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and Arthur José Vieira Porto
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Control over networks is one of the two main research areas
in networked control systems, where systems to be con-
trolled, actuators, sensors, and controllers share and ex-
change information over wire-linked or wireless networks
rather than hardwired. The system elements are typically
spatially isolated from one another and operating in an
asynchronous manner. With the introduction of commu-
nications networks in control systems, researchers from a
variety of disciplines in both industrial and university re-
search centers have become interested in this exciting and
challenging research area due to its wide applications. Several
common constraints in the networked control systems are (i)
transmitting delays in transferring information to and from
the controller; (ii) limited communication bandwidth for the
feedback information being sent to the controller and for the
control commands being transmitted to the actuators; (iii)
data dropout due to network congestions.

In the past decade, the research in this area was active
and gained significant progress with many successful appli-
cations; however, tremendous theoretical and technical chal-
lenges still exist. Many fundamental issues such as stable
operation of interconnected real-time systems, signal coding,
decoding and control information flow, and effects of the
network constraints on the performance of control systems,
remain to be dealt with.

The main focus of this special issue is on the most recent
theoretical developments, results, and applications in the
area of methods for control over networks. A total of 14
papers were submitted for this special issue, and 7 out of
the submitted papers have been accepted for this special issue
and present interesting results.

The special issue is initiated by a paper written by X.
Meng and T. Chen, which focuses on the asymptotic stabili-
zation of linear systems over networks based on event-driven
communication with time-varying delays. A new communi-
cation logic is proposed to reduce the feedback effort provid-
ing more advantages over traditional ones with continuous
feedback.

L. Sheng et al. propose a consensus-based formation
control for a class of networked multiple mobile robots with
a virtual leader approach. A multiple Lyapunov Krasovskii
functional candidate is proposed for investigating the suffi-
cient conditions to linear control gain design for each robot.
Simulation results and experimental studies on Pioneer 3
series mobile robots are shown to verify the effectiveness of
the proposed approach.

When there are sensor nonlinearities and packet loss
in the system, a robust H∞ filtering approach of a class
of discrete-time stochastic system with randomly occurred
nonlinearity is investigated by T. Sun et al. Based on the
Lyapunov-Krasovskii functional method, the asymptotical
mean-square stability condition of the filtering system with
a prescribed H∞ level is derived.

The packet loss issue is further dealt with in the paper by
C. Hsieh and P. Hsu. Dropout data can be properly recovered
by applying different message estimators to improve motion
contouring accuracy. The short-window dropout quantity
is proposed to estimate the network quality based on the
dropout rate, and its distribution of the missing data and
switching least-square estimator are proposed to compensate
for missing motion commands.
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A CAN-based networked control system is applied to a
multifunctional robotic platform in the work by E. Godoy
et al. for precision agriculture. The results demonstrate that
the NCS was simple and efficient, providing suitable steering
performance for the platform guidance, and overcame some
verified control challenges in the robot guidance system
design such as the hydraulic system delay, nonlinearities in
the steering actuators, and inertia in the steering system due
to the friction of different terrains.

Under the random packet loss in both channels, a robust
fault-tolerant controller design problem is investigated by X.
Qi et al. The system includes state delay, model uncertainty,
disturbance, probabilistic sensor failure and actuator failure.
A sufficient condition for the asymptotic mean-square sta-
bility of NCS is derived with a designed fault-tolerant
controller.

Finally, J. Wang et al. study the stabilization problem of
a wireless networked control system with time delays and
packet loss existing simultaneously. The system is modeled
as an asynchronous dynamic system (ADS) with unstable
subsystems. A sufficient condition for the system to be stable
is presented and demonstrated by a numerical example.

We expect that the papers included in the special issue
contribute significantly to advance the research on the
methods for control over networks. Finally, we would like to
thank all the authors who have submitted their papers to the
special issue and all the reviewers who helped handling the
submitted papers to the special issue.

Ya-Jun Pan
Peter X. Liu

Yang Shi
Jie Sheng
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A robust fault-tolerant controller design problem for networked control system (NCS) with random packet dropout in both
sensor-to-controller link and controller-to-actuator link is investigated. A novel stochastic NCS model with state-delay, model
uncertainty, disturbance, probabilistic sensor failure, and actuator failure is proposed. The random packet dropout, sensor failures,
and actuator failures are characterized by a binary random variable. The sufficient condition for asymptotical mean-square stability
of NCS is derived and the closed-loop NCS satisfies H∞ performance constraints caused by the random packet dropout and
disturbance. The fault-tolerant controller is designed by solving a linear matrix inequality. A numerical example is presented to
illustrate the effectiveness of the proposed method.

1. Introduction

Networked control systems (NCSs) are one type of dis-
tributed control systems, in which the information of control
system components (sensors, controllers, actuators, etc.)
is exchanged via communication networks (see Figure 1).
Compared with the conventional point-to-point control
systems, NCSs have many advantages, such as low cost of
installation and maintenance, ease of diagnosis, and flexible
architectures. However, the network in the control systems
also bring many problems, such as network-induced delay,
packet dropout, multiple channel transmission (as in [1–4]).
Recent researches have a deep look into the controller and
filter design for NCSs without faults (see [5–10]) and the
references therein.

Actually, NCSs are more vulnerable to faults than con-
ventional control systems, due to the complexity introduced
by the network. It is very significant to guarantee security and
reliability of NCSs, because modern technological systems
rely on sophisticated control systems to meet increased
performance and safety requirement. Therefore, research on
fault-tolerant control (FTC) for NCSs has attracted more and
more attention from both industry and academia.

However, research on FTC for NCSs is quite different
from the ones for conventional control systems in many
aspects (see [11–15]). A suitable architecture for FTC of
NCSs must take into consideration the dynamical behaviour
of network. In most research on FTC for NCSs, the fault
model is described in a static way (as in [16–20]). Actually,
faults often happen in a random way, so it is suitable to
be studied in a dynamic way (as in [21–25]). In [21],
the probabilistic sensor reductions are modeled by using
a random variable that obeys a specific distribution in a
known interval. In [22], the entire sensor failures or missing
measurements have been described as a Bernoulli distributed
variable. The reliable control design is considered for NCSs
against probabilistic actuator fault with different failure rates
in [23]. But, only actuator failures or sensor failures are
considered in [16–23].

As we know, many engineering control systems such
as conventional oil-chemical industrial processes, nuclear
reactors, long transmission lines in pneumatic, hydraulic,
and rolling mill systems, NCSs contain some time-delay
effects, model uncertainties (as in [26, 27]), and exter-
nal disturbances. However, most of the aforementioned
researches discuss FTC for NCSs without model uncertainty
and disturbance(as in [16–20, 23, 24]).
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Figure 1: Schematic description of a distributed NCS.

Therefore, from the above description, considering
random packet dropout, the robust FTC for state-delay
uncertain NCSs with both probabilistic sensors failures and
actuators failures is still a challenging problem.

In this paper, we study the robust FTC problem for NCSs
with random packet dropout in both sensor-to-controller
(S-C) link and controller-to-actuator (C-A) link. A new
stochastic NCS model with fault is proposed, which includes
the state-delay, model uncertainty, disturbance, random
packet dropout, probabilistic sensors failures, and actuators
failures. The random packet dropout, the sensor failure
and the actuator failure are described as a binary random
variable. The aim of this paper is to design a dynamic fault-
tolerant controller for the NCS including packet dropouts,
both sensor failures and actuator failures. The closed-loop
NCS can be asymptotical mean-square stability and satisfies
the performance constraint.

The rest of the paper is organized as follows. The problem
is formulated in Section 2, a new stochastic NCS with prob-
abilistic sensors failures and actuators failures is modelled.
Section 3 presents the integral analysis of asymptotical mean-
square stability for stochastic NCS with sensor and actuator
faults. Section 4 designs a dynamic fault-tolerant controller.
Section 5 gives a numerical example to demonstrate the
effectiveness of the proposed method. Concluding remarks
are made in Section 6.

2. Problem Formulation

Consider the following uncertain linear state-delay system:

xk+1 = (A + ΔA)xk + Adxk−d + Buk + D0ωk,

yk = C0xk,

zk = Cxk + Cdxk−d + D1ωk,

(1)

where xk ∈ Rn, yk ∈ Rm, uk ∈ Rp, zk ∈ Rq denote the
state, the sensor measurement, the control input, and the
controlled output, respectively. ωk ∈ Rr is the disturbance
input belonging to l2[0,∞). A,Ad,B,C0,C,Cd,D0,D1, are
known real constant matrices with appropriate dimensions.
d > 0 is a known delay. ΔA denotes the model uncertainty,
which satisfies ΔA = HFkN , FT

k Fk < I , Fk represents an
unknown real-valued time-varying matrix.

Figure 1 shows a typical feedback loop of NCS. Due to
network congestion, traffic load balancing, or other unpre-
dictable network behavior, the network-induced delay, data
packet dropout, disorder may occur at the same time. In this
paper, we focus on the data packet dropout phenomenon.
Some assumptions in this paper are as follows.

(1) The sensor is clock-driven, the controller and the
actuator are event-driven.

(2) Data packet dropouts occur in both S-C link and C-A
link.

(3) Data are single-packet transmission with timestamp.

(4) Ignore the effects of quantization and asynchronous
error in this paper.

Remark 1. A clock-driven sensor can send measurements to
network periodically and is often used in real-time comput-
ing. The advantage of event-driven controller/actuator is that
the controller/actuator will be updated as soon as the new
data packet comes.

Remark 2. Taking the Internet as an illustration, the Trans-
mission Control Protocol (TCP) is one of the core protocols
of the Internet Protocol Suite. TCP is responsible for veri-
fying the correct delivery of data from client to server. Data
can be lost in the intermediate network. TCP adds support to
detect errors or lost data and to trigger retransmission until
the data is correctly and completely received. Thus, TCP is
optimized for accurate delivery rather than timely delivery.
Furthermore, for real-time feedback control, it is appropriate
to discard the old data and transmit a new packet if it is
available.

Therefore, we assume if the total network-induced delay
τk is larger than a sampling period, the output terminal
will actively discard this packet, which means the network-
induced delay problem can be considered as a packet-
dropout problem. And the receiver with a buffer can rear-
range the packets by reading the information of timestamp;
in this way, the data disorder problem will be solved. Hence,
we only focus on the data packet dropout issue in this paper.

The binary random variable θk is an identically dis-
tributed (i.i.d.) process. θk = 1 means that there is no packet
dropout, and the sensors and the actuators are reliable; θk =
0 means packet is lost, and the sensors and the actuators have
failures. The probability distribution of θk is P{θk = 0} =
p, P{θk = 1} = 1− p, where p ∈ (0, 1) indicates the sensor
/actuator failure rate and the packet dropout rate.

Considering the channel from the sensor to the con-
troller, the sensor measurement yk will be updated to yk as
follows:

yk = θk yk + (1− θk)yk−1. (2)

Considering the channel from the controller to the
actuator, the control output uk will be updated as follows:

uk = θkuk + (1− θk)uk−1. (3)
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Remark 3. From expressions (2) and (3), when θk = 0 at
time k, the sensor measurements and control information
at time k are missing. The last available measurement yk−1
and controller output uk−1 stored in a buffer are utilized to
substitute the missing data, which means at least one packet
can be transmitted successfully in a sampling period.

Since the random variable θk also represents sensor
failures and actuator failures, the dynamic fault-tolerant
controller is designed

x̂k+1 = Af x̂k + Bf yk,

uk = Cf x̂k.
(4)

Define ηk = [xTk , x̂Tk ]
T

,dk = [uTk−1, yTk−1]
T

, the stochastic
NCS with probabilistic sensor failures and actuator failures

ηk+1 = ˜Aηk +
(

θk − p
)

˜A2ηk + ˜AdZηk−d

+
(

θk − p
)

˜B1dk + ˜B2dk + ˜D1ωk,

zk = ˜Cηk + CdZηk−d + D1ωk,

(5)

where

˜A = ˜A1 + ˜HFk ˜N =
[

A pBCf

pB f C0 Af

]

+

[

H
0

]

Fk
[

N 0
]

,

˜A2 =
[

0 BCf

B f C0 0

]

, ˜Ad =
[

Ad

0

]

,

˜B1 =
[

−B 0
0 −Bf

]

, ˜B2 =
[
(

1− p
)

B 0
0

(

1− p
)

Bf

]

,

˜C =
[

C 0
]

, ˜D1 =
[

D0

0

]

, Z =
[

I 0
]

.

(6)

The aim of this paper is to design a dynamic fault-
tolerant controller for the NCS (5), such that for all the
possible data packet dropout and failures, the system (5)
satisfies the following requirements.

(Q1) The closed-loop NCS (5) is asymptotically mean-
square stable.

(Q2) Under the zero-initial condition, the output zk
satisfies

∞
∑

k=0

E
{

‖zk‖2
}

< γ2
∞
∑

k=0

E
{

‖ωk‖2
}

+ δ2
∞
∑

k=0

E
{

‖dk‖2
}

(7)

for all nonzero dk,ωk, where γ, δ > 0 are the scalars we will
design.

3. The Stability Analysis of NCS

In this section, the stability analysis for the NCS (5) is
discussed.

Lemma 4 (as in [28]). Let W = WT < 0, H ,N be matrices
of appropriate dimensions, with F satisfying FTF ≤ I , then
W + HFN + NTFTHT < 0 holds, if and only if there exists a
ε > 0 such that W + εHHT + ε−1NTN < 0.

Definition 5. The NCS with faults given by (5) with ωk =
0, dk = 0, is asymptotically mean-square stable, if for any
initial state, limk→∞E{‖zk‖2} = 0 holds.

Theorem 6. Given γ > 0, δ > 0, the system (5) is asymptotical-
ly mean-square stable, and the output zk satisfies (7), if there
exist matrices P = PT > 0, and Q = QT > 0 satisfying

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−P 0 P ˜A P ˜Ad P ˜D1 0 σP ˜B1 P ˜B2 0
∗ −I ˜C Cd D1 0 0 0 0
∗ ∗ −P 0 0 σ ˜AT

2 P 0 0 ZT

∗ ∗ ∗ −Q 0 0 0 0 0
∗ ∗ ∗ ∗ −γ2I 0 0 0 0
∗ ∗ ∗ ∗ ∗ −P 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ −δ2I 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −δ2I 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −Q−1

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

< 0.

(8)

Proof. Let Θk = [ηTk ,ηTk−1, . . . ,ηTk−d]T , for all nonzero ηk,
consider the Lyapunov function Vk(Θk) = V1k + V2k with

V1k = ηTk Pηk , V2k =
k−1
∑

i=k−d
ηTi Z

TQZηi. (9)

The difference of Vk is

ΔV1k = E{V1k(Θk+1)} −V1k(Θk)

= ηTk ˜A
TP ˜Aηk + ηTk ˜A

TP ˜AdZηk−d + ηTk ˜A
TP ˜B2dk

+ ηTk ˜A
TP ˜D1ωk + E

{

(

θk − p
)2
}

ηTk ˜A
T
2 P ˜A2ηk

+ E
{

(

θk − p
)2
}

ηTk ˜A
T
2 P ˜B1dk + ηTk−dZ

T
˜AT
d P ˜Aηk

+ ηTk−dZ
T
˜AT
d P ˜AdZηk−d + ηTk−dZ

T
˜AT
d P ˜B2dk

+ ηTk−dZ
T
˜AT
d P ˜D1ωk + E

{

(

θk − p
)2
}

dTk ˜B
T
1 P ˜A2ηk

+ E
{

(

θk − p
)2
}

dTk ˜B
T
1 P ˜B1dk + dTk ˜B

T
2 P ˜Aηk

+ dTk ˜B
T
2 P ˜AdZηk−d + dTk ˜B

T
2 P ˜B2dk

+ dTk ˜B
T
2 P ˜D1ωk + ωT

k
˜DT

1 P ˜Aηk + ωT
k
˜DT

1 P ˜AdZηk−d

+ ωT
k
˜DT

1 P ˜B2dk + ωT
k
˜DT

1 P ˜D1ωk − ηTk Pηk

ΔV2k = E{V2k(Θk+1)} −V2k(Θk)

= ηTk
(

ZTQZ
)

ηk − ηTk−dZ
TQZηk−d.

(10)

For E{θk−p} = 0, and denote E{(θk−p)2} = σ2, we have

ΔVk =

⎡

⎢

⎢

⎢

⎣

ηk
Zηk−d
dk
ωk

⎤

⎥

⎥

⎥

⎦

T⎡

⎢

⎢

⎢

⎣

Φ11 Φ12 Φ13 Φ14

∗ Φ22 Φ23 Φ24

∗ ∗ Φ33 Φ34

∗ ∗ ∗ Φ44

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

ηk
Zηk−d
dk
ωk

⎤

⎥

⎥

⎥

⎦

< ζTk Φi j ζk
(

i, j = 1, . . . , 4
)

,

(11)

where ζk = [ηTk ,ηTk−dZ
T ,dTk ,ωT

k ]T ,Φ11 = ˜ATP ˜A +
ZTQZ + σ2

˜AT
2 P ˜A2 − P, Φ12 = ˜ATP ˜Ad, Φ13 = ˜ATP ˜B2 +

σ2
˜AT

2 P ˜B1, Φ14 = ˜ATP ˜D1, Φ22 = ˜AT
d P ˜Ad − Q, Φ23 =
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˜AT
d P ˜B2, Φ24 = ˜AT

d P ˜D1, Φ33 = ˜BT
2 P ˜B2 + σ2

˜BT
1 P ˜B1, Φ34 =

˜BT
2 P ˜D1, Φ44 = ˜DT

1 P ˜D1, ∗ is implicitly defined by the fact
that the matrix is symmetric.

When ωk = 0,dk = 0, (11) is rewritten as

ΔVk,ωk=dk=0

=
[

˜ATP ˜A + ZTQZ + σ2
˜AT

2 P ˜A2 − P ˜ATP ˜Ad

˜AT
d P ˜A ˜AT

d P ˜Ad −Q

]

= Π.

(12)

From (8) and the Schur complement theorem, Π < 0 is
arrived. Therefore, for all nonzero ηk, we have ΔVk < 0, then
the NCS (5) with sensor and actuator fault is asymptotically
mean-square stable.

Next, For any nonzero ωk,dk, it follows from (5), (8), and
(11) that

E{V(Θk+1)} − E{V(Θk)} + E
{

zTk zk
}

− γ2E
{

ωT
k ωk

}

− δ2E
{

dTk dk
}

≤ E
{

ζTk Φi j ζk + ηTk ˜C
T
˜Cηk

+ ηTk ˜C
TCdZηk−d + ηTk ˜C

TD1ωk

+ ηTk−dZ
TCT

d
˜Cηk + ηTk−dZ

TCT
d CdZηk−d

+ ηTk−dZ
TCT

d D1ωk + ωT
k D

T
1
˜Cηk

+ ωT
k D

T
1 CdZηk−d + ωT

k D
T
1 D1ωk

−γ2ωT
k ωk − δ2dTk dk

}

.

(13)

Then, we have

E{V(Θk+1)} − E{V(Θk)} + E
{

zTk zk
}

− γ2E
{

ωT
k ωk

}

− δ2E
{

dTk dk
}

< 0.
(14)

Now, summing (14) from 0 to∞ with respect to k yields
∞
∑

k=0

E
{

zTk zk
}

< γ2
∞
∑

k=0

E
{

ωT
k ωk

}

+ δ2
∞
∑

k=0

E
{

dTk dk
}

+ E{V0} − E{V∞}.
(15)

Since the system (5) is asymptotically mean-square stable, we
can get that the following inequality:

∞
∑

k=0

E
{

zTk zk
}

< γ2
∞
∑

k=0

E
{

ωT
k ωk

}

+ δ2
∞
∑

k=0

E
{

dTk dk
}

(16)

holds under the zero initial condition. The proof is thus,
complete.

4. Robust H∞ Controller Design

In this section, a theorem will be proposed to solve the
controller design problem for stochastic state-delay NCS (5).

Theorem 7. Given a scalar γ > 0, δ > 0, the system (5) is
asymptotically mean-square stable, and the controlled output
zk satisfies the H∞ constraints (7), if there exist real scalars ε >
0, and matrices S = ST > 0, Q = QT > 0, and R = RT >
0, and real matrices W1,W2, and W3, such that the following
inequality holds:

[

Ωi j

]

< 0, i, j = 1, . . . , 16, (17)

where Ω11 = −S−1, Ω12 = −I , Ω14 = A + pBW3, Ω15 =
A, Ω16 = Ad, Ω17 = D0,Ω1,10 = −σB,Ω1,12 = (1 −
p)B,Ω1,15 = H ,Ω21 = −I ,Ω22 = −R,Ω24 = RA + pW2C0 +
W1,Ω25 = RA + pW2C0,Ω26 = RAd,Ω27 = RD0,Ω2,10 =
−σRB,Ω2,11 = −σW2,Ω2,12 = (1 − p)RB,Ω2,13 =
(1 − p)W2,Ω2,15 = RH ,Ω33 = −I ,Ω34 = C,Ω35 =
C,Ω36 = Cd,Ω37 = D1,Ω41 = ΩT

14, Ω42 = ΩT
24, Ω43 =

CT , Ω44 = −S, Ω45 = −S, Ω48 = σWT
3 B

T , Ω49 =
σWT

3 B
TR + σCT

0 W
T
2 , Ω4,14 = I , Ω4,16 = εNT , Ω51 =

AT , Ω52 = ΩT
25, Ω53 = CT , Ω54 = −S, Ω55 = −R, Ω59 =

σCT
0 W

T
2 , Ω5,14 = Q, Ω5,16 = εNT , Ω61 = AT

d , Ω61 =
AT
d R, Ω63 = CT

d , Ω66 = −Q, Ω71 = DT
0 , Ω72 =

DT
0 R, Ω73 = DT

1 , Ω77 = −γ2I , Ω84 = ΩT
48, Ω88 =

−S, Ω89 = −S, Ω94 = ΩT
49, Ω95 = ΩT

59, Ω99 = −R, Ω10,1 =
−σBT , Ω10,2 = −σBTR, Ω10,10 = Ω11,11 = Ω12,12 = Ω13,13 =
−δ2I , Ω11,2 = ΩT

2,11, Ω12,1 = ΩT
12,1, Ω12,2 = ΩT

2,12, Ω13,2 =
ΩT

2,13, Ω14,4 = I ,Ω14,5 = QT , Ω14,14 = −I , Ω15,1 =
HT , Ω15,2 = HTR, Ω15,15 = Ω16,16 = −εI , Ω16,4 = Ω16,5 =
εN , the rest of matrix entries are zero.

The fault-tolerant controller parameters are

Af = X−1
12

[

(

W1 − pRBW3
)

S−1
(

YT
12

)−1
]

,

Bf = X−1
12 W2, Cf =W3S

−1
(

YT
12

)−1
.

