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In recent years, multirobot systems have attracted many
researchers’ attention owing to their important applications
in industry, agriculture, human life, and so forth. Path plan-
ning with obstacle avoidance is one of the most fundamental
functions for mobile robots. Path planning that serves as
the basis for the wheeled robot, unmanned aerial vehicle
(UAV), cleaning robot, automated harvesters, rescue robot,
and so forth includes formation path planning and coverage
path planning. Finding an optimal path that achieves tasks is
NP-hard problem. In order to find the optimal path, robots
need to be equipped with sophisticated task planners that
employ symbolic reasoning to move in dynamic environ-
ments. Intelligent algorithms used for path planning have not
been understood completely.

In order to adjust the robot’s controller, a mathematical
modeling with kinematic and dynamic analysis of a mobile
robot also is needed. A functional model of robot, which is
created afterwards, has a better maneuverability and stability
to accomplish different tasks in different environments.
Quantitative measures and calculations of the mathematical
modeling and intelligent algorithms are required in multi-
robot path planning.

This special issue is focused on the mobile robot path
planning with different algorithms. This special issue has
received a total of 21 submitted papers with only 5 papers
accepted.

In paper “Path Planning for Rapid Large-AngleManeuver
of Satellites Based on the Gauss Pseudospectral Method,”

W. Zhang et al. have developed an attitude maneuver
optimization method for gimbal rates based on the Gauss
pseudospectral method. It satisfies the control requirement
of rapid maneuver for satellite and evades the singularity
problem of SGCMGs. This method has higher solution
precision and a fast convergence rate, and it avoids the
difficulties in solving a boundary value problem. According
to the definition of rapid maneuvering where the attitude
rate of a satellite is 1∼10∘/s, the planning angular speed is
5.7∘/s.Then, throughmathematic simulations based onMAT-
LAB/Simulink, the errors of quaternion and angular speed
are obtained within 4 × 10−4 and 10−3 rad/s. In conclusion,
the Gauss pseudospectral method can effectively plan an
optimal trajectory, satisfying all constraints within a short
time.

In paper “Vehicle Sideslip Angle Estimation Based on
General Regression Neural Network,” W. Wei et al. have
proposed a estimation method of slip angle based on general
regression neural network (GRNN) and driver-vehicle closed
loop system. Vehicle’s sideslip angle has been treated as time
series mapping of yaw speed and lateral acceleration. The
paper uses homogeneous design approach to optimize the
training samples. The mapping relationship among sideslip
angle, yaw speed, and lateral acceleration has been built. At
the same time, vehicle’s sideslip angle has been measured
to verify the proposed method. Estimation results of neural
network and real vehicle experiment show the same changing
tendency. The mean of error is within 10% of test result’s
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amplitude. Results show that GRNN can estimate vehicle’s
sideslip angle correctly. It can offer a reference to the appli-
cation of vehicle’s stability control system on vehicle’s state
estimation.

In paper “The Robot Path Planning Based on Improved
Artificial Fish Swarm Algorithm,” Y. Zhang et al. have
introduced an attenuation function 𝛼 to improve the weak
point of visual in standard AFSA; also an adaptive operator
is introduced to enhance the adaptive of step. Besides, a
self-active inertia weight factor is introduced to improve the
convergence. The IAFSA is applied to the path planning
problem of mobile robot which installed ROS. Five well-
known benchmark functions are used to evaluate the per-
formance of IAFSA. Simulation shows that the convergence
speed of IAFSA is more efficient, the local search ability
is enhanced, and the optimal result is more accurate. The
performance of IAFSA is better than standard AFSA. In
order to further analyze the superiority and effectiveness of
the IAFSA in robot path planning, the IAFSA is compared
experimentally with the standard AFSA, A∗ algorithm, and
HAAFSA, both in self-created environment and real envi-
ronment. Experiment results show that IAFSA can adapt
to different environment in the planned trajectories with
both satisfactory accuracy and stability. The optimal ability
is better and the route, which the robot walked, is the
shortest. The space complexity is reduced and the path is
smoother.

In paper “Method of Quantitative Analysis for Multi-
robot Cooperative Hunting Behaviors,” S. Yong et al. have
investigated the hunting behaviors of mobile robots. The
multirobot system can be adequately described based on the
phase space information, and the dynamic system states can
be forecast based on this information. The eigenvalues of the
attractor are calculated including the maximum Lyapunov
exponent and correlation dimension. The robot collective
behavior is described and analyzed quantitatively based on
the eigenvalues. The critical factor that affects the interaction
of robots is investigated based on quantified parameters. The
analysis results can be used to improve the understanding of
robot interaction mechanisms.

In paper “Exact and Heuristic Algorithms for Routing
AGV on Path with Precedence Constraints,” L. Xu et al. con-
sidered the TSPP-PC, which is a variety of TSP. Though TSP
is widely studied, whether or not TSPP-PC is polynomial-
time solvable remains an open question in the literature.
This paper provides a positive answer for this problem when
number of precedence 𝑘 is part of the input size and has
developed efficient heuristic for the problem with arbitrarily
large 𝑘.
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Path planning is critical to the efficiency and fidelity of robot navigation. The solution of robot path planning is to seek a collision-
free and the shortest path from the start node to target node. In this paper, we propose a new improved artificial fish swarm
algorithm (IAFSA) to process the mobile robot path planning problem in a real environment. In IAFSA, an attenuation function is
introduced to improve the visual of standard AFSA and get the balance of global search and local search; also, an adaptive operator
is introduced to enhance the adaptive ability of step. Besides, a concept of inertia weight factor is proposed in IAFSA inspired by
PSO intelligence algorithm to improve the convergence rate and accuracy of IAFSA. Five unconstrained optimization test functions
are given to illustrate the strong searching ability and ideal convergence of IAFSA. Finally, the ROS (robot operation system) based
experiment is carried out on a Pioneer 3-DX mobile robot; the experiment results also show the superiority of IAFSA.

1. Introduction

With the popularity and wide application of mobile robots in
the engineering field, the issue of path planning is going to be
a spotlight in the navigation of mobile robots in the future.
The goal of path planning is to find an optimal collision-free
and the shortest path from a start node to a target node in a
given real environment [1, 2]. The optimal collision-free path
is usually measured by some criterions, such as distance,
time, or energy; distance and time are the most commonly
adopted criterions [3]. Hence, a lot of algorithms are applied
to solve the problem of path planning, such as genetic
algorithm, ant colony algorithm, PSO, neural networks, and
fuzzy logic [4, 5]. Artificial fish swarm algorithm (AFSA) [6],
a branch of Swarm Intelligence, was firstly brought forward
by Li et al. in 2002. Through simulating the social behavior
of fish in nature, the algorithm is widely used to process the
optimization problem [7–9].

Recently, with its strong capacity of global search, fast con-
vergence rate, and good robustness, AFSA is used to deal
with robot path planning problem [10]. Therefore, plenty of
researchers made some attempts to improve the performance

of AFSA. In [11], a new artificial fish swarm optimization
is proposed to improve the forging behavior of AFSA,
which is closer to reality in order to increase a look at
the ambient link of fish foraging behavior. By examining
the environment, artificial fish can screen the information
from the surroundings to obtain an optimal state for the
best direction of movement. Yao and Ren reported a hybrid
adaptive artificial fish swarm algorithm (HAAFSA) with the
adaptive enhanced prey behavior and the segmented adaptive
strategy of artificial fish’s view and step, which have been
verified on research; the HAAFSA was applied to coalmine
rescue robot path planning and the performance of the
optimal path is improved [12]. In [13], the adaptive hybrid
sequences niche artificial fish swarm algorithm (AHSN-
AFSA) is presented to solve the vehicle routing problem,
and the concept of ecological niche is also proposed to
improve the shortcoming of traditional AFSA to obtain an
optimal solution. In [14], a new idea based on least squares
support vector machine (LSSVM), whose parameters are
optimized by artificial fish swarm algorithm (AFSA), has
been used to improve location accuracy of three-dimensional
sensor modes of wireless sensor network. The experimental
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result shows that, compared with other localizationmethods,
the proposed method can improve the accuracy of sensor
nodes. A modified version of artificial fish swarm algorithm
(MAFSA) with a mechanism to dynamically control the
parameter vision is also being introduced to select the optimal
feature subset to improve the classification accuracy for
support vector machines; experimental results show that
the performance of the proposed method is superior to
standard AFSA [15]. In [16], a novel AFSA algorithm, so-
called NAFSA, has been proposed to improve weak points
of standard AFSA and accelerate convergence velocity of
the algorithm. Also, a multiswarm algorithm based on
NAFSA was introduced to conquer particularly the dynamic
environment by proposing some new mechanism including
multiswarm mechanism for finding and diversity increase
mechanismand covering potential optimumpeaks. Extensive
experiments show that the proposed algorithm can get better
performance for optimization in dynamic environments.

All the above algorithms are successful in improving the
weak point of standard AFSA and get better performance
in the corresponding fields. Despite the fact that the men-
tioned methods can improve the performance in some cases,
they still cannot reach the ideal result when it comes to
some special optimization problems. In this paper, a new
improved artificial fish swarm algorithm (IAFSA) is proposed
and applied in the path planning problem. In IAFSA, an
attenuation function 𝛼 is introduced to improve the visual.
Also, an adaptive operator based on Gaussian distribution
function is introduced to enhance the adaptive ability of step.
Besides, inspired by PSO algorithm, an inertia weight factor
is introduced in IAFSA to improve the fish behaviors and
balance the exploration and exploitation. Simulation shows
that IAFSA is more effective, especially when it is used to deal
with multipeak and large search space function optimization
problem.

The remainder of this paper is organized as follows.
Section 2 introduces the standard artificial fish swarm algo-
rithms. In Section 3, the proposed method is presented.
Section 4 shows the simulation cases and analyzes the results.
Section 5 studies the experiment inmobile robot and analyzes
the result. Finally, conclusion and discussion are given in
Section 6.

2. Standard AFSA

Artificial fish (AF) is a fictitious entity of true fish. Generally,
fish moves to a position with better food consistency by per-
forming social search behaviors [10]. AF has approximately
four social behaviors: prey behavior, follow behavior, swarm
behavior, and leap behavior [17]. We use these behaviors to
conduct the analysis and explanation of the problem.

Suppose the state of individual artificial fish is vector 𝑋.
We can denote the vector 𝑋 = (𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
), where 𝑥

𝑖
(𝑖 =

1, 2, . . . , 𝑛) is the optimization variable of fishes. The food
concentration in the current position of the artificial fish can
be expressed as 𝑌 = 𝑓(𝑋), where 𝑌 is the value of target
function. Visual is the range in whichAFs can search and step
is the maximum length which an AF can move. The distance

of two AFs between𝑋
𝑖
and𝑋

𝑗
can be expressed by Euclidean

distance as the following equation:

𝐷
𝑖,𝑗
=

𝑋
𝑖
− 𝑋
𝑗


. (1)

The crowd factor 𝛿 (0 < 𝛿 < 1) is a control parameter to
control AFs’ crowd around a positon and the best position
which AFs ever found will be loaded in bulletin. In the
following subsection, behaviors of AFs will be described in
detail.

(1) Prey Behavior. In nature, prey behavior is a basic biological
behavior for fish to find food. We can determine the position
𝑋
𝑗
in the visual scope of the AF 𝑖 randomly.𝑋

𝑖
is the current

position of AF 𝑖, 𝑋
𝑗
is a random state of its visual distance,

and 𝑌 is the food concentration which can be expressed as
the objective function 𝑌 = 𝑓(𝑋). The position 𝑋

𝑗
can be

calculated by the following equation:

𝑋
𝑗
= 𝑋
𝑖
+ Visual × rand (0, 1) . (2)

𝑌
𝑗
and 𝑌

𝑖
determine the food concentration of𝑋

𝑖
and𝑋

𝑗
;

if 𝑌
𝑖
< 𝑌
𝑗
, AF moves forward a step from its current position

to𝑋
𝑗
, which is done by

𝑋
𝑖
(𝑡 + 1) = 𝑋

𝑖
(𝑡) +

𝑋
𝑗
(𝑡) − 𝑋

𝑖
(𝑡)


𝑋
𝑗
(𝑡) − 𝑋

𝑖
(𝑡)


× Step

× rand (0, 1) .

(3)

If 𝑌
𝑖
> 𝑌
𝑗
, we select a state 𝑋

𝑗
randomly again and judge

whether its food consistence satisfies the forward condition.
When after try number times the AF 𝑖 is not satisfiedwith the
forward condition, the concernedAF performs leap behavior.

(2) Swarm Behavior. In order to keep swarm generality, AFs
attempt to move towards the center position in every time
of iterations. The central position can be determined as the
following equation:

𝑋
𝑐
=

1

𝑁

𝑁

∑

1

𝑋
𝑖
, (4)

where 𝑋
𝑐
is the arithmetic average of all AF swarm. And

𝑁 is the size of the population. Denote 𝑛
𝑓
as the number

of AF swarms in the visual scope of 𝑋
𝑐
. If 𝑛
𝑓
/𝑁 < 𝛿 and

𝑌
𝑐
> 𝑌
𝑖
, which means the center position of the swarm has

better food consistence and population is not a crowd, AF 𝑖
moves forward a step to the companion center by

𝑋
𝑖
(𝑡 + 1) = 𝑋

𝑖
(𝑡) +

𝑋
𝑐
− 𝑋
𝑖
(𝑡)

𝑋𝑐 − 𝑋𝑖 (𝑡)


× Step

× rand (0, 1) .
(5)

Otherwise, AF performs prey behavior.

(3) Follow Behavior. During the moving process of the AF,
when a single fish or several ones find food, the neighbor
fishes will follow and reach the position quickly. Suppose the
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current position of the AF 𝑖 is 𝑋
𝑖
, and position 𝑋

𝑗
is the

neighbor in its visual scope. Denote 𝑛
𝑓
as the number of AF

swarms in the visual scope of𝑋
𝑐
; if 𝑌
𝑖
< 𝑌
𝑗
and 𝑛
𝑓
/𝑛 < 𝛿, AF

𝑖moves forward a step to the neighbor 𝑋
𝑗
. The expression is

determined as follows:

𝑋
𝑖 (𝑡 + 1) = 𝑋

𝑖 (𝑡) +
𝑋
𝑗
(𝑡) − 𝑋

𝑖
(𝑡)


𝑋
𝑗
(𝑡) − 𝑋

𝑖
(𝑡)


× Step

× rand (0, 1) .

(6)

If there are no neighbors around𝑋
𝑖
or all of them dissat-

isfied the condition, then AF 𝑖 executes the prey behavior.

(4) Leap Behavior. Leap behavior is the basic behavior to seek
food or companions in large ranges, which can effectively
prevent local optimum. AF 𝑖 performs the leap behavior and
changes the parameter to leap out of the current position. It
chooses a state in the visual and moves towards this state to
avoid the local extreme values. Hence,

𝑋
𝑖
(𝑡 + 1) = 𝑋

𝑖
(𝑡) + Visual × rand (0, 1) . (7)

3. Improved AFSA

In standard AFSA, the visual and step are fixed. The visual
determines the search scope, while the step determines the
convergence rate and accuracy of standard AFSA. At the
initial state of optimization process of standard AFSA, the
large values of visual and step lead the AFs to quickly
move close to the global optimal solution and improve the
convergence speed. However, after the AFs move close to the
target position, the large values of visual and step will make
the AFs miss the position with better food concentration.
Conversely, if the values of visual and step are too small, the
local search ability is increased, while the global search ability
is decreased. As a result, AFs may pass the global optimal
solution and fall into local optimum; the accuracy of the
result is decreased. In order to improve those shortcomings
of standard AFSA, we proposed a new algorithm with some
improved parameters.

3.1. The New AF Population. Opposition-based reinforce-
ment learning is a machine intelligence scheme for learning
in dynamic, probabilistic environments. Considering oppo-
site actions simultaneously enables individual states to be
updated more than once, shortening exploration and expe-
diting convergence; it is widely applied in machine learning.
In this paper, we introduce opposition-based reinforcement
learning to optimize the location distribution of artificial
fish swarm in the problem space and to obtain better fitness
value compared with the initial one, which can speed up the
convergence of AFSA.

Consider 𝑎 and 𝑏 as the upper and lower limits of problem
space; suppose the current position of AF 𝑖 is 𝑋

𝑖
(𝑋
𝑖
∈

[𝑎, 𝑏], 𝑖 ∈ [1, 𝑛]), the opposite position of 𝑋
𝑖
is defined as

�̃�
𝑖
, and �̃�

𝑖
can be calculated by the following equation:

�̃�
𝑖
= 𝑎 + 𝑏 − 𝑋

𝑖
𝑖 ∈ [1, 𝑛] . (8)
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Figure 1: The varying graph of parameter 𝛼.

We can get the opposite position of each artificial fish and
construct the opposite artificial fish swarm by (8). The food
concentrations of 𝑋

𝑖
and �̃�

𝑖
are 𝑌(𝑋

𝑖
) and 𝑌(�̃�

𝑖
). If 𝑌(𝑋

𝑖
) >

𝑌(�̃�
𝑖
), we choose 𝑋

𝑖
as the new individual; otherwise, we

choose �̃�
𝑖
. The process is described as follows:

𝑋
𝑖
=
{

{

{

𝑋
𝑖

𝑌 (𝑋
𝑖
) > 𝑌 (�̃�

𝑖
)

�̃�
𝑖

𝑌 (𝑋
𝑖
) < 𝑌 (�̃�

𝑖
)

𝑖 ∈ [1, 𝑛] . (9)

After the above process is completed, the new artificial
fish swarm, which is constituted with new individuals, is
generated.

