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Theory and new applications are very important research
topics in computational intelligence.This issue compiles eight
papers which focus on new intelligent algorithms and new
applications of the intelligent algorithms.

Among them, there are 3 papers on new algorithms
and new model design. The paper entitled “Minimum cost
multicast routing using ant colony optimization algorithm” by
X.-M. Hu and J. Zhang proposes a novel algorithm termed
the minimum cost multicast routing ant colony optimiza-
tion (MCMRACO), and the problem-specific knowledge is
used by ants to construct efficient solutions. The proposed
algorithm can apply to both static and dynamic MCMRACO
problems. H.-L. Liu et al. propose a new evolutionary
algorithm for orthogonal frequency division multiplexing
(OFDM) resource allocation, where the information of opti-
mizing subcarrier and power allocation can be interacted
with each other.The paper entitled “Using objective clustering
for solving many-objective optimization problems” by X. Guo
et al. deals with many objective optimization problems. They
first introduce a novel metric, interdependence coefficient,
which represents the nonlinear relationship between pairs
of objectives. Then, they combine PAM clustering algorithm
into the proposed algorithm to identify and remove the
redundant objectives.

Other five papers explore the new applications of the
intelligent algorithms and models. The paper entitled “Esti-
mation of open boundary conditions based on an isopycnic-
coordinate internal tidal model with adjoint assimilation

method” by Y. Gao et al. uses adjoint assimilation method
to set up an isopycnic-coordinate internal tidal model. Two
papers use intelligent schemes to deal with security problems,
where as the paper entitled “Osiris: a malware behavior cap-
turing system implemented at virtual machine monitor layer”
by Y. Cao et al. employs a multivirtual machine framework
to simulate the network environment for malware analysis,
so that network behaviors of a malware are stimulated to a
large extend. C. Wang and J. Luo propose a new KP-ABE
construction with constant ciphertext size, which provides
a promising tool for addressing the problem of secure and
fine-grained data sharing in public cloud. The remaining
two papers deal with the image processing problems. The
paper entitled “Nonlocal adaptive image denoising model”
by X. Sun et al. introduces a nonlocal diffusion tensor into
the image denoising model, and a fidelity term is added to
Weickert’s diffusion equation. Moreover, the coefficient of
fidelity term can adaptively vary with the instant image. As
a result, the textures and details of image can be preserved.
The paper entitled “Estimation of large scalings in images
based on multilayer pseudopolar fractional fourier transform”
by Z. Li et al. proposes a method to estimate the log-polar
coordinates coefficients using the multilayer pseudo polar
fractional Fourier transform (MPFFT).MPFFT encompasses
pseudo polar and multilayer techniques and provides a
grid which is geometrically similar to the log-polar grid.
Experimental results demonstrate the effectiveness of the
presented method.



2 Mathematical Problems in Engineering

By publishing these papers, we hope to provide readers
and researchers with some useful ideas in the computational
intelligence theory and applications.

Yuping Wang
Yiu-ming Cheung

Andy Song
Hailin Liu
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The isopycnic-coordinate internal tidal model with adjoint assimilationmethod is developed into a three-layer version. Two groups
of ideal experiments are carried out in order to investigate the estimation of spatially varying open boundary conditions (OBCs).
In group 1, different independent point schemes (IPSs) are used to invert 6 kinds of prescribed distributions of OBCs. Results show
that, after assimilation, the cost functions and their gradient norms are reduced by about 2 orders of magnitude and by about 1
order of magnitude, respectively; the mean absolute errors (MAEs) in OBCs and the vector differences of horizontal current are
reduced by 1 order of magnitude and by more than 23.53% compared with the values before assimilation, respectively. The results
demonstrate that the three-layered model has a good ability in estimating the spatially varying OBCs; the use of IPSs can effectively
improve the estimation precision; fewer independent points are feasible when the distribution is simpler, and appropriately more
independent points are required when the distribution is more complex. In group 2, by using the optimal IPSs in group 1, themodel
is also able to successfully invert the OBCs on a real topography in the Luzon Strait area. The results are important to the study of
the internal tide in the South China Sea.

1. Introduction

Internal tides play an important role in the dissipation of
barotropic tides and in mixing the deep ocean [1, 2] and
consequently contribute to the large-scale ocean circulation.
Numerical simulation is an effective mean to study internal
tides [3, 4]. The open boundary conditions (OBCs) are very
important in regional ocean modeling and have a critical
impact on the simulation results of the internal tides. The
treatment ofOBCs has been investigated bymany researchers
[5–10].

The adjoint assimilation method has been widely used
for parameter estimation. Its basic idea is as follows. First, a
forward model is defined by a series of control equations and
several initial and boundary conditions. Second, an adjoint
model is derived based on the forward model. The cost func-
tion keeps decreasing while the parameters are optimized
by the adjoint model, achieving an organic combination of
numerical model and observations. By assimilating the data

in the interior region, the adjoint assimilation method can
optimize the parameters automatically and reach a global
optimization. In a 3D shallow water flow system (TRIWAQ),
Heemink et al. [11] used the adjoint approach to estimate the
harmonic constants at the open boundaries, the friction
parameter, the viscosity parameter, and the water depth by
assimilating the tide gauge data as well as the altimeter data.
Taillandier et al. [12] developed a four-dimensional vari-
ational data-assimilation approach to estimate the initial
and open boundary conditions that force a coastal model
according to interior observations. Ayoub [13] carried out
experiments to estimate theOBCs in aNorthAtlantic circula-
tion model using the adjoint method. Gejadze and Copeland
[14] studied the open boundary control problem for free-
surface barotropic Navier-Stokes equations with adjoint data
assimilation technology. Zhang and Lu [15] optimized the
OBCs and simulated the 𝑀

2
tide and tidal current in the

Bohai and Yellow Seas by assimilating satellite altimetry.
Kazantsev [16] used a variational data assimilation technique
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to control boundary conditions on rigid boundaries for a
shallow-water model. Chen et al. [17] constructed an adjoint
assimilationmodel for simulation of internal tides and simply
tested with a series of ideal experiments in which several
prescribed spatial distributions of OBCs were successfully
inverted by assimilating the model-generated pseudoobser-
vations. Cao et al. [18] andGuo et al. [19] studied the inversion
of OBCs by assimilating the 𝑇/𝑃 altimeter data with adjoint
assimilation method in a 2D tidal model. Cao et al. [20]
optimized OBCs in a 3D internal tidal model with the adjoint
method around Hawaii.

In this paper, the isopycnic-coordinate internal tidal
model constructed by Chen et al. [17] is developed into a
three-layer version in order to investigate the estimation of
spatially varying OBCs. Two groups of ideal experiments are
carried out. One group is used to verify the efficiency of the
model on an ideal topography and to test the ability of the
model in estimation of the spatially varying OBCs. In the
other group, we estimate the OBCs on a real topography in
the Luzon Strait area using the optimal independent point
schemes (IPSs) obtained in the former group. This paper is
organized as follows. The isopycnic-coordinate internal tidal
model with adjoint assimilation method, the optimization
method, and the experimental design are briefly introduced
in Section 2. The experimental results are discussed in detail
in Section 3. Finally, we make a summary and draw some
conclusions in Section 4.

2. Model and Experimental Design

The isopycnic-coordinate numerical model for simulation of
internal tides with adjoint assimilation method is composed
of a forwardmodel and its adjoint model.The forwardmodel
is used to simulate the internal tides and the adjoint model
is used to optimize the modal control variables. Based on
this assimilation model, two groups of ideal experiments are
carried out to investigate the estimation of spatially varying
OBCs.

2.1. Isopycnic-Coordinate Internal Tidal Model with Adjoint
AssimilationMethod. The isopycnic-coordinate internal tidal
model employs spherical coordinates in horizontal direction
and isopycnic coordinates in the vertical one. This model
is based on the nonlinear, time-dependent, and free-surface
hydrostatic equations, and is subject to the hydrostatic
approximations. The internal mode equations are as follows:
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Here, 𝑡 is the time, 𝜆 and 𝜑 are the east longitude and
north latitude, respectively, 𝑢

𝑚
(𝜆, 𝜑, 𝑡) and V

𝑚
(𝜆, 𝜑, 𝑡) are

horizontal velocities in𝜆 and𝜑 in the𝑚th (𝑚 = 1, 2, 3, surface
for 𝑚 = 1) layer, respectively, and 𝑞
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where ℎ
𝑚
and 𝜂

𝑚
are the undisturbed layer thickness and

interface elevation above the undisturbed level, respectively.
𝑅 is the radius of the earth, 𝑔 is the gravitational acceleration,
𝑓 is the Coriolis parameter, 𝐴

ℎ𝑚
is the horizontal eddy

viscosity coefficient in the 𝑚th layer, respectively, Δ is the
Laplace operator, and

Δ (𝑢, V) =
1

𝑅2cos2𝜑
𝜕
2
(𝑢, V)

𝜕𝜆
2

+
1

𝑅2 cos𝜑
𝜕

𝜕𝜑
[cos𝜑𝜕 (𝑢, V)

𝜕𝜑
] .

(11)

𝐴V𝑚 (𝑚 = 1, 2) and 𝜅 are the interface and bottom friction
coefficients, respectively. 𝜌

𝑚
= (𝜌
𝑚
+𝜌
𝑚+1

)/2 and ℎ
𝑚
= (ℎ
𝑚
+

ℎ
𝑚+1

)/2 (𝑚 = 1, 2), where 𝜌
𝑚
is the potential density which

is constant in each layer. In the forward model, 𝑞, 𝑢, and V are
the main output and called the state variables in this paper.

The barotropic currents are defined by

𝑈 =
(𝑞
1
𝑢
1
+ 𝑞
2
𝑢
2
+ 𝑞
3
𝑢
3
)

𝑄
, 𝑉 =

(𝑞
1
V
1
+ 𝑞
2
V
2
+ 𝑞
3
V
3
)

𝑄
,

where 𝑄 = 𝑞
1
+ 𝑞
2
+ 𝑞
3
.

(12)

Integrating the continuity equations and the momentum
equations in the vertical, we get the external mode as follows:

𝜕𝑄

𝜕𝑡
+

1

𝑅 cos𝜑
𝜕 (𝑄𝑈)

𝜕𝜆
+

1

𝑅 cos𝜑
𝜕 (𝑄𝑉 cos𝜑)

𝜕𝜑
= 0, (13)

𝜕𝑈

𝜕𝑡
− 𝑓𝑉 +𝑀

𝜆
+ 𝑅
𝑈
+
𝜅𝜌
3
𝑢
3

𝑄

√(𝑢
3
)
2

+ (V
3
)
2

= 0, (14)

𝜕𝑉

𝜕𝑡
+ 𝑓𝑈 +𝑀

𝜑
+ 𝑅
𝑉
+
𝜅𝜌
3
V
3

𝑄

√(𝑢
3
)
2

+ (V
3
)
2

= 0, (15)

where

𝑀
𝜆
=

𝑔

𝑅 cos𝜑
𝜕

𝜕𝜆
(
𝑄

𝜌
− ℎ)

+
𝑔

𝑄𝑅 cos𝜑

3

∑

𝑘=2

[𝑞
𝑘

2

∑

𝑚=1

(
1

𝜌
𝑘

−
1

𝜌
𝑚

)
𝜕𝑞
𝑚

𝜕𝜆
] ,

𝑀
𝜑
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(16)

Here ℎ(𝜆, 𝜑) (= ℎ
1
+ ℎ
2
+ ℎ
3
) is the undisturbed water

depth; 𝜌(𝜆, 𝜑, 𝑡) is the vertically averaged density and 𝜌 =

𝑄/(ℎ + 𝜂
1
). Note that the second terms of 𝑀

𝜆
and 𝑀

𝜑
rep-

resent the resultant effect of the horizontal density gradients
in all layers on the sea surface and are the main causes of the
surface manifestation of internal tides.

Based on the governing equations (1)–(2.1) of the forward
model, its adjoint model can be constructed. Similar to the
forwardmodel, the adjoint model also consists of the internal
and external modes. The details of the adjoint model in a
generalized form can be found in the work of Chen et al. [17].

The cost function measuring the data misfit between
the model output and observations is minimized through
optimizing the control parameters. The cost function is
defined as

J (𝑞, 𝑢, V; p)

=
1

2
∫
Σ

[𝐾
𝑢

3

∑

𝑚=1

(𝑢
𝑚
− �̂�
𝑚
)
2

+ 𝐾V

3

∑

𝑚=1

(V
𝑚
− V̂
𝑚
)
2

]𝑑𝜎,

(17)

where𝑚 (𝑚 = 1, 2, 3) is layer index,∑denotes the computing
area of both time and space, p represents the generalized
control parameters, 𝑢

𝑚
and V
𝑚
are the model simulated, and

�̂�
𝑚

and V̂
𝑚

are the observations. Here 𝐾
𝑢
and 𝐾V are the

weight matrices and theoretically should be the inverse of the
observation error covariance matrix. In this paper, since only
ideal experiments withmodel-generated pseudoobservations
are performed, by assuming that the errors in the data
are uncorrelated and equally weighted, and 𝐾

𝑢
and 𝐾V are

reduced to unit matrices [21].
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The Lagrangian function is defined by

L (𝑞, 𝑢, V; 𝑞
𝑎
, 𝑢
𝑎
, V
𝑎
; p)

= J (𝑞, 𝑢, V; p)

+

3

∑

𝑚=1

∫
Σ

[𝑞
𝑎𝑚
⋅ Eq. (3𝑚 − 2) + 𝑢

𝑎𝑚
𝑞
𝑚
⋅ Eq. (3𝑚 − 1)

+V
𝑎𝑚
𝑞
𝑚
⋅ Eq. (3𝑚)] 𝑑𝜎,

(18)

where 𝑞
𝑎𝑚
, 𝑢
𝑎𝑚
, and V

𝑎𝑚
are called adjoint variables of state

variables 𝑞
𝑚
, 𝑢
𝑚
, and V

𝑚
, respectively.

According to the typical theory of Lagrangian multi-
plier method, we have the following first-order derivates of
Lagrangian function with respect to all the variables and
parameters:

𝜕L
𝜕𝑞
𝑎𝑚

= 0,
𝜕L
𝜕𝑢
𝑎𝑚

= 0,
𝜕L
𝜕V
𝑎𝑚

= 0; (19)

𝜕L
𝜕𝑞
𝑚

= 0,
𝜕L
𝜕𝑢
𝑚

= 0,
𝜕L
𝜕V
𝑚

= 0; (20)

𝜕L
𝜕p

= 0. (21)

Equation (19) returns the governing equations (1)–(2.1). The
adjoint equations can be derived from (20). From (21) we
can obtain the gradients of the cost function with respect to
control parameters.

In the model, OBC at the 𝑛th time step along the open
boundary at a certain open boundary grid point (𝐼, 𝐽) is
described as

𝜂
𝑛

𝐼,𝐽
= 𝑎
𝐼,𝐽

cos (𝜔𝑛Δ𝑡) + 𝑏
𝐼,𝐽

sin (𝜔𝑛Δ𝑡) , (22)

where 𝜂 is water level, 𝜔 denotes the frequency of 𝑀
2

constituent, Δ𝑡 is the time step length, and 𝑎
𝐼,𝐽

and 𝑏
𝐼,𝐽

are
the Fourier coefficients as well as the tunable parameters of
the model. The gradients of cost function with respect to 𝑎

𝐼,𝐽

and 𝑏
𝐼,𝐽

can be deduced from (21) which yields

𝜕J
𝜕𝑎
𝐼,𝐽

+∑

𝑛

𝑇
𝑛

𝐼,𝐽
cos (𝜔𝑛Δ𝑡) = 0,

𝜕J
𝜕𝑏
𝐼,𝐽

+∑

𝑛

𝑇
𝑛

𝐼,𝐽
sin (𝜔𝑛Δ𝑡) = 0,

(23)

where 𝑇𝑛
𝐼,𝐽

refers to Chen et al. [17].
So the inverse problem about the OBCs is transformed

into the one about Fourier coefficients 𝑎 and 𝑏.

2.2. Experimental Design. Based on the three-layered assim-
ilation model, two groups of ideal experiments (i.e., groups 1
and 2) are carried out to investigate the influence of IPS on the
OBCs estimation. In order to test the ability in estimating the
spatially varying OBCs in a nutshell, only 𝑎 (one of Fourier
coefficients) along east boundary is estimated in this paper.
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Figure 2: Plan view of calculation region of group 2.

Meanwhile, other open boundary conditions are set to be
known.

In group 1, on an ideal topography, six kinds of spatial
distributions of OBCs are inverted with this three-layered
model. Different IPSs are employed in accordance with
the spatial distributions of OBCs. The optimal schemes are
selected after comparing the results of group 1 and are used
to estimate the OBCs in group 2 in which a real topography
in the Luzon Strait is employed.

The calculation regions (from 116
∘E to 124∘E and from

18
∘N to 23∘N) of groups 1 and 2 are shown in Figures 1 and

2, respectively. In both figures, the white stars denote the 15
observation locations and the white dots denote the 27 open
boundary points where the barotropic tidal force is installed.
The horizontal resolution in this model is 10 ×10, and there
are 49 × 31 grids totally in this area. The two undisturbed
interfaces of this three-layered model are placed at the
depth of 200m and 400m, respectively, and the potential
densities in three layers are 1023.42 kg/m3, 1025.02 kg/m3,
and 1026.77 kg/m3, respectively, based on the temperature-
salinity data of the world oceans data sets (WOA05). The
Coriolis parameter is set to be local value, the angular
frequency of 𝑀

2
tide is 1.4050789025 × 10

−4 s−1, and the
whole-time step is 496.863 s (1/90 of the period of𝑀

2
tide) for

both external and internal modes. The time of simulation is
equal to 20 periods of𝑀

2
tide. The horizontal eddy viscosity

coefficient is chosen to be 𝐴
ℎ

= 1000. The coefficients
of bottom and interface friction are taken as 𝜅 = 0.003
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Figure 3: Six kinds of prescribed OBCs (the black solid lines) and their inverted distributions.

and 𝐴V = 0.005, respectively. Every observation location
has “observations” of tidal current, if possible, in the upper
two layers. The Flather conditions are installed along four
boundaries and, without loss of generality, the unknownopen
boundary is supposed to be east boundary.

The 6 kinds of prescribed distributions of OBCs in group
1 are shown in Figure 3. First of all, direct inversion without
IPS for each kind of distribution is carried out as a com-
parison experiment. Next, different number of independent
points (Table 1) is employed according to the complexity
of OBC distributions. The OBCs at each point along the
east boundary can be derived from linear interpolation (the
Cressman interpolation is employed in this paper) of values
at independent points.

Table 1: The distributions of OBCs and the IPSs.

Distributions The number of independent points
1 2 — —
2 2 4 —
3 3 5 —
4 5 9 —
5 4 7 13
6 6 9 17

For each distribution there is an optimal IPS in group
1. The optimal IPSs are selected to invert the 6 kinds of
prescribed distributions of OBCs in group 2.
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Table 2: The MAEs in OBCs before assimilation (BA) and after assimilation (AA). The values in parentheses are the optimal numbers of
independent points.

Distributions 1 (2) 2 (4) 3 (5) 4 (9) 5 (13) 6 (17)
BA 0.550 0.550 0.567 0.305 0.326 0.305
AA 0.017 0.033 0.029 0.020 0.023 0.058

Table 3: Statistics of the errors before assimilation (BA) and after assimilation (AA). The values in parentheses in the first column are the
optimal numbers of independent points and the unit of the errors is cms−1.

Distributions 𝑢-vector difference V-vector difference
BA AA 1-AA/BA (%) BA AA 1-AA/BA (%)

1 (2) 2.65 0.19 92.83 0.92 0.17 81.52
2 (4) 2.72 0.40 85.29 0.85 0.60 29.41
3 (5) 1.45 0.07 95.17 0.32 0.12 62.50
4 (9) 0.43 0.19 55.81 0.41 0.11 83.17
5 (13) 0.37 0.05 86.49 0.18 0.06 66.67
6 (17) 0.27 0.20 25.93 0.17 0.13 23.53

3. Experimental Results and Discussions

The forward model is run with certain prescribed OBCs, and
the model-generated results of the currents (i.e., currents in
the upper two layers) at these observation locations are taken
as the pseudo-observations. Then, an initial value (taken
as zero here) of 𝑎 is assigned to run the forward model.
The difference between the simulated values and pseudo-
observations plays the role of the external force of the adjoint
model. The optimized OBCs can be obtained through the
backward integration of the adjoint equations. The inverse
integral time of the adjoint equations is equal to a period
of 𝑀
2
tide. With the procedure above repeated, the OBCs

will be optimized continually and the difference between
simulated values and pseudo-observations will be dimin-
ished. Meanwhile, the difference between the prescribed and
the estimated OBCs is also decreased. Different iteration
numbers are tried in group 1, and 100 iterations are good
choice based on the following considerations. (1) The misfit
between “observations” and the simulated results is very small
and approximately constant when it declines to a certain
value after 100 iterations; (2) the cost functions are almost no
longer falling after 100 iterations; (3) the calculation amount
is acceptable for the 100 iterations. In group 2, the iteration
number is also taken as 100.

3.1. Results and Discussions of Group 1. In this section, six
kinds of spatial distributions of OBCs are inverted on an ideal
topography.The results are shown in Figure 3.The prescribed
distributions are all inverted successfully.The inverted distri-
butions obtainedwithout IPS have someobvious fluctuations,
while those obtained with IPSs show good consistency with
the prescribed distributions.The results demonstrate that the
model has a good ability in estimating the spatially varying

OBCs.Moreover, the IPSs can further improve the estimation
precision.

Themean absolute errors (MAEs) between the prescribed
OBCs and the values show that utilization of fewer inde-
pendent points is feasible when the distribution of OBCs
is simpler, and appropriately more independent points can
lead to higher precision when the distribution of OBCs is
more complex. The result that the use of IPSs can indeed
effectively improve the precision of parameter estimation is
consistent with the results in [22–24].TheMAEs between the
prescribed OBCs and the values obtained with the optimal
IPSs corresponding to the 6 kinds of spatial distributions are
shown in Table 2. The MAEs in OBCs are reduced by 1 order
of magnitude compared with the values before assimilation.
The results indicate that the model performs great effect on
estimating the OBCs with the optimal IPSs.

The cost function and the 𝐿
2
norms of its gradient with

respect to OBCs are two important criteria to evaluate the
assimilation efficiency. The iteration histories of the cost
functions and their gradient norms (all values are normalized
by their own initial values) for the 6 kinds of distributions of
OBCs are shown in Figures 4 and 5 (only the histories of the
previous 50 iterations are plotted), respectively.

The cost functions are declining dramatically during the
assimilation process. After 100 iterations, the cost functions
and their gradient norms are reduced by about 2 orders of
magnitude and by about 1 order of magnitude compared with
their initial values, respectively. The declining cost functions
and gradient norms indicate that the OBCs have been indeed
optimized and are getting close to their prescribed values.

Statistics of the vector differences in horizontal tidal
current before and after assimilation are shown in Table 3.
From Table 3 we can see that the vector differences in
horizontal tidal current are reduced by more than 23.53%
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Figure 4: The iteration histories of the cost functions for group 1.

comparedwith the values before assimilation. It indicates that
all the 6 kinds of spatial distributions of OBCs have been
inverted successfully.

Different IPSs are employed to invert the 6 kinds of
prescribed distributions of OBCs in group 1. After 100
iterations, the cost functions and their gradient norms are
reduced by about 2 orders of magnitude, and by about 1 order
ofmagnitude, respectively, comparedwith their initial values.
Meanwhile, the MAEs in OBCs are reduced by about 1 order
of magnitude, and the vector differences in horizontal tidal
current are reduced by more than 23.53% compared with
their values before assimilation. The results demonstrate that
the model is effective and it has a good ability in estimating
the spatially varying OBCs. Moreover, utilization of fewer

independent points is feasible when the distribution of OBCs
is simpler, and appropriately more independent points are
required when the distribution of OBCs to be inverted is
more complex. For each prescribed distribution of OBCs, the
IPSs leading to the best result is taken as the optimal one.
According to the results of group 1, the optimal numbers of
independent points are 2, 4, 5, 9, 13, and 17 corresponding to
the 6 kinds of prescribed OBC distributions, respectively.

3.2. Results and Discussions of Group 2. In this section, six
experiments are carried out on a real topography in the Luzon
Strait area. Corresponding to these 6 experiments, six kinds
of prescribed distributions of OBCs are inverted, respectively,
with the optimal IPSs derived in group 1. The results are
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Figure 5: The iteration histories of the 𝐿
2
norms of gradients of the cost functions with respect to OBCs for group 1.

shown in Figure 6, which show that the inverted distributions
are in good consistency with the prescribed distributions.
And the results demonstrate that the 6 kinds of prescribed
distributions are all inverted successfully.

The iteration histories of the cost functions and their
gradient norms (all values are normalized by their own
initial values) are shown in Figure 7 (only the histories of
previous 50 iterations are plotted). After 100 iterations, the
cost functions and their gradient norms are both reduced
by about 1 order of magnitude compared with their initial
values. Table 4 shows the MAEs in OBCs before and after
assimilation. The MAEs in OBCs are reduced by 1 order of
magnitude comparedwith the values before assimilation.The
experimental results indicate that the model can invert the 6

kinds of prescribed distributions of OBCs successfully on a
real topography in the Luzon Strait area.

4. Summary and Conclusions

The isopycnic-coordinate numerical model for simulation of
internal tides with adjoint assimilation method constructed
by Chen et al. [17] is developed into a three-layer version.
Two groups of ideal experiments are carried out in order to
investigate the estimation of spatially varying OBCs.

In group 1, different IPSs are employed to invert 6 kinds of
prescribed spatial distributions of OBCs on an ideal topogra-
phy. After 100 iterations, the cost functions and their gradient
norms are reduced by about 2 orders of magnitude and
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Figure 6: Six kinds of prescribed distributions of OBCs (the black solid lines) and their inverted distributions.

by about 1 order of magnitude, respectively, compared with
their initial values. Meanwhile, compared with the values
before assimilation, the MAEs in OBCs after assimilation are
reduced by 1 order of magnitude, and the vector differences
in horizontal tidal current after assimilation are reduced by
more than 23.53%, respectively.The results of group 1 demon-
strate that the inversion test is successful, and this model
has a good ability in estimating the spatially varying OBCs.
Meanwhile, the use of IPSs can indeed effectively improve
the estimation precision of OBCs. Moreover, utilization of
fewer independent points is feasible when the distribution of
OBCs is simpler, and appropriately more independent points
are required when the distribution of OBCs is more complex.

In group 2, the optimal IPSs selected from group 1 are
used to invert the 6 kinds of prescribed distributions of
OBCs, and the real topography in the Luzon Strait area is

installed. The cost functions and their gradient norms after
100 iterations are both reduced by about 1 order of magnitude
compared with their initial values. The MAEs in OBCs are
reduced by 1 order of magnitude compared with the values
before assimilation. The results of group 2 demonstrate that
the model also has a good ability in estimating the spatially
varying OBCs on a real topography, which lays a foundation
for the coming real experiments.

In conclusion, the work in this paper shows us that the
IPSs can improve the estimation of OBCs which play an
important role in this model. Thus, the work is significant to
the simulation of internal tides in the South China Sea. In
addition, some particular choices, such as the nonuniformly
distributed independent points and the weighted coefficients
of the interpolation, can also be employed by other IPSs in
the work of parameter estimation. However, the performance
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Figure 7: The iteration histories of the cost functions and their gradient norms with respect to OBCs for group 2.

Table 4: The MAEs in OBCs before assimilation (BA) and after assimilation (AA).

Distributions 1 2 3 4 5 6
BA 0.550 0.550 0.567 0.305 0.326 0.305
AA 0.029 0.031 0.043 0.025 0.018 0.061

of IPS is likely improved in a practical application, further
highlighting its advantage.
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When denoising with the method of Weickert’s anisotropic diffusion equation, the textures and details will be compromised. A
fidelity term is added to Weickert’s equation, and the coefficient of fidelity term will vary adaptively with the instant image, which
makes the diffusion term and the fidelity term come to a better compromise. Otherwise, when deciding the edge directions, because
of the strong smoothness of linear Gaussian function, a few other edge directions hiding in the main direction will be lost. To
preserve these detailed edge directions, Gaussian kernel is substituted for nonlinear wavelet threshold. In addition, in order to
preserve the textures and details as much as possible, a nonlocal diffusion tensor was introduced, and the two eigenvalues are reset
by combining the two methods: edge-enhancing diffusion and coherence-enhancing diffusion. Experiments show that the new
model has an obvious effect on preserving textures and details.

1. Introduction

Partial differential equation has been widely used in image
processing. PDE-based image processing can retrospect to
Cabor and, Jain, but it is really founded by Koenderink and
Wikin [1]; they proposed the concept of scale space and their
contributionsmade up of the foundation of PDE-based image
processing.The scale space of image can be obtained through
evolving image by classical heat diffusion equation, but it is
not the only way to get the scale space of image. In the late
1980s, Hummel proposed the criterion of constructing scale
space. Based on the criterion, Perona and Malik proposed
their anisotropic diffusion equation.

However, Perona-Malikmodel only takes the position in-
formation into account, and the diffusion coefficient of the
position is decided by the magnitude of gradient modulus.
Weickert introduced the concept of structure tensor and pro-
posed his anisotropic diffusion equation.Weickert’s diffusion
equation takes local variations of the gradient orientation into
account, in some sense, it is really anisotropic. Two mean
models of this type are edge-enhancing model and coher-
ence-enhancing model. But the two models have limitations.

In order to overcome the defects, a fidelity term is added
toWeickert’s diffusion equation, and the coefficient of fidelity

term can adaptively vary with the instant image. In addition,
to preserve more detailed edge directions hiding in the
main direction, we substitute the nonlinear wavelet threshold
operator for the Gaussian kernel. In order to preserve the
textures and details as much as possible, a nonlocal diffusion
tensor was introduced, and the two-eigenvalues are reset by
combining the two methods: edge-enhancing diffusion and
coherence-enhancing diffusion. Experiments show that the
new method has an obvious improvement in vision effect.

2. Weickert’s Anisotropic Diffusion Equation

In PMdiffusion equation, the diffusion degree is estimated by
the magnitude of gradient modulus. In order to take the local
variations of the gradient orientation into account, Weickert
defined a more general descriptor, and structure tensor is
proposed. The anisotropic diffusion becomes as follows:

𝜕𝑢

𝜕𝑡
= div (𝐷 (𝐽

𝜌
(∇𝑢
𝜎
)) ∇𝑢) ,

𝑢 (0, 𝑥) = 𝑢
0
(𝑥) ,

(1)

where 𝑢
𝜎

= 𝑢(𝑡, ∙) ∗ 𝐾
𝜎
, 𝐾
𝜎
is a Gaussian kernel, which

avoids the influence of noise in estimating the gradient;
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𝐽
𝜌
(∇𝑢
𝜎
) = 𝐾

𝜌
∗ (∇𝑢

𝜎
∇𝑢
𝜎

⊥
), it is called a structure tensor

[2, 3]; the local information is averaged by convolving compo-
nent wise ∇𝑢

𝜎
∇𝑢
𝜎

⊥ with a Gaussian kernel𝐾
𝜌
, which avoids

the fact that neighbouring gradients with same orientation
but opposite sign offset one another.𝐷(𝐽

𝜌
) is called diffusion

tensor; it has the same orthonormal basis of eigenvectors
as 𝐽
𝜌
, and the choice of corresponding eigenvalues of 𝐷(𝐽

𝜌
)

depends on the demand. Suppose that the two orthonormal
bases and corresponding eigenvalues are V

1
, V
2
and 𝜇

1
, 𝜇
2
,

V
1
indicates the orientation maximizing the gray-value fluc-

tuations, while V
2
is perpendicular to V

1
. The eigenvalues 𝜇

1

and 𝜇
2
convey the shape information. Isotropic structures

are characterized by 𝜇
1

≅ 𝜇
2

≅ 0, that is, the smooth
areas, linelike edges by 𝜇

1
≫ 𝜇
2

≈ 0, and corners by
𝜇
1
≥ 𝜇
2
≫ 0.

In edge-enhancing diffusion model [4], 𝐽(∇𝑢
𝜎
) =

(∇𝑢
𝜎
∇𝑢
𝜎

⊥
). Supposing that the two orthonormal bases and

corresponding eigenvalues are V
1
, V
2
and 𝜇

1
, 𝜇
2
, the eigen-

values of diffusion tensor𝐷(𝐽
𝜌
) are

𝜆
1
=

{{

{{

{

1, if 𝜇
1
= 0,

1 − exp( −1

𝜇
1

4
) otherwise,

𝜆
2
= 1,

(2)

where 𝜆
1
is the eigenvalue that corresponds to V

1
and 𝜆

2
is

the eigenvalue that corresponds to V
2
. We can notice that

𝜆
2
is large and 𝜆

1
decreases with the increase of 𝜇

1
; this

process can preserve edges, while, 𝐽(∇𝑢
𝜎
) cannot get right

edge direction. If 𝜎 is too small, the noises cannot be fully
avoided, and the decided direction of edge will be fluctuated
greatly; if 𝜎 is too large, the neighbouring gradients with the
same orientation but opposite sign will offset one another,
and we cannot get right edge directions. So, edge-enhancing
diffusion is only applicable for images only with large
structures.

Different from edge-enhancing diffusion model, in
coherence-enhancing model [5], 𝐽

𝜌
(∇𝑢
𝜎
) = 𝐾
𝜌
∗(∇𝑢

𝜎
∇𝑢
𝜎

⊥
).

Supposing that the two orthonormal bases and correspond-
ing eigenvalues are V

1
, V
2
and 𝜇

1
, 𝜇
2
, the eigenvalues of

diffusion tensor𝐷(𝐽
𝜌
) are

𝜆
1
= 𝛼,

𝜆
2
=

{{{

{{{

{

𝛼, if 𝜇
1
= 𝜇
2
,

𝛼 + (1 − 𝛼) exp( −1

(𝜇
1
− 𝜇
2
)
4
) , otherwise,

(3)

where 𝛼 ∈ (0, 1), which keeps the diffusion tensor uniformly
positive definite. Because of the act of large-scale Gaussian
kernel, a few edge directions hiding in the main direction
will be lost. In addition, because of the small 𝛼, even if
in the smooth area, 𝜆

2
is much larger than 𝜆

1
, and many

artificial edges are formed in the smooth area. So, coherence-
enhancing model is only applicable for images with only
linelike edges such as fingerprint image.

3. The Decision of Edge Directions Based on
Nonlinear Wavelet Threshold

Based on the previous analysis, we know that some detailed
edge directions will be lost because of the strong smoothness
of Gaussian kernel [6]. So, we substitute the Gaussian kernel
for the nonlinear wavelet threshold.The new structure tensor
based on nonlinear wavelet threshold is as follows:

𝐽
𝑆
𝑛

(∇𝑢
𝜎
) = 𝑆
𝑛
(∇𝑢
𝜎
∇𝑢
𝜎

⊥
)

=
[
[

[

𝑆
𝑛
((𝑢
𝜎,𝑥
)
2

) 𝑆
𝑛
(𝑢
𝜎,𝑥
𝑢
𝜎,𝑦
)

𝑆
𝑛
(𝑢
𝜎,𝑥
𝑢
𝜎,𝑦
) 𝑆
𝑛
((𝑢
𝜎,𝑦
)
2

)

]
]

]

,

(4)

where 𝑆
𝑛
is the nonlinear wavelet threshold operator. The

comparison of edge directions of a remote image, based on 𝑆
𝑛

and Gaussian operator𝐾
𝜌
, is illustrated in Figure 1. The edge

direction is depicted by grey values: horizontal direction is
depicted in black and vertical direction in white. We choose
𝑆
𝑛
as the soft wavelet threshold operator.
Figure 1(a) is the result of a noise remote sensing image,

and Figure 1(b) is the result of edge directions found by 𝐾
𝜌
.