(18)

Proof. The system (5) is a parameter-dependent system. By
Lemma 4, (8) is rewritten as

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−P 0 P ˜A1 P ˜Ad P ˜D1 0 σP ˜B1 P ˜B2 0 P ˜H 0
∗ −I ˜C Cd D1 0 0 0 0 0 0
∗ ∗ −P 0 0 σ ˜AT

2 P 0 0 ZT 0 ε ˜NT

∗ ∗ ∗ −Q 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ −γ2I 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ −P 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ −δ2I 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −δ2I 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −Q−1 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −εI 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −εI

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

< 0. (19)
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Next, partition P and P−1 as

P =
[

R X12

XT
12 X22

]

, P−1 =
[

S−1 Y12

YT
12 Y22

]

. (20)

Define

T1 =
[

S−1 I
YT

12 0

]

, T2 =
[

I R
0 XT

12

]

. (21)

Obviously, we have PT1 = T2, TT
1 PT1 = TT

1 T2. Performing
the congruence transformation diag{TT

1 , I, TT
1 , I, I, TT

1 I , I,
TT

1 , I, I} to (19), we obtain the following:

[

Λi, j

]

< 0, i, j = 1, . . . , 16, (22)

where Λ11 = −S−1, Λ12 = −I , Λ14 = AS−1 + pBCf Y
T
12,

Λ15 = A, Λ16 = Ad, Λ17 = D0, Λ1,10 = −σB, Λ1,12 =
(1 − p)B, Λ1,15 = H , Λ21 = −I , Λ22 = −R, Λ24 = (RA +
pX12Bf C0)S−1 +(pRBCf +X12Af )YT

12, Λ25 = RA+pX12Bf C0,
Λ26 = RAd, Λ27 = RD0, Λ2,10 = −σRB, Λ2,11 = −σX12Bf ,
Λ2,12 = (1 − p)RB, Λ2,13 = (1 − p)X12Bf , Λ2,15 = RH ,
Λ33 = −I , Λ34 = CS−1, Λ35 = C, Λ36 = Cd, Λ37 = D1,
Λ41 = ΛT

41, Λ42 = ΛT
42, Λ43 = S−1CT , Λ44 = −S−1, Λ45 =

−I , Λ48 = σY12C
T
f B

T , Λ49 = σY12C
T
f B

TR + σS−1CT
0 B

T
f X

T
12,

Λ4,14 = S−1, Λ4,16 = εS−1NT , Λ51 = AT , Λ52 = ΛT
25,

Λ53 = CT , Λ54 = −S, Λ55 = −R, Λ59 = σCT
0 B

T
f X

T
12,

Λ5,12 = I , Λ5,16 = εNT , Λ61 = AT
d , Λ62 = AT

d R, Λ63 = CT
d ,

Λ66 = −Q, Λ71 = DT
0 , Λ72 = DT

0 R, Λ73 = DT
1 , Λ77 = −γ2I ,

Λ84 = ΛT
48, Λ88 = −S−1, Λ89 = −I , Λ94 = ΛT

49, Λ95 = ΛT
59,

Λ99 = −R, Λ10,1 = −σBT , Λ10,2 = −σBTR,Λ11,2 = −σX12Bf ,
Λ12,1 = (1− p)BT , Λ12,2 = (1− p)BTR, Λ13,2 = (1− p)X12Bf ,
Λ14,4 = S−1, Λ14,5 = I , Λ10,10 = Λ11,11 = Λ12,12 = Λ13,13 =
−δ2I , Λ14,14 = −Q−1, Λ15,15 = Λ16,16 = −εI ,Λ15,1 = HT ,
Λ15,2 = HTR, Λ16,4 = εNS−1, Λ16,5 = εN , the rest of matrix
entries are zero.

Applying the congruence transformation diag{I, I, I, S,
I, I, I, S, I, I, I, I, I, Q, I, I} to (22) again, then (17) is
achieved. Therefore, by Theorem 6, the desired result follows
immediately.

Next, we will design the scalars γ and δ by solving the
optimization problem,

min
ε,S,R,Q>0,W1,W2,W3

γ, δ, subject to (17). (23)

Using the robust control toolbox, we will get the optimal
value of γ and δ, and the proof is thus, complete.

Remark 8. From Theorems 6 and 7, we know if (17) is
feasible, I − RS−1 = X12Y

T
12 < 0, hence, the square and non-

singular matrices X12 and Y12 can be always found (as in
[29]). Then, the fault-tolerant controller parameters (18) are
obtained.
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Figure 2: State responses under the fault-tolerant controller.

5. Simulation Example

Consider the system (1) with parameters (as in [22]) as
follows:

A =
⎡

⎢

⎣

−0.3 0 −0.3
0 0.6 0.2

0.5 0 0.7

⎤

⎥

⎦, Ad =
⎡

⎢

⎣

−0.1 0 0
0 0.1 0
0 0 0.2

⎤

⎥

⎦,

B =
⎡

⎢

⎣

0
1
2

⎤

⎥

⎦, D0 =
⎡

⎢

⎣

0.5
0

0.2

⎤

⎥

⎦, H =
⎡

⎢

⎣

0.5
0.5
1

⎤

⎥

⎦,

C0 =
[

1 1 2
]

, C =
[

0.1 0 0
]

,

Cd =
[

0.1 0 0
]

, N =
[

0.1 0 0
]

, D1 = 0.1.

(24)

Choose the same parameters as [22], packet loss rate is p =
0.1, delay constant is d = 3. With the method in [22],
the optimal performance γ is 3.3339. Using the proposed
method in this paper, the optimal performance γ is 1.3614,
which means the smaller performance has been obtained.

Next, let the packet loss rate and fault probability p = 0.3,
delay constant is d = 2, under the initial condition x(0) =
[−0.2 0 0.5]T , γ = 1.6845, and δ = 2.0753, the fault-
tolerant controller parameters are designed by Theorem 7 as
follows.

Af =
⎡

⎢

⎣

0.1357 2.4132 −0.9861
−2.1036 −1.0003 −0.0584
−1.5372 −0.4739 −2.9271

⎤

⎥

⎦,

Bf =
⎡

⎢

⎣

−0.0697
0.7264
−0.0983

⎤

⎥

⎦, Cf =
[

−0.1016 −0.0712 0.2598
]

.

(25)

From Figure 2, it can be seen that state responses under
the designed controller can stabilize the NCS with data
packet loss, probabilistic actuator failures, and/or sensor
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failures, which can illustrate the effectiveness of the proposed
method.

6. Conclusion

Motivated by robust FTC problem over networks, a new
stochastic NCS model with fault is addressed, which includes
the state-delay, model uncertainty, disturbance, random
packet dropout, probabilistic sensors failures, and actuators
failures. The random packet dropout in both S-C link
and C-A link, the sensor failure and the actuator failure
are described as a binary random variable. The sufficient
condition for asymptotical mean-square stability of the NCS
has been derived and the closed-loop NCS satisfies H∞
performance constraints. Finally, by solving a linear matrix
inequality, the fault tolerant controller is designed.
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Missing commands from the interpolator caused by the dropout effect of network transmission will cause motion error in motion
plants implemented on network-based control systems (NCSs). Dropout data can be properly recovered by applying different
message estimators to improve motion contouring accuracy. This study shows that the dropout rate and the distribution of missing
commands dominate the motion error, and that more centralized missing commands result in a higher maximum contouring
error. The short-window dropout quantity (SDQ) is proposed in this paper to estimate the network quality based on the dropout
rate and its distribution of the missing data. Furthermore, according to the condition of missing data based on the SDQ, the
switching least-square estimator (LSE) is proposed to compensate for missing motion commands. Simulation and experimental
results on the two-axis AC servo motor NCS indicate that motion contouring accuracy is greatly improved by applying the
proposed estimator.

1. Introduction

Recently, network-based control systems (NCSs) have been
widely studied because of their advantages, such as lower
cost, easier troubleshooting, and implementation flexibility
[1, 2]. However, network-introduced time delay is unavoid-
able and the data dropout of NCS becomes significant as
node and data length increase or as the system sampling
time decreases with a limited network bandwidth. Recently,
coping with the network-introduced delay on NCS has been
widely studied using various approaches, such as robust H∞
control [3], passive control [4], and predictive control [5].
These methods handle the stochastic network delay with the
assumption that the delay is either relatively small or similar
to the sampling time in NCS.

In real applications, however, the network-induced time
delay may be significant enough to cause data traffic
congestion and collision; thus, data dropout occurs and
leads to the severe degradation of performance in NCS
[7]. The linear quadratic Gaussian (LQG) control has been
successfully used to solve random packet loss (e.g., TCP-like
protocols) to compensate for the missing data in NCS under

a relatively low dropout rate [8]. Optimal filtering based on
the Hn-norm estimation error has been presented to handle
multiple packet dropouts [9, 10]. The network predictor
control (NPC), which consists of a control prediction
generator (GPC), observer-based output predictor (OP), and
network delay compensator (NDC), has been proposed to
overcome network delay and data dropout rate [11]. A
reliable estimator to restore the missing data in real motion
NCS applications is still being pursued by automation and
industry engineers.

The general NCS architecture in Figure 1 shows that all
control and feedback signals are communicated through the
network for multiaxis motion systems. However, as the num-
ber of motion axes increases, network traffic also increases.
Therefore, in real control applications, the practical motion
NCS architecture with more efficient transmission for multi-
axis system is generally modified, as shown in Figure 2. Only
command messages are transmitted from the master to the
controller. These control and feedback signals are not sent
through the network in multiaxis motion systems. Therefore,
the transmission can meet the hard real-time requirement
within a sampling period to avoid heavy traffic in networks.
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Figure 1: The general NCS architecture with multiple nodes.
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Figure 2: The modified NCS architecture with multiaxis motion control systems.

Feedback messages may still be transmitted according to
monitoring functions by the event-triggering approach.

However, missing messages in motion NCS become
unavoidable when the network delay is longer than the
sampling period. Under such circumstances, a message
estimator is required to estimate the missing commands and
to compensate for their effect in motion accuracy. Various
message estimators have been proposed to cope with the
dropout effect for motion NCS under different conditions.
The 1-delay message estimator is implemented by estimating
the missing message using previously received data [12]. The

nonlinear NCS has been modeled as a Markovian jump linear
system, and the finite loss history estimator (FLHE) has been
proposed to improve data dropout effects when the dropout
rate is accurately known [13]. However, these methods
require an accurate plant/network model. Recently, model-
free strategies for control packet dropout compensators, such
as the proportional plus derivative (PD) predictor with a
different order of derivatives, have been proposed [14]. The
Taylor estimator has also been proposed to significantly
improve the control performance of motion control NCS
[6, 15]. These methods are preferred as dropout data over
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Figure 4: The motion NCS with the message estimator [6].

the network are evenly distributed. Missing data that occur
in a continuous format tend to lead to a more significant
maximum contouring error. Therefore, motion NCS require
a suitable index to express the data dropout quantity and to
imply its distribution.

This paper proposes the use of short-window dropout
quantities (SDQs) to indicate the network communication
quality for motion NCS based on both the dropout rate and
distribution of the missing data. This paper also proposes
an intelligent message estimator (IME) with a switching
mechanism based on real-time measured SDQ to obtain a
significantly-reduced motion error compared with the 1-
delay and Taylor message estimators in the literature [6, 12–
15].

Data dropout also leads to the problem of asynchroniza-
tion among different axes. Both simulation and experimental
results, with the nonuniform rational B-spline (NURBS)
motion commands [16, 17], have been verified using the pro-
posed message estimator. Results indicate that the proposed
estimator maintains the lowest transmission error and the
least motion contouring error as missing messages become
more severe. The CAN-based two-axis AC servo motor
control system has also been implemented with the proposed
estimator. Although a high dropout rate degrades NCS
performance, the contouring error in the motion control
is also closely related to centralized missing commands.
Therefore, an effective approach to estimate the quantity of
network communication by considering both the dropout

rate and the distribution of missing motion commands is
crucial to obtain a reliable motion NCS.

2. Data Dropout Quantity in Motion NCS

In motion NCS, the control messages for each motion axis
must be transmitted on time through the network protocol
to meet control design specifications, as shown in Figure 3.
Since the network-induced time delay exists in stochastic and
time-varying natures, the transmitted messages may miss
the hard real-time deadline because of the limited network
bandwidth and the missing data thus occurs.

2.1. Modeling of the Data Dropout. Concerning the missing
data in motion NCS, d represents a binary process with
probability P(d[k] = 1) = ε and P(d[k] = 0) = 1 − ε, and
the data dropout occurs when d[k] = 1, where C(z) and P(z)
represent the controller and the plant, respectively, as shown
in Figure 4 [6]. During the network transmission, the general
message estimator F(z) is activated to compensate for the
lost data packets with the estimated motion commands r̂ as
[9]:

r[k] = r[k], if d[k] = 0,

r[k] = r̂[k], if d[k] = 1, ⇐= dropout.
(1)

2.2. The Distribution Effect of Data Dropout. Traditionally,
the data dropout rate ε is recognized as the quality of service
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Figure 5: (a) Distributed-dropout signals and (b) centralized-dropout signals with the same dropout rate 20%.
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Figure 6: NURBS position commands.

(QoS) for most NCSs. However, in motion NCS, central-
ized missing data will cause a more serious motion error
compared with evenly distributed missing data, as shown in
Figure 5. Note that Figures 5(a) and 5(b) show two signals
with the same data dropout rate of 20% applied to the
butterfly profile for the fifth-order NURBS commands, as
shown in Figures 6-7 [6]. By applying the same second-
order Taylor estimator for the missing motion commands,
simulation results show that the transmission error is more
significant when the data dropout is more centralized, as
shown in Figure 7(b). These results indicate that both data
dropout and its distribution should be evaluated together
particularly applied in motion NCS.

2.3. The SDQ Index. The dropout data of different network
infrastructures possess different distributions [18]. It is
mentioned before that the distribution of data dropout in
NCS is a crucial factor to determine motion accuracy as
well as the data dropout. This paper proposes the short-
windows dropout quantities (SDQ) for on-line evaluating
the transmission performance of motion NCS. The SDQ is
activated only when a missing data occurs, and the total

missing data in the past short window is accumulated as in
the following:

SDQ

⎧

⎨

⎩

nonactivated, if d[k] = 0,

activated, if d[k] = 1.
(2)

For example, if the data length of the short window is
determined as 5, six possible receiving/missing states, 0 ∼ 5,
is recorded in a buffer during the network communication to
indicate its micro QoS. The average of the total SDQ can be
recognized and the macro-QoS of the NCS.

2.4. An Illustrative Example of the SDQ. Examples illustrated
with three missing data among eighteen transmitted mes-
sages with different distribution as shown in Figures 8(a)
and 8(b), separately. Even their data dropout rates are the
same as 3/16, their average SDQ are different, and the more
distributed missing data series presents a lower average value
of SDQ as shown in Figure 8(b).

As shown in Figures 5(a) and 5(b) with the same data
dropout rate of 20%, their average values of SDQ are
very different as 0.9 and 2.1, for more distributed and
more centralized dropouts, respectively. Simulation results
indicate that as the 3rd-order Taylor estimator is applied, the
contouring error increases when the averaging SDQ increases
even with the same data dropout rate, as shown in Figures
6-7. Results also indicate that the index of SDQ is more
appropriate to imply the distribution of the dropout data in
motion NCS.

3. The Switching Least-Square Estimator

In real motion NCS, the position commands are generally
in the form of smooth curves. At the curvature varying
significantly along the contour, and missing data with higher
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Figure 7: y-axis racking errors due to (a) distributed and (b) centralized missing data (20% dropout rate).
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Figure 8: Real-time recorded SDQ with the same dropout rate 3/16 (a) distributed dropout and (b) concentrated dropout.

SDQ generally causes a more serious contouring error. To
estimate the missing messages in NCS, the basic 1-delay
estimator simply adopts the last received message as the
current missing message. Moreover, the Taylor estimator was
proposed to estimate the current missing message from past
several received signals [15]. However, if the past received
signal is also missing, the estimated message by the Taylor
estimators thus becomes unreliable.

In this paper, the estimator with a switching mechanism
is proposed based on the online measured SDQ with the
suitable order of the least-square estimator (LSE). However,
as the messages dropout becomes more serious, estimation
based on the previous data is no longer reliable and the 1-
delay estimator will be adopted.

3.1. The Least-Square Estimator. Since the online estimation
processing is time consuming and the time-trigger NCS
commands are simply in a time series, all parameters of
the real-time least-square estimation (LSE) can be obtained
in advance. Thus, an online estimation and compensation
algorithm for the missing messages in motion NCS are
proposed by applying the least-square approach on the past
data within a short window. For a general time sequence

x[1], x[2], . . . , x[M], a polynomial sequence can be suitably
described as

x[k] = c0 + c1k + c2k
2 + · · · + cNk

N . (3)

Thus,

x[1] = c0 + c1 + c2 + · · · + cN ,

x[2] = c0 + c12 + c222 + · · · + cN2N ,

...

x[M] = c0 + c1M + c2M
2 + · · · + cNM

N.

(4)

By rearranging (4) as
⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

x[1]

x[2]

...

x[M]

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 1 · · · 1

20 2 · · · 2N

...
...

...

M0 M · · · MN

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

c0

c1

...

cN

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

≡ x = A · c. (5)

The normal equation from the least-square approach can be
applied to obtain the coefficient vector c as

c =
(

ATA
)−1

ATx. (6)
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Figure 10: Transmission errors with (a) LSE(5, 3) and (b) LSE(2, 1) with the average SDQ = 0.9.
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Figure 11: Transmission errors with (a) LSE(5, 3) and (b) LSE(2, 1) with the average SDQ = 1.9.
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Thus, the missing value can be estimated based on the past
M signals with the Nth order of the least-square estimator as

x[M + 1] = c0 + c1(M + 1) + c2(M + 1)2 + · · ·

+ cN (M + 1)N

=
[

(M + 1)0 (M + 1)1 · · · (M + 1)N
]

· c

=
[

(M + 1)0 (M + 1)1 · · · (M + 1)N
]

·
(

ATA
)−1

ATx

≡ LSE(M,N) · x,

(7)

and the estimator matrix LSE(M,N) can thus be preobtained
for real-time implementation, where M also indicates the
data number in a window to be counted and N is the order
of polynomial functions with N + 1 coefficients.

3.2. Coefficients of the Least-Square Estimators. To achieve an
online estimation for motion NCS, the order and the number
of data within the window of the least-square estimator
should be determined based on the motion commands. For
example, the NURBS signal can be approximated by a third-
order polynomial equation obtained from the LSE [19].
Practically, the window length can be properly chosen as
large as five to estimate the missing NURBS commands or
other motion contours. In practice, three useful LSE(M,N)
are precalculated for real-time applications based on the
quality of communication of NCS as follows.

3.2.1. LSE(5,3) for Low Dropout Cases. The third-order
LSE(5, 3) can properly estimate the motion trajectory con-
cerning its position, velocity, acceleration, and even the
change of acceleration as the jerk. In this transmission case,
all data within the window length 5 are properly received,
or at most, only one missing data is estimated within
the window. LSE(5, 3) is chosen to estimate a cubic-curve
motion command with the order of 3 by using all five
previous data, which may include at most one estimated
data. The parameters of LSE(5, 3) are determined from (5)
as follows:

A =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 1 1 1

1 2 4 8

1 3 9 27

1 4 16 64

1 5 25 125

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (8)

and by (6)-(7),

[

1 6 36 216
](

ATA
)−1

AT =
[

−0.8 2.2 −0.8 −2.8 3.2
]

.

(9)

The LSE(5, 3) is thus obtained as

LSE(5, 3) = 3.2z−1 − 2.8z−2 − 0.8z−3 + 2.2z−4 − 0.8z−5.
(10)

3.2.2. LSE(3,2) for Medium Dropout Cases. In this case, the
medium data dropout condition occurs, and the missing data
within the short window length 5 are as large as 2. In other
words, at most only three reliable data are accountable within
the window to correctly estimate the missing data. Therefore,
LSE(3, 2) is chosen to estimate the quadric-curve trajectory
with the order of 2 by using three previous data through
considering both its position, velocity and acceleration from
(7) as

LSE(3, 2) = 3z−1 − 3z−2 + z−3. (11)

3.2.3. LSE(2,1) for Heavy Dropout Cases. In this situation,
only two data within the window are received, and LSE(2, 1)
is chosen to estimate the motion trajectory concerning as
high as its velocity only by applying previous two data as

LSE(2, 1) = 2z−1 − z−2. (12)
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Figure 14: Contouring of motion NCS without/with the Taylor estimator (average SDQ = 0.8).
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Figure 15: Contouring errors with (a) the Taylor estimator (b) IME (average SDQ = 0.8).
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Figure 16: Contouring errors with (a) the Taylor estimator and (b) IME (average SDQ = 2.6).
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Figure 17: Contouring errors with (a) the Taylor estimator and (b) IME (average SDQ = 3.1).
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Figure 18: Experimental setup.

3.2.4. The 1-Delay Estimator for Serious Dropout Cases. In
this situation, network communication presents such a heavy
data dropout rate, either only one data is received within the
previous window of length 5, or all five previous adopted
data are obtained through the estimation process. Therefore,
estimation results based on the least-square approach by
adopting all data within the window length 5 is not reliable
anymore, and the 1-delay estimator is determined under
such circumstance to estimate the position only by directly
adopting the previous data as [6, 12]

1-delay estimator = z−1. (13)

In summary, different estimators are applied to different
transmission conditions based on the SDQ, as shown in
Figure 9 as:

SDQ =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

0 or 1,

2,

3,

4 or 5,

LSE(5, 3) is adopted,

LSE(3, 2) is adopted,

LSE(2, 1) is adopted,

1-delay estimator is adopted.

(14)

4. Analysis of the SDQ on Motion NSC

Figure 10 shows the transmission error obtained by applying
the estimators of LSE(5, 3) and LSE(2, 1) to the motion
NCS as the simulation shown in Figure 7. The case of
SDQ = 0.9 implies that one data (close to 0.9 in average) is
missing in average within the window length 5. Simulation
results show that LSE(5, 3) renders a better compensation
effect as compared to LSE(2, 1) which should be applied to
a more serious data dropout case. However, as the SDQ
increases to 1.9, of which implies that there are about two
missing messages among the five transmitted messages, the
transmission error increases and LSE(5, 3) is not suitable
anymore. Figure 11 shows that the compensation results
applying LSE(2, 1) render better performance.

Furthermore, the least-square approach with a different
M applied to a different averaging SDQ shows that applying
LSE(5, 3) to compensate for the low missing data rate
presents the best motion accuracy as the averaging SDQ is
less than one, but it becomes the worst as the averaging SDQ
increases larger than 1.5, as shown in Figure 12. Moreover,
LSE(3, 2) is more suitable for the situation as the averaging
SDQ is between 1 and 2. Note that LSE(2, 1) is most
suitable for the situation as the averaging SDQ is between
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Figure 19: Contouring error (a) Taylor estimator and (b) IME (Ts = 0.5 ms and average SDQ = 1.8).
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Figure 20: First-order differential of the contouring errors as shown in Figure 19.

2 and 3. In addition, the 1-delay estimator possesses the
best compensation effect when the averaging SDQ is larger
than 3. All switching laws according to (14) based on the
SDQ thus agree with both the simulation results and the
theoretical analysis, as shown in Figure 12. Although the 3rd-
Taylor estimator has been proven to render more accurate
results than the 1-delay estimator [6], Figure 13 further
indicates that the proposed intelligent message estimator
(IME) renders much better performance under different
SDQ, especially as the missing data becomes more serious
as shown in Figure 9.

5. Contouring Accuracy of Motion NCS

5.1. Simulation Results. Applications of the present estimator
based on the SDQ have been applied to the two-axis motion
NCS, as shown in Figure 2. The NURBS commands and the

system response with averaging SDQ = 0.8 of the network are
shown in Figure 14. Results show that both the 3rd-Taylor
estimator and the proposed estimator can reduce the effects
of data dropout at a lower averaging SDQ. Figure 15 also
shows that the contouring error obtained by applying the
proposed estimator is significantly reduced to achieve better
contouring accuracy.

Figure 16 shows that the present estimator even renders
a much better contouring accuracy when the averaging
SDQ increases to 2.6. Furthermore, when the value of the
averaging SDQ increases to 3.1, the Taylor estimator will lead
to an unstable motion as shown in Figure 17. Under such
circumstances, the proposed estimator still results in a stable
motion and maintains the contouring accuracy well.

5.2. Experimental Results. The proposed estimator was
applied to two Tamagawa motors with NCS realization, as
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Figure 21: Contouring error with (a) Taylor estimator and (b) IME (Ts = 0.4 ms and average SDQ = 2.7).
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Figure 22: Circular response of (a) the Taylor estimator and (b) IME (Ts = 0.5 ms and average SDQ = 1.8).

shown in Figure 18. The butterfly NURBS profile for both
the x-axis and y-axis position amplitudes is 30 mm under
the feed rate 3,000 mm/min for experiments. Furthermore,
the averaging SDQ is measured as 1.8 and 2.7 for the present
CAN-bus implementation with the baud rate 1 M bit/sec
under different sampling periods as 0.5 ms and 0.4 ms,
respectively. Experimental results indicate that increasing the
sampling rate will result in more serious missing data due to
the saturation of network bandwidth.