3.2. Parameter Variation on IAFSA

(1) Visual. In order to satisfy the requirement of convergence
rate and the balance of global search and local search, a
parameter 𝛼 is introduced to improve the visual of AF. The
parameter 𝛼 is determined as follows:

𝛼 = exp(−25 × ( 𝑡

𝑇max
)

𝑠

) , (10)

where 𝑡 denotes the current iteration number, 𝑇max denotes
the maximum iteration number, and the range of values for
parameter 𝑠 is 1 to 20. 𝛼 is an attenuation function which can
minimize the value of 𝛼 while AF moves close to the target
position during the iteration process. In Figure 1, the varying
graph of parameter 𝛼 in different value of 𝑠 is displayed. In
the early stage of iteration process, if the value of 𝑠 is small,
the attenuation velocity of 𝛼 is quick; conversely, if the value
of 𝑠 is too large, the attenuation of 𝛼 is slow. Thus, in IAFSA,
the value of 𝑠 is set to 3.

The improved visual is determined as follows:

visual = visual × 𝛼 + visualmin, (11)

where visualmin is the minimum determined by the require-
ment of the problem space. In the initial stage of the iteration
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Figure 2: The varying graph of parameters 𝛽 and (1 − 𝛽).

process, the value of visual is relatively large and the global
search ability is great; AFs can move to better positions
easily in relative area. While the value of visual is gradually
becoming smaller, the global search ability is decreased and
local search ability is enhanced.

(2) Step. To balance the accuracy of solution and iteration
speed, the Gaussian distribution function is introduced to
improve the step of AF. The expression of Gaussian distribu-
tion function is determined as follows:

𝑓 (𝑥) =
1

𝜎√2𝜋
𝑒
−(𝑥−𝜇)

2
/2𝜎
2

, (12)

where 𝜇 denotes the mathematical expectation and 𝜎 denotes
the standard deviation. Here, we set 𝜇 to 0. We introduce
Gaussian distribution function as the adaptive operator to
enhance the adaptive step. The expression of adaptive step is
determined as follows:

Step = Step × 𝑓( 𝑡

𝑇max
) + Stepmin, (13)

where stepmin is the minimum determined by the require-
ment of the problem space. In the initial stage of the iteration
process, the step is relatively large, and the convergence speed
is fast; the AF can get close to the better position easily
in relative area. However, during the iteration process, as
the step gradually gets smaller, the accuracy of solution is
enhanced.

(3) Inertia Weight Factor. In standard AFSA, AF moves to
the next position by performing swarm behavior, follow
behavior, leap behavior, or prey behavior. All the social behav-
iors play an important role in the process of optimization,
especially the swarm behavior and follow behavior. In the
above two behaviors, each AF moves to the next position
based on a random percentage of step, from the last position
in each iteration. As shown in (3) and (5), the last position
and random step make a big effect in the moving process. In

the early stage of optimization, the last position makes the
global search ability decrease; but at the end of optimization,
the random stepmakes the local search ability decrease.Thus,
to a certain extent, in this search mechanism, the moving
flexibility of AFs is weak. Consequently, AFs cannot get the
balance between global search and local search abilities. To
increase the moving flexibility and balance the global search
and local search ability of AFs, the inertia weight factor,
which is inspired by the PSO algorithm, is introduced in
IAFSA. In PSO, the inertia weight factor defines the impact
of particle’s velocity on the current one and controls the range
of the search effectively [18]. Besides, with the application
of inertia weight factor, PSO algorithm can get the balance
between exploration and exploitation [19]. Here, we choose
an appropriate constant for 𝛽 to compromise between global
exploration and local exploitation in IAFSA. The inertia
weight factor 𝛽 is determined as follows:

𝛽 = 𝛽start −
𝛽start − 𝛽end

𝑇max
× 𝑡, (14)

where 𝑡 denotes the current iteration number and 𝑇max
denotes the maximum iteration number; 𝛽start and 𝛽end
are the inertia weight at the beginning and at the end,
respectively. In Figure 2, the varying graphs of parameters 𝛽
and (1 − 𝛽) in different values of 𝛽start and 𝛽end are displayed.
In the early stage of the iteration process, the value of𝛽 is large
and (1−𝛽) is small; the global search ability is enhanced. And,
during the process of iteration, the value of 𝛽 is gradually
decreasing and (1−𝛽) is gradually increasing; the local search
ability is enhanced. Therefore, in IAFSA, AFs can get the
balance between global search and local search abilities.

3.3. New Behaviors

(1) New Prey Behavior.This behavior is an individual behavior
and each AF performs it without considering other AFs. Each
AF does a local search around itself. Suppose the position of
AF 𝑖 is𝑋

𝑖
(𝑡) and𝑋

𝑖
(𝑡 + 1) is the position randomly generated
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Table 1: Attributes of Cleveland dataset.

Name Function expression Optimal variable Optimal value

Rastrigin 𝑓 (𝑥) =

𝑛

∑

𝑖=1

(𝑥
2

𝑖
− 10 cos (2𝜋𝑥

𝑖
) + 10) 𝑥 = (0, 0, . . . , 0) 0

Easom 𝑓 (𝑥) = − cos (𝑥
1
) cos (𝑥

2
) exp (− (𝑥

1
− 𝜋)
2

− (𝑥
2
− 𝜋)
2

) + 1 𝑥 = (𝜋, 𝜋) 0
Booth 𝑓 (𝑥) = (𝑥

1
+ 2𝑥
2
− 7)
2

+ (2𝑥
1
+ 𝑥
2
− 5)
2

𝑥 = (1, 3) 0
Bohachevsky 𝑓 (𝑥) = 𝑥

2

1
+ 2𝑥
2

2
− 0.3 cos (3𝜋𝑥

1
) − 0.4 cos (4𝜋𝑥

2
) + 0.7 𝑥 = (0, 0) 0

Sum Squares 𝑓 (𝑥) =

𝑛

∑

𝑖=1

𝑖𝑥
2

𝑖
𝑥 = (0, 0, . . . , 0) 0

in the visual of AF. The position 𝑋
𝑖
(𝑡 + 1) is determined as

follows:

𝑋
𝑖
(𝑡 + 1) = (1 − 𝛽)𝑋

𝑖
(𝑡) + 𝛽 × Step × rand (−1, 1) . (15)

If the food concentration of position 𝑋
𝑖
(𝑡 + 1) is better than

of the current position𝑋
𝑖
(𝑡), this position will be replaced by

𝑋
𝑖
(𝑡 + 1) = 𝑋

𝑖
(𝑡) . (16)

(2) New Swarm Behavior. In the new swarm behavior, the
central position of the AF swarm is calculated by (4); it is the
arithmetic average of all the AF individual positions.The next
position𝑋

𝑖
(𝑡 + 1) is obtained by

𝑋
𝑖
(𝑡 + 1) = (1 − 𝛽)𝑋

𝑖
(𝑡) + 𝛽 ×

𝑋
𝐶
− 𝑋
𝑖
(𝑡)

𝑋𝐶 − 𝑋𝑖 (𝑡)


× Step

× rand (0, 1) .
(17)

If the food concentration of position 𝑋
𝑖
(𝑡 + 1) is better than

of position 𝑋
𝑖
(𝑡), the current AF 𝑖 moves towards 𝑋

𝐶
with a

random distance in the visual.

(3) New Follow Behavior. In standard AFSA, the current AF
moves towards the better AF (according to fitness value) in
its visual scope, but, in IAFSA, each fishmoves some distance
towards the best AF in the swarmby the following expression:

𝑋
𝑖
(𝑡 + 1) = (1 − 𝛽)𝑋

𝑖
(𝑡) + 𝛽 ×

𝑋best − 𝑋𝑖 (𝑡)
𝑋best − 𝑋𝑖 (𝑡)



× Step × rand (0, 1) .
(18)

3.4. The Procedure of IAFSA. The improved AFSA mainly
includes the following steps.

Step 1. Initialize the parameters of artificial fish, such as step,
visual, try number, and maximum number of iterations.

Step 2. Construct the opposite artificial fish and form the new
artificial fish population by (8) and (9).

Step 3. Select the optimal value of each fish, and record it in
the bulletin.

Step 4. Implement prey behavior, swarm behavior, follow
behavior, and leap behavior.

Step 5. The optimal value in the bulletin board is updated by
the better individual optimum.

Step 6. If termination condition is satisfied, output the
optimization result; otherwise, return to Step 2.

The flow chart of IAFSA is shown in Figure 3.

4. Simulation and Discussion

In this section, five unconstrained benchmark functions
are used as measurement to evaluate the performance of
IAFSA. The benchmark functions with their optimal value
and optimal variable are shown in Table 1.

Easom, Booth, and Rastrigin functions are multipeak
functionswith several localminimums, and SumSquares and
Bohachevsky functions are single-peak functions which have
no local minimum except the global one. We can find the
global minimum by analysis for the function expression.

In standard AFSA and IAFSA, the initial value of visual
and step has been considered to be 30% and 10% of the
range length of the fitness function variables, respectively.
The inertia weight factors 𝛽start and 𝛽end are 0.2 and 0.9. The
fish number is 100, crowd factor is 0.6, and the numbers of
iterations are 50, 100, and 200, respectively. The algorithm
is run 50 times for each iteration number. Here, we used
the mean (average optimal value) to evaluate the optimal
performance of the algorithms.The result is shown in Table 2.

The dimensions of the Rastrigin function and Sum
Squares function are taken as 10, and those of Easom,
Booth, and Bohachevsky functions are taken as 2. From
Table 2, we can see that the average optimal value which is
got by IAFSA is better than the standard AFSA. The tests
show that the proposed algorithm has higher accuracy in
function optimization problem, especially for multiextreme
optimization problem.

To evaluate the convergence speed of the algorithm, the
two algorithms are run about 100 times and record the max
convergence iteration number, the min convergence iteration
number, and the average convergence iteration number. The
data is shown in Table 3. And the optimization process is
shown in Figure 2.

In Table 3, we can see that, with the improved AFSA,
the max convergence iteration number, the min convergence
iteration number, and the average convergence iteration
number of the five test functions are smaller than standard
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Table 2: The average optimal value with different iterations.

Function name Standard AFSA Improved AFSA
50 Itr 100 Itr 200 Itr 50 Itr 100 Itr 200 Itr

Rastrigin 0.019541667 0.016765714 0.01565533 0.004902857 0.00363 0.002735
Easom 0.021071 0.022532 0.0218015 0.0030341 0.003865 0.00344955
Booth 0.007065 0.005180909 0.006078095 0.000732 0.001251818 0.001003333
Bohachevsky 0.010106 0.013684 0.008507 0.002489 0.003235 0.002446
Sum Squares 0.008670 0.011748 0.011235 0.001848 0.003260 0.004433
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Figure 3: The flow chart of IAFSA.

AFSA. The table shows that, compared with standard AFSA,
the search ability of IAFSA is enhanced.

As shown in Figure 4, the search ability of IAFSA is
stronger than of AFSA, and the convergence speed is faster.
IAFSA is shown to have better performance in improving
search accuracy and speed; also, to a certain extent, the
searching efficiency, global optimization ability, and accuracy
of the solution are improved.

5. Experiment and Discussion

5.1. Introduction of Experiment Platform. The experiment in
a real environment is further investigated on the platform of
Pioneer 3-DX (Figure 5)mobile robot which is equippedwith
ROS (robot operation system). With its modest and balanced
size combined with reasonable hardware, the mobile robot
is suitable for indoor laboratory or classroom navigation.
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Figure 4: The optimal process.

Table 3: The convergence of the optimal result in 100-fold experi-
ment.

Function Standard AFSA Improved AFSA
Max Min Mean Max Min Mean

Rastrigin 128 45 81 22 8 16
Easom 27 7 19 11 5 5
Booth 24 5 17 15 4 9
Bohachevsky 30 8 21 13 2 7
Sum Squares 49 17 34 19 6 13

Figure 5: Pioneer 3-DX mobile robot.

The Stanford Artificial Intelligence Laboratory (SAIL) with
the support of the Stanford AI Robot project firstly developed
the ROS (robot operation system) in 2007. It is a Linux

based software framework that is widely used in robotics.
This framework uses the idea of nodes, messages, packages,
services, and topic [20].

5.2. Experiment Process
(1) The Self-Created Environment. The experiment of path
planning in autonomous navigation is started in a real
environment and a self-created environment, respectively.
The self-created environment is shown in Figure 6. This
environment consists of some other complicated structures
like narrow passes, edges, sharp corners, and so forth. The
map of the self-created environment is shown in Figure 7.
And points A, B, C, D, and E in the map are the five
positions of self-created environment. During the process
of path planning, the robot’s walk path is represented as its
footprint in the map as shown by the blue arrow in Figure 7.

The performance of path planning with the IAFSA appli-
cation in robot navigation is shown in Figure 8(a). In order
to further verify the superiority and effectiveness of IAFSA in
robot path planning, IAFSA is compared experimentally with
the standard AFSA, A∗ algorithm, and HAAFSA, respec-
tively. Figures 8(b), 8(c), and 8(d) correspond to the perfor-
mance of standard AFSA, A∗ algorithm, and HAAFSA. By
comparison experiment shown in Figure 8, it can be observed
from the results that all the abovementioned algorithms can
finish the robot path planning and enable the robot to avoid
the obstacles. The optimal performance of IAFSA is better
than of the other three algorithms; the global search ability
is better and self-adaptive ability is very strong.
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Figure 6: The self-created environment.

Figure 7: The map of self-created environment.

(a) (b)

(c) (d)

Figure 8: The path in self-created environment using different algorithms.

The experiment of path planning is performed 50 times
in four different paths, respectively. We get the route data of
robot walking in a path from the odometer in Pioneer 3-DX
mobile robot, and the average values of route in 50 times are
given in Table 4. The odometer in Pioneer 3-DX is used for

speed measurement and route measurement. And, in ROS,
the odometer is used for assistant position.

In Table 4, the route obtained by IAFSA is the shortest.
The performance of IAFSA in robot path planning is better
than of the other three algorithms, and the accuracy of the
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Figure 9: The real environment.

Table 4: The route of the robot path planning experiment in a self-
created environment (m).

A∗ AFSA HAAFSA IAFSA
A-B 6.658 7.201 6.352 5.624
B-C 4.713 5.593 4.731 3.956
C-D 3.967 4.002 3.989 3.253
D-E 3.594 3.702 3.536 2.821

Table 5: The route of the robot path planning experiment in a real
environment (m).

A∗ AFSA HAAFSA IAFSA
A-B 5.824 6.855 5.875 5.31
A-C 12.621 14.255 12.751 10.982
E-D 3.875 4.254 4.045 3.125
D-B 13.352 15.245 14.145 11.145

Figure 10: The map of the real environment.

result is enhanced. Also, the global search ability and local
search ability are improved.

(2) The Real Environment. The real environment, which
consists of a hall, a cubby, hallways, a cupboard, a booth,
and a wall, is shown in Figure 9. And the map of the real
environment is shown in Figure 10.

In the map, there are five positions, A, B, C, D, and E, and
we choose four paths to do the experiment. The path of the
robot is shown in Table 5.

To demonstrate the success of the proposed method, we
make another three extra comparisons. The proposed algo-
rithm is compared with the standard AFSA, A∗ algorithm,
and HAAFSA, respectively. Figures 11(a), 11(b), 11(c), and
11(d) correspond to A∗ algorithm, standard AFSA, HAAFSA,

and IAFSA. Experimental results of path A-C are shown in
Figure 11. By comparison, we can find that the four algorithms
get better performance in path planning; themobile robot can
pass through the sufficient area and avoid collision with the
obstacle. However, the proposed IAFSA in this paper makes
the step smaller, the trajectory smoother, and the total route
shorter.The performance of IAFSA is better than of the other
three algorithms, and the optimized ability is more powerful.

The four algorithms are executed 50 times, respectively,
and the mean of the four routes (A-B, A-C, D-B, and E-D) of
the robot path planning using the four optimal algorithms is
displayed in Table 5.

In Table 5, we can find out that the path got by IAFSA
is the shortest, followed by A∗ algorithm, HAAFSA, and
AFSA, respectively. Compared with the other three optimal
algorithms, the performance of IAFSA in mobile robot path
planning is better. IAFSA is shown to have efficient searching
capability in real environment, and the accuracy of the result
is enhanced.

6. Conclusion

In this study, an attenuation function 𝛼 is introduced to
improve the weak point of visual in standard AFSA; also,
an adaptive operator is introduced to enhance the adaptive
step. Besides, a self-active inertia weight factor is introduced
to improve the convergence. The IAFSA is applied to the
path planning problem of mobile robot which is equipped
with ROS. Five well-known benchmark functions are used
to evaluate the performance of IAFSA. Simulation shows
that the convergence speed of IAFSA is more efficient; the
local search ability is enhanced and the optimal result is
more accurate. The performance of IAFSA is better than of
standard AFSA. In order to further analyze the superiority
and effectiveness of the IAFSA in robot path planning,
the IAFSA is compared experimentally with the standard
AFSA, A∗ algorithm, and HAAFSA, both in a self-created
environment and in a real environment. Experiment results
show that IAFSA can adapt to different environments in
the planned trajectories with both satisfactory accuracy and
stability.The optimal ability is better and the route, which the
robot walked, is the shortest.The space complexity is reduced
and the path is smoother.

