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The present volume is the third special issue on heat transfer
in nanofluids and we hope that it will be a series that peri-
odically enables researchers to highlight their new findings
related to nanofluids. The growth of research activity in this
heat transfer area is still significant, as shown in Figure 1.
This figure demonstrates the large interest in heat transfer
enhancement technology, in general, and the actual interest
in nanofluids, in particular. In this figure some recent data on
the number of papers from 1993 to 2013 found in SCOPUS
under “Nanofluids,” “Nanofluids AND Heat Transfer,” and
“Nanofluids AND Properties” are reported. In SCOPUS
under “Nanofluids and Review” about 134 papers were found.
This data confirms the intense interest and activity in research
and engineering applications for nanofluids. The aim of this
special issue is to present some basic, applied, and review
articles on the recent developments and research efforts in
this field, with the purpose of providing guidelines for future
research in this area.

In the present issue, many papers report studies on nat-
ural convection. A numerical investigation on natural con-
vection in a heated cavity to evaluate the effect of nanofluids
on heat transfer from discrete heat sources is presented by
R. Ben-Mansour and M. A. Habib. The results show that the
presence of nanoparticles affects the structure of the fluid flow
and causes an increase in the heat transfer rate. M. Alipanah
et al. report a numerical study on the effect of nanoparticles
on natural convection in enclosures. Results are obtained

for three different nanofluids (Cu, TiO
2
, and Al

2
O
3
in pure

water as base fluid). The results illustrate that suspended
nanoparticles substantially increase the heat transfer rate
at any given Rayleigh number and aspect ratio. The heat
and flow characteristics of temperature-sensitive ferrofluid in
a square cavity with and without the magnetic intensity are
studied numerically by M.-Y. Lee and J.-H. Seo. It is found
that natural convection and heat transfer characteristics of
the ferrofluids within the cavity depend on both magnetic
intensity and magnetic volume fractions of magnetite. More-
over, the mean Nusselt numbers and mean velocity of the
ferrofluid in a square cavity are shown to increase with the
rise of the magnetic intensities. C. V. Popa et al. propose a
theoretical model for laminar external natural convection on
a vertical wall. In their study, the vertical wall is considered
to be at a uniform wall temperature or at a uniform heat flux
and two different nanofluids are considered (Cu/water and
CuO/water). The results show that natural convection heat
transfer increaseswith the volume fraction for a fixedGrashof
number regardless of the nanofluid; even though the heat
transfer enhancement is more pronounced for Cu/water as
compared to CuO/water nanofluid. An experimental inves-
tigation to evaluate thermal conductivity of nanofluids is
presented by M. Mojahed et al. together with a measurement
protocol. The tested nanofluid is composed of single walled
carbon nanotubes dispersed in water. The effect of liquid
temperature on thermal conductivity is also investigated.
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Figure 1:Thenumber of papers published related to nanofluids, heat
transfer in nanofluids, and nanofluids properties.

Obtained results confirm the potential of nanofluids in
enhancing thermal conductivity and show that the thermal
conductivity temperature dependence is nonlinear. M. H. M.
Yasin et al. present a numerical study on steady mixed con-
vection boundary layer flow over a vertical surface embedded
in a thermally stratified porous medium saturated by a
nanofluid. Results are reported for three nanoparticles (Cu,
Al
2
O
3
, and TiO

2
) in a water-based fluid. The skin friction

coefficient and the velocity and temperature profiles are pre-
sented and discussed. As expected, the addition of nanoparti-
cles shows an improvement in the heat transfer rate from the
surface and the type of nanofluid is found to have a definitive
effect on the heat transfer enhancement. An analysis based
on the second law of thermodynamics applied to a water-
Al
2
O
3
nanofluid is given by V. Bianco et al. for a circular

section of the tube subject to a constant wall temperature.The
results show that there is a substantial variation in the entropy
generation. It is shown that, for a given Reynolds number,
there is an increase in the entropy generation whereas for
an assigned mass flow rate or velocity entropy generation
decreases.

Oronzio Manca
Yogesh Jaluria
Guy Lauriat
Kambiz Vafai
Liqiu Wang
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Enhancement of buoyancy-driven convection heat transfer within vertical cavities containing nanofluids subjected to different side
wall temperatures and various aspect ratios is investigated. The computations are based on an iterative, finitevolume numerical
procedure (SIMPLE) that incorporates the Boussinesq approximation to simulate the buoyancy term. With the base fluid being
water, three different nanoparticles (Cu, TiO

2
, and Al

2
O
3
) are considered as the nanofluids. This study has been carried out for

the pertinent parameters in the following ranges: the Rayleigh number, Raf = 105–107 and the volumetric fraction of nanoparticle
between 0 and 5 percent. The results are presented for different length-to-height ratios varying from 0.1 to 1.0. The comparisons
show that the mean Nusselt numbers and velocity magnitudes increase with volume fraction for the whole range of the Rayleigh
numbers.The predictions show a noticeable heat transfer enhancement compared to pure fluid. It is also found that the heat transfer
enhancement utilizing nanofluid is more pronounced at low aspect ratios than high aspect ratios. Moreover, the results depict that
the addition of nanoparticles to the pure fluid has more effects at lower Rayleigh numbers.

1. Introduction

Natural convection is frequently encountered in various
engineering applications such as cooling systems for elec-
tronic devices [1, 2], chemical vapor deposition instruments
(CVD) [3], furnace engineering [4], solar energy collectors
and building energy systems [5], non-Newtonian chemical
processes [6, 7], and domains affected by electromagnetic
fields [8, 9]. Heat transfer enhancement in these systems is an
essential topic from an energy saving perspective. An inno-
vative technique to improve heat transfer is by suspending
nanoscale particles in the base fluid. Fluidswith nanoparticles
suspended in them are called nanofluids. Nanofluids intro-
duce a unique opportunity for realizing more effective heat
removal in thermal-fluid systems. Adoption of these fluids
in a variety of processes and industries is anticipated since
materials with sizes of nanometers possess unique physical
and chemical properties. To date, theoretical, numerical,
and experimental studies on nanofluids including thermal
conductivity modeling [10, 11], viscosity estimation [12, 13]

and boiling heat transfer and natural convection [14, 15]
have appeared. As a pioneer, Masuda et al. [16] reported
on thermal conductivity improvement of dispersed ultrafine
(nanosize) particles in liquids. Soon thereafter, Choi [17]
was the first to coin the term “nanofluids” for this new
class of fluids with superior thermal properties. Khanafer
et al. [18] investigated heat transfer enhancement in a two-
dimensional enclosure utilizing nanofluids for a range of
Grashof numbers and volume fractions. It was found that
the heat transfer across the enclosure was found to increase
with the volumetric fraction of the copper nanoparticles
in water at any given Grashof number. Ho et al. [19]
investigated the influences of uncertainties due to adopting
various relations for the effective thermal conductivity and
dynamic viscosity of alumina/water nanofluid on the heat
transfer characteristics. It was found that the uncertainties
associated with different formulas adopted for the effective
thermal conductivity and dynamic viscosity of the nanofluid
have a strong bearing on natural convection heat transfer
characteristics in the enclosure. Nnanna [20] performed
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an experimental investigation on the heat transfer behavior
of buoyancy-drivenAl

2
O
3
-water nanofluid in an enclosure. It

was found that natural convection heat transfer was enhanced
at low volume fractions in the range of 0.002 ≤ 𝜙 ≤ 0.02.
However, for volume fractions above 0.2, natural convective
heat transfer was decreased due to reduction in the Rayleigh
number caused by an increase in kinematic viscosity. Ho
and Lin [21] performed an experimental investigation of
natural convection heat transfer of Al

2
O
3
-water nanofluid

in vertical square enclosures of three different sizes. It was
found that the systematic heat transfer degradation for the
nanofluids containing nanoparticles of 𝜙 ≥ 0.02 over the
entire range of the Rayleigh number. They also reported that
for the nanofluid containing much lower particle fraction of
0.001, heat transfer enhancement of around 18% compared
with that of water was found to arise in the largest enclo-
sure at sufficiently high Rayleigh number. Abu-Nada et al.
[22] investigated the influences of nanoparticle on natural
convection heat transfer enhancement in horizontal annuli
with various nanoparticles and volume fractions, reporting
an enhancement of heat transfer. Wang and Mujumdar
[23] covered fluid flow and heat transfer characteristics of
nanofluids in forced and free convection flows and potential
applications of nanofluids. Khodadadi and Hosseinizadeh
[24] investigated nanoparticles within conventional phase
change materials such as water. Their findings show that
nanoparticle-enhanced phase change materials (NEPCM)
have a great potential for demanding thermalenergy storage
applications. Although heat transfer predictions for pure
fluids in closed cavities have been widely studied in the past,
there has been little attempt to report on cases of thin cavities
using nanofluids.Wang et al. [25] investigated free convection
heat transfer of water/Al

2
O
3
nanofluids in horizontal and

vertical rectangular enclosures. They reported that the ratio
of heat transfer coefficient of nanofluids to that of base fluid
decreased as the size of nanoparticles increases. Hwang et al.
[26] presented the numerical solution of natural convection
in a Al

2
O
3
-water mixture in a rectangular cavity heated

from below. They used various models to obtain the effective
thermal conductivity and viscosity.Their results show that the
ratio of heat transfer coefficient of nanofluids to that of base
fluid decreased as the average temperature of nanofluids was
lowered. Karimipour et al. [27] numerically investigated the
mixed convection of a water-copper nanofluid inside a rect-
angular cavity. They observed that when Reynolds number is
less than one, heat transfer rate is much greater than when
Reynolds number is more than one. Moreover, they found
that increasing the volume fraction of the nanoparticles
increases the heat transfer rate.

Oztop and Abu-Nada [28] simulated the natural convec-
tion flow in a rectangular cavity by adding a heater placed
at the right-hand side of the cavity. Their findings show that
the Cu-water mixture has a better heat transfer enhancement
compared to Al

2
O
3
-water mixture. Jahanshahi et al. [29]

presented the numerical simulation of free convection based
on experimental measured conductivity in a square cavity
using water/SiO2 nanofluid. They investigated the influ-
ences of uncertainties due to adopting various formulas for

x

g

H
TH

L

y

TL

Figure 1: Schematic diagram of the physical model.

the effective thermal conductivity of silica-water nanofluid
on the heat transfer characteristics. They reported that the
increase of heat transfer due to experimental formula is more
than numerical formula. Also their results have shown that
the heat transfer due to numerical formula decreases with
increase in volume fraction. Manca et al. [30] numerically
investigated on laminar mixed convection in a water-Al

2
O
3

nanofluid, flowing in a triangular cross-sectioned duct. They
survey the effects of different values of Richardson number
and nanoparticle volume fractions on the convective heat
transfer of nanofluid. They found that the average convective
heat transfer increases by increasing values of Richardson
number and nanoparticle volume fraction. Özerinç et al.
[31] numerically analyzed the laminar forced convection heat
transferwith temperature-dependent thermal conductivity of
nanofluids and thermal dispersion inside a straight circular
tube. They applied some recent correlations based on a
thermal dispersion model for both constant wall heat flux
and constant wall temperature boundary conditions. The
correlations are according to single-phase approach assump-
tion. The results show that the single-phase assumption is
an accurate way of heat transfer enhancement analysis of
nanofluids in convective heat transfer. Celli [32] applied a
nonhomogenous model for investigating the spatial distri-
bution of the nanoparticles dispersed inside a square cavity
subject to different side wall temperatures using nanofluid
for natural convection flow. The Brownian motion and
the thermophoresis are considered as the leading physical
transport mechanisms for the nanoparticles. They reported
that for low Rayleigh number nonhomogenous method is
appropriate for description the nanofluid systems and for
high Rayleigh numbers (Ra ≥ 102) homogenous method
becomes reliable.

The main aim of the present study is the investigation
of natural convection heat transfer utilizing nanofluids in
vertical cavities. Three different nanoparticles were selected
to compare the heat transfer enhancement variations due
to the change of nanoparticles. Three different Rayleigh
numbers up to the limit of laminar flow regime have been
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Figure 2: Nusselt number distributions of Al
2
O
3
-water on the hot and cold walls for different grid densities (𝜙 = 0.05, 𝐿/𝐻 = 1).

studied in order to elucidate the effect of buoyancy terms.
The investigation covered low aspect ratios where conduction
heat transfer is marked, up to an aspect ratios close to unity
where the convection heat transfer is dominant. A very fine
mesh distribution has been used in order to obtain the
benchmark solutions for all aspect ratios. The results have
been validated with those available in the literature for both
pure andnanobased fluids. Finally, the average andmaximum
Nusselt numbers, streamlines and temperature fields for

different values of volume fraction, Rayleigh number, and
aspect ratio are illustrated.

2. Problem Statement
and Boundary Conditions

Consider a two-dimensional enclosure of height (𝐻) and
width (𝐿)with impermeable walls that is filled with nanofluid
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Table 1: Thermophysical/transport properties of different phases.

Property
Fluid
phase
(water)

Solid
phase
(Al2O3)

Solid
phase
(Cu)

Solid
phase
(TiO2)

𝑐
𝑝
(J/kgK) 4179 765 383 686.2

𝜌 (kg/m3
) 997.1 3970 8954 4250

𝑘 (W/mK) 0.6 36 400 8.954
𝛽 × 10

−5
(K−1) 21 0.63 0.167 0.9

𝛼 × 10
−7
(m2/s) 1.44 118.536 1166.391 30.703

𝜇 × 10
−4
(kg/m s) 8.9 — — —
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Figure 3: Comparison of the temperature variation on the axial
midline between the present and numerical results by Khanafer et
al. [18] (Pr = 6.2, 𝜙 = 0.1).

as shown in Figure 1. The top and the bottom walls are
assumed to be insulated, whereas the two vertical walls are
maintained constant but with different temperatures. Gravity
acts parallel to the active vertical walls pointing toward the
bottom wall. The nanofluid is treated as an incompressible
and Newtonian fluid. Thermophysical/transport properties
of the nanofluid are assumed to be constant, whereas the
density variation in the buoyancy force term is handled by
the Boussinesq approximation.

The pertinent thermophysical/transport properties are
given in Table 1.

3. Governing Equations

Considering the nanofluid as a continuous media with
thermal equilibrium between the base fluid and the solid
nanoparticles, the governing equations are as follows.

Continuity [29]:

𝜕𝑢

𝜕𝑥
+
𝜕V
𝜕𝑦

= 0. (1)

X-momentum equation [29]:

𝑢
𝜕𝑢

𝜕𝑥
+ V

𝜕𝑢

𝜕𝑦

=
1

𝜌nf
(−

𝜕𝑝

𝜕𝑥
+ 𝜇nf∇

2
𝑢 + (𝜌𝛽)nf𝑔𝑥 (𝑇 − 𝑇𝐶)) .

(2)

Y-momentum equation [29]:

𝑢
𝜕V
𝜕𝑥

+ V
𝜕V
𝜕𝑦

=
1

𝜌nf
(−
𝜕𝑝

𝜕𝑦
+ 𝜇nf∇

2V + (𝜌𝛽)nf𝑔𝑦 (𝑇 − 𝑇𝐶)) .

(3)

Energy equation [29]:

𝑢
𝜕𝑇

𝜕𝑥
+ V

𝜕𝑇

𝜕𝑦
=
𝜕

𝜕𝑥

[

[

(𝑘
(eff)stagnant + 𝑘𝑑)

(𝜌𝑐
𝑝
)
nf

𝜕𝑇

𝜕𝑥

]

]

+
𝜕

𝜕𝑦

[

[

(𝑘
(eff)stagnant + 𝑘𝑑)

(𝜌𝑐
𝑝
)
nf

𝜕𝑇

𝜕𝑦

]

]

.

(4)

The density of the nanofluid is given by [29]:

𝜌nf = (1 − 𝜙) 𝜌f + 𝜙𝜌𝑠, (5)

whereas the heat capacitance of the nanofluid and part of the
Boussinesq term are [29]:

(𝜌𝑐
𝑝
)
nf
= (1 − 𝜙) (𝜌𝑐

𝑝
)
f
+ 𝜙(𝜌𝑐

𝑝
)
𝑠
,

(𝜌𝛽)nf = (1 − 𝜙) (𝜌𝛽)f + 𝜙(𝜌𝛽)𝑠

(6)

with 𝜙 being the volume fraction of the solid particles and
subscripts f, nf, and 𝑠 standing for base fluid, nanofluid, and
solid, respectively.The viscosity of the nanofluid containing a
dilute suspension of small rigid spherical particles is given by
[29]:

𝜇nf =
𝜇f

(1 − 𝜙)
2.5
, (7)

whereas the thermal conductivity of the stagnant nanofluid is
[29]:

𝑘
(eff)stagnant

𝑘f
=
𝑘
𝑠
+ 2𝑘f − 2𝜙 (𝑘f − 𝑘𝑠)

𝑘
𝑠
+ 2𝑘f + 𝜙 (𝑘f − 𝑘𝑠)

. (8)

The effective thermal conductivity of the nanofluid is [29]:

𝑘eff = 𝑘(eff)stagnant + 𝑘𝑑 (9)
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Figure 4: Comparison of streamlines for water (- - - -) andAl
2
O
3
-water nanofluid (—) for 𝐿/𝐻 = 1.0, 0.75, 0.5, 0.2, at 0.1 and various Rayleigh

numbers (𝜙 = 0.05).

and the thermal conductivity enhancement term due to
thermal dispersion is given by [29]:

𝑘
𝑑
= 𝐶(𝜌𝑐

𝑝
)
nf
√𝑢2 + V2𝜙𝑑

𝑝
. (10)

The empirically determined constant𝐶 is evaluated following
the work of Wakao and Kaguei [34].

The boundary conditions are

𝑢 = V =
𝜕𝑇

𝜕𝑦
= 0 at 0 ≤ 𝑥 ≤ 𝐻, 𝑦 = 0,𝐻, (11a)

𝑢 = V = 0, 𝑇 = 𝑇
𝐻

at 𝑥 = 0, 0 ≤ 𝑦 ≤ 𝐻, (11b)

𝑢 = V = 0, 𝑇 = 𝑇
𝐶

at 𝑥 = 𝐿, 0 ≤ 𝑦 ≤ 𝐻. (11c)

In order to write the nondimensional form of the governing
equations, we have to introduce a number of references
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Figure 5: Comparison of the isotherms contours between Al
2
O
3
-water nanofluids (—) and base fluid (- - - -) for 𝐿/𝐻 = 1.0, 0.75, 0.5, 0.2,

and 0.1 at various Rayleigh numbers (𝜙 = 0.05).

quantities. For example, dimensionless coordinates are
defined as

𝑋
∗
=
𝑥

𝐿
,

𝑦
∗
=
𝑥

𝐿
,

(12)

where 𝐿 is the dimension of the chosen enclosure (Figure 1).
Similarly, fluid properties and the flow variables can be

nondimensionalized with respect to the reference quantities.
This consideration yields [29]

𝜌
∗
=
𝜌

𝜌f,∘
, 𝜇

∗
=
𝜇

𝜇f,∘
, 𝑈

∗
=
𝑢

𝑈
∘

, 𝑉
∗
=

V
𝑈
∘

,

𝜅
∗
=
𝜅

𝜅f,∘
, 𝑝

∗
=

𝑝

𝜌f,∘𝑈
2

∘

, 𝑇
∗
=
𝑇 − 𝑇
𝐶

𝑇
𝐻
− 𝑇
𝐶

.

(13)

The reference velocity is defined as [29]

𝑈
∘
=
𝛼
∘

𝐿
, 𝛼
∘
=

𝑘
(eff)stagnant

𝜌f,∘𝑐𝑝f ,∘
. (14)
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Using the above nondimensional variables/parameters,
the nondimensional form of the governing equations can be
written as

𝑢
∗ 𝜕𝑢
∗

𝜕𝑥∗
+ V∗

𝜕𝑢
∗

𝜕𝑦∗
−
1

𝜌
∗

nf
𝜇
∗

nf∇
2
𝑢
∗
=
1

𝜌
∗

nf
(−
𝜕𝑃
∗

𝜕𝑥∗
) ,

𝑢
∗ 𝜕V∗

𝜕𝑥∗
+ V∗

𝜕V∗

𝜕𝑦∗
−
1

𝜌
∗

nf
𝜇
∗

nf∇
2V∗ =

1

𝜌
∗

nf
(−
𝜕𝑃
∗

𝜕𝑥∗
)

+
𝛽nf
𝛽f

PrRa𝑇∗,

𝑢
∗ 𝜕𝑇
∗

𝜕𝑥∗
+ V∗

𝜕𝑇
∗

𝜕𝑦∗
=

𝜕

𝜕𝑥∗
[

[

(𝑘
∗

(eff)stagnant + 𝑘
∗

𝑑
)

(𝜌∗𝑐∗
𝑝
)
nf

𝜕𝑇
∗

𝜕𝑥∗
]

]

+
𝜕

𝜕𝑦∗
[

[

(𝑘
∗

(eff)stagnant + 𝑘
∗

𝑑
)

(𝜌∗𝑐∗
𝑝
)
nf

𝜕𝑇
∗

𝜕𝑦∗
]

]

.

(15)

The dimensionless groupings, that is, the Rayleigh and
Prandtl numbers and the Boussinesq term, are given by

Pr =
𝜇f𝑐𝑝f
𝑘f

, Ra =
𝜌
2

f 𝛽f𝑔𝐿
3
𝑐
𝑝f

𝜇f𝑘f
,

𝛽nf =
1

𝜌nf
(1 − 𝜙) (𝜌𝛽)f + 𝜙(𝜌𝛽)𝑠.

(16)

Table 2: Values of the average Nusselt number for different mesh
densities.

Grid 101 × 101 201 × 201 301 × 301 401 × 401
Ra = 105 4.928 4.916 4.915 —
Ra = 106 9.762 9.689 9.680 —
Ra = 107 — 18.372 18.295 18.299
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Figure 7: Comparison of𝑉max for Al2O3-water nanofluids and base
fluid in terms of 𝐿/𝐻 ratio at various Rayleigh numbers (𝜙 = 0.05).

The variations of theNusselt numbers along vertical walls and
averaged Nusselt number are derived as follows [29]:

Nu
𝑦
= 𝑘
∗

eff
𝜕𝑇
∗

𝜕𝑥∗

𝑥∗=0,𝑦∗
,

Nuavg =
1

𝐻
∫

𝐻

0

Nu
𝑦
𝑑𝑦
∗
.

(17)

Results of a grid independency check for the average Nusselt
number are given in Table 2 and Figure 2. Since the difference
between the numerical results for grid densities 201 × 201 and
301 × 301 at Ra = 105 and 106 and grid densities 301 × 301 and
401 × 401 at Ra = 107 is very small, 201 × 201 and 301 × 301
were deemed adequate for the 𝐿/𝐻 = 1 case. Basically, these
grid densities produce square cells inside the cavity. As for the
other aspect ratios, the grid resolution in the 𝑥-direction was
properly reduced tomaintain the same square grid resolution
inside the domain.

Finally, the following criterion was invoked to assure
convergence of the solution:

Error =


2 (Nuavg,𝐻 −Nuavg,𝐶)
Nuavg,𝐻 +Nuavg,𝐶



≤ 10
−5
. (18)
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Figure 8: Variation of Numax in terms of 𝐿/𝐻 ratio for Al
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and (c) Ra = 107.

This definition guarantees a balance between total energy
in and out of the cavity.

4. Results and Discussion

The nanofluid in the cavity is chosen as suspension of Al
2
O
3
,

Cu, and TiO
2
in the water. The thermophysical/transport

properties of the base fluid and nanoparticles are given
in Table 1. Many test cases were investigated at different
moderate-to-high Rayleigh numbers of 105, 106, and 107, six

length-to-height aspect ratios of 𝐿/𝐻 = 0.1, 0.2, 0.25, 0.5,
0.75, and 1.0, and three volume fractions 𝜙 = 0.0, 0.025 and
0.05. The computations are based on an iterative, finitevol-
ume numerical procedure (SIMPLE) using a staggered grid
arrangement in combination with the QUICK differencing
scheme. The present code for nanofluid has been validated
for a water/SiO

2
nanofluid mixture [29] in a square cavity.