Figure 19 also shows the contouring error when the
averaging SDQ is 1.8. The first-order differential results of
the measured contouring error with less oscillation are also
shown in Figure 20. All results indicate that the proposed
estimator renders a more stable and reliable motion than the
Taylor estimator. By observing the contouring error as shown
in Figure 21 with a more serious data dropout (average SDQ
2.7), results also show that the proposed estimator is more

effective in reducing the asynchronization effect than the
Taylor estimator. Similar results provided by the circular
NURBS profile for the motion NCS obtained as shown in
Figures 22 and 23 also indicate applicability of the proposed
estimator to different motion profiles.

6. Conclusions

As the online measured time delay is crucial for the NCS
controller design [20], this paper successfully measures
transmitted signals with different dropout rates and proposes
the SDQ, which is a suitable index for the dropout rate
and concentration of missing commands in motion NCS.
The missing commands can also be estimated by applying
the proper order of LSE. Motion NCS with the proposed
estimator render significant improvements in accuracy.
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Figure 23: Circular response of (a) Taylor estimator and (b) the proposed estimator (Ts = 0.4 ms and average SDQ = 2.7).

In a real motion system, commands usually consider
position, velocity, and acceleration. Thus, N = 3 is a suitable
order for the least square estimator LSE(M,N), and 5
is chosen as the window length M, with more accurate
estimation results if there are no or if there is only one
missing data within the window length. A lower order of
LSE will be determined if the QoS for the network worsens.
The 1-delay estimator can be adopted only for the worst
communication cases, as in (14).

The proposed estimator with a switching mechanism
based on SDQ leads to the lowest contouring error. Results
indicate that with the proposed estimator in motion NCS,
contouring accuracy can be maintained even under severe
missing commands compared with the 1-delay and the
Taylor estimators. Experimental results have also proven the
feasibility and applicability of the proposed approach in
motion NCS.
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The H∞ filtering problem for a class of discrete-time stochastic system with randomly occurred nonlinearity (RON) suffering from
network packet loss is considered. Based on the Lyapunov-Krasovskii functional method, the asymptotical mean-square stability
condition of the filtering system with a prescribed H∞ level is derived. Besides, the filter parameters can be obtained simultaneously
by solving the matrix inequalities we achieve. It is worth noting that no slack variable is introduced in the proposed conditions.
The effectiveness of the theory developed is verified through a numerical example.

1. Introduction

In the past few decades, the H∞ control problem has been
extensively developed in many applications, for example,
[1] in the state-space version [2], on output feedback H∞
control for nonlinear systems, with [3, 4] for uncertain linear
systems, since the H∞ filtering was introduced in [5]. The
objective of the H∞ filtering is to design an estimator for
a given system, such that the l2 gain from the exogenous
disturbance to the estimation error is less than a given level
γ > 0, where the noise signals are assumed to be arbitrary
but with bounded energy or bounded average power rather
than just Gaussian. Without the assumption of the statistical
properties in Kalman filtering, the H∞ filtering has been
widely applied; see [6–12] and the references therein.

The H∞ filtering issue has been extended to a variety
of complex dynamical systems, such as Markovian jumping
systems [13], time-varying systems [14], fuzzy systems [15],
and nonlinear systems [16]. Recently, stochastic H∞ control
and filtering problems for the systems expressed by Itô-type
stochastic differential or difference equations have become a
popular research area and have gained a lot of attention. In
[17], an asymptotically stable (in some sense) observer was
constructed which leads to a stable estimation error process
whose l2 gain with respect to uncertain disturbance signal is

less than a prescribed level. The stochastic analysis presented
in [18] was conducted to enforce the performance for the
newly formulated NCS system under the usual stability
requirement. The work of [19] formulated the filters for both
continuous- and discrete-time Itô-type stochastic systems,
with the nonlinear sensor and all admissible uncertainties
under a prescribed H∞ disturbance performance, respec-
tively.

With the rapid development in the networked control
technology, in practice, more and more systems are taking
wired or wireless networked control system (NCS) as a
solution, which has many advantages, such as low cost and
easy maintenance and installation. However, due to the
limited transmission capacity of the wired cable or wireless
channel, issues like quantization [20–22], transmission delay
[23], and packet dropouts [24] inevitably emerged. On the
other hand, nonlinearity is a main source that complexes
the control algorithms; hence, the H∞ filtering problem has
attracted a lot of research attention in the previous two areas.
In [25], the nonlinearity was assumed to satisfy the sector
bounded conditions, and for general stochastic systems, the
nonlinear H∞ filtering problem was investigated in [26].
Nevertheless, it is worth mentioning that one interesting
problem that has been persistently overlooked is the so-
called RON in the sensor parts or the transmission channel



2 Journal of Control Science and Engineering

from sensor to controller. As is well known, the sensor
parts of a wide class of practical systems are influenced
by RON disturbances that are caused by environmental
circumstances such as random failure stochastic fault on
the linearization part of the sensor. Unfortunately, to the
best of the authors’ knowledge, the H∞ filtering problem for
discrete-time stochastic systems with RON on sensor parts
has not been fully studied, which motivates the work of this
paper.

In this paper, the H∞ filtering problem against randomly
occurred sensor failures for a class of discrete time stochastic
systems with norm-bounded noises suffering from network
packet loss is considered. First of all, the RON model was
used to describe the binary switches between the linear
and nonlinear sensor by a Bernoli distribution with a
known probability. Such a novel idea was first illustrated
in [27, 28] to investigate the synchronization problem
of stochastic delayed complex networks. The RON, also
named as stochastic nonlinearity, has recently attracted many
researchers’ interests. Readers interested in this area are
suggested to refer to [27–29] and the references therein.
Besides, the lossy network is also taken into consideration
which is also modeled as a Bernoli process [29]. Next, the
asymptotically mean-square stability condition of the filter-
ing error dynamics with a prescribed H∞ performance level is
derived by using Lyapunov-Krasovskii functional technique.
Finally, a simulation example is utilized to illustrate the
effectiveness of the approach developed.

Notation 1. The notations used in the paper is fairly stan-
dard. The superscript “T” stands for matrix transposition;
Rn denotes the n-dimensional Euclidean space; Rm×n is
the set of all real matrices of dimension m × n; I and 0
represent the identity matrix and zero matrix, respectively.
The notation P > 0 means that P is a real symmetric
and positive definite matrix; the notation ‖A‖ refers to the
norm of matrix A, defined by ‖A‖ = √

tr(ATA), and ‖ · ‖2

stands for the usual l2 norm. In symmetric block matrices
or complex matrix expressions, an asterisk (∗) is used to
represent a term that is induced by symmetry. Besides, E{x}
and E{x | y}, respectively, represent the expectation of
x and the expectation of x conditional on y. The set of
all nonnegative integers is denoted by I+ and the set of
all nonnegative real numbers is represented by R+. If A is
a matrix, then λmax(A) (resp., λmin(A)) means the largest
(resp., smallest) eigenvalue of A. Matrices in this paper, if
their dimensions are not explicitly stated, are assumed to be
compatible for algebraic operations.

2. Problem Formulation
In this section, a class of discrete-time stochastic systems (Σ)
with sensor nonlinearity occurred randomly is considered,
which is represented by the following equations:

(Σ) : x(k + 1) = Ax(k) + Bv(k) + [Ex(k) + Gv(k)]w(k),

y(k) = α(k)φ(Cx(k)) + (1− α(k))Cx(k) + Dv(k),

z(k) = Lx(k),
(1)

where x(k) ∈ Rn is the system state; y(k) ∈ Rq is the
system output; z(k) ∈ Rr is the combination of the state
to be estimated; α(k) is a Bernoli process, taking different
values to indicate that the output of the plant y(k) is linear
or not [29], with Pr{α(k) = 1} = αe, and Pr{α(k) =
0} = 1 − αe. w(k) is a real scalar random process on a
probability space (Ω, F , P ) related to an increasing family
(Fk)k∈N of σ-algebra Fk ∈ F generated by (w(k))k∈N
with N being the set of natural numbers and is assumed to
satisfy E{w(k)} = 0, E{w(k)2} = 1 and E{w(i)w( j)} =
0, for all i /= j. v(k) is the exogenous disturbance signal,
which belongs to le2 ([0,∞);Rp), and is adapted and Fk−1 is
measurable for all k ∈ N, where le2 ([0,∞)Rk) denotes the
space of k-dimensional nonanticipatory square-summable
stochastic process f (·) = ( f (k))k∈N with respect to (Fk)k∈N
satisfying

∥

∥ f
∥

∥
2
e2 = E

⎧

⎨

⎩

∞
∑

k=0

∣

∣

∣ f (k)2
∣

∣

∣

⎫

⎬

⎭

<∞. (2)

Additionally, in (1), A,B,E,G,C,D, and L are real con-
stant matrices with appropriate dimensions; the function
φ ∈ [K1,K2] for some given diagonal matrices K1 ≥ 0 and
K2 ≥ 0 with K2 ≥ K1 satisfies the following sector condition:

(

φ(u)− K1u
)T(

φ(u)− K2u
) ≤ 0 ∀u ∈ Rq. (3)

Remark 1. It is assumed here that when α(k) = 1, the output
signal is the nonlinear function φ(Cx(k)) other than the
linear combination of the system states Cx(k). Additionally,
for the convenience of further discussion, we introduce the
following two symbols: φs(u) = φ(u)−K1u and K = K2−K1.

Definition 2 (see [30]). The discrete-time stochastic system
in the form of (1) with v(k) = 0 is said to be stochastic
stable if there is a scalar μ > 0 such that for all admissible
uncertainties,

E

⎧

⎨

⎩

∞
∑

k=0

|x(k)|2
⎫

⎬

⎭

≤ μE
{

‖x(0)‖2
}

, (4)

where x(k) denotes the solution of stochastic systems with
initial state x(0).

For discrete-time stochastic system (Σ), the estimation
of z(k) from measured output y(k) is considered here. To
accomplish this, we construct the following filter:

(F ) : x̂(k + 1) = Af x̂(k) + Bf ŷ(k),

ẑ(k) = Lx̂(k),
(5)
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where ŷ(k) = β(k)y(k), x̂(k) ∈ Rn, ẑ(k) ∈ Rr . Af and Bf are
the matrices with appropriate dimension to be determined.
The process {β(k), k ∈ I+} is a Bernoli process, indicating
that the network packet is successfully received or not [29],
with the probabilities Pr{β(k) = 1} = βe, Pr{β(k) = 0} =
1 − βe relatively. It is also assumed here that the random
processes α(k), β(k), w(k) and v(k), for all k ∈ I+ are
mutually independent. Hence, the filtering problem can be
stated as follows.

Discrete-Time Filtering. Given a disturbance attenuation
level γ > 0, the parameters Af and Bf of filter (5) are
designed such that the resultant filtering error system is
stochastically stable for v(k) = 0 and any φ ∈ [K1,K2],
satisfying ‖z − ẑ‖e2 < γ‖v‖e2 under zero initial conditions
for all v(k) ∈ le2 ([0,∞);Rp).

Let x̃(k) = x(k) − x̂(k), z̃ = z(k) − ẑ(k), and e(k) =
[x(k)T x̃(k)T]T . By means of the system (Σ) and filter (F ),
we obtain the filtering error dynamics as

(Σe) : e(k + 1) =
[

A +
(

βe − β(k)
)

˜A +
(

βeαe − β(k)α(k)
)

̂A
]

× e(k)− β(k)α(k)̂Bφs(u(k))

+
[

B +
(

βe − β(k)
)

˜B
]

v(k)

+
[

Ee(k) + Gv(k)
]

w(k),

z̃(k) = Le(k),
(6)

where u(k) = Cx(k), and

A =
[

A 0

A− Af − βe
(

Bf C + αeB f K1C − αeB f C
)

Af

]

,

˜B =
[

0
Bf D

]

, G =
[

G
G

]

, ̂B =
[

0
Bf

]

,

̂A =
[

0 0
Bf K1C − Bf C 0

]

, ˜A =
[

0 0
Bf C 0

]

,

L =
[

0 L
]

, B =
[

B
B − βeB f D

]

, E =
[

E 0
E 0

]

.

(7)

3. Filter Design

The following theorem provides a sufficient condition for the
solvability of discrete-time filtering problem for the system
(Σe).

Theorem 3. Consider the discrete-time stochastic systems (Σe),
for a given disturbance attenuation level γ > 0, if there exist
matrices X = XT > 0,Y = YT > 0 satisfying the following
matrix inequalities:

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

{

Θ1 0
∗ Θ6

} {

Θ2

0

} {

Θ3

0

}

A
T

√

βe
(

1− βe
)

˜AT Θ4 ̂AT

{

Θ5

0

}

0

∗ Θ7 0 B
T

√

βe
(

1− βe
)

˜BT 0 0 0

∗ ∗ −2αeI −βeαe ̂BT 0 Θ4 ̂BT 0 Θ8

∗ ∗ ∗ −P 0 0 0 0
∗ ∗ ∗ ∗ −P 0 0 0
∗ ∗ ∗ ∗ ∗ −P 0 0
∗ ∗ ∗ ∗ ∗ ∗ −Y 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ −Y

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

< 0, (8)

where

Θ1 = ETXE + ETYE − X , Θ2 = ETXG + ETYG,

Θ3 = αeC
TKT , Θ4 =

√

βeαe
(

1− βeαe
)

,

Θ5 =
√

βeαe
(

1− βe
)

(

Bf C + Bf K1C
)T

,

Θ6 = LTL− Y , Θ7 = GTXG + GTYG− γ2I ,

Θ8 = αe
√

β4
(

1− βe
)

BT
f , P = (diag{X ,Y})−1,

Y = Y−1.

(9)

Then the systems (Σe) is globally asymptotically stable with
given disturbance attenuation level γ > 0.

Proof. First, we would like to establish the stochastic stability
of the filtering error system (Σe), by choosing a stochastic
Lyapunov functional candidate as

V(e(k)) = e(k)TPe(k) (10)

for the filtering error system (6). For v(k) = 0 we have

E{V(e(k + 1)e(k))} −V(e(k))

≤ E{V(e(k + 1) | e(k))} −V(e(k))

− 2φT
s

(

E{α(k)}φs − E{α(k)}KCx(k)
)
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= E
{[(

A+
(

βe−β(k)
)

˜A+
(

βeαe − β(k)α(k)
)

̂A
)

e(k)

−β(k)α(k)̂Bf φs(u(k))
]T

× P
[(

A +
(

βe − β(k)
)

˜A

+
(

βeαe − β(k)α(k)
)

̂A
)

e(k)

−β(k)α(k)̂Bf φs(u(k))
]}

+ eT(k)E
T
PEe(k)

− 2φT
s

(

E{α(k)}φs−E{α(k)}KCx(k)
)−V(x(k))

=
[

e(k)TφT
s

]

Ωs

[

e(k)TφT
s

]T
,

(11)

where

Ωs =
[

Ω1 Ω2

∗ βeαe ̂BTP ̂B − 2αeI

]

, (12)

with,

Ω1 = A
T
PA + βe

(

1− βe
)

˜ATP ˜A− P

+ βeαe
(

1− βeαe
)

̂ATP ̂A

+ 2βeαe
(

1− βe
)

˜ATP ̂A + E
T
PE,

Ω2 = βeαe
(

1− βe
)

˜ATP ̂B − βeαeA
T
P ̂B

+ βeαe
(

1− βeαe
)

̂ATP ̂B + αeC
T
KT ,

C =
[

C 0
]

.

(13)

As (8) holds, one may have Ωs < 0, which means that
there is a scaler ε > 0 small enough, such that

Ωs <

[

εI 0
0 0

]

. (14)

It follows from (14) that

E{V(x(k + 1)x(k))} −V(x(k)) < −ε‖e(k)‖2. (15)

Taking expectations with respect to both sides of (15), we
have

E{V(x(k + 1))} − E{V(x(k))} < −εE
{

‖e(k)‖2
}

. (16)

Hence, by summing up both sides of (16), from 0 to N for
any integer N > 1, we can get

E{V(x(N + 1))} − E{V(0)} < −εE
⎧

⎨

⎩

N
∑

k=0

‖e(k)‖2

⎫

⎬

⎭

, (17)

which leads to

E

⎧

⎨

⎩

N
∑

k=0

‖e(k)‖2

⎫

⎬

⎭

<
1
ε

[E{V(0)} − E{V(x(N + 1))}]

≤ 1
ε
E{V(0)}

≤ μE
{

‖x(0)‖2
}

,

(18)

where μ = 1/ελmax{P}. Taking N → ∞, it is shown from
(18) and Definition 2 that the filtering error system (7) is
stochastically stable for v(k) = 0.

Next, we will present that the filtering error system (6)
satisfies

∥

∥z̃(k)
∥

∥

e2
< γ‖v(k)‖e2 (19)

for all v(k) ∈ le2 ([0,∞);Rp). To accomplish this, first of all,
we would introduce the filtering error index:

J(N) = E
⎧

⎨

⎩

N
∑

k=1

[
∥

∥z̃(k)
∥

∥
2 − γ2‖v(k)‖2

]

⎫

⎬

⎭

(20)

for any N ≥ 1. Thus, under zero initial conditions,
for all v(k) ∈ le2 ([0,∞);Rp), there is

J(N) = E
⎧

⎨

⎩

N
∑

k=1

[
∣

∣z̃(k)
∣

∣
2 − γ2|v(k)|2

]

+ E{V(x(k + 1) | x(k))}−V(x(k))

⎫

⎬

⎭

− E{V(x(N + 1))}

≤ E
⎧

⎨

⎩

N
∑

k=1

[
∣

∣z̃(k)
∣

∣
2 − γ2|v(k)|2

]

+E{V(x(k + 1) | x(k))} −V(x(k))

⎫

⎬

⎭

≤ E
{

[

e(k)Tv(k)Tφs(Cx(k))T
]

Ω f

×
[

e(k)Tv(k)Tφs(Cx(k))T
]T
}

,

(21)

where

Ω f =

⎡

⎢

⎢

⎢

⎢

⎣

Ω1 + L
T
L Ω3 Ω2

∗
{

βe
(

1− βe
)

˜BTP ˜B − γ2I

+B
T
PB + G

T
PG

}

βeαe
(

1− βe
)

˜BTP ̂B − βeαeB
T
P ̂B

∗ ∗ βeαe ̂BTP ̂B − 2αeI

⎤

⎥

⎥

⎥

⎥

⎦

(22)
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with Ω3 = A
T
PB + βe(1 − βe) ˜ATP ˜B + βeαe(1 − βe) ̂ATP ˜B +

E
T
PG. As Ω f < 0 means Ωs < 0 which can be deduced

from (8), one may conclude that if there are matrices X >
0 and Y > 0, with appropriate dimensions, ‖z̃(k)‖e2 <
γ‖v(k)‖e2 holds for for all v(k) ∈ le2 ([0,∞);Rp).

Remark 4. When αe = 1, βe = 1, for all k ∈ N, that is,
the output of the sensor is always nonlinear, the problem
formulated previously equals to the case that discussed
in [19] without considering the uncertainty and network
packets loss.

4. Numerical Example

In this section, a numerical example is presented to illustrate
the approach proposed in this work. The discrete-time
stochastic system parameters are described as follows:

A =
⎡

⎢

⎣

0.15 0.2 0.3
0.1 0.5 0.33
0.3 −0.1 0.23

⎤

⎥

⎦, B =
⎡

⎢

⎣

0.2 −0.12
0.08 0.07
−0.06 −0.01

⎤

⎥

⎦,

E =
⎡

⎢

⎣

0.02 0.01 0.012
0.04 0.03 0.05
0.05 0.02 0.01

⎤

⎥

⎦, G =
⎡

⎢

⎣

0.2 −0.1
0.2 −0.3
0.2 −0.3

⎤

⎥

⎦,

D =
[

0.1 0.25
0.3 0.6

]

, C =
[

0.03 −0.01 −0.04
0.06 0.01 −0.03

]

,

L =
[

0.0367 −0.0293 −0.0450
0.0119 0.0133 0.0031

]

, K1 =
[

0.6 0
0 0.5

]

,

K2 =
[

1 0
0 0.8

]

, φ(u) = K1 + K2

2
u +

K2 − K1

2
sin(u).

(23)

With the initial conditions being x(0) = [1.5 0.4 0.1]T

and x̂(0) = [2 0 1]T for the system and the filter,
respectively.

By Theorem 3 and the techniques presented in [31] one
can obtain the following matrices through solving LMI (8)
for γ = 0.8, αe = 0.8, and βe = 0.95; the filter parameters in
(5) can be obtained as

Af =
⎡

⎢

⎣

−0.0083 0.0344 0.1658
−0.0626 0.1099 0.1631
0.0620 −0.0689 0.0550

⎤

⎥

⎦,

Bf =
⎡

⎢

⎣

−0.1941 −0.1172
−0.1212 −0.0262
−0.0352 −0.0189

⎤

⎥

⎦.

(24)

Under the condition that the external disturbance is
taken as v(k) = [1/(1 + k2) 1/(1 + k2) 1/(1 + k2)]T ,
the trajectories of the system state x(k), filtering system state
x̂(k), and the difference between them x(k)− x̂(k) are shown
in Figures 1, 2, and 3, respectively.
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Figure 1: The trajectories of state x(k).
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Figure 2: The trajectories of filtering state x̂(k).
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Figure 3: The trajectories of x(k)− x̂(k).
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5. Conclusion

The filtering problem for a class of discrete-time stochastic
systems with RON on the sensor parts over communication
channels is studied in this paper. Both the theoretical analysis
and numerical simulations are introduced to verify the
effectiveness of the proposed method in this work. These
conditions are obtained by introducing a simple Lyapunov
function, so the computation process is greatly simplified,
and the filter parameters can be obtained simultaneously by
solving the sufficient conclusion. Moreover, H∞ performance
analysis has been satisfied.
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A consensus-based formation control for a class of networked multiple mobile robots is investigated with a virtual leader approach.
A novel distributed control algorithm is designed based on the Lyapunov method and linear matrix inequality (LMI) technique
for time delay systems. A multiple Lyapunov Krasovskii functional candidate is proposed for investigating the sufficient conditions
to linear control gain design for the system with constant time delays. Simulation results as well as experimental studies on Pioneer
3 series mobile robots are shown to verify the effectiveness of the proposed approach.

1. Introduction

Embedded computational resources in autonomous robotic
vehicles are becoming more abundant and have enabled im-
proved operational effectiveness of cooperative robotic sys-
tems in civilian and military applications. Compared to auto-
nomous robotic vehicles that operate single tasks, cooper-
ative teamwork has greater efficiency and operational capa-
bility. Multirobotic vehicle systems have many potential ap-
plications, such as platooning of vehicles in urban trans-
portation, the operation of the multiple robots, autonomous
underwater vehicles, and formation of aircrafts in military
affairs [1–3].

The study of group behaviors for multirobot systems is
the main objective of the work. Group cooperative behavior
signifies that individuals in the group share a common ob-
jective and action according to the interest of the whole
group. Group cooperation can be efficient if individuals in
the group coordinate their actions well. Each individual can
coordinate with other individuals in the group to facilitate
group cooperative behavior in two ways, named local coor-
dination and global coordination. For the local coordination,
individuals react only to other individuals that are close, such
as fish engaged in a school. For the global coordination, each
individual can directly coordinate its act with every other
individual in the group. Due to communication constraints,

most researchers are interested primarily in group coopera-
tion problems where the coordination occurs locally [4–6].

Cooperative control of multirobotic vehicle systems
brings us significant theoretical [7–9] and practical chal-
lenges. For example, the research objective is defined based
on a system of some subsystems rather than a single system;
the effects caused by the communication constraints should
be considered and how to design coordination strategies so
that coordination will result in a group cooperation [10, 11].

