator-
prey formulation of the tumour immunity problem as a
battle between immune cells and tumour cells (predators
and prey, resp.). Many research papers have also been done
on formulations of the mathematical models describing the
interaction between tumour cells and immune cells alone,
between tumour cells and normal cells alone, and between
tumour cells and chemotherapy treatment alone [19, 20].
We should mention here that the application of the optimal
control theory requires the boundedness of the solutions of
the model populations; see also [21, 22].

The objective of this paper is to adopt a delay differ-
ential model and analyze and provide computationally an
optimal way to combine chemotherapy and immunotherapy
treatment strategies that identify the best treatment strategy
that can minimize the tumor load while maximizing the
strength of the immune system. We formulate and analyze
a delay differential model describing immune response and
tumour cells under the influence of chemotherapy alone and
the combinations of chemotherapy and immunotherapy.The
outline of the paper is as follows. In Section 2, we describe
the model. In Section 3, we study the qualitative behaviour
of the model without external therapy. In Section 4, we
describe the optimal control problem governed by DDEs
with only chemotherapy control variable. Existence of the
solution and optimality conditions are discussed in Sections 5
and 6. In Section 7, we extend the control problem to
include a combination of chemotherapy and immunotherapy
treatments with two-contrail variable. Numerical simulations
and conclusion are given in Sections 8 and 9.

2. Description of the Model

Let us recall Kuznetsov et al.’s model [3] that describes
the dynamics of tumour immune system interactions by
incorporating a system of five ordinary differential equations
(ODEs) model; then we reduce it into two equations but
with time delays. The model describes the response of the
effector cells (ECs) to the growth of tumour cells (TCs). The
penetration of TCs by ECs has been taken into account,
which simultaneously causes the inactivation of ECs. It is
assumed that interactions between the ECs and TCs are
in vitro such that 𝐸(𝑡), 𝑇(𝑡), 𝐶(𝑡), 𝐸∗(𝑡), and 𝑇

∗
(𝑡) denote

the local concentrations of ECs, TCs, EC-TC conjugates,
inactivated ECs, and “lethally hit” TCs, respectively.The total
population of unattacked TCs is 𝑇tot(𝑡) = 𝑇(𝑡) + 𝐶(𝑡). The
rate of binding of ECs to TCs and the rate of separation of
ECs from TCs without damaging them are denoted by 𝑘

1

and 𝑘
−1
, respectively. The rate at which EC-TC integrations

program for lysis is denoted by 𝑘
2
while the rate at which EC-

TC interaction inactivate ECs is denoted by 𝑘
3
. The model

takes the form
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3
) 𝐶 (𝑡) ,

𝑑𝐸
∗
(𝑡)

𝑑𝑡

= 𝑘
3
𝐶 (𝑡) − 𝑑

2
𝐸
∗
(𝑡) ,

𝑑𝑇
∗
(𝑡)

𝑑𝑡

= 𝑘
2
𝐶 (𝑡) − 𝑑

3
𝑇
∗
(𝑡) .

(1)

Here, the parameter 𝜎 represents the normal rate (not
increased by the presence of the tumour) of the flow of
adult ECs into the tumour side (region), F(𝐶(𝑡), 𝑇(𝑡)) =

F(𝐸(𝑡), and 𝑇(𝑡)) > 0 (when 𝑇(𝑡) > 0) describes the
accumulation of ECs in the tumour side due to the presence
of the tumour. However, 𝑑

1
, 𝑑
2
, and 𝑑

3
are the coefficients of

the processes of destruction and migration of 𝐸, 𝐸∗, and 𝑇∗,
respectively.Themaximal growth of tumour is represented by
the coefficient 𝛼, and 𝛽−1 is the environment capacity. If we
assume that 𝑑𝐶(𝑡)/𝑑𝑡 ≈ 0, therefore 𝐶(𝑡) ≈ 𝐾𝐸(𝑡)𝑇(𝑡) where
𝐾 = 𝑘

1
/(𝑘
−1
+ 𝑘
2
+ 𝑘
3
), and the model can be reduced to

two equations which describe the behavior of ECs and TCs
only [2, 3]. That leads to the fact that the rate of stimulated
accumulation has some maximum value as 𝑇𝐶𝑠 get large.

Thus, the reduced model that describes the interactions
between the two populations, tumour cells 𝑇(𝑡) and activated
effector cells 𝐸(𝑡) (such as cytotoxic T-cells or natural killer
cells), is of the form

𝑑𝐸 (𝑡)

𝑑𝑡

= 𝜎 +F (𝐸 (𝑡) , 𝑇 (𝑡)) − 𝜇𝐸 (𝑡) 𝑇 (𝑡) − 𝛿𝐸 (𝑡) ,

𝑑𝑇 (𝑡)

𝑑𝑡

= 𝛼𝑇 (𝑡) (1 − 𝛽𝑇 (𝑡)) − 𝑛𝐸 (𝑡) 𝑇 (𝑡) ,

(2)

with the initial conditions 𝐸(0) = 𝐸
0
and 𝑇(0) = 𝑇

0
. The

interaction between the effector cells and tumour cells can
reduce the size of both populations with different rates. This
is expressed as −𝜇𝐸(𝑡)𝑇(𝑡) and −𝑛𝐸(𝑡)𝑇(𝑡) to illustrate the
interaction between the tumour cells and effector cells. As a
result of this interaction, the immune effector cells decrease
the population of tumour cells at the rate 𝑛. Additionally,
tumour cells infect some of the effector cells and, therefore,
the population of uninfected effector cells decreases at the
rate 𝜇.

If one considers 𝑇(𝑡) as prey and 𝐸(𝑡) as predator, then
F(𝐸, 𝑇) may take the form F(𝐸, 𝑇) = 𝜌𝐸(𝑡)𝑇(𝑡)/(𝜂 +

𝑇(𝑡)) which is Michaelis-Menton form. In this term, 𝜌 is the
maximum immune response rate and 𝜂 is the steepness of
immune response. The presence of the tumour cells virtually
initiates the proliferation of tumour-specific effector cells to
reach a saturation level parallel to the increase in the tumour
populations. Hence, the recruitment function should be zero
in the absence of the tumour cells, whereas it should increase
monotonically towards a horizontal asymptote [23]. We also
incorporate a discrete time-delay 𝜏 into themodel, to describe
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the time needed by the immune system to develop a suitable
response after recognizing the tumour cells. Accordingly, the
model with discrete time delay takes the form

𝑑𝐸 (𝑡)

𝑑𝑡

= 𝜎 +

𝜌𝐸 (𝑡 − 𝜏) 𝑇 (𝑡 − 𝜏)

𝜂 + 𝑇 (𝑡 − 𝜏)

− 𝜇𝐸 (𝑡 − 𝜏) 𝑇 (𝑡 − 𝜏) − 𝛿𝐸 (𝑡) ,

𝑑𝑇 (𝑡)

𝑑𝑡

= 𝑟
2
𝑇 (𝑡) (1 − 𝛽𝑇 (𝑡)) − 𝑛𝐸 (𝑡) 𝑇 (𝑡) ,

𝑡 ≥ 0,

(3)

with the initial functions 𝐸(𝑡) = 𝜓
1
(𝑡) and 𝐸(𝑡) = 𝜓

2
(𝑡),

for all 𝑡 ∈ [−𝜏, 0]. Here 𝜎 represents the normal rate
(not increased by the presence of the tumour) of the flow
of adult effector cells into the tumour side (region). The
source of the immune cells is considered to be outside of
the system, so it is reasonable to assume a constant influx
rate 𝜎. Furthermore, in the absence of any tumour, the cells
will die at the rate 𝛿. The presence of tumour cells stimulates
the immune response, represented by the positive nonlinear
growth term for the immune cells 𝜌𝐸(𝑡 − 𝜏)𝑇(𝑡 − 𝜏)/(𝜂 +

𝑇(𝑡 − 𝜏)) where 𝜌 and 𝜂 are positive constants and 𝜏 ≥ 0 is
the time delay that presents the time needed by the immune
system to develop a suitable response after recognizing the
tumour cells. The saturation term (Michaelis-Menton form)
with the 𝐸(𝑡) compartment and logistic term with the 𝑇(𝑡)
compartment are consoled. The presence of the tumour cells
virtually initiates the proliferation of tumour-specific effector
cells to reach a saturation level parallel to the increase in the
tumour populations. Let us first prove the nonnegativity and
boundedness solutions of the underlying DDEs model (3)
(see [24]).

