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In the past few decades, the technical requirements of control
systems have becomemore stringent to be applicable tomany
aspects of industrial applications and automation devices,
ranging from robots in manufacturing, underwater vehicles,
and unmanned aerial vehicles to human-robot interaction.
However, these applications and devices always need to
operate in a complex environment. �e growing number
of applications in complex engineering environments, along
with the increasing requirements and demands for the system
stability, safety, and reliability, is posing new theoretical and
technological challenges to the advanced controller design.

One major challenge is the provision of innovative solu-
tions to deal with the complex operation environment. A
general and illustrative definition of complex environment
could be “a scenario which is dynamic and uncertain”,
e.g., unknown environment model, high spatiotemporal
complexity, rapid changes of light intensities, and unknown
disturbances. �e complex and dynamic environment o	en
leads to a rapidly increasing complexity of the control
algorithm and then results in difficulties for the real-time
controllers.�erefore, revealing the properties and behaviors
of system operating in the complex environment could not
only bring in novel control designs but also provide solutions
for systems operating realistically and efficiently in complex
and unmodeled scenarios.

In this special issue, we bring together works under the
topic of control design for systems operating in complex
environments and collect 52 papers in related fields. �e
contributors have investigated the design for a wide range

of control systems, such as robot manipulator, aerial robots,
and wheeled mobile robots and have also performed some
progress on fundamental theoretical studies.

�e article by S. Krafes et al. gives an updated state of the
art on the control of several classes of two degrees of freedom
underactuated mechanical systems such as acrobat, inverted
pendulum, crane, rotational pendulum, and the inertial
wheel pendulum and so on. For these underactuated systems,
the authors provide a description of themathematical models
of each system and then review the classification and control
strategies for these systems such as sliding mode control and
intelligent control.

In the field of robot control, nine papers of the special
issue investigate the control design of the robot in the
complex environment with a wide range of applications, for
example, the research of harvesting robot (L. Luo et al.),
multirobot system (M. Liu et al.), grinding robot (S. Tang
et al.), robotic manipulators (Y. Fan et al., J. Yang et al.,
Q. Zhang et al., and F. Zha et al.), flexible Timoshenko
manipulator (J. Zhang et al.), and swarm robots (X. Lan et
al.). In addition, in the field of aerial robots, H. Xing and
Y. Yan investigate the detection of low-flying small targets
in complex sea condition by proposing a complete ensemble
empirical mode decomposition method. C. Huang et al.
study the dynamic path planning problem of the unmanned
aerial vehicles of by taking the dynamic threats and static
obstacle into consideration, and the ant colony optimization
and artificial potential field method is used to generate
the collision-free path. Z. Chen et al. propose a finite-time
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fault-tolerant control scheme for the attitude stabilization of
rigid spacecra	s.

In the field of autonomous underwater vehicle control,
an observability degree analytical model is proposed by
H. Yu and X. Zhou. To control the multiple autonomous
underwater vehicles, Y. Wang and Y. Zhang investigate the
coordinated depth control problem and consensus path
following problem. Autonomous unmanned ground vehicles
provide an excellent solution to tasks such as autonomous
transportation, mining, or home service. In this research
field, the control of mobile robots or wheeled ground robots
has also been widely investigated; for instance, A. J. Clark
et al. propose controllers for a transformable wheel mobile
robot by evolving the robots’ mechanical parameters and the
finite state machine or the neural network. Related research
topics have also been extensively investigated, such as path
planning problem (P. Cui et al.), multiagent systems (X. Lan
et al.), bidirectional vehicle platoon (M. Yan et al.), container
loading problem (X. Xiang et al.), CNS integrated navigation
system (S. Lijun et al.), collision-free control for autonomous
surface vehicles (S. Gao et al.), vehicle text data compression
and transmission (J. Yang et al.), and vehicle information
influence degree screening (J. Yang et al.).

On the complex systems of bioinspired system and
human machine interaction, S. Zhang et al. present a model-
ing and dynamic control of a class of semibiomimetic robotic
fish. Z. Cao et al. employ the central pattern generator for path
following and locomotion optimization of a snake-like robot.
X. Zhang et al. develope a state predictionmodel based on the
extreme learning machine for a robotic fish. Y. Huang et al.
develop surface electrodes with high mechanical adaptability
and electrical sensitivity by presenting a self-similar inspired
configuration. M. Li et al. develop a learning-based approach
to transfer force-relevant skills from human demonstration
to a robot. D. Wang et al. develop a control algorithm based
on two microphones with nonnegative matrix factorization
for the speech enhancement in complex environment. L. Zou
et al. design a cascade architecture by combining a shallow
CNN and a deep CNN to address the license plate detection
problem.

About the control, optimization, and identification issues
of the systems which work in complex environments, X. Yang
et al. propose a sound source omnidirectional positioning
calibration method based on microphone observation angle.
Y.Wang et al. present a cooperative spectrum sensingmethod
based on empirical mode decomposition and information
geometry in complex electromagnetic environment. L. Fu
and J. Zhao construct a novel Cartesian impedance controller
based on the Maxwell model. S. Liu et al. introduce a cross
field of view (FOV) real-time pose estimation system to pro-
vide high precision pose estimation of the free flight aircra	 in
wind tunnel environment. M. Su et al. study the angles-only
guidance problem for exoatmospheric maneuvering targets
by designing an integrated estimation law. J. Zhong et al.
study the trajectory planning of an intermittent jumping
quadruped robot with variable redundant and underactuated
joints. H. Zhu et al. develop a control algorithm for uncertain
building structural system by combining fuzzy adaptive
control and sliding mode control. Y. Feng et al. propose a

Jiles–Athertonmodel to characterize the nonlinearities in the
SMA-based compliant actuator.

Moreover, a number of contributions also investigate the
theoretical problem of the control and modeling of systems
in complex environment. H. Shi et al. propose a delay-
range-dependent robust constrained model predictive con-
trol for discrete-time systemwith uncertainties and unknown
disturbances. L.-N. Zhu et al. introduce a novel manu-
facturing scheme, MBSPHE-CSCCM, for the multibatch
subtasks parallel-hybrid execution cloud service in could
manufacturing. H. Yang et al. introduce a single parameter
adaptive neural network control method for unknown non-
linear systems with bounded external disturbances. M. Xie
et al. proposed a strong local diagnosability for a hypercube
network. Y.-S. Wei and Q.-Y. Xu present a proportional type
iterative learning control (ILC) law for linear discrete-time
systems with randomly variable input trail length. R. Wang
et al. present a theoretical model to analyze the performance
degradation of control systems subject to common-source
digital upsets. X. Lv et al. investigate the synchronization
problem for neural networks by using feedback control. C.
Ren and S.He proposed an observer-based finite-time control
algorithm for a class of Markov jump system in a complex
environment. Y. Peng et al. develop a periodically intermittent
controller for a class of coupled hybrid stochastic delayed
bidirectional associativememory neural networks. G. Peng et
al. propose an adaptive Monte Carlo Localization algorithm
to build a laser and radar based robot localization system
in a complex and unstructured environment. Z. Zhao et
al. develop a vibration boundary control or an axial string
system subject to input restriction and external disturbance.

�e selected papers in the special issue could not cover
all the recent advances of the control design for systems
operating in complex environments, yet they present the
state-of-the-art progress in this area. We hope these valuable
papers enrich knowledge in the complex systems community
and provide guidance to the readers who are interested in this
topic.
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Because of the continuous progress of vehicle hardware, the condition where the vehicle cannot load a complex algorithm no longer
exists. At the same time, with the progress of vehicle hardware, the number of texts shows exponential growth in actual operation.
In order to optimize the efficiency of mass data transmission in actual operation, this paper presented the text information
(including position information) of the maximum entropy principle of a neural network probability prediction model combined
with the optimized Huffman encoding algorithm, optimization from the exchange of data to data compression, transmission, and
decompression of the whole process.The test results show that the text type vehicle information based on compressed algorithm to
optimize the algorithm of data compression and transmission can effectively realize data compression. It can also achieve a higher
compression rate and data transmission integrity, and after decompression it can basically guarantee no distortion. The method
proposed in this paper is of great significance for improving the transmission efficiency of vehicle text information, improving the
interpretability and integrity of text information, realizing vehicle monitoring, and grasping real-time traffic conditions.

1. Introduction

With the popularity of mobile Internet in traffic, the appli-
cation of mobile Internet operating mode and the growing
number of operating vehicles have resulted in a large amount
of data in the actual operation. Although the hardware has
made great progress, one of the most important problems is
that it still needs a lot of data speed of mobile Internet appli-
cation solutions. Although the communication cost has been
greatly reduced, it can not only meet the actual operation
requirements of the application units but also save wireless

data transmission costs, which is still a key problem to be
solved in the current industry. Text information transmission
after compression is key to solving this problem. Moreover,
this method can be accepted because it can meet the data
transmission delay and data quality indicators formulated by
user units in a complex urban communication environment.
Many scholars have done a lot of effective practical research
in this area. In order to improve the quality and efficiency of
wireless data transmission, researchers have proposed a vari-
ety of text data compression and transmission algorithms. For
example, Meng [1], Shi [2], Sharma [3], and Hashemian [4],
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and other scholars proposed Huffman coding technology for
wireless transmission of GPS text data to solve the problem of
text data compression and transmission. Barr [5], Wang [6],
Jou [7], andHu [8] proposed an optimized LZWcompression
algorithm. By establishing a fast lookup dictionary method,
the time of data compression is greatly reduced, optimized
compression is achieved, and the transmission efficiency is
improved. In recent years, wireless transmission compression
using the wavelet compression [9] method has become a
research hot spot. In traffic informatization research, Zhang
[10] realized the compression of traffic emergency data based
on GML data and realized the deployment architecture of
an urban traffic emergency system; Li [11] projected the
original high-dimensional data onto the low-dimensional
space through a random matrix with a restrictive isometric
condition and realized the efficient and fast compression of
data. After data transmission, data is decompressed at the end
of traffic information processing by a convex optimization
algorithm. According to the characteristics of traffic flow
data, the method of principal component analysis and inde-
pendent component analysis was adopted by Zhao [12] to
study and compare the data compression. To a certain extent,
the application of previous research results provides technical
and methodological reference for text data transmission to a
vehicle terminal. However, due to the unbalanced distribu-
tion of urban mobile communication base stations, the urban
communication environment is quite different, the data
transmission capacity is quite different in different parts of
the city, and some areas even appear as communication blind
areas. These methods are rarely used in vehicle terminal data
acquisition and transmission and rarely take into account
the different communication environments in the city to
achieve real-time data transmission. In urban areas where
communication base station coverage is uneven and the
communication environment varies, how to optimize the
compression and transmission of text and other information
is a major problem for practical applications. In addition,
the transmission of large amounts of text data requires
more energy consumption, and low power transmission [12]
is important for prolonging the working time of various
devices. Therefore, in this paper, the transmission compres-
sion method based on a maximum entropy neural network
and optimized Huffman encoding algorithm is proposed in
order to simplify the algorithm, shorten computation time,
and minimize the overhead of the acquisition terminal and
the background server.Optimization of the data transmission
method after vehicle information collection is of great signifi-
cance for improving the transmission efficiency of vehicle text
information, improving the interpretability and integrity of
text information, realizing vehicle monitoring, and grasping
real-time traffic conditions.

2. Vehicle Information Data
Compression Method

According to the application requirements of the mobile
Internet, the vehicle information collected by the operators
includes the location, speed, height, license plates, vehicle

state, driving conditions, drivers, passenger positions, and
other pieces of text information. Different data formats,
sizes, and types through data exchange, through the vehicle
terminal wireless communication module for uploading.

In this paper, a compression/decompression mode can
ensure the integrity of data transmission, can reduce data
traffic, and can reduce communication costs. However, the
disadvantage of compression on the terminal is that each
set of data needs to be compressed, which delays transmis-
sion. The vehicle terminal hardware has a high-performance
hardware configuration, technical problems for compressed
vehicle terminal, and processing large amounts of data, while
ensuring that data compression and transmission of data
collection work; two works do not constitute influence or
interference.

2.1. Data Compression Algorithm Based on a Maximum
Entropy Neural Network. Due to the limitation of mobile ter-
minal hardware, in past practical applications less data com-
pression has been carried out on vehicle terminals. Although
the hardware technology level and performance index of the
vehicle terminal are constantly improving, compression and
transmission at the same time as acquisition will inevitably
result in a certain amount of terminal overhead. For this
reason, in the selection and use of a text data compres-
sion algorithm, this paper follows the following principles:
under limited bandwidth resources, we must achieve a better
compression transmission effect than traditional algorithms,
the algorithm cannot be too complex so that we can avoid
affecting compression transmission efficiency, and it cannot
occupy too much memory (occupying too much memory
will affect data acquisition and other occupancies). Other
applications with large memory, general transfer protocol,
etc. Based on the actual application requirements, this article
uses the compression separately, the unified packing, the
sending, and so on.

Neural network compression technology has made great
progress recently and has achieved very good results in
computer vision, speech recognition, and machine transla-
tion. At the same time, the popularity of mobile computing
platforms also means that many mobile applications also
hope to obtain this ability. However, the challenge is that
deep learning neural networks are generally large and thus
are difficult to integrate into mobile applications (because
such applications need to be downloaded to mobile devices
and also frequently updated). In vehicle terminal hardware
conditions are relatively poor conditions, if the use of cloud
based solutions for specific applications and industries, net-
work delay, and privacy will become a problem. The solution
is to significantly reduce the size of the deep learning model.
A general compression neural network model is composed
of three steps: cutting the connection which is not important;
enhancing the weight of quantization; and utilizing Huffman
encoding.

2.2. Maximum Entropy Neural Network. As a data com-
pression method, artificial neural networks have become
an ideal choice in general lossless compression [13, 14].
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Algorithms for data processing have also been studied [15, 16].
One of the distinctive features of the neural network data
compression method is to obtain a higher compression ratio
and decompression speed, but it is a weakness in a certain
period of time the training needs of the network, and it
requires two scans of the data, which makes real-time data
compression difficult.

In order to get the real probability distribution and con-
sistent prediction results, we need to get knowledge from the
sample data and use this knowledge to establish a statistical
model which should be consistent with the distribution of the
real situation. We then choose a maximum entropy; it may
appear absolute advantage [17, 18]. The maximum entropy
neural network is described as follows [17, 18].

Assume 𝑤𝑖 = lg𝛼𝑖, 𝑓𝑖(𝑥, 𝑦) = 𝑥𝑖, and because ∑𝑦 𝑝𝜆(𝑦 |
𝑥) = 1, the formula can be rewritten as 𝑝(𝑦 | 𝑥) = 𝑔(∑𝑤𝑖𝑥𝑖),
where 𝑔(𝑥) = 1/(1 + 𝑒−𝑥).
𝑔(𝑥) is an algorithm used to adjust 𝑤𝑖 until 𝑃(𝑦 | 𝑥) is

consistent with the known probability 𝑃(𝑦 | 𝑥); this results
in a probabilistic model that satisfies both the conditional
constraints and themaximum entropy under constraints. The
model works in a similar way as the neural network. In fact,
the neural network model can be used to solve the problem.

A two-layer neural network is used to predict the char-
acter probability distribution model based on context. Every
possible context with a single input neuron is expressed as
(𝑥𝑖), the output character of each possible context with an
output neuron is expressed as (𝑦𝑖), and each input and output
neuron has a weight of 𝑤𝑖𝑗 to connect them.

In prediction, for 𝑃(𝑒 | 𝑡ℎ) (indicating that a variable or
nonvariable 𝑡ℎ has been entered, assuming that the current
input variable or nonvariable is 𝑒), all the corresponding input
neurons in the context are set to 1(𝑡, ℎ, 𝑡ℎ), and all other inputs
are set to 0; therefore, the output can be represented as 𝑦𝑖 =
𝑔(∑𝑖𝑤𝑖𝑥𝑖), where 𝑔(𝑥) = 1/(1 + 𝑒

−𝑥).
Then, 𝑦𝑖 represents the probability that the next character

is 𝑒, and its form is consistent with the results obtained
by using 𝑔(𝑥) and the maximum entropy principle. 𝑔(𝑥)
adjusts 𝑤𝑖 adaptively so that the output can satisfy all the
constraints. The weights in the neural network model are
adaptively updated, and the initial ownership value is set
to adjust and modify the weights according to the actual
input characters after each prediction to reduce the error.The
formula is 𝑤𝑖,𝑗 = 𝑤𝑖,𝑗 + V𝑥𝐸𝑗. 𝐸𝑗 = 𝑦𝑖 − 𝑝(𝑗) represents
the error function, which is the difference between the true
probability and the predicted value of the next character; and
V indicates the learning rate.Therefore, by using such amodel
of error control and𝑤 adjustmentwith themaximumentropy
principle, a probabilistic model satisfying the requirement
can be obtained.

2.3. Optimized Huffman Encoding Method. In order to locate
text information such as location, GPS information, and so
on, this paper adoptsHuffman encoding technology [10, 11] to
effectively compress GPS data and text data to be transmitted.
Considering the working environment of various operating
vehicles, the selection of compression algorithms for text data
of vehicle operating status follows the following principles:

less computation, fast compression, simple algorithm, and
easy implementation. At the same time, under the limited
bandwidth resources, a better compression effect must be
achieved, and the algorithm cannot be too complex so that we
can avoid affecting the compression transmission efficiency
and can thus meet hardware requirements; requirements for
the use of components and communication environment.
Text data (including GPS/Beidou positioning information)
are mainly collected by on-board equipment of operating
vehicles. Huffman coding technology [12] is used to effec-
tively lossless compress the GPS/Beidou position data to be
transmitted and the operation status data of other textual
operating vehicles.

The Huffman encoding principle is explained in [19, 20].
The characters that represent the text are represented by a
collection 𝐼 = {𝐼1, 𝐼2, 𝐼3 . . . 𝐼𝑛}, where 𝐼𝑥 stands for different
text characters. Suppose the frequency of the character 𝐼𝑥 is
𝐹𝑥, and the coding length is 𝐿𝑥. To make the total length
of the source text file the shortest, we need to determine
the encoding method 𝐿, which makes the value of ∑𝑛𝑖=0 𝐹𝑥𝐿𝑥
minimum. This Huffman encoding is based on the Huffman
tree structure, and the Huffman tree is constructed as below
[3, 4, 21].

(1) According to the given 𝑛 weights, {𝑤1, 𝑤2, 𝑤3, . . . , 𝑤𝑛}
makes up a set of 𝑛 binary trees 𝐹 = {𝑇1, 𝑇2, 𝑇3, . . . , 𝑇𝑛}, where
each tree 𝑇𝑥 has only one root node with a weight of 𝑤𝑥, and
its left and right subtrees are empty.

(2) Select the minimum weight tree of two root nodes as
the left and right subtrees in 𝐹, and construct a new binary
tree. At the same time, the weights of the root nodes of the
new binary tree are set as the sum of the weights of the root
nodes of its left and right subtrees.

(3) Remove the two trees in 𝐹, and add the new binary
tree to 𝐹.

(4) Repeat steps (2) and (3) until 𝐹 contains only one tree;
this final tree is the Huffman tree.

Usually, there are a lot of duplicate characters in text
data, such as location information. The duplicate charac-
ters of location information and other text data in vehicle
information can be regarded as redundant information to be
removed. On this basis, a Huffman compression encoding
table is used to compress the processed data quickly.This data
is then stored in a data storage buffer for data postprocessing.
The Huffman compression table is pregenerated by the num-
ber of characters appearing in the text data by the background
server and is prestored in the vehicle terminal Flash.

The Huffman encoding method constructs the coding
completely according to the probability of the characters
appearing. Huffman coding has no consideration of error
protection. The algorithm needs to calculate the probability
of the occurrence of the source symbols so as to obtain
the probability distribution ratio of the source symbols.
It is generally believed that the algorithm is complex in
coding and decoding, which is not conducive to hardware
implementation of [17, 18].Huffman encoding and arithmetic
coding involves typical probabilistic models. Many scholars
have put forward the dictionary model to optimize the prob-
lem. Typical algorithms, such as the LZW algorithm [4, 15].
The LZWalgorithm has high computational efficiency, which
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is reflected in the speed of compression and decompression,
and only needs to scan the compressed text data once. For an
input stream with a high repetition rate of source characters,
the compression rate of this algorithm is relatively high.
However, the algorithm’s adaptability is poor, and for some
files with low complexity it usually needs to be combinedwith
other algorithms to achieve the desired compression goals.
The LZW algorithm cannot be used for vehicle status text
data.

Although the Huffman encoding method has some limi-
tations, such as the need to input symbol streams twice before
scanning, storage or transmission of Huffman encoding
results must occur on the Huffman tree. This method has
a high compression rate, simplicity, and practicability, and
the text data has unique correspondence when encoding
and decoding. Therefore, the Huffman encoding method
is very suitable for vehicle information data with higher
identification requirements. In order to solve the practical
problems of traditional Huffman coding, such as large buffer
and high complexity, this paper improves the Huffman tree
structure by using a maximum entropy neural network [21,
22]. The main steps are as follows:

(1) Initialize the established binary Huffman tree, arbi-
trarily select a root node, and set the weight of the root node
to 0.

(2) For new characters that do not encode, the two nodes
in the newly generated node join the weight of the parent
node, and the other node, which has a weight of 0, defines
a new weight of 0.

(3) Find the location of the encoding character by search-
ing for the new character that has been encoding, and the
nodes with the same coding weights are compared.

(4) Cut out unimportant connections.
(5) Quantify the neural network, and strengthen and

adjust the weight of each node.
(6) In accordance with the principle of larger number of

nodes with larger weights and larger number of correspond-
ing codes, exchange the nodes conforming to the principle.

(7) Repeat steps (2) to (6) until all the characters are
encoded.

The improved Huffman coding method sets the weight
of its root node to 0, which reduces the number of times
that the symbol stream needs to be scanned to one. After
optimizing and adjusting the weights of the neural network,
only one character with a probability of 1 is scanned in the
calculation. Only node numbers are exchanged between the
binary trees, which not only reduces the large amount of
cache occupancy, but also reduces the complexity of the
algorithm. The method’s shortcomings are mainly reflected
in the loss of coding error protection and relatively high data
requirements.

3. Experiment and Results

According to the requirement of real-time transmission of
text data in actual operation, this paper uses a 3G/4Gwireless
network as the data transmission channel to complete a data
transmission test. In the 3G/4G wireless network, a carrier

frequency is used for data communication and can only
be used by a user alone. In the vehicle text data acquisi-
tion environment, due to influence by the communication
environment and the number of users, the actual wireless
data transmission rate and theoretical wireless transmission
rate often differ greatly. In addition, the success of the
transmission priority strategy for text data transmission is
further verified by a terminal-to-terminal test in the real
environment.

3.1. Data Transmission Test. An urban-rural fringe area is
selected as the location for the data transmission test. This
communication environment complicates with the require-
ments of the test environment. We conduct two tests: a
network delay test and a TCP transmission rate test. The test
environment uses a Unicom 3G/4G wireless network, and
we realize data uploading to the server through the vehicle
terminal. In 3G/4G networks, the delay is usually measured
by round trip time. Low latency in practical application
is extremely important. A lower latency for data trans-
mission improves the uplink capacity and data throughput
and increases the coverage of high bit rate transmission.
Typically, data transfer tests use the PING method, which
obtains the response time of the connected server by sending
the uploaded data packet and receiving the upload packet
response time. PING request packet in the send data upload
will first send sequence number order and a responsemessage
also marked the corresponding sequence and then through
the observation of the PING response message packet to
detect the link, such as packet loss, packet duplication, and
wrong sequence data transmission delay estimation.

We upload the village environment over several tests
(beginning at 10 a.m.). For each test we send an ICMP packet
for a total of 240. The 3G/4G wireless bandwidth rate is
120–720 kbps (the urban 3G/4G wireless bandwidth rate is
about 960–2400 kbps). The TCP transmission rate is similar
to the 3G/4G bandwidth rate (Table 1).

In the data upload test, the maximum delay time of
uploading data packets is 15205.6 ms, and the average delay
time is 3638.6 ms. The data upload basically meets the
requirements of real-time data upload. When the network
bandwidth is 120–720 kbps, the average packet loss rate of
3G/4G network is 4.334%. In addition, from the data upload
test results, it seems that the communication environment in
the village area is relatively poor.

3.2. Data Compression and Decompression Test. Based on the
established vehicle terminal, the 3G/4G network, and the
background server system, the collected on-board informa-
tion is compressed, transmitted, and tested. We compare the
results of compressed data transmission and compressed data
transmission. The main evaluation parameters of the data
compression effect are compression rate and transmission
time. Compression rate is one of the most important indica-
tors to measure the quality of a data compression algorithm.
It is an intuitive measure of the degree of data compression.
Running time indicates the complexity of the algorithm. The
combination of these two indicators can allow us to further
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Table 1: Data upload test results.

Serial number\test item maximum PING minimum PING average PING Receiver number Packet loss Packet loss rate
1 (Upload: 240) 13322 ms 1551 ms 3216 ms 231 9 3.75%
2 (Upload: 240) 15438 ms 1194 ms 3310 ms 228 12 5.00%
3 (Upload: 240) 16675 ms 2015 ms 3972 ms 225 15 6.25%
4 (Upload: 240) 16225 ms 1098 ms 3786 ms 230 10 4.17%
5 (Upload: 240) 14368 ms 1227 ms 3909 ms 234 6 2.50%

improve communication efficiency. The transmission error
rate is the ratio of the parsed data (including decompression
data) to the length of the data before compression when the
server receives the text data; the transmission loss rate is the
ratio of the number of data packets that the server does not
receive to the number of data packets sent by the vehicle
terminal.

Table 2 presents the comparison of the test results of
compressed transmission using four kinds of algorithms:
original text data, Huffman encoding, LZW, and maximum
entropy neural network combined Huffman coding. In accor-
dancewith requirements of data acquisition and transmission
technology, we use 15 s, 10 s, and 5 s data acquisition
cycles; acquisition time of 300minutes, the acquisition of the
customized public transit vehicle operating status data as test
data source, and the original data and the data transmission
through the centralized algorithm results are compared.

We get the best test results when the maximum entropy
neural network is combinedwithHuffman encoding technol-
ogy and the data acquisition cycle is 15 s. The experimental
results further verify that the transmission mode with less
data and shorter transmission time can achieve a lower
transmission error rate and packet loss rate. The maximum
entropy neural network combined with Huffman encoding
technology has less computation and higher compression effi-
ciency. It is suitable for data transmission in urban villages or
suburban areas. For the LZW algorithm, while the algorithm
in the global or local correlation data has better compression
efficiency, but between the vehicle operating state data field
correlation is relatively low, resulting in limited application.
The compression efficiency of the LZW algorithm is worse
than that of the maximum entropy neural network combined
with the Huffman encoding algorithm. In order to improve
the real-time application efficiency of vehicle status data, it
is necessary to avoid the need for real-time transmission
of state data and occupy a large amount of memory and
data transmission channels. The test of data compression
and transmission by screening and identification is shown in
Table 3.

The experimental results show that the transmission error
rate and the packet loss rate are low when the original data is
not compressed, and their impact on the actual operation is
within the acceptable range. Using Huffman encoding, LZW,
maximum entropy neural network combined with Huffman
encoding algorithm, and maximum entropy neural network
combined with Huffman encoding can achieve a relatively
high compression rate, relatively low transmission error rate

and packet loss rate, and better overall results than the other
methods.

The data were screened after compression and transmis-
sion; data which need to be sent will be greatly reduced,
and the transmission mode greatly compressed real-time
data transmission to ensure data transmission and real-
time applications. Moreover, data transmission error rate
and packet drop rate decreased. In addition, from the text
data acquisition cycle, it can be seen that the smaller the
text data sampling cycle, the closer the adjacent data, and
the higher the compression rate obtained by various algo-
rithms, especially when the data is highly correlated. The
system’s communication efficiency can be greatly improved
and communication costs can be greatly reduced through the
correlation operation.

In order to further verify the efficiency of the text data
compression algorithm, this paper compares the restored
compressed text datawith the original text data.The exchange
of data with the maximum entropy neural network and
Huffman encoding technology and data compressionmethod
to compress the data. The original data file and the com-
pressed data file are sent to the server through the 3G/4G
wireless network. Before and after compression, the data is
transmitted to read the data files received by the server and
then decompress and reverse quantization. It should be noted
that the speed test data used is the driving data of a passenger
bus running in a continuous state for four days.Thepassenger
bus data is acquired over an average period of 10 s, and the
speed of data is generated during the period for a total of
12361 (the theory of value should be 12600; in the process of
data collection due to various reasons, there are 239 wrong
or lost, no samples). The speed change curve before data
compression is shown in Figure 1. After data decompression,
the speed change curve is as shown in Figure 2. The abscissa
in Figures 1 and 2 shows the speed data acquisition time
order, and the ordinate indicates the velocity values. Figure 3
presents a comparison of the error values before and after
the data compression, an abscissa representation, the data
acquisition time sequence, and the ordinate indicating the
difference between the decompressed velocity value and the
precompression velocity value.

We can see from Figures 1–3 that, after compression,
transmission, parsing, decompression, storage, the data is
basically consistent with the compression before trans-
mission. Coding, compression, and other data processing
techniques meet the requirements of practical applications.
In order to accurately describe the data difference before
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Table 2: Data compression test results.

SN Algorithm type
Data

acquisition
cycle (s)

Compressed
transmission
data length

(kb)

Compression
ratio

Transfer time
(s)

Transmission
error rate

Packet loss
rate

1 Original 15 824.56 0.00% 72.66 3.36% 5.52%
2 Original 10 1,478.83 0.00% 142.35 3.84% 5.94%
3 Original 5 2,578.57 0.00% 265.39 3.59% 5.04%
4 Huffman encoding 15 423.22 48.67% 33.37 2.87% 4.54%
5 Huffman encoding 10 752.48 49.12% 75.54 2.79% 4.78%
6 Huffman encoding 5 1,314.65 49.02% 127.88 2.98% 5.17%
7 LZW 15 371.38 54.96% 29.78 2.67% 4.54%
8 LZW 10 653.11 55.84% 67.76 2.61% 4.61%
9 LZW 5 1,156.83 55.14% 112.39 2.80% 4.32%

10 Maximum Entropy NN
combined Huffman coding 15 336.43 59.20% 27.76 2.42% 3.35%

11 Maximum Entropy NN
combined Huffman coding 10 613.43 58.52% 61.35 2.32% 3.42%

12 Maximum Entropy NN
combined Huffman coding 5 1,043.41 59.54% 103.41 2.34% 3.65%

Table 3: Screening data compression test results.

SN Algorithm type
Data

acquisition
cycle (s)

Screened
compressed
transmission
data length

(kb)

Compression
ratio

Transfer time
(s)

Transmission
error rate

Packet loss
rate

1 Original 15 746.65 0.00% 76.51 3.43% 3.76%
2 Original 10 1,303.34 0.00% 124.76 3.54% 3.81%
3 Original 5 2,234.58 0.00% 231.22 3.65% 3.93%
4 Huffman encoding 15 342.32 54.15% 30.21 2.78% 2.56%
5 Huffman encoding 10 593.24 54.48% 54.78 2.98% 2.47%
6 Huffman encoding 5 1,009.51 54.82% 98.05 2.88% 2.74%
7 LZW 15 322.54 56.80% 28.90 2.56% 2.09%
8 LZW 10 565.45 56.62% 50.87 2.62% 2.16%
9 LZW 5 978.83 56.20% 99.08 2.64% 2.22%

10 Maximum Entropy NN
combined Huffman coding 15 300.78 59.72% 26.78 2.15% 1.89%

11 Maximum Entropy NN
combined Huffman coding 10 512.65 60.67% 47.87 2.19% 1.92%

12 Maximum Entropy NN
combined Huffman coding 5 908.29 59.35% 90.78 2.20% 1.90%

and after compression and the transmission of text data,
this paper uses the mean square deviation to distinguish
data before and after compression and transmission. The
mean square deviation before and after data compression
and transmission is only 0.2314, which is in a reason-
able range. The main reasons for data deviation are that
data is lost and that data cannot be parsed during data
transmission.

In the 12600 speed data sent by the vehicle terminal, 12361
data can be accurately parsed. Accurate transmission and

parsing of the data ratio of 98.10%; this basically meets the
actual application requirements.There are 239 errors, lost and
no data collected. The sample contains 59 erroneous data,
accounting for 0.47% of the total data, loss of data 134, packet
loss rate, accounting for 1.06% of the total data.Moreover, due
to various reasons, there is no data acquisition of 46, which
accounts for 0.37% of the total data. The experimental results
show that the algorithm has high compression efficiency and
transmission integrity and can meet the practical application
requirements.
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Figure 1: Velocity curve before data compression.
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Figure 2: Velocity curve after data decompression.

4. Conclusions

The text information collection types (including position
information) using the maximum entropy probability neural
network prediction model combined with the optimization
of Huffman encoding technology realize data transmission
and finally realize the analysis of receiving, decompression,
vehicle information, and storage. The algorithm is efficient
according to the test results.The accurate transmission of data
and analysis of the proportion of 98.10% basically meet the
requirements of practical application. At the same time, the
algorithm plays an important role in improving the efficiency
of text data wireless transmission, reducing the cost and time
of data transmission, and is of great practical significance for
the base station deployment, the mode of communication
and use, etc. The data compression method mentioned in
this paper is reliable in transmission and results in very
little distortion. It can provide reliable data transmission
for urban environments with different base station coverage.
Furthermore, it can improve the transmission efficiency of
text information from vehicles and ensure the integrity of
this text information. Moreover, realizing energy saving and
emission reduction in transportation industry development
is of great significance.

Data Availability

All the data in this paper are collected from the authors in the
actual application environment. The original environmental
communication data originate from the original data gener-
ated by vehicle mounted mobile routing equipment. The data
could not be used and could not be accessed. The reason is
the data channel is built by China Unicom. We signed a data
utilization agreement with China Unicom. The agreement
stipulates that no data or services can be provided to third
party organizations or individuals.
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To achieve fast and accurate adjustment of robotic fish, this paper proposes state prediction model based on the extreme learning
machine optimized by particle swarm algorithm. The proposed model can select desirable actions for robotic fish according to
precisely predicted states, “adjusting position” or “pushing ball” defined herein. Specifically, the extreme learning machine (ELM)
is leveraged to predict the state of robotic fish, from the observations of current surrounding environment. As the outputs in ELM
are varying with the randomly initialized parameters, particle swarm optimization (PSO) algorithm further improves the accuracy
and robustness of the ELM by optimizing initial parameters.The empirical results on URWPGSim2D simulation platform indicate
that the robotic fish tends to carry out appropriate actions using the state prediction model so that we can complete the game
efficiently. It proves that the proposed model can make best use of the real-time information of robotic fish and water polo and
derive fulfilling action strategy in various scenarios, which meet the requirements of motion control for robotic fish.

1. Introduction

With the rapid development of marine science and tech-
nology, underwater robot is applied widely and prevalently
in various occasions. The simulation study of underwater
robot is becoming one of hot issues in its research fields
[1]. In recent years, robot contests are burgeoning in many
countries around the world so that the new ideas and
progress of robot research can be sufficiently propagated
[2]. Against this background, Peking University along with
several universities and research institutes established the
URWPGSim2D platform, exclusively focusing on simulation
research for underwater robots.The platform takes the fish as
the simulation object and bionic water as the environment.
It builds a real-time simulation system for robotic water polo
match under water [3, 4].

Based on the simulation with URWPGSim2D platform,
the essential operation on the robotic fish is accurately shift-
ing it to specified location so as to complete more complex
tasks in the dynamic environment. However, underwater
robots differ greatly from traditional mobile robots in terms
of dynamic characteristics, basic motion control methods,
and the broadness of work. Specifically,

(1) the disturbance in water environment is generally
existed, as the fish whirls while swimming and water generate
resistance on the fish, leading to the difficulty for robotic fish
to keep a straight line when swimming;

(2) robotic fish cannot be swerved like a mobile robot
and its emergency braking performance and fast steering
performance are obviously weaker; i.e., the control delay is
severe [5];

(3) the real-time requirement is exceedingly high, because
the robotic fishmust perform the action at a certain speed and
has no chance waiting for the decision result for a long time.

Since the resistance in the water is small, the robotic fish
still shift along the travel direction, even if the fish itself has
stopped swinging. This situation is constantly disturbing the
decision-making process.Therefore, it is very difficult for the
robotic fish and water polo to stabilize at a certain point in
the water, and it is very disturbing for the robotic fish to
accurately push the water polo to the target point.

Yu et al. proposed the point-to-point control algorithm
for robotic, the purpose of which is to eliminate the initial
direction error and distance error between the current
and target position [6]. However, because of the uncertain
conditions in the environment and the water interference
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exerting on robotic fish, the control effect of robotic fish is
not ideal. So far most of the research results focus on the
path planning of single fish considering obstacle avoidance or
heading ball target. Zhao et al. propose an offensive strategy
based on a virtual tangent circle for robotic fish competition
[7]; Gao et al. propose a method for path planning of robotic
fish balls based on fuzzy logic and geometry [8]; Xie et al.
propose fuzzy control based steering control algorithm [9].
Guo et al. propose several path finding and path planning
methods for smart agents, which consider the criterion of
‘faster’ or ‘arriving on tome’ in the route optimization [10–14].
In terms of robustness research, ke haokang also proposed
the corresponding stability path planning strategy [15].These
traditional strategies are complex, and a slight carelessness
will make the control conditions affect each other and lead
to control errors. Therefore these algorithms are not entirely
suitable for robotic fish and need further improvement.
Chai proposes a method for robotic fish path planning
based on genetic algorithm [16]. He exploits grid method to
divide the working space of robotic fish and fully considered
the influence of underwater environment on robotic fish.
However, the algorithm also has the following defects: if the
grid is coarse, the precision is low; if it is finely divided, the
amount of grid data is too large so that the limitations of the
action decision are caused.

To solve the above shortages, this paper present a motion
control algorithm based on the extreme learning machine
(ELM) optimized by particle swarmoptimization (PSO) algo-
rithm [1, 3, 4]. Learning from the environmental information
around the robotic fish, the proposed algorithm determines
the current position of robotic fish and then chooses the
suitable action strategy according to the position. Extreme
learning machine [17] belongs to neural network learning
algorithm, which has been used in many fields such as iden-
tification [18], prediction [19], and medical diagnosis [20].
The advantage of the ELM is “once for all”, meaning that the
output weights of the model can be directly calculated by the
random input weights and the bias. However, as the network
is randomly initialized every time, the final learned weights
are not exactly the same when the training is terminated,
causing that the errors of the training are also not exactly
the same (roughly the same).Therefore, the PSO algorithm is
introduced to optimize the extreme learning machine, so that
the predicted result is unchangeable. The empirical results
show that the motion control algorithm based on the extreme
learning machine optimized by particle swarm optimization
algorithm can achieve desirable swimming path for robotic
fish and improve the control effect of robotic fish.

In this paper, we research the competition strategy for
the “Underwater Transport” project on URWPGSim2D plat-
form.

2. Algorithm Introduction

2.1. Single Hidden Layer Feedforward Neural Network (SLFN).
Single hidden layer feedforward neural network (SLFN) has
strong learning ability [21]; it can approximate the complex
nonlinear function and solve the problem that the traditional
parameters cannot solve. The configuration of SLFN literally
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Figure 1: An illustration of single hidden layer neural network
model.

includes input layer, hidden layer (also known as intermediate
layer), and output layer. Each layer consists of a number
of simple neurons in parallel operations, which are fully
connected to those of the neighbour layer, and the neurons in
the same layer are not connected. An illustration of the SLFN
configuration is shown in Figure 1.

From the perspective ofmathematics, the standard SLFNs
model is expressed as

�̃�

∑
𝑖=1

𝑔 (𝑤𝑖 ⋅ 𝑥𝑗 + 𝑏𝑖) 𝛽𝑖 = 𝑜𝑗, 𝑗 = 1, 2, . . . ,𝑁 (1)

where 𝑤𝑖 denotes the weight matrix between the input layer
and the hidden layer; 𝑏𝑖 is the bias vector; 𝛽𝑖 is the weight
matrix between hidden layer and output layer; 𝑜𝑗 is the actual
output vector; 𝑔(⋅) is the activation function; N is the total
number of training samples; �̃� is the number of hidden layer
units; 𝑤𝑖 ⋅ 𝑥𝑗 means the inner product of 𝑤𝑖 and 𝑥𝑗.

Generally, standard SLFNS model can approximate N
samples with zero error such that

�̃�

∑
𝑖=1

𝑜𝑗 − 𝑡𝑗
 = 0 (2)

which implies the existence of w and b to satisfy

�̃�

∑
𝑖=1

𝑔 (𝑤𝑖 ⋅ 𝑥𝑗 + 𝑏𝑖) 𝛽𝑖 = 𝑡𝑗, 𝑗 = 1, 2, . . . , 𝑁 (3)

With the representation by matrix, (3) can be written in a
compact fashion as

𝐻𝛽 = 𝑇 (4)

where 𝑇 ∈ 𝑅𝑁×𝑚, 𝛽 ∈ 𝑅�̃�×𝑚, and 𝐻 = 𝐻(𝑊, 𝑏) = (ℎ𝑖𝑗)𝑁×�̂�,
where ℎ𝑖𝑗 = 𝑔(𝑤𝑖 ⋅ 𝑥𝑗 + 𝑏𝑖)

At present, BP algorithm is the most mature and most
popular algorithms for feedforward neural networks [22].
The main idea under the algorithm is reducing the expected
error between predicted output and the actual results (i.e.,
gradient descent method) to train the network, and the
connection weights of the network are adjusted to reduce the
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error [23]. BP network has strong fitting ability for nonlinear
relation, fault-tolerant ability and precise searching ability.
However, at the heart of it is gradient descent method, so it
has the following flaws:

(1) If the learning rate of algorithm is too low, the
convergence speed decreases; otherwise learning rate is too
high to result in divergence.

(2) The BP algorithm may cause the feedforward neural
network to be over trained, weakening the generalization
ability, and finally get a poor trained network. Therefore, the
results should typically verified.

(3) If the cost function is nonconvex, the BP algorithm
may generally converge to a local minimum solution.

(4) In most practical applications, the gradient based
learning algorithms need to consume a large amount of
computation time.

2.2. Extreme Learning Machine (ELM). Single hidden layer
feedforward neural network (SLFN) has two prominent
abilities:

(1) It can fit complex mapping function directly from the
training samples.

(2) It easily provides models for natural or artificial
phenomena, which is intricate for traditional classification
parameter technology to deal with.

The single hidden layer feedforward neural network is
lack of fast learning method. To solve this problem, Huang
et al. conducted an in-depth study of the single hidden layer
feedforward neural network, and then he put forward and
proved two theories [24].

�eory 1. Given a standard SLFN with n-L-m structure and
a set of training samples {𝑥𝑗, 𝑡𝑗}𝑁𝑗=1, 𝑥𝑗 ∈ 𝑅𝑛, 𝑡𝑗 ∈ 𝑅𝑚, if the
excitation function 𝑔 : 𝑅 → 𝑅 is infinitely differentiable in
any region, then for arbitrary interval in the 𝑅𝑛 and R space,
random generation of 𝑤𝑖 and 𝑏𝑖 from arbitrary continuous
probability distribution has the following:

(1) The reversible probability of hidden layer response
matrix H is one.

(2)The probability of ‖𝑇 − 𝐻𝛽‖𝐹 = 0 is one.

�eory 2. Given arbitrary small positive number 𝜀 > 0, a
standard SLFN with n-L-m structure, and a set of training
samples {𝑥𝑗, 𝑡𝑗}𝑁𝑗−1, 𝑥𝑗 ∈ 𝑅𝑛, 𝑡𝑗 ∈ 𝑅𝑚, 𝑡𝑗 ∈ 𝑅𝑚, if the
activation function 𝑔 : 𝑅 → 𝑅 is infinitely differentiable
in any region, then for random generated 𝑤𝑖 and 𝑏𝑖 from
arbitrary continuous probability distribution within arbitrary
interval in 𝑅𝑛 and R space, there is 𝐿 ⩽ 𝑁 making the
probability of ‖𝑇 − 𝐻𝛽‖ ≤ 𝜀 equal to one.

As a matter of fact, a plenty of experimental results
validate that adjusting the input weights and the bias vector
𝑤𝑖 and 𝑏𝑖 cannot yield any benefits. In 2006, Huang et
al. put forward the extreme learning concepts of feedfor-
ward neural networks and introduce the basic principle in
detail. Extreme Learning Machine (ELM) [25] is a special
type of single hidden layer feedforward neural network
(SLFN) with only one hidden node layer [26]. It was later
extended to general SLFN, and its hidden node is similar to
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Figure 2: An illustrative network structure of extreme learning
machine.

neurons. The basic components of the ELM are shown in
Figure 2.

Given the input data X, the output of the network is
∑�̃�𝑖=1 𝑔(𝑤𝑖 ⋅ 𝑥𝑗 + 𝑏𝑖)𝛽𝑖. When the number of hidden units
is the same as that of training samples and matrix H is
reversible, then (4) has a unique solution. However, in most
practical situations, the number of hidden units is far less
than training samples. According to Bartlett theory, extreme
learningmachine can obtain theminimumerror solution and
good generalization, with least square method to calculate
the output weights. Specifically, when w and b are fixed, it
is equivalent to calculate the least square solution of linear
system in (4), such that

𝐻 ⋅ 𝛽 − 𝑇 = min
𝛽

𝐻 ⋅ 𝛽 − 𝑇 (5)

𝛽 = 𝐻+𝑇 (6)

where 𝐻+ is the Moore-Penrose generalized inverse of H.
The minimum norm least square solution is unique, so that
the training error reaches the minimum. That is to say, for
the randomly assigned weight and bias vectors, the weights
of the output layer can be obtained by solving the least
square solution of the linear equation, as long as the number
of hidden layer neurons is appropriately set up. The ELM
algorithm is detailedly described as follows.

Step 1. It specifies the training sample set {𝑥𝑗, 𝑡𝑗}𝑁𝑗−1, number
of hidden nodes L, and the excitation function 𝑔(⋅).

Step 2. Input weight and bias vectors 𝑤𝑖, 𝑏𝑖, 𝑖 = 1, . . . , 𝐿 are
randomly generated.

Step 3. The response matrix H of the characteristic of the
training sample in the hidden layer is calculated.

Step 4. It is calculated according to (4).

When 𝛽 is derived, a single hidden layer feedback neural
network is completed. For an unknown test sample X, we can
use a single hidden layer feedback neural network to predict
its label, following the formula as follows:
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𝑓𝐿 (𝑥) = ℎ (𝑥) 𝛽 (7)

where h(x) is the response of the hidden layer of neural
network for X.

The ELM algorithm ignores adjustment of the input
weight and bias vectors and the choice of parameters is
simple. Therefore the iteration is not required during the
whole training process so as to significantly improve the
training speed. The most prominent advantage of ELM
algorithm is its high efficiency. At the same time, the ELM
algorithm overcomes the limitations of local optimization
and over fitting typically existing in gradient algorithm (such
as BP algorithm), so that the better results are well guaranteed
[27].

2.3. Particle Swarm Optimization Algorithm (PSO). Particle
swarm optimization (PSO) algorithm was proposed by the
American scientist Kennedy and Eberhart in 1995.The initial
idea is originated from the simulation of a biological and
social system [28]. After repeated theoretical and experimen-
tal validation, the researchers found that the PSO algorithm
can be used as a new and efficient global optimization
method. The main optimization strategy can be described as
food search by a flock of birds. Assuming there is only one
piece of food in this area, the birds are randomly searching for
food. In the very beginning, all the birds did not know where
the food was, but they are becoming aware of which bird is
nearest to the food and the location at which they were once
closest to the food. According the above two information,
each bird is trying to determine the flight direction for food
search.

Inspired from the procedure above, PSO algorithm is put
forward to solve various optimization problem. We can take
the birds foraging process as an optimization problem, in
which the position of each bird is considered as a potential
solution to the problem, corresponding to the position of the
particles in the n-dimensional search space [29]. Regarding
the food as the optimal solution to the problem, when the
food is discovered, it is equivalent to search for the optimal
solution. In the iterative process, all particles are estimated
by a function to measure their fitness values. Each particle
modifies the subsequent direction and distance of its flight
according to the following information:

(1) Its current position.
(2) Its current speed.
(3) The distance between its current position and its

historical optimal position.
(4) The distance between its current position and the

historical optimal position of the bird flock.
In particular, the procedure of PSO algorithm is listed as

follows.

Step 1. It initializes a group of random particles (Population
sizeM), with randomly initialized position X and the velocity
V in the range allowed, and specifies the inertia weight w,
learning factors 𝑐1, 𝑐2, 𝑒𝑡𝑐.

Step 2. It calculates the initial fitness value of each particle
Ifitness, with the best fitness value of the Ifitness set as the
global initial fitness Gfitness.

Step 3. Thefitness value of each particle is comparedwith that
of its best historical position Ibest. If it is better, it will be the
optimal value in the particle’s history. Accordingly the best
position of the individual history is updated by the current
position. Otherwise, it stays the same.

Step 4. Thefitness value of each particle is compared with the
fitness value of the historical optimal position of the bird flock
Gbest. If it is better, then it will be the global optimal value of
the particles’ history. Otherwise, it stays the same.

Step 5. The velocity and position of the particle are updated
according to formula equations (8) and (9)

V𝑖 = 𝑤 × V𝑖−1 + 𝑐1 × (𝑃𝑏𝑒𝑠𝑡 − 𝑥𝑖−1) + 𝑐2

× (𝐺𝑏𝑒𝑠𝑡 − 𝑥𝑖−1)
(8)

𝑥𝑖 = 𝑥𝑖−1 + V𝑖 (9)

Step 6. If the fitness value is good enough or the maximum
number of iterations is reached, then stop; otherwise, return
to Step 2.

3. ELM for Decision-Making of Robotic Fish

In the simulation competition of robotic fish, the main
research falls on how to make the robot fish complete given
tasks in a dynamic environment, where path planning and
action are essential to complete the task. The motion control
is the key module to control the movement of the robotic
fish in the water according to the predetermined trajectory.
It ensures accurate implementation of the game strategy. In
other words, the quality of the action control will directly
affect the task completion of robotic fish.

3.1. Action Decision

3.1.1. Determination of Hitting Point. Whenmoving the water
polo, the robotic fish should select an action strategy based on
surrounding environmental information. If the water polo is
between the fish and landmark, the fish should take the water
polo to the landmark. We define this process as “pushing
ball”. If the fish is between the water polo and landmark, or
if the landmark is between water polo and fish, the robotic
fish need to adjust its position at first until it reaches the
“pushing ball” state and then it begins to push the water polo.
We define this process as “adjusting position”. In the classic
action decision strategy for robotic fish, if the robotic fish is
located between the water polo and the landmark, especially
when the three are in the same line, the robotic fish will push
the water polo away from the landmark.This will increase the
time of target completion and may even lead to the failure of
the game, which is shown in Figure 3.

From the above analysis, this paper chooses the hitting
point and action strategy based on the current environmental
information surrounding the robotic fish. The main idea of
the strategy is shown in Figure 4.The centers of landmark and
water polo are connected and the line intersects with water
polo at the distant point P. Then the perpendicular of the line
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Figure 3: An illustration of the classic action decision strategy.

Figure 4: Determination of hitting point.

is drawn through the center of the water polo, so the field is
divided into I, II, III, and IV four regions. Taking P as the
center and the diameter of water polo as the radius, a circle is
drawn. The circle intersects with the previous perpendicular
at Point A and B.On the top of these definitions, if the robotic
fish is in the I area, A is the hitting point; if the robotic fish is
in the II area, B is the hitting point; if the robotic fish is in the
III or IV area, P is the hitting point.

3.1.2. Determination of the State. In order to determine the
correct action for robotic fish, it is necessary to determine
the state of the robotic fish, i.e., “pushing ball” or “adjust-
ing position”, according to the surrounding environmental
information. This can be expressed as a classification process
in which the categories include the four regions I, II, III,
and IV as defined above. In order to make the classifica-
tion more accurate, firstly we need to abstract the biggest
factors affecting the robotic fish position. Obviously, we
can determine the location of the robotic fish according to
the coordinates of robotic fish, water polo, and landmarks.
For the computer, the information expressed by these three
coordinates is not enough to determine the fish’s location
accurately. Additionally, three coordinates mean that there
are six model parameters, and it will definitely increase the
complexity of algorithm and consumes more computation
time.

In this paper, to accurately describe the location informa-
tion of the robotic fish, we use slope and distance to determine

Figure 5: Determine the robotic fish position.

the position of the robotic fish as shown in the Figure 5, 𝜃1
and 𝜃2 are the slope of the water polo and the robotic fish,
respectively, and 𝑑1 and 𝑑2 are the distance from the water
polo and the robotic fish to the landmark. Let 𝜃 = 𝜃1−𝜃2, and
d is defined as the projection of OB on OA, i.e., 𝑑 = 𝑑2 cos 𝜃.
If D=1(-1), 𝑑 > 𝑑1 (𝑑 < 𝑑1). The location of the robotic fish
can be determined by the relation between 𝜃 and D, such that
one has the following:

(1) When 𝜃 > 0, the robotic fish locates in area I or IV
area. Obviously, if 𝜃 > 90∘, the robotic fish locates in the area
I; if 𝜃 < 90∘ and 𝐷 < 0, it locates in the area I; if 𝜃 < 90∘ and
𝐷 > 0, it locates in the area IV.

(2) When 𝜃 < 0, the robotic fish locates in area II or III
area.Therefore, if 𝜃 < −90∘, the robotic fish locates in the area
II; if 𝜃 > −90∘ and 𝐷 < 0, it locates in the area II; if 𝜃 > −90∘
and 𝐷 > 0, it locates in the area III.

By introducing 𝜃 and 𝐷, the location of robot fish can
be more accurately described. Furthermore, the number of
characteristic parameters is decreased yielding the reduced
computation time.

3.2. �e ELM Optimized by PSO Algorithm

3.2.1. �e Basic Ideas of the Algorithm. According to the
previous analysis, the robot fish has four position states,
and each position state corresponds to one category. So we
can simply define the label of these four categories as 1, 2,
3, and 4. Because of 𝜃 and D we can accurately describe
the environmental information around the robotic fish; in
the ELM based action decision model, parameters consist
of labels 𝜃 and D. Therefore, the purpose of action decision
model is to determine the decision function which repro-
duces the relationship among labels 𝜃 and D. Nevertheless,
the network is randomly initialized every time, so the error of
each training is not exactly the same, causing that the trained
weights are not exactly the same (roughly the same). That
means the results after each training are slightly different.
To solve this problem, the network will be saved every time
we find a better result, so that the predicted results will
not change. For the above shortages, this paper proposes
PSO algorithm to optimize ELM and to search for best
initial network to make the predicted results unchanged and
optimal [29].
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3.2.2. Algorithm Implementation. Neural network and PSO
algorithm are two different optimization algorithms. They
show different optimization characteristics and are suitable
for different optimization problems. However, these two
kinds of optimization methods are both developed by simu-
lating or revealing some natural phenomena or processes, so
there must be some similarities between them [30]. Thus it is
possible to combine their strengths to build a more effective
optimization method.

When PSO is adopted to optimize the ELM, the position
of each particle in the particle swarm corresponds to the
input weight and bias vectors of the ELM [31]. After the
output weights of the ELM calculated by a given training
set, the output error of a given test set is calculated based
on the output weight. The output error is used as the fitness
value, and the smaller error indicates the particles have better
performance in the search. The error of the output layer
of the network is minimized by moving the particle in the
weight space, namely, updating the weight of the network.
In this way, PSO algorithm optimizes the input weight and
bias vectors of the ELM to obtain a smaller error.The particle
with the smallest error in each iteration is the global optimum
particle so far.The training process is repeated until the error
is small enough to meet the requirement or the number of
iterations is reached [32]. When the algorithm terminates,
the set of weights is the final results. The proposed algorithm
with PSO algorithm optimizing ELM is implemented as
follows.

Step 1 (initialization of ELM). We set the number of neurons
for the input layer, hidden layer and output layer in the
network.

Step 2 (initialization of the particle swarm). By setting the
maximum and minimum velocity, Vmax and Vmin, of the
particle, respectively, the velocity of each particle is randomly
generated within the interval [Vmax, Vmin]. The parameters
like the inertiaweightw, learning factor, and iteration number
are also initialized.

Step 3 (fitness calculation for each particle). The output value
of a network is calculated based on the ELM to derive the
error. In the same way, errors of all particles are calculated.
These errors are regarded as the fitness of particles. When
using the extreme learning machine to calculate the fitness,
the activation function of each neuron is hardlim.

Step 4 (termination test). If the algorithm reaches the maxi-
mum number of iterations or the particle fitness value is less
than a specified value, algorithm proceeds to Step 7, or it goes
to Step 5.

Step 5 (updating the individual and global extremum). For
each particle, its current fitness value Ifitness is compared
with its optimal value Ibest. If Ifitness < Ibest, then Ibest =
Ifitness, and the best position of individual history is replaced
by the current position. Similarly, individual fitness value
Ifitness is compared with the global optimal value Gbest. If
Ifitness < Gbest, then Gbest = Ifitness, and the best position
of global history is replaced by the current position.

Figure 6: The field of Underwater Transport project.

Step 6 (updating the speed and position of each particle). The
velocity and position of the particle are updated according
to formula equations (8) and (9) and then judge whether the
speed and position of the particles are within the preset range.

Step 7. When the iteration stops, the optimal solution of
the problem is the learned weights and bias of ELM which
corresponds to the global extremum.

4. Empirical Results

4.1. Introduction to Game Robotic Fish Contest

4.1.1. Introduction to Platform. The underwater robot contest
held in China adopts the robot water ball 2D version
software (URWPGSim2D) as the platform for 2D simulation
competition. URWPGSim2D software provides “Local” and
“Remote” operation mode. The Local pattern used in official
matches, and this pattern only needs to start a server process
(URWPGSim2DServer) [33]. Strategy component DLL files
can load directly on the server side, and meanwhile all
strategy is calculated on the server side.The simulated field is
roughly identical with entity pool in the aspects of 2D model
definition, structure, and size ratio. The full size of the field is
3000mm∗2000mm, as shown in the Figure 6. In this paper,
we take the field geometry center as the origin of coordinate.
The right direction is defined as the X axis positive direction,
and the Z axis positive direction points down. Based on X
axis positive direction, clockwise 180 degrees is 0 to -𝜋, and
anticlockwise 0 to -𝜋 [34].

4.1.2. Game Rules. TheUnderwater Transport is participated
by a team, each team has two robotic fish, six types of water
polo, and six circular landmarks. The Underwater Transport
competition project adopts standard venue, the robotic fish,
and other venue elements, as shown in Figure 6.

In the initial state, two robotic fish are located in the left
half of the game venue; six types of water polo are numbered
from 0 to 5, following the order from left to right, from top to
bottom. The left half of the venue has white landmarks, with
corresponding number.

When the game starts, the robotic fish push the polo to the
corresponding landmarks. When the ball is shifted into the
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Table 1: The performance comparison of three models.

Algorithm Number of Iteration Number of neurons Average time[s] Accuracy
BP 1000 160 32.502347 0.9364
ELM 1 250 0.411309 0.9894
ELM optimized by PSO 6 250 2.027528 1

corresponding landmark (the radius of landmark is 80mm),
the team obtains scores. The total game time is 10 minutes.

Every time polo is successfully pushed to the correspond-
ing landmark, one score is counted and the current spent
time is recorded. The repeated push to the same position has
no scores. Until all 6 balls are pushed to the landmarks, the
game is finished and the remaining time is recorded.When all
teams finish their games, the team with the highest recorded
score wins. If the same scores exist, the team with less time
wins. This project involves many entities and objectives, so
the strategy is complex and flexible [35].

4.2. �e Determination of Robotic Fish State. In this paper,
for the “Underwater Transport” project with URWPGSim2D
platform, we establish the motion control model for robot
fish separately based on the BP neural network, the ELM,
and the proposed model, i.e., ELM optimized by PSO. Then
we discuss the advantages and disadvantages of these three
models.

The learning accuracy of BP neural network is affected
by the number of hidden layer, the number of neurons in
each layer, and the number of iterations. In contrast, the
learning precision of ELM depends on the randomly initial-
ized parameters and the number of neurons in the hidden
layer; the exact ELM model contains hundreds of hidden
layer neurons. Considering the BP neural network and ELM
belong to the network category, these two algorithms will face
a common problem that is how the number of neurons in the
hidden layer should be determined. At present, there is no
scientific model or formula, so the experience is more or less
drawn to solve practical problems.

In this paper, we need to determine the optimal hidden
layer neurons of the ELM and the single hidden layer BP
neural network for robot fish motion control. And they
are determined by trial and error. In our experiment, they
are obtained by the MATLAB simulation test. 500 training
sample data and 100 test data were used, and the number of
hidden nodes tested is 100, 150, 200, 250, 300, 350, and 400.
The results are shown in Figure 7. It is shown that when the
number of hidden layer neurons in the ELM is 250 and the
number in the single hidden layer BP neural network is 160,
the learning accuracy of these two models is relatively high.
They can accurately locate the robotic fish and provide a good
basis to decide actions for robotic fish. It is observed that
above results are valid for our model.

Based on the above result, we further build the models
by BP neural network, ELM, and ELM optimized by PSO
algorithm. The three models are all three-layer networks.The
number of neurons in the input and output layer are 2 and
1 for each network. The number of neurons in the hidden
layer is 160, 250, and 250, respectively. The particle swarm
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Figure 7: The results with different numbers of hidden neurons in
ELM.

size is 10; the learning factor is c1=c2=2.0; the inertia weight is
w=0.6; themaximum iterationnumber is 6.The experimental
results for them are shown in Table 1. The highest accuracy
value of BP and ELM is recorded in Table 1 from 600 repeated
experiments and the accuracy value of ELM optimized by
PSO is 1 all the time.

From Table 1, it can be found that the deviation of the BP
neural network is too large to search the optimal solution,
while the ELM can search the global optimal solution with
a higher accuracy and shorter time. ELM takes 0.4s because
it requires only one calculation after initializing the input
weights and biases. Therefore, the ELM is better than the
BP algorithm in terms of time and accuracy. However,
considering that the weights of the ELM, which is initialized
randomly, have a certain degree of influence on the learning
accuracy, the output weights and the training errors are not
exactly the same when the training is terminated. That is to
say, the output weight of the ELM is not always the optimal
solution, but it does not mean they get very bad results. Their
accuracy is also more than 90%. What we need to do is to
fine-tune its input weight and bias. In this paper, PSO is
introduced to find an optimal set of input weights and biases.
Its greatest function is to guide the direction in which input
weights and biases change. After using the PSO algorithm to
optimize the ELM, we can determine a set of input weights
and bias, which makes the ELM learning accuracy to the
highest. From Table 1 it can be found that, as the ELM
optimized by PSO algorithm needs to carry on 6 iterations,
it takes a little more time. However, the time consumption
is acceptable, considering the accuracy has improved to 1
and there is zero error in the experiment of robotic fish.
The maximum number of iterations is 6. Before reaching 6
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Table 2: The data of the race.

Strategy Race First half Second half

Original strategy
First race 3 1

Second race 2 2
Third race 3 2

Improved strategy
First race 0 9

Second race 0 9
Third race 2 7

Figure 8: The completion of the game by the proposed model.

iterations, the model has found a set of input weights and
biases that are good enough for fitness. Consequently, the
ELM has better performance when it is optimized by PSO
algorithm.

4.3. Competition Experiment. To verify the performance of
the proposed model, we further implement the experiment
in the competition. We use ourmodel, i.e., ELMoptimized by
PSO, to select action for robotic fish in the game. The model
is run to complete the game 20 times on the URWPGSim2D
platform; finally, the range of time for completing the game
is from 167s to 235s as shown in Figure 8. In order to verify
the optimized effect, we compare competition scores of the
proposed method with the original ELM. We record their
scores as experimental data, as shown inTable 2. It is clear that
the number of goals for our improved ELM is significantly
improved.

The robotic fish action decision strategy based on ELM
optimized by PSO algorithm is a kind of dynamic self-
organizing strategy; itmakes a decision in real time according
to the current data of the dynamic variables in the platform. It
has a short execution cycle and runs the adjustment each 0.1s.
The robotic fish can be regarded as staying in a dynamic envi-
ronment; thus it is more efficient. The proposed method can
not only realize the autonomous decision-making of the hit-
ting point selection of the robotic fish, but also refine the angle
range to improve the flexibility of the robotic fish. Compared
with the classical action control strategy, our method makes
the robotic fish move fast and stable at a predetermined
location.

5. Conclusions and Future Work

The proposed method for motion control of robotic fish,
namely, the extreme learning machine optimized by particle
swarm optimization algorithm, concurrently considers the
complexity of the underwater environment and the move-
ment characteristics of the simulated robotic fish. It is the
first time that the landmark is used as the coordinate center,
and the relative position among the water polo, robotic fish,
and landmark are calculated by the slope and distance D, so
that the state of the robotic fish can be correctly determined.
Meanwhile, according to the consistency of the robot fish
movement, the extreme learning machine is exploited to
automatically select the hitting point for robotic fish. Then
particle swarm optimization algorithm further improves
the accuracy and robustness of the ELM by optimizing
initial parameters. After implementing our method on the
URWPGSim2D platform, the empirical results indicate that
it can complete the game with better performance, not only
improving the stability of the strategy, but also being able to
meet the requirements of action decision for robotic fish. As
for the real environment, we are building a physical robot
fish. After finishing, we will verify the algorithm validity.
In future, we will also further study the action control
and path planning for multiple cooperative robot fishes, by
investigating and exploring the cooperative routing solutions
from the transportation filed [36–38].
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In a complex electromagnetic environment, there are caseswhere the noise is uncertain and difficult to estimate,which poses a great
challenge to spectrum sensing systems. This paper proposes a cooperative spectrum sensing method based on empirical mode
decomposition and information geometry. The method mainly includes two modules, a signal feature extraction module and a
spectrum sensing module based on K-medoids. In the signal feature extractionmodule, firstly, the empirical modal decomposition
algorithm is used to denoise the signals collected by the secondary users, so as to reduce the influence of the noise on the subsequent
spectrum sensing process. Further, the spectrum sensing problem is considered as a signal detection problem. To analyze the
problem more intuitively and simply, the signal after empirical mode decomposition is mapped into the statistical manifold by
using the information geometry theory, so that the signal detection problem is transformed into geometric problems. Then, the
corresponding geometric tools are used to extract signal features as statistical features. In the spectrum sensing module, the K-
medoids clustering algorithm is used for training. A classifier can be obtained after a successful training, thereby avoiding the
complex threshold derivation in traditional spectrum sensing methods. In the experimental part, we verified the proposed method
and analyzed the experimental results, which show that the proposed method can improve the spectrum sensing performance.

1. Introduction

Spectrum sensing is a key step in the cognitive radio (CR)
technology [1, 2]. The main task is to quickly and accurately
detect whether the primary user (PU) is using the spectrum.
Traditional spectrum sensing methods include energy detec-
tion [3], matched filter detection [4, 5], and cyclostationary
feature detection [6]. These methods all have shortcomings.
For example, in the case of uncertain noise, the detection
performance of energy detection degrades sharply. Matching
filter detection needs to know the PU signal and noise
information in advance.

In complex electromagnetic environments, noise uncer-
tainty greatly impairs the performance of spectrum sensing

[7, 8]. Therefore, it is necessary to reduce the noise and
redundant information in the signals collected by the sec-
ondary users (SUs). The main challenge is that most of the
signals collected by the SUs are nonstationary and nonlinear.
To cope with that, traditional noise reduction methods are
proposed, including short time Fourier transform, Wigner
Ville distribution, and wavelet transform [9, 10]. However,
these methods are all based on Fourier transforms, limited
by the principle of uncertainty. Boudraa et al. proposed an
empirical mode decomposition (EMD) algorithm, which can
decompose the noise-infected signal into multiple intrinsic
mode function (IMF) components [11]. An EMD denoising
method based on continuous mean square error criterion is
proposed [12]. Through analyzing the energy abrupt point
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between IMF components, the low-order IMF component
before the mutation point is filtered out to achieve noise
reduction.

With the rapid development of information geometry, the
concept of statistical manifolds can be applied to the signal
detection problems. These problems can be transformed into
geometric problems on manifolds and then analyzed using
geometric tools, so as to indirectly solve the signal detection
problems. Liu et al. used information geometry for radar
signal detection and proposed thematrix constant false alarm
probability and a geodesic distance detector [13]. Lu et al.
applied the information geometry theory to spectrum sens-
ing and obtained the close-form expression of the decision
threshold using the matching methods, but the algorithm
has higher complexity [14]. Chen et al. added the manifold
geometry measurement and obtained the decision threshold
through simulation [15]. However, all these methods need to
derive and calculate the decision threshold, which is not only
complicated but also inaccurate.

The application of machine learning in various fields
has also attracted great interest of many researchers [16, 17].
Thilina et al. used K-means, the Gaussian mixture model
(GMM) in unsupervised learning and neural network (NN),
support vector machine (SVM) in supervised learning to
study spectrum sensing [18]. A spectrum sensing method
based on signal energy is proposed, which uses K-means to
classify these energy features. At the same time, the spec-
trum sensing performance of the algorithm under different
channel models is further analyzed [19]. A spectrum sensing
method based on dominant features and maximum and
minimum eigenvalues is proposed, and K-means and GMM
are selected to form the unsupervised learning framework
[20]. Clustering algorithm and eigenvalue-based algorithms
are also proposed. In the signal feature extraction phase, a
feature extractionmethod is proposed to increase the number
of cooperative SUs logically. Then, K-means and K-medoids
are selected as the learning framework [21].

Based on the previous studies, this paper proposes a coop-
erative spectrum sensing method based on empirical mode
decomposition and information geometry (EMDIGK), to
further improve the spectrum sensing performance in com-
plex electromagnetic environments. In the feature extraction
phase, the EMD algorithm is first used to denoise the signals
collected by the SUs, as to obtain the signal characteristics
more accurately. We introduce the order decomposition
and recombination (ODAR), interval decomposition and
recombination (IDAR) to logically increase the number of
SUs.Then, the covariance matrix of the split and recombined
signal matrix are calculated separately, and then the covari-
ance matrix is mapped onto the manifolds using information
geometry theory, and the geodesic distance on the manifold
is calculated and used as the signal feature. Then, the K-
medoids clustering algorithm is used in the training and
spectrum sensing phase. The EMDIGK method proposed in
this paper does not need to obtain the signal information
of the communication PU in advance, so it is easy to be
obtained for the labeled training data. In the experimental
part, we verified the efficacy of EMDIGK through simulation.
The experimental results show that EMDIGK successfully

improves the spectrum sensing performance in complex
electromagnetic environment.

For ease of reference, the symbols and notations used in
this paper are summarized in Table 1.

2. The Basic System Model of Cooperative
Spectrum Sensing

In the cognitive radio network (CRN), from the perspective
of a single SU, the existence of the PU signal can be defined
as a binary hypothesis as follows, where𝐻0 indicates that the
PU signal does not exist and 𝐻1 indicates that the PU signal
exists.

𝑥 (𝑛) = {{{
𝑤 (𝑛) , 𝐻0𝑠 (𝑛) + 𝑤 (𝑛) , 𝐻1 𝑛 = 1, 2, . . . , 𝑁 (1)

𝑠(𝑛) represents the signal transmitted by the PU and 𝑤(𝑛)
represents the Gaussian noise in the environment, and 𝑁
denotes the number of sampling points. Based on (1), the
detection probability (𝑃𝑑) and the false alarm probability (𝑃𝑓)
of the system can be defined as (2) and (3), respectively.

𝑃𝑓 = 𝑃 [𝐻1 | 𝐻0] (2)

𝑃𝑑 = 𝑃 [𝐻1 | 𝐻1] (3)

For a proposed algorithm, if 𝑃𝑓 remains unchanged, a
larger 𝑃𝑑 indicates better performance. Similarly, a smaller 𝑃𝑓
is desired when 𝑃𝑑 is fixed.

In CR system, spectrum sensing is usually performed in
a complex environment, and then single SU sensing is often
affected by multipath loss, shadows, and hidden terminals,
resulting in performance degradation of the entire system
[22]. In CRN, the fusion center (FC) collects the information
collected by all SUs involved in cooperative sensing and then
makes a final judgment based on this information [23–26].
The cooperative spectrum sensing system model is shown in
Figure 1.

In a CRN, we suppose that there are𝑀 SUs participating
in cooperative spectrum sensing, then the signals collected
by𝑀 SUs form a signal matrix X = [𝑥1, 𝑥2, . . . , 𝑥𝑀]𝑇, where𝑥𝑖 = [𝑥𝑖(1), 𝑥𝑖(2), . . . , 𝑥𝑖(𝑁)] represents the signal acquired
by the 𝑖-th SU.Therefore, X is a𝑀×𝑁matrix.

X = [𝑥1, 𝑥2, . . . , 𝑥𝑀]𝑇

= [[[[[[[

𝑥1 (1) 𝑥1 (2) ⋅ ⋅ ⋅ 𝑥1 (𝑁)𝑥2 (1) 𝑥2 (2) ⋅ ⋅ ⋅ 𝑥2 (𝑁)... ... d
...𝑥𝑀 (1) 𝑥𝑀 (2) ⋅ ⋅ ⋅ 𝑥𝑀 (𝑁)

]]]]]]]
(4)

3. Feature Extraction Based on EMD and
Information Geometry

3.1. Feature Extraction Model. In a complex environment, it
is first necessary to estimate the noise after EMD denoising
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Figure 1: The basic system model of cooperative spectrum sensing.
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Figure 2: The process of feature extraction based on EMD and information geometry.

to establish a representative reference point. The process of
feature extraction based on empirical modal decomposition
and information geometry is shown in Figure 2. To make the
reference point more representative, we first collect enough
noise signals, and then perform the EMD noise reduction,
DAR, and covariance conversion (as shown in the dashed
box in Figure 2). Then the Riemann mean solution method
is used to solve the Riemann mean of these covariance
matrices and is used as the reference point. Similarly, the
signalmatrix to be collected is also transformed byEMD, split
recombination, and covariance matrix. Finally, the geodesic
distances of these covariance matrices from the reference
point are calculated and used as statistical features of the
signal.

3.2. Empirical Modal Decomposition. Assuming the signal
acquired by the 𝑖-th SU is 𝑥𝑖 = [𝑥𝑖(1), 𝑥𝑖(2), . . . , 𝑥𝑖(𝑁)], and
the aim is to reduce the noise and redundant information in
the collected signal, thereby improving the overall sensing
system performance. Firstly, the EMD is used to reduce the
noise of the signal collected by the SU. EMD can adaptively

decompose any complex signal into a series of IMFs, shown
as follows.

𝑥𝑖 (𝑛) = 𝐽∑
𝑗=1

𝐼𝑀𝐹𝑗 (𝑛) + 𝑟𝐽 (𝑛) (5)

where 𝑟𝐽 represents the residual. The specific steps of the
EMD decomposition algorithm are listed as follows.

Step 1. Find all local maxima and local minima of signal𝑥𝑖.
Step 2. The cubic spline interpolation method is used to fit
all local maxima and local minima, respectively, to construct
the maximum envelope 𝑥𝑚𝑎𝑥𝑖 (𝑛) and the minimum enve-
lope 𝑥𝑚𝑖𝑛𝑖 (𝑛) and then calculate the average of 𝑥𝑚𝑎𝑥𝑖 (𝑛) and
𝑥
𝑚𝑖𝑛
𝑖 (𝑛). Therefore, the average value 𝑚1(𝑛) can be obtained

as

𝑚1 (𝑛) = 𝑥𝑚𝑎𝑥𝑖 (𝑛) + 𝑥𝑚𝑖𝑛𝑖 (𝑛)2 (6)
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Table 1: Symbols and notations.

Symbols Notations𝑤(𝑛) Gaussian noise in the environment𝑠(𝑛) The signal transmitted by the PU𝑥(𝑛) The signal received by the SU𝑁 The number of sampling points𝑀 The number of SU𝐻1,𝐻0 PU signal exists, PU signal does not exist𝑃𝑓, 𝑃𝑑 False alarm probability, detection probability,𝑥𝑖 The signal collected by the 𝑖-th SU
X a𝑀×𝑁 signal matrix𝐼𝑀𝐹𝑗(𝑛) The 𝑗-th intrinsic mode function𝑥𝑚𝑎𝑥𝑖 (𝑛) Themaximum envelope of 𝑥𝑖𝑥𝑚𝑖𝑛𝑖 (𝑛) Theminimum envelope of 𝑥𝑖𝑚(𝑛) Average value of 𝑥𝑚𝑎𝑥𝑖 (𝑛) and 𝑥𝑚𝑖𝑛𝑖 (𝑛)ℎ(𝑛) Component of 𝑥𝑖𝑟(𝑛) Residual𝑦𝑡(𝑛) Reconstructed signal𝑡 Critical point𝑥𝑖 𝑥𝑖 after EMD processing
X̃ A new𝑀×𝑁matrix consisting of 𝑥𝑖(𝑛)𝑞 The split parameter𝑠 The length of the split signal vector after splitting
YODAR, YIDAR A matrix after ODAR or IDAR
R𝑂, R𝐼 Covariance matrix of YODAR or YIDAR

𝑥 𝑥 is an 𝑛 dimensional sample
𝜃 𝜃 is an𝑚 dimensional parameter vector
Ζ A random variable Ζ
Θ Θ is the probability distribution space
R Covariance matrix corresponding to X
R𝑤, R𝑠 + R𝑤 Covariance matrix corresponding to X under𝐻0 and𝐻1
𝜃 A point on the manifold
𝜃(𝑡) Arbitrary curve between the two points𝜂𝑢 The u-th eigenvalues of the matrix R−1/21 R2R

−1/2
1𝑃 The number of environmental noise signal matrices

R𝑂𝑝 , R𝐼𝑝 The p-th noise signal covariance matrix after ODAR and IDAR𝜏 Iteration step size
V Iteration step
R𝑂, R𝐼 Riemann Mean of R𝑂 and R𝐼𝑑1, 𝑑2 Distance between the sensing signal and reference point R𝑂 and R𝐼 on the manifold
D𝑗 The j-th Geodesic distance feature vector (GDFV)
D Training set
C𝑘 The set of training feature vectors belonging to class 𝑘𝜓𝑘 Center point of C𝑘
D̂ The feature extracted under the channel of the unknown PU state
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Step 3. By subtracting 𝑚1(𝑛) from the original signal 𝑥𝑖, the
first component ℎ1(𝑛) can be obtained as

ℎ1 (𝑛) = 𝑥𝑖 (𝑛) − 𝑚1 (𝑛) (7)

Check whether ℎ1(𝑛) satisfies the conditions of the IMF. If
so, continue to Step 4; otherwise, redo Steps 1 and 2 for ℎ1(𝑛)
to obtain the envelope value𝑚11(𝑛) and then obtain ℎ11(𝑛) asℎ11 (𝑛) = ℎ1 (𝑛) − 𝑚11 (𝑛) (8)

Execute sequentially until the 𝑘-th step ℎ1𝑘(𝑛) satisfies the
conditions of the IMF, then

𝐼𝑀𝐹1 = ℎ1𝑘 (𝑛) (9)

Step 4. Subtracte 𝑥𝑖 from the 𝐼𝑀𝐹1 component, resulting in
the first residual 𝑟1(𝑛) as𝑟1 (𝑛) = 𝑥𝑖 (𝑛) − 𝐼𝑀𝐹1 (𝑛) (10)

Treat 𝑟1(𝑛) as the original signal, and repeat Steps 1∼
4 above, to obtain 𝑟2(𝑛), and so on, until 𝑟𝐽(𝑛) becomes a
monotonic function or constant.

According to the characteristics of EMD, after the original
signal is decomposed by EMD, several IMF components
and one residual are obtained. The main component of the
low-order IMF component is the high-frequency part of the
signal, which contains sharp signals and noise. The high-
order IMF component has less noise components, mainly the
low-frequency part of the signal. According to this feature,
several IMF components in the low frequency band can
be selected to reconstruct the original signal to achieve
the purpose of noise reduction. The reconstructed signal is
shown in (11).

𝑦𝑡 (𝑛) = 𝐽∑
𝑗=𝑡

𝐼𝑀𝐹𝑗 (𝑛) + 𝑟𝐽 (𝑛) (11)

In the process of selecting the IMF component of the
low frequency band, there must be a certain critical 𝐼𝑀𝐹𝑡
component, so that the IMF component after the component
is useful for the main part. Therefore, the ultimate goal
of EMD decomposition is to find the 𝐼𝑀𝐹𝑡 component of
the criticality. A continuous mean square error criterion is
proposed in [10], shown as follows.

𝐶𝑀𝑆𝐸 (𝑦𝑡, 𝑦𝑡+1) = 1𝑁
𝑁∑
𝑛

[𝑦𝑡 (𝑛) + 𝑦𝑡+1 (𝑛)]2
= 1𝑁
𝑁∑
𝑛=1

[𝐼𝑀𝐹𝑡 (𝑛)]2
𝑡 = argmin [𝐶𝑀𝑆𝐸 (𝑦𝑡, 𝑦𝑡+1)]

(1 ≤ 𝑡 ≤ 𝐽 − 1)

(12)

Therefore, the signal after the EMD processing can be
obtained as

𝑥𝑖 (𝑛) = 𝐽∑
𝑗=𝑡

𝐼𝑀𝐹𝑗 (𝑛) + 𝑟𝐽 (𝑛) (13)

After all the SUs collected signal 𝑥𝑖 after the EMD noise
reduction, we can get a new matrix X̃ = [𝑥1,𝑥2, . . . ,𝑥𝑀],
where 𝑥𝑖 = [𝑥𝑖(1), 𝑥𝑖(2), . . . , 𝑥𝑖(𝑁)] represents the signal
acquired by the 𝑖-th SU after EMD. X̃ is an𝑀×𝑁matrix.

X̃ =
[[[[[[[[

𝑥1 (1) 𝑥1 (2) ⋅ ⋅ ⋅ 𝑥1 (𝑁)
𝑥2 (1) 𝑥2 (2) ⋅ ⋅ ⋅ 𝑥2 (𝑁)

... ... d
...

𝑥𝑀 (1) 𝑥𝑀 (2) ⋅ ⋅ ⋅ 𝑥𝑀 (𝑁)

]]]]]]]]
(14)

3.3. Decomposition and Recombination. After the EMD pro-
cessing, the signal matrix after EMD denoising is processed
using ODAR and IDAR, respectively [27], as to logically
increase the number of cooperative SUs and further acquire
the characteristic information of the signal. Let YODAR and
YIDAR denote the signal matrix after ODAR and IDAR,
respectively. Both matrices are 𝑞𝑀 × 𝑠. YODAR and YIDAR are
defined as follows.

YODAR =

[[[[[[[[[[[[[[[[[[[[[

𝑥11...
𝑥1𝑞...
𝑥𝑖𝑚...
𝑥𝑀𝑞

]]]]]]]]]]]]]]]]]]]]]

=

[[[[[[[[[[[[[[[[[[[[

𝑥1 (1) 𝑥1 (2) ⋅ ⋅ ⋅ 𝑥1 (𝑠)...
𝑥1 ((𝑞 − 1) 𝑠 + 1) 𝑥1 ((𝑞 − 1) 𝑠 + 1) ⋅ ⋅ ⋅ 𝑥1 (𝑞𝑠)...
𝑥𝑖 ((𝑚 − 1) 𝑠 + 1) 𝑥𝑖 ((𝑚 − 1) 𝑠 + 2) ⋅ ⋅ ⋅ 𝑥𝑖 (𝑚𝑠)

...
𝑥𝑀 ((𝑞 − 1) 𝑠 + 1) 𝑥𝑀 ((𝑞 − 1) 𝑠 + 2) ⋅ ⋅ ⋅ 𝑥𝑀 (𝑞𝑠)

]]]]]]]]]]]]]]]]]]]]

(15)

YIDAR =

[[[[[[[[[[[[[[[[[[[[[

𝑥11...
𝑥1𝑞...
𝑥𝑖𝑚...
𝑥𝑀𝑞

]]]]]]]]]]]]]]]]]]]]]
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=

[[[[[[[[[[[[[[[[[[

𝑥1 (1) 𝑥1 (𝑞 + 1) ⋅ ⋅ ⋅ 𝑥1 ((𝑠 − 1) 𝑞 + 1)...𝑥1 (𝑞) 𝑥1 (𝑞 + 𝑞) ⋅ ⋅ ⋅ 𝑥1 ((𝑠 − 1) 𝑞 + 𝑞)...𝑥𝑖 (𝑚) 𝑥𝑖 (𝑞 + 𝑚) ⋅ ⋅ ⋅ 𝑥𝑖 ((𝑠 − 1) 𝑞 + 𝑚)...𝑥𝑀 (𝑞) 𝑥𝑀 (𝑞 + 𝑞) ⋅ ⋅ ⋅ 𝑥𝑀 ((𝑠 − 1) 𝑞 + 𝑞)

]]]]]]]]]]]]]]]]]]
(16)

where 𝑞 (𝑞 > 0) is the split parameter and 𝑠 is the length of
the split signal vector after splitting. The covariance matrices
R𝑂 andR𝐼 are then calculated usingYODAR andYIDAR, shown
in

R𝑂 = 1𝑠YODARYODAR
𝑇 (17)

R𝐼 = 1𝑠YIDARYIDAR
𝑇 (18)

3.4. Information Geometry Theory. In information geometry
theory, consider a set of probability density functions 𝑝(𝑥 |
𝜃), where 𝑥 is an 𝑛 dimensional sample associated with a
random variable Ζ, 𝑥 ∈ Ζ ⊆ 𝐶𝑛. 𝜃 is an 𝑚 dimensional
parameter vector, 𝜃 ∈ Θ ⊆ 𝐶𝑚. Therefore, the probability
distribution space can be described by parameter set Θ. The
probability distribution function family 𝑆 is as shown in

𝑆 = {𝑝 (𝑥 | 𝜃) | 𝜃 ∈ Θ ⊆ 𝐶𝑚} (19)

R is the covariance matrix composed of the signals
collected by the SUs, shown as

R = 1𝑁XX𝑇 (20)

where X denotes the signal matrix described above, 𝑁
denotes the number of samples, and X𝑇 denotes the transpo-
sition of X. We can parameterize the probability distribution
family by R as

𝐹 = {𝑝 (𝑥 | R) | R ∈ 𝐶𝑀×𝑀} (21)

where 𝐶𝑀×𝑀 is the open set of the 𝑀 × 𝑀 dimensional
vector space. According to the information geometry theory,𝐹 forms a microscopic manifold structure, which is called
a statistical manifold. R is the coordinate of the manifold.
Since the parameters of the manifold are covariance matrices,
they can also be called matrix manifolds. Under the two
hypotheses𝐻0 and𝐻1, we can obtain two types of covariance
matrices, R𝑤 and R𝑠 +R𝑤. At the same time, R𝑤 and R𝑠 +R𝑤
correspond to two types of coordinates on the manifold. As
the SNR increases, the difference between the two hypo-
thetical sensing signals becomes larger, corresponding to an
increase in the distance between the two points on the matrix
manifold [14]. In the following, based on this, we will extract
the signal characteristics.

3.4.1. Geodesic Distance. In information geometry, the dis-
tance between two probability distributions on a statistical
manifold can be measured in a variety of ways. On the
manifold, the geodesic distance is a widely accepted method
for measuring the distance between two probability distri-
butions. Due to the nature of the manifold curvature, the
distance between the two points on the manifold depends on
the choice of the curve between the two points. A curve that
minimizes the distance between two points is defined as a
geodesic, and the corresponding distance is called a geodesic
distance.

Assuming any two points 𝜃1 and 𝜃2 on the manifold, the
arbitrary curve between the two points is 𝜃(𝑡) (𝑡1 ≤ 𝑡 ≤ 𝑡2),
𝜃(𝑡1) = 𝜃1, 𝜃(𝑡2) = 𝜃2. Then the curve distance between
points 𝜃1 and 𝜃2 is expressed as [28]:

D (𝜃1, 𝜃2) ≜ ∫𝑡2
𝑡1

√(𝑑𝜃𝑑𝑡 )
T
G (𝜃) (𝑑𝜃𝑑𝑡 )𝑑𝑡 (22)

where G(𝜃) is the Fisher information matrix in the
information geometry for statistical metrics on the manifold.

G (𝜃) = E[𝜕 ln𝑝 (𝑥 | 𝜃)𝜕𝜃𝑖 ⋅ 𝜕 ln𝑝 (𝑥 | 𝜃)𝜕𝜃𝑗 ] (23)

When the minimum value is obtained using (22), i.e., the
minimum distance between 𝜃1 and 𝜃2, the geodesic distance
is obtained, and the corresponding curve is the geodesic.

In the cognitive radio spectrum sensing technology, the
sensing signal matrix is a multivariate Gaussian distribution
family with the same mean but different covariance matrices
[29, 30]. Assume having the covariance matrices R1 and R2,
the geodesic distance [31] between them is as shown in

D (R1,R2) = √12 tr log2 (R−1/21 R2R
−1/2
1 )

= √ 12
𝑛∑
𝑢=1

log2𝜂𝑢
(24)

where 𝜂𝑢 is the 𝑢-th eigenvalues of the matrix
R−1/21 R2R

−1/2
1 .

3.4.2. Riemann Mean. We perform ODAR and IDAR on
the 𝑃 environmental noise matrices to obtain R𝑂𝑝 (𝑝 =1, 2, . . . , 𝑃) and R𝐼𝑝 (𝑝 = 1, 2, . . . , 𝑃) and then find their
Riemann mean. The objective function Φ is shown in

Φ(R𝑂) = 1𝑃
𝑃∑
𝑝=1

D2 (R𝑂𝑝 ,R𝑂) (25)

Φ(R𝐼) = 1𝑃
𝑃∑
𝑝=1

D2 (R𝐼𝑝,R𝐼) (26)

where D(⋅, ⋅) is the geodesic distance between two points
on the manifold. The matrices R𝑂 and R𝐼 (which minimize
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the value of the objective function Φ(⋅)) are Riemann mean
[32], which can be expressed as

R𝑂 = arg min
R𝑂∈Θ

Φ(R𝑂) (27)

R𝐼 = arg min
R𝐼∈Θ

Φ(R𝐼) (28)

Assume that when 𝑃 = 2, there are two points R1 and R2
on the manifold, and its Riemann mean R is located at the
midpoint of the geodesic of the two points R1 and R2 on the
manifold. R is calculated using

R = R1/21 (R−1/21 R2R
−1/2
1 )1/2 R1/21 (29)

When there are 𝑃 points (𝑃 > 2), the Riemann mean
is difficult to calculate. In this case, [31, 33] have proposed
the iterative calculation of the Riemann mean R using the
gradient descent algorithm, shown in

RV+1 = RV
1/2

e−(𝜏/𝑃)∑
𝑃
𝑝=1 log(RV

−1/2R𝑝RV
−1/2
)RV
1/2,

0 ≤ 𝜏 ≤ 1 (30)

where 𝜏 is the iteration step size and V is the iteration
step. According to the above description, we can get the
Riemann mean R𝑂 of R𝑂𝑝 (𝑝 = 1, 2, . . . , 𝑃) and R𝐼 of R𝐼𝑝 (𝑝 =1, 2, . . . , 𝑃).

The Riemann means R𝑂 and R𝐼 are selected as reference
points, and the signal matrix to be collected is also trans-
formed by EMD, DAR, and covariance matrix to obtain R𝑂
and R𝐼. Finally, the geodesic distances from R𝑂 to R

𝑂
and R𝐼

toR𝐼 are calculated separately, and the distance is taken as the
statistical characteristic of the signal.

According to (24), we can calculate the corresponding
geodesic distance as

𝑑1 = D (R𝑂,R𝑂) = √12 tr log2 (R−1/2𝑂 R𝑂R−1/2𝑂 )
= √ 12

𝑀𝑞∑
𝑢=1

log2𝜂𝑢
(31)

𝑑2 = D (R𝐼,R𝐼) = √12 tr log2 (R−1/2𝐼 R𝐼R−1/2𝐼 )
= √ 12

𝑀𝑞∑
𝑢=1

log2𝜂𝑢
(32)

where 𝑑1 and 𝑑2 represent the distance between the
sensing signal and reference pointR𝑂 andR𝐼 on themanifold,
respectively. If the PU signal does not exist, then the distance
from the reference points is small. On the contrary, if the
PU signal exists, then the distance is large. According to
such feature, we can intuitively analyze whether the PU
is using the licensed spectrum. In order to facilitate the

training of the clustering algorithm framework and test the
spectrum sensing performance, a feature vector capable of
reflecting the signal characteristics is needed. Therefore, the
two geodesic 𝑑1 and 𝑑2 constitute a geodesic distance feature
vector (GDFV) D = [𝑑1, 𝑑2].
4. Cooperative Spectrum Sensing Based on
K-Medoids Clustering

After extracting the features, we use theK-medoids clustering
algorithm to perform spectrum sensing. The traditional
spectrum sensing method needs to derive the threshold
value to determine whether the PU exists. Nevertheless,
these methods often have problems, such as inaccurate
thresholds and difficulties in calculation. EMDIGK uses the
K-medoids clustering algorithm as the learning framework.
This algorithm is similar to theK-means clustering algorithm.
Unlike K-means, the K-medoids clustering algorithm does
not calculate the mean of the samples as the centroid point
in the class. Instead, the actual sample point in the class
is taken as the center point, and the center point has the
smallest distance to all sample points in the class. Compared
with the centroid point in K-means, the center point in K-
medoids has the advantage of being less affected by extreme
values [34].TheK-medoids algorithm is less sensitive to noise
points, so that the outliers will not cause excessive deviation
of the results of the division. The whole process is divided
into two phases, the training and the spectrum sensing phase.
The cooperative spectrum sensing systemmodel based on K-
medoids is shown in Figure 3.

Before training, we need to prepare a training setD:

D = {D1,D2, . . . ,D𝐿} (33)

where D𝑙 is the feature vector extracted by the method
described in the third section, and 𝐿 represents the number
of feature vectors in the training set D. Let C𝑘 denote the set
of the training feature vectors belonging to class 𝑘, where 𝑘 =1, 2, . . . , 𝐾.

C𝑘 = {D𝑙 | D𝑙 ∈ Cluster 𝑘 ∀ 𝑙} (34)

Class C𝑘 has a centroid 𝜓𝑘. The training process is as follows.

Step 1. Input the training sample set D and the number of
clusters𝐾.

Step 2. Initialize the centroids 𝜓1, 𝜓2, . . . , 𝜓𝐾.
Step 3. Calculate the distance of each sample to each centroid
and put it into the nearest class.

Step 4. Update 𝜓𝑘 with 𝜓𝑘 = argminD𝑙∈C𝑘 ∑
D𝑗∈C𝑘

‖D𝑙 − 𝜓𝑘‖2.
Step 5. Calculate minC1 ,...,C𝐾

𝜓1 ...,𝜓𝐾

∑𝐾𝑘=1∑D𝑙∈C𝑘 ‖D𝑙 − 𝜓𝑘‖2; if the
result of the calculation is not changing, the algorithm stops;
otherwise, return to Step 3.

Step 6. Output 𝜓1, 𝜓2, . . . , 𝜓𝐾.
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Figure 3: System model based on the K-medoids clustering algorithm.

Table 2: The 𝑃𝑑 of different methods in 𝑆𝑁𝑅 = −14 dB.
Algorithm 𝑃𝑓 = 0.1 𝑃𝑓 = 0.2
EMDIGK 0.97 0.98
IQMSE 0.71 0.98
IQDMM 0.70 0.77
IQRMET 0.62 0.74
IQMME 0.60 0.73
ED 0.41 0.51

After training, according to the centroid of each class, we
can construct a classifier for spectrum sensing, as shown in
(35).

𝑓 (D̂) = D̂ − 𝜓1
min𝑘=2,3,...,𝐾

D̂ − 𝜓𝑘 (35)

In (35), D̂ represents the feature extracted under the
channel of the unknown PU state. If 𝑓(D̂) > 𝜉, it means
the PU signal exists, and thus the channel is not available.
Otherwise, 𝑓(D̂) < 𝜉means the PU signal does not exist, and
the channel can be used. Parameter 𝜉 is used to control the
false alarm probability and the missed detection probability
in the spectrum sensing process.

The overall flow of the EMDIGK algorithm proposed in
this paper is as shown in Algorithm 1.

5. Simulation Results and
Performance Analysis

In this section, we used the multicomponent signal 𝑆(𝑡) =
cos(𝑡) + cos(4𝑡 + 0.2𝑡2) as the experimental simulation signal.
To ensure the accuracy of the experiment, we obtained 2,000
signal features, of which 1,000 were used as the training set
and the other 1,000 were used as the test set. The test set
is used to verify the spectrum sensing performance of the
proposed method. We compare the detection performance
under different sensing methods, and the experimental

results suggest that the proposed EMDIGK-based method
can obtain a better sensing performance.

5.1. The Clustering Effect of Clustering Algorithm. Figures 4
and 5 show the effect of GFV before and after clustering by
K-medoids at 𝑆𝑁𝑅 = −14 dB. It can be seen that under
such condition, after the K-medoids clustering algorithm,
the signal characteristics in two different states can be well
distinguished. The red ‘∗’s indicate that the PU exists, while
the blue ‘x’s represent the PU does not. The black circle
and triangle in the figure represent the centroid of the noise
class and the centroid of the containing PU signal class,
respectively.

5.2.The ROC Curve under Different SNR Conditions. Figures
6 and 7 illustrate the ROC curves of different methods at two
different SNR, respectively. IQMSE, IQDMM, IQMME, and
IQRMET are the methods proposed in literature [14], and ED
is a method using energy characteristics as a statistic.

Tables 2 and 3 show the detection probabilities of the
methods under different SNR when the false alarm proba-
bility is a constant. We observe that the EMDIGK method
has higher detection probability than other methods. It can
be calculated that the detection probability of EMDIGK is
36.6%, 38.5%, 56.4%, 61.6%, and 136.0% higher than other
methods under the condition of 𝑆𝑁𝑅 = −14 dB and 𝑃𝑓 = 0.1.
That is because the EMDIGKmethod reduces the noise in the
communication signal, thereby reducing the impact of noise
on the spectrum sensing system. At the same time, the feature
of the information geometry method can be used to analyze
the feature values in different states more intuitively, so that a
better detection performance can be obtained.

5.3.TheROCCurve withDifferentNumber of Cooperative SUs.
Figure 8 shows the ROC curve of the EMDIGK method with
different SU numbers. The number of sampling points 𝑁 =1000. When 𝑆𝑁𝑅 = −18 dB, it shows that the performance
is better with the increase of the number of cooperative SUs.
This is because cooperative spectrum sensing can reduce the
interference of various factors such as multipath fading and
shadow in the propagation environment. Therefore, with the
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Algorithm: EMDIGK
Input: Sensing signal matrix X
Step 1: X is denoised by EMD to obtain an matrix X̃
Step 2: Perform ODAR and IDAR on X̃ to obtain YODAR and YIDAR , then calculate the corresponding covariance matrix.
Step 3: Extract signal characteristics using information geometry theory to obtain D = [𝑑1, 𝑑2].
Step 4: Construct a training vector setD and train the K-medoids clustering algorithm to get Eq. (35)
Step 5: Import the training set D̂ and get test result according to Eq. (35)
Step 6: Calculate 𝑃𝑑 and 𝑃𝑓 by Eq. (3) and Eq. (4)
Output: 𝑃𝑑 and 𝑃𝑓

Algorithm 1: The overall process of EMDIGK.
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Figure 4: Classification of the K-medoids clustering algorithm with GFV.
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Figure 5: Classification of the K-medoids clustering algorithm with GFV.

increase of the cooperative SU, the anti-interference ability of
the system is stronger and the performance is better.

5.4. The ROC Curve with Different Sampling Points. Figure 9
shows the ROC curve with different sampling points for
the EMDIGK method under 𝑆𝑁𝑅 = −18 dB. The number

of cooperative SUs 𝑀 = 2. As the number of sampling
points increases, the information of the sensing signal is more
complete, so the extracted features are more representative.
As a result, from the figure we can see that when the number
of sampling points increases, the detection performance of
the EMDIGK method is also improved.
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Figure 6: The ROC curve with GFV under 𝑆𝑁𝑅 = −14 dB.
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Figure 7: The ROC curve with GFV under 𝑆𝑁𝑅 = −16 dB.

6. Conclusions

This paper proposes an EMDIGK method to effectively
improve the spectrum sensing performance in a complex
electromagnetic environment. In terms of feature extraction,
firstly, the EMD algorithm is used to denoise the signals
collected by the SUs, thereby reducing the impact of noise
on subsequent sensing process. Further, in order to analyze
this kind of problem more intuitively and simply, we adopt
the information geometry theory. The signal after EMD is
mapped into the statistical manifold, thereby transforming
the signal detection problem into a geometric problem.Then,

the corresponding geometric tools are used to extract the
signal features as statistical features. Finally, the K-medoids
clustering algorithm is used as a learning framework to
construct a spectrum-aware classifier to achieve spectrum
sensing. In the experiments, the performance of the EMDIGK
algorithm is verified and analyzed, which shows its superior-
ity over other popular methods. In our future work, we will
study the combination cyclostationary feature detection with
clustering algorithms and information geometry. In future
work, research could be extended in the area of how to reduce
the complexity of the algorithm to achieve spectrum sensing
more efficiently.
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Figure 8: The ROC curve with different numbers of SUs under 𝑆𝑁𝑅 = −18 dB.
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Figure 9: The ROC curve with different numbers of sampling points 𝑆𝑁𝑅 = −16 dB.
Table 3: The 𝑃𝑑 of different methods in 𝑆𝑁𝑅 = −16 dB.

Algorithm 𝑃𝑓 = 0.1 𝑃𝑓 = 0.2
EMDIGK 0.68 0.78
IQMSE 0.42 0.60
IQDMM 0.35 0.53
IQRMET 0.31 0.49
IQMME 0.30 0.49
ED 0.27 0.41
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Shape memory alloy- (SMA-) based actuators are widely applied in the compliant actuating systems. However, the measured
data of the SMA-based compliant actuating system reveal the input-output hysteresis behavior, and the actuating precision of the
compliant actuating system could be degraded by such hysteresis nonlinearities. To characterize such nonlinearities in the SMA-
based compliant actuator precisely, a Jiles-Atherton model is adopted in this paper, and a modified particle swarm optimization
(MPSO) algorithm is proposed to identify the parameters in the Jiles-Athertonmodel, which is a combination of several differential
nonlinear equations. Compared with the basic PSO identification algorithm, the designed MPSO algorithm can reduce the local
optimum problem so that the Jiles-Atherton model with the identified parameters can show good agreements with the measured
experimental data. The good capture ability of the proposed identification algorithm is also examined through the comparisons
with Jiles-Atherton model using the basic PSO identification algorithm.

1. Introduction

Shape memory alloys (SMA) are a class of smart-materials
which can be utilized as “artificial muscle” actuating device,
imitating the performance of natural muscles [1–3]. Com-
pared with the conventional actuator devices, such as
hydraulics and DC motor, the special feature of SMA
materials can work around the limitation of low power
density and large size in these conventional actuators [4, 5].
Currently, there are several artificial muscle actuators, such
as pneumatic artificial muscles [6], electroactive polymers
(EAP), and SMA actuators [7, 8]. For the pneumatic systems,
they require several peripheral types of equipment such
as air compressors, valves, and pressure sensors, and these
components make the system bulky and noisy. As for SMA-
based actuators, they can provide silent operating condition
and do not need the separate pump to provide the energy,

which can save the actuating device size and provide better
operation environment [8, 9]. Different from EAP actuators,
SMA-based actuators with the low-voltage driving mode can
be used easily as “muscle” devices. Besides, the flexible shape,
wide operation range, and high power to weight ratio are
also the good features of the SMA-based compliant actuators
and have been applied in microactuating systems, miniature
robots, compliant mechanism, and biomedical instruments
[10, 11].

The working principle of SMA-based actuators is the
energy transformation from thermal energy to mechanical
energy with the change of the temperature or vice versa [1].
The heating or cooling of SMA-based actuators will cause
the shape deformation of the SMA materials, which creates
the smooth stress or strain as the actuating force to the
actuated plants, and this output performance can be used
as compliant actuators well [12]. In this paper, a different
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SMA-based actuator structure introduced in [5] is adopted
as the testified platform, and the connecting way of the SMA
wires can decrease the stiffness and increase the compliance,
showing the muscle-like actuating performance [13].

However, one of the shortcomings of SMA-based com-
pliant actuators is the hysteretic nonlinearity in the process
of SMA phase transformation [4]. The thermodynamical
characteristics of SMA materials are not reversible, which
lead to strong saturated hysteretic behavior. Besides, the delay
between the input driving signal and the measured temper-
ature can couple with the internal hysteresis in the SMA
materials, causing complex coupling hysteresis nonlinear
characteristics in the output of SMA-based compliant actu-
ators [14]. The strong hysteresis nonlinearities decrease the
feasibility to implement the SMA-based compliant actuators
as muscle-like operation devices. Therefore, the modeling
of hysteresis becomes the primary work to improve the
actuating precision of SMA-based compliant actuators [14,
15].

Generally, there are two types of hysteresis modeling
methods. One is to establish the model based on the physical
equations or parameters of the mechanism, such as Stoner-
Wohlfarth model and Globus model [16]; another is to build
the model based on the input-output relationship of the
mechanism, which does not need the physical parameters
of the system and can be extended to the different systems
easily, for example, Preisach model [17], Prandtl-Ishlinskii
model [18, 19], Bouc-Wen model [20], and Jiles-Atherton (J-
A) model [21]. Therein, the Jiles-Atherton modeling method
originates from the hysteresis description in the magnetic
field, and it can provide an accurate description for the strong
saturated hysteresis in the SMA-based compliant actuators
[22]. Moreover, the Jiles-Atherton model needs less storage
compared with other hysteresis modeling methods [23],
which is easier for the real-time application. In this paper,
the Jiles-Atherton model is adopted to describe the saturated
hysteresis in the SMA-based compliant actuators to show the
output characteristics of the compliant actuators.

As introduced in [21], the structure of the Jiles-Atherton
model is combined with several differential equations, and
the output of Jiles-Atherton model is to obtain the analytical
solution of these differential equations, so the parameters in
the Jiles-Atherton model are not easy to be identified directly
by using the common identification method which limits the
implementation of the Jiles-Atherton model. Therefore, the
parameter identification method of the Jiles-Atherton model
is addressed as the primary goal of this study to show the
output performance of SMA-based compliant actuators.

To solve the difficulties of the parameter identification
in the SMA-based compliant actuators, a modified particle
swarm optimization (PSO) algorithm is proposed in this
paper. The PSO algorithm is a new computation tech-
nique proposed in 1995 [24], which is a class of swarm-
based algorithms, starting with a population of random
solutions and continuing by improving population using a
cost function. Different from the conventional identification
algorithms, PSO algorithm can obtain the optimal solution
of the parameters in a multidimensional space [25, 26], and
it should obtain better solutions of the parameters in the

Jiles-Atherton model effectively. Compared with the basic
PSO algorithm, the proposed PSO algorithm is designed to
reduce the chance of getting trapped in a local optimum.
By using the random mutation step for the updating of the
parameters in the location and velocity, the parameters of the
Jiles-Atherton hysteresis model identified using the modified
PSO algorithm can describe the hysteresis nonlinearities
in the SMA-based compliant actuators more accurately. To
verify the accuracy of the proposed identification method,
the experiment is conducted by choosing the PWM signal’s
cycles as 60s with amplitude 5V and duty cycle as 50%.
The experimental comparison results with the basic PSO
algorithm with random mutation step illustrate that the
proposed identification algorithm behaves better for the
SMA-based compliant actuators.

The main content of the paper is as follows: Section 2
introduced the SMA-based compliant actuators discussed in
this paper. The Jiles-Atherton hysteresis model adopted to
describe the hysteretic nonlinearities in the SMA compliant
actuatingmechanism is introduced in Section 3. In Section 4,
the structures of the basic PSO algorithm and the proposed
modified PSO algorithm are presented. The experimental
output and the model accuracy evaluation test are given
in Section 5 to verify the effectiveness of the proposed
identification method. Finally, the conclusion about the
proposed identification method for the Jiles-Atherton model
is presented in Section 6.

2. SMA-Based Compliant Actuating Platform

In this section, the compliant actuating platform based
on SMA actuators is introduced. By changing the temper-
ature, the phase transformation of shape memory alloys
from the low-temperature state (martensite phase) into the
high-temperature state (austenite phase) or vice versa will
stimulate the mechanical force (strain or stress) with the
high strength and large recovery strain properties during
the activation process (heating process) or the deactivation
process (cooling process).

Usually, there are three typical structures: one-way SMA
actuator, bias-spring SMA actuators, and different (antag-
onistic) actuators. One-way SMA actuator and bias-spring
SMA actuators have slow response since the deactivation
process is determined by the cooling process or the passive
spring which leads to the uncontrollable deformation speed.
To solve this problem, a different SMA wires structure [5] is
used in this study, which consists of two complementary SMA
wires, two couplers and a torsion spring. As shown in Figure 1,
the antagonist wires can produce the active force to imitate
the rotational motion of the human joint in bidirection, and
the motion speed can be adjusted by the active contraction
force between the SMA wires and the couplers connected
by the spring. The advantage of this structure is to get the
muscle-like actuating outputwith functions of high flexibility,
lightweight, and noiselessness in the human motor systems.

To show the actuating output of the SMA-based com-
pliant actuating system, the input-output relationship was
testified in the experiment device, where the change of
temperature acting on the SMA wires could be obtained
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Figure 1: Schematic of the SMA compliant actuating system.
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Figure 2: Experimental platform of the SMA-based compliant
actuators.

by the driven voltage. As shown in Figure 2, two SMA
wires (NiTi SMA wires, 0.25mm) were connected with two
cylindrical couplers and a torsion spring to produce the
angularmotion of the coupler.The actuator displacement was
measured by the potentiometer, and the input signal and the
temperature applied to the SMA wires and the rotation angle
output were acquired in the Control platform (dSPACE 1103).

The open-loop test at the PWM signal cycle was per-
formed to show the input-output characteristics of the SMA-
based compliant actuator used in this paper. A fixed duty
cycle (50%) PWM signal under amplitude (5V) operation
with 50s signal cycle was adopted to produce the temperature
changing between 0∘C and 60∘C, and the angular position
of the coupler was measured by a high precision poten-
tiometer. The desired signal (Figure 3(a)), input temperature
(Figure 3(b)), and the rotation angle output (Figure 3(c)) are
given to show the output characteristics of the SMA-based
compliant actuator. According to the input (temperature)-
output (rotation angle) relationship, it is obvious that strong
saturation-type hysteresis nonlinearities caused by the phase
transformation exist in the SMA materials, and the result is
given in Figure 3(d).

Remark 1. According to the experiment results of the open-
loop test, the hysteresis in the SMA-based compliant actu-
ator with strong saturation property and some hysteresis

modeling methods cannot cover this special characteristic,
for example, conventional Prandtl-Ishlinskii model [19] and
Backlash-like model [27]. The existence of the saturated
hysteresis will degrade the output performance of the SMA-
based compliant actuator, and the modeling of hysteresis
becomes a primary step to improve the actuating perfor-
mance. In this paper, a Jiles-Atherton model is employed as
an illustration to show the way of dealing with the strong
hysteresis nonlinearities.

3. Hysteresis Modeling with
Jiles-Atherton Model

The Jiles-Athertonmodel [21, 23] is a typical hysteresismodel,
which is derived from ferromagneticmagnetization theory to
show the relationship between applied magnetic field𝐻 and
magnetization 𝑀 by considering the nonmagnetic impurity,
grain boundary, residual stress, and the hysteresis. In this sec-
tion, the Jiles-Atherton model is introduced briefly. It enables
the mathematical description of hysteresis curves between
magnetic flux intensity 𝐵 and magnetic field intensity𝐻with
five parameters [28].

Usually, magnetization 𝑀 includes two components,
reversiblemagnetization𝑀𝑟𝑒V and irreversiblemagnetization𝑀𝑖𝑟𝑟: 𝑀𝑟𝑒V = 𝑐 (𝑀𝑎𝑛 −𝑀𝑖𝑟𝑟) (1)

where 𝑀𝑟𝑒V and 𝑀𝑖𝑟𝑟 can be obtained by the anhysteretic
magnetization 𝑀𝑎𝑛 which is produced by the rotation of
the magnetic domain. 𝑐 is the magnetization weighting
factor.The anhystereticmagnetization can be provided by the
Langevin function:

𝑀𝑎𝑛 = 𝑀𝑠 [coth(𝐻𝑒𝑓𝑓𝑎 ) − 𝑎𝐻𝑒𝑓𝑓] (2)

where 𝑀𝑠 is the saturation magnetization, 𝑎 is the anhys-
teretic form factor, and𝐻𝑒𝑓𝑓 is theWeiss effective field defined
as 𝐻𝑒𝑓𝑓 = 𝐻 + 𝛼𝑀 (3)

𝑀𝑖𝑟𝑟 = 𝑀 − 𝑐𝑀𝑟𝑒V1 − 𝑐 (4)
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Figure 3: Input-output characteristics of the SMA-based compliant actuators under a fixed duty cycle (50%) 5v PWM signal operation with
50s signal cycle producing the temperature changing between 0∘C and 60∘C. (a) Input desired signal (voltage). (b) Input temperature. (c)
Output rotation angle. (d) Hysteresis loop.

Regarding the energy dissipation, the differential expression
of the irreversible magnetization𝑀𝑖𝑟𝑟 is given as𝑑𝑀𝑖𝑟𝑟𝑑𝐻 = 𝑀𝑎𝑛 −𝑀𝑖𝑟𝑟𝑘𝛿 − 𝛼 (𝑀𝑎𝑛 −𝑀𝑖𝑟𝑟) (5)

where 𝛿 is a direction parameter to show the ascending and
descending of the hysteresis loop as

𝛿 = sgn(𝑑𝐻𝑑𝑡 ) = {{{{{
1 𝑑𝐻𝑑𝑡 > 0
−1 𝑑𝐻𝑑𝑡 < 0 (6)

The anhysteretic magnetization𝑀𝑎𝑛 is calculated by consid-
ering the thermodynamics of the magnetostrictive material.
The reversible magnetization 𝑀𝑟𝑒V calculates the extent of
bulging of domain walls before they acquire the energy
required to escape the inclusions. It is defined as

𝑀𝑟𝑒V = 𝑐 (𝑀𝑎𝑛 −𝑀𝑖𝑟𝑟) (7)

Then it can be deduced since the amount of bending of the
domain 𝑑𝑀𝑟𝑒V𝑑𝐻 = 𝑐(𝑑𝑀𝑎𝑛𝑑𝐻 − 𝑑𝑀𝑖𝑟𝑟𝑑𝐻 ) (8)

Summation of the reversible and irreversible components
of the differential components leads to the total differential
susceptibility of 𝑑𝑀/𝑑𝐻:

𝑑𝑀𝑑𝐻 = (1 − 𝑐) 𝑀𝑎𝑛 −𝑀𝑖𝑟𝑟𝑘𝛿 − 𝛼 (𝑀𝑎𝑛 −𝑀𝑖𝑟𝑟) + 𝑐𝑑𝑀𝑎𝑛𝑑𝐻 (9)

𝑀 = 𝑀𝑟𝑒V +𝑀𝑖𝑟𝑟 (10)

𝑀 = 𝑐𝑀𝑎𝑛 + (1 − 𝑐)𝑀𝑖𝑟𝑟 (11)

𝑀𝑖𝑟𝑟 = 11 − 𝑐 (𝑀 − 𝑐𝑀𝑎𝑛) (12)

where 𝛼, 𝑎, 𝑐, 𝑘, and𝑀𝑠 are the parameters of Jiles-Atherton
hysteresis model. 𝑐 is the coefficient of reversibility of the
movement of the walls, 𝑎 is the form factor, 𝑀𝑠 is the satu-
ration magnetization, and 𝛼 and 𝑘 represent the interaction
between the domains and the hysteresis losses, respectively.
The hysteresis output which is defined in the magnetic field
is the magnetic flux intensity 𝐵, and it can be obtained using
the relationship between 𝐵 and𝑀 as 𝐵 = 𝜇0(𝐻 +𝑀) with 𝜇0
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as 𝜋 ⋅ 4 ⋅ 10−7. Finally, the hysteresis curve is represented by
the mathematical expression of𝐻 − 𝐵.
Remark 2. Compared with other hysteresis models, Jiles-
Atherton model can formulate the hysteresis by several
differential equations related to the behavior of ferromagnetic
materials, so it is easy to describe the hysteresis of the SMA-
based compliant actuators with strong saturation. Besides,
the structure of the Jiles-Atherton model is based on the
differential equations requiring less memory storage, which
makes it convenient for the real-time application.

As introduced, the parameter identification is significant
to make good use of Jiles-Atherton model describing hys-
teresis in SMAmaterials. For such purpose, the identification
process is discussed in Section 4 in detail.

4. Parameter Identification Based Modified
PSO Algorithm

The classic method for the parameter identification of Jiles-
Atherton model had been discussed in some literature [22,
26]. Considering the differential-equation based structure of
Jiles-Atherton model, the iterative identification algorithm
causes the problems of being sensitive to the initial values
of the model parameters, and the common identification
algorithmmay not converge or get trapped in local optimum
in some special cases [25]. To solve the existing identification
problems in Jiles-Atherton model, an artificial intelligence
method is implemented in this paper. In this section, a
modified particle swarm optimization (MPSO) is proposed.

4.1. Basic PSO Algorithm. For particle swarm optimization
algorithm [25, 26, 29], each particle is associated with a
position, a velocity, and a fitness value which depends on the
optimization function.Theparticle updates itself by following
two extreme values in every iteration. One is the optimal
solution found by the particle itself, called personal extreme
point (Pbest). The other one is called global extreme point
(Gbest) which is the overall optimal solution. The basic PSO
method is introduced briefly in this section.

In the basic PSO algorithm, every candidate solution is
treated as a particle point in a D-dimensional space [24].
Accordingly, the position of 𝑖-th particle can be represented
by a D-dimensional vector

x𝑖 = [𝑥𝑖1 𝑥𝑖2 𝑥𝑖3 ⋅ ⋅ ⋅ 𝑥𝑖𝐷] (13)

and the population of 𝑁 candidate solutions constructs the
vector X which is treated as a swarm

X = {x1, x2, . . . , x𝑁} (14)

To obtain the optimal solution, the trajectories of particles in
the search space can follow the motion equation as

x𝑖 (𝑛 + 1) = x𝑖 (𝑛) + k𝑖 (𝑛 + 1) (15)

where 𝑛 and 𝑛 + 1 are the algorithm iterations, and the
velocities of the particle k𝑖 along the D-dimensions are
defined as

k𝑖 = [V𝑖1 V𝑖2 V𝑖3 ⋅ ⋅ ⋅ V𝑖𝐷] (16)

which can be treated as bounded in the rage k𝑖𝑗 ∈[−Vmax, Vmax], Vmax is the given maximum velocity, and 𝑗 =1, 2, ..., 𝐷.
The velocity vectors determine the moving direction of

the particles which is described as

k𝑖 (𝑛 + 1) = Λk𝑖 (𝑛) + 𝑐1R1 (p𝑖 − x𝑖 (𝑛))
+ 𝑐2R2 (p𝑔 − x𝑖 (𝑛)) (17)

where p𝑖 is the personal extreme point (Pbest) previously
visited of the 𝑖-th particle which is defined as

p𝑖 = [𝑝𝑖1, 𝑝𝑖2, . . . , 𝑝𝑖𝐷] , 𝑖 = 1, 2, . . . , 𝑁 (18)

and p𝑔 defined in (19) is the global extreme point (Gbest) of
the particle swarm

p𝑔 = [𝑝𝑔1, 𝑝𝑔2, . . . , 𝑝𝑔𝐷] (19)

𝑁 is the size of the swarm, andΛ is the inertiaweight, which is
generally between 0.8 and 1.2. 𝑐1 and 𝑐2 are the cognitive and
the social parameters, which are nonnegative constants and
are chosen in the range 0 ≤ 𝑐1, 𝑐2 ≤ 4. Usually, 𝑐1 = 𝑐2 = 2 can
satisfy most of the applications [24]. R1 and R2 are diagonal
matrices of random numbers being generated in [0, 1].

The purpose of the identification is to minimize the error
between themeasured system output y𝑜(𝑛) and the calculated
output y(𝑛). A fitness function of the particle 𝑖 is defined as

Fitness = 𝐽 = 1Ε√
Ε∑
𝑖=1

(𝑦𝑖 − 𝑦0𝑖𝑦𝑜max
)𝑇 (𝑦𝑖 − 𝑦0𝑖𝑦𝑜max

) (20)

where E is the number of measurement points used for
the parameter identification. 𝑦𝑜max is the maximum of the
measured𝑀 sets of system output data.

4.2. Modified PSO Algorithm. In practical applications, the
basic PSO algorithm shows some problems, such as prema-
ture convergence and poor local search ability. It is necessary
to do some improvements for this identification method. In
this paper, a modified PSO algorithm is proposed to reduce
the local optimum problem in the basic PSO algorithm. The
details are given as follows.

In the modified PSO algorithm, an iteration-varying
inertia weight Λ(𝑛) is adopted for the velocity term of update
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equations, and the velocity and position of the 𝑖-th particle
are defined as

k𝑖 (𝑛 + 1) = Λ (𝑛) k𝑖 (𝑛) + 𝑐1R1 (p𝑖 − x𝑖 (𝑛))
+ 𝑐2R2 (p𝑔 − x𝑖 (𝑛)) (21)

x𝑖 (𝑛 + 1) = x𝑖 (𝑛) + k𝑖 (𝑛 + 1) (22)

where 𝑛 and 𝑛 + 1 are the algorithm iterations and 𝑖 =1, 2, ..., 𝑁. The value of the inertia weight Λ(𝑛) in (21) is
updated using the rule defined in (23) to improve the
accuracy.

Λ (𝑛) = Λmax − (Λmax − Λmin) 𝑛Ξ (23)

where Ξ denotes the maximum iteration number, andΛmin and Λmax represent the selected minimum and max-
imum values for the inertia weight, respectively, and satisfyΛmax, Λmin ∈ (0, 1] and Λmax > Λmin.

Considering the structure of the Jiles-Atherton model,
which is combined by several differential equations, the ana-
lytical expression of Jiles-Athertonmodel cannot be obtained
directly. To match the nonlinear feature of the identified
model during the calculation process, a novel parameter-
varying adjustment strategy is designed in this paper. The
cognitive parameter 𝑐1 and the social parameter 𝑐2 both
nonlinearly will be changed with the change of the number
of iterations:

𝑐1 = 𝑐1ini − (𝑐1ini − 𝑐1end) ⋅ 𝑒−70×((Λ−Λmin)/(Λmax−Λmin))
6 (24)

𝑐2 = 𝑐2ini − (𝑐2ini − c2end) ⋅ 𝑒−70×((Λ−Λmin)/(Λmax−Λmin))
6 (25)

where 𝑐1ini, 𝑐2ini are positive constants for cognitive parame-
ters 𝑐1 and 𝑐1end, 𝑐2end are positive parameters for the social
parameter 𝑐2 in the modified iteration-varying adjustment
strategies in (24) and (25), satisfying 𝑐1ini, 𝑐1end, 𝑐2ini, 𝑐2end ∈(0, 4] and 𝑐1ini ≥ 𝑐2end > 𝑐2ini ≥ 𝑐1end, which is related to the
inertia weight Λ and design parameters Λmin and Λmax.

4.3. MPSO Identification Procedure. In this subsection, the
parameter identification process for the Jiles-Atherton hys-
teresis model based on the modified PSO algorithm is
introduced.The optimization process includes 6 steps and the
flowchart of the modified PSO algorithm is given in Figure 4.

Step 1. The initiation of each particle is defined for the
identified parameters randomly.

𝑥ini𝑖𝑗 = 𝑥min 𝑗 + (𝑥max 𝑗 − 𝑥min 𝑗) × rand1

(𝑖 = 1, 2, . . . , 𝑁; 𝑗 = 1, 2, . . . , 𝐷) (26)

Vini𝑖𝑗 = Vmin 𝑗 + (Vmax 𝑗 − Vmin 𝑗) × rand2

(𝑖 = 1, 2, . . . , 𝑁; 𝑗 = 1, 2, . . . , 𝐷) (27)

where 𝑥ini𝑖𝑗 and Vini𝑖𝑗 are the initial values of 𝑥𝑖𝑗 and V𝑖𝑗, 𝑥max 𝑗
and 𝑥min 𝑗 are the maximum and minimum values of the j-
th parameter, and Vmax 𝑗 and Vmin 𝑗 are the maximum and
minimum values of the j-th parameter update speed. rand1
and rand2 are two random numbers with a range of [0, 1].
Step 2. Calculate the fitness function of each particle defined
in (20), where 𝐵𝑖 is the calculated output and 𝐵𝑜𝑖 is the
measured system output.

Fitness = 𝐽 = 1Ε√
Ε∑
𝑖=1

(𝐵𝑖 − 𝐵0𝑖𝐵𝑜max
)𝑇 (𝐵𝑖 − 𝐵0𝑖𝐵𝑜max

) (28)

Initialize the values of personal best p𝑖 of each particle and
global best p𝑔. If Fitness(p𝑔) > 10−7, go to Step 6.

Step 3.

For each particle 𝑖 do
update Λ, 𝑐1 and 𝑐2 using the equations in (23),
(24) and (25)
update velocity k𝑖 using the equations in (21)
check the bound of the particle velocity

if V𝑖𝑗 > Vmax 𝑗, then V𝑖𝑗 = Vmax 𝑗
if V𝑖𝑗 < Vmin 𝑗, then V𝑖𝑗 = Vmin 𝑗

and update position x𝑖 using equations (22)
check the bound of the position

if 𝑥𝑖𝑗 > 𝑥max 𝑗, then 𝑥𝑖𝑗 = 𝑥max 𝑗, and set
V𝑖𝑗 = 0
if 𝑥𝑖𝑗 < 𝑥min 𝑗, then 𝑥𝑖𝑗 = 𝑥min 𝑗, and set V𝑖𝑗 =0

End

Step 4. To reduce the chance of getting trapped in a local
optimum, the random mutation step for the parameters of
each particle is conducted according to the following rules.

If rand3 > 0.95
Then 𝑗 = ⌈𝐷× rand4⌉, 𝑥𝑖𝑗 = 𝑥min 𝑗 + (𝑥max 𝑗 −𝑥min 𝑗) ×
rand5

where ⌈⌉ is a roundup function and N is the identified
parameter number. When the random number rand3 > 0.8,𝑥𝑖𝑗, the j-th parameter of the i-th particle, can be updated
randomly at each step. rand3, rand4, and rand5 are the
random numbers between [0, 1].
Step 5. Evaluate the fitness function of the particle calculated
in Step 2.

If Fitness(x𝑖(𝑛 + 1)) < Fitness(p𝑖), update personal
best p𝑖 = x𝑖(𝑛 + 1)
If Fitness(x𝑖(𝑛 + 1)) < Fitness(p𝑔), update global best
p𝑔 = x𝑖(𝑛 + 1)
If Fitness (p𝑔) > 10−7 and 𝑛 ≤ Ξ, 𝑛 = 𝑛 + 1, go to
Step 3



Complexity 7

Initialize the swarm population 
using (26), (27)

Start

Update the velocity of each particle 
using (21), check the bound of the 

particle velocity

Update the position of each particle 
using (22), check the bound of the 

position

Calculate the fitness function of 
each particle using (20)

Update the values of Pbest and 
Gbest

Output the identification results

N

Y

N

Y

Y

N

n=n+1

Calculate the fitness function of 
each particle using (20). Initialize 

the values of Pbest and Gbest

End

Fitness (Pg ) < 10−7 or n ≥ Ξ?

Calculate the inertia weight Λ in
(23), the cognitive parameter c1 and
the social parameter c2 in (24), (25)

ran＞3 > 0.95?

j = ⌈D× Ｌ；Ｈ＞4⌉

xij = xＧＣＨ j +(xＧaxj − xＧＣＨ j)×Ｌ；Ｈ＞5

Fitness(Pg ) <10−7 or n ≥ Ξ?

Figure 4: The flowchart of the modified PSO algorithm.

Step 6. If Fitness (p𝑔) < 10−7 or 𝑛 ≥ Ξ, the global solution
p𝑔 = (𝑝𝑔1, 𝑝𝑔2, 𝑝𝑔3, 𝑝𝑔4, 𝑝𝑔5) is obtained, stop.
Remark 3. Usually, the cognitive parameter 𝑐1 and social
parameter 𝑐2 satisfy 𝑐1 ≫ 𝑐2, and it can improve the capability
of searching the global optimal value. Since the cognitive
parameter 𝑐1 and social parameter 𝑐2 are related to the number
of iterations, the parameters 𝑐1 and 𝑐2 show the flexibility with
the change of the number of iterations.

5. Experiment Verification
In this section, the results of applying the proposed modified
PSO identification algorithm for the Jiles-Athertonmodel are

given. The results are illustrated by comparing the modeling
results with experimental data acquired for the SMA-based
compliant actuator platform introduced in Section 2.

For the Jiles-Atherton model defined in Section 5, there
are 5 parameters to be identified, so the position vector x of
each particle can be defined as x = [𝛼, 𝑎, 𝑘,𝑀𝑠, 𝑐]. In addition,
to verify the validity of the proposed algorithm, the basic PSO
algorithm is also applied for the parameter identification of
Jiles-Atherton model in the test.

Using the experimental results for the PWM signal’s cycle
as 60s with amplitude 5V and duty cycle as 50% given in
Figure 3, the search space of basic PSO and modified PSO
algorithms for 5 parameters is given in Table 1.Themaximum
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Table 1: Parameters search space.

Parameters Min Max𝛼 1e-14 1e-2𝑎 1e-2 1e4𝑘 1e-2 1e4𝑀𝑠 1e5 3e7𝑐 1e-2 3

Table 2: Parameter identification results.

Parameter Basic PSO Modified PSO𝛼 1.000e-14 1.000e-14𝑎 7.982261 9.771736𝑘 58.11999 33.80507𝑀𝑠 2.2722e7 2.6155e7𝑐 1.552548 1.938721𝐹𝑖𝑡𝑛𝑒𝑠𝑠 3.611e-4 3.296e-4

of search velocity is also set as 15%of the search space for basic
PSO and modified PSO (MPSO) algorithms.

In the basic PSO and the modified PSO algorithms, the
size of the swarm is selected as 50 and themaximum iteration
number as 300. For the basic PSO algorithm, the inertia
weightΛ is set as 0.9 and the cognitive parameter 𝑐1 and social
parameter 𝑐2 are both selected as 0.5. For the modified PSO
algorithm, the initial value and the final value for the inertia
weight, cognitive parameter, and social parameter are chosen
as Λmax = 0.9, 𝑐1ini = 2.5, 𝑐2ini = 0.5 and Λmin = 0.4, 𝑐1end =1.3, 𝑐2end = 1.7. Using the parameter initialization method
defined in (26), the initial value of the identified parameters
can be set randomly in search space, and the particle with the
minimumvalue of fitness function can be chosen as the initial
position of p𝑔.

Following the identification introduced in Section 4, the
identification results for 5 parameters in the Jiles-Atherton
model are obtained, and the results are given in Table 2. 1210

To illustrate the performance of the proposed algorithm,
the fitness functions of basic PSO and modified PSO algo-
rithms are also given in Figure 5.ThemodifiedPSOalgorithm
with the dynamic adjustment for the parameters in the
process shows some advantages in the accuracy and the
convergence rate compared with the basic PSO algorithm.

In addition, the experiment is conducted by changing the
PWM signal’s cycle as 60s with amplitude 5V and duty cycle
is 50% (Figure 6(a)) to show the accuracy of the proposed
identification method. As shown in Figures 6(c)-6(d), the
input-output hysteresis loop of the SMA-based compliant
actuators between the temperature and the rotation angle is
used to verify the modeling performance.

The result of using basic PSO algorithm for Jiles-Atherton
model is also provided to show the accuracy of the iden-
tification performance. The comparison of hysteresis loops
between the experimental data and the Jiles-Atherton model
calculated using different identification results are given in

x 10−3
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0.5
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2

2.5

Fi
tn

es
s

50 100 150 200 250 3000
Number of iterations

Modified PSO
Basic PSO

Figure 5: Comparison of fitness function between the basic PSO
algorithm and themodified PSO algorithm (red line: basic PSO; blue
line: modified PSO).

Figure 7 with the absolute errors in Figure 8. It can be
observed that the maximum errors of the radiation angle
response are about 30.84% of BPSO case and 22.53 %
of MPSO case, respectively. The parameters using MPSO
method are more effective than the basic PSOmethod for the
Jiles-Atherton model describing the output characteristics of
the SMA-based compliant actuator.

6. Discussion

In this paper, the parameter identification of SMA-based
compliant actuating system described by Jiles-Atherton
model is addressed. Jiles-Atherton hysteresis model is a
differential-equation based hysteresis model, which can
describe the saturated hysteresis between the input (voltage
or temperature) and output (rotation angle). The accurate
identification of these parameters in the Jiles-Athertonmodel
is helpful to estimate the actuator output in the application.
For such purpose, a modified PSO identification algorithm
is proposed to obtain the Jiles-Atherton hysteresis model
parameters. To avoid the local optimum problem in the basic
PSO algorithm, the proposed modified PSO algorithm can
adjust the location and velocity of each particle by using the
randommutation to extend the search space of the solution in
the iteration step so that the global optimum can be obtained
effectively. The experiment platform is conducted to verify
the effectiveness of the proposed identification algorithm,
and the comparison results with the basic PSO algorithms are
given to illustrate the accuracy of the proposed method.

For this study, some futurework to improve the compliant
SMA driving performance can be considered. The thermal
dynamics between the input current and the temperature is
not considered which may cause the system response delay.
Besides, the rate-dependent hysteresis properties of the SMA
materials also degrade the driving performance when the
input signal frequency changes.These issues yield a direction
for extension of the hysteresis modeling method with the
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Figure 6: Input-output characteristics of the SMA-based compliant actuators under a fixed duty cycle (50%) 5v PWM signal operation with
60s signal cycle producing the temperature changing between 0∘C and 60∘C. (a) Input voltage. (b) Input temperature. (c) Output rotation
angle. (d) Hysteresis loop.
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Figure 7: Comparisons of output-input responses between the Jiles-Atherton model with PSO identification algorithm and the measured
data (red line: measured data; blue line: J-A model with basic PSO): (a) with basic PSO algorithm and (b) with modified PSO algorithm.
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algorithm (red line: J-Amodel with BPSO; blue line: J-Amodel with
MPSO).

novel identification algorithm. The results of the accurate
modeling for SMA-based compliant actuating system can
be furthered to conduct the proper controller cancelling
the nonlinear effects and improve the driving performance,
whichwould yield the high driving performance of compliant
SMA actuators.
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Cloudmanufacturing (CMfg) is a new service-oriented smartmanufacturing paradigm, and it provides a newproduct development
model in which users are enabled to configure, select, and utilize customized manufacturing service on-demand. Because of the
massive manufacturing resources, various users with individualized demands, heterogeneous manufacturing system or platform,
and different data type or file type, CMfg is fully recognized as a kind of complex manufacturing system in complex environment
and has received considerable attention in recent years. In practical scenarios of CMfg, the amount of manufacturing task may be
very large, and there are always quite a lot of candidate manufacturing services in cloud pool for corresponding subtasks. These
candidate services will be selected and composed together to complete a complex manufacturing task. Obviously, manufacturing
service composition plays a very important role in CMfg lifecycle and thus enables complex manufacturing system to be stable,
safe, reliable, and efficient and effective. In this paper, a new manufacturing service composition scheme named as Multi-Batch
Subtasks Parallel-Hybrid Execution Cloud Service Composition for Cloud Manufacturing (MBSPHE-CSCCM) is proposed, and
such composition is one of themost difficult combination optimization problemswithNP-hard complexity. To address the problem,
a novel optimization method named as Improved Hybrid Differential Evolution and Teaching Based Optimization (IHDETBO) is
proposed and introduced in detail. The results obtained by simulation experiments and case study validate the effectiveness and
feasibility of the proposed algorithm.

1. Introduction

The continuing rise in customer expectation, demand of
environmental-friendly production, rapid responsiveness to
market changes, and other market competitions poses a criti-
cal challenge to manufacturing industry. Under these market
pressures, it is very important that manufacturing partners in
the industry chain should work together to provide offerings,
which contain material products and immaterial services
or functionalities, so as to achieve a win-win situation
among users, enterprises, environment, and society. So, cloud
manufacturing (CMfg) emerges as the time require.The term
“cloudmanufacturing”was firstly coined by Li et al. [1]. CMfg
is a special networkedmanufacturing modewhich is different
from traditional networked manufacturing mode such as
ASP and MGrid. Traditional networked manufacturing is an
independent and static system and lacks dynamics, intelligent

client, and effective business model. Its shared resources
are mostly software and other soft resource, less involving
hardware resources, and the overall manufacturing capacity
of enterprises. The concept of traditional networked man-
ufacturing emphasizes the centralized use of decentralized
resources. As a newmanufacturing paradigm, CMfg is a kind
of large-scale networked distributed manufacturing mode
that simultaneously provides multiple users with customized
manufacturing services on a CMfg system or platform by
organizing online manufacturing resources which are always
virtualized and encapsulated asmanufacturing services. Both
the concepts of “integration of distributed resources” and
“distribution of integrated resources” are reflected in CMfg.
So, the advantage of CMfg is that the philosophy of “software
as a service” is expanded to “manufacturing as a service”,
which enables the cloud system to virtualize and servitize
the manufacturing resources and capabilities including not
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only soft resource but also hard resource. In CMfg, there are
massive manufacturing resources, various users with indi-
vidualized demands, heterogeneous manufacturing system
or platform, and different data type or file type, so the
CMfg is obviously a complex system running in a complex
environment. It is a strong demand that the system reaches
stability, safety, reliability, and efficiency and effectiveness,
and there are many theoretical and technological challenges
for the CMfg in practical application.

In the past decades, through the integration of some
advanced technology such as Cyber-Physical System (CPS)
[2], Artificial Intelligence (AI) [3], Internet of Things (IoT)
[4], Big Data (BD) [5], supply chain management [6], cloud
computing [7], and so on, CMfg has been improved rapidly
and gradually in focus. Now, many research institutions are
focusing on CMfg, and many theoretical researches on the
definition, architecture, resource modeling, QoS evaluation,
and resource scheduling of CMfg have been reported. More
importantly, thanks to these aforementioned technologies,
more and more national governments are also focusing
on CMfg and promoting its greater development. Taking
“Industrie 4.0” of theGerman government as an example, any
production system can seamlessly access to the cloud plat-
form to provide remote maintenance or to find personalized
custom solutions.

Since the manufacturing services in CMfg are massive,
users can acquire a lot of production capability to fulfill their
customized demand. Especially for a complex manufacturing
task, it is always divided into several subtasks, and for every
subtask there are also many manufacturing services that
can be selected. Although these candidate services have
different performance or QoS, they all satisfy or are within
the range of user’s requirements. So, such collaboration is
essentially enabled by the composition of manufacturing
services, i.e., cloud service composition for cloud manu-
facturing (CSCCM). CSCCM involves selecting appropriate
and optimal manufacturing services from candidate services
and assembling them together with logistic. In other words,
CSCCM is essentially an interconnected set of multiple
specialized manufacturing services to offer the products or
functionalities to solve a complexmanufacturing task accord-
ing to user’s requirement. Obviously, such composition is
one of the most difficult combination optimization problems
with NP-hard complexity. Tao et al. [8] divide existing service
composition method into five categories: business flow-based
service composition, AI-based service composition, graph-
based service composition, agent-based service composition,
and QoS-aware service composition. Now, many researches
focus on the QoS-aware service composition, because the
QoS such as time, cost, reliability, and reputation influent user
satisfaction deeply. Besides, many classical swarm intelligent
and heuristic algorithms which have been widely studied in
traditional manufacturing system are also introduced into
CMfg, such as genetic algorithm (GA) [9], simulated anneal-
ing (SA) [10], swarm optimization (PSO) [11], ant colony
optimization (ACO) [12], artificial bee colony (ABC) [13],
chaos optimization (CO) [8], differential evolution algorithm
(DE) [14], and teaching-learning based optimization (TLBO)
[15, 16].

Although the aforementioned algorithms and related
improved versions can solve NP-hard problem to a certain
degree, they cannot address well the mass task in CMfg. In
order to achieve a better optimization, adopted are several
candidate manufacturing services, when the task amount is
very large and there are quite a lot of candidatemanufacturing
services for corresponding subtasks. Moreover, when the
interface is highly standardized, it is possible that multi-
services execute parallel and hybrid. The encoding methods
and operations of the aforementioned algorithms are just on
single gene location, which is not suitable for the scenario
of the multi-services selected for one subtask, because to the
multi-services, the transportation scheme between subtasks
is diversity and should be under consideration when establish
the objective function. In addition, the global search ability
of the aforementioned algorithms is not ideal for high
dimensional and complex objective function in CMfg. So, in
this paper, we propose a manufacturing service composition
scheme named as Multi-Batch Subtasks Parallel-Hybrid Exe-
cution Cloud Service Composition for Cloud Manufactur-
ing (MBSPHE-CSCCM). Meanwhile, a novel optimization
method named as Improved Hybrid Differential Evolution
and Teaching Based Optimization (IHDETBO) is proposed
by adopting and improving the classical DE and TLBO
algorithms.

The remainder of the paper is organized as follows.
In Section 2, our previously proposed CMfg architecture
is presented, and the problem statement is discussed. In
Section 3, the basic concepts and operations of DE and TLBO
algorithms are both summarized. In Section 4, the proposed
algorithm IHDETBO is introduced in detail. In Section 5,
the simulation experiments and case study are given, and the
experimental results are discussed. In Section 6, the paper is
summarized with concluding remarks and future work.

2. Problem Statement

In our previous work, we have discussed the CMfg architec-
ture [17–19]. As shown in Figure 1, there are three kinds of
roles in CMfg: (1) the resource demander (RD), who is the
demander of products, manufacturing resource, or service,
for example, the users or some public institutions; (2) the
resource provider (RP), who is the provider of products,man-
ufacturing resource, or service, for example, the enterprise or
service cooperator; (3) the manager, who designs, develops,
and maintains the CMfg equipments and related software
like some professional middleware. From the perspective
of CMfg system, it is composed of a cloud manufacturing
platform (CMP) and cloud end (CE). The latter contains
a cloud demander (CD) and a cloud provider (CP) both
of which are corresponding to RD and RP, respectively.
The CPs publish, update, cancel, and provide manufacturing
resource and service through CMP; the CDs, in turn, submit
the requirement to and obtain the corresponding products
or services from CMP, the functionality of which is like a
great resource pool consisting of several sub-CMPs that can
interact with each other. In addition, through cutting-edge
technologies such as Internet ofThings (IoT), Big Data (BD),
Cyber-Physical System (CPS), and so on, manufacturing
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resources in CP are encapsulated as cloud service (CS),
which then can be accessed and obtained by CD from CMP.
Thus, CMfg can provide users with manufacturing resources
highly virtualized as services in the manufacturing life cycle
[20].

Generally speaking, the lifecycle of CMfg has several
phases just like cloud computing: the definition and publica-
tion of CS, the proposal of manufacturing task requirement,
the matching of CS, the composition and provision of CS,
the determination ofmanufacturing contract, manufacturing
and distribution, and the disposal of manufacturing task
[22]. The work proposed in this paper will address the
phase of the composition and provision of CS. As shown
in Figure 2, after users have submitted manufacturing task
to CMP, the CMP first decomposes the task to several
subtasks according to the knowledge of domain experts and
searches proper CSs to the corresponding subtasks from
cloud service pool (CSP) and then selects and composes
these CSs with optimization algorithms to satisfy users’
QoS requirements such as time, cost, availability, reputation,
and so on. Because the total amount of tasks may be very
large, as well as there are many candidate CSs according
to the performance requirement of corresponding subtasks,
several CSs would like to be chosen to complete the same
subtask parallel, and each of them would deliver its produc-
tion results to one or more CSs for next subtask. Taking
the first and second subtasks as an example (shown as
SubT1 and SubT2 in Figure 2), they have two correspond-
ing candidate CS sets CSS1={CSS1,1,CSS1,2, . . . ,CS1,m1} and
CSS2={CSS2,1,CSS2,2, . . . ,CS2,m2}, and total amounts of these

two subtasks are both T. Some of these CSs will be allocated
production task and the amount is Ti,j, where ∑𝑚1𝑗=1 𝑇1,𝑗 =∑𝑚2𝑗=1 𝑇2,𝑗 = 𝑇. So, some CSs in CSS1 will be allocated
production task and will deliver their production results to
one ormoreCSs inCSS2 after completing their own tasks. For
example, in composition scenario shown in Figure 2, for the
first subtask, three candidate CSs are chosen, i.e., CS1,1, CS1,2,
and CS1,j1. After completing their own tasks, the production
results of CS1,1 will be delivered to CS2,1 and CS2,j2, similarly,
CS1,2 to CS2,1 and CS2,2, and CS1,j1 to CS2,j2 and CS2,m2.
Thus, a mass task can be transformed into multi-batch
subtasks which will be parallel-hybrid executed. Obviously,
the key issue is CS composition with respect to users’ QoS
requirement, which is a combinatorial optimization problem
with strong NP-hard problem in essence.

3. Basic Concepts and Operations of DE
Algorithm and TLBO Algorithm

MBSPHE-CSCCM is a combinatorial optimization problem
with strong NP-hard problem. Furthermore, with the rapid
increasing number of candidate CSs and the amount of cloud
manufacturing tasks and subtasks, the search space is quite
large. It is hard to solve MBSPHE-CSCCM problem with a
large search scale by traditional methods. In this paper, the
DE algorithm and TLBO algorithm are adopted to design a
new method termed as IHDETBO. DE and TLBO are both
recently developedmeta-heuristic algorithms to enhance and
balance the exploration and exploitation capacities. The basic
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Figure 2: Schematic of cloud service composition for cloud manufacturing.

concepts and operations of these two algorithms are detailed
in the following sections.

3.1. DE Algorithm. DE was firstly coined by Storn and Price
[14]. It is a powerful evolutionary algorithmbased on stochas-
tic search technique, which is an efficient and effective global
optimizer in the continuous search domain [23]. Similar
to other evolutionary algorithms such as ABC, DE firstly
generates a population consisting ofNP n-dimensional initial
vector randomly, which is so-called individuals, i.e., {X0𝑑 =

(𝑥0𝑑,1, 𝑥0𝑑,2, ⋅ ⋅ ⋅ , 𝑥0𝑑,𝑗 ⋅ ⋅ ⋅ 𝑥0𝑑,𝑛) | 𝑑 = 1, 2, ⋅ ⋅ ⋅ 𝑁𝑃}, generated by
(1). Here, NP is one of the parameters of DE and indicates
population size:

𝑥0𝑑,𝑗 = 𝑥𝑙𝑜𝑤𝑗 + rand (0, 1) (𝑥𝑢𝑝𝑗 − 𝑥𝑙𝑜𝑤𝑗 ) (1)

where 𝑗 = 1, 2, ⋅ ⋅ ⋅ 𝑛; [𝑥𝑙𝑜𝑤𝑗 , 𝑥𝑢𝑝𝑗 ] is the boundary of the
jth variable; and rand (0, 1) is a random number uniformly
distributed over the interval [0, 1].
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Then the population evolves over generations through
three types of operations such as mutation, crossover, and
selection till one of the termination criterions is satisfied.

3.1.1. Mutation Operation. In the mutation operation of the
kth generation, DE produces a mutant vector U𝑘𝑑. Seven most
frequently referred mutation operations are listed as follows:

(1) rand/1/bin [14]:

U𝑘𝑑 = X𝑘𝑑1 + 𝐹 (X𝑘𝑑2 − X𝑘𝑑3) (2)

(2) rand/2/bin [23]:

U𝑘𝑑 = X𝑘𝑑1 + 𝐹 (X𝑘𝑑2 − X𝑘𝑑3) + 𝐹 (X𝑘𝑑4 − X𝑘𝑑5) (3)

(3) best-to-rand/1/bin [14]:

U𝑘𝑑 = X𝑘𝑏𝑒𝑠𝑡 + 𝐹 (X𝑘𝑑2 − X𝑘𝑑3) (4)

(4) best-to-rand/2/bin [24]:

U𝑘𝑑 = X𝑘𝑏𝑒𝑠𝑡 + 𝐹 (X𝑘𝑑1 − X𝑘𝑑2) + 𝐹 (X𝑘𝑑3 − X𝑘𝑑4) (5)

(5) rand-to-best/2/bin [25]:

U𝑘𝑑 = X𝑘𝑑 + 𝐹 (X𝑘𝑏𝑒𝑠𝑡 − X𝑘𝑑) + 𝐹 (X𝑘𝑑1 − X𝑘𝑑2)
+ 𝐹 (X𝑘𝑑3 − X𝑘𝑑4) (6)

(6) current-to-rand/1/bin [26]:

U𝑘𝑑 = X𝑘𝑑 + 𝐾∗ (X𝑘𝑑1 − X𝑘𝑑) + 𝐹 (X𝑘𝑑2 − X𝑘𝑑3) (7)

(7) current-to-pbest/1/bin [24]:

U𝑘𝑑 = X𝑘𝑑 + 𝐹 (X𝑘𝑝𝑏𝑒𝑠𝑡 − X𝑘𝑑 + X𝑘𝑑1 − X̃𝑘𝑑2) (8)

where d1, d2, d3, d4, and d5 are distinct random integers
uniformly generated from the set {1, 2, ⋅ ⋅ ⋅ , 𝑁𝑃} \ {𝑑}; X𝑘𝑏𝑒𝑠𝑡
represents the best individuals in the kth generation; X𝑘𝑝𝑏𝑒𝑠𝑡
represents the individuals randomly selected from the top
100∗p best individuals in the kth generation, and 𝑝 ∈[5%, 20%]; 𝐾∗is a control parameter randomly chosen with
the range [0, 1]; 𝐹 is a real fixed number (𝐹 ∈ [0, 2]) named
as scale parameter (step size) to control the amplification of
the difference.

3.1.2. Crossover Operation. In the crossover operation after
mutation operation of the kth generation, the trial/offspring
vector V𝑘𝑑 = (V𝑘𝑑,1, V𝑘𝑑,2, ⋅ ⋅ ⋅ , V𝑘𝑑,𝑗, ⋅ ⋅ ⋅ , V𝑘𝑑,𝑛) is generated by
mixing with each pair of the target vector X𝑘𝑑 and its
corresponding mutant vector U𝑘𝑑. In the basic version, the
binomial crossover operation is defined as follows:

V𝑘𝑑,𝑗 = {{{
𝑢𝑘𝑑,𝑗, if (rand (0, 1) ≤ 𝐶𝑅) 𝑜𝑟 (𝑗 = 𝑗𝑟𝑎𝑛𝑑) ,𝑥𝑘𝑑,𝑗, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒. (9)

where rand (0, 1) is a uniform randomnumber on the interval[0, 1]; CR is crossover constant determined by users within
the interval [0, 1]; 𝑗𝑟𝑎𝑛𝑑 ∈ (1, 2, ⋅ ⋅ ⋅ 𝑛) is a randomly chosen
index which ensures that the trial vector V𝑘𝑑 gets at least one
element different fromU𝑘𝑑.

3.1.3. Selection Operation. A greedy selection operation is
used to select individual fromeach pair of the target vectorX𝑘𝑑
and the corresponding trial/offspring vector V𝑘𝑑 into the next
in the next (k+1)th generation by comparing their fitness. For
minimization problems, whose fitness is smaller, they will be
chosen, and, for maximization problems, the opposite is true.

3.2. TLBO Algorithm. TLBO algorithm was firstly proposed
by Rao [15, 16]. Based on the effect of the influence of a
teacher on the output of learners in a class, teaching-learning
is an important motivated progress where any individual
tries to learn something from the other and simulates the
traditional teaching-learning phenomenon of class room
[27]. So, teaching-learning algorithm has two fundamental
modes of learning: (i) learning from the teacher (known as
teacher phase) and (ii) interacting with the other learners
(known as learner phase). The initialization is as the same as
DE by using (1).

3.2.1. Teacher Phase. In the teacher phase, the algorithm
simulates the learning of students from teacher. The teacher
(always the best individual of the entire population) will
put maximum effort to increase the mean grade of the
class from any value to his value, and the learners will gain
knowledge according to the quality of teaching delivered
by a teacher and the quality of learners present in the class
[27]. At any teaching-learning cycle k, let X𝑘𝑡𝑒𝑎𝑐ℎ𝑒𝑟 be the
teacher and X𝑘𝑚𝑒𝑎𝑛 be the mean whose every element is the
mean value of the corresponding dimension, i.e., X𝑘𝑚𝑒𝑎𝑛 =((1/𝑁𝑃)∑𝑁𝑃𝑖=1 𝑥𝑘𝑖,1, (1/𝑁𝑃)∑𝑁𝑃

𝑖=1 𝑥𝑘𝑖,2, ⋅ ⋅ ⋅ , (1/𝑁𝑃)∑𝑁𝑃𝑖=1 𝑥𝑘𝑖,𝑗, ⋅ ⋅ ⋅ ,(1/𝑁𝑃)∑𝑁𝑃𝑖=1 𝑥𝑘𝑖,𝑛), where j and n have the same meaning with
DE. Teacher X𝑘𝑡𝑒𝑎𝑐ℎ𝑒𝑟 will try to improve other individuals
X𝑘𝑑 = (𝑥𝑘𝑑,1, 𝑥𝑘𝑑,2, ⋅ ⋅ ⋅ 𝑥𝑘𝑑,𝑛) by shifting their positions towards
the position of his own level, where 𝑑 ̸= 𝑡𝑒𝑎𝑐ℎ𝑒𝑟. The
difference between the result of the teacher and the mean
result of the learner for the learner d is calculated as follows:

Diff 𝑀𝑘
𝑑,𝑗 = 𝑟𝑑 (𝑥𝑘𝑡𝑒𝑎ℎ𝑐𝑒𝑟,𝑗 − 𝑇𝐹𝑥𝑘𝑚𝑒𝑎𝑛,𝑗) (10)

where rd is a random number in the range [0, 1]; TF is the
teaching factor which decides the value of the mean to be
changed and can be either 1 or 2 and decided randomly as
follows:

𝑇𝐹 = 𝑟𝑜𝑢𝑛𝑑 [1 + 𝑟𝑑] (11)

Based on the Difference Mean𝑘𝑑 = (Diff 𝑀𝑘
𝑑,1,Diff 𝑀𝑘

𝑑,2,⋅ ⋅ ⋅ ,Diff 𝑀𝑘
𝑑,𝑛), individual X𝑘𝑑 in the current population is

updated according to the following:

X𝑘𝑑 = X𝑘𝑑 +Difference Mean𝑘𝑑 (12)
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whereX𝑘𝑑 is the updated value and will be accepted if it gives
a better fitness value.

3.2.2. Learner Phase. In the learner phase after teacher phase,
the algorithm will simulate the learning of the students (indi-
viduals) through interacting with each other by discussions,
presentations, formal communications, and so on. A learner
will develop his knowledge if the other learners are better. So
in this phase of the kth generation, a learner X𝑘𝑑 randomly
selects another learner X𝑘𝑑1 , if the fitness value of X

𝑘
𝑑1
is better

than that ofX𝑘𝑑, then X𝑘𝑑 will be updated by (13), otherwise by
(14).

X𝑘𝑑 = X𝑘𝑑 + 𝑟𝑑 (X𝑘𝑑1 − X𝑘𝑑) (13)

X𝑘𝑑 = X𝑘𝑑 + 𝑟𝑑 (X𝑘𝑑 − X𝑘𝑑1) (14)

where 𝑟𝑑 is a random number within the range [0, 1], and X𝑘𝑑
will be accepted if it gives a better fitness value.

4. IHDETBO for Cloud Manufacturing

To solve the MBSPHE-CSCCM problem, a so-called IH-
DETBO algorithm is proposed by integrating improved DE
(named as IDE phase) and the improved teacher phase of
TLBO (named as IT phase) to enhance and balance the explo-
ration and exploitation capacities. At first, block encoding
and initialization are operated in population initialization. In
the IDE phase, block mutation, block crossover and block
selection are operated. Besides, factors F and CR will be both
improved and calculated with adaptive strategy to enhance
the population diversity and generate better individuals into
the next phase [28]. In the learner phase of canonical TLBO,
due to the fact that the learner may select an inappropriate
learner (a poor student) to learn, the convergence speed will
slow down and the effect of local search will be reduced.
On the contrary, every learner will be improved to the
teacher’s level in the teacher phase of canonical TLBO, and
the algorithm puts up a better convergence performance. So,
operations in teacher phase will be adopted and improved
as IT phase, and factor TF will be also improved to make
the simulation more in line with the actual. The algorithm is
discussed as follows in detail.

4.1. Parameter Settings. To facilitate the discussion of
MBSPHE-CSCCM problem, the parameter setting is unified
as follows.

Task: cloud manufacturing task.
K: the total amount of cloud manufacturing task.𝑆𝑢𝑏𝑇 = {𝑠𝑢𝑏𝑡1, 𝑠𝑢𝑏𝑡2, ⋅ ⋅ ⋅ 𝑠𝑢𝑏𝑡𝑖, ⋅ ⋅ ⋅ , 𝑠𝑢𝑏𝑡𝑛}: the set of

subtasks decomposed by CMP, where i is a natural number
in the range [1, 𝑛]; n is the total amount of subtasks. So, let
the amount of every subtask be Ki. Generally, 𝐾𝑖 > 𝐾 and𝐾𝑖 = 𝜁𝐾must both hold, where 𝜁 is a positive integer.𝐶𝑆𝑖 = {𝑐𝑠𝑖1, 𝑐𝑠𝑖2, ⋅ ⋅ ⋅ , 𝑐𝑠𝑖𝑗, ⋅ ⋅ ⋅ , 𝑐𝑠𝑖𝑀𝑖}: the set of candidateCSs
for corresponding subtask 𝑠𝑢𝑏𝑡𝑖, where 𝑗 = 1, 2, ⋅ ⋅ ⋅ ,𝑀𝑖, 𝑀𝑖

is the amount of the candidate CSs.

4.2. Block Encoding and Initialization. To address the
MBSPHE-CSCCM problem, a new encoding method named
as block encoding is proposed. A MBSPHE-CSCCM scheme
can be encoded as a chromosome by the integer array with
the length equal to the number of CSs [21], and the integers
are all in the range [0, 𝐾𝑖]. By adopting calculation method
of subtask height, a genebit partition method based on
subtask rank is proposed; thus every genebit in the integer
array is one-to-one correspondence with the CS [29]. Shown
as Figure 3, the rank of the corresponding subtask is the
location in the cloud manufacturing chain, and the amount
of genebit in every rank is the amount of candidate CS for the
corresponding subtask. So, the genebits in the same rank can
be seen as a block of the chromosome. The genebit index of𝑐𝑠𝑛𝑚 is calculated as follows:

{{{{{
𝑚 + 𝑛−1∑

𝑖=1

𝑀𝑖, 𝑛 > 1
𝑚, 𝑛 = 1 (15)

The initialization is generated randomly and the sum
of every rank equals to the amount of the corresponding
subtask, so the initialization of every genebit is calculated as
follows:

𝑥𝑖𝑗 = rand𝑗 (0, 1) ⋅ 𝐾𝑖∑𝑀𝑖
𝑗=1 rand𝑗 (0, 1) (16)

4.3. IDE Phase. In the IDE phase, there are still three oper-
ations: mutation, crossover, and selection mentioned above.
Based on the block encoding and initialization, mutation
and crossover are both executed rank by rank, which are
named as block mutation and block crossover, respectively.
Additionally, parameters F and CR will be both improved
in the block mutation operation and the block crossover
operation, respectively.

4.3.1. Improved Block Mutation Operation. Let 𝑋ℎ,𝑖 = {𝑥ℎ,𝑖
𝑑

|𝑑 = 1, 2, ⋅ ⋅ ⋅ 𝑁𝑃; 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑛} be rank i of the hth gener-
ation, where 𝑥ℎ,𝑖

𝑑
= (𝑥ℎ,𝑖

𝑑,1
, 𝑥ℎ,𝑖
𝑑,2

, ⋅ ⋅ ⋅ , 𝑥ℎ,𝑖
𝑑,𝑀𝑖

) is the integer array
in the genebit of rank i of individual d. After this operation,
a block mutant vector is 𝑢ℎ,𝑖𝑑 = (𝑢ℎ,𝑖𝑑,1, 𝑢ℎ,𝑖𝑑,2, ⋅ ⋅ ⋅ , 𝑢ℎ,𝑖𝑑,𝑀𝑖). To
enhance the exploration capacity and population diversity,
we employ “rand/1/bin” mutation operation like (17), which
demonstrates slow convergence speed but has strong explo-
ration capability [14]. Obviously, the sum of every element of𝑢ℎ,𝑖
𝑑
equals that of 𝑥ℎ,𝑖

𝑑
.

𝑢ℎ,𝑖𝑑 = 𝑥ℎ,𝑖𝑑1 + 𝐹𝑑 (𝑥ℎ,𝑖𝑑2 − 𝑥ℎ,𝑖𝑑3 ) (17)

In the IHDETBO algorithm, the mutation factor Fd is
improved and calculated adaptively with the aim of generat-
ing diversified individuals. At each generation h, Fd of each
individual 𝑥ℎ,𝑖

𝑑
is independently generated like (18), according

to a Cauchy distribution with location parameter 𝜇𝐹 and
scale parameter 0.1, and then truncated to be 1 if 𝐹𝑑 > 1 or
regenerated if 𝐹𝑑 ≤ 1.𝐹𝑑 = rand𝑐𝑑 (𝜇𝐹, 0.1) (18)
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Figure 3: Schematic of encoding [21].

Let SF be the set of all successful mutation factors in
this generation. The location parameter 𝜇𝐹 of the Cauchy
distribution is initialized to be 0.5 and then updated at the
end of this iteration as follows:

𝜇𝐹 = (1 − 𝑐) ⋅ 𝜇𝐹 + 𝑐 ⋅ 𝑚𝑒𝑎𝑛𝐿 (𝑆𝐹) (19)

where c is a positive constant between 0 and 1, and𝑚𝑒𝑎𝑛𝐿(𝑆𝐹)
is the Lehmer mean and calculated as equation (20).

𝑚𝑒𝑎𝑛𝐿 (𝑆𝐹) = ∑𝐹∈𝑆𝐹 𝐹2∑𝐹∈𝑆𝐹 𝐹 (20)

According to the existing research results [24], a trun-
cated Cauchy distribution is introduced to generate adaptive
Fd, because it is more helpful to diversify Fd and thus
avoid premature convergence which often occurs in greedy
mutation strategies if Fd is highly concentrated around a
certain value, so as to enhance the population diversity.
Additionally, the Lehmer mean of SF makes the adaptation of𝜇𝐹 place more weight on larger successful mutation factors
and is also helpful to propagate larger 𝜇𝐹 so as to avoid
premature convergence at the end.

4.3.2. Improved Block Crossover Operation. Let Vℎ,𝑖
𝑑

= (Vℎ,𝑖
𝑑,1

,
Vℎ,𝑖
𝑑,2

, ⋅ ⋅ ⋅ , Vℎ,𝑖
𝑑,𝑀𝑖

) be the block trial/offspring vector, and the
block crossover operation is executed rank by rank. Accord-
ing to (9), the block crossover operation is calculated as
follows. To make the sum of every element of Vℎ,𝑖𝑑 remain
unchanged, fine-turning operation will be needed; i.e., every
element of Vℎ,𝑖𝑑 will increase or decrease proportionally.

Vℎ,𝑛𝑑,𝑗 = {{{
𝑢ℎ,𝑛
𝑑,𝑗

, if (rand (0, 1) ≤ 𝐶𝑅𝑑) 𝑜𝑟 (𝑗 = 𝑗𝑟𝑎𝑛𝑑) ,𝑥ℎ,𝑛
𝑑,𝑗

, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒. (21)

In the IHDETBO algorithm, the crossover probability
CRd is also improved and calculated adaptively with the aim
of generating better individuals into the next IT phase. At
each generation h, CRd of each individual 𝑥ℎ,𝑖

𝑑
is indepen-

dently generated as (22), according to a normal distribution
of mean 𝜇𝐶𝑅 and standard deviation 0.1, and then truncated
to [0, 1].

𝐶𝑅𝑑 = rand𝑛𝑑 (𝜇𝐶𝑅, 0.1) (22)

Let SCR be the set of all successful crossover probabilities
in this generation. Themean 𝜇𝐶𝑅 of the normal distribution is
initialized to 0.5 and then updated at the end of this iteration
as follows:

𝜇𝐶𝑅 = (1 − 𝑐) ⋅ 𝜇𝐶𝑅 + 𝑐 ⋅ 𝑚𝑒𝑎𝑛𝐴 (𝑆𝐶𝑅) (23)

where c is a positive constant between 0 and 1, and𝑚𝑒𝑎𝑛𝐴(𝑆𝐶𝑅) is the arithmetic mean of SCR.
According to the existing research results [24], better

control parameter values tend to generate better individuals
that are more likely to survive and thus these values should
be propagated to the following generations. So, the set
SCR records recent successful crossover probabilities, and
rand𝑛𝑑(𝜇𝐶𝑅, 0.1)with a small standard deviation in (22) leads
to generate a new CRd that has a great probability close to the
successful crossover probability values.

4.3.3. Selection Operation. After block mutation and block
crossover, we can obtain a trial/offspring individual 𝑉ℎ𝑑 =(Vℎ,1
𝑑

, Vℎ,2
𝑑

, ⋅ ⋅ ⋅ , Vℎ,𝑛
𝑑

), and abovementioned greedy selection
operation is also adopted to choose𝑋ℎ

𝑑 or𝑉ℎ𝑑 into next phase.

4.4. IT Phase. In IHDETBO algorithm, the teacher phase
of TLBO is improved and adopted as IT phase following
the IDE phase. Based on the block operations illustrated in
Section 4.3, the operation in this phase is also executed block
by block. Additionally, factor TF will be improved tomake the
simulation more in line with the actual.

4.4.1. Block Teaching Operation. Just as introduced in Sec-
tion 3.2.1, the teacher (the best individual of this pop-
ulation) tries to disseminate knowledge among learn-
ers (other individuals of this population), which will in
turn increase the knowledge level of the whole class
(population). So, after IDE phase of the hth genera-
tion, let the individual which has the best fitness value
be the teacher 𝑋ℎ

𝑡 = (𝑥ℎ,1𝑡 , 𝑥ℎ,2𝑡 , ⋅ ⋅ ⋅ , 𝑥ℎ,𝑖𝑡 , ⋅ ⋅ ⋅ , 𝑥ℎ,𝑛𝑡 ) and𝑋ℎ
𝑚 = (𝑥ℎ,1𝑚 , 𝑥ℎ,2𝑚 , ⋅ ⋅ ⋅ , 𝑥ℎ,𝑖𝑚 , ⋅ ⋅ ⋅ , 𝑥ℎ,𝑛𝑚 ) be the mean individual,

where i and n have the same meaning with that in Sec-
tion 4.2; and 𝑥ℎ,𝑖𝑚 = ((1/𝑁𝑃)∑𝑁𝑃

𝑗=1 𝑥ℎ,𝑖𝑗,1, (1/𝑁𝑃)∑𝑁𝑃
𝑗=1 𝑥ℎ,𝑖𝑗,2, ⋅ ⋅ ⋅ ,(1/𝑁𝑃)∑𝑁𝑃𝑗=1 𝑥ℎ,𝑖𝑗,𝑀𝑖). The difference of block i between the

result of the teacher and the mean result of the learner for
the learner d is calculated as follows:

Diff 𝑀ℎ,𝑖
𝑑,𝑗 = 𝑟𝑑 (𝑥ℎ,𝑖𝑡𝑒𝑎ℎ𝑐𝑒𝑟,𝑗 − 𝑇𝐹,𝑑𝑥ℎ,𝑖𝑚𝑒𝑎𝑛,𝑗) (24)

Difference Meanℎ,𝑖𝑑

= (Diff 𝑀ℎ,𝑖
𝑑,1,Diff 𝑀ℎ,𝑖

𝑑,2, ⋅ ⋅ ⋅ ,Diff 𝑀ℎ,𝑖
𝑑,𝑀𝑖

) (25)

where rd is a random number in the range [0, 1]; TF is the
teaching factor which can be calculated by (11). Then, block
i of individual d will be updated, and the updated individual𝑋ℎ
𝑑 will be accepted if it gives a better fitness value.
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𝑥ℎ,𝑖𝑑 = 𝑥ℎ,𝑖𝑑 +Different Meanℎ,𝑖𝑑 (26)

4.4.2. Improvement of TF. In the canonical TLBO algorithm,
the teaching factor TF,d is either 1 or 2. It means that the
learners learn nothing from the teacher or learn all the things
from the teacher, respectively. Obviously, it is not in line
with the actual. In actually teaching-learning phenomenon,
the learners may learn in any proportion from the teacher
because of the learners’ learning ability, the teacher’s teaching
ability, or other reasons, so the teaching factor TF,d is not
always at its end state for learners but varies in-between also
[27, 30]. Therefore, TF,d is calculated as follows:

𝑇𝐹,𝑑
=

{{{{{{{{{{{
1 + 𝑓 (𝑋ℎ

𝑡 ) − 𝑓 (𝑋ℎ
𝑑)𝑓 (𝑋ℎ

𝑡 ) , for maximizaiton problem,
1 + 𝑓 (𝑋ℎ

𝑑) − 𝑓 (𝑋ℎ
𝑡 )𝑓 (𝑋ℎ

𝑑
) , for minimizaiton problem.

(27)

where 𝑓(𝑋ℎ
𝑡 ) and𝑓(𝑋ℎ

𝑑) are the fitness values of 𝑋ℎ
𝑡 and 𝑋ℎ

𝑑,
respectively.

5. Experiments and Discussions

In this section, the effectiveness of the proposed IHDETBO
algorithm is examined by several benchmark functions,
and the process of IHDETBO applied to MBSPHE-CSCCM
is demonstrated by a case study. These experiments are
implemented in a PC with an Intel� Core� i5-3337U CPU
operating at 1.80GHz and 8.00GB of RAM, and operating
system is Windows 7 (64 bit). The programming software for
the experiments with benchmark functions and that for the
case study are Matlab R2016a and Microsoft Visual C++ 6.0,
respectively.

5.1. Experiments with Benchmark Functions. To investigate
the performance of the proposed IHDETBO algorithm, six
different benchmark functions with different characteris-
tics of objective functions and different dimensions and
search space are adopted. The results obtained by using the
IHDETBOalgorithm are also compared with other optimiza-
tion algorithms such as PSO, DE, and TLBO algorithms with
different dimensions and population sizes.

5.1.1. Benchmark Functions. To analyze and compare the
performance and accuracy of the IHDETBO algorithm,
we adopt six different benchmark functions shown as in
Table 1. These functions have different characteristics such
as unimodality (U), multimodality (M), separable (S), and
non-separable (N), which have been shown in column C of
Table 1, and the optimum is all 0 which is the minimum. For
a unimodal function, the local minimum is also the global
minimum, conversely, there are several global minimums
for multimodal functions. So, it is more difficult to find
the global minimum for multimodal function than that for
unimodal function, because the former requires better global
search ability. Additionally, the variables are affected by other
variables in non-separable functions, but not for separable

functions, so it is more difficult to find an optimum for
the non-separable function than that for separable function.
Therefore, the abilities of exploration, exploitation, and find-
ing an optimum can be assessed by these functions, which
can be seen as the abstraction for some engineering problem
in practice.

5.1.2. Parameters Settings. We test proposed IHDETBO algo-
rithm with the same parameters setting and compare the test
results with PSO and DE algorithms. For PSO algorithm,
parameter v is half of the search space. As for the DE
algorithm, scale factor F and crossover probability CR are
0.5 and 0.9, respectively [31]. The maximum iteration is 500
shown in column M of Table 2. The population size is an
important parameter for heuristic algorithms, and it is set to
10, 20, and 50 shown in column N of Table 2. In addition, the
dimensionality of the search space is another important issue
for themethods, and it is set to 2, 5, and 10 for each population
size shown in column D of Table 2. All experiments are
operated 50 times independently.

5.1.3. Discussion on the Experimental Results. Every exper-
iment is operated 50 times independently. The results of
comparison test on 6 different benchmark functions are
shown as Table 2. The column best, worst, mean, std, and
FE are the best value, worst value, mean value, standard
deviation, and mean value of function evaluations for the 50
times operations, respectively. The mean value is the most
important index that will validate the algorithm performance
well. Additionally, for better analysis through the benchmark
function, the objective function landscapes of them for D=2
are shown as Figure 4, through which we can view the shape
and obtain the corresponding characteristics.

According to the landscape shown in Figure 4, their char-
acteristics will be analyzed theoretically. The first benchmark
function f 1 is a unimodal separable function. It is a very
simple benchmark function, which is the easiest to find the
global minimum among the six functions. It requires nearly
no global search capability and pays special attention on local
convergence speed of an algorithm. As shown in Table 2, the
performance rank is TLBO>IHDETBO>DE>PSO. The sec-
ond one f 2 is a unimodal non-separable function. Although
it is unimodality, its shape is spiral, so it is prone to oscillation
that makes it difficult to identify the search direction. Due to
the feature, it is difficult to find global minimum, and this
benchmark function is always used to evaluate the global
search capability of an algorithm. As shown in Table 2, the
performance rank is IHDETBO>TLBO>DE>PSO.The third
one f 3 is a multimodal non-separable function. Although it
is multimodality and there are many local minimums, most
of them exist in a long and narrow place around the global
minimum.Thanks to this feature, these local minimums have
no deceptive. So, it is also very easy to find the global mini-
mum, and the global search capability of an algorithm has
little effect on the optimization result. As shown in Table 2,
the performance rank is TLBO>IHDETBO>PSO>DE. The
fourth one f 4 is a multimodal separable function and has a
very strong deception. Around the global minimum, there
are many local minimums, whose gradients are very similar



Complexity 9

Ta
bl
e
1:
Ba

sic
fu
nc
tio

ns
us
ed

in
th
ee

xp
er
im

en
ts.

N
am

e
Fu

nc
tio

n
C

Se
ar
ch

sp
ac
e

In
iti
al
sp
ac
e

M
in

Sp
he
re

𝑓 1(𝑥
)=

𝐷 ∑ 𝑖=
1

𝑥2 𝑖
U
S

[-100
,100

]𝐷
[-100

,50 ]𝐷
0

Ro
se
nb

ro
ck

𝑓 2(𝑥
)=𝐷

−
1 ∑ 𝑖=
1

[100
(𝑥2 𝑖

−𝑥 𝑖+
1
)2

+(1
−𝑥 𝑖)

2
]

U
N

[-2.0
48,2

.048 ]
𝐷

[-2.0
48,2

.048 ]
𝐷

0

Ac
kl
ey

𝑓 3(𝑥
)=−

20ex
p
(−0

.2√
1 𝐷𝐷 ∑ 𝑖=

1

𝑥2 𝑖
)−

ex
p
(1 𝐷𝐷 ∑ 𝑖=

1

co
s(2𝜋

𝑥 𝑖))
+20

+𝑒
M
N

[-32,
32 ]𝐷

[-32,
32 ]𝐷

0

Sc
hw

ef
el
2.
26

𝑓 4(𝑥
)=4

18.98
2887

2724
3369

⋅𝐷−
𝐷 ∑ 𝑖=
1

(𝑥 𝑖s
in

(√   𝑥
𝑖   ))

M
S

[-500
,500

]𝐷
[-500

,500
]𝐷

0

G
rie

w
an
k

𝑓 5(𝑥
)=

1 4000
𝐷 ∑ 𝑖=
1

𝑥2 𝑖
−𝐷 ∏ 𝑖=

1

co
s(𝑥 𝑖 √ 𝑖)+1

M
N

[-600
,600

]𝐷
[-600

,200
]𝐷

0

Ra
str

ig
in

𝑓 6(𝑥
)=

𝐷 ∑ 𝑖=
1

[𝑥2 𝑖
−10

co
s(2𝜋

𝑥 𝑖)+
10]

M
N

[-5.1
2,5.1

2 ]𝐷
[-5.1

2,5.1
2 ]𝐷

0



10 Complexity

Ta
bl
e
2:
Th

er
es
ul
ts
of

co
m
pa
ris

on
te
st
on

6
be
nc
hm

ar
k
fu
nc
tio

ns
w
ith

di
ffe
re
nt

pa
ra
m
et
er
ss
et
tin

gs
.

Be
nc
hm

ar
k
fu
nc
tio

n
al
go
rit
hm

N
10

20
50

D
2

5
10

2
5

10
2

5
10

f 1

IH
D
ET

BO

be
st

7.5
8E

-1
54

3.
56
E-
68

1.1
1E
-3
6

2.
52
E-
13
5

6.
14
E-
54

1.2
7E

-2
7

9.7
2E

-1
20

6.
39
E-
47

8.
65
E-
23

wo
rs
t

2.
63
E-
13
8

3.
63
E-
55

8.
63
E-
29

1.3
8E

-1
22

2.
95
E-
48

3.
64

E-
22

5.
31
E-
113

4.
35
E-
43

4.
44

E-
20

m
ea
n

6.
36
E-
14
0

7.6
6E

-5
7

5.
76
E-
30

2.
84
E-
12
4

2.
54
E-
49

1.4
6E

-2
3

2.
43
E-
114

5.
53
E-
44

5.
47
E-
21

std
3.
68
E-
13
9

5.
07
E-
56

1.5
3E

-2
9

1.9
3E

-1
23

6.
60

E-
49

5.
19
E-
23

8.
54
E-
114

9.5
7E

-4
4

8.
16
E-
21

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04

PS
O

be
st

0.
00

E+
00

0.
00

E+
00

2.
78
E+

01
0.
00

E+
00

0.
00

E+
00

8.
41
E-
01

0.
00

E+
00

0.
00

E+
00

2.
76
E-
15

wo
rs
t

1.6
5E

-4
3

5.
00

E+
00

5.
34
E+

03
2.
03
E-
48

6.
62
E-
30

1.6
2E

+0
2

7.3
2E

-5
5

6.
56
E-
53

1.6
0E

-0
3

m
ea
n

4.
17
E-
45

2.
42
E-
01

9.8
8E

+0
2

4.
67
E-
50

3.
42
E-
31

3.
98
E+

01
5.
41
E-
56

2.
18
E-
54

4.
60

E-
05

std
2.
34
E-
44

7.5
8E

-0
1

9.0
9E

+0
2

2.
85
E-
49

1.2
3E

-3
0

4.
76
E+

01
1.4

7E
-5
5

1.0
1E
-5
3

2.
27
E-
04

FE
1.1
4E

+0
4

1.2
3E

+0
4

1.2
4E

+0
4

2.
22
E+

04
2.
31
E+

04
2.
42
E+

04
5.
45
E+

04
5.
45
E+

04
5.
91
E+

04

D
E

be
st

4.
55
E-
111

1.7
3E

-0
2

3.
64

E+
01

1.8
3E

-1
13

5.
16
E-
47

1.7
8E

-1
5

5.
66

E-
112

9.8
9E

-4
4

9.0
8E

-2
0

wo
rs
t

2.
68
E-
01

6.
28
E+

02
2.
42
E+

03
3.
01
E-
10
4

4.
33
E-
06

4.
66

E+
01

2.
65
E-
10
4

2.
60

E-
40

1.1
1E
-1
7

m
ea
n

5.
40

E-
03

5.
57
E+

01
4.
51
E+

02
7.6

3E
-1
06

9.9
0E

-0
8

1.5
1E
+0

0
1.0

7E
-1
05

2.
41
E-
41

1.5
6E

-1
8

std
3.
75
E-
02

1.0
3E

+0
2

5.
24
E+

02
4.
24
E-
10
5

6.
11E

-0
7

6.
64

E+
00

4.
31
E-
10
5

4.
91
E-
41

1.8
4E

-1
8

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04

TL
BO

be
st

1.3
9E

-2
06

1.7
1E
-1
40

2.
09
E-
14
1

1.9
7E

-1
95

2.
50
E-
12
3

2.
96
E-
117

3.
53
E-
18
2

2.
07
E-
114

5.
37
E-
87

wo
rs
t

1.6
8E

-1
89

3.
79
E-
13
1

3.
74
E-
13
0

1.1
0E

-1
77

5.
87
E-
116

8.
28
E-
110

4.
21
E-
17
4

5.
35
E-
10
9

2.
22
E-
84

m
ea
n

4.
12
E-
19
1

1.0
8E

-1
32

9.7
2E

-1
32

2.
20
E-
17
9

1.0
5E

-1
17

6.
04

E-
111

1.5
7E

-1
75

1.3
5E

-1
10

3.
58
E-
85

std
0.
00

E+
00

5.
65
E-
13
2

5.
27
E-
13
1

0.
00

E+
00

8.
25
E-
117

1.6
7E

-1
10

0.
00

E+
00

7.5
1E
-1
10

5.
36
E-
85

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04



Complexity 11

Ta
bl
e
2:
C
on

tin
ue
d.

