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Optimization models related to the design and evaluation of
system policies are mainly focused on efficiency metrics such
as the response time, queue length, throughput, and cost.
However, in systems which serve many users there is a need
to respect some fairness rules while looking for the overall
efficiency [1]. Essentially, fairness is an abstract sociopolitical
concept that implies impartiality, justice, and equity. In order
to ensure fairness in a system, all system entities have to be
adequately provided with the system’s services. Nevertheless,
fair treatment of all entities does not imply equal allocation of
services due to constraints imposed on the system by various
entities and by the environment. Within the system analysis,
fairness was usually quantified with the so-called inequality
measures such as variance and mean absolute difference
[2]. Unfortunately, direct minimization of typical inequality
measures contradicts the maximization of individual out-
comes and it also may lead to inefficient designs [3]. Yet, fair
optimization with a preference structure that complies with
both efficiency and the equitability can be used to generate
a variety of fair and efficient solutions [4, 5]. The so-called
lexicographic maximin (or minimax) optimization concept
[6–9] (and a closely related max-min fairness optimization
concept [10]) extends max-min optimization models and
is widely applied to various systems. A lexicographic max-
imin objective optimizes the worst performance among all
system entities, followed by optimizing the second worst

performance without degrading the worst one, and so forth.
However, this may cause a dramatic worsening of the overall
system efficiency. Therefore, several other fair optimization
models, which compromise between fairness and overall
system efficiency, have been extensively analyzed.

The issue of fairness is widely recognized in location and
allocation analysis of public services, where the clients of a
system are entitled to fair treatment according to community
regulations. The need of fair optimization arises also in more
general problems of resource allocation [11], for example, in
problems related to various networking systems. Fair network
optimization issues are in focus of diverse applications
and optimization problems in communication networks [12,
13]. These issues are closely related to situations where it
is desirable to achieve an equitable allocation for given
resources shared by competing traffic demands. Fairness,
and more specifically, lexicographic maximin optimization
[6, 8, 14], max-min fairness [10], and proportional fairness
[15] are widely studied in the communication network lit-
erature, especially in relation to bandwidth allocation and
rate adaptation and congestion control in TCP (transmission
control protocol) networks. At the same time, these concepts
are widely applicable in different settings in network opti-
mization and more specifically in the multicommodity flow
network related applications.
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The presented special issue strives to serve as a platform
to present advances in the field. We have invited potential
authors to submit original research articles that propose
new models, algorithms, and applications of fair network
optimization. Out of a total number of 36 papers that were
submitted, after a strict review process, 11 high-quality papers
are published. The special issue contains one review paper
and ten research papers that consider several closely related
and interesting topics. In what follows we briefly describe the
published contributions.

The review paper “Fair optimization and networks: a
survey” authored by the editors jointly with A. Tomaszewski
overviews fair optimization models and algorithms sup-
porting efficient and fair resource allocation applicable to
problems involving network flows that express realizations
of competing activities. The presentation applies to commu-
nication systems, power distribution systems, transportation
systems, logistics systems, and so forth. A particular focus is
on allocation problems related to communication networks
since in this area the fair optimization concepts have been
extensively developed and widely applied.

The paper “Optimization of power allocation for a multi-
beam satellite communication system with interbeam interfer-
ence” by H. Wang et al. considers power allocation among
multiple beams in satellite communication that compro-
mises between maximizing the total system capacity and
providing a fair power allocation among the beams. The
model is formulated as a nonlinear optimization problem that
considers interbeam interferences. Locally optimal solutions
are obtained by employing an iterative procedure that is
based on duality theory. Simulation results demonstrate the
effectiveness of the proposed allocation algorithm.

The paper “Constructing fair destination-oriented directed
acyclic graphs for multipath routing” by K. Kalinowska-
Górska and F. S. Donado examines the issue of determining
candidate paths between node pairs that can potentially be
used inmulticommodity network flow algorithmswith appli-
cations in communication networks. The paper determines
a subset of candidate directed paths from many sources to
a single root node such that the number of paths assigned
to each source-root pair is considered fair. This is achieved
by formulating and solving an optimization problem with
integer variables and a lexicographic maximin objective. The
authors provide numerical results that compare their method
to several existing methods.

In the paper “Max-min fair link quality in WSN based
on SINR” A. Gogu et al. address the problem of scheduling
max-min fair link transmissions in wireless sensor networks,
jointly with transmission power assignment. Given a set of
concurrently transmitting links, the considered optimization
problem seeks for transmission power levels at the nodes
so that the signal-to-interference and noise ratio (SINR)
values of active links satisfy the max-min fairness property.
By guaranteeing a fair transmission medium (in terms of
SINR), other network requirements, such as the scheduling
length, the throughput (directly dependent on the number
of concurrent links in a time slot), and energy savings (no
collisions and retransmissions), can be directly controlled.

In his paper “Design of optical wireless networks with
fair traffic flows,” A. Tomaszewski studies a network design
problemunder variable/uncertain capacity.Thework ismoti-
vated by practical considerations in wireless networks such
as difficulties in traffic transmissions caused by bad weather
conditions. In addition to the nominal network state where
capacities have their nominal values, the author introduces a
set of failure states where capacities are fixed to lower values.
Then, the demands are routed in the network with reduced
link capacities by decreasing the packet rate fairly, provided
that it does not go below some given threshold.

The paper “Max-min fairness in WMNs with interference
cancelation using overheard transmissions” written by M.
Żotkiewicz deals with a recent topic related to wireless
mesh networks, namely, to the interference cancellation (IC)
technique.The idea is to use IC even for cases with high SINR
values taking advantage of overheard traffic; the proposed
idea is illustrated with an example. A relevant MIP model
for determining scheduling and maximal throughput in a
network under these hypotheses is proposed. Simulation
results illustrate the benefits of the proposed approach.

The paper “Threshold accepting heuristic for fair flow
optimization in wireless mesh networks,” by J. Hurkała and
T. Śliwiński, focuses once again on wireless mesh networks
and reports an application of a list-based threshold accepting
(LBTA) heuristic that maximizes total throughput while
preserving fairness among network flows. The authors use
weighted ordered weighted averaging (WOWA) operator to
model fairness, while LBTA heuristic is used instead of
simulated annealing (SA). Numerical results show that LBTA
performs much better than SA in terms of the computing
time.

In “Fair optimization of video streaming quality of expe-
rience in LTE networks using distributed antenna systems
and radio resource management,” E. Yaacoub and Z. Dawy
focus on QoE (quality of experience) used to measure the
multimedia experience of mobile users. The authors propose
QoE metrics in order to capture the overall performance
of the radio resource management (RRM) algorithms in
terms of video quality perceived by the end users. Instead
of investigating QoE on the link level, they study metrics
for assessing the QoE performance over the whole network,
taking into account fairness constraints. They consider the
use of distributed antenna systems (DAS) to enhance the
performance and show by numerical tests that combining
DAS and fair RRM algorithms can lead to significant and fair
QoE enhancements for all the users in the network.

The paper “An approximation algorithm for the facility
location problem with lexicographic minimax objective” by
L. Buzna et al. presents a new approximation algorithm to
the lexicographic minimax optimum of the discrete facility
location problem. The approach uses algorithms originally
designed to solve the p-median problem and it allows for
finding equitable location of facilities serving a large number
of customers.

In the paper “A fairness relation based on the asymmetric
Choquet integral and its application in network resource
allocation problems,” A. Honda andM. Köppen study a recent
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problem of network resource allocation where pairs of users
could be in a favourable situation, given that the allocation
scheme is refined by some add-on technology. They propose
a computational approach based on the framework of rela-
tional optimization. For representing different weightings for
different pairs of users, a binary relation using the asymmetric
Choquet integral is introduced as the most suitable approach
to represent fairness.

The paper “Price of fairness on networked auctions” by
M. Kaleta examines execution of auctions under certain net-
working constraints applicable, for example, in the electricity,
communications, and water allocation problems. In classical
auctions, a marginal pricing principle is usually applied,
which provides a solution acknowledged by all participants as
fair. In the case of networked auctions the fairness conditions
can be disrupted and the uniform market pricing cannot
be used. The paper focuses on multicommodity networks
with sealed-bid auctions and shows that the minimal price
of fairness can be achieved if the unconstrained market price
settlements are adjusted with additional node-dependent
prices paid at each node.
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Optimization models related to designing and operating complex systems are mainly focused on some efficiency metrics such as
response time, queue length, throughput, and cost. However, in systemswhich servemany entities there is also a need for respecting
fairness: each system entity ought to be provided with an adequate share of the system’s services. Still, due to system operations-
dependant constraints, fair treatment of the entities does not directly imply that each of them is assigned equal amount of the
services.That leads to concepts of fair optimization expressed by the equitable models that represent inequality averse optimization
rather than strict inequality minimization; a particular widely applied example of that concept is the so-called lexicographic
maximin optimization (max-min fairness). The fair optimization methodology delivers a variety of techniques to generate fair
and efficient solutions. This paper reviews fair optimization models and methods applied to systems that are based on some kind
of network of connections and dependencies, especially, fair optimization methods for the location problems and for the resource
allocation problems in communication networks.

1. Introduction

System design and optimization often lead to diverse alloca-
tion problems where limitedmeansmust be assigned to com-
peting agents or activities so as to achieve the best overall
system performance. Depending on the context, the alloca-
tion decisions may pertain to costs, tasks, goods, or other
resources that can be assigned to one or several agents (actu-
ally most allocation problems can be interpreted as resource
allocation problems). Such problems arise in numerous
applications of considerable complexity with system compo-
nents being users, stakeholders and their coalition systems,
economic and governmental institutions, policy systems,
environmental systems [1, 2], and so forth. Very often com-
plex systems that involve resource allocation can essentially
be treated as systems of systems [3, 4].

The generic resource allocation problemmay be stated as
follows. Each activity is measured by an individual perfor-
mance function that depends on the resource levels assigned

to that activity. A larger function value is considered better,
like in the case when the performance ismeasured in terms of
assigned system capacity, quality of service level, service
amount available, and so forth. In practical applications, one
can distinguish different variants of the general allocation
problem depending on whether the resource is divisible or
not. In particular, one-to-one allocation of indivisible resou-
rces lead to the well-known assignment problem, while
many-to-many allocation problems arise in task scheduling
where a task can be assigned in parallel to several agents with
each agent being potentially in charge of several tasks.

Most approaches to allocation problems are focused on
efficiency-based objectives. However, the maximization of
either total or average results across all relevant agents may
require compromising individual agents for the good of
others, as long as everyone’s good is taken impartially into
account. Thus, with the increasing awareness of system
inequity resulting from solely pursuing efficiency, a num-
ber of fairness or equity oriented approaches have been
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developed: a particular example is models of resource allo-
cation that try to achieve some form of fairness in resource
allocation patterns [5]. In general, the models relate to the
optimization of systems which serve many users and the
quality of service provided to every individual user defines
the optimization criteria. That pattern applies among others
to telecommunication and Internet networks: in those net-
works it is important to allocate network resources, such as
available bandwidth, so as to provide equitable performance
to all services and all origin-destination pairs of nodes [6, 7].
Still, there aremany other pressing examples of systemswhere
fair distribution of resources is required. Problems of efficient
and fair resource allocation arise in complex systems of sys-
tems when the system combines a number of component sys-
tems such as resource supply systems, utilization systems at
demand sites or users, stakeholders and their coalition
systems, economic and governmental institutions, policy
systems, and environmental systems. Actually, addressing
fairness in particular types of systems of systems has become a
great challenge of the 21 century [8] as fairly dividing limited
natural resources (such as the fossil fuels, the clean water, and
the environments capacity to absorb greenhouse gases) is
perceived as being of utmost importance.

Essentially, fairness is an abstract sociopolitical concept
that implies impartiality, justice and equity. In order to ensure
fairness in a given system, all system entities have to be
equally well provided with the system’s services. For example,
the issue of equity iswidely recognized in the analysis of locat-
ing public services, where the clients of a system are entitled
to fair treatment according to community regulations. In that
context, the decisions often concern the placement of service
centers or other facilities at such positions that all users are
treated in an equitable way with respect to certain criteria
[9]. In particular, location of the facilities pertaining to public
services, such as police and fire departments, and emergency
medical facilities, should provide fair response time to all
demand locationswithin ametropolitan area. Similarly, water
resources should be allocated fairly [10].

As far as technical systems are concerned, the importance
of fairness was early recognized with respect to problems of
allocation of bandwidth in telecommunication networks [11,
12] (resulting in many models and methods of fair optimiza-
tion [7]), flight scheduling [13], and allocation of takeoff and
landing “slots” at airports [14]. In such areas as allocation of
resources in high-tech manufacturing and optimal allocation
of water and energy resources, the context of fair resource
allocation was additionally enriched by considering possible
substitutions among the resources; models with such substi-
tutions are presented in [5, Ch. 4] and [15–17].

In general, complex systems require mathematical pro-
gramming models in order to describe the dependencies and
to enable system optimization. Many such models are based
on some kind of network of connections and dependencies.
In particular, wide range of systemmodels are related to some
kind of network flows that express realizations of competing
activities [18]. This applies to telecommunication systems,
power distribution systems, transportation systems, logistics
systems, and so forth.The discrete location problems can also
be viewed in terms of such network system [19, 20].

The general purpose of this paper is to review fair
optimizationmodels and algorithms supporting efficient and
fair resource allocation in problems related to such network
models. The particular focus is on location-allocation prob-
lems and allocation problems related to communication net-
works since in those areas the fair optimization concepts have
been extensively developed and widely applied.

The paper is organized as follows. In the next section
we present methodological foundations of fair optimization
models. In Section 3, the most important models and meth-
ods of fair optimization in communication networks are
reviewed. Section 4 aims at reviewing applications of fair-
ness optimization in location and allocation problems. The
computational complexity issues are addressed in Section 5.
The paper is concluded by addressing the most important
directions of the development of fair optimization method-
ology for network systems.

2. Fairness, Equity, and Fair Optimization

2.1. Efficiency and Equity. The generic allocation problem
deals with a system comprising a set 𝐼 of𝑚 services (activities,
agents) and a given set 𝑄 of allocation patterns (allocation
decisions). For each service 𝑖 ∈ 𝐼, a function 𝑓

𝑖
(x) of the allo-

cation pattern x ∈ 𝑄 is defined. This function measures the
outcome (effect) 𝑦

𝑖
= 𝑓
𝑖
(x) of allocation pattern x for service

𝑖. In applications we consider this measure that usually
expresses the service quality. In general, outcomes can be
measured (modeled) as service time, service costs, and
service delays as well as in a more subjective way. In typical
formulations a larger value of the outcome means a better
effect (higher service quality or client satisfaction). Other-
wise, the outcomes can be replacedwith their complements to
some large number. Therefore, without loss of generality, we
can assume that each individual outcome 𝑦

𝑖
is to be maxi-

mized which allows us to view the generic resource allocation
problem as a vector maximization model. Consider

max {f (x) : x ∈ 𝑄} , (1)

where f(x) is a vector-function that maps the decision space
𝑋 = 𝑅

𝑛 into the criterion space 𝑌 = 𝑅
𝑚 and 𝑄 ⊂ 𝑋 denotes

the feasible set. We consider complex systems represented by
mathematical programming models and specifically models
based on some network of connections and dependencies.

An outcome vector y is attainable if it expresses outcomes
of a feasible solution x ∈ 𝑄 (i.e., y = f(x)). The set of all the
attainable outcome vectors is denoted by 𝐴. Note that, in
general, convexity of the feasible set 𝑄 and concavity of the
outcome function f do not guarantee convexity of the corre-
sponding attainable set 𝐴. Nevertheless, the multiple criteria
maximization model (1) can be rewritten in the equivalent
form

max {y : 𝑦
𝑖
≤ 𝑓
𝑖 (x) ∀𝑖, x ∈ 𝑄} , (2)

where the attainable set 𝐴 is convex whenever 𝑄 is convex
and functions 𝑓

𝑖
are concave.

Model (1) only specifies that we are interested in maxi-
mization of all objective functions 𝑓

𝑖
for 𝑖 ∈ 𝐼 = {1, 2, . . . , 𝑚}.
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In order to make it operational, one needs to assume some
solution concept specifyingwhat itmeans tomaximizemulti-
ple objective functions.The solution conceptsmay be defined
by properties of the corresponding preference model [21].
The commonly used concept of the Pareto-optimal solutions,
as feasible solutions for which one cannot improve any
criterion without worsening another, depends on the rational
dominance which may be expressed in terms of the vector
inequality.

Simple solution concepts for multiple criteria problems
are defined by aggregation (or utility) functions𝑔 : 𝑌 → 𝑅 to
be maximized. Thus, the multiple criteria problem (1) is
replaced with the maximization problem. Consider

max {𝑔 (f (x)) : x ∈ 𝑄} . (3)

In order to guarantee the consistency of the aggregated
problem (3) with the maximization of all individual objective
functions in the originalmultiple criteria problem (or Pareto-
optimality of the solution), the aggregation function must be
strictly increasing with respect to every coordinate.

The simplest aggregation functions commonly used for
the multiple criteria problem (1) are defined as the total
outcome 𝑇(y) = ∑

𝑚

𝑖=1
𝑦
𝑖
, equivalently as the mean (average)

outcome 𝜇(y) = 𝑇(y)/𝑚 = (1/𝑚)∑
𝑚

𝑖=1
𝑦
𝑖
or alternatively

as the worst outcome 𝑀(y) = min
𝑖=1,...,𝑚

𝑦
𝑖
. The mean

(total) outcome maximization is primarily concerned with
the overall system efficiency. As based on averaging, it often
provides a solution where some services are discriminated in
terms of performance. On the other hand, the worst outcome
maximization, that is, the so-called max-min solution con-
cept,

max { min
𝑖=1,...,𝑚

𝑓
𝑖 (x) : x ∈ 𝑄} , (4)

is regarded as maintaining equity. Indeed, in the case of a
simplified resource allocation problem with knapsack con-
straints, the max-min solution,

max{ min
𝑖=1,...,𝑚

𝑦
𝑖
:

𝑚

∑

𝑖=1

𝑎
𝑖
𝑦
𝑖
≤ 𝑏} , (5)

takes the form 𝑦
𝑖
= 𝑏/∑

𝑚

𝑖=1
𝑎
𝑖
for all 𝑖 ∈ 𝐼, thus, meeting the

perfect equity requirement𝑦
1
= 𝑦
2
= ⋅ ⋅ ⋅ = 𝑦

𝑚
. In the general

case, with possible more complex feasible set structure, this
property is not fulfilled [22, 23]. Nevertheless, if there exists a
Pareto-optimal vector y ∈ f(𝑄) satisfying the perfect equity
requirement 𝑦

1
= 𝑦
2
= ⋅ ⋅ ⋅ = 𝑦

𝑚
, then y is the unique optimal

solution of the max-min problem (4) [24].
Actually, the distribution of outcomesmaymake themax-

min criterion partially passive when one specific outcome is
relatively very small for all the solutions. For instance, while
allocating clients to service facilities, such a situation may
be caused by existence of an isolated client located at a
considerable distance from all the facilities. Maximization of
the worst service performances is then reduced to maximiza-
tion of the service performances for that single isolated client
leaving other allocation decisions unoptimized. For instance,
having four outcome vectors (1, 1, 1), (8, 1, 1), (1, 8, 1), and (8,

8, 1) available, they are all optimal in the corresponding max-
min optimization, as the third outcome cannot be better than
1. Maximization of the first and the second outcome is then
not supported the max-min solution concept, allowing one
to select (1, 1, 1) as the optimal solution. This is a clear case of
inefficient solution where one may still improve other out-
comes while maintaining fairness by leaving at its best
possible value the worst outcome.Themax-min solutionmay
be then regularized according to the Rawlsian principle of
justice. Rawls [25, 26] considers the problem of ranking
different “social states” which are different ways in which a
society might be organized taking into account the welfare of
each individual in each society, measured on a single numer-
ical scale. Applying the Rawlsian approach, any two states
should be ranked according to the accessibility levels of the
least well-off individuals in those states; if the comparison
yields a tie, the accessibility levels of the next-least well-off
individuals should be considered, and so on. Formalization
of this concept leads us to the lexicographic maximin opti-
mization model or the so-called max-min fairness where the
largest feasible performance function value for activities with
the smallest (i.e., worst) performance function value (this is
the maximin solution) are followed by the largest feasible
performance function value for activities with the second
smallest (i.e., second worst) performance function value,
without decreasing the smallest value, and so forth. The lexi-
cographic maximin solution is known in the game theory as
the nucleolus of amatrix game. It originates froman idea, pre-
sented by Dresher [27], to select from the optimal (max-min)
strategy set of a player a subset of optimal strategies which
exploit mistakes of the opponent optimally. It has been later
refined to the formal nucleolus definition [28] and gener-
alized to an arbitrary number of objective functions [29].
The concept was early considered in the Tschebyscheff
approximation [30] as a refinement taking into account the
second largest deviation, the third one and further to be hier-
archically minimized. Actually, the so-called strict approx-
imation problem on compact ordered sets is resolved by
introducing sequential optimization of the norms on sub-
spaces. Luss and Smith [31] published the first paper on lex-
icographic maximin approach for resource allocation prob-
lems with continuous variables and multiple resource con-
straints.Within the communications or network applications
the lexicographic maximin approach has appeared already
in [11, 12] and now under the name max-min fair (MMF)
is treated as one of the standard fairness concepts [7]. The
lexicographic maximin has been used for general linear
programming multiple criteria problems [32–34], as well as
for specialized problems related to multiperiod resource
allocation with and without substitutions [5, Ch. 5] and [35–
39].

In discrete optimization it has been considered for various
problems [40, 41] including the location-allocation ones [42].
Luss [43] presented an expository paper on equitable resource
allocations using a lexicographic minimax (or lexicographic
maximin) approach while [44] provides wide discussion of
various models and solution algorithms in connection with
communication networks.The recent book by Luss [5] brings
together much of the equitable resource allocation research
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from the past thirty years and provides current state of art in
models and algorithm within wide gamut of applications.

Actually, the original introduction of the MMF in net-
working characterized the MMF optimal solution by the lack
of a possibility to increase of any outcome without decreasing
of some smaller outcome [12]. In the case of convex attainable
set (as considered in [12]) such a characterization represents
also lexicographic maximin solution. In nonconvex case as
pointed out in [45] such strictly defined MMF solution may
not exist while the lexicographic maximin always exists and
it covers the former if it exists (see [46] for wider discus-
sion). Therefore, the MMF is commonly identified with the
lexicographic maximin while the classical MMF definition is
considered rather as an algorithmic approach which is
applicable only for convex models. We follow this in the
remainder of the paper. Indeed, while for convex problems it
is relatively easy to form sequential algorithms to execute lexi-
cographic maximin by recursive max-min optimization with
fixed smallest outcomes (see [5, 31–33, 43, 44, 46, 47]), for
nonconvex problems the sequential algorithms must be built
with the use of some artificial criteria (see [24, 40, 42, 44,
48] and [5, Ch. 7]). Some more discussion is provided in
Section 2.4.

2.2. FromEquity to FairOptimization. Theconcept of fairness
has been studied in various areas beginning from political
economics problems of fair allocation of consumption bun-
dles [25, 49–52] to abstract mathematical formulation [53,
54]. Fairness is, essentially, an abstract sociopolitical concept
of distributive justice that implies impartiality and equity in
distribution of goods. In order to ensure fairness in a system,
all system entities have to be equally well provided with the
system’s services. Therefore, in systems analysis and oper-
ational research fairness was usually quantified with the
so-called inequality measures to be minimized [55–60] or
fairness indices [61, 62]. Typical inequalitymeasures are some
deviation type dispersion characteristics. They are inequality
relevant which means that they are equal to 0 in the case
of perfectly equal outcomes while taking positive values for
unequal ones. The simplest inequality measures are based
on the absolute measurement of the spread of outcomes or
deviations from the mean, like the mean absolute difference,
maximum absolute difference, standard deviation (variance),
mean absolute deviation, and so forth. Relative inequality
measures are frequently used. For instance, measures are
normalizezd by mean outcome like the Gini coefficient,
which is the relative mean difference.

Complex systems require usuallymathematical program-
ming models in order to describe the dependencies and to
make possible system optimization. Many such models are
based on some network of connections and dependencies. A
wide range of systemsmodels is related to some flowswithin a
network expressing realizations of competing activities [18].
This applies to communication systems, power distribution
systems, transportation systems, logistics systems, and so
forth. Among others the discrete location problems can be
viewed in terms of such network system [19, 20]. Typically
fairness is considered in relation to division of a given amount

(the cake division problem) imposing a consistency require-
ment, the reference points must sum to the total amount
available to the agents. A methodology capable to model
and solve fair allocation problems in the context of system
optimization must take into account possible increase of
the amount. Unfortunately, direct minimization of typical
inequality measures contradicts the maximization of indi-
vidual outcomes and it may lead to inferior decisions. The
max-min fairness represented by lexicographic maximin
optimization meets such needs. This specific concept may be
generalized to concepts of fairness expressed by the equitable
optimization [9, 24, 43, 63–65] representing inequality averse
optimization rather than inequality minimization. Since the
term equitable optimization or equitable resource allocation
is frequently used as limited to the lexicographic maximin
optimization (see [5]), we use the term fair optimization to
express wider class of equitable approaches.

The concept of fair optimization is a specific refinement
of the Pareto-optimality taking into account the inequality
minimization according to the Pigou-Dalton approach. First
of all, the fairness requires impartiality of evaluation, thus,
focusing on the distribution of outcome valueswhile ignoring
their ordering.That means that, in the multiple criteria prob-
lem (1), we are interested in a set of outcome values without
taking into account which outcome is taking a specific value.
Hence, we assume that the preference model is impartial
(anonymous, symmetric). In terms of the preference relation
it may be written as the following axiom:

(𝑦
𝜋(1)

, 𝑦
𝜋(2)

, . . . , 𝑦
𝜋(𝑚)

) ≅ (𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑚
)

for any permutation 𝜋 of 𝐼,

(6)

whichmeans that any permuted outcome vector is indifferent
in terms of the preference relation. Further, fairness requires
equitability of outcomes which causes that the preference
model should satisfy the (Pigou-Dalton) principle of trans-
fers. The principle of transfers states that a transfer of any
small amount from an outcome to any other relatively worse-
off outcome results in a more preferred outcome vector. As a
property of the preference relation, the principle of transfers
takes the form of the following axiom:

𝑦
𝑖
 > 𝑦
𝑖
 ⇒ y − 𝜀e

𝑖
 + 𝜀e
𝑖
 ≻ y

for 0 < 𝜀 < 𝑦
𝑖
 − 𝑦
𝑖
 .

(7)

The rational preference relations satisfying additionally
axioms (6) and (7) are called hereafter fair (equitable) rational
preference relations. We say that outcome vector y fairly
(equitably) dominates y, if and only if y is preferred to y for
all fair rational preference relations. In other words, y fairly
dominates y, if there exists a finite sequence of vectors
y𝑗 (𝑗 = 1, 2, . . . , 𝑠) such that y1 = y, y𝑠 = y and y𝑗 is
constructed from y𝑗−1 by application of either permutation of
coordinates, equitable transfer, or increase of a coordinate. An
allocation pattern x ∈ 𝑄 is called fairly (equitably) efficient or
simply fair if y = f(x) is fairly nondominated. Note that each
fairly efficient solution is also Pareto-optimal but not vice
verse.
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In order to guarantee fairness of the solution con-
cept (3), additional requirements on aggregation (utility)
functions need to be introduced. The aggregation function
must be symmetric, that is, for any permutation 𝜋 of 𝐼,
𝑔(𝑦
𝜋(1)

, 𝑦
𝜋(2)

, . . . , 𝑦
𝜋(𝑚)

) = 𝑔(𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑚
) as well as being

equitable (to satisfy the principle of transfers) 𝑔(𝑦
1
, . . . , 𝑦

𝑖
 −

𝜀, . . . , 𝑦
𝑖
 + 𝜀, . . . , 𝑦

𝑚
) > 𝑔(𝑦

1
, 𝑦
2
, . . . , 𝑦

𝑚
) for any 0 <

𝜀 < 𝑦
𝑖
 − 𝑦
𝑖
 . Such functions were referred to as (strictly)

Schur-concave [66]. In the case of a strictly increasing and
strictly Schur-concave function, every optimal solution to
the aggregated optimization problem (3) defines some fairly
efficient solution of allocation problem (1) [64].

Both simplest aggregation functions, the mean and the
minimum, are symmetric although they do not satisfy strictly
the equitability requirement. For any strictly concave and
strictly increasing utility function 𝑢 : 𝑅 → 𝑅, the
aggregation function𝑔(y) = ∑

𝑚

𝑖=1
𝑢(𝑦
𝑖
) is a strictlymonotonic

and equitable, thus, defining a family of the fair aggregations
[64]. Consider

max{

𝑚

∑

𝑖=1

𝑢 (𝑓
𝑖 (x)) : x ∈ 𝑄} . (8)

Various concave utility functions 𝑢 can be used to define
the fair aggregations (8) and the resulting fair solution
concepts. In the case of the outcomes restricted to positive
values, one may use logarithmic function, thus, resulting
in the proportional fairness (PF) solution concept [67, 68].
Actually, it corresponds to the so-called Nash criterion [69]
whichmaximizes the product of additional utilities compared
to the status quo. Again, in the case of a simplified resource
allocation problem with knapsack constraints, the PF solu-
tion,

max{

𝑚

∑

𝑖=1

log (𝑦
𝑖
) :

𝑚

∑

𝑖=1

𝑎
𝑖
𝑦
𝑖
≤ 𝑏} , (9)

takes the form 𝑦
𝑖

= 𝑏/𝑎
𝑖
for all 𝑖 ∈ 𝐼, thus, allocating the

resource inversely proportional to the consumption of par-
ticular activities.

For positive outcomes a parametric class of utility func-
tions,

𝑢 (𝑦
𝑖
, 𝛼) =

{{

{{

{

𝑦
1−𝛼

𝑖

(1 − 𝛼)
, if 𝛼 ̸= 1,

log (𝑦
𝑖
) , if 𝛼 = 1,

(10)

may be used to generate various fair solution concepts for
𝛼 > 0 [70]. The corresponding solution concept (8), called
𝛼-fairness, represents the PF approach for 𝛼 = 1, while with
𝛼 tending to the infinity it converges to the MMF. For large
enough 𝛼 one gets generally an approximation to the MMF
while for discrete problems large enough 𝛼 guarantee the
exactMMF solution. Such away to identify theMMF solution
was considered in location problems [40, 42] as well as to
content distribution networking problems [71, 72]. However,
every such approach requires to build (or to guess) a utility
function prior to the analysis and later it gives only one
possible compromise solution. For a common case of upper
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u( ) = u( )
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y2 = y1
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Figure 1: The fair dominance structures 𝑊(y): the set of outcomes
fairly dominated by y and𝐵(y): the set of outcomes fairly dominating
y.

bounded outcomes 𝑦
𝑖

≤ 𝑢
∗ one may maximize power

functions −∑
𝑚

𝑖=1
(𝑢
∗
−𝑦
𝑖
)
𝑝 for 1 < 𝑝 < ∞which is equivalent

tominimization of the corresponding𝑝-normdistances from
the common upper bound 𝑢

∗ [64].
Figure 1 shows the structure of fair dominance for two-

dimensional outcome space. For any outcome vector y,
the fair dominance relation distinguishes set 𝑊(y) of dom-
inated outcomes (obviously worse for all fair rational prefer-
ences) and set𝐵(y) of dominating outcomes (obviously better
for all fair rational preferences). Some outcome vectors
remain neither dominated nor dominating (in white areas)
and they can be differently classified by various specific fair
solution concepts. The lexicographic maximin assigns the
entire interior of the inner white triangle to the set of pre-
ferred outcomes while classifying the interior of the external
open triangles as worse outcomes. Isolines of various utility
functions split the white areas in different ways. For instance,
there is no fair dominance between vectors (1, 100) and
(2, 2) and the MMF considers the latter as better while the
proportional fairness points out the former. On the other
hand, vector (2, 99) fairly dominates (1, 100) and all fairness
models (includingMMF and PF) prefer the former. One may
notice that the set 𝑊(y) of directions leading to outcome
vectors being dominated by a given y is, in general, not a cone
and it is not convex. Although, when we consider the set 𝐵(y)
of directions leading to outcome vectors dominating given y
we get a convex set.

Certainly, any fair solution concept usually leads to some
deterioration of the system efficiency when comparing to the
sole efficiency optimization. This is referred to as the price of
fairness and it was quantified as the relative difference with
respect to a fully efficient solution that maximizes the sum
of all performance functions (total outcome) [73], that is, the
price of fairness concept 𝐹 on the attainable set 𝐴 is defined
as

POF (𝐹, 𝐴) =

(∑
𝑚

𝑖=1
𝑦
𝑇

𝑖
− ∑
𝑚

𝑖=1
𝑦
𝐹

𝑖
)

∑
𝑚

𝑖=1
𝑦
𝑇

𝑖

, (11)

where y𝑇 is the outcome vectormaximizing the total outcome
𝑇(y) on 𝐴 while y𝐹 denotes the outcome vector maximizing
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the fair optimization concept𝐹(y) on𝐴. Formula (11) is appli-
cable only to the problems with a positive total outcome—
this, however, is a common case for attainable sets of models
based on some network of connections and dependencies.
Bertsimas et al. [73] examined the price of fairness for a broad
family of problems, focusing on PF and MMF models. They
shown that for any compact and convex attainable sets𝐴with
equal maximum achievable outcome, which are greater than
0, the price of proportional fairness is bounded by

POF (PF, 𝐴) ≤ 1 −
2√𝑚

𝑚
, (12)

and the price of max-min fairness is bounded by

POF (MMF, 𝐴) ≤ 1 −
4𝑚

(𝑚 + 1)
2
. (13)

Moreover, the bound under PF is tight if √𝑚 is integer, and
the bound under MMF is tight for all 𝑚. Similar analysis
for the 𝛼-fairness [74] shows that the price of 𝛼-fairness is
bounded by

POF (𝛼𝐹, 𝐴) ≤ 1 − min
𝜂∈[1,𝑚]

𝜂
1+1/𝛼

+ 𝑚 − 𝜂

𝜂1+1/𝛼 + (𝑚 − 𝜂) 𝜂

≅ 1 − 𝑂 (𝑚
−𝛼/(𝛼+1)

) .

(14)

The price of fairness strongly depends on the attainable set
structure. One can easily construct problems where any fair
solution is alsomaximal with respect to the total outcome (no
price of fairness occurs). In [75], the 𝛼-fairness concept for
network flow problems was analyzed and a class of networks
was generated with the property that a fairer allocation is
always more efficient. In particular, it implies that max-min
fairness may achieve higher total throughput than propor-
tional fairness.

2.3. Multicriteria Models. The relation of fair dominance can
be expressed as a vector inequality on the cumulative ordered
outcomes [63]. The latter can be formalized as follows. First,
we introduce the ordering map Θ : 𝑅

𝑚
→ 𝑅

𝑚 such that
Θ(y) = (𝜃

1
(y), 𝜃
2
(y), . . . , 𝜃

𝑚
(y)), where 𝜃

1
(y) ≤ 𝜃

2
(y) ≤ ⋅ ⋅ ⋅ ≤

𝜃
𝑚
(y) and there exists a permutation 𝜋 of set 𝐼 such that

𝜃
𝑖
(y) = 𝑦

𝜋(𝑖)
for 𝑖 = 1, . . . , 𝑚. Next, we apply cumulation to

the ordered outcome vectors to get the following quantities:

𝜃
𝑖
(y) =

𝑖

∑

𝑗=1

𝜃
𝑗
(y) for 𝑖 = 1, . . . , 𝑚 (15)

expressing, respectively, the worst outcome, the total of
the two worst outcomes, and the total of the three worst
outcomes. Pointwise comparison of the cumulative ordered
outcomes Θ(y) for vectors with equal means was extensively
analyzed within the theory of equity [76] or themathematical
theory of majorization [66], where it is called the relation of
Lorenz dominance or weak majorization, respectively. It
includes the classical results allowing to express an improve-
ment in terms of the Lorenz dominance as a finite sequence

of Pigou-Dalton equitable transfers. It can be generalized to
vectors with various means, which allows one to justify the
following statement [63, 77]. Outcome vector y ∈ 𝑌 fairly
dominates y ∈ 𝑌, if and only if 𝜃

𝑖
(y) ≥ 𝜃

𝑖
(y) for all 𝑖 ∈ 𝐼

where at least one strict inequality holds.
Fair solutions to problem (1) can be expressed as Pareto-

optimal solutions for the multiple criteria problem with
objectives Θ(f(x)). Consider

max {(𝜃
1 (f (x)) , 𝜃2 (f (x)) , . . . , 𝜃𝑚 (f (x))) : x ∈ 𝑄} . (16)

Hence, the multiple criteria problem (16) may serve as a
source of fair solution concepts. Note that the aggregation
maximizing themean outcome corresponds tomaximization
of the last objective 𝜃

𝑚
(f(x)) in problem (16). Similarly, the

max-min corresponds to maximization of the first objective
𝜃
1
(f(x)). As limited to a single criterion they do not guarantee

the fairness of the optimal solution. On the other hand, when
applying the lexicographic optimization to problem (16),

lex max {(𝜃
1 (f (x)) , 𝜃2 (f (x)) , . . . , 𝜃𝑚 (f (x))) : x ∈ 𝑄} ,

(17)

one gets the lexicographic maximin solution concept, that is,
the classical equitable optimization model [5] representing
the MMF.

For modeling various fair preferences one may use some
combinations of the criteria in problem (16). In particular, for
the weighted sum aggregation on gets∑𝑚

𝑖=1
𝑠
𝑖
𝜃
𝑖
(y), which can

be expressed with weights 𝜔
𝑖
= ∑
𝑚

𝑗=𝑖
𝑠
𝑗
(𝑖 = 1, . . . , 𝑚) allo-

cated to coordinates of the ordered outcome vector, that is,
as the so-called ordered weighted average (OWA) [78, 79]:

max{

𝑚

∑

𝑖=1

𝜔
𝑖
𝜃
𝑖 (f (x)) : x ∈ 𝑄} . (18)

If weights 𝜔
𝑖
are strictly decreasing and positive, that is, 𝜔

1
>

𝜔
2

> ⋅ ⋅ ⋅ > 𝜔
𝑚−1

> 𝜔
𝑚

> 0, then each optimal solution
of the OWA problem (18) is a fairly efficient solution of
(1). Such OWA aggregations are sometimes called ordered
ordered weighted averages (OOWA) [80]. When looking at
the structure of fair dominance (Figure 1), the piece-wise
linear isolines of the OOWA split the white areas of outcome
vectors remaining neither dominated nor dominating (cf.
Figure 2).

When differences between weights tend to infinity, the
OWA model becomes the lexicographic maximin [81]. On
the other hand, with the differences between subsequent
monotonic weights approaching 0, the OWA model tends to
the mean outcome maximization while still preserving fair
optimizations properties (cf. Figure 3).

To the best of our knowledge, the price of fairness related
to the fair OWA models has not been studied till now. The
OWA aggregation may model various preferences from the
max to the min. Yager [78] introduced a well appealing
concept of the andness measure to characterize the OWA
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Figure 2: The fair dominance structure and the ordered OWA
optimization.
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Figure 3: Variety of fair OWA aggregations.

operators. The degree of andness associated with the OWA
operator is defined as

andness (𝜔) =
∑
𝑚

𝑖=1
((𝑚 − 𝑖) / (𝑚 − 1)) 𝜔𝑖

∑
𝑚

𝑖=1
𝜔
𝑖

. (19)

For themin aggregation representing theOWAoperator with
weights 𝜔 = (1, 0, . . . , 0) one gets andness(𝜔) = 1 while
for the max aggregation representing the OWA operator with
weights𝜔 = (0, . . . , 0, 1) one has andness(𝜔) = 0. For the total
(mean) outcome one gets andness((1/𝑚, 1/𝑚, . . . , 1/𝑚)) =

1/2. OWA aggregations with andness greater than 1/2 are
considered fair, and fairer when andness gets closer to 1. A
given andness level does not define a unique set of weights 𝜔.
Various monotonic sets of weights with a given andness
measure may be generated (cf., [82, 83] and references
therein).

Thedefinition of quantities 𝜃
𝑘
(y) is complicated as requir-

ing ordering. Nevertheless, the quantities themselves can
be modeled with simple auxiliary variables and linear con-
straints. Although,maximization of the 𝑘th smallest outcome
is a hard (combinatorial) problem. The maximization of the
sum of 𝑘 smallest outcomes is a linear programming (LP)
problem as 𝜃

𝑘
(y) = max

𝑡
(𝑘𝑡−∑

𝑚

𝑖=1
max{𝑡−𝑦

𝑖
, 0})where 𝑡 is an

unrestricted variable [84, 85]. This allows one to implement
the OWA optimization quite effectively as an extension of the
original constraints and criteria with simple linear inequali-
ties [86] (without binary variables used in the classical OWA
optimization models [87]) as well as to define sequential
methods for lexicographic maximin optimization of discrete
and nonconvex models [48]. Various fairly efficient solutions
of (1) may be generated as Pareto-optimal solutions to
multicriteria problem:

max (𝜂
1
, 𝜂
2
, . . . , 𝜂

𝑚
) (20a)

s.t. x ∈ 𝑄, (20b)

𝜂
𝑘
= 𝑘𝑡
𝑘
−

𝑚

∑

𝑖=1

𝑑
𝑖𝑘
,

𝑘 = 1, . . . , 𝑚,

(20c)

𝑡
𝑘
− 𝑑
𝑖𝑘

≤ 𝑓
𝑖 (x) , 𝑑

𝑖𝑘
≥ 0,

𝑖, 𝑘 = 1, . . . , 𝑚.

(20d)

Recently, the duality relation between the generalized
Lorenz function and the second order cumulative distribu-
tion function has been shown [88]. The latter can also be
presented as mean shortfalls (mean below-target deviations)
to outcome targets 𝜏:

𝛿
𝜏
(y) =

1

𝑚

𝑚

∑

𝑖=1

(𝜏 − 𝑦
𝑖
)
+
. (21)

It follows from the duality theory [88] that one may com-
pletely characterize the fair dominance by the pointwise
comparison of the mean shortfalls for all possible targets.
Outcome vector y fairly dominates y, if and only if 𝛿

𝜏
(y) ≤

𝛿
𝜏
(y) for all 𝜏 ∈ 𝑅 where at least one strict inequality

holds. In other words, the fair dominance is equivalent to the
increasing concave order more commonly known as the
Second Stochastic Dominance (SSD) relation [89].

For 𝑚-dimensional outcome vectors we consider, all the
shortfall values are completely defined by the shortfalls for
at most𝑚 different targets representing values of several out-
comes 𝑦

𝑖
while the remaining shortfall values follow from the

linear interpolation. Nevertheless, these target values are
dependent on specific outcome vectors and one cannot define
any universal grid of targets allowing to compare all possible
outcome vectors. In order to take advantages of the multiple
criteria methodology one needs to focus on a finite set of
target values. Let 𝜏

1
< 𝜏
2
< ⋅ ⋅ ⋅ < 𝜏

𝑟
denote the all attainable

outcomes. Fair solutions to problem (1) can be expressed as
Pareto-optimal solutions for the multiple criteria problem
with objectives 𝛿

𝜏
𝑗

(f(x)). Consider

min {(𝛿
𝜏
1

(f (x)) , 𝛿𝜏
2

(f (x)) , . . . , 𝛿𝜏
𝑟

(f (x))) : x ∈ 𝑄} .

(22)

Hence, the multiple criteria problem (22) may serve as
a source of fair solution concepts. When applying the
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lexicographic minimization to problem (22) one gets the
lexicographic maximin solution concept, that is, the classical
equitable optimization model [5] representing the MMF.
However, for the lexicographicmaximin solution concept one
simply performs lexicographic minimization of functions
counting outcomes not exceeding several targets [42, 48].

Certainly in many practical resource allocation problems
one cannot consider target values covering all attainable
outcomes. Reducing the number of criteria we restrict oppor-
tunities to generate all possible fair allocations. Nevertheless,
one may still generate reasonable compromise solutions [24].
In order to get a computational procedure one needs either to
aggregate mean shortages for infinite number of targets or to
focus analysis on arbitrarily preselected finite grid of targets.
The former turns out to lead us to the mean utility optimiza-
tion models (8). Indeed, classical results of majorization the-
ory [66] relate themean utility comparison to the comparison
of the weighted mean shortages. Actually, the maximization
of a concave and increasing utility function 𝑢 is equivalent
to minimization of the weighted aggregation with positive
weights 𝑤(𝜉) = −𝑢


(𝜉) (due to concavity of 𝑢 the second

derivative is negative).

2.4. Methodologies for Solving Lexicographic Maximin Prob-
lems. Consider the following resource allocation problem:

lexmax
x

Θ (f (x)) = (𝑓
𝑖
1

(𝑥
𝑖
1

) , 𝑓
𝑖
2

(𝑥
𝑖
2

) , . . . , 𝑓
𝑖
𝑚

(𝑥
𝑖
𝑚

))

(23a)

s.t. 𝑓
𝑖
1

(𝑥
𝑖
1

) ≤ 𝑓
𝑖
2

(𝑥
𝑖
2

) ≤ ⋅ ⋅ ⋅ ≤ 𝑓
𝑖
𝑚

(𝑥
𝑖
𝑚

) , (23b)

∑

𝑖∈𝐼

𝑎
𝑖𝑗
𝑥
𝑖
≤ 𝑏
𝑗
, ∀𝑗 ∈ 𝐽, (23c)

𝑙
𝑖
≤ 𝑥
𝑖
≤ 𝑢
𝑖
, ∀𝑖 ∈ 𝐼, (23d)

where the performance functions are strictly increasing and
continuous, and 𝑎

𝑖𝑗
≥ 0, for all 𝑖 and 𝑗. The lexicographic

maximization objective function, jointly with the ordering
constraints, defines the lexicographic maximin objective
function (this is equivalent to defining the objective func-
tion using the ordering mapping Θ). Consider Figure 4
which presents a network that serves point-to-point demands
between nodes 1 and 2, nodes 3 and 4, and nodes 3 and 5.
The numbers on the links are the link capacities, for example,
4 Gbs on links (1, 3). Suppose demand between a node-
pair can be routed only on a single path, where this path is
given as part of the input; for example, the path selected
between nodes 1 and 2 uses links (1, 3) and (3, 2). The
problem of finding the lexicographic maximin solution of
demand throughputs between various node-pairs subject to
link capacity constraints (which serve as the resource con-
straints) can be formulated by (23a)–(23d).

It turns out that for various performance functions,
such as linear functions and exponential functions, the
lexicographic maximin solution of (23a)–(23d) is obtained
by simple algebraicmanipulations of closed-form expressions
and the computational effort is polynomial. This facilitates
solving very large problems in negligible computing time. For

3

2

4

1

5

2

3
4

1
1

2

Figure 4: A single path for each demand.

3

2

4

1

5

2

3 4

1
1

2
Path 3

Path 2

Path 1

Figure 5: Multiple path for demand between nodes 1 and 2.

other functions, where the solution cannot be derived using
closed-form expressions, somewhat more computations are
required, in particular, function evaluations complemented
by a one-dimensional numerical search are employed (see [5,
Ch. 3] and [31, 90, 91]). Algorithms for problem (23a)–(23d)
serve as building blocks for more complex problems such
as for problems with substitutable resources, for multiperiod
problems, and for content distribution problems (see [5, Chs.
4–6]).

Now, consider the cases of performance functions that
are nonseparable, where each of the functions 𝑓

𝑖
(𝑥
𝑖
) in (23a)

and (23b) is replaced by 𝑓
𝑖
(x), thus, depending on multiple

decision variables. Consider Figure 5 which shows three
possible paths for the demand between nodes 1 and 2. The
throughput between this node-pair is simply the sum of flows
along these three paths.

Even for linear performance functions (e.g., throughputs
in communication networks) the computational effort is
significantly larger as the algorithm for finding the lexico-
graphic maximin solution requires solving repeatedly linear
programming problems (see [5, Chs. 3.4, and 6.2], [7, Ch. 8],
and [32, 33, 44, 92]).

Next, consider the case of a nonconvex feasible region,
for example, with discrete decision variables. For example,
consider a communication network (as in Figure 5) where
the demand between any node-pair can flow along multiple
paths, but only one of these paths may be selected (here the
selected path for each demand is a decision variable). The
resulting formulation includes 0-1 decision variables [7].
Again, the objective is to find the lexicographic maximin
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Figure 6: A network example illustrating fairness issues.

solution of the throughputs where each demand uses only
one path. All the solution methods above do not apply. If the
number of possible distinct outcomes 𝜏

1
< 𝜏
2

< ⋅ ⋅ ⋅ < 𝜏
𝑟

is small, one can construct counting functions, where the 𝑘th
counting function value is the number of times the 𝑘th dis-
tinct worst outcome appears in the solution. That means that
one introduces functions ℎ

𝑘
(y) = ∑

𝑘

𝑙=1
ℎ
𝑙
(y) with ℎ

𝑘
(y)

expressing the number of values 𝜏
𝑘
in the outcome vector y.

The lexicographic maximin optimization problem is then
replaced by lexicographicminimization of the counting func-
tions ℎ

𝑘
(y) which is solved by repeatedly solving minimiza-

tion problems with discrete variables:

lex min (

𝑚

∑

𝑖=1

𝑧
1𝑖
,

𝑚

∑

𝑖=1

𝑧
2𝑖
, . . . ,

𝑚

∑

𝑖=1

𝑧
𝑟−1,𝑖

) (24a)

subject to x ∈ 𝑄, (24b)

𝜏
𝑘+1

− 𝑓
𝑖 (x) ≤ 𝑀𝑧

𝑘𝑖
, 𝑧
𝑘𝑖

∈ {0, 1} ,

𝑖 ∈ 𝐼, 𝑘 < 𝑟,

(24c)

where 𝑀 is a sufficiently large constant (see [5, Ch. 7.2] and
[44, 48, 93]). Moreover, in general, binary variables may be
eliminated if large numbers of auxiliary continuous variables
and constrains are added leading to the formulation based on
(22) (see [5, Ch. 7.2] and [44, 48, 93, 94]).

When the number of distinct outcomes is large, we
can solve the lexicographic maximin problem by solving
lexicographic maximization problems in the format of prob-
lems (20a)–(20d) (see [5, Ch. 7.3] and [44, 48, 64, 94–96]).
Again, the solution method adds many auxiliary variables
and constraints to the formulation.

3. Fairness in Communication Networks

3.1. Fairness and Traffic Efficiency. Fairness issues in commu-
nication networks becomemost profound when dealing with
traffic handling. Roughly speaking, whenever the capacity of
network resources such as links and nodes is not sufficient
to carry the entire offered traffic, a part of the traffic must be
rejected.Then a natural question arises: how the total carried
traffic traffic should be shared between the network users
in a fair way, at the same time assuring acceptable overall
traffic carrying efficiency. This kind of problems arise, for
example, in the Internet for elastic traffic sources which, from
mathematical point of view, can be treated as generating
infinite traffic. Thus, the total traffic that can eventually be
carried by the network should be fairly split into the traffic
flows assigned to individual demands.This issue is illustrated
by the following example [7].

Example 1. Consider a simple network composed of two
links in series depicted in Figure 6. There are three nodes

(V
1
, V
2
, V
3
), two links (𝑒

1
, 𝑒
2
), and three demand pairs (𝑑

1
=

{V
1
, V
2
}, 𝑑
2

= {V
2
, V
3
}, 𝑑
3

= {V
1
, V
3
}). The demands

generate elastic traffic, that is, each of them can consume
any bandwidth assigned to its path. Suppose that the capacity
of the links is the same and equal to 1.5 (𝑐

1
= 𝑐
2

=

1.5). Let 𝑋 = (𝑋
1
, 𝑋
2
, 𝑋
3
) be the path-flows (bandwidth)

assigned to demands 𝑑
1
, 𝑑
2
, 𝑑
3
, respectively. Clearly, such a

flow assignment is feasible if and only if 𝑋
1
, 𝑋
2
, 𝑋
3
≥ 0 and

𝑋
1
+𝑋
3
≤ 𝑐
1
, 𝑋
2
+𝑋
3
≤ 𝑐
2
. For the three basic traffic objectives

the solutions are as follows:

(i) max-min fairness (lex max Θ(𝑋
1
, 𝑋
2
, 𝑋
3
)) : 𝑋

1
=

𝑋
2
= 𝑋
3
= 0.75 (𝑇(𝑋) = 2.25),

(ii) proportional fairness (max log𝑋
1
+ log𝑋

2
+ log𝑋

3
) :

𝑋
1
= 𝑋
2
= 1, 𝑋

3
= 0.5 (𝑇(𝑋) = 2.5), and

(iii) throughput maximization (max𝑋
1
+𝑋
2
+𝑋
3
) : 𝑋
1
=

𝑋
2
= 1.5, 𝑋

3
= 0 (𝑇(𝑋) = 3).

Above 𝑇(𝑋) denotes the throughput, that is, 𝑇(𝑋) =

𝑋
1
+ 𝑋
2
+ 𝑋
3
. Clearly, the MMF solution is perfectly fair

from the demand viewpoint but at the same the worst in
terms of throughput. This is because the “long” demand 𝑑

3
,

consuming bandwidth on both links, gets the same flow
as the “short” demands 𝑑

1
, 𝑑
2
, each consuming bandwidth

on its direct link. The PF solution increase the flow of
short demands at the expense of the long demand. This is
acceptably fair for the demands and increases the throughput.
Finally, the 𝑇(𝑋) maximization solution is unfair (the long
demand gets nothing) but, by assumption, maximizes the
throughput.

Note that in this example the price of max-min fairness
calculated according to formula (11) is 1/4 which is equal to
the upper bound (13). Similarly, the price of proportional
fairness 1/6 is close to its upper bound (12). However, the price
of fairness strongly depends on the network topology. In [75],
the authors demonstrate a class of networks such that an 𝛼-
fair allocation with higher 𝛼 is always more efficient in terms
of total throughput. In particular, this implies that max-min
fairness may achieve higher throughput than proportional
fairness.

In the networking literature related to fairness, the above
MMFandPF objectives are themost popular.The throughput
maximization objective is rarely used, as totally unfair.
Instead, a reasonable modification consisting in lexicograph-
ical maximization of the two ordered criteria (min(𝑋), 𝑇(𝑋))

is used, where min(𝑋) denotes the minimal element of the
demand vector 𝑋.

Considering MMF, besides optimization objectives
directly related to traffic handling, objectives related to link
loads, are commonly considered in communication network
optimization. In this case, the traffic volumes of demands to
be realized are fixed. We shall come back to this issue later
on.

3.2. Generic Optimization Models. The considered network
is modeled with a graph G(V,E), undirected or directed,
composed of the set of nodesV and the set of links E. Thus,
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each link 𝑒 ∈ E represents an unordered pair {V, 𝑤} (undi-
rected graphs) or an ordered pair (V, 𝑤) (directed graphs) of
nodes V, 𝑤 ∈ V and is assigned the nonnegative unit capacity
cost 𝜉

𝑒
which is a parameter and the maximum capacity 𝑐(𝑒)

which is a given constant (possibly equal to +∞). When
link capacities are subject to optimization, they become
optimization variables denoted by 𝑦

𝑒
, 𝑒 ∈ E. The cost of the

network is given by the quantity 𝐶 = ∑
𝑒∈E 𝜉
𝑒
𝑦
𝑒
. The traffic

demands are represented by the setD. Each demand 𝑑 ∈ D is
characterized by a directed pair (𝑜(𝑑), 𝑡(𝑑)), composed of the
originating node 𝑜(𝑑) and the terminating node 𝑡(𝑑), and a
minimum value ℎ(𝑑) (a parameter, possibly equal to 0) of the
traffic volume that has to be carried from 𝑜(𝑑) to 𝑡(𝑑).
Demand volumes and link capacities are expressed in the
same units.

Each demand 𝑑 has a specified set of admissible paths
P(𝑑) (called the path-list) composed of selected elementary
paths from 𝑜(𝑑) to 𝑡(𝑑) in graphG. (Recall that an elementary
path does not traverse any node more than once). Paths in
P(𝑑), used to realize the demand (traffic) volumes, are
assigned flows 𝑥

𝑝
, 𝑝 ∈ P(𝑑), which are optimization vari-

ables. Each value 𝑥
𝑝

specifies the reference capacity
(expressed in the same units as link capacity and demand
volume) reserved on path 𝑝 ∈ P(𝑑). The set of all admissible
paths is denoted by P := ⋃

𝑑∈D P(𝑑). The maximum
path-lists, that is, path-lists P(𝑑) containing all elementary
paths from 𝑜(𝑑) to 𝑡(𝑑), will be denoted by P̂(𝑑), 𝑑 ∈ D,
with P̂ := ⋃

𝑑∈D P̂(𝑑). The set of all paths in P traversin
a simple network composed of two links in series depicted
in Figure 6. There are three nodes (V

1
, V
2
, V
3
), two links

(𝑒
1
, 𝑒
2
) and three demand pairs (𝑑

1
= {V
1
, V
2
}, 𝑑
2

= {V
2
, V
3
},

𝑑
3

= {V
1
, V
3
}). The demands generate elastic traffic, that

is, each of them can consume any bandwidth assigned to
its path. Suppose that the capacity of the links is the same
and equal to 1.5 (𝑐

1
= 𝑐
2

= 1.5). Let 𝑋 = (𝑋
1
, 𝑋
2
, 𝑋
3
) be

the path-flows (bandwidth) assigned to demands 𝑑
1
, 𝑑
2
, 𝑑
3
,

respectively. 𝑔 a given link 𝑒 ∈ E will be denoted by Q(𝑒).
Note that in an undirected graph the links can be traversed
by paths in both directions while in a directed graph—only
in the direction of the link.

Let 𝑋
𝑑

= ∑
𝑝∈P(𝑑) 𝑥𝑝 denote the total flow assigned to

demand 𝑑 ∈ D, that is, traffic of demand 𝑑 carried in the
network, and let 𝑋 = (𝑋

𝑑
: 𝑑 ∈ D). Besides, let 𝑌

𝑒
=

∑
𝑝∈Q(𝑒) 𝑥𝑝 be the link load induced by the path-flows. Then,

the generic feasibility set (optimization space) of a traffic
allocation problem (TAP) can be specified as follows:

∑

𝑝∈P(𝑑)

𝑥
𝑝
= 𝑋
𝑑
, 𝑑 ∈ D, (25a)

𝑋
𝑑
≥ ℎ (𝑑) , 𝑑 ∈ D, (25b)

∑

𝑝∈Q(𝑒)

𝑥
𝑝
= 𝑌
𝑒
, 𝑒 ∈ E, (25c)

𝑌
𝑒
≤ 𝑐 (𝑒) , 𝑒 ∈ E, (25d)

𝑥
𝑝
∈ X, 𝑝 ∈ P. (25e)

The set X specifies the domain of a path-flow variable and
is problem-dependent. Two typical cases are X = R

+
and

X = Z
+
. Note that in the undirected graph the path-flows

through a link sum up to the link load no matter in which
direction they traverse the link.

The three cases of TAP considered in Example 1 above can
be now formulated as follows:

(i) TAP/MMF: lex max Θ(𝑋) subject to (25a)–(25e),
(ii) TAP/PF: max 𝐿(𝑋) = ∑

𝑑∈D log𝑋
𝑑
subject to (25a)–

(25e), and
(iii) TAP/TM: lex max (𝑀(𝑋) = min

𝑑∈D𝑋
𝑑
, 𝑇(𝑋) =

∑
𝑑∈D 𝑋

𝑑
) subject to (25a)–(25e).

Observe that the third case above is actually different from
the third case considered in Example 1 as now throughput
maximization is the secondary objective in lexicographical
maximization.

When X = R
+
, all the three problems are convex and

as such can be approached effectively by means of the algo-
rithms described in [7, 44, 46]. For the TAP/PF version see
[67]. In fact, TAP/TM is a two level linear program possibly
combined to a single LP [23], and TAP/MMF can be solved
as a series of linear programs [32, 33, 44, 97]. Optimization
approaches to TAP/PF are presented in [67].

Certainly, the feasible set (25a)–(25e) can be further
constrained to consider more restricted routing strategies.
The most common restriction is imposed by the single-path
requirement that each 𝑋

𝑑
is carried entirely on one selected

path. Then the feasibility set must be augmented by the
following constraints:

∑

𝑝∈P(𝑑)

𝑢
𝑝
= 1, 𝑑 ∈ D, (26a)

𝑥
𝑝
≤ 𝑀𝑢

𝑝
, 𝑝 ∈ P, (26b)

𝑢
𝑝
∈ {0, 1} , 𝑝 ∈ P. (26c)

In (26a)–(26c), 𝑢
𝑝
, 𝑝 ∈ P are additional binary routing

variables, and 𝑀 is a “big 𝑀” constant. In this setting the
above defined TAP problems become essentially mixed-
integer programming problems (FTP/PF after a piece-wise
approximation of the logarithmic function), and in the case
ofMMFmust be treated by the general approach described in
Section 2.3 as problem (20a)–(20d) (see also [44, 48, 64, 94–
96] and [5, Ch. 7.3]).

We note that when the routing paths are fixed, that is,
when |P(𝑑)| = 1, 𝑑 ∈ D, then TAP/MMF becomes
the classical fair allocation (equitable resource allocation)
problem considered in Section 2.4 (see [12, Sec. 6.5.2] and
[5, Ch. 6.1]). This version of the problem can be efficiently
solved in polynomial time by the so called water-filling
algorithmbased on the bottleneck link characterization of the
problem (see [45] and Section 3.7). In fact, the bottleneck
characterization of this TAP/MMF problem can be directly
formulated as an integer programming problem (with binary
variables) as demonstrated in [92].Themodular flow version
of the problem is considered in [98].
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An interesting version of the single-path TAP/MMF
problem is considered in [99] that uses the bottleneck formu-
lation of [92]. In that problem, the routes are optimized so to
achieve the maximum traffic throughput while maintaining
the MMF demand traffic assignment.

The above specified problems use the noncompact link-
path formulationwhere the optimization variables are related
to the routing paths. Hence, whenwewish to consider all pos-
sible elementary paths then the number of variables 𝑥

𝑝
, 𝑝 ∈

P̂ becomes exponential with the size of the network. In this
case path generation algorithm should be applied (this is easy
in the case of linear programs) or the problems should be
reformulated in the node-link notation using link-flow vari-
ables instead of the path-flow variables used in (25a)–(25e).

3.3. Selected Specific Models. In this section we will discuss
several specific network optimization models related to var-
ious aspects of fairness. An interesting case arise when the
traffic demands ℎ(𝑑), 𝑑 ∈ D are considered as given and the
design objective is to balance the load of the links, aiming
at minimizing the average packet delay in the network. The
commonly known formulation of such load balancing is as
follows:

min 𝑟 (27a)

∑

𝑝∈P(𝑑)

𝑥
𝑝
= ℎ (𝑑) , 𝑑 ∈ D, (27b)

∑

𝑝∈Q(𝑒)

𝑥
𝑝
≤ 𝑐 (𝑒) 𝑟, 𝑒 ∈ E, (27c)

𝑟 ∈ R, 𝑥
𝑝
∈ X, 𝑝 ∈ P. (27d)

Using the MMF notion it is easy to define a load balancing
problem, that is stronger than problem (27a)–(27d) which in
fact find the maximum element of the MMF vector 𝑅 = (𝑟

𝑒
:

𝑒 ∈ E) expressing the relative link loads:

lex min Θ (𝑅) (28a)

∑

𝑝∈P(𝑑)

𝑥
𝑝
= ℎ (𝑑) , 𝑑 ∈ D, (28b)

∑

𝑝∈Q(𝑒)

𝑥
𝑝
≤ 𝑐 (𝑒) 𝑟𝑒, 𝑒 ∈ E, (28c)

𝑟
𝑒
∈ R, 𝑒 ∈ E,

𝑥
𝑝
∈ X, 𝑝 ∈ P.

(28d)

Some variants of the problem given by (28a)–(28d) were
studied in [100, 101].

Another version of the MMF load balancing problem
(28a)–(28d) maximizes the unused link capacity 𝑌 = (𝑌

𝑒
:

𝑒 ∈ E) in a fair way, relevant to circuit switching:

lex max Θ(𝑌) (29a)

∑

𝑝∈P(𝑑)

𝑥
𝑝
= ℎ (𝑑) , 𝑑 ∈ D, (29b)

∑

𝑝∈Q(𝑒)

𝑥
𝑝
= 𝑌
𝑒
, 𝑒 ∈ E, (29c)

𝑌
𝑒
≤ 𝑐 (𝑒) , 𝑒 ∈ E, (29d)

𝑌
𝑒
= 𝑐 (𝑒) − 𝑌

𝑒
, 𝑒 ∈ E, (29e)

𝑥
𝑝
∈ X, 𝑝 ∈ P. (29f)

Above we have considered flow allocation problems
assuming given link capacity. When the link capacity is sub-
ject to optimization, that is, whenwe simultaneously optimize
path-flows and link capacities, then we deal with dimension-
ing problems. An example of such a problem (with a budget
constraint) is as follows:

lex max Θ (𝑋) (30a)

∑

𝑝∈P(𝑑)

𝑥
𝑝
= 𝑋
𝑑
, 𝑑 ∈ D, (30b)

∑

𝑝∈Q(𝑒)

𝑥
𝑝
= 𝑌
𝑒
, 𝑒 ∈ E, (30c)

∑

𝑒∈E

𝜉 (𝑒) 𝑌𝑒 ≤ 𝐵, 𝑒 ∈ E, (30d)

𝑥
𝑝
∈ X, 𝑝 ∈ P, (30e)

where 𝐵 > 0 is a given budget for the total link cost. Note
that we have skipped constraint (25b) which has established a
lower bound on the demand traffic allocation in formulation
(25a)–(25e). If no additional constraints are enforced (as
(25b)) then the optimal solution of (30a)–(30e) is trivial. For
each demand 𝑑 ∈ D, the optimal traffic 𝑋

𝑑
= 𝑋
∗ is the same

and realized on the cheapest path 𝑝(𝑑) ∈ P̂
𝑑
with respect to

the cost 𝜅(𝑑) = ∑
𝑒∈𝑝(𝑑)

𝜉(𝑒). Clearly

𝑋
∗
=

𝐵

∑
𝑑∈D 𝜅 (𝑑)

. (31)

When the PF objective,

min ∑

𝑑∈D

log 𝑋
𝑑
, (32)

instead of the MMF objective (30a) is considered, then the
optimal solution is as follows (see [7, 68, 102]):

𝑋
∗

𝑑
=

𝐵

𝜅 (𝑑) |D|
, 𝑑 ∈ D, (33)

so the total optimal flow𝑋
∗

𝑑
allocated to demand𝑑 is inversely

proportional to the cost of its shortest path (and allocated to
this path).
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More complicated optimization problems including link
dimensioning were treated in [7, Ch. 13] (see also [103, 104]).
For the MMF optimization problems related to wireless
networks (in particular, to Wireless Mesh Networks) the
reader can refer to [105].