As a concrete example of cooperative control, the forma-
tion control of multiple autonomous vehicles receives signif-
icant interest in recent years [12–15]. It requires that auto-
nomous robotic vehicles collectively maintain a prescribed
geometric shape during movement. Maintaining an accurate
geometric configuration among multiple robotic vehicles
moving in formation can result in less expensive and more
capable systems that can accomplish objectives impossible
for a single vehicle. The advantages of the formation control
for multirobotic systems can be summarized as follows: good
feasibility, accuracy, robustness, flexibility, lower cost, energy
efficiency, and probability of success. For example, a group
robotic vehicles can be used for large objective transferring,
terrain model reconnaissance, unknown area exploration,
and path obstruction.

Various strategies and approaches, which can be roughly
categorized as leader-follower, behavioral, and virtual leader
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Figure 1: Pioneer 3-DX and 3-AT mobile robots.

approaches [16], have been proposed for the formation con-
trol. In the leader-follower approach, one of the vehicles is
appointed as the leader, and other vehicles in the group
are appointed as the followers. When the group cooperative
behavior occurs, the followers should track the trajectory
of the leader with some prescribed offset. The basic idea
about the behavioral approach is to prescribe several desired
behaviors for each vehicle and to make the control action
to each vehicle according to each behavior. In the virtual
leader structure approach, the entire formation of the group
is treated as a single structure. The virtual leader’s dynamic
or trajectory is converted as the desired action of each vehicle
in the group. Tracking control based on consensus algorithm
is then needed to tackle this problem.

In the proposed work, a novel distributed control algo-
rithm is designed based on the Lyapunov method and lin-
ear matrix inequalities (LMIs) technique for multiple robot
systems. Note that Lyapunov-based approaches and LMIs
technique have been successfully and widely applied in the
area of systems and control. For example, in [17], a survey
is in analysing the stability of time-delay systems by using of
a Lyapunov-based method, LKF (Lyapunov Krasovskii func-
tion) theory to derive sufficient stability conditions in the
form of LMIs. Furthermore, in [18], a set-value Lyapunov
approach is to prove the stability of multiagent systems un-
der a condition of time-dependent communication links. A
Lyapunov-based stability theory and LMIs-based control

method are described comprehensively in [19, 20], respec-
tively.

In this work, a consensus-based design scheme is applied
to the formation control of multiple-wheeled mobile-robot
group with a virtual leader. The group communication
configuration is assumed to be a fully coupled system which
means decisions made by each robot in the group affect the
cost and outcomes of all other members of the group. In this
case, what a single robot is going to do is affected by what
all other robots in the group are going to do. The distributed
formation control architecture is defined to accommodate an
arbitrary number of subgroup leaders and arbitrary infor-
mation flow among the robots. This architecture requires
neighbor-to-neighbor information exchange. At the group
level, the consensus tracking algorithm is applied to guaran-
tee consensus on the time-varying group reference trajectory
in a distributed manner. A consensus-based formation con-
trol strategy developed based on the group level consensus
tracking algorithm is applied for vehicle level control.

A novel delay-dependent multiple Lyapunov functional
candidate related to LKF is constructed to investigate the
convergence of the tracking error. The null sums have been
added to the new multiple LKF with free weighting ma-
trices introduced to reduce the conservatism in the deriva-
tion of the stability conditions. Therefore, the matrices and
the sufficient conditions for the stabilization of the proposed
control approach can be determined by solving LMIs. The
effects caused by the group communication delays are well
considered in the proposed approach. In addition to simula-
tion results, the proposed control strategy is experimentally
implemented for multiple-wheeled mobile robots under
neighbor-to-neighbor information exchange with group
communication delay involved.

Notations. The information exchange among robots is usu-
ally modelled by graphs. Suppose that a team consists of n
mobile robots. çn = (νn, εn) is a graph, where νn = 1, . . . ,n is
a finite nonempty node set, and εn ⊆ νn × νn is an edge set
of ordered pairs of nodes, called edges. The adjacency matrix
An = [ai j] ∈ Rn×n of a graph çn = (νn, εn) is defined such
that ai j is a positive weight if ( j, i) ∈ εn is ture, and ai j = 0 if
( j, i) ∈ εn is false.

2. Modelling of Pioneer 3 Mobile Robots

Pioneer mobile robots are durable, differential-drive robots
for academic researchers. The most famous advantages of
Pioneer 3 robot series are good versatility, reliability, and dur-
ability. In this work, two kinds in the series named Pioneer 3-
DX (P3-DX) and Pioneer 3-AT (P3-AT) have been used for
the experimental implementation.

The P3-DX used in our lab is shown in Figure 1(a). It
assembled motors with 500-tick encoders, 19 cm wheels, 8
forward-facing ultrasonic sensors, 8 real-facing sonar, 1, 2,
or 3 rechargeable batteries, and a microcontroller which can
communicate with a laptop through serial port. P3-DX can
reach the maximum speed of 1.6 meters per second and carry
a payload of up to 23 kg. It is an all-purpose base and can be
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Figure 2: Hand position for P3 mobile robot.

used for research and applications involving mapping, tele-
operation, localization, monitoring, reconnaissance, vision
capture, cooperation, and other behaviors. P3-DX runs best
on hard surfaces. It can traverse low sills and household
power cords, and it can also climb most wheelchair ramps.

Another robot P3-AT used in this work is shown in
Figure 1(b). It is a highly versatile four-wheel drive robotic
platform, which is softwarecompatible with other pioneer
3 robots. P3-AT is a popular team performer for outdoor
or rough-terrain projects. It has powerful motors and
four knobby wheels that can reach the maximum speed
of 0.8 meters per second and carry a payload of up to
12 kg. P3-AT uses 100-tick encoders with inertial correction
recommended for dead reckoning to compensate for skid
steering. Similar with P3-DX, P3-AT also has 8 forward and
8 rear sonar, a microcontroller which can be connected with
a laptop through serial port and batteries.

Both of P3-DX and P3-AT have the same kinematic
model which can be expressed by the following equation:

x = υ cos(θ),

y = υ cos θ,

θ = ω,

(1)

where [x, y] is the inertial position of the P3 mobile robot,
θ is the orientation of the robot, and [υ,ω] denote the
linear and angular speeds of the robot. Since the P3 mobile
robots used in this work have nonholonomic constraints,
the coordination problem becomes more complicated. As
we know, nonholonomic systems cannot be stabilized with
continuous static-state feedback, so the difficulty of the
coordination problem for differentially driven mobile robots
is that the position and orientation of the center of the robot
cannot be simultaneously stabilized with a time-invariant
feedback control strategy. Some researchers successfully used
discontinuous control laws and time-varying control laws to
stabilize the center of a single differentially driven mobile
robot; however, the multiple robot case is more complicated
for sure.

The most popular way to simplify this complex case is to
define a hand position for each robot. As shown in Figure 2,
the hand position of the robot usually has been defined

at the point h = [hx,hy]T which lies a distance L along
the line that is normal to the wheel axis and intersects the
wheel axis at the center point r = [x, y]T . The kinematic
model of the hand position is holonomic for L /= 0. Instead
of considering the coordinating problem at the center of
the robot, we consider the problem at the hand position.
Another important advantage of defining a hand position for
the robot is that the hand position has practical interest. For
example, if the task of the robot group is to move an object
from one place to another by using the gripper which has
been installed at the hand position of each robot, then the
control objective for this task is to move the gripper locations
in a coordinated fashion.

Now, let us find the kinematic model for the hand
position of each robot. First, the hand position can be
represented by the following equation:

hx = x + L cos(θ),

hy = y + L sin(θ),
(2)

where h = [hx,hy]T is the hand position in x and y
plane. Now, let us differentiate (2) with respect to time and
substitute (1), then we get

hx = cos(θ)υ − L sin(θ)ω,

hy = sin(θ)υ + L cos(θ)ω.
(3)

Define h = [hx,hy]T , u = [ux,uy]T and let

υ = cos(θ)ux + sin(θ)uy ,

ω = − 1
L

sin(θ)ux +
1
L

cos(θ)uy ,
(4)

then we have

h= u, (5)

which is the kinematic model of the robot’s hand position.

3. Problem Formulation

As described in the above section, the nonlinear kinematic
model of the center position of the robot has been simplified
and linearized into the form of single-integrator dynamics
shown in (5) by defining a hand position for each robot. The
control interest has been converted from the center position
of the robot to its hand position. So the state of the hand
position of the robot is used as the state of the robot itself.

The virtual leader and virtual structure approach is one
solution to formation control. Figure 3 shows the example
of the virtual leader and virtual structure approach with a
formation composed of three vehicles with planar motions.
In Figure 3, C0 is the global coordinate system, ri(t) =
[xi(t), yi(t)]T is the ith vehicle’s actual position at time t, and
rdi (t) = [xdi (t), ydi (t)]T is the ith P3 mobile robot’s desired
positions at time t. Both its actual and desired position at
time t are relative to C0. The group can move with the desired
formation shape only if each vehicle can track its desired
position accurately.
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Figure 3: The framework for P3 mobile robot team with virtual
leaders.

In this paper, we assumed each P3 mobile robot knows
the state of its virtual subgroup leader versus time. If each
vehicle has inconsistent knowledge of its virtual subgroup
leader’s states, then the desired formation cannot be main-
tained.

The linearized model of each robot in the group can be
represented by the following equation:

ri(t) = ui(t), i = 1, . . . ,n, (6)

where ri(t) = [xi(t), yi(t)]T ∈ Rn is the state of the ith
robot in the group which includes its position and velocity
information. i is the index denoting the number of the robot
in the group. n is the total number of all robots in the group.
ui(t) ∈ Rm is the control input signal.

Now, define the virtual subgroup leader’s state, which is
also the desired state for each P3 mobile robot in the group,
as rdi (t) = [xdi (t), ydi (t)]T . If ri(t) → rdi (t), i = 1, . . . ,n, as t →
∞, then the desired formation shape is maintained, and the
group movement follows the desired reference.

4. A Novel Consensus Control Approach

In [21], the controller ui is designed for agents in the form of
integrators such that all followers track the virtual leader with
local interaction in the absence of velocity measurements.
Specifically, a distributed consensus tracking algorithm is
defined as

ui(t) = −α
n
∑

j=0

ai j
(

r j − ri
)

− β sgn

⎡

⎣

n
∑

j=0

ai j
(

ri − r j
)

⎤

⎦, (7)

where α is a nonnegative constant, β is a positive constant,
and sgn(·) is the signum function, since it considers the
tracking problem under fixed and switching network topolo-
gies. In the proposed work, a new distributed consensus

tracking control algorithm with consideration of some com-
munication delay can be represented as

ui(t) = rdi (t)− ki

(

ri(t)− rdi (t)
)

−
n
∑

j=1,i /= j

ai j
(

r j(t − τ)− rdj (t − τ)
)

,
(8)

where ki is the designed control gain. Notice that each robotic
vehicle in the group has the same group communication
coupling and kinematic model, ki can be represented as k
instead, ai j is the (i, j) entry of adjacency matrix An ∈ Rn×n

according to the interaction topology Çn = (νn, εn) for ri−rdi ,
r j−rdj is the information from neighbors of the ith P3 mobile
robot, which can also be treated as the coupling between the
ith P3 mobile robot and its neighbors, and τ is the constant
network-induced group communication delay. Submiting
(8) into (6), we have

ri(t) = rdi (t)− k
(

ri(t)− rdi (t)
)

−
n
∑

j=1,i /= j

ai j
(

r j(t − τ)− rdj (t − τ)
)

.
(9)

If we define

ei(t) = ri(t)− rdi (t), (10)

then (9) can be rewritten as

ei(t) = −kei(t)−
n
∑

j=1,i /= j

ai je j(t − τ). (11)

It is obvious that if ei → 0, i = 1, . . . ,n as t → ∞ which
means ri → rdi , i = 1, . . . ,n as t → ∞, then the desired for-
mation shape is maintained, and the group movement fol-
lows the desired reference. The next step is to find the suf-
ficient conditions for the design of the control gain k so that
it can stabilize the error dynamics represented by (11).

Lemma 1 (Jensen inequality). For any constant matrix E ∈
Rn×n, E = ET > 0, vector function ω : [0, τ] → Rn such that
the integrations concerned are well defined, then

τ
∫ τ

0
ω T(s)E ω (s) ds ≥

[∫ τ

0
ω (s)ds

]T

E
[∫ τ

0
ω (s)ds

]

.

(12)

Theorem 2. Consider the error dynamics model represented by
(11), for a given time delay τ and the number of members in
one group n; if there exist symmetric positive definite matrices

P =
[

P11 P12

PT
12 P22

]

> 0, Q =
[

Q11 0
0 Q22

]

> 0, R =
[

R11 0
0 R22

]

> 0,
matrices Mi,Ni, i = 1, . . . , 5 with appropriate dimensions,
such that the following inequality holds:

H =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

H11 ∗ ∗ ∗ ∗
H21 H22 ∗ ∗ ∗
H31 H32 H33 ∗ ∗
H41 H42 H43 H44 ∗
H51 H52 H53 H54 H55

⎤

⎥

⎥

⎥

⎥

⎥

⎦

< 0, (13)
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where

H11 = ̂P12 + ̂PT
12 + (n− 1) ̂Q11 + (n− 1)τ ̂R11

+ N1 + NT
1 + M1K + KTMT

1 ,

H21 = − ̂PT
12 + N2 −NT

1 + ATMT
1 + M2K ,

H22 = −(n− 1) ̂Q11 −N2 −NT
2 + M2A + ATMT

2 ,

H31 = (n− 1) ̂P11 + N3 + MT
1 + M3K ,

H32 = −N3 + M3A + MT
2 ,

H33 = (n− 1) ̂Q22 + (n− 1)τ ̂R22 + M3 + MT
3 ,

H41 = (n− 1) ̂P22 + N4 + M4K ,

H42 = −(n− 1) ̂P22 −N4 + M4A,

H43 = ̂PT
12 + M4,

H52 = −NT
2 −N5 + M5A,

H51 = −NT
1 + N5 + M5K ,

H44 = − (n− 1)̂R11

τ
,

H53 = −NT
3 + M5,

H54 = −NT
4 ,

H55 = − (n− 1)̂R22

τ
−N5 −NT

5 ,

(14)

then system (11) is asymptotically stable, for example, ei(t)
tends to zero asymptotically which means the ith robot in the
group tracks its desired trajectory well.

Proof. For each robot in the group, we take the Lyapunov
Krasovskii functional candidate as

Vi = (n− 1)eTi (t)P11ei(t) + 2eTi (t)P12

n
∑

j=1, j /= i

∫ t

t−τ
e j(s)ds

+
n
∑

j=1, j /= i

∫ t

t−τ
eTj (s)dsP22

∫ t

t−τ
e j(s)ds

+
n
∑

j=1, j /= i

∫ t

t−τ

[

eTj (s), eTj (s)
]

Q

[

e j(s)
e j(s)

]

ds

+
n
∑

j=1, j /= i

∫ 0

−τ

∫ t

t+θ

[

eTj (s), eTj (s)
]

R

[

e j(s)
e j(s)

]

dsdθ,

(15)

and now we define

êT(t) =
[

eT1 (t), . . . , eTn (t)
]

1×n, (16)

and take the multiple Lyapunov Krasovskii functional candi-
date as

V =
n
∑

i=1

Vi

= (n− 1)êT(t) ̂P11ê(t) + 2êT(t) ̂P12

∫ t

t−τ
ê(s)ds

+ (n− 1)
∫ t

t−τ
êT(s)ds ̂P22

∫ t

t−τ
ê(s)ds

+ (n− 1)
∫ t

t−τ

[

êT(s), ê
T

(s)
]

[

̂Q11 0
0 ̂Q22

]

2n×2n

[

ê(s)

ê (s)

]

ds

+ (n− 1)
∫ 0

−τ

∫ t

t+θ

[

êT(s), ê
T

(s)
]

[

̂R11 0
0 ̂R22

]

2n×2n

×
[

ê(s)

ê (s)

]

dsdθ,

(17)

where

̂Pii = diag [Pii, . . . ,Pii]n×n, i = 1, 2,

̂P12 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0 P12 · · · P12

P12
. . .

. . .
...

...
. . .

. . . P12

P12 · · · P12 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

n×n

,

̂Qii = diag [Qii, . . . ,Qii]n×n, i = 1, 2,

̂Rii = diag [Rii, . . . ,Rii]n×n, i = 1, 2.

(18)

With appropriate dimensions, the following two zero equa-
tions hold:

φ1 = 2zTN

[

ê(t)−
∫ t

t−τ
ê (s)ds− ê(t − τ)

]

= 0,

φ2 = 2zTM
[

ê (t) + K ê(t) + Aê(t − τ)
]

= 0,

(19)

where

z =
[

ê(t), ê(t − τ), ê (t),
∫ t

t−τ
ê(s)ds,

∫ t

t−τ
ê (s)ds

]T

,

N = [N1,N2,N3,N4,N5]T ,

Ni = diag [ni, . . . ,ni]n×n, i = 1, . . . , 5,

M = [M1,M2,M3,M4,M5]T ,

Mi = diag [mi, . . . ,mi]n×n, i = 1, . . . , 5,

K = diag [k, . . . , k]n×n,

A =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 a12 · · · a1(n−1) a1n

a21 0 · · · a2(n−1) a2n
...

...
. . .

...
...

a(n−1)1 a(n−1)2 · · · 0 a(n−1)n

an1 an2 · · · an(n−1) 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

(20)

Then, the derivative of the multiple Lyapunov function can-
didate is as follows:

V =V +φ1 + φ2

= (n− 1)ê
T

(t) ̂P11ê(t) + (n− 1)êT(t) ̂P11 ê (t)
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+ 2ê
T

(t) ̂P12

∫ t

t−τ
ê(s)ds + 2êT(t) ̂P12ê(t)

− 2êT(t) ̂P12ê(t − τ) + (n− 1)êT(t) ̂P22

∫ t

t−τ
ê(s)ds

− (n− 1)êT(t − τ) ̂P22

∫ t

t−τ
ê(s)ds

+ (n− 1)

(
∫ t

t−τ
êT(s)ds

)

̂P22ê(t)

− (n− 1)
∫ t

t−τ
êT(s)ds ̂P22ê(t − τ)

+ (n− 1)êT(t) ̂Q11ê(t) + (n− 1)ê
T

(t) ̂Q22 ê (t)

− (n− 1)êT(t − τ) ̂Q11ê(t − τ)

− (n− 1)ê
T

(t − τ) ̂Q22 ê (t − τ)

+ τ(n− 1)êT(t)̂R11ê(t) + τ(n− 1)ê
T

(t)̂R22 ê (t)

− (n− 1)
∫ t

t−τ

[

êT(s), ê
T

(s)
]

[

̂R11 0
0 ̂R22

]

2n×2n

[

ê(s)

ê (s)

]

ds

+ 2zTN

[

ê(t)−
∫ t

t−τ
ê (s)ds− ê(t − τ)

]

+ 2zTM
[

ê (t) + K ê(t) + Aê(t − τ)
]

.

(21)

Using Lemma 1, we have

V ≤ (n− 1)ê
T

(t) ̂P11ê(t) + (n− 1)êT(t) ̂P11 ê (t)

+ 2ê
T

(t) ̂P12

∫ t

t−τ
ê(s)ds + 2êT(t) ̂P12ê(t)

− 2êT(t) ̂P12ê(t − τ) + (n− 1)êT(t) ̂P22

∫ t

t−τ
ê(s)ds

− (n− 1)êT(t − τ) ̂P22

∫ t

t−τ
ê(s)ds

+ (n− 1)
∫ t

t−τ
êT(s)ds ̂P22ê(t)

− (n− 1)
∫ t

t−τ
êT(s)ds ̂P22ê(t − τ)

+ (n− 1)êT(t) ̂Q11ê(t) + (n− 1)ê
T

(t) ̂Q22 ê (t)

− (n− 1)êT(t − τ) ̂Q11ê(t − τ)

+ τ(n− 1)êT(t)̂R11ê(t) + τ(n− 1)ê
T

(t)̂R22 ê (t)

− n− 1
τ

∫ t

t−τ
êT(s)dŝR11

∫ t

t−τ
ê(s)ds

− n− 1
τ

∫ t

t−τ
ê
T

(s)dŝR22

∫ t

t−τ
ê (s)ds

+ 2zTN

[

ê(t)−
∫ t

t−τ
ê (s)ds− ê(t − τ)

]

+ 2zTM
[

ê (t) + K ê(t) + Aê(t − τ)
]

= zTHz,

(22)

where H is shown in (13). If (13) holds, then from (22),
we have V≤ 0 which means that the system (11) is asymptot-
ically stable, for example, ei(t) tends to zero asymptotically
which means the ith robot in the group tracks its desired
trajectory well.

Note that the LMI condition in (13) is nonconvex, and
hence the following theorem is proposed to be the sufficient
condition of (13).

Theorem 3. Consider the error dynamics model represented by
(11), for a given time delay τ, given scalars θi, i = 1, . . . , 5
and the number of members in one group n, if there exist
matrices P11, P12, P22, Q11, Q22, R11, R22, X , Y , Ni, i = 1, . . . , 5
with appropriate dimensions, such that the following inequality
holds:

⎡

⎢

⎢

⎢

⎢

⎢

⎣

H11 ∗ ∗ ∗ ∗
H21 H22 ∗ ∗ ∗
H31 H32 H33 ∗ ∗
H41 H42 H43 H44 ∗
H51 H52 H53 H54 H55

⎤

⎥

⎥

⎥

⎥

⎥

⎦

< 0, (23)

where

H11 = P12 + P
T
12 + (n− 1)Q11 + (n− 1)τR11

+ N1 + N
T
1 + θ1Y + θ1Y

T ,

H21 = −PT
12 + N2 −N

T
1 + θ2XA

T + θ2Y ,

H22 = −(n− 1)Q11 −N2 −N
T
2 + θ2AX

T + θ2XA
T ,

H31 = (n− 1)P11 + N3 + θT1 X + θ3Y ,

H32 = −N3 + θ3AX
T + θ2X ,

H33 = (n− 1)Q22 + (n− 1)τR22 + θ3X
T + θ3X ,

H41 = (n− 1)P22 + N4 + θ4Y ,

H42 = −(n− 1)P22 −N4 + θ4AX
T ,

H43 = P
T
12 + θ4X

T ,

H52 = −NT
2 −N5 + θ5AX

T ,

H51 = −NT
1 + N5 + θ5Y ,

H44 = − (n− 1)R11

τ
,

H53 = −NT
3 + θ5X

T ,

H54 = −NT
4 ,

H55 = − (n− 1)R22

τ
−N5 −N

T
5 ,

(24)

then system (11) is asymptotically stable with control gain K =
YX−1, for example, ei(t) tends to zero asymptotically which
means the ith robot in the group tracks its desired trajectory
well.

Proof. In order to transform the nonconvex LMI in (13)
into a solvable LMI, assume that Mi = θiM0, i = 1, . . . , 5
where θi is known and given. Define X = M−1

0 , ̂W =
diag(X ,X ,X ,X ,X), and Y = KX . Then by premultiplying
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the inequality in (13) by ̂WT and postmultiplying by ̂W , we
can obtain the inequality (23).

Remark 4. Equation (23) in Theorem 3 and (13) in
Theorem 2 are used to design control gain K . Equation (23)
is a sufficient condition of (13) in Theorem 2 due to the
simplification of Mi matrices.

5. Simulations

In this subsection, three robots in the group move with a
constant delay at 1 second is simulated. In effect, the propos-
ed approach is applicable for any group with multiple robotic
systems (greater than three).