2.1. Nonnegativity andBoundedness Solutions ofModel (3). To
show that the solutions of model (3) are bounded and remain
nonnegative in the domain of its application for sufficiently
large values of time 𝑡, we recall the following lemma.

Lemma 1 (Gronwall’s Lemma [25, page 9]). Let 𝑥,𝜓, and𝜒 be
real continuous functions defined in [𝑎, 𝑏], 𝜒 ≥ 0 for 𝑡 ∈ [𝑎, 𝑏].
One supposes that on [𝑎, 𝑏] one has the inequality 𝑥(𝑡) ≤ 𝜓(𝑡)+

∫

𝑡

𝑎
𝜒(𝑠)𝑥(𝑠)𝑑𝑠. Then 𝑥(𝑡) ≤ 𝜓(𝑡) + ∫

𝑇

𝑎
𝜒(𝑠)𝜓(𝑠)𝑒

(∫
𝑡

𝑠

𝜒(𝜉)𝑑𝜉)
𝑑𝑠 in

[𝑎, 𝑏].

Therefore, we arrive at the following proposition.

Proposition 2. Let (𝐸, 𝑇) be a solution of the DDEsmodel (3);
then 𝐸(𝑡) < 𝑀

1
and 𝑇(𝑡) < 𝑀

2
for all sufficiently large time 𝑡,

where

𝑀
1
= 𝐸 (0) +

𝜎

𝛿

exp (𝛿𝑡)

+ ∫

𝑡

0

[𝜌𝑒
𝛿(𝜏+𝑠)

(𝐸 (0) +

𝜎

𝛿

𝑒
𝛿𝑠
)

× exp(∫
𝑡

𝑠

𝜌𝑒
𝛿(𝜏+𝜉)

𝑑𝜉)] 𝑑𝑠,

𝑀
2
= max( 1

𝛽

, 𝑇 (0)) .

(4)

Proof. Let (𝐸, 𝑇) denote the solution of model (3). From the
second equation of system (3), we have 𝑑𝑇/𝑑𝑡 ≤ 𝑟

2
𝑇(𝑡)(1 −

𝛽𝑇(𝑡)). Thus, 𝑇(𝑡)may be compared with the solution of

𝑑𝑋

𝑑𝑡

= 𝑟
2
𝑋(𝑡) (1 − 𝛽𝑋 (𝑡)) , with 𝑋 (0) = 𝑇 (0) . (5)

This proves that 𝑇(𝑡) < 𝑀
2
. From the first equation of system

(3), we obtain

𝐸 (𝑡) = exp (−𝛿𝑡)

× {𝐸 (0) + ∫

𝑡

0

[𝜎 +

𝜌𝐸 (𝑠 − 𝜏) 𝑇 (𝑠 − 𝜏)

𝜂 + 𝑇 (𝑠 − 𝜏)

− 𝜇𝐸 (𝑠 − 𝜏) 𝑇 (𝑠 − 𝜏)]

× exp (𝛿𝑠) 𝑑𝑠} .

(6)

To show that 𝐸(𝑡) is bounded, we use the generalized
Gronwall Lemma. Since 𝑇/(𝜂+𝑇) < 1 and exp (−𝛿𝑡) ∈ (0, 1],
we have

𝐸 (𝑡) ≤ 𝐸
0
+

𝜎

𝛿

exp (𝛿𝑡) + ∫
𝑡

0

𝜌𝐸 (𝑠 − 𝜏) exp (𝛿𝑠) 𝑑𝑠. (7)

The generalized Gronwall Lemma gives 𝐸(𝑡) < 𝑀
1
where𝑀

1

is uniformly bounded. It follows that if (𝐸, 𝑇) is a solution
of (3), then (𝐸, 𝑇) < (𝑀

1
,𝑀
2
) for all 𝑡. This shows that the

solutions ofmodel (3) are uniformly bounded.This completes
the proof.

From (1) and the solution 𝑇(𝑡) = 𝑇(0) exp (∫𝑡
0
[𝑟
2
(1 −

𝛽𝑇(𝑠)) − 𝐸(𝑠)]𝑑𝑠), we arrive at the following result.

Corollary 3. If 𝜌/(𝜂 + 𝑇) ≥ 𝜇, then the solutions (𝐸, 𝑇)
for model (3) are nonnegative for any nonnegative initial
condition. However, if 𝜌/(𝜂 + 𝑇) < 𝜇, then there exist
nonnegative initial conditions such that 𝐸(𝑡) becomes negative
in a finite time interval.

2.2. Model with Chemotherapy. We extend model (3) to con-
sider extra two variables, namely, amount of chemotherapy,
𝑢(𝑡), and normal cells, 𝑁(𝑡) (see Figure 1). We also assume
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Figure 1: The interaction of tumour cells, immune cells, and normal cells in the presence of chemotherapy drug.

a homogeneity of the tumour cells. The modified model
is

𝑑𝐸 (𝑡)

𝑑𝑡

= 𝜎 +

𝜌𝐸 (𝑡 − 𝜏) 𝑇 (𝑡 − 𝜏)

𝜂 + 𝑇 (𝑡 − 𝜏)

− 𝜇𝐸 (𝑡 − 𝜏) 𝑇 (𝑡 − 𝜏) − 𝛿𝐸 (𝑡)

− 𝑎
1
(1 − 𝑒

−𝑢(𝑡)
) 𝐸 (𝑡) ,

𝑑𝑇 (𝑡)

𝑑𝑡

= 𝑟
2
𝑇 (𝑡) (1 − 𝛽𝑇 (𝑡)) − 𝑛𝐸 (𝑡) 𝑇 (𝑡)

− 𝑐
1
𝑁(𝑡) 𝑇 (𝑡) − 𝑎

2
(1 − 𝑒

−𝑢
) 𝑇 (𝑡) ,

𝑑𝑁 (𝑡)

𝑑𝑡

= 𝑟
3
𝑁(𝑡) (1 − 𝛽

2
𝑁(𝑡)) − 𝑐

2
𝑇 (𝑡)𝑁 (𝑡)

− 𝑎
3
(1 − 𝑒

−𝑢
)𝑁 (𝑡) ,

𝑑𝑢 (𝑡)

𝑑𝑡

= V (𝑡) − 𝑑
1
𝑢 (𝑡) .