Also, the predictedmaximumaxial and vertical velocities and
the average and maximum Nusselt numbers are compared
with those of de Vahl Davis [33] in Table 3. Moreover, the
present numerical code was also validated against the results
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Table 3: The validation of the current results in a square cavity.

𝑈max (% diff) 𝑉max (% diff) Numax (% diff) Nuavg (% diff)
Ra = 105

de Vahl Davis [33] 34.730 70.440 7.812 4.519
Present 34.980 (0.72) 68.581 (0.013) 7.739 (0.29) 4.529 (0.22)

Ra = 106

de Vahl Davis [33] 64.630 219.360 17.925 8.800
Present 65.09 (0.60) 220.89 (0.69) 17.610 (1.76) 8.853 (0.60)
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Figure 9: Comparison between the variation of Numax for Al2O3-
water nanofluids and base fluid in terms of 𝐿/𝐻 ratio at various
Rayleigh numbers (𝜙 = 0.05).

of Khanafer et al. [18] for natural convection in an enclosure
filled with Cu-water nanofluid at Gr = 10

4 and 105, Pr =
6.2 and 𝜙 = 0.05, as shown in Figure 3. Based on these
comparisons of the present results to well-established prior
work, the accuracy of the computer code was validated.

Figure 4 illustrates comparison of the streamline patterns
between the case of Al

2
O
3
-water nanofluid at 𝜙 = 0.05

and base water fluid for three Rayleigh numbers. The results
show that regardless of the Rayleigh number and the type
of fluid, streamlines are characterized by a recirculatory
pattern for all the 𝐿/𝐻 ratios. The heated fluid next to the
left wall rises vertically, thus replacing the fluid that travels
horizontally toward the cold wall on the right side, and then
sinks along the right wall. For a given 𝐿/𝐻 ratio, as the
Rayleigh number is increased, the intensity of convection
increases as evidenced by packing of the streamlines. The
streamlines at 𝐿/𝐻 = 1 show that the central vortex breaks up
into two, three, and four vortexes in the case of a base fluid at
Ra = 105, 106, and 107, respectively. In the case of a nanofluid
at the same streamfunction, the central vortex does not break

up at the three Rayleigh numbers. The streamlines also show
that the central vortex of a nanofluid occupies a larger zone
than that for pure fluid at higher aspect ratios and is smaller at
lower aspect ratios. As a result of these discussions, presence
of nanoparticles enhances convection heat transfer at higher
aspect ratios and enhances conduction heat transfer at lower
aspect ratios compared to corresponding cases with a base
fluid.

Figure 5 illustrates comparison of isotherm contours
between the nanofluid at 𝜙 = 0.05 and base fluid for various
Rayleigh numbers. For the highest aspect ratio being the case
of a square cavity, the isotherms at the center of the cavity
are nearly horizontal and become vertical within the thermal
boundary layers next to the vertical active walls. However, the
isotherms are vertical within the central part of the thinnest
cavity; that is, 𝐿/𝐻 = 0.1. This indicates that the role of
conduction is dominant in the central region of the thin
cavities. However, convection remains important at the top
and bottom ends of the thin cavities. The results also show
that the isotherms of nanofluid are vertical more than base
fluid at whole aspect ratios. This indicates that the effect of
conduction in nanofluid is more than base fluid.

Figure 6 presents a comparison of the values of dimen-
sionless 𝑈max determined at 𝑥 = 0.5 against the 𝐿/𝐻 aspect
ratio for the base fluid and nanofluid at 𝜙 = 0.05 for vari-
ous Rayleigh numbers. For the base fluid, the magnitudes
of 𝑈max,bf for 𝐿/𝐻 = 1 are 35.634, 80.832, and 181.52 for
Ra = 10

5, 106, and 107, respectively. To make the figure
more informative, the magnitude of 𝑈max for each Rayleigh
number is nondimensionalized with the magnitude of 𝑈max
for the base fluid (𝑈max,bf) for 𝐿/𝐻 = 1 and at the same
Rayleigh number; that is, 𝑈∗max = 𝑈max/(𝑈max,bf for 𝐿/𝐻 =

1). The data presented in Figure 6 show that the magnitude
of 𝑈∗max increases with increasing of the 𝐿/𝐻 ratio for
different Rayleigh numbers and subsequently decreases with
increasing of the 𝐿/𝐻 ratio. As it can be seen, when the
Rayleigh number increases, the peaks of 𝑈∗max distributions
shift from middle 𝐿/𝐻 ratio to lower 𝐿/𝐻 ratios. The figure
indicates that 𝑈∗max becomes relatively independent of the
𝐿/𝐻 ratio for 𝐿/𝐻 > 0.6 and Ra = 106 and 107. As it can be
seen, in a nanoparticle suspension both of viscous terms and
buoyant terms growth more compare to base fluid. The first
one slows down the fluid flow and the second one speeds it up.
At lower aspect ratios the first parameter is more dominant
and for this we see the maximum velocity decreases when the
nanoparticles are used. At higher aspect ratios, themaximum
velocity increases because the buoyant terms are dominated.
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Figure 10: Variation of Nuavg in terms of 𝐿/𝐻 ratio for Al
2
O
3
-water nanofluids at different volume fractions and (a) Ra = 105, (b) Ra = 106,

and (c) Ra = 107.

Similarly, Figure 7 demonstrates the comparison of 𝑉max
determined at 𝑦 = 0.5 in terms of the 𝐿/𝐻 ratio between the
base fluid and nanofluid with 𝜙 = 0.05 for three different
Rayleigh numbers. To make the figure more informative,
the magnitude of 𝑉max at each Rayleigh number is nondi-
mensionalized with the magnitude of 𝑉max for base fluid
(𝑉max,bf) at 𝐿/𝐻 = 1 at the same Rayleigh number; that
is, 𝑉∗max = 𝑉max/(𝑉max,bf at 𝐿/𝐻 = 1). The magnitudes of
𝑉max,bf for the case 𝐿/𝐻 = 1 are 73.825, 236.09, and 737.7 for
Ra = 105, 106, and 107, respectively. The figure shows that the

magnitudes of 𝑉max,nf and 𝑉max,bf initially increase and then
level off, becoming almost invariant at higher aspect ratios.
The present results predict very low magnitude for 𝑉max at
lower aspect ratios for Ra = 105 and 106.The results also show
that themagnitudes of𝑉max,bf at each aspect ratio ismore than
𝑉max,nf.Thismay happen by an increase in kinematic viscosity
of nanofluid compared to base fluid.

Figure 8 presents the variation of Nu∗max in terms of 𝐿/𝐻
ratio for different Rayleigh numbers and various volume
fractions.Themagnitudes of Numax at each Rayleigh number
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Figure 11: Nusselt number distributions on the hot and cold walls of a wide range of vertical cavities with different 𝐿/𝐻 ratios at various
volume fractions (Ra = 106).
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Figure 12: Variation of average Nusselt numbers in terms of aspect ratios for different types of nanoparticles: (a) Ra = 105, (b) Ra = 106, and
(c) Ra = 107. (𝜙 = 0.05).

are nondimensionalized with the magnitude of Numax,bf at
𝐿/𝐻 = 1 at the same Rayleigh number; that is, Nu∗max =

Numax/(Numax,bf at 𝐿/𝐻 = 1). The magnitudes of Numax,bf at
𝐿/𝐻 = 1 are 8.495, 19.696, and 45.163 for Ra = 105, 106, and
107, respectively. For given geometries, the maximum values
ofNusselt number are observed to increase consistently as the
volume fraction of the nanoparticles is increased.

The variations of Numax with the 𝐿/𝐻 ratio at different
Rayleigh numbers for the base fluid and nanofluid at 𝜙 =

0.05 are compared in Figure 9. As is observed, the maximum
Nusselt number becomes more sensitive to 𝐿/𝐻 ratio when it
decreases for whole range of Rayleigh numbers. The details
show that the values of the maximum Nusselt number of
nanofluid increase remarkably as compared with the base
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fluid at three Rayleigh numbers except from 𝐿/𝐻 = 0.25 to
𝐿/𝐻 = 0.4 at Ra = 105 where values of the maximumNusselt
number of nanofluid decrease as comparedwith those of base
fluid. The details show that the values of maximum Nusselt
number at Ra = 105 increase after their initial decrease and
finally decrease with increasing of the aspect ratio. But the
values of maximum Nusselt number at Ra = 10

6 decrease
after their initial increase with increasing of the aspect ratio,
and finally for Ra = 107, we see a fine decrease inwhole aspect
ratios.

Figure 10 shows the variation of Nuavg in terms of 𝐿/𝐻
ratio at different Rayleigh numbers and various volume
fractions. The magnitudes of Nuavg at each Rayleigh number
are nondimensionalized with the magnitude of Nuavg,bf at
𝐿/𝐻 = 1 at the same Rayleigh number; that is, Nu∗avg =

Nuavg/(Nuavg,bf at 𝐿/𝐻 = 1). The magnitudes of Nuavg,bf at
𝐿/𝐻 = 1 are 4.725, 9.247, and 17.386 for Ra = 10

5, 106,
and 107, respectively. As is observed, the values of average
Nusselt number increase with increase in volume fraction.
When the volume fraction increases, random movement of
nanoparticles increases the thermal dispersion in the flow
of nanofluid and consequently enhances the heat transfer
rates in the enclosure. Also the values of Nuavg decrease
with increasing of the aspect ratio. The results show that the
maximum and minimum values of Nuavg at each volume
fraction for Ra = 10

5 and 106 are seen at 𝐿/𝐻 = 0.1 and
𝐿/𝐻 = 1 and for Ra = 10

7 at 𝐿/𝐻 = 0.2 and 𝐿/𝐻 = 0.1,
respectively. Moreover, the results depict that more increase
in Rayleigh number occurred at lower Rayleigh number. It
shows that the addition of nanoparticles to the pure fluid has
more effects at lower Rayleigh numbers.

Figure 11 displays theNusselt number distributions on the
hot and cold walls for different aspect ratios (𝐿/𝐻 = 1.0, 0.75,
0.5, 0.25, 0.2, and 0.1) and different volume fractions at Ra =
10
6. As is observed, the figures are entirely symmetric in all

six parts of the vertical cavities at each volume fraction. The
results show that the value of the Nusselt number increases
with increase in volume fraction.

Figure 12 shows the variation of Nu∗avg in terms of 𝐿/𝐻
ratio using three different nanoparticles and Rayleigh num-
bers at volume fraction equal to 0.05 (𝜙 = 0.05). The
magnitudes of Nuavg at each Rayleigh number are nondimen-
sionalized with the magnitude of Nuavg,bf at 𝐿/𝐻 = 1 at the
same Rayleigh number; that is, Nu∗avg = Nuavg/(Nuavg,bf at
𝐿/𝐻 = 1). As is observed, the lowest Nuavg was obtained
for TiO

2
due to domination of conduction mode of heat

transfer since TiO
2
has the lowest value of thermal con-

ductivity compared to Cu and Al
2
O
3
. However, the thermal

conductivity of Al
2
O
3
is approximately one-tenth of Cu, as

given inTable 1, the values ofNuavg forAl2O3 andCu are close
to each other specially at lowest Rayleigh number. However,
a unique property of Al

2
O
3
is its low thermal diffusivity

compared with Cu. The reduced value of thermal diffusivity
leads to higher temperature gradients and, therefore, higher

enhancements in heat transfer. The Cu nanoparticles have
high values of thermal diffusivity and, therefore, this reduces
temperature gradients which will affect the performance of
Cu nanoparticles.

5. Conclusion

Heat transfer enhancement in a wide range of thin-to-thick
vertical cavities subject to different side wall temperatures
using nanofluid is studied numerically. The results are pre-
sented at different Rayleigh numbers, a wide range of vertical
cavity aspect ratios, different volume fractions, and different
types of nanoparticles. The present results illustrate that
the suspended nanoparticles substantially increase the heat
transfer rate at any givenRayleigh number and aspect ratio. In
addition, the results illustrate that the average and maximum
Nusselt number increase with an increase in volume fraction
of nanoparticles. As is observed, the most enhancement of
average Nusselt number is seen at Ra = 105 and 𝐿/𝐻 = 0.1 at
any volume fraction and also the results show that the average
Nusselt number increases with decrease of aspect ratio except
from 𝐿/𝐻 = 0.1 to 𝐿/𝐻 = 0.2 for Ra = 10

7. The type of
nanofluid is a key factor for heat transfer enhancement. The
results illustrate that the highest values of Nusselt number are
obtained when using Cu nanoparticles.

Nomenclature

AR: Aspect ratio, defined as 𝐿/𝐻
𝑐
𝑝
: Specific heat at constant pressure (J/kgK)

𝑑
𝑝
: Nanoparticle diameter (m)

EAN: Enhancement in average Nusselt number
Gr: Grashof number, defined as Ra/Pr
𝑔
𝑥
, 𝑔
𝑦
: Gravitational acceleration components (m/s2)

𝐻: Cavity height (m)
𝐾f: Fluid thermal conductivity (W/mK)
𝐾
𝑠
: Solid thermal conductivity (W/mK)

𝐿: Cavity width (m)
Nu: Nusselt number
Pr: Prandtl number, defined as ]f/𝛼f
𝑃: Pressure (kg/m s2)
Ra: Rayleigh number, defined as 𝜌2f 𝛽f𝑔𝐿

3
𝑐
𝑝f
/𝜇f𝑘f

𝑇: Temperature (K)
𝑢, V: Velocity components (m/s)
𝑈,𝑉: Nondimensional velocities, defined as

𝑢𝐻/𝛼, V𝐻/𝛼
VF: Particle volume fraction
𝑥, 𝑦: Cartesian coordinates
𝑥
∗
, 𝑦
∗: Dimensionless coordinates.

Greek Symbol

𝛼: Thermal diffusivity (m2/s)
𝛽: Thermal expansion coefficient (K−1)
]: Kinematic viscosity (m2/s)
𝜌: Density (kg/m3)
𝜇: Dynamic viscosity (m2/s)
𝜙: Particle volume fraction.
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Subscripts and Superscripts

avg: Average magnitude
c: Cold
eff: Effective
f: Fluid
h: Hot
max: Maximum magnitude
nf: Nanofluid
∘: Reference value
𝑠: Solid
∗: Nondimensionless parameter.
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Thermal conductivity measurements of nanofluids were the subject of a considerable amount of published research works. Up
to now, the experimental results reported in the current literature are still scarce and show many discrepancies. In this paper we
propose measurements of this parameter using another experimental set-up. Because of very good thermal controls and big aspect
ratio, the Bénard set-up is particularly well suited to determine the thermal conductivity. The aim of this paper is to detail the
experimental measurement protocol. The investigated liquid is composed of single walled carbon nanotubes dispersed in water.
The effect of liquid temperature on thermal conductivity was investigated. Obtained results confirm the potential of nanofluids
in enhancing thermal conductivity and also show that the thermal conductivity temperature dependence is nonlinear, which is
different from the results for metal/metal oxide nanofluids.

1. Introduction

The nanofluids properties are far from being fully explored
but one of them that has attracted much interest in the
last decades is their potential to increase heat transfer.
Many researchers have identified change in thermophysical
properties of solutions when nanoparticles are dispersed [1]
and the most important fluid property to be investigated for
heat transfer is thermal conductivity.

Discrepancy exists in nanofluid thermal conductivity
data in the literature and enhancement mechanisms have
not been fully understood yet. Many parameters modify the
physicochemical properties of the nanofluid: nanoparticules
concentration [2–4], nanoparticles dimensions [5], and ther-
mal conduction of the basic fluid [6, 7], and probably other
physicochemical parameters are to be considered.

From the other side, different experimental techniques
have been used to determine thermal conductivity of
nanofluids, the transient hot wire method [8], the steady-
state parallel-plate technique [2], the temperature oscillation
technique [9], the optical beam deflection technique [10], and
transient optical technique [11]. Unfortunately, the values of
thermal conductivity obtained by those techniques on similar
nanofluid do not appear to be consistent.

So, it will be interesting to examine carefully the mea-
surement technique and details when they are available in
literature giving measurements. For nanofluids some factors
can deeplymodify the heat transfer and consequently the esti-
mated thermal conductivity: convection, mass transfer, and
agglomeration of nanoparticules. To provide experimental
advance in the topic the Bénard cell technique can be used
as in Van Vaerenbergh et al. [12]. This set-up was initially
intended to study the Bénard instabilities [13]. The usual
liquid volumes investigated in such set-up are confined in
a layer not thicker than few millimeters for a temperature
gradient of few Kelvins. This configuration allows carrying
on experiments with large aspect ratios and also very well
defined and uniform thermal boundary conditions. For
instance the temperature uniformity is better than 0.05K. It
results in the fact that the process is little perturbed by lateral
gradient, which is a unique way to observe diffusive effects.

The novelty is on the measurement principle. The set-
up used is similar to the parallel plate apparatus, but it is
upgraded on the thermic point of view to allow an accurate
thermal control. The measurement must prove also that the
value provided by the thermal conductivity occurs in purely
conductive regime.

In the Bénard set-up, for normal pure fluid andmolecular
binary mixtures, the appearance of the Bénard instabilities is



2 Advances in Mechanical Engineering

clearly visible in the Schmidt-Milverton plots (see an example
in Figure 2). These plots show the recorded temperature
gradient versus the heating power. According to Bénard
stability theory, the experimental points should lie on two
different curves corresponding to different regimes. For small
heat power, the temperature difference between the top and
the bottom is a linear function of that flow according to
Fourier’s law.This straight line corresponds to the motionless
pure conduction regime. For higher heat power and thus for
higher temperature gradient, the experimental points are on
curves translating the heat transfer coefficient of the convec-
todiffusive regime, where slope of heating curve is smaller
than that in pure conductive regime. This bifurcation allows
assessing ifmeasurements have been performed in conditions
close to purely diffusive state and therefore providing true
thermal conductivities.

2. Experimental Set-Up

Figure 1 shows a sketch of the experimental set-up. As shown,
the studied volume is limited by two discs in brass. The
surfaces of these discs were rectified to obtain a planarity
better than 40𝜇m.These plates are built in stainless steel thick
discs to assure a big mechanical rigidity of the system.

Under the lower disc, a heating resistance of 10.6Ω is
glued. This resistance is isolated on the other side by a
compressed ceramic andmicrofiber insulating plate to ensure
that all the heat flux crosses the liquid towards the upper disc.
The upper plate is thermally regulated with water circulation
and can so be kept at constant uniform temperature.

Waterproof quality, distance, and the parallelism of the
discs are ensured by a PTFE ring crushed regularly by tight-
ening of long stainless thread stems. In both upper and lower
disc, a small hole is drilled for fluid transfermanagement.The
wanted liquid volume is injected by a syringe via a plastic tube
fixed to the hole of the lower disc. Another tube is fixed to
the second hole, diametrically opposed to the first one, and
is linked to an expansion reservoir. The filling of the cell is
performed carefully so that it does not form gaseous bubbles
which unsettle measures strongly.

The experimental apparatus is installed in a small insulat-
ing box (65×65×65mm) inside whom a radiator blows air to
maintain the temperature of this box equal to the temperature
of the heated plate. This fact implies that all the heating
power crosses the fluid and there is quasi no heat exchange
with neither the ambient air nor other constituents of the
experimental device.

The temperature measurements close to the fluid are
performed with two-gauge Pt 100. A Labview interface
assures those measurements and also the automatic control
of the heat power and the (ambient air) temperature inside
the experimental box.

Having filled and adjusted the parallelism and the hor-
izontality of the cell, the system is brought up to the
desired temperature. The heating power is then increased
(or decreased) by step once the temperature of the system
is stabilized. The time step is determined by the largest
characteristic time needed to reach the steady state. In
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Figure 1: Sketch of the experimental set-up.

nanofluids, it is needed to take into account mass transfer
by isothermal diffusion coefficient. In our experiment, we
estimate that 2 hours is enough to reach the steady state.

The data acquisition system records the temperatures
of both upper and lower discs, the electrical tension and
current circulating in heating resistance, and the ambient
temperature. All these quantities are needed to derive the
Schmidt-Milverton plots.
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Figure 2: Schmidt-Milverton diagram for distilled water at 25∘C:
the filled circles represent the conductive regime and the crosses
represent the convectorconductive regime.

3. Measurements

The liquid is composed of single wall carbon nanotubes
dispersed in water with a dispersant. Sodium dodecyl ben-
zenesulfonate (SDBS) was used as an appropriate dispersant.
The sonication process is proprietary. The solution is stable
for several months. The nanoparticles weight concentrations
used in this study are 0.1%, 0.2%, and 1%.

This paper will not specify the handling and the prepa-
ration of the nanofluid solution. The fluid preparation used
here is also proprietary.

The measurements were first carried out using distilled
water as working fluid for which reliable values of the ther-
mophysical properties exist in literature and then for different
nanofluids. Thermal conductivity is measured at different
temperatures ranging from 25 to 70∘C and for simplicity,
in this paper, we do not differentiate the terms thermal
conductivity and the effective thermal conductivity, a term
that could be used both because nanofluids are two-phase
mixtures and because unknown convection participates to
the heat transfer.

Figure 2 shows the Schmidt-Milverton diagram for dis-
tilled water at the temperature of 25∘C. This plot represents
the temperature difference with respect to the injected heat
power.

The experimental points align themselves on two
(obtained result is represented as two) curves. The filled
circle represents the conductive regime and the cross point
represents the conductoconvective one. As seen in this
figure, when the temperature gradient is small, the heat is
transported through the fluid by conduction and the slope is
related to the thermal conductivity. That happens up to the
beginning of the Bénard instability when the temperature
gradient reaches a critical value (about 3,5∘C in this case).
Then we are on the conductoconvective regime.

This is the well-known Bénard instability. For a pure
fluid, the dimensionless number which governs the flow and
determines the stability of the conductive state is the Rayleigh
number Ra:

Ra =
𝑔𝛼ℎ
3
Δ𝑇

𝜅]
, (1)

where the acceleration of gravity (𝑔), the thermal expansivity
(𝛼), the height of the liquid (ℎ), the temperature difference
across the layer (Δ𝑇), the kinematic viscosity (]), and the
thermal diffusivity (𝜅) appear. The later is related to thermal
conductivity (𝜆) by 𝜅 = 𝜆/𝜌𝐶

𝑝
, 𝜌 is the density, and𝐶

𝑝
is the

specific heat capacity.
In the case of rigid (perfect conductive) boundary, the

critical value of this number is about 1709 [13]. Using
the values of thermal expansivity, kinematic viscosity, and
thermal diffusivity of water appearing in the literature, the
calculated critical Rayleigh number value is about 1816.

As shown in the formula above, this number depends
on the third power of ℎ. In this experiment, it is difficult
to measure accurately the height of the investigated liquid.
Then errors on this parameter affect widely the accuracy of
the critical value of the Rayleigh number, the relative error is
about 10%. In addition, all the physical parameters appearing
in the relation above have to be known accurately.

The thermal conductivity (𝜆) can be measured experi-
mentally by calculating the slope of the Schmidt-Milverton
plot corresponding to the pure conductive regime according
to the Fourier’s law:

𝐽 = 𝜆 ⋅ Δ𝑇. (2)

𝐽 is the heat flux and Δ𝑇 is the thermal gradient. In our
experiment, we have

Δ𝑇 =
Δ𝑥

𝜆 ⋅ 𝑠
⋅ 𝑊. (3)

𝑊 is the power crossing the fluid, 𝑠 is the surface of the discs,
Δ𝑥 is the height (ℎ in the Rayleigh number) of the liquid, and
Δ𝑇 is the temperature difference between the upper and lower
discs.

