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Over the past several years, computed tomography (CT)
methods have advanced significantly, yielding novel ana-
lytic and iterative solutions applicable to medical CT and
micro-CT. The resulting algorithms promise to improve spa-
tial, contrast, or temporal resolution as well as to suppress
artifacts and reduce radiation dose. Significant attention
has been devoted to optimizing computational performance
and to balancing conflicting requirements. Both theoretically
oriented and application-specific issues are also being ad-
dressed. As a snapshot of the dynamically changing field of
CT, this special issue includes 10 high-quality original papers.

Because spiral cone-beam CT can be used for rapid vol-
umetric imaging with high longitudinal resolution, the de-
velopment of exact and efficient algorithms for image recon-
struction from spiral cone-beam projection data has been a
subject of active research in recent years. Katsevich’s filtered
backprojection (FBP) formula represents a significant break-
through in this field [1]. In this special issue, Yang et al. pro-
pose a parallel implementation of Katsevich’s FBP formula
[2] by the one-beam cover method, in which the backprojec-
tion procedure is independently driven by cone-beam pro-
jections. Based on Katsevich’s work, generalized backprojec-
tion filtration (BPF) and FBP algorithms are developed to
reconstruct images from data collected along more flexible
scanning trajectories [3]. Using these recently developed al-
gorithms, Yu et al. propose a local region reconstruction
scheme [4]. The principal idea is to deliver a normal radia-
tion dose to a local region of interest (ROI) that may contain
a lesion while applying a very low radiation dose to the struc-
tures outside the ROI. Both the FBP and BPF algorithms can
produce excellent results with a minimal increment to the
dose needed for purely local CT.

Despite important advancements in the development of
exact cone-beam reconstruction, approximate algorithms re-
main practically and theoretically valuable. Feldkamp et al.

heuristically adapted the fan-beam FBP algorithm for ap-
proximate cone-beam reconstruction in the case of a circu-
lar scanning locus [5]. This formulation, called the FDK al-
gorithm, is more desirable in many cases than exact cone-
beam reconstruction approaches in terms of several aspects
of image quality and computational implementation. Since
then, many efforts have been made to extend the FDK algo-
rithm to other scanning configurations, leading to a series
of FDK-like algorithms. In this special issue, Yan et al. pro-
pose an approximate FDK-like reconstruction algorithm for
tilted-gantry CT imaging [6]. The method improves the im-
age reconstruction by filtering the projection data along a di-
rection that is determined by CT parameters and the tilted-
gantry angle. Based on the idea that there is less redundancy
for the projection data away from the central scanning plane,
Yang and Ning develop a heuristic cone-beam geometric de-
pendent weighting scheme [7], which leads to a new FDK-
like half-scan algorithm. For correcting cone-beam artifacts
in off-centered geometry, Valton et al. compare and evalu-
ate four different reconstruction methods [8], which are the
Alpha-FDK algorithm, a shift-invariant FBP method derived
from the T-FDK, an FBP method based on the Grangeat for-
mula, and an iterative algebraic method. Tang et al. extend
the 3D weighted helical CB-FBP algorithm to handle helical
pitches that are lower than 1 : 1 [9]. For helical over-scan, the
extended 3D weighted helical CB-FBP algorithm can signif-
icantly improve noise characteristics or dose efficiency com-
pared to the original algorithm, while other advantages of
the original algorithm, such as reconstruction accuracy and
computational efficiency, can be maintained.

In addition to the exact and approximate CBCT algo-
rithms, iterative algorithms are important technologies in
medical X-ray CT. It is well known that a major weak-
ness of the noniterative algorithms, either exact or approx-
imate, is that projection data are implicitly assumed to be
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noise-free. However, noise is an inherent aspect of projec-
tion data, especially for low-dose scans. Iterative algorithms
are well suited to deal with image artifacts caused by pho-
ton noise or other physical effects. Qi compares maximum a
posteriori (MAP) reconstructions with Gaussian and non-
Gaussian priors [10]. After evaluating three representative
priors: the Gaussian prior, the Huber prior, and the Geman-
McClure prior, Qi concludes that the Gaussian prior is as ef-
fective as the more complex non-Gaussian priors for lesion
detection and quantification tasks. Rather than perform-
ing full-blown iterative reconstruction involving projecting
and reprojecting the image, La Riviere et al. explore iter-
ative approaches to sinogram restoration followed by ana-
lytic reconstruction. Here they compare the use of quadratic-
and median-based roughness penalties [11], and they find
that the two approaches produce similar resolution-variance
tradeoffs to each other, which suggests that the particular
choice of penalty may be less important than the decision to
use a penalty at all. Israel-Jost et al. propose build frequency-
adapted (FA) algorithms based on a condition of incomplete
backprojection [12], leading to an FA-simultaneous algebraic
reconstruction technique (FA-SART) algorithm. The results
obtained with the FA-SART algorithm on a highly detailed
phantom demonstrate a very fast convergence compared to
the original SART algorithm.

The recent advances in X-ray technology provide high-
contrast and spatiotemporal resolution, which offer new po-
tential for evaluation of cardiac kinetics with 4D dynamic se-
quences. In this special issue, Garreau et al. propose a new
method for cardiac motion extraction in multislice CT based
on a 4D hierarchical surface-volume matching process [13].
Their aim is to detect the left heart cavities along the ac-
quired sequence and estimate their 3D surface velocity fields.
A Markov random field model is defined to find, according
to topological descriptors, the best correspondences between
a 3D mesh describing the left endocardium at one time-point
and the 3D acquired volume at the following time-point. The
global optimization of the correspondences is realized with a
multiresolution process.

In closing this introduction to the special issue, we would
like to express our appreciation to all the authors and re-
viewers for the tremendous efforts that have made the timely
completion of our assignment successful and pleasant. Hope
this special issue would attract a major attention of the peers
and inspire more creative research ideas in the CT field.

Hengyong Yu
Patrick J. La Riviere

Xiangyang Tang
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For spiral cone-beam CT, parallel computing is an effective approach to resolving the problem of heavy computation burden. It
is well known that the major computation time is spent in the backprojection step for either filtered-backprojection (FBP) or
backprojected-filtration (BPF) algorithms. By the cone-beam cover method [1], the backprojection procedure is driven by cone-
beam projections, and every cone-beam projection can be backprojected independently. Basing on this fact, we develop a parallel
implementation of Katsevich’s FBP algorithm. We do all the numerical experiments on a Linux cluster. In one typical experiment,
the sequential reconstruction time is 781.3 seconds, while the parallel reconstruction time is 25.7 seconds with 32 processors.

Copyright © 2006 Jiansheng Yang et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

1. INTRODUCTION

Spiral cone-beam CT can be used for rapid volumetric imag-
ing with high longitudinal resolution and for efficient uti-
lization of X-ray source. Katsevich’s filtered-backprojection
(FBP) inversion formula represents a significant break-
through in this area [2–4]. However, sequential implemen-
tation of this formula demands more intensive computation
and hardware resources [2, 3]. Parallel computation tech-
nique provides an effective solution to this issue.

Parallel computation technique was previously applied to
2D CT. Nowinski [5] investigated four forms of parallelism in
2D CT: pixel, projection, ray, and operation parallelisms. Us-
ing the data-parallel programming style, Roerdink and West-
enberg [6] studied parallel implementation for two standard
2D reconstruction algorithms: FBP and direct Fourier re-
construction. There were also some results on parallel im-
plementations of 3D CT image reconstructions for parallel-
beam and fan-beam geometries [7, 8]. For cone-beam CT,
parallel implementations of the Feldkamp algorithm on Be-
owulf clusters were reported, typically based on smart com-
munication schemes [9, 10]. In [9], a master node does all
the weighting and filtering of the projections, while the other
nodes perform the backprojection for their assigned image
subvolumes, respectively. In [10], each node weights and fil-
ters the projection data assigned to it, and then accomplishes
the backprojection for its assigned image subvolume in a
send-receive mode.

For image reconstruction from cone-beam projections,
the backprojection step is extremely time-consuming. In [1],
the authors proposed the cone-beam cover method for the
backprojection. This method is different from the conven-

tional methods based on PI line, and provides an alternative
efficient implementation scheme for Katsevich’s FBP formula
and its kind. In the cone-beam cover method, any filtered
cone-beam projection can be backprojected independently.
On the ground of this independence, we present a parallel
implementation for Katsevich’s exact reconstruction formula
in this manuscript. Numerical simulations demonstrate the
high performance of the proposed parallel scheme with re-
markable runtime reduction. For the 3D Shepp-Logan phan-
tom [11] with 256× 256× 256 voxels, 3× 600 source points
(600 points per turn) and 100 × 500 cone-beam projection
at every source point, the sequential cone-beam cover algo-
rithm takes 781.3 seconds to reconstruct the volume image,
while the proposed parallel implementation only needs 25.7
seconds with 32 processors on the same Linux cluster.

The structure of this manuscript is as follows. Section 2
introduces briefly Katsevich’s inversion formula and the
cone-beam cover method. Section 3 describes the proposed
parallel implementation of Katsevich’s inversion formula.
Section 4 provides experiment results and details of the com-
puting environment. Section 5 discusses relevant issues. Fi-
nally, Section 6 concludes the paper.

2. THE CONE-BEAM COVER METHOD

As shown in Figure 1, let C be a spiral defined by

C :=
{
y ∈ R3 : y1 = R cos(s), y2=R sin(s),

y3 = s

(
h

2π

)
, s ∈ I

}
,

(1)
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U

y(s)

Figure 1: The spiral and image space U .

where s is the angular parameter, h > 0 is the spiral pitch and
I := [a, b], b > a. Let U be the image space defined by

U :=
{
x ∈ R3 : x2

1 + x2
2 < r2, c

(
h

2π

)
< x3 < d

(
h

2π

)}
,

(2)

where 0 < r < R, c < d, a = c − sΔ, b = d + sΔ, sΔ is the
necessary offset of the angular parameter [1–4]. It is assumed
that an object f (x) is centered at the coordinate origin and
supported by U , that is, f (x) = 0 if x �∈ U . The cone-beam
(at vertex y) projection of f is defined by

Df (y,β) :=
∫∞

0
f (y + tβ)dt, β ∈ S2. (3)

Katsevich’s FBP inversion formula [3] can be represented
as

f (x) = − 1
2π2

∫
IPI(x)

1∣∣x − y(s)
∣∣

×
∫ 2π

0

∂

∂q
Df
(
y(q),Θ(s, x, y)

)∣∣∣
q=s

dγ

sin γ
ds,

(4)

where IPI(x) := [sb(x), st(x)] is the PI parametric interval
which is determined by the PI line LPI(x) passing through
x [12], see Figure 2.

This formula can be rewritten as

f (x) := − 1
2π2

∫
IPI(x)

1∣∣x − y(s)
∣∣Ψ(s,β(s, x)

)
ds, (5)

where

β(s, x) = x − y(s)∣∣x − y(s)
∣∣ , (6)

Ψ(s,β) :=
∫ 2π

0

∂

∂q
Df
(
y(q), cos(γ)β+sin(γ)e(s,β)

)∣∣∣
q=s

1
sin γ

dγ,

(7)

y(st(x))

y(s)
x

LPI(x)

y(sb(x))

Figure 2: PI-line and PI parametric interval. A PI-line is a line seg-
ment, the endpoints of which are separated by less than one turn
in the spiral. Any x ∈ U belongs to one and only one PI-line, de-
noted as LPI(x). Endpoints of LPI(x) are denoted as y(sb(x)) and
y(st(x)), where sb(x) and st(x) are angular parameters of the end-
points and sb(x) < st(x). The interval IPI(x) := [sb(x), st(x)] is called
PI parametric interval. The section of the spiral between y(sb(x))
and y(st(x)) is called PI arc, denoted as CPI(x).

for the unit vector β along which X-ray emitted from y(s) will
reach the Tam-Danielsson window [13, 14], see Figure 3.

Equations (5) and (7) imply that the inversion formula
is of the filtered-backprojection type. One first computes the
shift-invariant filtering of derivative of cone-beam projection
using (7) [3, 15, 16]. Then one performs the backprojection
according to (5). Here, for every x ∈ U , the backprojection
is performed along PI arc CPI(x) (the PI line method).

In [1], we introduce the cone-beam cover method to
perform backprojection in a way different from the PI line
method.

Definition 1. Let W(s0) be the Tam-Danielsson window at
source point y(s0) (s0 ∈ I), we call

V
(
s0
)

:= {x ∈ U : x̂ ∈W
(
s0
)}

(8)

cone-beam cover at source point y(s0), where x̂ is the projec-
tion of x onto the detector plane, see Figure 4.

The following theorem on the cone-beam cover was
proved in [1]. It is the footstone of the cone-beam cover
method.

Theorem 1. For x ∈ U , one has

x ∈ V
(
s0
)

iff s0 ∈ IPI(x). (9)

Applying Theorem 1 to the discrete form of (5):

f (x) = − 1
2π2

∑
s∈IPI(x)

Ψ
(
s,β(s, x)

)
Δs∣∣x − y(s)
∣∣ , (10)

we obtain the following equation

f (x) = − 1
2π2

∑
{s:x∈V(s)}

Ψ
(
s,β(s, x)

)
Δs∣∣x − y(s)
∣∣ . (11)

Equation (11) implies that the filtered cone-beam projection
at any source point y(s) contributes only to the reconstruc-
tion of voxels inV(s). Based on this fact, the cone-beam cover
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y(s)x

x

Figure 3: Tam-Danielsson window. The Tam-Danielsson window
is a region on the detector plane. It is bounded by the cone-beam
projection of the upper and lower turns of the spiral onto the detec-
tor plane.

y(s0)

xx̂

W(s0) V(s0)

Figure 4: Cone-beam cover V(s0). Let Ṽ(s0) be the cone with vertex
y(s0) and base W(s0), then V(s0) = Ṽ(s0)

⋂
U .

method provides an approach to performing backprojection.
The key point is as follows.

At any source point y(s), the cone-beam projection

Df
(
y(s),β

)
:=
∫∞

0
f
(
y(s) + tβ

)
dt (12)

is truncated by those unit vector β along which X-rays emit-
ted from y(s) will reach a region slightly larger than Tam-
Danielsson window W(s) on the detector plane [3]. As
shown in Figure 5, the region is bounded by the parallel-
ogram. Dealing with this cone-beam projection, one first
computes the shift-invariant filtering of derivative of the
cone-beam projection using (7) along the lines L(S2) (see
Figure 5), as discussed elsewhere [3, 16]. Then one performs
the backprojection according to (11). Here with the filtered
cone-beam projection at source point y(s) the backprojec-
tion is performed only for x ∈ V(s).

Note that using the above strategy, both filtering and
backprojecting on a single cone-beam projection can be per-
formed independently. This property of the strategy leads to
the sequential and parallel algorithms we will describe later.

A sequential implementation of Katsevich’s FBP formula
is stated in Algorithm 1. More details and experiment results
about this implementation can be found in [1].

s2 L(s2) V

U

Figure 5: The family of lines L(s2). The filtering is performed along
lines L(s2).

Step 1. for each voxel x of image space, set f (x) = 0.
Step 2. for each source point y(s), s ∈ I

do
(1) Filtering of derivative of the cone-beam

projection, get Ψ(s,β(s, x)).
(2) Backprojecting for x ∈ V(s)

f (x) = f (x) +
(
− 1

2π2

)(
1

|x − y(s)|
)

×Ψ(s,β(s, x)
)
Δs.

end

Algorithm 1: Sequential implementation of Katsevich’s FBP inver-
sion formula.

3. PARALLEL IMPLEMENTATION

We parallelize the above sequential implementation by par-
titioning the source points set. Let I be a discretization of I
(angular parameter interval), p be the number of processors.
If I is partitioned into p subsets

I =
P⋃
j=1

I j , (13)

then a parallel implementation of Katsevich’s FBP formula
can be pseudocoded Algorithm 2.

In Algorithm 2, each processor j just operates on its as-
signed cone-beam projections and gets f j(x), and no com-
munication between different processors is needed during
the processing.

4. EXPERIMENTS

We do all computations on the Beowulf cluster CCSE-HP at
Peking University. The cluster consists of 1 master node, 2
login nodes, 4 I/O nodes, and 128 computing nodes. All the
nodes are on a Gigabit Ethernet. The computing nodes are
also connected by 4 X InfiniBand (10 Gbps). The system con-
figuration is listed in Table 1.
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Table 1: System configuration.

Computing node

HP ProLiant DL360 G4 server, Dual 64-bit 3.2 GHz XeonTM DP,

1 MB L2 cache, 4 GB DDR333 RAM, 73 GB Ultra320 SCSI disk,

Voltaire HCA 400 PCI-X dual-port 4X InfiniBand (10 Gbps)

host channel adapter

I/O node

HP ProLiant DL380 G4 server, Dual 64-bit 3.2 GHz XeonTM DP,

1 MB L2 cache, 4 GB DDR333 RAM, Gigabit Ethernet adapter,

HP Smart Array 6402/128M SCSI controller

Master node Same as the computing node, except that the RAM is 2 GB

Login node Same as the computing node, except the InfiniBand host interface

InfiniBand switch Voltaire ISR 9288

Gigabit Ethernet switch HP ProCurve Switch 2848

Storage HP StorageWorks Modular Smart Array 30, 7TB (RAID5)

Operating system Red Hat EL WS 3.0

Compilers Intel 64-bit Compiler 9.0.021 (c/c + +)

Parallel Environment mpich 1.2.6-ib

Step 1. for each voxel x of image space, set f (x) = 0.

Step 2. for each processor j ( j = 1, . . . ,P),

do

for each voxel x of image space, set f j(x) = 0.

for each source point y(s), s ∈ I j

do

(1) Filtering of derivative of the

cone-beam projection, get Ψ(s,β(s, x)).

(2) Backprojecting for x ∈ V(s)

f j(x) = f j(x) +
(
− 1

2π2

)(
1∣∣x − y(s)

∣∣
)

×Ψ(s,β(s, x)
)
Δs.

end

set f (x) = f (x) + f j(x).

end

Algorithm 2: Parallel implementation of Katsevich’s FBP inversion
formula.

The parameters of the data collection protocol are given
in Table 2.

We use the 3D Shepp-Logan phantom [11] to test our
parallel algorithm. The phantom consists of 10 ellipsoids as
specified in Table 3.

Figure 6 shows the reconstructed images from sequential
and parallel implementations at slices of x3 = −0.255, x2 =
−0.067, and x1 = −0.067, respectively. We use the gray scale
window [1.01, 1.03] to make low contrast features visible.

In terms of runtime, speedup S is defined as the ratio of
the time taken to solve a problem on a single processor to
the time required to solve the same problem on a parallel

Table 2: Parameters of the data collection protocol.

R (radius of the spiral) 3

h (pitch of the spiral) 1

r (radius of the object) 1

[c,d] [−2π, 2π]

sΔ 2.26

[a, b] [−2π − 2.26, 2π + 2.26]

Sampling number of
600

source points per tun

Detector array size 100× 500

Image volume 256× 256× 256

computer with P identical processors. Efficiency E is defined
as the ratio of speedup to the number of processors:

S = T1

TP
, E = S

P
, (14)

where T1 and TP represent the computing time for one pro-
cessor and P processors respectively [17]. Figures 7 and 8 dis-
play the speedup and efficiency of Algorithm 2, respectively.

5. DISCUSSIONS

Since the computation of image reconstruction in Algorithm
2 is mathematically equivalent to that in Algorithm 1, the im-
age reconstructed by Algorithm 2 is the same as that done by
Algorithm 1.

Figures 7(a) and 8(a) depict the algorithm’s speedup and
efficiency with the uniform partition of I . We can see that
the speedup increases from 1.0 to 22.9 while the efficiency
decreases from 100.0% to 71.5% when the number of pro-
cessors varies from 1 to 32. Obviously, the efficiency is not
satisfactory with four or more processors. Figure 9 displays
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Table 3: Parameters of the low-contrast Shepp-Logan phantom.

No. a b c x10 x20 x30 φ A

1 0.6900 0.920 0.900 0.00 0.000 0.000 0 2.00

2 0.6624 0.874 0.880 0.00 0.000 0.000 0 −0.98

3 0.4100 0.160 0.210 −0.22 0.000 −0.250 108 −0.02

4 0.3100 0.110 0.220 0.22 0.000 −0.250 72 −0.02

5 0.2100 0.250 0.500 0.00 0.350 −0.250 0 0.02

6 0.0460 0.046 0.046 0.00 0.100 −0.250 0 0.02

7 0.0460 0.023 0.020 −0.08 −0.650 −0.250 0 0.01

8 0.0460 0.023 0.020 0.06 −0.650 −0.250 90 0.01

9 0.0560 0.040 0.100 0.06 −0.105 0.625 90 0.02

10 0.0560 0.056 0.100 0.00 0.100 0.625 0 −0.02

∗ a, b, c are the lengths of half-axes of ellipsoid. x10, x20, x30 are the coordinates of the center. φ is the rotation angle around x3-axis, A is the
incremental density.

(a) (b) (c)

Figure 6: (a) Slice: x3 = −0.255; (b) slice: x2 = −0.067; (c) slice: x1 = −0.067. Top: reconstructed image by Algorithm 1; bottom: recon-
structed image by Algorithm 2. Since the computation of image reconstruction in Algorithm 2 is same as that in Algorithm 1, the images
reconstructed by Algorithm 2 are same as those by Algorithm 1.
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Figure 7: (a) Speedup with the uniform partition of I ; (b) speedup with the nonuniform partition of I . The speedup with the nonuniform
partition of I is better than that with the uniform partition of I .
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Figure 8: (a) Efficiency with the uniform partition of I ; (b) efficiency with the nonuniform partition of I . The efficiency with nonuniform
partition of I is better than that with the uniform partition of I .
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Figure 9: Wall time of each processor with the uniform partition of
I . The graph looks like a trapezoid, exhibiting a problem of load im-
balance. The processors in the middle bear higher load, while those
on the two sides bear lower load.

the wall time1 for each processor. The graph looks like a
trapezoid, exhibiting a problem of load imbalance. The pro-
cessors in the middle bear higher load, while those on the two
sides bear lower load.

The reason is as follows. When the X-ray source point
goes near the bottom or top of the image space, the cone-
beam cover becomes smaller and smaller, making the load of
the corresponding processors lower and lower. Nonuniform
partition of I can overcome the load imbalance. The follow-
ing describes a scheme of nonuniform partition of I .

1 “Real world” time (what the clock on the wall shows), as opposed to the
system clock’s idea of time. http://computing-dictionary.thefreedictiona-
ry.com/wall%20time.

Recall that I = [a, b] is the angular parameter interval
of the spiral, the interval [c,d] expresses the axial position of
image spaceU . Let sΔ be the maximal axial-direction distance
of points in the cone-beam cover from the source point, then
a = c− sΔ, b = d+ sΔ. Figure 10 illustrates computation time
for the filtering and backprojecting at source point y(s).

We divide [a, a+ 2sΔ), [a+ 2sΔ, b− 2sΔ), [b− 2sΔ, b] into
p uniform subintervals, respectively, as

[
a, a + 2sΔ

) =
p⋃
j=1

I1, j ,
[
a + 2sΔ, b− 2sΔ

) =
p⋃
j=1

I2, j ,

[
b − 2sΔ, b

] =
p⋃
j=1

I3, j ,

(15)

and let

I j = I1, j

⋃
I2, j

⋃
I3, j , j = 1, . . . , p, (16)

then

[a, b] =
p⋃
j=1

I j (17)

determines a nonuniform partition of I .
Figures 7(b) and 8(b) display the algorithm’s speedup

and efficiency with the above nonuniform partition of I . We
can see that the speedup increases from 1.0 to 30.4 and the
efficiency decreases from 100% to 95% when the number
of processors varies from 1 to 32. The speedup and the ef-
ficiency with the nonuniform partition of I are apparently
better than those with the uniform partition of I . The algo-
rithm’s speedup and efficiency maintain a higher level with
larger image sizes. The algorithm’s speedup and efficiency
with the image volume 512 × 512 × 512 are displayed in
Figure 11.
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Figure 10: Computation time for the filtering and backprojecting
at source point y(s). The time of the filtering is same at all source
points and denoted by t0.
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Figure 11: The illustration of the algorithm’s speedup and effi-
ciency with the image volume 512× 512× 512.

The idea of the cone-beam cover is a key point for
us to design the parallel implementation of Katsevich’s in-
version formula. From the perspective of the cone-beam
cover, backprojecting any filtered cone-beam projection can
be performed independently. Therefore a partition of cone-
beam projections gives a parallel implementation of im-
age reconstruction. The presented results demonstrate the
high performance of the proposed parallel algorithm. The
cone-beam cover method can also be employed to establish
parallel schemes for other reconstruction algorithms, such
as Feldkamp-type algorithms [11, 18], Zou and Pan’s algo-
rithm [19, 20]. In addition, parallel implementation of the

Katsevich’s FBP algorithm based on PI line method would be
an important topic of future research.

6. CONCLUSIONS

For spiral cone-beam CT, parallel computing is an effective
approach to improving the reconstruction efficiency. Basing
on the cone-beam cover method, we have proposed an effi-
cient parallel implementation of Katsevich’s FBP algorithm
and demonstrated its high performance with numerical sim-
ulations. Further work is under active investigation.
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1. INTRODUCTION

It is well known that the primary disadvantage of X-ray CT
is ionizing radiation which may induce cancers and cause
genetic damages with a probability related to the radiation
dose. Thus, reducing the dose as low as possible is a gen-
eral rule for practical medical applications. One effective
way is to reduce the region or volume to be imaged. For
example, reconstruction from truncated projections, which
is also referred to as local region reconstruction, has been
extensively studied. The existent algorithms can be catego-
rized into three categories: (1) iterative methods [1, 2] which
reconstruct the local ROI by minimizing I-divergence or
maximizing statistical likelihood; (2) analytic methods such
as those based on wavelet-based multi-resolution analyses
[3, 4]; and (3) lambda tomography methods [5–7] which re-
cover a gradient-like function of an object function.

To reconstruct a long object such as a patient, Katse-
vich proposed an exact and efficient FBP reconstruction al-
gorithm [8, 9] for a standard cone-beam helical scanning tra-
jectory. Zou and Pan derived a BPF algorithm [10]. Later,
several groups independent generalized both the FBP [11,
12] and BPF [13–18] algorithms to more general scanning
loci. These results offer a new opportunity to reconstruct the
local ROI from truncated data. Based on the idea of combin-
ing global and local data for improved ROI reconstruction
[3, 19–21], here we propose a local region reconstruction
scheme which is novel in terms of the reconstruction meth-
ods, that is, the utilization of the recently developed general-
ized FBP and BPF algorithms. The major characteristic is to

deliver a normal radiation dose to a local ROI that may con-
tain the cancerous tissue while applying a very low radiation
dose to the structures outside the ROI.

In the following, the generalized FBP and BPF algorithms
are briefly reviewed in Section 2. The ROI reconstruction
scheme is described in Section 3. Simulated results and anal-
ysis are presented in Section 4. Finally, in Section 5 we con-
clude this paper.

2. REVIEW OF GENERALIZED FBP AND
BPF ALGORITHMS

Based on Katsevich’s FBP formula [9] for standard helical
cone-beam CT, Ye and Wang derived a generalized FBP for-
mula for exact image reconstruction from cone-beam data
collected along a flexible three-dimensional (3D) curve [12].
The key step is to choose a filtering direction based on the
general condition (see [12, equation 3.25]). A natural choice
is the direction of the generalized PI-segment, also referred
as a chord. As a result, the generalized FBP method does not
require the uniqueness of the chord. In fact, it can be used to
reconstruct images on any chord as long as a scanning curve
runs from one endpoint of the chord to the other endpoint.
We implemented this generalized formula and applied it to
reconstruct images from data collected along a nonstandard
saddle curve [22].