We can see that some detailed directions have been lost.
Figure 1(c) is the result of edge directions found by 𝑆

𝑛
. We

can even see that more detailed edge directions have been
detected, and it get more accurate edge directions.

4. The New Model Based on Nonlocal
Diffusion Tensor

Suppose that the image function 𝑢(𝑋) ∈ 𝐿
2
(Ω), Ω ∈ 𝑅

2 is
a bounded open region, and the notion of derivatives was
extended to a nonlocal framework by the following definition
[7]:

𝜕
𝑦
𝑢 (𝑋) =

𝑢 (𝑌) − 𝑢 (𝑋)

𝑑 (𝑋, 𝑌)

, (5)

where 𝑋 = (𝑥
1
, 𝑥
2
) ∈ Ω, 𝑌 = (𝑦

1
, 𝑦
2
) ∈ Ω, 0 < 𝑑(𝑋, 𝑌) ≤ ∞

is a positive measure defined between the points 𝑋 and 𝑌.
To keep up with standard notations related to graphs [8], we
define the weights as follows:

𝜔 (𝑋, 𝑌) = 𝑑
−2
(𝑋, 𝑌) . (6)

Thus, 0 < 𝜔(𝑋, 𝑌) ≤ ∞. We assume, that the weights are
symmetric; that is, 𝜔(𝑋, 𝑌) = 𝜔(𝑌,𝑋).

The nonlocal derivative can be written as

𝜕
𝑦
𝑢 (𝑋) = [𝑢 (𝑌) − 𝑢 (𝑋)]√𝜔 (𝑋, 𝑌). (7)

The nonlocal gradient ∇
𝜔
𝑢(𝑋) : Ω → Ω × Ω is defined

as the vector of all partial derivatives:

∇
𝜔
𝑢 (𝑋) = [𝑢 (𝑌) − 𝑢 (𝑋)]√𝜔 (𝑋, 𝑌). (8)

We denote vectors as V = V(𝑋, 𝑌) ∈ Ω × Ω. The standard
𝐿
2 inner product is used for functions

⟨𝑢
1
, 𝑢
2
⟩ = ∫
Ω

𝑢
1
(𝑋) 𝑢
2
(𝑋) 𝑑𝑋. (9)
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Figure 1: The comparison of edge directions for remote sensing image.

For vectors, we define a dot product

(V
1
⋅ V
2
) (𝑋) = ∫

Ω

V
1
(𝑋, 𝑌) V

2
(𝑋, 𝑌) 𝑑𝑌 (10)

and an inner product

(V
1
⋅ V
2
) = ⟨V

1
⋅ V
2
, 1⟩ = ∫

Ω×Ω

V
1
(𝑋, 𝑌) V

2
(𝑋, 𝑌) 𝑑𝑋𝑑𝑌.

(11)

The magnitude of a vector is

|V| (𝑋) = √V
1
⋅ V
1
= √∫
Ω

V2 (𝑋, 𝑌) 𝑑𝑌. (12)

With the above inner products, for vector V = V(𝑋, 𝑌), the
nonlocal divergence is defined as

div
𝜔
V (𝑋) = ∫

Ω

[V (𝑋, 𝑌) − V (𝑌,𝑋)]√𝜔 (𝑋, 𝑌)𝑑𝑌. (13)

The Laplacian can now be defined by

Δ
𝜔
𝑢 (𝑋) =

1

2
div
𝜔
(∇
𝜔
𝑢 (𝑋))

= ∫
Ω

[𝑢 (𝑌) − 𝑢 (𝑋)] 𝜔 (𝑋, 𝑌) 𝑑𝑌.

(14)

Note that in order to get the standard Laplacian definition
which relates to the graph Laplacian, we need a factor of 1/2.

We can also formulate nonlocal curvatures as follows:

𝐾
𝜔
= div
𝜔
(

∇
𝜔
𝑢

∇𝜔𝑢


)

= ∫
Ω

(𝑢 (𝑌) − 𝑢 (𝑋)) 𝜔 (𝑋, 𝑌)

× (
1

∇𝜔𝑢 (𝑋)


+
1

∇𝜔𝑢 (𝑌)


) 𝑑𝑌,

(15)

where

∇𝜔𝑢
 (𝑄) =

√∫
Ω

(𝑢 (𝑍) − 𝑢 (𝑄))
2
𝜔 (𝑄, 𝑍) 𝑑𝑍. (16)
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Based on the analysis in Section 3 and the definition of
nonlocal operatorsmentioned previously, we extend the local
tensor diffusion to nonlocal one; that is,

𝜕𝑢

𝜕𝑡
= div
𝜔
(𝐷 (𝐽
𝑠
𝑛

(∇
𝜔
𝑢
𝜎
)) ∇
𝜔
𝑢) ,

𝑢 (0, 𝑥) = 𝑢
0
(𝑥) ,

(17)

where ∇
𝜔
is the nonlocal gradient and div

𝜔
is the nonlocal

divergence. 𝐷 is a symmetric positive definite nonlocal
diffusion tensor. Starting from image 𝑢

0
(𝑥), series of images

𝑢(𝑡, 𝑥) are obtained, the noises in which will be gradually
reduced. The final denoised image should preserve textures
and details of the original image as much as possible. Next,
how to determine the weights 𝜔(𝑋, 𝑌) and the nonlocal
diffusion tensor𝐷 will be discussed.

4.1. The Definition of Weights 𝜔(𝑋,𝑌). The calculation of
weights was divided into two steps. First, a distance measure
of two points should be given, and then the weights can be
defined according to the distance measure.

Taking into account the similarity andEuclideandistance,
the distancemeasure of𝑋 = (𝑥

1
, 𝑥
2
) and𝑌 = (𝑦

1
, 𝑦
2
) is given

[9] as follows:

𝑑
𝛼
(𝑋, 𝑌) = ∫

Ω

𝐺
𝛼
(𝑍)

𝑓 (𝑋 + 𝑍) − 𝑓 (𝑌 + 𝑍)


2

𝑑𝑍

+ ‖𝑋 − 𝑌‖ ,

(18)

where 𝐺
𝛼
(𝑍) is a Gauss function with standard deviation 𝛼,

the first integral termmeasures the similarity of𝑋 and𝑌, and
‖𝑋−𝑌‖ is the Euclidean distance between𝑋 and𝑌. Only both
the gray value and the Euclidean distance of the two pixels are
similar; the two pixels are the similar pixels.

Now, the weights 𝜔(𝑋, 𝑌) can be defined according to the
distance measure 𝑑

𝛼
(𝑋, 𝑌). For model (17), in the diffusion

process, we hope the similar pixels interact with each other,
so the weights of similar pixels should be larger; that is, the
weights 𝜔(𝑋, 𝑌) should be a decreasing function of distance
𝑑
𝛼
(𝑋, 𝑌). For each point we define the following set𝐴 of area

|𝐴| = 𝛾 (a parameter) within a search neighborhood 𝑠(𝑋)

around𝑋 (where 𝐴 ⊂ 𝑆(𝑋) ⊆ Ω, |𝐴| ≪ |𝑠(𝑋)|).

𝐴 (𝑥) = arg min
𝐴∈𝑠(𝑋)

[∫
𝐴

𝑑
𝛼
(𝑋, 𝑌) 𝑑𝑌, |𝐴| = 𝛾 ≪ |𝑠 (𝑋)|] ,

(19)

where |𝐴| is the area of region A. In the discrete case, |𝐴|
expresses the number of pixels in region A and 𝛾 is an
area parameter. The significance of (19) is that in a larger
neighborhood 𝑠(𝑋) ∈ Ω of 𝑋, 𝛾 pixels whose gray values are
themost similar to𝑋 are searched; the 𝛾 pixels constitute a set
recorded as𝐴(𝑥).The weights of pixel𝑌 ∈ Ω to𝑋 are defined
as

𝜔 (𝑋, 𝑌) = {
1, 𝑌 ∈ 𝐴 (𝑋) or 𝑋 ∈ 𝐴 (𝑌)

0, other.
(20)

4.2. The Design of Diffusion Tensor𝐷. In the area of isotropic
structures, strong diffusion is needed in two directions to
denoise efficiently, and the two eigenvalues should be large; in
linelike edges, strong diffusion is needed in edge direction to
enhance the edges, little diffusion is needed in the direction
perpendicular to edges to preserve edges, the eigenvalue in
edge direction should be large, and the one perpendicular to
edges should be small; in the corner, little diffusion is needed
to preserve the corner and the two eigenvalues should be
small.

Based on the above analysis, the two eigenvalues are
reset by combining edge-enhancing diffusion model and
coherence-enhancingmodel. Letting 𝑠 = √𝜇

1

2 + 𝜇
2

2, the new
eigenvalues are as follows:

𝜆
∗

1
= 𝑐 (𝑥, 𝑦) 𝜆

1

1
+ (1 − 𝑐 (𝑥, 𝑦)) 𝜆

2

1
,

𝜆
∗

2
= 𝑐 (𝑥, 𝑦) 𝜆

1

2
+ (1 − 𝑐 (𝑥, 𝑦)) 𝜆

2

2
,

(21)

where 𝜆1 and 𝜆2 are as follows:

𝜆
1
:

{{

{{

{

𝜆
1

1
= 1 − exp( −1

𝜇
1

4
) ,

𝜆
1

2
= 1,

𝜆
2
:

{{{

{{{

{

𝜆
2

1
= 𝛼,

𝜆
2

2
= 1 − exp(

−(𝜇
1
− 𝜇
2
)
4

2
) ,

(22)

where 𝑐(𝑥, 𝑦) is a weight function, and it decreases with 𝑠 =

√𝜇
1

2 + 𝜇
2

2 and satisfies 0 ≤ 𝑐(𝑥, 𝑦) ≤ 1. In this paper, we
choose 𝑐(𝑥, 𝑦) = 𝑘/(𝑘+𝑠). 𝑐(𝑥, 𝑦) can be other operators such
as exponent form.

Now, we analyze the eigenvalues in different areas. In
isotropic-structure areas, 𝜇

1
≅ 𝜇
2

≅ 0, so 𝜆
∗

1
→ 1;

𝜆
∗

2
→ 1, the two eigenvalues are large, which assure the

strong diffusion in two directions and the effective de-noising
in smooth areas.. In linelike edges, 𝜇

1
≫ 𝜇
2
≈ 0. Now 𝜆

∗

1
is

smaller, and 𝜆∗
2
is larger, which assures the preservation and

enhancement of edges. In the corner, 𝜇
1
≥ 𝜇
2
≫ 0, 𝜆∗

1
and

𝜆
∗

2
are both smaller, which assures the little diffusion in two

directions and the preservation of corners.
Similar to local structure tensor proposed above, the

nonlocal structure tensor of each pixel is defined as follows:

𝐽
𝑆
𝑛

(∇
𝜔
𝑢
𝜎
) = 𝑆
𝑛
(∇
𝜔
𝑢
𝜎
∇
𝜔
𝑢
𝜎

⊥
) , (23)

where 𝑢
𝜎
= 𝐺
𝜎
∗ 𝑢, 𝑆

𝑛
is the nonlinear wavelet threshold

operator [10].
Supposing that the two orthonormal bases and the cor-

responding eigenvalues of 𝐽
𝑆
𝑛

(∇
𝜔
𝑢
𝜎
) are V

1
, V
2
and 𝜇

1
, 𝜇
2
,

the two orthonormal bases of diffusion tensor 𝐷 are same
as 𝐽
𝑆
𝑛

(∇
𝜔
𝑢
𝜎
), and the two corresponding eigenvalues of

diffusion tensor𝐷 are reset as above.
After determining the weights 𝜔(𝑋, 𝑌) and the nonlocal

diffusion tensor 𝐷, the nonlocal tensor diffusion model (17)
is obtained.
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5. Anisotropic Diffusion Equation with
Adaptive Fidelity Term

5.1. Anisotropic Diffusion Equation with Scalar-Parameter
Fidelity Term. New eigenvalues are obtained by the method
of Section 4, and the newdiffusion tensor, expressed as𝐷(𝐽

𝑠
𝑛

),
is determined. In order to preserve the detailed structures as
much as possible and make the final denoised image faithful
to initial noise image, a fidelity term with parameter 𝜆 is
added to the equation, and the new diffusion equation is as
follows:

𝜕𝑢

𝜕𝑡
= div
𝜔
(𝐷 (𝐽
𝑠
𝑛

(∇
𝜔
𝑢
𝜎
)) ∇
𝜔
𝑢) + 𝜆 (𝑢

0
− 𝑢) . (24)

Suppose that the noise can be approximated by Gaussian
white noise, and the variance is 𝜁 [11], when the equation
reaches its stable condition, and 𝑢 does not vary with the time
𝑡. So the equation is

div
𝜔
(𝐷 (𝐽
𝑠
𝑛

(∇
𝜔
𝑢
𝜎
)) ∇
𝜔
𝑢) + 𝜆 (𝑢

0
− 𝑢) = 0. (25)

After denoising, we hope that the residual part contains
all noises; that is,

1

Ω
∫
Ω

(𝑢 − 𝑢
0
)
2

𝑑𝑥 𝑑𝑦 = 𝜁
2
. (26)

Multiplying (25) by (𝑢 − 𝑢
0
) and integrating over Ω, we

get

∫
Ω

div
𝜔
(𝐷 (𝐽
𝑠
𝑛

(∇
𝜔
𝑢
𝜎
)) ∇
𝜔
𝑢) ∙ (𝑢 − 𝑢

0
) 𝑑𝑥 𝑑𝑦

= 𝜆∫
Ω

(𝑢 − 𝑢
0
)
2

𝑑𝑥 𝑑𝑦.

(27)

Substituting (26) into (27), we get

𝜆 =
1

𝜁2 |Ω|
∫
Ω

div
𝜔
(𝐷 (𝐽
𝑠
𝑛

(∇
𝜔
𝑢
𝜎
)) ∇
𝜔
𝑢)

∙ (𝑢 − 𝑢
0
) 𝑑𝑥 𝑑𝑦.

(28)

After each step of iteration, substitute the instant image
𝑢 into (28), and we get the new parameter 𝜆 of fidelity term,
which is proper for the instant time scale. Next iteration is
processed by substituting the new 𝜆 into (24). Experiments
show that diffusion equation with fidelity term is better in
preserving edges and details than the one without fidelity
term.

5.2. Anisotropic Diffusion Equation with Adaptive Fidelity
Term. Let the initial noise image be 𝑢

0
; our model consists

of three components: 𝑢
0
= 𝑢
𝐶
+ 𝑢NC + 𝑢

𝑛
, 𝑢
𝐶
is the Cartoon

approximation, and 𝑢NC is the remainder noncartoon part;
it typically consists of textures, small-scale details, thin lines,
and so forth. The only assumption we make is that it has
zero mean. They should be preserved during the course of
denoising. 𝑢

𝑛
is an additive noise. In the paper, the residue of

an image is 𝑢
𝑅
= 𝑢
0
− 𝑢.

Now, we define the power of image as its variance [10]:

𝑝
𝑧
= var (𝑢

𝑧
) . (29)

The mark 𝑧, as mentioned above, denotes the different
parts of an image. The power of noise is defined as its
variance, which is known or can be estimated and denoted
by 𝑝
𝑛
.

Let us define first a measure which we refer to as the local
power [11]:

𝑃
𝑧
(𝑥, 𝑦) =

1

|Ω|
∫
Ω

(𝑢
𝑧
(𝑥, 𝑦) − 𝐸 (𝑢

𝑧
))
2

𝜔
𝑥,𝑦

(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦,

(30)

where 𝜔
𝑥,𝑦
(𝑥, 𝑦) = 𝜔(|𝑥 − 𝑥|, |𝑦 − 𝑦|) is a normalized

(∫
Ω
𝜔
𝑥,𝑦
(𝑥, 𝑦)𝑑𝑥 𝑑𝑦 = 1) and radially symmetric smoothing

window and 𝐸(𝑢
𝑧
) is the expected value. From the definition

of the local power it follows that

∫
Ω

𝑃
𝑧
(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 = 𝑝

𝑧
≡ var (𝑢

𝑧
) . (31)

Different contents need different extent of denoising.
In the position of large structures, denoising efficiently is
needed. After denoising, we hope that the power of the
residual part is equal to the power of noise. While in the
position of detailed structures, such as textures, in order
to preserve the details, as a compromise, parts of the noise
should be left in the denoised image; we hope that the
power of the residual part is less than the power of noise.
Now, suppose that 𝑠(𝑥, 𝑦) = 𝑃

𝑅
(𝑥, 𝑦) ≥ 0, and it is prior

information; the definition of this prior information will be
given in next chapter.

The scalar 𝜆was replaced by an adaptive function 𝜆(𝑥, 𝑦),
and the diffusion equation is as follows:

𝜕𝑢

𝜕𝑡
= div
𝜔
(𝐷 (𝐽
𝑠
𝑛

(∇
𝜔
𝑢
𝜎
)) ∇
𝜔
𝑢) + 𝜆 (𝑥, 𝑦) (𝑢

0
− 𝑢) , (32)

whose stable condition is

𝜆 (𝑥, 𝑦) (𝑢 − 𝑢
0
) − div

𝜔
(𝐷 (𝐽
𝑠
𝑛

(∇
𝜔
𝑢
𝜎
)) ∇
𝜔
𝑢) = 0. (33)

We multiply (33) by (𝑢 − 𝑢
0
) and integrate over as follows:

∫
Ω

(𝜆 (𝑥, 𝑦) (𝑢 − 𝑢
0
)
2

− (𝑢 − 𝑢
0
) div
𝜔
(𝐷 (𝐽
𝑠
𝑛

(∇
𝜔
𝑢
𝜎
)) ∇
𝜔
𝑢)) 𝑑𝑥 𝑑𝑦 = 0.

(34)

In order to compute 𝜆(𝑥, 𝑦), we denote 𝜆(𝑥, 𝑦) as the
convolution of function 𝜆(𝑥, 𝑦) with window 𝜔

𝑥,𝑦
(𝑥, 𝑦) as

follows:

𝜆 (𝑥, 𝑦) = ∫
Ω

𝜆 (𝑥, 𝑦) 𝜔
𝑥,𝑦

(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦. (35)
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 2: The comparison of these methods for “barb.”

Substituting (35) into (34), after a change in the order of
integrals in the 𝜆(𝑥, 𝑦) we get

∫
Ω

(𝜆 (𝑥, 𝑦) 𝑠 (𝑥, 𝑦) − 𝑄 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦 = 0, (36)

where𝑄(𝑥, 𝑦) = (𝑢 − 𝑢
0
)div
𝜔
(𝐷(𝐽
𝑠
𝑛

(∇
𝜔
𝑢
𝜎
))∇
𝜔
𝑢). A sufficient

condition is

𝜆 (𝑥, 𝑦) =
𝑄 (𝑥, 𝑦)

𝑠 (𝑥, 𝑦)
. (37)

Substituting (37) into (35), we can get the value of 𝜆(𝑥, 𝑦).

Now, the definition of 𝑠(𝑥, 𝑦) will be discussed. In (37),
in order to get the value of 𝜆(𝑥, 𝑦), the problem reduces
to finding 𝑠(𝑥, 𝑦). 𝑠(𝑥, 𝑦) should adaptively vary with the
content of position (𝑥, 𝑦). When (𝑥, 𝑦) lies in the large-
structure area, 𝑠(𝑥, 𝑦) should be large and fidelity becomes
small, and then the diffusion equation can denoise efficiently
in this position. When (𝑥, 𝑦) lies in the area which contains
details, 𝑠(𝑥, 𝑦) should be small and fidelity term becomes
large, and then the diffusion equation can reject the denoising
and preserving details.

For images with only large structures (so-called cartoon-
type image), it requires full denoising, and the power of
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 3: The comparison of these methods for “tiger.”

the residue should approximate the power of noise; that is
𝑝
𝑅
≈ 𝜁
2. In fact, many images are noncartoon types; they

typically contain textures, small-scale details, and so forth. If
it is still fully denoised, these details will be lost or blurred.
To overcome the defect that the denoised image will distort
because of the loose of details, denoising anddetail preserving
should come to a better compromise. So the non-cartoon
images require less denoising, and some noises still need to be
in the denoised image. Now, the power of the residue should
be less than the power of noise; that is 𝑝

𝑅
< 𝜁
2.

After the previous analysis, we use the scalar-parameter
method mentioned in Section 5.1 to choose the first
metastable scale. In our paper, we choose 𝑝

𝑅
= 1.5𝜁

2 (this

condition is actually implicit as there is no stable scale with
residue power below the noise level).Thus, after the process of
scalar parameter, cartoon part of the image 𝑢

𝐶
and the noise

and texture parts 𝑢NC + 𝑢
𝑛
are differentiated. A majority of

details and textures are left in the residual part.
Substituting 1.5𝜁2 for 𝜁2 into (28), we can get the residue

𝑢
𝑅
by iterating (24). Substituting 𝑢

𝑅
into (27), we can get the

local power 𝑃
𝑅
(𝑥, 𝑦), we assign

𝑠 (𝑥, 𝑦) =
𝜁
4

𝑃
𝑅
(𝑥, 𝑦)

. (38)

Now, let us analyse (38). When (𝑥, 𝑦) lies in the large-
structure area, the local power of the residue is almost
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(a) (b) (c)

(d) (e) (f)

(g) (h)

Figure 4: The comparison of these methods for “remote sensing image.”

constant (𝑃
𝑅
(𝑥, 𝑦) ≈ 𝜁

2), and hence 𝑠(𝑥, 𝑦) ≈ 𝜁
2, and this

scheme degenerates to the scalar-parameter one mentioned
in Section 5.1. We get a high quality denoising process. When
(𝑥, 𝑦) lies in the area which contains details, the local power
of the residue contains two parts: 𝑃NC(𝑥, 𝑦) + 𝑃

𝑛
(𝑥, 𝑦), so

𝑃
𝑅
(𝑥, 𝑦) ≈ 𝑃NC(𝑥, 𝑦) + 𝜁

2 and 𝑃
𝑅
(𝑥, 𝑦) ≫ 𝜁

2, and now,
𝑠(𝑥, 𝑦) becomes small and 𝜆(𝑥, 𝑦) becomes large. We get a
low quality denoising process to preserve detailed structures.

Using the scalar-parameter method mentioned in Sec-
tion 5.1 to choose the first metastable scale, after each step
of iteration, substitute the instant image 𝑢 into (35). We get
the new parameter 𝜆 of fidelity term, which is proper for the

instant time scale. Next iteration is processed by substituting
the new 𝜆 into (32). Experiments show that the diffusion
equation with adaptive fidelity term is better in preserving
edges and details than that with scalar-parameter fidelity
term.

6. Experiment Results and Analysis

Because “barb,” “tiger”, and “remote sensing image” have
more detailed structures, we choose these three images as the
experiment images. To highlight the treatment of the details,
we intercept texture parts: the legs of BARB.
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Table 1: The comparison of performance parameter of Figure 2.

Models PSNR
Edge-enhancing model 23.3522
Coherence-enhancing model 24.6876
Local tensor model without fidelity term 29.0260
Local tensor model with fidelity term 29.7065
Nonlocal tensor model without fidelity term 29.0712
Nonlocal tensor model with fidelity term 29.9415

We compare the processing results of six models: edge-
enhancing model, coherence-enhancing model, local-tensor
model without fidelity term, local tensormodel with adaptive
fidelity term, nonlocal tensor model without fidelity term,
and nonlocal-tensormodel with adaptive fidelity term. In our
experiments, 𝜎 = 0.5, three-layer wavelet decomposition is
made, and time interval 𝜏 = 0.01.

Figures 2, 3, and 4 are the denoising results of these six
methods. (a) is the original image, (b) is the noise image,
and (c) is the results of edge-enhancing model. Because it
cannot get the right edge direction, the textures of legs in
“woman” have disappeared and the details and fine edges
in “Tiger” and remote sensing image have been blurred.
(d) is the results of coherence-enhancing model. Although
the textures in the leg can be vaguely seen, the details in
“Tiger” and remote sensing image are even enhanced; many
artificial edges appear in smooth areas. (e) is the results of
local-tensor model without fidelity term, (f) is the results
of local-tensor model with fidelity term, (g) is the result
of nonlocal-tensor model without fidelity term, and (h) is
the result of nonlocal-tensor model with fidelity term. We
can notice that the models based on nonlocal tensor are
better than the ones based on local tensor, and the models
with fidelity term are better than the ones without fidelity
term.

Tables 1, 2, and 3 are the performance parameters of these
three images, respectively. In order to emphasize the preserv-
ing of detailed structures, we choose both parts with more
textures and details to process; thus, the two contradictions,
preserving details and denoising, should come to a better
compromise, so PSNR increases a little, but the vision effect
has improved much.

7. Conclusions

A fidelity term, adaptively varying with the time scale, is
added to Weickert’s anisotropic diffusion equation. The con-
flict, preserving details and denoising, will come to a better
compromise. More detailed structures will be preserved
during the course of denoising. Otherwise, to preserve a
few other edge directions hiding in the main edge direction,
Gaussian kernel is substituted for nonlinearwavelet threshold
operator. In addition, in order to preserve the textures and
details as much as possible, a nonlocal diffusion tensor was
introduced and the two eigenvalues are reset by combining
the two methods: edge-enhancing diffusion and coherence
enhancing diffusion. Experimental results show that the

Table 2: The comparison of performance parameter of Figure 3.

Models PSNR
Edge-enhancing model 24.1498
Coherence-enhancing model 25.3245
Local-tensor model without fidelity term 25.5654
Local-tensor model with fidelity term 26.0946
Nonlocal-tensor model without fidelity term 25.8712
Nonlocal-tensor model with fidelity term 26.8410

Table 3: The comparison of performance parameter of Figure 3.

Models PSNR
Edge-enhancing model 26.1514
Coherence-enhancing model 26.8410
Local-tensor model without fidelity term 27.1208
Local-tensor model with fidelity term 27.1335
Nonlocal-tensor model without fidelity term 27.1374
Nonlocal-tensor model with fidelity term 27.2302

nonlocal adaptive image denoising model has an obvious
effect on preserving textures and details.

Acknowledgments

Thiswork is supported by theNational Natural Science Funds
(Grant nos. 61070087, 61001183, and 11101292) and Science
andTechnologyResearch Foundation of Shenzhen (Grant no.
JC201005280508A).

References

[1] J. J. Koenderink, “The structure of images,” Biological Cybernet-
ics, vol. 50, no. 5, pp. 363–370, 1984.

[2] F. Benzarti and H. Amiri, “Image denoising using non linear
diffusion tensors,” Advances in Computing, vol. 2, no. 1, pp. 12–
16, 2012.

[3] S. K. Narayanan and R. S. D. Wahidabanu, “Despeckling of
ultrasound imaging using median regularized coupled PDE,”
ACEEE International Journal on Control System and Instrumen-
tation, vol. 2, no. 2, pp. 40–44, 2011.

[4] J.Weickert, “Theoretical foundations of anisotropic diffusion in
image processing,” Computing Supplement, vol. 11, pp. 221–236,
1996.

[5] J. Weickert, “Coherence-enhancing diffusion filtering,” Interna-
tional Journal of Computer Vision, vol. 31, no. 2, pp. 111–127, 1999.

[6] D. H. Jiang, X. C. Feng, and G. X. Song, “Anisotropic diffusion
equation based on nonlinear wavelet shrinkage,”Acta Electronic
Sinica, vol. 34, no. 1, pp. 170–172, 2006.

[7] G. Gilboa and S. Osher, “Nonlocal operators with applications
to image processing,” Multiscale Modeling & Simulation, vol. 7,
no. 3, pp. 1005–1028, 2008.

[8] A. D. Szlam, M. Maggioni Jr., R. R. Coifman, and J. C. Bremer,
“Diffusion-driven multiscale analysis on manifolds and graphs:
top-down and bottom-up constructions,” in Wavelets XI, vol.
5914 of Proceedings of SPIE, pp. 1–11, San Diego, Calif, USA,
August 2005.



10 Mathematical Problems in Engineering

[9] W. Wang, Y. Han, and X. Feng, “Image denoising based on
nonlocal diffusion,” Acta Optica Sinica, vol. 30, no. 2, pp. 373–
377, 2010.

[10] D. L. Donoho and I. M. Johnstone, “De-noising by soft-
thresholding,” IEEE Transactions on InformationTheory, vol. 41,
no. 3, pp. 613–627, 1995.

[11] G. Gilboa, N. Sochen, and Y. Y. Zeevi, “Texture preserving
variational denoising using an adaptive fidelity term,” in Pro-
ceedings of the International Workshop on Variational and Level
Set Methods (VLSM ’03), pp. 137–144, IEEE, Nice, France, 2003.



Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2013, Article ID 179489, 9 pages
http://dx.doi.org/10.1155/2013/179489

Research Article
Estimation of Large Scalings in Images Based on
Multilayer Pseudopolar Fractional Fourier Transform

Zhenhong Li,1 Jianwei Yang,1 Ming Li,2 and Rushi Lan3

1 College of Math & Physics, Nanjing University of Information Science & Technology, Nanjing 210044, China
2 School of Information Science and Technology, East China Normal University, No. 500 Dong-Chuan Road, Shanghai 200241, China
3Department of Computer and Information Science, University of Macau, Avenue Padre Tomás Pereira, Taipa, Macau

Correspondence should be addressed to Zhenhong Li; lzhli520@163.com

Received 20 January 2013; Accepted 28 April 2013

Academic Editor: Hai-lin Liu

Copyright © 2013 Zhenhong Li et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Accurate estimation of the Fourier transform in log-polar coordinates is a major challenge for phase-correlation based motion
estimation. To acquire better image registration accuracy, a method is proposed to estimate the log-polar coordinates coefficients
using multilayer pseudopolar fractional Fourier transform (MPFFT). The MPFFT approach encompasses pseudopolar and
multilayer techniques and provides a grid which is geometrically similar to the log-polar grid. At low coordinates coefficients
the multilayer pseudopolar grid is dense, and at high coordinates coefficients the grid is sparse. As a result, large scalings in images
can be estimated, and better image registration accuracy can be achieved. Experimental results demonstrate the effectiveness of the
presented method.

1. Introduction

Motion estimation is of great importance tomany image pro-
cessing and computer vision applications. It plays a vital role
in image mosaic, image compression, video enhancement,
scene representation, and so forth. [1–6]. Numerous image
registration techniques have been developed throughout the
years [1, 7–9]. These methods can be loosely divided into
the following groups: algorithms that use image pixel values
directly, for example, correlation methods [10]; algorithms
that use the frequency domain, for example, Fourier-based
methods [11–14]; algorithms that use low-level features such
as edges and corners, for example, feature-based methods
[15]; and algorithms that use high-level features such as
identified (parts of) objects or relations between features [16],
for example, graph-theoretic methods [17]. Fourier-based
methods, which take advantage of fast Fourier transform
(FFT), are among the most popular.

The theory background of Fourier-based image registra-
tion is described in [18, 19]. Based on the shift property of
Fourier transform, the translation can be robust-estimated

by phase correlation. In order to account for rotations and
scaling, the image is transformed into a uniform polar or log-
polar Fourier representation. As a result, rotations and scal-
ings are reduced to translations, which can be estimated by
phase correlation again. It has been shown that Fourier-based
methods are robust to noise and time varying illumination
disturbances [20, 21].

In the Fourier-based method, the largest challenge is
to evaluate the log-polar Fourier transform efficiently and
accurately. FFT is commonly defined on the Cartesian grid.
To calculate the log-polar coordinates coefficients, one might
calculate the FFT coefficients on the Cartesian grid and then
interpolate them to the log-polar grid (see [19] for more
details). Unfortunately, such an interpolation process is not
accurate enough and results in significant errors. Based on
the technique of pseudopolar fractional Fourier transform
(PPFFT) [11], a method is developed in [20] to estimate
large translations, rotations, and scaling in images. It is
demonstrated in [20] that a more accurate estimation of
registration parameters can be achieved by PPFFT compared
to the method given in [19]. However, the PPFFT method
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[20] can only recover scales up to 4. Recently, Pan et al. [21]
present a novel method called multilayer fractional Fourier
transform (MLFFT) for the fast and accurate polar/log-polar
Fourier transforms. The advantages of MLFFT over other
fast log-polar Fourier transform methods have been proven
theoretically and experimentally in [21].

Though PPFFT and MLFFT have tremendous improve-
ments in the fast polar/log-polar Fourier transform, they
are still unsatisfying in motion estimation because they are
not suitable for the log-polar Fourier transform. PPFFT
pays more attention to the reduction of angular differences
between the constructed grids and the uniform log-polar
grids, and the radial differences have been ignored. On the
other hand, MLFFT pays more attention to the reduction
of radial differences between the constructed grids and the
uniform log-polar grids, and the angular differences have
been ignored.

To acquire better image registration accuracy, a method
is proposed to estimate the log-polar coordinates coefficients
using multilayer pseudopolar fractional Fourier transform
(MPFFT). It encompasses PPFFT and MLFFT and provides
a grid which is geometrically similar to the log-polar grid.
The multilayer pseudopolar grid is dense at low coordinates
coefficients and sparse at high coordinates coefficients. We
compare the approximation accuracy of the log-polar Fourier
transform using the PPFFT, MLFFT, and MPFFT. It is shown
that accumulated distances ofMPFFT are lower than those of
PPFFT and MLFFT. As a result, large scalings in images can
be estimated, and better image registration accuracy can be
achieved. Experimental results demonstrate the effectiveness
of the presented method.

The rest of the paper is organized as follows. Prior
techniques related to FFT-based image registration are given
in Section 2. In Section 3, MPFFT is described, and the
accuracy of MPFFT is also analyzed. Experimental results
are discussed in Section 4, and final conclusions are given in
Section 5.

2. Basic Theory of Fourier Domain

2.1. Phase Correlation. Let𝑓
1
and𝑓
2
be two images that differ

only by a displacement (𝑥
0
, 𝑦
0
), that is,

𝑓
2
(𝑥, 𝑦) = 𝑓

1
(𝑥 − 𝑥

0
, 𝑦 − 𝑦

0
) . (1)

Their corresponding Fourier transforms 𝐹
1
and 𝐹

2
will be

related by

𝐹
2
(𝜉, 𝜂) = 𝑒

−𝑗2𝜋(𝜉𝑥
0
+𝜂𝑦
0
)
𝐹
1
(𝜉, 𝜂) . (2)

The cross-power spectrum of two images 𝑓
1
and 𝑓

2
with

Fourier transforms 𝐹
1
and 𝐹

2
is defined as follows:

𝐹
1
(𝜉, 𝜂) 𝐹

∗

2
(𝜉, 𝜂)

𝐹1 (𝜉, 𝜂) 𝐹2 (𝜉, 𝜂)


= 𝑒
𝑗2𝜋(𝜉𝑥

0
+𝜂𝑦
0
)
, (3)

where 𝐹∗
2
is the complex conjugate of 𝐹

2
; the shift theorem

guarantees that the phase of the cross-power spectrum is
equivalent to the phase difference between the images. By

taking inverse Fourier transform of the representation in
the frequency domain, we will have a function that is an
impulse; it is approximately zero everywhere except at the
displacement that is needed to optimally register the two
images [19].