Future work will be done as follows. First, we will extend
the model in a highly complicated environment to evaluate
the self-adaptive ability and add practical applicability. Sec-
ond, we will extend to multiobjective optimizer to search
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Figure 11: The path in the real environment.

the Pareto frontier which can optimize the trade-off between
multiple requirements of the robot system. In addition, we are
interested in using IAFSA in dynamic environment.
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The kinematic behavior of mobile robots can be represented as functions of time. During the operation of a multirobot system,
the orbit of a special robot is recorded. The embedding dimension and the delay time are chosen based on the correlation
integral method. A chaotic attractor equivalent to the original system is reconstructed in phase space. The multirobot system
can be adequately described based on the phase space information, and the dynamic system states can be forecast based on this
information.The eigenvalues of the attractor are calculated including themaximumLyapunov exponent and correlation dimension.
The robot collective behavior is described and analyzed quantitatively based on the eigenvalues. The critical factor that affects the
interaction of robots is investigated based on quantified parameters. Our analysis results can be used to improve the understanding
of robot interaction mechanisms.

1. Introduction

With the development of robotics, multirobot systems have
received considerable attention [1]. A single robot has many
limitations in the ability of the acquisition, processing, and
control for the information [2]. The research of multirobot
system began in the late 1970s. Multiagent system theory
provides a new way in thought and application [3]. The
distributed artificial intelligence, complex system theory and
biochemical approaches are recently introduced in robotics
[4, 5]. The scientists began studying the organization, inter-
action, and learning mechanism for multirobot system [6–
8].The current solutions of multirobot have made impressive
progress. But the theory framework and implementation
need further improvement.

A multirobot system is a set comprised of robots that
interrelate and act reciprocally [9].The system properties can
be studied using pertinent state variables. The current state
of the system is entirely determined by the previous states
at a given time [10]. Research in kinetic systems investigates
the regularity with respect to time of system state variables
[11]. The state variables are an object set that can describe
the system’s dynamic behavior completely. In a multirobot
system, any physical object that can determine the system’s

properties can serve as the status information such as speed,
acceleration, gesture, position, behavior, and the mutual
relationship among robots [12, 13].

Multirobot learning is the process of acquiring new
cooperative behaviors for a particular task [14]. Typically, a
multirobot learning method can be classified as simulation,
an experiment, or mathematical modeling [15]. In a multi-
robot system, a large number of homogeneous mobile robots
interact with each other based on a shared environment.
Beckers et al. conducted initiative simulations and physical
experiments to interpret the nesting behavior of termites with
a stigmergy mechanism [16]. Seo et al. discussed the use of
evolutionary psychology in order to select a set of personality
traits that could evolve due to a learning process based on
reinforcement learning [17]. Kobayashi et al. proposed an
objective-based reinforcement learning system for multiple
autonomous mobile robots in order to acquire cooperative
behavior. The proposed system used profit sharing (PS) as a
learning method [18]. Lee et al. presented an algorithm for
behavior learning and online distributed evolution for coop-
erative behavior of a group of autonomous robots. Individual
robots improved the state-action mapping through online
evolution with the crossover operator based on𝑄-values and
their update frequencies [19]. Generally, the aforementioned
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methods can be used to prove that a robot system is meeting
specific tasks. However, there is no guarantee that the control
strategies can be implemented effectively on different robot
platforms or under different environmental conditions.

Many studies of robot cooperative behavior using math-
ematical methods can be found to determine the major
factor for the system behaviors and have enhanced the
understanding of emergent properties of robot collective
behavior. Probabilistic robotics is concerned with perception
and control in the face of uncertainty [20]. Fox et al. pre-
sented a statistical algorithm for collaborative mobile robot
localization. The approach is capable of localizing mobile
robots at any time by using a sample-based version ofMarkov
localization [21]. Martinoli et al. proposed a time-discrete
macroscopic model to capture the dynamics of a robotic
swarm system engaged in a collaborative manipulation task
[22]. The critical parameters that affect the robots’ collective
behavior performance can be analyzed by using a mathe-
matical model of multirobot collective behavior. The optimal
parameters of the system can be chosen via mathematical
analysis. This approach can provide the essential theory basis
for the design and analysis of multirobot collective behavior.

The collective behavior of mobile robots emerges from
the interaction among the individuals and also between
the individuals and the environment. The evolution of such
behavior is a highly complex dynamic process.Themovement
form of behavior is often chaotic [23, 24], so most existing
modeling and design methods for robot behavior are insuffi-
cient to describe the complexity of robot collective behavior
on a mechanism. The methods used to examine mobile
robotic collective behavior include mathematical modeling
and quantitative analysis of mobile robot behavior [25]. And
this is an urgent problem of theory and technology in the
practical applications of robot behavior learning.

We analyzed the interaction between robots and the
environment based on a proposed dynamic system theory
developed in this study. A system law in multidimensional
phase space is investigated based on the evolution track of
a special robot. Data points over time are first obtained for
the special robot.The appropriate embedding dimension and
delay time are chosen.The phase space equivalent to the orig-
inal system is reconstructed. The multirobot system can be
adequately described based on the information of the phase
space.Thedynamic system states can be forecast based on this
information. Then, the property of the attractor in the phase
space is analyzed. The eigenvalues of the attractor, including
the Lyapunov exponent and correlation dimension, are calcu-
lated. A quantitative description and an analysis ofmultirobot
collective behavior are described, based on the eigenvalues.
The key that affects the interaction of robots is finally investi-
gated based on the quantified parameters.Our analysis results
help us to better understand robot interaction mechanisms.

2. Phase Space Reconstruction

In the application process, the univariate time series for a
given time period can generally be measured from a real
physical system [26, 27]. However, the kinetic equations of

the system cannot be determined. Therefore, the phase space
reconstruction is the first stage in the analysis and modeling
of a chaotic time series observed from nonlinear systems.
Typically, all possible state variables cannot be obtained
through the observation of a real process. Due to the way
in which the components of a physical system are coupled
to each other, the phase space reconstructed from a single
observation by time delay embedding can actually reflect the
law of a chaotic system. Packard et al. suggested using the
delay coordinate of a variable reconstructed in phase space
for the original system [28]. The appropriate embedding
dimension delay time can be estimated according to Taken’s
embedding theorem.The reconstructed attractor ensures that
the topological properties are essentially in agreement with
the original dynamic system [29].

When reconstructing the attractor from the scalar time
series, the most critical issue is the selection of the delay
time and embedding dimension [20]. However, the finite real
data and noise cause difficulty in estimating the parameters
for phase space reconstruction. Normally, the selection of
parameters for phase space reconstruction can be classified
in two categories: one in which the parameters are estimated
independently and one in which they are mutually depen-
dent.The conventional C-Cmethod can be practicable for the
selection of a delay time and the delay timewindow.Then, the
embedding dimension can be estimated based on the delay
time and delay time window.

The time series 𝑥
𝑖
(𝑡), where 𝑖 = 1, 2, . . . , 𝑁, can be

reconstructed in a phase space. The system model can be
described as follows:

𝑋(𝑡) = {𝑥 (𝑡) , 𝑥 (𝑡 − 𝜏) , . . . , 𝑥 [𝑡 − (𝑚 − 1) 𝜏]} , (1)

where 𝑡 = 1, 2, . . . ,𝑀;𝑀 = 𝑁 − (𝑚 − 1)𝜏; and 𝑚 and 𝜏
𝑑
are

the embedding dimension and delay time, respectively.
The correlation integral of the embedded time series is

defined as follows:

𝐶 (𝑚,𝑁, 𝑟, 𝑡) =
2

𝑀 (𝑀 − 1)
∑

1≤𝑖≤𝑗≤𝑀

𝜃 (𝑟 − 𝑑
𝑖𝑗
) , (2)

where 𝑟 > 0, 𝑑
𝑖𝑗
= ‖𝑋
𝑖
−𝑋
𝑗
‖, 𝜃(𝑥) = 0 for 𝑥 < 0, and 𝜃(𝑥) = 1

for 𝑥 ≥ 0.
The time series 𝑥

𝑖
(𝑡), where 𝑖 = 1, 2, . . . , 𝑁, is subdivided

into t disjoint time series in order to investigate the depen-
dence of the nonlinear system.The subdivided time series are
represented as follows:

{𝑥
1
, 𝑥
𝑡+1
, 𝑥
2𝑡+1
, . . . , 𝑥

(𝑙−1)𝑡+1
}

{𝑥
2
, 𝑥
𝑡+2
, 𝑥
2𝑡+2
, . . . , 𝑥

(𝑙−1)𝑡+2
}

⋅ ⋅ ⋅

{𝑥
𝑡
, 𝑥
2𝑡
, 𝑥
3𝑡
, . . . , 𝑥

𝑙𝑡
} ,

(3)

where 𝑙 is the length of subseries, 𝑙 = INT(𝑁/𝑡), where INT
denotes reserving integer of the value, and 𝑡 is the delay time.
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For a general 𝑡, the statistic 𝑆(𝑚,𝑁, 𝑟, 𝑡) for every subse-
quence is defined as follows:

𝑆 (𝑚,𝑁, 𝑟, 𝑡)

=
1

𝑡

𝑡

∑

𝑠=1

[𝐶
𝑠
(𝑚,
𝑁

𝑡
, 𝑟, 𝑡) − 𝐶

𝑚

𝑠
(1,
𝑁

𝑡
, 𝑟, 𝑡)] ,

(4)

where 𝐶 is the correlation dimension; 𝑟 is the radius of the
region in multidimensional space.

As 𝑁 goes to infinity, the statistic can be represented as
follows:

𝑆 (𝑚, 𝑟, 𝑡) =
1

𝑡

𝑡

∑

𝑠=1

[𝐶
𝑠
(𝑚, 𝑟, 𝑡) − 𝐶

𝑚

𝑠
(1, 𝑟, 𝑡)] . (5)

If the time series is an independent and identical distri-
bution, 𝑆(𝑚, 𝑟, 𝑡) is equal to zero constantly for a fixed value
𝑚, and 𝑡 and𝑁 →∞. However, since real data sets are finite
and correlated between the components of a series, 𝑆(𝑚, 𝑟, 𝑡)
is not equal to zero in common practice. Thus, the locally
optimal times can be either the zero crossings of 𝑆(𝑚, 𝑟, 𝑡) or
the times at which 𝑆(𝑚, 𝑟, 𝑡) shows the least variation with 𝑟,
since this indicates a nearly uniform distribution of points.
The dispersion of the statistic corresponding to themaximum
radius and minimum radius is defined as follows:

Δ𝑆 (𝑚, 𝑡) = max {𝑆 (𝑚, 𝑟
𝑖
, 𝑡)} −min {𝑆 (𝑚, 𝑟

𝑗
, 𝑡)} , (6)

where 𝑟
𝑖
and 𝑟
𝑗
are the maximum and the minimum radii,

respectively.
According to statistics results, values of𝑚 range from 2 to

5, values of 𝑖 range from 1 to 4, and 𝑟
𝑖
= 𝑖𝜎/2. The averages of

the statistics can be defined as

𝑆 (𝑡) =
1

16

5

∑

𝑚=2

4

∑

𝑗=1

𝑆 (𝑚, 𝑟
𝑗
, 𝑡) ,

Δ𝑆 (𝑡) =
1

4

5

∑

𝑚=2

Δ𝑆 (𝑚, 𝑡) ,

𝑆cor (𝑡) = Δ𝑆 (𝑡) +

𝑆 (𝑡)

,

(7)

where 𝑆(𝑡) is the average of the statistics, Δ𝑆(𝑡) is the
dispersion of the statistics, and 𝑆cor is the correlation statistics.

The delay time 𝜏
𝑑
can be accurately estimated based on

the first zero crossing of 𝑆(𝑡) or the first local minimum
of Δ𝑆(𝑡). However, the optimal embedding window will be
relatively inaccurate corresponding to the globalminimumof
𝑆cor. Although chaotic systems oscillate without periodicity,
low-dimensional chaotic systems show pseudoperiodicity.
The mean orbital period could naturally be associated with
the mean time between two consecutive visits to a Poincare
section. For a time series with a mean orbital period 𝑡

𝑝
, all

points are in the same Poincare section in phase space for
fixed values 𝑚 and 𝑡, 𝑁 → ∞, and 𝑡 = 𝑘𝑡

𝑝
, where 𝑘 is an

integer greater than zero. The local maximum of correlation
integral is obtained since the distance is most proximate

between points that are in the same section. Then, we define
the mean correlation integral as follows:

𝐶
𝑝
(𝑚, 𝑟, 𝑡

𝑝
) =
1

𝑡

𝑡

∑

𝑠=1

𝐶
𝑠
(𝑚, 𝑟, 𝑡

𝑝
) , (8)

where 𝑡
𝑝
is the mean orbital period of the time series, 𝑁 →

∞, 𝑡 = 𝑘𝑡
𝑝
, and k is an integer greater than zero.

The statistics of the mean correlation integral are defined
as follows based on the disjoint time series given by (3):

𝐶 (𝑡) =
1

16

5

∑

𝑚=2

4

∑

𝑗=1

𝐶
𝑝
(𝑚, 𝑟
𝑗
, 𝑡) , (9)

where𝑚 and 𝑗 are the variables for statistics.
The value of 𝐶(𝑡) has many fluctuations for the chaotic

system, which has stronger inner randomness. The value of
𝑆(𝑡) is consistent with that of 𝐶(𝑡) apart from the periodic
points in simulations. But the curve of 𝑆(𝑡) has completely
opposite trends compared to 𝐶(𝑡) in the vicinity of periodic
points. To filter the fluctuations in the neighborhood of the
periodic points, 𝑆

𝑐
(𝑡) is defined as follows:

𝑆
𝑐
(𝑡) = 𝐶 (𝑡) − 𝑆 (𝑡) , (10)

where 𝐶(𝑡) is the statistics of the mean correlation integral
and 𝑆(𝑡) is the average of the statistics.

The curve of 𝑆
𝑐
(𝑡) has local peaks without the fluctuations

in the neighborhood of the periodic points. The optimal
embedding window will thus be estimated accurately. The
embedding dimension can be obtained according to the
relation between the embedding window and delay time.The
combined relation can be represented as follows:

𝜏
𝑤
= (𝑚 − 1) 𝜏, (11)

where 𝜏
𝑤
is the embedding window and 𝜏 is delay time.

The phase space can be reconstructed as follows:

𝑋 (𝑡) = {𝑥 (𝑡) , 𝑥 (𝑡 − 𝜏) , . . . , 𝑥 (𝑡 − (𝑚 − 1) 𝜏)} , (12)

where 𝑥
𝑖
(𝑡) is a scalar time series, 𝑖 = 1, 2, . . . , 𝑁; m is

the embedding dimension; and 𝜏 is the delay time. The
reconstructed system preserves the topological properties of
the original dynamic system.

The periodic points of the mean correlation integral have
significance when choosing the optimal embedding window.
The quantity of 𝑆

𝑐
(𝑡) has local peaks without the fluctuations,

apart from the periodic points.The estimation of the optimal
embedding window will be more accurate compared to the
classical C-C method. The improved C-C method makes use
of the inherent property of chaotic systems. The optimal
embedding window will be estimated first when reconstruct-
ing the phase space, and subjectivity will be avoided when
choosing embedding dimension and delay time.

3. Eigenvalues of Attractor for Multirobot
Collective Behavior

The phase space reconstruction theory, first proposed by Lv
et al. [24], is the origin of research on chaotic systems from
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Figure 1: Orbit of a special robot.

a time series point of view. Any component of a system
is determined by other components that interact with each
other. The relevant information of the system is implicit in
the evolution of any component. Therefore, the original law
of the chaotic system can be returned based on a time series of
a variable.Themovement orbits are the important parameters
of a multirobot system; these determine robot behavior. The
time series of a robot position on the 𝑥- or 𝑦-axis can be used
to investigate the robot’s behavior.The attractor of the original
system can be reconstructed from the input and output time
series in amultidimensional phase space. Robot behavior can
be described quantitatively based on the eigenvalues of the
attractor.

The interaction among robots can be analyzed based on
dynamics system theory. The kinetic equations of a multi-
robot system are normally unknown. In the present study,
the original law of the system was investigated based on the
movement orbit of a special robot. During the operation of a
multirobot system, the orbit of a special robot was recorded as
shown in Figure 1. A rich supply of data, which included 1000
data points, was collected.The embedding dimension and the
delay timewere chosen based on the aforementionedmethod,
wherein m = 10 and delay time 𝜏 = 8. The phase space
can be reconstructed based on the embedding dimension
and delay time. The attractor of the robot movement orbit is
shown as Figure 2. As a result of the corrupting noise, the
real time series will contain some randomness.The evolution
of robot behavior is chaotic, which means that every point
in the reconstructed space is approached arbitrarily but is
not coincident on the pseudoperiodic orbits, and the orbit is
restricted in a special area of the phase space.

The first stage of our study of nonlinear systems is
to detect and quantify chaos. The trademark of a chaotic
system is its sensitivity to initial conditions. The Lyapunov
exponents are the important indices with which to quantify
the sensitivity of a dynamical system. If the nonlinear system
is chaotic, the maximum Lyapunov exponent must be pos-
itive. Therefore, the maximum Lyapunov exponent must be
calculated in order to judge a dynamic system.Themaximum
Lyapunov exponent is a quantity that characterizes the rate
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Figure 2: Attractor of robot behavior.

of separation of infinitesimally close trajectories in phase
space. There are many algorithms available that can be used
to estimate themaximum Lyapunov exponent of a dynamical
system. In this study, the maximum Lyapunov exponent was
calculated from small data sets using the following procedure:

(1) A fast Fourier transform is applied to time series
{𝑥(𝑖), 𝑖 = 1, 2, . . . , 𝑁}, and the delay time 𝜏 and mean
period 𝑝 are calculated.