By interchanging the order of the Hilbert filtering and
backprojection operation in Katsevich’s FBP formula [9],
Zou and Pan obtained a BPF formula for a standard helical
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cone-beam CT [10], which reconstructs an object only from
the minimum data in the Tam-Danielsson window. Our
group contributed the first proof of the general validity of
the BPF formula in the case of nonstandard spirals as well as
other more general curves [14, 15, 22, 23]. Independent work
on exact cone-beam reconstruction in the case of a general
scanning curve was also independently reported by several
groups [11, 13, 17, 18]. Although there are several schemes
for constructing cone-beam inversion algorithms in a gen-
eral case [24–27] before these recent publications, the gen-
eralized exact cone-beam reconstruction algorithms are ex-
plicit and straightforward. Note that earlier than our SPIE
paper [14], Palamodov once formulated a general inverse for-
mula [28]. Unfortunately, his formula is not theoretically ex-
act [29]. Since a 2D locus can be regarded as a special class
of 3D curves, we can readily obtain the corresponding gen-
eralized fan-beam reconstruction formulas [30]. Therefore,
in this paper, we will discuss the reconstruction of a local
ROI from truncated fan-beam and cone-beam data collected
along flexible 2D/3D loci.

3. RECONSTRUCTION SCHEME

It is well known that a reconstructed 2D ROI from local trun-
cated projection data suffers from image cupping and in-
tensity shifting artifacts since the local CT problem is not
uniquely solvable [31]. Based on the fact that the artifacts
mainly distribute in low frequencies, the local ROI recon-
struction can be improved by combining the truncated local
projections and very few noisy global projections. Therefore,
we can deliver a normal radiation dose to the local ROI that
may contain the cancerous tissue while applying a very low
radiation dose to the structures outside the ROI. As shown
in Figure 1, there are two types of detectors: one is a local de-
tector (solid thick line) which collects truncated local projec-
tions at a normal radiation dose rate, and the other is a global
detector (dotted thin line) which collects global projections
with very low radiation dose. For practical applications, the
two types of detectors can be combined into one. As illus-
trated in Figure 1(a), this can be physically implemented by
adding some lead filters in the current pre-patient collimator.
Compared to the local normal-dose projections, the global
low-dose projections can be obtained in two ways: (a) re-
ducing the number of photons for each detector aperture;
(b) shortening the scanning time by reducing the number of
projections. The global data and local data can be acquired in
two scans [21] or the same scan with an ROI beam filtering
technique [20].

If the global and local data are acquired in two scans,
an interpolation procedure is required to combine the two
datasets. Assume that both the local and global detectors have
the same scanning geometry. The local normal-dose projec-
tions Plocal are finely sampled, while the global low-dose pro-
jections Pglobal are coarsely sampled. The two datasets can be
combined as

Pc
global =

⎧
⎨

⎩

Plocal if Plocal is defined,

Pi
global otherwise,

(1)

Detector

r
r′ ROI

Object

R

2D locus

D

(a) Fan-beam geometry.

Detector

ROI

Object

3D locus

(b) Cone-beam geometry.

Figure 1: Configuration of the local region reconstruction from
truncated local normal-dose data and global low-dose data. The
dotted thin line represents the detector for global data while the
solid thick line represents the detector for local data.

where Pi
global denotes the linear interpolation of Pglobal on the

fine grid of Plocal. The whole interpolation procedure is il-
lustrated in Figure 2 for fan-beam geometry. Once the com-
bined global dataset Pc

global is obtained, the local ROI can be
reconstructed by either the generalized FBP or BPF method.
For the implementation details of the reconstruction algo-
rithms, please refer to our previous papers [22, 23, 30]. It is
pointed out that the global dataset Pc

global can be directly ac-
quired using an ROI beam filtering technique [20].

4. SIMULATION RESULTS

According to the analysis of our CMCT system [19], the or-
gan dose, DOSE, is proportional to the total photons flux
Φ. Assume that there are N photons emitted from the X-ray
source to each detector aperture, the number of detectors is
S, and the number of projections is P, Φ will be proportional
to N × S× P, that is,

DOSE ∝ Φ∝ N × S× P. (2)

Hence, the ratio between the dose from global projections
and that from local truncated data roughly is

DOSEratio =
DOSEglobal

DOSElocal
= Nglobal

Nlocal
× Sglobal

Slocal
× Pglobal

Plocal
, (3)
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Figure 2: Illustration of combining local normal-dose data and global low-dose data in fan-beam geometry.

where the subscribes “global” and “local” indicate the global
and local datasets, respectively.

Assume that among the N photons emitted by the X-ray
source only N̂ photons arrive at the detector aperture due to
attenuation in the object, and that the number of photons N̂
obeys a Poisson distribution. Since the dose level as described
by noise variance is inversely proportional to the number of
the detected photons N̂ , we can simulate projections at dif-
ferent dose levels in terms of Poisson random variables as a
function of the number of the detected photons (see the ap-
pendix). To demonstrate the performance of the proposed
algorithms, we implemented an X-ray projection simulator,
and the generalized FBP and BPF algorithms in Matlab on a
PC with all the computational intensive part coded in C++
language.

As shown in Figure 1(a), in our first set of numerical
tests, a 2D differentiable Shepp-Logan phantom (DSLP) [32]
was confined in a disk of radius r = 10 cm, and centered
at the origin of the natural coordinate system. The X-ray
source was rotated along a circular locus of radius R = 50 cm.
Collinear local and global detectors were combined with the
local detector arranged in the middle of the global detec-
tor. The distance between the detector and the X-ray source
was D = 100 cm. Along a 40.82 cm length, 500 detector el-
ements were distributed for global data, while 250 detector
elements were spanned over 20.41 cm for local data. The lo-
cal detectors covered all the projections of an ROI of radius
r′ = 5.08 cm. In our simulation, 720 local truncated normal
dose and 36 global low dose projections were equiangularly
acquired in two scans. We set N = 1.0 × 108 per detector
element for collection of local data at the normal dose. For
different low-dose levels, global data were acquired, and the
local ROI reconstructed by both the FBP and BPF methods,
as shown in Figure 3. Furthermore, Table 1 includes the dose
ratios and signal-to-noise ratio (SNR) in the ROI.

As the baseline, the last column of Table 1 gives the case
when the global dataset was obtained using the same dose
level and projection number as for the local dataset. From
Table 1 and Figure 3, it can be observed that (a) there were
some low-frequency artifacts at the edges of the ROI recon-
structed by the FBP method; (b) there were some strip ar-
tifacts along the PI-segments all over the ROI reconstructed
by the BPF method; (c) the FBP method offered better image
quality in terms of SNR than the BPF method; (d) both the

FBP and BPF methods reconstructed satisfactory results by
incorporating some low-dose global projections, at an addi-
tional cost of less than 1% purely local CT dose.

To demonstrate the flexible of the proposed scheme, our
second set of numerical tests were to reconstruct a 3D lo-
cal ROI from truncated cone-beam data along a nonstan-
dard saddle curve. These tests were based on the experiments
in [22]. All parameters are the same as those in [22] except
the following: (a) the reconstructed object was a 3D DSLP
[32]; (b) the global detector array contained 518 × 592 ele-
ments while the local detector array had 256× 592 elements;
(c) 1200 local projections and 120 global projections were
acquired in two scans. The numbers of photons for local
normal-dose and global low-dose scans were N = 108 and
N = 104 per detector element, respectively. The dose ratio
was estimated as 2.02 × 10−5. The SNRs in the local ROI re-
constructed by the FBP and BPF algorithms were 49.94 dB
and 49.32 dB, respectively. Figure 4 presents representative
reconstructed images.

5. DISCUSSION AND CONCLUSION

Since the exact FBP and BPF algorithms are utilized, the
proposed scheme is different from the existent ROI beam
filtering technique [20] in which the approximate Feld-
kamp algorithm is used. Although our interpolation method
(1) appears similar to the multi-resolution analysis method
(MRAM) [3, 4, 21], we emphasize that the former is different
from the latter in terms of the radiation dose. Both the global
and local data are typically at the same dose level (noise level)
in the MRAM, while here the dose level of the global data is
far lower than that of the local data. Therefore, the contri-
bution of this paper is to combine a normal-dose local ROI
scan [3, 19–21] with a low-dose global scan, and apply the
exact FBP and BPF reconstruction algorithms such as those
described in [12, 15].

In conclusion, we have evaluated a new local ROI recon-
struction scheme from data collected along scanning curves.
By combining normal-dose local projections with some low-
dose global projections, we have enhanced a local normal-
dose dataset to a global dataset. Both the generalized FBP
and BPF algorithms have been tested to reconstruct a local
ROI. The simulation results have shown that both the FBP
and BPF algorithms can produce excellent results with a min-
imal increment to the dose needed for purely local CT.
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(a) (b)

(c) (d)

(e) (f)

Figure 3: Reconstructed local ROI images of the DSLP with different low-dose levels for global projections. The left column was recon-
structed by the FBP method while the right column by the BPF method. Each image includes a reconstructed image with a display window
[1.0, 1.04] and a difference image against the real image with a display window [−0.02, 0.02]. The global projections for the first row were
collected with the same N and P as that for the local projections. The white circle indicates the ROI. N for global data with the second and
third rows were 105, 103, respectively.

Table 1: Dose ratios and SNRs for different low-dose levels.

N 107 106 105 104 103 102

DOSEratio 10−2 10−3 10−4 10−5 10−6 10−7 2.0

SNR with FBP (dB) 61.29 61.12 60.95 58.06 49.75 31.00 61.70

SNR with BPF (dB) 61.03 59.78 55.65 46.89 37.76 25.86 61.72

APPENDIX

Simulation of Poisson noise

When a material is bombarded by high-speed electrons, the
X-ray photons are produced. After their interactions (photo-
electric, Compton, and coherent scattering) with the mate-
rial, some photons are absorbed or scattered. In other words,
they are attenuated when they go through the material. The

attenuation process can be described by the Lambert-Beer
law in the case of single energy photons. As a result, the num-
ber of the transmitted photons is a random variable obeying
the Poisson distribution [33].

Assume that N photons are emitted from the X-ray
source towards each detector aperture, we can simulate the
Poisson noise inherent with projection data from the mathe-
matical phantom as follows.
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Figure 4: Typical reconstructed images of the DSLP from data collected along a nonstandard saddle curve with a display window [1.0, 1.04].
The top slices were reconstructed by the FBP method, while the bottom slices were reconstructed by the BPF method. The left and right
slices are at X = 0 cm and Z = −2.5 cm, respectively. The two profiles along the white lines are plotted for each slice. The dotted and solid
curves represent the original and reconstructed profiles.

Step 1. Compute the projection data p by linear integration.

Step 2. Compute the expected photon number arriving
at the detector, according to the Lambert-Beer law N =
N exp(−µwp), where µw is the X-ray linear attenuation co-
efficient for water.

Step 3. Generate a Poisson random variable N̂ , with the
mean and variance being equal to N .

Step 4. Compute noisy projection data p̃ = (1/µw) ln(N/N̂).

Note that X-ray projection data p computed in Step 1 are
based on the relative linear attenuation coefficients that have
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been normalized with respect to the linear attenuation co-
efficient for water µw [32]. Hence, in Step 2 the normalized
projection data p must be converted to have realistic magni-
tudes by multiplying the normalized data p with the water
coefficient µw. Hence, with the formula N = N exp(−µwp),
we can mimic the real X-ray attenuation process through the
human head.

ACKNOWLEDGMENT

This work is partially supported by the NIH/NIBIB Grants
EB002667 and EB004287.

REFERENCES

[1] G. Wang, D. L. Snyder, and M. W. Vannier, “Local computed
tomography via iterative deblurring,” Scanning, vol. 18, no. 8,
pp. 582–588, 1996.

[2] G. Wang, M. W. Vannier, and P.-C. Cheng, “Iterative X-ray
cone-beam tomography for metal artifact reduction and local
region reconstruction,” Microscopy and Microanalysis, vol. 5,
no. 1, pp. 58–65, 1999.

[3] T. Olson and J. DeStefano, “Wavelet localization of the Radon
transform,” IEEE Transactions on Signal Processing, vol. 42,
no. 8, pp. 2055–2067, 1994.

[4] S. Zhao and G. Wang, “Feldkamp-type cone-beam tomogra-
phy in the wavelet framework,” IEEE Transactions on Medical
Imaging, vol. 19, no. 9, pp. 922–929, 2000.

[5] M. A. Anastasio, D. Shi, X. Pan, C. Pelizzari, and P. Munro, “A
preliminary investigation of local tomography for megavoltage
CT imaging,” Medical Physics, vol. 30, no. 11, pp. 2969–2980,
2003.

[6] A. Faridani, E. L. Ritman, and K. T. Smith, “Local tomogra-
phy,” SIAM Journal on Applied Mathematics, vol. 52, no. 2, pp.
459–484, 1992.

[7] A. Katsevich, “Cone beam local tomography,” SIAM Journal
on Applied Mathematics, vol. 59, no. 6, pp. 2224–2246, 1999.

[8] A. Katsevich, “Theoretically exact filtered backprojection-type
inversion algorithm for spiral CT,” SIAM Journal on Applied
Mathematics, vol. 62, no. 6, pp. 2012–2026, 2002.

[9] A. Katsevich, “An improved exact filtered backprojection algo-
rithm for spiral computed tomography,” Advances in Applied
Mathematics, vol. 32, no. 4, pp. 681–697, 2004.

[10] Y. Zou and X. C. Pan, “Exact image reconstruction on PI-
lines from minimum data in helical cone-beam CT,” Physics
in Medicine and Biology, vol. 49, no. 6, pp. 941–959, 2004.

[11] J. D. Pack and F. Noo, “Cone-beam reconstruction using 1D
filtering along the projection of M-lines,” Inverse Problems,
vol. 21, no. 3, pp. 1105–1120, 2005.

[12] Y. B. Ye and G. Wang, “Filtered backprojection formula for ex-
act image reconstruction from cone-beam data along a gen-
eral scanning curve,” Medical Physics, vol. 32, no. 1, pp. 42–48,
2005.

[13] J. D. Pack, F. Noo, and R. Clackdoyle, “Cone-beam reconstruc-
tion using the backprojection of locally filtered projections,”
IEEE Transactions on Medical Imaging, vol. 24, no. 1, pp. 70–
85, 2005.

[14] Y. B. Ye, S. Zhao, H. Y. Yu, and G. Wang, “Exact reconstruction
for cone-beam scanning along nonstandard spirals and other
curves,” in Developments in X-Ray Tomography IV, vol. 5535 of
Proceedings of SPIE, pp. 293–300, Denver, Colo, USA, August
2004.

[15] Y. B. Ye, S. Zhao, H. Y. Yu, and G. Wang, “A general exact re-
construction for cone-beam CT via backprojection-filtration,”

IEEE Transactions on Medical Imaging, vol. 24, no. 9, pp. 1190–
1198, 2005.

[16] S. Zhao, H. Y. Yu, and G. Wang, “A unified framework for exact
cone-beam reconstruction formulas,” Medical Physics, vol. 32,
no. 6, pp. 1712–1721, 2005.

[17] T. L. Zhuang, S. Leng, B. E. Nett, and G.-H. Chen, “Fan-beam
and cone-beam image reconstruction via filtering the back-
projection image of differentiated projection data,” Physics in
Medicine and Biology, vol. 49, no. 24, pp. 5489–5503, 2004.

[18] Y. Zou and X. C. Pan, “An extended data function and its
generalized backprojection for image reconstruction in heli-
cal cone-beam CT,” Physics in Medicine and Biology, vol. 49,
no. 22, pp. N383–N387, 2004.

[19] G. Wang, S. Zhao, H. Y. Yu, et al., “Design, analysis and simu-
lation for development of the first clinical micro-CT scanner,”
Academic Radiology, vol. 12, no. 4, pp. 511–525, 2005.

[20] R. N. Chityala, K. R. Hoffmann, D. R. Bednarek, and S. Rudin,
“Region of interest (ROI) computed tomography,” in Medi-
cal Imaging 2004: Physics of Medical Imaging, vol. 5368 of Pro-
ceedings of SPIE, pp. 534–541, San Diego, Calif, USA, February
2004.

[21] S. Azevedo, P. Rizo, and P. Grangeat, “Region-of-interest cone-
beam computed tomography,” in Proceedings of the Interna-
tional Meeting on Fully Three-Dimensional Image Reconstruc-
tion in Radiology and Nuclear Medicine (3D ’95), pp. 381–385,
Aix les Bains, France, July 1995.

[22] H. Y. Yu, S. Zhao, Y. B. Ye, and G. Wang, “Exact BPF and FBP
algorithms for nonstandard saddle curves,” Medical Physics,
vol. 32, no. 11, pp. 3305–3312, 2005.

[23] H. Y. Yu, Y. B. Ye, S. Zhao, and G. Wang, “A backprojection-
filtration algorithm for nonstandard spiral cone-beam CT
with an n-PI-window,” Physics in Medicine and Biology, vol. 50,
no. 9, pp. 2099–2111, 2005.

[24] P. Grangeat, “Mathematical framework of cone beam 3D re-
construction via the first derivative of the Radon transform,”
in Mathematical Methods in Tomography, G. T. Herman, A. K.
Louis, and F. Natterer, Eds., pp. 66–97, Springer, New York,
NY, USA, 1991.

[25] A. Katsevich, “A general scheme for constructing inversion al-
gorithms for cone beam CT,” International Journal of Mathe-
matics and Mathematical Sciences, vol. 2003, no. 21, pp. 1305–
1321, 2003.

[26] B. D. Smith, “Image reconstruction from cone-beam projec-
tions: necessary and sufficient conditions and reconstruction
methods,” IEEE Transactions on Medical Imaging, vol. 4, no. 1,
pp. 14–25, 1985.

[27] H. K. Tuy, “An inversion formula for cone-beam reconstruc-
tion,” SIAM Journal on Applied Mathematics, vol. 43, no. 3, pp.
546–552, 1983.

[28] V. P. Palamodov, “Reconstruction from ray integrals with
sources on a curve,” Inverse Problems, vol. 20, no. 1, pp. 239–
242, 2004.

[29] H. Y. Yu, Y. B. Ye, S. Y. Zhao, and G. Wang, “Studies on Palam-
odov’s algorithm for cone-beam CT along a general curve,” to
appear in Inverse Problems.

[30] H. Y. Yu, et al., “Fan-beam reconstruction with compensation
for in-plane motion based on data consistency,” IEEE Transac-
tions on Medical Imaging, under review.

[31] F. Natterer, The Mathematics of Computerized Tomography,
John Wiley & Sons, New York, NY, USA, 1986.

[32] H. Y. Yu, S. Zhao, and G. Wang, “A differentiable Shepp-Logan
phantom and its applications in exact cone-beam CT,” Physics
in Medicine and Biology, vol. 50, no. 23, pp. 5583–5595, 2005.



Hengyong Yu et al. 7

[33] A. C. Kak and M. Slaney, Principles of Computerized Tomo-
graphic Imaging, SIAM, Philadelphia, Pa, USA, 2nd edition,
2001.

Hengyong Yu received his B.S. degree in
information science and technology and
his Ph.D. degree in information and com-
munication engineering from Xi’an Jiao-
tong University, Xi’an, Shaanxi, China, in
July 1998 and June 2003, respectively. He
was an Instructor and Associate Profes-
sor with the College of Communication
Engineering, Hangzhou Dianzi University,
Hangzhou, Zhejiang, China, from July 2003
to September 2004. Currently, he is a Research Fellow with the
CT/Micro-CT Laboratory, Department of Radiology, University of
Iowa, Iowa City, USA. His interests include computed tomogra-
phy and medical image processing. He has authored or coauthored
more than 30 peer-reviewed papers. He serves as a Guest Editor of
the International Journal of Biomedical Imaging for the special is-
sue entitled Development of Computed Tomography Algorithms. He
is a Member of the IEEE and the Chinese Institute of Electronics.
He was honored for an outstanding doctorial dissertation by Xi’an
Jiaotong University, and received the first prize for a best natural
science paper from the Association of Science and Technology of
Zhejiang Province.

Yangbo Ye is a Professor of Mathematics
and Professor of Radiology at the Univer-
sity of Iowa. In medical imaging, his re-
search is focused on reconstruction formu-
las and algorithms. His recent research work
includes proofs of exact reconstruction of
cone-beam data scanned along an arbi-
trary locus in the filtered backprojection
and backprojection filtration framework.

Shiying Zhao received his B.A. degree in
mechanical engineering from University
of Science and Technology of China in
1982, M.S. degree in mechanical engineer-
ing from Shanghai Jiao Tong University,
China, in 1985, and Ph.D. degree in mathe-
matics from University of South Carolina,
Columbia, South Carolina, in 1991. Cur-
rently, he is an Associate Professor with De-
partment of Mathematics and Computer
Science, University of Missouri - St. Louis. His research interests in-
clude X-ray tomography, wavelet analysis, and imaging processing.

Ge Wang received his B.E. degree in elec-
trical engineering from Xidian University,
Xi’an, China, in 1982, his M.S. degree in re-
mote sensing from the Graduate School of
Academia Sinica, Beijing, China, in 1985,
and his M.S. and Ph.D. degrees in electrical
and computer engineering from the State
University of New York, Buffalo, in 1991
and 1992. He was the Instructor and Assis-
tant Professor with the Department of Elec-
trical Engineering, Graduate School of Academia Sinica in 1984–
1988, the Instructor and Assistant Professor with Mallinckrodt In-
stitute of Radiology, Washington University, St. Louis, Missouri,

in 1992–1996. He was an Associate Professor with the University of
Iowa from 1997 to 2002. Currently, he is a Professor with the De-
partments of Radiology, Biomedical Engineering, Civil Engineer-
ing, and Mathematics, and the Director of the Center for X-ray
and Optical Tomography, University of Iowa. His interests include
computed tomography, bioluminescence tomography, and systems
biomedicine. He has authored or coauthored over 300 journal
articles and conference papers, including the first paper on spi-
ral/helical cone-beam CT and the first paper on bioluminescence
tomography. He is the Editor-in-Chief for the International Jour-
nal of Biomedical Imaging, and the Associate Editor for the IEEE
Transactions on Medical Imaging and Medical Physics. He is an
IEEE Fellow and an AIMBE Fellow. He is also recognized by a num-
ber of awards for academic achievements.



Hindawi Publishing Corporation
International Journal of Biomedical Imaging
Volume 2006, Article ID 29370, Pages 1–8
DOI 10.1155/IJBI/2006/29370

An Approximate Cone Beam Reconstruction Algorithm
for Gantry-Tilted CT Using Tangential Filtering

Ming Yan,1 Cishen Zhang,1, 2 and Hongzhu Liang1

1 School of Electrical and Electronic Engineering, Nanyang Technological University, Singapore 639798
2 School of Chemical and Biomedical Engineering, Nanyang Technological University, Singapore 639798

Received 30 November 2005; Revised 8 March 2006; Accepted 6 April 2006

FDK algorithm is a well-known 3D (three-dimensional) approximate algorithm for CT (computed tomography) image recon-
struction and is also known to suffer from considerable artifacts when the scanning cone angle is large. Recently, it has been
improved by performing the ramp filtering along the tangential direction of the X-ray source helix for dealing with the large cone
angle problem. In this paper, we present an FDK-type approximate reconstruction algorithm for gantry-tilted CT imaging. The
proposed method improves the image reconstruction by filtering the projection data along a proper direction which is determined
by CT parameters and gantry-tilted angle. As a result, the proposed algorithm for gantry-tilted CT reconstruction can provide more
scanning flexibilities in clinical CT scanning and is efficient in computation. The performance of the proposed algorithm is eval-
uated with turbell clock phantom and thorax phantom and compared with FDK algorithm and a popular 2D (two-dimensional)
approximate algorithm. The results show that the proposed algorithm can achieve better image quality for gantry-tilted CT image
reconstruction.

Copyright © 2006 Ming Yan et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

1. INTRODUCTION

In some applications of clinical CT scanning, it is required
that the CT gantry be tilted. For example, in order to
avoid exposure of eyes to X-rays, gantry is tilted during
the head scanning procedure. To meet such special require-
ments, a number of algorithms have been developed for
gantry-tilted helical MSCT (multislice computed tomogra-
phy) image reconstruction [1–4]. Among these algorithms,
Kacherließ et al. [2] developed a gantry-tilted reconstruc-
tion algorithm based on the earlier developed 2D algorithm
ASSR [5]. Hein et al. [3] developed a gantry-tilted recon-
struction algorithm based on the 3D FDK algorithm [6, 7].
In the gantry-tilted FDK algorithm in [3], the reconstruc-
tion plane is perpendicular to the rotating axis of the CT
scanning. Thus the scanning cone angle increases with the
pitch value and slice number which can lead to unavoid-
able artifacts. Recently, Noo et al. [4] developed a gen-
eral framework which can be applied to the gantry-tilted
CT for exact [8, 9] and approximate image reconstruc-
tion.

The FDK-type algorithms for the approximate recon-
struction using the projection data filtering in the horizontal
direction suffer from considerable artifacts due to the large

scanning cone angle for both normal and gantry-tilted heli-
cal MSCT imaging. Recently, some of the improvements have
been made for the FDK-type algorithms. The tilted plane
technique is combined with the FDK algorithm to reduce
the cone angle and further reduce artifacts caused by the
large cone angle [10]. Several methods reduce the artifacts
by filtering projection data along the tangential direction of
the helix [11–13]. Such a technique was earlier proposed by
Yan and Leahy [11] and further improved by Sourbelle and
Kalender [12] for short scan FDK-type algorithms. The im-
proved FDK-type algorithm can achieve better image quality
than that of the conventional FDK algorithm.

Motivated by the observation that artifacts for FDK-type
algorithms can be effectively reduced by filtering projection
data along the helix tangential direction, this paper extends
the existing tangential filtering technique to present a 3D
FDK-type approximation algorithm for gantry-tilted helical
MSCT. Taking into account the gantry-tilted geometry, we
provide a general formula for gantry-tilted CT reconstruc-
tion for different gantry-tilted angles. As a special case, the
reconstruction formula reduces to the standard tangential fil-
tering for conventional CT with zero gantry-tilted angle.

To deal with the complicated gantry-tilted geometry and
large scanning cone angle, our proposed algorithm first ap-
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Figure 1: Geometry for gantry-tilted multislice CT scanner.

plies the ramp filtering to reconstruct a sequence of image
planes and these planes are perpendicular to the rotating axis.
The final horizontal image planes are then obtained by inter-
polating the tilted image planes. We present simulation re-
sults to show that the proposed gantry-tilted algorithm can
provide considerably improved imaging for large scanning
cone angle.

The key technique of the proposed algorithm is to recon-
struct images on planes perpendicular to the rotation axis
using the ramp filtering along the helix tangential direction.
This is essentially different from the tilted plane reconstruc-
tion technique, such as that in [10], which is based on geo-
metrically optimized reconstruction plane for reducing the
effective cone angle.

It is noted that the tangential filtering technique can be
implemented as a special case of the general framework for
gantry-tilted CT proposed by Noo et al. [4]. Following its
procedure, the gantry-tilted geometry is first transformed
into a conventional CT scanning geometry with zero gantry-
tilted angle and a projection data set of the transformed scan-
ning geometry is formed. Then the tangential filtering tech-
nique can be applied on the data set for the image reconstruc-
tion. The procedure of the proposed algorithm in this paper
is different from Noo et al. ’s general framework in that it
computes the helix tangential direction and applies the filter-
ing directly without rebinning the projection data set for the
transformed scanning geometry. This leads to more efficient
computing and image reconstruction.