2.2. Log-Polar Coordinates Translation. Let𝑓
2
be a translated,

rotated, and scaled replica of 𝑓
1
:

𝑓
2
(𝑥, 𝑦) = 𝑓

1
(𝑠 (𝑥 cos 𝜃

0
+ 𝑦 sin 𝜃

0
) + 𝑥
0
,

𝑠 (−𝑥 sin 𝜃
0
+ 𝑦 cos 𝜃

0
) + 𝑦
0
) ,

(4)

where 𝜃
0
, 𝑠, and (𝑥

0
, 𝑦
0
) are the rotation angle, scale factor,

and translation parameters, respectively.
The Fourier transform of (4) in polar coordinate systems

is

𝐼
2
(𝑟, 𝜃) = 𝑒

−𝑗(𝜔
𝑥
𝑥
0
+𝜔
𝑦
𝑦
0
)
𝑠
−2
𝐼
1
(𝑠
−1
𝑟, 𝜃 + 𝜃

0
) , (5)

where 𝜔
𝑥
= 𝑟 cos 𝜃, 𝜔

𝑦
= 𝑟 sin 𝜃. Let 𝑀

1
and 𝑀

2
be the

magnitudes of 𝐼
1
and 𝐼
2
. Then, we have

𝑀
2
(𝑟, 𝜃) = 𝑠

−2
𝑀
1
(𝑠
−1
𝑟, 𝜃 + 𝜃

0
) , (6)

𝑀
2
(log 𝑟, 𝜃) = 𝑠−2𝑀

1
(log 𝑟 − log 𝑠, 𝜃 + 𝜃

0
) . (7)

Letting 𝜉 = log 𝑟, 𝑑 = log 𝑠, (7) can be written as

𝑀
2
(𝜉, 𝜃) = 𝑠

−2
𝑀
1
(𝜉 − 𝑑, 𝜃 + 𝜃

0
) . (8)

Due to the fact that the Fourier spectrum is conjugate
symmetric for real sequences, only two quadrants of the
Fourier spectra of images are used to map them to the log-
polar plane for estimation parameters. These parameters can
be recovered by phase correlation using (8) [22].

Obviously, it is hard for us to calculate the discrete Fourier
magnitudes of images in the log-polar coordinates. 2D FFT is
used in traditional algorithms to approximate the log-polar
Fourier representation of images. This will introduce large
interpolation errors.

3. Multilayer Pseudopolar Fractional
Fourier Transform

3.1. Fractional Fourier Transform. The proposed algorithm
is based on the fractional Fourier transform. As in [20],
the centered fractional Fourier transform is employed in the
proposed method. Given a vector 𝑓 = 𝑓(𝑥), −𝑁/2 ≤ 𝑥 ≤
𝑁/2, the fractional Fourier transform is defined as follows:

𝐹
𝛼
(𝑘) =

𝑁/2

∑

𝑛 =−𝑁/2

𝑓 (𝑛) 𝑒
−𝑗(2𝜋𝑘/(𝑁+1))𝛼𝑛

, (−
𝑁

2
≤ 𝑘 ≤

𝑁

2
) .

(9)

When 𝛼 = 1, the fractional Fourier transform is equal to
the discrete Fourier transform; thus, we get the values of the
𝑁+1 frequencies that are distributed uniformly in −𝜋 ≤ 𝜔 ≤
𝜋 in the frequency domain.
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Figure 1: (a) log𝑃; (b) PP; (c) ML2; (d) MP2. The two-layer pseudopolar is much closer to the log-polar grid.

When 0 < 𝛼 < 1, the fractional Fourier transform returns
the values of the𝑁+1 frequencies that are scattered uniformly
in −𝛼𝜋 ≤ 𝜔 ≤ 𝛼𝜋 in the frequency domain.

In this paper, we only discuss the case of 𝛼 = 1/2𝑚−1,
where𝑚 ∈ 𝑍+.

3.2. Multilayer Pseudopolar Grid. In this paper, we estimate
motions of images using MPFFT. MPFFT is defined on mul-
tilayer pseudopolar grid. The set of multilayer pseudopolar
grid points (MP𝐿) is defined as follows:

MP𝐿 = {(− 𝑙𝑘

2𝑚−1𝑛
,
𝑘

2𝑚−1
)

∪(
𝑘

2𝑚−1
, −

𝑙𝑘

2𝑚−1𝑛
) | −

𝑛

2
≤ 𝑘, 𝑙 ≤

𝑛

2
} ,

(10)

where 𝑛, 𝐿 ∈ 𝑍+, 𝑙, 𝑘 ∈ 𝑍, and 𝑚 = {1, 2, 3, . . . , 𝐿} (e.g., see
Figure 1(d)). If 𝐿 = 1, this grid is the same as the pseudopolar

grid. MP𝐿 can be viewed as a composite of pseudopolar grid
and multilayer grid, but it is denser than them.

Let log𝑃 be the set of log-polar grid points, PP the set of
pseudopolar grid points, andML𝐿 the set of 𝐿-layer Cartesian
grid points:

log𝑃 = {cos(2𝜋𝑘
𝑛
) ⋅ 𝑛
𝑙/𝑛
,

sin(2𝜋𝑘
𝑛
) ⋅ 𝑛
𝑙/𝑛
| 0 ≤ 𝑘, 𝑙 ≤ 𝑛, 𝑘, 𝑙 ∈ 𝑍} ,

PP = {(−2𝑙𝑘
𝑛
, 𝑘)⋃(𝑘, −

2𝑙𝑘

𝑛
) | −

𝑛

2
≤ 𝑘, 𝑙 ≤

𝑛

2
, 𝑘, 𝑙 ∈ 𝑍} ,

ML𝐿 = {⋃(
𝑘

𝑚
,
𝑙

𝑚
) | −

𝑛

2
≤ 𝑘, 𝑙 ≤

𝑛

2
, 𝑘, 𝑙 ∈ 𝑍} ,

(11)
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where 𝑛, 𝐿 ∈ 𝑍
+
, 𝑚 = {1, 2, 3, . . . , 𝐿}. Figure 1 shows

examples of log𝑃, PP, and ML𝐿. We note that if 𝐿 = 1, this
ML𝐿 grid is the same as the Cartesian grid.

FromFigure 1, we observed that themultilayer pseudopo-
lar grid is much closer to the log-polar grid than to the
pseudopolar grid and the multilayer grid.

3.3. The Interpolation Error. In this section, the interpolation
errors of PPFFT, MLFFT, and MPFFT will be discussed.

For a certain image’s spectrum magnitude𝑀, the inter-
polation error is defined as follows [20]:

𝜀 ≈ ∑

𝑖,𝑗


𝜀Grid (𝑟𝑖, 𝜃𝑗)


⋅

∇𝑀(𝑟

𝑖
, 𝜃
𝑗
)

, (12)

where 𝜀Grid(𝑟𝑖, 𝜃𝑗) is the distance between the actual point in
the frequency plane and the closest point in the grid. Because
|∇𝑀(𝑟

𝑖
, 𝜃
𝑗
)| are different for different signals, we substitute

|∇𝑀(𝑟
𝑖
, 𝜃
𝑗
)| with max {|∇𝑀(𝑟

𝑖
, 𝜃
𝑗
)|}. It follows from (12) that

𝜀 ≤ ∑

𝑖,𝑗


𝜀Grid (𝑟𝑖, 𝜃𝑗)


⋅max {∇𝑀(𝑟𝑖, 𝜃𝑗)


} . (13)

By calculating (13) with such a constant max {|∇𝑀(𝑟
𝑖
, 𝜃
𝑗
)|},

we are able to compare the max interpolation errors of
different transform methods without considering the signal
itself [21].

In the rest of this paper, we only consider two-layer MP
(MP2). Other MPs can be discussed similarly.

We denote 𝐶 as the set of Cartesian grid points:

𝐶 = {(𝑘, 𝑙) | −
𝑛

2
≤ 𝑘, 𝑙 ≤

𝑛

2
, 𝑘, 𝑙 ∈ 𝑍} . (14)

Let ML2
1
be the set of the first layer Cartesian grid points in

ML2:

ML2
1
= {(

𝑘

2
,
𝑙

2
) | −

𝑛

2
≤ 𝑘, 𝑙 ≤

𝑛

2
, 𝑘, 𝑙 ∈ 𝑍} . (15)

Let ML2
2
be the set of the second layer Cartesian grid points

in ML2. In other words, ML2
2
is the complement set of ML2

1

in ML2. We denote MP2
1
as the set of first-layer pseudopolar

grid points in MP2:

MP2
1
= {(−

𝑙𝑘

𝑛
,
𝑘

2
)⋃(

𝑘

2
, −
𝑙𝑘

𝑛
) | −

𝑛

2
≤ 𝑘, 𝑙 ≤

𝑛

2
, 𝑘, 𝑙 ∈ 𝑍} .

(16)

Furthermore, we denote MP2
2
as the set of second-layer

pseudopolar grid points in MP2. In other words, MP2
2
is the

complement set of MP2
1
in MP2.

The distance between a point on log𝑃 and the closest
point on PP can be expressed as follows [20]:

𝜀
2

Grid PP (𝜃i, 𝑟𝑗) = (𝑋closest PP (𝑖, 𝑗) − 𝑋real log𝑃 (𝑖, 𝑗))
2

+ (𝑌closest PP (𝑖, 𝑗) − 𝑌real log𝑃 (𝑖, 𝑗))
2

,

(17)

where (𝑋closest PP(𝑖, 𝑗), 𝑌closest PP(𝑖, 𝑗)) in pseudopolar grid is
the closest point of (𝑋real log𝑃(𝑖, 𝑗), 𝑌real log𝑃(𝑖, 𝑗)) in log-
polar grid. In pseudopolar grid it is derived in [20] that

Δ𝜃PP (𝑗) ≈
2𝑛

𝑛2 + 4𝑗2
, Δ𝑟PP (𝑖) =

√1 + 4(
𝑖

𝑛
)

2

,

𝑖, 𝑗 = 1, . . . ,
𝑛

2
,

(18)

where Δ𝜃PP is the angle between two neighboring polar
radii, and the Δ𝑟PP is the distance between two points on
neighboring polar radii in pseudopolar grid. Furthermore, it
is shown in [20] that

𝜀Grid PP < 𝜀Grid 𝐶, (19)

where 𝜀GridPP is the distance between PP and log𝑃, 𝜀Grid 𝐶 is
the distance between 𝐶 and log𝑃.

The distance between ML2 and log𝑃 can be expressed as

𝜀Grid ML2 = 𝜀Grid ML2
1

+ 𝜀Grid ML2
2

. (20)

In ML2
1
, we note that Δ𝑖 = Δ𝑗 = 1/2. Therefore,

𝜀Grid ML2
1

< 𝜀Grid 𝐶 (𝑖, 𝑗) , −
𝑛

4
≤ 𝑖, 𝑗 ≤

𝑛

4
. (21)

The points in ML2
2
coincide with the points in 𝐶. It follows

that

𝜀Grid ML2 < 𝜀Grid 𝐶. (22)

The distance between MP2 and log𝑃 can be expressed as

𝜀Grid MP2 = 𝜀Grid MP2
1

+ 𝜀Grid MP2
2

. (23)

In MP2 (see Figure 2), we notice that

Δ𝜃MP2 = Δ𝜃PP, Δ𝑟MP2
2

= Δ𝑟PP, Δ𝑟MP2
1

=
1

2
Δ𝑟PP,

(24)

whereΔ𝜃MP2 is the angle between two neighboring polar radii
inMP2,Δ𝑟MP2

2

is the distance between twopoints on one polar
radius in MP2

2
, and Δ𝑟MP2

1

is the distance between two points
on one polar radius in MP2

1
. As a consequence,

𝜀Grid MP2 < 𝜀Grid PP. (25)

The points in MP2
2
coincide with the points in PP, and

from (19) we reach the following conclusion:

𝜀Grid MP2
2

< 𝜀Grid ML2
2

. (26)

MP2
1
is denser than ML2

1
, and if we magnified the ML2

1
and

MP2
1
two times, they should be the same as the 𝐶 and PP.

Then, we obtain

𝜀Grid MP2
1

< 𝜀Grid ML2
1

. (27)
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Table 1: Average distances between log-polar grid and other grids.

𝑛 𝐶 PP ML2 MP2

𝑛 = 25 0.3718 0.2618 0.2172 0.1697

𝑛 = 50 0.3791 0.2653 0.2169 0.1678

𝑛 = 100 0.3800 0.2616 0.2142 0.1581

From (26) and (27), we get

𝜀Grid MP2 < 𝜀Grid ML2 . (28)

It follows from (19), (22), (25), and (28) that the distance
between the log-polar grid points and two-layer pseudopolar
grid points is the shortest one. We calculate the average
distances between the log-polar grid points and other grid
points.The results which are listed in Table 1 demonstrate the
foregoing discussion.

4. Experiments and Results

The proposed registration algorithm was tested using a large
set of test images which were rotated, scaled, and translated.

4.1. A Framework for Image Registration with MPFFT. Let 𝐼
1

and 𝐼
2
be the target images.The algorithmoperates as follows.

(i) Input images 𝐼
1
and 𝐼
2
. Apply a Blackman window

function to them if it is necessary, as shown in
Figure 3.

(ii) Choose the proper layer (𝛼). In this paper, we use the
two-layer pseudopolar grid.

(iii) Calculate theMPFFTmagnitudes of 𝐼
1
and 𝐼
2
. We get

MP𝛼
1
and MP𝛼

2
. Then apply a high-pass filter to them.

(iv) Calculate the log-polar Fourier transform magnitude
spectrums of 𝐼

1
and 𝐼
2
by bilinear interpolation on the

multilayer pseudopolar grid.
(v) Calculate the scale factor and the rotation angle by the

phase correlation technique on the log-polar Fourier
transform spectrums of both images.

(vi) Apply the scale factor and the rotation angle to the
reference image and use the phase correlation again
to detect the translation.

4.2. Registration for Arbitrary Rotation and Large Scaling
Images. Registration experiments of the MPFFT algorithm
were provided by comparing with PPFFT andMLFFT in this
section. All the experiments were tested on the 256 × 256
images which were rotated 𝜃

0
and scaled 1/𝑎 as shown in

Figure 3. All the test images were preprocessed by a high-
pass filter to reduce the scaling overlapping [23]. Some of
the test images were preprocessed by a Blackman window
to decrease the rotation aliasing [24]. We presented the
numeric registration results for these images in Table 2. Two-
layer pseudopolar fractional Fourier transform method was
shown to be more accurate than pseudopolar fractional
Fourier transform method and two-layer fractional Fourier

Δ𝜃MP (𝑛/2)
Δ𝜃MP (2) Δ𝜃MP (1)

Δ𝑟1(1) Δ𝑟1(2) Δ𝑟1(𝑛/2) Δ𝑟2(𝑛/2)

𝑖 = 0

𝑖 = 1

𝑖 = 2

𝑖 = 𝑛/2 − 1

𝑛/2

· · ·· · ·

...

...

Figure 2: Geometrical properties of the MP2.

transform method by testing the Cameraman image with
the Blackman window, the Lena image, and the Westconcor-
dortho image without the Blackman window.

4.3. Registration for Noisy Images. All the experiments in
this section were tested on the 256 × 256 images which
were rotated and scaled as shown in Figure 4. It is well
known that Fourier-based methods are robust to noise.
MPFFT algorithm was verified to be also robust to noise
by experiments. The images of Figure 4(b) are target images
with noise.The registration results of noisy images by PPFFT,
MLFFT, andMPFFT are the images in Figures 4(c), 4(d), and
4(e). We present the numeric registration results for these
images in Table 3.

4.4. Registration for Real Images. The images of Figures 5(a)
and 5(b) were used to test the estimation of real images. In
this section, MPFFT was tested on the real images which
were rotated and scaled, as shown in Figure 5, similar to
previous experiments.The images of Figure 5(a) are reference
images, and the images of Figure 5(b) are target images. The
registration results of campus images by PPFFT, MLFFT, and
MPFFT are the images in Figures 5(c), 5(d), and 5(e). It was
shown from the experiments that PPFFT method could not
find the rotation factor and the scale factor. MLFFT method
could find the scale factor but could not find the rotation
factor while all the correct factors could be found by MPFFT.

5. Conclusions

Based on PPFFT and MLFFT, a new image registration algo-
rithm called MPFFT was presented for recovering large
translations, rotations, and scaling between images. The
multilayer pseudopolar grid was utilized to approximate log-
polar grid to improve the accuracy of the PPFFT andMLFFT
in the proposed algorithm. There are some problems that
deserve further studies. For example, although our algorithm
ismore accurate than PPFFT andMLFFT, the computing cost
is twice (layer number) as that of the PPFFT algorithm and
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(a)

(b)

(c)

(d)

(e)

Figure 3: Registration results of images. (a) Reference images. (b) Target images. (c) Registration results by PPFFT. (d) Registration results
by MLFFT. (e) Registration results by MPFFT.
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(a)

(b)

(c)

(d)

(e)

Figure 4: Registration results of noisy images. (a) Reference images. (b) Target images with noise. (c) Registration results by PPFFT. (d)
Registration results by MLFFT. (e) Registration results by MPFFT.
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Table 2: Registration results of Figure 3.

Image name Scale rotation PPFFT MLFFT MPFFT

Cameraman 0.10
60∘

1.8212
236.2500∘

0.1056
299.5313∘

0.1056
60.4688∘

Lena 0.13
90∘

0.8931
291.0938∘

0.1373
360.0000∘

0.1373
90.0000∘

Westconcordortho 0.13
130∘

0.8608
157.5000∘

0.1373
50.6250∘

0.1373
129.3750∘

Table 3: Registration results of Figure 4.

Image name Noise (parameter) Scale rotation PPFFT MLFFT MPFFT

Cameraman salt & pepper
(0.02)

0.10
60∘

1.8212
236.2500∘

0.1056
299.5313∘

0.1056
60.4688∘

Lena Poisson 0.13
90∘

0.8931
291.0938∘

0.1373
360.0000∘

0.1373
90.0000∘

Westconcordortho Gaussian
(0,0.01)

0.13
130∘

0.8608
157.5000∘

0.1373
50.6250∘

0.1373
129.3750∘

(a) (b)

(c) (d)

(e)

Figure 5: Registration results of campus images. (a) Reference images. (b) Target images. (c) Registration results by PPFFT. (d) Registration
results by MLFFT. (e) Registration results by MPFFT.
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twice as that of the MLFFT algorithm. Further works will
focus on these problems.

Acknowledgments

This work was supported in part by the National Natural
Science Foundation of China under Grant 60973157, and
Ming Li thanks the supports in part by the 973 plan under
the Project Grant no. 2011CB302800, by the National Natural
Science Foundation of China under the Project Grant Nos
61272402, 61070214, and 60873264.

References
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Multicast routing (MR) is a technology for delivering network data from some source node(s) to a group of destination nodes.
The objective of the minimum cost MR (MCMR) problem is to find an optimal multicast tree with the minimum cost for MR.
This problem is NP complete. In order to tackle the problem, this paper proposes a novel algorithm termed the minimum cost
multicast routing ant colony optimization (MCMRACO). Based on the ant colony optimization (ACO) framework, the artificial
ants in the proposed algorithm use a probabilistic greedy realization of Prim’s algorithm to construct multicast trees. Moving
in a cost complete graph (CCG) of the network topology, the ants build solutions according to the heuristic and pheromone
information.The heuristic information represents problem-specific knowledge for the ants to construct solutions. The pheromone
updatemechanisms coordinate the ants’ activities bymodulating the pheromones.The algorithmcan quickly respond to the changes
of multicast nodes in a dynamic MR environment.The performance of the proposed algorithm has been compared with published
results available in the literature. Results show that the proposed algorithm performs well in both static and dynamic MCMR
problems.

1. Introduction

Multicast routing (MR) is one of the most important com-
munication network routing technologies. It first appeared
in ARPANET as selective broadcasting from a single source
node to a subset of the other nodes in the network [1].
Different from unicast routing, MR sends only one data
copy from the source node(s) to multiple destination nodes.
Since MR is resource efficient, it has been implemented in
most of the modern communication networks, including
overlay multicast protocols [2–4], wireless networks [5–
7], and satellite networks [8, 9]. These networks support
multicast applications such as distributed data processing,
internet telephone, interactive multimedia conferencing, and
real-time video broadcasting [4].

Different multicast applications have different definitions
of the cost, such as minimum bandwidth [3, 5, 7] and
minimum energy [6]. The objective of the minimum cost
MR (MCMR) problem is to find an optimal multicast tree

with minimum cost for MR. Such a tree is termed a Steiner
minimal tree (SMT) in graphs [10]. Finding the SMThas been
proven to be NP complete [11].

Various algorithms have been tried for solving the
MCMRproblem. Traditional heuristic algorithms [12–15] use
greedy strategies to construct a feasible multicast tree, but
they lack effective guidance to improve the results. Geo-
graphic [7] and distributed algorithms [6] are only based on
the information from neighbors or nodes within a constant
hop distance to compute multicast paths. However, it may be
difficult to build an efficient multicast tree without complete
information [2]. Computational intelligence (CI) methods
such as neural networks (NNs) and genetic algorithms (GAs)
have been applied to MCMR. Gelenbe et al. [16] proposed a
random neural network (RNN) to optimize a multicast tree.
The RNN essentially enumerated the results by iteratively
adding the most potential node to the tree. Leung et al.
[17] proposed a GA to train the population of individuals
by simulating natural evolution. Each individual represented
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a multicast tree indirectly through an encoding scheme.
Except for the evaluation of the fitness of individuals, no tree
construction information was utilized in the evolutionary
process of the GA.

In recent years, ant colony optimization (ACO) [18–20]
has become an important CI method. ACO is inspired by the
foraging behavior of natural ants. ACO dispatches a colony
of artificial ants to cooperatively search for the optimum of
the optimization problem represented on a graph. Each ant
in ACO incrementally builds a solution according to the con-
struction information in a stochastic way [18]. ACO has been
applied successfully to various combinatorial optimization
problems, such as the traveling salesman [19, 20], constraint
satisfaction [21], allocation problems [22], scheduling [23–
27], data mining [28, 29], water distribution systems [30],
power electronic circuit design [31], and networks [32–37].
UsingACO forMRoptimization is a promising research field,
which is still under development. Singh et al. [38] proposed
an ant algorithm forMRoptimization. In their algorithm, one
ant was initially placed at every node in the multicast group
and started to move to the other node via an edge. If an ant
stepped on a node that had been visited by another ant, it
merged into the latter ant. When only one ant was left, the
edges passed by the ants forming amulticast tree.The authors
had tested three different sequences for moving the ants from
one node to another and found that the randomapproachwas
the best. However, their algorithm still could not always find
the optimal solutions of some of their test cases. Shen and
Jaikaeo [39] and Shen et al. [40] applied swarm intelligence
to a multicast protocol by connecting nodes in a multicast
group through a designated node. Each node in the multicast
group periodically sent a packet that behaved like an ant to
explore different paths to the designated node.Thedesignated
node was not statically assigned and its location influenced
the optimality of the multicast tree.

In order to make better use of ACO, this paper pro-
poses a novel minimum cost multicast routing ant colony
optimization (MCMRACO) algorithm for solving MCMR
problems.The algorithm has the following features. (1) Based
on the ACO framework, the proposed algorithm adopts
a probabilistic greedy realization of Prim’s algorithm [41]
for the ants to construct multicast trees. (2) Moving in
a cost complete graph (CCG) of the network topology,
the ants build solutions according to the heuristic and
pheromone information. (3) The heuristic information is
designed to represent problem-specific knowledge for the
ants to construct solutions and to bias the selection of
nodes in the multicast group. (4) Representing the ants’
construction experience, pheromones are modulated by the
local and global pheromone update mechanisms. The local
pheromone update is applied after each ant has made a
construction step, whereas the global pheromone update
reinforces the pheromones in the bestmulticast tree after each
iteration. Hence, the algorithm can quickly respond to the
changes of multicast nodes in a dynamic MR environment.
Utilizing heuristic and pheromone information effectively,
the proposed MCMRACO is more suitable for solving
MCMR problems than the other heuristic and CI algorithms.

The comparison results show that the algorithm works
successfully in both static and dynamic MCMR problems.

The rest of the paper is organized as follows. In Section 2,
background information for the proposed algorithm is pre-
sented. Section 3 describes the implementation and main
techniques of the proposed MCMRACO algorithm. In
Section 4, the proposed algorithm is tested on static and
dynamicMCMRproblems. Its performance is comparedwith
the published results available in the literature. Section 5
concludes this paper and discusses some issues for future
research.

2. Background

This section is composed of three parts. In the first part,
the MCMR optimization problem is formally defined. Then
a method for transforming a network graph into a CCG is
illustrated. The third part describes the ACO framework.

2.1. Definition of the MCMR Optimization Problem. In an
MCMR optimization problem, a network graph is denoted
as 𝐺 = (𝑉

𝐺
, 𝐸
𝐺
), where 𝑉

𝐺
is the set of nodes in the network

and 𝐸
𝐺
is the set of edges which connect the nodes in𝑉

𝐺
. The

set 𝑉
𝐺
is divided into three subsets 𝑉

𝑆
, 𝑉
𝐷
, and 𝑉

𝐼
, where 𝑉

𝑆

is the set of source nodes, 𝑉
𝐷
is the set of destination nodes,

and 𝑉
𝐼
is the set of intermediate nodes. 𝑉

𝑀
= 𝑉
𝑆
∪ 𝑉
𝐷
is the

set of nodes in a multicast group. Intermediate nodes can be
used for relaying multicast traffic, but they do not belong to
the multicast group. In backbone IP networks, the nodes in
𝑉
𝐺
generally are routers. Each edge 𝑒 ∈ 𝐸

𝐺
has a positive cost

value 𝑐(𝑒) that measures the quality of the edge. If there is
no edge between two nodes in 𝑉

𝐺
, the corresponding cost is

denoted as ∞. The optimization objective of the problem is
to find a tree 𝑇 = (𝑉

𝑀
+ 𝑉
𝜃
, 𝐸
𝜃
) that minimizes the cost for

connecting the nodes in 𝑉
𝑀

and that satisfies the multicast
constraintsΩ. Formally, the MCMR problem is defined as

minimize ∑

𝑒∈𝐸
𝜃

𝑐 (𝑒) , 𝑇 satisfies the constraints in Ω, (1)

where 𝑉
𝜃
⊆ 𝑉
𝐼
is a subset of the intermediate nodes, 𝐸

𝜃
⊆ 𝐸
𝐺

is a subset of the edges in the network graph.
Figure 1 shows an example ofMR in a networkwith twelve

nodes and some edges. Node 1 is the source node. The black
solid nodes 2, 4, 6, 12 are the destination nodes. A multicast
tree connecting the multicast nodes via the intermediate
nodes 5 and 7 is shown in the figure. In this paper, a multicast
group has only one source node and multiple destination
nodes.

2.2. Cost Complete Graph (CCG). The network graph is
usually a noncomplete but connected graph. The edges in a
network graph are termed physical edges. In a CCG, however,
each pair of nodes is connected by a logical edge with the
minimum cost between the two nodes. One of the classical
algorithms for transforming a network graph into a CCG is
Floyd’s algorithm [42]. The pseudocode of the algorithm is
shown in Algorithm 1. The input cost matrix of the network
graph is denoted by C

|𝑉G |×|𝑉G |
, where its element 𝑐

𝑖𝑗
is the cost
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Floyd’s Algorithm

Input: C
|𝑉
𝐺
|×|𝑉
𝐺
|
[𝑐
𝑖𝑗
]: the cost matrix of the network graph

Output: Ĉ
|𝑉
𝐺
|×|𝑉
𝐺
|
[𝑐
𝑖𝑗
]: the cost matrix of the cost complete graph (CCG)

O
|𝑉
𝐺
|×|𝑉
𝐺
|
[𝑜
𝑖𝑗
]: records the next node on the minimum cost route

from node 𝑖 to node 𝑗
For 𝑖 := 1 to |𝑉

𝐺
|

For 𝑗 := 1 to |𝑉
𝐺
|

𝑐
𝑖𝑗
= 𝑐
𝑖𝑗
;

If 𝑐
𝑖𝑗
= ∞

𝑜
𝑖𝑗
:= −1;

Else
𝑜
𝑖𝑗
:= 𝑗;

End If
End For

End For
For 𝑘 := 1 to |𝑉

𝐺
|

For 𝑖 := 1 to |𝑉
𝐺
|

For 𝑗 := 1 to |𝑉
𝐺
|

If 𝑖 ̸= 𝑗 and 𝑐
𝑖𝑘
+ 𝑐
𝑘𝑗
< 𝑐
𝑖𝑗

𝑐
𝑖𝑗
:= 𝑐
𝑖𝑘
+ 𝑐
𝑘𝑗
;

𝑜
𝑖𝑗
:= 𝑜
𝑖𝑘
;

End If
End For

End For
End For

Algorithm 1: Pseudocode of Floyd’s algorithm.

1
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7
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910

11

Source node

Destination nodes
Intermediate nodesData packets

Directions

12

Figure 1: An example of multicast routing.The source node and the
destination nodes belong to amulticast group.The heavy black lines
indicate the multicast tree.

of the edge connecting nodes 𝑖 and 𝑗(𝑖, 𝑗 = 1, 2, . . . , |𝑉
𝐺
|).

The output of the Floyd’s algorithm consists of two matrixes.
One is the cost matrix Ĉ

|𝑉G |×|𝑉G |
of the CCG, where the value

of its elements 𝑐
𝑖𝑗
denotes the minimum cost from node 𝑖 to

node 𝑗. The other isO
|𝑉G |×|𝑉G |

, where each element 𝑜
𝑖𝑗
records

the next node of node 𝑖 on the minimum cost route from

node 𝑖 to node 𝑗 in the network graph. Figure 2(a) presents
an undirected network graph.Thevalues in the figure indicate
the cost of the corresponding physical edges. SupposeΩ = ⌀

and take the edges (𝑏
1
, 𝑏
2
) and (𝑏

1
, 𝑏
4
) as examples. Nodes 𝑏

1

and 𝑏
2
are not adjacent, but they are connected via node 𝑏

3

or 𝑏
4
or nodes 𝑏

5
, 𝑏
6
, 𝑏
4
. In the CCG (Figure 2(b)), nodes 𝑏

1

and 𝑏
2
are logically adjacent with 𝑐

𝑏
1
𝑏
2

= 𝑐
𝑏
2
𝑏
1

= 2.5 and
𝑜
𝑏
1
𝑏
2

= 𝑜
𝑏
2
𝑏
1

= 𝑏
3
. For nodes 𝑏

1
and 𝑏
4
, although they are

already adjacent, there is a shorter path via nodes 𝑏
5
and 𝑏
6
.

So 𝑐
𝑏
1
𝑏
4

= 𝑐
𝑏
4
𝑏
1

= 1.5, whereas 𝑜
𝑏
1
𝑏
4

= 𝑏
5
, 𝑜
𝑏
4
𝑏
1

= 𝑏
6
.

The CCG of the network is obtained before the proposed
MCMRACO algorithm starts. Generally, the CCG is main-
tained by the network routers or a central network controlling
apparatus. For example, in [2], master multicast routers are
used to deal with all the multicast-related tasks. They gather
routing information, make MR decisions, and manage the
other routers to perform MR. The proposed MCMRACO
algorithm can be implemented by themastermulticast router
to find a high-quality multicast tree for MR.

2.3. Ant Colony Optimization. Once the CCG is available, the
ants can be dispatched to construct multicast trees. The ants
in ACO canmove in parallel or sequentially to construct their
solutions [18]. Before introducing the proposed algorithm,
the ACO framework is briefly presented.

The ACO algorithm used in this paper is ant colony
system (ACS) [20], which is characterized by its state tran-
sition rule and the pheromone update mechanisms. At each
iteration, a colony of ants is dispatched to search for solutions.
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Figure 2: An example of transforming edge (𝑏
1
, 𝑏
2
) and edge (𝑏

1
, 𝑏
4
) in the CCG. (a)The original undirected graph showing the physical edges

and the edge cost. (b) The graph showing the transformed edges (𝑏
1
, 𝑏
2
) and (𝑏

1
, 𝑏
4
) and the corresponding edge cost in the CCG.

Choosing an edge for the completion of the solution is termed
a construction step. Each ant makes every construction step
according to the state transition rule. After an ant makes a
construction step, the local pheromone update is applied to
the selected edge. The local pheromone update reduces the
chances for the other ants to choose the same edge repetitively
and thus ensures diversity in the search. After every ant
has constructed a complete solution, the global pheromone
update mechanism is applied to the edges of the best-so-far
solution in order to intensify the attraction of the edges.

Figure 3 illustrates the ants’ behavior in one iteration by
showing the local and global pheromone update operations
on the edges of a graph. When the ants are moving, the
pheromones on the visited edges are changed by the local
pheromoneupdate, resulting in the reduction of pheromones.
After all the ants have completed their solutions, the global
pheromone update reinforces the pheromones on the edges
of the best-so-far solution. In a complex search environment
with multiple ramifications, the previous mechanisms were
shown to be able to find high-quality solutions [18].

3. ACO for Minimum Cost Multicast Routing

In this section, the minimum cost multicast routing ant
colony optimization (MCMRACO) algorithm is proposed
for solving the unconstrained MCMR problems. A complete
flowchart of the algorithm is shown in Figure 4(a).

3.1. Prim’s Algorithm, Pheromone, and Heuristic Mechanisms.
The ant’s construction behavior in MCMRACO is similar
to the generation of a minimum spanning tree (MST) by
Prim’s algorithm [41]. Suppose that𝑉 is the set of nodes in an
undirected connected graph and 𝑊 is a set containing only
one node. The classical Prim’s algorithm continuously moves
a node 𝑑 from 𝑉 − 𝑊 to 𝑊, provided that 𝑠 ∈ 𝑊 and the
cost of edge (s, d) is minimum. In the proposed algorithm,
the selection criterion for the next node is not simply based
on the cost of the edges but is based on the product of the
pheromone and heuristic values.

The pheromone and heuristic values of an edge (𝑠, 𝑑)

are denoted by 𝜏(𝑠, 𝑑) and 𝜂(𝑠, 𝑑), respectively. The initial

pheromone value is 𝜏
0
= 1/𝑐(𝑇KMB), where c (𝑇KMB) is the

cost of the initial tree generated by the Kou-Markowsky-
Berman (KMB) method [12].

The heuristic value 𝜂(𝑠, 𝑑) of the edge connecting nodes 𝑠
and 𝑑 is a function of the cost of the edge (s, d) and the type
of the node d, that is

𝜂 (𝑠, 𝑑) =

{{{

{{{

{

𝜇

𝑐
𝑠𝑑

, if 𝑑 ∈ 𝑉
𝑀

1

𝑐
𝑠𝑑

, otherwise,
(2)

where 𝜇 (𝜇 > 1) is a reinforcement rate to the nodes in the
multicast group. Heuristic values represent the quality of the
candidate edges. Lower cost edges in the CCG are preferred.
Moreover, multicast nodes have higher probabilities to be
selected than intermediate nodes. If 𝜇 → ∞, the ants
perform similarly to KMB, which only considers multicast
nodes during the construction. If 𝜇 = 1, the ants cannot
differentiate multicast nodes from the intermediate nodes. So
the value of 𝜇 influences the ants’ sensitivity to the multicast
nodes in the network.

3.2.TheAnts’ Search Behavior. In this subsection, we describe
an ant’s search behavior step by step. The corresponding
flowchart is shown in Figure 4(b).

Step 1 (initialization). Initially, an ant 𝑘 is placed on a
randomly chosen multicast node 𝑠. The visited node set of
ant 𝑘 is denoted by 𝑊

(𝑘)
= {𝑠}. The unvisited node set is

𝑈
(𝑘)

= 𝑉G−𝑊
(𝑘).The product of the pheromone and heuristic

values for every unvisited node 𝑖 ∈ 𝑈(𝑘) is computed as

𝜔
𝑖
= max
𝑗∈𝑊
(𝑘)

(𝜏 (𝑗, 𝑖) ⋅ 𝜂 (𝑗, 𝑖)) . (3)

That is, 𝜔
𝑖
= 𝜏(𝑠, 𝑖) ⋅ 𝜂(𝑠, 𝑖) as𝑊(𝑘) = {𝑠}. By using 𝜒

𝑖
to denote

the corresponding visited node that connects to node 𝑖 ∈ 𝑈(𝑘)
with the maximum product, we have

𝜒
𝑖
= arg max

𝑗∈𝑊
(𝑘)

(𝜏 (𝑗, 𝑖) ⋅ 𝜂 (𝑗, 𝑖)) = 𝑠. (4)
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Figure 3: An illustration of the ants’ behavior in one iteration.The thickness of the edges denotes the pheromone density. (a)The distribution
of pheromones from the last iteration. (b) When the three ants are moving, the pheromones on the passed edges are changed by the local
pheromone update, resulting in the reduction of pheromones. (c) The global pheromone update reinforces the pheromones on the edges of
the best-so-far solution.