(2) By calculating the correlation dimension 𝑑, the
embedding dimension m can be determined accord-
ing to the formula𝑚 ≥ 2𝑑 + 1.

(3) The phase space is reconstructed as𝑋(𝑡) = {𝑥(𝑡), 𝑥(𝑡−
𝜏), . . . , 𝑥(𝑡 − (𝑚 − 𝑙)𝜏)} based on the delay time 𝜏 and
embedding dimension𝑚.

(4) 𝑑
𝑡
(𝑖) is calculated for every point𝑋(𝑡) in phase space,

which is the distance between this point and the
position after the 𝑖th discrete time step:

𝑑
𝑡
(𝑖) = min

𝑥(̂𝑡)

𝑋 (𝑡 + 𝑖) − 𝑋 (̂𝑡 + 𝑖)


𝑖 = 1, 2, . . . ,min (𝑀 − 𝑡,𝑀 − �̂�) .
(13)

(5) The average of ln 𝑑
𝑡
(𝑖) can be calculated as follows:

𝑥 (𝑖) =
1

𝑞Δ𝑡

𝑞

∑

𝑗=1

ln 𝑑
𝑗 (𝑖) , (14)

where 𝑞 is the number of 𝑑
𝑡
(𝑖) and is not equal to zero. The

model parameters are estimated using a least squaresmethod.
The slope of the straight line is the maximum Lyapunov
exponent. The maximum Lyapunov exponent for the orbit
of multirobot collective behavior is shown in Figure 3. The
estimate of the largest Lyapunov exponent is about 0.12 bits/s.

The existence of the attractors in multidimensional phase
space is the primary characteristic of a chaotic dynamical sys-
tem. The dimension of the attractors reflects the complexity
of the topology structure and the kinetic information of the
attractors. In the evolution of a chaotic dynamical system,
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behaviors.

any state cannot return to the previous states accurately. The
behavior of a chaotic system is nonperiodic. The correlation
dimension reflects the proximity of a system state to the
corresponding previous states at a pseudoperiod point.

The geometric texture of the chaotic system attractors is
formed by the orbit cuddling and separating over and over
again. The attractors have a self-similar structure with an
infinite number of levels. The dimension of the attractors
reflects the geometrical properties of a nonlinear dynamic
system, and is associated with the pseudoperiodicity of
chaotic systems. The stronger the nonperiodicity, the greater
are the dimensions of the system. The G-P algorithm can
applied to calculate the dimension of the attractors based on
the observed data. An𝑀 dimensional space is reconstructed
by phase space reconstruction technology. The number of
all associated vectors of a pair is calculated in the phase
space. The distance of the associated vectors should be no
greater than the given radius 𝑟. The distance is calculated
by adopting the ∞-norm. The distance of the associated
vectors is the maximum distance between the pair vectors.
The correlation integration is defined as the ratio of the
number of all associated vectors to all pair vectors in phase
space, as follows:

𝐶
𝑛
(𝑟) =

1

𝑀2

𝑀

∑

𝑖,𝑗=1

𝜃 [𝑟 −
𝑋 (𝑖) − 𝑋 (𝑗)

] , (15)

where 𝜃[⋅] is a unit function of Heaviside, which is defined as
follows:

𝜃 (𝑥) =
{

{

{

0, 𝑥 ≤ 0

1, 𝑥 > 0.

(16)

Supposing that the center of sphere is any point in the
attractor, the radius is equal to 𝑟. Then, the correlation
dimension is the ratio of the number of points in the sphere
to all pair vectors in the attractor. The correlation dimension
depends on the value of the radius 𝑟. If the radius exceeds

the limit, then all the distances among the pair points are less
than the radius, and the correlation dimension is equal to 1. If
the radius is too small, then all of the distances among the
pair points are greater than the radius, and the correlation
dimension is equal to 0. Therefore, in practice, a suitable
radius should be chosen with specific conditions. In the
chaotic attractor, the correlation dimension 𝐶(𝑟) increases
with the value of radius 𝑟. The correlation dimension of the
attractor is equal to the slope of the curve of 𝐶(𝑟). The slope
can be estimated as follows:

𝑑 =
ln𝐶 (𝑟

1
) − ln𝐶 (𝑟

2
)

ln 𝑟
1
− ln 𝑟
2

, (17)

where 𝑟
1
is roughly equivalent to 𝛿/4, 𝛿 is the standard

deviation of the data series, and 𝐶(𝑟
1
)/𝐶(𝑟
2
) ≈ 5.

The correlation dimension depends on the embedded
dimension and the distance of the associated vectors. It
is an uncertainty to calculate the embedded dimension
and the associated distance simultaneously. The embedded
dimension increases for some given radius in numerical
work.A logarithmic relationship is established based on every
embedded dimension, which is log𝐶

𝑛
∼log 𝑟. A straight line

is fitted by the method of least squares. The slope of the
fitted straight line is the associated exponent. The associated
exponent increases with the embedded dimension up to a
certain threshold value. The threshold value is the associated
dimension of the chaotic attractor.The embedded dimension
is theminimum embedded dimensionwhich ensures that the
topological structures of chaotic attractors can be unfolded
completely. During the operation of the multirobot system,
1000 data points on the x-axis of the position of a special robot
were recorded. Figure 4 shows the associated dimension
when the range of the embedded dimension is from 2
to 10. The slope of the red straight lines is the associ-
ated exponent. The associated exponent increases with the
embedded dimension until reaching a maximum value. The
maximum associated exponent is the associated dimension.
The associated dimension tends to be stable when the range of
the embedded dimension is from2 to 10, as shown as Figure 5.
The estimate of the associated dimension of robot cooperative
hunting behavior is about 5.5.When topological structures of
chaotic attractors can be unfolded completely, the associated
dimension is the minimum embedded dimension.Therefore,
the associated dimension can measure the complexity of the
chaotic attractor in phase space.

4. Relationship between the Eigenvalues and
Multirobot Collective Behavior

The attractor is a set of numerical values, which projects onto
dynamic system.Thedynamic systemhas amultidimensional
space represented by the evolving variables [30]. And it is
difficult to understand everything about the system. The
attractor is a subspace which has main characters of the
original data.

In a multirobot system, every individual is capable of
exerting influences upon others. Therefore, the behavior of
any individual comes as the result of the mutual influences
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of the individuals. The attractor is reconstructed based on
the orbit of a special robot to reduce the dimensionality
of the complex collective behavior. And the attractor is
the projection of the physical system with the principal
component.

The robot behavior is chaotic since the maximum Lya-
punov exponent is positive. The motion of the robot is
governed by a definable law. Therefore, the behavior of the
robot is predictable in some time domain. The greater the
maximum value of the Lyapunov exponent, the less time the
robot behavior can be predicted in. The maximum forecast
period is approximately equal to the inverse of the maximum
Lyapunov exponent. The maximum forecast period of the
robot behavior is 8.3 s.

The associated dimension is the maximum associated
exponential as the embedded dimension increases. When
topological structures of chaotic attractors can be unfolded
completely, the associated dimension is the minimum
embedded dimension. Therefore, the associated dimension
can measure the complexity of the chaotic attractor in phase

space. On the other hand, the minimal and maximum inde-
pendent variables to describe the system can be determined
based on the associated dimension. The number of the
independent variables is estimated as follows:

𝑉min = INT (𝐷 + 1) ,

𝑉max = INT (2𝐷 + 1) ,
(18)

where INT represents rounding to integers; 𝐷 is the asso-
ciated dimension. Therefore, the minimal and maximum
independent variables to describe the system should be 7 and
13, respectively.

5. Conclusion

The kinematic behavior of mobile robots can be represented
as functions of time.Therefore, a multirobot system is a non-
linear dynamic system. The system law in multidimensional
phase space was investigated based on the evolution track of a
special robot. During the operation of the multirobot system,
1000 data points on the 𝑥-axis of the position of the special
robot were recorded. The appropriate embedding dimension
and delay time were chosen based on the correlation integral
method. The chaotic attractor equivalent to the original
system was reconstructed in phase space. The multirobot
system can be adequately described based on the information
of the phase space.The dynamic system states can be forecast
based on this information.Then, the property of the attractor
in the phase space was analyzed. The eigenvalues of the
attractor were calculated including the maximum Lyapunov
exponent and the correlation dimension.The robot collective
behavior can be described and analyzed quantitatively based
on the eigenvalues. The key that influences the interaction
of robots was finally investigated based on the quantified
parameters. This analysis results from this study will aid in
a better understanding of robot interaction mechanisms.
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Aiming at the accuracy of estimation of vehicle’s mass center sideslip angle, an estimation method of slip angle based on general
regression neural network (GRNN) and driver-vehicle closed-loop system has been proposed: regarding vehicle’s sideslip angle as
time series mapping of yaw speed and lateral acceleration; using homogeneous design project to optimize the training samples;
building the mapping relationship among sideslip angle, yaw speed, and lateral acceleration; at the same time, using experimental
method to measure vehicle’s sideslip angle to verify validity of this method. Estimation results of neural network and real vehicle
experiment show the same changing tendency. The mean of error is within 10% of test result’s amplitude. Results show GRNN can
estimate vehicle’s sideslip angle correctly. It can offer a reference to the application of vehicle’s stability control system on vehicle’s
state estimation.

1. Introduction

Electronic stability program (ESP) which includes antilock
brake system (ABS), traction control system (TCS), and
active yaw control system (AYC) can improve vehicle’s
maneuverability in the extreme driving situation. The
improvement of vehicle’s control ability depends on the
accuracy estimation of vehicle’s kinematics states. Vehicle’s
mass center sideslip angle is an important index of vehicle’s
stability. It is difficult to observe sideslip angle preciously
and timely according to ESP sensor signals [1, 2]. Now, the
commonmethods include fuzzy logic estimationmethod [3],
Kalman filter method [4, 5], state observer method (based
on lateral speed observation) [6], and synthetic method
(combination of integration method and state observation)
[7, 8]. The above methods are mainly based on the vehicle
model. The observation accuracy and real-time depend on
the complexity of model.

The neural network technology is used to estimate vehi-
cle’s sideslip angle in this paper. Yaw angle acceleration and
lateral acceleration are used to estimate vehicle body’s sideslip
angle based on back propagation (BP) neural network in the
literature [9], and the satisfactory result is attained. However,

BP neural network has disadvantages of slowly convergence
speed and local minimum value. But radial basis function
(RBF) neural network is a kind of feed forward neural
network with high performance. It needs less calculation
and has better efficient learning speed. It also has a stronger
ability of parameter approximation and classification than
BP neural network. GRNN is a special form of radial basis
function neural network [10, 11]. Its abilities of approximate
function and learning are very strong.Thus this special radial
basis function neural network could be used in this paper to
estimate the vehicle sideslip angle.

2. Driver-Vehicle Closed-Loop Model

2.1. Vehicle Model. In the model, the vehicle travels at a
constant speed 𝑢; the inertia and damping of the steering
system, the effect of suspension, the cornering property
change of left and right tires due to different vertical loads,
and the influence of tire aligning torque are all ignored. As
shown in Figure 1, two generalized coordinates, yawing angle
𝜓 and centroid sideslip angle 𝛽, are utilized to represent the
vehicle’s motion state.
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Figure 1: 2DOF vehicle model.

According to D’Alembert principle, the force equilibrium
equations of the vehicle’s motion are as follows:

𝑀𝑢(𝜔
𝑟
+ �̇�) = − (𝑃

𝑦1
+ 𝑃
𝑦2
) ,

𝐼
𝑍
�̇�
𝑟
= −𝑎𝑃

𝑦1
+ 𝑏𝑃
𝑦2
,

(1)

where 𝐼
𝑍
is rotational inertia of the vehicle around 𝑧-axis

and 𝑃
𝑦1
, 𝑃
𝑦2

are cornering force of front and rear wheels,
respectively.

2.2. Driver Model. According to the “preview optimal curva-
ture control theory,” the driver-vehicle system block can be
presented as shown in Figure 2, where 𝑓(𝑠) is the road input,
𝑦(𝑠) is the lateral displacement response, 𝑉(𝑠) is the vehicle’s
transfer function, 𝑇 is the driver’s preview time, 𝑇

𝐶
is the

correction time, 𝑇
𝑑
is the neural lag time, 𝑇

ℎ
is the operation

lag time,𝐶
0
is the correction parameter, �̈�∗ is the ideal lateral

acceleration, 𝛿∗sw is the ideal steering-wheel angle, and 𝛿sw is
actual steering-wheel angle.

2.3. Closed-Loop Model. The state equation of driver-vehicle
2 DOF closed-loop model will be obtained after vehicle’s
model and driver model are confirmed:
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The output equation is as follows:
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where 𝑓
𝑟

= 𝑓(𝑡 + 𝑇) + 𝑇
𝑐
�̇�(𝑡 + 𝑇), 𝑟 is vehicle’s yaw angle

acceleration, 𝛽 is sideslip angle of mass center, V
𝑎
is vehicle’s

lateral acceleration, 𝑆
1
and 𝑆

2
are lateral force coefficient

of front and back wheel, respectively, and 𝑥
1
, 𝑥
2
are state

variables of vehicle’s model.

3. Road Model

Double lane and serpentine lines are typical roadmodels that
are commonly used in vehicle handling stability evaluation.
To simulate vehicle state estimation, double lane and serpen-
tine lines are used as the ideal road input.Meanwhile, the road
trace takes the actual road centerline trajectory.

3.1. Double Lane Road Input Model. Double lane road test
model dimensions are shown in Figure 3. The actual road
segment size parameters in Figure 4 are 𝑠

0
= 𝑠
1

= 𝑠
2

=

𝑠
4

= 2𝑢, 𝑠
3

= 𝑢, 𝑠
5

= 5𝑢, and 𝑠
6

= 3𝑢, where 𝑢 is the
car’s driving speed, and the changing lanes distance width𝐵 =
3.5m (assumed to be a standard motor vehicle lane width).

Take the centerline of the test road for the ideal way
trajectory to track in the driver mind. Because the way in
the corner points has a mutation, the car’s actual travel path
cannot have a mutation, so smooth handling is conducted in
the mutation department to make the road close to the ideal
trajectory.Themost simple and effective treatment is carrying
out third-order curve to fit to this polyline, so after fitting the
road functions and a derivative at break point are continuous.
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Figure 4: A double shift line graphafter the third-order curve fit.

The ideal path input after third-order curve fit is shown in
Figure 4.

The abscissa 𝑥 is the longitudinal displacement of the car,
and the ordinate 𝑦 is the lateral displacement of the car.

The third-order curve expression after fitting is

𝑓 (𝑥) =

{{{{{{{{{{

{{{{{{{{{{

{

0 𝑥 ∈ 𝑠
1

𝑒
0
+ 𝑒
1
𝑥 + 𝑒
2
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𝑥
3
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2
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4
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5
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(4)

where parameters are as follows:
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(5)

Longitudinal displacement of the car can be obtained by
𝑥 = 𝑢𝑡, and the function𝑓(𝑥) in formula (4) can be converted
into a function of time 𝑓(𝑡). The specific expressions are

𝑓 (𝑡) =

{{{{{{{{{{
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{
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(6)

where 𝑔
0

= 𝑒
0
, 𝑔
𝑖
= 𝑒
𝑖
𝑢
𝑗
(𝑗 = 1, 2, 3), ℎ

0
= 𝑒


0
, and ℎ

𝑖
=

𝑒


𝑖
𝑢
𝑗
(𝑗 = 1, 2, 3).

3.2. Serpentine Road InputModel. Serpentine test roadmodel
dimensions are shown in Figure 5.

The actual road segment size parameters in Figure 5 are
𝑠
0
= 𝐿 = 2𝑢, 5𝐿 = 10𝑢, and 𝑠 = 3𝑢. 𝑢 is vehicle speed; pole

width 𝐵 = 2.46m (the width of the text is designed according
to the car models in the test).
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Figure 6: A serpentine line graph after the third-order curve fit.

The ideal tracking trajectory by an actual driver will be
shown in Figure 6. After a cubic fitting the road, the third-
order curve with continuous derivative is as follows.

The serpentine road function of time after fitting is as
follows (a similar derivation with double lane, so we will not
repeat them but only give results):

𝑓 (𝑡) =

{{{{{{{{{{{{

{{{{{{{{{{{{
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3

𝐻(−1.0 + sin (𝜋 (𝑡 + 1) /2))
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4

0 𝑡 ∈ 𝑡
5
,

(7)

where𝐻 = 𝐵/2.

4. Generalized Regression
Neural Network Structure

Generalized regression neural network (GRNN) is a special
form of the RBF neural network. GRNN has a good perfor-
mance in function approximation and learning ability. So it
can be used in this paper. Its topological structure is shown
in Figure 7.

The neurons of first layer in GRNN have the same
function of the RBF.The difference between GRNN and RBF
is the special linear layer. The output of radial basis layer
in GRNN computes with weight matrices LW

2,1
by using

“nprod” calculationmethod which does not compute in RBF.
Then the result is sent to linear transfer function. The above
process could be accomplished with neural network toolbox
in MATLAB.

The number of radial basis and special linear neurons in
GRNN is the same as the input sample vector. The weight
matrix LW

2,1
is set as output vector [𝑇]. So, if the input of

real network is 1, the objective output is much closer to the
network output vector [𝑇]. Therefore, the ability of function

approximation of GRNN is better than basic radial basis
neural network in general problems.