The rest of this paper is organized as follows. Section 2
presents the geometric scheme of the gantry-tilted CT. Sec-
tion 3 is on the projection data set formation for tangen-
tial filtering. The proposed approximate reconstruction al-
gorithm presented in Sections 4 and 5 is on simulation and
evaluation of the proposed algorithm.

2. GEOMETRY FOR GANTRY-TILTED HELICAL MSCT

The helical MSCT scanning set up consists of an X-ray source
and a detector array forming a source-detector framework.

The geometry of the source-detector framework in a global
cartesian coordinate system x− y−z is shown in Figure 1(a),
where Cs denotes the X-ray source, the detector array is a
rectangular surface with a geometric centre Cd. The source-
detector framework defines a rotating cartesian coordinate
system s − l − u with the X-ray source Cs as the origin, the
straight line Cs − Cd being the s axis, the l axis being paral-
lel to the horizontal lines, and the u axis being parallel to the
vertical lines of the rectangular detector surface.

The s − l plane containing Cs and Cd is called the centre
plane and its geometry is shown in Figure 1(b), where β is the
projection angle, the distances from the rotating centre point
o′ to the detector and the X-ray source are Rd and Rf , re-
spectively. In the gantry-tilted scanning process, the source-
detector framework rotates around the axis u′ which is par-
allel to the u axis and intersects the z axis at o′ as shown in
Figure 1(a). The gantry-tilted angle is represented by μ be-
tween the z and u′ axes. And the projection angle β is defined
in the s− l plane as shown in Figure 1(b).

For gantry-tilted CT, the X-ray source trajectory can be
considered as a combination of two movements: the X-ray
source rotates on the tilted circular trajectory with a radius
Rf and the centre of the circle moves straightforward along
the table feeding direction. As a result, the X-ray source tra-
jectory is the sum of the circular rotation trajectory on the
centre plane and the linear translation in the z direction in
the following:

Cs(β) =
⎛
⎜⎝
xs
ys
zs

⎞
⎟⎠ =

⎛
⎜⎝

1 0 0
0 cosμ − sinμ
0 sinμ cosμ

⎞
⎟⎠

⎛
⎜⎝
Rf cosβ
Rf sinβ

0

⎞
⎟⎠

+

⎛
⎜⎜⎝

0
0

z0 +
pSM

2π

(
β − β0

)

⎞
⎟⎟⎠

=

⎛
⎜⎜⎝

Rf cosβ
Rf cosμ sinβ
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2π
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(1)
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where β0 is the initial projection angle, z0 is the initial z po-
sition of the centre of the gantry, p is the pitch value of the
helical cone beam scanning, S is the slice thickness, and M is
the number of detector slice.

With the X-ray source trajectory given in (1), we take the
derivative with respect to β to obtain its tangential direction
at Cs in the global coordinate system represented in the fol-
lowing form:

⎛
⎜⎝
xt
yt
zt

⎞
⎟⎠ = dCs(β)

dβ
=
⎛
⎜⎝

−Rf sinβ
Rf cosμ cosβ

h + Rf sinμ cosβ

⎞
⎟⎠ , (2)

where h = pSM/2π. The X-ray source trajectory and its tan-
gential direction at Cs are shown in Figure 2.

It follows from the geometric relation between the global
x − y − z and the rotating s − l − u coordinate system, as
shown in Figures 1(a) and 1(b), that the transformation of
the tangential direction (xt, yt, zt)T as given in (2) to the ro-
tating s − l − u coordinate system can be obtained by first
rotating this vector by an angle μ around the x axis followed
a rotation angle of β − π around the u axis. This results in
the trajectory tangential direction in the rotating s − l − u
coordinate system, denoted by (st, lt,ut)T , in the following:

⎛
⎜⎝
st
lt
ut

⎞
⎟⎠ =

⎛
⎜⎝

cos(β − π) sin(β− π) 0
− sin(β − π) cos(β − π) 0

0 0 1

⎞
⎟⎠

×
⎛
⎜⎝

1 0 0
0 cosμ sinμ
0 − sinμ cosμ

⎞
⎟⎠

⎛
⎜⎝

−Rf sinβ
Rf cosμ cosβ

h + Rf sinμ cosβ

⎞
⎟⎠

=
⎛
⎜⎝

−h sinβ sinμ
Rf + h sinμ cosβ

h cosμ

⎞
⎟⎠ .

(3)

To implement the tangential filtering for the gantry-tilted

scanning projection data, we further use the tangential di-
rection (st, lt,ut)T to set up a tangential cartesian coordinate
system ξ − η − ζ . The origin of this coordinate system is the
X-ray source Cs, the η axis is defined by the tangential direc-
tion of the X-ray source trajectory at Cs, as given in (3), the
ζ axis is parallel to the detector plane, and the ξ − ζ plane is
orthogonal to the η axis.

Using the tangential direction (st, lt,ut)T in (3), we intro-
duce two angular quantities σ and γ as follows:

σ = arcsin

(
st√
s2t + l2t

)

= arcsin

( −h sinμ sinβ√
R2
f + 2hRf sinμ cosβ + h2 sin2 μ

)
,

(4)

γ = arctan

(
ut√
s2t + l2t

)

= arctan

(
h cosμ√

R2
f + 2hRf sinμ cosβ + h2 sin2 μ

)
.

(5)

Following from its definition, the ξ−η−ζ coordinate sys-
tem can be obtained by first rotating the s− l − u coordinate
system around the u axis by an angle σ to obtain an interme-
diate coordinate system ξ − η̃ − u followed by rotating the
ξ − η̃ − u coordinate system around the ξ axis by an angle γ.
Such coordinate rotations and transformation are illustrated
in Figure 3. It follows that the transformation between the
s− l − u and ξ − η − ζ coordinate systems is given by

⎛
⎜⎝
ξ
η
ζ

⎞
⎟⎠ = T

⎛
⎜⎝
s
t
u

⎞
⎟⎠ , (6)

where the transformation matrix T is

T =
⎛
⎜⎝

1 0 0
0 cos γ sin γ
0 − sin γ cos γ

⎞
⎟⎠

⎛
⎜⎝

cos σ sin σ 0
− sin σ cos σ 0

0 0 1

⎞
⎟⎠

=
⎛
⎜⎝

cos σ sin σ 0
− sin σ cos γ cos σ cos γ sin γ

sin σ sin γ − cos σ sin γ cos γ

⎞
⎟⎠ .

(7)

3. DATA REFORMATION FOR TANGENTIAL FILTERING

In conventional FDK-type algorithms, the ramp filtering is
performed on detector rows and the filtering direction is par-
allel to the l axis on the detector surface. Motivated by the
tangential filtering technique for CT without gantry tilting,
we propose in this paper that the ramp filtering is performed
in the tangential direction of the X-ray source trajectory of
the gantry-tilted CT as shown in Figure 2. For this purpose,
the projection data are reformed such that rows of the re-
formed projection data set are parallel to the tangential di-
rection of the X-ray source trajectory. The reformed projec-
tion data set enables the tangential filtering technique for the
conventional CT reconstruction being applied.
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Figure 3: Illustration of rotation angles between s−l−u and ξ−η−ζ .

The reformed data set is built up by introducing a vir-
tual detector array surface in the tangential coordinate sys-
tem ξ − η− ζ and transforming the projection data from the
real detector array surface in the rotating s− l−u coordinate
system to the virtual detector array surface. The virtual de-
tector array surface is placed on the plane ξ = (Rf + Rd), as
shown in Figure 4, with the rows being parallel to the η axis.

As sown in Figure 4, each projection ray radiates on the
real detector array at the point ((Rf +Rd), lp,up)T in the s−l−
u coordinate also radiates on a point ((Rf + Rd),ηp, ζp)T on
the virtual detector array. Let the ξ − η − ζ coordinate of the
point ((Rf +Rd), lp,up)T on the real detector array surface be
(ξ̄p, η̄p, ζ̄p)T . The transformation from ((Rf +Rd), lp,up)T to
(ξ̄p, η̄p, ζ̄p)T is determined by the coordinate transformation
matrix T in (7), that is,

⎛
⎜⎝
ξ̄p
η̄p
ζ̄p

⎞
⎟⎠ = T

⎛
⎜⎝

(
Rf + Rd

)

lp
up

⎞
⎟⎠ . (8)

In view of Figure 4, the coordinate (ηp, ζp)T of the virtual de-
tector cell can be expressed, in terms of that of the real detec-
tor cell in the ξ − η − ζ coordinate system, as

ηp =
Rf + Rd

ξ̄p
η̄p, ζp =

Rf + Rd

ξ̄p
ζ̄p. (9)

This, together with (8), can determine the coordinate of the
virtual detector cell (ηp, ζp)T in the tangential coordinate
system ξ − η − ζ from a given real detector cell at ((Rf +
Rd), lp,up)T in the rotating coordinate system.

Let the projection datum collected from the real detec-
tor cell at ((Rf + Rd), lp,up)T in the s − l − u coordinate at
the projection angle β be denoted byD(β, lp,up) and the cor-
responding projection datum on the virtual detector cell at
((Rf + Rd),ηp, ζp)T in the ξ − η − ζ coordinate by the same
projection ray be denoted by Dv(β,ηp, ζp). Since D(β, lp,up)
and Dv(β,ηp, ζp) are due to the same projection ray, we have

Dv
(
β,ηp, ζp

) = D
(
β, lp,up

)
. (10)

This can be used to obtain the reformed projection data
set following from the coordinate transform from each real

Actual detector

Virtual detector

ξ

ζ

η

R f + Rd

(ξ p ,ηp , ζ p)T

(Rf + Rd ,ηp , ζp)T

Figure 4: Illustration of the relationship between (ζ̄p, η̄p, ξ̄p) and
(Rf + Rd ,ηp, ζp) in coordinate system (ζ ,η, ξ).

detector cell at ((Rf + Rd), lp,up)T in the rotating coordi-
nate system to the corresponding virtual detector cell at
((Rf + Rd),ηp, ζp)T in the tangential coordinate system.

4. RECONSTRUCTION AND INTERPOLATION

Because the gantry is tilted and final images should be on
horizontal planes in the global x − y − z coordinate system,
we first reconstruct images on a sequences of intermediate
planes parallel to the centre plane and then interpolate them
to obtain the horizontal images. The introduction of the in-
termediate planes effectively reduces the projection cone an-
gle in comparison with constructing directly the horizontal
planes. Let ψ = {Pi : i = 1, 2, 3, . . . ,n} be the set of the inter-
mediate planes and let the intersection of each tilted plane Pi
and the z-axis be at point oi = (0, 0, zi)T , with zi = z0 + iΔz,
i = 1, 2, 3, . . . , n, and Δz > 0. The projection angle for the
X-ray source being at zi in the z direction is

βi = β0 +
2πiΔz
pSM

. (11)

And the equation for the intermediate plane Pi is

z = zi + y tanμ. (12)

The ramp filtering is along the η direction which is de-
fined as the tangential direction of the source trajectory. Let
g(·) denote the ramp filter. Applying it to the reformed data
set on the virtual detector array in the tangential direction
of the source trajectory and performing standard cone beam
weighting yields

D̃(β,η′, ζ) =
∫

Rf Dv(β,η, ζ)√
η′2 + R2

f + ζ2
g(η′ − η)dη. (13)

Then the reconstruction formula is derived from Yan and
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Table 1: Parameters of the clock phantom (mm).

No. Centre No. Centre No. Centre No. Centre

1 (0,200,0) 7 (0,−200,−12) 13 (0,100,0) 19 (0,−100,−12)

2 (100,173.2,−2) 8 (−100,−173.2,−14) 14 (50,86.6,−2) 20 (−50,−86.6,−14)

3 (173.2,100,−4) 9 (−173.2,−100,−16) 15 (86.6,50,−4) 21 (−86.6,−50,−16)

4 (200,0,−6) 10 (−200,0,−18) 16 (100,0,−6) 22 (−100,0,−18))

5 (173.2,−100,−8) 11 (−173.2,100,−20) 17 (86.6,−50,−8) 23 (−86.6,50,−20)

6 (100,−173.2,−10) 12 (−100,173.2,−22) 18 (50,−86.6,−10) 24 (−50,86.6,−22)

Leahy’s [11] paper for tangential filtering reconstruction.

fi(x, y, z)

= 1
2

∫ βi+βm/2
βi−βm/2

Rf ‖dCs(β)/dβ‖D̃(β,η′(β), ζ(β)
)

(x cosβ + y sinβ − Rf )2
dβ

= 1
2

∫ βi+βm/2
βi−βm/2

Rf

√
R2
f +2hRf sinμ cosβ+h2D̃

(
β,η′(β), ζ(β)

)
(
x cosβ + y sinβ − Rf

)2 dβ,

(14)

where ‖ · ‖ denotes Euclidean norm and βm is the the length
of the projection angle interval.

Given the reconstructed images of the tilted planes Pi,
for i = 1, 2, 3, . . . ,n, and a point (x, y, z)T on a plane par-
allel to the x − y plane where the image is to be obtained by
interpolation, the z-positions of the intermediate planes Pi,
i = 1, 2, 3, . . . ,n, at (x, y)T and denoted by zpi(x, y) can be
determined by (12). Thus there exist two points (x, y, zPj )

T

and (x, y, zPk )
T on two tilted planes Pj and Pk, respectively,

at the upper and lower sides of (x, y, z)T , respectively, which
are closest to (x, y, z)T . Using the obtained attenuation func-
tions f j(x, y, zPj ) and fk(x, y, zPk ) for planes Pj and Pk, re-
spectively, the interpolated attenuation function can be ob-
tained using the following interpolation formula:

f (x, y, z) = f j
(
x, y, zPj (x, y)

)(
zPk − z

)

zPk − zPj

+
fk
(
x, y, zPk (x, y)

)(
z − zPj

)

zPk − zPj
.

(15)

We can now summarise the proposed reconstruction
procedure in the following.

(1) Determine the z position zi, centre of the optimal
plane Pi, its centre projection angle βi, and obtain the
reconstruction plane using (12). For half-scan, βm =
π + θfan.

(2) Obtain the reformed projection data set on the virtual
detector array using (9).

(3) Reconstruct the image on the intermediate planes Pi
using (14).

(4) Obtain the horizontal images by interpolating the in-
termediate images.

5. SIMULATION

We use Turbell clock phantom and thorax phantom to eval-
uate the performance of the proposed algorithm. Parameters
of the simulation are set to Rf = 570 mm, Rd = 560 mm,
S = 1 mm, p = 1.0, projection number per rotation Np =
1024, number of detector cells for each row Nf = 800, detec-
tor cell width 1.5 mm, gantry-tilted angle μ = 10◦. The sim-
ulated performance of the proposed algorithm is compared
with two existing approximate gantry-tilted CT reconstruc-
tion algorithms, which are the gantry-tilted FDK algorithm
in [3] by Hein et al. in 2003 and the gantry-tilted ASSR [2]
by Kachelreiβ et al in 2001.

The Turbell clock phantom is used to evaluate the pro-
posed algorithm. The Turbell clock phantom is composed
with a cylinder and two group balls. The radius of the cylin-
der is 240 mm and its centre is (0,0,0) and its length is
100 mm and its value is 0.4. The radius of the outer group
balls is 22 mm and their values are 1.0. The radius of inner
group balls is 12 mm and their values are 1.0. The positions
of these balls are listed in Table 1. Results obtained from the
simulation of Turbell clock phantom are shown in Figure 5,
the left column is reconstructed images and the right col-
umn is the centre vertical line for reconstructed images. In
Figure 5, Figure 5(a) is the image reconstructed by our pro-
posed algorithm, Figure 5(c) is reconstructed by the gantry-
tilted FDK algorithm and Figure 5(e) shows the image recon-
structed by the gantry-tilted ASSR. The results demonstrate
that the image reconstructed by our proposed algorithm con-
tains fewer artifacts than that of the other two existing algo-
rithms for gantry-tilted CT.

In the simulation of Turbell clock phantom, the centre
vertical lines (y = 0 mm) for the reconstructed images are
also constructed and displayed by the proposed algorithm
(Figure 5(b)), gantry-tilted FDK algorithm (Figure 5(d)),
and gantry-tilted ASSR (Figure 5(f)), repectively. In Figure 5,
dashed lines represent the original image and solid lines rep-
resent reconstructed profiles. The results show that the pro-
file of the proposed algorithm as shown in Figure 5(b) has
smaller variance than the other two results.

A thorax phantom is further simulated which is designed
by referring to human thorax consisting of many impor-
tant organs and often scanned in CT examination. These or-
gans include lungs, heart, aorta, ribs, spine, sternum, and
shoulders. The phantom definitions are obtained from a
world phantom database FORBILD. The simulation results
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Figure 5: Images for the plane z = 0 mm of clock phantom generated with the proposed algorithm, gantry-tilted FDK, and gantry-tilted
ASSR with S = 1 mm, p = 1.0, M = 96 (0.35− 0.45).

are shown in Figure 6, where Figure 6(a) is the original tho-
rax phantom, Figure 6(b) shows the image reconstructed
by the proposed algorithm, Figure 6(c) is the image recon-
structed by the gantry-tilted FDK algorithm, and Figure 6(d)
is reconstructed by the gantry-tilted ASSR algorithm. The
right-hand column shows zoomed reconstruction images. It
is shown that there are obvious artifacts around ribs in the
images reconstructed by conventional FDK algorithm and

ASSR algorithm. In contrast, the proposed algorithm pro-
vides better image quality and more accurate reconstruction.

6. CONCLUSION

This paper presents an approximate algorithm for gantry-
tilted helical MSCT image reconstruction. It is based on the
idea of filtering the 3D projection data and the filtering di-
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(d)

Figure 6: Images for the plane z = 0 mm of thorax phantom generated with the proposed algorithm, gantry-tilted FDK algorithm, and
gantry-tilted ASSR algorithm with M = 96 (0.62-1.212).
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rection is varying and dependent on the CT parameters and
the gantry-tilted angle. As a result, the proposed gantry-tilted
reconstruction algorithm can provide more scanning flexi-
bility in clinical CT scanning and is efficient in computation.
In comparison with the existing 2D and 3D algorithms for
gantry-tilted CT image reconstruction, our proposed algo-
rithm can provide improved image quality. The performance
of the proposed algorithm is evaluated with Turbell clock
phantom and thorax phantom in comparison with the re-
cent gantry-tilted FDK algorithm and gantry-tilted ASSR al-
gorithm. The improved performance and image quality of
the proposed algorithm have been shown.
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1. INTRODUCTION

The use of the half-scan method in cone beam CT has been a
hot topic in the recent years owing to the resultant improve-
ment in temporal resolution [1, 2]. There are currently sev-
eral different types of cone beam half-scan schemes, such as
FDK-based [3–5], cone beam filtered-backprojection-based
(CBFBP) [6], and Grangeat-based [7]. Each scheme uses pla-
nar scanning trajectories (circular or noncircular) to conduct
the half-scan scheme. Theoretically, a circular half scan can
acquire approximately the same information in the radon
domain as a circular full scan in terms of the first deriva-
tive radial data, as long as the reconstructed object is within
a certain size based on the derivation of the Grangeat for-
mula [8]. Even in the circular half-scanning range, redun-
dancy still exists. The Grangeat-type half scan (GHS) maps
the spatial projection data into the first derivative radial data
and weights them in the radon domain. After adding miss-
ing data through linear interpolation/extrapolation in the
shadow zone of the radon domain where a circular scan can-
not access, a 3D radon inverse formula is used to get the re-
constructed image.

Current FDK-type half-scan (FDKHSFW) schemes for
cone beam CT use Parker’s [9] or other weighting coefficients

based on fan beam geometry, where same weighting coeffi-
cients are applied to all detector rows. The CBFBP algorithm
manipulates the redundant projection data in the radon do-
main; does the half-scan reconstruction in the structure of
filtered backprojection (FBP) and achieves almost the same
performance as FDKHSFW. The Grangeat-type half-scan
scheme outperforms the FDK-type half-scan scheme in the
correction of the off-scanning plane attenuation coefficient
drop when the shadow zone is filled with the linear inter-
polated data. However, the spatial resolution of the recon-
structed images from GHS is inferior to that of FDKHSFW
because data interpolation is less involved in FDK than in
GHS [10]. Furthermore, GHS cannot handle the truncated
data in the longitudinal direction. The CBFBP-related half-
scan and FDKHSFW showed obvious attenuation coefficient
drop artifacts in the position of the reconstructed image far-
thest away from Z = 0, where Z is the rotation axis. This
artifact is undesirable in practice.

In order to correct this drop problem to a certain degree
as well as to maintain spatial resolution, we propose an FDK
half-scan scheme with a new weighting function that fits
the cone beam geometry (FDKHSCW), where the weighting
function is cone beam geometry dependent. In Section 2, the
FDK half-scan algorithm with the new cone beam weighting
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Figure 1: Equal space cone beam geometry with circular scan.

function is described. In Section 3, the computer simulation
is conducted and the FDKHSCW is evaluated in comparison
to FDKFS and FDKHSFW. Discussions and conclusions are
included in Section 4.

2. CIRCULAR CONE BEAM HALF-SCAN
SCHEME (FDKHSCW)

2.1. Cone beam half-scan weighting function

The FDK [11] algorithm expands upon the fan beam algo-
rithm by summing the contribution to the object of all the
tilted fan beams. The reconstruction is based on filtering and
back projecting a single fan beam within the cone. Based on
the cone beam geometry in Figure 1, the formula of the FDK
is

f (x, y, z) = 1
2

∫ 2π

0

so2

(so− s)2

·
⎧⎪⎨
⎪⎩
⎡
⎣Rβ(np,mξ)

so√
so2+m2ξ2+n2p2

⎤
⎦∗ h(np)

⎫⎪⎬
⎪⎭dβ,

s = −x sinβ + y cosβ.
(1)

The ∗ sign denotes the convolution; so the distance from the
X-ray source to the origin; n, m the integer value where n = 0
and m = 0 correspond to the central ray passing through
the origin; β the projection angle defined in the scanning
plane; p the virtual detector sampling interval along the t
axis; ξ the virtual detector sampling interval along the Z axis;
Rβ(np,mξ) the actual discrete 2D projection data; and h(np)

the discrete one-dimensional ramp filter impulse response
along the t axis.

The preweight term, so/
√
so2 + m2ξ2 + n2p2, can be fac-

torized into two cosine terms as
⎛
⎝

√
so2 + n2p2

√
so2 + m2ξ2 + n2p2

⎞
⎠
⎛
⎝ so√

so2 + n2p2

⎞
⎠ . (2)

This means that FDK projects the off-scanning plane projec-
tion data into the scanning plane and then follows the 2D fan
beam reconstruction algorithm. In (1), the factor of 1/2 in
front of the integral is used to cancel the projection redun-
dancy when a full circular scanning is conducted. This im-
plies that the off-scanning plane projection data has the same
redundancy as the projection data in the scanning plane.

Cone beam half-scan scheme is also the extension of the
fan beam half scan combined with the FDK, in which the
weighting coefficients calculated from the scanning plane ge-
ometry are applied to all projection rows as follows:

f (x, y, z) =
∫ π+2Δ

0

so2

(so− s)2

·
⎧⎪⎨
⎪⎩
⎡
⎣ω(β,np) · Rβ(np,mξ)

· so√
so2+m2ξ2+n2p2

⎤
⎦∗h(np)

⎫⎪⎬
⎪⎭dβ,

s = −x sinβ + y cosβ.

(3)

This is the FDKHSFW scheme, where Δ is half the full fan
angle of the central-scanning plane along the t axis. The off-
scanning plane projection data are still treated as they have
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the same redundancy. ω(β,np) is the discrete weighting co-
efficient, calculated based on the scanning plane geometry,
and can be represented by Parker’s weighting function or any
other weighting function as long as it can make a smooth
transition between the doubly and singly sampled regions
to avoid discontinuities at the borders of these regions. Un-
doubtedly, FDKHSFW holds all the properties that the FDK
full-scan scheme does.

For cone beam projection data off the scanning plane,
however, it is impossible to obtain completely doubly sam-

pled projections for a single circular orbit acquisition,
even if projections are sampled over 360◦ [5]. In other
words, the projection redundancy becomes less and less
when projection rows get further away from the scan-
ning plane. If the FDK algorithm had been directly ap-
plied to unweighted half-scan projection data, the recon-
structed images would unavoidably have artifacts. One way
to handle the weighting on the less redundancy projec-
tion row data away from scanning plane is proposed as fol-
lows:

ω(β′,np) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
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π
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)
,
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(
np
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(
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)
,

sin2
(
π

4
π + 2Δ′ − β′

Δ′ + tan−1(np/so′)

)
, π − 2 tan−1

(
np

so′

)
≤ β′ ≤ π + 2Δ′,

(4)

where

β′ = β · 1√
1 + m2ξ2/so2

,

so′ =
√
so2 + m2ξ2,

Δ′ = tan−1
(
MO

so′

)
.

(5)

β′ is the cone-weighting angle which will be described in
the next section. β′ is dependent on the position of the row
projection data in the Z direction (rotation axis). Δ′ is half of
the titled fan angle that is adopted from Gullberg and Zeng
[5]. Notice that when m is zero, this weighting function is
actually the Parker’s weighting function for fan-beam.

By incorporating the cone-beam weighting function with
FDK, FDKHSCW is obtained as follows:

f (x, y, z) =
∫ π+2Δ

0

so2

(so− s)2

·
⎧⎪⎨
⎪⎩
⎡
⎣ω(β′,np) · Rβ(np,mξ)

· so√
so2 + m2ξ2 + n2p2

⎤
⎦∗h(np)

⎫⎪⎬
⎪⎭dβ,

s = −x sinβ + y cosβ.
(6)

Please note that the projection data must be weighted
prior to being filtered. Since FDKHSFW is the commonly
acknowledged scheme for half-scan reconstruction, the re-

quirement for FDKHSCW is that it should produce no more
artifacts than FDKHSFW.

2.2. Further investigation of half-scan cone
beam weighting

In a circular fan-beam half-scan, there are two redundant re-
gions in the scanning plane in terms of the projection angle β.
Figure 2 shows that the projecting ray data acquired in region
I will have a conjugate ray data in region II. In these two re-
gions, the projection ray data is wholly or partly redundant.
If half of the full fan angle is Δ degrees, the half-scan range
in terms of projection angle defined in the scanning plane is
from 0◦ to 180◦ + 2Δ. The first and second redundant region
is from 0◦ to 4Δ and from 180◦ − 2Δ to 180◦ + 2Δ, respec-
tively. In the traditional FDK cone-beam half-scan scheme,
all the row projection data are weighted by the same set of
coefficients defined in the scanning plane because the row
projection data away from the scanning plane are expected
to have the same redundancy as those in the scanning plane.

The proposal of the circular cone beam half-scan weight-
ing scheme is based on the idea that the weighting coef-
ficients should be different for projection data in different
rows, and for the row projection data furthest away from
the scanning plane, it should be weighted less. As of this
date, we have not seen any literature discussing this issue.