Step 2 (exploitation or exploration). Based on the state
transition rule [20], the ant probabilistically chooses to do
exploitation or exploration, which is controlled by

𝑑 =

{

{

{

arg max
𝑟∈𝑈
(𝑘)

𝜔
𝑟
, if 𝑞 ≤ 𝑞

0
(exploitation)

𝐷, otherwise (biased exploration) ,
(5)

where 𝑞
0
is a predefined parameter in [0, 1] controlling the

proportion of exploitation to exploration, 𝑞 is a uniform
random number in [0, 1), and𝐷 is a random number selected
according to a probability distribution as (6). If 𝑞 ≤ 𝑞

0
, the ant

will choose the next unvisited node 𝑑 that has the maximum
product of the pheromone and heuristic values. This is called
the exploitation step. Otherwise, the next node 𝑑 is chosen
according to (6), which is called the exploration step.

𝑝
𝑘
(𝑑) =

{

{

{

𝜔
𝑑

∑
𝑟∈𝑈
(𝑘) 𝜔𝑟

, if 𝑑 ∈ 𝑈
(𝑘)

0, otherwise.
(6)

Step 3 (edge extension and local pheromone update). When
an ant is building a solution, the pheromone values on the
visited edges are reduced. After choosing the next node d, ant
𝑘moves from node 𝑠 = 𝜒

𝑑
to node 𝑑. Since the ant moves in

the CCG, the logical edge (s, d) can be extended to a physical
route ⟨𝑏

0
, 𝑏
1
, 𝑏
2
, . . . , 𝑏

𝜓
⟩, where 𝑏

0
= 𝑠, 𝑏

𝜓
= 𝑑, 𝑏

𝑙
= 𝑜
𝑏
𝑙−1
,𝑑
,

and 𝑙 = 1, . . . , 𝜓 − 1. The edges (𝑏
𝑖
,𝑏
𝑗
) (𝑖 = 0, . . . , 𝜓, 𝑗 =

0, . . . , 𝜓, 𝑖 ̸= 𝑗) have the pheromones updated by

𝜏 (𝑏
𝑖
, 𝑏
𝑗
) ← (1 − 𝜌) ⋅ 𝜏 (𝑏

𝑖
, 𝑏
𝑗
) + 𝜌 ⋅ 𝜏min, (7)

where 𝜌 ∈ (0, 1) is the pheromone evaporation rate. The
larger the value of 𝜌, the more pheromones are evaporated
on the edges that the ant has just passed.The lower boundary
of the pheromone value is set as 𝜏min = 𝜏

0
so that the updated

value will not be smaller than the initial pheromone value.
The unvisited nodes in 𝑏

1
, 𝑏
2
, . . . , 𝑏

𝜓
are marked as visited by

moving them from 𝑈
(𝑘) to𝑊(𝑘).

Step 4 (has the ant finished themission?). If an ant has visited
all the multicast nodes (𝑉

𝑀
⊆ 𝑊
(𝑘)), the ant has finished

constructing a multicast tree. Otherwise, for all 𝑖 ∈ 𝑈
(𝑘),

update the values of 𝜔
𝑖
and 𝜒

𝑖
as

𝜔
𝑖
← max
𝑗∈{𝜒𝑖 ,𝑏1 ,𝑏2,...,𝑏𝜓}

(𝜏 (𝑗, 𝑖) ⋅ 𝜂 (𝑗, 𝑖)) .

𝜒
𝑖
← arg max

𝑗∈{𝜒𝑖 ,𝑏1 ,𝑏2 ,...,𝑏𝜓}

(𝜏 (𝑗, 𝑖) ⋅ 𝜂 (𝑗, 𝑖)) .

(8)

Then return to Step 2 for a further search.

3.3. Redundancy Trimming. After an ant has finished
building a multicast tree connecting all multicast nodes,



6 Mathematical Problems in Engineering

tree based on a probabilistic

Perform redundancy

Apply global pheromone update
to the best tree that has ever been found

No

No

No

No

No

No

No

No

No

Yes

Yes

Yes

Yes

Yes

Yes

Yes

Yes

Return

St
ep

 1
St

ep
 3

 
St

ep
 2

 
St

ep
 4

Start

Start

Ant 𝑘 randomly chooses
a multicast node 𝑠

Initialize the
parameters

𝑡 = 1

𝑘 = 1End

Prim’ s method

Ant 𝑘 constructs a multicast

𝑘 = 𝑘 + 1

trimming to the ant’ s tree

𝑡 = 𝑡 + 1

𝑡 ≤ 𝑛

𝑘 ≤ 𝑚

𝑖 = 1

𝑖 = 1

𝑖 = 𝑖 + 1

𝑖 = 𝑖 + 1

Select a next node 𝑑 by Select a next node 𝑑 by
exploitation exploration

𝑞 = rand(0, 1)

𝜔𝑖 = 𝜏(𝑠, 𝑖) · 𝜂(𝑠, 𝑖)

𝜔𝑖 =

𝑞 ≤ 𝑞0?

Perform local pheromone update

Ant 𝑘 has found all
multicast nodes ?

and mark the nodes as visited by ant 𝑘

Node 𝑖 has not been
visited by ant 𝑘

Any node 𝑗

𝜏(𝑗, 𝑖) · 𝜂(𝑗, 𝑖)

𝜏(𝑗, 𝑖) · 𝜂(𝑗, 𝑖)

> 𝜔𝑖

𝑖 ≤ |𝑉𝐺|

𝑖 ≤ |𝑉𝐺|
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(a) (b)

Extend the edge (𝑠, 𝑑) as ⟨𝑏0, 𝑏1, · · · , 𝑏𝜓⟩

𝑋𝑖 = 𝑗

𝑠 = 𝑋𝑑

𝑋𝑖 = 𝑠

Figure 4: Flowchart of the proposed minimum cost multicast routing ant colony optimization (MCMRACO).

the tree must be checked for redundancy. The flowchart of
this process is given in Figure 5.

Firstly, apply the classical Prim’s algorithm to the visited
nodes in the network graph. If the cost of the generated MST

is smaller than that of the tree built by the ant, the ant’s
solution is replaced by the MST.

Secondly, check for useless intermediate nodes. Delete the
one-degree intermediate nodes and their connected edges.



Mathematical Problems in Engineering 7

No

No

End

Start

𝑇𝑘: a tree built by an ant 𝑘

Yes

Yes

𝑇trim : delete the redundant
nodes and edges

𝑇𝑘←𝑇trim

𝑇𝑘←𝑇MST

𝑐(𝑇𝑘) > 𝑐(𝑇MST )?

to generate an MST

Redundant nodes exist ?

𝑇MST : use the nodes in 𝑇𝑘

Figure 5: Flowchart of the redundancy trimming.

3.4. Global Pheromone Update. After all the𝑚 ants have fin-
ished the tree construction, the ants’ solutions are evaluated
and the best-so-far tree is updated. The global pheromone
update is applied only to the best-so-far tree.The pheromone
values on the edges (𝑖, 𝑗) of the best-so-far (bsf) tree 𝑇bsf are
updated as

𝜏 (𝑖, 𝑗) ← (1 − 𝜌) ⋅ 𝜏 (𝑖, 𝑗) + 𝛼 ⋅ Δ𝜏, (9)

where Δ𝜏 = 1/(𝑐(𝑇bsf))c (𝑇bsf) is the cost of 𝑇bsf and 𝛼 is the
pheromone reinforcement rate with 𝛼 ≥ 𝜌.

Moreover, the pheromone values on some logical edges
in the tree 𝑇bsf are also updated. If the extended physical
route between a pair of nodes 𝑖 and 𝑗(𝑖, 𝑗 ∈ 𝑇bsf) is
⟨𝑏
0
, 𝑏
1
, 𝑏
2
, . . . , 𝑏

𝜓
⟩, which satisfies 𝑏

0
= 𝑖, 𝑏
𝜓
= 𝑗, 𝑏

𝑟
= 𝑜
𝑏
𝑟−1
,𝑗
,

𝑟 = 1, . . . , 𝜓−1, (𝑏
𝑙
, 𝑏
𝑙
+1) ∈ 𝑇bsf, 𝑙 = 0, 1, . . . , 𝜓−1, and𝜓 > 1

is the number of edges in the route, then the new pheromone
value of edge (𝑖, 𝑗) becomes

𝜏 (𝑖, 𝑗) ←
∑
𝜓−1

𝑙=0
𝜏 (𝑏
𝑙
, 𝑏
𝑙+1
)

𝜓
. (10)

The updated pheromone value of edge (i, j) is in accordance
with the average pheromone value of the corresponding
physical edges in the tree.

3.5. The Complexity and Convergence of MCMRACO. The
time complexity of the proposed MCMRACO can be esti-
mated by counting the number of multicast trees that are
generated during the optimization process. In each iteration
of MCMRACO, a colony of𝑚 ants construct𝑚 trees and the
classical Prim’s algorithm is performed 𝑚 times for redun-
dancy trimming. As the time complexity for constructing a
multicast tree is 𝑂(|𝑉

𝐺
|
2
) and 2m trees are constructed in

each iteration, the time complexity ofMCMRACO is approx-
imately 𝑂(2𝑛𝑚|𝑉

𝐺
|
2
), where 𝑛 is the predefined maximum

iteration number.
According to [43], the convergence condition for the

proposed algorithm is to satisfy 0 < 𝜏min < 𝜏max < +∞,
where 𝜏min and 𝜏max are the lower and upper boundaries of
the pheromone value, respectively. Although the heuristic
and pheromone mechanisms have been redesigned in the
proposed algorithm, the convergence of the algorithm is still
maintained. The lower boundary of the pheromone value is
𝜏min = 𝜏

0
> 0. The upper boundary of the pheromone value

is (𝛼/𝜌) ⋅ (1/𝑐(𝑇opt)), where 𝑐(𝑇opt) is the cost of the optimal
tree. Furthermore, every ant in MCMRACO builds a feasible
multicast solution.Therefore, the proposed MCMRACO can
converge to an optimal solution.

4. Experiments and Discussions

Theexperiments in this paper are composed of two parts.The
first part is the experiment on the static MR cases, whereas
the second part is the one on the dynamic MR cases. All the
results in the experiments are computed by a computer with
CPU Pentium IV 2.8GHZ, memory 256MB.

4.1. Static Multicast Routing Cases. The static MR cases are
the Steiner problems in group B from the OR-Library [44].
The eighteen problems are tabulated in Table 1, with the graph
size from 50 to 100. In the table, |𝑉

𝐺
| stands for the number

of nodes, |𝑉
𝑀
| is the number of multicast nodes, |𝐸

𝐺
| is the

number of physical edges in the graph, and 𝑐(𝑇opt) is the
cost of the optimal tree. The performance of the proposed
algorithm is compared with the KMB heuristic algorithm in
[12], the randomneural network (RNN) algorithm in [16], the
genetic algorithm (GA) in [17], and the ant algorithm in [38].

Firstly, the parameter settings of the proposed MCM-
RACO algorithm are analyzed. The proposed algorithm
has five parameters, which are the number of ants 𝑚, the
reinforcement rate to destination nodes 𝜇, the proportion
of exploitation 𝑞

0
, the pheromone evaporation rate 𝜌, and

the pheromone reinforcement rate 𝛼. The number of ants 𝑚
depends on the number of nodes in the network. More ants
may perform better in a large network, but it will take longer
time in one iteration. If the number of ants is not enough,
the algorithm may be trapped easily in suboptimal results.
The value 𝑚 = 50 is suitable for most of the networks in our
empirical study.

The other four parameters 𝜇, 𝑞
0
, 𝜌, and 𝛼 are analyzed by

testing𝜇 = 5, 6, . . . , 19, 𝑞
0
= 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.85,

0.9, 0.95, 𝜌 = 0.1, 0.2, . . . , 0.5, and 𝛼 = 0.1, 0.2, . . . , 1.1 with
𝛼 ≥ 𝜌. Each combination of parameter values (𝜇, 𝑞

0
, 𝜌, 𝛼)
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Figure 6: Average performance of MCMRACO with different parameter values in solving the static MR cases. (a) Average value of Θ with
𝜇 = 5, 6, . . . , 19. (b) Average value ofΘ with 𝑞

0
= 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.85, 0.9, 0.95. (c) Average value ofΘ with 𝜌 = 0.1, 0.2, . . . , 0.5.

(d) Average value of Θ with 𝛼 = 0.1, 0.2, . . . , 1.1.

is termed a parameter configuration. Each configuration is
tested in ten independent runs by MCMRACO on each of
the eighteen instances. Each run of MCMRACO terminates
when it cannot find a better result in three consecutive
iterations.The performance of MCMRACO by configuration
𝜃 on instance 𝑖 is measured as

Θ (𝜃, 𝑖) = 100𝜎 − 𝑡, (11)

where 𝜎 is the successful percentage and 𝑡 denotes the average
time in seconds of the ten independent runs by configuration
𝜃 on instance 𝑖 for obtaining the optimal solution.

Figure 6 shows the average performance of MCMRACO
with different parameter values in solving some static MR
instances. Each point in the figure is drawn as follows. For

example, the total measurements of the performance Θ for
𝜇 = 5 of B9 are 31235.4. When 𝜇 equals to 5, there are
10 choices for 𝑞

0
and 45 choices for the combinations of

(𝜌, 𝛼). So the total configuration number of (𝜇, 𝑞
0
, 𝜌, 𝛼) with

𝜇 = 5 is 450. The average measurement of performance
Θ for 𝜇 = 5 of B9 is thus computed as 31235.4/450 =

69.412, which has been plotted as a point in Figure 6(a).
Only the instances that cannot be solved successfully by the
KMB algorithm are considered in the figure.The curves show
that the parameter values have similar influences on different
instances. (1) The successful percentage increases when the
value of 𝜇 becomes bigger. It means that the ants should have
a strong bias towards the multicast nodes. (2) The desirable
value of 𝑞

0
is in the range of [0.6,0.9]. The results indicate

that the probability for performing exploitation is better to
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Table 1: Eighteen Steiner B test cases.

No. |𝑉
𝐺
| |𝐸

𝐺
| |𝑉

𝑀
| 𝑐(𝑇opt)

1 50 63 9 82
2 50 63 13 83
3 50 63 25 138
4 50 100 9 59
5 50 100 13 61
6 50 100 25 122
7 75 94 13 111
8 75 94 19 104
9 75 94 38 220
10 75 150 13 86
11 75 150 19 88
12 75 150 38 174
13 100 125 17 165
14 100 125 25 235
15 100 125 50 318
16 100 200 17 127
17 100 200 25 131
18 100 200 50 218

be higher than that of the exploration. (3) With 𝛼 ≥ 𝜌, the
influences for choosing different values of 𝛼 and 𝜌 are quite
small for the same instance.

After analyzing the influence of different parameter val-
ues, the values of the four parameters 𝜇, 𝑞

0
, 𝜌, and 𝛼 are

selected based on a statistically sound approach, that is, a
racing algorithm termed F-Race [45]. According to the results
by F-Race, the parameter values of the proposedMCMRACO
are set as𝑚 = 50, 𝜇 = 19, 𝑞

0
= 0.8, 𝜌 = 0.3, and 𝛼 = 0.5.

The results for solving the Steiner B instances are tab-
ulated in Table 2. As there is no stochastic factor in KMB
and RNN, the results are unique in different runs. The
ant algorithm in [38], the GA in [17], and the proposed
MCMRACO are probabilistic algorithms, so they are tested
ten times independently for each instance. If the results are
equal to the optima, they are bold in the table.

The results show that KMB only solves seven instances
successfully, whereas RNN obtains eleven successful results
out of the eighteen instances. The ant algorithm in [37] can
find the best multicast trees of the instances at least once
except for B16 and B18. However, it can only achieve 100%
success in eight instances. GA terminates when it cannot
find a better result in twenty consecutive generations with a
population size of 50. Note that the termination condition
of GA is more stringent than the one used in [17] but
is looser than that of MCMRACO. The results show that
GA can find the optima of all the eighteen instances, but
it can only solve eleven instances with 100% success. The
proposed MCMRACO has the best performance among the
algorithms, for it can solve all the static instances with 100%
success. To further study the performance of the algorithms,
a dynamic environment is designed in the next subsection.

4.2. Dynamic Multicast Routing Cases. Nodes in the network
may join or leave the multicast group. Suppose the network
topology is stable without failure. We design the following
dynamic scenario to test the stability of the algorithm. When
the multicast nodes are changed, the algorithm is invoked to
find a new multicast tree.

Suppose that V multicast nodes in the multicast group
leave and V new nodes join the group alternatively, forming
a dynamic situation. Note that the nodes in the multicast
group remain unchanged when the algorithm is still running.
Initially, there is a network 𝐺 = (𝑉

𝐺
, 𝐸
𝐺
) including a

multicast group 𝑉
𝑀
(0) ⊆ 𝑉

𝐺
. At time 1, Vmulticast nodes are

chosen randomly to become intermediate nodes, indicating
that V nodes leave the multicast group. Then the multicast
group becomes 𝑉

𝑀
(1) = 𝑉

𝑀
(0) − Δ𝑉

𝑀
(1) and a multicast

tree T(1) is computed. At time 2, V intermediate nodes are
chosen randomly to become multicast nodes, indicating that
V nodes join the multicast group. Then the multicast group
becomes 𝑉

𝑀
(2) = 𝑉

𝑀
(1) + Δ𝑉

𝐼
(2) and a new multicast tree

T(2) is computed. Given the value of V, the nodes in the
multicast group are changed 2K times and the objective of
the experiment is to minimize the total cost of the multicast
trees. The formal definition is

ΦV = min
2𝐾

∑

𝑖=1

∑

𝑒∈𝐸(𝑖)

𝑐 (𝑒) ,

𝑇 (𝑖) = (𝑉
𝑀
(𝑖) + 𝑉

𝜃
(𝑖) , 𝐸 (𝑖)) , 𝑖 = 1, 2, . . . , 2𝐾,

𝑉
𝑀
(𝑖) = 𝑉

𝑀
(𝑖 − 1) − Δ𝑉

𝑀
(𝑖) , if 𝑖 = 1, 3, 5, . . . , 2𝐾 − 1,

𝑉
𝑀
(𝑖) = 𝑉

𝑀
(𝑖 − 1) + Δ𝑉

𝐼
(𝑖) , if 𝑖 = 2, 4, 6, . . . , 2𝐾,

(12)

where 𝑉
𝜃
(𝑖) ⊆ 𝑉

𝐺
− 𝑉
𝑀
(𝑖), 𝐸(𝑖) ⊆ 𝐸

𝐺
. Δ𝑉
𝑀
(𝑖) is the set of

the V randomly chosen multicast nodes to leave the multicast
group when 𝑖 = 1, 3, 5, . . . , 2𝐾 − 1. Δ𝑉

𝐼
(𝑖) is the set of the

V randomly chosen intermediate nodes to join the multicast
group when 𝑖 = 2, 4, 6, . . . , 2𝐾.

There are eighteen dynamic multicast routing instances,
which use the static Steiner B instances as their initial
MR networks, respectively. For each instance, the values
V = 1, 2, . . . , |𝑉

𝑀
| − 3 are tested. When the value of V grows,

the multicast group becomes more and more unstable.
The proposed MCMRACO takes advantage of

pheromones to encode a memory about the ants’ search
process. After the search for a multicast tree is finished, the
pheromones are still maintained in the network, reflecting
the previous routing information. Once the multicast
nodes are changed, the ants’ construction is restarted. The
pheromones still bias the ants to select the previous edges. As
the ants reduce pheromones on edges by the local pheromone
update, the influences of the obsolete routing information
decrease.

The results of the summation cost of the 2K multi-
cast trees, which are computed by MCMRACO, RNN, and
GA, are denoted by Φ

(𝑀)

V , Φ(𝑅)V , and Φ
(𝐺)

V , respectively.
The comparison result of the tree cost between RNN and
MCMRACO is denoted by 𝛿(𝑅), whereas the one between GA
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Table 2: Optimization results for the static experiment.

No. 𝑐(𝑇opt) KMB RNN Ant GA MCMRACO
Best Mean Best Mean Best Mean

1 82 82 82 82 82 82 82 82 82
2 83 88 83 83 83 83 83 83 83
3 138 138 138 138 138 138 138 138 138
4 59 64 59 59 59 59 59 59 59
5 61 61 61 61 61 61 61 61 61
6 122 127 122 — — 122 122 122 122
7 111 111 111 — — 111 111 111 111
8 104 104 104 104 104 104 104 104 104
9 220 221 220 220 220 220 220 220 220
10 86 91 87 86 87.4 86 86 86 86
11 88 92 90 88 89 88 88.2 88 88
12 174 174 174 — — 174 174 174 174
13 165 175 175 165 167.3 165 165.8 165 165
14 235 237 237 235 235.3 235 237.3 235 235
15 318 318 318 318 318 318 318.6 318 318
16 127 135 135 132 133 127 127.3 127 127
17 131 134 132 — — 131 131.1 131 131
18 218 221 219 224 225.5 218 218.4 218 218

and MCMRACO is denoted by 𝛿(𝐺). The definitions of 𝛿(𝑅)

and 𝛿(𝐺) are

𝛿
(𝑅)

=
Φ
(𝑅)

V − Φ
(𝑀)

V

Φ
(𝑀)

V

, 𝛿
(𝐺)

=
Φ
(𝐺)

V − Φ
(𝑀)

V

Φ
(𝑀)

V

. (13)

Table 3 lists the tree cost of MCMRACO and the compar-
ison results of the eighteen initial MR networks when V = 1,
⌊(|𝑉M| − 3)/2 + 1⌋, |𝑉𝑀| − 3, and𝐾 = 100. As the comparison
results are all positive, the proposed MCMRACO can obtain
multicast trees with less cost than RNN and GA. Figure 7
shows the comparison results of the tree cost with B18 as the
initial MR network when the values of V are changed from
1 to 47. The differences between RNN and MCMRACO are
always larger than those between GA and MCMRACO. The
figure presents that the proposed MCMRACO can steadily
achieve better results than RNN and GA.

When the multicast group is changed, the time used for
finding the solution is the response delay.The time needed by
RNN is determined by its enumeration subset. The smaller
the multicast group, the more nodes that may be used for
enumeration, resulting in longer computation time.However,
for GA and MCMRACO, the time used for a small group is
generally shorter than a large group in the same termination
condition. Figure 8 illustrates the average time used by RNN,
GA, and MCMRACO with different values of V when the
initial multicast network is B18. The curves show that the
average time needed by GA and MCMRACO reduces as the
value of V becomes bigger, but the time used by RNN is
growing upwards.

Table 4 tabulates the average time used for finding a
multicast solution in the 18 instances when = 1, ⌊(|𝑉

𝑀
| −

3)/2 + 1⌋, |𝑉
𝑀
| − 3. Although the average time used by
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Figure 7: Comparison results of the tree cost between RNN and
MCMRACO and between GA and MCMRACO with different
values of V when the initial MR network is B18.
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Table 3: Comparison results of the tree cost for the dynamic ex-
periment.

No. v Φ
(𝑀)

V 𝛿
(𝑅)

𝛿
(𝐺)

1
1 16381 1.33% 0.00%
4 12570 0.99% 0.00%
6 10426 0.55% 0.00%

2
1 17345 1.32% 0.00%
6 17553 1.88% 0.01%
10 14399 1.51% 0.03%

3
1 25656 0.27% 0.00%
12 23588 0.45% 0.01%
22 17162 0.41% 0.02%

4
1 10756 1.78% 0.01%
4 9243 1.36% 0.02%
6 7736 1.31% 0.00%

5
1 12687 1.14% 0.00%
6 10374 1.33% 0.03%
10 8320 0.91% 0.02%

6
1 22206 0.43% 0.04%
12 18168 0.62% 0.04%
22 13142 0.69% 0.02%

7
1 22392 0.64% 0.02%
6 18322 1.66% 0.04%
10 14574 1.22% 0.06%

8
1 25664 1.48% 0.00%
9 22945 1.16% 0.02%
16 17236 0.68% 0.02%

9
1 44687 0.41% 0.01%
18 38390 0.51% 0.02%
35 26371 0.40% 0.04%

10
1 16525 1.11% 0.11%
6 13361 2.63% 0.08%
10 10803 2.02% 0.19%

11
1 16823 0.81% 0.08%
9 15501 1.90% 0.19%
16 11748 2.03% 0.14%

12
1 31642 0.63% 0.02%
18 27443 0.89% 0.08%
35 19069 0.79% 0.06%

13
1 30795 1.90% 0.25%
8 25326 3.03% 0.08%
14 21049 2.91% 0.11%

14
1 40368 0.97% 0.13%
12 33929 1.45% 0.18%
22 24475 1.03% 0.24%

15
1 62009 0.84% 0.09%
24 52308 1.13% 0.10%
47 35118 0.81% 0.06%

16
1 19557 1.71% 0.25%
8 17001 2.06% 0.38%
14 13228 1.81% 0.26%

17
1 24107 1.08% 0.17%
12 18215 1.18% 0.15%
22 13003 1.12% 0.20%

18
1 45115 0.68% 0.23%
24 36000 0.67% 0.27%
47 24589 0.69% 0.15%

Table 4: Computation time delay for the dynamic experiment.

No. v Time (microsecond)
RNN GA MCMRACO

1
1 4.69 17.42 7.42
4 5.00 15.08 5.39
6 5.08 14.07 5.00

2
1 4.38 19.92 8.60
6 4.61 18.60 7.34
10 4.85 16.80 6.02

3
1 3.05 33.05 14.06
12 3.52 28.83 12.27
22 4.22 23.44 8.91

4
1 5.08 16.88 6.10
4 5.32 15.00 4.92
6 5.39 14.30 4.30

5
1 4.69 20.71 8.44
6 5.00 18.05 7.03
10 5.16 16.17 5.47

6
1 3.36 35.78 13.91
12 3.91 29.77 11.80
22 4.45 23.91 8.52

7
1 15.08 27.42 13.28
6 15.55 24.61 11.25
10 16.02 22.03 8.91

8
1 13.75 36.25 17.42
9 14.53 31.33 15.08
16 15.47 26.80 11.48

9
1 9.14 68.05 30.16
18 10.94 56.48 26.56
35 13.05 43.91 18.29

10
1 15.63 27.74 11.88
6 16.10 24.54 10.00
10 16.64 22.11 7.89

11
1 14.38 35.86 15.86
9 15.16 31.80 14.22
16 15.86 26.96 10.71

12
1 10.47 68.44 28.99
18 12.11 56.72 24.92
35 13.99 44.38 17.50

13
1 40.16 42.11 22.74
8 36.48 36.25 19.69
14 38.20 32.97 16.49

14
1 31.10 59.85 33.60
12 33.05 49.84 27.50
22 35.40 40.94 20.16

15
1 21.95 116.88 51.80
24 26.02 91.96 45.32
47 30.31 69.92 30.39

16
1 35.08 42.50 21.18
8 36.33 38.52 18.68
14 37.50 33.36 14.53

17
1 31.64 58.44 30.47
12 33.75 47.74 25.63
22 35.78 39.46 18.36

18
1 22.27 121.09 53.44
24 27.11 91.10 42.50
47 31.49 70.00 29.61
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RNN is shorter than that of MCMRACO in some cases, the
results obtained by MCMRACO are always better than those
of RNN (as Table 3). Moreover, MCMRACO performs faster
than RNN in instances Nos. 7, 10, 13, 14, 16, and 17. For GA and
MCMRACO, the results show that even if GA takes longer
time than MCMRACO, the results obtained by GA are still
worse than those of the proposed algorithm. For example,
the proposed MCMRACO uses only 7.42 microseconds (ms)
on average to find the result of instance No. 1 when V = 1,
whereas the GA needs 17.42ms. For the instance No. 18 when
V = 47, the proposed MCMRACO uses only 29.61ms to
obtain the result, whereas GA needs 70.00ms and the result
is still 0.15% worse than the proposed algorithm. Overall, the
proposedMCMRACO performs better than RNN and GA in
solving the MCMR problems.

5. Conclusion

This paper proposes a minimum cost multicast routing ant
colony optimization (MCMRACO) algorithm for solving
the minimum cost multicast routing (MCMR) problems.
Different from the traditional algorithms for MCMR, the
proposed MCMRACO utilizes the ant colony optimization
(ACO) technique to search for an optimal multicast tree in
the network graph. The artificial ants in the algorithm are
based on a modified Prim’s algorithm to build a tree. The
heuristic information represents problem-specific knowledge
for the ants to construct solutions, whereas the pheromones
on edges reserve the previous routing information. By
designing effective heuristic and pheromone mechanisms,
the proposed MCMRACO is very competitive for solving
MCMR problems. The performance of MCMRACO has
been compared with the published results available in the
literature. The comparison results show that the proposed
MCMRACO works successfully in both static and dynamic
MCMR cases. The proposed algorithm is protocol indepen-
dent so that it can be implemented conveniently in different
network environments. Extending the proposed algorithm to
heterogeneous networks is a promising future research topic.
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Many-objective optimization problems involving a large number (more than four) of objectives have attracted considerable
attention from the evolutionary multiobjective optimization field recently. With the increasing number of objectives, many-
objective optimization problems may lead to stagnation in search process, high computational cost, increased dimensionality of
Pareto-optimal front, and difficult visualization of the objective space. In this paper, a special kind of many-objective problems
which has redundant objectives and which can be degenerated to a lower dimensional Pareto-optimal front has been investigated.
Different from the works in the previous literatures, a novel metric, interdependence coefficient, which represents the nonlinear
relationship between pairs of objectives, is introduced in this paper. In order to remove redundant objectives, PAM clustering
algorithm is employed to identify redundant objectives by merging the less conflict objectives into the same cluster, and one of the
least conflict objectives is removed. Furthermore, the potential of the proposed algorithm is demonstrated by a set of benchmark
test problems scaled up to 20 objectives and a practical engineering design problem.

1. Introduction

Real-world engineering application problems often need to
simultaneously optimize more than four objectives, called
many-objective optimization problems [1]. Existing mul-
tiobjective evolutionary algorithms (MOEAs) have been
successfully applied to solve problems with only two or
three objectives, but they are not appropriate for problems
with evenmore objectives. Since conventional multiobjective
evolutionary algorithms rely primarily on Pareto ranking to
guide the search, this enforces only little selection pressure
in a many-objective setting. The more the objectives are, the
larger is the proportion of nondominated solutions in a pop-
ulation, which results in the loss of selection pressure to drive
the population toward the Pareto front [2]. Furthermore, the
number of points required to approximate the Pareto front
increases exponentially with the number of objectives, which
makes it more difficult to capture the whole Pareto front for
many-objective optimization. In addition, it is not possible to
visualize the Pareto front with more than three objectives in
a figure.

The classical MOEAs such as NSGA-II and SPEA2 do not
perform well in many-objective optimization cases. Over the
last few years, a large proportion of hot issues in MOEAs
have been related to many-objective optimization problems,
and efforts have been made to deal with the aforementioned
difficulties. The approaches for solving many-objective prob-
lems can be classified as follows. (1) The approaches based
on the modifications of Pareto-dominance relations over
the nondominated solutions (e.g., average and maximum
ranking [3], favor preference relation [4], preference order
ranking [5], and L-optimality [6]) and assigning different
ranks to nondominated solutions: if the objectives are many,
all the individuals in population are often Pareto-optimal
solutions.There will be no difference of the selection pressure
for the individuals in these algorithms.Thus, these algorithms
cannot make a diverse search in the full Pareto front and can
usually obtain a part of the Pareto front. (2) The approaches
using some techniques to improve the scalability of MOEAs,
for example, methods like MSOPS [7] and MSOPSII [8] use
an aggregation method and perform many parallel search-
es using multiple conventional target vectors in different
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directions. Recently, surface evolutionary algorithm (SEA)
[9] and a hybrid NSGA-II [10] were proposed, and they seem
to be more efficient than the existing algorithms of this kind
for many objectives. (3) The approaches based on finding the
redundant objectives and reducing the number of objectives
via removing some redundant objectives [11], in fact, there
exists a kind of many-objective optimization problems with
𝑀 objectives, where a subset of the original objectives
can represent the optimization problem adequately, and the
Pareto-optimal front is less than 𝑀-dimensions [12]. The
objectives included in this subset are referred to as the
essential objectives or nonredundant objectives, while the
rest of the original objectives, which are unnecessary for
the Pareto-optimal front and can be removed from the
original set of objectives, are named redundant objectives.
The process of removing the redundant objectives from
the original objective set is called objective reduction or
dimensionality reduction [13]. A lot of research works are
carried out around the objective reduction. Brockhoff and
Zitzler [14, 15] explored an objective reduction method for
many-objective optimization problems. In their study, the
effects on problems’ characteristics by adding or omitting
objectives are investigated and a general definition of conflicts
between objectives is proposed as a theoretical foundation
for objective reduction. Moreover, two greedy algorithms are
proposed to reduce the number of objectives, one of which
finds a minimum number of objectives and the other finds
a 𝑘-sized objective subset with the minimum possible error.
Another method for objective reduction is based on the
information of the correlation between pairs of objectives.
Deb and Saxena [16, 17] proposed a technique for reducing
redundant objectives based on principal component analysis
(PCA), which takes the correlation between objectives as an
indicator of the conflict. A large set of nondominated solu-
tions are generated by NSGA-II, and the correlationmatrix is
computed for analyzing the relation of the objectives. Mean-
while, the conflict between a pair of objectives is judged by the
correlation coefficient calculated by the set of nondominated
solutions in this pair of objectives. If two objectives are
negatively correlated, they are in conflict with each other.
This method aims at computing a set of most important
conflicting objectives, which can be obtained by an analysis
of the eigenvectors and eigenvalues of the correlation matrix.
Furthermore, Saxena and Deb [18] developed two new non-
linear dimensionality reduction algorithms employing the
correntropy and maximum variance unfolding, namely, C-
PCA-NSGA-II and MVU-PCA-NSGA-II, respectively. They
are suitable for the data points that live on a nonlinear
manifold or the data structure that is non-Gaussian. At the
same time, Jaimes et al. [13] developed another dimension-
ality reduction scheme based on an unsupervised feature
selection technique. In their scheme, the original objective
set is divided into homogeneous neighborhoods based on
a correlation matrix generated from a set of nondominated
solutions. The conflict degree between redundant objectives
is proportional to their distance, that is, the more conflict
between two objectives, the farther the distance between
them in the objective space. Therefore, the most compact
neighborhood is chosen as the most relevant objective set,

and all the objectives in it except the center one are removed
as redundant objectives.

The motivation of this paper is as follows. First, note that
there are some limitations to use correlation coefficient to
represent the relation between objectives [12, 13, 15, 16]. As
well known, correlation coefficient can indicate the linear
correlation between random variables. Similarly, it can make
an analogy to the relationship between objectives.Thus,many
scholars use correlation coefficient to represent the relation
between objectives. However, nonlinear relation between
objectives cannot be expressed by correlation coefficient. In
order to overcome this shortcoming, by using the union
of mutual information and correlation coefficient, a new
metric called interdependence coefficient is proposed in this
paper. Secondly, clustering algorithm is adopted to divide
the original objective set into a few subsets with an aim at
taking less conflict objectives into one cluster and assigning
more conflict objectives into different clusters. Afterwards,
the cluster which has the least conflict is chosen, and some
of the objectives in it are removed based on some rules
for the purpose of objective reduction. Here, partitioning
around Medoid (PAM) clustering algorithm is borrowed to
accomplish clustering. In this way, the procedure of objective
reduction can be integrated with an MOEA to find a high
quality Pareto-optimal front.

This paper is organized as follows. The theoretical foun-
dations are introduced in Section 2. Section 3 describes
proposed objective reduction algorithm using objective clus-
tering (OC-ORA). The simulation results are given and
discussed in Section 4. Finally, conclusions are made in
Section 5.