3.4. Extended Fairness Objectives. While the MMF and PF
objectives are the most popular in the networking literature
related to fairness, there are also attempts to find various
fair solutions taking advantages of the multicriteria fair
optimization models presented in Section 2.3. In particular,
the OWA aggregation (18) was applied to the network
dimensioning problem for elastic traffic [95] as well as to the
flow optimization in wireless mesh networks [106].

Example 2. Consider the simple network from Example 1
composed of two links in series depicted in Figure 6. There
are three demand pairs (𝑑

1
= {V
1
, V
2
}, 𝑑
2

= {V
2
, V
3
}, 𝑑
3

=

{V
1
, V
3
}) generating elastic traffic, where𝑋 = (𝑋

1
, 𝑋
2
, 𝑋
3
) are

the path-flows (bandwidth) assigned to demands 𝑑
1
, 𝑑
2
, 𝑑
3
,

respectively. Note that the ordered OWA maximization with
decreasing weights 𝜔 = (0.4, 0.35, 0.25) results in bandwidth
allocation 𝑋

1
= 1.5, 𝑋

2
= 1.5, 𝑋

3
= 0, thus, representing

themaximum throughput.OrderedOWAmaximizationwith
decreasing weights 𝜔 = (0.6, 0.3, 0.1) results in bandwidth
allocation 𝑋

1
= 0.75, 𝑋

2
= 0.75, 𝑋

3
= 0.75 which is the

MMF solution.

It was demonstrated that allocations representing the
classical fairness concepts (MMF and PF) were easy to
achieve [95]. On the other hand, in order to find a larger
variety of new compromise solutions it was necessary to
incorporate some scaling techniques originating from the ref-
erence pointmethodology. Actually it is a commonflawof the
weighting approaches that they provide poor controllability
of the preference modeling process and in the case of multi-
criteria problems with discrete (or more general nonconvex)
feasible sets, they may fail to identify several compromise
efficient solutions. In standard multicriteria optimization,
good controllability can be achieved with the direct use of
the reference point methodology [107] based on reservation
and aspiration levels for each of the activities.The reservation
levels are the required activity levels, whereas the aspiration
levels are the desired levels, commonly referred to as refer-
ence points. The reference point methodology applied to the
cumulated ordered outcomes (16) was tested on the problem
of network dimensioning with elastic traffic [96, 108]. The
tests confirmed the theoretical advantages of the method.
Various (compromise) fair solutions for both continuous and
modular problems could be easily generated.

Multiple criteria model of the mean shortfalls to all
possible targets (22) when applied to network dimensioning
problem for elastic traffic results in a model with criteria
that measure actual network throughput for various levels
(targets) of flows [109]. Thereby, the criteria can easily be
introduced into the model. Experiments with the reference
point methodology applied to the multiple target throughput
model confirmed the theoretical advantages of the method.
Various (compromise) fair solutions were easily generated

despite the fact that the single path problem (discrete one)
was analyzed.

Both the multiple criteria models with the lexicographic
optimization of directly defined artificial criteria introduced
with some auxiliary variables and linear inequalities provides
corresponding implementations for the MMF optimization
independently from the problem structure. The approaches
guarantee the exact MMF solution for a complete set of crite-
ria and their applicability is limited to rather small networks.
In [94] there were developed some simplified sequential
approaches with reduced number of criteria, thus, generating
effectively approximations to the MMF solutions. Compu-
tational analysis on the MMF single-path network dimen-
sioning problems showed the approximated models allowed
to solve within a minute problems for networks with 30
nodes and 50 links providing very small approximation
errors, thus, suggesting possible usage in many practical
applications.

3.5. Fairness on the Session Level. One of themajor challenges
of the Internet is to provide high performance of data trans-
port. Basically, the problem is how to obtain high utilization
of network resources and to ensure required quality of
communications services. Those two goals result in a poten-
tial trade-off as when the amount of data sent through the
network is too high, links become overloaded and the quality
of service deteriorates.

The overload occurs when the amount of data loading the
outgoing link of the Internet router is higher than the one that
can actually be carried. When that happens the link’s queue
of packets becomes longer, and potentially the queue’s buffer
finally overflows. That causes the increase of packet delay
and delay variations and may also cause packet loss. Both
phenomena are perceived by the pair of communicating
Internet applications as low quality of data transport.

Let S be the set of Internet sessions, which are packet
flows between pairs of Internet applications. Let function
𝑙 : S → R

+
define the average packet length of the session

expressed in bits, and for each 𝑠 ∈ S, let variable𝑥
𝑠
denote the

packet rate of session 𝑠. Then, for each 𝑠 ∈ S, 𝑥
𝑠
𝑙(𝑠) is an

average bit-rate of session 𝑠.
Let E be the set of network links, and for each 𝑠 ∈ S, let

E(𝑠) denote the set of links that are used by session 𝑠, and for
each 𝑒 ∈ E, let S(𝑒) denote the set of sessions that use link
𝑒. Then the load of link 𝑒 ∈ E is equal to ∑

𝑠∈S(𝑒) 𝑥𝑠𝑙(𝑠). Let
function 𝑐 : E → R

+
denote the capacity (the bit-rate) of the

link. The following constraint expresses the fact that the total
load of any link cannot be greater than the link’s capacity.
Consider

∑

𝑠∈S(𝑒)

𝑥
𝑠
𝑙 (𝑠) ≤ 𝑐 (𝑒) , 𝑒 ∈ E. (34)

The overload of the Internet’s link is a very common situation.
The links can become overloaded for a number of reasons:
when the amount of traffic entering the network becomes
significantly larger, when links lose some capacity due to fail-
ures, or when they fail completely and the packet flows must
be rerouted to some other links that do not have sufficient
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capacity. Thus, solving the trade-off between utilization and
quality of service requires effective mechanisms of handling
overload. That is, the place when the concept of fairness is
used.

The data between a pair of applications in the Internet
can be conveyed using one of two transport protocols, user
datagram protocol (UDP) and transport control protocol
(TCP).While theUDP is a connectionless data transport pro-
tocol, where each data packet is sent individually and there
is no interaction between the sending and the receiving
application, the TCP protocol is connection-oriented, which
means that packets are sent within a connection that must be
organized between the sending and the receiving application
before the data can be sent, and can be torn down only after
the last packet has been delivered. Due to the connection-
oriented character of the TCP flows there is an association
between the two applications which allows them to control
the packet rate.

With the flow control mechanisms of the TCP protocol
the rate at which packets are sent is adapted to network con-
ditions: if the amount of available bandwidth is large, packet
rate is being increased, and when the links become over-
loaded the rate is decreased, thus, reducing the overload.The
packet rate of the TCP session increases every time the sender
application receives an acknowledgement that a packet has
reached the destination, and the rate is decreased every
time a packet is lost. While the increase is linear, the decrease
is geometrical, which helps to ease congestion quickly. In a
reactive scenario, the packet is lost when the packet buffer is
saturated. In the proactive scenario, to avoid uncontrolled
congestion, the random early discard (RED) mechanism of
the router can be activated that discards randomly selected
packets. However, in both cases a random packet is lost and
a randomly selected session is affected.

Arguably, the higher the packet rate of a session the higher
the probability that packets of the session will be dropped
and the packet rate of the session will be reduced. Thus, if a
number of sessions have their packet rate reduced due to
congestion of a given link, none of the sessions is supposed to
generate packets at an average rate higher than the other
sessions. For each 𝑒 ∈ E, let variable 𝑦

𝑒
denote the maximum

packet rate on link 𝑒. Noticeably, there is some maximum
rate at which a particular application can generate packets; let
function 𝑟 : S → R

+
define the maximum achievable packet

rate of the session. Thus, the packet rate of the session must,
potentially, satisfy the following condition:

𝑥
𝑠
= min {𝑟 (𝑠) , 𝑦𝑒} , 𝑒 ∈ E, 𝑠 ∈ S (𝑒) . (35)

Due to (35) the bandwidth of a single link is shared in a fair
way. If a link is saturated, every session 𝑠 attains the same
packet rate 𝑦

𝑒
, unless that rate is higher than the maximum

achievable rate 𝑟(𝑠) of that session. Thus, the session cannot
have packet rate higher than any other session unless the
other session’s maximum achievable rate is lower than 𝑦

𝑒
.

And only if a link is not saturated, every session attains its
maximum achievable packet rate. However, since in general
sessions use multiple network links, on a given link a session
can in fact have a lower packet rate than other sessions that

use that particular link. That results from the fact that the
packet rate of the session can be reduced even more due to
congestion on some other link. Thus, condition (35) must
actually be replaced with the following one:

𝑥
𝑠
= min{𝑟 (𝑠) , min

𝑒∈E(𝑠)
𝑦
𝑒
} , 𝑠 ∈ S. (36)

That condition can be interpreted as follows. For any session
𝑠 ∈ S the session’s packet rate 𝑥

𝑠
attempts to approach the

maximum achievable packet rate 𝑟(𝑠). However, on any link
𝑒 ∈ E(𝑠), that is, used by session 𝑠, the value of 𝑥

𝑠
cannot

exceed the maximal packet rate 𝑦
𝑒
, that is, attained by the

sessions that use that particular link.Thus, the session’s packet
rate 𝑥

𝑠
can only attain the minimal of those rates min

𝑒∈E(𝑠)𝑦𝑒

unless that minimal rate is still higher than 𝑟(𝑠), in that case
the packet rate of 𝑠 just approaches 𝑟(𝑠).

Considering conditions (34) and (36), it can now be
seen that the flow control mechanism of the TCP protocol
maximizes the vector of the packet rates of individual sessions
𝑥 ≡ (𝑥

𝑠
: 𝑠 ∈ S) in a fair way.Consider

lex max Θ (𝑥) , (37a)

𝑥
𝑠
≤ 𝑟 (𝑠) , 𝑠 ∈ S, (37b)

∑

𝑠∈S(𝑒)

𝑥
𝑠
𝑙 (𝑠) ≤ 𝑐 (𝑒) , 𝑒 ∈ E, (37c)

𝑥
𝑠
∈ R
+
, 𝑠 ∈ S. (37d)

The max-min fairness property of the packet rates vector
means that the packet rates of the data sessions are increased
up to their maximum values unless links become overloaded,
and in the case of a link overload, the data sessions on the link
decrease their rate to the common highest feasible value.This
type of behaviour appears to have far reaching consequences
for solving the problem of packet network design that carry
elastic traffic when the aim of the design is controlling the
quality of services when the capacity of links changes [110].

3.6. Content DistributionNetworks. Bandwidth allocation for
content distribution through networks composed of multiple
tree topologies with directed links and a server at the root of
each tree is another problemof fair network optimization [111,
112] and [5, Ch. 6]. Content distribution over networks has
become increasingly popular. It may be related, for instance,
to a video-on-demand application where multiple programs
can be broadcasted from each server. Each server broadcasts
along a tree topology, where these trees may share links and
each link has a limited bandwidth capacity. Figure 7 presents
a network with two trees and servers at the root nodes 1 and 2.
The server at node 1 can broadcast programs 1, 2, and 3 and
the server at node 2 can broadcast programs 4, 5, and 6.
The numbers adjacent to the links are the link capacities and
the numbers adjacent to the nodes are the programs reque-
sted; for example, links (1, 3) have a capacity of 100Gbs and
programs 2, 3, and 5 are requested at node 7.

These models are fundamentally different from multi-
commodity network flowmodels since they do not have flow
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Figure 7: Content distribution from two servers.

conservation constraints as each link carries at most one
copy of a program. On the other hand, the models have tree-
like ordering constraints for each program as the allocated
bandwidth for a given program cannot be increased when
moving farther away from the broadcasting server. For each
requested program at any node there is associated a perfor-
mance function that represents satisfaction from the video-
on-demand service and depends on the bandwidth available
for that program on the incoming link to the node. Fair opti-
mization with respect to all nodes and programs requested
performance values is needed. In [111] the MMF model is
introduced and a lexicographic max-min algorithm is pre-
sented. As shown in [113] the algorithm can be implemented
in a distributed mode where most of the computations are
done independently and in parallel at all nodes, while some
information is exchanged among the nodes. More complex
content distribution models and corresponding algorithms
are discussed in [114–116].

3.7. Fairness Issues in the IP Traffic. In its beginnings, the
Internet suffered from severe deficiencies due to congestion.
The answer came from new features added to TCP, namely,
employing control admission and additive increase/multi-
plicative decrease algorithms that led to congestion avoidance
and fair rate allocation.Themain idea behind was putting the
control traffic mechanisms at the end-nodes and combining
both packet scheduling with admission control which will
lead to fair bandwidth sharing. Plenty of studies have been
done on the behavior of the network when such congestion
avoidance algorithms are employed. They have shown that
this leads to some kind of max-min fair sharing in very
simplified networks [117] and to proportional fairness for
large networks ([67] etc). This difference is mainly due to
end-to-end delays which can be significantly different in large
scale networks. At this point, an important topic is how to get
close to maximal throughput while keeping a high level of
fairness. In [118] there are investigated the performances of
networks handling elastic flows (in contrast to stream flows
they adjust their rate to the available bandwidth). It is

shown that in linear networks under random traffic pat-
terns, ensuringmax-min fairness results in better throughput
performances comparing to proportional fairness while the
converse holds for persistent flows. All these works are
situated at the session level and refer to traffic demand as the
product of the flow arrival rate with the average flow size. At
this stage, a more global solution would come by combining
session level decisions (see Section 3.5) with higher level
decisions as routing and load balancing. Hence, relations of
rate adaptation and congestion control in TCP networks with
routing and network design have been the subject of several
works over the last decade. Among them, somework has been
devoted to the static routing case (connections and corre-
sponding routing paths are given) where source rates are
subject to changes. In [12] there is presented the water-filling
algorithm for achieving a MMF distribution of resources to
connections for the fixed single path routing case (where each
connection is associated with a particular fixed path). The
main idea behind the algorithm is to uniformly increase the
individual allocations of connections until one or more link
becomes congested. Then the connections that cannot be
improved are removed from the network together with the
capacities they occupy; the process continues until all con-
nections are removed. In [119], the problem of MMF
bandwidth-sharing among elastic traffic connections when
routing is not fixed has been considered in an offline context.
The proposed iterative algorithm can be seen as an extension
of the water-filling algorithm given in [12] except that the
routing is not fixed and at each iteration a new routing
is computed while the previously saturated links and the
corresponding fair sharing remain fixed until the end of the
algorithm.

Load balancing is in a way a problem dual to MMF
routing (seeTAP/MMF in Section 3.2) as one focuses onmin-
max fair load sharing instead of max-min fair bandwidth
allocation to demands. Achieving load-balancing in a given
network consists in distributing the demand traffic (load)
fairly among the network links while satisfying a given set of
traffic constraints. Fair load sharing means that not only
the maximal load among links is minimized, but rather that
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the sorted (in the nonincreasing order) vector of link loads
is minimized lexicographically like in formulation (28a)–
(28d). In contrast to the max-min fair routing problem like
TAP/MMF, the link load-balancing problem assures fairness
in the min-max sense.The problem arises in communication
networks when the operator needs to define routing with
respect to a given traffic demandmatrix such that the network
load is fairly distributed among the network links. The
problem can be easily modeled and solved by conventional
methods in LP using MMF properties for linear link loads.
This approach can be applied to more general link load func-
tions (especially nonlinear, frequently used in telecommuni-
cations). In practice the load/delay functions considered by
network operators are usually nonlinear. A well-known
load/delay function, called the Kleinrock function, is given
by 𝑓
𝑒
/(𝐶
𝑒
− 𝑓
𝑒
). It can be shown that any routing achieving

min-max fairness for the relative load function (i.e., 𝑓
𝑒
/𝐶
𝑒
)

achieves also min-max fair load for the Kleinrock function.
This idea is generalized for general link load functions as
(𝛼 − 1)

−1
(1 − 𝑓

𝑒
/𝐶
𝑒
)
1−𝛼 and (𝛼 − 1)

−1
(𝑓
𝑒
− 𝐶
𝑒
)
1−𝛼, where 𝑓

𝑒

and 𝐶
𝑒
give, respectively, the flow and capacity on link 𝑒 and

𝛼 is a given constant, see [120] for further details.
The problem of fairness is more complex when dealing

with wireless networks and has been addressed in a number
of papers during the last decade. A range of problems can be
distinguisheddepending on the network characteristics, from
wireless mesh networks, ad-hoc networks, sensor networks,
random-access networks, opportunistic ones, and so forth.
As for conventional wired networks, a fundamental problem
in wireless networks is to estimate their throughput capacity
and then to develop protocols to utilize the network close to
this capacity without causing congestion in the network and
unfairness. Then the first idea that comes in mind to
address the fairness problem in wireless networks is the
classic approach to manage congestion inherited from wired
networks.Then, nodes/flows will have preassigned fair shares
and applying admission control would allow ensuring fair
sharing. In wireless networks this cannot be applied because
of interference, which constrains the set of links that can
transmit simultaneously, while in ad-hoc networks nodes and
routersmobility renders the problem evenmore complicated.
In WSN (wireless sensor networks) the fairness problem
becomes on one hand closely connected to fair data gather-
ing, that is, serving the sources equitably, and on the other
hand it is connected to ensuring aware energy consuming
because of the reduced energy capacity of nodes in such
networks. Then the main constraint that one has to deal with
is the so-calledMAC (medium access control) constraint. Let
us recall briefly what MAC constraint is; we start by its
definition. Two basic definitions can be distinguished: the
protocol and the physical one. The protocol definition of
interference assumes that two links, which are less than 𝑘

(generally 𝑘 is taken 2) hops away from each other, interfere
potentially and cannot be scheduled in the same time slot.The
indicated number of hops refers to the number of hops
between the sender nodes of these links. On the other hand,
the physical definition is based on the signal-to-interference
and noise ratio (SINR) constraint where the transmission
links that do not satisfy the SINR constraint cannot be

scheduled simultaneously. Hence, this constraint leads to new
connected problems namely synchronization and scheduling.
Given the above,most of the work related to these strategies is
dedicated to scheduling. The basic version of a time slot
allocation problem aims to find a slot allocation for all nodes
in the networkwithminimal number of slots such that 𝑘 hops
neighboring nodes are not allocated to the same time slot.The
respective optimization problem is the chromatic graph one
which aims to minimize the number of colors for coloring
the nodes such that two neighbor elements do not use the
same color.The problem becomesmore difficult if one desires
to achieve fairness between connections or sources. All this
yields the max-min fair scheduling. In [121] the authors con-
sider scheduling policies formax-min fair allocation of band-
width in wireless ad-hoc networks. They formalize the max-
min fair objective under wireless scheduling constraints and
propose a fair scheduling which assigns dynamic weights to
the flows such that the weights depend on the congestion in
the neighborhood and schedule the flows which constitute
a maximum weighted matching. While in [122], the authors
propose a quite different alternative.Their method is inspired
from per-flow queuing in wired networks and consists of a
probabilistic packet scheduling scheme achieving max-min
fairness without changing the existing IEEE 802.11 medium
access control protocol.When awireless node is ready to send
a packet, the packet scheduler of the node is likely to select the
queue whose number of packets sent in a certain time is the
smallest and when no packet is available, the transmission is
delayed by a fixed duration. In [123] the authors investigate
simple queuing models for random traffic and discuss their
interest for both wired and wireless transmissions.

With respect toWSN, the rate allocation problem for data
aggregation in wireless sensor networks can be posed with
two objectives: the first is maximizing the minimum (max-
min) lifetime of an aggregation cluster and the second achiev-
ing fairness among all data sources.The two objectives cannot
be maximized simultaneously and an approach would be
to solve recursively first the max-min lifetime for the aggre-
gation cluster, and next the fairness problem. In [124] the
authors use this approach and formulate the problem ofmax-
imizing fairness among all data sources under a given max-
min lifetime, as a convex optimization problem. Next, they
compute the optimal rate allocations iteratively by a lexico-
graphic method. In a recent paper [125], the authors address
the problem of scheduling MMF link transmissions in
wireless sensor networks, jointly with transmission power
assignment. Given a set of concurrently transmitting links,
the considered optimization problem seeks for transmission
power levels at the nodes so that the SINR values of active
links satisfy themax-min fairness property. By guaranteeing a
fair transmission medium (in terms of SINR), other network
requirements, such as the scheduling length, the throughput
(directly dependent on the number of concurrent links in a
time slot), and the energy savings (no collisions and retrans-
missions), can be directly controlled.

4. Location and Allocation Problems

4.1. Inequality Measures. The spatial distribution of public
goods and services is influenced by facility location decisions
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and the issue of equity (or fairness) is important in many
location decisions. In particular, various public facilities (or
public service delivery systems) like schools, libraries, and
health-service centers, require some spatial equity while
making location-allocation decisions [126, 127]

The generic discrete location problem may be stated as
follows. There is given a set of 𝑚 clients (service recipients).
Each client is represented by a specific point. There is also
given a set of 𝑛 potential locations for the facilities and the
number (or the maximal number) 𝑝 of facilities to be located
is given (𝑝 ≤ 𝑛). This means discrete location problems or
network location problems with possible locations restricted
to some subsets of the network vertices [128]. The main
decisions to be made can be described with the binary
variables 𝑥

𝑗
(𝑗 = 1, 2, . . . , 𝑛) equal to 1 if location 𝑗 is to

be used and equal to 0 otherwise. To meet the problem
requirements, the decision variables 𝑥

𝑗
have to satisfy the

following constraints:

𝑛

∑

𝑗=1

𝑥
𝑗
= 𝑝, 𝑥

𝑗
∈ {0, 1} , for 𝑗 = 1, . . . , 𝑛. (38)

where the equation is replaced with the inequality (≤) if
𝑝 specifies the maximal number of facilities to be located.
Further the allocation decisions are represented by the
additional variables 𝑥



𝑖𝑗
(𝑖 = 1, 2, . . . , 𝑚; 𝑗 = 1, 2, . . . , 𝑛) equal

to 1 if location 𝑗 is used to service client 𝑖 and equal to
0 otherwise. The allocation variables have to satisfy the
following constraints:

𝑛

∑

𝑗=1

𝑥


𝑖𝑗
= 1, for 𝑖 = 1, . . . , 𝑚.

𝑥


𝑖𝑗
≤ 𝑥
𝑗
, for 𝑖 = 1, . . . , 𝑚, 𝑗 = 1, . . . , 𝑛.

𝑥


𝑖𝑗
∈ {0, 1} , for 𝑖 = 1, . . . , 𝑚, 𝑗 = 1, . . . , 𝑛.

(39)

In the capacitated location problem the capacities of the
potential facilities are given which implies some additional
constraints.

Let 𝑑
𝑖𝑗

≥ 0 (𝑖 = 1, 2, . . . , 𝑚; 𝑗 = 1, 2, . . . , 𝑛) denote the
distance between client 𝑖 and location 𝑗 (travel effort or other
effect of allocation client 𝑖 to location 𝑗). For the standard
uncapacitated location problem it is assumed that all the
potential facilities provide the same type of service and each
client is serviced by the nearest located facility.The individual
objective functions then can be expressed in the linear form:

𝑓
𝑖 (x) =

𝑛

∑

𝑗=1

𝑑
𝑖𝑗
𝑥


𝑖𝑗
, for 𝑖 = 1, . . . , 𝑚. (40)

These linear functions of the allocation variables are applica-
ble for the uncapacitated as well as for the capacitated facility
location problems. In the case of location of desirable facilities
a smaller value of the individual objective function means a
better effect (smaller distance).This remains valid for location
of obnoxious facilities if the distance coefficients are replaced
with their complements to some large number: 𝑑

𝑖𝑗
= 𝑑 − 𝑑

𝑖𝑗
,

where 𝑑 > 𝑑
𝑖𝑗
for all 𝑖 = 1, 2, . . . , 𝑚 and 𝑗 = 1, 2, . . . , 𝑛.

Generally, replacing the distances with their utility values or
so-called proximity measures, for example, 𝑢

𝑖𝑗
= exp (−𝛽𝑑

𝑖𝑗
)

[129]. Therefore, we can assume that each function 𝑓
𝑖
is to be

minimized as stated in the multiple criteria problem [130].
Further, some additional client weights 𝑤

𝑖
> 0 are

included into locationmodel to represent the service demand
(or clients importance). Integer weights can be interpreted
as numbers of unweighted clients located at exactly the same
place. The normalized client weights 𝑤

𝑖
= 𝑤
𝑖
/∑
𝑚

𝑖=1
𝑤
𝑖
for 𝑖 =

1, . . . , 𝑚 rather than the original quantities 𝑤
𝑖
. In the case of

unweighted problem (all 𝑤
𝑖
= 1), all the normalized weights

are given as 𝑤
𝑖
= 1/𝑚.

Note that constraints (38) take a very simple form of the
binary knapsack problem with all the constraint coefficients
equal to 1 [131]. Indeed, the location problem may be viewed
as a resource allocation problem on network. It may be
considered as capacities allocation to links from an artificial
source to potential locations nodes while flows are routed
from the source to all client nodes through the the potential
location nodes [19, 20].

Equity is usually quantified with the so-called inequality
measures to be minimized. Inequality measures were pri-
marily studied in economics [57, 76]. The simplest inequality
measures are based on the absolute measurement of the
spread of outcomes. Variance is the most commonly used
inequality measure of this type and it was also widely
analyzed within various location models [132, 133]. However,
many various measures have been proposed in the literature
to gauge the level of equity in facility location alternatives
[58], like the mean absolute difference also called the Gini’s
mean difference [9, 59]. Consider

𝐷(y) =
1

2

𝑚

∑

𝑖=1

𝑚

∑

𝑗=1


𝑦
𝑖
− 𝑦
𝑗


𝑤
𝑖
𝑤
𝑗
, (41)

or like the mean absolute deviation

MAD (y) =

𝑚

∑

𝑖=1

𝑦𝑖 − 𝜇 (y) 𝑤𝑖. (42)

In economics one usually considers relative inequal-
ity measures normalized by mean outcome. Among many
inequality measures perhaps the most commonly accepted is
the Gini index (Lorenz measure), 𝐷(y)/𝜇(y) a relative mea-
sure of themean absolute difference, which has been also ana-
lyzed in the location context [134–136]. One can easily notice
that a direct minimization of typical inequality measures
(especially relative ones) contradicts the minimization of
individual outcomes. As noticed by Erkut [134], it is rather a
commonflawof all the relative inequalitymeasures that while
moving away from the clients to be serviced one gets better
values of the measure as the relative distances become closer
to one-another. As an extreme, one may consider an uncon-
strained continuous (single-facility) location problem and
find that the facility located at (or near) infinity will provide
(almost) perfectly equal service (in fact, rather lack of service)
to all the clients. Unfortunately, the same applies to all
dispersion type inequality measures, including the upper
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Figure 8: A network location problem for Example 3.

semideviations. This can be illustrated by a simple example
of location problem on network.

Example 3. Consider a single facility location on a (triangu-
lar) network of 3 nodes: two nodes V

1
and V
2
are close one to

the other 𝑑
12

= 2, and one remote node V
3
with 𝑑

13
= 𝑑
23

=

100 (see Figure 8). Most of the demand is equally distributed
in V
1
and V

2
. That means the normalized values of weights

take values 𝑤
1
= 𝑤
2
= (1 − 𝜀)/2 and 𝑤

3
= 𝜀 with a very small

positive value 𝜀. While locating facility at node V
1
(or V
2
) one

gets distance 0 for (1 − 𝜀)/2 demand, distance 2 for (1 − 𝜀)/2

demand, and large distance 100 for only 𝜀 demand. However,
𝜇(V
1
) = 1 + 99𝜀 and MAD(V

1
) = (1 − 𝜀)(1 + 99𝜀) and in

terms of MAD minimization it is beaten by remote location
V
3
. Indeed, locating facility at node V

3
one gets distance 0 for

only 𝜀 demand while getting large distance 100 for (1 − 𝜀)

demand, thus,muchworser than for V
1
. Nevertheless, 𝜇(V

3
) =

100(1−𝜀) andMAD(V
3
) = 200𝜀(1−𝜀). Hence, for small values

of 𝜀: MAD(V
3
) < MAD(V

1
). Actually, for sufficiently small

values 𝜀 (e.g., 0 < 𝜀 < 1/200) location V
3
is a global MAD

minimizer on the entire network (when allowing location on
edges in addition to the nodes).

For typical inequality measures a simplified bicriteria
mean-equity model is computationally very attractive since
both the criteria are well defined directly for the weighted
location problem without necessity of its disaggregation but
it may result in solutions which are inefficient. It turns out
that, under the assumption of bounded trade-offs, the bicri-
teria mean-equity approaches for selected absolute inequality
measures (maximum upper deviation, mean semideviation
or mean absolute difference) comply with the rules of
equitable (fair) optimization [9, 137]. In other words, several
inequality measures can be combined with the mean itself
into the optimization criteria generalizing the concept of the
worst outcome and generating equitably consistent under-
achievement measures. Simple sufficient conditions for
inequality measures to keep this consistency property have
been introduced in [137].

This applies, in particular, to themean absolute difference
(41) generating a proper fair solution concept:

𝑀
𝛼𝐷

(y) = 𝜇 (y) + 𝛼𝐷 (y)

= (1 − 𝛼)

𝑚

∑

𝑖=1

𝑦
𝑖
𝑤
𝑖

+ 𝛼

𝑚

∑

𝑖=1

𝑚

∑

𝑗=1

max {𝑦
𝑖
, 𝑦
𝑗
}𝑤
𝑖
𝑤
𝑗
,

(43)

for any 0 < 𝛼 ≤ 1. Similar result is valid for themean absolute
deviation (42) but not for the variance [24, 137].

4.2. Lexicographic Minimax and Ordered Medians. Although
minimization of the inequality measures contradicts the
minimization of individual outcomes, the inequality mini-
mization itself can be consistently incorporated into loca-
tional models. The notion of equitable multiple criteria
optimization [63] introduces the preference structure that
complies with both the outcomes minimization and with the
inequality minimization rules [57, 76]. The equitable opti-
mization is well suited for the locational analysis [9, 137, 138].
The equitably (fair) efficiencymodels presented in Section 2.3
apply also to the minimized outcomes, as commonly con-
sidered in location-allocation problems. The equitable min-
imization can be modeled with the standard multiple criteria
optimization applied to the cumulative ordered outcomes,
expressing, respectively, the worst outcome, the total of the
two worst outcomes, the total of the three worst outcomes,
and so forth. However, in the case of minimization the worst
outcome means the largest rather than the smallest. Hence,
the corresponding model takes form

min {(𝜃
1 (f (x)) , 𝜃2 (f (x)) , . . . , 𝜃𝑚 (f (x))) : x ∈ 𝑄} , (44)

where 𝜃
𝑖
(y) = ∑

𝑚

𝑗=𝑚−𝑖+1
𝜃
𝑗
(y). The minimax, called the center

solution concept, represents only the first criterion, while the
total outcome criterion, called the median solution concept,
is focused on the last criterion. Several cent-dian solution
concepts combining these two criteria have been considered
(see [139] and references therein). For unweighted location
problems, a compromise solution concept was introduced by
Slater [140] as the so-called 𝑘-centrumwhere the sum of the 𝑘
largest distances is minimized. Consistently with typical dis-
tribution characteristics, The 𝑘-centrum concept is restricted
to unweighted problems. Although some weights are used to
scale the specific distances [141] (which may be considered
as a definition of distance dependent outcomes), the demand
weights as defining the distribution of clients are not con-
sidered. Ogryczak and Zawadzki [142] introduced a para-
metric generalization of the 𝑘-centrum concept applied to
weighted problems by taking into account the portion of
demand related to the largest outcomes (distances) rather
than the specific number of worst outcomes. Namely, for a
specified portion 𝛽 of demand the entire 𝛽 portion (quantile)
of the largest outcomes is taken into account and their average
is considered as the (worst) conditional 𝛽-mean outcome.
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According to this definition the concept of conditional
median is based on averaging restricted to the portion of the
worst outcomes. For the unweighted location problems and
𝛽 = 𝑘/𝑚, the conditional 𝛽-mean represents the average of
the 𝑘 largest outcomes, thus, modeling the 𝑘-centrum solu-
tion concept.

However, in order to guarantee the equitable efficiency
of a selected location pattern one needs to take into account
all the ordered outcomes (all the criteria in (44). The entire
multiple criteria ordered model is rich with various equitably
efficient solution concepts [64, 142, 143]. For the weighted
sum aggregation one gets the OWA aggregation ∑

𝑚

𝑖=1
𝜔
𝑖
𝜃
𝑖
(y)

(18), called the ordered median solution concept [144]. If
the OWA weights are strictly increasing and positive, that is
0 < 𝜔

1
< 𝜔
2

< ⋅ ⋅ ⋅ < 𝜔
𝑚−1

< 𝜔
𝑚
, then each optimal

solution of the OWA problem (18) is an equitably (fairly)
efficient location pattern. Although the cumulated ordered
outcomes can be expressed with linear programming models
[85], these approaches requires the disaggregation of location
problemwith the demandweightswhich usually dramatically
increases the problem size.

When applying the lexicographic optimization to prob-
lem (44),

lex min {(𝜃
1 (f (x)) , 𝜃2 (f (x)) , . . . , 𝜃𝑚 (f (x))) : x ∈ 𝑄} ,

(45)

one gets the lexicographic minimax solution concept, called
also lexicographic center [42] as a lexicographic refinement
of the center solution concept. The lexicographic minimax
location may be converted to a lexicographic minimization
objective by constructing counting functions that count, for
each possible distinct outcome, the number of occurrences
of the specified outcome. It is quite simple to construct such
counting functions for the discrete location problem (see
[42, 48] or [5, Ch. 7.2]).

The lexicographic maximin approach can be applied to
various location problems.The sensor location problem is an
extension of the equitable facility location problem [5, Ch.
7.3] and [145]. Consider a set 𝑁 of nodes that need to be
monitored as protection against undesired intrusion and a
set 𝑀 of nodes where sensors can be placed. Let 𝐼

𝑗
be the

subset of nodes in 𝑀 that can monitor node 𝑗 ∈ 𝑁, and
let 𝐾 be the number of available sensors that can be placed
among nodes in 𝑀. The protection level provided to node 𝑗

is represented by the number of sensors that monitor node 𝑗.
The sought after solution is the lexicographic maximin solu-
tionwith respect to the number of sensors that protects nodes
𝑗 ∈ 𝑁. Figure 9 presents a problem with four locations that
need to be monitored (𝑁 = {2, 3, 4, 5}) and four locations
where sensors can be placed (𝑀 = {1, 3, 4, 5}). The links that
connect the nodes represent subsets 𝐼

𝑗
. Two sensors can be

placed among the nodes in 𝑀 (𝐾 = 2).

1

3

4

5

2

3

4

5

Candidate sensor locations

Sensitive locations

M N

2

2

2

1

Figure 9: The sensor location problem.

The formulation of this problem is as follows:

lex max Θ (𝑋) = (𝑋
𝑗
1

, 𝑋
𝑗
2

, . . . , 𝑋
𝑗
𝑛

) (46a)

s.t. 𝑋
𝑗
1

≤ 𝑋
𝑗
2

≤ ⋅ ⋅ ⋅ ≤ 𝑋
𝑗
𝑛

, (46b)

𝑋
𝑗
= ∑

𝑖∈𝐼
𝑗

𝑥
𝑖
, ∀𝑗 ∈ 𝑁, (46c)

∑

𝑖∈𝑀

𝑥
𝑖
= 𝐾, (46d)

𝑥
𝑖
∈ {0, 1} , ∀𝑖 ∈ 𝑀. (46e)

In Figure 9, a unique optimal solution has sensors at nodes 1
and 5 implying that nodes 2, 3, and 5 are monitored by both
sensors while node 4 is monitored by only one sensor. Note
that, in general, there may be multiple optimal solution. This
problem can be solved by constructing counting functions as
described in Section 2.4. However, whereas for the equitable
facility location problem [42] the counting function for each
location 𝑗 is represented by a single constraint, here the
representation of counting functions adds a large number of
variables and constraints into the problem.Now, suppose that
the probability of detecting an intruder at node 𝑗 from a
sensor at node 𝑖 is 𝑝

𝑖𝑗
> 0 for 𝑖 ∈ 𝐼

𝑗
. Then the protection

level provided to 𝑗 is the probability that an intruder will
be detected at node 𝑗 by at least one sensor from among
those placed in the set 𝐼

𝑗
. Although the formulation of this

case is similar to the formulation above, the number of
possible distinct outcomes can be much larger. As discussed
in Section 2.4, this would necessitate employing a different
solution method that is not based on counting functions (see
[145]).

5. Complexity Issues

Essentially, fair optimization models are based on concave
piecewise linear criteria possibly replacing a linear crite-
rion of the total output maximization. Such criteria, imple-
mentable with auxiliary linear inequalities, in most cases
do not significantly affect the complexity of the original
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optimization problems. In particular, problems represented
by linear programming remain linear programs in their fair
optimization versions (single LP problem in the case of
fair OWA aggregations, or a sequence of LP problems for
the MMF models). Certainly, some specialized algorithms
taking into account the structure of the problem in hand
can be more efficient than the general linear programming
techniques. Consider resource allocation problem (23a)–
(23d) in Section 2.4 which have a lexicographic maximin
objective. For certain performance functions (e.g., linear and
exponential functions) a lexicographic maximin solution is
obtained by manipulations of closed-form expressions in a
polynomial time. As presented in [5, Ch. 3.3], depending on
the algorithm employed, the computational effort for solving
(23a)–(23d) is 𝑂(𝑚𝑛) or 𝑂(𝑚

2
𝑛) where 𝑚 is the number of

activities in the set 𝐼 and 𝑛 is the number of resources in the
set 𝐽. Moreover, the same complexity is achieved for some
content distribution problems in tree networks described
in Section 3.6. With respect to communication networks
applications, a well-known example of such a specialized
algorithm is the already mentioned water-filling algorithm
(see Section 3.2). Another example is a special case of the sin-
gle source traffic allocation problem (also see Section 3.2), for
which Megiddo [146] introduced a polynomial-time MMF
algorithm which applies to splittable (fractional) flows. As
presented in Section 2.4, there exist simple polynomial time
techniques for solving general convex MMF problems. Thus,
when applied to networks problems, the algorithms do not
depend on any specific traffic routing problem formulation
and is sufficiently general to be applied to a broad class of
traffic routing and capacity allocation problems.

Generally, MMF optimization problems on convex
attainable sets are characterized by polynomial complexity
[92]. Polynomial algorithms may be developed for various
specific forms of load balancing problems. For instance, in
[147] a polynomial algorithm to determine theMMF optimal
bandwidth allocation in order to satisfy the communication
needs between two private networks. The algorithm is guar-
anteed to converge in finite number of steps, and for linear
costs its complexity is 𝑂(|V|

5
).

Nonconvex attainable sets usually results in 𝑁𝑃-hard
complexity of the corresponding fair optimization problems.
In the network environment this is the case of single-
path flows (unsplittable flows). In particular, a single-source
multiple-sink demand MMF optimization of single-path
flows in a directed network was proven 𝑁𝑃-hard in [148].
Nilsson [149] generalized this result showing that general
MMFunsplittable-flow problems on undirected networks are
𝑁𝑃-hard.This applies to the case when each demandmay use
any path as well as to the case when each demand may use
one path from a predefined list. Actually, it is proven there
that in both cases obtaining just the first entry of the sorted
allocation vector (the standardmaximin) is𝑁𝑃-hard in itself.
Observe that this shows that all corresponding fairness
optimization models are 𝑁𝑃-hard as they must take into
account that criterion. Single-path optimization problems
remain 𝑁𝑃-hard also when fairness is implemented as a
constraint rather than a criterion. Amaldi et al. [150] showed
that the Max-Throughput Single-Path Network Routing sub-
ject to MMF flow allocation is 𝑁𝑃-hard even with equal

(unit) capacities for all links. Nilsson [149] has also shown
than nonconvexity introduced by modular flows (granular)
causes that even splittable traffic allocation problems become
𝑁𝑃-hard. Therefore, there is an emerging need to develop
approximate or heuristic algorithms for such problems. Early
results in this area show that several communication network
problems with PF or OWA fairness criteria can be effectively
handled by meta-heuristic approaches [80, 106, 151].

In location and allocation problems the general fair-
ness (equitable) models may be viewed as the so-called
ordered median solution concepts, corresponding to the
OWA criterion with monotonic weights. Such a criterion
may be implementedwith simple auxiliary linear inequalities.
Nevertheless, even standard (median or center) multifacility
location problems on general networks are usually 𝑁𝑃-hard
and the same remains valid for the orderedmedian problems.
For tree networks, however, polynomial time algorithms
exist. Dynamic programming algorithm for the ordered
median problem presented in [152] has time complexity of
𝑂(𝑝𝑚

8
) for the general problem, and just 𝑂(𝑝𝑚

4
) for the

node restricted problem. Polynomial algorithms exist also for
the single facility location ordered median problems [153]
with complexity 𝑂(𝑚

3log2𝑚) for trees and 𝑂(|E|𝑚
3log2𝑚)

for general networks.
In this survey we have not discussed in detail fair

optimization in connection to problems which can be related
to abstract networks or analyzed with some networks. An
important wide group of such problems is related to job-shop
scheduling. Most approaches for the job-shop scheduling
problem deal with the makespan criterion, that is, the
maximum completion time of all jobs. Still, there are various
criteria that consider the due dates of jobs, and aim at
minimizing the tardiness of jobs or the fact that jobs are late,
that is, not completed before their due dates. Actually, simple
aggregations of a number of such uniform criteria are com-
monly applied. Each single criterion applies to one scheduling
object like job or affected agent, and a need for aggregations
providing fairness arises. Note that any fair aggregation is
strictly increasing, thus, satisfying the condition of the so-
called regular scheduling criterion (i.e., it is an increasing
function of the completion times of the jobs, i.e., it is always
optimal to start and complete jobs as early as possible).
The job-shop scheduling problems with regular criteria are
well studied. For the nonpreemptive two machine job-shop
scheduling problem with a fixed number of jobs any regular
criterion can be solved in polynomial time [154]. Generally,
the 𝑛-job𝑚-machine job-shop problembelongs to the class of
𝑁𝑃-hard problems [155–157] though there are exceptions for
specific problems. Nevertheless, generic efficient approaches
are available for approximate solving the job-shop scheduling
problem with regular criteria [158]. Importance of fairness
issues has been recently recognized in just-in time sequencing
problems [13] in apportionment concepts [76, 159]. Very few
fair optimization approaches have been presented to job-shop
scheduling, although already in 1989 such approaches were
considered in [160]. Specifically, a lexicographic minimax
objective was analyzed for the production smoothness of
multiple feeder shops that produce components for custom-
made products assembled at a final assembly shop. Finally,
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we mention that the fair dominance rules were used in a
multiobjective method to solve reentrant hybrid flow shop
scheduling problem [161].

6. Concluding Remarks

In systemswhich servemany entities there is a need to respect
some fairness rules. Extensive progress in fair optimization
methodology, made in the last three decades, resulted in a
variety of techniques enabling to generate fair and efficient
solutions. In particular, allocation problems related to com-
munication networks and location-allocation problems are
the areas where the fair optimization concepts are extensively
developed and widely applied. Within the networking appli-
cations the lexicographic maximin approach (or the related
max-min fairness approach) is the most widely used. The
recent book by Luss [5] exhibits a variety of models with
a lexicographic maximin objective and the corresponding
algorithms in the context of resource allocation. Many of
these models apply to communication network and location
problems. Since this approach may lead to significant losses
in the overall efficiency (e.g., throughput of the network), the
proportional fairness or other utility based approaches (like
𝛼-fairness) are also applied. In location-allocation problems
the fairness understood as equity is usually quantified with
inequality measures to be minimized or treated with mini-
max optimization, called center solution concept.The latter is
applied especially for emergency facilities location and
recently is considered with a lexicographically regularized
criterion to lexicographic minimax. The inequality measures
are scalar indices based on some measurement of the spread
of outcomes. Direct minimization of the inequality measures
contradicts the optimization of individual outcomes, but
several inequality measures can be combined with the mean
outcome into the equitable criteria, thus, allowing to generate
various fair solutions.

Awide variety of fair optimizationmodels and algorithms
supporting efficient and fair allocation in complex systems
has been introduced and studied in the literature. In most
cases, they can be effectively used to generate various fair allo-
cation schemes while taking into account the problem speci-
ficities. Nevertheless, problems with discrete structure lead
to massive computations questioning possibility to achieve
any fair solution in a reasonable time. Therefore, there is a
need to develop approximate or heuristic algorithms for such
problems.

Frequently, one may be interested in putting into allo-
cation models some additional service importance weights.
The importance weights are easily incorporated into the
scalar inequality measures [59, 137, 162] or the Jain fairness
index [163] as well as in proportional fairness [7]. There are
also possibilities to introduce importance weights into the
general fair preferences [164] and fair optimizationmodels. In
particular, the OWA aggregations (18) may be extended to
the corresponding Weighted OWA (WOWA) aggregations
[165, 166] which still remain LP computable [167, 168], while
metaheuristic may be also applied [169]. The performance

functions in a lexicographic minimax objective functionmay
also include demand weights, cf. [31, 43, 170], and [5, Ch. 1].

Vector fair optimization approaches taking into account
multiattribute outcomes are still underexplored. In resource
allocation context this relates to problems withmultiple types
of resources where the users request different ratios of dif-
ferent resources. A typical example is datacenters processing
jobs with heterogeneous resource requirements on CPU,
memory, network bandwidth, and so forth. Recently pro-
posed (vector) fairness measure [171], called dominant
resource fairness, allocates resources according to max-min
fairness on dominant resource shares. Köppen et al. [172]
have extended the Jain fairness index [61] to the multiat-
tribute case. By means of a leximin procedure, an allocation
can be selected where the smallest among the Jain fairness
indexes takes the largest value. This extends the notion of an
allocation where fairness is achieved only for a single alloca-
tion metric. A unifying framework addressing the fairness-
efficiency tradeoff in the light of multiple types of resources
has been developed in [173].

Another still underexplored area of fair network opti-
mization is related to distributed optimization process and
related models [174]. In some equitable optimization prob-
lems, as shown in [113], the optimization algorithm can
be implemented in a distributed mode where most of the
computations are done independently and in parallel at the
nodes. However, in most cases the distributed approaches to
fairness must be based on game theory rather than on direct
optimization [175–177].
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[45] B. Radunović and J.-Y. Le Boudec, “A unified framework for
max-min and min-max fairness with applications,” IEEE/ACM
Transactions on Networking, vol. 15, no. 5, pp. 1073–1083, 2007.



22 Journal of Applied Mathematics
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[59] M. C. López-de-los-Mozos and J. A.Mesa, “The sumof absolute
differences on a network: algorithm and comparison with other
equality measures,” INFOR Journal, vol. 41, no. 2, pp. 195–210,
2003.

[60] J. A. Mesa, J. Puerto, and A. Tamir, “Improved algorithms for
several network location problems with equality measures,”
Discrete AppliedMathematics, vol. 130, no. 3, pp. 437–448, 2003.

[61] R. Jain, D. Chiu, and W. Hawe, “A quantitative measure of
fairness and discrimination for resource allocation in shared
computer system,” Tech. Rep., Eastern Research Laboratory,
Digital Equipment Corp., 1984.

[62] T. Lan, D. Kao, M. Chiang, and A. Sabharwal, “An axiomatic
theory of fairness in network resource allocation,” in Pro-
ceedings of the IEEE International Conference on Computer
Communications (INFOCOM ’10), pp. 1–9, IEEE, San Diego,
Calif, USA, March 2010.

[63] M. M. Kostreva and W. Ogryczak, “Linear optimization with
multiple equitable criteria,”RAIROOperations Research, vol. 33,
no. 3, pp. 275–297, 1999.

[64] M. M. Kostreva, W. Ogryczak, and A. Wierzbicki, “Equitable
aggregations and multiple criteria analysis,” European Journal
of Operational Research, vol. 158, no. 2, pp. 362–377, 2004.

[65] W. Ogryczak, “Fair optimization: methodological foundations
of fairness in network resource allocation,” in Proceedings of

the IEEE 38th Annual Computer Software and Applications
Conference Workshops (COMPSACW ’14), pp. 43–48, IEEE,
2014.

[66] A.W.Marshall and I. Olkin, Inequalities:Theory ofMajorization
and its Applications, vol. 143 of Mathematics in Science and
Engineering, Academic Press, New York, NY, USA, 1979.

[67] F. P. Kelly, A. K. Maulloo, and D. Tan, “Rate control for com-
munication networks: Shadow prices, proportional fairness and
stability,” Journal of the Operational Research Society, vol. 49, no.
3, pp. 206–217, 1997.
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[105] M. Pióro, M. Żotkiewicz, B. Staehle, D. Staehle, and D. Yuan,
“On max-min fair flow optimization in wireless mesh net-
works,” Ad Hoc Networks, vol. 13, pp. 134–152, 2014.
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The recent problem of network resource allocation is studied where pairs of users could be in a favourable situation, given that the
allocation scheme is refined by some add-on technology.The general question here is whether the additional effort can be effective
with regard to the user's experience of fairness.The computational approach proposed in this paper to handle this question is based
on the framework of relational optimization. For representing different weightings for different pairs of users, the use of a fuzzy
measure appears to be reasonable. The generalized Choquet integrals are discussed from the viewpoint of representing fairness
and it is concluded that the asymmetric Choquet integral is the most suitable approach. A binary relation using the asymmetric
Choquet integral is proposed. In case of a supermodular fuzzy measure, this is a transitive and cycle-free relation. The price of
fairness with regard to a wireless channel allocation problem taking channel interference into account is experimentally studied
and it can be seen that the asymmetric on relation actually selects allocations that perform on average between maxmin fairness
and proportional fairness, and being more close to maxmin fairness as long as channel interference is not high.

1. Introduction

The rapid spread of wireless communication poses many
challenges to the underlying networking technology and
infrastructure. Daily experience of using wireless access
teaches us the increased efficiency of provider solutions. At
this stage of development, the major technical demand is the
efficient reuse of existing resources or their usage expansion
based on cost-efficient technical add-ons.That brings that the
main valuation criterion today is the total utility of network
infrastructure employment, with a lower focus on fairness
aspects of resource allocation and distribution. For now, the
standard user of a wireless infrastructure does not have the
immediate experience of fairness, taking the access vector of
other users into account—the needed information is simply
not available for the user. This might change in the future
and fairness might become the primary not the secondary
aspect in comparison to efficiency. Recently, the relation
between fairness and efficiency (in the sense of the total sum
of per-user valuations) has become a relevant research issue.

Obviously, a fair allocation is not an “optimal” allocation since
the total valuation will be lower than the maximum possible.
However, bounds do exist and in basic settings it is already
known that the “price of fairness” is actually not so high [1].

In the specification of fairness, the so-called “standards
of comparison” (SoC) give an important formal instrument
for the specification of fair solutions. It refers to a modality
of comparing two solutions, where a solution 𝐴 passes a
specific test with regard to another solution 𝐵. A classical
example is the Nash standard of comparison for bargaining
negotiations [2]; a solution is considered better than another
solution if the relative wins are not outperformed by relative
losses. If a solution 𝐴 appears to be better than any other
solution, that is, the relative losses are always larger than
or equal to the relative wins, the solution is seen as a
stable point in negotiations, and there is no incentive to
deviate from this solution. Later on, a few issues with the
Nash SoC led to the formulation of an alternative Kalai-
Smorodinsky SoC [3]. This approach promotes the user
that receives the least allocation (which is also the base
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for the economical and political ideas of Rawls [4]). Both
approaches, originally developed in economical science, have
been rediscovered in network telecommunication theory and
are very popular approaches in current research; the Nash
SoC is now better known as proportional fairness [5] and
the Kalai-Smorodinsky SoC as maxmin fairness [6]. It comes
out that, even historically, the cultural distinction between
these two fundamental kinds of fairness existed for long time
[7]. In between, a mediating approach that links proportional
fairness and maxmin fairness, the so-called 𝛼-fairness, has
been formulated as well [8]; if 𝛼 = 0 the relation refers to
proportional fairness, and (with some caution) if 𝛼 → ∞,
the relation approximates maxmin fairness.

However, the fairness models so far are based on a per-
user valuation of “wins” and “losses” where only a single
user can decide what is in her interest and what not. For
example, in proportional fairness, the SoC is based on the
comparison between two allocation vectors 𝑥 and 𝑦 of the
same dimension:

∑

𝑖

𝑦
𝑖
− 𝑥

𝑖

𝑥
𝑖

≤ 0. (1)

One can see that each user, formally, contributes a single
index value to the comparison test. However, as mentioned
above for the case of wireless communication, increased
demand of reuse of existing resources by new technical
means and add-ons puts also groups of users into different
situations that nevertheless need to be compared. There are
many refined technologies explored these days that exhibit
this property. One example is channel interference; in a
wireless infrastructure, a base station BS has to allocate
transmission channels (i.e., ranges of frequency bandwidth)
to its subscriber stations (SS). The safe way is to allocate at
most one SS to a channel. However, if SSs are well separated,
that is, the channel interference of two SSs using the same
frequency band is low, the same channel can be assigned
to more than one SS. The question is how to know about
this opportunity by proper measurement and about the best
way to employ this. Several studies have been devoted to this
technical challenge, but what they all have in common is the
establishment of a pairwise relation between users, usually
also weighted, as, for example, in [9–14].

Besides channel interference, there are many other newer
networking technologies where this aspect of pairwise user
weight appears; in cognitive radio, unused channel capacities
of primary users can be on occasion allocated to secondary
users. The pairwise relation here is represented by a conflict
matrix that contains lower values where the chance that two
users (one from the group of primary users, one from the
group of secondary users) transmitting data in the same
time intervall is low. The encounter probability also plays
an important role in peer-to-peer networking, opportunistic
networking, and vehicular networks.

Now, if considering above formalization of proportional
fairness, how do we take this aspect into account; that is, the
fact that a loss or win (relative or absolute) matters differently
for different pairs of users? In other words, if, for example,
user 1 and user 2 both experience losses when comparing two
solutions could be taken differently from a situation where

user 1 experiences a win and user 2 a loss. So far, no “pairwise
standard of comparison” is known and it does not seem to
be reasonable to define a different SoC for each different
situation due to combinatorial explosion. The related prob-
lematic is about the price of fairness here; if a provider will
consider a fair solution instead of the most efficient one, and
taking the collision matrix information of a specific situation
between users into account, is it worthy of the effort to
implement the resource-reusing solution at all (i.e., to employ
low channel interference, or to set up a schedule for cognitive
radio secondary user channel assignment) if at the end no
other allocation will be provided than without the technical
add-on?

The primary goal of this paper is to provide a for-
mal fairness approach that can distinguish groups of users
and weight them differently where needed. For this, it is
needed to understand the SoC in terms of (set-theoretic)
relations, following [15]. Then, a specific relation will be
introduced based on fuzzy measure theory and related
fuzzy integrals. It happens that this relation comes out
to be a transitive relation (allowing for ranking of solu-
tions, as well as fast search algorithms) and can be used
to valuate the efficiency losses related to making fair
allocations.

Fuzzy measures [16, 17], which are called nonadditive
measures [18] or capacity [19], are monotone and usually
nonnegative set function. Since they can be used to express
interactions between items that are not expressible by additive
measures, many studies have been done on their application
in fields such as subjective evaluation problems, decision-
making support, and pattern recognition. The generaliza-
tion with respect to fuzzy measures, a generalization of
the Lebesgue integral, is proposed by several authors. The
Choquet integral defined by Choquet [19] takes its place
as one of them and is most widely used. The original
Choquet integral is only for nonnegative functions, so that
several generalizations for general functions which are not
necessarily nonnegative have been given. There are mainly
two types of generalization, one of which is called the
symmetric Choquet integral or the Šipoš integral [20],
and another one which is called the asymmetric Choquet
integral is given in [18]. Concerning the details of these
integrals, the first attempt was made by Denneberg [18].
This has been followed by Grabisch et al. They study
properties and application to multicriteria decision making
and so on, for example, in [21, 22]. Recent generalizations
of the symmetric Choquet integral, employing averages
and balanced weights over permutations, are the fusion
Choquet integral [23] and the balancing Choquet integral
[24].

On the other hand, preference modelling and the related
preference prediction have become research fields of increas-
ing importance. The use of the Choquet integral as a base
for a preference relation has been the topic of [25] where it
is used to solve combinatorial optimization problems. The
application of a preference relation model based on Choquet
integral in multiobjective dynamic programming is the topic
of [26]. In these works, the optimality is prespecified and
given by independent means. Here, we shall focus on the
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formal representations of fairness in resource distribution
as optimality issue by itself. Our proposal is to evaluate
distributions from the aspect of fairness.

In this paper, we compare the generalized Choquet inte-
gral, the symmetric Choquet integral, and the asymmetric
Choquet integral from the viewpoint of representing fairness
with the result that the asymmetric Choquet integral is more
suitable for describing fairness. We also propose a fairness
relation using the asymmetric Choquet integral.

The paper is organized as follows. Section 2 introduces
notations and necessary materials about fuzzy measure and
the Choquet integral and recalls the relational approach to
fairness.Then, Section 3 presents discussion about two gener-
alized Choquet integrals. The fairness relation is proposed in
Section 4, and we give a sufficient condition that this relation
is consistent and transitive. Section 5 gives a demonstration
of how our fairness relation is used for decision making.
Section 6 compares the solutions obtained by this fairness
relation with the proportional and maxmin fair solutions by
way of experiments.

2. Preliminaries

2.1. Relational Optimization. Speaking about optimality is
speaking about comparing things. The basic mathematical
instrument for the representation of optimality is the concept
of a binary relation. Here, we want to recall some basic terms
and definitions; formore details, see, for example, [15]. A (set-
theoretic) binary relation𝑅 over a domain𝐴 is a subset of𝐴×
𝐴; that is, a set of ordered pairs (𝑥, 𝑦) with 𝑥, 𝑦 ∈ 𝐴. It is said
that𝑥 is in relation𝑅 to𝑦 (sometimes alsowritten as𝑥𝑅𝑦 or, if
the focus is on comparison, 𝑥≥

𝑅
𝑦).There are alternative ways

to represent relations, like a set comprehension, a mapping or
function from 𝐴 into the powerset of 𝐴, an incidence matrix
or a directed graph. Also, relations can have properties. Two
properties are of particular interest in the following; a relation
is symmetric if from (𝑥, 𝑦) ∈ 𝑅 it follows that also (𝑦, 𝑥) ∈ 𝑅
and it is asymmetric if from (𝑥, 𝑦) ∈ 𝑅 it always follows that
(𝑦, 𝑥) does not belong to𝑅. Each relation can be decomposed
into a symmetric and an asymmetric part, written as 𝑅 =

𝐼(𝑅)∪𝑃(𝑅), where 𝐼(𝑅) is a symmetric relation and𝑃(𝑅) is an
asymmetric relation. It is easy to decide to which part a pair
(𝑥, 𝑦) ∈ 𝑅 belongs in this decomposition; if (𝑦, 𝑥) is also in 𝑅,
it belongs to the symmetric part 𝐼(𝑅); if not, it belongs to the
asymmetric part 𝑃(𝑅). It means that each relation, no matter
what its domain is made of, shows mixed aspects of equality
or similarity and a means of “betterness” or preference.
For example, the real-valued “≥” relation is decomposed
into an equivalence relation “=” as symmetric part and a
strictly larger relation “>” as asymmetric part (which is well
symbolized by ≥). If we write 𝑥≥

𝑅
𝑦 for a relation, then 𝑥>

𝑅
𝑦

will denote the asymmetric part, reflecting the “betterness”
aspect of a relation 𝑅 over domain 𝐴.

Any relation 𝑅 can expose specific elements of its domain
𝐴 which are commonly called greatest, maximal, minimal,
and least elements. A greatest element 𝑥∗ of the domain
𝐴 with regard to 𝑅 has the property that for any 𝑥 ∈ 𝐴

(including 𝑥∗) it holds that 𝑥∗≥
𝑅
𝑥. All greatest elements

comprise the best set. Amaximal element 𝑥∗ has the property
that there is no 𝑥 ∈ 𝑃(𝑅) such that 𝑥>

𝑅
𝑥
∗ and all such 𝑥∗

comprise themaximum set (of𝐴with respect to 𝑅). Minimal
and least elements are defined correspondingly. Note that
they do not need to exist in general.

One can easily see that a standard of comparison, as it
was mentioned in the introduction section, is the same as
the concept of a greatest element. However, often it is the
case that best sets are empty. Therefore, it is convenient to
refer to the maximum set as optimization goal, for several
reasons. (1) In case of a finite domain, the maximum set is
nonempty if the asymmetric part of the relation is cycle-free
(i.e., the corresponding directed graph does not contain any
cycles). (2) If there is a greatest element, it will also belong
to the maximum set. (3) The maximum set can be seen as a
“frontier”; they are not greatest elements but at least no better
one is known.

In [15], the special case of fairness relations has been
intensively discussed. It is comparable and easy to represent
proportional fairness, maxmin fairness, leximin fairness, 𝛼-
fairness, and so forth by this relational framework. Then,
(Pareto-) efficient solutions can be found by finding the
maximum sets for these relations. But, the advantage is also
that the transition of a relational concept to another domain
becomes possible (by applying the same formal definition), or
that the relation can be specified in such away that completely
new aspects are taken into account (e.g., multiresource usage,
collaboration between agents, or vector-valued evaluations).
This is because the concept of maximality applies to any
relation, no matter what its domain is. Therefore, if we want
to handle the above mentioned problem of pairwise weights,
we just have to specify a corresponding relation (that is
preferably cycle-free and Pareto-efficient).

The last point that should be mentioned here is that the
finding of maximum sets can be a challenging task, even if
the complexity 𝑂(𝑛2) is not so high. Thus, exhaustive search
by a complete pairwise comparison can rapidly become
intractable (e.g., a maximum set over a domain with one
million elements would need 1012 pairwise comparisons).
One possibility is to use metaheuristic search algorithms to
approximate maximum sets; other alternatives are currently
under investigations. In case the relation is transitive, the
search for maximum sets can be performed in “batches”; that
is, decompose the domain into nonoverlapping subsets and
find themaximum set for each subset and then themaximum
set of the union of the found maximum sets.

2.2. Computational Fairness. We have now used the term
“fairness” several times without providing a general defini-
tion. For example, considering a given relation 𝑅, when is it
safe to say that this is a fairness relation? Actually, there is no
common understanding of fairness to which all researchers
and practitioners would fully agree. It would go beyond the
scope of this paper to consider the numerous considerations
that have been done in order to provide a computational
model of fairness, but at least we can summarize the basic
ideas. The additional restriction here is that the focus is on
the modality of a distribution, thus excluding other societal
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important concepts like procedural fairness or interaction
fairness.

The common theme of all approaches to (distributional)
fairness is to divide a set of resources among a number
of agents. As already mentioned in the introduction, with
far longest cultural history, we can find ideas about pro-
portionality in the assignment (proportional according to
demand, ability, suitability, availability, most available good,
etc.) or the resolution of conflicts about contended goods
in following an equity principle. Besides a relation point of
view, in order to compare different possible assignments,
the aspect can be also seen in aggregating the distributional
aspects of all agents and thus keeping the spread of allocation
differences small. This idea becomes strongly related to the
theory of majorization [27], where numerical comparison
between different ways of distributing the same total is
strongly related to the Schur-convexity of the used compari-
son measure.The application of this approach and its various
generalizations have been intensively studied, for example,
in [28].

Any continuation of a formal approach to fairness (in
the sense of a “definition of fairness”) would need the
specification of axioms that represent criteria derived from
specific ways of how to balance—in a just way—the conflicts
between agents that are in a better and agents that are in a
worse situation—keeping inmind that fairness does generally
not stand for the simple requirement of complete even allo-
cations. Such axioms can refer to impartiality of distribution,
consistency between solutions for different domains, mathe-
matical assumptions about the domain, limiting behaviours,
strategy-proofness of related procedures, or efficiency of the
distribution.

Saying this, the considered aspect of fairness here is the
balance between users who would gain more and users who
would gain less in an alternative allocation. We will use
aggregation operators for representing the joint state of all
winning and all loosing agents, thus basically following the
“recipe” of proportional fairness. But, as a new aspect, we also
want to take a different weighting for groups of agents into
account. Fuzzy integrals are a well-known formal approach
for such a representation.

2.3. Fuzzy Measures and Integrals. We now want to recall
basic issues of fuzzy measures and integrals in more detail.
Most of the material can be gathered together from various
publications and textbooks, but a comprehensive description,
as it will be given now, might be of advantage for the
understanding of the main proposal—a fairness relation
based on the asymmetric Choquet integral for supermodular
fuzzy measures.

Throughout this paper, we consider a finite universal set
𝑁 := {1, 2, . . . , 𝑛} and 2𝑁 denotes the power set of𝑁.

Definition 1 (Fuzzy measure [16, 17]). A set function 𝜇 :

2
𝑁
→ [0,∞) is a fuzzy measure if it satisfies the following

conditions:
(i) 𝜇(0) = 0 and 𝜇(𝑁) < +∞,
(ii) for any 𝑆, 𝑇 ∈ 2𝑁, 𝜇(𝑆) ≤ 𝜇(𝑇) whenever 𝑆 ⊂ 𝑇.