5. Sideslip Angle Neural
Network Estimation Model

The neural network model of vehicle sideslip angle is based
on the following assumption. The vehicle sideslip angle can
be expressed as function of yaw rate and lateral acceleration
[12]:

𝛽 (𝑘 + 1) = 𝑓 (𝜔
𝑟
(𝑘) , 𝜔

𝑟
(𝑘 − 1) , . . . , 𝜔

𝑟
(𝑘 − 𝑛) , 𝑎

𝑦
(𝑘) ,

𝑎
𝑦
(𝑘 − 1) , . . . , 𝑎

𝑦
(𝑘 − 𝑛)) .

(8)

Sideslip angle 𝛽 of mass center at current 𝑘+ 1 time is the
time series functionwhich is composed of the yaw rate𝜔

𝑟
and

lateral acceleration 𝑎
𝑦
in previous 𝑛 + 1moments. Then their

mapping relationship is established by using neural networks.
The 𝑛 decides the scale of neural networks. The study finds
that 𝑛 = 4 will be suitable by considering both computing
time and estimation precision.

Nervous response lag time 𝑇
𝑑
, control response lag time

𝑇
ℎ
, and preview time 𝑇 are parameters of describing driver’s

proficiency degree. Due to the differences among drivers,
𝑇
𝑑
, 𝑇
ℎ
, and 𝑇 have ranges [𝑇

𝑑
, 𝑇
𝑑
], [𝑇
ℎ
, 𝑇
ℎ
], and [𝑇, 𝑇]. By

combining different values of three parameters within their
ranges of variation to simulate different drivers driving the
same car, multisamples are obtained to train networks.

In the theory, as long as training samples are enough
and representative, neural networks can reveal the arbitrarily
complex law which is contained in it. The efficient uniform
design method is used to select the training samplesin this
paper. In this way, not only does the number of training
samples significantly reduces, but also each training sample
is more representative. The uniform design table 𝑈

15
(15
8
)

which is 8 factors, 15 standards, and 15 times experiments is
selected to simulate experiment design (as shown in Tables 1
and 2).

6. Comparison between
Estimates and Experimental Values

The real vehicle tests of double lane and serpentine line have
been done. Gyroscope is used to collect vehicle’s yaw rate and
lateral acceleration in real time. Contactless speed sensor is
used to obtain vehicle’s sideslip angle. The test road is set
according to double lane and serpentine line test procedures
ISO/3888 technical reports. Experienced driver drives the
tested vehicle to simulate driver parameters. Speed of double
lane test is 𝑢 = 80 km/h and serpentine line is 𝑢 = 65 km/h.
During the test period vehicle cannot touch benchmarks.

6.1. Double Lane. The measured data of yaw rate and lateral
acceleration during double lane vehicle test are shown in
Figures 8 and 9. The measured data in Figures 8 and 9 are
input to the trained GRNN sideslip angle estimation model.
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Table 1: 𝑈
15
(15
8
) uniform design table.

Test Column
1 2 3 4 5 6 7 8

1 1 2 4 7 8 11 12 14
2 2 4 8 14 1 7 11 13
3 3 6 12 6 9 3 9 12
4 4 8 1 13 2 14 7 11
5 5 10 5 5 10 10 5 10
6 6 12 9 12 3 6 3 9
7 7 14 13 4 11 2 1 8
8 8 1 2 11 4 13 14 7
9 9 3 6 3 12 9 12 6
10 10 5 10 10 5 5 10 5
11 11 7 14 2 13 1 8 4
12 12 9 3 9 6 12 6 3
13 13 11 7 1 14 8 4 2
14 14 13 11 8 7 4 2 1
15 15 15 15 15 15 15 15 15

Table 2: 𝑈
15
(15
8
) use table.

Factors Number of columns
2 1 6
3 1 3 4
4 1 3 4 7
5 1 2 3 4 7
6 1 2 3 4 6 8
7 1 2 3 4 6 7 8
8 1 2 3 4 6 6 7 8

Vehicle sideslip angle estimation curve 𝛽net is obtained. 𝛽real
is obtained by experiment in Figure 10.

The trend of estimation values and test values match well
from Figure 10. The error is under an allowable range of
engineering application. The absolute error between 𝛽net and
𝛽real is small form Figure 11.
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Figure 8: Vehicle yaw rate (double lane).
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Figure 9: Vehicle lateral acceleration (double lane).

6.2. Serpentine Line. The measured data of yaw rate and
lateral acceleration during serpentine line vehicle test are
shown in Figures 12 and 13.

The measured data in Figures 12 and 13 is input to
the trained GRNN sideslip angle estimation model. Vehicle
sideslip angle estimation curve 𝛽net is obtained. 𝛽real is
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Table 3: Error of neural network side angle estimation method.

Error indicator Double lane Serpentine line
Error mean 0.029453∘ 0.037653∘

Error standard deviation 0.042356∘ 0.049782∘

obtained by experiment in Figure 14, but estimation error of
sideslip angle is larger in the relatively complicated serpentine
line test from Figure 15.

In order to compare the two estimation methods quan-
titatively, absolute error of sideslip angle of neural networks
estimation method and test method is given in Table 3.

Therefore, the vehicle sideslip angle estimation using
GRNN method is simple, clear, and of high precision.
The uniform design method greatly reduces the number of
simulation, so the response time of the method is faster as
well.

7. Conclusions

The estimation method of mass center sideslip angle based
onGRNN and drive-vehicle closed-loop system are proposed
in this paper. Vehicle sideslip angle is seen as the mapping
of time series which is easily measured variables between
yaw rate and lateral acceleration. The training samples are
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Figure 12: Vehicle yaw rate (serpentine line).
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Figure 13: Vehicle lateral acceleration (serpentine line).

provided by using the efficient uniform design method.
The trained GRNN has a high precision and fast response
to estimate vehicle sideslip angle. The results show that
GRNN has a high estimation precision and fast speed by
comparing the estimation with experimental values. The
main conclusions are as follows:

(1) In the vehicle side angle estimation test environment,
the estimation speed of neural networks is close to real
vehicle test data.

(2) Whether it is double lane or serpentine line condition,
the estimation accuracy is high and the mean error is
within 10% of the test amplitude.

(3) Due to the relatively high path complexity degree,
the estimation error of serpentine line is bigger than
double lane.

(4) Because of the high estimation accuracy and fast
response speed, the neural network sideslip angle esti-
mation method has a certain theoretical significance
for vehicle dynamics control systemdesign. It also can
reduce vehicle’s sideslip angle test cost and achieve
the purpose of measuring flexibility in engineering
application domain.
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A new problem arises when an automated guided vehicle (AGV) is dispatched to visit a set of customers, which are usually located
along a fixed wire transmitting signal to navigate the AGV. An optimal visiting sequence is desired with the objective of minimizing
the total travelling distance (or time). When precedence constraints are restricted on customers, the problem is referred to as
traveling salesman problem on path with precedence constraints (TSPP-PC). Whether or not it is NP-complete has no answer in
the literature. In this paper, we design dynamic programming for the TSPP-PC, which is the first polynomial-time exact algorithm
when the number of precedence constraints is a constant. For the problemwith number of precedence constraints, part of the input
can be arbitrarily large, so we provide an efficient heuristic based on the exact algorithm.

1. Introduction

A traveling salesman problem on path (TSPP for short) arises
in dispatching an automated guided vehicle (AGV) to visit
a set of locations along the wire which transmits signal to
navigate the AGV. For the wired AGV, a slot is cut into
the floor where a wire is placed, and the slot is cut along
the path that the AGV is to follow. A sensor installed on
bottom of the AGV detects the radio signal from the wire to
navigate the AGV. The areas where AGVs are applied have
increased significantly. By survey of Vis [1], typical appli-
cations of AGVs include manufacturing, distribution, and
transshipment. Other contexts for TSPP can also be found in
the applications of other linear service networks, such as laser
drill in manufacturing, tracked crane in container terminal,
and school bus shuttling in transportation.

We then illustrate the TSPP by the example in Figure 1.
In this example, the AGV is travelling along the wire

(in grey) to shuttle materials between the two conveyors to
the four workstations. It has in total four workstations to be
visited, where conveyor 1 is the start point of salesman. We
denote the start point as 0 and denote the four workstations

as 1, 2, 3, and 4, respectively. There are two precedence
constraints restricted on the four customers as follows:

𝑃
1
: 0 → 3 → 1,

𝑃
2
: 0 → 4 → 2,

(1)

which means that customer 3 should be visited before
customer 1 and customer 4 should be visited before customer
2.

Imbedded by the special underlying network, TSPP is
a special case of the classic traveling salesman problem.
Without any constraints, TSPP can be solved trivially.Though
there are a deluge of researches contributing to TSP and
its varieties, there is no, as far as we know, literature deal-
ing with TSPP-PC directly. Although TSP with precedence
constraints, as a special case of TSP, is known to be NP-
complete (Garey and Johnson [2]), whether or not TSPP-PC
is NP-complete is unknown in literature. In this paper, we
design dynamic programming for the TSPP-PC, which is the
first polynomial-time exact algorithm when the number of
precedence constraints is a constant. For the problem with
number of precedence constraints, part of the input can be

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2016, Article ID 5040513, 8 pages
http://dx.doi.org/10.1155/2016/5040513

http://dx.doi.org/10.1155/2016/5040513


2 Mathematical Problems in Engineering

85
00.

Workstation 2 Workstation 3

Workstation 1 Workstation 4

AG
V

Conveyor 1 Conveyor 1

Figure 1: Example to illustrate the TSPP.

arbitrarily large, so we provide an efficient heuristic based on
the exact algorithm.

The exact algorithm is based on dynamic programming,
which takes into consideration the last vertices in all prece-
dence constraints visited by the salesman rather than all the
vertices visited. Since the number of precedence constraints
is a constant 𝑘, then the dynamic programming is expected
to achieve a polynomial-time running time.

This paper is organized as follows: Section 2 is the litera-
ture review for the related research and Section 3 introduces
the formal problem definition. The dynamic programming
for TSPP-PC is provided in Section 4, and the dynamic
programming can be proved to be the first polynomial-time
exact algorithm for TSPP-PC with number of precedence
constraints being a constant. In Section 5, we study TSPP-
PC with arbitrary large precedence constraints and develop a
heuristic based on the exact algorithm.We have a conclusion
and give suggestions for the future work in Section 6.

2. Literature Review

TSP is intensively famous and well-studied in the literature
[3], which includes two main streams of varieties: time
windows (Foccaci et al. [4]) and precedence constraints
(Mingozzi et al. [5]). As we know, it is a NP-hard problem;
hence there is no general polynomial-time exact algorithm.
However,many exact but not polynomial-time algorithms are
developed to solve TSP. One may refer to Lawler et al. [6] to
take a glance at general TSP solution approaches.

Though TSP is not polynomial-time solvable unless NP =
𝑃, there aremany special cases which arewell solvable. Lawler
et al. [6] and Burkard et al. [7] provide complete surveys for
the well solvable special cases of TSP. The most important
special case of solvable TSP is so-called pyramidally solvable
TSPs. The pyramidal tours have two nice properties. First,
finding a minimum cost pyramidal tour takes only 𝑂(𝑛

2
)

time, in terms of computation complexity. Second, there

exist certain structures of distance matrix which guarantee
the existence of a pyramidal optimal tour. Up to now, this
distance matrix structure has been found to guarantee the
shortest pyramidal tour: Monge matrices, Supnick matrices,
Demidenko matrices, Kalmanson matrices, Van der Veen
matrices, and generalized distribution matrices. All of these
special matrices impose certain conditions on the distance
matrices and, therefore, guarantee the existence of pyramidal
optimal tour.

Though the general Euclidean TSP is still NP-hard (San-
jeev [8]), there are some cases that are well solvable. One
of them, which is similar to TSPP, is 𝑘-line TSP introduced
in Dĕıneko and Woeginger [9], where the vertices lie on 𝑘

parallel (or almost parallel) lines in the Euclidean plane. TSPP
is a special case of 𝑘-line Euclidean TSP with 𝑘 = 1. However,
the previous research on this scope does not incorporate the
considerations of precedence constraints.

The permuted Monge TSP introduced in Burkard et al.
[10] also forms an extensive large class of solvable TSPs. A
matrix 𝐶 is called a permuted Monge matrix if there exists
a permutation 𝜙 such that 𝐶

𝜙
is a Monge matrix. Similar to

EuclideanTSP, although the general TSP on permutedMonge
matrices is not polynomial solvable, a number of specific
forms of matrices provide the possibility of polynomial
solving algorithm.

For the TSP, some works contribute to the literature
by providing approximation algorithms rather than exact
algorithms. Based on a tree algorithm which is used to
provide an approximated TSP tour, Rathinam et al. [11]
have developed a 2-approximation algorithm for multiple
traveling salesmen problem. Later, Xu et al. [12] improved this
result to (2 − 1/𝑘) through providing extended Christofides
heuristics for this problem. Later, Xu and Rodrigues [13] have
developed a 3/2-approximation algorithm called Exchange
Algorithm for the same problem, which achieves the best
approximation ratio unless the 3/2Christofides heuristics for
the TSP can be further improved.
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Mingozzi et al. [5] proposed a dynamic programming
strategy for the TSP with time windows and precedence
constraints, and a nice bounding function is adopted to
reduce the state space graph. In the dynamic programming
of Mingozzi et al. [5], its state is defined as (𝑆, 𝜏, 𝑗), which
can be interpreted as the family of all possible paths from the
start point, visiting all customers in the customer subset 𝑆,
stopping at customer 𝑗, and finishing visiting at time 𝜏. Since
the set 𝑆 clearly has an exponential size to the problem scale,
the dynamic programming cannot be expected to achieve a
polynomial-time running time to return an optimal solution
to the TSPP-PC. For TSP with precedence constraints, Moon
et al. [14] presented an efficient genetic algorithm, in which a
topological sort is utilized, and a new crossover operation is
developed for genetic algorithm.

Though the TSP with precedence constraints has been
studied in the literature, we still need to bridge the gaps for
TSPP-PC.Thefirst gap lies in lacking of an answer to the open
question of whether or not the problem is NP-complete. The
second gap is the absence of an efficient heuristic for the AGV
industry.

3. Problem Definition

In TSPP-PC, a salesman is supposed to visit a set of vertices,
which are located along a path. The distance between two
vertices is measured by the Euclidean distance on the path.
The objective of the TSPP-PC is to determine the optimal
sequence of the vertices to be visited with the total traveling
distance minimized and without violating the given prece-
dence constraints.

Formally, we can represent the TSPP-PC as follows.
Suppose the salesman is located at 0, so-called start point,
originally, and he is expected to visit a set of vertices along
a path, denoted by𝑉 = {1, 2, . . . , 𝑛}. For 𝑖 = 1, 2, . . . , 𝑛, we use
𝑥
𝑖
to denote the coordinate of vertex 𝑖 and use 𝑋 to denote

{𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
}. Hence, the distance between 𝑖 and 𝑗, denoted

by 𝑑
𝑖𝑗
, is determined by

𝑑
𝑖𝑗
=


𝑥
𝑖
− 𝑥
𝑗


. (2)

The objective of the problem is to determine a sequence
(𝑖
1
, 𝑖
2
, . . . , 𝑖

𝑛
) of vertices, such that the total travel distance 𝐷

where

𝐷 = 𝑑
0,𝑖
1

+ 𝑑
𝑖
1
,𝑖
2

+ ⋅ ⋅ ⋅ + 𝑑
𝑖
𝑛
−1,𝑖
𝑛

+ 𝑑
𝑖
𝑛
,0 (3)

is minimized, without violating the precedence constraints
imposed. That is, the salesman starts from the start point,
visits all the vertices one by one as the sequence, and
finally returns to the start point, subject to the precedence
constraints. Let𝑃 denote the collection of all the 𝑘 precedence
constraints, 𝑃

𝑖
for 𝑖 = 1, 2, . . . , 𝑘. Strictly,

𝑃 = (𝑃
1
, 𝑃
2
, . . . , 𝑃

𝑘
) , (4)

where 𝑃
𝑖
is denoted as

vertex V
𝑖,0

V
𝑖,1

V
𝑖,2

⋅ ⋅ ⋅ V
𝑖,𝑙
𝑖

priority 0 1 2 ⋅ ⋅ ⋅ 𝑙
𝑖
.

(5)

We have V
𝑖,0

= 0 for 𝑖 = 1, 2, . . . , 𝑘, which means that
each precedence constraint must begin from vertex 0. For
any single precedence 𝑃

𝑖
with 𝑙

𝑖
+ 1 vertices, it is noted that

V
𝑖,𝑗

has the 𝑗th priority. The vertex V
𝑖,𝑗

can be visited if all
vertices V

𝑖,𝑡
with higher priority (𝑡 < 𝑗) have been visited.

For simplicity of notation, we denote the precedence 𝑃
𝑖
as

(V
𝑖,0
, V
𝑖,1
, . . . , V

𝑖,𝑙
𝑖

). Taking 𝑃
2
in the first section as an example,

𝑃
2
= (V
2,0

, V
2,1

, V
2,2

) = (0, 4, 2), where 𝑙
2
= 2 and vertex 0must

be visited before vertex 4 and vertex 2 can be visited unless
vertex 4 has been visited. Thus, any instance of TSPP-PC can
be described as (𝑉,𝑋, 𝑃).