2. Related Works

2.1. Many-Objective Problem and the Concept of
Objective Reduction

Definition 1 (many-objective problem). Without loss of gen-
erality, the multiobjective optimization problems are mathe-
matically defined as follows:

min
𝑥∈𝑆

𝑓 (𝑥) = {𝑓
1
(𝑥) , 𝑓

2
(𝑥) , . . . , 𝑓

𝑚
(𝑥)} , (1)

where 𝑥 = (𝑥
1
, . . . , 𝑥

𝑛
) is a solution vector of decision vari-

ables in the solution space 𝑆 and 𝑓
𝑖
(𝑥) is the 𝑖th objective

function in the objective space. If the number of objectives
is more than four, the problem is named many-objective
optimization problem.

Definition 2 (Pareto domination). A vector 𝑥 is said to
dominate another vector 𝑦 if and only if

(∀𝑖) (𝑓
𝑖
(𝑥) ≤ 𝑓

𝑖
(𝑦)) ∧ (∃𝑗) (𝑓

𝑗
(𝑥) < 𝑓

𝑗
(𝑦)) . (2)

Definition 3 (Pareto-optimal solution). A solution 𝑥 ∈ 𝑆 is
said to be Pareto optimal with respect to solution space 𝑆 if
and only if there is no 𝑦 ∈ 𝑆 for which 𝑦 dominates 𝑥.

Definition 4 (Pareto-optimal set). Pareto-optimal set is the
set that consists of all Pareto-optimal solutions in solution
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space 𝑆, and the image of Pareto-optimal set in objective space
is Pareto front.

Definition 5 (conflicting objectives). Let 𝑆
𝜒
be a subset of

decision space 𝑆, given any 𝑥1, 𝑥2 ∈ 𝑆
𝜒
, if 𝑓
𝑖
(𝑥
1
) ≤ 𝑓

𝑖
(𝑥
2
)

implies 𝑓
𝑗
(𝑥
1
) ≥ 𝑓

𝑗
(𝑥
2
), then one calls objective 𝑓

𝑖
is in

conflict with objective 𝑓
𝑗
on 𝑆
𝜒
. If 𝑓
𝑖
(𝑥
1
) ≤ 𝑓

𝑖
(𝑥
2
) implies

𝑓
𝑗
(𝑥
1
) ≤ 𝑓
𝑗
(𝑥
2
), then one calls objective 𝑓

𝑖
is in nonconflict

with objective 𝑓
𝑗
on 𝑆
𝜒
.

Definition 6 (an essential objective set). Given a many-
objective optimization problem with𝑀 objectives, the orig-
inal objective set is 𝐹

0
= {𝑓

1
, 𝑓
2
, . . . , 𝑓

𝑀
}. The essential

objective set is the smallest set of conflicting objectives which
are sufficient to generate the Pareto front of the many-
objective optimization problem, denoted by 𝐹

𝜏
(|𝐹
𝜏
| = 𝑚 <

𝑀).

Definition 7 (a redundant objective set). A redundant objec-
tive set refers to the objectives, which are not necessary to
obtain the Pareto front, given by 𝐹redu = 𝐹

𝑜
\ 𝐹
𝜏
. Notably,

an objective could be redundant if it is nonconflicting or
correlated with some other objectives.

Accordingly, the analyst solving this type of problem
has to decide whether all objectives are essential or not
and employ an objective reduction algorithm to obtain an
essential objective set 𝐹

𝜏
.

2.2. The Traditional Representation of the Correlation between
a Pair of Objectives. The correlation coefficient matrix is
used to measure the conflict between each pair of objectives
[12, 13]. This matrix is computed by using an approximation
set of the Pareto-optimal solutions generated by MOEA, for
example, NSGA-II. A negative correlation between a pair
of objectives means that when one objective increases, the
other will decrease, while a positive correlation represents the
opposite.Thus, themore positive the correlation between two
objectives is, the less conflict between themwill exist, and one
of the objectives can be regarded as the redundant one, which
can be eliminated from the original objective set.

However, correlation coefficient can only indicate linear
correlation between objectives, while the nonlinear relation
cannot be expressed. In order to overcome this limitation,
a new metric is proposed by using the union of mutual
information and correlation coefficient in this paper to
measure the correlation between objectives.The introduction
of mutual information [19, 20] is described as follows.

2.3. Mutual Information

Definition 8 (self-information of randomevent). Suppose𝑥 is
a discrete random event and𝑋 is a discrete random variable,
then the self-information of the random event 𝑥 is defined by

𝐼 (𝑥) = −log
2
𝑃 {𝑋 = 𝑥} . (3)

The function 𝐼(𝑥) can be interpreted as the amount of
information provided by the event {𝑋 = 𝑥} or our uncertainty
about the event {𝑋 = 𝑥} [19]. According to this interpretation,
the less probable an event is, the more information we
receive when it occurs. A certain event (one that occurs with
probability 1) provides no information, whereas an unlikely
event provides a very large amount of information.

Definition 9 (self-information or entropy of randomvariable).
Suppose that𝑋 is a discrete random variable; that is, its range
𝑅 = {𝑥

1
, 𝑥
2
, . . .} is finite or countable. Let𝑝

𝑖
= 𝑃 {𝑋 = 𝑥

𝑖
}.The

self-information or entropy of random variable 𝑋 is defined
by

𝐻(𝑋) = 𝐸 (𝐼 (𝑥
𝑖
)) = ∑

𝑖

𝑝
𝑖
log
2

1

𝑝
𝑖

. (4)

It turns out that𝐻(𝑋) is the expectation of 𝐼(𝑥
𝑖
) over all

possible events, and it can be thought of as a measure of the
amount of information provided by an observation of 𝑋 or
our uncertainty about𝑋.

Definition 10 (conditional entropy). For a pair of random
variables 𝑋 and 𝑌, a quantity 𝐻(𝑋 | 𝑌) is called the
conditional entropy of 𝑋 with a given 𝑌. More precisely, if
𝐻(𝑋 | 𝑌 = 𝑦) is the entropy of the variable 𝑋 on condition
of the variable 𝑌 taking a certain value, then𝐻(𝑋 | 𝑌) is the
result of averaging𝐻(𝑋 | 𝑌 = 𝑦) over all possible values that
may take as follows:

𝐻(𝑋 | 𝑌) = ∑

𝑗

𝑝 (𝑦
𝑗
)𝐻 (𝑋 | 𝑦

𝑗
)

= ∑

𝑗

𝑝 (𝑦
𝑗
)∑

𝑖

𝑝 (𝑥
𝑖
| 𝑦
𝑗
) log
2

1

𝑝 (𝑥
𝑖
| 𝑦
𝑗
)

= −∑

𝑖

∑

𝑗

𝑝 (𝑥
𝑖
, 𝑥
𝑗
) log
2
𝑝 (𝑥
𝑖
| 𝑦
𝑗
) .

(5)

Given the value of the other random variable 𝑌, the
conditional entropy quantifies the remaining amount of
information needed to describe the outcome of a random
variable 𝑋. Here, 𝐻(𝑋 | 𝑌) = 0 if and only if the value of
𝑌 is completely determined by the value of 𝑋. Conversely,
𝐻(𝑋 | 𝑌) = 𝐻(𝑋) if and only if 𝑌 and 𝑋 are independent
random variables.

Definition 11 (mutual information [19]). Consider two ran-
dom variables𝑋 and𝑌with a joint probability mass function
𝑝(𝑥, 𝑦) and marginal probability mass functions 𝑝(𝑥) and
𝑝(𝑦). The mutual information 𝐼(𝑋; 𝑌) is the relative entropy
between the joint distribution and the product distribution
𝑝(𝑥)𝑝(𝑦), which can be defined by (6). Thus, the mutual
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information 𝐼(𝑋; 𝑌) is the reduction in the uncertainty of 𝑋
due to the knowledge of 𝑌:

𝐼 (𝑋; 𝑌) = ∑

𝑥,𝑦

𝑝 (𝑥, 𝑦) log
𝑝 (𝑥, 𝑦)

𝑝 (𝑥) 𝑝 (𝑦)

= ∑

𝑥,𝑦

𝑝 (𝑥, 𝑦) log
𝑝 (𝑥 | 𝑦)

𝑝 (𝑥)

= −∑

𝑥,𝑦

𝑝 (𝑥, 𝑦) log𝑝 (𝑥) +∑
𝑥,𝑦

𝑝 (𝑥, 𝑦) log𝑝 (𝑥 | 𝑦)

= 𝐻 (𝑋) − 𝐻 (𝑋 | 𝑌) = 𝐻 (𝑌) − 𝐻 (𝑌 | 𝑋)

= 𝐻 (𝑋) + 𝐻 (𝑌) − 𝐻 (𝑋𝑌) .

(6)

One can see from the above expression that the mutual
information is symmetric in𝑋 and 𝑌. This symmetry means
that this notion of uncertainty has the property that the
information we gain about 𝑋 when knowing 𝑌 is the same
as the information we gain about 𝑌 when knowing𝑋.

2.4. PAM Clustering Algorithm. Kaufman and Rousseeuw
[21, 22] proposed a clustering algorithm partitioning around
medoids (PAM), which partitions a set of objects into 𝑘

clusters, where the objects in one cluster show ahigh degree of
similarity, while objects belonging to different clusters are as
dissimilar as possible. PAM clustering algorithm only needs
a distance matrix between objects and does not need the
location of the objects or other information.Motivated by the
idea of PAM,we use this clustering algorithm to divide the set
of many objectives into different clusters.

In PAM, 𝑘 partitions for 𝑛 objects are formed. Initially, 𝑘
medoids (central points) are selected from the set of objects
randomly. A medoid representing a cluster is located in the
center of the cluster, and each remaining object is assigned
to a cluster whose medoid is the nearest to this object. Then
one of the medoids is replaced by a nonmedoid such that
the quality of resulting cluster can be improved. The quality
is estimated by a cost function that measures the average
dissimilarity between every object in this cluster and its
corresponding medoid. We replace the distance or similarity
measure in PAM by a new metric named interdependence
coefficient tomeasure the degree of correlation between pairs
of objectives.

3. Objective Clustering-Based Objective
Reduction Algorithm (OC-ORA) for
Many-Objective Optimization Problems

An objective clustering-based objective reduction algorithm
is proposed in this section. It is a progressive procedure for
objective reduction and can calculate an interdependence
coefficient matrix (a measure of the degree of correlation)
between each pair of objectives. It is used to combine with
MOEA to obtain the nondominated solution set.Given an𝑀-
objectives optimization problem, if the number of essential
objective set is less than 𝑀, the objectives with nonconflict

Start

Generate Pareto-optimal population on objective set 𝐹𝑡

Calculate interdependence coefficient matrix

Objectives clustering using PAM

Identify redundant objectives in most relevant
cluster and remove them from the objective set 𝐹𝑡

The update objective set 𝐹𝑡+1

Condition satisfy?
No

Yes

Output the nonredundant objective set 𝐹𝑡

𝐹𝑡 := 𝐹𝑡+1

Figure 1: Flow chart of the proposed OC-ORA.

may be the redundant ones. In OC-ORA, PAM is adopted
to divide the current objective set into a number of clusters
according to the correlationwith objectives. Subsequently, we
identify the most correlated pair of objectives in the most
correlated cluster in order to remove the redundant objective
for many-objective problems. In the proposed algorithm, the
MOEA and the objective reduction are executed alternately;
this process will end when no further objective reduction can
be achieved. Figure 1 shows the procedure in the proposed
OC-ORA.

3.1. Interdependence Coefficient between Pairs of Objectives.
Note that correlation coefficients can only reflect the linear
relations between objectives [13], but they cannot represent
nonlinear relations. In order to overcome this limitation, a
new metric using the mutual information and correlation
coefficient, named interdependence coefficient, is developed
to describe the correlation between objectives.This newmea-
sure between pairs of objectives is also calculated based on
a set of nondominated solutions generated by multiobjective
evolutionary procedure via NSGA-II.

3.1.1. The Definition of Interdependence Coefficient. For a pair
of objectives 𝑓

𝑖
and 𝑓

𝑗
, its mutual information is defined

as 𝐼(𝑓
𝑖
; 𝑓
𝑗
) by Definition 11. Note that mutual information

is nonnegative, and thus it cannot distinguish the negative
correlation. To overcome the shortcoming, the union of
mutual information and correlation coefficient is used to
measure the correlation relation between objectives.The new
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measure named interdependence coefficient, denoted by
𝑑
𝑓
𝑖
,𝑓
𝑗

, is defined as follows:

𝑑
𝑓
𝑖
,𝑓
𝑗

= 1 − sign (𝜌
𝑓
𝑖
,𝑓
𝑗

) ⋅

𝐼 (𝑓
𝑖
; 𝑓
𝑗
)

𝐻 (𝑓
𝑖
) ⋅ 𝐻 (𝑓

𝑗
)

, (7)

where 𝜌
𝑓
𝑖
,𝑓
𝑗

and 𝐼(𝑓
𝑖
; 𝑓
𝑗
) represent the correlation coefficient

and mutual information between a pair of objectives 𝑓
𝑖
and

𝑓
𝑗
, respectively. sign(𝜌

𝑓
𝑖
,𝑓
𝑗

) is a symbolic function used to
distinguish the positive and negative correlations between
a pair of objectives. In addition, the mutual information is
normalized in (7), and its value is limited in the range of
[0, 1]. Thus, interdependence coefficient 𝑑

𝑓
𝑖
,𝑓
𝑗

∈ [0, 2] is used
to measure the degree of correlation. In this way, we could
guarantee that the greater the value of the interdependence
coefficient between two objectives is, the more conflict or the
less interdependent between them will exist, and vice versa.
Value 2 indicates that objectives 𝑓

𝑖
and 𝑓

𝑗
are completely

negatively correlated or totally conflict with each other, and
Value 0 indicates that the objectives are completely positively
correlated or without any conflict with each other:

sign (𝜌
𝑓
𝑖
,𝑓
𝑗

) = {
1 𝜌

𝑓
𝑖
,𝑓
𝑗

≥ 0

−1 𝜌
𝑓
𝑖
,𝑓
𝑗

< 0.
(8)

3.1.2. The Approximate Calculation of Entropy and Mutual
Information between Two Objectives. In order to facilitate
understanding, we will analyze the process of calculating the
mutual information between any pair of objectives 𝑓

𝑖
and 𝑓
𝑗
.

A set of nondominated solutions generated by multiobjective
evolutionary procedure NSGA-II are taken as original data
for calculating the entropy. In (6), the entropy of 𝑓

𝑖
, 𝑓
𝑗
, and

𝑓
𝑖
𝑓
𝑗
, that is,𝐻(𝑓

𝑖
),𝐻(𝑓

𝑗
), and𝐻(𝑓

𝑖
𝑓
𝑗
),must be knownbefore

calculating themutual information 𝐼(𝑓
𝑖
; 𝑓
𝑗
). In (4), for a given

objective 𝑓
𝑖
, we take 𝑓

𝑖
as a random variable, denoted by 𝑋

and the values of𝑓
𝑖
on the nondominated solutions as the val-

ues of random variable 𝑋. Meanwhile, we use the maximum
and minimum values of 𝑓

𝑖
on these nondominated solutions

to construct an interval [minimum, maximum] which can
be seen as the region of random variable 𝑋 and then divide
it into many smaller subintervals. Here, we assume that all
values of𝑋 corresponding to all nondominated solutions fall
on arbitrary position of the interval with the same possibility.
Then, we count the number of nondominated solutions in
each subinterval and calculate the probability of the random
variable 𝑋 falling into each subinterval. This probability can
be calculated by 𝑃(𝑋 ∈ subinterval

𝑘
) = 𝑁

𝑘
/𝑁, where 𝑁

𝑘

denotes the number of nondominated solutions in the 𝑘th
subinterval (𝑘 = 1, 2, . . .) and 𝑁 denotes the number of
nondominated solutions. In order to simplify the problem
and calculate the entropy of objectives 𝑓

𝑖
in (4), we assume

that if the number of subintervals is sufficiently large, each
subinterval can be approximately seen as a point and the
variable 𝑋 can be seen as a discrete random variable. Thus,
the probability of the random variable 𝑋 falling into a
subinterval can be approximately regarded as the probability
of 𝑋 taking the middle point 𝑥

𝑘
of this subinterval, where

𝑥
𝑘
= (upper bound

𝑘
− lower bound

𝑘
)/2. In this way, the

entropy𝐻(𝑓
𝑖
) can be calculated based on (4).

Similar to the calculation of the entropy of one objec-
tive, we need to divide the region in which the nondomi-
nated solutions locate into many smaller subregions in two-
dimensional space and count the number of nondominated
solutions in each subregion and calculate the probability
of the two-dimensional random variable falling into each
subregion in order to calculate𝐻(𝑓

𝑖
𝑓
𝑗
).

3.2. The Process of Objective Clustering and
Objective Reduction

3.2.1. The Procedure of Objective Clustering. After calculat-
ing the interdependence coefficient between every pair of
objectives, we get an interdependence coefficient matrix with
order 𝑀, named 𝐷 = (𝑑

𝑖𝑗
)
𝑀×𝑀

, in which each element 𝑑
𝑖𝑗

represents the interdependence coefficient between the 𝑖th
and the 𝑗th objectives. This matrix is used to measure the
degree of correlation between each pair of objectives.

Then, we use PAM clustering algorithm to group all
objectives into some small clusters. The reason of using
PAM clustering algorithm is that it only needs a distance
matrix between objects as the input, and it does not need
the location of the objects or other information. Here, the
interdependence coefficient matrix is taken as the distance
matrix. The larger the interdependence coefficient is, the
farther (less similar) the corresponding pair of objectives will
be.

According to the procedure of PAM, 𝑘 objectives are
chosen arbitrarily from the original objective set as the initial
centers of 𝑘 clusters, and each of the other (𝑀− 𝑘) objectives
is classified into a cluster whose center is nearest to this
objective. Next, a central objective is replaced by a noncentral
objective repeatedly until the quality of the resulting cluster
cannot be improved. In this way, the objectives in one cluster
show a high degree of correlation, while objectives belonging
to different clusters reflect more conflict.

3.2.2. The Process of Objective Reduction. In the process
of objective reduction, we calculate the interdependence
coefficients matrix in each cluster and take the cluster
containing the minimum interdependence coefficient as the
most highly correlated cluster, and the pair of objectives with
the minimum interdependence coefficient can be regarded
as the most relevant objectives in the current objective set.
Note that themore theminimum interdependence coefficient
in the most highly correlated cluster close to zero, the less
is the conflict of the corresponding pair of objectives. Here,
we use a redundant threshold 𝜃 to remove the redundant
objective. If the minimum interdependence coefficient in the
most highly correlated cluster is less than a predetermined
threshold 𝜃, one of the objectives in this pair will be
removed from the current objective set; otherwise, all the
objectives will be retained. In the proposed algorithm, the
multiobjective evolutionary algorithm and the strategy of
objective reduction are executed alternately where at most,
one objective is removed in an iteration.
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The most
correlated
objective

pairs

1

2

3

𝑑13

4

5

6

𝑑45

Divide the objective set into 2 clusters:
since 𝑑13 < 𝑑45, the cluster on the left 

is selected as the most highly correlated cluster

(a)

The most
correlated

objective pairs

1

2

3

𝑑13

4

5

6

𝑑45

Objective 1 and objective 3
are the most correlated objectives in the clusters,

and objective 3 is the center,
so objective 1 is removed as the redundant objective

(b)

Figure 2: The strategy of the objective reduction method employed.

The process of objective reduction consists of two steps.
Figure 2 shows the main skeleton.

(1) Recalculate the interdependence coefficient matrix
in each cluster obtained by objective clustering pro-
cess. Take the 𝑡th cluster containing the minimum
interdependence coefficient, that is, the cluster with
𝑑
𝑡

𝑝𝑞
= min

𝑙∈{1,2,⋅⋅⋅𝑘}
min
𝑖,𝑗∈𝐶
𝑙

(𝑑
𝑙

𝑖𝑗
), as the most highly

correlated cluster, where 𝑓
𝑝
and 𝑓

𝑞
are the objec-

tives with the minimum interdependence coefficient
𝑑
𝑡

𝑝𝑞
and are the candidates of redundant objective.

Figure 2(a) shows two clusters determined by PAM
with total six objectives marked from number 1 to 6,
where red triangle represents the central point of the
cluster and green circle represents noncentral point.
As it can be seen from the figure, 𝑑

13
is the minimum

interdependence coefficient in the left cluster and 𝑑
45

in the right cluster. Because of 𝑑
13
< 𝑑
45
, the cluster

on the left is the most highly correlated cluster, and𝑓
1

or 𝑓
3
is the candidate redundant objective.

(2) Remove one of the candidate redundant objectives.
Firstly, identify the value of the minimum interde-
pendence coefficient 𝑑𝑡

𝑝𝑞
. If 𝑑𝑡
𝑝𝑞
> 𝜃, the correlation

between𝑓
𝑝
and𝑓
𝑞
is weak and all of objectives should

be retained; else, check either 𝑓
𝑝
or 𝑓
𝑞
is the central

objective in its cluster, if either of the two is central
point, the other one can be removed as the redundant
objective. If neither of them is the central objective,
we could calculate the sum of interdependence coef-
ficients between each of 𝑓

𝑝
and 𝑓

𝑞
and the other

objectives in the current objectives set and take the
one 𝑓

𝑝
or 𝑓
𝑞
with the smaller sum as the redundant

objective, denoted by 𝑓redn = argmin{∑
𝑓
𝑖
̸=𝑓
𝑘

𝑑
𝑓
𝑖
,𝑓
𝑘

|

𝑓
𝑘
= 𝑓
𝑝
, 𝑓
𝑞
}. As can be seen in Figure 2(b), objective

1 and 3 are the most highly correlated objectives in
the cluster, since the 3th objective is the center in the
left cluster, it will be retained and the objective 1 is
regarded as the redundant objectiveto be removed.

Algorithm 12 (OC-ORA).
Step 1 (Initialization). Set an iteration counter 𝑡 = 0; original
objective set is 𝐹

𝑡
= {𝑓
1
, 𝑓
2
, . . . , 𝑓

𝑀
}, and the number of

predefined clusters is 𝑘.

Step 2. Initialize a random population 𝑃
𝑡
, run NSGA-II

corresponding to 𝐹
𝑡
for 𝑁

𝑔
generations, and obtain a non-

dominated set 𝐴
𝑡
.

Step 3. Calculate the interdependence coefficient matrix
based on the nondominated set 𝐴

𝑡
, and use the PAM

clustering algorithm to divide the objective set 𝐹
𝑡
into 𝑘

clusters.

Step 4. According to the clusters of objective set 𝐹
𝑡
obtained

in Step 3, remove one of the redundant or the most interde-
pendent objective from 𝐹

𝑡
according to the above objective

reduction rules, and the remaining objective set is denoted as
𝐹
𝑡+1

.

Step 5. If 𝐹
𝑡
= 𝐹
𝑡+1

, stop; else 𝑡 := 𝑡 + 1, 𝐹
𝑡
:= 𝐹
𝑡+1

; return to
Step 2.

4. Simulation Results

To verify the performance of the proposed algorithm for
objective reduction, we employ test functions DTLZ2 (𝑀)

and DTLZ5 (𝐼,𝑀) [23–25] in the experiments. These test
functions are described below. Furthermore, a real practical
engineering design problem, storm drainage systems, is also
used in the experiments to test the performance of the
proposed algorithm.

4.1. Test Functions and Simulation Results

4.1.1. Test Functions

DTLZ2 (𝑀). DTLZ2 is one of the test functions from a scal-
able test problems suite DTLZ formulated by K. Deb et al.
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[23], and none of the objectives is redundant in the problem.
The motivation of choosing this test problem is to test
whether the algorithm will remove any objective. If yes, it
will indicate the algorithm is ineffective. We will show in the
following experiment that the proposed algorithm does not
remove any objective. An𝑀-objective formulation of DTLZ2
is shown as follows.

Minimize

𝑓
1
(𝑥) = 𝑟 (𝑥

𝑀
) cos(𝜋𝑥1

2
) ⋅ ⋅ ⋅ cos(

𝜋𝑥
𝑀−2

2
) cos(

𝜋𝑥
𝑀−1

2
) ,

𝑓
2
(𝑥) = 𝑟 (𝑥

𝑀
) cos(𝜋𝑥1

2
) ⋅ ⋅ ⋅ cos(

𝜋𝑥
𝑀−2

2
) sin(

𝜋𝑥
𝑀−1

2
) ,

⋅ ⋅ ⋅

𝑓
𝑀−1

(𝑥) = 𝑟 (𝑥
𝑀
) cos(𝜋𝑥1

2
) sin(𝜋𝑥2

2
) ,

𝑓
𝑀
(𝑥) = 𝑟 (𝑥

𝑀
) sin(𝜋𝑥1

2
) ,

(9)

where

𝑟 (𝑥
𝑀
) = 1 + 𝑔 (𝑥

𝑀
) = 1 + ∑

𝑥
𝑖
∈𝑥
𝑀

(𝑥
𝑖
− 0.5)

2

,

0 ≤ 𝑥
𝑖
≤ 1, for 𝑖 = 1, 2, . . . , 𝑛.

(10)

The total number of decision variables is 𝑛 = 𝑀 + 𝑘 − 1,
where 𝑘 = 10 is used in the experiments. The Pareto-optimal
solutions correspond to 𝑥∗

𝑀
= 0.5.

DTLZ5 (𝐼,𝑀). In the DTLZ test suite, DTLZ5 is modified to
construct a set of test problems where the dimensionality of
the Pareto front is less than the original number of objectives
[23–25]. In DTLZ5 (𝐼,𝑀) problems, 𝐼 represents the actual
dimensionality of the Pareto-optimal front and𝑀 represents
the original number of objectives. The motivation of design-
ing these test problems is to evaluate objective reduction
techniques for many-objective optimization problems. The
formulation of DTLZ5 (𝐼,𝑀) is given as follows.

Minimize

𝑓
1
(𝑥) = 𝑟 (𝑥

𝑀
) cos (𝜃

1
) ⋅ ⋅ ⋅ cos (𝜃

𝑀−2
) cos (𝜃

𝑀−1
) ,

𝑓
2
(𝑥) = 𝑟 (𝑥

𝑀
) cos (𝜃

1
) ⋅ ⋅ ⋅ cos (𝜃

𝑀−2
) sin (𝜃

𝑀−1
) ,

𝑓
3
(𝑥) = 𝑟 (𝑥

𝑀
) cos (𝜃

1
) ⋅ ⋅ ⋅ sin (𝜃

𝑀−2
) ,

⋅ ⋅ ⋅

𝑓
𝑀−1

(𝑥) = 𝑟 (𝑥
𝑀
) cos (𝜃

1
) sin (𝜃

2
) ,

𝑓
𝑀
(𝑥) = 𝑟 (𝑥

𝑀
) sin (𝜃

1
) ,

(11)

where

𝑟 (𝑥
𝑀
) = 1 + 𝑔 (𝑥

𝑀
) = 1 + ∑

𝑥
𝑖
∈𝑥
𝑀

(𝑥
𝑖
− 0.5)

2

𝜃
𝑖
=

{{

{{

{

𝜋

2
𝑥
𝑖

for 𝑖 = 1, . . . , 𝐼 − 1
𝜋

4𝑟 (𝑥
𝑀
)
(1 + 2𝑔 (𝑥

𝑀
) 𝑥
𝑖
) for 𝑖 = 𝐼, . . . ,𝑀 − 1

subject to

𝐼−2

∑

𝑗=0

𝑓
2

𝑀−𝑗
+ 2
𝑝
𝑖𝑓
2

𝑖
≥ 1, for 𝑖 = 1, . . . , (𝑀 − 𝐼 + 1) ,

(12)

where

𝑝
𝑖
= {

𝑀 − 𝐼 for 𝑖 = 1
(𝑀 − 𝐼 + 2) − 𝑖 for 𝑖 = 2, . . . , (𝑀 − 𝐼 + 1)

0 ≤ 𝑥
𝑖
≤ 1, for 𝑖 = 1, 2, . . . , 𝑛.

(13)

The total number of decision variables is 𝑛 = 𝑀 +

𝑘 − 1, where 𝑘 = 10 is used here. With regards to
redundant objectives, all objectives with {𝑓

1
, . . . , 𝑓

𝑀−𝐼+1
} are

positively correlated, while each objective in {𝑓
𝑀−𝐼+2

, . . . , 𝑓
𝑀
}

is conflicting with every other objective in the problem; 𝐹
𝜏
=

{𝑓
𝑘
, 𝑓
𝑀−𝐼+2

, . . . , 𝑓
𝑀
} defines the true POF [18], where 𝑘 ∈

{1, 2, . . . ,𝑀 − 𝐼 + 1}.

4.1.2. Parameter Setting Used in OC-ORA. The crossover and
mutation parameters for OC-ORA used in the experiments
are listed in Table 1, and the experiments are done on different
numbers of objectives for each test problem. The population
size and the number of generations in different objective
test problems are shown in Table 2. In calculating the self-
information or entropy of an objective, we divide the interval
on one objective into many subintervals. The number of
subintervals is set as 20; that is, we will calculate the self-
information or entropy of a discrete variable on 20 possible
points, and the number of predefined clusters 𝑘 is set from 2
to ⌊√𝑀⌋. In the process of objective reduction, the threshold
𝜃 [26] is set as 0.6.

For performance assessment, some evaluation criterions,
such as computational complexity and the success rate in
identifying the true PF, are used here to compare the perfor-
mance of the different algorithms.

4.1.3. Complexity Comparison of OC-ORA and Other Objec-
tive Reduction Algorithms. The computational complexity of
the OC-ORA consists of three parts: executing the evo-
lutionary multiobjective algorithm, calculating the inter-
dependence coefficient matrix between pairs of objectives,
and implementing the PAM clustering algorithm to reduce
redundant objectives. The complexity of the proposed algo-
rithm is 𝑂(𝑔𝑛2𝑚) + 𝑂(V2𝑚2 + 𝑘𝑚2), where 𝑔 is the number
of generations for each run of NSGA-II, 𝑛 is the size of
the nondominated set, 𝑚 is the number of objectives in
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Table 1: Parameters used for OC-ORA algorithm.

Parameter Value
SBX crossover probability 0.9
Crossover index 20
Polynomial mutation probability 0.1
Mutation index 20

the current nonredundant objective set, 𝑘 is the number
of clusters used in PAM clustering algorithm, and V is the
number of subintervals in the calculation of mutual informa-
tion. Generally, 𝑘 is much smaller than V2, so the complexity
of OC-ORA is simplified as𝑂(𝑔𝑛2𝑚)+𝑂(V2𝑚2). In contrast,
the computational complexities of the compared objective
reduction approaches are summarized in Table 3. Note that
each of the objective reduction algorithm operates on the
nondominated set and share the same complexity on obtain-
ing the nondominated set; hence, it is unnecessary to consider
the computational complexity𝑂(𝑔𝑛2𝑚) of obtaining the non-
dominated set in each objective reduction algorithm. Thus,
the complexity of OC-ORA is simplified as 𝑂(V2𝑚2). It can
be seen fromTable 3 that (1) the computational complexity of
the exact algorithm for 𝛿−MOSS is almost impractical since it
is quadratic in 𝑛 and exponential in𝑚 and the computational
complexity of the greedy algorithm for 𝛿 − MOSS is likely
to be more expensive. In summary, the complexity of 𝛿 −
MOSS is the worst compared with other algorithms. (2) The
complexity of the procedure of objective reduction in one
iteration is listed in Table 3, which shows that the efficiency
of OC-ORA is better than NL-MVU-PCA based reduction
method. Besides, the population size and the number of
generations of the proposed algorithm in one iteration of
objective reduction are much less than those of the compared
algorithms. For example, the population size and the number
of generations are set to be 800 and 1000 in NL-MVU-PCA,
which are much larger than those of the proposed algorithm.
Although the iterations used by the proposed algorithm
OC-ORA may be more than that used by NL-MVU-PCA
because at each iteration, OC-ORA removes one redundant
objective, while NL-MVU-PCA removes more than one the
total number of individuals used by the proposed algorithm,
which is a relatively fair metric to measure the computational
complexity of an algorithm, is smaller than that used by
NL-MVU-PCA. Thus, the computational complexity of the
proposed algorithm is lower than that of the compared
algorithms.

4.1.4. The Example Analysis on the Process of Objective Reduc-
tion. In order to verify the efficiency of interdependence
coefficient matrix [26] in measuring the relation between
objectives, we use the interdependence coefficient matrix
to implement objective clustering and reduction on both
redundant test functionsDTLZ5 (3, 5) and nonredundant test
functions DTLZ2 (5) problems. The processes of objective
clustering and redundant objective removing are presented
in Table 4.

Table 2: The pop size and generations in different test problems.

Test problems Pop size Generations
DTLZ2 (5) 200 300
DTLZ2 (10) 300 500
DTLZ2 (20) 300 1000
DTLZ5 (2,5) 200 200
DTLZ5 (3,5) 200 200
DTLZ5 (2,10) 300 300
DTLZ5 (3,10) 300 300
DTLZ5 (5,10) 300 300
DTLZ5 (2,20) 500 500
DTLZ5 (5,20) 500 500

Table 3: Complexity of the compared objective reduction algo-
rithms.

Algorithm Complexity
Deb and Saxena
(1) PCA based reduction 𝑂(𝑛𝑚

2
+ 𝑚
3
)

(2) NL-MVU-PCA
based reduction

𝑂(𝑚
3
𝑞
3
), where

𝑞 is the neighborhood size
In the most constrained case,

𝑞 = 𝑂(𝑚)

𝛿 −MOSS
(1) Exact Algorithm 𝑂(𝑛

2
𝑚2
𝑚
)

(2) Greedy Algorithm 𝑂(min{𝑛2𝑚3, 𝑛4𝑚2})
OC-ORA 𝑂(V2𝑚2)

In the original objective set in DTLZ5 (3, 5) is 𝐹
𝑡
=

{1, 2, 3, 4, 5}. In order to estimate the correlation between each
pair of objectives, the interdependence coefficient matrix is
computed on the nondominated set generated by NSGAII.
An interdependence coefficient matrix with order five is
presented in the left part of Table 4(a), named 𝐷 = (𝑑

𝑖𝑗
)
5×5

.
According to the interdependence coefficient matrix, the
objective clustering algorithm is carried out to divide the
objective set 𝐹

𝑡
into different 𝑘 clusters, where 𝑘 is prede-

termined and set to 2. Thus, the original objective set 𝐹
𝑡
is

divided into two subsets 𝐹
𝑡1

= {1, 2, 3} and 𝐹
𝑡2

= {4, 5}

by using the PAM clustering algorithm. Then, the objective
reduction algorithm is performed to remove the redundant
objective, where the first objective 𝑓

1
is the redundant objec-

tive which should be removed from the current objective
set, and thus the resulting nonredundant objective set is
𝐹


𝑡
= {2, 3, 4, 5}. Afterwards, the next round of calculating

the interdependence coefficient matrix in the new objective
set 𝐹
𝑡
= {2, 3, 4, 5} is started, and the matrix with order four

is shown on the right part of Table 4(a). Through the new
round of PAM clustering and objective reduction strategy,
the second objective 𝑓

2
satisfies the condition of redundant

objective. Finally, after two iterations, the nonredundant
objective set is 𝐹

𝑡
= {3, 4, 5}, which is the true nonredundant

objective set in DTLZ5 (3, 5).
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Table 4: (a) Inter-dependence coefficient matrix on DTLZ5 (3, 5). (b) Interdependence coefficient matrix on DTLZ2 (5).

(a)

Interdependence coefficient matrix D based on
𝐹
𝑡
= {1, 2, 3, 4, 5}

Interdependence coefficient matrix D based on
𝐹


𝑡
= {2, 3, 4, 5}

[
[
[
[
[
[
[

[

0 0.3889 0.5332 1.2715 1.3065

0.3889 0 0.5031 1.2653 1.2640

0.5332 0.5031 0 1.3029 1.2857

1.2715 1.2653 1.3029 0 1.2245

1.3065 1.2640 1.2857 1.2245 0

]
]
]
]
]
]
]

]

[
[
[
[

[

0 0.3526 1.3326 1.3231

0.3526 0 1.3855 1.3430

1.3326 1.3855 0 1.3272

1.3231 1.3430 1.3272 0

]
]
]
]

]

(b)

Interdependence coefficient matrix D based on
𝐹
𝑡
= {1, 2, 3, 4, 5}

[
[
[
[
[
[
[

[

0 1.3222 1.3814 0.6513 1.3323

1.3222 0 0.7199 1.2414 0.7387

1.3814 0.7199 0 1.3630 1.3573

0.6513 1.2414 1.3630 0 1.2798

1.3323 0.7387 1.3573 1.2798 0

]
]
]
]
]
]
]

]

Table 5: The success rate in identifying the true nonredundant
objective set 𝐹

𝑡
with two algorithms out of 20 runs.