The slope 𝛼
1
of the first line of the Schmidt-Milverton

diagram provides the experimental thermal conductivity
with the relation

𝜆 =
Δ𝑥

𝑠 ⋅ 𝛼
1

. (4)

According to this relation, the measured thermal conduc-
tivity of water at 25∘C is about 0.559 ± 0.059 W/m⋅K. The
height of the liquid is about 3mm and the radius of the disc is
around 94mm. In the literature the thermal conductivity of
the water at this temperature is about 0.6123W/m⋅K which
is in the errors margins. As seen in the relation above,
the thermal conductivity depends upon the height of the
liquid and the surface of the discs and also the slope of the
conductive line. Because of the mechanical arrangement of
the cell, the cell dimensions cannot be determined accurately.
To avoid the errors on the geometrical parameters, we instead
perform calibration measurements. The calibration liquid
used is distilled water. From one side, the heating curve
shows a visible change of the slope when Bénard instability
starts (see Figure 2). Then we are sure that measurements
are performed in conductive regime. From the other side by
knowing the thermal conductivity of the water (literature)
and the slope 𝛼

1
of the calibration fluid it is possible to
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Figure 3: Schmidt-Milverton diagram for nanofluid (0.1%) at 25∘C:
The crosses represent the heating curve and the big points represent
the cooling down curve.
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Figure 4: Schmidt-Milverton diagram for nanofluid (0.1%) at 70∘C:
The crosses represent the heating curve and the big points represent
the cooling down curve.

have a value of the report Δ𝑥/𝑠 which is constant for all
the following experiments. Thereby one parameter will be
enough to calculate the thermal conductivity of the desired
liquid.

As example of measurement, Figure 3 reports the
Schmidt-Milverton diagram for the carbon nanofluid at 0.1%
in weight when the liquid mean temperature is 25∘C. The
temperature difference between the bottom and top disc
versus the heating power is a straight line for both heating
and cooling processes.The critical heat flux is not reached and
no instability is seen.This corresponds to a purely conductive
regime. Figure 4 reports the results obtained for the same
liquid at 70∘C. In contradistinction to the previous diagram,
the heating and cooling curve show two straight lines. The
first one corresponds to the conductive regime and the other
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Figure 5: Temperature and concentration effect on measured ther-
mal conductivity. The different symbols correspond to the different
mass fractions of nanofluids shown in the insert.

to the convectodiffusive one. We observe that convection
starts earlier when the liquid temperature is increased. This
due to the decrease of kinematic viscosity when temperature
increases; in this way, the beginning of the Bénard instability
is not seen when the liquid temperature is 25∘C for the
maximal heat power used. Therefore, measurement appears
clearly as being performed in a conductive regime.

In such fluid considered as molecular mixtures, the
processes of occurrence of instability involve also a mass
transfer mechanism. This parameter will have an impact
on how heat is transferred and can accelerate the threshold
critical temperature gradient.Thismass transfer contribution
remains at this time a point requiring further investigations.
It depends on the chemical natures of the dispersed nanopar-
ticles, solvent, on composition, and on temperature

The slopes and the beginning of the convection depend
also on the geometric parameters of the studied volume (the
height and the surface of the discs).

For each set of experiments, the height and the surface
of the working fluid are kept constant. The experimental
conductive line slope in the Schmidt-Milverton diagram
allows accurate measurement of thermal conductivity. From
one side, the slope of the distilled water is used as reference
and on the other side the slope of the desired solution gives
its thermal conductivity.

The measured thermal conductivity is summarized in
Table 1. Figure 5 represents its dependence on nanofluid
concentration and on liquid temperature.

4. Discussion

It can be seen that for the same liquid temperature, the
thermal conductivity is rather higher for nanoparticles mass
fraction of 0.1% than other concentrations. Also, for a
given nanoparticles concentration (e.g., 0.1%), the thermal
conductivity is a nonlinear function of the temperature.



Advances in Mechanical Engineering 5

Table 1: Experimental values of the thermal conductivity nanofluids based on NTC.

Liquid temperature 25∘C 40∘C 50∘C 55∘C 60∘C 70∘C

𝜆

𝜆water

NTC (0.1%) 1.96495 2.15449 1.73737 2.20996 2.20049 1.89164
NTC (0.2%) 1.12459 — — — — 0.95331
NTC (1%) 1.39543 — 1.52620 — — 1.31634

It is obvious that those parameters affect the thermal
conductivities values but the relationship for either thermal
conductivity versus liquid temperature or versus particle
concentration is nonlinear.

Our results confirm that the use of nanofluids as working
fluid can enhance significantly its thermal performance but
the dependency of this effect on nanoparticles concentration
and temperature does not appear monotonous. There is a
disagreement in the literature on this respect. As an example
the results of Das et al. [9] confirm a strong temperature
dependence on thermal conductivity of Al

2
O
3
and CuO

nanofluids. Prasher et al. [14] have reported a slight temper-
ature dependence of CNT nanofluids thermal conductivity.
On the other hand, Yang and Han [15] had experimentally
found that Bi2Te3 nanorods in FC72 and in oil thermal
conductivity decrease with temperature.

Most studies on nanofluids have reported that thermal
conductivity linearly increases with particle concentrations
[2, 6]. However there are also a few studies that indicate
nonlinear behaviour [3, 4].

There are various possible sources of measurement
uncertainties and the different experimental results cannot
be strictly compared. The experimental measurement tech-
niques and the nanofluids characteristics are very different.
One possible reason of dispersion in the results is the exis-
tence of different aggregation states of nanoparticles and that
can probably result from different preparation and handling
techniques. The analysis of our experiment device at the end
of the experiment shows some deposit on the discs that can
be an important parameter in increasing or decreasing heat
transfer. The used solution instead appears to be very stable
for months, and in any case no deposit was observed in the
bottle up to after the experiments.

At this moment we are not able to explain the origin
of these discrepancies in published data of the nanofluid
thermal conductivity.

In fact it will be interesting to complete the benchmark
study of Buongiorno et al. [16] which does not include the
carbon nanotubes solutions. Experimental results obtained
could then be related to theoreticalmodels as those described,
for example, in Cherkasova and Shan [17, 18].

In this benchmark perspective, one should work with
perfectly defined fluid and we propose our technique as one
possible measurement technique.

5. Conclusions

Despite many experimental and theoretical studies [1, 19, 20]
to understand the mechanism and thermal characteristic
of nanofluids, the behavior of thermal proprieties of these
nanofluids cannot be predicted and the science behind the

thermal conductivity enhancement is still unclear.That iswhy
very high attention is given on how experiment will be per-
formed. The reliability of this work is to present a set-up and
the associated experimental protocol to measure the thermal
conductivity of nanofluids in a conductive regime with very
good thermal control. To test the technique, single-walled
carbon nanotubes dispersed in water by a two-step process
were studied as function of temperature and composition.
The experimental method has been found to be appropriate
for prevention of natural convection andmeasurement seems
correctly performed in the conductive regime. In any case, it
was found that carbon nanotubes dispersed in water increase
the thermal conductivity of the basic fluid. The dependence
of thermal conductivity on nanoparticles concentration and
the mean temperature of the liquid was tested and was found
to be nonlinear.

The analysis of our experiment device at the end of the
experiment shows some deposit on the discs. This effect will
be discussed elsewhere in another paper.

In any case the reproducibility of results is outstanding
and the set-up and protocol presented in this paper, including
the use of a calibration fluid, provide excellent results for
many other fluids too.
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The objective of this paper is numerically to study the heat and flow characteristics of temperature-sensitive ferrofluid in the square
cavity with and without the magnetic intensity. The numerical model was developed to predict the behavior of the ferrofluid using
finite element method (FEM) and showed good agreement with the existing data within 5% at all Rayleigh number ranges from 103
to 106. Natural convection and heat transfer characteristics of the ferrofluids within the tested cavity were found to depend on both
magnetic intensity and magnetic volume fractions of magnetite. In addition, the mean Nusselt numbers and mean velocity of the
ferrofluid in a square cavity were increased with the rise of themagnetic intensities and increased by 23.2% and 143.7%, respectively,
at both magnetic intensity of H = 10000A/m and elapsed time of t = 30000 seconds.

1. Introduction

The ferrofluid, which means novel functional fluids using
functional materials, has both characteristics of metals and
fluids. The ferrofluid generally consisted of magnetite nano-
sized particle of around 1 to 100 nm and carrier liquid such
as water, oils, and hydrocarbons with the aid of surfactants
in a continuous carrier phase. It can be controlled by both
magnitude and direction of an external magnetic field and
temperature [1–12]. In addition, because of the nanosized
magnetic particles consisting of the ferrofluids and the sur-
factant attached to magnetic particles, the ferrofluid could be
prevented from particles sticking to each other or precipitate
with Brownian motion [2]. Therefore, the ferrofluid could
be applied for various industrial fields: enhancement and
depression of the heat transfer of the thermal devices,
magnetic sealing, damping and bearing of machines, energy
conversion system, drug delivery for disease curing, optical
devices, micro-/nanofluidic devices, and so forth [3–5].

Numerous numerical and experimental studies have
been widely investigated scientifically for various scopes of
application. Horng et al. [3] reported the structural pattern

formation of the magnetic columns in the ferrofluid thin
film under magnetic fields and framework of the application
of the ferrofluid based on the remarkable optical properties
caused by these magnetically induced structures. Wang et
al. [6] studied the effects of magnetic force on the natural
convection in porous enclosure under magnetic field. They
explained the heat and flow characteristics on the effect of the
inclination angle, Darcy number, and magnetic force param-
eter. Basak et al. [7] analyzed the heat flow due to natural
convection within porous trapezoidal enclosures with hot
bottom wall and cold side walls in presence of insulated top
walls.They examined the thermalmixingwithin the cavity for
various material processing applications and suggested the
generalized non-Darcy model, neglecting the Forchheimer
inertia term, to predict the flow in porous medium. Zhao
et al. [8] introduced the novel optical devices based on the
tunable refractive index of ferrofluid and their characteristics.
They reported that the developed newmethod would play an
important role in the fields of optical information communi-
cation and sensing technology. Wang et al. [9] investigated
synthesis of Fe

3
O
4
ferrofluid used for magnetic resonance

imaging andhyperthermia, whichwas to obtain a stablewater
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Table 1: Thermophysical properties of the ferrofluids and numerical conditions.

Properties Specifications
FF1 FF2 FF3 FF4

Volume fraction of magnetite (%) 1.2 2.0 3.6 4.5
Nominal particle diameter (nm) 10 10 10 10
Density at 298K (kg/m3) 1.07 × 103 1.1 × 103 1.19 × 103 1.24 × 103

Viscosity at 300K (mPa⋅s) 1.2
Liang et al. [12]

2.0
Liu et al. [13] 3.0 4.0

Saturation magnetization (mT) 6.6 11 22 27.5
Prandtl number 8.2 13.7 20.6 27.4
Temperature of cold wall (K) 290 290 290 290
Temperature of hot wall (K) 320 320 320 320

based ferrofluid with fast magnetotemperature response for
using it both in magnetic resonance imaging (MRI) and
ferrofluid hyperthermia (MFH) with protecting magnetic
precipitates from oxidation. Jin et al. [10] simulated a porous
cavity filled with thermosensitive ferrofluids using the lattice
Boltzmann method (LBM). They showed the magnetization,
heat, and flow characteristics of ferrofluids on the effect of
the Rayleigh number and the magnetic Rayleigh number.
However, concise and precise studies on the thermal and
its flow control of the ferrofluid in a cavity are few in open
literature.

Theobjective of this study is to numerically investigate the
heat and flow characteristics including the control of the heat
transfer of the ferrofluid in the square cavity with variations
of themagnetic intensity and temperature difference between
heated and cooled walls. In addition, the mean Nusselt
numbers on heated and cooled walls were calculated with
boundary conditions.

2. Numerical Method

2.1. Physical Model. Figure 1 shows the physical model of
the square cavity filled with temperature-sensitive ferrofluid.
Because the magnetic force was caused by the interactions
between the external magnetic field and magnetization [11],
in order to observe the effects on the temperature of walls
and magnetic intensity of the ferrofluid at the square cavity,
temperatures of the left and right walls were maintained
to be 290K and temperatures of the bottom and top walls
were 320K and 290K, respectively. Magnetic intensities
ranged from 0 to 15000A/m with the interval of 1000A/m
and were applied uniformly along y-direction at bottom
wall, respectively. Velocities of x- and y-directions at initial
conditions were assumed to be 0 and with no-slip boundary
conditions at all walls. Table 1 showed the thermophysical
properties of the ferrofluids used in the numerical model.
The thermophysical properties of the ferrofluids supplied by
ferrofluid manufacturing company were used. The nominal
diameter of magnetite particles was 10 nm and the base
solution of the used ferrofluids was water. The volume
fractions of magnetite of the ferrofluid were varied from 1.2%
(FF1) to 4.5% (FF4).

L
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Figure 1: Schematic diagram of the physical model for ferrofluid in
the square cavity.

2.2. Governing Equations. The conservation equations for
mass, momentum, and energy are expressed using Equations
from (1) to (3) as transport equations of a natural convection
problem and the governing equations for magnetization and
Maxwell are expressed using (4) and (5) suggested by Sawada
et al. [16]:

𝜕𝜌

𝜕𝑡
+ ∇ ⋅ (𝜌u) = 0, (1)

𝐼
𝑑Ω

𝑑𝑡
= ∇ ⋅ Λ + 𝜀 : Τ + 𝜌l, (2)

𝜌𝑇
𝑑𝑠

𝑑𝑡
= −∇ ⋅ q + Φ + 𝜌𝑅, (3)

𝑀 = 𝜒
𝑚
(I − 𝜏Ω ⋅ 𝜀) ⋅H. (4)

M is the magnetization vector of the ferrofluid and
expressed as a function of magnetic intensity (H), differential
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magnetic susceptibility (𝑀), inertia moment of particle per
unit mass (𝐼), and fluid temperature [17], where 𝜌 is the
density of ferrofluid, u is the velocity vector, Ω is the
rotational angular velocity vector of the particle, Λ is the
couple stress tensor, 𝜀 is the Levi-Civita symbol, T is the total
stress tensor, l is the volume couple vector per unit mass, 𝑇
is the absolute temperature, 𝑠 is internal angular momentum
per unit mass, q is the heat flux vector, Φ is the viscous
dissipation function, 𝑅 is the intensity of heat source per
unit mass, 𝜒

𝑚
is the volume magnetic susceptibility, I is the

idemfactor, and 𝜏 is the relaxation time of a rotationalmotion
by fluid friction. Consider

∇ ⋅ B = 0, (5)

∇ ×H = 0,

B = 𝜇
0
H +M,

(6)

where magnetic induction vector (B) is expressed as the
combination of magnetic intensity (H) and magnetization
vector (M).

Several physical assumptions as well as the well-known
Boussinesq approximation are used to solve the above equa-
tions [18]. The thermophysical properties of ferrofluid are
only function of the temperature and there is no internal
heat generation by chemical reaction (𝜌𝑅 = 0). Also, density
difference is the only function of temperature difference.
Then, the density difference in the mass conservation could
be negligible. The particles in the momentum conservation
do not have the couple of volumes (𝜌l = 0) and have a
rigid body rotation (∇ ⋅ Ω = 0). Magnetic intensity (H) is
perpendicular to the rotational angular velocity vector (Ω) of
the particle (H ⋅ Ω = 0). And the viscous dissipation function
in the energy conservation could be negligible due to the low
flow velocity [19].The governing Equations (1) to (5) could be
rearranged into (7) with the above-mentioned assumptions:

∇ ⋅ u = 0,

𝜌
𝑟

𝜕𝑢

𝜕𝑡
= − ∇𝑝 + ∇ ⋅ (𝜂∇𝑢) + ∇ ⋅ (𝜂𝑢∇⃗) +𝑀 ⋅ ∇𝐻

− ∇ × (
2𝜂
1
𝑀
0
𝜏𝐻

4𝜂
1
+𝑀
0
𝜏𝐻

𝜔) + 𝜌
𝑟
𝛽 (𝑇 − 𝑇

𝑟
) 𝑔,

𝜌𝐶
𝑝

𝑑𝑇

𝑑𝑡
= ∇ ⋅ (𝑘∇𝑇) ,

𝑀 = 𝜒
𝑚
(𝐻 −

4𝜂
1
𝜏

4𝜂
1
+𝑀
0
𝜏𝐻

𝐻 × 𝜔) .

(7)

That is, the governing equations describing a natural con-
vection of a ferrofluid are rearranged as adding the mag-
netic term to the momentum equation, where 𝜌

𝑟
is the

representative density of ferrofluids, 𝑝 is the pressure, 𝜂
is the dynamic viscosity, 𝜂

1
is the eddy viscosity, 𝑀

0
is

the equilibrium magnetization strength, 𝛽 is the cubical
expansion coefficient, 𝑇 is the fluid temperature, 𝑇

𝑟
is the

representative temperature, 𝑔 is the gravitational acceleration

vector, 𝐶
𝑝
is the specific heat at constant pressure, 𝑘 is the

thermal conductivity, and 𝜔 is the rotational angular velocity
vector of fluid.

The above governing equations could be rearranged as
dimensionless forms like (8) using the dimensionless analysis
technique [20]:

∇
∗
⋅ u∗ = 0,

𝜕𝑢
∗

𝜕𝑡∗
+ (u∗ ⋅ ∇∗) u∗

= −∇
∗
𝑝
∗
+

1

Re
{∇
∗
⋅ (𝜂
∗
∇u∗) + ∇∗ ⋅ (𝜂∗u∗

→

∇
∗
)}

+
4𝜀𝜎

Re Pe
𝑟

M∗ ⋅ ∇∗H∗ − 2𝜀

Re
∇
∗

× (𝜎𝐻
∗
𝑀
∗

0
𝐴
1
𝜔
∗
) +

Ra
Re2 Pr

𝛽
∗
𝑇
∗
𝑒,

𝑑𝑇
∗

𝑑𝑡∗
=

1

𝐶∗
𝑝
Pe
∇
∗
⋅ (𝑘
∗
∇
∗
𝑇
∗
) ,

𝑀
∗
=
𝑀
∗

0

𝐻∗
(𝐻
∗
− Pe
𝑟
𝐴
1
𝐻
∗
× 𝜔
∗
) ,

𝐴
1
=

𝜏
∗
𝜂
∗

1

(𝜂
∗

1
+ 𝜎𝐻∗𝑀

0
𝜏∗)

,

(8)

where Re is the Reynolds number, 𝜀 is the polarity effect
parameter, 𝜎 is the magnetic effect parameter, Pe

𝑟
is the

rotational Peclet number, Ra is the Rayleigh number, Pr is the
Prandtl number, and 𝑒 is the unit vector of direction of the
gravitational acceleration [21, 22]. Dimensionless parameters
are expressed as follows:

Re =
u
𝑟
𝐿
𝑟
𝜌
𝑟

𝜂
𝑟

, Pr =
𝐶
𝑝𝑟
𝜂
𝑟

𝑘
𝑟

,

Pe = Pr ⋅ Re, Ra = Pr ⋅ Gr,

Gr =
𝛽
𝑟
Δ𝑇𝑔𝐿

3

𝑟
𝜌
2

𝑟

𝜂2
𝑟

, Pe
𝑟
=
u
𝑟
𝜏
𝑟

𝐿
𝑟

,

𝜀 =
𝜂
1𝑟

𝜂
𝑟

, 𝜎 =
𝑀
0𝑟
𝐻
0
𝜏
𝑟
𝜏
𝐵

𝐼
,

(9)

where 𝐻
0
is the intensity of applied magnetic field, 𝜏

𝐵
is the

relaxation time of a Brown motion, and subscript 𝑟 is the
representative value of each parameter in the dimensionless
process. Also, the representative velocity, 𝑢

𝑟
, was calculated

using u
𝑟
= 𝛽
0
(𝑇
𝐻
− 𝑇
𝐶
)𝑔𝐿
2
/] by the approximation of

Re = Gr because the flow velocity of the ferrofluid for natural
convection was defined as the ratio of the buoyancy force and
the viscosity force [23].

The local Nusselt numbers on the heated wall were
defined as (10) and the mean Nusselt numbers on the heated
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Figure 3: Comparison of the present data of the developed model
with the data by existing numerical models.

wall were calculated using local Nusselt numbers like the
following:

Nu =
𝑇
ℎ⋅𝑤

− 𝑇

Δ𝑇

𝐿

Δ𝑦
ℎ⋅𝑤

, (10)

Nu =
∫
𝐿

0
Nu 𝑑𝑥
𝑛 + 1

.
(11)

2.3. Algorithm. The governing equations were calculated
using generalized simplified maker and cell method
(GSMAC) suggested by Kawai et al. [24] and the finite ele-
ment method (FEM) suggested by Vinogradova and Zarubin

[25]. And they were finally expressed as forms of the
discretization equations from (12) to (13)

𝑀
𝑎𝑏
=
�̃�
𝑏
− 𝑢
𝑛

𝑏

Δ𝑡

= ∇
𝑎
𝑃
𝑛

𝑒
+ 2𝑀
𝑎𝑏
𝜔
𝑛

𝑒
× 𝑢
𝑛

𝑏

−
2𝜀𝐴
𝑛

1𝑒
𝜎𝑀
𝑛

0𝑒
𝐻
𝑒

Re
∇
𝑎
× 𝜔
𝑛

𝑒
− 𝑆
𝑎

−
𝜂
𝑛

𝑒

Re
(𝐺
𝑎𝑏
𝑢
𝑛

𝑏
+ 𝐺
𝑎𝑏
⋅ 𝑢
𝑛

𝑏
) +

Ra
Re2Pr

𝛽
𝑛

𝑒
𝑀
𝑎𝑏
𝑇
𝑛

𝑏
𝑒

+
4𝜀𝜎

Re Pe
𝑟

E
𝑎𝑏𝑐

⋅M𝑛
𝑏
H
𝑐
,

𝜔
𝑛

𝑒
=

1

2𝑆
𝑒

∫

Γ
𝑒

(𝑢
𝑛
× 𝑛) 𝑑Γ,

Φ
𝑘+1

𝑒
= Φ
𝑘

𝑒
− 𝜆

Δ𝜏

𝑆
𝑒

(∫

𝑆
𝑒

∇ ⋅ 𝑢
𝑘
𝑑𝑆 − ∫

Γ
𝑒

𝜕Φ
𝑘

𝑒

𝜕𝑛
𝑑Γ) ,

𝑃
𝑘
∗

𝑒
=
Φ
𝑒

Δ𝑡
,

(12)

where

𝑃
𝑘+1

𝑒
= 𝑃
𝑘

𝑒
+ 𝑃
𝑘
∗

𝑒
,

𝑀
𝑎𝑏
𝑢
𝑘+1

𝑏
− 𝑢
𝑘

𝑏

Δ𝑡
= ∇
𝑎
𝑃
𝑘
∗

𝑒
,

𝑀
𝑎𝑏
M𝑛
𝑏
=
𝑀
𝑛

0𝑒

𝐻
𝑒

(𝑀
𝑎𝑏
H
𝑏
− Pe
𝑟
𝐴
𝑛

1𝑒
𝑀
𝑎𝑏
H
𝑏
× 𝜔
𝑛

𝑒
) ,

𝑀
𝑎𝑏

𝑇
𝑛+1

𝑏
− 𝑇
𝑏

Δ𝑡
= −E
𝑎𝑏𝑐

⋅ 𝑢
𝑛+1

𝑇
𝑛
−

𝑘
𝑛

𝑒

𝐶
𝑝
Pe
𝐺
𝑎𝑏
𝑇
𝑛

𝑏
+ 𝐹
𝑎
.