Be
nc
hm

ar
k
fu
nc
tio

n
al
go
rit
hm

N
10

20
50

D
2

5
10

2
5

10
2

5
10

f 2

IH
D
ET

BO

be
st

0.
00

E+
00

1.4
4E

-0
2

1.0
2E

+0
0

0.
00

E+
00

6.
04

E-
04

2.
27
E+

00
0.
00

E+
00

1.3
9E

-1
6

5.
70
E-
03

wo
rs
t

3.
18
E-
17

4.
00

E+
00

7.3
0E

+0
0

0.
00

E+
00

5.
72
E-
01

4.
55
E+

00
0.
00

E+
00

2.
51
E-
01

4.
01
E+

00
m
ea
n

6.
37
E-
19

5.
27
E-
01

4.
22
E+

00
0.
00

E+
00

2.
85
E-
01

3.
72
E+

00
0.
00

E+
00

3.
40

E-
02

2.
82
E-
02

std
4.
45
E-
18

6.
57
E-
01

7.7
0E

-0
1

0.
00

E+
00

1.2
0E

-0
1

3.
11
E-
01

0.
00

E+
00

5.
54
E-
02

8.
68
E-
01

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04

PS
O

be
st

0.
00

E+
00

7.8
0E

-0
5

1.0
0E

+0
1

0.
00

E+
00

0.
00

E+
00

5.
88
E+

00
0.
00

E+
00

0.
00

E+
00

7.6
5E

-0
1

wo
rs
t

0.
00

E+
00

4.
63
E+

00
1.9

6E
+0

2
0.
00

E+
00

3.
93
E+

00
5.
76
E+

01
0.
00

E+
00

3.
93
E+

00
9.5

7E
+0

0
m
ea
n

0.
00

E+
00

2.
30
E+

00
4.
18
E+

01
0.
00

E+
00

3.
15
E-
01

1.1
1E
+0

1
0.
00

E+
00

2.
36
E-
01

5.
57
E+

00
std

0.
00

E+
00

1.5
8E

+0
0

3.
48
E+

01
0.
00

E+
00

1.0
7E

+0
0

8.
77
E+

00
0.
00

E+
00

9.3
4E

-0
1

2.
22
E+

00
FE

1.1
1E
+0

4
1.2

4E
+0

4
1.2

4E
+0

4
2.
16
E+

04
2.
31
E+

04
2.
42
E+

04
5.
32
E+

04
5.
49
E+

04
5.
98
E+

04

D
E

be
st

0.
00

E+
00

2.
16
E-
02

6.
77
E+

00
0.
00

E+
00

1.2
7E

-0
4

2.
89
E-
01

0.
00

E+
00

7.7
7E

-3
0

1.6
3E

+0
0

wo
rs
t

4.
95
E+

00
8.
75
E+

01
1.8

1E
+0

2
2.
97
E-
01

3.
93
E+

00
2.
59
E+

01
0.
00

E+
00

1.0
6E

+0
0

6.
05
E+

05
m
ea
n

2.
48
E-
01

6.
10
E+

00
4.
40

E+
01

2.
17
E-
02

1.3
2E

+0
0

7.8
0E

+0
0

0.
00

E+
00

2.
77
E-
01

4.
19
E+

00
std

7.3
6E

-0
1

1.3
4E

+0
1

3.
47
E+

01
6.
03
E-
02

1.1
0E

+0
0

3.
39
E+

00
0.
00

E+
00

3.
21
E-
01

1.2
4E

+0
0

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04

TL
BO

be
st

5.
03
E-
29

1.4
0E

-0
4

5.
18
E+

00
5.
70
E-
29

2.
73
E-
05

5.
89
E-
01

9.6
7E

-2
8

1.7
8E

-0
5

1.0
3E

-0
2

wo
rs
t

7.9
1E
-2
1

2.
06

E+
00

7.1
6E

+0
0

3.
08
E-
22

2.
77
E-
01

5.
11E

+0
0

6.
81
E-
24

3.
60

E-
03

7.2
4E

-0
1

m
ea
n

3.
27
E-
22

5.
45
E-
01

6.
49
E+

00
8.
28
E-
24

7.2
0E

-0
3

3.
74
E+

00
2.
66

E-
25

7.7
7E

-0
4

8.
77
E-
02

std
1.3

1E
-2
1

5.
11
E-
01

4.
53
E-
01

4.
32
E-
23

3.
86
E-
02

8.
08
E-
01

9.6
4E

-2
5

6.
35
E-
04

1.2
3E

-0
1

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04



12 Complexity

Ta
bl
e
2:
C
on

tin
ue
d.

Be
nc
hm

ar
k
fu
nc
tio

n
al
go
rit
hm

N
10

20
50

D
2

5
10

2
5

10
2

5
10

f 3

IH
D
ET

BO

be
st

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

8.
30
E-
14

0.
00

E+
00

0.
00

E+
00

2.
76
E-
11

wo
rs
t

0.
00

E+
00

4.
89
E-
15

2.
82
E-
13

0.
00

E+
00

4.
89
E-
15

3.
68
E-
11

0.
00

E+
00

4.
89
E-
15

4.
25
E-
10

m
ea
n

0.
00

E+
00

3.
82
E-
15

2.
42
E-
14

0.
00

E+
00

3.
18
E-
15

4.
71
E-
12

0.
00

E+
00

2.
26
E-
15

1.2
1E
-1
0

std
0.
00

E+
00

1.6
3E

-1
5

4.
86
E-
14

0.
00

E+
00

1.7
7E

-1
5

7.5
8E

-1
2

0.
00

E+
00

1.5
6E

-1
5

8.
58
E-
11

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04

PS
O

be
st

0.
00

E+
00

1.4
8E

-0
6

5.
34
E+

00
0.
00

E+
00

0.
00

E+
00

1.7
6E

+0
0

0.
00

E+
00

0.
00

E+
00

1.1
6E

+0
0

wo
rs
t

4.
89
E-
15

7.5
0E

+0
0

1.7
4E

+0
1

0.
00

E+
00

4.
17
E+

00
1.2

5E
+0

1
0.
00

E+
00

2.
32
E+

00
5.
09
E+

00
m
ea
n

1.4
7E

-1
5

3.
17
E+

00
1.0

6E
+0

1
0.
00

E+
00

1.0
2E

+0
0

5.
38
E+

00
0.
00

E+
00

3.
10
E-
01

2.
88
E+

00
std

6.
96
E-
16

2.
01
E+

00
2.
71
E+

00
0.
00

E+
00

2.
00

E+
00

2.
10
E+

00
0.
00

E+
00

6.
67
E-
01

9.5
3E

-0
1

FE
1.1
1E
+0

4
1.2

2E
+0

4
1.2

3E
+0

4
2.
16
E+

04
2.
23
E+

04
2.
41
E+

04
5.
33
E+

04
5.
40

E+
04

5.
88
E+

04

D
E

be
st

0.
00

E+
00

5.
20
E-
03

2.
72
E+

00
0.
00

E+
00

0.
00

E+
00

1.5
9E

-1
0

0.
00

E+
00

0.
00

E+
00

1.5
6E

-1
0

wo
rs
t

2.
58
E+

00
1.4

1E
+0

1
1.4

9E
+0

1
0.
00

E+
00

1.6
5E

+0
0

2.
58
E+

00
0.
00

E+
00

4.
89
E-
15

3.
60

E-
09

m
ea
n

5.
87
E-
02

2.
66

E+
00

8.
67
E+

00
0.
00

E+
00

6.
58
E-
02

3.
30
E-
01

0.
00

E+
00

1.4
7E

-1
5

9.1
3E

-1
0

std
3.
62
E-
01

3.
07
E+

00
2.
59
E+

00
0.
00

E+
00

3.
23
E-
01

6.
53
E-
01

0.
00

E+
00

6.
96
E-
16

6.
01
E-
10

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04

TL
BO

be
st

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

1.3
3E

-1
5

wo
rs
t

4.
89
E-
15

4.
89
E-
15

8.
44

E-
15

0.
00

E+
00

4.
89
E-
15

8.
44

E-
15

0.
00

E+
00

4.
89
E-
15

4.
89
E-
15

m
ea
n

1.4
7E

-1
5

4.
03
E-
15

5.
10
E-
15

0.
00

E+
00

3.
25
E-
15

5.
03
E-
15

0.
00

E+
00

3.
32
E-
15

4.
81
E-
15

std
6.
96
E-
16

1.5
2E

-1
5

8.
44

E-
12

0.
00

E+
00

1.7
7E

-1
5

9.9
5E

-1
6

0.
00

E+
00

1.7
6E

-1
5

4.
97
E-
16

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04



Complexity 13

Ta
bl
e
2:
C
on

tin
ue
d.

Be
nc
hm

ar
k
fu
nc
tio

n
al
go
rit
hm

N
10

20
50

D
2

5
10

2
5

10
2

5
10

f 4

IH
D
ET

BO

be
st

0.
00

E+
00

0.
00

E+
00

2.
27
E-
13

0.
00

E+
00

0.
00

E+
00

2.
73
E-
11

0.
00

E+
00

0.
00

E+
00

1.3
9E

-0
9

wo
rs
t

2.
38
E+

02
4.
75
E+

02
7.1
4E

+0
2

1.1
8E

+0
2

1.1
8E

+0
2

3.
57
E+

02
0.
00

E+
00

0.
00

E+
00

8.
78
E-
08

m
ea
n

2.
37
E+

01
1.0

9E
+0

2
3.
02
E+

02
4.
74
E+

00
1.4

2E
+0

1
6.
88
E+

01
0.
00

E+
00

0.
00

E+
00

1.7
1E
-0
8

std
5.
31
E+

01
1.1
3E

+0
2

1.8
4E

+0
2

2.
32
E+

01
3.
85
E+

01
8.
25
E+

01
0.
00

E+
00

0.
00

E+
00

1.6
5E

-0
8

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04

PS
O

be
st

0.
00

E+
00

1.2
3E

-0
2

7.3
8E

+0
2

0.
00

E+
00

0.
00

E+
00

4.
85
E+

02
0.
00

E+
00

1.1
8E

+0
2

2.
38
E+

02
wo

rs
t

3.
57
E+

02
1.0

8E
+0

3
2.
54
E+

03
2.
38
E+

02
8.
69
E+

02
2.
26
E+

03
1.1
8E

+0
2

9.5
2E

+0
2

1.9
2E

+0
3

m
ea
n

9.6
8E

+0
1

5.
72
E+

02
1.6

9E
+0

3
8.
29
E+

01
4.
43
E+

02
1.3

9E
+0

3
4.
50
E+

01
3.
88
E+

02
1.1
9E

+0
3

std
9.3

5E
+0

1
2.
41
E+

02
4.
11E

+0
2

7.2
1E
+0

1
2.
26
E+

02
3.
85
E+

02
5.
75
E+

01
1.8

9E
+0

2
3.
69
E+

02
FE

1.0
8E

+0
4

1.1
7E

+0
4

1.2
3E

+0
4

2.
12
E+

04
2.
18
E+

04
2.
38
E+

04
5.
21
E+

04
5.
26
E+

04
5.
59
E+

04

D
E

be
st

0.
00

E+
00

3.
86
E-
01

5.
20
E+

02
0.
00

E+
00

0.
00

E+
00

1.1
8E

+0
2

0.
00

E+
00

0.
00

E+
00

1.2
3E

-0
2

wo
rs
t

2.
74
E+

02
7.9

0E
+0

2
1.8

2E
+0

3
1.4

0E
+0

2
6.
25
E+

02
1.0

3E
+0

3
0.
00

E+
00

1.2
5E

+0
2

1.2
6E

+0
3

m
ea
n

6.
52
E+

01
3.
94
E+

02
1.1
5E

+0
3

1.8
0E

+0
1

1.9
4E

+0
2

5.
98
E+

02
0.
00

E+
00

1.3
2E

+0
1

4.
76
E+

02
std

6.
93
E+

01
1.9

3E
+0

2
2.
83
E+

02
4.
23
E+

01
1.8

3E
+0

2
2.
34
E+

02
0.
00

E+
00

3.
62
E+

01
3.
10
E+

02
FE

1.0
0E

+0
4

1.0
0E

+0
4

1.0
0E

+0
4

2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04

TL
BO

be
st

0.
00

E+
00

1.1
8E

+0
2

7.1
3E

+0
2

0.
00

E+
00

0.
00

E+
00

3.
55
E+

02
0.
00

E+
00

0.
00

E+
00

1.2
5E

+0
2

wo
rs
t

2.
39
E+

02
7.1
5E

+0
2

1.5
8E

+0
3

1.1
8E

+0
2

6.
51
E+

02
1.2

8E
+0

3
0.
00

E+
00

3.
55
E+

02
1.0

4E
+0

3
m
ea
n

3.
08
E+

01
3.
22
E+

02
1.2

8E
+0

3
1.1
8E

+0
1

1.9
3E

+0
2

7.3
3E

+0
2

0.
00

E+
00

7.8
8E

+0
1

5.
35
E+

02
std

5.
20
E+

01
1.5

2E
+0

2
2.
23
E+

02
3.
55
E+

01
1.2

9E
+0

2
2.
16
E+

02
0.
00

E+
00

9.0
6E

+0
1

1.8
6E

+0
2

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04



14 Complexity

Ta
bl
e
2:
C
on

tin
ue
d.

Be
nc
hm

ar
k
fu
nc
tio

n
al
go
rit
hm

N
10

20
50

D
2

5
10

2
5

10
2

5
10

f 5

IH
D
ET

BO

be
st

0.
00

E+
00

0.
00

E+
00

3.
92
E-
07

0.
00

E+
00

0.
00

E+
00

1.3
0E

-0
5

0.
00

E+
00

9.5
8E

-1
3

6.
32
E-
04

wo
rs
t

7.4
0E

-0
3

1.7
2E

-0
2

3.
20
E-
02

0.
00

E+
00

1.1
2E

-0
5

2.
84
E-
02

0.
00

E+
00

1.7
5E

-0
5

2.
18
E-
02

m
ea
n

1.4
8E

-0
4

2.
70
E-
03

7.9
0E

-0
3

0.
00

E+
00

6.
10
E-
07

7.2
0E

-0
3

0.
00

E+
00

8.
31
E-
07

8.
80
E-
03

std
1.0

0E
-0
3

4.
70
E-
03

7.8
0E

-0
3

0.
00

E+
00

2.
23
E-
06

6.
20
E-
03

0.
00

E+
00

2.
69
E-
06

5.
50
E-
03

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04

PS
O

be
st

0.
00

E+
00

7.8
8E

-0
2

2.
67
E+

00
0.
00

E+
00

3.
45
E-
02

1.9
5E

-0
1

0.
00

E+
00

7.4
0E

-0
3

8.
42
E-
02

wo
rs
t

7.8
9E

-0
2

3.
16
E+

00
7.8

6E
+0

1
6.
66

E-
02

8.
06

E-
01

1.1
6E

+0
1

3.
95
E-
02

4.
43
E-
01

1.3
7E

+0
0

m
ea
n

1.4
0E

-0
2

4.
95
E-
01

1.3
6E

+0
1

9.2
0E

-0
3

2.
46

E-
01

1.7
0E

+0
0

2.
50
E-
03

1.6
0E

-0
1

3.
62
E-
01

std
1.6

9E
-0
2

5.
05
E-
01

1.2
2E

+0
1

1.3
7E

-0
2

1.5
0E

-0
1

1.8
1E
+0

0
6.
20
E-
03

9.9
2E

-0
2

3.
47
E-
01

FE
1.0

9E
+0

4
1.2

2E
+0

4
1.2

3E
+0

4
2.
12
E+

04
2.
20
E+

00
2.
40

E+
04

5.
22
E+

04
5.
30
E+

04
5.
89
E+

04

D
E

be
st

0.
00

E+
00

3.
41
E-
02

7.9
9E

-0
1

0.
00

E+
00

7.4
0E

-0
3

9.9
0E

-0
3

0.
00

E+
00

2.
80
E-
03

1.2
1E
-0
9

wo
rs
t

5.
75
E-
01

6.
62
E+

00
3.
85
E+

01
1.3

3E
-0
2

1.5
8E

-0
1

6.
43
E-
01

0.
00

E+
00

8.
85
E-
02

4.
96
E-
01

m
ea
n

3.
19
E-
02

6.
20
E-
01

9.9
5E

+0
0

1.2
0E

-0
3

4.
47
E-
02

8.
61
E-
02

0.
00

E+
00

4.
52
E-
02

1.9
4E

-0
1

std
8.
11
E-
02

1.1
7E

+0
0

7.6
7E

+0
0

3.
00

E-
03

3.
19
E-
02

1.0
0E

-0
1

0.
00

E+
00

1.9
8E

-0
2

1.5
0E

-0
1

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04

TL
BO

be
st

0.
00

E+
00

2.
28
E-
08

0.
00

E+
00

0.
00

E+
00

2.
90
E-
03

0.
00

E+
00

0.
00

E+
00

7.6
6E

-0
8

0.
00

E+
00

wo
rs
t

7.4
0E

-0
3

1.1
1E
-0
1

1.6
9E

-0
1

2.
80
E-
03

7.1
5E

-0
2

6.
89
E-
02

8.
72
E-
08

5.
15
E-
02

4.
92
E-
02

m
ea
n

9.3
2E

-0
4

3.
86
E-
02

1.2
8E

-0
2

1.1
7E

-0
4

3.
08
E-
02

9.9
0E

-0
3

1.7
4E

-0
9

1.7
6E

-0
2

9.6
0E

-0
3

std
2.
20
E-
03

2.
87
E-
02

2.
81
E-
02

5.
42
E-
04

1.5
0E

-0
2

1.7
4E

-0
2

1.2
2E

-0
8

1.0
8E

-0
2

1.3
7E

-0
2

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04



Complexity 15

Ta
bl
e
2:
C
on

tin
ue
d.

Be
nc
hm

ar
k
fu
nc
tio

n
al
go
rit
hm

N
10

20
50

D
2

5
10

2
5

10
2

5
10

f 6

IH
D
ET

BO

be
st

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

1.8
8E

-1
3

wo
rs
t

0.
00

E+
00

2.
98
E+

00
3.
98
E+

00
0.
00

E+
00

9.9
5E

-0
1

9.9
5E

-0
1

0.
00

E+
00

0.
00

E+
00

5.
38
E-
11

m
ea
n

0.
00

E+
00

2.
79
E-
01

1.2
1E
+0

0
0.
00

E+
00

5.
97
E-
02

1.9
9E

-0
2

0.
00

E+
00

0.
00

E+
00

5.
02
E-
12

std
0.
00

E+
00

5.
98
E-
01

1.2
2E

+0
0

0.
00

E+
00

2.
36
E-
01

1.3
9E

-0
1

0.
00

E+
00

0.
00

E+
00

8.
67
E-
12

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04

PS
O

be
st

0.
00

E+
00

0.
00

E+
00

1.2
7E

+0
1

0.
00

E+
00

0.
00

E+
00

4.
44

E+
00

0.
00

E+
00

0.
00

E+
00

2.
00

E+
00

wo
rs
t

1.9
9E

+0
0

3.
08
E+

01
5.
97
E+

01
9.9

5E
-0
1

2.
69
E+

01
4.
12
E+

01
9.9

5E
-0
1

1.0
9E

+0
1

3.
68
E+

01
m
ea
n

4.
18
E-
01

7.1
4E

+0
0

3.
59
E+

01
2.
39
E-
01

5.
63
E+

00
2.
21
E+

01
3.
98
E-
02

3.
78
E+

00
1.4

4E
+0

1
std

5.
30
E-
01

5.
89
E+

00
1.1
6E

+0
1

4.
25
E-
01

4.
20
E+

00
8.
63
E+

00
1.9

5E
-0
1

2.
43
E+

00
7.1
4E

+0
0

FE
1.0

9E
+0

4
1.2

2E
+0

4
1.2

3E
+0

4
2.
12
E+

04
2.
19
E+

04
2.
40

E+
04

5.
21
E+

04
5.
30
E+

04
5.
83
E+

04

D
E

be
st

0.
00

E+
00

7.5
3E

-0
2

3.
25
E+

00
0.
00

E+
00

0.
00

E+
00

1.1
7E

+0
0

0.
00

E+
00

0.
00

E+
00

1.2
2E

+0
1

wo
rs
t

1.2
5E

+0
0

1.7
7E

+0
1

4.
27
E+

01
0.
00

E+
00

2.
98
E+

00
2.
12
E+

01
0.
00

E+
00

1.1
3E

-0
2

3.
27
E+

01
m
ea
n

3.
19
E-
01

3.
80
E+

00
1.6

4E
+0

1
0.
00

E+
00

5.
40

E-
01

5.
58
E+

00
0.
00

E+
00

2.
27
E-
04

2.
34
E+

01
std

4.
60

E-
01

2.
81
E+

00
8.
16
E+

00
0.
00

E+
00

7.3
1E
-0
1

3.
63
E+

00
0.
00

E+
00

1.6
0E

-0
3

5.
54
E+

00
FE

1.0
0E

+0
4

1.0
0E

+0
4

1.0
0E

+0
4

2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04

TL
BO

be
st

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

0.
00

E+
00

2.
47
E-
12

wo
rs
t

0.
00

E+
00

3.
98
E+

00
1.1
9E

+0
1

0.
00

E+
00

1.9
9E

+0
0

1.3
9E

+0
1

0.
00

E+
00

9.9
5E

-0
1

5.
97
E+

00
m
ea
n

0.
00

E+
00

8.
65
E-
01

4.
91
E+

00
0.
00

E+
00

3.
24
E-
01

4.
32
E+

00
0.
00

E+
00

2.
04

E-
02

2.
05
E+

00
std

0.
00

E+
00

1.2
7E

+0
0

3.
02
E+

00
0.
00

E+
00

5.
10
E-
01

2.
81
E+

00
0.
00

E+
00

1.3
9E

-0
1

1.5
3E

+0
0

FE
1.0

0E
+0

4
1.0

0E
+0

4
1.0

0E
+0

4
2.
00

E+
04

2.
00

E+
04

2.
00

E+
04

5.
01
E+

04
5.
01
E+

04
5.
01
E+

04



16 Complexity

2
1.8
1.6
1.4
1.2
1

0.8
0.6
0.4
0.2
0

100
80 60 40 20 0

−20−40−60−80
−100

100806040200−20−40−60−80−100

×104 ×105

14

12

10

8

6

4

2

0

10
10

8
8

6
6

4
4

2
2

00 −2 −2−4 −4−6 −6−8 −8
−10 −10

20
18
16
14
12
10
8
6
4
2
0
40

4030
3020

2010
100

0−10 −10−20 −20−30 −30−40 −40

2000

1500

1000

500

0
500

500
0

0

−500 −500

2.5

2

1.5

1

0.5

0

90
80
70
60
50
40
30
20
10
0
6

64
42 20 0−2 −2

−4 −4
−6 −6

10
10

8
8

6
6

4
4

22
00 −2 −2−4 −4−6 −6−8 −8−10 −10

 

 

 

Figure 4: Objective function landscape of the 6 benchmark functions for D=2.

to that of global minimum, and the optimization algorithm
may be mistaken for finding the global minimum. So, it can
well evaluate the diversity of population and the global search
capability of an algorithm. As shown in Table 2, the perfor-
mance rank is IHDETBO>DE>TLBO>PSO, and IHDETBO
performs better much more. The fifth one f 5 is a typical non-
linear multimodal non-separable function and has a wide
search space. The variables in every dimension are closely
related to and interact with each other, and there are a lot
of local minimums. So, it is usually considered as a complex
multimodal problem which is difficult to deal with by opti-
mization algorithm. As shown in Table 2, the performance
rank is IHDETBO>TLBO>PSO>DE. Similar to f 5 , the sixth
one f 6 is a typical non-linear multimodal non-separable
function, too. In the D-dimensional search space, there are
about 10D local minimums, and the shapes of these irregular
peaks are uneven and jump up and down. So, the effect of
traditional gradient-based algorithm is often not ideal, and it
is also difficult to find global minimum. As shown in Table 2,
the performance rank is IHDETBO>TLBO>PSO>DE, and
IHDETBO performs better much more.

In summary, the classical DE algorithm has very strong
global search capability, but its convergence speed is slow.
As to classical TLBO algorithm, every individual tries its
best to approach the teacher individual in teacher phase, and
then in learner phase positive learning and reverse learning
are carried out when excellent partner and poor partner are
selected, respectively. So, the local search capability is very
strong and the convergence speed is very high, which we can
obtain through f 1 and f 3, but the performance is mediocre
for complex deceptive benchmark functions such as f 2 , f 4, f 5 ,
and f 6. The algorithm proposed in this paper is divided into
two phases, i.e., IDE and IT. In the IDE phase, the mutation
factor Fd and crossover probability CRd are both improved.
Especially, the mutation factor Fd that generated with a
Cauchy distribution is very important to keep the diversity
of population and improve the global search capability.
The teacher phase of classical TLBO algorithm has very
strong local search capability and leads to a very high local
convergence speed; the improvement in the IT phase not only
enhances the local search capability, but also avoids losing the
possibility of finding better solutions due to overreliance on
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Table 3: : List of candidate CSs.

Subtask 1 Subtask 2 Subtask 3 Subtask 4 Subtask 5
CS t CS t CS t CS t CS t
1 0.80 1 0.0873 1 0.0078 1 0.3040 1 0.3333
2 0.70 2 0.0775 2 0.0071 2 0.2670
3 0.63 3 0.0685 3 0.0058 3 0.2812
4 0.61 4 0.0901 4 0.0065
5 0.57 5 0.0823 5 0.0069
6 0.64 6 0.0734 6 0.0069
7 0.71 7 0.0060
8 0.76 8 0.0063
9 0.55

the teacher individual, so as to better balance the exploration
and exploitation capacities. According to the experimental
results, the algorithm proposed in this paper performs better
to the high-dimensional non-linear multimodal benchmark
function, which is always considered as mathematical model
of complex engineering problems such as cloud service
composition for CMfg.

5.2. Case Study. CMfg is a complex manufacturing system.
Taking the car manufacturing as an example, automobile
industry is a large and complexmanufacturing system involv-
ing more than 200 industry fields such as design, material,
electronic equipment, and so on. For every automaker, nearly
70% spare parts are outsourced. In this paper, we take the tire
manufacturing as a case study, and it refers to raw material
production, tire production, hub production, wheel assembly,
vehicle assembly, and auto dealer. So, we can decompose the
task into 5 subtasks: rawmaterial production is subtask 1, tire
production and hub production is subtasks 2.1 and 2.2 which
can be executed parallel and regarded as subtask 2, wheel
assembly is subtask 3, vehicle assembly is subtask 4, and auto
dealer is subtask 5.

5.2.1. Case Data. The case data is from [21]. Assume that a
user needs 1000 cars and submits the requirements to CMP,
then theCMP searches several candidate CSs for each subtask
shown as Table 3. The amount of each subtask is 4000, 4000,
4000, 1000, and 1000, respectively, and the time consumption
for each spare part (hour) is shown in column t of Table 3.

5.2.2. Objective Function. Objective function is the goal of
MBSPHE-CSCCM. Normally, it is significant to optimize the
QoS according to customer’s preferences. For the sake of
discussion, we take the production time as the optimization
objective. So, the objective function is defined as follows:

min𝑍 = 𝑇max (28)

where 𝑇max = max (𝑇1, 𝑇2, ⋅ ⋅ ⋅ 𝑇𝑛), and Ti is the production
time of the ith batch subtask. Aiming at minimizing time
consumption, the production results of each CS for subtask
i will be delivered to the CS whose production plan is started
the earliest and related production time is the largest among
the candidateCSs for the following subtask (i+1). So, we firstly
establish the time matrix T𝑒𝑛𝑑 as follows:

T𝑒𝑛𝑑 =
[[[[[[[[

𝑇11 𝑇21 ⋅ ⋅ ⋅ 𝑇𝑁1𝑇12 𝑇22 ⋅ ⋅ ⋅ 𝑇𝑁2... ... d
...

𝑇1𝑀1 𝑇2𝑀2 ⋅ ⋅ ⋅ 𝑇𝑁𝑀𝑁

]]]]]]]]
=

[[[[[[[[

(𝑠11, 𝑥11, 𝑇𝑒11) (𝑠21, 𝑥21, 𝑇𝑒21) ⋅ ⋅ ⋅ (𝑠𝑁1 , 𝑥𝑁1 , 𝑇𝑒𝑁1 )(𝑠12, 𝑥12, 𝑇𝑒12) (𝑠22, 𝑥22, 𝑇𝑒22) ⋅ ⋅ ⋅ (𝑠𝑁2 , 𝑥𝑁2 , 𝑇𝑒𝑁2 )... ... d
...

(𝑠1𝑀1 , 𝑥1𝑀1 , 𝑇𝑒1𝑀1) (𝑠2𝑀2 , 𝑥2𝑀2 , 𝑇𝑒2𝑀2) ⋅ ⋅ ⋅ (𝑠𝑁𝑀𝑁 , 𝑥𝑁𝑀𝑁 , 𝑇𝑒𝑁𝑀𝑁)

]]]]]]]]
(29)

where every element 𝑇𝑖𝑗of T𝑒𝑛𝑑 contains three variables: the
first one 𝑠𝑖𝑗 is the start timewhich is initialized to 0; the second
one 𝑥𝑖𝑗 is subtask amount of 𝐶𝑆𝑖𝑗 obtained from individual
of IHDETBO; and the third one 𝑇𝑒𝑖𝑗 is the end time of
subtasks for each CS which is initialized to the calculation
by 𝑇𝑖𝑗 = 𝑡𝑖𝑗 ⋅ 𝑥𝑖𝑗, where 𝑖 = 1, 2, ⋅ ⋅ ⋅𝑁, 𝑗 = 1, 2, ⋅ ⋅ ⋅𝑀𝑖,
and 𝑡𝑖𝑗 is the corresponding time consumption for each spare
part obtained from Table 3. Then, the transportation scheme
between subtasks is designed as Algorithm 1.

5.2.3. Experimental Results. In this experiment, the parame-
ters are set as follows: the population sizeN is 50, the positive
constant c is 0.1, and the max iteration is 1000. Based on
the proposed IHDETBO algorithm, case data, and objective
function, the experimental result are shown in Tables 4 and 5.
Table 4 shows the production time of the 50 schemes which
are the corresponding individuals or integer arrays in the last
generation. We can conclude that the individual No. 20 is the
best one, and the production time is 444.208. The subtask
amount of every CS in the best scheme which is indicated as
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for n=2:N
while ∑𝑀𝑛−1

𝑗𝑛−1=1 𝑥𝑛−1𝑗𝑛−1
̸= 0

Examine row (n-1), choose 𝑇𝑛−1
𝑗𝑛−1

in case of 𝑥𝑛−1
𝑗𝑛−1

̸= 0 and 𝑇𝑒𝑛−1
𝑗𝑛−1

is the smallest;
Examine row n, choose 𝑇𝑛𝑗𝑛 in case of 𝑥𝑛𝑗𝑛 ̸= 0, 𝑠𝑛𝑗𝑛 is the smallest and 𝑇𝑒𝑛𝑗𝑛 − 𝑠𝑛𝑗𝑛 is the largest;
if 𝑠𝑛𝑗𝑛 < 𝑇𝑒𝑛−1

𝑗𝑛−1

if 𝑥𝑛−1
𝑗𝑛−1

> 𝑥𝑛𝑗𝑛𝑇𝑒𝑛𝑗𝑛 = 𝑠𝑛𝑗𝑛 = 𝑇𝑒𝑛−1
𝑗𝑛−1

+ 𝑡𝑛𝑗𝑛 ∙ 𝑥𝑛𝑗𝑛 ;𝑥𝑛−1
𝑗𝑛−1

= 𝑥𝑛−1
𝑗𝑛−1

− 𝑥𝑛𝑗𝑛 ;𝑥𝑛𝑗𝑛 = 0;
else𝑠𝑛𝑗𝑛 = 𝑇𝑒𝑛−1

𝑗𝑛−1
+ 𝑡𝑛𝑗𝑛 ∙ 𝑥𝑛−1𝑗𝑛−1

;𝑥𝑛𝑗𝑛 = 𝑥𝑛𝑗𝑛 − 𝑥𝑛−1
𝑗𝑛−1

;𝑥𝑛−1
𝑗𝑛−1

= 0;𝑇𝑒𝑛𝑗𝑛 = 𝑠𝑛𝑗𝑛 + 𝑡𝑛𝑗𝑛 ∙ 𝑥𝑛𝑗𝑛 ;
end

else
if 𝑥𝑛−1

𝑗𝑛−1
> 𝑥𝑛𝑗𝑛𝑇𝑒𝑛𝑗𝑛 = 𝑠𝑛𝑗𝑛 = 𝑠𝑛𝑗𝑛 + 𝑡𝑛𝑗𝑛 ∙ 𝑥𝑛𝑗𝑛 ;𝑥𝑛−1

𝑗𝑛−1
= 𝑥𝑛−1

𝑗𝑛−1
− 𝑥𝑛𝑗𝑛 ;𝑥𝑛𝑗𝑛 = 0;

else𝑠𝑛𝑗𝑛 = 𝑠𝑛𝑗𝑛 + 𝑡𝑛𝑗𝑛 ∙ 𝑥𝑛−1𝑗𝑛−1
;𝑥𝑛𝑗𝑛 = 𝑥𝑛𝑗𝑛 − 𝑥𝑛−1

𝑗𝑛−1
;𝑥𝑛

𝑗𝑛−1
= 0;𝑇𝑒𝑛𝑗𝑛 = 𝑠𝑛𝑗𝑛 + 𝑡𝑛𝑗𝑛 ∙ 𝑥𝑛𝑗𝑛 ;

end
end

end
end
Examine column N, return 𝑇𝑒𝑁𝑗 which is the largest;

Algorithm 1: Algorithm of objective function.

Table 4: The production time of every scheme (individual) in the last generation.

No. 1 2 3 4 5 6 7 8 9
T 457.318 452.676 448.705 444.982 452.278 453.831 486.805 453.236 476.361
No. 10 11 12 13 14 15 16 17 18
T 483.416 450.803 445.757 449.945 487.402 450.2 486.736 449.795 451.612
No. 19 20 21 22 23 24 25 26 27
T 453.816 444.208 453.446 449.327 488.205 447.775 484.68 486.12 484.042
No. 28 29 30 31 32 33 34 35 36
T 485.717 471.496 484.962 450.663 453.67 447.113 449.442 448.972 452.468
No. 37 38 39 40 41 42 43 44 45
T 453.126 446.577 470.006 454.908 447.644 451.225 449.972 457.097 450.997
No. 46 47 48 49 50
T 482.804 478.697 458.643 454.673 453.376

integer in the corresponding genebit of individual No. 20 is
shown in Table 5.

Figure 5 shows the batch division and transportation
scheme in detail. The circle indicates the candidate CS for
every subtask, and the number inside indicates the corre-
sponding subtask amount. The arrow direction indicates the

delivery destination for the next subtask and the number
on which indicates the delivery amount. The circles marked
in yellow color indicate the CS whose time to complete its
own task is the latest in one subtask, and the related solid
line indicated the production line which takes the longest
time. So, we can conclude that the cloud manufacturing task
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Table 5: The subtask amount of every CS.

Subtask 1 1 2 3 4 5 6 7 8 9
Amount 326 464 435 504 546 420 368 462 475
Subtask 2 1 2 3 4 5 6
Amount 281 955 606 1026 810 322
Subtask 3 1 2 3 4 5 6 7 8
Amount 634 382 755 495 716 250 494 274
Subtask 4 1 2 3
Amount 553 307 140
Subtask 5 1
Amount 1000

326

Subtask 1 UserSubtask 5Subtask 4Subtask 3Subtask 2

CS 1

CS 9

CS 8

CS 7

CS 6

CS 5

CS 4
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Figure 5: Schematic of the best scheme.

has been divided into several small batches executed parallel
and hybrid. Obviously, thanks to the MBSPHE-CSCCM, the
production time is reduced a lot.

6. Conclusions and Future Work

With the intense competition in the global market and
increasingly serious energy and environmental issues, the

integration and sharing of manufacturing resources have
been becoming more and more important in manufacturing
industry. As one of the newmanufacturing paradigms, CMfg
has been proposed to address to these problems and has
gradually been in focus. In practice, CMfg is a large-scale
networked distributed manufacturing. The manufacturing
resources which always scatter all over the world have the
characteristics of massive, heterogeneous, complexity, and
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coarse granularity. Besides, the transportation among them is
very complex because of today advanced logistic. Generally
speaking, CMfg is a typical complex system in complex
environment, and the manufacturing resources are encapsu-
lated as CS. In complex system, because the total amount of
task may be very large, the problem of service composition
also becomes very complex. In this paper, we begin with a
discussion of the state-of-the-art CMfg and then introduce
the manufacturing scheme named as MBSPHE-CSCCM, in
which a mass task can be transformed into multi-batch sub-
tasks which will be parallel-hybrid executed. To address the
service composition problem for MBSPHE-CSCCM, a novel
optimization method IHDETBO for MBSPHE-CSCCM is
proposed. This method can be divided into two phases:
the first phase is IDE phase, based on basic concept and
operation of DE, factors F and CR are both improved and
calculated with adaptive strategy to enhance the population
diversity and generate better individuals; the second phase
is IT phase, the teacher phase of classical TLBO is adopted,
and factor TF will be also improved to make the simulation
more in line with the actual. In addition, to adapt the special
condition of CMfg, block operation including block encoding
and initialization, block mutation, block crossover, block
selection, and block teaching operation are also proposed.
Finally, with the simulation experiments and a case study,
we demonstrate the advantage of the proposed method.
MBSPHE-CSCCM plays a very important role in CMfg.
Besides, there are also many other problems of CMfg that
need to be studied, such as task decomposition, the evaluation
of CSQoS, CS selection based on performancematching, and
so on, which deserves our further consideration.
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Many human manipulation skills are force relevant, such as opening a bottle cap and assembling furniture. However, it is still a
difficult task to endow a robot with these skills, which largely is due to the complexity of the representation and planning of these
skills. This paper presents a learning-based approach of transferring force-relevant skills from human demonstration to a robot.
First, the force-relevant skill is encapsulated as a statistical model where the key parameters are learned from the demonstrated
data (motion, force). Second, based on the learned skill model, a task planner is devised which specifies the motion and/or the
force profile for a given manipulation task. Finally, the learned skill model is further integrated with an adaptive controller that
offers task-consistent force adaptation during online executions. The effectiveness of the proposed approach is validated with two
experiments, i.e., an object polishing task and a peg-in-hole assembly.

1. Introduction

Manipulation skill is one of the most important capabilities
that a robot is expected to have. During the past decades, a
large number of studies have been done on robot manipula-
tion in free space in terms of planning and control. However,
in many scenarios, a robot is required to physically interact
with humans or its environment, such as the human-robot
cooperation in household or in the industrial setting like
polishing, deburring, assembly, etc. Apparently, the informa-
tion about the interacting force between the robot and its
environment is of great importance in these tasks. Therefore,
in order to successfully accomplish these manipulation tasks
for robots, it is necessary to endow them with force-relevant
skills.

To this end, during the past decades, various control
algorithms have been proposed and ported to different robot
platforms to accomplish a large variety of interaction tasks
[1].These algorithms can be roughly divided into two groups,
named passive interaction control and active interaction con-
trol. The first group uses the mechanical design to empower
robots with passive compliance that can roughly accommo-
date some force-motion relation during interaction.Themost

notable example is the remote center of compliant (RCC)
device used in industrial assembly [2], especially for the
peg-in-hole case. The RCC adapts its motion passively to
the unexpected forces during insertion process. In general,
these compliant mechanisms are specifically designed for
some interaction tasks and they can only provide a limited
range of compliance. The other group encompasses active
force control approaches that modulate the interacting force
explicitly according to some task status variables. Typical
exemplar algorithms include hybrid force/position control
[3] and the well-known impedance control [4]. The active
force control approach offersmore flexibility to accommodate
the interaction between the robots and the environment. The
flexibility is usually achieved by an explicit specification of the
motion and the force profile for the given interaction task.

In order to ensure the stability of the force controller,
a typical active force control approach requires an accurate
dynamic model of the contact interactions [1], which is not a
trivial task, especially when the environment to be interacted
with is unknown or varying over time. In these cases, a
small uncertainty in position may lead to an extremely large
reaction force that could be unfavorable for the robots and
the environment. To solve this problem, usually a careful
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parameter tuning is demanded for interaction tasks such
as polishing and assembly. Besides the controller itself, the
specification for the trajectory and force profile can greatly
influence the performance of the interaction task. However,
this planning process could be considerably time-consuming
for the non-robotics-experts to apply a robot manipulator to
a new interaction task. Moreover, the profile of the trajectory
and the force during execution may need to adapt to the task
requirements or to the variations in the environments. Hence,
sensory feedback such as force information should be taken
into account to monitor the status of the task completion and
to adapt the trajectory accordingly.

Recently, learning-based approaches have been exten-
sively applied for manipulation tasks, mainly including rein-
forcement learning [5–7] and Learning from Demonstration
(LfD), or called imitation learning [8–10]. LfD can benefit
from human guided demonstrations or simulations, which
in general requires less training data and thus less time to
train and deploy. This merit is practically important to teach
a new manipulation skill to a robot, especially in industrial
settings where deployment is usually time-limited.Therefore,
we restrict the rest of this review to LfD for manipulation
tasks only.

Depending on the tasks at hand, many researchers have
used LfD for position-based manipulation tasks. In these
tasks, the skills to be learned are usually encoded in the
trajectory level in terms of position and velocity profile
[11–13]. More recently, for interaction tasks, the profile of
stiffness and impedance has been taken into account for
skill learning to encapsulate the relation between forces and
positions [14–18]. For example, in [19], EMG signal of a
human arm was introduced to encode position and stiffness
features. However, these works only implicitly capture the
force characteristics with respect to the positions, which
means that the precise value of the applied force is not so
critical.

In this work, we mainly focus on force-relevant skills
where the force profiles should be encoded explicitly [20].
However, it is not trivial to explicitly demonstrate and encode
the applied force skills for a given task. The interaction
force information is hard to be measured directly. More-
over, the correlation between the interaction force and the
motion is also task-dependent and difficult to specify. Lin
et al. presented a motion and force learning framework for
grasping tasks [21]. The motion and force were modeled
using temporal information with Gaussian Mixture Model
(GMM) based machine learning approaches. Kormushev
et al. adopted kinesthetic teaching and haptic input for
demonstration of two manipulation tasks, namely, an ironing
task and a door-opening task [22]. Timewas considered as an
additional input variable in these papers, which may lead to
large time discrepancies to handle. In [23], a Hidden Markov
Model (HMM) was adopted to encode force-based manip-
ulation skill for a ball-in-box task. A haptic device was also
exploited for teleoperation and for improving the teacher’s
demonstrations. As formore dexterous tasks, such as opening
a bottle cap or inserting a bulb into the socket where multiple
fingers (or manipulators) were involved, the learned skill was
usually demonstrated and learned in the object-level. In [14],
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Figure 1: Framework of learning force-relevant skills.Withmultiple
human demonstrations, a probabilistic task representation model is
learned, from which a trajectory and force profile for the task are
derived.

the force applied on the object was measured with a high
resolution tactile sensor. A data glove mounted with tactile
sensing was used for direct demonstration in [24]. Based on
the similarity of varying demonstrations, the learned force-
based skills were modularized and can be further combined
formore complicated tasks. For other finemanipulation tasks
such as assembly and surface-surface alignment, kinesthetic
teaching with manual corrections was used to capture the
important spatial relationships [25] or to encode the force-
velocity correlations [26]. In these researches, the relationship
and distributions of position and force were used to guide the
design of the task planner but not to adjust parameters of the
force controller.

In this paper, we present a learning approach from
demonstration framework for force-relevant skills as shown
in Figure 1. Inspired by kinesthetic teaching approaches as
in [27, 28], we propose a demonstration method to allow
the demonstrators to teach interaction tasks in a natural
way. The demonstrated motion and force information are
recorded simultaneously and encoded as a joint probability
distribution without using temporal input. A task planner
and an adaptive control policy are derived from this joint
model to enable online task executions. Our work differs
from these works in the sense that the learned model is used
not only for fast planner generation but also for designing
adaptive force control policy and the learned model. The
main contributions of this paper are twofold: (1) A systematic
framework is proposed in Figure 2 to learn the force-relevant
skill as a statistical model, which essentially encapsulates the
correlation between the interaction force and the motion; (2)
based on the learned skill model, a task planner is devised
to specify the desired motion and/or the force profile for a
given manipulation task, and an adaptive force controller is
designed for online executions.

This paper is organized as follows: in Section 1, the
background and some related works regarding learning-
based approaches for interactionmanipulation tasks are sum-
marized. In Section 2, the representation of the interaction
manipulation tasks is formulated. In Section 3, methods for
learning of force-relevant skills from human demonstration
are presented. Experimental results on polishing and assem-
bly tasks are demonstrated and discussed in Section 4, along
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with discussion about limitations. Finally, conclusions and
future work are presented in Section 5.

2. Representation of Force-Relevant Skills

In this section, we will first introduce the representation of
force-relevant skills, followed by several typical examples.

2.1. Force-Relevant Skill Representation. Contact interaction
tasks of a robot manipulator require compliant behavior,
including interaction force and end-effector position adjust-
ment, which can be described as follows:

Ω : {𝑋, �̇�,𝐹, 𝑘} (1)

where Ω is a specific task. 𝑋 and �̇� are the desired position
and velocity in task space. 𝐹 is interaction force/torque
(wrench) vector. 𝑘means the task constraint.

Skill acquisition is to find the internal correlation of these
parameters. Skill of task Ω can be represented as

Φ (𝑋, �̇�,𝐹, 𝑘) = 0 (2)

Parameters and their internal correlation can be learned by
learning algorithms presented in Section 3.

2.2. Typical Examples. Typical examples of force-relevant
skills in robot manipulation include polishing, grinding,
grasping and assembling in Figure 3. In these application
scenarios, interaction force determines the quality of task
execution.

Although most grinding and polishing and operations
are done manually or automated by robots in pure motion
control with high accuracy and speed, force control is still
necessary to obtain higher machining quality [20].

Grinding and polishing tasks have same characteristics.
They require a robotmanipulator equipped with amachining
head as an end-effector to move along position trajectories
attached to the workpiece, while contact forces are exerted on
the normal direction. In this case, hybrid force/position con-
trol is often adopted to control contact force and movement
trajectory on orthogonal subspaces. The task constraint 𝑘 is
to keep the position of polishing point along the tangential
direction of the surface and limit the contact force within
a proper range. Contact force is one of the most important
technological parameters for the machining quality, such as
dimensional tolerance, tolerance of form and position and
surface roughness. This kind of skills could be represented as
a mapping function 𝑓() : {𝑋, �̇�} 𝑘→ 𝐹. For a certain position
𝑋and velocity �̇�, contact force𝐹 is calculated as a conditional
distribution. When there is a new polishing path by human
kinesthetic teaching or human input, the force and velocity
profiles are generated. However, precise force control is not
necessary. It is enough to control the contact force within a
proper range for the requirements of these tasks.

As for grasping and assembling tasks, force/torque data
imply information interaction state. Human can complete
these tasks only by haptic feedback without visual feedback.
The position, orientation, and velocity of the task end-
effector are corrected by force/torque feedback. In peg-in-
hole assembly, the constraint 𝑘 is to restrain the xy-axis force
and torque to zero and xy-axis linear velocity and angular
velocity to zero. Therefore, skills are adjustment strategies
as a mapping function 𝑔() : 𝐹 𝑘→ {𝑋, �̇�}. A controller is
designed by adjusting position 𝑋 and velocity �̇� based on
current interaction force/toque under constraint condition 𝑘,
and tasks could be carried out.

3. Learning of Force-Relevant Skills

3.1. Human Demonstration. In LfD, choosing an appropriate
technique to perform human demonstration and record data
is vitally important. Methods can be classified into two
categories: manipulating robots via kinesthetic teaching and
executing the task directly by a demonstrator, as shown in
Figure 4.

Kinesthetic teaching is the major technique for directly
transferring human experience to robot. It allows a human to
touch and handle the robot’s body with hands. The method
of hands on tools is achieved by using sensed force data to
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Figure 4: Different demonstrationmethods. Left: kinesthetic teach-
ing with human hands on tools or robot arms, including teleopera-
tion with a remote control device. Right: human direct teachingwith
recorded sensor data.

guide the robot. The method of hands on arms is based on
torque-controlled backdrivable joints. So manipulation tasks
can be accomplished under experienced human guidance.
The trajectory of end-effector movement and contact force
are recorded simultaneously by the robot’s encoders and F/T
sensor. Another common way is by teleoperation. A remote
control device, such as a joystick or data glove, is handled
as a master to control the robot by motion mapping. So
interaction force is unknown for human hands. It is often
used as kinematic demonstration for trajectory record in LfD.

The other approach for human demonstration is to
perform tasks directlywith humanhands, rather than guiding
the robot [26]. A force/torque sensor and 3D vision trackers
are equipped on the end-effector to record the interaction
force and hands’ movement respectively. This is the most
direct demonstration approach. Delicate force and position
control strategy can be realized. However, the recorded data
must be transferred to robots. Many differences between
demonstrators and robots lead to correspondence issues for
direct mapping [29], which are still challenging tasks for
effective transfers. Another disadvantage of this technique is
that expensive sensors for 3D vision position tracking and
force/torque measurement are required.

For specific manipulation tasks, we may adopt different
demonstration methods for better data recording.

3.2. Skill Learning. With a set of demonstrations under
human guidance, machine learning is adopted in terms of
encoding and reproduction of a skill. In this subsection,
GMM is used to encode demonstration data as a probabilistic
model.Then, Gaussian Mixture Regression (GMR) is used to
predict the desired skills [30].

Considering a framework of skill representation in (1), we
define a dataset 𝜉 = [𝐹𝑇,𝑋𝑇]𝑇 or 𝜉 = [𝑋𝑇,𝐹𝑇]𝑇 (determined
by different skills), where 𝐹 ∈ R𝐷𝐹×𝑁 and 𝑋 ∈ R𝐷𝑋×𝑁 are
the interaction force and trajectory, respectively. The dataset
is encoded with GMM, a mixture of Gaussian distributions
in 𝐾 components. The probability of a datapoint 𝜉0 ∈ R𝐷 in
dataset 𝜉 = [𝜉𝑖, 𝜉𝑜] under the GMM is

𝑝 (𝜉0) = 𝐾∑
𝑘=1

𝜋𝑘N (𝜉0;𝜇𝑘,Σ𝑘)

= 𝐾∑
𝑘=1

𝜋𝑘 1
√(2𝜋)𝐷 Σ𝑘

𝑒−(1/2)(𝜉0−𝜇𝑘)𝑇Σ−1𝑘 (𝜉0−𝜇𝑘))
(3)

where 𝜋𝑘 ∈ [0, 1] are prior probabilities; Σ𝐾𝑘=1𝜋𝑘 = 1, 𝜇𝑘 ∈
R𝐷, Σ𝑘 ∈ R𝐷𝑖×𝐷𝑜 represent means and covariance matrices
of the Gaussian in the GMM. Then we define the means and
covariance matrices of input and output components as

𝜇𝑘 = [𝜇𝑖𝑘
𝜇𝑜𝑘

] ,

Σ𝑘 = [Σ𝑖𝑘 Σ𝑖𝑜𝑘
Σ𝑜𝑖𝑘 Σ

𝑜
𝑘

]
(4)

For a given input variable 𝜉𝑖, the conditional probability
distribution of the output 𝜉𝑜 can be written:

𝑝 (𝜉𝑜 | 𝜉𝑖) = 𝐾∑
𝑘=1

𝑝 (𝑘 | 𝜉𝑖)N (�̂�𝑘, Σ̂𝑘) (5a)

where

�̂�𝑘 = 𝜇𝑜𝑘 + Σ𝑜𝑖𝑘 (Σ𝑖𝑘)−1 (𝜉𝑖 − 𝜇𝑖𝑘) (5b)

Σ̂𝑘 = Σ𝑜𝑘 − Σ𝑜𝑖𝑘 (Σ𝑖𝑘)−1 Σ𝑖𝑜𝑘 (5c)

The weighting function 𝑝(𝑘 | 𝜉𝑖) represents the probability
that 𝑘-th Gaussian component is responsible for 𝜉𝑖

𝑝 (𝑘 | 𝜉𝑖) = 𝑝 (𝑘) 𝑝 (𝜉𝑖 | 𝑘)
∑𝐾𝑗=1 𝑝 (𝑗) 𝑝 (𝜉𝑖 | 𝑗)

= 𝜋𝑘N (𝜉𝑖;𝜇𝑖𝑘,Σ𝑖𝑘)
∑𝐾𝑗=1 𝜋𝑗N (𝜉𝑖;𝜇𝑖𝑗,Σ𝑖𝑗)

(6)

GMR is achieved by calculating the conditional expectation
of 𝜉𝑜, given 𝜉𝑖, in (5a):

𝐸 {𝑝 (𝜉𝑜 | 𝜉𝑖)} = 𝐾∑
𝑘=1

𝑝 (𝑘 | 𝜉𝑖) �̂�𝑘 (7)

GMM/GMR is then described by a set of parameters{𝜋𝑘,𝜇𝑘,Σ𝑘}𝐾𝑘=1, which are estimated iteratively by the Expec-
tation Maximization (EM) algorithm. The hyperparameter𝐾, namely, the number of Gaussian components, is selected
using Bayesian Information Criterion (BIC).

3.3. Task Execution

3.3.1. Adaptive Hybrid Force/Position Control. A task planner
is to specify the motion and force profile and plan compliant
motion commands, shown in Figure 2.Themotion and force
profile could be generated by learned skills or given from
human input.

In scenarios of force-relevant tasks, position and force
control is required to accomplish complaint behavior. A
popular approach is to adopt hybrid force/position control
scheme, which separates the task of position and force control
into two orthogonal subspaces. Aiming at position/velocity
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Figure 6: Polishing workstation. (a) Setup of the polishing work-
station. The workpiece is manufactured as a complex surface of the
aluminium alloy with an overall dimension 400 mm × 400 mm ×300 mm. (b) Kinesthetic teaching via a demonstrator.

controlled robot manipulators, we establish an adaptive
force/position controller based on planned trajectories and
contact force distribution from the learned model, shown
in Figure 5. The control law 𝑋𝑐 ∈ R6×1 is calculated
combining the desired position 𝑋𝑑 and the adjustment 𝑋𝐹
from force controller. We take an adaptive PI controller as the
force controller. All coordinates are marked in Figure 6(a),
including the robot base link {𝐵}, the force sensor {𝐹}, end-
effector {𝐸}, and the workpiece {𝑊}. The sensory wrench 𝐹𝑓
is in coordinate system {𝐹} and the transformation from {𝐹}
to {𝐸} is represented as a rotation matrix 𝐸𝐹𝑅 ∈ R3×3 and a
translation vector 𝐸𝐹𝑃 ∈ R3. With inertia force ignored, the
contact force 𝐹𝑒 in {𝐸} is calculated as

𝐹𝑒 = 𝐸𝐹𝑇𝐹𝑓 (8a)

with

𝐸
𝐹𝑇 = [ 𝐸𝐹𝑅 03×3
𝑃𝑡
𝐸
𝐹𝑅
𝐸
𝐹𝑅

] (8b)

where 𝐸𝐹𝑇 ∈ R6×6 is the force transformmatrix.𝑃𝑡 is the skew-
symmetric matrix of the vector 𝐸𝐹𝑃.

The whole controlled motion command 𝑋𝑐 is given by

𝑋𝑐 = 𝑋𝑑 +𝑋𝑒 (9a)

𝑋𝑒 = 𝐾𝑓𝑝�𝐹𝑑 + 𝐾𝑓𝑖 ∫�𝐹𝑑𝑑𝑡, 𝐾𝑓𝑝 = 𝐾𝑓0𝑝
𝜎𝐹𝑑

(9b)

�𝐹𝑑 = 𝑆 (𝐹𝑑 − 𝐹𝑒) (9c)

where 𝑋𝑒 ∈ R6×1 is the adjustment to tracking the desired
force 𝐹𝑑 ∈ R6×1. 𝐾𝑓0𝑝 , 𝐾𝑓𝑖 ∈ R6×6 are constant parameters
of the PI controller. 𝜎𝐹𝑑 represents the standard deviation
of the force distribution. 𝑆 is the diagonal selection matrix
under constraint 𝑘. As precise force control is difficult for
force-relevant tasks in complex environment, keeping the
interaction force in a proper range is enough for the task
requirements. We design this adaptive PI control for force
tracking. A smaller value of 𝜎𝐹𝑑 implies more accurate force
is desired. Thus a bigger proportional parameter 𝐾𝑓𝑝 is
calculated as (9b) for rapidly tracking the desired force.

3.3.2. Task Performance Evaluation. Force-relevant skills
have their specific requirements between different tasks. For
machining process, such as polishing and burring, control-
ling contact force in a proper range is required for machining
quality. A natural approach to evaluate tasks is to measure the
machining quality, which is hard to detect and highly relevant
to the demonstrator and processing technology. As precise
force control is not necessary, tracking performance could be
partly evaluated by the proportion of effective time of force in
the proper range.

Considering interaction tasks of more complex manipu-
lation, such as assembly and grasping, we can define perfor-
mance evaluation criteria on account of characteristics of task
executions. Task success rate and completion time are directly
visualized parameters. The norm of contact force/toque and
average of energy consumption refer to inner interaction
quality. Excessive contact force/torque may damage the end-
effector or workpiece. More energy consumption is against
extensive use of automation, which can be calculated as
follows:

𝑊𝑒 = 𝑛∑
𝑖=1

∫𝑇
0
𝑈𝑖𝐼𝑖𝑑𝑡 (10)

where 𝑛 refers to joint numbers, 𝑈𝑖, 𝐼𝑖 for the voltage and
current of 𝑖-th joint and 𝑇 is the task completion time.

4. Experiments

In this section, we set up two kinds of force-relevant tasks, a
surface polishing task and a peg-in-hole assembly, to validate
the proposed framework. The experiments were conducted
with UR robot manipulators and an OptoForce six-axis F/T
sensor. UR robots were controlled and programmed by using
the Robot Operating System (ROS) through the UR driver
[31], with a control rate of 125 Hz.
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Figure 7: Block diagram of control system for polishing kinesthetic
teaching. 𝐹𝑠 ∈ R6 is the sensed force and is used for teaching.

4.1. Polishing. We present our experimental results of surface
polishing task, which requires the end-effector to exert a
prescribed force normal on a given surface and follow a
predefined motion trajectory attached to the surface. The
experiment setup is shown in Figure 6.

4.1.1. Polishing Demonstration and Data Collection. For pol-
ishing tasks, we adopt the method of kinesthetic teaching,
which allows a human to touch and handle the robot’s body
directly. Although the UR has force mode with external force
estimation, it cannot make a natural kinesthetic teaching due
to the imprecise force estimation. Traditional demonstration
methods are trajectory-based, which may cause separation
between the polishing head and the workpiece. Therefore,
we design a kinesthetic teaching method combining a PI
tracking controller and an admittance teaching controller, as
shown in Figure 7. The robot is velocity controlled by

�̇� = 𝐽−1𝑆𝑃𝑉𝑐 (11a)

𝑉𝑐 = [0 0 𝑉𝑛 0 0 0]𝑇 + 𝑉𝐹 (11b)

with

𝑉𝑛 = 𝐾𝐷𝑝 Δ𝐹𝑛 + 𝐾𝐷𝑖 ∫Δ𝐹𝑛 𝑑𝑡, (11c)

𝑀𝐷𝑎 �̇�𝐹 + 𝐷𝐷𝑎 𝑉𝐹 = 𝐹𝑠 (11d)

where �̇� ∈ R6 is the vector of joint velocities of robot
manipulator and 𝐽 ∈ R6×6 is the Jacobian matrix of the
robot from {𝐸} to {𝐵}. 𝑆𝑃 ∈ R6×6 is the projection matrix
for selecting a specified demonstration plane. 𝑉𝑐 ∈ R6

is the desired robot Cartesian velocity and 𝐹𝑠 ∈ R6 for
sensed wrench in {𝐸}. 𝐹𝑧 is the z-axis component of 𝐹𝑠.
A Butterworth low-pass filter is adopted to smooth wrench
signal. 𝑉𝑛 ∈ R is the normal adjustment in {𝐸} in order to
keep a constant contact force 𝐹𝑑𝑛 in {𝐸}.𝑉𝐹 ∈ R6 is generated
by admittance controller. 𝐾𝐷𝑝 , 𝐾𝐷𝑖 ∈ R are the proportional
integral parameters of the PI controller. 𝑀𝐷𝑎 , 𝐷𝐷𝑎 ∈ R6×6
are themass-damper parameters of the admittance controller,
which are set by trials.

As the manipulator moves slowly, the effect of inertia
force is ignored.The force analysis of end-effector is 𝐹𝑒 = 𝐹𝑠 +𝐹ℎ, where𝐹ℎ ∈ R6 is the force that a human exerts on the end-
effector and 𝐹𝑒 ∈ R6 for reactive force from environment.
The robot movement data are recorded versus time during

t = 0 t = 15s t = 30s

(a) Demonstration

t = 0 t = 15s t = 30s

(b) Replay

Figure 8: Demonstration of polishing. (a) Kinesthetic teaching for
a trajectory. (b) Replay the teaching movement and record position
and force data.

demonstration. Then the robot replays previous movement
trajectory without human guidance. The force analysis of
the end-effector is as 𝐹𝑒 = 𝐹𝑠 = 𝐹𝑒. So we obtained the
force profiles with human experience. Position and forcewere
recorded as demonstration information.

Kinesthetic teaching is adopted based on control law
of (11a), (11b), (11c), and (11d) and Figure 7. The parameter
values for controllers are 𝐾𝐷𝑝 = 2.5 × 10−4, 𝐾𝐷𝑖 = 1.9 ×
10−4, 𝑀𝐷𝑎 = 𝐼6×6 × 104, 𝐷𝐷𝑎 = 5𝐼6×6 × 103. To learn the
profiles of interaction force from human polishing on the
workpiece in Figure 6, we chose polishing path including
36 segments, which were generated by the projection matrix𝑆𝑃 in 36 vertical planes of equal spaced angle 10∘. We
demonstrated polishing trajectories with human guiding the
polishing head as illustrated in Figure 8(a). Joint motion data
were recorded. Then the robot replayed previous movement,
shown in Figure 8(b), while normal contact force/torque 𝐹𝑝 ∈
R, position 𝑥𝑝 ∈ R3, and velocity �̇�𝑝 ∈ R3 of the center
point of polishing disc were recorded simultaneously at 125
Hz. Each path was demonstrated 5 times.

4.1.2. Model Learning. Before learning the model, the dataset
was preprocessed by the DTW algorithm to align 5 demon-
strations over time in same path. We acquired a training
dataset {𝑥𝑖𝑝 , �̇�𝑖𝑝, 𝐹𝑖𝑝}𝑁𝑖=1 composed of𝑁 datapoints. A task com-
pletion rate was defined to describe same path performing as𝛼𝑖 = 𝑖/𝑁, 𝛼𝑖 ∈ [0, 1]. We chose {𝛼𝑖}𝑁𝑖=1 for GMM input and{𝐹𝑖𝑝}𝑁𝑖=1 for output components in (5a). GMM and GMR were
adopted to learn the internal correlation. The learning result
of mapping 𝛼 → 𝐹 was shown in Figure 9. The standard
deviation 𝜎𝐹 of contact force 𝐹 conditional distribution was
recorded as a function of 𝛼. Noticed that there was a one-
to-one correspondence between the task completion rate 𝛼𝑖
and position 𝑥𝑝 for same path demonstrations, we could
obtain the mapping function 𝑓(𝑥) = [V̂, 𝐹, 𝜎𝐹], V̂ ∈ R1×𝑁
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Figure 9: The GMM and GMR learning for one path polishing.
Left: the demonstrations for the polishing path are repeated 5
times. Middle: GMM is trained to approximate the joint probability
distribution 𝑝(𝛼, 𝐹) by EM algorithm using BIC for 5 Gaussian
components. The green cross marks refer to the mean of each
Gaussian model. Right: GMR policy is derived based on the GMM;
the blue region is the the 3𝜎 confidence interval of the contact force
distribution.
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Figure 10: Mapping policy of 𝑥𝑝 → 𝐹. (a) GMR result for 36
groups of mapping. The colors of these lines attached to the surface
refer corresponding value of contact force 𝐹 along with the position𝑥𝑝. (b) GP regression result for the whole surface mapping from
position to contact force.

for the polishing speed. In the same way, there were 36
groups of mapping function 𝐹() : 𝑥 → {V̂𝑎, 𝐹𝑎, 𝜎𝐹𝑎}36𝑛=1. The
mapping policy of 𝑥 → 𝐹𝑎 was shown in Figure 10(a) for 36
trajectories. To get mapping policy of the whole surface, we
performedGP regression [32] to solve this problem, as shown
in Figure 10(b).

4.1.3. Polishing Autonomous Executions. In the task exe-
cution phase, we chose an arbitrary polishing trajectory
in Figure 12(a) by an interactive path generation method,
which was developed on the Visualization Toolkit (VTK)
with the 3D model of the workpiece. It is also available for
kinesthetic teaching to generate polishing path. Based on the
position of this trajectory, parameters of {V̂𝑒, 𝐹𝑑, 𝜎𝐹𝑑} were
predicted by the previous learned model. An adaptive hybrid
force/position control law in Figure 5 was adopted to track
this trajectory and generated contact force.The parameters of
force controller were set as 𝐾𝑓0𝑝 = diag(1.6𝐼3×3 × 10−4, 03×3),𝐾𝑓𝑖 = diag(3𝐼3×3×10−4, 03×3).The constraint selection matrix
S𝑝 = diag(0, 0, 1, 0, 0, 0) referred to normal constraint relative
to the workpiece. The snapshots were illustrated in Figure 11,
with force tracking result shown in Figure 12(b).

Figure 11: The snapshots for polishing execution with 10s interval.
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Figure 12: Trajectory generation and force tracking with adaptive
hybrid force/position control. (a) Interactive trajectory generation
for the surface polishing. (b) Contact force tracking using adaptive
PI controller with 2 trials in different values of 𝐾𝑓𝑝 . The blue region
is the 3𝜎 interval of the contact force distribution and the black line
is the desired force. The RMSE of the force tracking error is 1.58N
for red curve.

We could evaluate the task performance by the force
tracking result in Figure 12(b). The performance of task
executions is evaluated by the proportion of real contact
force in the confidence interval shown as the blue region. It
accounts for 90.3% time proportion in the whole execution.
The tracking result shows an excellent performance relative
to the reference force distribution.

4.2. Peg-In-Hole Assembly. To evaluate the proposed frame-
work, several experiments of peg-in-hole assembly were
carried out on UR-3 arm. We designed a series of pegs
and holes of stainless steel with different fit tolerances and
dimensions, shown in Figure 13(a) and Table 1. Holes are with
the same depth of 30 mm. Each peg is individually fixed on
an elastic mechanism, which is a passive compliant device of
rectilinearmotion andmounted on theOptoForce F/T sensor
as Figure 13(b).

4.2.1. Collaborative Insertions for Data Collection. Peg 1 and
hole 1 were chosen for assembly demonstration group.
We proposed a procedure for peg-in-hole assembly, which
included three phases as Figures 13(b)–13(d). Firstly the peg
moved towards the hole surface and made a constant contact
force, with uniform distributed deviations of position Δ𝑥 ∈[−6 mm, 6 mm] and rotations in [−20∘, 20∘] along 𝑥 and 𝑦
axis. Then an Archimedean spiral movement was adopted
to search the hole until the 𝑧 axis value of the force sensor
decreased suddenly or 𝑥 and 𝑦 axis force value was above a
certain threshold. Finally, a demonstrator pressed the button
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Table 1: Holes and pegs with different fit tolerances and dimensions.

Hole 1 Hole 2 Hole 3 Hole 4 Hole 5 Hole 6 Peg 1 Peg 2 Peg 3
Tolerance H7 F7 E7 D7 H7 H7 h6 h6 h6
Dimension
mm(SI) 𝜙10+0.0150 𝜙10+0.028+0.013 𝜙10+0.04+0.025 𝜙10+0.055+0.04 𝜙8+0.0150 𝜙12+0.0180 𝜙100−0.009 𝜙80−0.009 𝜙120−0.011

1 2 3

1 2

3 4

5 6

(a)

hole
peg
RCC
sensor

UR-3

(b) (c) (d)

Figure 13: Experiment setup and demonstration phase by collaborative insertions. (a) The three pegs and six holes. (b) The peg is moving
towards the hole. (c) Searching the hole by an Archimedean spiral movement. (d) Collaborative insertions.

of the end-effector to enable a free-drive mode of the UR
arm, which was implemented by joint torque estimation and
allowed the demonstrator to guide the peg into the hole, as
shown in Figure 13(d).

In assembly tasks, the demonstrator’s hands adjusted
the position and orientation of the peg based on wrench
feedback. We recorded sensed torque𝑀 = [𝑀𝑥,𝑀𝑦]𝑇 along
with the angular velocity 𝜔 = [𝜔𝑥, 𝜔𝑦]𝑇 of peg with a
sampling rate of 125 Hz during 20 groups of collaborative
insertions. 𝑀𝑥, 𝑀𝑦 ∈ R1×𝑁 and 𝑤𝑥, 𝑤𝑦 ∈ R1×𝑁 were
the sensed torque and angular velocity in Cartesian space,
respectively.

4.2.2. Adjustment Policy Learning. GMM was trained with𝑀 ∈ R2×𝑁 input and 𝜔 ∈ R2×𝑁 output in (5a) by
EM algorithm. BIC was used for the optimal Gaussian
components. Figure 15 showed the GMM distributions of{𝑀𝑥, 𝜔𝑥}.The conditional distribution of the angular velocity
was �̂� ∼ 𝑝(𝜔 | 𝑀) from (5a). Thus for a certain torque𝑀, the angular velocity could be calculated for the robot
movement. Using (7), we could acquire the GMR technique:
�̂� = 𝐸{𝑝(𝜔 |𝑀)}.
4.2.3. Peg-In-Hole Autonomous Executions. Adjustment for
the position 𝑥 and orientation 𝑅 ∈ R3×3 of the peg is the key
to insertion. The control scheme of Figure 5 is also adopted
with F/T feedback 𝐹𝑐 = [𝐹𝑎,𝑀𝑎]𝑇, 𝐹𝑎 ∈ R3×1 and 𝑀𝑎 ∈
R3×1. In addition, a torque controller is specially designed
for orientation adjustment. The orientation 𝑅 of the peg is
calculated by the angular velocity 𝜔𝑎 = [𝜔𝑥, 𝜔𝑦, 𝜔𝑧]𝑇 as

𝑅 (𝑡 + Δ𝑡) = (Δ𝑡𝑆 (𝜔𝑎) + 𝐼3×3)𝑅 (𝑡) (12a)
with the skew-symmetric matrix

𝑆 (𝜔𝑎) = [[[
[

0 −𝜔𝑧 𝜔𝑦𝜔𝑧 0 −𝜔𝑥−𝜔𝑦 𝜔𝑥 0
]]]
]

(12b)

where Δ𝑡 is the control time step 0.008s and 𝐼3×3 for a
unit matrix. To compare our approach of LfD with random
searching that did not use human experience, we design four
kinds of torque controllers as follows:

(i) A: Angular velocity obeyed an uniform distribution
�̂� ∼ U(𝑎, 𝑏), where 𝑎 is chosen to 𝑎 = 02×1 and 𝑏 =[𝜎𝑥, 𝜎𝑦]𝑇 is selected from the covariance matrix in the
GMM.

(ii) B: Gaussian distribution �̂� ∼ N(𝜇𝐵,Σ𝐵) with con-
stant value of 𝜇𝐵 = [0, 0]𝑇 and Σ𝐵 = [0.1, 0.1]𝑇.

(iii) C: GMM for �̂� ∈ 𝑝(𝜔 |𝑀) based on sensed torque.
(iv) D: GMR for �̂� = 𝐸{𝑝(𝜔 |𝑀)}.
The autonomous executions are performed including

four phases:

(i) Moving towards the hole surface as Figure 14(a).
(ii) Searching the hole as Figures 14(b) and 14(c) with

constant contact force along 𝑧 axis.
(iii) Macro orientation adjustment. The torque controller

is chosen as �̂� = −3Σ𝐵 sign(𝑀) to minish the
orientation error in a large scale until the contact
torque is less than a threshold value 𝑀0 = 0.1Nm.

(iv) Micro adjustment based four kinds of torque con-
trollers in Figures 14(e)–14(g). A decreasing function𝛾(𝛼) = (1 − 𝛼2)𝑒−𝛼2 is designed to reduce the
contact force based on the task completion rate 𝛼.
Then the reference angular velocity is written as�̃� = |𝛾(𝛼)�̂�|sign(𝑀) with (12a) and (12b) adjusting
orientation 𝑅.

It is noticed that the force controller is working in the third
and fourth phases to achieve a compliant interaction. And
in the fourth phase, the reference angular velocity �̃� is the
same positive or negative value with the sensed torque 𝑀.
The position 𝑥 and orientation 𝑅 are controlled by the sensed
force 𝐹𝑎 and torque 𝑀𝑎 respectively. Desired contact force is



Complexity 9

(a) (b) (c) (d) (e) (f) (g)

Figure 14: The snapshots for peg-in-hole execution. (a) Moving towards the hole. (b) and (c) Searching hole. (d)–(g) Adjustment based on
sensed wrench.

Table 2: Result comparison of insertions for different controller.

Rate of success (%) Avg. completion
time (s)

Norm of contact force
mean (std.dev) (N)

Avg. energy
consumption (J)

A 64 20.1 8.5 (4.5) 1847
B 56 30.1 7.0 (4.6) 2433
C 88 15.2 11.1 (6.2) 1483
D 40 38.5 4.1 (3.5) 2204

set constantly as 𝐹𝑑 = [0, 0, 𝐹0𝑧 ]𝑇 to push the peg into the hole.
The force controller is realized by a PI controller to minish
the contact force along 𝑥𝑦 axis and keep a constant force
in the vertical direction, while torque controller is designed
by four kinds of adjustment strategies. The parameters of
the PI controller are set as 𝐾𝑎𝑝 = diag(5, 5, 8) × 10−5, 𝑘𝑎𝑖 =
diag(2, 2, 3) × 10−5, 𝑆𝑎 = diag(1, 1, 1, 1, 1, 1).

Two sets of experiments were carried out to evaluate
our approach. The first one was conducted for comparing
the performance of the same peg and hole. The second one
was set for validating the generalization capabilities of the
proposed approach based on GMM learning with different fit
tolerances and dimensions, using peg 1 for hole 1 to 4 and pegs
2, 3 for holes 5, 6 correspondingly. Each group was performed
on 25 trials for equally spaced orientation at [−20∘, 20∘] and
position error at [−6 mm, 6 mm]. Holes 1-4 share the same
dimension and different tolerances, and peg 1 - hole 1, peg 2 -
hole 5, peg 3 - hole 6 are with different dimensions and same
tolerance fit.

The performance of peg-in-hole assembly can be eval-
uated by several aspects, the rate of success, the average of
the task completion time, which means the adaption and
efficiency of task executions, the norm of the contact force,
and the average of energy consumption, which determines
the compliant interaction quality.

The result for the first set of experiments is shown in
Table 2 with hole 1 and peg 1. A phase diagram of autonomous
execution is presented in Figure 15. The controller C is sam-
pling from the conditional distribution �̂� ∈ 𝑝(𝜔 | 𝑀) based
on learned model, while controllers A and B are sampling
from static distributions. The controller C achieve a higher
rate of success and a lower completion time than others,
while the controller C is along with higher contact forces. It is
acceptable for the improvement of assembly efficiency. The
lower average of energy consumption is calculated by (10)
and mainly due to the less completion time. The controller
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Figure 15: The GMM learning result and once peg-in-hole execu-
tion. Left: GMM for {𝑀𝑥, 𝜔𝑥} in 𝑥 axis. The gray sample points are
20 groups of data of collaborative insertions for the peg 1 and hole 1.
The red ellipse refers to the 3𝜎 confidence interval of GMM. Green
crosses are the center points of GMM. Right: phase diagram for
once auto execution with contact torque and angular velocity in 𝑥
axis, with the circle block for starting point and the square block for
ending point.

D uses GMR for the real-time angular velocity calculating.
It has the lowest rate of success and highest time. The main
reason is that the fitting clearance of peg 1 and hole 1 is about
0.01 mm. Such small clearance can easily cause the assembly
getting stuck. However, the controllers A, B, and C generate
the angular velocity by random numbers, which may get rid
of getting stuck in static conditions. Random disturbances
contribute to precision assembling. Another reason may be
on account of the inaccuracy of the sensed torque or errors in
the learned model.

For the second set of experiments, the six groups of
experiments show similar results in Table 3, all of which
indicate a better performance relative to the group of the
first set. Clearly, the approach learned from collaborative
insertions of peg 1 and hole 1 can be well transferred to
situations of different dimensions and tolerance fit.

4.3. Discussion. Two typical force-relevant experiments were
set up to validate our learning framework successfully. Pol-
ishing autonomous executions were conducted according to
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Table 3: Result comparison of insertions for different tolerance fit or dimensions.

Hole Rate of success (%) Avg. completion
time (s)

Norm of contact force
mean (std.dev) (N)

Avg. energy
consumption (J)

1 88 15.2 11.0 (6.2) 1483
2 76 14.5 11.2 (6.3) 1413
3 80 15.4 10.8 (6.5) 1568
4 88 12.5 11.7 (6.4) 1336
5 88 14.1 11.1 (5.7) 1464
6 76 14.5 11.7 (6.1) 1531

learned model, with high force and position tracking perfor-
mance. In peg-in-hole assembly experiments, adaptation and
generalization capabilities were achieved for GMM learning.

While we have demonstrated the effectiveness with two
experiments, there are still some limitations with current
learning approach. Demonstrations for the polishing task of
complex surface are a little tedious and time-consuming as a
result of kinesthetic teaching and the replay. The back-drive
teaching of assembly is also less natural than human direct
teaching. In learning phase, we mainly use GMM to learn
the correlation between the interaction force and the motion.
Other learning algorithms may need to be compared with
GMM. For the peg-in-hole assembly, execution time is still
over time for industrial application. Parameters of controllers
need to be improved in detail.

5. Conclusion

In this paper, a novel framework for learning force-relevant
skills from human demonstration is proposed. The motion
and force profiles during humandemonstrations are recorded
and learned as a statistical model to encode the force-relevant
skill. Upon the learned model, a task planner is devised
to offer the initial task policy. Furthermore, an adaptive
force controller is proposed to adapt the motion of the
robots according to the sensed force and the initial task
policy. The proposed approach is demonstrated with two
experiments (namely polishing and assembly) to showcase its
effectiveness. In the future, we are planning to take more task
constraints and sensor modalities into account.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

This work was supported by the National Natural Sci-
ence Foundation of China (Grant No. 51705371), the
Natural Science Foundation of Jiangsu Province (Grant
No. BK20180235), and the Foundation of National Key

Laboratory of Human Factors Engineering (Grant No.
6142222180311).

Supplementary Materials

The supplementary material is a video of the experiments,
including an object polishing task and a peg-in-hole assembly
task. Each task consists of three phases: demonstrations,
learning, and executions. (Supplementary Materials)

References

[1] B. Siciliano and O. Khatib, Springer Handbook of Robotics,
Springer, 2016.

[2] D. E.Whitney, “Quasi-static assembly of compliantly supported
rigid parts,” Journal of Dynamic Systems, Measurement, and
Control, vol. 104, no. 1, pp. 65–77, 1982.

[3] M. T. Mason, “Compliance and Force Control for Computer
Controlled Manipulators,” IEEE Transactions on Systems, Man,
and Cybernetics, vol. 11, no. 6, pp. 418–432, 1981.

[4] N. Hogan, “Impedance control: an approach to manipulation:
Part II—implementation,” Journal of Dynamic Systems, Mea-
surement, and Control, vol. 107, no. 1, pp. 8–16, 1985.

[5] S. Gu, E. Holly, T. Lillicrap, and S. Levine, “Deep reinforcement
learning for roboticmanipulation with asynchronousoff-policy
updates,” in Proceedings of the IEEE International Conference on
Robotics and Automation, (ICRA), pp. 3389–3396, IEEE, 2017.

[6] S. Levine, P. Pastor, A. Krizhevsky, and D. Quillen, “Learning
Hand-Eye Coordination for Robotic Grasping with Large-Scale
Data Collection,” in International Symposium on Experimental
Robotics, vol. 1 of Springer Proceedings in Advanced Robotics, pp.
173–184, Springer, 2016.

[7] V. Mnih, K. Kavukcuoglu, D. Silver, A. A. Rusu, J. Veness,
M. G. Bellemare et al., “Human-level control through deep
reinforcement learning,”Nature, vol. 518, no. 7540, pp. 529–533,
2015.

[8] M. Kalakrishnan, L. Righetti, P. Pastor, and S. Schaal, “Learning
force control policies for compliant manipulation,” in Proceed-
ings of the IEEE International Conference on Intelligent Robots
and Systems: Celebrating 50 Years of Robotics (IROS), pp. 4639–
4644, IEEE, 2011.

[9] A. X. Lee, H. Lu, A. Gupta, S. Levine, and P. Abbeel, “Learning
force-based manipulation of deformable objects from multiple
demonstrations,” in Proceedings of the IEEE International Con-
ference on Robotics and Automation (ICRA), pp. 177–184, IEEE,
2015.

[10] M.Denisa, A. Gams, A. Ude, and T. Petric, “Learning compliant
movement primitives through demonstration and statistical

http://downloads.hindawi.com/journals/complexity/2019/5262859.f1.mp4


Complexity 11

generalization,” IEEE/ASME Transactions on Mechatronics, vol.
21, no. 5, pp. 2581–2594, 2016.

[11] S. M. Khansari-Zadeh and A. Billard, “Learning stable nonlin-
ear dynamical systems with Gaussian mixture models,” IEEE
Transactions on Robotics, vol. 27, no. 5, pp. 943–957, 2011.

[12] A. Billard, S. Calinon, R. Dillmann, and S. Schaal, “Robot
programming by demonstration,” in Springer handbook of
robotics, pp. 1371–1394, Springer, 2008.

[13] A. J. Ijspeert, J. Nakanishi, H. Hoffmann, P. Pastor, and S. Schaal,
“Dynamical movement primitives: Learning attractor models
for motor behaviors,” Neural Computation, vol. 25, no. 2, pp.
328–373, 2013.

[14] M. Li, H. Yin, K. Tahara, and A. Billard, “Learning object-level
impedance control for robust grasping and dexterous manipu-
lation,” in Proceedings of the IEEE International Conference on
Robotics and Automation (ICRA), pp. 6784–6791, IEEE, 2014.

[15] M. Li, Y. Bekiroglu, D. Kragic, and A. Billard, “Learning
of grasp adaptation through experience and tactile sensing,”
in Proceedings of the IEEE/RSJ International Conference on
Intelligent Robots and Systems (IROS), pp. 3339–3346, IEEE,
2014.

[16] K. Kronander and A. Billard, “Online learning of varying
stiffness through physical human-robot interaction,” in Pro-
ceedings of the IEEE International Conference on Robotics and
Automation (ICRA), pp. 1842–1849, IEEE, 2012.

[17] M. Li, K. Tahara, and A. Billard, “Learning task manifolds for
constrained object manipulation,” Autonomous Robots, vol. 42,
no. 1, pp. 159–174, 2018.

[18] C. Yang, C. Zeng, P. Liang, Z. Li, R. Li, and C.-Y. Su, “Inter-
face design of a physical human-robot interaction system for
human impedance adaptive skill transfer,” IEEE Transactions on
Automation Science and Engineering, vol. 15, no. 1, pp. 329–340,
2018.

[19] C. Yang, C. Zeng, C. Fang, W. He, and Z. Li, “A DMPs-based
Framework for Robot Learning and Generalization of Human-
like Variable Impedance Skills,” IEEE/ASME Transactions on
Mechatronics, vol. 23, no. 3, pp. 1193–1203, 2018.

[20] B. Siciliano and L. Villani, Robot Force Control, vol. 540,
Springer Science & Business Media, 2012.

[21] Y. Lin, S. Ren, M. Clevenger, and Y. Sun, “Learning grasping
force from demonstration,” in Proceedings of the IEEE Interna-
tional Conference on Robotics andAutomation (ICRA), pp. 1526–
1531, IEEE.

[22] P. Kormushev, S. Calinon, and D. G. Caldwell, “Imitation learn-
ing of positional and force skills demonstrated via kinesthetic
teaching and haptic input,”Advanced Robotics, vol. 25, no. 5, pp.
581–603, 2011.
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This work investigates locomotion efficiency optimization and adaptive path following of snake-like robots in a complex
environment. To optimize the locomotion efficiency, it takes energy consumption and forward velocity into account to investigate
the optimal locomotion parameters of snake-like robots controlled by a central pattern generator (CPG) controller. A cuckoo search
(CS) algorithm is applied to optimize locomotion parameters of the robot for environments with variable fractions and obstacle
distribution. An adaptive path following method is proposed to steer the snake-like robot forward and along a desired path. The
efficiency and accuracy of the proposed path following method is researched. In addition, a control framework that includes a CPG
network, a locomotion efficiency optimization algorithm, and an adaptive path following method is designed to control snake-
like robots move in different environments. Simulation and experimental results are presented to illustrate the performance of the
proposed locomotion optimization method and adaptive path following controller for snake-like robots in complexity terrains.

1. Introduction

Inspired by biological snakes, snake-like robots have received
significant attention to take the place of human work in
some special situations such as exploration, monitoring, and
surveillance tasks [1]. Similar to the stability and flexibility of
biological snakes, snake-like robots can be used in challeng-
ing environments [2].

Since the first snake-like robot was developed by Hirose
in 1972, many researchers have developed many snake-like
robots with different mechanisms. Some snake-like robots
are configured with active joints and passive wheels such as
robots in [3, 4]. Some snake robots are connected by some
joints that can bend, lengthen, and shorten, such as robots in
[5, 6]. Some snake-like robots aremade up by active joints and
active wheels, such as robots in [7, 8]. Some snake robots are
consisted of active wheels and passive joints [9]. Some robots
are combined by joints and crawlers [10].

Several control approaches for robots with many degrees
of freedom (DOFs), such as quadruped robot and snake-
like robot, have been proposed in literatures [11, 12]. In the

past years, researchers find that the central pattern gener-
ator (CPG) inside the spinal cord could generate rhythmic
locomotion without sensory feedback or regulation signals
from brain [13]. Matsuoka was a pioneer of CPG research
and he proposed the first practical model in 1987 [14]. In
the past years, CPG was successfully used to control robots,
especially in control for bionic robot such as snake-like
robots [15]. Rhythmic locomotion, such as lateral undulation
and sidewinding, can be controlled by a CPG network
connected by neuron oscillators [16, 17]. In [18], a double-
chain Hopf CPG network is used to control serpentine and
sidewinding gaits of a snake robot. In [19], a unified neural
oscillator network is researched to control three different
types of locomotion by adjusting several parameters. Smooth
transition and autonomous locomotion control methods are
investigated in [20–22]. However, some important perfor-
mances such as locomotion efficiency and path following
accuracy of snake-like robots are not considered in these
studies.

There are many studies aiming at analysing and opti-
mizing the locomotion efficiency of snake-like robots. The
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extremely important problem that should be solved is the
locomotion efficiency of robots. In [12], three different gaits
of a snake-like robot are analysed based on its dynamic
model. The tradeoff between locomotion speed and energy
efficiency is studied for several gaits. In [23], the relationships
among the gait parameters, energy consumption, and for-
ward velocity of different gaits for underwater snake robots
are investigated, and the most efficient motion pattern is
selected by empirical rules according to simulations.

In [24], gait parameters are optimized to stabilize the
head joint and speed of a snake-like robot. However, the
energy efficiency is not taken into account. In [25], a genetic
algorithm is adopted to select parameters of serpentine gait
parameters for a snake robot, but other performances are not
considered except the speed of the robot. In [26], forward
speeds of amphibious snake-like robots are optimized by
the Powell’s method. However, the frequency of locomotion
is not taken into account in the optimization algorithm
[26]. A framework is researched to optimize locomotion of
underwater snake robots and their energy efficiencies are
investigated in [27]. To the best of our knowledge, there is
no general optimization framework for snake-like robots in a
random environment with different fractions and obstacles.

To realize the practicability of snake-like robots in various
tasks, their path following in unknown terrains has been
researched. In [28], a dynamic feedback controller is pro-
posed to control the orientation of a snake robot to a desired
angle. The theoretical approaches are validated through
experimental results in [29]. In [30], a planar snake-like robot
can move forward and traverse the reference path with a
desired velocity controlled by a feedback control strategy
that enforces virtual constraints. In [31], path following of
snake robots is researched by using approximate dynamic
programming and neural networks.

Inspired by the path following control of vessels on the
sea in [32, 33], an integral line of sight (LOS) path following
controller is designed to control an underwater snake-like
robot go along a straight line based on a dynamic model
in [34]. However, some of its key parameters are chosen
arbitrarily. It is thus difficult to realize efficient and accurate
path following due to the mechanism complicacy and high
degree of freedoms of snake-like robots.

In this work, a double-chain Hopf GPG is used to replace
the sine function to generate joint reference functions to
avoid sudden transition of locomotion. To reduce energy
consumption and extend autonomous working hours of
snake-like robots, optimization of locomotion efficiency is
considered. The energy consumption and forward speed are
taken into account to investigate the optimal gait parameters.
To explore the effect factors of locomotion efficiency, we
have conducted various simulations. The simulation results
show that the frequency and amplitude of a CPG controller
are relevant to the efficiency. To find the most efficient gait
parameters combination of the Hopf CPG, a CS algorithm is
used to find the optimal gait parameters for different envi-
ronment. An adaptive path following approach is proposed
to improve the accuracy and the efficiency of path following.
The approach is used to control a snake-like robot following
curves and straight lines in narrow spaces with disorderly

obstacles. Position, direction and forward velocity, efficiency,
and error accumulation of snake-like robots are taken into
account in the control of path following. In addition, a control
framework includes a Hopf CPG network, an exponen-
tially stable controller, a locomotion efficiency optimization
algorithm, and an adaptive path following method. This
work also includes more accurate and detailed simulation
and experiment results about efficiency optimization and
adaptive path following in complex environments.

This paper is organized as follows. The mathematical
model of a snake-like robot and a CPG network used in this
paper are presented in Section 2. Relations among locomo-
tion efficiency, gait parameters, and environment factors are
studied and the locomotion efficiency is optimized by the
CS algorithm in Section 3. An adaptive LOS path following
controller is proposed in Section 4. Extensive simulations are
conducted to verify the efficiency and accuracy of the pro-
posed path following method in Section 5. Finally, Section 6
concludes the paper.

2. Mathematical Model

Mathematical model of snake-like robot has attracted much
attention [34, 36, 37]. In this paper, we briefly present the
mathematical model of a snake-like robot that will be used
in efficiency optimization and path following control. Our
control design is based on the model presented in [36].

2.1. Mathematical Model of Snake-Like Robot. As shown in
Figure 1, the snake-like robot is connected by 𝑛 links. The
head position is (𝑥ℎ, 𝑦ℎ), orientation of link 𝑖 is 𝜃𝑖, and pitch
angle of joint 𝑖 is 𝜙𝑖. The mass of a link is set as 𝑚 and the
moment of inertia of a link is defined as 𝐽 = (1/6)𝑚𝑙2. To
simplify computation, the center of mass (CM) is assumed to
locate at its center point. Other notations and equations of the
mathematical model of the robot in this paper are the same
as those in [36].

In this dynamic model, viscous friction is assumed to act
only on the CMof a link.The friction act of link 𝑖 is calculated
as

𝑓𝑔𝑙𝑜𝑏𝑎𝑙𝑅,𝑖 = −𝑅𝑔𝑙𝑜𝑏𝑎𝑙𝑙𝑖𝑛𝑘,𝑖 [𝑐𝑛 00 𝑐𝑡][
V𝑛,𝑖
V𝑡,𝑖
] , (1)

where 𝑐𝑡 and 𝑐𝑛 are viscous fraction coefficients between links
and the ground in the tangential and normal directions,
respectively. In this paper, the snake-like robot is connected
by 10 links, the length of a link is 𝑙 = 0.1𝑚, and the mass of
a link is𝑚 = 1𝑘𝑔. The ground is flat and fraction coefficients
are 𝑐𝑡 = 0.5 and 𝑐𝑛 = 3.The rotation matrix of link 𝑖 is defined
as

𝑅𝑔𝑙𝑜𝑏𝑎𝑙
𝑙𝑖𝑛𝑘,𝑖

= [cos 𝜃𝑖 − sin 𝜃𝑖
sin 𝜃𝑖 cos 𝜃𝑖 ] . (2)

The model can be written in the standard form of a control-
affine system by defining 𝑥1 = [𝜙1, 𝜙2, ..., 𝜙𝑛−1]𝑇 ∈ 𝑅𝑛−1,
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Figure 1: Schematic of a snake robot with 𝑛 links.
𝑥2 = [𝜃𝑛, 𝑝𝑥, 𝑝𝑦]𝑇 ∈ 𝑅3, 𝑥3 = �̇�1, 𝑥4 = �̇�2, and 𝑥 =[𝑥𝑇1 , 𝑥𝑇2 , 𝑥𝑇3 , 𝑥𝑇4 ]𝑇 ∈ 𝑅2𝑛+4. Thus we have

�̇� = [[[[[
[

̇𝑥1̇𝑥2̇𝑥3̇𝑥4

]]]]]
]
= [[[[[
[

𝑥3𝑥4𝑢
𝐴 (𝑥) + 𝐵 (𝑥1) 𝑢

]]]]]
]

(3)

where 𝐴(𝑥) and 𝐵(𝑥1) are computed by

𝐴 (𝑥) = −𝑀−1

22 (𝑊2 + 𝐺2𝑓𝑅) ∈ 𝑅3, (4)

𝐵 (𝑥1) = −𝑀−1

22𝑀21 ∈ 𝑅3×(𝑁−1), (5)

and matrices𝑀(𝜙) and𝑊(𝜙, �̇�) are defined in [36].
The joint dynamics of a snake-like robot is given by ̈𝜙 = 𝑢.

Thenew control input of themodel is defined according to the
exponentially stable joint controller:

𝑢 = ̈𝜙𝑟𝑒𝑓 + 𝑘𝑑 ( ̇𝜙𝑟𝑒𝑓 − ̇𝜙) + 𝑘𝑝 (𝜙𝑟𝑒𝑓 − 𝜙) . (6)

Reference joint angle of joint 𝑖 is defined as

𝜙𝑖,𝑟𝑒𝑓 = 𝛼 sin (𝜔𝑡 + (𝑖 − 1) 𝛿) + 𝜙0, (7)

where 𝛼 is amplitude, 𝜔 is frequency of reference joint
functions, and 𝛿 is the phase offset that affects the shape of
a snake-like robot by changing the number of 𝑆-shapes. The
relation between the shape and 𝛿 can be given as

𝛿 = 2𝜋 𝑁𝑛 − 1, (8)

where𝑁 is the number of 𝑆-shape in the horizontal plane and𝑛 is the number of links.
However, actuators will be damaged if the snake-like

robot is controlled by (7) directly when the reference function
transits suddenly. To avoid jerky movements and physical
damages of actuators, the CPG controller is applied to
generate reference functions of joints.

2.2. Dynamic Model and Topological Structure of CPG Net-
work. Some neural oscillator models were used to control
the snake-like robots in recent years, such as Kuramoto
oscillator model [38], Van Der Pol oscillator [16], and Hopf
oscillator model [39]. However, the Kuramoto model needs

big calculation and the Van Der Pol model converges slowly.
Hence, the Hopf neural model is used to control a snake-like
robot in this work due to its stability and fast convergence.
The dynamics of a Hopf oscillator is given as

𝐹𝐻 (𝑥)

= [[[[[
[

−𝜆(𝑓 (𝜇)2 + 𝑓 (])2𝑟2𝑥 − 𝜎)𝑓 (𝜇) + 𝜏 (𝑡) 𝑓 (])
−𝜏 (𝑡) 𝑓 (𝜇) − 𝜆(𝑓 (𝜇)2 + 𝑓 (])2𝑟2𝑥 − 𝜎)𝑓 (])

]]]]]
]
, (9)

𝑓 (𝜇) = 𝜇 − 𝜇𝑐, (10)

𝑓 (]) = ] − ]𝑐, (11)

where 𝑥𝑖 = [𝜇𝑥𝑖, ]𝑥𝑖]𝑇, 𝑟𝑥 is the radius of a limit cycle, 𝜆 is the
convergence rate to the limit cycle, 𝜇𝑐 and ]𝑐 decide the center
of the limit cycle of the Hopf oscillator, 𝜇 and ] oscillate
around 𝜇𝑐 and ]𝑐 respectively, 𝜎 is a bifurcation parameter of
the Hopf oscillator and 𝜎 = 1 in this paper, 𝜇𝑥𝑖 is accepted as
the output signal, and the offset of the signals of 𝜇𝑖 is decided
by 𝜇𝑐𝑖. Solutions of 𝜇 and ] are sinusoidal in steady states. In
this paper, notations and parameters of dynamics of the Hopf
oscillator follow those in [35].

In this paper, the Hopf CPG network is connected by
two series of Hopf oscillators. As shown in Figure 2, the
left column (blue) and the right column (red) oscillators
control horizontal and vertical movement snake-like robot,
respectively. Parameters 𝑎, 𝑏, 𝑐, and 𝑑 shown in Figure 2(a)
are connection weights among neighboring oscillators, and𝛿𝑖 in Figure 2(b) is the phase offset between two neighboring
oscillators. The phase difference between horizontal and
vertical oscillator is set as 𝜋/2. Dynamics of the Hopf CPG
network are given as

̇𝑥𝑖 = 𝐹𝐻 (𝑥𝑖) − 𝛼∑
𝑗

𝜔𝑖𝑗 (𝑥𝑖 − 𝑟𝑥𝑖𝑟𝑥𝑗𝑅 (𝜙𝑖𝑗) 𝑥𝑗) , (12)

̇𝑦𝑖 = 𝐹𝐻 (𝑦𝑖) − 𝛽(𝑦𝑖 − 𝑟𝑦𝑖𝑟𝑥𝑗𝑅 (𝜙𝑦𝑥) 𝑥𝑖) , (13)

where 𝑥𝑖 = [𝜇𝑥𝑖, ]𝑥𝑖]𝑇 and 𝑦𝑖 = [𝜇𝑦𝑖, ]𝑦𝑖]𝑇 are outputs of
horizontal and vertical oscillators, respectively. 𝜔𝑖𝑗 and 𝑟
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Figure 2: Topology of a CPG network [35]. (a) Connection weights among neighbor oscillators and (b) phase difference between neighbor
oscillators.

control the frequency and amplitude of the limit cycle. The
rotation matrix 𝑅(𝜙) is computed by

𝑅 (𝜙) = [cos 𝜙 − sin 𝜙
sin 𝜙 cos 𝜙 ] , (14)

where 𝜇𝑥𝑖 and 𝜇𝑦𝑖 are reference values of the yaw actuators
and pitch actuators of joint 𝑖. In this paper, reference angles
of joint 𝑖 are computed by

𝜙ℎ,𝑖,𝑟𝑒𝑓 = 𝜇𝑥𝑖, (15)

𝜙V,𝑖,𝑟𝑒𝑓 = ]𝑦𝑖. (16)

As known from previous literatures, CPG signals change
suddenly and discontinuously when parameters change
abruptly. That leads to unstable locomotion and damage
to motors of joints. Hence, we use the smooth gait transit
method proposed in our previous work [35] to avoid sudden
transition. The smooth transit function is defined as

𝑝

=
{{{{{{{{{

𝑝1 𝑡 ≤ 𝑡1
𝐴𝑝 sin( 𝜋𝑡2 − 𝑡1 (𝑡 −

𝑡1 + 𝑡22 )) + 𝑝0 𝑡1 < 𝑡 ≤ 𝑡2
𝑝2 𝑡 > 𝑡2,

(17)

where amplitude 𝐴𝑝 and offset 𝑝0 are computed as

𝐴𝑝 =
𝑝2 − 𝑝12 , (18)

𝑝0 = 𝑝1 + 𝑝22 , (19)

where 𝑝1 and 𝑝2 are predifined and desired values of 𝑝, 𝑡1,
and 𝑡2 are the start and the end time of parameter changing.

3. Efficiency Optimization for Snake-Like
Robots in Different Environments

As known from previous literatures [16–19], the Hopf CPG
network is capable of controlling the rhythmic locomotion
of snake-like robots. Nature snakes can always adjust their
body shapes to move efficiently in different terrains. In order
improve the adaptability of snake-like robots to complex
environments, the lateral undulation locomotion with several
combinations of CPG parameters and fractions is discussed.
Herein, eight representative environments are investigated to
obtain the efficient locomotion. Snake-like robots controlled
by different CPG parameters are simulated to find out the
connection between CPG parameters and robot locomotion
efficiency.

3.1. Locomotion Efficiency Gait Parameters. To evaluate the
locomotion efficiency of snake-like robots, we take their
speed and energy consumption into account. To simplify the
optimization objective, we compute locomotion efficiency as
follows:

𝐸 = √(𝑝𝑥,𝑡2 − 𝑝𝑥,𝑡1)
2 + (𝑝𝑦,𝑡2 − 𝑝𝑦,𝑡1)2

∫𝑡2
𝑡1
∑𝑛−11 𝑢2𝑖 𝑑𝑡 , (20)

where 𝑢𝑖 is the torque of the actuator of joint 𝑖 and
√(𝑝𝑥,𝑡2 − 𝑝𝑥,𝑡1)2 + (𝑝𝑦,𝑡2 − 𝑝𝑦,𝑡1)2 is the distance of the snake-
like robot moving in one period. 𝑡1 is arbitrary time and𝑡2 = 𝑡1 + 𝑇, where 𝑇 is a period of locomotion. ∫𝑡2

𝑡1
∑𝑛−11 𝑢2𝑖 𝑑𝑡

is the sum of squares of torques of all joints from 𝑡1 to 𝑡2. It is
the energy consumption in one period.

In this paper, different gaits are controlled by a Hopf
CPG controller. The controller combined with the efficiency
critic function (20) can generate uniform outputs with
desired amplitudes and phase differences without additional
adjustments.
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Table 1: Efficiency of lateral undulation controlled by different parameters in same environment.

(𝛼, 𝜔) ( 136𝜋, 0.2𝜋) ( 118𝜋, 0.4𝜋) ( 112𝜋, 0.6𝜋) (19𝜋, 0.8𝜋)𝐸 0.248 0.132 0.046 0.014

(𝛼, 𝜔) ( 136𝜋, 0.4𝜋) ( 118𝜋, 0.8𝜋) ( 112𝜋, 1.2𝜋) (19𝜋, 1.6𝜋)𝐸 0.885 0.102 0.014 0.006

(𝛼, 𝜔) ( 118𝜋, 0.2𝜋) (19𝜋, 0.4𝜋) (16𝜋, 0.6𝜋) (29𝜋, 0.8𝜋)𝐸 1.162 0.167 0.021 0.003

Table 2: Efficiency of lateral undulation controlled by same parameters in different environments.

(𝑐𝑡, 𝑐𝑛) (0.1, 0.3) (0.1, 0.4) (0.1, 0.5) (0.1, 1)𝐸 0.002 0.003 0.004 0.026(𝑐𝑡, 𝑐𝑛) (0.1, 3) (0.1, 4) (0.1, 5) (0.1, 10)𝐸 0.227 0.301 0.363 0.564(𝑐𝑡, 𝑐𝑛) (1, 3) (1, 4) (1, 5) (1, 10)
𝐸 0.014 0.025 0.035 0.084

To explore the relation between locomotion efficiency
and parameters, locomotion controlled by different gait
parameters in the same flat ground with tangential fraction𝑐𝑡 = 1 and normal fraction 𝑐𝑛 = 3 is simulated. We
simulate 12 proportional combinations of frequency 𝜔 and
amplitude 𝛼, and other parameters are constants. From the
simulations results of Table 1, locomotion efficiency is affected
by𝜔 and 𝛼 of the CPG network. Thus, the relevant amplitude𝛼 and frequency 𝜔 can be adjusted to obtain the efficient
locomotion.

3.2. Locomotion Efficiency of Snake-Like Robots in Different
Environments. Frictions in normal and tangential directions
are important for lateral undulation of snake-like robots.
To find out the relation between frictions and locomotion
efficiency, we simulate eight different situations with the same
locomotion parameters. In the eight situations, fractions in
tangential and normal directions (𝑐𝑡, 𝑐𝑛) are set as (0.1, 0.3),
(0.1, 0.4), (0.1, 0.5), (0.1, 1), (1, 3), (1, 4), (1, 5), and (1, 10),
respectively.The first four situations are set with same friction
coefficient in the tangential direction and increasing friction
coefficient in the normal direction. The last four situations
are set with ten times friction coefficient of the first four
situations in tangential and normal directions.

As shown in Table 2, locomotion efficiencies are different
in eight situations. It can be found that the efficiency is
proportional to the fraction ratio 𝑐𝑛/𝑐𝑡. The locomotion
efficiencies are similar to the same fraction 𝑐𝑛/𝑐𝑡.

Except for the fraction, a snake-like robot demonstrates
different performances in different environments with differ-
ent slop and different passable widths. As shown in Figure 3,
a snake-like robot should transit body shape and locomotion
flexibly to cross the cluttered environment covered with
obstacles. The optimized efficiency locomotion parameters

obstacle obstacle obstacle

obstacle

obstacle

obstacle

obstacle

obstacleobstacle obstacle

A1(ct1, cn1) (ct2, cn2)
A2

(ct3, cn3) A3

Figure 3: Snake-like robots move in different environment with
variable fractions and space widths.

are selected from computing a large number of combinations
of locomotion parameters. However, the optimized velocity
is slow and the computation is too complex. It is necessary
and significant to take advantage of an intelligent optimiza-
tion algorithm to optimize parameters fast when we face a
complex environment.

3.3. Parameter Optimization Using CS Algorithm. Traditional
parameter selection method selects desired parameters by
comparing all combinations of the amplitude 𝛼 and the
frequency 𝜔 in the allowed ranges. To optimize the loco-
motion parameters fast and effectively, the CS algorithm
[40–42] is used to explore the suitable optimal amplitude 𝛼
and frequency 𝜔 while the snake-like robot is moving in a
new environment. The optimization algorithm used in this
research is inspired by the obligate brood parasitic behaviour
of some cuckoo species in combination with the LeV́y flights
behaviour of some fruit flies. The optimization objection is
maximized locomotion efficiency 𝐸 in (20), to given ranges
of these parameters.

As shown in Figure 3, the width of the whole-shape of a
snake-like robot should be less than the width of a passable
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Figure 4: Structure of the adaptive path following control frame.

path. The amplitude of the whole-shape is decided by the
width of a path, and 𝐴 is relevant to 𝛼 in (7). The ranges of𝛼 should be derived according to the width of passable path
to guarantee that snake-like robot to crosses a passable path
without colliding obstacles on both sides of the latter.

In order to guarantee the constringency of searching,
the optimal individual retention method is accepted in the
CS algorithm. New values of our interested parameters are
searched by using the CS algorithm as

X(𝑡+1)
𝑖 = X(𝑡)

𝑖 + 𝜏⨁ Lev́y (𝜆) , (21)

where X = [𝛼, 𝜔]𝑇and 𝜏 is the step size, which is related to
the scales of the optimization problems and should be greater
than zero.

In this paper, 𝜏 is set just according to the scale of
amplitude 𝛼 to reduce the computation complexity since
the values of 𝛼 and 𝜔 are approximate. 𝜏 is computed by𝜏 = (𝛼𝑚𝑎𝑥 − 𝛼𝑚𝑖𝑛)/10. The product⨁ means the entry wise
multiplication of two vectors. The step length of LeV́y flight is
computed by a LeV́y distribution:

Lev́y ∼ 𝜇 = 𝑡−𝜆, (1 < 𝜆 ≤ 3) , (22)

while the LeV́y distribution has an infinite variance with an
infinite mean.

4. Adaptive LOS Path Following Control

To optimize the accuracy and efficiency of path following of
a snake-like robot executing special tasks in a narrow space,
we propose an adaptive path following control scheme. As
shown in Figure 4, an adaptive control frame is formed by a
CPG locomotion generator, a direction controller based on
the adaptive LOS guidance law, locomotion regulator, and
an energy efficiency critic component. A closed-loop control
scheme based on the LOS law and the efficiency critic element
is summarized to adjust the locomotion of a snake-like robot
adaptively according to energy efficiency in different terrains.

y

x0

CM


ref

Δ
Δy



(xref, yref)

Figure 5: The adaptive path following law.

In the control scheme, information of environment including
fractions and slop is measured by sensors, and appropriate
locomotion parameters including 𝛼 and 𝜔 are selected by
using the CS algorithm according to efficiency. The selected
locomotion parameters are transported to the CPG network
that generates reference swing angles of joints, and torques 𝑢𝑖
of actuators of the robot are computed by the exponentially
stable controller as (6). The modules of the control scheme
are presented in above sections.

4.1. LOS Guidance Law. In this paper, a LOS guidance law is
applied to the curve path following of a snake-like robot. As
shown in Figure 5, the tangent line of a reference path at point(𝑥𝑟𝑒𝑓, 𝑦𝑟𝑒𝑓) which is the nearest point to the CM of a snake-
like robot is the desired path. The distance from the CM of
a robot to (𝑥𝑟𝑒𝑓, 𝑦𝑟𝑒𝑓) is defined as Δ𝑦, which corresponds to
the cross track error, and the direction angle of the snake-like
robot is represented by 𝜃.

The path following control objective is to control a snake-
like robot to converge to a reference path and subsequently
move along the path at nonzero forward velocity. The objec-
tives of path following can be formalized as

lim
𝑝𝑥→𝑥

𝑝𝑦 = 𝑓 (𝑥) , (23)
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lim
𝑡→∞

𝜃 = 𝜃𝑟𝑒𝑓, (24)

lim
𝑡→∞

V𝑡 > 0, (25)

where𝑓(𝑥) is an analytic function of a reference path. Snake-
like robots cannot track a reference path flawlessly due to the
oscillatory gait pattern. Our control objectives imply that the
CM snake-like robot can have steady state oscillation around
the reference path.

In this section we study LOS path-following control
for snake-like robots as shown in Figure 5. Their reference
orientation is computed using the LOS guidance law as

𝜃𝑟𝑒𝑓 = − arctan (Δ𝑦Δ ) , (26)

Δ𝑦 = 𝛾 sign (𝑝𝑦 − 𝑦𝑟𝑒𝑓) , (27)

𝛾 = √(𝑝𝑥 − 𝑝𝑥,𝑟𝑒𝑓)2 + (𝑝𝑦 − 𝑝𝑦,𝑟𝑒𝑓)2, (28)

where Δ is the look-ahead distance that influences the
convergence rate to the desired path, (𝑝𝑥, 𝑝𝑦) is the position
of the CM of the robot, and (𝑝𝑥,𝑟𝑒𝑓, 𝑝𝑦,𝑟𝑒𝑓) is the nearest point
in the reference path to the CM of the robot. As known from
Section 2, the direction of the robot can be controlled by
phase offset 𝜙0. Therefore, we can steer the heading direction𝜃 according to the LOS angle in (26), and the joint angle offset
is computed as

𝜙0 = 𝑘𝜃 (𝜃 − 𝜃𝑟𝑒𝑓) , (29)

where controller gain 𝑘𝜃 > 0 and heading direction are

𝜃 = 1𝑛
𝑛∑
𝑖=1

𝜃𝑖. (30)

4.2. Adaptive Path Following Based on LOS. Previous studies
on path following of snake-like robots have focused on
undulation locomotion with constant gait parameters in
a stable environment, and gain 𝑘𝜃 in (29) and look-head
distance Δ in (26) are fixed. The error accumulation and the
energy efficiency of path following are not to be considered.
Although snake-like robots can follow reference paths in a
stable environment, it is hard to guarantee their path fol-
lowing performances of in complex environments especially
when they face some uncertain factors such as fractions and
distribution of obstacles.

To adapt to complex environments, this work proposes
an adaptive path following approach for snake-like robots. In
this path follow approach, gain 𝑘𝜃 and look-ahead distanceΔ are adjusted adaptively according to the relation between
their position and orientation. To control them to follow
desired paths accurately and efficiently in different situations,
we analyse their characteristics when they move in eight
situations. Taking an example of following reference path𝑦 = 0, it can be divided into eight typical different situations
according to the relative position of their CM to the reference
path and the difference value between 𝜃 and 𝜃𝑟𝑒𝑓 as shown in
Figure 6.

After analysing these situations, we find that several
factors are influential to values of Δ and 𝐾𝜃 including the
difference between the CM of a robot and the reference path
and difference between 𝜃 and 𝜃𝑟𝑒𝑓. Taking these influential
factors into account, adaptive parameters Δ and 𝑘𝜃 are
computed by

Δ = Δ 0 − 𝜌1 sign (𝜃Δ𝑝𝑦) ⌊
𝛾 − 𝜍1𝜎1 ⌋ , (31)

𝑘𝜃 = 𝑘𝜃0 + 𝜌2(⌊
𝛾 − 𝜍2𝜎1 ⌋)

+ 𝜌3max(0, ⌊
𝜃 − 𝜍3𝜎2 ⌋) ,

(32)

where Δ 0 and 𝑘𝜃0 are initial values of Δ and 𝑘𝜃 and 𝜎 and 𝛽
are constants that influence the amplitude of oscillation of a
snake-like robot around the reference path.These parameters
can be adjusted according to width and the requirements of
following accuracy. In this paper, parameters are set as Δ 0 =0.07, 𝐾𝜃0 = 0.4, Δ𝑝𝑦 = 𝑦 − 𝑦𝑟𝑒𝑓, 𝜌1 = 0.007, 𝜌2 = 0.005,𝜌3 = 0.005, 𝜍1 = 0.03, 𝜍2 = 0.06, 𝜍3 = 20∘, 𝜎1 = 0.01, and𝜎2 = 10∘.

Energy efficiency 𝐸 and error accumulation Γ are taken
into account beside the control objectives (26)-(28). The
oscillation of a snake-like robot around the reference path is
also considered. The error accumulation Γ can be computed
as

Γ = ∫𝑡2
𝑡1

𝛾𝑑𝑡. (33)

5. Evaluation

To test the performance of the locomotion efficiency opti-
mization method proposed in Section 3 and the adaptive LOS
path following control schemedescribed in Section 4, we have
conducted extensive simulations. The dynamic model and
parameters of a locomotion controller of a snake-like robot
are set in Section 2, and the reference angles of active joints
are generated by the CPG network as described in Section 3.

5.1. Locomotion Efficiency Optimization in Complex Environ-
ment. In this simulation, the locomotion parameters of a
snake-like robot in a complex environment are optimized by
the CS algorithm. The parameters of the robot and control
parameters are the same as before. When the robot moves in
a new environment, the ground fraction is measured and the
scales of amplitude 𝛼 and frequency 𝜔 are derived according
to the space width. Then, the optimal combination of 𝛼 and𝜔 is selected via the CS algorithm. The step size is 𝜏 = 𝜋/5
and 𝜆 = 2 in the CS algorithm. As shown in Table 3, gait
parameters of the robot are optimized by the CS algorithm
in eight situations with different fractions. As shown in
Figure 7, the gait parameters of the robot are selected by
the combination method that chooses 20 × 20 combinations
of amplitude 𝛼 and frequency 𝜔 at random, where 𝛼 ∈
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Figure 6: Different situations of relative position of the CM of a snake-like robot to the reference path.
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Figure 7: Efficiency of a snake-like robot optimized by 400 combi-
nations of 𝛼 and 𝜔, the optimal efficiency is 𝐸 = 0.015 controlled by
parameters 𝛼 = 0.635 and 𝜔 = 0.126.
[0.087, 0.785] and 𝜔 ∈ [0.628, 6.283]. Compared with
random combination method, the CS algorithm improves the
accuracy and the speed of parameter optimization.

5.2. Adaptive Path Following of the Snake-Like Robot. The
simulation is actualized in Matlab R2016b in a computer
running Windows 10. The dynamics model is computed by
the ode45 solver with a relative and absolute error tolerance
of 10−6. The model is simulated with the controller given by
(6), and controller gains are 𝑘𝑝 = 20 and 𝑘𝑑 = 5. Reference
angles of joints are computed by (7) and gait parameters are
set as 𝛼 = 30∘, 𝜔 = 2, and𝑁 = 1.

Using the proposed path following method in Section 4,
a snake-like robot is controlled to follow the reference path
including a horizontal straight line and a sine curve. As shown
in Figure 8, snake-like robot controlled by our approach
moves forward and along with the horizontal line more
accurately compared with using the LOS path following
method. As shown in the Figure 8(b), the error accumulation
is reduced with the adaptive path following method proposed
in this paper. As shown in Figure 8(c), the efficiency of the

robot controlled by proposed the method is predominant
compared with the traditional LOS path following method.
As shown in Figure 9, snake-like robot controlled by our
approach moves forward and along with the sine curve path
more accurately compared with using the classical LOS path
following method. As shown in the Figure 9(b), the error
accumulation is reduced with the adaptive path following
method proposed in this paper. As shown in Figure 9(c), the
efficiency of the robot controlled by proposed the method
is predominant compared with the traditional LOS path
following method. The simulation results are proposed to
show that the position of the robot converges nicely to the
reference horizontal straight line and sine curve paths.

To verify the proposed method, a simulator is imple-
mented in Virtual Robot Experimentation Platform (V-REP
EDU Version), as shown in Figure 10. In the simulation, we
modify the structure and control method based on the model
of University of Castilla laMancha.We equip a pair of passive
wheels for each link to realize anisotropic friction between the
robot and the ground. The actuators are installed on the hor-
izontal and vertical joints to imitate natural snakes swinging
from side to side. Inside V-REP, we choose the bullet as the
physics engines and set the time step at 50ms.The locomotion
parameter optimization and adaptive path followingmethods
are used in this simulation. The sine transition method is
used to avoid sudden changes while locomotion parameters
adjusting. As shown in Figure 10, there are some irregular
obstacles in the environment and the robot through different-
width paths adaptively by adjusting locomotion parameters.
As shown in Figure 10(a), the passable path is narrow and the
amplitude of the robot is small. The amplitude of the robot is
transited adaptively according to the width of path, as shown
in Figures 10(b) and 10(c).

Extensive prototype experiments are conducted to dem-
onstrate that our method can adjust locomotion parameters
adaptively and steer a snake-like robot toward and along the
desired path. Our snake-like robot is connected by five pitch
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Figure 8: A snake-like robot follows the horizontal line 𝑦 = 0 controlled by the adaptive LOS law (red) and the LOS law (blue). (a) The
trajectory of the CM of the snake-like robot, the black line is reference path. (b) Error accumulation of the snake-like robot following the
horizontal line. (c) The energy efficiency accumulation of the snake-like robot following the horizontal line.

Table 3: Optimization results for the lateral undulation motion for the snake-like robot in different environments.

(𝑐𝑡, 𝑐𝑛) 𝛼(rad) 𝜔(rad/s) Efficiency Iteration
(0.1, 0.3) 0.429 1.850 0.283 30
(0.1, 0.4) 0.123 0.652 0.332 80
(0.1, 0.5) 0.097 0.633 0.535 100
(0.1, 1) 0.118 0.633 0.490 116
(1, 3) 0.126 0.634 0.018 70
(1, 4) 0.512 0.628 0.019 106
(1, 5) 0.507 0.628 0.022 118
(1, 10) 0.484 0.630 0.021 85

modules and five yaw modules. Each module is equipped
with a steering gear (SC5115). The steering gear can rotate
between [−60∘, +60∘] and the angles of steering gears can
be read by their potentiometers. Modules communicate with
each other via RS485 bus. To increase surface friction, our
snake-like robot is covered with plastic sheeting. As shown
in Figure 11, the snake-like robot adjusts its body shape
adaptively while moving across the narrow path with some
irregular obstacles on both sides. As shown in Figure 11(a),
the path in front of the robot is complex and distributed
with some irregular obstacles on sides, and widths of path

is different. As shown in Figure 11(b), the path is narrow
and the robot moves toward with a small amplitude. As
shown in Figure 11(c), the path is wider and the robot adjusts
amplitude according to the path and selects corresponding
frequency optimized energy efficiency. As shown in Fig-
ure 11(d), the path becomes narrow and the robot reduces the
amplitude and selects efficient frequency. In this experiment,
the robot can be controlled to go toward and along the
desired horizontal line in the middle of the road and keep
efficient locomotion using parameters according to paths and
optimized by the CS algorithm.
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Figure 9: A snake-like robot follows the sine curve path 𝑦 = 2 sin((𝜋/4)𝑥) controlled by the adaptive LOS law (red) and the LOS law (blue).
(a) Trajectories of the CM of the snake-like robot, the black line is reference path. (b) Error accumulation of the snake-like robot following
the sine curve. (c) The energy efficiency accumulation of the snake-like robot following the sine curve.

(a) (b)

(c) (d)

Figure 10: A snake-like robot moves in a complex environment with different-width paths enclosed by some irregular obstacles in V-REP;
the red line is the trajectory of CM.

6. Conclusion and Future Works

In this paper, a Hopf CPG network is used to replace
the serpentine function to generate reference functions of
joints of a snake-like robot to improve the smooth degree

of control signal. To improve the energy efficiency of such
robots in different environment, a CS algorithm is used
to optimize locomotion parameters of the Hopf CPG net-
work. An adaptive path following controller based on the
improved LOS guidance law is designed to improve the
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Figure 11: A snake-like robot moves in a complex environment controlled by the proposed control frame work; CS optimization algorithm
and adaptive path following method.

adaptability of the robot to a complex environment with
variable fractions and path widths. The adaptive LOS path
following law is combined with a locomotion efficiency
optimization system and CPG controller to steer the robot
to the reference path accurately and efficiently. Simulation
and experimental results show that the proposed methods
optimize robot locomotion efficiency and steer the robot
moving along with desired paths including straight and curve
paths.

As for future work, we will equip more sensors on
the snake-like robot and intend to study adaptive control
and multiobjective locomotion optimization of the robot
for more complex environment. In particular, the proposed
adaptive efficiency optimization and path following control
approach will be used to other 3-D gaits of snake-like
robots.
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A delay-range-dependent robust constrained model predictive control is proposed for discrete-time system with uncertainties and
unknown disturbances. The dynamic characteristic of the discrete-time system is established as a new extended state space model in
which state variables and output tracking error are integrated and regulated independently. It is used as the design of control law of
system, which cannot only guarantee the convergence and tracking performance but also offer more degrees of freedom for
designed controller. Unlike the traditional robust model predictive control (RMPC), the novel, less conservative, and more
simplified delay-range-dependent stable conditions are derived by linear matrix inequality (LMI) theory and some relaxed
technologies, which make use of the information of the upper and lower bounds of the time-varying delay. Meanwhile, the H∞
performance index is introduced in the RMPC controller design, which can reject any unknown bounded disturbances. As a
result, the design controller has better abilities of both tracking and disturbance rejection. The control results on the liquid level
of tank system show that the proposed control method is effective and feasible.

1. Introduction

As the rapid development of the modern industry, there
are increasing demands for higher product quality and
system performance. These demands are in need of more
system reliability and safety. The traditional control
methods such as PID [1] can gurantee the system reliabil-
ity and safety to achieve the smooth and effective opera-
tion in industrial production. However, due to the
multivariable characteristic, multiconstraints, and large
time delay for many industrial processes, the conventional
approaches are incapable and insufficient.

Therefore, the advanced control technologies [2–8] have
attracted more and more attention in the past few decades.
Among them, model predictive control (MPC) is recognized
as the most efficient and application potential advanced
process control methodology, which has acquired huge

economic profits on thousands of industrial control systems
all over the world [9]. In general, MPC can be divided into
two categories as follows.

First is the study of control algorithm and then to prove
the stability of proposed method. Initially, a few industrial
predictive control algorithms were proposed based on
industrial demands, which are composed of model predic-
tive heuristic control (MPHC) [10], dynamic matrix con-
trol (DMC) [11], generalized predictive control (GPC)
[12], and predictive functional control (PFC) [13]. Since
then, in order to obtain a better control performance,
many improved methods about MPC have been exploited
in various fields [14–19], especially in industrial processes
[18–24]. But these methods need more tests to determine
the control parameters in practical application. Meanwhile,
the quantitative analysis of them also encountered insur-
mountable bottlenecks.
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Second is the research about designing the control
approach based on the premise of the stability of system.
Taking advantage of optimal control theory, Lyapunov anal-
ysis method, linear matrix inequality (LMI) theory, invariant
set, and other mature theories, theoretical studies about MPC
have achieved a new breakthrough and obtained abundant
results, in which the researches of robust model predictive
control (RMPC) get more attention. RMPC combines the
advantages of robust control and MPC, which can improve
poor control performance because of considering the uncer-
tainties of model. It was discussed by a host of researchers
from various fields [25–30].

Time delay usually occurs in industrial processes, which
may lead to the poor performance and instability of system.
Hence, some researches about the stability of systems with
time delay were presented [7, 8, 31–35], in which RMPC with
time delay has been extensively reported in the past several
years [36–46]. In [39–41], some designed approaches about
MPC with time-delay-free were proposed, which are delay-
independent. They have more conservative results than the
delay-dependent ones. References [37, 45, 46] proposed the
delay-dependent robust MPC for discrete-time delay system
with input constraints by LMI technology. But the time delay
of these methods is constant, which still exist some limits. For
this reason, limited results [36, 38, 42–44] with respect to
delay-dependent RMPC for system with time-varying delay
were presented. Bououden et al. [36] investigated the prob-
lem of RMPC for active suspension systems with time-
varying delays and input constraints. Li et al. [42] studied
the RMPC for discrete-time systems with time-varying delay
and input constraint, but they did not take advantage of the
information of the upper and down bounds of time-varying
delay to structure Lyapunov function, which increases some
conservative property in stability analysis. Liu and Zhang
[43] proposed a delay-dependent RMPC algorithm for linear
parameter-varying systems with polytypic description. Lom-
bardi et al. [44] solved the robust control design problem for
linear time invariant systems affected by variable feedback
delay. Franzè et al. [38] dealt with networked control system
problem subject to time-varying delays and data losses.
Unfortunately, in aforementioned results, performance of
disturbance has not been considered, which is important in
practical industrial application. Meanwhile, the derivation
of stability for them is conservative in some way. Different
from these present researches, the main contributions of this
paper are summarized as follows.

(1) The novel extended state space model with state delay
and uncertainties is used to describe the dynamic
characteristic of the discrete-time system. It is used
as the design of the control law, which not only guar-
antees the convergence and tracking performance but
also offers more degrees of freedom for designed
controller.

(2) A differential approach is used to construct the
Lyapunov-Krasovskii function candidate without
some redundant free-weighting matrices that takes
advantage of the information of the lower and upper

bounds of the time-varying delay. It can avert the
bounding and model transformation techniques for
cross terms with differential inequality. The novel,
less conservative, and more simplified delay-range-
dependent stable conditions are given under the
time-varying state delay, uncertainties, unknown dis-
turbances, input constraints, and output constraints
during the derivation of stability.

(3) The H∞ performance index is introduced in the der-
ivation of stability for proposed RMPC which can
reject any unknown bounded disturbances.

(4) The control results on the liquid level of tank system
show that the proposed control method has better
abilities of both tracking and disturbance rejection.

The paper is organized as follows: a problem formulation
is presented in Section 2. Section 3 details the novel control
strategy. Section 4 presents a case study in a tank system.
Conclusions are presented in Section 5.

2. Problem Formulation

A practical industrial process, such as injection molding [47],
is often represented as the following discrete-time state space
form with state delay and uncertainties.

x k + 1 =A k x k +Ad k x k − d k + B k u k +w k ,

y k = Cx k ,
1

where x k ∈ Rnx , u k ∈ Rnu , y k ∈ Rny , and w k are the
state, input, output, and unknown external disturbance at
discrete time k.d k denotes the discrete time-varying delay
depending on discrete-time k which satisfies

dm ≤ d k ≤ dM , 2

where dM and dm are the upper and down bounds of delay,
respectively. A k Ad k B k ∈Ω, Ω is uncertainty set.
A k =A + Δa k , Ad k =Ad + Δd k , B k = B + Δb k , A,
Ad , B, and C are the constant matrices corresponding to
appropriate dimensions, and Δa k ,Δd k , and Δb k are
uncertain perturbations at discrete-time k that follows

Δa k Δd k Δb k =NΔ k H Hd Hb , 3

with

ΔT k Δ k ≤ I, 4

where N,H,Hd , and Hb are known constant matrices with
appropriate dimensions. Δ k are uncertainties depending
on discrete-time k.

In practice, the controller is operated at or near such
constraints for the input and output variables in order to
get the most efficient or profitable operations in many indus-
trial cases. The corresponding constraints for system (1) can
be viewed as
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u k ≤ uM ,

y k ≤ yM ,
5

where uM and yM denote the bounds for the input and output
variables, respectively. Therefore, for the system (1) with the
constraints (5) and uncertainty set Ω, the control goal of
MPC problem can be obtained by minimizing the following
robust cost function:

min
Δu k+i∣k ,i≥0

max J∞
A k+i Ad k+i B k ∈Ω,i≥0

,

J∞ k = 〠
∞

i=0
x k + i ∣ k TQ x k + i ∣ k

+ u k + i ∣ k TRu k + i ∣ k ,

subject to 
u k + i ∣ k ≤ uM ,

y k + i ∣ k ≤ yM ,

6

where u k + i ∣ k and y k + i ∣ k denote the predictive input
and output for discrete-time k + i made at discrete-time k.
Q and R are the corresponding weighting matrices of track-
ing error and control input, respectively.

The control problem is to derive the control law of the
following controller design in order to ensure the expected
control performance under the case of uncertainties, time-
varying delay, unknown disturbances, and the input and out-
put constraints.

Remark 1. Equation (6) is a “min-max” optimization prob-
lem. The “max” is to search the largest or “worst-case”
value of J∞ within the uncertainty set Ω. The “min” is
to search the current and future control variable to mini-
mize the worst-case value. The “min-max” problem is
not tractable under the finite horizon for MPC method.
In general, the traditional strategy of RMPC with time-
varying delay [36, 38, 42–44] is to design the state feed-
back control law u k + i ∣ k = Kx k + i ∣ k that minimizes
a “worst-case” infinite horizon performance index (6).
Using linear matrix inequality (LMI) theory, the infinite
horizon optimization problem can be converted into a
convex optimization with LMI constraints. Then, based on
MPC principle, only the current control law u k ∣ k = Kx
k ∣ k is implemented at discrete-time k and the optimiza-
tion problem is repeated by the new state information at
discrete-time k + 1.

3. New Control Strategy

3.1. Novel State Space Model with State Delay and
Uncertainties. Pre- and postmultiplying (1) by back shift
operator Δ, we can obtain as follows:

Δx k + 1 =A k Δx k +Ad k Δx k − d k + B k Δu k +w k ,

Δy k = CΔx k ,
7

where Δ = 1 − q−1, w k = Δa k − Δa k − 1 x k − 1 + Δd
k − Δd k − 1 x k − 1 − d k − 1 + Δb k − Δb k − 1 u k
− 1 + Δw k

Define the set-point as c k , then the tracking error is

e k = y k − c k 8

Using (7) and (8), we can obtain

e k + 1 = e k +C A k Δx k +C Ad k Δx k − d k

+C B k Δu k +Cw k

9

The novel state space model with state delay and uncer-
tainties is presented by the combination of tracking error
and incremental state variable as follows:

x1 k + 1 = A k x1 k + Ad k x1 k − d k + B k Δu k +Gw k ,

Δy k = Cx1 k ,

z k = e k = Ex1 k

10

where

x1 k =
Δx k

e k
,

x1 k − d k =
Δx k − d k

e k − d k
,

A k =
A + Δa k 0

CA +CΔa k I
= A + Δa,

A =
A 0

CA I
,

Δd k =NΔ k Hd ,

Ad k =
Ad + Δd k 0

CAd +CΔd k 0
= Ad + Δd ,

Ad =
Ad 0

CAd 0
,

Δd k =NΔ k Hd ,

B k =
B + Δb k

CB + CΔb k
= B + Δb,

B =
B

CB
,

Δb k =NΔ k Hb,

N =
N

CN
,

H = H 0 ,
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Hd = Hd 0 ,

Hb = Hb 0 ,

G =
I

C
,

C = C 0 ,

E = 0 I 11
Remark 2. Equation (10) is the novel state space model
including the state variables and the output tracking error
variable of process, which actually can regulate the dynamic
response of the process state and output tracking error sepa-
rately. This feature will be used as the design of the proposed
controller that not only guarantees the convergence and
tracking performance but also offers more degrees compared
with conventional control approach.

Therefore, based on the above analysis, the control law is
designed as follows:

Δu k = Kx1 k = K
Δx k

e k
, 12

where K is the constant gain of proposed controller which
can be calculated by the following design. Then, (10) can be
transformed as

x1 k + 1 = A k x1 k + Ad k x1 k − d k +Gw k ,

Δy k = Cx k ,

z k = e k = Ex k ,

13

where A k = A k + B k K

Definition 1 (Robust MPC problem). Given the discrete-time
system (13) with uncertainties and state measurement at
discrete-time k, x k , the robust MPC problem is feasible if
the optimization problem

min
Δu k+i

max J∞,

J∞ k = 〠
∞

i=0
x1 k + i ∣ k TQ1 x1 k + i ∣ k

+ Δu k + i ∣ k TR1Δu k + i ∣ k ,

subject to 
Δu k + i ∣ k ≤ ΔuM ,

Δy k + i ≤ ΔyM ,

14

is solvable.

Remark 3. x1 k + i ∣ k is the extended state variable for
discrete-time k + i made at discrete-time k. Q1 is the corre-
sponding weighting matrices of extended state variable.
Assume that the extended state variable including incre-
mental state variables and tracking error at discrete-time k

can be measured in real-time. It is easy to achieve such
assumption because the tracking error is calculated in prac-
tice and the incremental state variables also can be obtained
by selecting the measured input and output variables and
their past values as state variables. Therefore, it can satisfy
the control requirement to use the state feedback control
(12) in this controller design.

Definition 2. Theuncertain discrete-time system (13) is robust
H∞ control, if there exists a scalar γ > 0 for any w k and the
following conditions hold for all admissible uncertainties.

(1) The resulting discrete-time close-loop system (13)
with w k = 0 is asymptotically stable.

(2) The system output z k satisfies z ≤ γ w under
the zero initial condition.

Remark 4. To reject the unknown bounded disturbances
w k including internal and external disturbances, the robust
H∞ performance γ is introduced in this paper. Smaller values
of γ demonstrate better rejection performance or smaller
sensitivity against the disturbances.

3.2. Robust Constrained Controller Design. The main objec-
tive of this section is to design robust constrained control
law u k ∣ k that guarantees the robust stability of system
(13). The main theorem and corollary are summarized as
follows.

Lemma 1 (Schur complements lemma [48].) LetW, L, and V
be matrices of appropriate dimensions in which W and V are
real matrices, then for

LTVL −W < 0, 15

if and only if

−W LT

L −V−1
< 0

or 
−V−1 L

LT −W
< 0

16

Lemma 2 (see [49]). For any vector δ k ∈ Rn, two positive
integers κ0, κ1, and matrix 0 < R ∈ Rn×n, the following
inequality holds

− κ1 − κ0 + 1 〠
κ1

t=κ0

δ
T
k Rδ k ≤ − 〠

κ1

t=κ0

δ
T
k R 〠

κ1

t=κ0

δ k 17

Lemma 3 (see [50]). Let D, F, E, and M be real matrices of
appropriate dimensions with satisfying M =MT, then for all
FTF ≤ I,

M +DFE + ETFTDT < 0, 18

if and only if there exists ε > 0 such that
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M + ε−1DDT + εETE < 0 19

Theorem 1. Given some scalars θ > 0, 0 ≤ dm ≤ dM , the
delay-range-dependent sufficient condition for the proposed
controller that ensures the uncertain discrete-time closed

system (13) with w k = 0 to be asymptotically controllable
under the input and output constraints is that there exist
symmetric positive matrices P1, T1,M1,G1, L1, S1, S2,M3,
M4,X1,X2 ∈ R nx+ne , and Y1 ∈ Rnu× nx+ne , such that the fol-
lowing LMI holds

and the robust state-feedback controller gains are given

by K = Y1L
−1
1 , where φ1 = −L1 +M3 +D1S2 + S2 −X2,D1 =

dM − dm I, D2 = dMI, and
∗ denotes the transposed elements

in the symmetric position.

Proof 1. To ensure robust stability of discrete-time close-loop
system (13) with w k = 0, letting that x1 k satisfies the
following robust stability constraint:

V x1 k + i + 1 ∣ k −V x1 k + i ∣ k

≤ − x1 k + i ∣ k TQ1 x1 k + i ∣ k

+ Δu k + i ∣ k TR1Δu k + i ∣ k

24

Summing up both sides of (24) from i = 0 to∞ and need-
ing that V x1 ∞ = 0 or x1 ∞ = 0, it has

J∞ k ≤V x1 k ≤ θ, 25

where θ is the upper bound of J∞ k . We construct the fol-
lowing Lyapunov-Krasovskii function candidate.

V x1 k + i = 〠
5

i=1
Vi x1 k + i , 26

where for simplicity, define the following notations:

x1d k + i = x1 k + i − d k ,

x1dM k + i = x1 k + i − dM ,

δ1 k + i = x1 k + i + 1 − x1 k + i ,

ϕ1 k + i = xT1 k + i xT1d k + i xT1dM k + i
T
,

V1 x1 k + i = xT1 k + i P1x1 k + i = xT1 k + i θL−11 x1 k + i ,

V2 x1 k + i = 〠
k−1

r=k−d k

xT1 r + i T1x1 r + i

= 〠
k−1

r=k−d k

xT1 r + i θS−11 x1 r + i ,

V3 x1 k + i = 〠
k−1

r=k−dM

xT1 r + i M1x1 r + i

= 〠
k−1

r=k−dM

xT1 r + i θM−1
2 x1 r + i ,

V4 x1 k + i = 〠
−dm

s=−dM

〠
k−1

r=k+s
xT1 r + i T1x1 r + i

= 〠
−dm

s=−dM

〠
k−1

r=k+s
xT1 r + i θS−11 x1 r + i ,

φ1 0 L1 L1A
T k + YT

1B
T k L1A

T k + YT
1B

T k − L1 YT
1R

1/2
1 L1Q

1/2
1

∗ −S 0 S1A
T
d k S1A

T
d k 0 0

∗ ∗ −M4 −X1 0 0 0 0
∗ ∗ ∗ −L1 0 0 0
∗ ∗ ∗ ∗ −D−2

2 X1 0 0
∗ ∗ ∗ ∗ ∗ −θI 0
∗ ∗ ∗ ∗ ∗ 0 −θI

< 0, 20

−1 xl
T k ∣ k

xl k ∣ k −ϕl
≤ 0, 21

−Δu2M Y1

YT
1 −ϕl

≤ 0, 22

−Δy2Mϕ
−1
l C

CT −I
≤ 0, 23
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V5 x1 k + i = dM 〠
−1

s=−dM

〠
k−1

r=k+s
δ
T
1 r + i G1δ1 r + i

= dM 〠
−1

s=−dM

〠
k−1

r=k+s
δ
T
1 r + i θX−1

1 δ1 r + i ,

27

P1, T1,M1,M2, and G1 are positive definite matrices. Let

ξ k + i =
x1 k + i T x1 k + i − d k T …

x1 k + i − dM
T ⋯ δ1 k + i − 1 T

ψ1

= diag P1 T1 ⋯ M1 ⋯ dMG1 Π−1
1

= diag L−11 S−11 ⋯ M−1
2 ⋯ dMX

−1
1

28

We can obtain

V x1 k + i = ξ
T
k + i ψ1ξ k + i = ξ

T
k + i θΠ−1

1 ξ k + i ,
29

Then,

ΔV x1 k + i =V x1 k + i + 1 −V x1 k + i

= 〠
5

i=1
ΔVi x1 k + i ,

30

where

ΔV1 x1 k + i = xT1 k + i + 1 θL−11 x1 k + i + 1

− xT1 k + i θL−11 x1 k + i ,

ΔV2 x1 k + i = 〠
k

r=k+1−d k

xT1 r + i θS−11 x1 r + i

− 〠
k−1

r=k−d k

xT1 r + i θS−11 x1 r + i

≤ xT1 k + i θS−11 x1 k + i − xT1d k + i θS−11 x1d k + i

+ 〠
k−dm

r=k+1−dM

xT1 r + i θS−11 x1 r + i ,

ΔV3 x1 k + i = xT1 k + i θM−1
2 x1 k + i − xT1dM k + i θM−1

2 x1dM k + i ,

ΔV4 x1 k + i = dM − dm xT1 k + i θS−11 x1 k + i

− 〠
k−dm

r=k+1−dM

xT1 r + i θS−11 x1 r + i ,

ΔV5 x1 k + i = d2Mδ
T
1 k + i θX−1

1 δ1 k + i

− dM 〠
k−1

r=k−dM

δ
T
1 r + i θX−1

1 δ1 r + i

31

Using Lemma 2, it has

ΔV5 x1 k + i ≤ d2Mδ
T
1 k + i θX−1

1 δ1 k + i

− 〠
k−1

r=k−dM

δ
T
1 r + i θX−1

1 〠
k−1

r=k−dM

δ1 r + i

= d2M x1 k + i + 1 − x1 k + i TθX−1
1

x1 k + i + 1 − x1 k + i − x1 k + i

− x1dM k + i TθX−1
1 x1 k + i − x1dM k + i

32
From (24), it can obtain

θ−1ΔV x1 k + i ∣ k + θ−1 Ji k ≤ 0, 33

where

Ji k = x1 k + i ∣ k TQ1 x1 k + i ∣ k

+ Δu k + i ∣ k TR1Δu k + i ∣ k
34

Based on (30), (32), and (33), it has

θ−1ΔV x1 k + i + θ−1 Ji k

≤ ϕ
T
1 k Φ1ϕ1 k ,

Φ1 =

φ1 0 X−1
1

∗ −S−11 0

∗ 0 −M−1
2 −X−1

1

+ΛT
1L

−1
1 Λ1 +ΛT

2D
2
2X

−1
1 Λ2 + λ

T
1θ

−1λ1

+ λ
T
2θ

−1λ2,

35

where φ1 = −L−11 +M−1
2 +D1S

−1
1 + S−11 −X−1

1 ,Λ1 = A k Ad

k 0 , Λ2 = A k − I Ad k 0 , λ1 = Q1/2
1 0 0 ,

and λ2 = R1/2
1 Y1L

−1
1 0 0 . Using Lemma 1, we can obtain

the following LMI condition by letting Φ1 < 0.

φ1 0 X−1
1 A

T
k A

T
k − I L−1⋅1 Y

T
1R

1/2
1 Q1/2

1

∗ −S−11 0 AT
d k AT

d k 0 0

∗ ∗ −M−1
2 −X−1

1 0 0 0 0

∗ ∗ ∗ −L1 0 0 0

∗ ∗ ∗ ∗ −D−2
2 X1 0 0

∗ ∗ ∗ ∗ ∗ −θI 0

∗ ∗ ∗ ∗ ∗ ∗ −θI

< 0

36
In order to obtain delay-range-dependent sufficient (20),

we only need to pre- and postmultiply LMI (36) by diag
L1 S1 X1 I I I I and let L1M

‐1
2 L1 =M3, L1S

−1
1

L1 = S2, L1X
−1
1 L1 =X2, X1M

−1
2 X1 =M4, K = Y1L

−1
1 .

Therefore, if the sufficient (20) holds, the asymptotical
stability of the discrete-time close-loop system (13) with

6 Complexity



w k = 0 will be guaranteed. Taking the maximum value of
xl k =max x1 r δ1 r , r ∈ k − dM , k , it has

V x1 k ≤ xTl k ψlxl k ≤ θ, 37

where ψl = P1 + dMT1 + dMM1 + dm + dM/2 dM − dm + 1
T1 + d2M ⋅ 1 + dM/2 G1. Letting ϕl = θψ−1

l , it can obtain the
sufficient (21) using Lemma 1.

For the input constraint in (14), it has

Δu k + i ∣ k 2 = Y1L
−1
1 x1 k + i ∣ k

2

= Y1θ
−1P1x1 k + i ∣ k 2

≤ Y1θ
−1φlxl k + i ∣ k 2

= Y1ϕ
−1
l xl k + i ∣ k

2
≤ Y1ϕ

−1
l YT

1 ,

38

which is less than ΔuM by (22).
For the output constraint in (14), it has Δy k + i 2 =

Cx1 k + i ∣ k 2 which is less than Δy2Mx1 k + i ∣ k ϕ
−1
l xT1 k +

i ∣ k by (23). Taking the maximum value of xl k + i =max
x1 k + i , it has Δy2Mx1 k + i ϕ

−1
l xT1 k + i ≤ Δy2Mxl k + i

ϕ
−1
l xTl k + i ≤ Δy2M .

Therefore, the input and output constraints in (14) are
guaranteed by (22) and (23). This completes Proof 1.

Remark 5.Different from traditionalmethod [51–53], a differ-
ential approach is employed to construct the Lyapunov-
Krasovskii function candidate without some redundant free-
weighting matrices that take advantage of the information of
the lower and upper bounds of the time-varying delay. The
novel and less conservativedelay-range-dependent stable con-
dition (20) that averts the bounding and model transforma-
tion techniques for cross terms using differential inequality is
derived. In addition, the more simplified input and output
constraint conditions (22) and (23) and invariant set (21) are
also derived using some relax technique. If the time-varying
delay reduces to constant delay, the following Corollary 1 is
given. Therefore, it is more comprehensive to take into
account the delay in this paper.

Corollary 1. Given some scalars θ > 0, 0 ≤ d ≤ d1, the delay-
dependent sufficient conditions for the proposed controller that
ensures the uncertain discrete-time closed system (13) with
w k = 0 to be asymptotically controllable under the input
and output constraints are that there exist symmetric positive
matrices P1, T1, G1, L1, S1, S2, X1, X2, X3, ∈ R nx+ne , and Y1
∈ Rnu× nx+ne , such that the following LMI holds

where φ1 = −L1 + S2 −X2, X1S
−1
1 X1 =X3, D = d1I, ϕl = θψ−1

l ,
ψl = P1 + d1T1 + d2M 1 + dM /2 G1

Proof 2. Choose the following Lyapunov function candidate.

V x1 k + i = 〠
3

i=1
Vi x1 k + i , 40

where

φ1 L1 L1A
T k + YT

1B
T k L1A

T k + YT
1B

T k − L1 YT
1R

1/2
1 L1Q1

1/2

∗ −X3 −X1 X1A
T
d k X1A

T
d k 0 0

∗ ∗ −L1 0 0 0
∗ ∗ ∗ −D−2X1 0 0
∗ ∗ ∗ ∗ −θI 0
∗ ∗ ∗ ∗ 0 −θI
∗ ∗ ∗ ∗

,

−1 xl
T k ∣ k

xl k ∣ k −ϕl
≤ 0,

−Δu2M Y1

YT
1 −ϕl

≤ 0,

−Δy2Mϕ
−1
l C

CT −I
≤ 0,

39
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V1 x1 k + i = xT1 k + i P1x1 k + i

= xT1 k + i θL−11 x1 k + i ,

V2 x1 k + i = 〠
k−1

r=k−d1

xT1 r + i T1x1 r + i

= 〠
k−1

r=k−d1

xT1 r + i θS−11 x1 r + i ,

V3 x1 k + i = d1 〠
−1

s=−d1

〠
k−1

r=k+s
δ
T
1 r + i G1δ1 r + i

= d1 〠
−1

s=−d1

〠
k−1

r=k+s
δ
T
1 r + i θX−1

1 δ1 r + i ,

41

Then, Corollary 1 is derived similarly to Proof 1.

Theorem 2. Given some scalars γ > 0, θ > 0, and 0 ≤ dm ≤ dM ,
the delay-range-dependent sufficient conditions for the pro-
posed controller that ensure the uncertain discrete-time closed
system (13) with w k ≠ 0 to be asymptotically controllable
and to be a H∞ performance less than γ under the input
and output constraints are that there exist symmetric positive
matrices P1, T1,M1, G1, L1, S1, S2,M3,M4, X1, X2 ∈ R nx+ne ,
and Y1 ∈ Rnu× nx+ne and positive scalars ε1, ε2, such that the
following LMI holds

∩ 11 ∩ 12 ∩ 13 ∩ 14 ∩ 15 ∩ 16 ∩ 17 ∩ 18 ∩ 19 ∩ 1,10
∗ ∩ 22 0 0 0 0 0 0 0 0
∗ ∗ ∩ 33 0 0 0 0 0 0 0
∗ ∗ ∗ ∩ 44 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∩ 55 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∩ 66 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∩ 77 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∩ 88 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∩ 99 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∩ 10,10

< 0,

42

−1 xl
T k ∣ k

xl k ∣ k −ϕl
≤ 0, 43

−Δu2M Y1

YT
1 −ϕl

≤ 0, 44

−Δy2Mϕ
−1
l C

CT −I
≤ 0, 45

and the robust state-feedbackH∞ controller gains are given by
K = Y1L

−1
1 , where

∩ 11 =

φ1 0 L1 0

0 −S1 0 0

L1 0 −M4 −X1 0

0 0 0 −γ2I

,

∩ 12 =

L1A
T + YT

1B
T

S1Ad

0

GT

,

∩ 13 =

L1A
T + YT

1B
T‐L1

S1Ad

0

GT

,

∩ 14 =

L1E
T

0

0

0

,

∩ 15 =

Y1R
1/2
1

0

0

0

,

∩ 16 =

L1Q
1/2
1

0

0

0

,

∩ 17 = ∩ 19 =

L1H
T

S1H
T
d

0

0

,

∩ 18 = ∩ 1,10 =

Y1H
T
b

0

0

0

,

∩ 22 = −L1 + ε1NNT + ε2NNT ,

∩ 44 = −I,

∩ 55 = ∩ 66 = −θI,

∩ 33 = −X1D
−2
2 + ε1NNT + ε2NNT ,

∩ 77 = ∩ 99 = −ε1I,

∩ 88 = ∩ 10,10 = −ε2I

46
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Proof 3. To build the H∞ performance of the uncertain
discrete-time closed-loop system (13) with zero initial condi-
tion, we define the following performance index.

J = 〠
∞

k=0
zT k z k − γ2wT k w k 47

Then, for any w k ∈ l2 0,∞ with nonzero, it is obvi-
ous that

J ≤ 〠
∞

k=0
zT k z k − γ2wT k w k + ΔV x1 k , 48

yet

zT k z k − γ2wT k w k + ΔV x1 k

=
ϕ1 k

w k

T

φ1 0 X−1
1 0

∗ −S−11 0 0

∗ ∗ −M−1
2 −X−1

1 0

∗ ∗ ∗ −γ2

+
ΛT
1

GT
L−11 Λ1 G Λ1 +

ΛT
2

GT
D2
2X

−1
1 Λ2 G

ET

0

0

0

· E 0 0 0 + λ1 0 Tθ−1 λ1 0

+ λ2 0 Tθ−1 λ2 0
ϕ1 k

w k

49

Based on Proof 1 and the delay-range-dependent suffi-
cient condition (42), we can obtain that

φ1 0 X−1
1 0

∗ −S−11 0 0

∗ ∗ −M−1
2 −X−1

1 0

∗ ∗ ∗ −γ2

+
ΛT
1

GT
L−11 Λ1 G

+
ΛT
2

GT
D2
2X

−1
1 Λ2 G +

ET

0

0

0

E 0 0 0

+ λ1 0 Tθ−1 λ1 0 + λ2 0 Tθ−1 λ2 0 2 < 0

50

Therefore, the H∞ performance index z ≤ γ w is
guaranteed. This completes Proof 3.

Remark 6. Theorems 1 and 2 are sufficient conditions for
designed proposed controller that robustly stabilizes uncer-
tain discrete-time closed system (13), which can guarantee
the H∞ and optimization performances. Similarly, the spe-
cial case for constant delay is given in Corollary 2.

Corollary 2. Given some scalars γ > 0, θ > 0, and 0 ≤ d ≤ d1,
the delay-dependent sufficient conditions for the proposed con-
troller that ensures the uncertain discrete-time closed system
(13) with w k ≠ 0 to be asymptotically controllable and to
be a H∞ performance less than γ under the input and output
constraints are that there exist symmetric positive matrices P1,
T1, G1, L1, S1, S2, X1, X2, X3, ∈ R nx+ne and Y1 ∈ Rnu× nx+ne

and positive scalars ε1, ε2, such that the following LMI holds

∩ 11 ∩ 12 ∩ 13 ∩ 14 ∩ 15 ∩ 16 ∩ 17 ∩ 18 ∩ 19 ∩ 1,10
∗ ∩ 22 0 0 0 0 0 0 0 0
∗ ∗ ∩ 33 0 0 0 0 0 0 0
∗ ∗ ∗ ∩ 44 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∩ 55 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∩ 66 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∩ 77 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∩ 88 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∩ 99 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∩ 10,10

< 0,

−1 xl
T k ∣ k

xl k ∣ k −ϕl
≤ 0,

−Δu2M Y1

YT
1 −ϕl

≤ 0,

−Δy2Mϕ
−1
l C

CT −I
≤ 0,

51

and the robust state-feedbackH∞ controller gains are given by
K = Y1L1, where

∩ 11 =

φ1 L1 0
∗ −X3 −X1 0
∗ ∗ −γ2I

,

∩ 12 =

L1A + YT
1B

T

X1Ad

GT

,

∩ 13 =

L1A + YT
1B

T − L1
X1Ad

GT

,

∩ 14 =
L1E

T

0

0

,
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Figure 1: TTS20-tank tank.

Pump 1
AQ1 Q2

T2T1 T3

Hmax

Leak outlet

Pump 2

Figure 2: Structure and process flow of TTS20.

∩ 15 =
YT
1R

1/2
1

0

0

,

∩ 16 =
L1Q

1/2
1

0

0

,

∩ 17 = ∩ 19 =

L1H
T

X1H
T
d

0

,

∩ 18 = ∩ 1,10 =
YT
1H

T
b

0

0

,

∩ 22 = −L1 + ε1NNT + ε2NNT ,

∩ 44 = −I,

∩ 55 = ∩ 66 = −θI,

∩ 33 = −X1D
−2
2 + ε1NNT + ε2NNT ,

∩ 77 = ∩ 99 = −ε1I,

∩ 88 = ∩ 10,10 = −ε2I 52
The proof is omitted.

Remark 7. Based on the different disturbance cases, the final
objective of all of the theorems and corollaries is to use those
sufficient conditions to solve the control law (12) for pro-
posed delay-range-dependent robust constrained model pre-
dictive controller. Therefore, the control law with the form
(12) can be got. Substituting (12) into (1), the better control
performance can be achieved for the system with under
uncertainties, time-varying delay, unknown disturbance,
input constraints, and output constraints.

4. Case Study in a Tank System

4.1. System Description. In this study, the tank system
(TTS20) [54] in Figure 1 made by Ingenieurbüro Gurski-
Schramm Company is used as a simulation object, because
it can imitate a part or whole of many controlled process in
practical industry. The principal structure and overall pro-
cess flow of the TTS20 are shown in Figure 2.

The plant is composed of three plexiglas cylinders T1,
T3, and T2 with the cross section A. These are connected
serially with each other by cylindrical pipes with the cross
section Sn. Located at T2 is the single so-called nominal out-
flow valve. It also has a circular cross section Sn. The out-
flowing liquid (usually distilled water) is collected in a
reservoir, which supplies the pumps 1 and 2. Here, the circle
is closed. Hmax denotes the highest possible liquid level. In
case the liquid level of T1 or T2 exceeds this value, the cor-
responding pump will be switched off automatically. Q1 and

Q2 are the flow rates of the pumps 1 and 2. In addition, for
the purpose of simulating leaks, each tank additionally has a
circular opening with the cross section Sl and a manually
adjustable ball valve in series. Here, the drain valve and the
discharge of water leak can describe the fault information
of water tank.

The distilled water from reservoir is injected into T1 and
T2 by the pump 1 (P1) and pump 2 (P2), respectively. Then,
the water from their bottom valve and T3 drain valve is
excluded to the reservoir for supply of P1 and P2 and this
forms a circuit. Among them, T1, T2, and T3 are measured
by three pressure level sensors as a measurement element of
the system, and the flow rates of Q1 and Q2 are adjusted by
a digital controller.

4.2. Process Model. Through the combination of P1, P2,
the cylindrical valve, and water tank leakage valve, tank
system can be easily converted into a single-input sin-
gle-output, or multiple-input multiple-output system, or
first order, second order, and third order models. The
diagram of principle structure to define the variables
and parameters of TTS20 is shown in Figure 3. Here,
we only open the cylindrical valve between T1 and T3
and the water tank leakage valve of T3. The flow rate
of P1 is as the control input of system, and the level of

10 Complexity



T1 in the liquid level is as the output of system. Therefore, the
tank is transformed into a single-input single-output (SISO)
model by adjusting the flow rate. The SISO model of the
TTS20 is

h1

h3
=
1
S

−Q13

−Q13 −Qout

Qin,

y = h1,

53

where h1, h3 chosen as the controlled variables are the
height of water level in T1 and T3, respectively, Qin chosen
as the manipulated variable of the system is the flow rate of
P1, Q13 = az1Sn sgn h1 − h3 2g h1 − h3 is the flow rate
from T1 to T3, Qout = az2S1 2gh2 is the leakage flow in
the bottom of T3, S1 = Sn = 5 × 10−5 m2, S = 0 154 m2,
Hmax = 0 6 m, az1 = 0 48, and az2 = 0 58 are the outflow
coefficients, and sgn ⋅ is the symbolic function. The ini-
tial values of h1, h3 are set as 0. The state variables and the
input are

x k =
x1 k

x2 k
=

h1 k

h3 k
,

u k =Qin k

54

With local linearization to (53) in operating points
0.33 Hmax, the SISO discrete-time state space model with
state delay, uncertainties and unknown disturbance for
TTS20 is

x k + 1 =A k x k +Ad k x k − d k + B k u k +w k ,

y =Cx k ,
55

where

1 ≤ d k ≤ 3,

A =
0 9850 0 0107

0 0078 0 9784
,

B =
64 4453

0 2559
,

Ad =
0 1057 0 0004

0 0002 0 0807
,

N =
0 1 0

0 0 1
,

H =
0 1 0

0 0 2
,

Hd =
0 1 0

0 0 3
,

Hb =
0 2

0 1
,

C = 1 0 ,

Δ k =
Δ1 0

0 Δ2

,

w k = 0 0005Δ3 0 0005Δ4
T, 56

in which Δ1, Δ2, Δ3, Δ4 is a random number within −1 1 .

Remark 8. In (55), it is assumed that the process has the char-
acteristics of state delay, uncertainties and unknown distur-
bance. These characteristics are common for many
industrial processes. In order to deal these conditions, it is
assumed in the simulation case of the tank system.

4.3. Simulation Results. For the comparison, the model (55) is
used as the traditional robust constrained MPC and pro-
posed method in this paper, respectively. The input and out-
put constraints are

y k + i ∣ k ≤ 0 12, 0 < k < 100,

y k + i ∣ k ≤ 0 23, 100 ≤ k < 200,

u k + i ∣ k ≤ 0 0005

57

The set point for two methods is set as

c k = 0 1, 0 < k ≤ 100,

c k = 0 2, 100 < k < 200
58

In order to describe the tracking performance, the follow-
ing index is used.

DT k = eT k e k 59

To analyze the effect of Q1, three groups of different
Q1, Q1 = diag 5, 2, 1 , Q1 = diag 10, 5, 1 , and Q1 = diag

Pump 1 Pump 2

A
Q1

h1

SI

h3
h2Sn

T1 T3 T2

az1 az3
Q13 Q32

az2
Q20

Q2

Figure 3: Principle structure to define the variables and parameters
of TTS20.
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20, 10, 1 , are used in the proposed method and the result is
shown in Figure 4, in which the weighting matrices R1 is
fixed to be 0.1. From Figure 4, it can be seen that the speed
of the tracking performance DT k is descending for the
three values as Q1 becomes large. This indicates that large
value of this weighting matrix will result in smoother conver-
gence, but the slower response to process output. The same

control effect of R1, three groups of different R1, R1 = 0 06,
R1 = 0 1, and R1 = 0 15, are shown in Figure 5, in which the
weighting matrix Q1 = diag 10, 5, 1 . Therefore, through
repetitive test, the control parameters of the proposed
method are chosen as Q1 = diag 10, 5, 1 , R1 = 0 1. And the
parameters of the traditional RMPC method are set as Q =
1, R = 0 1.
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Figure 5: The comparison results of different R1.
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Figure 4: The comparison results of different Q1.
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The proposed control method used in water level of the
tank system compared with conventional control is shown
in Figure 6. It can be seen that better tracking and stronger
disturbance rejection are shown as follows. Figure 6(a) shows
the output response under the proposed and conventional
method. It can find an obvious bigger overshoot under the
conventional approach. Although the conventional method
can achieve the tracking for the changes of the set point,
the proposed approach has better tracking performance.
Figure 6(b) shows the effect with regard to control input.
From the figure, it can be found that the proposed method
has a smoother action to track the changes of the set point
and overcome the uncertainties and unknown disturbance.
Meanwhile, the output response and control input for both
methods can remain within the given conditions of con-
straints. Simply put, the proposed control method has a few
better abilities of both tracking and disturbance rejection
under the input and output constraints.

5. Conclusion

A new delay-range-dependent robust constrained MPC is
proposed for discrete-time system with uncertainties and

unknown disturbances in this work. The system is con-
structed as a new extended state space model in which state
variable and tracking error are integrated and regulated inde-
pendently, which not only guarantees the convergence and
tracking performance but also offers more degrees of free-
dom for designed controller. By structuring a Lyapunov-
Krasovskii function candidate, a novel, less conservative,
and more simplified delay-range-dependent stable condi-
tions combined with H∞ performance index are obtained
in terms of LMI. An industrial case study on the liquid level
of tank system shows that the proposed control method has
better abilities of both tracking and disturbance rejection
under the input and output constraints.

Because of the strong nonlinearity in many industrial
processes such as polymerization process cannot be described
by the simple linear model, how to solve such problem causes
a great challenge. Recent works have demonstrated that the
Takagi-Sugeno (T-S) model or neural network model is good
at addressing nonlinear dynamic leading to the motivation of
integrating either of the above modeling method with RMPC
to achieve a new RMPC control scheme for nonlinear indus-
trial processes, which will be some interesting issues as our
future works.
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Figure 6: (a) Output response and (b) control input under the proposed and conventional method.
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The robot dynamic model is often rarely known due to various uncertainties such as parametric uncertainties or modeling errors
existing in complex environments. It is a key problem to find the relationship between the changes of neural network structure
and the changes of input and output environments and their mutual influences. Firstly, this paper defined the conceptions of
neural network solution, neural network eigen solution, neural network complete solution, and neural network partial solution
and the conceptions of input environments, output environments, and macrostructure of neural networks. Secondly, an eigen
solution theory of general neural networks was proposed and proven including consistent approximation theorem, eigen
solution existence theorem, consistency theorem of complete solution, the partial solution, and none solution theorem of neural
networks. Lastly, to verify the eigen solution theory of neural networks, the proposed theory was applied to a novel prediction
and analysis model of controller parameters of grinding robot in complex environments with deep neural networks and then
build prediction model with deep learning neural networks for controller parameters of grinding robot. The morphological
subfeature graph with multimoment was constructed to describe the block surface morphology using rugosity, standard
deviation, skewness, and kurtosis. The results of theoretical analysis and experimental test show that the output traits have an
optional effect with joint action. When the input features functioning in prediction increase, higher predicted accuracy can be
obtained. And when the output traits involving in prediction increase, more output traits can be predicted. The proposed
prediction and analysis model with deep neural networks can be used to find and predict the inherent laws of the data.
Compared with the traditional predictionmodel, the proposedmodel can predict output features simultaneously and is more stable.

1. Introduction

Grinding is one of the most environmental-related
manufacturing processes in complex environments. These
processes are often scattered, inefficient, contaminated,
labor-intensive, and foremost field-intensive. And all the
processes account for 12–15% of overall manufacturing costs
and 20–30% of total manufacturing time [1]. The surface
roughness of the casting block and the grinding force pre-
diction are an important aspect of the grinding process for
optimization and monitoring. The grinding process is con-
trolled by the grinding robot servo control system. Neural
networks can be helpful in reducing the data dimensionality,

and the optimization of neural network training may be
employed to enhance the learning and adaptation perfor-
mance of robots [2]. With its powerful approximation ability,
neural network has been utilized in many promising fields,
such as modeling and identification of complex nonlinear
systems and optimization and automatic control. The com-
ponents integrated with a complex system may interact with
each other and bring difficulties to the control [3]. So many
grinding robot servo control systems are constructed with
neural networks.

Adaptive neural network controllers were studied in
many aspects. The approximation-based controllers are
designed for induction motors with input saturation [4]

Hindawi
Complexity
Volume 2019, Article ID 5296123, 21 pages
https://doi.org/10.1155/2019/5296123

http://orcid.org/0000-0002-2097-0739
http://orcid.org/0000-0001-6595-5703
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/5296123


and 3-DOF robotic manipulator that is subject to backlash
like hysteresis and friction [5]. The parameter-based con-
trollers are designed to identify the unknown robot kine-
matic and dynamic parameters for robot manipulators
with finite-time convergence [6] and perform haptic identi-
fication for uncertain robot manipulators [7]. The predictive
controllers are designed for behaviour predicting of elec-
tronic circuits [8], trajectory tracking [9], trajectory tracking
of underactuated surface vessels [10], performing attitude
tracking control of a quad tilt rotor aircraft [11], and track-
ing error converging to a neighborhood of the origin [12]. A
federal Kalman filter based on neural networks is used in the
velocity and attitude matching of transfer alignment [13].
An iterative neural dynamic programming is provided for
affine and nonaffine nonlinear systems by using system data
rather than accurate system models [14]. We have the merit
of adaptive neural network controllers in our work.

Different controller frameworks of neural networks
are constructed for different nonlinear systems. A general
framework of the nonlinear recurrent neural network was
proposed for solving the online generalized linear matrix
equation with global convergence property [15]. Another
framework, which combines modified frequency slice wave-
let transform and convolutional neural networks, was pro-
posed for automatic atrial fibrillation beat identification
[16]. A stability criterion of impulsive stochastic reaction-
diffusion cellular neural network framework was derived
via fixed-point theory [17]. The subnetwork of a class of
coupled fractional-order neural networks consisting of N
identical subnetworks have r + 1 n locally Mittag-Leffler
stable equilibria [18]. Our work was implemented based on
these frameworks.

The concept of convolutional neural networks made
the framework implementation of multilayer neural net-
works possible [19]. A pretraining method was proposed
for hidden layer node weights using unsupervised restricted
Boltzmannmachine to solve the overfitting problem in gradi-
ent descending of multilayer neural networks [20]. A Drop-
out strategy was proposed to provide a high-efficiency
training method of deep neural network weights with nonsa-
turating neurons, and this method can prevent overfitting
and improve accuracy [21]. A reinforcement learning theory
was introduced into deep learning neural networks to
improve the reasoning ability of deep learning neural net-
works [22]. Based on these, the above developments were
systematically described and were formally named as deep
learning [23]. The improved variants of deep learning theory
[24] also appeared. Deep learning theory has been widely
used because of its high efficiency and high accuracy [25].
The Go program (AlphaGo) was constructed successfully
using the deep learning neural networks and successfully
defeated the human Go experts [26]. Depth learning theory
has reached satisfactory success in the adaptive output
feedback control of unmanned aircraft [27], image quality
assessment [28], image character recognition under natural
environment [29], change detection of image [30], image
classification [31], and robotic guidance [32]. A semiactive
nonsmooth control method with deep learning was proposed
to suppress harmful effect on building structure by surface

motion [33]. So the deep neural networks could be used in
controller to process massive amounts of unsupervised data
in complex scenarios. Neural networks have been widely
studied and applied because of their ability to solve complex
linear indivisibility problems, especially their super deep
learning ability, which has significant advantages in cross-
domain big data analysis with unstructured and unidentified
patterns. Further, the conditions of existence and global
exponential synchronization of almost periodic solutions of
the delayed quaternion-valued neural networks were investi-
gated [34], and the function projective synchronization
problem of neural networks with mixed time-varying delays
and uncertainties asymmetric coupling was investigated
[35]. Neural networks have made great achievements in
the determination of the success or failure and improving
the performance.

But the robot dynamic model is often rarely known due
to the complex robot mechanism, let alone various uncer-
tainties such as parametric uncertainties or modeling errors
existing in the robot dynamics. Therefore, it is a key problem
to find the relationship between the changes of neural
network structure and the changes of input and output
environments to find their mutual influence. What are the
relationships between the changes of neural network struc-
ture and the changes of input and output environments?
How do they have mutual influence? These are the funda-
mental credit assignment problems [36]. It is a hotspot in
the current research on the interaction with environments
of neural networks, especially in input and output data
interaction with neural networks [37]. There exist problems
to be solved: (1) the quantitative description of input envi-
ronments, macrostructure of neural networks, and output
environments; (2) the quantitative description of the rela-
tionship between input environments, macrostructure of
neural networks, and output environments; and (3) experi-
mental verification of the relationship between input envi-
ronments, macrostructure of neural networks, and output
environments. Solution to these problems provides support
for the wider application of neural networks.

In order to solve these problems, our work focuses on the
eigen solution of neural networks of robot in complex
environments, including kinematic model parameter uncer-
tainties, dynamic model parameter uncertainties, and exter-
nal disturbances by directly mapping the morphological
subfeatures with controller parameters of the grinding robot.
The concept and the eigen solution theorem of neural
networks were studied in the second part of the paper. The
third part gave the application of the neural network eigen
solution rule in prediction analysis of controller parameters
of the grinding robot to verify the theory correctness from a
practical point of view. In the last part of the paper, we
summarized our research work. The main contributions in
this paper include the following.

(1) In order to describe the relationship between the
change of neural networks, the change of input envi-
ronments, and the change of output environments,
this paper constructed the neural network eigen
solution theory, which defined the conception of
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neural networks, neural network solution, neural net-
work eigen solution, complete solution, and partial
solution of neural networks. Further, this paper pro-
posed the consistent approximation theorem, eigen
solution existence theorem, consistency theorem of
complete solution and partial solution, and no
solution theorem of neural networks

(2) In order to verify the eigen solution theory of neural
networks, the morphological subfeature graph with
multimoment was constructed to describe the block
surface morphology using rugosity Mij,1 , standard
deviation Mij,2 , skewness Mij,3 , and kurtosis
Mij,4 and then build prediction model with deep
learning neural networks for controller parameters
of the grinding robot. The predicted accuracies of
the proposed model are more than 95%. Compared
with the traditional prediction model, the proposed
model can predict output features simultaneously
and is more stable

(3) The experimental results verify the correctness of
the neural network eigen solution theory. The
results of theoretical analysis and experimental test
showed that the output traits have an optional
effect with joint action. When the input features
functioning in prediction increase, higher predicted
accuracy can be obtained. And when the output
traits involve in prediction increase, more output
traits can be predicted. The deep learning model
can find and predict the inherent laws of the data.
Moreover, if the analyzed object data are gained in
random, there is no nonrandom feature. The deep
learning controller provides random predicted result.
The output accuracies of random-output experi-
ments are between 65% and 70% but not 50% due
to superb affection

2. Solution of Neural Networks

In our study, we try to find the essential relationship
between the changes of neural network structure and the
changes of input and output environments and their
mutual influence out of the kinematic model parameter
uncertainties, dynamic model parameter uncertainties, and
external disturbances. We first defined the neural networks
from the input and output environments’ perspective, and
consistent approximation theorem is proposed with this
concept. Then, the concept of solution of neural networks
was defined based on this concept, and the corresponding
concepts of isomorphism solution, eigen solution, complete
solution, and partial solution were defined too. With these
concepts and theorem, the eigen solution existence theo-
rem, the consistency theorem of complete solution and
partial solution, and no solution theorem were proposed.
The relation of definitions and theorems were described
in detail (see Figure 1).

Definition 1 Neural networks. The neural networks are
defined as Input,Net,Output (see Figure 2). Input = Si
is the input object set.Net= {Wl,k,ij, bl} are the network layers
(l > 0, i > 0, j > 0), and Wl,k,ij is the k-th convolutional kernel
[i○j] of the l-th layer. If the network does not use convolu-
tion, let k = 1, then i is the i-th element in the (l − 1)-th layer,
j is the j-th element in the l-th layer, and Wl,ij is the weight
between the i-th element and the j-th element. bl is bias in
the l-th layer. Output= {Ti} is the output target vector set.
ψ is the feature acquisition function. f l is the neural network
function. f is the target function corresponding to the target
vector set {Ti}.

Definition 2 Solution of neural networks. In the study, {Nettr}
is a trained neural network, {Inputtest} is a given test set, and
{Outputtest} is the output target vector set corresponding to

Definition 1
neural networks

Definition 2
solution of neural networks

Definition 3
isomorphism
solution and

eigen solution of
neural networks

Definition 4
complete solution

and partial solution of
neural networks 

�eorem 1 consistent
approximation

theorem 

Consistent
approximation

theorem of
feedforward

neural networks
[GB Huang 2006]

�eorem 2
eigen solution

existence
theorem 

�eorem 3
consistency
theorem of
complete

solution and
partial solution

�eorem 4
no solution

theorem 

Figure 1: The relation of definitions and theorems.
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the test set for the trained neural networks. Let {Outputgiven}
be the target vector, then Error is given as

Error =Max ei,p = Ti,test − Ti,goven p
, Si,test,p , 1

where p is the given number of test sets. Suppose that the
minimum threshold is Threshold, if the Error is higher than
the threshold, then the trained neural networks cannot meet
the actual needs.

If Error<Threshold, then {Nettr} is called a solution of
neural networks {Input, Net, Output}.

If Error=0, {Nettr} is called an ideal solution or a
theoretical solution of neural networks {Input,Net,Output}.

If 0<Error<Threshold, {Nettr} is called an approximate
solution of neural networks {Input, Net, Output}.

If Error> 0, we call that the neural networks {Input,Net,
Output} have no solution.

Definition 3 Isomorphism solution and eigen solution of
neural networks. The neural networks {Wl,k,ij, bl} are
trained independently using m different sets of input
object vector sets Si r to obtain m different solutions
Nettr r , r = 1,… ,m. All these solutions are called isomor-
phism solutions of neural networks {Wl,k,ij, bl} for each other.

Let the input object vector set Si 1 have the solution
{Nettr}1 corresponding to the neural networks {Wl,k,ij, bl}.

Si′ r is given as

Si′
r
= ψ Si 1 , r = 1,… , 2

where ψ is the eigen acquisition function. The original input
object vector set Si 1 is transformed into the feature data
object vector set Si′ r . If Si′ r has the solution Nettr r ,
solution Nettr r is called eigen solution of {Nettr}1. The
eigen solutions Nettr r and {Nettr}1 are the isomorphism
solutions for each other. In the study, we focus on the neural
network eigen solution.

Definition 4 Complete solution and partial solution of neural
networks. With the output target vector set {Ti}, i ∈ 1,Max ,
if the output target vector set includes all the target vectors
Ti Max, then {Nettr}Max is called the complete solution of
neural networks {Wl,k,ij, bl}. If the output target vector set is

part of the target vector Ti Part, then {Nettr}Part is called
the partial solution of neural networks {Wl,k,ij, bl}.

Theorem 1 Consistent approximation theorem. First, let
the neural networks contain l layers; each layer has n hidden
layer nodes; each activation function gi,j of the hidden layer
node is a bounded continuous segmentation function, then
the function of the neural networks are f l as

f l = 〠
l

i=1
〠
n

j

bi,jgi,j 3

Let the output objective vector set {Ti} have the corre-
sponding objective function f . The residual function el
between the neural networks and the output target vector is
defined as

el = f − f l 4

If ʃRg x dx ≠ 0, f and f l are continuous; the limit of el is
given as

limn→∞or l→∞ el = 0 5

That is, el converges and monotonically declines.

Proof

(1) If the neural networks are feedforward neural
networks and the hidden layer number is l = 1, then
Theorem 1 is proofed true with the consistent
approximation theorem of feedforward neural net-
works proposed in [38]

(2) If the neural networks are feedforward neural net-
works and the hidden layer number is l ≠ 1, then f l
is given as

f l = 〠
l

i=1
〠
n

j

bi,jgi,j = 〠
n∗l

j

bi,jgi,j = 〠
n′

j

bi,jgi,j 6

Then, the converted problem is consistent with the
consistent approximation theorem of feedforward

fl (Net = {Wl,k,ij, bl})�휓 (Input = {Si}) f (Output = {Ti})

……

……

Figure 2: Basic structure of neural networks.
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neural networks proposed in [39]; hence, Theorem 1
is true

(3) If the neural networks are recurrent neural networks
NET, the feedback structure of recurrent neural
networks is expanded in time dimension. Let the
network NET run from time t0; every time step of
network NET is expanded into one of the layers in
the feedforward neural networksNET∗, and the layer
has exactly the same activity value with time step
network NET. For any τ ≥ t0, the connection weight
wij between the neuron or external input j and
neuron i of network NET is copied into wij τ + 1
between the neuron or external input j in the τ-th
layer and neuron i in the τ + 1 -th layer of network
NET∗ (see Figure 3)

As time goes by, the depth ofNET∗ can be infinitely deep,
that is, the recurrent neural networks NET can be equivalent
to the feedforward neural networks when n→∞, and this is
exactly the same with the consistent approximation theorem
of feedforward neural networks proposed in [38], which also
validates Theorem 1.