Test problems Success rate with
OC-ORA

Success rate with
L-PCA

DTLZ2 (5) 20/20 20/20
DTLZ2 (10) 20/20 19/20
DTLZ2 (20) 19/20 14/20
DTLZ5 (2,5) 20/20 18/20
DTLZ5 (3,5) 20/20 19/20
DTLZ5 (2,10) 19/20 7/20
DTLZ5 (3,10) 20/20 2/20
DTLZ5 (5,10) 17/20 3/20
DTLZ5 (2,20) 18/20 2/20
DTLZ5 (5,20) 15/20 3/20

With nonredundant test functions DTLZ2 (5) problems,
we calculate the interdependence coefficient matrix on orig-
inal objective set 𝐹

𝑡
= {1, 2, 3, 4, 5}, shown in Table 4(b).

In the process of objective clustering, the number 𝑘 of
clusters is also set to 2, and the original objective set 𝐹

𝑡
is

divided into two subsets 𝐹
𝑡1
= {1, 4} and 𝐹

𝑡2
= {2, 3, 5}.

The minimum interdependence coefficient in two clusters is
𝑑
14
= 0.6513, which represents that 𝑓

1
and 𝑓

4
are the most

highly correlated objectives in 𝐹
𝑡
. According to the rule of

identifying redundant objectives, the value 0.6513 is larger
than threshold 𝜃, so neither of them will be removed.

4.1.5. Comparison of Success Rate in Identifying the True
Nonredundant Objective Set 𝐹

𝑡
. To test the performance of

the proposed algorithm for objective reduction, two different
kinds of the test problems with varying number of objectives
are studied, including 10 test examples. For each test example,

experiments are performed for 20 independent runs. Table 5
summarizes the results of the success rate in identifying the
true nonredundant objective set 𝐹

𝑡
with objective number

increasing from 5 and 10 to 20. Meanwhile, we also compare
the success rates of OC-ORA and linear objective reduction
approach L-PCA [18]. The experiment results are shown as
follows.

For DTLZ2 (𝑀), it can be seen from Table 5 that OC-
ORA can identify the true Pareto front accurately with
success rate of 100% for 5 and 10 objectives, respectively, and
95% for 20 objectives.The success rates are much higher than
those obtained by L-PCA. In nonredundant problems, the
threshold 𝜃 avoids removing any nonredundant objective and
tries to keep all of objectives.

For all instances of DTLZ5 (𝐼,𝑀), it also can be seen
from Table 5 that the success rates obtained by OC-ORA are
obviously much higher than those obtained by L-PCA. The
superiority of OC-ORA is that it could express more com-
prehensive correlation between objectives, especially for non-
linear relationships of objectives. The experimental results
indicate that OC-ORA could find the true nonredundant
objective set efficiently.

The limitation of the proposed algorithm is that the
number of clusters 𝑘 must be smaller than the number of
nonredundant objective in test problem.When the number of
clusters ismore than the number of nonredundant objectives,
the objective reduction strategy is not applicable.

4.2. An Engineering Problem: StormDrainage Systems. This is
an optimal planning problem for storm drainage systems in
urban areas, which is proposed by Musselman and Talavage
[27]. The problem consists of 5 objectives and 7 constraints.
The analytical model of the problem is given in Table 6. In
order to identify the redundant objectives of the problem,
the proposed algorithm is carried out. The population size
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Table 6: Analytical model of the storm drainage problem.

Name Function expression
Minimize 5 objectives
(1) Drainage network cost 𝑓

1
(𝑥) = 106780.37(𝑥

2
+ 𝑥
3
) + 61704.67

(2) Storage facility cost 𝑓
2
(𝑥) = 3000𝑥

1

(3) Treatment facility cost 𝑓
3
(𝑥) = (305700/(0.06 ∗ 2289) ∧ 0.65) ∗ 2289𝑥

2

(4) Expected flood damage cost 𝑓
4
(𝑥) = 250 ∗ 2289 ∗ exp(−39.75𝑥

2
+ 9.9𝑥

3
+ 2.74)

(5) Expected economic loss cost due to flood 𝑓
5
(𝑥) = 25 ∗ (1.39/(𝑥

1
𝑥
2
) + 4930𝑥

3
− 80)

Subject to 7 constraints
(1) Average no. of floods/year 𝑔

1
(𝑥) = 0.00139/𝑥

1
𝑥
2
+ 4.94𝑥

3
− 0.08 ≤ 1

(2) Probability of exceeding a flood depth of 0.01 basin inches 𝑔
2
(𝑥) = 0.0000306/𝑥

1
𝑥
2
+ 0.1082𝑥

3
− 0.00986 ≤ 0.10

(3) Average no. of pounds/year of suspended solids 𝑔
3
(𝑥) = 12.307/𝑥

1
𝑥
2
+ 49408.24𝑥

3
− 4051.02 ≤ 50000

(4) Average no. of pounds/year of settleable solids 𝑔
4
(𝑥) = 2.098/𝑥

1
𝑥
2
+ 8046.33𝑥

3
− 696.71 ≤ 16000

(5) Average no. of pounds/year of BOD 𝑔
5
(𝑥) = 2.138/𝑥

1
𝑥
2
+ 7883.39𝑥

3
− 705.04 ≤ 10000

(6) Average no. of pounds/year of N 𝑔
6
(𝑥) = 0.417/𝑥

1
𝑥
2
+ 1721.36𝑥

3
− 136.54 ≤ 2000

(7) Average no. of pounds/year of PO4 𝑔
7
(𝑥) = 0.164/𝑥

1
𝑥
2
+ 631.13𝑥

3
− 54.48 ≤ 550

where 0.01 ≤ 𝑥
1
≤ 0.45, 0.01 ≤ 𝑥

2
, 𝑥
3
≤ 0.10

is set to 200, and the generation is set to 200. In the
original objective set 𝐹

𝑡
= {1, 2, 3, 4, 5}, the interdependence

coefficient matrix based on the original objective set is shown
in Table 7. After calculating the interdependence coefficient
matrix, we will execute objective clustering process to divide
the original objective set 𝐹

𝑡
into two subsets 𝐹

𝑡1
= {1, 2, 3}

and 𝐹
𝑡2
= {4, 5}. Comparing the minimum interdependence

coefficient in each cluster, the cluster 𝐹
𝑡1

is identified as
the most highly correlated cluster, and the interdependence
coefficient between 𝑓

1
and 𝑓

3
is the minimum. According to

the objective reduction rule,𝑓
1
is considered as the redundant

objective, and thus the corresponding nonredundant objec-
tive set is 𝐹

𝑡
= {2, 3, 4, 5}.Thus, 𝐹

𝑡
can be used to reconstruct

the Pareto front.
To validate this result, parallel coordinate plot is bor-

rowed here to visualize the nondominated solution set with
more objectives in a figure. It involves plotting the normal-
ized objective values of the nondominated solutions onto
parallel axes, one per normalized objective. The function
values in every objective for each nondominated solution
are connected by a line segment. The parallel coordinate
plots corresponding to the original set of objectives 𝐹

𝜏
=

{1, 2, 3, 4, 5} and the reduced set 𝐹
𝜏
= {2, 3, 4, 5} are shown

in Figures 3(a) and 3(b), respectively. Figure 3(a) shows the
parallel coordinate plot corresponding to the original set of
objectives, and Figure 3(b) refers to the reduced set. It can be
seen from Figure 3 that parallel coordinate plot correspond-
ing to the reduced set of objectives closely matches with that
obtained using the original set of objectives. This illustrates
that the omitting objective 𝑓

1
does not affect non-nominated

set, and the reduced set of objectives𝐹
𝜏
= {2, 3, 4, 5} is enough

to obtain the Pareto front for this problem.

5. Conclusion and Future Work

In this paper, a novel method has been proposed to iden-
tify the true nonredundant objective set in many-objective

Table 7: The interdependence coefficient matrix based on original
objective set of storm drainage problem.

Interdependence coefficient matrix based on 𝐹
𝑡
= {1, 2, 3, 4, 5}

[
[
[
[
[
[
[

[

0 1.3093 0.4905 1.4496 1.2137

1.3093 0 0.6419 1.2821 1.2714

0.4905 0.6419 0 1.5131 1.2792

1.4494 1.2821 1.5131 0 0.6340

1.2137 1.2714 1.2792 0.6340 0

]
]
]
]
]
]
]

]

problems. In order to overcome the defects of tradition-al
methods in quantitative representation of the relation be-
tween a pair of objectives, we adopt a new metric, interde-
pendence coefficient, by using the union of mutual informa-
tion and correlation coefficient to measure the correlation
between objectives. In addition, a new objective reduction
strategy is investigated in accordance with the results of PAM
clustering algorithm.

The efficiency of the proposed approach is demonstrated
by experiments on two kinds of benchmark test problems
including 10 test instances and a real engineering practice
problem, where the number of objectives tested is from 5
to 20. Moreover, a comparative analysis of computational
complexity and success rate between the proposed algorithm
and the correlation matrix-based algorithms has been made.
All the results show that the proposed algorithm performs
well in finding the true nonredundant objective set and
outperforms the compared algorithm.

A number of future works can be further conducted
from current work. First, the strategy of removing redundant
objective can be further enhanced by designing a specific
method, which should avoid the limitation of the provision
of the cluster number 𝑘. Also, it is important to realize that
for many-objective problems, different parts of the Pareto
front may give different non-redundant objective set. In such
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Figure 3: Parallel coordinate plots for storm drainage systems using various combinations of objectives. (a) The original set of objectives
𝐹
𝜏
= {1, 2, 3, 4, 5} are considered. (b) The reduced set 𝐹

𝜏
= {2, 3, 4, 5} is considered.

a case, the objective space needs to divide many subregions
to discuss.
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“Online objective reduction to deal with many-objective prob-
lems,” in Evolutionary Multi-Criterion Optimization, vol. 5467
of Lecture Notes in Computer Science, pp. 423–437, 2010.

[13] A. L. Jaimes, C. A. Coello Coello, and D. Chakraborty, “Objec-
tive reduction using a feature selection technique,” in Proceed-
ings of the 10th Annual Genetic and Evolutionary Computation
Conference (GECCO ’08), pp. 673–680, July 2008.

[14] D. Brockhoff and E. Zitzler, “Improving hypervolume-based
multiobjective evolutionary algorithms by using objective
reduction methods,” in Proceedings of IEEE Congress on Evo-
lutionary Computation (CEC ’07), pp. 2086–2093, September
2007.

[15] D. Brockhoff and E. Zitzler, “Objective reduction in evolu-
tionary multiobjective optimization: theory and applications,”
Evolutionary Computation, vol. 17, no. 2, pp. 135–166, 2009.



12 Mathematical Problems in Engineering

[16] K. Deb and D. Saxena, “On finding pareto-optimal solu-
tions through dimensionality reduction for certain large-
dimensional multi-objective optimization problems,” Kangal
Technique Report, 2005.

[17] K. Deb and D. K. Saxena, “Searching for pareto-optimal solu-
tions through dimensionality reduction for certain large-di-
mensional multi-objective optimization problems,” in Congress
on Evolutionary Computation (CEC ’06), pp. 3353–3360, 2006.

[18] D. K. Saxena and K. Deb, “Objective reduction in many-
objective optimization: linear and nonlinear algorithm,” Kangal
Technique Report, 2010.

[19] T. M. Cover and J. A. Thomas, Elements of Information Theory,
Wiley Series in Telecommunications, John Wiley & Sons, New
York, NY, USA, 1991.

[20] W. Li, “Mutual information functions versus correlation func-
tions,” Journal of Statistical Physics, vol. 60, no. 5-6, pp. 823–837,
1990.

[21] L. Kaufman and P. J. Rousseeuw, Finding Groups in Data: An
Introduction to Cluster Analysis, Wiley Series in Probability and
Mathematical Statistics: Applied Probability and Statistics, John
Wiley & Sons, New York, NY, USA, 1990.

[22] R. Ng and J. Han, “Effecient and effictive clustering methods
for spatial data mining,” in Proceedings of the 20th International
Conference on Very Large Data Bases (VLDB ’94), Santiago de
Chile, Chile, 1994.

[23] K. Deb, L. Thiele, M. Laumanns, and E. Zitzler, “Scalable
multiobjective optimization test problems,” in Proceedings of
IEEECongress on Evolutionary Computation, pp. 825–830, 2002.

[24] K. . Deb, L. Thiele, M. Laumanns, and E. Zitzler, “Scalable
test problems for evolutionarymulti-objective optimization,” in
Evolutionary Multiobjective Optimization: Theoretical Advances
and Applications, A. Abraham, R. Jain, and R. Goldberg, Eds.,
chapter 6, pp. 105–145, Springer, 2005.

[25] S. Huband, P. Hingston, L. Barone, and L. While, “A review
of multiobjective test problems and a scalable test problem
toolkit,” IEEE Transactions on Evolutionary Computation, vol.
10, no. 5, pp. 477–506, 2006.

[26] X. Guo, X. Wang, M. Wang, and Y. Wang, “A new objective
reduction algorithm for many-objective problems: employing
mutual information and clustering algorithm,” in Proceedings of
the 8th International Conference on Computational Intelligence
and Security (CIS ’12), IEEE Press, 2012.

[27] K. Musselman and J. Talavage, “A tradeoff cut approach to
multiple objective optimization,” Operations Research, vol. 28,
no. 6, pp. 1424–1435, 1980.



Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2013, Article ID 406143, 8 pages
http://dx.doi.org/10.1155/2013/406143

Research Article
A Resource Allocation Evolutionary Algorithm for OFDM Based
on Karush-Kuhn-Tucker Conditions

Hai-Lin Liu and Qiang Wang

School of Applied Mathematics, Guangdong University of Technology, Guangzhou 510520, China

Correspondence should be addressed to Qiang Wang; wangqiangzhch@yahoo.cn

Received 20 January 2013; Accepted 26 March 2013

Academic Editor: Yuping Wang

Copyright © 2013 H.-L. Liu and Q. Wang. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

For orthogonal frequency division multiplexing (OFDM), resource scheduling plays an important role. In resource scheduling,
power allocation and subcarrier allocation are not independent. So the conventional two-step method is not very good for OFDM
resource allocation. This paper proposes a new method for OFDM resource allocation. This method combines evolutionary
algorithm (EA) with Karush-Kuhn-Tucker conditions (KKT conditions). In the optimizing process, a set of subcarrier allocation
programs are made as a population of evolutionary algorithm. For each subcarrier allocation program, a power allocation program
is calculated through KKT conditions.Then, the system rate of each subcarrier allocation program can be calculated.The fitness of
each individual is its system rate.The information of optimizing subcarrier and power allocation can be interacted with each other.
So, it can overcome the shortcoming of the two-step method. Computer experiments show the proposed algorithm is effective.

1. Introduction

Orthogonal frequency division multiplexing (OFDM) has
attracted more and more research interest because it is a
potential solution for high-rate data service demands [1].
In OFDM system, the high speed data flow is divided
into a lot of slow speed data flows. So, the inters symbol
interference (ISI) can be reduced greatly.Meanwhile different
subcarrier’s channel fading condition is independent, so, the
OFDM resource allocation has high flexibility. The flexibility
of multiuser access can also be improved. The principle of
OFDM is described in Figure 1.

The resource allocation problems in OFDM system have
two different types of analytical perspectives: one is to
maximize the system capacity (RA) when the emission power
is limited; the other is to minimize the transmit power (ME)
under the condition that the system capacity is limited.
However, in the fourth-generation mobile communication
system, the main business is the users experience. Therefore,
the former perspective causes more attention.

Resource allocation algorithms can be classified into two
categories: (a) the model can be solved directly. However,
it may get an exact result; the computational complexity

is too high. (b) The solving process is divided into several
steps through some executive strategies.Though it cannot get
such an exact solution, it is simple and easy to handle. After
optimization, the progress shows the proposed solution is of
acceptable accuracy. The two-step method is described as an
effective algorithm. In a two-stepmethod, we first considerate
subcarrier allocation then the power allocation.This method
may result in low complexity and fast solution speed.

The recent research on the two-step method focuses
on the rules of subcarrier allocation with the purpose to
take capacity of system and fairness into account. But most
attention is paid to find a good algorithm to optimize the
power allocation so as to maximize the system capacity.
For the optimization of the power distribution, the main
methods are classical deterministic optimization algorithm
and intelligent optimization algorithms.

At present, most algorithms for OFDM resource allo-
cation focus on how to improve solution efficiency based
on system fairness. Algorithms proposed in [2–5] were
based on the gradient information. In early research, the
affusion algorithm attracted the attention of most scholars.
It can maximize the system but make the system fairness
worse. Making use of the gradient information, article [2]
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defined a kind of system throughout increase. For each power
allocation, enhanced power was allocated to the user who
had the maximum throughout. By introducing the constraint
conditions according to the definition of throughout increase,
the system can enhance throughout and meet the fairness. In
paper [3], a framework of algorithm based on gradient infor-
mation was presented. The model was expressed as a graph
optimization problem, and it resolves the problem with dual
decomposition. Considering that OFDM resource allocation
model is a nonlinear optimization problem, the literature in
[5–10] uses Lagrange method to measure resource allocation.
Based on Lagrange method, the literature in [11] introduced
a self-adaptive iterative algorithm in order to meet the
system fairness. In paper [8], the model was converted into
problem in graph theory and was solved with graph theory
combined with Lagrange method, which gave a satisfactory
result. In paper [9], the model was converted into a convex
optimization problem, which could be efficiently solved by
Lagrange method. Also, many algorithms were put forward
by introducing some specific strategies to deal with OFDM
resource allocation problem. In these algorithms, classical
or intelligent optimization algorithms did not appear, as
presented in the literature in [12–20]. By introducing the
concept of pareto efficiency, paper [18] presented the trade-off
program between operators and users’ service. The literature
in [21–27] solved OFDM resource allocation problem with
intelligent algorithm which takes the advantages of simple
operation and convenient calculation. By introducing weight
factors, paper [25] combined transmit power and system
capacity to a cost function. A modified PSO algorithm was
presented to solve the problem and got good performance.
Paper [26] presented amultiobjective optimizationmodel for
determining the transmit power and system capacity, respec-
tively, and used NSGA-2 algorithm to solve the problem.
Due to the mutual restrictive relationship between transmit
power and system capacity, a variable was optimized while
the other performed worse. Therefore, it is feasible to use
multiobjective algorithm for optimization.

Above, most of the literature is based on two-step
method. Firstly, subcarrier is allocated, and then, the model
is optimized. The two-step method can significantly reduce
the complexity of the algorithm. But because the subcarrier
allocation and power allocation are dependent, it is unrea-
sonable to allocate subcarrier and power separately. So, the
efficiency of the algorithm is not very high. However, if
subcarrier allocation and power allocation are optimized at
the same time, the complexity of the algorithm is so high that
it does not meet the instantaneous requirements for mobile
communication system. Therefore, it is expected to improve
the accuracy and efficiency of algorithm if the information of
subcarrier allocation and power allocation is able to interact
with each other in each iteration.

A hybrid evolutionary algorithm for OFDM resource
allocation is proposed in this paper. In this algorithm,
the subcarrier and power allocation is optimized by turns.
Because the OFDM resource allocation is a hybrid opti-
mization problem, the discrete and continuous variables can
be optimized by evolutionary algorithm and KKT condi-
tions, respectively. This algorithm, firstly, generates a group
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Figure 1: System model of the downlink MU-OFDM.

subcarrier allocation program, and then, the corresponding
power allocation program is generated by KKT conditions.
The system rate of each subcarriers can be obtained. For the
evolutionary algorithm, the set of subcarrier is regarded as a
population.The system rate is the fitness of each individual. In
the optimizing process, the subcarrier and power allocation
information can be used with each other. So this algorithm is
more efficient.

The remainder of the paper is organized as follows:
the model of OFDM resource allocation and algorithm is
described at Sections 2 and 3, computer simulation results are
shown at Section 4, and conclusions are drawn at Section 5.

2. The Model of OFDM Resource Allocation

Considering that spectrum resources are limited, OFDM
resource allocation plays an important role in the 4th gen-
eration mobile communication system. Each eNodeB has a
lot of orthogonal subcarriers allocated to each user. The core
problem of OFDM resource allocation is which subcarriers
should be allocated to a user and howmuch each subcarrier’s
power should be.

Assume that there are 𝑁 subcarriers shared by 𝐾 users;
define the channel gain of the 𝑘th user on the 𝑛th subcarrier
𝑔
𝑘,𝑛
; the noise power is 𝜎

2
= (𝑁

0
𝐵)/𝑁, where 𝑁

0
is noise

power spectral density. The signal-to-noise ratio (SNR) is
ℎ
𝑘,𝑛

= 𝑔
2

𝑘,𝑛
/𝜎
2. The capacity of user 𝑘 on subcarrier 𝑛 is

normalized by 𝑟
𝑘,𝑛

= (1/𝑁) ln(1 + (𝑝
𝑘,𝑛

ℎ
𝑘,𝑛

/Γ)), where Γ is
a constant. So, data rate of user 𝑘 can be written as

𝑅
𝑘
=

𝑁

∑

𝑛=1

𝑤
𝑘,𝑛

𝑁
ln(1 +

𝑝
𝑘,𝑛

ℎ
𝑘,𝑛

Γ
) . (1)

Themathematic model of resource allocation problem can be
described as follows:

max𝐹 (𝑊, 𝑃) =

𝐾

∑

𝑘=1

𝑁

∑

𝑛=1

𝑤
𝑘,𝑛

𝑁
ln(1 +

𝑝
𝑘,𝑛

ℎ
𝑘,𝑛

Γ
) (2)
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s.t
𝐾

∑

𝑘=1

𝑁

∑

𝑛=1

𝑝
𝑘,𝑛

≤ 𝑃
𝑇

𝐾

∑

𝑘=1

𝑤
𝑘,𝑛

≤ 1 ∀𝑛

𝑝
𝑘,𝑛

≥ 0, 𝑤
𝑘,𝑛

≥ 0, ∀𝑘, ∀𝑛,

(3)

where 𝑤
𝑘,𝑛

∈ {0, 1}. It means the 𝑛th subcarrier is allocated
to the 𝑘th user when 𝑤

𝑘,𝑛
is 1. If 𝑤

𝑘,𝑛
is 0, it means the 𝑛th

subcarrier is not allocated to the 𝑘th user. 𝑃
𝑇
is the total

transmit power. 𝑃 = (𝑝
𝑘,𝑛

)
𝐾×𝑁

, 𝑊 = (𝑤
𝑘,𝑛

)
𝐾×𝑁

.

3. Karush-Kuhn-Tucker Theorem

KKT conditions are proposed by Karush and Kuhn and
Tucker independently. KKT conditions are first-order neces-
sary conditions to solve optimization problem with equality
and inequality constraints.

Consider the following maximization problem

max 𝑓 (𝑥)

s.t 𝑔
𝑗
(𝑥) ≥ 0, 𝑗 = 1, 2, . . . , 𝑚

ℎ
𝑖
(𝑥) = 0, 𝑖 = 1, 2, . . . , 𝑛

(4)

with 𝑓 : 𝑅
𝑁

→ 𝑅, 𝑔
𝑗
: 𝑅
𝑁

→ 𝑅
𝑝
, ℎ
𝑖
: 𝑅
𝑁

→ 𝑅
𝑚 being

continuously differentiable functions.
Kuhn-Tucker Theorem. If 𝑥

∗ is a (local) optimum of the
problem

max 𝑓 (𝑥) (5)

s.t 𝑔
𝑗
(𝑥) ≥ 0, 𝑗 = 1, 2, . . . , 𝑚 (6)

ℎ
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∗
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ℎ (𝑥
∗
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∗
) ≥ 0,

𝜆
∗
≥ 0, 𝜆

∗
𝑔 (𝑥
∗
) = 0.

(8)

Equation (10) means ∇𝑓 is the linear combination of ∇𝑔

and ∇ℎ, where 𝜆
∗ and 𝜇

∗ are called Lagrange multiplier.
Equation (11) means the optimal point must meet all the
constraints including equality and inequality constraints.
That is to say the optimal point should be a feasible solution.

4. Making Use of KKT Conditions

For OFDM resource allocation problem, after the subcarrier
assignment is completed, the above model becomes

max 𝐹 (𝑊, 𝑃) =

𝐾
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(10)

where 𝑊, 𝑤
𝑘,𝑛

are known quantity. Equation (15) is a
nonlinear equation, and it is continuous and differentiable.
When 𝑝

𝑘,𝑛
> 0, 𝑔

𝑘,𝑛
= ℎ
𝑘,𝑛

/Γ, a stagnation point of the
equation can be obtained by KKT conditions:
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by (12). 𝑝
𝑘,𝑛

can be calculated by

𝑝
𝑘,𝑛

(𝑊) =
𝑃
𝑇
+ ∑
𝐾

𝑘=1
(𝑤
𝑘,𝑛
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𝑁
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𝑘,𝑛

𝐾 × 𝑁
−

1

𝑔
𝑘,𝑛

. (14)

5. Hybrid Evolutionary Algorithm for
OFDM Resource Allocation

Goldberg proposed the evolutionary algorithm’s commonly
form.The evolutionary algorithm (EA) simulates the natural
selection in biological evolution. It is essentially a random
search algorithm. EA’s global search ability is excellent, and
EA dose not demand the objective function continuous or
differentiable. In (2), the variable 𝑤

𝑘,𝑛
is discrete, so EA

can be used to solve subcarrier allocation. Meanwhile, KKT
conditions are used to solve the variable 𝑝

𝑘,𝑛
by (14). Since

the allocation of subcarrier and power is not independent, it
is rational to combine these two algorithms to solve resource
allocation problem.

ForOFDMresource allocation, the two-stepmethod can-
not get a good solution because the allocation of subcarrier
and power is not independent. In this paper, we propose
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Figure 2: The information of optimizing subcarrier and power
allocation can interact with each other.

a new resource allocation program based on KKT condi-
tions. This new program combines evolutionary algorithm
and KKT conditions. Firstly, we randomly generate some
subcarrier allocation program 𝑊

1
,𝑊
2
, . . . ,𝑊

𝑚
. For each 𝑊

𝑖
,

there is 𝐹(𝑊
𝑖
, 𝑃), (𝑖 = 1, 2, . . . , 𝑚), and each 𝐹(𝑊

𝑖
, 𝑃)

has only one variable 𝑃. 𝐹(𝑊
𝑖
, 𝑃) can be solved by (14).

Assume the solution is 𝑃
𝑖
; for each 𝑊

𝑖
, we can get a 𝑃

𝑖
,

(𝑖 = 1, 2, . . . , 𝑚). When 𝑊
𝑖
and 𝑃

𝑖
are known, we can get

𝐹
𝑖
. 𝐹
𝑖
is the system rate corresponding to 𝑊

𝑖
. As previously

described, 𝐹
𝑖
is not a good result. Then, the proposed

algorithm optimizes 𝑊
𝑖
, (𝑖 = 1, 2, . . . , 𝑚) using evolutionary

algorithm. Assume that 𝑊
1
(𝑡),𝑊

2
(𝑡), . . . ,𝑊

𝑚
(𝑡) is 𝑡 gener-

ation population of evolutionary algorithm; through (14),
the𝑃
1
(𝑡), 𝑃
2
(𝑡), . . . , 𝑃

𝑚
(𝑡) can be calculated. Select individuals

from𝑊
1
(𝑡),𝑊

2
(𝑡), . . . ,𝑊

𝑚
(𝑡) to cross over and mutate.Then,

new individuals are generated. Each new individual’s power
allocation can be calculated trough (14). According to every
new individual’s power allocation, select next generation
individuals 𝑊

1
(𝑡 + 1),𝑊

2
(𝑡 + 1), . . . ,𝑊

𝑚
(𝑡 + 1). So, the

information of power and subcarrier allocation canmake full
use of each other. It is described in Figure 2.

5.1. Fitness Function. A hybrid evolutionary algorithm for
OFDM resource allocation is proposed in this paper. This
algorithm firstly generates a set of subcarrier allocation pro-
grams 𝑊

1
,𝑊
2
, . . . ,𝑊

𝑚
, where 𝑊

𝑖
is 𝑖th subcarrier allocation

program, 𝑖 = 1, 2, . . . , 𝑚. For each 𝑊
𝑖
, its corresponding

power allocation 𝑝
𝑖
can be obtained through (14), then, the

fitness function of 𝑊
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= (𝑤
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can be calculated as
follows:
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5.2. Encoding of Solutions. Evolutionary algorithm has
attracted more and more attentions because of its good
performance in the engineering field. For evolutionary algo-
rithm, encoding is one of the most important parts in EA.
An excellent encoding method cannot only avoid generating
illegal solutions but also improve the performance of the
algorithm.

The subcarrier allocation program 𝑊 is a 𝐾 × 𝑁 matrix
as follows:

𝑊 = (

(

1 0 0 . . . 0 1 0

0 1 1 . . . 0 0 1

0 0 0 . . . 1 0 0

0 0 0 . . . 0 0 0

. . . . . . . . .

0 0 0 . . . 0 0 0

)

)

. (16)

It is clear that there is only one 1 in each column, whichmeans
each subcarrier can only be allocated to one user.When𝐾 and
𝑁 are very large, the computational process expends a lot of
time. What is more, the process of crossover and mutation
would be very complex. So, it is necessary to encode 𝑊 for
simple operation. In this paper, 𝑊 is encoded as follows:

𝑊 = (𝑤
1
, 𝑤
2
, . . . , 𝑤

𝑁
) , (17)

where 𝑤
𝑖
indicates the 𝑖th subcarrier allocated to 𝑤

𝑖
th user.

For example, if𝑤
𝑖
is 5, it means the 𝑖th subcarrier is allocated

to the 5th user.
𝑃 is also a 𝐾 × 𝑁 matrix as follows:
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𝑝
1,3

. . . 𝑝
1,𝑁

𝑝
2,1

𝑝
2,2

𝑝
2,3

. . . 𝑝
2,𝑁

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .

𝑝
𝐾,1

𝑝
𝐾,2

𝑝
𝐾,3

. . . 𝑝
𝐾,𝑁

)

)

, (18)

where 𝑝
𝑖,𝑗
is the power of the 𝑗th subcarrier allocated to 𝑖th

user. When 𝑊 is known, 𝑃 can be simplified into

𝑃 = (𝑝
1
, 𝑝
2
, . . . , 𝑝

𝑁
) , (19)

where 𝑝
𝑖
is the power of 𝑖th subcarrier. For example, if 𝑝

𝑖
=

0.5, it means the 𝑖th subcarrier’s power is 0.5 w.

5.3. The Proposed Algorithm’s Framework. The hybrid evolu-
tionary algorithmproposed in this paper firstly generates a set
of subcarrier allocation programs𝑊

1
,𝑊
2
,𝑊
3
, . . . ,𝑊

𝑚
. Then,

we can obtain the power allocation program corresponding
to each subcarrier allocation program from (14). Substituting
𝑊
𝑖
and 𝑃
𝑖
in (14), we can get each individual’s fitness 𝐹(𝑊

𝑖
, 𝑃
𝑖
)

of 𝑊
𝑖
. These subcarrier allocation programs are regarded as

a population, and each subcarrier allocation program is an
individual. The fitness of each individual is the system rate
obtained by (15). After crossover and mutation, we can get
a new population constituted by new subcarrier allocation
programs. A new power allocation program and system rate
can be calculated. Repeat the above steps; the information
optimizing power and the subcarrier allocation can interact
with each other. Therefore, the performance of the algorithm
is improved greatly. According to the above description,
the framework of hybrid evolutionary algorithm for OFDM
resource allocation is as follows.
The Proposed Algorithm

Step 1. Generate a set of subcarrier allocation programs
{𝑊
1
,𝑊
2
, . . . ,𝑊

𝑚
} as the initial population, denoted as pop.
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Figure 3: System throughput versus number of users.

Step 2. Calculate the fitness of each individual according to
(15).

Step 3. Select individuals from pool to crossover, and gener-
ate offspring population, denoted as child.

Step 4. Select individuals from child to mutate in mutation
probability and update child.

Step 5. Renew pop with child.

Step 6. If the stopping criteria are unsatisfied, go to Step 2;
otherwise, stop.

6. Computer Simulation

We compare the proposed algorithm with [10, 25] in the
aspects of the transmit power and system capacity in case
the number of users changes from 2 to 12. In the numerical
simulations, the channel is modeled as slow-varying Rayleigh
and its components have independent identically distributed
complex values with zero-mean and unit variance. Total
transmit power, BER, and the total bandwidth are set as 0.1 w,
10
−3, and 1MHZ, respectively. The number of subcarrier is

64, and the crossover probability andmutation probability are
0.8 and 0.01.

Figure 3 shows the performance of the maximum data
rate with growth of the number of users. Figure 4 also shows
that the system total rate calculated by the three algorithms is
almost the same when the number of users is less. However,
as the number of users increases, the performance of the
algorithm presented by this paper is better than that of the
other two algorithms. Then, we test the proposed algorithm’s
minimum transmit power and compare it with MPSO [25]
and PFA [10]. As it is shown in Figure 4, when the number of
users is less than 4, the proposed algorithm’s performance is
not better than that of the other two algorithms. However,
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Figure 4: Minimum transmit power versus number of users.
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Figure 5: minimum user capacity for multiuser OFDM versus
number of users for proposed algorithm and other methods.

since the proposed algorithm combines evolutionary algo-
rithm with KKT conditions, it becomes better than MPSO
and PFA with the users number increasing. It is clear that the
proposed algorithm has superior performance.

Figure 5 shows the minimum user capacity of the pro-
posed algorithm, MPSO, and PFA with growth of the total
users number. If the minimum user capacity is increased, the
total system rate can also increase. From Figure 5, MPSO’s
minimum user capacity is much larger than that of PFA, and
the proposed algorithm’s minimum user capacity is much
larger than MPSO.
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Figure 6: Capacity comparison of our algorithm and other two
algorithms as the distributions of 4 users are different.
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Figure 7: Capacity comparison of our algorithm and another two
algorithms with different distance.

Then, this paper compares the capacity of the proposed
algorithm,MPSO, and PFA under different SNRwith 4 users.
The comparison result is shown in Figure 6. From Figure 6, it
is clear that the proposed algorithm’s performance is better
than the other two algorithms. When SNR is less than 15 dB,
the performance of the proposed algorithm improves slowly,
although it is also better than the other two algorithms. With
the increasing of SNR, the proposed algorithm’s performance
enhances more and more fast. Figure 8 shows the minimum
transmit power of the proposed algorithm, MPSO, and
PFA under different SNR with 8 users. From Figure 8, the
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Figure 8: Minimum transmit power of our algorithm and another
two algorithms as the distributions of 8 users are different.

Table 1

Run index Proposed algorithm MPSO PFA
1 1.407 3.012 1.112

2 1.507 3.105 1.203

3 1.426 3.125 1.235

4 1.620 3.106 1.135

5 1.526 2.988 1.125

6 1.458 3.241 1.109

7 1.635 3.075 1.246

8 1.425 3.005 1.106

9 1.326 3.276 1.011

10 1.427 3.006 1.189

Table 2: System rate variance for 100 experiments.

Algorithm 2 users 4 users 6 users
Proposed algorithm 0.00000 0.00060 0.00150

MPSO 0.00000 0.00220 0.00760

PFA 0.00000 0.00120 0.00550

proposed algorithm’s minimum transmit power is less than
that of the other two algorithms.