The consensus control algorithm in (8) has been applied
to adjust the whole group movement performance. The con-
trol gain has been designed based on the sufficient condition
in Theorem 3 as

Ki = YX−1 =
[

5.6681 0
0 5.6681

]

, (25)

where

X =
[

−0.0654 0
0 −0.0654

]

,

Y =
[

−0.3705 0
0 −0.3705

]

,

(26)

i ∈ [1, 2, 3].
The evolution of the group movement has been shown in

Figure 4. For robot 1, the desired trajectory is a linear func-
tion, xd1 = 60t + 250; yd1 = t. For robot 2, it is xd2 = t +
4; yd2 = t. And for robot 3, it is xd3 = t; yd3 = t + 12. The
initial positions for three robots are arranged by every 2 cm
at X-axis with 0 mm at Y-axis. Robots 1 and 2 start moving
at (4, 0) and (6, 0), respectively, while robot 3 starts at (8, 0)
position. As shown in Figure 4 at 1 second after the group
starts moving, the initial position information of each robot
at t = 0 second has not been received by each other. Since the
time increment is measured as 0.2 seconds, at the 0.4 seconds,
three robots sufficiently started to move toward the desired
trajectory from the original positions. In t = 1 second, the
robots have received the signals between each other, due to
the communication delay. Finally, they reached the desired
formation after a certain time.

In Figure 5, the tracking error figure shows the tracking
error in X- and Y-axis versus time, respectively. Because
the tracking error at X-axis corresponded to the Y-axis in
term of magnitude, it is accurately sufficient to focus on the
tracking error at X-axis only. From this figure, at t = 0
second, the tracking errors which are measured at X-axis for
robot 3 are highest, approximately 8 cm until the time past
t = 1 second, which is the time the robots received the signal.
Since the control gain was designed well to reduce the effect
caused by the delay, the tracking errors gradually converged
to zero in the next 2.5 seconds.

To further test the stabilization ability of the proposed
control approach, the virtual leaders’ trajectories are adopted
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Figure 4: Evolution of the robot group movement with long-time
communication delay (τ = 1 second).

as nonlinear curve, which is different compared with those
in the previous section. For robot 1, the desired trajectory is
xd1 = t; yd1 = sin(0.5t). For robot 2, it is xd2 = t; yd2 =
sin(0.5t) + 0.5. And for robot 3, it is xd2 = t; yd3 = sin(0.5t) +
1.

The evolutions of the group movement is as shown in
Figure 6. From the figure, it can be seen that finally the
group tracks the virtual leaders’ trajectory and maintains the
desired group formation very well. The tracking errors have
been represented in Figure 7 based on both X- and Y-axis.
As shown in Figure 7, the tracking errors converge to zero
in 2.5 seconds which shows the effectiveness of the proposed
consensus control algorithm. It can make the whole net-
worked multirobots reach consensus and maintain the desi-
red group formation well. It also can reduce the effects caus-
ed by communication delays.

6. Experimental Results

In this section, the proposed distributed formation control
strategy is applied to multiple mobile robots for experimental
tests. As shown in the following subsections, there are three
main parts: (i) the hardware experimental setup; (ii) the soft-
ware regarding the control operation system of P3 mobile
robots; (iii) discussions on the experimental results.

6.1. Implementation of the Proposed Approach. Experimental
tests are implemented in the Advanced Control and Mecha-
tronics Laboratory at Dalhousie University. The multiple
mobile robot test platform consists of one Pioneer 3-DX and
one Pioneer 3-AT as shown in Figure 8. The two robots are
connected with two laptops through serial ports, and the two
laptops can communicate with each other through wireless
network with TCP/IP protocols. Each robot has encoder for
their position and orientation information. All calculations,
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Figure 5: The tracking error of the robot group movement with time delay (τ = 1 second): (a) X-axis; (b) Y-axis.
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Figure 6: Evolution of the group movement with nonlinear
formation with time delay (τ = 1 second).

receiving data information from the robots and inputting
control signals to the robots, are processed by the laptops.

In the experimental tests, a group of two P3 mobile ro-
bots is required to maintain the desired group formation
according to its desired trajectory. The kinematic model for
each robot is as shown in (1), and this model can be
linearized by setting a hand position for each robot, for
example, the simplified model represented by (5). After the
group starts moving, laptops attached on the robots will keep
performing the following tasks once per second: (1) reading
position and orientation data from robots; (2) exchanging
those data with each other through the wireless network
with 1 second communication delay; (3) calculating the con-
trol input values according to the distributed consensus for-
mation control algorithm (8) and then calculating the de-
sired linear and orientation speed for the robots according to
(4); (4) converting the desired linear and orientation speed

of the robots into the desired rotating speed of the left and
right wheel of the robots, respectively, based on the following
equation:

˜R = υ

ω
,

VL = ω
(

˜R− 0.5l
)

,

VR = ω
(

˜R + 0.5l
)

,

(27)

where VL and VR are the left and right wheels rotating speed
of the robot, l = 33 cm is the length between left and right
wheels of Pioneer 3-DX, and l = 38 cm is that of Pioneer 3-
AT, (5) sending signals to robots to set the rotating speeds as
the desired values.

6.2. Introduction on Software. In the experimental tests, soft-
ware programming is another important issue. All com-
mands and calculations processed by the controller (laptop)
attached on each robot are programmed in C++ language.
For simplifying the programming task, advanced robot inter-
face for applications (ARIAs) has been used in the work.

ARIA is a programming library for C++ programmers
who want to access their mobile robot platform and acces-
sories at either a high or low level. Written in the C++ lan-
guage, ARIA is client-side software for easy, high-performan-
ce access to and management of the robot, as well as to the
many accessory robot sensors and effectors. ARIA includes
many useful utilities for general robot programming and
cross-platform (Linux and Windows) programming as well.

ARIA can dynamically control the robot’s velocity, head-
ing, relative heading, and other motion parameters either
through simple low-level commands or through its high-
level “actions” infrastructure. In this work, ARIA also re-
ceives odometric position estimates, sonar readings, and all
other current operating data sent by the robot platform.
Functions defined in ARIA have been invoked to help read
position data and set robot’s velocity and orientations, which
as a result saves lots of time in programming.

Since the two laptops are required to communicate with
each other via the wireless network with TCP/IP topology, a
library named ArSocket in ARIA is then used for this issue.
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Figure 7: Tracking errors of the group with time delay (τ = 1 second): (a) X-axis; (b) Y-axis.

Figure 8: Pioneer 3 mobile robot test platform framework.

With the help of ArSocket, the user can directly create a
server with one laptop and create a client with another. At
the beginning of the group movement, the server opens a
server port for the client and waits for the client to connect.
The client is then connected to the server by following the
server’s IP address. When the server receives the client’s call,
it will send a call back to the client and start action. Then
the client will start action as soon as it receives the call from
the server. The server and client can interact synchronously
through this way.

6.3. Experimental Results. The two robots in the team start
moving at initial position of (0, 0) for robot 1 (P3-AT) and
(1050, 1050) for robot 2 (P3-DX) with a unit in mm. As
described above, the hand position for each robot has a
distance L to the center point of the robot. In the experiment,
L = 30 cm for both robots, so the initial hand positions of
robot 1 and robot 2 are (300, 300) and (1350, 1350), respec-
tively, with a unit in mm. For the first test, the “hands” of the
robot group are firstly required to track a straight line as

xd(t) = 60t + 500, yd(t) = 60t + 500, (28)

where t is the time starting from 0 second, the unit of xd and
yd is mm, and (28) is according to the coordinate system Ci

of the ith robot itself. The group movement trajectory is as
shown in Figure 9.

In order to evaluate the group performance, the group
movement trajectory was recorded and analyzed using
MATLAB. The group trajectory is drawn by Figure 10. Since
the position data has been recorded once per second, the time
period between each location point in the figure is 1 second.
As shown in the figure, P3-AT and P3-DX start moving
from initial positions together at 0 second. The group starts
getting close to the virtual leader’s trajectory or the desired
trajectory in the first 8 seconds of the movement. After 8
seconds, the group gets on the desired trajectory. During this
process, the desired group formation has been kept very well.
Figure 11 shows that the consensus tracking errors for the
virtual center position converge more and more close to 0,
and the lowest values of the errors are below 2 cm. This
convergence property of the tracking error guarantees the
good maintenance of the group formation.

For the second test, the group is required to track a curve
as

xd(t) = 20t + 500, yd(t) = 2t2 + 500, (29)

where t is the time starting from 0 second, the unit of xd and
yd is mm, and (29) is according to the coordinate system Ci

of the ith robot itself. The team movement with fixed group
formation is as shown in Figure 12.

For this case, the data has also been recorded and ana-
lyzed. Figure 13 shows the group movement trajectory and
virtual leader trajectory. As shown in the Figure, the group
trajectory of each robot undulates a little bit in the first
8 seconds transition time compared with the previous test
as in Figure 10. After 8 seconds, the group gets on desired
trajectory and undulates a little bit more than the previous
test (the straight line case). Through drawing the consensus
tracking errors for virtual center positions in Figure 14, it
shows that the tracking error of each robot converges in the
first 20 seconds and the minimum value is below 2 cm. And
then after 20 seconds, it increases a little bit between 2 cm
and 3 cm. That is because the motor speed of each robot,
which is calculated and set by the controller once per second,
is held for each 1 second during the movement. So the system
is not “ideal time continuous.” For the curve tracking case,
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(a) (b)
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Figure 9: Experimental result of group movement tracking straight line: (a) 0 second; (b) 20 seconds; (c) 40 seconds; (d) 60 seconds.
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Figure 10: Group movement tracking straight line.

the virtual leader of each robot moves with an acceleration
along Y-axis which is equal to 4 mm/s2. As the time goes after
movement, the virtual leader’s velocity increases greatly and
becomes bigger and bigger so that it becomes more and more
difficult for each robot to react and match the velocity and
motion of its virtual leader. This hardware limitation causes
the performance of the consensus tracking errors as shown in
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Figure 11: Consensus tracking errors for the virtual position:
straight line case.

Figure 14. If the group moves for over 200 seconds, then the
speed of the virtual leader along Y-axis becomes more than
0.8 meters per second which is the maximum speed of P3-AT.
This is the main difference compared with the previous test
(straight line case).
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Figure 12: Experimental result of group movement tracking curve: (a) 0 second; (b) 7 seconds; (c) 20 seconds; (d) 35 seconds.
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Figure 13: Group movement tracking curve.

From the results, the consensus-based formation control
strategies described in Section 4 are applied to the experi-
mental test for P3 robot group. Due to the proper design of
the control gain, the mobile robot group can track the virtual
leader’s trajectory and maintain the desired group formation
well.
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Figure 14: Consensus tracking errors for the virtual position:
curvilinear case.

7. Conclusions

In this work, a consensus-based tracking control strategy was
proposed for the virtual leader formation control approach
of multiple mobile-robot group with group communication
delays. The kinematic model of P3 mobile robot has been
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introduced. The formation control algorithm has been ap-
plied to the linearized dynamic model of P3 mobile robot.
A novel multiple Lyapunov functional candidate has been
proposed to give the sufficient conditions of the control
gain design as shown in theorems. The proposed consensus
formation control strategy can be successfully applied to the
multiple P3 mobile-robot experimental platform in the host
laboratory. The results show a good group performance due
to the good feasibility of the proposed approach.
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This paper investigates asymptotic stabilization for linear systems over networks based on event-driven communication. A new
communication logic is proposed to reduce the feedback effort, which has some advantages over traditional ones with continuous
feedback. Considering the effect of time-varying transmission delays, the criteria for the design of both the feedback gain and the
event-triggering mechanism are derived to guarantee the stability and performance requirements. Finally, the proposed techniques
are illustrated by an inverted pendulum system and a numerical example.

1. Introduction

Traditional control theory is built on the idea of perfect infor-
mation flow from the sensor to the controller and from the
controller to the actuator, that is, there is no delay and the
transmitted signals are equal to received signals. However,
this is not true for control loop closed over networks, where
the actuators, sensors, and controllers are distributed in a
wide geographical area, operating via some communication
networks, such as DeviceNet, Ethernet, and FireWire, to
name a few [1]. Because of the network uncertainties, data
packets can be delayed, dropped, or reordered which make
closed-loop control very difficult. Therefore, control over
networks appears and has been drawing more and more
attention in recent years from researchers working in the
areas of systems and control [2–5]. A typical feature in the
literature lies in the periodic execution of the control task
due to the ease of analysis and design. However, the time
synchronization problem presents a challenge in digital con-
trol applications when dealing with multiple sampling rates
and systems with distributed computing devices; sampling
jitter, time-varying delays, and coding errors introduced by
networked distributed systems may degrade the performance
or even cause closed-loop instability. On the other hand,
periodic sampling only considers the system dynamics at

every sampling instance triggered by a clock, and it does not
take into account the constraints of both computer resources
and communication bandwidth. Hence, the communication
resources usage in this control scheme is inefficient.

To relax the periodicity assumption, event triggering
tech-niques are proposed. Various terms are used to express
event-based sampling strategy: the level crossing sampling
[6], the magnitude-driven sampling, and, sometimes, sam-
pling in the amplitude domain, Lebsegue sampling [7]. In
the sensor network community, the magnitude-driven or
level crossing sampling is known as send-on-delta [8] or
deadbands [9]. By contrast, event-based communication
mechanisms use resources more efficiently by invoking oper-
ation only when a specific event occurs in the system, which
guarantees relatively little communication effort. Due to easy
implementation, event-based control mechanisms have been
used in industry for some time, ranging in sectors from oil
and gas, power and utility, to manufacturing. Unfortunately
there is little methodology available for event-based control
at the beginning. This could be explained as the mathemat-
ical difficulties since event-based control integrates discrete
logic functions with continuously evolving system dynamics.
However, most existing control design methods focus only
on dynamic systems, while ignoring logic constraints. Early
results on discontinuous systems and impulsive control were
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used to solve problems concerning event-based control.
Event-based control can also be viewed as a special case
of hybrid systems from the viewpoint of the continuous
variables and discrete transition associated with events.
Recently, a few fundamental results have been reported for
event-based control [10–18] and estimation [19]. Overall,
the research of event-based control is still in its infancy, and
the results obtained are still very limited, contrasting to its
wider applications in practical control problems. The various
benefits of event-based control necessitate overcoming the
difficulties in the analysis and design of this type of control
strategies.

In this paper, further results on event-based control
recently dealt with in [10] are presented, where an event
generation condition based on the control error is proposed
rather than the state error considered in [10]. This is achieved
by adopting the topology that the sensor, controller, and
event detector reside on the same node in the network.
The event detector contains sophisticated logic devices to
trigger an event when the control error norm reaches a
certain proportion of the state norm, and then send the
current control signal to the actuator node. The effect
of time-varying network transmission delays is considered
instead of a constant computational delay as in [10]. The
defined events guarantee that the controller designed can
stabilize the event-based control system. The relationships
between the parameters of the event detector, the upper
bound of transmission delays, and the feedback gain are
also established. Moreover, the feasibility of this event-
based scheme is verified by estimating the lower bound of
the difference between two consecutive event times. Two
simulation examples are presented to illustrate the proposed
approach.

The rest of this paper is organized as follows. Section 2
presents the event-triggered problem with consideration of
time-varying transmission delays. Based on a control error
event-triggered scheme, design for both the controller and
the parameter of the event detector for event-based control
systems is proposed in Section 3. Two simulation examples
are given in Section 4 to demonstrate the advantage of the
event-triggered algorithm. Finally, Section 5 concludes the
paper.

2. Problem Statement

Consider the following continuous-time linear system
described by

ẋ(t) = Ax(t) + Bu(t), (1)

where x(t) ∈ Rn and u(t) ∈ Rm denote the system
state vector, and control input, respectively. We make the
assumption that all state variables are measurable. The
parameter matrices A and B are known with appropriate
dimensions.

Different from traditional control systems that the inter-
connection between the plant and the actuator is transparent,
the actuator considered is connected to the system in (1)
through a communication link. In this case, the usual

Actuator Plant Sensor Controller

Event
detector

u(t) x(t)

x(t)

Kx(t)

Kx(tk)

Figure 1: Event-based control loop.

assumption that the transmitted signals are equal to received
signals is no longer applicable. As is well known, the periodic
sampling mechanism has been used implicitly for a few
decades due to the ease of analysis and design. However,
the communication resources may be used unnecessarily in
some situations. The event-based control scheme is used in
this paper to avoid the overload of the network transmission
and reduce the network bandwidth usage.

The topological structure of the considered event-based
control system consisting of a continuous-time linear time-
invariant system, a sensor, a continuous-time state-feedback
controller, an event detector, and an actuator is shown in
Figure 1. The signal is transmitted continuously along the
solid lines among the actuator, the plant, and the smart
event detector; whereas the communication link denoted by
the dash line is only used after an event has been generated.
As Figure 1 suggests, the sensor, controller, and event
detector reside on the same node in the network. The sensor
samples the plant continuously, then the sampled signals
are sent to the controller and the event detector. The event
detector determines whether the control signal will be sent
out through the network by using the event condition. Under
the event condition, a sequence of time instants, t0, t1, t2, . . .,
is determined as the event time, where t0 = 0 is the initial
time. The inter-event time is defined as tk+1 − tk which
corresponds to the release period given by the event detector.
Throughout this paper, it is assumed that the elapsed time
between the sensor measurement and the event detector
decision is negligible, the data is transmitted with a single
packet, and packet loss does not occur in transmission. Thus
the only effect considered for network uncertainties is the
transmission delays on the system. Suppose the delay τk
in the network communication is time varying and τk ∈
[0, τ], where τ is a constant scalar representing the maximum
delay. The control signal u(t0),u(t1),u(t2), . . . will arrive at
the actuator side at the instants t0 + τ0, t1 + τ1, t2 + τ2, . . .,
respectively. Moreover, the actuator will hold the control
value u(tk) and drive the controlled plant until a new
message arrives. Therefore, the output of the actuator can be
expressed as

u(t) = Kx(tk), for t ∈ [tk + τk, tk+1 + τk+1), (2)

where K is a state feedback gain matrix of appropriate
dimension to stabilize A + BK .
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Based on the above analysis, the system model under
the controller in (2) with event-based communication over
networks can be described by

ẋ(t) = Ax(t) + BKx(tk), for t ∈ [tk + τk, tk+1 + τk+1).
(3)

The purpose of this paper is to design an event condition ren-
dering the event-based control system in (3) asymptotically
stable.

3. Main Results

Inspired by [10], the event detector has the following form:

‖ek(t)‖ < σ‖x(t)‖, (4)

where ek(t) is defined as the control error between the cur-
rently computed control value and the previously submitted
one

ek(t) = K(x(tk)− x(t)), for t ∈ [tk, tk+1) (5)

and σ is a positive scalar to be determined later.

Remark 1. In the literature, event generation is usually based
on the difference between the current plant state and the
previously submitted plant state or the difference between
the plant state and the state of a reference model. The results
presented in this paper are based on the assumption that the
event detector is implemented with respect to control errors.
This does make sense in a networked control setting where
the shared resource is the transmission medium.

Remark 2. To reduce communication bus load, the com-
puted control signal satisfying the event condition in (4)
will not be sent to update the actuator. Only the one that
violates the inequality in (4) will be transmitted, but the
communication will not be invoked when the system is
in steady state. Intuitively, decreasing the value of σ has
the effect of shrinking the average inter-event time since
the ratio between the control error and the state will
need less time to reach the threshold as the value of σ
decreases. Particularly, the event-triggered scheme reduces to
a continuous communication case when σ = 0.

Combining the definition of ek(t), the dynamic of the
digitally implemented control system for t ≥ tk + τk can be
described by

ẋ(t) = Ax(t) + BKx(tk)

= (A + BK)x(t) + BK(x(tk)− x(t))

= (A + BK)x(t) + Bek(t).

(6)

If we consider the control error as a perturbation, it
is natural to apply the perturbation method [20]. The
input-to-state stable Lyapunov function candidate V(x, t) =
xT(t)Px(t) with respect to control errors e(t) is used to
investigate the stability for the event-based control system.

The derivative of V(x, t) along the trajectories of (6) is giv-
en by

∂V(x, t)
∂t

= ∂V(x, t)
∂x(t)

((A + BK)x(t) + Bek(t))

= xT(t)
(

(A + BK)TP + P(A + BK)
)

x(t)

+ xT(t)PBek(t) + eTk (t)BTPx(t)

= −xT(t)Qx(t) + 2xT(t)PBek(t),

(7)

where Q is a symmetric matrix defined by

(A + BK)TP + P(A + BK) + Q = 0. (8)

From (7), it can be obtained that

∂V(x, t)
∂t

≤ −λmin(Q)‖x‖2 + 2‖PB‖‖x‖‖ek‖. (9)

Thus based on the Lasalle’s invariance principle, a sufficient
condition to guarantee the asymptotic stability is

‖ek(t)‖ < σ1‖x(t)‖, (10)

where

σ1 = λmin(Q)
2‖PB‖ . (11)

The next event instant is given by

tk+1 = inf{t > tk | ‖ek(t)‖ ≥ σ‖x(t)‖}. (12)

Choose σ ≤ σ1, which implies the asymptotic stability of the
system in (3) for t ∈ [tk +τk, tk+1) since the inequality in (10)
is satisfied.

Now consider the interval [tk+1, tk+1 + τk+1). First look at
the dynamic of ‖ek(t)‖/‖x(t)‖:

d

dt

‖ek(t)‖
‖x(t)‖ =

d

dt

[

eTk (t)ek(t)
]1/2

[xT(t)x(t)]1/2

= − eTk (t)Kẋ(t)

‖ek(t)‖‖x(t)‖ −
x(t)T ẋ(t)

‖x(t)‖2
‖ek(t)‖
‖x(t)‖

≤ ‖ek(t)‖‖K‖‖ẋ(t)‖
‖ek(t)‖‖x(t)‖ +

‖x(t)‖‖ẋ(t)‖
‖x(t)‖‖x(t)‖

‖ek(t)‖
‖x(t)‖

=
(

‖K‖ +
‖ek(t)‖
‖x(t)‖

)‖ẋ(t)‖
‖x(t)‖

≤
(

‖K‖ +
‖ek(t)‖
‖x(t)‖

)

× ‖A + BK‖‖x(t)‖ + ‖B‖‖ek(t)‖
‖x(t)‖

= ‖K‖‖A + BK‖ + (‖K‖‖B‖ + ‖A + BK‖)

× ‖ek(t)‖
‖x(t)‖ + ‖B‖

(‖ek(t)‖
‖x(t)‖

)2

.

(13)

The comparison lemma in [20] as a tool to compute
bounds on a solution without computing the solution itself
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can be used to estimate the bound on ‖ek(t)‖/‖x(t)‖.
Consider the scalar differential equation

ϕ̇(t) = αϕ2(t) +
(

αβ + γ
)

ϕ(t) + βγ, (14)

where

α = ‖B‖, β = ‖K‖, γ = ‖A + BK‖. (15)

Let [tk+1, tk+1 + τ) be the interval of existence of the solution
ϕ(t). Recall that (12) implies ek(t) = σx(t) at event instant
t = tk+1 and thus ‖ek(tk+1)‖/‖x(tk+1)‖ = σ . Let

σ ≤ ϕ(tk+1) = σ2 < σ1. (16)

Then ‖ek(t)‖/‖x(t)‖ ≤ ϕ(t) for all t ∈ [tk+1, tk+1 +τ). Rewrite
(14) as

ϕ̇(t) = αϕ2(t) +
(

αβ + γ
)

ϕ(t) + βγ

= α

(

ϕ2(t) +
αβ + γ

α
ϕ(t) +

βγ

α

)

= α

⎡

⎣

(

ϕ(t) +
αβ + γ

2α

)2

−
(

γ − αβ
)2

4α2

⎤

⎦.