(13)

Based on the research of Seo [26], the numerical analysis was
iteratively calculated until the tolerance is converged. In order
to decide the proper grid size and number, mesh sensitivity
analysis with different numbers of mesh size (20×20, 30×30,
and 40 × 40) was performed under Ra = 10

3,𝐻 = 0 A/m,
aspect ratio = 1, cold wall temperature of 300K (left, top,
and bottom walls), and hot wall temperature of 320K (Right
wall), as shown in Figure 2. Reasonably good agreement of
3.32% deviation was found between the 20 × 20 and 40 × 40
grids at the value of maximum velocity and therefore the
grid used was 40 × 40 for considering a proper iteration
time and the accuracy of the results. In other words, the case
with 40 × 40 grids was used for deciding both the accuracy
and convergence rate taken into account. Figure 2 shows the
comparison of the velocity distributions of the ferrofluid in
the square cavity at different number of grids. In addition, the
steady state of the ferrofluid in the square cavity was decided
at temperature difference of 10−5 K between the initial state
and final state during 0.5 second. The interval of isotherms
was 0.05.
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Figure 4: Comparisons of the isotherms at 𝑡 = 10000 seconds under nonmagnetic intensity (𝐻 = 0A/m).

Table 2: Comparisons of the mean Nusselt numbers.

This work Barakos et al. [14] Markatos and Pericleous [15]
Ra Nu
103 1.117 1.114 1.108
104 2.257 2.245 2.201
105 4.635 4.510 4.430
106 8.768 8.806 8.754

3. Results and Discussion

3.1. Validation. Validation of numerical solution was carried
out and compared with that of Barakos at al. [14] and that of
Markatos and Pericleous [15]. Temperatures of both top and
bottom walls of the cavity maintain adiabatic state. Temper-
ature of the left wall maintains hot state and temperature of
the right wall maintains cold state. All conditions except the
above-mentioned conditions were similarly maintained with
conditions considered in the previous researches. Table 2
shows the comparison of the mean Nusselt numbers with the
existing data. The predictions of the present model showed
good agreement within 5% of the data of other researchers.
The mean and average deviations between the present data
and the existing data were 1.0% and −0.77%, respectively, for
Barakos at al. [14], 2.0% and−2.0%, respectively, forMarkatos
and Pericleous [15], at all Rayleigh numbers ranges from 103
to 106, as shown in Figure 3.

Comparisons were performed keeping a temperature
difference of 20K between the vertical walls of the square
cavity and establishing the reference temperature at 293K.
Therefore, from Figure 3, we could be confident that the
present analysis and model used are correct.

3.2. Nature of Isotherms. We present the numerical results
for isotherms. The isotherm characteristics of the ferrofluids
were analyzed under both nonmagnetic and magnetic inten-
sities and also comparedwith the data of theNewtonian fluid.
Newtonian fluid used in this study was water. And numerical

analysis was conducted at Ra = 10
5 and took 7 minutes at

each condition.
Figure 4 shows the isotherm characteristics of theNewto-

nian fluid and ferrofluid with the magnetic volume fractions
of 2.0% (FF2) and 4.5% (FF4), respectively, of the square
cavity under nonmagnetic intensity (𝐻 = 0A/m) and the
elapsed time of 10000 seconds. Heat transfer of the Newto-
nian fluid in the tested cavity was slightly activatedmore than
that of the ferrofluid because the magnetite of the ferrofluid
could not increase the heat transfer under nonmagnetic
intensity. In addition, the heat transfer decreasedwith the rise
of the magnetic volume fractions from 2.0% (FF2) to 4.5%
(FF4). This is because the number of particles of magnetite
per unit volume increased by 118.2%. It could not be helpful to
activate the heat transfer of the ferrofluid in the tested cavity
under nonmagnetic intensity.

Figure 5 shows the isotherm characteristics of ferrofluids
under magnetic intensity (𝐻 = 15000A/m) with the
variation of the magnetic volume fractions from 1.2% (FF1)
to 4.5% (FF4) of the square cavity after the elapsed time of
10000 seconds. As shown in Figures 4 and 5, isotherms of the
ferrofluid under the magnetic intensity (𝐻 = 15000A/m)
expanded more rapidly than that of ferrofluid under the
nonmagnetic intensity (𝐻 = 0A/m) at the same time due to
the increased magnetic volume force at the given magnetic
intensity. In addition, the heat transfer of the ferrofluid in
the tested cavity under magnetic intensity (𝐻 = 15000A/m)
increased greatly with the rise of the magnetic volume frac-
tions from 1.2% (FF1) to 4.5% (FF4) due to the increased heat
transfer. Namely, this is because the diffusive concentration
gradients lead to the coupling effect between heat and mass
transport as mentioned in Rinaldi et al. [2] Also, the presence
of the magnetic intensity tends to accelerate the fluid motion
inside the tested cavity as mentioned in Grosan et al. [27].

Figure 6 shows the effect of the isotherms and mean
Nusselt numbers on the temperature difference between top
and bottom walls of the tested cavity under the elapsed
time of 𝑡 = 10000 seconds, magnetic intensity of 𝐻 =

15000A/m, and magnetic volume fractions of 2.0% (FF2).
Temperature difference in the tested cavity was changed
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Figure 5: Comparisons of the isotherms at 𝑡 = 10000 seconds under magnetic intensity (𝐻 = 15000A/m).

with 30∘C to 50∘C. The expansion speed of the isotherms
counter of the ferrofluid in the tested cavity increased with
the rise of the temperature difference between top and bottom
walls because it caused an increased heat flow by natural
convection with the rise of the density difference, as shown
in Figure 6(a). Namely, increased temperature difference
between top and bottom walls of the square cavity means the
increased superficial magnetic volume force of the ferrofluid
at the givenmagnetic intensity. In addition, the mean Nusselt
number was increased from 12.70 to 12.84 with the rise
of the temperature difference from 30∘C to 50∘C due to
the increased superficial magnetic volume force, as shown

in Figure 6(b). Also, increased temperature gradient causes
a concentration gradient of magnetic particles and leads to
diffusive concentration gradients known as Soret effect by
Lange [28].

3.3. Nusselt Numbers. Figure 7 shows the mean Nusselt
numbers and velocity vectors in the square cavity with the
volume fractions of the magnetite and magnetic intensities at
the elapsed time of 𝑡 = 30000 seconds at Ra = 105. And it took
21 minutes at each condition. Figure 7(a) shows the mean
Nusselt numbers of the present model. The mean Nusselt
numbers of the ferrofluid under magnetic intensities of𝐻 =
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seconds,𝐻 = 15000A/m, and magnetic volume fractions of 2.0% (FF2).

5000A/m and 𝐻 = 10000A/m, respectively, increased by
9.6% and 23.2%, respectively, with the rise of the volume
fraction of magnetite from 1.2% (FF1) to 4.5% (FF4) due
to the increased heat transfer with the rise of the magnetic
intensities. The increased heat transfer means the increased
isotherms expansion speed of ferrofluids in the tested cavity
with the rise of the mean velocities as shown in Figure 7(b).
The mean velocity increased with the rise of the volume
fraction of magnetite and magnetic intensities. Figure 7(b)
shows the mean velocity of the present model. The mean
velocity increased by 49.4% and 143.7%, respectively, at the
magnetic intensities of𝐻 = 5000A/m and𝐻 = 10000A/m,
respectively.

4. Conclusions

This study investigated numerically the heat and flow char-
acteristics including the control of both suppression and
enhancement of the heat transfer of the ferrofluid in the

square cavity with variations of the magnetic intensity and
temperature difference between heated and cooled walls.The
mean and average deviations between the predicted data
by developed model and the existing data were 1.0% and
−0.77%, respectively, for Barakos at al. [14], 2.0% and −2.0%,
respectively, for Markatos and Pericleous [15], at all Rayleigh
number ranges from 103 to 106. Heat and flow characteristics
of the ferrofluids within the tested cavity were found to
depend on both magnetic intensity and magnetic volume
fractions of magnetite. Isotherms of the ferrofluid under
the magnetic intensity of 𝐻 = 15000A/m expanded more
rapidly than those of the ferrofluid under the nonmagnetic
intensity (𝐻 = 0A/m) at the same time due to the increased
magnetic volume force. And the mean Nusselt number and
the expansion speed of the isotherm contours of the ferrofluid
increased with the rise of the temperature difference between
top and bottom walls in the tested cavity. In addition, the
mean Nusselt numbers and mean velocity of the ferrofluid
were increased with the rise of the magnetic intensities and
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increased by 23.2% and 143.7%, respectively, at bothmagnetic
intensity of 𝐻 = 10000A/m and the elapsed time of 𝑡 =

30000 seconds.
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The present paper proposes an analysis based on the second principle of thermodynamics applied to a water-Al
2
O
3
nanofluid. The

nanofluid flows inside a circular section tube subjected to constant wall temperature. The aim of the investigation is to understand,
by means of an analytical model, how entropy generation within the tube varies if inlet conditions, particles concentration, and
dimensions are changed. To gather these information is of fundamental importance, in order to optimize the nanofluid flow. The
results show that according to the inlet condition, there is a substantial variation of the entropy generation, particularly when
Reynolds number is kept constant there is an increase of entropy generation, whereas when mass flow rate or velocity are taken
constant, entropy generation decreases.

1. Introduction

The study of nanofluids has attracted the interest of many
researchers all around the world, because of the unique heat
transfer capabilities shown by such a new category of fluids.
A nanofluid is a suspension of nanoparticles, usually metal
oxides, within a base fluid, such as water, glycol, or mineral
oil. Suspending nanoparticles in a fluid leads to an increase of
its thermal properties; in particular, nanoparticles contribute
to increase thermal conductivity, resulting in a mixture with
higher conductivity with respect to the base fluid.

On the contrary, the viscosity of the mixture increases,
determining higher pressure losses. Therefore, there is a
competing behavior of thermal conductivity and viscosity
which both increase with particles concentration, thus it is
necessary to establish an optimal value.

Researchers are engaged in developing different kinds
of studies regarding nanofluids in order to describe

thermophysical properties, natural and forced convection
flow, and the application in different devices.

Recently, Khanafer and Vafai [1] presented a critical
synthesis of the variantswithin the thermophysical properties
of nanofluids. Correlations for effective thermal conductivity
and viscosity are synthesized and developed in this study
in terms of pertinent physical parameters based on experi-
mental data available in the literature. Also, Corcione [2, 3]
proposed different models to estimate thermal conductivity
and dynamic viscosity of nanofluids developed by making a
synthesis of experimental data available in the literature.

Fan andWang [4], instead, proposed a review on the ther-
mal conductivity studies about nanofluids, and they focused
on the physical mechanisms which cause the enhancement
of nanofluids conductivity. Buongiorno [5] investigated the
mechanisms which cause the enhancement of the heat
exchange in nanofluids. He analyzed all the possible physical
phenomena that can influence heat transfer in nanofluids,
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and he proposed a correlation to estimate Nusselt number for
nanofluid turbulent convection in a tube.

Other researchers performed different numerical analysis
on the convection of nanofluids, in order to understand the
possibility to use nanofluids in practical applications and to
assesswhich are the bestmethodologies to simulate nanofluid
flow.

Khanafer et al. [6] were the first to propose a numerical
model to study natural convection in an enclosure filled with
a Cu-water nanofluid. They presented a correlation of the
average Nusselt number for various Grashof numbers and
volume fractions.

Bianco et al. [7] and He et al. [8] proposed for the
first time the application of the discrete phase model to
the simulation of nanofluids convection. They performed a
full two-phase simulation, modeling the nanoparticles with
a Lagrangian approach and the base fluid by means of
the usual Eulerian methodology. Subsequently, Tahir and
Mital [9] successfully utilized this approach to simulate the
developing laminar forced convection flow of alumina-water

nanofluid in a circular tube subjected to a uniform wall
heat flux. They analyzed the effects of particle diameter,
Reynolds number, and volume fraction of the particles on the
average heat transfer coefficient. Instead, Behzadmehr et al.
[10, 11] were the first to simulate nanofluid convection flow
by means of the mixture model, demonstrating the accuracy
of this methodology, which cannot explicitly account for two
separate phases, but it allows considering the particles with an
additional term in the momentum equation and by adding a
concentration equation.The validity of this approachwas also
confirmed by Bianco et al. [12, 13].

Hejazian and Moraveji [14] developed a comparison
between single-phasemodel andmixturemodel, highlighting
the limited deviation of the mixture model with respect
to experimental results. Moraveji and Esmaeili [15] tested
both single-phase and two-phases CFD modeling of laminar
forced convection flow of nanofluids in a circular tube under
constant heat flux. They detected a good agreement between
the numerical results and experimental data.

Other researchers focused their interest on the appli-
cation of nanofluids in various kinds of devices, in order
to understand if better performances might be achieved by
employing nanofluids.

Wong and de Leon [16] sustain that nanofluids can be uti-
lized where straight heat transfer enhancement is paramount
as in many industrial applications, nuclear reactors, trans-
portation, and electronics, as well as biomedicine and food
processing.

Shafahi et al. [17–19] proposed the application of nanoflu-
ids in different kinds of heat pipe. They demonstrated the
existence of an optimal concentration which maximizes heat
transfer capillary limits. Manca et al. [20] applied nanofluids
to ribbed channels in order to increase the heat transfer
capabilities of such devices. They performed a numerical
investigation showing a heat transfer enhancement and cor-
responding increase of required pumping power. Krishna
Sabareesh et al. [21] investigated the effect of dispersing a low
concentration of TiO

2
nanoparticles in the mineral oil based

lubricant, on its viscosity and lubrication characteristics, as
well as on the overall performance of a vapor compression
refrigeration system using R12 (Dichlorodifluoromethane) as
the working fluid. They detected enhancement in the COP
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Figure 3: Entropy generation for constant Re number inlet condition and for 𝑑
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= 30 nm: (a) thermal entropy generation; (b) frictional
entropy generation; (c) total entropy generation; (d) Bejan number.

of the refrigeration system and the existence of an optimum
volume fraction at low concentrations of nanoparticles sus-
pended in the mineral oil.

Mahian et al. [22] proposed a review about the applica-
tions of nanofluids in the field of solar thermal engineering
systems. They found that most of the work consider the
effects of nanofluids on the performance of solar collectors
and solar water heaters from the efficiency, economic, and
environmental considerations viewpoints. In addition, they
highlight some works on the applications of nanofluids in
thermal energy storage, solar cells, and solar stills.

All thementioned literature focus on the study of the fun-
damental heat transfer phenomena or applications involving
nanofluids, and it is based on the first law of thermodynamics,
which is not sufficient to add consideration about the energy
efficiency of these kinds of systems. It is therefore necessary to
enlarge the focus and to base the analysis also on the second
law of thermodynamics.

According to this, different authors start to propose
investigations taking into account entropy generation in
nanofluid flow.

Mahian et al. [23, 24] analyzed entropy generation
between two corotating cylinders using nanofluids. They
found that the TiO

2
-water nanofluid represent the optimal

choice for this kind of configuration.
Leong et al. [25, 26] studied the entropy generation of

turbulent convection of nanofluids subjected to constant
wall temperature and analyzed entropy generation of three
different types of heat exchangers working with nanofluids.
They determined the optimal working conditions for the
investigated devices. Moghaddami et al. [27] and Singh et
al. [28] proposed two interesting theoretical investigations of
entropy generation of nanofluids convection. They showed
the existence of different optimal working points according
to the flow features, but they do not consider the influence of
particles diameter.
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Figure 4: Entropy generation for constant Re number inlet condition (Re = 50 ⋅ 10
3
) and different particles dimensions: (a) thermal entropy

generation; (b) frictional entropy generation; (c) total entropy generation; (d) Bejan number.

Developing turbulent-forced convection flow of a water-
Al
2
O
3
nanofluid in a square tube, subjected to constant

and uniform wall heat flux, was numerically investigated by
Bianco et al. [29]. A simple analytical procedurewas proposed
to evaluate the entropy generation, and its results were com-
pared with the numerical calculations, showing a very good
agreement. An entropy generation analysis was also proposed
in order to find the optimal working condition for the given
geometry under given boundary conditions. Very recently,
Bianco et al. [30] proposed an analytical investigation to
analyze entropy generation in a tube subjected to constant
wall heat flux. The influence of particles concentration and
dimensions as well as the influence of inlet conditions were
assessed.

The present paper has the aim to develop an analytical
investigation of entropy generation of Al

2
O
3
-water based

nanofluid in turbulent convection inside a circular cross
section tube, subjected to constant wall temperature, in order
to understand if there are optimal working conditions.

Different inlet conditions, namely, constant Re, constant
mass flow rate and constant velocity, concentrations, and
dimensions, are considered in order to assess their influence
on the entropy generation.

It is important to highlight that, to the best of the authors’
knowledge, the effect of particles dimensions on the entropy
generation of a tube subjected to constant wall temperature is
analyzed for the first time in this paper.

The information and comments contained in the present
work are believed to be useful to pursue the optimal design
of thermal devices; in particular, the system considered in
the present paper is a very common configuration, utilized
in numerous kind of applications.

2. Methodology

2.1. Description of the Problem. The problem considered in
the present paper consists of the analysis of average entropy
generation within a circular cross section tube subjected to
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Figure 5: Entropy generation for constant mass flow rate inlet condition and for 𝑑
𝑝
= 30 nm: (a) thermal entropy generation; (b) frictional

entropy generation; (c) total entropy generation; (d) Bejan number.

constant wall temperature and different inlet conditions. The
tube has a length, 𝐿, equal to 1m and a diameter, 𝐷, of 1 cm,
Figure 1(a), whereas the temperature at the inlet, 𝑇

0
, is equal

to 293K and the temperature on the wall is 350K.
Different inlet conditions are considered, namely, fixed

Reynolds number, Re, in the range of 20 ⋅ 10
3 up to 100 ⋅ 10

3,
constant mass flow rate from 0.3 up to 0.5 kg/s, and fixed
inlet velocity ranging from 4.0 up to 8.5m/s. All the above
mentioned inlet conditions cause a turbulent flow with Re in
the range of 11 ⋅ 10

3 until 100 ⋅ 10
3.

2.2.Thermophysical Properties. Definition of thermophysical
properties of a nanofluid is extremely important, in order to
determine reliable results, and different models to describe
their behavior are available in the literature, as discussed in
[31].

Density of nanofluids is calculated according to the
general formula for the mixtures, obtaining the following

relation

𝜌nf = (1 − 𝜑) 𝜌bf + 𝜑𝜌
𝑝
. (1)

Specific heat is calculated by assuming thermal equilibrium
between the nanoparticles and the base fluid by means of the
following equation:

𝐶
𝑝nf =

(1 − 𝜙) 𝜌bf𝐶𝑝bf + 𝜙𝜌
𝑝
𝐶
𝑝𝑝

𝜌nf
. (2)

As reported in [1], (1) and (2) have been validated experimen-
tally, and they meet the general agreement of the scientific
community.

Viscosity and thermal conductivity are calculated accord-
ing to the correlations proposed by Corcione [2, 3]. These
correlations are established by analyzing a large amount of
experimental data available in the literature. According to [2],
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thermal conductivity of nanoparticles of spherical size can be
expressed in the following way:

𝑘nf
𝑘bf

= 1 + 4.4 ⋅ Re0.4
𝑑

⋅ Pr0.66 ⋅ ( 𝑇

𝑇fr
)

10

⋅ (

𝑘
𝑝

𝑘bf
)

0.03

⋅ 𝜑
0.66

,

(3)

where Re
𝑑
is the nanoparticle Reynolds number and Pr is

the Prandtl number of the base liquid. In more detail, the
nanoparticle Reynolds number is defined as [2] follows:

Re
𝑑
=

𝜌bf ⋅ V𝑏 ⋅ 𝑑𝑝
𝜇bf

, (4)

where V
𝑏
is the Brownian velocity, defined as

V
𝑏
=

2 ⋅ 𝐶
𝐵
⋅ 𝑇

𝜋 ⋅ 𝜇bf ⋅ 𝑑
2

𝑝

. (5)

It can be noticed that (3) is a function of both nanoparticle
concentration and diameter.

According to [3], dynamic viscosity can be expressed as

𝜇nf
𝜇bf

=
1

1 − 24.3745 ⋅ 𝑑−0.264
𝑝

⋅ 𝜑1.028
. (6)

Also, nanofluid dynamic viscosity is expressed as a function
of particles diameter and concentration.

2.3. Mathematical Modeling. Figure 1 reports the configu-
ration under investigation, Figure 1(a) particularly shows
a schematic of all the considered domain, whereas in
Figure 1(b), a sketch of a control volume used to develop the
analysis is shown.The surface temperature of the duct is kept
constant at 𝑇

𝑤
. An incompressible viscous fluid with mass

flow rate equal to𝑚 and inlet temperature 𝑇
𝑜
enters the duct

of length 𝐿 and diameter 𝐷. Density, thermal conductivity,

and specific heat of the fluid are assumed to be constant
within the range of temperatures considered in this study.

With reference to the control volume reported in
Figure 1(b), an entropy balance can be written as

𝑑𝑆gen = 𝑚 ⋅ 𝑑𝑠 −
𝛿𝑄

𝑇
𝑤

. (7)

And as reported in [32], for an incompressible fluid, 𝑑𝑠 can
be expressed as follows:

𝑑𝑠 =

𝑐
𝑝
⋅ 𝑑𝑇

𝑇
−

𝑑𝑝

𝜌 ⋅ 𝑇
, (8)

whereas 𝛿𝑄 is expressed as

𝛿𝑄 = 𝑚 ⋅ 𝑐
𝑝
⋅ 𝑑𝑇. (9)

Therefore, by substituting (8) and (9) into (7), the following
expression is obtained:

𝑑𝑆gen = 𝑚 ⋅ 𝑐
𝑝
⋅ (

𝑇
𝑤
− 𝑇

𝑇
𝑤
⋅ 𝑇

𝑑𝑇) − 𝑚 ⋅
𝑑𝑝

𝜌 ⋅ 𝑇
. (10)

In (10), it is possible to distinguish different contributions.
The first member of the equation represents the total entropy
generation, whereas at the second member of the equation
there are two terms: the first one is the thermal entropy
generation, whereas the second one is the frictional entropy
generation. Therefore, it is possible to write the following
expression:

𝑆gen,𝑇 = 𝑆gen,𝑡 + 𝑆gen,𝑓. (11a)

Accordingly, Bejan number can be defined as

Be =

𝑆gen,𝑡

𝑆gen,𝑇
=

𝑆gen,𝑡

𝑆gen,𝑡 + 𝑆gen,𝑓
. (11b)

Be ranges from 0, all frictional irreversibility, to 1, all thermal
irreversibility.

According to [32], from the integration of the first part of
the second member of (10) between zero and the length of
the duct, 𝐿, and by making some substitutions, the thermal
entropy generation can be determined as follows:

𝑆gen,𝑡 = 𝑚 ⋅ 𝑐
𝑝
⋅ {ln[

1 − 𝜏 ⋅ 𝑒
−4St𝜆

1 − 𝜏
] − 𝜏 ⋅ (1 − 𝑒

−4St𝜆
)} ,

(12)

where 𝜏 is the dimensionless temperature, defined as

𝜏 =
𝑇
𝑤
− 𝑇
0

𝑇
𝑤

, (13)

and 𝜆 is the dimensionless length of the tube, defined as

𝜆 =
𝐿

𝐷
, (14)
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Figure 7: Entropy generation for constant mass flow rate inlet condition (𝑚 = 0.4 kg/s) and different particles dimensions: (a) thermal
entropy generation; (b) frictional entropy generation; (c) total entropy generation; (d) Bejan number.

and St is the Stanton number, expressed as

St = ℎ

𝜌 ⋅ 𝑤 ⋅ 𝑐
𝑝

=
Nu
Re Pr

with Nu =
ℎ𝐷

𝑘
, (15)

and ℎ representing the convection heat transfer coefficient,
calculated from the correlation suggested by Pak and Cho,
specifically developed for nanofluids [33]:

Nu = 0.021 ⋅ Re0.8 ⋅ Pr0.5. (16)

The frictional entropy generation can be expressed according
to Bejan [34], by integrating the second part of the second
member of (10):

𝑆gen,𝑓 =
32 ⋅ 𝑚

3
⋅ 𝑓 ⋅ 𝐿

𝜌2 ⋅ 𝑇ave ⋅ 𝜋
2 ⋅ 𝐷5

, (17)

where 𝑓 is the friction factor calculated as suggested in
[25, 35], estimated as:

𝑓 = [0.79 ⋅ ln (Re) − 1.64]
−2
, (18)

and𝑇ave is the average bulk temperature of the fluid inside the
tube, estimated as

𝑇ave =
𝑇
0
− 𝑇out

ln (𝑇
0
/𝑇out)

, (19)

where 𝑇out is determined as

𝑇out = 𝑇
𝑤
− (𝑇
𝑤
− 𝑇
0
) ⋅ exp(

−ℎ ⋅ 𝑝 ⋅ 𝐿

𝑚 ⋅ 𝑐
𝑝

) . (20)

3. Results and Discussion

Results are reported in terms of thermal, frictional, and total
entropy generation andBejan number, in order to understand
the relative importance of thermal entropy generation with
respect to frictional entropy generation.