Properties (i) and (ii) express boundedness and mono-
tonicity, respectively.

Definition 2 (superadditivity, subadditivity). A fuzzy mea-
sure 𝜇 is superadditive if 𝜇 satisfies 𝜇(𝑆 ∪ 𝑇) ≥ 𝜇(𝑆) + 𝜇(𝑇)
and subadditive if 𝜇 satisfies 𝜇(𝑆 ∪ 𝑇) ≤ 𝜇(𝑆) + 𝜇(𝑇), for any
𝑆, 𝑇 ∈ 2

𝑁 satisfying 𝑆 ∩ 𝑇 = 0.

Definition 3 (submodularity, supermodularity). A fuzzy
measure 𝜇 is supermodular if 𝜇 satisfies 𝜇(𝑆 ∪𝑇)+𝜇(𝑆 ∩𝑇) ≥
𝜇(𝑆)+𝜇(𝑇) and submodular if 𝜇 satisfies 𝜇(𝑆∪𝑇)+𝜇(𝑆∩𝑇) ≤
𝜇(𝑆) + 𝜇(𝑇), for any 𝑆, 𝑇 ∈ 2𝑁.

Definition 4 (dual measure). Let 𝜇 be a fuzzy measure. The
dual measure of 𝜇 is defined by

𝑚
𝑑
(𝑆) := 𝜇 (𝑁) − 𝜇 (𝑆

𝑐
) . (2)

The dual measure of a fuzzy measure is also a fuzzy
measure.

Proposition 5. If 𝜇 is supermodular, then 𝜇 is superadditive.
If 𝜇 is submodular, then 𝜇 is subadditive.

Proof. When 𝜇 is supermodular, 𝜇(𝑆 ∪𝑇) + 𝜇(𝑆 ∩𝑇) ≥ 𝜇(𝑆) +
𝜇(𝑇) is satisfied for any 𝑆, 𝑇 ∈ 2𝑁, and 𝑆 ∩ 𝑇 = 0. It implies
𝜇(𝑆 ∪ 𝑇) ≥ 𝜇(𝑆) + 𝜇(𝑇) for any 𝑆, 𝑇 ∈ 2𝑁 satisfying 𝑆 ∩ 𝑇 = 0.
The second assertion is obtained in a similar manner.

Proposition 6. 𝜇 is supermodular if and only if 𝜇𝑑 is sub-
modular. Similarly, 𝜇 is submodular if and only if 𝜇𝑑 is
supermodular.

Proof. Assume that 𝜇 is supermodular.Then, we have, for any
𝑆, 𝑇 ∈ 2

𝑁,

𝜇
𝑑
(𝑆 ∪ 𝑇) + 𝜇

𝑑
(𝑆 ∩ 𝑇)

= 𝜇 (𝑁) − 𝜇 ((𝑆 ∪ 𝑇)
𝑐
) + 𝜇 (𝑁) − 𝜇 ((𝑆 ∩ 𝑇)

𝑐
)

= 2𝜇 (𝑁) − 𝜇 (𝑆
𝑐
∩ 𝑇

𝑐
) − 𝜇 (𝑆

𝑐
∪ 𝑇

𝑐
)

≤ 2𝜇 (𝑁) − 𝜇 (𝑆
𝑐
) − 𝜇 (𝑇

𝑐
)

= 𝜇
𝑑
(𝑆) + 𝜇

𝑑
(𝑇) .

(3)

Following the above in reverse, we obtain the converse.
Replacing ≤ with ≥, we obtain the second assertion.

Proposition 7. If 𝜇 is a superadditive fuzzy measure, then
𝜇
𝑑
(𝑆) ≥ 𝜇(𝑆) for any 𝑆 ∈ 2𝑁.

Proof. We have 𝜇(𝑆) + 𝜇(𝑆𝑐) ≤ 𝜇(𝑁) by superadditivity of 𝜇.
Hence, 𝜇(𝑆) ≤ 𝜇(𝑁) − 𝜇(𝑆𝑐) = 𝜇𝑑(𝑆).

Definition 8 (𝜆-fuzzy measure). A fuzzy measure 𝜇 is a 𝜆-
fuzzy measure if there exists 𝜆 > −1 such that 𝜇(𝑆 ∪ 𝑇) =
𝜇(𝑆)+𝜇(𝑇)+𝜆𝜇(𝑆)𝜇(𝑇) for any 𝑆, 𝑇 ∈ 2𝑁 satisfying 𝑆∩𝑇 = 0
and 𝜇(𝑁) = 1.
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Definition 9 (𝜒-fuzzy measure). A fuzzy measure 𝜇 on finite
set𝑁 = {1, 2, . . . , 𝑛} is a 𝜒-fuzzy measure if there exists

𝜒 ≥ 1 −
min

𝑖∈𝑁
𝜇 ({𝑖})

∑
𝑖∈𝑁
𝜇 ({𝑖})

(4)

such that

𝜇 (𝑆) = 𝜒
|𝑆|−1

∑

𝑖∈𝑆

𝜇 ({𝑖}) (5)

for any 𝑆 ∈ 2𝑁. Here, |𝑆| denotes the cardinal number of 𝑆.

𝜆 ≥ 0 and 𝜒 ≥ 1 imply superadditivity, and 𝜆 ≤ 0 and
𝜒 ≤ 1 imply subadditivity. The dual measure of a 𝜆-fuzzy
measure and of a 𝜒-fuzzy measure are not necessarily a 𝜆-
fuzzy measure and a 𝜒-fuzzy measure.

Proposition 10. Let 𝜇 be a 𝜆-fuzzy measure. Then, 𝜇 is
superadditive if and only if 𝜇 is supermodular. Similarly, 𝜇 is
subadditive if and only if 𝜇 is submodular.

Proof. The sufficiencies hold by Proposition 5. We show the
necessities.

Assume 𝜇 is a superadditive 𝜆-fuzzy measure; that is, 𝜆 ≥
0. Then, we have, for any 𝑆, 𝑇 ∈ 2𝑁,

𝜇 (𝑆 ∪ 𝑇) + 𝜇 (𝑆 ∩ 𝑇)

= 𝜇 (𝑆) + 𝜇 (𝑇 \ 𝑆) + 𝜆𝜇 (𝑆) 𝜇 (𝑇 \ 𝑆) + 𝜇 (𝑆 ∩ 𝑇)

≥ 𝜇 (𝑆) + 𝜇 (𝑇 \ 𝑆) + 𝜆𝜇 (𝑆 ∩ 𝑇) 𝜇 (𝑇 \ 𝑆) + 𝜇 (𝑆 ∩ 𝑇)

= 𝜇 (𝑆) + 𝜇 (𝑇) .

(6)

Replacing ≤ with ≥, we obtain the second assertion.

Definition 11 (Choquet integral [19]). Given a fuzzy measure
𝜇 : 2

𝑁
→ [0, 1] and a nonnegative function 𝑓 on 𝑁, the

Choquet integral of 𝑓 with respect to 𝜇 is defined by

(𝐶) ∫𝑓𝑑𝜇 = ∫

+∞

0

𝜇 ({𝑥𝑓 (𝑥) > 𝑟}) 𝑑𝑟. (7)

In the case that𝑁 is a finite set, (7) can be rewritten as

(𝐶) ∫𝑓𝑑𝜇 :=

𝑛

∑

𝑖=1

(𝑎
𝑖
− 𝑎

𝑖−1
) 𝜇 (𝑆

𝑖
) , (8)

where 𝑎
𝑖
:= 𝑓(𝑖), 𝑎

0
= 0, 𝑎

1
≤ 𝑎

2
≤ ⋅ ⋅ ⋅ ≤ 𝑎

𝑛
, and

𝑆
𝑖
:= {𝑖, . . . , 𝑛}. (cf. Figure 1). Note that this computation will

include a permutation reordering of the 𝑎
𝑖
to ensure that they

are in nondecreasing order.
The Choquet integral can be generalized to general

functions, which are not necessarily nonnegative, in several
ways. Here, we show the following two generalizations, the
asymmetric Choquet integral and the symmetric Choquet
integral.

Definition 12 (asymmetric Choquet integral [18]). Given a
fuzzy measure 𝜇 : 2𝑁 → [0, 1] and a function 𝑓 on 𝑁, the

an

an−1

a3

a2

a1

a0

Sn

S2

S1

Figure 1: Choquet integral.

asymmetric Choquet integral of𝑓with respect to 𝜇 is defined
by

(ASC) ∫𝑓𝑑𝜇 := ∫

0

−∞

(𝜇 ({𝑥 | 𝑓 (𝑥) > 𝑟})

−𝑚 (𝑁)) 𝑑𝑟

+∫

+∞

0

𝜇 (𝑥 | 𝑓 (𝑥) > 𝑟) 𝑑𝑟.

(9)

Definition 13 (symmetric Choquet integral [20]). Given a
fuzzy measure 𝜇 : 2𝑁 → [0, 1] and a function 𝑓 on 𝑁, the
symmetric Choquet integral of 𝑓 with respect to 𝜇 is defined
by

(SC) ∫𝑓𝑑𝜇 := −∫
+∞

0

𝜇 ({𝑥 | 𝑓
−
(𝑥) > 𝑟}) 𝑑𝑟

+ ∫

+∞

0

𝜇 ({𝑥 | 𝑓
+
(𝑥) > 𝑟}) 𝑑𝑟,

(10)

where 𝑓+
:= 𝑓 ∨ 0, 𝑓

−
:= −(𝑓 ∧ 0).

Proposition 14. Consider

(ASC) ∫𝑓𝑑𝜇

= −∫

0

−∞

𝜇
𝑑
({𝑥 | 𝑓

−
(𝑥) > 𝑟}) 𝑑𝑟

+∫

+∞

0

𝜇 ({𝑥 | 𝑓
+
(𝑥) > 𝑟}) 𝑑𝑟.

(11)
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Proof. Because

∫

0

−∞

(𝜇 ({𝑥 | 𝑓 (𝑥) > 𝑟}) − 𝜇 (𝑁)) 𝑑𝑟

= ∫ (𝜇 ({𝑥 | −𝑓
−
(𝑥) > 𝑟}) − 𝜇 (𝑁)) 𝑑𝑟

= −∫ (𝜇 ({𝑥 | 𝑓
−
(𝑥) ≤ 𝑟}) − 𝜇 (𝑁)) 𝑑𝑟

= −∫𝜇
𝑑
({𝑥 | 𝑓

−
(𝑥) > 𝑟}) 𝑑𝑟.

(12)

by this proposition, we can say that the difference between
the asymmetricChoquet integral and the symmetricChoquet
integral is based on which measure are used for integrating
the negative part of 𝑓.

3. Description of Fairness by
the Choquet Integral

In this section, we discuss the generalized Choquet integrals
in terms of describing fairness by the Choquet integral. Let 𝜇
be a fuzzy measure on 2𝑁 and 𝑓 = (𝑥

1
, 𝑥

2
, . . . , 𝑥

𝑛
) a function

on 𝑁. For example, 𝑁 corresponds to a set consisting of
𝑛 players and 𝑓 corresponds to a distribution of resources,
where 𝑓 can take negative values. The more players are
satisfied, the fairer the distribution is.

Example 15. Let 𝑛 = 3 and there are 6 resources. Then,
𝑓
1
= (2, 2, 2) is fairer than 𝑓

2
= (4, 2, 0) and 𝑓

2
is fairer

than 𝑓
3
= (6, 0, 0). To describe this, we use the Choquet

integral with respect to a submodular function. Suppose that
𝜇(𝑆) takes the same values according to |𝑆| (note that in this
case the Choquet integral becomes an OWA operator and
properties like submodularity depend on the choice of OWA
weights). If 𝜇 is submodular, then we have

(𝐶) ∫𝑓1𝑑𝜇 ≥ (𝐶)∫𝑓2𝑑𝜇 ≥ (𝐶)∫𝑓3𝑑𝜇. (13)

Next, we consider the negative distribution.

Example 16. Let 𝑛 = 3 and there are −6 resources. Then, 𝑓
1
=

(−2, −2, −2) is fairer than𝑓
2
= (−4, −2, 0) and𝑓

2
is fairer than

𝑓
3
= (−6, 0, 0). Let 𝜇 be a submodular function. If we use the

symmetric Choquet integral, then we have

(SC) ∫𝑓1𝑑𝜇 ≤ (SC) ∫𝑓2𝑑𝜇 ≤ (SC) ∫𝑓3𝑑𝜇, (14)

where all integrals take negative values. And if 𝜇 would be
another but superadditive fuzzy measure, then we obtain

(SC) ∫𝑓1𝑑𝜇

≥ (SC) ∫𝑓2𝑑𝜇


≥ (SC) ∫𝑓3𝑑𝜇

 (15)

which is not what we wanted. In other words, we can
never describe both positive fairness and negative fairness

by one fuzzy measure using the symmetric Choquet inte-
gral. On the other hand, using the asymmetric Choquet
integral with respect to 𝜇 where 𝜇𝑑 is superadditive, we
obtain

(ASC) ∫𝑓1𝑑𝜇 ≥ (ASC) ∫𝑓2𝑑𝜇 ≥ (ASC) ∫𝑓3𝑑𝜇. (16)

If 𝜇 is a supermodular fuzzy measure, then 𝜇 is superadditive
and 𝜇𝑑 is subadditive. Therefore, using the asymmetric Cho-
quet integral with respect to a supermodular fuzzy measure,
we can describe both positive fairness and negative fairness
by one fuzzy measure.

According to these examples, the asymmetric Choquet
integral with respect to a superadditive fuzzy measure is
better suited for describing fairness. The Möbius transform
enables us to construct fuzzy measure easily.

Definition 17 (Möbius transform). The Möbius transform of
𝜇, denoted by𝑚𝜇

: 2
𝑁
→ [−1, 1], is defined by

𝑚
𝜇
(𝑆) := ∑

𝑇⊆𝑆

(−1)
|𝑆\𝑇|

𝜇 (𝑇) (17)

for any 𝑆 ∈ 2𝑁. Conversely, we obtain

𝜇 (𝑆) = ∑

𝑇⊆𝑆

𝑚
𝜇
(𝑇) (18)

by the inverse Möbius transform for any 𝑆 ∈ 2𝑁, and there is
a one-to-one correspondence between 𝜇 and𝑚𝜇.

Note that if the sum of all Möbius masses is 1, then the
corresponding fuzzy measure of the whole set is 1.

Proposition 18. If 𝑚𝜇
(𝑆) ≥ 0 for any 𝑆 ∈ 2

𝑁, then 𝜇 is
supermodular.

Proof. Assume, for any 𝑆 ∈ 2𝑁, 𝑚𝜇
(𝑆) ≥ 0. Then, denoting

that 𝑟 := 𝑆 \ 𝑇, 𝑠 := 𝑆 ∩ 𝑇, 𝑡 := 𝑇 \ 𝑆 for 𝑆, 𝑇 ∈ 2𝑁, we have

𝜇 (𝑆 ∪ 𝑇) + 𝜇 (𝑆 ∩ 𝑇)

= ∑

𝐶⊆𝑆∪𝑇

𝑚
𝜇
(𝑈) + ∑

𝑈⊆𝑆∩𝑇

𝑚
𝜇
(𝑈)

= (∑

𝑈⊆𝑟

+ ∑

𝑈⊆𝑠

+ ∑

𝑈⊆𝑡

+ ∑

𝑈⊆𝑟∪𝑠,𝑈∩𝑟 ̸=0,

𝑈∩𝑠 ̸=0
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+ ∑

𝑈⊆𝑠∪𝑡,𝑈∩𝑠 ̸=0,

𝑈∩𝑡 ̸=0

+ ∑

𝑈⊆𝑟∪𝑡,

𝑈∩𝑟 ̸=0,𝑈∩𝑡 ̸=0

+ ∑

𝑈⊆𝑟∪𝑠∪𝑡,𝑈∩𝑟 ̸=0,

𝑈∩𝑠 ̸=0,𝑈∩𝑡 ̸=0

)𝑚
𝜇
(𝑈) + ∑

𝑈⊆𝑠

𝑚
𝜇
(𝑈) ,

𝜇 (𝑆) + 𝜇 (𝑇) = ∑

𝑈⊆𝑆

𝑚
𝜇
(𝑈) + ∑

𝑈⊆𝑇

𝑚
𝜇
(𝑈)

= (∑

𝑈⊆𝑟

+ ∑

𝑈⊆𝑠

+ ∑

𝑈⊆𝑟∪𝑠,𝑈∩𝑟 ̸=0,

𝑈∩𝑠 ̸=0

)𝑚
𝜇
(𝑈)

+ (∑

𝑈⊆𝑠

+ ∑

𝑈⊆𝑡

+ ∑

𝑈⊆𝑠∪𝑡,𝑈∩𝑠 ̸=0,

𝑈∩𝑡 ̸=0

)𝑚
𝜇
(𝑈) ,

(19)

so that we obtain

(𝜇 (𝑆 ∪ 𝑇) + 𝜇 (𝑠)) − (𝜇 (𝑆) + 𝜇 (𝑇))

= ( ∑

𝑈⊆𝑟∪𝑡,

𝑈∩𝑟 ̸=0,𝑈∩𝑡 ̸=0

+ ∑

𝑈⊆𝑟∪𝑠∪𝑡,𝑈∩𝑟 ̸=0,

𝑈∩𝑠 ̸=0,𝑈∩𝑡 ̸=0

)𝑚
𝜇
(𝑈) ≥ 0.

(20)

Remark 19. The converse of Proposition 18 is not necessarily
true. In fact, define𝑚𝜇 on𝑁 = {1, 2, 3} by

𝑚
𝜇
(𝑆) :=

{{{

{{{

{

0, 𝑆 = 0,

1, 𝑆 ̸= 0, {1, 2, 3} ,

−
1

2
, 𝑆 = {1, 2, 3} .

(21)

Then, we obtain a supermodular fuzzy measure,

𝜇 (0) = 0, 𝜇 ({1}) = 𝜇 ({2}) = 𝜇 ({3}) = 1,

𝜇 ({1, 2}) = 𝜇 ({1, 3}) = 𝜇 ({2, 3}) = 3,

𝜇 ({1, 2, 3}) =
11

2
.

(22)

4. Fairness Relation Using the Asymmetric
Choquet Integral

Definition 20 (Choquet Integral relation). Let 𝑥 = (𝑥
1
,

𝑥
2
, . . . , 𝑥

𝑛
), let 𝑦 = (𝑦

1
, 𝑦

2
, . . . , 𝑦

𝑛
), and let 𝜇 be a fuzzy

measure. 𝑥 is said to CI-dominate 𝑦, denoted by 𝑥≥
𝜇
𝑦, if and

only if

(ASC) ∫ (𝑥 − 𝑦) 𝑑𝜇 ≥ 𝜃. (23)

Assume𝑁 is a set of all players 𝑥 and 𝑦 are distributions
of resources to all players. Then, 𝑥 − 𝑦 means each degree
of satisfaction of the distribution 𝑥 compared with the
distribution 𝑦. Since the more players are satisfied, the fairer
the distribution is, 𝑥≥

𝜇
𝑦 means 𝑥 is at least as fair as 𝑦. By

𝑥>
𝜇
𝑦 we denote the corresponding strict relation.

Proposition 21. Let𝜇 be a superadditive fuzzymeasure on 2𝑁.
Then, it is an antisymmetric relation; that is, 𝑥≥

𝜇
𝑦 and 𝑦≥

𝜇
𝑥

implies 𝑥 = 𝑦 for any functions 𝑥, 𝑦 on𝑁.

Proposition 22. If 𝜇 is a supermodular measure on 2𝑁, then
>
𝜇
is a transitive relation; that is, if 𝑥≥

𝜇
𝑦 and 𝑦≥

𝜇
𝑧, then 𝑥≥

𝜇
𝑧

for any functions 𝑥, 𝑦, 𝑧 on𝑁.

By Propositions 21 and 22, using the asymmetric Choquet
integral with respect to supermodular functions, we obtain a
fair ordering relation.

The proofs for Propositions 21 and 22 will be given in the
Appendix of this paper.

5. Decision Making by CI-Fairness: A
Numerical Example

In this section, we want to demonstrate how CI-fairness
relation can be used for decisionmaking. Consider a situation
where resources have to be allocated to 3 agents 𝐴, 𝐵, and 𝐶,
but sets of agents can utilize resources differently (e.g., giving
a commodity to one agent, how many items can she produce
within a time unit?). Such resource utilization can be assessed
by a fuzzy measure:

subset 𝑆 𝜇 (𝑆)

0 0

𝐴 0.1

𝐵 0.3

𝐶 0.5

𝐴, 𝐵 0.5

𝐴, 𝐶 0.5

𝐵, 𝐶 0.8

𝐴, 𝐵, 𝐶 1

(24)

Here, for example, 𝐶 appears to be the best in resource
utilization, but 𝐴 is good in collaboration. The measure is
superadditive. We can also see that this is a supermodular
measure. There are 3 cases to check; the other follow from
subsethood or superadditivity:

(1) 𝜇({𝐴, 𝐵}∪{𝐴, 𝐶})+𝜇({𝐴, 𝐵}∩{𝐴, 𝐶}) = 𝜇({𝐴, 𝐵, 𝐶})+
𝜇({𝐴}) = 1.1 ≥ 𝜇({𝐴, 𝐵}) + 𝜇({𝐴, 𝐶}) = 1.0;

(2) 𝜇({𝐴, 𝐵}∪ {𝐵, 𝐶})+𝜇({𝐴, 𝐵}∩ {𝐵, 𝐶}) = 𝜇({𝐴, 𝐵, 𝐶})+
𝜇({𝐵}) = 1.3 ≥ 𝜇({𝐴, 𝐵}) + 𝜇({𝐵, 𝐶}) = 1.3;
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(1, 2, 3)

(1, 3, 2)

(2, 3, 1) (3, 1, 2)
(2, 1, 3)

(3, 2, 1)

Figure 2: CI-Fairness relation among six possible allocations. The
connections include transitivity.

(3) 𝜇({𝐴, 𝐶}∪{𝐵, 𝐶})+𝜇({𝐴, 𝐶}∩{𝐵, 𝐶}) = 𝜇({𝐴, 𝐵, 𝐶})+
𝜇({𝐶}) = 1.5 ≥ 𝜇({𝐴, 𝐶}) + 𝜇({𝐵, 𝐶}) = 1.3;

(1, 2, 3) ≥𝜇 (1, 3, 2)

(1, 2, 3) ≥𝜇 (2, 1, 3)

(1, 2, 3) ≥𝜇 (2, 3, 1)

(1, 2, 3) ≥𝜇 (3, 1, 2)

(1, 2, 3) ≥𝜇 (3, 2, 1)

(1, 3, 2) ≥𝜇 (2, 3, 1)

(1, 3, 2) ≥𝜇 (3, 1, 2)

(1, 3, 2) ≥𝜇 (3, 2, 1)

(2, 1, 3) ≥𝜇 (2, 3, 1)

(2, 1, 3) ≥𝜇 (3, 1, 2)

(2, 1, 3) ≥𝜇 (3, 2, 1)

(2, 3, 1) ≥𝜇 (3, 2, 1)

(3, 1, 2) ≥𝜇 (3, 2, 1) .

(25)

We find the allocation (1, 2, 3) in relation to all other alloca-
tions, but no allocation is in relation to (1, 2, 3).This is natural,
given the order of resource utilization weights for the three
agents. By rank, we can now also order the other 5 allocations.

Now, we want to allocate three shares of a resource of
6 units (1, 2, 3) among 𝐴, 𝐵, 𝐶 and compare the 6 possible
permutations of (1, 2, 3) by the Choquet integral relationwith
𝜃 = 0. For example, to see if allocation 𝑥 = (1, 2, 3) is in
relation to the allocation 𝑦 = (2, 3, 1), we have to test

(𝐶) ∫ [𝑥 − 𝑦]
+
𝑑𝜇 ≥ (𝐶)∫ [𝑦 − 𝑥]

+
𝑑𝜇

𝑑
. (26)

In this case, [𝑥 − 𝑦]+ = (0, 0, 2) and [𝑦 − 𝑥]+ = (1, 1, 0). So,
the first integral becomes 2 × 𝜇({𝐶}) = 1.0 and the second
integral 1 × 𝜇𝑑({𝐴, 𝐵}) = (1 − 𝜇({𝐶})) = 0.5. From 1.0 ≥ 0.5,
then 𝑥≥

𝜇
𝑦 follows.

Among all possible 30 pairs (𝑥, 𝑦) with 𝑥 ̸=𝑦, we can find
13 cases in total where the Choquet integral relation holds.

Figure 2 shows the Hasse diagram of the relation for the 6
possible allocations. We can see that, as an effect of the better
collaboration weight of 𝐴, allocation (2, 1, 3) is promoted
and appears on the same rank as the strong allocation
(1, 3, 2) (strong with regard to single agent utilization of
a resource) and also of better rank than the allocation
(2, 3, 1)—expressing the preference for 𝐶 as partner of 𝐴
when comparing possible wins and losses in the allocation.
Finally, as expected, there is no case to allocate 3 shares to 𝐴.

6. Experiments

In this section, we will show how the CI-fairness can be
applied in a practical situation. We study wireless channel
allocation in the network layer; a base station BS that is
connected to the backbone can command over a number
𝑚 of wireless transmission channels and allocates them to a
number 𝑛 of users (or subscriber stations, mobile stations,
relay stations, etc.—depending on the specific network archi-
tecture) for uplink or downlink traffic. In the most abstract
notation, the BSmakes the allocation based on ameasured or
estimated channel state information; if it allocates a channel 𝑖
to user 𝑗 there will be a channel coefficient 𝐶

𝑖𝑗
from [0, 1] that

represents (in a simplified form) to what degree the user can
employ that channel. For example, remote users are likely to
have smaller channel coefficients than users that are close to
the BS. Here, an allocation is seen as feasible if each channel
is allocated to one user and to each user at least one channel
is assigned.

The sum of all channel coefficients of allocated channels
for a specific user is seen as the performance of the allocation
for that user. Then, the optimality task is related to the
performance vector for all users. This is a direct reference to
a relation between performance vectors, and various fairness
relations can be easily and conveniently studied in this
context. If the number of channels and users is not too large,
exhaustive search for maximum sets is possible. For example,
for 4 users and 6 channels, there are 1560 feasible allocations,
which means about 2.4 Mio. pairwise comparisons.

In this model, channel allocation ignores low channel
interferences between users and specific channels by the
restriction that each channel is allocated to exactly one user.
However, if implementing a wireless access where some users
can use the same channel for transmission, it might be hard
to decide the exact schedule of such multiple assignments,
or to decide if installing such a scheme at all. Therefore,
we follow a more simplified approach; channel interference
will be represented by a conflict matrix between users,
where low elements for pairs of users indicate the option
to use multichannel assignment. Then, we use the converse
elements of the conflict matrix as masses in the Möbius
transform. More specifically, the Möbius masses for single
element sets are set to equal values, the masses for two-
element are set to 1 minus the corresponding element of the
conflictmatrix, and all other are set to 0.Then, themassvector
is normalized to a total of all masses of 1 to ensure that
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Table 1: Comparison of total performances for capacity, propor-
tional, and maxmin fairness.

Fairness relation Average performance
Conflict matrix range 0 to 1

CI 4.2882
Proportional 4.54661
maxmin 4.14688

Conflict matrix range 0.9 to 1
CI 4.56051
Proportional 4.51135
maxmin 4.22561

Conflict matrix range 0 to 0.2
CI 4.09365
Proportional 4.41848
maxmin 4.04879

for the fuzzy measure the measure for the whole set is 1.
The inverse Möbius transform of such a mass vector gives a
supermodularmeasure that can be used to specify a CI-based
fairness relation according to Definition 20.

Now, this relation is applied to all feasible channel
allocations—it means we are not considering a specific use of
multichannel assignment but we are looking for the influence
that such amultichannel allocation could have on the specific
selection of maximal elements. Then, the focus is on the
disadvantage that some pairs of users can experience if their
favoured situation (e.g., to be distant enough to use the same
channel) is not taken into account. The similar approach can
be considered for cognitive radio, opportunistic networking,
P2P, vehicular networks, and so forth.

We might especially look for the price of fairness [1],
compared to a standard proportional fair or maxmin fair
allocation.

Some example results are shown in Table 1. There, for the
case of 4 users and 6 cells, the maximum sets over all feasible
allocations were computed for CI-fairness using a measure as
described above, proportional fairness, andmaxmin fairness.
The conflictmatrix elements for the CI-fairness were uniform
randomly set within specific ranges. All results are averaged
over 30 repetitions. Note that average sizes of maximum sets
were found to be 4.2 formaxmin fairness, 6.1 for proportional
fairness, and 41.9 for CI-fairness, so the CI-fairness produces
larger maximum sets, an issue that should be addressed in
futureworks.The table now shows average performances over
all maximal elements.

We see with regard to efficiency the well-known fact that
proportional-fair allocations are in average more efficient
than maxmin fair allocations. The CI-fairness appears to
select maximal relations with a total performance between
proportional fairness and maxmin fairness. In case of strong
interferences (where a multichannel assignment is not rea-
sonable), it is very close to proportional fairness, while in case
of low interference it appears to be more close to maxmin
fairness, that is, the fairness relation favouring least elements.
Thus, such an empirical result can be understood in the sense
that the neglecting of the potential multichannel assignment

corresponds with the neglection of strong users. This is also
particularly appearing for the general case, where all conflict
matrix elements were randomly selected between 0 and 1; also
here, the average performance appearsmore close tomaxmin
fairness than proportional fairness.

7. Conclusion

A fairness relation among vectors based on the asymmetric
Choquet integral was studied. It formally follows the Nash
standard of comparison where the relative losses and wins
are replaced by absolute losses and wins, but instead taking
weights for groups of vector components into account. Thus,
it can represent, for example, pairs of users that are in
a favourable situation regarding resource allocation. The
appealing points of this CI-relation are as follows. (1) In
case a supermodular measure is used for the integration,
the relation will be transitive, which suits faster search for
maximal elements; (2) it can be parametrized by giving
a weight to each subset of vector components (while in
practice this might be relevant only for smaller subsets). The
representation of the fuzzy measure by its Möbius transform
appears to be a convenient way to yield a supermodular
fuzzy measure; the masses just need to be all nonnegative.
Thus, the relation can be conveniently applied in many prac-
tical applications to specify optimality. Slight disadvantages
are with the complexity of the involved calculations, and
some empirical evidence for specifying larger maximum sets
than other fairness relations like proportional fairness and
maxmin fairness.

In case of wireless channel allocation, how CI-fairness
can be used to help deciding whether implementations of
more complex allocation schemes are indeed worth the effort
was suggested. This method can be applied to many other
problems of higher efficiency of network resource utilization.
In future work, we will consider the use of advanced fuzzy
integrals like balancing and fusion Choquet integral and
the adjustment of related CI-fairness parameters to specific
situations and what can be concluded from such parameters.
We will also more intensively study the performance issues
with regard to computational effort and search for maximal
elements and study conditions where also greatest elements
exist.

Appendix

Proofs of Theorems

In the following, we provide the proofs for Propositions 21
and 22. For formal convenience of the proofs, the notation
will be a little bit changing; therefore, we repeat the basic
definitions.

We define the Choquet-integral-based (fairness) relation
as follows: be 𝑥 and 𝑦 two vectors from 𝑅

𝑛. By [𝑥]+, we
indicate the positive support of a vector 𝑥; that is, the 𝑖th
component of [𝑥]+ is 𝑥

𝑖
if 𝑥

𝑖
≥ 0 or 0 if 𝑥

𝑖
< 0. The Choquet

integral is denoted by (𝐶) ∫𝑥 𝑑𝜇. There, 𝜇 is a fuzzy measure.
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Also, 𝜇𝑑 denotes its dual measure (i.e., 𝜇𝑑(𝐴) = 𝜇
𝑋
− 𝜇(𝐴

𝐶
)).

Then, 𝑥 is said to CI-dominate 𝑦 if and only if

𝑥≥
𝜇
𝑦 ←→ (𝐶)∫ [𝑥 − 𝑦]

+
𝑑𝜇 ≥ (𝐶)∫ [𝑦 − 𝑥]

+
𝑑𝜇

𝑑
. (A.1)

We can alternatively rewrite this as the asymmetric Choquet
integral:

𝑥≥
𝜇
𝑦 ←→ (ASC) ∫ (𝑥 − 𝑦) 𝑑𝜇 ≥ 0 (A.2)

since the right-hand side condition of (A.1) exactly cor-
responds with the definition of the asymmetric Choquet
integral.

First, we can show the following.

Lemma 23. If 𝜇 is a superadditive fuzzy measure where for
each 𝐴, 𝐵 ̸=0 and 𝐴 ∩ 𝐵 = 0 𝜇

𝐴
+ 𝜇

𝐵
< 𝜇

𝐴∪𝐵
, then for

𝐴 ̸=0 𝜇
𝑑

𝐴
> 𝜇

𝐴
.

Proof. Since 𝜇 is superadditive, for𝐴 ̸=0 𝜇
𝐴
+𝜇

𝐴
𝐶 < 𝜇

𝐴∪𝐴
𝐶 =

𝜇
𝑋
. Then, 𝜇

𝐴
< 𝜇

𝑋
− 𝜇

𝐴
𝐶 = 𝜇

𝑑

𝐴
follows directly.

Theorem 24. If 𝜇 is superadditive, then from 𝑥≥
𝜇
𝑦 and

𝑦≥
𝜇
𝑥𝑥 = 𝑦 follows.

Proof. 𝑥≥
𝜇
𝑦means (𝐶) ∫ [𝑥 − 𝑦]+𝑑𝜇 ≥ (𝐶) ∫ [𝑦 − 𝑥]+𝑑𝜇𝑑. If

𝑥 ̸=𝑦, we can use Lemma 23 to obtain

(𝐶) ∫ [𝑥 − 𝑦]
+
𝑑𝜇

𝑑
> (𝐶)∫ [𝑥 − 𝑦]

+
𝑑𝜇

≥ (𝐶)∫ [𝑦 − 𝑥]
+
𝑑𝜇

𝑑
> (𝐶)∫ [𝑦 − 𝑥]

+
𝑑𝜇;

(A.3)

that is, (𝐶) ∫ [𝑦 − 𝑥]+𝑑𝜇 ̸≥ (𝐶) ∫ [𝑥 − 𝑦]
+
𝑑𝜇

𝑑. This would
mean that 𝑦≥

𝜇
𝑥 would not hold. Therefore, it must be 𝑥 =

𝑦.

For a supermodular measure and nonnegative vectors 𝑥
and 𝑦, we have the known property (𝐶) ∫ 𝑥 𝑑𝜇+ (𝐶) ∫ 𝑦 𝑑𝜇 ≤
(𝐶) ∫(𝑥 + 𝑦)𝑑𝜇. Since the dual measure of a supermodular
measure is submodular, it also holds that (𝐶) ∫ 𝑥 𝑑𝜇 +
(𝐶) ∫ 𝑦 𝑑𝜇 ≥ (𝐶) ∫(𝑥 + 𝑦)𝑑𝜇. Using this, the following can
be shown.

Theorem25. If𝜇 is supermodular, then the relation>
𝜇
is cycle-

free.

Proof. We will only show the case of nonexistence of a 3-
cycle; here, the concept generalizes directly to any other case.
Assume that 𝑥>

𝜇
𝑦 and 𝑦>

𝜇
𝑧. First, we note that

[𝑥 − 𝑦]
+
+ [𝑦 − 𝑧]

+
+ [𝑧 − 𝑥]

+

= [𝑦 − 𝑥]
+
+ [𝑧 − 𝑦]

+
+ [𝑥 − 𝑧]

+
,

(A.4)

and therefore

(𝐶) ∫ ([𝑥 − 𝑦]
+
+ [𝑦 − 𝑧]

+
+ [𝑧 − 𝑥]

+
) 𝑑𝜇

= (𝐶)∫ ([𝑦 − 𝑥]
+
+ [𝑧 − 𝑦]

+
+ [𝑥 − 𝑧]

+
) 𝑑𝜇.

(A.5)

Using Lemma 23, we yield

(𝐶) ∫ ([𝑦 − 𝑥]
+
+ [𝑧 − 𝑦]

+
+ [𝑥 − 𝑧]

+
) 𝑑𝜇

𝑑

> (𝐶)∫ ([𝑥 − 𝑦]
+
+ [𝑦 − 𝑧]

+
+ [𝑧 − 𝑥]

+
) 𝑑𝜇,

(A.6)

and from supermodularity of 𝜇 and submodularity of 𝜇𝑑

(𝐶) ∫ [𝑦 − 𝑥]
+
𝑑𝜇

𝑑
+ (𝐶)∫ [𝑧 − 𝑦]

+
𝑑𝜇

𝑑
+ (𝐶)∫ [𝑥 − 𝑧]

+
𝑑𝜇

𝑑

> (𝐶)∫ [𝑥 − 𝑦]
+
𝑑𝜇 + (𝐶)∫ [𝑦 − 𝑧]

+
𝑑𝜇

+ (𝐶)∫ [𝑧 − 𝑥]
+
𝑑𝜇.

(A.7)

However, 𝑥>
𝜇
𝑦means (𝐶) ∫ [𝑥 − 𝑦]+𝑑𝜇 ≥ (𝐶) ∫ [𝑦 − 𝑥]+𝑑𝜇𝑑

and 𝑦>
𝜇
𝑧 means (𝐶) ∫ [𝑦 − 𝑧]+𝑑𝜇 ≥ (𝐶) ∫ [𝑧 − 𝑦]

+
𝑑𝜇

𝑑.
Therefore, above inequality can only hold if

(𝐶) ∫ [𝑧 − 𝑥]
+
𝑑𝜇 < (𝐶)∫ [𝑥 − 𝑧]

+
𝑑𝜇

𝑑 (A.8)

which means 𝑧 ̸>
𝜇
𝑥.

If the measure 𝜇 is supermodular, also transitivity of
the relation can be shown. Before we can show this, we
need to introduce a notation and a corresponding lemma.
The notation refers to computing the (asymmetric) Choquet
integral of 𝑥 by measure 𝜇 in a “different order.” If 𝑥

𝑥(𝑖)

indicates the 𝑖th largest element of 𝑥, then the Choquet
integral is calculated as

(𝐶) ∫ 𝑥𝑑𝜇 = 𝑥𝑥(1)𝜇𝑥(1)

+

𝑛

∑

𝑖=2

𝑥
𝑥(𝑖)
[𝜇

𝑥(1)𝑥(2)⋅⋅⋅𝑥(𝑖)
− 𝜇

𝑥(1)⋅⋅⋅𝑥(𝑖−1)
] .

(A.9)

For any other𝑦, we can compute the same expression, just
following the order of the elements of 𝑦 instead of 𝑥. Then,
𝑥
𝑦(𝑖)

indicates the element of𝑥with the index of the 𝑖th largest
element of 𝑦, and we define (for convenience, we still use the
symbol for the Choquet integral, keeping in mind that it is
not a real fuzzy integral anymore):

(𝐶) ∫
(𝑦)

𝑥𝑑𝜇 = 𝑥
𝑦(1)
𝜇
𝑦(1)

+

𝑛

∑

𝑖=2

𝑥
𝑦(𝑖)
[𝜇

𝑦(1)𝑦(2)⋅⋅⋅𝑦(𝑖)
− 𝜇

𝑦(1)⋅⋅⋅𝑦(𝑖−1)
] .

(A.10)
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Consequently, we could also write (𝐶) ∫
(𝑥)
𝑥𝑑𝜇 for the

“original” Choquet integral. We can do the same for the
asymmetric Choquet integral, by applying the resorting to the
negative components of the vector 𝑥 as well, and will use the
notation (ASC) ∫

(𝑦)
𝑥 𝑑𝜇 here. Now, we have the following.

Lemma 26. If 𝜇 is a supermodular measure, then for any
𝑦 ( ASC ) ∫

(𝑦)
𝑥 𝑑𝜇 ≥ ( ASC ) ∫

(𝑥)
𝑥𝑑𝜇.

Proof. A moment of reasoning gives that any sorting of the
indizes can be achieved by suitable application of a sequence
of three kinds of “neighbour swaps”, starting from the order
𝑥(1)𝑥(2) ⋅ ⋅ ⋅ 𝑥(𝑛)).

Swap 1. In the computation of the integral, a larger or
equal nonnegative element 𝑑

𝑖
at index 𝑖 is swapped with its

immediate nonnegative neighbour 𝑑
𝑖+1

to the right. Then,
what was computed as 𝑑

𝑖
(𝜇

𝑎,𝑖
−𝜇

𝑎
) +𝑑

𝑖+1
(𝜇

𝑎,𝑖,𝑖+1
−𝜇

𝑎,𝑖
) before

the swap changes to 𝑑
𝑖+1
(𝜇

𝑎,𝑖+1
−𝜇

𝑎
) + 𝑑

𝑖
(𝜇

𝑎,𝑖,𝑖+1
−𝜇

𝑎,𝑖+1
) after

the swap, all other parts of the resorted asymmetric Choquet
integral expression remain the same (by 𝑎 we indicate the
index order before index 𝑖). Thus, the total change is

𝑑
𝑖
(𝜇

𝑎,𝑖,𝑖+1
− 𝜇

𝑎,𝑖+1
− 𝜇

𝑎,𝑖
+ 𝜇

𝑎,𝑖
)

− 𝑑
𝑖+1
(𝜇

𝑎,𝑖,𝑖+1
− 𝜇

𝑎,𝑖
− 𝜇

𝑎,𝑖+1
+ 𝜇

𝑎,𝑖
) ,

(A.11)

and from 𝑑
𝑖
≥ 𝑑

𝑖+1
and 𝜇

𝑎,𝑖,𝑖+1
+ 𝜇

𝑎
≥ 𝜇

𝑎,𝑖+1
+ 𝜇

𝑎,𝑖

(supermodularity of 𝜇) it directly follows that the computed
value will not decrease by this swap.

Swap 2. In the computation of the integral, a larger or
equal negative element 𝑑

𝑖+1
at index 𝑖 + 1 is swapped with

its immediate negative left neighbour 𝑑
𝑖
. From a similar

evaluation as for Swap 1, it can be seen that also here, the value
of the computed expression will not decrease after the swap.

Swap 3. A nonnegative element at index 𝑖 is swapped with
its immediate negative neighbor to the right with index
(𝑖 + 1). Then, before the swap, we compute 𝑑

𝑖
(𝜇

𝑎,𝑖
− 𝜇

𝑎
) −

𝑑
𝑖+1
(𝜇

𝑎,𝑖,𝑖+1
− 𝜇

𝑎,𝑖
) (𝑑

𝑖+1
is the absolute value of the negative-

valued neighbour of 𝑑
𝑖
) and after the swap this part of the

expression changes to −𝑑
𝑖+1
(𝜇

𝑎,𝑖+1
− 𝜇

𝑎
) + 𝑑

𝑖
(𝜇

𝑎,𝑖,𝑖+1
− 𝜇

𝑎,𝑖+1
).

Then, the total change is

𝑑
𝑖
(𝜇

𝑎,𝑖,𝑖+1
− 𝜇

𝑎,𝑖+1
− 𝜇

𝑎,𝑖
+ 𝜇

𝑎
)

− 𝑑
𝑖+1
(𝜇

𝑎,𝑖+1
− 𝜇

𝑎
− 𝜇

𝑎,𝑖,𝑖+1
+ 𝜇

𝑎,𝑖
) .

(A.12)

Supermodularity of 𝜇 gives 𝜇
𝑎,𝑖
+ 𝜇

𝑎,𝑖+1
≤ 𝜇

𝑎
+ 𝜇

𝑎,𝑖,𝑖+1
and

therefore the factor of 𝑑
𝑖
in former expression is nonnegative

and the factor of 𝑑
𝑖+1

(which is the negation of the factor of
𝑑
𝑖
) is negative or 0.Therefore, the total change is nonnegative

as well.
Thus, with each of these swap operations, we will never

decrease the value of the expression, and starting from the
asymmetric Choquet integral for 𝑥 upon reaching the final
order the final value will be larger or equal.

An example might be helpful. Assume that the order in 𝑥
is (1 2 3 − 4 − 5) (a negative index should indicate that

the corresponding element of 𝑥 is negative) and in 𝑦 we have
the order (−5 3 1 2 −4) (so, 𝑦

5
is the largest component of

𝑦 and 𝑦
4
the smallest). Then, the order of swaps is as follows:

Swap 1 applied as (1 2 3
←→

−4 −5) gives (1 3 2 −4 −5);
Swap 1 applied as (1 3

←→
2 −4 −5) gives (3 1 2 −4 −5).

Next, Swap 2 applied as (3 1 2 −4 − 5
←→

) gives (3 1 2 −

5 − 4), Swap 3 applied as (3 1 2 − 5
←→

− 4) gives (3 1 −

5 2 − 4), Swap 3 applied as (3 1 − 5
←→

2 − 4) gives (3 −

5 1 2 −4), and finally Swap 3 applied as (3 − 5
←→

1 2 −4)

gives the order (−5 3 1 2 − 4) of 𝑦. Note also that in case
the elements of 𝑥 are not in that order we can always relabel
the indizes and measures correspondingly.

This means if we compute (using 𝑥 =

(𝑥
1
, 𝑥

2
, 𝑥

3
, −𝑥

4
, −𝑥

5
))

(ASC) ∫
(𝑦)

𝑥𝑑𝜇

= −𝑥
5
𝜇
5
+ 𝑥

3
(𝜇

3,5
− 𝜇

5
) + 𝑥

1
(𝜇

1,3,5
− 𝜇

3,5
)

+ 𝑥
2
(𝜇

1,2,3,5
− 𝜇

1,3,5
) − 𝑥

4
(𝜇

1,2,3,4,5
− 𝜇

1,2,3,5
)

(A.13)

instead of

(ASC) ∫ 𝑥 𝑑𝜇

= 𝑥
1
𝜇
1
+ 𝑥

2
(𝜇

1,2
− 𝜇

1
) + 𝑥

3
(𝜇

1,2,3
− 𝜇

1,2
)

− 𝑥
4
(𝜇

1,2,3,4
− 𝜇

1,2,3
) − 𝑥

5
(𝜇

1,2,3,4,5
− 𝜇

1,2,3,4
) ,

(A.14)

then (ASC) ∫
(𝑦)
𝑥 𝑑𝜇 ≥ (ASC) ∫ 𝑥 𝑑𝜇.

Using this Lemma, we can now easily show the following.

Theorem 27. If 𝜇 is a supermodular measure, then ≥
𝜇
is a

transitive relation.

Proof. For transitivity, we have to show that for any 𝑥, 𝑦, and
𝑧 such that 𝑥≥

𝜇
𝑦 and 𝑦≥

𝜇
𝑧 it follows that 𝑥≥

𝜇
𝑧. Now, 𝑥≥

𝜇
𝑦

means (ASC) ∫(𝑥 − 𝑦)𝑑𝜇 ≥ 0 and 𝑦≥
𝜇
𝑧 means (ASC) ∫(𝑦 −

𝑧)𝑑𝜇 ≥ 0. From supermodularity of 𝜇 and Lemma 26, then it
also follows that

(ASC) ∫
(𝑥−𝑧)

(𝑥 − 𝑦) 𝑑𝜇 ≥ (ASC) ∫ (𝑥 − 𝑦) 𝑑𝜇 ≥ 0,

(ASC) ∫
(𝑥−𝑧)

(𝑦 − 𝑧) 𝑑𝜇 ≥ (ASC) ∫ (𝑦 − 𝑧) 𝑑𝜇 ≥ 0.
(A.15)

However, by using the fact that

(ASC) ∫
(𝑥−𝑧)

(𝑥 − 𝑦) 𝑑𝜇 + (ASC) ∫
(𝑥−𝑧)

(𝑦 − 𝑧) 𝑑𝜇

= (ASC) ∫ (𝑥 − 𝑧) 𝑑𝜇,
(A.16)

we see that also

(ASC) ∫ (𝑥 − 𝑧) 𝑑𝜇 ≥ 0 (A.17)

which means 𝑥≥
𝜇
𝑧.
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[15] M. Köppen, “Relational optimization and its application: from
bottleneck flow control to wireless channel allocation,” Infor-
matica, vol. 24, no. 3, pp. 413–433, 2013.

[16] M. Sugeno, Theory of fuzzy integrals and its applications [Ph.D.
thesis], 1974.

[17] S. Michio, “Fuzzymeasures and fuzzy integrals: a survey,” Fuzzy
Automata and Decision Processes, vol. 78, no. 33, pp. 89–102,
1977.

[18] D. Denneberg, Non-Additive Measure and Integral, vol. 27,
Springer, 1994.

[19] G. Choquet, “Theory of capacities,”Annales de l’Institut Fourier,
vol. 5, pp. 131–295, 1954.
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We consider an auction design problem under network flow constraints. We focus on pricing mechanisms that provide fair
solutions, where fairness is defined in absolute and relative terms. The absolute fairness is equivalent to “no individual losses”
assumption.The relative fairness can be verbalized as follows: no agent can be treatedworse than any other in similar circumstances.
Ensuring the fairness conditionsmakes only part of the social welfare available in the auction to be distributed on puremarket rules.
The rest of welfare must be distributed without market rules and constitutes the so-called price of fairness. We prove that there exists
the minimum of price of fairness and that it is achieved when uniform unconstrained market price is used as the base price. The
price of fairness takes into account costs of forced offers and compensations for lost profits. The final payments can be different
than locational marginal pricing. That means that the widely applied locational marginal pricing mechanism does not in general
minimize the price of fairness.

1. Introduction

Classical auction (through the whole paper by “auction”
we mean closed double sealed exchange-like mechanism;
in other words an “auction” is a set of trading rules for
an exchange) mechanisms are based on the supply/demand
curves intersection which sets accepted and rejected offers
and determines the uniformmarket price. However, in many
real-world infrastructure economies, a commodity flow is
limited by the resources of somenetwork system.This leads to
a concept of the networked auctions [1]. Some examples come
from electricity [2], gas [3, 4], water [5], telecommunication
[6], and transportmarkets. Determination of auctionwinners
not only must be based on economic grounds, but also
must be aligned with network system resources, for example,
transmission grid, water transmission network, telecommu-
nication network, and road network resources.

In [1] the network winner determination problem
(NWDP), an extension of classical winner determination
problem (WDP)with consideration of network resources, has
been introduced.Thismodel solves only the problemof social
welfare maximization, but there is still the question of how
social welfare should be distributed between the market par-
ticipants. In classical auctions, the marginal pricing principle
is usually applied, which provides the solution acknowledged

to be fair. In case of networked auctions the fairness condi-
tions can be disrupted and uniformmarket pricing cannot be
used.

To address fairness in the electricity markets, the loca-
tional marginal pricing (LMP) was introduced by Schweppe
[7] and further developed by Hogan [8]. LMP sets the
marginal prices at each node. Although this approach is
widely recognized in a context of electricitymarkets, the LMP
and similarmarginal nodal pricing policies are also addressed
for other markets [3, 5, 9]. The LMP has several flaws [10].
One of the main shortcomings is only partial distribution
of social welfare between market participants. This means
that there is some price that is paid to restore the fairness
conditions.

In this paper we introduce the price of fairness (PoF) for
networked auctions. We focus on multicommodity sealed-
bids auctions. Our main theorem proves that the minimal
PoF can be achieved if the unconstrainedmarket price is used
for settlements and some additional nodal components are
paid at each node. This means that widely used locational
marginal pricing approach does not minimize the PoF. Till
now, there is very little literature devoted to fair networked
auctions, and business is focused on LMP-like mechanisms.
We think that our main result is to show that there is
a wide interesting spectrum of fair auction mechanisms
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for networked systems. This spectrum should be further
investigated including also aspects other than the PoF.

The paper is organised as follows. A discussion of related
works is provided in Section 2. In Section 3, we introduce
basic notions: the general model of networked auction with
its components (a special case of winner determination
problem and value mechanism) and the problem of finding
the best value mechanism. The concept of fairness in the
context of networked auction is introduced in Section 4. The
main results of the paper are presented in Section 5.We define
the price of fairness and analyze it in the space of possible
valuemechanisms.We conclude andpresent some interesting
future directions in Section 6.

2. Related Literature

The concept of fairness plays an important role in resource
allocation problems [11–13]. Although fairness is a subjective
notion, it implies equity and impartiality [14]. To achieve
these conditions several ways of specifying the fairness
are considered in the literature. Usually, some measure of
inequality is to be minimized [15, 16]. The simplest measures
are based on the absolute measurement of the spread of out-
comes, for example, mean or maximum absolute difference,
or measurement relative to the mean outcome, for example,
mean absolute deviation or Gini coefficients [17, 18]. Unfor-
tunately, direct minimization of typical inequality measures
is in contradiction with optimization of individual outcomes
[19]. One can use an aggregation function to solve the prob-
lem; however this function should satisfy several require-
ments [20]. Various solution concepts can be achieved
when logarithmic function is used to obtain fair aggregation
[20]. The concept of equitably efficient solution is another
approach, which was formalized in [21].

Unfortunately, all of these concepts of fairness and their
underlying axiomatisation cannot be applied directly when
the allocation is performed via auction mechanism. In this
case, the fairness concept must take into consideration the
prices of bids and thus different utility of bidders. Moreover,
the incompleteness of information possessed by each bidder
is also important.

Auction has been widely considered as a mechanism
of resource allocation in selfish, multiagents environments
[22]. Although the theoretical literature on auctions is rich
and multidimensional, fairness issues are relatively rare. In
[23], two notions of fairness are introduced for combinatorial
auctions: the basic fairness and the extended fairness. The
basic fairness is related to conditions that must be satisfied to
leave each agent with the feeling that he has a fair share. The
extended fairness ensures envy-free allocation, which means
that each agent is at least as happy with his share as he would
be with share of any other agent.

Murillo et al. [24] consider a recurrent auction model
equipped with reservation price. In this setting, no selling
offer below its reservation price can be winning. The incor-
poration of the reservation price forces the introduction of
fairness considerations. The problem considered in [24] is
a policy of setting the reservation prices to assure fairness

condition understood as a similar probability of winning for
every bidder.

Wu et al. [25] consider fairness in the sealed-bid auctions
rather more on procedural level than the market clearing
rules. In order to mitigate the possibilities for collusion or
cheating, they consider when and how the sealed bids should
be opened.

The concept of fairness for multicommodity auctions
has been formalized by Toczyłowski in [26]. We follow this
concept in our paper and we discuss the details in Section 4.

The term price of fairness has been introduced in [27].
In this work, the PoF has been analyzed in the context of
general resource allocation problem. The authors define PoF
as a relative system efficiency loss under fair conditions of the
allocation. A characterization of the PoF for a broad spectrum
of allocation problems is also provided in [27].

There are also some studies, that refer to the PoF indi-
rectly; They consider loss of efficiency due to fair conditions,
mainly in allocation problems. In most works, the price
of fairness or similar notion is defined as the performance
loss incurred relative to utility, in making allocations under
one of several possible fairness criteria formulations. In [28]
some numerical computations for efficiency loss in several
network configurations are presented under consideration of
proportional andmax-min fairness. Butler andWilliams have
proved that, for certain class of facility location problem, the
price of fairness is zero [29]. Mo and Walrand have studied
some family of parameterised objective of bandwidth alloca-
tions [30]. The max-min fairness and proportional fairness
are special cases of this family.

In [26] the fairness is defined by a set of requirements that
must be satisfied in a fair solution of auction with uniform
pricing. In our paper we follow this work and extend the anal-
ysis to the case of nodal pricing. Differentiation of buy and
sell market prices is discussed in [31] with an application to
electricity market. We derive the concept of separated prices
for buying and selling from this work. However, we consider
more general class of auction models.

The price of anarchy is somehow similar concept to the
PoF [32, 33]. It measures the system efficiency loss due to
selfish behaviour of the agents. The PoA and PoF are only
partially overlapped. Even if the agents would play truly, the
PoF can be positive. However, the increase of PoA can be
related to higher PoF that results from deficiency of consid-
ered auction mechanism.

3. Networked Auctions

We consider an organized market in which the sellers and
buyers submit their offers. Then, the auction mechanism is
run to find the winning offers and to set the value flows.
The auction rules can be divided into two steps: the winners
determination and the pricing.

3.1. Winners Determination Problem. Let us assume that an
infrastructure network is modeled by graph 𝐺, where 𝑉 is
a set of vertices and 𝐸 is a set of edges [4]. We assume that
graph 𝐺 is defined by an incidence matrix 𝑎 = [𝑎

𝜐𝑒
]. To make

the notation simpler, we also assume that 𝐺 is a connected
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graph. Any solution to the winners determination problem is
equivalent to some flows in the 𝐺 and must satisfy Kirchoff ’s
laws. Each sell offer is related to a commodity that can be
injected by a seller into the network at a given node. Similarly,
any buy offer is related to a commodity that can be taken by
a buyer from the network at a given node.

Definition 1 (vertex-oriented network winner determination
problem,VWDP). The sellers submit the set of offers 𝑗 ∈ J =

{1, 2, . . . , 𝐽}. An offer 𝑗 is a tuple ⟨𝑐
𝑗
, 𝑞

max
𝑗

⟩, where 𝑐
𝑗

≥ 0 is
an offered unit price, and 𝑞

max
𝑗

≥ 0 is the maximal offered
volume of a commodity. The buyers submit a set of offers
𝑚 ∈ B = {1, 2, . . . , 𝐵}. An offer 𝑚 is a tuple ⟨𝑒

𝑚
, 𝑑

max
𝑚

⟩,
where 𝑒

𝑚
≥ 0 is an offered unit price, and 𝑑

max
𝑚

is the
maximal demanded volume of a commodity. Without loss
of generality, to simplify the notation, we assume that each
seller and each buyer are located in different node. Thus, the
indexes of sellers and buyers can be also used for indexing
the nodes. Let 𝑉𝐽 = J ⊆ 𝑉 be a set of seller nodes and let
𝑉
𝐵

= B ⊆ 𝑉 be a set of buyer nodes. The vertex-oriented
network winner determination problem (VWDP) is to find
a set of winning offers and their volumes (𝑞

𝑗
) and (𝑑

𝑚
),

0 ≤ 𝑞
𝑗

≤ 𝑞
max
𝑗

and 0 ≤ 𝑑
𝑚

≤ 𝑑
max
𝑚

, which is balanced
(∑
𝑗∈J 𝑞
𝑗
= ∑
𝑚∈B 𝑑

𝑚
) and social welfare-maximizing under

the network flow constraints:

∑

𝑒∈𝐸

𝑎
𝜐𝑒
𝑓
𝑒
=

{{

{{

{

𝑞
𝜐

𝜐 ∈ 𝑉
𝐽
,

0 𝜐 ∉ 𝑉
𝐽
∪ 𝑉
𝐵
,

−𝑑
𝑚

𝜐 ∈ 𝑉
𝐵
,

∀𝜐 ∈ 𝑉,

(1)

where 𝑓
𝑒
is the commodity flow over edge 𝑒 and 𝑞

𝑗
and 𝑑

𝑚

are the accepted volumes of sell offer 𝑗 and buy offer 𝑚,
respectively. The VWDP maximizes the natural utilitarian
criterion—the sum of the surpluses of all individual players.
Full formulation of VWDP is a simple extension of classical
auction models [26] and can be expressed as linear pro-
gramme.

3.2. Value Mechanism. The maximal total social welfare 𝑄 =

∑
𝑚∈𝑀

𝑒
𝑚
𝑑
𝑚

− ∑
𝑗∈𝐽

𝑐
𝑗
𝑞
𝑗
is achieved by solving VWDP. The

buyers and sellers are selfish and tend to maximize their
individual profits. Thus, we should notice that the submitted
offers could be different than the market participants’ true
valuations, and then𝑄would not be a true social welfare, but
rather “declared” market surplus [31].

The value mechanism is responsible for the surplus
distribution. The distribution is usually expressed with the
use of payment information I, which may include market
price, payments for individual offers, and other information.
For instance, there are marginal prices at each node in I in
case of LMPmechanism.ThemechanismM is defined as the
following mapping:

M : (𝑒, 𝑐, 𝑑, 𝑞) → I. (2)

A very generic approach to modeling the value mecha-
nisms was formulated by Toczyłowski and called parametric

0

𝜋0

𝜋l𝜋k

𝜋
0l𝜋 k

0

k l

Figure 1: Model of pricing with nodal prices 𝜋
𝑘
, 𝜋
𝑙
, virtual node

price 𝜋
0
, and transmission prices 𝜋

𝑘0
and 𝜋

0𝑙
.

balancing model [26]. It introduces a virtual node denoted by
0 and connected to each other node. There are market price
𝜋
0
at virtual node and nodal prices 𝜋

𝜐
at every node in 𝑉. If

commodity is injected to the network at node 𝑘 ∈ 𝑉 and 𝜋
𝑘

is the nodal price, then 𝜋
𝑘0

= 𝜋
0
− 𝜋
𝑘
is the unit cost of com-

modity transport from node 𝑘 to the virtual node 0. Similarly,
if node 𝑙 ∈ 𝑉 is a consumption node with nodal price 𝜋

𝑙
then

𝜋
0𝑙

= 𝜋
𝑙
− 𝜋
0
is the unit cost for commodity transport from

the virtual node 0 to node 𝑙 (see Figure 1).

3.3. Problem of Finding the Best Value Mechanism. Let
us assume that there is a set of 𝐿 quality measures
{𝑄
1
(M), . . . , 𝑄

𝐿
(M)} of pricingmechanisms, where function

𝑄
𝑙
: M → R is such that if 𝑄

𝑙
(M
1
) > 𝑄
𝑙
(M
2
), then mecha-

nismM
1
is strictly preferred over themechanismM

2
accord-

ing to the measure 𝑙. Quality measures introduce the partial
order to the space of mechanisms. Then, the problem of
finding the best mechanism is defined as follows:

max
M

{𝑄
1 (M) , . . . , 𝑄𝐿 (M)} . (3)

For a given pricing mechanism it is interesting whether
it is nondominated solution of multicriteria problem (3). In
the next sections we will formulate a bit narrower space of
possible mechanisms and we will analyze possible pricing
mechanisms according to the PoF criterion.

4. Concept of Fairness

For a given set of nodal prices (𝜋
𝜐
) the set of offers can be

divided into competitive and noncompetitive subsets. A sell
(buy) offer at node 𝑗/𝑚 is competitive if nodal price 𝜋

𝑗
/𝜋
𝑚

is higher/lower than or equal to the offer price, that is, if
𝑐
𝑗

≤ 𝜋
𝑗
/𝑒
𝑚

≥ 𝜋
𝑚
. An offer 𝑗 is strictly competitive if 𝑐

𝑗
<

𝜋
𝑗
or 𝑒
𝑚

> 𝜋
𝑚
. A sell (buy) offer 𝑗/𝑚 is considered to be

noncompetitive offer if the nodal price is lower/higher than
the offer price, that is, if 𝑐

𝑗
> 𝜋
𝑘
/𝑒
𝑚

< 𝜋
𝑘
. If an accepted (fully

or partially) offer is also noncompetitive offer then it is called
forced offer.

Two notions of fairness have been introduced in [26]:
absolute fairness and relative fairness.

4.1. Absolute Fairness. Fairness in absolute sense means that
no offer brings individual loss. Figure 2 illustrates an accepted
(forced) sell offer 𝑗. Since the seller is paid with nodal price 𝜋

𝑗

lower than the offer price 𝑐
𝑗
, the entity gains loss 𝑞

𝑗
(𝑐
𝑗
−𝜋
𝑗
). To
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𝜋k

qj
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)
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j

Figure 2: Cost 𝑅
𝑆
(𝑗) of forced sell.

compensate the loss, the cost of forced sell 𝑅
𝑆
(𝑗) = (𝑐

𝑗
−𝜋
𝑗
)𝑞
𝑗

must be also paid to the seller 𝑗. Of course, if it is possible
to set nodal prices, that make each offer competitive, then
no individual losses appear. A mechanism M can ensure no
individual losses either by directly setting prices or by
additional payment of losses compensation 𝑅

𝑆
(𝑗).

Similarly, the compensation of competitive buyer losses
should be introduced. For forced buy offer the compensation
is 𝑅
𝐵
(𝑚) = (𝜋

𝑚
−𝑒
𝑚
)𝑑
𝑚
. According to the concept of fairness

introduced in [26], a mechanismM is fair in absolute sense if
it ensures no individual losses.

4.2. Relative Fairness. Mechanism is fair in the relative sense
if none of the parties can claim to be treated worse than
others. This means that each strictly competitive offer must
be fully accepted. For instance, a seller can claim to be treated
clearly unfair if his offer price is lower than market nodal
price, but his offer is not winning. If such situation cannot be
avoided, the compensations for the loss of profit 𝑅0

𝑆
(𝑗) should

be introduced. Figure 3 illustrates the compensation for a sell
offer 𝑗 which is 𝑅

0

𝑆
(𝑗) = (𝑞

max
𝑗

− 𝑞
𝑗
)(𝜋
𝑗
− 𝑐
𝑗
). Similarly, the

compensation for uncompetitive buy offer 𝑚 is defined as
𝑅
0

𝐵
(𝑚) = (𝑑

max
𝑚

− 𝑑
𝑚
)(𝑒
𝑚

− 𝜋
𝑚
).

Also, two participants connected with undersaturated
edge should have the same nodal prices. If this would not
be satisfied, then the entity with the worse nodal price could
trade in the neighbor’s node with better profits.

AmechanismM is fair if it satisfies fairness conditions in
absolute and relative senses.

5. Analysis of Fairness

5.1. Price of Fairness. Let 𝑄 be the social welfare resulting
from the optimal solution of VWDP. LetM be a mechanism
that satisfies absolute and relative fairness conditions. The
mechanism produces somewelfare distribution. Some part of
the social welfare is distributed under pure market rules. The
sellers obtain 𝑄

𝑆
= ∑
𝑗∈J max{0, 𝜋

𝑗
− 𝑐
𝑗
} ∗ 𝑞
𝑗
and the buyers

cj

𝜋k

qj

Units

($
)

qmax
j

R0
S(j)

Figure 3: Loss of profits 𝑅0
𝑆
(𝑗) for rejected, competitive sell offer.

gain 𝑄
𝐵

= ∑
𝑚∈B max{0, 𝑒

𝑚
− 𝜋
𝑚
} ∗ 𝑑
𝑚
. Some part of the

social welfare is also distributed via lost profit compensations:
𝑅
0

𝑆
(𝑗) and 𝑅

0

𝐵
(𝑚). Finally, some social welfare may be not

distributed and market becomes imbalanced.
The difference between total social welfare and welfare

distributed under the pure market rules is a price that must
be paid to maintain fairness [34]. It can be partially paid as
the compensations or it becomes an unbalanced value that
should be allocatedwith some additional, notmarket,mecha-
nism (like fees and subsidies).We call this difference the price
of fairness (PoF).