(8)

We assume that the drug kills all types of cells but that the
killing rate differs for each type of cells; 𝐹(𝑢) = 𝑎

𝑖
(1 − 𝑒

−𝑢
) is

the fraction cell kill for a given amount of drug, 𝑢(𝑡), at the
tumour site. We denote by 𝑎

1
, 𝑎
2
, and 𝑎

3
the three different

response coefficients. V(𝑡) represents the amount of dose that
is injected into the system, while 𝑑

1
is the decay rate of the

drug once it is injected. In this case, the quantity we will
control directly is not 𝑢(𝑡) but V(𝑡). The tumour cells and
normal cells are modelled by a logistic growth law, with the
parameters 𝑟

𝑖
representing the growth rate of two types of

cells: 𝑖 = 2 identifies the parameter associated with tumour,
and 𝑖 = 3 identifies the one associated with the normal tissue;
𝛽 and 𝛽

2
are the reciprocal carrying capacities of tumour cells

and host cells, respectively. In addition, there are two terms
representing the competition between the tumour and host
cells −𝑐

1
𝑁𝑇 and −𝑐

2
𝑁𝑇.

LetC = C([−𝜏, 0],R4) be the Banach space of continuous
functions mapping the interval [−𝜏, 0] into R4 with the
topology of uniform convergence. It is easy to show that there
exists a unique solution (𝐸(𝑡), 𝑇(𝑡),𝑁(𝑡), 𝑢(𝑡)) of system (8)

with initial data (𝐸
0
, 𝑇
0
, 𝑁
0
, 𝑢
0
) ∈ C. For biological reasons,

we assume that the initial data of system (8) satisfy 𝐸
0
≥ 0,

𝑇
0
≥ 0,𝑁

0
≥ 0, and 𝑢

0
≥ 0. For 𝜏 = 0, the model is reduced

to ODEs model developed by De Pillis and Radunskaya in
[26].

Remark 4. We consider that the units of the model cells are
normalized, so that 𝛽

2
= 1.

The main objective in developing chemotherapy treat-
ment, in system (8), is to reach either tumour-free steady state
or coexisting steady state in which the tumour cells’ size is
small, while the normal cells’ size is closed to its normalized
carrying capacity. We next start the analysis with studying
the stability of the system when there is no drug (treatment)
input; that is, 𝑢(𝑡) = 0, for all 𝑡.

3. Drug-Free Steady States and Their Stability

In the absence of chemotherapy (𝑢(𝑡) = 0), model (8) has the
following types of steady states:

(a) tumour-free steady state, where the tumour cells
population is zero, while the normal cells survive.This
steady state has the formE

0
= (𝜎/𝛿, 0, 1);

(b) dead (lethal) steady state, where the normal cells
population is zero, which has the following forms:

(i) (𝜎/𝛿, 0, 0) in which the normal and tumour cell
populations have died off,

(ii) (𝑓(𝑇∗), 𝑇∗, 0)where the normal cells alone have
died off and the tumour cells have survived,
where

𝑓 (𝑇) =

𝜎 (𝜂 + 𝑇)

𝜇𝑇 (𝜂 + 𝑇) + 𝛿 (𝜂 + 𝑇) − 𝜌𝑇

, (9)

and 𝑇∗ is a nonnegative solution for

𝑇
∗
+ (

𝑛

𝑟
2
𝛽

)𝑓 (𝑇
∗
) −

1

𝛽

= 0; (10)
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Table 1:The stability results for the coexisting steady states by using the functions 𝜌 and𝜎, while fixing the rest of the parameters asmentioned
in the text.

Region
in Figure 2 𝜌 𝜎

Steady state
(𝐸
∗
, 𝑇
∗
, 𝑁
∗
)

Eigenvalues
𝜆
1
, 𝜆
2
, 𝜆
3

Stability
for 𝜏 ≥ 0

Light blue
(1a) 0.1 0.05 (0.0269, 486.9244, 0.9999) −0.9509, −1.9105, −1 Stable node

Light blue
(1b) 1.4 0.1 (1.0299, 0.0238, 0.9999) −1, −0.0486 − 0.3096𝑖,

−0.0486 + 0.3096𝑖

Stable spiral for 𝜏 < 𝜏
∗,

stable limit cycles at 𝜏 = 𝜏
∗

Orange
(2) 0.2 0.23 (0.1648, 419.9672, 0.9999) −0.5942, −1, −1.7876 Stable node

(0.8656, 79.7712, 0.99) 0.276, −1, −0.7291 Unstable saddle node
Brown
(3) 0.6 0.1 (0.0789, 461.688, 0.99) −0.7137, −1.5050, −1 Stable node

(0.7236, 148.7078, 0.99) 0.4060, −1, −0.8506 Unstable saddle node

(1.0298, 0.0623, 0.99) −1, −0.0486 − 0.2922𝑖,
−0.0486 + 0.2922𝑖

Stable spiral for 𝜏 < 𝜏
∗,

stable limit cycles at 𝜏 = 𝜏
∗

(c) coexisting steady state, where both normal and
tumour cells coexist with nonzero populations. The
steady state is given by E

+
= (𝑓(𝑇

∗
), 𝑇
∗
, 𝑔(𝑇
∗
))

where 𝑔(𝑇∗) = 1 − (𝑐
2
/𝑟
3
)𝑇
∗, and 𝑇∗ is a nonnegative

solution of
𝐶
3
𝑇
3
+ 𝐶
2
𝑇
2
+ 𝐶
1
𝑇 + 𝐶

0
= 0, where

𝐶
3
= −𝜇𝑟

2
𝛽 +

𝜇𝑐
1
𝑐
2

𝑟
3

,

𝐶
2
= −𝜇𝜂𝑟

2
𝛽 +

𝜇𝜂𝑐
1
𝑐
2

𝑟
3

+ 𝜇𝑟
2
− 𝜇𝑐
1
− 𝛿𝑟
2
𝛽

+

𝛿𝑐
1
𝑐
2

𝑟
3

+ 𝜌𝑟
2
𝛽 −

𝜌𝑐
1
𝑐
2

𝑟
3

,

𝐶
1
= 𝜇𝜂𝑟

2
− 𝜇𝜂𝑐
1
− 𝛿𝜂𝑟
2
𝛽 +

𝛿𝜂𝑐
1
𝑐
2

𝑟
3

+ 𝛿𝑟
2

− 𝛿𝑐
1
− 𝜌𝑟
2
+ 𝜌𝑐
1
− 𝜎𝑛,

𝐶
0
= 𝛿𝜂𝑟

2
− 𝛿𝜂𝑐
1
− 𝜎𝑛𝜂.

(11)

Thenumber of coexisting steady statesmainly depends on the
parameter values. There could be zero, one, two, or three of
these steady states (see Figure 2). We next study the stability
of the previously mentioned steady states.

3.1. Stability of Tumour-Free Steady State. In this subsection,
we investigate the parameter ranges for which the tumour-
free steady state E

0
is locally asymptotically stable. The

Jacobian matrix of the linearized system at the tumour-free
steady state is given by

𝐽E
0

= (

−𝛿

𝜌𝜎

𝜂𝛿

𝑒
−𝜆𝜏

−

𝜇𝜎

𝛿

𝑒
−𝜆𝜏

0

0 𝑟
2
−

𝑛𝜎

𝛿

− 𝑐
1

0

0 −𝑐
2

−𝑟
3

) (12)

with the eigenvalues 𝜆
1
= −𝛿 < 0, 𝜆

2
= 𝑟
2
− 𝑛𝜎/𝛿 − 𝑐

1
,

and 𝜆
3
= −𝑟
3
< 0. Hence, the tumour-free steady state E

0

is locally stable if 𝜆
2
< 0 if and only if

𝑟
2
<

𝑛𝜎

𝛿

+ 𝑐
1
, ∀𝜏 ≥ 0. (13)

This relates 𝑟
2
(the growth rate of the tumour cells) to the 𝑛𝜎/𝛿

(the resistance coefficient), which measures how efficiently
the immune system competes with the tumour cells. If this
tumour-free steady state is unstable, then no amount of
chemotherapywill be able to completely eradicate the tumour
cells.