Theorem 2 Eigen solution existence theorem. If the neural
networks {Wl,k,ij, bl} have solution {Nettr}, then for neural
networks {Wl,k,ij, bl}, there exists the eigen solution {Nettr}r.

Proof. Take the eigen acquisition function ψ x = x, then
Si′ r is given as

Si′
r
= f Si = Si 7

So Nettr r is given as

Nettr r = Nettr 8

Proof finished.

Theorem 3 Consistency theorem of complete solution and
partial solution. If the neural networks {Wl,k,ij, bl} have solu-
tion {Nettr}, then for neural networks {Wl,k,ij, bl}, there exists
the eigen solution Nettr r . If the partial solution {Nettr}Part
is gained by training the neural networks {Wl,k,ij, bi} with
the input processing object vector set {Si}, then the complete
solution {Nettr}Max can be gained by training the neural

networks {Wl,k,ij, bi} with the input processing object vector
set {Si}. The consistency theorem of complete solution and par-
tial solution shows that the output traits have an optional
effect with joint action. The more the output traits are involved
in prediction, the more the output traits can be predicted.

Proof. The corresponding target function of the output target
vector set Ti Part is f , and the part solution is {Nettr}Part
corresponding to the mapping function f l of neural networks
{Wl,k,ij, bl}. The solution exists, so the approximation of el = 0
holds; the convergence and monotone decrease of el also
hold; f and f l are continuous too.

When the output target vector set is Ti Max, the target
function is still f , and the complete solution is {Nettr}Max
corresponding to the mapping function f l of neural net-
works {Wl,k,ij, bl}, but the target vector set nodes increase
(see Figure 4).

Therefore, the number of effective hidden nodes is
increased. According to the consistent approximation theo-
rem, el = 0 is more strictly approximated, that is, the trained
neural networks {Wl,k,ij, bl} with input object vector set {Si}
can also get a complete solution {Nettr}Max.

Proof finished.

Theorem 4 No solution theorem. If the given trained neural
networks {Wl,k,ij, bl} with input processing object vector set {Si}
have no complete solution, then the trained neural networks
{Wl,k,ij, bl} with input processing object vector set {Si} have
no partial solution. The no solution theorem shows that if
the analyzed data objects are random and there is no nonran-
dom trait, then the predicted result of the deep learning
controller is also random; the controller cannot find nonran-
dom rule with random inputs. In other words, the prediction
of deep learning controller cannot be out of nothing.

Proof.When the output target vector set is Ti Max, the target
function is f , and the complete solution corresponding to the
mapping function f l of neural networks {Wl,k,ij, bl} has no
solution, so el = 0 does not hold.

The target function corresponding to target vector set
Ti Part is f ; the input processing object vector set for

training neural networks {Wl,k,ij, bl} is {Si}. Here, the num-
ber of target vector set nodes is reduced; the number n of
effective nodes in the hidden layer is reduced, so el = 0
does not hold more strictly, i.e., the trained neural networks

…

…

…

…

…
… …

… …
…

…
…

…
…

t0 t0 + 1 t0 + 2 t0 − 1 t

w(t0 + 1) w(t0 + 2) w(t)

Figure 3: Recurrent neural networks are expanded into feedforward neural networks.
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{Wl,k,ij, bl} with input processing object vector set {Si} have
no partial solution.

Proof finished.

3. Prediction and Analysis of Controller
Parameters of Grinding Robot

3.1. Grinding Robot Controller Model. In grinding robot servo
control system, dynamic real-time adaptive positioning
mechanism was added to the traditional robot servo control
system driven by the machine vision system. Our grinding
robot controller model describes the closed-loop control
process for robot grinding (see Figure 5).

The dynamic real-time adaptive specific controlling
method of grinding robot is that the image It of processing
casting block surface is obtained using vision measurement
and positioning system in time t. Lt and Wt are the length
and width of corresponding defective area waiting to handle.
The corresponding handling is done to obtain an appropriate
knowledge feature value St given as

St = It Lt ,Wt , F f lat 9

In our research, we set St = Lt
∗Wt

∗F f lat; F f lat is the
roughness of casting block surface.

The speed vp and position p of the robotic arm end, the
feed speed Vc of the grinding wheel translational motion,
the peripheral speed Vw of the grinding wheel rotational
motion, the axial displacement f a of casting block motion
of the block, and the radial displacement f r of wheel motion
are obtained at time t using the feedback information
obtained from the real-time knowledge feature value St .

The speed of robotic arm end coincides with the speed
of grinding wheel, Vc t = vp t = F1 St = k1St , Vw t =
F2 St = k2St , f a t = F3 St = k3St , f r t = F4 St = k4St ;
the coefficients k1–k4 are determined by experiment based
on casting block material.

The robot controller achieves adaptive control by the
dynamic real-time feedback information wherein Fr is the
reference force, qr and qr−n are the joint angles, qgr and qgr−n
are the robot joint angular velocities, τ is the joint driving
moment, f is the force applied to the casting block by the
end of the robot, qm is the feedback joint angle, and qgm is
the feedback joint angular velocity.

The working process algorithm of the grinding robot
controller model describes the closed-loop control process
(see Figure 6).

First, the surface image I of block is gained with vision
measurement and positioning system, and then, the geomet-
rical features of image I is obtained with vision measurement
and positioning system too. By judging the quality of the
casting block, the grinding decision is made. When the
surface of block does not meet the quality requirement, the
robot grinding traits are got from the geometrical features
of image I with robot grinding controller in the grinding
robot servo control system. Last, the grinding robot executes
the grinding operation with the robot grinding traits, and the
surface image I of block feeds back to the vision measure-
ment and positioning system to form a closed loop.

The working process algorithm describes the specific con-
trolling method of grinding robot controller (see Figure 7).

After the geometrical features of image I are obtained,
robot grinding traits are generated with grinding robot servo
control system in the controller, which is composed of

……

……

fl (Net = {Wl,k,ij, bl})�휓 (Input = {Si}) f (Output = {Ti})

Figure 4: Changing of neural network target vector set.
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Figure 5: Robot grinding controller model.

6 Complexity



prediction model of trained deep neural networks. Then, the
joint angles are computed from robot grinding traits with
kinematics module, and the robot joint angular velocities
are computed from the joint angles with force control mod-
ule. The grinding robot executes the grinding operation with
the robot grinding traits, joint driving moment, and joint
angular velocities.

3.2. Prediction Model of Controller Parameters of Grinding
Robot. The research object in our study is the robot grinding
process of casting block of engine. Block is one of the impor-
tant parts of the engine. The quality of casting block engine

directly affects the automobile performance. With the devel-
opment of automobile engine technology, the dimensional
accuracy and mechanical performance of engine block are
required for high-quality casting block. The automobile
engine of study is 1.5 L; maximum outline dimension of the
block is 400mm× 320mm× 253mm, and its weight is 38 kg
of HT300 material.

The controller parameters of grinding robot affect
grinding efficiency and quality which includes the feed speed
Vc of grinding wheel translational motion, the peripheral
speed Vw of grinding wheel rotational motion, the axial
displacement f a of workpiece motion of the block, and the

Finish

Obtaining surface image I of block

Meet the quality
requirement?

Obtaining the geometrical features of image I

Judging the quality of casting block

Getting the robot grinding traits with robot grinding controller

Grinding the block with grinding robot

Start

N

Y

Figure 6: The working process algorithm of grinding robot controller model.

Getting the robot grinding traits with grinding robot servo control system

Geometrical features of image I

Grinding the block with grinding robot

Computing the joint angles with kinematics module 

Computing the robot joint angular velocities with force control module 

Obtaining the joint driving moment with position servo control module 

Figure 7: The working process algorithm of controlling method.
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radial displacement f r of wheel motion (see Figure 8). The
specific controller parameters of grinding robot are the
output data, and their type and number are related to the
machining method. The block is located on the bracket of
track, while the grinding wheel is located on the actuator side
of the robot. During the process, the workpiece is fixed,
whereas the grinding wheel moves.

According to DIN EN ISO 4288 and ASME B46.1 stan-
dards, the input parameters are Fin= (Ra, Rz, Ry) features
of workpiece surface morphology; Ra is the arithmetical
mean deviation of the workpiece surface morphology; Rz is
the point height of irregularities of the workpiece surface
morphology, and Ry is the maximum height of the workpiece
surface morphology. The value of Ra of the workpiece surface
after grinding ranges from 0.01μm to 0.8μm [40]. Features
(Ra, Rz, Ry) are the statistical extract and dimensionality of
surface morphology and cannot characterize all the surface
morphology. Features (Ra, Rz, Ry) are only the empirical
description of surface morphology and cannot characterize
essential features of surface morphology. Features (Ra, Rz,
Ry) are only the statistical average of surface morphology
with a lot of information loss. The standards of DIN EN
ISO 4287 and ASME B46.1 give more explicit and more
information of surface morphology using four features,
which are surface rugosity, standard deviation, skewness,
and kurtosis [39, 41, 42], presented in (10)–(13). But these
features still cannot work on all the pixels of surface mor-
phology and cannot give a significant and systematic
description statistics.

Ra =
1
I

I

0
Z x dx, 10

Rq =
1
I

I

0
Z2 x dx, 11

Rsk =
1
R3
q

1
I

I

0
Z3 x dx, 12

Rku =
1
R4
q

1
I

I

0
Z4 x dx 13

In order to solve the above problems, we improved the
definition of surface rugosity, standard deviation, skewness,
and kurtosis in [26–28]. Alternatively, we give a unified
definition of surface morphological features with definite
mathematical meanings; the features are corresponding to
the first moment, second moment, third moment, and fourth
moment, respectively. On the other hand, the definitions of
features are extended to all pixels of surface morphological
image, which can reduce the information loss to optional
extent, while extracting the essential features at the same
time. The features are defined in (14)–(17) by improving
the method of calculating the depth from the gray level [43].

Iij =
γ × In × cos α

gij
− f − uA, 14

μ = 1
A∗B

〠
A

i=1
〠
B

j=1
Iij, 15

σ = 1
A∗B

〠
A

i=1
〠
B

j=1
Iij − μ 2, 16

Mij,k =
Iij − μ k

σk
, k = 1, 2, 3, 4 17

Here, γ is the reflectivity of the block surface to the
incident light. In is the intensity of block surface. In × cos α
is the vertical component of the intensity of block surface. f
is the focal length of the camera. uA is the object distance
from camera to block surface. gij is the gray value of pixel
of block surface image I in position (i, j). Iij represents the
depth value of pixel of block surface image I in position
(i, j). A and B are the maximum values of coordinates i
and j; μ is the average depth of all pixels of block image,
and σ is the mean square deviation of the depth of all pixels
of block image. Mij,k is the moment of the depth of the pixel
in position (i, j). Mij,1 is the first moment of the depth of the
pixel in position (i, j), denoting the rugosity of surface image
in position (i, j). Mij,2 is the second moment of the depth of
the pixel in position (i, j), representing the standard deviation
of surface image in position (i, j).Mij,3 is the third moment of
the depth of the pixel in position (i, j), signifying the skew-
ness of surface image in position (i, j). Mij,4 is the fourth
moment of the depth of the pixel in position (i, j), indicating
the kurtosis of surface image in position (i, j).

Mij,1 , Mij,2 , Mij,3 , and Mij,4 are called subgraphs
of rugosity, standard deviation, skewness, and kurtosis of
generalized surface morphology which forms the basis of
this study.

3.3. Grinding Robot Prediction Algorithm of Controller
Parameters of Grinding Robot. Grinding parameter predic-
tion is completed by the trained deep neural networks (see
Figure 9). The trained deep neural networks are part of the
grinding robot controller. The surface image I of part of
block is analyzed by algorithm, then the geometrical features
of the obtained surface image are obtained, including the

Vc

fr

fa

Vw

Casting block

Grinding robot

Grinding wheel & grinding head

Track & bracket

Figure 8: Parameters of grinding robot.
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rugosity Mij,1, standard deviation Mij,2, skewness Mij,3, and
kurtosisMij,4 of surface image I in position (i, j). The feature
values are put into the well-trained deep neural networks,
and the values of robot grinding traits are obtained when
the network computing is finished. Then, the grinding robot
controller sends out the control instruction to other insti-
tutions of the robot.

In the constructed model, the surface roughness of block
surface was obtained by analyzing the surface of the work-
piece, including the corresponding moment features. All
the moment features of image are input into the grinding
controller, which describes the roughness of the workpiece
surface and determines the feed speed Vc, the peripheral
speed Vw, the axial displacement f a, and the radial displace-
ment f r of the grinding robot actuator.

It is a complex nonlinear relationship between rugosity
Mij,1, standard deviation Mij,2, skewness Mij,3, kurtosis Mij,4
and feed speed Vc, peripheral speed Vw, axial displacement
f a, radial displacement f r in (18). The nonlinear relationship
between them is described using deep neural networks.

Fout Vc, Vw, f a, f r = f M1,M2,M3,M4 18

Further, we give the process of generating the deep neural
networks (see Figure 10). The feature subgraphsMij,k of part
of block surface image I is generated after the surface image I
being processed with the grinded part of block. The initial
values of weights and biases are initialized in deep neural
networks. The deep neural networks are trained using the
(I, Fouts) training set that had been marked with empirical
knowledge. I is the block images and Fouts are the output
of grinding features corresponding to I. Hence, the trained
deep neural networks are fine-tuned to get one stage result
of deep neural networks. This iterating process continues
until all the data in training set are completed to get the
well-trained deep neural networks.

Our proposed model has the characteristics of multifea-
tures and multitargets, which makes the model complicated.
It needs to consider the correlation between rugosity, stan-
dard deviation, skewness, kurtosis and their influence on
deep neural networks. It also needs to consider the correla-
tion between feed speed Vc, peripheral speed Vw, axial

displacement f a, radial displacement f r and their influence
on deep neural networks. Further, the correlation between
rugosity, standard deviation, skewness, kurtosis and feed
speed Vc, peripheral speed Vw, axial displacement f a, radial
displacement f r needs to be considered. The agreement of
deep neural networks should be considered, that is, the neu-
ral network nodes are independent of each other and overfit-
ting phenomena that do not conform to the agreement.

The inputs of our model have several feature subgraphs
rather than a single graph. Our model predicts the grinding
traits, not just the classification of a given object. Thus, the
model processes several feature subgraphs to predict several
grinding traits with multi-input and multioutput relation-
ship, which is different from one to one relationship of single
predetermined object classification.

3.4. Grinding Robot Prediction Algorithm of Controller
Parameters of Grinding Robot. The images of block surface
after grinding are taken using vision system, and all the
images are labeled with corresponding grinding trait
parameter values, as shown in (17). There are 400 labeled
training data measured by the experiment according to
years of working experience as skilled technicians.

In (14), gij is the gray value of block surface image; the
reflectance γ of block surface is 0.65; the focus f is 50mm;
the object distance to block surface is 0.5m; α takes 0 for
the use of uniform light source, and the intensity of block
surface In is 1000 lx. The extended 3D shape of block surface
and its feature are obtained by (17). Gray, Ra, M1, M2, M3,
and M4 are gray level, roughness, rugosity, standard devia-
tion, skewness, and kurtosis; all these features are the inputs
of deep neural network controller.

We obtain the correlation between the input feature
parameters of the neural network controller (see Figure 11).
It can be seen that the correlations among the parameters
are very complex, with features of positive and negative
correlations, and the degrees of correlation are also different
and cannot be expressed with analytical formula.

And the correlation between the output parameters of the
neural network controller is also obtained (see Figure 12).
The output parameters act as robot grinding traits. It can
be seen that the correlations among the parameters are also

Obtaining surface image I of part of block

Rugosity Standard deviation Skewness Kurtosis

The trained deep neural networks

Getting the robot grinding traits

Mij,1 Mij,2 Mij,3 Mij,4

Figure 9: Prediction algorithm framework of controller parameters of grinding robot.
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Figure 10: The process of generating the deep neural networks.
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Figure 11: The correlation between the input feature parameters.
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very complicated with features of both positive and negative
correlations. The degrees of correlation are also different and
cannot be expressed with analytical formula.

3.5. Predicted Result Analysis of Controller Parameters of
Grinding Robot. In the experiment, the training time of deep
learning neural networks for block grinding is finished within
78 hours and 32 minutes with computing environment of
Windows Server 2010, Intel Core i5-4308U CPU, 2.80GHz,
and RAM 8.00GB. The prediction time of trained deep
learning neural networks for block grinding is computed
within 2 seconds.

In our controller, the model is implemented on deep
learning open-source framework Tiny-dnn [44]. In deep
learning neuron network prediction training model, the
minibatch_size is 4, the num_epochs are 3000, the activation
function is tanh, and its value ranges from −0.8 to +0.8. In the
input layer, the input labeled data are 400, and the default
normalized values nlenth × nwidth are [32× 32]. In the feature
extraction layer, convolution and sampling are performed for
each feature subgraph; the convolution kernel is [5× 5], and
the sampling kernel takes [2× 2]. In the fuzzy analysis layer,
the number of jump positions ns is 10, the quantum interval
initial value θrj is 0.1, and the output layer is with full join.
The inputs include subgraphs of rugosity Mij,1 , standard
deviation Mij,2 , skewness Mij,3 , and kurtosis Mij,4 of
the block surface morphology, and each feature subgraph
works independently. The full join between the fuzzy quan-
tum analysis layer and output layer of deep neuron network
is processed with all the feature subgraphs. The outputs
are the feed speed Vc, the peripheral speed Vw, the axial
displacement f a, and the radial displacement f r .

3.5.1. Deep Learning Neuron Network Training Results. The
training results of deep learning neuron network of block
surface controller parameters of grinding robot are obtained
with samples increasing (see Figure 13).

The accuracy of all the output features is more than 80%
with the prediction of deep learning neuron network control-
ler under the given empirical labeled data set. The increasing
rate of grinding trait accuracy is among the fastest stage when
the samples are less than 600. The accuracy of all the grinding
traits reaches more than 95% when samples are 1000, and the
accuracy still slowly increases with the increasing of training
times. In the final training result, the prediction accuracies of
feed speed Vc, peripheral speed Vw, axial displacement f a,
and radial displacement f r are above 98% compared to the
labeled training data set.

Similarly, the training results of deep learning neuron
network of block surface controller parameters of grind-
ing robot are obtained with training times increasing
(see Figure 14).

The accuracy of all the output features is more than 80%
with the prediction of deep learning neuron network control-
ler under the given empirical labeled data set. The increasing
rate of grinding trait accuracy is among the fastest stage when
training times are less than 600. The accuracy of all the
grinding traits reaches more than 95% when training times
are 1500, and the accuracy still slowly increases with the
increasing of training times. In the final training result, the
prediction accuracies of feed speed Vc, peripheral speed Vw
, axial displacement f a, and radial displacement f r are above
97% compared to the labeled training data set.

From the training results of neural networks in Figures 13
and 14, it can be seen that the prediction accuracy of the deep
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Figure 12: The correlation between the output parameters.
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learning neural networks increases monotonically with the
increase of sample size and number of training. And the
sample size displays a bigger influence on the accuracy of
simulating result than the number of training.

The prediction error of feed speed Vc, peripheral speed
Vw, axial displacement f a, and radial displacement f r with
the deep learning neural networks can be defined as

el,Vc = 1 − accurateVc, 19

el,Vw = 1 − accurateVw, 20

el,f a = 1 − accurate f a , 21

el,f r = 1 − accuratef r 22

From (19)–(22), we can see that el,Vc, el,Vw, el,f a , and el,f r
converge and monotonically decrease. The experimental
results verify the correctness of Theorem 1 (consistent
approximation theorem).

3.5.2. Predicted Experimental Results with Multioutput. The
trained deep neural networks are used to predict the traits
of casting block grinding. The sample number of data is
100, which is used as the input of the trained deep neural
networks. The predicted results of feed speed Vc, peripheral
speed Vw, axial displacement f a, and radial displacement f r
of grinding wheel are obtained accordingly (see Figures 15–
18). The black curve represents the labeled grinding trait data
of block surface. The other color curves are the predicted
results using the trained deep neural networks, and the aver-
age accuracies of predicted results are given (see Table 1).

From Figures 15–18, we can get that gij [32 × 32],
gij [48 × 48], and gij [52 × 52] are input data sets of dif-

ferent sizes; Mij,1 [32 × 32], Mij,2 [32 × 32], Mij,3 [32 × 32],
and Mij,4 [32 × 32] are the feature data set that gij [32 × 32]

transformed, and each input data set corresponds to the
respective output data sets {Vc, Vw, f a, f r}. In the given
set of input feature data, at least one data set can be found
to get the eigen solution Nettr r of solution {Nettr} of
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Figure 13: Trends of accuracy changing of deep learning neuron network for casting block grinding with samples increasing.
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Figure 15: Predicted results of feed speed of grinding wheel.
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Figure 16: Predicted results of peripheral speed of grinding wheel.
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Figure 17: Predicted results of axial displacement of grinding wheel.
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neural networks {Wi,k,ij, bi} corresponding to the data set
of gij [32 × 32], and the prediction accuracy of eigen solution
Nettr r is equivalent to that of neural network solution
{Nettr} corresponding to the data set of gij [32 × 32], so the
correctness of Theorem 2 (eigen solution existence theorem)
is verified. The following conclusions are drawn from
Figures 15–18 and Table 1 with the average accuracies of
predicted results.

(1) The trained deep learning neural networks of our
model can predict the feed speedVc, peripheral speed
Vw, axial displacement f a, and radial displacement f r
simultaneously, and their average minimum predic-
tion accuracies are more than 95%. The more pixels
the input data samples from the image, the higher
the correlation prediction accuracy. The green, blue,
and red curves are the correlation predicted results
of our model with pixels [32× 32, 48× 48, and
52× 52] where the accuracy is improved by 1%
in turn

(2) Our proposed deep neuron network can well reflect
the influence between the features of rugosity

Mij,1 , standard deviation Mij,2 , skewness Mij,3 ,
kurtosis Mij,4 and the robot grinding traits
described as follows. (a) There are several features,
at least one feature of rugosity Mij,1 , standard
deviation Mij,2 , skewness Mij,3 , kurtosis Mij,4
playing function on all the grinding traits of feed
speed Vc, peripheral speed Vw, axial displacement
f a, and radial displacement f r . (b) The joint predic-
tion accuracy of robot grinding traits with all block
surface features is within the same precision level of
the optimal prediction accuracy of each independent
robot grinding trait as rugosity Mij,1 , standard
deviation Mij,2 , skewness Mij,3 , or kurtosis
Mij,4 . Furthermore, the joint prediction accuracy
is even sometimes superior to the single feature
optimal prediction precision. As seen in Figure 17,
the joint prediction accuracy of axial speed is supe-
rior to the optimal prediction precision of rugosity
Mij,1 . All the joint predicted results of robot
grinding traits obtain the optimal prediction accu-
racy at the same time where the joint predicted
results do not interfere with each other. (c) Different

Machining parameter: radial displacement

1

2

3

Va
lu

e (
m

m
)

10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 1005
Times

Predicted result with 52
Predicted result using M3 with 32

Predicted result using M1 with 32Original data 

Predicted result with 32 Predicted result using M2 with 32
Predicted result with 48
Predicted result using M4 with 32

Figure 18: Predicted results of radial displacement of grinding wheel.

Table 1: Average accuracies of predicted results with multioutput.

Average accuracy Vc (mm/s) Vw (m/s) f a (μm) f r (mm)

gij [32 × 32] A32 0.967164 0.975184 0.960752 0.950227

gij [48 × 48] A48 0.970117 0.979107 0.958325 0.953480

gij [52 × 52] A52 0.972249 0.980596 0.962713 0.958631

Mij,1 [32 × 32] AM1 0.967741 0.976567 0.955851 0.951604

Mij,2 [32 × 32] AM2 0.944570 0.948410 0.914060 0.907100

Mij,3 [32 × 32] AM3 0.928147 0.929163 0.887634 0.887930

Mij,4 [32 × 32] AM4 0.829836 0.75911 0.745841 0.744105
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surface feature has different influence on the robot
controller parameters of the grinding robot. Here,
the influence of rugosity Mij,1 , standard deviation
Mij,2 , skewness Mij,3 , and kurtosis Mij,4 are in
descending order. As shown in Figures 15, 16,
and 18, the average prediction accuracy of rugosity
Mij,1 is higher than that of the joint prediction
accuracy when the dotted curve is the image with
pixels [32× 32]. The predicted results of standard
deviation Mij,2 and skewness Mij,3 have larger
amplitude fluctuation, and their accuracies are also
less than that of the joint accuracy. The predicted
result of kurtosis Mij,4 is a line; the corresponding
controller almost has no prediction capability, and
the prediction accuracy is only a random probability

(3) There are severe deviations in times 78–83 and 87–95
as shown in Figure 15. Also, similar deviation is
formed in times 4 and 85–95 as shown in Figure 10.
In times 68–72 and 86–92 as shown in Figure 17, as
well as in times 66–68 and 84–94 as indicated in
Figure 18, severe abnormality were recorded, which
are caused by the emergence of new data samples.
The solution to this problem is that new data samples
are labeled and added to the training set. This model
can be used to obtain reasonable predicted result
when the similar problem occurs in the future

Therefore, given the standard image of grinded block
surface, we can accurately get the optional configuration
values of the feed speed Vc, peripheral speed Vw, axial
displacement f a, and radial displacement f r using the well-
trained deep neuron network controller.

3.5.3. Predicted Experimental Results with Single Output. In
the independent experiment with single output, the multi-
to-one deep learning-oriented prediction model is adopted,
and the inputs are the moment feature graphs of grinding

casting block surface corresponding to the first, second, third,
and fourth moments. Each of the moment feature graphs
works in a relatively independent network. The output
parameter between the fuzzy analysis layer and the output
layer of network is single output with peripheral speed V
w, feed speed Vc, axial displacement f a, or radial displace-
ment f r . The predicted results are obtained (see Figures 19–
22). The average accuracies of predicted results are given
(see Table 2).

In the independent experiment, gij [32 × 32], gij [48 × 48],
and gij [52 × 52] are input data sets of different sizes;
Mij,1 [32 × 32], Mij,2 [32 × 32], Mij,3 [32 × 32], and Mij,4

[32 × 32] are the feature data set that gij [32 × 32] transformed
to, and each input data set corresponds to the respective
output data set {Vc}, {Vw},{f a}, or {f r}. The solution of
independent single-output experiment is partial solution
Nettr Part,i of multioutput experiment complete solution
Nettr Max,i. The partial solution Nettr Part,i predicted

results are shown in Figures 19–22. Data sets Mij,1 of
gij [32 × 32], gij [48 × 48], and gij [52 × 52] have partial

solution for all output data set of {Vc}, {Vw},{f a}, or {f r}.
Similarly, Mij,3 has partial solution for {Vw}. In the multi-
output experiment, the feature data sets Mij,1 , Mij,2 ,
Mij,3 , and Mij,4 of input data sets gij [32 × 32], gij

[48 × 48], and gij [52 × 52] have independent multioutput
experiment complete solutions Nettr Max,i corresponding
to {Vc, Vw, f a, f r}, as shown in Figures 15–18. All Mij,1 ,
Mij,2 , and Mij,3 have complete solutions Nettr Max,i

except for Mij,4 . From the above, we can draw the conclu-
sion that a partial solution must correspond to a complete
solution. Thus, our experiment verifies the correctness of
Theorem 3 (consistency theorem of complete solution and
partial solution). The independent experiment shows that
Mij,4 has no complete solutions Nettr Max,i correspond-

ing to {Vc, Vw, f a, f r}, thus verifying the correctness of
Theorem 4 (no solution theorem).
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Figure 19: Predicted results of peripheral speed of grinding wheel.
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As shown in Figure 19, the black curve is the original
empirical data of the peripheral speed of grinding wheel.
The other curves are the predicted results of deep learning-
oriented controllers. From the figures and the average
accuracies in Table 2, we draw the following conclusions.
(1) When output parameter is only the feed speed, the
single-output prediction accuracies of each moment are in
the same percentage point scope with the multioutput pre-
diction accuracies of each moment, as the blue and the red
curve shows; the multioutput prediction accuracies do not
interfere with each other for the sake of interaction of multi-
output parameters. (2) In this experiment, only the first
moment has function, and other moments have no function,
as shown with dotted straight lines in the figures. The
predicted results of the second, the third, and the fourth

moments are only random results. The multioutput predic-
tion accuracies are consistent with the first moment pre-
dicted result, which means that the first moment has
superb effect in the multioutput prediction. (3) There are 3
nonfunctional moments in single-output experiment, which
are 2 more nonfunctional moments than in multioutput
experiment. This phenomenon shows that there exists
superb effect moment between the moments functioning in
multioutput experiment.

The predicted result of feed speed of grinding casting
block surface is similar to the predicted result of peripheral
speed as shown in Figure 20. The differences are shown as
follows. (1) Compared with Figure 19, the second and the
fourth moments do not work in this experiment; the
predicted experimental accuracy of the fourth moment with
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Figure 20: Predicted results of feed speed of grinding wheel.
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single output is reduced by 10%, which also shows that there
exists superb effect moment between the moments function-
ing in multioutput experiment. (2) The first and third
moments function in this experiment, which means that
the inputting feature parameters are determined by the
grinding surface morph itself but not the order of moments.

From the above analysis, it can be seen that (1) there is
existence of high prediction accuracy consistent with multi-
input and multioutput prediction, multi-input and single-
output prediction, and single-input and single-output
prediction. The optimal prediction accuracy is obtained at
the same time for all the predicted results, which do not inter-
fere with each other for the superb affection existing. (2) Also,
the optimal prediction accuracy consistent with multi-input
and multioutput prediction, multi-input and single-output
prediction, and single-input and single-output prediction
fully demonstrate that the grinding data do have inherent
law and can be captured and predicted by the designed deep
learning neural network controller. In order to further verify
this, we conducted experiment with random input as follows.

3.5.4. Predicted Experimental Results with Random Output.
In the random-output experiment, we adopt the same

proposed deep learning-oriented prediction model, and the
inputs are the moment graph of the grinding surface morph
data. Each moment graph works in relatively independent
network. All the output data values of the feed speed Vc,
peripheral speed Vw, axial displacement f a, and radial
displacement f r are randomly generated by computer simu-
lation. The predicted results of random-output experiment
are obtained (see Figures 23–26). The black curves are gener-
ated by random data, and the blue curves are the predicted
results with our controller. The average accuracies of pre-
dicted results with random output are given (see Table 3),
and the prediction results are in accordance with the random
data. That is to say, we get the random results.

From the analysis of random-output experiment, we get a
very interesting result. If the analyzed object data are gained
in random, there is no nonrandom feature. The deep learning
controller gets random predicted result, which cannot be
found in nonrandom laws. In other words, the deep learning
prediction controller cannot be out of nothing, which proves
the validity of the proposed model from another side. The
stronger the law, the more the input features function, the
higher the predicted accuracy. The random-output experi-
ment further verifies the correctness of Theorem 4.
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Figure 22: Predicted results of axial displacement of grinding wheel.

Table 2: Average accuracies of predicted results with single output.

Average accuracy Vc (mm/s) Vw (m/s) f a (μm) f r (mm)

gij [32 × 32] A32 0.975184 0.967164 0.950027 0.960752

gij [32 × 32] Ar32 0.977520 0.972553 0.958349 0.964409

Mij,1 [32 × 32] ArM1 0.979840 0.907778 0.956100 0.938146

Mij,2 [32 × 32] ArM2 −0.57020 0.763325 0.595728 0.603273

Mij,3 [32 × 32] ArM3 −0.570200 0.929030 −4.42592 −4.63600

Mij,4 [32 × 32] ArM4 0.749110 0.763325 0.595728 0.603237
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Figure 23: Predicted results of peripheral speed of grinding wheel.
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Figure 24: Predicted results of feed speed of grinding wheel.
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Figure 25: Predicted results of radial displacement of grinding wheel.
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4. Conclusions

In our study, we give the eigen solution theory of general
neural networks and quantitatively describe the input envi-
ronments, the macroscopic structure, output environments,
and their relationship of neural networks. The eigen solution
theory is applied and validated in the prediction of controller
parameters of grinding robot in complex environments with
the proposed deep learning neural networks, which will
provide theoretical support for a wider application with the
proposed deep learning neural networks.
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In this study, we consider the global stabilization of an axially moving system under the condition of input saturation nonlinearity
and external perturbation. Based on Lyapunov redesign method, observer backstepping, and high-gain observers, an output
feedback control strategywith an auxiliary system is constructed to eliminate the input saturation constraint effect and suppress the
string system vibration, and a boundary disturbance observer is exploited to cope with the external disturbance.The stability of the
controlled system is analyzed and proven based on Lyapunov stability without simplifying or discretizing the infinite dimensional
dynamics. The presented simulation results show the effectiveness of the derived control.

1. Introduction

Axially moving systems are important components in me-
chanical system and play a significant role in actual produc-
tion process. However, a few issues exist; nonsmooth input
nonlinearities and external perturbations frequently occur
and produce severe impacts on system performance. It is
worth noting that nonsmooth input nonlinearities containing
saturation, backlash, hysteresis, and dead-zone are generally
found in industrial control systems, such as mechanical,
hydraulic, biomedical, piezoelectric, and physical systems [1–
5]. Such nonlinearities usually arise from inherent physical
constraints of the dynamical system and constraints in the
controller actuators, which are impossible to be eliminated. If
the input nonlinearities are ignored in the system model, it is
difficult to make the actual axially moving system stabilized.
So far, some results associated with how to achieve the
control objective for flexible structure systems with the input
saturation have been attained [6–8]. In [6], the vibration
control and input saturation problem for a vibrating flexible
aerial refueling hose with variable lengths are addressed
introducing the hyperbolic tangent function and adopting
the backstepping approach. In [7], the authors develop the
boundary control for a vibrating riser system with mixed

input nonlinearities to suppress the deflection and compen-
sate for the input saturation. In [8], the control schemes
are constructed for a flexible beam system to suppress the
vibration and eliminate the input saturation and output
constraint in the presence of disturbances. However, these
results do deal with the input saturation issue for stationary
flexible systems, but there is little information on how to
handle the input restriction for axially moving systems.

In recent decades, many achievements regarding vibra-
tion control for axially moving systems have been attained,
whose dynamics can be mathematically considered to be dis-
tributed parameter systems (DPS) with infinite dimensional
feature [9–15]. Effective solutions for controlling the DPS
mainly include truncation model-based method, and bound-
ary control. Different from truncation model-based method
[16–20], which is employed in different ways to extract a
finite dimensional subsystem to be controlled while showing
robustness to neglecting the remaining infinite dimensional
dynamics in the design, boundary control is the implementa-
tion of control design based on infinite dimensional system
dynamics, which is generally considered to be physically
more realistic due to nonintrusive actuation and sensing
[21]. For the past few years, the vibration boundary control
scheme design for the axially moving system has made great
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achievement [22–28]. In [22], the deflection of the axially
moving string is regulated by the proposed adaptive vibration
isolation and the practical experiment illustrates the theo-
retical results. In [23], an adaptive robust control strategy is
constructed for controlling the vibrational offset of an axially
moving system in the presence of parameter and disturbance
uncertainties. In [24], an iterative learning control scheme
is exploited for a stretched flexible string to damp out any
string oscillation based on continuous and discrete Lyapunov
functions. In [25], the vibration of a translating tensioned
beam is exponentially stabilized and effectively suppressed
via the choice of a proper Lyapunov function candidate. In
[26], a stabilizing control law is derived for a translating
tensioned strip to suppress the vibration and the closed-
loop system is proven to be exponentially stable. In [27],
simultaneous vibration control scheme design and velocity
regulation issue are discussed and good stability is attained in
the sense of Lyapunov. In [28], the high-gain observer tech-
nique and Lyapunov-based observer backstepping method
are integrated into the context of boundary control design
to generate a stabilizing robust control law for suppressing
the deflection of an accelerative belt system. In this article,
the axially moving systemwith the input saturation is studied
under the condition of the external disturbance, whichmakes
the control scheme design more complicated and difficult in
comparison with previous research.

Moreover, in research achievements [22–28], the control
schemes are implemented based on the assumption that all
the system state signals consisting of the control law can
be directly measured by sensors or obtained by algorithms.
However, in practice, the measurement noise derived from
sensors is completely unavoidable, and its effect will be
further magnified in the procedure to obtain the terms of
differentiation to time, which would limit the controller in
[22–28] implementation. To resolve this issue, the observer
backstepping [29] and high-gain observers [30] can be
exploited to estimate the unmeasured system states and then
an output feedback boundary control is developed to globally
stabilize the considered axially moving system.

In this study, our interest lies in how to construct an
output feedback control for the global stabilization of the
axially moving system and simultaneously for the elimination
of input saturation nonlinearity effect. Compared with the
previous research, the main contributions are summed up as
follows.

(i) When there are the unmeasured system states,
observer backstepping and high-gain observers are
employed to reconstruct the system states and then
an output feedback boundary control is generated for
vibration reduction of the axially moving system.

(ii) An auxiliary system is introduced to tackle the input
saturation nonlinearity and a disturbance observer is
exploited to track the external disturbance.

(iii) The uniformly and ultimately bounded stability of
the controlled system are analyzed and demonstrated
through rigorous Lyapunov analysis without any
model reduction.
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Figure 1: An axially moving string system with saturated input.

The arrangement of this paper is listed as below. The system
dynamics and input saturation function are introduced in
Section 2. Disturbance observer and boundary control law
are constructed for tracking the external disturbance and
suppressing the vibration in Section 3, where the stability of
the controlled system is analyzed based on Lyapunov stability.
Numerical simulations are presented in Section 4 and we
reach a conclusion in Section 5.

2. Problem Statement

An axially moving string system with saturated input is
depicted in Figure 1, where 𝑧(𝑥, 𝑡) denotes the vibration off-
set, 𝑙, 𝜌, 𝑏,𝑃, and Vdenote the length, themass per unit length,
the damping coefficient, the tension, and the axial speed of
the string, respectively, 𝑚 and 𝛽 denote the mass and the
damping coefficient of the actuator, respectively, 𝑑(𝑡) denotes
the external disturbance, 𝑢(𝑡) denotes the saturated control
input, 𝑢0 denotes the control command to be developed, and𝑢𝑚 denotes the saturation limit.

Remark 1. Notations are defined as follows: (⋆)(𝑡) = (⋆),(⋆)𝑥 = 𝜕(⋆)/𝜕𝑥, (⋆)𝑡 = 𝜕(⋆)/𝜕𝑡, (⋆)𝑥𝑡 = 𝜕2(⋆)/𝜕𝑥𝜕𝑡, (⋆)𝑥𝑥 =𝜕2(⋆)/𝜕𝑥2, and (⋆)𝑡𝑡 = 𝜕2(⋆)/𝜕𝑡2.
In this study, the dynamics of the considered string

system is presented as follows:

𝜌𝑧𝑡𝑡 (𝑥, 𝑡) + (𝜌V𝑡 + 𝑏V) 𝑧𝑥 (𝑥, 𝑡) + 2𝜌V𝑧𝑥𝑡 (𝑥, 𝑡)
+ (𝜌V2 − 𝑃) 𝑧𝑥𝑥 (𝑥, 𝑡) + 𝑏𝑤𝑡 (𝑥, 𝑡) = 0, 0 < 𝑥 < 𝑙 (1)

𝑧 (0, 𝑡) = 0 (2)

𝑃𝑧𝑥 (𝑙, 𝑡) + 𝛽𝑧𝑡 (𝑙, 𝑡) = 𝑢 − 𝑑 − 𝑚𝑧𝑡𝑡 (𝑙, 𝑡) (3)
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and the input saturation function is expressed as

𝑢 = {{{
sgn (𝑢0) 𝑢m, 𝑢0 ≥ 𝑢m,
𝑢0, 𝑢0 < 𝑢m, (4)

Assumption 2. We assume that the axial speed V and external
disturbance 𝑑 are uniformly bounded and there exist two
nonnegative constants 𝛼1 and 𝛼2 such that 0 ≤ V ≤ 𝛼1 and0 ≤ |𝑑| ≤ 𝛼2, ∀𝑡 ∈ [0, +∞). It is a reasonable assumption as V
and 𝑑 have finite energy and hence are bounded [31].

Assumption 3. We assume that the time derivative of external
disturbance 𝑑𝑡 is uniformly bounded and there exists a
nonnegative constant 𝛼3 such that 0 ≤ |𝑑𝑡| ≤ 𝛼3, ∀𝑡 ∈[0, +∞).
3. Control Design

Before proceeding further, we first introduce the following
coordinate transformation:

𝑤1 = 𝑧 (𝑙, 𝑡) (5)

𝑤1𝑡 = 𝑤2 = 𝑧𝑡 (𝑙, 𝑡) (6)

𝑤2𝑡 = 1𝑚 [𝑢 + 𝑑 − 𝛽𝑤2 − 𝑃𝑧𝑥 (𝑙, 𝑡)] (7)

It is evident that (6) contains the state 𝑤2 = 𝑧𝑡(𝑙, 𝑡) which is
available for feedback in (7) and can be computed exploiting
difference algorithms to boundary measured state 𝑧(𝑙, 𝑡).
Nevertheless, the impact of the measured noise arising from
sensors is completely unavoidable in practice and would
be further magnified in the procedure of differentiation to
time, which will make the feedback irrealizable. Fortunately,
observer backsteppingmethod [29] can reconstruct the states
available for feedback and guarantee both boundedness of the
closed-loop states and convergence of the state errors to zero,
which can be used to solve the issue aforesaid.

Then, we take the place of 𝑤2 in (7) with 𝑤2
𝑤2𝑡 = 1𝑚 [𝑢 + 𝑑 − 𝛽𝑤2 − 𝑃𝑧𝑥 (𝑙, 𝑡)] (8)

The definition of the state estimation error 𝑤2 is introduced
as

𝑤2 = 𝑤2 − 𝑤2 (9)

Taking the derivative of (9) and applying (7) and (8) into the
consequence lead to

𝑤2𝑡 = − 𝛽𝑚𝑤2 (10)

It can be derived from (10)

𝑤2 = 𝑤2 (0) 𝑒−(𝛽/𝑚)𝑡 (11)

Substituting (9) into (6) gives

𝑤1𝑡 = 𝑤2 + 𝑤2 (12)

Then, we rewrite the reconstructed states as

𝑤1𝑡 = 𝑤2 + 𝑤2
𝑤2𝑡 = 1𝑚 [𝑢 + 𝑑 − 𝛽𝑤2 − 𝑃𝑧𝑥 (𝑙, 𝑡)]
𝑤2𝑡 = − 𝛽𝑚𝑤2

(13)

3.1. Disturbance Observer Dynamics. First we define 𝑑 as the
estimation of 𝑑 and then design 𝑑𝑡 as

𝑑𝑡 = 𝜇 (𝑑 − 𝑑) (14)

where 𝜇 > 0.
Furthermore, the intermediate variable is proposed as

𝜍 = 𝑑 − 𝜇𝑚𝑤2 (15)

Differentiating (15) and substituting (8) and (14) into the
consequence yields

𝜍𝑡 = 𝜇 [𝑃𝑧𝑥 (𝑙, 𝑡) + 𝛽𝑤2 − 𝑢] − 𝜇𝑑 (16)

Then the boundary disturbance observer dynamics is pre-
sented as follows

𝑑 = 𝜍 + 𝜇𝑚𝑤2
𝜍𝑡 = 𝜇 [𝑃𝑧𝑥 (𝑙, 𝑡) + 𝛽𝑤2 − 𝑢] − 𝜇𝑑 (17)

The following estimation error is defined

𝑑 = 𝑑 − 𝑑 (18)

Differentiating (18) and substituting (14), we get

𝑑𝑡 = 𝑑𝑡 − 𝑑𝑡 = 𝑑𝑡 − 𝜇𝑑 (19)

3.2. Boundary Control

Step 1. In this step, we first define

𝑒 = 𝑤2 − 𝜔 (20)

where 𝜔 is virtual control and 𝑒 is corresponding error
variable.

Then set a Lyapunov function as

𝑉𝑚 = 𝑉𝑎 + 𝑉𝑏 (21)

where

𝑉𝑎 = 12𝜏𝜌∫
𝑙

0
[𝑧𝑡 (𝑥, 𝑡) + V𝑧𝑥 (𝑥, 𝑡)]2 𝑑𝑥

+ 12𝜏𝑃∫
𝑙

0
𝑧2𝑥 (𝑥, 𝑡) 𝑑𝑥

(22)
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𝑉𝑏 = 𝜁𝜌∫𝑙
0
𝑥𝑧𝑥 (𝑥, 𝑡) [𝑧𝑡 (𝑥, 𝑡) + V𝑧𝑥 (𝑥, 𝑡)] 𝑑𝑥 (23)

with 𝜏, 𝜁 > 0.
Applying 𝑚𝑛 ≤ (𝑚2 + 𝑛2)/2 to (23), we have
𝑉𝑏 ≤ 𝜁𝜌𝑙2 ∫𝑙

0
𝑧2𝑥 (𝑥, 𝑡) 𝑑𝑥

+ 𝜁𝜌𝑙2 ∫𝑙
0
[𝑧𝑡 (𝑥, 𝑡) + V𝑧𝑥 (𝑥, 𝑡)]2 𝑑𝑥 ≤ 𝑉𝑎

(24)

where

 = 𝜁𝜌𝑙
min (𝜏𝜌, 𝜏𝑃) (25)

From (24), we get

−𝑉𝑎 ≤ 𝑉𝑏 ≤ 𝑉𝑎 (26)

The proper selection of 𝜁 and 𝜏 yields
1 = 1 −  = 1 − 𝜁𝜌𝑙

min (𝜏𝜌, 𝜏𝑃) > 0
2 = 1 +  = 1 + 𝜁𝜌𝑙

min (𝜏𝜌, 𝜏𝑃) > 1
(27)

Equation (27) shows 0 <  < 1, and then combining (25)
leads to

𝜁 < min (𝜏𝜌, 𝜏𝑃)
𝜌𝑙 (28)

Then, we further obtain

0 < 1𝑉𝑎 ≤ 𝑉𝑚 ≤ 2𝑉𝑎 (29)

Differentiating 𝑉𝑚, substituting (1), and then using 𝑚𝑛 ≤𝑚2/𝜎 + 𝜎𝑛2, 𝜎 > 0, we have
𝑉𝑚𝑡 ≤ 𝜏𝑃V + 𝜁𝑃𝑙 − 𝜁𝜌𝑙V22 𝑧2𝑥 (𝑙, 𝑡)

− 𝜏V (𝑃 − 𝜌V2)2 𝑧2𝑥 (0, 𝑡) + 𝜁𝜌𝑙2 𝑤22
+ 𝜏𝑃𝑧𝑥 (𝑙, 𝑡) 𝑤2
− (𝜁𝑃2 − 𝜁𝜌2 𝛼21 − 𝜁𝑏𝑙𝜛1)∫

𝑙

0
𝑧2𝑥 (𝑥, 𝑡) 𝑑𝑥

− (𝜏𝑏 − 𝜁𝑏𝑙𝜛1 )∫
𝑙

0
[𝑧𝑡 (𝑥, 𝑡) + V𝑧𝑥 (𝑥, 𝑡)]2 𝑑𝑥

(30)

where 𝜛1 > 0.
Combining (9) and (20), we obtain

𝑤2 = 𝑒 + 𝜔 + 𝑤2 (31)

Taking the substitution of (31) into (30), we derive

𝑉𝑚𝑡 ≤ 𝜏𝑃V + 𝜁𝑃𝑙 − 𝜁𝜌𝑙V22 𝑧2𝑥 (𝑙, 𝑡)
− 𝜏V (𝑃 − 𝜌V2)2 𝑧2𝑥 (0, 𝑡)
+ 𝜏𝑃𝑧𝑥 (𝑙, 𝑡) (𝑒 + 𝜔 + 𝑤2)
− (𝜁𝑃2 − 𝜁𝜌2 𝛼21 − 𝜁𝑏𝑙𝜛1)∫

𝑙

0
𝑧2𝑥 (𝑥, 𝑡) 𝑑𝑥

− (𝜏𝑏 − 𝜁𝑏𝑙𝜛1 )∫
𝑙

0
[𝑧𝑡 (𝑥, 𝑡) + V𝑧𝑥 (𝑥, 𝑡)]2 𝑑𝑥

+ 𝜁𝜌𝑙2 (𝑒 + 𝜔)2 + 𝜁𝜌𝑙2 𝑤22 + 𝜁𝜌𝑙 (𝑒 + 𝜔)𝑤2

(32)

According to (32), the virtual control 𝜔 is developed as

𝜔 = −𝑐1𝑧𝑥 (𝑙, 𝑡) (33)

where 𝑐1 > 0.
Applying (33) to (32) and then using 𝑚𝑛 ≤ 𝑚2/𝜎 + 𝜎𝑛2,𝜎 > 0, we get
𝑉𝑚𝑡 ≤ −(𝜏𝑐1𝑃 − 𝜁𝜌𝑙𝑐21 − 𝜏𝑃V + 𝜁𝑃𝑙 − 𝜁𝜌𝑙V22 − 𝜏𝑃𝜛2
− 𝑐1𝜁𝜌𝑙𝜛3 )𝑧2𝑥 (𝑙, 𝑡) −

𝜏V (𝑃 − 𝜌V2)
2 𝑧2𝑥 (0, 𝑡) + (𝜏𝑃𝜛2

+ 𝜁𝜌𝑙 + 𝑐1𝜁𝜌𝑙𝜛3)𝑤22 − (𝜁𝑃2 − 𝜁𝜌2 𝛼21 − 𝜁𝑏𝑙𝜛1)
⋅ ∫𝑙
0
𝑧2𝑥 (𝑥, 𝑡) 𝑑𝑥 + 3𝜁𝜌𝑙2 𝑒2 − (𝜏𝑏 − 𝜁𝑏𝑙𝜛1 )

⋅ ∫𝑙
0
[𝑧𝑡 (𝑥, 𝑡) + V𝑧𝑥 (𝑥, 𝑡)]2 𝑑𝑥 + 𝜏𝑃𝑧𝑥 (𝑙, 𝑡) 𝑒

(34)

where 𝜛2, 𝜛3 > 0.
Step 2. In this step, the auxiliary system is developed to
cope with the input saturation constraint and the control
command 𝑢0 is designed to stabilize 𝑒 around zero.

Then, we first define the following auxiliary system as

𝜙𝑡 = {{{{{
−𝑐2𝜙 − 𝑒 △ 𝑢 + 0.5 (△𝑢)2𝜙 + △𝑢, 𝜙 ≥ 𝜙0,
0, 𝜙 < 𝜙0,

(35)

where 𝑐2, 𝜙0 > 0,△𝑢 = 𝑢−𝑢0, and𝜙 is the state of the auxiliary
system.

Differentiate (20) and then combine (8) and (33), result-
ing in

𝑒𝑡 = 1𝑚 [𝑢 + 𝑑 − 𝛽𝑒 + 𝛽𝑐1𝑧𝑥 (𝑙, 𝑡) − 𝑃𝑧𝑥 (𝑙, 𝑡)
+ 𝑚𝑐1𝑧𝑥𝑡 (𝑙, 𝑡)]

(36)



Complexity 5

Choose the Lyapunov function candidate as

𝑉𝑛 = 𝑉𝑚 + 𝑚2 𝑒2 + 𝜋2𝑤22 + 12𝜙2 + 12𝑑2 (37)

where 𝜋 > 0.
Differentiating 𝑉𝑛 yields

𝑉𝑛𝑡 = 𝑉𝑚𝑡 + 𝑚𝑒𝑒𝑡 + 𝜋𝑤2𝑤2𝑡 + 𝜙𝜙𝑡 + 𝑑𝑑𝑡 (38)

Substituting (10), (19), (34)-(36) into (38), we obtain

𝑉𝑛𝑡 ≤ −(𝜏𝑐1𝑃 − 𝜁𝜌𝑙𝑐21 − 𝜏𝑃V + 𝜁𝑃𝑙 − 𝜁𝜌𝑙V22 − 𝜏𝑃𝜛2
− 𝑐1𝜁𝜌𝑙𝜛3 )𝑧2𝑥 (𝑙, 𝑡) −

𝜏V (𝑃 − 𝜌V2)
2 𝑧2𝑥 (0, 𝑡)

+ 𝜏𝑃𝑧𝑥 (𝑙, 𝑡) 𝑒 − (𝜇 − 12) 𝑑2 + 12𝑑2𝑡 − (𝜁𝑃2 − 𝜁𝜌2 𝛼21
− 𝜁𝑏𝑙𝜛1)∫𝑙

0
𝑧2𝑥 (𝑥, 𝑡) 𝑑𝑥 + 3𝜁𝜌𝑙2 𝑒2 − (𝜏𝑏 − 𝜁𝑏𝑙𝜛1 )

⋅ ∫𝑙
0
[𝑧𝑡 (𝑥, 𝑡) + V𝑧𝑥 (𝑥, 𝑡)]2 𝑑𝑥 − (𝜋𝛽𝑚 − 𝜏𝑃𝜛2

− 𝜁𝜌𝑙 − 𝑐1𝜁𝜌𝑙𝜛3)𝑤22 − (𝑐2 − 12)𝜙2 + 𝑒 [𝑢0 + 𝑑
− 𝛽𝑒 + 𝛽𝑐1𝑧𝑥 (𝑙, 𝑡) − 𝑃𝑧𝑥 (𝑙, 𝑡) + 𝑚𝑐1𝑧𝑥𝑡 (𝑙, 𝑡)]

(39)

From (39), we design the control command 𝑢0 as
𝑢0 = −𝑐3𝑒 − 𝑑 − 𝛽𝑐1𝑧𝑥 (𝑙, 𝑡) + 𝑃𝑧𝑥 (𝑙, 𝑡) − 𝑚𝑐1𝑧𝑥𝑡 (𝑙, 𝑡)

− 𝜏𝑃𝑧𝑥 (𝑙, 𝑡) + 𝑐4𝜙 (40)

where 𝑐3, 𝑐4 > 0.
Substituting (40) into (39) and applying𝑚𝑛 ≤ (𝑚2+𝑛2)/2,

we get

𝑉𝑛𝑡 ≤ −(𝜏𝑐1𝑃 − 𝜁𝜌𝑙𝑐21 − 𝜏𝑃V + 𝜁𝑃𝑙 − 𝜁𝜌𝑙V22 − 𝜏𝑃𝜛2
− 𝑐1𝜁𝜌𝑙𝜛3 )𝑧2𝑥 (𝑙, 𝑡) −

𝜏V (𝑃 − 𝜌V2)
2 𝑧2𝑥 (0, 𝑡) − (𝑐3 + 𝛽

− 3𝜁𝜌𝑙2 − 𝑐42 − 12) 𝑒2 − (𝜁𝑃2 − 𝜁𝜌2 𝛼21 − 𝜁𝑏𝑙𝜛1)
⋅ ∫𝑙
0
𝑧2𝑥 (𝑥, 𝑡) 𝑑𝑥 − (𝑐2 − 𝑐42 − 12)𝜙2 − (𝜏𝑏

− 𝜁𝑏𝑙𝜛1 )∫
𝑙

0
[𝑧𝑡 (𝑥, 𝑡) + V (𝑡) 𝑧𝑥 (𝑥, 𝑡)]2 𝑑𝑥 + 12𝑑2𝑡

− (𝜋𝛽𝑚 − 𝜏𝑃𝜛2 − 𝜁𝜌𝑙 − 𝑐1𝜁𝜌𝑙𝜛3)𝑤22 − (𝜇 − 1) 𝑑2

(41)

Combining (20) and (33), the designed control command 𝑢0
in (40) is rewritten as

𝑢0 (𝑡) = −𝑐3𝑤2 − 𝑐1𝑐3𝑧𝑥 (𝑙, 𝑡) − 𝑑 − 𝛽𝑐1𝑧𝑥 (𝑙, 𝑡)
+ 𝑃𝑧𝑥 (𝑙, 𝑡) − 𝑚𝑐1𝑧𝑥𝑡 (𝑙, 𝑡) − 𝜏𝑃𝑧𝑥 (𝑙, 𝑡) + 𝑐4𝜙 (42)

It is worth mentioning that the boundary state 𝑧𝑥𝑡(𝑙, 𝑡) in the
designed control command (42) can be calculated utilizing a
backward difference algorithm to the measured signal 𝑧𝑥(𝑙, 𝑡)
[22]. However, in practice, the measurement noise arising
from the sensors will be further magnified in the differential
process to obtain 𝑧𝑥𝑡(𝑙, 𝑡), which will limit the controller
(42) implementation. In consequence, to address this issue,
high-gain observers are utilized for the estimation of the
unmeasured state 𝑧𝑥𝑡(𝑙, 𝑡).
Lemma 4. Suppose that a system output 𝑦(𝑡) and its first 𝑚
derivatives are bounded such that |𝑦(𝑛)| < 𝑌𝑛 with positive
constants 𝑌𝑛, 𝑛 = 1, ⋅ ⋅ ⋅ , 𝑚; then the following linear system
is considered [30]

𝜖𝜂𝑖𝑡 = 𝜂𝑖+1, 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑚 − 1,
𝜖𝜂𝑚𝑡 = −𝜆1𝜂𝑚 − 𝜆2𝜂𝑚−1 − ⋅ ⋅ ⋅ − 𝜆𝑚−1𝜂2 − 𝜂1 + 𝑥1, (43)

where 𝜖 is any small positive constant and the parameters 𝜆𝑖,
for 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑚 − 1, are chosen such that the polynomial 𝑠𝑚 +𝜆1𝑠𝑚−1 + ... +𝜆𝑚−1𝑠+1 is Hurwitz.	en, we have the following
property:

𝜒𝑛 = 𝜂𝑛𝜖𝑛−1 − 𝑥(𝑛−1)1 = −𝜖𝜓(𝑛), 𝑛 = 1, ⋅ ⋅ ⋅ , 𝑚 − 1 (44)

where 𝜓 = 𝜂𝑚 + 𝜆1𝜂𝑚−1 + ⋅ ⋅ ⋅ + 𝜆𝑚−1𝜂1 with 𝜓(𝑛) denoting the𝑛th derivative of 𝜓. In addition, there exist positive constants 𝑇
and ℎ𝑛 such that ∀𝑡 > 𝑇; we have ‖𝜒𝑛‖ ≤ 𝜖ℎ𝑛, 𝑛 = 1, ⋅ ⋅ ⋅ , 𝑚,
where ‖ ⋅ ‖ denotes the standard Euclidean norm.

It is evidently obtained from Lemma 4 that 𝜂𝑛+1/𝜖𝑛
converges to 𝑥(𝑛)1 , which is the 𝑛th derivative of 𝑥1; that is to
say, 𝜒𝑛 converges to zero due to the high-gain 1/𝜖 provided
that 𝑥1 and its 𝑛th derivatives are bounded. As a consequence,
it is proper to choose 𝜂𝑛+1/𝜖𝑛 as an observer to estimate the
output signals up to the 𝑚th order derivative.

Define 𝑥1 = 𝑧𝑥(𝑙, 𝑡) and 𝑥2 = 𝑧𝑥𝑡(𝑙, 𝑡). We consider the
observer for the system with 𝑚 = 2 and then design the
estimate of the state 𝑥2 as

𝑥2 = 𝜂2𝜖 (45)

where the dynamics of 𝜂2 and the error 𝑥2 are defined as

𝜖𝜂1𝑡 = 𝜂2
𝜖𝜂2𝑡 = −𝜆1𝜂2 − 𝜂1 + 𝑥1
𝑥2 = 𝑥2 − 𝑥2

(46)

It follows from (45) and (46) that the designed control
command (40) is updated as

𝑢0 = −𝑐3𝑒 − 𝑑 − (𝛽𝑐1 + 𝜏𝑃 − 𝑃) 𝑥1 − 𝑚𝑐1𝑥2 + 𝑐4𝜙 (47)
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Substituting (47) into (39) and applying 𝑚𝑛 ≤ (𝑚2 + 𝑛2)/2,
we have

𝑉𝑛𝑡 ≤ −(𝜏𝑐1𝑃 − 𝜁𝜌𝑙𝑐21 − 𝜏𝑃V + 𝜁𝑃𝑙 − 𝜁𝜌𝑙V22 − 𝜏𝑃𝜛2
− 𝑐1𝜁𝜌𝑙𝜛3 )𝑧

2
𝑥 (𝑙, 𝑡) − 𝜏V (𝑃 − 𝜌V

2)
2 𝑧2𝑥 (0, 𝑡) − (𝑐3

+ 𝛽 − 3𝜁𝜌𝑙2 − 𝑐42 − 12 − 𝑚𝑐1𝜛4 ) 𝑒2 − (
𝜁𝑃2 − 𝜁𝜌2 𝛼21

− 𝜁𝑏𝑙𝜛1)∫𝑙
0
𝑧2𝑥 (𝑥, 𝑡) 𝑑𝑥 − (𝑐2 − 𝑐42 − 12) 𝜙2 − (𝜏𝑏

− 𝜁𝑏𝑙𝜛1 )∫
𝑙

0
[𝑧𝑡 (𝑥, 𝑡) + V (𝑡) 𝑧𝑥 (𝑥, 𝑡)]2 𝑑𝑥 + 12𝑑2𝑡

+ 𝑚𝑐1𝜛4𝑥22 − (𝜋𝛽𝑚 − 𝜏𝑃𝜛2 − 𝜁𝜌𝑙 − 𝑐1𝜁𝜌𝑙𝜛3)𝑤22
− (𝜇 − 1) 𝑑2

(48)

where 𝜛4 > 0.
The parameters 𝑐1, 𝑐2, 𝑐3, 𝑐4, 𝜏, 𝜁, 𝜋, 𝜇, 𝜛1, 𝜛2, 𝜛3, and 𝜛4

are chosen such that

𝜁 < min (𝜏𝜌, 𝜏𝑇)
𝜌𝑙

𝑃 − 𝜌V2 ≥ 0
𝜏𝑐1𝑃 − 𝜁𝜌𝑙𝑐21 − 𝜏𝑃V (𝑡) + 𝜁𝑃𝑙 − 𝜁𝜌𝑙V2 (𝑡)2 − 𝜏𝑃𝜛2
− 𝑐1𝜁𝜌𝑙𝜛3 ≥ 0

𝜆1 = 𝜏𝑏 − 𝜁𝑏𝑙𝜛1 > 0
𝜆2 = 𝜁𝑃2 − 𝜁𝜌2 𝛼21 − 𝜁𝑏𝑙𝜛1 > 0
𝜆3 = 𝑐3 + 𝛽 − 3𝜁𝜌𝑙2 − 𝑐42 − 12 − 𝑚𝑐1𝜛4 > 0
𝜆4 = 𝜋𝛽𝑚 − 𝜏𝑃𝜛2 − 𝜁𝜌𝑙 − 𝑐1𝜁𝜌𝑙𝜛3 > 0
𝜆5 = 𝑐2 − 𝑐42 − 12 > 0
𝜆6 = 𝜇 − 1 > 0

(49)

Substituting (49) into (48) gives

𝑉𝑛𝑡 ≤ −𝜆1∫𝑙
0
[𝑧𝑡 (𝑥, 𝑡) + V𝑧𝑥 (𝑥, 𝑡)]2 𝑑𝑥

− 𝜆2∫𝑙
0
𝑧2𝑥 (𝑥, 𝑡) 𝑑𝑥 − 𝜆3𝑒2 − 𝜆4𝑤22 − 𝜆5𝜛2

− 𝜆6𝑑2 + 𝛾
(50)

where 𝛾 = (1/2)𝛼23 + 𝑚𝑐1𝜛4𝜖2ℎ22 < +∞.
It can be derived from (50)

𝑉𝑛𝑡 ≤ −𝜀1 (𝑉𝑎 + 𝑚2 𝑒2 + 𝜋2𝑤22 + 12𝜙2 + 12𝑑2) + 𝛾 (51)

where 𝜀1 = min(2𝜆1/𝜏𝜌, 2𝜆2/𝜏𝑃, 2𝜆3/𝑚, 2𝜆4/𝜋, 2𝜆5, 2𝜆6).
Combining (21), (22), (29), and (37) yields

0 < 𝜀2 (𝑉𝑎 + 𝑚2 𝑒2 + 𝜋2𝑤22 + 12𝜙2 + 12𝑑2) ≤ 𝑉𝑛
≤ 𝜀3 (𝑉𝑎 + 𝑚2 𝑒2 + 𝜋2𝑤22 + 12𝜙2 + 12𝑑2)

(52)

where 𝜀2 = min(1, 1) > 0 and 𝜀3 = max(2, 1) > 0.
Combining (51) and (52), we further obtain

𝑉𝑛𝑡 ≤ −𝜀𝑉𝑛 + 𝛾 (53)

where 𝜀 = (𝜀1/𝜀3).
Then, we rewrite the designed control command 𝑢0 in

(47) as

𝑢0 = −𝑐3𝑤2 − 𝑑 − (𝑐1𝑐3 + 𝛽𝑐1 + 𝜏𝑃 − 𝑃) 𝑥1 − 𝑚𝑐1𝑥2
+ 𝑐4𝜙 (54)

Theorem 5. Given the considered system described by (1), (2),
and (13), under the designed disturbance observer (17), control
command (54), and Assumptions 2 and 3, provided that the
initial conditions are bounded and the design parameters 𝑐1,𝑐2, 𝑐3, 𝑐4, 𝜏, 𝜁, 𝜋, 𝜇, 𝜛1, 𝜛2, 𝜛3, and 𝜛4 are chosen such that
the constraints specified in (49) hold, then the close-loop system
signals 𝑧(𝑥, 𝑡) and 𝜙(𝑡) are uniformly bounded.

Proof. Integrating (53) from 0 to 𝑡 gives
𝑉𝑛 ≤ [𝑉𝑛 (0) − 𝛾𝜀 ] 𝑒−𝜀𝑡 + 𝛾𝜀 ≤ 𝑉 (0) 𝑒−𝜀𝑡 + 𝛾𝜀 ∈L∞ (55)

The combination of (52), 𝑉𝑎, and Lemma 2 in [3] yields

𝜏𝑃2𝑙 𝑧2 (𝑥, 𝑡) ≤ 𝜏𝑃2 ∫𝐿
0
𝑧2𝑥 (𝑥, 𝑡) 𝑑𝑥 ≤ 𝑉𝑎 ≤ 1𝜀2𝑉𝑛 (56)

12𝜙2 (𝑡) ≤ 1𝜀2𝑉𝑛 (57)

Substituting (55) into (56) and (57), respectively, leads to

|𝑧 (𝑥, 𝑡)| ≤ √ 2𝑙𝜏𝜀2𝑃 [𝑉𝑛 (0) 𝑒−𝜀𝑡 +
𝛾𝜀 ],

∀ (𝑥, 𝑡) ∈ [0, 𝑙] × [0, +∞)
(58)

𝜙 (𝑡) ≤ √ 2𝜀2 [𝑉𝑛 (0) 𝑒−𝜀𝑡 +
𝛾𝜀 ], ∀𝑡 ∈ [0, +∞) (59)
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Figure 2: Deflection of the string without control.

From the aforementioned analysis, we further obtain

lim
𝑡→∞

|𝑧 (𝑥, 𝑡)| ≤ √ 2𝑙𝛾𝜏𝜀2𝜀𝑃 , ∀𝑥 ∈ [0, 𝑙] (60)

lim
𝑡→∞

|𝜛 (𝑡)| ≤ √ 2𝛾𝜀2𝜀 (61)

Thus, the proof is completed.

Remark 6. In this paper, the controller and observer design
proceed on the basis of the infinite dimensional partial dif-
ferential dynamics; hence there is absence of control spillover
issue. In future studies, we will exploit modal method to
conduct neural network or learning based control design for
achieving the transient performance regulation [32–44].

4. Simulations

In this section, the finite difference method is exploited
to simulate the performance of the proposed control in
MATLAB software, which can provide a straightforward
and accurate process to resolve partial differential equations
with two independent variables. The parameters of the
considered system are given as 𝜌=1.0kg/m,𝑚=5.0kg, 𝑙=1.0m,𝑐=1.0Ns/m2, 𝛽=1.0Ns/m, 𝑃=100N, and V(𝑡)=2 + sin(𝑡). The
initial conditions of the considered system are represented as𝑧(𝑥, 0) = 𝑧𝑡(𝑥, 0) = 0. The external disturbance is described
as 𝑑(𝑡) = sin(𝑡) + 3 sin(3𝑡) + 5 sin(5𝑡).

Figure 2 displays the spatiotemporal response of the
string system under free vibration; namely, 𝑢(𝑡) = 0, in
the presence of external disturbance and input saturation.
Figure 3 depicts the spatial time representation of the string
system under the proposed control with the choice of the
control design parameters 𝑐1 = 𝑐2 = 𝑐3=100, 𝑐4=10, 𝜇=100,𝜏=0.1, 𝜙0=0.001, 𝑢𝑚=2, 𝜖=0.005, and 𝜆1=10. Figures 4 and
5 show the vibrational offset of the considered string sys-
tem examined at 𝑥=1.0m and 𝑥=0.5m for controlled and
uncontrolled response, respectively. Figure 6 displays the
time responses of the external disturbance tracking. The time
histories of the designed control command 𝑢0(𝑡) and satu-
rated control input 𝑢(𝑡) are, respectively, shown in Figures 7
and 8.
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Figure 3: Deflection of the string with the proposed control.
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Figure 4: Two-dimensional deflection of the string without control.
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Figure 5: Two-dimensional deflection of the string with control.
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Figure 7: Designed control command 𝑢0(𝑡).

We draw a conclusion from Figures 2–8 that the vibra-
tional deflection of the string system is significantly sup-
pressed when acting on the designed control, the estimated
disturbance can better and faster track the actual disturbance,
the designed control command 𝑢0(𝑡) is mainly used for
rejecting the external disturbance, and the restricted control
input 𝑢(𝑡) is saturated in the domain [-2, 2] due to the
existence of input saturation.

5. Conclusion

In this paper, the vibration boundary control issue for an
axial string system subject to input restriction and external
disturbance has been studied. The output feedback control

has been developed to damp the vibration and stabilize
the system around the equilibrium position synthesizing
observer backstepping and high-gain observers. Besides, the
auxiliary system and disturbance observer have been intro-
duced to compensate the nonlinear input saturation effect
and reject the external disturbance. Based on the rigorous
Lyapunov analysis, the stability of the controlled system has
been demonstrated without resorting to model reduction
method. Numerical simulations have been conducted to clar-
ify the performance of the proposed control approach. In the
future, we will concentrate on the output and input restric-
tion problem for axially moving systems and applying this
control approach to the actual system is also an interesting
topic.
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As the inertial navigation system cannot meet the precision requirements of global navigation in the special geographical
environment of the Polar Regions, this paper presents Strapdown Inertial Navigation System (SINS)/Celestial Navigation System
(CNS) integrated navigation system of airborne based on Grid Reference Frame (GRF) and the simulation is carried out. The
result of simulation shows that the SINS/CNS integrated navigation system is superior to the single subsystem in precision and
performance, which not only effectively inhibits the error caused by gyro drift but also corrects the navigation parameters of system
without delay. Comparing the simulation in the middle and low latitudes and in the Polar Regions, the precision of SINS/CNS
integrated navigation system is the same in the middle and low latitudes and in the Polar Regions.

1. Introduction

With the development of science and technology, the change
of economy, military situation, energy, shipping, scientific
research, and military value of Polar Regions are becoming
more and more prominent and the activities of countries
in the Polar Regions are also becoming more and more
frequently. However, the problems of existing navigation
devices are low reliability and poor security in the Polar
Regions because there are few inhabitants around the place,
unique topographic and geomorphic conditions.

At present, the arrangement of algorithm and the analysis
of error are focused on the research of airborne navigation
in the Polar Regions. There is not established complete
theoretical system which can support the actual navigation
system of the Polar Regions, there are many problems which
urgently need to be solved. SINS is considered as the first
choice of self-contained navigational aids of polar navigation,
but SINS has the limitation of accumulating error with time.
It is difficult to only rely on SINS to complete the high
precision and long navigation of the airborne. Therefore, it
is urgent to introduce the combination of external reference

information and inertial navigation system for data fusion in
polar navigation [1, 2].

2. The SINS/CNS Integrated Navigation
System in the Middle and Low Latitudes

The CNS is a navigation which based on indestructible
natural celestial bodies.The star sensor is often used to detect
the stellar map to determine the attitude of the aircraft,
relative to the inertial coordinate system, and the result of
attitude is very high precision. However, the update rate
of CNS is very low, and it cannot provide real-time infor-
mation about velocity and position of aircraft. By the high
precision attitude of CNS, SINS/CNS integrated navigation
system revises the error of SINS with time to improve the
measurement precision of integrated navigation system [3, 4].

2.1. The Principle of SINS/CNS Integrated Navigation System.
According to the different installation methods of star sensor
and inertial device, the working mode of SINS/CNS inte-
grated navigation systemcan be used as strapdownmode.The
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Figure 1: The structure of SINS/CNS integrated navigation system.

three-axis attitude of aircraft is given by SINS in SINS/CNS
integrated navigation system, and the star sensor output
the transformation matrix of inertial coordinate system,
relative to the star sensor coordinate system. The process of
combinatorial is as follows.

The first, the transformationmatrix of inertial coordinate
system relative to the star sensor coordinate system, which is
calculated by the position and attitude of SINS. The second,
the transformation matrix of SINS and the transformation
matrix of star sensor output, which is subtracted as the
measurement sent to Kalman filter for information fusion to
obtain the optimal estimation value of integrated navigation
system. The last, the optimal estimation value of integrated
navigation system, which is used to adjust the error of SINS;
it is the result of integrated navigation system [5, 6]. The
structure chart of SINS/CNS integrated navigation system is
shown in Figure 1.

2.2. The State Space Mode of SINS/CNS Integrated Navigation
System in the Middle and Low Latitudes. It is S coordinate
system as themeasuring coordinate system of star sensor; the
output of star sensor is attitude matrix C𝑠𝑖 which is the star
sensor coordinate system relative to the inertial coordinate
system. Due to the high precision of star sensor, the error of
star sensor can be ignored as long as the installation error
of star sensor is strictly calibrated [7, 8]. The transformation
matrix of star sensor can be obtained as follows:

Ĉ𝑆𝐶𝑁𝑆 = C𝑠𝑖 + C𝑤 (1)

The attitude error C𝑤 can be considered as Gauss white
noise.

C𝑤 = [[
[

𝐶𝑤11 𝐶𝑤12 𝐶𝑤13
𝐶𝑤21 𝐶𝑤22 𝐶𝑤23
𝐶𝑤31 𝐶𝑤32 𝐶𝑤33

]]
]

(2)

The various C𝑤 are satisfied

𝐸 [𝐶𝑤𝑖𝑗 (𝑡)] = 0
𝐸 [𝐶𝑤𝑖𝑗 (𝑡) 𝐶𝑤𝑖𝑗 (𝜏)] = 𝑞𝑤𝑖𝑗𝛿 (𝑡 − 𝜏)

𝑖, 𝑗 = 1, 2, 3.
(3)

The transformation matrix from the measurement coor-
dinate system of star sensor S to body coordinate system b
is C𝑠𝑏, the attitude matrix of SINS is C𝑏𝑛𝑐, the position matrix

of SINS is C𝑛𝑒𝑐, and the transformation matrix with inertial
coordinate system relative to terrestrial coordinate system is
C𝑒𝑖 ; then the transformation matrix calculated by the SINS is

Ĉ𝑆𝑆𝐼𝑁𝑆 = C𝑠𝑏C
𝑏
𝑛𝑐C
𝑛
𝑒𝑐C
𝑒
𝑖

(4)

where C𝑏𝑛𝑐 = C𝑏𝑛[I + 𝜑𝑛×], C𝑛𝑒𝑐 = C𝑛𝑒 [I − (𝛿𝑃×)].
So

Ĉ𝑆𝑆𝐼𝑁𝑆 = C𝑠𝑏C
𝑏
𝑛𝑐C
𝑛
𝑒𝑐C
𝑒
𝑖

= C𝑠𝑏C
𝑏
𝑛 [I + 𝜙×]C𝑛𝑒 [I − (𝛿𝑃×)]C𝑒𝑖

= C𝑠𝑏C
𝑏
𝑛C
𝑛
𝑒C
𝑒
𝑖 + C𝑠𝑏C𝑏𝑛 (𝜙×)C𝑛𝑒C𝑒𝑖

− C𝑠𝑏C𝑏𝑛 (𝛿𝑃×)C𝑛𝑒C𝑒𝑖

(5)

where

[𝜙×] = [[
[

0 −𝛿𝜙𝑈 𝛿𝜙𝑁
𝛿𝜙𝑈 0 −𝛿𝜙𝐸
−𝛿𝜙𝑁 𝛿𝜙𝐸 0

]]
]

[𝛿𝑃×] = [[
[

0 −𝛿𝜆 sin 𝐿 𝛿𝜆 cos 𝐿
𝛿𝜆 sin 𝐿 0 𝛿𝐿
−𝛿𝜆 cos 𝐿 −𝛿𝐿 0

]]
]

(6)

When the difference of attitude angles measured by
SINS and CNS is very small, the cross-coupled term of
transformation matrix can be approximated to zero. The
measurement of SINS/CNS integrated navigation system is
that the transformation matrix of star sensor subtracts from
the transformation matrix calculated by SINS; it is

Z𝑆𝐼𝑁𝑆/𝐶𝑁𝑆 = Ĉ𝑆𝑆𝐼𝑁𝑆 − Ĉ𝑆𝐶𝑁𝑆
= C𝑠𝑏C

𝑏
𝑛 (𝜙×)C𝑛𝑒C𝑒𝑖 − C𝑠𝑏C𝑏𝑛 (𝛿𝑃×)C𝑛𝑒C𝑒𝑖

− C𝑤
(7)

𝛿𝜆 and 𝛿𝐿 are ascensional difference and declination
difference; it is a small angle of arc-second, so it can be
ignored the influence by the longitude and latitude, [𝛿𝑃×] =
03×3; it can be simplified as follows:

Z𝑆𝐼𝑁𝑆/𝐶𝑁𝑆 = Ĉ𝑆𝑆𝐼𝑁𝑆 − Ĉ𝑆𝐶𝑁𝑆 = C𝑠𝑏C
𝑏
𝑛 (𝜙×)C𝑛𝑒C𝑒𝑖 − C𝑤 (8)
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C𝑠𝑏C
𝑏
𝑛 = [[

[

𝑠11 𝑠12 𝑠13
𝑠21 𝑠22 𝑠23
𝑠31 𝑠32 𝑠33

]]
]
,

C𝑛𝑒C
𝑒
𝑖 = [[
[

𝑛11 𝑛12 𝑛13
𝑛21 𝑛22 𝑛23
𝑛31 𝑛32 𝑛33

]]
]

(9)

It can be obtained

Ẑ𝑆𝐼𝑁𝑆/𝐶𝑁𝑆 =

[[[[[[[[[[[[[[[[[[[
[

𝑍11
𝑍12
𝑍13
𝑍21
𝑍22
𝑍23
𝑍31
𝑍32
𝑍33

]]]]]]]]]]]]]]]]]]]
]

=

[[[[[[[[[[[[[[[[[[[
[

𝑠13𝑛21 − 𝑠12𝑛31 𝑠11𝑛31 − 𝑠13𝑛11 𝑠12𝑛11 − 𝑠11𝑛21
𝑠13𝑛22 − 𝑠12𝑛32 𝑠11𝑛32 − 𝑠13𝑛12 𝑠12𝑛12 − 𝑠11𝑛22
𝑠13𝑛23 − 𝑠12𝑛33 𝑠11𝑛33 − 𝑠13𝑛13 𝑠12𝑛13 − 𝑠11𝑛23
𝑠23𝑛21 − 𝑠22𝑛31 𝑠21𝑛31 − 𝑠23𝑛11 𝑠22𝑛11 − 𝑠21𝑛21
𝑠23𝑛22 − 𝑠22𝑛32 𝑠21𝑛32 − 𝑠23𝑛12 𝑠22𝑛12 − 𝑠21𝑛22
𝑠23𝑛23 − 𝑠22𝑛33 𝑠21𝑛33 − 𝑠23𝑛13 𝑠22𝑛13 − 𝑠21𝑛23
𝑠33𝑛21 − 𝑠32𝑛31 𝑠31𝑛31 − 𝑠33𝑛11 𝑠32𝑛11 − 𝑠31𝑛21
𝑠33𝑛22 − 𝑠32𝑛32 𝑠31𝑛32 − 𝑠33𝑛12 𝑠32𝑛12 − 𝑠31𝑛22
𝑠33𝑛23 − 𝑠32𝑛33 𝑠31𝑛33 − 𝑠33𝑛13 𝑠32𝑛13 − 𝑠31𝑛23

]]]]]]]]]]]]]]]]]]]
]

[[
[

𝛿𝜙𝐸
𝛿𝜙𝑁
𝛿𝜙𝑈

]]
]

−

[[[[[[[[[[[[[[[[[[[
[

𝐶𝑤11
𝐶𝑤12
𝐶𝑤13
𝐶𝑤21
𝐶𝑤22
𝐶𝑤23
𝐶𝑤31
𝐶𝑤32
𝐶𝑤33

]]]]]]]]]]]]]]]]]]]
]

= 𝐻𝑆𝐼𝑁𝑆/𝐶𝑁𝑆𝑋𝐼𝑁𝑆 − 𝑉𝐶𝑁𝑆

(10)

2.3. The Simulation and Analysis of SINS/CNS Integrated
Navigation System in the Middle and Low Latitudes. The
simulation time of SINS/CNS integrated navigation system
in the middle and low latitudes is 600s, the time of attitude
updating, velocity updating, and position updating are 20ms,
and the sampling period of inertial sensor is 10ms [9]. In the
simulation, the parameters are set as follows:

The initial error of SINS is as follows.
The initial error of attitude is [0.5 0.5 20], the initial

error of velocity is [0.01 0.01 0.01] m/s, and the initial error
of position is [20 20 20]𝑚.

The parameters of inertial sensor are as follows.

(1) The random constant drift of gyroscope is 0.01∘/ℎ, the
random walk coefficient of gyroscope is 0.001∘/√ℎ,
and the error of scale factor is 30ppm.

(2) The random constant drift of accelerometer is 40ug
and the random walk coefficient of accelerometer is
5ug√𝑠.

The parameters of star sensor are as follows.
The horizontal measuring precision of angle is 10, the

azimuth measuring precision of angle is 20, and the error of
installation which between CNS and SINS is [3, 3, 3]T.

These parameters are the same as in the Polar Regions.
The simulation results are showed in Figure 2.

(1) The attitude error of SINS/CNS in the middle and
low latitudes is showed as Figure 2(a). The attitude of CNS
is considered as observation information in the SINS/CNS
integrated navigation system, the convergence rate of attitude
is quickened, the measurement accuracy of SINS/CNS inte-
grated navigation system is improved effectively, and, after a
few seconds, the attitude error is up to 0.15.

(2)The velocity error and the position error of SINS/CNS
in the middle and low latitudes are showed as Figures 2(b)
and 2(c). They are divergent in the SINS/CNS integrated
navigation system, because CNS was unable to provide real-
time information of the velocity and position of aircraft.

(3) The constant drift of gyroscope and accelerometer
of SINS/CNS in the middle and low latitude are showed as
Figures 2(d) and 2(e). The horizontal attitude error is the
main error of integrated navigation system; the influence of
azimuth attitude error is relatively weak. The constant drift
of gyroscope directly affects attitude error in the attitude
information which is given by the inertial navigation system.
It is better of the constant drift of gyroscope, and it is diver-
gent of the constant drift of accelerometer in the SINS/CNS
integrated navigation system.

3. The Algorithm of SINS/CNS
Integrated Navigation System Based on
Grid Reference Frame

In order to avoid the convergence of azimuth reference line at
the poles, all the longitudes are redefined which are parallel
to the Greenwich meridian [10, 11]. In this way, the azimuth
attitude is relative to the Greenwich meridian and its parallel
line, which is grid navigation. The grid navigation and the
grid coordinate system have been described in the author’s
literature [12], so that the author don not bore you with
unnecessary details.

The celestial navigation is an old method of navigation
and position, and the irreplaceable of celestial navigation is
determined by the autonomy of celestial navigation. Even
in the present age, the advanced development of radio
navigation system and the accuracy and timeliness of ship
positioning have been well solved, the celestial navigation
is still unwavering in the navigation. As early as 1989,
Guo Honggui has proposed the celestial navigation of Polar
Regions in the literature [13].
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(a) The attitude error of SINS/CNS in the
middle and low latitudes
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(c) The position error of SINS/CNS in the
middle and low latitude
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(d) The constant drift of gyroscope of
SINS/CNS in the middle and low latitude
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(e) The constant drift of accelerometer of
SINS/CNS in the middle and low latitude

Figure 2

3.1. The Relationship of the Grid Orientation and the True
North. It is very difficult to navigate from the true north
because of the convergence of polar meridians. The north
azimuth inertial navigation system is adopted in the middle
and low latitude, so the true north is thought as azimuth
reference in the celestial navigation system. To overcome
the difficult of convergence of polar meridians, the grid
coordinate system is adopted in the inertial navigate system
and the grid north is thought as azimuth reference in the
celestial navigation system [13, 14].

Furthermore, the position of grid inertial navigation
system can be directlymatched with polar chart, and it can be
realized by superposing grid lines on chart of Polar Regions.
Because the grid line is parallel to the Greenwich meridian,
the angle between the grid north (GN) and the true north
(TN) is determined by the longitude of location and the
convergence factor of chart [15–17].

The Northern Hemisphere is as follows:

GN = TN + longitude (W)∗ the convergence factor of
chart
GN = TN – longitude (E)∗ the convergence factor of
chart

The Southern Hemisphere is as follows:

GN = TN –longitude (W)∗ the convergence factor of
chart
GN = TN +longitude (E)∗ the convergence factor of
chart

3.2. The State Space Mode of SINS/CNS Integrated Navigation
System in the Polar Regions. Because the star sensor optical
axis is fixedly connected with aircraft, the state variable
contained the installation deviation angle between the SINS
and the star sensor. It selects the state variable of SINS/CNS as
follows.Themisalignment angles of𝜙 = [𝜙𝐺𝐸 𝜙𝐺𝑁 𝜙𝐺𝑈]𝑇 are
the misalignment angle of grid eastward, the misalignment
angle of grid northward, and the misalignment angle of grid
azimuth. The velocity errors of 𝛿𝑣𝐺 = [𝛿V𝐺𝐸 𝛿V𝐺𝑁 𝛿V𝐺𝑈]𝑇
are the velocity error of grid eastward, the velocity error of
grid northward, and the velocity error of grid vertical. The
position errors of 𝛿𝑅𝑒 = [𝛿𝑥 𝛿𝑦 𝛿𝑧]𝑇 are the position error
of x-axis, the position error of y-axis, and the position error of
z-axis. The constant drift of gyroscope 𝜀 = [𝜀𝑥 𝜀𝑦 𝜀𝑧]𝑇 is the
constant drift of x-axis, the constant drift of y-axis, and the
constant drift of z-axis. The constant drift of accelerometer
∇ = [∇𝑥 ∇𝑦 ∇𝑧]𝑇 is the constant drift of x-axis, the constant
drift of y-axis, and the constant drift of z-axis.The installation
deviation angles of 𝜇 = [𝜇𝑥 𝜇𝑦 𝜇𝑧]𝑇 are the installation
deviation angle of x-axis, the installation deviation angle of y-
axis, and the installation deviation angle of z-axis.The system
state vector of SINS/CNS is

𝑋𝐶 = [𝜙𝐺𝐸 , 𝜙𝐺𝑁 , 𝜙𝐺𝑈 , 𝛿V𝐺𝐸 , 𝛿V𝐺𝑁 , 𝛿V𝐺𝑈 , 𝛿𝑥, 𝛿𝑦, 𝛿𝑧, 𝜀𝑥, 𝜀𝑦,
𝜀𝑧, ∇𝑥, ∇𝑦, ∇𝑧, 𝜇𝑥, 𝜇𝑦, 𝜇𝑧]𝑇

(11)

Based on the error state equation of SINS and the system
state vector of SINS/CNS integrated navigation system, the
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(a) The three-dimensional trajectory of the SINS/CNS in the Polar
Regions
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(b) The position trajectory of the SINS/CNS in the Polar
Regions
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(c) The attitude trajectory of the SINS/CNS in the Polar
Regions

Figure 3

state equation of SINS/CNS integrated navigation system can
be received as follows:

[[[[[[[[[[[[
[

�̇�

𝛿�̇�𝐺
𝛿�̇�𝑒
�̇�

∇̇

�̇�

]]]]]]]]]]]]
]

=

[[[[[[[[[[[[[
[

− (𝜔𝐺𝑖𝐺×) 𝐶𝑤𝐺V 𝐶13 −𝐶𝐺𝑏 03

(𝑓𝐺×) 𝐶22 𝐶23 03 𝐶𝐺𝑏
03 𝐶𝑒𝐺 𝐶33 03 03
03 03 03 03 03
03
03

03
03

03
03

03
03

03
03

]]]]]]]]]]]]]
]

[[[[[[[[[[[
[

𝜙

𝛿𝑣𝐺
𝛿𝑅𝑒
𝜀

∇

𝜇

]]]]]]]]]]]
]

+

[[[[[[[[[[[
[

−𝐶𝐺𝑏 𝜀𝑏𝑤
𝐶𝐺𝑏 ∇𝑏𝑤

03,1
03,1
03,1
03,1

]]]]]]]]]]]
]

(12)

where

𝐶13 = 𝐶𝑤𝑒𝑅 + 𝐶𝑤𝐺𝑅
𝐶22 = 𝑣𝐺 × 𝐶𝑤𝐺V − [(2𝜔𝐺𝑖𝑒 + 𝜔𝐺𝑒𝐺) ×]
𝐶23 = 𝑣𝐺 × (2𝐶𝑤𝑒𝑅 + 𝐶𝑤𝐺𝑅)
𝐶33 = −𝐶𝑒𝐺 (𝑣𝐺×)𝐶𝑅

(13)

The measurements of SINS/CNS integrated navigation
system in the Polar Regions are the difference between
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(a) The misalignment angle of SINS/CNS in the Polar
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(b) The velocity error of SINS/CNS in the Polar
Regions
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(c) The position error of SINS/CNS in the Polar
Regions
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(d) The constant drift of gyroscope of SINS/CNS in the
Polar Regions
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(e) The constant drift of accelerometer of SINS/CNS in
the Polar Regions
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(f) The error of installation deviation angle of
SINS/CNS in the Polar Regions

Figure 4

the transformation matrix of SINS and the transformation
matrix of star sensor, so the measurement of the SINS/CNS
integrated navigation system in the Polar Regions is shown as

𝑍𝐶𝑁𝑆 = �̃�𝑝 − �̃�𝑐

= [(𝑢𝑐×) 03 𝑢𝑐 ×𝑀𝑝 03 03 𝐶𝑃𝑏 (𝑢𝑐×)]

[[[[[[[[[[[
[

𝜙
𝛿𝑣𝐺
𝛿𝑅𝑒
𝜀

∇

𝜇

]]]]]]]]]]]
]

+ 𝛿𝑢𝑝
(14)

where

𝑀𝑝 = [[
[

−1 0 0
0 cos 𝐿 0
0 sin 𝐿 0

]]
]

(15)

3.3. The Trajectory of SINS/CNS Integrated Navigation System
in the Polar Regions. It is the 6h in the simulation of
SINS/CNS integrated navigation system when the aircraft is
in the Polar Regions; the trajectory is shown in Figure 3.
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The parameters of trajectory are the starting point which
is [45∘𝑁 108∘𝐸 500𝑚] and culmination of latitude which is
89.26∘𝑁.

The parameters of velocity are the initial velocity which is
0𝑚/𝑠 and the top velocity which is 310𝑚/𝑠.
3.4.The Simulation of SINS/CNS IntegratedNavigation System
in the Polar Regions. In the simulation, the parameters of
device are the same as the middle and low latitudes. The
results of simulation are shown in Figure 4.

(1) The misalignment angle of SINS/CNS integrated nav-
igation system in the Polar Regions is showed in Figure 4(a);
they are convergent to 0.5 in 100s and basically the same to
the attitude error of SINS/CNS integrated navigation system
in the middle and low latitude.

(2)The velocity error and the position error of SINS/CNS
integrated navigation system in the Polar Regions are showed
in Figures 4(b) and 4(c); the error of velocity is Schuler period
oscillation; themaximum amplitude is not more than 0.5m/s.
The error of position is the same as the error of velocity; it is
also Schuler period oscillation, and the maximum amplitude
is not more than 30m.

(3) The constant drift of gyroscope and accelerometer of
SINS/CNS integrated navigation system in the Polar Regions
is showed in Figures 4(d) and 4(e); the amplitude error of
velocity and position also decreases when the constant drift
of gyroscope and accelerometer is estimated. The amplitude
of velocity and position error also decreases.

(4)The error of installation deviation angle of SINS/CNS
integrated navigation system in the Polar Regions is showed
in Figure 4(f), the error of installation deviation angle is in
accordance with the misalignment angle, and the error of
installation deviation angle of SINS/CNS integrated naviga-
tion system in the Polar Regions converges to 0.3.
4. Summary

The SINS/CNS integrated navigation system in the Polar
Regions based on the Grid Reference Frame are the chore-
ography of inertial mechanics and overcome the problem
which is the difficulties in positioning and orientation of
airborne caused by meridian convergence. In the paper,
combining with the error of SINS and the state variable of
SINS/CNS integrated navigation system in the Polar Regions
which based on the Grid Reference Frame, the state space
mode of SINS/CNS integrated navigation system in the Polar
Regions is established. The simulation results showed that
the SINS/CNS integrated navigation system in the Polar
Regions could repress the error caused by the constant
drift of gyroscope and correct the navigation parameters
of SINS/CNS integrated navigation system. With the same
precision of inertial components, the precision of SINS/CNS
integrated navigation system in the Polar Regions and in the
middle and low latitudes is consistent.
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Unmanned ground vehicles (UGVs) are well suited to tasks that are either too dangerous or too monotonous for people. For
example, UGVs can traverse arduous terrain in search of disaster victims. However, it is difficult to design these systems so that they
perform well in a variety of different environments. In this study, we evolve controllers and physical characteristics of a UGV with
transformable wheels to improve its mobility in a simulated environment. The UGV’s mission is to visit a sequence of coordinates
while automatically handling obstacles of varying sizes by extending wheel struts radially outward from the center of each wheel.
Evolved finite state machines (FSMs) and artificial neural networks (ANNs) are compared, and a set of controller design principles
are gathered from analyzing these experiments. Results show similar performance between FSM and ANN controllers but differing
strategies. Finally, we show that a UGV’s controller and physical characteristics can be effectively chosen by examining results from
evolutionary optimization.

1. Introduction

Autonomous unmanned ground vehicles (UGV) provide an
excellent solution to tasks that require searching or moni-
toring in environments deemed too remote or dangerous for
humans. Consider search and rescue: after a natural disaster a
UGV can be used by first responders to help locate victims in
unstable and hazardous locations. UGVs have long operating
durations, can carry heavy payloads (e.g., sensors), and can
search in narrow and covered places such as forests and caves.

Ensuring that a UGV can handle many different types of
terrain is an ongoing challenge. Researchers have invented
several different methods for addressing the issue of mobility
in varied terrain. Specifically, robots have been designed with
treaded wheels, tracks, legs [1], legged-wheels (wheels are
rimless, wheel spokes make contact with the ground) [2–
5], wheeled-legs (wheels are on the end of legs and sus-
pensions can be actuated) [6–8], and transformable wheels
[9–12]. Although these systems provide an advantage over
traditional wheeled robots, optimization is not performed
in the vast majority of these studies. Moreover, as identified
by Mintchev and Floreano [13], most researchers in the area
of transformable wheels currently focus on the mechanical

design and leave control and decision making to future work.
For example, most robots with transformable wheels are
controlled remotely [11, 14], and Kim et al. [9] designed
a passive triggering mechanism that does not require any
controller input.

The device in this study, the Adabot (see Figure 1),
includes transformable wheels that can smoothly be con-
verted from a round wheel, to a wheel with tire studs, to
a legged-wheel. Wheel transformations are performed by
extending wheel struts radially outward from the center of
the wheel (see Figure 2). Adabot has been optimized using an
evolutionary algorithm such that its physical characteristics
and its controller are better able to handle terrain that
includes obstacles of varying sizes. In previous work [15], a
similar system was optimized to maximize forward velocity
over uneven terrain. The present study differs in two main
ways: (1) here we evolve controllers for a more difficult task:
way-point following, and (2) we analyze results from evolving
two types of feedback controllers (rather than feed-forward).

In this study, we evolve the robot’s chassis dimensions,
wheel radius, the number of wheel struts, along with either
a finite state machine (FSM) controller or an artificial neural
network (ANN) controller.The best evolved FSMs andANNs
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(a) Simulated Device (b) 3D Printed Prototype

Figure 1: Adabot, a UGV with transformable wheels.

Figure 2: Illustration of Adabot’s wheel extension mechanism, where the struts are fully retracted (left), partially extended like tire studs
(middle), and fully extended like legged-wheels (right).

are analyzed and compared. For this initial work, to ensure
that we are able to effectively analyze the ANN, the network
only has three input nodes, zero hidden nodes, and three
output nodes. The inputs are fully connected to the outputs.
The network is only slightly more complex than a Type
2 Braitenberg vehicle [16]. Conclusions drawn from our
analysis are used to create a set of design principles for
a new controller that takes advantage of both techniques.
In particular, it is attractive to design a controller that is
not a black-box like an ANN but less rigidly defined than
an FSM. Source code has been made available on GitHub
(https://github.com/anthonyjclark/adabot02-ann).

2. Related Work

In the field of evolutionary robotics (ER), an evolutionary
algorithm (EA) optimizes free variables of a given system [17].
ERmethods have been successfully applied to many different
types of robotic systems (aerial, aquatic, walking, etc.). For
example, we have previously used differential evolution to
evolve adaptive neural networks and morphologies for a
robotic fish [18, 19], and Moore et al. [20] evolved hierarchi-
cal controllers for segmented worm-like animats. Although
evolution has been regularly utilized at an abstract level to
optimize wheeled-robot navigation processes (for example,
see Gomes et al. [21] and Lehman and Stanley [22]), it has not
often been used to directly evolve UGVmorphologies, and to
the best of our knowledge this is the first study in which the
characteristics of a transformable wheel are evolved.

A large number of ER studies utilize ANNs to control
mobile robots, including Evolving Virtual Creatures [23],

which is considered one of the first ER works. ANNs provide
several benefits when using an evolutionary method. First,
since ANNs are so-called universal approximators [24], evo-
lution often produces novel and sometimes unintuitive results
that may not have been found when creating a controller by
hand [25]. And second, ANNs require a minimal amount of
user design. Specifically, an evolutionary algorithm can auto-
matically decide the importance of each input (sensor values)
in the calculation of each output (actuation mechanisms)
[26]. The primary disadvantage of using an ANN is that it is
considered a black-box system.That is, how an ANN achieves
its results is not often clear or analyzed. Recently, however,
some researchers have attempted to extract state machines
from evolved neural networks. For example, Yaqoob and
Wróbel [27] automatically generated a state machine with the
same properties of an evolved spiking neural network.

3. Adabot

Hardware. The Adabot, pictured in Figure 1, is a prototype
device that includes a Raspberry Pi 3 Model B (RPi) as
its main control board. The RPi was chosen for its ability
to run the Robot Operating System (ROS) [28, 29], which
Adabot uses to deploy its software systems. The size of an
RPi constrains the minimum dimensions of the Adabot’s
chassis. Specifically, the chassis must be at minimum 8 cm
by 8 cm. Table 1 lists all configurable parameters for Adabot’s
physical characteristics, where 𝑊ℎ𝑒𝑒𝑙𝐵𝑎𝑠𝑒 and 𝑇𝑟𝑎𝑐𝑘𝑊𝑖𝑑𝑡ℎ
denote the distance between the front and rear axles and the
lateral distance betweenwheels, respectively, and 𝑆𝑡𝑟𝑢𝑡𝐶𝑜𝑢𝑛𝑡
parameter indicates the number of struts per wheel.

https://github.com/anthonyjclark/adabot02-ann
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Figure 3: An example environment including randomly generated obstacles. The current way-point is shown as a dark gray sphere, and the
robot starts at the origin facing in the positive x-axis (away from the way-point, along the red axis line).

Table 1: Adabot physical parameters.

Name Range
𝑊ℎ𝑒𝑒𝑙𝐵𝑎𝑠𝑒 8 to 16 cm
𝑇𝑟𝑎𝑐𝑘𝑊𝑖𝑑𝑡ℎ 8 to 16 cm
𝑊ℎ𝑒𝑒𝑙𝑅𝑎𝑑𝑖𝑢𝑠 2 to 3 cm
𝑆𝑡𝑟𝑢𝑡𝐶𝑜𝑢𝑛𝑡 0 to 7

Each wheel is driven by its own DC gear-motor with
magnetic encoders. Likewise, each wheel includes a set of
struts that can be extended and retracted by a linear servo.
For sensing, Adabot includes three forward facing distance
sensors and an IMU (3-axis gyroscope, 3-axis accelerometer,
and 3-axis magnetometer). Finally, it uses a 2.4 GHz wireless
communication module and is powered by a 2200 mAh
battery pack, which provides roughly two hours of operating
time.

Strut Extension. Figure 2 depicts the strut extension process.
This mechanism enables the wheel to exhibit a range of
characteristics. With the struts fully retracted, the wheels
operate conventionally; when extended a small amount, the
struts act as tire studs; andwith the struts fully extended, each
wheel resembles a legged-wheel. Due to limitations of the
design, the maximum extension of the struts is equal to the
wheel’s radius minus 1 cm (𝑀𝐴𝑋𝐸𝑋𝑇 = 𝑊ℎ𝑒𝑒𝑙𝑅𝑎𝑑𝑖𝑢𝑠 − 1
cm). For a more detailed discussion of Adabot’s software
and wheel extension mechanism, and an example of evolving
Adabot with ROS and Gazebo (a simulation environment
tightly coupled with ROS), see our preliminary study [15].

Simulation. An image of the simulation environment is
shown in Figure 3. The environment is populated by gen-
erating 40 boxes with random dimensions, positions, and
densities. These boxes act as obstacles that the simulated
robot must traverse. If a newly generated box collides with
an existing box it is removed from the simulation. We see
on average 31 boxes placed in the environment. Box heights
range from 2 to 5 cm, which is high enough (compared
to 𝑊ℎ𝑒𝑒𝑙𝑅𝑎𝑑𝑖𝑢𝑠 values) to drastically reduce mobility for a

wheeled robot [30]. Moreover, rather than each box being in
a fixed position, it is possible for the Adabot to push a box
(depending on its size and density).

For this study, we are using the Dynamic Animation
and Robotics Toolkit (DART) (https://dartsim.github.io/
index.html). DART is specifically designed for robotics appli-
cations, and is comparable in speed (if not faster) than
common alternatives [31].

Way-Point Navigation Control. Adabot is a skid-steer style
robot–it turns by rotating its left and right wheels at different
rates. Although each wheel and wheel strut set can be
controlled independently, in this study we only have three
control outputs: (1) an angular rate for the left wheels,
(2) an angular rate for the right wheels, and (3) a single
extension amount for all four sets of struts. Although it may
be beneficial to control each wheel independently, for this
study we have chosen to synchronize both left wheels and
both right wheels.This reduces the number of evolved control
parameters and enables us to use a differential drivemodel for
predicting the robots dynamics. In the future, we will explore
the effects of controlling each wheel independently.

For Adabot to aid during a search and rescue operation,
it must be able to successfully cover (completely search) its
designated area. A simplified version of this task, called way-
point navigation, is considered during evolutionary optimiza-
tion. For this task, a UGV must visit a set of way-points in
sequence.

FSM Control. The hand-designed FSMs for this task are
depicted in Figure 4. This FSM includes two independent
actions: (a) directing the robot towards the next way-point
by controlling the left and right wheels, and (b) extending
the struts when the robot is experiencing reduced mobility
due to an obstacle. Essentially, the robot remains in the
Forward state as long as the angle between the heading of
the UGV and the direction to the target (𝛼𝑡𝑎𝑟𝑔𝑒𝑡) is within
some threshold. Once the threshold is surpassed, the FSM
transitions to either the Le� or Right state. In the Le� and
Right states, the robot will rotate in place until𝛼𝑡𝑎𝑟𝑔𝑒𝑡 is greater
than 𝐿.𝑇𝑜𝐹𝑜𝑟𝑤𝑎𝑟𝑑𝑇ℎ𝑟𝑒𝑠ℎ or less than 𝑅.𝑇𝑜𝐹𝑜𝑟𝑤𝑎𝑟𝑑𝑇ℎ𝑟𝑒𝑠ℎ,

https://dartsim.github.io/index.html
https://dartsim.github.io/index.html
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Figure 4: (a) The FSM controlling the direction of the robot, (b) the single state controlling wheel struts, and (c) a diagram depicting the
angles used to trigger transitions between states.

respectively, after which point the FSM transitions back to
Forward. Threshold angles are shown in Figure 4(c).

To determine when, and by how much, wheel struts
should be extended, we use a simple differential drive
model and compare expected speeds with measured speeds.
Specifically, we calculate an expected linear (V) and angular
(𝜔) velocity (based on the wheel rates) using the following
model:

V = 𝑉𝑟 + 𝑉𝑙2 , (1)

𝜔 = 𝑉𝑟 − 𝑉𝑙𝑇𝑟𝑎𝑐𝑘𝑊𝑖𝑑𝑡ℎ (2)

where 𝑉𝑟 and 𝑉𝑙 are the left and right wheel linear veloc-
ities, respectively, and 𝑇𝑟𝑎𝑐𝑘𝑊𝑖𝑑𝑡ℎ represents the distance
between wheels on the same axle line (front or rear axles).
These calculated values (expected based on the differential
drive model) are then subtracted from the actual (measured)
linear and angular velocities values. The actual speed of the
simulated robot is provided by the simulator, and in a real-
world environment it can be measured using an overhead
camera system. The difference values (the error between
expected and actual velocities) are then scaled between 0 and
1 to produce V𝑒 and𝜔𝑒, which are the scaled linear and angular
velocity errors, respectively. These two error values are then
filtered using exponential smoothing. Finally, they are used
in the following to calculate the extension amount of all
struts:

𝑒𝑥tV = 𝑚𝑒𝑥𝑡 ⋅ V𝑒 + 𝑏𝑒𝑥𝑡, (3)

𝑒𝑥t𝜔 = 𝑚𝑒𝑥𝑡 ⋅ 𝜔𝑒 + 𝑏𝑒𝑥𝑡, (4)

𝑒𝑥𝑡% = max [𝑒𝑥𝑡V, 𝑒𝑥𝑡𝜔] , (5)

𝑒𝑥𝑡 = 𝑀𝐴𝑋𝐸𝑋𝑇 ⋅ 𝑒𝑥𝑡% (6)

where 𝑒𝑥𝑡V and 𝑒𝑥𝑡𝜔 denote the extension amount calculated
due to the linear and angular speed values, respectively.
These two values are calculated using a linear equation with
a configurable slope (𝑚𝑒𝑥𝑡) and intercept (𝑏𝑒𝑥𝑡). The final
extension amount (𝑒𝑥𝑡) is based on the maximum of these
two values, and is calculated as a percentage of the maximum
possible extension (𝑀𝐴𝑋𝐸𝑋𝑇). In essence, the struts will
be extended by an amount that is linearly proportional to
the current error in speed (maximum between linear and
angular error). Thus, when Adabot encounters an obstacle
that reduces its mobility (compared to that predicted by the
differential drive model), it will extend the struts in an effort
to climb over the obstacles.

Table 2 shows all configurable parameters for the FSM
(hand-chosen values are shown in parentheses). Aside from
the first𝑚𝑒𝑥𝑡 and 𝑏𝑒𝑥𝑡, each name in the table takes the follow-
ing form: a capital letter representing a state in Figure 4(a)
(Forward, Le�, or Right), followed by a period, followed by
either an angular wheel rate or a angle threshold value also
described in Figure 4(a). Finally, to reduce vibration and
potential damage to the wheel struts, the maximum angular
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Table 2: Adabot FSM parameters (Hand-Chosen).

Name Range
𝑚𝑒𝑥𝑡 (0.5) 0 to 1
𝑏𝑒𝑥𝑡 (0.5) 0 to 1
𝐹.𝑆𝑝𝑒𝑒𝑑 (20) 0 to 20 rad s−1

𝐹.𝑇𝑜𝐿𝑒𝑓𝑡𝑇ℎ𝑟𝑒𝑠ℎ (10) 0 to 90∘

𝐹.𝑇𝑜𝑅𝑖𝑔ℎ𝑡𝑇ℎ𝑟𝑒𝑠ℎ (-10) −90 to 0∘
𝐿.𝐿𝑒𝑓𝑡𝑆𝑝𝑒𝑒𝑑 (-20) −20 to 20 rad s−1

𝐿.𝑅𝑖𝑔ℎ𝑡𝑆𝑝𝑒𝑒𝑑 (20) −20 to 20 rad s−1

𝐿.𝑇𝑜𝐹𝑜𝑟𝑤𝑎𝑟𝑑𝑇ℎ𝑟𝑒𝑠ℎ (5) 0 to 90∘

𝑅.𝐿𝑒𝑓𝑡𝑆𝑝𝑒𝑒𝑑 (20) −20 to 20 rad s−1

𝑅.𝑅𝑖𝑔ℎ𝑡𝑆𝑝𝑒𝑒𝑑 (-20) −20 to 20 rad s−1

𝑅.𝑇𝑜𝐹𝑜𝑟𝑤𝑎𝑟𝑑𝑇ℎ𝑟𝑒𝑠ℎ (-5) −90 to 0∘

rate of the wheels is linearly scaled down from 20 rad s−1 to 4
rad s−1 when the struts are fully extended.

ANN Control. As an alternative to the FSM controller, we
evolve anANN for the same task.Theneural network receives
three inputs (each scaled between 0 and 1): (1) 𝛼𝑡𝑎𝑟𝑔𝑒𝑡, (2) V𝑒,
and (3) 𝜔𝑒. Essentially, the ANN is given the same informa-
tion as the FSM, and produces the same three output values
(left and right wheel rates and an extension amount). In our
preliminary work, we found hidden nodes were unnecessary
for this task (the same strategies and fitness values were
attained with and without hidden nodes). The genome for
our ANN includes 13 values: one integer value representing
the activation function (logistic, hyperbolic tangent, or the
rectified linear unit) and 12 values for the neural network
weights (three inputs plus one bias for each of the three
outputs).

Evolution. For this study, we employ the Covariance Matrix
Adaptation Evolution Strategy (CMA-ES) [32]. In particular,
we use pycma (developed by Hansen [33]), which works well
on real-valued problems and has support for handling integer
values such as 𝐸𝑥𝑡𝐶𝑜𝑢𝑛𝑡.
4. Discussion and Results

In this section we provide our results from evolving the
Adabot. Specifically, we evolved the Adabot in two environ-
ments (with and without obstacles) and with two different
controllers. Each of these four experiments is repeated 20
times. Finally, we discuss principles that can be learned from
these experiments.

4.1. Fitness Calculations. Here, Adabot’s goal is to visit a set
of coordinates (way-points) in sequence. During a single
simulation, the device has 30 (𝑡𝑚𝑎𝑥) seconds to visit four
predefined way-points, but the simulation will terminate as
soon as the fourth way-point is reached. Fitness is calculated
as follows (pycma is used to maximize this function):

𝑓 = 2𝑤 + (1 − min [𝑑, 𝑑𝑚𝑎𝑥]𝑑𝑚𝑎𝑥 ) + (𝑡𝑚𝑎𝑥 − 𝑡)𝑡𝑚𝑎𝑥 (7)

where 𝑤 represents the number of way-points reached, 𝑑
and 𝑑𝑚𝑎𝑥 denote the distance to the next way-point and a
scaling factor for distances, respectively, and 𝑡 denotes the
time transpired. This function is meant to provide a smooth
gradient for generating controllers that quickly navigate to
all way-points in order. The first part of the equation ensures
that the CMA-ES algorithm heavily favors any controller that
reaches even a single way-point; values for this component
range from 0 to 8. Next, a distance component is added
to reward solutions that drive near the next way-point in
sequence, but do not reach all four. This is particularly useful
at the beginning when solutions are at an early stage of
evolution. The distance component results in a value scaled
between 0 and 1. Since the simulation ends once all four way-
points have been reached, the time component will be a value
between 0 (zero time remaining) and 1 (all four way-points
are reached in an instant). The time component is meant to
favor any controllers that solve the task quickly. Thus, the
maximum possible fitness is 10.

4.2. Evolution without Obstacles. In our first experiment,
FSM-0-1, we evolve the fifteen parameters found in Tables
1 (physical) and 2 (control) in an environment without
obstacles. The naming scheme for our experiments indicates
the controller type (FSM or ANN), the maximum number
of potential obstacles (0 or 40), and the number of trials
per fitness evaluation (1 or 2). Plots of fitness vs iteration
are shown in Figure 5 (this figure shows the fitness values
for both experiments not containing obstacles). In this
first experiment, there are zero obstacles and therefore the
environment will always be the same. In later experiments,
each fitness evaluation includes two trials with randomly
generated obstacles. As shown in the figure, in all repli-
cate experiments the Adabot reaches all four way-points in
approximately 10 seconds, which corresponds to a fitness
value of 9.7. The population quickly converges on a final
value, likely because this experiment was seeded with a
hand-designed set of parameters known to achieve good
results (see Table 2). The evolved results, however, quickly
outperform the hand-chosen values. This experiment serves
as a convenient baseline with which the others can be
compared.

The second experiment, denoted ANN-0-1. also reaches
a fitness value of 9.7, which shows that the an ANN can
effectively perform the task of navigating the robot to a
sequence of points. For this experiment, 17 total parameters
were evolved: the four physical characteristics listed in Table 1
and the 13ANNparameters discussed in the previous section.
Although both of these experiments reach the same final
fitness value, an examination of Figure 5 shows that the ANN
result takes longer to evolve–roughly 120 iterations compared
with less than 10 iterations for the FSM.This can be explained
by the lack of a seed controller and the fact that, unlike an
FSM, an ANNmust learn the entire solution from scratch.

Figure 6 depicts the trajectories taken by the best per-
forming controllers from these two experiments. Although
these trajectories look similar, there is one key difference: the
ANN actively controls only one wheel. FSMs, on the other
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Figure 5: Plots for the maximum fitness found in the two experiments without obstacles. Shaded regions indicate confidence intervals of one
standard deviation from the mean for the 20 replicates of each experiment. The maximum possible fitness is 10, and fitness values above 2
indicate that Adabot was able to reach at least one way-point.
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Figure 6: Trajectories of the best evolved individual for the first two experiments: FSM-0-1 and ANN-0-1. No obstacles were present for these
trajectories.

hand, can rotate in-place both clockwise and couterclockwise,
which is why there are sharper turns in the left plot.

Figure 7 shows the wheel speeds for the best FSM and
ANN controllers.The evolved ANN perpetually sets the right
wheel to its maximum speed. The ANN moves forward by
setting its left wheel to the same value, and turns by making
the left wheel rotate in the opposite direction. Effectively, the
ANN can only turn left, however, this is not a problem for the
relatively simple task at hand.

Figure 8 provides a comparison of the fitness values and
evolved physical characteristics for these two experiments.
This figure only shows results for the combined final pop-
ulations of all replicate experiments. From this figure, we
can establish what will be good physical characteristics for
the Adabot when it does not face any obstacles. Specifically,
WheelBase and TrackWidth should be 8.5 cm and 11.5 cm,
respectively, WheelRadius should be 3 cm, and StrutCount
does not matter since the struts are not extended.
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Figure 7: Left and right wheel speeds and strut extension amounts for the best evolved solutions for FSM-0-1 (a) and ANN-0-1 (b). The left
vertical axis shows values for wheel speeds (the solid red line and the dash-dot blue line), and the right vertical axis shows the scale for wheel
strut extension amounts (the orange dashed line).
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Figure 8: Distributions for the evolved fitness values and physical characteristics for the combined final populations of the FSM-0-1 (left side)
and ANN-0-1 (right side) experiments. The y-axis limits are the parameter limits allowed during evolution.

Finally, Figure 9 plots the distributions for all evolved
FSM parameters. It is worth noting that in the absence of
obstacles, neither the evolved FSMs or the ANNs extend the
struts by a significant amount.This result is not unexpected as
any extension would result in a reduced speed due to scaling
of linear velocity mentioned previously, and the struts are
not needed when obstacles are not present. Also of interest is
the evolved symmetry of the FSM. Specifically, the threshold
values and speeds evolved for the Le� and Right states are
nearly perfect mirror images of each other.

4.3. Evolution with Obstacles. The final two evolutionary
experiments are referred to as FSM-40-2 and ANN-40-2.

These experiments differ from the previous two in two
respects. First, each fitness value is calculated as the average
of two trials (where each trial lasts at most 30 seconds),
and second, each fitness trial occurs in an environment with
around 31 randomly generated obstacles. Utilizing multiple
trials during fitness evaluations improves the robustness of
the evolved results [34]. The fitness plots for these exper-
iments appear in Figure 10. Of note is that the ANNs
evolved with obstacles have a greatly reduced maximum
fitness. A few individuals achieve a fitness above 9, how-
ever, we found that this was only when the randomly
generated environment did not pose much difficulty. Videos
(and interactive animations) for high fitness individuals can
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Figure 9: Distributions for all evolved FSM parameters for the FSM-0-1 experiment. These parameters are described in Figure 4(a) and
Table 2.

be found here: FSM-40-2: https://youtu.be/VXnrwwpE598
(https://goo.gl/NtoVYe) and ANN-40-2: https://youtu.be/
q8PFqQps5e4 (https://goo.gl/2xjh6X).

Similar to Figure 8, Figure 11 shows the distributions for
the evolved physical characteristics. These distributions have
a larger spread due to the randomly generated environments.
The values found in these distributions indicate that the
presence of obstacles does not have a drastic effect on
the evolution of physical characteristics. At first this was
unexpected, however, analyzing these values (and visualizing
their resulting behaviors) reveals a few basic principles: (1)
for a skid steer robot it is important for the WheelBase to
be less than the TrackWidth (this will reduce the amount
of skidding and improve controllability), (2) to maximize
velocity WheelRadius should be maximized (since we are
evolving wheel angular rate a larger wheel will result in a
higher velocity), and (3) as long as the number of struts is
greater than 4 the systemwill be able to navigate the generated
environments. The first and second principles match results

that we have seen on the physical prototype, and we intend to
investigate the third principle in the near future.

While the physical characteristics are similar between the
two sets of experiments, control strategies have been adjusted
to handle the obstacles. Figure 12 shows the control patterns
for two solutions randomly selected from the best performing
individuals of the FSM-40-2 and ANN-40-2 experiments.
Note that since environments are randomly generated, even
though the evolved ANN does not reach all four way-points
for this test, it does not mean that it did not do so during
fitness evaluation. The two most striking features of the
plots in Figure 12 are that the evolved controllers ANNs
are operating at reduced speeds and that with the addition
of obstacles to the simulation the wheels struts are being
extended for both controllers. For the evolved FSM, thewheel
struts are extended when the first obstacle is reached, and
they remain roughly halfway extended for the duration of
the evaluation. The ANN controller uses a slightly different
strategy. The wheel struts are fully extended at the beginning

https://youtu.be/VXnrwwpE598
https://goo.gl/NtoVYe
https://youtu.be/q8PFqQps5e4
https://youtu.be/q8PFqQps5e4
https://goo.gl/2xjh6X
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Figure 10: Plots for the maximum fitness found in the two exper-
iments including obstacles. Shaded regions indicate confidence
intervals of one standard deviation from the mean for the 20
replicates of each experiment. The maximum possible fitness is 10,
and fitness values above 2 indicate that Adabot was able to reach at
least one way-point.

of the simulation and remain so throughout.This means that
the top speed of the UGV must be reduced for safety (see
Section 3).

Examining the evolved FSM values, we see that nearly
identical values are discovered for all parameters except𝑏𝑒𝑥𝑡 (a set of distributions similar to Figure 9 has been
omitted to save space). In the experiment with no obstacles,𝑏𝑒𝑥𝑡 converged to zero; however, for this experiment 𝑏𝑒𝑥𝑡
converged to 0.45. A higher value for 𝑏𝑒𝑥𝑡 results in the struts
always being extended (even when no obstacle has been
encountered). Thus, these behaviors are slower because the
struts are required to climb obstacles.

Directly examining the evolved weights of a neural net-
work provides only a limited view of the resulting behavior.
Likewise, comparing each input’s effect on each output in
isolation obscures the resulting behaviors. For example, some
output values are only active when some combinations of
multiple input values are provided. Thus, in Figure 13 we
provide all pairwise input relationships on the output for
the speed of the left wheels in the form of heat-maps. These
heat-maps were generated using a parameter sweep over
all possible input combinations. Each square represents the
output value given the two input values on the x- and y-
axes averaged over all possible values for the remaining input.
As was the case for the ANN-0-1 experiment, all navigation
is handled by driving the left wheel at different speeds, and
so we have not provided heat-maps for the wheel strut and
right speed outputs. Examining the figure shows that the left
wheel’s speed has a positive linear relationship with both 𝜔𝑒
and 𝛼𝑡𝑎𝑟𝑔𝑒𝑡 and that 𝛼𝑡𝑎𝑟𝑔𝑒𝑡 has the greatest effect on control
(since it is used to turn the robot towards the target).

In both experiments including obstacles, the evolved
controllers extended the struts andnever fully retracted them.
However, there is a clear advantage to retracting the struts: the
robot has a higher maximum allowed speed. Thus, it is likely

an issue with using the differential drive model to calculate
the error. We have identified two sources of error with the
simple model: (1) it does not take into account that when the
struts are extended the wheel has a larger effective radius, and
(2) the model does not take into account the noisy nature of
skid steering and extended struts.

For our final comparison between these two control
models, we took five best performing individuals from each
replicate experiment and evaluated them on three new
environments. The new environments required the mobile
robot to drive four times further and handle twice as many
obstacles.The simulation timewas also increased from 30 s to
90 s. Results from these evaluations are shown in Figure 14. As
shown in the figure, the FSM controllers were still on average
able to reach two way-points, while the ANN controllers
frequently failed to reach even one.

In summary, regarding the optimization of the Adabot
system we found that

(1) Similar physical characteristics are optimal with and
without obstacles in the environment.

(2) The speed of the left and right wheels should have a
linear relationship with 𝛼𝑡𝑎𝑟𝑔𝑒𝑡 (rather than a discrete
relationship as is the case with the current FSM).This
will enable the robot to veer towards the target.

(3) The task can be solved by controlling only a single side
of wheels, though, this is likely not a desirable trait. In
future work, we plan to add an evolutionary pressure
so that the evolved ANNs turn in both directions, for
example, by creating environments and way-points
that require both left and right turns.

(4) Controlling the strut will require a more complex
model of the robots dynamics. Once the struts are
extended, it is difficult to discern when they should
be retracted. In our future work, we will investigate
vision-based methods and parameter identification
for measuring and detecting poor mobility.

Taking these observations into account, we developed a
hybrid two-state controller. The controller is in Le� when𝛼𝑡𝑎𝑟𝑔𝑒𝑡 is greater than zero and in Right otherwise. Equations
for these states are as follows:

𝛼𝑠𝑐𝑎𝑙𝑒 = 2 ⋅ (1 − 𝛼𝑡𝑎𝑟𝑔𝑒𝑡
𝜋 ) − 1 (8)

𝐿𝑒𝑓𝑡𝑙𝑒𝑓𝑡 = −𝑀𝐴𝑋𝑅𝐴𝐷 ⋅ 𝛼𝑠𝑐𝑎𝑙𝑒 (9)

𝐿𝑒𝑓𝑡𝑟𝑖𝑔ℎ𝑡 = 𝑀𝐴𝑋𝑅𝐴𝐷 (10)

𝑅𝑖𝑔ℎ𝑡𝑙𝑒𝑓𝑡 = 𝑀𝐴𝑋𝑅𝐴𝐷 (11)

𝑅𝑖𝑔ℎ𝑡𝑟𝑖𝑔ℎ𝑡 = 𝑀𝐴𝑋𝑅𝐴𝐷 ⋅ 𝛼𝑠𝑐𝑎𝑙𝑒 (12)

where 𝛼𝑠𝑐𝑎𝑙𝑒 is 𝛼𝑡𝑎𝑟𝑔𝑒𝑡 scaled between -1 and 1. This simple
hybrid controller is able to visit all way-points in 9.9 seconds,
which is one tenth of a second faster than the evolved
controllers reported above. The controller also works well
in the presence of obstacles when the struts are extended
10%. Overall, this hybrid controller provides a smoother
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side) and ANN-40-2 (right side) experiments. The y-axis limits are the parameter limits allowed during evolution.
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Figure 12: Left and right wheel speeds and strut extensions for the best evolved FSM (a) and ANN (b) in a randomly generated environment
that includes obstacles. Similar to Figure 7, the left and right vertical axes show scales for wheel speeds and strut extension amounts,
respectively.

motion and good performance. For future work, we intend to
evolve this hybrid controller along with a more sophisticated
approach to handling strut extension as mentioned in point(4) above.
5. Conclusion

UGVs are becoming more prevalent. Likewise, their envi-
sioned environments are becoming more dynamic and var-
ied. We have evolved a UGV so that it is better able to
handle obstacles of varying sizes. Specifically, we compared
and analyzed FSM and ANN controllers with and without

obstacles in the environment while simultaneously evolving
the physical characteristics of our UGV. In comparing these
two techniques we were able to find design principles that
incorporate the advantages of both. Specifically, we found
that a mixture of the two strategies seems able to maintain
the strengths of both approaches. For example, an advantage
of the FSM designed for this study is that it turns in both
directions, but there was insufficient evolutionary pressure
for this behavior to evolve in the ANNs. On the other hand,
ANNs evolved a more continuous nature to their turning.
Instead of turning in place, they tend to veer towards the
target. Our final, hand-designed controller incorporates both
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reach some way-points, but most ANN controllers failed to reach
even one.

of these strategies, but it may not have been obvious to design
such a controller without first evolving the FSMs and ANNs.

Although a direction controller is straightforward to
optimize, the complex dynamics associated with climbing
over obstacles makes it more difficult to design a controller
for extending the Adabot’ struts. Specifically, the differential
drive model used to predict the robot linear and angular
speed does not take into account obstacles, wheel slipping,
or the extension of wheel struts. Our future work will focus
both on optimizing the hybrid controller and investigating
different strategies for extending and retracting the struts so
that the robot is able to more effectively gain the benefits of
both wheeled and legged-wheel locomotion.

One possibility for improving control is to use a recurrent
neural network (RNN) for control. Doing so may provide a
means by which the robot can sense that it has transitions
from one type of terrain to another. Evolving an RNN,
however, will require a more careful selection of evolutionary
pressures, and it may require a more gradual increase in task

difficulty. A technique such as Lexicase selection [35] could be
used to evolve RNNs that work well in many types of terrain.

Data Availability

All code used to produce our results and all data generated
by the evolutionary algorithm used to support the findings
of this study has been deposited in the following repository:
https://github.com/anthonyjclark/adabot02-ann.
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This paper is concernedwith the target tracking problem of an autonomous surface vehicle in the presence of amaneuvering target.
The velocity information of target is totally unknown to the follower vehicle, and only the relative distance and angle between the
target and follower are obtained. First, a reduced-order extended state observer is used to estimate the unknown relative dynamics
due to the unavailable velocity of the target. Based on the reduced-order extended state observer, an antidisturbance guidance
law for target tracking is designed. The input-to-state stability of the closed-loop target tracking guidance system is analyzed via
cascade theory. Furthermore, the above result is extended to the case that collisions between the target and leader are avoided
during tracking, and a collision-free target tracking guidance law is developed. The main feature of the proposed guidance law is
twofold. First, the target tracking can be achieved without using the velocity information of the target. Second, collision avoidance
can be achieved during target tracking. Simulation results show the effectiveness of the proposed antidisturbance guidance law for
tracking a maneuvering target with the arbitrary bounded velocity.

1. Introduction

Recently, advanced motion control of marine vehicles has
received significant attention due to its wide applications
in hydrological monitoring, channel exclusion, search and
rescue, biological detection, and so on [1–7]. Numerous
motion control scenarios of marine vehicles have been con-
sidered including path following [8–21], path tracking [22,
23], trajectory tracking [4, 24–26], and target tracking [2, 27–
34]. Target tracking is to track amaneuvering target where no
information about the target behavior is known in advance
except its instantaneous motion.

Various control methods have been developed for the
target tracking of marine vehicles [2, 27–34]. In [2], a posi-
tion tracking controller is developed for an underactuated
autonomous underwater vehicle based on a backstepping
technique and neural networks. In [27], a straight-line tar-
get tracking controller is developed for an underactuated
unmanned surface vehicle. In [28], a target tracking con-
troller is developed for underactuated autonomous surface

vehicles (ASVs) with limited control torques. In [29], a
fault tolerant target tracking controller is developed for
underactuated ASVs. In [2, 27–29], the velocities of the
targets are known as a priori. In practice, however, the
velocity information of the target may not be available by
the follower. In order to track the leader in the absence
of velocity information of target, a variety of methods are
available [30, 31]. In [30], a robust controller is designed for
target tracking of marine vessels where unknown velocity of
the leader is handled by using a sliding model control. In [31],
an adaptive leader-follower formation controller is designed
for ASVs based on a dynamic surface control and single-
hidden-layer neural networks, and an adaptive term is used
to estimate the unknown velocity of target. In recent years,
collision avoidance has been considered in motion control
[35, 36]. However, the collision avoidance problem during
target tracking is not considered in [2, 27–29].

Extended state observer as a key part of active disturbance
rejection control method was proposed by Han [37–39]. It
is a powerful tool to deal with the nonlinear systems in
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the presence of large uncertainty including internal model
uncertainties and external disturbances [40]. It has been
widely used in numerous engineering applications [11, 41, 42].
A reduced-order extended state observer (RESO) is able to
decrease the phase lag and simplify the observer structure
to reduce computation load. It has the advantages of fast
observation andnoovershooting. Because of its advantages, it
is desirable to employ the extended state observer to address
the uncertainty during target tracking.

In this paper, an antidisturbance guidance law for target
tracking is designed based on the reduced-order extended
state observer (RESO), where an ASV is requested to track
a maneuvering target. Only relative line-of-sight range and
angle between the follower and target are available for
feedback design. At first, a RESO is used to estimate the
unknown relative dynamics due to the unavailable velocity of
the target. Then, an antidisturbance guidance law is proposed
based on the RESO and the stability of closed-loop guidance
system is analyzed via cascade analysis. The above result is
extended to target tracking with collision avoidance of ASVs,
and a collision-free RESO-based guidance law is developed.
Simulation results are used to show the proposed collision-
free guidance law for tracking a maneuvering target.

The contributions of this paper is twofold. First, an
antidisturbance guidance law for target tracking is designed
based on the reduced-order extended state observer where
target dynamics is not required to be known. Second, a
collision-free guidance law for target tracking is developed
such that the collision between the target and follower vehicle
can be avoided. The main features of the proposed guidance
law are presented in this paper as follows. First, compared
with the target tracking controllers proposed in [2, 27–
29] where the velocity of the target should be known in
advance, the velocity of the target is not required to be
known and only the relative line-of-sight distance and angle
between the target and the follower are needed. Second,
compared with the target tracking controllers proposed in
[2, 10, 27–30, 34] where the collision avoidance problem is
not considered, a collision-free RESO-based guidance law is
proposed for target tracking of underactuated ASVs where
the collision between the target and follower can be avoid-
ed.

This paper is organized as follows: Section 2 states the
preliminaries and problem formulation. Section 3 gives the
target tracking guidance law design and analysis. Section 4
introduces the collision-free target tracking guidance law
design and analysis. Section 5 presents the simulation results.
Section 6 concludes this paper.

2. Preliminaries and Problem Formulation

2.1. Collision Avoidance. In order to assure collision-free
target tracking, the following collision avoidance potential
functions are introduced [35]:

𝑉𝑎 (𝜌) = (min{0, 𝑙2 − 𝑅2
𝑙2 − 𝑟2 })
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Figure 1: A geometrical illustration for tracking a target by an ASV.

where 𝑅 > 𝑟 > 0, 𝑅 is the detection region, 𝑟 is the radius
of the avoidance, and 𝑙 is the distance between the target and
follower vehicles defined as

𝑙 = √(𝑦𝑡 − 𝑦)2 + (𝑥𝑡 − 𝑥)2, (2)

and 𝑥𝑡, 𝑦𝑡 are positions of a target and 𝑥, 𝑦 are positions of a
follower.

Function (1) will be infinity when the distance between
the vehicle and obstacle approaches avoidance region and
is zero outside the detection region. In other words, the
function 𝑉𝑎 will affect the surge velocity when 𝑙 is inside the
detection region.

Taking the partial derivative of the potential function 𝑉𝑎
with respect to 𝑥, we can obtain [36]

{{{{{
𝜕𝑉𝑎𝜕𝑥 = 4(𝑅

2 − 𝑟2) (𝑙2 − 𝑅2)
(𝑙2 − 𝑟2)3 (𝑥 − 𝑥𝑡) , if 𝑟 < 𝑙 < 𝑅,

0, otherwise,
(3)

and the partial derivative of function 𝑉𝑎 with respect to 𝑦 is

{{{{{
𝜕𝑉𝑎𝜕𝑦 = 4(𝑅

2 − 𝑟2) (𝑙2 − 𝑅2)
(𝑙2 − 𝑟2)3 (𝑦 − 𝑦𝑡) , if 𝑟 < 𝑙 < 𝑅,

0, otherwise.
(4)

2.2. Vehicle Kinematics. The kinematics of an ASV can be
expressed by using an earth-fixed frame {𝐸} and a body-fixed
frame {𝐵} as shown in Figure 1. Let (𝑥𝑡, 𝑦𝑡, 𝜓𝑡) and (𝑥, 𝑦, 𝜓)
be the position and orientation of the target and follower,
respectively. 𝑢𝑡, 𝜐𝑡, 𝑟𝑡 denote the surge velocity, sway velocity,
and angular rate of the target vehicle; 𝑢, 𝜐, 𝑟 represent the
surge velocity, sway velocity, and angular rate of the follower
vehicle, respectively. The kinematics of the target ASV is

�̇�𝑡 = 𝑢𝑡 cos𝜓𝑡 − 𝜐𝑡 sin𝜓𝑡,
̇𝑦𝑡 = 𝑢𝑡 sin𝜓𝑡 + 𝜐𝑡 cos𝜓𝑡,

�̇�𝑡 = 𝑟𝑡,
(5)
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and the kinematics of follower ASV is

�̇� = 𝑢 cos𝜓 − 𝜐 sin𝜓,
̇𝑦 = 𝑢 sin𝜓 + 𝜐 cos𝜓,

�̇� = 𝑟.
(6)

From Figure 1, the line-of-sight range and angle between
the target and the follower are defined as

𝜌 = √(𝑦𝑡 − 𝑦)2 + (𝑥𝑡 − 𝑥)2,
𝛽 = tan−1 (𝑦𝑡 − 𝑦

𝑥𝑡 − 𝑥) .
(7)

In the following sections, we first consider the target
tracking guidance law design being lack of velocity informa-
tion of the target. Next, the result is extended to collision-free
RESO-based guidance law design.

3. Target Tracking

At first, the relative dynamics between the target and follower
is derived. Then, a RESO is used to estimate the unknown
relative dynamics due to the unavailable velocity of the target.
Next, an antidisturbance guidance law is designed based
on the RESO. Finally, the stability of closed-loop guidance
system is analyzed via cascade analysis.

3.1. Relative Dynamics. Two target tracking errors are defined
as follows:

𝑒𝜌 = 𝜌 − 𝜌𝑑,
𝑒𝛽 = 𝛽 − 𝜓 − 𝛿, (8)

where 𝜌𝑑 is a desired range and 𝛿 = atan2(𝜐, 𝑢) is a sideslip
angle. Taking the time derivative of 𝑒𝜌 and 𝑒𝛽 in (8) and using
(5) and (6), we have

̇𝑒𝜌 = 𝑢𝑡 cos (𝛽 − 𝜓𝑡) + 𝜐𝑡 sin (𝛽 − 𝜓𝑡) − 𝜐 sin (𝛽 − 𝜓)
− 𝑢 cos (𝛽 − 𝜓) − ̇𝜌𝑑,

̇𝑒𝛽 = 𝑢𝑡 sin (𝜓𝑡 − 𝛽) + 𝜐𝑡 cos (𝜓𝑡 − 𝛽)
𝜌

− 𝜐 cos (𝛽 − 𝜓) + 𝑢 sin (𝛽 − 𝜓)
𝜌 − ̇𝛿 − 𝑟.

(9)

The control objective of target tracking of ASVs in the
presence of unknown target kinematics is to design a surge
velocity 𝑢 and yaw rate 𝑟 such that

lim
𝑡→∞

𝑒𝜌 ≤ 𝜖1,
lim
𝑡→∞

𝑒𝛽 ≤ 𝜖2,
(10)

for some small constants 𝜖1 and 𝜖2.

3.2. RESO Design. We first use a RESO to estimate the un-
known relative dynamics due to the unavailable velocity of
the target. To facilitate controller design, the relative dynam-
ics in (9) is rewritten in the following form:

̇𝑒𝜌 = 𝑓 (⋅) − 𝑢,
̇𝑒𝛽 = 𝑔 (⋅) − 𝑟, (11)

where

𝑓 (⋅) = 𝑢𝑡 cos (𝛽 − 𝜓𝑡) + 𝜐𝑡 sin (𝛽 − 𝜓𝑡)
− 𝜐 sin (𝛽 − 𝜓) + 2𝑢sin2 (𝛽 − 𝜓

2 ) − ̇𝜌𝑑,

𝑔 (⋅) = 𝑢𝑡 sin (𝜓𝑡 − 𝛽) + 𝜐𝑡 cos (𝜓𝑡 − 𝛽)
𝜌

− 𝜐 cos (𝛽 − 𝜓) + 𝑢 sin (𝛽 − 𝜓)
𝜌 − ̇𝛿.

(12)

Since 𝑢𝑡, 𝜐𝑡, and 𝜓𝑡 of the target are not available, 𝑓(⋅) and𝑔(⋅) are unknown. To address it, a reduced-order extended
state observer is proposed as follows [43]:

�̇�1 = −𝑘1𝑝1 − 𝑘12𝑒𝜌 + 𝑘1𝑢,
𝑓 = 𝑝1 + 𝑘1𝑒𝜌,
�̇�2 = −𝑘2𝑝2 − 𝑘22𝑒𝛽 + 𝑘2𝑟,
𝑔 = 𝑝2 + 𝑘2𝑒𝛽,

(13)

where 𝑝1, 𝑝2 are the auxiliary states of the observer; 𝑘1, 𝑘2 are
the observer gains; 𝑓 and 𝑔 denote the estimation of 𝑓 and 𝑔.
The initial values of 𝑝1 and 𝑝2 are set to 𝑝1(𝑡0) = −𝑘1𝑒𝜌(𝑡0)
and 𝑝2(𝑡0) = −𝑘2𝑒𝛽(𝑡0).
Assumption 1. The time derivatives of 𝑓 and 𝑔 are bounded
by | ̇𝑓| ≤ 𝑓∗ and | ̇𝑔| ≤ 𝑔∗, where 𝑓∗ and 𝑔∗ are positive
constants.

Since the velocities and accelerations of the target and
follower ASVs are naturally bounded, Assumption 1 is rea-
sonable.

The estimation errors are defined as follows:

𝑓 = 𝑓 − 𝑓,
𝑔 = 𝑔 − 𝑔. (14)

Taking the derivative of (14) along (13), we have

̇̃𝑓 = −𝑘1𝑝1 − 𝑘21𝑒𝜌 + 𝑘1𝑢 + 𝑘1 (𝑓 − 𝑢) − ̇𝑓
= −𝑘1𝑓 − ̇𝑓,
̇̃𝑔 = −𝑘2𝑝2 − 𝑘22𝑒𝛽 + 𝑘2𝑟 + 𝑘3 (𝑔 − 𝑟) − ̇𝑔 = −𝑘2𝑔 − ̇𝑔.

(15)

The stability of subsystem (15) is stated as follows.
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Lemma 2. Subsystem (15), viewed as a system with the states
being 𝑓 and 𝑔 and the inputs being ̇𝑓 and ̇𝑔, is input-to-state
stability (ISS).

Proof. Construct the following Lyapunov function:

𝑉1 = 1
2𝑓2 +

1
2𝑔2. (16)

Taking the time derivative of 𝑉1 along (15) results in
�̇�1 = −𝑘1𝑓2 − 𝑓 ̇𝑓 − 𝑘2𝑔2 − 𝑔 ̇𝑔

≤ −𝜆min (𝐾1) 𝐸12 + ‖ℎ‖ 𝐸1 ,
(17)

where 𝐸1 = [𝑓, 𝑔]𝑇, 𝐾1 = diag{𝑘1, 𝑘2}, and ℎ = [| ̇𝑓|, | ̇𝑔|]𝑇.
Noting that

𝐸1 ≥
 ̇𝑓 +  ̇𝑔

𝜃1𝜆min (𝐾1) ≥ ‖ℎ‖
𝜃1𝜆min (𝐾1) (18)

renders

�̇�1 ≤ −𝜆min (𝐾1) (1 − 𝜃1) 𝐸12 , (19)

where 0 < 𝜃1 < 1. As a consequence, subsystem (15) is ISS,
and 𝐸1 (𝑡)

≤ max {𝜎𝑜 (𝐸1 (0) , 𝑡) , 𝛾𝑜1 ( ̇𝑓) + 𝛾𝑜2 ( ̇𝑔)} ,
(20)

where 𝜎𝑜 is a class KL function, 𝛾𝑜1, 𝛾𝑜2 are the class K

function, and

𝛾𝑜1 (𝑠) = 𝛾𝑜2 (𝑠) = 𝑠
𝜃1𝜆min (𝐾1) . (21)

3.3. Guidance Law Design. Based on the estimated terms 𝑓
and 𝑔 from the RESO, an antidisturbance guidance law is
proposed as follows:

𝑢 = 𝑘3𝑒𝜌
√𝑒𝜌2 + Δ21

+ 𝑓,

𝑟 = 𝑘4𝑒𝛽
√𝑒𝛽2 + Δ22

+ 𝑔,
(22)

where 𝑘3 and 𝑘4 are positive constants; Δ 1 andΔ 2 are positive
constants, which are used to limit the maximum value of
control laws.

Substituting (14) and (22) into (11) results in

̇𝑒𝜌 = − 𝑘3𝑒𝜌
√𝑒𝜌2 + Δ21

− 𝑓,

̇𝑒𝛽 = − 𝑘4𝑒𝛽
√𝑒𝛽2 + Δ22

− 𝑔.
(23)

The ISS property of subsystem (23) is stated as follows.

Lemma 3. Subsystem (23), viewed as a system with the states
being 𝑒𝜌 and 𝑒𝛽 and the inputs being 𝑓 and 𝑔, is ISS.
Proof. Construct the following Lyapunov function:

𝑉2 = 1
2𝑒2𝜌 +

1
2𝑒2𝛽. (24)

Taking the time derivative of 𝑉2 along (23) results in
�̇�2 = − 𝑘3𝑒2𝜌

√𝑒𝜌2 + Δ21
− 𝑓𝑒𝜌 − 𝑘4𝑒2𝛽

√𝑒𝛽2 + Δ22
− 𝑔𝑒𝛽

≤ − 𝜆min (𝐾2) 𝐸22
√𝐸22 + Δ2max1

+ ‖𝑤‖ 𝐸2 ,
(25)

where 𝐸2 = [𝑒𝜌, 𝑒𝛽]𝑇, 𝐾2 = diag{𝑘3, 𝑘4}, 𝑤 = [|𝑓|, |𝑔|]𝑇, andΔmax
1

= max{Δ 1, Δ 2}.
Noting that

𝐸2
√𝐸2 + Δ2max

≥
𝑓 + 𝑔

𝜃2𝜆min (𝐾2) ≥ ‖𝑤‖
𝜃2𝜆min (𝐾2) (26)

renders

�̇�2 ≤ −𝜆min (𝐾2) (1 − 𝜃2) 𝐸22
√𝐸22 + Δ2max1

, (27)

where 0 < 𝜃2 < 1. As a consequence, subsystem (23) is ISS,
and 𝐸2 (𝑡)

≤ max {𝜎𝑐 (𝐸2 (0) , 𝑡) , 𝛾𝑐1 (𝑓) + 𝛾𝑐2 (𝑔)} ,
(28)

where 𝜎𝑐 is a class KL function, 𝛾𝑐1 and 𝛾𝑐2 are the classK
functions, and

𝛾𝑐1 (𝑠) = 𝛾𝑐2 (𝑠) = 𝜇−1 ( 𝑠
𝜃2𝜆min (𝐾2)) , (29)

with 𝜇 = |𝑠|/√𝑠2 + Δ2max1 .
The proposed guidance law can be augmented with

other methods such as PID control, adaptive control [44,
45], sliding mode control [46], and robust control at the
kinetic level for achieving the desired target tracking control
performance.

3.4. Stability Analysis. To analyze the stability of the entire
closed-loop guidance system, rewrite the disturbance estima-
tion subsystem (15) and target tracking error subsystem (23)
in a compact form as

Σ1 :
{{{{{{{{{{{{{{{{{

̇𝑒𝜌 = − 𝑘3𝑒𝜌
√𝑒𝜌2 + Δ21

− 𝑓,

̇𝑒𝛽 = 𝑘4𝑒𝛽
√𝑒𝛽2 + Δ22

− 𝑔,
(30)
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and

Σ2 : {{{
̇̃𝑓 = −𝑘1𝑓 − ̇𝑓,
̇̃𝑔 = −𝑘2𝑔 − ̇𝑔. (31)

The stability of the cascade of subsystem Σ1 and subsys-
tem Σ2 is given by the following theorem.

Theorem 4. Under Assumption 1, the closed-loop system cas-
caded by subsystem (15) and subsystem (23) is ISS, and the
target tracking errors converge to a small neighborhood of the
origin.

Proof. SubsystemΣ1 with states (𝑒𝜌 , 𝑒𝛽) and exogenous inputs(𝑓, 𝑔) and subsystem Σ2 with states (𝑓, 𝑔) and exogenous
inputs ̇𝑓 and ̇𝑔 are ISS. By Lemma C.4 in [47], it follows that
the cascade systems Σ1 and Σ2 with states (𝑒𝜌, 𝑒𝛽, 𝑓, 𝑔) and
exogenous inputs ( ̇𝑓, ̇𝑔) are ISS, i.e., there exist class KL

function 𝜎1 andK function 𝛾𝑐1, 𝛾𝑜1, 𝛾𝑐2, and 𝛾𝑜2, such that

𝐸𝑎 ≤ max {𝜎1 (𝐸𝑎 (0) , 𝑡) , 𝛾𝑐1 ∘ 𝛾o1 ( ̇𝑓) + 𝛾𝑐2
∘ 𝛾𝑜2 ( ̇𝑔 } ,

(32)

where 𝐸𝑎 = [𝑒𝜌, 𝑒𝛽, 𝑓, 𝑔]. As 𝑡 → ∞, 𝜎1 → ∞, it follows
that

lim
𝑡→∞

𝐸𝑎 ≤ 𝛾𝑐1 ∘ 𝛾𝑜1 ( ̇𝑓) + 𝛾𝑐2 ∘ 𝛾𝑜2 ( ̇𝑔)
≤ 𝜇−1 ( 𝑓∗

𝜃1𝜃2𝜆min (𝐾1) 𝜆min (𝐾2))

+ 𝜇−1( 𝑔∗
𝜃1𝜃2𝜆min (𝐾1) 𝜆min (𝐾2)) ,

(33)

implying (10) with 𝜇 = |𝑠|/√𝑠2 + Δ2max1 . Note that | ̇𝑔| and | ̇𝑓|
are bounded by 𝑔∗ and𝑓∗.Then, the errors 𝑒𝜌, 𝑒𝛽,𝑓 and 𝑔 are
all bounded. Note that only uniform ultimate boundedness
of closed-loop system can be achieved due to the existence
of ̇𝑔 and ̇𝑓. If ̇𝑔 = 0 and ̇𝑓 = 0, the closed-loop system is
asymptotical stable.

4. Collision-Free Target Tracking

4.1. Guidance Law Design. In previous section, a target
tracking controller is developed for ASVs without using the
velocity of the target. In this section, a collision-free target
tracking controller is developed based on a RESO and an
artificial potential function. To achieve a collision-free target
tracking, a desired orientation is defined as follows:

𝜃𝑟 = atan2 (𝑦𝑡 − 𝑦 − 𝜕𝑉𝑎𝜕𝑦 , 𝑥𝑡 − 𝑥 − 𝜕𝑉𝑎𝜕𝑥 ) , (34)

and the angle tracking error is redefined as

𝑒𝛽 = 𝜃𝑟 − 𝜓 − 𝛿. (35)

The guidance law for collision-free target tracking based
on RESO is designed as follows:

𝑢 = 𝑘5 (𝑒𝜌 + 𝜕𝑉𝑎/𝜕𝑒𝜌)
√(𝑒𝜌 + 𝜕𝑉𝑎/𝜕𝑒𝜌)2 + Δ23

+ 𝑓,

𝑟 = 𝑘6𝑒𝛽
√𝑒2𝛽 + Δ24

+ 𝑔,
(36)

where 𝑘5 and 𝑘6 are positive constants; Δ 3 andΔ 4 are positive
constants, which are employed to limit the maximum value of
control laws.

Substituting (14) and (36) into (11) results in

̇𝑒𝜌 = − 𝑘5 (𝑒𝜌 + 𝜕𝑉𝑎/𝜕𝑒𝜌)
√(𝑒𝜌 + 𝜕𝑉𝑎/𝜕𝑒𝜌)2 + Δ23

− 𝑓,

̇𝑒𝛽 = − 𝑘6𝑒𝛽
√𝑒2
𝛽
+ Δ24

− 𝑔.
(37)

The ISS property of subsystem (37) is stated as follows.

Lemma 5. Subsystem (37), viewed as a system with the states
being 𝑒𝜌 +𝜕𝑉𝑎/𝜕𝑒𝜌 and 𝑒𝛽 and the inputs being 𝑓 and 𝑔, is ISS.
Proof. Construct a Lyapunov function for system (37) as

𝑉3 = 1
2𝑒2𝜌 +

1
2𝑒2𝛽 + 𝑉𝑎. (38)

Taking the time derivative of 𝑉3 along (37), (3), and (4),
we have

�̇�3 = − 𝑘5 (𝑒𝜌 + 𝜕𝑉𝑎/𝜕𝑒𝜌)2
√(𝑒𝜌 + 𝜕𝑉𝑎/𝜕𝑒𝜌)2 + Δ23

+ 𝑓(𝑒𝜌 + 𝜕𝑉𝑎𝜕𝑒𝜌 )

− 𝑘6𝑒2𝛽
√𝑒2
𝛽
+ Δ24

+ 𝑔𝑒𝛽

≤ − 𝜆min (𝐾3) 𝐸32
√𝐸32 + Δ2max2

+ ‖𝑤‖ 𝐸3 ,

(39)

where 𝐸3 = [𝑒𝜌 + 𝜕𝑉𝑎/𝜕𝑒𝜌, 𝑒𝛽]𝑇, 𝐾3 = diag{𝑘5, 𝑘6}, andΔmax
2

= max{Δ 3, Δ 4}.
Noting that

𝐸3
√𝐸32 + Δ2max2

≥
𝑓 + 𝑔

𝜃3𝜆min (𝐾3) ≥ ‖𝑤‖
𝜃3𝜆min (𝐾3) (40)

renders

�̇�3 ≤ −𝜆min (𝐾3) (1 − 𝜃3) 𝐸32
√𝐸32 + Δ2max2

, (41)
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where 0 < 𝜃3 < 1. As a consequence, subsystem (37) is ISS.
Since �̇�3 is negative definite, then 𝑉3 is not increasing inside
the detection region. Since

lim
‖𝑧−𝑧𝑎‖→𝑟

+

𝑉𝑎 = ∞, (42)

where 𝑧 = [𝑥, 𝑦]𝑇 and 𝑧𝑎 = [𝑥𝑡, 𝑦𝑡]𝑇, then collision avoidance
is guaranteed.

4.2. Stability Analysis. Finally, we analyze the cascade stabil-
ity of subsystem (15) and subsystem (37) in a compact form:

Σ3 :
{{{{{{{{{{{{{{{

̇𝑒𝜌 = − 𝑘5 (𝑒𝜌 + 𝜕𝑉𝑎/𝜕𝑒𝜌)
√(𝑒𝜌 + 𝜕𝑉𝑎/𝜕𝑒𝜌)2 + Δ23

− 𝑓,

̇𝑒𝛽 = − 𝑘8𝑒𝛽
√𝑒2
𝛽
+ Δ24

− 𝑔,
(43)

and

Σ4 : {{{
̇̃𝑓 = −𝑘1𝑓 − ̇𝑓,
̇̃𝑔 = −𝑘2𝑔 − ̇𝑔. (44)

The following theorem presents the stability of the cas-
cade system consisting of subsystem (15) and subsystem (37).

Theorem6. Consider the closed-loop guidance system consist-
ing of follower ASV with kinematics (6), the target ASV with
kinematics (5), and the guidance law (36) (13). If Assumption 1
is satisfied, the proposed guidance law can achieve the control
objective described in Section 3.1. 
e closed-loop system cas-
caded by subsystem (15) and subsystem (37) is ISS. Besides,

(1) outside the detection range, the tracking errors (𝑒𝜌, 𝑒𝛽)
converge to a small neighborhood of the origin,

(2) inside the detection range, collision avoidance is guar-
anteed, i.e., for all 𝑡 ≥ 0, ‖[𝑥, 𝑦]𝑇 − [𝑥t, 𝑦𝑡]𝑇‖ − 𝑟 ≥ 𝜖4 for some
constant 𝜖4.
Proof. Part A.The cascade system consisting of subsystem Σ3
and subsystem Σ4 with the relative distance 𝜌 (𝜌 > 𝑅) is ISS.
The proof is the same as the proof of Theorem 4.

Part B.Thecascade system consisting of subsystemΣ3 and
subsystem Σ4 with the relative distance 𝜌 (𝜌 < 𝑟) is ISS. It has
been proved that subsystem Σ3 with states (𝑒𝜌 + 𝜕𝑉𝑎/𝜕𝑒𝜌, 𝑒𝛽)
and exogenous inputs (𝑓, 𝑔) and subsystem Σ4 with states (𝑓,𝑔) and exogenous inputs ̇𝑓 and ̇𝑔 are ISS. By LemmaC.4 [47],
it follows that the cascade systems Σ3 and Σ4 with states (𝑒𝜌 +𝜕𝑉𝑎𝜌/𝜕𝑒𝜌, 𝑒𝛽, 𝑓, 𝑔) and exogenous inputs ( ̇𝑓, ̇𝑔) are ISS. Note
that the errors 𝑒𝜌 + 𝜕𝑉𝑎𝜌/𝜕𝑒𝜌, 𝑒𝛽, 𝑓, and 𝑔 are all bounded.
Then, collision avoidance is guaranteed ‖[𝑥, 𝑦]𝑇−[𝑥𝑡, 𝑦𝑡]𝑇‖ ≥𝑟𝑑 for all 𝑡 ≥ 0, where 𝑟𝑑 = 𝑟+𝜖4 with 𝜖4 being a constant.

A parameter selection guideline is provided as follows.
The parameters 𝑘1 and 𝑘2 determine the speed of observer.
The parameters 𝑘3, 𝑘4, 𝑘5, and 𝑘6 can be chosen according
to the desired response of the closed-loop system. The
parameters Δ 1, Δ 2, Δ 3, and Δ 4 can be used to regulate the
transient performance.
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Figure 2: Trajectory of target and follower ASV.

5. Simulation Results

In this section, simulation results are given to show the
performance of the proposed guidance law for collision-free
target tracking. Two cases are presented: (1) the velocity of
target is constant; (2) the velocity of target is time-varying.
The vehicle tracks the target with relative distance 𝜌𝑑 (𝜌𝑑 >𝑟 > 𝑅 𝑡 < 40𝑠, 𝜌𝑑 < 𝑟 < 𝑅 𝑡 > 40𝑠). The initial configurations
of the follower and target vehicle are (𝑥, 𝑦, 𝜓)(0) = (0, 0, 0)
and (𝑥𝑡, 𝑦𝑡, 𝜓𝑡)(0) = (5, 5, 𝜋/4), respectively. The control
parameters are chosen as follows: 𝑘1 = 5, 𝑘2 = 5, 𝑘3 = 0.1,𝑘4 = 0.2, 𝑘5 = 0.1, 𝑘6 = 0.2, Δ 1 = 0.5, Δ 2 = 0.5, Δ 3 = 0.5,Δ 4 = 0.5, 𝑟 = 3𝑚, 𝑅 = 5𝑚, 𝜌𝑑 = 6𝑚(𝑡 < 40𝑠), and𝜌𝑑 = 2𝑚(𝑡 > 40𝑠).
5.1. Target Tracking and Collision Avoidance with a Target of
Constant Velocity. Consider the ASVmodel (6) controlled by
the guidance law (22) with constant velocity 𝑢𝑡 = 0.5𝑚/𝑠
and 𝑟𝑡 = 0𝑟𝑎𝑑/𝑠. Simulation results are shown in Figures
2–5, and Figure 2 shows the trajectories of target and follower
ASV. It reveals that the follower vehicle heads for the target
in a short time while holding a desired distance although the
target dynamics is uncertain. Figure 3 shows that the follower
vehicle tracks the target with distance 𝜌𝑑 = 6𝑚 when the
distance satisfies 𝜌𝑑 > 𝑟 > 𝑅. After 40𝑠, the distance 𝜌𝑑 is
changed from 6𝑚 to 2𝑚, and the tracking distance becomes𝑅 > 𝜌𝑑 > 𝑟. It reveals that the proposed guidance law can
achieve collision avoidance well. The output of RESO and
the relative dynamics of target are compared in Figure 4. It
shows that the RESO can compensate the uncertain target
kinematics efficiently. Figure 5 shows the guidance signals of
the proposed guidance law. It reveals that the guidance signals
are all bounded.

5.2. Target Tracking and Collision Avoidance with a Target of
Time-Varying Velocity. The guidance law (36) is employed
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Figure 3: The distance between vehicle and target.
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Figure 4: Estimation performance of the RESOs.
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Target
Follower

0 5 10 15 20 25−5
x (m)

−5

0

5

10

15

20

25

30

y 
(m

)

Figure 6: Trajectory of target and follower ASV.

r
R

50 60 70 80
4.2
4.3
4.4

10 20 30 40 50 60 70 800
Time (s)



＞

1

2

3

4

5

6

7


(m
)

Figure 7: Target tracking errors.

to track a target with time-varying velocity 𝑢𝑡 = (2 +0.1sin(2𝑡))𝑚/𝑠 and 𝑟𝑡 = 0.5sin(2𝑡)𝑟𝑎𝑑/𝑠. Figures 6–9 show
the simulation results. Figure 6 shows that the follower
vehicle can track the target with given relative distance. The
relative distance is shown in Figure 7. It implies that the
follower vehicle tracks the target with given distance 𝜌𝑑 when
the distance is designed as 𝜌𝑑 > 𝑟 > 𝑅. After 40𝑠, the distance𝜌𝑑 is changed from 6𝑚 to 2𝑚.The tracking distance becomes𝑅 > 𝜌𝑑 > 𝑟 rather than the given distance 2𝑚. It indicates that
the proposed guidance law for target tracking extended to
collision avoidance is effective with the time-varying velocity
of target. The output of the RESO and relative dynamics
of target are compared in Figure 8. It shows that the RESO
can compensate the uncertain target dynamics efficiently.
Figure 9 shows the guidance signals of the proposed guidance
law. It observed that the guidance signals are all bounded.
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Figure 8: Estimation performance of the RESOs.
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Figure 9: Guidance law.

6. Conclusions

This paper considers the target tracking problem of an
ASV in the presence of a maneuvering target where the
velocity information of the target is totally unknown to
the follower ASV. A reduced-order extended state observer
is used to estimate the unknown relative dynamics. Then,
an antidisturbance guidance law is developed based on the
reduced-order extended state observer for target tracking.
The stability of closed-loop target tracking guidance system
is analyzed via cascade analysis. Finally, the result is extended
to the case that collisions between the target and leader are
avoided during tracking, and a collision-free target tracking
guidance law is developed. Simulation results verify the
effectiveness of the proposed guidance law for tracking a
maneuvering target with arbitrary velocity and having the
ability to avoid collision in the presence of a maneuvering
target.
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Adaptive Monte Carlo localization (AMCL) algorithm has a limited pose accuracy because of the nonconvexity of the laser sensor
model, the complex and unstructured features of the working environment, the randomness of particle sampling, and the final pose
selection problem. In this paper, an improved AMCL algorithm is proposed, aiming to build a laser radar-based robot localization
system in a complex and unstructured environment, with a LIDAR point cloud scan-matching process after the particle score
calculating process. The weighted mean pose of AMCL particle swarm is used as the initial pose of the scan matching process.
The LIDAR point cloud is matched with the probability grid map from coarse to fine using the Gaussian-Newton method,
which results in more accurate poses. Moreover, the scan-matching pose is added into the particle swarm as a high-weight
particle. So the particle swarm after resampling will be more concentrated in the correct position. The particle filter and the
scan-matching process form a closed loop, thus enhancing the localization accuracy of mobile robots. The experiment results
demonstrate that the proposed improved AMCL algorithm is superior to the traditional AMCL algorithm in the complex and
unstructured environment, by exploiting the high-accuracy characteristic of scan matching while inheriting the stability of AMCL.

1. Introduction

With the continuous expansion of robot applications, the
working environment that robots confront with has become
increasingly complex and unstructured. For intelligent mobile
robots, the biggest technical challenge is to have the ability to
sense the environment and acquire the perceptual information
for autonomous localization, navigation, and driving control.
In particular, it is more important for autonomous localiza-
tion in unstructured complex environments. In a structured
environment, the information perceived on the ground can
be converted into a simple boundary structure to guide the
formation of a perceptual behavior strategy. But in an unstruc-
tured environment with unevenness of the ground or different
sizes of obstacles, it is difficult to describe the environment
as a regular structure with the perceptual information of the

environment, which increases the difficulty of autonomous
localization of the robot. In addition, some complex terrains
such as ravines and muddy ground in unstructured environ-
ments and bad weather such as rain, snow, fog, and dust can
also affect localization accuracy and robustness.

So far, the problem of autonomous localization has
been widely discussed in mobile robot systems. In the past
decades, mobile robot localization technology can reliably
complete positioning in some specific application scenar-
ios. But achieving high-precision and high-reliability local-
ization in a complex unstructured environment is still a
challenging task.

In an industrial practical application scenario, the
mobile robot’s operating environment is generally fixed at a
period of time [1]. Probabilistic localization methods have
been proven to be robust in this static environment. The
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probabilistic localization method is mainly based on
extended Kalman filter [2], histogram filter, and particle
filter, namely Monte Carlo localization (MCL) [3]. Lidar sen-
sors are often used in robot localization and obstacle avoid-
ance because they can accurately measure the distance of
obstacles without complex image preprocessing like visual
sensors. In particular, in industrial environments, most
industrial robots are equipped with lidars to sense the envi-
ronment, avoid obstacles, and apply the brakes. In the litera-
ture [4, 5], a standard Monte Carlo positioning method is
used on the SICK Lidar with a localization error of about
0.05m to 0.2m. In the literature [6], a localization algorithm
based on extended Kalman filter is used on the Pioneer2
robot with SICK Lidar; the pose error is approximately
0.25m, 3.5°.

The Monte Carlo localization algorithm is a probabilistic
localization algorithm applied to a two-dimensional occupa-
tion grid map [7], which uses the particle filter algorithm [8].
Particle swarm is used to describe and track the current pos-
sible pose of mobile robots in known maps [5]. It could esti-
mate pose globally with a small amount of computation and a
low memory footprint. At the same time, the estimated pose
is very smooth during the locomotion of robots and suitable
for navigation control of mobile robots [9]. However, it
would always be affected by the strong nonconvexity of the
laser radar sensor model and complex unstructured features
of the environment. For example, the power substation
inspection robot system shown in Figure 1 is under a strong
magnetic field environment, affected by the sensor noise and
the limitations of particle filter. In practical application, the
accuracy and robustness of the Monte Carlo localization
algorithm are limited.

However, in some complex and unstructured envi-
ronments, extremely high localization accuracy is a key con-
dition for robots to performmultiple tasks. A typical example
is that a robot picks up an object from a fixed location

(such as a conveyor belt or a workbench). To carry out
global localization, the robot is generally equipped with a
high-precision lidar sensor. Before picking up the object,
robots need to move to the appropriate position. To
improve the localization accuracy, some auxiliary localiza-
tion devices such as magnetic stripe or QR codes are usu-
ally deployed near the corresponding position. However,
installing auxiliary localization devices requires changing
the production environment, which limits the flexibility
of the robot system.

In order to solve the problem of accuracy and robustness
of autonomous localization of robots in complex unstruc-
tured environments, this paper proposes an improved
adaptive Monte Carlo localization algorithm based on laser
scan matching, which combines the laser scan-matching
algorithm [10] and Monte Carlo localization algorithm. It
inherits the high precision of laser scan matching algo-
rithm and the reliability of Monte Carlo localization algo-
rithm. Using our proposed algorithm, the localization of
mobile robot remains highly accurate and highly reliable in
a complex unstructured environment without any auxiliary
localization devices.

2. Monte Carlo Localization Algorithm

The Monte Carlo localization algorithm is basically divided
into the following four steps as shown in Figure 2.

When a laser sensor is used to locate robot on a 2D grid
map, if the robot pose is given, it is very easy to calculate
the agreement between the laser beams and the occupied
grid. Therefore, the MCL algorithm can be used, which rep-
resents the pose of the robot with many particles [11], as
shown in Figure 3. Calculate the weight of the particle
according to the agreement with the map; then, determine
the estimated pose and locate the robot. However, there are
some problems in the MCL algorithm: it cannot solve the
robot kidnapping problem. Once the pose changes discontin-
uous, the localization will fail [12]. To improve the localiza-
tion accuracy, many particles need to be added and result
in slow localization convergence rate.

The AMCL algorithm is adapted from the MCL algo-
rithm to solve above problems. The AMCL algorithm
randomly adds free particles during resampling [13].
The number of free particles is calculated based on long-
term estimated weights ωslow and short-term estimated
weights ωfast:

ωslow = ωslow + αslow ωavg − ωslow ,

ωfast = ωfast + αfast ωavg − ωfast

1

In (1), ωavg is the average weight of all particles; the
parameters αslow and αfast are, respectively, used to estimate
the attenuation rate of the exponential filter with long-term
and short-term weight (0 ≤ αslow ≪ αfast) [14].

Kullback-Leibler divergence (KLD) algorithm is used to
resample particle in the AMCL algorithm [15]. This method
can adaptively calculate the required number of particles

Figure 1: Power substation experiment site.
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based on the distribution of particle weights. The upper
bound N top of the number of particles is expressed as

N top =
k − 1
2α

1 −
2

9 k − 1
+

2
9 k − 1

β

3

2

In (2), parameters α and β are, respectively, the maxi-
mum error and the standard normal distribution quantile
between the true distribution and the estimated distribu-
tion. k is the number of nonempty in the state space of
the particle. It can be seen that the upper bound N top of
the number of particles has an approximately linear rela-
tionship with k. During the initial global localization, the
particles are more dispersed and k is larger, so the upper
bound N top of the number of particles are higher; when
the global localization is completed; the problem became
a trajectory tracking problem. At this time, the particles
are more concentrated and converged. The number of non-
empty state spaces is small; k is small, and the upper bound
N top of the number of particles decrease. In this way, the num-
ber of particles is effectively dynamically adjusted [16]. The
total number of particles is reduced which results in better
computational efficiency.

However, there is still a problem in the AMCL algo-
rithm: when the robot is in a complex and unstructured
environment with dynamic obstacles and unevenness of
the ground, the optimal pose estimation given by the algo-
rithm is the center of the particle swarm instead of the best

matching pose between map and laser scanning result. Even
after convergence, the localization accuracy and robustness
cannot be guaranteed. In addition, once the error between
the particle swarm and the actual pose is large, it will take
some time to calibrate itself and even result in terrible
localization deviation.

3. An Improved Adaptive Monte Carlo
Localization in the Complex and
Unstructured Environment

In order to solve the problem during the AMCL algorithm
to estimate the pose of the robot as the weighted center
deviation of the particle swarm in the complex unstruc-
tured environment, this paper adds a scan matching that
matches the laser scanning with the map, as shown in
Figure 4. The scan-matching algorithm gets the pose estima-
tion from the AMCL algorithm as input. Then, the laser
scans are aligned with the probability grid map using the
Gaussian-Newton iteration method [17]. Finally, the opti-
mized pose estimation solved by scan matching is added to
the AMCL particle swarm.

3.1. Scan Matching Principle. For robots equipped with
laser sensors, the localization problem in a probability grid
map can be converted to a problem of matching optimization
as shown in

ξ∗ = arg min
ξ

1 −M Si ξ
2, 3

whereM Si ξ is the occupation probability of the map at a
given coordinate point Si ξ , and Si ξ is the coordinates of
the endpoint of the laser scanning ray in the map coordinate
system while the mobile robot is in position ξ:

Si ξ =
cos ψ −sin ψ

sin ψ cos ψ

si,x

si,y
+

px

py
4

In (4), Px and Py represent the coordinates of the laser
sensor, and ψ is the orientation angle of the robot.

The goal of the scan matching is that given an initial
estimate ξ, which has a small deviation from the actual pose,
find a deviation Δξ to align the laser scan results with the
probability grid map [18]:

〠
n

i=1
1 −M Si ξ + Δξ 2 → 0 5

Initialize the particle swarm Simulate particle motion Calculate particle’s score Resample particle

Figure 2: Basic steps of the Monte Carlo localization algorithm.

Figure 3: Matching particle swarms to grid maps.
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For the first-order Taylor expansion of M Si ξ + Δξ ,
find the minimum value of expansion (solving partial deriv-
ative for Δξ and let it be 0), and finally, get

Δξ =H−1 〠
n

i=1
∇M Si ξ

∂Si ξ
∂ξ

T
1 −M Si ξ , 6

where the Hessian matrix H and partial derivative of Si ξ
to ξ are

H = 〠
n

i=1
∇M Si ξ

∂Si ξ
∂ξ

T
∇M Si ξ

∂Si ξ
∂ξ

, 7

∂Si ξ
∂ξ =

1 0 −sin ψ si,x − cos ψ si,y

0 1 cos ψ si,x − sin ψ si,y
8

Since the map M is a probability grid map, it is dis-
crete and not continuous. In order to obtain the derivative
of the map M, bilinear interpolation is carried out in the x
and y directions on the map [19], as shown in Figure 5.

According to Figure 5, the probability value of Pm is

M Pm ≈
y − y0
y1 − y0

x − x0
x1 − x0

M P11 +
x1 − x
x1 − x0

M P01

+
y1 − y
y1 − y0

x − x0
x1 − x0

M P10 +
x1 − x
x1 − x0

M P00

9

M P x, y is the probability that grid P x, y is occupied.
The partial derivative of M P x, y is

The core of scan matching is to use the first-order Taylor
series expansion of the Gaussian-Newton iteration method to
approximately replace the nonlinear regression model. After
iterations, the residual square sum (5) of the original model is
minimized. Finally, ξ + Δξ is the optimized pose that the laser
scan results are best aligned with the probability grid map.

3.2. Scan Matching Process in Complex Unstructured
Environment. After global positioning in a complex and
unstructured environment, the localization problem became
a pose-tracking problem. Due to the complex and unstruc-
tured environment, robot pose estimated by the AMCL algo-
rithm is the weighted mean of the particle swarm, and there
is still a certain deviation from the actual pose. According to
the scan-matching principle described above, the Gaussian-

Newton iteration method is adopted which takes the pose
from the AMCL algorithm as an initial value ξ and optimizes
it on the multiresolution map from coarse to fine. In each
layer, the Gaussian-Newton method is used to solve the
deviation Δξ, which results in a more accurate pose. The
detailed process is shown in Figure 6.

If the particle swarm of the AMCL algorithm is concen-
tered, namely, the solution of the pose estimation converges,
the scan-matching algorithm is used to further optimize the
pose. Firstly, the pose solved by the AMCL algorithm is used
as the initial pose of the scan matching. Then, the Gaussian-
Newton iterations are performed layer by layer from low res-
olution to high resolution on the multiresolution map. After
iterating, it will get a more accurate pose. If the error
approach to the solution of scan matching and the solution

Initialize the particle swarm Simulate particle motion Calculate particle’s score Resample particle

Scan matching

Figure 4: Flow chart of the proposed improved AMCL algorithm.
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of the AMCL algorithm is smaller than threshold, the solu-
tion pose of scan matching will be inserted into the AMCL
particle swarm as a high-weight particle; if the error is larger
than threshold, it means that the solution of scan matching
may be erroneous, so it should be abandoned.

Because the scan matching uses the solution of AMCL as
the initial value, if the AMCL solution differs greatly from the
actual pose, the scan matching will fail. In addition, the opti-
mal particles obtained by scan matching must be inserted
into the AMCL particle swarm to form a closed loop for
reducing the difference between the solution of AMCL and
scan matching.

It should be noted that the scan matching adopts the
principle of layer-by-layer iteration on multiresolution maps.
To make a map continuous and derivative, the map is a prob-
ability grid map. Low-resolution maps in multilayer maps are
downsampled from the original high-resolution map.

4. Experiments

To analyze the effect of adding the scan matching to the orig-
inal AMCL algorithm, experiments were performed on the
mobile robot equipped with a single-line laser radar, respec-
tively, using the original AMCL algorithm and proposed
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convergence?
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of the scan match
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matrix H and partial 

derivatives in the map

Calculate robot pose

The maximum number of 
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Get a matching solution
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resolution map?

Scan matching solution
meets the conditions

Insert into AMCL 
particle swarm

EndYN
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Figure 6: Flow chart of the scan-matching process.

(a) Initial state (b) Convergence process (c) After convergence

Figure 7: Mobile robot global localization process based on AMCL.
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improved AMCL algorithm. The maximum linear velocity of
the robot motion is set to 0.3m/s, and the maximum angular
velocity is set to 1 rad/s.

4.1. Original AMCL Algorithm Experiment. To verify the
localization effect of the original AMCL algorithm, in the
occupancy grid map built by a cartographer [20], a localiza-
tion experiment was performed using the original AMCL
algorithm. To speed up the convergence, the initial particle
swarm is randomly generated near the actual initial pose.
The small green arrow in Figure 7 represents a pose particle;
the red arrow represents the estimated robot pose at each
moment, and the red point cloud is laser scanning point
cloud. The minimum figure of particles in the AMCL algo-
rithm is 500 and the maximum is 5000. Figure 7(a) shows
the initial state of the particle swarm. An approximate esti-
mate of the robot’s initial pose is provided to speed up local-
ization convergence. As can be seen from the figure, many
particles are generated near the initial pose estimation.
Figure 7(b) and Figure 7(c) show that the particles converge
gradually when the robot moves. According to red point
clouds in Figure 7(b) and Figure 7(c), the laser scanning
points are not well aligned with the obstacle. This is due to
the current environment being unstructured and complex;
the weighted mean pose of particle swarm was used as the
estimated pose in the original AMCL algorithm which results
in a certain deviation between the estimated pose and the
actual pose.

4.2. Scan-Matching Experiment. To verify the pose optimiza-
tion effect of the scan matching, we also chose to do experi-
ment in a complex and unstructured environment under a
noisy strong magnetic field complex environment (power
substation). The laser point cloud corresponds to the
weighted mean pose of the original AMCL algorithm, and
the point cloud corresponds to the optimized pose after
scan-matching optimization is drawn in Figure 8.

In Figure 8, the red point cloud is the laser point cloud
scan result corresponding to the weighted mean pose of the
original AMCL algorithm, and the blue point cloud is the
laser point cloud scan result corresponding to the optimized
pose after scan-matching optimization. Comparing the align-
ment effect of the laser point cloud with the black map obsta-
cle, it shows that the pose corresponding to the red point
cloud is not well aligned with the obstacle, which indicates
that there is a deviation between the pose obtained by the
original AMCL algorithm and the actual pose. After scan
matching, the blue point cloud corresponding to the opti-
mized pose is more aligned than the red point cloud indicat-
ing that the scan matching can effectively improve the pose
accuracy when the robot is stationary.

4.3. Improved AMCL Algorithm Experiment. To compare the
dynamic localization effect of the original AMCL algorithm
with the proposed improved AMCL algorithm in the same
complex unstructured experimental environment, we chose
to insert or not the scan-matching solution back into the
AMCL particle swarm to form a closed loop. An open-loop
version and a closed-loop version of the improved AMCL
algorithm are experimented.

The open-loop version of the improved AMCL algorithm
uses weighted mean of original AMCL algorithm’s particle
swarm as the initial value of scan matching but does not

Figure 8: Experiment result of laser point cloud alignment.

Figure 9: Map of localization experiment.

Table 1: Result of straight line round-trip motion experiments.

Robot
Origin’s pose

Error of original AMCL
Error of open-loop
version of improved

AMCL
X/m Y/m θ/rad X/m Y/m θ/rad

Starting point 0.014 0.011 −0.004 −0.019 −0.014 −0.009
Endpoint 1 0.053 0.032 −0.024 0.006 −0.006 −0.014
Endpoint 2 0.052 0.014 −0.004 0.002 −0.008 0.003

Endpoint 3 0.051 0.009 −0.027 0.009 −0.014 −0.011
Endpoint 4 0.042 −0.010 −0.018 −0.018 −0.011 0.001

Endpoint 5 0.055 −0.028 0.006 0.004 −0.017 −0.007
Endpoint 6 0.049 −0.005 −0.016 −0.019 −0.010 0.000

Endpoint 7 0.043 0.030 −0.007 0.016 −0.010 0.008

Endpoint 8 0.027 0.014 −0.003 −0.020 −0.008 −0.007
Endpoint 9 0.018 0.000 0.016 −0.020 −0.013 −0.011
Endpoint 10 −0.015 −0.018 −0.002 −0.009 −0.008 −0.004
Endpoint 11 −0.026 0.001 −0.008 −0.007 −0.007 −0.021
Endpoint 12 −0.038 0.000 0.013 −0.010 −0.004 −0.020
|Maximum| 0.055 0.032 0.027 0.020 0.017 0.021

|Minimum| 0.015 0.000 0.002 0.002 0.004 0.000

|Mean| 0.039 0.013 0.012 0.012 0.010 0.009
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insert the scan-matching solution back into the particle
swarm of the AMCL algorithm. The weighted mean of orig-
inal AMCL algorithm’s particle swarm and scan matching
solutions are recorded to verify the effect of scan matching
on the pose accuracy.

The closed-loop version of the improved AMCL algo-
rithm inserts the scan-matching optimization solution back
into the particle swarm to form a closed loop with the AMCL
algorithm if the scan matching is successful. The weighted
mean of improved AMCL algorithm’s particle swarm and
the scan matching solutions are recorded to analyze the dif-
ference between these two solutions.