We found that if we use β′ = β(1/
√

1 + m2ξ2/so2) as the
weighting angle for different row projection data, then, the
weighting coefficients in the first redundant region away
from the scanning plane are not much different from those
calculated in the scanning plane; the biggest difference is be-
low 0.2 percent if Δ = 15◦ and the half cone angle is also
15◦. On the other hand, when β′ is used as the weighting
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Figure 2: Illustration of redundant region in terms of projection angle in circular fan beam half scan.

angle in the second redundant region, the weighting coef-
ficients away from the scanning plane behave obviously dif-
ferently from those in the scanning plane and different from
each other at the different rows, thus resulting in the com-
pensation for the density drop in the place away from the
scanning plane in the reconstruction image. The weight-
ing angle β′ has two characteristics: first, it has row po-
sition dependence that is reflected by mξ, indirectly con-
nected to the cone angle information; second, it has less
difference from β when β is in the first redundant region
than when β is in the second redundant region. Thus, it is
beneficial to construct the cone angle dependent weighting
coefficients in the second redundant region to achieve our
scheme.

3. COMPUTER SIMULATION AND EVALUATION

In order to make computer simulation closer to the practical
CBCT configuration, geometric parameters are set in terms
of physical length (millimeter) rather than normalized units.
The distances from the X-ray source to the iso-center of the
reconstruction and to the detector are 780 mm and 1109 mm
respectively. The full fan and cone angles are 30 degrees. The
detector area is 595 × 595 mm2 and has a 512 by 512 ma-
trix size. The voxel size is 0.816 mm3. Cartesian coordinate
(X ,Y ,Z) is used to define the object, where Z is the rotation
axis. The sampling rate of projection angle is 0.8◦ with the to-
tal number of projection images of 450 for full scan and 262
for half scan. The low contrast Shepp-Logan phantom was
used (see [7] for geometrical parameters), all of its geometri-
cal parameters are multiplied by 200 to simulate the physical
length (millimeter) of the phantom.

3.1. The weighting coefficients distribution
comparison of FDKHSCW and FDKHSFW

Based on the scanning geometrical parameters defined
above, weighting coefficient distributions associated with
FDKHSFW and FDKHSCW are compared by picking up

β = 46◦ in the redundant region I and β = 192◦, as
Figure 3 illustrates, in the redundant region II as described
in Section 2.2.

3.2. Reconstruction comparison of FDKHSFW
and FDKHSCW

Figure 4 shows the reconstructed sagittal image from dif-
ferent FDK schemes at X = 0 mm with the display win-
dow [1.005 1.05] and the profile comparison along the solid
white lines in the phantom image (d). The ramp filter was
used on the noise-free weighted projection data before back-
projection.

3.3. Simulation on quantum noise contaminated
projection data

In order to test the performance of this new scheme over
the quantum noise that is commonly encountered in prac-
tical CBCT data acquisition, we generated quantum noise
contaminated data. X-ray with 100 kVp was selected which
corresponds to an effective photon fluence of 2.9972∗107

photons/cm2 · mR [12]. The exposure level per projection
was set to 4 mR, the total exposure levels for FDKFS and
FDKHSCW are 1800 mR and 1048 mR, respectively. Figure 5
shows the reconstructed results under different noise levels
and profile comparisons. Hamming window is used during
filtering to suppress the noise.

4. DISCUSSIONS AND CONCLUSION

A new cone beam weighting scheme has been heuristi-
cally proposed for the FDK-based circular half-scan recon-
struction (FDKHSCW) to correct the density drop arti-
fact to a certain degree along the rotation axis inherited
with original FDK algorithm for large cone angle. Computer
simulation on the Shepp-Logan phantom with and with-
out noise showed an improvement when using FDKHSCW
over FDKFS and FDKHSFW in terms of the attenuation
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(d) FDKHSCW (β = 192◦)

Figure 3: Weighting coefficients comparison between FDKHSFW and FDKHSCW when β = 46◦ and when β = 192◦ as shown in (a), (b)
and (c), (d), respectively.

coefficient drop when the cone angle is large while maintain-
ing the same visual image quality. FDKHSCW needs addi-
tional cone-beam weighting before filtering and only uses a
scanning range of [β, 180 � β � 2Δ], where β is the starting
projection angle of X-ray, and Δ is half of the full fan an-
gle; both of them are defined in the scanning plane. As soon
as the starting angle is determined, each projection image
can be processed (cone-beam weighting for half scan, pixel
weighting inherited by FDK, and filtering). So, it will take less
time to reconstruct an object in comparison to the full-scan
scheme, a very desirable feature in practice. In addition, the
half-scan scheme provides a flexibility to choose any start-
ing point for reconstruction as long as the scanning range is
guaranteed, another preferable feature for cone beam CT dy-
namic imaging. Based on the idea proposed by Silver [13], we
can even conduct an extended half-scan scheme by making
the scanning range larger than 180 � 2Δ applying this new
cone beam weighting function for better noise characteristic.

Our proposed circular cone-beam half-scan weighting
scheme works better for low-contrast object. We can see
from our simulation on Shepp-Logan phantom that the
largest compensation is within 0.03 in terms of attenuation

coefficient. We expect that FDKHSCW can show improve-
ment in terms of intensity drop in the high-contrast phan-
toms, like a Defrise disk phantom. Yet, it is not as promising
as in the low-contrast phantom.

Other proposed modified FDK methods called T-FDK
and FDK-SLANT [14, 15] also corrected the attenuation
coefficient drop to some extent along the rotation axis in-
herited in FDK with a larger cone angle. There is a dif-
ference between these methods and FDKHSCW. Although
the results of these methods showed similar correction to
FDKHSCW, FDK-SLANT and T-FDK need to be paral-
lel rebinned from cone beam data. That means the filter-
ing portion would not start until the whole set of data ac-
quisition and parallel resorting procedures are completed
and then followed by backprojection for image reconstruc-
tion. FDKHSCW possess the advantage that once a 2D
projection data is acquired, the filtering portion can start
and be immediately followed by backprojection. As long
as the gantry speed and readout rate is high enough, this
scheme can provide almost real time monitoring when con-
tinuous dynamic imaging is conducted. Wang [16] devel-
oped a weighting scheme for cone beam full circular-scan
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Figure 4: Reconstructed sagittal image from different FDK schemes at X = 0 mm and respective line profile comparison in (e) and (f) along
the solid vertical and horizontal white line shown in (d).

reconstruction on a displaced detector array without re-
binning the projection data for reconstruction. As for the
redundant area, our scheme can be applied to this algo-
rithm by adjusting the weighting conditions in the scanning
range.

Recently a new circular 3D weighting reconstruction al-
gorithm [17] was proposed to reduce cone beam artifact
based on the investigation on the data inconsistency between
a direct ray and its conjugate rays. The basic idea is to have
filtered projection data multiplied by correction coefficients

that are cone beam geometrical dependent during the back-
projection. But the artifact it corrects is not what FDKHSCW
tries to correct here, namely attenuation coefficient drop.
However, it is worth trying to combine these two schemes
for future evaluation.

In conclusion, by incorporating a new cone beam weight-
ing scheme, a new FDK-based heuristic half-scan approx-
imate algorithm for circular trajectory has been proposed
based on flat panel detector, and the numerical simulation
demonstrated its feasibility.



D. Yang and R. Ning 7

(a) FDKFS (1800 mR) (b) FDKHSCW (1048 mR)
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(c) Zoomed profile comparison along the vertical line
in Figure 3(d)

500450400350300250200150100500
0.9

0.95

1

1.05

1.1

1.15

FDKFS
FDKHSCW
Phantom

(d) Zoomed profile comparison along the horizontal
line in Figure 3(d)

Figure 5: (a) FDKFS with total exposure level of 1800 mR. (b) FDKHSCW with total exposure level of 1048 mR. (c), (d) Profile comparison
between FDKFS, FDKHSCW, and phantom along the solid vertical and horizontal lines in Figure 4(d).
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Cone-beam (CB) acquisition is increasingly used for truly three-dimensional X-ray computerized tomography (CT). However,
tomographic reconstruction from data collected along a circular trajectory with the popular Feldkamp algorithm is known to
produce the so-called CB artifacts. These artifacts result from the incompleteness of the source trajectory and the resulting missing
data in the Radon space increasing with the distance to the plane containing the source orbit. In the context of the development of
integrated PET/CT microscanners, we introduced a novel off-centered circular CT cone-beam geometry. We proposed a general-
ized Feldkamp formula (α-FDK) adapted to this geometry, but reconstructions suffer from increased CB artifacts. In this paper, we
evaluate and compare four different reconstruction methods for correcting CB artifacts in off-centered geometry. We consider the
α-FDK algorithm, the shift-variant FBP method derived from the T-FDK, an FBP method based on the Grangeat formula, and an
iterative algebraic method (SART). The results show that the low contrast artifacts can be efficiently corrected by the shift-variant
method and the SART method to achieve good quality images at the expense of increased computation time, but the geometrical
deformations are still not compensated for by these techniques.
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1. INTRODUCTION

Tomographic reconstruction has been a very active research
field for over twenty years. Early works were rather focused
on the inverse problem of tomography [1], the theoretical
basis of which was founded on the Radon inversion for-
mula, while later contributions have mostly been devoted to
practical reconstruction methods for specific acquisition ge-
ometries. Tomographic reconstruction methods are gener-
ally classified into two classes of reconstruction algorithms
(see, e.g., [2, 3]): analytical and algebraic methods. The dis-
cretization of continuous inversion formulae leads to ana-
lytical methods while algebraic methods are based on the
resolution of a linear system modeling the projection pro-
cess. In algebraic reconstruction, the choice of the resolu-
tion technique results in a given algorithm (ART [4], SIRT
[5], SART [6], etc.) characterized by an iteration formula
which is completely independent of the acquisition geome-
try. In contrast, analytical methods are strongly dependent
on the scanner geometry. Successive generations of scanners
led to two-dimensional (2D) tomography with parallel-beam
(PB) geometry, fan-beam (FB) geometry [7, 8], and today 3D

cone-beam (CB) tomography [9–11]. 3D tomography en-
ables the reconstruction of larger (multislice) volumes with
reduced acquisition duration and irradiation.

The trajectory of the X-ray source is an important feature
in 3D CB tomography. In addition to simple circle, numer-
ous trajectories such as circle plus line [12], two circles [13],
set of lines [14], helix, and so forth, have been investigated
but currently, most contributions deal with the circular and
the helical trajectories [15, 16]. The completeness condition
on the source trajectory establishes whether or not exact re-
construction can be achieved from the projection data. Ac-
cording to the condition due to Kirillov [17] and formulated
by Tuy [18] and Smith [19], a trajectory is complete if any
plane crossing the support of the object intersects the vertex
path at least once. No exact reconstruction can be expected if
the source trajectory does not fulfill this condition owing to
the incomplete projection data set.

In regular circular CB geometry, the most commonly
used reconstruction algorithm is the FDK [20] which is a
generalization to 3D CB of the standard filtered backprojec-
tion (FBP) algorithm. It is clear that the circular trajectory
is incomplete since a plane parallel to the source path might
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Figure 1: 3D Shepp-Logan phantom with total CB angle 36◦. From left to right: horizontal mid-plane of the reference phantom, hori-
zontal mid-plane of the reconstruction with the FDK algorithm, vertical plane of the reference phantom, and vertical plane of the FDK
reconstruction.

intersect the support of the reconstructed volume while not
crossing the source vertex. Reconstruction is therefore ap-
proximate except in the mid-plane (where it is equivalent to
FB reconstruction). If reconstructions of good quality can be
obtained with FDK for limited CB angles, artifacts rapidly
increase with the distance to the mid-plane for a given focus
length. Figure 1 represents the mid-plane and a vertical slice
of a 3D Shepp-Logan phantom reconstructed with a total CB
angle equal to 36◦. The reconstruction suffers from two kinds
of CB artifacts: drop of low contrast intensity and geometri-
cal deformations which appear at contrast jumps along the
rotation axis (here: vertical axis). In order to reduce CB ar-
tifacts, different approaches have been reported in the past
few years. Grass et al. [21] proposed the T-FDK algorithm
which relies on changing the ramp filtering direction through
CB to parallel fan-beam (PFB) rebinning. Yu et al. [22] have
improved the reconstruction resolution via shift-variant fil-
tering. Another class of methods is based on the Grangeat
formula which relates the CB projections to the derivative
of the 3D Radon transform [23]. The Radon transform re-
constituted from the CB projection collected along a circular
trajectory forms a torus instead of a sphere. This difference,
referred to as the shadow zone, corresponds to the missing
data. The reconstruction obtained with zero padding of the
shadow was presumed to be equivalent to FDK and therefore
suffered from CB artifacts. Lee et al. showed that filling in the
shadow zone by interpolation could improve reconstruction
[24]. Moreover, Hu made an important contribution pro-
viding a link between the Grangeat and the FDK formulae.
He established that the FDK formula only deals with the in-
ner part of the Radon torus and proposed a method which
added the contribution of the Radon data on the torus shell
[25]. Yang et al. completed this approach with information
on the shadow zone [26]. More empirical approaches were
suggested such as a 3D weighting of the projection data be-
fore the backprojection step [23] or error-correction-based
methods [27–29] which associate analytical and algebraic ap-
proaches.

We recently introduced a novel acquisition geometry for
CT data which enables simultaneous acquisition of PET and
CT data for small animal [30]. This concept is based on pho-
ton counting pixel X-ray detectors expected to have a very
high counting rate at X-rays energy (around 50 keV) while

not stopping gamma rays (511 keV) [31]. This feature per-
mits their placement inside a full micro-PET ring, in front
of the PET crystals. However, this configuration imposes the
X-ray source to be located outside the PET ring on an inde-
pendently rotating system and focused on the center of the
PET field of view (FOV). In this design, the X-ray source
is off-centered with respect to the volume of interest (VOI)
which results in the rotation of the source and the detector in
two distinct planes. We first proposed a generalized formula
called α-FDK [30] allowing for this topology, which comes
down to standard FDK when applied to the simple circu-
lar geometry. However, the off-centered geometry is clearly
exposed to CB artifacts since the entire volume of interest
might be outside the exactly reconstructed mid-plane. The
α-FDK performs the reconstruction of a shifted (or not) VOI
defined by the angle α and partially compensates for the low-
contrast attenuation via the addition of an offset to obtain
the correct value in the central plane. Nevertheless, the for-
mula produces geometrical deformations and does not sup-
press the ramp of the reconstructed intensity. Reconstruction
results obtained on simulations with the α-FDK therefore
suffered from severe CB artifacts with large values of α and
multislice volumes.

The purpose of this paper is to evaluate four different re-
construction techniques in our specific off-centered geome-
try in terms of CB artifacts reduction. We consider three ana-
lytical reconstruction methods, the α-FDK [30], the adapta-
tion to our geometry of the shift-variant filtering (SVF) tech-
nique [22], and an FBP Grangeat-based (GB) formula [25].
We also evaluate an algebraic method, SART [6].

The paper is organized as follows. Section 2 gives a de-
tailed description of the acquisition geometry. The four re-
construction methods are presented in Section 3. The recon-
struction results obtained by computer simulations are pre-
sented and discussed in Section 4.

2. ACQUISITION GEOMETRY

The off-centered geometry parameterized by angle α is de-
picted in Figure 2. Let f (x, y, z) be a 3D attenuation function
whose support is a sphere of radius r centered on the ori-
gin O of a Cartesian coordinate system. The plane (O, x, y)
is called the central plane. The X-ray source is located at a
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Figure 2: Off-centered geometry: the X-ray source (depicted by the
small cone) and the detector rotate in two parallel planes, the offset
of which is parameterized by angle α. The position of the source at
each projection is given by angle β.

distance R from the origin where R > r and rotates in the
plane z = c where c �= 0, called the mid-plane. The X-ray
tube is oriented so that the central ray passes through O. Its
position on the vertex path is parameterized by angle β. The
acquisition geometry is characterized by α, defined as the an-
gle between the central ray and the central plane. Detector
plane is perpendicular to the central ray and faces the source
at a distance D. For the sake of simplicity and without loss
of generality, we will consider a virtual detector whose center
is on the z axis, that is, D = R. Let (u, ν) be the coordinate
system centered on the orthogonal projection of the source
on the detector, where u refers to the lines of the detector (z
constant) and ν refers to the columns. Let pα,β(u, ν) denote
the 2D off-centered CB projection at angular position β in
the off-centered geometry defined by angle α.

3. RECONSTRUCTION METHODS

3.1. α-FDK

We derived a modified FDK expression adapted to the pa-
rameterization of the off-centered geometry. We recall the
generalized inversion α-FDK formula [30]

fα-FDK(x, y, z) =
∫ 2π

0

1
U2

p̃α,β

(
t′

U

r′

U

)
dβ, (1)

where the weight U is given by

U = D − s′

D
(2)

and (t′, s′, r′) is the coordinates system obtained by rotation
of angle β around z axis followed by rotation of angle −α

around x axis so that the s′ axis points toward the source.
Coordinates t′, s′, and r′ are given by

t′ = x cosβ + y sinβ,

s′ = −x cosα sinβ + y cosα cosβ − z sinα,

r′ = x sinα sinβ − y sinα cosβ + z cosα.

(3)

The preweighting and filtering operations are given by

p′α,β(u, ν) = D√
D2 + u2 + ν2

pα,β(u, ν),

p̃α,β(u, ν) = p′α,β(u, ν)∗ 1
2
h(u),

(4)

where h is the ramp filter.
This formula is equivalent to the standard FDK when α =

0. From a practical point of view, the α-FDK offers the same
advantages as FDK for implementation: filtering is made on
the lines of the detector, and each projection can be processed
independently making the algorithm easily parallelizable.

3.2. T-FDK with shift-variant filtration

The algorithm proposed in [22] by Yu et al. for CB recon-
struction is an FBP applied to parallel fan-beam data. The
CB-to-PFB rebinning is performed via the Fourier space. The
rebinned PFB projections are given by pr′ ϕ(u, ν) where angle
ϕ satisfies

ϕ = β − arctan
(
u

R

)
. (5)

The projections obtained after the CB-to-PFB rebinning op-
eration lie on a curved virtual detector where the native co-
ordinates are no longer equispaced. This step is thus fol-
lowed by a vertical rebinning to obtain vertically equispaced
prϕ(u, ve) projection data where

νe = ν
R2

R2 + u2
. (6)

Then, a similar horizontal rebinning is performed in [21]
while Yu et al. alternatively propose to modify the 1D ramp
filter. A shift-variant filtering of the nonrebinned data is ap-
plied instead of the ramp filtering of the equispaced data. Let
ξ be the equispaced coordinate along the detector lines given
by

ξ = uR√
u2 + R2

. (7)

Then one obtains via a changing variable the following re-
construction formula:

fSVF(x, y, z)

= 1
2

∫ 2π

0
dϕ
∫ umax

−umax

D(u) prϕ
(
u, νe0

)
G
(
u0,u

)
h
(
u0−u

)
du,

(8)
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where

νe0(x, y, z,ϕ) = z
√
R2 − ξ2

√
R2 − ξ2 + x sinϕ− y cosϕ

,

D(u) = dξ

du
=
(

R√
u2 + R2

)3

,

G
(
u0,u

) =
(

u0 − u

Ru0/
√
R2 + u0

2 − Ru/
√
R2 + u2

)
.

(9)

This formula has two drawbacks compared to the standard
FDK:

(i) the CB-to-PFB rebinning requires all the CB projec-
tions which is memory and time consuming,

(ii) the shift-variant filter kernel prevents from imple-
menting the filtering in the Fourier space.

3.3. Radon-based method (RB)

The 3D Radon transform � f (ρ,�n) of the function f corre-
sponds to its integral along the plane of normal vector �n at a
distance ρ from the origin:

� f (ρ,�n) =
∫∫

M∈P(ρ,�n)
f (M)dM. (10)

Hu showed in [25] that the function fRB reconstructed with
the Grangeat formula based on the 3D Radon inversion could
be expressed as the sum of three terms:

fRB = fM0 + fM1 + fN . (11)

The first term corresponds to the FDK formula, or the in-
version of the 3D Radon data contained into the torus. The
second term can be interpreted as the inversion of the 3D
Radon data situated on the torus shell and was expressed as a
filtered backprojection. The last term is a contribution from
the shadow zone which is set to 0 in Hu’s method.

The first term is thus given by

fM0 = fFDK. (12)

The second term is expressed as

fM1(x, y, z) = − 1
4π2

∫ 2π

0

z

R + x sinβ − y cosβ

∂σβ(ν)

∂ν
dβ,

(13)

where the Radon data on the circle which describes the radon
shell is obtained by

σβ(ν)
∫ umax

umin
p′β(u, ν)du, (14)

where the preponderate projection p′β is given by (4) with
p′β = p′α=0,β.

It is important to note that both the RB and the SVF
methods are given for standard trajectory. We therefore per-
formed reconstructions with these methods by considering a
shifted VOI to account for the off-centered geometry without
modifying the algorithms.

3.4. SART

Algebraic methods are based on a discrete modeling of the
reconstruction problem. The 3D attenuation function is rep-
resented by an N-element vector F and for each β, the projec-
tions by an M-element vector Pαβ obtained by the following
matrices product:

Pαβ = RαβF, (15)

where Rαβ is the M×N matrix describing the projection pro-
cess. The purpose is to find F, given projections Pαβ for β
describing a discrete set of angles. The solution F is then ap-
proached by iterative corrections of the volume Fk . The algo-
rithm we implemented is the SART (simultaneous algebraic
reconstruction technique) and adopts the following scheme.

For each cycle,

(i) for each projection, the following is required:

(1) estimation of the projection of the reconstructed
volume Fk,

(2) difference between real projection and estimated
projection,

(3) normalization of the error,
(4) backprojection of the error.

This algorithm is summarized by the iteration formula

Fk+1
n = Fk

n + λ

∑M
m=1

((
Pαβn − RαβmFk

)
/
∑N

n=1Rαβmn
)
Rαβmn∑M

m=1Rαβmn

,

(16)

where N is the number of voxels, M the number of pixels on
the projections, and λ is a relaxation parameter. The SART
algorithm was implemented on the basis of the α-FDK, with
minimum modifications. The projection matrices used for
the backprojection were used reversely to compute the re-
projections. A bilinear interpolation on the detector was used
both for back- and reprojection, and the relaxation parame-
ter λ was set to 1. This implementation produces numerical
artifacts which were smoothed by the application of a mean
filter to the final reconstructed volume.

4. SIMULATION RESULTS

4.1. Simulation parameters

Simulations were performed with the 3D Shepp-Logan
phantom [32]. The acquisition system was defined with the
features given in Table 1 where all distances are given in cen-
timeters.

We tested the reconstruction with six values of angle α
between 0 and 0.5 radian which corresponds to 0◦. to 28.5◦.
The resulting half-CB angle varies from 9.5◦ to 50◦ which is
very large compared to current values in standard CB geom-
etry.

The four methods developed in Section 3 were imple-
mented and results were studied on simulations. The peak-
to-peak signal-to-noise ratio (PPSNR) is used for the quan-
titative evaluation of the reconstructions. It was computed
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Table 1: Simulation parameters.

Detector Volume
Number of projections

R D Number of pixels Pixel side size Number of voxels Voxel side size

6 6 256× 256 0.0078125 256× 256× 256 0.0078125 256

α
=

0Æ

α
=

17
.2

Æ

α
=

28
.5

Æ

(a) (b) (c) (d)

Figure 3: Vertical slice of the 3D Shepp-Logan phantom reconstructed with: (a) α-FDK, (b) RB, (c) SVF, and (d) SART. From top to bottom,
the lines correspond to 3 values of α (from top to bottom): 0◦, 17.2◦, and 28.5◦. The display window is [0.98, 1.06].

using the following expression:

10∗ log10

(
recostructed image range2

MSE

)
, (17)

where MSE is the mean square error between the recon-
structed and the reference phantom volume. In the following
subsections, we present and discuss reconstruction results
obtained with the three analytical methods and the SART al-
gorithm after ten cycles.

4.2. Reconstruction results

Figure 3 displays vertical planes extracted from volumes re-
constructed with the different algorithms for three values of

α: 0◦, 17.2◦, and 28.5◦. The corresponding profiles along z-
axis for α = 28.5◦ are plotted in Figure 4.

As expected, the volumes reconstructed with α-FDK
(Figure 3(a)) show two kinds of asymmetrical artifacts when
α �= 0: vertical geometrical deformations and drop of low-
contrast intensity. The vertical profiles displayed in Figure 4
include the result obtained with the standard FDK and re-
veal an offset between the two formulae. The RB algorithm
(Figure 3(b)) partially compensates for the intensity drop but
since no offset is used, the reconstructed intensity stays below
the result of the α-FDK (Figure 4). In Figure 3, the result with
α = 28.5◦ appears dark because the same grey level window
was used for comparison between the different reconstruc-
tions. The SVF algorithm (Figure 3(c)) better compensates
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Figure 4: Vertical profile plot of the reconstructed Shepp-Logan at
α = 28.5◦.

for the intensity drop but the vertical elongation remains.
The results obtained with standard SART after 10 cycles dis-
played in Figure 3(d) show that the intensity drop is only
partially compensated for while the elongation is slightly cor-
rected. The PPSNRs reported in Table 2 indicate that, quanti-
tatively, the best reconstruction is obtained with the algebraic
algorithm.

4.3. Discussion

In standard circular trajectory, CB artifacts correction is al-
ready a challenge since those artifacts come from the ill-
conditioning of the inverse tomographic problem. In off-
centered geometry, this problem is worse since the CB angle
is more important and the VOI is asymmetrical with respect
to the exactly reconstructed mid-plane.

The α-FDK provides a practical formula adapted to the
parameterization by the angle α of the off-centered geometry
while preserving the rapidity and simplicity of the standard
formulation. It compensates for the low-contrast drop by
adding an offset to the reconstructed value. However, since it
does not suppress the increase of the drop with the distance
to the mid-plane, this compensation is fully valuable only for
a small volume around the central plane of the VOI.

The RB method reduces the CB artifacts in standard cir-
cular geometry but the correction is weak. In off-centered
geometry, the α-FDK outperforms the RB method when α
is large. In addition, the method presented by Hu takes 20%
more time than the α-FDK.

Concerning the SVF method, the simulation results pre-
sented above show that the intensity drop is well corrected
by this method which, however, does not deal with the geo-
metrical deformations. We can notice in Table 2 that the PP-
SNR is slightly inferior to that obtained with the α-FDK until
α = 28.5◦. We presume that this difference is due to the nu-
merical errors introduced by the different rebinning opera-
tions. Given the supplementary rebinning step and the shift-
variant filtering, this algorithm is more time and memory

consuming than the α-FDK. Besides, the rebinning step pre-
vents from starting the reconstruction before the end of the
acquisitions. To conclude, reconstructions obtained with the
SVF algorithm are better than those obtained with the α-
FDK, but the computation time is twice as long. The choice
of the optimal reconstruction method thus depends on the
constraints of the application. We have seen that the recon-
struction obtained with the α-FDK for a volume made of a
limited number of slices is acceptable. Therefore, in the per-
spective of a bimodal scanner, it might be interesting to pre-
fer this simple algorithm if the axial FOV of microPET scan-
ners is limited to few slices, depending on the number of de-
tector rings.

Our implementation of the SART algorithm produces
numerical noise resulting from the model of forward pro-
jection and the value of the relaxation factor. This high-
frequency noise appears very clearly in the picture if no
mean filtering is applied because of the narrow grey level dis-
play window. In contrast, it has minor effects on the PPSNR
thanks to its low amplitude and MSE. The high PPSNR com-
pared to the other methods is related to the algebraic nature
of the SART which minimizes a numerical error, namely, the
difference between the real and the estimated projection. The
profile plot in Figure 4 shows that the correction of intensity
drop is less efficient than with the SVF method, but a close
look at the right end of the graph points out that the elon-
gation is slightly corrected by this algebraic reconstruction.
Nevertheless, we think that this minor improvement is not
worth the additional time expense needed to perform 10 cy-
cles of the algorithm.