3.2. Stability of Lethal Steady States. The same analysis done
above shows that the deadly steady state (𝜎/𝛿, 0, 0) has the
eigenvalues 𝜆

1
= −𝛿 < 0, 𝜆

2
= 𝑟
2
−𝑛𝜎/𝛿, and 𝜆

3
= 𝑟
3
> 0 and

hence it is unstable saddle point, while the other deadly steady
state (𝑓(𝑇∗), 𝑇∗, 0) can be either stable or unstable depending
on the model parameters and the value of the time-delay 𝜏.
This can be shown by using Routh Harwatz test and Rouche’s
theorem as shown in detail in the previous chapters. Since the
stability of this steady state is not needed for the developing
treatment therapy, we will not introduce more details in this
part.

3.3. Stability of Coexisting Steady States. To study the stability
of the coexisting steady states, we vary the two parameters 𝜌
(the immune cells growth rate) and 𝜎 (the normal flow rate
of immune cells), with fixing the other parameters: 𝛿 = 0.2,
𝜂 = 0.3, 𝜇 = 0.003611, 𝑟

2
= 1.03, 𝑟

3
= 1, 𝛽 = 2 × 10

−3,
𝑛 = 1, 𝑐

1
= 0.00003, and 𝑐

2
= 3 × 10

−9. Table 1 summarizes
the existence and stability results of the coexisting steady
states as present in different regions of Figure 2. It shows
that the light blue region (1a) represents the “escape” case
where there is a unique stable node steady state with high
tumour size, while the light blue region (1b) represents the
case where there is a unique steady state with low tumour
size. It is stable spiral for 𝜏 < 𝜏

∗, while at 𝜏 = 𝜏
∗ the
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Figure 2: (a) shows the regions of existence of coexisting equilibria of model (3) in (𝜌, 𝜎)-plane with the parameter values 𝛿 = 0.2, 𝜂 = 0.3,
𝜇 = 0.003611, 𝑟

2
= 1.03, 𝑟

3
= 1, 𝛽 = 2 × 10

−3, 𝑛 = 1, 𝑐
1
= 0.00003, and 𝑐

2
= 3 × 10

−9. The dark blue region (0) represents the case where there
is no equilibrium, the light blue regions (1a, 1b) represent the case where there is a unique equilibrium, the orange region (2) represents the
case where there are two steady states, and the brown region (3) represents the case where there is three equilibria. (b) shows the nullclines
of the model which has up to four steady states: tumour-free steady state “E

0
”; tumour dormancy steady state “E+
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”; medium concentration

tumour steady state “E+
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”; and escape tumour steady state “E+

3
.”

0.5
1

1.5
2

0

0.05

0.9

0.92

0.94

0.96

0.98

1

1.02

𝜀+1

𝜏 = 1

0.1

E(t)
T(t)

N
(t)

(a)

0.1

𝜏 = 1.2

ℰ+
1

0.5
1

1.5
2

0

0.05

0.9

0.92

0.94

0.96

0.98

1

E(t)
T(t)

N
(t)

(b)

Figure 3: The phase space for the cell populations in the case where 𝜌 = 1.4 and 𝜎 = 0.1. (a) shows that, for 𝜏 = 1, the steady state is
asymptotically stable. (b) shows that, for 𝜏 = 1.2, a limit cycle is born around the steady state.

limit cycle occurs due to Hopf bifurcation. Furthermore, the
orange region (2) represents the case where there are two
steady states; one is stable node and the other is unstable
sacdle node. To this end, the brown region (3) represents the
case where there are three steady states: one is stable node,
one is unstable node, and the last steady state is spiral stable
for 𝜏 < 𝜏

∗, while the limit cycle occurs at 𝜏 = 𝜏
∗. Of interest

are the existence and stability of steady states where a small
tumour population size might coexist with a large number
of normal cells. Figure 3 presents the phase space for the cell

populations in the case where 𝜌 = 1.4 and 𝜎 = 0.1. It shows
that, for 𝜏 = 0.8, the steady state is asymptotically stable
(Figure 3(a)), while, for 𝜏 = 1.2, a limit cycle is born around
the steady state (Figure 3(b)).We utilize MIDDE code [27] to
solve the DDEs model, which is suitable to simulate stiff and
nonstiff problems, using monoimplicit RK methods [28]. We
next consider the chemotherapy treatment (𝑢(𝑡) > 0) in the
underlying model and establish the existence of an optimal
control for the model and provide necessary conditions for
the optimal control.
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4. Optimal Control Problem
Governed by DDEs

Once a suitable model of interacting cell populations is
constructed, we then focus on the design of an efficient
treatment protocol, where we employ the tools of optimal
control theory.

Consider the optimal control problem with pure state
constraints and control bounds, as follows:

max
𝑥,V

𝐽 (𝑥, V) = Ψ (𝑥 (𝑡
𝑓
)) + ∫

𝑡
𝑓

0

𝐿 (𝑡, 𝑥 (𝑡) , V (𝑡)) 𝑑𝑡, (14a)

subject to the DDEs

𝑥

(𝑡) = 𝑓 (𝑡, 𝑥 (𝑡) , 𝑥 (𝑡 − 𝜏) , V (𝑡)) , 𝑡 ∈ [0, 𝑡

𝑓
] , (14b)

𝑥 (𝑡) = 𝜙 (𝑡) , 𝑡 ∈ [−𝜏, 0] , (14c)

with the control constraint

𝑎 ≤ V (𝑡) ≤ 𝑏, 𝑡 ∈ [0, 𝑡
𝑓
] (14d)

and state constraint

𝑥 (𝑡) ≥ 𝑐, 𝑡 ∈ [0, 𝑡
𝑓
] . (14e)

𝐽 is called objective functional and the integrand 𝐿(⋅) is called
the Lagrangian of objective functional. Furthermore, 𝑎 and 𝑏
are called the lower and upper bounds. The function V(𝑡) is
called an admissible control if and only if it fulfills inequality
constraints (14d). The set of all admissible controls is called
the admissible set and we referred to it by 𝑉ad (where “ad”
stands for the admissible). The state 𝑥(⋅) enters with a delay
𝜏 as 𝑥(𝑡 − 𝜏) in the system of the state equations (14b) while
it is evaluated at the time 𝑡 as 𝑥(𝑡) in the objective functional
(14a). The set of all admissible states 𝑋ad, which satisfy the
state equations and the state constraint, is called the set of
admissible state.

The goal of chemotherapy is to eradicate the tumour cells,
while maintaining adequate amounts of healthy tissue. From
amathematical point of view, adequate destruction to tumour
cells might mean forcing the system out of the basin of an
unhealthy spiral node, out of a limit cycle, and into a basin of
attraction of a stable tumour-free equilibrium. Alternatively,
if the therapy pushes the system into a limit cycle in which
the size of the tumour is small for a long period of time (as
long as the life of the patient, for example), this could also be
considered a “cure.”