One can notice that, for instance (𝑉,𝑋, 𝑃) to the TSPP-
PC, in a single precedence constraint, a vertex V appears
exactly once; otherwise, multiple V in a single precedence
constraint leads to a contradiction because any vertex 𝑢

in between consecutive V’s should be visited both after V
and before V. Furthermore, if more than one precedence
constraint shares a common vertex V, the instance (𝑉,𝑋, 𝑃)

may have no feasible solution because two precedence con-
straints share common vertices that may be contradictive.
For example, the two precedence constraints 𝑃

1
= (0, 2, 1, 3)

and 𝑃
2

= (0, 1, 4, 5, 2) share two vertices 1 and 2, and the
two constraints are contradictive because 2 should be visited
before 1 in 𝑃

1
and 2 should be visited after 1 in 𝑃

2
, which

implies there exists no feasible solution for this instance. To
guarantee existence of feasible solution, we consider only
those instances that all precedence constraints in 𝑃 share no
common vertex, which implies that each vertex appears in all
precedence constraints in 𝑃 at most once. For precedence 𝑃

𝑖

where 𝑖 = 1, 2, . . . , 𝑘, any vertex V can be visited if and only if
all vertices in 𝑃

𝑖
before V have been visited.

In this paper, we first consider the number of precedence
constraints, 𝑘, is independent of the instance input and design
the polynomial-time exact algorithm with time complexity
𝑂(𝑘𝑛
𝑘+1

) based on dynamic programming. Since the exact
algorithm has an exponential running time when 𝑘 is part of
the problem instance and can be arbitrarily large, we design
a heuristic algorithm based on the exact algorithm for the
TSPP-PC with two precedence constraints.

Next, we show as follows that, for any instance of the
TSPP-PC, finding an optimal visiting sequence in 𝑃 suffices
an optimal visiting sequence in 𝑉. Let 𝑥

𝑅
denote the coor-

dinate which is the biggest among all the vertices in 𝑃. That
is, 𝑥
𝑅

= argmax{𝑥
𝑖
| 𝑖 ∈ 𝑃}. We further define the set of

vertices that are on the right-hand side of vertex 𝑥
𝑅
as 𝑅; that

is, 𝑅 = {𝑖 ∈ 𝑉 | 𝑥
𝑖
> 𝑥
𝑅
}.

Furthermore, we define the set 𝐿 = {𝑖 ∈ 𝑉 \ 𝑃 | 𝑥
𝑖
≤ 𝑥
𝑅
}.

Clearly, the set of 𝑉 is decomposed as 𝑃, 𝑅, and 𝐿; that is,
𝑉 = 𝑃 ∪ 𝑅 ∪ 𝐿.

We are now in position to present the first property of
TSPP-PC to remove the consideration of vertices in 𝑅 and
𝐿.

Property 1. For any instance of TSPP-PC, an optimal solution
must be in the formof (. . . , 𝑥

𝑅
, 𝑅, . . .)where the solution visits

vertices in 𝑅 one by one after it visits the vertex 𝑥
𝑅
.

This is true because there is no precedence constraint
imposed on the vertices in 𝑅 and finally to reach the vertex
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𝑛, the distance of trip from 𝑥
𝑅
to 𝑥
𝑛
and from 𝑥

𝑛
back to 𝑥

𝑅

could not be shortened.
Due to Property 1, we can remove the consideration of the

vertices in𝑅. After we obtain the optimal visiting sequence in
the vertex set which excludes 𝑅 from𝑉, we insert the vertices
in 𝑅 to establish the final sequence.

Furthermore, we are even able to remove the considera-
tion of vertices in 𝐿. That is because when we schedule the
vertices in 𝑃, to reach the vertex 𝑥

𝑅
, the salesman would

pass by all the vertices in 𝐿 as the continuity of the traveling.
Because the vertices in 𝐿 have no precedence constraint, the
salesman could visit these vertices when passing by them.

Based on the fact above, we can simplify this problem by
removing the consideration of the vertices in 𝐿 and 𝑅. After
an optimal visiting sequence in 𝑃 is obtained, we can solve
the problem with 𝐿 and 𝑅 as shown in Algorithm 1:

Algorithm 1 (transformation of optimal sequence in 𝑃 to
optimal sequence in 𝑉).

Input. An optimal visiting sequence in 𝑃 is denoted as 𝑆
𝑃
.

Output. An optimal visiting sequence in 𝑉 is denoted as 𝑆
𝑉
.

(1) Set 𝑆
𝑉

= ⟨0⟩.
(2) Find the sets 𝑃, 𝐿, and 𝑅, and 𝑥

𝑅
= argmax{𝑥

𝑖
| 𝑖 ∈

𝑃}.
(3) Insert the vertices in 𝐿 into 𝑆

𝑃
when the salesman

passes by them.Afterwards, we obtain a new sequence
𝑆
𝑅
.

(4) Insert the vertices in 𝑅 into 𝑆
𝑅
after 𝑥

𝑅
in a nonde-

creasing order to obtain 𝑆
𝑉
.

The following theorem states the correctness for Algo-
rithm 1.

Theorem 2. Given any optimal visiting sequence 𝑆
𝑃
for 𝑃,

Algorithm 1 returns an optimal visiting sequence 𝑆
𝑉
for 𝑉 =

𝑃 ∪ 𝐿 ∪ 𝑅.

Proof. We prove the correctness forTheorem 2 by contradic-
tion. Suppose there exists a visiting sequence 𝑆



𝑉
with total

distance 𝑑, whose travel distance is shorter than 𝑆
𝑉
. We can

construct as follows a shorter visiting sequence 𝑆


𝑃
. Since the

distance from 𝑥
𝑅
to the farthest vertex in 𝑅 is a constant,

denoted as 𝑑
1
, then shortcutting all vertices in 𝑅 from 𝑆



𝑉

leads to a visiting sequence 𝑆


𝑅
with distance 𝑑 − 𝑑

1
. Note

that 𝑆
𝑅
has a shorter distance than the visiting sequence 𝑆

𝑅

obtained in Algorithm 1 because 𝑆
𝑅
has a distance 𝑑

1
shorter

than 𝑆
𝑉
. Finally, notice that shortcutting vertices in 𝐿 from

𝑆


𝑅
obtains 𝑆

𝑃
with the same travel distance and shortcutting

vertices in 𝐿 from 𝑆
𝑅
obtains 𝑆

𝑃
with the same travel distance.

One can conclude that the travel distance for 𝑆


𝑃
is less than

𝑆
𝑃
, which contradicts the assumption that 𝑆

𝑃
is the optimal

visiting sequence in 𝑃.

4. Exact Algorithm for TSPP-PC

In this section, we focus on the TSPP-PC with constant
precedence constraints. As mentioned before, our task is

to find the first polynomial-time exact algorithm for this
problem.

Before introducing our dynamic programming for find-
ing the optimal sequence in𝑃, we need to state a newproperty
for an optimal solution which is a basis of our dynamic
programming.

Property 2. For any instance of the TSPP-PC, an optimal
sequencemust visit a new vertex (the vertex that has not been
visited in the existing sequence) at each step of the salesman.
Thus, an optimal sequence contains each vertex in 𝑃 exactly
once.

This property holds by the fact that, supposing the
salesman visits a vertex 𝑖 more than once in a sequence, we
can always shortcut duplicated 𝑖 to obtain a new sequence
with equal or shorter total length.

We use 𝑠
𝑖
to denote the last vertex that salesman has

just visited in the 𝑖th precedence, and so we can use 𝑆 =

(𝑠
1
, 𝑠
2
, . . . , 𝑠

𝑘
) to denote the set of vertices that the salesman

has just visited in the 𝑘 precedence constraints.
Recall that the 𝑘 precedence constraints are imposed by

𝑃
1
= (0, V

1,1
, V
1,2

, . . . , V
1,𝑙
1

) ,

𝑃
2
= (0, V

2,1
, V
2,2

, . . . , V
2,𝑙
2

) ,

.

.

.

𝑃
𝑘
= (0, V

𝑘,1
, V
𝑘,2

, . . . , V
𝑘,𝑙
𝑘

) .

(6)

By definition of 𝑆 = (𝑠
1
, 𝑠
2
, . . . , 𝑠

𝑘
), we can conclude that if

the salesman has visited 𝑠
𝑖
in 𝑃
𝑖
for 𝑖 = 1, 2, . . . , 𝑘, then all the

vertices in 𝑃
𝑖
before 𝑠

𝑖
have been visited and all the vertices in

𝑃
𝑖
after 𝑠

𝑖
have not been visited.

Let (𝑡, 𝑆) denote the state that the salesman has just visited
𝑆 = (𝑠

1
, 𝑠
2
, . . . , 𝑠

𝑘
) in all the precedence constraints and stops

at the vertex 𝑠
𝑡
, where 1 ≤ 𝑡 ≤ 𝑘.

Let 𝑓∗(𝑡, 𝑆) denote the minimum travel time taken by the
salesman who starts from the start point and ends up with
state (𝑡, 𝑆). We use Γ(𝑡, 𝑆) to denote all those states (𝑡, 𝑆) that
can reach state (𝑡, 𝑆) by exact one step of the salesman. For any
vertex V in 𝑃 with V ≥ 0, let 𝜎−1(V) denote the immediately
previous vertex before V in the precedence that contains V.
Let 𝜎−1
𝑡

(𝑆) denote the vector obtained by replacing 𝑠
𝑡
in 𝑆 by

𝜎
−1
(𝑠
𝑡
). It is noted that, for the state (𝑡, 𝑆), since the salesman

has visited all the vertices in 𝑆 and stops at 𝑠
𝑡
, then before

salesman’s last step, he must have visited all the vertices in
𝜎
−1

𝑡
(𝑆) and can start from any vertex of 𝜎−1

𝑡
(𝑆) to reach 𝑠

𝑡
in

the last step.Hence, by definition of Γ(𝑡, 𝑆) and above analysis,
we can see that

Γ
−1

(𝑡, 𝑆) = {(𝑡

, 𝑆

) | 𝑆

= 𝜎
−1

𝑡
(𝑆) , 1 ≤ 𝑡


≤ 𝑘} . (7)

With the current state being (𝑡, 𝑆), if 𝑠
𝑡
≥ 0 (the vertex 𝑠

𝑡

has a previous vertex in 𝑃
𝑡
), before the step which arrives at

the state (𝑡, 𝑆), the salesman must start with a state (𝑡

, 𝑆

) ∈

Γ(𝑡, 𝑆) and arrives 𝑠
𝑡
via the edge (𝑠

𝑡
 , 𝑠
𝑡
). Meanwhile, with the

current state being (𝑡, 𝑆), if 𝑠
𝑡
= 0, since vertex 0 has been
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visited initially, according to Property 2, we do not need to
consider this state as a potential for optimal solution, and thus
we let 𝑓∗(𝑡, 𝑆) = +∞ if 𝑠

𝑡
= 0. Then, the recursion function

can be

𝑓
∗
(𝑡, 𝑆)

=
{

{

{

min
(𝑡

,𝑆

)∈Γ
−1
(𝑡,𝑆)

{𝑓
∗
(𝑡

, 𝑆

) + 𝑑 (𝑠

𝑡
 , 𝑠
𝑡
)} , 𝑠

𝑡
> 0;

+∞, 𝑠
𝑡
= 0.

(8)

To facilitate the dynamic programming,we define bound-
ary conditions as follows:

𝑓
∗
(𝑡, 𝑆) = 0, ∀𝑡 = 1, 2, . . . , 𝑘, (9)

where 𝑆 = (0, 0, . . . , 0) in which the 𝑘 coordinates are all equal
to zero.

Based on the recursion equation, the optimal travel time
could be written as

min
1≤𝑡≤𝑘

{𝑓
∗
(𝑡, 𝑆) + 𝑑 (𝑠

𝑡
, 0)} , (10)

where 𝑆 = (𝑠
1
, 𝑠
2
, . . . , 𝑠

𝑘
) and 𝑠

𝑡
denotes the last vertex in 𝑃

𝑡

for 𝑡 = 1, 2, . . . , 𝑘.
In summary, based on the dynamic programming, we

describe the exact algorithm as in Algorithm 3. The exact
algorithm is based on Property 2. Since the salesman visits a
new vertex at each step, then it takes |𝑉| steps for the salesman
to visit all the vertices (without the step to return to the start
point). Meanwhile, it is observed that if it takes 𝑖 steps (𝑖 > 0)

for the salesman to reach a state (𝑡, 𝑆), then the salesmanmust
start from a state in Γ

−1
(𝑡, 𝑆) which takes exact 𝑖 − 1 steps.

Hence, we can iteratively calculate the state values for all states
which take the salesman 𝑖 steps with 𝑖 = 1, 2, . . . , |𝑉|.

Algorithm 3 (exact algorithm for the TSPP-PC).

Input. It is an instance (𝑉,𝑋, 𝑃) to the TSPP-PC.
Output. It is an optimal objective value to (𝑉,𝑋, 𝑃).

(1) For 𝑡 = 1, 2, . . . , 𝑘, calculate 𝑓
∗
(𝑡, 𝑆) by boundary

conditions (9).
(2) For 𝑖 = 1, 2, . . . , |𝑉|, do the following:

(a) Find all the solutions for ∑
𝑘

𝑗=1
𝑦
𝑗
= 𝑖 with 𝑦

𝑗
∈

{0, 1, . . . , 𝑙
𝑗
} and denote the set of all solutions as

𝑌
𝑖
.

(b) For each element (𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑘
) ∈ 𝑌
𝑖
, calculate

𝑓
∗
(𝑡, (V
1,𝑦
1

, V
2,𝑦
2

, . . . , V
𝑘,𝑦
𝑘

) with 1 ≤ 𝑡 ≤ 𝑘 by
recursion equation (8), where V

𝑗,𝑦
𝑗

denote the
𝑦
𝑗
th vertex (excluding vertex 0) in 𝑃

𝑗
.

(3) Calculate the optimal objective value to (𝑉,𝑋, 𝑃) by
(10).

Next, we state the correctness and time complexity of
Algorithm 3 in the following theorem.

Theorem 4. Algorithm 3 returns an optimal solution to the
TSPP-PC with a time complexity in 𝑂(𝑘𝑛

𝑘+1
).

Proof. Based on the dynamic programming, to prove the
correctness of Algorithm 3, it suffices to prove that, for any
state that can be reached by the salesman,Algorithm3 returns
its state value, that is, for 𝑡 = 1, 2, . . . , 𝑘 and any 𝑆 =

(𝑠
1
, 𝑠
2
, . . . , 𝑠

𝑘
) with 𝑠

𝑖
∈ 𝑃
𝑖
for 𝑖 = 1, 2, . . . , 𝑘, Algorithm 3

returns 𝑓∗(𝑡, 𝑆).
We prove the correctness by induction. First, for those

states that can be reached by 0 step, that is, for 𝑡 = 1, 2, . . . , 𝑘

and 𝑆 = (0, 0, . . . , 0), we have 𝑓
∗
(𝑡, 𝑆) = 0. For any state that

can be reached by the salesman with 𝑖 − 1 steps, suppose the
state values have been returned by Step (2) of Algorithm 3
when it is repeated for 𝑖 − 1. We prove as follows, for any
state that can be reached by the salesman with 𝑖 steps, the
state values are returned by Step (2) of Algorithm 3 when
it is repeated for 𝑖. For any state (𝑡, 𝑆) that can be reached
with 𝑖 steps, by definition of 𝑌

𝑖
, since the salesman visits one

new customer in each step and the total number of customers
that have been visited is 𝑖, it can be seen that there exists
(𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑘
) ∈ 𝑌
𝑖
such that 𝑆 = (V

1,𝑦
1

, V
2,𝑦
2

, . . . , V
𝑘,𝑦
𝑘

).
According to definition of 𝑌

𝑖−1
, we know that there exists

(𝑦


1
, 𝑦


2
, . . . , 𝑦



𝑘
) ∈ 𝑌

𝑖−1
such that ∑

𝑘

𝑗=1
|𝑦


𝑗
− 𝑦
𝑗
| = 1. By

assumption of the induction, all the state values for (𝑡

, 𝑆

)

with 1 ≤ 𝑡

≤ 𝑘 and 𝑆


= (V
1,𝑦


1

, V
2,𝑦


2

, . . . , V
𝑘,𝑦


𝑘

) have been
returned, which implies that Γ

−1
(𝑡, 𝑆) have been returned.

Thus, by recursion equation (8), the state value 𝑓
∗
(𝑡, 𝑆) can

be returned.
We analyze the computation complexity of this exact

algorithm as follows.Thenumber of precedence constraints is
𝑘. In Algorithm 3, each iteration of Step (2) needs to calculate
state value 𝑓

∗
(𝑡, 𝑆) with 𝑡 = 1, 2, . . . , 𝑘 and 𝑆 = (𝑠

1
, 𝑠
2
, . . . , 𝑠

𝑘
)

where 𝑠
𝑖

∈ 𝑃
𝑖
for 𝑖 = 1, 2, . . . , 𝑘, which has a running

time in 𝑂(𝑘𝑛
𝑘
) (𝑙
𝑖

≤ 𝑛 for 𝑖 = 1, 2, . . . , 𝑘). Then, totally,
the computation effort of Algorithm 3 is in 𝑂(𝑘𝑛

𝑘+1
), which

has a polynomial running time only when 𝑘 is a constant
independent of the input size.

Example 5. Let us use the example in Section 1 to illustrate
the exact algorithm for TSPP-PC.