The localization experiment was performed on a map
with a size of 16.075m× 9.9m and a grid size of 0.025m, as
shown in Figure 9. Several straight line round-trip motion
experiments and closed-loop motion experiments were con-
ducted using open-loop and closed-loop versions of the
improved AMCL algorithm, respectively.

4.3.1. Straight Line Round-Trip Motion Experiment Using the
Open-Loop Version of Improved AMCL. The straight line
round trip starts from the origin of the world coordinate sys-
tem and moves along the positive direction of the X axis by
more than 5m (allowing small adjustment of angle to keep
aligned). Then, controlling the robot back to original point
and recording two kinds of pose estimation output as “end-
point 1.”Next, controlling the robot to move back more than
3m along the negative direction of the X axis. Finally, con-
trolling the robot to move back to the original point and
recording two kinds of pose estimation output as “endpoint
2.” Repeating above actions for 6 times. The robot has run
for more than 100m and 10 minutes during this round-trip
motion experiment.

The weighted mean of original AMCL algorithm’s parti-
cle swarm and the optimized solutions of scan matching are
obtained. The deviations of these two pose estimations at ori-
gin are shown in Table 1. The trajectories from start point to
endpoint 2 of these two methods are shown in Figure 10.

Table 1 shows that the maximum localization error of the
original AMCL algorithm during the straight line round-trip
motion experiment is about the size of the two grids (5 cm);
the average localization error exceeds a grid size (2.5 cm).
The maximum localization error after scan-matching opti-
mization is less than one grid size (2.5 cm), and the average
localization error is half a grid size (1.25 cm). It shows that
the scan-matching algorithm can effectively improve the
localization accuracy during robot moving.

4.3.2. Closed-Loop Motion Experiments Using the Open-Loop
Version of Improved AMCL. For closed-loop motion experi-
ments, the maximum speed of the robot is set to 0.3m/s
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Figure 10: Trajectory of straight line round-trip motion experiment.

Table 2: Result of closed-loop motion experiments (open-loop
version).

Robot
Origin’s pose

Error of original AMCL
Corresponding scan

matching solution error
X/m Y/m θ/rad X/m Y/m θ/rad

Experiment 1 0.145 −0.017 0.057 0.009 −0.007 −0.012
Experiment 2 −0.101 −0.065 0.015 −0.014 −0.012 −0.009
Experiment 3 0.052 −0.185 −0.032 0.015 −0.016 0.008

|Maximum| 0.145 0.185 0.057 0.015 0.016 0.012

|Minimum| 0.052 0.017 0.015 0.009 0.007 0.008

|Mean| 0.099 0.089 0.035 0.013 0.012 0.010
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and the maximum angular velocity is 1 rad/s. The robot
moves along a closed-loop path (heading angle changes more
than 360°) and returns to the origin. Then, the robot fine-
tune its pose to align with the origin as far as possible. The
closed-loop experiments are repeated for 3 times. The locali-
zation error of the weighted mean of original AMCL algo-
rithm’s particle swarm and the error of the corresponding
scan matching solution are shown in Table 2. The trajectory
of the robot in the first experiment is shown in Figure 11.

The maximum localization error of the original AMCL is
14.5 cm, 18.5 cm, and 0.057 rad, and the average localization
error is 9.9 cm, 8.9 cm, and 0.035 rad. After completing
scan-matching optimization based on the solution of the
original AMCL, the maximum localization error reduces to
1.5 cm, 1.6 cm, and 0.012 rad, and the average localization
error is 1.3 cm, 1.2 cm, and 0.010 rad. It shows that the accu-
racy of pose after scan matching is much higher than that of
the original AMCL when the robot moves back to the origin.

Comparing Figure 10 with Figure 11, it shows that the
scan-matching solution is better; the path is more continuous
without large fluctuations if the robot moves along a straight
line, but the scan-matching solution is fluctuant or even
failed if the robot is spinning on a spot. The reason is that
the laser-scanning frequency used in experiments is too low
(5Hz), which results in large deviation of laser scanning. So
using the original AMCL solution as initial estimation for
the scan matching has low accuracy.

Because of the above reasons, when the robot is turning
as shown in the corners of Figure 11, the localization error
of the scan-matching solution is larger than that of the orig-
inal AMCL solution. However, after the robot moves back to
the origin, the localization error of the scan-matching

solution is much smaller than that of the original AMCL
solution because AMCL relies too much on the motion
model of the robot. When the robot is spinning on a spot,
the sensor error becomes large (especially for odometer and
laser), which results in bad localization accuracy of the
AMCL algorithm during turning and affecting the subse-
quent localization.

4.3.3. Closed-Loop Motion Experiment Using the Closed-
Loop Version of Improved AMCL. A closed-loop version of
the improved AMCL algorithm is used below for closed-
loop motion experiments, which inserts the scan-matching
solution as a high-weighted particle back into the AMCL par-
ticle swarm to form a closed loop. Parameters of the
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Figure 11: Trajectory of closed-loop motion experiment (open-loop version).

Table 3: Result of closed-loop motion experiments (closed-loop
version).

Robot
Origin’s pose

Closed-loop version of improved AMCL algorithm
Errors of weighted mean
solution for particle

swarm

Error of scan matching
solution

X/m Y/m θ/rad X/m Y/m θ/rad

Experiment 1 −0.011 −0.018 −0.017 −0.012 −0.013 −0.032
Experiment 2 −0.024 −0.002 0.001 0.004 −0.006 −0.008
Experiment 3 −0.018 −0.012 0.013 0.005 0.000 0.028

Experiment 4 −0.001 −0.012 −0.008 −0.011 −0.012 −0.006
|Maximum| 0.024 0.018 0.017 0.012 0.013 0.032

|Minimum| 0.001 0.002 0.001 0.004 0.000 0.006

|Mean| 0.014 0.011 0.010 0.008 0.008 0.019
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experiment are similar to the above experiment. The experi-
ment is repeated four times. The experiment result is
shown in Table 3. The trajectory of the experiment is
shown in Figure 12.

As shown in Table 3, with the closed-loop version of the
improved AMCL algorithm, the scan-matching solution and
the AMCL algorithm’s particle swarm that form a closed loop
improve the accuracy of weighted mean of particle swarm
greatly. Four times of loop motion experiments show that
the maximum localization error of weighted mean for the
particle swarm is 2.4 cm, 1.8 cm, and 0.017 rad, which is
about the size of the grid, and the average localization error
is 1.4 cm, 1.1 cm, and 0.010 rad, which is about half of the size
of the grid. The maximum localization error of the scan-
matching solution is 1.2 cm, 1.3 cm, and 0.032 rad, which is
half the size of the grid, and the average localization error is
0.8 cm, 0.8 cm, and 0.019 rad, which is about one-third of
the size of the grid.

The closed-loop version of the improved AMCL algo-
rithm improves the accuracy of the weighted mean of
AMCL particle swarm by inserting high-precision scan-
matching solution, and the weighted mean of the particle
swarm is used as the initial value of the next scan-matching
process. Because the initial values of iteration are more accu-
rate, the accuracy of the scan-matching solution is better.
Under this mutual promotion, localization accuracy has been
significantly improved.

As shown in Figure 12, because the accuracy of the initial
value of iterations is higher, the amplitude of the scan-
matching solution is significantly reduced with the closed-

loop version of the improved AMCL algorithm, but there is
still a small uncertainty when the robot is turning.

According to the above comparative analyses, in prac-
tical applications, especially in a complex and unstructured
environment, the localization accuracy of the original AMCL
algorithm is low and the maximum localization error exceeds
10 cm due to several reasons. The scan-matching process
can significantly optimize the pose’s accuracy (error half
reduced). The maximum static localization error is no more
than one grid (2.5 cm), and the average localization error is
only half a grid (1.25 cm). However, due to the limitation of
laser sensor, the results of the laser scanning are not accurate
enough during robot turning. It makes the scan matching
uncertain and leads to a discontinuity in pose estimation.

Because the scan matching and AMCL form a closed
loop, the accuracy of weighted mean pose of AMCL algo-
rithm’s particle swarm has been greatly improved; the
scan-matching solution is also smoother and more stable.
The improved AMCL algorithm has reduced the maximum
localization error to a grid (2.5 cm), and the average localiza-
tion error has also been reduced to half a grid (1.25 cm); the
maximum localization error of the scan-matching solution
has been reduced to half grids (1.25 cm), and the average
localization error has been reduced to less than 1 cm.

In the experiment, the scan-matching algorithm has
strong adaptability to the laser radar noise and can cor-
rectly deal with the situation in a complex unstructured envi-
ronment and has greater improvement in accuracy and
reliability than the original AMCL algorithm. Therefore, the
accuracy of the original AMCL algorithm can be improved
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by the scan-matching algorithm, and the robustness of the
localization will not be reduced due to the increase of the
scan-matching process.

In this paper, a scan matching is added into the original
AMCL algorithm. It makes particle swarm converge to the
correct pose more quickly, and the total number of particles
converges to a lower level faster. Therefore, the computations
of particle swarm are updated, and resampling are lower than
the original AMCL algorithm.

5. Conclusion

Aiming at the problem that the traditional AMCL algorithm
has a low localization accuracy in a complex and unstruc-
tured environment, this paper proposes an improved AMCL
algorithm based on laser scan matching. Firstly, it adds a
scan-matching process and applies the Gaussian-Newton
iteration method to optimize the pose. Then, the scan-
matching solution feeds back to the AMCL to form a closed
loop, which improves the alignment of the laser radar scan-
ning endpoints and map obstacles, leading to a higher local-
ization accuracy. Combining the advantages of the high
precision of the scan matching and stability of the AMCL
pose, our proposed method improves the localization accu-
racy while maintaining its robustness. The experimental
results demonstrate the effectiveness and feasibility of this
method. The improved AMCL algorithm proposed in this
paper has two kinds of pose outputs: a weighted mean of
the particle swarm, which is more stable, and a scan-
matching solution, which is more accurate. One of these
poses can be chosen to meet the need for continuity and
accuracy of the localization in practical applications. The per-
formance of this method relies on the accuracy of the laser
sensor. When the mobile robot turns, there are uncertainties
in the pose estimation. The estimated pose will be improved
with a higher scanning frequency of the laser sensor.
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An integrated guidance integrated estimation/guidance law is designed for exoatmospheric interceptors equipped with divert
thrusters and optical seekers to intercept maneuvering targets. This paper considers an angles-only guidance problem for
exoatmospheric maneuvering targets. A bounded differential game-based guidance law is derived against maneuvering targets
using zero-effort-miss (ZEM). Estimators based the extended Kalman filter (EKF) and the unscented Kalman filter (UKF) are
designed to estimate LOS rates that are contaminated by noise and targetmaneuver. Furthermore, to improve the observability of the
range, an observability enhancement differential game guidance law is derived. The guidance law and the estimator are integrated
together in the guidance loop. The proposed integrated estimation/guidance law has been tested in several three-dimensional
nonlinear interception scenarios. Numerical simulations on a set of Monte-Carlo simulations prove the validity and superiority
of the proposed guidance law in hit-to-kill interception.

1. Introduction

The problem of exoatmospheric interception has been stud-
ied for decades. Clearly, the interceptor must hit and kill the
target at the end of the terminal phase. Both the midcourse
and terminal guidance phases take placewhen the interceptor
is outside the atmosphere [1, 2].Themajor difference between
these two phases is that the guidance law in the midcourse
phase is executed using a ground-based long-range radar
(LRR) station, and the interceptor does not lock-on the target,
while in the terminal phase the interceptor uses an onboard
seeker to guide itself after locking on to the target. That is to
say, the patterns of getting information from the target are
different, so the guidance laws are different.

Is there a single guidance law that can be used during
both phases? In [3], the authors discussed this problem. In
the terminal phase, the relative velocity is large, while the
acceleration is relatively small. This generates fragility of the
interception with respect to the LOS rates. For this problem,
the midcourse law directed from the ground station must
reduce LOS rates as much as possible within a required range.

An exoatmospheric interceptor is usually equipped with
a strapdown optical seeker that can measure only LOS angles
[4]; information relating to relative range and velocity is not
measured. Even more concerning, the optical seeker’s mea-
surements of LOS angles are nearly always corrupted by noise,
resulting in inaccuracies in the LOS rate information. Using
data from the ground-based station during the midcourse
phase, the interceptor can get information on the position,
velocity and even acceleration of the target. The more infor-
mation needed, the more advanced the guidance laws should
be that are used. For the reasonsmentioned above, the designs
of the guidance laws during the two phases are different. In
[3], the interceptor uses a thrust vector control (TVC) system
to adjust its flight path during the midcourse phase. The
TVC system canprovide axial acceleration for the interceptor.
Because of the burning time limit, however, the TVC system
can work only during a certain period of time, after which
axial acceleration is no longer available, and the interceptor
can use only a Divert Control System (DCS) [5] to steer
itself in order to hit the target. Unlike TVC, DCS does not
provide axial acceleration. The difference between TVC and
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DCS results in corresponding differences in the guidance laws
applied. The “terminal” part of the terminal phase is the so-
called “endgame” phase [6], and in this phase the interceptor
must rely on the information from the onboard seeker for
guidance to hit the target.

Differential game theory is a natural setup to discuss
pursuit-evasion problems [7]. The most common pursuit-
and-evasion game, called a “zero-sum differential game,”
deals with two entities in relation to terminal cost function. In
generating guidance laws, it is common practice to linearize
with respect to a collision course, which implies linearized
kinematics. There are two versions of the game [8]: the
first is the “linear quadratic differential game” (LQDG),
and the second is the “norm differential game” (NDG). In
LQDG, the controls are unbounded and the cost function
is the weighted sum of three quadratic terms: the square
of the miss distance and two penalty terms that represent
the integrals of the respective control energy of the players.
The optimal solution of this formulation is linear. In NDG,
on the other hand, the controls are hard bound and the
cost is purely terminal to account for imposed on the miss
distance. Contrary to LQDG, the optimal strategies in NDG
are nonlinear; at a certain time before termination, the
guidance law becomes pure bang-bang. In exoatmospheric
interception, the divert thrusters are “on-off” devices, so
the guidance commands from NDG are suitable for this
kind of actuator. The guaranteed miss distance [9] for an
interceptor must be very small for hit-to-kill, especially for
evasive maneuvers. NDG uses the miss distance at terminal
time as its cost function, another problem about time-to-
go that has been studied by Shaul and Sergey [3, 10, 11].
They present an exoatmospheric guidance law based on a
bounded differential game and a fourth-order time-to-go
calculated while both the interceptor and the target perform
the optimal strategies in the game, the guidance commands
are not chatting and the directions of the optimal acceleration
are constant. However, this kind of guidance is not suitable
for an interceptor equipped with lateral thrust, and a first-
pass phenomenon will occur if the initial condition is not
perfect.

Another problem that must be considered when using
an onboard optical seeker in the terminal phase is angles-
only guidance [4, 5, 12–14]. The implementation of advanced
laws such as augmented proportional navigation (APN) and
optimal guidance law (OGL) requires that the guidance
system be provided with information about the time-to-go
(𝑡𝑔𝑜) [15]. In the case of angles-only measurements, however,
the range and range rate cannot be measured directly;
thus, 𝑡𝑔𝑜 needs to be estimated with noise, which will lead
to decreased performance of the advanced laws, making
bearings-only or angles-only estimation another problem in
exoatmospheric interception [4, 6, 13]. A hybrid Kalman filter
has been presented in [4, 6] that bused both Cartesian and
spherical states to minimize estimation errors. The relative
position and velocity estimations were propagated using
Cartesian coordinates, and the measurement updates used
spherical coordinates. In [13], a differential game guidance
law with bearings-only measurements was derived in two-
dimensional interception, an estimator based on an EKF was

designed in the guidance loop, and a deterministic and a
stochastic option were presented in the paper. An optimal
guidance-to-collision law for an accelerating exoatmospheric
interceptor as studied in [14], where the guidance law was
based on LQDG, and EKF was used as the estimator in the
guidance loop.

An integrated estimation/guidance (IEG) algorithm has
been presented for maneuvering target interception [16, 17].
These guidance laws are designed by taking into considera-
tion the estimation-delay of the moving target. A ZEM-based
integrated estimation and guidance law for the interceptor in
the endoatmosphere has been presented [18, 19], in which the
ZEM components and time-to-go are estimated in the loop,
and the estimation and guidance work in unison. This IEG
approach has been found to be very effective in engaging both
conventionalmaneuvering aircraft targets as well as incoming
high speed ballistic missiles. In [20, 21], an IEG strategy is
proposed that combines an interactivemultiplemodel (IMM)
estimator with a differential game guidance law (DGGL) for a
realistically modeled seeker-less interceptor. The interceptor
is not equipped with a seeker, so target information comes
from the ground-based station and guidance commands are
transmitted from the station to the interceptor using three-
point-guidance.

In this paper, we study a maneuvering target intercepting
problem for an exoatmospheric interceptor equipped with
an angles-only measurement seeker and lateral thrusters. An
angles-only measurements guidance problem is considered
for an exoatmospheric maneuvering target that performs
a bang-bang evasion maneuver. To solve this problem,
an integrated estimation/guidance law which relied on an
angles-only nonlinear filter is derived; furthermore, the
traditional differential game guidance law is modified to
enhance the observability of the range. With passive mea-
surements, nonlinear filters with designs based on EKF and
UKF were used to estimate LOS angles, LOS rates, and
target maneuver acceleration for both nonmaneuvering and
maneuvering targets. The integrated estimation/guidance law
combines the estimator and guidance law in one and is
effective for exoatmospheric maneuvering target intercep-
tion. The paper is organized as follows. Section 2 presents
the engagement formulation used for guidance law deriva-
tion and simulations. A guidance law based on a bounded
differential game is discussed in Section 3. In Section 4,
an angles-only estimation problem is studied. The system
and measurement model in spherical coordinates is derived,
and two nonlinear filters, EKF and UKF, are used to
design the estimator. The integrated estimation/guidance
law is presented in Section 5. Section 6 presents the non-
linear simulation results and is followed by conclusions in
Section 7.

2. Problem Formulation

2.1. Vector in Inertial Coordinates. Consider two players, an
interceptor M and a target T, moving in an exoatmospheric
space. Let r𝑀, r𝑇, k𝑀, k𝑇 be the position and velocity vectors
of the objects in inertial coordinates, respectively. Let a𝑀
and a𝑇 be the interceptor and the target acceleration vectors,
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respectively, and g𝑀 and g𝑇 be the gravitation vectors of the
two players. Then,

̈r𝑀 = a𝑀 + g𝑀̈r𝑇 = a𝑇 + g𝑇
(1)

Define the relative position and velocity vectors r = r𝑇 −
r𝑀, k = k𝑇 − k𝑀. Then, assuming g𝑀 = g𝑇, the relative
kinematic equations can be written as

̇r = k

k̇ = a𝑇 − a𝑀
(2)

In exoatmospheric interception, the acceleration is usu-
ally obtained by divert motors, the process that has dynamics.
We assume that the dynamics can be represented by arbitrary-
order linear equations.

ẋ𝑖𝑗 = A𝑖𝑗x
𝑖
𝑗 + B𝑖𝑗𝑢𝑖𝑗

𝑎𝑖𝑗 = C𝑖𝑗x
𝑖
𝑗 + 𝑑𝑖𝑗𝑢𝑖𝑗 (3)

where x𝑖𝑗 is the internal state vector of the acceleration
in each axis in inertial frame (𝑖 = 𝑥, 𝑦, 𝑧, 𝑗 = 𝑀, 𝑇) with
dim(x𝑖𝑗) = 𝑛. 𝑢𝑖𝑗 is the acceleration command and assumed
to be limited in magnitude,𝑢𝑖𝑀 ≤ 𝜌𝑀,𝑢𝑖𝑇 ≤ 𝜌𝑇, 𝜌𝑀 > 𝜌𝑇.

(4)

The acceleration vector can be represents as a𝑗 =[𝑎𝑥𝑗 𝑎𝑦𝑗 𝑎𝑧𝑗 ]𝑇.
Define the state vector

x = [r k x𝑀 x𝑇]𝑇 (5)

where x𝑗 = [x𝑥𝑗 x𝑦𝑗 x𝑧𝑗]𝑇, define command vector u𝑗 =[𝑢𝑥𝑗 𝑢𝑦𝑗 𝑢𝑧𝑗]𝑇, and then

[[[[[[

̇r
k̇

ẋ𝑀
ẋ𝑇

]]]]]]
= [[[[[[

03×3 I3 03×3𝑛 03×3𝑛
03×3 03×3 −C𝑀 C𝑇
03𝑛×3 03𝑛×3 A𝑀 03𝑛×3𝑛
03𝑛×3 03𝑛×3 03𝑛×3𝑛 A𝑇

]]]]]]
[[[[[[

r
k

x𝑀
x𝑇

]]]]]]
+ [[[[[[

03×3−d𝑀
B𝑀
03×3𝑛

]]]]]]
u𝑀 + [[[[[[

03×3
d𝑇
03×3𝑛
B𝑇

]]]]]]
u𝑇

(6)

where

A𝑗 = [[[[
A𝑥𝑖 0 0
0 A𝑦𝑗 0
0 0 A𝑧𝑗

]]]]
,

B𝑗 = [[[[
B𝑥𝑗 0 0
0 B𝑦𝑗 0
0 0 B𝑧𝑗

]]]]
,

C𝑗 = [[[[
C𝑥𝑗 0 0
0 C𝑦𝑗 0
0 0 C𝑧𝑗

]]]]
,

d𝑗 = [[[[
𝑑𝑥𝑗 0 00 𝑑𝑦𝑗 00 0 𝑑𝑧𝑗

]]]]

(7)

With the dynamics and constraints above, we associate
the terminal cost with the final time tf. In particular,

ẋ = Ax + Bu𝑀 + Cu𝑇𝑢𝑖𝑀 ≤ 𝜌𝑀,𝑢𝑖𝑇 ≤ 𝜌𝑇
𝐽 = Dx (𝑡𝑓)

(8)

where J is a terminal cost to be minimized by a𝑀 and
maximized by a𝑇 and

A = [[[[[[

03×3 I3 03×3𝑛 03×3𝑛
03×3 03×3 −C𝑀 C𝑇
03𝑛×3 03𝑛×3 A𝑀 03𝑛×3𝑛
03𝑛×3 03𝑛×3 03𝑛×3𝑛 A𝑇

]]]]]]
,

B = [[[[[[

03×3−d𝑀
B𝑀
03×3𝑛

]]]]]]
,

C = [[[[[[

03×3
d𝑇
03×3𝑛
B𝑇

]]]]]]
,

D = [I3 03×3 03×3 03×3]

(9)

2.2. Spherical Coordinates. It is convenient to use spherical
coordinates to describe the motion of the two players by
using seekers in the endgame. Considering the LOS spherical
coordinates (𝑟, 𝑞V, 𝑞ℎ), where, 𝑟 = |r| is the relative distance,
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Figure 1: Engagement geometry.

𝑞V, 𝑞ℎ are the elevation and azimuth line-of-sight angles, anḋ𝑞V, ̇𝑞ℎ are their rates, respectively. In the inertial frame, the
relative range is r = 𝑟𝑥i + 𝑟𝑦j + 𝑟𝑧k, then

𝑟 = √𝑟2𝑥 + 𝑟2𝑦 + 𝑟2𝑧 (10)

𝑞V = arcsin( 𝑟𝑦√𝑟2𝑥 + 𝑟2𝑦 + 𝑟2𝑧) (11)

𝑞ℎ = arctan (−𝑟𝑧𝑟𝑥 ) (12)

Using the vector derivation method, the relative equa-
tions of LOS coordinates can be obtained. Then,

̈𝑟 = 𝑟 (𝜔2𝑦 + 𝜔2𝑧) + (𝑎𝑠𝑇𝑥 − 𝑎𝑠𝑀𝑥)
�̇�𝑧 = −2 ̇𝑟𝑟𝜔𝑧 − 𝜔𝑥𝜔𝑦 + (𝑎𝑠𝑇𝑦 − 𝑎𝑠𝑀𝑦)𝑟
�̇�𝑦 = ̇−2𝑟𝑟𝜔𝑦 + 𝜔𝑧𝜔𝑥 − (𝑎𝑠𝑇𝑧 − 𝑎𝑠𝑀𝑧)𝑟

(13)

where 𝜔𝑦, 𝜔𝑧 are, respectively, line-of-sight rates for the LOS
coordinates: 𝜔𝑥 = ̇𝑞ℎ sin 𝑞V, 𝜔𝑦 = ̇𝑞ℎ cos 𝑞V, 𝜔𝑧 = ̇𝑞V. 𝑎𝑠𝑀𝑖,𝑎𝑠𝑇𝑖, (𝑖 = 𝑥, 𝑦, 𝑧) are the actual acceleration of the interceptor
and target in the LOS frame, respectively. The engagement
geometry and the relationships are shown in Figure 1.

2.3. Estimation Model. In real-world implementation of
guidance algorithms, an estimator to reconstruct the parame-
ters that cannot be measured directly is required. In this par-
ticular study, the interceptor measures the LOS angles only
and the range cannot be measured directly. The estimated
state x̂ is defined as

x̂ = [�̂�𝑧 𝑞V 𝑎𝑠𝑇𝑦 �̂�𝑦 𝑞ℎ 𝑎𝑠𝑇𝑧 ̂̇𝑟 𝑟 𝑎𝑠𝑇𝑥]𝑇 (14)

Interceptor-related parameters (i.e., 𝑎𝑠𝑀𝑥, 𝑎𝑠𝑀𝑦 and 𝑎𝑠𝑀𝑧)
are not estimated, because they are directly measured and
thus assumed to be known.

It is assumed that the target performs a constant max-
imum maneuver above the atmosphere by using divert
motors. For this kind of maneuver, a Gaussian white noise𝜓 is used to represent a target maneuver; the power spectral
density is𝑄𝑐 = 𝑛2𝑚𝑎𝑥/𝑡𝑓, where 𝑛max is the maneuver level and𝑡𝑓 is the flight time during the terminal phase.

The complete model for estimation is thereforė̂𝑞V = �̂�𝑧
̇̂𝜔𝑧 = −2̂̇𝑟𝑟�̂�𝑧 − �̂�2𝑦 tan 𝑞V + (𝑎𝑠𝑇𝑦 − 𝑎𝑠𝑀𝑦)𝑟̇̂𝑎𝑠𝑇𝑦 = 𝜓
̇̂𝑞ℎ = �̂�𝑦

cos 𝑞V
̇̂𝜔𝑦 = −2̂̇𝑟𝑟�̂�𝑦 + �̂�𝑦�̂�𝑧 tan 𝑞V − (𝑎𝑠𝑇𝑧 − 𝑎𝑠𝑀𝑧)𝑟
̇̂𝑎𝑠𝑇𝑧 = 𝜓̇̂𝑟 = ̂̇𝑟̈̂𝑟 = 𝑟 (�̂�2𝑦 + �̂�2𝑧) + (𝑎𝑠𝑇𝑥 − 𝑎𝑠𝑀𝑥)̇̂𝑎𝑠𝑇𝑥 = 𝜓

(15)

2.4. Integrated Estimation/Guidance Problem. Modern ad-
vanced guidance laws such as the augmented proportional
navigation (APN) and differential games based laws require
the accurate estimate of the time-to-go variable 𝑡go. In this
study, 𝑡go is defined as

𝑡𝑔𝑜 = 𝑟̇𝑟 (16)

In bearings-only tracking problems, the relative range
and velocity cannot be measured directly; thus, 𝑟, ̇𝑟 must
be estimated by the guidance filters by using the estimation
model (15). In fact, there is a conflict between the optimal
guidance law and the range estimation: the guidance lows
null the LOS rates, but the small LOS rates lead to poor
range estimation. To solve this issue, the guidance strategy
must be designed to enhance the range observability for the
engagement; this guidance law is derived in Section 5.

3. Guidance Laws Based on Differential Game

In this section, we are solving a zero-sum pursuit-evasion
differential game with bounded control. The normal dif-
ferential game was described in (8), the Zero-Effort-Miss
(ZEM) is defined at first, and then the general solution of
the differential game is analyzed. The game space for the
interception is analyzed and finally the optimal guidance
strategy is derived.
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3.1. Zero-Effort-Miss. Define the ZEM vector as follows:

Z (𝑡) = DΦ (𝑡𝑓, 𝑡) x (𝑡) (17)

Then, the derivative with respect to time of the new state
vector Z(t) is

Ż (𝑡) = D [Φ̇ (𝑡𝑓, 𝑡) x (𝑡) +Φ (𝑡𝑓, 𝑡) ẋ (𝑡)]
= DΦ (𝑡𝑓, 𝑡)Ba𝑀 +DΦ (𝑡𝑓, 𝑡)Ca𝑇 (18)

whereΦ(𝑡𝑓, 𝑡) is the transition matrix of matrix A in (9).
With this new ZEM variable, the cost function from (8)

can also be expressed using only the new state vector Z(t) as

𝐽 = Z (𝑡𝑓) (19)

Note that, besides reducing the order of the problem,
the ZEM variable has an important physical meaning which
is the miss distance if both the interceptor and the target
will null their controls from the current time onward. For
arbitrary-order players, the ZEM vector and its derivative can
be expressed as

Z (𝑡) = r + k𝑡𝑔𝑜 −Ψ (A𝑀,C𝑀, 𝑡𝑔𝑜) x𝑀
+Ψ (A𝑇,C𝑇, 𝑡𝑔𝑜) x𝑇 (20)

Ż (𝑡) = −Ψ (A𝑀,C𝑀, 𝑡𝑔𝑜)B𝑀u𝑀
+Ψ (A𝑇,C𝑇, 𝑡𝑔𝑜)B𝑇u𝑇 (21)

where

Ψ (A𝑗,C𝑗, 𝑡𝑔𝑜) = L
−1 {C𝑗𝑠2 (𝑠I − A𝑗)−1}𝑡𝑔𝑜 ,𝑗 = 𝑀,𝑇 (22)

L−1 is the inverse Laplace transformoperator. For high-order
players, Ψ is complex; thus, the dynamics of the players are
assumed to be zero or first order. For ideal players, the ZEM
is

Z (𝑡) = r + k𝑡𝑔𝑜 (23)

For the first-order player, the ZEM is

Z (𝑡) = r + k𝑡𝑔𝑜 − 𝜏2𝑀ℎ( 𝑡𝑔𝑜𝜏𝑀) a𝑀 + 𝜏2𝑇ℎ (𝑡𝑔𝑜𝜏𝑇 ) a𝑇 (24)

where ℎ(𝑥) = exp(𝑥) − 𝑥 + 1 and 𝜏𝑀, 𝜏𝑇 are the time constant
of the interceptor and the target, respectively.

The ZEM vector above is based on the vector pair {r, k} in
inertial frame. However, in angle-only guidance, the onboard
seeker works in the LOS frame, so the information for a
target is no longer based on the positions and velocities in
the inertial frame. Thus, it is convenient to use spherical
coordinates to describe the ZEM vector. The components

of the ZEM vector in LOS spherical coordinates for ideal
dynamics can be expressed as

Z = [𝑟 + 𝑡𝑔𝑜 ̇𝑟 𝑟𝜔𝑧𝑡𝑔𝑜 −𝑟𝜔𝑦𝑡𝑔𝑜]𝑇
= [0 −𝜔𝑧𝑟2̇𝑟 𝜔𝑦𝑟2̇𝑟 ]𝑇 (25)

3.2. General Solution of the Differential Game. Assuming the
ideal players, the ZEM norm ‖Z‖ will be differentiated with
respect to t to obtain

Differential ‖Z(𝑡𝑓)‖ with respect to t, and obtain

𝑑 ‖Z‖𝑑𝑡 = − Z𝑇‖Z‖ (u𝑀 − u𝑇) 𝑡𝑔𝑜 (26)

Therefore, the optimal controllers are

u∗𝑀 = 𝜌𝑀 Z‖Z‖
u∗𝑇 = 𝜌𝑇 Z‖Z‖

(27)

It is interesting that the optimal control directions for
both players are the same. It is also obvious that when the
interceptor uses the optimal strategy to pursue the target, the
target will maneuver in the same direction to counteract the
decrease in the miss distance.

Substitute into the derivative𝑑 Z∗𝑑𝑡𝑔𝑜 = 𝑡𝑔𝑜 (𝜌𝑀 − 𝜌𝑇) (28)

Integration yields

Z∗ (𝑡𝑔𝑜)𝑖𝑑𝑒𝑎𝑙 = Z∗ (0) + (12) 𝑡2𝑔𝑜 (𝜌𝑀 − 𝜌𝑇) (29)

3.3. Game Space Decomposition. For ideal players in the
game, the saddle-point depends only on the maneuverability
difference of the both players Δ𝜌 = 𝜌𝑀 − 𝜌𝑇. In a real
case, however, the dynamics sometimes cannot be ignored,
especially in the endgame. To see the effect of dynamics, it is
assumed that the dynamics reduce to first-order, which has a
time constant 𝜏.

𝐺 (𝑠) = 1(𝜏𝑠 + 1) (30)

Thus, the ZEM vector for the first-order dynamics can be
rewritten as

Z (𝑡) = r + 𝑡𝑔𝑜k − 𝜏2𝑀ℎ( 𝑡𝑔𝑜𝜏𝑀)u𝑀 + 𝜏2𝑇ℎ(𝑡𝑔𝑜𝜏𝑇 )u𝑇 (31)

And its derivative is

Ż (𝑡𝑔𝑜) = 𝜏𝑀ℎ ( 𝑡𝑔𝑜𝜏𝑀)u𝑀 − 𝜏𝑇ℎ (𝑡𝑔𝑜𝜏𝑇 )u𝑇 (32)
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Figure 2: Game space: 𝜌𝑀 > 𝜌𝑇, 𝜌𝑀𝜏𝑇 > 𝜌𝑇𝜏𝑀.
ThusZ∗ (𝑡𝑔𝑜)𝑓𝑖𝑟𝑠𝑡 = Z∗ (0) + 12𝑡2𝑔𝑜 (𝜌𝑀 − 𝜌𝑇)

− 𝜏2𝑀ℎ (−𝑡𝑔𝑜𝜏𝑀 )𝜌𝑀
+ 𝜏2𝑇ℎ(−𝑡𝑔𝑜𝜏𝑇 )𝜌𝑇

= Z∗ (𝑡𝑔𝑜)𝑖𝑑𝑒𝑎𝑙 − 𝜏2𝑀ℎ (−𝑡𝑔𝑜𝜏𝑀 )𝜌𝑀
+ 𝜏2𝑇ℎ(−𝑡𝑔𝑜𝜏𝑇 )𝜌𝑇

(33)

Depending on the assumptions about the adversaries’
dynamics and maneuverability, there are a number of game
space structures that can be described, but many of them are
assumed in endoatmospheric conditions with aerodynamics.
In exoatmospheric interception, the lags of the thruster are
much smaller than for aerodynamic surfaces; thus the time
constant is small.

The game space can be divided into two parts: the capture
zone (denoted 𝐷0 under the optimal trajectory) and the
avoidance zone (denoted 𝐷1 above the optimal trajectory).
In the capture zone, the optimal strategies are arbitrary, and
the avoidance zone is a region where the optimal strategies
are shown, as calculated in (27). The value of the game is a
function of the initial conditions, where both interceptor and
target would null their control command from 𝑡 to the end of
the engagement.

A game space example is given in Figure 2. The capture
zone is a singular region of the space where optimal strategies
are arbitrary. Avoidance zone is a region where the optimal
strategies are (27). When the bounds 𝑍∗− and 𝑍∗− are given,
the optimal strategies of each player are determined.

3.4. Differential Game Guidance. The optimal strategies of
each player in the game are shown in (27), where the optimal

command is based on the estimated ZEM vector Z. Under
imperfect observations, the ZEM vector estimation error will
reduce the performance of the guidance law. The optimal
guidance law cannot be achieved in this situation. Still, relying
on the certainty equivalence principle, it is common practice
to use this kind of law in stochastic setting. Considering
the ideal case that both players in the game have perfect
information, both the interceptor and the target have ideal
dynamics. The optimal command is pure bang-bang, and
the direction depends on the sign of LOS rates. Take the
elevation channel; for example, the ZEM of this channel can
be obtained from (25), then the optimal guidance strategy 𝑢∗
can be represented as

𝑢∗ = 𝜌𝑀Sign (𝑟 ̇𝑞𝑡𝑔𝑜) (34)

During the interception, 𝑟 > 0, 𝑡𝑔𝑜 > 0, the sign of the
optimal strategy only depends on the sign of ̇𝑞; thus,𝑢∗ = 𝜌𝑀Sign ( ̇𝑞) (35)

Consider the situation that the target performs the opti-
mal evasion; the acceleration is in the same direction of the
interceptors; the optimal pursuit-evasion dynamics can be
obtained as

̈𝑞 = −2 ̇𝑟 ̇𝑞𝑟 − Δ𝜌Sign { ̇𝑞}𝑟 (36)

where Δ𝜌 = 𝜌𝑀 − 𝜌𝑇 > 0. In exoatmospheric conditions, the
closing velocity can be assumed as a constant, so that (36) can
be written as

𝑡𝑔𝑜 ̈𝑞 − 2 ̇𝑞 = Δ𝜌Sign { ̇𝑞}̇𝑟 (37)

Consider that, in exoatmospheric conditions, if ̇𝑟 is
assumed be a constant, then the ODE obtained above has the
following solution:

̇𝑞 (𝑡𝑔𝑜) = 𝑐1𝑡2𝑔𝑜 + 𝑐2 (38)

Substitute (38) into (37); we have

𝑐1 = ( ̇𝑞0 − 𝑐2)𝑡2
𝑓

,
𝑐2 = −Δ𝜌Sign { ̇𝑞}2 ̇𝑟

(39)

where 𝑡𝑓 is the flight time and ̇𝑞0 is the initial LOS rate. By
using the two-sided optimal strategies, the function ̇𝑞(𝑡𝑔𝑜) can
be expressed as

̇𝑞 (𝑡𝑔𝑜) = ( ̇𝑞0 − 𝑐2) 𝑡2𝑔𝑜𝑡2
𝑓

+ 𝑐2 (40)

If ̇𝑞0 > 0, ̇𝑞(𝑡𝑔𝑜) < ̇𝑞0, one has
̇𝑞0 > −𝜌2 ̇𝑟 ⇒
𝜌 > −2 ̇𝑟 ̇𝑞0 (41)
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If ̇𝑞0 > 0, ̇𝑞(𝑡𝑔𝑜) > ̇𝑞0,then 𝜌 > 2 ̇𝑟 ̇𝑞0, so that the unified
form is

𝜌 > 2  ̇𝑟 ̇𝑞0 (42)

Multiply both sides of (42) by relative range 𝑟
𝑟𝜌 > 2𝑟  ̇𝑞0 | ̇𝑟| ⇒

𝜌𝑡2𝑔𝑜2 > 𝑟  ̇𝑞0 𝑡𝑔𝑜 = ‖𝑍𝐸𝑀‖ (43)

Equation (43) gives the lower bound of relative accelera-
tion that can guarantee a desired miss distance. Comparing
(43) to (29), it indicates that the differential game guidance
has the same form in Cartesian coordinates and spherical
coordinates.

4. Angles-Only Estimation in Guidance Loop

The differential equations that fully describe 3D engagement
in the LOS frame are in (13). The dynamics of both play-
ers are ideal. Real-world implementation of guidance laws
requires an estimator to reconstruct parameters that cannot
be measured directly. In angles-only guidance, the range
and the relative velocity are unavailable. At the beginning
of the terminal phase, the ground-based station can send
the position and velocity information about the target to
the interceptor, so the initial values of relative distance and
velocity are given. Next, the range and the velocity will be
estimated by an estimator. At the same time, because the
measured angles are disturbed by noise, the rates cannot be
calculated directly according to difference; they need to be

estimated by a filter. In this particular study, two nonlinear
Kalman filters are employed: EKF and UKF. The complete
model for estimation is represented in (15).

4.1. Measurement Model. The interceptor is assumed to be
equipped with an electrooptic seeker. Since the noisy LOS
angles are measured at a sample period and the measurement
z𝑘 is assumed to be contaminated by zero-mean white
Gaussian measurement noise k𝑘, the measurement equation
is

z𝑘 = Hx𝑘 + k𝑘 (44)

where x𝑘 is the estimated state described in (14) and

k𝑘 ∼ 𝑁 (0,R) ;
𝑅 = diag (𝜎2, 𝜎2) (45)

H is the appropriate measurement matrix.

H = [1 0 0 0 0 0 0 0 00 0 0 1 0 0 0 0 0] (46)

4.2. EKF in Guidance Loop. The filter model is nonlinear;
thus, a nonlinear filter should be designed in the guidance
loop. An EKF is a practical estimator in homing guidance. It
needs to calculate the transition matrix from (15):

Φ = exp (F𝑇𝑠) ≈ I + F𝑇𝑠 (47)

where the Jacobian matrix F can be calculated as

F =

[[[[[[[[[[[[[[[[[[[[[[[[[

0 1 0 0 0 0 0 0 0
−�̂�2𝑦sec2𝑞V −2̂̇𝑟𝑟 1̂𝑟 0 −2�̂�𝑦 tan 𝑞V 0 2̂̇𝑟�̂�𝑧 − (𝑎𝑠𝑇𝑦 − 𝑎𝑠𝑀𝑦)𝑟2 −2�̂�𝑧𝑟 00 0 0 0 0 0 0 0 0
�̂�𝑦 tan 𝑞V

cos 𝑞V 0 0 0 1
cos 𝑞V 0 0 0 0

�̂�𝑦�̂�𝑧sec2𝑞V �̂�𝑦 tan 𝑞V 0 0 −2̂̇𝑟𝑟 + �̂�𝑧 tan 𝑞V 1̂𝑟 2̂̇𝑟�̂�𝑦 + (𝑎𝑠𝑇𝑧 − 𝑎𝑠𝑀𝑧)𝑟2 −2�̂�𝑦𝑟 00 0 0 0 0 0 0 0 00 0 0 0 0 0 0 1 00 2𝑟�̂�𝑧 0 0 2𝑟�̂�𝑦 0 �̂�2𝑦 + �̂�2𝑧 0 10 0 0 0 0 0 0 0 0

]]]]]]]]]]]]]]]]]]]]]]]]]

(48)

Note that if we ignore the coupling of the azimuth and
elevation channel with the small LOS angle, the transition
matrix Φ is simplified in (47).

The error covariance matrix of an EKF at the 𝑘th iteration
is calculated in two steps:

P𝑘|𝑘−1 = ΦP𝑘−1|𝑘−1Φ𝑇 +Q𝑘 (49)

P𝑘|𝑘 = (I − K𝑘H)P𝑘|𝑘−1 (50)

The covariance prediction estimates vary according to
the transition matrix Φ. The correction step updates the
predicted covariance for the Kalman gain K𝑘 and the mea-
surement matrixH. From (46), the only target measurements
for the interceptor are the bearing angles 𝑞V and 𝑞ℎ.
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Performance of Range estimation by OEDGL 
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Figure 3: The performance comparison of range estimation between OEDGL and PDGL.

The residual covariance matrix M𝑘 is

M𝑘 = HP𝑘|𝑘−1 + R (51)

The Kalman gain K𝑘 can be computed as

K𝑘 = P𝑘|𝑘−1H
𝑇M−1𝑘 (52)

The updated state estimate x̂ of the filter is

x̂𝑘|𝑘 = x̂𝑘|𝑘−1 + K𝑘 (z𝑘 −Hx̂𝑘|𝑘−1) (53)

4.3. UKF in Guidance Loop. A UKF, like the EKF, is also
an approximate filtering algorithm, but instead of using
linearized approximation, the UKF uses the unscented trans-
form (UT) to approximate the moments. This approach has
two advantages over linearization: it avoids the need to
calculate the Jacobian matrix, and it provides a more accurate
approximation.

In the UKF, the standard Gaussian distribution is repre-
sented by a set of deterministically chosen weighted sample
points as sigma points as follows:

𝜒0,𝑘−1|𝑘−1 = x̂𝑘−1|𝑘−1

𝜒𝑖,𝑘−1|𝑘−1 = x̂𝑘−1|𝑘−1 + √(𝑛 + 𝜅)P𝑘−1|𝑘−1
𝜒𝑖+𝑛,𝑘−1|𝑘−1 = x̂𝑘−1|𝑘−1 − √(𝑛 + 𝜅)P𝑘−1|𝑘−1

𝑊0 = 𝜅𝑛 + 𝜅 ,
𝑊𝑖 = 𝑊𝑖+𝑛 = 12 (𝑛 + 𝜅) , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛

(54)

where√(𝑛 + 𝜅)P𝑘−1|𝑘−1 is the 𝑖th row of column of the matrix
square root of (𝑛 + 𝜅)P𝑘−1|𝑘−1 and 𝑊𝑖 is the weight that is
associated with the 𝑖th sigma point. 𝜅 can be any number
providing that 𝑛 + 𝜅 ̸= 0.

Given the set of samples generated by UT, the prediction
procedure is as follows:

𝜒𝑖,𝑘|𝑘−1 = f (𝜒𝑖,𝑘−1|𝑘−1, u𝑘, 𝑘) (55)

The predicted mean is computed as

x̂𝑘|𝑘−1 = 2𝑛∑
𝑖=0

𝑊𝑖𝜒𝑖,𝑘|𝑘−1 (56)

The predicted covariance is computed as

P𝑘|𝑘−1 = 2𝑛∑
𝑖=0

𝑊𝑖 {(𝜒𝑖,𝑘|𝑘−1 − x̂𝑘|𝑘−1) (𝜒𝑖,𝑘|𝑘−1 − x̂𝑘|𝑘−1)𝑇} (57)

The measurement prediction is computed as

ẑ𝑘|𝑘−1 = 2𝑛∑
𝑖=0

𝑊𝑖H𝜒𝑖,𝑘|𝑘−1 (58)

P𝑧𝑧,𝑘

= 2𝑛∑
𝑖=0

𝑊𝑖 {(H𝜒𝑖,𝑘|𝑘−1 − ẑ𝑘|𝑘−1) (H𝜒𝑖,𝑘|𝑘−1 − ẑ𝑘|𝑘−1)𝑇} (59)

P𝑥𝑧,𝑘

= 2𝑛∑
𝑖=0

𝑊𝑖 {(𝜒𝑖,𝑘|𝑘−1 − x̂𝑘|𝑘−1) (H𝜒𝑖,𝑘|𝑘−1 − ẑ𝑘|𝑘−1)𝑇} (60)
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Figure 4: The performance comparison of ZEM estimation and guidance command between OEDGL and PDGL.

The Kalman gain K𝑘 can be computed as

K𝑘 = P𝑥𝑧,𝑘P
−1
𝑧𝑧,𝑘 (61)

The updated state estimate x̂ of the filter is

x̂𝑘|𝑘 = x̂𝑘|𝑘−1 + K𝑘 (z𝑘 − ẑ𝑘|𝑘−1) (62)

The updated covariance matrix is computed as

P𝑘|𝑘 = P𝑘|𝑘−1 − K𝑘P
−1
𝑧𝑧,𝑘K
𝑇
𝑘 (63)

5. Integrated Estimation/Guidance Law

The integrated estimation/guidance strategy presented in this
paper consists of(1) a nonlinear estimator based on EKF or UKF,
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Miss distance comparison between OEDGL and PDGL
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Figure 5: Miss distance CDF comparison between OEDGL and PDGL.

(2) a differential game-based guidance law with angles-
only measurement.

The differential game guidance law is derived based on
uncorrupted information. In exoatmospheric interception,
the thrust lags for both players aremuch smaller than those in
endoatmospheric aerodynamics, so a hit-to-kill performance
can be achieved as long as themaneuver of an interceptor big-
ger than that of a target. However, in a realistic interception,
the onboard seeker is in a noisy measurement environment
and lacks the relative range and velocity information about
the target, which corrupts the information structure.The state
variables required by the differential game-based guidance
law or ZEMhave to be estimated from the available corrupted
measurements. In exoatmospheric interception, the maneu-
vering target can perform a bang-bang maneuver only. But
this type maneuver is also the most cost-effective for evasion,
so the nonlinear filter can use a unique model to estimate the
target’s maneuver.

5.1. Observability Enhancement Differential Game Guidance
Law. The optimal guidance strategy of (35) nulls the LOS
rates during the interception. As mentioned above, the
smaller the LOS rates, the poorer the range observability. To
solve this issue, a modified guidance strategy is designed of
observability enhancement.

Consider the game space described in Figure 2; the
interceptor can perform any maneuvering in the singular
zone denoted as 𝐷0; the optimal trajectories 𝑍∗− and 𝑍∗+ are
the bounds of the zone. Using the optimal strategy (35), the
LOS rates near zero, and the LOS dose not rotate; this is the
main reason of the poor observability. In the capture region𝐷0, the optimal strategies for the interceptor are arbitrary;
in such a zone, the interceptor can perform maneuvering
away from the collision triangle and make the LOS to
rotate.

When in the 𝐷0 region, the acceleration commands is
considered in a finite set from−𝜌𝑀 and𝜌𝑀, and the command
is chosen as follows:

𝑢𝑀
=
{{{{{{{{{{{{{

{{{{{{{{{
−𝜌𝑀Sign (𝑍𝐸𝑀) , First Used𝜌𝑀Sign (𝑍𝐸𝑀) , |𝑍𝐸𝑀| > 𝑘𝑍∗+
hold, |𝑍𝐸𝑀| ≤ 𝑘𝑍∗+

𝑡𝑔𝑜 > 𝑡𝑠𝑤
𝜌𝑀Sign (𝑍𝐸𝑀) 𝑡𝑔𝑜 ≤ 𝑡𝑠𝑤

(64)

where the 𝑍∗+ bounds have been reduced by 𝑘. When
strategy (64) is first used, the commandmakes the interceptor
maneuver away from the collision triangle. Once reaching
the one bound, the command is changed and makes the
interceptor maneuver to the other bound. Using this strategy,
the interceptor is no longer near the collision triangle and
rotates the LOS to enhance the observability of the range.
This modified guidance law is denoted as the observability
enhancement differential game guidance law (OEDGL).

Furthermore, when 𝑡𝑔𝑜 is small, the interceptor must try
to reduce its ZEM and not to move away from the collision
triangle to enhance the observability. A certain switch time𝑡𝑠𝑤 is considered as the tuning parameters in the strategy;
when 𝑡𝑔𝑜 < 𝑡𝑠𝑤, the strategy is switched to a pure differential
game guidance law (PDGL) to reduce the ZEM until the end
of the interception.

5.2. Modified Guidance Law for Chattering Phenomenon. In
PDGL, the command is computed according to the direction
of the ZEM vector. If the norm of the ZEM vector is near
zero, the commands switch at a very fast rate that will result in
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Figure 6: (a) Range estimation errors using EKF forNMT. (b) Relative velocity estimation errors using EKF forNMT. (c) LOS rates estimation
errors using EKF for NMT. (d) Target acceleration estimation errors using EKF for NMT.

chattering. For this reason, we introduce the ZEM threshold
to solve this problem:

𝑍𝐸𝑀𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 = −𝑟2𝜔𝑡ℎ𝑟𝑒ℎ𝑜𝑙𝑑̇𝑟 (65)

The LOS rate threshold 𝜔𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 can be computed as
follows.

Consider (13); the motion of LOS rate can be expressed as

�̇� = −2 ̇𝑟𝜔𝑟 + 𝑎Δ𝑟 (66)

Without the relative acceleration 𝑎Δ, the zero-effort LOS
rate can be computed as 𝑟�̇� = −2 ̇𝑟𝜔 ⇒𝑑 (𝑟2𝜔)𝑑𝑡 = 0 (67)

With the desired LOS rate 𝜔𝑓 at range 𝑟𝑓, the zero-effort
LOS rate is

𝜔𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 = (𝑟𝑓𝑟 )2 𝜔𝑓 (68)
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Figure 7: (a) Range estimation errors using UKF for NMT. (b) Relative velocity estimation errors using UKF for NMT. (c) LOS rates
estimation errors using UKF for NMT. (d) Target acceleration estimation errors using UKF for NMT.

By tuning 𝜔𝑓 and 𝑟𝑓, the 𝜔𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 is determined, and𝑍𝐸𝑀𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 can be computed using (65).
At the beginning of PDGL, the interceptor reduces the

ZEMvector as fast as it can.Then, when the norm of the ZEM
is near zero, the interceptor switches the strategy to reduce the
chattering. The modified PDGL can be written as𝑢𝑀

= {{{{{
𝜌𝑀Sign (𝑍𝐸𝑀) , 𝑓𝑙𝑎𝑔 == 0
{0, |𝑍𝐸𝑀| < 𝑍𝐸𝑀𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑𝜌𝑀Sign (𝑍𝐸𝑀) , |𝑍𝐸𝑀| ≥ 𝑍𝐸𝑀𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 𝑓𝑙𝑎𝑔 == 1

𝑓𝑙𝑎𝑔 = 1, 𝑊ℎ𝑒𝑛 𝑎𝑀 ⋅ 𝑍𝐸𝑀 < 0
(69)

6. Simulation Results and Discussion

In this section, the performance of the integrated estimation
and guidance laws is evaluated using nonlinear simulations.
First, a large initial range error situation is considered to test
the validity of the proposed observability enhancement dif-
ferential guidance law with a nonmaneuvering target. Then,
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Figure 8: ZEM and acceleration commands of UKF/OEDGL for NMT.
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Figure 9: ZEM and acceleration commands of EKF/OEDGL for NMT.

using the proposed guidance law, consider two engagement
scenarios: one with a nonmaneuvering target and the other
with a maneuvering one. Two kinds of nonlinear filters will
be tested in the guidance loop.

6.1. Engagement Scenarios. The engagement starts with the
interceptor and the target on a collision course. In the first
scenario, the target does not perform evasion maneuvers
(nonmaneuvering target, NMT), while in the second, the

target performs evasionmaneuvers at itsmaximumcapability
and at a uniformly distributed random time (a bang-bang
form of maneuver). The initial parameters and values of the
simulation are given in Table 1.

6.2. Performance Comparisons of OEDGL and PDGL. In this
subsection, the proposed OEDGL is compared with PDGL
against nonmaneuvering target. In this case, the target does
notmaneuver, whenusing PDGL; the LOS rateswill be nulled



14 Complexity

Miss distance for NMT using OEDGL

UKF
EKF

0

0.2

0.4

0.6

0.8

1

Cu
m

ul
at

iv
e D

ist
ri

bu
tio

n 
Fu

nc
tio

n

0.02 0.04 0.06 0.08 0.1 0.120
Miss Distance (m)

Figure 10: Miss distance CDF for NMT.

Table 1: Initial parameters and values of the simulation.

Parameter Value Parameter Value𝑟𝑥 -64591m 𝑎𝑀max 6g𝑟𝑦 30445m 𝑎𝑇max 3g𝑟𝑧 70976m 𝑇𝑠 0.025
V𝑥 5851m/s 𝜎V 1mrad
V𝑦 -2732m/s 𝜎𝑎𝑇 𝑎2𝑇max/𝑡𝑓
V𝑧 -6353m/s

at the beginning of the game; thus the observability of range
is poor; with a large initial range error, the estimator error of
range will not be reduced during the interception.

A 200-run Monte-Carlo (MC) simulation was used in
order to show the results that comparison of the performance
between OEDGL and PDGL in range estimation. The root
mean squared error (RMSE), the actual standard deviation
(𝜎), and the mean error of the 200-run simulation are used to
evaluate the performance.

Figure 3 shows the performance comparison of range
estimation between OEDGL and PDGL, from the results;
it can be easily found that using OEDGL can improve the
observability of the range; however, the range observability
of PDGL is much poorer than that of OEDGL.

Figure 4 shows that the interceptors maneuver in the
region 𝐷0 to rotate the LOS by using OEDGL, while PDGL
makes the ZEM to zero, and the commands chatter during
the interception. The proposed OEDGL can improve the
observability of range, can the command acceleration dose
not chatter.

Figure 5 presents the miss distance CDF comparison of
OEDGL and PDGL; the 200-run Monte–Carlo results shows
that OEDGL performs better performance than PDGL.

6.3. Results: Nonmaneuvering Target. For NMT, the inte-
grated estimation/guidance law with nonlinear filter and
OEDGL is tested in a 200-run Monte-Carlo simulation.
Figure 6 presents the RMES, expected standard deviations
and the mean errors of range, relative velocity, LOS rates, and
target acceleration, respectively. It can be found that, with
the white Gaussian process noise, the model is uncertain, but
the estimation error remains within the theoretical bounds
approximately 68% of the time.We expect that the rotation of
the LOS will enable us to estimate the states from angels-only
measurements, and it improve the estimation of the range
and the relative velocity, especially for NMT. The estimation
errors of the nonmaneuvering target’s acceleration depend
on the covariance matrix R and Q. In the estimation model
of that target’s acceleration, it is assumed that the maneuver
starting time is uniformly distributed; thus, the estimation
error will be affected by the target’s model. However, with the
fast convergence of the estimated states, these effects will be
reduced, as the results presented indicate.

The other nonlinear filter UKF was also tested. As
Figure 7 shows, the results of UKF are similar to those of EKF
for NMT. The main differences in the results are the expect
standard deviations of range and the relative velocity; the one
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Figure 11: (a) Range estimation errors using EKF for MT. (b) Relative velocity estimation errors using EKF for MT. (c) LOS rates estimation
errors using EKF for MT. (d) Target acceleration estimation errors using EKF for MT.

of EKF is much larger than that of UKF.The results show that
bothEKF andUKFperformwell in estimating the LOS angles
and the LOS rates in the homing loop of interceptor.

Figures 8 and 9 show that the ZEM and acceleration
commands of UKF/OEDGL and EKF/OEDGL, respectively,
for NMT, the ZEM, and the commands are very similar.

Mean miss distance and standard deviation (STD) of the
runs for EKF-NMT were observed as 0.058m and 0.028m,
respectively, while for UKF-NMT they were 0.057m and
0.021m, respectively. Figure 10 presents the miss distance
CDF. It is evident that both EKF and UKF exhibit good

estimation performance, and the guidance law is sufficient
for the nonmaneuvering target. The required target hit-to-kill
range to ensure a 95% kill probability is 0.09m for UKF and
0.10m for EKF, respectively. From the CDF, UKF is superior
to EKF, but the differences are small.

6.4. Results: Maneuvering Target. The target performs three
step-maneuvers to evade the interceptor. At 𝑡 = 0𝑠 it executes
a -3g step maneuver in the y-axis of the LOS coordinates,
followed by a 3g stepmaneuver in the z-axis.Then, at 𝑡 = 2.5𝑠,
it executes a 3g step maneuver in the y-axis and -3g step
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Figure 12: Target acceleration estimation and acceleration command of EKF/OEDGL for MT.

maneuver in the z-axis. The third step is at 𝑡 = 9.5𝑠, and the
maneuvers are 3g and -3g, respectively.

The estimation results of EKF-MT are presented in
Figures 11 and 12, the range estimation seems to get worse
at the third step maneuver, and the estimation error of the
target acceleration is larger too. Like the MT, the expected
standard deviation of range and relative velocity using
EKF is much larger than that of UKF. The larger range
estimation error leads to worse target acceleration estima-
tion.

Figures 13 and 14 present the performance of UKF/
OEDGL against maneuvering target; this combined estima-
tion and guidance law performs much better than EKF/
OEDGL in range and relative velocity estimation. From
Figure 14 it can easily found that the target acceleration
estimation is better than that of EKF; for a 3g step maneuver,
the time it spends less than 1s to assess the target.

Figure 15 shows the miss distance CDF for MT. Mean
miss distance and STD of the runs for EKF-MT have been
observed at 0.413m and 1.25m, respectively, the worst miss
distance is 6.98m, and it means that the interceptor will miss
the target, while for UKF-MT they are at 0.131m and 0.055m,
respectively. The results show that UKF is superior to EKF
for MT estimation. The required target hit-to-kill range to
ensure a 95% kill probability is 0.23m for UKF and 1.02m for
EKF. Therefore, it is evident that UKF is superior to EKF for
maneuvering target estimation.

7. Conclusion

An integrated estimation/guidance law for exoatmospheric
maneuvering targets has been derived in this paper. An

angles-only estimator was designed using EKF and UKF
in a nonlinear filter in spherical coordinates. Within the
pursuit-evasion game, a guidance law based on a bounded
differential game was derived using the ZEM vector. With
the onboard angles-only measurement seeker, the range
and the relative velocity cannot be measured directly, and
traditional differential game-based guidance law will lead
to poor observability; to solve this issue, an observability
enhancement differential game guidance law (OEDGL) was
derived to enhance the observability for the estimator. A
ZEM threshold is obtained to reduce the guidance com-
mand chattering. Nonmaneuvering and maneuvering target
interceptions were then considered in a three-dimensional
nonlinear simulation. The results show that (1) both EKF and
UKF perform well in nonmaneuvering target interception;(2) the proposed OEDGL perform well in range estimation;(3)UKF is superior to EKF for stepmaneuvering at uniformly
distributed starting times; (4) the differential game-based
guidance law performed well in the endgame, and the
commands are suitable for the divert thruster. Thus, the
proposed integrated estimation/guidance law can ensure hit-
to-kill reliability for maneuvering targets in exoatmospheric
using angles-only measurements.

Abbreviations

LOS: Line-of-sight
ZEM: Zero-effort-miss
EKF: Extended Kalman filter
UKF: Unscented Kalman filter
LRR: Long-range radar
TVC: Thrust vector control
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Figure 13: (a) Range estimation errors using UKF for MT. (b) Relative velocity estimation errors using UKF for MT. (c) LOS rates estimation
errors using UKF for MT. (d) Target acceleration estimation errors using UKF for MT.

DCS: Divert control system
LQDG: Linear quadratic differential game
NDG: Norm differential game
APN: Augmented proportional navigation
OGL: Optimal guidance law
IEG: Integrated estimation/guidance
IMM: Interactive multiple model
PDGL: Pure differential game guidance law
OEDGL: Observability enhancement DGL.
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Figure 14: Target acceleration estimation and acceleration command of UKF/OEDGL for MT.
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This paper considers the region-based formation control for a swarm of robots with unknown nonlinear dynamics and
disturbances. An adaptive neural network is designed to approximate the unknown nonlinear dynamics, and the desired
formation shape is achieved by designing appropriate potential functions. Moreover, the collision avoidance, velocity consensus,
and region tracking are all considered in the controller. The stability of the multirobot system has been demonstrated based on
the Lyapunov theorem. Finally, three numerical simulations show the effectiveness of the proposed formation control scheme to
deal with the narrow space, loss of robots, and formation merging problems.

1. Introduction

Formation control problem of a multiagent system has
long been the concern of many scholars, as it is one of the
important problems in the cooperative control and has broad
applications, such as in mobile robots, ships, submarines, and
flight vehicles [1–5]. There exist many formation control
strategies that are categorized as position-based, displace-
ment-based, and distance-based formation control schemes
according to the different requirements on the sensing capa-
bility and the interaction topology [6–10].

However, most of the existing works focus on the leader-
follower network and the graph theoretic method. In these
formation constructions, the geometric relationship between
robots is usually fixed with given position, angle, placement,
or distance [11–14]. With the increasing number of robots in
the formation, it is difficult to accurately locate each robot,
and the constraint relationship among the robots will
become more complicated. Therefore, it is challenging for
the existing formation control strategies to deal with the large
swarm of robots.

The region-based formation control is a complement to
the above formation control methods that can solve the
formation control problem for the large swarm of robots
[15, 16]. The swarm of robots are required to stay inside
the desired region or on the edge of the region. It focuses
more on the shape of the whole formation, rather than
on the inner sensing capability and interaction topology.
Unlike the traditional formation constructions, the geometric
relationship between robots in the region-based formation
control is not fixed and can change constantly during
the motion. Therefore, complicated formation shape can be
achieved by designing appropriate regional boundary condi-
tions, such as circular shape, ring shape, and crescent shape
[17]. Jung and Kim proposed a potential-function-based
shape formation control law, where a diamond-shaped for-
mation and a heart-shaped formation are achieved [18].
There is no special leader or follower in these region-based
formations where the rolls and identities of the robots are
the same. Haghighi and Cheah achieved a plane-shape for-
mation, but a leading group and some follower groups were
introduced in the formation control scheme with a global
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leader in the leading group and a local leader in each follower
group [19]. Hou and Cheah achieved a car-shape formation
and an airplane-shape formation for the swarm of robots
based on various basic shapes [20].

The region-based formation control also has the advan-
tage to deal with the obstacle avoidance problems, especially
passing the narrow spaces. Hou et al. introduced a scaling
matrix to change the size of the desired region and a rotation
matrix to rotate the desired region for passing through a tun-
nel [21]. Because the shape of the formation is flexible and
variable, there is a chance to settle the problem of passing a
narrow space by changing the shape of the desired region
directly. In addition, it is complicated to solve the formation
reconstruction and formation merging problems by the tra-
ditional distance-based formation control schemes [22–24].
The region-based formation control scheme provides a new
way to deal with these problems.

In this paper, we focus on the region-based formation con-
trol for a swarm of robots with unknown nonlinear dynamics
and disturbances. The proposed controller is formulated into
three parts: region-based shape realization, collision avoid-
ance, and velocity synchronization. The potential function of
robot is designed based on the shape objective functions for
region-based shape realization, and the artificial potential field
(APF) between each pair of neighboring robots is defined for
collision avoidance. Moreover, the local motion synchroniza-
tion error and region tracking error are both controlled for
velocity consensus. Considering the excellent estimation abil-
ity of a neural network [25–27], we approximate the unknown
nonlinear dynamics of the robots by an adaptive neural net-
work. The stability of the multirobot system has been demon-
strated based on the Lyapunov theorem, and three numerical
simulations are performed. A narrow space is passed by the
swarm of robots with the shape of the formation changed,
without the need of a scaling matrix or a rotation matrix.
When some robots failed due to some accidents, the remain-
ing robots reconstruct the formation adaptively. In addition,
two moving formations are merged together successfully.

The outline of this paper is listed as follows. Background
is introduced in Section 2. The procedure of formation con-
troller design is presented in Section 3. Numerical simula-
tions are shown in Section 4, and a conclusion is in Section 5.

2. Background

It is assumed that each robot Ri canmeasure the relative posi-
tions of its neighboring robots via an onboard sensor within
its detection range. The state of the robot will be represented
with respect to a global coordinate system g∑ in this paper.
The position and the velocity of robot Ri at time t are denoted
by pi t = pix , piy

T and vi t = vix , viy T , respectively. The
dynamics of the robot Ri can be modeled as

pi t = vi t , 1

vi t = f i t + ui t +wi t , 2

where ui is the control input of robot Ri. wi represents the
disturbances from the environment satisfying wi ≤wM ,

where wM is a positive constant. f i is the unknown nonlinear
dynamics. i = 1,… ,N , and N is the total number of the
swarm of robots.

3. Formation Controller Design

3.1. Region-Based Shape Realization. A moving region is
defined for the swarm of robots to stay inside, which can be
formed as various shapes by designing appropriate objective
functions. The global shape objective function of robot Ri is
defined as follows:

g pi, pr = g1 pi, pr ,… , gM pi, pr ≤ 0, 3

where M is the total number of the objective functions
that the robots should satisfy. pr denotes the position of
the reference point in the desired region and satisfies the
following condition:

pr = vr ,
vr = ar ,

4

where vr is the velocity of the reference point. ar is the
acceleration of the reference point satisfying ar ≤ aM ,
where aM is a positive constant. It is assumed that the posi-
tion and the velocity of the reference point in the desired
region are known by the robots. It should be noted that
each of the shape objective functions gm ≤ 0 when the robot
stays inside the desired region, otherwise, gm > 0. Thus, the
potential function of robot Ri based on the shape objective
functions can be presented by

Gi = 〠
M

m=1

1
2 max 0, gm pi, pr 2 5

In (5), the term max 0, gm pi, pr will be zero if gm
≤ 0, which means that the corresponding potential function
is zero if the shape objective function is satisfied. Then, we
can get the gradients of the potential function for the robot
Ri as follows:

∇iGi = 〠
M

m=1
max 0, gm pi, pr ∇igm pi, pr 6

Then, the controller of robot Ri for region-based shape
realization can be represented as

usi = −kg∇iGi, 7

where kg is a positive constant.

Remark 1. Various shapes can be formed by designing
appropriate objective functions. For example, the objective
functions for a ring shape can be designed as
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g1 pi, pr = r21 − pi − pr
2 ≤ 0,

g2 pi, pr = pi − pr
2 − r22 ≤ 0,

8

where r1 and r2 are the parameters of the ring shape sat-
isfying r1 < r2.

3.2. Collision Avoidance. The detection range of robot Ri
denoted as d is larger than the allowable minimum distance
between the robots and can be adjusted according to different
target formation adaptively. Then, the neighboring set of
robot Ri is defined as N i = j ∈ 1,N ∣ pi − pj ≤ d . It
should be noted that the neighboring set N i is variable dur-
ing the moving of the robots. In order to achieve the shape
control without collisions, a potential function between each
pair of robots is defined as follows.

ψij =

c

pi − pj
2 , j ∈N i,

0, j ∉N i,

9

where c is a positive constant. ⋅ denotes the Euclidean
norm. The potential for the robot Ri is defined as the sum
of all APF associated with every one of its neighbors.

Ψi = 〠
j∈N i

ψij 10

Then, we can get the gradients of the APF for the robot Ri
as follows:

∇iΨi = 〠
j∈N i

∇iψij 11

Thus, the controller of robot Ri for collision avoidance
can be represented as follows:

uci = −kq∇iΨi, 12

where kq is a positive constant.

3.3. Velocity Synchronization. The local motion synchroniza-
tion error of robot Ri is defined as

eiv = 〠
j∈N i

vi − vj 13

The region tracking error of robot Ri is defined as

eivr = vi − vr 14

Then, the controller of robot Ri for velocity consensus
can be designed as follows:

uvi = −kv eiv + βeivr ≜ −kveis, 15

where kv and β are positive constants. The error vector of the
swarm robots can be represented as follows:

es = L + βIN v − 1 ⊗ vr , 16

where es = e1s,… , eNs
T and v = v1,… , vN T . IN denotes

an identity matrix of dimension N . 1 = 1,… , 1 T ∈ℝN ,
and ⊗ denotes the Kronecker product. Define aij = 1, if j ∈
N i; otherwise, aij = 0. The Laplacian matrix L =D − A. D =
diag d1,… , dN T with di =∑j∈Ni

aij, and A = aij
N×N .

Taking the time derivative of es, we have

es = L + βIN f + u +w − 1 ⊗ ar , 17

where f = f1,… , f N
T . u = u1,… , uN T . w = w1,… ,wN

T .
The unknown f i t can be approximated by a radial basis
function neural network (RBFNN) as follows:

f i t =ΦT
i ϕ μi + εi, i = 1,… ,N , 18

where ΦT
i ∈ℝn represents a set of RBFNN coefficients. μi =

eiv , eivr T . εi is the approximation error satisfying εi ≤ εM ,
where εM is a positive constant. ϕ μi ∈ℝn is a valued func-
tion vector based on the Gaussian function ϕk μi chosen
as follows:

ϕk μi = exp −
μi − ςk

2

η2
, k = 1,… , n, 19

where ςk ∈ℝ2 is a constant vector denoting the center of the
basis function. η is a constant denoting the width of the basis
function. Note that the basic function ϕk μi is bounded as
ϕk μi ≤ ϕM , where ϕM is a positive constant.

3.4. Control Law. The final control law of robot Ri is designed
as follows:

ui t = −kveis −ΦT
i ϕ μi − kg∇iGi − kq∇iΨi, 20

where ΦT
I ϕ μi is used to estimate f i t . Φi is a vector of

RBFNN weights with the adaptive updating law proposed as

Φi = γ ϕ μi eis di + β − kFΦi , 21

where γ and kF are positive constants. Then, the error
dynamics in (17) become

es = L + βIN −ΦT
ϕ μ + ε − kves

− kg∇G − kq∇Ψ +w − 1 ⊗ ar ,
22

where ε = ε1,… , εN T , ϕ μ = ϕT μ1 ,… , ϕT μN
T
, ΦT =

diag ΦT
1 ,… ,ΦT

N , ΦT = diag ΦT
1 ,… ,ΦT

N , and Φ =Φ −
Φ. Ψ = Ψ1,… ,ΨN

T . G = G1,… ,GN
T . The main result of

this paper is given by the following theorem.
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Theorem 1. Consider a swarm of robots with dynamics in (1)
and (2). Select the control law in (20) and the adaptive law in
(21). Then, there exist positive constants kv, β, γ, kF , kg, and
kq, such that all the robots stay inside a moving region of spe-
cific shape, and the local motion synchronization errors con-
verge to a small neighborhood of the origin.

Proof. Then, we consider a Lyapunov function:

V = 1
2 e

T
s es +

1
2 tr ΦTΓ−1Φ , 23

where Γ = IN ⊗ γIn. In denotes an identity matrix of dimen-
sion n. Taking the time derivative of V and substituting
(21) and (22) into it, we can get

V = eTs L + βIN −ΦT
ϕ μ + ε − kves

− kg∇G − kq∇Ψ +w − 1 ⊗ ar

+ tr ΦTΓ−1 Γ ϕ μ eTs D + βIN − kFΦ

= eTs L + βIN ε +w − 1 ⊗ ar − kg∇G − kq∇Ψ

− eTs kv L + βIN es − eTs L + βIN ΦT
ϕ μ

+ tr ΦT
ϕ μ eTs D + βIN − kFΦ

= eTs L + βIN ε +w − 1 ⊗ ar − kg∇G − kq∇Ψ

− eTs kv L + βIN es + tr ΦT
ϕ μ eTs D + βIN

−ΦT
kFΦ −ΦT

ϕ μ eTs L + βIN

= eTs L + βIN ε +w − 1 ⊗ ar − kg∇G − kq∇Ψ

− eTs kv L + βIN es + tr ΦT
ϕ μ eTs A − kFtr ΦTΦ

24

Then, we can obtain

V ≤ es ρ L + βIN ΘM + Φ
F
ϕM es ρ A

− kvρ L + βIN es
2 − kFtr ΦTΦ ,

25

where ρ ⋅ and ρ ⋅ denote the maximum and minimum sin-
gular values of a matrix, respectively. ⋅ F denotes the Frobe-
nius norm. ΘM = εM +wM + aM N + kgςGM + kqςΨM , with
ςGM and ςΨM representing the magnitude of the maximum
potential force of ∇G and ∇Ψ, respectively. Using Young’s
inequality, we obtain

−kFtr ΦTΦ ≤ −
kF
2 Φ 2

F
+ kF

2 Φ 2
F 26

Then, (25) can be represented as

V ≤ es ρ L + βIN ΘM + Φ
F
ϕM es ρ A

− kvρ L + βIN es
2 −

kF
2 Φ 2

F
+ kF

2 Φ 2
F

≤ − kvρ L + βIN − ρ L + βIN ΘM es
2

−
kF
2 Φ 2

F
+ 1
4 ρ L + βIN ΘM

+ Φ
F
ϕM es ρ A + kF

2 Φ 2
F ≤ −αV + C,

27

where

α = 2 min kvρ L + βIN − ρ L + βIN ΘM ,
kF/2
ρ Γ−1 ,

C = 1
4 ρ L + βIN ΘM + Φ

F
ϕM es ρ A + kF

2 Φ 2
F

28

The control parameters are designed to satisfy

kvρ L + βIN − ρ L + βIN ΘM > 0 29

According to (27), we have

V t ≤V 0 e−αt + C
α

1 − e−αt 30

Thus, the errors es and Φ converge to compact sets Ωes
and ΩΦ, which are defined as

Ωes
≔ es ≤

2C
α

,

ΩΦ ≔ Φ ≤
2C

αρ Γ−1

31

It can be seen from the above analysis that the errors es
and Φ are bounded. The system can achieve the stability
rather than the exponential stability, and the boundedness
can be adjusted by choosing proper control parameters. This
completes the proof.

4. Simulations

In this section, three simulations are presented to support our
theoretical analysis. Firstly, we will show that a formation in
circular shape is changed into elliptical shape during the
moving so as to pass a narrow space. The second simulation
will verify that the remaining robots can reconstruct the for-
mation when some robots fail or are lost due to some

4 Complexity



accidents. Finally, two moving formations will be merged
together by applying the proposed formation control law.

In the three simulations, 100 robots are considered with
the positions initialized randomly in an area of 40m long
and 40m wide and the velocities initialized randomly within
4m/s each direction. The basic control parameters are set as
kg = 1 4, kv = 1 3, β = 0 8, and kq = 2. The parameters for
updating the RBFNN weights are γ = 1 and kF = 0 5. The dis-
turbances are set as wi t = τi 0 1 cos 5t sin 6t + 0 2 sin
9t , 0 1 cos 3t sin 6t + 0 2 cos 8t 2 T , where τi is a
random number between 0 and 1. The unknown nonlinear
dynamics are defined as f i t = 0 02v2ix + 0 1v3iy, 0 01vix +
0 03v2ixv2iy

T .

4.1. Passing a Narrow Space. In this section, the desired for-
mation is a circular shape with the radius of 10m and the
velocity vr = 5, 0 m/s. It is shown in Figure 1(b) that the
swarm of robots achieved the circular formation at t = 10 s.

Then, the swarm of robots changed its formation into the
elliptical shape for passing a narrow space. The elliptical
shape is set with the long radius of 18m and the short radius
of 5m. The elliptical formation in the narrow space is shown
in Figure 1(c) at t = 20 s. After passing the narrow space, the
swarm of robots changed back to the circular formation as
illustrated in Figure 1(d) at t = 30 s. Further, the robots can
maintain the formation shape while moving.

4.2. Loss of Robots. In this section, the swarm of robots are
supposed to achieve the circular formation as the same as
that in Section 4.1. It is assumed that 2/3 of the robots failed
or are lost due to some accidents at t = 20 s, as shown in
Figure 2(c). Then, the remaining 1/3 of the robots should
continue to complete the task of region-based formation. It
is shown in Figure 2(d) that the remaining robots reconstruct
the circular formation again by adjusting the detection range
of the robots adaptively.
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Figure 1: Change of the formation shape for passing the narrow space.
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4.3. Merging of Formations. The 80 robots are initialized ran-
domly and shown as red dots, while the other 20 robots are
initialized randomly and shown as blue dots in Figure 3(a).
The red robots achieved the desired circular formation with
the radius of 10m and the velocity vr = 5, −0 1 m/s. On
the other hand, the blue robots achieved the circular forma-
tion with the radius of 5m and the velocity vr = 5, 0 13 m/
s, as shown in Figure 3(b). The two formations were getting
closer to each other, and they started to merge at about t =
21 7 s, as shown in Figure 3(c). Finally, the blue formation
and the red formation merged together into one formation
with the radius of 5 5 m and the velocity vr = 5, 0 m/s. It
can be seen from Figure 3(d) that the density of the merged
formation is the same as that of the original formations.

5. Conclusion

In this paper, we investigate a decentralized region-based
formation control law for a swarm of robots. The unknown

nonlinear dynamics of the robots are approximated by
an adaptive neural network, and the desired formation shape
is achieved by designing appropriate potential functions.
The collision avoidance, velocity consensus, and region
tracking are all considered in the controller. With the pro-
posed formation control law, the formation can pass a
narrow space by changing the shape of the formation.
When some robots failed due to some accidents, the for-
mation can be reconstructed adaptively with the remaining
robots. In addition, the proposed region-based formation
control scheme is effective in dealing with the formation
merging problem.

In the future, we will design more flexible formation
structure and more intelligent controllers based on the learn-
ing control method [28, 29]. The adaptive observer and
parameter estimation may be applied in the shape control
[30, 31]. In addition, the limited maneuverability and the
sensor failure of the robot will be considered in our future
work [32–34].
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Figure 2: Formation reconstruction with the remaining robots.
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Compliance has become one prerequisite of robots designed to work in complex operation environment where dynamic and
uncertain physical contact or impact takes place frequently and even intentionally. Impedance control is a typical complaint control
methodology. Standard impedance control is based on dynamics described by a spring and damper model connected in parallel
way, which endues the robot an elastic behavior. In contrast, plastic deformation can be realized byMaxwell model in which spring
and damper connect in series. In this study, a novel Cartesian impedance controller is constructed based on the Maxwell model.
Implementation in a robotmanipulator is executed to validate and analyze the proposed control law.A plastic deformation behavior
of the robot manipulator is produced and certain extent compliance is achieved under the unpredictable impact or contact force
exerted by human or other environment objects.

1. Introduction

A rapid increase in the opportunity of robots’ physical
interaction with complex environment, including humans,
other robots, and operational objects has occurred because of
the tendency that robots break through the confined spaces
and structured environments. One major challenge is the
provision of innovative solutions to deal with the situations
in which robots run in complex operation environments.
Therefore, compliance has become one of a few prerequisites
of robots since it can deal with a certain extent uncertainty
and complexity, especially the prevention of damage to robot
itself and environment. In general, there are two categories
of compliance. One is mechanical or passive compliance,
including remote center compliance, which is also called
RCC device [1]. Other mechanisms have been developed to
implement a sense of mechanical softness, such as variable
stiffness joint, also called VS-joint [2, 3], pneumatic artificial
muscle actuators [4]. In some literatures, these mechanisms
are also referred as compliant design for intrinsic safety [5].

The other way of compliance is software servo con-
trol or active compliance. Impedance control is a typical
compliant control methodology, which adjust the inertia,
viscosity, and elasticity to achieve a dynamic relationship

between displacement and external force. This original idea
of a impedance model used for controlling the interaction
between manipulator and environment dates back to the
works [6, 7]. Several different approaches to implement
this control method have been proposed from a variety of
perspectives: feedback from positions and velocities without
the need for force sensors [8] and the adjustment of joint-
independent compliance to set the compliance of an end-
effector [9]. For redundant manipulators, the use of null-
space motion is the key to meet additional requirements
with respect to the desired behavior [10]. The design of null-
space stiffness and damping has been well researched in the
task space and joint space [11]. Impedance controller for
flexible joint robots is proposed in [12, 13]. In their appealing
works, both methods have a cascaded structure with an inner
torque feedback loop and an outer impedance controller. In
[14], learning impedance control is proposed for physical
robot–environment interaction. The dynamics of the robot
arm is governed to follow a target impedance model and the
interaction control objective is achieved. A novel interface
for human impedance adaptive skill transfer in a natural
and intuitive manner is proposed by [15]. Besides, a DMP-
based framework for robot learning and generalization of
humanlike variable impedance skills is formulated in [16].
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Table 1: Two viscoelastic models.

Two models Voigt model Maxwell model

Illustration

Motion equations (1-DOF case) 𝑚�̈� + 𝑐 ̇𝑥 + 𝑘𝑥 = 𝑓 𝑚�̈� + 𝑚𝑘𝑐 ̇𝑥 + 𝑘𝑥 = 𝑓 + 𝑘𝑐 ∫𝑓𝑑𝑡
Overdamped condition 𝑐2 > 4𝑚𝑘 𝑐2 < 14𝑚𝑘
Connection Parallel Series
Deformation Elastic Plastic

These impedance control methods mentioned above are
based on a kind of viscoelastic model [17] which is called
Voigt model that connects a spring and damper in parallel
way. Therefore, a repulsive force is always generated because
of the superior effect of spring. In other words, the spring
is dominant in Voigt model. By contrast, there is another
parallel-type viscoelastic model called Maxwell model. In
[18], a visual absorber based on Maxwell model to realize
a natural impact absorption is proposed. In their work, a
shock absorber is constructed by a spring-based passive
elastic body and a damping controlled joint connected in
series. This 2-DOF robot receives the impact of a rolling
down object without repelling it, which is called plastic
behavior. A Maxwell model based impedance control law is
proposed for smoothly receiving the impact of an incoming
object in [19]. Simulations of the impact absorption with a
robotic arm are executed using an open dynamics engine to
validate and analyze the proposed control laws. However, to
our knowledge, no practical robot platform implementation
has been reported in literature works. Differences between
simulation and practical implementation always exist, since
simulation is a kind of simplification and approximation in
most cases. Therefore, we propose a Cartesian impedance
control scheme based on Maxwell model and implement
it in a scenario where unknown contact between robot
and other objects exists. Different from previous works,
the design and implementation of our method remain in
Cartesian space which is more closely related to the physical
interaction between robot and environment than in joint
space.The experiment results show that a plastic deformation
behavior is realized when unknown contacts and impacts
happen. Certain extent compliance is achieved under the
unpredictable impact or contact force exerted by human or
other environment objects. Our work shows a promising
usage in some impact energy absorption tasks such as robot
catching flying ball without repelling. And this kind of
compliance may open a gate in human robot collaboration
tasks to ensure the robot a more soft and passive contact with
humans.

In this paper, we design a Cartesian impedance controller
based on Maxwell model to realize a kind of plastic defor-
mation behavior in a robot manipulator. First, the motion
equations are given and dynamic properties of both models
are described. After that, the existence of an equivalent
transformation of the Maxwell model between the series

and parallel representations is emphasized. Next, a Carte-
sian impedance control law based on Maxwell model for
multiple links robotic arms is proposed to achieve a plastic
deformation behavior. Finally, the proposed methods are
validated by experiments and discussions are given with an
emphasis on differences between our method and standard
impedance control. Attached video (available here) is given
as a demonstration of our work.

2. Comparison of Two Models

The concept of viscoelastic models [17] dates back to early
works in material and other scientific disciplines. There are
two basic linear viscoelastic models: the Voigt model and the
Maxwell model, as shown in Table 1. Motion equations and
over-damped conditions of both models in one-dimensional
case are also given. It is assumed that a mass of 𝑚, spring
constant 𝑘, and damping or viscosity coefficient 𝑐 are all
lumped elements. The Voigt model, which connects a spring
and damper in parallel, is suitable for representing elastic
deformation, in which the displacement returns to zero when
an external force is removed. In contrast, the Maxwell model,
which connects a spring and a damper in series, is suitable for
representing plastic deformation, in which the displacement
does not return to zero, even when the external force is
removed. That is why we call it plastic deformation.

The time-domain transient and steady state response of
both viscoelastic models in different damping conditions,
namely, under damping, critical damping, and over damping,
are demonstrated in Figure 1. In one-dimensional case, the
difference of dynamic properties of two viscoelastic models
is shown in Figure 1. As can be seen from Figure 1(a), the
deviation displacements converge to zero under different
coefficients, namely, critical damping, over damping, and
under damping, which means the system always returns to
the original point. By contrast, the Maxwell model based sys-
tem never returns to its original position. This phenomenon
is called plastic deformation. In Figure 1(b), it is indicated that
the rest or steady position can be changed from 0.5m to 2m
with different coefficients. Besides, the transient response is
also determined by these system coefficients and is similar to
the Voigtmodel case. Sincemost robot applications including
our work have multiple joints, the motion equations and
dynamic properties of multidimensional case are thoroughly
studied as follows.
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Figure 1: Dynamic properties depending on different coefficients of two viscoelastic models in one-dimensional case.

3. Modeling

3.1. Motion Equations. It is assumed that a mass of 𝑀,
spring constant 𝐾, and viscosity coefficient 𝐶 are lumped
parameters, so the mass𝑀 is concentrated at the end-effector
of robots. The displacement of the end-effector 𝑥�푒 = 𝑥 − 𝑥0
is varied with an external force 𝐹, where 𝑥 and 𝑥0 are current
and neutral positions of the end-effector, respectively. Note
that 𝑥0 is a constant in set-point control of end-effector,
also 𝑥0 corresponds to the reference trajectory in common
impedance control. For example, the titles for this document
begin as follows:

(i) Voigt Model: the well-known motion equation of
standard impedance control can be expressed as
follows:

𝑀�̈��푒 + 𝐶 ̇𝑥�푒 + 𝐾𝑥�푒 = 𝐹 (1)

This typical second order differential equation
describes the evolution of the end-effector when
external force applied. And the displacement 𝑥�푒
converges to 0 if the external force 𝐹 → 0. Similar
to one-dimensional case, the motion becomes
over-damped under the condition of 𝑐2 > 4𝑚𝑘.

(ii) Maxwell Model: in the Maxwell model, the displace-
ment of end-effector 𝑥�푒 is the sum of the displace-
ments of spring and damper. The motion equation in
this case can be represented as follows:

𝑀�̈��푒 = 𝐹 − 𝐾 (𝑥�푒 − 𝑝�푒) (2)

𝐾 (𝑥�푒 − 𝑝�푒) − 𝐶�̇��푒 = 0 (3)

where 𝑝�푒 = 𝑝 − 𝑝0 is the displacement of the damper
and 𝑝 and 𝑝0 are current and neutral position of the

damper, respectively. Combining the two equations to
eliminate 𝑝�푒, the motion equation of the end-effector
can be expressed by

𝑀�̈��푒 + 𝐾𝐶−1𝑀�̇��푒 + 𝐾𝑥�푒 = 𝐹 + 𝐾𝐶−1 ∫𝐹𝑑𝑡 (4)

Here, displacement of the end-effector 𝑥�푒 does not
converge to 0 but to a positionwhere the force balance
of driven torque and the external force are exerted.
This means the deformation caused by external forces
is not elastic, but plastic. Intuitively, the damper does
not necessary return to the original position, whereas
the spring needs to return the neutral position. In
the sense of conservation of energy, spring is a kind
of elements which can store energy, but damper is a
dissipation element. In ourmodel, assume the friction
is ignored, and when external force disappears, the
spring releases the energy it stored and recovers to
the original point, but the damper converts most
energy into thermal energy. Moreover, this process is
invertible, so the damper never comes back to original
point like the spring. That is why plastic deformation
happens.

3.2. Equivalent Transformation. According to the above sec-
ond order differential equations, there is an equivalent trans-
formation between these twomodel dynamics, through elim-
inating the intermediate variable 𝑝.The fact means that if the
coefficients are appropriately adjusted, the Maxwell model
can be transformed to the parallel expression, as shown in
Figure 2, in which the damping term 𝐶 is transformed to
𝐾𝐶−1𝑀 and the integral term of external force𝐾𝐶−1 ∫ 𝐹𝑑𝑡 is
added. Moreover, when putting these models into controller
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Figure 2: Equivalent transformation of the Maxwell model.

design, impedance control may realize the Maxwell model
dynamic response if the parameters are properly adjusted like
discussed above. In other words, a kind of equivalent trans-
formation exits and the total behavior of each component
does not depend on the order of the components. It should
be noted that the torque input to the robot is required to
compensate for the integral term of the external force when
doing this equivalent transformation.

4. Controller Design

4.1. Contact Dynamics. The dynamics equation of a manipu-
lator in joint space is as follows:

𝑀(𝑞) ̈𝑞 + 𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝑔 (𝑞) = 𝜏 + 𝐽�푇𝐹 (5)

where 𝑀(𝑞) is the inertia matrix in joint space and 𝐶(𝑞, ̇𝑞)
and 𝑔(𝑞) are the Coriolis and Centrifugal forces and gravity,
respectively. 𝐽 is the Jacobian matrix, which represents the
differential kinematics. 𝜏 is the driving forces or torques,
and 𝐹 is the external force exerted on the robot end-effector.
Note that the friction is ignored or assume this term can be
properly treated such as nonlinear compensation.

The Lagrange dynamics in joint space has been thor-
oughly studied. However, robot arms operate in Cartesian
space inmost cases. Here the dynamics equation in Cartesian
space is given as (6). Note that the computation of control
laws restricts to joint space in both cases.

𝑀�푥 (𝑞) �̈� + 𝐶�푥 (𝑞, ̇𝑞) ̇𝑥 + 𝑔�푥 (𝑞) = 𝐽†�푇𝜏 + 𝐹 (6)

where

𝑀�푥 (𝑞) = 𝐽†�푇 (𝑞)𝑀 (𝑞) 𝐽† (𝑞)
𝐶�푥 (𝑞, ̇𝑞) = 𝐽†�푇 (𝑞) 𝐶 (𝑞, ̇𝑞) 𝐽† (𝑞) − 𝐽†�푇𝑀𝐽† ̇𝐽𝐽† (𝑞)
𝑔�푥 (𝑞) = 𝐽†�푇 (𝑞) 𝑔 (𝑞)

(7)

𝐽† is pseudoinverse of the Jacobian matrix, which is typically
expressed as 𝐽† = 𝐽�푇(𝐽𝐽�푇)−1. 𝑀�푥(𝑞), 𝐶�푥(𝑞, ̇𝑞), 𝑔�푥(𝑞) are the
inertia matrix in Cartesian space, Coriolis and Centrifugal
forces and gravity expressed in Cartesian space, respectively.
A few properties useful for analysis are listed as follows.

Properties

(i) The inertia matrix 𝑀�푥(𝑞) > 0 or positive definite
matrix, provided Jacobian matrix 𝐽(𝑞) is nonsingular.

(ii) The matrix �̇��푥 − 2𝐶�푥 is skew-symmetric, provided
�̇��푞 − 2𝐶(𝑞, ̇𝑞) satisfies the same property.

4.2. Controller Design. Impedance control imposes a desired
dynamic behavior to the interaction between robot end-
effector and environment, and the desired performance is
specified through a generalized dynamic impedance, namely,
a complete set of mass-spring-damper equations. Here, the
desired dynamic behavior is based on Maxwell model, not
typical Voigt ones using by standard impedance control. In
other words, dynamic behavior described by (8) is desired in
Maxwell model based impedance control.

𝑀�푑�̈��푒 + 𝐾�푑𝐶−1�푑 𝑀�푑�̇��푒 + 𝐾�푑𝑥�푒 = 𝐹 + 𝐾�푑𝐶−1�푑 ∫𝐹𝑑𝑡 (8)

where 𝑀�푑 is the desired inertia matrix, 𝐶�푑 and 𝐾�푑 are
desired damper and spring coefficient matrix, respectively.
The last force integral term𝐾�푑𝐶−1�푑 ∫𝐹𝑑𝑡 should be paid more
attention, since it is the main difference between Maxwell
model and the traditional Voigtmodel. Before the impedance
controller design, a few prerequisites or assumptions are
made here.

Prerequisites

(i) Jacobian matrix 𝐽 is nonsingular, which means the
prevention of singular is measured and well handled.

(ii) Feedback information of the external force 𝐹. Nor-
mally, external forces can be gauged by F/T force sen-
sors or estimated by contact force/torque observers
[20].

To achieve the desired response described by (8), a nonlinear
feedback control law is derived as the following equation.

𝜏 = 𝑀�푞𝐽† [�̈��푑 −𝑀−1�푑 (𝐾�푑𝐶−1�푑 𝑀�푑�̇��푒 + 𝐾�푑𝑥�푒)] + 𝑔 (𝑞)
+ 𝐶 (𝑞, ̇𝑞) ̇𝑞 − 𝑀�푞𝐽† ̇𝐽 ̇𝑞 + (𝑀�푞𝐽†𝑀�푑−1 − 𝐽�푇) 𝐹

+𝑀�푞𝐽†𝑀−1�푑 𝐾�푑𝐶−1�푑 ∫𝐹𝑑𝑡
(9)

For better understanding, the results above can be
divided into several terms, namely, feed-forward term
𝜏�퐹�퐹 = 𝑀�푞𝐽† ̈𝑥�푑, nonlinear compensation term 𝜏�푁�퐶 =
𝑔(𝑞) + 𝐶(𝑞, ̇𝑞) ̇𝑞 − 𝑀�푞𝐽† ̇𝐽 ̇𝑞, viscoelasticity regulation term
𝜏�푉�푅 = −𝑀�푞𝐽†𝑀−1�푑 (𝐾�푑𝐶−1�푑 𝑀�푑�̇��푒 +𝐾�푑𝑥�푒), inertia shaping term
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Figure 3: Cartesian impedance control architecture of our method and standard impedance control.

𝜏�퐼�푆 = (𝑀�푞𝐽†𝑀�푑−1−𝐽�푇)𝐹, and plastic deformation term 𝜏�푃�퐷 =
𝑀�푞𝐽†𝑀−1�푑 𝐾�푑𝐶−1�푑 ∫𝐹𝑑𝑡.

The control architecture of both our method and stan-
dard impedance control is illustrated in Figure 3. The main
differences between ourmethod and the standard impedance
control are summarized as follows. On one hand, the external
force integral term, which is also called plastic deformation
term, 𝜏�푃�퐷 = 𝑀�푞𝐽†𝑀−1�푑 𝐾�푑𝐶−1�푑 ∫ 𝐹𝑑𝑡 is the key part which
made our impedance control law different from standard
ones. This term is also the cause of plastic deformation of the
proposed behavior since this integration does not disappear
even after external forces vanish. Moreover, due to the
property of integral, accumulations of deviations caused by
successive forces exist and are verified by our following exper-
iments. Therefore, it is worth to note that limitations should
be added to prevent this integral from becoming saturation
or exceed the hard limits of mechanical components in real
scenario implementation. On the other hand, derivation of
the end-effector goes to zero in standard impedance control

case. In other words, the end-effector returns to its original
position after external forces vanish.This elastic behavior can
be easily validated theoretically and practically. However, in
our case things work in other way. Due to the nonvanish force
integral term, the end-effector never goes back to its original
position even if friction between structures is not taken into
consideration. Besides, this deviation accumulates as external
forces continuously exert on the end-effector. That is what
plastic elastic deformation means.

Moreover, if gravity is compensated appropriately or in
some scenarios such as planar or space robots, the proposed
impedance control law can be simplified into the following.

𝜏 = 𝑀�푞𝐽† [�̈��푑 −𝑀−1�푑 (𝐾�푑𝐶−1�푑 𝑀�푑 ̇𝑥�푒 + 𝐾�푑𝑥�푒)]
+ 𝐶 (𝑞, ̇𝑞) ̇𝑞 − 𝑀�푞𝐽† ̇𝐽 ̇𝑞 + (𝑀�푞𝐽†𝑀�푑−1 − 𝐽�푇) 𝐹

+𝑀�푞𝐽†𝑀−1�푑 𝐾�푑𝐶−1�푑 ∫𝐹𝑑𝑡
(10)
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Table 2: Dynamic equations of the 3DOF Planar manipulator.

Variable Equivalent
𝑀(1, 1) 1.04 + 0.08 cos (𝑞2 + 𝑞3) + 0.34 cos (𝑞2) + 0.05 cos (𝑞3)
𝑀(1, 2) 0.43 + 0.04 cos (𝑞2 + 𝑞3) + 0.17 cos (𝑞2) + 0.05 cos (𝑞3)
𝑀(1, 3) 0.17 + 0.04 cos (𝑞2 + 𝑞3) + 0.023 cos (𝑞3)
𝑀(2, 2) 0.43 + 0.05 cos (𝑞3)
𝑀(2, 3) 0.17 + 0.03 cos (𝑞3)
𝑀(3, 3) 0.17
𝐹�푓�푟�푖�푐�푡�푖�표�푛 2.6 × 10−4

Figure 4: Robot manipulator in experiment setting.

In this paper, since a planar robot manipulator is used in our
experiment, then Cartesian impedance control law expressed
by (10) is our choice.

5. Experiments

The experiment settings in this work are shown in Figure 4.
The 3-DOF planar robot manipulator is actuated by three
Maxon� motors fixed on the joints with a turn ratio of 1:100.
The actuators are installed in parallel along the three axes,
such that the redundant robot moves in the horizontal (𝑋 −
𝑌) plane and gravity in vertical direction (𝑍) is ignored.
Dynamic equations and parameters with International Stan-
dard Unit (forces in 𝑁, etc.) are listed in Table 2. Remember
that Coriolis and Centrifugal terms can be derived via the
inertia matrix in the table, and gravity forces are omitted
in our planner robot case. The incremental encoders offer
the joint position measurement with a resolution of 2000.
The sensors and actuators are connected with the computer
using a PCI communication card.TheMaxon� driver is used
to communicate between the executable and the robot. The
algorithm proposed is executed in Ubuntu Linux systemwith
RT-Kernel, and the first order Euler solver runs at a sampling
rate of 1 kHz. A JR3� 67M series digital output force sensor
which can provide up to 6 dimensions of contact force and
torque is mounted on the wrist of robot end-effector.

In order to make a comparison between our Maxwell
model based method and the standard impedance controller,
an experiment of standard Cartesian impedance control is
conducted first. The typical elastic deformation is observed
and experimental results are given below. After that, exper-
iments of our method have taken place and discussions are

made. The main content of our experiments can be found on
the attached video (.mp4).

5.1. Standard Impedance Control in Cartesian Space. The
desired impedance are defined as 𝑀�푑 = diag[2, 2]𝑁𝑠2/𝑚,
𝐶�푑 = diag[30, 30]𝑁𝑠/𝑚, and 𝐾�푑 = diag[100, 100]𝑁/𝑚. The
time response of external forces exerted on the robot end-
effector by human or environment objects is shown in
Figure 5(a). And the corresponding deviation of end-effector
in Cartesian space is given in Figure 5(b). Since the robot
manipulator operates in Cartesian space and it is easier
for us to observe its deformation behavior, the joint space
displacements are not given here. It turns out that the end-
effector returns to its original position even after successive
external forces which happen at 17.2s and 21.4s. Besides, there
is no accumulated displacement between two external forces.
The end-effector goes back directly to Cartesian position
(𝑥�푒, 𝑦�푒) = (−0.07, 0.6)𝑚 after one external contact force
vanishes. This kind of robot behavior is considered as elastic
deformation and it is widely used in literatures with respect
to impedance control both in joint and Cartesian space.

5.2. Maxwell Model Based Cartesian Impedance Control.
Experiments of our method which is Maxwell model based
Cartesian impedance control are conducted in several man-
ners. Firstly, experimental results in one external force case
with desired impedance parameters𝑀�푑 = diag[2, 2]𝑁𝑠2/𝑚,
𝐶�푑 = diag[30, 30]𝑁𝑠/𝑚 and 𝐾�푑 = diag[100, 100]𝑁/𝑚 are
given in Figure 6. The time response of external force and
corresponding Cartesian deviation of end-effector are given
in Figures 6(a) and 6(b), respectively. It is shown that the
end-effector never returns to its original position (𝑥�푒, 𝑦�푒) =(−0.07, 0.6)𝑚 even after the external force vanishes, staying
at Cartesian position (𝑥�푒, 𝑦�푒) = (0.09, 0.58)𝑚. In other words,
the deviations in both x and y directions caused by external
contact force exist and remain before next external force
comes. This phenomenon is also shown in Figure 6. That is
why we call it plastic deformation behavior which is different
from elastic deformation shown above.

In Figure 6, it is indicated that larger external forces
result in larger deformations in both Cartesian directions.
Moreover, Figure 7 shows that the deviation accumulates
between two successive external forces. In our view, the
internal term of external force 𝐾�푑𝐶−1�푑 ∫𝐹𝑑𝑡 plays a central
role in our novel Maxwell model based impedance control
method. This force integral term is also the main difference
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Figure 5: Experimental results of standard impedance control. (a) External forces. (b) End-effector position in Cartesian space.
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Figure 6: Experimental results of Maxwell model based Cartesian impedance control. (a) External force. (b) End-effector position in
Cartesian space.
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Figure 7: Experimental results of Maxwell model based Cartesian impedance control. (a) External forces. (b) End-effector position in
Cartesian space.
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between our method and the standard or typical impedance
control methodology. Because of the inherent property of
integration, deviations caused by external forces remain
even after the external forces vanish. Besides, this deviations
accumulate as the external force goes and may exceed the
hardware limits thereby causing damage to robots.Therefore,
it is worth to emphasize that saturations of actuators should
be taken care of and prevented by taking some measures like
setting upper limits in real robot implementations.

6. Conclusions

A novel Cartesian impedance controller based on Maxwell
model is designed and implemented practically in a robot
manipulator platform. Both viscosity models are analyzed
and the equivalent transformation between them is given.
By contrast, this novel kind of impedance control makes
the robot endure a plastic deformation behavior which is
highly different from standard elastic deformation. Certain
extent compliance is achieved under unpredictable contact
forces. Our work shows a promising usage in some tasks
such as robot catching flying ball without repelling.Moreover,
this kind of compliance may open a gate in human robot
collaboration tasks to ensure a more soft and passive physical
interaction between robot and human.
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Supplementary Materials

The video attachment is a supplementary material of this
research article.This video file also serves as a verification and
demonstration of our work. This video (.mp4) is in the well-
known MPEG-4 format. No special requirements for video
player. Generally, there are three parts in this video. At the
beginning, standard Cartesian impedance control is imple-
mented as a comparison work. A typical elastic deformation
behavior is observed when external forces applied. After that,
the experiment using our method which is called Maxwell
model based Cartesian impedance control is demonstrated.
A plastic deformation behavior is clearly observed when the
robot physically interacts with human. The last part is called
“Fried Potato Chip Test” in which a human applies contact
forces via fragile potato chips. Small forces cause accumulated
deviations of the end-effector. In short, a plastic deformation

behavior is practically implemented in a robot manipulator
platform by using our novel Maxwell model based Cartesian
impedance control. (Supplementary Materials)
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Estimating the real-time pose of a free flight aircraft in a complex wind tunnel environment is extremely difficult. Due to the
high dynamic testing environment, complicated illumination condition, and the unpredictable motion of target, most general
pose estimating methods will fail. In this paper, we introduce a cross-field of view (FOV) real-time pose estimation system, which
provides high precision pose estimation of the free flight aircraft in the wind tunnel environment. Multiview live RGB-D streams
are used in the system as input to ensure the measurement area can be fully covered. First, a multimodal initialization method
is developed to measure the spatial relationship between the RGB-D camera and the aircraft. Based on all the input multimodal
information, a so-called cross-FOV model is proposed to recognize the dominating sensor and accurately extract the foreground
region in an automatic manner. Second, we develop an RGB-D-based pose estimation method for a single target, by which the
3D sparse points and the pose of the target can be simultaneously obtained in real time. Many experiments have been conducted,
and an RGB-D image simulation based on 3D modeling is implemented to verify the effectiveness of our algorithm. Both the real
scene’s and simulation scene’s experimental results demonstrate the effectiveness of our method.

1. Introduction

Aircraft attitude estimation plays a crucial role in aircraft
control systems of the wind tunnel. During the flight of the
aircraft, it is essential to adjust the flight parameter according
to the real-time attitude of the aircraft [1]. Andwhile verifying
the flight performance of aircraft, it is also necessary to check
the performance of the aircraft in different attitudes. Attitude
estimation is an important part of this [2]. In computer
vision task, aircraft attitude estimation can be regarded as
an object pose estimation task. Vision system is the most
widely used technique for measurements in the wind tunnel,
which can provide crucial data that can be compared with
computational fluid dynamics (CFD) predictions to assist
validating design geometries.

However, it is hard to get satisfying precision measure-
ment results in a low-speed wind tunnel when the target is
flying freely. The main reason is that the wind tunnel is a
high dynamic testing environment and there often exist a
complex illumination condition and unpredictable motion

of the target. These will heavily decrease the measurement
accuracy of the estimation system.

The size of a low-speed wind tunnel is eight meters long,
six meters wide, and six meters high. Thus, multiview live
RGB-D streams are needed in the system as input to ensure
the measurement area can be fully covered. Furthermore, a
multimodal initialization method is developed to measure
the spatial relationship between the RGB-D camera and the
aircraft. Based on all the input multimodal information, our
cross-FOV model is proposed to recognize the dominating
sensor and accurately extract the foreground region in an
automatic manner.

The object pose estimation task has been extensively
studied [3]. Traditional methods of object attitude measure-
ment are mainly divided into template matching and feature
matching [4]. Template matching methods [5] are usually
applied to weakly textured scenes. Such methods need to
reconstruct 3D objects and then match real scenes with 3D
models to find the best pose.The classic ICP algorithm [3] and
RANSAC algorithm solve the current pose byminimizing the

Hindawi
Complexity
Volume 2018, Article ID 7358491, 9 pages
https://doi.org/10.1155/2018/7358491

http://orcid.org/0000-0001-8082-0903
http://orcid.org/0000-0003-2563-8724
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/7358491


2 Complexity

RGB
Streams

Target
RGB Stream

Depth
Streams

Target
Depth Stream

Cross-FOV Model

Initial Pose
Calibration

Target Pose

Sparse Point 
Cloud

TRACKING

Feature 
Extraction

Bundle
Adjustment

Target Pose 
Transformation

Figure 1: Overview of our method showing the data-flow starting from RGB-D streams. RGB streams are used to calibrate the initial pose
of the aircraft. Our cross-FOVmodel can process multiple RGB-D streams and output the target stream. By tracking the target, our method
can get the pose and point cloud of the target.

distance between corresponding points of the actual scene
and the model [6]. Many people believe that, in computer
vision applications [7–11], the contour of an object is the
most reliable information, because feature-based recognition
methods [12–15] are likely to fail when recognizing poses of
weakly textured objects.

In this paper, to overcome those problems, we propose
a cross-field pose estimation framework based on local
features to estimate the pose of an aircraft in real time
and deal with cross-field problems. By acquiring the relative
positional relationship between the camera and the aircraft,
we transform the relative pose of the camera into the relative
pose of the aircraft. According to the experiment results, the
pose estimation system with the cross-FOV model can get
accurate measurement results in a wind tunnel. And we run
our pose estimation system to measure the pose of an aircraft
model. We will apply our system on the low-speed wind
tunnel of China Aerodynamics Research and Development
Centre (CARDC).

2. Overview of Our Method

We proposed a cross-FOV RGB-D pose estimation system
that processes each new frame in real time. Also maintaining
high precision pose estimation our system reconstructs the
sparse point cloud for the object in the scene and can track the
target motion continuously when the target moves across the
different field of view. Figure 1 illustrates the frame-to-frame
operation of our system and Figure 2 illustrates the structure
diagram of our system in a real scene.

2.1. Pose Initialization. In this section, a relative attitude
measurement module is utilized to obtain the relative attitude

between the aircraft and initial camera. We set two tags at the
X-axis of the aircraft shown in Figure 3.The center of the tags
is the center of the aircraft. Once the tag’s location is detected,
the center of the aircraft is localized. Then the system can
transform it into relative attitude between the aircraft and
initial camera.

2.1.1. Tag Recognition. This module is used to detect the
position of tags in Figure 3.Weuse a tag detector to detect tags
following the proposed method AprilTag [5]. The first step
is adopting an adaptive thresholding approach to threshold
the input grayscale image into a black-and-white image. The
next step is segmenting the edges based on the characteristic
of the black-and-white components from which they arise to
find edges which might form the boundary of a tag. Finally,
the method computes a proximate partition by searching for
a small number of corner points and then iterates through all
possible combinations of corner points to find all fitting quad.
After this whole operation, a tag is localized in the image
coordinate system and the center of two tags represents the
center of the aircraft.

2.1.2. Aircraft Center Localization. We transform the coor-
dinate (u, v) of aircraft center in image coordinate with its
corresponding depth value d into a 3D coordinate so that
relative attitude between the aircraft and initial camera is
obtained:

[[[
𝑋𝑐𝑌𝑐𝑍𝑐
]]] = [[[[[[

(𝑢 − 𝑢0) 𝑑𝑓𝑥(V − V0) 𝑑𝑓𝑦𝑑
]]]]]]
, (1)



Complexity 3

RGB-D 
Camera 1

RGB-D 
Camera 2

RGB-D 
Camera 3

Aircraft Model

Wind Direction

X Y

Z

Figure 2: The structure diagram of our system.

Tag 1 Tag 2

Model Center

Tag 1 Tag 2

Figure 3: The location of visual tag on the aircraft model.

Camera 1 Camera 2 Camera 3

Figure 4: Multiple RGB stream inputs.

where (𝑓𝑥, 𝑓𝑦) is the focal length and (𝑢0, V0) is the principal
point and all can be known from calibration. (𝑋𝑐, 𝑌𝑐, 𝑍𝑐) is
the 3D coordinate of aircraft center.

2.2. Cross-FOV Model. In the wind tunnel, as shown in
Figure 4, the cross-field of viewmeasurement is needed.Thus,
we designed a cross-FOV model. For camera 𝑛 in camera set𝑁 at the time 𝑖, we have the color frame 𝑓𝑛𝑖 and depth frame

𝑑𝑛𝑖 . To choose the best input camera 𝑛𝑖, we need to backtrack𝑀 frames to get the maximum frame score camera set NM.
The frame score can be expressed by

𝑆 (𝑑𝑛𝑖 ) = X∑
𝑥=1

Y∑
𝑦=1

𝑝 (𝑥, 𝑦) , (2)

𝑝 (𝑥, 𝑦) = {{{
1, 𝑑𝑛𝑖 (𝑥, 𝑦) < H,0, 𝑑𝑛𝑖 (𝑥, 𝑦) ≥ H, (3)

where 𝑝(𝑥, 𝑦) is the depth score at 𝑑𝑛𝑖 (𝑥, 𝑦) that fit the depth
constraint H.X and Y are, respectively, the frame width and
height.

The best input camera 𝑛𝑖 is chosen from the camera set𝑁
to find the maximum score

𝑛𝑖 = arg max
𝑛∈𝑁

{𝑆 (𝑑𝑛𝑖 ) ⋅ 𝜓 (𝑛)𝑀 } , (4)
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Table 1: RMSE of estimate translation and rotation for synthetic sequences.

Sequence Ours Co-fusion [3]
E𝑡𝑟𝑎𝑛𝑠 (m) E𝑟𝑜𝑡𝑎𝑡𝑒 (

∘) E𝑡𝑟𝑎𝑛𝑠 (m) Erotate (
∘)

rotate1 0.0016 0.4205 - -
rotate2 0.0017 0.3391 - -
rotate3 0.0027 1.5700 - -
translate1 0.0032 0.3941 0.0263 -
translate2 0.0075 1.3766 0.0560 -
translate3 0.0091 0.6858 0.0412 -
translate&rotate 0.0245 0.4706 - -

Table 2: Parameters of the 6-Axis Hexapod.

Parameter Name Value Unit
Travel range X, Y ±50 mm
Travel range Z ±25 mm
Travel range 𝜃X, 𝜃Y ±15 ∘

Travel range 𝜃Z ±30 ∘

Min. incremental motion X, Y 3 𝜇m
Min. incremental motion Z 1 𝜇m
Min. incremental motion 𝜃X, 𝜃Y, 𝜃Z 5 urad

where 𝜓(𝑛) is a proportion calculate function, which will
calculate the amount of camera number 𝑛 in camera setN𝑀.

2.3. Feature Extraction. The system utilizes a fast binary
descriptor called ORB for the feature extracting task. This
descriptor is rotation invariant and resistant to noise and
illumination changes. Simultaneously, it is fast to extract
and match which makes ORB suitable for real-time pose
estimation work in a complex environment.

Our system handles RGB-D input. We extract ORB
features on the RGB image for tracking and, for each feature
with coordinates (𝑢, V) and its corresponding depth value d,
we transform them into a world coordinate system according
to (1).

2.4. Bundle Adjustment. After the initialization operation,
our system performs bundle adjustment, to minimize the
reprojection error between the 3D point X𝑖 and its corre-
sponding 2D point x𝑖𝑝 to estimate the camera’s instantaneous
pose {R, t} relative to previous frame

{R, t} = arg min
R,t

∑
𝑖∈𝜒

𝜌 (x𝑖𝑝 − 𝜙 (RX𝑖 + t)2Σ) , (5)

where 𝜌 is the robust Huber cost function and Σ the
covariance matrix associated with the scale of the keypoint.
The projection function 𝜙 is defined as follows:

𝜙([[[
𝑋𝑌𝑍
]]]) = [[[

𝑓𝑥𝑋𝑍 + 𝑢0𝑓𝑦𝑌𝑍 + V0

]]] , (6)

where (𝑓𝑥, 𝑓𝑦) is the focal length and (𝑢0, V0) is the principal
point, both known from the calibration.

3. Experiments

In the evaluation stage, we carry out a quantitative evaluation
on both synthetic and real sequences with ground truth
data. Our synthetic experimental sequences which imitate
a real experimental environment are specifically designed
for this work. In the synthetic scene, we set up ambient
light and multiple light sources to simulate the real complex
lighting conditions. As for camera settings of synthetic data,
we set it up with settings of an Asus Xtion camera with
resolution of 640◊480 pixels and field of view in 58∘H, 45∘V,
70∘D.

3.1. Synthetic Experiments. Appropriate synthetic sequences
were specifically created for this work. In Figure 5, the
left image is a synthetic color image, middle image is the
corresponding depth image, and right image is the output of
our system. Point cloud is sparsely reconstructed from the
model, and the coordinate axis at the center of the model is
the current pose of the target. We set three kinds of translate
sequences.

For each synthetic scene, we compare the estimated
and ground truth trajectories of the aircraft by computing
the root-mean-square errors (RMSE). Results on synthetic
sequences are shown in Table 1 and Figure 6. We also make
a comparison with Co-fusion [3] in translate sequences.
Co-fusion [3] only supports translation output; as Table 1
shows, rotation result of Co-fusion [3] is not given. Co-
fusion [3] failed in sequences rotate1, rotate2, rotate3, and
translate&rotate.

As shown in Figures 6–8, the estimated trajectories of the
proposed method fit well with ground truth in all scenes.
In rotate sequences, the proposed method can also track
the object stably. As we can see from Table 1, the proposed
method performs better than Co-fusion [3]. In some scenes,
Co-fusion [3] may fail to track the object which leads to
a huge estimating error. But our method can achieve long-
term and effective tracking so long as the first frame is
provided to initialize.We carried out a quantitative evaluation
on both synthetic and real sequences with ground truth
data.
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Figure 5:The synthetic RGB-D input and the estimated point cloud result of our system.
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Figure 6: Comparison between the ground truth, our estimated trajectory, and Co-fusion’s estimated trajectory on the translate sequence.
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Figure 7: Comparison between the ground truth and our estimated pose on rotate sequences.
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Figure 8: Comparison between the ground truth and our result on translate&rotate sequences.

Figure 9: H-840 6-Axis Hexapod. An ultra-high precision cloud
terrace with flexible control.

3.2. Experimental Verification with Hexapod and Real Scene.
For real sequences, we set a series of experiments on a
high precision Hexapod as Figure 9 shows; the accuracy

of Hexapod can reach micron level (Table 2). For each
axis, a corresponding experiment is set up. After aligning
cameras with cloud terrace, we separately set the platform
to move uniformly along each axis to test the accuracy of
translation and rotation. Results on real sequences are shown
in Figure 10.

Experiments on the high precision cloud terrace show
that our proposed method also performs well in real
sequences. In rotation experiments, the detection of yaw
angle is the most accurate which illustrates that the proposed
method can reach the highest accuracy without change of
depth.

We have performed a series of qualitative experiments
to demonstrate the capabilities of our method. The com-
parison to Co-fusion [3] indicates that our method achieves
extremely high accuracy. As mentioned earlier in our paper,
our method can adapt to a complex lighting environment
and achieve high precision tracking and pose estimation. And
particularly, it can satisfy the need of cross FOV, whichmeans
it can achieve reliable pose estimation in a wide range of
environments as demonstrated in the experiments. The real
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Figure 10: H-840 6-Axis Hexapod. An ultra-high precision cloud terrace with flexible control.
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Figure 11: The estimated trajectory of the real scene sequence; the unit in the figure is m.

scene experiment is shown in Figure 12, and the estimated
trajectory of the sequence is shown in Figure 11; the trajectory
is accurate and concise.

4. Conclusions

We introduced a cross-field of view (FOV) real-time pose
estimation system which provides high precision pose esti-
mation of the free flight aircraft in a wind tunnel environ-
ment. Multiview live RGB-D streams are used in the system
as input to ensure the measurement area can be fully covered.

First, a multimodal initialization method is developed to
measure the spatial relationship between the RGB-D camera
and the aircraft. Based on all the input multimodal informa-
tion, a so-called cross-FOV model is proposed to recognize
the dominating sensor and accurately extract the foreground
region in an automatic manner. Second, we develop an RGB-
D-based pose estimating method for a single target by which
the 3D sparse points and the pose of the target can be
simultaneously reconstructed in real time.Many experiments
have been conducted and an RGB-D image simulation based
on 3D modeling is implemented to verify the effectiveness of
our algorithm. Both the real scene’s and simulation scene’s
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Figure 12: The real scene RGB-D input and the estimated point cloud result of our system.

experimental results demonstrate the effectiveness of our
method.
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License plate detection is a challenging problem due to the large visual variations in complex environments, such as motion
blur, occlusion, and lighting changes. An advanced discriminative model is needed to accurately segment license plates from the
backgrounds. However, effective models for the problem tend to be computationally prohibitive. To address these two conflicting
challenges, we propose to detect license plate based on two CNNs, a shallow CNN and a deep CNN.The shallow CNN is used to
quickly remove most of the background regions to reduce the computation cost, and the deep CNN is used to detect license plate
in the remaining regions. These two CNNs are trained end to end and are complementary to each other to guarantee the detection
precision with low computation cost. Experimental results show that the proposed method is promising for license plate detection.

1. Introduction

License plate recognition is an important and popular
research issue in image processing and computer vision.
Applications [1–5] based on license plate detection are playing
an increasingly important role in our daily life, such as
unattended parking lots, security control of restricted areas,
congestion pricing, and automatic toll collection. License
plate detection is the basis of license plate recognition.
Although the research of license plate detection started
relatively early, the detection systems today are still not
perfect; a number of factors such as motion blur, occlusion,
and lighting changes can lead to large visual variations in plate
appearance, which can severely degrade the performance of
the license plate detector.

The license plate feature is usually designed manually
based on the license plate standard defined by the industry,
such as text, edge, and color. Category Specific Extremal
Region proposed by Matos [1] is a representative of the
method based on the characteristics of the text region. This
algorithm does not need to set a global threshold for the
characters and background of the license region and is robust

to motion blur, lighting changes, and occlusion. However,
this algorithm requires that the characters and background
of individual license can be binarized and thus cannot handle
the situation of license staining, motion blur, and intense
lighting. Besides, if the license includes certain characters
of which the pixels are not simply connected, the algorithm
cannot be used directly. Liang [2] used Sobel [6] operator
to detect edges in the input image, applied mathematical
morphology processing to the image to obtain connected
candidate regions of the license plate, and analyzed the
candidate regions to locate the license plate region. License
plate detection based on edge features has relatively high
detection efficiency, especially in the situation in which the
environment is constrained such as the front gate. Never-
theless, this kind of methods is sensitive to edge noise and
illumination; it is difficult to apply this kind of methods to
complex scene.

Viola [7] proposed a cascade classifier based on Haar-
like feature. It is successfully applied to face detection, text
detection, and license plate detection. However, due to the
simple nature of the Haar feature, it is relatively weak in
the uncontrolled environments. CNN is very popular in
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Figure 1: The framework of the proposed license plate detector. (a) The overall framework of our license plate detector. (b) The structure of
the shallow CNN. (c)The structure of the deep CNN.

object detection now. Garcia [8] successfully applied CNN
to face detection. Chen [9] modified the CNN’s structure
to detect the license plate, and the results turned out to
be remarkable. Compared to previous hand-crafted features,
CNN [10] automatically learns the features of licenses plate
through tremendous training data. It is stable to geometric
transformation, shape changes, and illumination changes.
Xie [11] proposed a CNN-based framework for multidi-
rectional license plate detection. Kurpie [12] modelled a
CNN which produced a score for each image subregion to
estimate the locations of license plates by combining the
results obtained from sparse overlapping regions. Masood
[13] proposed a deep CNN which could work across a variety
of license plate templates. License plate detection based on
CNN has achieved promising results and is more robust
than traditional methods. However, exhaustively scanning
the full image with a deep CNN is not a practical solu-
tion, since there is mass amount of scanning windows that
need to be classified, which has a very high computational
cost.

To reduce the computational cost, we propose to detect
license plate based on two CNNs, a shallow CNN and a deep
CNN. The shallow CNN is used to quickly remove most
of the background regions to reduce the computation cost,
and the deep CNN is used to detect license plate in the
remaining regions. The two CNNs are trained end to end and
are complementary to each other to guarantee the detection
precision with low computation cost.

2. Methods

2.1. Overall Framework. Theoverall framework of our license
plate detector is shown in Figure 1(a), and the structures of
the twoCNNs are shown in Figures 1(b) and 1(c), respectively.
Given a test image, the shallow CNN scans the whole image
densely to quickly reject most of the candidate windows. The
remaining candidate regions will be classified by the deep
CNN. Compared with the shallow CNN, the deep CNN is
more powerful but slower since it is more complicated. We
adopt the nonmaximum suppression (NMS) to the regions
that passed the deep CNN to eliminate highly overlapped
detection windows and finally obtain the plate’s location.

2.2. The Shallow CNN. The shallow CNN is used to quickly
scan the testing image to reject most of the candidate
windows. A 140∗40 window is used to scan the whole image
densely to obtain a map of confidence scores; the size of the
map is as follows:

(⌊(𝑊 − 140)5 ⌋ + 1) × (⌊(𝐻 − 40)2 ⌋ + 1) (1)

where W and H are the width and height of the input image
and the stride is 5 pixels in x direction and 2 pixels in y
direction.

The shallow CNN is used to quickly remove most of the
candidate windows; therefore, it just has 4 layers for time
efficiency. The first layer is a convolution layer followed by
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Figure 2: Candidate regions obtained by the shallow CNN.

a max pooling layer. The next layer is also a convolution
layer. The last layer is a fully connected layer, which has a
soft-max of 2 outputs. When training the shallow CNN, we
increase the weight of the positive sample in the loss, which
exacerbates the punishment of making a wrong classification
for the positive samples. At the same time, we decrease the
weight of the negative samples in the loss.That is, the shallow
CNNwill have high false positive rate and low miss rate. The
false positives which passed the shallow CNNwill be rejected
by the following deep CNN. Figure 2 shows an example of the
candidate regions obtained by the shallow CNN.

2.3. The Deep CNN. We use the Alex Net [14] as the deep
CNN for license plate detection. The structure of the deep
CNN is shown in Figure 1(c). The deep CNN is a powerful
binary classifier. The deep CNN extracts the Hierarchical
Feature through multilayer convolutional layers and gets
invariance by pooling layer through down-sampling and
finally classifies the images by a fully connected layer on the
top.

Alex Net uses a method called Local Response Normal-
ization. Meantime, Alex Net uses dropout when selecting the
nodes. Both promote the performances of AlexNet.However,
the simplest method to enhance the model’s performance and
avoid over-fitting is to increase the size of training data. The
data we used comes from cameras on road which capture
vehicles’ image under natural scene.We label the license plate
manually to collect 10774 license plates positive samples and
randomly select 10029 patches from nonlicense plate regions
to establish negative samples. These positive and negative
samples are resized to 227∗ 227 to fine-tune a pretrained Alex
Net model.

The shallow CNN rejects most of the detection windows
while keeping almost all of the license plate regions. The
remaining candidatewindows are classified by the deepCNN.
If a candidate window is classified as a license plate, we add
it into a ranked list L, ranked by the score given by the
deep CNN. And we apply nonmaximum suppression to get
the final license plate location. That is, for each candidate
window W in L, starting with the highest score, we remove
all windows that overlap with W, since two license plates will
not overlap with each other in real scenes.

3. Baseline: Remove Candidate Regions by
Edge Density

To evaluate the proposed method, we also implement a
baseline; that is, we use the edge density as feature to remove
candidate regions as in [15]. There are many edges in the
license plates formed by the characters and the background.
Therefore, edge density can be used to remove candidate
regions.

We use Sobel operator for edge detection [16]. Techni-
cally, it is a discrete difference operator, used to compute
image illumination function’s gradient approximation. Using
this operator to process any point in the image can produce
the corresponding gradient vector. This operator includes
two matrices of 3∗3 which represent transverse and portrait.
Letting it convolute with the image will get brightness
difference approximation of transverse and portrait. Let A
represent the original image and 𝐺𝑥 and 𝐺𝑦 represent edge
detection image of transverse and portrait; the function is
presented as follows:

𝐺𝑥 = [[
[

−1 0 +1
−2 0 +2
−1 0 +1

]]
]
∗ 𝐴,

𝐺𝑦 = [[
[

+1 +2 +1
0 0 0
−1 −2 −1

]]
]
∗ 𝐴

(2)

Owing to plate’s edge feature, here we only compute the|𝐺𝑥|. The most intense response production is which X is
perpendicular with, that is, vertical edge.

We use sliding window method to scan the whole image
and compute the average edge density of every corresponding
window. Similar to [15], we divide each window into 3 small
windows and compute the difference between the 3 small
windows; if the difference is too large, the window will be
rejected.Thewindow size and the strides in x and y directions
are the same as in Section 2.2.
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Figure 3: Some sample images of BIT-Vehicle Dataset.

Table 1: Comparison results.

Method The number of candidate windows Precision
Baseline 200 96.25%
Shallow + deep CNNs 20 98.1%

4. Experiments

4.1. Datasets. Wecollected a complex and challenging vehicle
dataset called BIT-Vehicle Dataset to test our method. BIT-
Vehicle Dataset is a complex and challenging dataset, which
includes 10400 labelled vehicle images. The dataset has
1600∗1200 and 1920∗1080 resolution’s images, but the top or
bottom parts of some vehicles are not included in the images
because of the capturing delay and the size of the vehicle.
They are captured by two cameras at different time and place.
The reason why the dataset is complex and challenging is
that the images include differences in illumination, surface
color, and angle of view. Figure 3 shows some sample images
of the dataset. We split the dataset as training set, validation
set, and testing set. The training set contains 8400 images,
the validation set contains 1200 images, and the testing set
contains 800 images.

4.2. Results. We implemented the proposed plate detector
using the Cafe library and tested our program on BIT-Vehicle
Dataset. When training the shallow and deep CNN, we use
the labelled license plates in the training set as positive
samples and randomly select nonlicense plate regions as
negative samples. The number of positive samples is 10774,
which is more than the number of images in the training set;
this is because some images contain more than one license
plate as shown in Figure 3. The number of negative samples
is 10029. When training the shallow CNN, we increase the

weights of the positive samples and decrease the weights of
the negative samples to guarantee a low miss rate. During
the training of the deep CNN, the weights of the positive and
negative samples are the same.

For each image, after passing the shallow CNN, there are
about 20 candidate windows left for the deep CNN to classify.
After training, the deep CNN achieves 99.2% accuracy on the
validation set and achieves 98.1% accuracy on the testing set.

Just like what we expected, deep CNN can classify the
candidate regions very well. The reason why the deep CNN
can achieve high performance is that our images in our
dataset are captured under different scenes with different
viewing angles and under different illumination conditions
and CNN can learn discriminative features from the training
data automatically.

We enhance the accuracy rate, and our model can detect
license plate faster. We implement this model on café and
it can proceed 6 frames per second on a computer without
GPU. With GPU’s accelerating, our model’s efficiency will be
promoted dramatically and can detect license plate in real
time.

4.3. Comparison Results. The experiment is divided into two
parts. One is based on edge detection and CNN, and we
regard its results as a baseline. The other is based on shallow
and deep CNN. Finally, we compare the experimental results
of the two methods as in Table 1.

The shallow and deep CNN perform better than the
baseline; the reason is that the parameters of the baseline
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Figure 4: The license plate detection results with our method.

are set manually, but the parameters of the shallow CNN are
learned from the data. Figure 4 shows some detection results.

We also compare the running time of our method and
just use deep CNN to detect license plate in sliding windows
manner on a computer with an Intel Core i5-3230M CPU
(2.6GHz). The average running time for one image with
resolution 1600∗1200 is about 166 ms for our method and is
about 500 ms for just using deep CNN to detect license plate
in sliding windows manner.

5. Conclusions

In this article, we propose a license plate detection method
based on cascade architecture. Firstly, a shallow CNN is
used for time efficiency. A shallow CNN scans the whole
image densely to quickly eliminate most nonlicense plate
regions. Secondly, a deep CNN is used to classify the
remaining regions to detect the license plate. Finally, we use
nonmaximum suppression (NMS) to get the final license
plate region. By using shallow and deep CNNs, we can detect
license plate fast and accurately. We test out the method on
BIT-Vehicle Dataset and the result shows that the proposed
method promotes both the accuracy and the time efficiency.
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This paper addresses the coordinated depth control problem of multiple autonomous underwater vehicles, which means to
maneuver a group of underwater vehicles which move at the same depth synchronously. Firstly, a coordinated error of depth
between vehicles and the common desired depth is defined by using extended graph theory in a distributed manner; then a deep-
pitch double loop control algorithm based on sliding mode is designed for each vehicle, by which each vehicle is driven to andmove
at the commondepth coordinately. In particular, a pitch reference command is firstly calculated by the predefined coordinated depth
error, which can be regarded as the outer loop control, and then, the input rudder angle for each vehicle is derived according to the
pitch reference command being as the inner loop control. Considering the uncertainties of the model hydrodynamic parameters,
an online parameter adaptive algorithm is introduced to improve the performance of the sliding mode control algorithm proposed.
Simulations were performed to verify the theoretical results proposed.

1. Introduction

With the development of artificial intelligence, robots play
more and more roles in our daily lives. The high demand
of industrial applications and automation devices always
needs the robot operate in a complex environment which
is posing requirements for the system stability, safety, and
strong challenges for the controller design [1–3]. As a typical
underwater robot, Autonomous Underwater Vehicle (AUV)
plays great roles in ocean exploring missions and even more
in the field of militaries. In order to fulfill these applications,
it is usually necessary to maneuver an AUV cruise at a fixed
and expected depth; this task is always called the vertical
plane control of AUV, which is a typical motion form in the
field of marine crafts [4]. Many works have been done to
develop strategies capable of depth control of a single AUV,
mainly include fuzzy control [5], neural networks [6], and
sliding mode [7, 8]. Although significant progress has been
made in the area, however, much work remains to be done
to develop strategies for multiple AUVs. Considering the fact
that current missions are getting more complex and AUV
technology matures, it is common to require multiple AUVs

to work cooperatively to solve these types of tasks with low
cost, high adaptively, and easy maintenance.

Consensus theory and algorithms have proven to be
effective tools to perform the network-wide distributed com-
putation tasks such as computing aggregate quantities and
functions over networks. There have been much works on
consensus problems of first-order agents, such as consensus
under time-varying topology [9], finite-time consensus [10],
consensus over random networks [11], and asynchronous
consensus [12]. Taking into account the fact that many vehi-
cles such as AUVs considered in this paper andmobile robots
are always controlled directly by their accelerations rather
than by their velocities, hence it is also necessary to inves-
tigate consensus problems of second-order agents. In [13, 14],
the authors studied conditions on the interaction graph and
the control gains for two different consensus algorithms to
ensure agreement on both positions and velocities. Despite
significant progress has been made in aforementioned works,
much work remains to be done for the AUV systems due to
the fact that the dynamics of AUV are often complex and
cannot be simply ignored or drastically simplified for control
design purpose. In the field of marine vehicles, authors in
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[15] proposed a synchronized path following controller for
fully actuated surface ships by using passivity theory. A
decentralized formation controller was derived in [16], which
deals with the cooperative problem of fully actuated surface
vehicles with considering the influencing of the sea currents
and model uncertainty. Even all the results proposed in the
above woks are decentralized because each member of the
group only needs to exchange the necessary information
under local interactions, but all of them assumed that there is
a global reference speed for the whole group which should be
known to all the team members. In this sense, the controller
proposed is not distributed because there is a global vector
which should be known to all of them.

Motivated by the ideas of consensus tracking and afore-
mentioned works, we consider the truly distributed depth
coordinated control problem of AUVs in this proposal. By
using extended graph theories, the coordinated depth error
between each AUV and the common desired depth was
defined firstly, in which we only need the common desired
depth be available to one subset of AUVsby local interactions,
so the strategy is truly distributed and this can be regarded
as our first contribution. Moreover, a double loop based on
adaptive sliding mode control algorithm for each AUV was
derived with considering the model uncertainties of each
AUV, and eachAUVcanmove at the same depth coordinately
by using the algorithm proposed. Furthermore, the control
parameters used in the algorithmproposed are obtained from
the kinematic model of the AUV and the expected dynamic
characteristics of each link; except for the initial value of the
model parameter vector, all other parameters are irrelevant
to the AUV, so the strategy proposed has good application
values.

The remainder of this paper is organized as follows: in
Section 2, models of the vehicles considered in this work and
extended graph theory which will be used throughout this
paper are described. We also presented the basic principles
of the synchronized depth control by defining a coordinated
error vector novelty in this section. Sections 3 and 4 especially
present the procedures of designing the sliding mode control
for the depth tracking with and without considering the
model uncertainties. In Section 5, simulation examples are
executed to validate the effectiveness of the strategy proposed.
Finally, conclusions and future works are summarized and
discussed in Section 6.

2. Problem Formulation

2.1. AUVModel in Vertical Plane. The six degrees of freedom
dynamic model of AUV can be decomposed into vertical
plane motion and horizontal plane motion independently if
some coupling constraints are satisfied. The depth control
considered in this paper is a typical freedom in vertical plane,
so before going on, we will give the AUV model in vertical
plane borrowed from [4]

�̇�V = RV (𝜃) kV
MVk̇V + CV (kV) kV +DV (kV) kV + gV (𝜃) = 𝜏V, (1)

where 𝜂V = [𝑥 𝑧 𝜃]𝑇 denotes the position and pitch
of AUV in earth-fixed frame {𝐼} and kV = [𝑢 𝑤 𝑞]𝑇
represents the speed in body-fixed frame {𝑏} with RV(𝜃))
being the transformation matrix from frame {𝑏} to {𝐼}. MV,
CV(kV), DV(kV), and gV(kV) are the inertial matrix, Coriolis
force matrix, damping matrix and gravity, and buoyancy
generalized force vector with the following form, respective-
ly:

RV (𝜃) = [[[
cos 𝜃 sin 𝜃 0
− sin 𝜃 cos 𝜃 0
0 0 1

]]
]
, (2)

MV = [[[
[
𝑚 − 𝑋�̇� 0 0
0 𝑚 − 𝑍�̇� 0
0 0 𝐼𝑦𝑦 −𝑀 ̇𝑞

]]]
]
, (3)

CV (kV)
= [[[
[

0 0 (𝑚 − 𝑍�̇�) 𝑤0 0 − (𝑚 − 𝑋�̇�) 𝑢− (𝑚 − 𝑍�̇�) 𝑤 (𝑚 − 𝑋�̇�) 𝑢 0
]]]
]
, (4)

DV (kV)
= [[[
[
−𝑋𝑢 0 0
0 −𝑍𝑤 0
0 0 −𝑀𝑞

]]]
]

+ [[[
[
−𝑋|𝑢|𝑢 |𝑢| 𝑢 0 0

0 −𝑍|𝑤|𝑤 |𝑤| 0
0 0 −𝑀|𝑞|𝑞

𝑞
]]]
]
,

(5)

gV (𝜃) = [[[
[

(𝑊 − 𝐵) sin 𝜃
− (𝑊 − 𝐵) cos 𝜃

(𝑧𝑔𝑊− 𝑧𝑏𝐵) sin 𝜃 + (𝑥𝑔𝑊− 𝑥𝑏𝐵) cos 𝜃
]]]
]
, (6)

𝜏V = [𝑋 𝑍 𝑀]𝑇 = [𝑇 𝑍𝛿𝛿𝑒 𝑀𝛿𝛿𝑒]𝑇 , (7)

where 𝐼𝑦𝑦 − 𝑀 ̇𝑞 > 0 is the combined moment of inertia
with additional mass produced and the rotation inertia of
the y-axis and𝑀𝛿 is the rotation torque coefficient produced
by rudder angle 𝛿𝑒. Due to the fact that when AUV makes
down steering which will produce the negative pitch angular
acceleration ̇𝑞, therefore, 𝑀𝛿 < 0. 𝜏V denotes the control
force and torque for AUVwhich will be designed in following
sections to enable each AUV move at the desired depth.

From the above formulations, we can find that the diving
equations of AUV motion should include the heave velocity𝑤, the angular velocity in pitch 𝑞, the pitch angle 𝜃, and
the depth 𝑧. Assume that the forward speed is constant and
that the sway and yaw modes can be neglected, this suggests
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the following simplified equations of AUVmotion in vertical
plane as

�̇� = −𝑢 sin 𝜃 + 𝑤 cos 𝜃
̇𝜃 = 𝑞

(𝐼𝑦𝑦 −𝑀 ̇𝑞) ̇𝑞 = (𝑋�̇� − 𝑍�̇�) 𝑢𝑤 +𝑀𝑞𝑞 +𝑀|𝑞|𝑞𝑞 𝑞
+ 𝐺𝑧𝐺 sin 𝜃 + 𝐺𝑥𝐺 cos 𝜃 + 𝑀𝛿𝛿𝑒
+ 𝑛𝜃,

(8)

where 𝑛𝜃 denotes the bounded total modeling errors and
external disturbance. Based on parameterized linearization
techniques, the dynamic equation of pitch angular velocity 𝑞
can be rewritten as

̇𝑞 = 𝑎1𝑢𝑤 + 𝑎2𝑞 + 𝑎3𝑞 𝑞 + 𝑎4 sin 𝜃 + 𝑎5 cos 𝜃 + 𝑏𝛿𝑒
+ 𝑛𝜃, (9)

where

𝑎1 = (𝑋�̇� − 𝑍�̇�)(𝐼𝑦𝑦 −𝑀 ̇𝑞) ,
𝑎2 = 𝑀𝑞(𝐼𝑦𝑦 −𝑀 ̇𝑞) ,
𝑎3 = 𝑀|𝑞|𝑞(𝐼𝑦𝑦 −𝑀 ̇𝑞) ,
𝑎4 = 𝐺𝑧𝐺(𝐼𝑦𝑦 −𝑀 ̇𝑞) ,
𝑎5 = 𝐺𝑥𝐺(𝐼𝑦𝑦 −𝑀 ̇𝑞) ,
𝑏 = 𝑀𝛿(𝐼𝑦𝑦 −𝑀 ̇𝑞) ,
𝑛𝜃 = 𝑛𝜃(𝐼𝑦𝑦 −𝑀 ̇𝑞) .

(10)

To be noted that, all the AUVs considered will be
isomorphic in this paper, so for the sake of convenience, we
omitted the index of the AUV number in the presentation of
the model, and furthermore, in the implementing of the con-
troller designing, we will make the following assumptions.

Assumption 1. The depth 𝑧 can be measured by a pressure
meter and the pitch angle 𝜃 can bemeasured by an inclinome-
ter while the pitch rate 𝑞 requires a rate gyro or a rate sensor.
We also assumed that the velocities in the vertical plane can
be measured by using a Doppler log for directly obtaining
velocity measurements.

Assumption 2. The external disturbance 𝑛𝜃 is bounded by an
unknown upper bound, and 𝑛𝜃 is bounded apparently. We
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Figure 1: Example graph and the according Laplacian matrix.

assumed that 𝑛𝜃𝑖 ≤ 𝑛𝑖, where𝑁 = [𝑛0, 𝑛1, ⋅ ⋅ ⋅ , 𝑛𝑛]𝑇 to be the
unknown upper bound of disturbance [17].

2.2. ExtendedCommunicationGraph. Assumed that there are𝑛 AUVs in the group, it is a conventional way to model the
interactions between them using directed graph adjacency
matrix and topology graphs [18]. Firstly, we introduce a
virtual AUV, denoted as V0, which specifically represents the
desired state. For the 𝑛 AUVs system, the graph 𝐺 = (V, 𝐴∗)
contains a set of nodes V = {V0, V1, ⋅ ⋅ ⋅ , V𝑛}, and an adjacent
matrix 𝐴∗ = [𝑎∗𝑖𝑗], where 𝑎∗𝑖𝑗 = 1 indicates that the 𝑖th AUV
canobtain state information from 𝑗th, otherwise 𝑎∗𝑖𝑗 = 0.Then
we define a degree matrix Δwith the elements 𝛿𝑖𝑖 = Σ𝑗𝑎∗𝑖𝑗 .The
Laplacian matrix of graph 𝐺 is expressed as 𝐿 = Δ − 𝐴∗ and
the normalized Laplacian matrix of 𝐺 is 𝐿 = 𝐼 − 𝐴, where 𝐴
is the normalization of 𝑎𝑖𝑗 = 𝑎∗𝑖𝑗/𝛿𝑖𝑖 when 𝛿𝑖𝑖 ̸= 0; otherwise𝑎𝑖𝑗 = 𝑎∗𝑖𝑗 [19]. If we add one virtual AUV to the group, then
we call the graph 𝐺 as extended communication graph. An
example of extended communication graph is given below;
where Figure 1 is a topology graph with four nodes which
contains three AUVs and one virtual AUV, its adjacency
matrix, degree matrix, normalized adjacency matrix, Lapla-
cianmatrix, and normalized Laplacianmatrix are, respective-
ly,

𝐴∗ = [[[[[
[

0 0 0 0
1 0 0 0
0 1 0 0
0 1 1 0

]]]]]
]
,

Δ = [[[[[
[

0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 2

]]]]]
]
,

𝐴 =
[[[[[[[
[

0 0 0 0
1 0 0 0
0 1 0 0
0 12 12 0

]]]]]]]
]
,
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𝐿 = [[[[[
[

0 0 0 0
−1 1 0 0
0 −1 1 0
0 −1 −1 2

]]]]]
]
,

𝐿 =
[[[[[[[
[

1 0 0 0
−1 1 0 0
0 −1 1 0
0 −12 −12 1

]]]]]]]
]
.

(11)

Because the virtual AUV can not get any information
from others, the row sum of the matrix 𝐴 is equal to 1, except
for the first row. It is obvious that all the diagonal elements
of 𝐿 are 1; we can know that 𝐿 is a diagonal dominant matrix,
positive define, and reversible; its inverse matrix will satisfy
with 𝐿−1 = ∑𝑛

𝑖=0 𝐴𝑖 [20].

2.3. Basic Idea of Sliding Mode Control. Consider the follow-
ing second-order controlled object [21]:

�̈� (𝑡) = 𝑓 (𝑥, 𝑡) + 𝑏𝑢 (𝑡) + 𝑑 (𝑡) , (12)

where𝑓(𝑥, 𝑡) is nonlinear term, 𝑑(𝑡) is external disturbances,
and 𝑢(𝑡) is the control input for the system.

Define tracking error as

𝑒 (𝑡) = 𝑥 (𝑡) − 𝑥𝑑, (13)

where 𝑥𝑑 is desired state value.
Sliding surface vector is defined as follows:

𝑠 (𝑡) = 𝜆𝑒 (𝑡) + ̇𝑒 (𝑡) , (14)

where 𝜆 > 0 and satisfies Hurwitz condition. Then the basic
idea of sliding mode control is how to derive the input 𝑢(𝑡)
determined by 𝑠(𝑡) for the system to make 𝑠(𝑡) and 𝑒(𝑡) go to
zero asymptotically.

2.4. Basic Principles of Coordinated Depth Control. Assume
that there are 𝑛 AUVs in the group, and in the following
sections, we will use a subscript 𝑖 to denote the index number
of AUV. For multiple AUVs, we redefine each parameter
as follows: 𝑧 = [𝑧0, 𝑧1, ⋅ ⋅ ⋅ , 𝑧𝑛]𝑇 is the depth of 𝑛 AUVs,
respectively, and 𝑧0 means depth of the virtual AUV, 𝑢 =[𝑢0, 𝑢1, ⋅ ⋅ ⋅ , 𝑢𝑛]𝑇 is the velocity of 𝑛 AUVs along x-axis,𝑤 = [𝑤0, 𝑤1, ⋅ ⋅ ⋅ , 𝑤𝑛]𝑇 is the velocity of 𝑛 AUVs along z-
axis, 𝜃 = [𝜃0, 𝜃1, ⋅ ⋅ ⋅ , 𝜃𝑛]𝑇 is the pitch angle of 𝑛 AUVs,𝑞 = [𝑞0, 𝑞1, ⋅ ⋅ ⋅ , 𝑞𝑛]𝑇 is the angular velocity around y-axis,
and 𝛿𝑒 = [𝛿𝑒0, 𝛿𝑒1, ⋅ ⋅ ⋅ , 𝛿𝑒𝑛]𝑇 is the rudder angle. To make
each AUV track a common desired depth synchronously, the
tracking error for 𝑖th vehicle will be defined as

�̃�𝑖 = 𝑛∑
𝑗=0
𝑎𝑖𝑗 (𝑧𝑖 − 𝑧𝑗) , (15)

where 𝑎𝑖𝑗 is the 𝑖𝑗th element of the normalized adjacent
matrix 𝐴 induced by the AUVs. According to the definition
of normalized adjacent matrix in Section 2, the tracking error
can also be described as

�̃�𝑖 = 𝑧𝑖 − 𝑧𝑑𝑖, (16)

where 𝑧𝑑𝑖 = ∑𝑛
𝑗=0 𝑎𝑖𝑗𝑧𝑗. Denote desired depth as 𝑧𝑑 =[𝑧𝑑0, 𝑧𝑑1, ⋅ ⋅ ⋅ , 𝑧𝑑𝑛]𝑇; then the collective depth tracking error

of 𝑛 AUVs can be described as

�̃� = 𝑧 − 𝑧𝑑, (17)

where �̃� = [�̃�0, �̃�1, ⋅ ⋅ ⋅ , �̃�𝑛]𝑇. It is known from (8) that the
dynamics of the depth can be also described as

�̇� = −] sin (𝜃 − 𝛼) , (18)

where ] = diag(]0, ]1, ⋅ ⋅ ⋅ , ]𝑛) with ]𝑖 = √𝑢2𝑖 + 𝑤2
𝑖 , (𝑖 =0, 1, ⋅ ⋅ ⋅ , 𝑛), 𝛼 = [𝛼0, 𝛼1, ⋅ ⋅ ⋅ , 𝛼𝑛]𝑇 with 𝛼𝑖 = arctan(−𝑤𝑖/𝑢𝑖), (𝑖 = 0, 1, ⋅ ⋅ ⋅ , 𝑛), and sin(𝜃 − 𝛼) = [sin(𝜃0 − 𝛼0), sin(𝜃1 −𝛼1), ⋅ ⋅ ⋅ , sin(𝜃𝑛 − 𝛼𝑛)]𝑇.

Assume that the depth tracking error will evolve with the
following dynamics:

̇̃𝑧 + 𝜆𝑧�̃� = 0, (19)

where 𝜆𝑧 = diag (𝜆𝑧0, 𝜆𝑧1, ⋅ ⋅ ⋅ , 𝜆𝑧𝑛) with 𝜆𝑧𝑖 being the pos-
itive gains. Then the tracking error �̃� will converge to zero
exponentially at the rate of 𝜆𝑧. This assumption is commonly
used for error dynamic equations. Consider the following
first-order homogeneous linear differential equation and its
general solutions:

𝑑𝑦𝑑𝑥 + 𝑃 (𝑥) 𝑦 = 0, (20)

𝑦 = 𝐶𝑒− ∫𝑃(𝑥)𝑑𝑥, (21)

where 𝐶 is a constant. Then solution (21) will be determined
by the initial condition of (20) and 𝑃.

That means

�̃� = 𝐶𝑒− ∫𝜆𝑧𝑑𝑡 = 𝐶𝑒−𝜆𝑧𝑡, (22)

so the depth error �̃� converges to zerowhen 𝑡 tends to infinity.
Denote the desired pitch angle for each AUV as 𝜃𝑓 =[𝜃𝑓0, 𝜃𝑓1 , ⋅ ⋅ ⋅ , 𝜃𝑓𝑛]𝑇, then we can have

−] sin (𝜃𝑓 − 𝛼) = �̇�𝑑 − 𝜆𝑧 (𝑧 − 𝑧𝑑) . (23)

By simply calculations we can get

𝜃𝑓 = − arcsin (]−1 (�̇�𝑑 − 𝜆𝑧 (𝑧 − 𝑧𝑑))) + 𝛼, (24)

assuming that ]−1(�̇�𝑑 − 𝜆𝑧(𝑧 − 𝑧𝑑)) = 𝜇, then arcsin (𝜇) =[arcsin (𝜇0), arcsin (𝜇1), ⋅ ⋅ ⋅ , arcsin (𝜇𝑛)]𝑇.
Here we require 𝜇𝑖 ≤ 1; otherwise, the objective of

depth control cannot be achieved. In physical sense, this
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Figure 2: Second-order system structure block diagram.

inequality constraint means the expectation of the depth
changing rate of each AUV can not be greater than its total
speed; moreover, consider the fact that we have assumed a
linearization hypothesis of a pitching angle being as a small
angle before, then characteristic of arcsin 𝑥 = 𝑥 could be
used here. Furthermore, by putting some saturation limit on(𝑧 − 𝑧𝑑) we will have

𝜃𝑓 = −]−1 (�̇�𝑑 − 𝜆𝑧Φ𝑧𝑠𝑎𝑡 ((𝑧 − 𝑧𝑑)Φ𝑧
)) + 𝛼, (25)

and the coefficientΦ𝑧 = [Φ𝑧0, Φ𝑧1, ⋅ ⋅ ⋅ , Φ𝑧𝑛]𝑇 determines the
range of the depth deviation limit, that is, when the depth
deviation of 𝑖th AUV is greater than Φ𝑧𝑖, the pitch angle
instruction will no longer be increased.

To make the desired pitch angle for each AUV to bemore
smooth, we will introduce a second-order filter to represent
the dynamic relationship between 𝜃𝑑 and 𝜃𝑓 as

𝜔2
𝜃𝜃𝑑 + 2𝜔𝜃 ̇𝜃𝑑 + ̈𝜃𝑑 = 𝜔2

𝜃𝜃𝑓, (26)

where 𝜔𝜃 = diag(𝜔𝜃0, 𝜔𝜃1, ⋅ ⋅ ⋅ , 𝜔𝜃𝑛) with 𝜔𝜃𝑖 > 0 and 𝜃𝑑 =[𝜃𝑑0, 𝜃𝑑1, ⋅ ⋅ ⋅ , 𝜃𝑑𝑛]𝑇 will be the desired pitch angle output for
each AUV. The block diagram of this filter was shown in
Figure 2.

As so far, the structure of depth control considered in this
paper can be shown in the Figure 3, where we put forward
a deep-pitch double loop control strategy with pitch angle
controller as the inner loop and depth controller as the outer
loop [22]. The desired common depth 𝑧𝑑 is initialized by
the outer loop, and the according desired pitch angle 𝜃𝑑 is
determined by the desired depth whichmeans the input 𝜃𝑑 of
the inner loop to be the output of the outer loop control, and
the entire control system constitutes a closed-loop feedback
structure.

3. Coordinated Depth Control without Model
Uncertainties Based on Sliding Mode

To make the attitude of each AUV track the desired attitude𝜃𝑑0 derived in Section 2 before synchronously, define the 𝑖th
attitude tracking error as

𝑒𝑖 = 𝑛∑
𝑗=0
𝑎𝑖𝑗 (𝜃𝑖 − 𝜃𝑗) . (27)

According to the definition of normalized adjacentmatrix𝐴, this attitude tracking error also can be described as

𝑒𝑖 = 𝜃𝑖 − 𝜃𝑑𝑖, (28)

where 𝜃𝑑𝑖 = ∑𝑛
𝑗=0 𝑎𝑖𝑗𝜃𝑗; as an example of Figure 1, the syn-

chronized attitude error will be

𝑒0 = 0
𝑒1 = 𝜃1 − 𝜃𝑑0
𝑒2 = 𝜃2 − 𝜃1
𝑒3 = 𝜃3 − 12𝜃2 − 12𝜃1,

(29)

so the attitude deviation of 𝑛 AUVs can be defined as

𝑒 = 𝜃 − 𝜃𝑑, (30)

where 𝑒 = [𝑒0, 𝑒1, ⋅ ⋅ ⋅ , 𝑒𝑛]; according to the definition of
normalized Laplacian L, we can obtain

𝑒 = 𝐿𝜃. (31)

Nextly, we will show how to derive the control input
for each AUV by using the coordinated error defined by
(30). Before going on, define the linearized parameter vector
a = [a1 a2 a3 a4 a5] and Y = [𝑦1 𝑦2 𝑦3 𝑦4 𝑦5] =[𝑢𝑤 𝑞 𝑞|𝑞| sin 𝜃 cos 𝜃]𝑇, then (9) can be rewritten as

̇𝑞 = a𝑌 + 𝑏𝛿𝑒 + 𝑛𝜃. (32)

According to the introduction of Section 2, define the
sliding mode vector as

𝑆 = ̇𝑒 + Λ𝑒, (33)

where 𝑆 = [𝑠0, 𝑠1, ⋅ ⋅ ⋅ , 𝑠𝑛]𝑇 and Λ = diag (𝜆0, 𝜆1, ⋅ ⋅ ⋅ , 𝜆𝑛) is a
design parameter with 𝜆𝑖 > 0.

By simply calculations we will get the derivatives of (33):

̇𝑆 = ̇𝑞 − ̈𝜃𝑑 + Λ𝐿𝑞. (34)

Substituting (32) into (34), we can get

̇𝑆 = aY + 𝑏𝛿𝑒 + 𝑛𝜃 − ̈𝜃𝑑 + Λ𝐿𝑞. (35)

Choose the exponential reaching law as

̇𝑆 = −𝑇𝑆 − 𝐾 sgn (𝑆) , (36)

where 𝑇 = diag (𝑡0, 𝑡1, ⋅ ⋅ ⋅ , 𝑡𝑛) and 𝐾 = diag (𝑘0, 𝑘1, ⋅ ⋅ ⋅ , 𝑘𝑛).
Then the control law for AUVs can be proposed as

𝛿𝑒
= 𝑐 [−𝑇𝑆 − 𝐾 sgn (𝑆) − aY − 𝑁 sgn (𝑆) + ̈𝜃𝑑 − Λ𝐿𝑞] , (37)

where 𝑐 = diag(𝑐0, 𝑐1, ⋅ ⋅ ⋅ , 𝑐𝑛) = 𝑏−1 with 𝑐𝑖 > 0.
Theorem3. Consider the system composed by a fleet of𝑛AUVs
of the form (8), guided by the slide mode control laws (37)
with the sliding mode surface defined by (33). Then, the control
system proposed solves the coordinated depth problem; that is,
all the AUVs will move at the same common desired depth
when this referred depth information can be available to at least
one AUV and the graph induced by the AUVs has a directed
spanning tree.
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Figure 3: The structure of depth control system.

Proof. Consider the Lyapunov function candidate:

𝑉 = 12𝑆𝑇𝐿−1𝑆. (38)

The derivative of 𝑉 is

�̇� = 𝑆𝑇𝐿−1 ̇𝑆. (39)

Substituting (34) into (39), we will have

�̇� = 𝑆𝑇𝐿−1 [aY + 𝑏𝛿𝑒 + 𝑛𝜃 − ̈𝜃𝑑 + Λ𝐿𝑞] , (40)

and continuously substituting control law (37) into (40), we
will get

�̇� = 𝑆𝑇𝐿−1 [aY
+ [−𝑇𝑆 − 𝐾 sgn (𝑆) − aY − 𝑁 sgn (𝑆) + ̈𝜃𝑑 − Λ𝐿𝑞]
+ 𝑛𝜃 − ̈𝜃𝑑 + Λ𝐿𝑞] .

(41)

Simply manipulations will yield

�̇� = 𝑆𝑇𝐿−1 [−𝑇𝑆 − 𝐾 sgn (𝑆) − 𝑁 sgn (𝑆) + 𝑛𝜃] . (42)

According to Assumption 2, we know that −𝑁 sgn(𝑆) +𝑛𝜃 < 0, thus we can get

�̇� ≤ −𝑆𝑇𝐿−1𝑇𝑆 − 𝑆𝑇𝐿−1𝐾 sgn (𝑆) . (43)

According to Lyapunov stability theorem, the following
two stability conditions will be hold as

lim
|𝑠𝑖|→∞

𝑉 = ∞, (44)

�̇�𝑖 < 0, (𝑠𝑖 ̸= 0) . (45)

So 𝑆 and 𝑒 will converge to zero asymptotically. Conse-
quently, we will show that when the desired common depth
information can only be obtained by at least one of the AUVs,
all theAUVs can track this desired state coordinately; in order
to do this, define the error between 𝑖th AUV and the desired
attitude angle as

𝜃𝑖 = 𝜃𝑖 − 𝜃𝑑0, (46)

and the 𝑖th sliding mode surface as

𝑠𝑖 = ̇𝑒𝑖 + 𝜆𝑖𝑒𝑖 = ( ̇𝜃𝑖 − 𝑛∑
𝑗=0
𝑎𝑖𝑗 ̇𝜃𝑗) + 𝜆𝑖(𝜃𝑖 − 𝑛∑

𝑗=0
𝑎𝑖𝑗𝜃𝑗) , (47)

consequently introducing the auxiliary variables as

𝜉𝑖 = ̇𝜃𝑖 + 𝜆𝑖𝜃𝑖. (48)

Substituting (48) into (47), the sliding mode surface can
be rewritten as

𝑠𝑖 = 𝜉𝑖 − 𝑛∑
𝑗=0
𝑎𝑖𝑗𝜉𝑗, (49)

then we can have

𝜉𝑖 = 𝜉𝑖 − 𝜉0 = 𝑛∑
𝑗=0
𝑎𝑖𝑗𝜉𝑗 + 𝑠𝑖 − 𝜉0, (50)

and rewrite (50) in a vector form with

𝜉 = 𝐴𝜉 + 𝑆 − 𝜉01, (51)

where 1 = [1, 1, ⋅ ⋅ ⋅ , 1]𝑇 and 𝐴 is the corresponding
normalized weighted adjacency matrix. Considering the fact
that the sum of first row elements of 𝐴 is 0 and other rows is 1
which means 𝐴[1, 1, ⋅ ⋅ ⋅ , 1]𝑇 = [0, 1, 1, ⋅ ⋅ ⋅ , 1]𝑇, then we will
have

𝜉 = 𝐴𝜉 + 𝑆 − 𝜉01
= 𝐴 (𝜉 + 𝜉01) + 𝑆 + [1, 0, 0, ⋅ ⋅ ⋅ , 0]𝑇 𝜉0 − 𝜉01
= 𝐴𝜉 + [0, 1, ⋅ ⋅ ⋅ , 1]𝑇 𝜉0 + 𝑆 + [1, 0, ⋅ ⋅ ⋅ , 0]𝑇 𝜉0 − 𝜉01
= 𝐴𝜉 + 𝑆,

(52)

which means

𝜉 = (𝐼 − 𝐴)−1 𝑆, (53)

according to Section 2, we know that the Laplacematrix of the
system is positive definite and reversible. So (53) will become

𝜉 = 𝐿−1𝑆. (54)
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According to (48), the time derivative of 𝜃𝑖 is
̇̃𝜃𝑖 = ̇𝜃𝑖 − ̇𝜃𝑑0 = 𝑎𝜃𝜃𝑖 + 𝜉𝑖, (55)

where 𝑎𝜃 = −𝜆𝑖, and the vector form of (55) is

̇̃𝜃 = 𝑎𝜃𝜃 + 𝜉, (56)

where 𝑎𝜃 = −Λ. By simply manipulations, we can get

̇̃𝜃 = 𝑎𝜃𝜃 + 𝐿−1𝑆, (57)

Lemma 4. For the time constant 𝑇1, define 𝑠𝑚𝑎𝑥,𝑖(𝑡) =
max𝑖 sup0≤𝜏≤𝑡|𝑠𝑖|; the following inequalities will be hold:

𝜃 (𝑡) ≤ 𝜅 𝜃 (0) + 𝑘0𝜆0 (𝛽𝑠 (𝑇1) + 𝛽𝑠𝑇1) , (58)

where 𝜆𝑚𝑎𝑥 is the maximum eigenvalue of 𝐿−1, 𝛽𝑠(𝑡) =𝑁𝜆𝑚𝑎𝑥𝑠𝑚𝑎𝑥,𝑖(𝑡), 𝛽𝑠𝑇1 = 𝑁𝜆𝑚𝑎𝑥sup𝑇1<𝑡𝑠𝑚𝑎𝑥,𝑖(𝑡), and 𝜅 =𝑘0𝑒−𝜆0𝑡 ≥ ‖𝑒𝑎𝜃𝑡‖, 𝑘0 > 0, 𝜆0 > 0.
Proof.The solution of (57) can be derived as

𝜃 (𝑡) = 𝜃 (0) 𝑒𝑎𝜃𝑡 + ∫𝑡

0
𝑒𝑎𝜃(𝑡−𝜏)𝐿−1𝑆𝑑𝜏. (59)

Considering the fact that the Laplace matrix of system 𝐿
is positive definite and 𝐿−1 is positive definite too. According
to triangle inequality axiom of the matrix norm

‖𝐴 + 𝐵‖ ≤ ‖𝐴‖ + ‖𝐵‖ , (60)

we will have

𝜃 (𝑡) ≤ 𝜃 (0) 𝑒𝑎𝜃𝑡 + ∫
𝑡

0
𝑒𝑎𝜃(𝑡−𝜏)𝐿−1𝑆𝑑𝜏

≤ 𝑘0𝑒−𝜆0𝑡 𝜃 (0)
+ 𝑘0𝑒−𝜆0𝑡 [𝑁𝜆max] 𝑠max,𝑖 (𝑡) 𝑒𝜆0𝑡 − 1𝜆0

≤ 𝜅 𝜃 (0) + 𝑘0𝜆0𝛽𝑠 (𝑡) .

(61)

Considering the following equation consequently:

∫𝑡

0
𝑒𝑎𝜃(𝑡−𝜏)𝐿−1𝑆𝑑𝜏 = ∫𝑇1

0
𝑒𝑎𝜃(𝑡−𝜏)𝐿−1𝑆𝑑𝜏

+ ∫𝑡

𝑇1
𝑒𝑎𝜃(𝑡−𝜏)𝐿−1𝑆𝑑𝜏,

(62)

and we will get

𝜃 (𝑡) ≤ 𝜅 𝜃 (0) + ∫𝑇1

0
𝑒𝑎𝜃(𝑡−𝜏) 𝐿−1𝑆 𝑑𝜏

+ ∫𝑡

𝑇1
𝑒𝑎𝜃(𝑡−𝜏) 𝐿−1𝑆 𝑑𝜏

≤ 𝜅 𝜃 (0) + 𝑘0𝜆0 𝑒−𝜆0𝑡 (𝑒𝜆0𝑇1 − 1)𝛽𝑠 (𝑇1)
+ 𝑘0𝜆0 𝑒−𝜆0𝑡 (𝑒𝜆0𝑡 − 𝑒𝜆0𝑇1) 𝛽𝑠𝑇1

≤ 𝜅 𝜃 (0) + 𝑘0𝜆0 (𝛽𝑠 (𝑇1) + 𝛽𝑠𝑇1) .

(63)

This completes the proof, which indicates that the track-
ing error of the total system will converge to the neighbor-
hood of the origin; that is to say, the pitch angle of each AUV
can eventually reach the desired value, and simultaneously
the each AUV will move at the common desired depth
synchronously.

4. Coordinated Depth Control Design by
Using Adaptative Sliding Mode with Model
Uncertainties

In practical applications for AUVs, the parameters of the
model always have uncertainties, which can affect the perfor-
mance of the closed-loop system seriously. It is necessary to
design control strategy to take into account these uncertain-
ties which is the main contribution of this section.

Consider the control law described by (37) in the previous
section; if the control gains 𝑐,𝑁 and the model parameters a
are not known, consider the following adaptive slide control
law:

𝛿𝑒
= 𝑐 [−𝑇𝑆 − 𝐾 sgn (𝑆) − âY − �̂� sgn (𝑆) + ̈𝜃𝑑 − Λ𝐿𝑞]
= 𝑐𝑋,

(64)

where𝑋 = [−𝑇𝑆−𝐾 sgn(𝑆) − âY− �̂� sgn(𝑆) + ̈𝜃𝑑 −Λ𝐿𝑞] and
̇̂a𝑗𝑖 = 𝑘1𝑖𝑆𝑇𝐿−1𝑦𝑗
̇̂𝑐𝑖 = −𝑘2𝑖𝑆𝑇𝐿−1𝑋
̇̂𝑛𝑖 = 𝑘3𝑖𝑆𝑇𝐿−1 sgn (𝑆) ,

(65)

where 𝑖 = 0, 1, ⋅ ⋅ ⋅ , 𝑛, 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 5, 𝐾1 =
diag(𝑘10, 𝑘11, ⋅ ⋅ ⋅ , 𝑘1𝑛), 𝐾2 = diag(𝑘20, 𝑘21, ⋅ ⋅ ⋅ , 𝑘2𝑛), and𝐾3 = diag(𝑘30, 𝑘31, ⋅ ⋅ ⋅ , 𝑘3𝑛) are design parameters and their
diagonal elements are all positive.

Theorem5. Consider the system composed by a fleet of𝑛AUVs
of the form (8), guided by the slide mode control laws (64)
with the sliding mode surface defined by (33) and adaptation
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law described by (65). Then, the control system proposed solves
the coordinated depth problem; that is, all the AUVs will move
at the same common desired depth when this referred depth
information can be available to at least one AUV and the graph
induced by the AUVs has a directed spanning tree.

Proof. Consider the following Lyapunov candidate function:

𝑉 = 12𝑆𝑇𝐿−1𝑆 +
5∑

𝑗=1

𝑛∑
𝑖=0

12𝑘1𝑖 ã2𝑗𝑖 +
𝑛∑
𝑖=0

12𝑘2𝑖𝑐𝑖 𝑐2𝑖
+ 𝑛∑

𝑖=0

12𝑘3𝑖 𝑛2𝑖 ,
(66)

where ã𝑗𝑖 = â𝑗𝑖 − a𝑗𝑖, 𝑐𝑖 = 𝑐𝑖 − 𝑐𝑖, 𝑛𝑖 = 𝑛𝑖 − 𝑛𝑖 are estimation
errors of a𝑗𝑖, 𝑐𝑖, and 𝑛𝑖. The derivative of (66) can be derived
as

�̇� = 𝑆𝑇𝐿−1 ̇𝑆 + 5∑
𝑗=1

𝑛∑
𝑖=0

1𝑘1𝑖 ã𝑗𝑖 ̇̂a𝑗𝑖 +
𝑛∑
𝑖=0

1𝑘2𝑖𝑐𝑖 𝑐𝑖 ̇̂𝑐𝑖
+ 𝑛∑

𝑖=0

1𝑘3𝑖 𝑛𝑖 ̇̂𝑛𝑖.
(67)

Substituting (34) and adaptation law (65) into (67), we
will get

�̇� = 𝑆𝑇𝐿−1 [aY + 𝑏𝑐𝑋 + 𝑛𝜃 − ̈𝜃𝑑 + Λ𝐿𝑞]
+ 5∑

𝑗=1

𝑛∑
𝑖=0
ã𝑗𝑖𝑆𝑇𝐿−1𝑦𝑗 − 𝑛∑

𝑖=0

�̃�𝑖𝑏𝑖 𝑆𝑇𝐿−1𝑋
+ 𝑛∑

𝑖=0
𝑛𝑖𝑆𝑇𝐿−1 sgn (𝑆)

(68)

Consequently substituting control law (64) into (68), we
can have

�̇� = 𝑆𝑇𝐿−1 [aY − 𝑇𝑆 − 𝐾 sgn (𝑆) − âY − �̂� sgn (𝑆)
+ ̈𝜃𝑑 − Λ𝐿𝑞 + 𝑛𝜃 − ̈𝜃𝑑 + Λ𝐿𝑞] + 5∑

𝑗=1

𝑛∑
𝑖=0
ã𝑗𝑖𝑆𝑇𝐿−1𝑦𝑗

+ 𝑛∑
𝑖=0
𝑛𝑖𝑆𝑇𝐿−1 sgn (𝑆) .

(69)

Simply manipulations will yield

�̇� = 𝑆𝑇𝐿−1 [−𝑇𝑆 − 𝐾 sgn (𝑆) − �̂� sgn (𝑆) + 𝑛𝜃]
+ 𝑛∑

𝑖=0
𝑛𝑖𝑆𝑇𝐿−1 sgn (𝑆) . (70)

According to Assumption 2, we can get

�̇� ≤ −𝑆𝑇𝐿−1𝑇𝑆 − 𝑆𝑇𝐿−1𝐾 sgn (𝑆) , (71)

and we can find �̇� < 0 for all 𝑠𝑖 ̸= 0. According to Lemma
4 consequently, we can know that there is a time constant 𝑇2
which satisfies𝜃 (𝑡) ≤ 𝜅 𝜃 (0) + 𝑘0𝜆0 (𝛽𝑠 (𝑇2) + 𝛽𝑠𝑇2) , (72)

and this completes the proof, so the system state would
converge to the slidingmode surface 𝑆(𝑡) = 0 in finite time, all
errors converge to zero, and the closed-loop system is stable.
Then the pitch angle of each AUV can eventually reach the
desired value; meanwhile, all the AUVs will move at the same
desired depth synchronously.

5. Simulation Results

In this section, we present simulation examples to validate the
theoretical results proposed in thiswork.We consider a group
of AUVs modeled by (8) with hydrodynamic parameters
shown in Table 1.

The control law designed did not consider the input
saturation, while the actual AUV always has a rudder angle
limit and in this paper we assumed that 𝛿𝑒𝑖 < 15∘. Choose the
adaptive sliding mode controller control gains: 𝜆𝑧𝑖 = 0.05,𝜆𝑖 = 1, 𝑘𝑖 = 10, and 𝑡𝑖 = 0.05, the initial depth of the three
AUVs was 10 meters, 12 meters, and 8 meters, respectively,
and the common desired depth is set to 20 meters. The
simulation results are shown from Figures 4–9.

From Figure 4 we can see that all AUVs will move at
the same common desired depth; specifically, the AUVs
move to the desired depth more quickly under the control
of adaptive sliding mode strategy. In the meantime, we
can also find that the pitch angles of all AUVs can reach
synchronization from Figure 5; moreover, when the AUVs
move to the common desired depth, all the pitch angles
tend to 0 degrees. Compared to the sliding mode strategy,
the pitch angle of each AUV has a more quick convergent
speed by using the adaptive sliding mode method. Figure 6
depicts the according rudder inputs for each AUV, and we
can find that they also achieved synchronization behaviors.
Figure 7 shows the evolving of the sliding mode surface of
each controller; we can find that it will converge to zero in
12 and 6 seconds under the sliding mode and adaptive sliding
mode, respectively, which shows the effectiveness of adaptive
sliding mode strategy proposed specifically. Figures 8 and
9 show the coordinated tracking error of depth and pitch
attitudes separately; they all tend to zero eventually.

In summary, due to the model parameter error, although
the sliding mode control without adaptive mechanism is
stable, there is always a steady-state error, and the adjust-
ment time is also longer. With the introducing of adaptive
parameter estimation algorithms, the system can estimate the
linearization parameters online and converge to zero quickly.
At the same time, it should be noted that the introducing
of adaptive also makes the jitter frequency of the AUV
rudder angle higher. This shows that the adaptive algorithm
increases the system’s overshoot while improving the steady-
state accuracy performance, but because the rudder angle
converges quickly, it will hardly affect the stability of the
system.
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Table 1: The parameters of each AUV.

Parameter Definition Value𝑚 mass 1600𝑘𝑔𝜌 density 1019.2𝑘𝑔/𝑚3

𝑇 thrust 1078𝑁𝐺 gravity 15680𝑁𝐿𝑎 length 7.738𝑚𝑆𝑎 maximum cross-sectional area 0.224𝑚2

𝐽𝑧 moment of inertia around the z-axis 6771.8𝑘𝑔 ⋅ 𝑚2

𝑥𝑐 distance between center of mass and center of buoyancy 0𝑚𝑦𝑐 distance of the center of mass move down -0.03𝑚𝑧𝑐 distance of the center of mass side shift 0𝑚𝐾11 vertical additional mass factor 31.588𝐾33 lateral additional mass factor 1554.672𝐾35 additional spacing factor 276.113𝐾55 lateral additional moment of inertia factor 6905.1545𝐶𝛼
𝑦 positional derivative of lift factor versus angle of attack 2.172𝐶𝛿𝑒
𝑦 positional derivative of lift factor versus horizontal rudder angle 0.4994𝐶𝜔𝑧
𝑦 positional derivative of lift factor versus angular velocity 1.362𝑚𝛼
𝑧 positional derivative of pitching moment factor versus angle of attack 0.5892𝑚𝛿𝑒
𝑧 positional derivative of pitching moment factor versus horizontal rudder angle -0.7339𝑚𝜔𝑧
𝑧 positional derivative of pitching moment factor versus angular velocity -0.2659
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Figure 4: The depth evolving of each AUV.
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Figure 5: Synchronized attitude of pitch angles of each AUV.
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Figure 6: The rudder input of each AUV.
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Figure 7:The sliding mode surface of each controller.
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Figure 8: The coordinated errors of depth tracking.

6. Conclusion

In this article, we discuss the coordinated depth control
problem of multiple AUVs. We propose a distributed adap-
tive control law using the coordinated depth error based
on sliding method; each AUV adopts deep-pitch double
loop control. Our strategy is fully distributed because each
controller only needs information of its neighbors and the
desired common depth information can only be available to
one subset of the AUVs. The uncertainty of the models is
considered by adaptive laws. The stability of the control law
proposed is analyzed and proved theoretically.The simulation

results validate the effectiveness of algorithm proposed. We
suppose that the topology between the AUVs is fixed and
there are no communication delays. All the topics about
multiple vehicles, such as dynamic changing topologies, time
delays, and data dropouts, will warrant our future research.

Data Availability

Theparticipant-level data of this work are the dynamic model
parameters of AUV, which can be referred to Table 1 for
details.
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Figure 9: The coordinated errors of pitch tracking.
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This paper investigates the vehicle platoon control problems with both velocity constraints and input saturation. Firstly, radial basis
function neural networks (RBF NNs) are employed to approximate the unknown driving resistance of a vehicle’s dynamic model.
Then, a bidirectional topology, where vehicles can only communicate with their direct preceding and following neighbors, is used to
depict the relationship among the vehicles in the platoon. On this basis, a neural adaptive sliding-mode control algorithm with an
anti-windup compensation technique is proposed to maintain the vehicle platoon with desired distance. Moreover, the string
stability and the strong string stability of the whole vehicle platoon are proven through the stability theorem. Finally, numerical
simulations verify the feasibility and effectiveness of the proposed control method.

1. Introduction

The vehicle platoon, which means that all vehicles in a group
communicate with each other and regulate their motion to
reach the desired intervehicle distance, has received consid-
erable attention in recent years [1, 2]. Its prominent advan-
tages in enhancing traffic safety and improving highway
capacity as well as reducing carbon emission have been well
studied [3, 4].

Vehicle platoon control can be traced back to the PATH
(Partners for Advanced Transit and Highways) program in
the 1980s, in which many well-known issues are studied,
such as control architecture, collision avoidance, and string
stability [5–7]. Since then, many other topics on the vehicle
platoon control have been discussed in terms of the range
policy [8, 9], the communication topology [10–12], and the
dynamic heterogeneity [13]. Moreover, some advanced pla-
toon control algorithms have been proposed for the vehicle
dynamics model under the framework of multiagent consen-
sus control [3, 4] and the framework of sliding-mode control

[14, 15]. However, most of them do not consider the realistic
problems in terms of input saturation, velocity constraints,
and model nonlinearities.

Actually, input saturation and velocity constraints are
two important realistic problems in vehicle platoon systems,
which may lead to performance degradation and instability
of vehicles or even instability of the whole vehicle platoon
system [16, 17]. Input saturation in the vehicle denotes that
the throttle output characteristics of the vehicle are restricted
subject to the physical limitations of actuators. And velocity
constraints represent the discrepancy of velocity between
actual reachability values and theoretical values, which are
caused by throttle output characteristics, limitations of gear-
box, and so on [18]. Actually, in many known algorithms,
simulation results of velocity appear to have positive and
negative shocks at the initial phase because of the random
initial errors. However, this is the very last thing we needed
or wanted. Thus, it is necessary to develop the study about
vehicle platoon control with input saturation and velocity
constraints. In fact, input saturation and velocity constraints
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have been studied independently in some literatures [19–22].
However, to the best of our knowledge, few studies take into
account the influence of input saturation and velocity con-
straints simultaneously.