For assigned 𝑑
𝑝
and 𝜑, the terms 𝐶

𝑝nf, 𝑘nf, and 𝜇nf are
evaluated by (2), (3), and (6), respectively, and, consequently,
the Pr value is obtained. Re allows the evaluation of Nu and St



8 Advances in Mechanical Engineering

5

8

11

14

17

20

23

0 1 2 3 4 5 6
𝜑 (%)

S
ge

n,
t

(W
/K

)

dp = 30 nm

(a)

0.0

0.2

0.4

0.6

0.8

0 1 2 3 4 5 6
𝜑 (%)

S
ge

n,
f

(W
/K

)

dp = 30 nm

(b)

5

8

11

14

17

20

23

� = 4.0 m/s
� = 6.0 m/s
� = 8.0 m/s

0 1 2 3 4 5 6
𝜑 (%)

S
ge

n,
T

(W
/K

)

dp = 30 nm

(c)

0.96

0.97

0.98

0.99

1.00

� = 4.0 m/s
� = 6.0 m/s
� = 8.0 m/s

0 1 2 3 4 5 6
𝜑 (%)

Be dp = 30 nm

(d)

Figure 8: Entropy generation for constant velocity inlet condition and for 𝑑
𝑝
= 30 nm: (a) thermal entropy generation; (b) frictional entropy

generation; (c) total entropy generation; (d) Bejan number.

values by (16) and 𝑓 by (18). Thermal and frictional entropy
generations are evaluated by (12) and (17) for assigned 𝜏, equal
to 0.163 (i.e., in the present study 𝜏 is kept constant).

First of all, the impact of possible deviations affecting the
correlation of Nu (16) on the thermal entropy generation is
analyzed. It is considered a variation of Nu of ±20% with
respect to the value calculated by (16). The case of constant
Re = 60 ⋅ 10

3, particles diameter equal to 30 nm, and variable
volumetric concentration is taken into account.

Figure 2 reveals that for a variation of Nu of +20%, there
is an increase of thermal entropy generation between 12%
and 13%; therefore, the effect of a positive deviation in Nu is
smoothed. When there is a variation in Nu of −20%, there
is a decrease of thermal entropy generation varying between
−14% and −15%; therefore, a smoothing effect is still present.

Figure 2 shows that when possible experimental devi-
ations of Nu are taken into account, there is a variation
in the value of thermal entropy generation, but the trend
is similar; therefore, the main considerations (i.e., optimal

concentration of nanoparticles) are not affected by possible
experimental deviation of (16).

Figure 3 shows the analysis for constant Re as inlet
condition and for a fixed particles dimension (𝑑

𝑝
= 30 nm),

whereas the volumetric concentration varies.
In Figure 3, it is detected an increase of thermal, fric-

tional, and total entropy generation at the increase of con-
centration, whereas Be number decreases highlighting that
as concentration increases the frictional entropy generation
starts to give a substantial contribution to the total irre-
versibility of the system.

The reported behavior can be explained in the following
way: at the increase of the concentration there is a growth of
both density and dynamic viscosity, but the increase of the
latter contribution is much stronger; therefore, in order to
maintain Re constant, it is necessary to increase the velocity,
which, in turn, determines a strong increase of the mass flow
rate. The increase of the mass flow rate is higher than the
decrease of the specific heat (see (12)), whereas the effect of
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the other terms in (12) is limited; therefore, thermal entropy
generation grows.

In the same way, also the frictional entropy generation
increases (see (17)), but as a cubic function of the mass flow
rate; that way at higher concentration, it starts to affect the
total entropy generation.

Figure 4 reports the aforementioned analysis for constant
Re (Re = 50 ⋅ 10

3
) and different dimensions of the particles

(20 nm, 40 nm, and 60 nm), showing that as the diameters
decrease, entropy generation increases, whereas Be number
reduces.

This behavior is due to the fact that as particles dimen-
sions decrease, there is a strong increase of the dynamic
viscosity (see (6)), caused by the higher surface of interaction
among the particles and base fluid (at constant concentration,
smaller particles have a higher total surface of interaction
with the base fluid). If the viscosity grows, it is necessary
a higher velocity to have a constant Re, as previously men-
tioned.

Figure 5 illustrates the results when mass flow rate is
kept constant assuming three different conditions (0.3 kg/s,
0.4 kg/s, and 0.5 kg/s) and particles dimension is taken fixed
(𝑑
𝑝

= 30 nm), whereas particles concentration is variable.
It can be noticed that thermal, frictional, and total entropy
generations tend to reduce, whereas Be number is nearly
constant, showing a proportional variation of thermal and
frictional generation; even though it is to be noticed that
thermal entropy generation is much higher than frictional
entropy generation.

This behavior is due to the fact that, by keeping mass
flow rate constant and increasing the concentration of the
nanoparticles, there is a decrease of the specific heat, which
determines most of the reduction of thermal entropy gen-
eration, and an increase of the density, which causes most
of the decrease of the frictional entropy generation. These
two contributions have a similar effect, therefore Be number
remains nearly constant. Anyway, as previously noticed, the
impact of specific heat is more relevant, because thermal
entropy generation is two order of magnitude higher with
respect to thermal entropy generation.

Moreover it is important to consider that by keepingmass
flow rate constant, a significant reduction of Re is determined
(Figure 6) as concentration increases.This, according to (16),
determines a reduction of Nu; therefore, when mass flow
rate is kept constant there is a more efficient (i.e., entropy
generation decreases) but less effective heat exchange (i.e., a
lower quantity of heat is exchanged).

Figure 7 reports entropy generation and Be number for
a constant mass flow rate (0.4 kg/s), three different nanopar-
ticles dimensions (20 nm, 40 nm, and 60 nm), and variable
concentration.

From Figure 7, it is noticed an opposite trend of thermal
and frictional entropy generation; in fact, thermal entropy
generation tends to decrease with the nanoparticles diame-
ters, whereas the opposite happens for frictional generation.
The overall effect is a decrease of the total entropy generation,
when particles dimensions reduce, because the weight of
thermal entropy generation is much higher with respect to
frictional thermal generation.
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Figure 9: Reynolds number resulting from the constant velocity
inlet condition, in the case of 𝑑

𝑝
= 30 nm.

Thermal entropy generation decreases, because the
reduction of the particles dimensions causes a reduction of
the Stanton number, which makes thermal entropy genera-
tion decrease according to (12).

The reduction of St is due to a decrease of Nu caused by
the reduction of Re due to the increase of dynamic viscosity
determined by the decrease of particles dimensions (i.e., the
decrease of the amount of heat transferred to the nanofluid
is stronger than the decrease of the nanofluid heat capacity,
provoking a reduction of St).

The same mechanism is also responsible for the increase
of frictional entropy generation; in fact, as Re decreases,
𝑓 increases (18), provoking a rise of the frictional entropy
generation (17).

Figure 8 reports the results for the case of constant inlet
velocity, taking into account three different values (4m/s,
6m/s, and 8m/s), a particles dimension equal to 30 nm, and
concentration between 0% and 6%.

It is detected a decrease of the thermal entropy generation
and an increase of frictional entropy generation. The overall
effect is a slight decrease of total entropy generation, because
frictional entropy generation is one order of magnitude lower
than thermal entropy generation, thus, Be number has a value
close to 1.

Thermal entropy generation decreases as concentration
increases (except for low concentration, as shown and dis-
cussed in the following), because at the increase of concentra-
tion there is a reduction of the specific heat, which is stronger
than the effect of the increase of the mass flow rate, caused
by the rise of the density. Moreover, St number decreases,
contributing to the reduction of thermal entropy generation
for the previously mentioned reasons. The reduction of St
is due to the decrease of Nu provoked by the decrease of
Re at the increase of particles concentration (Figure 9). Re
decreases because the rise of viscosity ismore significant than
that of density.
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Figure 10: Entropy generation for constant velocity inlet condition (V = 6.0m/s) and different particles dimensions: (a) thermal entropy
generation; (b) frictional entropy generation; (c) total entropy generation; (d) Bejan number.

On the contrary, frictional entropy generation increases,
because the effect of the increase of the mass flow rate and
of the frictional coefficient are dominant, with respect to
other mechanisms which tend to reduce frictional entropy
generation (i.e., increase of density).

Figure 10 shows the trend of thermal, frictional, and total
entropy generation, together with Be, for a value of velocity
of 6.0 m/s and different particles dimensions (20 nm, 40 nm,
and 60 nm) as a function of the concentration. It is detected
that, as previously mentioned, there is a substantial decrease
of thermal entropy generation, except for concentration up
to 1%. The increase of entropy generation is due to the
increase of St, caused by the increase of heat convection
coefficient driven by the rise of thermal conductivity. At low
concentration, this effect and the increase of mass flow rate
are dominant with respect to the decrease of the specific heat.
As concentration increases (i.e., after 1%), the reduction of Re,
determined by the increase of the viscosity, causes a strong

reduction of Nu, and the increase of the thermal conductivity
is not sufficient to make St increase, so it starts to decrease,
contributing to the reduction of thermal entropy generation.

The reduction of thermal entropy generation caused by
the reduction of particles dimensions is due to reasons
analogous to what happened in the case of mass flow rate
(i.e., reduction of St at the decrease of particles dimensions),
the same is for the increase of frictional entropy generation
(decrease of Re with consequent increase of 𝑓).

4. Conclusions

The present paper investigated the entropy generation of a
nanofluid turbulent convection flow within a circular cross
section tube subjected to constantwall temperature.The anal-
ysis showed that the considered inlet condition influences the
different mechanisms and the amount of entropy generation.
Particularly, it is shown that at constant Re there is an increase
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of both thermal and frictional entropy generation, with a
higher increase of frictional entropy generation according to
the rise of particles concentration.

For constant mass flow rate and inlet velocity, more
similar trends are observed. Specifically, there is a decrease of
thermal entropy generation for both cases, whereas frictional
entropy generation decreases in the case of constant mass
flow rate and increases for constant velocity inlet condition.
For these two conditions, an overall decrease of the total
entropy generation is detected.

It is very important to highlight that a dominant role in
the analysis of the considered problem is played by dynamic
viscosity, which has a strong influence on the resulting Re,
when it is not assumed constant.

Nomenclature

𝐴: Area (m2)
Be: Bejan number
𝐶
𝐵
: Boltzmann’s constant = 1.38066 × 10−23 J K−1

𝐶
𝑝
: Specific heat (kJ kg−1 K−1)

𝐷: Tube diameter (m)
𝑑
𝑝
: Particle diameter (nm)

𝑓: Friction factor
ℎ: Convective heat transfer coefficient (Wm−2 K−1)
𝑘: Thermal conductivity (Wm−1 K−1)
𝐿: Tube length (m)
Nu: Nusselt number
𝑚: Mass flow rate (kg s−1)
𝑝: Pressure (Pa)
𝑃: Perimeter (m)
Pr: Prandtl number, 𝜇Cp/k
𝑞: Heat flux (Wm−2)
𝑞
: Heat transfer per unit of length (Wm−1)
Re: Reynolds number
𝑆gen: Entropy generation (WK−1)
𝑆


gen: Entropy generation per unit of length (WK−1m−1)
St: Stanton number
𝑇: Temperature (K)
𝑥: Axial coordinate (m)
V: Velocity (m s−1).

Greek Symbols

𝜑: Particles concentration
𝜇: Dynamic viscosity (N sm−2)
𝜌: Density (kgm−3).

Subscripts

Ave: Average
𝑏: Brownian
bf: Base fluid
𝑑: Nanoparticle diameter
𝑓: Frictional
fr: Freezing.

𝑔: Generation
ℎ: Hydraulic
in: Inlet
nf: Nanofluids
out: Outlet
𝑝: Particles
𝑡: Thermal
𝑇: Total.
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We present the numerical investigation of the steady mixed convection boundary layer flow over a vertical surface embedded
in a thermally stratified porous medium saturated by a nanofluid. The governing partial differential equations are reduced to
the ordinary differential equations, using the similarity transformations. The similarity equations are solved numerically for
three types of metallic or nonmetallic nanoparticles, namely, copper (Cu), alumina (Al

2
O
3
), and titania (TiO

2
), in a water-based

fluid to investigate the effect of the solid volume fraction or nanoparticle volume fraction parameter 𝜑 of the nanofluid on the
flow and heat transfer characteristics. The skin friction coefficient and the velocity and temperature profiles are presented and
discussed.

1. Introduction

Theproblem of convective flow in a porousmedium provides
one of the basic scenarios for heat transfer theory, and thus,
it is of considerable theoretical and practical interest and has
been extensively studied. Excellent reviews of the topic can be
found in the books by Nield and Bejan [1], Pop and Ingham
[2], InghamandPop [3], Vafai [4, 5], andVadasz [6].Themost
basic and classical problem for natural convection in a porous
medium is that of free convection past a vertical flat plate,
which was first studied by Cheng and Minkowycz [7]. There
are several numerical studies on the mixed convection flow
in a porous medium, and we mention here those by Merkin
[8, 9], Harris et al. [10, 11], Nazar et al. [12, 13], Ping and I-Dee
[14], and Ping [15].

The problem of convection flow in a thermally stratified
fluid is also an important problem, and this type of flow arises
in many contexts, ranging from industrial and technological

settings to the oceanic and atmospheric environments. Strat-
ification is due to the difference in water density like warm
water is less than cool water and therefore tends to float on top
of the cooler heavier water so that the thermal stratification
refers to a temperature layering effect that occurs in water
and so forth. Thermal stratification is a characteristic of all
fluid bodies surrounded by differentially heated side walls.
Hence, the dynamics of flows in thermally stratified fluid
is gaining attention amongst researchers of both theoretical
and applied fields in the last few decades. In the case of
vertical consideration, thermal stratification arises mainly
because of temperature variations, concentration difference,
or presence of different fluids of different density (Moorthy
and Senthilvadivu [16]). Thakar and Pop [17] analysed the
free convection from a vertical plate immersed in a ther-
mally stratified porous medium under the boundary layer
assumptions. Natural convection in a thermally stratified
fluid saturated porous medium has been studied by Tiwari



2 Advances in Mechanical Engineering

and Singh [18]. On the other hand, Ishak et al. [19] considered
the steady mixed convection boundary layer flow through
a stable stratified porous medium bounded by a vertical
surface. They found that the thermal stratification signifi-
cantly affects the surface shear stress as well as the surface
heat transfer, besides delays the boundary layer separation.
Further, in the following papers, numerical solutions on
convection in a thermally stratified fluid saturated porous
medium in various geometries were discovered and dis-
cussed, for instance, in the papers by Angirasa et al. [20],
Kumar and Shalini [21], Neog andDeka [22], and Bansod and
Jadhaf [23].

Nanofluids are engineered by suspending nanoparticles
with average size below 100 nm in traditional heat transfer
fluids such as water, oil, and ethylene glycol. Fluids such
as water, oil, and ethylene glycol are poor heat transfer
fluids, since the thermal conductivity of these fluids plays
an important role in the heat transfer coefficient between
the heat transfer medium and the heat transfer surface. Choi
[24] showed that the addition of small amount (less than
1% by volume) of nanoparticles to conventional heat transfer
liquids increased the thermal conductivity of the fluids up
to approximately two times. Therefore, the effective thermal
conductivity of nanofluids is expected to enhance heat trans-
fer compared to the conventional heat transfer liquids. Nield
and Kuznetsov [25] studied natural convective boundary
layer flow in a porousmedium saturated by a nanofluid taking
into account the combined effects of heat and mass transfer
in the presence of Brownian motion and thermophoresis as
proposed by Buongiorno [26]. Later, Kuznetsov and Nield
[27] examined the natural convective heat transfer in the
boundary layer flow of a nanofluid past a vertical flat plate
embedded in a viscous fluid. Ahmad and Pop [28] have
considered the steady mixed convection boundary layer flow
over a vertical flat plate embedded in a porous medium filled
with a nanofluid using the nanofluid model proposed by
Tiwari andDas [29], where this nanofluidmodel analyzes the
behaviour of nanofluids taking into account the solid volume
fraction. It should be also mentioned the mathematical
nanofluid model proposed by Khanafer et al. [30]. There are
several published papers on convective heat transfer using
the nanofluid equation model proposed by Tiwari and Das
[29], and we mention here those by Bachok et al. [31], Arifin
et al. [32], Tham and Nazar [33], and Rohni et al. [34].
Very recently, Chamkha et al. [35] have examined the effect
of thermal radiation on mixed convection boundary layer
flow over an isothermal vertical cone embedded in a porous
medium saturated by a nanofluid. These authors [35] used
the model for the nanofluid which incorporates the effects of
the Brownianmotion and thermophoresis (Buongiorno [26])
with Rosseland diffusion approximation (Rosseland [36]).

Therefore, the present investigation deals with the mixed
convection boundary layer flow embedded in a thermally
stratified porous medium saturated by a nanofluid using the
nanofluidmodel proposed by Tiwari andDas [29]. It extends,
in fact, the papers by Ishak et al. [19] to the case of nanofluid.
Numerical results are compared with those of Ishak et al. [19]
and Ahmad and Pop [28] for special cases and are presented
in tables and graphs.

2. Problem Formulation

We consider the steady mixed convection flow over an
impermeable heated semi-infinite vertical flat plate, which
is embedded in a thermally stratified fluid saturated porous
medium filled with nanofluids. It is assumed that the free
stream velocity and the ambient temperature (far flow from
the plate) are𝑈(𝑥) and 𝑇

∞
(𝑥), respectively. It is also assumed

that the temperature of the plate is 𝑇
𝑤
(𝑥), where 𝑇

𝑤
(𝑥) >

𝑇
∞
(𝑥) corresponds to a heated plate (assisting flow) and

𝑇
𝑤
(𝑥) < 𝑇

∞
(𝑥) corresponds to a cooling plate (opposing

flow). It is also assumed that the convecting fluid and the
porous medium are in local thermodynamic equilibrium, the
viscous dissipation is neglected, and the physical properties
of the fluid except the density are constant and that the
Boussinesq approximation holds. Following the nanofluid
model proposed by Tiwari and Das [29], along with the
Boussinesq and boundary layer approximations, the steady
boundary layer equations of the present problem are (see
Ahmad and Pop [28]),

𝜕𝑢

𝜕𝑥
+
𝜕V
𝜕𝑦

= 0, (1)

𝜇
𝑛𝑓

𝜇
𝑓

𝑢 =

𝜇
𝑛𝑓

𝜇
𝑓

𝑈 (𝑥)

±

𝑔𝐾 [𝜑𝜌
𝑠
𝛽
𝑠
+ (1 − 𝜑) 𝜌

𝑓
𝛽
𝑓
]

𝜇
𝑓

(𝑇 − 𝑇
∞
) ,

(2)

𝑢
𝜕𝑇

𝜕𝑥
+ V

𝜕𝑇

𝜕𝑦
= 𝛼
𝑛𝑓

𝜕
2
𝑇

𝜕𝑦2
(3)

subject to the boundary conditions

V = 0, 𝑇 = 𝑇
𝑤
(𝑥) at 𝑦 = 0,

𝑢 → 𝑈 (𝑥) , 𝑇 → 𝑇
∞

as 𝑦 → ∞,

(4)

where the “+” and “−” signs in (2) correspond to the assisting
and opposing flows, respectively. The physical quantities,
namely, the viscosity 𝜇

𝑛𝑓
and the thermal diffusivity 𝛼

𝑛𝑓
of

the nanofluid, are defined as (see Oztop and Abu-Nada [37])

𝜇
𝑛𝑓
=

𝜇
𝑓

(1 − 𝜑)
2.5
, 𝛼

𝑛𝑓
=

𝑘
𝑛𝑓

(𝜌𝐶
𝑝
)
𝑛𝑓

,

(𝜌𝐶
𝑝
)
𝑛𝑓
= (1 − 𝜑) (𝜌𝐶

𝑝
)
𝑓
+ 𝜑(𝜌𝐶

𝑝
)
𝑠
,

𝑘
𝑛𝑓

𝑘
𝑓

=

(𝑘
𝑠
+ 2𝑘
𝑓
) − 2𝜑 (𝑘

𝑓
− 𝑘
𝑠
)

(𝑘
𝑠
+ 2𝑘
𝑓
) + 𝜑 (𝑘

𝑓
− 𝑘
𝑠
)

,

(5)

where 𝑘
𝑛𝑓
is the thermal conductivity of the nanofluid,𝜑 is the

nanoparticle volume fraction parameter, (𝜌𝐶
𝑝
)
𝑛𝑓

is the heat
capacity of the nanofluid, (𝜌𝐶

𝑝
)
𝑓
is the heat capacity of the

fluid, and (𝜌𝐶
𝑝
)
𝑠
is the heat capacity of the solid. It should

be stated that the expression of 𝜇
𝑛𝑓

has been proposed by
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Brinkman [38]. On the other hand, it is worth mentioning
that the expressions (5) are restricted to spherical nanoparti-
cles where it does not account for other shapes of nanopar-
ticles. Other models for the effective thermal conductivity
of the nanofluid, 𝑘

𝑛𝑓
, can be found, for example, in the

papers by Ding et al. [39]. The thermophysical properties
of the base fluid (water) and nanoparticles are given in
Table 1 (Oztop and Abu-Nada [37]).

Given that (1)–(3) possess similarity solutions, we assume

𝑈 (𝑥) = 𝑎𝑥
𝑚
, 𝑇

𝑤
(𝑥) = 𝑇

0
+ 𝑏𝑥
𝑚
, 𝑇

∞
= 𝑇
0
+ 𝑐𝑥
𝑚
,

(6)

where 𝑎, 𝑏, and 𝑐 are positive constants,𝑚 is a parameter, and
𝑇
0
is the ambient temperature at the leading edge. We notice

that the stratified porous medium is stable when 𝑑𝑇
∞
/𝑑𝑥 >

0. Thus, we assume the following similarity variables (see
Ishak et al. [19]):

𝜓 = 𝛼
𝑓
(2Pe
𝑥
)
1/2

𝑓 (𝜂) , 𝜃 (𝜂) =
(𝑇 − 𝑇

∞
)

(𝑇
𝑤
− 𝑇
0
)
,

𝜂 = (
Pe
𝑥

2
)

1/2

(
𝑦

𝑥
) ,

(7)

where Pe
𝑥
= 𝑈(𝑥)𝑥/𝛼

𝑓
is the local Péclet number. Substi-

tuting (7) into (2) and (3), we obtain the following system of
coupled ordinary differential equations:

1

(1 − 𝜑)
2.5
𝑓

=

1

(1 − 𝜑)
2.5

+ [(1 − 𝜑) + 𝜑(
𝜌
𝑠

𝜌
𝑓

)(
𝛽
𝑠

𝛽
𝑓

)]𝜆𝜃,

𝑘
𝑛𝑓
/𝑘
𝑓

(1 − 𝜑) + 𝜑(𝜌𝐶
𝑝
)
𝑠
/(𝜌𝐶
𝑝
)
𝑓

𝜃


+ (1 + 𝑚)𝑓𝜃

− 2𝑚𝑓


(𝑆 + 𝜃) = 0

(8)

subject to the boundary conditions

𝑓 (0) = 0, 𝜃 (0) = 1 − 𝑆,

𝜃 (𝜂) → 1 as 𝜂 → ∞.