Optimality in treatment might be defined in a variety
of ways. Some studies have been done in which the total
amount of drug administered is minimized, or the number
of tumour cells is minimized. The general goal is to keep the
patient healthy while killing the tumour. Since our model
takes into account the toxicity of the drug to all types of cells,
our control problem consists of determining the function
V(𝑡) that will maximize the amount of effector cells and
minimize the number of tumour cells and the cost of the
control with the constraint that we do not kill too many
normal cells. If the units of cells are normalized, so that the

carrying capacity of normal cells is 1, we then require that
the number of normal cells stays above three-fourths of the
carrying capacity.Therefore, ourmain objective is to optimize
the functional

max
V∈𝑉ad

𝐽 (V) = ∫

𝑡
𝑓

0

(𝐸 (𝑡) − 𝑇 (𝑡) −

𝐵V

2

[V (𝑡)]2)𝑑𝑡 (15a)

which subject to the underlying DDEs

𝑑𝐸 (𝑡)

𝑑𝑡

= 𝜎 +

𝜌𝐸 (𝑡 − 𝜏) 𝑇 (𝑡 − 𝜏)

𝜂 + 𝑇 (𝑡 − 𝜏)

− 𝜇𝐸 (𝑡 − 𝜏) 𝑇 (𝑡 − 𝜏) − 𝛿𝐸 (𝑡)

− 𝑎
1
(1 − 𝑒

−𝑢(𝑡)
) 𝐸 (𝑡) ,

(15b)

𝑑𝑇 (𝑡)

𝑑𝑡

= 𝑟
2
𝑇 (𝑡) (1 − 𝛽𝑇 (𝑡)) − 𝑛𝐸 (𝑡) 𝑇 (𝑡)

− 𝑐
1
𝑁(𝑡) 𝑇 (𝑡) − 𝑎

2
(1 − 𝑒

−𝑢
) 𝑇 (𝑡) ,

(15c)

𝑑𝑁 (𝑡)

𝑑𝑡

= 𝑟
3
𝑁(𝑡) (1 − 𝛽

2
𝑁(𝑡)) − 𝑐

2
𝑇 (𝑡)𝑁 (𝑡)

− 𝑎
3
(1 − 𝑒

−𝑢
)𝑁 (𝑡) ,

(15d)

𝑑𝑢 (𝑡)

𝑑𝑡

= V (𝑡) − 𝑑
1
𝑢 (𝑡) (15e)

with control constraint

0 ≤ V (𝑡) ≤ Vmax < ∞, 𝑡 ∈ [0, 𝑡
𝑓
] (15f)

and state constraint

𝑘 (𝑁) = 𝑁 − 0.75 ≥ 0, 𝑡 ∈ [0, 𝑡
𝑓
] . (15g)

Here, 𝐵V is a weight factor that describes the patient’s
acceptance level of chemotherapy. We choose the control
parameter as a class of piecewise continuous functions
defined for all 𝑡 such that 0 ≤ V(𝑡) ≤ Vmax < ∞, where
V(𝑡) = Vmax represents the maximum chemotherapy, while
V(𝑡) = 0 represents the case where there is no chemotherapy.
Thus, we depict the class of admissible controls as

𝑉ad = {V ∈ 𝐿∞ ([0, 𝑡
𝑓
] ,R) |

0 ≤ V (𝑡) ≤ Vmax < ∞, ∀𝑡 ∈ [0, 𝑡
𝑓
]} .

(16)

We next prove the existence of the optimal solution of the
underlying system (15a)–(15g).

5. Existence of an Optimal Solution

To prove the existence of the optimal solution of (15a)–(15g),
we use the results of Fleming and Rishel [29, Theorem 4.1,
pages 68-69] and Lukes [30, Theorem 9.2.1, page 182].

Theorem 5. There exists an optimal solution (𝑥
∗
, V∗) ∈

𝑊
1,∞

([0, 𝑡
𝑓
],R4) × 𝐿

∞
([0, 𝑡
𝑓
],R) for the optimal control

problem (15a)–(15g) such that

𝐽 (V∗) = max
V∈𝑉ad

𝐽 (V) , (17)



8 Computational and Mathematical Methods in Medicine

where 𝑥∗ = [𝐸
∗
, 𝑇
∗
, 𝑁
∗
, 𝑢
∗
]
𝑇 if the following conditions are

satisfied.

(1) The set of admissible state is nonempty.
(2) The admissible set𝑉ad is nonempty, convex, and closed.
(3) The right-hand side of the state system is bounded by a

linear combination of the state and control variables.
(4) The integrand,𝐿(𝐸, 𝑇, V) = (𝐸(𝑡)−𝑇(𝑡)−(𝐵V/2)[V(𝑡)]

2
),

of the objective functional is a concave on 𝑉ad.
(5) There exist constants ℎ

2
, ℎ
3
> 0, and 𝑏 > 1 such that

𝐿(𝐸, 𝑇, V) ≤ ℎ
2
− ℎ
3
(|V|)𝑏.

Proof. In order to verify the above conditions, we should first
prove the existence of the solution for system of the state
equations (15b)–(15e). Since 𝜌𝑇(𝑡 − 𝜏)/(𝜂 + 𝑇(𝑡 − 𝜏)) < 𝜌,
Vmax < ∞ and, by neglecting the negative terms in themodel,
we have

𝑑𝐸 (𝑡)

𝑑𝑡

< 𝜎 + 𝜌𝐸 (𝑡 − 𝜏) ,

𝑑𝑇 (𝑡)

𝑑𝑡

< 𝑟
2
𝑇,

𝑑𝑁 (𝑡)

𝑑𝑡

< 𝑟
3
𝑁,

𝑑𝑢 (𝑡)

𝑑𝑡

< Vmax.

(18)

System (18) can be rewritten in the form

(

𝐸(𝑡)

𝑇 (𝑡)

𝑁 (𝑡)

𝑢 (𝑡)

)



< (

0 0 0 0

0 𝑟
2
0 0

0 0 𝑟
3
0

0 0 0 0

)(

𝐸(𝑡)

𝑇 (𝑡)

𝑁 (𝑡)

𝑢 (𝑡)

)

+(

𝜌 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

)(

𝐸(𝑡 − 𝜏)

𝑇 (𝑡 − 𝜏)

𝑁 (𝑡 − 𝜏)

𝑢 (𝑡 − 𝜏)

) +(

𝜎

0

0

Vmax

),

(19)

where  = 𝑑/𝑑𝑡. This system is linear in finite time
with bounded coefficients. Then the solutions of this linear
system are uniformly bounded. Therefore, the solution of
the nonlinear system (15b)–(15e) is bounded and exists [30].
Hence, condition one is satisfied.

Clearly, the second condition is satisfied by the definition
of 𝑉ad. System (15b)–(15e) is bilinear in the control variable V
and can be rewritten as

⃗𝐹(𝑡,𝑋 (𝑡) , 𝑋 (𝑡 − 𝜏) , V) = ⃗𝛼(𝑡,𝑋) +
⃗

𝛽(𝑡,𝑋 (𝑡 − 𝜏)) + 𝜎 + V,
(20)

where𝑋(𝑡) = (𝐸, 𝑇,𝑁, 𝑢),𝑋(𝑡−𝜏) = (𝐸(𝑡−𝜏), 𝑇(𝑡−𝜏),𝑁(𝑡−

𝜏), 𝑢(𝑡 − 𝜏)), and ⃗𝛼 and ⃗
𝛽 are the vector valued functions

of 𝑋(𝑡) and 𝑋(𝑡 − 𝜏), respectively. Using the fact that the
solutions are bounded, we have







⃗𝐹(𝑡, 𝑋 (𝑡) , 𝑋 (𝑡 − 𝜏) , V)






≤




𝐹
1
𝑋 (𝑡)





+




𝐹
2
𝑋 (𝑡 − 𝜏)





+




𝐹
3





+




𝐹
4






≤ ℎ
1






𝑋






+ |𝜎| + |V| ,

(21)

where ℎ
1
depends on the coefficients of the system, and

𝐹
1
= (

0 0 0 0

0 𝑟
2
0 0

0 0 𝑟
3
0

0 0 0 0

) , 𝐹
2
= (

𝜌 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

) ,

𝐹
3
= (

𝜎

0

0

0

) , 𝐹
4
= (

0

0

0

V

).