5.2. Space of Value Mechanisms. Let 𝑒 = (𝑒
𝑚
), 𝑐 = (𝑐

𝑗
), 𝑑 =

(𝑑
𝑚
), 𝑞 = (𝑞

𝑗
), 𝜋 = (𝜋

𝜐
), 𝑅
𝑆
= (𝑅
𝑆
(𝑗)), 𝑅

𝐵
= (𝑅
𝐵
(𝑚)), 𝑅0

𝑆
=

(𝑅
0

𝑆
(𝑗)), 𝑅0

𝐵
= (𝑅
0

𝐵
(𝑚)). Let us define M the space of value

mechanisms as follows:

M = {M : (𝑒, 𝑐, 𝑑, 𝑞) → (𝜋, 𝜋
0
, 𝑅
𝑆
, 𝑅
𝐵
, 𝑅
0

𝑆
, 𝑅
0

𝐵
)} . (4)

The space M is quite general. It covers LMP mechanism
(𝑅
𝑆
= 𝑅
𝐵
= 𝑅
0

𝑆
= 𝑅
0

𝐵
= 0 and 𝜋 are marginal). Also the single

uniform price model is inM (𝜋
0
is uniformmarket price and

𝜋
𝜐
= 𝜋
0
, ∀𝜐 ∈ 𝑉).

Moreover, for the sake of generality, we also consider
the mechanisms that, unlike the LMP or classical uniform
pricing, assume two nodalmarket prices at each node: buying
price 𝜋𝐵

𝜐
and selling price 𝜋

𝑆

𝜐
.The idea of differentiation of sell

and buy prices has been proposed in [26] anddiscussed in [31]
in the context of balancing electrical energy market.

5.3. PoF Minimization. In the perfect situation, when no
congestion manifests in the network, the maximal economic
benefit𝑄𝑢 = ∑

𝑚∈B 𝑒
𝑚
∗𝑑
𝑢

𝑚
−∑
𝑗∈J 𝑐
𝑗
𝑞
𝑢

𝑗
can be reached, where

𝑑
𝑢

𝑚
and 𝑞
𝑢

𝑗
are the accepted volumes under neglected network

constraints assumption. We will call the solution 𝑑
𝑢

= (𝑑
𝑢

𝑚
),

𝑞
𝑢

= (𝑞
𝑢

𝑗
) of the VWDP with network constraints neglected

the unconstrained solution.The related social welfare𝑄
𝑢 will

be called the unconstrained welfare. In most cases, as a result
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of limited resources in the system, the loss of aggregated
economic benefits is observed. We refer to the solution 𝑑 =

(𝑑
𝑚
), 𝑞 = (𝑞

𝑗
) as constrained solution for which constrained

social welfare 𝑄 is obtained. Let 𝐷 be the total trade volume,
𝐷 = ∑

𝑗
𝑞
𝑗
= ∑
𝑗
𝑞
𝑢

𝑗
.

Lemma 2. Price of fairness can be expressed as follows:

PoF = (𝜋
𝐵

0
− 𝜋
𝑆

0
)𝐷 + ∑

𝑗

𝜋
𝑗0
𝑞
𝑗
+ ∑

𝑖

𝜋
0𝑖
𝑑
𝑖
. (5)

Proof. Market sell cost received by the sellers is

𝐾(𝜋
𝑆

0
, (𝜋
𝑗0
)) = ∑

𝑗

(𝜋
𝑆

0
− 𝜋
𝑗0
) 𝑞
𝑗
+ 𝑅
𝑆
+ 𝑅
0

𝑆
. (6)

Market buy cost received by the buyers is

𝑍(𝜋
𝐵

0
, (𝜋
0𝑖
)) = ∑

𝑖

(𝜋
𝐵

0
+ 𝜋
0𝑖
) 𝑑
𝑖
− 𝑅
𝐵
− 𝑅
0

𝐵
. (7)

The basic balance is as follows: 𝐾(𝜋
𝑆

0
, (𝜋
𝑗0
)) + 𝑄

0
=

𝑍(𝜋
𝐵

0
, (𝜋
0𝑖
)), where 𝑄

0 is an imbalance of the market. Thus
∑
𝑗
(𝜋
𝑆

0
−𝜋
𝑗0
)𝑞
𝑗
+𝑅
𝑆
+𝑅
0

𝑆
+𝑄
0
= ∑
𝑖
(𝜋
𝐵

0
+𝜋
0𝑖
)𝑑
𝑖
−𝑅
𝐵
−𝑅
0

𝐵
, and after

transformation𝑄
0
+𝑅
𝑆
+𝑅
𝐵
+𝑅
0

𝑆
+𝑅
0

𝐵
= ∑
𝑖
(𝜋
𝐵

0
+𝜋
0𝑖
)𝑑
𝑖
−∑
𝑗
(𝜋
𝑆

0
−

𝜋
𝑗0
)𝑞
𝑗
, and after further simplifications𝑄0+𝑅

𝑆
+𝑅
𝐵
+𝑅
0

𝑆
+𝑅
0

𝐵
=

(𝜋
𝐵

0
− 𝜋
𝑆

0
)𝐷 + ∑

𝑖
𝜋
0𝑖
𝑑
𝑖
+ ∑
𝑗
𝜋
𝑗0
𝑞
𝑗
.

Let us analyze the properties of 𝐾(𝜋
𝑆

0
, (𝜋
𝑗0
)). For given

values of (𝜋
𝑗0
) we obtain the market sell cost function 𝐾(𝜋

𝑆

0
)

of one variable 𝜋
𝑆

0
. If 𝜋𝑆
0
is sufficiently small (i.e., it is below

each of the offer prices), then the function 𝐾(𝜋
𝑆

0
) is equal to

some minimal value 𝐾
0
. Function 𝐾(𝜋

𝑆

0
) increases with 𝜋

𝑆

0

increase.𝐾(𝜋
𝑆

0
) is a continuous, convex function (the deriva-

tive of this function is equal to volume of sell offers and prices
lower than 𝜋

𝑆

0
).

Similar analysis can be done for function𝑍(𝜋
𝐵

0
, (𝜋
0𝑖
)). For

given values of (𝜋
0𝑖
) we obtain function 𝑍(𝜋

𝐵

0
), which for

sufficiently big price 𝜋
𝐵

0
, no less than the maximal offer price,

is equal to sell value 𝑍
0
. When the value of 𝜋

𝐵

0
goes down,

the function 𝑍(𝜋
𝐵

0
) becomes decreasing and its derivative is

increasing. So, it is continuous, concave function.
Functions 𝐾(𝜋

𝑆

0
) and 𝑍(𝜋

𝐵

0
) are illustrated in Figure 4. It

is easy to see from (5) and Figure 4 that, for given values (𝜋
𝑗0
)

and (𝜋
0𝑖
), the PoF function of market prices 𝜋

𝑆

0
and 𝜋

𝐵

0
is a

convex function. Let us denote the value of market trade by
𝑊 = 𝐾(𝜋

𝑆

0
) + 𝑄
0
= 𝑍(𝜋

𝐵

0
) for given values (𝜋

𝑗0
) and (𝜋

0𝑖
).

Lemma 3. The PoF is a convex function with respect to the
value of market trade 𝑊.

Proof. Theproof of convexity of function (𝜋
𝐵
−𝜋
𝑆
)𝐷, without

congestion costs, is provided in [26]. For fixed congestion
costs, that is, for given values of (𝜋

𝑗0
) and (𝜋

0𝑖
), PoF(𝑊) is

a function of market trade value𝑊 in the range [𝐾
0
, 𝑍
0
] and

it is a convex function (see Figure 4).

Market prices
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Figure 4: Market sell cost and market buy cost functions.

Notice that above property is true for all values of (𝜋
𝑗0
)

and (𝜋
0𝑖
). Any change in values of (𝜋

𝑗0
) results in parallel

shift of the function 𝐾(𝜋
𝑆

0
) by the value −∑

𝑗
𝜋
𝑗0
𝑞
𝑗
. Any

change in values of (𝜋
0𝑖
) results in parallel shift of function

𝑍(𝜋
𝐵

0
) by ∑

𝑗
𝜋
0𝑖
𝑑
𝑗
. Due to market balance, any deviation in

∑
𝑗
𝜋
𝑗0
𝑞
𝑗
must be compensated by a change in ∑

𝑗
𝜋
0𝑖
𝑑
𝑗
; thus

∑
𝑗
𝜋
𝑗0
𝑞
𝑗
+ ∑
𝑗
𝜋
0𝑖
𝑑
𝑗
is constant. Finally, any shift in 𝐾(𝜋

𝑆

0
)

must also result in the same shift in𝑍(𝜋
𝐵

0
). For different prices

(𝜋
𝑗0
) and (𝜋

0𝑖
) the gap between 𝐾(𝜋

𝑆

0
) and 𝑍(𝜋

𝐵

0
) is constant

and PoF(𝑊) does not change when the values (𝜋
𝑗0
) and (𝜋

0𝑖
)

are changing.Therefore, PoF(𝑊) is a convex function for any
prices (𝜋

𝑗0
) and (𝜋

0𝑖
).

Now, we will show that the minimum of PoF is reached
for market price 𝜋

0
= 𝜋
𝑢. First, in the following two lemmas

we consider two cases: (1) market price 𝜋
0
is lower than 𝜋

𝑢;
(2) market price 𝜋

0
is greater than 𝜋

𝑢.

Lemma 4. ThePoF for market price 𝜋
0
= 𝜋
𝑢 is lower than PoF

for 𝜋
0
< 𝜋
𝑢.

Proof. We assume that congestions involve some reduction
of accepted volume of offers from set 𝐽

𝑅 with total reduced
volume 𝑞

𝑅
= ∑
𝑗∈𝐽
𝑅(𝑞
𝑢

𝑗
− 𝑞
𝑗
). Because these offers would be

accepted in the unconstrained market, their prices must be
lower than 𝜋

𝑢. To meet the demand𝐷, the reduction must be
compensated by some forced offers. Let us denote the set of
these offers by 𝐽

𝑊.Their pricesmust be not lower than𝜋
𝑢 and

their total volume is 𝑞
𝑅

= ∑
𝑗∈𝐽
𝑊(𝑞𝑗 − 𝑞

𝑢

𝑗
). Now, we will con-

sider a decrease of market price by the value 𝜋
𝑢
−𝜋
0
. It would

decrease the compensations by the value (𝜋
𝑢
− 𝜋
0
) ∗ 𝑞
𝑅, if

𝜋
0
is higher than 𝑐

𝑗
for 𝑗 ∈ 𝐽

𝑅, or the decrease would be even
smaller if some of the offers would become competitive. Total
change of compensation is determined as follows:

∑

𝑗∈𝐽
𝑅
,𝑐
𝑗
≤𝜋
0

(𝜋
𝑢
− 𝜋
0
) ∗ (𝑞

𝑢

𝑗
− 𝑞
𝑗
)

+ ∑

𝑗∈𝐽
𝑅
,𝑐
𝑗
>𝜋
0

(𝜋
𝑢
− 𝑐
𝑗
) ∗ (𝑞

𝑢

𝑗
− 𝑞
𝑗
) .

(8)
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The above expression can be also rewritten in the following
form:

∑

𝑗∈𝐽
𝑅

(𝜋
𝑢
− 𝜋
0
) ∗ (𝑞

𝑢

𝑗
− 𝑞
𝑗
)

− ∑

𝑗∈𝐽
𝑅
,𝑐
𝑗
>𝜋
0

(𝑐
𝑗
− 𝜋
0
) ∗ (𝑞

𝑢

𝑗
− 𝑞
𝑗
) .

(9)

Decreasing themarket price causes increase in costs of forced
sell with value (𝜋

𝑢
− 𝜋
0
) ∗ 𝑞
𝑗
for 𝑗 ∈ 𝐽

𝑊 and (𝑐
𝑗
− 𝜋
0
) ∗ 𝑞
𝑗
for

𝑗 ∈ 𝐽
𝑅 and 𝑐

𝑗
> 𝜋
0
. Total change in the PoF is as follows:

increase of forced costs

− decrease of cost of compensations

= (𝜋
𝑢
− 𝜋
0
) ∗ 𝑞
𝑅
+ ∑

𝑗∈𝐽
𝑅
,𝑐
𝑗
>𝜋
0

(𝑐
𝑗
− 𝜋
0
) ∗ 𝑞
𝑗

− (𝜋
𝑢
− 𝜋
0
) ∗ 𝑞
𝑅
+ ∑

𝑗∈𝐽
𝑅
,𝑐
𝑗
>𝜋
0

(𝑐
𝑗
− 𝜋
0
) ∗ (𝑞

𝑢

𝑗
− 𝑞
𝑗
)

= ∑

𝑗∈𝐽
𝑅
,𝑐
𝑗
>𝜋
0

(𝑐
𝑗
− 𝜋
0
) ∗ 𝑞
𝑗

+ ∑

𝑗∈𝐽
𝑅
,𝑐
𝑗
>𝜋
0

(𝑐
𝑗
− 𝜋
0
) ∗ (𝑞

𝑢

𝑗
− 𝑞
𝑗
) > 0.

(10)

Similar reasoning can be carried out for the buyers, showing
that decreasing 𝜋

0
leads to increase of the PoF.

Lemma 5. ThePoF for market price 𝜋
0
= 𝜋
𝑢 is lower than PoF

for 𝜋
0
> 𝜋
𝑢.

Proof. The proof is similar to the proof of the previous
lemma. Let us assume that congestions cause the reduction of
accepted volume of offers from the set 𝐽𝑅 with total volume
𝑞
𝑅

= ∑
𝑗∈𝐽
𝑅(𝑞
𝑢

𝑗
− 𝑞
𝑗
). Because these offers would be accepted

in the unconstrained market, their prices must be not higher
than 𝜋

𝑢. To meet the demand 𝐷, there must be also forced
increase of other offers. Let us denote these offers by 𝐽

𝑊.Their
prices must be not lower than 𝜋

𝑢 and their total volume is
𝑞
𝑅

= ∑
𝑗∈𝐽
𝑊(𝑞𝑗−𝑞

𝑢

𝑗
). Increase of market price by value 𝜋

0
−𝜋
𝑢

causes a compensation increase by value

∑

𝑗∈𝐽
𝑅

(𝜋
0
− 𝜋
𝑢
) ∗ (𝑞

𝑢

𝑗
− 𝑞
𝑗
) + ∑

𝑐
𝑗
=𝜋
𝑢

(𝜋
0
− 𝜋
𝑢
) ∗ (𝑞

max
𝑗

)

+ ∑

𝑗∈𝐽
𝑊
,𝑐
𝑗
<𝜋
0

(𝜋
0
− 𝑐
𝑗
) ∗ (𝑞

max
𝑗

− 𝑞
𝑗
)

+ ∑

𝑗:𝑞
𝑗
=0,𝜋
𝑢
<𝑐
𝑗
<𝜋
0

(𝜋
𝑢
− 𝑐
𝑗
) ∗ 𝑞

max
𝑗

.

(11)

The increase of market price causes the decrease cost of
forced sell by

∑

𝑗∈𝐽
𝑊
,𝑐
𝑗
>𝜋
0

(𝜋
0
− 𝜋
𝑢
) ∗ 𝑞
𝑗
+ ∑

𝑗∈𝐽
𝑊
,𝑐
𝑗
≤𝜋
0

(𝜋
0
− 𝑐
𝑗
) ∗ 𝑞
𝑗
. (12)

The above expression can be also rewritten as follows:

(𝜋
0
− 𝜋
𝑢
) ∗ 𝑞
𝑅
− ∑

𝑗∈𝐽
𝑊
,𝑐
𝑗
>𝜋
0

(𝜋
0
− 𝑐
𝑗
) ∗ 𝑞
𝑗
. (13)

Total change in PoF of balancing is as follows:

increase of cost of compensations

− decrease of forced costs

= (𝜋
0
− 𝜋
𝑢
) ∗ 𝑞
𝑅
+ ∑

𝑐
𝑗
=𝜋
𝑢

(𝜋
0
− 𝜋
𝑢
) ∗ (𝑞

max
𝑗

)

+ ∑

𝑗∈𝐽
𝑊
,𝑐
𝑗
<𝜋
0

(𝜋
0
− 𝑐
𝑗
) ∗ (𝑞

max
𝑗

− 𝑞
𝑗
)

+ ∑

𝑗:𝑞
𝑗
=0,𝜋
𝑢
<𝑐
𝑗
<𝜋
0

(𝜋
𝑢
− 𝑐
𝑗
) ∗ 𝑞

max
𝑗

− (𝜋
0
− 𝜋
𝑢
) ∗ 𝑞
𝑅
+ ∑

𝑗∈𝐽
𝑊
,𝑐
𝑗
>𝜋
0

(𝜋
0
− 𝑐
𝑗
) ∗ 𝑞
𝑗
> 0.

(14)

Similar reasoning can be carried out for the buyers, showing
that increasing 𝜋

0
leads to increase of the PoF.

Finally, we can formulate the theorem about the minimal
PoF.

Theorem 6. The minimum of PoF is achieved at the market
price 𝜋

𝑢 at every node.

Proof. The proof is clear on the basis of Lemma 3 about the
convexity of PoF and Lemmas 4 and 5 about local minimum
of PoF at price 𝜋

𝑢.

6. Summary

In the paper, we have introduced and analyzed the concept
of price of fairness. PoF reflects the social welfare that must
be distributed out of pure market mechanism to assure that
the final distribution is fair according to the absolute and
relative fairness definitions. Our main result is proving that
the PoF is a convex function with respect to the market value
𝑊. It means that there exists the unique minimum of PoF
function. In fact, we have proved that the minimal PoF is
achieved for theoretical uniform price 𝜋

𝑢 coming from the
unconstrained market solution. Instead of nodal marginality,
the costs of forced offers and compensations of lost profits
are paid. We observe that widely applied locational marginal
pricing mechanism does not in general minimize the PoF.

Our results open the doors for further investigations of
new mechanisms. We have shown that there is still a lot
of space for new mechanisms that can be even better than
locational marginal pricing, at least in some criteria, for
example, PoF. We have introduced the space of mechanism
M, which is promising to contain new interestingmechanism
designs. We believe that further researches should include
more quality measures of mechanism, for example, efficiency
market signals.
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The paper presents a method for optimising the wireless optical network that carries elastic packet traffic.The particular focus is on
modelling the effect of elastic traffic flows slowing down in response to the decrease of the optical transmission systems’ capacity
at bad weather conditions. A mathematical programming model of the network design problem is presented that assumes that
the packet rates of elastic traffic flows decrease fairly. While practically any subset of network links can be simultaneously affected
by unfavourable transmission conditions, a particular challenge of solving the problem results from a huge number of network
states considered in the model. Therefore, how the problem can be solved by generating the most unfavourable network states is
presented.Moreover, it is proved that it is entirely sufficient to consider only the states that correspond to the decrease of capacity on
a single link. Finally, as the general problem is nonlinear, it is shown that the problem can be transformed to a linear MIP problem
and solved effectively when single-path routing of traffic flows is assumed.

1. Problem Definition

The paper considers the problem of designing a wireless
optical network that carries elastic packet traffic. Each node
of the considered network is a packet router, while each
link connecting a pair of nodes is a packet link composed
of a number of optical wireless transmission systems (cf.
Figure 1).

Employing optical wireless transmission systems has
many advantages, the major one being that little network
infrastructure is required. Thus, the network can be installed
or expanded quickly and the installation process is com-
paratively inexpensive. The network is also very flexible as
far as reconfiguration is concerned—a node can be easily
reconnected to a different set of nodes and the transmission
equipment can be deinstalled and moved to another location
quickly. However, there are also disadvantages. For example,
the transmission systems are line-of-sight systems, which
means that the optical transmitter must see the optical
receiver. That limits the feasible network configurations and
may heavily influence the network design as shown in [1].

Themost important issue, however, is that the transmitted
signal is vulnerable to atmospheric conditions (smoke, fog,
smog, etc.) as the systems are wireless and no transmission

medium is used (cf. [2]). The worsening of atmospheric
conditions may heavily influence the quality of the received
optical signal. With that in mind, the optical wireless trans-
mission systems are designed to operate in a number of trans-
mission modes. Based on a specific scheme of signal coding
and modulation, each mode provides particular capacity of
the transmission system and particular robustness of the
optical signal to unfavourable transmission conditions—in
general, the higher the system’s bit-rate the lower the signal’s
robustness. Thus, using multiple schemes effectively solves
the trade-off between signal robustness and system capacity.

At perfect weather conditions the transmission systems
of the wireless optical network are supposed to operate using
the highest-capacity transmission mode, which provides the
maximum capacity of links. But when the signal propagation
conditions deteriorate, the operating mode of each affected
transmission system changes to a more robust one and the
capacity of network links decreases. Whenever the resulting
capacity of a network link is less than the total nominal
bandwidth of the information flows assigned to the link,
packet losses are inevitable.

With elastic packet traffic, packet losses will cause packet
sources to adapt (lower) their packet rate to match the
available network bandwidth. This behaviour is due to the
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Figure 1: An optical wireless network.

per session end-to-end flow control mechanisms of the
TCP data transport protocol. The packet rate of the TCP
session is increased linearly every time the sender application
receives an acknowledgement that a packet has reached the
destination, and the rate is decreased geometrically every
time a packet is lost (cf. Figure 2). Since the packet losses
happen randomly, arguably, the decrease of the packet rates
of the sessions on a given link must be fair, meaning
that the sessions with higher packet rates decrease the
rate first and all sessions decrease the rate to the same
value.

Changing the rate atwhich packets are sent directly affects
the perceived quality of service and should be controlled
by careful network design. The network design problem
considered in this paper consists in dimensioning the links
of a given optical wireless network and routing a given set
of elastic traffic flows so that the total cost of links (i.e.,
the total cost of the optical wireless transmission systems
installed on the links) does not exceed a given budget 𝐵 > 0,
and in nonnominal transmission conditions the bandwidth
that is assigned to any single traffic session is decreased
by at most a given factor 𝛾, 0 < 𝛾 < 1. Alternatively,
the objective of the design may be to minimise the total
cost of links or to maximise the minimal bandwidth reduc-
tion. It is assumed that any subset of network links can
be affected by unfavourable transmission conditions and
that the decrease of packet rates on an affected link is
fair.

The considered problem is similar to the classical prob-
lems of survivable network design (cf. [3]). However, there
are a couple of major differences. First, in this paper a
max-min fair distribution of traffic is considered instead
of the general one; moreover, the fairness is considered at
the level of individual sessions and not aggregated traffic
flows. The application of the max-min fairness concept in
network design and the approaches to solving max-min
fairness problems are discussed in [4, 5]. Second, designing
survivable networks is based on the notion of the set of
network states, which usually consists of the nominal (failure-
free) state and a number of nonnominal (failure) states.
And the particular issue considered in this paper (apart
from the fact that links do not fail but their capacity is
decreased instead) is that in the case of the optical wireless
network no meaningful set of nonnominal network states
can be defined (what is the extent of fog?)—actually, any
subset of links can be affected by unfavourable transmission
conditions, which leads to a huge number of network states.
Dealing with that issue is a major problem considered in this
paper.

Available bandwidth

Packet rate

Figure 2: Elastic traffic behaviour.

2. Problem Modelling

Let the optical wireless network be modelled with a directed
graphG = (V,E), withV being the set of nodes andE being
the set of links, and let P be the set of paths in G. For each
𝑝 ∈ P, let 𝐸

𝑃
(𝑒) ⊆ E denote the set of links of path 𝑝, and,

for each 𝑒 ∈ E, let 𝑃
𝐸
(𝑒) ⊆ P denote the set of paths that use

link 𝑒.
Let the links of the network be realised with one type

of transmission system that can operate in two transmission
modes—the primary (high-capacity) mode which is used in
nominal transmission conditions and the secondary (low-
capacity) mode which is used when conditions deteriorate.
Without loss of generality it can be assumed that the capacity
of the system is equal to 1 in the high-capacity mode and is
equal to 𝛼, 0 < 𝛼 < 1, in the low-capacity mode. Each link of
the network can be equipped with a number of transmission
systems. Let the link cost function 𝜉 : E → R

+
define the cost

of a single transmission system installed on the link.
Let S denote the set of network states. Let 𝑠

0
denote

the nominal network state of perfect transmission conditions
(when all transmission systems operate in the high-capacity
mode) and let setS

𝑓
of nonnominal network states represent

all assumed situations of unfavourable transmission condi-
tions; thus,S ≡ {𝑠

0
} ∪S
𝑓
. In particular,S

𝑓
could be defined

by assuming that at most 𝑁 links of the network can be
simultaneously affected by unfavourable signal transmission
conditions. For each 𝑠 ∈ S

𝑓
, let 𝐸

𝑆
(𝑠) ⊆ E be the

set of affected links in nonnominal state 𝑠. It is assumed
that whenever transmission conditions on a network link
deteriorate, all the transmission systems installed on the link
operate in the low-capacity transmission mode.

Let the network traffic be modelled with a set of demands
D. Let function 𝑠 : D → Z

+
define the number of sessions

that correspond to the demand, function 𝑟 : D → R
+
define

the nominal packet rate of a single session, and function 𝑙 :

D → R
+
define the average packet length for the demand (it

can be noticed that 𝑏(𝑑) ≡ 𝑟(𝑑)𝑙(𝑑) is the nominal bandwidth
required by a single session and ℎ(𝑑) ≡ 𝑟(𝑑)𝑙(𝑑)𝑠(𝑑) is the
volume of demand 𝑑 ∈ D). Finally, for each 𝑑 ∈ D, let
P(𝑑) ⊆ P denote the set of admissible paths of demand 𝑑.

For each 𝑒 ∈ E, let variable 𝑦
𝑒
denote the number of

transmission systems installed on link 𝑒. For each 𝑑 ∈ D and
𝑝 ∈ P(𝑑), let variable 𝑥

𝑑𝑝
denote the number of sessions of

demand 𝑑 assigned to path 𝑝, and, for each 𝑑 ∈ D, 𝑝 ∈ P(𝑑),
and 𝑠 ∈ S

𝑓
(it could be assumed that 𝐸

𝑃
(𝑝) ∩ 𝐸

𝑆
(𝑠) ̸= 0),

let variable 𝑧
𝑑𝑝𝑠

denote the reduction of the packet rate of
the sessions of demand 𝑑 assigned to path 𝑝 in state 𝑠 (if
𝑧
𝑑𝑝𝑠

equals 1, the packet rate is not reduced). The network
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design problem can now be formulated as a mathematical
programme with the following constraints:

∑

𝑒∈E

𝜉 (𝑒) 𝑦𝑒 ≤ 𝐵 (1a)

∑

𝑝∈P(𝑑)

𝑥
𝑑𝑝

= 𝑠 (𝑑) 𝑑 ∈ D (1b)

∑

𝑑∈D

∑

𝑝∈P(𝑑)∩𝑃
𝐸
(𝑒)

𝑟 (𝑑) 𝑙 (𝑑) 𝑥𝑑𝑝 ≤ 𝑦
𝑒

𝑒 ∈ E (1c)

∑

𝑑∈D

∑

𝑝∈P(𝑑)∩𝑃
𝐸
(𝑒)

𝑟 (𝑑) 𝑙 (𝑑) 𝑥𝑑𝑝𝑧𝑑𝑝𝑠 ≤ 𝛼𝑦
𝑒

𝑠 ∈ S
𝑓
, 𝑒 ∈ 𝐸

𝑆 (𝑠)

(1d)

𝛾 ≤ 𝑧
𝑑𝑝𝑠

≤ 1 𝑑 ∈ D, 𝑝 ∈ P (𝑑) , 𝑠 ∈ S
𝑓 (1e)

𝑥
𝑑𝑝

∈ Z
+

𝑑 ∈ D, 𝑝 ∈ P (𝑑) (1f)

𝑦
𝑒
∈ Z
+

𝑒 ∈ E. (1g)

Let 𝑦 ≡ (𝑦
𝑒
)
𝑒∈E, 𝑥 ≡ (𝑥

𝑑𝑝
)
𝑑∈D,𝑝∈P(𝑑), and 𝑧 ≡

(𝑧
𝑑𝑝𝑠

)
𝑑∈D,𝑝∈P(𝑑),𝑠∈S

𝑓

. Let W(𝐵, 𝛾,S
𝑓
) denote the feasibility

set defined by constraints (1a), (1b), (1c), (1d), (1e), (1f), and
(1g) being the set of triples (𝑦, 𝑥, 𝑧). Seemingly, to complete
the formulation of the network design problem, additional
constraints are still required to express the conditions that
must be satisfied by variables 𝑧

𝑑𝑝𝑠
; the constraints should

reflect the effect of fairly slowing down the elastic traffic
sessions in response to the decrease of link capacities in
nonnominal states 𝑠 ∈ S

𝑓
. That effect can be modelled as

follows.
Consider a given nonnominal state 𝑠 ∈ S

𝑓
. Consider

vector 𝑍 ≡ 𝑧
𝑠
. LetF denote the set of affected network links,

that is, F ≡ 𝐸
𝑆
(𝑠), and let 𝑐 be the vector of their capacities:

𝑐 ≡ (𝑐
𝑒
∈ R
+
: 𝑒 ∈ F, 𝑐

𝑒
= 𝛼𝑦
𝑒
) (i.e., 𝑐 ≡ 𝛼𝑦|

𝐸
𝑆
(𝑠)
). For each𝑑 ∈

D, 𝑝 ∈ P(𝑑), and 𝑒 ∈ 𝐸
𝑃
(𝑝) ∩F, let 𝑡

𝑑𝑝𝑒
be a binary variable

that equals 1 if the decrease of capacity of link 𝑒 causes the
decrease of the packet rate of the sessions of demand 𝑑 that
are routed along path 𝑝 and 0 otherwise. For each 𝑒 ∈ F, let
𝑢
𝑒
be a binary variable that equals 1 if link 𝑒 is saturated (i.e.,

the total flow ∑
𝑑∈D ∑

𝑝∈P(𝑑)∩𝑃
𝐸
(𝑒)

𝑟(𝑑)𝑙(𝑑)𝑥
𝑑𝑝

𝑧
𝑑𝑝𝑠

on the link
is equal to the link’s capacity) and 0 otherwise; the decrease of
capacity of a link can cause the decrease of a session’s packet
rate only if the link becomes saturated. For each 𝑒 ∈ F, let
variable V

𝑒
denote the common packet rate of the sessions

that have their rate reduced due to the decrease of capacity
of link 𝑒; V

𝑒
is also the maximum session packet rate on link

𝑒.The condition for packet rate reduction can be expressed as
follows:

𝑍
𝑑𝑝

= min{1, min
𝑒∈𝐸
𝑃
(𝑝)∩F

V
𝑒

𝑟 (𝑑)
} 𝑑 ∈ D, 𝑝 ∈ P (𝑑) . (2)

Altogether, the following constraints must hold (𝐶 and 𝑅

are sufficiently large constants, e.g., 𝐶 ≡ ∑
𝑑∈D ℎ(𝑑) and

𝑅 ≡ max
𝑑∈D𝑟(𝑑)) which express the relation between packet

rate reduction and capacity decrease of links from F (the

constraints are based on the model of the max-min fair
network flows proposed in [6]):

1 − 𝑍
𝑑𝑝

≤ ∑

𝑒∈𝐸
𝑃
(𝑝)∩F

𝑡
𝑑𝑝𝑒

𝑑 ∈ D, 𝑝 ∈ P (𝑑) (3a)

𝑡
𝑑𝑝𝑒

≤ 𝑢
𝑒

𝑑 ∈ D, 𝑝 ∈ P (𝑑) , 𝑒 ∈ 𝐸
𝑃
(𝑝) ∩F (3b)

0 ≤ 𝑐
𝑒
− ∑

𝑑∈D

∑

𝑝∈P(𝑑)∩𝑃
𝐸
(𝑒)

𝑟 (𝑑) 𝑙 (𝑑) 𝑥𝑑𝑝𝑍𝑑𝑝 ≤ 𝐶 (1 − 𝑢
𝑒
)

𝑒 ∈ F

(3c)

0 ≤ V
𝑒
− 𝑟 (𝑑) 𝑍𝑑𝑝 ≤ 𝑅 (1 − 𝑡

𝑑𝑝𝑒
) 𝑑 ∈ D, 𝑝 ∈ P (𝑑) ,

𝑒 ∈ 𝐸
𝑃
(𝑝) ∩F

(3d)

𝑅 (1 − 𝑢
𝑒
) ≤ V
𝑒
≤ 𝑅 𝑒 ∈ F (3e)

𝑢
𝑒
∈ {0, 1} 𝑒 ∈ F (3f)

𝑡
𝑑𝑝𝑒

∈ {0, 1} 𝑑 ∈ D, 𝑝 ∈ P (𝑑) , 𝑒 ∈ 𝐸
𝑃
(𝑝) ∩F (3g)

0 ≤ 𝑍
𝑑𝑝

≤ 1 𝑑 ∈ D, 𝑝 ∈ P (𝑑) . (3h)

Let 𝑄(𝑐, 𝑥,F) denote the feasible set defined by constraints
(3a), (3b), (3c), (3d), (3e), (3f), (3g), and (3h), and let
𝑄
𝑍
(𝑐, 𝑥,F) denote the projection of 𝑄(𝑐, 𝑥,F) onto the set

of vectors 𝑍. It can be shown that set𝑄(𝑐, 𝑥,F) is nonempty.
Actually, for a vector 𝑍 to satisfy constraints (3a), (3b), (3c),
(3d), (3e), (3f), (3g), and (3h), vector (𝑟(𝑑)𝑍

𝑑𝑝
: 𝑑 ∈ D, 𝑝 ∈

P(𝑑), 𝑥
𝑑𝑝

> 0)must bemax-min fair.Thusfinding vector𝑍 ∈

𝑄
𝑍
(𝑐, 𝑥,F) can be formulated as amax-min fair optimisation

problem having vector 𝑍 ≡ 0 as a feasible solution.
Assuming the objective of minimising the total cost of

links, the considered network design problem, denoted by
𝑃(𝛾,S

𝑓
), can now be defined as follows:

𝑃 (𝛾,S
𝑓
) : min𝐵 (4a)

(𝑦, 𝑥, 𝑧) ∈ W (𝐵, 𝛾,S
𝑓
) (4b)

𝑧
𝑠
∈ 𝑄
𝑍
(𝛼𝑦|
𝐸
𝑆
(𝑠)

, 𝑥, 𝐸
𝑆 (𝑠)) 𝑠 ∈ S

𝑓
(4c)

𝐵 ≥ 0. (4d)

3. Problem Solving

Potentially, the number of nonnominal network states is
huge as each subset of links F ⊆ E can correspond to
a nonnominal network state. Thus, in general, the number
of constraints and variables of problem (4a), (4b), (4c), and
(4d) is also huge. Still, problem (4a), (4b), (4c), and (4d)
can be solved with the constraint and column generation
approach, by generating nonnominal network states (and
thus the constraints and variables that correspond to those
states) on the “as-needed” basis.

Problem (4a), (4b), (4c), and (4d) defined with a
restricted set S

𝑓
of nonnominal states can be treated as the
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master problem. Let (𝑦
∗
, 𝑥
∗
, 𝑧
∗
) be an optimal solution to

the master problem. For given 𝑦
∗ and 𝑥

∗, the slave problem
consists in finding such set of links affected by unfavourable
signal transmission conditions that for at least one path of a
demand the reduction of the packet rate is less than 𝛾; this set
corresponds to a new nonnominal network state 𝑠

∗, which is
then added to set S

𝑓
of the master problem.

For each 𝑒 ∈ E, let 𝑞
𝑒
be a binary variable that equals 1

if link 𝑒 belongs to the required set 𝐸
𝑆
(𝑠
∗
) and 0 otherwise.

For each 𝑑 ∈ D and 𝑝 ∈ P(𝑑), let variable 𝑍
𝑑𝑝

denote
the reduction of the packet rate of the sessions of demand
𝑑 assigned to path 𝑝 in the required state, and let 𝑍 ≡

(𝑍
𝑑𝑝

)
𝑑∈D,𝑝∈P(𝑑). Let 𝜃 ≡ min

𝑑∈D,𝑝∈P(𝑑)𝑍𝑑𝑝, and for each
𝑑 ∈ D and 𝑝 ∈ P(𝑑), let 𝑟

𝑑𝑝
be a binary variable that equals

1 whenever 𝑍
𝑑𝑝

= 𝜃. Then, a new nonnominal network state
can be found by solving the following slave problem 𝑅(𝑦, 𝑥)

for 𝑦
∗ and 𝑥

∗ which minimises the value of 𝜃 over all sets
F ⊆ E (it could also be assumed that |F| ≤ 𝑁):

𝑅 (𝑦, 𝑥) : min 𝜃 (5a)

0 ≤ 𝑍
𝑑𝑝

− 𝜃 ≤ 1 − 𝑟
𝑑𝑝

𝑑 ∈ D, 𝑝 ∈ P (𝑑)

(5b)

∑

𝑑∈D,𝑝∈P(𝑑)

𝑟
𝑑𝑝

≥ 1 (5c)

𝑐
𝑒
= 𝑦
𝑒
− 𝑞
𝑒 (1 − 𝛼) 𝑦𝑒 𝑒 ∈ E (5d)

𝑍 ∈ 𝑄
𝑍 (𝑐, 𝑥,E) (5e)

𝑐
𝑒
≥ 0 𝑒 ∈ E (5f)

𝑞
𝑒
∈ {0, 1} 𝑒 ∈ E (5g)

𝑟
𝑑𝑝

∈ {0, 1} 𝑑 ∈ D, 𝑝 ∈ P (𝑑) (5h)

0 ≤ 𝑍
𝑑𝑝

≤ 1 𝑑 ∈ D, 𝑝 ∈ P (𝑑) (5i)

0 ≤ 𝜃 ≤ 1. (5j)

It can be noticed that constraints (3a), (3b), (3c), (3d), (3e),
(3f), (3g), and (3h) defining set 𝑄

𝑍
(𝑐, 𝑥,E) can be directly

embedded into the formulation of 𝑅(𝑦, 𝑥).
If the optimal objective value 𝜃

∗ of slave problem
𝑅(𝑦
∗
, 𝑥
∗
) is greater or equal to 𝛾, the optimal solution of

the master problem is the optimal solution of the considered
network design problem. Otherwise, the master problem
must be modified by adding variables and constraints that
correspond to a new nonnominal network state 𝑠

∗
∈ S
𝑓
:

the optimal solution vector 𝑞
∗

≡ (𝑞
∗

𝑒
)
𝑒∈E of problem (5a),

(5b), (5c), (5d), (5e), (5f), (5g), (5h), (5i), and (5j) defines
the values of the characteristic function of set 𝐸

𝑆
(𝑠
∗
); that is,

𝐸
𝑆
(𝑠
∗
) ≡ {𝑒 ∈ E : 𝑞

∗

𝑒
= 1}.

Solving problem (4a), (4b), (4c), and (4d) with state
generation approach does not guarantee that considering a
large number of network states can be avoided. However,
careful examination of the packet rate reduction condition (2)
leads to a conclusion that, actually, it is sufficient to consider
only single-link states in the design problem.This fact can be
expressed formally with the following proposition.

Proposition 1. Consider an arbitrary set of nonnominal net-
work states S

𝑓
and set Ŝ

𝑓
such that |𝐸

𝑆
(𝑠)| = 1 for each

𝑠 ∈ Ŝ
𝑓
and ⋃

𝑠∈S
𝑓

𝐸
𝑆
(𝑠) = ⋃

𝑠∈Ŝ
𝑓

𝐸
𝑆
(𝑠). If (𝑦∗, 𝑥∗, 𝑧∗) is a

feasible solution of problem𝑃(𝛾, Ŝ
𝑓
), then there exists a feasible

solution (𝑦
∗
, 𝑥
∗
, 𝑧) of problem 𝑃(𝛾,S

𝑓
).

Proof. Consider a set of vectors 𝑧
𝑠
, 𝑠 ∈ S

𝑓
, such that 𝑧

𝑠
∈

𝑄
𝑍
(𝛼𝑦
∗
|
𝐸
𝑆
(𝑠)

, 𝑥
∗
, 𝐸
𝑆
(𝑠)) (recall that sets 𝑄

𝑍
are not empty). It

will be proved that (𝑦∗, 𝑥∗, 𝑧) is a feasible solution of problem
𝑃(𝛾,S

𝑓
).

Due to (4a), (4b), (4c), and (4d), it must be shown that
(𝑦
∗
, 𝑥
∗
, 𝑧) ∈ W(𝐵, 𝛾,S

𝑓
). As (𝑦∗, 𝑥∗, 𝑧∗) is a feasible solution

of problem 𝑃(𝛾, Ŝ
𝑓
), therefore (𝑦

∗
, 𝑥
∗
, 𝑧
∗
) ∈ W(𝐵, 𝛾,S

𝑓
),

and it is sufficient to prove that vector 𝑧 satisfies constraints
(1e); that is, 𝑧

𝑑𝑝𝑠
≥ 𝛾 for each 𝑑 ∈ D, 𝑝 ∈ P(𝑑), 𝑠 ∈ S

𝑓
.

Assume that there exist 𝑑


∈ D, 𝑝


∈ P(𝑑

), and

𝑠

∈ S
𝑓
, such that 𝑧

𝑑

𝑝

𝑠
 < 𝛾. Due to (2), there must exist

link 𝑒


∈ 𝐸
𝑃
(𝑝) ∩ 𝐸

𝑆
(𝑠

) such that 𝑧

𝑑

𝑝

𝑠
 = V

𝑒
/𝑟(𝑑

) for

𝑄(𝛼𝑦
∗
|
𝐸
𝑆
(𝑠

)
, 𝑥
∗
, 𝐸
𝑆
(𝑠

)); obviously, that linkmust be saturated

in 𝑠
; that is, ∑

𝑑∈D ∑
𝑝∈P(𝑑)∩𝑃

𝐸
(𝑒

)
𝑟(𝑑)𝑙(𝑑)𝑥

𝑑𝑝
𝑧
𝑑𝑝𝑠
 = 𝛼𝑦

∗

𝑒
 .

According to the assumption, there exists state 𝑠 ∈ Ŝ
𝑓
,

such that 𝐸
𝑆
(𝑠) = {𝑒


}. With (𝑦

∗
, 𝑥
∗
, 𝑧
∗
) being a feasible

solution of problem 𝑃(𝛾, Ŝ
𝑓
), due to (4a), (4b), (4c), and

(4d), 𝑧∗
𝑠

∈ 𝑄
𝑍
(𝛼𝑦
∗
|
𝐸
𝑆
(𝑠)

, 𝑥
∗
, 𝐸
𝑆
(𝑠)) and 𝑧

∗

𝑑𝑝𝑠
≥ 𝛾 for each

𝑑 ∈ D and 𝑝 ∈ P(𝑑), in particular, 𝑧∗
𝑑

𝑝

𝑠
≥ 𝛾. Therefore,

due to (2), V̂
𝑒
/𝑟(𝑑

) ≥ 𝛾 for 𝑄(𝛼𝑦

∗
|
𝐸
𝑆
(𝑠)

, 𝑥
∗
, 𝐸
𝑆
(𝑠)), and thus

V̂
𝑒
 > V
𝑒
 . Then, once again due to (2) (and the fact that F =

𝐸
𝑆
(𝑠) = {𝑒


}), 𝑧∗
𝑑𝑝𝑠

= min{1, V̂
𝑒
/𝑟(𝑑)} ≥ min{1, V

𝑒
/𝑟(𝑑)} ≥

𝑧
𝑑𝑝𝑠
 for each 𝑑 ∈ D, 𝑝 ∈ P(𝑑) ∩ 𝑃

𝐸
(𝑒

), and

𝑧
∗

𝑑

𝑝

𝑠
> 𝑧
𝑑

𝑝

𝑠
 . Thus, ∑

𝑑∈D ∑
𝑝∈P(𝑑)∩𝑃

𝐸
(𝑒

)
𝑟(𝑑)𝑙(𝑑)𝑥

𝑑𝑝
𝑧
∗

𝑑𝑝𝑠
>

∑
𝑑∈D ∑

𝑝∈P(𝑑)∩𝑃
𝐸
(𝑒

)
𝑟(𝑑)𝑙(𝑑)𝑥

𝑑𝑝
𝑧
𝑑𝑝𝑠
 = 𝛼𝑦

∗

𝑒
 , which is not

possible.

The intuition behind the proof of Proposition 1 is that
the packet rate on any given link decreases most if that
link is the only overloaded link in the network; decreasing
the capacity of other links can only decrease the load on
that particular link and minimise the need for packet rate
decrease. Consequently, the opposite of Proposition 1 is not
true as stated by the following proposition.

Proposition 2. Consider an arbitrary set of nonnominal net-
work states S

𝑓
and set Ŝ

𝑓
such that |𝐸

𝑆
(𝑠)| = 1 for each

𝑠 ∈ Ŝ
𝑓
and ⋃

𝑠∈S
𝑓

𝐸
𝑆
(𝑠) = ⋃

𝑠∈Ŝ
𝑓

𝐸
𝑆
(𝑠). If (𝑦∗, 𝑥∗, 𝑧∗) is a

feasible solution of problem 𝑃(𝛾,S
𝑓
), then there need not exist

a feasible solution (𝑦
∗
, 𝑥
∗
, 𝑧) of problem 𝑃(𝛾, Ŝ

𝑓
).

Proof. Consider a network illustrated in Figure 3, which
consists of nodes 𝑎, 𝑏 and 𝑐, links 𝑒

1
≡ (𝑎, 𝑏) and 𝑒

2
≡ (𝑏, 𝑐),

and demands 𝑑
1
from 𝑎 to 𝑏 and 𝑑

2
from 𝑎 to 𝑐, such that

ℎ(𝑑
1
) = 1/2, 𝑟(𝑑

1
) = 1 and ℎ(𝑑

2
) = 1,𝑟(𝑑

2
) = 1/2. Let

S
𝑓

≡ {𝑠}, such that 𝐸
𝑆
(𝑠) ≡ {𝑒

1
, 𝑒
2
}. Let 𝛼 = 1/2 and

𝛾 = 1/2. Consider a solution to problem 𝑃(𝛾,S
𝑓
) (obviously,

it is the optimal solution), such that 𝑦
∗

𝑒
1

= 2 and 𝑦
∗

𝑒
2

= 1
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a b c

d1: h = 1/2, r = 1

e1: y
∗ = 2 e2: y

∗ = 1

d2: h = 1, r = 1/2

𝛼 = 1/2
𝛾 = 1/2

Figure 3: A network example for infeasibility of problem 𝑃(𝛾, Ŝ
𝑓
).

and 𝑥
∗

𝑑
1

= 𝑠(𝑑
1
) and 𝑥

∗

𝑑
2

= 𝑠(𝑑
2
) (index 𝑝 is skipped as

there is only one path for each demand): it can be checked
that 𝑧∗

𝑑
1
𝑠
= 1 and 𝑧

∗

𝑑
2
𝑠
= 1/2 (again with index 𝑝 skipped).

However, for state 𝑠, such that𝐸
𝑆
(𝑠) ≡ {𝑒

1
}, link 𝑒

1
is saturated

since ℎ(𝑑
1
) + ℎ(𝑑

2
) > 𝛼𝑦

∗

𝑒
1

= 1, and inevitably the packet
rates of both flows must decrease as 𝑟(𝑑

1
) > 𝑟(𝑑

2
) and

ℎ(𝑑
2
) = 𝛼𝑦

∗

𝑒
1

. Thus, 𝑠(𝑑
1
)𝑙(𝑑
1
)V
𝑠𝑒
1

+ 𝑠(𝑑
2
)𝑙(𝑑
2
)V
𝑠𝑒
1

= 𝛼𝑦
∗

𝑒
1

= 1

and V
𝑠𝑒
1

= 1/(ℎ(𝑑
1
)/𝑟(𝑑
1
) + ℎ(𝑑

2
)/𝑟(𝑑
2
)) = 2/5, and then

𝑧
𝑑
1
𝑠
= V
𝑠𝑒
1

/𝑟(𝑑
1
) = 2/5 < 𝛾.

Proposition 1 leads directly to the following conclusion.

Corollary 3. Consider an arbitrary set of nonnominal network
states S

𝑓
and set Ŝ

𝑓
⊆ S
𝑓
such that |𝐸

𝑆
(𝑠)| = 1 for each

𝑠 ∈ Ŝ
𝑓
and ⋃

𝑠∈S
𝑓

𝐸
𝑆
(𝑠) = ⋃

𝑠∈Ŝ
𝑓

𝐸
𝑆
(𝑠). The optimal objective

function value of problem 𝑃(𝛾,S
𝑓
) is equal to the optimal

objective function value of problem 𝑃(𝛾, Ŝ
𝑓
).

Proof. Due to Proposition 1, the optimal objective function
value of problem 𝑃(𝛾, Ŝ

𝑓
) is an upper bound on the optimal

objective function value of problem 𝑃(𝛾,S
𝑓
). But it is also

a lower bound since problem 𝑃(𝛾, Ŝ
𝑓
) is a relaxation of

problem 𝑃(𝛾,S
𝑓
) (due to the fact that Ŝ

𝑓
⊆ S
𝑓
).

Proposition 1 andCorollary 3 not only enable considering
a limited set of network states, but also allow for simplifying
constraints (3a), (3b), (3c), (3d), (3e), (3f), (3g), and (3h)
defining set 𝑄

𝑍
(𝑐, 𝑥,F), due to the fact that only one link

for each state needs to be analysed. First, since |F| = 1, the
number of variables and constraints is heavily reduced, and
index 𝑒 ∈ F is actually not required. Second, as it can be
noticed that it is not necessary to examine directly whether
the considered link is saturated (the link must be saturated if
at least one 𝑍

𝑑𝑝
is less than 1), variables 𝑢

𝑒
and constraints

(3b) and (3c) are actually not required.
Still, problem (4a), (4b), (4c), and (4d) is nonlinear due

to the nonlinearity of constraint (1d). However, if single-
path routing of demands is assumed, the problem can be
formulated as aMIP. For each 𝑑 ∈ D and𝑝 ∈ P(𝑑), let 𝑥

𝑑𝑝
be

a binary variable that equals 1 if the sessions of demand 𝑑 use
path 𝑝 and 0 otherwise. Then variables 𝑥

𝑑𝑝
can be replaced

with variables 𝑥


𝑑𝑝
using substitution 𝑥

𝑑𝑝
≡ 𝑠(𝑑)𝑥



𝑑𝑝
. Finally,

expression 𝑋
𝑑𝑝𝑠

≡ 𝑥


𝑑𝑝
𝑧
𝑑𝑝𝑠

can be linearised requiring that
0 ≤ 𝑋

𝑑𝑝𝑠
≤ 𝑥


𝑑𝑝
and 𝑧
𝑑𝑝𝑠

− (1 − 𝑥


𝑑𝑝
) ≤ 𝑋

𝑑𝑝𝑠
≤ 𝑧
𝑑𝑝𝑠

.
Thus, problem 𝑃(𝛾,S

𝑓
) can be treated as a single-path

routing MIP problem with additional constraints. And as

analysed in [5, 7] the single-path routing problem can be
solved quite efficiently. Hopefully, the additional constraints
are not very demanding, as, in particular, the actual values
of variables 𝑧

𝑑𝑝𝑠
are not critical—it is only important if they

are greater or equal to 𝛾. However, the numerical experiments
that are supposed to illustrate the computational complexity
of the problem will be the subject of a separate paper.
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This paper addresses first the problem of max-min fair (MMF) link transmissions in wireless sensor networks (WSNs) and in a
second stage studies the joint link scheduling and transmission power assignment problem.Given a set of concurrently transmitting
links, the MMF link transmission problem looks for transmission powers of nodes such that the signal-to-interference and noise
ratio (SINR) values of active links satisfy max-min fairness property. By guaranteeing a “fair” transmission medium (in terms of
SINR), other network requirements may be directly affected, such as the schedule length, the throughput (number of concurrent
links in a time slot), and energy savings. Hence, the whole problem seeks to find a feasible schedule and a power assignment scheme
such that the schedule length is minimized and the concurrent transmissions have a fair quality in terms of SINR.The focus of this
study falls on the transmission power control strategy, which ensures that every node that is transmitting in the network chooses a
transmission power that will minimally affect the other concurrent transmissions and, even more, achieves MMF SINR values of
concurrent link transmissions. We show that this strategy may have an impact on reducing the network time schedule.

1. Introduction

Wireless sensor networks (WSNs) are presently used in a
wide range of applications. They are usually deployed as a
standalone system or as part of a larger, more sophisticated
system, such as the Internet-of-Things. However, this tech-
nology has stringent requirements mainly related to energy
and wireless transmission medium. The power allocated to
sensor nodes in a network is fundamentally constrained;
nonetheless they have to transmit their data which costs suffi-
cient energy. Because of interference, the concurrent wireless
transmissions may be easily corrupted, which increases the
number of packet retransmissions. This may cause energy
depletion and delays in the network. Existing solutions such
as transmission power control and blacklisting PCBL [1],
adaptive transmission power control ATPC [2], and adaptive
and robust topology control ART [3] use parameters like
received signal strength indicator (RSSI) or packet receive
rate (PRR) to evaluate the quality of a link. However, RSSI or
PRR may not capture the effect of interference in particular
scenarios as will be further detailed.

In addition, we consider the SINR parameter and solve
the problem of fair SINR link transmission. Hence, for a
set of activated links, the problem seeks to find the power
of the transmitting nodes such that the SINR value is fair
at each receiver. Fairness is a key consideration in WSN
scenarios in order tomaintain a balanced view of the network
and, in this case, to give the same priority to each of
the concurrent transmissions. This increases the number of
potential concurrent links scheduled in the same time slot
and therefore reduces the schedule length. However, the
feasibility of this problem is tightly coupled with the given
set of activated links and therefore the scheduling. This is a
typical example that shows how the optimization problems
in WSN may often lead to cross-layer ones. The cross-layer
optimization problem comes to be the joint link scheduling
and power assignment (JLSPA) that seeks to find an efficient
link scheduling scheme, in which the power of sender nodes
is set variable, such that certain requirements are satisfied.

In a time-driven WSN, sensor nodes need to send their
data periodically according to a regular traffic pattern. This
period is usually known as a round of data gathering.
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The time needed to perform a round will be determined by
the schedule length which, on the other hand, is constrained
by the interference effect. The relation between these two
parameters is further detailed in Sections 2 and 3.1. In this
work, interference is taken into account by considering the
SINR parameter. Hence the subject of our research is (i) to
find a power allocation scheme which guarantees a max-min
fair SINR and (ii) to solve the JLSPA problem. We design
a solution for two scenarios that are slightly different: the
transmission power of a node changes per slot within a frame;
the power is fixed (the same) in a frame level.

The paper is organized as follows. In Section 2 we recall
first the interference definition and the related SINR con-
straint, and we present a review of related works regarding
the JLSPA problem and the power assignment schemes.
The fair SINR link transmission problem is introduced in
Section 3. Here we state in more detail the research motiva-
tion, the problem definition, and the mathematical model.
In Section 4 we present an (centralized) approach for solving
the MMF SINR link transmission problem. Next, we discuss
a variant of this problem with constant powers in Section 5.
In Section 6 the JLSPA problem is considered and numerical
results are presented to show the performance of the method
discussed in the previous section. Finally, we conclude this
work in Section 7.

2. Related Work

Application of optimization theory to the design of WSN
algorithms is addressed in different works and for a summary
we refer the reader to [4]. Regarding MMF formulation of
the problems, they are generally employed to ensure fairness
related to link rates [5, 6] or end-to-end flows [7, 8]. MMF
is applicable in numerous areas where it is desirable to
achieve an equitable distribution of certain resources shared
by competing demands and is therefore closely related to
max-min or min-max optimization problems [9]. In this
paper, our focus is on the SINR max-min fairness. Generally
speaking, a vector of transmission links is said to be MMF
with respect to SINR if the corresponding vector of SINR
values is MMF; that is, one cannot increase the SINR value
of some transmission link without decreasing the SINR value
of some other links with lower SINR.

As far as the scheduling problem apart is strongly con-
cerned with interference avoidance for achieving successful
multiple concurrent transmissions, the key point is the inter-
ference definition. Twobasic definitions can be distinguished:
the protocol and the physical one. The protocol definition
of interference assumes that two links, which are less than
𝑘 hops (𝑘 ≥ 1) away from each other, interfere potentially
and cannot be scheduled in the same time slot. The indicated
number of hops refers to the number of hops between
the sender nodes of these links. On the other hand, the
physical definition is based on the SINR constraint where
the transmission links that do not satisfy the SINR constraint
cannot be scheduled simultaneously (in the following we will
use interchangeably the terms transmission links and links).

However, as we will later see, the problem remainsNP-
hard regardless of the interference definition. Following the
protocol definition of the SINR, the JLSPA seeks to find a
minimum-length schedule for all nodes in the network such
that they do not interfere with each other. In the simple
case (𝑘 = 1), the constraint requires that two edges in
the same time slot do not share a node. The scheduling
problem is widely modeled as the well-known optimization
problem of graph coloring in which one seeks to find the
minimal number of colors (chromatic number) necessary
to color a graph such that no two adjacent nodes (two
nodes are considered adjacent if they are “𝑘” hops away
from each other) have the same color. Finding the chromatic
number in a graph isNP-hard; therefore different methods
have been proposed for this problem by the Operation
Research Community.Thesemethods have been adapted and
implemented for WSN; see, for instance, [10–13].

As the protocol model underestimates the number of
successfulmultiple concurrent transmissions, different works
[1, 14, 15] consider the cumulative interference proposed by
the SINR model. For solving the link scheduling problem
under physical interference, one approach seeks to classify
the links according to their length (or distance). Hence, in
[15–17] each link belongs to a class 𝐶

𝑘
if its length 𝑙

𝑖
is

2
𝑘
≤ |𝑙
𝑖
| < 2

𝑘+1. The idea behind the partition of links
in classes is to schedule at the same time the links with
the same length or very different one. The complexity of
the proposed algorithm is 𝑂(log4𝑛) where 𝑛 represents the
number of nodes in the network. Kesselheim [18] identifies
another condition that the set of links scheduled in the same
time slot should satisfy. Given two links, this condition is
related to the ratio between the distance of one link and the
respective distance between the transmitter of this link and
the receiver of the other one. The scheduling algorithm is a
greedy one, which ensures that the condition is satisfied if
another link is added to the set of links scheduled in a given
time slot. Goussevskaia et al. [16] design greedy heuristic
scheduling. For each class𝐶

𝑘
, they partition the network area

into squares of side length 𝑎 ⋅ 2𝑘, where 𝑎 is a constant, and
color the squares using 4 colors. Next, for each color they
pick up the links having their receiver in different squares
and assign them to a time slot. The process is repeated till all
the links are scheduled. The same idea is revisited in [17]. In
addition, they consider the case when the links have different
demands to satisfy. Moreover, the length of the time slots is
not fixed and the links may be scheduled more than once in
a frame. In order to identify the links that can be scheduled
simultaneously, [17] proposed a link classification based on
the signal to noise ratio (SNR) value. Instead of using the
SINR threshold, Santi et al. [17] consider a graded SINR
model which relates the PRR with SINR values as in Figure 1.
Their algorithm computes a schedule length of𝑂(𝑟 ⋅ 𝑡), where
𝑟 is the maximal number of receivers in a cell and 𝑡 is the
time needed to transmit with the minimal SINR estimated in
the frame (the time for transmitting a data unit is 𝑡 = 1/𝑓

where 𝑓 is the data rate computed according to Shanon’s
channel capacity formula 𝑓 = 𝐵 ⋅ log

2
(1 + SINR), where 𝐵

is the channel bandwidth). To identify the set of concurrent
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Figure 1: SINR graded model. 𝛼 and 𝛽 are the lower and upper
bounds of the desired SINR value, respectively, as described in (2)
and (4).

links, another class of algorithms solves the maximum link
matching problemwhich seeks to find themaximumnumber
of links in a given graph that do not have a node in common
[19].

Despite the existence of different approaches for solving
the scheduling problem under SINR constraint, designing a
network protocol that takes this constraint into consideration
is not trivial.

Till now, we have discussed the scheduling problem
without emphasizing the power assignment strategy, which
is of paramount importance. Based on the above discussed
problems we classify these strategies into three main groups.

Uniform Power Assignment. This is the simplest and the most
intuitive case where it is assumed that all the nodes use the
same power to transmit their data. Hence the question is
to find the optimal transmission range that maximizes the
number ofmultiple successful concurrent transmissions [20].

Linear Power Assignment.This scheme uses the rule of assign-
ing the power proportionally [17] to the signal attenuation
(the simplest model of signal attenuation is given by 𝑑𝛾 where
𝑑 is the length of the link and 𝛾 the path loss exponent) which
corresponds to the minimum power of transmission that
guarantees a successful packet decoding from the receiver
part. Similarly, the square-root power assignments, proposed
by [21], assign the power proportionally to √𝑑𝛾. The linear
and the uniform strategies are frequently used in MAC layer
protocols.

Nonlinear Power Assignment. According to this strategy the
power is disproportional to the link distance. The study of
Moscibroda andWattenhofer [15] shows that the uniform and
linear power assignment may lead to inefficient scheduling as
the shortest links may “suffer” due to the high power signals
emitted by the sources of the longest ones. Hence, in [15] a
nonlinear power assignment strategy which gives priority to
the short links is proposed. It assigns a minimal power to
the longest links such that the communication is feasible and
next it increases with a scaling factor the power assigned to

the shorter links. Using a different scaling factor, the same
scheme is applied also in [18].

This work follows on from some recent work on power
assignment [22]. In this study we go further and investigate
max-min fair link quality among the active transmission
links.

Related to the complexity of the problem of joint schedul-
ing and power assignments, different variants of the problem
are considered. Let us first refer to the link assignment
problem. This problem needs to assign the links to different
time slots such that two adjacent links will not be in the same
time slot and the SINR constraints will be met for each of
them. It is shown in [23] that this problem is at least as hard
as the edge coloring problem and is thusNP-hard. Further,
the problem of determining a minimum-length schedule
that satisfies the SINR constraints is studied in [16]. By
constructing a geometric instance of the scheduling problem,
Goussevskaia et al. [16] show that the problem is reducible to
the partition problem (given a set of integers, the partition
problem seeks to decidewhether it is possible to divide this set
into two subsets, such that the sums of the numbers in each
subset are equal). The case when the schedule has to satisfy
the links demands (or flow rates) is shown to be NP-hard
by reducing it to the matching problem [24]. Hence, different
variants of this problem and their respective complexities are
discussed in the literature.The proof of the complexity of our
JLSPA problem is presented in the work of Katz et al. [25].
The JLSPA problemwas shown to beNP-hard by [25]; when
the network is embedded in the Euclidean plane, the power is
variable and there are known upper and lower bounds on the
power levels that can be used. Moreover, the proof remains
true even for the case in which the sender node may choose
its transmission power froman available set of discrete values.

3. Problem Definition

3.1. Research Motivation. For getting insights into modeling
the power assignment problem under SINR constraints, we
refer to some experimental test provided in [1–3]. Consid-
ering only one transmitter node and one receiver node and
factoring out the issue of interference, it can be stated that the
link quality between the transmitter and receiver improves as
the transmitter increases its transmission power.This reason-
ing also holds for very sparse network where the transmitter
is only within the range of the intended recipient but not
in the range of any other nodes that may be simultaneously
receiving data from other transmitting nodes. Under these
circumstances, existing transmission power control proto-
cols, such as those found in PCBL [1], ATPC [2], andART [3],
could help to ensure that an appropriate transmission power
is used to achieve reliable link quality usingminimumenergy.
These schemes generally use parameters such as the received
signal strength indicator (RSSI) or packet receive rate (PRR)
to evaluate the quality of a link.This information is then used
to take decisions about the transmission power that should
be set to maximize link quality using the least amount of
energy. However, as the network density increases and every
transmitting node is potentially within range of multiple
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receivers, interference plays a much larger role. Under such
circumstances parameters such as RSSI or PRR do not give
a good indication of whether link quality is poor or more
importantly why it is poor (both power transmission and
interference can be the cause). For example, if we assume
that interference does not exist, higher RSSI reading generally
translates into a higher PRR [1]. However, as interference
increases, a higher RSSI may not result in a higher PRR,
as the increased RSSI may be due to other nodes that are
transmitting simultaneously and are within the range of the
receiver. In addition, techniques like PCBL, ATPC, and ART
only depend on information available locally at a node to
make deductions about the quality of a link. As it can be
seen from the performance of ART, a node may not always
be able to accurately differentiate between packet loss due to
a weak signal and that due to interference by using a localized
approach. But as all nodes act independently of each other,
one of drawbacks of such schemes is that nodes try to outdo
each other. This results in higher power consumption and
also has a detrimental effect on link quality. Due to these
reasons, in this study we aim to find an optimal solution
for transmission power assignment in a fair manner, using a
centralized approach. Each node that is actively transmitting
in the network chooses a transmission power that minimizes
the interference effects on all the nondestination receivers.
Our scheme aims to optimize the SINR parameter instead
of only addressing RSSI or PRR as it is able to capture
information about both the signal strength and interference
more accurately.