To our knowledge, no correction method compensates
for the geometrical deformations due to the large CB angle.
Actually, no clear mention of this kind of artifacts is made in
the literature dealing with CB artifact since they clearly ap-
pear only with very large values of the CB angle. We believe
that this aspect needs to be addressed in future works con-
cerning CB artifacts reduction and that the correction of the
elongation should, at least partially, compensate for the low-
contrast drop.

5. CONCLUSION

In this paper, a comparison between the results obtained with
four different reconstruction techniques on data simulated
with an off-centered CB circular acquisition geometry was
presented. Since this geometry increases the proportion of
missing data compared to the standard circular trajectory,
the CB artifacts correction methods developed for the stan-
dard case need to be reinvestigated. On the one hand, the α-
FDK reconstruction algorithm that we derived in a previous
work produces strong CB artifacts, but a good correction is
obtained in the planes closed to the VOI central plane, with-
out additional time expense. On the other hand, the intensity
drop is corrected by the RB algorithm, but not sufficiently
enough, by the SART and even better by the SVF algorithm
in return for a certain time expense. The preferable method
therefore depends on the application, in terms of computa-
tion time and accuracy needs. Generally speaking, the SVF is
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Table 2: Signal-to-noise ratio in dB obtained with the four reconstruction methods for increasing values of α.

Angle α 0◦ 5.7◦ 11.5◦ 17.2◦ 22.9◦ 28.5◦

α-FDK 27.03 26.83 26.34 25.53 24.40 23.06

RB 26.89 26.75 25.89 24.99 24.32 22.72

SVF 26.29 26.29 25.65 24.94 24.37 23.08

SART 30.73 30.57 30.16 29.42 28.42 27.15

preferable to the SART owing to the expensive computation
time of the algebraic method, and to the α-FDK thanks to
the attenuation correction. For limited number of slices and
important value of α, the α-FDK gives better results than the
RB method and can be used instead of SVF for its rapidity.
Nonetheless, the geometrical deformations could not be ef-
ficiently corrected. Further research is therefore necessary to
address this complicated problem inherent to CT.
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123.

S. Valton was born in France in 1982. She
received her M.S. degree in computer sci-
ence from the University Jean Monnet in
Saint Etienne and her Engineer degree from
ISTASE, both in France in 2004. She is cur-
rently a Ph.D. student at the research center
CREATIS, INSA-Lyon. Her research interest
includes tomographic renconstruction.

F. Peyrin received her Doctorate degree in
computer science in 1982, and her “Docteur
ès Sciences” degree, both from the Univer-
sity of Lyon and the National Institute of
Applied Sciences (INSA-Lyon), France, re-
spectively, in 1982 and 1990. Since 1981, she
has been a Researcher in the CREATIS Lab-
oratory at INSA-Lyon. Her research inter-
ests include 3D imaging techniques partic-
ularly in X-ray tomography, 3D image anal-
ysis, and wavelet-based methods. She is now Director of Research
at INSERM and leads a group on “3D bone architecture analysis”
in the laboratory, and she is currently a Scientific Collaborator at
the ESRF, Grenoble, France.

D. Sappey-Marinier received his Doctorate
degree in biomedical engineering in 1987
from the University “Claude Bernard” of
Lyon, France, and performed his postdoc-
torate fellowship at University of Califor-
nia, San Francisco, for 3 years. In 1993,
he became an Associate Professor at the
Medical School of the University “Claude
Bernard” of Lyon, France. He has been a Re-
searcher in the CREATIS Laboratory since
2003. His research activity concerns the development of functional
and metabolic imaging techniques such as magnetic resonance,
PET, and CT. He is currently coordinating the group of Lyon from
the Crystal Clear European collaboration on the development of
the ClearPET.



Hindawi Publishing Corporation
International Journal of Biomedical Imaging
Volume 2006, Article ID 45942, Pages 1–8
DOI 10.1155/IJBI/2006/45942

Extending Three-Dimensional Weighted Cone Beam Filtered
Backprojection (CB-FBP) Algorithm for Image Reconstruction
in Volumetric CT at Low Helical Pitches

Xiangyang Tang, Jiang Hsieh, Roy A. Nilsen, and Scott M. McOlash

GE Healthcare, 3000 North Grandview Boulevard, W-1190, Waukesha, WI 53188, USA

Received 23 December 2005; Revised 24 May 2006; Accepted 25 May 2006

A three-dimensional (3D) weighted helical cone beam filtered backprojection (CB-FBP) algorithm (namely, original 3D weighted
helical CB-FBP algorithm) has already been proposed to reconstruct images from the projection data acquired along a helical tra-
jectory in angular ranges up to [0, 2π]. However, an overscan is usually employed in the clinic to reconstruct tomographic images
with superior noise characteristics at the most challenging anatomic structures, such as head and spine, extremity imaging, and
CT angiography as well. To obtain the most achievable noise characteristics or dose efficiency in a helical overscan, we extended
the 3D weighted helical CB-FBP algorithm to handle helical pitches that are smaller than 1 : 1 (namely extended 3D weighted
helical CB-FBP algorithm). By decomposing a helical over scan with an angular range of [0, 2π + Δβ] into a union of full scans
corresponding to an angular range of [0, 2π], the extended 3D weighted function is a summation of all 3D weighting functions
corresponding to each full scan. An experimental evaluation shows that the extended 3D weighted helical CB-FBP algorithm can
improve noise characteristics or dose efficiency of the 3D weighted helical CB-FBP algorithm at a helical pitch smaller than 1 : 1,
while its reconstruction accuracy and computational efficiency are maintained. It is believed that, such an efficient CB recon-
struction algorithm that can provide superior noise characteristics or dose efficiency at low helical pitches may find its extensive
applications in CT medical imaging.

Copyright © 2006 Xiangyang Tang et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

1. INTRODUCTION

Along with the fast evolution in theoretically exact heli-
cal cone beam (CB) reconstruction algorithms [1–5], in
the recent years comes the exciting progress in theoreti-
cally approximate helical CB reconstruction algorithms [6–
9]. A three-dimensional (3D) weighted helical CB filtered
backprojection (CB-FBP) algorithm (namely, original 3D
weighted helical CB-FBP algorithm) has been proposed to
reconstruct images from the projection data acquired along
a helical trajectory within an angular range up to [0, 2π]
[6]. Except for the adoption of 3D weighting functions, the
original 3D weighted helical CB-FBP algorithm is essentially
similar to the FDK algorithm [10] and its extensions [11].
By using phantoms simulated by computer and scanned by
CB volumetric CT scanners, the reconstruction accuracy and
other properties of the original 3D weighted helical CB-FBP
algorithm have been experimentally evaluated and verified.
Although it is theoretically approximate, the experimental
evaluation shows that, at a moderate cone angle up to 4◦ that

corresponds to a detector z-dimension of 64×0.625 mm, the
original 3D weighted helical CB-FBP algorithm reaches the
reconstruction accuracy comparable to that of theoretically
exact helical CB-FBP algorithms, such as the algorithm pro-
posed by Katsevich [1, 2], and its extensions [3–5]. More-
over, other imaging performances, such as noise characteris-
tics or dose efficiency, noise uniformity, spatial resolution,
temporal resolution, computational efficiency, and robust-
ness over clinical applications, are maintained comparable
with the FDK-like CB reconstruction algorithms [10, 11].

A helical trajectory angular range of [0, 2π] corresponds
to a full scan [12, 13], under which the normalized helical
pitch is usually about 1 : 1. However, a helical overscan is
usually employed in the clinic to reconstruct tomographic
images with superior noise characteristics at the most chal-
lenging anatomic structures, such as head and spine, ex-
tremity imaging, and CT angiography as well. In an over-
scan, the projection data acquired along a helical trajec-
tory angular range larger than [0, 2π] should be utilized to
reconstruct an image, and the corresponding normalized
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helical pitch is usually smaller than 1 : 1. Due to the [0, 2π]
constraint in helical trajectory angular range, a direct appli-
cation of the original 3D weighted helical CB-FBP algorithm
in an overscan cannot make full use of available projection
data, resulting in a degraded noise characteristics or dose ef-
ficiency.

To improve noise characteristics or dose efficiency in an
overscan, we extended the original 3D weighted helical CB-
FBP algorithm to handle helical pitches that are lower than
1 : 1 (namely extended 3D weighted helical CB-FBP algo-
rithm). As in the original algorithm, the extended algorithm
can be implemented in either the native CB geometry or
the cone-parallel geometry (or wedge-geometry) that is ob-
tained through row-wise fan-to-parallel rebinning from the
native CB geometry. An experimental study is conducted in
this paper to evaluate the reconstruction accuracy and noise
characteristics or dose efficiency of the extended 3D weighted
helical CB-FBP algorithm. Since image reconstructed in the
cone-parallel geometry is of better noise uniformity and
computation efficiency, the experimental evaluation is car-
ried out in the cone-parallel geometry using the helical body
phantom (HBP) [14, 15] and the Defrise phantom [16] sim-
ulated by computer. As shown below, at helical overscan, the
extended 3D weighted helical CB-FBP algorithm can pro-
vide significantly improved noise characteristics or dose ef-
ficiency in comparison to the original 3D weighted helical
CB-FBP algorithm, while other advantages of the original al-
gorithm, such as reconstruction accuracy and computational
efficiency, can be maintained.

2. MATERIALS AND METHODS

2.1. Native cone beam and cone-parallel geometries

The native cone beam geometry for the helical projec-
tion data acquisition and image reconstruction is shown in
Figure 1(a), where Oxyz denotes the coordinate system, S
the source focal spot, D the cylindrical multirow CT detector,
and R the radius of the helical source trajectory. P(x, y, z) is
a point within the object to be reconstructed. The ray ema-
nating from focal spot S and passing through point P(x, y, z)
is uniquely determined by its view angle β, fan angle γ, and
cone angle α. The helical source trajectory can be mathemat-
ically represented by

ST(β) =
(
R sinβ,R cosβ,

H

2π
β
)

, β ⊆ [βs,βe], (1)

where βs and βe are the starting and ending points of the he-
lical source trajectory, respectively. Notice that view angle β
is defined in relative to the y-axis, and H is the distance trav-
eled by the source focal spot per rotation along the z-axis.

Through row-wise fan-to-parallel rebinning in the na-
tive CB geometry, the cone-parallel geometry for image re-
construction is attained as shown in Figure 1(b) [17–19].
The ray emanating from focal spot S and passing through
point P(x, y, z) is uniquely determined by its view angle β,
orthogonal distance t from the iso-ray (namely orthogonal
iso-distance), and cone angle α.
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Figure 1: Schematic diagrams showing the geometries in which the
extended 3D weighted helical CBFBP reconstruction algorithm is
derived: (a) the native CB geometry; (b) the cone-parallel geometry.

2.2. 3D weighted CB-FBP reconstruction algorithm

In the cone-parallel geometry shown in Figure 1(b), the orig-
inal 3D weighted helical CB-FBP reconstruction algorithm
for a full scan is [6]

f̃ (x, y, z)=1
2

∫ β0+π

β0−π
R√

R2 + Z2(x, y, x)
w3d(α,β, t)s̃(α,β, t)dβ,

(2)

s̃(α,β, t) = s(α,β, t)⊗ q(t), (3)

where Z(x, y, z) is the projected z-coordinate of point
P(x, y, z) onto detector D, and q(t) is the conventional
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ramp filter kernel in parallel beam geometry. The interval
[β0 − π,β0 + π] defines the view angle range over which the
projection data are used to reconstruct an image intersecting
the helical source trajectory at view angle β0. It is important
to note that the filtering in (3) is naturally tangential [6, 20]
due to the row-wise fan-to-parallel rebinning.

The 3D weighting function can be expressed in the form

w3d(α,β, t) = w2d(β, t)g
(
αc, p(h)

)
w2d(β, t)g

(
αc, p(h)

)
+ w2d

(
βc, tc

)
g
(
α, p(h)

) ,

(4)

where α and αc are the cone angles corresponding to a di-
rect ray and its conjugate ray, respectively [6], and h is the
normalized helical pitch defined by

h = H

L
, (5)

where L represents the height of the detector along z-direc-
tion at the iso-center.

g(|α|, p(h)) is a monotonically increasing function over
the magnitude of cone angle α, that is, given a normalized
helical pitch h, one has

g
(∣∣α1

∣∣, p(h)
)
< g
(∣∣α2

∣∣, p(h)
)
, while

∣∣α1
∣∣ < ∣∣α2

∣∣,
(6)

where p(h) is a monotonic increasing function of helical
pitch h, that is,

p
(
h1
)
< p

(
h2
)
, while h1 < h2, (7)

and the 3D weighting function w3d(α,β, γ) has to satisfy the
normalization condition

w3d(α,β, t) + w3d
(
αc,βc, tc

) = 1.0. (8)

Any 3D weighting function w3d(α,β, γ) satisfying the
conditions specified by (6)–(8) is acceptable, and a special
example is given by [6]

w3d(α,β, γ) = w2d(β, t) tankh
(
αc
)

w2d(β, t) tankh
(
αc
)

+ w2d
(
βc, tc

)
tankh(α)

,

(9)

where k is a parameter that varies over different helical
pitches, and can be adjusted to get a balanced capability be-
tween artifact suppression and noise characteristics. w2d(β, t)
is a 2D view weighting function and can find its examples in
the literature [12, 13, 21–24].

2.3. Projection of reconstruction plane and
3D weighting

Prior to extending the original 3D weighted helical CB-
FBP algorithm presented above, it is insightful for us to in-
vestigate the projection of reconstruction plane in helical
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Z
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Figure 2: The schematic diagram showing the projection of image
plane as a function over view angle at (a) helical pitch 33/64 : 1;
and (b) helical pitch 63/64 : 1. (The vertical direction is parallel
to the rotation axis of a CT gantry, while the horizontal direction
corresponds to the latitudinal direction of the gantry.)

scanning in the cone-parallel geometry. Supposing the re-
construction plane is orthogonal to the z-axis and inter-
sects the helical source trajectory at β = 0◦, shown in
Figure 2(a) are the projections of reconstruction plane at
helical pitch 63/64 : 1 corresponding to view angle β =
−180◦,−90◦,−45◦, 0◦, 45◦, 90◦, 180◦, respectively, in which
the white area corresponds to the projection of the recon-
struction plane, and the grey area the outside of the detec-
tor. At such a helical pitch, about half projection of the re-
construction plane at β = ±180◦ is outside the detector
boundary (detector z-dimension: 64 × 0.625 mm), and this
is the reason why 3D weighting is needed in the original
3D weighted helical CB-FBP algorithm to reconstruct im-
ages in a full scan [6]. However, at a lower helical pitch, such
as 33/64 : 1 as shown in Figure 2(b), projections of the re-
construction plane at β = ±180◦ are within the detector
boundaries. Notice that, even at β = ±240◦, a larger portion
of the projection of reconstruction plane at pitch 33/64 : 1
is within the detector boundaries than that at helical pitch
63/64 : 1. Hence, it is intuitive to deduce that projection data
corresponding to an overscan can be utilized at helical pitch
33/64 to reconstruct images with better noise characteristics
or dose efficiency if the original 3D weighted helical CB-FBP
algorithm can be extended to deal with overscan.
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2.4. Extended 3D weighted helical CB-FBP algorithm

Suppose the angular range of projection data corresponding
to an overscan is

[
βmin,βaxn

] = [0, 2π + Δβ]. (10)

A direct extension of the original algorithm by just
stretching the angular range from [0, 2π] to [0, 2π + Δβ] vi-
olates the normalization condition specified in (8) and can
result in artifacts in reconstructed images. However, if the
helical trajectory angular range of an overscan [0, 2π +Δβ] is
decomposed into a union of N overlapped subangular ranges

[
βmin,βmax

] =
N−1⋃
i=0

[
βmin,i,βmax,i

]
, (11)

and each subangular range spans 2π, that is,
[
βmin,i,βmin,i

] = [0, 2π], (12)

the original 3D weighted helical CB-FBP algorithm can be
extended to reconstruct images from projection data corre-
sponding to an overscan in the way specified below:

f (x, y, z)

= 1
2N

N−1∑
i=0

∫ βmax,i

βmin,i

R√
R2 + Z(x, y, z)2

w3d,i
(
α,βi, t

)
s̃
(
α,βi, t

)
dβi,

(13)

where the support of each 3D weighting function w3d,i(α,
βi, t) is [βmin,i,βmax,i], that is, view angle βi has to be deter-
mined within each subangular range, respectively.

Since a filtered backprojection reconstruction algorithm
is linear from the perspective of system analysis, (13) can be
rearranged as

f (x, y, z) = 1
2

∫ βmax

βmin

R√
R2 + Z(x, y, z)2

w3d(α,β, t)s̃(α,β, t)dβ,

(14)

with

w3d(α,β, t) = 1
N

N−1∑
i=0

w3d,i
(
α,βi, t

)
, (15)

w3d,i(α,β, γ) = w2d
(
βi, t

)
tankh

(
αc
)

w2d
(
βi, t

)
tankh

(
αc
)

+ w2d
(
βi,c, tc

)
tankh(α)

.

(16)

This means that the reconstructed image under a helical
overscan is just a linear summation of the images recon-
structed from data acquired over a series of full scans cor-
responding to each subangular range [βmin,i,βmax,i] (βmax,i −
βmin,i = 2π). The reconstruction accuracy corresponding to
a full scan [βmin,i,βmax,i] (βmax,i − βmin,i = 2π) has been eval-
uated and verified in [6]. Consequently, the reconstruction
accuracy of the extended 3D weighted helical CB-FBP al-
gorithm specified by (13) or (14) is warranted as long as

the overscan angular range [βmin,o,βmax,o] (βmax,o − βmin,o =
2π + Δβ) is decomposed into subangular ranges appropri-
ately. Note that N is a parameter that can be optimized under
various low helical pitches to achieve a balance between the
most achievable image quality and computational efficiency,
and w2d(βi, t) can be in the form [12]

w2d
(
βi, t

)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0.0, β ≤ −π,

0.25 · (β + π)
βt

, −π < β ≤ −π + 2βt,

0.5, −π + 2βt < β ≤ −2βt ,

0.5 +
0.25

(
β + 2βt

)
βt

, −2βt < β ≤ 0,

1.0− 0.25β
βt

, 0 < β ≤ 2βt ,

0.5, 2βt < β ≤ π − 2βt ,

0.5− 0.25 ·
(
β − π + 2βt

)
βt

, π − 2βt < β ≤ π,

0.0, β > π,
(17)

where βt is the parameter that can be adjusted to optimize the
capability of suppressing artifacts and maintenance of noise
characteristics or dose efficiency.

2.5. Evaluation

Just like the original algorithm, the extended 3D weighted
helical CB-FBP algorithm is essentially approximate. Hence,
the reconstruction accuracy of the extended algorithm has
to be evaluated and verified experimentally. Two computer-
simulated phantoms are utilized to evaluate the reconstruc-
tion accuracy. The first phantom is the helical body phantom
(HBP) [14] to evaluate the reconstruction accuracy in trans-
verse view, and the second is a modified Defrise phantom
consisting of 5 cylindrical discs [15], rather than ellipsoidal
discs in the original Defrise phantom, to evaluate the recon-
struction accuracy in coronal view. The dimension of each
disc is 200× 200× 10 mm3, centered at the z-axis, and their
linear attenuation coefficient is equivalent to a CT number
of 600 HU in reconstructed tomographic images. The cen-
tral disc is located at z = 0.0 mm, and other 4 discs are
20 mm apart along the z-direction. In the computer simu-
lation, the distance from source to the iso-center of the vol-
umetric CT is 541.0 mm, the X-ray detector consists of 64
detector rows and each detector row is made up of 888 de-
tector cells with a dimension of 0.625 mm along z-axis and
0.5836 mm in xy-plane at the iso-center, respectively. The
scanning techniques for the computer phantom simulation
are 120 kVp, 300 mA, and 1.0 sec/rot, respectively. To quan-
titatively investigate noise characteristics or dose efficiency,
a 20 cm water phantom scanned by a volumetric CT scan-
ner (LightSpeed VCT, GE Healthcare, Waukesha, WI, USA)
is employed. The matrix dimension of a reconstructed trans-
verse image is 512 × 512, no matter the projection data is
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(a) (b)

(c) (d)

Figure 3: Tomographic images of the helical body phantom reconstructed by (a) the original algorithm using full-scan data at helical pitch
33/64 : 1; (b) the extended algorithm using overscan data at helical pitch 33/64 : 1; (c) the original algorithm using full-scan data at helical
pitch 63/64 : 1; and (d) the extended algorithm using overscan data at helical pitch 63/64 : 1 (w/l = 200/0 HU).

simulated or scanned by the volumetric CT system, and 984
projections are simulated or scanned in one turn of the heli-
cal scanning (360◦).

3. RESULTS

In general, the extended 3D weighted helical CB-FBP algo-
rithm is applicable at any helical pitch lower than 1 : 1. Due
to space limitation, only the results corresponding to helical
pitch 33/64 : 1 and 63/64 : 1 are presented here. At heli-
cal pitch 33/64 : 1, the parameters of the weighting function
are selected as βt = 0.15π, βmax − βmin = 2.5π, and N = 3,
while the parameters of the weighting function are selected
as βt = 0.225π, βmax − βmin = 2.5π and N = 3, at helical
pitch 63/64 : 1.

3.1. Evaluation of reconstruction accuracy

3.1.1. Evaluation by the HBP phantom

At helical pitch 33/64 : 1, the transverse image of the com-
puter-simulated HBP phantom reconstructed by the origi-
nal algorithm using full-scan projection data is presented in
Figure 3(a), while the one at the same location but recon-
structed by the extended algorithm using overscan projec-
tion data is in Figure 3(b). The reconstruction field of view
(FOV) is 450 mm, and no helical artifact is observed in both
images, showing that the reconstruction accuracy of the ex-
tended algorithm is as good as that of the original algorithm.
More specifically, it has to be revealed that kh = 0.25 for
the original algorithm using full-scan projection data, while
kh = 0.125 for the extended algorithm using overscan pro-
jection data to reconstruct the image.

At helical pitch 63/64 : 1, the transverse image of the HBP
phantom reconstructed by the original algorithm using full-
scan projection data is presented in Figure 3(c), while that
at the same location but reconstructed by the extended algo-
rithm using overscan projection data is in Figure 3(d). Again,
no helical artifact is observed in both images, showing that
the reconstruction accuracy of the extended algorithm is as
good as that of the original algorithm at such a moderate he-
lical pitch. Moreover, it has to be indicated that kh = 0.5
for both the extended and original algorithms using full-scan
and overscan projection data, respectively.

3.1.2. Evaluation by the Defrise phantom

Multiple planar reformatted images in the coronal view of
the Defrise phantom reconstructed by the original algorithm
at helical pitch 33/64 : 1 using full-scan projection data is
shown in Figure 4(a), while that by the extended algorithm
using overscan projection data in Figure 4(b). Meanwhile,
the coronal view of the Defrise phantom reconstructed by
the original algorithm at helical pitch 63/64 : 1 using full-
scan projection data is shown in Figure 4(c), while that by
the extended algorithm using overscan projection data is in
Figure 4(d). Just like the original reconstruction algorithm,
the extended algorithm can reconstruct the Defrise phantom
very well, showing that its reconstruction accuracy is compa-
rable to the original 3D weighted helical CB-FBP algorithm.

3.2. Evaluation of noise characteristics or
dose efficiency

A total of 5 ROIs are chosen within the 250 mm FOV of
the 20 cm cylindrical water phantom to gauge the noise
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(b)
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Figure 4: Multiple planar reformatted (coronal) images of the De-
frise phantom reconstructed by (a) the original algorithm using
full-scan data at helical pitch 33/64 : 1; (b) the extended algorithm
using overscan data at helical pitch 33/64 : 1; (c) the original al-
gorithm using full-scan data at helical pitch 63/64 : 1; and (d) the
extended algorithm using overscan data at helical pitch 63/64 : 1
(w/l = 600/0 HU).

A

B

C

D E

Figure 5: The schematic diagram showing the ROIs in the tomo-
graphic image of the 20 cm water phantom to gauge noise charac-
teristics: ROI A, B, C, D, and E are square consisting of 30×30 pixels;
the center of ROI A, B, C, and D is 67.5 mm from the iso, while the
center of ROI E is at the iso.

characteristics. As shown in Figure 5, the ROI labeled by E is
at the iso-center, while those ROIs labeled by A, B, C, and D,
respectively, are located at 6, 3, 12, and 9 o’clock orientation
at 62.5 mm from the iso-center. Each ROI contains 30 × 30
pixels, and the noise is measured as the standard deviation of
Hounsfield Unit variation within the ROI.

At helical pitch 33/64 : 1, the measured noise at those
ROIs corresponding to the original algorithm are itemized

Table 1: Noise measurement of the ROIs specified in Figure 5 at
helical pitches 33/64 : 1 and 63/64 : 1, respectively.

ROI
Pitch = 33/64 : 1 Pitch = 63/64 : 1

Full scan Overscan Full scan Overscan

(kh = 0.125) (kh = 0.125) (kh = 0.5) (kh = 0.5)

A 7.98 7.42 8.40 8.23

B 7.89 7.31 8.49 8.27

C 7.51 7.28 8.09 7.95

D 7.14 6.74 7.61 7.49

E 8.89 8.58 9.49 9.34

in the 1st column of Table 1, and those corresponding to the
extended algorithm are in the 2nd column. Apparently, the
noise level at each ROI in the image reconstructed by the ex-
tended algorithm is significantly smaller than that in the im-
age reconstructed by the original algorithm. Moreover, the
noise uniformity at those ROIs in the image reconstructed
by the extended algorithm is significantly better than that in
the images reconstructed by the original algorithm. However,
as shown in the right columns of Table 1, there is virtually no
improvement in noise level and uniformity at helical pitch
63/64 : 1 in the images reconstructed by the extended algo-
rithm over the original algorithm. This is consistent with our
observation in Section 2.2, in which it has been shown that
there is almost no extra projection data in comparison to a
full scan can be utilized to reconstruct an image at helical
pitch 63/64 : 1.

4. DISCUSSIONS AND CONCLUSIONS

It is well recognized that the 3D backprojection is the most
computationally expensive process in image reconstruction
using CB-FBP algorithms. It is important to point out that,
the rearrangement of (13) into (14) not only simplifies al-
gorithm expression but also improves image generation ef-
ficiency. In the implementation of (13), a total of N images
corresponding to projection data acquired along each sub-
angular range and weighted by w3d,i(α,βi, t) have to be re-
constructed using the original algorithm. However, in the
implementation of (14), only one 3D backprojection is de-
manded to reconstruct image from projection data acquired
along [βmin,i,βmax i] (βmax,i − βmin,i = 2π) and weighted by
w3d(α,β, t). Apparently, such an N : 1 ratio in computational
complexity assures that the implementation of the extended
3D weighted helical CB-FBP algorithm by (14) is a better
choice than that by (13) in practice.

It is worthwhile indicating that (11) and (12) do not de-
mand each subangular range [βmin,i,βmax,i] (βmax,i − βmin,i =
2π) evenly shifting in the decomposition to cover the whole
angular range [0, 2π+Δβ], while an even shifting can result in
data manipulation efficiency. Moreover, it is not mandatory
for the 3D weighting function w3d(α,β, t) corresponding to
[βmin,o,βmax,o] (βmax,o−βmin,o = 2π+Δβ) to be the average of
each 3D weighting function w3d−i(α,βi, t) corresponding to
[βmin,i,βmax,i] (βmax,i − βmin,i = 2π) as specified by (15). In-
deed, other weighted summation strategies can be exercised
in practice.
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As indicated in [6], the original 3D weighted helical CB-
FBP algorithm can be implemented in the native CB geome-
try, although its derivation in the cone-parallel geometry was
given as an example in [6]. Hence, the extended 3D weighted
helical CB-FBP algorithm can also be implemented in the na-
tive CB geometry as its counterpart. Moreover, it has to be
pointed out that the determination of the parameters Δβ and
kh is not optimized in the experimental evaluation shown
above. All the parameters chosen are just to show how the
extended 3D weighted helical CB-FBP algorithm works in
overscan corresponding to helical pitches lower than 1 : 1.