(22)

We also note that the integrand of 𝐽(V) is concave in 𝑉ad.
Finally,

𝐸 (𝑡) − 𝑇 (𝑡) −

𝐵V

2

[V (𝑡)]2 < 𝐸 −

𝐵V

2

[V (𝑡)]2

≤ ℎ
2
− ℎ
3|
V (𝑡)|2,

(23)

where ℎ
2
depends on the upper bounds of 𝐸(𝑡) and 𝑇(𝑡), and

ℎ
3
= 𝐵V/2. This completes the proof.

We also conclude that there exists an optimal control
variable V∗.

6. Optimality Conditions

In this section, we establish the necessary conditions for the
optimal solution of the optimization problem (15a)–(15g);
we use Pontryagin’s minimum (maximum) principle derived
by Göllmann et al. [31] for the retarded optimal control
problem with mixed control-state constraints. To this end,
we define the augmentedHamiltonian function involving the
inequality constraints by

H (𝑡, 𝐸, 𝑇, 𝐸
𝜏
, 𝑇
𝜏
, 𝑢, V, 𝜆)

= 𝐸 (𝑡) − 𝑇 (𝑡) −

𝐵V

2

[V (𝑡)]2 + 𝜆1 (𝑇)
𝑑𝐸 (𝑡)

𝑑𝑡

+ 𝜆
2
(𝑡)

𝑑𝑇 (𝑡)

𝑑𝑡

+ 𝜆
3
(𝑡)

𝑑𝑁 (𝑡)

𝑑𝑡

+ 𝜆
4

𝑑𝑢 (𝑡)

𝑑𝑡

+ 𝛾 (𝑡) 𝑘 (𝑁) ,

(24)

where

𝛾 (𝑡) = {

1 if 𝑁(𝑡) ≤ 0.75,

0 otherwise
(25)

and 𝜆
𝑖
(𝑖 = 1, 2, 3, 4) are the adjoint variables that satisfy

𝜆


1
(𝑡) = −

𝜕H

𝜕𝐸

(𝑡) − 𝜒
[0,𝑡
𝑓
−𝜏]

(𝑡)

𝜕H

𝜕𝐸
𝜏

(𝑡 + 𝜏) , 𝜆
1
(𝑡
𝑓
) = 0,

𝜆


2
(𝑡) = −

𝜕H

𝜕𝑇

(𝑡) − 𝜒
[0,𝑡
𝑓
−𝜏]

(𝑡)

𝜕H

𝜕𝑇
𝜏

(𝑡 + 𝜏) , 𝜆
2
(𝑡
𝑓
) = 0,
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𝜆


3
(𝑡) = −

𝜕H

𝜕𝑁

(𝑡) , 𝜆
3
(𝑡
𝑓
) = 0,

𝜆


4
(𝑡) = −

𝜕H

𝜕𝑢

(𝑡) , 𝜆
4
(𝑡
𝑓
) = 0.

(26)

Here 𝜒
[0,𝑡
𝑓
−𝜏]

denotes the indicator function of the interval
[0, 𝑡
𝑓
− 𝜏] and defined by

𝜒
[0,𝑡
𝑓
−𝜏]

= {

1 if 𝑡 ∈ [0, 𝑡
𝑓
− 𝜏] ,

0 otherwise.
(27)

To minimize the Hamiltonian functional, the Pontrya-
gin’s minimum principle [31] is used. Thus, we arrive at the
the following theorem.

Theorem 6. Let (𝑥∗, V∗) ∈ 𝑊1,∞([0, 𝑡
𝑓
],R4) × 𝐿∞([0, 𝑡

𝑓
],R)

be the optimal solutions of (15a)–(15g), where 𝑥
∗

=

[𝐸
∗
, 𝑇
∗
, 𝑁
∗
, 𝑢
∗
]
𝑇. Then, there exists an adjoint state 𝜆(𝑡) ∈

𝑊
1,∞

([0, 𝑡
𝑓
],R4), defined by (26), such that the triple

(𝑥
∗
, V∗, 𝜆) satisfies the state equation

𝑑𝐸
∗
(𝑡)

𝑑𝑡

= 𝜎 +

𝜌𝐸
∗
(𝑡 − 𝜏) 𝑇

∗
(𝑡 − 𝜏)

𝜂 + 𝑇
∗
(𝑡 − 𝜏)

− 𝜇𝐸
∗
(𝑡 − 𝜏) 𝑇

∗
(𝑡 − 𝜏)

− 𝛿𝐸
∗
(𝑡) − 𝑎

1
(1 − 𝑒

−𝑢
∗

)𝐸
∗
(𝑡) ,

𝑑𝑇
∗
(𝑡)

𝑑𝑡

= 𝑟
2
𝑇
∗
(𝑡) (1 − 𝛽𝑇

∗
(𝑡)) − 𝜇𝐸

∗
(𝑡) 𝑇
∗
(𝑡)

− 𝑐
1
𝑁
∗
(𝑡) 𝑇
∗
(𝑡) − 𝑎

2
(1 − 𝑒

−𝑢
∗

(𝑡)
)𝑇
∗
(𝑡) ,

𝑑𝑁
∗
(𝑡)

𝑑𝑡

= 𝑟
3
𝑁
∗
(𝑡) (1 − 𝛽

2
𝑁
∗
(𝑡)) − 𝑐

2
𝑇
∗
(𝑡)𝑁
∗
(𝑡)

− 𝑎
3
(1 − 𝑒

−𝑢
∗

(𝑡)
)𝑁
∗
(𝑡) ,

𝑑𝑢
∗
(𝑡)

𝑑𝑡

= V∗ (𝑡) − 𝑑
1
𝑢
∗
(𝑡) ,

(28)

with the initial conditions

𝐸
∗
(𝑡) = 𝜙

1
(𝑡) , 𝑇

∗
(𝑡) = 𝜙

2
(𝑡) ,

𝑁
∗
(𝑡) = 𝜙

3
(𝑡) , 𝑢 (𝑡) = 𝜙

4
(𝑡) ,

𝑡 ∈ [−𝜏, 0] ,

(29)

the adjoint state equations

𝜆


1
(𝑡) = −1 + 𝜆

1
(𝑡) [𝛿 + 𝑎

1
(1 − 𝑒

−𝑢
∗

)]

+ 𝜆
2
(𝑡) 𝑛𝑇

∗
+ 𝜆
1
(𝑡 + 𝜏) 𝜒

[0,𝑡
𝑓
−𝜏]

[𝜇𝑇
∗
−

𝜌𝑇
∗

𝜂 + 𝑇
∗
] ,

𝜆


2
(𝑡) = 1 + 𝜆

2
[ − 𝑟
2
+ 2𝑟
2
𝛽𝑇
∗
+ 𝑛𝐸
∗
+ 𝑐
1
𝑁
∗

+𝑎
2
(1 − 𝑒

−𝑢
∗

)] + 𝜆
3
𝑐
2
𝑁
∗

+ 𝜒
[0,𝑡
𝑓
−𝜏]
𝜆
1
(𝑡 + 𝜏) [

𝜌𝐸
∗
𝑇
∗

(𝜂 + 𝑇
∗
)
2
−

𝜌𝐸
∗

𝜂 + 𝑇
∗
+ 𝜇𝐸
∗
] ,

𝜆


3
(𝑡) = 𝜆

2
𝑐
1
𝑇
∗
− 𝜆
3
(𝑟
3
− 2𝑟
3
𝛽
2
𝑁
∗

− 𝑐
2
𝑇
∗
− 𝑎
3
(1 − 𝑒

−𝑢
∗

)) − 𝛾,

𝜆


4
(𝑡) = −𝜆

1
(𝑡) 𝑎
1
𝑒
−𝑢
∗

𝐸
∗
+ 𝜆
2
(𝑡) 𝑎
2
𝑒
−𝑢
∗

𝑇
∗

+ 𝜆
3
(𝑡) 𝑎
3
𝑒
−𝑢
∗

𝑁
∗
+ 𝜆
4
(𝑡) 𝑑
1
,

(30)

with transversality conditions

𝜆
𝑖
(𝑡
𝑓
) = 0, 𝑖 = 1, 2, 3, 4, (31)

and the optimal control

V∗ = min(Vmax,
𝜆
4

𝐵V
) . (32)