3.2. Notation and Problem Definition. Wemodel the wireless
sensor network through a directed graph 𝐺(𝑉, 𝐸) where 𝑉
is the set of nodes representing the sensors and 𝐸 is the set
of links representing the wireless channel communication
between the sensors. For each link (𝑖, 𝑗) ∈ 𝐸, 𝑖 indicates the
transmitter node and 𝑗 the receiver one. The weight of link
(𝑖, 𝑗) is denoted by 𝜔

𝑖𝑗
and represents the attenuation of the

signal. In some other context, 𝜔
𝑖𝑗
may be referred to as gain if

it would present the signal amplification to reach the receiver.
We now assume that, in a given time, only a subset of links𝑀
(𝑀 ⊂ 𝐸) is activated. Let us denote by TX

𝑀
the subset of

𝑉 containing the heads (transmitting nodes) of the directed
links (𝑖, 𝑗) ∈ 𝑀 and byRX

𝑀
the tails (receivers nodes) of links

in 𝑀.
Two properties can be noticed for RX

𝑀
/TX
𝑀
subsets:

(1) RX
𝑀
⋂TX
𝑀
= ⌀,

(2) RX
𝑀
⋃TX
𝑀
⊆ 𝑉.

The SINR
𝑗
value estimated in the receiver 𝑗 according to [26],

where (𝑖, 𝑗) ∈ 𝑀, is given by

SINR
𝑗
=

𝑃
𝑖
/𝜔
𝑖𝑗

∑
𝑘∈TX\{𝑖} (𝑃𝑘/𝜔𝑘𝑗) + 𝑁𝑎

, (1)

where 𝑗 ∈ RX, 𝑃
𝑖
and 𝑃

𝑘
are the power assigned to the

sender nodes, 𝜔
𝑖𝑗
denotes the weight of the transmission

link (𝑖, 𝑗), 𝑃
𝑘
/𝜔
𝑘𝑗
measures the interference of the other links

over the receiver node 𝑗 of the link (𝑖, 𝑗), where (𝑖, 𝑗) ∈ 𝑀,

and 𝑁
𝑎
is the floor noise which is considered as constant.

Next, we define explicitly the parameters of a successful
transmission. Clearly, a crucial parameter for estimating the
link quality is PRR.This parameter is strongly related to SINR
[17, 27]. According to theseworks, the packets are successfully
received only when SINR exceeds a given threshold. The
graded SINR model graphically presented in Figure 1 shows
the relation between PRR and SINR which is used in this
work.

3.3. Mathematical Modeling. Given a set of concurrently
transmitting links, themax-min fair link transmissions prob-
lem determines the transmission power allocated to nodes
such that the SINR values of active links areMMF. For solving
this problem, we will refer to a subproblem which is modeled
as max-min linear programming. Let us present in detail the
constraints and the objective function for this subproblem.
First, in order to have fair link transmissions, we aim to
maximize the minimum SINR value associated with receiver
nodes.Moreover, this objective permits improving the quality
of the worst link which usually comes out to be a key point for
measuring the network performance. Let us have a look at the
constraints.

(1) To have a successful transmissionwe require the SINR
value at the receiver to be bigger than a threshold. We
denote by 𝛼 this lower bound as given in

SINR
𝑗
=

𝑃
𝑖
/𝜔
𝑖𝑗

∑
𝑘∈TX\{𝑖} (𝑃𝑘/𝜔𝑘𝑗) + 𝑁𝑎

≥ 𝛼, 𝑗 ∈ RX
𝑀
. (2)

(2) The intended signal strength measured by received
signal strength indicator (RSSI) has to be bigger than a
threshold RSSI

0
. This threshold represents the lowest

power level of the signal which permits a receiver to
detect and decode the information of the signal. It is
also known as the receiver sensitivity and can be easily
found in the data sheet of the radio transceiver:

RSSI
𝑖𝑗
=
𝑃
𝑖

𝜔
𝑖𝑗

≥ RSSI
0
, (𝑖, 𝑗) ∈ 𝑀, (3)

where RSSI
𝑖𝑗
is the received strength indicator at the

node 𝑗 when the link (𝑖, 𝑗) ∈ 𝑀 is activated.
(3) Considering the graded SINR model in Figure 1, we

can observe that beyond a given threshold 𝛽 of SINR,
the PRR does not change. It is reasonable to keep
the SINR values as close as possible to the 𝛽 value.
Imposing 𝛽 as an upper bound for the SINR of all
receivers has the high risk of infeasible solutions.
Instead, we add the constraint for the lowest SINR as
follows:

min
𝑗∈RX

SINR
𝑗
≤ 𝛽. (4)

4. Max-Min Fair SINR Link Transmission

We investigate in this section the problem of max-min
fair SINR link transmission (MMFSLT). With respect to
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Input: Set of activated links𝑀 = (TX, RX);
Output: 𝑆 = [𝑠

(𝑙,𝑝)
: (𝑙, 𝑝) ∈ 𝑀] the vector of optimal

Max-Min Fair SINR associated with activated links
(1) Set 𝐿 = 𝑀; 𝐿

0
= 0; 𝑘 = 1;

(2) repeat
(3) Solve problem𝐷

𝑘
(Compute 𝑧 value);

(4) Identify (𝑙, 𝑝) ∈ 𝐿 for the respective 𝑧 value;
(5) Set 𝑠

(𝑙,𝑝)
= 𝑧;

(6) Set 𝐿
𝑘
= 𝐿
𝑘−1

∪ (𝑙, 𝑝);
(7) Set 𝐿 = 𝐿 \ (𝑙, 𝑝);
(8) 𝑘 = 𝑘 + 1;
(9) until ((𝑧 ≤ 𝛽) AND (𝐿 not empty));
(10) For all remaining links (𝑙, 𝑝) after the final step of the

algorithm, set their respective 𝑠
(𝑙,𝑝)

= 𝛽;

Algorithm 1: MMF algorithm (optimal max-min fair SINR link transmission).

Input:𝑀 the set of activated links, TX nodes
(indexed by 𝑖), RX nodes (indexed by 𝑗);

Output: 𝑧 value;
(1) 𝑧 := 𝛼;
(2)while ((𝜖 > 0) and (𝑧 ≤ 𝛽)) do
(3) Solve𝐷

1
(Compute 𝜖 and 𝑃

𝑖
values);

(4) for all the (𝑖, 𝑗) ∈ 𝑀 do

(5) 𝑧 ← 𝑧 + min
(𝑖,𝑗)∈𝑀

{
𝜖

∑
𝑘∈TX\{𝑖} (𝑃𝑘/𝜔𝑘𝑗 ) + 𝑁𝑎

};

(6) return 𝑧;

Algorithm 2: Max-min SINR.

the JLSPA problem, by looking for optimal and fair link
transmissions strategies under SINR constraints, we aim to
guarantee successful transmissions and incidentally reduce
the schedule length. In fact, by guaranteeing MMF SINR, the
number of potential concurrent links increases, which in turn
implies shorter schedule length (see also Section 3). Hence,
we present Algorithm 1 which solves the MMFSLT problem
in Section 4.1. In order to consider the energy consumption in
the network, we define another variant of the problem, called
𝑃energy, in Section 4.1.

4.1. Solution Method for MMF SINR Link Computing. The
MMFSLT problem aims to find a transmission power assign-
ment scheme such that the concurrent transmissions in the
network have a fair quality in terms of SINR. In order to
achieve this goal, the first step is to maximize the minimum
SINR value. However, it does not guarantee a MMF SINR
for all the competitive links. More explicitly, the SINR value
measured at all the receivers is not necessarily the same. Here,
we go beyond this level and find the optimal max-min fair
SINR for the set of competitive links. The basic steps for
solving this problem are described in Algorithm 1.

Each step of Algorithm 1 is intended to find the 𝑧 value
that represents the max-min SINR value among all transmis-
sion links in a given set𝐿.The respective link is identified, and
the 𝑧 value is allocated to its SINR value. Next, the algorithm

removes the link from the set of links𝐿 and continueswith the
remaining ones. It stops iterating when 𝑧 value achieves the
𝛽 threshold or there is no link anymore in the set 𝐿. As a first
step we define a problem called 𝐷

1
. The 𝑧 value is computed

based on Algorithm 2. For the rest of the SINR values, we
formulate and solve the problem 𝐷

𝑘
.

4.1.1. Formulating and Solving Problem 𝐷
1
. The problem of

maximizing the minimum value of SINR for a set of com-
petitive links is modeled below:

maximize min
𝑗∈RX

SINR
𝑗
, (5)

s.t.: SINR
𝑗
≥ 𝛼 ∀𝑗 ∈ RX, (6)

𝑃
𝑖

𝜔
𝑖𝑗

≥ RSSI
0

∀𝑖 ∈ TX, (𝑖, 𝑗) ∈ 𝐿, (7)

𝑃min ≤ 𝑃𝑖 ≤ 𝑃max ∀𝑖 ∈ TX, (8)

where the first constraint (6) guarantees that the minimum
SINR value is beyond the lower (𝛼) threshold.The second one
(7) ensures that the signal in the receiver is sufficiently high
for being detected and processed. And the third emphasizes
the fact that the node’s power values should be in the interval
[𝑃min, 𝑃max].

In the above formulation, we redefine the objective func-
tion. We denote by 𝑧 the minimum value of SINR

𝑗
and
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add the respective constraints. Finally, the objective and the
constraints of the problem𝐷

1
are given as follows:

maximize 𝑧, (9)

s.t.:
𝑃
𝑖
/𝜔
𝑖𝑗

∑
𝑘∈TX\{𝑖} (𝑃𝑘/𝜔𝑘𝑗) + 𝑁𝑎

≥ 𝑧 ∀ (𝑖, 𝑗) ∈ 𝐿,

(10)
𝛼 ≤ 𝑧, (11)
𝑃
𝑖

𝜔
𝑖𝑗

≥ RSSI
0

∀𝑗 ∈ RX, (𝑖, 𝑗) ∈ 𝐿, (12)

𝑃min ≤ 𝑃𝑖 ≤ 𝑃max ∀𝑖 ∈ TX. (13)

For this problem, the variables are given by 𝑃
𝑖
and 𝑧. We

notice that the first constraint (10) is a nonlinear inequality.
Nevertheless, we can easily handle this by fixing 𝑧 to some
lower bounds and keep increasing it appropriately until it
reaches the optimal solution. We begin by initially setting
𝑧 = 𝛼 in the first constraint. Because 𝛼 is a lower bound for 𝑧,
this assumption leads to a feasible solution (if such a solution
exists for the initial problem). By assuming 𝑧 is a constant we
obtain a LP model, the𝐷

1
which is formulated as follows:

maximize 𝜖, (14)

s.t.:
𝑃
𝑖

𝜔
𝑖𝑗

− 𝑧 ⋅ ( ∑

𝑘∈TX\{𝑖}
(
𝑃
𝑘

𝜔
𝑘𝑗

) + 𝑁
𝑎
) ≥ 𝜖

(𝑖, 𝑗) ∈ 𝐿,

(15)

𝛼 ≤ 𝑧, (16)

𝑃
𝑖

𝜔
𝑖𝑗

≥ RSSI
0

∀𝑗 ∈ RX, (𝑖, 𝑗) ∈ 𝐿, (17)

𝑃min ≤ 𝑃𝑖 ≤ 𝑃max ∀𝑖 ∈ TX. (18)

In constraint (15) (of the problem 𝐷


1
), we have intro-

duced the variable 𝜖 which will be helpful in increasing the
𝑧 value (for the sake of simplicity we use the same notation 𝑧
for both initial variable value and the current lower bound of
𝑧which is updated (increased) constantly through iterations).
Thus, 𝜖 is such that for each sender 𝑖 and receiver 𝑗

𝜖

∑
𝑘∈TX\{𝑖} (𝑃𝑘/𝜔𝑘𝑗) + 𝑁𝑎

(19)

measures the gap between the SINR
𝑗
and the current 𝑧 value.

Hence, by increasing 𝑧 according to (20) we ensure that there
will be a feasible solution for the updated value of 𝑧:

min
𝑗∈RX

𝜖

∑
𝑘∈TX\{𝑖} (𝑃𝑘/𝜔𝑘𝑗) + 𝑁𝑎

. (20)

Indeed, this is true since the last solution remains feasible for
the updated 𝑧. The idea behind this is to gradually increase
the 𝑧 value until we reach its maximum value. Algorithm 2
describes these operations.

More precisely, the algorithm begins by solving the 𝐷
1

problem as defined above (with 𝑧 set to 𝛼) and as a result we

obtain the 𝑃
𝑖
values (or the power values assigned to sender

nodes).The ratios between 𝜖 and interference at each receiver
(see formula (20)) are used to obtain the minimum value
that allows increasing the SINR values while guaranteeing a
feasible solution. The process is finite and the algorithm will
stop either when 𝜖 becomes practically 0 or when the inferior
bound of SINR becomes larger than 𝛽. In the latter case we
set 𝑧 = 𝛽; otherwise we take the last 𝑧 value. At this stage
we cannot say too much on the theoretical complexity of the
above algorithm. However, the methods perform quite well
in practice and the process converges after a few steps. Notice
last that, as suggested by an anonymous reviewer, the binary
search could be a potential alternative method for computing
the 𝑧 value. Preliminary tests have not been concluding so we
stuck to the epsilon method.

4.1.2. Formulating and Solving Problem 𝐷
𝑘
. Similarly to

problem𝐷
1
, the problem 𝐷

𝑘
can be formulated as follows:

maximize 𝑧, (21)

s.t.:
𝑃
𝑖
/𝜔
𝑖𝑗

∑
𝑘∈TX\{𝑖} (𝑃𝑘/𝜔𝑘𝑗) + 𝑁𝑎

≥ 𝑧

∀ (𝑖, 𝑗) ∈ 𝐾,

(22)

𝑃
𝑖
/𝜔
𝑖𝑗

∑
𝑘∈TX\{𝑖} (𝑃𝑘/𝜔𝑘𝑗) + 𝑁𝑎

≥ 𝑠
(𝑖,𝑗)

∀ (𝑖, 𝑗) ∈ 𝑀 \ 𝐾,

(23)

𝑃
𝑖

𝜔
𝑖𝑗

≥ RSSI
0

∀𝑗 ∈ RX, (𝑖, 𝑗) ∈ 𝑀, (24)

𝑃min ≤ 𝑃𝑖 ≤ 𝑃max ∀𝑖 ∈ TX. (25)

In comparison with 𝐷
1
, the above formulation differs in

two points. First, constraints (10) give rise to two types of
constraints, that is, (23) and (22), with respect to links with
SINR already computed and the others. Second, constraint
(11) is not useful any more as we have increasing values of
𝑧. Hence, any 𝑧 solution to 𝐷

𝑘
is necessarily larger equal to

precedent 𝑧 and consequently to 𝛼. Problem 𝐷
𝑘
is solved

in a similar way to problem 𝐷
1
. More precisely, we use

Algorithm 2 to solve 𝐷
𝑘
. To this end, we write an epsilon

formulation,𝐷
𝑘
, which is very similar to𝐷

1
.

4.1.3. Identifying SINR Constrained Links. With respect to
Algorithm 1, once Algorithm 2 has reached 𝜖 = 0 and
computed 𝑧, we need to find some links with SINR that
cannot take higher value than 𝑧. Let us look in detail at
problem 𝐷

1
and similar reasoning will hold for any 𝐷

𝑘
.

Given problem (15)–(18) an easy way to find if a link is SINR
constrained is to check if its dual coefficient of (15), let us
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say 𝛾
(𝑖,𝑗)

, is strictly positive. Indeed, using the complementary
slackness property of duality theory, we have

(
𝑃
𝑖

𝜔
𝑖𝑗

− 𝑧 ⋅ ( ∑

𝑘∈TX\{𝑖}
(
𝑃
𝑘

𝜔
𝑘𝑗

) + 𝑁
𝑎
) − 𝜖)𝛾

(𝑖,𝑗)

= (
𝑃
𝑖

𝜔
𝑖𝑗

− 𝑧 ⋅ ( ∑

𝑘∈TX\{𝑖}
(
𝑃
𝑘

𝜔
𝑘𝑗

) + 𝑁
𝑎
))𝛾
(𝑖,𝑗)

= 0

(26)

and we can say that link (𝑖, 𝑗) is SINR constrained if 𝛾
(𝑖,𝑗)

> 0.
Furthermore, there is at least one strictly positive value, since
from the dual formulation of the above problem we have
∑
(𝑖,𝑗)∈𝐿

𝛾
(𝑖,𝑗)

≥ 1.

4.2. Correctness of MMF SINR Computation. Without loss
of generality we assume that all 𝑧 values computed during
the algorithm are all less than 𝛽. The correctness of the
proposed approach, that is, the optimality of the solution
obtained by our iterative algorithm, is not obvious. Indeed,
different transmission power assignments may satisfy all the
constraints specified for the problem 𝐷

𝑖
at each step 𝑖 of

the algorithm. Furthermore, several links might possibly
achieve the same SINR signal. Recall also that each step
of Algorithm 2 yields at least one transmission link and
the corresponding SINR value (𝑧) with respect to the max-
min fair SINR link transmissions. Once computed, this
value is fixed and used as a constant for the remaining
calculations. Questions naturally arise. How does this impact
the upcoming 𝑧 value and consequently the quality of the
computed assignment? Which link should be chosen and
what are the consequences for the desired power transmission
assignment? In the following we will try to answer these
questions and prove formally the optimality of the max-min
fair assignment computed by Algorithm 1.

Theorem1. Thepower assignment solution obtained at the end
of the 𝑘th step of Algorithm 1 is such that there is no other power
assignment that would allow the SINR value of transmission
links in 𝐿

𝑘
to be increased at the expense of other links with

better SINR.

Proof. We prove this by mathematical induction on the
number of steps of Algorithm 1. Obviously the statement
holds for the first step of the algorithm. Indeed, the way the
set 𝐿
1
is defined makes the existence of some other solutions

achieving better SINR for 𝐿
1
impossible. We will prove now

that if the above property is true for any step 𝑘−1 then it is also
true for the following step. Hence, by recurrence hypothesis
we assume that there is no way of increasing any SINR in
𝐿
(𝑘−1)

by decreasing SINR of the other links. At this stage we
notice that any solution obtained at the end of step 𝑘 is also
a solution for all problems 𝐷

𝑖
, 𝑖 < 𝑘, and all constraints (23)

with respect to links in𝑀\𝐾 are also satisfied at equality. Let
us now consider some constrained link at step 𝑘; let us say
(𝑝, 𝑞). With respect to the formulation of the corresponding
problem 𝐷



𝑘
and bearing in mind that 𝜖 = 0 and constraint

(22) for link (𝑝, 𝑞) is tight, it is clear that there can be no
way of increasing the SINR value for link (𝑝, 𝑞) simply by

decreasing the SINRof somenonconstrained links (which are
the only remaining links offering better SINR). Furthermore,
this holds for all links in𝑀 \ 𝐾 as the current solution is as
well a solution for all problems 𝐷

𝑖
, 𝑖 < 𝑘, and the recurrence

hypothesis applies.There is therefore no room to increase the
SINR at this link and potential other links in 𝐿

𝑘
with the same

SINR, which concludes the proof of the theorem.

An immediate corollary of the above theorem is that
the SINR values obtained at the end of Algorithm 1 give
necessarily a max-min fair vector, since the result also holds
for the solution obtained at the final step of the algorithm
when all links are constrained.

4.3. Considering the Energy Consumption in the Network.
The problem of MMFSLT computation aims to guarantee a
“good” transmission medium for all concurrent links in the
network. Hence, its focus falls upon the quality of links. In the
WSN’s context, energy is also considered as a relevant issue.
Therefore, we can further process the results of Algorithm 1
in terms of economy of energy. By defining as objective
the minimization of the sum of the nodes’ power value, we
formulate the problem 𝑃energy as follows:

minimize ∑

𝑖∈TX
𝑃
𝑖
, (27)

s.t.:
𝑃
𝑖

𝜔
𝑖𝑗

− 𝑠
(𝑖,𝑗)

⋅ ( ∑

𝑘∈TX\{𝑖}
(
𝑃
𝑘

𝜔
𝑘𝑗

) + 𝑁
𝑎
) ≥ 0

∀ (𝑖, 𝑗) ∈ 𝑀,

(28)

𝑃
𝑖

𝜔
𝑖𝑗

≥ RSSI
0

∀𝑗 ∈ RX, (𝑖, 𝑗) ∈ 𝑀, (29)

𝑃min ≤ 𝑃𝑖 ≤ 𝑃max ∀𝑖 ∈ TX, (30)

where the first constraint guarantees that the SINR value in
each receiver is bigger than the 𝑠

(𝑖,𝑗)
threshold (𝑠

(𝑖,𝑗)
in this

case is considered a constant and it belongs to the 𝑆 vector
of the MMF values). The other constraints are identical with
problem 𝐷

𝑘
. Nevertheless, notice that in practice there is no

much space left for modifying power assignment when SINR
values are determined for all active links. One way to deal
with it stands in satisfying the SINR constraint only for the
first level of MMF.

5. MMFSLT Problem for Time-Constant
Transmission Power

In this section, we examine the case of MMFSLT problem
with time-constant transmission powers. For a given network
𝐺 = (𝑉, 𝐸), the transmission links 𝐸 are allocated to
different time slots with the same conditions as discussed in
Section 3.2. The MMF algorithm (Algorithm 1) allocates the
power to the transmitting nodes to guarantee MMF SINR at
receiver for each given time slot. Hence, a node may have
different transmission power depending on the time slot in
which it transmits. Therefore, we formulate the following
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Input: A set 𝐿 of links located arbitrarily in the Euclidean plane;
Output: A feasible schedule 𝑆, the SINRthreshold;

(1) while (there are still links not assigned to a slot) do
(2) ⇒ take a new slot time;
(3) ⇒ examine the non assigned links according to increasing distance to BS;
(4) ⇒ assign link (𝑗) to the current time slot if the function 𝑡𝑒𝑠𝑡(𝑗) returns 𝑇𝑟𝑢𝑒;

(1) 𝑡𝑒𝑠𝑡(𝑗);
(2) cond1: the link (𝑗) and the other links in the current

time slot have no receiver in common;
(3) cond2: the sender node of link (𝑗) and the receiver

nodes of the other links in the current time slot are different;
(4) cond3: assign a power for each sender node by solving problem𝐷

1
.

The minimal value of the SINR evaluated for the set of links belonging to the
current time slot, including link (𝑗), is bigger than the SINRthreshold;

(5) if (cond1 & cond2 & cond3) then
(6) return True;
(7) else
(8) return False;

Algorithm 3: The principle of the algorithm for the JLSPA problem.

problemwhich seeks to find a unique transmission power for
each node ∈ 𝑉 that is independent of the time slot and that
ensures the SINR fairness. Let us denote by 𝑇 thewhole frame
divided in time slots, RX

𝑡
the set of receiving nodes at slot

𝑡, TX
𝑡
the set of transmitting nodes at slot 𝑡, and 𝑀

𝑡
the set

of activated links at slot 𝑡. An approach similar to the MMF
algorithm can be given for the time-constant transmission
power case at this stage: we report below the formulation of
the counterpart of problem𝐷

1
:

maximize min SINR
𝑡𝑗

𝑗 ∈ RX
𝑡
, 𝑡 ∈ 𝑇, (31)

s.t.:
𝑃
𝑖

𝜔
𝑖𝑗

− 𝛼 ⋅ ( ∑

𝑘∈TX
𝑡
/{𝑖}

(
𝑃
𝑘

𝜔
𝑘𝑗

) + 𝑁
𝑎
) ≥ 0,

(𝑖, 𝑗) ∈ 𝑀
𝑡
, 𝑡 ∈ 𝑇,

(32)

𝑃
𝑖

𝜔
𝑖𝑗

≥ RSSI
0

𝑗 ∈ RX
𝑡
, (𝑖, 𝑗) ∈ 𝑀

𝑡
, 𝑡 ∈ 𝑇,

(33)

𝑃min ≤ 𝑃𝑖 ≤ 𝑃max ∀𝑖 ∈ TX. (34)

6. The JLSPA Problem

Finally, we deal with the JLSPA problem. For solving the
problem we need to perform the following tasks.

(1) Identify the activated links.
(2) Design a scheduling scheme.
(3) Assign the transmissions power.

6.1. Network Topology and Scheduling Algorithm. Here, we
assume an uplink traffic in the network, according to a
well-defined routing scheme (see Figure 2). Each sensor
aggregates the data during the relaying (converge-cast with

−100 −50 0 50 100
−100

−80

−60

−40

−20

0

20

40

60

80

100

Figure 2: Routing tree: blue dots are the sensor nodes, and the red
dot is the gateway.

data aggregation); therefore each transmission link may be
activated only once. TDMA type of protocols following the
same assumption is detailed in [28–30]. However, activating
all the transmission links simultaneously may normally lead
to unfeasible scenarios under SINR constraint.

Regarding the scheduling, it can be modeled as the one-
shot scheduling problem in [16], assuming that the links
weight will be equal to one unit. As this problem is shown to
be NP-hard, we propose a bottom-up approach described
in Algorithm 3. This approach is a greedy heuristic which
intends to put in a time slot the maximum number of
links such that the SINR constraint is respected (where
SINRthreshold represents the 𝛼 value; see (2)). The set of links
𝐿 that need to be scheduled is given by solving the network
configuration problem, as stated previously. In the set 𝐿
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the links are sorted according to their respective coronas,
meaning first we have the links of the corona closer to BS and
next it will use the links of the second corona and so on. For
each time slot, we try to put the links by beginning from those
closer to the BS. The number of links that can be placed in a
given time slotwill be controlled by the three conditions given
in lines 2–4 of the 𝑡𝑒𝑠𝑡() function.The algorithm proceeds by
taking into consideration each link that has not been assigned
to a time slot. If the function 𝑡𝑒𝑠𝑡() returns True, the link in
consideration can be assigned to the current slot; otherwise
the algorithm will check its validity for the next time slot.

The heart of this algorithm is the SINR computation (see
condition 3) which corresponds to the third task, the power
assignment strategy. For this we solve problem𝐷

1
; that is, we

check the feasibility for a set of active links and compute the
max-min SINR among them.Note that in the above approach
we do not need to compute MMF SINR; nevertheless this
can be done once the active links in a slot are determined.
At this point one important question holds: how will the
transmission power assignment strategy affect the schedule
length? This question is answered in the following section.

6.2. Numerical Results for the JLSPA Problem. We apply
two different power assignment strategies, (i) the linear
power assignment and (ii) the power strategy for fair link
transmissions (called MMF SINR strategy below), to the
scheduling algorithm proposed previously. The linear power
assignment strategy consists in assigning a power to each
activated link, which is proportional to the link weight.

To compute the link weights we use the log-distance path
loss model. This model is formally expressed according to

𝜔
𝑖𝑗
(𝑑
𝑖𝑗
) = PL

0
+ 10 ⋅ 𝛾 ⋅ log

10

𝑑
𝑖𝑗

𝑑
0

+ 𝑁 (0, 𝜎) , (35)

where 𝑑
𝑖𝑗
is the distance between transmitter (𝑖) and receiver

(𝑗), 𝑑
0
a reference distance, PL

0
the power decay correspond-

ing to 𝑑
0
, 𝛾 the path loss exponent (rate at which signal

decays), and𝑁(0, 𝜎) a normal (or Gaussian) random variable
with mean 0 and variance 𝜎, reflecting the attenuation (in
dB) caused by flat fading. The value of weight 𝜔

𝑖𝑗
is given in

dBm. The link weights are computed according to the model
given in (35), but for computation simplicity we have not
considered the 𝑁(0, 𝜎) value. For the rest of parameters, the
reader can refer to Table 1.

The MP parameters in Table 1 refer to the coefficients of
MP presented in Section 4. For the 𝛼 value we refer to the
cochannel rejection ratio (CCRR) defined in the transceiver
data sheets. From the empirical experiments provided in [31]
we observed that the 𝛽 value can be approximated at 10 dB.
RSSI
0
, 𝑃min, and 𝑃max are extracted from the sensor (MICAz)

data sheet.
Our algorithm is coded in C++ using the CPLEX 12.1

Library. The program is compiled with MSVC in a Windows
environment, and all experiments were conducted on an
AMD Opteron 2.60GHz.

We have applied the linear and the fair power strategy to
the scheduling problem and computed the schedule length
for cases when the SINR threshold varies. These results are

Table 1: Simulation parameters.

Type Parameter Value

MP parameters

𝛼 1.99 (3 dB)
RSSI
0

−90 dBm
𝑃min −25 dBm
𝑃max 0 dBm
𝛽 10 dB
𝐸rr 10

−7

Channel parameters
𝛾 2

Reference distance 𝑑
0

1m
Power PL

0
52.4

Radio parameters
Noise floor −110 dBm

White Gaussian noise𝑁
𝑤

4 dB
𝑁(0, 𝜎) 0

Network topology instance
Network radius 100m

Internodes distance 6m
Number of activated links 161
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Figure 3: Time slots number versus SINR.

presented in Figure 3. The fair power assignment strategy
improves the schedule length by at least 31% (fair power
assignment strategy requires 18 time slots with respect to
linear schedule length which needs 26 time slots for a SINR
threshold equal to 1.9 units). As we can observe, the number
of slots required to schedule all the links has the tendency to
increase for bigger values of SINR thresholds.

Based on the above limited numerical results, it seems
that the fair power assignment strategy can be helpful in
reducing the schedule length. However, an extended numer-
ical study would be necessary to confirm the findings while
there is still place for further improving the scheduling
heuristic.
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7. Future Work

We formulated and solved the max-min fair SINR link
transmission problem which consists in allocating power
transmission to nodes such that the SINR values of active
links are MMF. This problem is solved optimally and, to the
best of our knowledge, we are the first to propose an exact
method. By implementing our method to JLSPA problem, we
show that the schedule length may be significantly reduced.
Moreover, the design of a cooperative approach provides a
fair medium for the concurrent links and, therefore, the best
possible scenario for having successful transmissions. We
extended the problem also to the case when the transmission
power of nodes is constant through the time frame. However,
different problems may be interesting to be investigated as
future work, such as

(i) improving the scheduling algorithm in order to have
lower bounds for the JLSPA problem,

(ii) developing an adaptive transmission power control
algorithm that operates in a distributed manner; the
algorithm should be able to adapt its transmission
power quickly to suit a rapidly changing radio envi-
ronment.
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We present a new approximation algorithm to the discrete facility location problem providing solutions that are close to the
lexicographicminimax optimum.The lexicographicminimax optimum is a concept that allows to find equitable location of facilities
serving a large number of customers.The algorithm is independent of general purpose solvers and instead uses algorithms originally
designed to solve the 𝑝-median problem. By numerical experiments, we demonstrate that our algorithm allows increasing the size
of solvable problems and provides high-quality solutions. The algorithm found an optimal solution for all tested instances where
we could compare the results with the exact algorithm.

1. Introduction

Our study is motivated by problems faced by public author-
ities when locating facilities, such as schools, branch offices,
or libraries and ambulance, police, or fire stations. To find an
efficient spatial design of these systems, various types of loca-
tion and allocation models can be used [1–4]. Typically, these
problems are seen as an example of the resource allocation
problem with a central planner. Thus, the costs of the system
construction and its maintenance are typically “shared” by
everybody, though not all contributors to the system (tax
payers) are enjoying the same access to services. When
pursuing an economically efficient design, some customers
may end up being located close to the located service centres,
whereas others are placed far away. Self-interested customers
could understand such situation as unfair.

It is clear that in a real-world situation it is impossible to
reach completely equal access to services for all customers,
however, considering fairness criteria can help distribute the
accessibility of services among customers more evenly. The
number of existing problems related to the fair division
of scarce resources is overwhelming. We restrict our short
overview to few examples only. A recent comprehensive

overview of models, algorithms, and applications is available
in [5].

In manufacturing, the omnipresent problem is how to
allocate limited resources among many competing pro-
cesses. Solving methods for problems with the knapsack
inequality type of constraints, including multiple resource
constraints, multiperiod problems, and problems with sub-
stitutable resources, are discussed in [6]. In engineering, one
of the most profound applications of fairness is sharing of
capacities in communication networks [7–9]. The method
for solving the maximum flows [10] often generates unfair
flows in the sense of how the flows are distributed to sink
nodes. Using the principle of max-min fairness [11], the
sink- (source-) optimal flow was defined as a flow which
lexicographicallymaximizes the flow vector from the point of
view of sink (source) nodes, and an efficient algorithm to find
such flows was proposed in [12, 13].The same fairness scheme
was studied in the context of various routing mechanisms.
An overview of basic problems in communication networks,
associated with the applications of the max-min fairness
to the flow rate allocation, routing, and load balancing,
is given in [14]. For example, fixed paths were studied in
regular networks finding analytical expressions describing
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the network throughput [15]. For multicommodity flows, LP
formulation of the problem was used to represent the flexible
routing [16]. When mixed or integer decision problems are
to be solved, the basic sequential procedure is not applicable.
The ordered outcomes approach and the ordered values
approach [17] allow to overcome this difficulty. Application
of these two approaches to the bandwidth allocation problem
was demonstrated in [18].

One important element appearing in studies focusing
on fairness is the efficiency-fairness tradeoff. A well-known
limitation of the lexicographically maximal flow is the
relatively large reduction in the network throughput. A
possible solution can be found in the optimization of flows
with respect to the efficiency, provided that some level of
fairness is guaranteed. An example of such approach is (𝛼, 𝛽)
fairness introduced in [19]. A general approach, combining
optimization of the minisum and the minimax criteria with
the tunable size of the applicability area for the minimax cri-
terion, was proposed in [20]. To demonstrate the applicability
of the proposed approach, the authors analysed the problem
of how to distribute limited resources among patients to pay
for the costly medical treatments. Alternatively, one can use
different fairness schemes. One such scheme known as the
proportional fairness was generalized and presented as an
optimization problem [21]. The efficiency of the max-min
fairness and proportional fairness was studied and analyti-
cally evaluated for a general set-up, using a simple measure
[22], finding analytical expressions describing bounds for a
gap between fair and efficient solutions. Using the generalized
objective function which encompasses both these schemes as
special cases, the same authors studied the efficiency-fairness
trade-off, proposing several managerial prescriptions for the
selection of the objective [23].

The first attempts to consider equity considerations when
solving location problems on networks date back to the
influential paper [24]. In this paper, the problem of finding
the minimum number of locations was addressed, consid-
ering that no customer is farther from an existing location
than a given distance. Since then, the inclusion of equity in
location models has been a recurring topic. The equity is
usually quantified by an equity measure. The taxonomy of
equity measures proposed specifically for location problems
was given in [25]. Here the authors decided to organize
the equity measures around three dimensions: the choice of
reference distribution which represents the desired goal, the
distance metric which determines the way of how to assess
the distance to the desired goal, and the scaling function used
to take into account different importance of customers (e.g.,
by considering population, land area, demand, or income).
In addition, the authors summarize from the literature useful
criteria which should be taken into account when selecting
an equity measure. Recently, an application of the equity
measure to the equitable facility location problem in a plane
was described in [26]. The authors analysed properties of the
Gini coefficient and proposed an algorithm that finds the
optimal location of a facility in a bounded area.

The requirement of equitable distribution comes often
combined with other objectives. Noteworthy is the close rela-
tion between fairness criteria andmulticriterial optimization.

Typically, the equity is either formally represented by one
out of several criteria or the interest of each individual is
represented as a single objective function [27]. For the survey
ofmultiple criteria facility location problems, including those
considering the equity, see the recent paper by Farahani et al.
[28].

In the literature we do not find many attempts to suggest
algorithms for solving facility location problems considering
the lexicographic minimax objective. Specialized algorithms,
considering minimax and lexicographic minimax optimiza-
tion, were proposed when locating single facility in a plane
[29]. Another approach, applicable to planar problems simul-
taneously optimizing the equitable distribution of distances
by minimizing the radius of the serviced area and ensuring
equitable distribution of loads, is described in [30]. The
problem of how to locate facilities with equitable loads using
the minimax criterion was also studied on networks [31].
The work [32] is closely related to the issue of lexicographic
minimax optimization on networks. The authors noticed the
possibility of reducing the classical minimax to minisum for
0-1 programming problems by transforming the coefficients
in the objective function using a power function [32]. As
pointed out in [33], the concept of power functions can be
also extended to the lexicographicminimax solution concept.
However, in general, high powers may be necessary to
generate large enough differences between distances. When
solving practical problems, large differences between distance
coefficients may cause serious computational problems. To
overcome these difficulties, the ordered outcomes approach
and the ordered values approach were proposed in [17].
The latter approach was found as more efficient, but the
size of tested instances was rather small. A very convenient
technique for interactive analysis, where facilities are located
with respect to the objective function taking into account
lexicographic minimax combined with the minisum term,
was proposed in [34]. The approach is based on the reference
distribution method which can be controlled by manipulat-
ing few parameters and allows to take into account aspiration
values of assigned distances defined by the user.

The lexicographic minimax optimization problem can be
converted to a problem, where the 𝑘th term in the objective
function is the number of occurrences of the 𝑘th worst
possible unique outcome.The optimal solution is then found
by minimizing the first term followed by the minimization
of the second term without worsening the first term and
so on [5]. The approach to the facility location problem
based on this concept was developed in [33]. The initial
computational experience with this approach shows that
the lexicographic minimax approach, in comparison to the
standard minimax, selects the locations characterized by
remarkably smaller mean distance and absolute difference.
Although the algorithm requires to run a large number of
stages for the general distance matrix, it performs very well
for the cases when the matrix contains only few distinct
distance values. This makes the algorithm a very good choice
when searching for an approximate solution or when only
rough estimates of distances are considered.

Each of the above mentioned approaches to the lexico-
graphic minimax optimization [17, 33, 34] results in a specific
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form of themathematical model that is supposed to be solved
by a general purpose solver. Our initial experience with the
algorithm [33], implemented on the state of the art solver
XPRESS [35], indicated that we are able to solve problems up
to 900 customers and 900 candidate facility locations, while
restricting the distances to integers and measuring them in
kilometres. This limitation might be too tight for some real-
world applications and therefore it is of interest to elaborate
algorithmswhich can provide high-quality solutions to larger
problems. Building on the same basic concept of the unique
classes of distances [33], we propose an approximation algo-
rithm providing high-quality solutions for large instances of
solved problems. We use the resulting algorithm to perform
an extensive study using the well-known benchmarks [36–
39], and we enriched them by new benchmarks derived
from the real-world road network data [40, 41]. Our main
contribution is the set of rules which allow us (i) to take into
account the multiplicities assigned to different customers;
(ii) to detect whether for a given distance active customers
can reach higher, equal, or smaller distance to the closest
located facility; and (iii) to use methods customized for
solving the 𝑝-median problem. Customized methods can
handle larger problems than up-to-date general purpose
integer programming solvers. Therefore, the applicability of
the algorithm is enhanced, especially, when it is used to solve
large instances of real-world problems.

The remainder of the paper is organized as follows: the
lexicographicminimax approach to the facility location prob-
lem is briefly described in Section 2.1. Section 2.2 presents
our algorithm. In Section 3 the benefits of the algorithm
are demonstrated on the set of benchmarks derived from
the real-world networks. To conclude, we summarize our
findings in Section 4.

2. Materials and Methods

When solving a facility location problem, the goal is to find
suitable positions of facilities that provide services to the
set of customers distributed in a serviced area. Along the
years, many variants of the facility location problem have
been elaborated. As an archetypical example, we describe the
weighted 𝑝-median problem.

2.1. The Equitable Facility Location Problem. We consider the
set 𝐼 of potential locations for facilities and the set of locations
𝐽 representing aggregate customers. Each aggregate customer
𝑗 ∈ 𝐽 is characterized by a unique geographical position
and we associate an integer weight (multiplicity) 𝑏

𝑗
with each

position. The weight 𝑏
𝑗
represents the number of individual

customers situated in the location 𝑗. We denote the set of
all individual customers by 𝐽. In order to map individual
customers to aggregate customers we define the function
𝑗(𝑘) for 𝑘 ∈ 𝐽, returning the element 𝑗 ∈ 𝐽 if and only if
the individual customer 𝑘 is situated in the location 𝑗 (see
Figure 1).

The decisions to be made can be represented by a set of
binary variables.The variable 𝑦

𝑖
equals 1 if the location 𝑖 ∈ 𝐼 is

used as a facility location and equals 0 otherwise. Allocation

1 2 53 4

j = 1 j = 2

Figure 1: Schematic illustrating the definition of customers. The
set of aggregate customers 𝐽 is composed of two elements, that is,
𝐽 = {1, 2}, and the set of individual customers is 𝐽 = {1, 2, 3, 4, 5}.
The aggregate customer 1 includes individual customers 1 and 2,
and the aggregate customer 2 stands for individual customers 3, 4,
and 5. Thus, in this case the function 𝑗(𝑘), mapping the individual
customer 𝑘 ∈ 𝐽 to the aggregate customer, returns these values
𝑗(1) = 1, 𝑗(2) = 1, 𝑗(3) = 2, 𝑗(4) = 2, and 𝑗(5) = 2, and the
weights (multiplicities) assigned to aggregate customers are 𝑏

1
= 2

and 𝑏
2
= 3.

decisions are modelled by variables 𝑥
𝑖𝑗
for 𝑖 ∈ 𝐼 and 𝑗 ∈ 𝐽,

whereas𝑥
𝑖𝑗
= 1 if location 𝑖 is serving the customer 𝑗 and𝑥

𝑖𝑗
=

0 otherwise. In order to obtain a feasible solution, the decision
variables have to satisfy the following set of constraints:

∑

𝑖∈𝐼

𝑦
𝑖
= 𝑝, (1)

∑

𝑖∈𝐼

𝑥
𝑖𝑗
= 1 ∀𝑗 ∈ 𝐽, (2)

𝑥
𝑖𝑗
≤ 𝑦
𝑖

∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, (3)

𝑥
𝑖𝑗
∈ {0, 1} ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, (4)

𝑦
𝑖
∈ {0, 1} ∀𝑖 ∈ 𝐼, (5)

where (1) specifies that the number of located facilities equals
𝑝. The constraints (2) make sure that each customer is
assigned to exactly one facility, and the constraints (3) allow
assigning a customer only to the located facilities. Following
[33], we denote the set of all feasible location patterns, which
satisfy the constraints (1)–(5), by the symbol 𝑄. For each
customer 𝑗 ∈ 𝐽we define the performance function𝑓

𝑗
(x) [27]

where x is a matrix representing the assignment decisions.
This function estimates how customer 𝑗 values the effect of
located facilities.There is a strong stream of literature in loca-
tion science studying measures that can be used to describe
preferences of customers [42]. Typically, a measure called
utility (disutility), 𝑢

𝑖𝑗
, is defined to characterize preference of

the customer 𝑗 for the candidate location 𝑖. Utility is often
defined as a function of the distance 𝑑

𝑖𝑗
from the customer

𝑗 to the facility location 𝑖. The performance function 𝑓
𝑗
(x) is

then a composite of utilities 𝑢
𝑖𝑗
representing a model of the

customer’s choice behaviour [43]. The two most frequently
used choice behavioural models are the minimum function,
when the demand of a customer is assigned to one located
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facility only (e.g., the closest one), and some kind of gravity
model when the customer’s demand is distributed among
located facilities following a givenmathematical prescription.
Although the presented approach is able to handle the
situation when 𝑢

𝑖𝑗
is an arbitrary function of the distance

𝑑
𝑖𝑗
, to simplify the text we choose 𝑢

𝑖𝑗
= 𝑑
𝑖𝑗
. The main

focus of this paper is to extend the size of problems solvable
by lexicographic approach, and, therefore, for simplicity
reasons, we define the performance function that represents
the distance from the customer to the closest located facility.
Consequently, individual customers will get the same value
of the performance function if they correspond to the same
aggregate customer. Using constraints (2), the performance
function for the individual customer 𝑘 ∈ 𝐽 can be formulated
as

𝑓
𝑘 (x) = 𝑓𝑗 (x) = ∑

𝑖∈𝐼

𝑑
𝑖,𝑗
𝑥
𝑖,𝑗
, (6)

where 𝑗 = 𝑗(𝑘) and 𝑑
𝑖𝑗
is the distance from the aggregate

customer 𝑗 ∈ 𝐽 to the facility location 𝑖 ∈ 𝐼.
The system optimum [22], frequently referred to as the

minisum optimum or the utilitarian solution, corresponding
to the 𝑝-median problem [1] is obtained when we minimize
the expression (7) subject to (x, y) ∈ 𝑄:

𝑆 (x) = ∑
𝑗∈𝐽

𝑏
𝑗
𝑓
𝑗 (x) = ∑

𝑘∈𝐽

𝑓
𝑘 (x) . (7)

The corresponding optimal solutions we denote

(xSYS, ySYS) = arg min {𝑆 (x) | (x, y) ∈ 𝑄} . (8)

The standard definition of the lexicographic minimax
optimum[33] can be adjusted to theweighted problem,where
the weights are representing the multiplicities of customers,
as follows. We enlarge the set of aggregate customers 𝐽 to the
set of individual customers 𝐽; that is, each aggregate customer
𝑗 ∈ 𝐽 is replaced by 𝑏

𝑗
individual customers situated in the

same location. After this adjustment, we introduce the map
Θ : 𝑅

|𝐽|
→ 𝑅
|𝐽| which orders the values 𝑓

𝑘
(x) for 𝑘 ∈ 𝐽 in a

nonincreasing order. Thus, more formally,

Θ(𝑓
1 (x) , 𝑓2 (x) , . . . , 𝑓|𝐽| (x))

= (𝑓
1
(x) , 𝑓

2
(x) , . . . , 𝑓

|𝐽|
(x)) ,

(9)

if and only if there is the permutation 𝜏 such that 𝑓
𝑘
(x) =

𝑓
𝜏(𝑘)

(x) for all 𝑘 ∈ 𝐽 where 𝑓
1
(x) ≥ 𝑓

2
(x) ≥ ⋅ ⋅ ⋅ ≥ 𝑓

|𝐽|
(x). Let

us denote

v = (𝑓
1
(x1) , 𝑓

2
(x1) , . . . , 𝑓

|𝐽|
(x1)) ,

u = (𝑓
1
(x2) , 𝑓

2
(x2) , . . . , 𝑓

|𝐽|
(x2)) ,

(10)

where (x1, y1), (x2, y2) ∈ 𝑄. We define the strong lexico-
graphic inequality <LEX by v <LEX u if and only if there is an
index 𝑚 ≤ |𝐽| such that V

𝑛
= 𝑢
𝑛
for all 𝑛 < 𝑚 and V

𝑚
< 𝑢
𝑚
.

The weak lexicographic inequality ≤LEX is then defined as

v ≤LEX u, if and only if either v = u or v <LEX u. Now we can
define solution (xLEX, yLEX) to be the lexicographic minimax
optimum if

Θ(𝑓
1
(xLEX) , 𝑓

2
(xLEX) , . . . , 𝑓

|𝐽|
(xLEX))

≤LEX Θ(𝑓
1 (x) , 𝑓2 (x) , . . . , 𝑓|𝐽| (x)) ,

(11)

for all (x, y) ∈ 𝑄.
We defined the lexicographic ordering and the lexico-

graphic optimum using the set of individual customers.
When we translate this definition to the set of aggregate
customers, we can interpret the lexicographic optimization
as two subsequent goals. Primarily, we are aiming to assign
to facilities those customers whose performance function
cannot be lowered any further; that is, the maximal distance
from the relevant customers to the closest facility is min-
imized. Secondarily, we minimize the number of relevant
customers which are assigned to a facility at the considered
stage. Please note that the number of individual customers,
having assigned a distance value, is given by the sum of 𝑏

𝑗

values corresponding to those aggregate customers that are
decided upon. In the next section we present the detailed
description of the algorithm.

2.2. The Approximation Algorithm to the Facility Location
Problemwith the LexicographicMinimaxObjective. Similarly
to the algorithm [33], our algorithm subsequently solves opti-
mization problems corresponding to the distance values in
stages. We order the set of all feasible distance values 𝑑

𝑖,𝑗
into

the descending sequence of unique distance values 𝐷
𝑘
, for

𝑘 = 1, . . . , 𝑘max. At each stage 𝑘 > 1we consider a partitioning
of the set 𝐽 into the system of subsets {𝐽

1
, . . . , 𝐽

𝑘−1
, 𝐶
𝑘
}, where

𝐶
𝑘
is a set of active customers.We aim to identify theminimal

subset of customers 𝐽
𝑘
⊆ 𝐶
𝑘
, whose distance from the closest

facility location equals the value 𝐷
𝑘
. We define the minimal

subset as the set with the minimum number of individual
customers, that is, the set where the sum of multiplicities
∑
𝑗∈𝐽
𝑘

𝑏
𝑗
is the smallest. For a given value of 𝐷

𝑘
, we find the

minimal set 𝐽
𝑘
by solving the problem 𝑃

𝑘
:

Minimize 𝑔
𝑘
(x) = ∑

𝑖∈𝐼

∑

𝑗∈𝐽

𝑟
𝑘

𝑖𝑗
𝑥
𝑖𝑗

Subject to (x, y) ∈ 𝑄,
(12)

where 𝑟𝑘
𝑖𝑗
are the costs defined for 𝑗 ∈ 𝐶

𝑘
and 𝑖 ∈ 𝐼 in the

following way:

𝑟
𝑘

𝑖𝑗
=

{{{{{

{{{{{

{

0, if 𝑑
𝑖𝑗
< 𝐷
𝑘
,

𝑏
𝑗
, if 𝑑

𝑖𝑗
= 𝐷
𝑘
,

(1 + ∑

𝑢∈𝐶
𝑘

𝑏
𝑢
) , if 𝑑

𝑖𝑗
> 𝐷
𝑘
,

(13)
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and for 𝑗 ∈ 𝐽
𝑙
where 𝑙 = 1, . . . , 𝑘 − 1 and 𝑖 ∈ 𝐼 according to the

following prescription:

𝑟
𝑘

𝑖𝑗
=

{{{

{{{

{

0, if 𝑑
𝑖𝑗
≤ 𝐷
𝑙
,

(1 + ∑

𝑢∈𝐶
𝑘

𝑏
𝑢
) , otherwise.

(14)

This setting of coefficients 𝑟𝑘
𝑖𝑗
allows us to effectively

distinguish three important situations, which can be directly
used in the construction of the algorithm. Knowing the
optimal solution (xk, yk) of the problem 𝑃

𝑘
, the following

implications denoted as cases (a), (b), and (c) can be derived.

(a) If 𝑔𝑘(xk) = 0, then each customer 𝑗 ∈ 𝐶
𝑘
can be

assigned to a facility whose distance from 𝑗 is less than
𝐷
𝑘
, and each customer 𝑗 ∈ 𝐽

𝑙
for 𝑙 = 1, . . . , 𝑘 − 1 can

be assigned to a facility whose distance from 𝑗 is less
than or equal to𝐷

𝑙
.

(b) If 0 < 𝑔
𝑘
(xk) < 1 + ∑

𝑢∈𝐶
𝑘

𝑏
𝑢
, then each customer 𝑗 ∈

𝐶
𝑘
can be assigned to a facility whose distance from 𝑗

is less than or equal to 𝐷
𝑘
, and each customer 𝑗 ∈ 𝐽

𝑙

for 𝑙 = 1, . . . , 𝑘 − 1 can be assigned to a facility whose
distance from 𝑗 is at most 𝐷

𝑙
. The minimal subset of

customers 𝐽
𝑘
⊆ 𝐶
𝑘
whose distance from the closest

facility locations equals the value 𝐷
𝑘
can be defined

as {𝑗 ∈ 𝐶
𝑘
| ∑
𝑖∈𝐼
𝑟
𝑘

𝑖𝑗
𝑥
𝑘

𝑖𝑗
= 𝑏
𝑗
}.

(c) If 𝑔𝑘(xk) > ∑
𝑢∈𝐶
𝑘

𝑏
𝑢
, then there exists either the

customer 𝑗 ∈ 𝐶
𝑘
, which is farther from the allocated

facility than 𝐷
𝑘
or a customer in the subset 𝐽

𝑙
that is

farther from the allocated facility than 𝐷
𝑙
. Thus, this

case indicates nonexistence of a solution (x, y) to the
problem 𝑃

𝑘
, for which ∑

𝑖∈𝐼
𝑑
𝑖𝑗
𝑥
𝑖𝑗
≤ 𝐷
𝑙
for 𝑗 ∈ 𝐽

𝑙
,

where 𝑙 = 1, . . . , 𝑘.

We formulate the following algorithm, where we identify
the customers whose distance from the closest facility loca-
tion cannot be shorter than 𝐷

𝑘
, by embedding the problem

𝑃
𝑘
:

Algorithm A-LEX
Step 0. Initialize 𝑘 = 1 and 𝐶

1
= 𝐽.

Step 1. Solve the problem 𝑃
𝑘
and denote the optimal solution

by (xk, yk).

Step 2. If 𝑔𝑘(xk) = 0, set𝐶
𝑘+1

= 𝐶
𝑘
and go to Step 4; otherwise

if (0 < 𝑔𝑘(xk) < 1 + ∑
𝑢∈𝐶
𝑘

𝑏
𝑢
) go to Step 3.

Step 3. Set 𝐽
𝑘
= {𝑗 ∈ 𝐶

𝑘
| ∑
𝑖∈𝐼
𝑟
𝑘

𝑖𝑗
𝑥
𝑘

𝑖𝑗
= 𝑏
𝑗
}; 𝐶
𝑘+1

= 𝐶
𝑘
− 𝐽
𝑘
.

Step 4. If 𝐶
𝑘+1

= 0, then terminate and return (xk, yk) as the
solution; otherwise set 𝑘 = 𝑘 + 1 and continue with Step 1.

Correctness and finiteness of the algorithm A-LEX are
justified by the following propositions.

Proposition 1. The optimal solution of the problem 𝑃
𝑘
cannot

satisfy the inequality 𝑔𝑘(xk) > ∑
𝑢∈𝐶
𝑘

𝑏
𝑢
.

Proof. For 𝑘 = 1, the sumof all coefficients 𝑟1
𝑖𝑗
does not exceed

the value ∑
𝑢∈𝐶
1

𝑏
𝑢
and thus 𝑔1(x1) ≤ ∑

𝑢∈𝐶
1

𝑏
𝑢
.

For 𝑘 > 1, let us assume that the solution (xk−1, yk−1) of
the problem 𝑃

𝑘−1
complies either with the case (a) or with

the case (b) and 𝐶
𝑘
̸= 0. The solution (xk−1, yk−1) assigns all

customers from the set 𝐶
𝑘
= 𝐶
𝑘−1

− 𝐽
𝑘−1

to facilities that are
distant by at most𝐷

𝑘
.

For 𝑙 = 1, . . . , 𝑘 − 1, the customer 𝑗 ∈ 𝐽
𝑙
is assigned

to facility at the distance 𝐷
𝑙
and therefore the following

inequality𝑔𝑘(xk−1) < 1+∑
𝑢∈𝐶
𝑘

𝑏
𝑢
is valid. Solution (xk, yk), as

aminimizer of the problem𝑃
𝑘
, must fulfil inequality𝑔𝑘(xk) ≤

𝑔
𝑘
(xk−1) and consequently 𝑔𝑘(xk) ≤ ∑

𝑢∈𝐶
𝑘

𝑏
𝑢
.

To assure the consistent termination of the algorithm A-
LEX, the set 𝐶

𝑘
must be emptied for 𝑘 ≤ 𝑘max + 1.

Proposition 2. If 𝐶
𝑘max

̸= 0, then 𝐶
𝑘max+1

= 0.

Proof. If 𝐶
𝑘max

̸= 0, then the solution (xkmax , ykmax) assigns all
customers in the set 𝐶

𝑘max
to facilities that are at the distance

𝐷
𝑘max

. As 𝐷
𝑘max

is the minimal distance value, 𝐽
𝑘max

= 𝐶
𝑘max

and thus 𝐶
𝑘max+1

= 0.

To investigate under what circumstances the algorithm
A-LEX provides the optimal solution, we start by not-
ing that each feasible solution in the set 𝑄 is associated
with a sequence of sets [𝐽

1
, 𝐽
2
, . . . , 𝐽

𝑘max
] and with a vector

[𝐵
1
, 𝐵
2
, . . . , 𝐵

𝑘max
]. The distance between customers in the set

𝐽
𝑘
and the assigned facility is exactly 𝐷

𝑘
. The component 𝐵

𝑘

is a number defined as 𝐵
𝑘
= ∑
𝑗∈𝐽
𝑘

𝑏
𝑗
. If a set 𝐽

𝑘
is empty, then

the associated value𝐵
𝑘
is zero.The lexicographically minimal

solution in the set 𝑄 corresponds to the lexicographically
minimal vector [𝐵

1
, 𝐵
2
, . . . , 𝐵

𝑘max
] [5].

Proposition 3. If algorithm A-LEX does not find the lexico-
graphically minimal solution, then there must exist a problem
𝑃
𝑘
having at least two optimal solutions (xA, yA) and (x∗, y∗)

associated with two different sets 𝐽𝐴
𝑘
and 𝐽∗
𝑘
, respectively.

Proof. Let us consider that the algorithm A-LEX found
solution (xA, yA), which is not lexicographically opti-
mal; then the optimal solution (x∗, y∗) induces vector
[𝐵
∗

1
, 𝐵
∗

2
, . . . , 𝐵

∗

𝑘max
] that is lexicographically smaller than the

vector [𝐵𝐴
1
, 𝐵
𝐴

2
, . . . , 𝐵

𝐴

𝑘max
]. Let us denote by 𝑘

0
the smallest

subscript, for which the inequality 𝐵∗
𝑘
0

< 𝐵
𝐴

𝑘
0

holds.
Assuming that no pair [𝐽∗

𝑘
, 𝐽
𝐴

𝑘
] consists of different sets

for 𝑘 = 1, . . . , 𝑘
0
− 1, then we obtain 𝐶𝐴

𝑘
0

= 𝐽 − ∪
𝑘
0
−1

𝑘=1
𝐽
𝐴

𝑘
=

𝐽 − ∪
𝑘
0
−1

𝑘=1
𝐽
∗

𝑘
= 𝐶
∗

𝑘
0

.
As A-LEX solves 𝑃

𝑘
0

to optimality, the assumption of
identity for 𝐽𝐴

𝑘
and 𝐽∗
𝑘
for 𝑘 = 1, . . . , 𝑘

0
− 1 contradicts the

inequality 𝐵∗
𝑘
0

< 𝐵
𝐴

𝑘
0

.

Corollary 4. If there is only one optimal solution of the
problem 𝑃

𝑘
concerning variables xk at each stage of the

algorithm, then the solution provided by the algorithm A-LEX
is lexicographically optimal.
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It is important to note that the algorithm A-LEX yields
an optimal solution with only minor exceptions concerning
the ambiguous determination of the set 𝐽

𝑘
. A necessary

condition for obtaining an approximate solution is that at
the stage 𝑘 there exist at least two optimal solutions of the
problem 𝑃

𝑘
. Thus, there exist at least two different sets of

customers 𝐽∗
𝑘
and 𝐽

𝐴

𝑘
such that ∑

𝑗∈𝐽
∗

𝑘

𝑏
𝑗
= ∑
𝑗∈𝐽
𝐴

𝑘

𝑏
𝑗
, and

each set of customers is assigned the distance 𝐷
𝑘
. Our

algorithm is able to identify only one of these sets and it
treats all such sets as being equivalent. An approximation
error may arise when the algorithm chooses the set, which
in the future steps leads to the distribution of distances that
is lexicographically less efficient than the distribution that
would be reached, when continuing with the alternative set
of customers. The size of the approximation error depends
on how likely the multiple solutions of the problem 𝑃

𝑘
are

and whether multiple solutions have the tendency to appear
in the early stages of the algorithm or close to the end. Thus,
the resulting error depends on the distribution of 𝑏

𝑗
and 𝑑

𝑖𝑗

values. This drawback is compensated by several advantages,
which enable speeding up significantly the algorithm and
thus enable solving larger problems. As the sequence of
problems 𝑃

𝑘
keeps the same size and structure of constraints,

we can easily replace the general purpose IP solver by an
algorithm customized for the 𝑝-median problem.

When processing 𝐷
𝑘
values in the descending order one

by one, we may observe that sets 𝐽
𝑘
are empty for a range of

𝑘 values, especially at the beginning of the solving process
(for large𝐷

𝑘
values). Such “empty” iterations do not have any

impact on the resulting solutions and could be skipped.As the
processing of the problem 𝑃

𝑘
allows us to identify situations

in which there are customers that require to be assigned
larger distance value than 𝐷

𝑘
, values 𝐷

𝑘
do not have to be

processed sequentially.We can use various searching schemes
(e.g., bisectionmethod) to find the next value𝐷

𝑘
where 𝐽

𝑘
̸= 0.

This can help reduce the number of times the problem 𝑃
𝑘
is

solved and thus reduce the overall computational time.
To initialize the algorithm, we do not need to consider

the entire sequence of values 𝐷
𝑘
for 𝑘 = 1, . . . , 𝑘max. Instead,

we can start the solving process by finding the optimum
corresponding to the objective function (7).Then it is enough
to initialize the variable 𝑘 in Step 0 to the value 𝑚 that is
determined by the equality 𝐷

𝑚
= max{𝑑

𝑖𝑗
| 𝑥

SYS
𝑖𝑗

= 1}.
This typically allows to skip many processing steps when
no customer is assigned a distance value. Another useful
operation (for 𝑘 > 1) is to check whether 𝑔𝑘(xk−1) = 0

in Step 1 before the problem 𝑃
𝑘
is solved. If that is the case,

we can use xk−1 as the optimal solution of the problem 𝑃
𝑘

[33].

3. Results and Discussion

To study the efficiency of the algorithmA-LEX,we performed
a computational study. Our two main goals were to evaluate
the quality of the solutions by comparing them to the exact
algorithm [33] (algorithm O-LEX hereafter) and to test the
limits of the algorithm regarding the size of the solvable
problems. The algorithm O-LEX adds new constraints to

the solved problem. Consequently, the use of algorithms cus-
tomized for the 𝑝-median problem is impossible. Therefore
we used a general purpose IP solver to implement it. To be
able to compare the algorithm A-LEX with the algorithm O-
LEX, we implemented them in the XPRESS-Mosel language
(version 3.4.0) and we executed them using the XPRESS-
Optimizer (version 23.01.05) [35]. To keep both algorithms
comparable, we did not use any searching scheme to process
values 𝐷

𝑘
in the algorithm A-LEX, and thus we processed

all values 𝐷
𝑘
sequentially. To explore the properties of the

algorithm A-LEX beyond the limits of the general purpose
integer solvers, we implemented the algorithm A-LEX in the
Microsoft Visual C++ 2010. To solve the problem (12) we
used the exact algorithm ZEBRA, the state of the art solver
for the 𝑝-median problem [44]. The implementation of the
algorithm ZEBRA is publicly available on the author’s web
page [45]. To distinguish both versions of the algorithm A-
LEX, we denote the version based on the XPRESS by A-LEX𝑋

and the versionwhich uses the algorithmZEBRAbyA-LEX𝑍.
The computational study was carried out on an Intel (R)

Core TM i7-3610 QM CPU with four 2.3 GHz cores each
composed of two threads (although C++ code used just one
thread) and 8GB RAM.

3.1. Benchmarks. Three sets of testing problems organized by
the size were used to perform the computational study. In
all cases, customers’ sites are considered to be also possible
facility locations; that is, the sets 𝐼 and 𝐽 are identical.
As there are no standard test problems for the facility
location problem with the lexicographic minimax objective,
we used the problems originally proposed for the capacitated
𝑝-median problem while interpreting the demands as 𝑏

𝑗

values (multiplicities of customers). Twenty small instances
pmedcap1–pmedcap20 were taken from the OR-library [36].
We also included into this set the smallest testing problem
𝑆𝐽𝐶1 used in [37]. Three larger problems taken from the
same source, 𝑆𝐽𝐶2, 𝑆𝐽𝐶3, and 𝑆𝐽𝐶4, together with two
instances derived from the network of 737 Spanish cities
[38] constitute the medium-sized instances. The largest test
problems include the problem 𝑝3038 originally proposed for
the TSP [39] and later adjusted to the capacitated 𝑝-median
problem [37]. Furthermore, considering the population data
as 𝑏
𝑗
values, we created large-sized benchmarks from the road

network of the Slovak Republic [40] and the road network
of six southeastern US states [41] (for more details see the
caption in Figure 2). All the benchmarks and the source
code are available for download as a supplemental material
(http://frdsa.uniza.sk/∼buzna/).

3.2. Numerical Experiments. We summarized the computa-
tional results in Tables 1, 2, and 3.The abbreviations in Tables
1–3 have the following meanings:

instance: the problem name,
|𝐼|: number of facility/customer locations,
𝑝: number of facilities to be located,
𝑘max: number of𝐷

𝑘
values,
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Table 1: Computational results for the algorithm A-LEX: small instances.

Instance |𝐼| 𝑝 𝑘max
O-LEX A-LEX𝑋

Time [s] 𝑘
𝑠

Time [s] 𝑘
𝑠

Δ

𝑝𝑚𝑒𝑑𝑐𝑎𝑝1 50 5 30 1.88 11 0.64 11 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝2 50 5 42 3.23 8 0.67 7 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝3 50 5 28 1.60 9 0.46 7 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝4 50 5 43 2.97 15 0.91 15 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝5 50 5 33 2.11 13 0.74 10 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝6 50 5 38 2.51 11 1.21 12 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝7 50 5 40 3.15 13 0.98 13 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝8 50 5 39 2.75 7 0.80 6 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝9 50 5 36 2.80 9 0.80 8 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝10 100 10 30 1.98 10 0.59 10 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝11 100 10 21 4.29 2 1.04 1 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝12 100 10 26 5.21 4 1.74 3 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝13 100 10 30 5.65 2 1.76 1 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝14 100 10 24 4.89 3 1.91 2 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝15 100 10 27 6.21 2 1.89 1 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝16 100 10 23 4.59 1 1.20 0 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝17 100 10 25 6.83 2 1.50 1 2
𝑝𝑚𝑒𝑑𝑐𝑎𝑝18 100 10 25 4.67 2 1.70 1 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝19 100 10 30 6.83 2 2.46 1 0
𝑝𝑚𝑒𝑑𝑐𝑎𝑝20 100 10 20 5.95 3 0.90 2 0
𝑆𝐽𝐶1 100 5 732 47.90 588 28.54 569 0
𝑆𝐽𝐶1 100 10 426 22.99 283 10.82 282 0
𝑆𝐽𝐶1 100 15 427 24.51 261 10.65 269 0
𝑆𝐽𝐶1 100 20 150 5.31 64 2.91 65 0

Table 2: Computational results for the algorithm A-LEX: medium instances.