First, by boundary conditions in (9), in Step (1) Algo-
rithm 3, when 𝑡 = 1 and 𝑡 = 2 we have

𝑓
∗
(1, (0, 0)) = 0,

𝑓
∗
(2, (0, 0)) = 0.

(11)

Then, in Step (2)(a), when 𝑖 = 1, we have

𝑌
1
= {(0, 1) , (1, 0)} . (12)

For (𝑦
1
, 𝑦
2
) = (0, 1) ∈ 𝑌

1
and 𝑡 = 1, we have V

1,𝑦
1

= 0 and
V
2,𝑦
2

= 4. Then, by recursion equation (8) with 𝑆 = (𝑠
1
, 𝑠
2
) =

(0, 4) and 𝑡 = 1, since 𝑠
1
= 0, we have

𝑓
∗
(1, (0, 4)) = +∞. (13)
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For (𝑦
1
, 𝑦
2
) = (0, 1) ∈ 𝑌

1
and 𝑡 = 2, we have V

1,𝑦
1

= 0 and
V
2,𝑦
2

= 4. Then, by recursion equation (8) with 𝑆 = (𝑠
1
, 𝑠
2
) =

(0, 4) and 𝑡 = 2, since 𝑠
2
> 0, we have

𝑓
∗
(2, (0, 4)) = min {𝑓

∗
(1, (0, 0))

+ 𝑑 (0, 4) , 𝑓
∗
(2, (0, 0) + 𝑑 (0, 4))} = 4.

(14)

Similarly, for (𝑦
1
, 𝑦
2
) = (1, 0) ∈ 𝑌

1
, we have

𝑓
∗
(1, (3, 0)) = 3,

𝑓
∗
(2, (3, 0)) = +∞.

(15)

When Step (2) is repeated for 𝑖 = 2, we have

𝑌
2
= {(0, 2) , (1, 1) , (2, 0)} . (16)

For (𝑦
1
, 𝑦
2
) = (0, 2), we can obtain that

𝑓
∗
(1, (0, 2)) = +∞,

𝑓
∗
(2, (0, 2)) = 6.

(17)

For (𝑦
1
, 𝑦
2
) = (1, 1), we can obtain that

𝑓
∗
(1, (3, 4)) = 5,

𝑓
∗
(2, (3, 4)) = 4.

(18)

For (𝑦
1
, 𝑦
2
) = (2, 0), we can obtain that

𝑓
∗
(1, (1, 0)) = 5,

𝑓
∗
(2, (1, 0)) = +∞.

(19)

When Step (2) is repeated for 𝑖 = 3, we have

𝑌
3
= {(1, 2) , (2, 1)} . (20)

For (𝑦
1
, 𝑦
2
) = (1, 2), we can obtain that

𝑓
∗
(1, (3, 2)) = 7,

𝑓
∗
(2, (3, 2)) = 6.

(21)

For (𝑦
1
, 𝑦
2
) = (2, 1), we can obtain that

𝑓
∗
(1, (1, 4)) = 7,

𝑓
∗
(2, (1, 4)) = 8.

(22)

When Step (2) is repeated for 𝑖 = 4, we have

𝑌
4
= {(2, 2)} . (23)

For (𝑦
1
, 𝑦
2
) = (2, 2), we can obtain that

𝑓
∗
(1, (1, 2)) = 7,

𝑓
∗
(2, (1, 2)) = 8.

(24)

Thus, in Step (3), according to (10), we have that the
optimal objective value equals

min {𝑓
∗
(1, (1, 2)) + 𝑑 (1, 0) , 𝑓

∗
(2, (1, 2)) + 𝑑 (2, 0)}

= 8.

(25)

5. Heuristic Algorithm for the TSPP-PC

Based on the dynamic programming for the TSPP-PC, we
can develop the first exact algorithm for this problem. As
shown in Theorem 4, the dynamic programming has a time
complexity of 𝑂(𝑘𝑛

𝑘+1
), which is a polynomial running time

when 𝑘 is a constant independent of the problem instance.
The constant 𝑘 precedence number commonly applies to the
case when the AGV has 𝑘 loading positions. For instance,
when an AGV has 𝑘 loading positions, it has a capacity of
loading atmost 𝑘 items simultaneously, and thus it only needs
to consider 𝑘 precedence constraints where 𝑘 is a constant.

In comparison, for this AGV with no fixed loading posi-
tions, its loading capacity depends on the sizes of different
objects, and thus the number of precedence constraints is part
of the instance input. When 𝑘 is part of the problem instance
and can be arbitrarily large, the dynamic programming has
an exponential running time. Hence, we need to develop an
efficient heuristic for the TSPP-PC with arbitrarily large 𝑘.

Although the dynamic programming has an exponential
𝑂(𝑘𝑛
𝑘+1

) running time when 𝑘 is part of the problem
instance, it is still quite efficient when applied to the instance
with 𝑘 = 2 (with a running time of 𝑂(𝑛

3
)). Based on this

observation, our heuristic for the TSPP-PC is based on an
iterative insertion of vertices in one precedence constraint
and applies the dynamic programming for TSPP-PC with
𝑘 = 2 to the current visiting sequence for the salesman (which
can be taken as the first precedence) and the precedence
that is to be inserted (which is the second precedence) to
find an optimal visiting sequence for the TSPP-PC with two
precedence constraints.The details of the heuristic algorithm
can be described in Algorithm 6.

Algorithm 6 (heuristic algorithm for the TSPP-PC).

Input. It is an instance (𝑉,𝑋, 𝑃) to the TSPP-PC.
Output. It is a feasible solution 𝑆 to (𝑉,𝑋, 𝑃).

(1) Let a visiting sequence 𝑆 = ⟨0⟩. Do the following until
𝑃 = 0.

(a) Suppose 𝑃 currently has 𝑚 precedence con-
straints, denoted as 𝑃

1
, 𝑃
2
, . . . , 𝑃

𝑚
. Find the

precedence 𝑃
𝑗
∗ in 𝑃 such that the first vertex in

𝑃
𝑗
∗ has a closest distancewith last vertex in𝑉(𝑆).

(b) ApplyAlgorithm 3 to obtain an optimal solution
𝑆
 to the TSPP-PC with two precedence con-
straints 𝑆 and 𝑃

𝑗
∗ .

(c) Let 𝑆 = 𝑆
 and 𝑃 = 𝑃 \ 𝑃

𝑗
∗ .

(2) Return 𝑆.

To test the efficiency of the heuristic algorithm for the
TSPP-PC, we conduct several numerical experiments for dif-
ferent scale of problem instances. In the first set of numerical
experiments, we focus on testing the average performance
of the heuristic over the greedy insertion algorithm that is
usually applied by the industry.

In the subsequent numerical experiments, we use the
following settings. In total 100 problem instances of different
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Table 1: Average performance: Algorithm 6 versus greedy insertion.

(a)

Group Obj GRE Time GRE (s) Obj HEU Time HEU (s) Improvement (%)
1 677 0.04 640 0.035 5.7
2 816 0.019 739 0.15 10.5
3 1030 0.02 744 0.61 38.3
4 1363 0.02 926 7.2 47.2
5 1374 0.18 853 10.4 61.1
6 1564 0.25 885 31.3 76.6
7 1715 0.26 957 47 79.1
8 1915 0.28 889 55.4 115.5
9 2228 0.32 947 135 135.9
10 2309 0.48 976 215 136.5

(b)

Group Obj GRE Time GRE (s) Obj HEU Time HEU (s) Improvement (%)
1 677 0.04 640 0.04 5.7
2 816 0.019 732 0.16 11.5
3 1030 0.02 749 0.62 37.5
4 1363 0.02 910 6.34 49.7
5 1374 0.18 862 8.85 59.4
6 1564 0.25 862 21 81.4
7 1715 0.26 924 42 85.4
8 1915 0.28 905 91 111.5
9 2228 0.32 977 122 127.9
10 2309 0.48 993 142 132.5

scales are generated. The problem instances contain only
customers in the precedence constraints. Meanwhile, as
mentioned before, we consider in the problem instances only
those precedence constraints sharing no common customers.
The 100 problem instances are divided into 10 groups with the
𝑖th group having 𝑖 precedence constraints for 𝑖 = 1, 2, . . . , 10.
The biggest problem instance has in total 50 customers
with 10 precedence constraints. Each customer is randomly
generated with the coordination from {1, 2, . . . , 200}.

In the following, we briefly introduce the greedy insertion
algorithm that is usually applied in the industry. In the
greedy insertion algorithm, it starts with the visiting sequence
containing only the start point. In each iteration of the
greedy insertion algorithm, from the current standing point
of the salesman, it finds out the closest available customer
that has not been visited in all precedence constraints,
adds the customer to the visiting sequence, and removes
the customer from the precedence. The greedy insertion
algorithm repeatedly inserts customer into visiting sequence
until all the customers have been inserted.

Next, we compare the average objective value and run-
ning time for each group of the problem instances. In
Table 1(a), the second column and third column indicate the
objective value and the running time for greedy insertion
algorithm, the fourth and fifth column indicate the objective
value and the running time for the heuristic algorithm, and
the final column indicates the improvement of the objective

of the heuristic versus the objective of the greedy insertion
algorithm.

From Table 1(a), one can see that, with growth of scale
of the problem instance, the heuristic algorithm has a
much better average performance than the greedy insertion
algorithm. For the problem instances with two precedence
constraints, the objective value of the heuristic algorithm
and greedy insertion algorithm is relatively close. For the
problem instance with 5 precedence constraints (Group 5),
the improvement ratio can be seen to be 61.1%. For the
problem instance with at most 10 precedence constraints
(Group 10), the improvement ratio has been raised up to
136.5%. From the perspective of the running time, when
precedence constraints in each problem instance are nomore
than five, running times of the heuristic algorithm and the
greedy insertion algorithm are comparable. With increasing
of number of precedence constraints, the running time of the
heuristic algorithm rises for two reasons. The first reason is
that the iterations of the heuristics go up with the number
of precedence constraints and the second reason is that the
running time for each iteration goes up with number of the
total vertices in the two precedence constraints.

To test the robustness of the heuristic, we also run
the 100 problem instances in a different manner which
revises Step (1)(a) of Algorithm 6 as inserting the precedence
in 𝑃 with minimum index. We also compare the average
performance and running time of revised Algorithm 6 to
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the greedy insertion algorithm. In the following table, the
second and third column indicate the average objective
value and running time for the greedy insertion algorithm,
the fourth and fifth column indicate the average objective
value and running time for Algorithm 6, and the final
column indicates the improvement of the objective of the
greedy insertion algorithm versus the objective of the revised
algorithm.

FromTable 1(b), we can see that, firstly, the running times
of Algorithm 6 and revised Algorithm 6 for each group are
very close. Moreover, revised Algorithm 6 has a relatively
close improvement ratio over the heuristic when compared
to the greedy insertion algorithm. In conclusion, the heuristic
algorithm based on the exact algorithm is robust with the
polices that determines the precedence to be inserted in Step
(1)(a) of Algorithm 6.

6. Conclusion

In this note, we considered the TSPP-PC, which is a variety of
TSPs.ThoughTSP is widely studied, whether or not TSPP-PC
is polynomial-time solvable remains an open question in the
literature.We provide a positive answer to this problemwhen
number of precedence constraints 𝑘 is part of the input size
anddevelop efficient heuristic for the problemwith arbitrarily
large 𝑘.

Future work is supposed to be taken on these directions.
First, we are expecting to prove the NP-hardness for the
TSPP-PC with 𝑘 part of the input size. Second, for the
case that different precedence constraints share common
vertices, it remains to develop an exact algorithm or to prove
its NP-hardness. Third, developing heuristic algorithm with
searching part of the state space in the dynamic programming
is supposed to be another interesting research direction.
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A Gauss pseudospectral method is proposed in this study to solve the optimal trajectory-planning problem for satellite rapid large-
angle maneuvers. In order to meet the requirement of rapid maneuver capability of agile small satellites, Single Gimbal Control
Moment Gyros (SGCMGs) are adopted as the actuators for the attitude control systems (ACS). Because the singularity problem
always exists for SGCMGsduring the large-anglemaneuvering of the satellites, a trajectory optimizationmethod for the gimbal rates
is developed based on the Gauss pseudospectral method.This method satisfies the control requirement of satellite rapid maneuvers
and evades the singularity problem of SGCMGs.Themethod treats the large-angle maneuver problem as an optimization problem,
which meets the boundary condition and a series of the physical constraints including the gimbal angle constraint, the gimbal
rates constraint, the singularity index constraint, and some other performance criteria. This optimization problem is discretized
as a nonlinear programming problem by the Gauss pseudospectral method. The optimal nonsingularity gimbal angle trajectory
is obtained by the sequence of quadratic programming (SQP). This approach avoids the difficulties in solving the boundary value
problem. The simulations reveal that the Gauss pseudospectral method effectively plans an optimal trajectory and satisfies all the
constraints within a short time.

1. Introduction

With the rapid development of satellites, an increasing
number of space missions require that these satellites own
the capability of large-angle maneuvering in a short time,
typically referred to as the agility of attitude [1]. New satellites,
which are also called agile satellites, have wider range of
application and greater efficiency. At the same time, agile
satellites can provide longer data transmission times. The
above-mentioned abilities can achieve these functions, which
are hard to reach by traditional techniques, especially for
acquiring remote information and approaching on-orbit
servicing noncooperative targets [2].

Agile satellite attitudemaneuvering and control are topics
that have recently attractedmuch attention. In [3], the authors
mainly discussed the problem of agile satellite attitude track-
ing, and an adaptive control law was designed for restraining
the disturbance and the uncertainty of the inertia matrix.
Wie et al. [4] researched the problem of rapidly capturing the

target of an agile satellitewith SingleGimbalControlMoment
Gyros (SGCMGs), and a nonlinear feedback control law was
proposed based on the sign function. Reference [5] discussed
how to transfer an attitude-tracking problem with a time-
variable boundary condition into a fixed-boundary problem
by means of line-of-sight coordinates, rotational quaternion,
and relative error feedback signals.

Considering that the satellites require rapid maneuvering
capability, it is necessary to choose proper actuators to pro-
vide the control moment. At present, Control Moment Gyro
(CMG) is themost globally studied actuator. According to the
amount of framing, CMG can be divided into Single Gimbal
Control Moment Gyro (SGCMG) and Double Gimbal Con-
trol Moment Gyro (DGCMG). SGCMG can output larger
moment, quicker responses, less power consumption, greater
operational time, easier vibration isolation detection, and so
on [6]. However, the special singularity problem of system
configuration limits its application.Therefore, the singularity
problem must be considered during SGCMGs steering law
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design. The existing steering laws have the weakness of
consuming too much energy-consumed medium, destroying
SGCMGs, affecting the system, and so on [7].

In 1978, Margulies and Aubrun [8] published the classic
work about the singularity problem, laying a good founda-
tion for related research. Bedrossian et al. [9] applied the
singularity robust steering law to the control of SGCMGs.
In 2000, Ford and Hall [10] proposed a steering law for
avoiding singularity to reduce the error of the output torque.
Wie et al. [11, 12] presented a generalized singularity robust
steering law and a nondiagonal singularity robust steering
law escaping the singular surface, but a remarkable torque
error was produced. In [13–15], the SGCMGs steering laws
were analyzed and compared for a spacecraft attitude control
system based on the singular value decomposition (SVD)
theory. The author also developed a new mixture steering
law and an error control steering law to avoid the singularity
problem.

The singularity problem always exists for SGCMGs dur-
ing the large-angle maneuvering of satellites, so a trajectory
optimization method for the gimbal rates is developed in
this study. Two methods exist for solving the optimal control
problem. One method is the direct approach; the other
is the indirect approach. The indirect approach solves a
two-point boundary value problem of a set of differential
equations. This method has high precision, but its con-
vergence region is very limited, and the solving process is
complicated and cumbersome. Furthermore, it is extremely
difficult to solve the problem with inequality constrains. In
the direct approach, a parameterization method is used to
translate the optimization problem into a discrete nonlinear
programming problem. The optimal solution can then be
developed according to the performance index. This direct
approach has a larger convergence region and has high
demands for initial estimates. However, disadvantages still
exist with this method, such as lower solution precision,
slower convergent rate, and more estimators [16]. As one
of the pseudospectral methods, the Gauss pseudospectral
method is more frequently applied to trajectory optimization
due to its high solution precision and fast convergent rate.

In this paper, an attitude maneuver optimization method
for the gimbal rates is developed based on the Gauss
pseudospectral method. It satisfies the control requirement
of satellite rapid maneuvering and evades the singularity
problem of SGCMGs. This optimization problem is dis-
cretized as a nonlinear programming problem by the Gauss
pseudospectral method. The optimal nonsingularity gimbal
angle trajectory is then obtained by the sequence of quadratic
programming (SQP). Finally, the mathematic simulations
based on MATLAB/Simulink are conducted.

2. Satellite Description

This paper only considers a satellite that uses SGCMGswith a
four-pyramid configuration as its actuator. The total angular
momentum of the system can be written as

H = I
𝑏
w
𝑏
+ h
𝑐
= I
𝑡
w
𝑏
+ A
𝑔
I
𝑐𝑔
�̇� + A

𝑠
I
𝑤𝑠
Ω, (1)

where vector w
𝑏
is the inertial angular rate of the satellite

expressed in the body frame. Matrix I
𝑏
is the general inertia

tensor of the satellite without SGCMGs. Matrix I
𝑡
is the

inertia tensor of the satellite. Matrix I
𝑐𝑔
is the inertia tensor

of the SGCMGs about its spin axis of the gimbal, and Matrix
I
𝑤𝑠

is the inertia tensor of the SGCMGs about its spin axis of
the rotor. Matrix A

𝑠
= [s1 s

2
⋅ ⋅ ⋅ s
𝑛] gives the orientation

of the spin axis of rotor about the SGCMGs, and Matrix
A
𝑡
= [t1 t

2
⋅ ⋅ ⋅ t
𝑛] gives the orientation of the output torque

about the SGCMGs. Matrices A
𝑠
and A

𝑡
will change along

with the frame angle. VectorΩ is the angular rate of the rotor
relative to the actuator frame.