It has to be emphasized that both the original 3D weight-
ing scheme proposed in [6] and the extended 3D weighting
scheme presented in this manuscript are ray-wise weight-
ings. This means that, by making use of the cone angle corre-
sponding to both direct and conjugate rays, the 3D weighting
is actually a ray-wise optimization process to obtain balanced
image quality and most achievable dose efficiency over he-
lical pitches. By making use of the cone angle information
corresponding to conjugate rays, our ray-wise 3D weighting
scheme distinguishes itself from other 3D weighting schemes
existing in the literature [7–9]. The readers that are interested
in the difference between our ray-wise 3D weighting scheme
and that proposed in [7] are referred to [6], where a brief dis-
cussion on the difference is given. Detector-row-dependent
weighting schemes have been proposed in [8, 9], respectively.
By using predefined weighting distribution, the ray inter-
cepting inner detector rows are given favorable weights and
those intercepting outer detector rows are given unfavorable
weights, in which the cone angle information corresponding
to conjugate ray is not utilized. The weight in our method is
ray-wise calculated and such a ray-wise optimization process
can make use of redundant projection data as much as pos-
sible over helical pitches, particularly at high helical pitches.
However, it seems very hard, if not impossible, to make use
of projection data as much as possible by using a predefined
weighting distribution in the detector as done in [8, 9]. Inter-
ested readers are referred to references [8, 9] for more detail.

Moreover, it should be indicated that, the extended
3D weighted helical CB-FBP algorithm proposed in this
manuscript is quite different from the n-PI CB reconstruc-
tion methods existing in the literature [25–27]. The concepts
of Tam-window, PI-line, N-PI window, and N-PI line play
critical roles in the derivation of both exact and approxi-
mate n-PI CB reconstruction algorithms. However, as clearly
shown above, none of these concepts has been utilized in de-
riving the extended 3D weighted helical CB-FBP algorithm.

In summary, recognizing the clinical importance of re-
constructing tomographic images from overscan projection
data, the original 3D weighted helical CB-FBP algorithm
has been extended in this manuscript to reconstruct tomo-
graphic images at helical pitches lower than 1 : 1. As shown
in previous sections, such an extension can make use of
projection data as efficient as possible, resulting in signifi-
cantly improved noise characteristics or dose efficiency. In
principle, the extended 3D weighted helical CB-FBP algo-
rithm is approximate, but its reconstruction accuracy has
been evaluated and verified at a relatively moderate cone

angle (4◦) corresponding to a detector with the dimension
of 64 × 0.625 mm at the source to iso-center distance of
541.0 mm. In fact, the extended algorithm is expected to be
applicable in volumetric CT scanners with the detector z-
dimension corresponding to larger cone angles, and more in-
vestigation is being carried out to assure the maximum cone
angle up to which the proposed algorithm can still provide
acceptable reconstruction accuracy for diagnostic CT imag-
ing applications.
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Statistical image reconstruction methods based on maximum a posteriori (MAP) principle have been developed for emission to-
mography. The prior distribution of the unknown image plays an important role in MAP reconstruction. The most commonly
used prior are Gaussian priors, whose logarithm has a quadratic form. Gaussian priors are relatively easy to analyze. It has been
shown that the effect of a Gaussian prior can be approximated by linear filtering a maximum likelihood (ML) reconstruction.
As a result, sharp edges in reconstructed images are not preserved. To preserve sharp transitions, non-Gaussian priors have been
proposed. However, their effect on clinical tasks is less obvious. In this paper, we compare MAP reconstruction with Gaussian and
non-Gaussian priors for lesion detection and region of interest quantification using computer simulation. We evaluate three rep-
resentative priors: Gaussian prior, Huber prior, and Geman-McClure prior. We simulate imaging a prostate tumor using positron
emission tomography (PET). The detectability of a known tumor in either a fixed background or a random background is mea-
sured using a channelized Hotelling observer. The bias-variance tradeoff curves are calculated for quantification of the total tu-
mor activity. The results show that for the detection and quantification tasks, the Gaussian prior is as effective as non-Gaussian
priors.
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1. INTRODUCTION

Statistical image reconstruction methods have been devel-
oped for emission tomography to improve the signal-to-
noise ratio (SNR), for example, [1–3]. The most popular
maximum-likelihood (ML) reconstruction algorithm is the
expectation-maximization (EM) algorithm [1, 4]. However,
the ML estimate can be very noisy because emission tomog-
raphy is an ill-posed problem. Hence some form of regular-
ization is needed to obtain a useful image. Bayesian methods
regularize the solution by using a prior probability distribu-
tion on the image. The prior probability distribution plays an
important role in Bayesian image reconstruction. The most
commonly used prior is the Gaussian prior which strongly
discourages sharp transitions in images. To preserve edges,
non-Gaussian priors have been proposed [3, 5, 6]. Empiri-
cal results showed that images reconstructed with edge-pre-
serving non-Gaussian priors have less mean-squared error
than those reconstructed with the Gaussian prior. However,
the effect of edge-preserving priors on clinical tasks is not
obvious.

Gifford et al. [7] compared a quadratic penalty func-
tion with Huber penalty functions in a penalized-EM algo-

rithm for tumor detection. However, the comparison was
done as a function of iteration, so the result is algorithm-
dependent. Nuyts and Michel [8] compared maximum a
posteriori (MAP) reconstruction with a relative difference
prior to post-smoothed ML reconstruction for hot lesion de-
tection and found similar performance between MAP and
post-smoothed ML reconstructions. In this paper we evalu-
ate the performance of Bayesian image reconstructions with
the Gaussian and non-Gaussian priors for hot lesion detec-
tion and region of interest quantification, which are two ma-
jor clinical applications of emission tomography. Some pre-
liminary results were reported in [9].

This paper is organized as follows. We briefly review
Bayesian image reconstruction and different prior functions
in Section 2. The methods for evaluating image quality are
described in Section 3. The results are presented in Section 4.
Finally, the conclusion is drawn in Section 5.

2. BAYESIAN IMAGE RECONSTRUCTION

In emission tomography data are well modeled as a collection
of independent Poisson random variables with the mean ȳ ∈
RM×1 related to the unknown image, x ∈ RN×1, through an
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Figure 1: The potential functions of the Gaussian, Huber, and Geman-McClure priors.

affine transform

ȳ = Px + r, (1)

where P ∈ RM×N is the detection probability matrix with
element (i, j) equal to the probability of an event produced
in voxel j being detected by sinogram bin i, and r ∈ RM×1

accounts for the presence of scatters and randoms in the data.
The appropriate log-likelihood function is given by

L
(

y | x
) =

∑

i

(
yi log ȳi − ȳi − log yi!

)
, (2)

where y is the measured data.
The ML reconstruction can be obtained by maximiz-

ing (2). However, the ML estimate can be very noisy be-
cause emission tomography is an ill-posed problem. Bayesian
methods regularize the noise by using a prior probability dis-
tribution on the image. Most image priors use a Markov ran-
dom field with a Gibbs distribution of the form

p(x) = 1
Z
e−βU(x), (3)

where U(x) is the energy function, β is the hyperparame-
ter that controls the resolution of the reconstructed image,
and Z is a normalization constant. The Markovian proper-
ties of these distributions make them theoretically attractive
as formalism for describing empirical local image properties,
as well as computationally appealing. The energy function
U(x) often contains potentials defined on pair-wise cliques
of neighboring voxels:

U(x) =
N∑

j=1

∑

k∈N j

κ jkV
(
xj − xk

)
, (4)

where N j denotes the set of neighboring voxels of voxel j,
κjk are weighting factors, and V(·) is the potential func-
tion. A wide range of potential functions has been studied in
the literature that attempt to produce local smoothing while
not removing or blurring true boundaries or edges in the
image. All have the basic property that they are monotonic

nondecreasing functions of the absolute intensity difference
|xj − xk|.

The potential function of a Gaussian prior is a quadratic
function

V(x) = x2. (5)

It produces smooth images with very low probability of sharp
transitions in intensity. In an attempt to increase the proba-
bility of sharp transitions, Bouman and Sauer [3] propose
using the generalized p-Gaussian model where V(x) = |x|p,
1 < p < 2. An alternative function is the Huber prior in
which V(·) is defined as [10]

V(x) =

⎧
⎪⎪⎨

⎪⎪⎩

x2

2δ
, |x| < δ,

|x| − δ

2
, |x| ≥ δ.

(6)

When δ is small, the Huber function approximates the abso-
lute value function. It is probably the most edge-preserving
prior with a convex potential function. Other potential func-
tions with similar behavior are V(x) = log cosh(δx) [6] and
V(x) = δ2[|x/δ|− log(1 + |x/δ|)] [11]. In an attempt to pro-
duce even sharper intensity transitions, nonconvex functions
have also been proposed. One example that we will study is
the Geman-McClure prior [5], of which

V(x) = x2

x2 + δ2
. (7)

Figure 1 shows the potential functions of the Gaussian, Hu-
ber, and Geman-McClure priors. Note that in practice both
the Huber prior and Geman-McClure prior can approach
performance of the Gaussian prior by setting δ to be suffi-
ciently large.

To demonstrate the difference between these potential
functions, we show two images in Figure 2. For the Huber
prior (δ� 1) the two images are equally probable, while the
Gaussian prior strongly favors the cone image (with an en-
ergy ratio of 50 : 1) and the Geman-McClure prior favors the
disk image.
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Figure 2: Images of a cone and a disk. The intensity in both images
are between 0 and 1. See text for details.

Combine the likelihood function and prior distribution,
the MAP reconstruction x̂ is found by maximizing the log-
posterior density function:

x̂ = arg max
x≥0

[
L
(

y | x)− βU(x
)]
. (8)

For priors with a convex potential function, (8) generally has
a unique solution. When nonconvex potential functions are
used, there may exist multiple local optima and the solution
of most deterministic optimization algorithms will depend
on the initial image.

3. METHODS

3.1. Computer simulation

We conduct computer simulations to study the effect of non-
Gaussian priors on lesion detection. We simulate imaging of
a prostate tumor using C-11 choline [12]. The simulated PET
system has similar parameters as an ECAT HR+ clinical scan-
ner (CPS, Knoxville, TN). It has 576 detectors forming a ring
with radius 41.3 cm. The phantom has a body shape that is
obtained from a patient image. The background has nearly
uniform uptake of the radiotracer and has an attenuation co-
efficient of 0.0095 mm−1. We place a round hot spot of differ-
ent diameters (5 mm and 15 mm) at the center of the image
to simulate a prostate tumor. Different pixel sizes are used in
data generation and image reconstruction to introduce some
model mismatch. For data generation, phantoms are repre-
sented by 256×256 2-mm square pixels, whereas 128×128
4.5-mm square pixels are used in reconstruction.

Figure 3 shows various phantom images that we used.
Figure 3(a) is a fixed uniform background. Figures 3(b)–3(d)
are three random backgrounds obtained by superimposing
the background image in Figure 3(a) with a realization of
lumpy backgrounds [13]. The lumpy backgrounds are mod-
eled as

LB =
K∑

i=1

G
(
b, σ2, rk

)
, (9)

where G(b, σ2, rk) is a Gaussian blob with variance σ2 and
height b centering at a random location rk, and K is a Poisson
random variable. The mean of K is set to 100. Two sets of b
and σ are used: b = 0.02 and σ = 32 mm in Figure 3(b); b =
0.1 and σ = 23 mm in Figures 3(c) and 3(d). In Figure 3(d)

we also add a hot region with activity to background ratio of
4 : 1 to mimic possible bladder uptake. In all four cases the
mean activity of the background is about 0.20.

For each type of the background we generate three
groups of data: background only, background with the 5-
mm lesion, and background with the 15-mm lesion. Each
group consists of 1000 independent identically distributed
data sets. The expected total number of detected events is
about 200 000. All data sets are independently reconstructed
using a preconditioned conjugate gradient algorithm with
the Gaussian prior, Huber prior, and Geman-McClure prior
and different β and δ values. Five hundred iterations are used
to ensure effective convergence of the algorithm. All recon-
structions start from a uniform image. For Geman-McClure
prior, the reconstructed image may correspond to a local op-
timum of the log-posterior density function because the ob-
jective function is nonconvex.

3.2. Lesion detection

Detection of cancerous lesions is one major task of emission
tomography. A standard methodology for studying lesion
detectability is the receiver operating characteristic (ROC)
study that compares true positive versus false positive rates
for human observers for the task of lesion detection. Numer-
ical observers based on signal-detection theory have been de-
veloped to mimic human performance [14]. For a given re-
constructed image x̂, a linear numerical observer computes a
test statistic (a scalar-valued decision variable), η(x̂), by

η
(

x̂
) = t′x̂, (10)

where t is the observer template. The detection performance
can be measured by the SNR of η(x̂), which is defined as

SNR2 [η
(

x̂
)] =

(
E
[
η
(

x̂
) | H1

]− E
[
η
(

x̂
) | H0

])2

(
var
[
η
(

x̂
) | H1

]
+ var

[
η
(

x̂
) | H0

])
/2

= 2
(

t′z
)2

t′Σx̂|H1 t + t′Σx̂|H0 t
,

(11)

where H0 is the null hypothesis representing lesion absent,
H1 is the hypothesis representing lesion present, Σx̂|H1 and
Σx̂|H0 are the conditional covariance matrices of x̂ under hy-
potheses of H1 and H0, respectively, and z ≡ E[x̂ | H1]−E[x̂ |
H0] is the difference between the mean reconstructions un-
der the two hypotheses. When η(x̂) is normally distributed,
the area under the ROC curve (AUC) is related to the SNR by

AUC = 1
2

[
1 + erf

(
SNR

2

)]
, (12)

where erf(x) is the error function.
We use a channelized Hotelling observer (CHO), which

has been shown to correlate with human performance [15–
19]. The test statistic of CHO is

η
(

x̂
) = z′U′K−1(Ux̂ + n

)
, (13)
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(a) (b) (c) (d)

Figure 3: The simulated phantom with the 15-mm lesion in four different backgrounds. (a) The uniform background; (b) a lumpy back-
ground of b = 0.02 and σ = 32 mm; (c) a lumpy background of b = 0.1 and σ = 23 mm; and (d) a lumpy background of b = 0.1 and
σ = 23 mm with a hot region mimicking bladder uptake. The mean of the background in all cases is about 0.20.

where U denotes frequency-selective channels that mimic the
human visual system, n is the internal channel noise that
models the uncertainty in the human detection process [20]
with zero mean and covariance KN , and K is the covariance
of the channel outputs, that is,

K = 1
2

U
(
Σx̂|H1 + Σx̂|H0

)
U′ + KN . (14)

In this work the channel functions are the differences
of four Gaussian functions with standard deviations σ =
2.653, 1.592, 0.995, and 0.573, respectively [21]. The inter-
nal noise is modeled as uncorrelated noise with KN =
diag[0.15σ2

i + 0.25 maxi{σ2
i }], where σ2

i is the data variance
in the ith channel output [22]. Monte Carlo reconstructions
are used to calculate the expectation of the reconstruction
and covariance matrices. The SNR of CHO is then calculated
by

SNR2 [η
(

x̂
)] = z′U′K−1Uz (15)

because the SNR calculated from (15) is meaningful only
when η(x̂) is normally distributed, we also calculate AUCs
from empirical ROC curves using numerical integration.

3.3. Quantification performance

Another clinical task in emission tomography is to quantify
the uptake of radioactive tracer in a region of interest (ROI).
This can be written as

ηQ
(

x̂
) = t′x̂, (16)

where t is the indicator function of the ROI, that is, t j = 1
if voxel j is inside the ROI, and t j = 0 otherwise. The accu-
racy of the quantification can be measured by the bias and
variance of ηQ(x̂) as

bias
(
ηQ
) = t′x − t′E

[
x̂
]
,

var
(
ηQ
) = t′Σx̂|H1 t,

(17)

where x denotes the true tracer uptake. Note that the ROI
quantification is only performed on images in which a lesion
is known to be present.

We use the bias versus variance tradeoff curve to evalu-
ate the quantification performance. The above equations are
calculated from Monte Carlo reconstructions.

4. RESULTS

Figures 4 and 5 show examples of reconstructed images with
different priors. For all priors the reconstructed images be-
come less noisy as we increase the hyperparameter β. The
images reconstructed with the Gaussian prior have blurred
edges, whereas the images reconstructed with the Huber
prior and Geman-McClure prior tend to form piece-wise
constant regions.

Figure 6 shows the variation of AUC as a function of β
and δ for detecting the 15-mm lesion in the lumpy back-
ground shown in Figure 3(c). In this case, the optimum pa-
rameters for the Gaussian, Huber, and Geman-McClure pri-
ors are β = 30, (β = 10, δ = 0.1), and (β = 0.3, δ = 0.1), re-
spectively. Comparing to the results of the fixed background
(not shown), we found that lumpy backgrounds reduce le-
sion detectability at low resolution (large β) and slightly de-
crease the optimum β value for lesion detection.

To give a fair comparison between different priors, we
choose to compare the maximum SNR and maximum AUC
of each prior. The results are shown in Figure 7. The error
bars are computed using a bootstrap method. In all detection
studies, the contrasts of the 5-mm and 15-mm lesions are 3
and 0.9, respectively, which are selected to obtain a reason-
able detectability (AUC ≈ 0.9). In each case, SNR and AUC
give similar ranking for the optimum performances of the
three priors. No statistically significant advantage is found
for non-Gaussian priors. For lesions with lower contrast, we
expect the performances of the three priors to be even closer.
We notice that some differences in AUC do not correspond
well to the differences in SNR (see Figures 7(c) and 7(d)),
which indicates that the test statistics of the numerical ob-
server does not follow a Gaussian distribution.
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(a) Gaussian prior

(b) Huber prior

(c) Geman-McClure prior

Figure 4: Reconstructed images of one noisy data set with a fixed background. The three images in each group are reconstructed with
different β.

Figure 8 shows the bias versus variance tradeoff curves
for quantification. The contrast of the lesion is 3.0 for the
5-mm lesion and 0.9 for the 15-mm lesion, respectively.
The ROIs were obtained from the original phantom image.
Bias and standard deviation are normalized to the total ac-
tivity inside each ROI. Here we plot all the cases. It is in-
teresting to see that Gaussian prior seems to set a lower
bound for the Huber and Geman-McClure priors (except
in Figure 8(h)). Considering that both Huber and Geman-
McClure priors include Gaussian prior as a special case, no
improvement in ROI quantification is found by using the
Huber or Geman-McClure prior. In many cases, the perfor-
mance of the non-Gaussian priors is much worse than that
of the Gaussian prior, indicating that hyperparameter se-
lection is more important for non-Gaussian priors. In Fig-
ures 8(b), 8(d), 8(f) there is a kink in the Gaussian bias-
variance curve at low noise levels. This is because at such low
resolution the reconstructed background is no longer uni-
form, but forms a dome, which artificially increases the ac-

tivity inside the ROI and, hence, reduces the bias. The de-
crease in bias at low noise levels in Figures 8(g) and 8(h) is
mostly caused by the spill-over effect of the nearby hot re-
gion (“bladder”).

We also studied lesions with higher contrast (9 for the
5-mm lesion and 2.7 for the 15-mm lesion, respectively) and
found very similar results [9]. To investigate the bias-variance
tradeoff for large regions, we quantify the total activity in
the hot “bladder” in Figure 3(d). The results are shown in
Figure 9. Even for this large region with 4 : 1 activity ratio,
we do not see any advantage of using the Huber and Geman-
McClure priors.

5. CONCLUSION AND DISCUSSION

We have compared the performance of three representa-
tive priors for lesion detection and ROI quantification. The
Gaussian prior is the most commonly used prior in emis-
sion reconstruction; the Huber prior is probably the most



6 International Journal of Biomedical Imaging

(a) Gaussian prior

(b) Huber prior

(c) Geman-McClure prior

Figure 5: Reconstructed images of one noisy data set with the lumpy background shown in Figure 3(c). The three images in each group are
reconstructed with different β.

edge-preserving prior among all priors with a convex po-
tential function; and the Geman-McClure is a typical edge-
preserving prior with a nonconvex potential function. Note
that both the Huber and Geman-McClure priors can ap-
proach the Gaussian prior by setting δ to be sufficiently large.
Thus we focus on whether the Huber and Geman-McClure
priors can outperform the Gaussian prior. In all the cases
that we have tested, we have not observed any significant
improvement. The results show that for the detection and
quantification tasks that are considered here, the Gaussian
prior is as effective as the more complex non-Gaussian pri-
ors.

We should note that while we have investigated each prior
with a range of β and δ values, it is still possible that the re-
sults may not reflect the best performance for non-Gaussian
priors because of the lack of theoretical guidance on the hy-
perparameter selection for non-Gaussian priors. Nonethe-
less, the results indicate that hyperparameter selection is ex-
tremely important for non-Gaussian priors. For the Geman-

McClure prior, the simulation results presented here may not
correspond to the global maximum of the log posterior dis-
tribution because the objective function is nonconcave. It is
possible that the performance of Geman-McClure prior may
be improved by using deterministic or stochastic annealing
techniques at an expense of increased computational cost
[23].

In this paper we used a channelized Hotelling observer
for lesion detection and a simple ROI estimator for quan-
tification because of their popularity. It is possible that some
results might change if different observers or estimators were
used. In ROI quantification we defined ROI using the orig-
inal phantom data. If an ROI is to be delineated on the re-
constructed image, the error in ROI delineation will also af-
fect the ROI quantification [24]. Such effect is not included
in this study. We expect that with the recent development of
combined PET/CT and SPECT/CT scanners, high-resolution
anatomical images will help to reduce the error in ROI defi-
nition.
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Figure 6: Plots of AUCs for detecting the 15-mm lesion in the
lumpy background shown in Figure 3(c) as a function of the prior
parameters: (a) Gaussian prior; (b) Huber prior; and (c) Geman-
McClure prior.
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lesion in different backgrounds. (a) Fixed background; (b) lumpy
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1. INTRODUCTION

We have recently developed penalized-likelihood approaches
to the problems of sinogram smoothing and sinogram resto-
ration in computed tomography [1–4], with a particular eye
to the low-dose regime being considered for screening stud-
ies for lung and colon cancer [5–9]. In both cases, we assume
that the statistics of each detector measurement are given
by the sum of a compound Poisson term, representing the
photon counting statistics for polychromatic photons, and a
Gaussian term, representing electronic noise. In the case of
sinogram restoration, we generalize the measurement model
to include blurring coefficients representing sinogram degra-
dations such as off-focal radiation, detector afterglow, and
detector crosstalk [2, 4]. From the noisy, degraded measure-
ments, we then seek to estimate a set of “ideal,” undegraded
line integrals by iteratively maximizing an objective function
comprising a sum of a simple Poisson likelihood (an approx-
imation to the measurement statistics assumed above) and a
roughness penalty. The estimated line integrals can then be
fed into an existing analytic reconstruction algorithm, such
as those typically implemented in hardware on commercial
CT scanners. The hope is that this iterative sinogram-domain
approach would provide some of the statistical advantages of
fully iterative approaches to image reconstruction at a lower
computational cost.

In our previous studies of the smoothing and restora-
tion approaches, we have made use of a quadratic rough-
ness penalty applied in the line integral (log) domain to
the difference between a given sample in sinogram space
and its four adjoining neighbors, that is, between a given
detector channel and its two neighboring channels (we as-
sumed a single-row detector), as well as to its own read-
ing at the preceding and following view angles. While the
approaches performed better in resolution-variance stud-
ies at low doses than did Hsieh’s noniterative adaptive
trimmed mean (ATM) filter [10], the ATM filter was sur-
prisingly effective at reducing the influence of a small num-
ber of very noisy measurements without unduly compro-
mising resolution. The ATM filter is only applied to mea-
surements whose signal strength falls below a certain thresh-
old, and it entails replacing the value in question with the
trimmed mean of the values in a neighborhood of the sino-
gram around the measurement in question. The trimmed
mean filter is a median-like filter based on order statis-
tics, and it varies adaptively between applying a true me-
dian filter and a simple boxcar filter, depending on the
signal level. The relatively strong performance of this fil-
ter suggested that it would be worthwhile to explore the
use of a median-based roughness penalty in the context of
the sinogram smoothing and restoration methods we have
developed.
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The use of median-based roughness penalties in fully it-
erative penalized-likelihood image reconstruction was pio-
neered by Alenius et al., who referred to them as median root
priors (MRPs) [11, 12]. Unfortunately, it does not appear to
be possible to derive an iterative algorithm that is guaranteed
to monotonically increase an objective function based on the
MRP of Alenius et al. However, they derive a heuristic up-
date equation, based on Green’s one-step-late (OSL) strategy
[13], that does not necessarily correspond to the maximiza-
tion of a predefined objective function, but that does yield
good results in practice.

In this work, we explore the use of a standard MRP
penalty like those of Alenius et al. in the context of our sino-
gram-restoration approach and we make use of the heuris-
tic, OSL strategy to derive the iterative update. We compare
the images qualitatively and quantitatively to those obtained
by use of our method with quadratic roughness penalties, as
well as to those obtained by use of Hsieh’s ATM filter.

2. METHODS

2.1. Measurement model

We assume that the CT scan produces a set of measurements
that are represented as a one-dimensional (1D) vector ymeas,
with elements ymeas

i , i = 1, . . . ,Ny , whereNy is the total num-
ber of measurements in the scan, and the index i denotes a
particular attenuation line through the patient (i.e., a specific
combination of detector channel, detector row, and projec-
tion angle).

To review the model, we have been employing [2–4], we
assume, when we simulate data, that each ymeas

i is a realiza-
tion of a random variable Ymeas

i whose statistics are described
by

Ymeas
i

=Gi

M∑

m=1

EmPoisson

{ Ny∑

j=1

bi j I jλ
( j)
m exp

[
−
∫

Lj
μ
(

x,Em
)
dl
]

+s(i)m

}

+ Normal
{
di, σ2

i

}
,

(1)

with the various terms in this equation defined in Table 1.
The compound Poisson distribution in the first term has
been derived and validated by Whiting [14] and rederived by
Elbakri and Fessler [15, 16]. We assume that Ii, Gi, di, σ2

i , the

average energy Ei ≡
∑M

m=1 Em λ(i)
m of the incident beam, and

an energy-averaged and normalized estimated scatter term

si ≡ (1/Ei)
∑M

m=1 Em s
(i)
m are all known.

Our goal is to estimate a set of ideal, “monochromatic”
attenuation line integrals:

l(mono)
i ≡

∫

Li
μ
(

x,Er
)
dl, (2)

i = 1, . . . ,Ny , at some reference energy Er (usually Ei), from
the set of measurements ymeas

i , i = 1, . . . ,Ny . These estimated

line integrals can then be input to a standard analytic recon-
struction algorithm as mentioned above.