Figure 7 shows the capacity comparison of the proposed
algorithm and the other two algorithms with different dis-
tance, and the number of user is 4. From Figure 7, the
total capacity is reducing with the distance becoming longer
and longer. And the proposed algorithm shows a better
performance against the increase of distance.

InTable 1, we calculate the execution time to reach the tar-
get capacity needed by the proposed algorithm, MPSO, and
PFA, respectively. The target capacity is preset to 14 bit/s/Hz
with 12 users. It is clear that the proposed algorithm can reach
the target capacity more fast. It is more efficient to run the
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Table 3: System rate variance for 100 experiments.

Algorithm 8 users 10 users 12 users
Proposed algorithm 0.00230 0.00700 0.00960

MPSO 0.00940 0.01200 0.01820

PFA 0.00770 0.00850 0.00920

Table 4: Minimize power variance for 100 experiments.

Algorithm 2 users 4 users 6 users
Proposed algorithm 0.00000 0.00000 0.00080

MPSO 0.00000 0.00060 0.00240

PFA 0.00000 0.00000 0.00120

Table 5: Minimize power variance for 100 experiments.

Algorithm 8 users 10 users 12 users
Proposed algorithm 0.00085 0.00090 0.00130

MPSO 0.00270 0.00320 0.00390

PFA 0.00160 0.00200 0.00340

proposed algorithm than to run other two algorithms. It is
mainly because the proposed algorithm optimizes subcarrier
and power allocation at the same time, and in this algorithm,
the information of subcarrier and power allocation can inter-
act with each other. So, the proposed algorithm’s convergence
is better.

Tables 2 and 4 are system rate variance for 100 exper-
iments and minimize power variance for 100 experiments,
respectively, when the users number changes from 2 to 6.
Tables 3 and 5 are system rate variance for 100 experiments
and minimizing power variance for 100 experiments respec-
tively, when the users number changes from 8 to 12. They
reflect the the stability of algorithm.

These four tables show the stability of the proposed
algorithm is similar to PFA and is better than MPSO in the
case of 2 users and 4 users. In the case of more than 6 users,
the stability of our proposed algorithm is better than that of
MPSO and PFA.

7. Conclusions

Since the subcarrier and power allocation are dependent, it
is reasonable to optimize them at the same time. However,
because the subcarrier allocation is a discrete problemand the
power allocation is a continuous problem, it is very difficult
to optimize subcarrier and power allocation at the same
time. This paper proposes a hybrid evolutionary algorithm
for OFDM resource allocation. This algorithm can optimize
subcarrier allocation and transmit power alternately. The
process optimizing power allocation can take advantage of
the information of subcarrier allocation, and the process
optimizing subcarrier allocation can also take advantage of
the information of power allocation. Therefore, the informa-
tion optimizing power and subcarrier allocation can interact
with each other, and the efficiency of the algorithm can be

improved significantly. The computer simulation shows that
the proposed algorithm increases the system rate apparently.
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To perform behavior based malware analysis, behavior capturing is an important prerequisite. In this paper, we present Osiris
system which is a tool to capture behaviors of executable files in Windows system. It collects API calls invoked not only by main
process of the analysis file, but also API calls invoked by child processes which are created by main process, injected processes if
process injection happens, and service processes if the main process creates services. Bymodifying the source code of Qemu, Osiris
is implemented at the virtual machine monitor layer and has the following advantages. First, it does not rewrite the binary code of
analysis file or interfere with its normal execution, so that behavior data are obtained more stealthily and transparently. Second, it
employs a multi-virtual machine framework to simulate the network environment for malware analysis, so that network behaviors
of a malware are stimulated to a large extend. Third, besides network environment, it also simulates most common host events to
stimulate potential malicious behaviors of a malware. The experimental results show that Osiris automates the malware analysis
process and provides good behavior data for the following detection algorithm.

1. Introduction

Malicious software (or malware) is one of the most serious
and invariant security threats facing the information system
today, leading to a constant competition between malware
authors and security analysts as technology evolves. Tra-
ditional static analysis ways look for context-based char-
acteristic byte sequences to detect a malware. It requires
highly experienced analysts to analyze source or assembly
codes of a malware by using debuggers or disassembly tools,
which is a laborious manual process. To evade this kind of
detection, code obfuscations, including polymorphism and
metamorphism [1], are then employed by malware writers.
Polymorphic malwares constantly change in a variety of
ways such as filename changes, compression, and encryption
with variable keys. Metamorphic malwares even attempt
to obfuscate the entire codes from infection to infection.
Besides, another obvious limitation of traditional static ways
is that they cannot handle unknown malwares. This is deter-
mined by their design principles. These limitations greatly

threaten the effectiveness of classical static analysis methods
[2].

To compensate these limitations, dynamic behavior-
based analysis [3, 4] is proposed, which partly circumvents
the problem of code obfuscation and automates the analysis
process. A standard behavior based malware analysis process
consists of three parts, including capturing program behav-
ior, extracting behavioral features, and detection algorithm
design. Among them, behavior capturing is an important
prerequisite. It can be said that without accurate behavior
data, no detection algorithm could give a correct result. In
this paper, we focus on the problem of capturing program
behavior.

On Windows platform, operating system provides
(Application Programming Interface) API calls for programs
on different layer of abstraction to perform common
tasks, such as creating files, modifying registry keys, and
establishing a network connection. They represent the
interactions between programs and operating system, and
therefore are the first choice of behavior data. To capture API
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calls of a specific process, hooking and debugging are two
prevalent ways. However, they suffer obvious weaknesses.
First and foremost, hook, or debugging may interfere with
the normal execution of the process under analysis, because
they always change the execution path of analysis program,
which probably leads to execution crash, making the analysis
program terminated abnormally. Second, these techniques
may be easy to detect and thus to circumvent. Through
integrality checking, a malware can easily detect whether
it is being monitored by the debugger; after that it can take
some measures to escape monitoring [5]. Third, to do better
behavior analysis, we need not only API calls invoked by
the main process, but also API calls invoked by the child
processes, the injected processes once process injection
happens, and the service processes if main process creates
them. It is not an easy and direct task for hooking and
debugging ways to monitor all these processes automatically
while main process is running. In a conclusion, they are
not sophisticated enough for behavior based malware
analysis.

Since malwares potentially do harm to computers in the
network, when analyzing them, we do not directly run them
in a real computer, but in a controlled virtual execution
environment. By the rapid development of virtualization
technology, virtualmachine and system emulator become the
best choices in constructing malware analysis environment.
However, a controlled environment is the first prerequisite
for security consideration, but is not enough for behavior
based analysis. If the analysis environment totally disconnects
with the Internet, network activities of analysis program will
be sure to fail. This yields undesired results [6]. Besides,
whether a malware performs malicious behavior may also
depend on a certain host event, such as removable storage
plugging in or off, network connection, or mouse clicking,
or it has hidden behavior. In these cases, more simulation
work must be done, especially the network environment
simulation.

In this paper, we study the problem of behavior capturing
for dynamic analysis. Our objective is to design an automatic
program behavior capturing system to overcome limitations
described above, from API call interception to how to
construct virtual execution environment. A good behavior
capturing system should have a sophisticated strategy to
monitor not only behavior of main process of the analysis
program, but also behavior of all newly created processes
while the main process is running. The behavior capturing
should be more stable and effective, making the analysis
program hardly escape monitoring. Moreover, to get more
accurate behavior data, complete simulation work should
be done, including host events simulation and network
environment simulation. For these ends, we present Osiris,
a system implemented at virtual machine monitor layer to
capture program behavior.

2. Related Work

In Windows system, API calls are frequently used to specify
programbehavior, because they are good representations that

abstract richer semantics from implementation details. To
intercept API calls of a specific process, the hook function
is a most common way. If source code of analysis program
is available, invocation to the hook function can be inserted
into the source code at appropriate places, otherwise, binary
rewriting is used. Additionally, there are two choices to
implement binary rewriting. The first one is rewriting the
original function. Particularly, first few instructions of the
original function are rewritten so that prior to executing its
original codes, hook function is invoked first.The second one
is to rewrite all function sites so that the hook function is
invoked instead of the original function. To this end, Detour
[7] is a readily available library to implement function hook-
ing on Windows platform. It provides not only convenient
ways to modify binary files before they are loaded, but also
ways to manipulate the memory images after a binary file
is loaded. Besides, using debugging technique, breakpoints
can be inserted at either call sites or the function body, thus
an instrumented debugger can also be used to capture API
calls.

In the research of building environment for malware
analysis, virtual machines are often used to construct honey
pot or honey net [8]; because they provide a well isolated
execution environment and a full control of the entire
computer system, a rich source of information can be
obtained, ranging from hardware status to data in mem-
ory. However, commercial virtual machine usually does not
provide second-development interfaces to directly retrieve
information needed. This brings inconvenience to security
researches. Therefore, open source virtual machines and sys-
tem emulators are preferred to be used by many researchers.
The most representative one is Qemu [9]. TTAnalyze is just a
Qemu-based system to analyze unknown binaries [10], and
later, it evolves into Anubis. The analysis is performed by
monitoring the invocation of Windows API calls; besides,
their parameters are also examined and tracked. It mon-
itors API calls of analysis program through a method of
comparing address of virtual instruction pointer with API
entry point address. Finally, an expressive report is generated.
CFISandbox [11] is another online malware analysis tool
provided by Sunbelt. It employs a new hooking mechanism
by synthesizing many existing binary rewriting techniques.
A monitoring function that can perform analysis is installed
before an API call is invoked and after it returns. It records
both API and system calls. The output of an analysis run is
a report file from a high semantic level. Norman Sandbox
[12] is a dynamic malware analysis tool which focuses on
detecting malwares that spread and replicate via email, P2P,
or networks shares, especially worms. It executes analysis
file in a tightly controlled virtual environment. All network
traffics are redirected to simulated components and there is
only one exception, that is, file downloading. The file under
analysis is allowed to download files from real Internet, as
the author claims that it is not a security problem to feed
additional information into the simulated system. However,
the downloadingmay fail for an out of date network location.
In Norman Sandbox traditional hook is used to intercept
API calls. The observed behavior is then written to a log
file.
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Figure 1: System overview of Osiris.

3. System Overview

In this section we give system overview of Osiris. The objec-
tive of Osiris is to capture behavior of suspicious executable
files in Windows system. To this end, it monitors a collection
of user mode and kernel mode API calls, as well as their
arguments. Meanwhile, it extracts module information and
security relevant OS kernel data directly from the virtual
memory. Moreover, it also automatically simulates various
host events to stimulate the hidden behavior of a malware
as possible. To monitor network activities, Osiris employs
a multivirtual machine framework to completely simulate
the network environment. On PC platform, a most common
setup includes Intel x86 architecture and Microsoft Win-
dows operating system. So we choose this combination to
implement the prototype of Osiris consisting of four parts: a
modified Qemu which acts as emulator component, an ROS
(http://www.mikrotik.com/software.html) which is used to
redirect network traffic, aQemu inwhich almost all prevalent
network services are simulated, and a control platform
which manages the whole analysis process and interacts with
users. Figure 1 is the system overview of core functionality
module of Osiris. The entire network deployment can be
found and further introduced in Figure 3 in Section 5. The
modified Qemu is the core component of Osiris. We start it
from a snapshot of every analysis, for insurance of a clean

analysis environment. Besides, guest OS and the local host
are connected via a VLAN, in order that the control platform
can upload the analysis program into guest OS and control its
execution.

(1) API monitoring: to overcome the deficiencies that
are shared by traditional hooking or debugging ways
described in Section 1, Osiris monitors API calls of
analysis program without modifying its binary code.
The analysis program is running in a virtualized guest
OS, and the behavior capture is implemented inside
Qemu, namely, the virtual machine monitor, which
is a more privileged layer than guest OS, so that
the analysis programs can hardly escape monitoring.
The behavior of any newly created process while
main process is running is monitored, including child
processes, injected processes, and service processes, if
exists.

(2) Network simulation: to analyze network behavior of
a malware, almost all kinds of online services in
Internet should be simulated within a constrained
environment, including DNS, FTP, HTTP, and email
service, we implement this with the help of ROS
which redirects all network traffic to another Qemu
in which network services are simulated. Instead
of simply installing the necessary service programs,
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bogus responses are also constructed to stimulate
network behavior of a program to a large extent.

(3) Host events simulation: in guest OS, Osiris simu-
lates the most common host events automatically
to stimulate potential hidden behavior of a mal-
ware as possible, including removable storage plug-
in/plug-out, cdrom plug-in/plug-out, mouse clicking,
microphone turning on/turning off, camera turning
on/turning off, network shared folder connection,
and time flowing.

(4) A second time execution: for many Trojans, it is
common that they release a file and set it to auto-
matically start next time the computer boots and real
malicious behavior is in the released files. There are
also malwares which register a service to operating
system and the service will not start until next time
the computer boots. In these cases, a single execution
of analysis file gets little useful information. To get
accurate behavior data, Osiris automatically executes
the released files or starts the services, which will not
be started until next time computer boots, and after
that monitors their behavior.

In the following sections, we go into more design details
of Osiris.

4. Design Details

4.1. Identifying the Main Process. Recall that in Osiris, behav-
ior capturing is implemented at the virtual machine monitor
layer to overcome limitations shared by traditional hooking
or debugging ways. However, the semantic gap between
virtual machine monitor and guest operating system is the
very first problem that is needed to solve. An unmodified
virtual machine or emulator dutifully emulates hardware of
the computer system. It does not need to knowprocess, which
is a concept at operating system layer. However, malware
analysis requires behavior data of certain target processes.
Behavior of other programs in operating system is redundant
and helpless for analysis. Therefore, to perform behavior
capturing, we must teach the virtual machine monitor to
know what process is at first. Besides, executing analysis
file in the virtual execution environment, main process may
create child processes, inject into system processes, or create
services. These newly created processes should be identified
automatically while themain process is executing.Theymake
up the entiremonitoring targets.We call this problem process
identification.

From the perspective of process manager in operating
system, a process is made up of kernel data structures and
the virtual memory address space. InWindows system, (Page
Directory Base) PDB address is used to identify the unique
virtual memory space allocated to a process. Once a process
is scheduled to start executing, operating system stores its
PDB address into CR3 register.Thus a possible way to identify
main process at the virtual machine monitor layer can be
concluded as follows: first, get PDB address of the target
program during process initialization and then by comparing

it with the value of CR3 register, whether the target program
is executing or not can be decided.

The prerequisite of the above methods is getting PDB
address of the main process. Windows maintains a kernel
data structure called EPROCESS for every active process
to accomplish process management. PDB address is just a
member of EPROCESS. Since EPROCESS lies in the kernel
space, it is natural to write a kernel mode program to get its
value. However, such method has disadvantages. Firstly, the
implementation of a kernel mode program is complicated.
Secondly, a program to get EPROCESS value of the target
program must run in guest OS; therefore, extra network
communications are needed for data exchange. Thirdly,
according to recent research, it may be unreliable to get data
directly through interface provided by guest OS, because
they could be tampered. It is suggested that in a virtual
machine system, data directly obtained at themost privileged
layer, virtual machine monitor layer, is the best choice
[13]. Therefore, we design a method to read PDB address
and any other data in kernel space by directly searching
virtual memory, which solves each of the three problems
above.

According to the analysis above, the key step of iden-
tifying the main process is to get value of its EPROCESS.
Windows system maintains a data structure called KPCR
(Kernel Processor Control Region) for each CPU in order to
keep some global information for thread switching. KPCR is
located at 0xFFDFF000 in the linear address space, and inside
it, there exists another data structure called KPRCB (Kernel
Processor Control Block) at 0xFFDFF120. The locations of
KPCR and KPRCB typically do not change with the update
of Windows, so they are stable. Additionally, there is a data
structure called KTHREAD, lying in the location that is 0x04
bytes from the starting address of KPRCB, and EPORCESS
is just 0x44 bytes from the starting address of KTHREAD.
Now that we get where EPROCESS lies in the memory, then
we can read its value. Furthermore, EPROCESSs of all the
active processes are organized in a double-linked list. If we
get EPROCESS of any running process, by traversing this
double-linked list, EPROCESS of the target process wanted
can be found; with this in hand, almost all of the important
information of a process is available, such as PDB value and
process name, which are 0x18 bytes and 0x174 bytes from the
starting address of EPROCESS, respectively.

In summary, our method to identify the main process at
the virtual machine monitor layer is as follows.

(1) Before the execution of each translation block, use
memory access functions provided by Qemu to read
process name and PDB value of current active process
from EPROCESS in kernel space.

(2) Decide whether the process name is the same with
target process name. If so, store PDB value and call
it T.

(3) Monitor CR3 register and compare its value to T;
every time they are equal, it means the target process
is running; then start behavior data capturing proce-
dure.
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4.2. Capturing API Calls and Their Arguments. After identi-
fying main process, the next step is to monitor its behavior
by intercepting API calls invoked by it. From disassembly
instructions, it is clear to see that calling an API call follows
a same pattern, that is, using several push instructions to
push calling arguments to function stack. Then use a call
instruction to change the execution flow to the entry point
of this API. In instruction emulation, Qemu uses translation
blocks and every translation block is ended up with a jump
kind instruction, including direct jump, such as jmp, call, and
ret, and conditional jump, such as jz, jc, and je [14]. It can
be concluded that in Qemu, the first instruction of an API
call must be the first instruction of a certain translation block.
Thus an API call can be detected by comparing its entry point
address to instruction pointer of current translation block.
Based on this principle, we then design the API capturing
module. It is a callback function system and is also the core
functionality module in Osiris. In the implementation, every
monitored API has two corresponding callback functions.
Once an API is called, the callback functions will get back
its parameters from the virtual memory. To implement
this callback system, modifications must be made to the
translation process of Qemu, so that corresponding callback
function can be invoked before the execution of the API.

The next question is how to get the entry point address
of a particular API. In Windows, API calls are exported
from DLL (Dynamic Link Library) and entry addresses of
API calls can be found in the exporting table of DLLs. In
Osiris, 187 application layer API calls and 73 kernel API
calls are chosen according to statistics analysis and domain
knowledge. Particularly, we collect 4775 executable malware
samples and parse their import tables. All API calls appearing
in the import tables are counted, and the most frequently
used 260 ones are selected as monitor targets. They are all
security relevant. These API calls are used to implement
file activities, register activities, process activities, network
activities, system service activities, and GUI operations,
covering most concerned malicious behavior in malware
detection.

To analyze malware behavior in depth, only names of
API calls are not enough, arguments are also important. In
Windows, calling an API follows the “stdcall” mode; that is,
before executing the body of an API, its arguments must be
pushed into the function stack from left to right. Then the
following call instruction will automatically store the return
address at the top of the stack. In x86 architecture, ESP
register serves as an indirectmemory operand pointing to the
top of the stack at any time. Accordingly, return address of an
API call can be read from the memory pointed to by ESP.The
first argument can then be read from the memory pointed to
by ESP+4 and so forth. Especially, for argument whose length
exceeds 32 bits, such as strings or structures, ESP adding
an offset merely points to another memory space where the
real value of this argument is stored. To get this value, it
needs to read virtual memory twice or more. But all these
are not enough, as defined in MSDN, API arguments can be
categorized into three kinds: IN argument, OUT argument
and IN OUT argument. IN argument and the input value
of an IN OUT argument can be read from the calling stack

once the entry point of an API is reached, while return value,
OUT argument, and the output value of a IN OUT argument
cannot be read until API returns. This means we need a two-
stage strategy to get whole API call arguments. Therefore,
front-end and back-end callback functions are designed in
Osiris. That is, every monitored API call has a corresponding
front-end and a corresponding back-end callback function.
Once the entry point of an API is reached, its front-end
callback function is automatically invoked to read the IN
arguments, and after the API returns, its back-end callback
function is automatically invoked to read the return value and
OUT parameters.

Another problem in API monitoring is how to filter the
nested API calls. Nested API calls are inevitable when using
the entry point address comparison method to capture API
calls, because an API usually invokes another API calls to
accomplish compound functionality. For example, CopyFile
invokes CreateFile and WriteFile to complete the copy oper-
ation. These nested API calls just specify the implementation
details of Windows API calls. They do not represent any
behavior information of the program under analysis and
thus are useless and even harmful to the analysis. To filter
these redundant nested API calls, Osiris employs a return
address stack in which return address of outermost API call
is recorded. Before executing a translation block, Osiris first
compares the instruction pointer to the entry addresses of
all monitored API calls to decide whether a sensitive API
is invoked. If the comparison succeeds, Osiris pushes the
address of current translation block into the return address
stack, which equals the return address of this API call. If the
comparison falls, the instruction pointer is then compared
with the address stored at top of the return address stack. If
they are equal, it means a monitored API returns. To filter
nested API calls, Osiris keeps records of API call information
only when the depth of return address stack equals one.
Figure 2 is the flowchart to illustrate how API capturing
module works.

In summary, the API call capturing module in Osiris is
mainly made up of front-end callback functions, back-end
callback functions, the framework to invoke callback func-
tions, and the stack of return address. Main functionalities of
these components are summarized in Table 1.

4.3. Handling Page Fault. Osiris collects behavior data of
analysis process at virtual machine monitor layer silently. A
problem worthy of notice when reading API arguments is
handling page fault. Windows system uses a lazy policy in
memory management [15]; that is, the data may not exist
in virtual memory but in virtual hard disk until the first
time it is used. Then, it is possible that when Osiris reads IN
argument of an API call, once its entry point is reached, the
argument may not be in the virtual memory, because it has
not been used yet. In this case, if Osiris goes on reading the
argument forcibly, an undesirable page fault will be triggered
by analyst; as a result, analysis program inside the guest OS
will terminate abnormally.

This problem often happens when the argument is a
pointer pointing to a large buffer andweneed to read contents
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Figure 2: Flowchart of API capturing module.

Table 1: Functionalities of each component in API capturing module.

Module name Functionality

Framework to invoke
callback functions

Comparing the instruction pointer of current translation block to the entry point addresses of monitored API
calls; maintaining return address stack; allocating storage buffer for front-end callback functions and back-end
callback functions; invoking front-end or back-end callback functions

Front-end callback
functions

Being invoked when entry point of a monitored API call is reached; initializing API call arguments capturing
environment; reading the address of OUT parameters; reading IN parameters

Back-end callback
functions

Being invoked when a monitored API returns; reading OUT parameters, IN OUT parameters, and return
value; writing output information to log files; cleaning buffer

of the buffer, such as the second argument of ReadFile or
WriteFile. When using ReadFile or WriteFile to read or write
a big file, Windows system may not directly copy the data to
the buffer in memory, but only do this the first time the data
are used. Osiris gets starting address of the buffer through
ESP register; however the buffer may actually be empty at the
point when entry point of the API is reached. Reading data
which are not in virtualmemory triggers a page fault. In order
to solve this problem, we use a three-step method.

(1) Before reading the data, test whether it is in the
memory. If not, go to step (2).

(2) Wait until the missing page is copied into memory,
and then read the data. If it fails, go to step (3).

(3) A program inside guest OS reads data in the missing
page by force. This operation will trigger the execu-
tion of page fault handling program in guest OS; thus
the missing page will be copied into memory. Then
Osiris will try to read the data once again.

Nevertheless the above method can effectively avoid page
faults that are triggered by analyst; it still requires extra
endeavors to do test andwait until missing page is copied into

memory. If it can be determined in which situation page fault
may occur, it will be a great help to improve analysis efficiency.
Actually, stack space in Windows system is nonpaged; they
will never be exchanged outside the memory. Besides, string
and structure are nonpaged as well. Actually, greatmajority of
the page faults happen in I/O procedure in which big buffer
is read or written.

4.4. Monitoring Multiple Processes. After identifying and
monitoring behavior of the main process, the next question
is how to dynamically and automatically add other analysis
targets at the runtime of main process. This is the problem of
multiprocess identification.

Based on the above method, it is easy to identify child
processes created by main process. Recall that in Windows
system, PDB address can be used as identifier of a process
and is stored in CR3 register. The value of CR3 register will
change as process switches. Before executing the analysis
file, Osiris records PDB address and names of all active
processes running in the virtualized XP system. While the
main process is running, by monitoring CR3 register, Osiris
knows when process switches. Once CR3 register is switched
to an unknown PDB address, it means a new child process
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is created, and then Osiris reads related process information
from EPROCESS and monitors its behavior.

Identifying injected processes is a more complex task
than child processes, because wemust recognize the behavior
of process injection at the very time it happens; after that
names as well as other necessary information of the injected
process can then be obtained. By considering that process,
injection is implemented though several API calls and Osiris
ismainly designed to captureAPI calls; naturally by analyzing
data dependences between API calls which are related to
process injection during runtime of the main process, Osiris
recognizes process injection.

The way to inject into another process can further be
categorized into two types: injecting into a self-creating
process and injecting into already existing system processes.
For the former type, the name of injected processes can be
extracted though argument of NtCreateProcess which is a
kernel mode API to create new process. For the latter type,
names of injected process can be extracted by analyzing
arguments of API calls which are used to enumerate process.
The process identification module maintains a set of global
event templates of process injections which track the data
dependences between concerned API calls. Take the latter
type as an example, when a process enumeration API is
invoked, for example, EnumProcess, Process32First, or Pro-
cess32Next, an event template of process injection is filled for
each enumerated process. The template covers process name,
PID, process handle, and many other critical information
to analyze a process. Although there are various ways to
inject into a process, core API calls are relatively stable,
including OpenProcess, VirtualAllocEx and WriteProcess-
Memory. Osiris modifies the front-end or back-end callback
functions of these API calls. When they are invoked, all
event templates of process injection are indexed and updated.
If WriteProcessMemory succeedes, it means that a process
injection event occurs. Then we check process name from
the relevant event template and take it as index to traverse
EPROCESS list to get PDB address of the injected process.
Finally passing the obtained PDB address to API capturing
module, Osiris successfully adds the injected process as a new
target process, which will be monitored afterward.

For service processes, Osiris monitors their behavior in
four cases. (1) Main process creates a service and starts to
execute it after its creation. (2) Main process creates a service,
but it will not be executed until next time computer boots. (3)
Main process releases a dll and registers it as a svchost service.
The service starts to execute after its creation. (4) Main
process releases a dll and registers it as a svchost service. The
service will not be executed until next time computer boots.
For (1), because the created service is a newly individual
process, it makes no difference to monitor behavior of a
child process. For (2) and (4), a second time execution is
necessary. By analyzing data dependences of API calls, Osiris
automatically identifies analysis target, for service that does
not be executed; after timeout of main process Osiris starts
it as an individual service process or loads it properly as
a svchost service to monitor its behavior. For (3), Osiris
automatically adds the specific svchost process as a target and
then monitors its behavior.

5. Network Simulation

Nowadays, people’s life relies more andmore on Internet, and
so do malwares. They utilize network to infect and spread.
It is rare that a malware does not have network activities
at all; therefore network activities play an important role
in malware analysis. For security consideration, a malware
analysis environment should be isolated so that program
under analysis would not threaten other computers over
the Internet. However, if the analysis environment is totally
insulated from Internet, malicious behavior of a malware
is sure to fail, leading to insufficient information to judge
whether it is malicious. Besides, somemalwares aremade of a
client end and a server end. Usually we can only get the server
end, hardly both. Because lacking of control commands,
malware behavior performs deficiently. In this situation, we
expect to construct bogus responses to network requests to
stimulate malicious behaviors of the malware as possible. To
achieve these objectives, we develop themultivirtualmachine
framework which is illustrated in Figure 3.

The analysis environment is mainly made up of three
Qemu emulators. First, virtual network cards are installed on
the host operating system, each of which is used to commu-
nicate with an individual Qemu.Then these three Qemus are
bridged together to form a virtual network. The first Qemu
is denoted as VM1 in which ROS is installed to redirect
network traffic. The second Qemu is denoted as VM2 in
which Internet service programs are installed and configured
to provide network service and give bogus responses. The
last one is a Qemu which is modified according to Section 4
and we denote it as VM3. Actually, more than one modified
Qemu (VM3) can be distributed in the virtual network with
only one ROS (VM1) and one Qemu to run Internet services
(VM2); thus parallel analysis can be performed to improve
the efficiency of behavior capturing. The main work to build
network environment for malware analysis is done in VM1
and VM2.

To simulate the entire Internet in three Qemu, ROS plays
a key role which redirects all network traffic from VM3 to
VM2. Particularly, it mainly handles the following five cases
(but not restricted to these). First, any DNS request from
VM3 is redirected to VM2, and the DNS server in VM2 gives
a bogus response with IP address of VM2. This means that
any DNS request of the analysis program will get a successful
response. Second, if the file under analysis downloads files
from a remote FTP server, this file downloading request will
be redirected to the FTP server in VM2, and the FTP server
provides a preprepared file which is the same type as the
requested file. As a result, any file downloading requests will
succeed, and so does the file uploading. Third, any Email
request from VM3 will be redirected to the email server in
VM2. Accordingly, the programs under analysis logs into the
email serverwhether anonymously orwith account name and
password, the connection will success. Besides, the contents
and the attachments are also kept in record to do further
analysis. Fourth, any request to visit a web page from VM2
is redirected to the web server in VM3 so that it will always
be successful. Fifth, TCP connection to any remote port
will be redirected to a predefined port in VM3; this makes
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Figure 3: Network environment simulation of Osiris.

Figure 4: Parts of the analysis report for Backdoor.Win32.Hupigon.hypj given by Osiris.

the first TCP connection be successfully established all the
time. For the first few TCP packages provide useful informa-
tion to know about network interaction of a malware, they
are important for analysis. Osiris will automatically log the
first TPC packages and analyze them. All the redirection and
simulation work is transparent for program under analysis.

6. Experiment and Evaluation

To evaluate the ability of Osiris in capturing security relevant
behavior of an executable file and also to verify the effective-
ness and accuracy of the results, we tested 5169 executable files
inOsiris, including 4906malwares and 263 benign programs.
Each test sample runs two minutes. These samples cover
virus, Trojan, worms, and backdoors. Osiris analyzes these
files in batches and automatically handles possible analysis
error. Behavior capturing of all these malware samples finally

finished in 7 days and 5 hours. It is demonstrated that it can
be used to facilitate large-scale analysis.

Since it is trivial to list all of analysis reports here,
we then choose a representative one to explain what
Osiris monitors in detail. We choose malware sample Back-
door.Win32.Hupigon.hypj, as it covers almost all of the
functional flows of Osiris. Part of the analysis report in
XML format can be found in Figure 4. From the report,
it can be seen that this malware creates a child process
“iexeplore.exe.” The child process then creates “calc.exe,” and
injects into it. Osiris automatically monitors behavior of the
child processes and the injected process. Moreover, main
process creates a service and starts it next time the computer
system boots. Instead, Osiris starts the service after timeout
of analyzing themain process. In Figure 4, the process named
“continue Virtualnat.exe” is just the service process.

There exists data dependence between API calls that the
return value or output argument of an API can be the input
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Figure 5: Detailed behavior of the main process.

Table 2: Some detailed analysis results for backdoor/Win32.Hupigon.hypj.

Behavior Behavior parameter
Description from human analyst Osiris

Create file %Program Files%\Common Files\Microsoft Shared\
MSInfo\Virtualnat.exe;

C:\Program Files\Common Files\Microsoft Shared\
MSINFO\Virtualnat.exe

Copy file ×

Source path: C:\Program Files\Common Files\
Microsoft Shared\MSINFO\Virtualnat.exe
Target path: C:\Program Files\ Virtualnat.exe

Search file klif.sys C:\WINDOWS\system32\drivers/klif.sys

Set registry key HKEY LOCAL MACHINE\SYSTEM\CurrentControlSet\
Services\Virtualnat\Description

HKEY LOCAL MACHINE\SYSTEM\
CurrentControlSet\Services\Virtualnat

Create process iexeplore.exe C:\program files\internet explorer\IEXPLORE.EXE

Create process calc.exe C:\WINDOWS\system32\calc.exe

Inject process iexeplore.exe iexeplore.exe

Inject process calc.exe calc.exe

Create service ×

Image path: C:\Program Files\Common Files\
Microsoft Shared\MSINFO\Virtualnat.exe
Description: Virtual Network Control Service

Connect remote port TCP; port number: 80; IP address: 60.190.92.75 TCP; port number: 80

Open URL × http://www.5ai8.net/ip.txt

Create window × TApplication

argument of another API. This data dependence is useful
to filter API calls which are repeatedly called. It can also
be used to consolidate multiple dependent API calls into
an independent behavior. Therefore, after obtaining original
API calls, Osiris does low-level data dependence analysis to
generate a better analysis report. Figure 5 illustrates this idea,
which depicts part of the behavior of the main process.

We then compare the report generated by Osiris to
behavior description offered by Antiy Labs which is given
by manual analysis [16]. Since behavior descriptions given by
human expert are from a higher level, they are more concise.
By contrast, Osiris is an automatic system to provide behavior
data. When executing a program, it is inevitable that there
are redundant behavior performed by the operating system.

Therefore, analysis report given by Osiris is more detailed
and longer. Thus, the comparison is not to prove that Osiris
is superior to manual analysis, but to verify the accuracy of
results given by Osiris. The comparison results are given in
Table 2. In it, “×” means that such behavior is not available.

Because manual analysis only gives behavior descriptions
of the main process, thus comparison made in Table 2 only
involves main process. By comparison, the conveniences of
Osiris system are as follows. First, Osiris successfully mon-
itors all the behavior given by human expert and provides
more implementation details. It also gives some behavior not
mentioned inmanual analysis report.This shows the correct-
ness of the results given by Osiris and also demonstrates that
Osiris can be used to provide data to facilitate humandecision
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Table 3: Comparison of Osiris with other online sandboxes.

Osiris Anubis CFISandbox Norman
Sandbox

Supported file
format

PE; pdf,
office files;
ink; html;

eml

PE; URL exe exe

Monitoring
spawned
processes

✓ ✓ ✓ ×

Automatic
execution of the
released file and
created service if
they are not
executed

✓ × × ×

API calls at
different layer ✓ ✓ ✓ ✓

Simulated
network service ✓ × × ✓

Internet access
(filtered) × ✓ ✓ ✓

Host events
simulation ✓ × × ×

making. Second, Osiris automatically records behavior of
all processes while the main process is running and even
automatically executes the process that will not run until next
time the computer boots. It ties its best to provide sufficient
information. Besides, many behavior based malware detec-
tion algorithms focus onAPI call sequence; therefore the data
collected by Osiris can also be used as original input data by
these algorithms [17]. Admittedly, Osiris is only a system to
capture behavior data; thus the results given by it are at a
lower semantic level. It is not used to replacemanual analysis,
but to automate the behavior capturing process. Otherwise, a
human expert must use a debugger or a disassembly tool to
do so.

Furthermore, we compare Osiris with the other online
sandboxes, including Anubis, CFISandbox, and Norman
sandbox. Table 3 shows the overall comparison results.

Overall speaking, Osiris gives comparable results to these
online sandboxes and also has other functionality of its own.
It can provide richer behavior data from different sources,
including static analysis results, original API call sequences,
behavior descriptions, network packages with contents, and
visiting logs of server program in Internet service simulation
emulator. It can be used in behavior based malware analysis.

7. Conclusions and Future Works

In this paper, we present Osiris to capture malware behavior.
It has the following properties. (1) In Osiris, by modifying
source code of the open source system emulator Qemu,
behavior capturing is implemented at the virtual machine
monitor layer which is the most privileged layer in a virtual

machine (emulator) system.Therefore, they are more precise
for analysis. (2) Osiris captures behavior of all processes
which are created at runtime of the main process, including
child processes, injected processes and service processes.
Furthermore, a twice execution strategy is designed to collect
behavior of the process which is executed next time the
computer boots. (3) A multivirtual machine framework is
proposed to simulate the necessary network environment for
malware analysis, so that network behavior of a malware is
stimulated to a large extent. (4) Host events are simulated to
stimulate the hidden behavior of a malware. Experimental
results show that Osiris system can provide rich behavior
data for malware analysis. It can be used to facilitate behavior
based malware analysis.