Proof. The optimal control V∗ can be solved from the opti-
mality condition (𝜕H/𝜕V)(𝑡) = 0; that is, −𝐵VV + 𝜆4 = 0. By
using the handedness of the control set𝑉ad, it is easy to obtain
V∗ in the form of (32).

7. Immunochemotherapy

Model (8) is extended to include external source of
immunotherapy treatment of the effector cells such as ACI.
We then add the term 𝑤(𝑡)𝑠

1
to represent the input rate of

externally administered antitumour effector cells, where𝑤(𝑡)
is the control parameter. Our goal is tomaximize an objective
functional 𝐽 subject to the new model with a combination of
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chemotherapy and ACI and constraints on the control and
the state:

max
V,𝑤∈𝑊ad

𝐽 (V, 𝑤) = ∫

𝑡
𝑓

0

(𝐸 (𝑡) − 𝑇 (𝑡)

− [

𝐵V

2

[V (𝑡)]2 +
𝐵
𝑤

2

[𝑤 (𝑡)]
2
]) 𝑑𝑡,

(33a)

subject to DDEs

𝑑𝐸 (𝑡)

𝑑𝑡

= 𝜎 +

𝜌𝐸 (𝑡 − 𝜏) 𝑇 (𝑡 − 𝜏)

𝜂 + 𝑇 (𝑡 − 𝜏)

− 𝜇𝐸 (𝑡 − 𝜏) 𝑇 (𝑡 − 𝜏)

− 𝛿𝐸 (𝑡) − 𝑎
1
(1 − 𝑒

−𝑢(𝑡)
) 𝐸 (𝑡) + 𝑤 (𝑡) 𝑠

1
,

(33b)

𝑑𝑇 (𝑡)

𝑑𝑡

= 𝑟
2
𝑇 (𝑡) (1 − 𝛽𝑇 (𝑡)) − 𝑛𝐸 (𝑡) 𝑇 (𝑡) − 𝑐

1
𝑁(𝑡) 𝑇 (𝑡)

− 𝑎
2
(1 − 𝑒

−𝑢(𝑡)
) 𝑇 (𝑡) ,

(33c)

𝑑𝑁 (𝑡)

𝑑𝑡

= 𝑟
3
𝑁(𝑡) (1 − 𝛽

2
𝑁(𝑡)) − 𝑐

2
𝑇 (𝑡)𝑁 (𝑡)

− 𝑎
3
(1 − 𝑒

−𝑢(𝑡)
)𝑁 (𝑡) ,

(33d)

𝑑𝑢 (𝑡)

𝑑𝑡

= V (𝑡) − 𝑑
1
𝑢 (𝑡) , (33e)

the control constraints

0 ≤ V (𝑡) ≤ Vmax < ∞, 0 ≤ 𝑤 (𝑡) ≤ 𝑤max < ∞,

𝑡 ∈ [0, 𝑡
𝑓
] ,

(33f)

and the state constraint

𝑘 (𝑁) = 𝑁 − 0.75 ≥ 0, 𝑡 ∈ [0, 𝑡
𝑓
] , (33g)

where 𝐵
𝑤
is a weight factor that describes a patient’s accep-

tance level of immunotherapy and the set of all admissible
controls𝑊ad is defined by

𝑊ad = { (V, 𝑤) : (V, 𝑤) piecewise continuous, such that

0 ≤ V (𝑡) ≤ Vmax < ∞, 0 ≤ 𝑤 (𝑡) ≤ 𝑤max < ∞,

∀𝑡 ∈ [0, 𝑡
𝑓
]} .

(34)

Similarly, the optimal solution of the optimization prob-
lem (33a)–(33g) satisfies the state equations

𝑑𝐸
∗
(𝑡)

𝑑𝑡

= 𝜎 +

𝜌𝐸
∗
(𝑡 − 𝜏) 𝑇

∗
(𝑡 − 𝜏)

𝜂 + 𝑇
∗
(𝑡 − 𝜏)

− 𝜇𝐸
∗
(𝑡 − 𝜏) 𝑇

∗
(𝑡 − 𝜏)

− 𝛿𝐸
∗
(𝑡) − 𝑎

1
(1 − 𝑒

−𝑢
∗

)𝐸
∗
(𝑡) + 𝑤

∗
(𝑡) 𝑠
1
,

𝑑𝑇
∗
(𝑡)

𝑑𝑡

= 𝑟
2
𝑇
∗
(𝑡) (1 − 𝛽𝑇

∗
(𝑡)) − 𝜇𝐸

∗
(𝑡) 𝑇
∗
(𝑡)

− 𝑐
1
𝑁
∗
(𝑡) 𝑇
∗
(𝑡) − 𝑎

2
(1 − 𝑒

−𝑢
∗

(𝑡)
)𝑇
∗
(𝑡) ,

𝑑𝑁
∗
(𝑡)

𝑑𝑡

= 𝑟
3
𝑁
∗
(𝑡) (1 − 𝛽

2
𝑁
∗
(𝑡)) − 𝑐

2
𝑇
∗
(𝑡)𝑁
∗
(𝑡)

− 𝑎
3
(1 − 𝑒

−𝑢
∗

(𝑡)
)𝑁
∗
(𝑡) ,

𝑑𝑢
∗
(𝑡)

𝑑𝑡

= V∗ (𝑡) − 𝑑
1
𝑢
∗
(𝑡) ,

𝐸
∗
(𝑡) = 𝜙

1
(𝑡) , 𝑇

∗
(𝑡) = 𝜙

2
(𝑡) ,

𝑁
∗
(𝑡) = 𝜙

3
(𝑡) , 𝑢 (𝑡) = 𝜙

4
(𝑡) ,

𝑡 ∈ [−𝜏, 0] .