Our strategy for estimating the line integrals entails max-
imizing a penalized-likelihood objective function. Because
the model of (1) does not yield a tractable likelihood, we ap-
proximate it by defining a vector y of new adjusted measure-
ments with elements

yi ≡
[(

ymeas
i − di
EiGi

)
+

σ2
i

G2
i E

2
i

]

+

, (3)

where [x]+ is x for positive x and zero otherwise, that are
realizations of random variables Yi which we assume are ap-
proximately Poisson-distributed:

Yi ∼ Poisson

{ Ny∑

j=1

I jbi je
−l(poly)

j + si +
σ2
i

G2
i E

2
i

}
, (4)

where

l
(poly)
j = f j

(
l(mono)
j

)
, (5)

with f j(l) being an empirically determined function, typi-
cally polynomial, that adequately captures the effect of beam
hardening in slices that do not contain substantial amounts
of bone [17]. Our strategy is then to estimate the vector l(poly),

with elements l
(poly)
j , from the vector of adjusted measure-

ments y, since the needed l(mono)
i can then be obtained by

inverting (5). For simplicity, we drop the (poly) superscripts
from l(poly) in what follows.

2.2. Quadratic penalty approach

Our general strategy thus far [2–4] has been to maximize a
penalized-likelihood objective function

Φ(l; y) ≡ L(l; y)− βR(l), (6)

where

L(l; y) =
NY∑

i=1

yi log

[ Ny∑

j=1

I jbi je
−l j + ri

]
−
[ Ny∑

j=1

I jbi je
−l j + ri

]

(7)

is the Poisson log-likelihood for the random variables of (4)

and where we have defined ri ≡ si + σ2
i /(G

2
i E

2
i ).

The roughness penalty R(l) can be expressed in a general
form as

R(l) =
K∑

k=1

ψk

( Ny∑

j=1

tk j l j

)
, (8)

given by Fessler [18], where ψk is a potential function that as-
signs a cost to theK combinations of attenuation line integral

values represented by the linear combinations
∑Ny

j=1 tk j l j .
Our quadratic penalty approach entails choosing ψk(t) =

ωkt2/2 and constructing the tk j to create differences of a sino-
gram sample with its horizontal and vertical neighbors, with
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Table 1: Definition of terms in (1).

Variable Meaning

Gi Detector gain

Em Energy of mth spectral bin

bi j Degradation coefficients

Ii Number of incident photons along ith attenuation line

λ(i)
m Probability of a photon incident on ith attenuation line belonging to mth spectral bin

Li Designates ith attenuation line

s(i)m Number of scattered photons of energy Em contributing to measurement i

μ(x,E) Energy-dependent attenuation map, with x being spatial coordinate in patient

di Dark current in ith measurement

σ2
i Electronic noise in ith measurement

ωk = 1/2 for those neighbors. This is equivalent to

R(l) = 1
4

Ny∑

j=1

∑

k∈N j

(
l j − lk

)2
, (9)

where N j denotes the neighborhood comprising the 4 near-
est horizontal and vertical neighbors of measurement j.

We have derived an algorithm that generates a sequence
of estimates of l that are guaranteed to increase the objec-
tive function of (6) by making use of the optimization trans-
fer principal [18], in which at each iteration one defines a
surrogate to the likelihood function, such that the vector of
line integrals maximizing this surrogate is guaranteed to have
a higher penalized likelihood than the previous vector esti-
mate. The resulting update is

l(n+1)
j =

[
l(n)
j − nj + β

∑K
k=1

∑NY
i=1 tk j tkiωkl

(n)
i

c(n)
j + βvj

]

+

, (10)

where the notation l(n)
j denotes the estimate of l j after the nth

iteration. Here,

nj =
NY∑

i=1

I jbi j ġi

( Ny∑

j′=1

I j′bi j′e
−l(n)

j′ + ri

)
e−l

(n)
j , (11)

where

ġi(x) = yi/x − 1, vj ≡
K∑

k=1

|tki|tkωk, with tk ≡
Ny∑

i=1

|tki|,
(12)

and the c(n)
j are the curvatures of paraboloidal surrogates

constructed to give rise to an overall, easy-to-maximize
quadratic surrogate to the objective function. One choice for
the curvatures that guarantee monotonicity is

c(n)
j = I j

Ny∑

i=1

bi j , (13)

although in practice we make use of a different set of curva-
tures that do not guarantee monotonicity but that in practice
lead to faster convergence [19].

2.3. Median penalty

For the median penalty approach, we employ a more heuris-
tic approach based on producing a sequence of estimates
that, in the absence of a penalty, would yield a maximum-
likelihood estimate, but that incorporates a penalty term in
each iteration that discourages deviations from the local me-
dian of the last iteration. This is consistent with the approach
of Alenius et al. in fully iterative reconstruction [11, 12].
Specifically, the update is defined as

l(n+1)
j = arg max

l j>0

{
S
(

l, l(n))− βR(med)(l, m̂(n))}, (14)

where S(l, l(n)) is a surrogate to the log likelihood to be de-
scribed below and

R(med)(l, m̂(n)) ≡ 1
2

Ny∑

k=1

(
lk − m̂(n)

k

)2

m̂(n)
k

(15)

is the median penalty, with

m̂(n)
k = Median

(
l(n), Nk

)
(16)

denoting the median of the values of l(n) in some neighbor-
hood Nk around value k.

The surrogate S(l, l(n)) is defined as

S
(

l, l(n)) ≡
Ny∑

k=1

Sk
(
lk, l(n)

)
, (17)

where

Sk
(
lk, l(n)) ≡

Ny∑

i=1

Ikbike−l
(n)
k

y(n)
i

gi

(
e−lk

e−l
(n)
k

y(n)
i

)
+

ri

y(n)
i

gi
(
y(n)
i

)
,

(18)

with

y(n)
i ≡

Ny∑

k=1

Ikbike
−l(n)

k + ri, (19)
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Figure 1: Illustration of the numerical ellipse phantom used for resolution-noise studies.

and gi(x) ≡ yi log x − x. This surrogate satisfies both
S(l, l(n)) ≤ L(l), ∀l j ≥ 0 and S(l(n), l(n)) = L(l(n)), and thus
in the absence of the penalty term, finding the l maximizing
this surrogate necessarily increases the likelihood [4].

Substituting (17) and (15) into (14), our update is given
by

l(n+1)
j = arg max

l j>0

⎧
⎪⎨
⎪⎩

Ny∑

k=1

Sk
(
lk, l(n)

)
− β1

2

Ny∑

k=1

(
lk − m̂(n)

k

)2

m̂(n)
k

⎫
⎪⎬
⎪⎭
.

(20)

We can solve for the maximum by setting the derivative with
respect to l j equal to zero. Doing so yields

−
NY∑

i=1

I jbi j ġi

(
e−l j

e−l
(n)
j

y(n)
i

)
e−l j − β

⎛
⎝ l

(n)
j − m̂(n)

j

m̂(n)
j

⎞
⎠ = 0. (21)

Solving for l j yields the update

l(n+1)
j

=
⎡
⎢⎣−ln

⎛
⎜⎝

∑NY
i=1 I jbi j

((
yi/y

(n)
i

)
e−l

(n)
j

)
+β
((
l(n)
j −m̂(n)

j

)
/m̂(n)

j

)

∑NY
i=1 I jbi j

⎞
⎟⎠

⎤
⎥⎦

+

.

(22)

3. RESULTS

3.1. Qualitative results

To compare the two penalties to each other as well as to the
ATM filter, we simulated projections of a numerical ellipse
phantom shown in Figure 1 that we have used previously and
that is modeled on the physical phantom employed by Hsieh
[10]. We computed a sinogram of 1024 angles × 1024 bins
of extent 0.5 mm at the isocenter with a source-to-isocenter
distance of 540.0 mm. We simulated the data according to
the forward model of (1) with discretization of a realistic
CT spectrum into 1 keV bins. We assumed that the phantom
was water-equivalent except for the three circular structures,
which we assumed to be bone.

We simulated two exposure levels: a clinically typical
Ii = 2.5 × 106 and a low-dose level Ii = 2.5 × 105. We chose
Gi = 3.57 × 10−3 pA/keV, such that GiEi = 0.25 pA/quanta

for Ei = 70 keV, and σ2
i = 10.0 pA2 for all i. We included

the effects of off-focal radiation in the simulation by con-
volving with kernels having 13 nonzero values arrayed diag-
onally with slope −2 in discrete sinogram space. The cen-
tral value (corresponding to the zero point of the kernel)
had relative value 1.0 and the six values on either side had
relative value 0.02 (these thirteen values were normalized so
that their sum was 1.0). We found through simulations with
water-equivalent phantoms that the beam-hardening effect
of the simulated tube spectrum was well represented as a
second-order polynomial f (l) = l − 0.007l2.

We reconstructed images by means of four different ap-
proaches.

(1) Hanning. Simple discrete deconvolution of the effect
of off-focal radiation, followed by beam-hardening
correction and fan-beam filtered backprojection
(FFBP) reconstruction with a Hanning filter of vary-
ing cutoffs.

(2) ATM. Presmoothing of data by means of the ATM fil-
ter, followed by simple discrete deconvolution of the
effect of off-focal radiation, beam-hardening correc-
tion, and reconstruction by FFBP with an unapodized
ramp filter. The ATM filter was implemented with cut-
off parameter λ = 75.0 pA and baseline parameter
δ = 0.05 pA, as in [10] by Hsieh, and with the filter
length varying from 3 to 19.

(3) Quadratic. Penalized-likelihood sinogram restoration
using the quadratic neighborhood penalty followed
by beam-hardening correction and reconstruction by
FFBP with an unapodized ramp filter. The smoothing
parameter β was varied from 0.01 to 50.

(4) Median. Penalized-likelihood sinogram restoration
using the quadratic neighborhood penalty followed
by beam-hardening correction and reconstruction by
FFBP with an unapodized ramp filter. The smoothing
parameter β was varied from 0.01 to 50. The size of the
neighborhood used in median calculation was 3× 3.

Figure 2 shows typical results of these reconstructions, where
we have selected values of the smoothing parameters for
the ATM and penalized-likelihood images that give approxi-
mately matched resolution at the center insert and approxi-
mately matched noise levels at the right insert, based on the
resolution-variance results to be described below. It can be
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Hanning ATM
Quadratic

penalty
Median
penalty

2.5e5

2.5e6

Figure 2: The left column illustrates reconstructions by FFBP employing a Hanning filter with cutoff 0.8 times the Nyquist frequency. The
second column illustrates reconstructions by FFBP after sinogram smoothing by the ATM filter method and off-focal radiation deconvolu-
tion. The third column illustrates reconstructions by FFBP after sinogram restoration by the quadratic penalty method. The final column
illustrates reconstructions by FFBP after sinogram restoration by the median penalty method. Exposures are listed at left. The window width
is 400 and the level is 40.

seen that the noise level in the low-dose data leads to severe
streaking artifacts in the Hanning filter reconstruction and
that these are suppressed by the approaches under consider-
ation, more so for the penalized-likelihood approaches than
for the ATM approach. The results all appear to perform sim-
ilarly at the higher-dose level. These qualitative impressions
were explored quantitatively by use of resolution-variance
studies.

3.2. Resolution-variance tradeoffs

To characterize resolution, we determined the local edge-
spread function at the central and right high-attenuation in-
serts. The vertical profiles through these structures have pro-
files that are well fit by error functions parametrized by width
σb which implies that the effective blurring kernel is Gaus-
sian with standard deviation σb. We employ the FWHM of
the Gaussian, 2.35 σb, as our measure of resolution. To ob-
tain an accurate fit, we performed targeted reconstructions of
the central and right high-attenuation inserts with 0.25 mm
pixel size from 10 different noise realizations. We then av-
eraged the reconstructions together to obtain relatively low-
noise profiles on which to perform the fitting. We charac-
terized noise by calculating the average standard deviation
of the pixel values in circular regions of interest (ROIs) of
diameter 16.0 mm placed adjacent to, but not overlapping,
the central and right high-attenuation inserts. We then plot-
ted the resulting noise measure versus the resolution measure
for the same location. Images reconstructed after smoothing
with different values of the smoothing parameters α or filter
length β provide different combinations of such values and
allowed us to sweep out a resolution-noise curve.

The results are given in Figure 3, where it can be seen
that at the low-dose level, the two penalized-likelihood-
based approaches both outperform the ATM filter in terms
of resolution-noise performance. They perform very simi-
larly to each other, with perhaps a slight advantage to the

quadratic penalty. At high-dose levels, the approaches all per-
form relatively similarly.

4. CONCLUSIONS

We have compared two different penalty choices for a penal-
ized-likelihood sinogram-restoration strategy we have been
developing, one is a quadratic penalty we have employed pre-
viously and the other is a median-based penalty. We com-
pared the approaches to a noniterative adaptive filter that
loosely but not explicitly models data statistics. We found
that the two approaches produced very similar resolution-
variance tradeoffs to each other and that they outperformed
the ATM filter in the low-dose regime, which suggests that
the particular choice of penalty in our approach may be less
important than the fact that we are explicitly modeling data
statistics at all.

It is not possible to conclude, of course, that the penal-
ized-likelihood approaches would outperform any noniter-
ative adaptive filter. In generating the resolution-variance
tradeoffs for the ATM filter, we made use of the parameters
λ and δ given by Hsieh in describing the filter in [10] and
varied the filter length parameter β. The filter length β is the
most natural parameter to vary in sweeping out resolution-
variance curves, but it is possible that further adjusting the
parameters λ and δ could further improve the achievable
tradeoffs. In particular, it is possible that the version of the
ATM filter implemented on GE scanners has been optimized
beyond what was presented in [10].

Since the quadratic penalty allows for derivation of a
monotonic algorithm guaranteed to increase the likelihood
function while the median filter approach offers no such
guarantee, we find it to be preferable to the median-based
penalty. However, it might be worthwhile to explore the
new class of median-like prior proposed by Hsiao et al. that
does indeed involve maximization or minimization of a joint
objective function involving the image of interest and an
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Figure 3: Resolution-noise tradeoffs for exposures 2.5× 105 and 2.5× 106 at the center and right circular inserts in the ellipse phantom for
the three approaches under consideration.

auxiliary field derived from the local medians of the image
[20]. Another possibility for future work would be to explore
a penalty that uses Hsieh’s ATM filter as an OSL prior much
as the median prior was used here.
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1. INTRODUCTION

Iterative methods are increasingly used in computed to-
mography (image reconstruction from projections) where
in most cases they advantageously replace analytical meth-
ods. The latter methods, whose success is based upon a great
robustness and speed, unfortunately cannot take into ac-
count a certain number of physical and geometrical parame-
ters which should appear in the point spread function (PSF).
These parameters (intrinsic resolution of the detector, spatial
variation of sensitivity, and others, related to specific appli-
cations) can be easily incorporated in the projection opera-
tor that models the process of imaging in iterative methods.
This however does not change the nature of the problem to
be solved, formulated as a large system of linear equations:

Ax = b, (1)

where A is the projection operator, x is typically a set of (un-
known) values taken by the voxels in the 3D space (attenu-
ation coefficients, activity . . . ), and b is the set of measure-
ments, often organized as a set of projection images.

In addition, besides the exponential growth in computer
processing power that obviously plays an important role in
the feasibility of large computations, solving methods for (1)
profit from a broad effort realized in general inverse prob-

lems methods and from a continuous exchange between the-
ory and applications.

One important ongoing study on the speed of conver-
gence is contingent on the consideration of different algo-
rithms (algebraic reconstruction technique (ART) [1], simul-
taneous algebraic reconstruction technique (SART) [2], expec-
tation maximization (EM) [3], or conjugated gradient for the
most famous), different types of implementation (sequential
(Seq), simultaneous (Sim), or block-iterative (BI)), regular-
izations, or relaxation parameters (see [4] for details). A solid
mathematical framework was formed, which in most cases
tendered proof of convergence, including at times for the in-
consistent case—generally that of computed tomography.

The idea of the work presented here has risen from the
fact that the high frequencies (the details) are always recon-
structed after the low frequencies in iterative methods for
computed tomography. In the case of highly detailed objects
(in a sense that we will later specify), an important number of
iterations might be required to obtain the precision expected
on the reconstructed image. This very general fact has been
experienced by all who worked with iterative algorithms, and
keys for the understanding of this phenomena can be found
in [5], but in a framework of integral geometry resulting
in a Dirac projection PSF and thus quite different from our
context.
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In this article, we propose a way to accelerate the conver-
gence of iterative methods in the specific case of highly de-
tailed objects, based on the use of an incomplete backprojec-
tion operator. This can be roughly formulated as a weighting
of each correction dki, j of voxel j by equation i during the kth

iteration with weights wk
i, j such as

∑
i w

k
i, j = 1 for all j and k

and the incomplete backprojection condition (IBC):

wk
i, j = 0 for some i, even if Ai, j �= 0. (2)

To our knowledge, this condition has not been thus far
reported in the use of reconstruction algorithms for com-
puted tomography. Besides the formulation of a frequency
adapted (FA) algorithm that realizes the reconstruction with
IBC starting from the well-known SART algorithm, a major
concern of this paper is to explain how the IBC permits to
accelerate the convergence by updating the value of the vox-
els from the most relevant measurements and to give exper-
imental results to support both the convergence of the algo-
rithm and the gain obtained when compared to SART.

In Section 2, we describe the type of problems for which
we believe the adaptation involved by the IBC can be useful
and formulate the IBC in terms of projections onto convex
sets. We explain the IBC for it to realize the expected accel-
eration and give an adaptation of the simultaneous algebraic
reconstruction technique (SART) algorithm of Andersen and
Kak [2] modified by the IBC. In Section 3, we show results on
simulations, phantom, and small animal with a comparison
between SART and FA-SART. Section 4 is a discussion on the
proposed method which also suggests a number of different
use for FA algorithms and Section 5 concludes the paper.

2. BUILDING AN ALGORITHM ADAPTED TO
THE SPATIAL FREQUENCY

In computed tomography like in other applications leading
to inverse problems, a set of discrete measurements is physi-
cally obtained, presumably by the application of some linear
operator A to a studied object, discretized into a set of un-
knowns. For each unknown xj (a voxel in tomography), the
point spread function (PSF) (we should actually talk about
the voxel spread function) appears in the column A•, j of the
matrix A whose coefficients are assumed to be nonnegative
here, to simplify the notations.

For some imaging techniques, the paradigmatic case
of which is single photon emission computed tomography
(SPECT), this PSF is always different from a Dirac func-
tion since it notably includes the detector components (col-
limator, scintillator, photo-multiplicators, electronic boards,
etc.). Indeed, the photons emitted from a voxel j reach far
more than one single pixel on the detector and one has to
take this into account in the matrix A when modeling this
problem. PSF in SPECT is generally modelled by discretized
Gaussian functions but some authors proposed more elabo-
rate models, especially for pinhole SPECT (see Metzler et al.
[6]).

But whatever the chosen model is, the actual situation
is that two close voxels have many measurements in com-

Image space

bi

xj x j+4

Object space

Figure 1: Overlapping between two close voxels’ PSF. The darkest
zone will be used to reconstruct voxel xj as well as xj+4 (and all those
in between), thus leading to a smoothed reconstruction after only a
few iterations.

mon in their PSF (see Figure 1). This may result in a slow rate
of convergence: the backprojection of these shared measure-
ments leads to a smoothing for the voxels’ values, that only
tends to vanish as the number of iterations increases. This is
not necessarily inadequate since when a large and homoge-
neous structure is to be imaged, this smoothing will mainly
reduce the noise if one stops the iterations before the noise
is reconstructed (Figure 2(a)). But when considering an im-
age of projection with high frequencies, using these shared
measurements in the backprojection, or at least the furthest
away from the center of the PSF, will hold the voxels’ values
distant from the solution x∗ for a certain number of itera-
tions (Figure 2(b)). Throughout this paper, we will charac-
terize higly detailed objects in an informal manner by ref-
erence to this figure, that is, when significant details of the
image are of the same size or smaller than the PSF’s width.

Our idea is to only use the most central measurements of
the PSF to accelerate the convergence in the case of imaging
with high spatial frequencies. To do so, we considered the
SART algorithm whose iteration is

xk+1
j = xkj +

λ
∑M

i=1 Ai, j

M∑

i=1

bi −
(
Axk

)
i

∑N
j=1 Ai, j

Ai, j , (3)

where j = 1, . . . ,N indexes the voxels and i = 1, . . . ,M in-
dexes the pixels so that xk ∈ RN for all k, b ∈ RM , A is
an MxN matrix modelling the problem and λ is the relax-
ation parameter. This can also be written in a matrix form
discussed by Jiang and Wang [7] (T denotes the transpose of
a matrix or a vector):

x(k+1) = x(k) + λVATW
(
b− Ax(k)), (4)

with V = diag(1/
∑M

i=1 Ai, j) an NxN diagonal matrix and

W = diag(1/
∑N

j=1 Ai, j) an MxM diagonal matrix. We also as-

sume the conditions
∑M

i=1 Ai, j�= 0 for all j and
∑N

j=1 Ai, j �= 0
for all i.
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Measured profile

PSF

Image space

(a)

Measured profile

PSF

Image space

(b)

Figure 2: Comparison of the two main cases, when a profile corre-
sponding to a large and homogeneous structure is measured with
noise (a), and when the measured profile corresponds to a higly
detailed object (b). On (a), using all the discrete measurements
of voxel’s PSF will smooth the reconstruction which will reduce
the noise. On (b), “important” high frequencies are smoothed and
more iterations will be needed to achieve an accurate reconstruc-
tion.

Although this might sound antinomic with the simulta-
neous of SART, we can write a component Seq form of SART

xk+1
j = xkj + λ

bi −
〈
ai, xk

〉

∥
∥ai
∥
∥

1

1aij>0 (5)

that can be derived from the analysis presented in [8] by Cen-
sor and Elfving. Then, applying this algorithm in the matrix
form of (4), it is well known that the new estimate xk+1 is the
projection of xk onto the hyperplane Hi = {x ∈ RN/〈ai, x〉 =
bi} if λ = 1.

This is our starting point for a frequency adapted algo-
rithm based on SART. For the purpose of the incomplete
backprojection condition, given 0 ≤ ρ ≤ 1, let Aρ denote
the matrix

Aρ :=
⎧
⎪⎨

⎪⎩

Ai, j if Ai, j ≥ ρ · ∥∥A•, j
∥
∥∞,

0 otherwise,
(6)

so that Aρ only keeps in each column the coefficients of A
higher than ρ times the top of the PSF. We also define the ma-
trix Vρ := diag(1/

∑M
i=1 A

ρ
i, j) and Wρ := diag(1/

∑N
j=1 A

ρ
i, j).

Then, following (4) we define the next iterate corresponding
to the treatement of a single projection i as

x(k+1) = x(k) + λVρAρTWρ
(
b− Ax(k)) = P

ρ
i

(
xk
)
. (7)

It can been showen in the exact same manner as for (4)
(in the sequential case) that P

ρ
i (x) projects x onto the hyper-

plane Hi. But (7) is also designed to have P
ρ
i (x) in the affine

Image space bi

Object space

Figure 3: The original backprojection cone corresponding to a pixel
bi and composed of voxels vj , such asAi, j > 0 (light grey), is replaced
by a set of voxels, such as Ai, j > ρ · ‖A•, j‖∞ (dark grey).

subspace of RN :

Ωk
i =

{
x ∈ RN/P

ρ
i (x) j = xj ∀ j/Ai, j < ρ · ∥∥A•, j

∥
∥∞
}

(8)

thus projecting the current estimate onto Ck
i := Hi ∩ Ωk

i ,
which is a closed convex set of RN .

Now, we want to consider the scheme (7) in its natural
case, that is, simultaneous. Thus we change the iteration (3)
for the following.

Algorithm 2.1 (FA-SART).

xk+1
j = xkj +

λ
∑M

i=1 A
ρ
i, j

M∑

i=1

bi −
(
Axk

)
i

∑N
j=1 A

ρ
i, j

A
ρ
i, j . (9)

The BI version requires some sophistication in the nota-
tions and for this purpose, we adopt pretty much the same
ones as Censor and Elfving in [8]. Let then T be the num-
ber of blocks and, for t = 1, 2, . . . ,T , let the blocks of in-
dices Bt ⊆ {1, 2, . . . ,M} be an ordered subset of the form
Bt = {lt1, lt2, . . . , ltM(t)}, where M(t) is the number of elements
in Bt. In our case, we define T = M and for each t,Bt = {t}.
For t = 1, 2, . . . ,T , let At denote the matrix formed by taking
all the rows {ai} of A whose indices belong to the block of in-
dices Bt , that is, At := at . The same applies to Aρ with A

ρ
t the

matrix formed by taking all the rows {ãi} of Aρ whose indices

belong to the block of indices Bt and ã
j,t(k)
c the jth column of

A
ρ
t .

The vector b is partitioned similarly with bt denoting the
elements of b whose indices belong to the block of indices Bt,

that is, bt := bt. Let us also denote a
j,t(k)
c the jth column of

At , then the BI FA-SART writes as follows.

Algorithm 2.2 (BI FA-SART).

xk+1
j = xkj +

λ
∥
∥ã

j,t(k)
c

∥
∥

1

M(t(k))∑

i=1

bt(k)
i − 〈alt(k)

i , xk
〉

∥
∥ãl

t(k)
i

∥
∥

1

ã
lt(k)
i
j . (10)

These algorithms realize a backprojection characterized
by a contracted cone compared to the original SART (see
Figure 3).
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(e) (f) (g) (h)

Figure 4: Simulation with a computed phantom composed of three small spots and a bigger structure. (a)–(d) show results obtained with
the FA-SART algorithm, ρ = 1, and (e)–(h) show results with the SART algorithm (which is FA-SART with ρ = 0). The pinhole aperture was
2.5 mm for (a) and (e), 1.5 mm for (b) and (f), 0.025 mm for (c) and (g), and 1.5 mm with noise added onto the projections for (d) and (h).
These results show improvements with FA-SART when the PSF is large (2.5 mm and 1.5 mm) and better images with SART when the data
are noisy (Gaussian noise, 20% of the maximum of the data), especially for big structures. No significant difference is visible when the PSF
is small, because the stage of deconvolution is of less importance during the reconstruction process.

3. RESULTS

3.1. Material and method

The applications shown here are simulations and pinhole
SPECT acquisitions made on a small animal single head
dedicated SPECT gamma camera (Gaede Medizinsysteme
GMBH, Freiburg, Germany) with a 6.5 mm NaI(Tl) crystal
25 photomultipliers and a small field of view of 17 cm ×
17 cm. The camera was equipped with a tungsten pinhole
collimator of 120 mm in focal length and 1.5 mm in diam-
eter for the phantom, 2 mm in diameter for the mouse study.
A more complete description of the device, as well as results
on small animal imaging can be found in [9]. Prior to re-
construction, we used a correction of the center of rotation
applied on the projections after measurement of the defect
on a single-line-source phantom as described in [10]. Both
the FA-SART and SART algorithms were block iterative with
each block corresponding to a different image of projection.

3.2. Simulation

The simulation performed here on a computed phantom
illustrates the typical behavior of the FA-SART algorithm,
which accelerates the convergence when the PSF is large (see
Figures 4(a), 4(b) and 4(e), 4(f)). For a thin PSF, no visible
difference appears since FA-SART acts on the deconvolution.
Bigger structures should not be reconstructed with ρ close
to 1 from noisy data to avoid having the high frequencies of
the noise emphasized. Three iterations were computed for all
reconstructions.

3.3. Phantom

A phantom, seen in Figure 5, with three types of cylindrical
cavities (diameters 1 mm, 1.5 mm and 2 mm separated with
the same distance), was filled with 99mTc, 20 MBq activity.