(9)

Here, 𝜆 = ±Ra
𝑥
/Pe
𝑥
is the constantmixed convection param-

eter with Ra
𝑥
= 𝜌
𝑓
𝑔𝐾𝛽
𝑓
(𝑇
𝑤
− 𝑇
∞
)𝑥/𝜇
𝑓
𝛼
𝑓
being the local

Rayleigh number for a porous medium, the “±” sign has
the same meaning as in (2), and 𝑆 = 𝑐/𝑏 is the constant
stratification parameter. Further, from (8), we get

𝑘
𝑛𝑓
/𝑘
𝑓

(1 − 𝜑) + 𝜑(𝜌𝐶
𝑝
)
𝑠
/(𝜌𝐶
𝑝
)
𝑓

𝑓

+ (1 + 𝑚)𝑓𝑓



+ 2𝑚 (1 − 𝑓

− 𝜆𝑆)𝑓


= 0

(10)

Table 1: Thermophysical properties of fluid and nanoparticles
(Oztop and Abu-Nada [37]).

Physical
properties

Fluid phase
(water) Cu Al2O3 TiO2

𝐶
𝑝
(J/kgK) 4179 385 765 686.2

𝜌 (kg/m3) 997.1 8933 3970 4250
𝑘 (W/mK) 0.613 400 40 8.9538

subject to the boundary conditions

𝑓 (0) = 0,

1

(1 − 𝜑)
2.5
𝑓

(0)

=
1

(1 − 𝜑)
2.5
+ [(1 − 𝜑) + 𝜑(

𝜌
𝑠

𝜌
𝑓

)(
𝛽
𝑠

𝛽
𝑓

)]

× 𝜆 (1 − 𝑆) ,

𝑓

(𝜂) → 0 as 𝜂 → ∞.

(11)

It is worth mentioning that 𝜆 > 0 corresponds to an assisting
flow (heated plate), 𝜆 < 0 corresponds to opposing flow
(cooled plate), and 𝜆 = 0 corresponds to the forced con-
vection flow. We also noticed that since the plate is heated,
it implies that for 0 < 𝑆 < 1, the porous medium is stable
stratified and for 𝑆 = 0, the porous medium is unstratified.
The case of 𝑚 = 1 corresponds to the steady mixed con-
vection boundary layer flow near the stagnation point on the
vertical surface embedded in a porous medium. It is worth
mentioning that when 𝜑 = 0 (regular Newtonian fluid), (10)
subjects to boundary conditions (11) reduces to that derived
by Ishak et al. [19] and when 𝑚 = 0, (10) subjects to (11)
reduces to that derived by Ahmad and Pop [28].

The quantity of physical interest is the skin friction
coefficient 𝐶

𝑓
, which is easily shown to be given by

(
Pe
𝑥

1/2

2Pr
)𝐶
𝑓
=

𝜇
𝑛𝑓

𝜇
𝑓

𝑓

(0) , (12)

where Pr = V
𝑓
/𝛼
𝑓
is the Prandtl number. Thus, our task is

to study the variation of the skin friction coefficient (Pe
𝑥

1/2
/

2Pr)𝐶
𝑓
with 𝜑, 𝜆,𝑚, and 𝑆.

3. Results and Discussion

Equation (10) subjects to the boundary conditions (11) has
been solved numerically by using the shooting method.
This well-known technique is an iterative algorithm which
attempts to identify appropriate initial conditions for a related
initial value problem (IVP) that provides the solution to
the original boundary value problem (BVP). The shooting
method is based on MAPLE “dsolve” command and MAPLE
implementation “shoot” (Meade et al. [40]).The effects of the
nanoparticles volume fraction of nanofluid 𝜑 and the mixed
convection parameter 𝜆 are analyzed for a porous medium
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Table 2: Values of 𝜆
𝑐
for Cu nanoparticles when𝑚 = 0.

𝑆 Ishak et al. [19] Present
𝜑 = 0 𝜑 = 0.1 𝜑 = 0.2

0 −1.354 −1.35411 −1.81433 −2.50987
0.5 −2.713 −2.70821 −3.62867 −5.01973

0.6

0.4

0.2

−0.2

−0.4

−5 −4 −3 −2 −1 0 1

Ishak et al. (2008)
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Figure 1: Variation of skin friction coefficient with 𝜆 for Cu nano-
particles when𝑚 = 0 and 𝑆 = 0.5 for 𝜑 = 0, 0.1, and 0.2.

filled with a regular fluid (𝜑 = 0) and a porous medium filled
with three different nanofluids as Cu-water, Al

2
O
3
-water, and

TiO
2
-water as working fluids. Following Oztop and Abu-

Nada [37], we have considered the range of nanoparticles
volume fraction 𝜑 as 0 ≤ 𝜑 ≤ 0.2. Volume fraction parameter
𝜑 of the nanoparticles is a key parameter for studying the
effect of nanoparticles on the flow fields and heat transfer
characteristics. Thus, Figures 1–3 are prepared to present the
effect of volume fraction of nanoparticles. In order to validate
the present results, we have compared them with those for a
regular fluid (𝜑 = 0), 𝑚 = 0, and 𝑆 = 0, 0.5 (Ishak et al.
[19]) as shown in Table 2. We have also compared the present
results with those by Ahmad and Pop [28] when 𝜑 = 0.1,
𝑚 = 0, and 𝑆 = 0 for different types of nanoparticles (Cu,
Al
2
O
3
, and TiO

2
) as shown in Table 3. It is clearly seen that

the comparison shows very good agreement. We have also
considered the case when𝑚 = 0, 𝑆 = 0.5 and𝑚 = 1, 𝑆 = 0 for
𝜑 = 0 for qualitative comparison with previously published
results by Ishak et al. [19] as presented in Figures 1 and 2,
and it is found again to be in a very good agreement. We are,
therefore, confident that the present results are accurate.

Figures 1–3 present the variations of the skin friction
coefficient (Pe

𝑥

1/2
/2Pr)𝐶

𝑓
with 𝜆 for Cu nanoparticles and

various values of the nanoparticles volume fraction parame-
ter 𝜑. We found that there are two (dual) solutions, an upper
branch and a lower branch solution, when 𝑚 = 0 for a
range of values of 𝜆

𝑐
< 𝜆 < 𝜆

𝑠
< 0 (opposing flow) as
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Figure 2: Variation of skin friction coefficient with 𝜆 for Cu nano-
particles when𝑚 = 1 and 𝑆 = 0 for 𝜑 = 0, 0.1, and 0.2.
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Figure 3: Variation of skin friction coefficient with 𝜆 for Cu nano-
particles when𝑚 = 1 and 𝑆 = 0.5 for 𝜑 = 0, 0.1, and 0.2.

shown in Figure 1, where 𝜆
𝑐
(<0) is the critical value of

𝜆(<0) for which we are unable to get the solutions of (10)
subjects to (11) and 𝜆

𝑐
(<0) is the value of 𝜆(<0) for which the

boundary layer separates from the plate; that is, 𝑓(0) = 0

(see (12)). However, dual solutions are found to exist also
in the case of the assisting flow regime 𝜆 > 0, as well
as in the opposing flow regime 𝜆 < 0 when 𝑚 = 1 as
presented in Figures 2 and 3. It is seen that the value of
|𝜆
𝑐
| increases as the nanoparticles volume fraction parameter

𝜑 increases, suggesting that nanofluid delays the boundary
layer separation. Furthermore, the effects of stratified porous
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Table 3: Values of 𝜆
𝑐
for Cu, Al2O3, and TiO2 nanoparticles when𝑚 = 0 and𝑚 = 1.

𝑆

Ahmad and Pop [28] Present
𝑚 = 0 𝑚 = 0 𝑚 = 1

𝜑 = 0.1 𝜑 = 0.2 𝜑 = 0.1 𝜑 = 0.2 𝜑 = 0.1 𝜑 = 0.2

Cu 0
−1.814 −2.511 −1.81433 −2.50987 −1.89918 −2.62724

0.5 −3.62867 −5.01973 −8.25537 −20.75965

Al2O3
0

−1.923 −1.92301 −2.01347
0.5 −3.84703 −9.42541

TiO2
0

−1.918 −1.91901 −2.00875
0.5 −3.83802 −9.38129

𝜆

0.6
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Figure 4: Variation of skin friction coefficient for Cu, Al
2
O
3
, and

TiO
2
nanoparticles when𝑚 = 0 and 𝑆 = 0.5 for 𝜑 = 0.1.

medium also delay the boundary layer separation as shown in
Tables 2 and 3; that is, the value of |𝜆

𝑐
| also increases when we

increase the value of 𝑆, which means that the parameter 𝑆 can
also serves as a controlling parameter to delay or accelerate
the boundary layer separation.

Figures 4–6display the variations of the skin friction coef-
ficient (Pe

𝑥

1/2
/2Pr)𝐶

𝑓
with 𝜆 for different types of nanopar-

ticles (Cu, Al
2
O
3
, and TiO

2
) when 𝜑 = 0.1. Referring

to Figure 5, for 𝑚 = 1, dual (upper and lower branches)
solutions are found to exist also in both the assisting (𝜆 >

0) as well as the opposing (𝜆 < 0) flow regimes. We can
also observe that for the nanoparticles Cu, Al

2
O
3
, and TiO

2
,

the boundary layer starts to separate the fastest for the
nanoparticles Cu, followed by TiO

2
and Al

2
O
3
. This means

that the nanoparticles Al
2
O
3
delay the start of the boundary

layer separation. However, there are not much differences in
the values of 𝜆

𝑐
and 𝜆

𝑠
between TiO

2
and Al

2
O
3
for both

Figures 5 and 6. Finally, the dimensionless velocity profiles
𝑓

(𝜂) and the upper branch (first) and lower branch (second)

𝜆

1

−1

−2

−2 −1 −0.5−1.5 0 0.5

Al2O3

Cu
TiO2

(
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Figure 5: Variation of skin friction coefficient for Cu, Al
2
O
3
, and

TiO
2
nanoparticles when𝑚 = 1 and 𝑆 = 0 for 𝜑 = 0.1.
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solutions for Cu nanoparticles and various values of 𝜆 in the
case 𝜑 = 0.1 when 𝑚 = 0, 𝑆 = 0.5 and 𝑚 = 1, 𝑆 = 0

are presented in Figures 7 and 8, respectively. The dashed
lines refer to the lower branch (second) solution, and these
profiles prove the existence of dual solutions. Both figures also
show that the boundary conditions (11) are satisfied, which
support the validity of the present results. However, it should
be noticed that the upper branch (first) solutions are stable,
and therefore, the results are physically realizable, while the
lower branch (second) solutions are not stable.

4. Conclusion

The steady mixed convection boundary layer flow over a
vertical surface embedded in a thermally stratified porous
medium saturated by a nanofluid is studied numerically. The
similarity equations are solved numerically for three types of
metallic or nonmetallic nanoparticles, namely, copper (Cu),
alumina (TiO

2
), and titania (TiO

2
), in a water-based fluid.

The effects of the governing parameters, such as the nanopar-
ticles volume fraction parameter 𝜑, the mixed convection
parameter 𝜆, the power law exponent𝑚, and the stratification
parameter 𝑆 on the flow and heat transfer characteristics
are examined in details. It is concluded that the addition of
nanoparticles showed an improvement in the heat transfer
rate from the surface.Therefore, the type of nanofluid is a key
factor for heat transfer enhancement.

Nomenclature

𝑎, 𝑏, 𝑐: Positive constants
𝐶
𝑓
: Skin friction coefficient

𝐶
𝑝
: Specific heat at constant pressure

𝑓(𝜂): Dimensionless stream function
𝑔: Acceleration due to gravity
𝑘: Thermal conductivity
𝑚: Parameter
Pe
𝑥
: Local Péclet number

Pr: Prandtl number
Ra
𝑥
: Local Rayleigh number for a porous

medium
𝑆: Stratification parameter
𝑇: Temperature of nanofluid
𝑇
0
: Ambient temperature at the leading edge

𝑇
𝑤
(𝑥): Wall temperature

𝑇
∞
(𝑥): Ambient temperature

𝑢, V: Velocity components along the 𝑥- and
𝑦-directions, respectively

𝑈(𝑥): Velocity of the external or potential flow
𝑥, 𝑦: Cartesian coordinates measured along the

surface and normal to it, respectively.

Greek Symbols

𝛼: Thermal diffusivity
𝛽: Coefficient of thermal expansion
𝜑: Nanoparticle volume fraction
𝜂: Similarity variable
𝜆: Mixed convection parameter
𝜇: Dynamic viscosity
]: Kinematic viscosity
𝜃(𝜂): Dimensionless temperature
𝜌: Density
𝜓: Stream function.

Subscripts

𝑓: Fluid
𝑛𝑓: Nanofluid
𝑠: Solid.
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A theoretical model based on the integral formalism approach for laminar external natural convection in the vicinity of a vertical
wall is used to be extended to nanofluids. Two kinds of thermal boundary conditions including uniform wall temperature (UWT)
and uniform heat flux (UHF) are used for this modeling. Two different nanofluids are tested, namely, Cu/water and CuO/water
nanofluids for which both viscosity and thermal conductivity were determined using Brownian motion-based models. A close
attention is focused on the influence due to increasing the volume fraction of nanoparticles on both the heat transfer and dynamic
parameters. Results are presented only for particle volume fractions up to 4% to ensure a Newtonian behavior of the mixture. It
has been found that natural convection heat transfer increases with the volume fraction for a fixed Grashof number, whatever the
nanofluid is. Nevertheless, the enhancement of heat transfer is more pronounced in the case of Cu/water than for the CuO/water
nanofluid. Moreover, this trend is also confirmed regarding the dynamical parameters such as the maximum velocity value within
the dynamical boundary layer and the corresponding boundary layer thickness.

1. Introduction

The application of additives to base liquids in the sole aim
to increase the heat transfer coefficient is considered as an
interesting mean for thermal systems. Until now, it was
known that, in forced convection [1, 2] as well as in mixed
convection, using nanofluids could produce a considerable
enhancement of the heat transfer coefficient that increased
with increasing the nanoparticle volume fraction. One of the
major reasons was that nanoparticles enhance heat transfer
rate by increasing the thermal conductivity of the resulting
nanofluid and incurring thermal dispersion in the flow [3, 4].
Consequently, many researches have focused on the way to
increase the thermal conductivity parameter by modifying
the particle volume fraction, the particle size/shape, or the
base fluid [5–7]. However, it is worth mentioning that a
recent work [8] in forced convection indicates that the
assessment of the heat transfer enhancement potential of
nanofluid is difficult and closely dependent on the way

the nanofluid thermophysical properties aremodeled. Unlike
forced convection, there is a striking lack of theoretical and
experimental data in natural convection. Furthermore, the
conclusions from the few published results in the literature
also seem to be controversial. For example, for a buoyancy
driven flow in a two-dimensional enclosure, Khanafer et al.
[9] have numerically found that the nanofluid heat transfer
rate increases with the increase in nanoparticle volume
fraction. On the other hand, the experimental study by Putra
et al. [10] for a natural convection case of copper and alumina-
water nanofluids inside a horizontal differentially heated
cylinder has shown an apparently paradoxical behaviour of
significant heat transfer deterioration. Wen and Ding [11],
using titanium dioxide nanoparticles, have also observed
experimentally such deterioration in the natural convective
heat transfer.

Because knowledge of nanofluids is still at their early
stages, it seems very difficult to have a precise idea on the way
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the use of nanoparticles acts in natural convection heat trans-
fer, and complementary works are needed. Thus, to remedy
this lack of data and to document the natural convection heat
transfer, a theoreticalmodel is used for nanofluid applications
in external boundary-layer flows. Nanoparticles, because of
their very fine structure, make a stable and homogeneous
state when solving in the base fluid. Thus, the nanofluids are
usually considered similar to the base fluids as monophase
ones, and the present investigation shall be restricted to
Newtonian nanofluids.

Two kinds of thermal boundary conditions including
uniform wall temperature (UWT) and uniform heat flux
(UHF) are used for this modeling. Two different nanofluids
are tested, namely, Cu/water and CuO/water nanofluids
for which both viscosity and thermal conductivity were
determined using Brownian motion-based models. A close
attention is focused on the influence due to increasing the
volume fraction of nanoparticles on both the heat transfer
and dynamical parameters. Results are presented only for
particle volume fractions up to 4% to ensure a Newtonian
behavior of the mixture.

2. Nanofluid Properties

The thermophysical properties of the nanofluids, namely, the
density, volume expansion coefficient and heat capacity, have
been computed using classical relations developed for a two-
phase mixture [3, 11, 12]:

𝜌nf = (1 − 𝜙) 𝜌bf + 𝜙𝜌𝑝,

𝛽nf = (1 − 𝜙) 𝛽bf + 𝜙𝛽𝑝,

(𝜌𝐶
𝑝
)
nf
= (1 − 𝜙) (𝜌𝐶

𝑝
)
bf
+ 𝜙 (𝜌𝐶

𝑝
)
𝑝
.

(1)

It is worth noting that for a given nanofluid, simultaneous
measurements of conductivity and viscosity are missing.
The development of accurate theoretical models taking into
account all influencing parameters is still an active research
area. Several possible mechanisms, such as Brownian motion
or particle clustering [13] to name a few, have been proposed
to explain the observed strong increase in the thermal
conductivity and viscosity.

In the present study, the average particle diameter is about
40 nm, and the conductivity is obtained with a semiempirical
model aiming at taking into account possible effects of
the Brownian motion on the resulting effective thermal
conductivity. The corresponding correlation is

𝑘nf

=𝑘bf[1+64.7𝜙
0.746

(
𝑑bf
𝑑
𝑝

)

0.369

(

𝑘
𝑝

𝑘bf
)

0.7476

Pr0.9955bf Re1.2321],

(2)

where the Reynolds number is based on the Brownian
velocity (𝑉Br) of the nanoparticles, which is defined in [14]:

Renf =
𝜌bf𝑉Br𝑑𝑝

𝜇bf
=

𝜌bf𝑘B𝑇

3𝜋𝑙bf(𝜇bf)
2
, (3)

where 𝑙 is themean free path and 𝑘B is the Boltzman constant.
Also, the dynamic viscosity is obtained from the relation-

ship proposed byDavalos-Orozco and del Castillo¡?ehlt?¿[15]
which takes into account semidiluted and Brownian motion
effect with a second order-correction:

𝜇nf = 𝜇bf ((5.2 + 0.97) 𝜙
2
+ 2.5𝜙 + 1) . (4)

Nanofluid thermophysical properties are presented in the
following tables where the Prandtl number is calculated as
follows:

Prnf = (
𝜇𝐶
𝑝

𝑘
)

nf
. (5)

3. Mathematical Modeling

Consider laminar natural convection along a vertical plate
initially located in a quiescent fluid. Two kinds of boundary
conditions including uniform wall temperature (UWT) and
uniform heat flux (UHF) are used for this modeling. Denote
𝑈 and𝑉, respectively, the velocity components in the stream-
wise 𝑥 and crosswise 𝑦 directions. Assuming constant fluid
properties and negligible viscous dissipation (Boussinesq’s
approximations) the continuity, boundary-layer momentum
and energy equations are as follows.

(i) Continuity equation:

𝜕𝑈

𝜕𝑥
+
𝜕𝑉

𝜕𝑦
= 0. (6)

(ii) Momentum equation:

𝜕𝑈

𝜕𝑡
+ 𝑈

𝜕𝑈

𝜕𝑥
+ 𝑉

𝜕𝑈

𝜕𝑦
= 𝑔𝛽nf (𝑇𝑊 − 𝑇∞) + 𝜗nf

𝜕
2
𝑈

𝜕𝑦2
. (7)

(iii) Energy equation:

𝜕𝑇

𝜕𝑡
+ 𝑈

𝜕𝑇

𝜕𝑥
+ 𝑉

𝜕𝑇

𝜕𝑦
=
𝜗nf
Prnf

𝜕
2
𝑇

𝜕𝑦2
. (8)

Using the Karman-Pohlhausen integral method [16, 17],
physically polynomial profiles of fourth order are assumed
for flow velocity and temperature across the corresponding
hydrodynamic and thermal boundary layers (see Figure 1).
The major advantage in using such a method is that the
resulting equations are solved analytically. It has been shown
that the ratio Δ between the temperature 𝛿

𝑇
and the velocity

𝛿 layers depends only upon the Prandtl number [18]:

Δ =
𝛿
𝑇

𝛿
. (9)
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With the correlation (9), the integral forms of the
boundary-layer momentum and energy conservation equa-
tions become

𝜕

𝜕𝑥
∫

𝛿

0

𝑈
2
𝑑𝑦 = 𝑔𝛽

𝜕

𝜕𝑥
∫

𝛿
𝑇

0

Θ𝑑𝑦 − 𝜗(
𝜕𝑈

𝜕𝑦
)

𝑦=0

,

𝜕

𝜕𝑥
∫

𝛿
𝑇

0

Θ𝑈𝑑𝑦 = −
𝜗

Pr
(
𝜕Θ

𝜕𝑦
)

𝑦=0

,

(10)

where Θ = 𝑇 − 𝑇
∞
.

Solving analytically (10) with physically correct fourth-
order polynomial profiles for flow velocity and temperature
across their respective hydrodynamic and thermal boundary
layers [18, 19] leads to a seventh-order polynomial in terms of
Δ(Pr):

Δ
7

nf −
799

126
Δ
6

nf +
225

14
Δ
5

nf −
134

7
Δ
4

nf +
20

3
Δ
3

nf +
Ω

Prnf
= 0,

(11)

whereΩUWT = 250/189 andΩUHF = 10/9.
In order to assess the influence of the particle volume

concentration on a reference heat transfer, let us build the
average Nusselt number along the wall in terms of the base-
fluid Grashof number:

Nunf =
ℎnf𝐿

𝑘bf
. (12)

Thus, the average Nusselt number calculation yields

Nu∗nf =
4√5

3Δ nf
[

𝛽
𝑟
𝑘
4

𝑟

378𝜗2
𝑟
(9Δ nf − 5)

Gr∗bf]
1/4

, (13)

where Grashof number (Grbf) is

Grbf =
𝑔𝛽bf (𝑇 − 𝑇∞) 𝐿

3

𝜗
2

bf
(14)

for the (UWT) surface condition and

Nu∗nf =
6

5
[

2𝛽
𝑟
𝑘
4

𝑟

27𝜗2
𝑟
(9Δ nf − 5) Δ

4

nf
Gr∗bf]

1/5

, (15)

where modified Grashof number (Gr∗bf) is

Gr∗bf =
𝑔𝛽bf𝜑𝑤𝐿

4

𝐾bf𝜗
2

bf
(16)

for the (UHF) surface condition.

4. Results and Discussions

To ensure Newtonian mixture conditions, the nanoparticle
volume fraction is considered in the range 0% (based-fluid
only)–4%. Moreover, to ensure laminar flow conditions, this
study is made in the range 104 < Gr, Gr∗ < 108 for UWT
and UHF thermal boundary conditions. Figures 2, 3, 4, and 5

x, U, Θ
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𝛿T

𝛿

y

Θw

Figure 1: Boundary layer flows in natural convection.
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Figure 2: Nusselt number for the UWT surface condition with
Cu/water nanofluid.

present the evolution of the average Nusselt number versus
the nanoparticle volume fraction for the two nanofluids and
for two thermal boundary conditions. Similar trends are
observed, namely, a drastic increase in the Nusselt number
when increasing the nanoparticle volume fraction.Moreover,
whatever the different cases, increasing the nanoparticle
volume fraction leads to an increase in the Nusselt number.
Nerveless, this augmentation is strongly dependent on both
the nanofluid used and the thermal boundary conditions.