(35)

The adjoint state equations are

𝜆


1
(𝑡) = −1 + 𝜆

1
(𝑡) [𝛿 + 𝑎

1
(1 − 𝑒

−𝑢
∗

(𝑡)
)]

+ 𝜆
2
(𝑡) 𝑛𝑇

∗
(𝑡) + 𝜆

1
(𝑡 + 𝜏) 𝜒

[0,𝑡
𝑓
−𝜏]

× [𝜇𝑇
∗
(𝑡) −

𝜌𝑇
∗
(𝑡)

𝜂 + 𝑇
∗
(𝑡)

] ,

𝜆


2
(𝑡) = 1 + 𝜆

2
[ − 𝑟
2
+ 2𝑟
2
𝛽𝑇
∗
(𝑡) + 𝑛𝐸

∗
(𝑡)

+ 𝑐
1
𝑁
∗
(𝑡) + 𝑎

2
(1 − 𝑒

−𝑢
∗

)]

+ 𝜆
3
𝑐
2
𝑁
∗
(𝑡) + 𝜒

[0,𝑡
𝑓
−𝜏]
𝜆
1
(𝑡 + 𝜏)

× [

𝜌𝐸
∗
(𝑡) 𝑇
∗
(𝑡)

(𝜂 + 𝑇
∗
(𝑡))
2
−

𝜌𝐸
∗
(𝑡)

𝜂 + 𝑇
∗
(𝑡)

+ 𝜇𝐸
∗
(𝑡)] ,

𝜆


3
(𝑡) = 𝜆

2
𝑐
1
𝑇
∗
(𝑡) − 𝜆

3
(𝑡)

× (𝑟
3
− 2𝑟
3
𝛽
2
𝑁
∗
(𝑡) − 𝑐

2
𝑇
∗
(𝑡) − 𝑎

3
(1 − 𝑒

−𝑢
∗

(𝑡)
))

− 𝛾,

𝜆


4
(𝑡) = −𝜆

1
(𝑡) 𝑎
1
𝑒
−𝑢
∗

(𝑡)
𝐸
∗
(𝑡) + 𝜆

2
(𝑡) 𝑎
2
𝑒
−𝑢
∗

(𝑡)
𝑇
∗
(𝑡)

+ 𝜆
3
(𝑡) 𝑎
3
𝑒
−𝑢
∗

(𝑡)
𝑁
∗
(𝑡) + 𝜆

4
(𝑡) 𝑑
1
,

(36)
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Figure 4: Simulations of system (28)–(32), in the stable region, before and after the treatmentswith control with the initial conditions𝐸
0
= 0.3,

𝑇
0
= 300, and𝑁

0
= 0.9 and the parameter values are given in the text.

with the transversality conditions 𝜆
𝑖
(𝑡
𝑓
) = 0, 𝑖 = {1, 2, 3, 4},

and the minimum condition

V∗ = min(Vmax,
𝜆
4

𝐵V
) , 𝑤

∗
= min(𝑤max,

𝜆
1
𝑠
1

𝐵
𝑤

) . (37)

When 𝑠
1
= 0 (without immunotherapy), system (35)–(37)

reduces to system (28)–(32).

Remark 7. In the case of immunotherapy alone (𝑢(𝑡) = 0), the
objective functional becomes

𝐽 (𝑤) = ∫

𝑡
𝑓

0

(𝐸 (𝑡) − 𝑇 (𝑡) −

𝐵
𝑤

2

[𝑤 (𝑡)]
2
)𝑑𝑡. (38)

8. Numerical Simulations of the
Optimal Control System

Numerical simulations leading to the approximation of the
optimal controls (35)–(37) are carried out using the forward
Euler method for the state system and backward difference
approximation for the adjoint system. We assume the step-
size ℎ, such that 𝜏 = 𝑚ℎ and 𝑡

𝑓
− 𝑡
0
= 𝑛ℎ, where (𝑚, 𝑏) ∈

N2. We define the state, adjoint, and control variables at
the mesh points. An initial guess is given for the controls
V and 𝑤, which are then updated continuously until the
objective functional satisfies the conditions. However, there
are several major problems to be overcome when solving
delay differential equations. These include stability, stiffness,
and discontinuities in the right-hand side of the equation.
Stability and stiffness can be handled by the correct choice
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Figure 5: Simulations of the system (28)–(32), in an unstable region, before and after the chemotherapy treatment with the control and initial
conditions 𝐸

0
= 1, 𝑇

0
= 200, and𝑁

0
= 0.9 and the parameter values are given in the text.

of implicit solvers [27]. The delay terms can create a whole
suite of discontinuities; see [32, 33].

We choose a different set of parameter values (in stable
and unstable regions). In the current simulations, we vary the
three parameters 𝜎, 𝜌, and 𝜏, and fix the other parameters:

𝛿 = 0.2, 𝜂 = 0.3, 𝜇 = 0.003611, 𝑠
1
= 0.3,

𝑟
2
= 1.03, 𝑟

3
= 1, 𝛽 = 2 × 10

−3
, 𝛽
2
= 1,

𝑛 = 1, 𝑐
1
= 0.00003, 𝑐

2
= 0.00000003, 𝑎

1
= 0.2,

𝑎
2
= 0.4, 𝑎

3
= 0.1, 𝑑

1
= 0.01, 𝐵 = 100.

(39)

We solve the optimality system to determine the optimal
control situation (i.e., the drug strategy) and predict the
evolution of the tumour cells, effector cells, and normal cells
of each control strategy in 30 days.

Figure 4 shows the numerical simulations of the state
system before and after chemotherapy treatment using opti-
mality system (28)–(32) when 𝜎 = 0.5, 𝜌 = 0.01, and
𝜏 = 1.2 (in the stable region). We note that, in the presence
of chemotherapy with optimal control, the effector cells
population grows up significantly, while the tumour cells
population decreases and is totally eradicated after 20 days. In
themeantime, the normal cells population remains over 75%.
Yet, Figure 5 shows the impact of chemotherapy treatments
(with optimal control) when we choose the parameter values
in an unstable region (𝜎 = 0.2, 𝜌 = 0.2, and 𝜏 = 1.5).
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Figure 6: Simulations of system (35)–(37), in the stable region, before and after the immunochemotherapy treatments with controls. It shows
that the tumour cells population can be eradicated in day 12.

The tumour and effector cells populations are oscillating over
time in the absence of chemotherapy, while the presence of
treatment helps the immune system to keep the growth of the
tumour cells under its control.

Figure 6 presents the evolution of system (35)–(37) in the
case of combination of chemotherapy and ACI. The parame-
ters values are chosen in the stable region. We notice that the
tumour cells population can be eradicated after day 12 which
is faster compared to the results of Figure 4 when we used the
chemotherapy alone. In other words, the numerical results
show that using the combination immunochemotherapy is
more effective than using chemotherapy treatment alone.

However, Figure 7 shows evolution of the system with
only immunotherapy (i.e., without chemotherapy). We may
notice from the figure that this case reflects the best thera-
peutic strategies for treatment of tumour, where the recovery
becomes faster with high dosage of immunotherapy where
𝑤(𝑡) can reach the value of 3.5 level compared with the
combination it was in level 2.

9. Concluding Remarks

In this paper, we provided a delay differential model with
control variables that describe the interactions of immune
cells, tumour cells, normal cells, and immunochemother-
apy treatment with control variables. A pontryagin-type
maximum principle is derived, for retarded optimal control
problems with delays in the state variable when the control
system is subject to a mixed controlstate constraint, in order
to minimize the cost of treatment, reduce the tumour cells
load, and keep the number of normal cells above 75% of
its carrying capacity. We presented an efficient numerical
technique, based on forward difference approximation to the
state system and backward difference scheme to the adjoint
system, to solve the optimal control problem and identify
the best treatment strategy when we adopt the chemotherapy
treatment alone or a combination of chemoimmunotherapy,
with minimum side effects. The numerical results show and
confirm that the optimal treatment strategies reduce the
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Figure 7: Simulations of the tumour cells population of system (35)–(37), before and after immunotherapy with control. It shows that the
tumour cells can be eradicated at day 7 with high immunotherapy dosage where the control value 𝑤(𝑡) reaches the value of 3.5.

tumour cells load and increase the effector cells after few days
of therapy.The performance of combination therapy protocol
was better than the standard protocol of chemotherapy alone.
The numerical simulations show the rationality of the model
presented, which in some degree meets the natural facts.

This work can be extended to more sophisticated prob-
lems with delays in both state and control variables, when the
control system is subject to a mixed controlstate constraints.
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