(17)

Denote (γ − αβ)2/4α2 as q2, and take the transform

ϕ(t) +
αβ + γ

2α
= s(t), dϕ = ds, (18)

then

τ =
∫ tk+1+τ

tk+1

dt = 1
α

∫ ϕ(tk+1+τ)

ϕ(tk+1)

1
ϕ2 +

((

αβ + γ
)

/α
)

ϕ + βγ/α
dϕ

= 1
α

∫ ϕ(tk+1+τ)+((αβ+γ)/2α)

ϕ(tk+1)+((αβ+γ)/2α)

1
s2 − q2

ds

= 1
2qα

ln
s− q

s + q
|ϕ(tk+1+τ)+((αβ+γ)/2α)
ϕ(tk+1)+((αβ+γ)/2α)

= 1
γ − αβ

ln

(

ϕ(tk+1 + τ) + β
)(

ϕ(tk+1) + γ/α
)

(

ϕ(tk+1 + τ) + γ/α
)(

ϕ(tk+1) + β
) .

(19)

The desired upper bound for σ is obtained by solving the last
equation in (19) with

ϕ(tk+1 + τ) = σ1, ϕ(tk+1) = σ2, (20)

that is,

σ2 = γ
(

σ1 + β
)− β

(

ασ1 + γ
)

e(γ−αβ)τ
(

ασ1 + γ
)

e(γ−αβ)τ − α
(

σ1 + β
) . (21)

The inequality σ ≤ σ2 < σ1 implies that (10) can be
guaranteed for t ∈ [tk+1, tk+1 + τk+1) by generating an event
at time instant tk+1.

In addition, another constraint needs to be enforced on
σ to guarantee that there is no event being generated for the
time t ∈ [tk+1, tk+1 + τk+1), that is, ‖ek+1(t)‖/‖x(t)‖ < σ . At
t = tk+1, an event occurs, and the control error changes from
ek(t) = K(x(tk)−x(t)) to ek+1(t) = K(x(tk+1)−x(t)). To avoid

the out-of-order transmission for t ∈ [tk+1, tk+1 + τk+1), the
dynamic of ‖ek+1(t)‖/‖x(t)‖ should be bounded by σ . Follow
the same arguments as (13) to get

d

dt

‖ek+1(t)‖
‖x(t)‖ = d

dt

[

eTk+1(t)ek+1(t)
]1/2

[xT(t)x(t)]1/2

= − eTk+1(t)Kẋ(t)

‖ek+1(t)‖‖x(t)‖ −
xT(t)ẋ(t)

‖x(t)‖2
‖ek+1(t)‖
‖x(t)‖

≤ ‖ek+1(t)‖‖K‖‖ẋ(t)‖
‖ek+1(t)‖‖x(t)‖

+
‖x(t)‖‖ẋ(t)‖
‖x(t)‖‖x(t)‖

‖ek+1(t)‖
‖x(t)‖

=
(

‖K‖ +
‖ek+1(t)‖
‖x(t)‖

)‖ẋ(t)‖
‖x(t)‖

≤
(

‖K‖ +
‖ek+1(t)‖
‖x(t)‖

)

× ‖A + BK‖‖x(t)‖ + ‖B‖‖ek(t)‖
‖x(t)‖

=
(

‖K‖ +
‖ek+1(t)‖
‖x(t)‖

)

×
(

‖A + BK‖ + ‖B‖‖ek(t)‖
‖x(t)‖

)

,

(22)

where ‖ek(t)‖/‖x(t)‖ is bounded by ϕ(t), which can be
found by solving the last equation in (19) with ϕ(tk+1) =
σ2. By the comparison principle, an upper bound for the
evolution of the ratio ‖ek+1(t)‖/‖x(t)‖ can be immediately
obtained by solving

φ̇(t) = (‖K‖ + φ(t)
)(‖A + BK‖ + ‖B‖ϕ(t)

)

, (23)

with ‖ek+1(t)‖/‖x(t)‖ ≤ φ(t). Furthermore, it follows from
(23) and φ(tk+1) = 0 that

φ(tk+1 + τ)

= ‖K‖
(

exp

(
∫ tk+1+τ

tk+1

(‖A + BK‖ + ‖B‖ϕ(t)
)

dt

)

− 1

)

≤ ‖K‖
(

exp

(
∫ tk+1+τ

tk+1

(‖A+BK‖ + ‖B‖σ1)dt

)

−1

)

= ‖K‖(exp((‖A + BK‖ + ‖B‖σ1)τ)− 1
)

= σ3,
(24)

which implies that there is no another event being triggered
before the termination of the previous one if σ ≥ σ3. The
lower bound of the difference between two consecutive event
times is described by τk + η, where η is the time for ϕ(t) to
evolve from σ3 to σ . Substituting the corresponding values in
(19), thus

η = 1
γ − αβ

ln

(

σ + β
)(

σ3 + γ/α
)

(

σ + γ/α
)(

σ3 + β
) (25)

is obtained.
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Hence, the following theorem can be concluded.

Theorem 3. For a given parameter τ and any k ∈ N, the event
condition in (4) with

σ3 ≤ σ ≤ σ2 (26)

enforced for any t ∈ [tk, tk+1) and the control law in (2) with
K given by (8) executed for any t ∈ [tk + τk, tk+1 + τk+1)
guarantee that the system in (1) under the event-based control
is asymptotically stable, and the inter-event intervals are lower
bounded by τk + η, where η is given in (25).

Remark 4. Theorem 3 provides a useful way of design for
both the feedback gain K and the trigger parameter σ .
Moreover, the information of the transmission delays is also
involved. Therefore, the method can be used to tackle the
case with time-varying network transmission delays. For
given upper bound τ on the transmission delays, by solving
(8), (21), (24), the corresponding feedback gain and trigger
parameter can be obtained, which can be used to guarantee
the required performance even though the transmission
delays exist in the network communication.

Remark 5. The maximum τ can be solved by maximizing σ1

in terms of (8) and letting σ2 = σ3. However, how to find the
optimal value of σ1 is still open. Appropriately selecting the
value of σ1 will lead to a relatively larger value of the upper
bound τ.

Note that if τk = 0, that is, no transmission delay or the
effect of the transmission delay can be omitted, Theorem 3
reduces to the result in the following corollary.

Corollary 6. For any k ∈ N, the event condition in (4) with

σ ≤ σ1 (27)

enforced and the control law in (2) withK given by (8) executed
for any t ∈ [tk, tk+1) guarantee that the system in (1) under the
event-based control is asymptotically stable, and the inter-event
intervals are lower bounded by η, where η satisfies

η = 1
γ − αβ

ln

(

σ + β
)

γ
(

ασ + γ
)

β
. (28)

Proof. The inequality σ ≤ σ1 implies that (10) can be
guaranteed, thus the controller renders the closed-loop
system asymptotically stable for any t ∈ [tk, tk+1) and for
any k ∈ N. To estimate the inter-event time, the dynamic
of ‖ek(t)‖/‖x(t)‖ should be bounded by ϕ(t). Following the
same arguments for t ∈ [tk, tk+1), we have

η = 1
γ − αβ

ln

(

ϕ
(

tk + η
)

+ β
)(

ϕ(tk) + γ/α
)

(

ϕ
(

tk + η
)

+ γ/α
)(

ϕ(tk) + β
) . (29)

Substituting the corresponding values ϕ(tk) and ϕ(tk + η) by
0 and σ , thus (28) is obtained.

Remark 7. The lower bound of the inter-event intervals
provided in (28) is always positive if γ /=αβ. It can be shown

in the following. Without loss of generality, suppose γ < αβ,
then

γ < αβ ⇐⇒ σγ < σαβ ⇐⇒ σγ + βγ

< σαβ + βγ ⇐⇒
(

σ + β
)

γ
(

σα + γ
)

β
< 1.

(30)

Thus both terms γ − αβ and ln((σ + β)γ/(ασ + γ)β) are
negative. Similarly, the positiveness can be proved for the case
γ > αβ.

Remark 8. For the case γ = αβ, go back to (17), which can be
written as

ϕ̇(t) = α
[

ϕ(t) + β
]2
. (31)

Take the transform

ϕ(t) + β = s(t), dϕ = ds, (32)

then

η =
∫ tk+η

tk
dt = 1

α

∫ ϕ(tk+η)

ϕ(tk)

1
[

ϕ + β
]2 dϕ

= 1
α

∫ ϕ(tk+η)+β

ϕ(tk)+β

1
s2
ds

= − 1
α

1
s

∣

∣

∣

∣

ϕ(tk+η)+β

ϕ(tk)+β

= 1
α

[

1
ϕ(tk) + β

− 1
ϕ
(

tk + η
)

+ β

]

.

(33)

The desired lower bound η for the inter-event times is
obtained when ϕ(tk) = 0 and ϕ(tk + η) = σ , that is,

η = σ

αβ
(

σ + β
) . (34)

4. Simulation Examples

The event-based control strategy proposed in this paper is
now applied to solve practical and numerical problems.

Example 9. Consider the unstable inverted pendulum sys-
tem. This process, which was nonlinear, had been analyzed
theoretically to obtain a linearized process model

ẋ(t) = Ax(t) + Bu(t) (35)

with

A =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 1 0 0

0 0 −mg

M
0

0 0 0 1

0 0
g

l
0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, B =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0

1
M

0

− 1
Ml

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (36)

where M = 10 is the cart mass, m = 1 is the mass of the
pendulum bob, l = 3 is the length of the pendulum arm, and
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Table 1: The comparison in terms of inter-event intervals for several values of σ .

Event condition parameter σ 0.01 0.02 0.03 0.04 0.05 0.06 0.07

The average inter-event interval 0.0073 0.0123 0.0183 0.0234 0.0282 0.0338 0.0389

The maximum inter-event interval 0.6569 0.9188 1.4787 1.2648 1.0860 1.4672 1.3987

The number of total events 5466 3250 2183 1709 1417 1183 1028

g = 10 is the gravitational acceleration. The states x(t) =
[x1(t), x2(t), x3(t), x4(t)]T are the cart position and velocity,
the pendulum angular position and velocity, respectively.
The initial state of the system is chosen as x0 = [ 0.98 0 0.2 0 ]T .

Since the eigenvalues of the matrix A are−
√

g/l, 0, 0,
√

g/l, the
open-loop system is unstable. The following feedback gain

K =
[

2 12 378 210
]

(37)

is chosen in the design of the event-triggered scheme.
Consider the case when τk = 0. Applying Corollary 6

with feedback gain in (37) and Q = I , the corresponding P is
given by

P = 103 ×

⎡

⎢

⎢

⎢

⎣

0.0046 0.0089 0.0589 0.0343
0.0089 0.0251 0.1694 0.0988
0.0589 0.1694 1.1536 0.6726
0.0343 0.0988 0.6726 0.3926

⎤

⎥

⎥

⎥

⎦

. (38)

The value of σ1 is solved by (11) as 0.0781. It can be con-
cluded that system stability is guaranteed for any parameter
σ ≤ 0.0781. In this case, taking σ = 0.0781, and using the
event triggering condition in (4), a simulation is conducted
for t ∈ [0, 40]. It can be calculated that the event-based
control algorithm in this paper leads to a maximum inter-
event interval 1.0414, and the average inter-event time is
0.0428. Comparing with the average inter-event interval less
than 10−5 in [21], the improvement over the result in [21]
on the average inter-event time is obvious. Under the same
conditions, the event instants and the inter-event intervals
are shown in Figure 2, and the state responses of the system
in (3) are shown in Figure 3. In addition, the comparison
for different values of σ chosen from the feasible range
is reported in Table 1. From Table 1, it can be found that
increasing the value of σ has the effect of increasing the
average inter-event interval but not the maximum inter-
event interval. The intuition behind the statement is that the
ratio between the norms of the control error and the state
will need more time to reach the threshold as the value of σ
increases.

Example 10. Consider a second-order linear control system
described by

[

ẋ1(t)
ẋ2(t)

]

=
[

0 1
−2 3

][

x1(t)
x2(t)

]

+

[

0
1

]

u(t), (39)

and the controller

u(t) = x1(tk)− 4x2(tk) (40)
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Figure 2: The event instants and inter-event intervals with event
triggering condition in (4).

is designed to stabilize the closed-loop system. Choose

Q =

⎡

⎢

⎢

⎢

⎣

1
2

1
4

1
4

1
2

⎤

⎥

⎥

⎥

⎦

, (41)

then P is obtained via solving the Lyapunov equation:

P =

⎡

⎢

⎢

⎢

⎣

1
1
4

1
4

1

⎤

⎥

⎥

⎥

⎦

. (42)

Using σ2 = σ3 with α = 1, β = 4.1231, γ = 1.618,
and σ1 = 0.2139, the upper bound for the random delays
τk is computed as 0.014, that is, the closed-loop system
can tolerate the transmission delays bounded by 0.014. For
τ = 0.005 s and according to Theorem 3, any σ satisfying
0.0379 ≤ σ ≤ 0.1748 can be selected. The theoretical
value for the minimum inter-event interval corresponding
to σ = 0.1064 is 0.0097. The evolution of the Lyapunov
function V(t) based on the event condition in (4) is depicted
in Figure 4. From the simulation result, it can be seen that
the event-based control system is robust to time-varying
transmission delays. Figure 5 shows the evolution of ‖e(t)‖
based on the event condition in (4) in the presence of
time delays. In this figure, an event is generated when the
control error norm reaches the dash-dot line, and the control
signal is transmitted to the actuator node via the network.
Therefore, the error will never go beyond the dash line which
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Figure 3: The state responses of the system in (3) with event
triggering condition in (4).
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Figure 4: Evolution of V(t) for σ = 0.1064 and initial condition
(x1(0), x2(0)) = (10, 20).

guarantees the asymptotic stability. The comparison between
the estimated and the simulated evolution of ‖e(t)‖/‖x(t)‖
is provided over one of the shortest inter-event intervals
[0.1468, 0.1625] in Figure 6. The gap between the simulated
and the estimated is relatively small. Thus, the equation
developed in (25) guarantees a tight lower bound of the inter-
event intervals.

5. Conclusions

To save communication bandwidth, a new event-triggered
communication strategy has been developed for control
over networks, which can be used to determine when the
control signals will be transmitted. The event detector is
based on the control error; the control is implemented via
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Figure 5: Evolution of ‖e‖, σ‖x‖, σ1‖x‖.
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Figure 6: Evolution of ‖e(t)‖/‖x(t)‖ obtained by simulation and
its estimation according to (19) for σ = 0.1064.

sample and hold devices. Notice that the results consider
the effect of the random time-varying network-induced
delays. Two examples detail the advantages of event-based
implementation. However, this approach has some limita-
tions. It can be seen that the constructed event detector
requires delicate hardware to monitor the control signal
and test the logic condition continuously. To overcome
this disadvantage, the strategy of discrete detection will be
proposed in our future work, where the event detector
only needs a supervision of the event condition at discrete
sampling instants. Moreover, the parameter of the event
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detector is chosen with the assumption that the controller
gain is designed to guarantee the global asymptotic stability
of the closed-loop system in advance without considering
the effect of network transmission delays. The method of
jointly designing the parameter of the event detector and the
controller gain will also be considered in our future work to
give higher resource utilization and better performance.
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The stabilization problem of a wireless networked control system is considered in this paper. Both time delay and packet loss
exist simultaneously in the wireless network. The system is modeled as an asynchronous dynamic system (ADS) with unstable
subsystems. A sufficient condition for the system to be stable is presented. A numerical example is given to demonstrate the
effectiveness of the proposed approach.

1. Introduction

Networked control system (NCS) has received increasing at-
tention in recent years due to its advantages, such as low cost,
easy maintenance, and flexibility [1], and it has been applied
in many areas, such as automobiles, building supervision,
and manufacturing plants [2]. As an alternative for the wired
network, the wireless network also has a wide range of appli-
cations due to its mobility; see [3–5] and the references there-
in.

As the network is introduced into the control system,
many new problems arise due to the limited transmission
capacity of the network, such as network-induced delay and
packet loss. Many studies have been done in these areas, and
some results are available in the literature, for example, the
delay issue was studied in [6–12] and packet loss was studied
in [13–18]. However, in all the results above, the time delay
and packet loss are considered separately, while in practice
they exist simultaneously in the network. Recently, some
papers also deals with this problem [19–22]. In [19], a con-
tinuous system is considered and the effect of packet loss is
considered to be equal to the time delay. A new model is
proposed in [20] while the delay is assumed to be less than
one sampling period. However, as to the discrete-time

system, if the plant to be controlled is unstable intuitively,
no method has been addressed, which will be considered
here. In this paper, a switched system with time-varying delay
model is firstly proposed to describe the wireless NCS, and
a sufficient condition is given to stabilize the closed-loop
system, and the controller is designed to be dependent on
both the packet loss and time delay. A numerical example
shows the effectiveness of the proposed approach.

The organization of this paper is as follows. The structure
of the wireless network control system is given in Section 2
and a switched system with time-varying delay model is
established. New criteria for the switched time-varying delay
system with unstable subsystem to be stable are obtained in
Section 3. The controller design problem is solved in
Section 4, while Section 5 gives an example to illustrate the
effectiveness of the proposed approach. Finally, the conclu-
sion is given in Section 6.

2. Modeling of the Wireless NCS

In practise, the sensors may be very far from the controller
and actuators, for example [16], where the sensors and
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Sensor u(k) = Kx(k) x(k+1) = Ax(k) + Bu(k)

Figure 1: System configuration.
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Figure 2: System graph.

the controller are connected by a wireless network. The sys-
tem structure is as in Figure 1.

As the wireless network is introduced into the system, the
data, from the sensor to the controller, will be lost or delayed
due to the disturbance in the environment and the limited
transmission capacity of the wireless network. The graph of
the system can be described as in Figure 2, where the system
to be controlled is

x(k + 1) = Ax(k) + Bu(k), (1)

x(k) ∈ Rn is the system state, u(k) ∈ Rm is the control input
dk is the time-varying delay of the network, and Kdelay, loss is
the controller to be designed, which depends on the time
delay and packet loss, denoted as Kd,s in the graph for
simplicity. The data loss in the network can be viewed as the
behaviour results of a pair of switches [14]. If the switches
are closed, the data is transmitted successfully (3), otherwise,
the previous value will be used in the controller (2). Thus,
the dynamics of the switches can be modeled as

S : w(k) = w(k − 1), (2)

S :

⎧

⎨

⎩

x(k) Not delayed,

x(k − dk) Delayed.
(3)

Without loss of generality, the following assumptions are
made for the description of the system model.

(A1) The sensors and controller are time driven.

(A2) The data transmitted by the sensors are time stamp-
ed, so the controller can obtain the delay value of each
data packet.

(A3) The maximum delay in the network is dM , where dM
is a known integer.

Let

z(k) =
[

xT(k) wT(k − 1)
]T

. (4)

Then the dynamics of the closed-loop system can be describ-
ed by the following subsystems.

Case 1. When the data is lost, the corresponding controller is
denoted as K0,0, and the closed-loop system is described as

Σ1 : z(k + 1) = A1z(k), A1 =
⎡

⎣

A BK0,0

0 I

⎤

⎦. (5)

Case 2. When the data is transmitted successfully without
delay, the corresponding controller is denoted asK0,1, and the
closed-loop system is described as

Σ2 : z(k + 1) = A2z(k), A2 =
⎡

⎣

A + BK0,1 0

I 0

⎤

⎦. (6)

Case 3. When the data is transmitted successfully with
dk-step delay, the corresponding controller is denoted as
Kdk ,1, and the closed-loop system is described as

Σ3 : z(k + 1) = A3z(k) + Ad3z(k − dk),

A3 =
⎡

⎣

A 0

0 0

⎤

⎦, Ad3 =
⎡

⎣

BKdk ,1 0

I 0

⎤

⎦.
(7)

So, the closed-loop system can be described as a system
switched within three subsystems: Σ1, Σ2, and Σ3.

If dk = 0 in Σ3, then Σ3 becomes Σ2, and the difference
of Σ2 and Σ1 is only the first element value of its system
matrix. So, Case 3 includes Cases 1 and 2 by appropriately
changing the value of the matrices. So the wireless networked
control system can be represented by the following discrete-
time switched system with time-varying delay:

z(k + 1) = Aiz(k) + Adiz(k − dk), i = 1, 2, 3,

dk = 1, . . . ,dM ,
(8)

where Ad1 = Ad2 = 0.
From above, it is easy to see that if the open system is un-

stable, when the data loss happens, the system will be uncon-
trollable, and the corresponding subsystem Σ1 is unstable.

The following lemma plays a crucial role in the proof of
our main results.
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Lemma 1 (see [23]). For any appropriately dimensioned
matrices R = RT > 0, Y , X , and two positive integer time-
varying dk1 , dk2 satisfying dk1 + 1 ≤ dk2 < dM , the following
equality holds:

−
k−dk1−1
∑

l=k−dk2

ηT(l)Rη(l) = 2ξT(k)Y
(

x
(

k − dk1

)− x
(

k − dk2

))

+
(

dk2 − dk1

)

ξT(k)Xξ(k)

−
k−dk1−1
∑

l=k−dk2

⎡

⎣

ξ(k)

η(l)

⎤

⎦

T⎡

⎣

X Y

∗ R

⎤

⎦

⎡

⎣

ξ(k)

η(l)

⎤

⎦.

(9)

3. Stability of the Switched System with
Time-Varying Delay

As to the discrete-time switched system with time-varying
delay, some results are obtained in the literature to test its
stability [24–30]. However, all the results above are obtained
under the assumption that all the subsystems are stable and
they cannot be applied here. So we will give criteria to test
the stability of the discrete-time switched time-varying delay
system with unstable subsystem in this section.

Consider the following discrete-time switched system
with time-varying delay,

z(k + 1) = Aiz(k) + Adiz(k − dk), i = 1, 2, . . . ,N.

dk = 1, . . . ,dM ,
(10)

where N is the number of the subsystems.
Choose the following Lyapunov function:

V(k) = V1(k) + V2(k) + V3(k) + V4(k),

V1(k) � zT(k)Pz(k),

V2(k) �
k−1
∑

l=k−dk
λ−2(l−k)zT(l)Q1z(l)

+
0
∑

m=−dM+2

k−1
∑

l=k+m−1

λ−2(l−k)zT(l)Q1z(l),

V3(k) �
k−1
∑

l=k−dM
λ−2(l−k)zT(l)Q2z(l),

V4(k) �
−1
∑

m=−dM

k−1
∑

l=k+m

λ−2(l−k)ηT(l)Rη(l),

(11)

where η(l) = λ−1z(l + 1)− z(l).
In the following lemma, a criterion is given to guarantee

that the Lyapunove function V(k) exponentially decays or
increases along any state trajectory of system (10).

Lemma 2. For a given scalar λ > 0 and any delay satisfying
0 ≤ d ≤ dM , if there exist symmetric positive definite matrices

P, Q1, Q2, R, symmetric matrix X =
[

X1 X2
∗ X3

]

≥ 0 and ap-

propriate matrices G, N = [NT
1 NT

2 ]T , M = [MT
1 MT

2 ]T , such
that the following LMIs hold:

Ψ(dk) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

Ψ11 Ψ12 −N1 P +
(

Ai − I
)

GT −G

∗ Ψ22 −N2 AdiGT

∗ ∗ −Q2 0

∗ ∗ ∗ P + dMR−G−GT

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

< 0,

dk = 0, . . . ,dM ,
⎡

⎣

X N

∗ R

⎤

⎦ > 0,

⎡

⎣

X M

∗ R

⎤

⎦ > 0,

(12)

where

Ψ11 = dMQ1 + Q2 + dMX1 + Sym
(

M1 + G
(

A
T
i − I

))

,

Ψ12 = dMX2 + N1 −M1 + MT
2 + GA

T
di,

Ψ22 = −Q1 + dMX3 + Sym(N2 −M2),
(13)

and Ai = λ−1Ai, Adi = λ−1−dkAdi, then

V(k) < λ2(k−k0)V(k0). (14)

Proof. See the appendix.

Remark 3. The last two terms of ΔV4 are abandoned to ob-
tain our result, which may introduce some conservatism. In
order to reduce the conservatism, a free matrix G is introduc-
ed.