To quantitatively illustrate the way the heat transfer
enhancement can occur using the two nanofluids used,
let us introduce the convective heat transfer performance
parameter which is called 𝜀 and defined as

𝜀 (%) = 100 (
Nunf
Nubf

− 1) . (17)
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Figure 3: Nusselt number for the UHF surface condition with
Cu/water nanofluid.
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Figure 4: Nusselt number for the UWT surface condition with
CuO/water nanofluid.

From (17), onemay define the parameter 𝜀, corresponding
to the averaged 𝜀 parameter in the studied Gr (or Gr∗) range.
In Figure 6 are drawn the evolutions of the 𝜀 parameter
versus the particle volume fraction. Whatever the nanofluid
and the thermal conditions are, similar trends are observed
in the graphs. Increasing the particle volume fraction leads
to an increase in the average heat transfer performance.
The graphs evolve like a second order polynomial shape for
all cases.

It is worth noting that, in the Newtonian fluid range,
the Cu/water nanofluid (Table 1) seems to give the best
enhancement whatever the thermal case is. For example, this
enhancement reaches about 35% for the UWT case and for
𝜙 = 4%, while the UHF leads to a 25% enhancement at
a same particle volume fraction. On the other hand, a less
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Figure 5: Nusselt number for the UHF surface condition with
CuO/water nanofluid.

CuO/water (UWT)
Cu/water (UWT)

CuO/water (UHF)
Cu/water (UHF)

43210

35

30

25

20

15

10

5

0

𝜙 (%)

𝜀
(%

)

Figure 6: Average heat transfer performance versus the particle
volume fraction.

pronounced enhancement is also observed for theCuO/water
nanofluid (Table 2). This enhancement is about 3.5–4.5%,
whatever the thermal condition is. Comparing the boundary
thermal cases indicates that the UWT case is the best way to
enhance heat transfer for the tested nanofluids.

Because in natural convection both heat transfer and
mass transfer are inseparable, to get more details on the
effect of using nanofluids, dynamical parameters have been
analyzed varying the particle volume fraction (𝜙). Not to
overload the analysis, only the UHF case is presented here.
For this purpose, one may consider nanofluids flowing
laminarily over a semi-infinite plate suddenly heated (𝜑

𝑤
=

100W/m2) at 𝑥 = 0.1m.
For example, we present in Figures 7, 8, and 9 the veloc-

ity profiles (18) and the deduced maximum velocity value
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Figure 7: (a) Velocity profiles for the UHF surface condition with Cu/water nanofluid for 𝜑
𝑤
= 100W/m2 and 𝑥 = 0.1m. (b) Velocity profiles

for the UHF surface condition with CuO/water nanofluid for 𝜑
𝑤
= 100W/m2 and 𝑥 = 0.1m.
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Figure 8: Maximum velocity versus the particle volume fraction for
𝜑
𝑤
= 100W/m2 and 𝑥 = 0.1m.

and boundary layer thickness (19) in the range 0 ≤ 𝜙 ≤ 4% as
follows:

𝑈 =
𝑔𝛽𝜑
𝑤
Δ𝛿
3

12𝑘𝜗
(−𝜂
4
+ 3𝜂
3
− 3𝜂
2
+ 𝜂) , (18)

𝛿 = (
432𝑘𝜗

2

𝑔𝛽𝜑
𝑤
Δ
(9Δ − 5) 𝑥)

1/5

. (19)

One can observe in Figures 7(a) and 7(b) that strong
differences exist between the velocity profiles versus the vol-
ume fraction for the two studied nanofluids. Indeed, it seems
that the particle volume fraction is not a key parameter in
the velocity profile distribution for the CuO/water nanofluid
case.
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Figure 9: Boundary layer thickness versus the particle volume
fraction for 𝜑

𝑤
= 100W/m2 and 𝑥 = 0.1m.

Regarding the maximum velocity values (Figure 8) leads
to the conclusion that this maximum increases, increasing
the particle volume fraction, whatever the nanofluid is.
Nevertheless, excepted for base-fluid (𝜑 = 0%), themaximum
velocity for Cu/water nanofluid is always upper than the
CuO/water one, to reach a 5% increase.

For the boundary layer thickness presented in Figure 9,
the results are more contrasted for the two nanofluids.
For example, the 𝛿 boundary layer thickness increases for
Cu/water nanofluid increasing the particle volume fraction.
A contrario, the adverse phenomenon, is noted when the
CuO/water nanofluid is considered. Indeed, in such a case,
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Table 1: Thermophysical properties of Cu/water nanofluid.

Volume fraction 𝜌 (kg/m3) 𝐶
𝑝
(J/kg⋅K) ] (m2/s) 𝛽 (1/K) k (W/m⋅K) Pr

0.00% 998.30 4182.00 1.0037𝐸 − 06 2.060𝐸 − 04 0.60 6.98
1.00% 1077.65 3867.25 9.5362𝐸 − 07 2.045𝐸 − 04 0.70 5.65
2.00% 1156.99 3595.68 9.1148𝐸 − 07 2.029𝐸 − 04 0.77 4.90
3.00% 1236.34 3358.96 8.7574𝐸 − 07 2.014𝐸 − 04 0.84 4.36
4.00% 1315.69 3150.80 8.4525𝐸 − 07 1.998𝐸 − 04 0.89 3.93

Table 2: Thermophysical properties of CuO/water nanofluid.

Volume fraction 𝜌 (kg/m3) 𝐶
𝑝
(J/kg⋅K) ] (m2/s) 𝛽 (1/K) k (W/m⋅K) Pr

0.00% 998.30 4182.00 1.0037𝐸 − 06 2.060𝐸 − 04 0.60 6.98
1.00% 1053.32 3956.98 9.7565𝐸 − 07 2.045𝐸 − 04 0.61 6.66
2.00% 1108.33 3754.30 9.5149𝐸 − 07 2.029𝐸 − 04 0.62 6.40
3.00% 1163.35 3570.79 9.3069𝐸 − 07 2.014𝐸 − 04 0.63 6.19
4.00% 1218.37 3403.86 9.1277𝐸 − 07 1.998𝐸 − 04 0.63 6.00

the 𝛿 boundary layer thickness decreases increasing the
particle volume fraction.

5. Conclusion

The aim of this paper was to investigate the heat trans-
fer enhancement in external laminar natural convection
flow using Cu/water and CuO/water nanofluids taking into
account nanoparticle Brownian motions. At the contrary of
previous studies where viscosity and conductivity models
were correlated by usual formulas, it is shown that enhance-
ment of heat transfer is observed, whatever the nanofluids is
and whatever initial thermal condition are (UHF or UWT).
In particular enhancement reaches about 35% for the UWT
case and for 𝜙 = 4%, while the UHF leads to a 25%
enhancement at a same particle volume fraction for the
Cu/water nanofluid. On the other hand, a less pronounced
enhancement is also observed for the CuO/water nanofluid.
This enhancement is about 3.5–4.5%, whatever the thermal
condition is. Moreover, comparing the boundary thermal
cases indicates that the UWT case is the best way to enhance
heat transfer for the tested nanofluids. Details regarding
velocity profiles and deduced dynamical parameters such as
the maximum velocity value within the dynamical boundary
layer and the corresponding boundary layer thickness lead
to the conclusion that these parameters are more influenced
using the Cu/water nanofluid.

Nomenclature

𝐶
𝑝
: Specific heat capacity J⋅kg−1⋅K−1

𝑔: Acceleration of the gravity m⋅s−2
𝑘: Thermal conductivity W⋅m−1⋅K−1
Gr: Grashof number
Gr∗: Modified Grashof number
Re: Reynolds number
Pr: Prandtl number
Nu: Nusselt number
𝑇: Temperature K
𝑈,𝑉: 𝑥 and 𝑦 velocities m⋅s−1.

Greek Symbols

𝛽: Coefficient of thermal expansion K−1
𝛿: Dynamical boundary layer thickness m
𝛿
𝑇
: Thermal boundary layer thickness m

Δ: Thermal to velocity layer thickness ratio
𝜙: Particle volume fraction %
𝜑: Heat flux density W⋅m−2
𝜇: Dynamic viscosity Pa⋅s
𝜗: Kinematic viscosity m2⋅s−1
𝜌: Density kg⋅m−3
Θ: Temperature K.

Subscripts

bf: Base fluid
nf: Nanofluid
𝑝: Nanoparticle
𝑟: Ratio nanofluid/base fluid
𝑤: Wall
∞: Ambient reference.
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The present study is aimed at investigating the natural convection heat transfer from discrete heat sources to nanofluids. The
behavior of nanofluids was investigated numerically inside a heated cavity to gain insight into convective recirculation and flow
processes induced by a nanofluid. A computational model was developed to analyze heat transfer performance of nanofluids
inside a cavity taking into account the solid particle dispersion. The model was validated through the comparison with available
experimental data, and the results showed good agreement. The influence of the solid volume fraction and the aspect ratios on the
flow pattern and heat transfer inside the cavity was investigated.The results show that the intensity of the streamlines increases with
the volume fraction.The influence of the loading factor is more distinguished in the vicinity of the upper heaters and, in particular,
at the highest heater. The heat transfer increases with the increase in the volume fraction of the nanoparticles in the range of 2
to 10%. As the aspect ratio (AR) increases (channel width is reduced), the streamlines change and the intensity of the streamlines
increases slightly, showing flow in the middle of the channel. The stagnation region disappears, and interaction between the two
boundary layers at the hot and cold walls is evident.

1. Introduction

The growing demand from different industries such as elec-
tronics has influenced the design of heat exchanger devices
and resulted in the need for equipment that can provide
high performance while having small size and light weight.
Conventional fluids often have low thermal conductivity of
conventional heat transfer, thus, limiting the enhancement
of the performance and the compactness of many electronic
devices for engineering applications. Many investigations are
being conducted in recent years to develop fluids with high
heat transfer properties. These fluids are called nanofluids
and have suspended metallic nanoparticles within them. Jou
and Tzeng [1] showed a significant increase in the average
heat transfer coefficient by increasing the volume fraction.
In their investigation of heat transfer due to buoyancy forces
Oztop and Abu-Nada [2] concluded that the heat transfer
enhancement is more pronounced at a low aspect ratio.

Nanofluids have great potential for heat transfer enhance-
ment and are highly suited to application in practical heat
transfer processes. Several published articles show that the

main reasons for the heat transfer enhancement of the
nanofluids may be [3] due to the fact that the suspended
nanoparticles increase the thermal conductivity of the fluids,
and the chaotic movement of ultrafine particles increases
fluctuation and turbulence of the fluids which accelerates
the energy exchange process. Currently, the development of
the nanofluids is still in its early stages. Therefore, further
research work is needed in order to understand and predict
their thermal characteristics. The following is a summary of
the previous studies related to the present work. These are
divided to investigations of nanofluids natural convection in
general, investigations of nanofluids properties, and investi-
gations of natural convection of conventional fluids.

1.1. Investigations Related to Nanofluids Heat Transfer. The
nanofluids, with different particle volume percentages, were
used by Li and Xuan [4] and Xuan and Li [5] to determine the
effect of the nanoparticle concentration on the heat transfer
coefficient. The volume percentages ranged from 0.3 to 2%.
The experimental results indicated that the convective heat
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transfer coefficient of the nanofluids varied with the flow
velocity and volume fraction. Xuan and Roetzel [6] presented
two different approaches to determine some fundamentals
for the prediction of the convective heat transfer coefficient
of nanofluids. Both the effects of transport properties and
thermal dispersion of the nanofluid were included.

Buoyancy-driven heat transfer enhancement in a two-
dimensional enclosure utilizing nanofluids was investigated
by Khanafer et al. [7]. Heat transfer enhancement in a two-
dimensional enclosure utilizing nanofluids was investigated
for various pertinent parameters. A model was developed
to analyze heat transfer performance of nanofluids inside
an enclosure. The transport equations were solved numer-
ically using the finite-volume approach. The effect of sus-
pended ultrafine metallic nanoparticles on the fluid flow and
heat transfer processes within the enclosure was analyzed,
and effective thermal conductivity enhancement maps were
developed for various controlling parameters. An analysis of
variants based on the thermophysical properties of nanofluid
was developed and presented. It was shown that the variances
within different models have substantial effects. A heat
transfer correlation of the averageNusselt number for various
Grashof numbers and volume fractions was presented.

1.2. Investigations Related to Nanofluid Properties. Avsec and
Oblak [8] presented a mathematical model for computation
of thermodynamic and transport properties for nanofluids
including thermal conductivity and viscosity. The analyti-
cal results were compared with the experimental data and
showed relatively good agreement. The natural convection
heat transfer of Newtonian nanofluids in a laminar external
boundary-layer was investigated using the integral approach
by Polidori et al. [9]. The problem of natural convection flow
and heat transfer of Newtonian alumina-water nanofluids
over a vertical semi-infinite plate was investigated for a
range of nanoparticle volume fractions up to 4%. Based
on a macroscopic modeling and under the assumption of
constant thermophysical nanofluid properties, it was shown
that special care has to be exercised in drawing generalized
conclusions about the heat transfer enhancement with the
use of nanofluids. It was found that natural convection heat
transfer is not solely characterized by the nanofluid effective
thermal conductivity and that the sensitivity to the viscosity
model used seems to play a key role in the heat transfer
behavior.

The effect of temperature and particle volume concentra-
tion on the dynamic viscosity for the water-Al

2
O
3
nanofluid

has been experimentally investigated by Nguyen et al. [10].
Viscosity database has been established for the water-Al

2
O
3

nanofluid with 36 and 47 nm particle sizes. The viscosity
data have been obtained for the ambient condition and
particle volume fraction varying from 1 to 13%. The temper-
ature and particle-size effects were investigated, considering
temperature ranging from 22 to 75∘C and particle volume
fraction from 1 to 9.4%. It has been found that the nanofluid
viscosity depends on both temperature and concentration;
while the particle-size effect seems to be important only for
sufficiently high particle fraction.

Namburu et al. [11] presented an experimental investiga-
tion of rheological properties of copper oxide nanoparticles
suspended in 60 : 40 (by weight) ethylene glycol and water
mixture. Nanofluids of particle volume percentage ranging
from 0% to 6.12% were tested. For the particle volume con-
centrations tested, nanofluids exhibited Newtonian behavior.
The viscosity of nanofluids was shown to increase when
the volume concentration of nanoparticles increases. It was
concluded that the viscosity of copper oxide nanofluids
decreases exponentially as the temperature increases. The
relative viscosity of copper oxide nanofluids was found to
be dependent on volume percentage and decreases sub-
stantially with temperature for higher concentrations. An
experimental correlation was developed based on the data
which relates viscosity with particle volume percent and the
nanofluid temperature. Murshed et al. [12] used a transient
hot-wire apparatus with an integrated correlation model
to measure the thermal conductivities of these nanofluids
more conveniently. The thermal conductivity of nanofluids
was found to increase remarkably with increasing volume
fraction of nanoparticles. Particle size and shape were
found to influence the thermal conductivity enhancement
of nanofluids. The experimental results were compared with
theoretical predictions by several existing models. It was
found that the experimental results are remarkably higher
than those predicted by existing models for solid-liquid
mixtures.

A combined experimental and theoretical study on the
effective thermal conductivity and viscosity of nanofluids
was conducted by Murshed et al. [13]. The effective ther-
mal conductivity and viscosity of nanofluids were found
to significantly increase with the particle volume fraction.
A linear increase in the effective thermal conductivity of
nanofluids with temperature was also observed. The models,
which consider particle size, interfacial layer, and volume
fraction, were found to show good agreement with the
experimental results and give better predictions for the
thermal conductivity of nanofluids compared to the existing
models. Besides the volume fraction of particle, it was also
concluded that particle size, shape and temperature influence
the thermal conductivity of nanofluids. It was indicated
that the effect of temperature on the enhanced effective
thermal conductivity of nanofluids is important and needs
to be considered for the model development. It was also
found that the enhancement of viscosity may diminish the
effectiveness of nanofluids in practical applications. In order
to develop an explanation for the abnormal convective heat
transfer enhancement observed in nanofluids, Buongiorno
[14] developed a general two-component nonhomogeneous
equilibrium model for transport phenomena in nanofluids.

The convective heat transfer coefficients of several
nanofluids weremeasured under laminar flow in a horizontal
tube heat exchanger by Yang et al. [15]. They provided a
study for the effects of the Reynolds number, volume fraction,
temperature, nanoparticle source, and type of base fluid on
the convective heat transfer coefficient. The experimental
results showed that the nanoparticles increase the heat
transfer coefficient of the fluid system in laminar flow. The
experimental results indicate that the heat transfer coefficient
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increased with the Reynolds number and the particle volume
fraction. The type of nanoparticles, particle loading, base
fluid chemistry, and process temperature are all important
factors to be considered while developing nanofluids for high
heat transfer coefficients. It was concluded that investigation
are needed to develop an appropriate heat transfer correlation
for nonspherical nanoparticle dispersions.

Xuan and Li [16] presented a method for preparing some
nanofluid samples and introduced a theoretical study of
thermal conductivity. They suggested a single-phase model
to describe the heat transfer performance of nanofluids in a
tube. Natural convection of nanofluids was investigated by
Putra et al. [17]. The study dealt with one aspect of natural
convection of nanofluids inside horizontal cylinder heated
from one end and cooled from the other. A behavior of
heat transfer deterioration was observed in the experimental
study. Nature of this deterioration and its dependence on
parameters such as particle concentration, material of the
particles and geometry of the containing cavity was investi-
gated.

1.3. Natural Convection of Nanofluids. Very few studies have
been reported in the literature on nanofluids heat transfer
under natural convection conditions. These include studies
by Khanafer et al. [7], Putra et al. [17], Nanna et al. [18],
Nanna and Routha [19], Wen and Ding [20], and Ding et
al. [21]. Khanafer et al. [7] predicted, using a numerical
technique, that nanofluids enhanced natural convective heat
transfer. Putra et al. [17] found experimentally that the pres-
ence of nanoparticles in water systematically decreased the
natural convective heat transfer coefficient.The enhancement
was also observed experimentally by Nanna et al. [18] for
Cu/ethylene glycol nanofluids and by Nanna and Routha [19]
for alumina/water nanofluids. Wen and Ding [20] reported
that both transient and steady heat transfer coefficients
show a systematic decrease in the natural convection heat
transfer coefficient with increasing particle concentration.
Also, the decrease in the natural convective coefficient was
also reported by Nanna et al. [18] for alumina/water nanoflu-
ids, which is in contradiction to the observation of Nanna
and Routha [19] cited previously. Ding et al. [21] reported
a maximum enhancement of thermal conductivity around
5% for nanofluids heat transfer under natural convection
conditions. They concluded that nanofluids research has
been carried out for more than 10 years and that significant
progress has beenmade over the years, particularly in the past
few years. However, as can be observed, some studies have
revealed increase in the heat transfer coefficients while some
have yielded decrease in the heat transfer coefficients for
nanofluids heat transfer under natural convection conditions.
Such controversial results call for further investigations on
the subject and the reasons behind the increase or decrease
of heat transfer coefficients for nanofluids heat transfer under
natural convection conditions.

A recent review of convective heat transfer of nanoflu-
ids was presented by Daungthongsuk and Wongwises [3]
and Das et al. [22]. They indicated that several published
articles focused on measuring and determining the effective

thermal conductivity of nanofluids and few articles taking
the nanofluid into account as the multiphase feature. The
authors indicated that there are two different approaches
to analyze the heat transfer enhancement. Two models
were considered. Their work aimed to develop a modified
single-phase model to describe the heat transfer process of
nanofluids in tubes. Heat transfer enhancement in horizontal
annuli using nanofluids was investigated by Abu-Nada et al.
[23]. In this work, water-based nanofluid containing various
volume fractions of Cu, Ag, Al

2
O
3
, and TiO

2
nanoparticles

were used. The addition of the different types and different
volume fractions of nanoparticles was found to have adverse
effects on heat transfer characteristics. Their results showed
that, for high values of Rayleigh number and high 𝐿/𝐷

ratio, nanoparticles with high thermal conductivity cause
significant enhancement of heat transfer characteristics. On
the other hand, for intermediate values of Rayleigh number,
nanoparticles with low thermal conductivity cause a reduc-
tion in heat transfer.

Heat transfer enhancement utilizing nanofluids in a two-
dimensional enclosure was investigated by Jou and Tzeng
[1] for various pertinent parameters. The Khanafer model
was used to analyze heat transfer performance of nanofluids
inside an enclosure taking into account the solid particle
dispersion. Based upon the numerical predictions, the effects
of Rayleigh number and aspect ratio on the flow pattern and
energy transport within the thermal boundary layer were
presented. The diameter of the nanoparticle was taken as
10 nm in nanofluids. The buoyancy parameter was 103 <

Ra < 106 and aspect ratios of two-dimensional enclosure
were 1/2, 1, 2. The results showed that increasing the buoy-
ancy parameter and volume fraction of nanofluids cause
an increase in the average heat transfer coefficient. Finally,
the empirical equation was built between average Nusselt
number and volume fraction. Ogut [24] investigated natural
convection heat transfer of water-based nanofluids in an
inclined square enclosure where the left vertical side is heated
with a constant heat flux, the right side is cooled, and the
other sides are kept adiabatic. The governing equations were
solved using polynomial differential quadraturemethod.This
work investigates the heat transfer enhancement of water-
based nanofluids in a 2D inclined enclosure. Calculations
were performed for different inclination angles and Rayleigh
numbers and show that as the solid volume fraction increases,
the effect is more pronounced. The variation of the average
Nusselt number was found to be nearly linear with the solid
volume fraction.

Trisaksri and Wongwises [25] presented a review that
summarizes recent developments in research on the heat
transfer characteristics of nanofluids for the purpose of sug-
gesting some possible reasons why the suspended nanopar-
ticles can enhance the heat transfer of conventional fluids
and to provide a guideline or perspective for future research.
It was found that nanofluids containing small amounts of
nanoparticles have substantially higher thermal conductivity
than those of base fluids. The thermal conductivity enhance-
ment of nanofluids depends on the particle volume fraction,
size and shape of nanoparticles, type of base fluid and
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nanoparticles, pH value of nanofluids, and type of particle
coating. The natural convective heat transfer of nanofluids
is different from that of the common suspensions in that
the particles concentration gradient is absent.The suspended
nanoparticles remarkably increased the forced convective
heat transfer performance of the base fluid. At the same
Reynolds number, the heat transfer of the nanofluid increased
with the particle volume fraction. It was also concluded that
theoretical and experimental researches both on microscale
and macroscale are needed in order to clarify the causes of
the enhancement of heat transfer, which would be of help in
understanding the transport of nanofluids.

The mechanism of heat transfer enhancement of the
nanofluids was investigated by Xuan and Roetzel [6]. It was
found that the nanoparticles enhance heat transfer rate by
increasing the thermal conductivity of the nanofluid and
incurring thermal dispersion in the flow, which is an innova-
tiveway of augmenting heat transfer process. Daungthongsuk
and Wongwises [3] indicated that the main reasons for
the heat transfer enhancement of the nanofluids may be
attributed to the increase of the thermal conductivity of
the fluids due to the presence of the suspended nanoparti-
cles. The chaotic movement of ultrafine particles increases
fluctuation and turbulence of the fluids which accelerates
the energy exchange process. The uses of the nanofluids
are still remaining in early stages of development. They
indicated that urgent theoretical and experimental research
works is needed in order to clearly understand and accurately
predict their hydrodynamic and thermal characteristics. It
was indicated that nanofluids behave like pure fluids because
the suspended particles are ultrafine.However, no formulated
advanced theory exists to explain the behavior of nanofluids
by considering them as multicomponent materials.