To solve the input saturation problem, a feasible
approach is to add a smooth function tanh ⋅ to the algo-
rithm such that the proposed algorithm can exert great con-
trol effect on a single target [23–25]. For the platoon system, a
similar method is used to design the distributed control
algorithm such that the control inputs are limited in a
specified range [26, 27]. However, the bounds of control
inputs are associated with the number of vehicles in the pla-
toon and the value of control gains in the above works. There
is another method to deal with the input saturation con-
sidering needlessly the influence of the number of vehicles
[28, 29]. In [28], a modified control design framework is pre-
sented to prevent the destroyed learning capabilities in the
presence of input saturation and is extended for the con-
trol of an aircraft model. In [29], an adaptive coordinated
control algorithm is proposed on the basis of [28] to control
a multi-high-speed train system with input saturation. More-
over, literature that studies particularly theproblemof velocity
constraints in vehicle platoon control seems few. However,
studies about state constraints of a cooperative control sys-
tem in theory are a hot study area [19, 30, 31]. In [19],
considering the influence of input or state constraints, a uni-
fied approach is proposed to analyze and design consensus
control laws for a multiagent system. Discarded consensus
algorithms are also effective methods to handle the problem
of state or input constraints [32, 33].

Leveraging the above works, vehicles in the platoon are
designed by only communicating with their direct preced-
ing and following neighbors in this paper. And a neural
adaptive sliding-mode control algorithm is proposed to
handle the problems of vehicle platoon control with both
input saturation and velocity constraints, simultaneously
and systematically. The main features of this paper can be
summarized as

(i) RBF NNs are used to learn online the unknown driv-
ing resistance such that it can be described in mathe-
matics accurately. And the adaptive technique is used
to estimate the optimal weight vectors in RBF NNs.
In order to improve the robustness of the system, a
sliding surface, which can reduce the disturbance
from unknown driving resistance, is constructed

(ii) Considering the problems of vehicle platoon control
with velocity constraints and input saturation, an
anti-windup compensation method is utilized to
attenuate the integral windup of the adaptive control
laws and velocity. Furthermore, a neural adaptive
sliding-mode control algorithm is proposed to guar-
antee the string stability (Definition 1) and the
strong string stability (Definition 2) of the whole
vehicle platoon

The remainder of this paper is organized as follows. The
preliminaries and the problem formulation are described in
Section 2. In Section 3, the control algorithms of vehicle

platoon systems are proposed. Simulations are performed
in Section 4 to demonstrate the effectiveness of our algo-
rithms. The conclusion is given in Section 5.

2. Problem Formulation and Preliminaries

Consider a vehicle platoon with following longitudinal
dynamics:

ri t = vi t ,

Mivi t = Fi t − f i ri, vi, t ,

 i = 1, 2,… , n,

1

whereMi is the mass of the ith vehicle. ri t and vi t denote
the position and velocity, respectively, of the ith vehicle. Fi t
represents the actuator force of the ith vehicle. In addition,
f i ri, vi, t describes the unknown driving resistance.

In order to simplify the design process of the controller,
the dynamics of the vehicle can be rewritten as

ri t = vi t ,

vi t = ui t − gi ri, vi, t ,

 i = 1, 2,… , n,

2

where ui t ≔ Fi t /Mi, gi ri, vi, t ≔ f i ri, vi, t /Mi.
In practice, the control inputs and velocities of vehicles

are curbed because of the physical constraints of the actuator.
In order to show the saturation characteristic in vehicle
dynamics, the control input ui t and the velocity vi t with
saturation are described in the following form:

ui0 t = sat umin, ui t , umax

=

umin, if ui t < umin,

ui t , if umin ≤ ui t ≤ umax,

umax, if ui t > umax,

3a

vi0 t = sat vmin, vi t , vmax

=

vmin, if vi t < vmin,

vi t , if vmin ≤ vi t ≤ vmax,

vmax, if vi t > vmax,

3b

where ui0 t , the saturated control input, is the real control
input used in the controller. vi0 t denotes the constrained
velocity. umin and umax are known constants, which represent
the bounds of the control force. vmin and vmax denote the
bounds of the vehicle’s velocity.
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Then, the dynamics of vehicle can be rewritten as

ri t = vi t ,

vi t = ui t − gi ri, vi, t ,

ui t = ui0 t ,

vi t = vi0 t ,

 i = 1, 2,… , n

4

The structure of the vehicle platoon is described by
Figure 1 which consists of a leader and n followers. Bidirec-
tional topology is adopted to ensure that every vehicle in
the platoon communicates with its neighboring preceding
and following vehicles in this paper.

Remark 1. Bidirectional topology means that only the infor-
mation of the forward and backward vehicles are transferred
to the target vehicle by communication facilities. In other
words, bidirectional topology can reduce the complexity of
communication among the vehicles in the platoon compared
with other topologies used in algorithms under the frame-
work of multiagent consensus control (the information of
every vehicle in the platoon is needed). Consequently, the
communication load of the proposed algorithm is reduced.

The main control objectives of this paper can be
described as follows:

(i) The string stability of the vehicle platoon system
can be guaranteed, which means that (1) the posi-
tion tracking error of each vehicle in the platoon is
kept bounded, i.e., er,i = ri−1 − ri − d ≤ ρ, where ρ is
a small positive constant, d indicates the prespeci-
fied distance between two intervehicles, and er,i
represents the position tracking error and (2) the
Lyapunov functions of individual vehicle and
whole vehicle platoon system satisfy the stability
proof

(ii) The strong string stability of the whole platoon
system can be guaranteed, i.e., er,n ≤ er,n−1 ≤⋯≤
er,1

(iii) The control input and velocity of each vehicle are
limited in the reachable range

To this end, the following definitions, assumptions, and
lemmas are used throughout the paper.

Assumption 1. The desired velocity vL and its derivative vL are
known and bounded.

Assumption 2 [34]. The gi ri, vi, t is an unknown bounded
smooth function.

Remark 2. Assumptions 1 and 2 are standard conditions
required in many control schemes, which can be commonly
found in the existing literature [35].

Definition 1 [36] (string stability). Origin er,i = 0 with vehicle
dynamics modeled by (10) is string stable, if given any ι > 0.
There exists σ > 0 such that

er,i 0 ∞ < σ⇒ supi er,i · ∞ < ι, i = 1, 2,… , n 5

Definition 2 [37] (strong string stability). Origin er,i = 0 with
each vehicle’s dynamics modeled by (10) is strong string
stable if error propagation transfer function Gi s ≔ Ei+1 s /
Ei s satisfies ∣Gi s ∣ < 1 for all i = 1, 2,… , n.

Lemma 1 [38]. There is a continuous function V t ≥ 0, and
V 0 is bounded. Then, V t is bounded if the following
inequality holds:

V t ≤ −p1V t + p2, 6

where p1 > 0 and p2 are constants.

Lemma 2 [39, 40]. RBF NNs can approximate online an
unknown smooth function Q z in the form of Q z =
WTΨ z , where z ∈ Rq denotes the input of the neural net-
work and q represents the dimension of the neural network
input. W = w1,w2,… ,wm

T , where wl is the parameter
vector and m indicates the number of neurons. Ψ z =
φ1 z ⋯ φm z T , where φl z is Gaussian functions

φl z = exp
− z − μl

T z − μl
η2l

, l = 1, 2,… ,m, 7

where μl and ηl are the centers and widths, respectively, of the
Gaussian functions. RBF NNs can approximate Q z to arbi-
trary accuracy by setting numerous hidden neurons

Q z =W∗TΨ z + ε z 8

The approximation error ε z can be arbitrarily adjusted
to be small by choosing the ideal bounded weight vector. And
ε z ≤ ε ≤∞ is a small positive constant

W∗ ≔ arg min
W⊂Rq

sup
z∈Ωz

Q z −WTΨ z 9

3. Main Results

In this section, we will give the detail steps of the controller
design. First step: RBF NNs are adopted to establish the

rL r1 r2 rn − 1 rn
ddd

Figure 1: Bidirectional topology of the vehicle platoon.
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model of the vehicle, and the sliding surface is further con-
structed; second step: the platoon system is constructed
based on bidirectional topology; third step: a neural adaptive
sliding-mode algorithm is proposed to handle the velocity
constraints and input saturation for a vehicle platoon.

3.1. First Step: Establish the Vehicle Model Based on RBF
NNs and Construct the Sliding Surface. In order to estimate
the unknown driving resistance, RBF NNs are adopted to
approximate online the gi ri, vi, t , and we further establish
the model

vi t = ui t −W∗
i Ψi z − εi z , 10

where z denotes the input of RBF NNs and z = er,i, er,i . er,i
represents the position tracking error of the ith vehicle and
is defined as

er,i = ri−1 − ri − d, 11

where d indicates the prespecified distance between two
intervehicles.

To overcome the degradation of system transient perfor-
mance caused by large nonzero initial position tracking error,
a modified tracking error is defined as

er,i t = er,i t − χi t , 12

with

χi t = er,i 0 + ζier,i 0 + er,i 0 t e−ζi t , 13

where er,i 0 = er,i t ∣t=0, er,i 0 = er,i t ∣t=0 and ζi is a positive
constant. Thus, we have

er,i t ∣t=0 = 0,

er,i t ∣t=0 = 0
14

It is obvious that er,i t converges to er,i t when χi t
converges to zero, where the rate of convergence is deter-
mined by ζi. In addition, in order to improve the robustness
of the proposed controller, a sliding surface is constructed as

si = er,i + αier,i, 15

where αi is a positive constant. It is known that the conver-
gence and boundness of the sliding surface si and er,i t
are equivalent.

Remark 3. The importance of χi t is that it can transform
the nonzero initial position tracking error problem to a zero
initial position tracking error problem. And it can make that
all the system states are on the sliding hyperplane at the ini-
tial instant, i.e., si 0 = 0. As a result, the reaching phase of the
sliding-mode control is eliminated and the transient
response of the system is improved.

3.2. Second Step: Construct the Bidirectional Communication
Topology. It is worth noting that (15) only describes the
dynamic characteristics of a single vehicle. To describe the
stability of the whole platoon, we adopt the coupled sliding
surface (CSS) to establish the relationship between the ith
and the i + 1 th vehicle:

Si = βisi − si+1 16

It is clear that sn+1 does not exist, so we set sn+1 = 0, then,
Sn = βnsn. Furthermore, we define matrices S1 = s1, s2,… ,
sn

T and S2 = S1, S2,… , Sn
T to depict the total vehicle pla-

toon system. The relationship between S1 and S2 can be
described as

S2 = BS1, 17

where

B =

β1 −1 0 ⋯ 0

0 β2 −1 ⋯ 0

⋮ ⋮ ⋮ ⋱ ⋮

0 0 0 ⋯ −1

0 0 0 ⋯ βn

18

It is necessary to know that the parameter βi, i = 1, 2,
… , n, can be designed. If we choose βi > 0, the matrix B
is nonsingular. Thus, the asymptotic convergence and the
ultimate boundedness of Si are equivalent to si.

Therefore, taking the time derivative of Si in (16) yields

Si = βisi − si+1 = βi er,i + αier,i − er,i+1 + αi+1er,i+1
= βi ri−1 − ri − χi + αi ri−1 − ri − χi

− ri − ri+1 − χi+1 + αi+1 ri − ri+1 − χi+1

= − βi + 1 ui t −W∗
i Ψi z − εi z +Di,

19

where Di = βi ri−1 − χi + αi ri−1 − ri − χi − −ri+1 − χi+1 +
αi+1 ri − ri+1 − χi+1 .

Particularly, we know that Sn = βnsn when i = n. The time
derivative of Sn can be written as

Sn = βnsn = βn er,n + αner,n
= βn rn−1 − rn − χn + αn rn−1 − rn − χn

= −βn un t −W∗
nΨn z − εn z +Dn,

20

where Dn = βn rn−1 − χn + αn rn−1 − rn − χn .

Remark 4. It is clear that CSS includes the information from
the neighbor vehicles (direct predecessor and direct follower)
of (19) and (20). It means that the CSS achieves the bidirec-
tional topology for vehicle platoon.

3.3. Third Step: Design the Control Algorithm by Considering
the Velocity Constraints and Input Saturation. Actually, the
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velocity constraints and input saturation appear frequently in
application and have been proven to be the main source of
performance degradation [41]. To overcome the degradation
of system transient performance caused by saturation, an
anti-windup compensator method is utilized to modify the
tracking error. The signal ϕi t is generated as the output of
the following equation:

ϕi t = −ψiϕi t + βi + 1 ui0 t − ui t , 21a

ϕn t = −ψnϕn t + βn un0 t − un t 21b

Let δi t = Si t − ϕi t . The new tracking error can be
written as

δi = − βi + 1 ui −W∗
i Ψi z − εi z

− βi + 1 ui0 − ui +Di + ψiϕi

= − βi + 1 ui0 −ΘT
i Hi +Di + ψiϕi,

22a

δn = −βn un −W∗
nΨn z − εn z +Dn

− βn un0 − un + ψnϕn

= −βn un0 −ΘT
nHn +Dn + ψnϕn,

22b

where Hi = Ψi z , 1 T, ΘT
i = W∗

i , εi z , Hn = Ψn z , 1 T,
and ΘT

n = W∗
n , εn z .

Remark 5. The function of the signal ϕi t is to attenuate the
integral windup of the control law and velocity when velocity
constraints or input saturation occur. In case of velocity con-
straints or input saturation (vi0 − vi ≠ 0 or ui0 − ui ≠ 0), the
signal Si will rise and the constructed signal ϕi t will also
rise, which, in turn, ensures that the newly defined tracking
error δi t cannot rise abruptly.

In addition, for the signal ϕi t , we have the following
lemma.

Lemma 3 For the signal ϕi t , it holds for the following equa-
tion for any t > 0:

ϕi t ≤ Zi + ϖi, i = 1, 2,… , n, 23

where Zi = βi + 1 ui0 − ui /ψi. ϖi is a positive constant.

Proof. The output of (21a) and (21b) can be described as

ϕi t = ϕi 0 e−ψi t + Zie
−ψi t

t

0
eψiϖdϖ

= ϕi 0 e−ψi t + Zi 1 − e−ψi t

24

From (24), we know that ϕi t ≤ Zi as t→∞.
Thus, for any t > 0, if there exists a positive scalar ϖi, ϕi t
≤ Zi + ϖi can be ensured, i.e., ϕi t is bounded.

Furthermore, the control law of the ith vehicle is for-
mulated as

ui t =
k1

βi + 1
δi +

1
βi + 1

Di +Θ∗T
i Hi

+
1

βi + 1
ψiϕi, i = 1, 2,… , n − 1,

25

where Θ∗T
i = W∗

i , εi and Θ∗T
i = Ŵ

∗
i , εi . Ŵ

∗
i and εi rep-

resent the estimated value of W∗
i and εi, respectively. It

is necessary to point out that εi z ≤ εi and εi is a small
positive constant.

The control law of the nth vehicle is designed as

un t =
k2
βn

δn +
1
βn

Dn +Θ∗T
n Hn +

1
βn

ψnϕn, 26

where Θ∗T
n = W∗

n , εn and Θ∗T
n = Ŵ

∗
n , εn . Ŵ

∗
n and εn repre-

sent the estimated value of W∗
n and εn, respectively. εn z ≤

εn and εn is a small positive constant.
The results about the vehicle platoon with velocity con-

straints and input saturation are as follows.

Theorem 1 Consider a vehicle platoon modeled as (10)
with velocity constraints and input saturation. The proposed
control laws (3a) and (3b), (25), and (26) are used to control
each vehicle. In addition, we design the following adaptive
estimation laws:

Θ
∗

i = Γ1 βi + 1 Hiδi − ξ1iΘ
∗
i , i = 1, 2,… , n − 1, 27a

Θ
∗

n = Γ2 βnHnδn − ξ1nΘ
∗
n , 27b

where ξ1i, ξ1n, Γ1 = λ1i , λ
2
i
T
, and Γ2 = λ1n, λ

2
n
T

are the
parameters to be designed. Then, we have the following
results:

(i) The new tracking error δi t , coupled sliding surface
Si, and position tracking error er,i will converge to
an arbitrarily small value

(ii) Meanwhile, the stability of each vehicle in the platoon
and the string stability of the total vehicle platoon sys-
tem can be guaranteed

(iii) The strong string stability of the vehicle platoon can
be ensured, i.e., er,n ≤ er,n−1 ≤⋯≤ er,1

Proof. For the case ui − ui0 ≠ 0 or vi − vi0 ≠ 0 , the vehicles
move under the control inputs (25) and (26). We design the
following Lyapunov function candidate:

V = 〠
n

i=1
Vi, 28a
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Vi =
1
2
δ2i +

1
2
Θ∗T

i Γ−11 Θ∗
i , 28b

where Θ∗T
i = Ŵ

∗
i −W∗

i , εi − εi , i = 1, 2,… , n.
Taking the time derivative of (28b), it follows

Vi = δiδi +Θ∗T
i Γ−11 Θ

∗T

i = δi − βi + 1
k1

βi + 1
δi

+Θ∗T
i Hi −ΘT

i Hi +
1

βi + 1
Di +

1
βi + 1

ψiϕi

+Di + ψiϕi +Θ∗T
i Γ−11 Θ

∗T

i

≤ δi − βi + 1
k1

βi + 1
δi +Θ∗T

i Hi −Θ∗T
i Hi

+
1

βi + 1
Di +

1
βi + 1

ψiϕi +Di + ψiϕi +Θ∗T
i Γ−11 Θ

∗T

i

= −k1δ
2
i − βi + 1 δiΘ

∗T
i Hi +Θ∗T

i Γ−11 Θ
∗T

i

= −k1δ
2
i − ξ1iΘ

∗T
i Θ∗

i , i = 1, 2,… , n − 1
29

Particularly, when i = n, the time derivative of (28b) can
be written as

Vn = δnδn +Θ∗T
n Γ−12 Θ

∗T

n = δn −βn
k2
βn

δn

+Θ∗T
n Hn −ΘT

nHn +
1
βn

Dn +
1
βn

ψnϕn

+Dn + ψnϕn +Θ∗T
n Γ−12 Θ

∗T

n

≤ δn −βn
k2
βn

δn +Θ∗T
n Hn −Θ∗T

n Hn +
1
βn

Dn

+
1
βn

ψnϕn +Dn + ψnϕn +Θ∗T
n Γ−12 Θ

∗T

n

= −k2δ
2
n − ξ1nΘ

∗T
n Θ∗

n

30

According to the Young’s inequality, we have

−ξ1iΘ
∗T
i Θ∗

i = −ξ1iΘ
∗T
i Θ∗

i +Θ∗
i ≤

ξ1iΘ∗T
i Θ∗

i

2
−
ξ1iΘ

∗T
i Θ∗

i

2
31

Then, (29) and (30) can be written as

Vi ≤ −k1δ
2
i +

ξ1iΘ∗T
i Θ∗

i

2
−
ξ1iΘ

∗T
i Θ∗

i

2
, i = 1, 2,… , n − 1,

32a

Vn ≤ −k2δ
2
n +

ξ1nΘ∗T
n Θ∗

n

2
−
ξ1nΘ

∗T
n Θ∗

n

2
, i = n 32b

Meanwhile, choose Γ1 > 2 and Γ2 > 2 and further
define

φi =
ξ1iΘ∗T

i Θ∗
i

2
,

φn =
ξ1nΘ∗T

n Θ∗
n

2
,

33a

γ1i =min k1,
ξ1i
2

,

γ1n =min k2,
ξ1n
2

,
33b

γ2i =max 1
2
,

Γ−11
2

,

γ2n =max
1
2
,

Γ−12
2

33c

Then

Vi ≤ −
γ1i
γ2i

Vi + φi = −ω1Vi + φi, 34a

Vn ≤ −
γ1n
γ2n

Vn + φn = −ω2Vn + φn, 34b

where ω1 = γ1i/γ2i and ω2 = γ1n/γ2n.
According to Lemma 1, we know that Vi is bounded.

And Vi ≤Vi 0 + φi/ω (when i = 1, 2,… , n − 1, ω = ω1;
i = n, ω = ω2) with Vi 0 being the initial value of Vi when
t→∞. Furthermore, we can know that the signal δi and
the coefficient estimation error Θ∗

i converge to the following
compact set:

1
2
δ2i ≤Vi 0 +

φi

ω
⇒ δi ≤ 2Vi 0 +

2φi

ω
, 35a

Θ∗
i j ≤ 2λj

iVi 0 +
2λj

iφi

ω
, j = 1, 2 35b

This implies that the tracking performance and stability
of each vehicle can be guaranteed. Meanwhile, the estimation
error of driving resistance can be limited to a bounded value.
Then, for the string stability of the vehicle platoon, the time
derivative of global Lyapunov candidates is written as

V ≤ −ω〠
n

i=1
Vi + 〠

n

i=1
φi = −ωV + 〠

n

i=1
φi 36

Therefore,

0 ≤V ≤
∑n

i=1φi

ω
+ exp−ωt V 0 −

∑n
i=1φi

ω
37
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Furthermore,

δi ≤
2∑n

i=1φi

ω
+ 2 exp−ωt V 0 −

∑n
i=1φi

ω
38

Thus,

δi ≤
2∑n

i=1φi

ω
+ 2V 0 = B+, 39

where B+ is a positive constant.
From the above analysis, it can be seen that δi t will be

limited in the range of 0 to B+. Therefore, we know that Si will
be limited in the range of 0 to B+ + ϕi , which can be
adjusted to an arbitrary small value by designing the ideal
parameters χi and ξ1i. It means that the string stability of
the vehicle platoon is guaranteed.

Next, we will prove the strong string stability of the total
vehicle platoon system. Since Si = βisi − si+1 = B+ + Z∗

i + ϖi,
we can get

βi er,i + αier,i = er,i1 + αi+1er,i+1 + B+ + Z∗
i + ϖi 40

Taking the Laplace transform of (40), it follows that

βi sEr,i s + αiEr,i s

= B+ + Z∗
i + ϖi + sEr,i1+1 s + αi+1Er,i+1 s

41

Letting αi = αi+1, we have

Gi s =
Er,i+1 s
Er,i s

≤
s + αi+1 Er,i+1 s + B+ + Z∗

i + ϖi

s + αi Er,i s
= βi,

42

where B+ + ∣Z∗
i ∣ + ϖi > 0.

Thus, the strong string stability can be guaranteed if βi
satisfies 0 < ∣βi∣ < 1.

4. Numerical Simulations

To evaluate the effectiveness and feasibility of the developed
platoon control approaches, numerical simulations are per-
formed in this section. We apply the designed algorithms to
an 8-vehicle platoon with one leader and 7 followers.

4.1. Simulation Setup. The prespecified velocity profiles are
described as

vL t = 10 sin 0 025t , if t ≤ 20,

vL t = 10, if 20 < t ≤ 40,

vL t = 10 + 3 sin 0 1t , if 40 < t ≤ 60,

vL t = 10, if 60 < t ≤ 80,

vL t = 10 sin 0 025t , if 80 < t ≤ 100

43

The desired distance between two consecutive vehicles
is set to be d = 10 m (which can be set to be arbitrary
values according to actual requirements). Each vehicle’s
initial values of velocity and position are set as vi = 0, 0,
0, 0, 0, 0, 0 and ri = 60,48,40,28,20,8, 0 , respectively. The
leader’s initial values of velocity and position are set as vL =
0 and rL = 71, respectively. Meanwhile, the driving resistance
of each vehicle is designed as gi = 0 1 sin 0 1πt . Further-
more, the neural networks used in this simulation contain 5
neurons, where ηl = 0 5 and μl = −1, −0 5,0, 0 5,1 . The other
values are set to be zero. The control parameters are listed in
Table 1.

4.2. Simulation Results and Discussion

Case 1. Vehicle platoon control with velocity constraints and
input saturation.

The simulation results using the proposed algorithms (3a)
and (3b), (25), and (26) are shown in Figure 2. The track-
ing performance of velocity in Figures 2(a) and 2(b) is
excellent, and each vehicle in the platoon moves stably
with acceptable velocity error (the biggest velocity error
is 0.4m/s in the adjustment phase and is adjusted to a
small number close to zero, eventually). Meanwhile, from
the local enlarged drawing in Figure 2(a), the values of
velocity of the vehicles are positive, which satisfy the actual
operation conditions.

Furthermore, it can be seen from Figures 2(c) and 2(d)
that the distance between two vehicles converges to the
desired values of 10m and the position tracking error is
adjusted to a small number close to zero. What is more, from
the local enlarged drawing in Figure 2(d), we know that the
strong string stability of the vehicle platoon can be achieved,
i.e., ∣er,7∣ ≤ ∣er,6∣ ≤⋯ ≤ ∣er,1∣, and this advantage benefits from
the CSS with βi < 1.

Figure 2(e) shows the control input curves. It is clear
that the control input can be limited in a desired range
(−1.3m/s2–1.3m/s2). Figure 2(f) shows the estimated uncer-
tain driving resistance using RBF NNs, and the performance
of estimated uncertain driving resistance is excellent.

Table 1: Control parameters of the vehicles (i = 1, 2,… , 7).

αi βi ψi umin umax vmin vmax ζi ε1i Γ1 = Γ2 k1 = k2
0.2 0.9999 100 −1.3 1.3 0 13 0.5 0.005 [18,2] 8
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Actually, the main sources to solve the problems of
velocity constraints and input saturation are the signal
χi t and δi t . The function of the signal χi t is that it
can make all the system states on the sliding hyperplane at
the initial instant. As a result, the reaching phase of the
sliding-mode control is eliminated as well as the transient

response of the system is improved (reduce adjustment
error in the beginning). The function of the signal δi t
is that it can attenuate the integral windup of the control
law when input saturation or velocity constraints occur. In
case of input saturation or velocity constraints (vi0 − vi ≠ 0
or ui0 − ui ≠ 0), the signal Si will rise and the constructed
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Figure 2: Vehicle platoon control with velocity constraints and input saturation.
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signal ϕi t will also rise, which, in turn, ensures that the
newly defined tracking error δi t cannot rise abruptly.

Case 2. Vehicle platoon control without input saturation and
velocity constraints.

In this part, we further track the same desired velocity
curves in (43) by adopting the other related method, which
has not taken the input saturation and velocity constraints
into consideration. Comparing the numerical simulation
results using the method in this case, the control algorithm
proposed in this paper can effectively solve the problems of
velocity constraints and input saturation.

Figure 3(a) shows the velocity tracking performance
by adopting the control algorithm, which has not taken the
input saturation and velocity constraints into consider-
ation. The velocities of the vehicles reach negative values in
Figure 3(a), which is unreasonable in practical applications.
In addition, as shown in Figure 3(b), the control input goes
up to −20m/s2 and 20m/s2, which cannot be used in applica-
tion due to the physical structure limitations.

Therefore, the vehicle platoon control algorithm pro-
posed in this paper is more practical and pragmatic.

5. Conclusion

This paper considered the vehicle platoon control problems
with velocity constraints and input saturation. Firstly, RBF
NNs were introduced to learn the unknown driving resis-
tance. Next, an anti-windup compensation method was
designed to avoid the tracking error rising abruptly when
velocity constraints or input saturation occurred. Then, a
neural adaptive sliding-mode control algorithm was pro-
posed based on bidirectional topology. The string stability
and the strong string stability of the whole platoon system
were guaranteed. Numerical simulations were performed
to verify the feasibility and effectiveness of the proposed
control methods.
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This paper describes some important classes of two degrees of freedom of underactuated mechanical system and also surveys
review of the recent state-of-the-art concerning the mathematical modeling of these systems, their classification, and all the control
strategies (linear, nonlinear, and intelligent) that have been made so far (i.e., from the year 2000 to date) to control these systems.
Future research and challenges concerning the improvement, the effectiveness, and robustness of the proposed controllers for
underactuated mechanical systems are presented.

1. Introduction

Mechanical systems can be classified into three major classes
according to their degree of actuation. A mechanical system
can be fully actuated [1–3], in the case that each degree of
freedom can be individually controlled because the system
has as many actuators as degrees of freedom. When the
system has more actuators than degrees of freedom, the
system is said to be overactuated [4, 5]. Finally, the last
class of mechanical systems is systems with fewer actuators
than degrees of freedom that is called underactuated systems
[6, 7]. This last class includes a lot of applications in different
fields such as in robotics [8, 9], aeronautical [10] and spatial
systems, marine and underwater systems [11], and flexible
andmobile systems. Underactuated mechanical systems have
several advantages: reduction of weight, reduction of the
propensity to breakdown or energy cost of the reduced
control.

The diversity and complexity of these systems have led
researchers in the field to analyze, on a case-by-case, the
examples of underactuated mechanical systems of small size
(i.e., with few degrees of freedom) such as the pendulum
systems, the Acrobot, the Pendubot [12], the TORA, and the
ball and beam systems. These systems, although small in size,
exhibit a non-zero degree of underactuation and a highly
nonlinear dynamic. It is important to emphasize that none
of the techniques proposed and developed for fully actuated

robots by different authors can be applied directly to any
underactuated mechanical system.

Indeed, the control inputs can only control part of the
dynamics and the remaining part defines what is called the
internal dynamics of the system. However, it is possible, using
appropriate techniques, to indirectly control the coordinates
of the internal dynamics. An overall stabilization of the sys-
tem remains possible under certain conditions, which is why
the underactuated mechanical systems are concretely used to
benefit from their quality, by means of a complexification of
the control methods.

Reference [13] has made a survey on controlling the
Rotary Inverted Pendulum, starting with the determination
of the system model using Newton-Euler, Lagrange-Euler,
and Lagrange methods. After that, the authors have defined
all the control objectives that are controlling the pendulum
from downward stable position to an upward unstable posi-
tion (swing-up control), regulating the pendulum to remain
at the unstable position (stabilization control), switching
between these two last (switching control) and controlling the
system in such away that the arm tracks the desired trajectory
while the pendulum remains at an unstable position (tra-
jectory tracking). Then, and based on each control objective
defined, the authors have explained the control strategies that
have been applied to control the system and that comprise
the linear (PID, LQR, PP), nonlinear time-invariant (sliding
mode, fuzzy logic control, and backstepping), self-learning,
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and adaptive nonlinear controllers. Finally, and in order
to test the effectiveness and robustness of the proposed
controllers, the authors have mentioned some other complex
system that can be added to the system of Rotary Inverted
Pendulum (Two Wheeled Rotary Inverted Pendulum) and
have proposed other control strategies to apply in order to
control it.

Paper [14] has presented a survey of illustrative academic
books, survey and research papers on nonlinear control
of the inverted pendulum. Starting with the description of
motion of the pendulum using the Newton-Euler approach,
after that, the author has mentioned the fact that many
standard techniques in control theory fail to control the
system of the inverted pendulum and has explained how
other controls can give satisfactory results such as PID, LQR,
the energy-based methods, the energy-shaping techniques,
and the hybrid control approaches. In order to guarantee
robustness performances, it is usually desirable to use the
sliding mode control approach. For the purpose of reducing
the complexity of controllers, it has been mentioned that
it is desirable to use hybrid control approaches, such as
fuzzy neural control approaches and genetic algorithms.
Finally, they have presented possible future trends that can
be considered such as delays, unstable internal dynamics,
uncertainty conditions, saturation of actuators, and chaos
dynamics.

Reference [15] has proposed a book for controlling under-
actuated mechanical systems. The authors start by describing
and formalizing a MATLAB-based identification procedure
of two underactuated mechanical systems [16]: the Furuta
pendulum and the inertia wheel pendulum. In order to
achieve this goal, the system model of the two systems was
obtained using Euler-Lagrange form and has been expressed
as a linear regression model. They have been then filtered in
order to get the discrete form so they can be implemented to
the real-time experimental platform where it has been men-
tioned that it can be easily extended to fully actuated mech-
anisms of a higher degree of freedom. In the next chapter
[17], the authors have introduced a composed control scheme
containing the input-output linearization methodology and
the energy-based compensation derived from the energy
function of the system,which have been applied for the trajec-
tory tracking of the Furuta pendulum.The proposed method
has been compared with the tracking controller methods
reported in the literature, where it has been shown that the
proposed control scheme shows better performance in the
trajectory tracking. In the following chapter [18], the authors
have proposed a new trajectory tracking controller based
on the input-output feedback linearization technique applied
to the Furuta pendulum. The proposed control strategy has
been compared to two additional controllers, a PID controller
and an output tracking controller, where it has been proved
that the proposed controller exhibits better performance for
both tracking of the arm and regulation of the pendulum
than the PID controller and the output tracking controller.
In the next chapter [19], the authors have introduced a
novel adaptive neural network-based control scheme for the
Furuta pendulum. The new control scheme was compared
to other control strategies where simulations results of the

experimental study have shown that the proposed method is
able to guarantee to track a reference signal for the arm while
the pendulum remains in the upright position better than the
other methods. In the following chapter [20], and using the
same methodology given for the Furuta pendulum which is
the sum of a feedback-linearization based controller and an
energy-based compensation, the authors have made a control
scheme for the inertia wheel pendulum, where the control
objective is the tracking of a desired trajectory in the actuated
joint, while the unactuated link is regulated at the upward
position. Finally, the proposed method has been compared
with a linear controller for which the proposed algorithms
show better performance in the tracking of the desired wheel
trajectory at a low energetic cost. In the next chapter [21],
a new control strategy has been proposed for the tracking
control of the inertia wheel pendulum.The control algorithm
is derived from the introduction of a new output function.
This last is weighted by positive constants and switched
control strategy is employed, in which a passivity-based
controller is used in such a way that the wheel tracks a time-
varying desired trajectory while the pendulum is regulated
at the upward inverted position. The performance of the
proposedmethodwas compared to a state feedback controller
designed using the linear quadratic regulator design approach
based on the linearized model of the system where it shows
the superior performance of the new algorithms.

In the chapter that follows the previous one [22], two
new robust trajectory tracking controllers were proposed for
the inertia wheel pendulum which is neural network-based
and regressor based. Both methods have been implemented
in an experimental platform where their performance has
been compared to the classical linear PID controller. Finally,
the last chapter [23] explores control methodologies for
controlling underactuated mechanical systems. Among them
is the feedback linearization control for linear time-invariant
systems that have been applied after that to control a flexible
joint robot.

In view of the advantage of impulse control of underactu-
ated systems, which resides in the fact that it can be used to
recover the stability of a balance from configurations outside
their region of attraction, [24] has proposed an impulsive
controller to control the underactuated mechanical system:
the inertia wheel pendulum. The use of impulse inputs
simplifies system dynamics and an implementation using
high gain feedback has been used. The proposed method
has been compared to the energy-based controller where
the simulation results show similarities between the two
methods.

In order to eliminate the phenomenon of the limit cycle
which appears in systems under the effect of nonlinearity,
[25] has designed a linear feedback regulator to stabilize the
Furuta pendulum and the Pendubot. In order to achieve
their objective, the authors applied the differential flatness
approach to the approximate linear model of pendulums.
The resulting systems are subsequently translated into the
frequency domain. And a controller has been designed in
such a way that the amplitude of the limit cycle is sufficiently
reduced. The proposed method was verified by experimental
tests.
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Figure 1: The 2-link planar robots.

The main goal of this article is to gather the various
researches carried out in modeling, classifying, and control-
ling some important classes of two degrees of freedom of the
underactuated mechanical system, in order to help the future
researchers to detect what problems are studied and what are
not. Adding to this survey will give the opportunity for future
research and challenges concerning the improvement of the
effectiveness and robustness of the proposed controllers for
this class of underactuated mechanical systems.

The outline of this article is as follows. In Section 2, exam-
ples of two degrees of freedom underactuated mechanical
system are presented. In Section 3, the dynamicmodel of each
system is described. In Sections 4 and 5 a classification and
control methods that have been made to control underactu-
ated mechanical system are presented, respectively. Finally, a
conclusion and a future work are given in Section 6.

2. Examples of Underactuated
Mechanical Systems

This section presents some examples of underactuated
mechanical systems [26, 27] that represent useful bench-
marks for nonlinear control and complexity of their control
design which are of great interest by researchers. These
examples include the Acrobot, the Pendubot, the cart-pole
system, the rotating pendulum, the inertia wheel pendulum,
the beam and ball system, and the translational oscillator
with rotational actuator (TORA) system. Each example will
be treated briefly.

2.1. The Acrobot and the Pendubot. The Acrobot, short for
ACRObat robot [12, 28, 29] and the Pendubot [30–32] shown
in Figures 1(a) and 1(b), respectively, are 2-link planar robots
with a single actuator. They graphically seem to be very
similar; however, the difference resides in the location of their
single actuator that causes amajor difference in their standard
representation. Thus, the first link of the Acrobot is attached
to a passive joint and, for the Pendubot, it is attached to

an active joint with the joint between two links unactuated
which allowed it to swing freely.

The inertia matrix for both systems is the same as shown
in Table 1, where the control objective for both systems
is to stabilize the two-link manipulators to their upright
equilibrium point from any initial condition.

2.2. The Inverted Pendulum and the Crane. The cart-pole
system shown inFigure 2(a) consists of an inverted pendulum
on a cart [33–35] that is considered as one of the most pop-
ular laboratory experiments used for illustrating nonlinear
control techniques. Its control objective is to swing up the
pendulum from any initial condition to the upright unstable
equilibrium position, while keeping the cart at its original
position.

The convey crane system [36, 37] is presented in Fig-
ure 2(b), which is similar to the inverted pendulum on a cart,
where its control objective is to move the load to the origin,
keeping the oscillations of the suspended mass as small as
possible.

2.3. The Rotational Pendulum. The rotational pendulum [38,
39] also known as the Furuta pendulum [40, 41] is an inverted
pendulum on a rotating arm. It consists of an unactuated
pendulum that is free to rotate in the vertical plane and is
attached to the end of a horizontal rotating arm that is driven
by a DC motor Figure 3.

Clearly, the only difference between the inertia matrices
of these two mechanical systems is in the first element 𝑚11.
Another similarity between the cart-pole system and the
rotating pendulum is that both have the same form of the
potential energy.

2.4. The Inertial Wheel Pendulum. The inertia or inertial
wheel pendulum [34, 42–44] is a two-degree of freedom
robot as shown inFigure 4.Thependulumconstitutes the first
link that is unactuated, while the rotating wheel is the second
one that is supposed to control the pendulum.Themain goal
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Figure 3:The rotational pendulum.

is to stabilize the pendulum in its upright equilibrium point
while the wheel stops rotating.

2.5.The Beam and Ball. Theball and beam system in Figure 5
[45–49] consists of a beam and a ball on it. It is composed of a
beam that can pivot in the vertical plane via a torque 𝜏 at the
center of rotation and a ball whose aim is to reach the center
of the beam.

2.6. TORA. The TORA (Translational Oscillator with Rota-
tional Actuator) in Figure 6 consists of a translational oscillat-
ing platform with mass 𝑚1, that is controlled via a rotational
eccentric mass 𝑚2 [50–54].
3. Dynamic Model of Underactuated
Mechanical Systems

In order to determine the equation motions of the sys-
tems, the Lagrangian of the system is first calculated. The

q2

I2

q1

L1, I1

Figure 4: The Inverted wheel pendulum.

q2

q1u

Figure 5: The beam and ball.

Lagrangian of a mechanical system [55] is the difference
between its total kinetic energy and its potential energy. From
this Lagrangian, the equations of the mechanical system are
derived using the Euler-Lagrange equations below:

𝑑𝑑𝑡 (𝜕L𝜕 ̇𝑞𝑖 ) − 𝜕L𝜕𝑞𝑖 = 𝜏𝑖, ∀𝑖 ∈ {1, . . . , 𝑛} (1)

In the case of a mechanical system consisting of solids
connected by bonds, the kinetic energy is simply calculated
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as the sum of the kinetic energies of each solid. The kinetic
energy decomposes for each solid in two terms, the first
resulting from the translational movement of the mass center
of the solid and the second resulting from the rotation of
the solid around its center of inertia. Potential energy is
generally reduced to a term derived from gravity. The latter
depends only on the position of the center ofmass of the solid.
The application of the Euler-Lagrange equations (1) provides
the equations describing the evolution of the generalized
coordinates over time. For a mechanical system consisting
of rigid solids, as is the case of the majority of robotic
manipulators, these equations take the following general
form [38, 56, 57]:

∑
𝑗

𝑚𝑘𝑗 (𝑞) ̈𝑞𝑗 + ∑
𝑖,𝑗

𝑐𝑖,𝑗,𝑘 (𝑞, ̇𝑞) ̇𝑞𝑖 ̇𝑞𝑗 + 𝜑𝑘 (𝑞) = 𝜏𝑘,
∀𝑘 ∈ {1, . . . , 𝑛}

(2)

The 𝑚𝑘𝑗(𝑞) are the coefficients of the second derivatives of
the generalized coordinates. The 𝑐𝑖,𝑗,𝑘 are those of quadratic
terms of the first derivatives of the generalized coordinates.
These are divided into two parts: the terms of the form 𝑐𝑖,𝑗,𝑘
with 𝑖 = 𝑗 which are derived from the centrifugal forces, and
those of the form 𝑐𝑖,𝑗,𝑘 with 𝑖 ̸= 𝑗 which are derived from
the Coriolis forces. Finally, the terms 𝜑𝑘(𝑞) depend only on
the position 𝑞 of the generalized coordinates and are derived
from the potential energy. These equations are often put in
matrix form, becoming

𝑀(𝑞) ̈𝑞 + 𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝐺 (𝑞) = 𝜏 = 𝑅 (𝑞) 𝑢 (3)

The symmetric and positive definite matrix 𝑀(𝑞) ∈ R𝑛×𝑛

is called the inertial matrix of the mechanical system. It
depends, in the general case, on the configuration 𝑞 of the
mechanical system. The matrix 𝐶(𝑞, ̇𝑞) ̇𝑞 ∈ R𝑛×𝑛 corresponds
to the centrifugal and Coriolis forces, depending on the con-
figuration 𝑞 but also on the generalized coordinate velocitieṡ𝑞. The vector 𝐺(𝑞) ∈ R𝑛 corresponds to gravity and depends
only on the configuration 𝑞. 𝜏 is the vector of actuator torques.
The matrix 𝑅(𝑞) ∈ R𝑛×𝑚 is the distribution of the forces on

the generalized coordinates. And 𝑢 ∈ R𝑚 is the actuator
input vector. Amechanical system is said to be underactuated
if rank{𝑅(𝑞)} < 𝑛, i.e., that it has fewer independent control
inputs than degrees of freedom. It is assumed in the following
that [𝑟[1 − 𝑟]]𝑇𝑢, where 𝑟 = 1 or 0 and 𝑢 ∈ 𝑅 is the control
action.

The development of the mathematical models for the
examples treated in the previous section is given in the
Appendices.

4. Classification of Underactuated
Mechanical Systems

In the case of underactuated systems with two degrees of
freedom, three classes are defined, namely, Class I, Class II,
and Class III associated with strict feedback, nontriangular
quadratic, and feedforward forms, respectively.

Some efforts of classification of the underactuated
mechanical systems were carried out, in particular in [58, 59]
where the classification is based on certain characteristics of
the model of the studied system.

The general model for UMSswith two degrees of freedom
is of the form [60]:

𝑚11 ̈𝑞1 + 𝑚12 ̈𝑞2 + 𝑚11 ̇𝑞1 ̇𝑞2 + 𝑚12 ̇𝑞22 − 𝑔1 (𝑞1, 𝑞2) = 𝜏1
𝑚11 ̈𝑞1 + 𝑚12 ̈𝑞2 − 12𝑚11 ̇𝑞21 + 12𝑚22 ̇𝑞22 − 𝑔2 (𝑞1, 𝑞2) = 𝜏2 (4)

where ’ denotes 𝑑/𝑑𝑞2.
Class I are those for which 𝑞2 is actuated 𝜏1 = 0. Class II

are those for which 𝑞2 is not actuated 𝜏2 = 0.
It is shown that every underactuated system of Class

I can be transformed into a strict feedback form, Class II
can be transformed into nontriangular quadratic form and
Class III can be transformed into feedforward forms that are
summarized in Figure 7.

Themain advantage of the classification of underactuated
mechanical systems is that it enables to define an adequate
control according to the obtained class. For example, the
systems that belong to Class I that can be transformed into
a strict feedback form may be controlled by a backstepping
controller, while the systems that belong to Class II that can
be transformed into nontriangular quadratic form would be
controlled via a forwarding scheme. On the other hand, for
the systems that belong to Class III that can be transformed
into feedforward form, their control problem is still an open
issue.

5. Control of Underactuated
Mechanical Systems

Once the model of a mechanical system is established, it is
possible to study its dynamics and to design a controller that
allows controlling it. And because the control of underac-
tuated mechanical systems is an active field of research in
robotics and control system engineering, themain goal of this
section is to highlight the contributions in controlling under-
actuated mechanical systems. Among the most recognized
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Figure 7: Classification of 2 degrees of freedom underactuatedmechanical systems.

works, there are some that are based on linear controllers and
nonlinear controllers given in following.

5.1. Linear Control. Linear controllers offer a simple con-
trol design for real-world systems. In the early days of
the research, several linear control design techniques were
proposed to solve the problem of control of underactuated
systems.

Reference [61] has linearized the equations of motion of
the rotary pendulum system about an operation point and
used a robust LQR-based ANFIS to control the system. The
addition of ANFIS is due to the fact that the LQR lacks the
property of robustness. Furthermore, the proposed controller
has been compared to LQR and showed that it has better
robustness along with satisfactory performance as compared
to the LQR controller.
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Paper [62] used Jacobian linearization method to lin-
earize the system of the ball and beam around operating point
and used a linear quadratic regulator and hybrid PID with
LQR as a combination to compare the performance of the
proposed controllers.

Reference [63] has proposed a threefold step to control
the two-link underactuated planar robot: the Pendubot using
energy-based method. The authors started with defining
necessary and sufficient conditions to provide parameter for a
bigger region of controllability. After that, they demonstrated
that the Pendubot can enter the region of attraction for any
initial conditions except a set of Lebesgue measure zero.
Finally, the simulations results are made to validate the
proposed controller and have been compared to feedback
linearization.

Reference [64] has proposed an energy-based controller
with the combination of the neural network compensation to
swing up the Pendubot. The idea behind this proposition is
that because the energy-based method can successfully avoid
the singularity and the neural network offset the bad effect of
friction. It has been shown through the experimental studies
that the proposed controller has better performance than
other algorithms under the same conditions.

Paper [65] has made a combination of two controllers
where one is derived from the input-output linearization and
the other is derived from an energy function of the system
based to control the well-known underactuated mechanical
system with two degrees of freedom, the Rotary Inverted
Pendulum or Furuta pendulum. The controller is made in
such a way to make it possible to apply this procedure to
address the trajectory tracking problem for other systems.

Although linear techniques are capable of providing a
plausible solution for a particular application, even then the
complicated nonlinear dynamics of such systems severely
limits the generalized applications of control laws. In addi-
tion, a linear approximation of UMS often results in uncon-
trollable systems, which cannot be the subject of linear con-
trol algorithms for stabilization. In addition, the approximate
linearization of a complicated nonlinear system provides only
a precise linear approximation of the original system near
the equilibrium points. It is also known that the linearization
of the nonlinear system model often reduces the speed
of response. The thing that motivates many researchers to
design several nonlinear control algorithms for underactu-
ated mechanical systems.

5.2. Nonlinear Control

5.2.1. Feedback Linearization. Lots of nonlinear controllers
have been evolved in the last few years. Feedback linearization
is one of the well-known nonlinear design tools for underac-
tuated mechanical systems. The idea behind this method is
that it can cancel nonlinearities through a feedback control
and transform the nonlinear system into a (fully or partly)
equivalent linear system.

Therefore, a particular form of feedback linearization,
called partial feedback linearization, is used to solve the
control problem for this class of underactuated mechanical
systems.

Papers [18, 66] have derived a controller from the input-
output feedback linearization technique to control a Furuta
pendulum; the simulation results showed that the arm
tracked the desired trajectory while the pendulum remained
to the upright position.

A feedback linearization control has been proposed by
[21] to control the inertia wheel pendulum and by [67] to
control the TORA system.

5.2.2. Sliding Mode. However, the feedback linearization
approach and the partial feedback linearization both have
the problem of lack of robustness. And in order to get the
robustness, another robust method which is based on the
sliding mode approach could be considered a reasonable
solution for controlling of such systems [68]. The behavior
of the sliding mode depends on the switching surface. Thus,
the sliding mode controller becomes insensitive to parameter
variations and external disturbances. The basic idea of sliding
mode design is to modify the dynamics of the system by
applying a discontinuous feedback control input that forces
the system to slide over a predefined state surface and the
system produces the desired behavior by limiting its state on
this surface. The sliding mode control finds its wide range
of applications on several underactuated systems such as the
TORA, the ball and the beam, and the robot and chattering,
which in turn reduces the longevity of the actuators due
to the wear of mechanical parts. Another disadvantage of
the sliding mode is that most of the time the sliding mode
controller takes a very high value of related perturbation.
Therefore, most of the time, the sliding mode controller
produces a too conservative design approach. In order to
reduce the phenomenon of chattering, several modifications
have already been proposed.

An advanced sliding mode control with integral sliding
function was applied in [69] for swing-up and balancing the
Pendubot to follow with various trajectories.

Reference [70] has proposed sliding mode controller
to drive the Pendubot system towards the sliding surface.
And in order to overcome the chattering phenomenon, a
Lyapunov function with a sufficient condition was derived in
terms of LMI with the sliding mode controller. The proposed
method was compared to the classic feedback linearization
technique and the LQR method. Simulation results show
that the proposed sliding mode is a successful technique for
controlling the Pendubot at the upright position, reducing
the chattering and improving the robustness, better than
feedback linearization technique and the LQR method.

Reference [71] designs a fuzzy-sliding control for this
system. The concept of the proposed method is to use a
fuzzy algorithm in order to change the sliding mode control
parameter in such a way that it eliminates the chattering
phenomenon. The results show that the fuzzy-sliding control
is better than sliding mode control.

Paper [72] has proposed a control scheme based on the
combination of a nonlinear optimal control with sliding
modes for a class of nonlinear systems that have been applied
to the Pendubot. The nonlinear and optimal controller was
proposed in order to define the optimal sliding surface. After
that, this last was used for synthesizing a super-twisting
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controller, which has resulted in a robust controller able to
reject parametric uncertainties and external disturbances.
The system [73] is presented in a cascade form using strict
feedback technique, and a disturbance observer is designed
to estimate the unknown external disturbances and model
uncertainties of the underactuated system. Moreover, a slid-
ing mode control is developed to control the system. The
combination of the disturbance observer and the sliding
mode control has been applied to the acrobat system and has
proved the ability to compensate the disturbances and obtain
more satisfactory control performance.

Paper [74] proposed a state feedback control based on
sliding mode control scheme for the inertia wheel pendulum.
The state feedback controller is extended to an output
feedback control using a high gain observer. The analysis and
simulation results indicate that the proposed feedback control
technique gives good convergence and may be extended to
other underactuated systems of similar class which includes
systems like TORA and Acrobot.

Reference [75] proposed a sliding mode control for the
inertia wheel pendulum. In order to achieve this goal, the
dynamic equations were separated into two parts, i.e., an
unactuated quasilinear part and an actuated nonlinear part.
An appropriate manifold is then designed as well as a
corresponding sliding mode controller that controlled the
system.

In [76] a nonlinear disturbance observer was made to
estimate the nonlinear terms in the model of Furuta, after
that a slidingmode control was designed to control the system
using the linear quadratic regulator (LQR) technique for the
determination of the sliding coefficient.

Paper [77] has investigated the slidingmode control of the
simplified and the full models of the ball on a beam system,
where it has been proven that the controllers designed using
the full model of the system gave better performance than the
controllers designed using the simplifiedmodel of the system.

Reference [78] has proposed a fuzzy control and decou-
pled sliding mode controller for TORA system.The proposed
controller employed the expert knowledge of the decoupled
sliding mode to guarantee through simulation results a good
stability and robustness. In the case of the cart-pole system,
a review article has been proposed [79] which reviews all
the control strategies that have been applied to control this
system.

5.3. Passivity-Based Control. Another nonlinear control
method has been proposed to control the underactuated
systems like the inertia wheel pendulum, ball and beam
system [80], and the cart-pole system [81] which is the
passivity-based control approach. The main goal of this
method is to passivate the system with a storage function,
which has a minimum at the desired balance point.

5.4. Backstepping. Another energy-based method is com-
monly known as backstepping. Not necessarily using lin-
earization, backstepping allows preserving useful nonlineari-
ties that often help to retain finite values of the state vector.
This technique assumes that one is able to find at least for
a scalar system a control law u and a control function of

Lyapunov which stabilize its origin. It also offers an efficient
tool that allows, for nonlinear systems of any order, to
build recursively, and in a systematic and direct way, the
control law and the function of Lyapunov which ensure the
stability of the loop. Although the backstepping theory has
a fairly short history, many practical applications can be
found in the literature. This fact indicates that the need for
a nonlinear design methodology addressing a number of
practical problems that used the backstepping controller.

Paper [82] proposed a book that presents a control law
based on backstepping controller and had applied it to several
classes of underactuated mechanical systems such as the
inertia wheel pendulum [83], the TORA [84, 85], the Furuta
pendulum [86], the Acrobot [87], the Pendubot [88], and the
cart-pole system [89].

6. Intelligent Controller

6.1. Fuzzy Logic. Reference [90] has combined the sliding
mode controller with the fuzzy controller (decoupled fuzzy
sliding-mode controllers) to balance the ball and beam
system. To get a good performance, the control parameters
of the fuzzy sliding-mode controllers were optimized using
ant colony optimization. Simulation and experimental results
all indicate the superiority of the proposed scheme over
others.

Paper [91] also used an intelligent controller for the ball
and beam system, which is the fuzzy logic controller, where
the type of membership functions their parameters and the
fuzzy rules were optimized using ant colony optimization.
The simulation results were compared to other related works,
where it has been shown that the proposed algorithmachieves
much better results.

Reference [92] has proposed a T-S fuzzy model-based
adaptive dynamic surface controller to be applied to a real ball
and beam system. First the systemmodel was formulated as a
strict feedback form. After that, an adaptive dynamic surface
control was applied to achieve the goal of positioning the
ball according to uncertainties about the parameters and the
controller is applied in such a way to control the hall system
with better performance.

6.2. Neural Network. An algorithm based on the neural
network least squares method is applied in [93] to derive
the 𝐻∞ optimal control with output feedback of discrete-
time affine nonlinear systems. The resulting system is used
to obtain the dynamic of the output feedback control law that
has been applied to the TORA system.

Reference [94] has proposed an energy-based controller
incorporated with fuzzy neural network compensation to
swing up the Pendubot to the unstable nonequilibrium
position. Numerical simulations and experimental results
have shown the performance of the proposed controller over
other algorithms.

Table 2 summarizes the various control strategies that
have been made to control some class of two degrees of
freedom underactuated mechanical systems. We can con-
clude that none of these single controllers presents the
best required result. However a good combination of them
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can give fast response, robustness, adaptability, tracking the
surface desired, and good rejection of disturbance.

7. Conclusion and Future Work

A mechanical system is underactuated when the number
of control inputs is less than the number of degrees of
freedom to control. They constitute a rich class of systems
both in terms of applications and control problems. This
paper examines a state-of-the-art of some important classes
of two degrees of freedom of the underactuated mechanical
system on modeling, classification, and control.

In a future work, we will try to answer and analyze
the following question: given an underactuated mechanical
systemwith 𝑛 degree of freedom and𝑚 input, what is the best
number of inputs that can give a good stability performance?
The idea behind the question is when the human tries to
balance a pen or pendulum on their hand, they actually not
only use horizontal but also vertical forces to stabilize the
pendulum, not to let the pendulum fall. This idea was proved
by the author of [119] who has made a study about controlling
and stabilizing the inverted pendulum using the vertical
force instead of the horizontal force. And after analyzing
the control and stabilization of the two systems, the author
has concluded that the vertical force has an excellent and
fast stabilization effect than the horizontal one. After this
conclusion, the author has proposed to combine both of
the horizontal and vertical forces and applied them to the
inverted pendulum system. The investigation of the theo-
retical analysis of this combination has proved the excellent
properties of adding the vertical force to the horizontal force
as regards the stabilization of the inverted pendulum. The
author of [120] has also proposed an X–Z inverted pendulum
that can move with the combination of the vertical and
horizontal forces and has applied a sliding mode control and
PID to compare the performance of the system. The same
system has been proposed by [121] using the fuzzy control
design methodology to stabilize the inverted pendulum via
a vertical force, where it has been proved that the proposed
hybrid fuzzy control scheme provides a more flexible and
intuitive way to stabilize the system via a vertical force.
The excellent stabilization effect of the added force made us
think about the necessary and sufficient number of inputs
that we can apply to an underactuated mechanical system
to get a good performance in stability and a large region of
stability.

Appendix

A. Development of the Mathematical Models

A.1. The Pendubot. In order to simplify the calculation, we
introduce the following parameters:

𝜃1 = 𝑚1𝑙2𝑐1 + 𝑚2𝑙21 + 𝐼1
𝜃2 = 𝑚2𝑙2𝑐2 + 𝐼2
𝜃3 = 𝑚2𝑙1𝑙𝑐2

𝜃4 = 𝑚1𝑙2𝑐1 + 𝑚2𝑙1
𝜃5 = 𝑚2𝑙2𝑐2

(A.1)

The kinetic and potential energies are given by

𝐾1 = 12 (𝐼1 + 𝑚1𝑙2𝑐1) ̇𝑞21 (A.2)

The kinetic energy of link 2 is

𝐾2 = 12 (𝐼2 + 𝑚2𝑙1𝑙𝑐2 cos 𝑞2 + 𝑚2𝑙2𝑐2 + 𝑚2𝑙21) ̇𝑞21
+ (𝐼2 + 𝑚2𝑙1𝑙𝑐2 cos 𝑞2 + 𝑚2𝑙2𝑐2) ̇𝑞1 ̇𝑞2
+ 12 (𝐼2 + 𝑚2𝑙2𝑐2) ̇𝑞22

(A.3)

With the parameters given in (A.1), the total kinetic energy is

𝐾 = 𝐾1 + 𝐾2
𝐾 = 12 (𝜃1 + 𝜃2 + 2𝜃3 cos 𝑞2) ̇𝑞21 + 12𝜃2 ̇𝑞22

+ (𝜃2 + 𝜃3 cos 𝑞2) ̇𝑞1 ̇𝑞2
(A.4)

The total potential energy is 𝑃 = 𝜃4𝑔 sin 𝑞1 + 𝜃5𝑔 sin(𝑞1 + 𝑞2).
The Lagrangian function is given by

𝐿 = 𝐾 − 𝑃
𝐿
= 12 (𝜃1 + 𝜃2 + 2𝜃3 cos 𝑞2) ̇𝑞21 + 12𝜃2 ̇𝑞22 + (𝜃2 + 𝜃3 cos 𝑞2) ̇𝑞1 ̇𝑞2

− 𝜃4𝑔 sin 𝑞1 − 𝜃5𝑔 sin (𝑞1 + 𝑞2)
(A.5)

The corresponding equations of motion are derived using (1):

(𝜃1 + 𝜃2 + 2𝜃3 cos 𝑞2) ̈𝑞1 + (𝜃2 + 𝜃3 cos 𝑞2) ̈𝑞2
− 𝜃3 sin 𝑞2 ̇𝑞22 − 2𝜃3 sin 𝑞2 ̇𝑞1 ̇𝑞2 + 𝜃4𝑔 cos 𝑞1
+ 𝜃5𝑔 cos 𝑞1 + 𝑞2 = 𝜏1

𝜃2 ̈𝑞2 + (𝜃2 + 𝜃3 cos 𝑞2) ̈𝑞1 + 𝜃3 sin 𝑞2 ̇𝑞21
+ 𝜃5𝑔 cos (𝑞1 + 𝑞2) = 0

(A.6)

A.2. The Acrobot. As it has been mentioned in previous
sections, the Acrobot and the Pendubot seem to be very
similar graphically. However, the difference is in the location
of their single actuator. This is why they share the same
motion of equations where the difference is in the input
matrix.
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The corresponding equations of motion for the Acrobot
are given by

(𝜃1 + 𝜃2 + 2𝜃3 cos 𝑞2) ̈𝑞1 + (𝜃2 + 𝜃3 cos 𝑞2) ̈𝑞2
− 𝜃3 sin 𝑞2 ̇𝑞22 − 2𝜃3 sin 𝑞2 ̇𝑞1 ̇𝑞2 + 𝜃4𝑔 cos 𝑞1
+ 𝜃5𝑔 cos 𝑞1 + 𝑞2 = 0

𝜃2 ̈𝑞2 + (𝜃2 + 𝜃3 cos 𝑞2) ̈𝑞1 + 𝜃3 sin 𝑞2 ̇𝑞21
+ 𝜃5𝑔 cos (𝑞1 + 𝑞2) = 𝜏

(A.7)

A.3. The Cart-Pole System. The kinetic energy of the system
is

𝐾 = 𝐾1 + 𝐾2
= 12 (𝑀 + 𝑚) ̇𝑥2 + 𝑚𝑙�̇� ̇𝜃 cos 𝜃 + 12 (𝐼 + 𝑚𝑙2) ̇𝜃2 (A.8)

The potential energy is given by

𝑃 = 𝑚𝑔𝑙 (cos 𝜃 − 1) (A.9)

The Lagrangian function in given by

𝐿 = 𝐾 − 𝑃
𝐿 = 12 (𝑀 + 𝑚) �̇�2 + 𝑚𝑙�̇� ̇𝜃 cos 𝜃 + 12 (𝐼 + 𝑚𝑙2) ̇𝜃2

− 𝑚𝑔𝑙 (cos 𝜃 − 1)
(A.10)

The corresponding equations of motion are given using (1):

(𝑀 + 𝑚) �̈� + 𝑚𝑙 ̈𝜃 cos 𝜃 − 𝑚𝑙 ̇𝜃2 sin 𝜃 = 𝐹
𝑚𝑙�̈� cos 𝜃 + (𝐼 + 𝑚𝑙2) ̈𝜃 − 2𝑚𝑙�̇� ̇𝜃 sin 𝜃 − 𝑚𝑔𝑙 sin 𝜃

= 0
(A.11)

A.4. The Convey Crane. The system dynamics of the convey
crane correspond exactly to the equations of motion of the
inverted pendulum on a cart, but now the point of interest is
a lower equilibrium point.

(𝑀 + 𝑚) �̈� + 𝑚𝑙 ̈𝜃 cos 𝜃 − 𝑚𝑙 ̇𝜃2 sin 𝜃 = 𝐹
𝑚𝑙�̈� cos 𝜃 + (𝐼 + 𝑚𝑙2) ̈𝜃 − 2𝑚𝑙�̇� ̇𝜃 sin 𝜃 + 𝑚𝑔𝑙 sin 𝜃

= 0
(A.12)

A.5.The Furuta Pendulum. 𝐾 is the sum of the kinetic energy
of the arm and the pendulum, which are, respectively, defined
as follows:

𝐾0 = 12𝐼0 ̇𝜃20 (A.13)

𝐾1 = 12𝐽1 ̇𝜃20 + 12𝑚1V𝑇1 V1 (A.14)

where V1 is the linear velocity of the pendulum center of
mass. Hence, an analysis of the Furuta pendulum kinematics
is required.Then, the location of the pendulumcenter ofmass
is determined by

𝑥 = [𝑥𝑥, 𝑥𝑦, 𝑥𝑧]𝑇 (A.15)

where 𝑥𝑥, 𝑥𝑦, and 𝑥𝑧 are defined as follows:

𝑥𝑥 = 𝐿0 cos (𝜃0) − 𝑙1 sin (𝜃1) sin (𝜃0)
𝑥𝑦 = 𝐿0 sin (𝜃0) + 𝑙1 sin (𝜃1) cos (𝜃0)
𝑥𝑧 = 𝐿0 cos (𝜃0)

(A.16)

Thus, V1 is given by

V1 = [ ̇𝑥𝑥, �̇�𝑦, ̇𝑥𝑧]𝑇 (A.17)

with

�̇�𝑥
= − ̇𝜃0𝐿0 sin (𝜃0)

− 𝑙1 [ ̇𝜃0 sin (𝜃1) cos (𝜃0) + ̇𝜃1 sin (𝜃0) cos (𝜃1)]
�̇�𝑦

= ̇𝜃0𝐿0 cos (𝜃0)
+ 𝑙1 [ ̇𝜃1 cos (𝜃0) cos (𝜃1) − ̇𝜃0 sin (𝜃0) sin (𝜃1)]

�̇�𝑧 = − ̇𝜃1𝑙1 sin (𝜃1)

(A.18)

After replacing (A.18) in (A.14) and reducing the resulting
expression the following is found:

𝐾1 = 12𝐽1 ̇𝜃21 + 12𝑚1 [( ̇𝜃0𝐿0)2 + (𝑙1 ̇𝜃0 sin (𝜃1))2
+ (𝑙1 ̇𝜃1)2 + 2 ̇𝜃0 ̇𝜃1𝐿0𝑙1 cos 𝜃1]

(A.19)

Therefore, the Furuta pendulum kinetic energy, K, is given by

𝐾 = 𝐾0 + 𝐾1 = 12𝐼0 ̇𝜃20 + 12𝐽1 ̇𝜃21 + 12𝑚1 [( ̇𝜃0𝐿0)2
+ (𝑙1 ̇𝜃0 sin (𝜃1))2 + (𝑙1 ̇𝜃1)2
+ 2 ̇𝜃0 ̇𝜃1𝐿0𝑙1 cos (𝜃1)]

(A.20)

On the other hand, V is the sum of the potential energy
of the arm and pendulum. Since the arm is moved on
the horizontal plane, its potential energy is constant and
is considered equal to zero. Hence, the Furuta pendulum
potential energy V is reduced to the pendulum potential
energy, that is,

𝑉 = −ℎ𝑚1𝑔 = 𝑚1𝑔𝑙1 (cos 𝜃1 − 1) (A.21)
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The dynamics of the Furuta pendulum is found using (1) as
follows:

𝛼 ̈𝜃0 + 𝛽 ̇𝜃0 ̇𝜃1 + 𝛾 ̈𝜃1 − 𝜎 ̇𝜃21 = 𝜏
𝛾 ̈𝜃0 + (𝑚1𝑙21 + 𝐽1) ̈𝜃1 12𝛽 ̇𝜃20 − 𝑚1𝑔𝑙1sin𝜃1 = 0 (A.22)

where

𝛼 = 𝐼0 + 𝑚1𝐿20 + 𝑚1𝑙21 sin 𝜃21
𝛾 = 𝑚1𝐿0𝑙1 cos (𝜃1)
𝛽 = 𝑚1𝑙21 sin 2𝜃1
𝜎 = 𝑚1𝐿0𝑙1 sin (𝜃1)

(A.23)

A.6. The Reaction Wheel Pendulum. We introduce the pa-
rameter𝑚 = 𝑚1𝑙𝑐1+𝑚2𝑙1.Thekinetic energy of the pendulum
is

𝐾1 = 12 (𝑚1𝑙2𝑐1 + 𝐼1) ̇𝑞21 (A.24)

and the kinetic energy of the wheel is

𝐾2 = 12𝑚2𝑙21 ̇𝑞21 + 12𝐼2 ( ̇𝑞1 + ̇𝑞2)2 (A.25)

Therefore, the total kinetic energy is given by

𝐾 = 𝐾1 + 𝐾2
= 12 (𝑚1𝑙2𝑐1 + 𝑚2𝑙21 + 𝐼1 + 𝐼2) ̇𝑞21 + 𝐼2 ̇𝑞1 ̇𝑞2

+ 12𝐼2 ̇𝑞22
(A.26)

The potential energy of the system is 𝑃 = 𝑚𝑔(cos(𝑞1 − 1).
Finally, the Lagrangian is given by

𝐿 = 𝐾 − 𝑃
𝐿 = 12 (𝑚1𝑙2𝑐1 + 𝑚2𝑙21 + 𝐼1 + 𝐼2) ̇𝑞21 + 𝐼2 ̇𝑞1 ̇𝑞2 + 12𝐼2 ̇𝑞22

− 𝑚𝑔 (cos (𝑞1) − 1)
(A.27)

Using (1), the dynamic equations of the system are given
by

(𝑚1𝑙2𝑐1 + 𝑚2𝑙21 + 𝐼1 + 𝐼2) ̈𝑞1 + 𝐼2 ̈𝑞2 − 𝑚𝑔 sin (𝑞1)
= 0

𝐼2 ̈𝑞1 + 𝐼2 ̈𝑞2 = 𝜏
(A.28)

A.7.The Beam and Ball. The kinetic and the potential energy
of the beam and ball system are given by

𝐾 = 12 (𝐽𝑏𝑟2 + 𝑚) ̇𝑞22 + 12𝑚𝑟2 ̇𝑞21 + 12𝐼 ̇𝑞21
𝑃 = 𝑚𝑔𝑟 sin 𝑞1

(A.29)

The motion equations of the beam and ball system are
determined as follows using (1):

(𝐼 + 𝐼𝑏 + 𝑚𝑟2) ̈𝑞1 + 2𝑚𝑟 ̇𝑟 ̇𝑞1 + 𝑚𝑟𝑔 cos 𝑞1 = 𝜏
(𝑚 + 𝐽𝑏𝑅2) ̈𝑞2 − 𝑚 ̇𝑞21𝑟 + 𝑚𝑔 sin 𝑞1 = 0 (A.30)

A.8. The TORA. The kinetic and the potential energy are
given by

𝐾 = 12 (𝑚1 + 𝑚2) ̇𝑞21 − 𝑚2𝑟 ̇𝑞1 ̇𝑞2 cos 𝑞2
+ (𝐼 + 𝑚𝑟2) ̇𝑞21

𝑃 = 12𝑘𝑞21
(A.31)

Using Euler-Lagrange formulation, the motion of equations
is given by

(𝑚1 + 𝑚2) ̈𝑞1 + 𝑚2𝑟 cos 𝑞2 ̈𝑞2 − 𝑚2𝑟 sin 𝑞2 ̇𝑞22 + 𝑘𝑞1
= 0

𝑚2𝑟 cos 𝑞2 ̈𝑞1 + (𝑚2𝑟2 + 𝐼) ̈𝑞2 + 𝑚2𝑔𝑟 sin 𝑞2 = 𝜏
(A.32)
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This paper considers exponential stabilization for a class of coupled hybrid stochastic delayed bidirectional associative memory
neural networks (HSD-BAM-NN)with reaction-diffusion terms. A periodically intermittent controller is proposed to exponentially
stabilize such an unstable HSD-BAM-NN, and sufficient conditions of the closed-loop BAM-NN system with exponential
stabilization are derived by using Lyapunov-Krasovskii functional method, stochastic analysis techniques, and integral inequality
property, which decide the basic parameters of the proposed controller. Furthermore, a framework to establish simulation algorithm
with sampled states is presented to implement the stabilization controller. With a HSD-BAM-NNmodel of power synchronization
in a photovoltaic (PV) array field, we illustrate numerical simulation results to verify the correctness and effectiveness of the
proposed controller.

1. Introduction

Spurred by pioneering works on the neural networks models
with BAM in Kosko [1–3], much attention has been paid
to BAM-NN owning to its various applications in image
processing, pattern recognition, automatic control [4, 5],
associate memory, parallel computing [6], and optimization
[7]. It is worth noting that the results of global stability
for BAM models obtained in [1–3] require severe constraint
conditions of symmetric connection weight matrix. In the
neural networks with very large scale circuits, it is difficult
for a practical NN system to satisfy the absolutely symmetric
conditions in BAMmodels. Recently, the stability analysis of
BAM neural networks has been paid considerable attention,
and many stability conditions of such NN models have been
reported in the published literature [8–22]. Since diffusion
effects cannot be avoided in the neural networks, in a physical
sense, when electrons are moving in asymmetric electromag-
netic fields, it is more valuable to consider the alternative
activation of neurons in an available space as well as in a
given time interval. Therefore, the model of BAM neural

networks could be formulated as partial differential equations
(PDE) instead of only ordinary differential equations (ODE)
[9, 11]. Based on PDE models, many contributions have been
published focusing on the stability of BAM neural networks
(BAM-NN)with reaction-diffusion terms by using Lyapunov
functional method and LMI techniques [7, 9, 11–15, 17, 18, 23,
24].

Haykin [25] proposed that in real neural networks sys-
tems, synaptic transmission is a stochastic process with noise
released by random electronic fluctuations of the neurotrans-
mitters and other disturbance. Following the experimental
conclusions, Hossain and Anagnostou [26] further stated
that noise posed a basic problem for information processing
which affected all aspects of nervous system function in a
nervous system.Hence, it is also important to study the effects
of noise perturbations existing in neutral networks dynamics.
Literature [8] investigated the stability of stochastic NN for
the first time, which guided followers exploring novel results
of such problems, especially for stochastic NN with reaction-
diffusion terms, and some striking published contributions
can be found in [7, 11–15, 17, 18, 27].
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It is worth mentioning that the hybrid BAM-NN driven
by continuous-time Markov chains have been used to model
many practical systems where they may experience abrupt
changes in their structure and parameters. To consider the
issues of system structures’ abrupt changes, hybrid dis-
turbance, and unreliable subsystem interconnections, the
evolution dynamics of BAM-NN could be modeled as jump
systems [28, 29]. As Markovian jump system was first intro-
duced in [10], two fundamental components have formed
original ideas of considering a jumping system as continuous
state described by differential equations, and discrete-time
state described by a continuous-time finite-state Markovian
process [28–32]. For theory and techniques recently devel-
oped to analyze BAM-NNwithMarkovian jump factors, here
we mention [11, 22, 24, 28, 29].

In recent literature, a variety of approaches have been
published for the stabilization control of BAM neural net-
works with or without delays and reaction-diffusion terms
which include feedback control [9, 21, 23, 32, 33], impul-
sive control [22, 24, 34], and intermittent control [35–38].
The type of control considered in this paper is intermit-
tent control, which was first introduced to control non-
linear dynamical systems in [39] and has aroused much
interest of researchers due to its merits in engineering
applications. Different from continuous control approaches,
intermittent control is more effective because the system
output is measured intermittently rather than continu-
ously [35]. Some novel contributions of intermittent con-
trol [35, 36, 38] based on the stability analysis of BAM-
NN have been achieved in recent years. Nevertheless, the
complex effects on BAM-NN with stimulation time-varying
delays and stochastic reaction-diffusion terms have not
been considered to use intermittent control in published
results.

Motivated by the above discussion, the main purpose
of this paper is to investigate BAM-NN with delays and
reaction-diffusion terms and focus on its exponential stabi-
lization by designing a periodically intermittent controller
[35, 36, 38]. The main novelties in this paper can be high-
lighted as follows: Firstly, the model under consideration
covers the frequently investigated models which often are
characterized by special cases in structures or systematic
functions. Secondly, most available results have been con-
cerned with the stability problems, and in this technical note,
stochastic stabilization is taken into account and a periodi-
cally intermittent controller with more flexible conditions is
first proposed for such BAM-NN with stochastic reaction-
diffusion terms. Finally, a numerical simulation method
is designed to simulate the behavior of the time-varying
delays stochastic hybrid partial differential equations, which
enriches the theory of delayed stochastic partial differential
equation.

Throughout the paper, we take (Ω,F, {F𝑡}𝑡≥0,P) as a
complete probability space with a filtration {F}𝑡≥0 satisfying
the usual conditions; i.e., {F}𝑡≥0 is right-continuous and {F}0
contains all P-null sets. Let𝑊(𝑡), 𝑡 ≥ 𝑡0, be one-dimensional
Brownian motion defined on the probability space. Let 𝑟(𝑡),𝑡 ≥ 0, be right-continuous Markov chain on the probability
space taking values in a finite-state space S = {1, 2, . . . ,N}

with generator Γ = (𝑟𝑖𝑗)N×N. And the transition probability
from model 𝑖 at time 𝑡 to model 𝑗 at time 𝑡 + Δ is

P {𝑟 (𝑡 + Δ) = 𝑗 | 𝑟 (𝑡) = 𝑖}
= {{{𝛾𝑖𝑗Δ + 𝑜 (Δ) , if 𝑖 ̸= 𝑗1 + 𝛾𝑖𝑖Δ + 𝑜 (Δ) , if 𝑖 = 𝑗 (1)

where Δ > 0 and limΔ→0𝑜(Δ)/Δ = 0. Here, 𝛾𝑖𝑗 ≥ 0, 𝑖 ̸=𝑗, is the transition probability from model 𝑖 to model 𝑗 and𝛾𝑖𝑖 = −∑𝑁
𝑗=1,𝑗 ̸=𝑖 𝛾𝑖𝑗. We assume that the Markovian chain 𝑟(⋅)

is independent of the Brownian motion𝑊(⋅). It is well known
that almost every sample path of 𝑟(⋅) is right-continuous step
function with a finite number of simple jumps in any finite
subinterval R+.

2. Preliminaries and Problem Formulation

In this paper, we consider the hybrid stochastic BAM neural
network model with reaction-diffusion terms [11–13, 15],
which are formulated as a couple of neurons’ dynamics
indexed by a pair superscripts of (𝑛,𝑚)

d𝑥(𝑛)𝑖 (𝑡, 𝜆(𝑛)) = ( 𝑙(𝑛)∑
𝑘=1

𝜕𝜕𝜆(𝑛)𝑘

⋅ (𝐷(𝑛)
𝑖𝑘 (𝑟 (𝑡)) 𝜕𝑥(𝑛)𝑖 (𝑡, 𝜆(𝑛))𝜕𝜆(𝑛)𝑘

) − 𝑎(𝑛)𝑖 (𝑟 (𝑡)) 𝑥(𝑛)𝑖 (𝑡,
𝜆(𝑛)) + 𝑁(𝑚)∑

𝑗=1

(𝑏(𝑛)𝑗𝑖 (𝑟 (𝑡)) 𝑓(𝑛)
𝑗 (𝑥(𝑚)

𝑗 (𝑡, 𝜆(𝑚))))
+ 𝑁(𝑚)∑

𝑗=1

(𝑐(𝑛)𝑗𝑖 (𝑟 (𝑡)) 𝑓(𝑛)
𝑗 (𝑥(𝑚)

𝑗 (𝑡 − 𝜏(𝑚) (𝑡) , 𝜆(𝑚))))
+ 𝑢(𝑛)𝑖 (𝑡, 𝜆(𝑛), 𝜆(𝑚))) d𝑡 + 𝑁(𝑚)∑

𝑗=1

ℎ(𝑛)𝑗𝑖 (𝑥(𝑛)𝑖 (𝑡, 𝜆(𝑛)) ,
𝑥(𝑚)
𝑗 (𝑡, 𝜆(𝑚)) ,𝑥(𝑚)
𝑗 (𝑡 − 𝜏(𝑚) (𝑡) , 𝜆(𝑚))) d𝑊𝑗 (𝑡)

(2)

where 𝑛,𝑚 denote the index of a couple of neuron networks
(NN) with𝑁(𝑛) and𝑁(𝑚) neurons, respectively; i.e., (𝑛,𝑚) =(1, 2) or (2, 1). The notations 𝑖 = 1, 2, . . . ,𝑁(𝑛) and 𝑗 =1, 2, . . . , 𝑁(𝑚) are, respectively, the indices of the neurons in
the 𝑛th NN and the 𝑚th NN. 𝑙(𝑛) is the dimension of space
variable vector 𝜆(𝑛), and 𝜆(𝑛) = (𝜆(𝑛)1 , 𝜆(𝑛)2 , . . . , 𝜆(𝑛)𝑙(𝑛)

) ∈ Ω0 ⊂
R𝑙(𝑛) whereΩ0 is a compact set and measurable with smooth
boundary 𝜕Ω0 in space R𝑙(𝑛) , 0 < 𝑚𝑒𝑠Ω0 < +∞. The
definition of 𝜆(𝑚) is the same as𝜆(𝑛) andwe let𝜆 = (𝜆(𝑛), 𝜆(𝑚)).𝑥(𝑛)𝑖 = 𝑥(𝑛)𝑖 (𝑡, 𝜆(𝑛)) and 𝑥(𝑚)

𝑗 = 𝑥(𝑚)
𝑗 (𝑡, 𝜆(𝑚)) are the states

of the 𝑖th neuron in 𝑛th NN and the 𝑗th neuron in 𝑚th
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NN at time 𝑡(𝑡 ≥ 0) and in space of 𝜆(𝑛), 𝜆(𝑚), respectively.
For simplicity, we define 𝑥(𝑛) = (𝑥(𝑛)1 , . . . , 𝑥(𝑛)𝑁(𝑛)

)𝑇 ∈ R𝑁(𝑛) ,𝑥(𝑚) = (𝑥(𝑚)
1 , . . . , 𝑥(𝑚)

𝑁(𝑚)
)𝑇 ∈ R𝑁(𝑚) , and 𝑥 = ((𝑥(𝑛))𝑇, (𝑥(𝑚))𝑇)𝑇

to denote the state vectors of the 𝑛th,𝑚th, and whole coupled
neural networks, respectively. 𝜏(𝑛)𝑖 (𝑡) denotes the time delay
satisfying 0 ≤ 𝜏(𝑛)(𝑡) ≤ 𝜏(𝑛), ̇𝜏(𝑛)(𝑡) ≤ 𝜏(𝑛)0 < 1 with constant𝜏(𝑛), 𝜏(𝑛)0 . 𝑓(𝑛)

𝑗 (⋅) denotes the activation function of the 𝑗th
neuron in 𝑚th NN stimulating the 𝑖th neurons in the 𝑛th
NN. 𝑎(𝑛)𝑖 (𝑟(𝑡)) > 0 denotes changing rate of the 𝑖th neuron
under the condition that neural network is disconnected
and no external additional activation exists. 𝑏(𝑛)𝑗𝑖 (𝑟(𝑡)) is the
connection weight of neurons in coupled NN and 𝑐(𝑛)𝑗𝑖 (𝑟(𝑡))
denotes the corresponding delayed connection weight. The
smooth function 𝐷(𝑛)

𝑖𝑘 ((𝑟(𝑡))) ≥ 0 is the transmission diffu-
sion operator of neurons, ℎ(𝑛)𝑗𝑖 is the stochastic disturbance
function of neurons, and 𝑊𝑗(𝑡) is the Brownian motions as
noise acting on the transmission from the 𝑗th neuron to the𝑖th neuron.

According to [9, 10], we present the following initial value
condition for (2):𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛)) = 𝜙𝑖 (𝑠, 𝜆(𝑛)) , (𝑠, 𝜆(𝑛)) ∈ [−𝜏(𝑛), 0) × Ω0 (3)

which is with Dirichlet boundary value.𝑥(𝑛)𝑖 (𝑡0, 𝜆(𝑛)) = 0, (𝑡, 𝜆(𝑛)) ∈ [−𝜏(𝑛), +∞) × 𝜕Ω0 (4)

For convenience, we denote all the possible models of
BAM-NN as 𝐴(𝑛)(𝑟(𝑡)) = diag(𝑎(𝑛)1 (𝑟(𝑡)), ⋅ ⋅ ⋅ , 𝑎(𝑛)𝑁(𝑛)

(𝑟(𝑡))),𝐵(𝑛)(𝑟(𝑡)) = (𝑏(𝑛)𝑗𝑖 (𝑟(𝑡)))𝑁(𝑛)×𝑁(𝑚) , and 𝐶(𝑛))(𝑟(𝑡)) =(𝑐(𝑛)𝑗𝑖 (𝑟(𝑡)))𝑁(𝑛)×𝑁(𝑚) .
Definition 1. A stochastic vector 𝑥 is the solution of system
(2)-(4) if it satisfies the following conditions:

(i) 𝑥 is adapted to {F𝑡}{𝑡≥0},
(ii) for 𝑇0 ∈ R+, 𝑥 ∈ 𝐶𝑏

F0
([0, 𝑇0] × Ω0;R(𝑁(𝑛)+𝑁(𝑚))),

E( max
𝜆(𝑛)∈Ω0

∫𝑇0

0
( 2∑

𝑛=1

(𝑥(𝑛)2 + ∇𝑥(𝑛)2)) d𝑡) < +∞, (5)

(iii) for 𝑡 ∈ R+,∫
Ω0

𝑥(𝑛)𝑖 d𝜆(𝑛) = ∫
Ω0

𝜙𝑖 (0, 𝜆(𝑛)) d𝜆(𝑛)
+ ∫

Ω0

∫𝑡

0
(−𝑎(𝑛)𝑖 (𝑟 (𝑠)) 𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))

+ ∫
Ω0

∫𝑡

0

𝑙(𝑛)∑
𝑘=1

𝜕𝜕𝜆(𝑛)𝑘

(𝐷(𝑛)
𝑖𝑘 (𝑟 (𝑠)) 𝜕𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))𝜕𝜆(𝑛)𝑘

) d𝑠d𝜆(𝑛)
+ 𝑁(𝑚)∑

𝑗=1

𝑏(𝑛)𝑗𝑖 (𝑟 (𝑠)) 𝑓(𝑛)
𝑗 (𝑥(𝑚)

𝑗 (𝑠, 𝜆(𝑚))) + 𝑁(𝑚)∑
𝑗=1

𝑐(𝑛)𝑗𝑖 (𝑟 (𝑠))
⋅ 𝑓(𝑛)

𝑗 (𝑥(𝑚)
𝑗 (𝑠 − 𝜏(𝑚) (𝑠) , 𝜆(𝑚)))) d𝑠 d𝜆

+ ∫
Ω0

∫𝑡

0

𝑁(𝑚)∑
𝑗=1

ℎ(𝑛)𝑗𝑖 (𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛)) , 𝑥(𝑚)
𝑗 (𝑠, 𝜆(𝑚)) ,

𝑥(𝑚)
𝑗 (𝑠 − 𝜏(𝑚) (𝑠) , 𝜆(𝑚))) d𝑊𝑗 (𝑠) d𝜆.

(6)

Definition 2. The HSD-BAM-NN (2)-(4) is exponentially
stable in 𝑝th moment if, for arbitrary model combinations of(𝐴(𝑟), 𝐵(𝑟), 𝐶(𝑟))(𝑟 ∈ S), the states of the system satisfy

lim sup
𝑡→∞

logE (∑2
𝑛=1 (𝑥(𝑛)𝑝))𝑡 < 0 (7)

where ‖𝑥(𝑛)‖𝑝 = (∫
Ω0
|𝑥(𝑛)|𝑝d𝜆(𝑛))1/𝑝, 𝑝 ≥ 2. To ensure the

existence and uniqueness of the solution to system (2)-(4),
we suppose the following assumptions.

Assumption 3. For 𝑖 = 1, . . . ,𝑁(𝑛), arbitrary 𝑠1, 𝑠2 ∈ R, the
activation function 𝑓(𝑛)

𝑖 (⋅) is bounded with 𝑓(𝑛)
𝑖 (0) = 0 and

𝐿−𝑖 ≤ 𝑓(𝑛)
𝑖 (𝑠1) − 𝑓(𝑛)

𝑖 (𝑠2)𝑠1 − 𝑠2 ≤ 𝐿+𝑖 (8)

where 𝑠1 ̸= 𝑠2, 𝐿−𝑖 , 𝐿+𝑖 are constants.
Remark 4. In the above assumption, 𝐿−𝑖 , 𝐿+𝑖 could be positive,
negative, or zero. Such an assumption is weaker than the one
in [14] where it demands 𝐿−𝑖 ≡ −𝐿+𝑖 .
Assumption 5. For 𝑠1, 𝑠2, 𝑠3 ∈ R, there exits nonnegative
constant 𝜎(𝑛)𝑗𝑖 satisfying the following.

(ℎ(𝑛)𝑗𝑖 (𝑠1, 𝑠2, 𝑠3))2 ≤ 𝜎(𝑛)𝑗𝑖 (𝑠21 + 𝑠22 + 𝑠23) (9)

As noted in [6, 10], even if the parameters or time-varying
delay in neural networks are appropriately chosen, neural
networks may lead to some phenomena such as instability,
divergence, oscillation, and chaos [10, 11, 40]. In order to
stabilize the BAM-NN system (2)-(4), we introduce the
following periodically intermittent controller

𝑢(𝑛)𝑖 (𝑡, 𝜆(𝑛))
= {{{{{{{

𝑁(𝑛)∑
ℓ=1

𝐾(𝑛)
𝑖ℓ 𝑥(𝑛)ℓ , 𝜇𝑇 ≤ 𝑡 < 𝜇𝑇 + 𝛿0, 𝜇𝑇 + 𝛿 ≤ 𝑡 < (𝜇 + 1) 𝑇

(10)

where 𝑇 denotes the control period, 𝜇 = 0, 1, 2, ⋅ ⋅ ⋅ is the
control periods number, 𝛿(0 < 𝛿 < 𝑇) is called the control
time width, and 𝐾(𝑛)

𝑖ℓ are the control gains.
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Under the periodically intermittent controller (10), the
closed-loop systems of (2)-(4) can be described as follows.

d𝑥(𝑛)𝑖 = ( 𝑙(𝑛)∑
𝑘=1

𝜕𝜕𝜆(𝑛)𝑘

(𝐷(𝑛)
𝑖𝑘 (𝑟 (𝑡)) 𝜕𝑥(𝑛)𝑖𝜕𝜆(𝑛)𝑘

) − 𝑎(𝑛)𝑖 (𝑟 (𝑡))
⋅ 𝑥(𝑛)𝑖 + 𝑁(𝑚)∑

𝑗=1

𝑏(𝑛)𝑗𝑖 (𝑟 (𝑡)) 𝑓(𝑛)
𝑗 (𝑥(𝑚)

𝑗 ) + 𝑁(𝑚)∑
𝑗=1

𝑐(𝑛)𝑗𝑖 (𝑟 (𝑡))
⋅ 𝑓(𝑛)

𝑗 (𝑥(𝑚)
𝑗 (𝑡 − 𝜏(𝑚) (𝑡) , 𝜆(𝑚))) + 𝑁(𝑛)∑

ℓ=1

𝐾(𝑛)
𝑖ℓ 𝑥(𝑛)ℓ ) d𝑡

+ 𝑁(𝑚)∑
𝑗=1

ℎ(𝑛)𝑗𝑖 (𝑥(𝑛)𝑖 , 𝑥(𝑚)
𝑗 ,

𝑥(𝑚)
𝑗 (𝑡 − 𝜏(𝑚) (𝑡) , 𝜆(𝑚))) d𝑊𝑗 (𝑡)

(11)

For the 𝑝th moment of 𝑥(𝑡, 𝜆), we cite the following
lemma to derive the stability conditions of the system.

Lemma 6 (see [36]). Let Ω0 be a super cuboid set and 𝜆 =(𝜆𝑘)1×𝑙, |𝜆𝑘| ≤ 𝜃(𝜃 > 0), 𝑘 = 1, 2, . . . , 𝑙. If 𝑥(𝑡, 𝜆) is a real-
valued continuous derivable function as 𝑥 ∈ C((R+, Ω0);R),𝑥(𝑡, 𝜆)|𝜕Ω0 = 0, then

∫
Ω0

|𝑥 (𝑡, 𝜆)|𝑝 d𝜆
≤ 𝑝2𝜃4 ∫

Ω0

|𝑥 (𝑡, 𝜆)|𝑝−2  𝜕𝑥 (𝑡, 𝜆)𝜕𝜆𝑘 2 d𝜆. (12)

3. Main Results

In this section, we present the sufficient conditions for
stability of the controlled HDS-BAM-NN (11). For simplicity,
the following notations are used to state and prove the main
results.

𝜍(𝑛)𝑖 = min
𝑟∈S
𝜇(𝑛)𝑟

{{{
𝑙(𝑛)∑
𝑘=1

4 (𝑝 − 1)𝐷(𝑛)
𝑖𝑘𝑝𝜃2𝑘 + 𝑝𝑎(𝑛)𝑖

− 𝑁(𝑚)∑
𝑗=1

𝑝−1∑
ℓ=1

((�̃�(𝑛)𝑗𝑖 )𝑝𝛼(𝑛)ℓ𝑗𝑖 �̃�𝑝𝛽(𝑛)ℓ𝑗𝑖𝑗 + (𝑐(𝑛)𝑗𝑖 )𝑝𝜉(𝑛)ℓ𝑗𝑖 �̃�𝑝𝜁(𝑛)ℓ𝑗𝑖𝑗 )
− 𝑝 − 12 𝑁(𝑚)∑

𝑗=1

(𝑝−2∑
ℓ=1

𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)ℓ𝑗𝑖 + 𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)(𝑝−1)𝑗𝑖
+ 𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)𝑝𝑗𝑖)) −min
𝑟∈S
𝜇(𝑚)
𝑟

𝑁(𝑚)∑
𝑗=1

((�̃�(𝑚)
𝑖𝑗 )𝑝𝛼(𝑛)𝑝𝑗𝑖 (�̃�𝑖)𝑝𝛽(𝑛)𝑝𝑗𝑖

+ 𝑝 − 12 (𝜎(𝑚)
𝑖𝑗

𝑝𝜖(𝑛)(𝑝−1)𝑖𝑗 + 𝜎(𝑚)
𝑖𝑗

𝑝𝜖(𝑛)𝑝𝑖𝑗))

(13)

𝑘(𝑛)𝑖 = min
𝑟∈S
𝜇(𝑛)𝑟 ( 𝑙(𝑛)∑

𝑘=1

4 (𝑝 − 1)𝐷(𝑛)
𝑖𝑘𝑝𝜃2𝑘 + 𝑝𝑎(𝑛)𝑖

− 𝑁(𝑚)∑
𝑗=1

(𝑝−1∑
ℓ=1

((�̃�(𝑛)𝑗𝑖 )𝑝𝛼(𝑛)ℓ𝑗𝑖 �̃�𝑝𝛽(𝑛)ℓ𝑗𝑖𝑗 + (𝑐(𝑛)𝑗𝑖 )𝑝𝜉(𝑛)ℓ𝑗𝑖 �̃�𝑝𝜁(𝑛)ℓ𝑗𝑖𝑗 )
+ 𝑝 − 12 (𝑝−2∑

ℓ=1

𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)ℓ𝑗𝑖 + 𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)(𝑝−1)𝑗𝑖 + 𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)𝑝𝑗𝑖)))
−min

𝑟∈S
𝜇(𝑚)
𝑟

𝑁(𝑚)∑
𝑗=1

((�̃�(𝑚)
𝑖𝑗 )𝑝𝛼(𝑛)𝑝𝑖𝑗 (�̃�𝑖)𝑝𝛽(𝑛)𝑝𝑖𝑗

+ 𝑝 − 12 (𝜎(𝑛)𝑖𝑗

𝑝𝜖(𝑛)(𝑝−1)𝑖𝑗 + 𝜎(𝑛)𝑖𝑗

𝑝𝜖(𝑛)𝑝𝑖𝑗))

(14)

](𝑛)𝑖 = max
𝑟∈S
𝜇(𝑛)𝑟 (𝑝𝐾(𝑛)

𝑖𝑖 + 𝑁(𝑛)∑
ℓ=1
ℓ ̸=𝑖

𝑝−1∑
ℓ=1

𝐾(𝑛)
𝑖ℓ

𝑝𝜂ℓ𝑖ℓ
+ 𝑁(𝑛)∑

ℓ=1
ℓ ̸=𝑖

𝐾(𝑛)
ℓ𝑖

𝑝𝜂𝑝ℓ𝑖)
(15)

𝜂(𝑛)𝑖 = max
𝑟∈S
𝜇(𝑚)
𝑟

𝑁(𝑚)∑
𝑗=1

(𝑝 − 12 (𝜎(𝑛)𝑖𝑗

𝑝𝜖(𝑛)(𝑝−1)𝑖𝑗 + 𝜎(𝑛)𝑖𝑗

𝑝𝜖(𝑛)𝑝𝑖𝑗)
+ (𝑐(𝑛)𝑖𝑗 )𝑝𝜉(𝑛)𝑝𝑖𝑗 (�̃�𝑖)𝑝𝜁(𝑛)𝑝𝑖𝑗) (16)

In the above equations, 𝑎(𝑛)𝑖 = min𝑟∈S𝑎(𝑛)𝑖 (𝑟), �̃�(𝑛)𝑗𝑖 =
max𝑟∈S|𝑏(𝑛)𝑗𝑖 (𝑟)|, 𝑐(𝑛)𝑖𝑗 = max𝑟∈S|𝑐(𝑛)𝑗𝑖 (𝑟)|, 𝐷(𝑛)

𝑖𝑘 = min𝑟∈S𝐷(𝑛)
𝑖𝑘 (𝑟),�̃�𝑗 = max{|𝐿−𝑗 |, |𝐿+𝑗 |}, �̃�𝑖 = max{|𝑁−

𝑖 |, |𝑁+
𝑖 |}, 𝜇(𝑛)𝑟 > 0, 𝜇(𝑚)

𝑟 >0, and other variable parameters are given as 𝛼(𝑛)
ℓ𝑗𝑖
, 𝛽(𝑛)

ℓ𝑗𝑖
,𝜉(𝑛)

ℓ𝑗𝑖
, 𝜁(𝑛)

ℓ𝑗𝑖
, 𝜖(𝑛)

ℓ𝑗𝑖
, 𝛼(𝑛)

ℓ𝑗𝑖
, 𝛽(𝑛)ℓ𝑗𝑖 , 𝜉(𝑛)ℓ𝑗𝑖 , 𝜁(𝑛)ℓ𝑗𝑖 , 𝜖(𝑛)ℓ𝑗𝑖

∈ (0, 1) and satisfy that∑𝑝

ℓ=1
𝛼(𝑛)
ℓ𝑗𝑖
= ∑𝑝

ℓ=1
𝛽(𝑛)
ℓ𝑗𝑖
= ∑𝑝

ℓ=1
𝜉(𝑛)
ℓ𝑗𝑖
= ∑𝑝

ℓ=1
𝜁(𝑛)
ℓ𝑗𝑖
= ∑𝑝

ℓ=1
𝜖(𝑛)
ℓ𝑗𝑖
=∑𝑝

ℓ=1
𝜖(𝑛)
ℓ𝑖𝑗
= ∑𝑝

ℓ=1
𝛼(𝑛)
ℓ𝑗𝑖
= ∑𝑝

ℓ=1
𝛽(𝑛)ℓ𝑗𝑖 = ∑𝑝

ℓ=1
𝜉(𝑛)ℓ𝑗𝑖 = ∑𝑝

ℓ=1
𝜁(𝑛)ℓ𝑖𝑗 = 1.

In order to establish the sufficient conditions, the follow-
ing two assumptions are further introduced.

Assumption 7. The following inequalities holds:

𝜍(𝑛)𝑖 − ](𝑛)𝑖 −max
𝑟∈S

N∑
𝑞=1

𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 − 𝜂(𝑛)𝑖1 − 𝜏(𝑛)0

> 0
𝑘(𝑛)𝑖 + (𝑛)𝑖 −max

𝑟∈S

N∑
𝑞=1

𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 − 𝜂(𝑛)𝑖1 − 𝜏(𝑛)0

> 0 (17)

where (𝑛)𝑖 > 0.
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Here we define a function

𝐻𝑖 (𝜀𝑖) = 𝜍(𝑛)𝑖 − ](𝑛)𝑖 −max
𝑟∈S

N∑
𝑞=1

𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 − 𝜀𝑖max
𝑟∈S
𝜇(𝑛)𝑟

− 𝜂(𝑛)𝑖 𝑒𝜀𝑖𝜏(𝑛)1 − 𝜏(𝑛)0

(18)

where 𝜀(𝑛)𝑖 ∈ R+. For 𝐻𝑖(𝜀𝑖) being continuous derivable, by
intermediate value theorem, we could conclude that there
exists 𝜀𝑖0 > 0 satisfying 𝐻𝑖(𝜀𝑖) > 0 with 𝜀𝑖 ∈ (0, 𝜀𝑖0).
Similarly, choose 𝜀𝑖1 > 0 and 𝜀𝑖 ∈ (0, 𝜀𝑖1) to have the following
function.

𝐹𝑖 (𝜀𝑖) = 𝑘(𝑛)𝑖 + (𝑛)𝑖 −max
𝑟∈S

N∑
𝑞=1

𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 − 𝜀𝑖max
𝑟∈S
𝜇(𝑛)𝑟

− 𝜂𝑖𝑒𝜀𝑖𝜏(𝑛)1 − 𝜏(𝑛)0

(19)

Let 𝜀 = min{𝜀𝑖0, 𝜀𝑖1}; we have the uniform inequality as𝐻𝑖(𝜀) > 0, 𝐹𝑖(𝜀) > 0.
Assumption 8. The following inequality holds: 𝜀 − (𝑇 −𝛿)/𝜇𝑇 > 0, where  = max(max1≤𝑖≤𝑁(𝑛)(𝑛)𝑖 ,max1≤𝑗≤𝑁(𝑚)(𝑚)

𝑗 ),𝜇 = min(min𝑟∈S𝜇(𝑛)𝑟 ,min𝑟∈S𝜇(𝑚)
𝑟 ).

Theorem 9. Under Assumptions 3–5 and 7-8, the closed-loop
system of (2)-(4) with the periodically intermittent controller
(10) is exponentially stable in 𝑝th moment.

Proof. Choose a candidate average Lyapunov-Krasovskii
function [41]

�̂� : 𝐶 ([0,∞) × Ω0;R𝑁(𝑛)+𝑁(𝑚)) × S ×R+ → R+

�̂� (𝑥, 𝑟 (𝑡) , 𝑡) = ∫
Ω0

𝑉 (𝑥, 𝑟 (𝑡) , 𝑡) d𝜆, (20)

with

𝑉 (𝑥, 𝑟 (𝑡) , 𝑡) = 2∑
𝑛=1

(𝜇(𝑛)𝑟(𝑡)

𝑁(𝑛)∑
𝑖=1

𝑒𝜀𝑡 𝑥(𝑛)𝑖

𝑝
+ 𝑒𝜀𝜏(𝑛)(𝑡)1 − 𝜏(𝑛)0

𝑁(𝑛)∑
𝑖=1

𝜂(𝑛)𝑖 ∫𝑡

𝑡−𝜏(𝑛)(𝑡)
𝑒𝜀𝑠 𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))𝑝 d𝑠)

(21)

where 𝜇(𝑛)𝑟(𝑡) > 0.
By the generalized Itô formula [42], we have the follow-

ing.

E�̂� (𝑥, 𝑟 (𝑡) , 𝑡) = E�̂� (𝜙, 𝜓, 𝑟 (0) , 0)
+ E∫𝑡

0
∫
Ω0

L𝑉 (𝑥, 𝑟 (𝑠) , 𝑠) d𝜆 d𝑠 (22)

For short expression, denote 𝑟(𝑡) = 𝑟, 𝑥(𝑚)
𝑗,𝜏 = 𝑥(𝑚)

𝑗 (𝑡 −𝜏(𝑚)(𝑡), 𝜆(𝑚)), 𝑥(𝑛)𝑖,𝜏 = 𝑥(𝑛)𝑖 (𝑡 − 𝜏(𝑛)(𝑡), 𝜆(𝑛)). By Lemma 2.7 in
[10], we can get the following.

L𝑉 (𝑥, 𝑟, 𝑡) = (2,1)∑
(𝑛,𝑚)=(1,2)

(𝜀𝜇(𝑛)𝑟

𝑁(𝑛)∑
𝑖=1

𝑒𝜀𝑡 𝑥(𝑛)𝑖

𝑝
+ 𝑝𝜇(𝑛)𝑟 𝑒𝜀𝑡𝑁(𝑛)∑

𝑖=1

𝑥(𝑛)𝑖

𝑝−1( 𝑙(𝑛)∑
𝑘=1

𝜕𝜕𝜆(𝑛)𝑘

(𝐷(𝑛)
𝑖𝑘 (𝑟) 𝜕𝑥(𝑛)𝑖𝜕𝜆(𝑛)𝑘

)
− 𝑎(𝑛)𝑖 (𝑟) 𝑥(𝑛)𝑖 + 𝑁(𝑚)∑

𝑗=1

𝑏(𝑛)𝑗𝑖 (𝑟) 𝑓(𝑛)
𝑗 (𝑥(𝑚)

𝑗 )
+ 𝑁(𝑛)∑

ℓ=1

𝐾(𝑛)
𝑖ℓ 𝑥(𝑛)ℓ + 𝑁(𝑚)∑

𝑗=1

𝑐𝑗𝑖 (𝑟) 𝑓(𝑛)
𝑗 (𝑥(𝑚)

𝑗,𝜏 )) + 𝜇(𝑛)𝑟 𝑒𝜀𝑡
⋅ 𝑝 (𝑝 − 1)2 𝑁(𝑛)∑

𝑖=1

𝑥(𝑛)𝑖

𝑝−2
⋅ 𝑁(𝑚)∑
𝑗=1

(ℎ(𝑛)𝑗𝑖 (𝑥(𝑛)𝑖 , 𝑥(𝑚)
𝑗 , 𝑥(𝑚)

𝑗,𝜏 ))2 + N∑
𝑞=1

𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 𝑒𝜀𝑡
⋅ 𝑛∑
𝑖=1

𝑥(𝑛)𝑖

𝑝 + 𝑒𝜀𝜏(𝑛)1 − 𝜏(𝑛)0

𝑁(𝑛)∑
𝑖=1

𝜂(𝑛)𝑖 𝑒𝜀𝑡 𝑥(𝑛)𝑖

𝑝 − 𝑒𝜀𝜏(𝑛)1 − 𝜏(𝑛)0

⋅ 𝑁(𝑛)∑
𝑖=1

𝜂𝑖𝑒𝜀(𝑡−𝜏(𝑛)(𝑡)) 𝑥(𝑛)𝑖,𝜏

𝑝 (1 − �̇�(𝑛) (𝑡))
+ N∑

𝑞=1

𝛾(𝑛)𝑟𝑞

𝑒𝜀𝜏(𝑛)1 − 𝜏(𝑛)0

𝑁(𝑛)∑
𝑖=1

𝜂(𝑛)𝑖

⋅ ∫𝑡

𝑡−𝜏(𝑛)(𝑡)
𝑒𝜀𝑠 𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))𝑝 d𝑠)

(23)

By employing the absolute value inequality and noticing
that ∑N

𝑞=1 𝛾(𝑛)𝑟𝑞 = 0, we can obtain the following.

L𝑉(𝑥, 𝑟, 𝑡) ≤ (2,1)∑
(𝑛,𝑚)=(1,2)

(𝑁(𝑛)∑
𝑖=1

𝑒𝜀𝑡(𝜀𝜇(𝑛)𝑟

𝑥(𝑛)𝑖

𝑝
+ 𝑝𝜇(𝑛)𝑟

𝑥(𝑛)𝑖

𝑝−1 𝑙(𝑛)∑
𝑘=1

𝜕𝜕𝜆(𝑛)𝑘

(𝐷(𝑛)
𝑖𝑘 (𝑟) 𝜕𝑥(𝑛)𝑖𝜕𝜆(𝑛)𝑘

)
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+ (𝐾𝑖𝑖 − 𝑎(𝑛)𝑖 (𝑟)) 𝑥(𝑛)𝑖 + 𝑝𝜇(𝑛)𝑟

𝑥(𝑛)𝑖

𝑝−1
⋅ 𝑁(𝑚)∑
𝑗=1

(𝑏(𝑛)𝑗𝑖 (𝑟) 𝑓(𝑛)
𝑗 (𝑥(𝑚)

𝑗 )) + 𝑝𝜇(𝑛)𝑟

𝑥(𝑛)𝑖

𝑝−1
⋅ 𝑁(𝑚)∑
𝑗=1

(𝑐(𝑛)𝑗𝑖 (𝑟) 𝑓(𝑛)
𝑗 (𝑥(𝑚)

𝑗,𝜏 )) + 𝜇(𝑛)𝑟

⋅ 𝑝 (𝑝 − 1)2 𝑥(𝑛)𝑖

𝑝−2
⋅ 𝑁(𝑚)∑
𝑗=1

𝜎(𝑛)𝑗𝑖 ((𝑥(𝑛)𝑖 )2 + (𝑥(𝑚)
𝑖 )2 + (𝑥(𝑚)

𝑗,𝜏 )2)
+ 𝑁(𝑛)∑

ℓ=1
ℓ ̸=𝑖

𝑝𝜇(𝑛)𝑟

𝑥(𝑛)𝑖

𝑝−1 𝐾𝑖ℓ
 𝑥(𝑛)ℓ

 + N∑
𝑞=1

𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞

𝑥(𝑛)𝑖

𝑝
+ 𝑒𝜀𝜏(𝑛)1 − 𝜏(𝑛)0

𝜂(𝑛)𝑖

𝑥(𝑛)𝑖

𝑝 − 𝜂(𝑛)𝑖

𝑥(𝑚)
𝑗,𝜏

𝑝))
(24)

Applying the fundamental inequality, i.e., 𝑎𝑝1 + 𝑎𝑝2 + ⋅ ⋅ ⋅ +𝑎𝑝𝑝 ≥ 𝑝𝑎1𝑎2 ⋅ ⋅ ⋅ 𝑎𝑝, (𝑎ℎ ≥ 0, ℎ = 1, 2, . . . , 𝑝), yields the
following.

𝑝𝜇(𝑛)𝑟

𝑥(𝑛)𝑖

𝑝−1 𝑁(𝑚)∑
𝑗=1

(𝑏(𝑛)𝑗𝑖 (𝑟) 𝑓(𝑛)
𝑗 (𝑥(𝑚)

𝑗 ))
≤ 𝜇(𝑛)𝑟

𝑁(𝑚)∑
𝑗=1

𝑝 𝑥(𝑛)𝑖

𝑝−1 �̃�(𝑛)𝑗𝑖 �̃�𝑗

𝑥(𝑚)
𝑗

 = 𝜇(𝑛)𝑟

𝑁(𝑚)∑
𝑗=1

𝑝
⋅ 𝑝−1∏
ℓ=1

((�̃�(𝑛)𝑗𝑖 )𝛼(𝑛)ℓ𝑗𝑖 �̃�𝛽(𝑛)ℓ𝑗𝑖𝑗

𝑥(𝑛)𝑖

) ((�̃�(𝑛)𝑗𝑖 )𝛼(𝑛)𝑝𝑗𝑖 �̃�𝛽(𝑛)𝑝𝑗𝑖𝑗

𝑥(𝑚)
𝑗

)
≤ 𝜇(𝑛)𝑟

𝑁(𝑚)∑
𝑗=1

𝑝−1∑
ℓ=1

(�̃�(𝑛)𝑗𝑖 )𝑝𝛼(𝑛)ℓ𝑗𝑖 �̃�𝑝𝛽(𝑛)ℓ𝑗𝑖𝑗

𝑥(𝑛)𝑖

𝑝
+ 𝜇(𝑛)𝑟

𝑁(𝑚)∑
𝑗=1

(�̃�(𝑛)𝑗𝑖 )𝑝𝛼(𝑛)𝑝𝑗𝑖 �̃�𝑝𝛽(𝑛)𝑝𝑗𝑖𝑗

𝑥(𝑚)
𝑗

𝑝

(25)

𝜇(𝑛)𝑟

𝑁(𝑛)∑
ℓ=1
ℓ ̸=𝑖

𝑝 𝑥(𝑛)𝑖

𝑝−1 𝐾𝑖ℓ
 𝑥(𝑛)ℓ

 = 𝜇(𝑛)𝑟

𝑁(𝑛)∑
ℓ=1
ℓ ̸=𝑖

𝑝
⋅ 𝑝−1∏
ℓ=1

(𝐾𝑖𝑙
𝜂ℓ𝑖𝑙 𝑥(𝑛)𝑖

) (𝐾𝑖ℓ
𝜂𝑝𝑖𝑙 𝑥(𝑛)ℓ

)

= 𝜇(𝑛)𝑟

𝑁(𝑛)∑
ℓ=1
ℓ ̸=𝑖

(𝑝−1∑
ℓ=1

𝐾𝑖𝑙
𝑝𝜂ℓ𝑖𝑙 𝑥(𝑛)𝑖

𝑝
+ 𝑁(𝑛)∑

ℓ=1
ℓ ̸=𝑖

(𝐾𝑖𝑙
𝑝𝜂ℓ𝑖𝑙 𝑥(𝑛)ℓ

𝑝))
(26)

𝑝𝜇(𝑛)𝑟

𝑥(𝑛)𝑖

𝑝−1 𝑁(𝑚)∑
𝑗=1

(𝑐(𝑛)𝑗𝑖 (𝑟) 𝑓(𝑛)
𝑗 (𝑥(𝑚)

𝑗,𝜏 ))
≤ 𝜇(𝑛)𝑟

𝑁(𝑚)∑
𝑗=1

𝑝 (𝑥(𝑛)𝑖

𝑝−1 𝑐(𝑛)𝑗𝑖 �̃�𝑗

𝑥(𝑚)
𝑗,𝜏

) = 𝜇(𝑛)𝑟

𝑁(𝑚)∑
𝑗=1

𝑝
⋅ 𝑝−1∏
ℓ=1

((𝑐(𝑛)𝑗𝑖 )𝜉(𝑛)ℓ𝑗𝑖 �̃�𝜁(𝑛)ℓ𝑗𝑖𝑗

𝑥(𝑛)𝑖

) ((𝑐(𝑛)𝑗𝑖 )𝜉(𝑛)𝑝𝑗𝑖 �̃�𝜁(𝑛)𝑝𝑗𝑖𝑗

𝑥(𝑚)
𝑗,𝜏

)
≤ 𝜇(𝑛)𝑟

𝑁(𝑚)∑
𝑗=1

𝑝−1∑
ℓ=1

(𝑐(𝑛)𝑗𝑖 )𝑝𝜉(𝑛)ℓ𝑗𝑖 �̃�𝑝𝜁(𝑛)ℓ𝑗𝑖𝑗

𝑥(𝑛)𝑖

𝑝
+ 𝜇(𝑛)𝑟

𝑁(𝑚)∑
𝑗=1

((𝑐(𝑛)𝑗𝑖 )𝑝𝜉(𝑛)𝑝𝑗𝑖 �̃�𝑝𝜁(𝑛)𝑝𝑗𝑖𝑗

𝑥(𝑚)
𝑗,𝜏

𝑝)

(27)

𝜇(𝑛)𝑟

𝑝 (𝑝 − 1)2 𝑥(𝑛)𝑖

𝑝−2 𝑁(𝑚)∑
𝑗=1

𝜎1𝑖𝑗 ((𝑥(𝑛)𝑖 )2 + (𝑥(𝑚)
𝑖 )2

+ (𝑥(𝑚)
𝑗,𝜏 )2) = 𝜇(𝑛)𝑟

𝑝 (𝑝 − 1)2 𝑁(𝑚)∑
𝑗=1

𝑝(𝑝−2∏
ℓ=1

𝜎(𝑛)𝑗𝑖

𝜖(𝑛)ℓ𝑗𝑖
⋅ 𝑥(𝑛)𝑖

) ((𝜎(𝑛)𝑗𝑖

𝜖(𝑛)(𝑝−1)𝑗𝑖 𝑥(𝑛)𝑖

) (𝜎(𝑛)𝑗𝑖

𝜖(𝑛)𝑝𝑗𝑖 𝑥(𝑛)𝑖

)
+ (𝜎(𝑛)𝑗𝑖

𝜖(𝑛)(𝑝−1)𝑗𝑖 𝑥(𝑚)
𝑗

) (𝜎(𝑛)𝑗𝑖

𝜖(𝑛)𝑝𝑗𝑖 𝑥(𝑚)
𝑗

)
+ (𝜎(𝑛)𝑗𝑖

𝜖(𝑛)(𝑝−1)𝑗𝑖 𝑥(𝑚)
𝑗,𝜏

) (𝜎(𝑛)𝑗𝑖

𝜖(𝑛)𝑝𝑗𝑖 𝑥(𝑚)
𝑗,𝜏

)) = 𝜇(𝑛)𝑟

⋅ 𝑝 − 12 𝑁(𝑚)∑
𝑗=1

𝑝−2∑
ℓ=1

𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)ℓ𝑗𝑖 𝑥(𝑛)𝑖

𝑝 + 𝜇(𝑛)𝑟

𝑝 − 12
⋅ 𝑁(𝑚)∑
𝑗=1

(𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)(𝑝−1)𝑗𝑖 + 𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)𝑝𝑗𝑖) (𝑥(𝑛)𝑖

𝑝 + 𝑥(𝑚)
𝑗

𝑝
+ 𝑥(𝑚)

𝑗,𝜏

𝑝)

(28)

Substituting (25)-(28) into (24) leads to the following.
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L𝑉(𝑥, 𝑟, 𝑡) ≤ (2,1)∑
(𝑛,𝑚)=(1,2)

(𝑁(𝑛)∑
𝑖=1

𝑒𝜀𝑡((𝜀𝜇(𝑛)𝑟 + 𝑝𝜇(𝑛)𝑟 𝑘𝑖𝑖 − 𝑝𝜇(𝑛)𝑟 𝑎(𝑛)𝑖 + N∑
𝑞=1

𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 + 𝜇(𝑛)𝑟

𝑝 − 12 𝑁(𝑚)∑
𝑗=1

𝑝−2∑
ℓ=1

𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)ℓ𝑗𝑖
+ 𝜇(𝑛)𝑟

𝑁(𝑚)∑
𝑗=1

𝑝−1∑
ℓ=1

((�̃�(𝑛)𝑗𝑖 )𝑝𝛼(𝑛)ℓ𝑗𝑖 �̃�𝑝𝛽(𝑛)ℓ𝑗𝑖𝑗 + (𝑐(𝑛)𝑗𝑖 )𝑝𝜉(𝑛)ℓ𝑗𝑖 �̃�𝑝𝜁(𝑛)ℓ𝑗𝑖𝑗 ) + 𝜇(𝑛)𝑟

𝑁(𝑛)∑
ℓ=1
ℓ ̸=𝑖

𝑝−1∑
ℓ=1

𝐾𝑖ℓ
𝑝𝜂ℓ𝑖𝑙

+ 𝑁(𝑚)∑
𝑗=1

(𝜇(𝑚)
𝑟 (�̃�(𝑚)

𝑖𝑗 )𝑝𝛼(𝑛)𝑝𝑖𝑗 (�̃�𝑖)𝑝𝛽(𝑛)𝑝𝑖𝑗 + (𝜇(𝑛)𝑟 (𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)(𝑝−1)𝑗𝑖 + 𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)𝑝𝑗𝑖) + 𝜇(𝑚)
𝑟 (𝜎(𝑛)𝑖𝑗

𝑝𝜖(𝑛)(𝑝−1)𝑖𝑗 + 𝜎(𝑛)𝑖𝑗

𝑝𝜖(𝑛)𝑝𝑖𝑗)) 𝑝 − 12 ))
⋅ 𝑥(𝑛)𝑖

𝑝 + 𝜇(𝑛)𝑟

𝑁(𝑛)∑
ℓ=1
ℓ ̸=𝑖

𝐾𝑖ℓ
𝑝𝜂𝑝𝑖𝑙 𝑥(𝑛)ℓ

𝑝 + 𝑒𝜀𝑡𝜂(𝑛)𝑖1 − 𝜏(𝑛)0

+ 𝜇(𝑚)
𝑟

𝑁(𝑚)∑
𝑗=1

(𝑐(𝑚)
𝑖𝑗 )𝑝𝜉(𝑛)𝑝𝑖𝑗 �̃�𝑝𝜁

(𝑛)

𝑝𝑖𝑗

𝑖

𝑥(𝑚)
𝑗,𝜏

𝑝 + 𝜇(𝑚)
𝑟

𝑝 − 12
⋅ 𝑁(𝑚)∑
𝑗=1

(𝜎(𝑛)𝑖𝑗

𝑝𝜖(𝑛)(𝑝−1)𝑖𝑗 + 𝜎(𝑛)𝑖𝑗

𝑝𝜖(𝑛)𝑝𝑖𝑗) 𝑥(𝑚)
𝑗,𝜏

𝑝 − 𝜂(𝑛)𝑖

𝑥(𝑚)
𝑗,𝜏

𝑝)+ 𝑁(𝑛)∑
𝑖=1

𝑒𝜀𝑡𝑝𝜇(𝑛)𝑟

𝑥(𝑛)𝑖

𝑝−1( 𝑙(𝑛)∑
𝑘=1

𝜕𝜕𝜆(𝑛)𝑘

(𝐷(𝑛)
𝑖𝑘 (𝑟) 𝜕𝑥(𝑛)𝑖𝜕𝜆(𝑛)𝑘

)))

(29)

Let

𝜍(𝑛)𝑖 = min
𝑟∈S
𝜇(𝑛)𝑟 (𝑝𝑎(𝑛)𝑖

− 𝑁(𝑚)∑
𝑗=1

𝑝−1∑
ℓ=1

((�̃�(𝑛)𝑗𝑖 )𝑝𝛼(𝑛)ℓ𝑗𝑖 �̃�𝑝𝛽(𝑛)ℓ𝑗𝑖𝑗 + (𝑐(𝑛)𝑗𝑖 )𝑝𝜉(𝑛)ℓ𝑗𝑖 �̃�𝑝𝜉(𝑛)ℓ𝑗𝑖𝑗 )
− 𝑝 − 12 𝑁(𝑚)∑

𝑗=1

𝑝−2∑
ℓ=1

𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)ℓ𝑗𝑖 − 𝑝 − 12

⋅ 𝑁(𝑚)∑
𝑗=1

(𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)(𝑝−1)𝑗𝑖 + 𝜎(𝑛)𝑗𝑖

𝑝𝜖(𝑛)𝑝𝑗𝑖))
−min

𝑟∈S
𝜇(𝑚)
𝑟

𝑁(𝑚)∑
𝑗=1

((�̃�(𝑚)
𝑖𝑗 )𝑝𝛼(𝑛)𝑝𝑖𝑗 �̃�𝑝𝛽

(𝑛)

𝑝𝑖𝑗

𝑖

+ 𝑝 − 12 (𝜎(𝑛)𝑖𝑗

𝑝𝜖(𝑛)(𝑝−1)𝑖𝑗 + 𝜎(𝑛)𝑖𝑗

𝑝𝜖(𝑛)𝑝𝑖𝑗))
(30)

and by (22), we get the following inequality.

E�̂� (𝑥, 𝑟 (𝑡) , 𝑡) ≤ E�̂� (𝜙, 𝜓, 𝑟 (0) , 0)
− (2,1)∑

(𝑛,𝑚)=(1,2)

(E∫𝑡

0
∫
Ω0

𝑁(𝑛)∑
𝑖=1

𝑒𝜀𝑠(𝜍(𝑛)𝑖 − 𝜀max
𝑟∈S
𝜇(𝑛)𝑟 − ](𝑛)𝑖 −max

𝑟∈S

N∑
𝑞=1

𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 − 𝑒𝜀𝜏(𝑛)𝜂(𝑛)𝑖1 − 𝜏(𝑛)0

) 𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))𝑝 d𝜆(𝑛)d𝑠
− E∫𝑡

0

𝑛∑
𝑖=1

𝑒𝜀𝑠 ∫
Ω0

𝑝𝜇𝑟(𝑠) 𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))𝑝−1( 𝑙(𝑛)∑
𝑘=1

𝜕𝜕𝜆(𝑛)𝑘

(𝐷(𝑛)
𝑖𝑘 (𝑟) 𝜕𝑥(𝑛)𝑖𝜕𝜆(𝑛)𝑘

)) d𝜆(𝑛)d𝑠)
(31)

According toDirichlet boundary conditions, by Lemma 6, we
can derive the integral part of evolution dynamics as follows.

∫
Ω0

𝑝 𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))𝑝−1( 𝑙(𝑛)∑
𝑘=1

𝜕𝜕𝜆(𝑛)𝑘

⋅ (𝐷(𝑛)
𝑖𝑘 (𝑟) 𝜕𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))𝜕𝜆(𝑛)𝑘

)) d𝜆(𝑛)

≤ − 𝑙(𝑛)∑
𝑘=1

4 (𝑝 − 1)𝐷(𝑛)
𝑖𝑘 (𝑟)𝑝𝜃2𝑘 ∫

Ω0

𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))𝑝 d𝑠
≤ − 𝑙(𝑛)∑

𝑘=1

4 (𝑝 − 1)𝐷(𝑛)
𝑖𝑘𝑝𝜃2𝑘 ∫

Ω0

𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))𝑝 d𝑠
(32)

Using It𝑜’s formula (E𝑉(𝑡)) = E(L𝑉(𝑡)), we obtain
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E�̂� (𝑥, 𝑟 (𝑡) , 𝑡) ≤ E�̂� (𝜙, 𝜓, 𝑟 (0) , 0)
− (2,1)∑

(𝑛,𝑚)=(1,2)

(E∫𝑡

0
∫
Ω0

𝑁(𝑛)∑
𝑖=1

𝑒𝜀𝑠(𝜍(𝑛)𝑖 +min
𝑟∈S
𝜇(𝑛)𝑟

𝑙(𝑛)∑
𝑘=1

4 (𝑝 − 1)𝐷(𝑛)
𝑖𝑘𝑝𝜃2𝑘 − 𝜀max

𝑟∈S
𝜇(𝑛)𝑟 − ](𝑛)𝑖 −max

𝑟∈S

N∑
𝑞=1

𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 − 𝑒𝜀𝜏(𝑛)𝜂(𝑛)𝑖1 − 𝜏(𝑛)0

) 𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))𝑝 d𝜆(𝑛)d𝑠)
≤ E�̂� (𝜙, 𝜓, 𝑟 (0) , 0) − (2,1)∑

(𝑛,𝑚)=(1,2)

(E∫𝑡

0
∫
Ω0

𝑁(𝑛)∑
𝑖=1

𝑒𝜀𝑠(𝜍(𝑛)𝑖 − 𝜀max
𝑟∈S
𝜇(𝑛)𝑟 − ](𝑛)𝑖 −max

𝑟∈S

N∑
𝑞=1

𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 − 𝑒𝜀𝜏(𝑛)𝜂(𝑛)𝑖1 − 𝜏(𝑛)0

) 𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))𝑝 d𝜆(𝑛)d𝑠)
≤ E�̂� (𝜙, 𝜓, 𝑟 (0) , 0)

(33)

where (𝑡, 𝜆(𝑛)) ∈ [𝜇𝑇, 𝜇𝑇 + 𝛿] × Ω0.
Similarly, when (𝑡, 𝜆(𝑛)) ∈ [𝜇𝑇+𝛿, (𝜇+1)𝑇]×Ω0, we have

E�̂� (𝑥, 𝑟 (𝑡) , 𝑡) ≤ E�̂� (𝑥 (𝜇𝑇 + 𝛿, 𝜆) , 𝑟 (𝜇𝑇 + 𝛿) , 𝜇𝑇
+ 𝛿) − E∫𝑡

0
∫
Ω0

𝑁(𝑛)∑
𝑖=1

𝑒𝜀𝑠 [[𝑘(𝑛)𝑖 + (𝑛)𝑖 − 𝜀max
𝑟∈S
𝜇(𝑛)𝑟

− ](𝑛)𝑖 −max
𝑟∈S

N∑
𝑞=1

𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 − 𝑒𝜀𝜏(𝑛)𝜂(𝑛)𝑖1 − 𝜏(𝑛)0

]]⋅ 𝑥(𝑛)𝑖 (𝑠, 𝜆(𝑛))𝑝 d𝜆 d𝑠 ≤ E�̂� (𝑥 (𝜇𝑇 + 𝛿,
𝜆) , 𝑟 (𝜇𝑇 + 𝛿) , 𝜇𝑇 + 𝛿) + 𝜇E∫𝑡

0
�̂� (𝑥, 𝑟 (𝑠) , 𝑠) d𝑠

(34)

where  = max{max1≤𝑖≤𝑁(𝑛)𝑖,max1≤𝑗≤𝑁(𝑚)(𝑚)
𝑗 }, 𝜇 =

min{min𝑙∈S𝜇(𝑛)𝑟 ,min𝑙∈S𝜇(𝑚)
𝑟 }.

By using the Gronwall inequality to (34) it yields the
following.

E�̂� (𝑥, 𝑟 (𝑡) , 𝑡)≤ E�̂� (𝑥 (𝜇𝑇 + 𝛿, 𝜆) , 𝑟 (𝜇𝑇 + 𝛿) , 𝜇𝑇 + 𝛿)⋅ 𝑒(/𝜇)(𝑡−𝜇𝑇−𝛿) (35)

From (33)-(35), we can conclude that
(I) for (𝑡, 𝜆) ∈ ([0, 𝛿), Ω0) and (𝑡, 𝜆) ∈ ([𝑇, 𝑇 + 𝛿),Ω0), by

(33), we can, respectively, have

E�̂� (𝑥, 𝑟 (𝑡) , 𝑡) ≤ E�̂� (𝑥 (0, 𝜆) , 𝑟 (0) , 0) , (36)

and

E�̂� (𝑥, 𝑟 (𝑡) , 𝑡) ≤ E�̂� (𝑥 (𝑇, 𝜆) , 𝑟 (𝑇) , 𝑇)≤ E�̂� (𝑥 (0, 𝜆) , 𝑟 (0) , 0) 𝑒(/𝜇)(𝑇−𝛿) (37)

(II) for (𝑡, 𝜆) ∈ ([𝛿, 𝑇),Ω0) and (𝑡, 𝜆) ∈ ([𝑇 + 𝛿, 2𝑇),Ω0), by
(35), we can, respectively, have

E�̂� (𝑥, 𝑟 (𝑡) , 𝑡) ≤ E�̂� (𝑥 (0, 𝜆) , 𝑟 (0) , 0) 𝑒(/𝜇)(𝑡−𝛿), (38)

and

E�̂� (𝑥, 𝑟 (𝑡) , 𝑡)≤ E�̂� (𝑥 (𝑇 + 𝛿, 𝜆) , 𝑟 (𝑇 + 𝛿) , 𝑇 + 𝛿) 𝑒(/𝜇)(𝑡−𝑇−𝛿)≤ E�̂� (𝑥 (0, 𝜆) , 𝑟 (0) , 0) 𝑒(𝜌/𝜇)(𝑡−2𝛿). (39)

Repeating above procedure (I)-(II), for (𝑡, 𝜆) ∈ [𝜇𝑇, 𝜇𝑇+𝛿)×Ω0, then 𝜇 ≤ 𝑡/𝑇 and

E�̂� (𝑥, 𝑟 (𝑡) , 𝑡) ≤ E�̂� (𝑥 (𝜇𝑇, 𝜆) , 𝑟 (𝜇𝑇) , 𝜇𝑇)≤ E�̂� (𝑥 (0, 𝜆) , 𝑟 (0) , 0) 𝑒(/𝜇𝑇)(𝑇−𝛿)𝑡 (40)

and for (𝑡, 𝜆) ∈ [𝜇𝑇 + 𝛿, (𝜇 + 1)𝑇) × Ω0, then 𝑡/𝑇 < 𝜇 + 1 and
E�̂� (𝑥, 𝑟 (𝑡) , 𝑡)≤ E�̂� (𝑥 (𝜇𝑇 + 𝛿, 𝜆) , 𝑟 (𝜇𝑇 + 𝛿) , 𝜇𝑇 + 𝛿)⋅ 𝑒(/𝜇)(𝑡−𝜇𝑇−𝛿) ≤ E�̂� (𝑥 (0, 𝜆) , 𝑟 (0) , 0) 𝑒(/𝜇𝑇)(𝑇−𝛿)𝑡. (41)

Hence, for arbitrary (𝑡, 𝜆) ∈ [0,∞) × Ω0,

E�̂� (𝑥, 𝑟 (𝑡) , 𝑡) ≤ E�̂� (𝑥 (0, 𝜆) , 𝑟 (0) , 0) 𝑒(/𝜇𝑇)(𝑇−𝛿)𝑡. (42)

By calculation, we obtain

E�̂� (𝑥, 𝑟 (𝑡) , 𝑡) ≥ 𝑒𝜀𝑡𝜇E(∫
Ω0

𝑁(𝑛)∑
𝑖=1

𝑥(𝑛)𝑖

𝑝 d𝜆(𝑛)
+ ∫

Ω0

𝑁(𝑚)∑
𝑗=1

𝑥(𝑚)
𝑗

𝑝 d𝜆(𝑛)) (43)

E�̂� (𝑥 (0, 𝜆) , 𝑟 (0) , 0)
≤ max

𝑟∈S
𝜇(𝑛)𝑟 E∫

Ω0

𝑁(𝑛)∑
𝑖=1

𝜙𝑖 (0, 𝜆(𝑛))𝑝 d𝜆(𝑛)
+ sup

−𝜏(𝑛)≤𝑠≤0

(( max
1≤𝑖≤𝑁(𝑛)

𝜂(𝑛)𝑖 ) 𝜏(𝑛)𝑒𝜀𝜏(𝑛)1 − 𝜏(𝑛)0

× E∫
Ω0

𝑁(𝑛)∑
𝑖=1

𝜙𝑖 (𝑠, 𝜆(𝑛))𝑝 d𝜆(𝑛))
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+max
𝑟∈S
𝜇(𝑚)
𝑟 E∫

Ω0

𝑁(𝑚)∑
𝑗=1

𝜓𝑗 (0, 𝜆(𝑛))𝑝 d𝜆(𝑛)
+ sup

−𝜏(𝑛)≤𝑠≤0

[[( max
1≤𝑗≤𝑁(𝑚)

𝜂 (𝑚)𝑗) 𝜏(𝑛)𝑒𝜀𝜏(𝑛)1 − 𝜏(𝑛)0

⋅ E∫
Ω0

𝑁(𝑚)∑
𝑗=1

𝜓𝑗 (𝑠, 𝜆(𝑛))𝑝 d𝜆(𝑛)]] = 𝜇0
(44)

so

E(∫
Ω0

𝑁(𝑛)∑
𝑖=1

𝑥(𝑛)𝑖

𝑝 d𝜆(𝑛) + ∫
Ω0

𝑁(𝑚)∑
𝑗=1

𝑥(𝑚)
𝑗

𝑝 d𝜆(𝑛))
≤ 𝜇0𝜇 𝑒−(𝜀−(/𝜇𝑇)(𝑇−𝛿))𝑡.

(45)

Under Assumption 8, Theorem 9 holds.
In Theorem 9, if we let 𝜍(𝑛)𝑖 = 𝑘(𝑛)𝑖 , then 𝛼(𝑛)

ℓ𝑗𝑖
= 𝛼(𝑛)

ℓ𝑗𝑖
, 𝛽(𝑛)

ℓ𝑗𝑖
=𝛽(𝑛)

ℓ𝑗𝑖
, 𝜉(𝑛)

ℓ𝑗𝑖
= 𝜉(𝑛)

ℓ𝑗𝑖
, 𝜁(𝑛)

ℓ𝑗𝑖
= 𝜁(𝑛)

ℓ𝑗𝑖
, 𝜖(𝑛)

ℓ𝑗𝑖
= 𝜖(𝑛)

ℓ𝑗𝑖
, 𝜖(𝑛)

ℓ𝑗𝑖
= 𝜖(𝑛)

ℓ𝑗𝑖
, 𝛼(𝑛)

ℓ𝑗𝑖
= 𝛼(𝑛)

ℓ𝑗𝑖
,𝛽(𝑛)ℓ𝑗𝑖 = 𝛽(𝑛)ℓ𝑗𝑖 , 𝜉(𝑛)ℓ𝑗𝑖 = 𝜉(𝑛)ℓ𝑗𝑖 , 𝜁(𝑛)ℓ𝑗𝑖 = 𝜁(𝑛)ℓ𝑗𝑖 , 𝑖 = −](𝑛)𝑖 . Thus, we can

obtain the following corollary.

Corollary 10. Under Assumptions 3–5, system (2)-(4) with
periodically intermittent controllers (10) is exponentially stable
in 𝑝th moment if the following conditions hold:

(I) ](𝑛)𝑖 < 0, 𝜍(𝑛)𝑖 − ](𝑛)𝑖 − max𝑟∈S∑N
𝑞=1 𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 − 𝜂(𝑛)𝑖 /(1 −𝜏(𝑛)0 ) > 0.

(II) 𝜀 − ](𝑇 − 𝛿)/𝜇𝑇 > 0, where ] = max{max1≤𝑖≤𝑁(𝑛) |](𝑛)𝑖 |,
max1≤𝑗≤𝑁(𝑚) |](𝑚)

𝑗 |}, 𝜇 = min{min𝑟∈S𝜇(𝑛)𝑟 ,min𝑟∈S𝜇(𝑚)
𝑟 }.

In Theorem 9, letting 𝜍(𝑛)𝑖 = 1/𝑝, 𝜍(𝑚)
𝑗 = 1/𝑝 which means

that 𝛼(𝑛)
ℓ𝑗𝑖
= 1/𝑝, 𝛽(𝑛)

ℓ𝑗𝑖
= 1/𝑝, 𝜉(𝑛)

𝑙𝑗𝑖
= 1/𝑝, 𝜁(𝑛)

𝑙𝑗𝑖
= 1/𝑝 and 𝜖(𝑛)

ℓ𝑗𝑖
=1/𝑝, we can get the following.

𝜍(𝑛)𝑖 = �̃�(𝑛)𝑖 = min
𝑟∈S
𝜇(𝑛)𝑟 ( 𝑙(𝑛)∑

𝑘=1

4 (𝑝 − 1)𝐷(𝑛)
𝑖𝑘𝑝𝜃2𝑘 + 𝑝𝑎(𝑛)𝑖

− (𝑝 − 1)𝑁(𝑚)∑
𝑗=1

(�̃�(𝑛)𝑗𝑖 �̃�𝑗 + 𝑐(𝑛)𝑗𝑖 �̃�𝑗)
− 𝑝 (𝑝 − 1)2 𝑁(𝑚)∑

𝑗=1

𝜎(𝑛)𝑗𝑖

) −min
𝑟∈S

(𝜇(𝑚)
𝑟 )

𝑙

⋅ 𝑁(𝑚)∑
𝑗=1

(�̃�(𝑚)
𝑖𝑗 �̃�𝑖 + (𝑝 − 1) 𝜎(𝑛)𝑖𝑗

)
(46)

We can also have a further extended corollary.

Corollary 11. Under Assumptions 3 to 5, the BAM-NN sys-
tem (2)-(4) with periodically intermittent controllers (10) is

exponentially stable in 𝑝th moment if the following conditions
hold:

(I) 𝜍(𝑛)𝑖 − ]̃(𝑛)𝑖 −max𝑟∈S∑N
𝑞=1 𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 − 𝜂(𝑛)𝑖 /(1 − 𝜏(𝑛)0 ) > 0.

(II) 𝜍(𝑛)𝑖 + (𝑛)𝑖 −max𝑟∈S∑N
𝑞=1 𝛾(𝑛)𝑟𝑞 𝜇(𝑛)𝑞 − 𝜂(𝑛)𝑖 /(1 − 𝜏(𝑛)0 ) > 0,(𝑛)𝑖 > 0.

(III) 𝜀−(𝑇−𝛿)/𝜇𝑇 > 0, where  = max{max1≤𝑖≤𝑁(𝑛) |(𝑛)𝑖 |,
max1≤𝑗≤𝑁(𝑚) |(𝑚)

𝑗 |},𝜇 = min{min𝑟∈S𝜇(𝑛)𝑟 ,min𝑟∈S𝜇(𝑚)
𝑟 }.

Remark 12. Unlike the result in [22], which only considered
the mean square exponential stability of stochastic BAM-
NN with time-varying delays and reaction-diffusion terms,
we design a periodically intermittent controller to exponen-
tially stabilize the unstable neural network in 𝑝th moment.
Moreover, the controller (10) is linear which can be easily
implemented in practice.

Algorithm 13. For the periodically intermittent controller (10)
of the BAM-NN system (2)-(4), we summarize the following
algorithm to implement the controller.

(1) By instigating a practical system’s structure and dynam-
ics’ characterization with its disturbance, we can develop a
model of the BAM-NN system, i.e., S, 𝛾𝑖𝑗. Supposing and
examining the transition probability P(⋅) as well as the main
parameters of each mode, we can have 𝐴(𝑛)(𝑟(𝑡)), 𝐵(𝑛)(𝑟(𝑡)),𝐶(𝑛))(𝑟(𝑡)) and other relations of their states.

(2) By using (13)-(16) and Corollary 11, we can calculate the
values of stabilization indices of the system and the controller
gains𝐾𝑖𝑗 with the parameters of BAM-NN.

(3) Choose a numerical solution to the stochastic partial
differential equation (SPDE) to simulate the sample states
of BAM-NN. Here we use a so-called estimation-correction
method, which is based on the following main steps [43].

Firstly, with given steps 𝐻,𝐿 of simulation time interval𝑡 ∈ [0, 𝑡𝑓] and space 𝜆𝑘 ∈ [𝜆𝑚𝑖𝑛𝑘, 𝜆𝑚𝑎𝑥𝑘] ∈ Ω0, we can get the
grids of time and space, i.e., 𝑡ℎ = ℎΔ𝑡, ℎ = 0, 1, 2, . . . , 𝐻, 𝜆𝑙 =𝑙Δ𝜆, 𝑙 = 0, 1, 2, . . . , 𝐿, by which we define a numerical solution
to BAM-NN as 𝑥ℎ𝑙 = 𝑥(𝑡ℎ, 𝜆𝑙) = [𝑥(1)(𝑡ℎ, 𝜆𝑙), 𝑥(2)(𝑡ℎ, 𝜆𝑙)]𝑇.
Then we denote Σ𝐹(𝑥ℎ𝑙 ) = 𝐴(𝑟(𝑡ℎ))𝑥ℎ𝑙 + 𝐵(𝑟(𝑡ℎ))𝑓(𝑥ℎ𝑙 ) +𝐶(𝑟(𝑡ℎ))𝑓(𝑥ℎ−𝜏ℎ𝑙 )+𝐾𝑥ℎ𝑙 +ℎ(𝑥ℎ𝑙 , 𝑥ℎ−𝜏ℎ𝑙 )((𝑊(𝑡ℎ)−𝑊(𝑡ℎ−1))/Δ𝑡),
where 𝜏ℎ ≈ 𝜏(𝑡ℎ)/Δ𝑡 is an integer times of 𝜏(𝑡ℎ) to Δ𝑡.

Secondly, according to the basic formulation of SPDE (2)
with its discretized time and space, we have an estimation
formula for the numerical solution 𝑥ℎ𝑙

𝑥ℎ𝑙 + Δ𝑡2 Σ𝐹 (𝑥ℎ𝑙 ) = −𝜌2𝐷𝑥ℎ+1/2𝑙+1 + (𝐼 + 𝜌𝐷)𝑥ℎ+1/2𝑙− 𝜌2𝐷𝑥ℎ+1/2𝑙−1

(47)

where 𝑥ℎ+1/2𝑙 = 𝑥(𝑡ℎ+(1/2)Δ𝑡, 𝜆𝑙), 𝜌 = Δ𝑡/Δ𝜆2, 𝐼 is an identity
matrix with suitable dimensions. By the boundary function
(4), we can calculate the values of 𝑥ℎ+1/20 and 𝑥ℎ+1/2𝐿 . Then we
can solve three diagonal linear equations from (47) to get an
estimated value of 𝑥ℎ+1/2𝑙 .
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(２2,T2)
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· · ·· · ·

PV Panels

PV Panels

PV Panels

Inverter 1

Inverter 2

Inverter n

Utility Grid

Figure 1: Equivalent topology structure of a grid-connected PV power system with series multiple inverters.

Finally, based on the estimated value of 𝑥ℎ+1/2𝑙 , we have a
further correction formula as follows.− 𝜌2𝐷𝑥ℎ+1𝑙+1 + (𝐼 + 𝜌𝐷)𝑥ℎ+1𝑙 − 𝜌2𝐷𝑥ℎ+1𝑙−1= 𝜌2𝐷𝑥ℎ𝑙+1 + (𝐼 − 𝜌𝐷)𝑥ℎ𝑙 + 𝜌2𝐷𝑥ℎ𝑙−1+ Δ𝑡Σ𝐹 (𝑥ℎ+1/2𝑙 )

(48)

Similarly, we also transfer formulation (48) to three diagonal
linear equations and calculate the numerical solution 𝑥ℎ𝑙 with
permitted calculation errors.

(4) Comparing the sampled data profiles of the simulation
states from (1)-(3) in Algorithm 13 with the measured data
profiles from the aimed practical system, we can identify the
validness of the model and performance of the controlled BAM-
NN system. Furthermore, we can improve the parameters and
control gains to obtain a better model by repeating steps (1)-(3).

4. Numerical Simulation of
an Illustrative Application

For a grid-connected photovoltaic (PV) power generation
system with series-connected inverters, which is illustrated
by it is equivalent topology structure in Figure 1, every
branch-circuit with a group of PV panels penetrates power
into utility grid via a inverter. Since the current/power(𝐼𝑖, 𝑃𝑖) generated by the 𝑖th group of PV panels is strongly
dependent on operating conditions and field factors, such as
sun geometric locations, their irradiation levels (𝑅𝑖) of the
sun and the ambient temperature (𝑇𝑖) stochastically fluctuate
with the environmental factors of PV power fields. Thus it
is technically necessary to maintain power synchronization
of series-connected inverters to improve their output power
and standard voltage and current [44]. For this purpose, we
need to develop a model with power and current difference
between every couple-connected PV inverter based on basic
photovoltaic model of PV panels [44, 45], which can bemod-
eled as a HSD-BAM-NN ((2)-(4)), and the power/current
difference (Δ𝑃𝑖𝑗, Δ𝐼𝑖𝑗) is taken as states 𝑥(𝑡) with irradiation
levels (𝑅𝑖) as the space variable 𝜆. It is assumed that the
temperature difference can be ignored. By [44, 45], we

formulate every part of BAM-NN ((2)-(4)) and calculate the
parameters in the model; i.e., the modeled BAM-NN (2) has
the same coefficient matrix, which is denoted as follows.

𝐷𝑟 = ([4.96 6.34] 00 [8.05 6.76])
𝐴𝑟 = ([0.28 00 0.18] 0

0 [0.42 00 0.35])

𝐵𝑟 = ([0.3 0.412 0.3] 0
0 [0.2 0.210 −0.5])

𝐶𝑟 = ([0.1 0.30.2 0.3] 0
0 [−0.2 0.2−0.4 −0.1])

(49)

Firstly, we get the initial value conditions

𝑥(1) (𝑠, 𝜆(1)) = 𝑒𝑠 (cos (2𝜋𝜆(1)) − 1)𝑥(2) (𝑠, 𝜆(2)) = 𝑒2𝑠 sin (4𝜋𝜆(2)) (50)

where (𝑠, 𝜆(2)) ∈ [−2, 0] × Ω0, Ω0 = [0.5, 8.6]. And the
boundary value functions are taken as follows.

𝑥(1) (𝑡, 0.5) = 2.3,𝑥(1) (𝑡, 8.6) = 6.95𝑥(2) (𝑡, 0.5) = 1.8,𝑥(2) (𝑡, 8.6) = 0.34,𝑡 ≥ −2
(51)
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Figure 2: Unstable sample state surface of 𝑥(1)(𝑡, 𝜆) in HSD-BAM-
NN’s simulation with no control.
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(2
) (

,
)

Figure 3: Unstable sample state surface of 𝑥(2)(𝑡, 𝜆) in HSD-BAM-
NN’s simulation with no control.

Denote 𝜏(1)(𝑡) = 0.8 sin((𝜋/4)𝑡 + 0.2), 𝜏(2)(𝑡) = 1/(1 + 0.3𝑒𝑡);
the generator of the Markovian chain is as follows.

Γ = (−45 4512 −12) (52)

The activation functions are 𝑓(𝑥) = (3/4) sin 𝑥 + (1/4)𝑥,𝑔(𝑥) = (1/2)(|𝑥 + 1| − |𝑥 − 1|), and the stochastic disturbed
functions are ℎ21(𝑠1, 𝑠2, 𝑠3) ≤ 0.01(𝑠21 + 𝑠22 + 𝑠23), ℎ22(𝑠1, 𝑠2, 𝑠3) ≤0.02(𝑠21 + 𝑠22 + 𝑠23).

According to the given structure and parameters of the
BAM-NN (2)-(4), we can perform the numerical simulations
in instability and stabilization cases.

(1) Instability. Using Algorithm 13 in Section 3, the sample
states 𝑥(𝑡, 𝜆) of BAM-NN (2) are calculated, and the surfaces
of (𝑡, 𝜆) versus 𝑥(𝑡, 𝜆) are shown in Figures 2 and 3, while the𝑡 versus 𝑥(𝑡, 𝜆) profile curves are shown in Figures 4 and 5.
These figures show the instability behavior.

(2) Stabilization. Let 𝑝 = 2, 𝜇(1)1 = 𝜇(2)1 = 1, 𝜇(1)2 = 𝜇(2)2 = 2.
By (13)-(16), we can calculate that 𝐿− = −1/2, 𝐿+ = 1,𝑁− =0,𝑁+ = 1, 𝜏(𝑛) = 1, 𝜏(𝑛)0 = 1/4, 𝜍(𝑛)𝑖 = �̃�𝑖 = −1.43, 𝜂𝑖 = 2.84,𝜍(2)𝑗 = �̃�(2)𝑗 = −1, 33, 𝜂(2)𝑗 = 2.82, 𝑗 = 1, 2. The gain coefficients

1 2 3 4 5 60
t

−50

0

50

100

150


(1
) (

,
)

Figure 4: Unstable sample state profiles of 𝑥(1)(𝑡, 𝜆) in HSD-BAM-
NN’s simulation with no control.
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Figure 5: Unstable sample state profiles of 𝑥(2)(𝑡, 𝜆) in HSD-BAM-
NN’s simulation with no control.

of periodically intermittent controllers (10) are obtained as
follows by sufficient conditions

𝐾 = −(2.95 2.863.42 1.6 ) (53)

Furthermore, we can get the indices’ values of the stable
conditions of HSD-BAM-NNwith ]̃(1)1 = ]̃(1)2 = −18.56, ]̃(2)1 =
]̃(2)2 = −25.02, 𝜍(1)𝑖 −]̃(1)𝑖 −max𝑟∈S∑N

𝑞=1 𝛾(1)𝑟𝑞 𝜇(1)𝑞 −𝜂(1)𝑖 /(1−𝜏(1)0 ) >0, 𝜍(2)𝑖 − ]̃(2)𝑖 −max𝑟∈S∑N
𝑞=1 𝛾(2)𝑟𝑞 𝜇(2)𝑞 −𝜂(2)𝑖 /(1−𝜏(2)0 ) > 0, 𝑖 = 1, 2.

Also, we have 𝜀(1)1 = 𝜀(1)2 = 3.15, 𝜀(2)1 = 𝜀(2)2 = 8.399. From
(III) in Corollary 11, we know that 𝜀 − ]̂(𝑇 − 𝛿)/𝜇𝑇 > 0.
Letting 𝛿 = 3.6, 𝑇 = 5, we can calculate the sample stabilized
states of the controlled system. The trend surfaces of (𝑡, 𝜆)
versus 𝑥(𝑡, 𝜆) are shown in Figures 6 and 7 with the profile
curves of 𝑡 versus 𝑥(𝑡, 𝜆) in Figures 8 and 9. From the states’
trends, we can see that an unstable system (2)-(4) can be
stabilized by the controller (10) with appropriate parameters,
which theoretically shows that the output power of connected
PV panels can be synchronized to a given level with its BAM-
NNmodel, even though the power stochastically fluctuate.
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Figure 6: Sample state surface of 𝑥(1)(𝑡, 𝜆) in HSD-BAM-NN’s
simulation with controller (10).
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Figure 7: Sample state surface of 𝑥(2)(𝑡, 𝜆) in HSD-BAM-NN’s
simulation with controller (10).
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Figure 8: Sample state profiles of 𝑥(1)(𝑡, 𝜆) in HSD-BAM-NN’s
simulation with controller (10).
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Figure 9: Sample state profiles of 𝑥(2)(𝑡, 𝜆) in HSD-BAM-NN’s
simulation with controller (10).

5. Conclusion

In this paper, a hybrid stochastic delayed BAM neural
network is considered for its stabilization problem and a
periodically intermittent controller is designed to stabilize
an unstable HSD-BAM-NN with an exponential conver-
gence property. The sufficient conditions of exponential
stabilization of HSD-BAM-NN are derived by Lyapunov-
Krasovskii functionalmethod, stochastic analysis techniques,
and integral inequality. And the framework is established
to give a solution algorithm to the sufficient conditions.
The simulation results of the grid-connected photovoltaic
(PV) power generation system verify the effectiveness of the
proposed controller.
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In this work, a virtual submerged floating operational system (VSFOS) based on parallel and serial robotic platforms is proposed.
The primary aim behind its development lies in carrying out simulated underwater manipulation experiments in an easier and
safer way. This VSFOS is consisted of a six-degree-of-freedom (6-DOF) parallel platform, an ABB serial manipulator, an inertial
sensor, and a real-time industrial computer. The 6-DOF platform is used to simulate the movement of an underwater vehicle,
whose attitude is measured by the inertial sensor. The ABB manipulator, controlled by the real-time industrial computer, works as
an operational tool to perform underwater manipulation tasks. In the control system architecture, software is developed to receive
the data collected by the inertial sensor, to communicate and send instructions. Furthermore, the real-time status of themanipulator
is displayed in this software. To validate the proposed system, two experiments have been conducted to test its performance. In the
first experiment, the test is carried out to check the communication function of VSFOS, while in the second one, the manipulator is
intended to follow themovement of the parallel platform and perform simulated operational task in the space.The obtained results
from these two experiments show clearly the effectiveness and the performance of the proposed VSFOS.

1. Introduction

As the ocean attracts great attention on environmental
issues and resources, the need for and use of underwater
operational systems become more and more demanding [1–
3]. With significant advances of different types of mobile
robots and manipulators in a bunch of application fields
[4–9], marine robots including unmanned surface vehicles
(USVs) [10–12], remotely operated vehicles (ROVs) [13,
14], and autonomous underwater vehicles (AUVs) [15–18]
have been well developed in last decades [19–22]. Recently,
submerged floating operational systems (SFOS), represented
by underwater vehicles equipped with manipulators, have
evolved from laboratory engineering prototypes into mature
field tools for underwater operational applications [23–27].
As illustrated in Figure 1, SFOS can replace a human diver
to perform underwater robotic tasks in harsh and dangerous

environments, such as underwater salvage, and underwater
pipeline inspection, ship maintenance [18, 28–31].

Owing to its great application perspectives, research and
investigations concerning SFOS have already been launched
all over theworld [32, 33].TheDeep SubmergenceOperations
Group developed the Jason ROV at the WHOI Deep Sub-
mergence Laboratory in 1989 [34]. Equipped with a custom-
designed 5-axis robotic arm, this ROV is able to perform a
wide variety of scientific tasks including temperature mea-
surements and underwater deployment, as well as sampling
of sediments and biological organisms. Within the European
project TRITON, a manipulator installed on the autonomous
underwater vehicle was used to open/close a valve [35].
The Nereus vehicle designed by Deep Submergence Lab at
WHOI, USA, in 2008 was carrying a six-degree-of-freedom
(DOF) electrohydraulic robot arm to conduct the benthic
survey operations [36, 37]. The Polar-ARV designed by the
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Figure 1: Illustration of a submerged floating operational system (SFOS). Left: a remotely operated vehicle (ROV) equipped with a
manipulator laying the cables on the sea floor. Right: an autonomous underwater vehicle (AUV) carrying a torch for underwater welding.
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Figure 2: View of the proposed virtual submerged floating operational system (VSFOS) in the laboratory.

Shenyang Institute of Automation (SIA) canwork as amoving
underwater platform for monitoring marine environment
under ice [38].

Although these applications of SFOS have already been
so extensive, there are still a lot of limits when it comes to
the experimental research and system test of SFOS. These
limitations are as follows: First of all, based on underwater
operational experiments of SFOS, it may cost a lot of
time and money as well as many labor force. Secondly,
suitable environment conditions such as weather condition
will be required for the success of the underwater operations.
Thirdly, harsh and dangerous undersea environments with
high uncertainty may render the experiments very delicate
to be carried out [39–43].

In order to help researchers performing all kinds of
underwater operational experiments, a virtual submerged
floating operational system (VSFOS) was built up at the
school of Naval Architecture and Ocean Engineering in
Wuhan, China. As illustrated in Figure 2, theVSFOS ismainly
composed of four parts, the parallel kinematic platform,
the ABB serial manipulator, the inertial navigation sensor,
and the real-time industrial computer. The ABBmanipulator
is installed on the upper surface of the parallel platform
executing an operational intervention tool. At the same time,

the 6-DOFplatform completes its translational and rotational
motions in the 3D space to simulate the movement of the
underwater vehicle and environmental disturbances. The
inertial navigation sensor is mounted on the moving plate
of the parallel platform to monitor its attitude change. The
main control part of the VSFOS is a real-time industrial
computer, responsible for providing instructions to the ABB
serial manipulator. In fact, the underwater vehicle and car-
rying manipulator are disturbed with complex underwater
environment. The manipulator and the platform are joined
rigidly in underwater operation system and VSFOS. And
the ocean disturbance on the manipulator robot is difficult
to simulate actively. Hence, for the control scheme of the
manipulator, the disturbances fromunderwater environment
and platform can be equivalent to the slow disturbance from
the platform. In this sense, the proposed VSFOS is used to
replace the underwater vehicle and support the manipulator.
Yet, for the manipulator, the parallel platform is used to
generate all external disturbances to the manipulator. An
inertial navigation sensor is mounted on the lower surface
of the 6-DOF platform to monitor its attitude change. The
main control part of our VSFOS is a real-time industrial
computer, responsible for providing instructions to the ABB
serial manipulator.



Complexity 3

Table 1: Hardware features of the VSFOS.

Equipment Composition Industrial applications Role in VSFOS
ABB manipulator Manipulator/Controller welding/assembly handling Operational tool
6-DOF parallel
platform electric cylinders/AC servo motors/steel platform virtual reality for simulated

driving cars, aircraft
operational: Simulates the

underwater vehicles
Inertial navigation
sensor gyroscope/accelerometer/accelerometer/thermometer automobile/aircraft/ocean measures the movement of

the 6DOF platform

In terms of control point of view, two critical questions
may arise. The first one deals with the communication
problem with the ABB manipulator, where a lot of efforts
have been made to break the communication blockade of
this industrial manipulator to be able to have access to
the low level control. Indeed, commercial industrial robotic
manufacturers typically provide a joystick or a static off-line
programming interface for the customers, where the control
type ismainly appropriate for simple and respective tasks, but
not for the VSFOS since a sophisticated real-time control of
the manipulator is necessary [44]. To overcome this problem,
we developed control software with an open monitoring
interface [45], thanks to which, the communication bridge
between the manipulator and the industrial computer was
successfully built up.

The second critical question is how to simulate the
underwater operational tasks making use of the hardware
equipment of the VSFOS. Controlling the 6-DOF parallel
platform and the ABB manipulator separately is a rela-
tively easy task. However, when it comes to controlling
the manipulator to do some accurate operations while its
base is following the movement of the parallel platform,
the task will be much more challenging. To achieve this
function, two requirements ought to be met. Firstly, the
attitude change of the parallel platform should bemeasured in
real-time; secondly, themanipulator ought to compensate the
movement of the platform in real-time. Indeed, the inertial
navigation sensor can work under the condition of high
speed, and control software was developed to perform the
real-time control of the manipulator. In this way, the two
requirements are fulfilled. As a result, the VSFOS can be
used to conduct the simulated underwater experiments in a
laboratory environment.

To sum up, this paper mainly introduces a new virtual
submerged floating operational system (VSFOS) designed to
make it easier and safer to conduct underwater operational
simulations. The organization of this paper is as follows. In
Section 2, a detailed description of our VSFOS, including
hardware and software, is presented. The solution to the two
critical questions regarding the control of the VSFOS system
is detailed in Sections 3 and 4. In Section 5, simulation
and real-time experiments are presented and discussed.
The last part presents the concluding remarks and future
works.

2. System Architecture

In this section, the hardware framework of VSFOS is pre-
sented firstly with a description of each component, and then

the connections of all the hardware equipment are presented
in the software description part.

2.1. Description of the Hardware. VSFOS consists of five
main equipment pieces, the six-degree-of-freedom (6-DOF)
parallel robotic platform, the ABB serial robotic manipulator,
themanipulator controller, the inertial navigation sensor, and
the real-time industrial computer. The overall architecture of
the system is illustrated in Figure 3.

The 6-DOF parallel platform is fixed on the ground with
three bolts. A laptop is connected to the platform through
an ethernet cable to send the control commands to drive the
platform. The ABB manipulator is mechanically attached to
the moving base of the parallel platform by three positioning
screws. Consequently, the base of the serial manipulator
follows the movement of the 6-DOF parallel platform. The
inertial navigation sensor is fixed on the upper surface of
the platform to measure in real-time the orientation of
the platform. The information collected by this sensor is
transmitted to the real-time industrial computer through a
USB data cable.The industrial computer and themanipulator
controller are connected through another ethernet cable,
thanks to which, the control instructions can be sent to the
manipulator controller and the real-time status can be fed
back to the computer.

The features description of the ABB manipulator, the 6-
DOF platform, and the inertial navigation sensor is summa-
rized in Table 1.

The ABB manipulator IRB 1600 is a 6-axis industrial
manipulator produced by ABB Company. This manipulator
is equipped with a strong power system, and its end-effector
can carry a payload doup to 10Kg;moreover, it is also suitable
for high precision operations, since its positioning accuracy
is 0.35 mm and its repeatability is 0.05 mm. Owing to these
characteristics, the IRB 1600 is widely used inmany industrial
tasks, like arc welding, packaging, and material handling.
Taking advantage of its strong power and high precision, we
make it an operational tool in the proposed VSFOS.

The 6-DOF parallel platform created by MOTUS Com-
pany is a six-degree-of-freedom parallel kinematic machine
(PKM). Its six legs are composed of electric cylinders,
equipped with six AC servo motors inside the legs to control
the piston rod of the electric cylinders. This platform can
be typically used to provide a simulation environment for
automobile driving, aircraft piloting, and some other enter-
tainment devices.Therefore, we combine its translational and
rotational motions to simulate the movement of underwater
vehicles in VSFOS, as illustrated in Figure 16.



4 Complexity

ABB Manipulator 
Manipulator 

Controller 

Industrial 
Computer

Inertial Navigation 
Sensor

Laptop
6-DOF Motion

Platform

Motion tracking
Fixed on the 

upper surface

Move 
instructions

Ethernet 
cable

Information 
collection

Sticking to the 
lower surface

Data transmit

USB data cable

Ethernet 
cable

Instructions Real-time 
status

Information 
feedback

Joint motion 
command

Figure 3: Illustration of the overall composition of the VSFOS. Connections between all the components are represented by arrows, and the
overall layout of the system is in the middle of the picture.

The INS (inertial navigation sensor) IG-500A is used to
accurately measure the attitude angles of the VSFOS. Based
on theMEMS (Microelectromechanical Systems) technology,
the INS IG-500A can calculate the precise 3D direction
data by 3 gyroscopes, 3 accelerometers, 3 magnetometers,
and a thermometer. It is commonly used in automobile,
aerospace, and other vessels. In our VSFOS, the INS IG-500A
is used to measure the attitude angles of the 6-DOF parallel
platform.

2.2. Software Description. In order to control the whole
system and monitor it in real-time, control software pro-
grammed in C SHARP language is developed. Taking advan-
tage of this software, different functions have been developed
for the following purposes:

(i) receiving the information collected by the inertial
navigation sensor through serial port communica-
tion;

(ii) planning the trajectory for the serial manipula-
tor by combining the received data, the manipula-
tor kinematics, and the manipulator motion con-
straints;

(iii) transmitting motion instructions to the IRC5 con-
troller and get the real-time status of the manipulator
back through network communication.

In summary, three main functions of the software which
ensure well operating conditions are the serial port commu-
nication, the manipulator control, and the network commu-
nication, as illustrated in Figure 4.

The sensor sticking to the upper moving base of the
6-DOF parallel platform can measure the attitude angles
of the platform. The collected data will then be sent to
the industrial computer through the serial port, after being
filtered and analyzed. The attitude measurement information
will be parsed out from the processed data. As illustrated in
Figure 4, the letter S refers to the processed data, and the
letter T denotes the calculated homogeneous transformation
matrix. Once the 6-DOF parallel platform starts moving,
the manipulator ought to follow the motion. In order to
make each joint of the manipulator moving to the target
position smoothly, we need to plan carefully the reference
joint trajectory for the mobile manipulator. Finally, the joint
angles instructions newly generated will be sent to the
controller through the network communication; meanwhile,
the real-time status of the manipulator will be fed back to the
industrial computer.

2.2.1. Serial Port Communication. The data collected by the
inertial navigation sensor are transmitted to the indus-
trial computer through the serial port communication.
The received data should be packaged in a certain format
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Figure 4: View of the proposed software architecture of the VSFOS.

Figure 5: View of the control software interface.

according to the communication protocol; thus, we can parse
and analyze it according to this protocol.The communication
protocol is described in Table 2.

As shown in Figure 5, the serial port communication unit
is displayed at the bottom of the control software interface.
To receive the collected data, we need to choose the proper

port and bound rate. Then by clicking the “Open serial port”
button, the software will parse the data and display it in the
corresponding frame. For example, the “Angle data” frame
tells the Euler angle of the platform relative to the base
coordinate system as well as its linear velocity and angular
acceleration; the “Angle initialization” button is set to define
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Figure 6: Joint diagram of IRB 1600. 𝑥𝑖, 𝑦𝑖, 𝑧𝑖 represent the coordinate axes. 𝑎𝑖, 𝜃𝑖, 𝑑𝑖 𝛼𝑖 refer to the D-H parameters.

Table 2: Serial port communication protocol.

Frame domain Size(bit) Description
Packet header 1 0XA5
Data ID 1 01∼06
Data length 1 n
Data domain 0∼8 Data
CRC check 16 Cyclic Redundancy Check
Packet Tail 1 0X5A

the initial state of the sensor. The bottom right side of the
interface is an Excel control, which can be used to display all
the current data, as well as save and export it to an Excel file.

2.2.2. Manipulator Control. Themanipulator control scheme
gives joint angles instructions to joint motors to make
the end-effector reach the right position and orientation.
Therefore, it is necessary to set a target value for each joint and
monitor the real-time position and orientation of the end-
effector. As shown in Figure 5, in the manipulator control
unit, the “Operational panel” frame is used to choose the
planning trajectory for the manipulator, and the “Position
data” and “Joint angles” frames are designed to display the
position and orientation information of the TCP (tool center
point). In addition, there is a “Manipulator data” frame, in
which the target and current position and joint angles of the
manipulator are displayed.

2.2.3. Network Communication. In order to perform the real-
time control of the manipulator, we choose to communi-
cate with the manipulator controller through the network

communication. As illustrated in Figure 5, the network com-
munication part is located at the top of the interface. Once
starting the software, by clicking the “Connect” button, it
will search the on-line manipulator controller automatically.
There are two pieces of information to identify the correct
controller, which are the “system name” and the “IP address”.
Once the connection with the manipulator controller is
set, we get access to exchange data with the manipulator
controller. In other words, we can write variables to the
controller to update the position and orientation of the end-
effector. Meanwhile, the system variables are available to
observe the real-time status of themanipulator, which include
joint angles and the position information of the TCP.

3. Manipulator Kinematics

TheABB serialmanipulator IRB 1600 is a robotic armwith six
rotational joints, equipped with an operation tool installed
at the end joint. In order to get the position and orientation
of this TCP (tool center point) with respect to the base,
it is necessary to model the manipulator mathematically.
The universal way to model a manipulator is based on the
Denavit-Hartenberg (D-H) method [46]. The D-H method
introduces the four steps of manipulator model, which
are manipulator modeling, forward kinematics, inverse
kinematics, and path planning.

3.1. Manipulator Modeling. The first step in the Denavit-
Hartenberg (D-H) method is to build the D-H model of
the manipulator; this model contains two parts, namely, the
joint diagram of the manipulator and the D-H parameters
table. The joint diagram can be drawn according to the joint
features and mechanical structure parameters, as illustrated
in Figure 6.
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Table 3: Denavit-Hartenberg parameters table of IRB 1600 robot manipulator.

𝑖 𝑎𝑖(𝑚𝑚) 𝛼𝑖(∘) 𝑑𝑖(𝑚𝑚) 𝜃𝑖(∘)
1 150 -90 486.5 𝜃1
2 700 0 0 𝜃2-90
3 0 90 0 𝜃3+180
4 0 -90 600 𝜃4
5 0 90 0 𝜃5
6 0 90 65 𝜃6-90

Table 4: D-H parameters explanation.

Parameters Meaning Detailed explanation
𝑎𝑖 Link length the distance from joint axis (i-1) to joint axis i
𝛼𝑖 Link twist the angle from joint axis (i-1) to joint axis i
𝑑𝑖 Link offset the distance from joint 𝑋𝑖−1 to𝑋𝑖𝜃𝑖 Joint angle the angle between joint 𝑋𝑖−1 to𝑋𝑖

Based on the joint diagram and the products brochure
of the ABB manipulator IRB 1600, the key parameters can
be listed in Table 3. The key parameters are reconfirmed
by manoeuvring the manipulator and observing the data
feedback on the host computer.

Four important D-H parameters used in D-H method,
namely, 𝑎𝑖, 𝛼𝑖, 𝑑𝑖, 𝜃𝑖, are explained in Table 4.

3.2. Manipulator Forward Kinematics. To describe the trans-
lation and rotation of the frame 𝑖−1with respect to the frame𝑖, a 4 × 4 homogeneous transformation matrix 𝑖−1𝑖𝐴 is used
with the following structure.

𝑖−1
𝑖𝐴 =

[[[[[
[

cos 𝜃𝑖 − sin 𝜃𝑖 cos𝛼𝑖 sin 𝜃𝑖 sin 𝛼𝑖 𝑎𝑖 cos 𝜃𝑖
sin 𝜃𝑖 cos 𝜃𝑖 cos 𝛼𝑖 cos 𝜃𝑖 sin 𝛼𝑖 𝑎𝑖 sin 𝜃𝑖
0 sin 𝛼𝑖 cos𝛼𝑖 𝑑𝑖
0 0 0 1

]]]]]
]

(1)

As explained above, the IRB 1600 manipulator has six
rotational joints. Then, to get the transformation matrix from
the base frame to the TCP, we are supposed tomultiply all the
transformation matrices together from i=1 to i = N, where N
is the number of joints of the manipulator. The mathematical
expression of the transformation matrix from the base frame
to the TCP is then given by the following.

0
6𝑇 = 01𝐴 × 12𝐴 × 23𝐴 × 34𝐴 × 45𝐴 × 56𝐴 (2)

All of the D-H parameters used in the transformation
matrix are constant except for the joint angles 𝜃𝑖. Therefore,
once the values of the joint angles are obtained, it is simple
and straightforward to get the transformation matrix 06𝑇, in
which the position and orientation of the end-effector with
respect to the base are calculated.

3.2.1. Manipulator Inverse Kinematics. In the general sense,
the inverse kinematics of manipulator means calculating the

joint angles when the position and orientation of the end-
effector is given.This problem ismuchmore complex than the
forward kinematics due to the fact that there often existsmore
than one set of joint angles that satisfy the given position and
orientation. For the case of the IRB 1600 manipulator, on the
premise of knowing the transformation matrix 06𝑇 between
the base center and the TCP of themanipulator, the process of
solving the inverse kinematics equation to get the joint angle
of joint 1 is as follows.

0
6𝑇 =

[[[[[
[

𝑛𝑥 𝑜𝑥 𝑎𝑥 𝑝𝑥
𝑛𝑦 𝑜𝑦 𝑎𝑦 𝑝𝑦
𝑛𝑧 𝑜𝑧 𝑎𝑧 𝑝𝑧
0 0 0 1

]]]]]
]

(3)

The elements 𝑛𝑥,𝑦,𝑧, 𝑜𝑥,𝑦,𝑧, 𝑎𝑥,𝑦,𝑧 refer to the attitude of the
operational tool, and the element 𝑝𝑥,𝑦,𝑧 refers to its position
with respect to the base. Similarly, another expression of the
transformation matrix 06𝑇 is as follows.

𝑇 = 𝐴1 × 𝐴2 × 𝐴3 × 𝐴4 × 𝐴5 × 𝐴6 (4)

Multiplying both sides of (4) by the inverse of the matrix
A1, we get the following.

𝐴1−1 × 𝑇 = 𝐴2 × 𝐴3 × 𝐴4 × 𝐴5 × 𝐴6 (5)

Calculating both sides of (5), the matrix on the left side
of the equation equals the one on the right. Thus, we get the
following.

𝜃1 = ± arctan 𝑝𝑦 − 650𝑜𝑦𝑝𝑥 − 650𝑜𝑥 (6)

From (6), it can be seen that the joint angle 𝜃1 has two
solutions.

𝜃1 = arctan
𝑝𝑦 − 650𝑜𝑦
𝑝𝑥 − 650𝑜𝑥

𝜃1 = arctan
𝑝𝑦 − 650𝑜𝑦
𝑝𝑥 − 650𝑜𝑥 + 𝜋

(7)
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In the same way, the rest of joint angles from 𝜃2 to 𝜃6
can be computed. Hence, there are multiple sets of solution
for the manipulator robot. And there is a great deal of
difference between the two solutions for each joint angle. In
the numerical control process, the solution which has smaller
difference with the joint angle in the last control period is
preferred. Hence, the optimization principle can be ensured.

3.3. Path Planning. Path planning, also referred to as trajec-
tory generation, is the act of describing the desired motion
of a manipulator in multidimensional space over a period
of time. To decrease the vibration of the manipulator at
the initial and final points, it is very common to use cubic
polynomials interpolation methods to generate point-to-
point trajectories of the joint angles. Taking the current joint
angles as the initial value and the joint angles calculated by
solving the inverse kinematics equations as the target value,
the planned joint angles expression with respect to time can
be expressed by the following.

𝜃𝑖 (𝑡) = 𝑎0𝑖 + 𝑎1𝑖𝑡 + 𝑎2𝑖𝑡2 + 𝑎3𝑖𝑡3, 𝑖 ∈ (1, 2, 3, 4, 5, 6) (8)

Four constraints about the initial and final conditions of the
joint angles are used to compute the coefficients of (8). These
constraints are expressed by the following formula.

𝜃𝑖 (0) = 𝜃0𝑖,
𝜃𝑖 (𝑡𝑓) = 𝜃𝑓𝑖,
̇𝜃𝑖 (0) = 0,
̇𝜃𝑖 (𝑡𝑓) = 0

(9)

By solving (8) and (9), we can evaluate the designed joint
angles at any sample time.

4. Communication with
the Robotic Manipulator

For the ABBmanipulator, a simulation and off-line program-
ming software, RobotStudio, are provided by the manufac-
turer. Programming with RAPID language and downloading
it to the manipulator controller are allowed by using the
RobotStudio software. Indeed, this might be the simplest
method to achieve the communication with the manipulator
compared with other manual control methods. However, it
is not suitable for the VSFOS, due to the high real-time
control demands of the VSFOS. Therefore, getting rid of the
traditional control method for the manipulator and breaking

the communication blockade of this industrial manipulator
are demanded. During our research and development of
VSFOS, three methods have been tested to communicate
with the manipulator controller, which are “read/write files”,
“socket communication”, and “develop software using PC
SDK”; detailed descriptions of these methods are presented
in the following paragraph.

4.1. Read/Write Files. Read/write files make use of files to
transmit information between the industrial computer and
the manipulator controller. At the computer side, a “.doc”
file is edited with control instructions inside. Meanwhile, at
the controller side, a RAPID program is edited to receive
and parse control instructions. Similarly, the current status
of the manipulator can be written in another file and then
fed back to the industrial computer. To realize the “sending”
function, we take advantage of RobotStudio software, thanks
to which, the industrial computer can get the “write access”
of the manipulator controller. Detailed description of this
communication architecture is illustrated in Figure 7.

The control variables of the manipulator, such as the
“jointtarget” variables (joint angle) and the “robtarget” vari-
ables (position of TCP), are written in those files and then
transmitted from the computer to the controller. Therefore,
with RobotStudio software, conducting the transmission
job, the values of these variables can be changed by read-
ing/writing these files. Indeed, control instructions can be
sent to the controller and the status information of the
manipulator can be fed back. The principle of this method
is very simple; however, when it comes to the problem of
real-time constraints, this method cannot meet the needed
requirements.

4.2. Socket Communication. This method ensures the com-
munication function based on the client/server mode. The
RobotStudio software installed on the industrial computer
works as a client, and the manipulator controller connects
to the industrial computer with an ethernet cable acting as
a server. When the program starts, the client will first request
for the “write access” from the server and then send motion
instructions to the server periodically after obtaining the
“write access”. On the server’s side, the controller will get
these instructions to control the manipulator; meanwhile,
real-time status of the manipulator will be fed back to the
client; the specific process of the socket communication is
illustrated in Figure 8.

It is necessary to edit programs on both RobotStudio soft-
ware and the controller if this method is applied to realize the
real-time control of the manipulator. Definitely, this method
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allows us to control the manipulator in real-time; however,
we cannot get rid of this RobotStudio software which does
not provide an external device input interface. In otherwords,
reading the data sent from the inertial navigation sensor with
this software is not available; therefore, thismethod is also not
suitable for our VSFOS.

4.3. Developing Software Using PC SDK. PC SDK (Software
Development Kit) allows end-users to add their own cus-
tomized operator interfaces for the IRC5 controller. Hence,
users can control the manipulator over a network from a
tailored application on a PC. Furthermore, this application
can be developed with any programming language in any
development environment. In our case, we developed a
control software application written in C Sharp language in
Visual Studio compiling environment. This software makes
use of theAPI functions provided by theABBCompany to get

access to the manipulator controller very easily; the proposed
solution is illustrated in Figure 9.

The classes used to access to the manipulator controller
functionality together make up the controller API, in which
there are many functions that can be used to obtain or change
the value of the control variables of the manipulator. A part
of the controller API object model is shown in Figure 10.

Instead of requesting the “write access” in advance, the
control software can send instructions to the manipulator
directly by invoking the API functions, as illustrated in Fig-
ure 10. Having connection with the controller, going through
the “Rapid-Task-Module-Routine-RapidData” route, we can
get access to the “RapidData”. This last one model stores
the information of the control variables of the manipulator.
Hence, we can read the values of the variables to get the real-
time information about the manipulator and send instruc-
tions to control the manipulator by writing new values for
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Figure 11: Connection to the manipulator controller.

the variables. The software interface is very simple and easy to
operate with many integrated functions, making use of which
we can truly realize the real-time control of the manipulator.
Not restricted by the given RobotStudio software, as well
as the programming language, this method is confirmed
to be the best one to ensure the communication with the
manipulator compared to the above two methods.

5. Simulation and Experimental Results

For the sake of validation of the performance of the proposed
solution, two experiments have been carried out, one of
which is a simulation test to demonstrate the network
communication and function of the control software, while
the second one is performed in the laboratory with the real
VSFOS working in 3D space.

5.1. Simulation Scenario: Communication and Function Tests.
In this simulation test, the control software and the Robot-
Studio software are running on the same industrial computer.
The RobotStudio software is used to build the manipulator
model and create a virtual controller for IRB 1600.The default
IP address of the virtual controller is “127.0.0.1”, and for
distinction, we change its system ID to “manipulator-1”. The
control software can be connected to the manipulator by
searching the on-line controllers. Once the virtual controller
is found, the network connection will be established after
confirming the IP address and the system ID.

As shown in Figure 11, when the communication bridge
between the controller and the control software is built up,
the button namewill change from “Connect” to “Connected”.
At the same time, a prompt box will pop up to inform the
user of the connection status. Since the communication is
unblocked, motion instructions can be sent to the controller.
A particular geometrical path for the end-effector of the
manipulator beforehand and the path function is expressed
as follows.