Instance |𝐼| 𝑝 𝑘max
O-LEX A-LEX𝑋

Time [s] 𝑘
𝑠

Time [s] 𝑘
𝑠

Δ

𝑆𝐽𝐶2 200 10 426 131.4 238 50.9 237 0
𝑆𝐽𝐶2 200 20 306 64.4 132 37.4 128 0
𝑆𝐽𝐶2 200 30 218 32.2 79 17.4 71 0
𝑆𝐽𝐶2 200 40 169 20.3 39 9.7 40 0
𝑆𝐽𝐶3 300 15 445 461.6 207 357.7 189 0
𝑆𝐽𝐶3 300 30 267 145.1 70 68.8 58 0
𝑆𝐽𝐶3 300 45 226 71.1 46 37.9 41 0
𝑆𝐽𝐶3 300 60 215 53.3 50 29.8 42 0
𝑆𝐽𝐶4 402 20 461 1371.2 161 1205.8 140 0
𝑆𝐽𝐶4 402 40 342 1207.5 74 1052.5 58 0
𝑆𝐽𝐶4 402 60 229 158.7 33 87.2 29 0
𝑆𝐽𝐶4 402 80 193 144.9 25 56.2 24 0
𝑆𝑝𝑎𝑖𝑛 737 1 737 37 467 116838.0 92 81185.1 65 0
𝑆𝑝𝑎𝑖𝑛 737 1 737 50 348 196000.0 53 27296.2 49 0
𝑆𝑝𝑎𝑖𝑛 737 1 737 185 108 12367.4 5 279.5 5 0
𝑆𝑝𝑎𝑖𝑛 737 1 737 259 59 430.4 2 32.2 2 0
𝑆𝑝𝑎𝑖𝑛 737 2 737 37 467 35590.7 88 29185.6 65 0
𝑆𝑝𝑎𝑖𝑛 737 2 737 50 348 64005.7 59 27806.1 38 0
𝑆𝑝𝑎𝑖𝑛 737 2 737 185 108 3182.3 5 232.4 5 0
𝑆𝑝𝑎𝑖𝑛 737 2 737 259 59 72.5 1 43.2 1 2
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(a) (b)

Figure 2: Road networks used to test the algorithm A-LEX. All inhabited nodes (marked red) are considered as aggregate customers and
possible locations of facilities. The diameter of nodes is scaled proportionally to the population. (a) The road network of the Slovak Republic
consists of |𝐽| = 2928 aggregate customers representing the locations of |𝐽| = 5 384 909 individuals. (b) The joined road network of six
southeastern US states (Tennessee, North Carolina, South Carolina, Georgia, Alabama, and Mississippi). All inhabitants included in the
dataset are considered to be customers (|𝐽| = 2398, |𝐽| = 14 830 101).

Table 3: Computational results for the algorithm A-LEX: large instances.

Instance |𝐼| 𝑝 𝑘max
A-LEX𝑍

Time [s] 𝑘
𝑠

𝑝3038 3038 2500 33 2520.8 1
𝑝3038 3038 2000 35 4204.3 2
𝑝3038 3038 1500 38 8915.9 2
𝑝3038 3038 900 73 190092.9 7
𝑝3038 3038 700 110 17902.9 8
𝑝3038 3038 100 ∗ ∗ ∗

𝑝3038 3038 50 ∗ ∗ ∗

𝑝3038 3038 10 1188 201165.3 36
𝑆𝑅 2928 2500 3 786.8 0
𝑆𝑅 2928 2000 4 1021.6 0
𝑆𝑅 2928 1500 5 1083.4 0
𝑆𝑅 2928 1000 8 1622.9 0
𝑆𝑅 2928 900 9 1988.5 0
𝑆𝑅 2928 700 11 2954.2 0
𝑆𝑅 2928 100 48 9624.7 0
𝑆𝑅 2928 50 65 10509.8 0
𝑆𝑅 2928 10 92 11888.4 0
𝑈𝑆 2398 2000 10 1006.6 0
𝑈𝑆 2398 1500 15 1203.7 0
𝑈𝑆 2398 1000 22 1702.7 0
𝑈𝑆 2398 900 25 1694.7 0
𝑈𝑆 2398 700 33 11022.5 0
𝑈𝑆 2398 100 ∗ ∗ ∗

𝑈𝑆 2398 50 ∗ ∗ ∗

𝑈𝑆 2398 10 219 9038.2 0
Table cells filled with the symbol “∗” indicate the instances when the algorithm did not terminate within 3 days.

time: CPU time (in seconds) used to solve the prob-
lem,
𝑘
𝑠
: number of skipped 𝑘 values for which we did not

solve the problem 𝑃
𝑘
because 𝑔𝑘(xk−1) = 0,

Δ: number of facilities that the algorithms placed
differently, calculated using the formula:

Δ = ∑

𝑖∈𝐼


𝑦
O-LEX
𝑖

− 𝑦
A-LEX𝑋
𝑖


. (15)

Due to problems with the computer memory, XPRESS
solver was not able to solve large instances successfully.
Therefore, in Table 3 we show the results obtained by the
solver ZEBRA only. Comparison of results reveals that the
algorithm A-LEX𝑋 outperforms the algorithm O-LEX on all
tested instances. A-LEX𝑋 computed all small instances in
time which accounts for 42.5% and all medium instances
for 47.6% of the time needed by the algorithm O-LEX. In
order to compare the quality of the solution, we evaluate
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Figure 3: Computational time in seconds and the number of fixed aggregate customers |𝐽
𝑘
| as a function of the iteration step 𝑘. The results

were obtained for the benchmark 𝑆𝐽𝐶4 in (a) 𝑝 = 20 and in (b) 𝑝 = 80. The values |𝐽
𝑘
| are identical for both algorithms, and the datasets are

overlapping.

the Manhattan distance (15) between the location vectors
y. Occasionally, we find small differences in the location of
facilities. However, we checked and we found that customers
have the same distance to the closest located facility in all
tested instances.Thus, the algorithmA-LEX found an optimal
solution in all cases where we were able to compare it with the
algorithm O-LEX.

To explain why the algorithm A-LEX𝑋 is faster than the
algorithm O-LEX, we need to take more detailed view on
both algorithms. In the algorithm A-LEX𝑋, the structure of
constraints in 𝑃

𝑘
is independent on 𝑘 and only the structure

of coefficients 𝑟𝑘
𝑖𝑗
varies with the step 𝑘. These coefficients

may take three possible values for a given customer (see
the expression (13)). On the contrary, the algorithm O-LEX
has simpler structure of the objective function but a new
constraint is added at each iteration. New constraints make
sure that the objective function values reached in the previous
iterations cannot deteriorate in the following iterations [33].
Thus, the algorithm A-LEX𝑋 outperforms O-LEX if IP solver
can handle more easily the constant set of constraints with
a more complex objective function and, vice versa, the
algorithm O-LEX is faster if the IP solver can process faster
simpler structure of the objective function with the growing
set of constraints.

In Figure 3, we show the computational time needed to
solve the individual instances of the problem 𝑃

𝑘
. For small

values of 𝑘, where no customers are fixed (i.e., 𝐽
𝑘
= 0),

both algorithms perform comparably well. For larger values
of 𝑘, the algorithm A-LEX𝑋 systematically outperforms

the algorithm O-LEX. To gain more insights into the solving
process, we plotted in Figure 4 the number of branch-and-
bound nodes processed by the IP solver and the number of
simplex iterations required to solve the optimization problem
in the root node of the branch-and-bound method. We
found that the algorithm A-LEX𝑋 needs a much smaller
number of simplex iterations than the algorithmO-LEX𝑋.We
conjecture that the number of simplex iterations is smaller in
the algorithmA-LEX𝑋 because the large values of coefficients
𝑟
𝑘

𝑖𝑗
for 𝑑
𝑖𝑗
> 𝐷
𝑘
allow excluding the variables taking zero

values in the optimal solution faster from the basic feasible
solution.

In Figure 3, we can also see that few iterations preceding
and few iterations following the value 𝑘, where the first cus-
tomer is fixed, take the largest portion of the computational
time. This increase can be explained by the need to search
through a larger number of nodes in the searching tree before
the optimal integer solution is found (see Figure 4). From this
point of view it could be beneficial to use a searching scheme
in the algorithm A-LEX to find the value of 𝑘 when the
first customer is fixed and then to continue by incrementing
𝑘 sequentially. This could reduce the number of iterations
and could avoid processing some time-demanding iterations.
In Figures 3 and 4, we showed the results obtained for
the selected benchmark 𝑆𝐽𝐶4. However, it should be noted
that we found qualitatively similar results with all other
benchmarks.

As the algorithm A-LEX preserves the problem 𝑃
𝑘
in the

form of the 𝑝-median problem, we can replace the general



10 Journal of Applied Mathematics

0

50

100

150
N

um
be

r o
f n

od
es

0 100 200 300 400 500
0

5000

10000

15000

20000

25000

Si
m

pl
ex

 it
er

at
io

ns
 (r

oo
t n

od
e)

O-LEX
A-LEXX

Iteration k

(a)

0

50

100

150

N
um

be
r o

f n
od

es
Si

m
pl

ex
 it

er
at

io
ns

 (r
oo

t n
od

e)

0 50 100 150 2000

1000

2000

3000

4000

5000

O-LEX
A-LEXX

Iteration k

(b)

Figure 4: The number of nodes processed by the branch-and-bound method and the number of simplex iterations needed to process the
root node as a function of the iteration step 𝑘. The results were obtained for the benchmark 𝑆𝐽𝐶4 in (a) 𝑝 = 20 and in (b) 𝑝 = 80.

purpose IP solver by the customized 𝑝-median solver. To
solve the 𝑝-median problem, we used the algorithm ZEBRA
[44]. The size of instances in Table 3 approaches the size
of large 𝑝-median instances used to test the performance
of the algorithm ZEBRA [44]. Due to the problems with
the computer memory, the algorithms O-LEX and A-LEX𝑋
could not be used to solve this set of problems. Facility
location problems are strategic planning problems and the
computational time is not necessarily a core issue. Therefore
we set the time limit for all computations to 3 days. The
problems, where 𝑝 is large, can be solved relatively fast. The
computational time rapidly grows by lowering the value 𝑝.
We were not able to solve the problems 𝑝3038 and𝑈𝑆 for the
intermediate 𝑝 values (50 and 100) within the time limit of
3 days. Please note that similar limitations of the algorithm
ZEBRA are also reported in [44].

4. Conclusions

The algorithm A-LEX, proposed in this paper, preserves
the structure of constraints in the form of the 𝑝-median
problem, which allows solving larger instances of problems
than can be solved by the algorithm O-LEX. Moreover, the
computational experiments showed that the algorithm A-
LEX provides high-quality solutions. Therefore, it can be
concluded that A-LEX is competitive with the existing state
of the art algorithm O-LEX for solving the facility location
problem with the lexicographic minimax objective function.

The proposed approximation approach is also applicable
to other types of similar combinatorial optimization prob-
lems with lexicographic minimax objective. Values assigned

to individual customers at different stages of the algorithm
need to be included in the objective function so that we
can construct rules which allow detecting whether customers
can be assigned equal, smaller, or larger value than the
outcome value tested on a given stage of the algorithm. To
gain a computational advantage compared to all purpose IP
solvers, it is needed that, for a given problem, we can use
a customized exact algorithm to find the system optimum.
Concrete example where this approach could be used is the
maximum generalized assignment problem.

We compared the approximation algorithmA-LEX to the
exact algorithm O-LEX. We are aware of the fact that it is
not a standard practice to compare exact algorithms with
heuristics in terms of the computational time. However, we
believe that this decision can be well justified by the similarity
of both algorithms, and such comparisonhighlights better the
advantages of our approach. To our best knowledge there are
no attempts in the literature to construct (meta) heuristics for
the facility location problem with the lexicographic minimax
objective, and such comparison could be considered as a topic
for future research.

Moreover, the algorithm A-LEX can be directly applied
to an arbitrary utility function dependent on the distance;
therefore, it allows comparing different measures expressing
how customers perceive the suitability of facility locations.
The more challenging task consists of finding out how the
algorithm could be extended to the composite measures
representing the customer’s choice behavioural model, for
example, how to compute the lexicographic optimum when
customers are not assigned to the closest facility, but their
demand is distributed within a subset of 𝑘-nearest located
facilities.
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Network quality of experience (QoE) metrics are proposed in order to capture the overall performance of radio resource
management (RRM) algorithms in terms of video quality perceived by the end users. Metrics corresponding to average, geometric
mean, and minimum QoE in the network are measured when Max C/I, proportional fair, and Max-Min RRM algorithms are
implemented in the network. The objective is to ensure a fair QoE for all users in the network. In our study, we investigate both
the uplink (UL) and downlink (DL) directions, and we consider the use of distributed antenna systems (DASs) to enhance the
performance.The performance of the various RRMmethods in terms of the proposed network QoEmetrics is studied in scenarios
with and without DAS deployments. Results show that a combination of DAS and fair RRM algorithms can lead to significant and
fair QoE enhancements for all the users in the network.

1. Introduction

With the increased video traffic in state-of-the art cellular
networks, it is imperative to enhance the quality of service
(QoS) of video transmissions, usually represented by the
video peak signal to noise ratio (PSNR). On the other hand,
video quality of experience (QoE) is gaining significant
interest as a method to quantify the multimedia experience
of mobile users; for example, see [1]. It can be considered as
a “perceived QoS,” and reflects better than QoS the quality
of the video as seen by the mobile users. QoE measures are
based on subjective assessment of video quality by the users.
Mean opinion scores (MOS) are then collected and analyzed
in order to derive an objective QoE metric translated into a
mathematical formula similarly to QoS.

Most of the QoE investigations in the literature, for
example, [1–4], consider link level QoE, that is, the QoE
perceived by a given user in the network. The novelty in
this work is in proposing metrics for assessing the QoE

performance over the whole network, taking into account
fairness constraints in the QoE perceived by different users.
Furthermore, we study the impact of different radio resource
management (RRM) algorithms on optimizing the network
QoE performance and ensuring fairness towards the various
users in the network.

The investigation is performed under the framework of
the long term evolution (LTE) system. In LTE, orthogonal
frequency division multiple access (OFDMA) is the access
scheme for the downlink (DL), that is, the direction of
transmission from the BS to the users. In the LTE uplink
(UL), that is, the direction of transmission from the users
to the BS, single carrier frequency division multiple access
(SCFDMA), a modified form of OFDMA, is used [5]. In LTE,
the available spectrum is divided into resource blocks (RBs),
each consisting of 12 adjacent subcarriers. The assignment of
an RB takes place every 1ms, agreed to be the duration of
one transmission time interval (TTI), or the duration of two
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Figure 1: Error concealment example.

0.5ms slots [6]. The LTE standard imposes the UL constraint
that the RBs allocated to a single user should be consecutive
with equal power allocation over the RBs [5–7].

An important method to boost performance in cellular
systems is the deployment of distributed antenna systems
(DASs). DASs are used to increase the coverage and capacity
of wireless networks in a cost effective way. Although they are
used in previous generations of wireless systems, DASs are
receiving significant research attention for their deployment
in LTE; for example, see [8].The impact ofDASonLTEuplink
scheduling was studied in [9], and their uplink and downlink
performance were studied in [10] in the context of public
safety networks.

Generally, a DAS system consists of a single central
BS connected to several remote antenna heads (RAHs)
distributed throughout the cell area. The BS controlling the
RAHs could be colocated with any of the RAHs or in a
separate location. The BS could be connected to RAHs via
wired cables (e.g., fiber optic). Connection topologies include
star, chain, tree, and ring topologies [11]. Since an RAH is
composed of a remote antenna connected to the BS, this
allows centralized control to be performed by the BS as in the
conventional case while the RAHs allow extended coverage
and/ormore user capacity. In addition, for fixed coverage and
user capacity, the RAHs provide the users with better QoS
since the distance from a user to the nearest RAH will be
smaller than the distance to the central BS antenna in the
conventional case, which leads to a higher signal to noise ratio
(SNR).

Another novelty of this work is the investigation of
the role of LTE DAS systems in enhancing network QoE
performance, both in the UL and DL directions. LTE RRM
algorithms to ensure fair QoE optimization are investigated
and compared in scenarios with and without DAS deploy-
ments.

The paper is organized as follows. Video transmission
and QoS/QoE metrics are overviewed in Section 2. The
proposed network QoE metrics are derived in Section 3.
LTE resource allocation is described in Section 4. Section 5
analyzes radio resource management in LTE with different
utility functions. The simulation results are presented and
analyzed in Section 6. Finally, conclusions are drawn in
Section 7.

2. Video Transmission over Wireless Channels

We consider that video sequences are encoded into groups of
pictures (GOPs) according to the H.264 standard using the
joint scalable videomodel (JSVM) software. EachGOP of𝑁

𝐺

frames is considered to consist of one I-frame and𝑁
𝐺
− 1 P-

frames.When aGOP is available for real-time transmission, it
should be transmitted within a duration of 𝑇GOP. When 𝑇GOP
has elapsed, all the frames that are not received are assumed
lost, and the transmission of a new GOP begins. Due to the
interdependencies of the video frames, the loss of a frame in
a GOP leads to the loss of all subsequent frames in the GOP,
until the next I-frame is received.The loss of an I-frame leads
to the loss of all the frames in the GOP [12].

2.1. Video QoS Evaluation. To measure QoS in video trans-
mission, one of the most widely used metrics is the mean-
squared error distortion. Two types of distortion affect a
video sequence: source distortion and loss distortion. Source
distortion depends on the compression method at the source
and is beyond the scope of this paper. Loss distortion
corresponds to the distortion caused by lost frames during
transmission over the wireless channels. Hence, in this paper,
loss distortion is considered. The distortion for replacing a
frame 𝑓, of dimensions 𝑁

1
× 𝑁
2
pixels, with an estimated

frame 𝑓 can be computed as follows [12]:

𝐷(𝑓, 𝑓) =
1

𝑁
1
𝑁
2

𝑁
1
−1

∑

𝑛
1
=0

𝑁
2
−1

∑

𝑛
2
=0

(𝑓 (𝑛
1
, 𝑛
2
) − 𝑓 (𝑛

1
, 𝑛
2
))
2

, (1)

where𝑓(𝑛
1
, 𝑛
2
) indicates the pixel value of frame𝑓 at position

(𝑛
1
, 𝑛
2
).The peak signal to noise ratio (PSNR) in this case can

be expressed as

𝑃SNR (𝑓, 𝑓) =
(2
𝐵
− 1)
2

𝐷(𝑓, 𝑓)

, (2)

with 𝐵 the number of bits used to encode a single pixel in the
picture frame.

The total (or cumulative) loss distortion depends on the
frame type (I-frame, P-frame) and position (in the same
GOP, the loss of a P-frame 𝑓

1
leads to more distortion than

the loss of a P-frame 𝑓
2
when 𝑓

1
< 𝑓
2
). It also depends

on the coding method used and error concealment method.
Themost common approach for error concealment is known
as the previous frame concealment method. It consists of
repeating the last correctly received frame until the next
I-frame is received [12]. An example is shown in Figure 1
assuming frame number 5 is lost. The notation 𝑋 in Figure 1
is used to indicate that frame𝑋 is used for error concealment
to replace the lost frame at a given position. In the shown
example, frame number 4 would be used to replace all the
remaining frames in the GOP. The total loss distortion when
frame 𝑓 is lost in a GOP of 𝑁

𝐺
frames with one I-frame
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and𝑁
𝐺
− 1 P-frames, using the previous frame concealment

method, can be obtained from (1) as follows:

𝐷
(𝑓)

=

𝑁
𝐺

∑

𝑦=𝑓

𝐷(𝑦, 𝑓 − 1) . (3)

The expression in (3) is obtained due to replacing all lost
frames in theGOP from frame𝑓 onwards by the last correctly
received frame 𝑓 − 1. When an I-frame is lost, it is replaced
by the last correctly received frame from the previous GOP.

2.2. Video QoE Metric. QoE is gaining significant interest as
a method to quantify the multimedia experience of mobile
users; for example, see [1–4]. A survey of QoE techniques is
presented in [1]. QoE tries to measure the QoS as it is finally
perceived by the enduser. For example, following [2], theQoE
can be related to the PSNR as follows:

𝑄 =
1

1 + 𝑒𝑏1(𝑃SNR−𝑏2)
, (4)

where 𝑏
1
and 𝑏

2
are parameters that depend on the video

characteristics and 𝑃SNR is the PSNR expressed in dB. In (4),
𝑄 = 0 indicates the best quality and 𝑄 = 1 indicates the
worst quality. The relation between QoE and QoS to PSNR
and distortion is an ongoing research activity; for example,
see [13, 14]. In [13], subjective quality assessment of video is
performed in order to determine novel QoE metrics. In [3],
an empirical QoE metric taking into account PSNR, spatial
resolution, and frame rate, in addition to spatial and temporal
variances, was derived. AQoEmetric derived in [4], based on
the metric in [2], is expressed as

𝑄
𝑚
= 𝑄max (1 −

1

1 + 𝑒𝑏1(𝑃SNR−𝑏2)
) ⋅

1 − 𝑒
−𝑏
3
(𝑓/𝑓max)

1 − 𝑒−𝑏3
, (5)

where 𝑏
3
is another parameter that depends on the video

characteristics, 𝑄max is a constant corresponding to max-
imum quality, 𝑓 is the frame rate at which the video is
displayed, and 𝑓max is the maximum frame rate. The QoE
derivations take into account user experience while playing
the video and are not inherently designed to assess the
transmission over wireless channels. Using the previous
frame error concealment method, the same frame rate can
be maintained after error concealment (i.e., 𝑓 = 𝑓max), and
hence (5) can be simplified to

𝑄
𝑚
= 𝑄max (1 −

1

1 + 𝑒𝑏1(𝑃SNR−𝑏2)
) . (6)

Hence, in this paper, we use (6) with 𝑄max = 100, thus
displaying QoE on a scale from 0 to 100.

In practice, during the streaming of a stored video at
the streaming server or BS, the video characteristics can be
extracted offline and used to determine 𝑏

1
, 𝑏
2
, and 𝑏

3
in

the QoE metrics. Although these parameters are difficult to
extract during the streaming of a live video, an approach for
their dynamic real-time estimation is presented in [4].

3. Network QoE

The QoE metric of (6) is an “individual” metric reflecting
the QoE experience of a particular user. The objective of this
paper is to investigate radio resource management (RRM)
algorithms that ensure a fair QoE satisfaction for all users
in the network. Hence, “network” QoE metrics reflecting
the overall performance of RRM algorithms in terms of
enhancing QoE for all users in the network need to be
derived. This section presents novel network QoE metrics
that could help assess the fairness of RRM algorithms in
ensuring QoE satisfaction.

3.1. Proposed Network QoE Metrics. The first metric is the
average QoE. It is given by

𝑄
(avg)
𝑚

=
1

𝐾

𝐾

∑

𝑘=1

𝑄
𝑚,𝑘

, (7)

where𝑄
𝑚,𝑘

is the QoEmetric of user 𝑘, expressed as in (6) for
example. The metric in (7) reflects the average performance
in the network. However, in some instances, 𝑄(avg)

𝑚
could be

relatively high when some users have very high QoE while
others have a relatively low QoE. Consequently, this could
mask the unfairness towards users with low QoE.

A possible solution to this problem is to derive RRM
algorithms maximizing the minimum QoE in the network
given by

𝑄
(min)
𝑚

= min
𝑘

𝑄
𝑚,𝑘

. (8)

This allows enhancing the worst case performance. However,
this could come at the expense of users with good channel
conditions (and who could achieve high QoE) that will be
unfavored by the RRM algorithms in order to increase the
QoE of worst case users.

A tradeoff between the metrics in (7) and (8) could be the
use of the geometric mean QoE, given by

𝑄
(gm)
𝑚

= (

𝐾

∏

𝑘=1

𝑄
𝑚,𝑘

)

1/𝐾

. (9)

Themetric (9) is fair, since a user with aQoE close to zero will
make the whole product in𝑄(gm)

𝑚
go to zero. Hence, any RRM

algorithm maximizing 𝑄
(gm)
𝑚

would avoid having any user
with very lowQoE. In addition, themetric (9) will reasonably
favor users with good wireless channels (capable of achieving
high QoE), since a high QoE will contribute in increasing the
product in (9).

3.2. QoE Optimization. Using the metrics derived in (7)–(9),
the objective is tomaximize a networkQoEmetric as follows:

max
𝛼
(DL)
𝑘
𝑙
,𝑖,𝑙
,𝛼
(UL)
𝑘
𝑙
,𝑖,𝑙
,𝑃
(DL)
𝑙
,𝑃
(UL)
𝑘
𝑙

𝑄
(net)
𝑚

, (10)
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(a) (b)

Figure 2: Deployment scenarios: (a) BS only; (b) DAS with one BS and six RAHs.
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𝛼
(UL)
𝑘
𝑙
,𝑖,𝑙

≤ 1; ∀𝑖 = 1, . . . , 𝑁
(UL)
sub ; ∀𝑙 = 1, . . . , 𝑁BS, (13)

𝐾
𝑙

∑

𝑘
𝑙
=1

𝛼
(DL)
𝑘
𝑙
,𝑖,𝑙

≤ 1; ∀𝑖 = 1, . . . , 𝑁
(DL)
sub ; ∀𝑙 = 1, . . . , 𝑁BS, (14)

where 𝑄(net)
𝑚

is one of the metrics in (7)–(9). In addition, 𝐾
𝑙

is the number of users in cell 𝑙, 𝑁BS is the number of base
stations (BSs), 𝑃(UL)

𝑘
𝑙

is the transmit power of user 𝑘
𝑙
in cell

𝑙 in the uplink (UL), 𝑃(UL)
𝑘
𝑙
,max is its maximum transmit power,

𝑃
(DL)
𝑙

is the transmit power of BS 𝑙 in the downlink (DL), and
𝑃
(DL)
𝑙,max is its maximum transmit power. Furthermore, 𝑁(UL)sub

and 𝑁
(DL)
sub are the numbers of OFDMA subcarriers in the

UL and DL, respectively. Finally, 𝛼(UL)
𝑘
𝑙
,𝑖,𝑙

and 𝛼(DL)
𝑘
𝑙
,𝑖,𝑙

are indicator
variables for the UL and DL, respectively. They are set to one
if subcarrier 𝑖 is allocated to user 𝑘

𝑙
in cell 𝑙 and set to zero

otherwise.
The constraints in (11) and (12) indicate that the transmit

power cannot exceed the maximum power for the UL and
DL, respectively. The constraints in (13) and (14) correspond
to the exclusivity of subcarrier allocations in each cell for the
UL and DL, respectively, since, in each cell, a subcarrier can
be allocated at most to a unique user at a given scheduling
instant.

It should be noted that, using individual QoS metrics
instead of individual QoE metrics in (7)–(9), these equations
become novel definitions of network QoS metrics instead
of network QoE metrics. Indeed, Section 6.2 presents a
performance comparison when network QoS (considered to

be video PSNR in this paper) and network QoE metrics are
used.

4. LTE Resource Allocation

In this Section, we describe the approach used in this paper
for LTE resource allocation.

4.1. SystemModel. The systemmodel is displayed in Figure 2,
where Scenario (a) shows a traditional BS at the cell center,
whereas Scenario (b) shows aDASdeploymentwith sixRAHs
deployed throughout the cell area. Consequently, Scenario (b)
consists of seven RAHs: one located at the cell center and
six located at a distance of 2𝑅

𝑐
/3, with 60 degrees angular

separation between them.
In this work, we consider a single cell, and we compare

the LTE performance in the presence and absence of DASs,
for the scenarios presented in Figure 2. In the comparisons,
we consider the same coverage area and the same number of
users in the cell in the case of a single centralized BS (Scenario
(a) in Figure 2) and in the case of DASs (Scenario (b) in
Figure 2). We also consider the same number of subcarriers
in both scenarios.

In the DL, users stream video files coming from the BS
in real time. We also consider video transmission in the UL,
which could correspond, in practice, to wireless transmission
of videos captured by surveillance cameras, to police, or other
public safety teams sending real-time videos to a command
center during an incident or pursuit, among other possible
applications.

In the DAS scenario, the presence of RAHs is transparent
to the users who act as if there was only a single central
BS in the cell. The communication between the central BS
and RAHs is via fiber optic (or microwave links having a
nonoverlapping spectrum with LTE) and consequently does
not consume any LTE radio resources.The presence of RAHs
contributes in enhancing the channel states of the different
users by providing each user with an antenna that is closer to
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it than the central BS antenna.Hence, the channel gain of user
𝑘 over subcarrier 𝑖 on the link with RAH 𝑥 can be expressed
as follows:

𝐻
(𝑥)

𝑘,𝑖,dB = (−𝜅 − 𝜐log
10
𝑑
(𝑥)

𝑘
) − 𝜉
𝑘,𝑖
+ 10log

10
𝐹
𝑘,𝑖
, (15)

where the first factor captures propagation loss, with 𝜅 the
path loss constant, 𝑑(𝑥)

𝑘
the distance in km from mobile 𝑘 to

RAH 𝑥, and 𝜐 the path loss exponent. The second factor, 𝜉
𝑘,𝑖
,

captures log-normal shadowing with zero mean and a stan-
dard deviation 𝜎

𝜉
, whereas the last factor, 𝐹

𝑘,𝑖
, corresponds to

Rayleigh fading power with a Rayleigh parameter 𝑏 such that
𝐸{|𝑏|
2
} = 1.

In the traditional scenario (Scenario (a)), denoting by
𝑥 = 1 the radio head colocated with the BS at the cell center,
the channel gain between the BS and user 𝑘 over subcarrier 𝑖
is expressed as 𝐻

𝑘,𝑖
= 𝐻
(1)

𝑘,𝑖
. With DASs, it will transparently

“appear” to user 𝑘 that its channel gain with the BS over
subcarrier 𝑖 is

𝐻
𝑘,𝑖
= argmax

𝑥
𝐻
(𝑥)

𝑘,𝑖
. (16)

It should be noted that the above analysis applies to both
the UL and DL, depending on whether 𝑖 is an UL or DL
subcarrier, respectively.

4.2. Throughput Calculations in the Uplink. Let 𝑃(UL)
𝑘,𝑖

be the
power transmitted by user 𝑘 over subcarrier 𝑖, 𝑃(UL)

𝑘,max be
the maximum transmission power of user 𝑘, and 𝑅

(UL)
𝑘

be
its achievable throughput in the UL. Then, the SCFDMA
throughput of user 𝑘 is given by

𝑅
(UL)
𝑘

= 𝐵
(UL)
sub


I
(UL)
sub,𝑘


⋅ log
2
(1 + 𝛽𝛾

(UL)
𝑘

(P(UL)k ,I
(UL)
sub,𝑘
𝑙

)) ,

(17)

where 𝐵(UL)sub is the UL subcarrier bandwidth, |I(UL)sub,𝑘| is the
cardinality ofI(UL)sub,𝑘,𝑁

(UL)
sub is the number of UL subcarriers,

and P(UL)k represents a vector of the transmitted power on
each subcarrier, 𝑃

𝑘,𝑖
. 𝛽 is called the SNR gap. It indicates

the difference between the SNR needed to achieve a certain
data transmission rate for a practicalM-QAM system and the
theoretical limit (Shannon capacity) [15]. It is given by

𝛽 =
−1.5

ln (5𝑃
𝑏
)
, (18)

where 𝑃
𝑏

denotes the bit error rate (BER). Finally,
𝛾
(UL)
𝑘

(P(UL)k ,I
(UL)
sub,𝑘) is the SNR of user 𝑘 after minimum

mean squared error (MMSE) frequency domain equalization
at the receiver [5]:

𝛾
(UL)
𝑘

(P(UL)k ,I
(UL)
sub,𝑘)

= (
1

(1/

I
(UL)
sub,𝑘


) ∑
𝑖∈I
(UL)
sub,𝑘

(𝛾
(UL)
𝑘,𝑖

/ (𝛾
(UL)
𝑘,𝑖

+ 1))

− 1)

−1

.

(19)

In (19), 𝛾(UL)
𝑘,𝑖

is the UL SNR of user 𝑘 over subcarrier 𝑖. It is
given by

𝛾
(UL)
𝑘,𝑖

=

𝑃
(UL)
𝑘,𝑖

𝐻
𝑘,𝑖

𝜎
2

BS,𝑖
, (20)

where𝐻
𝑘,𝑖

is the channel gain over UL subcarrier 𝑖 allocated
to user 𝑘 and 𝜎2BS,𝑖 is the noise power at the receiver of the BS
(i.e., the receiver of the RAH that is nearest to user 𝑘).

The LTE standard imposes the constraint that the RBs
allocated to a single user should be consecutive with equal
power allocation over the subcarriers of those RBs [5–7].
The contiguous RB constraint is enforced by Step 4 of the
algorithm in Section 4.4. To ensure equal power allocation,
we set

𝑃
(UL)
𝑘,𝑖

=

𝑃
(UL)
𝑘,max


I
(UL)
sub,𝑘



. (21)

4.3. Throughput Calculations in the Downlink. The DL
achievable throughput of user 𝑘 over RB 𝑛 is given by

𝑅
(DL)
𝑘,𝑛

= ∑

𝑖∈RB𝑛
𝐵
(DL)
sub ⋅ log

2
(1 + 𝛽𝛾

(DL)
𝑘,𝑖

) , (22)

where 𝐵(DL)sub is the subcarrier bandwidth. In (22), the summa-
tion is taken over the consecutive subcarriers that constitute
RB 𝑛. We consider that the BS transmits at the maximum
power 𝑃BS,max and the power is assumed to be subdivided
equally among all the subcarriers. Hence, the DL SNR of user
𝑘 over a single subcarrier 𝑖, 𝛾(DL)

𝑘,𝑖
, is given by

𝛾
(DL)
𝑘,𝑖

=

(𝑃BS,max/𝑁
(DL)
sub )𝐻

𝑘,𝑖

𝜎
2

𝑘,𝑖

, (23)

where𝑁(DL)sub is the total number of DL subcarriers,𝐻
𝑘,𝑖
is the

channel gain over DL subcarrier 𝑖 allocated to user 𝑘, and 𝜎2
𝑘,𝑖

is the noise power at the receiver of user 𝑘.

4.4. LTE Resource Allocation. The resource allocation algo-
rithm presented in this section was proposed by the authors
in [16] where it was used to enhance individual QoEs. It is
repeated here for completeness of the analysis. Furthermore,
it is used with various utilities in order to maximize the
various novel network QoE metrics presented in Section 3.
The algorithm is applicable to both UL and DL. Hence, we
will drop the superscripts (UL) and (DL) to avoid repetition.
We denote by Isub,𝑘 the set of subcarriers allocated to user
𝑘, IRB,𝑘 the set of RBs allocated to user 𝑘, 𝑁RB the total
number of RBs,𝐾 the number of users, and 𝑅

𝑘
the achievable

throughput of user 𝑘.We define𝑈(𝑅
𝑘
| IRB,𝑘) as the utility of

user 𝑘 as a function of the throughput 𝑅
𝑘
given the allocation

IRB,𝑘.
The resource allocation algorithm presented below con-

sists of allocating RB 𝑛 to user 𝑘 in a way to maximize the
difference

Λ
𝑛,𝑘

= 𝑈 (𝑅
𝑘
| IRB,𝑘 ∪ {𝑛}) − 𝑈 (𝑅

𝑘
| IRB,𝑘) , (24)
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where the marginal utility, Λ
𝑛,𝑘
, represents the gain in the

utility function𝑈when RB 𝑛 is allocated to user 𝑘, compared
to the utility of user 𝑘 before the allocation of 𝑛.The algorithm
is described as follows.

(i) Consider the set of available RBs Iavail RB ⊆

{1, 2, . . . , 𝑁RB} and the set of available users Iavail users ⊆

{1, 2, . . . , 𝐾}. At the start of the algorithm, Iavail RB =

{1, 2, . . . , 𝑁RB} andIavail users = {1, 2, . . . , 𝐾}.

Step 1. Find the user that has the highest marginal utility
defined in (24) among all available users when the first
available RB inIavail RB is allocated to it. In other words, for
each RB 𝑛, find the user 𝑘∗ such that

𝑘
∗
= argmax

𝑘

Λ
𝑛,𝑘
. (25)

Step 2. Allocate RB 𝑛 to user 𝑘∗:IRB,𝑘∗ = IRB,𝑘∗ ∪ {𝑛}.

Step 3. Delete the RB from the set of available RBs:

Iavail RB = Iavail RB − {𝑛} . (26)

Step 4. This step is only for the UL direction in order to
guarantee the contiguity of subcarrier allocations. It is not
needed for the DL. In the UL, if 𝑘∗ is the same user to which
RB 𝑛 − 1 was allocated, that is, 𝑘∗ = argmax

𝑘
Λ
𝑛−1,𝑘

, then
keep 𝑘∗ inIavail users. Otherwise, delete user 𝑘∗ from the set
of available users:

Iavail users = Iavail users − {𝑘
∗
} . (27)

(ii) Repeat Steps 1, 2, 3, and 4, until there are no available
RBs or no available users.

The utility function depends on the data rate and can be
changed depending on the different services and QoS/QoE
requirements.Different utility functions that can be usedwith
the proposed algorithm are presented in Section 5.

5. RRM Utility Selection for
QoE Maximization

To perform the maximization of (10), we use the utility
maximization algorithm of Section 4.4, applicable for the
UL and DL. The proposed algorithm can be applied with a
wide range of utility functions, being able to achieve various
objectives, with each objective represented by a certain utility
function.

To explicitly implement RRM algorithms maximizing
QoE metrics, real-time feedback is needed from mobile ter-
minals about the QoE achieved by each user, which requires
modifications to the standards. Furthermore, this feedback
would depend on each video sequence being streamed. In
this paper, we propose to perform RRM without any QoE
feedback, using standard compliant algorithms. With the
utility maximization algorithm of Section 4.4, we use utility
functions depending on the users’ data rates. We investigate
Max C/I, proportional fair, and Max-Min utilities for data
rates and study the impact of their implementation on
the average, geometric mean, and minimum QoE network
metrics.

5.1. Max C/I Utility. Letting the utility equal to the data rate
𝑈
𝑘
= 𝑅
𝑘
, the algorithm of Section 4.4 leads to amaximization

of the sum rate of the cell (and hence of the average data rate
in the cell). However, in this case, users close to the BS will
be allocated most of the resources, and hence will have the
highest QoE. However, edge users will generally suffer from
starvation and will have very low data rates and consequently
very low QoE.

5.2. Max-Min Utility. In this section, we discuss utilities
corresponding to the problem of rate maximization with
fairness constraints, by attempting tomaximize theminimum
data rate in the network, for example, [17, 18]. A vector R
of user data rates is Max-Min fair if and only if, for each 𝑘,
an increase in 𝑅

𝑘
leads to a decrease in 𝑅

𝑗
for some 𝑗 with

𝑅
𝑗
< 𝑅
𝑘
[17]. Max-Min utilities lead to more fairness by

increasing the priority of users having lower rates [18]. It was
shown that Max-Min fairness can be achieved by utilities of
the form [18]:

𝑈
𝑘
(𝑅
𝑘
) = −

𝑅
−𝛼

𝑘

𝛼
, 𝛼 > 0, (28)

where the parameter 𝛼 determines the degree of fairness.
Max-Min fairness is attained when 𝛼 → ∞ [18]. We use
𝛼 = 10 in this paper.

5.3. Proportional Fair Utility. In this section, in order to
ensure a more fair allocation of wireless resources, we model
the problem as a bargaining game.We consider that each user
is a player who wants to maximize its payoff, considered to be
its data rate. Consequently, players should share the resources
in an optimal way, that is, a way they cannot jointly improve
on. The resources to be shared are the OFDMA subcarriers.
Allocating the shared resources in a way to maximize the
players’ payoffs is equivalent to allocating the subcarriers to
users in a way to maximize each user’s data rate, given the
shares of subcarriers allocated to the other users. With each
user wanting to selfishly maximize its data rate, the users
engage in a “bargaining” process. It is a well-known result
in game theory that the solution to the bargaining problem
maximizes the Nash product𝑁

𝑃
[19]:

max
𝐾

∏

𝑘=1

𝑅
𝑘
⇐⇒ max ln(

𝐾

∏

𝑘=1

𝑅
𝑘
)

= max
𝐾

∑

𝑘=1

ln (𝑅
𝑘
) .

(29)

Interestingly, the algorithmic implementation of (29) can be
handled by the algorithm of Section 4.4, by using, in that
algorithm, 𝑈

𝑘
= ln(𝑅

𝑘
) as the utility of user 𝑘, where ln

represents the natural logarithm.Maximizing the sum of log-
arithms in (29) is equivalent to maximizing the product and
is easier to implement numerically. This approach represents
proportional fair (PF) scheduling, a well-known resource
allocation approach in wireless communications systems. PF
scheduling is known to correspond to a sumof the logarithms
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Figure 3: QoS metric.

of the user rates and represents the Nash bargaining solution
[20]. Hence, letting𝑈 = ln(𝑅) provides proportional fairness.
Using, in the logarithm, the achievable data rate at the
current scheduling instant achieves proportional fairness in
frequency (PFF), whereas including the previous scheduling
instants by using the cumulative data rate (since the start of
the video transmission to/by the user) achieves proportional
fairness in time and frequency (PFTF) [9]. In this paper,
PFTF is used, since it gives a fair allocation for all users to
transmit/receive their videos on the UL/DL. It can be easily
shown from (29) that PF RRM algorithms maximize the
geometric mean of the user data rates.

6. Results and Discussion

This section presents the simulation results obtained by
comparing the scenarios of Figure 2 using RRM with the
utilities of Section 5 to maximize the network QoS/QoE
metrics of Section 3.

6.1. Simulation Model. The simulation model consists of
a single cell with a BS equipped with an omnidirectional
antenna or several RAHs each having an omnidirectional
antenna, as shown in Figure 2.The simulation parameters are
shown in Table 1. LTE parameters are obtained from [7, 21],
and channel parameters are obtained from [22]. Users are
considered to be uniformly distributed in the cell area.

Table 1: Simulation parameters.

Parameter Value Parameter Value
𝜅 −128.1 dB 𝜐 3.76

𝜎
𝜉
(dB) 8 dB Rayleigh parameter 𝑏 𝐸[𝑏

2
] = 1

𝐵
(DL)

5MHz 𝐵
(UL)

5MHz
𝑁
(DL)
RB 25 𝑁

(UL)
RB 25

𝐵
(DL)
sub 15 kHz 𝐵

(UL)
sub 15 kHz

𝑃
(DL)
BS,max 5W 𝑃

(UL)
𝑘,max 0.125W

To simulate the video transmission in both directions, UL
and DL, the football sequence, encoded in QCIF format, is
used, with GOPs consisting of 15 frames, one I-frame and 14
P-frames, having a GOP duration 𝑇GOP = 1 s. The results are
averaged over 2500 iterations,where, in each iteration, a video
sequence has to be transmitted from the BS to each mobile
user in the DL, or from each mobile terminal to the BS in the
UL.

6.2. Video QoS/QoE Results without DAS Deployment. Fig-
ures 3 and 4 show the network QoS and QoE results,
respectively, for the DL and UL. Comparing the DL and UL
performance in both Figures 3 and 4, it can be noted that the
QoS/QoE performance in the DL is slightly better than in the
UL, due to the higher transmission power available at the BS.
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Figure 4: QoE metric.

It should be noted that although the same video sequence
was used for simulation purposes, the scenario considered
corresponds in practice to a unicasting scenario where
different videos are transmitted to (by) each user in the DL
(UL). Otherwise, it would be better to perform multicasting
by the BS in the DL and collaborative transmission by the
users in the UL, which represent interesting topics for future
research.

It can be seen that PF scheduling maximizes the average
network QoS/QoE both in the DL and UL. It also leads to
more fairness in the UL, since the best results for geometric
mean QoS/QoE are achieved with PF scheduling. The same
is achieved in the DL when the number of users increases
by maximizing the geometric mean QoS/QoE when the
number of users is above 30. Max-Min scheduling is shown
to maximize the minimum QoS/QoE in the downlink and
to outperform proportional fair scheduling in terms of
geometric mean QoS/QoE when the number of users in the
DL is relatively low (below 30). However, its performance in
the UL is not as good due to the limited transmit power of
mobile terminals. In fact, in the UL, it is outperformed by
PF for all three network QoS/QoE metrics and by Max C/I
scheduling for the average and geometric mean QoS/QoE
metrics. It is also outperformed by Max C/I for the average
QoS/QoE metric when the number of users is below 20.

RRM using Max C/I is extremely unfair in the DL, as
shown in Figures 3(a) and 4(a) for all threeQoS/QoEmetrics,
respectively. This is due to the fact that it allocates the
subcarriers and power available at the BS to users that are

relatively close to the BS, which deprives users that are further
away from wireless resources. Due to error propagation in
video sequences caused by lost frames, this leads to very
low QoS/QoE results, especially for the metrics involving a
certain notion of fairness: the min QoS/QoE and geometric
mean QoS/QoE. In the UL, Max C/I performs better, mainly
due to the fact that the power is now distributed: each user
in the UL has its own transmit power, conversely to the DL,
where the power is concentrated at a single entity, the BS.
However, its performance degradation is fast as the number
of users increases, especially for the min QoS/QoE in the
network.

Comparing Figure 3 to Figure 4, it can be seen that all
combinations of {RRM algorithm, network quality metric}
have the same performance trends in both figures. In other
words, the same conclusions can be reached in terms of
the superiority of a method over another for both QoS and
QoE. However, the comparison shows that the performance
degradation is faster in the QoE case. For example, the
performance gap between the average network metric and
the geometric mean metric appears to be reduced in the QoS
case (Figure 3), whereas it looks significant in the QoE case
(Figure 4). As another example, the average QoS metric is
nonzero (although low) with Max C/I scheduling (Figure 3),
whereas the average QoE metric goes to zero when the
number of users increases with Max C/I (Figure 4). This
explains the motivation behind using QoE metrics instead
of QoS metrics, since they correspond to a more accurate
representation of the quality perceived by the end users.
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Figure 5: QoE metric versus PSNR for the football video sequence.

In fact, Figure 5 shows the plot of QoE versusQoS (PSNR) for
the football video sequence used in the simulations. It can be
seen that when the PSNR is too high or too low, the variation
in QoE is unnoticeable. However, the sensitivity increases in
the intermediate ranges. For example, a drop of 5 dB from
30 dB to 25 dB in PSNR leads to a dramatic fall from 80% to
40% in QoE.

Therefore, in the next section, we consider the QoE
network metrics and propose the use of DAS to enhance the
performance and ensure more fairness to the users in the
network.

6.3. Video QoE Results with DASDeployment. In this section,
we compare the performance of the two scenarios of Figure 2,
using the QoE network metrics of Section 3 along with the
RRM utilities described in Section 5. The DL results are
presented in Figure 6, whereas the UL results are shown
in Figure 7. The deployment of DAS leads to significant
enhancements for all the investigated scenarios, except for the
DL case with Max C/I scheduling, as shown in Figure 6(a),
where the enhancement is minor. As explained in the pre-
vious section, Max C/I allocates the subcarriers and power
available at the BS to users that are relatively close to the
BS, which deprives users that are further away from wireless
resources. This leads to very low QoE results for most users,
especially due to error propagation in video sequences caused
by lost frames.

A major difference between the results of Figure 6 and
Figure 4(a) is that the Max-Min scheduler leads to the best
results in the DL in the presence of DAS for all three network
QoEmetrics. In fact, Figure 6(c) shows that the performance
for the three metrics is almost perfect: the horizontal curves
indicate that the maximum QoE (88.5%) is reached for all
users. The only reason for not having 100% QoE is due to
source distortion caused by lossy compression of the video
sequence and not to loss distortion due to packet losses
over the wireless channels. The min QoE decreases only

slightly when the number of users exceeds 40, as shown
in Figure 6(c). This quasiideal performance was achieved
with a DAS deployment using six RAHs throughout the
cell.

In the UL, the best performance was achieved by PF
scheduling, as shown in Figure 7 (particularly Figure 7(b)).
The PF scheduler was also the best UL scheduler in the
absence of DAS (Figure 4(b)), although DAS has led to a
large performance enhancement for all networkQoEmetrics.
This difference between the best DL (Max-Min) and UL
(PF) schedulers is explained by the difference of power
distribution between DL and UL. In the UL, the power is
distributed over all users, where each user has an individual
limited power.The deployment of DAS helps enhance the UL
network QoE, but the limited transmit power still prevents
worst case users from achieving near-optimal performance,
which is captured by the min QoE network metric. On the
other hand, the BS is the single source of power in the DL.
The significantly larger transmit power at the BS provides
better flexibility in power and subcarrier allocations and
allows the enhancement of the QoE of the worst case users.
Furthermore, the DAS deployment enhances the channel
conditions for the users in the cell by providing transmit
antennas closer to cell edge users.This allows the achievement
of better individual QoE results with a lower transmit power
for all users, including worst case users favored by Max-Min
scheduling, which enhances the overall performance in the
network.

Finally, it should be noted that the enhancements reached
withDAS could be reachedwith other solutions. For example,
dense heterogeneous network deployments, where small cell
BSs are deployed in large numbers within the coverage
area of large macrocell BSs, would lead to the same effects
due to providing a complete (small) BS closer to the users
instead of an RAH in a DAS deployment. Nevertheless,
the DAS deployment, when possible, leads to a more cost
effective solution. Furthermore, performance enhancements
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Figure 6: DL QoE results with DAS.

for indoor users can be reached by deploying femtocell access
points (FAPs). Obviously, FAP provides an indoor BS close
to the end user, which allows the provision of high QoE by
overcoming the penetration losses of the macrocell signal,
coming from an outdoor BS located further away. The in-
depth investigation of network QoE optimization in these
specific scenarios is indeed an interesting topic for further
research.

7. Conclusions

Network QoE metrics were proposed in order to capture
the overall performance of radio resource management
algorithms in terms of video quality perceived by the end
users. Metrics corresponding to average, geometric mean,
and minimum QoE in the network were measured when
Max C/I, proportional fair, and Max-Min radio resource
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Figure 7: UL QoE results with DAS.

management algorithms were implemented in the network.
Both the uplink and downlink directions were studied.
Furthermore, the use of distributed antenna systems to
enhance the performance was considered. In the absence
of distributed antennas, results showed that proportional
fair scheduling maximizes the average network QoE both
in the uplink and downlink. It also leads to more fairness
in the uplink and in the downlink when the number of
users increases by maximizing the geometric mean QoE.
When distributed antennas are deployed, proportional fair

scheduling was able to maximize the uplink performance
in terms of network QoE, whereas Max-Min scheduling led
to remarkably excellent results in the downlink with all the
investigated network QoE metrics.
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Developing effective, fairness-preserving optimization algorithms is of considerable importance in systemswhich servemany users.
In this paper we show the results of the threshold accepting procedure applied to extremely difficult problem of fair resource
allocation inwirelessmeshnetworks (WMN).The fairness ismodeled by allowing preferenceswith regard to distribution of Internet
traffic between network participants. As aggregation operator we utilize weighted ordered weighted averaging (WOWA). In the
underlaying optimization problem, the physical medium properties cause strong interference among simultaneously operating
node devices, leading to nonlinearities in the mixed-integer pricing subproblem. That is where the threshold accepting procedure
is applied. We show that, the threshold accepting heuristic performs much better than the widely utilized simulated annealing
algorithm.

1. Introduction

Wireless mesh network (WMN) is an organized cooperating
group of network devices communicating with each other
by means of wireless media. The nodes are organized in a
mesh topology, where each wireless device not only sends
and receives its own data but also serves as a relay for other
nodes. Some of the nodes can be connected to cable network
or mobile network and serve as Internet gateways. This way
the whole mesh network constitutes a decentralized way of
providing Internet access between attending participants.

This network type poses numerous advantages including
setup cost, independence of the hardwired infrastructure,
and flexibility. However, providing fair and efficient network
management, including routing and scheduling, is not a
straightforward task. The main source of difficulty lies in
physical medium properties that cause strong interference
among simultaneously operating devices. Additionally the
link quality is a function of the distance and can be affected by
obstacles present between the nodes. As a result the efficient
network operation requires transmission scheduling, channel
assignment, and transmission power determination.

Common objective of the optimization is maximization
of the total throughput while retaining fairness in its distri-
bution between participants.

In network optimization problems fairness is often
accomplished using the lexicographic max-min (LMM) opti-
mization. In the case of convex attainable set, this corre-
sponds to the max-min fairness concept [1] which states that
in the optimal solution it is impossible to increase any of the
outcomes without the decreasing of some smaller (worse)
ones [1–3]. In nonconvex case such strictly defined MMF
solution may not exist while the LMM always exists and it
covers the former if it exists (see [4] for wider discussion).
However, LMM is a stiff approach that usually does not allow
any other criteria, the overall efficiency (total throughput)
in particular. Moreover, it requires sequential repeated opti-
mization of the original problem. A recent survey on fairness
oriented WMN optimization can be found in [5].

In the paper a more flexible approach based on the
weighted ordered weighted averaging (WOWA) outcomes
aggregation is proposed. It provides the consistent, reason-
able, and fairness-preserving methodology of modeling var-
ious preferences (from the extreme pessimistic through
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neutral to extreme optimistic) with regard to distribution of
Internet throughput between network participants. It is based
on the OWA (ordered weighted aggregation) [6, 7] in which
the preference weights are assigned to the ordered values (i.e.,
to the largest value, the second largest, and so on) rather than
to the specific criteria. The WOWA extension allows using
additional weights (called importance weights) assigned to
the specific outcomes.

The OWA operator provides a parameterized family of
aggregation operators, which include many of the well-
known operators such as the maximum, the minimum,
the 𝑘-order statistics, conditional minimax [8] known as
conditional value at risk (CVaR) in the field of financial
risk measurement, the median, and the arithmetic mean.
The OWA satisfies the properties of strict monotonicity,
impartiality, and, in the case ofmonotonic increasingweights,
the property of equitability (satisfies the principle of transfers:
equitable transfer of an arbitrary small amount from the
larger outcome to a smaller outcome results in a more
preferred achievement vector). Thus the OWA-based opti-
mization generates the so-called equitably efficient solutions
(cf. [9] for the formal axiomatic definition). According to
[9, 10], equitable efficiency expresses the concept of fairness,
in which all system entities have to be treated equally and in
the stochastic problems equitability corresponds to the risk
aversion [11]. Since its introduction, theOWAaggregation has
been successfully applied to many fields of decision making
[7, 12, 13]. When applying the OWA aggregation to multi-
criteria optimization, the weighting of the ordered outcome
values causes the fact that the OWA optimization problem
is nonlinear even for linear programming formulation of
the original constraints and criteria. Yager has shown that
the nature of the nonlinearity introduced by the ordering
operation allows one to convert the OWA optimization into
a mixed integer programming problem. It was shown [14]
that the OWA optimization with monotonic weights can be
formed as a standard linear program of higher dimension. Its
significant extension introduced by Torra [15] incorporates
importance weighting into the OWA operator forming the
weighted OWA (WOWA) aggregation as a particular case
of Choquet integral using a distorted probability as the
measure. The WOWA averaging is defined by two weighting
vectors: the preferential weights and the importance weights.
It covers both the weighted means (with equal preferential
weights) and the OWA averages (with equal importance
weights) as special cases. Some of the example applications
of importance weights (applied to specific outcomes) include
definition of the size or importance of processes in a mul-
tiagent environment, setting scenario probability (if uni-
form objectives represent various possible values of the same
uncertain outcome under several scenarios), or job priorities
in scheduling problems. It was shown [16] that in the case
of monotonic preferential weights WOWA aggregation can
also be modeled by a mere linear extension of the original
problem.

This paper extends and refines our initial work on the
subject presented in [17]. The list- based threshold accepting
heuristic applied to the pricing problem is described. The
results are compared to the exact MIP formulation.

This paper is organized as follows. In the next section,
we present the wireless mesh network optimization problem
together with the outline of the solution approach. Next the
WOWA aggregation operator is introduced. In the fourth
section we deal with the pricing problem and show two
alternative approximate solution algorithms. The last section
presents the setup and the results of the computational
experiments.

2. Flow Optimization in WMN

The WMN networking technology has been drawing an
increased attention over the last years (see literature overview
in [18, 19] and references therein). Due to complexity of the
problem usually some sorts of simplifications are assumed.
The problem considered in this paper can be stated as
follows. There is given a WMN network with a number of
nodes, routers and gateways. The nodes are interconnected
wirelessly in compliance with all the physical constraints and
requirements, including signal loss with increasing distance
and interference occurring during simultaneous operation.
Each node can be either sending or receiving data, but not
both at the same time.There are a number of modulation and
coding schemes (MCSs) used for communication between
the nodes with different properties with regard to speed,
maximum allowable interference, and the distance. Each
MCS has its signal to interference plus noise ratio (SINR)
requirement that must be fulfilled in order to successfully
transmit data. Only one fixed transmitting power and single
channel are assumed, but MCS can be dynamically allocated.
The network model consists only of links for which at least
one MCS can be applied, and this requirement reduces to the
maximum allowable distance between the nodes.

Only downstream communication direction from gate-
ways to routers is considered. For each router there is a single
predefined path leading to a chosen gateway.The routers have
elastic traffic demand, which means they can consume all the
possible network capacity.The demands compete for network
resources to get as much throughput as possible.

The objective is to maximize total throughput preserving
fairness among competing demands.

The solution approach is based on the concept of com-
patible sets introduced in [20]. Compatible set consists of
links that can operate at the same time within given inter-
ference model. The basic solution concept consists in linear
approximation of the model and consecutive generation of
the compatible sets improving current solution within the
column generation schema. The approximation is needed if
the time horizon is divided into fixed-length time slots; if not
the solution is optimal.

Although we consider only a specific problem, the solu-
tion concepts involving application of WOWA operators
can be utilized for many other variants of WMN problems
including different capacity reservation models (see [19]).

2.1. Notation. Wirelessmesh network topology is represented
by a directed graphN = (V,E), whereV = G∪R is the set
of nodes from which we distinguish the set of gateways and
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set of mesh routers denoted, respectively, byG andR, andE
is the set of (radio) links.

The (potential) link between two nodes V, 𝑤 ∈ V is
modeled by a directed arc 𝑒 = (V, 𝑤) ∈ E, where 𝑎(𝑒) = V
is the originating node that can transmit a signal of a given
power 𝑃V𝑤 to its terminating node 𝑏(𝑒) = 𝑤. Additionally, we
assume that if arc 𝑒 = (V, 𝑤) ∈ E exists, then an opposite arc
𝑒

= (𝑤, V) ∈ E also exists. Furthermore, the sets of outgoing

and incoming arcs from/to node V ∈ V are denoted,
respectively, by 𝛿+(V) and 𝛿−(V), while 𝛿(V) = 𝛿

+
(V) ∪ 𝛿−(V) is

the set of all arcs incident to node V.
Nodes are transmitting using one of the available modu-

lation and coding schemes (MCSs) denoted by𝑚 ∈ M, where
M is the set of all MCSs (to simplify the considerations, we
assume that the set of available MCSs is M(𝑒) = M, 𝑒 ∈ E).
The (raw) data rate of transmission using MCS 𝑚 is denoted
by 𝐵𝑚.

The (radio) link 𝑒 = (V, 𝑤) can successfully transmit if
the signal to noise ratio (SNR) for the arc 𝑒 is greater than a
certain threshold value denoted by 𝛾𝑚 for at least one MCS
𝑚 ∈ M:

Γ


𝑒
=
𝑃V𝑤

𝑁
≥ 𝛾
𝑚
, (1)

where𝑁 = 10
−10.1 mW is the ambient noise power.

At any arbitrary time instance the transmission of other
nodes can interfere with transmission on 𝑒. The correspond-
ing signal to interference plus noise ratio (SINR) condition
for successful transmission on 𝑒 using MCS 𝑚 reads as
follows:

Γ
𝑒
=

𝑃V𝑤

𝑁 + ∑
𝑎∈A\{V} 𝑃𝑎𝑤

≥ 𝛾
𝑚
, (2)

whereA ⊆ V is the set of active nodeswhich are transmitting
at the same time.

Moreover, we assume that a node can either transmit or
receive or be inactive; that is,

A ∩ {𝑏 (𝛿
+
(V))} ̸= 0 ⇒ A ∩ {𝑎 (𝛿

−
(V))} = 0 V ∈ V,

A ∩ {𝑎 (𝛿
−
(V))} ̸= 0 ⇒ A ∩ {𝑏 (𝛿

+
(V))} = 0 V ∈ V.

(3)

Each router 𝑟 ∈ R is connected with a selected gateway
𝑔 ∈ G by a directed path 𝑝

𝑑
(i.e., a subset of links, 𝑝

𝑑
⊆ E)

that is supposed to carry the entire downstream flow 𝑓
𝑑
from

gateway 𝑔 to router 𝑟 (to simplify the formulations, we do
not consider the upstream direction). The set of routers is
considered as demands and denoted by 𝑑 ∈ D, where D =

V\G. LetP = {𝑝
1
, . . . , 𝑝

𝐷
} be the given set of paths between

routers and gateways, where 𝐷 = |D|. For each link 𝑒 ∈ E,
the set of all indices of paths in P that contain this link will
be denoted by Q

𝑒
= {𝑑 : 𝑒 ∈ 𝑝

𝑑
, 1 ≤ 𝑑 ≤ 𝐷}.

2.2. Compatible Sets. A compatible set (CS) is defined as a
subset E

𝑖
of links E

𝑖
⊆ E together with a particular MCS

𝑚
𝑒
, 𝑒 ∈ E

𝑖
that each link is using so that each link can

be active simultaneously (i.e., transmit without generating
too much interfering with other links). In other words, a

compatible set is defined by E
𝑖
= {(𝑒, 𝑚) ∈ E ×M : 𝑦

𝑚

𝑒
= 1},

where variables𝑦𝑚
𝑒
form a feasible solution that satisfy (2) and

(3).

2.2.1. Master Problem. Using the family of compatible sets
denoted by I, the formulation of the max-min flow opti-
mization problem reads as follows:

max𝑓, (4)

𝑓 ≤ 𝑓
𝑑

𝑑 ∈ D, (5)

∑

𝑑∈Q
𝑒

𝑓
𝑑
≤ 𝑐
𝑒

𝑒 ∈ E, (6)

𝑐
𝑒
= ∑

𝑖∈I

𝐵
𝑒𝑖
𝑧
𝑖

𝑒 ∈ E, (7)

∑

𝑖∈I

𝑧
𝑖
= 𝑇, (8)

𝑧 ≥ 0. (9)

In the presented formulation, 𝑇 is the time of network
operation, 𝐵

𝑒𝑖
is the (raw) data rate of a transmission using

MCS𝑚 ∈ M allocated to link 𝑒 ∈ E in compatible set 𝑖 ∈ I,
that is, either 𝐵𝑚 or 0, depending on whether link 𝑒 is active
or not in the compatible set 𝑖, and 𝑐

𝑒
is total amount of data

that can be transmitted over link 𝑒 ∈ E in a time interval 𝑇.
This formulation is a noncompact, continuous approxi-

mation of the MIP problem involving time slots (see [19]);
continuous variables 𝑧

𝑖
define the number of time slots

assigned to a compatible set within the time 𝑇.
Since |I| grows exponentially in the network size, the

solution is to use the column generation technique [3, 21],
where not all the columns of the constraintsmatrix are stored.
Instead, only a subset of the variables (columns) that can be
seen as an approximation (restriction) of the original problem
is kept.The column generation algorithm iteratively modifies
the subset of variables by introducing new variables in a way
that improves the current optimal solution. At the end, the set
contains all the variables necessary to construct the overall
optimal solution which can use all possible columns. New
columns are generated in the pricing problem.

2.2.2. Pricing Problem. The pricing problem we consider
corresponds to a WMN system in which there are multiple
MCSs available and each node can use different MCS in
different compatible set.The following formulation is referred
to as dynamic allocation of MCSs to nodes:

max∑
𝑒∈E

𝜋
∗

𝑒
𝐵
𝑒
, (10)

𝑋V = ∑

𝑚∈M

𝑥
𝑚

V V ∈ V, (11)

𝑌
𝑒
= ∑

𝑚∈M

𝑦
𝑚

𝑒
𝑒 ∈ E, (12)
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∑

𝑒∈𝛿(V)
𝑌
𝑒
≤ 1 V ∈ V, (13)

∑

𝑒∈𝛿
+
(V)
𝑦
𝑚

𝑒
= 𝑥
𝑚

V V ∈ V, 𝑚 ∈ M, (14)

𝑢
𝑚

𝑒V ≥ 𝑦
𝑚

𝑒
+ 𝑋V − 1 V ∈ V, 𝑒 ∈ E, 𝑚 ∈ M, (15)

𝑢
𝑚

𝑒V ≤ 𝑦
𝑚

𝑒
, 𝑢
𝑚

𝑒V ≤ 𝑋V V ∈ V, 𝑒 ∈ E, 𝑚 ∈ M, (16)

𝑁𝑦
𝑚

𝑒
+ ∑

V∈V\{𝑎(𝑒)}
𝑃V𝑏(𝑒)𝑢

𝑚

𝑒V ≤
1

𝛾𝑚
𝑃
𝑎(𝑒)𝑏(𝑒)

𝑦
𝑚

𝑒

𝑒 ∈ E, 𝑚 ∈ M,

(17)

𝐵
𝑒
= ∑

𝑚∈M

𝐵
𝑚
𝑦
𝑚

𝑒
𝑒 ∈ E, (18)

𝑦
𝑚

𝑒
∈ {0, 1} . (19)

In this formulation, 𝜋
𝑒
, 𝑒 ∈ E, are the current optimal

dual variables associated with constraints (6). At each itera-
tion we are interested in generating CS for which the reduced
price 𝜋 ⋅𝐵 has the biggest and positive value, as we can expect
this will improve the current optimal solution as much as
possible.The 𝑥𝑚V is a binary variable indicating whether node
V transmits using MCS 𝑚, 𝑋V is a binary variable indicating
whether node V transmits, 𝑦𝑚

𝑒
is a binary variable indicating

whether link 𝑒 is scheduled to be active with the MCS 𝑚, 𝑌
𝑒

is a binary variable indicating whether link 𝑒 is active, and
𝐵
𝑒
is the (raw) data rate of a transmission allocated to link

𝑒. Notice that, in this formulation, 𝑋V and 𝑌
𝑒
are auxiliary

variables and thus either they can be eliminated or their
binarity can be skipped. Moreover, observe that applying (2)
directly to our model would result in a bilinear constraint.
Hence, we have introduced additional (continuous) variables
𝑢
𝑚

𝑒V to make the constraint (17) linear. This is achieved by
adding the constraints (15)-(16); that is, 𝑢𝑚

𝑒V = 1 if both 𝑦
𝑚

𝑒

and𝑋V are equal to 1, and 0, otherwise.
Each node V ∈ V and each link 𝑒 ∈ E can use at most

one MCS 𝑚 ∈ M in the compatible set (11)-(12). At most
one link 𝑒 ∈ 𝛿(V) incident to node V can be active (13) and
exactly one link 𝑒 ∈ 𝛿+(V) outgoing from node V is active and
uses MCS 𝑚 (14), provided the node is active and uses this
MCS in the compatible set. The constraints (15)–(17) assure
admissible SINR for link 𝑒 using MCS 𝑚 in the compatible
set. The (raw) data rate 𝐵

𝑒
of link 𝑒 in the compatible set is

found by (18).