Thus, by applying the momentum theorem to (1), the
following relation is obtained:

̇I
𝑡
w
𝑏
+ I
𝑡
ẇ
𝑏
+ A
𝑔
I
𝑐𝑔
�̈� + A

𝑡
I
𝑤𝑠
d [Ω] �̇�

+ w𝑥
𝑏
(I
𝑡
w
𝑏
+ A
𝑔
I
𝑐𝑔
�̇� + A

𝑠
I
𝑤𝑠
Ω) = Text,

(2)

where vector Text is the resultant external momentum and
matrix A

𝑔
gives the orientation of the gimbal rate.

Equation (2) can also be expressed as

I
𝑡
ẇ
𝑏
+ w𝑥
𝑏
(I
𝑡
w
𝑏
+ A
𝑠
I
𝑤𝑠
Ω) = T

𝑐
+ Text. (3)

In this equation, vector T
𝑐
is the output control torque

about the SGCMGs,

T
𝑐
= − (B�̈� + C

1
�̇�) , (4)

where

B = A
𝑔
I
𝑐𝑔
, (5)

C
1
= C + R

𝑐
(w
𝑏
) + w𝑥
𝑏
A
𝑔
I
𝑐𝑔
, (6)

C = A
𝑡
I
𝑤𝑠
d [Ω] , (7)

R
𝑐
(w
𝑏
) = ̇I
𝑡
w
𝑏
. (8)

The torque due to �̈� is less than the torque due to �̇�, and
w
𝑏
in C
1
is tiny compared with Ω; thus, the simplification of

(4) is

T
𝑐
= −ℎ
0
A
𝑡
�̇�, (9)

where it is supposed that the nominal angular momentum
about the rotor of each gyro is equal and can be written as
ℎ
0
.
The attitude kinematics aremodeled using the quaternion

differential equation

�̇�
0
= −

1

2
w𝑇q,

q̇ = −
1

2
w𝑥q + 1

2
𝑞
0
w.

(10)

3. Description of the SGCMGs’
Singularity Problem

This paper considers a representative SGCMG system, which
is in a pyramid array of four single gimbal CMGs, as shown in
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Figure 1: Pyramid mounting arrangement of four single gimbal
CMGs.

Figure 1. This arrangement has minimum redundancy. Each
gimbal axis is perpendicular to the side of the pyramid. In this
paper, we considered beta as 54.73 degrees.

The output moment of the SGCMGs is shown as (4). In
fact, simplified equation (9) is the first choice for use in the
steering law because it makes the singularity analysis and
steering law design easier and more convenient. According
to the geometric meaning of A

𝑡
, the singularity problem

corresponds to the situation when the rank of A
𝑡
is less than

3; that is, det(A
𝑡
A𝑇
𝑡
) = 0. Therefore, the singular value can be

defined as follows:

𝐷 = det (A
𝑡
A𝑇
𝑡
) . (11)

4. Gauss Pseudospectral Method

Pseudospectral methods, also known as “orthogonal col-
location methods” in optimal control, arose from spectral
methods that were traditionally used to solve fluid dynamics
problems [17, 18]. The Gauss pseudospectral method (GPM)
is a direct transcription method for discretizing a continuous
optimal problem into a nonlinear programming problem
(NLP). The Gauss pseudospectral method is an orthogonal
collocation discretization method, and it has a faster conver-
gent rate than other methods [19, 20].

4.1. Optimal Control Problem in Bolza Form. Without gener-
ality loss, the following optimal control problem is described
in Bolza form, thus finding the optimal control variableu(𝑡) ∈
R𝑚 to minimize the cost functional. Consider

min J

= Φ (x (𝑡
0
) , 𝑡
0
, x (𝑡
𝑓
) , 𝑡
𝑓
)

+ ∫

𝑡
𝑓

𝑡
0

𝑔 (x (𝑡) , u (𝑡) , 𝑡) 𝑑𝑡.

(12)

Subject to the dynamic constraints, the inequality path
constraints and the boundary conditions

s.t. ẋ (𝑡) = f (x (𝑡) , u (𝑡) , 𝑡) ,

C (x (𝑡) , u (𝑡) , 𝑡) ≤ 0,

𝜙 (x (𝑡
0
) , 𝑡
0
, x (𝑡
𝑓
) , 𝑡
𝑓
) = 0,

(13)

where x(𝑡) ∈ R𝑛 is the state and 𝑡
0
and 𝑡
𝑓
are the initial time

and final time, respectively. The variable 𝑡 ∈ [𝑡0 𝑡
𝑓]. f is a

vector function of 𝑛 dimensions, C is a vector function of 𝑐
dimensions, and 𝜙 is a vector function of 𝑞 dimensions.

For proper handling, the time domain requires transfor-
mation from 𝑡 ∈ [𝑡0 𝑡

𝑓] into 𝜏 ∈ [−1 1]. They are related
as

𝜏 =
2𝑡

𝑡
𝑓
− 𝑡
0

−
𝑡
𝑓
+ 𝑡
0

𝑡
𝑓
− 𝑡
0

. (14)

After transformation, the optimal control problem in
Bolza form can be written in the following form:

J

= Φ (x (−1) , x (1) , 𝑡
0
, 𝑡
𝑓
)

+
𝑡
0
− 𝑡
𝑓

2
∫

1

−1

g (x (𝜏) , u (𝜏) , 𝜏, 𝑡
0
, 𝑡
𝑓
) 𝑑𝜏

s.t. ẋ (𝜏) =
𝑡
0
− 𝑡
𝑓

2
f (x (𝜏) , u (𝜏) , 𝜏, 𝑡0, 𝑡𝑓)

𝜙 (x (−1) , x (1) , 𝑡
0
, 𝑡
𝑓
) = 0

C (x (𝜏) , u (𝜏) , 𝜏, 𝑡
0
, 𝑡
𝑓
) .

(15)

4.2. State Approximation Using the Gauss Pseudospectral
Method. TheGauss pseudospectralmethod takes the𝐾 order
Legendre-Gauss points and the end points as nodes. Then,
the state is approximated using a basis of 𝐾 + 1 Lagrange
interpolating polynomials,

x (𝜏) ≈ X (𝜏) =

𝐾

∑

𝑖=0

X
𝑖
𝑙
𝑖
(𝜏) ,

X
𝑖
= X (𝜏

𝑖
) .

(16)

The control variable is approximated as

u (𝜏) ≈ U (𝜏) =

𝐾

∑

𝑖=1

U
𝑖
�̃�
𝑖 (𝜏) ,

U
𝑖
= U (𝜏

𝑖
) ,

(17)

where 𝑙
𝑖
and �̃�
𝑖
are the Lagrange polynomial.
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Next, the expression in (1) is differentiated with respect to
𝜏 that gives

ẋ (𝜏
𝑘
) ≈ Ẋ (𝜏

𝑘
) =

𝐾

∑

𝑖=0

x (𝜏
𝑖
) ̇𝑙
𝑖
(𝜏
𝑘
) (𝑘 = 1, . . . , 𝐾)

=

𝐾

∑

𝑖=0

x (𝜏
𝑖
)D
𝑘𝑖
(𝜏
𝑘
) ,

(18)

where matrixD ∈ 𝑅
𝑘×(𝑘+1) is a differentiation matrix.

Then, the dynamic constraint is transcribed into algebraic
constraints as the following form:

𝐾

∑

𝑖=0

X
𝑖
D
𝑘𝑖
(𝜏
𝑘
) −

𝑡
0
− 𝑡
𝑓

2
f (X
𝑘
,U
𝑘
, 𝜏
𝑘
, 𝑡
0
, 𝑡
𝑓
) = 0. (19)

Next, because the final state X
𝑓
satisfied the dynamic

constraint, (18) can be calculated by Gaussian integration;
that is,

X
𝑓
− X
0
−
𝑡
𝑓
− 𝑡
0

2

𝐾

∑

𝑖=1

𝑤
𝑖
𝑓 (X (𝜏

𝑖
) ,U (𝜏

𝑖
) , 𝜏
𝑖
, 𝑡
0
, 𝑡
𝑓
)

= 0,

(20)

where 𝜏
𝑖
is the LG point and 𝑤

𝑖
is the LG weight.

Finally, the optimal control problem can be expressed as

J

= Φ (𝑥 (−1) , 𝑥 (1) , 𝑡0, 𝑡𝑓)

+
𝑡
0
− 𝑡
𝑓

2

𝐾

∑

𝑖=1

𝑤
𝑖
𝑔 (𝑋
𝑖
, 𝑈
𝑖
, 𝜏
𝑖
, 𝑡
0
, 𝑡
𝑓
)

s.t.
𝐾

∑

𝑖=0

X
𝑖
D
𝑘𝑖
(𝜏
𝑘
) −

𝑡
0
− 𝑡
𝑓

2
f (X
𝑘
,U
𝑘
, 𝜏
𝑘
, 𝑡
0
, 𝑡
𝑓
) = 0,

X
𝑓
− X
0

−
𝑡
𝑓
− 𝑡
0

2

𝐾

∑

𝑖=1

𝑤
𝑖
𝑓 (𝑋 (𝜏

𝑖
) , 𝑈 (𝜏

𝑖
) , 𝜏
𝑖
, 𝑡
0
, 𝑡
𝑓
) = 0,

𝜙 (X (𝑡
0
) , 𝑡
0
,X (𝑡
𝑓
) , 𝑡
𝑓
) = 0,

C (X (𝑡) ,U (𝑡) , 𝑡) ≤ 0.

(21)

5. Simulation Results and Analysis

In this section, the mathematic simulations based on MAT-
LAB/Simulink are conducted to prove the effectiveness of the
Gauss pseudospectral method. The parameters are given as
follows.

The inertia tensor of the satellite is chosen as I =

diag [228 188 176] kg⋅m2.
The state is x = [𝑞

0
, 𝑞
1
, 𝑞
2
, 𝑞
3
, 𝑤
𝑥
, 𝑤
𝑦
, 𝑤
𝑧
, 𝛿
1
, 𝛿
2
, 𝛿
3
, 𝛿
4
]
𝑇.

The control variable is u = [�̇�
1
, �̇�
2
, �̇�
3
, �̇�
4
]
𝑇.
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Figure 2: Time response of quaternion.

The satellite rotates 45∘ about the axis of rolling. This
paper considers the time and energy consumption optimal
problem. Thus, the cost functional is

J = ∫

𝑡
𝑓

𝑡
0

(1 + u𝑇Ru) 𝑑𝑡. (22)

The first state is x
0
= [1 0 0 0 0 0 0 0 0 0 0]

𝑇

and the final state is x
𝑓

=

[0.9239 0.3824 0 0 0 0 0 0 0 0 0]
𝑇. The path

constraints are as follows:

C
1
= 𝑞
2

0
+ 𝑞
2

1
+ 𝑞
2

2
+ 𝑞
2

3
= 1,

C
2
= |w| ≤ 1

8
rad/s,

C
3
=

�̇�
𝑖


≤ 1 rad/s, 𝑖 = 1, 2, 3, 4,

C
4
=

A
𝑡
A𝑇
𝑡


≥ 0.2,

C
5
= |T| ≤ 25Nm.

(23)

The tolerance error is 𝜀 ≤ 10
−3 and the time of calculation

is 4.1min. The simulation results are shown in Figures 2–7.
The satellite rotates 45∘ around the axis of rolling, and it only
costs 7.836 s.

6. Controller Design

Next, the optimal data were connected with the model in
MATLAB/Simulink, and the PD controller was chosen to
compensate for the errors between the target and actual
trajectory.

The equation governing a satellite is expressed as follows:

I
𝑡
ẇ
𝑏
+ w𝑥
𝑏
(I
𝑡
w
𝑏
+ A
𝑠
I
𝑤𝑠
Ω) = T

𝑐
+ Text. (24)

We define the quaternion Q
𝑑

= [𝑞
𝑑0

q𝑇
𝑑
]
𝑇, where

q
𝑑
= [𝑞
𝑑1

𝑞
𝑑2

𝑞
𝑑3
]
𝑇 is the desired reference attitude. The
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Figure 3: Time response of angular velocity.
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Figure 4: Time response of gimbal angles.

quaternion for the attitude error isQ
𝑒
= [𝑞
𝑒0

q𝑇
𝑒
]
𝑇 with q

𝑒
=

[𝑞𝑒1 𝑞
𝑒2

𝑞
𝑒3]
𝑇. Using the multiplication law for quaternions,

we then obtain

𝑞
𝑒0
= 𝑞
0
𝑞
𝑑0
− q𝑇q

𝑑
,

q
𝑒
= 𝑞
𝑑0
q − 𝑞
0
q
𝑑
+ q𝑥q

𝑑
.

(25)

Subject to the constraint

Q𝑇
𝑒
Q
𝑒
= 1. (26)

We denote by w
𝑑
= [𝑤𝑑1 𝑤

𝑑2
𝑤
𝑑3]
𝑇 the desired angular

velocity and by w
𝑒
= w − w

𝑑
the angular speed error.

The kinematic equation for the attitude error can be
expressed as

�̇�
𝑒0
= −

1

2
q𝑇
𝑒
w
𝑒
,

q̇
𝑒
=
1

2
(q𝑥
𝑒
+ 𝑞
𝑒0
E
3×3

)w
𝑒
.

(27)
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Figure 5: Time response of gimbal angular speeds.
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In order to design this controller we first define the
following Lyapunov function:

𝑉 = 𝑘
1
q𝑇
𝑒
q
𝑒
+
1

2
w𝑇
𝑒
Iw
𝑒
, (28)

where 𝑘
1
> 0.

The first time derivative of 𝑉 can be obtained as

�̇� = 2𝑘
1
q𝑇
𝑒
q̇
𝑒
+ w𝑇
𝑒
Iẇ
𝑒
= 2𝑘
1
q𝑇
𝑒
q̇
𝑒
+ w𝑇
𝑒
I (ẇ − ẇ

𝑑
) . (29)

Then substituting (1) and (6) into (8), we obtain

�̇� = 𝑘
1
q𝑇
𝑒
(q𝑥
𝑒
+ 𝑞
𝑒0
E
3×3

)w
𝑒

+ w𝑇
𝑒
(T
𝑐
+ Text − w𝑥

𝑏
(I
𝑡
w
𝑏
+ A
𝑠
I
𝑤𝑠
Ω) − I

𝑡
ẇ
𝑑
)

= w𝑇
𝑒
(𝑘
1
𝑞
𝑒0
E
3×3

− 𝑘
1
q𝑥
𝑒
) q
𝑒

+ w𝑇
𝑒
(T
𝑐
+ Text − w𝑥

𝑏
(I
𝑡
w
𝑏
+ A
𝑠
I
𝑤𝑠
Ω) − I

𝑡
ẇ
𝑑
) .

(30)

Since q𝑥
𝑒
q
𝑒
= 0, (9) becomes

�̇� = w𝑇
𝑒
(𝑘
1
𝑞
𝑒0
q
𝑒
+ T
𝑐
+ Text − w𝑥

𝑏
(I
𝑡
w
𝑏
+ A
𝑠
I
𝑤𝑠
Ω)

− I
𝑡
ẇ
𝑑
) .

(31)
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Let control torque T
𝑐
be

T
𝑐
= −𝐾
𝑝
q
𝑒
− K
𝑑
w
𝑒
− Text + w𝑥

𝑏
(I
𝑡
w
𝑏
+ A
𝑠
I
𝑤𝑠
Ω)

+ I
𝑡
ẇ
𝑑
,

(32)

where𝐾
𝑝
= 𝑘
1
𝑞
𝑒0
and K

𝑑
is a symmetric positive matrix.

Using the control law obtains

�̇� = −w𝑇
𝑒
K
𝑑
w
𝑒
. (33)

So the stability of the satellite system is ensured. This
completes the proof.

Thequaternion errors and angular speed errors are shown
in Figures 8 and 9.

The results show that the errors between target and
actual maneuvering quaternion are less than 4 × 10

−4. The
errors between the target and the actualmaneuvering angular
speeds are less than 10−3 rad/s in all directions.Therefore, the
path planned by the Gauss pseudospectral method has high
solution precision and is extremely quick.
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Figure 9: Time response of angular speed errors.

7. Conclusions

In this paper, an attitude maneuver optimization method for
gimbal rates is developed based on the Gauss pseudospec-
tral method. It satisfies the control requirement of rapid
maneuver for satellite and evades the singularity problem of
SGCMGs. This method has higher solution precision and a
fast convergence rate, and it avoids the difficulties in solving a
boundary value problem. According to the definition of rapid
maneuvering where the attitude rate of a satellite is 1∼10∘/s
and the planning angular speed is 5.7∘/s.Then, throughmath-
ematic simulations based on MATLAB/Simulink, the errors
of quaternion and angular speed are obtained within 4 ×

10
−4 and 10−3 rad/s. In conclusion, the Gauss pseudospectral

method can effectively plan an optimal trajectory, satisfying
all constraints within a short time.
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