Kakaç and Pramuanjaroenkij [26] have conducted a
review on experimental studies and numerical models focus-
ing on enhancement of heat transfer in forced convection
using nanofluid. They presented the different models used
for the effective properties of nanofluids. They have also
presented different heat transfer correlations for these fluids
as functions of the fluid characteristics and the flow geometry.
Lee et al. [27] have presented a critical review of the experi-
mental data published for a variety of nanofluids. They have
also presented the theoreticalmodels developed for nanofluid
thermal conductivity.They discussed the controversial issues
faced by researchers in explaining the enhancement obtained
experimentally by possible physical mechanisms. A similar
review was conducted by Eapen et al. [28] based on large
data set, and they indicated that the thermal conductivity
of nanofluids depends strongly on the dispersion of the
nanoparticles in the base fluid. Similarly, Fan and Wang [29]
presented a thorough review focusing on the physical mech-
anisms of thermal conduction in nanofluids. They have also
presented a new theoretical model based on first principles of
thermal waves which explains well the experimental data and
gives good predictions for nanofluid thermal conductivity.

On the applications side, Sheikholeslami et al. [30]
presented a numerical study on magnetic field effects on
natural convection around a horizontal circular cylinder
inside a square enclosure filled with nanofluid.They used the

Lattice Boltzmann technique, and they looked at the Nusselt
number as function of the Hartmann number, nanoparticles
volume fraction, and Rayleigh number. Soleimani et al.
[31] studied numerically the problem of natural convection
heat transfer in a nanofluid filled semiannulus enclosure.
They varied the nanoparticles volume fraction, Rayleigh
number, and the total angle of the enclosure. Grosan and
Pop [32] developed a model for steady fully developed
mixed convection flow between two vertical parallel plates
with asymmetrical thermal and nanoparticle concentration
conditions at the walls filled by a nanofluid taking into
account the Brownian diffusion and the thermophoresis
effects. They have also obtained analytical expression for
the fully developed velocity, temperature, and nanoparticle
concentration profiles aswell as for theNusselt and Sherwood
numbers at the enclosure walls. Recently, Mahian et al. [33]
presented a review on the applications of nanofluids in solar
energy. The main part of the review focuses on the effects
of nanofluids use on the performance of solar collectors and
solar water heaters including the efficiency, economic and
environmental considerations.

The present study was focused on the analysis of themain
parameters on the heat transfer characteristics of nanofluids
inside a cavity. The review of the available literature shows
a clear lack of consistency on the comparison of the heat
transfer coefficient of the natural convection of nanofluids.
To the best knowledge of the authors, the problem of
buoyancy-driven heat transfer enhancement of nanofluids
in a two- and three-dimensional cavity heated by discrete
heat sources has not been investigated. The problem is
relevant to some electronic cooling applications. The review
also indicates a lack of the measurements of the flow field
in natural convection application. The flow field is needed
to explain the features of the thermal field. Hence, there
is a need to undertake an experimental study to provide
velocity characteristics of the natural convection problem
in cavities with discrete heat sources. Most of the previous
studies involved temperature measurements only, with no
investigation of the flow field. At best the flow field studies
have been largely through numerical computations, without
any experimental validation. Since the effect of fluid motion
is normally superimposed on convective heat transfer, the
dynamics of the fluid/heater interaction will give an insight
into how convective heat transfer from the heater can be
enhanced. The present study is focused on the analysis of
the main parameters on the heat transfer characteristics of
nanofluids inside a cavity.

2. Problem Statement

Flow and heat transfer characteristics of nanofluids in an
enclosure were investigated. The enclosure has a height 𝐿 =

0.1905m and width 𝑊 = 0.0254m. It has three equally
spaced heaters on the left side along the vertical wall located
at 𝐿/4, 2𝐿/4 and 3𝐿/4 from the bottom wall. The upper
and lower walls are adiabatic, and the right wall (opposite
to the heated wall) is cooled. The spaces between the three
heaters are insulated. The geometry of enclosure is shown
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Figure 1: Schematic of physical model of discretely heated cavity
and coordinate system.

in Figure 1. Flow streamlines, velocity magnitudes, and ther-
mal field as well as local Nusselt number are presented. The
study provides the influence of nanoparticle volume fraction
and aspect ratio on heat transfer characteristics.

3. Mathematical Formulation

The present calculations consider a 2D, steady and incom-
pressible flow. It is also assumed that both the base fluid
and the nanoparticles flow at the same velocity, and they
are in thermodynamic equilibrium. Apart from the density,
the properties of the nanofluid are assumed to be constant.
The Boussinesq approximation is used to estimate the density
variation.The viscosity of the nanofluid is estimated using the
existing relations for the two-phase mixture. The equations
for steady two-dimensional flow are the following.

3.1. Mass Conservation. Consider

𝜕𝑈

𝜕𝑥
+
𝜕𝑉

𝜕𝑦
= 0. (1)

3.2. Momentum Conservation Equations. Consider the fol-
lowing momentum conservation equations.

𝑥-Momentum Equation

(𝑈
𝜕𝑈

𝜕𝑥
+ 𝑉

𝜕𝑈

𝜕𝑦
) =

1

𝜌nf,0

𝜕𝑝

𝜕𝑥
+
𝜇eff
𝜌nf,0

(
𝜕
2
𝑈

𝜕𝑥2
+
𝜕
2
𝑈

𝜕𝑦2
) . (2)

𝑦-Momentum Equation.
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Energy Equation.
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where

𝛼nf =
𝑘eff

(𝜌𝐶
𝑝
)
nf,0

. (5)

The viscosity of the nanofluid containing a dilute suspension
of small rigid spherical particles [34] is used for effective
viscosity in this work as follows:

𝜇eff =
𝜇
𝑓

(1 − 𝜙)
1/4 (6)

The effective density of the nanofluid at reference temperature
is defined as [6]

𝜌nf,0 = (1 − 𝜙) 𝜌
𝑓,0

+ 𝜙𝜌
𝑠,0
. (7)

Here, 𝜙 is the volume fraction of solid particles, and the
subscripts 𝑓, nf, and 𝑠 stand for base fluid, nanofluid and
solid, respectively. Neglecting the ratio of the nanolayer
thickness to the radius of the original particle, the effective
thermal conductivity of the nanofluid can be calculated as
follows:

𝑘eff
𝑘
𝑓

=

𝑘
𝑠
+ 2𝑘
𝑓
− 2𝜙 (𝑘

𝑓
− 𝑘
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)

𝑘
𝑠
+ 2𝑘
𝑓
+ 𝜙 (𝑘

𝑓
− 𝑘
𝑠
)

. (8)

The local heat transfer coefficient is defined as

ℎ =
𝑞


(𝑇
𝑠
(𝑦) − 𝑇

𝑐
)
, (9)

where ℎ represents local heat transfer coefficient and 𝑇
𝑠
the

heated surface temperature. The following relation is used to
calculate the local Nusselt numbers:

Nu =
ℎ𝐿

𝑘
𝑓

. (10)

The properties of the base fluid and the nanoparticles are
shown in Table 1.

3.3. Validation. The present model was validated against
the experimental results of Chadwick et al. [35]. The two-
dimensional enclosure used in the experimental study was
19.05 cm tall with variable aspect ratio of 2, 5, and 10. The
cavity was 30.48 cm in the spanwise direction and, thus pro-
vides two-dimensionality of the flow and heat transfer. The
horizontal surfaces were insulated. Pure copper was used for
the constant temperature vertical surface (isothermal wall) to
ensure a constant temperature boundary. An interferometer
was used to visualize the temperature field and to quantify the
local heat transfer along each heat source.

The results are shown in Figures 2 and 3. Figure 2 shows
the comparison between the experimental and theoretical
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Table 1:Thermophysical properties of base fluid and nanoparticles.

Property Water Cu
𝜌 (kg/m3) 997.1 8933
𝑐
𝑝
(J/kgK) 4179 385

𝑘 (W/mK) 0.613 401
𝛼 × 10

7 (m2/s) 1.47 1163.1
𝛽 (K−1) × 105 27.6 5.1

(a) (b) (c)

Figure 2: Comparison of experimental data [35], (a) Interferogram
results; (b) predicted isotherms; (c) predicted flow structure.

predictions for the temperature and flow field. The pre-
dicted isotherms are qualitatively similar to the experimental
isotherms. The comparison of the calculated and measured
Nusselt numbers is shown in Table 2 and is presented in
Figure 3.The difference between the average Nusselt number
found byChadwick et al. [35] and that obtained by the present
computational procedure is well within the acceptable limit.

4. Results and Discussion

4.1. General Features of Nanofluids Flows. The present study
provides calculations of the natural convection heat transfer
of water-based nanofluids in an enclosure with a constant
heat flux heater. The cases studied are shown in Table 2.
The computational results were obtained for different
nanoparticle volume fraction of 0%, 2%, 5%, and 10% and
for different aspect ratios of 2, 5, and 10. The base case
nanofluid is taken as water with 2% (by volume) copper
nanoparticles. The properties of the fluid are taken at 300K.
We first present the base case results compared to the case of
the fluid being pure water at the same conditions. The heat
flux imposed at the three heaters is constant and is the same
for all heaters.TheRayleighnumberRa is fixed at 1× 107 for all
cases. This value is the limit of the laminar steady regime for
natural convection in vertical enclosure [36].The results show
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Figure 3: Calculated (Present) and experimental [35] results of
Nusselt number.

Table 2: Summary of cases simulated in this study.

Fluid AR Ra
Case 0 Water 5 107

Case 1 (base case) Water + 2% copper nanoparticles 5 107

Case 2 Water + 5% copper nanoparticles 5 107

Case 3 Water + 10% copper nanoparticles 5 107

Case 4 Water + 2% copper nanoparticles 10 107

Case 5 Water + 2% copper nanoparticles 2 107

the normalized temperature contours, the stream function
contours, and normalized velocity magnitude contours for
the base-case nanofluid versus water case.

Comparisons of the streamlines, velocity magnitude, and
isotherms contours between nanofluid and the conventional
fluid were conducted and are shown in Figures 4, 5, and
6. Figure 4 presents the stream function contours inside
the enclosure for the base case of AR = 5 and Ra = 107.
The predicted stream function was calculated to visualize
the flow field within the enclosure. The fluid is heated at
the discrete source and rises due to buoyancy forces. The
warmed fluid, then, turns in the vicinity of the adiabatic
top of the enclosure and descends along the cooled wall,
thus, completing a recirculation flow pattern that occupies
the entire enclosure. This recirculating flow pattern is clearly
evident in Figure 4. A central vortex appears as a dominant
characteristic of the fluid flow. Secondary recirculation zones
were predicted in the cavity central region and close to hot
and cooled walls. Thus, the flow is mainly single cellular
with secondary cells occurring in the central region. The
flow indicates that convection is the dominant mechanism
for heat transfer in the enclosure. Figure 4 also shows that
the intensity of the streamlines increases slightly.This may be
attributed to high-energy transport through the fine particles.

Figure 5 indicates that the velocity magnitude is the
highest at the right and left walls. The central region is
dominated by small velocity magnitudes. The isotherms in
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Figure 4: Streamlines inside the cavity for nanofluid base case (AR
= 5, 𝜙 = 2%, Ra = 107) and pure water (AR = 5, Ra = 107).
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Figure 5: Contours of normalized velocity magnitude inside the
cavity for nanofluid base case and pure water (AR = 5, 𝜙 = 2%, Ra =
107).

the enclosure for the water-based copper nanofluid case are
shown in Figure 6 in comparison with clear water. Figure 6
clearly shows the impact of the presence of nanoparticles on
the isotherms. The isotherms of the clear fluid are horizontal
(stratification in the vertical direction) at the center of the
cavity and become vertical only inside the thermal boundary
layers at the vertical walls. The streamlines of the clear fluid
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Figure 6: Contours of normalized velocity magnitude inside the
cavity for nanofluid base case and pure water (AR = 5, 𝜙 = 2%, Ra =
107).

show that the central vortex occupies a larger zone than that
for nanofluid.

Figures 7 and 8 present the velocity and temperature
variations along the𝑥-direction at different𝑦-locations inside
the cavity. Figure 7 shows slight increase in the velocity as
the nanoparticles are introduced. Moreover, it is shown that
a central recirculation in the opposite direction to the main
circulating flow exists. Figure 8 shows a thermal boundary
layer with isotherms in the vicinity of the high heat transfer
region along the discrete heater. The temperature of the heat
source is shown to rise with increasing distance from its
leading edge. The central region of the enclosure exhibits a
thermally stable stratification, similar to the classical result
for buoyancy-driven flow in an enclosure with differentially
heated walls.

Figures 9 and 10 present the surface heater temperature
(Figure 9) and the local Nusselt number (Figure 10) along
𝑦-direction for each heater. The changes in local Nusselt
number for water-based copper nanofluids at the heated wall
are shown in Figure 10.The local Nusselt number is shown to
decrease along the heater for the present case of constant heat
flux being applied through the left sidewall. The variations of
the average Nusselt number are given in Table 3 for various
governing parameters.The values of the average heat transfer
rate increase according to the ordering of heaters 1, 2 and 3
(from the lower to upper positions).

4.2. Influence of Nanoparticles Volume Fraction. To investi-
gate the effect of nanoparticle volume fraction on the flow
and heat transfer characteristics inside the discretely heated
cavity, two additional different cases have been simulated.
These are Case 2 for water with 5% copper nanoparticles and



8 Advances in Mechanical Engineering

100

80

60

40

20

0

−20

−40

−60

−80

−100

0 0.01 0.02 0.03 0.04V
∗

(—
)

y = 0.05 m-NfBc
y = 0.05 -water
y = 0.10 m-NfBc

y = 0.10 m-water
y = 0.15 m-NfBc
y = 0.15 m-water

x (m)

Figure 7: Comparison of normalized fluid upward velocity forwater
and nanofluid base cases.

Case 3 for water with 10% copper nanoparticles. Figures 11, 12
and 13 present the influence of particle volume fraction on the
streamlines, velocitymagnitude, and fluid temperature inside
the enclosure.The effect of the volume fraction on the stream-
lines and isotherms of nanofluid is shown in Figures 11 and
12. In the absence of nanoparticles, a central vortex appears
as a dominant characteristic of the fluid flow. Figure 11
also shows that the intensity of the streamlines increases with
an increase in the volume fraction as a result of high-energy
transport through the nanoparticles.

As solid volume fraction increases, the flow becomes
single-cellular because of increasing energy exchange.
Figure 11 also shows that the intensity of the streamlines
increases with an increase in the volume fraction as a result
of high-energy transport through the nanoparticles. This
is attributed to the high-energy transport through the flow
associated with the irregular motion of the fine particles. The
figure indicates higher velocities along the centerline of the
enclosure as the volume increases. As the volume fraction
increases, the velocities at the center of the cavity increase
as shown in Figure 12. This is a result of the transportation
of heat by higher solid-fluid. Moreover, the velocities show a
higher level of activity along the vertical walls of the cavity.
This is due to the vertical velocity component variation, for
various volume fractions, along the horizontal centerline of
the cavity. The isotherms in Figure 13 show that the vertical
stratification of the isotherms breaks down with an increase
in the volume fraction.
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Figure 8: Comparison of normalized fluid temperature for water
and nanofluid base cases.

Table 3: Average Nusselt number over discrete heaters.

Heater 1 Heater 2 Heater 3
Water: Case 0 18.27 13.04 10.62
Nanofluid base: Case 1 17.60 12.59 10.26
Case 2 16.64 11.95 9.73
Case 3 15.19 10.97 8.94
Case 4 18.92 13.18 10.66
Case 5 1.71 1.59 1.81

Figures 14, 15, and 16 present the influence of the nanopar-
ticle volume fraction on the distribution of the velocity
magnitude. The velocity profiles along the 𝑥-direction at
the center of the three heaters are presented. The numerical
results of the present study indicate that the heat transfer
feature of a nanofluid increases with the volume fraction of
nanoparticles.The effect of an increase in the volume fraction
on the velocity gradients along the 𝑥-direction at different
values of 𝑦-direction of the cavity is shown in Figures 14–
16. As the volume fraction increases, irregular and random
movements of particles increase energy exchange rates in
the fluid and, thus, enhance the thermal dispersion in the
flow of nanofluid. Moreover, the velocities at the center
of the cavity are very small compared with those at the
boundarieswhere the fluid ismoving at higher velocities.This
behavior is also present for a single-phase flow. As the volume
fraction increases from 0% to 10%, the velocity components
of nanofluid increase slightly as a result of an increase in the
energy transport through the fluid. High velocity peaks of the
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Figure 9: Comparison of normalized surface heater temperature for
water and nanofluid base cases.

vertical velocity component are shown in these figures at high
volume fractions.

The corresponding temperature profiles are shown in
Figures 17, 18, and 19. The nanoparticle volume fraction
does not significantly influence the temperature at heater
1 (the lower heater). The influence of the loading factor
(nanoparticle volume fraction) is more distinguished at the
upper heaters and, in particular, for heater 3. The isotherms
in the enclosure for the water-based copper nanofluid case
are shown in Figure 19 for various values of solid volume
fractions. Thermal stratification in the core region is small.
The changes in the normalized temperature are shown in
Figure 20. The changes in local Nusselt number for water-
based copper nanofluids at Ra = 107 for several values of solid
volume fractions, at the heated wall where constant heat flux
is being applied, are shown in Figure 21. The figure indicates
a reduction in the Nusselt number as the volume fraction is
increased. In order to provide the influence on heat transfer
enhancement, the distribution of the heat transfer coefficient
is shown in Figure 22. The heat transfer increases (Figure 22)
as the volume fraction of the nanoparticles increases from 2
to 10%.Moreover, the heat transfer coefficient decreases as we
move from heater 1 towards heater 3. This is attributed to the
increase in temperature as one move up the heated wall.

4.3. Effect of Cavity Aspect Ratio. In order to investigate the
effect of aspect ratio on the flow and heat transfer charac-
teristics in a nanofluid filed cavity heated with three discrete
heat sources (heaters), we have simulated two additional
cases with AR = 10 and AR = 2 (base case). As the aspect
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Figure 10: Comparison of local Nusselt number over heaters for
water and nanofluid base cases.
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Figure 11: Streamlines inside the cavity for three nanofluid cases (a)
𝜙 = 2%, (b) 𝜙 = 5%, and (c) 𝜙 = 10% with AR = 5 and Ra = 107.

ratio increases (channel width is reduced), the streamlines
(Figure 23) change and the intensity of the streamlines
increases slightly, showing flow in the middle of the channel.
The stagnation region disappears and interaction between the
two boundary layers at the hot and cold walls is evident.
As the aspect ratio is reduced from 5 to 2, the intensity is
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reduced drastically. Different circulation regions close to the
hot and cold walls appear.

The velocity magnitudes of Figure 24 confirm the results
of the stream function in that the aspect ratio has insignificant
effect on the velocity values. As AR is reduced from 5 to
2, different regions of high and low velocities appear with
the velocity magnitudes reduced drastically (Figure 25). The
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Figure 14: Effect of nanoparticle volume fraction on normalized
upward velocity along normal line to heater 1 (AR = 5, Ra = 107).

increase in AR from 5 to 10 results in stratification of the
thermal stable region in themiddle, but the temperature level
remains unchanged. As AR is reduced, the temperature levels
increase to around 5 times with heated regions limited in the
vicinity of the heaters reflecting drop in the convection heat
transfer.

5. Conclusions

The present study is aimed to investigate numerically the
natural convection heat transfer from discrete heat sources
to nanofluids. Heat transfer in a two-dimensional enclosure
is studied numerically for a range of aspect ratios and volume
fractions.Thebehavior of nanofluidswas investigated numer-
ically inside a heated cavity to gain insight into convective
recirculation and flow processes induced by a nanofluid. A
computational model was developed to analyze heat transfer
performance of nanofluids inside a cavity taking into account
the solid particle dispersion. The transport equations were
solved numerically using the finite-volume approach along
with the alternating direct implicit procedure.Themodel was
validated through the comparison with available experimen-
tal data. The results showed good agreement. The influence
of the solid volume fraction and the aspect ratios on the flow
pattern and heat transfer inside the cavity was investigated.
The results show that the average heat transfer rate increases
significantly as particle volume fraction increase. The results
illustrate that the nanofluid heat transfer rate increases
with an increase in the nanoparticles volume fraction. The
presence of nanoparticles in the fluid is found to alter the
structure of the fluid flow. The results show that the presence
of nanoparticles causes an increase in the heat transfer rate.
The results also illustrate that as the solid volume fraction
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Figure 15: Effect of nanoparticle volume fraction on normalized
upward velocity along normal line to heater 2 (AR = 5, Ra = 107).
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Figure 16: Effect of nanoparticle volume fraction on normalized
upward velocity along normal line to heater 3 (AR = 5, Ra = 107).
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Figure 20: Effect of changing nanoparticle volume fraction on
normalized surface heater temperature.

increases, the effect is more pronounced.The variation of the
average Nusselt number is nearly linear with the solid volume
fraction.

The numerical results of the present study indicate that
the heat transfer feature of a nanofluid increases with the
volume fraction of nanoparticles.The intensity of the stream-
lines increases with the increase in the volume fraction. This
is attributed to the high-energy transport through the flow
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Figure 21: Effect of changing nanoparticle volume fraction on local
Nusselt number over heaters.
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Figure 22: Effect of changing nanoparticle volume fraction on local
heat transfer coefficient over heaters.

associated with the irregular motion of the fine particles.
The results indicate higher velocities in the middle of the
enclosure as the volume increases. The nanoparticle volume
fraction does not significantly influence the temperature at
heater 1 (the lower heater).The influence of the loading factor
(volume fraction of nanoparticles) is more distinguished at
the upper heaters and in particular for the upper heaters.
The heat transfer increases as the volume fraction of the
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Figure 23: Streamlines inside the cavity for three aspect ratio cases (a) AR = 5, (b) AR = 10, and (c) AR = 2; all case are at 𝜙 = 2% and Ra =
107.
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Figure 24: Normalized velocity magnitude inside the cavity for three aspect ratio cases (a) AR = 5, (b) AR = 10, and (c) AR = 2; all case are
at 𝜙 = 2% and Ra = 107.

nanoparticles increases from 2 to 10%. Moreover, the heat
transfer coefficient decreases as we move from heater 1
towards heater 3. This is attributed to the increase in temper-
ature as one move up the heated wall.

As the aspect ratio increases (channel width is reduced),
the streamlines change and the intensity of the streamlines
increases slightly, showing flow in the middle of the channel.
The stagnation region disappears, and interaction between
the two boundary layers at the hot and cold walls is evident.

The intensity is reduced drastically with the reduction in
aspect ratio from 5 to 2. Different circulation regions close to
the hot and cold walls appear. As the aspect ratio is reduced
from 5 to 2, different regions of high and low velocity values
appear with the velocity magnitudes reduced drastically. The
increase in AR from 5 to 10 results in stratification of the
thermal stable region in themiddle, but the temperature level
remains unchanged. As AR is reduced, the temperature levels
increase to around 5 times with heated regions limited in the
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Figure 25: Normalized fluid temperature inside the cavity for three aspect ratio cases (a) AR = 5, (b) AR = 10, and (c) AR = 2; all case are at
𝜙 = 2% and Ra = 107.

vicinity of the heaters reflecting drop in the convection heat
transfer.

Nomenclature

AR: Cavity aspect ratio (H/W)
𝐶
𝑝
: Specific heat

𝑔: Acceleration due to gravity
Gr: Grashof number
𝐻: Channel height
𝐿: Heater height
ℎ: Convection heat transfer coefficient
𝑘: Thermal conductivity of air
Nu: Nusselt number
𝑃: Normalized pressure
Pr: Prandtl number
𝑞: Heat flux input to the heaters
Ra: Rayleigh number
𝑇: Temperature
𝑇(𝑦): Temperature at specific 𝑦-location
𝑇c: Temperature of cooling surface
𝑇
𝑠,avg: Average temperature of heater surfaces
𝑈: Horizontal velocity component
𝑉: Vertical velocity component
𝑊: Channel width
𝑥: Horizontal coordinate
𝑦: Vertical coordinate.

Greek Symbols

𝛽: Coefficient of expansion
𝜇: Dynamic viscosity
]: Kinematic viscosity of air
𝜙: Volume fraction of nanoparticles

𝜌: Density
𝜃: Temperature.

Subscripts

𝑓: Base fluid
nf: Nanofluid.
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