Suppose that the rates of the corresponding subsystems
are r1, r2, . . . , rN , which represent the fraction of time that
each subsystem occurs, thus

∑N
i=1 ri = 1. The following theo-

rem gives a sufficient condition for the system (10) to be
stable.

Theorem 4. The switched system with time-varying delay (10)
is stable if there exist a Lyapunov function V(k) and scalars
λ1, . . . , λN corresponding to each subsystem such that

V(k) < λ
2(k−k0)
i V(k0), i = 1, . . . ,N ,

N
∏

i=1

λrii < 1.
(15)

Proof. Suppose that the transition time of the subsystems is
t1 = 0, t2, . . . , tk = k, then

V(k) < λtk−tk−1
tk V(tk−1) < λtk−tk−1

tk λtk−1−tk−2
tk−1

V(tk−2)

< · · · <
N
∏

i=1

λTi
i V(0),

(16)
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where Ti is the total time that one subsystem occurs and as
k → ∞, rik = Ti. Thus,

V(k) <
N
∏

i=1

λTi
i V(0) =

⎛

⎝

N
∏

i=1

λrii

⎞

⎠

k

V(0). (17)

It is obvious that the system is stable if
∏N

i=1λ
ri
i < 1, which

completes the proof.

4. Controller Design for the Wireless NCS

In this section, the controller of the wireless networked con-
trol system is given using the criteria in Section 3. As the
data packets are time stamped, and the packet loss and time
delay are known to the controller, the controller is designed
to depend on both the packet loss and time delay.

Theorem 5. The system (8) is stable if there exist scalars λi, i =
1, 2, 3, satisfying

∏3
i=1λ

ri
i < 1 and there exist 2n×2n symmetric

positive definite matrices P , Q1, Q2, R, X1, X3, matrices M1,
M2, N1, N2, X2 and n × n matrices G1, G2, m × n matrices
Kg0,0 , Kg0,1 , Kgdk ,1 , dk = 1, . . . ,dM such that the following LMIs
hold:

Φ0 + Φ1 < 0,

Φ0 + Φ2 < 0,

Φ0 + Φ3(dk) < 0, dk = 1, . . . ,dM ,
⎡

⎢

⎢

⎢

⎣

X1 X2 N1

∗ X3 N2

∗ ∗ R

⎤

⎥

⎥

⎥

⎦

> 0

⎡

⎢

⎢

⎢

⎣

X1 X2 M1

∗ X3 M2

∗ ∗ R

⎤

⎥

⎥

⎥

⎦

> 0,

(18)

where

Φ0 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

Θ11 dMX2 + N1 −M1 + MT
2 −N1 P − GT − G

∗ −Q1 + dMX3 + Sym(N2 −M2) −N2 0

∗ ∗ −Q2 0

∗ ∗ ∗ P + dMR − G− GT

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (19)

Θ11 = dMQ1 + Q2 + dMX1 + Sym
(

M1 + G
)

,

G =
⎡

⎣

G1 0

0 G2

⎤

⎦,

Φ1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

Λ11 0 0 Λ14

0 0 0 0

0 0 0 0

0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

Λ11 =
⎡

⎣

λ−1
1 AGT

1 + G1λ
−1
1 AT BK g0,0

∗ 0

⎤

⎦,

Λ14 =
⎡

⎣

λ−1
1 AGT

1 BK g0,0

0 0

⎤

⎦,

Φ2 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

Ω11 0 0 Ω14

0 0 0 0

0 0 0 0

0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

Ω11 =
⎡

⎣

Sym
(

˘−1
2 AGT

1 + BKg0,1

)

0

∗ 0

⎤

⎦,

Ω14 =
⎡

⎣

λ−1
2 AGT

1 + BK g0,1 0

0 0

⎤

⎦,

Φ3 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

Υ11 Υ12 0 Υ14

0 0 0 Υ24

0 0 0 0

0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

Υ11 =
⎡

⎣

λ−1
3 AGT

1 0

0 0

⎤

⎦,

Υ12 =
⎡

⎣

Kgdk ,1B
T G1

0 0

⎤

⎦,

Υ14 =
⎡

⎣

λ−1
3 AGT

1 0

0 0

⎤

⎦, Υ24 =
⎡

⎣

BK gdk ,1 0

GT
1 0

⎤

⎦,

(20)

and the controllers are given by

K0,0 = Kg0,0G
−T
2 , K0,1 = Kg0,1G

−T
1 ,

Kdk ,1 = Kgdk ,1G
−T
1 , dk = 1, . . . ,dM.

(21)

Proof. Substituting the system matrices of (8) into (12) and
letting Kg0,0 = K0,0G

T
2 , Kg0,1 = K0,1G

T
1 , and Kgdk ,1 = Kdk ,1G

T
1 ,

it is easy to get the results according to Lemma 2 and
Theorem 4.

Remark 6. The computing complexity of Theorem 5: the line
number of the LMIs is (36n + 8dMn) and the number of the
scalar variables is (32n2 + 5n + 3mn).
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5. Numerical Example

In this section, an example is given to show the effectiveness
of the proposed approach.

Consider the following discrete-time system:

A =

⎡

⎢

⎢

⎢

⎣

0.8862 0.2586 0.5038

0.9311 0.8979 0.6128

0.1908 0.5934 0.8194

⎤

⎥

⎥

⎥

⎦

, B =

⎡

⎢

⎢

⎢

⎣

1

1

1

⎤

⎥

⎥

⎥

⎦

. (22)

The eigenvalues of A are 1.8734, 0.3650 + 0.2369i, and
0.3650−0.2369i and the system will diverge if there is no con-
trol. Suppose the event rates of the packet loss and time delay
are r1 = 0.4, and r3 = 0.5 respectively, and the maximum
delay is dM = 3, and choose λ1 = 1.9, λ2 = 0.4, and λ3 = 0.7.
As

λr1
1 λ

r2
2 λ

r3
3 = 1.90.4 × 0.40.1 × 0.70.5 = 0.9869 < 1, (23)

using Theorem 5, a feasible solution is given and the corres-
ponding controllers are

K0,0 =
[

−0.0009 0.3295 −0.2700
]

× 10−3,

K0,1 =
[

−0.7707 −0.6772 −0.7465
]

,

K1,1 =
[

−0.5713 −0.5048 −0.5528
]

,

K2,1 =
[

−0.3999 −0.3533 −0.3870
]

,

K3,1 =
[

−0.2799 −0.2473 −0.2709
]

.

(24)

The simulation is shown in Figure 3. The first graph depicts
the time delay and packet loss of the wireless network, if the
delay value is −1, it means the packet is lost. The second
graph is the trajectories of the closed-loop system. We can
see that the trajectories of the system diverge at the instance
when the packets are lost, while they converge to zeros at last,
which proves the effectiveness of the proposed approach.

6. Conclusion

The stabilization problem for a wireless networked control
system is studied in this paper. A new model is proposed to
describe the system as a discrete-time switched system with
time-varying delays. New criteria for the system to be stable
with unstable subsystem are obtained, based on which, delay-
and packet-loss-dependent controller is given to stabilize the
system. A numerical example illustrates the effectiveness of
the proposed approach.

Appendix

Proof of Lemma 2.
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Figure 3: System simulation.

Proof. Applying the transformation z(k) = λ(k−k0)ξ(k), λ >
0, we obtain the following system from (10):

ξ(k + 1) = Aiξ(k) + Adiξ(k − dk), i = 1, 2, . . . ,N ,

dk = 1, . . . ,dM ,
(A.1)

where Ai = λ−1Ai and Adi = λ−1−dkAdi.
Choose the following Lyapunov function for system

(A.1):

W(k) =W1(k) + W2(k) + W3(k) + W4(k),

W1(k) � ξT(k)Pξ(k),

W2(k) �
k−1
∑

l=k−dk
ξT(l)Q1ξ(l) +

0
∑

m=−dM+2

k−1
∑

l=k+m−1

ξT(l)Q1ξ(l),

W3(k) �
k−1
∑

l=k−dM
ξT(l)Q2ξ(l),

W4(k) �
−1
∑

m=−dM

k−1
∑

l=k+m

δT(l)Rδ(l),

(A.2)

where δ(l) = ξ(l + 1) − ξ(l). Using Lemma 1, it is easy to
obtain that

ΔW(k) = ξT(k + 1)PξT(k + 1)− ξT(k)Pξ(k)

+ ξT(k)Q1ξ(k) +
k−1
∑

l=k−dk+1+1

ξT(l)Q1ξ(l)
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−
k−1
∑

l=k−dk+1

ξT(l)Q1ξ(l) + ξT(k)Q2ξ(k)

− ξT(k − dM)Q2ξ(k − dM)

+ dMδ
T(k)Rδ(k)+dM

⎡

⎣

ξ(k)

ξ(k − dk)

⎤

⎦

T

X

⎡

⎣

ξ(k)

ξ(k − dk)

⎤

⎦

+ 2

⎡

⎣

ξ(k)

ξ(k − dk)

⎤

⎦

T⎡

⎣

N1

N2

⎤

⎦(ξ(k − dk)− ξ(k − dM))

+ 2

⎡

⎣

ξ(k)

ξ(k − dk)

⎤

⎦

⎡

⎣

M1

M2

⎤

⎦(ξ(k)− ξ(k − dk))

−
k−dk−1
∑

l=k−dM

⎡

⎢

⎢

⎢

⎣

ξ(k)

ξ(k − dk)

δ(l)

⎤

⎥

⎥

⎥

⎦

T
⎡

⎣

X N

∗ R

⎤

⎦

⎡

⎢

⎢

⎢

⎣

ξ(k)

ξ(k − dk)

δ(l)

⎤

⎥

⎥

⎥

⎦

−
k−1
∑

l=k−dk

⎡

⎢

⎢

⎢

⎣

ξ(k)

ξ(k − dk)

δ(l)

⎤

⎥

⎥

⎥

⎦

T
⎡

⎣

X M

∗ R

⎤

⎦

⎡

⎢

⎢

⎢

⎣

ξ(k)

ξ(k − dk)

δ(l)

⎤

⎥

⎥

⎥

⎦

+ 2
(

xT(k) + ηT(k)
)

G
[(

AT
i − I

)

x(k)

+AT
dix(k − dk)− η(k)

]

< ζT(k)Ψ(dk)ζ(k) < 0,

(A.3)

where ζT(k) = [ξT(k) ξ(k− dk) ξT(k− dM) δT(k)], which
implies that W(k) < W(k0) for any k ≥ k0. Furthermore,

V1(k) = zT(k)Pz(k) = λ2(k−k0)ξT(k)Pξ(k) = λ2(k−k0)W1(k),

V2(k) =
k−1
∑

l=k−dk
λ−2(l−k)λ2(l−k0)ξT(l)Q1ξ(l)

+
0
∑

m=−dM+2

k−1
∑

l=k+m−1

λ−2(l−k)λ2(l−k0)ξT(l)Q1ξ(l)

= λ2(k−k0)W2(k),

V3(k) =
k−1
∑

l=k−dM
λ−2(l−k)λ2(l−k0)ξT(l)Q2ξ(l)

= λ2(k−k0)W3(k),

V4(k) �
−1
∑

m=−dM

k−1
∑

l=k+m

λ−2(l−k)λ2(l−k0)δT(l)Rδ(l)=λ2(k−k0)W4(k),

(A.4)

which means that V(k) = λ2(k−k0)W(k).
Noting that W(k0) = V(k0), it is easy to verify that

V(k) < λ2(k−k0)V(k0). This completes the proof.

Acknowledgments

This work is supported by the National Creative Research
Groups Science Foundation of China under Grant 60721062,
the National Natural Science Foundation of China under
Grant 60736021, the National High Technology Research and
Development Program of China under Grant 863 Program
2008AA042902, the National Natural Science Foundation
of China under Grant 61004034, National Natural Science
Foundation of China under Grant 61104102 and China
Postdoctoral Science Foundation under Grant 20100480086.

References

[1] W. Zhang, M. S. Branicky, and S. M. Phillips, “Stability of
networked control systems,” IEEE Control Systems Magazine,
vol. 21, no. 1, pp. 84–99, 2001.

[2] J. P. Hespanha, P. Naghshtabrizi, and Y. Xu, “A survey of recent
results in networked control systems,” Proceedings of the IEEE,
vol. 95, no. 1, Article ID 4118453, pp. 138–162, 2007.

[3] A. Wheeler and E. Corporation, “Commercial applications of
wireless sensor networks using ZigBee,” IEEE Communications
Magazine, vol. 45, no. 4, pp. 70–77, 2007.

[4] M. Tabbara, D. Nesic, and A. R. Teel, “Stability of wireless
and wireline networked control systems,” IEEE Transactions on
Automatic Control, vol. 52, no. 9, pp. 1615–1630, 2007.

[5] A. Willig, K. Matheus, and A. Wolisz, “Wireless technology in
industrial networks,” Proceedings of the IEEE, vol. 93, no. 6, pp.
1130–1151, 2005.

[6] L. A. Montestruque and P. J. Antsaklis, “On the model-based
control of networked systems,” Automatica, vol. 39, no. 10, pp.
1837–1843, 2003.

[7] F. Yang and H. J. Fang, “Control structure design of networked
control systems based on maximum allowable delay bounds,”
Journal of the Franklin Institute, vol. 346, no. 6, pp. 626–635,
2009.

[8] H. Gao, T. W. Chen, and J. Lam, “A new delay system approach
to network-based control,” Automatica, vol. 44, no. 1, pp. 39–
52, 2008.

[9] C. Peng, D. Yue, and Y. C. Tian, “Delay distribution based
robust H∞ control of networked control systems with uncer-
tainties,” Asian Journal of Control, vol. 12, no. 1, pp. 46–57,
2010.

[10] W. A. Zhang, L. Yu, and S. Yin, “A switched system approach
to H∞ control of networked control systems with time-varying
delays,” Journal of the Franklin Institute, vol. 348, pp. 165–178,
2011.

[11] Y. J. Pan, H. J. Marquez, and T. W. Chen, “Remote stabilization
of networked control systems with unknown time varying
delays by LMI techniques,” in Proceedings of the 44th IEEE
Conference on Decision and Control, and the European Control
Conference (CDC-ECC ’05), pp. 1589–1594, December 2005.

[12] Y. Shi and B. Yu, “Output feedback stabilization of networked
control systems with random delays modeled by Markov
chains,” IEEE Transactions on Automatic Control, vol. 54, no.
7, pp. 1668–1674, 2009.

[13] M. Yu, L. Wang, T. Chu, and G. Xie, “Stabilization of
nerworked control systems with data packet dropout and
network delays via switching system approach,” in Proceedings
of the 43rd IEEE Conference on Decision and Control, pp. 3539–
3544, 2004.



Journal of Control Science and Engineering 7

[14] Y. Sun and S. Qin, “Stability of networked control systems with
packet dropout: an average dwell time approach,” IET Control
Theory and Applications, vol. 5, no. 1, pp. 47–53, 2011.

[15] A. Rabello and A. Bhaya, “Stability of asynchronous dynamical
systems with rate constraints and applications,” IEE Proceed-
ings, Control Theory and Applications, vol. 150, no. 5, pp. 546–
550, 2003.

[16] P. Seiler and R. Sengupta, “An H∞ approach to networked
control,” IEEE Transactions on Automatic Control, vol. 50, no.
3, pp. 356–364, 2005.

[17] J. Wu and T. Chen, “Design of networked control systems with
packet dropouts,” IEEE Transactions on Automatic Control, vol.
52, no. 7, pp. 1314–1319, 2007.

[18] J. L. Xiong and J. Lam, “Stabilization of linear systems over
networks with bounded packet loss,” Automatica, vol. 43, no.
1, pp. 80–87, 2007.

[19] D. Yue, Q. L. Han, and C. Peng, “State feedback controller
design of networked control systems,” IEEE Transactions on
Circuits and Systems II, vol. 51, no. 11, pp. 640–644, 2004.

[20] W. A. Zhang and L. Yu, “Modelling and control of networked
control systems with both network-induced delay and packet-
dropout,” Automatica, vol. 44, no. 12, pp. 3206–3210, 2008.

[21] H. Dong, Z. D. Wang, D. W. C. Ho, and H. J. Gao, “Robust
H∞ fuzzy output-feedback control with multiple probabilistic
delays and multiple missing measurements,” IEEE Transactions
on Fuzzy Systems, vol. 18, no. 4, pp. 712–725, 2010.

[22] J. Hu, “A delay-fractionating approach to robust sliding mode
control for discrete-time stochastic systems with randomly
occurred nonlinearities,” IMA Journal of Mathematical Control
and Information, vol. 28, no. 3, pp. 345–363, 2011.

[23] K. Hu and J. Yuan, “Finite sum equality aproach to H1 output
feedback control for switched linear discrete-time systems
with time-varying delay,” IET Control Theory and Applications,
vol. 3, no. 8, pp. 1006–1016, 2009.

[24] W. A. Zhang and L. Yu, “Stability analysis for discrete-time
switched time-delay systems,” Automatica, vol. 45, no. 10, pp.
2265–2271, 2009.

[25] D. S. Du, B. Jiang, and S. S. Zhou, “Delay-dependent robust
stabilisation of uncertain discrete-time switched systems with
time-varying state delay,” International Journal of Systems
Science, vol. 39, no. 3, pp. 305–313, 2008.

[26] Y. G. Sun, L. Wang, and G. M. Xie, “Delay-dependent
robust stability and H∞ control for uncertain discrete-time
switched systems with mode-dependent time delays,” Applied
Mathematics and Computation, vol. 187, no. 2, pp. 1228–1237,
2007.

[27] M. de la Sen, “Quadratic stability and stabilization of
switched dynamic systems with uncommensurate internal
point delays,” Applied Mathematics and Computation, vol. 185,
no. 1, pp. 508–526, 2007.

[28] M. de la Sen and A. Ibeas, “Stability results for switched linear
systems with constant discrete delays,” Discrete Dynamics in
Nature and Society, vol. 2008, Article ID 543145, 28 pages,
2008.

[29] J. Li, W. G. Wu, J. M. Yuan, Q. R. Tan, and X. Yin, “Delay-
dependent stability criterion of arbitrary switched systems
with time-varying delays,” Discrete Dynamics in Nature and
Society, vol. 2010, Article ID 347129, 16 pages, 2010.

[30] M. S. Mahmoud, M. N. Nounou, and H. N. Nounou, “Analysis
and synthesis of uncertain switched discrete-time systems,”
IMA Journal of Mathematical Control and Information, vol. 24,
no. 2, pp. 245–257, 2007.



Hindawi Publishing Corporation
Journal of Control Science and Engineering
Volume 2012, Article ID 368503, 10 pages
doi:10.1155/2012/368503

Research Article

Networked Control System for the Guidance of a Four-Wheel
Steering Agricultural Robotic Platform

Eduardo Paciência Godoy,1 Giovana Tangerino Tangerino,2 Rubens André Tabile,2
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A current trend in the agricultural area is the development of mobile robots and autonomous vehicles for precision agriculture
(PA). One of the major challenges in the design of these robots is the development of the electronic architecture for the control of
the devices. In a joint project among research institutions and a private company in Brazil a multifunctional robotic platform for
information acquisition in PA is being designed. This platform has as main characteristics four-wheel propulsion and independent
steering, adjustable width, span of 1,80 m in height, diesel engine, hydraulic system, and a CAN-based networked control system
(NCS). This paper presents a NCS solution for the platform guidance by the four-wheel hydraulic steering distributed control.
The control strategy, centered on the robot manipulators control theory, is based on the difference between the desired and actual
position and considering the angular speed of the wheels. The results demonstrate that the NCS was simple and efficient, providing
suitable steering performance for the platform guidance. Even though the simplicity of the NCS solution developed, it also
overcame some verified control challenges in the robot guidance system design such as the hydraulic system delay, nonlinearities
in the steering actuators, and inertia in the steering system due the friction of different terrains.

1. Introduction

Agribusiness is an activity of great importance to Brazil’s
economy and is responsible for more than 30% of the Brazil-
ian gross domestic product (GDP). This economy sector has
a great interest in providing solutions for sustainable agricul-
tural development through the development and transfer of
technology. The application of management techniques such
as the precision agriculture (PA) aims at better utilization of
the cultivated area and opens opportunities for technological
development applied to the agricultural sector. References
[1, 2] discussed about the new technologies and recent trends
which will be required by the future in the agricultural area
and the green farm concepts.

New agricultural practices related to PA have enhanced
the importance in the research of embedded sensors and
communication networks [3, 4] for the study of spatial

variability and for the application of inputs using variable
rate technology (VRT). New technologies and devices for
real-time data acquisition and actuation have been released
to equip agricultural machinery to support and automate
these practices [5, 6]. The use of PA makes possible the
culture management that seeks to maximize productivity
considering spatial variability of the area, as opposed to
traditional management, which applies the same amount of
input for the whole area, may be resulting in better use of
the chemical products, increase of productivity and reduced
costs for the producer [7].

The use of robots as autonomous agricultural vehicles
has an interesting potential as a valuable technological tool
for PA, bringing the advantage of applying several robotic
control theories for applications in various other areas [8].
This recent trend of development of mobile robots and
autonomous vehicles for application in specific tasks is
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driven mainly by the requirement to improve the efficiency
and provide better results (soil compactation reduction and
machine operator absence) when compared with the use of
traditional large tractors and machinery [9].

A current related trend is on the design of specific
robotic platforms for autonomous vehicles and agricultural
mobile robots [10, 11]. Recent applications of mobile
robots have used distributed architectures based on fieldbus
networks [12, 13]. Fieldbus-distributed control systems have
replaced the traditional centralized control systems because
of several benefits such as reduced cost and amount of
wiring, increased reliability and interoperability, improved
capacity for system reconfiguration, and ease of maintenance
[14]. Although the fieldbus-networked control systems offer
several advantages over traditional centralized control sys-
tems, the existence of communication networks makes the
design and implementation of these solutions more com-
plex. Networked control systems (NCSs) impose additional
problems in control applications with fieldbus: delays, jitter,
bandwidth limitations, and packet losses [15]. And the
network delays may be constant, random, or time varying
[16, 17]. Between the several fieldbuses, the controller area
Network (CAN) protocol is the most common technology
applied on embedded electronics and also in agricultural
robots [18].

A common approach when designing NCS is to analyze
and model the delays and missing data aiming to develop
more robust control strategies [19, 20]. A control strategy
is required to handle the network effects improving the
performance and guaranteeing the stability of the NCS.
An increasing research effort has been devoted to the PID
control design for NCS. Reference [21] develops a robust
H∞ PID controller for NCS such that load and reference
disturbances and also measurement noise can be attenuated
with a prescribed level by incorporating this information
in the closed loop state model. The theory of robust static
output feedback (SOF) control for NCS is investigated and
employed to design a remote PID controller for motor
systems in [22]. In this paper the effectiveness of the
proposed strategy is proved using simulations for a case study
of a NCS subject to network delays and missing data.

Based on this research focus, the project “Agribot:
Development of a Modular and Multifunctional Robotic
Platform for Data Acquisition in Precision Agriculture”
currently funded by FINEP (research and projects financing)
in Brazil is developing an agricultural mobile robot called
Agribot. This research and development project is a part-
nership among the University of São Paulo at São Carlos,
the Brazilian Agricultural Instrumentation Research Cor-
poration (Embrapa Cnpdia), and the company Máquinas
Agrı́colas Jacto.

In this paper a simple networked control system (NCS)
solution is presented using the CAN network, for the four-
wheel hydraulic steering and guidance of this agricultural
robot. The correct steering control of the wheels is required
for a suitable robot guidance and movement and needs
to overcome some verified control challenges such as the
hydraulic system delay, nonlinearities in the steering actua-
tors, and inertia in the steering system due to the friction

of different terrains. The NCS control strategy developed,
centered on the robot manipulators control theory, and
is based on the difference between the desired and actual
position and considering the angular speed of the wheels.
Experimental results with the robot demonstrated that the
NCS solution for the distributed control was simple and
efficient, providing suitable steering performance for the
robot guidance.