𝑥 = 800 + 200 sin (2𝑡 + 𝜋
2 )

𝑦 = 200 cos (2𝑡 + 𝜋
2 )

(0 ≤ 𝑡 < 100)
(10)

𝑥 = 1000 − 100 (𝑡 − 100)
𝑦 = −10𝑡√3

(100 ≤ 𝑡 < 130)
𝑥 = 700
𝑦 = −100√3 + 10√3𝑡

(130 ≤ 𝑡 < 150)
𝑥 = 700 + 10𝑡
𝑦 = 100√3 − 10√3𝑡

(150 ≤ 𝑡 < 180)
𝑥 = 1000 − 7.5𝑡
𝑦 = −7.5𝑡√3

(180 ≤ 𝑡 < 200)

(11)

𝑥 = 800 + 100 sin (2𝑡 + 5𝜋
6 )

𝑦 = 100 cos(2𝑡 + 5𝜋
6 )

(200 ≤ 𝑡 < 300)
(12)

The corresponding trajectory is illustrated in Figure 12.
In order to get a better observation of the simulation results,
we tracked the actual trajectory of the TCP. This trajectory is
able to be displayed on RobotStudio software in real-time, as
illustrated in Figure 13.

While conducting the simulation test, it can be seen
from the RobotStudio software that the manipulator TCP
moved along the designed path very accurately and quickly.
In addition, the actual end trajectory is quite similar to the
designed one according to Figures 12 and 13. In order to
demonstrate the network communication function of the
control software, further analysis of the control result is
necessary. Since the motion instructions are distributed to
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Figure 12: The designed trajectory of the end-effector.

Figure 13: Trajectory of the TCP of IRB 1600.
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Figure 14: The planned joint angles and the actual joint angles of axis 2 and axis 3.

the joint motors with a series of joint angles, it is intuitive to
compare the planned joint angles to the actual joint angles.
Therefore, we collect the planned joint angles data and the
actual joint angles data which are recorded in the simulation
test. The joint 2 and joint 3 with quick movement in the test

are taken as an example. A time plot of these joint angles is
presented in Figure 14, and the time plot for the tracking error
of the joint angles is displayed in Figure 15.

From Figures 14 and 15, it can be seen that the joint angles
curves of the planned trajectory and the actual one are almost
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Figure 16: Simulation of the underwater salvage.

overlapping and the tracking errors of the joint angles of axis
2 and axis 3 are less than 0.12∘. Therefore, we can conclude
that the manipulator moves in strict accordance with the
planned joint angles; this also means that the generated
instructions have been correctly transmitted to the controller,
which can prove that the network communication is well
working experiment.

5.2. Experiment Scenario: 3D Space Operation Test. Since the
research of underwater docking is becoming a timely research
topic recently, then before we put the manipulator on the
6-DOF parallel platform, we conduct a 3D space operation
test in our laboratory with the current system. This 3D space
operation test is carried out to test the performance of the
hardware equipment of VSFOS while performing the simula-
tion operations of underwater docking. In this test, amarking
pen is installed at the end-effector of the serial manipulator
as an operation tool, and the 6-DOF parallel platform rotates
along its central axis to simulate the underwater vehiclewhich
is disturbed by the current and waiting for docking. In the

end, the marking pen will draw circles in the corresponding
plane to which the 6-DOF parallel platform is moving, as
illustrated in Figure 16. The operational tool is installed on
the mobile vehicle platform. And the operating objective is
a fixed underwater vehicle. Since the INS cannot accurately
measure the linear movements in 3 axes, the underwater sal-
vage scenario is equivalently translated into the experiment
scenario as shown in the right subgraph of Figure 16. The
operational tool, underwater vehicle, and underwater inter-
facing are simulated with ABBmanipulator, 6-DOF platform,
and drawing circles, respectively. The relative movement
situations of simulation scenario are similar to the actual
underwater scenario.

When the 6-DOF parallel platform starts moving, the
inertial navigation sensor measures the attitude change of
the platform, namely, the roll and the pitch angles of the
plane that the 6-DOF parallel platform changed to. Since
the inertial navigation sensor cannot measure the position
change information, we make the central point of the 6-
DOF parallel platform remain unchanged. As a result, we
get the new position and orientation information about the
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Figure 18: Experimental result of the 3D space operation test.

target points of the operation tool of the manipulator. At
the beginning, when the 6-DOF parallel platform stays in
the horizontal plane, the manipulator is designed to follow
the planned circular trajectory. The coordinates of its central
point are denoted by O (a, b, c), and the radius of the planned
circle is R. If we consider a pointM on this circle, the position
coordinates of this point M (X, Y, Z) can be expressed as
follows.

𝑋 = 𝑎 + 𝑅 sin (𝜃)
𝑌 = 𝑏 + 𝑅 cos (𝜃)
𝑍 = 𝑐

(0 ≤ 𝜃 ≤ 2𝜋)
(13)

When the platform rotates JX degrees along its X axis, JY
degrees along its Y axis, and JZ degrees along its Z axis, the
upper surface of the platform changes from the horizontal
plane to plane 1, whose yaw, pitch, and roll angles are JX
degrees, JY degrees, and JZ degrees. Similarly, point M will
change to point M; the position coordinates of point M(X,
Y, Z) are as follows.

𝑋 = 𝑅 cos (𝜃) cos (𝐽𝑌) + 𝑎
𝑌 = 𝑅 sin (𝜃) sin (𝐽𝑋) sin (𝐽𝑌) + 𝑅 cos (𝜃) cos (𝐽𝑋)

+ 𝑏

𝑍 = 𝑅 sin (𝜃) cos (𝐽𝑋) sin (𝐽𝑌) − 𝑅 cos (𝜃) sin (𝐽𝑋)
+ 𝑐

(0 ≤ 𝜃 ≤ 2𝜋)
(14)

From (13) and (14), it is obvious that as long as we get
the position coordinates of the central point and the attitude
change information, we can calculate the corresponding
designed trajectory in plane 1. In this test, considering the
height of the 6-DOF parallel platform, we set the position
coordinates of the central point of the planned circle as
(900mm, 0, 700mm), and the radius is set to 100mm; thus,
the trajectory equations of the TCP in plane 1 are as follows.

𝑋 = 100 cos (𝜃) cos (𝐽𝑌) + 900
𝑌 = 100 (sin (𝜃) sin (𝐽𝑋) sin (𝐽𝑌) + cos (𝜃) cos (𝐽𝑋))
𝑍 = 100 (sin (𝜃) cos (𝐽𝑋) sin (𝐽𝑌) − cos (𝜃) sin (𝐽𝑋))

+ 700
(0 ≤ 𝜃 ≤ 2𝜋)

(15)

By collecting the planned and actual position information
of the TCP, the results are displayed in Figures 17 and 18.
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Figure 19: View of the planned and the actual trajectories of the 3D space operation test.

In the first stage of this experiment, the platform remains
still; thus, the first circle is drawn in the horizontal plane, i.e.,
plane 1. Then, the platform rotates 0 degrees along the X axis
and 34.6 degrees along the Y axis. As a result, themanipulator
adjusts the attitude of the marking pen and draws a circle in
plane 2. In stage 3, the platform is rotated 41 degrees along
the X axis and 0 degrees along the Y axis. And the last circle
is drawn in plane 3, as illustrated in Figure 19.

According to test results in Figure 19, the TCP of the
manipulator moves in a well accordance with the planned
trajectorywhendrawing the circles in 3D space, except for the
moments when the platform changes its attitude suddenly. At
those transient instants, the tracking process is a little delayed.

To take a further analysis of the reasons, we can make use of
the collected joint angles information.

Since the variation range of joint 5 is the biggest one and
joint 1 is the smallest, then, we chose to take the angles of joint
5 and joint 1 as an example; a time plot of these joint angles is
shown in Figure 20, and their tracking errors are illustrated
in Figures 21 and 22.

As presented in Figures 19 and 20, the joint angles of
the actual trajectory are almost overlapped with the planned
trajectory. And the joint angles can be fast and stable track
to complete the entire trajectory. As it can be observed in
Figures 21 and 22, the tracking error in three interim instants
is bigger than the others.
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Tracking error of the joint angles of Joint 5 
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Figure 22: The tracking error of the joint angles of joint 5.

It is worth noting, from these two figures, that at the
instant we change the attitude of the platform, the joint
angles of the planned trajectory change quickly, while the
actual ones are slightly delayed. Concerning the control
cycle of the control software and the velocity of the TCP,
the attitude changing speed of the platform is much faster
than the moving speed of the manipulator. At the moment
when the platform changes its attitude, the inertial navigation
sensor detects that change information; as a result, a new
trajectory in a new plane will be generated. Meanwhile, the
manipulator is still following the orders from the previous
control cycle and moving in the previous plane; therefore,
the joint angles of the planned trajectory are very different
from those of the actual trajectory at this instant. However,
except for these three moments, an average value of the
tracking error of the joint angles is mainly less than 0.7∘,

which is acceptable when taking into account the measuring
errors. The obtained experimental results show clearly that
the proposed equipment hardware of VSFOS is working well
in 3D space manipulation tasks.

6. Conclusion and Future Work

This paper mainly introduces a new virtual submerged float-
ing operational system (VSFOS), which makes it faster and
much sager to conduct underwater operational simulations.
The hardware framework and software structure of VSFOS
are introduced in detail. And two critical questions regarding
the manipulator kinematics and the communication with the
manipulator are highlighted. In the end, two experiments
have been conducted to demonstrate the effectiveness of the
proposed VSFOS.
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The developed control software and the RobotStudio
modeling software are combined together to test the devel-
oped system hardware and software framework. The test
results have shown that the end-effector of the manipulator
can follow the desired trajectory with developed system
framework. An underwater salvage simulation test is then
conducted. The end-effector of the manipulator can move
according to specified trajectory on the mobile operational
interface.

In the future, some follow-up works demand further
research, namely, improving the operational precision and
reducing the response time of VSFOS. Some operational tools
will be designed and installed on the end-effector of the
manipulator to perform difficult subject.
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An observer-based finite-time 𝐿2-𝐿∞ control law is devised for a class of positive Markov jump systems in a complex environment.
The complex environment parameters include bounded uncertainties, unknown nonlinearities, and external disturbances. The
objective is to devise an appropriate observer-based control law thatmakes the corresponding augment error dynamicMarkov jump
systems be positive and finite-time stabilizable and satisfy the given 𝐿2-𝐿∞ disturbance attenuation index. A sufficient condition is
initially established on the existence of the observer-based finite-time controller by using proper stochastic Lyapunov-Krasovskii
functional. The design criteria are presented by means of linear matrix inequalities. Finally, the feasibility and validity of the main
results can be illustrated through a numerical example.

1. Introduction

As a special kind of hybrid systems, Markov jump systems
(MJSs) consist of two kinds of hybrid dynamic forms. One
form is characterized by a discrete state and continuous-time
Markov process, called mode; the other form is described by
state space equations in each mode, called state. This kind
of MJSs was firstly proposed by Krasovskii and Lidskii [1]
in 1960s. Due to the stochastic Markov process, it is always
considered as a special stochastic system. Moreover, MJSs
tend to describe systems in which structures are subjected
to abrupt stochastic variations. Such variations usually come
from sudden failure of connection between system com-
ponents, abrupt environmental changes, or changes in the
operating point of nonlinear dynamics. MJSs are widely used
in many applications, for example, economic systems [2],
power electronic system [3], communication systems [4], and
circuit network systems [5]. Due to the wide applications, the
research of MJSs has been paid much attention in the past
decades. For more details about this issue, we can refer to [6–
15].

On another research front, we notice that in some
dynamic systems there always exist nonnegative character-
istics, such as the number of animals, absolute temperature,
density ofmatter, and the concentration of chemical reactions
[16–18]. To describe these characteristics, we usually use
a positive system to illustrate the nonnegative (positive,
strictly) dynamic behavior of state variables. Positive system
is a special system; the states and the outputs are both nonneg-
ative (positive, strictly) for any nonnegative (positive, strictly)
initial conditions. More recently, the research of positive
system has become a heated topic and many publications
about this issue have been developed; see, for example, [19–
23] and the references therein. However, the main result
in above references only considered that the states of the
systems can be measurable case. It should be noted that
the states always cannot be measurable in some practical
application systems [24–26]. Up to present, the observer-
based finite-time control problem of positive Markov jump
systems (PMJSs) with some complex environment parame-
ters has not been intensively studied, saying nothing of the
simultaneous presence of uncertainties [27–32], unknown
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nonlinearities [21, 33–37], and external disturbances [38–40].
These motivate our research on observer-based finite-time
controller design problem for MJSs.

This paper analyzes the problems of observer-based
finite-time 𝐿2-𝐿∞ control for a class of PMJSs in a com-
plex environment. Compared with existing results related
to Markovian jump systems, the main contributions and
difficulties are addressed as follows.

(i) The main contributions of this paper mainly consist
of three aspects. Firstly, we aim to analyze the stabilizable
problem of a class of PMJSs with some complex environ-
ment parameters. Secondly, we try to design an appropriate
observer-based finite-time 𝐿2-𝐿∞ control law to ensure that
closed-loop Markov jump systems be finite-time stabilizable
when the states of the system cannot be measured. Thirdly,
we attempt to give a sufficient condition to guarantee the
positiveness of the augment error dynamicMJSs andwe essay
to illustrate the validity of the designed method through a
numerical example.

(ii) Different from the existing results in [3, 6, 12, 13], the
main difficulties of the paper are how to design an appropriate
control law for PMJSs in a complex environment with
nonmeasurable states such that the corresponding augment
error dynamic Markov jump systems be positive and finite-
time stabilizable and satisfy the given 𝐿2-𝐿∞ disturbance
attenuation index. It is necessary to point out that the main
results in [3, 6, 12, 13] only considering the states of the
systems can be measurable case.

In this paper, all matrices are assumed with proper
dimensions and all notations are quite standard. The impli-
cation of the symbols is given in Table 1.

2. Preliminaries

2.1. SystemDescription. For a probability spaceΘ𝑠 : (Φ,Λ,∏𝑟)
composed of sample space Φ, algebra of events Λ, and
the probability measure Π𝑟 which is defined on Λ, assume
that the stochastic process {𝑟𝑡, 𝑡 ≥ 0} is a continuous-
time discrete-state Markov stochastic process in a finite set𝑀 = {1, 2, ...,𝑁} over the probability spaceΘ𝑠. The transition
probability matrix∏𝑟 = {∏𝑖𝑗(𝑡), 𝑖, 𝑗 ∈ 𝑀} is defined as

∏
𝑖𝑗

(𝑡) = ∏{𝑟𝑡+Δ𝑡 = 𝑗 | 𝑟𝑡 = 𝑖}

= {{{
𝜋𝑖𝑗Δ𝑡 + 𝑜 (Δ𝑡) , 𝑖 ̸= 𝑗,
1 + 𝜋𝑖𝑖Δ𝑡 + 𝑜 (Δ𝑡) , 𝑖 = 𝑗

(1)

where Δ𝑡 > 0 and limΔ𝑡→0(𝑜(Δ𝑡)/Δ𝑡) → 0; 𝜋𝑖𝑗(𝑡) ≥ 0 is the
transition probability rate from mode 𝑖 at time 𝑡 to mode 𝑗 at
time 𝑡 + Δ𝑡 and satisfies ∑𝑁

𝑗=1,𝑖 ̸=𝑗 𝜋𝑖𝑗 = −𝜋𝑖𝑖.
In this paper, we investigate a class of PMJSs in complex

environments including uncertainties, unknown nonlineari-
ties, and unknown external disturbances. The PMJSs in the
probability space Θ𝑠 are described by

∑
𝑆

:

{{{{{{{{{{{{{{{{{{{{{{{{{{{

�̇� (𝑡) = [𝐴 (𝑟𝑡) + 𝐴Δ (𝑟𝑡, 𝑡)] 𝑥 (𝑡) + [𝐵 (𝑟𝑡) + 𝐵Δ (𝑟𝑡, 𝑡)] 𝑢 (𝑡) + 𝐹1 (𝑟𝑡) 𝑓 (𝑥 (𝑡) , 𝑡) + 𝑊1 (𝑟𝑡) 𝑤 (𝑡)
𝑦 (𝑡) = [𝐶 (𝑟𝑡) + 𝐶Δ (𝑟𝑡, 𝑡)] 𝑥 (𝑡)
𝑚 (𝑡) = [𝑀(𝑟𝑡) +𝑀Δ (𝑟𝑡, 𝑡)] 𝑥 (𝑡) + 𝑊2 (𝑟𝑡) 𝑤 (𝑡)
𝑥 (0) = 𝑥0,
𝑟 (0) = 𝑟0,
𝑡 = 0

(2)

where 𝑥(𝑡) ∈ 𝑅𝑛 denote the state, 𝑚(𝑡) ∈ 𝑅𝑙 denote
the measured output, 𝑦(𝑡) ∈ 𝑅𝑚 denote the controlled
output, 𝑤(𝑡) ∈ 𝐿𝑃2[0, +∞] denote the unknown exter-
nal disturbance, 𝑢(𝑡) ∈ 𝑅𝑞 denote the controlled input,
and 𝑓(𝑥(𝑡), 𝑡) denote the unknown nonlinearities, which
indicate the nonlinear disturbances related to the state.𝑟0 and 𝑥0 are initial mode and initial state, respectively.[𝐴(𝑟𝑖) + 𝐴Δ(𝑟𝑖, 𝑡)] is a mode-dependent Metzler matrix;𝐵(𝑟𝑖), 𝐵Δ(𝑟𝑖, 𝑡), 𝐹(𝑟𝑖), 𝑊1(𝑟𝑖), 𝑊2(𝑟𝑖), 𝐶(𝑟𝑖), 𝐶Δ(𝑟𝑖, 𝑡), 𝑀(𝑟𝑖),
and 𝑀Δ(𝑟𝑖, 𝑡) are mode-dependent positive matrices. For
convenience, we use 𝐴 𝑖, 𝐴Δ𝑖, 𝐵𝑖, 𝐵Δ𝑖, 𝐹1𝑖, 𝑊1𝑖, 𝑊2𝑖, 𝐶𝑖, 𝐶Δ𝑖,𝑀𝑖, and 𝑀Δ𝑖 to denote the relevant parameter matrices
with 𝑟𝑡 = 𝑖. Moreover, the time-varying uncertain matrices
satisfy

[𝐴Δ𝑖 𝐵Δ𝑖 𝐶Δ𝑖 𝑀Δ𝑖] = 𝐿1𝑖Γ𝑖 (𝑡) [𝑁1𝑖 𝑁2𝑖 𝑁3𝑖 𝑁4𝑖] (3)

where Γ𝑖(𝑡) is a mode-dependent Lebesgue normmeasurable
function and satisfies ‖Γ𝑖(𝑡)‖ ≤ 1; 𝐿1𝑖, 𝑁1𝑖, 𝑁2𝑖, 𝑁3𝑖, and 𝑁4𝑖

are known mode-dependent matrices.

Remark 1. In this paper, the uncertain matrices 𝐴Δ𝑖, 𝐵Δ𝑖, 𝐶Δ𝑖,
and𝑀Δ𝑖 in (3) can be considered as admissible conditions. In
actual applications, it is usually impossible directly to get the
accurate mathematical model of realistic dynamics because
of some complex environment including unknown nonlin-
earities, environmental noises, and time-varying parameters
[10, 27]. Thus, the uncertain dynamics existing in PMJSs
(2) reflect the inexactness in mathematical modeling of
such Markov jump systems. Moreover, the mode-dependent
Lebesgue norm measurable function Γ𝑖(𝑡) is selected as a
full row rank matrix and it also can be considered as state-
dependent; that is, Γ𝑖(𝑡) = Γ𝑖(𝑡, 𝑥(𝑡)) if ‖Γ𝑖(𝑡, 𝑥(𝑡))‖ ≤ 1. For
more results of this issue, we refer readers to [30–32].
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Table 1: Symbols throughout this paper.

Symbol Means Symbol Means
𝐴Τ matrix transpose diag {𝐴 𝐵} block-diagonal matrix of 𝐴 and 𝐵𝐴−1 matrix inverse 𝜆min(max)(𝐷) minimum (maximum) eigenvalue of 𝐷‖⋅‖ Euclidean vector norm 0 zero matrix𝐼 unit matrix R𝑛×𝑚 𝑛 × 𝑚 real matrices
R𝑛 𝑛-dimensional Euclidean space 𝐻 ≻ (≺, ⪰, ⪯)0 all elements of the matrix𝐻 are positive (negative, non-negative, non-positive)∗ Symmetric matrix 𝑃 > (<, ≥, ≤)0 positive- (negative, non-negative, non-positive) definite matrix

When the states of PMJSs (2) cannot be available, we can
construct the following state observer and feedback control
law:

Σ𝑠 :
{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

�̇� = 𝐴 𝑖𝑥 (𝑡) + (𝐵𝑖 + 𝐵Δ𝑖) 𝑢 (𝑡) + 𝐸𝑖 [𝑚 (𝑡) − 𝑚 (𝑡)]
𝑚 (𝑡) = 𝑀𝑖𝑥 (𝑡)
𝑢 (𝑡) = 𝐾𝑖𝑥 (𝑡)
𝑦 (𝑡) = 𝐶𝑖𝑥 (𝑡)
𝑥 (0) = 𝑥0,
𝑟 (0) = 𝑟0,
𝑡 = 0

(4)

where 𝑥(𝑡) ∈ 𝑅𝑛 denote the estimated state; 𝑚(𝑡) ∈ 𝑅𝑙 denote
the observer output; 𝑦(𝑡) ∈ 𝑅𝑚 denote the estimation output.𝐸𝑖 and 𝐾𝑖 are observer and control law gains to be devised,
respectively. The state estimated error and the controlled
output error of Σ𝑠 are defined by 𝑒(𝑡) = 𝑥(𝑡) − 𝑥(𝑡) and 𝑧(𝑡) =𝑦(𝑡)−𝑦(𝑡), respectively.Therefore, we have the followingMJSs
by (2) and (4):

�̇� (𝑡) = [(𝐴 𝑖 + 𝐴Δ𝑖) + (𝐵𝑖 + 𝐵Δ𝑖)𝐾𝑖] 𝑥 (𝑡)
− (𝐵𝑖 + 𝐵Δ𝑖)𝐾𝑖𝑒 (𝑡) + 𝐹1𝑖𝑓 (𝑥 (𝑡) , 𝑡)
+ 𝑊1𝑖𝑤 (𝑡)

�̇� (𝑡) = (𝐴Δ𝑖 − 𝐸𝑖𝑀Δ𝑖) 𝑥 (𝑡) + (𝐴 𝑖 − 𝐸𝑖𝑀𝑖) 𝑒 (𝑡)
+ 𝐹1𝑖𝑓 (𝑥 (𝑡) , 𝑡) + (𝑊1𝑖 − 𝐸𝑖𝑊2𝑖)𝑤 (𝑡)

(5)

Letting �̃�(𝑡) = col[𝑥(𝑡) 𝑒(𝑡)], the closed-loop augment
error dynamic MJSs can be represented as

Σ̃𝑠 :
{{{{{{{{{{{{{{{

̇̃𝑥 = (�̃�𝑖 + �̃�Δ𝑖) �̃� (𝑡) + �̃�𝑖𝑓 (�̃� (𝑡) , 𝑡) + �̃�𝑖𝑤 (𝑡)
𝑧 (𝑡) = �̃�𝑖�̃� (𝑡)
�̃� (0) = �̃�0,
𝑡 = 0

(6)

where

�̃�𝑖 = [𝐴 𝑖 + 𝐵𝑖𝐾𝑖 −𝐵𝑖𝐾𝑖0 𝐴 𝑖 − 𝐸𝑖𝑀𝑖

] ,

�̃�Δ𝑖 = [𝐴Δ𝑖 + 𝐵Δ𝑖𝐾𝑖 −𝐵Δ𝑖𝐾𝑖𝐴Δ𝑖 − 𝐸𝑖𝑀Δ𝑖 0 ] ,

�̃�𝑖 = [𝐹1𝑖𝐹1𝑖] ,

�̃�𝑖 = [ 𝑊1𝑖𝑊1𝑖 − 𝐸𝑖𝑊2𝑖

] ,
�̃�𝑖 = [𝐶Δ𝑖 𝐶𝑖] ,

𝑓 (𝑥 (𝑡) , 𝑡) = 𝑓 (�̃� (𝑡) , 𝑡) .

(7)

2.2.MainDefinitions, Lemmas, andAssumptions. Thefollow-
ingmain definitions, lemmas, and assumptions are important
for analyzing and giving the main results of the paper.

Definition 2. For given constants 𝑇 > 0 and 𝜇1 > 0, the
augment error dynamic MJSs (6) are finite-time stabilizable
(FTS) with regard to (𝜇1, 𝜇2, 𝑇, 𝑅), if there exist constants𝑢2 > 𝑢1 > 0 and positive-definite matrix 𝑅 > 0, such that

Ε {�̃�Τ (𝑡) 𝑅�̃� (𝑡)} < 𝜇2,
∀𝑡 ∈ [0 𝑇] , if �̃�Τ (0) 𝑅�̃� (0) ≤ 𝜇1.

(8)

Definition 3. For given constants 𝑇 > 0 and 𝜇1 > 0, Σ𝑠 is said
to be the finite-time 𝐿2-𝐿∞ observer-based state feedback
control law of MJSs (6) under the zero initial condition, if
the augment error dynamic MJSs (6) are FTS with regard to(𝜇1, 𝜇2, 𝑇, 𝑅) and satisfy

Ε {‖𝑧 (𝑡)‖2∞} − 𝛿2 ‖𝑤 (𝑡)‖22 < 0 (9)

where 𝑑 > 0, 𝛿 > 0, Ε{‖𝑧(𝑡)‖2∞} = 𝐸 {sup𝑡∈[ 0 𝑇][𝑧(𝑡)Τ𝑧(𝑡)]},
and ‖𝑤(𝑡)‖22 = ∫𝑇

0
𝑤(𝑡)Τ𝑤(𝑡)𝑑𝑡.
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Definition 4. The weak infinitesimal operator of stochastic
Lyapunov-Krasovskii functional (SLKF) 𝑉[�̃�(𝑡), 𝑖, 𝑡 > 0] is
defined as

I𝑉 [�̃� (𝑡) , 𝑖, 𝑡]
= lim

Δ𝑡→0

1Δ𝑡 [𝐸 {𝑉 [�̃� (𝑡 + Δ𝑡) , 𝑟(𝑡+Δ𝑡), 𝑡 + Δ𝑡] | �̃� (𝑡) ,
𝑟𝑡} − 𝑉 [�̃� (𝑡) , 𝑟𝑡, 𝑡]]. = 𝜕𝜕𝑡𝑉 [�̃� (𝑡) , 𝑖, 𝑡] + 𝜕𝜕�̃�
⋅ 𝑉 [�̃� (𝑡) , 𝑖, 𝑡] ̇̃𝑥 (𝑡) + 𝑁∑

𝑗=1

𝜋𝑖𝑗𝑉 [�̃� (𝑡) , 𝑗, 𝑡]

(10)

Definition 5. MJSs (2) are positive, if, for the initial conditions𝑥0 > 0 and 𝑟0 > 0 and the controlled input 𝑢(𝑡) > 0, the
relevant trajectories of Σ𝑠 satisfy 𝑥(𝑡) > 0 and 𝑦(𝑡) > 0, ∀𝑡 >0.
Lemma 6 (see [41]). 𝐴 𝑖 +𝐴Δ𝑖 is said to be aMetzler matrix, if
there exists a mode-dependent constant 𝜀𝑖 satisfying𝐴 𝑖 +𝐴Δ𝑖 +𝜀𝑖𝐼 ⪰ 0, where 𝐴 𝑖 + 𝐴Δ𝑖 is a real square matrix.

Lemma 7 (see [41]). MJSs (2) are said to be positive if and only
if𝐴 𝑖 +𝐴Δ𝑖 is a Metzler matrix and 𝐵𝑖 +𝐵Δ𝑖 ⪰ 0, 𝐹𝑖 ⪰ 0, 𝑊1𝑖 ⪰0, 𝐶𝑖 + 𝐶Δ𝑖 ⪰ 0, 𝑀𝑖 +𝑀Δ𝑖 ⪰ 0, and 𝑊2𝑖 ⪰ 0.
Lemma 8 (see [30]). Suppose that 𝐿 𝑖 and 𝑁𝑖 are mode-
dependent real matrices and Γ𝑖(𝑡) is a mode-dependent
Lebesgue norm measurable function and satisfies ‖Γ𝑖(𝑡)‖ ≤ 1.
There exists a mode-dependent constant 𝛼𝑖 > 0, satisfying

𝐿 𝑖Γ𝑖 (𝑡)𝑁𝑖 + [𝐿 𝑖Γ𝑖 (𝑡)𝑁𝑖]Τ < 𝛼−1𝑖 𝐿 𝑖𝐿Τ𝑖 + 𝛼𝑖𝑁Τ
𝑖 𝑁𝑖. (11)

Lemma 9 (see [30]). Suppose that 𝐹𝑖 and 𝐸𝑖 are mode-
dependent real matrices. There exists a positive-definite matrix𝑀 and a mode-dependent constant 𝛽𝑖 > 0, satisfying

𝐹Τ𝑖 𝐸𝑖 + 𝐸Τ𝑖 𝐹𝑖 ≤ 𝛽𝑖𝐹Τ𝑖 𝑀𝐹𝑖 + 𝛽−1𝐸Τ𝑖 𝑀−1𝐸𝑖. (12)

Assumption 10. The mode-dependent nonlinear function𝑓(𝑥(𝑡), 𝑡) satisfies the following Lipschitz condition:
𝑓 (𝑥 (𝑡) , 𝑡) ≤ 𝐺 𝑥 (𝑡) (13)

where 𝐺 is a real matrix with proper dimension.

Assumption 11. For given constant 𝑑 > 0, 𝑤(𝑡) is energy-
bounded and satisfies

∫Τ
0
𝑤Τ (𝑡) 𝑤 (𝑡) 𝑑𝑡 ≤ 𝑑. (14)

Remark 12. Assumption 10 guarantees that we can use lin-
earization method to study the nonlinear systems by means
of linear matrix inequalities [3, 5, 11]. In the design of
observer-based finite-time 𝐿2-𝐿∞ control law, Assumption 11
is given to assume that the unknown external disturbance
is to be an arbitrary deterministic signal of bounded energy
[20, 24, 27].

3. Main Results

3.1. FTS Analysis. In this subsection, the FTS analysis for the
augment error dynamic MJSs (6) will be considered. Based
on the SLKF approach and LMIs techniques, a sufficient
condition of FTS will be given in Theorem 13.

Theorem 13. For given constants 𝑇 > 0, 𝜇1 > 0, 𝛾 > 0,
and 𝑑 > 0, the augment error dynamic MJSs (6) are FTS
with regard to (𝜇1, 𝜇2, 𝑇, 𝑅, 𝛾), where 𝜇2 > 𝜇1 > 0 and𝑅 > 0, if there exists a set of mode-dependent positive-definite
symmetric matrix �̃�𝑖 ∈ 𝑅𝑛×𝑛, positive-definite symmetric
matrix 𝑅 > 0, matrix 𝐺 ∈ R𝑛×𝑛, a set of mode-dependent
constant 𝛽𝑖 > 0, and constant 𝛾 > 0, such that

[[[
[

𝜗1 − 𝛾�̃�𝑖 �̃�𝑖�̃�𝑖 �̃�𝑖�̃�𝑖∗ −𝐼 0
∗ ∗ −𝛽𝑖𝐼

]]]
]
< 0 (15)

𝑒𝛾Τ [𝜆1𝑢1 + (𝑑/𝑟) (1 − 𝑒−𝛾Τ)]𝜆2 < 𝑢2 (16)

where 𝜗1 = (�̃�𝑖 + �̃�Δ𝑖)Τ�̃�𝑖+�̃�𝑖(𝐴 𝑖+𝐴Δ𝑖)+𝛽𝑖𝐺Τ𝐺+∑𝑁
𝑗=1 𝜋𝑖𝑗�̃�𝑗,𝜆1 = max𝑟∈𝑀 𝜆max[𝑃𝑖], 𝜆2 = min𝑟∈𝑀 𝜆min[𝑃𝑖], and 𝑃𝑖 =𝑅−1/2�̃�𝑖𝑅−1/2.

Proof. See Appendix A.

3.2. Finite-Time 𝐿2-𝐿∞ Disturbance Attenuation Index Anal-
ysis. Theorem 13 gives a sufficient condition of FTS for
augment error dynamic MJSs (6). Recalling Definition 3, we
will give the following Theorem 14 to analyze the observer-
based finite-time 𝐿2-𝐿∞ control law design.

Theorem 14. For given constants 𝑇 > 0, 𝜇1 > 0, 𝛾 >0, and 𝑑 > 0, the augment error dynamic MJSs (6) are
FTS with regard to (𝜇1, 𝜇2, 𝑇, 𝑅, 𝛾), where 𝜇2 > 𝜇1 > 0
and satisfy the given 𝐿2-𝐿∞ disturbance rejection disturbance
attenuation index (10), if there exists a set of mode-dependent
positive-definite symmetric matrix 𝑃𝑖 ∈ 𝑅𝑛×𝑛, positive-definite
symmetric matrix 𝑅 > 0, matrix 𝐺 ∈ R𝑛×𝑛, a set of mode-
dependent constant 𝛽𝑖 > 0, and constant 𝛾 > 0, such that
inequalities (15)-(16) and the following relation hold:

[
[
�̃�𝑖 �̃�Τ𝑖
∗ 𝛿2𝐼]]

> 0. (17)

Proof. See Appendix B.

3.3. Positiveness and Observer-Based Control Law Gain Solu-
tion. Recalling Definition 5, following sufficient condition
will be given to ensure the positiveness of the augment error
dynamicMJSs (6) inTheorem 15. It should be noted that there
exist some time-varying uncertain matrices in Theorem 13.
Therefore, it is difficult to obtain the observer gain 𝐸𝑖 and the
control law gain 𝐾𝑖 from matrix inequalities (15)–(17). It is
necessary for us to convert the nonlinear matrix inequalities



Complexity 5

(15)–(17) into the solvable inequalities, which can be directly
solved by Matlab LMI toolbox.

Theorem 15. For given constants 𝑇 > 0, 𝜇1 > 0, 𝛾 >0, and 𝑑 > 0, there exists a finite-time 𝐿2-𝐿∞ observer-
based control law with 𝐾𝑖 = 𝑆𝑖𝑉−1

𝑖 and 𝐸𝑖 = 𝑈𝑖𝑀Τ
𝑖 and

the augment error dynamic MJSs (6) are positive and FTS
and satisfy the given 𝐿2-𝐿∞ disturbance rejection disturbance
attenuation index (9) with regard to (𝜇1, 𝜇2, 𝑇, 𝑅, 𝛾), where𝜇2 > 𝜇1 > 0, if there exists a set of mode-dependent
positive-definite symmetric matrix 𝑈𝑖 ∈ 𝑅𝑛×𝑛, positive-definite
symmetric matrix 𝑅 > 0, a set of mode-dependent matrices𝑆𝑖 ∈ 𝑅𝑝×𝑛 and 𝑄1𝑖 ∈ 𝑅1×𝑛, a set of mode-dependent constants𝛼1𝑖 > 0, 𝛼2𝑖 > 0, 𝛼3𝑖 > 0, 𝛼4𝑖 > 0, 𝛽𝑖 > 0, 𝜀𝑖 > 0, and 𝜐𝑖 > 0,
and constants 𝜇2 > 0, 𝛿 > 0, 𝜆1 > 0, and 𝜆2 > 0 𝛾 > 0, such
that

[∐11 ∐22∗ ∐22

] < 0 (18)

[[[[[[[[[
[

−𝑈𝑖 0 0 𝑈𝑖𝑁Τ
3𝑖 0

∗ −𝑈𝑖 −𝐶Τ𝑖 0 0
∗ ∗ −𝛿2𝐼 0 𝐿1𝑖
∗ ∗ ∗ −𝛼−14𝑖 0
∗ ∗ ∗ ∗ 𝛼4𝑖

]]]]]]]]]
]

< 0 (19)

[𝑑 (1 − 𝑒−𝛾Τ) − 𝛾𝜆2𝜇2𝑒−𝛾Τ √𝛾𝜇1
√𝛾𝜇1 −𝜆1 ] < 0 (20)

𝜆2𝑅−1𝑖 < 𝑈𝑖 < 𝑅−1𝑖 (21)

𝐴 𝑖𝑈𝑖 + 𝐵𝑖𝑆𝑖 + 𝜀𝑖𝐼 ⪰ 0 (22)

𝐴 𝑖 − 𝐸𝑖𝑀𝑖 + 𝜐𝑖𝐼 ⪰ 0 (23)

𝐵𝑖𝑆𝑖 ⪯ 0 (24)

𝑊1𝑖𝑈𝑖 −𝑀Τ
𝑖 𝑊2𝑖𝑈𝑖 ⪰ 0 (25)

where

∐
11

=
[[[[[[[[
[

𝜃1 𝜃2 𝜃3 𝜃4 𝜃5∗ 𝜃6 𝜃7 𝜃8 𝜃9∗ ∗ 𝜃10 𝜃11 𝜃12∗ ∗ ∗ 𝜃13 𝜃14∗ ∗ ∗ ∗ 𝜃15

]]]]]]]]
]
,

∐
12

=
[[[[[[[[
[

𝜑1 𝜑2 𝜑3 𝜑4 0
0 0 𝜑7 0 𝜑90 0 0 0 0
0 0 0 0 0
0 0 0 0 0

]]]]]]]]
]
,

𝜃5 = 𝜃11 = 𝜃12 = 𝜃14 = 0,
∐
22

= diag {−𝛽−1𝑖 𝐼 −𝛼−12𝑖 𝐼 −𝛼−11𝑖 𝐼 −𝛼−13𝑖 𝐼 −𝛼3𝑖𝐼} ,

𝜃1 = 𝐴 𝑖𝑈𝑖 + 𝑈𝑖𝐴Τ
𝑖 + 𝐵𝑖𝑆𝑖 + 𝑆Τ𝑖 𝐵Τ𝑖 + (𝜋𝑖𝑖 − 𝛾)𝑈𝑖

+ 𝛼−11𝑖 𝐿1𝑖𝐿Τ1𝑖,
𝜃2 = −𝐵𝑖𝑆𝑖,
𝜃3 = 𝑊1𝑖𝑈𝑖,
𝜃4 = 𝐹1𝑖𝑈𝑖,
𝜃6 = 𝐴 𝑖𝑈𝑖 + 𝑈𝑖𝐴Τ

𝑖 + (𝜋𝑖𝑖 − 𝛾)𝑈𝑖 + 𝛼−12𝑖 𝐿1𝑖𝐿Τ1𝑖,𝜃7 = 𝑊1𝑖𝑈𝑖 −𝑀Τ
𝑖 𝑊2𝑖𝑈𝑖,

𝜃8 = 𝐹1𝑖𝑈𝑖,
𝜃9 = 𝑈𝑖𝑀Τ

𝑖 ,
𝜃10 = −𝐼,
𝜃13 = −𝛽𝑖𝐼,
𝜃15 = −2𝐼,
𝜑1 = 𝑈𝑖𝐺Τ

𝑖 ,
𝜑2 = 𝑈𝑖𝑁Τ

1𝑖,
𝜑3 = 𝑈𝑖𝑁Τ

1𝑖 + 𝑆Τ𝑖 𝑁Τ
2𝑖,

𝜑4 = 𝑈𝑖𝑁Τ
4𝑖,

𝜑5 = −𝑆Τ𝑖 𝑁Τ
2𝑖,

𝜑6 = 𝑄1𝑖.
(26)

Proof. See Appendix C.

Corollary 16. The sufficient conditions to design the stochastic
finite-time 𝐿2-𝐿∞ observer-based control law for a class
of PMJSs in complex environments have been presented in
Theorems 13–15. Considering that the coupling inequalities
(18)–(25) are related to 𝑈𝑖, 𝑆𝑖, 𝛼1𝑖, 𝛼2𝑖, 𝛼3𝑖, 𝛼4𝑖, 𝛽𝑖, 𝜇1, 𝜇2, 𝑇,𝑑, 𝛾, and �̃� = 𝛿√𝑒𝛾𝑇, we have the optimization algorithm by
setting �̃� as an optimization variable value:

min
𝑈𝑖 ,𝑆𝑖,𝛼1𝑖,𝛼2𝑖,𝛼3𝑖,𝛼4𝑖,𝛽𝑖,𝜇1,𝜇2,𝛿,𝑇,𝑑,𝛾

�̃�
s.t. inequalities (18) – (25) . (27)

Remark 17. It should be pointed out that the optimization
algorithm (27) is given to solve the unknown matrices and
parameters through Matlab LMI toolbox. Recalling inequal-
ity (20), it is known that all of the parameters in 𝑑(1 − 𝑒−𝛾𝑇) −𝛾𝜆2𝜇2𝑒−𝛾𝑇 are linear and also can be solved through Matlab
LMI toolbox by setting 𝜇2 as an unknown parameter. Consid-
ering 𝐿2-𝐿∞ disturbance attenuation index in Definition 3,
we select �̃� = 𝛿√𝑒𝛾𝑇 as an optimization variable value in
optimization algorithm (27).
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Remark 18. For PMJSs (2) in complex environments without
uncertainties in probability space Θ𝑠, we have the following

dynamic systems:

Σ𝑠

{{{{{{{{{{{{{{{{{{{{{{{{{{{

�̇� (𝑡) = 𝐴 (𝑟𝑡) 𝑥 (𝑡) + 𝐵 (𝑟𝑡) 𝑢 (𝑡) + 𝐹1 (𝑟𝑡) 𝑓 (𝑥 (𝑡) , 𝑡) + 𝑊1 (𝑟𝑡)𝑤 (𝑡)
𝑦 (𝑡) = 𝐶 (𝑟𝑡) 𝑥 (𝑡)
𝑚 (𝑡) = 𝑀 (𝑟𝑡) 𝑥 (𝑡) + 𝑊2 (𝑟𝑡)𝑤 (𝑡)
𝑥 (0) = 𝑥0,
𝑟 (0) = 𝑟0,
𝑡 = 0.

(28)

The state observer and feedback control law for PMJSs (28)
can be designed as

Σ𝑠 :

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{

�̇� = 𝐴 𝑖𝑥 (𝑡) + 𝐵𝑖𝑢 (𝑡) + 𝐸𝑖 [𝑚 (𝑡) − 𝑚 (𝑡)]
𝑚 (𝑡) = 𝑀𝑖𝑥 (𝑡)
𝑢 (𝑡) = 𝐾𝑖𝑥 (𝑡)
𝑦 (𝑡) = 𝐶𝑖𝑥 (𝑡)
𝑥 (0) = 𝑥0,
𝑟 (0) = 𝑟0,
𝑡 = 0

(29)

Letting �̃�(𝑡) = col[𝑥(𝑡) 𝑒(𝑡)], we can obtain the following
closed-loop augment error dynamic MJSs:

Σ̃𝑠 :
{{{{{{{{{{{{{{{

̇̃𝑥 = �̃�𝑖�̃� (𝑡) + �̃�𝑖𝑓 (�̃� (𝑡) , 𝑡) + �̃�𝑖𝑤 (𝑡)
𝑧 (𝑡) = 𝐶𝑖�̃� (𝑡)
�̃� (0) = �̃�0,
𝑡 = 0

(30)

where

�̃�𝑖 = [𝐴 𝑖 + 𝐵𝑖𝐾𝑖 −𝐵𝑖𝐾𝑖0 𝐴 𝑖 − 𝐸𝑖𝑀𝑖

] ,

�̃�𝑖 = [𝐹1𝑖𝐹1𝑖] ,

�̃�𝑖 = [ 𝑊1𝑖𝑊1𝑖 − 𝐸𝑖𝑊2𝑖

] ,
�̃�𝑖 = [0 𝐶𝑖] ,

𝑓 (𝑥 (𝑡) , 𝑡) = 𝑓 (�̃� (𝑡) , 𝑡) .

(31)

The main results in Theorem 15 will reduce to the
following Corollary 19.

Corollary 19. For given constants 𝑇 > 0, 𝜇1 > 0, 𝛾 > 0, and𝑑 > 0, there exists a finite-time 𝐿2-𝐿∞ observer-based control
law with 𝐾𝑖 = 𝑆𝑖𝑉−1

𝑖 and 𝐸𝑖 = 𝑈𝑖𝑀Τ
𝑖 and the augment error

dynamic MJSs (29) are positive and FTS and satisfy the given𝐿2-𝐿∞ disturbance rejection disturbance attenuation index
(10) with regard to (𝜇1, 𝜇2, 𝑇, 𝑅, 𝛾), where 𝜇2 > 𝜇1 > 0 and𝑅 > 0, if there exists a set of mode-dependent positive-definite
symmetric matrices𝑈𝑖 ∈ 𝑅𝑛×𝑛, a set of mode-dependent matrix𝑆𝑖 ∈ 𝑅𝑝×𝑛, matrix 𝐺 ∈ 𝑅𝑙×𝑛, a set of mode-dependent constants𝜐𝑖 > 0 and 𝜀𝑖 > 0, and constants 𝜇2 > 0, 𝛿 > 0, 𝜆1 > 0,
and 𝜆2 > 0, 𝛾 > 0, such that inequalities (20)–(25) and the
following relations hold:

[[[[[[[[[
[

]1 −𝐵𝑖𝑆𝑖 𝑊𝑖𝑈𝑖 𝐹1𝑖𝑈𝑖 0 𝑈𝑖𝐺Τ
𝑖

∗ ]2 ]3 𝐹1𝑖𝑈𝑖 𝑈𝑖𝑀Τ
𝑖 0

∗ ∗ ∗ −𝐼 0 0
∗ ∗ ∗ ∗ −2𝐼 0
∗ ∗ ∗ ∗ ∗ −𝛽−1𝑖 𝐼

]]]]]]]]]
]

< 0 (32)

[[[
[

−𝑈𝑖 0 0
∗ −𝑈𝑖 −𝐶Τ𝑖
∗ ∗ −𝛿2𝐼

]]]
]
< 0 (33)

where ]1 = 𝐴 𝑖𝑈𝑖 + 𝑈𝑖𝐴Τ
𝑖 + 𝐵𝑖𝑆𝑖 + 𝑆Τ𝑖 𝐵Τ𝑖 + (𝜋𝑖𝑖 − 𝛾)𝑈𝑖, ]2 =𝐴 𝑖𝑈𝑖 + 𝑈𝑖𝐴Τ

𝑖 + (𝜋𝑖𝑖 − 𝛾)𝑈𝑖, and ]3 = 𝑊1𝑖𝑈𝑖 −𝑀Τ
𝑖 𝑊2𝑖𝑈𝑖.

4. A Numerical Example

Consider a class of PMJSs with two modes described as
follows.
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Mode 1.

𝐴1 = [−20 1
7 −5] ,

𝐵1 = [12] ,
𝐶1 = [0.7 0.5] ,
𝐿11 = [0.20.3] ,
𝑊11 = [0.1] ,𝑊21 = [0.03] ,
𝐹11 = [0.2] ,
𝑀1 = [1] ,
𝐺1 = [0.2 0.3] ,
𝑁11 = [0.4 0.06] ,
𝑁21 = [0.5] ,
𝑁31 = [0.01 0.03] ,
𝑁41 = [0.2 0.4] ,
𝛼11 = 0.4,
𝛼21 = 0.2,
𝛼31 = 0.3,
𝛼41 = 0.1,
𝛽1 = 1;

(34)

Mode 2.

𝐴2 = [−18 2
6 −7] ,

𝐵2 = [21] ,
𝐶2 = [0.05 0.07] ,
𝐿12 = [0.40.1] ,
𝑊12 = [0.02] ,
𝑊22 = [0.05] ,
𝐹12 = [0.04] ,
𝑀2 = [2] ,
𝐺2 = [0.04 0.03] ,
𝑁12 = [0.1 0.4] ,
𝑁22 = [0.4] ,
𝑁32 = [0.07 0.04] ,
𝑁42 = [0.8 0.6] ,
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Figure 1: The plot of the jumping modes.
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Figure 2: The trajectories of the real state 𝑥(𝑡) in open-loop case.

𝛼12 = 0.5,
𝛼22 = 0.1,
𝛼32 = 0.2,
𝛼42 = 0.4,
𝛽2 = 2.

(35)

The values of the relevant parameters are given as 𝛾 =0.01, 𝑇 = 2, 𝜆1 = 1.1, 𝜆2 = 0.6228, 𝜇1 = 30, 𝛿 = 2, and𝑑 = 5. The mode of PMJSs (2) is converted according to the
following Markov chain conversion rate matrix: [ 𝜋11 𝜋12𝜋21 𝜋22 ] =[ −2 2
1 −1 ] and we select the unknown nonlinear function as𝑓(𝑥(𝑡), 𝑡) = 0.6/(1 + 2𝑥2(𝑡)).
Solving LMIs (18)–(25) in Theorem 15, we can get the

observer and the control law gain as 𝐸1 = [ −1.2258 −2.4435−2.4516 −4.8871 ],𝐸2 = [ −7.8209 −4.8137−3.9104 −2.4068 ], 𝐾1 = [−1.1075 − 2.0864], and 𝐾2 =[−1.0552 − 1.8873] with 𝜇2 = 37.254.
The jumping modes, the response of the real states, the

estimated state 𝑥(𝑡), the estimated error 𝑒(𝑡), the evolution�̃�Τ(𝑡)𝑅�̃�(𝑡), and the controlled output error 𝑧(𝑡) are shown
in Figures 1–6.
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Figure 3: The trajectories of the real states and the observer states.
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Figure 4: The trajectories of the state estimate errors 𝑒(𝑡).

Figure 2 gives the real state trajectory in open case and it
shows that the open-loop PMJSs are unstable. The responses
of the real state and the observer state are depicted in Figure 3.
Figure 4 shows the state estimated error 𝑒(𝑡) and Figure 5
shows the state trajectory �̃�Τ(𝑡)𝑅�̃�(𝑡) of the closed-loopMJSs.
From Figure 5, we know that the designed observer-based
control law can ensure that the closed-loop MJSs are FTS in
the given finite-time interval. Obviously, it can be seen from
Figure 6 that the controlled output error of the closed-loop
MJSs is positive and FTS.

5. Conclusions

In this paper, we studied the observer-based finite-time 𝐿2-𝐿∞ control law design problem of a class of PMJSs in a
complex environment. Based on the designed SLKFmethods
and LMIs technique, sufficient conditions on the existence of
the observer-based finite-time 𝐿2-𝐿∞ control law are pro-
posed and proven. The designed finite-time 𝐿2-𝐿∞ control
law makes the closed-loop augment error dynamic MJSs
be positive and FTS and satisfy the given induced 𝐿2-𝐿∞
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Figure 5: The evolution �̃�Τ(𝑡)𝑅�̃�(𝑡) for 𝑒(𝑡) and 𝑥(𝑡).
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Figure 6: The trajectories of the controlled output errors 𝑧(𝑡).

disturbance attenuation index. A numerical example was
delivered to demonstrate the contribution of themain results.

Appendix

A. Proof of Theorem 13

Proof. We select a SLKF candidate as 𝑉[�̃�(𝑡), 𝑖, 𝑡] =�̃�Τ(𝑡)�̃�𝑖�̃�(𝑡). Recalling Definition 2 and along the trajectories
of the augment error dynamic MJSs (6), the weak infinitesi-
mal operator of 𝑉[�̃�(𝑡), 𝑖, 𝑡] can be written as

I𝑉 [�̃� (𝑡) , 𝑖, 𝑡]
= lim

Δ𝑡→0

1Δ𝑡 [Ε {𝑉 [�̃� (𝑡 + Δ𝑡) , 𝑟(𝑡+Δ𝑡), 𝑡 + Δ𝑡] | �̃� (𝑡) ,
𝑟𝑡} − 𝑉 [�̃� (𝑡) , 𝑟𝑡, 𝑡]] = 𝜕𝜕𝑡𝑉 [�̃� (𝑡) , 𝑖, 𝑡] + 𝜕𝜕�̃� (𝑡)
⋅ 𝑉 [�̃� (𝑡) , 𝑖, 𝑡] ⋅ ̇̃𝑥 (𝑡) + 𝑁∑

𝑗=1

𝜋𝑖𝑗𝑉 [�̃� (𝑡) , 𝑗, 𝑡]

= �̃�T (𝑡) [
[
(�̃�𝑖 + �̃�Δ𝑖)T �̃�𝑖 + �̃�𝑖 (𝐴 𝑖 + 𝐴Δ𝑖)

+ 𝑁∑
𝑗=1

𝜋𝑖𝑗�̃�𝑗]]
�̃� (𝑡) + �̃�T (𝑡) �̃�𝑖�̃�𝑖𝑓 (𝑥 (𝑡) , 𝑡)

+ 𝑓T (𝑥 (𝑡) , 𝑡) 𝐹T
𝑖 �̃�𝑖�̃� (𝑡) + �̃�T (𝑡) �̃�𝑖�̃�𝑖𝑤 (𝑡)

+ 𝑤T (𝑡) �̃�T
𝑖 �̃�𝑖�̃� (𝑡) .

(A.1)

According to Lemma 9 and Assumption 10, we know that
there exists a set of mode-dependent constant 𝛽𝑖 > 0 and
matrix 𝐺 with proper dimension such that

𝑓Τ (�̃� (𝑡) , 𝑡) 𝐹𝑖Τ𝑃𝑖�̃� (𝑡) + �̃�Τ (𝑡) 𝑃𝑖�̃�𝑖𝑓 (�̃� (𝑡) , 𝑡)
≤ 𝛽𝑖𝑓Τ (�̃� (𝑡) , 𝑡) 𝑓 (�̃� (𝑡) , 𝑡)
+ 𝛽−1𝑖 �̃�Τ (𝑡) 𝑃𝑖�̃�𝑖�̃�T

𝑖 𝑃𝑖�̃� (𝑡)
≤ 𝛽𝑖�̃�Τ (𝑡) 𝐺Τ𝐺�̃� (𝑡) + 𝛽𝑖−1�̃�Τ (𝑡) 𝑃𝑖�̃�𝑖�̃�T

𝑖 𝑃𝑖�̃� (𝑡)
(A.2)

By considering Schur complement lemma and substitut-
ing inequality (A.2) into equality (A.1), we can get

I𝑉 [�̃� (𝑡) , 𝑖, 𝑡] = �̃�Τ (𝑡) Ξ1�̃� (𝑡) (A.3)
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where

�̃� (𝑡) = col [�̃� (𝑡) 𝑤 (𝑡)] ,
𝜗1 = (�̃�𝑖 + �̃�Δ𝑖)Τ 𝑃𝑖 + 𝑃𝑖 (𝐴 𝑖 + 𝐴Δ𝑖) + 𝛽𝑖𝐺Τ𝐺

+ 𝑁∑
𝑗=1

𝜋𝑖𝑗�̃�𝑗,

Ξ1 = [[[
[

𝜗1 �̃�𝑖�̃�𝑖 �̃�𝑖�̃�𝑖∗ 0 0
∗ ∗ −𝛽𝑖𝐼

]]]
]
.

(A.4)

Considering Definition 2, we introduce the following
inequality:

Ε {I𝑉 [�̃� (𝑡) , 𝑖, 𝑡]} < 𝛾𝐸 [𝑉 [�̃� (𝑡) , 𝑖, 𝑡]]
+ 𝑤 (𝑡)Τ𝑤 (𝑡) (A.5)

Thus, inequality (A.5) can be obtained by inequality (15).
Multiplying inequality (A.5) by 𝑒−𝛾𝑡 and integrating

inequality (A.5) from 0 to 𝑡, we can obtain

𝑒−𝛾𝑡Ε [𝑉 [�̃� (𝑡) , 𝑖, 𝑡]] − Ε [𝑉 [�̃� (0) , 𝑟0, 0]]
< ∫𝑡

0
𝑒−𝛾𝑡𝑤Τ (𝑡) 𝑤 (𝑡) 𝑑𝑡. (A.6)

If we define 𝑃𝑖 = 𝑅−1/2�̃�𝑖𝑅−1/2, 𝜆1 = max𝑟∈𝑀 𝜆max[𝑃𝑖],
and 𝜆2 = min𝑟∈𝑀 𝜆min[𝑃𝑖], we have the following inequality
by 𝛾 > 0 and 0 < 𝑡 < 𝑇:

Ε {𝑉 [�̃� (𝑡) , 𝑖, 𝑡]} = Ε {�̃�Τ (𝑡) �̃�𝑖�̃� (𝑡)}
< 𝑒𝛾𝑡Ε {𝑉 [�̃�0, 𝑟0, 0]}
+ 𝑒𝛾𝑡𝑑∫𝑡

0
𝑒−𝛾𝜏𝑑𝜏

< 𝑒𝛾𝑡 [�̃�0Τ�̃�𝑖�̃�0 + 𝑑𝛾 (1 − 𝑒−𝛾𝑡)]
< 𝑒𝛾𝑡 [𝜆1𝜇1 + 𝑑𝛾 (1 − 𝑒−𝛾𝑡)]
≤ 𝑒𝛾𝑇 [𝜆1𝜇1 + 𝑑𝛾 (1 − 𝑒−𝛾𝑇)]

(A.7)

Considering that

Ε {𝑉 [�̃� (𝑡) , 𝑖, 𝑡]} = Ε {�̃�Τ (𝑡) �̃�𝑖�̃� (𝑡)}
≥ Ε {𝜆2�̃�Τ (𝑡) 𝑅�̃� (𝑡) ]} (A.8)

we have

Ε {𝜆2�̃�Τ (𝑡) 𝑅�̃� (𝑡)} < 𝑒𝛾𝑇 [𝜆1𝜇1 + 𝑑𝛾 (1 − 𝑒−𝛾𝑇)] (A.9)

which is equivalent to

Ε {�̃�Τ (𝑡) 𝑅�̃� (𝑡)} < 𝑒𝛾𝑇 [𝜆1𝜇1 + (𝑑/𝛾) (1 − 𝑒−𝛾𝑇)]𝜆2 . (A.10)

Therefore, Ε{�̃�Τ(𝑡)𝑅�̃�(𝑡)} < 𝜇2, ∀𝑡 ∈ [0 𝑇] can be
ensured through inequality (16); that is, the augment error
dynamic MJSs (6) are FTSwith regard to (𝜇1, 𝜇2, 𝑇, 𝑅, 𝛾).This
completes the proof.

B. Proof of Theorem 14

Proof. Weselect the same SLKF asTheorem 13. From inequal-
ity (A.6), we have

Ε [𝑉 [�̃� (𝑡) , 𝑖, 𝑡]] < 𝑒𝛾𝑡 ∫𝑡
0
𝑒−𝛾𝑡𝑤Τ (𝑡) 𝑤 (𝑡) 𝑑𝑡

+ 𝑒𝛾𝑡Ε [𝑉 [�̃� (0) , 𝑟0, 0]] .
(B.1)

Under the zero initial condition, inequality (B.1) can be
rewritten:

Ε {�̃�Τ (𝑡) �̃��̃�𝑖 (𝑡)} < 𝑒𝛾𝑡 ∫𝑡

0
𝑒−𝛾𝑡𝑤Τ (𝑡) 𝑤 (𝑡) 𝑑𝑡

< 𝑒𝛾𝑇 ∫𝑇

0
𝑒−𝛾𝑡𝑤Τ (𝜏) 𝑤 (𝜏) 𝑑𝜏.

(B.2)

From inequality (17), it yields �̃�𝑖 − 𝛿−2𝐶𝑖

Τ�̃�𝑖 > 0. Recalling
Definition 3, we have

Ε {𝑧Τ (𝑡) 𝑧 (𝑡)} = Ε {�̃�Τ (𝑡) 𝐶𝑖

Τ�̃�𝑖�̃� (𝑡)}
< 𝛿2𝐸 {�̃�Τ (𝑡) �̃�𝑖�̃� (𝑡)}

(B.3)

Thus, we have Ε{𝑧Τ(𝑡)𝑧(𝑡)} < 𝛿2𝑒𝛾𝑡 ∫𝑇
0
𝑒−𝛾𝑡𝑤Τ(𝜏)𝑤(𝜏)𝑑𝜏

by (B.2)-(B.3). Recalling Definition 3, we know that the finite-
time 𝐿2-𝐿∞ disturbance rejection disturbance attenuation
index (10) can be guaranteed by �̃� = 𝛿√𝑒𝛾𝑇, ∀𝑡 ∈ [0, 𝑇]. This
completes the proof.

C. Proof of Theorem 15

Proof. Considering the uncertainties in inequality (6), we
substitute �̃�𝑖, �̃�Δ𝑖, �̃�𝑖, �̃�𝑖, and �̃�𝑖 into inequalities (15) and
(17) and define �̃�𝑖 = diag{𝑃1𝑖 𝑃1𝑖}; it yields

Φ1 + ΔΦ1 < 0 (C.1)

Φ2 + ΔΦ2 < 0 (C.2)
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where

Φ1 =
[[[[[
[

𝜑11 𝜑12 𝜑13 𝜑14∗ 𝜑22 𝜑23 𝜑24∗ ∗ 𝜑33 0
∗ ∗ ∗ 𝜑44

]]]]]
]
,

Φ2 = [[[
[

−𝑃𝑖 0 0
∗ −𝑃𝑖 −𝐶Τ𝑖
∗ ∗ −𝛿2𝐼

]]]
]
,

ΔΦ1 =
[[[[[
[

Δ𝜑11 Δ𝜑12 0 0
∗ 0 0 0
∗ ∗ 0 0
∗ ∗ ∗ 0

]]]]]
]
,

ΔΦ2 = [[[
[

0 0 −𝐶ΤΔ𝑖∗ 0 0
∗ ∗ 0

]]]
]
,

𝜑11 = 𝑃𝑖𝐴 𝑖 + 𝐴T
𝑖 𝑃𝑖 + 𝑃𝑖𝐵𝑖𝐾𝑖 + 𝐾T

𝑖 𝐵T
𝑖 𝑃𝑖 + 𝛽𝑖𝐺Τ𝐺

+ 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 − 𝛾𝑃𝑖,
𝜑12 = −𝑃𝑖𝐵𝑖𝐾𝑖,
𝜑13 = 𝑃𝑖𝑊𝑖,
𝜑14 = 𝑃𝑖𝐹1𝑖,
𝜑22 = 𝑃𝑖𝐴 𝑖 + 𝐴T

𝑖 𝑃𝑖 + 𝑃𝑖𝐸𝑖𝑀𝑖 + [𝑃𝑖𝐸𝑖𝑀𝑖]Τ
+ 𝑁∑
𝑗=1

𝜋𝑖𝑗𝑃𝑗 − 𝛾𝑃𝑖,
𝜑23 = 𝑃𝑖𝑊1𝑖 − 𝑃𝑖𝐸𝑖𝑊2𝑖,
𝜑24 = 𝑃𝑖𝐹1𝑖,
𝜑33 = −𝐼,
𝜑44 = −𝛽𝑖𝐼,

Δ𝜑11 = 𝑃𝑖𝐴Δ𝑖 + 𝐴Τ
Δ𝑖𝑃𝑖 + 𝑃𝑖𝐵Δ𝑖𝐾𝑖 + 𝐾Τ

𝑖 𝐵ΤΔ𝑖𝑃𝑖,
Δ𝜑12 = −𝑃𝑖𝐵Δ𝑖𝐾𝑖 + 𝐴Τ

Δ𝑖𝑃𝑖 −𝑀Τ
Δ𝑖𝐸Τ𝑖 𝑃𝑖.

(C.3)

From inequalities (C.1)-(C.2), we know that 𝜑22, 𝜑23, andΔ𝜑12 are nonlinear. Let 𝐸𝑖 = 𝑃−1𝑖 𝑀Τ
𝑖 and get 𝜑22 = 𝑃𝑖𝐴 𝑖 +𝐴Τ

𝑖 𝑃𝑖 + 2𝑀Τ
𝑖 𝑀𝑖 +∑𝑁

𝑗=1 𝜋𝑖𝑗𝑃𝑗 − 𝛾𝑃𝑖, 𝜑23 = 𝑃𝑖𝑊1𝑖 −𝑀Τ
𝑖 𝑊2𝑖, andΔ𝜑12 = −𝑃𝑖𝐵Δ𝑖𝐾𝑖+𝐴Τ

Δ𝑖𝑃𝑖−𝑀Τ
Δ𝑖𝑀𝑖. Recalling equality (3),ΔΦ1

and ΔΦ2 can be rewritten as

ΔΦ1 = Ψ1Γ𝑖 (𝑡) 𝜉1 + 𝜉Τ1 ΓΤ𝑖 (𝑡) ΨΤ
1 + Ψ2Γ𝑖 (𝑡) 𝜉2

+ 𝜉Τ2 ΓΤ𝑖 (𝑡) ΨΤ
1 + Ψ3Γ𝑖 (𝑡) 𝜉3 + 𝜉Τ3 ΓΤ𝑖 (𝑡)ΨΤ

3

(C.4)

ΔΦ2 = Ψ4Γ𝑖 (𝑡) 𝜉4 + 𝜉Τ4 ΓΤ𝑖 (𝑡) ΨΤ
4

(C.5)

where Ψ1 = col[𝑃𝑖𝐿1𝑖 0 0 0], Ψ2 = col[0 𝑃𝑖𝐿1𝑖 0 0],Ψ3 = col[0 𝑃𝑖𝐸Τ𝑖 𝐿1𝑖 0 0], Ψ4 = col[0 0 0 𝐿1𝑖], 𝜉1 =[𝑁1𝑖 + 𝑁2𝑖𝐾𝑖 − 𝑁2𝑖𝐾𝑖 0 0], 𝜉2 = [𝑁1𝑖 0 0 0], 𝜉3 =[−𝑁4𝑖 0 0 0], and 𝜉4 = [−𝑁3𝑖 0 0 0].
According to Lemma 8, it follows from inequalities (C.1)-

(C.2) that

Φ1 + 𝛼−11𝑖 Ψ1ΨΤ
1 + 𝛼1𝑖𝜉Τ1 𝜉1 + 𝛼−12𝑖 Ψ2ΨΤ

2 + 𝛼2i𝜉Τ2 𝜉2
+ 𝛼−13𝑖 Ψ3ΨΤ

3 + 𝛼3i𝜉Τ3 𝜉3 < 0 (C.6)

Φ2 + 𝛼−14𝑖 Ψ4ΨΤ
4 + 𝛼4i𝜉Τ4 𝜉4 < 0. (C.7)

Use diag{𝑃−1𝑖 𝑃−1𝑖 𝐼 𝐼 𝐼 𝐼 𝐼 𝐼} to pre- and postmul-
tiply matrix (C.6) and use diag{𝑃−1𝑖 𝑃−1𝑖 𝐼} to pre- and
postmultiply matrix (C.7). Considering 𝑈𝑖 = 𝑃−1𝑖 , 𝑆𝑖 =𝐾𝑖𝑃−1𝑖 , 𝐸𝑖 = 𝑃−1𝑖 𝑀Τ

𝑖 , and 𝑄1𝑖 = 𝑀Τ
𝑖 𝑃−1𝑖 𝐿1𝑖𝑃−1𝑖 and using

Schur complement lemma, we can obtain inequalities (18)-
(19). Noting that �̃�𝑖 = diag{𝑈𝑖 𝑈𝑖} and �̃� = diag{𝑅 𝑅},
inequality (16) can be guaranteed by inequalities (20)-(21).

Next, we prove the positiveness of the augment error
dynamic MJSs (6). From inequalities (22)-(23), we know that𝐴 𝑖𝑈𝑖 + 𝐵𝑖𝑆𝑖 and 𝐴 𝑖 − 𝐸𝑖𝑀𝑖 are Metzler matrices. Since 𝑆𝑖 =𝐾𝑖𝑈𝑖, (𝐴 𝑖 + 𝐵𝑖𝐾𝑖)𝑈𝑖 is also a Metzler matrix. From (24)-(25),
we know that −𝐵𝑖𝑆𝑖 and (𝑊1𝑖 −𝑀Τ

𝑖 𝑊2𝑖)𝑈𝑖 are positive; that is,−𝐵𝑖𝑆𝑖 and𝑊1𝑖−𝑀Τ
𝑖 𝑊2𝑖 are positivematrices. Considering that𝐹1𝑖 is a positive matrix, �̃�𝑖 is a Metzler matrix and �̃�𝑖 and �̃�𝑖

are positive matrices. Recalling Lemma 6, we know that the
augment error dynamic MJSs (6) are positive. This completes
the proof.
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This paper presents an integrated approach to plan smooth path for robots docking in unknown environments with obstacles. To
determine the smooth collision-free path in obstacle environment, a tree structure with heuristic expanding strategy is designed
as the foundation of path planning in this approach. The tree employs 3D Dubins curves as its branches and foundation for
path feasibility evaluation. For the efficiency of the tree expanding in obstacle environment, intermediate nodes and collision-
free branches are determined inspired by the elastic band theory. A feasible path is chosen as the shortest series of branches that
connects to the docking station after the sufficient expansion of the tree. Simulation results are presented to show the validity and
feasibility of the proposed approach.

1. Introduction

Nowadays autonomous robots are widely used in danger and
complex tasks such as aerial surveillance, ocean exploration,
and automated transportation [1–5]. As the persistent tasks
of robots are increasing, their performances are constrained
by the battery capacity and the driver efficiency [6–9]. To
address this problem, docking robots to the deployed stations
and recharging them attract more and more attention of the
researchers in practical applications for their convenience
and efficiency [10, 11]. However, if the surrounding environ-
ment of the docking station is unknown or partially unknown
beforehand, especially for nonholonomic robots such as
autonomous underwater vehicles (AUVs) and unmanned
ground vehicles, the safety of the robot in docking pro-
cess may be endangered by the existing obstacles [12–16].
Furthermore, short-sighted collision avoidance maneuvers
may also lead to the failure of docking if the docking pose
adjustment is not fully considered [17–19]. In this case, the
study of smooth path planning technique for robot docking
in unknown environment with obstacle is meaningful and
practical.

Several efforts have been made by researchers to address
the path planning problem for robots docking already [13, 15,
20–27]. Among them, one of the most popular approaches is
the artificial potential field (APF) method. The basic concept
of the APF method assumes that the robot is attracted by
the goal and repulsed by the barriers. The attractive effect
and repulsive effect are indicated by the attractive potential
field and repulsive potential field, respectively. With properly
designed potential functions, the robot will be navigated to
the goal point and avoid collision in real time. However,
the local minimal points of the total potential field in the
navigation process may cause the local minima problem
of the APF method which will prevent the robot from
approaching the destination [24]. In [22], the APF approach
is adopted to generate the desired trajectory for an AUV
homing and docking. Through modeling the environment
with designed potential fields, the minimum field vector is
used to navigate the robot to dock in environment with
known stationary obstacles. In [23], the collision-free path
for AUV docking to a submarine is obtained via the APF
approach while considering the kinematic constraints of the
vehicle. Local minima problem is also considered in this
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paper and addressed with particularly designed potential
functions and parameters.

Another popular approach applied in robot docking is
to integrate feasible curves with optimization strategies for
path generation [13, 25, 26, 28]. In this approach, the resultant
path consists of several path segments which are connected
to the waypoints. Firstly, the waypoints are determined and
optimized by the global path plannerswhich are usually based
on certain searching algorithm or optimization technique.
Then, path segments are generated in the formof space curves
such as Dubins curves and B-splines so that the motion
characters of the robots can be easily addressed [15]. Thus,
the quality and efficiency of the integrated approach mainly
depend on the feasibility of the global path planner. In [25],
the determination of the feasible path for AUV docking
is considered in an environment with stationary obstacles.
Resultant path is obtained as a series of 2D lines and circles
determined by the shortest path faster algorithm. In [27], the
path planning problem for multiple underwater gliders ren-
dezvous is addressed while considering the minimal energy
consumption target. Modified Dubins curves are presented
and combined with the genetic algorithm (GA) to determine
the resultant paths. In [28], an integrated motion planning
method is proposed for the robots with nonlinear constraints.
The rapidly exploring random tree star (RRT∗) algorithm
is adopted as the searching strategy in the clustered envi-
ronment. The RRT∗ approach is a famous sampling-based
path planning approach, which determines the collision-free
path via sampling and searching of the workspace. As the
increase of sample nodes in the workspace, it can provide
optimal solution for the path planning problem. A neural
network is designed to generate the feasible curves for the
RRT∗ algorithm to obtain the near-optimal trajectory.

Although various approaches for robot docking have
been proposed, the study of smooth path planning technique
for robot docking in unknown environment is still meaning-
ful. To the best of the authors’ knowledge, the problem of
balancing the feasibility and efficiency of collision-free path
planning for docking in unknown environment, especially in
the environment with moving obstacles, has not been well
addressed yet. For example, the path planning result of the
APF approach is sensitive to the parameters of the designed
potential fields. Designing the feasible potential fields and
choosing proper parameters in the application in unknown
environment require the skill and dexterity. Besides, most of
the integrated approaches prescribed above adopt the bio-
logical intelligence or geometrical model searching method
to determine the waypoints in the workspace of robots.
The feasibilities of the resultant paths rely on the ample
prior information about the environment for robots docking,
which is hard to satisfy in practical applications.

To address this problem, this paper presents a smooth
path planning approach for robot docking in unknown
environment with obstacles. Our approach is motivated
by the notion of integrating space curves with heuristic
searching algorithms. Considering the practical applications,
3D Dubins curves are adopted as the basic path segments
in our approach because of their smoothness and simplicity.
Their characters are also utilized to design the collision

prediction and path feasibility evaluation functions, which
provide the foundation of our path planning approach. Then
we designed a tree structure with the Dubins branches, which
is named the Dubins tree, to explore the environment for
feasible path determination and help avoid collision with
obstacles. The feasible path for docking is obtained based
on the sufficiently expanded Dubins tree. Our approach is
executed in a typical planning and replanning mode and only
needs the local information, which improves the adaptability
of our approach in dynamic environment. To enhance the
efficiency of the tree expansion, a heuristic searching strategy
is proposed to keep the feasibility of the resultant path based
on the elastic band theory.

The main contribution of this paper can be summa-
rized as follows. The first contribution is that we presented
the multisegment path calculation and feasibility evaluation
method, which are derived from the detailed analysis of
the characters of 3D Dubins curves in obstacle environment
and thus applicable for nonholonomic robots path planning.
The second contribution is that we proposed an efficient
path replanning strategy for the integrated approaches, where
both the necessity of collision avoidance and the feasibility
of resultant path are sufficiently considered to optimize the
space searching process. This effort can reduce the workload
of path planning in crowded environment, which makes our
approach promising to apply in time-sensitive tasks.The third
contribution of this paper is that our approach can be used to
address the smooth path planning problem for the robot with
kinematic constraints in unknown environment with both
stationary obstacles and moving obstacles.

The rest of this paper is organized as follows. The smooth
path planning problem for robot docking is formulated in
Section 2. In Section 3, the analysis and utilization of the
Dubins curves in the path planning tasks are presented
in detail. The conception and procedures, as well as the
algorithm, of our path planning approach are presented
in Section 4. Simulations and discussions of the proposed
approach are given in Section 5. The conclusion and future
work are provided in Section 6.

2. Problem Statement

In this paper, we formulate the path planning task for
robot docking as a shortest trajectory planning problem with
prescribed terminal conditions. To be practical, a 3D mobile
robot with kinematic constraints and constant cruising speed
is considered as the mathematic model for path planning. In
this case, the constrained mobility of the robot is assumed to
be indicated by the minimal turning radius which is given by𝑅min. The configuration of the robotC𝑟 is defined as

C𝑟 = {𝑃𝑟, →𝑉𝑟} , (1)

where 𝑃𝑟 is the position of the robot and →𝑉𝑟 is the velocity of
the robot. Since the cruising speed of the robot is constant,
we have ‖→𝑉𝑟‖ = V where V is a positive constant. The limited
detection ability of the robot is also considered in this paper,
which is common in the practical applications outdoors, and
written as the maximal detection range 𝑅𝑠.
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Figure 1: A typical CSC curve starts from 𝑃1 with →𝑉1 and ends at 𝑃2 with →𝑉2.
Table 1: Mathematical function definition.

Function Expression
s(V) calculate the sign of the variable VΘ(→𝑎 , →𝑏 ) calculate the angle between →𝑎 and

→𝑏
n(→𝑆 ) normalizes →𝑆

The docking station considered in this approach is
assumed to be static and its configuration is assumed to be
known by the robot beforehand.Therefore, the configuration
of the docking station is expressed asC𝑑 and

C𝑑 = {𝑃𝑑, →𝑉𝑑} , (2)

where 𝑃𝑑 is its position and →𝑉𝑑 denotes its designed entrance
direction.

Irregular obstacles are considered in this paper and they
are assumed to have been decomposed into several spherical
obstacles already.This decomposition technique can be found
in [29]. Hence, for an obstacle 𝑖, its center is written as 𝑂𝑖, its
radius is written as 𝑅𝑖, and its velocity is written as →𝑉𝑖. The
obstacle area Γ(𝑂𝑖) of obstacle 𝑖 can be described as

Γ (𝑂𝑖) = {𝑃 (𝑥, 𝑦, 𝑧) | 𝑃 − 𝑂𝑖 ≤ 𝑅𝑖} . (3)

For a feasible path L for robot docking, for any obstacle 𝑖,
there are

L ∉ Γ (𝑂𝑖 (𝑡)) (4)

and

C𝑟 (𝑇𝑓) = C𝑑, (5)

where 𝑇𝑓 is the elapsed time during which the robot reaches
the docking station.

To simplify the expression, several functions are defined
as Table 1 presents.

3. Design of Dubins Tree

In this section, we present the notation and techniques about
the design of Dubins tree in our path planning approach.The
collision prediction in our approach is achieved based on the

characters of 3D Dubins curves as well. The main results of
this section provide the foundations for the proposed path
planning approach.

3.1. 3D Dubins Curves. Dubins curve is proved to be the
optimal trajectory which connects two configurations with
bounded curvature in 2D space [30, 31]. Dubins curves
are simply composed of simple segments (straight line
segments (S) and circular arcs (C)) and smooth enough
for robots to follow. These curves are also attractive in
the studies of 3D path planning for nonholonomic robots
because of their simpleness and smoothness, even if their
optimality is not ensured in this situation [32–35]. However,
as the dimension increases compared to 2D environment,
the calculation consumption of the Dubins curves increases
as well. It is disadvantageous especially when plenty of
3D Dubins curves are required, i.e., in the applications
of searching in the environment with numerous obstacles.
Rather thanusingmodifiedDubins curves, i.e., in [32–34], we
attempt to overcome this disadvantage through determining
3D Dubins curves based on their geometrical characters
[36].

A typical form of 3D Dubins curves is named the CSC
curve, which is presented in Figure 1.The CSC curve consists
of two circular segments, 𝐶1 (green circular arc) and 𝐶2 (red
circular arc), and one straight line segment 𝑃𝐶1𝑃𝐶2 (black
straight line). Its initial configuration is written as C1 =[𝑃1, →𝑉1] (green arrow) and its final configuration is written
asC2 = [𝑃2, →𝑉2] (red arrow).The terminal configurationsC1
and C2 are on two different planes which are named plane 1
and plane 2 as Figure 1 shows.

To outline the geometric characters of the CSC curve,
three auxiliary straight lines are adopted as shown in Figure 1,
which are 𝐿1, 𝐿2, and 𝐿 𝑖. 𝐿1 and 𝐿2 are the colinear lines
with C1 and C2, respectively. 𝐿 𝑖 is the intersection line of
plane 1 and plane 2. In this case, it can be seen from Figure 1
that plane 1 can be determined by 𝐿1 and 𝐿 𝑖. Likewise,
plane 2 can be determined by 𝐿 𝑖 and 𝐿2. Furthermore,
since the circular segments 𝐶1 and 𝐶1 are on plane 1 and
plane 2 correspondingly and intersect with 𝐿 𝑖 at 𝑃𝐶1 and𝑃𝐶2 separately, once 𝐿1, 𝐿2, and 𝐿 𝑖 are determined, all the
segments of the CSC curve are determined as well. On
this basis, the determination approach of the CSC curve is
presented as follows.
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Assuming that the intersection points of 𝐿 𝑖 with 𝐿1 and𝐿2 are written as 𝑃𝐿1 and 𝑃𝐿2, we have
𝑃𝐿1 = 𝑃1 + 𝑘3→𝑉1,
𝑃𝐿2 = 𝑃2 + 𝑘4→𝑉2, (6)

where 𝑘3 and 𝑘4 are nonzero constants. Because 𝑃𝐶1 and 𝑃𝐶2
are on 𝐿 𝑖, they can be obtained as

𝑃𝐶1 = 𝑃𝐿1 + 𝑘5→𝑉𝑖,
𝑃𝐶2 = 𝑃𝐿2 + 𝑘6→𝑉𝑖, (7)

where 𝑘5 and 𝑘6 are constants. →𝑉𝑖 is the auxiliary vector along
with the curves propagation direction.

According to the spatial-temporal relations of the CSC
curve, we have

→𝑉𝑖 = s (𝑘3)n (→𝑂1𝑃1 × →𝑂1𝑃𝐶1 × →𝑂1𝑃𝐶1)
= −s (𝑘4)n (→𝑂2𝑃𝐶2 × →𝑂2𝑃2 × →𝑂2𝑃𝐶2) . (8)

Meanwhile, 𝑃𝐶1 and 𝑃𝐶2 are also the tangent points of 𝐶1
and 𝐶2 with the S segment; then

→𝑃𝐶1𝑂1 × →𝑉𝑖 = 0,→𝑃1𝑂1 × →𝑉1 = 0,→𝑃𝐶2𝑂2 × →𝑉𝑖 = 0,→𝑃2𝑂2 × →𝑉2 = 0,
(9)

and

𝑃𝐶1𝑂1 = 𝑃1𝑂1 = 𝑅1,
𝑃𝐶2𝑂2 = 𝑃2𝑂2 = 𝑅2. (10)

It is derived from (9) and (10) that 𝑂1 and 𝑂2 are on
the angle bisectors of ∠𝑃𝐶1𝑃𝐿1𝑃1 and ∠𝑃𝐶2𝑃𝐿2𝑃2, which are
described as

𝑂1 = 𝑃𝐿1 + 𝑘1s (𝑘3) (−→𝑉1 + →𝑉𝑖) ,
𝑂2 = 𝑃𝐿2 + 𝑘2s (𝑘4) (−→𝑉2 + →𝑉𝑖) . (11)

Nonlinear equations to solve 𝑘1 to 𝑘6 can be derived
from (9) and (10). The parameters of the CSC curve can
be determined exactly by solving these nonlinear equa-
tions. The length of the Dubins curve can be calculated by
adding up its segments, which can be written as ‖𝑃1𝑃𝐶1‖ +‖𝑃𝐶1𝑃𝐶2‖ + ‖𝑃𝐶2𝑃2‖. Similarly, the other Dubins curves can
be determined via the equations described above with slight
modifications.

Initial
Root

Node 1

Node 2

Node 3

Node 4
Node 6

Node 5

Candidate
Path 1

Candidate
Path 2

Candidate
Path 3 Candidate

Path 4

Final
Root

Figure 2: Outline of the Dubins tree. In this figure, the Dubins tree
has 2 roots, 6 nodes, and 10 branches.

Table 2: Dubins tree symbol definitions.

Name Definition Expression
node the intermediate configuration C𝑖
branches the Dubins curve that connectsC𝑖 andC𝑗 A(𝑖, 𝑗)
roots the initial and terminal nodes C0,C𝑓

3.2. Dubins Tree. Based on the determination method of 3D
Dubins curves, we present theDubins tree as the foundation
of path planning for robot docking in obstacle environment.
The notion of the Dubins tree is illustrated in Figure 2. A
Dubins tree consists of three elements which are the nodes,
the branches, and the roots, as the example illustrated in
Table 2.

Hence, the path planning task for robot docking based on
the Dubins tree is equal to determine a set of branches that
connect each other from C0 to C𝑓 which are collision-free
and shortest. The collision-free set of branches that connects
C0 andC𝑓 is defined as the candidate pathL𝑘(0, 𝑓), which
can be written as

L𝑘 (0, 𝑓) = {A (0, 1) , . . . ,A (𝑖, 𝑗) , . . . ,A (ℎ, 𝑓)} , (12)

where all the branches are collision-free. In this case, there are

𝑃𝑟 ∈ A (𝑖, 𝑗) (13)

and

𝑃𝑟 ∉ {Γ (𝑂𝑚 (𝑡)) | 𝑚 = 1, . . . , 𝑁𝑜} (14)

for 𝑡 ∈ [𝑇𝑖, 𝑇𝑗], where 𝑁𝑜 is the number of obstacles. For
instance, in Figure 2, the candidate path L1 = {A(0, 1),
A(1, 3),A(3, 𝑓)} (light blue line) and it is a collision-free
candidate path if only stationary obstacles exist in the
environment.

3.3. Path Planning Based on Dubins Tree. The Dubins tree
G(0, 𝑓) consists of several candidate paths, which can be
described as

G (0, 𝑓) = 𝑁L∑
𝑘=1

L𝑘 (0, 𝑓) , (15)

where𝑁L is the number of the candidate paths.
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The scheme of the path planning approach based on
Dubins tree is presented as follows. Once the planned path
L is infeasible, a Dubins tree G(0, 𝑓) is planted and expanded
from the initial root to the final root while avoiding obstacles.
Sufficient nodes and branches are generated to spread the
branches of the Dubins tree through the collision-free space,
namely, the tree expansion. They are generated under the
guidance of an optimized tree expanding strategy, consid-
ering the constraints and requirements of the task. Then,
candidate paths are formed by these nodes and branches
that connect to the docking station. After the tree expanding
process is completed, the shortest candidate path in G(0, 𝑓)
is selected as the resultant path L.

4. Smooth Path Planning for Docking in
Unknown Environment

In this section, we present the design and implementation of
the smooth path planning approach for docking in unknown
environment.

4.1. Collision Prediction. Collision prediction is a key issue for
robot path planning in the practical applications especially
when the prior information is not sufficiently provided, i.e.,
in the unknown environment [37–40]. Since the parameters
of the branches in our approach can be obtained via the
techniques provided in Section 3, inspired by this notion, this
issue is addressed based on the characters of Dubins curves
[36].

Because the candidate paths only consist of C seg-
ments and S segments, based on the feasibility evaluation
of these segments, the collision prediction process can be
implemented efficiently. The descriptions of the planned
trajectories are presented as follows. The planned trajectory
of the S segment can be described as

𝑃𝑟 (𝑡) = 𝑃1 + 𝑡→𝑉1, (16)

where 𝑃1 represents the start point of 𝑆 segment and →𝑉1
represents the planned velocity of the robot at 𝑃1.

There are three types of the C segments with prescribed
radii𝑅which are theminorC curve, the semicircular C curve,
and the major C curve. Hence, the last two types are divided
into several minor subsegments for calculation efficiency as
Figure 3 shows. For the minor C segment case 𝑃1𝑃𝑚2 , 𝑃𝑟(𝑡)
can be expressed as

𝑃𝑟 (𝑡) = 𝑂 + 𝑅(sinV𝑡𝑅 →𝑉𝑥 + cosV𝑡𝑅 →𝑉𝑦) , (17)

where 𝑡 ∈ [0, 𝑅Θ(→𝑂𝑃1, →𝑂𝑃𝑚2 )/V], →𝑉𝑥 = n(→𝑂𝑃1), and →𝑉2 =
n(→𝑉1).

For the semicircular C segment case 𝑃1𝑃𝑠2 , it is divided
into two minor C subsegments which are 𝑃1𝑃𝑚2 and 𝑃𝑚2 𝑃𝑠2 .
The division point 𝑃𝑚2 can be chosen as

𝑃𝑚2 = 𝑂 + 𝑅n (→𝑉1) . (18)
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Figure 3: Divisions of the C segments.Theminor C segment case is𝑃1𝑃𝑚2 , the semicircular C segment is 𝑃1𝑃𝑠2 , and the major C segment

is 𝑃1𝑃𝑗2 .

Thus, the trajectories of theseminorC subsegments 𝑃1𝑃𝑚2 and𝑃𝑚2 𝑃𝑠2 can be expressed according to (17) correspondingly.

For themajor C segment case 𝑃1𝑃𝑗2 , it is divided into three
minor subsegments which are 𝑃1𝑃𝑚2 , 𝑃𝑚2 𝑃𝑠2 , and 𝑃𝑠2𝑃𝑗2 . In this
case, the division points 𝑃𝑚2 and 𝑃𝑠2 are chosen as

𝑃𝑚2 = 𝑂 + 𝑅n(→𝑃𝑗2𝑂) ,
𝑃𝑠2 = 𝑂 + 𝑅n (→𝑃1𝑂) .

(19)

𝑃1𝑃𝑚2 ,𝑃𝑚2 𝑃𝑠2 , and 𝑃𝑠2𝑃𝑗2 can be expressed according to (17)-(19)
correspondingly.

In this case, the description of certain trajectory can be
derived from the combination of these basic subsegments
easily. For instance, the planned trajectory of the CSC curve,
as Figure 1 shows, is written as

𝑃𝑟 (𝑡) =
{{{{{{{{{
𝐶1 (𝑡) , 𝑡 ∈ [0, 𝑇1)𝑆 (𝑡 − 𝑇1) , 𝑡 ∈ [𝑇1, 𝑇2)𝐶2 (𝑡 − 𝑇2) , 𝑡 ∈ [𝑇2, 𝑇3)

(20)

where 𝐶1(𝑡), 𝑆(𝑡 − 𝑇1), and 𝐶2(𝑡 − 𝑇2) represent the tra-
jectories of 𝐶1, 𝑆, and 𝐶2, respectively. Meanwhile, 𝑇1 =(𝑅/V)Θ(→𝑂1𝑃1, →𝑂1𝑃𝐶1), 𝑇2 = 𝑇1 + ‖𝑃𝐶1𝑃𝐶2‖/V, and 𝑇3 = 𝑇2 +(𝑅/V)Θ(→𝑂2𝑃𝐶2 , →𝑂2𝑃2).

Since the candidate paths consist of several Dubins
curves, their planned trajectories can be determined based on
the combination of these curves in spatial-temporal order, as
well as their feasibilities. In this paper, the movements of the
obstacles are assumed to be predictable; the candidate path
L𝑘 is collision-free if (13) and (14) hold for all its branches.

IfL𝑘 is not collision-free, we define the obstacle 𝑖 that the
robot would collide firstly as themaximal collision obstacle,
which is written as 𝑂𝑐. The position of the robot when the
distance between 𝑃𝑟(𝑡) and 𝑂𝑐 will be minimal is defined
as the maximal collision point 𝑃𝑐. The moment maximal
collision would take place is defined as themaximal collision
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time𝑇𝑐. In this case, if there aremultiple obstacles in the area,𝑇𝑐 and 𝑃𝑐 can be obtained as

𝑇𝑐 = min {𝑇𝑐𝑖} ,
𝑃𝑐 = 𝑃𝑟 (𝑇𝑐) , (21)

where 𝑖 = 1, 2, . . . , 𝑁𝑜. Additionally, the maximal collision
pose →𝑉𝑐 is defined as

→𝑉𝑐 = →𝑉𝑟 (𝑇𝑐) . (22)

4.2. Heuristic Tree Expanding Strategy. To improve the per-
formance of the proposed approach, the elastic band theory is
integrated into the tree expansion strategywhich is named the
Heuristic Tree Expanding (HTE) strategy [41, 42]. The HTE
strategy assumes that there exist interactive forces between
each neighbor node connected with one branch as if they
were connected by the potential spring. Hence, there are
potential spring forces along the branches. In addition, the
obstacles are assumed to be able to provide sufficient support
forces for these nodes when the nodes contact their surfaces.
Hence, according to the elastic band theory, although various
nodes are generated in the attempt of expanding, only these
nodes whose total forces can be balanced remain [43]. This
strategy ensures that not only the collision avoidance but also
the optimality of expanding branches is considered in the
determination of nodes.

The design of the HTE strategy is presented as follows.
For the infeasible path L, its maximal collision obstacle 𝑂𝑐,
point 𝑃𝑐, time 𝑇𝑐, and pose →𝑉𝑐 can be acquired as Section 4.1
presents. According to the state of 𝑂𝑐, two situations are
considered in the determination of nodes for Dubins tree
expansion. If 𝑂𝑐 is a static obstacle, this situation is called
the static collision situation. If 𝑂𝑐 is a moving obstacle,
this situation is called the moving collision situation. The
implementation of theHTE strategy is slightly different in the
two situations, which are provided as follows.

4.2.1. Static Collision Situation. In the static collision sit-
uation, the obstacle avoidance is not urgent because the
configuration of the obstacle environment is stable. Hence,
the optimality of the resultant path is considered firstly in
the tree expanding process. In this case, the nodes for tree
expanding are generated on the surfaces of all the static
obstacles, which provides the potential for the resultant
branches to form collision-free and short candidate paths.

For a known static obstacle 𝑖, two nodes are determined
which are C𝑖𝑎 = [𝑂𝑖 + 𝑅𝑖→𝑁,→𝑉𝑐] and C𝑖𝑏 = [𝑂𝑖 − 𝑅𝑖→𝑁,→𝑉𝑐],
where

→𝑁 = {{{
n (→𝑂𝑐𝑃𝑐 × →𝑉𝑐 × →𝑉𝑐) , if →𝑂𝑐𝑃𝑐 × →𝑉𝑐 ̸= 0,
n (→𝑆) , if →𝑂𝑐𝑃𝑐 × →𝑉𝑐 = 0, (23)

and →𝑆 is a nonzero random 3D vector.
Furthermore, three angles ∠𝑃𝑟𝑃𝑖𝑘𝑂𝑖, ∠𝑂𝑖𝑃𝑖𝑘𝑃𝑑, and∠𝑃𝑟𝑃𝑖𝑘𝑃𝑑, 𝑘 ∈ {𝑎, 𝑏}, are measured to evaluate the feasibilities

of these nodes. They are utilized to simulate the potential
spring forces of C𝑖𝑘 and then the feasibility of this node is
determined based on the following inequalities.

∠𝑃𝑟𝑃𝑖𝑘𝑂𝑖 > 𝜋2 ,
∠𝑂𝑖𝑃𝑖𝑘𝑃𝑑 > 𝜋2 ,

(24)

and ∠𝑃𝑟𝑃𝑖𝑘𝑂𝑖 > ∠𝑃𝑟𝑃𝑖𝑘𝑃𝑑,
∠𝑂𝑖𝑃𝑖𝑘𝑃𝑑 > ∠𝑃𝑟𝑃𝑖𝑘𝑃𝑑. (25)

C𝑖𝑘 is infeasible and excluded from the Dubins tree if one or
more of these inequalities hold. It is because, forC𝑖𝑘, its total
force cannot be unbalanced in this situation if the branches
are generated to connect it and tightened up. Otherwise, C𝑖𝑘
is accepted and added to the Dubins tree.

An example of the node selection in static collision
situation is illustrated in Figure 4. In this example, the
initial path (black solid line) is infeasible and four nodes,
C1𝑎, C1𝑏 and C𝑖𝑎, C𝑖𝑏, are determined according to the
HTE strategy. The potential spring forces of the nodes are
along the dash lines towards C0 and C𝑓. Besides, the total
potential spring forces of these nodes are indicated by the
red arrows. In this case, C𝑖𝑎 is evaluated to be infeasible
according to the HTE strategy and excluded from the tree
expanding. The other three nodes are evaluated to be feasible
for branches generation so that A(0, 1𝑎) (black solid curve)
is accepted as one of the generated branches rather than
A(0, 2𝑎).
4.2.2. Moving Collision Situation. In the moving collision
situation, the collision avoidance is considered previously for
the sake of safety due to the configuration changes of the
obstacle environment. Thus, feasible node is solely selected
on the maximal collision obstacle in this case to avoid the
immediate danger. For a moving maximal collision obstacle𝑖, the node C𝑖 is determined as C𝑖 = [𝑂𝑐 + 𝑅𝑐→𝑁,→𝑉𝑐], where→𝑁 is a certain radial direction of the obstacle 𝑖. The velocity
of 𝑖 is also considered in the determination of →𝑁 and C𝑖 for
the efficiency of the obstacle-avoiding maneuver, which is
inspired by the implement of the velocity obstacle method in
[44]. →𝑁 is obtained as

→𝑁 = {{{
−g (→𝑉𝑐 × →𝑉𝑂𝑐 × →𝑉𝑐) , if →𝑉𝑂𝑐 × →𝑉𝑐 ̸= 0

g (→𝑆) , if →𝑉𝑂𝑐 × →𝑉𝑐 = 0, (26)

where →𝑉𝑂𝑐 is the velocity of 𝑂𝑐.
An implementation example of the HTE strategy in

moving obstacle situation is presented in Figure 5, where the
original path (black solid line) is infeasible and C1 is the
determined node for branch generation.

After the determination of nodes for tree expanding, new
candidate paths are formed via these generated nodes to the
docking station, which is expressed as

L𝑛𝑒𝑤 (0, 𝑓) =L𝑛𝑒𝑤 (0, 𝑖) + A (𝑖, 𝑓) , (27)
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Figure 5: The implementation example of the HTE strategy in
moving obstacle situation.

where

L𝑛𝑒𝑤 (0, 𝑖) =L𝑜𝑙𝑑 (0,𝑚) + A (𝑚, 𝑖) . (28)

Besides, L𝑛𝑒𝑤 represents the new candidate path and L𝑜𝑙𝑑
represents the old infeasible path. These new candidate paths
will be evaluated according to the HTE strategy in the further
tree expansion.

Additionally, to improve the performance of the proposed
path planning approach in complex unknown environment,
a searching acceleration technique is designed based on the
Dubins tree structure and applied in the tree expanding
process. Considering that the candidate paths can only grow
longer in the expanding process, Proposition 1 is derived for
the comparison between two candidate paths L𝑖(0, 𝑥) and
L𝑗(0, 𝑦) with a common nodeC0.

Proposition 1. If ‖L𝑖(0, 𝑥)‖ ≥ ‖L𝑗(0, 𝑦)‖ and L𝑘(0, 𝑦) =
L𝑖(0, 𝑥) + A(𝑥, 𝑦), then ‖L𝑘(0, 𝑦)‖ > ‖L𝑗(0, 𝑦)‖.

Proposition 1 evaluates the potential of the branches to
form the feasible path in future and abandons the undesirable
nodes. It will obviously reduce the computation burden and
enhance the quality of generated branches in the obstacle
environment.

Consider that, in the environment crowded with obsta-
cles, there will be superabundant nodes generated for pro-
cessing which will take excessive computation time in the
implementation of path planning.

To enhance the efficiency of our path planning approach,
both the time constraint in practical applications and the
sufficiency of the environment exploration are considered in
the HTE strategy.

The spreading degree of a nodeC𝑖 is defined as

K (C𝑖) = − 𝑃𝑖 − 𝑂𝑐 , (29)

where 𝑃𝑖 is the position of the node C𝑖 and 𝑖 is the index of
this node.K indicates the compactness of the generated nodes
and the larger K is, the more compact the node is.

To reduce the computation consumption in tree expan-
sion, the notion maximal spreading ratio 𝑆max is employed
in the HTE strategy to control the number of the generated
nodes for efficiency. It indicates the maximal number of the
generated nodes {C𝑖} in one tree expanding process, where

C𝑖 = {C𝑘 | K (C𝑘) ≥ K𝑚𝑎𝑥 𝑎𝑛𝑑 𝑘 = 1, 2, . . . , 𝑆max} , (30)

and K𝑚𝑎𝑥 is the maximal spreading degree.

4.3. Smooth Path Planning Algorithm. Based on the Dubins
tree, the smooth path planning approach for robot docking
is implemented under the guidance of the HTE strategy, as
presented below. For the simplification of expression, several
useful variables are defined firstly. The unchecked path set is
defined as H𝑢 and the candidate path set is defined as H𝑓.
Hence, the smooth path planning approach is implemented
in four procedures which are illustrated as follows.

4.3.1. Activation. The proposed approach is activated when
the configuration of the obstacle environment changes, which
is described as

{O} ̸= {O} , (31)

where {O} represents the present configuration and {O}
represents the known configuration. This change is probably
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Input: C𝑟,C𝑑, 𝑅𝑚𝑖𝑛, →𝑉𝑟, 𝑅𝑠
Output: L
(1) C0 ← C𝑟
(2) L← T(C0,C𝑑, 𝑅𝑚𝑖𝑛, 𝑅𝑚𝑖𝑛)
(3) while C𝑟 ̸= C𝑑 do
(4) if {O} ̸= {O} then
(5) {O} ← {O} ∪ {O}
(6) Push L intoH𝑢, set ‖L‖ = +∞,𝑁𝑑 = 0
(7) while H𝑢 ̸= 0 do
(8) PopL𝑘 fromH𝑢
(9) if f(L𝑘) = 0 then
(10) [𝑂𝑐, 𝑃𝑐, →𝑉𝑐] ← CP(L𝑘, {O})
(11) {C𝑖,A(𝑠, 𝑖)} ← TE([𝑂𝑐, 𝑃𝑐, →𝑉𝑐],O, 𝑆max)
(12) {L𝑖} ← {L𝑘 + A(C𝑖,C𝑑)}
(13) Push {L𝑖} intoH𝑢
(14) else
(15) Push {L𝑘} intoH𝑓
(16) if ‖L‖ < ‖L𝑘‖ then
(17) L←L𝑘
(18) end if
(19) end if
(20) if H𝑓 ̸= 0 ∧ {H𝑢 = 0 ∨ TB(G(0, 𝑓)) > 𝑏𝑚𝑎𝑥} then
(21) break
(22) end if
(23) end while
(24) else
(25) follow L
(26) end if
(27) end while

Algorithm 1: The smooth path planning approach.

caused by the detection of new obstacles in path following or
the configuration change of certain obstacle. In this case, the
planned path L is added into H𝑢 for further evaluation.

4.3.2. Path Evaluation. The feasibility of each planned path
in H𝑢 is evaluated firstly according to the equations in
Section 4.1. If the planned path, i.e.,L𝑘, is feasible, it is added
intoH𝑓 for the selection. Otherwise, it will be handled in the
path generation procedure for path replanning. Then L𝑘 is
popped out fromH𝑢.

4.3.3. Path Generation. For the infeasible L𝑘, the HTE
strategy is adopted to generate the nodes and branches for the
expansion of G(0, 𝑓). Firstly, a level of nodes and branches
are determined and connected for collision avoidance. Then
branches that connect the nodes to the docking station are
generated, as (27) represents. They provide the new planned
paths for further evaluationwhich are saved intoH𝑢 .Thepath
evaluation and path generation procedures will be repeated
iteratively till the termination condition is satisfied.

4.3.4. Termination. IfH𝑓 ̸= 0, two termination situations are
considered, namely, the mature situation and the immature
situation. The mature situation represents the fact that all
the possible candidate paths are obtained, which is indicated
by H𝑢 = 0. In this situation, the Dubins tree has been

sufficiently expanded and its shortest candidate path in H𝑓
is chosen as the resultant path. In the immature situation,
plenty of candidate paths have been determined; however,
H𝑢 ̸= 0. In this case, the optimality and computation
consumption should be balanced to ensure the efficiency.The
termination condition in the immature situation is described
as

𝑁𝑏 ≥ 𝑁𝑜 (𝑆𝑁𝑑max + 𝑏𝑗𝑆max
+ 𝑁𝑜) ,

𝑁L ≥ 𝑁𝑜𝑗 + 0.5, (32)

where 𝑁𝑏 is the number of whole generated branches; 𝑁L

is the number of the candidate paths in H𝑓. Meanwhile, 𝑏𝑗
is the number of the new generated branches at the 𝑗th path
generation execution,𝑁𝑜 is the number of detected obstacles,
and𝑁𝑑 is the depth of G(0, 𝑓).

If one or more equations in (32) hold, which indicates
either plenty of branches or candidate paths are generated,
the path planning approach terminates and the shortest
candidate path is chosen as the resultant path.

The algorithm of the prescribed smooth path planning
approach is presented as Algorithm 1, where the definitions
of the functions are given in Table 3.



Complexity 9

4
−2

2

0Z

0Y
2

−2
20

X

15−4 1050

(a) Initial environment (𝑡 = 0.00𝑠)

4
−2

2

0

0

Z

Y
20

2

−2

X
1510−4

50
(b) Path replanning to avoid𝑂2 (𝑡 = 0.00𝑠)

−2
8
6

0Z

4

2

Y 2
0

20−2

X
1510−4

50

(c) Path replanning for docking (𝑡 =
3.50𝑠)

−2
8
6

0Z

4

2

Y 2
0

20−2

X

1510−4
50

−−−−−−−

(d) Path replanning for docking (𝑡 =
11.00𝑠)

−2
8
6

0Z

4

2

Y
2
0

20−2

X

1510−4
50

(e) Path replanning for docking (𝑡 = 13.70𝑠)

−2
8
6

0Z

4

2

Y 2
0

20−2

X

1510−4
50

4
2
0

20−2
1510−4

5

(f) Docking successfully (𝑡 = 21.38𝑠)

Figure 6: Simulation results of the smooth path planning approach in unknown environment with both static and moving obstacles.

Table 3: Function definition in Algorithm 1.

Function Expression
T(C𝑖,C𝑗, 𝑅𝑖, 𝑅𝑗) determine A(𝑖, 𝑗) with 𝑅𝑖 and 𝑅𝑗
f(L) true if L is infeasible and vise versa
CP(L, {O}) collision prediction procedure of L
TE([𝑂𝑐, 𝑃𝑐, →𝑉𝑐],O, 𝑆max) tree expanding procedure
TB(G(0, 𝑓)) returns generated branches’ number

4.4. Case Study. A case study is provided in this section
to illustrate the workflow of the prescribed smooth path
planning algorithm. Parameters of the robot in this case are
set as

V = 1𝑚/𝑠,
𝑅𝑠 = 6𝑚,

𝑅𝑚𝑖𝑛 = 1𝑚.
(33)

The configurations of the obstacles in this case are set as

𝑃𝑟 (0) = (0, 0, 0)T ,→𝑉𝑟 (0) = (1, 0, 0)T ,
𝑃𝑑 = (20, 0, 0)T ,→𝑉𝑑 = (1, 0, 0)T ,
𝑂1 = (3, 2, 1)T ,→𝑉1 = (0, 0, 0)T ,

𝑅1 = 1𝑚,
𝑂2 = (7, −2, −1)T ,→𝑉2 = (0, 0, 0.2)T ,
𝑅2 = 2𝑚,
𝑂3 = (12, 0, 0)T ,→𝑉3 = (0, 0, 0)T ,
𝑅3 = 3𝑚,
𝑂4 = (16, 3, 1)T ,→𝑉4 = (0, −0.2, 0)T ,
𝑅4 = 1𝑚,
𝑂5 = (19, −3, 0)T ,→𝑉5 = (0, 0, 0)T ,
𝑅5 = 2𝑚.

(34)

The implementation of Algorithm 1 in an unknown envi-
ronment with both static and moving obstacles is illustrated
in Figure 6, where the simulation step length is set as 0.5𝑠
and the parameter of Algorithm 1 is set as 𝑆𝑚𝑎𝑥 = 2. In these
figures, the planned paths, the candidate paths, and generated
branches are indicated by the black dash lines, the red dash
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Input: RootN0, GoalN𝑔, 𝑟, Iterations 𝐼𝑛, 𝜖
output: L
(1) for 𝑖 = 1 to 𝐼𝑛 do
(2) Generate random sample nodesN𝑟 within 𝜖 toN𝑖
(3) Determine the nearest existentN𝑗 toN𝑖 within 𝑟
(4) if the branchN𝑗N𝑖 is collision-free then
(5) DetermineN𝑘 with lowest cost fromN0 toN𝑖
(6) SetN𝑘 as the parent node ofN𝑖
(7) end if
(8) end for
(9) the shortest pathN0N𝑔 → L

Algorithm 2: The RRT∗ path planning approach.

lines, and cyan dash lines, respectively. The docking station
is presented by the surface of a red cylinder. Meanwhile, the
motion directions of the moving obstacles are indicated by
the red arrows. Black solid lines and the green arrows are used
to present the path and the vector of the robot separately.

The initial configuration of the workspace is illustrated in
Figure 6(a), where the initial path is not collision-free for the
robot docking. Hence, the smooth path planning algorithm
is utilized to generate the maneuver of avoiding the moving
obstacle𝑂2, which is presented in Figure 6(b). As Figure 6(c)
shows, new static obstacle (𝑂3) is detected in the collision
avoidance maneuvers and the planned path is blocked by𝑂3. In this case, new path for docking is determined by the
proposed path planning algorithm and followed by the robot.
The static obstacle 𝑂5 and moving obstacle 𝑂4 are detected
in the path following process chronologically, as Figures 6(d)
and 6(e) illustrate, respectively. Because they are evaluated to
be collision-free by the proposed path planning algorithm,
the planned path navigates the robot to dock successfully. In
the path planning process, 24 Dubins curves are generated
to determine the feasible path for docking, whose length is21.38𝑚.

5. Simulations and Discussion

To evaluate the validity and feasibility of the proposed path
planning approach, several practical scenarios are presented
and discussed in this section. Meanwhile, the performance
of the prescribed algorithm is also discussed via the compar-
isons with the other three path planning approaches, which
are the APF approach, the rapidly exploring random tree star
(RRT∗) approach, and the DAPF approach we proposed in
our previous work [36].

The parameters of the robot are the same as (33) in
Section 4.4. In addition, the initial configurations of the robot
and the docking station in these simulation scenarios are set
as

𝑃𝑟 (0) = [0, 0, 0]T ,→𝑉𝑟 (0) = [1, 0, 0]T ,
𝑃𝑑 = [20, 0, 0]T ,

→𝑉𝑑 = [1, 0, 0]T ,
(35)

and the step length in the simulations is set as 0.5𝑠.
(1) APF Approach. The APF approach is well known for its
efficiency in path planning for collision avoidance. In this
paper, the potential functions of APF approach are designed
as

𝑈𝑟𝑒𝑝 (→𝑃𝑟𝑂𝑖) = 𝑘𝑝2 ( 1→𝑃𝑟𝑂𝑖 − 𝑅𝑖 −
1→𝑃𝑟𝑃𝑑)

2

,
𝑈𝑎𝑡𝑡 (→𝑃𝑟𝑂𝑖) = 𝑘𝑎2 (→𝑃𝑟 − 𝑃𝑑)2 ,

(36)

where 𝑈𝑟𝑒𝑝 and 𝑈𝑎𝑡𝑡 are the repulsive and attractive potential
functions and ‖𝑂𝑖 − 𝑃𝑟‖ ≤ 𝑅𝑠. Besides, 𝑘𝑎 is the parameter
to adjust the strength of the attractive potential field and𝑘𝑟 is the parameter to adjust the strength of the repulsive
potential field. The parameters of the potential functions in
the following simulation scenarios are set as 𝑘𝑎 = 1, 𝑘𝑝 = 5.
(2) RRT∗ Approach. The proposed path planning algorithm
is also compared to RRT∗ approach. The algorithm of the
RRT∗ approach in obstacle environment is presented as
Algorithm 2.

The parameters of this algorithm in the following simula-
tion scenarios are set as 𝑟 = 6, 𝜖 = 0.5, 𝐼𝑛 = 2000.
(3) DAPF Approach. The DAPF approach employs a reactive
path planner to determine the maneuvers for robot docking
in steps, which is designed based on potential fields and
Dubins curves in the previous work of the authors. Its
implementation is illustrated in Algorithm 3.

The parameters of the DAPF are selected as 𝑘𝑠 = 1, 𝑘V =1, 𝛼 = 0.1.
5.1. Scenario 1: Environment with Concave Obstacle. Concave
obstacle may cause the local minimum problem in the imple-
ments of the path planning approaches based on potential
fields, which will prevent the robot from approaching the
goal. In scenario 1, 9 static obstacles are employed to form
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Input:C𝑟,C𝑑, 𝑅𝑚𝑖𝑛, 𝑘𝑠, 𝑘V, 𝛼
Output: L
(1) L← T(C𝑟,C𝑑, 𝑅𝑚𝑖𝑛, 𝑅𝑚𝑖𝑛)
(2) C ← [𝑂,→𝑉𝑜, 𝑅]
(3) while C𝑟 ̸= C𝑑 do
(4) if {O} ̸⊂ {O} then
(5) 𝑅1 ← 𝑅2, 𝑅2 ← 𝑅𝑔
(6) while f(L) = 0 do
(7) [𝑇𝑔, 𝑂𝑔, 𝑅𝑔,C𝑚] ← min{𝑇𝑐𝑖 | 𝐷𝑐𝑖 < 𝑅𝑖 }
(8) 𝐿𝑝𝑎𝑠𝑠−𝑏𝑦 ← T(C𝑟,C𝑚, 𝑅1, 𝑅2)
(9) if f(𝐿𝑝𝑎𝑠𝑠−𝑏𝑦) = 0 then
(10) L← 𝐿𝑝𝑎𝑠𝑠−𝑏𝑦, 𝑅1 ← 𝑅2, 𝑅2 ← 𝑅𝑡
(11) continue
(12) end if
(13) 𝐿𝑓𝑜𝑙𝑙𝑜𝑤−𝑢𝑝 ← T(C𝑚,C𝑑, 𝑅1, 𝑅2)
(14) if f(𝐿𝑓𝑜𝑙𝑙𝑜𝑤−𝑢𝑝) = 0 then
(15) Replan 𝐿𝑓𝑜𝑙𝑙𝑜𝑤−𝑢𝑝
(16) else
(17) L← 𝐿𝑝𝑎𝑠𝑠−𝑏𝑦 + 𝐿𝑓𝑜𝑙𝑙𝑜𝑤−𝑢𝑝
(18) end if
(19) end while
(20) end if
(21) {O} ← {O} ∪ {O}
(22) follow L
(23) end while

Algorithm 3: The DAPF path planning approach.

a concave barrier, which may cause the local minimum
problem and block the original path for docking. The con-
figurations of the obstacles are set as

𝑂1 = (10, −2, −2)T ,
𝑂2 = (10, −2, 2)T ,
𝑂3 = (10, 2, 2)T ,
𝑂4 = (10, 2, −2)T ,
𝑂5 = (10, −2√2, 0)T ,
𝑂6 = (10, 0, 2√2)T ,
𝑂7 = (10, 0, −2√2)T ,
𝑂8 = (10, 2√2, 0)T ,
𝑂9 = (12, 0, 0)T ,
𝑅1 = 2𝑚,
𝑅2 = 2𝑚,
𝑅3 = 2𝑚,
𝑅4 = 2𝑚,
𝑅5 = 3𝑚.

(37)

Resultant paths of the prescribed path planning ap-
proaches in scenario 1 are presented in Figure 7. As Fig-
ure 7(a) shows, the APF approach is unable to overcome the
local minimum problem and trapped in the obstacle area.
The resultant path of the DAPF approach is presented in
Figure 7(b). The length of this path is 22.60𝑚; meanwhile,
it only takes 5 branches in scenario 1 to obtain the resultant
path. From this figure we can also see that the planned
path is free from the affection of the concave barrier and
reaches the docking station smoothly. The path planned
by the RRT∗ approach is presented in Figure 7(c), which
shows that this approach avoids the concave barrier suc-
cessfully and the path reaches the docking station as well.
However, in this approach, it totally takes 2000 sample
nodes and 1478 branches to determine the resultant path,
whose length is 32.07𝑚. Therefore, it is inefficient in real-
time applications especially when the calculation of branches
is time-consuming. The resultant path of the smooth path
planning approach is presented in Figure 7(c). From this
figure we can see that the smooth path planning approach
is capable of handling the local minimum problem and
navigating the robot to dock with smooth path. It only
takes 54 Dubins branches to determine the resultant path
in this scenario, whose length is 23.15𝑚. Meanwhile, in
the path planning process of our proposed approach, the
feasible path for docking is selected from 8 evenly spread
candidate paths in the obstacle area, which attempts to
avoid the local optimal problem of the path planning
result.
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Figure 7: Simulation results of the path planning approaches in scenario 1.

5.2. Scenario 2: Environment with Numerous Obstacles. The
efficiency of path planning approaches in complex environ-
ment is critical to the applications of robots in practice. In
scenario 2, we present a discussion about the prescribed
approaches in the environment crowded with numerous
obstacles. To verify the performance of our smooth path
planning approach, comparisons are implemented in two
cases with slight difference.

5.2.1. Case 1: Environment Crowded with Numerous Obstacles.
The configurations of these obstacles in case 1 are set as

𝑂1 = (5, 1, −1)T ,
𝑂2 = (6, −3, 3)T ,
𝑂3 = (8.5, 0, 1)T ,
𝑂4 = (9, −4, 0)T ,
𝑂5 = (10, 3, 3)T ,
𝑂6 = (11, −1, −1)T ,
𝑂7 = (12, −2, 2)T ,
𝑂8 = (13, 2, −1)T ,
𝑂9 = (16, 0.5, 1)T ,
𝑅1 = 2𝑚,𝑅2 = 2𝑚, ⋅ ⋅ ⋅ 𝑅9 = 2𝑚.

(38)

The path planning results of the approaches prescribed
above in scenario 2 are presented correspondingly in Figure 8.

Figure 8(a) shows that the traditional APF can navigate the
robot to approach the docking station with collision-free
path in the crowded environment. The length of the resultant
path is 23.50𝑚; however, the feasibility of the robot’s final
pose is not ensured. Figure 8(b) presents the resultant path
planned by the DAPF approach. It generates 11 branches in
this approach to determine the maneuvers of the robot in
the crowded environment, whose length is 21.60𝑚. The path
planned by the RRT∗ is presented in Figure 8(c), which
proves that the RRT∗ is capable of planning the collision-
free path as well through generating plenty of sample nodes
and branches in the workspace. 1604 branches are evaluated
and utilized to determine the resultant path whose length
is 31.43𝑚. Nevertheless, the calculation of this approach is
time-consuming and the resultant path as well as the final
pose is infeasible for the robot docking. The path planning
result of our proposed approach in this paper is shown in
Figure 8(d), which proves that this approach is capable of
navigating the docking process of the robot smoothly in
crowded environment with desired pose. It only takes 229
branches, which is less than the RRT∗, to determine the
planned path whose length is 23.46.
5.2.2. Case 2: Short-Sighted Problem. The short-sighted prob-
lem indicates that the local maneuver is mainly focused
on rather than the global feasibility in path planning. This
problem would lead to the result that no feasible subsequent
maneuver can be determined because of the previous low-
quality movement.

This problem is considered in our comparison in case
2. To prove the performance of the smooth path planning
approach, the environment of case 2 is modified based
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Figure 8: Simulation results of the path planning approaches in case 1, scenario 2.

on case 1, where 𝑂3 is set as (8, 0, 1)𝑇 in this case. The
path planning results of the DAPF and our smooth path
planning approach are compared in this case, which are
presented in Figure 9 separately. Figures 9(a), 9(b), and 9(c)
present the performance of the DAPF approach in this case.
These figures show that the path planning process of the
DAPF is trapped in the crowded environment. Because the
local environment is not sufficiently searched in this path
planning approach, the robot is trapped in the obstacle area
because of its constrained turning ability. Compared with
the DAPF approach, more branches are generated in the
work area of the robot in the proposed approach, which
provides more possibility to determine the feasible path
for docking. Thus, as Figure 9(d) shows, the smooth path
planning approach is still capable of determining the feasible
path for robot docking in the crowded environment. The
length of the resultant path is 23.66𝑚, which is only slightly
longer than in scenario 2. Meanwhile, our proposed path
planning approach is easy to implement because only 130
branches are utilized in its path planning process in this
case.

5.3. Scenario 3: Simulation Results with Physical Engine.
Another simulation is implemented in the virtual robot
experimentation platform V-REP with physical simulation
engine to prove the validity of the proposed smooth path
planning approach.

The obstacles in this simulation are set as

𝑃𝑑 = (10, 0, 0)T ,→𝑉𝑑 = (1, 0, 0)T ,
𝑂1 = (3, −3, 0)T ,

𝑂2 = (3, 4.5, 0)T ,
𝑂3 = (3.5, 0.5, 0)T ,
𝑂4 = (6, −1.5, 0)T ,
𝑂5 = (6.5, 4, 0)T ,
𝑂6 = (7.5, 1, 0)T ,
𝑂7 = (8, −4, 0)T ,
𝑅1 = 𝑅2 = ⋅ ⋅ ⋅ = 𝑅7 = 0.5𝑚.

(39)

Because the practical constraints, such as physical size of the
robot and the fitness of the ground, are considered in the path
planning task, the radii of the obstacles are set as 𝑅𝑖 = 1𝑚
to remain 0.5𝑚 as the safety margin for the robot. Matlab
simulation result of the smooth path planning approach
in scenario 3 is presented in Figure 10(a). 129 branches
are generated in the planning and replanning process to
determine the feasible path for docking. Numeric simulation
result proves that the proposed approach can determine the
feasible path for 2D robot docking in obstacle environment.

Moreover, the performance of the proposed path plan-
ning approach is evaluated with physical simulation engine.
We build the simulation scenario based on the walls and
nature models provided in the V-REP PRO EDU software.
The resultant path is replicated according to the Matlab
simulation result and followed by the robot named Line
Tracer in the V-REP. The Line Tracer robot only employs
three sensors to trace the planned path, which are placed in its
front-left, front-middle, and front-right sides. Additionally, it
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Figure 9: Simulation results of the DAPF and the smooth path planning approach in case 2, scenario 2.

adopts an open-loop controller to control its mobile behavior,
which means that the performance of path following mainly
depends on the quality of path planning. Corresponding
simulation result in V-REP is presented in Figures 10(b) and
10(c). Firstly, as Figure 10(b) shows, only a part of the obstacles
can be detected, and a smooth path is generated to navigate
the robot which is marked by cyan in this figure. As the robot
moves on, the initial path is evaluated to be infeasible and
the subsequent path for docking is replanned immediately.
The path replanning result is presented in Figure 10(c), where
the resultant path is marked by green and the maneuvers of
the robot are marked by yellow. From this figure we can see
that the Line Tracer robot follows the planned path stably
and reaches the docking station eventually. The trajectory
of the Line Tracer robot in these figures proves that our
smooth path planning approach can navigate the mobile
robot to dock and its resultant path is feasible for robots to
follow.

6. Conclusion

To solve the path planning problem for robot docking in
unknown obstacle environment, a smooth path planning
approach has been proposed in this paper. Considering the
pose constraints, Dubins curves have been adopted as the
basic path segments and combined with a tree structure
for path determination. Based on the elastic band theory, a
heuristic strategy has been designed and has been employed

to determine the nodes and branches for obstacle avoidance.
The shortest collision-free route is chosen as the resultant
path for docking after the sufficient expansion. The validity
and feasibility of the smooth path planning approach are
proved by simulation results.

Our approach can handle the obstacle avoidance problem
and planning path for the robots with pose constraints. In
addition, this approach is efficient in determining the high-
quality path for robot to follow. Future areas of researches
can be concluded as follows: (i) the parallel computing
techniques can be adopted to improve the efficiency of the
smooth path planning approach in complex environment
with numerous obstacles. (ii) The moving docking station
should be considered, which is practical in some special
applications of robots. (iii) Winds, water currents, and the
changes of the ground materials may affect the feasibility of
the resultant path, which should be considered in the further
studies.
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5 figures (.png) are provided as the supplementary mate-
rials for our manuscript. These figures are the screenshots
captured while running the simulation of scenario 3 in the
V-REP software. Figure 1 to Figure 4 are captured when
the Line Tracer robot is following the planned path towards

the docking station, which shows that the planned path is
collision-free and smooth to follow. Figure 5 is the enlarged
screenshot when the Line Tracer robot docks in the station,
which reveals that the pose of the robot for docking is feasible.
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In this study, we aim to construct the boundary robust adaptive control for weakening the vibration of the flexible Timoshenko
manipulator in the presence of unknown disturbances. By Lyapunov’s direct method, the adaptive controllers and disturbance
observers are exploited to achieve the angle tracking and handle the external disturbances. With the suggested adaptive laws and
disturbance observers, the controlled system with both parametric and disturbance uncertainties is guaranteed to be uniformly
bounded. Finally, simulation results are provided to illustrate the applicability and effectiveness of the proposed control.

1. Introduction

With the development of the robotics and space technol-
ogy, the flexible manipulator plays an essential part in the
industrial production, aerospace, marine engineering, and so
forth in recent years due to the advantages of light weight,
lower energy consumption, and high speed operation [1, 2].
However, the external unknown disturbances exerted on the
flexible structures will cause vibration, which will give rise to
performance reduction of the system [3, 4]. As a consequence,
it is necessary to design effective vibration control approaches
for vibration abatement and performance improvement.

In order to prevent damage and enhance operational
performance, a great deal of effort has been paid to develop
effective control schemes [5–15]. These methods including
modal control, distributed control, and boundary control
make great contributions to the control problems of flexible
structures. Modal control is a commonly used method which
is based on truncated finite-dimensional modes, and this
theory is well documented in [6, 7, 14]. Nevertheless, the
truncated models are obtained via neglecting high-frequency
modes, which can result in unstability of the system. For
the sake of avoiding the spillover phenomenon, it can
obtain better control performance by means of increasing
the number of sensors and actuators, which is called dis-
tributed control [8]. In reality, the distributed control is

hard to implement since it requires many sensors and con-
trollers, and the distributed system becomes uncontrollable
and unobservable when the point actuators and sensors
are located at nodal points. For boundary control [10–12],
actuators only need to be installed at the boundaries of
the system and it has been proved to be a valid method
which can attenuate the vibration. Compared with modal
control and distributed control, the boundary control is more
effective for infinite dimensional system dynamical model
since boundary controller can avoid spillover phenomenon
and it is considered to be physically more realistic due to
nonintrusive actuation and sensing [16, 17]. For instance,
in [18], the boundary control and disturbance observer are
developed for vibrating flexible manipulator system under
external disturbances. In [19], the boundary control for a
flexible manipulator with disturbances and input backlash
is introduced to globally stabilize the vibration. To simplify
the system analysis, the above-mentioned research usually
ignores the shear deformation of the beam. In fact, the effect
of the axial deformation and shear deformation should not
be ignored when the diameter-to-length rate of the flexible
beam is not small, and in this case, the manipulator system
can be described as a Timoshenko manipulator. Namely,
the shear deformation should be taken into account in
the process of modeling a Timoshenko manipulator, which
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is usually ignored for the Euler-Bernoulli manipulator. It
will be a more sophisticated and challenging problem to
consider the nonlinear coupling of elastic deflection, shear
deformation, and angular position in the control. For those
cases, the control design is documented in [20, 21] to suppress
the vibration and rotation of the system. In [20], for the
flexible manipulator modeled as the Timoshenko beam, the
boundary controllers are designed to eliminate the vibration
and rotation of the system under external disturbances.
However, in the aforesaid papers, there is no research taking
into account the case that the parameters of the system and
time-varying disturbances are unknown, which motivates us
for this research.

In this paper, our interest lies in the boundary robust
adaptive control of Timoshenko manipulator in the presence
of both parametric and disturbance uncertainties. The adap-
tive laws and disturbance observers are put forward to com-
pensate for the effect of parametric and disturbance uncer-
tainties and achieve ultimate boundedness of the system.
Compared with the existing work, the main contributions of
this paper can be summarized as follows:

(i) Boundary robust adaptive controllerswith disturbance
observers are proposed when all the parameters and time-
varying disturbances are unknown, by which the vibration is
also reduced effectively.

(ii) With the proposed controllers, the uniform conver-
gence of the Timoshenko manipulator system is obtained via
Lyapunov’s direct method. By choosing appropriate param-
eters, the closed-loop system states eventually converge to a
compact and the effectiveness of the system is guaranteed.

2. Problem Statement

2.1. Nomenclature

𝑙: length of the manipulator.

𝑀: mass of the tip payload.

𝜌: mass per unit length of the manipulator.
𝐸𝐼: bending stiffness of the manipulator.
𝐽: inertia of the payload.
𝑘: a positive constant related to cross-sectional area of
the manipulator.
𝐺: modulus of elasticity in shear.
𝐴: cross-sectional area of the manipulator.
𝐼ℎ: inertia of the hub.𝐼𝜌: distributed inertia of the manipulator.

Figure 1 depicts a flexible Timoshenko manipulator system,
in which 𝐾 = 𝑘𝐺𝐴, 𝜔(𝑧, 𝑡) denotes the elastic deflection,
the displacement 𝑦(𝑧, 𝑡) is given as 𝑦(𝑧, 𝑡) = 𝜔(𝑧, 𝑡) + 𝑧𝜃(𝑡)
in the position 𝑧 for the small deformation, 𝜙(𝑧, 𝑡) denotes
the rotation of the beam’s cross-section owing to bending,𝜃(𝑡) denotes the angular position of the hub, 𝑢(𝑡) denotes the
control input, 𝛾1(𝑡) denotes the control input torque on the
hub, and 𝛾2(𝑡) denotes the control input torque on the tip
payload.

Assumption 1. For the Timoshenko manipulator system,
considering the finite energies of the boundary disturbances,
we assume that there exist three constants 𝐷1 ∈ R+, 𝐷2 ∈
R+, 𝐷3 ∈ R+, such that |𝑑1(𝑡)| ≤ 𝐷1, |𝑑2(𝑡)| ≤ 𝐷2, |𝑑3(𝑡)| ≤𝐷3. It is a reasonable assumption as the disturbances have
finite energy and hence are bounded [22, 23].

Remark 2. We define notations as follows: (⋆)(𝑡) = (⋆),(⋆) = 𝜕(⋆)/𝜕𝑧, ̇(⋆) = 𝜕(⋆)/𝜕𝑡, (⋆) = 𝜕2(⋆)/𝜕𝑧2, and̈(⋆) = 𝜕2(⋆)/𝜕𝑡2.
Remark 3. For analyzing the system stability and deriving our
main results, we present the following inequality:

𝑦 (𝑙, 𝑡) 𝑑 (𝑡) ≤ 𝑦 (𝑙, 𝑡) tanh (𝑦 (𝑙, 𝑡)) 𝐷 (1)
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where 𝑑(𝑡) = [𝑑1(𝑡), 𝑑2(𝑡), 𝑑3(𝑡)] represents the boundary
disturbances bounded with the unknown positive constants𝐷 = [𝐷1, 𝐷2, 𝐷3] to be estimated by developing a set of
disturbance observers 𝐷(𝑡) = [𝐷1(𝑡), 𝐷2(𝑡),𝐷3(𝑡)].

In this study, the dynamical equation of the considered
Timoshenko manipulator [20] is presented as follows:

𝜌�̈� (𝑧, 𝑡) + 𝐾 [𝜙 (𝑧, 𝑡) − 𝜔 (𝑧, 𝑡)] = 0 (2)

𝐼𝜌 ̈𝜙 (𝑧, 𝑡) − 𝐸𝐼𝜙 (𝑧, 𝑡) + 𝐾 [𝜙 (𝑧, 𝑡) − 𝜔 (𝑧, 𝑡)] = 0 (3)

∀(𝑧, 𝑡) ∈ (0, 𝑙) × [0,∞), with the following boundary
conditions

𝜔 (0, 𝑡) = 𝜙 (0, 𝑡) = 0 (4)

𝑀 ̈𝑦 (𝑙, 𝑡) − 𝐾 [𝜙 (𝑙, 𝑡) − 𝜔 (𝑙, 𝑡)] = 𝑑1 (𝑡) + 𝑢 (𝑡) (5)

𝐽 ̈𝜙 (𝑙, 𝑡) + 𝐸𝐼𝜙 (𝑙, 𝑡) = 𝑑2 (𝑡) + 𝛾2 (𝑡) (6)

𝐼ℎ ̈𝜃 (𝑡) − 𝐾[𝜔 (𝑙, 𝑡) − ∫𝑙
0
𝜙 (𝑧, 𝑡) 𝑑𝑧] = 𝑑3 (𝑡) + 𝛾1 (𝑡) (7)

∀𝑡 ∈ [0,∞).
3. Controller Design

In this section, we investigate the boundary adaptive control
and angular position tracking problem for the flexible Tim-
oshenko manipulator. Our aim lies in developing boundary
control schemes to weaken the vibration and shear deforma-
tion, handle system uncertainties, and guarantee the angular
in the desired position.

Define intermediate variables 𝜁1(𝑡), 𝜁2(𝑡), 𝜁3(𝑡) as
𝜁1 (𝑡) = ̇𝑦 (𝑙, 𝑡) + 𝜔 (𝑙, 𝑡) − 𝜙 (𝑙, 𝑡) (8)

𝜁2 (𝑡) = 𝜙 (𝑙, 𝑡) + ̇𝜙 (𝑙, 𝑡) (9)

𝜁3 (𝑡) = ̇𝜃 (𝑡) + 𝑒 (𝑡) (10)

For stabilizing the presented system given by (2)-(7), the
following boundary adaptive control yields

𝑢 (𝑡) = −Φ1 (𝑡) 𝑃1 (𝑡) − 𝑘1𝜁1 (𝑡) − tanh (𝜁1 (𝑡))𝐷1 (𝑡) (11)

𝛾1 (𝑡) = −𝑘2𝜁3 (𝑡) − 𝐼ℎ ̇𝜃 (𝑡) − 𝑘3𝑒 (𝑡) − 𝑘4 ̇𝜃 (𝑡)
− tanh (𝜁3 (𝑡))𝐷3 (𝑡) (12)

𝛾2 (𝑡) = −Φ2 (𝑡) 𝑃2 (𝑡) − 𝑘5𝜁2 (𝑡) − tanh (𝜁2 (𝑡))𝐷2 (𝑡) (13)

where 𝑘1, 𝑘2, 𝑘3, 𝑘4, 𝑘5 > 0 and 𝑒(𝑡) denotes the angle error
defined as

𝑒 (𝑡) = 𝜃 (𝑡) − 𝜃𝑑 (14)

with 𝜃𝑑 being desired angle position, and vectors

Φ1 (𝑡) = [𝜙 (𝑙, 𝑡) − 𝜔 (𝑙, 𝑡) �̇� (𝑙, 𝑡) − ̇𝜙 (𝑙, 𝑡)] (15)

Φ2 (𝑡) = [−𝜙 (𝑙, 𝑡) ̇𝜙 (𝑙, 𝑡)] (16)

and parameter estimate vectors are defined as

𝑃1 (𝑡) = [�̂� (𝑡) 𝑀 (𝑡)]𝑇 (17)

𝑃2 (𝑡) = [𝐸𝐼 (𝑡) 𝐽 (𝑡)]𝑇 (18)

We define parameter vectors 𝑃1, 𝑃2 and parameter estimate
error vectors 𝑃1(𝑡), 𝑃2(𝑡) as

𝑃1 = [𝐾 𝑀]𝑇 ,
𝑃2 = [𝐸𝐼 𝐽]𝑇 (19)

𝑃1 (𝑡) = 𝑃1 − 𝑃1 (𝑡) = [�̃� (𝑡) �̃� (𝑡)]𝑇 (20)

𝑃2 (𝑡) = 𝑃2 − 𝑃2 (𝑡) = [𝐸𝐼 (𝑡) 𝐽 (𝑡)]𝑇 (21)

Design the adaptive laws of the parameter estimate values and
disturbance observers as

̇̂𝑃1 (𝑡) = Γ1Φ𝑇1 (𝑡) 𝜁1 (𝑡) − 𝜒1Γ1𝑃1 (𝑡) (22)

̇̂𝐼ℎ (𝑡) = ̇𝜃 (𝑡) 𝜁3 (𝑡) − 𝜒3𝐼ℎ (𝑡) (23)

̇̂𝑃2 (𝑡) = Γ2Φ𝑇2 (𝑡) 𝜁2 (𝑡) − 𝜒2Γ2𝑃2 (𝑡) (24)

̇̂𝐷1 (𝑡) = −𝜄1𝐷1 (𝑡) + 𝜁1 (𝑡) tanh (𝜁1 (𝑡)) (25)

̇̂𝐷2 (𝑡) = −𝜄2𝐷2 (𝑡) + 𝜁2 (𝑡) tanh (𝜁2 (𝑡)) (26)

̇̂𝐷3 (𝑡) = −𝜄3𝐷3 (𝑡) + 𝜁3 (𝑡) tanh (𝜁3 (𝑡)) (27)

with 𝜒1, 𝜒2, 𝜒3, 𝜄1, 𝜄2, 𝜄3 being positive constants and Γ1, Γ2 ∈𝑅2×2 being diagonal positive-definite matrices.
Given the Lyapunov candidate function as

𝑉 (𝑡) = 𝑉𝑒 (𝑡) + 𝑉𝑓 (𝑡) + 𝑉𝑔 (𝑡) (28)
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where

𝑉𝑒 (𝑡) = 12𝜌∫𝑙
0
[ ̇𝑦 (𝑧, 𝑡)]2 𝑑𝑧 + 12𝐼𝜌 ∫

𝑙

0
[ ̇𝜙 (𝑧, 𝑡)]2 𝑑𝑧

+ 12𝐸𝐼∫
𝑙

0
[𝜙 (𝑧, 𝑡)]2 𝑑𝑧

+ 12𝐾∫𝑙
0
[𝜙 (𝑧, 𝑡) − 𝜔 (𝑧, 𝑡)]2 𝑑𝑧

(29)

𝑉𝑓 (𝑡) = 12𝑀𝜁21 (𝑡) + 12𝐽𝜁22 (𝑡) + 12𝐼ℎ𝜁23 (𝑡)
+ 12 (𝑘3 + 𝑘4) 𝑒2 (𝑡) + 12 [𝐼ℎ (𝑡)]2

+ 12�̃�𝑇1 (𝑡) Γ−11 �̃�1 (𝑡) + 12 �̃�𝑇2 (𝑡) Γ−12 �̃�2 (𝑡)
+ 12 [𝐷1 (𝑡)]2 + 12 [𝐷2 (𝑡)]2

+ 12 [𝐷3 (𝑡)]2

(30)

𝑉𝑔 (𝑡) = 𝛽𝜌∫𝑙
0
𝑧 ̇𝑦 (𝑧, 𝑡) 𝜔 (𝑧, 𝑡) 𝑑𝑧

+ 𝛽𝐼𝜌 ∫𝑙
0
𝑧 ̇𝜙 (𝑧, 𝑡) 𝜙 (𝑧, 𝑡) 𝑑𝑧

+ 𝜇𝛽𝐼𝜌 ∫𝑙
0

̇𝜙 (𝑧, 𝑡) 𝜙 (𝑧, 𝑡) 𝑑𝑧
(31)

with 𝛽, 𝜇 > 0.
Lemma 4. The constructed Lyapunov candidate function pre-
sented in (28) is a positive-definite function

0 ≤ 𝜆1 [𝑉𝑒 (𝑡) + 𝑉𝑓 (𝑡)] ≤ 𝑉 (𝑡) ≤ 𝜆2 [𝑉𝑒 (𝑡) + 𝑉𝑓 (𝑡)] (32)

Invoking Young’s inequality, it can be obtained from (31)

𝑉𝑔 (𝑡) ≤ 𝛽𝜌𝑙 ∫𝑙
0
[ ̇𝑦 (𝑧, 𝑡)]2 𝑑𝑧 + 𝛽𝐼𝜌𝑙 ∫𝑙

0
[𝜙 (𝑧, 𝑡)]2 𝑑𝑧

− 2𝛽𝜌𝑙 ∫𝑙
0
[𝜙 (𝑧, 𝑡)]2 𝑑𝑧

+ 𝜇𝛽𝐼𝜌 ∫𝑙
0
[𝜙 (𝑧, 𝑡)]2 𝑑𝑧

+ 2𝛽𝜌𝑙 ∫𝑙
0
[𝜙 (𝑧, 𝑡) − 𝜔 (𝑧, 𝑡)]2 𝑑𝑧

+ 𝛽𝜌𝑙 ∫𝑙
0
𝜔 (𝑧, 𝑡) [4𝜙 (𝑧, 𝑡) − 𝜔 (𝑧, 𝑡)] 𝑑𝑧

+ (𝛽𝐼𝜌𝑙 + 𝜇𝛽𝐼𝜌) ∫𝑙
0
[ ̇𝜙 (𝑧, 𝑡)]2 𝑑𝑧

(33)

Then, we further have

𝑉𝑔 (𝑡)
≤ 𝛽𝜌𝑙 ∫𝑙

0
[ ̇𝑦 (𝑧, 𝑡)]2 𝑑𝑧

+ [𝛽𝐼𝜌𝑙 + (𝜇𝛽𝐼𝜌 + 14𝛽𝜌𝑙) 𝑙2] ∫𝑙
0
[𝜙 (𝑧, 𝑡)]2 𝑑𝑧

+ 2𝛽𝜌𝑙 ∫𝑙
0
[𝜙 (𝑧, 𝑡) − 𝜔 (𝑧, 𝑡)]2 𝑑𝑧

+ (𝛽𝐼𝜌𝑙 + 𝜇𝛽𝐼𝜌)∫𝑙
0
[ ̇𝜙 (𝑧, 𝑡)]2 𝑑𝑧 ≤ 𝛽1𝑉𝑒 (𝑡)

(34)

where 𝛽1 = 2𝛽max(2𝜌𝑙, (𝑙 + 𝜇)𝐼𝜌, [𝐼𝜌𝑙 + (𝜇𝐼𝜌 + 14𝜌𝑙)𝑙2])/
min(𝜌, 𝐼𝜌, 𝐸𝐼,𝐾)

We thus get

−𝛽1𝑉𝑒 (𝑡) ≤ 𝑉𝑔 (𝑡) ≤ 𝛽1𝑉𝑒 (𝑡) (35)

Then, we further derive

0 ≤ 𝜆1 [𝑉𝑒 (𝑡) + 𝑉𝑓 (𝑡)] ≤ 𝑉 (𝑡) ≤ 𝜆2 [𝑉𝑒 (𝑡) + 𝑉𝑓 (𝑡)] (36)

where 𝜆1 = 1 − 𝛽1 > 0, 𝜆2 = 1 + 𝛽1 > 0.
Lemma 5. The time derivative of the Lyapunov candidate
function (28) is upper bounded as

�̇� (𝑡) ≤ −𝜆𝑉 (𝑡) + 𝑐 (37)

where 𝜆 > 0.
Differentiating (28) leads to

�̇� (𝑡) = �̇�𝑒 (𝑡) + �̇�𝑓 (𝑡) + �̇�𝑔 (𝑡) (38)

�̇�𝑒(𝑡) is given as

�̇�𝑒 (𝑡) = 𝐸𝐼𝜙 (𝑙, 𝑡) ̇𝜙 (𝑙, 𝑡) − 𝐾𝜔 (𝑙, 𝑡) ̇𝜃 (𝑡)
+ 𝐾�̇� (𝑙, 𝑡) [𝜔 (𝑙, 𝑡) − 𝜙 (𝑙, 𝑡)]
+ 𝐾∫𝑙
0
𝜙 (𝑧, 𝑡) ̇𝜃 (𝑡) 𝑑𝑧

(39)

Then, we have

�̇�𝑒 (𝑡) ≤ 𝐾2 𝜁21 (𝑡) − 𝐾2 [ ̇𝑦 (𝑙, 𝑡)]2 − 𝐾𝜔 (𝑙, 𝑡) ̇𝜃 (𝑡)
− 𝐾2 [𝜔 (𝑙, 𝑡) − 𝜙 (𝑙, 𝑡)]2 − 𝐸𝐼2 [𝜙 (𝑙, 𝑡)]2

+ 𝐸𝐼2 𝜁22 (𝑡) − 𝐸𝐼2 [ ̇𝜙 (𝑙, 𝑡)]2

+ 𝐾∫𝑙
0
𝜙 (𝑧, 𝑡) ̇𝜃 (𝑡) 𝑑𝑧

(40)
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Differentiating (30) and substituting the boundary conditions,
we obtain

�̇�𝑓 (𝑡) ≤ −𝑘1𝜁21 (𝑡) − 𝑘5𝜁22 (𝑡) − 𝑘2𝜁23 (𝑡)
+ 𝜒1�̃�𝑇1 (𝑡) �̂�1 (𝑡) + 𝜒2�̃�𝑇2 (𝑡) �̂�2 (𝑡)
+ 𝜒3𝐼ℎ (𝑡) 𝐼ℎ (𝑡) − 𝜄12 [𝐷1 (𝑡)]2 + 𝜄12 𝐷21
− 𝜄22 [𝐷2 (𝑡)]2 + 𝜄22 𝐷22 − 𝜄32 [𝐷3 (𝑡)]2 + 𝜄32 𝐷23
− 𝑘3𝑒2 (𝑡) − 𝑘4 ̇𝜃2 (𝑡)
+ 𝐾𝜁3 (𝑡) [𝜔 (𝑙, 𝑡) − ∫𝑙

0
𝜙 (𝑧, 𝑡) 𝑑𝑧]

(41)

The third term of (38) is given as

�̇�𝑔 (𝑡) ≤ 𝛽𝜌𝑙2 [ ̇𝑦 (𝑙, 𝑡)]2 − 𝛽𝐸𝐼2 ∫𝑙
0
[𝜙 (𝑧, 𝑡)]2 𝑑𝑧

− 𝛽𝜌2 ∫𝑙
0
[ ̇𝑦 (𝑧, 𝑡)]2 𝑑𝑧

− 𝜇𝛽𝐸𝐼∫𝑙
0
[𝜙 (𝑧, 𝑡)]2 𝑑𝑧 + 𝛽𝐸𝐼𝑙2 [𝜙 (𝑙, 𝑡)]2

+ 𝛽𝜌𝑙𝛿2 ∫𝑙
0
[ ̇𝑦 (𝑧, 𝑡)]2 𝑑𝑧

+ 𝛽𝐾𝑙2𝛿3 ∫𝑙
0
[𝜙 (𝑧, 𝑡)]2 𝑑𝑧 + 𝛽𝐼𝜌𝑙2 [ ̇𝜙 (𝑙, 𝑡)]2

+ 𝛽𝐾𝑙𝛿3 [𝜙 (𝑙, 𝑡) − 𝜔 (𝑙, 𝑡)]2

+ 𝛽𝐾 1 − 𝜇 𝑙2𝛿4 ∫𝑙
0
[𝜙 (𝑧, 𝑡)]2 𝑑𝑧

+ 𝛽𝐾𝑙2 [𝜙 (𝑙, 𝑡) − 𝜔 (𝑙, 𝑡)]2

+ 𝛽𝐾 1 − 𝜇𝛿4 ∫𝑙
0
[𝜙 (𝑧, 𝑡) − 𝜔 (𝑧, 𝑡)]2 𝑑𝑧

− 𝛽𝐾2 ∫𝑙
0
[𝜙 (𝑧, 𝑡) − 𝜔 (𝑧, 𝑡)]2 𝑑𝑧

− 𝛽𝐼𝜌2 ∫𝑙
0
[ ̇𝜙 (𝑧, 𝑡)]2 𝑑𝑧 + 𝜇𝛽𝐸𝐼𝛿5 [𝜙 (𝑙, 𝑡)]2

+ 𝜇𝛽𝐸𝐼𝑙𝛿5∫𝑙
0
[𝜙 (𝑧, 𝑡)]2 𝑑𝑧

+ 𝜇𝛽𝐼𝜌 ∫𝑙
0
[ ̇𝜙 (𝑧, 𝑡)]2 𝑑𝑧 + 𝛽𝜌𝑙𝛿2 ̇𝜃2 (𝑡)

(42)

Invoking (40)-(42), we can obtain

�̇� (𝑡) ≤ −(𝑘1 − 𝐾2 ) 𝜁21 (𝑡) − (𝑘5 − 𝐸𝐼2 ) 𝜁22 (𝑡)
− 𝜄12 [𝐷1 (𝑡)]2 + 𝜄12𝐷21 − 𝜄22 [𝐷2 (𝑡)]2 + 𝜄22 𝐷22
− 𝑘2𝜁23 (𝑡) − 𝜄32 [𝐷3 (𝑡)]2 + 𝜄32 𝐷23
− 𝜒32 [𝐼ℎ (𝑡)]2 + 𝜒32 𝐼2ℎ − 𝜒12 [�̃�1 (𝑡)]2 + 𝜒12 𝑃21
− 𝜒22 [�̃�2 (𝑡)]2 + 𝜒22 𝑃22 − 𝜎5 ∫𝑙

0
[ ̇𝑦 (𝑧, 𝑡)]2 𝑑𝑧

− (𝑘4 − 𝛽𝜌𝑙𝛿2) ̇𝜃2 (𝑡) − 𝜎6 ∫𝑙
0
[ ̇𝜙 (𝑧, 𝑡)]2 𝑑𝑧

− 𝜎7 ∫𝑙
0
[𝜙 (𝑧, 𝑡)]2 𝑑𝑧

− 𝜎8 ∫𝑙
0
[𝜔 (𝑧, 𝑡) − 𝜙 (𝑧, 𝑡)]2 𝑑𝑧

− (𝑘3 − 𝐾𝛿1) 𝑒2 (𝑡) − 𝜎1 [ ̇𝑦 (𝑙, 𝑡)]2
− 𝜎2 [𝜔 (𝑙, 𝑡) − 𝜙 (𝑙, 𝑡)]2 − 𝜎3 [ ̇𝜙 (𝑙, 𝑡)]2
− 𝜎4 [𝜙 (𝑙, 𝑡)]2 + 𝑐

(43)

where the intermediate parameters are selected such that

𝑘1 − 𝐾2 > 0,
𝑘5 − 𝐸𝐼2 > 0,

(44)

𝑘4 − 𝛽𝜌𝑙𝛿2 > 0,
𝑘3 − 𝐾𝛿1 > 0, (45)

𝜎1 = 𝐾2 − 𝛽𝜌𝑙2 > 0, (46)

𝜎2 = 𝐾2 − 𝛽𝐾𝑙𝛿3 − 𝛽𝐾𝑙2 > 0, (47)

𝜎3 = 𝐸𝐼2 − 𝛽𝐼𝜌𝑙2 > 0, (48)

𝜎4 = 𝐸𝐼2 − 𝛽𝐸𝐼𝑙2 − 𝜇𝛽𝐸𝐼𝛿5 > 0, (49)

𝜎5 = 𝛽𝜌2 − 𝛽𝜌𝑙𝛿2 > 0,
𝜎6 = 𝛽𝐼𝜌2 − 𝜇𝛽𝐼𝜌 > 0,

(50)

𝜎7 = 𝛽𝐸𝐼2 − 𝛽𝐾𝑙2𝛿3 − 𝛽𝐾 1 − 𝜇 𝑙2𝛿4 (51)
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+𝜇𝛽𝐸𝐼 − 𝜇𝛽𝐸𝐼𝑙𝛿5 > 0, (52)

𝜎8 = 𝛽𝐾2 − 𝛽 1 − 𝜇𝛿4 − 𝐾𝛿1 > 0 (53)

Then, we have

�̇� (𝑡) ≤ −𝜆3 [𝑉𝑒 (𝑡) + 𝑉𝑓 (𝑡)] + 𝑐 ≤ −𝜆𝑉 (𝑡) + 𝑐 (54)

where 𝜆3 = min(2𝜎5/𝜌, 2𝜎6/𝐼𝜌, 2𝜎7/𝐸𝐼, 2𝜎8/𝐾, (2𝑘1 − 𝐾)/𝑀,(2𝑘5−𝐸𝐼)/𝐽, 2𝑘2/𝐼ℎ, (2𝑘3−2𝐾𝛿1)/(𝑘3+𝑘4), 𝜒1, 𝜒2, 𝜒3, 𝜄1, 𝜄2, 𝜄3),𝜆 = 𝜆3/𝜆2 > 0, and 𝑐 = (𝜄1/2)𝐷21 + (𝜄2/2)𝐷22 + (𝜄3/2)𝐷23 +(𝜒1/2)𝑃21 + (𝜒2/2)𝑃22 + (𝜒3/2)𝐼2ℎ .
Theorem 6. For the system dynamics described by (2)-(7),
under the developed control laws (11)-(13), if the initial condi-
tions are bounded, we can conclude that the closed-loop states𝜔(𝑧, 𝑡), 𝜙(𝑧, 𝑡), and 𝑒(𝑡) are convergent.

Multiplying (37) by 𝑒𝜆𝑡 yields
�̇� (𝑡) 𝑒𝜆𝑡 ≤ −𝜆𝑒𝜆𝑡𝑉 (𝑡) + 𝑐𝑒𝜆𝑡 (55)

𝑉 (𝑡) ≤ 𝑉 (0) 𝑒−𝜆𝑡 + 𝑐𝜆 (56)

Then, we have

𝐾4𝑙𝜔2 (𝑧, 𝑡) ≤ 𝐾4 ∫𝑙
0
[𝜔 (𝑧, 𝑡)]2 𝑑𝑧

≤ 𝐾2 ∫𝑙
0
[𝜙 (𝑧, 𝑡) − 𝜔 (𝑧, 𝑡)]2 𝑑𝑧

+ 7𝐾𝑙22 ∫𝑙
0
[𝜙 (𝑧, 𝑡)]2 𝑑𝑧 ≤ 7𝐾𝑙2𝐸𝐼 𝑉1 (𝑡)

≤ 7𝐾𝑙2𝐸𝐼𝜆1𝑉 (𝑡) ≤ 7𝐾𝑙2𝐸𝐼𝜆1𝑉 (0) [𝑒−𝜆𝑡 + 𝑐𝜆]

(57)

Finally, we get

|𝜔 (𝑧, 𝑡) ≤ √ 28𝑙3𝐸𝐼𝜆1𝑉 (0) [𝑒−𝜆𝑡 + 𝑐𝜆] (58)

Similarly, we can obtain

𝜙 (𝑧, 𝑡) ≤ √ 2𝑙𝐸𝐼𝜆1𝑉 (0) [𝑒−𝜆𝑡 + 𝑐𝜆] (59)

|𝑒 (𝑡)| ≤ √ 2(𝑘3 + 𝑘4) 𝜆1𝑉(0) [𝑒−𝜆𝑡 + 𝑐𝜆] (60)

Remark 7. In this paper, the designs of controllers and
observers are conducted on the basis of the infinite dimen-
sional partial differential dynamics; hence there is absence of
control spillover issue [24]. In future studies, we will exploit
modal method to conduct neural network based control
design for achieving the transient performance regulation
[25–28].
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Figure 2: Deflection of the flexible link without control.
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Figure 3: Rotation of the flexible link without control.

4. Simulations

In this article, the finite difference method [29–31] is intro-
duced for simulating the performance of the controllers
proposed. The space step is chosen as 20, and the time step
is chosen as 38000.The parameters of the system are given as𝜌=0.1 kg/m, 𝑀=2.0 kg, 𝑙=1.0 m, 𝐸𝐼=10 Nm2, 𝐼𝜌=1.0 kgm,𝐽=0.1 kgm2, 𝐼ℎ=1.0 kgm2, 𝐾=2.0 N, and 𝜃𝑑=𝜋/3 rad. The
initial conditions are 𝜔(𝑧, 0) = 𝜙(𝑧, 0) = 𝑧/2𝑙, �̇�(𝑧, 0) =̇𝜙(𝑧, 0) = 0, and 𝜃(0) = 𝜋/3 + 0.1 rad.

The disturbances are given as

𝑑1 (𝑡) = 𝑑2 (𝑡) = sin (10𝜋𝑡) + cos (3𝜋𝑡)4 (61)

𝑑3 (𝑡) = cos (3𝜋𝑡) (62)

Figures 2 and 3 show the spatiotemporal response of the
Timoshenko manipulator system under no control, that is,𝑢(𝑡) = 𝛾1(𝑡) = 𝛾2(𝑡) = 0, influenced by external disturbances.
Figures 4 and 5 display the spatiotemporal representation of
the manipulator system under the proposed controllers by
selecting the control design parameters 𝑘1 = 50, 𝑘2 = 80,𝑘3 = 200, 𝑘4 = 𝑘5 = 1, 𝑘6 = 𝑘7 = 𝑘8 = 0.01, 𝑘10 =𝑘20 = 𝑘30 = 1, 𝑢𝑚 = 20, and 𝛾1𝑚 = 𝛾2𝑚 = 1. The angle
position under proposed controllers is depicted in Figure 6.
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Figure 4: Deflection of the flexible link with proposed control.
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Figure 5: Rotation of the flexile link with proposed control.
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Figure 8: Control input torque 𝛾1(𝑡).

The two-dimensional responses of the designed control input𝑢(𝑡) and control input torque 𝛾1(𝑡) and 𝛾2(𝑡) are, respectively,
shown in Figures 7–9. By employing the proposed adaptive
updated laws, the estimation values of the parameters about𝐸𝐼, 𝐽,𝐾,𝑀, 𝐼ℎ are presented in Figures 10–12.

From Figures 2–9, we can conclude that the developed
boundary adaptive robust control laws can regulate the
vibration and shear deformation of the manipulator system
and position the manipulator in the desired angle with a
better performance despite the existence of system uncer-
tainties. From Figures 10–12, we can learn that although the
parameter estimation values are not able to converge to actual
values quite precisely, the suggested control in this paper can
stabilize the system with a better performance.

5. Conclusion

This study was concerned with boundary adaptive robust
control scheme design for a flexible Timoshenkomanipulator
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Figure 9: Control input torque 𝛾2(𝑡).
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Figure 12: Estimation values of 𝐾, 𝑀 and 𝐼ℎ.

influenced by external disturbances. To suppress the vibration
and shear deformation, realize the desired angular position-
ing, and cope with system uncertainties effect, three bound-
ary adaptive robust controllers with disturbance observers
were developed. Under the control schemes proposed, the
bounded stability of the closed-loop system was guaran-
teed without simplification of PDE dynamics. In the end,
simulations were executed to show the performance of the
control schemes developed. Future interests lie in learning
approaches [32–38] for flexible manipulator system. More-
over, the implementation of the proposed control will be
researched, and how to overcome the nonlinearities of the
actuators is also a meaningful topic.
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In this paper, an adaptive finite-time fault-tolerant control scheme is proposed for the attitude stabilization of rigid spacecrafts.
A first-order command filter is presented at the second step of the backstepping design to approximate the derivative of the
virtual control, such that the singularity problem caused by the differentiation of the virtual control is avoided. Then, an adaptive
fuzzy finite-time backstepping controller is developed to achieve the finite-time attitude stabilization subject to inertia uncertainty,
external disturbance, actuator saturation, and faults.Through using an error transformation, the prescribed performance boundary
is incorporated into the controller design to guarantee the prescribed performance of the system output. Numerical simulations
demonstrate the effectiveness of the proposed scheme.

1. Introduction

Due to the significant role in guaranteeing the success of
any spacecraft related mission, the attitude control of the
spacecraft has obtained much attention, and numerous con-
trol schemes are proposed, such as adaptive control, sliding
mode control, backstepping control, 𝐻∞ control, finite-time
control, and so on [1–8]. Considering the specificity of the
spacecraft’s working environment, the hardware of the space-
craft is unlikely repairable, and the faults or failures cannot be
fixed with replacement parts after the spacecraft is launched.
The existence of faults or failures can potentially cause all
kinds of safety, economic, and environment problems, and
they should be considered in the attitude control design.

Different from the conventional control system without
considering the possibility of fault occurrence, the fault-
tolerant control (FTC) can guarantee desirable performance
properties even the actuators are not healthy. In general,
the existing FTC technique can be roughly classified into
two categories: active FTC and passive FTC. The active FTC
relies on the fault detection and diagnosis (FDD) algorithm
to provide the real-time information of the system status
and then reconfigure the controller to achieve the control
objective. For instance, an active fault-tolerant control was

proposed for the flexible spacecraft in [9], such that the
attitude stabilization was achieved. Unlike active FTC, by
using a single fixed controller, passive FTC dose not require
any online fault information and reconfigurationmechanism.
Therefore, the passive FTC is more succinct, easy to compute
and suitable to the actual application.Most of FTC controllers
designed for the spacecraft attitude control are passive [10–
12]. In [10], an adaptive fuzzy fault-tolerant controller was
proposed to achieve the spacecraft attitude tracking. A sliding
mode control based attitude fault-tolerant controller was
presented in [11], and the attitude was stabilized for the
satellite with solar flaps. For those spacecrafts with redun-
dancy actuators, the common method is using the actuator
distribution matrix. In [12], a fault-tolerant control method
based on distribution matrix was presented for the spacecraft
attitude tracking, such that the finite-time convergence of the
tracking error was achieved.

Actuator saturation is another issue worthy of study, the
actual actuators in the spacecraft have the nominal limit of
the output, and saturated output definitely effaces the system
performance. Although there exist works concerning the
attitude control design with actuator saturation [13–15], the
possibility of the emerging of actuator failure at the same
time is ignored. When the actuator fault happens, in order
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to maintain the performance of the system, the need for large
control torque leads to severe actuator saturation. Until now,
numerous works have considered both issues and designed
controllers for the spacecraft attitude control [16–18].

Convergence speed is always significant in practically
spacecraft system, and the finite-time control is able to
provide faster convergence performance and higher tracking
precision. Most of the finite-time control methods applied to
the spacecraft have two kinds: homogeneous method [19, 20]
and Lyapunov method [21–24]. In [19], a local continuous
finite-time control scheme was proposed for the spacecraft
system with an unknown inertia matrix and the homoge-
neousmethod based controller achieved attitude stabilization
within a finite time. Homogeneous system theory was used
to design a finite-time controller in [20], and the spacecraft
attitude was stabilized within a finite time even with actuator
saturation. In [5, 21], two adaptive terminal sliding mode
controllers were proposed based on the Lyapunov method,
such that the spacecraft attitude and angular velocity could
converge to a small region of the origin within a finite time,
respectively. Furthermore, the recent works [12, 16, 22] have
achieved the finite-time spacecraft attitude stabilization or
tracking in the presence of the actuator saturation and faults.

The adaptive backstepping approach [25, 26], as a recur-
sive Lyapunov-based scheme, has emerged as a powerful
method to construct controllers for nonlinear systems since
early 1990s. There are several works using the backstepping
method to design controllers of the spacecraft [3, 27]; how-
ever, the closed-loop stability is achieved when time goes
to infinity. When designing a finite-time backstepping con-
troller, the differentiation of the virtual controller in recursive
stepsmay lead to the singularity problem. Recently, the finite-
time command filtered backstepping approach was proposed
in [28, 29], where the first-order Levant differentiator was
used to approximate the derivative of the virtual controller,
such that the finite-time convergence can be achieved when
the system model was known or partially known.

All of the aforementioned works mainly focus on the
steady-state behavior but ignore the transient performance
such as convergence rate and overshot. To achieve the specific
goals of spacecraft missions which need a specific rotating
speed or a limitation of angular velocity, prescribed transient
performance of the system output is very important. The
widely used techniques to improve transient performance
mainly include barrier Lyapunov function (BLF) [30–33],
funnel control [34–36], prescribed performance control
(PPC) [37–42], and so on. In order to guarantee the pre-
scribed performance imposed on the transient and steady-
state output error, the prescribed performance control (PPC)
method was proposed by Bechlioulis and Rovithakis for
uncertain nonlinear systems [37]. For the spacecraft attitude
system with input saturation, a PPC based adaptive fault-
tolerant control was presented in [43], such that the output of
the system was constrained by the prescribed performance.
Nevertheless, the designed controller in [43] could only
guarantee the asymptotic uniform ultimate boundedness of
the spacecraft system as the time goes to infinity.

Motivated by the aforementioned discussions, the fuzzy
finite-time attitude stabilization problem for spacecraft

systems under the actuator saturation and faults is studied
in this paper, and a fuzzy finite-time fault-tolerant controller
is proposed to achieve prescribed transient and steady-
state performance of the system output. However, it is a
challenging work to design a controller to guarantee the
prescribed transient performancewhen considering the input
constraints including actuator saturation and faults. On
the one hand, when the initial state is far away from the
equilibrium state, the required control input is usually set
relatively large to guarantee the fast transient response. But
on the other hand, due to the effect of the input saturation
and actuator fault, it is a hard work to keep the satisfactory
transient response as usual. The main contributions of this
paper are listed as follows.

(1) A first-order command filter is presented at the second
step of the backstepping design to approximate the derivative
of the virtual control, such that the singularity problem
caused by the differentiation of the virtual control is avoided.

(2) An adaptive fuzzy finite-time backstepping controller
is developed to achieve the finite-time attitude stabilization
subject to inertia uncertainty, external disturbance, actuator
saturation, and faults.

(3)Throughusing an error transformation, the prescribed
performance boundary is incorporated into the controller
design to guarantee the prescribed performance of the system
output.

The rest of this paper is organized as follows. Section 2
states the formulation of the spacecraft attitude stabilization
problem. In Section 3, some preliminary knowledge and
lemmas are given. In Section 4, the fuzzy finite-time fault-
tolerant control scheme is proposed and followed by stability
analysis. Simulation results are provided in Section 5, and the
conclusion is summarized in Section 6.

2. Problem Formulation

Considering the attitude stabilization problem for a rigid
spacecraft, the modified Rodrigues parameter (MRP) based
spacecraft system is described as [44]

�̇� = 14 [(1 − 𝜎𝑇𝜎) 𝐼3 + 2𝜎× + 2𝜎𝜎𝑇] 𝜔 = 𝐺 (𝜎) 𝜔 (1)

𝐽�̇� = −𝜔×𝐽𝜔 + 𝑢 + 𝑑 (2)

where 𝜎 = [𝜎1, 𝜎2, 𝜎3]𝑇 is the spacecraft attitude in body
framewith respect to the inertial framepresented byMPRs, 𝐼3
is the identity matrix, and the operational symbol 𝑎× denotes
the following skew-symmetric matrix for any vector 𝑎 =[𝑎1, 𝑎2, 𝑎3]𝑇

𝑎× = [[
[

0 −𝑎3 𝑎2𝑎3 0 −𝑎1−𝑎2 𝑎1 0
]]
]

(3)

𝜔 = [𝜔1, 𝜔2, 𝜔3]𝑇 is the body frame angular velocity with
respect to inertial frame. 𝐽 = 𝐽0+Δ𝐽 is the inertiamatrix of the
spacecraft, where 𝐽0 denotes the nonsingular known nominal
value of the inertia matrix and Δ𝐽 is the bounded uncertainty.
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𝑢 and 𝑑 in (2) denote the control torque and the bounded
external disturbance torque, respectively. Considering the
input saturation and actuator faults in the rigid spacecraft, the
actual control torque 𝑢 is further formulated as

𝑢 = 𝐸 sat (V) (4)

where𝐸 = diag{𝐸1, 𝐸2, 𝐸3}with 0 < 𝐸𝑖 ≤ 1 (𝑖 = 1, 2, 3) is the
fault matrix and sat(V) is the saturated control input satisfying
sat(V) = [sat(V1), sat(V2), sat(V3)], where V = [V1, V2, V3]𝑇 is
the commanded control which needs to be designed later,
sat(V𝑖) = sgn(V𝑖)×min{|V𝑖|, V𝑀𝑖}with sgn(⋅) denoting the sign
function and V𝑀𝑖 being the 𝑖th axis maximum torque.

The nonlinear saturation function sat(V𝑖) can be approxi-
mated by the following smooth function 𝑔(V𝑖):

𝑔 (V𝑖) = V𝑀𝑖 × tanh ( V𝑖
V𝑀𝑖

) = V𝑀𝑖
𝑒V𝑖/V𝑀𝑖 − 𝑒−V𝑖/V𝑀𝑖𝑒V𝑖/V𝑀𝑖 + 𝑒−V𝑖/V𝑀𝑖 . (5)

Then, sat(V) is rewritten as

sat (V) = 𝑔 (V) + 𝑑𝑠 (V) (6)

where 𝑔(V) = [𝑔(V1), 𝑔(V2), 𝑔(V3)]𝑇 and 𝑑𝑠(V) = [𝑑𝑠(V1),𝑑𝑠(V2), 𝑑𝑠(V3)]𝑇 stands for the approximation error. It is noted
that 𝑑𝑠(V𝑖) is a bounded function and its bound satisfying|𝑑𝑠(V𝑖)| = |sat(V𝑖) − 𝑔(V𝑖)| ≤ V𝑀𝑖(1 − tanh(1)).

According to the mean value theorem, there exist con-
stants 𝑐𝑖(0 < 𝑐𝑖 < 1), 𝑖 = 1, 2, 3, such that the following
inequality holds:

𝑔 (V𝑖) = 𝑔 (V𝑖) + 𝑔𝜇 (V𝑖 − V𝑖) , 𝑖 = 1, 2, 3 (7)

where 𝑔𝜇 = (𝜕𝑔(V𝑖)/𝜕V𝑖)|V𝑖=𝑐𝑖V𝑖+(1−𝑐𝑖)V𝑖 ,V𝑖∈[0,V𝑖]. By setting V𝑖 = 0,
(6) is rewritten as

sat (V) = 𝐻V + 𝑑𝑠 (V) (8)

where𝐻 = diag{𝑔𝜇(V1), 𝑔𝜇(V2), 𝑔𝜇(V3)}.
The control torque (4) is rewritten as

𝑢 = ΓV + 𝐸𝑑𝑠 (V) (9)

where Γ = 𝐸𝐻, and there exists an unknownpositive constant𝑏 satisfying 0 < 𝑏 ≤ ‖Γ‖ < 1.
From (1), (2), and (9), the spacecraft system is further

formulated as

�̇� = 𝐺 (𝜎) 𝜔
�̇� = 𝐽−10 ΓV + 𝐹 (𝑡) + 𝐷 (𝑡) (10)

where𝐹(𝑡) = 𝐽−10 (−Δ𝐽�̇�−𝜔×𝐽𝜔) is the uncertainty and𝐷(𝑡) =𝐽−10 (𝐸𝑑𝑠(V)+𝑑). Because 𝑑𝑠(V) and 𝑑 are bounded, there exists
an unknown positive constant 𝐷𝑚 satisfying ‖𝐷(𝑡)‖ ≤ 𝐷𝑚.

The matrix 𝐺(𝜎) has the following properties [45]:
𝐺 (𝜎)−1 = 16

(1 + 𝜎𝑇𝜎)2𝐺 (𝜎)𝑇 (11)

𝐺 (𝜎)𝑇𝐺 (𝜎) = (1 + 𝜎𝑇𝜎4 )2 𝐼3. (12)

From (11) and (12), it is obtained that 1/4 ≤ ‖𝐺‖ ≤ 1/2.
The control objective in this paper is to develop a fuzzy

fault-tolerant finite-time control scheme for the spacecraft
with inertia uncertainty, extra disturbance, input saturation,
and actuator faults, such that the system output 𝜎 converges
into a small region of the origin within the prescribed bounds
in a finite time.

3. Preliminaries

In this section, some preliminary knowledge critical for
control design and satiability analysis is presented.

3.1. Finite-Time Differentiator. The first-order Levant differ-
entiator [46] is formulated as

�̇�1 = 𝜄
𝜄 = −𝛽1 𝜑1 − 𝛼𝑟1/2 sgn (𝜑1 − 𝛼𝑟) + 𝜑2

�̇�2 = −𝛽2 sgn (𝜑2 − �̇�1)
(13)

where 𝛼𝑟 is the input signal, 𝛽1, 𝛽2 > 0 are the parameters,
and 𝜑1 and 𝜄 are the estimations of 𝛼𝑟 and �̇�𝑟, respectively.
Following lemma holds if the parameters 𝛽1 and 𝛽2 are
chosen properly.

Lemma 1 (see [46]). If the input 𝛼𝑟 is not affected by the noise,
the following equalities are true within a finite time

𝜑1 = 𝛼𝑟,
𝜄 = �̇�𝑟. (14)

If the input is affected by noise and satisfying |𝛼𝑟 − 𝛼𝑟| ≤𝜅1, where 𝛼𝑟 is the original signal without interference, the
following inequalities hold in a finite time:

𝜑1 − 𝛼𝑟 ≤ 𝜍1𝜅1 = 𝜛1 (15)
𝜄 − �̇�𝑟 ≤ 𝜍2𝜅1/21 = 𝜛2 (16)

where 𝜍1 and 𝜍2 are positive constants depended on the design
parameters of the differentiator.

3.2. Fuzzy Logic System. A typical fuzzy logic system (FLS)
consists of four parts: the fuzzy rules, the fuzzifier, the fuzzy
inference engine, and the defuzzifier. The foundation of the
FLS is a group of fuzzy If-Then rules as follows:

Rule 𝑙: If 𝑥1 is 𝐹𝑙1 and 𝑥2 is 𝐹𝑙2 and . . . and 𝑥𝑛 is 𝐹𝑙𝑛,
Then 𝑦 is 𝑀𝑙, 𝑙 = 1, 2, . . . ,𝑁.

where 𝑥 = [𝑥1, 𝑥2, . . . , 𝑥𝑛]𝑇 is the input of the FLS, 𝑦 is the
FLS output, 𝐹𝑙𝑖 and 𝑀𝑙 denote the fuzzy sets relating to the
membership functions 𝜇𝐺𝑙(𝑦) and 𝜇𝐹𝑙

𝑖

(𝑥𝑖), respectively, and 𝑁
is the rules number.
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Combining the singleton fuzzifier, center average defuzzi-
fication, and product inference, the output of the FLS is
obtained as

𝑦 (𝑥) = ∑𝑁𝑙=1 𝑦𝑙∏𝑛𝑖=1𝜇𝐹𝑙
𝑖

(𝑥𝑖)
∑𝑁𝑙=1 [∏𝑛𝑖=1𝜇𝐹𝑙

𝑖

(𝑥𝑖)] (17)

where 𝑦𝑙 = max𝑦∈𝑅𝜇𝐺𝑙(𝑦) and 𝜇𝐹𝑙
𝑖

(𝑥𝑖) is the membership
function value of the fuzzy variable. The fuzzy basis function
is defined as

Φ𝑙 = ∏𝑛𝑖=1𝜇𝐹𝑙
𝑖

(𝑥𝑖)
∑𝑁𝑙=1 [∏𝑛𝑖=1𝜇𝐹𝑙

𝑖

(𝑥𝑖)] . (18)

Define 𝑊 = [𝑦1, 𝑦2, . . . , 𝑦𝑁]𝑇 = [𝑤1, 𝑤2, . . . , 𝑤3]𝑇 as the
ideal constant weight vector, and the (17) is expressed as

𝑦 (𝑥) = 𝑊𝑇Φ (𝑥) (19)

where Φ(𝑥) = [Φ1(𝑥), Φ2(𝑥), . . . , Φ𝑁(𝑥)]𝑇 is the basis
function vector. The relationship between the FLS and the
unknown nonlinear function in the system is given in the
following lemma.

Lemma 2. For any continuous function 𝑓(𝑥) defined on a
compact Ω, then for any constant 𝜇 > 0, there exists an FLS𝑊𝑇Φ(𝑥) such that

sup
𝑥∈Ω

𝑓 (𝑥) − 𝑊𝑇Φ(𝑥) ≤ 𝜇. (20)

3.3. Prescribed Performance Function. As a priori guarantee-
ing prescribed behavioral bounds on the output of the system,
the prescribed performance function (PPF) is designed as
follows:

𝜌 (𝑡) = (𝜌0 − 𝜌∞) 𝑒−𝜅𝑡 + 𝜌∞ (21)

where 𝜌0, 𝜌∞, and 𝜅 are positive parameters, where 𝜅 is the
prescribed minimum exponential convergence rate and 𝜌∞
stands for the maximum steady-state error, respectively, and
it guarantees the following inequality:

−𝛿𝑖 (𝑡) 𝜌 (𝑡) < 𝜎𝑖 < 𝛿𝑖 (𝑡) 𝜌 (𝑡) , 𝑖 = 1, 2, 3. (22)

In order to relax the assumption that the initial condition
should be precisely known to guarantee the prescribed
transient in the classic PPF, e.g., [37], the functions 𝛿𝑖 and 𝛿𝑖
are satisfying the following properties [47].

(1) 𝛿𝑖 and 𝛿𝑖 are positive and strictly decreasing; (2)
lim𝑡→0𝛿𝑖 = +∞, lim𝑡→∞𝛿𝑖 = 𝐶1, 𝐶1 ∈ 𝑅+, lim𝑡→0𝛿𝑖 = +∞,
and lim𝑡→∞𝛿𝑖 = 𝐶2, 𝐶2 ∈ 𝑅+,

An example of such 𝛿𝑖 and 𝛿𝑖 is given by

�̇�𝑖 = −𝑝𝑖𝛿𝑖 + 𝑞𝑖, 𝑝𝑖, 𝑞𝑖 ∈ 𝑅+
�̇�𝑖 = −𝑎𝑖𝛿𝑖 + 𝑏𝑖, 𝑎𝑖, 𝑏𝑖 ∈ 𝑅+ (23)

where 𝑎𝑖, 𝑏𝑖, 𝑝𝑖, 𝑞𝑖, 𝑖 = 1, 2, 3 are positive constants.

For the purpose of designing the control law to guarantee
the prescribed performance bounds (22), the error transfor-
mations are presented as

𝜀𝑖 = 12 ln(𝛿𝑖 (𝑡) + 𝜎𝑖 (𝑡) /𝜌 (𝑡)
𝛿𝑖 (𝑡) − 𝜎𝑖 (𝑡) /𝜌 (𝑡)) , 𝑖 = 1, 2, 3. (24)

Through employing the error transformation (24), the
output of the original system 𝜎 can be guaranteed within
the prescribed bound provided that the transformed error𝜀 = [𝜀1, 𝜀2, 𝜀3]𝑇 is stable.
Lemma 3 (see [37, 48]). System (10) is invariant under
the error transformation (24), and the stabilization of the
transformed error 𝜀 can guarantee the output 𝜎 converge with
the prescribed performance described by (22).

The derivative of the 𝜀𝑖 is given as

̇𝜀𝑖 = 𝑟𝑖�̇�𝑖 + 𝜗𝑖, 𝑖 = 1, 2, 3 (25)

where 𝑟𝑖, 𝑖 = 1, 2, 3, is
𝑟𝑖 = 12𝜌 (𝑡) ( 1𝜎𝑖 (𝑡) /𝜌 (𝑡) + 𝛿𝑖 (𝑡)

− 1
𝜎𝑖 (𝑡) /𝜌 (𝑡) − 𝛿𝑖 (𝑡))

(26)

and the 𝜗𝑖, 𝑖 = 1, 2, 3, is
𝜗𝑖 = �̇�𝑖 (𝑡) − ̇𝜌 (𝑡) 𝜎𝑖 (𝑡) /𝜌2 (𝑡)2𝜎𝑖 (𝑡) /𝜌 (𝑡) + 𝛿𝑖 (𝑡)

+ �̇�𝑖 (𝑡) + ̇𝜌 (𝑡) 𝜎𝑖 (𝑡) /𝜌2 (𝑡)2𝜎𝑖 (𝑡) /𝜌 (𝑡) − 𝛿𝑖 (𝑡) .
(27)

Substituting (1) into (25) yields

̇𝜀 = 𝑟𝐺𝜔 + 𝜗 (28)

where 𝑟 = diag{𝑟1, 𝑟2, 𝑟3} and 𝜗 = [𝜗1, 𝜗2, 𝜗3]𝑇.
4. Main Results

4.1. Control Design. Define virtual states 𝑧1 and 𝑧2 as
𝑧1 = 𝜀
𝑧2 = 𝜔 − 𝑥𝑐 (29)

where 𝑥𝑐 = [𝑥𝑐1, 𝑥𝑐2, 𝑥𝑐3]𝑇 is the output of the following
finite-time command filter

�̇�1𝑖 = −𝛽1 𝜑1𝑖 − 𝛼𝑖1/2 sgn (𝜑1𝑖 − 𝛼𝑖) + 𝜑2𝑖
�̇�2𝑖 = −𝛽2 sgn (𝜑2𝑖 − �̇�1𝑖) ,

𝑖 = 1, 2, 3
(30)
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where the input 𝛼 = [𝛼1, 𝛼2, 𝛼3]𝑇 is the virtual control to be
designed later and the output 𝑥𝑐𝑖 = 𝜑1𝑖, 𝑖 = 1, 2, 3.