3. Fair Aggregation Operators

As stated before the basic operator used to preserve fairness
among outcomes is lexicographic max-min (LMM) which
is equivalent to MMF for the linear problems. In such a
case it is possible to carry out the MMF procedure based on
simple algorithm that in each step uses the dual information
to determine the outcomes that are blocked at their highest
values possible. In the following steps, only the outcomes are
optimized that have not been blocked before (for details see
[19]).

On the other hand, in the WOWA aggregation, the origi-
nal problem is extended by auxiliary constraints and solved
in a single step. Let us first introduce the formalization of
the OWA operator. In the OWA aggregation of outcomes
y = (𝑦

1
, . . . , 𝑦

𝑛
) preferential weights w = (𝑤

1
, 𝑤
2
, . . . , 𝑤

𝑛
)

are assigned to the ordered values rather than to the specific
criteria:

𝐴
𝑤
=

𝑛

∑

𝑖=1

𝑤
𝑖
𝜃
𝑖
(y) , (20)

where (𝜃
1
(y), 𝜃
2
(y), . . . , 𝜃

𝑛
(y)) = Θ(y) is the ordering map

𝑅
𝑛
→ 𝑅
𝑛 with 𝜃

1
(y) ≤ 𝜃

2
(y) ≤ ⋅ ⋅ ⋅ ≤ 𝜃

𝑛
(y) and there exists a

permutation 𝜏 of set 𝐼 such that 𝜃
𝑖
(y) = 𝑦

𝜏(𝑖)
for 𝑖 = 1, 2, . . . , 𝑛.

If the weights aremonotonic,𝑤
1
> 𝑤
2
> ⋅ ⋅ ⋅ > 𝑤

𝑛−1
> 𝑤
𝑛
,

the OWA aggregation has the property of equitability [14],
which guarantees that an equitable transfer of an arbitrarily
small amount from the larger outcome to a smaller outcome
results in more preferred achievement vector. Every solution
maximizing the OWA function is then an equitably efficient
solution to the original multiple criteria problem. Moreover,
for linear multiple criteria problems every equitably efficient
solution can be found as an optimal solution to the OWA
aggregation with appropriate weights.

For the maximization problem the OWA objective aggre-
gation can be formulated as linear extension of the original
problem, as follows. Let us apply linear cumulative map to
the ordered achievement vectors Θ(y):

𝜃
𝑘
(y) =

𝑘

∑

𝑖=1

𝜃
𝑖
(y) 𝑘 = 1, 2, . . . 𝑛. (21)

As stated in [14], for any given vector y ∈ 𝑅
𝑛, the cumulated

ordered coefficient 𝜃
𝑘
(y) can be found as the optimal value of

the following LP problem:

𝜃
𝑘
(y) = max 𝑘𝑡

𝑘
−

𝑛

∑

𝑖=1

ℎ
𝑘𝑖
,

s.t. 𝑡
𝑘
− 𝑦
𝑖
≤ ℎ
𝑘𝑖
, ℎ
𝑘𝑖
≥ 0

𝑖 = 1, 2, . . . , 𝑛.

(22)

The ordered outcomes can be expressed as differences 𝜃
𝑖
(y) =

𝜃
𝑖
(y) − 𝜃

𝑖−1
(y) for 𝑖 = 2, . . . , 𝑛 and 𝜃

1
(y) = 𝜃

1
(y). Hence, the

maximization of the OWA operator (20) with weights 𝑤
𝑖
can

be expressed in the form

max{
𝑛

∑

𝑖=1

𝑤


𝑖
𝜃
𝑖
(y) : y ∈ 𝑌} , (23)

where coefficients 𝑤
𝑖
are defined as 𝑤

𝑛
= 𝑤
𝑛
and 𝑤

𝑖
= 𝑤
𝑖
−

𝑤
𝑖+1

for 𝑖 = 1, 2, . . . , 𝑛 − 1 and 𝑌 is the feasible set of outcome
vectors y. If the original weights 𝑤

𝑖
are strictly decreasing,

then 𝑤
𝑖
> 0 for 𝑖 = 1, 2, . . . , 𝑛.

For the WMN flow optimization problem (4)–(9)
the final OWA aggregation of the outcomes 𝑓

𝑑
for all

demands/routers can be stated as the following LP model:

max
𝐷

∑

𝑘=1

𝑘𝑤


𝑘
𝑡
𝑘
−

𝐷

∑

𝑘=1

𝐷

∑

𝑑=1

𝑤


𝑘
ℎ
𝑑𝑘
, (24)
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subject to

ℎ
𝑑𝑘
≥ 𝑡
𝑘
− 𝑓
𝑑
, ℎ
𝑑𝑘
≥ 0 𝑑, 𝑘 = 1, 2, . . . , 𝐷

f ∈ 𝐹,
(25)

where f = [𝑓
𝑑
]
𝑑∈D and𝐹 is a feasible set of flows/throughputs

defined by (6)–(9).
The OWA aggregation (20) allows modelling various

aggregation functions from the minimum (𝑤
1
= 1, 𝑤

𝑖
= 0

for 2, . . . , 𝑛), through the arithmetic mean (𝑤
𝑖
= 1/𝑛 for 𝑖 =

1, . . . , 𝑛), to themaximum (𝑤
𝑛
= 1,𝑤

𝑖
= 0 for 𝑖 = 1, . . . , 𝑛−1).

However, it is not possible to express the weightedmean. Due
to the property of impartiality and neutrality with respect to
the individual attributes the OWA aggregation does not allow
representing any importance weights allocated to the specific
attributes.

The WOWA aggregation is a generalization of the OWA
that allows assigning importance weights to specific criteria
[22]. In the case of WMN, the importance weights could
express the number of end-users hidden behind each router.
For example, the importance weight of the router with 5
directly connected users should be 5 times greater than the
importance weight of the router with only a single directly
connected user.

Let p = (𝑝
1
, . . . , 𝑝

𝑛
) be an 𝑛-dimensional vector of

importance weights such that 𝑝
𝑖
≥ 0 for 𝑖 = 1, . . . , 𝑛 and

∑
𝑛

𝑖=1
𝑝
𝑖
= 1. The corresponding weighted OWA aggregation

of vector y is defined [15] as follows:

𝐴
𝑤,𝑝

=

𝑛

∑

𝑖=1

𝜔
𝑖
𝜃
𝑖
(y) , (26)

with

𝜔
𝑖
= 𝑤
∗
(∑

𝑘≤𝑖

𝑝
𝜏(𝑘)

) − 𝑤
∗
(∑

𝑘<𝑖

𝑝
𝜏(𝑘)

) , (27)

where 𝑤
∗ is increasing function interpolating points

(𝑖/𝑛, ∑
𝑘≤𝑖

𝑤
𝑘
) togetherwith the point (0, 0) and 𝜏 representing

the ordering permutation for y (i.e., 𝑦
𝜏(𝑖)

= 𝜃(y)). Moreover,
function 𝑤∗ is required to be a straight line when the points
can be interpolated in this way. Due to this requirement,
the WOWA aggregation covers the standard weighted mean
with weights 𝑝

𝑖
as a special case of equal preference weights

(𝑤
𝑖
= 1/𝑛 for 𝑖 = 1, . . . , 𝑛). Actually, the WOWA operator is

a particular case of the Choquet integral using a distorted
probability as the measure [23].

Note that such WOWA definition allows us for a clear
interpretation of importance weights as the agent (demand)
repetitions [24]. Splitting an agent into two agents does not
cause any change of the final distribution of outcomes. For
theoretical considerations one may assume that the problem
can be transformed (disaggregated) to the unweighted one
(that means all the agent importance weights are equal to 1);
see [22, 25] and examples therein. Thus, the WOWA aggre-
gation with increasing preferential weights is equitable since
equally important unit of a smaller outcome is considered
with a larger weight.

As shown in [22], maximization of an equitable WOWA
aggregation with decreasing preferential weights 𝑤

1
> 𝑤
2
>

⋅ ⋅ ⋅ > 𝑤
𝑛
may also be implemented as the LP expansion of the

original problem. In the case of the WMN flow optimization
problem (6)–(9), this can be stated as follows:

max
𝐷

∑

𝑘=1

𝑤


𝑘
[
𝑘

𝑛
𝑡
𝑘
−

𝐷

∑

𝑑=1

𝑝
𝑑
ℎ
𝑑𝑘
] , (28)

subject to

ℎ
𝑑𝑘
≥ 𝑡
𝑘
− 𝑓
𝑑
, ℎ
𝑑𝑘
≥ 0 𝑑, 𝑘 = 1, 2, . . . , 𝐷, (29)

f ∈ 𝐹. (30)

If the importance weights are equal to 𝑝
𝑑
= 1/𝐷, the model

reduces to the OWA aggregation.
A special case of the generalized WOWA aggregation is

defined for single breakpoint and corresponds to optimiza-
tion of the predefined quantile of the worst outcomes and in
finance is known as the CVaR (conditional value at risk). It
can be computed as a standard linear extension of the original
problem [22]:

max 𝑡 − 1

𝛽

𝐷

∑

𝑑=1

𝑝
𝑑
ℎ
𝑑

(31)

subject to

ℎ
𝑑
≥ 𝑡 − 𝑓

𝑑
, ℎ
𝑑
≥ 0 𝑑 = 1, . . . , 𝐷 (32)

f ∈ 𝐹. (33)

4. Algorithms

4.1. List-Based Threshold Accepting. List-based threshold
accepting algorithm (LBTA) is an extension of threshold
accepting metaheuristic, which belongs to the randomized
search class of algorithms.This rather unknown heuristic has
been successfully applied to many difficult problems [26–30].
Since the problem of fair resource allocation in wireless mesh
networks is extremely challenging, we have decided to try this
underappreciated algorithm.

The search trajectory of LBTA crosses the solution space
by moving from one solution to a random neighbor of that
solution and so on. Unlike the greedy local search methods
which consist of choosing a better solution from the neigh-
borhood of the current solution until such can be found (hill
climbing), the threshold accepting allows choosing a worse
candidate solution based on a threshold value. In the general
concept of the threshold accepting algorithm it is assumed
that a set of decreasing threshold values is given before the
computation or an initial threshold value and a decrease
schedule are specified. The rate at which the values decrease
controls the trade-offbetweendiversification (associatedwith
large threshold values) and intensification (small threshold
values) of the search. It is immensely difficult to predict
how the algorithm will behave when a certain decrease rate
is applied for a given problem without running the actual
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Require: Initial solution 𝑠
1
, list size 𝑆, set of move operators𝑚 ∈ 𝑀

(1) 𝑖 ← 0

(2) while 𝑖 < 𝑁 do
(3) 𝑚 ← random(𝑀)

(4) 𝑠
2
← 𝑚(𝑠

1
)

(5) if 𝐶(𝑠
1
) ≤ 𝐶(𝑠

2
) then

(6) Δ ← (𝐶(𝑠
2
) − 𝐶(𝑠

1
))/𝐶(𝑠

1
)

(7) list ← list ∪ {Δ}
(8) 𝑖 ← 𝑖 + 1

(9) else
(10) 𝑠

1
← 𝑠
2

(11) end if
(12) end while
(13) return list

Algorithm 1: Creating the list of threshold values.

computation. It is also very common that the algorithm with
the same parameters works better for some problem instances
and significantly worse for others.These reflections led to the
list-based threshold accepting branch of threshold accepting
metaheuristic.

In the list-based threshold accepting approach, instead of
a predefined set of values, a list is dynamically created during
a presolve phase of the algorithm. The list, which in a way
contains knowledge about the search space of the underlying
problem, is then used to solve it.

4.1.1. Creating the List of Threshold Values. The first phase
of the algorithm consists of gathering information about the
search space of the problem that is to be solved. From an
initial solution a neighbor solution is created using a move
function (perturbation operator) chosen at random from
a predefined set of functions. If the candidate solution is
better than the current one, it is accepted and becomes the
current solution. Otherwise, a threshold value is calculated
as a relative change between the two solutions,

Δ =
𝐶 (𝑠
2
) − 𝐶 (𝑠

1
)

𝐶 (𝑠
1
)

, (34)

and added to the list, where 𝐶(𝑠
𝑖
) is the objective function

value of the solution 𝑠
𝑖
∈ 𝑆 and 𝑆 is a set of all feasible

solutions. For this formula to work, it is silently assumed that
𝐶 : 𝑆 → R

+
∪ {0}. This procedure is repeated until the speci-

fied size of the list is reached. For the algorithm overview see
Algorithm 1.

4.1.2. Optimization Procedure. The second phase of the algo-
rithm is the main optimization routine, in which a solution
to the problem is found.The algorithm itself is very similar to
that of the previous phase. We start from an initial solution,
create new solution from the neighborhood of current one
using one of themove functions, and compare both solutions.
If the candidate solution is better, it becomes the current
one. Otherwise, a relative change is calculated. To this point
algorithms in both phases are identical. The difference in

the optimization procedure is that we compare the threshold
value with the largest value from the list. If the new threshold
value is larger, then the new solution is discarded. Otherwise,
the new threshold value replaces the value from the list,
and the candidate solution is accepted for the next iteration.
The best solution found during the optimization process is
considered final.

The list-based threshold accepting algorithm also incor-
porates early termination mechanism: after a (specified)
number of candidate solutions are subsequently discarded,
the optimization is stopped and the best solution found so
far is returned.

The optimization procedure of the list-based threshold
accepting algorithm is shown in Algorithm 2.

4.2. Simulated Annealing. Simulated annealing (SA) was first
introduced byKirkpatrick et al. [31], while Černý [32] pointed
out the analogy between the annealing process of solids
and solving combinatorial problems. Applications of the SA
algorithm to optimization problems in various fields have
been studied [33–36] and to the WMN problem, as well [17].

The optimization process of the simulated annealing
algorithm can be described in the following steps. At the start,
an initial solution is required. Then, repeatedly, a candidate
solution is randomly chosen from the neighborhood of the
current solution. If the candidate solution is the same or
better than the current one, it is accepted and replaces the
current solution. Even if the generated solution is worse than
the current one, it still has a chance to be accepted with the
so-called acceptance probability.This probability is a function
of difference between objective value of the current and the
candidate solution and depends on a control parameter taken
from the thermodynamics, called temperature (𝜏). After a
number of iterations, the temperature is decreased by a
reduce factor (𝛼), and the process continues as described
above. The optimization is stopped either after a maximum
number of iterations or when a minimum temperature is
reached. The best solution found during the annealing pro-
cess is considered final.
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Require: Initial solution 𝑠
1
, thresholds list 𝐿, set of move operators𝑚 ∈ 𝑀

(1) 𝑖 ← 0

(2) 𝑠
∗
← 𝑠
1

(3) while 𝑖 ≤ 𝑁 do
(4) 𝑚 ← random(𝑀)

(5) 𝑠
2
← 𝑚(𝑠

1
)

(6) 𝑖 ← 𝑖 + 1

(7) if 𝐶(𝑠
2
) ≤ 𝐶(𝑠

1
) then

(8) if 𝐶(𝑠
2
) ≤ 𝐶(𝑠

∗
) then

(9) 𝑠
∗
← 𝑠
2

(10) end if
(11) 𝑠

1
← 𝑠
2

(12) 𝑖 = 0

(13) else
(14) Δ new ← (𝐶(𝑠

2
) − 𝐶(𝑠

1
))/𝐶(𝑠

1
)

(15) if Δ new < max(list) then
(16) list ← list \ {max (list)}
(17) list ← list ∪ {Δ new}

(18) 𝑠
1
← 𝑠
2

(19) 𝑖 = 0

(20) end if
(21) end if
(22) end while
(23) return 𝑠

∗

Algorithm 2: LBTA optimization procedure.

Table 1: Simulated annealing parameters.

Parameter Description Value

𝛼 Reduce factor 1 −
7

𝑁

𝜏
0 Initial temperature 0.99
𝛿
0 Minimal difference between solutions 0.01
𝑝
0 Initial acceptance probability 1

𝑁 Number of SA iterations 300000
𝑁const Number of iterations at constant temperature 10

For the algorithm overview see Algorithm 3, and for the
overview of the SA parameters see Table 1.

4.3. Neighborhood Function. The most problem-specific
mechanism of both the SA and the LBTA algorithm that
always needs a different approach and implementation is the
procedure of generating a candidate solution from the neigh-
borhood of the current one, which is called a perturbation
scheme, transition operation/operator, or a move function.
Although there are many ways to accomplish this task, we
have examined the following operators.

(1) Deactivate a node at random.
(2) Activate a random node and select the MCS with the

smallest raw rate.
(3) Switch MCS to one with higher raw rate.
(4) Switch MCS to one with lower raw rate.
(5) Switch MCS to a random one.

Require: Initial solution 𝑠
1

(1) 𝑠
∗
← 𝑠
1

(2) for 𝑖 = 1 to 𝑁 do
(3) for 𝑡 = 1 to 𝑁const do
(4) 𝑠

2
← 𝑝𝑒𝑟𝑡𝑢𝑟𝑏𝑎𝑡𝑒(𝑠

1
)

(5) 𝛿 ← 𝐶(𝑠
2
) − 𝐶(𝑠

1
)

(6) if 𝛿 ≤ 0 or 𝑒−𝛿/𝑘𝜏 > random(0, 1) then
(7) 𝑠

1
← 𝑠
2

(8) end if
(9) if 𝐶(𝑠

2
) < 𝐶(𝑠

∗
) then

(10) 𝑠
∗
← 𝑠
2

(11) end if
(12) end for
(13) 𝜏 ← 𝜏 ∗ 𝛼

(14) end for
(15) return 𝑠

∗

Algorithm 3: Simulated annealing.

In order to generate a new solution, the LBTA algo-
rithm applies one of the aforementioned operators chosen
at random to the current solution. SA on the other hand
uses during the whole optimization procedure only one,
compound operator, a combination of operators 1, 2, and 5 so
that a transition from initial to any feasible solution is possible
(see Algorithm 4).

4.4. Implementation Details

4.4.1. Zero Elements. In the first phase of the list-based
threshold accepting algorithm the list is populated with
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Require: Current solution compatible set CS
Ensure: CS = neighbor(CS)
(1) Choose at random V ∈ V and 𝑒 ∈ 𝛿+(V) that satisfy (11)–(14).
(2) if V ∈ A then
(3) if random(0, 1) < 1/ |M(𝑒)| then
(4) A ← A \ {V} [deactivate node]
(5) else
(6) 𝑚 ← random(M(𝑒) \ {𝑚}) [switch MCS]
(7) end if
(8) else
(9) A ← A ∪ {V} [activate node]
(10) 𝑚 ← random(M(𝑒)) [select MCS]
(11) end if

Algorithm 4: SA compatible set perturbation scheme.

values of relative change between two solutions Δ ≥ 0. After
careful consideration, we believe that including zeros in the
list is a misconception. In the actual optimization procedure,
that is, the second phase, the threshold value is computed
only if the new solution is worse than the current one, which
means that the calculated relative change will always have
a positive value (Δ new > 0). The new threshold value is
compared with the largest value from the list (𝑇

ℎmax). Thus,
we can distinguish three cases.

(1) 𝑇
ℎmax = 0: since thresholds are nonnegative from

definition, in this case, the list contains all zero
elements and it will not change throughout the whole
procedure (𝑇

ℎmax is constant). Comparing a positive
threshold value Δ new against zero yields in discarding
the candidate solution.The conclusions are as follows:

(a) it does notmatter howmany zeros are in the list;
the effective size of the list is equal to one;

(b) the algorithm is reduced to hill climbing algo-
rithm that accepts candidate solutionswhich are
at least as good as the current one.

(2) 𝑇
ℎmax > 0 and Δ new < 𝑇

ℎmax: the largest (positive)
threshold value from the list 𝑇

ℎmax is replaced by a
smaller (positive) threshold value Δ new. The number
of zero elements in the list remains the same through-
out the whole procedure and therefore is completely
irrelevant to the optimization process. The effective
list size is equal to the number of positive elements.

(3) 𝑇
ℎmax > 0 and Δ new ≥ 𝑇

ℎmax: the new solution is
discarded and the list remains unchanged.

The main idea behind the list is to control the diversifi-
cation and intensification of the search process. In the early
stage of the search, the algorithm should allow covering as
much solution space as possible, whichmeans that the thresh-
olds in the list are expected to be large enough to make that
happen. In themiddle stage, the algorithm should slowly stop
fostering the diversification and begin to foster the intensi-
fication of the search. In the end stage, the intensification
should be the strongest; that is, the list is supposed to contain

smaller and smaller threshold values, which induces the
discarding of worse solution candidates. As a consequence of
that, the algorithm is converging to a local or possibly even a
global optimum.

4.4.2. Stopping Criterion. Even though equipped with an
early termination mechanism, the LBTA algorithm does not
have a solution space independent stopping criterion. If the
number of subsequently discarded worse solutions is set too
high, the algorithm will run for an unacceptable long time
(it has been observed during preliminary tests). Hence, we
propose using a global counter of iterations so that when a
limit is reached, the algorithm terminates gracefully.

5. Numerical Experiments

The problem defined by the constraints (6)–(9) with the
network flows 𝑓

𝑑
as the optimization criteria was optimized

with different aggregation operators: max-min, lexicographic
max-min (LMM), CVaR (31)-(32), andWOWA (28)-(29). For
the pricing problem (10)–(18) we applied the two approx-
imate methods: the list-based threshold accepting (LBTA)
algorithm and the simulated annealing (SA) algorithm and
compared them to the exact MIP approach solved using the
CPLEX 12.1 optimization package.

The numerical experiments were performed on a number
of randomly generated problem instances of different sizes.

The algorithm of generating network topology instances
can be described as follows. A grid of length 25m of 30 × 30
points is created. Each of the grid points can be chosen to be
a mesh router or a mesh gateway. First, the location of each
gateway 𝑔 ∈ G is chosen at random. Then, for each router
𝑟 ∈ R, a location is chosen at random that satisfies condition
(1) for at least one link 𝑒 = (𝑔, 𝑟), 𝑔 ∈ G, and MCS 𝑚 ∈ M.
This condition is equivalent to 𝑑

𝑔𝑟
≤ 𝑑
𝑚, where 𝑑

𝑔𝑟
is the

distance between gateway 𝑔 and router 𝑟 and 𝑑
𝑚 is the

maximum distance for selected MCS𝑚. Finally, paths rooted
in the gateways are established by iteratively connecting the
neighboring routers that are reachable with the highest link
rate and, if possible, with the lowest hop count. The specific
data for different MCSs are presented in Table 2.
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Table 2: IEEE 802.11a MCS, FER 61%, and 1500-byte payload.

MCS𝑚 Raw rate 𝐵𝑚
(Mbps)

SINR threshold
𝛾
𝑚 (dB)

Maximum link
length 𝑑𝑚 (m)

BPSK 1/2 6 3.5 273.5
BPSK 3/4 9 6.5 230.0
QPSK 1/2 12 6.6 228.0
QPSK 3/4 18 9.5 193.7
16-QAM 1/2 24 12.8 160.2
16-QAM 3/4 36 16.2 131.7
64-QAM 2/3 48 20.3 103.8
64-QAM 3/4 54 22.1 93.5

Although preferential weights determination is an impor-
tant issue in the theory of ordered weighted averaging [37–
39], for the performance check simple generation methodol-
ogy has been chosen. All the weights, except two, are strictly
decreasing numbers with the step 0.1, while the two selected
weights (𝑘 = ⌊𝑛/3⌋ and 𝑘 = ⌊2𝑛/3⌋) differ from the previous
ones by 0.5. The importance weights were generated as
random values uniformly distributed in the range [1, 2] and
then normalized.

For the LBTA algorithm we used the list size of 50000
elements. This value was chosen based on our preliminary
tests for selected problem sizes.

To better compare relative performance of the LBTA
and SA algorithms, the only stopping criterion for single
run was reaching exactly 300000 iterations, the same for all
computations and problem sizes.This way we could compare
the speed and the convergence per iteration.

All the experiments were performed on the Intel Core
i7 3.4GHz microprocessor using CPLEX 12.1 optimization
library for the linear master problem. The results are the
average of 10 randomly generated problems of a given size.
Computing times are presented in Table 3, optimal objective
value in Table 4, and the total number of the columns (com-
patible sets) generated (with either LBTA or SA) in Table 5.
In all tables the test cases for which the timeout of 600 s
occurred were marked with a “—” sign.

A note is required on the LMM optimal problem values
(Table 4). Here the objective value of the last step of the LMM
algorithm is given. That means that if in the previous steps
only suboptimal values were reached, in the last step a better
(greater) value than in the exact algorithm is possible. That
is why the optimal objective values for the LMM should be
treated only as a hint to the performance of the algorithm and
not as an algorithm absolute quality measure.

The most noticeable advantage of LBTA algorithm over
the SA algorithm when applied to the WMN problem is the
computing time; in many cases the LBTA is faster than SA by
an order of magnitude. The reason for such a good behavior
lays not only in the computing speed of LBTA but also in
the quality of the results because this affects the number of
the generated columns (compatible sets). One can also notice

Table 3: Computing times (s).

Problem size Algorithm Aggregation operator
|D|, |E| |G| Max-Min LMM CVaR WOWA
50 8

SA

160.8 214.6 116.2 85.2
10 2 9.0 10.1 8.1 5.7
10 4 8.9 10.6 7.9 4.7
10 8 8.4 11.6 7.4 4.3
20 2 34.0 39.0 27.0 22.8
20 4 31.4 40.5 24.8 20.0
20 8 29.8 41.0 27.1 16.4
50 2 205.5 235.8 162.3 145.8
50 4 157.0 188.6 127.3 109.2
10 2

TA

1.0 1.3 1.0 0.9
10 4 1.0 1.3 0.9 0.7
10 8 0.9 1.5 0.9 0.7
20 2 4.4 5.1 3.5 3.9
20 4 4.0 6.3 3.7 3.2
20 8 3.9 6.2 4.0 2.6
50 2 17.1 22.2 16.4 23.1
50 4 11.8 21.3 12.6 16.0
50 8 15.2 21.2 13.3 16.0
10 2

MIP

1.5 1.8 1.5 1.3
10 4 1.2 1.8 0.9 0.7
10 8 1.1 2.0 0.9 0.9
20 2 66.9 86.4 63.0 82.7
20 4 48.2 79.7 42.0 61.7
20 8 63.8 87.7 62.4 64.5
50 2 — — — —
50 4 — — — —
50 8 — — — —

generally better quality of the results, particularly for bigger
problems, also compared to the exact MIP model.

We can also observe that the computation time increases
with the number of routers. This is obvious and can easily
be explained; as the network grows, the number of variables
increases; hence, more compatible sets need to be computed.
More interesting thing is that, for the same number of routers,
the computation time is the highest for the smallest number
of gateways. This can be explained by the fact that when the
number of gateways is small, many paths between routers and
gateways share the same link, which makes finding (feasible)
compatible sets more difficult. This property has especially
significant impact on the WOWA aggregation operator, for
which the computation time is equal to or decreases with the
number of gateways as long as the number of routers is fixed.

6. Conclusion

Effective, general purpose techniques are of considerable
importance in many optimization areas. We have shown
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Table 4: Optimal problem values (maximization).

Problem size Algorithm Aggregation operator
|D|, |E| |G| Max-Min LMM CVaR WOWA
10 2

SA

2.7 3.2 2.7 29.7
10 4 3.2 8.4 3.2 41.5
10 8 3.6 8.4 3.6 54.0
20 2 1.3 3.4 1.3 39.1
20 4 1.7 9.1 1.7 60.6
20 8 2.2 7.7 2.5 96.0
50 2 0.6 2.6 0.6 90.6
50 4 0.8 3.0 0.8 136.6
50 8 1.2 7.1 1.2 213.9
10 2

TA

2.7 3.2 2.7 29.7
10 4 3.2 8.0 3.2 41.4
10 8 3.6 10.2 3.6 54.0
20 2 1.3 4.2 1.3 38.9
20 4 1.7 14.1 1.7 60.0
20 8 2.0 10.2 2.4 95.0
50 2 0.6 4.5 0.6 93.2
50 4 0.6 6.0 0.7 139.4
50 8 1.2 7.0 1.2 215.9
10 2

MIP

2.8 3.3 2.8 30.2
10 4 3.3 7.9 3.3 42.6
10 8 3.8 7.9 3.8 54.8
20 2 1.4 3.2 1.4 41.2
20 4 1.8 11.2 1.8 63.0
20 8 2.6 5.5 2.7 99.4
50 2 — — — —
50 4 — — — —
50 8 — — — —

that one of the most promising algorithms is the list-based
threshold accepting metaheuristic. When applied to the
pricing problem ofWMN optimization it gives a tremendous
advantage over the classic and widely utilized simulated
annealing algorithm. We have also shown that OWA-based
advanced aggregation operators applied to the flow optimiza-
tion inwirelessmeshnetworks can be effectivelymodeled and
solved when compared to the traditional lexicographic max-
min operators.
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Table 5: Number of compatible sets generated.

Problem size Algorithm Aggregation operator
|D|, |E| |G| Max-Min LMM CVaR WOWA
10 2

SA

15.5 17.6 14.3 10.6
10 4 16.5 19.9 15.6 10.4
10 8 16.1 22.8 14.8 9.5
20 2 39.2 47.9 35.8 32.2
20 4 40.9 56.7 35.5 32.5
20 8 43.9 63.3 42.0 28.9
50 2 132.9 161.6 124.6 118.9
50 4 119.0 151.3 109.4 100.8
50 8 136.8 198.8 112.8 90.1
10 2

TA

15.5 18.0 14.6 10.8
10 4 16.2 19.3 14.5 10.3
10 8 14.4 21.5 13.9 9.6
20 2 39.5 44.9 32.5 32.4
20 4 39.6 60.0 36.5 28.8
20 8 35.3 56.0 37.5 27.1
50 2 102.5 133.5 99.5 99.1
50 4 77.5 135.5 80.6 82.0
50 8 104.1 137.2 90.2 83.2
10 2

MIP

19.1 21.0 16.5 12.0
10 4 21.1 24.2 17.0 10.7
10 8 20.1 25.4 16.5 9.9
20 2 52.0 58.2 41.1 37.8
20 4 53.1 64.6 40.3 34.3
20 8 60.3 69.5 49.6 30.6
50 2 — — — —
50 4 — — — —
50 8 — — — —

capacity assignment, transmission scheduling, and routing in
fair multicommodity flow networks.”
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[3] M. Pióro and D. Medhi, Routing, Flow and Capacity Design in
Communication and Computer Networks, Morgan Kaufmann,
San Francisco Calif, USA, 2004.
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We show an impact of using interference cancelation mechanisms for signals that have been overheard in the past on performance
of fair wirelessmesh networks. In our researchwe show that even in those very restricted conditions andmax-min cost function, the
idea of interference cancelation can significantly increase the capacity of such networks. In order to approximate possible advantages
of using interference cancelation in the considered conditions, we propose a novel MIP model that allows for calculating perfect
scheduling andmaximal throughput in a network.We compare the results with caseswhen the interference cancelationmechanisms
are disabled. Our results show that using interference cancelation mechanisms for signals that have been overheard in the past
increases a network throughput by 40% on average in approximately 20% of test cases.

1. Introduction

Mesh networking in wireless communications is a way to
increase network capacity, for example, with respect to single-
hop cellular networks, through using short-distance radio
links of relatively high capacity and establishing point-to-
point connections on multi-hop routes. In this way packets
from an origin are relayed by intermediate nodes on their
way to a destination. Today, wireless mesh networks (WMN)
are mainly used for providing affordable Internet access to
communities of users in metropolitan areas (see [1, 2]). A
typical wireless access network (WAN) is based on the IEEE
802.11-family Wi-Fi standards and consists of a set of fixed
meshnodes—routers and Internet gateways—interconnected
by radio links. The mesh routers serve mesh clients (which
are either fixed or mobile) and at the same time perform the
packet relay function. WMN is a cost-efficient off-the-shelf
networking that provides bandwidth in the range of up to
hundreds Mbps. For popular surveys on WMN, see [3, 4].

Wireless PHY layer techniques are verymature nowadays
and can achieve close to Shannon limit transmission capac-
ities in point-to-point scenarios. Therefore, novel research
directions that can result in the capacity increase of wireless
networks are of interest now. One of such directions is

to increase the spatial reuse by increasing a number of
simultaneous transmissions that use the same medium. The
direction proved to be very promising when IEEE 802.11n
enhancements for higher throughput amendment [5] started
to be widely used and a throughput of a single Wi-Fi trans-
mission increased from 54Mbps to 600Mbps, mostly due
to introduction of multiple-input multiple-output (MIMO)
techniques.

In MIMO a source node transmits a number of indepen-
dent data streams using a number of different antennas. In
a sink node the streams are received also using a number of
antennas. Although the streams are transmitted simultane-
ously and they strongly interfere with each other, they still
can be successfully decoded due to phase shifts between them
while being received by different antennas of the sink node.

The idea of using receiving techniques that involve
recognizing and removing interferences from a signal is
now shifting from a point-to-point scenario (like in MIMO)
to more general scenarios like concurrent transmissions of
many independent nodes. The technique is called interfer-
ence cancelation and has been successfully implemented, for
instance, in cellular networks [6]. A recent survey on success-
ful interference cancelation implementations can be found
in [7]. Currently, possibilities of employing the techniques
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in wireless mesh networks along with other ideas like zero-
canceling [8] or interference alignment [9, 10] are being
investigated.

One of assumptions of majority of work on interference
canceling in wireless mesh networks is that canceling mech-
anisms are perfect. Therefore, if an interfering signal can be
decoded, then it can be completely removed.The assumption
workswell when acceptable signal-to-interference-plus-noise
(SINR) ratios of used modulations and codings schemes
(MCSs) are rather low. When we assume that utilized MCSs
require much higher SINR thresholds, then the quality of the
interference canceling mechanisms becomes a factor and the
previously justified assumption of perfect cancelation should
be reconsidered.

In this paper we consider a case when SINR thresholds
are relatively high and the usage of interference cancelation
mechanisms is restricted only to cases when an interfering
signal is canceled not because it can be decoded, but because
it had been overheard in the past. In our research we
show that even in this very restricted conditions the idea
of interference cancelation can significantly increase the
capacity of a wireless mesh network. In order to approximate
possible advantages of using interference cancelation in the
restricted conditions, we propose a novel mixed integer
programming (MIP) model that describes the problem and
allows for finding a perfect scheduling, thus calculating max-
imal throughput in a network. We compare the results with
results obtained using an MIP model of [11] that describes a
case when the interference cancelation mechanisms are not
used. Our results show that using interference cancelation
mechanisms in the restricted conditions increases a network
throughput by 40% on average in approximately 20% of test
cases.

The paper in organized as follows. In Section 2 we briefly
explain technical issues of interference cancelation in overall
and special features of the approach used in this research
in detail. Next, in Section 3 we present a novel MIP model
that allows for optimization of scheduling in wireless mesh
networks that use the interference cancelation mechanisms
for overheard transmissions. In Section 4, numerical results
are presented. They are followed by conclusions given in
Section 5.

2. Interference Canceling

The core components of a WMN that form its infrastruc-
ture/backbone are mesh points (MPs). They are responsible
for relaying traffic. They can relay traffic of either other MPs
or legacy nodes (STAs). Obviously they can also send their
own traffic. Legacy STAs are connected to MAPs (specialized
MPs that also act as access points for STAs) and follow the
principle of a generic wireless local area network node. Other
specializedMPs are responsible for connecting aWMN to an
external network (usually the Internet). They are called mesh
point portals or gateways and are abbreviated by MPP.

In radio networks two stations 𝐴 and 𝐵 can communi-
cate if the power of the signal received from station 𝐴 at
station 𝐵 in comparison to the noise at station 𝐵 is greater

than an acceptable signal-to-noise (SNR) threshold for the
applied modulation and coding scheme (MCS). In WMN
networks the radio resources are shared between all MPs.
Thus, typically all MPs cannot transmit simultaneously but,
of course, simultaneous transmissions by subsets of stations
are still possible. In such a case, however, not only the noise
can disrupt transmission but also the interferences induced
by other MPs. Therefore, in the context of WMN we use
the notion of signal-to-interference-plus-noise ratio (SINR)
instead of SNR. SINR is understood as a proportion of
a received power to a sum of the noise and the received
interferences.

As there is little one can do with the noise, novel
ways interferences that can be combated are of great inter-
est. Two of such techniques, that is, zero-forcing [8] and
interference alignment [9], are successfully used in point-
to-point transmissions in MIMO technology. In WMN a
promising interference combating strategy consists of various
interference cancelation (IC) techniques. The notion behind
IC is that if a node receives a signal consisting of an interfering
signal 𝐴 and a signal of interest 𝐵 (assume that 𝐵 cannot be
decoded due to the interferences) and data encoded in 𝐴 are
known, then the interfering signal 𝐴 can be reconstructed in
the considered node using the known data, subtracted from
the received signal, and finally 𝐵 can be decoded.

The strategy can be used twofold. First, the signal 𝐴 can
be itself strong enough that it can be decoded in the receiving
node regardless of interferences created by the signal𝐵.Then,
having data encoded in 𝐴, it is possible to reconstruct 𝐴 and
subtract it from the received signal. This approach was used
in practice, for instance, in [12] where authors successfully
implemented IC in a ZigBee network. However, the approach
has onemajor disadvantage: it proved to work efficiently only
with relatively low SINR thresholds. The reason is limited
efficiency of IC detectors. In ideal conditions it is possible to
reduce an interfering signal by up to 30 dB [12]. In practice,
due to propagation andmultipath issues, the efficiency rate is
much smaller. Therefore, assuming that an SINR threshold is
relatively high, if it is possible to decode an interfering signal
𝐴, then the signal is too strong to be canceled to such an
extent that a signal of interest 𝐵 can also be decoded.The way
such a version of the problem can be approached in terms of
optimization can be found in [13].

In our research we concentrate on the second way of
using IC (see, for instance, [14, 15]). In this approach a main
assumption is that data carried by an interfering signal 𝐴 is
known from previous transmissions. Consider an example
presented in Figure 1, where 𝑎 wants to send a packet to 𝑐

and 𝑑 wants to send a packet to 𝑓. Both packets are relied,
the former by 𝑏, the latter by 𝑒. The arrows represent that
possible links packets can be sent on; that is, if there is an
arrow between a pair ofMPs, then packets can be successfully
sent between them. What is more, the arrows also represent
possible interferences; for example, if 𝑎 is transmitting to
𝑏, then 𝑑 cannot transmit to 𝑒 as the first transmission
will jam the second. Therefore, in order to successfully
meet both traffic demands, four time slots have to be used,
because, due to possible interferences, there are no pairs of
needed transmissions that can be conducted simultaneously.
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Figure 1: Example of using interference cancelation.

However, when transmissions are properly ordered and IC
mechanisms are utilized, the traffic demands can be met in
just three time slots. First, 𝑎 transmits to 𝑏, but the packet
is overheard, that is, successfully received and decoded, by 𝑒.
Then, 𝑏 transmits to 𝑐 and simultaneously 𝑑 transmits to 𝑒.
During this step 𝑒 receives two signals (from 𝑏 and from 𝑑)
that interferewith each other.However, 𝑒 knowsdata encoded
in the signal from 𝑏; thus it can reconstruct it and subtract it
from the received signal (perform interference cancelation).
Finally, it can decode the packet sent from 𝑑. In the last step,
𝑒 sends the decoded packet to 𝑓, thus satisfying the traffic
demands. This simple example (other more sophisticated
examples can be found in [16]) illustrates ICmechanisms that
are considered in our research.

A vigilant eye would notice that this IC mechanism can
be only used when a packet relayed by a node is not subject
to any modifications in this node. Obviously that is usually
not the case, as the relay node changes both a header and a
CRC code that ends the packet. However, when appropriately
approached, even this obstacle can be combated. The way of
doing this is to let the to be canceled packet by transmitted
slightly earlier. If the header of the packet is received by a
node that is going to cancel it without any interferences, then
the rest of this packet including CRC can be treated with IC
mechanisms without any further problems and will not affect
other transmissions that are supposed to happen right after
the header of the canceled packet is received.

A major novelty of this paper is a tractable optimization
model that encompasses the described IC mechanisms. In
our research we assume a common interference model where
two transmissions interfere only if a sender in the first
transmission can successfully transmit to a receiver in the
second transmission, or a sender in the second transmission
can successfully transmit to a receiver in the first transmis-
sion. More sophisticated interference model, where a signal
power is taken into account and all concurrent transmission
interacts with each other, can be found, for instance, in [17].

We consider an architecture presented in Figure 2, where
a set of MPs, a set of MPPs, and a set of links, routing, and
possible interferences are given, and our task is to schedule
transmissions in an optimal way. As volumes of demands
in WMN are hard to predict, we decided to use the max-
min fairness (MMF) paradigm (see, for instance, [18]) and
maximize the throughput of the worst served MP.

We assume that the considered WMN is synchronized;
a number of time slots are infinitely repeated. Our task is
to assign point-to-point transmissions to those time slots in

G1 G2

C

A
B

G
E

F

D

Mesh gate (MPP) Mesh station (MP)

Internet

802.3 link 802.11 link

Figure 2: Wireless mesh network architecture.

such a way that the objective is maximized. In order to better
understand the notion of time slots, consider the example of
Figure 1 with demands from 𝑎 to 𝑐 and from 𝑑 to 𝑓 and a bit
rate of each link equal to 1Mbps. If there are four available
time slots and the IC mechanisms are disallowed, then both
𝑎 and 𝑑will be the worst servedMPs with 0.25Mbps for each
of them. What is more, when the IC mechanisms are used,
the situation will not change. Although only three time slots
are needed to serve each relevant MP with 0.25Mbps, the
fourth time slot cannot be effectively used; thus it is wasted in
every cycle. On the other hand, when there are six available
time slots and the IC mechanisms are disallowed, then only
0.17Mbps can be provided to the worst served MP, while the
other MP can be provided with 0.33Mbps. However, when
the IC mechanisms are used, both MPs can be served with
0.33Mbps.

There is substantial literature on the optimization of
scheduling and MCS selection in wireless mesh networks
(see, for instance, [11, 17] and references therein). However,
the topic of the scheduling and MCS selection optimiza-
tion under IC constraints has not been yet exhaustively
researched. In [19] the problem is raised, but the authors do
not take routing into account. On the other hand, in [20]
(extended later in [21, 22]), although routing is taken into
account, the methodology of solving the problem is different
and does not guaranty the optimality of solutions. What is
more, in both cases perfect IC is assumed and overheard
transmissions are not taken into account as far as IC is
concerned.

3. Optimization Model

3.1. Notation. In order to formally present the problem, we
introduce the following notation.

Indices

𝑒: Mesh link
𝑡: Time slot
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𝑚: MCS
V, 𝑤: Mesh nodes
𝑑: Demand
(V, 𝑤): Mesh link from mesh node V to mesh node 𝑤
𝑎(𝑒): Mesh node that is a source of mesh link 𝑒
𝑏(𝑒): Mesh node that is a sink of mesh link 𝑒.

Sets

V: Set of mesh nodes
E: Set of mesh links
𝛿
+
(𝑒): Set of mesh links leaving mesh node 𝑒

𝛿
−
(𝑒): Set of mesh links entering mesh node 𝑒

D: Set of demands
P
𝑑
: Set of mesh links that form a path for demand 𝑑

M: Set of MCSs
T: Set of time slots.

Constants

𝐵
𝑚: Bit rate of MCS𝑚

𝐽
𝑚

V𝑒: 1 if mesh node V can jam a transmission at mesh
link 𝑒 that uses MCS𝑚; 0 otherwise; notice that 𝐽𝑚V𝑒 =
0 when 𝑎(𝑒) = V
𝑇
𝑚

𝑒
: 1 if mesh link 𝑒 can be successfully usedwithMCS

𝑚; 0 otherwise.

Variables

𝑌
𝑚

𝑒𝑡
: 1 if mesh link 𝑒 is transmitting in time slot 𝑡 using

MCS𝑚; 0 otherwise
𝑋V𝑡: 1 if mesh node V is transmitting in time slot 𝑡; 0
otherwise
𝑦
𝑚

𝑒𝑡V: 1 if mesh link 𝑒 is transmitting in time slot 𝑡 using
MCS 𝑚 and the data is decoded in mesh node V; 0
otherwise; notice that the data can be decoded not
only by 𝑏(𝑒)
𝑥
𝑚

V𝑡𝑚: 1 if mesh node V is transmitting in time slot
𝑡 using MCS 𝑚 but mesh node 𝑤 is canceling the
interference; 0 otherwise
𝑙V𝑤: Average transmission bit rate sent to mesh node V
overheard by mesh node 𝑤
𝑐
𝑒
: Average transmission bit rate at mesh link 𝑒

ℎ
𝑑
: Average transmission bit rate for demand 𝑑

ℎmin: Average transmission bit rate for the worst
served demand.

In order to use the above notation, the defined sets and
constants have to be relatively stable and possible to obtain.
Therefore, the following requirements have to be met.

(i) V is known and does not change. When failures are
not considered, the requirement is met.

(ii) E is known and does not change. When propagating
conditions are relatively stable and nodes do not
move, the requirement is met.

(iii) 𝛿+(𝑒) is known and does not change. See above.
(iv) D is known and does not change. When a network

consists of a number of MPPs and all other nodes are
connected to themusing static paths, the requirement
is met.

(v) P
𝑑
serving a demand 𝑑 (for all 𝑑 ∈ D) does not

change. When a routing is static, the requirement is
met.

(vi) M is known and does not change.The requirement is
always met.

(vii) T is known and does not change. When a network
is synchronized, the requirement is met. We assume
that a number of possible time slots are given.

(viii) 𝐵𝑚 are known and do not change. The requirement is
always met.

(ix) 𝐽𝑚V𝑒 are known and do not change. The requirement
needs a detailed discussion; see below.

(x) 𝑇𝑚
𝑒

are known and do not change. In our research
we compute constants 𝑇𝑚

𝑒
and 𝐽𝑚V𝑒 using a mechanism

described below. When properly used, the mecha-
nisms guarantee that the requirements concerning𝑇𝑚

𝑒

and 𝐽𝑚V𝑒 are met.

An approach used to compute constants 𝑇𝑚
𝑒

and 𝐽
𝑚

V𝑒 is
similar to the one presented in [11]. In order to explain it in
details the following notation is necessary.

𝑁: Noise level
𝑆
𝑚
: SINR threshold for MCS𝑚

𝑃V𝑤: Power received bymesh node𝑤whenmesh node
V is transmitting.

The notation above does not appear in the final formu-
lation of the problem and is solely used in order to define
constants 𝑇𝑚

𝑒
and 𝐽

𝑚

V𝑒. The former constant is defined by
(1), while the latter by (2). The equations guarantee that a
given MCS can be used only if power of a signal of interest
received at a node is greater than the noise and considered
interferences. It is worth to mention that constants 𝑆

𝑚
are in

linear scale here and not logarithmic:

𝑇
𝑚

𝑒
=

{{{

{{{

{

1 if
𝑃
𝑎(𝑒)𝑏(𝑒)

𝑁
≥ 𝑆
𝑚

0 if
𝑃
𝑎(𝑒)𝑏(𝑒)

𝑁
< 𝑆
𝑚
,

(1)

𝐽
𝑚

V𝑒 =

{{{{

{{{{

{

1 if
𝑃
𝑎(𝑒)𝑏(𝑒)

𝑁 + 𝑃V𝑏(𝑒)
< 𝑆
𝑚

0 if
𝑃
𝑎(𝑒)𝑏(𝑒)

𝑁 + 𝑃V𝑏(𝑒)
≥ 𝑆
𝑚
.

(2)
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If we assume that mesh nodes do not move and propa-
gating conditions are relatively stable, then 𝑁 and 𝑃V𝑤 can
be treated as constants in both (1) and (2). As 𝑆

𝑚
is also a

constant, therefore𝑇𝑚
𝑒
and 𝐽𝑚V𝑒 can also be treated as constants.

Finally, we assume that a kind of OSPF routing is used.
The assumption is irrelevant from the point of view of the
notation. However, in our model we require that a path used
by a packet before reaching a given node is irrelevant. The
requirement is met when there is exactly one path to each
node; thus it can be met when a kind of OSPF routing is used
in a network.

To summarize, in order to use themodel presented in this
paper, the following conditions have to be assumed.

(i) Failures are not considered.

(ii) Mesh nodes do not move.

(iii) Propagating conditions are relatively stable.

(iv) Network consists of a number of MPPs and all other
nodes are connected to them using static paths.

(v) Routing is static.

(vi) Network is synchronized.

(vii) Kind of OSPF routing is used.

3.2. MIP Model. When the conditions presented above are
assumed, we can formally state the problem in the form
of formulations (3a)–(3m) below. It is a compact mixed
integer-linear programming formulation that has proved to
be tractable for network consisting of tens of nodes:

maximize ℎmin
subject to

∑

𝑚∈M

∑

𝑒∈𝛿
+
(V)
𝑌
𝑚

𝑒𝑡
= 𝑋V𝑡 ∀V ∈ V, ∀𝑡 ∈ T, (3a)

𝑦
𝑚

𝑒𝑡V ≤ 𝑌
𝑚

𝑒𝑡
∀𝑒 ∈ E, ∀𝑡 ∈ T, ∀V ∈ V, ∀𝑚 ∈ M, (3b)

𝑙V𝑤 =
1

|T|
∑

𝑚∈M

𝐵
𝑚
∑

𝑡∈T

∑

𝑒:𝑏(𝑒)=V
𝑦
𝑚

𝑒𝑡𝑤
∀V, 𝑤 ∈ V, (3c)

𝑙V𝑤 ≥
1

|T|
∑

𝑚∈M

𝐵
𝑚
∑

𝑡∈T

𝑥
𝑚

V𝑡𝑤 ∀V, 𝑤 ∈ V, (3d)

𝑥
𝑚

V𝑡𝑤 ≤ ∑

𝑒∈𝛿
+
(V)
𝑌
𝑚

𝑒𝑡
∀V, 𝑤 ∈ V, ∀𝑚 ∈ M, ∀𝑡 ∈ T, (3e)

𝑦
𝑚

𝑒𝑡𝑤
+ 𝑋V𝑡 − ∑

𝑚

∈M

𝑥
𝑚


V𝑡𝑤 ≤ 2 − 𝐽
𝑚

V(𝑎(𝑒),𝑤) ∀𝑒 ∈ E,

∀𝑡 ∈ T, ∀𝑚 ∈ M, ∀V, 𝑤 ∈ V,

(3f)

𝑦
𝑚

𝑒𝑡V ≤ 𝑇
𝑚

(𝑎(𝑒),V) ∀𝑒 ∈ E, ∀𝑡 ∈ T, ∀𝑚 ∈ M, ∀V ∈ V, (3g)

𝑐
𝑒
=

1

|T|
∑

𝑚∈M

𝐵
𝑚
∑

𝑡∈T

(𝑦
𝑚

𝑒𝑡𝑏(𝑒)
− 𝑥
𝑚

𝑎(𝑒)𝑡𝑏(𝑒)
) ∀𝑒 ∈ E, (3h)

𝑥
𝑚

V𝑡V = 0 ∀V ∈ V, ∀𝑡 ∈ T, ∀𝑚 ∈ M, (3i)

∑

𝑑:𝑒∈P
𝑑

ℎ
𝑑
≤ 𝑐
𝑒

∀𝑒 ∈ E, (3j)

ℎmin ≤ ℎ
𝑑

∀𝑑 ∈ D, (3k)

𝑋V𝑡, 𝑌
𝑚

𝑒𝑡
, 𝑦
𝑚

𝑒𝑡V, 𝑥
𝑚

V𝑡𝑤 ∈ {0, 1} , (3l)

𝑙V𝑤, 𝑐𝑒, ℎ𝑑, ℎmin ≥ 0. (3m)

In our research we use the max-min cost function [23];
thus the objective of (3a)–(3m) is to maximize the minimum
flow ℎmin to the worst served MP. Constraint (3a) assures
that a node during one time slot can transmit only on
one link using only one MCS. Constraint (3b) prevents
nodes from decoding data that are not transmitted. In other
words, only packets that have been sent can be decoded. The
purpose of (3c) is to calculate the average transmission bit
rate sent to 𝑏(𝑒) (𝑤 in the next constraint) and decoded by
V. The computed value is an upper bound for the average
transmission bit rate sent from 𝑤 and canceled in V. The
upper bound is enforced by (3d). Obviously the interference
cancelation can take place only if a transmission to be
canceled takes place. This condition is enforced by (3e).
The next constraint, that is, (3f), assures that a transmission
can be successfully decoded only if it is not jammed by
other transmissions. Notice that transmissions that have
been earlier overheard and currently are canceled cannot
jam concurrent transmissions. Constraint (3g) assures that
only MCSs satisfying SNR thresholds are used, while (3h)
calculates the average useful transmission bit rate at each link.
Notice that canceled transmissions do not count towards the
average useful transmission bit rate. Constraint (3i) disallows
MPs to cancel self-interferences. It is worth noticing that
some work on canceling self-interferences exists and a full-
duplex has even been implemented in practice [24]. However,
it required a special technique called antenna cancelation;
thus in our research we assume that the self-interferences
cancelation is impracticable and is not being used. Constraint
(3j) divides available capacity of a network between different
traffic demands, and (3k) assures that the division is fair; aver-
age throughput of the worst served demand is maximized.
Finally, constraints (3l) and (3m) are responsible for binarity
and nonnegativity of the variables.

3.3. Valid Inequalities. The presented MIP model is relatively
complicated and solving it requires significant computation
effort. In order to increase its applicability, we present three
practical valid inequalities. They are not indispensable from
the point of view of the correctness of the model. However,
they tight a polytop of a relaxed problem, thus making
branch-and-bound approach work more efficiently:

∑

𝑡∈T

∑

𝑚∈M

(𝑦
𝑚

𝑒𝑡𝑏(𝑒)
− 𝑥
𝑚

𝑎(𝑒)𝑡𝑏(𝑒)
) ≥ 1 ∀𝑒 ∈ P

𝑑
, ∀𝑑 ∈ D, (4a)
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Table 1: Modulation and coding schemes.

Modulation Coding Throughput SINR [log.] SINR [lin.]
BPSK 1/2 6.0Mbps 3.48 dB 2.23
QPSK 1/2 12.0Mbps 6.63 dB 4.6
16-QAM 1/2 24.0Mbps 12.76 dB 18.88
64-QAM 1/2 48.0Mbps 20.29 dB 106.9

𝑋V𝑡 + ∑

𝑒∈E

∑

𝑚∈M

(𝑦
𝑚

𝑒𝑡V − 𝑥
𝑚

𝑎(𝑒)𝑡V) ≤ 1 ∀V ∈ V, ∀𝑡 ∈ T, (4b)

∑

𝑒∈𝛿
−
(V)

∑

𝑡

∈T

∑

𝑚

∈M

𝑦
𝑚


𝑒𝑡
V ≥ 𝑥

𝑚

V𝑡𝑤 ∀V, 𝑤 ∈ V, ∀𝑡 ∈ T, ∀𝑚 ∈ M.

(4c)

The first valid inequality (4a) guarantees that on each
mesh link that is used by at least one demand there is a
transmission scheduled during at least one time slot. What is
more, during that time slot not only the transmission has to
occur but also it cannot be subject to interference cancelation
at the receiving end of the mesh link. The inequality limits
the number of possibilities of dividing time slots into smaller
parts while solving relaxed versions of the problem during
the B&B process. Notice that this inequality is formally not a
valid inequality, as it cuts feasible solutions of cost 0.However,
from the practical point of view, those solutions are useless.
Therefore, we decided to treat this inequality as valid.

The second valid inequality (4b) guarantees that a mesh
node either transmits or receives data from aother mesh
node. The inequality disallows a number of relaxed solutions
when a mesh node receives and decodes a number of “half ”
transmissions and simultaneously “half ” transmits itself; that
is, 𝑦𝑚
𝑒𝑡V = 0.5 and𝑋V𝑡 = 0.5 in constraint (3f).
The last valid inequality (4c) guarantees that if a mesh

node performs interference cancelation during at least one
time slot, then it had to overheard a transmission to be
canceled during at least one other time slot. The inequality
introduces tight connections between binary variables 𝑦𝑚



𝑒𝑡
V

and 𝑥𝑚V𝑡𝑤. In model (3a)–(3m) the variables were related using
variable 𝑙V𝑤 and constraints (3c) and (3d).

4. Numerical Results

We tested numerically the optimization model presented in
Section 3 using CPLEX 12.5 set up on Intel Core 2 Quad CPU
Q6600 2.40GHz with 4.00GB RAM. We used 50 randomly
generated network topologies for each test case from Table 2.
All nodes of the networks were randomly located on a
square.We followed [25] and assumed the path loss exponent
of 4 while calculating power received at each station and
establishingmesh links. Notice that the topology and the path
loss exponent allow us to calculate both 𝑇𝑚

𝑒
and 𝐽𝑚V𝑒 . EachMP

is routed to the nearest MPP using the shortest path with
respect to weights of links. We set the weight of link 𝑒 to
the inverse of 𝑃

𝑎(𝑒)𝑏(𝑒)
. Each link uses an available (satisfying

the SINR constraint) MCS from Table 1 with maximal 𝐵𝑚. In
order to minimize a number of infeasible instances, locations
of nodes were scaled in such a way that the longest utilized

Table 2: Considered network topologies.

Topology MPPs MPs Avg. mesh links
N6 5 1 15.0
N8 7 1 25.0
N10 8 2 32.5
N12 10 2 42.3
N14 11 3 54.0
N16 13 3 61.4
N18 15 3 71.4
N20 16 4 83.5
N22 18 4 97.5
N24 19 5 104.2
N26 21 5 114.1
N28 23 5 131.8
N30 24 6 143.4

link in a network was of a maximal length allowing for a
successful transmission using the least demanding MCS.

Numerical results are presented in Table 3. The first
column contains topology identifiers.They informwhich test
case from Table 2 is under consideration.The second column
contains the number of time slots in a test case.The following
six columns contain efficiency specific information. For each
case we gathered mean running time of the MIP solver, a
number of timeouts (the time limit was set to ten minutes),
and a mean number of B&B nodes entered, for both a case
with valid inequalities of Section 3.3 and a case without the
valid inequalities. The last two columns justify usage of IC in
WMN.The first of them contains a percentage of cases which
can be improved by employing IC, while the second contains
an average obtained gain for those cases. It is expressed in
percents and understood as (𝐵 − 𝐴)/𝐴 times 100%, where 𝐴
is ℎmin for a test case that does not use IC and 𝐵 is ℎmin for a
test case taking advantage of IC.

The numerical results prove the expected complexity of
the problem. Running times show a limited tractability of
the presented MIP model. However, the limited tractability
is accompanied by considerable gains in terms of network
capacity. It is worth mentioning that the max-min cost
function used in our research is one of the most restrictive
and in many cases it is impossible to obtain better results
due to one very inconveniently located mesh node. In those
cases, although the max-min gain is equal to zero, using IC
techniques still can increase throughput for better served
mesh nodes.

As for the usage of the valid inequalities of Section 3.3,
it almost always decreases a number of visited B&B nodes.
However, it not always assures that a problem will be solved
faster. In fact, as can be seen in Figure 3, it is usually profitable
to use the valid inequalities for cases with a small number of
time slots. However, when the number of time slots increases,
then the valid inequalities lose their importance.

Running times presented in Figure 3 may create an
impression that the model is useless for larger networks.
Additionally taking into account the information about
timeouts presented in Table 3, one may claim that with so
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Table 3: Numerical results.

Top. |T|
Without valid inequalities With valid inequalities Improved [%] Gain [%]

Time [s] #EOT #B&B Time [s] #EOT #B&B
N6 8 0.22 0 7.48 0.3 0 0.6 4.0 46.7
N6 12 0.3 0 3.42 0.42 0 43.2 6.0 23.3
N8 8 0.56 0 36.54 0.76 0 18.2 18.0 35.6
N8 12 0.74 0 91.64 1.32 0 15.2 12.0 28.9
N10 8 0.86 0 60.16 1.66 0 32.0 14.0 53.8
N10 12 13.24 1 693.38 4.46 0 131.1 16.0 45.5
N12 8 1.64 0 143.02 3.4 0 42.1 20.0 56.1
N12 12 19.64 1 1093.7 22.76 1 943.4 24.0 28.3
N14 8 1.9 0 193.82 2.36 0 45.5 16.0 73.1
N14 12 2.98 0 199.96 7.3 0 242.1 12.0 22.1
N16 8 15.68 1 616.06 6.92 0 73.3 12.0 45.7
N16 12 16.26 0 471.9 29.22 0 532.2 28.0 25.9
N18 8 17.84 1 3065.92 8.34 0 209.1 20.0 45.5
N18 12 33.22 2 2278.5 28.4 1 517.0 36.0 25.3
N20 8 54.88 4 3142.44 31.14 1 280.3 8.0 22.0
N20 12 78.56 5 2479.86 76.32 4 990.6 22.0 30.9
N22 8 36.04 2 4182.44 20.26 0 334.3 22.0 47.1
N22 12 98.4 5 7991.82 95.18 4 1196.5 28.0 29.2
N24 8 58.22 4 5092 18.36 0 308.6 20.0 71.9
N24 12 81.1 5 3892.46 84.62 5 1651.6 24.0 30.5
N26 8 63.36 4 11441.86 26.4 0 581.9 18.0 53.9
N26 12 110.48 6 5597.08 127.74 6 2314.8 32.0 25.8
N28 8 64.5 3 4092 46 0 802.3 16.0 41.1
N28 12 188.84 12 7933.38 207.88 13 3962.1 34.0 32.3
N30 8 157.5 10 16574.44 55.44 1 868.8 20.0 54.7
N30 12 192.08 9 13423.08 197.5 11 3167.3 26.0 28.1

Average 50.35 2.88 3646.1 42.48 1.81 742.5 19.54 39.35
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Figure 3: Running times.

many unsolved test cases the model is impractical. However,
notice that a timeout does not mean that the MIP solver
has not returned any solution for a test case. A timeout only
means that theMIP solver was not able to prove an optimality
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of a returned solution, which still in many cases was better
than a solution obtained when IC was not considered.

Finally, our results show an interesting impact of increas-
ing the number of time slots on the problem. As expected,
increasing a number of time slots complicates the problem
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making it more difficult to solve. This fact is clearly seen in
Figure 3. However, an impact of increasing the number of
time slots on efficiency of IC is not so straightforward. On
one hand, as seen in Figure 4, the more the time slots are
available, the bigger the chance that using IC can be profitable.
On the other hand, as seen in Figure 5, the more the time
slots are available, the smaller the gain IC can bring. Such
a behavior is a result of an increased elasticity brought by
an increased number of available time slots. The increased
elasticity extends a feasibility region of our problem making
it easier to find better solutions than those available in a case
when IC is disallowed. On the other hand, with increased
elasticity, all the changes in a solution result in much smaller
impact on the global objective function, thusmaking possible
gains smaller.

5. Conclusion

In the paper we show that the idea of interference cance-
lation can significantly increase the capacity of a wireless
mesh network even when the max-min objective function
is taken into account, and the interference cancelation can
be applied only to signals that have been overheard in the
past. In order to approximate possible advantages of using
interference cancelation in the considered conditions, we
presented a novel MIP model that allows for calculating
perfect scheduling and maximal throughput in a network.
We compare our results with results obtained for cases when
the interference cancelation mechanisms are disabled. Our
results show that using interference cancelation mechanisms
for signals that have been overheard in the past increases a
network throughput by 40%on average in approximately 20%
of test cases.

Thework presented in this paper can be extended inmany
different directions. One of possible extensions is to consider
the full interference model instead of the used simplified
interference model. Another interesting research direction
is to present the problem using a noncompact formulation
based on the idea of compatible sets (see [11, 17]) that allows
for an indirect consideration of an infinite number of time

slots. Notice that both of the suggested possible extensions
cannot be directly incorporated into our MIP model and
require deeper studies.
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Extensive research in the field of telecommunications has been done on the techniques of multipath routing, as they offer many
advantages over conventional single-path routing methods. Some of these techniques make use of the so-called Destination-
Oriented Directed Acyclic Graphs (DODAGs) which are constructed on the networks, usually in a distributed way. However,
while defining methods of forming DODAGs, the authors of multipath algorithms tend to overlook a possibly significant issue
which could, in a way, define the quality of a given DODAG in the context of multipath routing, namely, providing an equitable
distribution of the paths between the nodes in the newly created DODAG. In this paper, a few requirements for constructing a
“fair” DODAG are identified in the context of multipath routing. An optimization algorithm that tries to find an equitable solution
according to these requirements is also presented. Three DODAG-creation algorithms that appear in the literature are simulated
and compared against this equitable solution, and none of them is getting close to it in terms of fairness in the distribution of the
paths. Moreover, two interesting properties of equitable solutions are revealed in the simulations.