This paper is organized as follows. After this introduction
and literature review in Section 1, Section 2 presents a
description of the agricultural robotic platform developed
focusing on the mechanical structure and electronic devices.
Section 3 presents the details of the wheel steering system
and discusses the challenges faced to develop its control.
A description of the NCS solution developed in this paper
is given in Section 4, focusing on the NCS architecture,
the Agribot kinematic model, and the NCS control strategy
proposed. The results are resumed in Section 5, and finally
some conclusions are outlined in Section 6.

2. Agribot Description

The project aims to develop a modular robotic platform able
to move around in typical Brazilian agricultural environ-
ments with the main purpose of in-field data acquisition and
new technologies research for sensing in agricultural area. Its
main features are the robustness, mobility, high operating
capacity, and autonomy consistent with agricultural needs.
The robotic platform will feature a multifunctional structure
to allow the coupling of different data acquisition modules
to study spatial variability through embedded sensors and
portable equipment. The proposed platform is composed of
two main subsystems: the robotic platform subsystem and
the modules subsystems. This paper focuses on the robotic
platform subsystem.

2.1. Robotic Platform Description. The robotic platform
subsystem, presented in Figure 1, consists of a mechanical
structure and the electronic system and is able to move
effectively in adverse agricultural environments. It has been
manufactured by the company Máquinas Agŕıcolas Jacto
and is based on the structure of a portico agricultural
mobile robot developed previously [13, 23] by the research
institutions.

The mechanical structure has a rectangular portico
configuration with headroom of 1.8 m (Figure 1). The frame
has an adjustable gauge of 2.25 m to 2.80 m, which means
that it is possible to change the distance between the wheels
in function of the characteristics of the field or culture. As
a mobile robotic platform designed to operate in the main
Brazilian agricultural environment, in almost all the growth
and postharvest cycles, it requires a versatile structure. To
provide this versatility, the robotic platform system was
designed in separate modules, denominated as

(i) Main Frame Module, in which the main engine, fuel
tank, the tank of hydraulic oil, hydraulic pumps and
hydraulic cylinders are fixed;
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Figure 1: Agricultural robotic platform: Agribot.

(ii) Wheels Module, composed by a hydraulic propulsion
motor, one 9.5′′×24′′ agricultural tire fixed directly
in the hydraulic motor, steering system, pneumatic
suspension system, and a telescopic rod for fixation
and control the adjustment of the gauge in the main
frame.

Above of the main frame a refrigerated case is located
to accommodate the navigation and control systems, as well
other electronic components which compose the robot. The
weight of the platform is around 2800 kg.

Figure 2 presents a schematic view of the electromechan-
ical system of the robotic platform. The main power source
is a turbocharged Diesel 4-stroke engine with an electronic
injection system, manufactured by Cummins Inc., which
provides 80 hp at 2200 RPM. The main characteristics of this
kind of power source are autonomy, which in this case can
reach up to 20 hours, and the ability to refuel quickly. The
fuel tank has capacity of 140 liters of oil Diesel. There is also
an electric power system composed by three batteries with
12 VCC and 170 Ah, connected in parallel, totaling 510 Ah,
and feedbacked by one alternator fixed in the Diesel engine.

The management and the control system of the Diesel
engine are owner of Cummins Inc. and use a SAE J1939 high
layer communication protocol, based on CAN, with data
transmission rate of 250 Kbit/s. The electronic control system
requires the transmission of some periodic messages (by the
user), otherwise the engine is turned off automatically. The
input data of the system is the RPM of operation, and the
output is fault alarms and some engine operating parameters.

The hydraulic propulsion system consists of two variable
axial piston pumps with electronic proportional control by
solenoid manufactured by Bosch Rexroth AG. The nominal
pressure of the pump is 300 bars and maximum flow rate is
28 cm3 per revolution, and the maximum speed at maximum
flow rate is 4000 RPM. The pumps are connected in series
and attached directly in the Diesel engine. The pumps feed
four radial piston hydraulic motors with two speeds, also
manufactured by Bosch Rexroth AG, and the maximum speed
in 1/2 piston displacement is 465 RPM which results in a
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Figure 2: Electromechanical schematic view of the robotic plat-
form.

displacement speed up to 24 km/h. The nominal flow is of
470 cm3 per revolution, and nominal and maximum torques
are, respectively, 1680 Nm and 3030 Nm. The hydraulic
motors are equipped with static brake with torque of the
2200 Nm and encoders for speed control.

The propulsion control system of the engines is owner
of Bosch Rexroth AG. The electronic control system of the
hydraulic system uses the CAN ISO11898 protocol with data
transmission rate of 250 Kbit/s and 29-bit ID. The input
data of the system are the displacement direction, speed of
the motors, and static brake status, and the output data are
motor speed and transmission fault alarms.

3. The Challenges of the Four-Wheel
Steering Control

The use of four-wheel steering enables parallel displacement
of the vehicle and facilitates maneuvering. The steering on
all wheels also minimizes side slip of the wheels resulting in
reduced wear on the vehicle and less damage to the culture
[24]. Many works [24–26] highlight the use of robots with
independent steering on all four-wheel and the development
of control solutions for them. The wheel steering system
of the robotic platform is described here together with the
discussion of the challenges which will be faced by the NCS
control development.

3.1. Details of the Wheel Steering System. The hydraulic
guidance system consists of two gear pumps manufactured
by Bosch Rexroth AG. The nominal pressure of the pump
is 250 bars, maximum flow rate is 11 cm3 per revolution,
and the maximum speed is 3500 RPM. The pumps are
connected in series and fixed directly after the propulsion
system pumps. The pumps feed four double-acting hydraulic
cylinders, which are controlled by a control block with four
proportional valves with eight ways (two for each cylinder)
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driven by solenoid, manufactured by the Hydraulic Designers
company. Each hydraulic cylinder is connected in a rack,
which drives a pinion, converting linear motion into radial
motion, allowing that the wheel turns to 133◦ until −133◦.
The position feedback of each cylinder is made by a linear
potentiometer by Gefran SpA.

Figure 3 presents the details of a wheel module and the
parts that belong to the guidance system, like cylinder,
potentiometer, and motor, clarifying the operation of the
robot wheel steering system.

The control system of the guidance hydraulic cylinders is
done by an electronic control unit (ECU) manufactured by
Sauer-Danfoss that was denominated as guidance control
module (GCM). The GCM operates the solenoid of the
Hydraulic Designers control block. The input data of the
system are the PWM values (0–100%) that command the
opening and closing of the valve of each hydraulic cylinder.
The output data are the analog values read from the linear
potentiometers.

The GCM is able to communicate in the CAN ISO11898
and SAE J1939 protocol, and, for this reason, this system was
configured to receive and transmit the messages addressed
to the Bosch (propulsion) and Cummins (engine) control
modules. This fact transforms the GCM in a message center,
enabling the user to exchange messages only with this
module.

The schematic of the robotic platform guidance system
composed by four-wheel modules is shown in Figure 4.

The GCM acts with an electrical signal on the four
solenoids. The solenoids command the actuation of the four
proportional valves. Each of the four valves has two ways
that determine the direction of the movement of the wheel.
The opening of valve releases the fluid that carries out the
linear movement of hydraulic cylinders. The coupled system
of racks and pinions, connected to the hydraulic cylinders,
transforms the linear motion into radial motion of the
wheels as explained in Figure 3.

3.2. Problems Related with the Steering System. There are
some problems related to the robot wheel steering system
which bring challenges to the development of the control
system. Among these verified problems are the hydraulic
system delay, the nonlinearities in the steering actuators, and
inertia in the steering system due to the friction of different
terrains. Therefore, a discussion of these problems and its
influence on the control of the steering systems is presented.

The first problem is due to the hydraulic system
delay. Differently of electric and pneumatic actuators that
usually provide fast actuation on the controlled process,
the hydraulic system used in the robot guidance has a
slow response time and high inertia. These characteristics
influence the system performance and consequently the
controller’s choice and design.

The nonlinearities in the steering actuators are another
important problem. The opening action of the valves uses
a PWM signal to activate the solenoids and actuate on the
wheels position using the hydraulic cylinders. But there is
a dead zone and a saturation limit in each cylinder, which
respectively means that the cylinders do not start operating

Figure 3: Representation of a wheel module of the robot steering
system.

until an approximate control signal of 30% of the PWM
value, and their actions saturate at approximately 90% of
the PWM value. Additionally, the change on the wheels
position is not linear to the applied control signal in this
range. Another issue related to the steering actuators is the
difference between the areas in the two sides of the piston of
the hydraulic cylinder as one side has the piston rod and the
other does not. It results in a different strength for the same
pressure of fluid. This fact must be considered by the control
system because the same PWM control signal will provide
more force in one sense of displacement than the other. This
last issue also hinders the use of a single controller (usually a
PID) to each wheel of the robot as the control action would
be different for each side of wheel movement.

The third problem to be considered is the inertia in the
steering system due to the friction between the wheel and
different terrains such as earth, pasture, and asphalt. The
minimum value needed for the beginning of the steering
movement is not constant and depends on the amount of
inertia which is being submitted to each wheel and also
depends on the robot mass distribution among the wheels.
Moreover, there is a difference between the inertia related
to static (when the robot is stopped) and dynamic friction
(when the robot is moving).

The cited problems represent challenges to the develop-
ment of the steering control that must be considered and
which somehow restrict the choice of the steering control
strategy. On the other hand, it is desirable when designing a
control system a flexible architecture and a simple algorithm
which can be easily implemented and no cost computing.

4. Description of the NCS Solution

Aiming to deal with the robotic platform (Agribot) require-
ments and control problems, a NCS control architecture
was adopted. NCS can provide efficiency, flexibility, and
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Figure 4: Schematic of the robotic platform guidance system.

reliability of distributed control system through distributed
intelligence [15]. Furthermore, the concepts of robot manip-
ulators control theory [27] were used as a basis for the
development of the wheels steering control strategy. This
chosen was driven by the fact that the robot manipulator
control theory could be a simple solution to deal with the
verified problems in the wheel steering control.

4.1. Architecture of the Agribot Guidance Control. In NCS, the
controller, the sensor, and the plant are physically separated
from each other and connected through a communication
network such as CAN. The control signal is sent to the con-
troller by a message transmitted over the network while the
sensor samples the plant output and returns the information
to the controller also by transmitting a message over the
network. The architecture developed for the robotic platform
(Agribot) follows this structure as shown in Figure 5. The
NCS controller routine (NCR) was developed with LabVIEW
of National Instruments and operates in an industrial PC
that establishes communication with the guidance control
module (GCM) using the CAN ISO11898 network with
250 kbit/s.

In accordance with Figure 5, the guidance commands are
the inputs of the Agribot kinematic model. These guidance
commands can be given by the user through teleoperation
or the by embedded autonomous navigation system. Some
outputs of the Agribot kinematic model are the required
steering position for the four-wheel of the robot. This
steering position is given by the wheel angle and direction
of movement. The angle of the wheel is defined in relation
to the main axis from the robot, all the wheels in parallel
to this axis represents the zero angle position. Steering
movement from zero to left represents negative angle.
Steering movement from zero to right represents positive
angle. In addition, these steering positions for the wheels
are used as the reference for the NCS control strategy which
controls the four-wheel of the robot.

The NCR receives the CAN messages from the GCM with
the sensor information (wheel angle of the potentiometer)
of each wheel module, computes the algorithm of the
control strategy, and sends the CAN messages to the GCM
with the calculated actuators control signals (PWM values

NCS controller routine (NCR)/industrial PC

User command from
teleoperation

Command from
autonomous navigation

NCS control strategy

Position reference for wheels

CAN/
sensors information

Guidance control
module (GCM)

CAN/actuators
control signals

Wheel
module 1

Wheel
module 2

Wheel
module 3

Wheel
module 4

Adaptation to the
kinematic model

Figure 5: NCS architecture proposed for the Agribot Guidance
Control.

for the valves). For each of the four-wheel steering NCS
that composes the robotic platform, the GCM time-driven
sensors sample the wheel periodically within a sampling time
of 100 ms. The threads executing in the NCR and GCM
actuators are both event driven. The four closed loop NCSs in
the robotic platform are sharing both limited CAN network
bandwidth and NCR CPU.

4.2. Agribot Kinematic Model. The Agribot kinematic model
is required for the correct guidance commands which are
used as the references for the wheels steering NCS and
consequently to achieve a suitable robot movement. The
information is based on the dimension and the position
of the wheels in relation with the center of mass (CM)
of the robotic platform. To determine the CM, four scales
are placed under the four-wheel with the robot. Equivalent
masses are calculated for all sides, and the proportion
between them gives the position of the center of mass. It
is assumed for the kinematic model that the orientation of
all wheels is perpendicular to the instantaneous center of
rotation (ICR) and that there is no lateral sliding during the
movement. The inputs of the system are the following:
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(i) Turn radius (TR);

(ii) Orientation of the TR in relation to the frame (β),
which assumes values to −π/2 until π/2;

(iii) Scalar velocity of the platform (VCM).

The outputs are the following:

(i) Angular velocity of the platform (WCM);

(ii) Orientation (δi) and of angular velocity (rotWi) of the
four-wheel.

Figure 6 presents the position of the variables of the
kinematic model in relation to the robotic platform frame.

It is assumed for the kinematic model that the CM is the
origin of the coordinated system. The ICR can be calculated
by

XICR = TR · cos
(

β +
π

2

)

,

YICR = TR · sin
(

β +
π

2

)

.

(1)

With the ICR position it is possible to determine the
steering angle of the wheels. Two vectors for each wheel
(Figure 6) are used for this calculation. The vector �m has
origin joined with the position of the wheel that desires to
find the steering angle (Wi) and end in the position of the
ICR. The vector �n has origin in the same point of �m and is
oriented parallel to the frame ending in the opposite wheel
(Wj). The signal of the determinant of the matrix Mi in (2),
which is formed by the position of the two vectors, is used to
determine the orientation of the angle. We have

Mi =
⎡

⎣

(

XICR − XWi

)(

YICR − YWi

)

(

XWj − XWi

)(

YWj − YWi

)

⎤

⎦. (2)

The angle (γWi) between the vectors �m and �n can be
calculated using one of the properties of vector product as
presented in

γWi = arccos

(

�m · �n
∥

∥�m
∥

∥ · ∥∥�n∥∥
)

· |det[Mi]|
det[Mi]

. (3)

Next step is converting the angle between the vectors
(γWi) to the steering angle of the wheels (δi). For this
purpose, some logic notations are made in function of the
TR and the angle γWi , increasing or decreasing π/2 to the
final result. For the case illustrated in Figure 6, the steering
angle of the wheel (δ1) is given by

δ1 = γW1 +
π

2
. (4)

The angular velocity of the center of mass (WCM) in rad/s
is calculated by

WCM = VCM

TR
. (5)

The maximum angular velocity allowed to the platform
is 0.8 rad/s. The scalar velocity of the platform will be

ICR = [XICR,YICR]T

Wj = [XWj ,YWj ]
T

TR

CM

β

−→m

−→n
δi

Wi = [XWi ,YWi]
T

RWi

vwi

vCM

Figure 6: Variables in the Agribot kinematic model.

automatically reduced for values bigger than this maximum.
With the position of each wheel in relation to the CM and
the position of the ICR, the radius of the patch realized for
the wheel can be calculated using

RWi =
√

(

YICR − YWi

)2 +
(

XICR − XWi

)2
. (6)

Using the angular velocity (WCM), the radius of the patch
of the wheel (RWi) and the diameter of the tire (dW ), the
speed of the wheel, in RPM, can be calculated by

rotWi =
∣

∣

(

WCM · RWi ·VCM
)∣

∣

π · dW ·VCM
· 60. (7)

All the calculations are made for the four-wheel. Finally,
with the Agribot kinematic model, the desired angles (δi) for
the four-wheel are used as the setpoints for the NCS steering
control system.

4.3. NCS Control Strategy for Steering Control. The Agribot
guidance is linked to the correct positioning control of the
robot four-wheel. In the NCS architecture developed for the
Agribot (Figure 5), there is one controller (NCR) responsible
for the steering control of the four-wheel. Besides there is the
fact that the control strategy needs to deal with some steering
problems explained in Section 3.

Investigating a solution that was at the same time simple
to implement and robust against the problems, in this paper
a NCS control strategy centered on the robot manipulators
control theory [27] was proposed. This NCS control strategy
uses a position/velocity control idea [28] to calculate the
control signals, based on the difference between the desired
and actual position and considering the angular speed of the
wheels. The fluxogram in Figure 7 details the NCS steering
control algorithm developed.

The idea of the simple control strategy presented in
Figure 7 is explained as follows. It is important to understand
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Figure 7: Fluxogram of the NCS control strategy developed.

that this control strategy is simultaneously applied to the
steering control of the four-wheel of the platform. As a
result, the actions outlined are implemented for each of
the four-wheel. The steering control action begins with the
comparison among the desired positions (received from the
kinematic model) and the actual position of each wheel.
If the difference is bigger than a maximum error tolerated
(defined by the user), the control strategy will act to reduce
this error. The first step is to apply an initial PWM. This value
is subsequently incremented until the wheel starts its angular
movement.

The wheel motion detection is done by comparing the
last two readings of the wheel (angular) positioning. If the
difference is bigger than the maximum tolerated, then it is
considered that there is movement. After this first movement,
it must be considered that the speed with which this
movement is occurring. The intention is getting the slowest
speed that could be constantly applied to the movement
of the wheel, and keep this speed constant. To do it, a
calculation is made using the previous readings of the wheel
positioning, as each reading occurs every 100 ms. If the wheel
speed is higher or lower than a specified value, the increment
or decrement of the control signal (PWM applied to the
valves) is implemented. The control algorithm runs until the
error between the desired and actual position for each wheel
is smaller than the error tolerated.

After some study of the robotic platform mechanical
structure capabilities to deal with forces and deformations
related to the requirements of its adequate guidance, the
following parameters were defined for operation. A 2% of
the total PWM step value to increase or decrease the control

signals. An initial PWM value of 30%, in consequence to the
actuators dead zone. A tolerated error is of 2 degrees for the
wheel positioning and a tolerated error of 1 degree for the
wheel motion detection (i.e., movement is detected if there
is a difference greater than or equal to 1 degree positioning
between readings).

The NCS control solution proposed in this paper for
the four-wheel steering and platform guidance simplifies
the control system design and implementation as only one
controller can be applied to control all the wheels with a
simple algorithm.

5. Results

We performed field tests using the robotic platform (Agribot)
to evaluate the NCS guidance architecture and steering
control strategy proposed. In the experiments, the user con-
trols (teleoperates) the Agribot navigation and the feedback
information is analyzed to check the operability and accuracy
of the robot movement.

Tests were conducted on different soil types and with the
robot in movement or stationary, to identify differences in
the system behavior against the inertia offered by each state.
The steering movement angle leaving and going from 0◦ to
90◦ represents a clockwise motion and motion from 0◦ to
−90◦ a counterclockwise direction.

The defined steering control requirements for the plat-
form guidance are slow movement speed and preferentially
no overshoot on the wheel steering response, because of
the great time to invert the control action on the hydraulic
cylinder. Figures 8 to 11 present the accuracy of the steering
wheel responses related to the setpoint required. These
graphs demonstrate the steering movement of the front right
wheel, front left wheel, back right wheel and back left wheel,
successively.

The graphs of Figures 8 to 11 are shown separately as
the setpoints, in accordance with the platform kinematic
model, are different for each of the wheels. The upper graphs
show the command values for the desired position and the
readings values for the actual position.

At most times no steady-state error and overshoot can
be verified, and an appropriate low speed was achieved for
the Agribot guidance movement. These results indicate the
correct design of the NCS control strategy for the wheels
steering and platform guidance. The bottom graphs show
the PWM value being applied by the system. These graphs of
the PWM values present the dynamics of the control strategy
aiming to maintain a constant speed steering (Figure 9).

Analyzing the wheel steering control graphs, it is possible
to verify that the time taken to leave the actual position until
the desired position changes along the platform operation
and sometimes is greater in one direction of movement.
This difference of values can be also seen when looking for
the initial PWM values of the control signals graphs. This
behavior was expected with the corrected operation of the
proposed control strategy and can be explained by some facts
such as the constructive characteristics of the cylinder, the
different inertia related to the friction on the terrain, and
the Agribot mass distribution along the wheels. These factors
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Figure 8: Front right wheel. (a) Wheel steering response comparing
desired and real position. (b) Dynamic of PWM applied.

demand different control actions and consequently different
steering outputs accordingly to the platform navigation.

Delays in the system response are, in part, attributed to
the exchanging of messages through the CAN network, and
in most part, attributed to the response time of the hydraulic
system, which is slow and with high inertia (Figure 10).

The developed NCS control solution for the four-wheel
steering and Agribot guidance simplified the control system
design and implementation because only one controller
was applied to control all the four-wheel. In addition, the
proposed control strategy with a simple algorithm provided
an ease implementing and no cost computing solution for
the wheel steering control.

Despite the simplicity of the NCS control strategy, it was
an effective solution to overcome the verified problems and
challenges in the steering control design. However, it is
important to emphasize that the control strategy could be
designed for the robotic platform because of its guidance
and control requirements including the slow response and
movement speed.

Finally the results of the tests prove that the NCS
architecture and control solution for the Agribot are reliable
and satisfactory. Even though it may be desirable to improve
the wheel steering control, the present level of accuracy is
sufficient for the Agribot guidance, and the results indicate
that the developed NCS architecture and the distributed
control strategy are useful for agricultural mobile robot
operations.

Future work will be done to improve the robotic platform
guidance by the study of timed control solutions to synchro-
nize the steering movements among the four-wheel. Non
synchronism among the wheels was verified in the performed
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Figure 9: Front left wheel. (a) Wheel steering response comparing
desired and real position. (b) Dynamic of PWM applied.

tests with the Agribot and is not desirable if higher navigation
speed is required for the Agribot guidance.

Another interesting point would be the application of
fuzzy systems [29] to deal with the Agribot steering control
challenges discussed in this paper. Reference [30] attests that
T-S fuzzy models can be very efficient in characterizing and
dealing with nonlinearities.

6. Conclusion

In this paper a networked control system (NCS) solution was
presented for the guidance of a four-wheel steering robotic
platform for agricultural applications called Agribot. The
solution is composed by the NCS architecture with hardware
and software structure, the Agribot kinematic model used to
obtain the platform guidance inputs, and the NCS control
strategy, centered on the robot manipulators control theory,
for the four-wheel hydraulic steering control.

The results demonstrated that the NCS solution was
simple and efficient, providing suitable steering performance
for the Agribot and overcoming the discussed control
challenges in the robot guidance system design such as
the hydraulic system delay, nonlinearities in the steering
actuators and inertia in the steering system due the friction
of different terrains.

The application of the NCS technology with CAN
protocol provided a flexible architecture to perform the
distributed control of the Agribot. The Agribot NCS archi-
tecture with distributed intelligent units (ECUs) reduced
the computational load of the industrial computer and
simplified the data communication among the devices of
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Figure 10: Back right wheel. (a) Wheel steering response compar-
ing desired and real position. (b) Dynamic of PWM applied.

the robotic platform. Another advantage was the possibility
to use only one controller to control the four-wheel of the
Agribot. The NCS control strategy was developed using
a simple (ease implementing and no cost computing)
position/velocity control algorithm based on the difference
between the desired and actual position and considering the
angular speed of the wheels. This approach was proved very
effective for the wheels steering control providing a proper
and precise operation for the Agribot navigation.

Furthermore the NCS solution developed in this paper
for the Agribot can be applied for distributed control of agri-
cultural and other mobile robots meeting the requirements
for a reliable and accurate robot movement.

Acknowledgment

This work was supported in part by FINEP (Research and
Projects Financing) of Ministry of Science and Technology
of Brazil, CNPq (National Council for Scientific and Tech-
nological Development of Brazil), and FAPESP (São Paulo
Research Foundation). The authors also thank for Máquinas
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