The parameters for the acquisition were 30 mm radius of ro-
tation, 60 projections of 64× 64 pixels on 180◦ and 1 minute
per projection. For the comparison in Figures 5(b)–5(d), we
used the FA-SART algorithm with ρ = 1 and the SART al-
gorithm (which is FA-SART with ρ = 0). For this highly de-
tailed object, the FA-SART reconstruction (5(b)) does better
than 3 iterations of SART (5(c)) or even 10 iterations (5(d)),
due to an important smoothing effect during the first itera-
tions. Figure 5(e) provides a promising way to use FA-SART
in a preconditioning of system (1). It shows a reconstruction
obtained after 3 iterations of FA-SART (ρ = 1) followed by 2
iterations of SART.

3.4. Cardiac mouse imaging

For mouse heart perfusion, a normal adult female CD1
mouse (Mouse Clinical Institute, Ilkirch, France) weight-
ing 30 g was injected with 400 MBq of 99mTc-Tetrofosmin
(Amersham, General Electric Healthcare, USA). The radius
of rotation of the camera was 2.5 cm corresponding to a
zoom factor of 5 and 48 projections of 64×64 pixels were ac-
quired over 180◦ (see [9] for details). Figure 6 demonstrates
a satisfying result with FA-SART and ρ = 0.8 that makes both
the left and right ventricles visible.

4. DISCUSSION

From the obtained results, it seems that the FA-SART algo-
rithm is able to reconstruct high details in less iterations than
SART. While the reconstructions performed from physical
structures (phantom and animal) show a faster convergence
to what seems to be the true distribution, those performed
from simulated data demonstrate that this acceleration in-
crease with the PSF’s width of the system, that is, when the
intrinsic resolution decreases. These simulations also prove
that the improvement obtained with the FA-SART algorithm
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(a) (b) (c) (d) (e)

Figure 5: Photo of the phantom with 3 types of cavities (diameters 1 mm, 1.5 mm, and 2 mm separated by the same distance) which can be
filled with a radioactive tracer (a). Transaxial slices of the reconstructed phantom with 3 iterations of FA-SART and ρ = 1 (b), 3 iterations
of SART (c), and 10 iterations of SART (d). Figure (a) shows significant improvements even when compared with 10 iterations of SART.
Figure (e) shows the result obtained from an interesting combination of the two algorithms: 3 iterations of FA-SART (ρ = 1) followed by 2
iterations of SART.

(a) (b)

(c) (d)

Figure 6: Normal mouse heart perfusion. Reconstruction with 3
iterations of FA-SART, ρ = 1 (a), 3 iterations of FA-SART, ρ = 0.8
(b), 3 iterations of SART (c), and 10 iterations of SART (d).

is not due to an inadequacy of the matrix A that models the
system. Thus, the method only applies to a class of problems
with large PSF, that is, involving an important step of decon-
volution like SPECT or optical tomography. It would make
no sense, for those applications where the PSF is close to a
Dirac function like in computed tomography scanning, to
contract the backprojection cone since this cone is already al-
most a line. It should also be recalled that the gain obtained
on highly detailed structures is balanced by a loss in large and
homogeneous structures, for which the smoothing proper-
ties of the SART algorithm reduce the noise. On the contrary,
using the FA-SART algorithm with a high threshold ρ would
increase the noise by emphasizing the high frequencies in the
reconstruction.

This leads to the major difficulty of such an algorithm:
how it should be used. We have shown results with a same
value for ρ for all the voxels and all the iterations. This is
a first way to accomodate to the FA-SART: the context of
SPECT is that of functional imaging, in which in general only
one structure is considered interesting. Thus, even if several
structures appear in the same image, the parameter ρ can be

set to a value corresponding to a given organ or a type of ex-
amination (myocardial perfusion produces a sharper image
of the heart than blood-pool imaging so these two explo-
rations of the same organ would require different values of
ρ). This has been for the most part our way to proceed thus
far, although other uses can be considered.

A use in preconditioning of the system (1) with two or
three iterations of FA-SART followed by a solving with the
SART algorithm seems to combine the best of these two al-
gorithms by providing both a fast reconstruction of the high
frequencies and an adequate rendering of the bigger struc-
tures. Also a value of ρ adapted to the local frequencies of the
projection images might successfully change the local prop-
erties of the reconstruction, with a high value of ρ only when
high-frequencies are detected. We started to investigate this
way by creating local frequencies maps of the projection im-
ages composed of wavelets coefficients and this will consti-
tute the base of our further works.

A noticeable positive point of the FA-SART algorithm is
that it requires very few adaptations when SART has already
been implemented. On a programming point of view, certain
loops are just partially executed, which also means that one
iteration of FA-SART is slightly faster than one of SART.

Since the backprojection operation significantly differs
from other studied algorithms, it is by no means obvious to
deduce that the FA-SART algorithm converges from an anal-
ysis of SART or of the general Landweber scheme. Results
concerning the convergence have nevertheless been greatly
improved by the suggestion of an anonymous referee and a
paper dedicated to a mathematical analysis will be presented
elsewhere for publication. This theoretical work will support
the experimental evidences shown here, with a study of the
convergence of the algorithm but also of its behavior in func-
tion of the main frequency.

5. CONCLUSION

The FA-SART algorithm has been designed to be able to
change the usual rate of convergence of iterative algorithms.
While low frequencies are generally the first reconstructed,
we permitted to invert this phenomenon in order to have the
details appear in the image after very few iterations. We ev-
idenced this behavior of the FA-SART algorithm by show-
ing applications and proposed several possible ways to use
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it. Theoretical questions will be discussed in a forthcoming
paper.
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1. INTRODUCTION

Cardiovascular diseases cause the death of 17 million peo-
ple every year, representing the major cause of mortality in
industrialized countries. Various cardiac functional parame-
ters are used to guide diagnosis, treatment, and followup of
these diseases. The most used indicators (left ventricle vol-
ume (LVV), left ventricular mass (LVM), ejection fraction
(EF)) provide information about the heart global function,
but the detection and the treatment of some pathologies,
such as atherosclerosis, would need the precise quantification
of cardiac motion and deformation. Technological improve-
ments in cardiac imaging provide rich opportunities for such
a progress.

The minimally invasive assessment of heart motion has
therefore been studied from modalities providing four-
dimensional (4D) data sets. Magnetic resonance imaging
(MRI), with cine MRI [1] and especially tagged MRI [2–
4] and phase contrast MRI [5], has been extensively used,
giving access to mid-wall deformations. However, its lim-
ited spatial resolution and long acquisition time prevent MRI

to image both cardiac motion and coronary arteries. Ultra-
sound images [6, 7] providing, with high availability, car-
diac sequences of high temporal resolution, are still limited
by their low signal-to-noise ratio in spite of the recent ad-
vances of real-time 3D echocardiography. ECG-gated sin-
gle photon emission computed tomography (SPECT) and
positron emission tomography (PET) in spite of lower spa-
tial and temporal resolutions have also been used in order
to combine perfusion and contractility informations [8, 9].
The emergence of electron-beam computed tomography and
of the dynamic spatial reconstructor (DSR) has provided op-
portunities for cardiac motion estimation [10–12], but their
availability is still very limited. See [13] for an exhaustive re-
view of cardiac image functional analysis methods.

The recent significant advances of multislice computed
tomography (MSCT), with the introduction of ultra-fast ro-
tating gantries (0.5 s/tr), multirows detectors, and retrospec-
tive ECG-gated reconstructions, provide high contrast and
spatiotemporal resolutions and allow a huge progress to-
wards the imaging of moving organs. These advances al-
low the observation of all cardiac structures simultaneously,
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for successive instants of the cardiac cycle, under one sin-
gle breathhold. Some studies have been conducted in MSCT
for the detection of coronary diseases [14, 15], but very few
works have been realized for the quantitative 3D cardiac mo-
tion estimation [16].

The issue of nonrigid motion estimation from 3D im-
ages is one of the most important challenges of computer vi-
sion. Methods which have been proposed for this purpose
can be classified into three kinds of approaches. In geomet-
ric model-based approaches, parametric models [3, 17, 18]
involve the parametric formulation of the object and/or of
the movement. This kind of methods is interesting to extract
global motion and to represent it with few parameters. Non-
parametric models [10, 19, 20], using mainly mass-spring
and finite element methods, extract local motion using dif-
ferential constraints. Optical flow methods [2, 11, 21, 22] are
mostly based on intensity conservation and motion smooth-
ing constraints. That constraint of intensity conservation
with time is difficult to advance with MSCT data because of
the contrast agent diffusion combined with the retrospective
reconstruction of the sequence. Furthermore, these methods
providing dense motion fields are difficult to handle with big
data volumes in which the study deals with only few objects.
Feature matching methods [1, 23, 24] are based on the search
of correspondences between entities (considered at follow-
ing times) according to descriptive parameters. These meth-
ods enable focusing the study on the objects of interest and
extracting local motion. However, most of them are highly
dependent from the segmentation quality because they need
an accurate segmentation for each instant of the studied se-
quence.

We propose a new method to jointly extract ventricular
shapes and their motion from cardiac MSCT images in one
unique process. This problem of dual 3D shape and motion
estimation is handled by a statistical approach provided by a
Markov random field (MRF) [25], associated to a multireso-
lution process. The MRF theory has been extensively used in
computer vision [26, 27]. Its application to motion analysis
has mostly been done with optical flow estimation [28] and
deformable models [29, 30].

In this paper, the 3D sparse nonrigid motion field to esti-
mate at each time instant is formulated, in a Bayesian frame-
work, as a Markov random field model under spatiotempo-
ral regularity hypotheses. This motion field is provided by a
matching method based on features of different types which
are surface 3D mesh nodes at a first time instant and image
voxels at the following time instant. These extracted motion
fields can then be used for global and local motion quantifi-
cation and interpretation. Results obtained on simulated and
real data give satisfying results.

In the remainder of this paper, we describe in Section 2
the hierarchical surface-volume matching method we have
developed including the preprocessing step, the definition of
the Markov random field model and its application in a mul-
tiscale process, and the optimization stage. In Section 3 we
present the results obtained on simulated and real data be-
fore concluding in Section 4.

2. A 4D HIERARCHICAL MOTION
ESTIMATION METHOD

From a time sequence of 3D MSCT cardiac images, our ap-
proach allows the spatiotemporal detection of the left heart
cavities and the quantification of their deformations. This is
achieved by a multiscale matching method which provides,
along the whole sequence, the correspondences between a 3D
surface mesh extracted at one time instant and the 3D vol-
ume available at the next time instant. The overall method
includes the following steps:

(a) a 3D segmentation step and a surface reconstruction
process are first applied to only one 3D image of the
time sequence (at time t0) to provide the first surface
of the sequence;

(b) a hierarchical surface-volume matching process is ap-
plied to estimate a 3D motion field between the surface
at time t0 and the next volume at time t1;

(c) from the surface at time t0 and the estimated motion
field, a new 3D surface can be estimated at time t1;

(d) steps (b) and (c) are repeated until all images of the
sequence are processed.

In order to obtain the mesh corresponding to the first con-
sidered time of the sequence, step (a) is decomposed in this
way: a segmentation tool, based on a 3D region growing pro-
cess bounded by a gradient information, is applied [31]. The
segmented surface is then reconstructed using the marching
cubes algorithm. Finally, in order to prepare the matching
process, the resulting surface mesh is regularized in such a
manner that each node coordinates correspond to one vol-
ume voxel coordinates.

Surface estimation (step (c)) relies on the deformation of
the surface corresponding to time t0 with the motion esti-
mated between times t0 and t1. A regularization step is then
performed in order to fill mesh holes and to suppress redun-
dant nodes.

The 3D motion field estimation (step (b)) is performed
by a matching process applied between the surface represent-
ing the endocardium at time t0 and the original volume cor-
responding to the next time t1. A hierarchical process is used
to gain both in terms of result quality and of computational
efficiency. The matching process will firstly be described at
one resolution, then the multiresolution scheme will be de-
tailed.

2.1. A surface-volume matching process

In order to estimate the motion between one surface corre-
sponding to time t0 and a volume corresponding to the fol-
lowing time t1, a surface-volume matching method has been
developed.

A feature matching problem implies choosing the entities
to match and to define local energies which can be combined
to provide a distance measure between entities. As in almost
all motion estimation issues, this measure is not sufficient
to deal with a well-posed problem. It is therefore necessary
to add contextual constraints. The best correspondences of
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selected entities can finally be obtained from the minimiza-
tion of global energy.

One original contribution of this method is to establish
correspondences between spatial entities which are not of the
same nature: the matching process is conducted between 3D
mesh nodes on the one hand and image voxels on the other
hand.

The 3D motion field to compute between two successive
instants is considered as a realization f = { fi/i = 1, . . . ,NS}
of a 3D random field F (NS being the number of considered
sites in the field). The set of sites S of the field F is given by
all the 3D mesh nodes at time t0. The labels assigned to these
sites, expressed by the fi estimations, are given by the voxels
found (at time t1) in best correspondence with the 3D nodes.

According to Bayes’ theory, the posterior probability of
the realization f according to the observation d (the mesh
nodes at time t0 and the voxels at time t1) is given by

p
(
f | d) = p( f )p

(
d | f )

p(d)
, (1)

with p( f ) the prior probability, p(d | f ) the conditional
probability of the observation process d, and p(d) the obser-
vation probability which is considered independent of f . Ac-
cording to the maximum a posteriori (MAP) estimator, the
most probable realization f is provided by the maximization
of the a posteriori probability p( f | d), with p( f | d) ∝
p( f )p(d | f ).

The mechanical properties of the heart induce a spa-
tiotemporal regularity of the motion field. To capture the
spatial regularity of this motion, p( f ), used to model an a
priori of the considered random field, is defined considering
F as a Markov random field.

This Markov random field (MRF) is defined in relation
to a neighborhood system μ. According to this definition, the
neighborhood associated to one node s, noted μs, is given by
all nodes which share a common edge with the node s.

The MRF conditional probability models the local prop-
erties of the field according to this neighborhood. It is given
by

p
(
fs | fS−{s}

) = p
(
fs | fμs

)
. (2)

From the neighborhood μ, a set of cliques C is defined as
including all pairs of neighboring nodes:

C = {{s, t} ∈ S2, t ∈ μs
}
. (3)

According to the Hammersley-Clifford theorem [32], the
Markov random field F in relation to the neighborhood sys-
tem μ is also a Gibbs random field in relation to μ. The prior
probability distribution function is then given by

p( f ) = 1
Z

exp
{−UR( f )

}
, (4)

with Z a normalization constant and UR( f ) a global energy
function defining the interactions between the sites. UR( f )
represents the internal energy of the random field and has a
regularization effect. It is defined as

UR( f ) =
∑

c∈C
VR
(
c, f c

)
, (5)

VR(c, f c) being the local interaction potential defined for
each clique c and its associated labels f c = { fs, s ∈ c}. More
precisely, we define VR by

VR
(
c, f c

) = αR

∥
∥−→fs −

−→
ft
∥
∥

dist(s, t)
∀c = {s, t} ∈ C, (6)

where αR is a weighting factor, constant for every clique,
−→
fs

(resp.,
−→
ft ) is the motion vector estimated at site s (resp., t),

and dist(s, t) is the Euclidean distance between nodes s and t.
The conditional probability density function p(d | f ) is

given by the definition of a global data fidelity term which
models the error between the realization f and the observa-
tion d. It is defined by

p
(
d | f ) = exp

{−UI( f ,d)
}

, (7)

where UI( f ,d) models the global estimation error. It is de-
fined by

UI( f ,d) =
∑

s∈S
VI
(
s, fs

)
, (8)

VI(s, fs) being a local correspondence measure to evaluate
the matching between one node s at time t0 (s ∈ S) and its
corresponding voxel fs at time t1. It provides a data confor-
mity term and, in such a way, a distance between the obser-
vation d (surface at time t0 and 3D image at time t1) and the
estimated motion field given by f . For the analysis of corre-
spondence between one node s and one voxel v, this term is
defined by the following equation:

VI(s, v) = αd · Edist(s, v) + αc · Econtour(v) + αt · Etopol(s, v),
(9)

where

Edist(s, v) = dist(s, v),

Econtour(v) = C(v) =
⎧
⎨

⎩
1 if v belongs to a contour,

0 otherwise,

(10)

Etopol(s, v)

= 1
∣
∣μs
∣
∣

∑

i∈μs
C
((
vx, vy , vz

)t
+
(
sx, sy , sz

)t − (ix, iy , iz
)t)

,

(11)

with s is the considered node (of coordinates (sx, sy , sz)t); v
is the considered voxel (of coordinates (vx, vy , vz)t); dist(·) is
the Euclidean distance function; C(·) is the contour detec-
tion function (implemented by a Canny filtering); μs is the
neighborhood of the node s; i is a neighborhing node of s (of
coordinates (ix, iy , iz)t); and αc, αt , αd are weighting factors.

From (1), (4), and (7), we have

p( f | d) ∝ exp
{−U( f ,d)

}
, (12)

with

U( f ,d) =
∑

s∈S
VI
(
s, fs

)
+
∑

c∈C
VR
(
c, fc

)
(13)

a global energy which is to minimize to obtain the most prob-
able correspondences.
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Figure 1: Cardiac motion components (L: longitudinal contraction, R: radial contraction, T : twisting).

2.2. Hierarchical scheme and optimization stage

The previously described motion extraction process is ap-
plied according to a hierarchical scheme which allows focus-
ing the correspondence research area and reducing comput-
ing needs. This multiresolution scheme is considered to pre-
serve local Markov property according to the high spatial res-
olution provided by MSCT data.

The surface mesh at time t0 and the volume at next time
t1 are defined with decreasing scales as follows: each data set
from upper resolution Ri (i = 1, . . . ,nl, nl being the number
of used resolution levels) is restricted in space at a lower level
scale Ri−1 by the application of a mean filtering (or Gaussian
filtering for the volume) and of a subsampling process in or-
der to provide a regular mesh corresponding to volume voxel
coordinates at the same level.

The matching process is first applied at the lowest reso-
lution (with an initialization to a null motion) to guide the
motion estimation with the coarsest details. The result of that
first estimation is used as an initialization, after an interpo-
lation step, for the correspondences computation at the next
finer resolution. This motion extraction process is applied it-
eratively, with an adaptation of energy weighting coefficients,
until the estimation is obtained at the desired resolution.

The global optimization of the correspondences is per-
formed with a stochastic relaxation Metropolis algorithm
combined with a simulated annealing process at the first
lower-resolution level and with an iterated conditional mode
(ICM) algorithm at the upper-resolution levels.

3. RESULTS

In a first part, the method has been applied on simulated
data resulting from realistic deformations of a real ventric-
ular shape. This first stage has provided the means to con-
trol and define the different parameters included in our ap-
proach. In a second part, the method has been applied on real

human cardiac data acquired with MSCT. Finally, the means
to extract global and local parameters in association to infor-
mative visual representation modes have been developed.

3.1. Tests on simulated data

Numerical simulations have been used to test the motion ex-
traction process between two successive instants. In the ab-
sence of translation motion induced by patient respiration
(the MSCT acquisition is realized under one single breath-
hold) the heart is submitted to three main kinds of motion:
radial and longitudinal contraction/expansion and twisting
(cf. Figure 1). To simulate data, these three kinds of motion
are applied to a previously 3D extracted mesh (correspond-
ing to the first instant of the sequence). These deformations
result in the mesh corresponding to the second instant. Then,
this deformed mesh is inserted into a volume preprocessed by
a Canny filter followed by an endocardial suppression step.
The hierarchical matching process is finally applied between
the surface before deformation and this volume at three in-
creasing scales.

Using this simulation process, the real correspondences
are known. It enables measuring the error of matching of the
proposed method and to study the evolution of the matching
process along iterations and at each stage of the hierarchical
process. The impact of the different parameters involved in
the computation of the energies or in the optimization pro-
cess, as well as meaningful information provided by scale re-
finement, can also be evaluated.

Different tests have been conducted and combined to
find the optimal value for each parameter involved in the
matching process. These values have shown a good unic-
ity (tests running with these values on data generated with
varied motion parameters have provided optimal results)
and a good stability (moderate variations of these values do
not affect the quality of the result).
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Figure 2: Simulated (a, b) and estimated (c, d) motion amplitudes with a left oblique anterior view at two resolutions (levels 643 (a, c)
and 1283 (b, d)) (colours: in blue (resp., red), motion directed outside (resp., inside) the cavity corresponding to positive (resp., negative)
displacements), measures in millimeters.

(a) (b)

Figure 3: (a) One axial slice of one data volume of the sequence, (b) corresponding axial slice (at a lower resolution) after the Canny filtering
process.

Figure 2 illustrates an example of results obtained at the
two lowest-resolution levels (R1 with volume size 643 and R2

(1283)). In color are represented the applied (a, b) and esti-
mated (c, d) motion amplitudes. In red are represented the
displacements directed inside the cavity, and in blue the dis-
placements directed outside the cavity. With an initial mean
matching error of 6.7 mm at R1 level, the process converges
to a final mean error of 0.8 mm at R3 level. We have observed
that this hierarchical process enables gaining in precision and
error deviation.

These results have been confirmed by tests running with
different simulated motion parameters.

3.2. Results on real data

The algorithm has been applied on real human heart data
with a temporal database acquired by a Siemens SOMATOM
Sensation 16 with ten volume images representing a whole

cardiac cycle. Each volume contains about 300 slices of 512×
512 pixels, giving a resolution for each voxel of 0.35× 0.35×
0.5 mm (cf. Figure 3(a) illustrating one CT axial slice).

The segmentation preprocess has been applied to the first
volume of the sequence resulting in the extraction of the
heart left cavities and of the beginning of the aorta. To obtain
the surface mesh corresponding to time t0, the segmented
volume has been processed by the marching cubes algorithm
(cf. Figure 4).

Using the optimal set of parameters found with the nu-
merical simulations, the motion extraction process has been
applied between this mesh (corresponding to time t0) and the
volume corresponding to time t1 after a Canny operator ap-
plication (cf. Figure 3(b) for an example of the Canny filter
output). The algorithm has been iteratively applied to this
dynamic sequence considering three resolution levels (from
643 to 2563), providing a set of estimated surfaces and mo-
tion fields for each instant of the sequence.
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Figure 4: 3D surface of the extracted shape, corresponding to time
t0, represented at a lower resolution to highlight main structures.

Figure 5 illustrates results obtained at the two lowest lev-
els at end-diastolic (a, b) and end-systolic (c, d) instants. The
contraction movements (represented with red color or by
negative displacements), characteristic of systole, are as well
identified as the expansion movements (represented with
blue color or by positive displacements) and are coherent
with cardiac phases. We can see that the lowest level repre-
sentation is meaningful and that the displacements obtained
at upper levels provide the means to extract local clinical pa-
rameters at various scales.

Figure 6 shows the estimated motion amplitude during
the whole cardiac cycle and using the highest resolution. We
can observe that movements extracted on the whole sequence
are coherent with cardiac phases. We can particularly remark
the progressive expansion of the ventricle, from its basis to
the apex, during the ventricle diastole (Figures 6(b)–6(f)),
the important expansion occurring during the end-diastolic
phase (Figure 6(f)), and the spatial evolution of contraction
during the ventricle systole (Figures 6(g), 6(h)).

This kind of representations enables to highlight func-
tional abnormalities. For instance, Figure 6 highlights the
pathological situation where the antero-apical area (bottom
left part of the visualized shape) suffers from akinesia.

3.3. Extraction of clinical parameters

Firstly, the extraction of global parameters of the ventricular
function has been researched. After the interactive selection
of three points determining the valvular plane, the 3D de-
tected structure is limited to the left endocardium. Then, the
ventricular volume can be computed for each instant, pro-
viding the curve of 3D volume variations along the entire
temporal sequence analyzed. These measures give access to
clinical functional features such as systolic volume or ejec-
tion fraction (EF). However, because the proposed method
substracts trabeculas from the cavity volume, the measured
volumes are lower than the volumes measured by a rough
approximation of the endocardium. Obtained ejection frac-
tion is therefore overestimated compared to those obtained
by more classical methods (for one case, e.g., 55% was mea-
sured with echocardiography against 66% with our method).

Secondly, the extraction and representation of local pa-
rameters have been conducted. The anatomical system of ref-
erence, defined according to the great axis of the left ventri-
cle, is computed from the patient specific 3D estimated sur-
faces. In this reference system, the detected movement is then
decomposed in longitudinal, radial, and rotational motion
components (cf. Figure 1). Cranial/caudal motion as well as
inward and outward motion or wall twisting can therefore be
measured. These motion components can then be analyzed
along the temporal sequence, for a set of points selected on
different anatomical parts of the ventricle (cf. Figures 7, 8).
For this database, the extraction of radial movements show
for example that the base of the heart verifies the largest mo-
tion amplitude (in contraction (negative values) and in ex-
pansion (positive values)) compared to the mid-cavity and to
the apex. By the same way, movements of torsion can be lo-
cally enhanced and compared between different parts of the
muscle. This kind of representation is of great interest for the
clinical part because it allows to quantify how each type of
movement (radial, longitudinal, torsion) is affected by spe-
cific pathologies.

A synthetic representation of local parameters has been
also developed, based on the bull-eye representation, com-
monly used in echocardiography and MRI [33]. This kind
of visualization is based on the anatomical segmentation of
the 3D left ventricle in longitudinal and radial sectors and on
their integration in a bull-eye scheme. The anatomical seg-
mentation of the 3D surface is here conducted from the in-
teractive selection of three points corresponding to the aortic
and tricuspid valves and of the apex. For illustration, Figure 9
shows this anatomical segmentation and the motion ampli-
tude estimated on the overall temporal sequence represented
on the bull-eye scheme. This visual representation gives ac-
cess to the dynamic behavior of each anatomical segment (on
the whole sequence or between successive times). It allows to
enhance and quantify pathological situations such as akine-
sia or asynchronism. The results observed on these real data
show, for example, a reduced motion in apical septal seg-
ments (numbered 7, 8, 13, 14, and 17) which corresponds
to the real pathological situation.

4. CONCLUSION

A new solution of motion extraction combined with surface
estimation has been introduced and applied to the left ventri-
cle in 4D cardiac MSCT imaging. It is based on a hierarchical
surface-volume feature matching method formulated with a
Markov random field and provides, with one unique pro-
cess, the left cavity surfaces and associated 3D motion vec-
tor fields. The algorithm has been tested with simulated and
real MSCT dynamic data, highlighting the great potential of
MSCT imaging for quantitative clinical measure assessment
in cardiac applications. Moreover these performances might
be increased with new MSCT systems, combining more de-
tectors (64 rows, or even 128 rows systems) and faster ro-
tations. Indeed, with shorter acquisitions, the acquired data
will be less submitted to artefacts, enabling to reconstruct
more data volume by retrospective ECG-gating, providing
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Figure 5: Estimated motion amplitude at end-diastolic (a, b) and end-systolic (c, d) instants, at two resolutions (levels 643 (a, c) and 1283 (b,
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Figure 6: Estimated motion amplitude during the whole cardiac cycle. Time instants illustrated from (b)–(f) correspond to the ventricle
diastole, while time instants from (g)–(a) correspond to the ventricle systole (colours: in blue (resp., red), motion directed outside (resp.,
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Figure 7: Longitudinal motion of three points interactively selected (base, mid-cavity, apex).
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Figure 8: Radial and tangent motions of the three points represented in Figure 7.
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Figure 9: (a) Anatomical segmentation; (b) bull-eye representation of the estimated motion amplitude.
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sequences of higher temporal resolution. Also, these new sys-
tems will be less sensitive to irregular heart rates. Further
works will carry on extensive evaluation with normal and
pathological real data, including especially a comparison
with motion estimated with other imaging modalities.
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