Meanwhile, there are still many works to do in future.
Currently, Osiris focuses on capturing user mode API calls of
a program under analysis. Considering that rootkit infection
is also a serious problem, we plan to extend Osiris to monitor
behavior of rootkits soon after. Furthermore, Osiris is a
system provides original behavior data for behavior based
malware analysis; thus the results given by it are at a lower
semantic level than manual analysis. Therefore in future, we
plan to deeply utilize the data obtained by Osiris. Machine
learning or data mining procedure is needed to give further
analysis and detection result. Besides, we plan to improve
the report of network behavior monitoring. Currently, much
information from different sources are obtained but not so
well organized, such as log file of the network server pro-
grams, as well as network packages. The trivial ones should
be filtered out and the information should be formalized. We
also plan to put Osiris online soon so that it can be used by
other people.
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There is an acceleration of adoption of cloud computing among enterprises. However, moving the infrastructure and sensitive data
from trusted domain of the data owner to public cloudwill pose severe security and privacy risks. Attribute-based encryption (ABE)
is a new cryptographic primitivewhich provides a promising tool for addressing the problemof secure and fine-grained data sharing
and decentralized access control. Key-policy attribute-based encryption (KP-ABE) is an important type of ABE, which enables
senders to encrypt messages under a set of attributes and private keys are associated with access structures that specify which
ciphertexts the key holder will be allowed to decrypt. In most existing KP-ABE scheme, the ciphertext size grows linearly with the
number of attributes embedded in ciphertext. In this paper, we propose a new KP-ABE construction with constant ciphertext size.
In our construction, the access policy can be expressed as anymonotone access structure.Meanwhile, the ciphertext size is indepen-
dent of the number of ciphertext attributes, and the number of bilinear pairing evaluations is reduced to a constant. We prove that
our scheme is semantically secure in the selective-set model based on the general Diffie-Hellman exponent assumption.

1. Introduction

Cloud computing is a model for enabling ubiquitous, con-
venient, and on-demand network access to a shared pool of
configurable computing resources (e.g., networks, servers,
storage, applications, and services) that can be rapidly pro-
visioned and released with minimal management effort or
service provider interaction [1].There are twomain categories
of cloud infrastructure: public cloud and private cloud. To
take advantage of public clouds, data owners must upload
their data to commercial cloud service providers which are
usually considered to be semitrusted, that is, honest but
curious [2].Thatmeans the cloud service providers will try to
find out as much secret information in the users’ outsourced
data as possible, but they will honestly follow the protocol in
general.

Traditional access control techniques are based on the
assumption that the server is in the trusted domain of the data
owner, and therefore an omniscient reference monitor can be
used to enforce access policies against authenticated users.

However, in the cloud computing paradigm this assumption
usually does not hold, and therefore these solutions are not
applicable. There is a need for a decentralized, scalable, and
flexible way to control access to cloud data without fully
relying on the cloud service providers.

Data encryption is themost effective in regard to prevent-
ing sensitive data from unauthorized access. In traditional
public key encryption or identity-based encryption systems,
encrypted data is targeted for decryption by a single known
user. Unfortunately, this functionality lacks the expressive-
ness needed formore advanced data sharing. To address these
emerging needs, Sahai andWaters [3] introduced the concept
of attribute-based encryption (ABE). Instead of encrypting
to individual users, in ABE system, one can embed an access
policy into the ciphertext or decryption key.Thus, data access
is self-enforcing from the cryptography, requiring no trusted
mediator.

ABE can be viewed as an extension of the notion of
identity-based encryption in which user identity is general-
ized to a set of descriptive attributes instead of a single string
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specifying the user identity. Compared with identity-based
encryption [4], ABE has significant advantage as it achieves
flexible one-to-many encryption instead of one-to-one; it is
envisioned as a promising tool for addressing the problem of
secure and fine-grained data sharing and decentralized access
control.

There are two types ofABEdepending onwhich of private
keys or ciphertexts that access policies are associated with.

In a key-policy attribute-based encryption (KP-ABE)
system, ciphertexts are labeled by the sender with a set of
descriptive attributes, while user’s private key is issued by the
trusted attribute authority captures an policy (also called the
access structure) that specifies which type of ciphertexts the
key can decrypt. KP-ABE schemes are suitable for structured
organizations with rules about who may read particular
documents. Typical applications of KP-ABE include secure
forensic analysis and target broadcast [5]. For example, in
a secure forensic analysis system, audit log entries could be
annotated with attributes such as the name of the user, the
date and time of the user action, and the type of datamodified
or accessed by the user action. While a forensic analyst
chargedwith some investigationwould be issued a private key
that associated with a particular access structure. The private
key would only open audit log records whose attributes
satisfied the access policy associated with the private key.
The first KP-ABE construction was provided by Goyal et al.
[5], which was very expressive in that it allowed the access
policies to be expressed by any monotonic formula over
encrypted data. The system was proved selectively secure
under the Bilinear Diffie-Hellman assumption. Later, Ostro-
vsky et al. [6] proposed a KP-ABE scheme where private keys
can represent any access formula over attributes, including
nonmonotone ones, by integrating revocation schemes into
the Goyal et al. KP-ABE scheme.

In a ciphertext-policy attribute-based encryption (CP-
ABE) system, when a sender encrypts a message, they specify
a specific access policy in terms of access structure over
attributes in the ciphertext, stating what kind of receivers will
be able to decrypt the ciphertext. Users possess sets of attri-
butes and obtain corresponding secret attribute keys from
the attribute authority. Such a user can decrypt a ciphertext
if his/her attributes satisfy the access policy associated with
the ciphertext. Thus, CP-ABE mechanism is conceptually
closer to traditional role-based access control method. The
first CP-ABE scheme was proposed by Bethencourt et al. in
[7], but its security was proved in the generic group model.
Cheung and Newport [8] gave a CP-ABE construction under
the Bilinear Diffie-Hellman assumption, but policies are res-
tricted to a single AND gate. Later, Goyal et al. proposed a
generic transformational approach to transform a KP-ABE
scheme into a CP-ABE scheme using universal access tree in
[9]. Their construction can support access structures which
can be represented by a bounded size access tree with thresh-
old gates as its nodes, and its security proof is based on
the standard Decisional Bilinear Diffie-Hellman assumption.
Unfortunately, in general this methodology would yield a
ciphertext blowup of 𝑂(𝑛3.42) group elements for a Boolean
formula of size 𝑛, which limits its usefulness in practice. The

most efficient CP-ABE schemes in terms of ciphertext size
and expressivity were proposed by Waters in [10], the size of
a ciphertext depending linearly on the number of attributes
involved in the specific policy for that ciphertext.

ABE has drawn extensive attention from both academia
and industry, many ABE schemes have been proposed, and
several cloud-based secure systems using ABE schemes have
been developed [11, 12]. Most research work on ABE has
focused on the design of expressive schemes, where access
structures can implement as complex Boolean formulas as
possible. Almost all existing ABE schemes that admit rea-
sonably expressive decryption policies produce ciphertexts
whose size depends at least linearly on the number of
attributes involved in the policy. Emura et al. [13] proposed
the first CP-ABE scheme with constant-size ciphertext, but
policies are restricted to a single AND gate. Later, Herranz
et al. [14] proposed the first CP-ABE scheme supporting
threshold access structure with constant-size ciphertext.
Recently, Attrapadung et al. [15] proposed a CP-ABE scheme
with constant-size ciphertext for threshold access policies and
where private keys remain as short as in previous systems.
They also showed that a class of identity-based broadcast
encryption schemes with linearity property generically yields
monotonic KP-ABE systems in the selective-set model, at
the expense of longer private keys of size 𝑂(𝑡 × 𝑛) elements,
where 𝑛 denotes themaximal number of attributes embedded
in the ciphertext and 𝑡 is the number of attributes in the
access structure. Thus, this transformation provides us with
monotonic KP-ABE schemes with constant-size ciphertexts
by using identity-based broadcast encryption schemes with
linearity property and constant ciphertext size. However, we
notice that most of existing identity-based broadcast encryp-
tion schemes with constant-size ciphertext do not satisfy the
linearity property, and it is not a necessary condition for
constructing a KP-ABE schemes with constant-size cipher-
text. In this paper, we propose a new KP-ABE construction
with constant ciphertext size by adopting the idea of the
Delerablee identity-based broadcast encryption scheme [16].
In our construction, the access policy can be expressed as any
monotone access structure. Meanwhile, the ciphertext size
is independent of the number of ciphertext attributes, and
the number of bilinear pairing evaluations is reduced to a
constant. We prove that our scheme is semantically secure in
the selective-set model based on the general Diffie-Hellman
exponent assumption.

The rest of this paper is organized as follows. Some nec-
essary background knowledge about bilinear pairings, access
structure and linear secret sharing scheme, and Delerablee
identity-based broadcast encryption scheme are introduced
in Section 2. The syntax and security notions of KP-ABE are
given in Section 3. A concrete KP-ABE construction with
constant-size ciphertext and its security argument will be
presented in Section 4. We conclude our work and present
our future work in Section 5.

2. Preliminary Works

We first introduce some notations. If S is a set, then 𝑥 ∈
𝑅
S

denotes the operation of picking an element 𝑥 uniformly
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random from S. For a set U, we define its power set as 2U =

{S | S ⊆ U}. Let u = (𝑢
1
, . . . , 𝑢

𝑘
) ∈ Z𝑘

𝑝
and k = (V

1
, . . . , V

𝑘
) ∈

Z𝑘
𝑝
be two row vectors; we denote the standard inner product

by ⟨u, k⟩. A function𝑓(𝜆) is negligible if for every 𝑐 > 0, there
exists a 𝜆

𝑐
, such that 𝑓(𝜆) < 1/𝜆𝑐 for all 𝜆 > 𝜆

𝑐
.

2.1. Bilinear Pairings and the General Decisional Diffie-Hel-
lman Exponent Assumption. Let G

1
, G

2
, and G

𝑇
be three

cyclic groups of prime order 𝑝. Let 𝑔 a generator of G
1
and ℎ

be a generator of G
2
. A bilinear pairing 𝑒 : G

1
× G

2
→ G

𝑇

satisfies the following properties.
(i) Bilinearity: for 𝑔∈

𝑅
G
1
, ℎ ∈

𝑅
G
2
, and 𝑎, 𝑏 ∈

𝑅
Z
𝑝
, we

have 𝑒(𝑔𝑎, ℎ𝑏) = 𝑒(𝑔, ℎ)𝑎𝑏.
(ii) Nondegeneracy: 𝑒(𝑔, ℎ) ̸=1, where 1 is the identity

element of G
𝑇
.

(iii) Computability: there is an efficient algorithm to com-
pute 𝑒(𝑢, V) for 𝑢∈

𝑅
G
1
and V∈

𝑅
G
2
.

Let (G
1
,G

2
,G

𝑇
,𝑝, 𝑒, and𝑔) be defined as abovewithG

1
=

G
2
= G. Let 𝑔 ∈ G be a generator of G, and set 𝑔

𝑡
= 𝑒(𝑔, 𝑔) ∈

G
𝑇
. Let 𝑠 and 𝑛 be positive integers; let 𝑃 ∈ Z∗

𝑝
[𝑋

1
, . . . , 𝑋

𝑛
]
𝑠

and𝑄 ∈ Z∗
𝑝
[𝑋

1
, . . . , 𝑋

𝑛
]
𝑠 be two 𝑠-tuples of 𝑛-variant polyno-

mials over Z∗
𝑝
. We write 𝑃 = (𝑝

1
, . . . , 𝑝

𝑠
) and 𝑄 = (𝑞

1
, . . . , 𝑞

𝑠
)

and impose that 𝑝
1
= 𝑞

1
= 1. For any function ℎ : Z∗

𝑝
→

Ω and vector (𝑥
1
, . . . , 𝑥

𝑛
) ∈ Z∗𝑛

𝑝
, ℎ(𝑃(𝑥

1
, . . . , 𝑥

𝑛
)) stands

for (ℎ(𝑝
1
(𝑥

1
, . . . , 𝑥

𝑛
)), . . . , ℎ(𝑝

𝑠
(𝑥

1
, . . . , 𝑥

𝑛
))) ∈ Ω

𝑠. We use a
similar notation for the 𝑠-tuple 𝑄. Let 𝑓 ∈ Z∗

𝑝
[𝑋

1
, . . . , 𝑋

𝑛
].

It is said that 𝑓 depends on (𝑃, 𝑄), which we denote by 𝑓 ∈

⟨𝑃,𝑄⟩, when there exists a linear decomposition:

𝑓 = ∑

1≤𝑖,𝑗≤𝑠

𝑎
𝑖,𝑗
⋅ 𝑝

𝑖
⋅ 𝑝

𝑗
+ ∑

1≤𝑖≤𝑠

𝑏
𝑖
⋅ 𝑞

𝑖
, 𝑎

𝑖,𝑗
, 𝑏
𝑖
∈ Z

𝑝
. (1)

As in [16], we make use of the General Decisional Diffie-
Hellman Exponent (GDDHE) assumption.

Definition 1. Given the tuple 𝐻(𝑥
1
, . . . , 𝑥

𝑛
) = (𝑔

𝑃(𝑥
1
,...,𝑥
𝑛
)
,

𝑔
𝑄(𝑥
1
,...,𝑥
𝑛
)

𝑡
) ∈ G𝑠

× G𝑠

𝑇
as above and 𝑇 ∈ G

𝑇
, the (𝑃, 𝑄, 𝑓)-

GDDHE problem is to decide whether𝑇 is equal to 𝑔𝑓(𝑥1 ,...,𝑥𝑛)
𝑡

or to some random element of G
𝑇
.

2.2. Access Structure and Linear Secret Sharing Scheme

Definition 2. Let P = {𝑃
1
, 𝑃

2
, . . . , 𝑃

𝑛
} be a set of parties. A

collection A ⊆ 2
P is monotone if, for two sets B and C,

B ∈ A and B ⊆ C, then C ∈ A. An access structure (resp.,
monotone access structure) is a collection (resp., monotone
collection) A of nonempty subsets of P. The sets in A are
called the authorized sets, and the sets not inA are called the
unauthorized sets.

Definition 3. LetP be a set of parties,𝑀
ℓ×𝑘

an ℓ×𝑘matrix, and
𝜌 : {1, 2, . . . , ℓ} → P a function that maps a row to a party
for labeling. A secret sharing scheme Π for access structure
A over a set of parties P is a linear secret sharing scheme
(LSSS) in Z

𝑝
and is represented by (𝑀

ℓ×𝑘
, 𝜌) if it consists of

two efficient algorithms.

(i) Share((𝑀
ℓ×𝑘
, 𝜌), 𝑠): the share algorithm takes as input

𝑠 ∈ Z
𝑝
which is to be shared. The dealer ran-

domly chooses 𝛽
2
, . . . , 𝛽

𝑘
∈
𝑅
Z
𝑝
, and defines 𝛽 = (𝑠,

𝛽
2
, . . . , 𝛽

𝑘
)
⊺. It outputs 𝑀

ℓ×𝑘
⋅ 𝛽 as the vectors of ℓ

shares. The share 𝜆
𝑖
= ⟨M

𝑖
, 𝛽

⊺
⟩ belongs to party 𝜌(𝑖),

whereM
𝑖
is the 𝑖th row of𝑀

ℓ×𝑘
.

(ii) Recon((𝑀
ℓ×𝑘
, 𝜌), S): the reconstruction algorithm

takes as input an access set S ∈ A. Let I = {𝑖 |

𝜌(𝑖) ∈ S}. It outputs a set of constants {𝜇
𝑖
}
𝑖∈I such that

∑
𝑖∈I 𝜇𝑖 ⋅ 𝜆𝑖 = 𝑠.

In our context, the role of the parties is taken by the
attributes. Thus, the access structure will contain the autho-
rized sets of attributes. As in most relevant literatures [5, 6,
10], we will restrict ourselves to monotone access structures.
In general, access policies can be described in terms of the
monotonic Boolean formulas. There are standard techniques
to convert any monotonic Boolean formula into a corre-
sponding LSSS matrix [17].

2.3. The Delerablee Identity-Based Broadcast Encryption
Scheme. Delerablee proposed the first identity-based broad-
cast encryption scheme with constant-size ciphertexts and
private keys [16], which is described as follows.

(i) Setup(1𝜆, 𝑚): given the security parameter 𝜆 and an
integer 𝑚, the algorithm generates a bilinear map
group system (G

1
, G

2
, G

𝑇
, 𝑝, 𝑒, 𝑔, and ℎ) as above

and chooses a secret value 𝛾 ∈ Z∗
𝑝
and a cryptographic

hash function 𝐻 : {0, 1}
∗
→ Z∗

𝑝
. The master secret

key is defined as msk = (𝑔, 𝛾), and the public sys-
tem parameters are defined as params = (𝑤, V, ℎ,

ℎ
𝛾
, . . . , ℎ

𝛾
𝑚

), where 𝑤 = 𝑔
𝛾 and V = 𝑒(𝑔, ℎ).

(ii) Extract(msk, ID): given msk = (𝑔, 𝛾) and the identity
ID, it outputs

skID = 𝑔
1/(𝛾+𝐻(ID))

. (2)

(iii) Encrypt(S, params): assume for notational simplicity
that S = {ID

𝑗
}
𝑠

𝑖=1
, with 𝑠 ≤ 𝑚. Given params =

(𝑤, V, ℎ, ℎ𝛾, . . . , ℎ𝛾
𝑚

), the broadcaster randomly picks
𝑘 ∈

𝑅
Z∗
𝑝
and computes Hdr = (𝐶

1
, 𝐶

2
) and𝐾, where

𝐶
1
= 𝑤

−𝑘
, 𝐶

2
= ℎ

𝑘⋅∏
𝑠

𝑖=1
(𝛾+𝐻(𝐼𝐷

𝑖
))
, 𝐾 = V𝑘. (3)

(iv) Decrypt(S, ID
𝑖
, skID

𝑖

, andHdr, params): in order to
retrieve the message encryption key 𝐾 encapsulated
in the header Hdr = (𝐶

1
, 𝐶

2
), user with identity

ID
𝑖
and the corresponding private key skID

𝑖

=

𝑔
1/(𝛾+𝐻(ID

𝑖
)) (with ID

𝑖
∈ S) computes

𝐾 = (𝑒 (𝐶
1
, ℎ

𝑝
𝑖,S(𝛾)) ⋅ 𝑒 (skID

𝑖

, 𝐶
2
))

1/∏
𝑠

𝑗=1,𝑗 ̸= 𝑖
𝐻(ID

𝑗
) (4)

with

𝑝
𝑖,S (𝛾) =

1

𝛾
⋅ (

𝑠

∏

𝑗=1,𝑗 ̸= 𝑖

(𝛾 + 𝐻(ID
𝑗
)) −

𝑠

∏

𝑗=1,𝑗 ̸= 𝑖

𝐻(ID
𝑗
)) .

(5)
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Lemma 4. The Delerablee identity-based broadcast encryp-
tion scheme is IND-sID-CPA secure under (𝑓, 𝑔, 𝐹)-GDDHE
assumption.

3. Syntax and Security Notions for
KP-ABE Scheme

LetU = {attr
1
, . . . , attr

𝑛
} be the universe of possible attributes,

where each attr
𝑖
denotes an attribute and 𝑛 is the total num-

ber of attributes. A KP-ABE scheme is parameterized by a
universe of possible attributesU and consists of the following
four polynomial-time algorithms.

(i) Setup(1𝜆, U): this probabilistic algorithm is run by
the trusted attribute authority, which takes as input
the security parameter 𝜆 and the attribute universe
U. It outputs some public parameters params and the
master secret key msk.The trusted attribute authority
publishes params and keeps msk secret.

(ii) KeyGen(params, msk, and A): this probabilistic
algorithm is run by the trusted attribute authority,
which takes as input the public parameters params,
the master secret key msk, and an access structure A
which is assigned by the trusted attribute authority to
the user. It outputs a decryption key SKA.

(iii) Encrypt(params, W, and 𝑚): this probabilistic algo-
rithm is run by the sender, which takes as input the
public parameters params, a set of descriptive attri-
butes W, and a message 𝑚 ∈ {0, 1}

∗. It outputs the
ciphertext 𝑐.

(iv) Decrypt(params, 𝑐, and SKA): this deterministic
algorithm is run by the recipient, which takes as
input the public parameters params, the ciphertext
𝑐 that was encrypted under the set of attributes W,
and the decryption key SKA for access structure A. It
outputs the message𝑚 ifW ∈ A.

Definition 5. AKP-ABE scheme is correct if, for any (params,
msk) ← Setup(1𝜆, U), any sets of attributes W ⊆ U, any
message 𝑚 ∈ {0, 1}

∗, and any SKA ← KeyGen(params, msk,
and A) withW ∈ A, one has

Decrypt (params, Encrypt (params, W, and 𝑚) , SKA) = 𝑚

(6)

with probability 1 over the randomness of all the algorithms.

The property of indistinguishability for KP-ABE scheme
under chosen plaintext and attribute-set attack is called selec-
tive-set model [5], which is defined in the following game
between a challenger and an adversary.

(i) Initialization: the adversary declares the set of attri-
butesW that he wishes to be challenged on.

(ii) Setup: the challenger runs the Setup algorithm of KP-
ABE scheme and gives the public parameters to the
adversary.

(iii) Phase 1: the adversary is allowed to issue queries for
private keys with access structureA

𝑗
at most 𝑞

𝜆
times

with the restriction thatW ∉ A
𝑗
for all 𝑗.

(iv) Challenge: the adversary submits two messages 𝑚
0

and 𝑚
1
with equal length. The challenger flips a ran-

dom coin 𝑏 and encrypts message 𝑚
𝑏
with W. The

ciphertext is then sent to the adversary.

(v) Phase 2: the same as Phase 1.

(vi) Guess: the adversary outputs his guess 𝑏 of 𝑏.

The advantage of an adversary in the above game is defined
as |Pr [𝑏 = 𝑏] − 1/2|.

Definition 6. A KP-ABE scheme is secure in the selective-
set model if all polynomial-time adversaries have at most a
negligible advantage in the selective-set game.

The model can easily be extended to handle chosen
ciphertext attacks by allowing for decryption queries in Phase
1 and Phase 2.

4. Our Construction

In this section, we present a new KP-ABE scheme with
constant-size ciphertexts by adopting the idea of the Deler-
ablee identity-based broadcast encryption scheme. The pro-
posed KP-ABE construction is described as follows.

(i) Setup(1𝜆, U): given the security parameter 𝜆, the
trusted attribute authority chooses three cyclic groups
G
1
, G

2
, and G

𝑇
of prime order 𝑝 with a bilinear

pairing 𝑒 : G
1
×G

2
→ G

𝑇
. Then the trusted attribute

authority chooses two generators 𝑔 ∈ G
1
and ℎ ∈ G

2

as well as a secret value 𝛼∈
𝑅
Z∗
𝑝
and a cryptographic

hash function 𝐻 : {0, 1}
∗
→ Z∗

𝑝
. The security ana-

lysis will view𝐻 as a randomoracle.Themaster secret
key is defined as msk = (𝑔, 𝛼). The public parameters
are params = (𝑤, V, ℎ, ℎ𝛼, . . . , ℎ𝛼

𝑛

), where 𝑤 = 𝑔
𝛼 and

V = 𝑒(𝑔, ℎ).

(ii) KeyGen(params, msk, (𝑀, 𝜌)): the algorithm com-
putes a private key for an access structure that is asso-
ciated with LSSS scheme (𝑀

ℓ×k, 𝜌) as follows. First, it
generates shares of ℓwith the LSSS (𝑀

ℓ×𝑘
, 𝜌). Namely,

it chooses a column vector 𝛽 = (𝛽
1
, 𝛽

2
, . . . , 𝛽

𝑘
)
⊺ with

𝛽
1
= 𝑠 = 1 and 𝛽

2
, . . . , 𝛽

𝑘
∈
𝑅
Z
𝑝
. Then for each 𝑖 from

𝑖 = 1 to 𝑖 = ℓ, it calculates 𝜆
𝑖
= ⟨M

𝑖
,𝛽⊺⟩ and sets

SK
(𝑀,𝜌)

as follows:

SK
(𝑀,𝜌)

= {𝐷
𝑖
, (𝐾

𝑖,𝑗
)
𝑛

𝑗=1
}

ℓ

𝑖=1

= {𝑔
𝜆
𝑖
/(𝛼+𝐻(𝜌(𝑖)))

, (ℎ
𝜆
𝑖
𝛼
𝑗

)

𝑛

𝑗=1

}

ℓ

𝑖=1

.

(7)

(iii) Encrypt(params, 𝑚, and W): let 𝑡 be the number
of attributes included in the set of attributes W,
and denote W to be W = {𝜔

𝑖
}
𝑡

𝑖=1
. The sender
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chooses 𝑠∈
𝑅
Z∗
𝑝
and computes the ciphertext 𝑐 = (𝑐

0
,

𝑐
1
, and 𝑐

2
), where

𝑐
0
= 𝑚 ⋅ V𝑠 = 𝑚 ⋅ 𝑒(𝑔, ℎ)

𝑠

,

𝑐
1
= 𝑤

−𝑠
= 𝑔

−𝛼𝑠
,

𝑐
2
= ℎ

𝑠⋅∏
𝑡

𝑖=1
(𝛼+𝐻(𝜔

𝑖
))
.

(8)

(iv) Decrypt(params, 𝑐, and SK
(𝑀,𝜌)

): the ciphertext 𝑐

labeled with the set of attributesW = {𝜔
𝑖
}
𝑡

𝑖=1
is parsed

as 𝑐 = (𝑐
0
, 𝑐

1
, and 𝑐

2
). The recipient first sets I =

{𝑖 | 𝜌(𝑖) ∈ W} and calculates the reconstruction
constants {𝜇

𝑖
}
𝑖∈I = Recon((𝑀, 𝜌),W). The recipient’s

decryption key corresponding to the LSSS scheme
(𝑀, 𝜌) is parsed as SK

(𝑀,𝜌)
= {𝐷

𝑖
, (𝐾

𝑖,𝑗
)
𝑛

𝑗=1
}
ℓ

𝑖=1
. Then

the recipient computes

𝑝
𝑖,W (𝛼) =

𝜆
𝑖

𝛼
(

𝑡

∏

𝑗=1,𝑗 ̸= 𝑖

(𝛼 + 𝐻(𝜔
𝑗
)) −

𝑡

∏

𝑗=1,𝑗 ̸= 𝑖

𝐻(𝜔
𝑗
)) .

(9)

It is obvious that 𝑝
𝑖,W(𝛼) is a polynomial on the vari-

able 𝛼with degree 𝑡−2. The decrypting party can cal-
culate ℎ𝑝𝑖,W(𝛼) according to (𝐾

𝑖,𝑗
)
𝑛

𝑗=1
.Then the decrypt-

ing party computes

𝑌
𝑖
= (𝑒 (𝑐

1
, ℎ

𝑝
𝑖,W(𝛼)) ⋅ 𝑒 (𝐷

𝑖
, 𝑐
2
))

1/∏
𝑡

𝑗=1,𝑗 ̸= 𝑖
𝐻(𝜔
𝑗
)

= 𝑒(𝑔, ℎ)
𝑠𝜆
𝑖

.

(10)

At last, the decrypting party calculates

𝑌 = ∏

𝑖∈I
𝑌
𝜇
𝑖

𝑖
= 𝑒(𝑔, ℎ)

𝑠

, 𝑚 =
𝑐
0

𝑌
. (11)

Theorem 7. The proposed KP-ABE scheme is correct.

Proof. Assume 𝑐 is well formed, which means 𝑐 is encrypted
under the set of attributesW = {𝜔

𝑖
}
𝑡

𝑖=1
; thus

𝑌
𝑖
= (𝑒 (𝑐

1
, ℎ

𝑝
𝑖,W(𝛼)) ⋅ 𝑒 (𝐷

𝑖
, 𝑐
2
))

1/∏
𝑡

𝑗=1,𝑗 ̸= 𝑖
𝐻(𝜔
𝑖
)

= (𝑒(𝑔, ℎ)
−𝑠𝛼(𝜆

𝑖
/𝛼)(∏

𝑡

𝑗=1,𝑗 ̸= 𝑖
(𝛼+𝐻(𝜔

𝑗
))−∏
𝑡

𝑗=1,𝑗 ̸= 𝑖
𝐻(𝜔
𝑗
))

⋅𝑒(𝑔, ℎ)
𝑠𝜆
𝑖
∏
𝑡

𝑖=1
(𝛼+𝐻(𝜔

𝑗
))

)

1/∏
𝑡

𝑗=1,𝑗 ̸= 𝑖
𝐻(𝜔
𝑖
)

= (𝑒(𝑔, ℎ)
𝑠𝜆
𝑖
∏
𝑡

𝑖=1
𝐻(𝜔
𝑗
)

)

1/∏
𝑡

𝑗=1,𝑗 ̸= 𝑖
𝐻(𝜔
𝑖
)

= 𝑒(𝑔, ℎ)
𝑠𝜆
𝑖

.

(12)

So we have

𝑌 = ∏

𝑖∈I
𝑌
𝜇
𝑖

𝑖
= ∏

𝑖∈I
𝑒(𝑔, ℎ)

(𝑠𝜆
𝑖
)𝜇
𝑖

= 𝑒(𝑔, ℎ)
𝑠⋅∑
𝑖∈I 𝜇𝑖⋅𝜆𝑖

= 𝑒(𝑔, ℎ)
𝑠

.

(13)

This ends the proof.

Theorem 8. The proposed KP-ABE scheme is secure in the
selective-set model under the (𝑓, 𝑔, 𝐹)-GDDHE assumption.

Proof. Suppose that there exists a polynomial-time adversary
A that can attack the above KP-ABE scheme in the selective-
set model with nonnegligible advantage. Then we can build
a simulator B that can attack the Delerablee identity-based
broadcast encryption scheme in the selective-ID model with
nonnegligible advantage.The simulation proceeds as follows.

(i) Initialization: the adversary A chooses the set of
attributes W∗ which it wants to be challenged upon
and sendsW∗ to the simulatorB.Then the simulator
B sends this challenged attributes to the challengerC
in the selective-ID model for the Delerablee identity-
based broadcast encryption scheme. They treat each
attribute as an ID in the Delerablee identity-based
broadcast encryption.

(ii) Setup: the challenger C generates params and msk
and sends params to the simulator B; then B
transfers them to the adversaryA.

(iii) Phase 1: the adversaryA adaptively makes queries for
private keys for access structure (𝑀, 𝜌) that cannot
be satisfied by W∗. The simulator B picks vector
𝛽 = (𝛽

1
, 𝛽

2
, . . . , 𝛽

𝑘
)
⊺ at random and calculates 𝜆

𝑖
=

⟨M
𝑖
,𝛽⊺⟩.

(1) If 𝜌(𝑖) ∈W∗, then the simulatorB picks 𝑟
𝑖
∈
𝑅
Z∗
𝑝

and submits the private key query 𝑟
𝑖
to the

challenger C. The challenger C will computes
and returns the private key sk

𝑟
𝑖

corresponding
to 𝑟

𝑖
toB. Finally, the simulator sets the private

key part𝐷
𝑖
= (sk𝜆𝑖

𝑟
𝑖

, {ℎ
𝜆
𝑖
𝛼
𝑗

}
𝑗=1,...,𝑛

).
(2) If 𝜌(𝑖) ∉ W∗, then the simulator B submits

the private key query 𝜌(𝑖) to the challenger C.
After the simulator B obtains the private key
sk

𝜌(𝑖)
corresponding to 𝜌(𝑖) from the challenger

C, the simulator sets the private key part 𝐷
𝑖
=

(sk𝜆𝑖
𝜌(𝑖)
, {ℎ

𝜆
𝑖
𝛼
𝑗

}
𝑗=1,...,𝑛

).
(3) At last, B returns sk

(𝑀,𝜌)
= {𝐷

𝑖
}
𝑖=1,...,ℓ

to the
adversaryA.

(iv) Challenge: the adversary A randomly chooses two
messages 𝑚

0
and 𝑚

1
with equal length and sends

them to the simulatorB.The simulatorB then sends
them to the challengerC.The challengerC randomly
encrypts𝑚

𝑏
with the attributes setW∗ and returns 𝑐

𝑏

to the simulator B. Finally, the simulator B sends it
to the adversaryA.

(v) Guess: the adversary A returns the guess 𝑏 to the
simulatorB, and then the simulatorB sends it to the
challengerC.

According to the observation of the attacker A, the pri-
vate keys he obtained from the simulatorB are indistinguish-
able to those of obtained from the KeyGen algorithm. Thus,
if the adversary A can attack the proposed KP-ABE scheme
in the selective-set model with nonnegligible advantage, then
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Table 1: Comparisons among ABE schemes with constant-size ciphertexts.

Schemes
[13] [14] [15]-1 [15]-2 Our scheme

ABE types CP-ABE CP-ABE CP-ABE KP-ABE KP-ABE
Access structure AND Threshold Threshold Monotone Monotone
Private key size 2|G| 𝑤|G

1
| + 𝑛|G

2
| (𝑛 + 𝑤)|G| + |Z∗

𝑝
| (𝑛 + 1)𝑡|G| 𝑡|G

1
| + 𝑛𝑡|G

2
|

Ciphertext size 2|G| + |G
𝑇
| |G

1
| + |G

2
| + |G

𝑇
| 2|G| + |G

𝑇
| 2|G| + |G

𝑇
| |G

1
| + |G

2
| + |G

𝑇
|

Encryption cost 0 0 1𝑝 1𝑝 1𝑝

Decryption cost 2𝑝 3𝑝 3𝑝 2𝑝 2𝑝

the simulator B can attack the Delerablee identity-based
broadcast encryption scheme in the selective-ID model with
nonnegligible advantage. According to Lemma 4, we can
draw the conclusion that the proposed KP-ABE scheme is
secure in the selective-set model under the (𝑓, 𝑔, 𝐹)-GDDHE
assumption.

This ends the proof.

Table 1 compares efficiency among available ABE schemes
with constant-size ciphertext. Attrapadung et al. [15] pro-
posed a CP-ABE and KP-ABE scheme with constant-size
ciphertexts, respectively; we denote them as [15]-1 scheme
and [15]-2 scheme, respectively.

Comparisons are made in terms of private key size,
ciphertext size, and the number of pairing evaluations upon
encryption and decryption. In the table, we denote by 𝑛
the number of attributes in the attributes universe, 𝑡 the
number of attributes in the access structure that describe the
private key for KP-ABE scheme, 𝑤 the number of attributes
that describe the private key for CP-ABE scheme, and 𝑝 the
number of pairing evaluations.

5. Conclusion

In this paper, we have constructed a new KP-ABE scheme
supporting any monotonic access structure with constant-
size ciphertext and proved that the proposed scheme is
semantically secure in selective-set model based on the gen-
eral Diffie-Hellman exponent assumption. The downside of
the proposed KP-ABE scheme is that private keys have mul-
tiple size growths in the number of attributes in the access
structure. One interesting open problem would be to con-
struct a KP-ABE schemewith constant-size ciphertexts that is
secure under a more standard assumption or which achieves
a stronger full security notion. Another challenging problem
is to construct aKP-ABE schemewith constant ciphertext size
and constant private key size.
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Panafieu, and C. Ràfols, “Attribute-based encryption schemes
with constant-size ciphertexts,” Theoretical Computer Science,
vol. 422, pp. 15–38, 2012.

[16] C. Delerablee, “Identity-based broadcast encryption with con-
stant size ciphertexts and private keys,” in Proceedings of
the Advances in Crypotology 13th International Conference on
Theory and Application of Cryptology and Information Security
(ASCIACRYPT ’07), vol. 4833 of Lecture Notes in Computer
Science, pp. 200–217, Springer, 2007.

[17] A. Lewko and B. Waters, “Decentralizing attribute-based
encryption,” in Proceedings of the 30th Annual International
Conference on Theory and Applications of Cryptographic Tech-
niques: Advances in Cryptology (EUROCRYPT ’11), vol. 6632 of
Lecture Notes in Computer Science, pp. 568–588, Springer, 2011.