Based on the command filtered backstepping control
approach, the compensated stabilization errors are given by𝑠1 = 𝑧1 − 𝜉1, 𝑠2 = 𝑧2 − 𝜉2, where 𝜉1 and 𝜉2 are the error
compensating signals to reduce the influence of 𝑥𝑐 − 𝛼.

Choose the Lyapunov function as 𝑉1 = (1/2)𝑠𝑇1 𝑠1. Using
(28), the time derivative of 𝑉1 is

�̇�1 = 𝑠𝑇1 ̇𝑠1 = 𝑠𝑇1 (�̇�1 − ̇𝜉1) = 𝑠𝑇1 (𝑟𝐺𝜔 + 𝜗 − ̇𝜉1)
= 𝑠𝑇1 [𝑟𝐺 (𝑧2 + 𝑥𝑐) + 𝜗 − ̇𝜉1]
= 𝑠𝑇1 [𝑟𝐺𝑧2 + 𝑟𝐺𝛼 + 𝑟𝐺 (𝑥𝑐 − 𝛼) + 𝜗 − ̇𝜉1] .

(31)

The virtual control 𝛼 and error compensation 𝜉1 are
designed as

𝛼 = 𝐺−1𝑟−1 [−𝑘1𝑧1 − 𝜏1sig𝛾 (𝑠1) − 𝜗] (32)

and

̇𝜉1 = −𝑘1𝜉1 + 𝑟𝐺 (𝑥𝑐 − 𝛼) + 𝑟𝐺𝜉2 − 𝑙1sig (𝜉1) (33)

where 𝑘1, 𝜏1, 𝑙1 > 0, 0 < 𝛾 < 1 are design parameters, sig𝛾(𝑠1)= [|𝑠11|𝛾sgn(𝑠11), |𝑠12|𝛾sgn(𝑠12), |𝑠13|𝛾sgn(𝑠13)]𝑇, and sig(𝜉1) =[sgn(𝜉11), sgn(𝜉12), sgn(𝜉13)]𝑇 with 𝜉1𝑖(0) = 0, 𝑖 = 1, 2, 3.
Substituting (32) and (33) into (31) yields

�̇�1 = 𝑠𝑇1 [−𝑘1𝑠1 + 𝑟𝐺𝑠2 − 𝜏1sig𝛾 (𝑠1) + 𝑙1sig (𝜉1)] . (34)

Construct the second Lyapunov function as

𝑉2 = 𝑉1 + 12𝑠𝑇2 𝑠2. (35)

Taking the derivative of𝑉2 along with (10) and (29) yields
�̇�2 = �̇�1 + 𝑠𝑇2 ̇𝑠2 = �̇�1 + 𝑠𝑇2 (�̇� − �̇�𝑐 − ̇𝜉2)

= �̇�1 + 𝑠𝑇2 (𝐽−10 ΓV + 𝐹 + 𝐷 − �̇�𝑐 − ̇𝜉2) . (36)

The error compensation is designed as 𝜉2 = ̇𝜉2 = [0, 0,0]𝑇. Let 𝐹 = 𝐹− �̇�𝑐+𝑟𝐺𝑠1 +𝑠2. Substituting (34) into (36) and
using the fact that 𝐺 is symmetric lead to

�̇�2 = �̇�1 + 𝑠𝑇2 (𝐹 − 𝑟𝐺𝑠1 − 𝑠2 + 𝐽−10 ΓV + 𝐷)
= −𝑘1𝑠𝑇1 𝑠1 − 𝜏1 3∑

1

𝑠1𝑖𝛾+1 + 𝑠𝑇1 𝑙1sig (𝜉1) − 𝑠𝑇2 𝑠2
+ 𝑠𝑇2 (𝐹 + 𝐽−10 ΓV + 𝐷) .

(37)

The fuzzy logic systems (19) are utilized to approximate
the unknown nonlinear 𝐹. From Lemma 2, for any given
constant 𝜇 > 0, there always exists an FLS such that

𝐹𝑖 = 𝑊𝑇𝑖 Φ𝑖 (𝑍𝑛) + 𝛿𝑖, 𝑖 = 1, 2, 3 (38)

where Φ𝑖 = [Φ𝑖1, Φ𝑖2, . . . , Φ𝑖𝑁]𝑇 is the basis function vector,
the approximation error 𝛿𝑖 satisfied |𝛿𝑖| ≤ 𝜇, and 𝑍𝑛 =[𝜔𝑇, 𝑥𝑇𝑐 , �̇�𝑇𝑐 ]𝑇.

By Young’s inequality and (38), the following inequalities
hold:

𝑠𝑇2𝐹 ≤ 3∑
𝑖=1

𝑠2𝑖𝑊𝑇𝑖 Φ𝑖 + 3∑
𝑖=1

𝑠2𝑖𝜇
≤ 𝜃∑3𝑖=1 𝑏𝑠2𝑖Φ𝑖𝑇Φ𝑖2ℎ2 + 3ℎ22 + 𝑠222 + 3𝜇22

(39)

𝑠𝑇2𝐷 ≤ 𝑠222 + 𝐷2𝑚2 (40)

𝑠𝑇1 𝑙1sig (𝜉1) ≤ 𝑙1 𝑠122 + 𝑙12 (41)

where 𝜃 = (1/𝑏)max{‖𝑊1‖2, ‖𝑊2‖2, ‖𝑊3‖2}.
The commanded controller is designed as

V = 𝐽0 [−𝑘2𝑠2 − 𝜃𝜂𝑠22ℎ2 − 𝜏2sig𝛾 (𝑠2)] (42)

where 𝑘2, 𝜏2, ℎ are positive design parameters, 𝜂 =
diag{Φ𝑇1Φ1, Φ𝑇2Φ2, Φ𝑇3Φ3}, adn 𝜃 is the estimation of 𝜃.

It is obtained for the commanded controller (42) that

𝑠𝑇2 𝐽−10 ΓV = 𝑠𝑇2 [−𝑘2Γ𝑠2 − Γ𝜃𝜂𝑠22ℎ2 − 𝜏2Γsig𝛾 (V2)]
≤ −𝑘2𝑏𝑠𝑇2 𝑠2 − 𝜃∑3𝑖=1 𝑏𝑠22𝑖Φ𝑖𝑇Φ𝑖2ℎ2

− 𝜏2𝑏 3∑
𝑖=1

𝑠2𝑖𝛾+1 .
(43)

Using (39)-(43), the derivative of the 𝑉2 is simplified as

�̇�2 ≤ − (𝑘1 − 0.5𝑙1) 𝑠𝑇1 𝑠1 − 𝜏1 3∑
𝑖=1

𝑠1𝑖𝛾+1 − 𝑘2𝑏𝑠𝑇2 𝑠2
− 𝜏2𝑏 3∑
𝑖=1

𝑠2𝑖𝛾+1 + (𝜃 − 𝜃)∑3𝑖=1 𝑏𝑠22𝑖Φ𝑖𝑇Φ𝑖2ℎ2
+ 3ℎ22 + 3𝜇22 + 𝐷2𝑚2 + 𝑙12 .

(44)

The update law of 𝜃 is designed as

̇̂𝜃 = 𝜆∑3𝑖=1 𝑠22𝑖Φ𝑖𝑇Φ𝑖2ℎ2 − 𝑚1𝜃 (45)

where 𝜆 and 𝑚1 are positive design parameters.

4.2. Stability Analysis. Before providing the stability analysis,
the following two lemmas are given.

Lemma 4 (see [49]). For 0 < 𝑎 < 1 and 𝑥𝑖 ∈ R, 𝑖 = 1, 2, 3 . . .,
the following inequality holds:

3∑
𝑖=1

𝑥𝑖𝑎+1 ≥ ( 3∑
𝑖=1

𝑥𝑖2)
(𝑎+1)/2 . (46)
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Lemma 5 (see [50]). For any real number 0 < 𝛾 < 1, 𝜆1, 𝜆2 >0, an continuous positive-definite Lyapunov function 𝑉(𝑥)
satisfied the from as �̇�(𝑥)+𝜆1𝑉(𝑥)+𝜆2𝑉𝛾(𝑥) ≤ 0, then 𝑉 ≡ 0
can be achieved in a finite time and the setting time can be
estimated by

𝑇reach ≤ 1𝜆1 (1 − 𝛾) ln 𝜆1𝑉1−𝛾 (0) + 𝜆2𝜆2 (47)

where 𝑉(0) is the initial value of 𝑉(𝑥).
Theorem 6. Consider the spacecraft stabilization system
described in (1) and (2) subject to input saturation and actuator
fault (4) with finite-time command filter (30), the virtual
control (32), the error compensation (33), the controller (42),
and the update law (45), and then

(i) the transformed error 𝜀 converges into a small region of
the origin in a finite time, and 𝜔 is bounded in a finite time;

(ii) the prescribed control performance of 𝜎 (22) is pre-
served.

Proof. Construct the Lyapunov function as

𝑉 = 𝑉2 + 𝑏2𝜆𝜃2 (48)

where 𝜃 = 𝜃 − 𝜃.
According to (44), the time derivative of 𝑉 is

�̇� ≤ − (𝑘1 − 0.5𝑙1) 𝑠𝑇1 𝑠1 − 𝜏1 3∑
𝑖=1

𝑠1𝑖𝛾+1 − 𝑘2𝑏𝑠𝑇2 𝑠2
− 𝜏2𝑏 3∑
𝑖=1

𝑠2𝑖𝛾+1 + ∑3𝑖=1 𝑠22𝑖Φ𝑖𝑇Φ𝑖2ℎ2 𝑏𝜃 + 3ℎ22
+ 3𝜇22 + 𝐷2𝑚2 + 𝑙12 − 𝑏𝜃 ̇̂𝜃𝜆 .

(49)

Substituting update law (45) into (49) yields

�̇� ≤ − (𝑘1 − 0.5𝑙1) 𝑠𝑇1 𝑠1 − 𝜏1 3∑
𝑖=1

𝑠1𝑖𝛾+1 − 𝑘2𝑏𝑠𝑇2 𝑠2
− 𝜏2𝑏 3∑
𝑖=1

𝑠2𝑖𝛾+1 + 3ℎ22 + 3𝜇22 + 𝐷2𝑚2 + 𝑙12
+ 𝑚1𝑏𝜃𝜃𝜆 .

(50)

According to Young’s inequality, the following inequality is
hold:

𝑚1𝑏𝜃𝜃𝜆 ≤ −3𝑚1𝑏𝜃24𝜆 + 𝑚1𝑏𝜃2𝜆 . (51)

Considering 0 < 𝛾 < 1, it is concluded that

(𝑚1𝑏𝜃22𝜆 )(𝛾+1)/2 − 𝑚1𝑏𝜃22𝜆 ≤ 14 . (52)

Using (51), (52), and Lemma 4, the time derivative of 𝑉 is
expressed as

�̇� ≤ − (𝑘1 − 0.5𝑙1) 𝑠𝑇1 𝑠1 − 𝜏1( 3∑
1

𝑠1𝑖2)
(𝛾+1)/2

− 𝑘2𝑏𝑠𝑇2 𝑠2 − 𝜏2𝑏( 3∑
1

𝑠2𝑖2)
(𝛾+1)/2 − 𝑚1𝑏𝜃24𝜆

− (𝑚1𝑏𝜃22𝜆 )(𝛾+1)/2 + 3ℎ22 + 3𝜇22 + 𝐷2𝑚2 + 𝑙12
+ 𝑚1𝑏𝜃2𝜆 + 14

(53)

which leads to

�̇� ≤ −𝜆1𝑉 − 𝜆2𝑉(𝛾+1)/2 + 𝜇1 (54)

where 𝜆1 = min{2𝑘1 − 𝑙1, 2𝑘2𝑏, 0.5𝑚1}, 𝜆2 = min{2(𝛾+1)/2𝜏1,2(𝛾+1)/2𝜏2𝑏,𝑚(𝛾+1)/21 }, and 𝜇1 = 3ℎ2/2 + 3𝜇2/2 + 𝐷2𝑚/2 +𝑙1/2 + 𝑚1𝑏𝜃2/𝜆 + 1/4. According to Lemma 5, it is con-
cluded that 𝑠1 and 𝑠2 converge to the small region ‖𝑠𝑖‖ ≤
max{√2𝜇1/𝜆1, √2(𝜇1/𝜆2)2/(𝛾+1)}, 𝑖 = 1, 2, in a finite time𝑇1 ≤(1/𝜆1(1 − 𝛾)) ln((𝜆1𝑉1−𝛾(0) + 𝜆2)/𝜆2). From the definition𝑠1 = 𝜀 − 𝜉1, 𝑠2 = 𝑧2 − 𝜉2, if the finite-time convergence of the𝜉𝑖 is guaranteed, then it is confirmed that the states 𝑧1 and 𝑧2
can converge into a small neighbourhood of the origin within
a finite time.

Since 𝜉2 = ̇𝜉2 = [0, 0, 0]𝑇 is given in the control design, in
order to show that 𝜉1 is bounded in a finite time, the following
Lyapunov function is chosen:

𝑉3 = 12𝜉𝑇1 𝜉1. (55)

Differentiating 𝑉3 along with (33) yields

�̇�3 = 𝜉𝑇1 ̇𝜉1
= 𝜉𝑇1 [−𝑘1𝜉1 + 𝐺 (𝑥𝑐 − 𝛼) + 𝐺𝜉2 − 𝑙1sig (𝜉1)]
= −𝑘1𝜉𝑇1 𝜉1 − 𝑙1 3∑

1

𝜉𝑖 + 𝜉𝑇1𝐺𝜉2 + 𝜉𝑇1𝐺(𝑥𝑐 − 𝛼) .
(56)

According to the Lemma 1, ‖𝑥𝑐 − 𝛼‖ ≤ 𝜛 can be achieved
in a finite time 𝑇2, and combining ‖𝐺‖ ≤ 1/2, the following
inequality is obtained:

𝜉𝑇1𝐺 (𝑥𝑐 − 𝛼) ≤ 12𝜛
3∑
1

𝜉𝑖 . (57)

Substituting (57) and 𝜉2 = [0, 0, 0]𝑇 into (56) leads to
�̇�3 ≤ −𝑘1𝜉𝑇1 𝜉1 − (𝑙1 − 12𝜛)( 3∑

1

𝜉𝑖2)
1/2

≤ −2𝑘1𝑉3 − √2(𝑙1 − 12𝜛)𝑉1/23 .
(58)

According to Lemma 5, it is illustrated that 𝜉1 can
converge to the origin in the finite time 𝑇3 by choosing
suitable parameter satisfying 𝑙1 > (1/2)𝜛. Since 𝑧1 = 𝑠1 + 𝜉1
and 𝑧2 = 𝑠2 + 𝜉2, the transformed error 𝜀 = 𝑧1 converges to a
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Table 1: Parameters of the control scheme.

Parameter Value Parameter Value Parameter Value
𝑘1 0.1 𝛽1 3 𝑝1, 𝑞1 5, 1𝑘2 0.8 𝛽2 4 𝑎1, 𝑏1 5, 4𝑙1 0.01 ℎ 0.5 𝑝2, 𝑞2 5, 1𝜏1 0.01 𝑚1 0.001 𝑎2, 𝑏2 5, 5𝜏2 0.5 𝜌0 0.5 𝑝3, 𝑞3 5, 4𝛾 0.3 𝜌∞ 0.001 𝑎3, 𝑏3 5, 1𝜆 2 𝜅 0.1

small region of the origin within the finite time𝑇𝐹 = 𝑇1+𝑇2+𝑇3, and from the definition 𝜔 = 𝑧2 + 𝑥𝑐, 𝜔 is also bounded.
According to Lemma 3, the stabilization of transformed
error 𝜀 is sufficient to guarantee 𝜎 converge with prescribed
performance described by (22).This completes the proof.

Remark 7. From (54) and (58), it is seen that the increase of𝑘1, 𝑘2, 𝜏1, 𝜏2, 𝑙1 and decrease of 𝛾 lead to better convergence
speed, but large 𝜏1, 𝑙1 and small 𝛾 will result in chattering
problem. Consequently, the choice of the parameters 𝜏1, 𝑙1,
and 𝛾 should be considered with a trade between the
convergence speed and chattering reduction.

5. Simulation

In order to illustrate the effectiveness of the proposed control
scheme, the simulation results and discussions are presented
in this section. The spacecraft model is expressed as (1) and
(2) where the initial values of the state parameters are set as

𝜎 (0) = [−0.3, −0.4, 0.2]𝑇
𝜔 (0) = [0, 0, 0]𝑇 rad/s. (59)

The nominal inertia matrix is

𝐽0 = [[
[
350 3 4
3 270 10
4 10 192

]]
]

(60)

and the uncertainty Δ𝐽 is
Δ𝐽 = diag {5 sin (0.1𝑡) , 7 sin (0.2𝑡) , 9 sin (0.3𝑡)} kg

⋅ m2. (61)

The external disturbance is
𝑑
= (‖𝜔‖2 + 0.05) [sin (0.8𝑡) , cos (0.5𝑡) , sin (0.3𝑡)]𝑇N

⋅m.
(62)

The maximum torque of the actuators is V𝑀𝑖 = 8 N ⋅ m,𝑖 = 1, 2, 3. In order to reflect the fault condition of real
actuators such as flywheels, a time-varying loss of actuator
effectiveness fault 𝐸 = diag{𝐸1, 𝐸2, 𝐸3} is given as [9]

𝐸1 = 0.2 + 0.1 sin (0.2𝜋𝑡) , 𝑡 ≥ 15s
𝐸2 = 0.2 + 0.1 sin (0.3𝜋𝑡) , 𝑡 ≥ 12s
𝐸3 = 0.2 + 0.1 sin (0.4𝜋𝑡) , 𝑡 ≥ 10s.

(63)

In practice, to perform a high-precision stabilization and
safety during themaneuvers, the state 𝜎𝑖 should be stabilize to
a small region, i.e., |𝜎𝑖| ≤ 1×10−3, 𝑖 = 1, 2, 3, and no overshoot
is allowed.

The comparative simulations are given to verify the effec-
tiveness of the proposed control scheme. For the notation
convenience, the three compared control schemes are given
as follows.

M1: the proposed control scheme including the finite-
time command filter (30), virtual control (32), error compen-
sation (33), commanded controller (42), and the update law
(45). The control parameter settings are shown in Table 1.

M2: the conventional backstepping control scheme [26].
The virtual control 𝛼, commanded controller V, and fuzzy
adaptive update law are given by

𝛼 = −𝑘1𝐺−1𝑧1 (64)

V = 𝐽0 (−𝑘2𝑧2 − 𝜃𝜂𝑠22ℎ2 ) (65)

̇̂𝜃 = 𝜆∑3𝑖=1 𝑠22𝑖Φ𝑖𝑇Φ𝑖2ℎ2 − 𝑚1𝜃 (66)

where 𝑧1 = 𝜎, 𝑧2 = 𝜔 − 𝛼, and the control parameters𝑘1, 𝑘2, 𝜆, ℎ are set the same as M1 scheme.
M3: the adaptive fast terminal sliding mode control

scheme proposed in [22]. The sliding function 𝑆 is given by

𝑆 = 𝜔 + 𝐾1𝜎 + 𝐾2𝑆𝑎𝑢 (67)

where 𝐾1, 𝐾2 are design parameters and 𝑆𝑎𝑢 = [𝑆𝑎𝑢1, 𝑆𝑎𝑢2,𝑆𝑎𝑢3]𝑇 is
𝑆𝑎𝑢𝑖
= {{{

sgn (𝜎𝑖) 𝛿𝑖𝑟 , if 𝜎𝑖 ≥ 𝜀
(2 − 𝑟) 𝜀𝑟−1𝜎𝑖 + (2 − 𝑟) 𝜀𝑟−2 sgn (𝜎𝑖) 𝜎2𝑖 , if 𝜎𝑖 < 𝜀

(68)

where 𝜀 > 0 is a small constant scalar; 0 < 𝑟 < 1 is a design
parameter.

The control law is

V = −𝜏𝑆 − 𝜌sig0.5 (𝑆) − V𝑠𝑠 (𝑡) (69)

where 𝜏, 𝜌 are design parameters, sig0.5(𝑆) = [|𝑆1|0.5 sgn(𝑆1),|𝑆2|0.5 sgn(𝑆2), |𝑆3|0.5 sgn(𝑆3)]𝑇, and V𝑠𝑠(𝑡) is
V𝑠𝑠 (𝑡)
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Figure 1: Attitude 𝜎 along with corresponding performance bounds.

= {{{{{{{

𝑆‖𝑆‖𝐹 (𝑡) + 𝑆
‖𝑆‖2
3∑
𝑖=1

𝑜𝑖4𝑝𝑖 𝑐𝑖 (𝑡) , if ‖𝑆‖ 𝐹 (𝑡) > 𝜖
S𝜖𝐹2 (𝑡) , if ‖𝑆‖ 𝐹 (𝑡) ≤ 𝜖

(70)

where 𝜖 > 0 is a small constant scalar, 𝐹(𝑡) = 𝑐1(𝑡)+𝑐2(𝑡)‖𝜔‖+𝑐3(𝑡)‖𝜔‖2, and the update laws are given by

̇̂𝑐1 = −𝑜1𝑐1 + 𝑝1 ‖𝑆‖

̇̂𝑐2 = −𝑜2𝑐2 + 𝑝2 ‖𝑆‖ ‖𝜔‖
̇̂𝑐3 = −𝑜3𝑐3 + 𝑝3 ‖𝑆‖ ‖𝜔‖2

(71)

where 𝑜𝑖, 𝑝𝑖, 𝑖 = 1, 2, 3, are design parameters. The parame-
ters are chosen as 𝑟 = 9/11, 𝐾1 = 0.4𝐼3, 𝐾2 = 0.2𝐼3, 𝜏 = 10𝐼3,𝜌 = 1, 𝑜𝑖 = 0.1, 𝑝𝑖 = 2, 𝑖 = 1, 2, 3, 𝜖 = 0.01, and 𝜀 = 0.0001.

The simulation results are shown in Figures 1–5. The
attitude described by MRPs 𝜎𝑖(𝑡), 𝑖 = 1, 2, 3, along with the
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Figure 2: Angular velocity 𝜔.

corresponding performance bounds is depicted in Figure 1.
As shown in Figure 1, although all the three schemes could
achieve the attitude stabilization, the M2 and M3 fail to
meet the prescribed transient and steady-state error bound,
while the proposed M1 scheme remains in the prescribed
bound all the time. The angular velocities 𝜔 of the three
schemes are depicted in Figure 2, which shows that M1
can provide better angular velocity performance than M2
and M3. From Figures 1 and 2, it is concluded that the
attitude stabilization with prescribed performance and high

precision is achieved in a finite time with the proposed
control scheme. Figure 3 shows the actual control signals𝑢, which are quite similar for different three schemes. The
three-dimensional trajectory of the transformed error 𝜀(𝑡) is
shown in Figure 4; it can be seen that the transformed error
can converge to the neighbourhood of the origin in a finite
time (around 40 s) subject to the actuator fault and input
saturation. The convergence performance of the estimated
parameter 𝜃 is shown in Figure 5, and it is clear that the
parameter 𝜃 converges to a positive constant. From Figures
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1–5, it is concluded that the proposed control scheme can
achieve the prescribed performance within a finite time in
the presence of the inertia uncertainty, external disturbance,
actuator saturation, and faults.

6. Conclusion

The problem of attitude stabilization with guaranteed tran-
sient and steady-state performance has been investigated in
this paper for the spacecraft systems with inertia uncertainty,
external disturbance, actuator saturation, and faults. The sin-
gularity problem caused by the differentiation of the virtual
control is avoided by the proposed first-order command filter.
Then, incorporate the prescribed performance boundary into
the controller design by using the error transformation to
guarantee the prescribed performance of the system output.
The control scheme stabilizes the system within a finite time
with the proposed adaptive finite-time fault-tolerant control
scheme. Finally, simulation results have been provided to
verify the effectiveness of the proposed control algorithm.
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This work mainly studies the problem of how to steer a group of underactuated unmanned underwater vehicles UUVs to specified
paths coordinately. The algorithm proposed consists of a single path-following strategy and a path parameter consensus tracking
strategy. In the context of single path following, we describe the path to be followed by an arbitrary scalar, then by using Lyapunov
and backstepping theories, a single path-following strategy was derived to drive each UUV move to the predefined path
asymptotically. In the coordinated level, we focus on the coordination for the scalar parameters. In particular, we show that all
the path parameters can track with a virtual reference leader who is a neighbor of only a subset of following UUVs with local
interactions. The stability of the closed system was proved and analyzed theoretically. The validity of the algorithm proposed is
supported by simulation results.

1. Introduction

With the development of artificial intelligence, robots have
been widely used for complex tasks such as handling search-
ing and rescuing in a dangerous environment. In [1], the
teleoperated robots working in dynamic and unstructured
environments to perform complex tasks were considered.
In this paper, neural networks methods were used to deal
with the uncertainties of the telerobot model to ensure a
guaranteed performance; moreover, extreme learning
machine-based control scheme and combined radial basis
function with neural networks techniques were developed
to compensate for unknown nonlinearity in the manipulator
dynamics and communication delays in [2, 3], respectively.
Compared to telerobots considered in the aforementioned
works, unmanned underwater vehicle (UUV) works in a
more complex environment and with more uncertainties.
In order to fulfill these applications, we always need to
maneuver an UUV along a desired geometric path. Typically,
there are two ways to define the expected geometric path for
an UUV should move to [4]. These two methods are called

trajectory tracking and path following, respectively. In the
context of trajectory tracking, it always requires the UUV
to converge to the expected path determined by specific
times. However, we usually need one UUV to be driven to
spatial positions as the main goal rather than dynamic behav-
iors described by time, and this is the main characteristic of
the concept of path following.

The key idea of path following is how to define the path to
be followed and assign the according reference position for
each vehicle. In [5], the reference point is selected as the clos-
est point to the current position of the vehicle. This method
only needs to control the error in a normal direction relative
to the path and consequently allowing a quick convergence to
the path; however, this method demands that the initial posi-
tion of the vehicle must be located in a circle with a radius of
curvature centered at this closest point. To relax this conser-
vative and necessary condition, Lapierre and Jouvencel [6]
took an arbitrary point as the reference point and describe
the path by the curvilinear abscissa of this point; the algo-
rithm proposed in this paper took this point as a virtual
leader and derived an updating law for the curvilinear
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abscissa of this point which enables following errors to con-
verge to zero asymptotically. References [7, 8] considered
the single path-following problem of the underactuated
autonomous underwater vehicle in 3D case, respectively. In
[7], external disturbances and vehicle’s model uncertainty
are both considered using Lyapunov direct method, back-
stepping, and parameter projection techniques. The results
show that path-following errors can be made arbitrarily
small. In [8], the problem was decoupled to a 3D guidance
law and a heuristic fuzzy control law; both internal and exter-
nal uncertainties are considered in this work.

Sometimes, we need a group of vehicles to work together
to complete complex tasks coordinately, which is called
cooperative control [9] and has received more and more
attention from the researchers. An important theory and tool
to analyze the cooperative behavior is a consensus [10],
which means to reach consent on their common states via
information communications between the members in the
group. Motivated by the idea of consensus, [11] considered
the cooperative path-following problem in the field of ground
robots. In the field of marine vehicles, authors in [12]
proposed a synchronized path-following controller for fully
actuated surface ships by using the passivity theory. We also
proposed a formation control law for full actuated autono-
mous underwater vehicles in [13] by using passivity tech-
niques. A decentralized formation controller was derived in
[14], which deals with the cooperative problem of fully actu-
ated surface vehicles with consideration of the influence of
the sea currents and model uncertainty. Although the afore-
mentioned works have considered about the cooperative
path following of marine vehicles, all the vehicles are fully
actuated rather than underactuated ones. Considering the
fact that underactuated vehicles have fewer actuators than
degrees of the freedom, there exist more challenging
problems for controller designing because of the nonholo-
nomic constraints. Reference [15] considered the coordi-
nated straight path-following problem for underactuated
unmanned surface vehicles. All the vehicles are controlled
to converge to the accordingly assigned straight line path
by the path-following controller based on line of sight guid-
ance. To move synchronously, the surge speeds of each vehi-
cle are adjusted by the distance along paths. By using
nonlinear cascaded systems theory, the stability of the closed
system was proved and analyzed. References [16, 17] also
executed researches on the coordinated path following of
underactuated autonomous vessels. In the coordination level,
the time delay between them to exchange the coordination
vectors is considered and discussed. Even all the results pro-
posed in the above works are decentralized because each
member in the group only needs to exchange the necessary
information under local interactions, all of them assumed
that there is a global reference speed for the whole group that
should be known to all the team members. In this sense, the
controller proposed is not distributed because there is a
global vector that should be known to all of them.

Motivated by the ideas of consensus tracking and
aforementioned works, we consider the truly distributed
path-following problem of underactuated unmanned
vehicles in this proposal. Firstly, we take an arbitrary variable

rather than the curvilinear abscissa like [6–8] to describe the
desired path; followed by Lyapunov and backstepping tech-
niques, the path-following errors were driven to zero asymp-
totically, and this can be regarded as the first contribution of
our work. Furthermore, to ensure cooperative path-following
behaviors of the vehicles, we proposed a consensus tracking
law for the speed of each UUV, by which the reference point
of each vehicle was driven coordinately. Compared with [12,
14–17], in our consensus tracking level, we only need the
group reference speed to be available to one subset of the fol-
lowing UUVs rather than all of them. So the strategy pro-
posed is truly distributed, and this can be regarded as the
second contribution of this work.

The remainder of this paper was organized as: in Section
2, the problems to be studied were introduced and formu-
lated. In Section 3, the kinematic and dynamic model of
UUV was presented, and the single path-following controller
for each UUV was designed using Lyapunov and backstep-
ping methods; in the coordinated level, a path parameters
consensus tracking strategy based was derived for multiple
vehicles. To validate the performance of the method pro-
posed, simulation examples are executed and discussed in
Section 4. Finally, a brief conclusion is given in Section 5.

2. Problem Formulation

The main objective of path following is to enable the vehicle
to converge to and move along the specified path with a
dynamic behavior. In this paper, we mainly talked about this
problem in planar 2D. The position and velocity of the ith
vehicle can be denoted by pi = xi yi

T ∈ R2 and pi =
xi yi

T ∈ R2, where i = 1,… ,N is the index of the vehicle
number, and N denotes the total numbers of vehicles in the
group. The size and orientation of the velocity vector can
be characterized by Ui = pi 2 = xi

2 + yi
2 and χip = arctan

yi/xi , respectively.
Let the desired path be represented as pd ϖi =

xp ϖi yp ϖi
T ∈ R2, which was parameterized by ϖi ∈ R.

Then the consensus path-following problem considered
in this paper can be formulated as

lim
t→∞

∣pi − pd ϖi ∣ = 0, i = 1,… ,N , 1

lim
t→∞

∣ϖi − v0∣ = 0, i = 1,… ,N , 2

lim
t→∞

∣ϖi − ϖj∣ = 0, ∀i, j ∈ 1, 2,… ,N , 3

where (1) and (2) can be regarded as the single path-
following objective which requires each individual vehicle
to converge to and move along the desired path with a
dynamic speed v0. Equation (3) is the coordinated objec-
tive which ensures all the path parameters achieve consen-
sus, then the reference points determined by these
parameters can be updated synchronously.
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3. Consensus Path-following Controller Design

3.1. Path following for Single UUV. Firstly, we consider path
following for one single UUV. Before going on, we give the
dynamic model of the UUV in the horizontal plane borrowed
from [18].

ηi = R ψi νi, 4

m11ui =m22viri − d11ui + τui,
m22vi = −m11uiri − d22vi,
m33ri = m11 −m22 uivi − d33ri + τri,

5

where ηi = xi, yi, ψi
T ∈ R3 denotes the position and heading

of UUV in earth-fixed frame I ; νi = ui, vi, ri T ∈ R3

represents the speed in a body-fixed frame b ; R ψi means
the transformation matrix from frame b to I ; m11,m22,
m33 are mass and hydrodynamic added mass terms, and d11,
d22, d33 denote hydrodynamic terms. From (5), we can find
that there are two control inputs τui , τri , but there are 3
freedoms to determine the specific spatial location of one
UUV. So the UUVs considered in this paper are underactu-
ated systems. Before moving on, we make some common
assumptions to specify the model of the UUVs considered in
this paper:

(1) We do not consider the influence of the environ-
mental disturbance, and we also assume that all
model parameters are determined without any
uncertainty

(2) The position and heading states of each UUV can be
captured by inertial navigation sensors and compass
system, and the velocity can be measured by Doppler
sensor

(3) All the UUVs are equipped with sonar systems,
which enable UUV to have the capabilities to com-
municate with each other

Let the desired path for the ith vehicle be described by a
given variable ϖi as we have introduced in Section 2, define
a path frame with pd ϖi being the origin, specifically, define
x axis along with the tangent and y axis along with normal
direction, and name this frame as f . Then, the relative posi-
tion between the vehicle and the reference point pd ϖi can
be depicted as shown Figure 1.

By using the geometric relations between the vehicle and
the path to be followed, the velocity of the vehicle in inertial
frame I can be described as

dQ
dt I

= dpd ϖi

dt I

+ RI
f

dei
dt f

+ RI
f rip × ei , 6

where ei = sie, yie
T denotes the coordinates of Q described in

f , which is equivalent to the path-following error from Q
to pd ϖi . rip is the angular velocity of the reference point,

and RI
f means transformation from frame f to I with the

form of

RI
f =

cos ψpi −sin ψpi 0
sin ψpi cos ψpi 0

0 0 1
, 7

where ψpi = arctan ypi′ ϖi /xpi′ ϖi with ypi′ ϖi = dyp ϖi /d
ϖi. Multiplying the tranformation matrix from I to f by both
sides of Equation (6), we can get the velocity of the vehicle
described in f as

RI
f

T dQ
dt I

= dpd ϖi

dt f

+ dei
dt f

+ rip × ei , 8

where

dQ
dt I

=
xi

yi

0
= R ψi

ui

vi

0
, 9

dpd ϖi

dt f

=
Uip

0
0

=
xpi′2 ϖi + ypi′2 ϖi ϖi

0
0

, 10

dei
dt f

=
sie

yie

0
, 11
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Figure 1: Path-following frames and error variables.
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where Uip represents the speed of the reference point in f
along axis x. Considering the fact of

rip × ei =
0
0
rip

×
−ripyie
ripxie

0
12

Bring (9), (10), (11), and (12) into (8) and by simple
calculations, we will have

sie = −Uip + ripyie +Ui cos ψie,
yie = −ripsie +Ui sin ψie,

ψie = ri + βi − rip,

13

where Ui = u2i + v2i is the total speed of the ith vehicle and
βi = arctan vi/ui is the according side slip angle. From the
path-following error dynamics (13), we can find that the tan-
gential error sie and normal error yie can be stabilized by Uip,
and the course tracking error ψie = ψi + βi − ψpi can be stabi-
lized by the angular velocity ri. Motivated by this, define the
desired course angle as

ψid = −θa
e2kδyie − 1
e2kδyie + 1 , 14

where kδ > 0 and 0 < θa < π/2. Define the following Lyapu-
nov function

V1i =
1
2 ψie − ψid

2 15

and by calculating the differential of V1i will yield

V1i = ψie − ψid ψie − ψid

= ψie − ψid ri + βi − rip − ψid

16

Choose the desired yaw angular velocity for the ith
vehicle as

rid = ψid − βi − K1 ψie − ψid + rip 17

Then (16) goes

V1i = −K1 ψie − ψid
2 ≤ 0 18

From (15) and (18), we know limt→∞V1i exists and is
also bounded; moreover, V1i = −2K1V1i. So V1i is bounded
and V1i is continuous all the time with limt→∞V1i = 0 by
using Barbalat lemma. So the course error ψie will con-
verge to the desired angle (14). Next, we will design the
virtual control input for Uip to stabilize path-following

errors; to do this, define the following candidate Lyapunov
function as

V2i =
1
2 s2ie + y2ie 19

Differentiate (19) with respect to time to obtain

V2i = sie −Uip + ripyie +Ui cos ψie

+ yie −ripsie +Ui sin ψie = −sieUip + sieUi cos ψie

+ yieUi sin ψie

20

Choose Uip as

Uip =Ui cos ψie + K2sie, 21

where K2 > 0, then (20) goes

V2i = −K2s
2
ie + yieUi sin ψie 22

By using the characteristic of (14), we will always have
yie sin ψie ≤ 0 and yie sin ψie = 0 iff yie = 0. So if the vir-
tual velocity Uip was defined as (21) and the yaw angular
velocity was defined by (17), then the path-following
errors sie, yie, and ψie will converge to zero, respectively.
Next, we will design the control force and torque for each
vehicle in dynamic level.

Firstly, define the speed-tracking error uie = ui − uid and
rie = ri − rid . By considering the characteristic of backstep-
ping techniques, we will propose the following control inputs
for the ith vehicle as

τui =m11 uid − K4uie −m22viri + d11ui,

τri =m33 ψid − β − K1 + K3 ψie − ψid

− K5 + K1K3 ψie − ψid + rid

− m11 −m22 uivi + d33r,

23

where τui and τri are the control inputs for the surge force
and yaw torque of each UUV. K3 > 0, K4 > 0, K5 > 0 are the
control gains to be derived. Bring (23) into (5) will yield

ri = rid − K3 ri − rid − K5 ψie − ψid ,
ui = uid − K4uie

24

Consequently, define the following candidate Lyapunov
function

V3i =
1
2K3 ψie − ψid

2 + 1
2 u

2
ie +

1
2 r

2
ie 25

Then by differentiating (25) along (24) will get

V3i = −K5K1 ψie − ψid
2 − K3r

2
ie − K4u

2
ie 26
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From (25) and (26), we know limt→∞V3i exists and is also
bounded; moreover, V3i is bounded and V3i is continuous all
the time with limt→∞V3i = 0 by using Barbalat lemma. So,
the path-following errors of each vehicle will be global
asymptotically stable by using (23).

3.2. Consensus Path-following Design for Multiple UUVs.
Considering the virtual input derived as (21) and the fact of

Uip = x2pi ϖi + y2pi ϖi with xpi ϖi = xpi′ϖi, ypi ϖi = ypi′ϖi,

we can get the dynamic law for the path parameter by

ϖi =
Uip

xpi′
2 + ypi′

2
= Ui cos ψie + K2sie

xpi′
2 + ypi′

2
27

From (27), we can find that the velocity Ui for the ith
vehicle can be used to synchronize the path parameters ϖi.
To do this, we rewrite (27) as

ϖi =
Ui cos ψie + K2sie

xpi′
2 + ypi′

2
= Ui

xpi′
2 + ypi′

2
+ di, 28

where di = Ui cos ψie − 1 + K2sie / xpi′
2 + ypi′

2
. From the

above subsection, we can find that if the ith vehicle tends to
its desired path, then ψie and sie will go to zero, respectively,
which means di also goes to zero. Then the dynamics of each

path parameter will go as ϖi =Ui/ xpi′
2 + ypi′

2
. If we assumed

that all the parameters of each individual path will be
updated by a common synchronized velocity ϖ0 = v0 ϖ0 ,
then we will have

ϖi =
Ui

xpi′
2
ϖi + ypi′

2
ϖi

= ϖ0 = v0 29

Here, ϖ0 = v0 ϖ0 can be regarded as the virtual group
reference velocity to determine the coordinate behavior for
the whole group. Then we can find that the desired speed

of each vehicle should be Ui = R ϖi v0 with R ϖi =

xpi′
2
ϖi + ypi′

2
ϖi . Physically motivated by this, we define

the following speed coordinate tracking error as

ζi = 〠
j∈Ni

Ui −Uj + bi Ui − R ϖi v0 , 30

where Ni denotes the neighbor’s sets of the ith vehicle.
The first item in (30) characterizes the coordinated veloc-
ity error between the vehicles, and the second item, we
denote bi > 0 when the ith vehicle can reach the virtual
reference velocity v0 and bi = 0 otherwise, and this item
could be regarded as the speed-tracking error of the ith
vehicle. In this paper, we will take the error defined in
(30) as a virtual assistant variable and design the

according dynamic law to stabilize it. Motivated by this,
we denote ζi = τi and proposed the following law:

τi = − ai +
1

Ri ϖi
ζi

− 〠
j∈Ni

aiϖi − ajϖj +
1

Ri ϖi
ζi −

1
Rj ϖj

ζj

− bi ϖi − ϖ0 ,

31

where ai > 0 is the control gain. The first item in (31)
could be seen as the negative feedback to stabilize the
error defined in (30), and the second item could be used
to stabilize the coordinated errors between vehicles, while
the last item aims to control the tracking error for the
group reference path. Moreover, from (31), we could find
that the group reference information only needs to be
known to one subset of the whole group, so the strategy
we proposed is totally distributed.

We can rewrite (31) in a vector form as

τ = − LC + C + A ζ − ALϖ, 32

where C = diag 1/ Ri ϖi ,A = diag ai , and L is the Lapla-
cian matrix with the associated graph of the vehicles. The
remaining work is to prove that under the control of (32),
the objective of ϖ1 =⋯ = ϖn = ϖ0 will be reached. According
to [19], the graph Laplacian matrix can be partitioned as
L =M1Y

2MT
1 for some Y > 0 and M1 is the incidence

matrix of the associated topology. Define the following
vector:

ξ = YMT
1ϖ 33

Considering the characteristic of the incidence matrix,
we can find that ξ = 0 is equivalent to ϖ1 =⋯ = ϖn = ϖ0;
consequently, the coordination errors ϖi − ϖj, ∀i, j will be
driven to zero asymptotically. Considering the coordina-
tion dynamics ζ = τ, and by using the control law derived
in (32), the closed dynamics in terms of ζ, ξ can be rep-
resented as

ζ = − M1Y
2M1C + C + A ζ − AM1Yξ,

ξ = YMT
1Cζ + YMT

1 d,
34

where d = diag di . Let z = ζ +M1Yξ and define a candi-
date Lyapunov function as

V = 1
2 ξ

Tξ + 1
2 z

Tz 35

By simple operations will yield

V = −ζTζ − zTAz, 36

which is negative and equals to zero only at the equilib-
rium point, since M1 is full rank and Y > 0. Therefore,
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(36) is negative definite and resorting the Lyapunov stabil-
ity theorem ζ, ξ = 0, 0 is a uniformly global exponen-
tially stable equilibrium.

4. Simulation Results

To illustrate the efficiency of the proposed consensus path-
following algorithm, we present simulation examples in this
section. Considering a fleet of 3 UUVs, the associated
communication topology was shown in Figure 2. Assuming
that the desired path is parameterized as pd ϖ0 =
ϖ0, 50 ∗ sin π ∗ ϖ0/50 T and ϖ0 = 5/ xp′2 ϖ0 + yp′2 ϖ0 ,

specifically, the group reference information can only be
available to vehicle 1. The initial positions and velocities of
the vehicles are assumed to be η1 = 40, 80, π T , η2 =
30, 0, π/4 T , η3 = −40, −80, −π/2 T and ν1 = 0 1,0, 0 T , ν2 =
0 1,0, 0 T , ν3 = 0 1,0, 0 T . The control gains are set as
K1 = 1, K2 = 1, K3 = 1, K4 = 2, K5 = 1, kδ = 1, and θa = π/4,
respectively. The simulation results were shown by
Figures 3–6. From 3, we can find that all of the three
UUVs can converge to the reference path and keep mov-
ing on them coordinately. Figure 4 shows the process of
the dynamic speedsâ€™ responding, obviously, the vehicles
can move with synchronized behaviors. Figures 5 and 6
indicate the path parameters’ evolution and the errors
between them. Results reveal that all the path parameters
were driven to a synchronized state.

In order to show that the algorithm proposed can be
used to arbitrary paths parameterized by a scalar variable,
we took another simulation for a circle case. Suppose all
the conditions and gains are the same as the previous
example, and the reference path is set as pd ϖ0 =
20 ∗ cos π ∗ ϖ0/200 + 3 ∗ π/4 , 20 ∗ sin π ∗ ϖ0/200 + 3 ∗
π/4 T . The evolution of the 3 UUVs’ paths and the coor-
dination error of the path parameters are depicted by

Figures 7 and 8. We can also find that all the UUVs
can follow the reference path coordinately.

5. Conclusions

This paper addressed the coordination path-following
control problem of UUVs with underactuated dynamics by

210 3

Figure 2: Topology of three UUVs with the reference information
only being available to vehicle 1.
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proposing a consensus path-following strategy. The pro-
posed algorithm was combined by single path-following law
and a path parameter consensus tracking law. As for the sin-
gle path following, a virtual reference point was defined and
the according path errors were driven to zero asymptotically.
At the meantime, the dynamics of the reference point was
determined by the speed of each vehicle, which enabled us
to have the freedom to design expected velocity for each
UUV to realize the cooperative behaviors, and this can be
regarded as the main idea of the algorithm proposed in this
paper. We did not consider the influence of the external
disturbance and the uncertainty of the model parameters;
moreover, we assumed the topology between the UUVs is
fixed and there are no communication delays. All the topics

about the complex dynamic model for the UUV and the
issues about multiple vehicles, such as dynamically changing
topologies, time delays, and data dropouts will warrant our
future research.
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This paper proposes the theoretical model to analyze the performance degradation of control systems subject to common-source
digital upsets. In this paper, a multidimensional hidden Markov model (MDHMM) is used to characterize the correlated upsets
and reveals the relationship between complex environments and stochastic random digital upsets injected into the control systems.
These digital upsets coming from artificial complex environments are operated on distributed redundant processing controllers.
Furthermore, this paper develops the theoretical analysis model for performance degradation of control systems under common-
source digital interferences modeled by MDHMM. Theoretical estimations for different redundant configurations are analyzed.
Then corresponding simulation verifications for a specific control system are also conducted in details and compared with the the-
oretical analysis results.These analyses can help to select an optimal redundant design and provide an example for control systems
design.This analysis also helps to balance the performance of system, reliability of system, and costs of systemdesign in applications.

1. Introduction

Modern aircraft uses more digital fly-by-wire control systems
benefited from new advancements in electronics, computer,
and control technologies, and the fly-by-wire flight control
system is playing more important role for the aircraft safety,
stability and maneuverability. However, it is inevitable to
encounter the challenging threats from the natural and man-
made electromagnetic interferences such as lightning, high
intensity radiated fields (HIRF). Especially, HIRF is one of
the main threat sources for civil digital flight control systems.
These interferences radiation come from radars, radios, or
other transmitters applied from ground, in the air, or at
the sea. During flight, the electromagnetic environments can
interrupt the controller and generate so called “digital upsets”
which will reverse the binary bits in controllers from digit ‘0’
to ‘1’ or from digit ‘1’ to ‘0’. Even though some controllers
possess the recoverable capability or these errors may not

induce the functional failures immediately, the accumulation
of the errors will cause a large deviation from the operation
references, affects the stability of the flight control system
performance, even leads to the fatal failure.This is the serious
potential threat for the loss of control and the whole aircraft
control system safety. Therefore, it is necessary to establish
a model to analyze and monitor the performance degrada-
tion of flight control systems affected by correlated digital
upsets under electromagnetic environments. The focus on
monitoring stability of civil flight control systems meets
the requirements of flight safety concern and can provide
a model verification method for civil aircraft airworthiness
certification and designs.

The so named digital upset process has the binary
random variables, 0 and 1. For example, if there is an
upset injected into flight controllers, the variable takes on
‘1’ or ‘0’ otherwise. The current literatures indicate that
digital upsets can be characterized by Markovian models
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originally proposed in [1].The performance analysis methods
of flight control systems were carried out in some litera-
tures when considering Markovian upset processes [2–6].
Reference [2] proposed a disturbance model represented by
Markovian upset processes and developed the performance
stability analysis theory and verification method. Reference
[3] discussed the necessary and sufficient conditions of
the mean-square stable performance analysis as a result
of electromagnetic interferences. Reference [4] developed a
stochastic electromagnetic disturbance model injected into
the closed-loop jump linear system. Reference [5, 6] proposed
a stochastic hybrid model used to describe neutron-induced
single event upset processes and analyze the corresponding
performance of recoverable digital Boeing 737 flight control
system under this kind of environments. The simulated
neutron experiments were also conducted at the NASA
Langley Research Center. However, physical experiments in
[7, 8] discovered that the stochastic digital upsets cannot be
characterized by general order Markovian models precisely.
Reference [8–11] developed a general model for analyzing the
performance degradations of flight control systems subject to
independent upset processes induced by HIRF environments
and presented a burst model by adding more upsets in order
to extend the duration of upset processes. Therefore, this
method can only provide the upper bound for performance
degradation analysis under independent upsets. In reality, the
electronic devices are located at a limited electronic equip-
ment compartment of the aircraft; then they are exposed in
a common-source interference area with a high probability.
Therefore, Reference [12, 13] proposed a more accurate
model to describe the relationship between the environment
interference and independent digital upsets injected into
flight control systems by using the hidden Markov model
(HMM). Furthermore, performance analysis method based
onHMMmodel of the switched linear systems are considered
and proposed as well. All of the above researches considered
the independent digital upsets injected into the flight control
system and, however, ignored common-mode characteristics
of the upsets. Reference [14] presented a method to describe
common-source interferences by using the multidimensional
hidden Markov model (MDHMM).

MDHMM, a signal statistical analysis model, is widely
used in the fields of pattern recognition and financial areas,
and many researches focus on the applications of movement
segments for controlling a multifunctional prosthetic hand,
measurement assessment and face recognition, etc. [15–18].
Reference [19] proposed a zero-delay MDHMM in terms
of the fitting capacity and prediction power to capture the
evolution of the foreign exchange rate data under different
frequent trading environments. Furthermore, this method
demonstrates that MDHMM can better and more accu-
rately characterize the dynamics than HMM does. However,
MDHMM has not been applied in revealing the hidden
characteristics of the upsets coming from the common-
source environments yet. The initial value selection strategy
is also a focus of the relevant research. In literature [20], the
k-means algorithm is used to estimate the initial observation
probability matrix, while the initial stationary probability
vector and the initial state transition probability matrix are

uniformly initialized. Recently, with the development of arti-
ficial intelligence, some algorithms such as particle swarm,
simulated annealing and ant colony are used to carry out
parameter training and have achieved good results. However,
such algorithms also have huge computational burden.

Therefore, the motivation of this paper is to develop a
theoretical model and the simulation verification method to
analyze the performance degradation affected by common-
source digital upsets modeled by MDHMM.

The two main contributions are addressed in this paper.
First, this paper uses MDHMM to reveal the inherent physi-
cal causes of common-source digital interferences caused by
environment to multichannel flight control systems. In the
current literatures, relevant scholars gradually established the
accurate interferences characteristics of single-channel flight
control systems in HIRF environment through Bernoulli dis-
tribution, Markov process and hidden Markov process. For
a multichannel flight control system, the digital interference
characteristics of each control channel are the same as the
single-channel flight control system. However, the interfer-
ences of different control channels has a common-source
characteristic. Under the authors’ knowledge, the authors
have not found a suitable method to describe the digital
random interferences characteristics of multichannel flight
control systems. So far literatures only describe the methods
using the independent stochastic process to describe the
interferences of each channel; however, this method cannot
describe the common-source characteristic. Therefore, the
theoretical calculation differs greatly from the actual data.
Second, the theoretical analysismodel of flight control system
performance degradation is developed which integrates the
system dynamics the aircraft undertakes, the redundant
structure the flight design characterizes, and the MDHMM
model the disturbances satisfy. This innovative provides a
theoretical basis for the design of the redundancy structure
of the flight control system. It is known that the common-
source interferences on each channel are not independent
of each other. Through theoretical analysis and simulation
verifications, this paper observes that the reliability improve-
ment effect gradually decreases by increasing the number of
control channels in the HIRF environment. This paper is the
consecutive research in [14] and will develop the theoretical
performance degradation model by using MDHMM.

The arrangement of the paper is addressed as follows.
Section 2 describes the general performance modeling of
redundant flight control systems subject to common-source
digital upsets by using MDHMM. Theoretical performance
degradation analysis method of the redundant flight control
systems is presented by applying MDHMM to characterize
the correlated digital upsets in Section 3. An example applied
in Boeing 747 flight control system and the simulation veri-
fication analyses are shown in Sections 4 and 5, respectively.
The last section summarizes the main results.

2. Modeling of Redundant Flight Control
Systems Subject to Correlated Digital Upsets

2.1. Performance Model of the Redundant Flight Control
Systems Subject to the Disturbance Model. The distributed
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Figure 1: Scheme of flight control system subject to digital upsets.

redundant flight control system with disturbance model
is described in Figure 1. The disturbance model includes
the exosystem and the distributed redundant platform. The
exosystem is used to generate common-source correlated
digital upsets fed to distributed redundancy platform. This
platform is composed of controller processing element units
(CPE units); furthermore, this platform is the copy of the
redundant controller-configuration of flight systems. The
platform output is used to characterize the effect of stochastic
digital upsets applied on the platform.CPEunits can calculate
updates of the control law at each sample time and can be
recoverable. The logic of I/O PE is ‘AND,’ and the platform
output drives the switched linear control system [8]. There-
fore, system performance degradation can be studied via the
platform when subject to such digital upsets. Since digital
I/O PE output, v(k), works as a switched binary signal, it has
two states, ‘0’ and ‘1.’ ‘0’ represents the normal state without
interference. ‘1’ represents the upset state which indicates that
there is an interference applied on control systems. Then the
flight control system switches between the normal and the
upsetmode. Some other assumptions are the same with those
in [8] in details.

In this paper, a discrete linearized flight control system
driven by the switching signal, v(k), is described below:

𝑥 (𝑘 + 1) = 𝐴V(𝑘)𝑥 (𝑘) + 𝐵V(𝑘)𝑤 (𝑘) + 𝑟𝑟𝑒𝑓 (𝑘) (1a)

𝑦 (𝑘) = 𝐶V(𝑘)𝑥 (𝑘) (1b)

The binary switching signal v(k) reflects whether the flight
control system is interfered by digital upsets at time k. That
is, when v(k)=0, flight control system operates in the nominal
mode characterized by state space model (𝐴0,𝐵0,𝐶0), other-
wise, the system operates in the upset mode represented by
(𝐴1,𝐵1,𝐶1). Furthermore, 𝑤(𝑘) is the white Gaussian noise
input. 𝑟𝑟𝑒𝑓(𝑘) is the reference signal. The linear switched
flight control system uses Boeing 747 linearization models
derived in details in [8]. The closed-loop control system

works as the nominal mode, and the open-loop control
system is the upset mode.

The error system as shown in Figure 2 is used to analyze
the performance degradation of the flight control system
subject to digital stochastic upsets driven by the switching
signal, V(𝑘). In the error system, there are two copies of
system (1a) and (1b) with the same input, 𝑤(𝑘). One system
acts as a reference system and works in nominal mode
continuously. Another upset system is switched by the switch-
ing signal, V(𝑘). Then the difference of the corresponding
outputs generates the error signal, 𝑦𝑒(𝑘). Then, a new error
systemdynamics is described by the following switched linear
system:

𝑥𝑒 (𝑘 + 1) = 𝐴𝑒,V(𝑘)𝑥𝑒 (𝑘) + 𝐵𝑒,V(𝑘)𝑤 (𝑘) (2a)

𝑦𝑒 (𝑘) = 𝐶𝑒,V(𝑘)𝑥𝑒 (𝑘) (2b)

where 𝐴𝑒,V(𝑘) = diag(𝐴V(𝑘),𝐴0), 𝐵𝑒,𝑣(𝑘) = [𝐵𝑇𝑣(𝑘),𝐵𝑇0 ]𝑇 and
𝐶𝑒,𝑣(𝑘) = [𝐶𝑣(𝑘), −𝐶0]. 𝑥𝑒(𝑘) = [𝑥𝑇𝑢 (𝑘) 𝑥𝑇𝑟 (𝑘)]𝑇 is the
state vector of the error system. Then the index, 𝐽𝑤,𝑒, is
the mean power and used to measure the degradation of
the performance. 𝐽𝑤,𝑒 is a function of the correlated upset
processes, 𝜃𝑖, and the structure of the redundant design.𝐽𝑤,𝑒 = lim

𝑘→∞
𝐸 {𝑦𝑒 (𝑘)2} (3)

The error system is mean-square stable (MSS) when the
limit exists. This is also consistent with the definition in [8].

2.2. Correlated Digital Upsets Processes Modeled by Multi-
Dimensional Hidden Markov Model (MDHMM). As pro-
posed in [14], MDHMM model can better describe the
correlated common-source characteristics among the hidden
environments and observed digital upsets. The digital upsets
are two-state stochastic processes with states strong and
weak. In general, the observed digital upsets processes can
be modeled by the first-order Markov process. However,
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in reality, the interrupt processes from the electromagnetic
environment are correlated instead of independent. Further,
the common-source upsets affect the different units with the
different probabilities. The different interference levels are
determined by the locations of the units, such as different
angles between the electromagnetic interference and the CPE
units.

As defined in [14] and shown in Figure 3, some parameter
definitions are shown below. Supposing theMDHMMmodel
is defined as 𝜆 = (𝑆,𝑉,𝐴ℎ,𝐵𝑓ℎ ,𝜋), 𝑓 ∈ {1, 2, . . . , 𝐹}, then the
corresponding parameter definitions are placed below.

(1) 𝑆 = {𝑆1, 𝑆2, . . . , 𝑆𝑁}) is a N-states set.
(2) 𝑉𝑓 = {𝑉𝑓1 , 𝑉𝑓2 , . . . , 𝑉𝑓𝑀𝑓} is the observation set with𝑓-dimension. 𝑀𝑓 is the observation number, 𝑜𝑓

𝑘
is the 𝑓-th

output observation variable of MDHMM at time 𝑘, o𝑓
𝑘
∈ 𝑉𝑓.

The output observation vector is 𝑜𝑘 = (𝑜1𝑘, 𝑜2𝑘, . . . , 𝑜𝐹𝑘 ).
(3) 𝐴𝑓 = [𝑎𝑖𝑗] is state transition matrix for the hidden

Markov process, 𝑎𝑖𝑗 = 𝑃{𝑞𝑘 = 𝑆𝑗 | 𝑞𝑘−1 = 𝑆𝑖}, 𝑖, 𝑗 ∈{1, 2, . . . , 𝑁}, 𝑓 ≥ 1. 𝑞𝑘 is the hiddenMarkovian state at time
k, 𝑞𝑘 ∈ 𝑆.

(4) 𝐵𝑓
ℎ

= [𝑏𝑓𝑗 (𝑙)] is an 𝑁 × M𝑓 observation probability
matrix, 𝑏𝑓𝑗 (𝑙) = 𝑃{𝑜𝑓

𝑘
= 𝑉𝑓
𝑙

| 𝑞𝑘 = 𝑆𝑗}, 𝑗 ∈ {1, 2, . . . , 𝑁}, 𝑙 ∈{1, 2, . . . ,𝑀𝑓}, 𝑓 ∈ {1, 2, . . . , 𝐹}, 𝑘 ≥ 1.
(5) 𝜋 = (𝜋1, 𝜋2, . . . , 𝜋𝑁) is the initial stationary probabil-

ity distribution, where 𝜋𝑖 = 𝑃{𝑞0 = 𝑆𝑖}, 𝑖 ∈ {1, 2, . . . , 𝑁}.
In fact, in MDHMM model, the hidden states imply the

real electromagnetic states belonging to 𝑆 with two states,
that means N=2. Suppose that the state transition of the
hidden process satisfies the Markov characteristics. In this
paper, all units are subject to the environments. There are
F redundant control units. Therefore, the hidden-process
transition matrix 𝐴𝑓 and each corresponding observation
matrix 𝐵𝑓ℎ are all 2×2.

Take the three-CPEs configuration as an example and all
CPEs are subject to simulated common-source digital upsets
processes with 4000 samples and 174Hz sampling frequency.

Suppose the initial condition of the flight control systems
are placed in normal modes. MDHMM is applied to train
the original common-source signals, and the corresponding
environmental and observation matrices are estimated and
shown below: 𝐴ℎ = (0.9990326 0.00096740.0322089 0.9677911)𝐵1ℎ = (0.9993127 0.00068730.1779482 0.8220518)𝐵2ℎ = (0.9993167 0.00068330.1777482 0.8222518)𝐵3ℎ = (0.9993157 0.00068430.1779382 0.8220618)

(4)

The enlarged part of Figures 4(d)–4(f) can more clearly
show the common-source characteristics of the digital upset
modeled by MDHMM model over the mentioned configu-
ration. Compared to the existing HMM model proposed in
[10], MDHMM can be better used to model the common-
source digital interferences. Specially, MDHMM model can
be changed into HMMmodel when F=1.

In order to analyze the multi-channel digital upsets by
MDHMM, first, it is necessary to estimate the model parame-
ters. Unfortunately, the optimal estimate of the model param-
eters cannot be obtained by finite length of the observed
sequence [21]. However, the local optimal estimate satisfies
the specified precision by numerical algorithm and the
most classical parameter training algorithm is Baum-Welch
algorithm. However, the initial state transition probability
matrix 𝐴ℎ0 and initial observation probability matrix 𝐵𝑓

ℎ0
should be specified. Furthermore, the algorithm for non-
convex function is locally convergent, therefore, the final
results are very sensitive to the initial value selection. If the
initial value selection is not appropriate, the algorithm can
only get to the local optimal solution or is unable to converge.
While the appropriate initial value selection not only make
the local optimal solution close to the global optimal solution,
but also accelerate the process of the algorithm.

In order to meet the real-time requirements in practical
applications, fast parameter training methods must be con-
sidered for the initial value selection strategy. The proper ini-
tial value selection strategy can greatly accelerate the training
process of the model. However, the strategy of parameter
initialization is not fixed. For example, according to the
practical flight program, the initial stationary probability
vector takes the value of {𝜋0 = 1, 𝜋1 = 0}, and does not need
to be estimated since flight systems start up normally. Due to
these characteristics, a priori knowledge for the initialization
of model parameters can be obtained, and the accuracy of
initialization is also increased.

It is stated that the hidden process is a first-order Markov
process in MDHMM. Therefore, if every observation proba-
bility matrix is a unit matrix, then the digital upsets in each
controller is also a first-order Markov process. However, in
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Figure 4: Digital upsets distribution of each channel over three-CPE configuration generated by MDHMMmodel.

reality, the observation probability matrix is not a strict unit
matrix, then this demonstrates that the digital upsets is not a
strict first-order Markov process. Further, different observa-
tion probability matrices will make the digital upsets in each
controller deviate fromMarkov process characteristics.

When regarding digital upsets generated by electromag-
netic environment, the physical experiment analysis provided
by literature [8] showed that the digital upsets process cannot
be strictly described by Markov process. However, it can be
appropriately described as a first-order Markov process with
low confidence level of hypothesis testing. It can be seen that
the digital upset signals contain the Markov characteristics
of hidden state transition to a certain extent. Therefore, the
transition characteristics of the digital upsets can be counted
and used in the initial state transition probability matrix of
MDHMM by the following:

𝑎𝑓𝑖𝑗 = P {𝑆𝑓𝑗 (𝑘) | 𝑆𝑓𝑖 (𝑘 − 1)}
P {𝑆𝑓𝑖 (𝑘)}

𝑎𝑖𝑗 = 1𝐹 𝐹∑
𝑓=1

𝑎𝑓𝑖𝑗 (5)

where 𝑖, 𝑗 ∈ {1, 2, . . . ,𝑁}, 𝑓 ∈ {1, 2, . . . , 𝐹} and k is
the sampling instant. Then the initial observation probability
matrix 𝐵𝑓

ℎ0
is randomly chosen and all of its elements take

value of 0.5. After choosing the initial value of MDHMM,
the traditional Baum-Welch algorithm iterates until achieving
the suitable convergence. In order to meet the application
accuracy requirement, the convergence conditions of Baum-
Welch algorithm are shown as follows: the difference between
two iterations of the normalized likelihood probability, the

‖ ⋅ ‖2of the state transition matrixAℎ and the observation
matrixBℎ , is less than 1 × 10−6.

It is worth mentioning that due to the inherent diffi-
culty of MDHMM parameters training, although the model
parameters training method presented in this paper cannot
guarantee the global optimal result, it can still quickly
converge to the local optimal solution under the given
accuracy requirements, taking into account the accuracy
and the efficiency of the algorithm. The paper considers the
airworthiness requirements; then the initial conditions must
be in normal mode during taking-off phase.

3. Theoretical Performance Analysis of
Markov Switched Flight Control Systems
under Correlated Digital Upsets

3.1. General Theoretical Performance Analysis of Markov
Switched Flight Control Systems. As mentioned above, the
literatures [1–8] carried out theoretical and simulation anal-
yses of the switched flight control system performance
under stochastic Markov digital random interferences. In this
section, the paper, first, introduces the fundamental relevant
theorems about the bounded linear operator [22].

Let C be an n-dimensional complex Euclidean space, and
M(C𝑚, C𝑛) be a normed linear space composed of all n ×m d
imensional matrices and be abbreviated asM(C𝑛) when n =m.

Definition 1. Column stacking operator, 𝜑, has the following
operation for the matrix H𝑖𝜖M(C𝑚, C𝑛), i=1, 2,. . ., N:

𝜑 (𝐻1,𝐻2, . . . ,𝐻𝑁) fl [[[[[
𝐻1
𝐻2...
𝐻𝑁

]]]]] ∈ 𝑀(C𝑚,C𝑁𝑛) , (6)
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Definition 2. The inverse column stacking operator, 𝜑−1𝑗 , has
the following operation for the matrix H𝑗 𝜖M(C𝑚, C𝑛), j=1,
2,. . ., N:

𝜑−1𝑗 ([[[[[[[
𝐻1

𝐻2...
𝐻𝑁

]]]]]]]) = 𝐻𝑗 ∈ 𝑀 (C𝑚,C𝑛) , (7)

Definition 3. For any bounded initial state 𝑥0 of any n-
dimensional switched linear system, if there is a non-negative
real number 𝛼 which makes 𝐸{‖𝑥(𝑘)‖2} → 𝛼 when time𝑘 → ∞, the switched linear system is mean-square stable.

The switched linear system (1a) and (1b) has the above
mean-square stable characteristics.

Lemma 4 (see[5]). Markovian switched linear system (2a)
and (2b) is mean-square stable if and only if 𝑟𝜎(A2) < 1, where
A2= diag (𝐴𝑇𝑒,0 ⊗𝐴𝑇𝑒,0,𝐴𝑇𝑒,1 ⊗𝐴𝑇𝑒,1, . . . ,𝐴𝑇𝑒,𝑙−1 ⊗ 𝐴𝑇𝑒,𝑙−1)⋅ (Π𝑣 ⊗ 𝐼𝑛2) (8)

where Π𝑣 is state transition matrix of Markovian switched
law,v(k). 𝑟𝜎 is the spectral radius of the matrix.

In this paper, the above lemma is applied to estimate the
system stability. When the closed-loop flight control system
is stable under digital interferences, the index 𝐽𝑤,𝑒 can be
estimated by the following lemma and theorems derived from
Theorem 3 in [8] to evaluate the control system performance
degradation.

Lemma 5 (see [8]). For the mean-square stable Markovian
switched linear system (2a) and (2b), if the switching law, v(k),
is aperiodic and ergodic, the initial state is 𝑥0 = 0, and the
white Gaussian noise input𝜔(𝑡) is independent of the switching
law,v(k), then

𝐶𝑖 = 𝐶T𝑖 ⋅ 𝐶𝑖𝑉𝑗 = 𝑙−1∑
𝑖=0

[Π𝑣]𝑖𝑗 𝐵𝑖𝐵𝑇𝑖 [𝑝]𝑖
𝑄𝑖 = 𝜑−1 ((𝐼𝑙𝑛2 −A

T
2 )−1 ⋅ 𝜑 (𝑉0,𝑉1, . . . ,𝑉𝑙−1))𝐽𝑤,𝑒 = 𝑙−1∑

𝑖=0

tr (𝐶𝑖 ⋅𝑄𝑖)
(9)

where l=2,Π𝑣 is state transitionmatrix ofMarkovian switching
law 𝑣(𝑘), and [Π𝑣]𝑖𝑗 represents the ij-th element of the matrixΠ.

It is noted that the switching law of the switched linear
system is the first-order Markov chain for Lemmas 4 and 5.

However, the observation processes of HMMandMDHMM,
in general, do not have Markovian property.Therefore, those
two lemmas cannot be directly applied to the stability and
performance analysis.

The switched flight control systemdriven byHMMdigital
random interferences is described as

𝑥 (𝑘 + 1) = 𝐴𝑜𝑘𝑥 (𝑘) + 𝐵𝑜𝑘𝑤 (𝑘) (10a)

𝑦 (𝑘) = 𝐶𝑜𝑘𝑥 (𝑘) (10b)

where the switching law 𝑜𝑘 is generally not a Markov chain.
However, the joint process among Markov and non-Markov
processes is a Markov chain [8]. Then the switched flight
control system driven by the joint process, 𝜌(𝑘), is denoted
as

𝑥 (𝑘 + 1) = 𝐴𝜌(𝑘)𝑥 (𝑘) + 𝐵𝜌(𝑘)𝑤 (𝑘) (11a)

𝑦 (𝑘) = 𝐶𝜌(𝑘)𝑥 (𝑘) (11b)

The switching law 𝜌(𝑘) of the system is a first-order
Markov chain. In order to use system (11a) and (11b) to analyze
system (10a) and (10b), it is necessary to ensure that the state
spacemodel are identical at each time.Thenwe have to define
the switched systems equivalence.

Definition 6. For switched systems (10a), (10b), (11a), and
(11b), if for any time k,

𝐴𝑜𝑘 = 𝐴𝜌(𝑘),
𝐵𝑜𝑘 = 𝐵𝜌(𝑘),
𝐶𝑜𝑘 = 𝐶𝜌(𝑘) (12)

then those two switched systems are called equivalent.

When switched systems (10a), (10b), (11a), and (11b) are
equivalent, one can use the existing Markovian switched
linear system theory to estimate the flight system (11a)
and (11b) performance degradation driven by HMM digital
interferences.

3.2. Theoretical Performance Analysis of Markovian Switched
Flight Control Systems under Correlated Digital Upsets Mod-
eled by MDHMM. This section considers the theoretical
performance degradation model for Boeing 747 flight control
system based on the structures shown in Figures 1–3. The
existing traditional methods for multi-channel flight con-
trol system performance estimation have two prerequisites.
First, the digital random interference processes for each
channel are independent of each other. Second, the digital
random interference process for each channel has Markov
properties. However, in the MDHMM model, the hidden
“electromagnetic state” is always characterized by a first-order
Markov chain. In reality, the digital random interferences of
each channel are related to the electromagnetic states and
described by the HMMs which do not have the Markov
properties. In addition, the interference process among chan-
nels in the MDHMM model is conditionally independent
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of hidden state variables instead of mutually independent.
Compared to the traditional mutually independent Markov
interference processes, MDHMM interference processes are
much more complex. However, it can better characterize the
relationship between electromagnetic environments and cor-
related digital upsets injected into the flight control system.
Therefore, it is necessary to develop a newmethod to analyze
the performance degradation of flight control systems under
correlated digital upsets by using MDHMM.

Then reconsider the inherent logical relationship among
state variables and stochastic digital upsets modeled by
MDHMM. The random hidden electromagnetic state vari-
able at time k is only related to that at time k-1, regardless
of states at all previous moments for Markov processes.
Meanwhile, the random digital interference upset of each
channel is only related to the hidden electromagnetic state
variable at time k.Therefore, the joint random process among
the random electromagnetic state and the digital interference
upsets of each channel have Markov properties as well which
is elaborated inTheorem 7.

Theorem 7. For F-dimensional MDHMM model 𝜆 =(𝑆,𝑉,𝐴ℎ,𝐵𝑓ℎ ,𝜋), the state transition matrix is 𝐴ℎ = [𝑎𝑖𝑗], the
observation probability matrix is 𝐵𝑓

ℎ
= [𝑏𝑓𝑗 (𝑙)], 𝑖, 𝑗 ∈ {1, 2,. . . , 𝑁}, 𝑓 ∈ {1, 2, . . . , 𝐹}, 𝑙 ∈ {1, 2, . . . ,𝑀𝑓}. As shown in

Figure 5, a hidden state variable is 𝑞(𝑘) at time k, and the
observation state vector is 𝑜(𝑘) = (𝑜1𝑘, 𝑜2𝑘, ..., 𝑜𝐹𝑘 ). Then the joint
process

𝑢 (𝑘) fl (𝑞 (𝑘) , 𝑜 (𝑘)) (13)

is a first-order Markov chain with 𝑁 × 𝑀𝐹 states, and the
corresponding state transition probability is

V(𝑖,𝑔1,𝑔2,...,𝑔𝐹)(𝑗,𝑙1,𝑙2,...,𝑙𝐹) = 𝑎𝑖𝑗 ⋅ 𝑏1𝑗 (𝑙1) ⋅ 𝑏2𝑗 (𝑙2) ⋅ . . .⋅ 𝑏𝐹𝑗 (𝑙𝐹) (14)

Proof. Let the state of the joint process at time k-1 is

𝑢 (𝑘 − 1) = (𝑞 (𝑘 − 1) = 𝑖, 𝑜 (𝑘) = (𝑔1, 𝑔2, . . . , 𝑔𝐹))= (𝑖, 𝑔1, 𝑔2, . . . , 𝑔𝐹) (15)

and let the state of the joint process at time k is

𝑢 (𝑘) = (𝑞 (𝑘) = 𝑗, 𝑜 (𝑘) = (𝑙1, 𝑙2, . . . , 𝑙𝐹))= (𝑗, 𝑙1, 𝑙2, . . . , 𝑙𝐹) (16)

According to the definition of MDHMM, the following
conditional probability are𝑃 {𝑢 (𝑘) = (𝑗, 𝑙1, 𝑙2, . . . , 𝑙𝐹) | 𝑢 (𝑘 − 1)= (𝑖, 𝑔1, 𝑔2, . . . , 𝑔𝐹)} = 𝑃 {𝑞 (𝑘) = 𝑗, 𝑜 (𝑘)= (𝑙1, 𝑙2, . . . , 𝑙𝐹) | 𝑞 (𝑘 − 1) = 𝑖, 𝑜 (𝑘 − 1)

= 𝑔1, 𝑔2, . . . , 𝑔𝐹} = 𝑃 {𝑞 (𝑘) = 𝑗, 𝑜 (𝑘)= (𝑙1, 𝑙2, . . . , 𝑙𝐹) | 𝑞 (𝑘 − 1) = 𝑖} = 𝑃 {𝑞 (𝑘)= 𝑗 | 𝑞 (𝑘 − 1) = 𝑖} ⋅ 𝑃 {𝑜 (𝑘) = (𝑙1, 𝑙2, . . . , 𝑙𝐹) | 𝑞 (𝑘)= 𝑗} = 𝑎𝑖𝑗 ⋅ 𝑏1𝑗 (𝑙1) ⋅ 𝑏2𝑗 (𝑙2) ⋅ . . . ⋅ 𝑏𝐹𝑗 (𝑙𝐹)
(17)

Therefore, the joint process 𝑢(𝑘) is a first-order Markov
chain.

Theorem 8. 𝑜(𝑘) are digital homogeneous Markov upset
processes injected into N CPEs distributed control system on
a state space {0, 1}𝑁 described by N dimensional MDHMM
model. Define the hidden state of the MDHMMmodel as 𝑞(𝑘),
the stochastic process 𝑣(𝑘) fl 𝜙(𝑜𝑖(𝑘)), and the joint process
�̂�(𝑘) fl (𝑜1(𝑘), ⋅ ⋅ ⋅ , 𝑜𝑁(𝑘)), and then the joint process 𝜌(𝑘)

𝜌 (𝑘) fl (𝑞 (𝑘) , �̂� (𝑘) , 𝑣 (𝑘)) (18)

is the homogeneous Markov chain and the corresponding state
space can be reduced into a proper subset of {0, 1}𝑁+1.
Proof. According toTheorem 7, it is known that

𝑢 (𝑘) = (𝑞 (𝑘) , 𝑜 (𝑘)) (19)

Therefore,
𝜌 (𝑘) = (𝑢 (𝑘) , 𝑣 (𝑘)) (20)

Then
P {𝜌 (𝑘) | 𝜌 (𝑘 − 1)}= P {𝑢 (𝑘) , 𝑣 (𝑘) | 𝑢 (𝑘 − 1) , 𝑣 (𝑘 − 1)}= P {𝑢 (𝑘) | 𝑢 (𝑘 − 1)} (21)

Therefore, based on Theorem 7, the joint process 𝜌(𝑘) is a
homogeneous Markov chain. Then the joint process 𝜌(𝑘) can
be used to drive the switched flight control system (2a) and
(2b), and Lemma 5 can analyze the theoretical performance
error of system (2a) and (2b).

4. An Example of Flight Control System
Performance Analysis under Correlated
Upsets Modeled by MDHMM

Consider the dual-channel flight control system subject to
digital stochastic upsets described by MDHMM, the corre-
sponding hidden environmental and observation matrices
are shown as follows:

𝐴ℎ = [0.9991 0.00090.0322 0.9678]
𝐵
𝑜1
ℎ

= [0.9993 0.00070.1779 0.8221]
𝐵
𝑜2
ℎ = [0.9994 0.00060.1777 0.8223]

(22)
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Figure 5: Joint process conceptual schematic over the distributed configuration under digital upsets modeled by MDHMM.

The joint process state table for 2 CPEs structure for
switched flight control system subject to digital upsets as
shown in Figure 1 is listed in Table 1.

The joint process 𝜌(𝑘) is a first-order Markov chain
with eight states. The eight state transition matrices can be
obtained byTheorem 7, andA2 can be calculated by

A2 = diag (𝐴𝑇𝜌1 ⊗𝐴𝑇𝜌1 ,𝐴𝑇𝜌2 ⊗𝐴𝑇𝜌2 , . . . ,𝐴𝑇𝜌8 ⊗𝐴𝑇𝜌8)⋅ (Π𝜌 ⊗ 𝐼542) (23)

The switching law 𝜌(𝑘) of the switched flight control system
is equivalent to the actual system switching signal 𝑣(𝑘), then
A2 = diag (𝐴𝑇0 ⊗𝐴𝑇0 ,𝐴𝑇0 ⊗ 𝐴𝑇0 ,𝐴𝑇0 ⊗𝐴𝑇0 ,𝐴𝑇1⊗ 𝐴𝑇1 ,𝐴𝑇0 ⊗𝐴𝑇0 ,𝐴𝑇0 ⊗ 𝐴𝑇0 ,𝐴𝑇0 ⊗𝐴𝑇0 ,𝐴𝑇1 ⊗ 𝐴𝑇1 ) (Π𝜌⊗ 𝐼542) (24)

The general radius of the matrix A2, 𝑟𝜎(A2), is 0.9734<1,
therefore, the switched system (2a) and (2b) is mean-square
stable. The system performance degradation is 9.3575× 10−7,
an acceptable performance degradation.

In order to verify the accuracy of the theoretical analysis,
simulation verification by using Monte Carlo method was
carried out by MATLAB. First, the simulated digital upset
processes by theHMMmodel through training are generated.
Second, the error model of the flight control system (11a) and
(11b) is driven by these digital upsets. Third, the mean of the
steady-state part of the average system output response after
200,000 Monte Carlo runs are calculated. Finally, the corre-
sponding performance error output of the switched system is
9.3575 e-7, which meets the theoretical analysis result.

5. Simulation Verifications for Flight Control
System Performance Analysis under
Correlated Upsets Modeled by MDHMM

Four redundant architectureswith 1CPE, 2CPEs, 3CPEs, and
4 CPEs are established under a certain environment by using
the independent HMMmodel and the correlated MDHMM
model, respectively. The digital upset process was simulated
and fed into the switched flight control system. Then the

comparisons of the average error output responses among
MDHMMmodel and the corresponding independent HMM
model for each architecture are shown in Figure 6 after the
total 200,000 Monte Carlo runs.

In Figure 6, four subgraphs use semilogarithmic coordi-
nate systems, where the vertical coordinate of performance
errors is in logarithmic scale. As shown in Figure 6, the
degradations of the two models in Figure 6(a) are basically
the same.TheMDHMMmodel becomes the HMMmodel in
the 1 CPE structure.Those two are essentially the same model
with the same characteristics. As shown in Figures 6(b)–6(d),
it is easy to observe that the performance errors by using the
independent HMM model are several orders of magnitude
better than that by using the MDHMM model. It is known
that in the independent HMM upsets model, the digital
upsets in different CPEs are rarely happened simultaneously.
Then, at least one CPE can be guaranteed to operate normally
at each sampling time. However, the HIRF environment
always generates common-mode upsets and affects all CPEs
at the same time, which might cause the overall system fail
intermittently. However, current literatures demonstrated
that the common-mode characteristics of digital upsets
can be reflected more accurately by MDHMM model than
others. Therefore, it is reasonable that the performance of
the overall system subject to upsets modeled by MDHMM is
worse than that modeled by HMM.

Based on the established MDHMMmodel of digital upset
processes for different redundant structures, Lemma 5 and
Theorem 7 are used to predict the performance degradation
of the flight control system under simulated different field
strength environments. For the simulation analyses, the gen-
erated simulated digital upset signals generated byMDHMM
models are used to drive the switched flight control system
under simulated electromagnetic environments whose field
intensity ranges from 100V/m to 180V/m increased by every
10V/m at frequency 100MHz. Each experiment carries out
200,000 Monte Carlo runs. Then the comparisons between
the theoretical prediction and simulation estimation results
under different redundant structures and environments are
conducted and shown in Table 2. Table 2 demonstrates
that theoretical estimations of the performance degrada-
tion match the simulation results efficiently for four kinds
of redundant structures under different strength environ-
ments.
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Table 1: State Table for 2 CPEs Redundant Structure of Flight Control System Subject to Environments.

𝑞(𝑘) 𝑦1(𝑘) 𝑦2(𝑘) 𝑣(𝑘) = 𝜙 (𝑦𝑖(𝑘)) 𝜌(𝑘) fl (𝑞(𝑘), �̂�(𝑘), 𝑣(𝑘))
0 0 0 0 (000,0)
0 0 1 0 (001,0)
0 1 0 0 (010,0)
0 1 1 1 (011,1)
1 0 0 0 (100,0)
1 0 1 0 (101,0)
1 1 0 0 (110,0)
1 1 1 1 (111,1)
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Figure 6: Comparison of the performance degradation response between the MDHMMmodel and the corresponding independent HMM
model for four redundant structures.

As shown in Figure 7, it is easy to find that the flight per-
formance error increases as the field strength of electromag-
netic environment increases and is getting worse.The redun-
dant fault-tolerant control structure can reduce the perfor-
mance error, however, it is hard to draw a conclusion that the
more the better straightforwardly. For example, performance
error for 2 CPEs structure is less than that for 1 CPE structure
and has an obviously greater performance improvement.
However, the improvement between 3 CPEs and 4 CPEs
structures for the performance error is less significant. It is
known that the common-mode interferences caused by the
electromagnetic environment will affect all CPEs at the same
time. Meanwhile, the more redundant units, the more diffi-
cult the design and the higher maintenance cost of the flight
control system, therefore, it is better to balance the improve-
ment of flight performance and the redundancy units.

Figure 8 shows the performance error response compari-
son among four kinds of redundant structures under a certain

simulated electromagnetic environment by using MDHMM.
As shown in Figure 8, the mean-square stable characteristics
are obvious for four different fault-tolerant structures under
digital stochastic upsets. The performance error response
becomes stable quickly for each structure. It is obvious that
the magnitudes of the performance errors are very small
which satisfy flight safety requirements. This is consistent
with the results shown in Figure 7.

6. Conclusions

Thepaper discussed the common-source digital upsets mod-
eled by MDHMM and revealed the relationship between
the environments and observed digital upsets. It is found
that this is a more accurate model used for characterizing
correlated upsets compared to the existing HMM approach.
Furthermore, the theoretical performance degradation anal-
ysis method was developed under common-source upsets
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Figure 7: Simulation estimation comparisons of performance error
for different redundant structures under different environments
modeled by MDHMM.
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Figure 8: Simulation estimation of the performance error response
for different redundant structures subject to common-source digital
upsets under a certain simulated electromagnetic field.

modeling by the MDHMM.This theoretical analysis method
integrated with the system dynamics aircraft undertakes, the
redundant structure the flight design characterizes, and the
MDHMM model the disturbances satisfy. Then simulation
verifications for the performance degradation of a distributed
redundant flight control system were conducted by Monte
Carlo methods when the system was subject to correlated
common-source upsets. Finally, the comparisons among the
theoretical analyses and the simulation verifications of the
control system demonstrated the accuracy of the theoretical
method which can benefit flight control systems redundancy
designs.Theoretical stability analyses of the mentioned struc-
tures were also analyzed and demonstrated the mean-square
stability property. The optimal design scheme will help to

balance the performance the aircraft undertake, the weight
of aircraft, and the maintenance costs in application.
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Dynamic path planning is one of the key procedures for unmanned aerial vehicles (UAV) to successfully fulfill the diversified
missions. In this paper, we propose a new algorithm for path planning based on ant colony optimization (ACO) and artificial
potential field. In the proposed algorithm, both dynamic threats and static obstacles are taken into account to generate an
artificial field representing the environment for collision free path planning. To enhance the path searching efficiency, a coordinate
transformation is applied to move the origin of the map to the starting point of the path and in line with the source-destination
direction. Cost functions are established to represent the dynamically changing threats, and the cost value is considered as a scalar
value of mobile threats which are vectors actually. In the process of searching for an optimal moving direction for UAV, the cost
values of path,mobile threats, and total cost are optimized using ant optimization algorithm.The experimental results demonstrated
the performance of the new proposed algorithm, which showed that a smoother planning path with the lowest cost for UAVs can
be obtained through our algorithm.

1. Introduction

Unmanned aerial vehicle (UAV) is a type of aircraft that
can be remotely controlled or fly autonomously following
on preplanned flying routes with no onboard pilots. UAV
has found increasing number of applications in real-world
environments [1, 2]. With the incessant improvement of the
maneuverability, stealth, aggression, and intelligence of the
UAV, the application of UAV has been greatly expanded
during the past years.The tasks for UAV to perform are diver-
sified, such as reconnaissance and early-warning, electronic
countermeasure, communication relay, and air striking [3–5].
Dynamic path planning is the key function of UAV to ensure
that UAVs can carry out the tasks successfully. It mainly
refers to plan an optimal flight track for UAV from a starting
point to a target point which satisfies the constraints of the
UAV’s own performance expectation and the environment.

Furthermore, an optimized path guarantees the successful
completion of the mission with the minimized cost [6–8].

Based on the mastery degree of the surrounding infor-
mation, path planning can be constructed by two planning
engines including a global path planning engine that uses
prior environmental information for global planning and a
local path planning engine that responds to the real-time
sensor information, such as size and location of an obstacle.
The local path planning is suitable for the situation where a
starting point and a destination are relatively close. The local
path planning is quick, real-time, and responsive, but it is
easily distracted by local information thus falling into a local
optimal solution without achieving the global target. Global
path planning provides solution for overall path finding
which finds out a both feasible and optimal path based on the
environmental information obtained. All the environmental
information is acquired firstly and then a preliminary (global)
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path planning is carried out according to the environmental
map constructed. The global path planning relies on global
environmental information and cannot deal with real-time
problems during planning process. Global path planning
demands large computational capacity.Meanwhile, local path
planning is a kind of dynamic programmingwhile global path
planning belongs to static programming [9, 10].

Considerable literatures have been reported on the sub-
ject of path planning. The main methods currently devel-
oped for path planning include graph-based, population-
based evolutionary algorithms, and distributed approaches
[11]. The graph-based algorithms include Voronoi diagram
search method, directed graph-based method, A∗ search
algorithms, mathematical programming method, artificial
potential field method (APF), and D∗ lite algorithms. The
graph-based algorithms, however, have shown weakness in
practical situations due to its difficulty to address the motion
constraints of UAV.The population-based algorithms contain
particle swarm optimization (PSO), ant colony optimization
(ACO), intelligent water drops optimization (IWD), grav-
itational search algorithm (GSA), and artificial bee colony
(ABC). The population-based evolutionary algorithms have
advantages of reduced complexity and dimensions in the
planning phase [12, 13]. Distributed path planning off loads
the path planning to environment using message exchanges
between intelligent nodes. While these methods require
minimized onboard processing, they rely on the smart
infrastructures to be preinstalled. All of these methods have
been applied to path planning in the literature, but each
of them has its own disadvantages in certain aspects. For
example, the APF method fails to generate path effectively
in the situation with a more dense group of obstacles. The
target cannot be reached if there are obstacles near the target.
Moreover, jitter may occur in the planning path when it is
near to an obstacle or in a narrow passageway [14, 15]. As for
the ACO algorithm, it requests large amount of computation
and the efficiency very much depends on the parameter. If
the parameter is set incorrectly, the solution speed is slow
and the quality of the solution is poor. Although an optimal
solution can be obtained through exchanging information,
the efficiency will be inevitably reduced when the content of
the problem is too large. Meanwhile, ACO algorithm has a
slow convergence speed and can easily fall into local optimal
solution due to its lack of initial information [16, 17].

To address the above challenges, we propose a newmodel
for UAV path planning based on the ant colony optimization
algorithm and the artificial potential field algorithm. Both
mobile threats and static threats are considered with a
set influence radius. Furthermore, mobile threats such as
radars, missiles, artillery, and atmosphere are given with their
moving directions. During the process of initialization, an
occupant gridmapwill be constructed under the transformed
coordinate system using the environmental information
available. The initial coordinates of the points on the paths
will be set.Then the optimummoving directions are searched
based on probability and the cost of mobile threats from the
starting point. The pheromone and next step of movement
are updated iteratively until the target is reached with the best
solution.

We evaluate the performance of the proposed method in
planning paths against the performance of ACO algorithm
in two experiment scenarios: (1) with both mobile threats
and static threats presented; (2) with only mobile threats. The
experimental results show that our proposed algorithm has
lower costs and achieves higher performance producing a
smoother path. The costs include the cost of mobile threats,
the cost of path, and the total cost, while the total cost is the
sum of the cost of mobile threats and the cost of path. And
the cost of path is mainly considered as the fuel consumption
in the entire path.

The contributions of the paper can be summarized as
follows: both mobile threats and static threats are considered
to simulate the actual situations better and a coordinate
system transformation is used for simplicity. Meanwhile, in
ACO algorithm, the thoughts of APF are used where the cost
value is considered as a scalar value of mobile threats which
are vectors actually.

The remaining part of the paper is organized as follows.
Related work is introduced in Section 2. The new UAV path
planning model and algorithm are proposed in Section 3.
The experimental results are presented in Section 4. Section 5
concludes the paper with future work.

2. Related Work

2.1. Artificial Neural Network. Artificial Neural Network
(ANN) is a method that mimics the neural network of
organisms. It is amathematicalmodel established by abstract-
ing the structure of the biological neural network and the
mechanism responding to the outside stimulus. Nowadays,
ANN has developed a multitude of models, such as Hopfield
network, ART network, and Kohonen network [18]. It is a
typical parallel computing model consisting of many inter-
connected simple processors which are also called neurons or
nodes. There are only two rules for its computing capability.
The former is the rule of combining signals input, which
usually represents the weighted sum of the signals input, and
the latter is the activation function that calculates the com-
bined input signals into the output signals. Each processor
only receives signals periodically and sends signals to other
processors.

The ANN model is characterized by parallel distributed
processing ability, high fault tolerance, and self-learning abil-
ity which can combine information processing and storage.
ANN has excellent performance in the task of dealing with
parallel complex systems, so it is often used to solve problems
with complex and mission critical applications [19].

2.2. Particle Swarm Optimization. Particle swarm optimiza-
tion (PSO) originally proposed by Eberhart and Kennedy
in 1995 is an intelligent search algorithm that mimics the
foraging behavior of birds. In this algorithm, every potential
solution of the problem to be optimized is represented as a
point in the N dimensional space which is called particle.
Each particle has a fitness function determined by fitness
function and a speed determining the direction and speed of
a particle. Particles move at the speed of their own towards
the direction of the currently most optimal particle. The
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Figure 1: Typical UAV path planning model. (a) contains both mobile threats and static threats while (b) only contains the mobile threats.

PSO is widely adopted for robot path planning because it
requires only small computation resources, has fast search
speed, and uses less tuning parameters. A PSO algorithm
is based on guaranteed convergence and applying it to the
global path planning of mobile robots was proposed. The
method is described as encoding the path which connects the
start point and destination in the environment into particles.
Then an active region of particles is divided according to the
positions of obstacles, and the initial population is produced
in this area, which makes a particle search an optimal
path in a smaller restricted area. In the search process, the
acceleration coefficient and inertia weight of particles are
adjusted adaptively with the increase of iterations [20–22].

2.3. Genetic Algorithm. Genetic algorithm (GA) is first pro-
posed by Professor J. Holland in the United States in 1975
which is a kind of intelligent search algorithm which simu-
lates the process of biological evolution to find an optimal
solution. GA is started from a randomly generated or spe-
cific initial population which consists of several genetically
encoded individuals. In GA, certain common operations,
such as selection, replication, cross, and variation are used.
According to the fitness of an individual and the principle
of survival of the fittest, a new generation of population is
produced through incessant iterative calculation. In this way,
an optimal solution or an approximate optimal solution is
obtained after decoding the genes of the optimal individuals.
Because of inherent parallelism and great ability of global
optimization of GA, genetic algorithm is widely used in
function optimization, machine learning, signal processing,
adaptive control, and robot path planning.

In view of the problem of many factors involved in
the path of 3D terrain, a path planning method based on
multiobjective genetic algorithm was put forward. In this

algorithm, the total length and slope of the path and the path
security are taken into account to measure the path obtained.
In order to avoid the loop in the path, the initial population is
obtained by using large scale uniform initialization, and loops
of the iteration are then removed through the introduction of
the austerity operator [23, 24].

2.4. Sparse A∗ Search. Sparse A∗ Search (SAS) algorithm
is an improved A∗ algorithm proposed by Szczerba et al.
in 2000. SAS combines the constraints of the problems to
be solved in the search process of the basic A∗ algorithm
to reduce the number of unused nodes in the search space,
thus reducing the time consumed by the algorithm. These
constraints are the maximum corner constraint and the max-
imum path length, and a method based on a new structured
search space was proposed. That is to say, in a planning
area, a sufficient number of nodes are generated uniformly
by a random function, and the nodes are validated through
visibility to forma search space.Thismethod can significantly
reduce the computational complexity and improve the search
efficiency. Moreover, it can also flexibly balance between the
path quality and time consumption [25, 26]. SAS is currently
widely used in path planning of 3D environment.

3. The Proposed Method

3.1. Model Building. UAV path planning is a global optimiza-
tion problem to generate a set of way points from the start
point S to the destination point D with guarantee not to
fly out of the designated map or being taken by threats. In
our work, all threats located in the environment are divided
into two categories, i.e., mobile threats and static threats.
As shown in Figure 1, static threats are obstacles with a
static position in the space (denoted as yellow circles with
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Figure 2: Transformation of coordinate system in UAV path planning model. (a) contains both mobile threats and static threats while (b)
only contains mobile threats.

set radius); mobile threats are dynamically moving obstacles
with a known constant velocity (denoted as blue circles). In
Figure 1, the straight line SD is divided into (M+1) segments,
and𝑊𝑘 (𝑘 = 1, 2, ⋅ ⋅ ⋅,𝑀) denote the M way points along the
flying route.

As shown in Figure 2, a transformation of coordinate
system is produced to reduce the complexity of computation
process in the UAV path planning. By setting the straight
line between the S and D →𝑆𝐷 as the new x-axis and the
start point (S) of UAV as the new origin of the coordinate,
a new coordinate system 𝑥𝑜𝑦 is then transformed from the
original coordinate system 𝑥𝑜𝑦. If a way point in 𝑥𝑜𝑦 system
and 𝑥𝑜𝑦 system is given as (𝑥𝑜, 𝑦𝑜)𝑇 and (𝑥𝑡, 𝑦𝑡)𝑇; the rela-
tionship between the original and transformed coordinates in
the two coordinate systems can be expressed as follows:

[𝑥𝑡𝑦𝑡] = [
cos 𝜃 sin 𝜃− sin 𝜃 cos 𝜃][𝑥𝑜 − 𝑥𝑠𝑦𝑜 − 𝑦𝑠] (1)

where (𝑥𝑠, 𝑦𝑠)𝑇 is the coordinate of start point in the original
coordinate system.

And the cost of mobile threats is mathematically given as

→𝑐  = 1𝑑2𝑖𝑗 (2)

→𝑐𝑥 = →𝑐  ⋅ 𝑥𝑖𝑗𝑑𝑖𝑗 =
𝑥𝑖𝑗𝑑3𝑖𝑗 (3)

→𝑐𝑦 = →𝑐  ⋅ 𝑦𝑖𝑗𝑑𝑖𝑗 =
𝑦𝑖𝑗𝑑3𝑖𝑗 (4)


𝑚∑
𝑘=1

→𝑐  = √

𝑚∑
𝑘=1

→𝑐𝑥
2 + 
𝑚∑
𝑘=1

→𝑐𝑦
2

(5)

where |→𝑐 | is a mobile threat and |→𝑐𝑥| and |→𝑐𝑦| are, respectively,
the horizontal component and vertical component of |→𝑐 |.
And 𝑑𝑖𝑗 is the distance between positions i and j, 𝑥𝑖𝑗 is value
of the horizontal component of 𝑑𝑖𝑗, and 𝑦𝑖𝑗 is the value of
the vertical component of 𝑑𝑖𝑗. Moreover, m is the number of
mobile threats affecting the ant. Finally, positions of each ant
and pheromone are updated in time.

The performance indicators of the planned path mainly
consist of the mobile threat cost 𝐼𝑇, the fuel cost 𝐼𝐹, and the
total cost 𝐼. The calculation formulas of them are expressed
as follows:

𝐼𝑇 = 𝑀∑
𝑖=0

𝐼𝑇 (𝑖) (6)

𝐼𝐹 = 𝑀∑
𝑖=0

𝐼𝐹 (𝑖) (7)

𝐼 = 𝐼𝑇 + 𝐼𝐹 (8)

where 𝐼𝑇(𝑖) and 𝐼𝐹(𝑖) denote the mobile threat cost and the
fuel cost at the ith subpath from 𝑊𝑖 to 𝑊𝑖+1, respectively.
The mobile threat cost of subpath is calculated by an approx-
imation based on blue circles along the subpath as shown
in Figure 1. If the ith subpath (𝑊𝑖,𝑊𝑖+1) is within the effect
range, the threat cost is given as

𝐼𝑇 (𝑖) = 𝐿 𝑖 𝑁𝑡∑
𝑘=1

𝑇𝑘 ⋅ 𝑐𝑘 (9)

where𝑁𝑡 denotes the number of mobile threats, 𝐿 𝑖 represents
the length of ith subpath, and 𝑇𝑘 denotes the weight of each
mobile threat. And 𝑐𝑘 is the cost of each mobile threat which
is calculated by (5). Meanwhile, if𝑤𝐹 represents the weight of
fuel, then the fuel cost of the ith subpath is given as

𝐼𝐹 (𝑖) = 𝑤𝐹 ⋅ 𝐿 𝑖 (10)
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Figure 3: Schematic diagram of the ant colony optimization
algorithm search process.

3.2. Ant Colony Optimization Algorithm. The basic mathe-
matical model of ant colony algorithm was firstly applied
to the traveling salesman problem. The problem can be
described as finding the shortest path for a businessman to
visit all cities at least and at most once. Let us assume there
are m cities and N salesmen, where each ant chooses the
next city to move to at an identical distance and releases the
consistent pheromone. In the grids, each ant can only choose
one grid which is adjacent to the grid it locates now. As shown
in Figure 3, when an ant is in grid (4,5), all the grids it can
choose from are (3,4), (3,5), (3,6), (4,4), (4,6), (5,4), (5,5), and
(5,6). Because grids (3,4) and (4,4) are occupied by obstacles,
these two grids will be ignored by ants.

The probability of ant t moving from location i to location
j is given as

𝑃𝑡𝑖𝑗 (𝑥)
= {{{{{{{

[𝜏𝑖𝑗 (𝑥)]𝛼 (𝜂𝑖𝑗)𝛽
∑𝑡∈𝑎𝑙𝑙𝑜𝑤𝑒𝑑 𝑡(𝑥) [𝜏𝑖𝑗 (𝑥)]𝛼 (𝜂𝑖𝑗)𝛽 , if 𝑗 ∈ 𝑎𝑙𝑙𝑜𝑤𝑒𝑑 𝑡 (𝑥)
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(11)

where 𝛼 is a heuristic factor of pheromone concentration and𝛽 is also a heuristic factor of expectation which is the basis
for ants to choose next location. An ant tends to choose the
path that has been chosen by most ants with the increase of𝛼 and also choose the grid which is closer to the destination
with the increase of 𝛽. And 𝜂𝑖𝑗 represents a heuristic function
of expectation defined by the equation

𝜂𝑖𝑗 = 1𝑑𝑖𝑗 (12)

where 𝑑𝑖𝑗 is the distance between locations i and j. And𝑎𝑙𝑙𝑜𝑤𝑒𝑑 𝑡(𝑥) is a set of next nodes which are allowed for ants
to choose and it can be mathematically described as

𝑎𝑙𝑙𝑜𝑤𝑒𝑑 𝑡 (𝑥) = {1, 2, ⋅ ⋅ ⋅, 𝑛} − 𝑡𝑎𝑏 𝑢𝑡 (13)

where 𝑡𝑎𝑏 𝑢𝑡 represents a tabu list to record the path of ant t.
Pheromone resides on the path of ants and it can volatile

over time. Thus the equation of updating pheromone is
expressed as follows.

𝜏𝑖𝑗 (𝑥 + 𝑚) = (1 − 𝜌) ⋅ 𝜏𝑖𝑗 (𝑥) + Δ𝜏𝑖𝑗 (14)

U

Ug

Ur

Figure 4: Schematic diagram of geometrical superposition princi-
ple.

where 𝜌 is a parameter and 𝜌 ∈ (0, 1). Δ𝜏𝑖𝑗 is described as

Δ𝜏𝑖𝑗 = {{{
𝑄𝐿 𝑡 , (𝑖, 𝑗) ∈ 𝑃𝑡 (𝑏𝑒𝑔𝑖𝑛, 𝑒𝑛𝑑)0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 (15)

Q is the intensity of pheromone and 𝐿 𝑡 is the path length of
ant t in a cycle. 𝑃𝑡 is the path taken by ant t from the starting
point to the destination in the cycle.

3.3. Artificial Potential Field Algorithm. Artificial potential
field algorithm is based on repulsion or attraction forces
applied by the object by simulating the gravity field in nature.
In the potential field, an obstacle O has repulsion effect to
the UAV A and varies in inverse proportion to the distance;
that is, the closer the distance the greater the repulsion.
Meanwhile, the destination D has attraction on A which
is proportional to the distance, which means the attraction
increases with the increase of the distance. As shown in
Figure 4, A is affected by the virtual repulsion and attraction
in an unknown environment, and the resultant force is the
motive force of the UAV. The potential function is obtained
by geometrical superposition principle.

𝑈 = 𝑈𝑟 + 𝑈𝑎 (16)

where U is the total potential field, 𝑈𝑟 is the repulsive
potential field, and 𝑈𝑎 is the gravitational potential field.

And the relationship of the resultant force (F), repulsion
force (𝐹𝑟), and attraction force (𝐹𝑎) are negative gradient of
their potential fields given as follows.

𝐹 = 𝐹𝑟 + 𝐹𝑎 (17)

Gravitational potential field function is defined by

𝑈𝑎 (𝑋) = 12𝑘 (𝑋 − 𝑋𝑑)2 (18)

where k represents gravitational positive constant and𝑋𝑑 and𝑋 are the positions of destination and UAV, respectively. The
direction of vector is located on the connection of the two
positions and points to the destination.
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Figure 5: Flowchart of the proposed algorithm.

Attraction (𝐹𝑎) is described as negative gradient given as
follows.

𝐹𝑎 (𝑋) = −𝑔𝑟𝑎𝑑 (𝑈𝑎 (𝑋)) = 𝑘 (𝑋𝑑 − 𝑋) (19)

In (10), when the destination D is farther away from the
UAVA, both the gravitational potential energy and attraction
to A are greater. When A is at the destination, the current
gravitational potential energy is 0.

Repulsive potential field function is defined as

𝑈𝑟 (𝑋) = {{{{{
12𝑚( 1𝑋 − 𝑋𝑜 − 1𝑅)

2 (𝑋 − 𝑋𝑜) ≤ 𝑅0 (𝑋 − 𝑋𝑜) > 𝑅 (20)

where m represents a positive constant of repulsive potential
field, R is an influence scope of an obstacle, and 𝑋𝑜 is the
position of an obstacle which cannot coincide with X. And
when the distance between O and A is greater than R, the
repulsive potential field will no longer affect the path of UAV.
The direction of vector is located on the connection of the
obstacle and UAV and points to the UAV.

Repulsion (𝐹𝑟) which is described as negative gradient is
given as follows.

𝐹𝑟 (𝑋) = −𝑔𝑟𝑎𝑑 (𝑈𝑟 (𝑋))
= {{{{{

𝑚( 1𝑋 − 𝑋𝑜 − 1𝑅) 1(𝑋 − 𝑋𝑜)2 ⋅
𝜕 (𝑋 − 𝑋𝑜)𝜕𝑋 , (𝑋 − 𝑋𝑜) ≤ 𝑅

0, (𝑋 − 𝑋𝑜) > 𝑅
(21)

In (12), when the destination D is farther away from the
UAVA, both the gravitational potential energy and attraction
to A are greater. When A is at the destination, the current
gravitational potential energy is 0. No repulsion function
will be generated when O is out of the influence scope
of A. And when the distance between O and A is within
the influence range of the repulsion field, the size of the
repulsive potential field varies in inverse proportion to the
distance.

3.4.The Proposed Algorithm. Theproposed algorithm for the
UAV path planning is presented in Figure 5 which combines
ACO algorithm and APF algorithm.

Step 1 (path planning field formation). Firstly, a flying field
forUAV is formulatedwhich contains a starting point, a target
point, and a rectangular region. Threats including mobile
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Figure 6:The optimal path length with the increase of iterations in one environment.There are both static andmobile threats in (a) and only
mobile threats in (b).
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Figure 7:The optimal path length with the increase of iterations in another environment.There are both static and mobile threats in (a) and
only mobile threats in (b).

threats and static threats are detected by UAV. The radius
and position of static threats are known and the mobile
threats and their moving direction will be sensed. All points
coordinates will be converted into the new coordinate system
using (1).

Step 2 (initialization). In the proposed algorithm, tabu lists
of each ant and the states and attributes of ants are initial-
ized. Moreover, the two-dimensional coordinates of range of
motion for ants can be changed into one-dimensional array
by compressing the vertical coordinate.

Step 3 (start algorithm iterations). The algorithm will itera-
tively update the positions and status once the initialization
is finished until termination criteria are met.The termination
criteria are set as an ant cannot reach the destination or fall
into a dead circulation. Firstly, coordinates of all the points
may be reached in the next step; that is, the points that are
neither in the tabu list nor in the static threats are calculated.
Then mobile threats start to move and each one moves a step
as an ant moves a step. Next, the local and global optimum
moving directions are searched based on probability in (6)
and the cost of mobile threats.
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Figure 8: UAV path planning in one environment based on our proposed algorithm. And there are both static and mobile threats where (a)
is an entire path and (b) to (e) are paths with iterations = 100, 200, 300, 400.
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Figure 9: UAV path planning in one environment based on ACO algorithm. And there are both static and mobile threats where (a) is an
entire path and (b) to (e) are paths with iterations = 100, 200, 300, 400.
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Figure 10: UAV path planning in one environment based on our proposed algorithm. And there are only mobile threats where (a) is an entire
path and (b) to (e) are paths with iterations = 100, 200, 300, 400.
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Figure 11: UAV path planning in one environment based on ACO algorithm. And there are only mobile threats where (a) is an entire path
and (b) to (e) are paths with iterations = 100, 200, 300, 400.
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Figure 12: UAV path planning in another environment based on our proposed algorithm. And there are both static andmobile threats where
(a) is an entire path and (b) to (e) are paths with iterations = 100, 200, 300, 400.
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Figure 13: UAV path planning in another environment based on ACO algorithm. And there are both static and mobile threats where (a) is
an entire path and (b) to (e) are paths with iterations = 100, 200, 300, 400.
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Figure 14: UAV path planning in another environment based on our proposed algorithm. And there are only mobile threats where (a) is an
entire path and (b) to (e) are paths with iterations = 100, 200, 300, 400.
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Figure 15: UAV path planning in another environment based on ACO algorithm. And there are only mobile threats where (a) is an entire
path and (b) to (e) are paths with iterations = 100, 200, 300, 400.
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Table 1: Performance evaluations on optimal planning paths between different methods.

Metric Cost of mobile threats Cost of path Total cost

Set 1
Mobile and static threats ACO algorithm 12.4028 17.6167 30.0194

Our algorithm 2.8986 19.3137 22.2123

Mobile threats ACO algorithm 12.8763 16.7765 29.6528
Our algorithm 12.3041 15.8794 28.1835

Set 2
Mobile and static threats ACO algorithm 6.9403 11.7823 18.7226

Our algorithm 2.7300 13.7539 16.4839

Mobile threats ACO algorithm 3.5272 12.3882 15.9155
Our algorithm 2.5983 12.3882 14.9865

Set 3
Mobile and static threats ACO algorithm 5.3881 15.5480 20.9361

Our algorithm 2.2357 14.5539 16.7896

Mobile threats ACO algorithm 3.6721 14.5137 18.1858
Our algorithm 2.3367 13.9480 16.2847

Step 4 (output). Once the termination criteria are met, the
iteration process stops. The way points generated during the
process for each step will be linked sequentially. The way
points finally form final a global optimum path.

4. Result

To validate the effectiveness of the proposed algorithm in
solving the two-dimensional path planning problem, experi-
ments are conducted and also comparisons of our proposed
method are made with ACO with the same parameters
settings.

The Figures 6 and 7 below show the relations between the
length of the optimal path and the number of iterations based
on our proposedmethod. Figures 6(a) and 7(a) show the path
length with both static and mobile threats while Figures 6(b)
and 7(b) show the path length with only mobile threats. It
can be seen that the path length tends to be a fixed value
with the increase of iterations and the fixed value is also called
the optimal solution. And compared with the path with both
static and mobile threats, the path with only mobile threats
has the maximum path length when the iterations are lower.

Two different kinds of mobile threats are denoted by blue
and red circles, respectively, while two different kinds of static
threats are denoted by green and yellow circles. Meanwhile,
two different environments are included in our experiments.
The former has nine static threats and two mobile threats
while the latter has a total of eleven threats and two mobile
threats.

Experiments for comparing the performance of the pro-
posed algorithm and ACO are carried out. The processes
of path planning are shown in Figures 8–15. Meanwhile,
Figures 8, 9, 12, and 13 show the planning path with both
static and mobile threats while Figures 10, 11, 14, and 15 show
the planning path with only mobile threats. Moreover, UAV
planning paths based on our algorithm are shown in Figures
8, 10, 12, and 14. The planning paths obtained for UAVs
through ACO algorithm are also shown in Figures 9, 11, 13,
and 15. It is shown that, with the increase of iterations in the
process of path planning, the map search of our proposed
algorithm is more thorough than ACO algorithm, so the

length of planning path obtained by our algorithm is usually
shorter and smoother.

A set of metrics are used to measure the optimality of the
proposed method, considering the ant colony optimization
algorithm as a reference. Themeasures are the cost of mobile
threats, the cost of path, and the total cost.

It can be seen in Table 1, in the environment of mobile
and static threats andmobile threats, our proposed algorithm
performs better than ACO algorithm in the cost of mobile
threats, the cost of path, and the total cost. This demonstrates
that the proposed path planning approach enables the UAVs
to cost less to travel from the start point to the destination.

5. Conclusion

In this study, both mobile threats and static threats are
considered to simulate the actual situations better. A series
of experiments demonstrate that the proposed algorithm can
effectively plan a threats free path. We focus on the problem
of finding a planning path with the lowest cost for UAVs. A
coordinate system transformation is used for simplicity to
reduce the computational complexity. Meanwhile, the cost
value is considered as a scalar value of mobile threats which
are vectors actually. In this way, the moving direction of
UAV is more optimal and the searching process for optimal
planning path is more efficient. Moreover, compared with
ACO, the planning paths obtained based on our algorithm
are smoother.

For the proposed algorithm, it can be seen from the
results that the planning path may just go over with obstacles.
However, the actual UAV can not be abstracted as a particle
because of its size so that flying in this path is not safe.
In the future work, a data preprocessing needs to be taken
to leave a certain security space. And in our model, the
radius and moving direction of a mobile threat are constant
which may change in fact. In this way, we should also set
changeable radius and moving directions for mobile threats
in the environment to simulate reality scene. Moreover, more
algorithms for UAV path planning such as standard PSO,
FA, and GA should be taken into account in experiments
compared with the algorithm we put forward. And the path
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planning in two-dimensional environment can be converted
into a three-dimensional environment to achieve a more
precious path planning.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.
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The sampling-based motion planner is the mainstream method to solve the motion planning problem in high-dimensional space.
In the process of exploring robot configuration space, this type of algorithm needs to perform collision query on a large number
of samples, which greatly limits their planning efficiency. Therefore, this paper uses machine learning methods to establish a
probabilistic model of the obstacle region in configuration space by learning a large number of labeled samples. Based on this,
the high-dimensional samples’ rapid collision query is realized. The influence of number of Gaussian components on the fitting
accuracy is analyzed in detail, and a self-adaptive model training method based on Greedy expectation-maximization (EM)
algorithm is proposed. At the same time, this method has the capability of online updating and can eliminate model fitting errors
due to environmental changes. Finally, the model is combined with a variety of sampling-based motion planners and is validated in
multiple sets of simulations and real world experiments. The results show that, compared with traditional methods, the proposed
method has significantly improved the planning efficiency.

1. Introduction

In recent years, as robots play an increasingly important
role in industrial production and daily life, the issue of
motion planning has received extensive attention. Although
modern robots have significant differences in configuration,
size, perception, driving methods, and application scenes,
autonomous navigation and planning in complex environ-
ments are common problems faced by almost all robots
[1].

The motion planning problem refers to, given the related
description of robot and environment, initial state and goal
region, seeking a series of control inputs to drive the robot
to complete the movement from the initial state to the
goal region while satisfying the environmental constraints
(without colliding with the obstacles). However, for some
robots with high planning dimensions, their configuration
space’s obstacle region cannot be explicitly described. In
response to this problem, sampling-based motion planning
algorithms have developed rapidly and received widespread

attention [2–4]. This type of methods do not explicitly
describe obstacles. Instead, they rely on the collision query
module to provide feasibility information of the candidate
trajectories and connect a series of collision-free samples
to generate a feasible path from the initial state to the goal
region. The collision query module is generally implemented
by the robot kinematics calculation and the space bounding
box principle [5], which requires a large computational
overhead to make the module a major bottleneck for lim-
iting the efficiency of the sampling-based motion planning
algorithms [6]. Sampling-based motion planning algorithms
can generate a large number of labeled samples with spatial
collision information in planning instances, which provides
a necessary condition for the implementation of machine
learning methods. If the robots can learn from past planning
experience to guide the future planning tasks, more efficient
motion planning can be achieved. Therefore, how to use
machine learning methods to break the efficiency bottleneck
of motion planning algorithms has become a research focus
in this field in recent years.
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A large amount of research work is devoted to performing
adaptive sampling and guiding the planning algorithm to
explore certain areas in the configuration space with machine
learning methods. Dalibard et al. [7] use the principal
component analysis (PCA) method for online analysis of
samples to estimate the direction and position of the local
narrow passage in collision-free space and increase the
sampling density in the direction of the passage axis. Similar
methods include bridge test [8] and retraction strategy [9, 10].
These methods can significantly improve the efficiency of
the planning algorithm at the local narrow passage. Brock
and Burns [11] propose an exploration strategy based on
entropy guidance, which can guide the planning algorithm to
sample the areas that maximize information gain. However,
because of the high computational cost of this method, it
is more suitable for the off-line path graph construction of
multiqueue query algorithms like PRM. Arslan and Tsiotras
[12] use the kernel function to learn the feasibility and
heuristics of samples generated in the previous planning
instances and increase the sampling density of the areas
that may make current path cost lower. This method can
improve the convergence rate of asymptotically optimum
motion planning algorithms RRT# [13]. Bialkowski et al. [14]
propose to store empirically observed estimates of collision-
free space in a point proximity data structure and then use
kd-tree algorithm to generate future valid samples.

In addition, by learning the past experience of motion
planning, the prediction of the new samples’ feasibility can
be achieved. Burns et al. [15] present a model-based motion
planning method. This method utilizes the local weighted
regression to incrementally learn the approximate model of
the configuration space, and the classification of new samples
is implemented. Compared with the traditional collision
query module, the method has a smaller computational
complexity. Yang et al. [16] propose a neural networks
framework to achieve robot automatic collision avoidance. By
exploiting the joint space redundancy, the human operator
would be able to only concentrate on motion of robots end
effector without concern over possible collision. Pan et al. [17]
report that the collision query results produced in previous
motion planning tasks are stored in a data set. When the new
sample is generated, the KNN algorithm is used to search
the 𝑘 nearest neighbors of the sample in the data set, and
the probability of its feasibility is estimated according to the
neighbors’ collision information. Yang et al. [18] combine the
flexibility of the Gauss process (GP) with the efficiency of
the RRT algorithm and establish a motion model to predict
the movement of obstacles, so that the robot can find a safe
path in the dynamic environment constraints. Huh et al.
[19] propose that the Gaussian mixture model can be used
to fit the probability distribution of the high-dimensional
space obstacle region, so as to quickly predict the feasibility
of the new samples. However, the influence of the number
of Gaussian components on the model prediction accuracy
has not been analyzed and considered. Besides, some other
learning methods like conditional variational autoencoder
(CVAE) [20], neural learning [21], experience graphs (E-
Graphs) [22], and dynamic movement primitives (DMPs)
[23] are also used in robot motion planning problem.

The above methods improve the efficiency of motion
planning to some extent, but there are the following prob-
lems:

(1) Some lazy learning methods such as kd-tree and
KNN require data sets with large sample size. In the motion
planning problem of high-dimensional space, this will lead to
great spatial complexity which is hard to realize.

(2) Models like PCA, CVAE, E-Graphs, and local
weighted regression have poor flexibility. Even if the environ-
ment or the base of robot changes slightly, the model needs
to be retrained, which greatly increases the computational
overhead.

Therefore, in this article, we propose to use Gaussian
mixture model (GMM) as a prior model of robot config-
uration space to improve the efficiency of robot motion
planning. GMM can represent the unknown model by the
linear combination of Gaussian probability density functions.
It has the ability to fit the continuous probability density
distribution in any dimensional space with small spatial
complexity. On the other hand, the Greedy EM algorithm
utilized in this paper can realize incremental training of
GMM, so that the model can be updated according to the
environment changes without retraining.

In general, the main contributions of this paper include
the following: (1) The influence of number of components
on the prediction accuracy is analyzed, and a method for
adaptively training GMM of collision region in robot high-
dimensional configuration space based on the convergence
of log-likelihood function is proposed. (2) The Greedy EM
algorithm is used to update the GMM online with real-
time 3D map to adapt to environmental changes. (3) The
above method is applied to a variety of sampling-based
motion planning algorithms, and the planning efficiency is
significantly improved.

Thepaper is organized as follows: Section 2 introduces the
main motivation of the research work; Section 3 introduces
the incremental training process of GMM using Greedy
EM clustering algorithm, and the integration with motion
planning algorithms; Section 4 shows the simulations and
the real world experiments’ results; Section 5 summarizes the
results and provides directions for future work.

2. Motivations and Problem Statement

The Gaussian mixture model [24] is a mixture probabilistic
model that can fit the probability density distribution of
arbitrary dimensions and arbitrary shapes by weighting the
probability density functions of multiple Gaussian distribu-
tions.

𝑃 (𝑥 | 𝜃) =
𝐾

∑
𝑘=1

𝜋𝑘𝜙 (𝑥 | 𝜃𝑘) (1)

where𝜋𝑘 is the component weights and satisfied 𝜋1+𝜋2+⋅ ⋅ ⋅+𝜋𝐾 = 1, 𝜋𝑘 ≥ 0. 𝜙(𝑥 | 𝜃𝑘) is the probability density function of
the 𝑘th Gaussian distribution, and 𝜃𝑘 is the parameter vector
of the distribution:
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Figure 1: The Gaussian mixture model with different number of components is used to fit the probability distribution of the obstacle regions
in the two-dimensional map (a), and the GMM-based collision query method is used to guide the RRT∗ algorithm to plan the path from the
starting point to the end point. The white lines represent the feasible edges that RRT∗ algorithm explores, the green points are the starting
point and the end point of the planning problem, and the red line represents the final path.

𝜙 (𝑥 | 𝜃𝑘) = (2𝜋)−𝑑/2 𝑆𝑘−1/2

⋅ exp [(−0.5) (𝑥 − 𝑚𝑘)T 𝑆−1𝑘 (𝑥 − 𝑚𝑘)]
(2)

where 𝑑 is the dimension. 𝑚𝑘 and 𝑆𝑘 are the mean and
covariance matrix of the Gaussian component, respectively.

By using the sample set {𝑥1, 𝑥2, . . . , 𝑥𝑁} with sample size
𝑁, the parameters of the Gaussian mixture model can be
estimated by the basic EM algorithm.The basic EM algorithm
process is as follows:

Set the number of components 𝐾 and the parameters’
initial value 𝜃(0) properly, and start iterating.

Step E. According to the current model parameters, calculate
the expected probability 𝑃(𝑘 | 𝑥𝑗) of each Gaussian
component to each observation data 𝑥𝑗.

𝑃 (𝑘 | 𝑥𝑗) =
𝜋𝑘𝜙 (𝑥𝑗 | 𝜃𝑘)

∑𝐾𝑘=1 𝜋𝑘𝜙 (𝑥𝑗 | 𝜃𝑘)
, 𝑗 = 1, 2, . . . ,𝑁 (3)

StepM.Theweight of eachGaussian component 𝜋𝑘, themean
𝑚𝑘, and the covariance matrix 𝑆𝑘 are adjusted by maximum
likelihood estimate method.

𝜋𝑘 = 1𝑁
𝑁

∑
𝑗=1

𝑃 (𝑘 | 𝑥𝑗)

𝑚𝑘 =
∑𝑁𝑗=1 𝑃 (𝑘 | 𝑥𝑗) 𝑥𝑗
∑𝑁𝑗=1 𝑃 (𝑘 | 𝑥𝑗)

𝑆𝑘 =
∑𝑁𝑗=1 𝑃 (𝑘 | 𝑥𝑗) (𝑥𝑗 − 𝑚𝑘) (𝑥𝑗 − 𝑚𝑘)

T

∑𝑁𝑗=1 𝑃 (𝑘 | 𝑥𝑗)

(4)

The E step and the M step are repeated to maximize the
log-likelihood functionL𝐾 and improve the fitting ability of
GMM to the sample set.

L𝐾 =
𝑁

∑
𝑗=1

log𝑃 (𝑥𝑗 | 𝜃) (5)

For simplicity, first, the above basic EM clustering algo-
rithm is used to train the GMMs with different number
of components to fit the obstacle area in two-dimensional
map (Figure 1(a)). This process will naturally extend later to
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Figure 2: Comparison of the GMMs’ performance under different
numbers of components.

multiple dimensions. The trained GMM is used to calculate
the collision probability of the new samples, so as to guide
the RRT∗ [1] (a RRT-like motion planning algorithm with
asymptotically optimal) search for the feasible path from the
starting point to the end point.

Figures 1(b)–1(f) show the influence of number of Gaus-
sian components on the model fitting effect and the motion
planning result. When 𝐾 = 7, the fitting accuracy of
the GMM is low, resulting in a large number of feasible
regions in the two-dimensional map being blocked, and the
planned path repeatedly passes through the obstacle region.
Obviously, this kind of GMM cannot meet the needs of
motion planning problems. With the increasing number of
model components, the fitting accuracy of the GMM to the
obstacle region is continuously improved. When 𝐾 = 15,
the contour of the high collision probability area is basically
consistent with the obstacles in the map, which indicates that
the GMM has the ability to perform collision query on new
samples. If the number of Gaussian components continues
to increase, the GMM’s fitting accuracy is not significantly
improved.

Subsequently, the generalization error of GMM under
different number of components is further calculated and

analyzed. As shown in Figure 2(a), with the increasing num-
ber ofGaussian components, the probability of generalization
error on new samples is reduced. After𝐾 = 15, if the number
of components continues to increase, the performance of the
GMM is not significantly improved, which is basically in
accordance with the result shown in Figure 1.

On the other hand, the time to calculate collision
probability of new samples under different number of
components is calculated. As shown in Figure 2(b), the
average calculation time is linearly positively correlated
with the number of Gaussian components. This indicates
that the increasing number of components will lead to
greater computational overhead when performing proba-
bilistic calculations on new samples and limit the effi-
ciency of motion planning algorithms. Therefore, select-
ing the appropriate number of components 𝐾 according
to the actual environment can maximize the performance
of GMM in the sampling-based motion planning algo-
rithm.

Therefore, using the basic EM algorithm to train the
GMM of the collision region has the following problems:

(1) The environment in which the robots are located is
very different and requires different number of components,
so it is impossible to artificially specify 𝐾 to suit the needs of
all environments.

(2) When the robot’s environment changes, the GMM
trained with the basic EM algorithm will fail and need to be
retrained, which indicates that it does not have the ability to
update online according to the environment.

3. Algorithms

To solve the above problems, the Greedy EM algorithm
is used to perform incremental training on the GMM,
and the 𝐾 value is adaptively selected according to the
convergence of the log-likelihood function. The model has
the online learning ability to adapt to the environment
changes. The GMM is used to perform collision query
routine in a variety of sampling-based motion planning
frameworks. The algorithm framework is shown in Fig-
ure 3.

3.1.�e TrainingMethod of the Probabilistic Model. As shown
in Algorithm 1, 𝑋𝑐𝑜𝑙 is the sample set of collision region
in robot configuration space; 𝐺𝑐𝑜𝑙 is the GMM to describe
the distribution of the collision region; 𝑘 is the number
of components of the current GMM; a,m, S is an array
of weights, mean values, and covariance matrices for all
components of the current GMM; andL𝑘 is the value of the
overall log-likelihood function under the current number of
Gaussian components 𝑘.

The incremental training process of GMM is divided into
two parts: global EM iteration and binary EM iteration. The
global EM iteration process is exactly the same as the basic
EM algorithm. The maximum likelihood estimation is used
to adjust theweights, mean values, and covariancematrices of
all Gaussian components in the current GMM to improve fit-
ting ability to the sample set𝑋𝑐𝑜𝑙, as shown in (3), (4), and (5).
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Figure 3: Algorithm framework: the main contributions are highlighted in red.

Binary EM iteration is the key step in incremental
training. Add a new component 𝜙(𝑥 | 𝜃) to the GMM 𝑓𝑘(𝑥)
with 𝑘 components.

𝑓𝑘+1 (𝑥) = (1 − 𝑎𝑛𝑒𝑤) 𝑓𝑘 (𝑥) + 𝑎𝑛𝑒𝑤𝜙 (𝑥 | 𝜃) ,
𝑎𝑛𝑒𝑤 ∈ (0, 1)

(6)

The new component’s weight 𝑎𝑛𝑒𝑤 is initialized by the
following equation.

𝑎𝑛𝑒𝑤 =
{{
{{
{

0.5, if 𝑘 = 1
2
𝑘 + 1 , if 𝑘 ≥ 2 (7)

The mean 𝑚𝑛𝑒𝑤 is set to a randomly selected sample, and
the covariance matrix 𝑆𝑛𝑒𝑤 is initialized to 𝜎2𝐼. According to
[24], 𝜎 depends on the dimension of the planning problem 𝑑,
sample size𝑁, and a fixed number 𝛽which is set to half of the
maximum singular value of samples’ covariance matrix (8).

𝜎 = 𝛽 [ 4
𝑑 + 2𝑁]

1/(𝑑+4)

(8)

To make the new GMM better fit the sample set, the new
component’s weight and the parameters vector 𝜃 need to be

adjusted.Theoptimization goal is tomaximize the binary log-
likelihood function.

L𝑘+1 =
𝑁

∑
𝑗=1

log𝑓𝑘+1 (𝑥𝑗)

=
𝑁

∑
𝑗=1

log [(1 − 𝑎𝑛𝑒𝑤) 𝑓𝑘 (𝑥𝑗) + 𝑎𝑛𝑒𝑤𝜙 (𝑥 | 𝜃)]
(9)

According to the maximum likelihood estimation, binary
EM iterations are performed on the current GMM and the
new Gaussian component. The binary EM iteration process
is as follows.

Set the initial number of components 𝑘 to 1, and initialize
the parameters of the component according to the above
method.

Step E. Initialize the new Gaussian component’ parameters
𝜃 and calculate its expected probability to each observation
sample 𝑥𝑗.

𝑃 (𝑘 + 1 | 𝑥𝑗) =
𝑎𝑛𝑒𝑤𝜙 (𝑥𝑗 | 𝜃)

(1 − 𝑎𝑛𝑒𝑤) 𝑓𝑘 (𝑥𝑗) + 𝑎𝑛𝑒𝑤𝜙 (𝑥𝑗 | 𝜃)
(10)
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1: function BUILD GMM(𝑋𝑐𝑜𝑙)
2: 𝐺𝑐𝑜𝑙 ←INITIAL GMM(𝑋𝑐𝑜𝑙)
3: while L𝑘/L𝑘−1 − 1 > 1𝑒−3 do
4: 𝑚𝑛𝑒𝑤 ←RandomSelect(𝑋𝑐𝑜𝑙)
5: 𝑆𝑛𝑒𝑤 ← 𝜎2𝐼
6: 𝑎𝑛𝑒𝑤 ← 2/(𝑘 + 1)
7: (𝑎𝑛𝑒𝑤, 𝑚𝑛𝑒𝑤, 𝑆𝑛𝑒𝑤) ←

BINARY EM(𝐺𝑐𝑜𝑙, 𝑎𝑛𝑒𝑤, 𝑚𝑛𝑒𝑤, 𝑆𝑛𝑒𝑤)
8: 𝐺𝑐𝑜𝑙 ← AddToGMM(𝐺𝑐𝑜𝑙, 𝑎𝑛𝑒𝑤, 𝑚𝑛𝑒𝑤, 𝑆n𝑒𝑤)
9: 𝐺𝑐𝑜𝑙 ←GLOBLE EM(𝐺𝑐𝑜𝑙)
10: end while
11: return 𝐺𝑐𝑜𝑙
12: end function
13: function Initial GMM(𝑋𝑐𝑜𝑙)
14: a[1] ← 1
15: m[1] ← E(𝑋𝑐𝑜𝑙)
16: S[1] ←Cov(𝑋𝑐𝑜𝑙)
17: 𝐺𝑐𝑜𝑙 ←GLOBLE EM(𝐺𝑐𝑜𝑙)
18: return 𝐺𝑐𝑜𝑙
19: end function
20: function AddToGMM (𝐺𝑐𝑜𝑙, 𝑎𝑛𝑒𝑤, 𝑚𝑛𝑒𝑤, 𝑆𝑛𝑒𝑤)
21: for 𝑗 = 1 → 𝑘 do
22: 𝑎[𝑗] ← 𝑎[𝑗]/(1 + 𝑎𝑛𝑒𝑤)
23: end for
24: a[𝑘 + 1] ← 𝑎𝑛𝑒𝑤
25: m[𝑘 + 1] ← 𝑚𝑛𝑒𝑤
26: S[𝑘 + 1] ← 𝑆𝑛𝑒𝑤
27: return 𝐺𝑐𝑜𝑙
28: end function

Algorithm 1: The Greedy EM Algorithm.

StepM.Maximize the log-likelihood function (9) by adjusting
the new component’s weight 𝑎𝑛𝑒𝑤, mean𝑚𝑛𝑒𝑤, and covariance
matrix 𝑆𝑛𝑒𝑤.

𝑎𝑛𝑒𝑤 = 1𝑁
𝑁

∑
𝑗=1

𝑃 (𝑘 + 1 | 𝑥𝑗)

𝑚𝑛𝑒𝑤 =
∑𝑁𝑗=1 𝑃 (𝑘 + 1 | 𝑥𝑗) 𝑥𝑗
∑𝑁𝑗=1 𝑃 (𝑘 + 1 | 𝑥𝑗)

𝑆𝑛𝑒𝑤 =
∑𝑁𝑗=1 𝑃 (𝑘 + 1 | 𝑥𝑗) (𝑥𝑗 − 𝑚) (𝑥𝑗 − 𝑚)

T

∑𝑁𝑗=1 𝑃 (𝑘 + 1 | 𝑥𝑗)

(11)

Then, as shown in line 20 to line 28 of Algorithm 1, the
weights of all components in the current GMM are diluted,
and the new component trained by the binary EM algorithm
is added to the GMM. Then the new GMM’s parameters are
adjusted through the global EM iterations until convergence.

As shown in line 3 to line 10 of Algorithm 1, the global
EM iterations and binary EM iterations are alternated to
implement the incremental training of GMM. When the
overall log-likelihood function value L𝑘 becomes stable
(which means L𝑘/L𝑘−1 − 1 < 1𝑒−3, as shown in line 3 of
Algorithm 1), the addition of a new Gaussian component is
stopped and the training is completed. In this way, according

to the convergence of the overall log-likelihood function,
the number of Gaussian components 𝐾 can be adaptively
adjusted without being specified in advance, so as to rea-
sonably weigh the accuracy and computational efficiency of
the GMM. Beside, compared with the basic EM algorithm,
the GMM trained by Greedy EM algorithm has better fitting
accuracy [25].

3.2. Online Updating of Gaussian Mixture Model. The actual
working environment of the robot is dynamic and uncertain.
The Gaussian mixture model trained off-line by the above
method may cause errors due to the changes of environment
or robot base, so the GMM is required to have the ability
to update online. Through the Greedy EM algorithm, a new
Gaussian component is added to fit the new collision region
due to environmental changes, and some useless Gaussian
components are eliminated.

As shown in line 2 to line 4 of Algorithm 2, the octreemap
O𝑜𝑐𝑡𝑟𝑒𝑒 is updated according to the point cloud dataP𝑝𝑜𝑖𝑛𝑡𝑐𝑙𝑜𝑢𝑑
acquired by the RGB-D camera. The sample set 𝑋𝑐𝑜𝑙 of the
high-dimensional collision region is updated according to the
new octree map and robot kinematics model K𝑟𝑜𝑏𝑜𝑡. Then,
according to (1) and (2), the probability that each sample
belongs to the current GMM is calculated. If the probability
is small, it indicates that the sample is a new collision sample
point due to environmental changes. In this way, new samples
are screened, and a sample is randomly selected as the initial
mean value of the newly added Gaussian component. Finally,
the Greedy EM algorithm is used to train the GMM, and
the new component is added continuously until the log-
likelihood function converges.

As shown in line 13 of Algorithm 2, 𝐺𝑐𝑜𝑙 is the GMM
to fit the collision region in configuration space. in order to
prevent the infinite increase of the number of components
and inefficiency of calculation, some useless Gaussian com-
ponents in the new GMM need to be eliminated, such as the
weights being very small, or the components with covariance
matrix determinant close to 0, as shown in Figure 4. Other
components obtain the weight of the removed components
according to their respective weights. The sum of weights of
all components is always 1. This process enables the GMM to
adapt quickly and accurately to environment changes.

3.3. GMM-Based Motion Planner. After the GMM of the
high-dimensional collision region is established by the
Greedy EM algorithm, the probability of the new samples
belonging to the GMM can be calculated by (1) and (2),
thereby determining whether the sample is feasible. In this
way, the forward kinematics calculation and precise collision
query are avoided, and the total collision query time is greatly
shortened.

As shown in line 7 to line 13 of Algorithm 3, if the
probability of the new sample P(𝑞𝑛𝑒𝑤) belonging to the
current GMM is less than the upper probabilistic boundary
of the collision-free region 𝛿𝑐𝑜l−𝑓𝑟𝑒𝑒, the sample is consid-
ered feasible. If the probability of the new sample P(𝑞𝑛𝑒𝑤)
belonging to the GMM is greater than the lower probabilistic
boundary 𝛿𝑐𝑜𝑙 of the collision region, the sample is considered
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Figure 4: The schematic diagram of GMM’s online updating process.

1: function UPDATE GMM(𝐺𝑐𝑜𝑙, 𝑋𝑐𝑜𝑙,P𝑝𝑜𝑖𝑛𝑡𝑐𝑙𝑜𝑢𝑑)
2: O𝑜𝑐𝑡𝑟𝑒𝑒.𝑢𝑝𝑑𝑎𝑡𝑒(P𝑝𝑜𝑖𝑛𝑡𝑐𝑙𝑜𝑢𝑑)
3: 𝑋𝑐𝑜𝑙.𝑢𝑝𝑑𝑎𝑡𝑒(O𝑜𝑐𝑡𝑟𝑒𝑒,K𝑟𝑜𝑏𝑜𝑡)
4: 𝑋𝑐𝑜𝑙 𝑛𝑒𝑤 ← ScreenSamples(𝑋𝑐𝑜𝑙, 𝐺𝑐𝑜𝑙)
5: while L𝑘/L𝑘−1 − 1 > 1𝑒−3 do
6: 𝑚𝑛𝑒𝑤 ←RandomSelect(𝑋𝑐𝑜𝑙 𝑛𝑒𝑤)
7: 𝑆𝑛𝑒𝑤 ← 𝜎2𝐼
8: 𝑎𝑛𝑒𝑤 ← 2/(𝑘 + 1)
9: (𝑎𝑛𝑒𝑤, 𝑚𝑛𝑒𝑤, 𝑆𝑛𝑒𝑤) ←

BINARY EM(𝐺𝑐𝑜𝑙, 𝑎𝑛𝑒𝑤, 𝑚𝑛𝑒𝑤, 𝑆𝑛𝑒𝑤)
10: 𝐺𝑐𝑜𝑙 ←AddToGMM(𝐺𝑐𝑜𝑙, 𝑎𝑛𝑒𝑤, 𝑚𝑛𝑒𝑤, 𝑆𝑛𝑒𝑤)
11: 𝐺𝑐𝑜𝑙 ←GLOBLE EM(𝐺𝑐𝑜𝑙)
12: end while
13: 𝐺𝑐𝑜𝑙 ←Eliminate(𝐺𝑐𝑜𝑙)
14: return 𝐺𝑐𝑜𝑙
15: end function

Algorithm 2: GMM’s Online Updating.

Require: 𝑋𝑐𝑜𝑙 examplars
1: 𝐺𝑐𝑜𝑙 ←BUILD GMM(𝑋𝑐𝑜𝑙)
2:D.𝑖𝑛𝑖𝑡(𝑞𝑖𝑛𝑖𝑡)
3: while Distrance(𝑞𝑔𝑜𝑎𝑙, 𝑞𝑛𝑒𝑤) < 𝑑𝑚𝑖𝑛 do
4: 𝑞𝑟𝑎𝑛𝑑 ←RandomSampling()
5: 𝑞𝑛𝑒𝑎𝑟 ←NodeSelection(D, 𝑞𝑟𝑎𝑛𝑑)
6: 𝑞𝑛𝑒𝑤 ←NodeExpansion(D, 𝑞𝑟𝑎𝑛𝑑, 𝑞𝑛𝑒𝑎𝑟)
7: if P(𝑞𝑛𝑒𝑤) < 𝛿𝑐𝑜𝑙−𝑓𝑟𝑒𝑒 then
8: 𝑞𝑛𝑒𝑤 is collision-free
9: else if P(𝑞𝑛𝑒𝑤) > 𝛿𝑐𝑜𝑙 then
10: 𝑞𝑛e𝑤 is collision
11: else
12: FCLCollisionQuery(𝑞𝑛𝑒𝑤)
13: end if
14: end while
15: 𝐺𝑐𝑜𝑙 ←UPDATE GMM(𝐺𝑐𝑜𝑙, 𝑋𝑐𝑜𝑙,P𝑝𝑜𝑖𝑛𝑡𝑐𝑙𝑜𝑢𝑑)

Algorithm 3: GMM-based Motion Planner.

Figure 5: GMM’s training scene.

unfeasible. If the probability is between the 𝛿𝑐𝑜𝑙 and 𝛿𝑐𝑜𝑙−𝑓𝑟𝑒𝑒,
the GMM’s prediction result is ambiguous. Therefore, the
precise collision query on these samples will be implemented
by the kinematics and Flexible Collision Library (FCL) [26].
𝛿𝑐𝑜𝑙 and 𝛿𝑐𝑜𝑙−𝑓𝑟𝑒𝑒 can be determined by cross-validation.

Cross-validation is a method commonly used in machine
learning to evaluate the prediction effect of a model with a
small sample set. 1000 samples in the collision region and
collision-free region are collected, respectively, to form two
cross-validation sets. Through multiple tests, the probability
of GMM’ generalization error for two cross-validation sets
under different decision boundaries 𝛿 can be obtained.
For robot motion planning, false positive means that the
collision-free samples are classified as collision samples,
which may cause the motion planner to fail to find a feasible
solution. False negative means that the collision samples are
classified as collision-free samples and may cause the final
path to pass through collision region.

For example, in the environment of Figure 5, the GMM is
trained by Greedy EM algorithm to fit collision region in 6-
DOF robot’s configuration space.Then, the above-mentioned
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cross-validation is performed on the six-dimensional GMM
to obtain the generalization error curves as shown in Figure 6.
In order to guarantee the safety and success rate of motion
planning, the tolerable generalization error probability is set
to 3.0%, which is the empirical value obtained bymany simu-
lation experiments.The intersections with two generalization
error curves are 𝛿𝑐𝑜𝑙 and 𝛿𝑐𝑜𝑙−𝑓𝑟𝑒𝑒.

4. Simulations and Experiments

This section provides some simulations and real world
experiments’ results to support the method proposed in this
paper. All experiments are conducted on an Intel Core i5-
4590 3.3GHz personal computer. ROS and Gazebo are used
to build a simulation platform. FCL is used to acquire the
sample set of the collision region in robot configuration space
and perform accurate collision query when the GMM-based
collision query results are ambiguous. OMPL [27] (Open

Motion Planning Library) provides a variety of sampling-
based motion planning algorithms for comparison experi-
ments.

4.1. Learning and Online Updating. In order to prove the
effectiveness of the algorithm, the 6-DOF UR10 robot in
Figure 5 is used for the simulation test. First, according
to Algorithm 1, a six-dimensional Gaussian mixture model
under the environment is trained. By alternately using the
global EM iterations and binary EM iterations, the number
of Gaussian components 𝐾 gradually increases. When 𝐾 =
25, the log-likelihood function L𝑘 converges, meaning that
the GMM has completed training and stopped adding new
Gaussian components, as shown in Figure 7.

After the model training is completed, the incremental
GMM’s online updating capability is tested by changing the
environment. As shown in Figure 8, the table in Figure 5 is
rotated and translated to change the environment. Besides,
We have also carried out simulations to change the envi-
ronment through moving the robot. Algorithm 2 is used to
update the GMM online. The new Gaussian components are
added and trained according to the binary EM iterations from
(7) to (11), and the basic EM algorithm from (3) to (5) is
used to train the GMM with new components added. This
will allow the GMM to fit the new collision sample set. After
the training is completed, the Gaussian components that
cannot help to fit the new collision sample set are eliminated
to reduce the computational overhead of the algorithm. As
shown in Figures 8(b), 8(d), 8(f), and 8(h), the projections
of the GMM on the first joint and the third joint subspace
change according to the changes of environment and robot
base. Therefore, GMM has the ability to respond to the
environmental changes online.

4.2. 6-DOF Robot Motion Planning. The 6-DOF UR10
robot is used to perform motion planning in the simulation
environment of Figure 5. After the completion of GMM’s
incremental training, the false positive and false negative
generalization error curves (Figure 6) are obtained using
the cross-validation method in Section 3.3, and the decision
boundaries 𝛿𝑐𝑜𝑙 and 𝛿𝑐𝑜𝑙−𝑓𝑟𝑒𝑒 are determined accordingly.
Finally, the GMM-based collision query strategy described
above is applied to four sampling-based motion planning
algorithms: RRT [3], RRT-Connect [28], BiEST [29], and
KPIECE [30].

The initial state and the goal region of the planning
problem are specified, and the above planners are used to
solve the planning problem repeatedly to obtain the boxplots
of the planning time (Figure 9). Besides, we provide the
average planning time and the planning success rate, as
shown in Table 1. The allowed planning time is set to 50s. It
can be seen that the collision query strategy based on GMM
is generally applicable to various sampling-based motion
planning algorithms. Compared with the basic collision
query methods based on forward kinematics and space
geometry, the computational overhead is greatly reduced, and
the overall motion planning efficiency is improved by 2-3
times.
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(c) Rotating the table
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(e) Translating the robot
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Figure 8: Continued.
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(g) Rotating the robot
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(h) Updating GMM for robot’ rotation

Figure 8: GMM’s online updating.
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Figure 9: The boxplots of various motion planning algorithms’ planning times.
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(a) Scene 1: desk (b) Scene 2: kitchen

(c) Scene 3: microwave oven (d) Scene 4: cabinet

Figure 10: A 6-DOF UR10 robot is used to pick and place a cup in various home environments, and the universality of the proposed method
is verified. The green grid represents occupied space stored in the octree data structure, and the blue line represents the trajectory of the end
effector when the robot performs the pick and place task.

Table 1: Planning performance of the motion planning algorithms.

Planning Methods RRT RRT-Connect BiEST KPIECE
Basic GMM Basic GMM Basic GMM Basic GMM

Average Planning Time(s) 22.04 10.63 5.122 2.239 18.05 5.200 34.34 15.19
Successful Rate(%) 67.4 95.3 100 100 96.3 100 46.2 93.1

In order to further test the effectiveness of the proposed
method in various environments, four common scenes (Fig-
ure 10) are built in a simulation environment. The RGB-D
camera is used to acquire the point cloud data of each scene,
and a three-dimensional octree map is created based on the
OctoMap library [31]. The Greedy EM algorithm is used
to train the GMMs of the robot configuration space in the
four scenes, respectively, and the GMM-based and the basic
collision query methods are applied to the above four kinds
of motion planners, respectively. In the four planning scenes,
the task of picking and placing a cup is accomplished by
motion planning of a robot, repeatedly testing this planning
task and obtaining the average planning time and successful
rate with the GMM-based and basic collision query methods,
as shown in Table 2. The allowed planning time is set to 50s.

From Table 2, it can be seen that the actual performance
of the proposed method varies due to different complexity
of the planning tasks and number of Gaussian components,
the latter of which is caused by different planning scenes.

However, the average planning time of the GMM-based
motion planning method is reduced by 2-4 times compared
with the basic collision query method.

4.3. 12-DOF Robot Motion Planning. In order to verify the
application effect of this algorithm in the actual scene, two
UR10 robots and RealSense camera are used to build a 12-
DOF dual-arm robot experimental platform, as shown in
Figures 11(a) and 11(b). In order to prevent the robot obstruct
camera’s view, the “Eye in Hand” arrangement is adopted.

Due to the high planning dimensions of dual-arm robots,
the successful rate under allowed planning time (50s) of
most motion planning algorithms is too low, and it is
difficult to obtain large amounts of data through multiple
experiments. Therefore, only the RRT-Connect algorithm
is used to perform multiple experiments, and the planning
times based on the GMMmethod and the basic method are,
respectively, obtained (Figure 11(d)). The success rate of both
methods is 100%.
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(a) Initial state (b) Goal state

(c) Octree map and trajectory
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(d) Boxplots of planning time

Figure 11: 12-DOF dual-arm robot experiment.(a), (b)The initial and goal state of the planning problem, respectively. (c)The environmental
model represented by octree, and the lines represent the trajectory of end effectors. (d) The boxplots of planning time based on GMM and
basic collision query method.

Experiments show that the method proposed in this
paper is also applicable to higher-dimensional motion plan-
ning problems.

5. Conclusion

In order to improve the planning efficiency of the sampling-
based motion planning algorithm, this paper studies the
influence of the number of components on the fitting accu-
racy and proposes a self-adapting model training method,
which achieves a rapid collision query in the robot high-
dimensional configuration space. Using themachine learning
method, the robot learns the collision query results gen-
erated during the previous motion planning instances, and
the Gaussian mixture model is incrementally established to
quickly estimate the new high-dimensional samples’ collision
probability. In order to eliminate the model fitting errors
caused by environmental changes, the Greedy EM algo-
rithm is used to adaptively select number of components of
the GMM-based on the convergence of the log-likelihood
function and achieved online response to the changes of

external environment. This method is applied to several
kinds of sampling-based motion planning algorithms. The
simulations and real world experiments are performed on the
6-DOF and 12-DOF robots in various scenes. Compared with
the basicmethods, the planning time is greatly shortened.The
effectiveness of the proposed algorithm is proved.

In the future work, we will continue to focus on
improving the practical performance of this method in
higher-dimensional robotmotionplanning problems, such as
Humanoid robots and quadruped robots. The GMM will be
used for guided sampling to further narrow the scope of the
search algorithm.
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Collision-free autonomous path planning under a dynamic and uncertainty vineyard environment is the most important issue
which needs to be resolved firstly in the process of improving robotic harvesting manipulator intelligence. We present and apply
energy optimal and artificial potential field to develop a path planning method for six degree of freedom (DOF) serial harvesting
robot under dynamic uncertain environment. Firstly, the kinematical model of Six-DOF serial manipulator was constructed by
using the Denavit-Hartenberg (D-H) method. The model of obstacles was defined by axis-aligned bounding box, and then the
configuration space of harvesting robot was described by combining the obstacles and arm space of robot. Secondly, the harvesting
sequence in path planning was computed by energy optimal method, and the anticollision path points were automatically generated
based on the artificial potential field and sampling searching method. Finally, to verify and test the proposed path planning
algorithm, a virtual test system based on virtual reality was developed. After obtaining the space coordinates of grape picking
point and anticollision bounding volume, the path points were drew out by the proposed method. 10 times picking tests for grape
anticollision path planning were implemented on the developed simulation system, and the success rate was up to 90%.The results
showed that the proposed path planning method can be used to the harvesting robot.

1. Introduction

Planning optimal paths is an important branch in the research
field of intelligent robot and an ideal path planning method
is very important for improving the performance of robots
[1, 2]. In agricultural production, fruit harvesting is a time-
consuming and labour-intensive procedure, and the study
on timely harvesting of fruits using robotics manipulator
is becoming a significant challenge for researchers [3]. To
accomplish the task of fruit harvesting successfully, automatic
obstacle-avoidance path planning of harvesting manipulator
is one of the key technical problems of fruit harvesting robot
[4]. In the process of solving the path planning problem,
if the environment information is completely knowable, the
time global planning can be used to obtain an optimal path

to reach the target state from the initial state [5]. However,
the harvesting robot usually operates in a nonstructural
and complex natural environment, and its work space often
involves various uncertainties which robots must evade, such
as branches and immature fruits which distributed around
ripe fruits (harvesting target). So the dynamic uncertainty
of the obstacle and the location of the picking target make
the path planning a difficult problem. In such case, it can
only be based on the real-time detection of the environmental
information and reprogramming to get themoving path from
the current state to the target state.

In recent years, scholars from different parts of the
world have proposed many methods and strategies for
solving anticollision path for automatic robot in uncertain
environment and dynamic obstacle environment [6]. These
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studies can be divided into four primary categories [7]: grid-
based approaches, potential field approaches, sample-based
approaches, and discrete optimization approaches. In [7], a
real-time dynamic path planning method for autonomous
driving that avoids both static and moving obstacles was
presented. In [8], two efficient sampling-based approaches
combining two RRT variants were developed to solve a
complex path planning problem, and a path planningmethod
which uses mutual information was proposed for the multi-
AUV (AutonomousUnderwaterVehicle) system.Cui et al. [9]
presented an adaptive path planning algorithm for multiple
AUVs to estimate the scalar field over a region of interest.
Tomake the manipulator avoid collisions with the plant stem
in sweet-pepper harvesting, Bac et al. [10] presented a stem
localization of sweet-pepper plants using the supportwire as a
visual cue.The objectives of this study were to find the obsta-
cles so that the robot can plan a collision-avoidance path. To
conduct an undamaged robotic grape-harvesting, Luo et al.
[11] focused their works on locating the spatial coordinates
of the cutting points on a peduncle of grape clusters for the
end-effector and determining the bounding volume of the
grape clusters for the motion planner of the manipulator. A
three-dimensional CAD model used in [12] has solved the
problem of collision between the cucumber picking robot
and the stem, but the amount of collision calculation is very
large. To decrease the movement uncertainty of industrial
robots, Gao et al. [13] presented a parameter identification
method based on the D-H model, in where the redundant
parameters are particularly addressed. Experimental studies
based on a 6 DOF industrial robot show the proposed
method can improve themovement accuracy of the industrial
robot significantly. To make the robotic manipulator work
efficiently and safely in a dynamic unstructured environment,
Wei et al. [14] proposed an autonomous obstacle avoidance
dynamic path-planning method for a robotic manipulator
based on an improved RRT algorithm. For solving serial
manipulators path-planning when grabbing target in obstacle
workspace, Dai et al. [15] presented a solution based on screw
theory and ant colony algorithm. In [16], a new approach
to time-optimal path parameterization (TOPP) based on
reachability analysis was proposed.

Through the above analysis, we can see that the path
planning strategies applied in unstructured environments in
recent years focused on autonomous driving, autonomous
underwater vehicle, and industry robots. Although some
domestic and foreign scholars have carried out some research
on the path planning of fruit and vegetable picking robot,
the research on collision-free autonomous path planning
for the grape harvesting robot under a dynamic vineyard
environment is still in the initial stage.

To conduct an undamaged robotic grape-harvesting in
an unstructured vineyard, a collision-free autonomous path
planning method based on minimum energy and artificial
potential field for grape harvesting robot was developed in
this study. Firstly, the kinematical model of six-DOF serial
harvesting manipulator was constructed by using the D-H
method, the model of obstacles was defined by the axis-
aligned bounding box, and then the configuration space of
harvesting robot was described by combining the obstacles

and arm space of robot. Secondly, the harvesting sequence
in path planning was computed by energy optimal method,
and the anticollision path points were generated based on
the artificial potential field and sampling searching method.
Finally, to verify and test the proposed path planning algo-
rithm, a virtual test system based on virtual reality was
developed. The innovation of this study is the development
of the energy optimal harvesting sequence planning method
and the anticollision path points generating method based
on the configuration space of six-DOF serial harvesting
manipulator.

The paper is organized as follows: Section 2 shows several
basic models for harvesting robot that will be used in the path
planning strategies. Section 3 describes the plan planning
method that was designed based on energy minimum and
artificial potential field. Section 4 performed an experiment
to validate the performance of the developed plan planning
method. Section 5 summarizes and discusses the experiment
results. The paper ends with the conclusions and future work.

2. Basic Models Building for Harvesting Robot

The task of obstacle avoidance path planning of the six degree
of freedommanipulator is to search for a series of continuous
joint angle values under the condition of the given obstacle,
the starting, and target position of themanipulator, which can
drive the manipulator to move from the starting position to
the target position safely without collision. To elaborate the
principle and process of the path planning method proposed
in this paper in detail, it is necessary to establish the robot
coordinate system, kinematic model, obstacle model, and the
configuration space model, which are the design basis of the
path planning algorithm.

2.1. Kinematical Modelling for Six-DOF Serial Robot. The
shape of the six degree of freedom series harvesting robot
is as shown in Figure 1(a), which is made up of six rotating
joints. They are responsible for adjusting the end-effector
to the appropriate picking position so that the actuator can
clamp the grapes and cut the peduncles. The end-effector
is composed of three functional parts: clamper, pallet, and
scissor. The harvesting manipulator is made up of rigid link
and rigid joint, and its motion is realized by controlling the
joints of the manipulator.

2.1.1. Establishing D-H Coordinate System for Harvesting Arm.
To establish the forward and reverse kinematics models of
the harvesting robot, the Denavit- Hartenberg (D-H)method
[17] was adopted in this study. The D-H table (see Table 1) is
built on the basis of the structure and parameters of the robot.
And then the coordinate system of the picking robot is set up,
in which the reference coordinate system is O0 and the local
coordinate system of each joint is Oi (i = 1, 2, . . . 6) and the
end-effector coordinate system is Oh. The coordinate system
of each joint of the picking robot is shown by Figure 1(b).

2.1.2. Forward and Inverse Kinematic Modeling. The motion
of the harvesting robot is driven by the forward kinematics
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Figure 1: Harvesting robot shape and its joints coordinate systems. Note that 𝑂0 is the base coordinate of harvesting robot, 𝑂𝑖 is the local
coordinate system of the 𝑖th(𝑖 = 1, 2, . . . , 6) linkages, 𝑂ℎ is the coordinate system of end effector, 𝛼𝑖-1 is twist angle, 𝛼𝑖-1 is length of linkages,𝜃𝑖 is joint angle, and 𝑑𝑖 is offset of linkages.

Table 1: D-H parameters of harvesting robot.

linkages
i

Twist angle𝛼𝑖-1/(∘)
Length of
linkages𝑎𝑖-1/mm

Joint angle𝜃𝑖/(∘)
Offset of
linkages𝑑𝑖/mm

Angle range
/(∘)

Note/
mm

1 0 0 𝜃1 0 -170∼170
2 -90 𝑎1 𝜃2 0 -60∼150 𝑎1 = 155
3 0 𝑎2 𝜃3 0 -170∼+75 𝑎2 = 360
4 -90 𝑎3 𝜃4 𝑑4 -190∼+190 𝑎3 = 155
5 90 0 𝜃5 0 -125∼+125 𝑑4 = 365
6 -90 0 𝜃6 0 -360∼+360

model, which is to calculate the position and attitude of
the end-effector coordinate system Oh relative to the base
coordinate system O0 by a given set of joint values. The
transformation matrix between two adjacent connecting rods
can be calculated by the D-H parameters in Formula (1) and
the Table 1.

𝑖−1
𝑖𝑇

=
[[[[[[
[

𝑐𝑖 −𝑠𝑖 0 𝑎𝑖−1
𝑠𝑖 cos 𝛼𝑖−1 𝑐𝑖 cos 𝛼𝑖−1 − sin 𝛼𝑖−1 −𝑑𝑖 sin 𝛼𝑖−1
𝑠𝑖 sin 𝛼𝑖−1 𝑐𝑖 sin 𝛼𝑖−1 cos𝛼𝑖−1 𝑑𝑖 cos 𝛼𝑖−1

0 0 0 1

]]]]]]
]

(1)

where 𝑠𝑖 indicates sin 𝜃𝑖, 𝑐𝑖 indicates cos 𝜃𝑖 (𝑖 = 1, 2, 3, . . . , 6),𝛼𝑖-1 is the twist angle, 𝛼𝑖-1 is the length of linkages, and 𝑑𝑖 is
the offset of linkages

The transformation matrix of the manipulator 06𝑇 can
be obtained by multiplying continuously the transformation
matrix of each connecting rod 𝑖−1𝑖𝑇 (i = 1, 2, . . . 6), which is a
function with the six joint variables (𝜃1, 𝜃2, 𝜃3, 𝜃4, 𝜃5, 𝜃6) and
can be described by Formula (2). It represents the position
relationships between the end-effector attitude (𝑛, 𝑜, 𝑎, 𝑝) and
the basic coordinate system [18].

0
6𝑇 = 01𝑇 (𝜃1) 12𝑇 (𝜃2) ⋅ ⋅ ⋅ 56𝑇 (𝜃6) =

[[[[[
[

𝑛𝑥 𝑜𝑥 𝑎𝑥 𝑝𝑥
𝑛𝑦 𝑜𝑦 𝑎𝑦 𝑝𝑦
𝑛𝑧 𝑜𝑧 𝑎𝑧 𝑝𝑧
0 0 0 1

]]]]]
]

(2)
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where

𝑛𝑥 = c1 [𝑐23 (𝑐4𝑐5𝑐6 − 𝑠4𝑠6) − 𝑠23𝑠5𝑐6]
+ 𝑠1 (𝑠4𝑐5𝑐6 + 𝑐4𝑠6)

𝑛𝑦 = 𝑠1 [𝑐23 (𝑐4𝑐5𝑐6 − 𝑠4𝑠6) − 𝑠23𝑠5𝑐6]
− 𝑐1 (𝑠4𝑐5𝑐6 + 𝑐4𝑠6)

𝑛𝑧 = −𝑠23 (𝑐4𝑐5𝑐6 − 𝑠4𝑠6) − 𝑐23𝑠5𝑐6
𝑜𝑥 = −𝑐1 [𝑐23 (𝑐4𝑐5𝑠6 + 𝑠4𝑐6) − 𝑠23𝑠5𝑠6]

− 𝑠1 (𝑠4𝑐5𝑠6 − 𝑐4𝑐6)
𝑜𝑦 = −𝑠1 [𝑐23 (𝑐4𝑐5𝑠6 + 𝑠4𝑐6) − 𝑠23𝑠5𝑠6]

+ 𝑐1 (𝑠4𝑐5𝑠6 − 𝑐4𝑐6)
𝑜𝑧 = 𝑠23 (𝑐4𝑐5𝑠6 + 𝑠4𝑐6) + 𝑐23𝑠5𝑠6
𝑎𝑥 = 𝑐1 (−𝑐23𝑐4𝑠5 − 𝑠23𝑐5) − 𝑠1𝑠4𝑠5
𝑎𝑦 = 𝑠1 (−𝑐23𝑐4𝑠5 − 𝑠23𝑐5) + 𝑐1𝑠4𝑠5
𝑎𝑧 = 𝑠23𝑐4𝑠5 − 𝑐23𝑐5

𝑝𝑥 = 𝑐1 (𝑎3𝑐23 − 𝑑4𝑠23 + 𝑎1 + 𝑎2𝑐2)
𝑝𝑦 = 𝑠1 (𝑎3𝑐23 − 𝑑4𝑠23 + 𝑎1 + 𝑎2𝑐2)
𝑝𝑧 = −𝑎3𝑠23 − 𝑑4𝑐23 − 𝑎2𝑠2
𝑐23 = cos (𝜃2 + 𝜃3)
𝑠23 = sin (𝜃2 + 𝜃3)

(3)

In the robotics grape harvesting, the three-dimensional
coordinates of the cutting point on the peduncle of grape
cluster are obtained by the visual system of robot, and the
target position of the end-effector coordinate system Oh can
be calculated by the cutting point position. The attitude of
the end-effector (𝑛, 𝑜, 𝑎, 𝑝) can be derived by combining with
the growth posture of grape clusters. In the case of knowing
the relative position between the target position of the end-
effector and the current position, the inverse kinematics
model is responsible for calculating the satisfied joint variable
of the manipulator which can control the manipulator move
from the current position to the target position. To construct
the inverse kinematics model, the inverse transformation
method [19] was used in this study, and the calculation
formulas of these joint variable (𝜃1, 𝜃2, 𝜃3, 𝜃4, 𝜃5, 𝜃6) are as
shown Formula (4). So the relation between the position of
the terminal connecting rod and the joint variable of the
manipulator can be established.

𝜃1 = arctan
𝑝𝑦
𝑝𝑥

𝜃2 = arctan
(𝑎2𝑠3 − 𝑑4) (𝑐1𝑝𝑥 + 𝑠1𝑝𝑦 − 𝑎1) − (𝑎3 + 𝑎2𝑐3) 𝑝𝑧
(𝑎3 + 𝑎2𝑐3) (𝑐1𝑝𝑥 + 𝑠1𝑝𝑦 − 𝑎1) − (𝑑4 − 𝑎2𝑠3) 𝑝𝑧 − 𝜃3

𝜃3 = arctan
𝑎3𝑑4 − arctan 𝑘

√𝑎32 + 𝑑42 − 𝑘2
𝜃4 = arctan

−𝑎𝑥𝑠1 + 𝑎𝑦𝑐1
−𝑎𝑥𝑐1𝑐23 − 𝑎𝑦𝑠1𝑐23 + 𝑎𝑧𝑠23

𝜃5 = arctan
−𝑎𝑥 (𝑐1𝑐4𝑐23 + 𝑠1𝑠4) − 𝑎𝑦 (𝑠1𝑐4𝑐23 − 𝑐1𝑠4) + 𝑎𝑧 (𝑠23𝑐4)

𝑎𝑥 (−𝑐1𝑠23) + 𝑎𝑦 (−𝑠1𝑠23) + 𝑎𝑧 (−𝑐23)
𝜃6 = arctan

−𝑛𝑥 (𝑐1𝑠4𝑐23 − 𝑠1𝑐4) − 𝑛𝑦 (𝑠1𝑠4𝑐23 + 𝑐1𝑐4) + 𝑛𝑧 (𝑠4𝑠23)
𝑛𝑥 [𝑐5 (𝑐1𝑐4𝑐23 + 𝑠1𝑠4) − 𝑐1𝑠5𝑠23] + 𝑛𝑦 [𝑐5 (𝑠1𝑐4𝑐23 − 𝑐1𝑠4) − 𝑠1𝑠5𝑠23] − 𝑛𝑧 (𝑐4𝑐5𝑠23 + 𝑠5𝑐23)

(4)

where 𝑘 = (𝑝𝑥2 + 𝑝𝑦2 + 𝑝𝑧2 + 𝑎12 − 2𝑎1(𝑐1𝑝𝑥 + 𝑠1𝑝𝑦) − 𝑎32 −𝑎22 − 𝑑42)/2𝑎2
To verify the correctness of the kinematics model, the

values of a set of joint variables (𝜃1 = 𝜋/3, 𝜃2 = -𝜋/3, 𝜃3 =𝜋/3, 𝜃4 = 𝜋/6, 𝜃5 = 𝜋/2, 𝜃6 = 𝜋/4) is artificially allocated
and then these values were input to the forward kinematic
model (Formula (2)) to solve the terminal pose matrix 06𝑇.

The following 06𝑇 was calculated by using Matlab.

0
6𝑇 =

[[[[[
[

0.3536 0.3536 −0.8660 217.5000
−0.6124 −0.6124 −0.5000 376.7211
−0.7071 0.7071 −0.0000 −53.2309

0 0 0 1.0000

]]]]]
]

(5)
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Bounding boxPＧ；Ｒ
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Figure 2: The bounding volume of obstacles such as cylinder and
sphere.

Then, the obtained 06𝑇 seen as known conditions was
input to the inverse kinematic model (Formula (4)) to solve
the angle values of the robot joints, and the joint values
(𝜃1 = 60.0000, 𝜃2 = -60.0000, 𝜃3 = 60.0000, 𝜃4 = 29.9993,𝜃5 = 90.0000, and 𝜃6 = 45.0022) were calculated. It can be
seen that the result is basically consistent with the variable
values allocated by manual, which shows the correctness of
the kinematics model of the robot.

2.2. Obstacles Modeling. In the collision detection, the
bounding volume is a simple geometric space, which contains
objects of complex shape. The purpose of adding a bounding
volume to an object is to quickly carry out collision detection
or to filter the exact collision detection. The bounding body
types include sphere, axis aligned bounding box (AABB),
directed bounding box (OBB), 8-DOP, and convex hull. The
obstacles in the actual picking environment are usually not
regular geometry, so it is difficult to describe them with
a precise model [20]. To facilitate the collision avoidance
path-planning, the axis-aligned bounding box (AABB) was
adopted to establish the obstacles model approximately in
this study. Although this modeling method expands the
obstacle domain to a certain extent, it greatly decreases the
calculation amount of the interference detection between the
manipulator and the obstacles and effectively improves the
efficiency of the path planning and also makes the planned
path more secure.

The axis-aligned minimum bounding box for a given
point set is its minimum bounding box subject to the con-
straint that the edges of the box are parallel to the coordinate
axes. It is simply the Cartesian product of 𝑁 intervals each
of which is defined by the minimal and maximal value of
the corresponding coordinate for the points in 𝑆. In the
obstacles modeling, the farthest and nearest points in X, Y
and Z directions from the vertex collection of the obstacle
are obtained firstly, and then the AABB box was built by
using these points. The AABB box is a simple hexahedron,
and each of whose side is parallel to a coordinate plane. Its
length, width and height can be different from each other. In
Figure 2, two simple 3D objects and their AABB are drawn.
Some important properties of the AABB can be described as
follows. Firstly, the points (𝑥, 𝑦, 𝑧) in the AABB box satisfy
the following conditions: 𝑥min ≤ 𝑥 ≤ 𝑥max, 𝑦min ≤ 𝑦 ≤ 𝑦max,
and 𝑧min ≤ 𝑧 ≤ 𝑧max, and the points Pmin = [𝑥min 𝑦min 𝑧min]

and Pmax = [𝑥max 𝑦max 𝑧max] were two important points
of the AABB box. The center point c can be calculated by
the equation (c = (Pmin + Pmax)/2). A bounding box of the
obstacle can clearly be represented by using the two points
Pmin and Pmax.

2.3. Configuration Space Modelling for Harvesting Robot. To
solve a collision avoidance path for the harvesting robot, it is
very importance to determine the configuration space of the
manipulator. For a manipulator with 𝑛 degrees of freedom,
setting 𝐸(@1,@2, . . . ,@n) as a set of active joint values of it,
in which @i is the rotation angle of the 𝑖-th active joint of
the manipulator. If the point 𝑃 represents a point on the
manipulator, then the relative position relationship between
the point and the obstacle can be expressed as follows [21]:

Γ (𝑃 (𝐸)) = {{{
1, the point 𝑃 is inside the obstacle

0, the rest
(6)

where D(𝑃(𝐸)) is relative position relationship between
the point 𝑃 and the obstacle when the manipulator is driven
with the joint value and 𝑃(𝐸) is the position coordinate of the
point 𝑃 on the manipulator in the basic coordinate system
when the joint value is 𝐸. If the rods of the manipulator
are uniformly dispersed into 𝑚 points according to the step
size 𝑑min (mm),𝑚 discrete points constitute a point set 𝑃link .
The relative positional relation between the whole arm driven
with the joint value 𝐸 and the obstacle can be expressed as
follows:

Γ (Ε) = 𝑚∑
𝑖=1

Γ (𝑃𝑖 (𝐸)) (7)

in which D(𝐸) is the relative positional relationship between
the driven manipulator and the obstacle when the joint value
is E.

It can be known from formula (6) and formula (7) that
the manipulator does not interfere with the obstacle only if
D(𝐸) = 0. The joint configuration spaceΩ is established with
the joint values of themanipulators of n degrees of freedom. If
the set of the joint value E of themanipulator is represented by
H, then any point in the joint configuration spaceΩ uniquely
corresponds to one of the elements in the setH and vice versa.
In other words, the joint configuration spaceΩ and the set H
are bijective.

Therefore, the relative positional relationship between the
driven manipulator and the obstacle with the joint value
E can be expressed by the following formula in the joint
configuration space:

Ω(𝐸) = {{{
1 Γ (𝐸) = 1
0 Γ (𝐸) = 0 (8)

where Ω(𝐸) is the value of the point in the joint con-
figuration space Ω with the element in the joint value 𝐸
of the manipulator as the coordinate and represents the
relative positional relationship with the obstacle when the
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manipulator is in the position corresponding to 𝐸. If the
manipulator interferes with the obstacle, Ω(𝐸) is equal to 1,
otherwise Ω(𝐸) is equal to 0. So the set 𝐻part (𝐸1, 𝐸2, . . . 𝐸𝑑)
can represent a set of continuously varying poses of the
manipulator, the set represents a set of discrete points in
the joint configuration space Ω. If a set of discrete points is
connected, a path can be obtained, where 𝑑 is the number
of the path control points. Only when the following formula
is satisfied, does the driven manipulator not collide with the
obstacle when the joint value set is𝐻part.

Ψ = Ω(𝐻𝑝𝑎𝑟𝑡) =
𝑑∑
𝑗=1

Ω(𝐸𝑗) = 0 (9)

where Ψ is the relative positional relationship between the
manipulator the obstacle when the joint value set is𝐻part.

Therefore, the obstacle path planning is performed on the
manipulator; that is, a set 𝐻part of joint values is searched in
the joint configuration space Ω, so that the set is connected
to the initial configuration joint value 𝐸s and the target
joint value 𝐸g of the manipulator. Meanwhile, it satisfies the
collision-free condition on the path as shown in (9).

To calculate the configuration space of the joint arm of
the harvesting robot, a simulation model of the robot was
established by using two functions of “link” and “drivebot”
that were provided byMatlab Robotics Toolbox Toolbox [22].
And then the motion range of the harvesting manipulator in
the actual working environment is calculated and analyzed
to carry better out the path-planning of picking operation.
According to the structure of the robot, the motion space of
the robot is mainly determined by the first three joints (1 to 3
linkages) and the latter three joints (4 to 6 linkages) have no
effect on the motion space. The first three joints determine
the position of the end-effector, and the last three joints
determine the posture of the end-effector. At present, there
are mainly three methods for solving the motion space of the
robots: analytic methods, numerical methods, and graphic
methods. The analytic method is to use algebraic method to
obtain the equation about the structure parameters of the
robot. The advantage of this method is that it can accurately
describe the relationship between the structure parameters of
the robot and the space of the robot, but its computation is
large. In this study, we used analytic method and take Matlab
to solve the robot’s motion space, and the motion space of the
harvesting robot can be shown as Figure 3.

3. Path-Planning Based on Energy Optimal
and Artificial Potential Field

The work process of the grape harvesting robot is as follows:
Firstly, the picking robot acquires the information on number
of fruits in the field of view and the position of each fruit
through the visual system. Secondly, the picking sequence is
planned. The picking order of all fruits is sorted according
to certain principles. Thirdly, controller has robot arm move
to the picking point of first bunch of grape rapidly and
the end effector performs the picking action. Fourthly, the
second bunch of fruit is picked according to the above same

procedure until all the fruit is harvested. Fifth, the robot arm
returns to the initial posture, and the picking robot controls
the mobile platform tomove forward and then starts the next
stage of picking. Therefore, the path planning of the picking
robot work process is divided into two stages. The first stage
is to plan the picking sequence and the second stage is to plan
the path point for each bunch of fruit picking. The schematic
diagram for the path planning of the grape harvesting robot
can be shown as Figure 4.

3.1. Harvesting Sequence Planning Based onMinimumEnergy.
As the requirement of multiobjectives harvesting, with the
aim to get the minimum sum of weighted rotating joint
angles in joint space, the objective function on six-degree-of-
freedom harvesting robot arm task planning based on mini-
mum energy principle is proposed. By calculating the value of
objective function, the picking sequence with the minimum
energy consumption can be obtained. In this paper, an
objective function to determine the harvesting sequence of
grape bunches is proposed. The optimal harvesting sequence
is finally determined by calculating the function value, thus
solves the problem of harvesting task planning.

The harvesting sequence can be described in mathe-
matically as assuming that the current manipulator is in
the initial position of the harvesting (𝑥0, 𝑦0, 𝑧0), there are 𝑛
bunches of fruits in the visual area to be picked, and the space
position coordinates are (𝑥i, 𝑦i, 𝑧i), and the corresponding
space variables of themanipulator are (𝜃1i , 𝜃2i, 𝜃3i, 𝜃4i, 𝜃5i, 𝜃6i),
in which 𝑖 = 1, 2, . . . 𝑛.. Manipulator is required to search for
an optimal harvesting sequence from the initial position. All
the fruits are picked sequentially and then returned to the
original position. It is assumed that the motion parameters
(including angular velocity and angular acceleration) of all
joints of a manipulator are the same. In order to minimize
the energy in the process of motion, when a joint of the
arm carry out harvesting task, it selects the proper sequence
of harvesting to minimize the total angle of rotation, which
indicates that the operating time and energy consumption of
the joint under this sequence to complete the harvesting task
are minimal. The optimization objective of single joint is

𝑃 = 𝑛∑
𝑗=1

𝜃𝑗 − 𝜃𝑗+1 (10)

in which 𝑃 is the function of optimization objective, 𝜃 is the
motion angle of joint, and 𝑛 is the number of the space points
that end effector need to move through.

However, there are multiple joints for the harvesting
manipulator in this study, if the minimum sum of the single
joint angle changes was took as the optimization objective,
and then each joint would have an optimal objective. At
this time, the problem of the harvesting sequence of the
manipulator is transformed into a multiobjective optimiza-
tion problem. Considering the angle changes of each joint
of the manipulator may not reach the minimum at the same
time in the same harvesting sequence, so it is necessary to
coordinate the sub objective functions of each joint to achieve
the optimal objective function and the optimum of each joint
when determine the optimal objective function of the whole
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Figure 3: The motion space of the harvesting robot.
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Figure 4: Schematic diagram for the path planning of the grape
harvesting robot.

manipulator. Moreover, the power of each joint motor is
different, according to the value of the power of each joint
motor of the manipulator, different weights should be given
to each joint angle, and different weights should also be given
to the sub targets of each joint of the manipulator. So the
sequence planning of the six degree of freedom harvesting
manipulator based on the principle of minimum energy can
be described by the following:

𝑃 = 𝑚∑
𝑖=1

𝜔𝑖𝐽𝑖 =
𝑚∑
𝑖=1

𝑛∑
𝑗=1

𝜔𝑖 𝜃𝑖,𝑗 − 𝜃𝑖,𝑗+1 (11)

where 𝑃 indicates the objective function of the manipulator
that can embody the energy consumption of the manipulator
motion, 𝑚 is the number of the joints, 𝜔i is the weight of the
objective function of the 𝑖th joints, and 𝜃i,j indicates the angle
value of the 𝑖th joint when the manipulator is locating the 𝑗th
space point.

3.2. Harvesting Path Generating Based on Artificial Potential
Field �eory. In the process of grape harvesting, collision-
free path planning under a vineyard environment is the
most important issue which need be resolved firstly to avoid
damage the fruits. At present, there are two main path
planning methods [23]: model-based global path planning
and sensor-based local path planning. In this study, the local
path planning method based on artificial potential field was
adopted.

3.2.1. Principle of Artificial Potential Field. The path planning
method based on artificial potential field is a virtual force
method proposed by Khatib [24]. Its basic idea is to design
the motion of the robot in the surrounding environment into
an abstract artificial gravitational field.The artificial potential
field includes the gravitational field and the repulsion field, in
which the object produces the gravitational attraction to the
object and guides the object to move toward it. The obstacles
repel other objects to avoid collisions with it. The resultant
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Input: the current point coordinates of the end-effector (𝑥0, 𝑦0, 𝑧0), the terminal coordinates(𝑥t, 𝑦t, 𝑧t) (the cutting point on the peduncles of grape cluster), the bounding box model of
obstacles 𝑅(𝑂s, 𝑂e)
Output: the path points (𝑥i, 𝑦i, 𝑧i).

1. Find all collision-free sampling points.
2. for each sampling points p do

(a) calculate the probability that the current point is the candidate path points.
(b) find the point whose probability is maximum
(c) consider the points as a candidate path point.

end
3. Repeat the above process until the terminal coordinates is reached.