1. Introduction

A Destination-Oriented Directed Acyclic Graph (DODAG)
is a term used in [1] to describe a directed acyclic graph
with exactly one root, where a root is a node which has no
outgoing edges. Diverse multipath routing algorithms make
use of DODAGs, such as [2–8]. While conventional single-
path routing techniques form directed spanning trees rooted
at the destination, multipath algorithms use DODAGs to
provide one or more paths between a node-root pair (A
directed tree is also a DODAG, but of a more restricted
form.). The networks and DODAGs considered in this paper
are simple graphs. As an example, a simple DODAG is shown
in Figure 1.

It is worth noting that in a full multipath routing
procedure two different tasks have to be performed: (1)
determining a set of paths per node-destination pair and
(2) distributing the flow on these paths. In some algorithms
these tasks are easily separable, like in the case of equal-
cost multi-path (ECMP), where the demand from the source
to the destination is split uniformly between all equal-cost

shortest paths. In other algorithms, such as iterative gradient
minimization algorithms [9], these two steps merge and
cannot be executed separately.

In scenarios where network topology changes are infre-
quent and the amount of energy is limited, for example,
in wireless sensor networks for environmental monitoring,
separating these two tasks could yield better overall per-
formance, considering the energy consumed for calcula-
tions and transmission. By neglecting small changes in the
topology, CPU cycles required for recalculating the set of
paths (first task) can be spared and the number of signaling
messages exchanged between the nodes can be reduced. In
addition, total node’s memory requirements can be reduced,
as only one task needs to be tackled at a time. Therefore,
smaller chipsets (with less energy consumption per cycle) can
be employed.

Still, which of the two strategies, that is, executing both
tasks jointly or separately, performs better, depends much
on the particular application and is left out of the scope
of this paper. Here, we consider such applications where
both tasks can be solved separately without a substantial
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Figure 1: An example DODAG with the root at node 𝑅.

decrease in performance. In particular, we assume that a
set of paths is fixed for long periods of time and flow
reallocation procedures are executedmore often, for example,
once link qualities, nodes’ capabilities or congestion state in
the network change. As a considerable amount of literature
has already been published on flow allocation algorithms, in
this paper, we focus on the first task: how to find a large set
of paths that can be used for long periods of time and which
provides enough flexibility, taking into account possible flow
reallocations. This can be achieved by maintaining a once-
constructed DODAG in the network, with occasional local
and global repairs when needed, as in [1].

Many different DODAGs might be constructed in the
network for multipath routing. Hence, an obvious ques-
tion arises; that is, what properties should the constructed
DODAG have? The objectives of multipath routing include,
among other things, providing resilience against node/link
failures, minimizing the risk of link overload, or balancing
the energy consumption of battery-powered nodes in case of
Low-Power and LossyNetworks (LLNs). On the basis of these
(and other) objectives, a conclusion can be made that during
the lifetime of a single DODAG, a node would probably need
a few paths for path switching, flow splitting, or introducing
flow redundancy. This means that, when considering two
nodes with a similar distance to the destination, it is better
when both have several paths to the root in the DODAG
than one having tens of paths and the other with only
one or two paths available. This observation leads to an
objective for the DODAG construction algorithm, which is
to provide a fair distribution of paths per node-root pair in
theDODAG.Obviously, this objective is strongly constrained
by the network topology; in particular, it is never possible to
obtain equal, other than one, number of paths in every node.
This is due to the fact that in a simple DODAG there always
exists at least one node which has exactly one path to the root.
This is stated as Proposition 1 in the next section and proved
in Appendix B.

There are more reasons why the fairness objective men-
tioned above does not simply mean trying to equalize the
numbers of paths per node in the resulting DODAG. First
of all, leveling down is undesired, which means that apart
from equalizing the numbers of paths, their simultaneous

maximization is required. Second, in most cases, the average
number of paths of a node in the DODAG depends on its
distance from the root. Typically, it grows as the distance
increases (unless many long roundabout paths exist in the
DODAG that lead from nodes closer to the root through
nodes farther from the root).Third, the quality of considered
paths is important. In particular, it could be of great advantage
to reduce the length/cost of the paths used for routing and/or
to provide node/link disjointness of the paths in the path
sets [10]. Moreover, the number of paths in a graph grows
exponentially as a function of the number of links. Merely
enumerating all the pathswould pose a serious computational
problem, even for relatively small networks (e.g., of less than
50 nodes), which means that it is not feasible to consider all
of them in reasonable time.

These observations imply that a solution is needed as
follows:

(i) it tries to equalize, without leveling down, the num-
bers of paths per node at the same minimum hop
count distance from the root (at the same “level”);

(ii) when trying to provide an equitable distribution of
the paths, it does not take all of them into considera-
tion but reasonably selects subsets of all possible paths
instead based on their properties, for example, their
length.

Which properties of the paths selected for equalization
are themost important depends on the particular application.
Therefore, a solution is proposed in this paper which does
not define a priori the desired path sets per node but allows
potential users to define their own candidate path sets, one
set per node, which are appropriate in a particular situation.
An equitable distribution of the paths per nodewould then be
provided, only taking into account the given path sets. These
path sets might satisfy some predefined requirements; for
example, they might represent shortest paths sets or disjoint
paths sets or include other paths which are, for some reason,
of interest to the user.

It is proved in Appendix A that even a simple problem
of maximizing the number of paths from a single node
to the DODAG root is NP-complete. Therefore, to achieve
an equitable and yet efficient distribution of given paths,
an IP optimization problem with a lexicographic maximin
objective has been formulated, and an appropriate algorithm
from [11] for solving this problem has been chosen. Solving
the optimization problem results in a simple DODAG rooted
at the destination node, with equitable distribution of input
paths among all the nodes.

Of course, a constructed DODAG will typically contain
more paths than just the ones belonging to the set pro-
vided by the user for optimization. These additional paths
might be used for flow allocation as well if needed; for
example, they might serve as backup paths when all of the
input paths defined for a node are affected by a link/node
failure. However, it is assumed that since they were not
included by the user in the input path sets, they might be
of “worse quality” (e.g., greater cost). In any case, since the
number of additional paths of a node is not controlled by
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the optimization algorithm, their distribution will probably
be random and no fairness will be achieved in general. On
the other hand, for high enough levels, so many paths will
be available per node that trying to obtain a general fair
distribution makes little sense, since each node will get more
paths than it will need anyway.What is important is providing
each node with the best paths, as far as possible, which, again,
justifies the approach taken in this paper. As for the nodes
at lowest levels, if the input path sets are reasonably chosen,
any additional paths in the DODAGwill be very roundabout,
therefore not very useful.

Authors of some of the DODAG-creation algorithms
appearing in the literature, like LMR and TORA [5, 6],
ignore the number and properties of paths available in the
resulting DODAGs. In the IDAGs approach [8], two node-
or link-independent DAGs are constructed, guaranteeing
each node to have at least two node- or link-disjoint paths.
MARA-MC [7] is proved by the authors to compute a large
number of paths for a large fraction of source-destination
pairs, when executing a DODAG construction procedure for
every destination node. Authors of the MDVA algorithm
[2] only check its performance (i.e., message overhead and
convergence time) and do not consider properties like the
number of paths at all. However, MDVA and other LFI-
based algorithms by the same authors [3, 4] are compared to
MARA-MC in [7] and proved to yield worse results regarding
the average number of paths in the constructed DODAGs.

The remaining part of the paper is organized as follows.
Section 2 describes the formulation of the optimization
problem and the algorithm chosen for its solution. Section 3
presents the simulations and a comparison of three algo-
rithms from the literature with the solution obtained by
solving the lexicographic problem when providing sets of 𝑘
shortest paths per node. Moreover, additional properties of
the most equitable solutions are shown. Section 4 concludes
the paper. Proofs for statements included in the paper are
presented in Appendices A and B. Appendix C contains
parameter values of the algorithm used for the generation of
test networks.

2. Optimization Problem with
Lexicographic Maximin Objective:
Formulation and Algorithm

The problem of equitable distribution of the paths among the
nodes in the graph corresponds in fact to a resource allocation
problem [11], where different activities compete over limited
resources which have to be allocated fairly among them. In
this case, nodes correspond to activities and a single objective
function of a node expresses the number of paths “allocated”
to that node. The resources which are limited, or rather
constrained by the network topology, are the directions of the
links.Theway of assigning these directions determines the set
of paths available in the DODAG.

A lexicographic maximin objective [11] has been chosen
for this problem. It can be viewed as an extension of a simple
maximin objective. In this approach, first the number of
paths for the node with fewest paths is maximized. Then,

the number of paths for the node with second fewest paths
is maximized, but without decreasing the smallest value
calculated in the first step. Next, the number of paths for
the node with third fewest paths is maximized, without
decreasing the value of the first two and so forth. Hence,
solving a lexicographic maximin problem means finding a
solution vector (of numbers of paths of the nodes) which
is lexicographically largest of all feasible vectors, when the
values in the vectors are sorted in a nondecreasing order.
It is not known in advance which node will occupy which
lexicographic position in the solution vector. A lexicographic
maximin (or minimax) solution is Pareto optimal.

It is worth mentioning here that a simple maximin
objective would achieve nothing due to the following fact.

Proposition 1. In a simple DODAG, there will always exist at
least one node with exactly one path to the root.

It will be one of the root’s neighbours. Therefore, the
minimum number of paths of all nodes in the DODAG will
always be equal to one. If only predefined sets of paths are
considered, the minimum number of input paths of all nodes
in the DODAG will never be more than one. The proof of
Proposition 1 is presented in Appendix B.

Applying lexicographic maximization to the DODAG
construction problem with input path sets ensures that at
least one candidate path per node survives in the DODAG,
as long as the following two conditions are met:

(i) at least one path per node is inserted into the formu-
lation;

(ii) in the provided path sets, there is at least one combi-
nation of paths containing at least one path per node
where no paths exclude each other due to conflicting
edge directions; that is, all these paths can coexist in a
DODAG.

At least one path per nodewill be included in theDODAG
due to the fact that lexicographic maximization will not allow
a zero value in the first position in the solution vector, if
it is possible to obtain a minimum equal to 1. The above
conditions are met, for example, when providing nodes’
shortest paths to the root (as they form a tree).

2.1. The Formulation. The generic network inserted into
the formulation (No specific type of network is of interest,
although the simulations were performed on random ad
hoc networks.) is modeled as a simple, strongly connected
directed graph 𝐺 = (𝑁, 𝐸), where 𝑁 is the set of nodes
and 𝐸 is the set of links. In addition, if there exists an edge
from vertex 𝑚 to vertex 𝑛, there also exists an edge in the
reverse direction (from vertex 𝑛 to vertex 𝑚); that is, the
graph is symmetric. A set of candidate paths 𝑝 = 1, 2, . . . , 𝑃

is provided, each path represented a sequence of 𝐶
𝑝
directed

edges.The identifier of the destination (root) node is denoted
by 𝑟. Neighbours of node 𝑚 or 𝑟 are indexed by 𝑛. The
following variables are present in the formulation:

(i) 𝑦
𝑚𝑛

= 1 if the (𝑚, 𝑛) edge is included in the solution
(output DODAG), 0 otherwise;
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(ii) 𝑌
𝑝

= 1 if a candidate path 𝑝 is included in the
DODAG, 0 otherwise;

(iii) 𝑈
𝑚
is an integer variable representing the number of

paths from a node 𝑚 to the root in the DODAG but
only counting the paths included in the 𝑃 set inserted
into the formulation. No other paths available in the
DODAG are counted by this variable.

The problem is formulated as follows:

lexmax {𝑈
(𝑚)

(𝑌) = [𝑈𝑚1 (𝑌) , 𝑈𝑚2 (𝑌) , . . . , 𝑈𝑚|𝑁|−1 (𝑌)]} ,

(1)

where

𝑈
𝑚1 (𝑌) ≤ 𝑈𝑚2 (𝑌) ≤ ⋅ ⋅ ⋅ ≤ 𝑈𝑚|𝑁|−1 (𝑌) . (2)

(i) Apart from the root, each node has at least one
outgoing edge:

∑

𝑛

𝑦
𝑚𝑛

≥ 1 for each 𝑚 ∈ 𝑁, 𝑚 ̸= 𝑟. (3)

(ii) All edges incoming to the root are included in the
DODAG:

𝑦
𝑛𝑟
= 1 for each neighbour 𝑛 ∈ 𝑁. (4)

(iii) At the same time, all edges outgoing from the root are
excluded from the DODAG:

𝑦
𝑟𝑛
= 0 for each neighbour 𝑛 ∈ 𝑁. (5)

Note 1. Instead of constraints (4) and (5) and variables 𝑦
𝑛𝑟

and 𝑦
𝑟𝑛
, binary constants might be inserted.

(iv) Of each edge pair (𝑚, 𝑛) and (𝑛,𝑚) not adjacent to the
root, not more than one should be selected:

𝑦
𝑚𝑛

+ 𝑦
𝑛𝑚

≤ 1 for each pair of neighbouring

nodes 𝑚, 𝑛 ∈ 𝑁, 𝑚 ̸= 𝑟, 𝑛 ̸= 𝑟.

(6)

Note 2. In the case of maximizing the number of paths, there
will always be one direction selected; that is, the constraint
will always be met with equality.

(v) All possible cycles have to be eliminated. Cycles of
length 1 do not exist in the network graph, as it is
assumed to be simple. Cycles of length 2 are already
eliminated by constraints (6). Hence, it is required to
eliminate cycles of length 𝐾 = 3, 4, . . . , |𝑁|. For this
purpose, the following constraints can be formulated:

𝑦
𝑘1𝑘2

+ 𝑦
𝑘2𝑘3

+ ⋅ ⋅ ⋅ + 𝑦
𝑘𝐾𝑘1

≤ 𝐾 − 1

for each 𝐾 interconnected nodes, 𝑘
1
, 𝑘
2
, . . . , 𝑘

𝐾
∈ 𝑁.

(7)

(vi) If any of the edge variables belonging to a path 𝑝 is
equal to 0, then the variable 𝑌

𝑝
is also equal to 0,

which gives 𝐶𝑝 − 1 constraints (8) per path (not 𝐶
𝑝

as, due to constraints (4), edges incoming to the root
are always included in the DODAG):

𝑌
𝑝
≤ 𝑦
𝑚𝑛

for each pair of consecutive

nodes𝑚, 𝑛 ∈ 𝑁 on the path𝑝, except 𝑟 (𝑛 ̸= 𝑟) .

(8)

On the other hand, if a path 𝑝 is included in the
DODAG due to maximization (𝑌

𝑝
= 1), then all of

its edges will be included in the DODAG; that is, all
𝑦
𝑚𝑛

variables of this path will be equal to 1.
(vii) The last expression represents the number of paths

from node𝑚 to the root:

𝑈
𝑚
= ∑

𝑝

𝑌
𝑝

for each 𝑚 ̸= 𝑟 and paths 𝑝

originating at node 𝑚.
(9)

2.2. Proof of Correctness. Constraints presented in the previ-
ous subsection are sufficient to construct a valid DODAGdue
to the following facts:

(i) all cycles are eliminated due to constraints (6) and (7);
(ii) each node has at least one path to the root. This

path does not necessarily belong to the candidate
paths set inserted into the formulation. It might be
one of the additional paths resulting from the edge
orientation of the solution.This requirement basically
means that no other root than the one given is created
in the resulting graph; therefore, it is a DODAG.
This can be proved in the following way: due to the
constraints (3), any arbitrary node different than the
root has at least one outgoing edge. Following one
of the outgoing edges, it is possible to reach either
the root or another node, which also has at least one
outgoing edge. Due to the fact that no cycles exist,
which means that it is impossible to come back to any
of the nodes traversed previously, and the fact that by
applying constraints (3) and (5) the root is the only
node with no outgoing edges, the whole process can
finish only at the root.

2.3. The Lexicographic Algorithm. The presented DODAG
construction problem belongs to the class of equitable
resource allocation problems with integer decisions, where
the number of possible distinct outcomes of the performance
functions is limited and relatively small. Here, a single
performance function, that is, a𝑈

𝑚𝑖
(𝑌) function representing

the number of paths of a single node,might assume all integer
values from 0 to 𝑘

𝑚
, where 𝑘

𝑚
is the number of candidate

paths inserted into the formulation for this node. Hence, the
set of possible distinct outcomes of all performance functions
contains all integer values between 0 and 𝑘max, where 𝑘max is
the largest number of candidate paths inserted for any node.
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An algorithm designed for solving this class of problems
is presented in [11], Section 7.2.3 Lexicographic Minimiza-
tion of Counting Functions. The algorithm in its original
form solves the problem of lexicographic minimization.
The number of performance functions’ possible distinct
outcomes determines themaximumnumber of lexicographic
iterations. The basic idea of this algorithm is the following.
The set of all possible distinct outcomes has to be provided.
Special counting functions are then constructed, each of
them representing the number of times that a single dis-
tinct outcome appears in the solution. These functions are
then iteratively minimized in the following way. First, the
number of occurrences of the largest possible outcome is
minimized. Then, the number of occurrences of the second
largest outcome is minimized without increasing the first
one and so forth. The algorithm terminates after reaching
the last (smallest) distinct outcome or in an earlier iteration,
if a unique solution is found. Due to the fact that the
counting functions are represented as optimization problems,
additional constraints and continuous variables have to be
inserted in each lexicographic iteration, extending the prob-
lem and transforming it from an IP to a MIP problem.

The lexicographic maximization objective can be trans-
formed into lexicographic minimization objective, similar to
themaximin-minimax conversion given in Section 1.2 of [11]:

lexmax {𝑈(𝑚) (𝑌) = [𝑈𝑚1 (𝑌) , 𝑈𝑚2 (𝑌) , . . . , 𝑈𝑚|𝑁|−1 (𝑌)]}

= −lexmin {−𝑈(𝑚) (𝑌)

= [−𝑈
𝑚1 (𝑌) ,−𝑈𝑚2 (𝑌) , . . . , −𝑈𝑚|𝑁|−1 (𝑌)]} ,

(10)

where

−𝑈
𝑚1 (𝑌) ≥ −𝑈𝑚2 (𝑌) ≥ ⋅ ⋅ ⋅ ≥ −𝑈𝑚|𝑁|−1 (𝑌) . (11)

2.4. The Exact Number of Distinct Outcomes. As mentioned
already, the set containing all integers between 0 and 𝑘max
can be used as the set of all possible distinct outcomes of
the performance functions in this formulation. This method
is approximate and results in an overhead, since it is very
likely that two or more paths inserted into the formulation
for a single node will exclude each other from the resulting
DODAG because of using one or more edges of opposite
direction between the same pair of nodes. To obtain the
minimal upper bound on the possible distinct outcomes set,
a maximum independent set count problem would have to
be solved for every node, as proved in Appendix A, and the
maximum of the obtained values should be used as the upper
bound. However, due to the NP-hardness of the maximum
independent set problem, itmight be of advantage to omit the
exact computation of the maximum distinct outcome value,
even though a crude approximation increases the maximum
number of lexicographic iterations.

2.5. Size of the Formulation: Reduction of the Number of Cycle
Elimination Constraints. The cycle elimination constraints
(7), due to their numerosity, incur heavy computational load

while solving the formulation. Maximally 2 ⋅ ((𝑁
3
) + (
𝑁

4
) +

⋅ ⋅ ⋅ + (
𝑁

𝑁
)) (in the case of a complete graph) constraints

(7) could appear in the problem. Although on average this
number will be smaller, the number of cycles in a graph,
ergo the number of constraints, grows exponentially as a
function of the size of the graph (in terms of edges). To reduce
the number of inserted cycle elimination constraints, the
following method has been employed (based on a suggestion
of A. Tomaszewski):

(i) the formulation is solved without constraints (7);
(ii) if cycles exist in the resulting graph, appropriate (7)

cycle elimination constraints are inserted. Only a few
cycles are searched for (e.g., up to 5);

(iii) the extended formulation is solved again, until the
output graph is a DODAG; that is, it does not contain
any cycles.

This method trades solving one large IP problem for
iterative solving of several smaller IP problems. In the last of
the solved problems, all possible cycles will be eliminated, yet
avoiding inclusion of unnecessary constraints. When solving
the whole lexicographic formulation, all cycle elimination
constraints added in the 𝑖th iteration are transferred to the
𝑖 + 1th lexicographic iteration.

3. Simulations and Results

3.1. Generated Networks. Random ad hoc networks were
generated for the simulations. WPA ad hoc network gen-
eration algorithm presented in [12] was used, with a small
modification andwith values of the parameters chosen so that
generated networks were always connected and of reasonable
density (limiting the density limits the number of existing
paths in the network graphs). All values for parameters used
in the WPA algorithm as well as a short remark about the
modification are given in Appendix C.

The output of the WPA is an undirected graph, where
the length of each edge represents the distance between
the two nodes placed on a 2D surface. In the simulations,
each undirected edge was replaced by a pair of inverse
directed edges. For one of the tested algorithms, a weight was
assigned to each directed edge, representing 2.45GHz signal
attenuation in free space (This frequency is used, for example,
in Zigbee technology.). The weight was calculated according
to (7) in [13] and length of the edge used as the distance,
assuming meters as units. A random deviation of ±10% was
also added to each link weight.

Networks comprising 5 to 50 nodes were generated, with
a step of 5. For each network size, 50 random networks were
generated.The first generated node in the networkwas always
selected as the root node.

3.2. Input Paths. Sets of 𝑘 shortest paths, one set per node
other than the root, were inserted into the formulation,
where shortest means of least hop count. Yen’s 𝑘 shortest
path algorithm was used for calculating these sets [14]. BFS
algorithm was used as the shortest path subalgorithm. 𝑘
values were equal for every node in the network. They were
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Table 1: Comparison of four tested algorithms: average number of paths per node at different levels 1–6 for 50-node networks. Levels (1–6)
were present in most (47–50 out of 50) networks.

Level Shortest-multipath TORA MARA-MC 𝑘-shortest-lex-maximin
1 2.17 2.25 3.22 3.72
2 4.67 4.39 5.50 5.85
3 7.00 6.32 6.97 7.06
4 8.57 7.69 7.66 8.00
5 9.65 8.42 8.04 8.72
6 10.46 9.44 8.55 9.43

Table 2: Comparison of four tested algorithms: average variance in numbers of paths per node at different levels 1–6 for 50-node networks.

Level Shortest-multipath TORA MARA-MC 𝑘-shortest-lex-maximin
1 1.64 2.24 4.12 4.08
2 5.77 5.27 4.28 2.56
3 9.02 8.36 4.65 2.59
4 9.25 8.29 6.12 3.01
5 10.29 11.93 7.72 3.70
6 9.93 10.83 11.39 5.32

dependent on the size of the network and equal to 5 for
networks of sizes 5 to 10, 10 for 15 to 30-node networks, and
15 for 35 to 50-node networks.

3.3. Tests. DODAGs formed by three distributed algo-
rithms that appear in the literature were compared against
the 𝑘-shortest-lexicographic solution: the Shortest-multipath
DODAG as in MDVA [2], using link costs as given in
Section 3.1, the MARA-MC DODAG [7], and a DODAG
approximating the output graph of the TORA ad hoc mul-
tipath routing algorithm [6]. The approximation mentioned
above avoids random irregularities specific to the graphs
constructed by the TORA algorithm. Hence, to form a
DODAG, the nodes are simply ordered by the hop count
metric (edges are directed from the node with the greater
hop count to the node with the smaller hop count), which,
in fact, makes the resulting DODAG similar to a Shortest-
multipath DODAG when link costs are equal to 1. Ties
in hop counts are resolved using nodes’ unique identifiers.
This simplification might incur slightly different results than
TORA would achieve in reality, but it is required to provide
the possibility of performing the simulations in a simple way
(i.e., without employing more complex network simulators).

An especially interesting algorithm is MARA-MC [7],
which solves an all-to-onemaximum edge connectivity prob-
lem with optimality. The authors’ simulations show that this
algorithm obtains significantly more paths in the resulting
DAGs than other compared algorithms and that it calculates
a large number of paths for a large fraction of source-
destination pairs. It is therefore interesting to check how well
it performs in comparison to the lexicographic algorithm. It
is worth noting that the all-to-one maximum connectivity
objective as defined in Section 4.A of their paper does not
have any meaning in the case of nonmultigraphs, as the
minimum connectivity between a node and a simple DAG
rootwill always be equal to 1, regardless of the algorithmused.

This is an implication of Proposition 1. A possibly significant
drawback of the MARA-MC algorithm is that it completely
ignores the length of the resulting paths.

3.4. Results. Tables 1 and 2 present the average value and the
average variance in the number of candidate (shortest) paths
per node at different levels, in the DODAGs constructed
by the three algorithms from the literature and by the
lexicographic algorithm, when testing 50-node networks. At
level 1, one node with the number of paths equal to 1 was
excluded from the calculations, since, due to Proposition 1, it
is always present, regardless of the algorithm used (as its only
path is the shortest one (hop count = 1), it is always included
in the input path set).

While for levels 2–6 no substantial differences in the
average values can be observed, Table 2 shows that for these
levels the equitable solution achieves significantly smaller
variance values than the three other algorithms. These two
observations mean that, for these levels, the numbers of
shortest paths of different nodes in the equitable solution
are much more balanced. The closest to it is the MARA-
MC algorithm, which has also outperformed the other two
algorithms considerably as regards variance values at levels
2–5. At level 1, the relation between the variance values and
average values is similar for all the algorithms, although
the equitable solution and MARA-MC obtain larger average
numbers of paths.

Another interesting observation is that the Shortest-
multipath algorithm, with the link costs calculated basing on
the 2D distance, obtains greater average numbers of shortest
hop count paths than the TORA approximation algorithm,
which is based on the hop count metric. This happens
probably because, in the simulated Shortest-multipath, a
node of a smaller cost wouldmost likely have paths of smaller
hop count lengths than a node of a greater cost. In the case of
the TORA algorithm, no additional information is available
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Figure 2: Relative comparison of the three algorithms for 10-node
networks using the lexicographic 𝑘-shortest solution as a reference.
Δ𝑈 values are relative to the reference (lexicographic) solution.

to grade the nodes at the same hop count distance from
the root; hence, a significant fraction of edges is assigned at
random (using node identifiers).

Figure 2 shows a comparison of the three algorithms on
10-node networks, with the lexicographic 𝑘-shortest solution
used as a reference. The Δ𝑈 value reflects the average gap to
the reference solution on individual lexicographic positions
and is defined as follows:

(i) let 𝑈
𝑖 ref = the number of paths (only taking into

account the input 𝑘 shortest paths) in a given position
in the equitable solution vector of the 𝑖th network, and
let𝑈
𝑖 alg = the number of paths in the same position in

the vector obtained by the tested algorithm for the 𝑖th
network (previously sorted in a nondecreasing order
so that a lexicographic comparison using individual
positions is possible), 𝑖 = 1, 2, . . . , 50;

(ii) let Δ𝑈
𝑖
= ((𝑈

𝑖 ref − 𝑈𝑖 alg)/𝑈𝑖 ref) × 100[%];
(iii) then, Δ𝑈 = (∑

𝑖
Δ𝑈
𝑖
)/50.

Figure 2 shows, again, that the MARA-MC algorithm
is the best of the three algorithms in terms of equitability
in the distribution of shortest paths, as it has, on average,
vectors whose values in the lowest positions are closest to the
equitable solution vectors.

An interesting observation can be made that all algo-
rithms achieve a 0% gap in the first lexicographic position.
This is due to the fact mentioned previously, namely, that one
of the root’s neighbours in every simple DODAG will always
have exactly one path to the root, with this path being one of
this node’s shortest paths (hop count = 1).This node probably
always occupies the first lexicographic position in the case of
10-node networks.

However, this is clearly not always the case when dealing
with 50-node networks, as shown in Figure 3. It can be
observed that the MARA-MC algorithm sometimes happens
to have a nonzero gap in the first position, which means that,
in some cases, there exists at least one node in the DODAG
obtained by MARA-MC which has no paths available from
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Figure 3: Relative comparison of the three algorithms for 50-node
networks using the 𝑘-shortest lexicographic solution as a reference:
first 25 positions in the sorted solution vectors.
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Figure 4: Average sum of all paths in the DODAGs.

the set inserted into the formulation for that node—which
means that this node has only longer paths than the 𝑘 = 15

shortest possible paths and occupies the first lexicographic
position instead of the root’s 1-path neighbour. Moreover,
althoughMARA-MC performs better in the overall compari-
son to the two other algorithms, it is still far from equitability
achieved by the lexicographic algorithm (∼20%–38% gaps in
positions 2–10).

Figure 4 shows the average sums of all paths in the
obtainedDODAGs; this time, all possible pathswere enumer-
ated (not only the candidate paths from the shortest path sets
inserted into the lexicographic formulation but also the addi-
tional paths resulting from the obtained edge orientation).
It can be concluded from the plot that the most balanced
solutions, like the 𝑘-shortest lexicographic solution and the
MARA-MC solution, also achieve the greatest numbers of
paths in general.
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Figure 5: Average DODAG-to-network shortest path length gap in
function of the size of the network.

Figure 5 shows the average gap between the hop count
length of the shortest path of a single node available in the
formed DODAG and the length of this node’s actual shortest
path, that is, this node’s shortest path in the network. Hence,
the Δ𝐿 value is defined as follows:

(i) let 𝐿 in opt = the length of the shortest path of a node
𝑛 in 𝑖th network, and let 𝐿 in alg = the length of the
shortest path for this node in the DODAG obtained
by the algorithm;

(ii) let Δ𝐿 in = ((𝐿in alg − 𝐿 in opt)/𝐿 in opt) × 100[%];
(iii) hence, Δ𝐿 = (∑

𝑖
∑
𝑛
Δ𝐿 in)/(50(𝑁 − 1)), where 𝑁 −

1 = the number of nodes in the network excluding
the root.

An interesting observation can be made, namely, both
MARA-MC and the lexicographic 𝑘-shortest maximin algo-
rithmdo not achieve zeroΔ𝐿 values for networks greater than
5 nodes, whichmeans that the outputDODAGsdonot always
include the whole shortest path trees.This in turn means that
to achieve fairness in terms of the numbers of input paths per
node in a DODAG, even when considering sets of shortest
paths as it has been done in the simulations, a trade-off has
to be made between the equitability and availability of the
shortest paths of some nodes.

4. Conclusions

A lexicographic optimization formulation has been proposed
in this paper, solution ofwhich achieves an equitable distribu-
tion of the paths available per node in a constructedDODAG.
This property could be important in the context of multipath
routing, where network topology changes are infrequent.The
formulation allows insertion of the user’s own sets of paths
per node. This property makes the mechanism adjustable to
particular requirements imposed by the application on the
structure of paths, although a well-thought-out choice of the
input path sets is necessary to obtain reasonable results.

A comparison of three distributed algorithms that appear
in the literature:MARA-MC, Shortest-multipath, andTORA,
and the lexicographic algorithm has been presented, with 𝑘

shortest paths per node being inserted into the formulation.
The lexicographic solution has been proved to obtain the best
results in terms of providing a fair distribution of the shortest
paths of the nodes at the same minimum hop count distance
from the root (at the same level).

Two interesting properties of the 𝑘-shortest equitable
solution have been observed. First, it has been shown that
providing efficient maximin fairness in the numbers of paths
per node increases the overall number of paths in the
resultingDODAG. Second, even though sets of shortest paths
were included in the optimization problem, the resulting
DODAGs did not always contain full shortest path trees.

It has been shown that of the three distributed algorithms,
MARA-MC achieves the best results, although it still does
not get close to the 𝑘-shortest equitable solution in low
lexicographic positions. Moreover, it turns out that, in some
cases of 50-node networks, a node could be found in the
MARA-MC DODAG whose shortest path available in the
graphwas longer than its first 15 shortest paths in the network.
These observations lead to a conclusion that designing a
distributed algorithm to construct a fair DODAG, that is,
with equitable distribution of the paths per node, is still an
open question.

Appendices

A. Proof of NP-Completeness of
the Simplified Problem

The simplified problem is stated as follows. Given a simple
directed graph 𝐺 = (𝑁, 𝐸), two nodes 𝑠, 𝑡 ∈ 𝑁 and a list of
paths 𝑝

1
, 𝑝
2
, . . . , 𝑝

𝑃
∈ 𝑃, from node 𝑠 to node 𝑡, find a subset

of edges such that no two edges between the same pair of
nodes are included (i.e., no edges of conflicting directions are
included) and the number of available paths between 𝑠 and
𝑡 is maximized. Let the simplified problem be called MAX-
PATHS.

It is possible that two or more paths from the 𝑃 set
will exclude each other because of using one or more edges
of opposite directions between the same pair of nodes. For
example, if, for the network shown in Figure 6, the following
three paths belong to the 𝑃 set: (1) s-a-t, (2) s-a-b-t and (3) s-
b-a-t, then the maximum possible number of paths from 𝑠 to
𝑡 for the given set will be equal to 2, as paths s-a-b-t and s-b-
a-t cannot both be included due to the conflict in assignment
of the direction of edge ab.

There might be more than two counter-direction paths.
This problem can be modeled as shown in Figure 7. Vertices
𝑝
1
− 𝑝
5
represent an example set of paths between 𝑠 and 𝑡.

An edge exists between a pair of vertices if the corresponding
paths cannot be picked together due to at least one edge
conflict.Therefore, themaximumnumber of paths fromnode
𝑠 to 𝑡 that can be chosen together is equal to the size of
the maximum independent set of this graph. The vertices
in Figure 7 that belong to the maximum independent set of
the graph have been marked green. Hence, in this case, the
objective value is equal to 3, although 5 paths were considered
originally.
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Figure 6: If for node 𝑠, paths s-a-b-t (red solid) and s-b-a-t (green
dotted) are given, then these paths will not both be included due to
the conflict in the used direction of edge ab.
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Figure 7: An edge exists between a pair of vertices, if the cor-
responding paths cannot coexist. For example, path 𝑝

3
cannot

exist together with path 𝑝
2
. Paths belonging to the maximum

independent set have beenmarked green. In this case, themaximum
set of paths that can be picked together is equal to 3.

Therefore, to show that the MAX-PATHS problem is NP-
complete, instances of the maximum independent set (MIS)
problem can be mapped to the MAX-PATHS problem. It can
be shown that a valid solution to MIS is also a valid solution
toMAX-PATHS problem and that a nonvalid solution toMIS
is not a valid solution to MAX-PATHS.

Consider anMIS problem instance,modeledwith a graph
𝐺

(𝑁

, 𝐸

). A corresponding instance of the MAX-PATHS

problem, modeled by a network graph 𝐺(𝑁, 𝐸) and the set
𝑃 of paths, can be constructed in the following way.

(1) For every edge 𝑒 ∈ 𝐸
 adjacent to a pair of nodes

𝑛


1
, 𝑛


2
∈ 𝑁
 in the MIS problem, create two vertices

𝑛
𝑒

1
, 𝑛
𝑒

2
∈ 𝑁 in the MAX PATHS problem.

(2) In MAX PATHS, between each pair 𝑛
𝑒

1
, 𝑛
𝑒

2
, add

two edges 𝑒
1
, 𝑒
2
∈ 𝐸 of opposite directions, hence

obtaining a bipartite graph.
(3) In each MAX PATHS pair 𝑛

𝑒

1
, 𝑛
𝑒

2
, label one of the

𝑒
1
, 𝑒
2
edges with node 𝑛

1
of the corresponding edge 𝑒

in MIS, and the other with the node 𝑛
2
.

A

a

B

b

C

c

D

Figure 8:𝐺 graph of theMIS problem. Vertices𝐴,𝐶, and𝐷 belong
to the maximum independent set.

(4) In MAX PATHS, add the source and destination
nodes 𝑠, 𝑡 ∈ 𝑁.

(5) For each node 𝑛 ∈ 𝑁
 in MIS, build a path 𝑝

𝑛
∈

𝑃 from 𝑠 to 𝑡 in MAX PATHS, going through all the
edges labeled with 𝑛, and adding necessary edges 𝑒 ∈
𝐸: between 𝑠 and the 𝑁 \ {𝑠, 𝑡} set, between the 𝑁 \

{𝑠, 𝑡} set and 𝑡, and between the nodes in the𝑁\ {𝑠, 𝑡}

set, belonging to different pairs 𝑛
𝑒

1
, 𝑛
𝑒

2
. The order of

constructing the paths is arbitrary.

Proposition 2. An independent set in 𝐺 corresponds to a set
of nonconflicting paths in 𝐺.

In the MAX PATHS problem, there is one path 𝑝
𝑛
 ∈ 𝑃

from 𝑠 to 𝑡 for each node 𝑛 ∈ 𝑁
 in MIS. Each of these

paths goes through exactly 2𝑀
𝑛
 nodes, where 𝑀

𝑛
 is the

number of 𝑛’s neighbours in 𝐺
. More precisely, each path

crosses𝑀
𝑛
 pairs of 𝑛

𝑒

1
, 𝑛
𝑒

2
. Every time a path is selected, an

edge orientation between 𝑛
𝑒

1
and 𝑛

𝑒

2
is fixed, forbidding the

selection of a conflicting path.

(6) Notice that if an independent set on 𝐺 corresponds
to a set of paths that do not have conflicting edges
in 𝐺, the maximum independent set in MIS will cor-
respond to the maximum number of nonconflicting
paths from 𝑠 to 𝑡 in MAX PATHS.
The mapping process has been shown in Figures 8, 9,
10, and 11.

B. Proof of Proposition 1

Proposition 1 is proved as follows:

(i) consider a network comprising a single node which is
the root of the DODAG;

(ii) add a neighbouring node 𝐴 with a single edge
directed to the root. Node 𝐴 has exactly one path to
the root. To increase node 𝐴’s number of paths to the
root without cycles, another node has to be added that
has a connection both to the root (but not via node𝐴)
and from node 𝐴;

(iii) add a node 𝐵, with an edge directed to the root and
an edge incoming from node𝐴. Node𝐴 has now two
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Figure 9: 𝐺mapping after step 4.

A B C B B D

t

s

na1

na2

nb1

nb2

nc1

nc2

Figure 10: 𝐴, 𝐶, and 𝐷 paths belonging to the maximum indepen-
dent set. These paths do not have any conflicting edges.

paths to the root; however, node 𝐵 is now the one that
has only one path to the root;

(iv) adding an edge from node 𝐵 to node 𝐴 will result
in a cycle; therefore, the only way to provide node 𝐵
with a second path is to connect it to another node,
which has either a direct link to the root (is another
neighbour of the root) or has a path to the root which
goes through another neighbour of the root. This
neighbour will, again, either have only one path to the
root or its other paths will eventually lead to another
root’s neighbour with this property.

The proof is shown in Figures 12, 13, and 14.
The proof of this proposition implicates that

(i) the minimum number of paths of a single node to the
root in a simple DODAG is always equal to one;

(ii) theminimum connectivity between a single node and
the root in a simple DODAG is always equal to one;

A B C B B D

t

s

na1

na2

nb1

nb2

nc1

nc2

Figure 11: 𝐵 path, conflicting with the paths from the maximum
independent set due to different selection of edge directions.

a

R

Figure 12: Node 𝑎 has only one path to the root.

Table 3: Parameter values for the WPA algorithm.

Parameter Value
𝑟 12
𝑑
0

6
𝑙 100

(iii) this one path is the shortest path of the node (hop
count = 1).

C. Parameter Values for the WPA Algorithm

Table 3 contains parameter values for the WPA algorithm.
The same values were used for networks of different sizes.

Change in the Generation Procedure. Instead of calculating the
transmission range after generating node positions according
to the length of resulting edges, it was assumed to be equal to
𝑟 to ensure connectivity and prevent repeated generation of
node positions.



Journal of Applied Mathematics 11

a b

R

Figure 13: Node 𝑎 has now two paths to the root, but node 𝑏 has just
one. Creating a second path for node 𝑏 by adding an edge directed
to node 𝑎 will create a cycle.

a b c

d

R

Figure 14: A similar situation happens when a third node is added.
And so on.
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In multibeam satellite communication systems it is important to improve the utilization efficiency of the power resources, due to
the scarcity of satellite power resources.The interbeam interference between the beamsmust be considered in the power allocation;
therefore, it is important to optimize the power allocated to each beam in order to improve the total system performance. Initially
the power allocation problem is formulated as a nonlinear optimization, considering a compromise between the maximization of
total system capacity and the fairness of the power allocation amongst the beams. A dynamic power allocation algorithm based on
duality theory is then proposed to obtain a locally optimal solution for the optimization problem. Compared with traditional power
allocation algorithms, this proposed dynamic power allocation algorithm improves the fairness of the power allocation amongst
the beams, and, in addition, the proposed algorithm also increases the total system capacity in certain scenarios.

1. Introduction

In satellite communication systems, a satellite may provide
coverage of the entire region of the earth visible from the
satellite, by using a single beam. In this case, the gain of
the satellite antenna will be limited by the beamwidth, as
imposed by the coverage. For instance, for a geostationary
satellite, global coverage implies a 3 dB beamwidth of 17.5
and consequently an antenna gain of no more than 20 dB [1].
Therefore, each user must be equipped with a large aperture
antenna to support the high traffic rate, which results in great
inconvenience. In order to solve this problem, the multibeam
technique has been widely applied in modern satellite com-
munication systems. In multibeam satellite communication
systems, the satellite provides coverage of only part of the
earth, by means of a narrow beam. The benefit of a higher
satellite antenna gain is obtained due to a reduction in the
aperture angle of the antenna beam [1]. As a result, a user
with a small aperture antenna can support a high traffic rate.
Moreover, the multibeam technique supports the reuse of
frequencies for different beams, in order to increase the total
system capacity.When two beams utilize the same frequency,
interbeam interference is introduced to the two beams, due to
the nonzero gain of the antenna side lobe. It has been noted

that when there is interbeam interference between the beams,
the capacity allocated to each beam is determined not only
by the power allocated to the beam, but also by the power
allocated to the other beams.

Due to the limitations of satellite platform, it is known
that satellite power resources are scarce and expensive. It is
thus important to optimize the utilization efficiency of the
power resources. Moreover, the traffic demands of each beam
are different, with varying times, due to the different coverage
areas, and the interbeam interference between the different
beams is also different. As a result, it is critical to optimize
the power allocation to each beam to meet the specific traffic
demands.

Power allocation algorithms were proposed in earlier
works [2–7]. The mathematical formulation and analytic
solutions of the optimum power allocation problem have
been presented [2]; however, the mathematical algorithm
to solve the optimization problem was not provided. As a
result, bisection and subgradient methodologies have been
utilized to solve the optimization problem [3, 4]. In order
to improve the total system capacity, a method to select a
small number of active beams has been proposed [5], which
maintained the fairness of the power allocation amongst the
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beams.Themain problem in [2–5] was that the authors failed
to consider the interbeam interference between the beams,
which cannot be ignored in determining power allocations.
A novel resource allocation scheme for multibeam satellite
communication systems has been described, offered maxi-
mum communication capacity [6]. The scheme optimized
the frequency bandwidth, the satellite transmission power,
the modulation level, and the coding rate to each beam,
in order to manage the ever-changing user distributions
and the interbeam interference conditions. However, the
scheme ignored the fairness of the power allocations amongst
the beams. A joint optimization allocation algorithm for
the power and the carrier was proposed [7], in order to
best match the asymmetric traffic requests. The algorithm
attempted to support the greatest degree of fairness in the
power allocation to each beam, regardless of the total system
capacity.

This paper’s research is aimed at resolving this deficiency,
by optimizing the power allocations for a multibeam satellite
communication system, with full consideration of the impact
of interbeam interference. The first step is to mathematically
formulate the problem of power allocation as a non-linear
optimization, compromising between the maximization of
total system capacity and the fairness of the power allocations
to each beam. It is found that, in the optimization process, the
optimal variables are coupled with each other. As a result, it
is difficult to determine whether the optimization is convex
or not and to obtain the globally optimal solution for the
optimization. To this end, a dynamic power allocation algo-
rithm based on duality theory is proposed to obtain a locally
optimal solution for the optimization. Finally, the simulation
results show the efficiency of the proposed dynamic power
allocation algorithm.

The main contributions of this research are summarized
as follows:

(1) themathematical formulation of the power allocation
problem formultibeam satellite communication, with
consideration of interbeam interference, through a
compromise between the maximization of the total
system capacity and the fairness of the power alloca-
tion amongst the beams;

(2) the proposal of an algorithm, based on duality theory,
which will obtain a locally optimal solution for the
optimization problem;

(3) a demonstration of the effects of the interbeam
interference and the channel conditions of each beam
on the power allocation results.

The remainder of this paper is organized as follows. In
Section 2, the model of a multibeam satellite communication
systemwith interbeam interference is described. In Section 3,
a mathematical formulation of the optimization problem
of the power allocation is presented. Section 4 presents the
proposal of a dynamic power allocation algorithm designed
to obtain a locally optimal solution to the optimization.
Section 5 presents the simulation results and analyzes the
effects of the interbeam interference and channel conditions

InterferedOther

Ci

Ti
Itotal
i

beams beams

Figure 1: Configuration of the multibeam satellite communication
system.

of each beam on the power allocation results. Section 6
presents the conclusion of the paper.

2. A Multibeam Satellite Communication
System Model

Figure 1 shows the system configuration of the multibeam
satellite communication system that is studied here, where

𝑁: is the quantity of the beams,
𝑇
𝑖
is the traffic demand of the 𝑖th beam,

𝑃
𝑖
is the power allocated to the 𝑖th beam,

𝐼
total
𝑖

is the total interference on the 𝑖th beam from the
other beams,
𝛾 is the signal attenuation factor of the 𝑖th beam, and
it is noted that 𝛾 mainly consisted of the effects of
weather conditions, free space loss, and antenna gain,
and
𝑃total is the total satellite power resources within the
system.

To precisely describe the interbeam interference within
the system, the interbeam interference matrix H is intro-
duced, which is defined as follows:

𝐻 =

[
[
[
[

[

0 ℎ
12

⋅ ⋅ ⋅ ℎ
1𝑛

ℎ
21

0 ⋅ ⋅ ⋅ ℎ
2𝑛

...
... d

...
ℎ
𝑛1

ℎ
𝑛2

⋅ ⋅ ⋅ 0

]
]
]
]

]

, (1)

where the element ℎ
𝑖𝑗
denotes the interference coefficient

from the 𝑗th beamon the 𝑖th beam. It is noted that the element
ℎ
𝑖𝑖
is zero, because the interference from the same beam is

ignored. It is obvious from (1) that the total interference on the
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𝑖th beam from other beams 𝐼total
𝑖

is∑𝑁
𝑘=1,𝑘 ̸= 𝑖

𝑃
𝑘
ℎ
𝑖,𝑘
. As a result,

using time sharing for Gaussian broadcast channels [8], the
Shannon bounded capacity Ci for the 𝑖th beam is given as

𝐶
𝑖
= 𝑊 log

2
(1 +

𝑃
𝑖

𝛾𝑊𝑁
0
+ ∑
𝑁

𝑘=1,𝑘 ̸= 𝑖
𝑃
𝑘
ℎ
𝑖,𝑘

) , (2)

where 𝑁
0
is the noise power density of each beam and W

is the bandwidth of each beam. It is shown in (2) that the
capacity𝐶

𝑖
of the 𝑖th beam is increased as the power allocated

to the beam increases. However, the capacity is decreased
as the power allocated to other beams increases, due to the
interbeam interference. As a result, the capacity of each beam
is determined not only by the power allocated to it, but also
by the power allocated to the other beams.

3. Mathematical Formulation of
the Power Allocation

In this paper, the metric to evaluate the power alloca-
tion results minimizes the sum of the squared differences
between the traffic demand and the capacity allocated to
each beam. As a result, the metric will ensure a relatively
greater capacity allocation to the beamswhen there are higher
traffic demands, which will achieve greater fairness of the
power allocations amongst the beams. At the same time, the
metric will also work to maximize the total system capacity.
Therefore, the metric considers a compromise between the
maximization of total system capacity and the fairness of
the power allocations amongst the beams. As a result, the
optimization is formulated as follows:

min
{𝑃
𝑖
}

𝑁

∑

𝑖=1

(𝑇
𝑖
− 𝐶
𝑖
)
2

s.t. 𝐶
𝑖
= 𝑊 log

2
(1 +

𝑃
𝑖

𝛾𝑊𝑁
0
+ ∑
𝑁

𝑘=1,𝑘 ̸= 𝑖
𝑃
𝑘
ℎ
𝑖,𝑘

) ,

𝑁

∑

𝑖=1

𝑃
𝑖
≤ 𝑃total.

(3)

When there is no interbeam interference between the
beams, each of the elements in the interbeam interference
matrix is equal to zero. As a result, the optimization is convex
[2], and the globally optimal solution can be obtained by the
optimization.However, when interbeam interference actually
exists, it is seen that the optimal variables 𝑃

𝑖
are coupled

with each other.Therefore, it is difficult to determine whether
the optimization is convex or not and to obtain the globally
optimal power solution for the optimization. To this end,
an algorithm based on duality theory is proposed to obtain
a locally optimal solution for the optimization [9–12], as
presented in the following section.

4. Proposed Dynamic Power
Allocation Algorithm

Asmentioned above, the proposed dynamic power allocation
algorithm is based on duality theory [13]. By introducing the
nonnegative dual variable 𝜆, the Lagrange function is given
by

𝐿 (P, 𝜆) =
𝑁

∑

𝑖=1

(𝑇
𝑖
− 𝐶
𝑖
)
2
− 𝜆(𝑃total −

𝑁

∑

𝑖=1

𝑃
𝑖
) , (4)

where P = [𝑃
1
, 𝑃
2
, . . . , 𝑃

𝑁
].

From (4), the Lagrange dual function can be obtained by

𝐷 (𝜆) = min
P

𝐿 (P, 𝜆) , (5)

and the dual problem can be written as

𝑑
∗
= max
𝜆≥0,𝜎

𝑖
≥0

𝐷 (𝜆) . (6)

The dual problem in (6) can be further decomposed into
the following two sequentially iterative subproblems [9].
Subproblem 1: Power Allocation. Given the dual variable 𝜆, for
any: 𝑖 ∈ {1, 2, . . . , 𝑁}, differentiating (4) with respect to 𝑃

𝑖

results in the equation below:

𝜕𝐷 (𝜎, 𝜆)

𝜕𝑃
𝑖

= 2

𝑁

∑

𝑗=1

(𝑇
𝑗
− 𝐶
𝑗
)

𝜕𝐶
𝑗

𝜕𝑃
𝑖

− 𝜆 = 0. (7)

The optimized power allocation of the 𝑖th beam 𝑃
𝑖
can

be obtained in (7) by numerical calculation methods, for
example, the golden section. Moreover, if the optimized 𝑃

𝑖

is less than zero, then 𝑃
𝑖
is set to be zero. The detailed

expressions in (7) are shown in the appendix.
Subproblem 2: Dual Variable Update. The optimal dual vari-
able can be obtained by solving the dual problem:

𝜆
opt

= argmax
𝜆

min [𝐿 (Popt
, 𝜆)] . (8)

Because the dual function is always convex, a subgradient
method (a generalization of the gradient) can be used here to
update the dual variable, as shown below [9]:

𝜆
𝑛+1

= [𝜆
𝑛
− Δ
𝑛

𝜆
(𝑃total −

𝑁

∑

𝑖=1

𝑃
opt
𝑖

)]

+

, (9)

where [𝑥]+ = max{0, 𝑥}, 𝑛 is the iteration number, and Δ is
the iteration step size.

It has been proven that the above dual variable updating
algorithm is guaranteed to converge to the optimal solution,
as long as the iteration step chosen is sufficiently small [9].

The whole process of the proposed dynamic power
allocation algorithm is summarized as follows.

Step 1. Set appropriate values to 𝜆 and 𝑃
𝑖
, 𝑖 ∈ {1, 2, . . . , 𝑁}.

Step 2. Calculate the value of 𝑃
𝑖
from (7).
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Step 3. Substitute the power values of each beam, as obtained
from Step 2, into (9) and then update the dual variable.

Step 4. If the condition of |𝜆𝑛+1(𝑃total − ∑
𝑁

𝑖=1
𝑃
𝑖
)| < 𝜀 is

satisfied, then terminate the algorithm; otherwise, jump to
Step 2.

Utilizing the above process, the allocated power to each
beam is obtained.

5. Simulation Results and Analysis

For the simulation, a multibeam satellite communication
system model is set up. The system has 10 beams. For each
beam, the bandwidth resource is 50MHz and the normalized
noisepower spectral density parameter 𝛾𝑁

0
is 0.2𝑒−6. Total

satellite power is 200W. The traffic demand of each beam is
increased from 80Mbps to 170Mbps, by steps of 10Mbps.

5.1.The Efficiency of the Proposed Power Allocation Algorithm.
In order to show the efficiency of the proposed dynamic
power allocation algorithm, it is compared with the following
two traditional algorithms.

(1) Uniform power allocation algorithm: 𝑃
𝑖
= 𝑃total/𝑁.

(2) Proportional power allocation algorithm: 𝑃
𝑖

=

𝑃total𝑇𝑖/𝑇total, where 𝑇total is the total traffic demand of
all the beams.

Moreover, comparisons are made of the power allocation
results for the three algorithms in the following two scenarios,
with different interbeam interference matrixes.

Scenario 1. In this system, each beam interferes with the three
adjacent beams. As a result, the element in the interbeam
interference matrix is set as follows:

ℎ
𝑖𝑗
=

{{{{

{{{{

{

0.3, if 𝑗 − 𝑖
 = 1 or 𝑗 − 𝑖 ± 10

 = 1

0.2, if 𝑗 − 𝑖
 = 2 or 𝑗 − 𝑖 ± 10

 = 2

0.1, if 𝑗 − 𝑖
 = 3 or 𝑗 − 𝑖 ± 10

 = 3

0, esle.

(10)

Figure 2 shows the capacity allocated to each beam for
the three power allocation algorithms in Scenario 1. Table 1
presents the total system capacities of the three power
allocation algorithms in Scenario 1. As shown in Figure 2,
the uniform power allocation algorithm uniformly allocates
power to each beam, regardless of the traffic demand of
the beams or the fairness of the power allocations amongst
the beams. Moreover, the total interference from the other
beams is the same for each beam, and as a result the
capacity allocated to each beam is the same.The proportional
power allocation algorithm allocates the power resources to
each beam solely according to the traffic demand of each
beam, regardless of the interbeam interference. Therefore,
the capacity allocated to a beam with high traffic demand
is higher than that allocated to a beam with low traffic
demand. Compared with the proportional power allocation
algorithm, the proposed dynamic power allocation algorithm
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Figure 2: Distribution of the capacity allocated to each beam, for
the three algorithms in Scenario 1.

Table 1: Total system capacity of the three algorithms in Scenario 1.

Algorithm ∑𝐶
𝑖

Uniform power allocation 692.83 (Mbps)
Proportional power allocation 685.20 (Mbps)
Proposed dynamic power allocation 675.03 (Mbps)

Table 2: System’s total squared difference for the three algorithms
from Scenario 1.

Algorithm ∑ (𝑇
𝑖
− 𝐶
𝑖
)
2

Uniform power allocation 3.93𝐸16

Proportional power allocation 3.54𝐸16

Proposed dynamic power allocation 3.48𝐸16

allocatesmore power resources to beams having higher traffic
demands, in order to minimize the system’s total squared
difference between the traffic demand and the capacity
allocated to each beam. However, due to the concavity of
the capacity function in terms of allocated power, the total
system capacity is decreased, which is also shown by the data
in Table 1.

Figure 3 shows the squared difference between the traf-
fic demand and allocated capacity of each beam, for the
three algorithms from Scenario 1. Table 2 presents the total
squared difference for the three algorithms in Scenario 1. As
mentioned above, the proposed dynamic power allocation
algorithm provides more power resources to the beams with
higher traffic demands. As a result, when the results of the
proposed dynamic power allocation algorithm are compared
to the results of the other two algorithms, the squared
difference for the beams with high traffic demands is lower
and the squared difference for the beams with low traffic
demand is higher. Moreover, the total squared difference for
the proposed dynamic power algorithm is the lowest of the
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Figure 3: Distribution of the squared difference between the traffic
demand and the allocated capacity of each beam, for each of the
three algorithms from Scenario 1.
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Figure 4: Distribution of the allocated capacity to each beam, for
the three algorithms in Scenario 2.

three algorithms.This conclusion is also demonstrated by the
data shown in Table 2.

Scenario 2. In this scenario, it is assumed that there is a
hostile interference source in Beam 1. Thus we consider that
only Beam 1 interferes with the other beams. The interbeam
interference matrix is set as follows:

ℎ
𝑖𝑗
= {

0.3, 𝑖 = {2, . . . 10} , 𝑗 = 1

0, else.
(11)
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Figure 5: Distribution of the squared difference between the traffic
demand and the capacity allocated to each beam, for the three
algorithms in Scenario 2.

Figure 4 shows the allocated capacity for each beam,
for the three power allocation algorithms in Scenario 2.
Table 3 presents the total system capacities of the three
power allocation algorithms from Scenario 2. It is known
that only Beam 1 interferes with the other beams. It will
seem reasonable that, by allocating less power to Beam 1,
the interference on the other beams will decrease, and the
total system capacity will increase. To this end, the proposed
dynamic power allocation algorithm allocates no power to
Beam 1 to decrease its interference with the other beams.
However, both the uniform and the proportional power
allocation algorithms allocate power to each beam, regardless
of the interbeam interference matrix in the system. Thus, the
power allocated to each beam in Scenario 2 is the same as
that in Scenario 1, and the power allocated to Beam 1 is not
decreased. As a result, the total system capacity obtained by
the two algorithms is less than that obtained by the proposed
dynamic power allocation algorithm, as shown in Table 3.

Figure 5 shows the squared difference between the traffic
demand and the capacity allocated to each beam, for the three
algorithms in Scenario 2. Table 4 presents the total squared
difference for the three algorithms in Scenario 2. Figure 5
shows that the squared difference of Beam 1 obtained by
the proposed algorithm is higher than that obtained by the
other two algorithms. However, the squared differences from
Beams 2 to 10 are lower. This is because when compared
with the other two algorithms, the proposed dynamic power
allocation algorithm provides no power resources to Beam 1
and provides more power to Beams 2 through 10. Moreover,
the total squared difference of the proposed dynamic power
allocation algorithm is less than that of the other two power
allocation algorithms. Taken together with the conclusion
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Table 3: Total system capacity for the three algorithms in Scenario
2.

Algorithm ∑𝐶
𝑖

Uniform power allocation 605.71 (Mbps)
Proportional power allocation 650.39 (Mbps)
Proposed dynamic power allocation 744.40 (Mbps)

Table 4: System’s total squared difference for the three algorithms
in Scenario 2.

Algorithm ∑ (𝑇
𝑖
− 𝐶
𝑖
)
2

Uniform power allocation 5.20𝐸16

Proportional power allocation 3.54𝐸16

Proposed dynamic power allocation 2.75𝐸16

Table 5: Total system capacity for the three algorithms in Scenario
3.

Algorithm ∑𝐶
𝑖

Uniform power allocation 519.29 (Mbps)
Proportional power allocation 560.92 (Mbps)
Proposed dynamic power allocation 655.70 (Mbps)

about the total system capacity, it is clear that the proposed
dynamic power allocation algorithm improves both the
system capacity and the fairness of the power allocations
amongst the beams in this scenario.

It is noted that the traffic demand and the channel
conditions of each beam are the same in the two scenarios,
and only the interbeam interferencematrix is different. How-
ever, the power allocation result obtained by the proposed
algorithm shows a great difference in the two scenarios. In
other words, the interbeam interference between the beams
has a significant impact on the power allocation results. In
addition, the proposed algorithm dynamically allocates the
power resource to each beam, taking into account the impact
of the interbeam interference between the beams, making the
best effort in removing the adverse impacts of the interbeam
interference.

5.2. The Effects of the Channel Condition of Each Beam on the
Power Allocation Results. It is known that signal attenuation
factor 𝛾 is affected by channel conditions. To show the
impact of the channel conditions of each beam on the power
allocation results, the following scenario is set up.

Scenario 3. The normalized noise power spectral density
parameters 𝛾𝑁

0
from Beams 3 through 5 are set to be 0.2𝑒−6,

1.2𝑒
−6, and 2.2𝑒

−6. The traffic demand of the three beams is
set to be the same as 100Mbps. The interbeam interference
matrix is set to be the same as that in Scenario 2, and other
parameters in the system remained the same.

Figure 6 shows the capacity allocated to each beam for
the three power allocation algorithms when the channel con-
ditions of each beam are different. Table 5 presents the total
system capacity for the three power allocation algorithms
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Figure 6: Distribution of the capacity allocated to each beam, for
the three algorithms in Scenario 3.

Table 6: System’s total squared difference for the three algorithms
in Scenario 3.

Algorithm ∑ (𝑇
𝑖
− 𝐶
𝑖
)
2

Uniform power allocation 5.99𝐸16

Proportional power allocation 4.88𝐸16

Proposed dynamic power allocation 3.71𝐸16

in Scenario 3. It is noted that the traffic demand and total
interference from the other beams, for Beams 3 through 5,
are the same, and only the channel conditions of the three
beams are different. As shown in Figure 6, the proposed
dynamic power allocation algorithm provides more power
resources to the beams that have better channel conditions,
and rarely or never provides power to beams with worse
channel conditions. Beam 5, for example, with the worst
channel condition is provided with no power resources.
Therefore, the proposed dynamic power allocation algorithm
not only considers the fairness of the power allocations
amongst the beams, but also tries tomaximize the throughput
of the system and achieves a good system performance as
predicted. The proportional or uniform power allocation
algorithms cannot dynamically allocate the power resources
to each beam according to their channel conditions; thus
their total system capacities are less than that of the proposed
dynamic power allocation algorithm, as clearly demonstrated
by the data shown in Table 5.

Figure 7 shows the squared difference between the traffic
demand and the capacity allocated to each beam, for the three
algorithms in Scenario 3. Table 6 presents the total squared
difference of the three algorithms in Scenario 3.Asmentioned
above, the proposed dynamic power allocation algorithm
provides more power resources to the beams having better
channel conditions. As a result, the squared difference of the
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Figure 7: Distribution of squared difference between the traffic
demand and the capacities allocated to each beam, for the three
algorithms in Scenario 3.

traffic demand and the capacity allocated to the beams with
better channel conditions is smaller than that of the other
two algorithms, as shown in Figure 7. Moreover, the total
squared difference of the proposed dynamic power allocation
algorithm is also the smallest of the three algorithms. Thus,
the fairness of the power allocations amongst the beams
that is obtained by the proposed dynamic power allocation
algorithm provides the optimal optimization.

6. Conclusions

In multibeam satellite communication systems, due to the
reusing of frequencies, there exists interbeam interference
between the beams, which cannot be ignored in determining
power allocations. To precisely describe the impact of the
interbeam interference, the problem of power allocation as
a non-linear optimization with constraints was formulated,
including a compromise between the maximization of total
system capacity and the fairness of the power allocations
to the beams. A dynamic power allocation algorithm was
then proposed to obtain a locally optimal solution to the
optimization.

It was shown that, compared with the traditional uniform
or proportional power allocation algorithms, the proposed
dynamic power allocation algorithm improved the fairness
of the power allocations to the beams and also increased the
total system capacity in certain scenarios, such as Scenarios
2 and 3 as presented in Section 5. In addition, the interbeam
interference between both the beams and the channel con-
ditions of each beam had a significant impact on the power
allocation results. The proposed dynamic power allocation
algorithm functioned to remove the adverse impacts of these

factors; for example, the algorithm allocated less power to the
beams which had greater interference on the other beams, or
which had worse channel conditions.

Appendix

Equation (7) is expressed in detail.
When 𝑖 = 𝑗, 𝜕𝐶

𝑗
/𝜕𝑃
𝑖
is given as

𝜕𝐶
𝑖

𝜕𝑃
𝑖

=
𝑊

ln 2
⋅

1

𝛾𝑊𝑁
0
+ ∑
𝑁

𝑘=1,𝑘 ̸= 𝑖
𝑃
𝑘
ℎ
𝑖𝑘
+ 𝑃
𝑖

. (A.1)

When 𝑖 ̸=𝑗, 𝜕𝐶
𝑗
/𝜕𝑃
𝑖
is expressed as

𝜕𝐶
𝑗

𝜕𝑃
𝑖

=
−𝑊

ln 2

⋅ 𝑃
𝑗
ℎ
𝑗𝑖
× ((𝛾𝑊𝑁

0
+

𝑁

∑

𝑘=1,𝑘 ̸= 𝑗

𝑃
𝑘
ℎ
𝑗𝑘
)

2

+𝑃
𝑗
(𝛾𝑊𝑁

0
+

𝑁

∑

𝑘=1,𝑘 ̸= 𝑗

𝑃
𝑘
ℎ
𝑗𝑘
))

−1

.

(A.2)

Substituting (A.1) and (A.2) into (7), the following equa-
tion is obtained:

(𝑇
𝑖
− 𝐶
𝑖
)
2𝑊

ln 2
⋅

1

𝛾𝑊𝑁
0
+ ∑
𝑁

𝑘=1,𝑘 ̸= 𝑖
𝑃
𝑘
ℎ
𝑖𝑘
+ 𝑃
𝑖

− 𝜆

=

𝑁

∑

𝑗=1,𝑗 ̸= 𝑖

𝑊

ln 2
(2𝑇
𝑗
− 2𝐶
𝑗
) ⋅ 𝑀
𝑗𝑖
,

(A.3)

where

𝑀
𝑗𝑖
= 𝑃
𝑗
ℎ
𝑗𝑖
× ((𝛾𝑊𝑁

0
+

𝑁

∑

𝑘=1,𝑘 ̸= 𝑗

𝑃
𝑘
ℎ
𝑗𝑘
)

2

+𝑃
𝑗
(𝛾𝑊𝑁

0
+

𝑁

∑

𝑘=1,𝑘 ̸= 𝑗

𝑃
𝑘
ℎ
𝑗𝑘
))

−1

.

(A.4)

According to (A.3), the optimized power allocation of
the 𝑖th beam 𝑃

𝑖
could be obtained by numerical calculation

methods.
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