Algorithm 1: Sampling-based path point generating method.

force of every point on a path is equal to the sum of all
repulsive forces and gravitational forces on this point.

The basic idea of the proposed path planning in this
study is that the harvesting point is attractive to the motion
of the harvesting manipulator by the virtual force field,
the anticollision bounding body of grape cluster and other
obstacles are repulsive to it, and the path planning is carried
out through the interaction of attraction and repulsion force.
The artificial potential field 𝑈sum(𝑋) can be defined by the
following [24]:

𝑈sum (𝑋) = 𝑈att (𝑋) + 𝑈rep (𝑋) (12)

in which𝑈att(𝑋) indicates the gravitational field generated by
the target, 𝑈rep(𝑋) indicates the repulsion field generated by
the obstacles,𝑋 = (𝑥, 𝑦, 𝑧)𝑇 is the position of the end-effector
in the workspace. Setting the position of the target as𝑋g, and
the gravitational field𝑈att(𝑋) can be defined by the following:

𝑈att (𝑋) = 1
2𝑘 (𝑋 − 𝑋𝑔)2 (13)

where 𝑘 is a constant about the gravitational field and then the
gravitation 𝐹att(𝑋) can be solved by calculating the negative
gradient value of the gravitational field, which is described as
Formula (14).

𝐹att (𝑋) = −∇ (𝑈att (𝑋)) = 𝑘 (𝑋𝑔 − 𝑋) (14)

To define the mathematical expression about the repul-
sive force field, the following two conditions need firstly be
conformed [25]: (1) the artificial potential field𝑈sum(𝑋)must
be a continuous-differential function, and when𝑋 is equal to𝑋g, the value of𝑈sum(𝑋) is 0 (minimum value). (2) Under the
effect of the artificial potential field 𝑈sum(𝑋), the system can
be stable. Setting 𝑋0 as the space position of the obstacle, the
repulsive force field 𝑈rep(𝑋) can be defined by the following:

𝑈rep (𝑋) =
{{{{{
1
2𝜂(

1
𝑋 − 𝑋0 −

1
𝜌)
2 , (𝑋 − 𝑋0) < 𝜌

0, (𝑋 − 𝑋0) ≥ 𝜌 (15)

where 𝜂 is a constant about the repulsive force field and 𝜌 is
the maximum range of the impact of the obstacle. When the

distance between the obstacle and the end-effector is larger
than𝜌, the repulsive fieldwould no longer to affect themotion
of harvesting robot.The repulsive force 𝐹rep(𝑋) can be solved
by calculating the negative gradient value of the repulsive
force field 𝑈rep(𝑋), which is described as the following:

𝐹𝑟𝑒𝑝 (𝑋) = −∇ (𝑈𝑟𝑒𝑝 (𝑋))

= {{{{{
𝜂( 1

𝑋 − 𝑋0 −
1
𝜌)

1
(𝑋 − 𝑋0)2

𝜕 (𝑋 − 𝑋0)𝜕𝑋 , (𝑋 − 𝑋0) < 𝜌
0, (𝑋 − 𝑋0) ≥ 𝜌

(16)

3.2.2. Sampling-Based Path Points Generating Method. The
array of the path point sets (𝑥i, 𝑦i, 𝑧i) are firstly established,
and then the terminal pose of the end-effector is determined
based on the current pose of the robot and the pose of grape
cluster. The current point coordinates of the end-effector(𝑥0, 𝑦0, 𝑧0), the terminal coordinates (𝑥t, 𝑦t, 𝑧t) (the cutting
point on the peduncles of grape cluster), and the bounding
box model of obstacles 𝑅(𝑂s, 𝑂e) are given, respectively.
According to the artificial potential field method, new sam-
pling points are generated randomly in the neighbourhood
and collision detection is performed on the sampling points.
The probability that all collision-free sampling points are
selected as the candidate path points is calculated, and the
sampling point with the highest probability is added to the
path array as the following path point. Repeat the above
process until the terminal coordinates is reached.The pseudo
code of sampling-based path point generating method is as
shown in Algorithm 1.

4. Experiments and Results

To validate the performance of the proposed anticollision
path planning algorithm in a complex orchard, a virtual
harvesting robot simulation system was developed based on
the virtual reality software platform, and then the perfor-
mance of path planning method was investigated based on
the developed simulation system.

4.1. Virtual Harvesting Robot Testing System. The virtual sim-
ulation systemwas implemented on theWindows 7 operating
system by using the software tools such as Visual studio 2013,
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Figure 5: Schematic diagram for the path planning of the grape
harvesting robot.

EON Studio, 3Dmax and Solidworks. In this study, the virtual
harvesting robot is constructed according to the actual size
and workspace of the 6-DOF robot prototype. Firstly, the 3D
model of orchard scene and harvesting robot’s body structure
is constructed, and the kinematics model of the manipulator
is set by D-H parameter method.Then the virtual grape clus-
ters and their anticollision space bounding body are drawn
under the virtual environment. The collision avoidance path
points are computed by the proposed algorithm. Finally,
the path is simulated by a three-dimensional visualization
method. The end-effector on the harvesting robot is consists
of three functional parts: clamping finger, pallet and scissor.
The clamping mechanism is mainly responsible for clamping
the peduncle of grape cluster. The pallet holds the grape
cluster from behind and underneath, carrying part of grape
gravity to prevent the grape from shaking and slipping.When
the fingers and pallets lock up the grape cluster, the peduncle
is cut by the scissors mechanism. The software interface is
shown as Figure 5.

After the collision-free path is planned, the joint variables
parameters of the manipulator are calculated by the inverse
kinematics model, and then the forward kinematics method
is used to control the robot’s end-effector to the target
position. In the virtual simulation system, the collision node
in the EON platform was used to detect collision in this
research. The node can detect the collision events between
different geometric objects in the virtual environment, which
can monitor the collision between the harvesting robot and
the obstacle in real-time. To control the motion behavior
of virtual harvesting robot, the modular programming and
routing communication mechanism in EON platform were
adopted.Themainmodules involved aremovement, rotation,
position sensor, angle sensor, time sensor, switch node, rout-
ing, and so on. The movement module is mainly used for the
clamping behavior control of the end-effector. The rotation
module is used to control the rotation of the six joints of the
manipulator and the rotary cutting motion of the actuator
scissors. The position and angle sensors are used to perceive
the real-time travel and position of the joint motion.The time
sensor is used to control the motion speed and acceleration of
the joints of the manipulator, and the switch nodes are used
to connect the communication between the modules. The
communications among several functionmodules are carried

out through routing mechanism in the virtual environment.
The routing mechanism is responsible to mainly passes
and monitors the running state of each module through
events, and then broadcast the state parameters to other
functional modules in real time, the coordination of the
multifunctional modules is finally realized. Events are the
data information transmitted between two domains, which
include two types: Input and Output. The Input event is the
information generated by other sending nodes to change the
state of the receiving node, and the Output event is a state
that the state of the node itself changes and outputs the
information. When one of the behavior modules sends the
command, the receiving node gets the instructions through
the route, transfers the nodes through the event driven, and
realizes the message driven mechanism.

4.2. Path-Planning Testing and Analysis. The path planning
tests on multiple harvesting objectives were implemented
base on the developed virtual simulation. The cluster number
of the tested grape was set from 2 to 5, and their positions
were randomly given in the configuration space of the
manipulator. The harvesting sequence was firstly calculated
by the energy optimal, and the path points were generated
by artificial potential field. The simulation test platform
are as follows: a laptop (Lenovo T430) with 4G RAM and
Intel(R)Core(TM)i5-3230 M CPU@2.60 GHz, a Windows
7 operating system and a Visual C++ 2008 platform. The
statistics and analysis are made on the path length, the
number of sampling points, the collision situation and the
average time of path planning in each harvesting. The results
of the tests are shown as Table 2. The relationship between
path length 𝐿 and key point 𝑃i can be described by Formula
(17).

𝐿 = ∑
1≤𝑖≤𝐾

√(𝑥𝑖 − 𝑥𝑖−1)2 + (𝑦𝑖 − 𝑦𝑖−1)2 + (𝑧𝑖 − 𝑧𝑖−1)2 (17)

where𝐾 indicates the number of sampling points of the path
and (𝑥i, 𝑦i, 𝑧i) is the coordinates of the 𝑖-th sampling points.

From the Table 2 we can see that there are 9 times is
successful and 1 times failure in the 10 grape harvesting tests.
The success rate was 90%, the path lengthwas between 448.67
cm and 1472.65 cm, the number of sampling points was
between 90 and 206, and the average time of path planning
was between 98ms and 273 ms. It can be seen that the reason
for the failure of the test was the collision between the end
effector and the anticollision space bounding body of the
grape cluster. If the distance between the end effector and
grape cluster is too small, the end effector will be easy to
collide with the upper part of the grape cluster when the
end effector move closely to the fruit peduncle for harvesting
operation.Harvesting path-planning can be optimized by set-
ting and adjusting the minimum safety margin between the
cutting point and the anticollision space bounding volume.
Moreover, the average time of path planning increases with
the number of objective and the number of sampling points.
Figure 6 shows a successful grape harvesting path planning.
Thewhite dots are the path points swept by the clamper center
of the end effector during the harvesting.
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Table 2: Statistical results of the virtual tests for grape harvesting path-planning.

Number of
objectives Harvesting optimal sequence Length of

path (L/cm)

Number of
sampling
points (K)

Collision
(Y/N)

Average time
of planning

(ms)
3 B →C →A 635.78 108 N 152
2 B →A 448.67 72 N 108
4 C →D →A →B 985.23 172 N 215
5 B →D →C →A → E 1362.45 206 N 261
3 A →C →B 723.33 102 N 163
4 B →C →D →A 1061.58 170 N 203
5 E →C →A →B → D 1472.65 216 Y 274
2 A →B 463.65 91 N 98
3 B →C →A 756.87 127 N 151
4 C →B →D →A 1045.26 162 N 199

(a) (b)

(c)

Figure 6: The path points drew by the proposed path-planning method.

5. Discussion

Traditional path planning methods (such as skeleton, cell
decomposition and subgoal graph etc) are very effective for
lower degree of freedom robot (2 to 3 DOF). With the
increase in the degree of freedom of robots, these algorithms

will be out of work. A collision-free autonomous path plan-
ning methodolgy for six-DOF serial harvesting manipulator
under a dynamic vineyard environment was presented in
this study. The kinematical modelling of Six-DOF serial
manipulator, the model of obstacles and the configuration
space of harvesting robot was firstly introduced in detail.
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And then the harvesting sequence and the anticollision path
points were calculated by using the energy optimal and the
artificial potential field. The virtual tests based on virtual
reality were performed to validate the performance of the
proposed algorithm. Through the virtual simulation test of
the harvesting path planning, the three-dimensional space
path points of the end-effector of the harvesting manipulator
were calculated in real time in virtual environment and
the collision detection is analyzed. The success rate was
up to 90%. It can be known that the simulation system
designed in this study has a good practical value to help
test and improve the intelligent behavior algorithm of the
robot.

To obtain an optimal harvesting path, taking the sum
of the joint angle of the weighted rotation as the goal,
the harvesting sequence planning objective function of the
six-DOF harvesting manipulator is established by using
the minimum energy principle and the minimum energy
consumption sequence can be obtained by calculating the
value of the target function. In addition, the mapping model
of obstacles in the joint configuration space is built on the
basis of sampling method, and the artificial potential field
is used to search the obstacle avoidance path in the joint
configuration space, which improves the generality of the
algorithm. However, due to the proposed algorithm adopts
random sampling strategy, the sampling points may collide
with the obstacles, so it is necessary to resample. If the
number of maximum sampling point is too small, the failure
probability of the path planning increases. And if the number
ofmaximumsampling point value is too large, it will cause the
path to not exist or be difficult to find, or the planning time is
too long. So the parameters need test repeatedly.

6. Conclusion

To conduct an undamaged robotic grape-harvesting in an
unstructured vineyard, a path planning strategies based on
minimum energy and artificial potential field for grape
harvesting robot was developed in this study.The kinematical
model of Six-DOF serial manipulator was firstly constructed
by using the D-H method, the model of obstacles was
defined by the axis-aligned bounding box, and then the
configuration space of harvesting robot was described by
combining the obstacles and robot. Then, the harvesting
sequence in path planning was computed by energy optimal
method, and the anticollision path points were generated
based on the artificial potential field and sampling searching
method. Finally, to verify and test the proposed path planning
algorithm, a virtual test system based on virtual reality was
developed. 10 times harvesting tests for grape anticollision
path planning were implemented on the developed sim-
ulation system, and the success rate was up to 90%. In
conclusion, the developed approach can effectively plan a
collision-free path for the grape harvesting robot in the com-
plex vineyard environment. However, when facing multiple
overlapped and adjoining grape clusters, the path planning is
still an issue that needs to be solved, and will require further
research.
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This paper studies an optimized container loading problem with the goal of maximizing the 3D space utilization. Based on the
characteristics of the mathematical loading model, we develop a dedicated placement heuristic integrated with a novel dynamic
space division method, which enables the design of the adaptive genetic algorithm in order to maximize the loading space
utilization. We use both weakly and strongly heterogeneous loading data to test the proposed algorithm. By choosing 15 classic
sets of test data given by Loh andNee as weakly heterogeneous data, the average space utilization of our algorithm reaching 70.62%
outperforms those of 13 algorithms from the related literature. Taking a set of test data given by George and Robinson as strongly
heterogeneous data, the space utilization in this paper can be improved by 4.42% in comparison with their heuristic algorithm.

1. Introduction

Container loading problems mainly address the issues of
planning the loading order and loading position on the basis
of ensuring certain constraints [1–3]. Study on optimization
of container loading problems has an extensive engineering
background and various applications on the modern man-
agement of container terminals and container shipping [4–
6]. The container loading problem is a Nondeterministic
Polynomial- (NP-) Hard problem that focuses on establish-
ing mathematical models and seeking efficient algorithms
depending on the specific environments [7, 8]. Depending
on the types of containers and cargoes, the container loading
problem can be divided into 14 categories [9]. Our paper
studies two categories of loading a single container with
selections from either weakly or strongly heterogeneous set of
cargoes such that the value of the loaded items is maximized.

Intelligent optimized algorithms, such as simulated
annealing, tabu search algorithm, and genetic algorithm,
have been proposed in literature, in order to compute the
optimal solution of the complex NP-hard problem including

the practical case of container loading [10, 11]. The existing
algorithms can be divided into two categories: placement
heuristic and improved heuristic. The placement heuristic is
also known as the basic heuristic, which establishes direct
search strategies and search rules with practical experience
and search solutions based on these rules. The basic heuristic
has a high practical value for the optimization of the packing
problem. Although it cannot guarantee the optimal solution,
it can usually obtain a satisfactory feasible solution. The
improved heuristic is a hybrid algorithm which combines
basic heuristic with neighborhood search algorithm, such
as genetic algorithm, tabu search algorithm, and greedy
algorithm [12–14].

The representative placement heuristic was proposed by
George and Robinson who firstly introduced the concept of
layers [15]. Based on the algorithm of George and Robinson,
Bischoff and Marriott constructed 14 heuristics by mixing
6 sequencing rules and 3 fill methods that already existed
[16]. Loh and Nee studied a heuristic for problem of weakly
heterogeneous, by taking the charge density as the objective
function, building horizontal layers and loading from bottom
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to top [17]. In addition, they designed 15 sets of test datawhich
was often used as a classic test data for later algorithms. Ngoi
et al. proposed a heuristic algorithm that the cargoes can only
be loaded in the horizontal direction of rotation [18]. They
abandoned the concept of layers and created a special method
ofmatrix representation of spacewhich simplified the loading
steps.

Bischoff and Ratcliff proposed a heuristic with multiple
destination constraints where the cargoes were ordered in
accordance with the arrival order [19]. This algorithm did
not build layers but columns in order to load similar cargoes
in the same column space. They also used the matrix space
representation of Nogi et al. [18]. Gehring and Bortfeldt
proposed a typical hybrid genetic algorithm and introduced
two-dimensional loading problem into three-dimensional
loading problem [20]. Bortfeldt and Gehring proposed a
tabu search algorithm for solving container loading problem
considering stability constraints, rotation constraints, stack
constraints, and weight constraints [10]. They have created
two composite block loading methods; one block contained
only the same cargoes, and the other block contained two
types of cargoes. Similar to George and Robinson’s idea of
building walls, Chien and Wu used a tree search strategy to
find the best loading plan [21]. Each node of the tree is a set of
walls depths; its child nodes are corresponding to the strips’
widths. Bortfeldt and Gehring’s hybrid genetic algorithm
combined greedy algorithm with vertical layers [13]. In
addition to stability constraints, rotation constraints, stack
constraints, and weight constraints, they also considered
balance constraints.

Chien and Deng [22] proposed a heuristic similar to
the matrix space representation of Nogi and coworkers [18].
Their heuristic divides a loading space into two subspaces
and then searches the suitable subspace for the current cargo
to load. Moura and Oliveira [23] carried out two kinds of
deformation based on George and Robinson’s method. The
first deformation introduced the stability constraint. In the
second deformation, the width of the new layers must be
less than the width of the old one, which was convenient to
merge the loading space and improve the loading stability.
Lim et al. proposed two kinds of heuristics for homogeneous
packing and heterogeneous packing [24]. The heuristic of
Wang et al. was designed for a special kind of dynamic space
decomposition method based on the trigeminal tree [25].Wu
et al. used two segments of encoding in genetic algorithm,
including the number and the rotation of the cargoes [26].
Their algorithm applied simultaneous genetic operation to
both segments of the encoding.

He and Huang designed a caving degree based flake
arrangement to solve the packing problem [27], which
constructed the flake cargoes block consisting of the same
cargoes. In [28], Dereli et al.’s hybrid bee(s) algorithm inspired
by the bees foraging behaviorwas similar to genetic algorithm
where the optimal parents and some offspring were reserved
to the next generation. The algorithm considered the rotation
constraints of the cargoes and the LDB concept. Tian et al.
considered the cargo transport priority and structured tree
search algorithm based on the greedy heuristic so that blocks
of similar cargoes were loaded into a container [29]. There

were five evaluation functions to select the blocks which
constructed the search tree branches. Lim et al. designed
single container and multicontainer loading algorithms for
a practical storage management system, using the dynamic
sequencing method to determine the priority of cargoes [30].
In the single container loading problem, the cargoes with a
high priority are placed near the bottomof the container loca-
tion. In the multicontainer loading problem, the cargoes with
a high priority are placed in the higher priority container.
Goncalves and Resende’s genetic algorithm adopted two-
segment encoding of cargo loading sequence and position
[31]. The cargo loading sequence encoding used a biased
random key strategy in order to avoid the correction of the
sequence encoding.

In this paper, we propose a novel adaptive genetic algo-
rithm integrating two-stage real-number encoding method
and dynamic space division method to improve the exist-
ing placement heuristic, which effectively avoids a certain
amount of space loss. The novelty of the proposed method
is described as follows. (1) According to the characteristics
of the loading problem, a two-stage real-number encoding
method is developed, where the priority of the cargoes is
designed as the first half of encoding and then the placement
state is designed as the second half so that the algorithm
can search for the optimal solution in large search sets.
(2) Dynamic adaptive crossover and mutation operators are
designed in the genetic algorithm in order to avoid the bad
convergence caused by coding changes. More importantly, we
use both weakly and strongly heterogeneous loading data to
test the proposed algorithm. By choosing 15 classic sets of
test data in [17] as weakly heterogeneous data, the average
space utilization reaching 70.62% outperforms those of 13
algorithms from the related literature. Taking a set of test data
in [15] as strongly heterogeneous data, the space utilization
can be improved by 4.42% in comparison with [15].

The rest of the paper is organized as follows.The next sec-
tion provides a description ofthe general container problem
model, constraints and objective functions. Sections 3 and
4 discuss the proposed algorithm, including the placement
heuristic (how a layout is constructed) and the improved
heuristic (how to search for better solutions). Experimental
results, along with benchmark data sets, are analyzed in
Section 5. Conclusions are given in Section 6.

2. Problem Statement

Given a container and a set of boxes, the container loading
problem aims to determine the load position and place
rotation in the container in order to maximize the space
utilization with basic geometric constraints [32]. This paper
addresses the problem of loading a single container with the
following assumptions [28, 33, 34]:

(i) Each cargo can be loaded into a container

(ii) The cargoes do not have a priority during the loading
procedure

(iii) The shape of the cargoes is regular rectangle



Complexity 3

(iv) Fillers are used to fill the gap between the cargoes to
ensure the loading stability

(v) The placement of the cargoes must be parallel or
orthogonal to the container walls

(vi) The placement of cargoes can be arbitrarily rotated

Our model uses a three-dimensional Cartesian coordi-
nate system, as shown in Figure 1. In the coordinate system,
the 𝑥-axis represents the length of the container, the 𝑦-axis
represents thewidth, and the 𝑧-axis represents the height.The
origin point represents the left corner of the container.

The relevant parameters of the model are as follows:

(i) 𝐿 = the length of the container
(ii) 𝑊 = the width of the container
(iii) 𝐻 = the height of the container
(iv) 𝑖 = the ID number of the cargo type
(v) 𝑛𝑖 = the quantity of the type-𝑖 cargo
(vi) 𝑙𝑖 = the length of the type-𝑖 cargo
(vii) 𝑤𝑖 = the width of the type-𝑖 cargo
(viii) ℎ𝑖 = the height of the type-𝑖 cargo
The decision variables of the model are the loaded

number of the type 𝑖 cargo denoted by𝑚𝑖. Our paper focuses
on maximizing the space utilization of the container. The
objective function of the model is given by

𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝐹 = ∑𝑖𝑚𝑖𝑙𝑖𝑤𝑖ℎ𝑖𝐿𝑊𝐻 × 100% (1)

To appropriately model the process of loading container,
we require that the feasible solution satisfies the basic geomet-
ric constraints; i.e., all the cargoes must be fully loaded in the
container and the overlap is not allowed. The basic geometric
constraints can be expressed as follows:

𝑠.𝑡. ∑
𝑖

𝑚𝑖𝑙𝑖𝑤𝑖ℎ𝑖 ≤ 𝐿𝑊𝐻 (2)

0 ≤ 𝑚𝑖 ≤ 𝑛𝑖 (3)

In the following sections, we first propose a placement
heuristic integrated with a novel dynamic space division
method by examining the characteristics of the mathematical
model. Then, a dedicated adaptive genetic algorithm is
designed in order to optimize the loading space utilization
based on the characteristics of the heuristic.

3. The Placement Heuristic

In this paper, our proposed placement heuristic improves
George and Robinson’s algorithm [15]. In our heuristic, the
same type of cargoes with the same rotation is put together in
order to avoid some gaps and improve the loading efficiency.
We also use a variety space distribution method based on
different loading location, which efficiently avoids some
loss of loading space. Remaining spaces are merged with
abandoned spaces so that the abandoned spaces are reused

Z(Height)

Y(Width)

X(Length)

Figure 1: Coordinate system.

Z

Y

X

Figure 2: Z-Y-X division mode.

and the space utilization is improved. There are three rules
to realize the improved placement heuristic. In the following
parts, these three rules are adopted to build the placement
heuristic.

3.1. Placement Rule. As shown in Figure 1, this coordinate
system has been built. This placement rule takes the corner
strategy; i.e., the cargoes are firstly placed near the origin
point.Without constraints of loading precedence, the loading
order is flexible.

3.2. Space Division Rule. The optimization of container
loading is mainly reflected by the space division rule. After
the cargo is loaded into the left corner of the current space,
three spaces are formed as shown in Figure 2, including the
up space, the right space, and the front space. The following
cargoes are firstly loaded in the up space, then the right space,
and last the front space. Robinson and George algorithm
introduces the concept of “layer”. They use YZ layers. The
YZ layers are layers parallel to the YZ plane. Each loading
forms three spaces and cargoes are loaded according to the
Z-Y-X traversing order until all the remaining cargoes cannot
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Z
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Figure 3: Y-Z-X division mode.

Figure 4: X-Y-Z division mode.

be placed in any of the remaining spaces, where X means the
front space, Y means the right space, and Z means the up
space.

Similar toGeorge andRobinson’s algorithm,we also build
the similar YZ layers and build Y ties in every layer in which
the Y ties are parallel to Y-axis. The space division rule is
applied based on the following three cases.

Case 1. The loading cargo is the first cargo both in a layer and
in a tie.

Case 2. The loading cargo is not the first cargo in a layer but
the first cargo in a tie.

Case 3. The loading cargo is neither the first cargo in a layer
nor the first cargo in a tie.

In the first case, we divide the current space into the right
space, the up space, and the front space, as shown in Figure 3.
In the second case, we divide the current space into the front
space, the right space, and the up space, as shown in Figure 4.
In the third case, we divide the current space into the front
space, the up space, and the right space, as shown in Figure 5.

Figure 5: X-Z-Y division mode.

Figure 6: Right-and-left space consolidation.

In fact, the space is often divided by the Y-Z-X division
mode shown in Figure 3. However, in the second case, the
length of the current space is determined by the first loaded
cargo in the layer. As the space length is small, the divided
front space may be narrow. As a consequence, such a narrow
front space could be treated as an abandoned space that
cannot load any cargo. In the third case, the length of the
current space is determined by the first loaded cargo in the
layer, and the width is determined by the first loaded cargo
in the tie. As both the space length and the space width are
small, the divided front space and up space could be narrow.
The front space and up space could easily be abandoned
spaces. In this paper, the narrow space is regarded as an
abandoned space in advance. The volume of available space
can be increased by adopting the above space division rule in
order to improve the overall space utilization.

3.3. Space Consolidation Rule. If there are abandoned spaces
before each loading, we combine the current space with
the abandoned spaces so that the abandoned spaces can be
used again. There are three directions of space consolidation,
including right-and-left space consolidation in Figure 6, up-
and-down space consolidation in Figure 7, and front-and-
back space consolidation Figure 8.The consolidation steps are
given as follows.

Step 1. Before loading, search the abandoned spaces.

Step 2. Determine whether the abandoned space and the
current space are in the same XZ plane, in the XY plane, or in
the YZ plane in turn.

Step 3. If they are in the same plane, combine them as shown
in Figures 6–8.

Step 4. Use the combined space as the new current loading
space.
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Figure 7: Up-and-down space consolidation.

Figure 8: Front-and-back space consolidation.

4. Adaptive Genetic Algorithm

This section gives an improved genetic algorithm, which does
not define the cargoes’ priority in the placement heuristic but
chooses the priority as the first half of encoding and then
introduces the placement state as the second half so that
it is able to search the optimal solution in a larger search
space. In addition, dynamic adaptive crossover and mutation
operators are designed in the genetic algorithm to avoid the
bad convergence caused by coding changes. In this sense, the
proposed adaptive genetic algorithm is applicable for both
weakly heterogeneous problem and strongly heterogeneous
problem. The adaptive genetic algorithm is constructed by
four steps, including the encoding and decoding, fitness
function and selection, adaptive crossover operator and
mutation operator, and the optimal preservation strategy.

4.1. Encoding and Decoding. Suppose that there are 𝑘 types
of cargoes to be loaded, and the quantity of each cargo is 𝑛𝑖,
for 𝑖 ∈ {1, 2, . . . , 𝑘}. A two-stage coding method composed of
the sequence and placement state of the cargoes is adopted
in this encoding and the length of the encoding is 2𝑛. The
previous 𝑛 bits show the sequence of the cargoes, and the
latter 𝑛 bits indicate the placement state of the cargoes. A
typical encoding is expressed as follows:

𝑃 = {𝑠1, 𝑠2, . . . , 𝑠𝑘, 𝑠𝑘+1, 𝑠𝑘+2, . . . , 𝑠2𝑘} (4)

where 𝑠1, 𝑠2, . . . , 𝑠𝑘 represent the loading sequence of the
cargoes and 𝑠𝑘+1, 𝑠𝑘+2, . . . , 𝑠2𝑘 ∈ {1, 2, 3, 4, 5, 6} indicates the
corresponding types of rotation of 𝑠1, 𝑠2, . . . , 𝑠𝑘. In order to
reduce the amount of the wasted space, the same cargoes are
placed in the same placement state defined in Table 1. For
example, the number of the rotations of cargo 𝑖 is 1, which
indicates the length, the width, and the height of the cargo are
placed in parallel to that of the container; i.e.,𝑥𝑖‖𝑋, 𝑦𝑖‖𝑌, 𝑧𝑖‖𝑍.
Since the placement of the cargo can be arbitrarily rotated as
assumed in Section 2, 6 kinds of the placement state of the
overall space are formed and shown in Table 1.

Table 1: Encoding values of placement state.

Encoding
value

Edge
Parallel to X

Edge
Parallel to Y

Edge
Parallel to Z

1 𝑥𝑖 𝑦𝑖 𝑧𝑖
2 𝑦𝑖 𝑥𝑖 𝑧𝑖
3 𝑦𝑖 𝑧𝑖 𝑥𝑖
4 𝑧𝑖 𝑦𝑖 𝑥𝑖
5 𝑧𝑖 𝑥𝑖 𝑦𝑖
6 𝑥𝑖 𝑧𝑖 𝑦𝑖

Note that the encoding values determine the sequence
and rotation. The placement heuristic rule and space division
rule determine the position of the cargo placement. There-
fore, we can obtain the solution of loading operations by
decoding, which is the process of converting encoding into
loading results. In decoding, we set the number of loaded
cargoes 𝑠𝑖 as𝑚𝑖, which is expressed as follows:

𝑄 = {𝑠1, 𝑠1, . . . , 𝑠1⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑚1

, 𝑠2, 𝑠2, . . . , 𝑠2⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑚2

, . . . , 𝑠𝑘, 𝑠𝑘, . . . , 𝑠𝑘⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑚𝑘

} (5)

4.2. Fitness Function and Selection. Generally, the fitness
function of genetic algorithm is determined by the objective
function. In this paper, the fitness function refers to the
space utilization of the objective function, which is defined
as follows:

𝐹 = ∑𝑖𝑚𝑖𝑥𝑖𝑦𝑖𝑧𝑖𝑋𝑌𝑍 × 100% (6)

Roulette-wheel-selection in [35] is chosen as the selection
method of this paper. The popular size is set as 𝑀, and
the parental generation is {𝑃1, 𝑃2, 𝑃3, . . . , 𝑃𝑀}. The steps of
Roulette algorithm are described as follows.

Step 1. Calculate the fitness of each individual in the group.

Step 2. Calculate the relative fitness of each individual, which
is the probability to be selected as parental generation. The
probability of individual 𝑗 is defined as

𝑝𝑗𝑠 = 𝐹𝑗∑𝑗 𝐹𝑗 (7)

Step 3. Calculate the cumulative probability of each individ-
ual; i.e.,

𝑝𝑗 = {{{
𝑝𝑗𝑠, 𝑗 = 1
𝑝𝑗−1 + 𝑝𝑗𝑠, 𝑗 = 2, 3, . . . (8)

Step 4. Generate a random number between 0 and 1 and then
determine the range of it. If the number is in [𝑝𝑗−1, 𝑝𝑗], then𝑃𝑗 is selected, which is shown in Figure 9.

Step 5. Repeat Step 4 until 𝑀 individuals are generated,
which makes up the new group {𝑃1 , 𝑃2 , 𝑃3 , . . . , 𝑃𝑀}.
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Figure 9: Roulette algorithm.

4.3. Adaptive Crossover Operator and Mutation Operator.
Next, we propose an adaptive genetic algorithm so that
the crossover probability and mutation probability can be
adjusted dynamically. When the fitness value of the popula-
tion tends to be consistent or local optimum, the crossover
probability and mutation probability increase, and then the
population diversity increases. However, when the fitness
value of the population is relatively dispersed, the crossover
probability and mutation probability decrease in order to
prevent the diversity of the population from being destroyed.
Furthermore, for the individuals with higher fitness values
than the average values of the population, the crossover
probability and mutation probability should be set smaller in
order to protect the solution and go into the next generation.
For the individuals with lower fitness values, the crossover
probability and mutation probability should be set larger so
that the probability of being knocked out of the solution
increases.

The crossover operator is carried out on the encoding
of adaptive genetic algorithm. Since we use a two-stage
encoding and the characteristic of two-stage encoding is dif-
ferent from each other, their crossover operators are different.
Partial mapped crossover operator method is used in the first
half of this encoding, and two-point crossover operator is
chosen for the second half. In general, the recommended
probability of crossover is in the interval [0.4, 0.99] [36].
The crossover probability used in this paper is described as
follows:

𝑃𝑐 =
{{{{{{{

𝑃𝑐1, 𝑓 < 𝑓𝑎V𝑔
𝑃𝑐1 − (𝑃𝑐1 − 𝑃𝑐2) × (𝑓

 − 𝑓𝑎V𝑔)
(𝑓𝑚𝑎𝑥 − 𝑓𝑎V𝑔) , 𝑓 ≥ 𝑓𝑎V𝑔 (9)

where 𝑃𝑐1 and 𝑃𝑐2 are the upper bound and lower bound of𝑃𝑐; i.e., 𝑃𝑐1 = 0.99 and 𝑃𝑐2 = 0.40. 𝑓 is the fitness value of the
larger individuals which are ready to cross. 𝑓𝑎V𝑔 is the average
fitness value of the population. 𝑓𝑚𝑎𝑥 is the maximum fitness
value of the population.{𝑃1 , 𝑃2 , 𝑃3 , . . . , 𝑃𝑀} is the population made up of 𝑀
individuals ready to cross. The encoding crossover steps are
described as follows.

Step 1. Select two adjacent parent individuals 𝑃1 and 𝑃2 to
cross and calculate the crossover probability 𝑃𝑐.
Step 2. Generate a random number between [0, 1] with
rand() function. If the number is larger than 𝑃𝑐, then do not
cross the former part of the code; if not, then carry out the
partially mapped crossover operator to the former part of 𝑃1
and 𝑃2 ;

Step 3. Generate two random numbers 𝑎 and 𝑏 (𝑎 < 𝑏)
between [1, 𝑘]. Firstly, exchange the codes between bit 𝑎 and 𝑏
of 𝑃1 and 𝑃2 and then modify the code values out of the cross
region according to the mapping relationship of the value of
the cross region.

Step 4. Generate a random number within [0, 1] with rand()
function. If the number is larger than 𝑃𝑐, then do not cross
the latter part of the code; if not, carry out the two-point
crossover operator to the latter part of 𝑃1 and 𝑃2 .
Step 5. Generate two randomnumbers 𝑐 and 𝑑 (𝑐 < 𝑑) within[𝑘 + 1, 2𝑘] as the crossover point and exchange the codes
between bits 𝑐 and 𝑑 of 𝑃1 and 𝑃2 . There is an example of the
crossover process described in Figure 10.

Step 6. Repeat Steps 1–5 to the individuals remained and then
a new population made up of 𝑀 individuals comes out as{𝑃1 , 𝑃2 , 𝑃3 , . . . , 𝑃𝑀}.

According to the encoding, the sequence reversed muta-
tion operator is used in the former part of this code, and
the basic bit mutation operator is used in the latter part of
the code. The probability of mutation is supposed to be in[0.0001, 0.1] [36].Themutation probability used in this paper
is described as follows:

𝑃𝑚 =
{{{{{{{

𝑃𝑚1, 𝑓 < 𝑓𝑎V𝑔
𝑃𝑚1 − (𝑃𝑚1 − 𝑃𝑚2) × (𝑓𝑚𝑎𝑥 − 𝑓)(𝑓𝑚𝑎𝑥 − 𝑓𝑎V𝑔) , 𝑓 ≥ 𝑓𝑎V𝑔 (10)

where 𝑃𝑚1 and 𝑃𝑚2 are the upper bound and lower bound
of 𝑃𝑚; i.e., 𝑃𝑚1 = 0.1 and 𝑃𝑚2 = 0.0001. 𝑓 is the fitness value
of the individual which is ready to cross.{𝑃1 , 𝑃2 , 𝑃3 , . . . , 𝑃𝑀} is the population ready to mutate.
The encoding mutation steps are described as follows.

Step 1. Select an adjacent parent 𝑃1 individual to mutate, and
calculate the crossover probability 𝑃𝑚.
Step 2. Generate a random number within [0, 1] with rand()
function. If the number is larger than 𝑃𝑚, then do not mutate
the former part of the code; if not, then carry out the sequence
reversed mutation operator to the former part of 𝑃1 .
Step 3. Generate two randomnumbers 𝑎 and 𝑏 (𝑎 < 𝑏) within[1, 𝑘] and reverse the codes between bits 𝑎 and 𝑏 of 𝑃1 .
Step 4. Generate a random number within [0, 1] with rand()
function. If the number is larger than 𝑃𝑚, then do not cross
the latter part of the code; if not, then carry out the basic bit
mutation operator to the latter part of 𝑃1 .
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Figure 10: Partially mapped crossover and two-point crossover (𝑎 = 3, 𝑏 = 6, 𝑐 = 12, and 𝑑 = 14).
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Figure 11: Sequence reversed mutation operator and basic bit
mutation operator (𝑎 = 2, 𝑏 = 4, and 𝑐 = 12).

Step 5. Generate a random number c within [𝑘 + 1, 2𝑘] as the
mutation point, and exchange the code in bit c of 𝑃1 with a
random number in {1, 2, 3, 4, 5, 6}. There is an example of the
crossover process described in Figure 11.

Step 6. Repeat Steps 1–5 to the individuals remained, and
then a new population made up of𝑀 individuals comes out
as {𝑃1 , 𝑃2 , 𝑃3 , . . . , 𝑃𝑀 }.
4.4. Optimal Preservation Strategy. Good individuals of the
parental population can be retained by adopting optimal
preservation strategy, in order to avoid disappearing in
genetic iteration. The steps of optimal preservation strategy
are described as follows.

Step 1. Calculate the fitness value of all the individuals of the
parental {𝑃1 , 𝑃2 , 𝑃3 , . . . , 𝑃𝑀 } and get the individual with
the largest fitness value as the optimal parental generation,
whose fitness value is 𝐹𝑚𝑎𝑥.
Step 2. Calculate the fitness value of all the individuals of the
offspring {𝑃1 , 𝑃2 , 𝑃3 , . . . , 𝑃𝑀 } and get the individuals with
the minimum fitness as the worst ones, the fitness of which is𝐹𝑚𝑖𝑛.
Step 3. Compare the optimal parental generation with the
worst offspring. If 𝐹𝑚𝑖𝑛 < 𝐹𝑚𝑎𝑥, then replace the worst
offspring by the optimal parental generation.

In summary, the proposed adaptive genetic algorithm can
be described in Table 2 where 𝐺𝐸𝑁 denotes the maximum
generation.

5. Numerical Results

In this section, we examine the performance of our algorithm
by executing two tests: the weakly heterogeneous data test
and the strongly heterogeneous data test. Usually the problem
can be seen as strongly heterogeneous if many different types
of cargoes need to be loaded. In the case of a small set of
cargo types in the container, the problem is denoted weakly
heterogeneous. For each test, we first state the test data, then
present the test results, and finally perform the corresponding
result analysis.

5.1. Weakly Heterogeneous Data Test

5.1.1. Test Data. We use 15 groups of classic weakly hetero-
geneous data (called LN01–LN15 in our paper) given in Loh
and Nee’s study [17] to test the performance of our algorithm
and in the test𝑀 = 30 and 𝐺𝐸𝑁 = 600. Further, we compare
the performance of our algorithm with the performance of 13
algorithms presented in the related literature.

5.1.2. Test Results. The experiments are carried out on 15 sets
of test data provided by Loh and Nee [17]. All the cargoes
in the other 13 sets of test data expect LN02 and LN06 can
be loaded into the container. There are 200 cargoes in LN02,
and 162 of them can be loaded into the container after loading
optimization. The space utilization rate reached 95.41%. 200
cargoes are provided in LN06, and 181 of them can be loaded
into the container after loading optimization. In this case, the
space utilization reaches 93.98%. The detail of the solution
optimization by the algorithm is shown in Tables 3 and 4.
“Loading sequence” denotes the priority for loading; “Serial
number” is the ID number of the cargo type; “Quantity
installed” is the quantity that can be loaded into the container;
“Quantity not installed” is the quantity of the cargoes that
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Table 2: Adaptive genetic algorithm.

Step AGA (adaptive genetic algorithm)
(1) Input: 𝐵𝑜𝑥,𝑋, 𝑌,𝑍,𝑀,𝑃𝑐, 𝑃𝑚, 𝐺𝐸𝑁
(2) Generate a group of initial population encoding 𝑃
(3) for 𝑠 = 1 to 𝐺𝐸𝑁 do
(4) decode 𝑃 with heuristic rules
(5) calculate the fitness value 𝐹𝑖 of 𝑃
(6) search the individual max𝑝 with the highest fitness value,

whose fitness is max𝑓𝑖
(7) do the selection operator to 𝑃, the result is 𝑆𝑒𝑙𝑒𝑐𝑡𝑃
(8) do partial mapped crossover operator to the former part

coding of 𝑆𝑒𝑙𝑒𝑐𝑡𝑃
(9) do two point crossover operator to the latter part coding of𝑆𝑒𝑙𝑒𝑐𝑡𝑃
(10) store the result as 𝐶𝑟𝑜𝑠𝑠𝑃
(11) do sequence reversed mutation operator to the former

part of 𝐶𝑟𝑜𝑠𝑠𝑃
(12) do basic bit mutation operator to the latter part of 𝐶𝑟𝑜𝑠𝑠𝑃
(13) store the mutation result as𝑀𝑢𝑡𝑎𝑡𝑒𝑃
(14) decode𝑀𝑢𝑡𝑎𝑡𝑒𝑃 with heuristic rules
(15) calculate the fitness value 𝐹𝑖 of𝑀𝑢𝑡𝑎𝑡𝑒𝑃
(16) search the individual max𝑀𝑢𝑡𝑎𝑡𝑒𝑝with the highest fitness

value in𝑀𝑢𝑡𝑎𝑡𝑒𝑃, whose fitness is max𝑀𝑢𝑡𝑎𝑡𝑒𝑓𝑖
(17) search the individual min𝑀𝑢𝑡𝑎𝑡𝑒𝑝 with the lowest fitness

value in𝑀𝑢𝑡𝑎𝑡𝑒𝑃, whose fitness value is min𝑀𝑢𝑡𝑎𝑡𝑒𝑓𝑖
(18) if max𝑀𝑢𝑡𝑎𝑡𝑒𝑓𝑖 < max𝑓𝑖 then
(19) replace min𝑀𝑢𝑡𝑎𝑡𝑒𝑝 in𝑀𝑢𝑡𝑎𝑡𝑒𝑃 with max𝑝 in 𝑃
(20) end if
(21) 𝑃 = 𝑀𝑢𝑡𝑎𝑡𝑒𝑃
(22) end for

(23) search the individual max𝑝 with highest fitness value in
the 𝐺𝐸𝑁 generation, whose fitness is max𝑓𝑖

(24) Output: max𝑝, max𝑓𝑖

Table 3: Test result in LN02.

Loading
sequence

Serial
number

Quantity
installed

Quantity
not

installed
Rotation

1 7 25 0 6
2 4 19 0 3
3 2 37 0 5
4 5 16 0 1
5 6 10 7 6
6 1 29 0 1
7 3 3 31 1
8 8 23 0 3

cannot be loaded into the container; “Rotation” indicates the
direction of the corresponding cargoes placed and the value
of them refers to the definition of Table 1.

Table 4: Test result in LN06.

Loading
sequence

Serial
number

Quantity
installed

Quantity
not

installed
Rotation

1 5 25 0 2
2 6 23 0 5
3 1 34 0 2
4 8 0 17 6
5 2 37 0 3
6 4 25 2 4
7 7 14 0 6
8 3 23 0 5
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Figure 12: Packing result in LN02.

The packing simulation results of LN02 and LN06 are
shown in Figures 12 and 13. There are 8 kinds of cargoes in
LN02, and each color represents a kind of cargoes in LN02 in
Figure 12.There are also 8 kinds of cargoes in LN06, and each
color represents a kind of cargoes in LN06 in Figure 13.

5.1.3. Result Analysis. Theresults of performance comparison
are listed in Table 5 and Figure 14. It can be seen that the
average space utilization of our algorithm reaches 70.62%,
which is the best among all the algorithms.

5.2. Strongly Heterogeneous Data Test

5.2.1. Test Data. The example in Robinson and George’s
paper [15] is selected as the test data for the strongly
heterogeneous problem. The container is a 20 foot
international standard container and the specification is
2352mm×2388mm×5899mm. Table 6 gives the details of
cargoes to be loaded. This group of data contains 30 cargoes.
The sizes of cargoes are different except Cargoes 4 and 5. The
difference in the size of cargoes is very big so that the test is
consistent with the strongly heterogeneous problem.
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Table 5: Table of space utilization.
(a)

Data BM[16] N[18] BR[19] GB[20] BG[10] C[21] B[13]
LN01 62.5% 62.5% 62.5% 62.5% 62.5% 62.5% 62.5%
LN02 90% 80.7% 90% 89.5% 96.6% 76.02% 89.8%
LN03 53.4% 53.4% 53.4% 53.4% 53.4% 53.4% 53.4%
LN04 55% 55% 55% 55% 55% 55% 55%
LN05 77.2% 77.2% 77.2% 77.2% 77.2% 77.19% 77.2%
LN06 83.1% 88.7% 83.1% 91.1% 91.2% 79.51% 92.4%
LN07 78.7% 81.8% 78.7% 83.3% 84.7% 72.14% 84.7%
LN08 59.4% 59.4% 59.4% 59.4% 59.4% 59.42% 59.4%
LN09 61.9% 61.9% 61.9% 61.9% 61.9% 61.89% 61.9%
LN10 67.3% 67.3% 67.3% 67.3% 67.3% 67.29% 67.3%
LN11 62.2% 62.2% 62.2% 62.2% 62.2% 62.16% 62.2%
LN12 78.5% 78.5% 78.5% 78.5% 78.5% 71% 78.5%
LN13 78.1% 84.1% 78.1% 85.6% 84.3% 84.14% 85.6%
LN14 62.8% 62.8% 62.8% 62.8% 62.8% 62.81% 62.8%
LN15 59.5% 59.5% 59.5% 59.5% 59.5% 59.46% 59.5%
Average 68.64% 69.00% 68.64% 69.95% 70.43% 66.93% 70.15%

(b)

Data E[22] M[24] L[25] W[26] D[29] LM[31] This paper
LN01 62.5% 62.5% 62.5% 62.5% 62.5% 62.5% 62.5%
LN02 90.8% 92.6% 80.4% 90.7% 86.3% 96.4% 95.41%
LN03 53.4% 53.4% 53.4% 53.4% 53.4% 53.4% 53.43%
LN04 54.96% 55% 55% 55% 55% 55% 54.96%
LN05 77.2% 77.2% 77.2% 77.2% 77.2% 77.2% 77.19%
LN06 87.9% 91.7% 84.8% 92.9% 89.2% 93.5% 93.98%
LN07 84.7% 84.7% 77% 84.7% 83.2% 84.7% 84.66%
LN08 59.4% 59.4% 59.4% 59.4% 59.4% 59.4% 59.42%
LN09 61.9% 61.9% 61.9% 61.9% 61.9% 61.9% 61.89%
LN10 67.3% 67.3% 67.3% 67.3% 67.3% 67.3% 67.29%
LN11 62.2% 62.2% 62.2% 62.2% 62.2% 62.2% 62.16%
LN12 78.5% 78.5% 69.5% 78.5% 78.5% 78.5% 78.52%
LN13 85.6% 68% 73.3% 85.6% 85.6% 84.9% 85.61%
LN14 62.8% 62.8% 62.8% 62.8% 62.8% 62.8% 62.81%
LN15 59.5% 59.5% 59.5% 59.5% 59.5% 59.5% 59.46%
Average 69.91% 69.11% 67.08% 70.24% 69.60% 70.61% 70.62%
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Figure 13: Packing result in LN06.

5.2.2. Test Results. The results are shown in Table 7. The
cargoes that are not loaded into containers are not listed in
the table. “The length of edges parallel to X”, “The length of
edges parallel to Y”, and “The length of edges parallel to Z”
indicate the parallel relationship with X, Y, and Z axis when
they are placed. There are 30 kinds of cargoes in the test. 18
of them can be loaded into the container after optimization
by our algorithm, and 12 cannot be loaded into the container.
The space utilization reaches 84.42%.

The loading simulation result is shown in Figure 15. Since
18 cargoes are loaded into the container. Hence, 18 different
colors are used to represent them.

5.2.3. Result Analysis. The space utilization reached 80% in
George and Robinson’s paper [15], but in this paper it goes
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Figure 14: Bar chart of space utilization in weakly heterogeneous
data test.
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Figure 15: Strongly heterogeneous packing result.

up to 84.42%, which has improved 4.42% space utilization
as shown in Table 8. The space division rule in this paper
is modified based on the method proposed by George and
Robinson, which is a dynamic space partition method. The
narrow space generated in the loading process is considered
to be an abandoned space in advance, and the corresponding
space partition rule is adopted. Hence, our method increases
the volume of available space, optimizes the utilization of
waste space, and improves the overall space utilization. The

Table 6: The test data of strongly heterogeneous problem.

Serial
number

The length of
the longest edge

(cm)

The length of
the middle
edge(cm)

The length of
the shortest
edge (cm)

1 222 220 120
2 222 180 100
3 200 163 120
4 220 120 111
5 220 120 111
6 210 120 110
7 190 120 110
8 150 140 100
9 122 103 97
10 168 98 68
11 132 96 66
12 130 96 50
13 120 80 60
14 110 72 68
15 120 80 60
16 130 70 54
17 144 66 46
18 173 69 36
19 84 78 62
20 95 66 60
21 68 68 68
22 70 64 54
23 78 62 50
24 98 50 48
25 90 60 37
26 80 60 40
27 75 60 40
28 74 46 34
29 60 50 40
30 96 33 30

results of this experiment show that the algorithm is signifi-
cantly higher than George and Robinson’s algorithm, which
indicates that the improved method of space partitioning is
effective for the optimization of container loading problem.

6. Conclusions

In this paper, we construct the general loading mathematical
model based on the goal of maximizing space utilization. We
propose a dynamic space division method to improve the
placement heuristic which designs different space division
methods for different cargoes and effectively avoids a certain
amount of space loss. Based on the dynamic space division
method, we develop a dedicated genetic algorithm that uses
a two-stage real-number encoding method. The encoding
method consisting of the sequence of cargoes and rotation
lifts a single rule for cargoes loading order restriction.
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Table 7: Test result of strongly heterogeneous problem.

Load
sequence Serial number The length of edge parallel

to X
The length of edge parallel

to Y
The length of edge parallel

to Z
1 5 111 220 120
2 2 100 222 180
3 6 110 210 120
4 4 110 220 120
5 17 60 144 46
6 30 96 33 30
7 26 80 60 40
8 7 120 190 110
9 24 50 48 98
10 29 60 40 50
11 3 120 200 163
12 25 90 37 60
13 28 74 34 46
14 15 120 60 70
15 13 120 80 60
16 19 78 84 62
17 27 40 75 60
18 1 120 220 222

Table 8: Table of space utilization.

Method Unloaded cargoes space utilization
George and Robinson [15] Unavailable 80%
Jiang et al. [37] 13 82.8%
This paper 12 84.42%

This algorithm searches for the best combination of cargo’s
sequence and rotation through genetic algorithms, which
provides a larger search space for the algorithm to find a
better optimal solution. Based on this genetic code, this paper
chooses the suitable genetic operators that contribute tomore
diversity of genetic search space. As the improvement of
encoding greatly increases the size of the search space, it
becomes easy to converge to a premature local optimization
which renders some difficulties for the search. We apply the
dynamic adaptive technology to the genetic algorithm, which
dynamically adjusts the crossover and mutation probability
based on the individual fitness. This can improve the search
efficiency and avoid premature convergence.

To examine the performance of our algorithm, we use
both weakly and strongly heterogeneous loading data to test
the proposed algorithm. By choosing 15 classic sets of test
data in [17] as weakly heterogeneous data, the average space
utilization of our algorithm reaching 70.62% outperforms
those of 13 algorithms from the related literature. Taking a
set of test data in [15] as strongly heterogeneous data, the
space utilization can be improved by 4.42% in comparison
with [15]. Thus, the numerical experiments confirm that our
algorithm can achieve a better performance than that of other
algorithms.
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For linear discrete-time systems with randomly variable input trail length, a proportional- (P-) type iterative learning control (ILC)
law is proposed. To tackle the randomly variable input trail length, amodified control input at the desirable trail length is introduced
in the proposed ILC law. Under the assumption that the initial state fluctuates around the desired initial state with zero mean, the
designed ILC scheme can drive the ILC tracking errors to zero at the desirable trail length in expectation sense. The designed ILC
algorithm allows the trail length of control input which is different from system state and output at a specific iteration. In addition,
the identical initial condition widely used in conventional ILC design is also mitigated. An example manifests the validity of the
proposed ILC algorithm.

1. Introduction

In practice, it is hard to obtain the precise mathematical
model of robot system [1–4], rapid thermal processing [5],
flexible system [6–8], etc. With simple recursive mode and
model-free characteristic, by using the tracking error and
control input of the previous iterations, iterative learning
control (ILC) is widely used to the dynamical systems with
repetitive operations in a fixed time interval [9–11].

Hitherto, in order to track the desired trajectory, most
existing ILC works require that the trail length is fixed and
uniform at each iteration [12–14]. Nevertheless, in many
engineering applications of ILC, the requirement of fixed
and uniform trail length might not be fulfilled. The trail
length of system output, state, and control input would
randomly vary from iteration to iteration due to the complex
factors or randomly occurring events. Recently, there are
some studies investigating the ILC issues with iteratively
variable trail lengths [15–22]. By introducing the maximum
pass length and adopting the lifted-system framework, Seel
et al. [15] proposed the necessary and sufficient conditions of
monotonic convergence for linear discrete-time single-input

single-output (SISO) systems with varying trail lengths. For
linear discrete-time multiple-input multiple-output (MIMO)
systems, iteration-average operator and stochastic variable
satisfying Bernoulli distribution are involved in ILC design
to cope with the varying trail lengths issue [16]. It was
proved that the system tracking errors can be driven to zero
in mathematical expectation sense. Based on the Bernoulli
stochastic variable, three varying trail lengths-based ILC
schemes were proposed for linear discrete-time systems with
vector relative degree [17]. In [18], an iteratively moving
average operator, which contains the few most recent cycles,
and Bernoulli stochastic variable are introduced into ILC
scheme for nonlinear continuous-time SISO systems with
iteratively varying trail lengths. Other iteratively moving
average operator based ILC algorithms for dynamical systems
with iteratively varying pass lengths could also be found in
[19–21]. Recently, in [22], the tracking of ILC for discrete-
time systems with varying trail lengths can be guaranteed
in deterministic convergence way by a modified P-type ILC
scheme. Among existing varying trail lengths-based ILC
studies, it is commonly assumed that the trail lengths of state,
control input, and output are identical at a specific iteration.
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Clearly, more efforts should be made in the varying pass
lengths-based ILC algorithms for dynamical systems.

As far as the issue of varying trail lengths is concerned,
in most ILC algorithms, it is commonly assumed that the
lengths of state, control input, and output are identical at a
specific iteration. However, in many practical applications,
it is hoped that the controlled system could achieve the
control objective with less control efforts. For example, in
the speed control of vehicle or robot, when the speed is
controlled in a neighborhood of the desired one, the system
can operate freely without any control efforts. It implied
that the control inputs in a terminal time interval can be
removed at one repetitive operation process. This can be
represented by a repetitive system with randomly variable
control input lengths. Motivated by the above observation,
this paper investigates the convergence of varying input
lengths-based ILC for linear discrete-time MIMO systems.
Based on the assumption that the initial states randomly
fluctuate around the desired initial states with zero mean,
by applying the proposed P-type ILC law, the ILC tracking
errors can be driven to zero in mathematical expectation at
the desirable trail length as the iteration number increases.
The requirements on identical initial state and trail lengths in
the conventional ILC schemes are mitigated in this paper.

The rest of this paper is organized as follows. The ILC
issue with randomly variable input trail length is formulated
in Section 2. Section 3 presents the P-type ILC law with
convergence analysis. An illustrative example is given in
Section 4. Section 5 concludes this paper.

2. Problem Formulation

Consider the linear discrete-timeMIMO systemwith varying
input length, which can be represented as the following two
subsystems:

𝑥𝑘 (𝑡 + 1) = 𝐴𝑥𝑘 (𝑡) + 𝐵𝑢𝑘 (𝑡) ,
𝑦𝑘 (𝑡) = 𝐶𝑥𝑘 (𝑡) ,

𝑡 ∈ {0, 1, . . . , 𝑁𝑘}
(1)

and

𝑥𝑘 (𝑡 + 1) = 𝐴𝑥𝑘 (𝑡) ,
𝑦𝑘 (𝑡) = 𝐶𝑥𝑘 (𝑡) ,

𝑡 ∈ {𝑁𝑘 + 1,𝑁𝑘 + 2, . . . , 𝑁} .
(2)

For systems (1) and (2), 𝑘 ∈ {0, 1, ⋅ ⋅ ⋅ } and 𝑡 denote the
iteration index and time instant, respectively. Meanwhile,𝑥𝑘(𝑡) ∈ 𝑅𝑛, 𝑢𝑘(𝑡) ∈ 𝑅𝑞, and 𝑦𝑘(𝑡) ∈ 𝑅𝑚 represent the state,
control input, and output, respectively. 𝐴 ∈ 𝑅𝑛×𝑛, 𝐵 ∈ 𝑅𝑛×𝑞,
and 𝐶 ∈ 𝑅𝑚×𝑛. 𝑁𝑘 (𝑁 ≤ 𝑁𝑘 ≤ 𝑁) is the actual trail length
of the control input 𝑢𝑘(𝑡) at the 𝑘-th iteration. It is assumed
that 𝑁𝑘 is unknown and random variable with iteration, but
its lower bound 𝑁 is given. The desired output of the linear
discrete-time MIMO system represented by (1) and (2) is𝑦𝑑(𝑡) = 𝐶𝑥𝑑(𝑡), 𝑡 ∈ {0, 1, . . . , 𝑁}, where 𝑥𝑑(𝑡) is the desired

state. Assume that, for any realizable output trajectory 𝑦𝑑(𝑡) ∈𝑅𝑚, there exists a unique control input 𝑢𝑑(𝑡) ∈ 𝑅𝑞 such that

𝑥𝑑 (𝑡 + 1) = 𝐴𝑥𝑑 (𝑡) + 𝐵𝑢𝑑 (𝑡) ,
𝑦𝑑 (𝑡) = 𝐶𝑥𝑑 (𝑡) ,

𝑡 ∈ {0, 1, . . . ,𝑁} .
(3)

The ILC tracking error of the linear discrete-time MIMO
system is thus defined as 𝑒𝑘(𝑡) = 𝑦𝑑(𝑡) − 𝑦𝑘(𝑡), 𝑡 ∈ {0, 1, . . . ,𝑁}.
Assumption 1. The iterative initial state 𝑥𝑘(0) is randomly
variable, but its expectation satisfies

𝐸 {𝑥𝑘 (0)} = 𝑥𝑑 (0) . (4)

Remark 2. Different from the general ILC requirement on
identical initial condition that the iterative initial state𝑥𝑘 (0) =𝑥𝑑(0), Assumption 1 is relaxed, where 𝑥𝑘(0) can be randomly
variable with a certain expectation 𝑥𝑑(0).

In this paper, for system (1), the objective of ILC under
iteratively varying input lengths and Assumption 1 is to look
for an input sequence {𝑢𝑘(𝑡)}, 𝑡 ∈ {0, 1, . . . , 𝑁𝑘} such that the
ILC tracking can be improved.

3. ILC Method and Its Convergence

In order to well address the ILC issue of the linear discrete-
time MIMO system (1) and (2) with the iteration-varying
input trail lengths, let us denote 𝜉𝑘(𝑡), (𝑡 ∈ {0, 1, . . . ,𝑁}) to
be a stochastic variable satisfying Bernoulli distribution and
taking binary values 0 and 1. And 𝜉𝑘(𝑡) = 1 denotes the event
that the control input of system (1) can continue to the time
instant 𝑡 at the 𝑘-th iteration, which occurs with a probability
function of 𝑝(𝑡), (0 < 𝑝(𝑡) ≤ 1). 𝜉𝑘(𝑡) = 0 denotes the
event that the control input of system (1) cannot continue to
the time instant 𝑡 at the 𝑘-th iteration which occurs with a
probability function of 1 − 𝑝(𝑡).

Obviously, the expectation of 𝜉𝑘(𝑡) is 𝐸{𝜉𝑘(𝑡)} = 1 ⋅ 𝑝(𝑡) +0 ⋅ (1 − 𝑝(𝑡)) = 𝑝(𝑡).
Define a modified control input as

�̃�𝑘 (𝑡) = {{{
𝑢𝑘 (𝑡) , 𝑡 ∈ {0, 1, . . . , 𝑁𝑘} ,
0, 𝑡 ∈ {𝑁𝑘 + 1, . . . , 𝑁} . (5)

From the definition of Bernoulli stochastic variable 𝜉𝑘(𝑡), (5)
can be rewritten as

�̃�𝑘 (𝑡) = 𝜉𝑘 (𝑡) 𝑢𝑘 (𝑡) , 𝑡 ∈ {0, 1, . . . ,𝑁} . (6)

From (5) and (6), systems (1) and (2) are presented as the
following concise modified system for 𝑡 ∈ {0, 1, . . . , 𝑁}

𝑥𝑘 (𝑡 + 1) = 𝐴𝑥𝑘 (𝑡) + 𝐵�̃�𝑘 (𝑡) ,
𝑦𝑘 (𝑡) = 𝐶𝑥𝑘 (𝑡) . (7)

In the following, for the modified system (7) under
Assumption 1, a P-type ILC law is used for convergence
analysis.
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For 𝑡 ∈ {0, 1, . . . , 𝑁}, choose a P-type ILC law as follows:

𝑢𝑘+1 (𝑡) = �̃�𝑘 (𝑡) + 𝐿 ⋅ 𝑒𝑘 (𝑡 + 1) , (8)

where 𝐿 ∈ 𝑅𝑞×𝑚 is the control gain. The control input
sequence 𝑢𝑘(𝑡) at 𝑡 ∈ {0, 1, . . . , 𝑁} is computed for each
iteration by (8), which is a popular form in varying trail length
based ILC literatures [18, 22].

Theorem 3. Suppose that the dynamic system with varying
input length, which is represented by system (1) and system
(2), satisfies Assumption 1, and the desired trajectory 𝑦𝑑(𝑡) is
realizable. Using the P-type ILC law (8), if the control gain𝐿 ∈ 𝑅𝑞×𝑚 is chosen to make

Θ ≤ 𝜎 < 1, (9)

where

Θ

=
[[[[[[[
[

(𝐼 − 𝐿𝐶𝐵)𝑝 (0) 0 ⋅ ⋅ ⋅ 0
−𝐿𝐶𝐴𝐵𝑝 (0) (𝐼 − 𝐿𝐶𝐵) 𝑝 (1) ⋅ ⋅ ⋅ 0

... ... d
...

−𝐿𝐶𝐴𝑁𝐵𝑝 (0) −𝐿𝐶𝐴𝑁−1𝐵𝑝 (1) ⋅ ⋅ ⋅ (𝐼 − 𝐿𝐶𝐵) 𝑝 (𝑁)

]]]]]]]
]

, (10)

then lim𝑘→+∞𝐸{𝑒𝑘(𝑡)} = 0 for 𝑡 ∈ {0, 1, . . . , 𝑁}.
Proof. Let 𝛿𝑢𝑘(𝑡) = 𝑢𝑑(𝑡) − 𝑢𝑘(𝑡), 𝛿�̃�𝑘(𝑡) = 𝑢𝑑(𝑡) − �̃�𝑘(𝑡),
and 𝛿𝑥𝑘(𝑡) = 𝑥𝑑(𝑡) − 𝑥𝑘(𝑡) be the control input error,
modified input error, and the state error, respectively. Then,
it is obtained from (3) and (7)

𝛿𝑥𝑘 (𝑡 + 1) = 𝐴𝛿𝑥𝑘 (𝑡) + 𝐵𝛿�̃�𝑘 (𝑡) ,
𝑒𝑘 (𝑡) = 𝐶𝛿𝑥𝑘 (𝑡) , (11)

where 𝑒𝑘(𝑡) = 𝑦𝑑(𝑡) −𝑦𝑘(𝑡). Subtracting both sides of (8) with𝑢𝑑(𝑡), there is
𝛿𝑢𝑘+1 (𝑡) = 𝛿�̃�𝑘 (𝑡) − 𝐿 ⋅ 𝑒𝑘 (𝑡 + 1) . (12)

According to (11) and (12), it yields

𝛿𝑢𝑘+1 (𝑡) = 𝛿�̃�𝑘 (𝑡) − 𝐿𝐶 ⋅ 𝛿𝑥𝑘 (𝑡 + 1)
= 𝛿�̃�𝑘 (𝑡) − 𝐿𝐶𝐴 ⋅ 𝛿𝑥𝑘 (𝑡) − 𝐿𝐶𝐵 ⋅ 𝛿�̃�𝑘 (𝑡)
= (𝐼 − 𝐿𝐶𝐵) 𝛿�̃�𝑘 (𝑡) − 𝐿𝐶𝐴 ⋅ 𝛿𝑥𝑘 (𝑡) .

(13)

Then applying the mathematical expectation operator 𝐸{⋅} on
both sides of (13), we have

𝐸 {𝛿𝑢𝑘+1 (𝑡)} = (𝐼 − 𝐿𝐶𝐵) ⋅ 𝐸 {𝛿�̃�𝑘 (𝑡)} − 𝐿𝐶𝐴
⋅ 𝐸 {𝛿𝑥𝑘 (𝑡)}

= (𝐼 − 𝐿𝐶𝐵) ⋅ 𝑝 (𝑡) 𝐸 {𝛿𝑢𝑘 (𝑡)} − 𝐿𝐶𝐴
⋅ 𝐸 {𝛿𝑥𝑘 (𝑡)} .

(14)

where 𝐸{𝛿�̃�𝑘(𝑡)} = 𝐸{𝜉𝑘(𝑡)𝛿𝑢𝑘(𝑡)} = 𝑝(𝑡)𝐸{𝛿𝑢𝑘(𝑡)} according
to (6) and 𝐸{𝜉𝑘(𝑡)} = 𝑝(𝑡).

The solution of 𝛿𝑥𝑘(𝑡 + 1) = 𝐴 ⋅ 𝛿𝑥𝑘(𝑡) + 𝐵 ⋅ 𝛿𝑢𝑘(𝑡) for𝑡 ∈ {0, 1, . . . ,𝑁𝑘} is
𝛿𝑥𝑘 (𝑡) = 𝐴𝑡 ⋅ 𝛿𝑥𝑘 (0) +

𝑡−1∑
𝑖=0

𝐴𝑡−𝑖−1𝐵 ⋅ 𝛿𝑢𝑘 (𝑖) , 𝑡 ≥ 1. (15)

For 𝑡 ∈ {𝑁𝑘 + 1,𝑁𝑘 + 2, . . . ,𝑁}, the solution of 𝛿𝑥𝑘(𝑡 + 1) =𝐴 ⋅ 𝛿𝑥𝑘(𝑡) is
𝛿𝑥𝑘 (𝑡) = 𝐴𝑡 ⋅ 𝛿𝑥𝑘 (0) . (16)

According to (5), (15) and (16) are combined as for 𝑡 ∈ {0, 1,. . . , 𝑁}
𝛿𝑥𝑘 (𝑡) = 𝐴𝑡 ⋅ 𝛿𝑥𝑘 (0) +

𝑡−1∑
𝑖=0

𝐴𝑡−𝑖−1𝐵 ⋅ 𝛿�̃�𝑘 (𝑖) . (17)

Taking the mathematical expectation operator 𝐸{⋅} on
both sides of (17) and considering (4) of Assumption 1, it is
obtained that

𝐸 {𝛿𝑥𝑘 (𝑡)} =
𝑡−1∑
𝑖=0

𝐴𝑡−𝑖−1𝐵 ⋅ 𝐸 {𝛿�̃�𝑘 (𝑖)} , 𝑡 ≥ 1. (18)

Substituting (18) into (14), it yields from 𝐸{𝛿�̃�𝑘(𝑡)} =𝑝(𝑡)𝐸{𝛿𝑢𝑘(𝑡)}
𝐸 {𝛿𝑢𝑘+1 (𝑡)} = (𝐼 − 𝐿𝐶𝐵) ⋅ 𝐸 {𝛿�̃�𝑘 (𝑡)} − 𝐿𝐶𝐴

⋅ 𝑡−1∑
𝑖=0

𝐴𝑡−𝑖−1𝐵 ⋅ 𝐸 {𝛿�̃�𝑘 (𝑖)}
= (𝐼 − 𝐿𝐶𝐵) ⋅ 𝑝 (𝑡) 𝐸 {𝛿𝑢𝑘 (𝑡)} − 𝐿𝐶𝐴
⋅ 𝑡−1∑
𝑖=0

𝐴𝑡−𝑖−1𝐵 ⋅ 𝑝 (𝑡) 𝐸 {𝛿𝑢𝑘 (𝑖)} ,
𝑡 ≥ 1.

(19)

As 𝑡 = 0, it follows from (14) and (4) of Assumption 1

𝐸 {𝛿𝑢𝑘+1 (0)} = (𝐼 − 𝐿𝐶𝐵) ⋅ 𝑝 (0) 𝐸 {𝛿𝑢𝑘 (0)} . (20)

As 𝑡 = 1, 2, . . . , 𝑁, from (19) we have

𝐸 {𝛿𝑢𝑘+1 (1)} = (𝐼 − 𝐿𝐶𝐵) ⋅ 𝑝 (1) 𝐸 {𝛿𝑢𝑘 (1)} − 𝐿𝐶𝐴𝐵
⋅ 𝑝 (0) 𝐸 {𝛿𝑢𝑘 (0)}

𝐸 {𝛿𝑢𝑘+1 (2)} = (𝐼 − 𝐿𝐶𝐵) ⋅ 𝑝 (2) 𝐸 {𝛿𝑢𝑘 (2)}
− 𝐿𝐶𝐴2𝐵 ⋅ 𝑝 (0) 𝐸 {𝛿𝑢𝑘 (0)} − 𝐿𝐶𝐴𝐵
⋅ 𝑝 (1) 𝐸 {𝛿𝑢𝑘 (1)}

⋅ ⋅ ⋅
𝐸 {𝛿𝑢𝑘+1 (𝑁)} = (𝐼 − 𝐿𝐶𝐵) ⋅ 𝑝 (𝑁) 𝐸 {𝛿𝑢𝑘 (𝑁)}
− 𝐿𝐶𝐴𝑁𝐵 ⋅ 𝑝 (0) 𝐸 {𝛿𝑢𝑘 (0)} − 𝐿𝐶𝐴𝑁−1𝐵
⋅ 𝑝 (1) 𝐸 {𝛿𝑢𝑘 (1)} − ⋅ ⋅ ⋅ − 𝐿𝐶𝐴𝐵
⋅ 𝑝 (𝑁 − 1) 𝐸 {𝛿𝑢𝑘 (𝑁 − 1)}

(21)
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Denote 𝑈𝑑 and 𝑈𝑘 as 𝑈𝑑 = [𝑢𝑇𝑑(0) 𝑢𝑇𝑑(1) ⋅ ⋅ ⋅ 𝑢𝑇𝑑(𝑁)]𝑇 ∈
𝑅(𝑁+1)𝑞 and 𝑈𝑘 = [𝑢𝑇𝑘 (0) 𝑢𝑇𝑘 (1) ⋅ ⋅ ⋅ 𝑢𝑇𝑘 (𝑁)]𝑇 ∈ 𝑅(𝑁+1)𝑞.
And let 𝛿𝑈𝑘 = 𝑈𝑑 − 𝑈𝑘; we can combine (20) and (21) as
follows:

𝐸 {𝛿𝑈𝑘+1} = Θ ⋅ 𝐸 {𝛿𝑈𝑘} , (22)

whereΘ is defined as in (10). Taking norm ‖ ⋅ ‖ on both sides
of (22), and then applying the condition (9), we obtain

𝐸 {𝛿𝑈𝑘+1} ≤ 𝜎 ⋅ 𝐸 {𝛿𝑈𝑘} . (23)

Since 0 ≤ 𝜎 < 1, it yields from (23)

lim
𝑘→+∞

𝐸 {𝛿𝑈𝑘} = 0, (24)

which implies for 𝑡 ∈ {0, 1, . . . , 𝑁}
lim
𝑘→+∞

𝐸 {𝛿𝑢𝑘 (𝑡)} = 0. (25)

On the other hand, from (11), (18), and 𝐸{𝛿�̃�𝑘(𝑡)} =𝑝(𝑡)𝐸{𝛿𝑢𝑘(𝑡)}, for 𝑡 ∈ {1, 2, . . . , 𝑁}, there is
𝐸 {𝑒𝑘 (𝑡)} = 𝐶 ⋅ 𝐸 {𝛿𝑥𝑘 (𝑡)}

= 𝐶 𝑡−1∑
𝑖=0

𝐴𝑡−𝑖−1𝐵 ⋅ 𝐸 {𝛿�̃�𝑘 (𝑖)}

= 𝐶 𝑡−1∑
𝑖=0

𝐴𝑡−𝑖−1𝐵 ⋅ 𝑝 (𝑖) ⋅ 𝐸 {𝛿𝑢𝑘 (𝑖)} .
(26)

Since (25) holds, taking limitation to (26), we can prove
that lim𝑘→+∞𝐸{𝑒𝑘(𝑡)} = 0 for 𝑡 ∈ {0, 1, . . . , 𝑁}.
Remark 4. Regarding the selection of the control gain in the
ILC law (8), the convergent condition (9) with (10) in Theo-
rem 3 provides us a theoretical guideline. It is noticed that
the convergent conditions (9) is an inequality, and usually,
ILCdesign does not require the accurate knowledge about the
controlled systems. Therefore, based on the estimated values
of𝐴, 𝐵,𝐶, and 𝑝(𝑡), we can decide the control gain 𝐿 to satisfy
inequality (9).

4. Illustrative Example

Consider the following discrete-time linear system with ran-
domly variable input trail length, which can be represented
as

𝑥𝑘 (𝑡 + 1) = [[
[

0.587 0.3 −0.066
0.04 −0.45 0.02
0.86 0.88 0.8

]]
]
𝑥𝑘 (𝑡)

+ [[
[

0
0
0.1
]]
]
𝑢𝑘 (𝑡) ,

𝑦𝑘 (𝑡) = [0 0 1] 𝑥𝑘 (𝑡) ,
𝑡 ∈ {0, 1, . . . , 𝑁𝑘}

(27)

Iteration k
100 120806040200

0.1

−0.1

−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

x
k
(0
)

Figure 1: The variation profiles of 𝑥𝑘(0) at different iterations.

and

𝑥𝑘 (𝑡 + 1) = [[
[

0.587 0.3 −0.066
0.04 −0.45 0.02
0.86 0.88 0.8

]]
]
𝑥𝑘 (𝑡)

𝑦𝑘 (𝑡) = [0 0 1] 𝑥𝑘 (𝑡) ,
𝑡 ∈ {𝑁𝑘 + 1, . . . , 𝑁}

(28)

where the state and output trail length 𝑁 = 100 and the
randomly control input length 𝑁𝑘 ∈ {95, 96, ⋅ ⋅ ⋅ 100}. The
desired output 𝑦𝑑(𝑡) is described by

𝑦𝑑 (𝑡) = 0.2𝑡 sin (2𝜋𝑡𝑁 ) , 𝑡 ∈ {0, 1, . . . , 100} . (29)

Without loss of generality, we set the initial imposing time
length𝑁0 = 100 in system (27); the actual input of the initial
iteration 𝑢0(𝑡) = 0, 𝑡 ∈ {0, 1, . . . , 100}. The corresponding
modified control input of the initial iteration �̃�0(𝑡) = 𝑢0(𝑡) =0, 𝑡 ∈ {0, 1, . . . , 100}. For systems (27) and (28), the accuracy
of iteratively varying input lengths-based ILC is evaluated by
the sum of absolute error in mathematical expectation

𝐽𝐸𝑘 =
100∑
𝑡=0

𝐸 {𝑦𝑑 (𝑡) − 𝑦𝑘 (𝑡)} . (30)

The proposed P-type ILC law (8) is applied. According
to the convergent conditions (9) and (10) provided in The-
orem 3, the control gain for the ILC law is chosen as 𝐿 = 0.54.
The iterative initial states are randomly generated as shown
in Figure 1, which satisfy 𝐸{𝑥𝑘(0)} = 𝑥𝑑(0). Figure 2 presents
the performance index 𝐽𝐸𝑘 at different iterations. Figure 3
presents the actual tracking situation of the outputs in system
(27) and system (28) to the desired trajectory (29) at iterations𝑘 = 11 and 𝑘 = 21 with the P-type ILC law (8). The control
inputs with randomly trail length at iterations 𝑘 = 11 and𝑘 = 21 are depicted in Figure 4.
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Figure 2:The performance index 𝐽𝐸𝑘 at different iterations by using
the proposed P-type ILC law (8).
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Figure 3:The output trajectories of the ILC system (27) and (28) for𝑡 ∈ {0, 1, . . . , 100} at iterations 𝑘 = 11 and 𝑘 = 21.
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Figure 4: For 𝑡 ∈ {0, 1, . . . , 𝑁𝑘}, the control input trajectories of the
ILC system (27) at iterations 𝑘 = 11 and 𝑘 = 21.

Figure 1 indicates that the initial condition 𝐸{𝑥𝑘(0)} =𝑥𝑑(0) in Assumption 1 is quite different from the identical
initial condition 𝑥𝑘(0) = 𝑥𝑑(0) of the general ILC schemes.
It implies that Assumption 1 is very relaxed, where 𝑥𝑘(0)
can randomly fluctuate around 𝑥𝑑(0) with zero mean. From
Figure 2, it is illustrated that the performance index 𝐽𝐸𝑘 can
be certainly driven to zero as the iteration number 𝑘 goes to
infinity by the proposed P-type ILC law (8). Although the
actual input length of system (27) is randomly variable with
iteration number 𝑘 as shown in Figure 4 and the initial states
fluctuate randomly satisfying 𝐸{𝑥𝑘(0)} = 𝑥𝑑(0) as shown in
Figure 1, a progressively improved tracking performance of
the outputs in system (27) and system (28) to the desired
trajectory 𝑦𝑑(𝑡) has been accomplished for 𝑡 ∈ {0, 1, . . . , 100}
as shown in Figure 3.

5. Conclusions

For linear discrete-time systemswith randomly variable input
trail length, where the initial states fluctuate around the
desired initial states with zero mean, this paper presents
a modified P-type ILC law. Modified control input at the
desirable trail length is introduced in ILC designs in order to
tackle the randomly variable input trail length. The designed
ILC scheme can drive the ILC tracking errors to zero at
the desirable trail length in mathematical expectation. The
requirements on identical trail lengths at a specific iteration
and identical initial condition in previous varying trail length
based ILC schemes are mitigated. Future research will extend
the varying input trail length based ILC results of this paper
to the multiagent systems [23, 24] and other robot systems
[25].
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Although adaptive control for robotic manipulators has been widely studied, most of them require the acceleration signals of the
joints, which are usually difficult to measure directly. Although neural networks (NNs) have been used to approximate the
unknown nonlinear dynamics in the robotic systems, the conventional adaptive laws for updating the NN weights cannot
guarantee that the obtained NN weights converge to their ideal values, which could degrade the tracking control response. To
address these two issues, a new adaptive algorithm with the extracted NN weights error is incorporated into adaptive control,
where a novel leakage term is superimposed on the gradient method. By using the Lyapunov approach, the convergence of both
the tracking error and the estimation error can be guaranteed simultaneously. In addition, two auxiliary functions are
introduced to reformulate the robotic model for designing the adaptive law, and a filter operation is used to avoid measuring the
acceleration signals. Comparisons to other well-recognized adaptive laws are given, and extensive simulations based on a 2-DOF
SCARA robotic system are given to verify the effectiveness of the proposed control strategy.

1. Introduction

Robotic manipulators have been widely used to operate
some special or repetitive tasks, and accurate modeling
and control of robotic manipulators could promote their
practical applications. However, nonlinear time-varying
dynamics and coupling properties in the robotic systems
usually make them a nonlinear multi-input-multi-output
(MIMO) system, which is also taken as a preferable experi-
mental platform for researchers to verify different modeling
and control algorithms [1]. Hence, those facts stimulate sig-
nificant research interests from both industrial and academic
communities to study the modeling and control of robotic
manipulators. However, with the rapid and diverse applica-
tions of robotic technology, the working environments of
robots are becoming more complex and even harsh such that
the requirements for robust and flexible control strategies are
becoming increasingly demanding, especially in the case with
a changing environment, high-velocity motion, and varying
load [2].

In the past decades, many studies on the control design
for robotic manipulators have been reported in the literature,

such as [1, 3–7]. According to these studies, the tracking con-
trol system for robotic manipulators is usually composed of
the following elements: a desired path specifies the ideal
response of the controlled system; a numerical model
describes the robot dynamics and its interactions with sur-
roundings; a well-designed controller is used to generate
appropriate control signals to drive the actuators to create
the required torques. Then, in this way, the robotic manipu-
lator can follow the desired trajectory. In order to use
adaptive control techniques, the linear parameterization of
a robot with nonlinear dynamics was derived [3] since the
1980s. Subsequently, computed torque-based adaptive con-
trol [1, 3] was also proposed to guarantee the global error
convergence. However, the modeling uncertainties existing
in the robot manipulators are not considered. In [8–10],
adaptive tracking control was proposed for trajectory
tracking of robotic systems with uncertain kinematics and
dynamics. However, these results are usually based on the
assumption that uncertainties can be expressed in a linear
parameterization form. In this sense, the aforementioned
methods are mainly model-based control. Although they
can obtain a satisfactory control performance in theory, the
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requirements for an accurate mathematical model limit their
applications [11]. Moreover, in most of the conventional
adaptive control schemes, the joint acceleration signals are
assumed to be available to design the controller [1]. However,
the measurement of joint accelerations is not practically sen-
sible since it is generally sensitive to the external disturbance
and noise [12].

To relax the requirements of the robot model knowledge,
neural networks (NNs) [2, 13–15] have been used as an
effective tool to approximate the nonlinear uncertainties. As
it is shown in [16–18], any continuous functions can be
uniformly approximated by a NN with an arbitrary degree
of accuracy. In this framework, an adaptive law should be
designed to update the unknown NN weights and to retain
the system stability. There have been many adaptation
methods for updating the NN weights, such as the gradient
algorithm, least square (LS), σ-modification, and projection
algorithm [19]. Although these methods can achieve fair
tracking performance, only a few of them focus on the
learning performance and convergence of the estimated NN
weights. The authors of [20] pointed out that with inaccurate
and slow convergence of the estimated parameters, the effects
induced by the unknown robot dynamics cannot be sup-
pressed in transient time, which may degrade the control
performance. To guarantee the parameter convergence, the
authors of [21, 22] proposed a composite learning for param-
eter estimation. Recently, the authors of [6, 23] proposed a
novel adaptive law, in which both the tracking control and
parameter estimation convergence can be guaranteed simul-
taneously, while the linearly parameterized form should be
imposed again.

In this paper, an adaptive neural control based on a radial
basis function neural network (RBFNN) will be proposed for
robotic manipulators to achieve guaranteed tracking control
and estimation. Firstly, since the measurement of joint accel-
erations is sensitive to the external noise, we aim to avoid
using the acceleration signals directly by reformulating
the robotic model. Hence, two auxiliary variables are first
designed to reconstruct the robotic model. Then, a low-pass
filter is applied to the reformulated model such that the joint
acceleration can be avoided in the design of adaptive laws.
Moreover, to relax the requirement of system knowledge, a
RBFNN is employed to approximate the lumped unknown
nonlinear dynamics. To retain the control and estimation
convergence, the adaptive parameter estimation proposed
in [6] is further tailored and incorporated into an adaptive
neural control design. In this new framework, both the track-
ing error and the NN weight estimation error are used in the
adaptive law, and thus, the convergence of the tracking error
and weight estimation error can be guaranteed simulta-
neously. In addition, comparisons to other well-recognized
adaptive laws are presented in this paper, which show that
better estimation performance with the proposed algorithm
can be obtained. Numerical simulations based on a 2-DOF
SCARA robot are provided to show the efficiency of the
proposed methods.

This paper is organized as follows: The mathematical
model of robotic manipulators and a brief introduction of
the RBFNN are given in Section 2. An adaptive neural

control design based on RBFNN and the stability and
robustness analysis are presented in Section 3. Section 4
provides comparisons to other adaptive algorithms. Section
5 shows simulation results based on a 2-DOF SCARA
robot. Conclusions of this paper are given in Section 6.

2. Problem Formulation and Preliminaries

2.1. Robot Manipulator Dynamics. In this paper, we consider
robotic manipulators where a set of n rigid bodies are con-
nected in series with the final arm being fixed to the ground.
The model of such an n-degrees of freedom (DOF) nonlinear
robot manipulator can be expressed as

M q q + C q, q q +G q = τ, 1

where q, q, and q ∈ℝn are the robot joint position, velocity,
and acceleration, respectively; n is the number of DOF;
τ ∈ℝn is the control torque vector; M q ∈ℝn×n is the
inertia matrix; C q, q ∈ℝn×n denotes the lumped Coriolis/
centripetal torque, viscous and nonlinear damping; and
G q ∈ Rn represents the gravitational effect.

The problem to be addressed in this paper is to design a
proper adaptive control such that the output q of robotic
manipulator (1) can track a given reference qd , while the
convergence of the adaptive laws can be achieved.

According to [1], the following two properties used in the
subsequent control design should be presented:

Property 1. The matrix M q ∈ Rn×n is symmetric and
positive definite.

Property 2. The matrix M q − 2C q, q is skew-symmetric;
that is,

xT M q − 2C q, q , x = 0, ∀x, q, q ∈ℝn 2

2.2. RBF Neural Network. Neural networks (NNs) have been
widely used as a function approximator for unknown non-
linearities due to their elegant approximation abilities [24].
In this paper, a linearly parameterized radial basis function
NN (RBFNN) is employed to approximate a continuous
function f X : ℝl ⟶ℝ over a compact set Ωz as

f z = 〠
N

i=1
w∗

i ψi z + εi z =W∗Tψ z + ε, 3

where z = z1, z2,⋯, zl T ∈Ωz ∈ℝl is the input vector of
NN; N is the number of the NN nodes; ε ∈ℝN is the
approximation error; and W∗ = w∗

1 ,w∗
2 ,⋯,w∗

N
T ∈ℝN is

the ideal NN weights. As shown in [25], the ideal NN
weights W∗ are defined as

W∗ = arg min
W∈RN

sup
z∈Ωz

f z −W∗Tψ z , 4
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where ψ z = ψ1 z , ψ2 z ,⋯, ψN z T is a nonlinear func-
tion vector, the components of which can be presented as

ψi z = exp −
z − ςi

T z − ςi
ρ2i

, i = 1, 2,… ,N , 5

where ςi = ςi1, ςi2,⋯, ςil T ∈ℝl denotes the center of the ith
basis function and ρi is the ith variance.

The following assumptions and definition will be used:

Assumption 1. The ideal NN weights W∗ are bounded such
that W∗ ≤W holds for a positive constant W, and the
approximation error is bounded by ε ≤ ε∗ for a positive
constant ε∗.

Assumption 2. The reference signal qd and their derivative
qd are smooth and bounded.

Definition 1 (see [19]). A vector or matrix function ψ t is
persistently excited (PE) if there exist constants T > 0, ε > 0
such that t+T

t ψ τ ψT τ dτ ≥ ζI, ∀t ≥ 0.

3. Adaptive Control Design Based on RBFNN

In this section, a constructive control design will be presented
for a robotic manipulator (1), which has two salient features
in comparison to the existing results. On the one hand, a new
filter operation and proper mathematical developments
are introduced to avoid measuring the joint accelerations
directly, which is preferable for applications. On the other
hand, a novel adaptive law is developed to update the NN
weights online, which can guarantee the exponential con-
vergence of the estimated weights.

3.1. Adaptive Controller Design. As shown in (1), the studied
robotic manipulator is modeled using Lagrange-Euler
functions, which usually contain the acceleration signal
q. This implies that the acceleration signal needs to be
available to design the controller. However, the direct
measurement or estimation of acceleration signals is gener-
ally difficult due to the induced noise. To avoid using the
acceleration signal directly, we first define an error variable
r q, q as

r q, q = e +Λe, 6

where e = q − qd and qd is the desired reference of the robot
joint; Λ ∈ℝn×n is a positive diagonal matrix.

According to Assumption 2 and the defined variable r in
(6), we have e = r −Λe = q − qd and e = r −Λe = q − qd . Then,
the velocity and acceleration can be expressed as

q = r −Λe + qd ,
q = r −Λe + qd

7

Substituting (6) and (7) into the controlled system (1),
we have

Mr + Cr =M Λe − qd + C Λe − qd −G + τ 8

However, the design of control law τ could not be
achieved based on (8) because of the nonlinear dynamics
induced by M q Λe − qd + C q, q Λe − qd −G q . To
accommodate this issue, an RBFNN is employed to approxi-
mate these lumped nonlinearities. Thus, system (8) can be
described as

M q r + C q, q r =W∗Tψ z + ε + τ, 9

whereW∗ is the ideal NN weights; ψ z is the basis function

with the input vector; z = qT , qT , qTd , qTd , qTd
T
; and ε is the

approximation error, which are defined in (3), (4), and (5).
In order to achieve the tracking control, an adaptive

neural controller is designed as

τ = −ŴT
ψ − Kr, 10

where K > 0 is a feedback gain matrix and Ŵ is the estimated
NN weights of the unknown ideal weightsW∗, which will be
online updated based on the designed adaptive law.

Substituting (10) into (8), the closed-loop control error
dynamics with RBFNN can be derived as

M q r + C q, q r + Kr =W
T
ψ + ε, 11

where W =W∗ − Ŵ is the NN weight error.
The problem to be solved is to design an adaptive law,

which can obtain the estimated RBFNN weights Ŵ with
guaranteed convergence for implementing the proposed
control (10).

Remark 1.Most of existing adaptive laws for updating Ŵ are
designed based on the gradient methods on the tracking error
dynamics (11), e.g., [1, 18, 26, 27] and the references therein.
However, the use of robust leakage terms (σ-modification
and projection algorithm) in this framework makes it diffi-
cult to retain the convergence of the NN weights. Hence,
we will develop a new adaptive algorithm, which guarantees
the convergence of the estimated NN weights Ŵ, while
retaining the robustness.

From the above analysis, the acceleration q is embed-
ded in the error signal r. To make adaptive law indepen-
dent of the joint acceleration, two auxiliaries are further
defined as

F1 z =Mr,
F2 z = −Mr + Cr

12
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Hence, (8) can be further written as

F1 z + F2 z =W∗Tψ z + ε + τ 13

It should be noted that the introduced term F1 z
contains the information of the joint acceleration q;
hence, it cannot be used directly to design the adaptive
law. In this case, inspired by [6], a filter operation is
applied on system (9) to eliminate the acceleration. We
define the filtered variables F1f , F2f , ψf , and τf with respect
to F1, F2, ψ, and τ as

kF1f + F1f = F1, F1 0 = 0,

kF2f + F2f = F2, F2 0 = 0,
kψf + ψf = ψ, ψ 0 = 0,
kτf + τf = τ, τ 0 = 0,

14

where k > 0 is a filtered parameter.
Then, applying a filter 1/ ks + 1 on system (9), we have

s
ks + 1 F1 + 1

ks + 1 F2 = 1
ks + 1 W∗Tψ + 1

ks + 1 ε

+ 1
ks + 1 τ ,

15

where s is the Laplace operator. From the first equation of
(14), we can obtain F1f = F1 − F1f /k such that (15) can be
rewritten as

W∗Tψf =
F1 − F1f

k
+ F2f − εf − τf , 16

where εf is the filtered version of NN error ε by using the
same filter operation as (14). Since the NN approximation
error ε is bounded, its filtered version εf is also bounded,
i.e., εf ≤ ε∗.

Through the above filter operations, only the variable F1
with q, q and its filtered version F1f is used in (16), where the
acceleration q can be avoided. Thus, we can design an adap-
tive law based on (16) rather than the original tracking error
(11). Hence, the rest of this section will present a novel
adaptive algorithm based on (16), where a new leakage term
containing the estimation error is introduced to achieve a
guaranteed convergence of NN weights.

By using the above-filtered variables F1f , F2f , ψf , and τf ,
two auxiliary matrices P ∈ℝN×N and Q ∈ℝN×n are defined as

P = −lP + ψfψ
T
f , P 0 = 0,

Q = −lQ + ψf

F1 − F1f
k

+ F2f − τf

T

, Q 0 = 0,

17

where l > 0 is a positive constant serving as the forgetting
factor to retain the boundedness of P and Q.

The solution of matrix equation (17) is derived as

P t =
t

0
e−l t−τ ψf r ψT

f r dr,

Q t =
t

0
e−l t−τ ψf r

F1 − F1f
k

+ F2f − τf

T

dr

18

Then, by using the obtained auxiliary matrices P and Q,
we further define an auxiliary matrix H as

H = PŴ −Q 19

It is shown in (19) that the matrix H can be online calcu-
lated based on the auxiliary matrices P and Q by using the
filtered variables F1f , F2f , ψf , and τf and the estimated NN

weights Ŵ. Hence, it can be used to design the following
adaptive law.

Now, an adaptive law with H being a new leakage term is
given as

Ŵ = Γ ψrT − κH , 20

where Γ ∈ℝN×N is a positive diagonal matrix and κ > 0 is a
positive parameter.

To show the merit of the proposed adaptive law (20), we
fist present the following fact.

Lemma 1. The defined variable in (19) is equivalent to

H = −PW + φ, 21

where φ t = − t
0e

−l t−τ ψf r εTf dr is a bounded residual error

and W =W∗ − Ŵ is the estimation error.

Proof 1. By substituting (16) into the second equation of (18),
we can verify the fact Q = PW∗ + φ. Then, by substituting it
into (19), the fact shown in (21) can be verified. Moreover,
since the RBFNN regressor ψ is Lipschitz and the error ε is
bounded, the residual error φ is also bounded, i.e., φ ≤ ϖ
for a positive constant ϖ > 0.

As shown in (21), one may find that the explicit formula-
tion of the unknown NN weight estimation error W is
embedded in the matrix H, which can be online calculated
based on the known or measurable robotic dynamics.
Specially, when the approximation error is null, i.e., ε = 0,
we can verify that H = −PW holds. In this case, H contains
the NN weight error to be minimized. Hence, the use of H
in the adaptive law can help to guarantee the convergence
of the RBFNN weights Ŵ to the ideal unknown value W∗.
This will be proved in the next subsection.

Remark 2. In the proposed adaptive law (20), the first term
ψrT is the conventional gradient term, and the second part
κH is the newly introduced leakage term containing the
weight error W. With the help of this new leakage term, a
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quadratic term of the NN weights errorW will be included in
the derivative of the Lyapunov function as shown in the next
subsection, such that the convergence of tracking error and
NN weights error can be guaranteed simultaneously. This is
clearly different to other existing adaptive laws.

Remark 3. Although some solutions have been reported
to avoid using the acceleration signals q (e.g., [1]) or
to use differentiators in the design of adaptive laws, we
provide an alternative feasible method by reformulating
the robotic model with new variables F1 and F2. In this
case, the acceleration signals are not required and the extra
differentiator is not required, which leads to a simplified
control implementation.

3.2. Stability and Convergence Analysis. Before proving the
convergence of the closed-loop system, we first show the
positive definiteness of the introduced matrix P. For the sake
of simplicity, we define λmin ⋅ and λmax ⋅ as the minimum
and maximum eigenvalues, respectively, of the correspond-
ing matrices. Then, we can present the following lemma.

Lemma 2 (see [28, 29]). The matrix P defined in (17) is
positive definite (i.e., λmin P > σ > 0) if the RBFNN regressor
ψ in (9) is persistently excited (PE). On the other hand, the
positive definiteness of P also implies that ψ is PE.

Proof 2. Please refer to [28, 29] for the detailed proof.

The stability of the closed-loop system and the conver-
gence of the tracking and estimation errors can be given as

Theorem 1. Consider robotic manipulator (1) with controller
(10) and adaptive law (20), if the RBFNN regressor ψ z is PE
(i.e. λmin P t > σ > 0, t > 0); then, all signals in the closed-
loop system are bounded, and the error variable r, tracking
error e, and the NN weights error W all converge to a small
compact set around zero.

Proof 3. Select a Lyapunov function as

V1 =
1
2 r

TMr + 1
2 tr W

TΓ−1W 22

Based on Property 2 shown in Section 2, we can calculate
its derivative V1 along (11) and (20) as

V1 = rTMr + 1
2 r

TMr + tr W
TΓ−1W

= rT −Cr − Kr +W
T
ψ + ε + 1

2 r
TMr

− tr W
TΓ−1 ΓψrT + κΓPW − κΓφ

= 1
2 r

T M − 2C r − rTKr + rTε − κtr WPW
T + κtr W

T
φ

≤ −λmin K r 2 − κλmin P W
2 + rTε + κtr W

T
φ

23

By using Young’s inequality [30] for the last two terms in
(23), we have

V1 ≤ − λmin K −
1
2η1

r 2 − κλmin P −
κ

2η2
W

2

+ η1
2 ε∗2 + κη2

2 ϖ2 ≤ −α1V1 + β1,

24

where α1 = min 2λmin K − 1/η1 /λmax M , 2κσ − κ/2
η2 /λmax Γ−1 , and β1 = η1/2 ε∗2 + κη2/2 ϖ2 are all posi-
tive constants since the constants η1 and η2 can be designed
to satisfy the condition η1 ≥ 1/2λmin K and η2 > 0. Conse-
quently, based on the Lyapunov stability theory, we can
obtain that the error variable r and the NN weight error W
are bounded. From the (6), we can verify that the tracking
error e is also bounded. In addition, since the regressor ψ is
bounded, we know that the control signal τ is also bounded
based on (10).

Furthermore, the solution of inequality (24) satisfies
V t ≤ V 0 − β1/α1 e−α1t + β1/α1 . Hence, the control
error r and the NN weights error W will converge to a
compact set around zero defined by Ωw ≔ L W, r ∣ W ≤

V 0 e−α1t + β1/α1 /λmin P , r ≤ V 0 e−α1t + β1/α1 ,
whose size depends on the RBFNN approximation error ε∗,
the persistent excitation level σ, and the learning gain Γ. Con-
sequently, based on (6), the tracking error ewill also converge
to a compact set around zero. Hence, the system output q will
converge to a neighborhood around the desired reference qd .
This completes the proof.

Remark 4. The online validation of the PE condition through
directly checking the regressor vector ψ z is generally diffi-
cult in particular for nonlinear robotic systems, because the
definition of PE is indeed an integral within a shifting time
interval. However, according to Lemma 2, the PE condition
of the RBFNN regressor ψ z is equivalent to the positive
definiteness of the introduced auxiliary matrix P, such that
testing for the positive definiteness of P (e.g., calculate the
minimum eigenvalue or rank of matrix P) allows to numeri-
cally verify the PE condition online. Thus, this new adaptive
algorithm provides a feasible method for online verification
of PE condition. Specifically, as shown in [25], the RBFNN-
based control system with periodical reference signal allows
the PE condition partially fulfilled.

3.3. Robust Analysis against Exogenous Disturbance. In this
subsection, we further study the robustness of the proposed
adaptive control methods for robotic systems with bounded
exogenous disturbance. For this purpose, the robotic manip-
ulator (1) can be represented as

M q q + C q, q q +G q = τ + d t , 25

where d t denotes a bounded exogenous disturbance, i.e.,
d t ≤ ƛ, ƛ > 0.
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The proposed control (10) is used, while the tracking
error (11) is modified as

M q r + C q, q r + Kr =W
T
ψ + ε + d 26

Moreover, to analyze the convergence of the proposed
adaptive law (20), (9) can be replaced by

F1 z + F2 z =W∗Tψ z + ε + τ + d 27

In applying the same filter operations given in (14) on
(27) and defining the same auxiliary matrices Ρ and Q in
(17), then the matrix H in (19) used to drive the adaptive
law (20) can be given as

H = −PW −Ψ, 28

where Ψ t = t
0e

−l t−τ ψf r εTf + dTf dr is a modified resid-
ual error and df is the filtered version of disturbance d given

by kdf + df = d, df 0 = 0. Since d is bounded, the filtered
version df is also bounded. Hence, we know that the residual
term Ψ is bounded because of the boundedness of ψf , εf , and
df ; i.e., Ψ ≤ ϑ holds for a constant ϑ > 0.

Then, we have the following corollary.

Corollary 1. Considering the robotic manipulator (25) subject
to bounded disturbances, the controller (10) and adaptive law
(20) are adopted. If the RBFNN regressor ψ z is PE (i.e.,
λmin P t > σ > 0, t > 0), the closed-loop system is stable.
Moreover, the error variable r and the NN weight error W
are bounded; converge to a compact set around zero, of which
the bound depends on the disturbance bound.

Proof 4. The proof of Corollary 1 can be carried out by

selecting the same Lyapunov function V1 = 1/2 rTMr +
1/2 tr W

TΓ−1W and calculating its derivative along (26)
and (20) with (28). The detailed proof is similar to that of
Theorem 1 and thus will not be repeated again. The main dif-
ference is that the disturbance is involved in the error dynam-
ics (26) and also the residual error Ψ in (28). Hence, the
ultimate bound determined by the constant β1 in the
Lyapunov function (24) will be affected by the bound of
disturbance ƛ, apart from the NN approximation error ε∗.

Remark 5. In practical control implementation, there may be
also measurement noise and modeling uncertainties, which
could be lumped into the NN approximation error ε∗. Hence,
(27) can be further replaced as

F1 z + F2 z =W∗Tψ z + τ + Δ, 29

where Δ = ε + d ∈ℝn denotes the lumped disturbance
containing the NN approximation error ε and the effect of

disturbance and measurement noise d. Then, the robustness
of the proposed control and adaptive law can be analyzed
similarly. The only difference is that the residual term Ψ in
(28) is modified as Ψ t = t

0e
−l t−τ ψf r ΔT

f dr, where Δf is

the filtered version of Δ given by kΔf + Δf = Δ, Δf 0 = 0.

4. Comparison to Other Adaptive Laws

To show the advantages and superior performance of this
new adaptation over classical methods, we will compare it
with a widely recognized gradient-based adaptive algorithm
and the σ-modification method [31].

4.1. Gradient Method. The classical gradient-based adaptive
law is solely driven by the control error r, which is
given by

Ŵ = ΓψrT 30

Considering the fact W = −Ŵ, the estimation error of
(30) is derived as

W = −ΓψrT 31

Then, selecting VG = 1/2 rTMr + 1/2 tr W
TΓ−1W ,

we have its derivative along (11) and (31) as

VG = rTMr + 1
2 r

TMr + tr W
TΓ−1W

= 1
2 r

T M − 2C r − rTKr + rTε ≤ −α2 r 2 + β2,
32

where α2 = λmin K − 1/2η3 and β2 = η3/2 ε∗2, with η3 >
1/2λmin K .

Based on the Lyapunov stability theory, the control error
r will converge to a compact set around zero. However, the
convergence of the NN weights error W cannot be guaran-
teed, especially in the absence of PE condition. More spe-
cifically, when the system is subject to disturbance and
uncertainties, the online obtained NN weights Ŵ may even
be unbounded; i.e., it could lead to parameter drift and burst-
ing phenomena [32]. Hence, the convergence and robustness
of the gradient algorithm (30) are questionable.

4.2. σ-Modification [31]. To guarantee the boundedness of
the estimated NN weights, a leakage term σŴ is added
in the gradient algorithm, leading to the following σ-
modification method:

Ŵ = Γ ψrT − κŴ 33

Then, its estimation error dynamics can be given as

W = −ΓψrT + κΓŴ = −ΓψrT + κΓW∗ − κΓW 34
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We select the Lyapunov function as Vσ = 1/2 rTMr +
1/2 tr W

TΓ−1W , and its derivative along (11) and (34)
can be derived as

Vσ = rTMr + 1
2 r

TMr + tr W
TΓ−1W

= −rTKr − κtr W
T
W + rTε + κtr W

T
W

≤ − λmin K −
1
2η4

r 2 − κ −
κ

2η5
W

2 + η4
2 ε∗2

+ κη5
2 W2 ≤ −α3Vσ + β3,

35

where the constants α3 = min 2λmin K − 1/η4 /λmax
M , 2κ − κ/2η5 /λmax Γ−1 and β3 = η4/2 ε∗2 + κη5/
2 W2 are positive by setting the design parameters
η4 > 1/2λmin K and η5 > 1/2 . Based on the Lyapunov
theory, we can obtain that the error variable r and the estima-
tion errorW are all bounded; i.e., the σ-modification method
has guaranteed robustness.

In fact, compared with (31), it is shown in (34) that a
forgetting factor term −κΓW is involved, such that the
estimation error dynamics in (34) are bounded-input-
bounded-output (BIBO) stable. Hence, the σ-modification
can guarantee the boundedness of the control error r and
the NNweight errorW. However, since a pure damping term
κŴ is added to (33), the estimated NN weights Ŵ will stay in
a neighborhood of a preselected value only but will not
converge to their true values, because the upper bound W
of the unknown NN weights W∗ is involved in the error
bound β3 in (35) and thus β3 ≠ 0 even when the NN weight
error and tracking error are null (i.e., ε∗ = r = 0). This can
also be observed from the estimation error (34) represented
as a transfer function as W = 1/ s + κΓ −ΓψrT + κΓW∗ .

4.3. Proposed Adaptive Law.With the help of the new leakage
term κH, the NN weight error of the proposed adaptive law
(20) can be given as

W = −ΓψrT + κΓH = −ΓψrT − κΓPW + κΓφ 36

As shown in (36), a forgetting factor −κΓPW stemming
from the new leakage term κH is involved to retain its
BIBO stability, and thus the boundedness of the NN
weight error can be guaranteed. In addition, the estimation
error dynamics (36) can be further rewritten as a transfer
function as W = 1/ s + κΓP −ΓψrT + κΓφ . Consequently,
the bound of the NN weight error mainly depends on the
residual error φ, which is a function of the NN approxima-
tion error ε as shown in (21). Consequently, the NN weight
error will converge to zero as long as the control error and
the NN approximation error are null (i.e., ε∗ = r = 0). This
implies that the proposed adaptive law achieves better
estimation performance compared with the other two

adaptive laws, while retaining the same robustness as
the σ-modification method.

Remark 6. Compared to the conventional adaptive laws, the
proposed adaptive law (20) uses filter operations (14) to
extract the information of the NNweight error. In this frame-
work, the filter coefficient k (14) should be set small to retain
fast convergence. On the other hand, the constant k defines
the bandwidth of the filter 1/ ks + 1 . Hence, the robustness
and transient convergence should be managed when we set
this constant. The forgetting factor l in (17) aims to guarantee
the boundness of the auxiliary matrices P and Q; thus, l
cannot be set too large. The constant κ in (20) affects
the convergence of the NN weight error W; in general, κ
should not be set too large since the residual term κΓφ
may be large with a large κ. Finally, the selection of the
learning gain Γ in (20), the diagonal matrix Λ in (6),
and the feedback gain matrix K in (10) should be considered
the tradeoff between the convergence of the tracking error
and the robustness of the closed-loop system.

5. Simulation

In this paper, a 2-DOF SCARA robot designed in our lab is
used to show the validity of the proposed control schemes.
The diagram of the 2-DOF SCARA robot can be found in
Figure 1, and its schematic diagram can be found in Figure 2.

According to [33], the kinetic energy E and the potential
energy Z of the 2-DOF SCARA robot can be given as

E = 1
8m1 +

1
2m2 +

1
2m3 l21q

2
1 +

1
8m2 +

1
2m3 l22 q1 + q2

2

+ 1
2m2 +m3 l1l2 q21 + q1q2 cos q2 ,

37

where m1 = 2 3Kg, m2 = 0 8Kg, m3 = 0 6Kg, l1 = 0 25m, and
l2 = 0 25m, since the 2-DOF SCARA robot is moving in the
horizontal plane such that the potential energy Z = 0. Based
on [1], the Lagrange kinetic equation of this robotic system
is given as d/dt ∂L/∂q − ∂L/∂q = τ, where L = E − Z is
the Lagrangian.

m2 m3

l1 l2

m1

Figure 1: 2-DOF SCARA robot structure.
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Then, the dynamics of the 2-DOF SCARA robot are
described by

τ =
al21 + bl22 + 2cl1l2 cos q2 bl22 + cl1l2 cos q2

cl22 + cl1l2 cos q2 bl22

M q

q

+
−2cl1l2q2 sin q2 cl1l2q2 sin q2

l1l2q1 sin q2
C q,q

,

38

where a = 1/4 m1 +m2 +m3, b = 1/4 m2 +m3, and c =
1/2 m2 +m3.

In the simulations, the initial joint position q 0 and the
initial velocity q 0 are set as q 0 = 0 2 0 3 T and q 0 =
0 0 T , respectively. The desired trajectories to be tracked
are qd1 = 0 5 sin t and qd2 = cos 0 5t . The number of the
NN node is set as N = 16, and the initial RBFNN weights
are set as Ŵ 0 = zeros 16, 2 . The center ςi in (5) is uni-
formly distributed in 1, −1 , and the variance ρ2i is set as
50. The other parameters used in the control and the
adaptive law are Λ = 5I2, k = 0 0001, l = 90, κ = 1, K = 5I2,
and Γ = 100I16.

Figures 3–6 show the tracking performance of robot joint
position and velocity. As it is shown in these simulation
results, the adaptive control (10) with both the proposed
adaptive law (20) and σ-modification method can achieve
satisfactory tracking performance. However, as it can be seen
from Figures 4 and 6, smaller steady-state errors can be
achieved by using the proposed adaptive law (20) in com-
parison with that of the σ-modification method. This
result validates the analysis in Theorem 1 and the discus-
sions in Section 3; that is, a quadratic term of the NN
weights error W induced by the proposed leakage term
H is incorporated into the derivative of the Lyapunov
function, such that the convergence of both the tracking
error and the NN weights error can be guaranteed

simultaneously. It can be also observed from Figure 7 that
the NN weights Ŵ updated by the proposed adaptive law
(20) can achieve convergence after a short transient stage,

y

x

m1

m2

(x2, y2)

(x4, y4)

q1

q2

l1

l2

(0,0)

(x1, y1)

(x3, y3)

m3

Figure 2: Schematic diagram of the 2-DOF SCARA robot.
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while the NN weights with σ-modification have fair oscil-
lations even when the tracking errors reach the steady
state. Therefore, the proposed adaptive neural control with

a new adaptive algorithm can improve both the transient
and steady-state tracking performances.

Moreover, to test the robustness of the proposed method,
the bounded exogenous disturbance signals d t = 0 5 sin
16t e−0 2t + 0 03 ; cos 8t e−0 4t + 0 02 are added in the
measured position signals of joint 1 and joint 2, respectively.
Simulation results given in Figures 8 and 9 show that the
proposed adaptive neural control is robust against the
modeling uncertainties and disturbances as that achieved
by using the σ-modification scheme. From these simulation
results, one can claim that the proposed adaptive neural
control for robot manipulators can achieve better conver-
gence performance and comparative robustness against the
external disturbances.
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Figure 8: Tracking performance of the proposed adaptive law with
bounded exogenous disturbances.
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Figure 5: Tracking performance of robotic joint velocity q1 and q2.
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6. Conclusions

In this paper, we introduce a new adaptive algorithm to
achieve the guaranteed estimation convergence and improve
the tracking performance of adaptive neural control for robot
manipulators. Two auxiliary functions are first introduced to
reconstruct the robotic model such that the acceleration sig-
nals are not used in the control implementation and online
learning. The unknown nonlinear system dynamics can be
effectively approximated by using a RBFNN, where a novel
leakage term is superimposed on the gradient-based adaptive
law, which is used to online update the RBFNN weights.
Through rigorous stability analysis based on the Lyapunov
theory, it is proved that the proposed adaptive control could
guarantee the convergence of both the tracking error and the
NN weight error simultaneously. Therefore, improved track-
ing control performance can be achieved in comparison to
other adaptive methods. In addition, it is shown that even
in the presence of bounded disturbances, the proposed
algorithm can retain the robustness. Simulations based on
a 2-DOF SCARA robotic manipulator are given to validate
the efficiency of the proposed adaptive neural control. A
future work will focus on relaxing the required PE condition
for the adaptive control design.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This work was supported by the National Natural Science
Foundation of China (no. 61573174) and Yunan Provincial
Education Department (no. 2018Y020).

References

[1] F. L. Lewis, D. M. Dawson, and C. T. Abdallah, Robot Manip-
ulator Control: Theory and Practice, Marcel Dekker, New
York, NY, USA, 2004.

[2] C. Yang, T. Teng, B. Xu, Z. Li, J. Na, and C. Y. Su, “Global
adaptive tracking control of robot manipulators using neural
networks with finite-time learning convergence,” Interna-
tional Journal of Control, Automation and Systems, vol. 15,
no. 4, pp. 1916–1924, 2017.

[3] J.-J. E. Slotine andW. Li, “Composite adaptive control of robot
manipulators,” Automatica, vol. 25, no. 4, pp. 509–519, 1989.

[4] L. Cheng, Z.-G. Hou, and M. Tan, “Adaptive neural network
tracking control for manipulators with uncertain kinematics,
dynamics and actuator model,” Automatica, vol. 45, no. 10,
pp. 2312–2318, 2009.

[5] L. Cheng, Z.-G. Hou, M. Tan, and W. J. Zhang, “Tracking
control of a closed-chain five-bar robot with two degrees of
freedom by integration of an approximation-based approach
and mechanical design,” IEEE Transactions on Systems, Man,
and Cybernetics, Part B (Cybernetics), vol. 42, no. 5,
pp. 1470–1479, 2012.

[6] J. Na, M. N. Mahyuddin, G. Herrmann, X. Ren, and P. Barber,
“Robust adaptive finite-time parameter estimation and control
for robotic systems,” International Journal of Robust and
Nonlinear Control, vol. 25, no. 16, pp. 3045–3071, 2015.

[7] C. Yang, X. Wang, Z. Li, Y. Li, and C.-Y. Su, “Teleoperation
control based on combination of wave variable and neural net-
works,” IEEE Transactions on Systems, Man, and Cybernetics:
Systems, vol. 47, no. 8, pp. 2125–2136, 2017.

[8] H. Yazarel and C. C. Cheah, “Task-space adaptive control of
robotic manipulators with uncertainties in gravity regressor
matrix and kinematics,” IEEE Transactions on Automatic
Control, vol. 47, no. 9, pp. 1580–1585, 2002.

[9] W. E. Dixon, “Adaptive regulation of amplitude limited robot
manipulators with uncertain kinematics and dynamics,” IEEE
Transactions on Automatic Control, vol. 52, no. 3, pp. 488–
493, 2007.

[10] C. C. Cheah, C. Liu, and J. J. E. Slotine, Adaptive Tracking
Control for Robots with Unknown Kinematic and Dynamic
Properties, Sage Publications, Inc., 2006.

[11] C. Chen, Z. Liu, Y. Zhang, C. L. P. Chen, and S. Xie, “Actuator
backlash compensation and accurate parameter estimation
for active vibration isolation system,” IEEE Transactions
on Industrial Electronics, vol. 63, no. 3, pp. 1643–1654, 2016.

[12] G. Feng, “A new adaptive control algorithm for robot
manipulators in task space,” IEEE Transactions on Robotics
& Automation, vol. 11, no. 3, pp. 457–462, 1995.

[13] S. S. Ge, T. H. Lee, and C. J. Harris, Adaptive Neural Network
Control of Robotic Manipulators, World Scientific, 1998.

0.3
0.3
0.2
0.1
0.0

Po
sit

io
n 

er
ro

r e
 ra

d

−0.1

4

0
2

1 6 9 13

×10−3

0 2 4 6 8 10 12 14
Time (s)

e2 of Joint 2
e1 of Joint 1

(a)

0.5
0

−0.5
−1

Ve
lo

ci
ty

 er
ro

r e
 ra

d/
s

−2
−1.5

0 2 4 6 8 10 12 14
Time (s)

e2 of Joint 2
e1 of Joint 1

0.02

−0.04
−0.02

0

1 6 9 13

(b)

Figure 9: Tracking error of the proposed adaptive law with
bounded exogenous disturbances.

10 Complexity



[14] J. Na, G. Herrmann, and X. Ren, “Neural network control of
nonlinear time-delay system with unknown dead-zone and
its application to a robotic servo system,” in Trends in Intelli-
gent Robotics. FIRA 2010. Communications in Computer
and Information Science, vol 103, P. Vadakkepat, J.-H. Kim,
N. Jesse, A. Mamun, T. K. Kiong, J. Baltes, J. Anderson, I.
Verner, and D. Ahlgren, Eds., pp. 338–345, Springer, Berlin,
Heidelberg, 2010.

[15] C. Yang, Y. Jiang, Z. Li, W. He, and C.-Y. Su, “Neural control
of bimanual robots with guaranteed global stability and
motion precision,” IEEE Transactions on Industrial Infor-
matics, vol. 13, no. 3, pp. 1162–1171, 2017.

[16] R. M. Sanner and J.-J. E. Slotine, “Gaussian networks for direct
adaptive control,” IEEE Transactions on Neural Networks,
vol. 3, no. 6, pp. 837–863, 1992.

[17] H. Li, F. Sun, Z. Sun, and J. Du, “Optimal state feedback
integral control using network-based measurements,” IEEE
Transactions on Instrumentation and Measurement, vol. 61,
no. 12, pp. 3127–3135, 2012.

[18] J. Na, Q. Chen, X. Ren, and Y. Guo, “Adaptive prescribed per-
formance motion control of servo mechanisms with friction
compensation,” IEEE Transactions on Industrial Electronics,
vol. 61, no. 1, pp. 486–494, 2014.

[19] S. Sastry and M. Bodson, Adaptive Control: Stability, Conver-
gence, and Robustness, Prentice Hall, Upper Saddle River, NJ,
USA, 1989.

[20] C. Yang, Y. Jiang, W. He, J. Na, Z. Li, and B. Xu, “Adaptive
parameter estimation and control design for robot manipula-
tors with finite-time convergence,” IEEE Transactions on
Industrial Electronics, vol. 65, no. 10, pp. 8112–8123, 2018.

[21] Y. Pan and H. Yu, “Composite learning from adaptive
dynamic surface control,” IEEE Transactions on Automatic
Control, vol. 61, no. 9, pp. 2603–2609, 2016.

[22] Y. Pan and H. Yu, “Composite learning robot control with
guaranteed parameter convergence,” Automatica, vol. 89,
pp. 398–406, 2018.

[23] J. Na, X. Ren, and Y. Xia, “Adaptive parameter identification of
linear SISO systems with unknown time-delay,” Systems &
Control Letters, vol. 66, pp. 43–50, 2014.

[24] M. Chen, S. S. Ge, and B. V. E. How, “Robust adaptive neural
network control for a class of uncertain MIMO nonlinear sys-
tems with input nonlinearities,” IEEE Transactions on Neural
Networks, vol. 21, no. 5, pp. 796–812, 2010.

[25] C. Wang and D. J. Hill, “Learning from neural control,”
IEEE Transactions on Neural Networks, vol. 17, no. 1,
pp. 130–146, 2006.

[26] L. Cheng, Z.-G. Hou, M. Tan, Y. Lin, and W. Zhang, “Neural-
network-based adaptive leader-following control for multia-
gent systems with uncertainties,” IEEE Transactions on Neural
Networks, vol. 21, no. 8, pp. 1351–1358, 2010.

[27] B. Xu, C. Yang, and Y. Pan, “Global neural dynamic surface
tracking control of strict-feedback systems with application
to hypersonic flight vehicle,” IEEE Transactions on Neural
Networks and Learning Systems, vol. 26, no. 10, pp. 2563–
2575, 2015.

[28] J. Na, G. Herrmann, X. Ren, and M. N. Mahyuddin, “Robust
adaptive finite-time parameter estimation and control of
nonlinear systems,” in 2011 IEEE International Symposium
on Intelligent Control, pp. 1014–1019, Denver, CO, USA,
September 2011.

[29] J. Na, G. Herrmann, and K. Zhang, “Improving transient per-
formance of adaptive control via a modified reference model
and novel adaptation,” International Journal of Robust and
Nonlinear Control, vol. 27, no. 8, pp. 1351–1372, 2017.

[30] M. Krstic, I. Kanellakopoulos, and P. V. Kokotovic, Nonlinear
and Adaptive Control Design, Wiley, 1995.

[31] P. Ioannou and P. Kokotovic, “Robust redesign of adaptive
control,” IEEE Transactions on Automatic Control, vol. 29,
no. 3, pp. 202–211, 1984.

[32] B. D. O. Anderson, “Failures of adaptive control theory
and their resolution,” Communications in Information and
Systems, vol. 5, no. 1, pp. 1–20, 2005.

[33] B. Jing, J. Na, G. Gao, and G. Sun, “Robust adaptive con-
trol for robotic systems with guaranteed parameter estima-
tion,” in Proceedings of the 2015 Chinese Intelligent Systems
Conference. Lecture Notes in Electrical Engineering, Y. Jia, J.
Du, H. Li, and W. Zhang, Eds., pp. 341–352, Springer,
Berlin, Heidelberg, 2016.

11Complexity



Research Article
Intelligent Controllers for Multirobot Competitive and
Dynamic Tracking

Mei Liu,1,2,3 Shuai Li ,4 Xiaodi Li,5 Long Jin ,1,2,3 Chenfu Yi,6 and Zhiguan Huang 1

1Guangdong Provincial Engineering Technology Research Center for Sports Assistive Devices, Guangzhou Sport University,
Guangzhou 510000, China

2Key Laboratory of IoT of Qinghai Province, Qinghai Normal University, Xining, China
3School of Information Science and Engineering, Lanzhou University, China
4Department of Computing, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong
5School of Mathematical Sciences, Shandong Normal University, Ji’nan, Shandong, China
6School of Information Engineering, Jiangxi University of Science and Technology, Ganzhou 341000, China

Correspondence should be addressed to Shuai Li; shuaili@polyu.edu.hk, Long Jin; jinlongsysu@foxmail.com,
and Zhiguan Huang; zhiguan1980@163.com

Received 1 August 2018; Accepted 2 October 2018; Published 21 October 2018

Guest Editor: Andy Annamalai

Copyright © 2018 Mei Liu et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper focuses on the problem of target tracking using 𝑘 fittest robots in a group of 𝑛 mobile robots with 𝑛 > 𝑘. We present
centralized and distributed coordination models with all-to-all and limited communications, respectively. For the case of all-to-all
communication between robots, theoretical analysis is presented to prove the exponential stability of the whole system. In real
applications of robotic networks, a robot may only be allowed to exchange information with a limited number of neighbors. In
such a limited communication case where centralized quantity is not available, a consensus filter is used to estimate the centralized
quantities in a distributed way, and a distributed competitive target tracking is thus achieved.The stability of the distributed control
is also proved in theory. Finally, illustrative examples are provided and analyzed to substantiate the efficacy of the proposed models
for tracking moving target in a competition manner with all-to-all communications and limited communications.

1. Introduction

The competition and cooperation behaviors of living beings,
such as swarms of ants, shoals of fish, or even the troops in
military, have certain advantages, including avoiding preda-
tors, increasing the chance of finding food, saving energy,
and so on. For example, for a joint vigilance task in military,
all soldiers should keep unmoved and the one who finds an
invader should track the invader closely. Such a behavior can
be deemed as a coordination based on the competition, where
the soldier who finds the invader is the “winner” and wins the
opportunity to do the tracking task while the rest ones are the
“losers” and keep unmoved to do the vigilance.

Deemed as a modeling of cooperation, consensus algo-
rithms estimate the related weights or states by mitigating
differences among multiple agents in a group and have
been applied to many computation problems depicted in

distributed manner, such as multiagent systems [1–3], con-
sensus for multiple robots [4], distributed environmental
modeling [5]. Despite the achieved success, consensus essen-
tially lacks a mechanism to model competition behaviors
in a distributed network, which desires the increase of peer
differences and the enhancement of contrasts [6].

Research in many fields observes and confirms the fact
that the competition is equally important as the cooperation
for complex systems [6–8]. Therefore, various schemes and
models have been proposed, investigated, and applied to
describe and model the competition. Among them, the𝑘-winners-take-all (𝑘-WTA) models, which identify the 𝑘
largest of 𝑛 competitors with 𝑛 > 𝑘, are a typical approach
to capture competitive behaviors. In addition, the 𝑘-WTA
degrades to the famous winner-take-all (WTA) process for𝑘 = 1 [9–13]. It is proven in [9] that a two-layered network
aided with WTA is able to approximate any nonlinear
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mapping in arbitrary accuracy. In addition, it is proven in
[11] that a 𝑘-WTAproblem can be equivalently converted to a
constrained convex quadratic programming (QP) optimiza-
tion formulation, which enriches significantly techniques
for solving 𝑘-WTA problems. Thanks to the advantages of
intelligent computing and universal approximation, neural
networks have been widely investigated in numerous areas
[14–20]. For example, an adaptive control approach based
on neural network is constructed to stabilize a class of
nonlinear discrete-time systemswith unknown functions and
unknown control direction, in which the neural networks are
exploited to approximate the unknown function [18]. Being
designed for solving QP problems, dual neural networks are
constructed in [16] and applied to solving the redundancy
resolution of kinematically redundant manipulators, which
utilizes the corresponding dual variables. Dual neural net-
works are then further exploited to solving 𝑘-WTA problems
in [10, 12, 13]. The 𝑘-WTA problem is modeled as a convex
QP problem and then solved by an elaborately constructed
dual neural network in [10]. By following the same problem
formulation, the model in [10] is simplified and modified in
[12] by tailoring the structure and taking advantage of the
nonlinearity provided by a saturation function used in the
model.

Currently, robotics is playing an indispensable role in
modern society as well as academic researches and industrial
applications [21–34]. Yang et al. introduce physical haptic
feedback mechanism in robots to result in muscle activity,
in order to achieve intuitive human impedance transfer
through a designed coupling interface in [21]. In addition,
multiple mobile robots coordination plays an important role
in various fields such as cooperative rescue, antiterrorism and
is becoming a hot but tough topic in robotics [23, 29, 31, 35].
For example, the internal forces applied on the object for
a dual-arm robot are considered in addition to the exter-
nal forces in [23]. The coordination of multiple fixed-base
redundant manipulators are investigated in [8] to execute a
given task with dynamic task allocation ability. A multiple-
robot system can be deemed as a robot group in which the
robots can communicate with others and can cooperatively
implement different kinds of tasks. A near-optimal tracking
control method is presented for wheeled mobile robots in
[29], which designs a backstepping kinematic controller to
generate desired velocity profiles. Themoving target tracking
with a group of mobile robots is investigated in [31], which
allows each robot in the group has a pan/tilt camera to
detect the target and has limited communication capability of
communicatingwith neighbor robots.This is close towhat we
are investigating but with amajor difference that they drive all
the mobile robots to track the moving target while only the
winners of the mobile robots in this paper can be activated to
do the task.

Although some achievements have been earned for the
cooperative control of multiple mobile robots, there are still
some unsatisfactory aspects with existing solutions. One of
the unsatisfactory aspects in the existing achievements is
that they can not select the fittest mobile robots in a group
to execute the task with the rest ones unmoved. In this
paper, we use multiple mobile robots for tracking target in

a competition manner, which extends 𝑘-WTA to the study
of complex behavior coordination in a swarm of robots.
We first propose a target tracking model with all-to-all
communications. Then, a modified model only requiring
limited communications among mobile robots is proposed
to solve this problem. Theoretical analyses are provided to
prove the exponential stability. Both models are validated by
computer simulations.

The remainder of this paper is organized into five sec-
tions. The preliminary for tracking target via multiple mobile
robots in a competition manner is presented in Section 2,
which is consisted of the modeling on the mobile robot, the
assumptions as well as the theoretical basis for analyzing the
proposed models. Then, the coordination model for tracking
the moving target with all-to-all communications is designed
and analyzed in Section 3. Section 4 uses a distributed
consensus filter to estimate centralized quantities, and then
embeds it into the distributed coordination based model
with limited communications with theoretical analyses on
convergence speed and stability presented. Section 5 provides
illustrative simulation examples to substantiate the efficacy
and superiority of the proposed models for tracking target
via multiple mobile robots in the situations of all-to-all
communications and limited communications. Section 6
concludes the paper with final remarks.

2. Preliminary and Problem Formulation

This section presents the preliminary and the model of the
robot.

2.1. Preliminary. In the ensuing sections, the coordination
models formultiplemobile robotswill be viewed as singularly
perturbed systems. Therefore, for investigating the conver-
gence speed and stability of these models, the following
theoretical basis on a singularly perturbed system is presented
as a preliminary, which will be utilized in the ensuing proofs
of Theorems 3 and 4.

Lemma 1 (see [36]). Consider the following singularly per-
turbed system:

�̇� = 𝜇 (𝜛, , 𝜖) ,
𝜖 ̇ = 𝜗 (𝜛, , 𝜖) , (1)

where 𝜛 ∈ R] and (𝑡) ∈ R𝜒 denote state vectors of the
system and 𝜖 > 0 ∈ R is a constant parameter; functions𝜇 : R]+𝜒+1 → R], 𝜗 : R]+𝜒+1 → R𝜒 are smooth.

Assume that the following conditions are satisfied for all(𝜛, 𝜖) ∈ 𝐵] × [0, 𝜖0].
(1) 𝜇(0, 0, 𝜖) = 0 and 𝜗(0, 0, 𝜖) = 0.
(2) The equation 𝜗(𝜛, , 0) = 0 has an isolated root  =𝜙(𝜛) such that 𝜙(𝜛) = 0, where 𝜙 : R] → R𝜒 is a

smooth function.
(3) The functions 𝜇, 𝜗, 𝜙 and their partial derivatives up

to the second order are bounded for  − 𝜙(𝜛) ∈ 𝐵𝜒.
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(4) The origin of the reduced system �̇� = 𝜇(𝜛, 𝜙(𝜛), 0) is
exponentially stable.

(5) The origin of the bounded-layer system

d𝜔
d𝜏 = 𝜗 (𝜛, 𝜔 + 𝜙 (𝜛) , 0) (2)

is exponentially stable, where𝜔 = −𝜙(𝜛) and 𝜏 = 𝑡/𝜖.Then,
there exists 𝜖∗ > 0 ∈ R such that, for all 𝜖 < 𝜖∗, the origin
(𝜛 = 0,  = 0) of system (1) is exponentially stable.

2.2. Mathematical Symbols and Meanings. To lay a basis for
further investigation, the mathematical symbols and their
meanings used in this paper are listed as follows:

(𝑥𝑖, 𝑦𝑖): Cartesian coordinates of the middle point of
the driving wheel axle of the 𝑖th mobile robot.
𝛼𝑖: bearing of the robot platform with respect to the
x-axis of the 𝑖th mobile robot.
𝑙: length between the two driving wheels.
𝜉𝑖1: speed of the left wheel of the 𝑖th mobile robot.
𝜉𝑖𝑟: speed of the right wheel of the 𝑖th mobile robot.
𝑐 𝑐 > 0.
𝑝𝑖 ∈ R𝑚: position of the 𝑖th mobile robot.
𝑢𝑖 ∈ R𝑚: control input (the velocity) of the 𝑖th mobile
robot.
𝑧 ∈ R: auxiliary variable and can be initialized
randomly.
𝜌 𝜌 > 0.
𝑝t: position of the moving target.
�̇�t: velocity of the moving target.
𝜆: feedback gain.
⊗: the Kronecker product.
𝐼2𝑛: vector composed of 2𝑛 elements with each one
being 1.
𝐼𝑛: vector composed of 𝑛 elementswith each one being1.
𝐼2: vector composed of 2 elementswith each one being1.

2.3. Differential-Driven Robot. The differential-driven-wheeled
mobile robot (Figure 1) is equipped with two step motors
for movement, Bluetooth module for communication, and
an on-board microprocessor for programming and control.
The kinematic model of the 𝑖th differential-driven-wheeled
mobile robot is formulated as

[[
[
�̇�𝑖̇𝑦𝑖�̇�𝑖
]]
]
= [[[[[
[

cos 𝛼𝑖2 cos 𝛼𝑖2
sin 𝛼𝑖2 sin 𝛼𝑖2−1𝑙 1𝑙

]]]]]
]
[𝜉𝑖1𝜉𝑖2] . (3)

Le� Wheel

Right Wheel

Y

X
l

i

(xi,yi)

Figure 1: Differential-driven-wheeled mobile robot model.

With the aid of feedback linearization technique pre-
sented in [37], we have

[𝜉𝑖1𝜉𝑖2]

= [[
[
𝑙 sin 𝛼𝑖2𝑐 + cos𝛼𝑖 −𝑙 cos 𝛼𝑖2𝑐 + sin 𝛼𝑖−𝑙 sin 𝛼𝑖2𝑐 + cos 𝛼𝑖 𝑙 cos𝛼𝑖2𝑐 + sin 𝛼𝑖

]]
]
[�̇�𝑖1�̇�𝑖2] .

(4)

The motion of the 𝑖th robot is

�̇�𝑖 = 𝑢𝑖. (5)

2.4. Problem Definitions. In this part, problem definitions are
presented as follows.

Problem 1 (centralized competitive tracking). With all-to-
all communications, construct a model for 𝑛 mobile robots
described by (5) to allocate the task to the fittest robots such
that the 𝑘mobile robots with the minimum distance from the
moving target stay active to execute the task while the others
keep unmoved.

Problem 2 (distributed competitive tracking). With limited
communications, design a model to achieve the same goal as
presented in Problem 1.

3. Competitive Tracking with
All-to-All Communications

This section presents a centralized competition control law
for tracking the moving target with all-to-all communica-
tions.

3.1. Model Design. The neural network model presented in
[12] for generating 𝑘-WTA competition is formulated as

d𝑧
d𝑡 = −𝜌( 𝑛∑

𝑖=1

𝛿𝑖 − 𝑘) ; (6)

𝛿𝑖 = 𝜎Ω𝑖 (𝑧 + V𝑖2𝑎) , (7)
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Require:
Position 𝑝 of all mobile robots, position 𝑝t and velocity �̇�t of
the moving target are all available to the 𝑖th mobile robot, a preset
distance tolerant 𝜀

Ensure:
The 𝑘mobile robots with the minimum distance from the moving
target approach the latter and the rest ones keep unmoved
1: Initialize variable 𝑧
2: repeat
3: Get 𝑝𝑖, 𝑝t, �̇�t
4: Communicate with all the other mobile robots and get𝑝1, ⋅ ⋅ ⋅ , 𝑝𝑖−1 , 𝑝𝑖+1, ⋅ ⋅ ⋅ , 𝑝𝑛 ,
5: Calculate 𝑧, 𝛿𝑖, and �̇�𝑖 using (11)
6: Drive the 𝑖th mobile robot using the generated �̇�𝑖
7: until ‖𝛿𝑖(𝑝𝑖 − 𝑝t)‖2 < 𝜀.

Algorithm 1: Centralized competitive target tracking control for the 𝑖th mobile robot with all-to-all communication.

where V𝑖 is the 𝑖th element of V; 𝛿𝑖 stands for the 𝑖th element of𝛿 ∈ {0, 1}𝑛; 𝑎 > 0 satisfies 𝑎 ≤ 0.5(V𝑘 − V𝑘+1); 𝜎Ω𝑖(⋅) is defined
as

𝜎Ω𝑖 (𝑧 + V𝑖2𝑎) =
{{{{{{{{{{{

1, if 𝑧 + V𝑖2𝑎 > 1
𝑧 + V𝑖2𝑎 , if 0 ≤ 𝑧 + V𝑖2𝑎 ≤ 1
0, if 𝑧 + V𝑖2𝑎 < 0.

(8)

The above neural network model is globally asymptotically
stable for solving the 𝑘-WTA problem [12]:

𝛿𝑖 = 𝑓 (V𝑖) = {{{
1, if V𝑖 ∈ {𝑘 largest elements of V}
0, otherwise. (9)

In addition, the control for the 𝑖th mobile robot is defined as

�̇�𝑖 = −𝛿𝑖 (𝜆 (𝑝𝑖 − 𝑝t) + �̇�t) . (10)

It can be obtained from (10) that the 𝑖th mobile robot is
unmoved for 𝛿𝑖 = 0 and that the 𝑖th mobile robot approaches
to the moving target exponentially for 𝛿𝑖 = 1.

Substituting (7) into (6) generates

�̇�𝑖 = −𝜎Ω𝑖 (𝑧 + V𝑖2𝑎) (𝜆 (𝑝𝑖 − 𝑝t) + �̇�t) ,
�̇� = −𝜌{ 𝑛∑

𝑖=1

𝜎Ω𝑖 (𝑧 + V𝑖2𝑎) − 𝑘} ,
(11)

where V𝑖 = −‖𝑝𝑖 − 𝑝t‖2. In addition, the coordination model
for tracking the moving target can be formulated into a
compact form:

�̇�
= −𝜎Ω (𝑧𝐼2𝑛 + V2𝑎 ⊗ 𝐼2) (𝜆 (𝑝 − 𝐼𝑛 ⊗ 𝑝t) + 𝐼𝑛 ⊗ �̇�t) ,

�̇� = −𝜌(𝐼T𝑛 𝜎Ω (𝑧𝐼𝑛 + V2𝑎) − 𝑘) .
(12)

k-WTA
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Figure 2: Control block diagram for the 𝑖th mobile robot in the
centralized competitive target tracking control via multiple robots
in the situation of all-to-all communications, where subscript 𝑗 ∈{1, . . . , 𝑖 − 1, 𝑖 + 1, . . . , 𝑛}.

As illustrated in Figure 2, the proposed centralized
coordination model consists of two parts: the 𝑘-WTA part
(as shown in the dashed rectangle in the figure) and the
controller part. The 𝑘-WTA part collects inputs from the
robots (e.g., 𝑝𝑖), and inputs from the moving target (i.e.,𝑝t) and outputs 𝛿𝑖, which is feeded into the controller (10).
Then, the control input �̇�𝑖 to the mobile robot is yielded. The
diagram illustrates the interplay between the mobile robot,
the moving target and the coordination model. In addition,
procedures of the proposed centralized coordination model
with all-to-all communications are stated in Algorithm 1.The𝑖th mobile robot first collects its position 𝑝𝑖, the position 𝑝t
and velocity �̇�t of the moving target (Line 3), and collects
position of all the other robots by communication (Line 4).
After this, �̇�𝑖 is calculated using (11) and then drive the mobile
robot using �̇�𝑖. Lines 3, 4, 5, and 6 are repeated in sequence
until the preset distance tolerance is achieved.
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In addition, we have the following theorem for the pro-
posed centralized coordination model (12) for competitive
tracking.

�eorem 3. There exists 𝜌∗ > 0 ∈ R such that, for all 𝜌 > 𝜌∗,
for a group of 𝑛 differential-driven robots described by (5) with
the coordination control law (12), 𝑘 robots with the minimum
distance move towards the target at an exponential speed.

Proof. The proof involves two aspects. (1) The equilibrium
point of system (12) is identical to the solution of Problem
1. (2) System (12) exponentially converges to its equilibrium
point.

For aspect (1), it is evident that the equilibrium point
of system (12) corresponds to the 𝑘 mobile robots with
minimum initial distance from the moving target capturing
the latter. That is, the equilibrium point of system (12) is
identical to the solution of Problem 1.

For aspect (2), the centralized coordination model (12)
can be rewritten as

𝑝 = 𝜇 (𝑝, 𝑧, 𝜌)
= −𝜎Ω (𝑧𝐼2𝑛 + V2𝑎 ⊗ 𝐼2) (𝜆 (𝑝 − 𝐼𝑛 ⊗ 𝑝t) + 𝐼𝑛 ⊗ �̇�t)

1𝜌 �̇� = 𝜗 (𝑝, 𝑧, 𝜌) = − (𝐼T𝑛 𝜎Ω (𝑧𝐼𝑛 + V2𝑎) − 𝑘) ,
(13)

of which the equilibrium point is (𝑝∗, 𝑧∗). Evidently, the
above system is a special case of singularly perturbed system
(1). Therefore, the stability of the equilibrium point is evalu-
ated via Lemma 1.

Using the linear translation 𝑝 = 𝑝 − 𝑝∗ and 𝑧 = 𝑧 − 𝑧∗,
we have 𝑝 = 𝑝 + 𝑝∗ and 𝑧 = 𝑧 + 𝑧∗, and further have

̇𝑝 = 𝜇 (𝑝 + 𝑝∗, 𝑧 + 𝑧∗, 𝜌) ,
1𝜌 ̇𝑧 = 𝜗 (𝑝 + 𝑝∗, 𝑧 + 𝑧∗, 𝜌) . (14)

It can be further derived that

̇𝑝 = 𝜇 (𝑝∗, 𝑧∗, 𝜌) = 0,
1𝜌 ̇𝑧 = 𝜗 (𝑝∗, 𝑧∗, 𝜌) = 0, (15)

where 𝑝 = 𝑧 = 0 are the new equilibrium points. Therefore,
condition (1) is satisfied. It can be generalized fromCorollary
1 in [12] that 𝐼T𝑛 𝜎Ω(𝑧𝐼𝑛 + V/2𝑎) − 𝑘 = 0 has an isolated root𝑧 = 𝑧∗, i.e., condition (2) is satisfied. From equation (12) as
well as [12], it can be derived that functions 𝜇, 𝜗 and their
partial derivative up to the second order are bounded for𝑧 − 𝑧∗ i.e., condition (3) is satisfied. The 𝑖th subsystem of
degraded system �̇� = 𝜇(𝑝, 𝑧∗, 𝜌) can be simplified as �̇�𝑖 =−𝛿𝑖(𝜆(𝑝𝑖 − 𝑝t) + �̇�t). Letting 𝑒𝑖 = 𝑝𝑖 − 𝑝t, we can further
have 𝑒𝑖(𝑡) = exp(−𝛿𝑖𝜆𝑡)𝑒𝑖(0), with 𝑒𝑖(0) denoting the initial
position distance between 𝑝𝑖 and 𝑝t. Therefore, equilibrium
point (𝑝∗, 𝑧∗) of system �̇� = 𝜇(𝑝, 𝑧, 𝜌) is exponentially stable,
i.e., condition (4) is satisfied. In addition, with 𝜏 = 𝑡𝜌, the

origin (i.e., 𝑧−𝑧∗ = 0) of the bounded-layer system for system
(12) can be formulated as

d (𝑧 − 𝑧∗)
d𝜏 = d (𝑧)

d𝜏 − 0 = 1𝜌 �̇�, (16)

which is exponentially stable in view of Theorem 4 as well as
Corollary 2 in [12] and condition (5) is thus satisfied.

Since all the five conditions are satisfied for all 𝑡 ∈(0, +∞), according to Lemma 1, there exist 1/𝜌∗ > 0 (i.e.,𝜌∗ > 0) such that, for all 1/𝜌 < 1/𝜌∗, i.e., for all 𝜌 > 𝜌∗,
system (12) exponentially converges to its equilibrium point.

Based on the above aspects (1) and (2), there exists 𝜌∗ >0 ∈ R such that, for all 𝜌 > 𝜌∗, for a group of 𝑛 differential-
driven robots described by (5) with the coordination control
law (12), 𝑘 robots with the minimum distance move towards
the target at an exponential speed.The proof is thus complete.

4. Distributed Competitive Tracking with
Limited Communications

We have developed centralized model (12) for competitive
target tracking in the previous section, which requires all-
to-all communications. Aiming at reducing communication
burdens, in this section, we develop a fully distributed model,
which only requires limited communications.

Equation (11) indicates that only ∑𝑛𝑖=1 𝜎Ω𝑖(𝑧 + V𝑖/(2𝑎))
requires the global information in the team, which can be
deemed as the obstacle to achieving the goal of distributed
coordination control. We use consensus filter to estimate it in
a distributed manner. With consensus filter, a robot is able to
estimate the average of filter inputs by running the following
protocol [38]:

̇𝜁𝑖 = −𝛾 ∑
𝑗∈L(𝑖)

𝐶𝑖𝑗 (𝜁𝑖 − 𝜁𝑗) − 𝛾 (𝜁𝑖 − 𝜎Ω𝑖 (𝑧 + V𝑖2𝑎))
− 𝛾 ∑
𝑗∈L(𝑖)

𝐶𝑖𝑗 (𝜑𝑖 − 𝜑𝑗) ,
�̇�𝑖 = ∑
𝑗∈L(𝑖)

𝐶𝑖𝑗 (𝜁𝑖 − 𝜁𝑗) ,
(17)

where L(𝑖) is the communication neighbor set of the 𝑖th
mobile robot; 𝜁𝑖 and𝜑𝑖 aremaintained by the 𝑖thmobile robot;𝐶𝑖𝑗 > 0 for 𝑗 ∈ L(𝑖) with 𝐶𝑖𝑗 = 𝐶𝑗𝑖; 𝛾 > 0 is used to scale the
convergence rate. In addition, for 𝑗 ∉ L(𝑖), 𝐶𝑖𝑗 = 𝐶𝑗𝑖 = 0. By
running (17) on all themobile robots involved, 𝜁𝑖 converges to
the average of inputs, i.e.,∑𝑛𝑖=1 𝛿𝑖/𝑛 or∑𝑛𝑖=1 𝜎Ω𝑖(𝑧+V𝑖/(2𝑎))/𝑛.

Thus, by using consensus filter (17) to estimate∑𝑛𝑖=1 𝜎Ω𝑖(𝑧 + V𝑖/(2𝑎)), we further have
̇𝜁𝑖 = −𝛾 ∑

𝑗∈L(𝑖)

𝐶𝑖𝑗 (𝜁𝑖 − 𝜁𝑗) − 𝛾 (𝜁𝑖 − 𝜎Ω𝑖 (𝑧 + V𝑖2𝑎))
− 𝛾 ∑
𝑗∈L(𝑖)

𝐶𝑖𝑗 (𝜑𝑖 − 𝜑𝑗) ,
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Require:
Position 𝑝 of itself and mobile robot(s) 𝑗 ∈ L(𝑖), position 𝑝t and
velocity �̇�t of the moving target are available to the 𝑖th mobile
robot, a preset distance tolerant 𝜀

Ensure:
The 𝑘mobile robots with the minimum distance from the moving
target approach the latter and the rest ones keep unmoved
1: Initialize variables 𝑧, 𝜁𝑖, 𝜑𝑖
2: repeat
3: Get 𝑝𝑖, 𝑝t, �̇�t
4: Communicate with mobile robot(s) 𝑗 ∈ L(𝑖) and get 𝜁𝑗 and 𝜑𝑗
5: Calculate 𝜁𝑖 and 𝜑𝑖 using the distributed consensus filter (17)
6: Calculate 𝑧, 𝛿𝑖, and �̇�𝑖 using (18)
7: Drive the mobile robot using the generated �̇�𝑖
8: until ‖𝛿𝑖(𝑝𝑖 − 𝑝t)‖2 < 𝜀.

Algorithm 2: Distributed competitive target tracking control for the 𝑖th mobile robot with limited communication.

�̇�𝑖 = ∑
𝑗∈L(𝑖)

𝐶𝑖𝑗 (𝜁𝑖 − 𝜁𝑗)
�̇�𝑖 = −𝜎Ω𝑖 (𝑧 + V𝑖2𝑎) (𝜆 (𝑝𝑖 − 𝑝t) + �̇�t) ,
�̇� = −𝜌 (𝑛𝜁𝑖 − 𝑘) ,

(18)

which can be written into a compact form:

̇𝜁 = −𝛾𝐿𝜁 − 𝛾 (𝜁 − 𝑤) − 𝛾𝐿∫𝑡
𝑡0

𝐿𝜁d𝑡,
�̇�
= −𝜎Ω (𝑧𝐼2𝑛 + V2𝑎 ⊗ 𝐼2) (𝜆 (𝑝 − 𝐼𝑛 ⊗ 𝑝t) + 𝐼𝑛 ⊗ �̇�t) ,

�̇� = −𝜌 (𝐼T𝑛 𝜁 − 𝑘) ,

(19)

where 𝑡0 denotes the initial time instant; 𝐿 = diag(𝐶𝐼𝑛) − 𝐶
with diag(𝐶𝐼𝑛) being a diagonal matrix.

As illustrated in Figure 3, the proposed distributed
coordination model consists of three parts: the 𝑘-WTA part
and the distributed consensus filter part (as shown in the
dashed rectangle in the figure) and the controller part. In
addition to the information from the moving target and the𝑖th mobile robot itself, this model also requires 𝜁𝑗 and 𝜑𝑗,
which originate from the distributed consensus filter part
of mobile robot(s) 𝑗 ∈ L(𝑖). Moreover, the procedures of
the proposed distributed coordination model with limited
communications is stated in Algorithm 2. The difference of
Algorithms 1 and 2 lies in that a consensus filter is used to
estimate 𝛿𝑖 in a distributed way in Algorithm 2. Distributed
coordination control law (19) can be deemed as a cascaded
system, where parameter 𝜌 is the gain of the outer loop (i.e.,
the 𝑘-WTA neural network model) to output the winners
while 𝛾 scales the convergence rate of the inner loop (i.e.,
the consensus filter) for estimating ∑𝑛𝑖=1 𝛿𝑖/𝑛. Intuitively, it is
necessary to choose the value of 𝛾 larger than the value of 𝜌
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Figure 3: Control block diagram for the 𝑖th mobile robot in the
distributed competitive target tracking control viamultiple robots in
the situation of limited communications, where subscript 𝑗 ∈ L(𝑖).

such that the inner loop converges much faster to obtain a
stable system. We have the following theorem to reveal such
a conclusion.

�eorem 4. There exists 𝛾∗ > 0 ∈ R and 𝜌∗ > 0 ∈ R such
that, for all 𝛾 > 𝛾∗ > 𝜌 > 𝜌∗, for a group of 𝑛 differential-
driven robots described by (5) with the distributed coordination
control law (19), 𝑘 robots with the minimum distance move
towards the target at an exponential speed.

Proof. The proof involves two aspects. (1) The equilibrium
point of system (12) is identical to the solution of Problem
2. (2) System (12) exponentially converges to its equilibrium
point.

For aspect (1), it can be obtained from the proof of
Theorem 3 and is thus omitted here.
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For aspect (2), the distributed coordination model (19)
can be rewritten as

�̇� = 𝜇 (𝑝, 𝛽, 𝜌, 𝛾)
1𝜌 ̇𝛽 = 𝜗 (𝑝, 𝛽, 𝜌, 𝛾) , (20)

of which the equilibrium point is (𝑝∗, 𝛽∗), with ̇𝛽 =[�̇�, ̇𝜁𝜌/𝛾]T. Evidently, system (20) and its subsystem shown as
follows are special cases of singularly perturbed system (1):

1𝜌 ̇𝛽 = [
[
�̇�𝜌𝛾 ̇𝜁]]

= [𝜂 (𝑧, 𝜁, 𝜌, 𝛾)𝜃 (𝑧, 𝜁, 𝜌, 𝛾)] , (21)

of which the equilibrium point is (𝑧∗, 𝜁∗). Then, the proof
is divided into the following two steps: (1) the stability and
convergence of subsystem (21) is evaluated via Lemma 1; (2)
the stability and convergence of system (20) is evaluated via
Lemma 1 based on theoretical results in Step 1.

Step 1 (the stability and convergence of subsystem (21)). Using
the linear translation 𝑧 = 𝑧 − 𝑧∗ and 𝜁 = 𝜁 − 𝜁∗, we have𝑧 = 𝑧 + 𝑧∗ and 𝜁 = 𝜁 + 𝜁∗, and further have

̇𝑧 = 𝜂 (𝑧 + 𝑧∗, 𝜁 + 𝜁∗, 𝜌, 𝛾) ,
𝜌𝛾 ̇𝜁 = 𝜃 (𝑧 + 𝑧∗, 𝜁 + 𝜁∗, 𝜌, 𝛾) . (22)

It can be further derived that
̇𝑧 = 𝜂 (𝑧∗, 𝜁∗, 𝜌, 𝛾) = 0,

𝜌𝛾 ̇𝜁 = 𝜃 (𝑧∗, 𝜁∗, 𝜌, 𝛾) = 0, (23)

where 𝑧 = 𝜁 = 0 are the new equilibrium points.
Therefore, condition (1) is satisfied. It can be generalized

from [38] that 𝐿𝜁 + (𝜁 − 𝑤) + 𝐿 ∫𝑡
𝑡0
𝐿𝜁d𝑡 = 0 has an isolated

root 𝜁 = 𝜁∗, i.e., condition (2) is satisfied. From equation (21),
it can be derived that functions 𝑧, 𝜁 and their partial derivative
up to the second order are bounded for 𝜁 − 𝜁∗ i.e., condition(3) is satisfied. The degraded system �̇� = 𝜂(𝜁, 𝑧∗, 𝜌, 𝛾) can be
formulated as �̇� = −𝜌(𝐼T𝑛 𝜁∗ − 𝑘) = 0. Therefore, equilibrium
point (𝑧∗, 𝜁∗) of system �̇� = 𝜂(𝑧, 𝜁, 𝜌, 𝛾) is exponentially
stable, i.e., condition (4) is satisfied. In addition, with 𝜏 =𝑡𝛾/𝜌, the origin (i.e., 𝜁 − 𝜁∗ = 0) of the bounded-layer system
for subsystem (21) can be formulated as

d (𝜁 − 𝜁∗)
d𝜏 = d (𝜁)

d𝜏 − 0 = 𝜌𝛾 ̇𝜁, (24)

which is exponentially stable in view ofTheorem 5 in [38] and
condition (5) is thus satisfied.

Since all the five conditions are satisfied for all 𝑡 ∈(0, +∞), according to Lemma 1, there exist 𝜌∗/𝛾∗ > 0 (i.e.,𝛾∗ > 𝜌∗ > 0) such that, for all 𝛾 > 𝛾∗ > 𝜌 > 𝜌∗, the
equilibrium point (𝑧∗, 𝜁∗) of subsystem (21) is exponentially
stable. The proof of Step 1 is thus complete.

Step 2 (the stability and convergence of system (20)). By
following the similar procedures as those in Theorem 3 and
the above Step 1 and based on the theoretical results therein,
one can derive the conclusion that there exists 𝛾∗ > 0 ∈ R

and 𝜌∗ > 0 ∈ R such that, for all 𝛾 > 𝛾∗ > 𝜌 > 𝜌∗, the
equilibrium of system (19) is exponentially stable.

Based on the above aspects (1) and (2), there exists 𝛾∗ >0 ∈ R and 𝜌∗ > 0 ∈ R such that, for all 𝛾 > 𝛾∗ > 𝜌 > 𝜌∗, for a
group of 𝑛 differential-driven robots described by (5) with the
distributed coordination control law (19), 𝑘 robots with the
minimum distance move towards the target at an exponential
speed. The proof is thus complete.

For the distributed coordination model (19) for com-
petitive target tracking via multiple mobile robots, the core
idea is to use the distributed consensus filter to estimate the
centralized quantity in Algorithm 1 and use the estimated
value to replace the actual centralized quantity in the moving
target tracking. Theoretical analysis of the convergence and
stability of distributed coordination model (19) are presented
in Theorem 4, which reveals the key point for a successful
competitive target tracking is that the consensus filter should
run on a fast enough time scale.

5. Illustrative Examples

In this section, computer simulations are provided based
on ten differential-driven-wheeled mobile robots. In what
follows, the parameters are set as 𝑎 = 0.1, 𝜆 = 10, 𝜌 = 105,𝛾 = 105, 𝜀 = 0.01m with the rest ones being set as 0 initially.
In addition, 𝐶𝑖𝑗 = 1 for |𝑖 − 𝑗| ≤ 1; otherwise, 𝐶𝑖𝑗 = 0.
Example 1. In this example, model (12) with all-to-all com-
munications is employed to the task of moving target track-
ing with 𝑘 = 2. The corresponding simulation results,
which are classified into two phases, are illustrated in
Figures 4–6.

Specifically, as shown in Figure 4(a), at 𝑡 = 0 s, the
initial position of the moving target is around (1, 9.5), from
which the two nearest mobile robots marked in red lines
win the competition. In comparison, the rest ones, as the
losers of the competition, are deactivated and unmoved. As
a result, the two winners begin to track the moving target.
In addition, as visualized in Figure 4(b), at 𝑡 = 1 s, the
target moves to the position around (0.7, 7), followed by
the two winner mobile robots marked in red lines. It can
be seen from this figure that the two winners approach to
the moving target, which means that the tracking task goes
well. Moreover, Figure 4(c) illustrates the snapshot at 𝑡 =3 s, from which, we can find that the two winner mobile
robots have almost achieved the position of the moving
target. Besides, the distance tolerant 𝜀 = 0.01 m means that,
during the competitive target tracking process, for the first
time that the norm of the distance between a mobile robot
and the target is less than 0.01 m, the moving target can be
deemed as captured by the mobile robot. The corresponding
actual path of the moving target as well as the tracking
trajectories are shown in Figure 4(d), from which, we can
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Figure 4: (Phase 1) With 𝑘 = 2, snapshots for centralized model (12) with all-to-all communications for moving target tracking and the
corresponding tracking trajectories, where initial locations of mobile robots and the moving target are randomly generated. In this sense, ten
mobile robots compete with each other for tracking the moving target, and only two of them with the minimum distance from the moving
target (the winners) are activated to track while the rest ones (the losers) keep unmoved. (a) Snapshots at 𝑡 = 0 s. (b) Snapshots at 𝑡 = 1 s. (c)
Snapshots at 𝑡 = 3 s. (d) Actual path of the moving target and tracking trajectories of different mobile robots.
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Figure 5: (Phase 2) As the continuation of simulation results shown in Figure 4, this figure shows the tracking trajectory and snapshots
for centralized model (12) with all-to-all communications for moving target tracking and initial locations of mobile robots being the same
as those in Figure 4(c) and the initial location of moving target being generated randomly. Ten mobile robots compete with each other for
tracking the moving target, and only two of them with the minimum distance from the moving target (the winners) are activated to track
while the rest ones (the losers) keep unmoved. (a)The snapshot at 𝑡 ≈ 4 s. (b)The snapshot at 𝑡 = 5 s. (c)The snapshot at 𝑡 = 8 s. (d) Tracking
trajectories of different mobile robots.

find that the trajectories of the two winner mobile robots
are smooth. In addition, as the losers in the sense of a
further distance from the target, the rest mobile robots keep
unmoved, which can be deemed as a measure of energy
conservation. These simulation results reveal preliminarily
the effectiveness of the proposed coordination model (12)
with all-to-all communications.

As the continuation of simulation results shown in
Figure 4, the simulation results on phase 2 of the target
tracking are shown in Figure 5. Initial locations (𝑡 ≈ 4
s) of all mobile robots of phase 2 are the same as their
finial locations of phase 1 shown in Figure 4(c) and the
moving target is randomly placed. At the beginning of phase
2, as illustrated in Figure 5(a), the moving target appears
at the location (7.5, 8.5), and the mobile robots marked in
red win the competition and are activated. In addition, as
visualized in Figure 5(b), at 𝑡 = 5 s, the target moves to the
position (5.5, 5.5) and the two winners are very close to the
moving target. Moreover, Figure 4(c) illustrates the snapshot
at 𝑡 = 8 s, where the locations of the two mobile robots (the
winners) and the target are nearly at the same position. To see
the overall target tracking process more clearly, Figure 5(d)
visualizes the actual path of the moving target as well as
the tracking trajectories. From the figure, we can find that
the trajectories of the two mobile robots (the winners) are
smooth and the rest mobile robots keep unmoved. These

simulation results verify the effectiveness of the proposed
coordination model (12) with all-to-all communications.

To observe the target tracking task in a different perspec-
tive, outputs of the 𝑘-WTA network of the whole process
as well as the corresponding velocities of mobile robots at
different phases are illustrated in Figure 6. It can be found
in Figure 6(a) that, starting with randomly generated initial
state, the outputs of the 𝑘-WTA network rapidly converge to
the correct results within 8 × 10−4 s, and the outputs change
rapidly when the target tracking process enters into phase 2.
The detailed velocities of the mobile robots in phase 1 and
phase 2 are shown in Figures 6(b) and 6(c), respectively. From
these two subfigures, it can be observed that the velocities of
twomobile robots eventually reach to zerowhile the rest ones’
velocities stay at zero during each phase.These results further
verify the effectiveness of the proposed coordination model
(12) with all-to-all communications in a different perspective.

Example 2. In this example, the distributed coordination
model (19)with limited communications is employed to track
the moving target with a single winner, i..e, 𝑘 = 1. As
stated above, we assume that the mobile robots with |𝑖 −𝑗| ≤ 1 have the communications and the rest ones can not
communicate with each other for information exchanging.
The corresponding simulation results, which are classified
into two phases, are illustrated in Figures 7–9.
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Figure 6: Outputs of 𝑘-WTAnetwork in centralizedmodel (12) with 𝑘 = 2 as well as the corresponding velocities of mobile robots at different
phases. (a) Outputs of 𝑘-WTA network with 𝑘 = 2. (b) Velocities of mobile robots of phase 1. (c) Velocities of mobile robots of phase 2.
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Figure 7: (Phase 1) With 𝑘 = 1, snapshots for distributed coordination model (19) with limited communications for tracking the moving
target and the corresponding tracking trajectories, where initial locations of mobile robots and the moving target are randomly generated.
In this sense, at each time instant, ten mobile robots compete with each other for tracking the moving target, and only one of them with the
minimum distance from the moving target (the winner) is activated to track while the rest ones (the losers) keep unmoved. At 𝑡 ≈ 0.5 s, as
the moving target approaches to one of the losers, the winner at the initial time fails in the competition and becomes a loser marked in black
line. As a continuator, the new winner marked in red line begins to track the moving target. (a) Snapshots at 𝑡 = 0 s. (b) Snapshots at 𝑡 = 1 s.
(c) Snapshots at 𝑡 = 3 s. (d) Tracking trajectories of different mobile robots.

Specifically, as shown in Figure 7(a), at 𝑡 = 0 s, the
initial position of the moving target is (5.5, 9), from which
the nearest mobile robot at (5.5, 9.5) marked in red lines
wins the competition. In comparison, the rest ones, as the
losers of the competition, are deactivated and unmoved. As a
result, the winner begins to track themoving target. However,
as shown in Figure 7(b), as the moving target approaches
to one of the losers, the incipient winner loses out at 𝑡 ≈0.5 s (thus is marked in black line in Figure 7(b)). As a
result, the new winner marked in red line begins to track the
moving target. Moreover, Figure 7(c) illustrates the snapshot
at 𝑡 = 3 s, from which, it can be observed that the mobile
robot (the new winner) has almost approached the moving
target. Figure 7(d) illustrates the corresponding actual path of
the moving target as well as the tracking trajectories, which
shows that the trajectories of the two mobile robots (the
new winner and the new loser) are smooth. In addition,
as the losers, the rest mobile robots keep unmoved. These
simulation results verify preliminarily the effectiveness of the
proposed distributed coordination model (19) with limited
communications.

Simulation results on phase 2 of the target tracking are
shown inFigure 8, which is the continuation of the simulation
results shown in Figure 7. Initial locations (𝑡 ≈ 4 s) of all

mobile robots of phase 2 are the same as their final locations
of phase 1 shown in Figure 7(c) and the moving target is
randomly placed initially. At the beginning of phase 2, as
illustrated in Figure 8(a), the moving target is randomly
placed at (4.5, 5.5), and the mobile robot marked in red
wins the competition and is activated to track the moving
target. In addition, Figure 8(b) visualizes that, at 𝑡 = 5
s, the target moves to the position around (2.5, 3) and the
winner is close to the moving target. Moreover, as illustrated
in Figure 8(c), the mobile robot (the winner) finally captures
the moving target and the task is completed successfully.
Figure 8(d) visualizes the actual path of the moving target as
well as the tracking trajectories, from which, we can find that
the trajectory of the winner is smooth and the rest mobile
robots keep unmoved. These simulation results verify the
effectiveness of the proposed distributed coordination model
(19) with limited communications.

Figure 9 provides a different perspective to observe the
target tracking task, which illustrates outputs of the 𝑘-WTA
network of the whole process as well as the corresponding
velocities of mobile robots at different phases. It can be found
in Figure 9(a) that the outputs of the 𝑘-WTA network rapidly
converge to the correct results within 0.1 s, which is evidently
longer than that shown in Figure 6(a) due to the estimation
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Figure 8: (Phase 2) As the continuation of simulation results shown in Figure 7, this figure shows the tracking trajectory and snapshots for
the distributed coordination model (19) with limited communications for tracking the moving target and initial locations of mobile robots
being the same as those in Figure 7(c) and the initial location of moving target being generated randomly. Ten mobile robots compete with
each other for tracking the moving target, and only the one with the minimum distance from the moving target is activated to track while
the rest ones (the losers) keep unmoved. (a) The snapshot at 𝑡 ≈ 4.1 s. (b) The snapshot at 𝑡 = 5 s. (c) The snapshot at 𝑡 = 8 s. (d) Tracking
trajectories of different mobile robots.
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Figure 9: Outputs of 𝑘-WTA network in distributed coordination model (19) with 𝑘 = 1 as well as the corresponding velocities of mobile
robots at different phases. (a) Outputs of 𝑘-WTAnetwork with 𝑘 = 2. (b) Velocities of mobile robots of phase 1. (c) Velocities of mobile robots
of phase 2.

on∑𝑛𝑖=1 𝑔Ω𝑖(𝑧+V𝑖/(2𝑎)) via consensus filter (17).The velocities
of the mobile robots in phase 1 and phase 2 are shown in
Figures 9(b) and 9(c), respectively. From these two subfigures,
it can be observed that the velocities of two winner mobile
robots eventually reach to zero while the rest ones’ velocities
remain zero during each phase. These results further verify
the effectiveness of the proposed distributed coordination
model (19) with limited communications.

Example 3. Simulation results with zero-initial-velocity con-
straint, as well as bound limits on velocity of mobile robots
are shown in Figure 10, with �̇�+𝑖 = −�̇�−𝑖 = 3𝑚/𝑠. Specifically,
as shown in Figure 10(a), starting with randomly generated
initial state, the outputs of the 𝑘-WTA network rapidly
converge to the correct results. The detailed velocities of the
mobile robots are shown in Figure 10(b). It can be observed
that the velocities of two mobile robots eventually reach to
zero while the rest ones’ velocities stay at zero. In addition,
the velocities are kept within their physical limits as well.
Moreover, each winner mobile robot, starting from zero
velocity, gradually accelerates its speed to reach the desired
velocity. The corresponding actual path of the moving target

as well as the tracking trajectories are shown in Figure 10(c),
from which, we can find that the trajectories of the two
winner mobile robots are smooth. In addition, as the losers in
the sense of a further distance from the target, the rest mobile
robots keep unmoved, which can be deemed as a measure of
energy conservation.

6. Conclusions

In this paper, we have proposed centralized and distributed
coordination models with all-to-all and limited communica-
tions, respectively. Simulations based on differential-driven-
wheeled mobile robots have been conducted to illustrate
the efficacy of the proposed centralized and distributed
coordination models for tracking moving target in a com-
petition manner with all-to-all communications and limited
communications.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.
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Figure 10: Performance of 𝑘-WTA network in distributed coordination model with 𝑘 = 2, zero-initial-velocity constraint, as well as bound
limits on velocity of mobile robots. (a) Outputs of 𝑘-WTA network with 𝑘 = 2. (b) Velocities of mobile robots. (c) Tracking trajectories of
different mobile robots.
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Earthquake is a kind of natural disaster, which will have a great impact on the building structure. In the vibration control field of
building structures, the timeliness of system stability is extremely important. In traditional control methods, the timeliness is not
paid enough attention for systems with uncertain seismic waves. For setting this problem, fuzzy adaptive compensation control
for uncertain building structural systems by sliding-mode technology is proposed. It is combined with fuzzy adaptive control
and sliding-mode control to ensure that the system can be stable with satisfied timeliness. Also, saturation function is used to
ensure the feasible physical implementation of the control system. Compared with the traditional LQR (linear quadratic
regulator) control, the simulation results showed that the proposed method can make the system reach a stable state with rapid
convergence performance and has a feasible physical implementation.

1. Introduction

During the past decades, earthquake has caused serious
damage to cities, especially buildings. Thus, it is urgently
needed to propose an effective control scheme to protect
buildings from earthquake. To deal with building structure
vibration easier, normally traditional control methods were
researched on a certain earthquake wave; see [1–19]. How-
ever, the earthquake wave is uncertain actually. It means that
uncertain parts of the control system exist, which are needed
to be handled for controller design. By consulting the
relevant literature, a fuzzy control scheme can approximate
any nonlinear function and have generalization. To handle
the uncertain parts, the fuzzy control scheme is proposed to
integrate into the controller design; see [20–25].

It is important to prevent the building structure from
vibration in a short time, which means that the control
system should have a rapid convergence performance. Thus,
the sliding-mode control is applied. On the basis of the
system’s current deviation and various derivative values, the

control system can be switched by jumping means in the
transient process; see [26–33]. Then, the control system can
access the designed sliding plane while the sliding mode
motion can be obtained speedily. Therefore, the rapid con-
vergence performance of the control system can be ensured.

On the other hand, the physical implementation of the
sliding-mode control method is difficult. Hence, the rapid
convergence performance of the control system will be weak-
ened. To ensure that the sliding-mode control method could
be physically realized, the saturation function is presented to
deal with the problem. In the switching process, it is improv-
ing the feasibility of physical implementation by avoiding
direct derivation; see [34–42].

Depending on the aforementioned, fuzzy adaptive
compensation control for uncertain building structural
systems by sliding-mode technology is proposed. Fuzzy
adaptive control is applied to compensate for the uncertain
parts. Simultaneously, the sliding-mode control method is
combined with saturation function to ensure the system
rapid convergence performance and the feasibility of physical
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implementation. The main compensatory mechanism and
contributions of the proposed schemes are summarized
as follows.

Considering the uncertain parts of the control system,
which will affect the control effect, adaptive fuzzy control
is presented to approximate them. Also, building structural
vibration should be suppressed in limited time, or the
control is of slight significance. Thus, the commixture of
the sliding-mode control and saturation function is pro-
posed to ensure the rapid convergence performance and
physical implementation.

The remaining part of the paper is constituted as follows.
Models and problem statements are presented. Then, from
the simulation results, the proposed method can be proved
that it can suppress the uncertain seismic wave effectively
by comparing with the LQR control method. They are
described in Section 2 and Section 3, respectively. In
Section 4, conclusions are summarized.

2. The Modeling and Analysis of Building
Structure with Earthquake

2.1. The Modeling and Analysis of Building Structure. The
one-layer building structure of interlaminar shear is
researched as modeling. When the modeling suffers earth-
quake, the system can be described as follows:

mx + cx + kx =mxg + u, 1

where x is the displacement vector of the building structure,
c represents the damp, k is the stiffness, m is the mass of the
building, xg is the ground seismic acceleration, and u
represents the control input.

Defining a state-space vector,

X = x1, x2 T , 2

where x1 = x, x2 = x Space state equations of (1) can be
equal with

X = ArX +Wrxg + BrU , 3

where

Ar =
0 1

−
k
m

−
c
m

,

W =
0

1
,

Br =
0
1
m

4

According to the rank criterion, the controllability of
the building structure with earthquake can be certified.

Thus, the structural vibration can be restrained by
designing a control variable.

Setting

u = cx + kx +mv, 5

where v is a variable.
Associating with (3) and (2), it can be described

as follows:

X =
0 1

0 0
X +

0

1
v − xg 6

The system is composed of n mutually independent
subsystems, which can be shown as follows:

x1 = x2,

x2 = v − xg
7

2.2. Approximate Function Research. In this section, a fuzzy
logic system (FLS) is used to approximate a continuous func-
tion f defined on some compact set. The knowledge base for
the FLS is comprised of a collection of fuzzy IF-THEN rules
of the following form:

Rn If d1is Fl
1

If d2 is Fl
2

⋮

If dn is Fl
n

THENY isGl

, 8

where D = d1, d2,… , dn is the input of FLS. Y is the output
of FLS. l = 1, 2, 3… n. Fl

n and Gl are fuzzy sets. R and N are
the numbers of the rules. Then, the output Y represents
as follows:

Y d =
∑N

l=1Φl
n
i=1μFl

i
di

∑N
l=1

n
i=1μFli

di
, 9

where μ is the membership function. Φl =max
y∈Rg

μGl y ,

Φ = Φ1,Φ2,… ,ΦN
T . Let ξl D = ∑N

l=1Πn
i=1μFli

di /∑
N
l=1

Πn
i=1μFl

i
di , and ξ D = ξ1 D , ξ2 D , ξ3 dD ,… , ξN D ,

thus (9) can be described as follows:

Y d =ΦTξ D 10

For systems seen in (7), the seismic wave xg is assumed to
be known. According to the above analysis, FLS can be
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used to approximate xg. The fuzzy algorithm is designed
as follows:

xg = θ∗Tξ x + ε,

xg = θ
T
ξ x ,

11

where θ∗ = arg min
θ∈Ω

sup
x∈R2

xg − xg , Ω is a set of θ, and ε is

an error. Furthermore, it can be obtained as follows:

xg = xg − xg

= θ∗Tξ x + ε − θ
T
ξ x

= θ
T
ξ x + ε

12

Thus, the modeling of the building structure with
uncertain earthquakes can be described as

x1 = x2,

x2 = v − xg
13

2.3. Controller Design and Analysis of Stability. The error
function is designed as

z = be + e b > 0, 14

where

e = x1 − xd ,

e = x2 − xd
15

c is a constant, and xd = 0 is the value of expectation.
Then,

z = be + e = be + x2 16

According to (7), it can be obtained as follows:

z = be + u − xg 17

Defining a Lyapunov function,

V =
1
2
z2 +

1
2γ

θ
T
θ 18

The derivative of (18) can be obtained:

V = zz +
1
γ
θ
T
θ 19

Deriving from (17),

zz = z be + v − xg − xd +
1
γ
θ
T
θ 20

The traditional sliding-mode control is based on the
switching function, which is designed as follows:

v = −be + xd + xg − η sgn z 21

In order to reduce chattering, the saturation function
is applied to substitute the switch function. Thus, the
above control law can be transferred as follows:

v = −be + xd + xg − ηsat z , 22

where

sat z =

1 z > β

αz z ≤ β

−1 z < −β

, 23

In the above equation, β represents the border layer,
and α = 1/β.

The derivative of (19) can be obtained as follows:

V = −θ
T
ξ x + ε − ηsat z +

1
r
θ
T
θ

= εz − ηz ⋅ sat z + θ
T 1

r
θ − zξ x ,

24

where η > ε max, and 1/r θ − zξ x , is set, which is equal with
θ = rzξ x . Thus, the equation can be obtained as follows:

V ≤ εz − ηz ⋅ sat z
≤ εz − ηz

25

Set V ≡ 0, then z ≡ 0 can be obtained. Thus, according
to LaSalle’s Principle of invariant set, when t⟶∞, z⟶ 0.
From the above discussion, the system can safely be proved
to meet the demands of fast stability.

3. Simulation of Structure Modeling and
Control Methods

In this section, the system of the building structure is
simulated. Then, the LQR control method and fuzzy adap-
tive compensation control are used to suppress vibration
of the building structure, which is subjected to El earthquake
wave. The maximum of earthquake acceleration is amax =
3 417m/s2 [19–22]. The parameters of finite-time stable con-
trol are b = 0 2, η = 2, and β = 0 2. The mass is 3 456 × 104.
The damping is 2 4 × 105. The stiffness is 1 75 × 104.

The contrast simulation curves of the displacement,
velocity, acceleration response, and control force are
shown in Figures 1–4 under no control, LQR control, and
proposed control.

According to Table 1, compared with no control, the
maximum displacement, velocity, and acceleration, respec-
tively, reduce by 76.1%, 53.5%, and 14.9% by LQR control.
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Furthermore, the maximum displacement, velocity, and
acceleration, respectively, reduce by 95.6%, 95.7%, and
69.5% by the proposed control.

Therefore, it is obviously shown that vibration of a
building structure can be suppressed by LQR and the
proposed control method. Also, the proposed control is more

effective than the LQR control, and interstory displace-
ment is controlled within a small range. Meanwhile, the
issue of chattering from the sliding modeling control is
decreased effectively.

4. Conclusion

In this paper, a fuzzy adaptive compensation control for
uncertain building structural systems by sliding-mode tech-
nology is proposed. For most traditional structural vibration
control methods, they are difficult to ensure the system to
reach a steady state with rapid convergence performance
under the influence of the unknown seismic wave. The
proposed method adopts fuzzy adaptive control and
sliding-mode control to solve the problem. It is ensuring that
the system can reach a stable state with rapid convergence
performance. At the same time, in order to make the system
have a satisfied physical implementation, the saturation func-
tion is applied. Finally, the control effect of the proposed
method has been compared with the control effect of the
LQR control method. Simulation results showed that the
proposed method could meet the control requirements.
From the above discussion, the feasibility and effectiveness
of the proposed method are verified. In this paper, the
structural parameters of building structures under unknown
seismic waves deserve further study. Research in this part
helps us get more accurate results.

Data Availability

The data used to support the findings of this study are
included within the article.
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Figure 4: Controlling force example.

Table 1: Maximum displacement, velocity, and acceleration of first
floor for example.

Control strategy
Proposed control LQR control No control

Parameter

Displacement (mm) 12 66 277

Velocity (m/s) 0.03 0.33 0.71

Acceleration (m/s2) 1.22 3.3 3.88
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Pneumatic muscle actuators (PMAs) own excellent compliance and a high power-to-weight ratio and have been widely used in
bionic robots and rehabilitated robots. However, the high nonlinear characteristics of PMAs due to inherent construction and
pneumatic driving principle bring great challenges in applications acquired accurately modeling and controlling. To tackle the
tricky problem, a single PMA mass setup is constructed, and a back propagation neural network (BPNN) is employed to
identify the dynamics of the setup. An offline model is built up using sampled data, and online modifications are performed to
further improve the quality of the model. An adaptive controller based on BPNN is designed using gradient descent information
of the built-up model. Experiments of identifying the PMA setup using BPNN and position tracking by adaptive BPNN
controller are performed, and results demonstrate the good capacity in accurate controlling of the PMA setup.

1. Introduction

Pneumatic muscle actuators (PMAs) show great potential
in bionic robots [1, 2], rehabilitation devices [3, 4], and
industrial applications [5, 6] due to the characteristics of
lightweight and compliance. PMA mainly consists of three
parts: rubber bladder, braided fabric, and end caps with
an air inlet. A braided fabric is mixed with a rubber bladder
and produces large contractile force when the rubber bladder
is inflated by compressed air. As we all know, PMA is a highly
nonlinear and time-varying system due to its inherent con-
struction and pneumatic driving way. The existed high non-
linearities and hysteresis make it difficult to realize a precise
control of PMA, and researchers have paid great attention
to this tricky problem [7–19]. Chang designed a 2-DOF reha-
bilitation robot actuated by pneumatic muscle actuators and
proposed an adaptive self-organizing fuzzy sliding mode
controller for the robot [12]. In the controller, the fuzzy slid-
ing surface helped to reduce the number of fuzzy rules whilst
self-organizing learning mechanism regulates fuzzy rules

online. Amar et al. proposed a robust controller integrated
with RBFNN and an interval type-2 fuzzy logic to avoid
difficult modeling and handling of the uncertainties of the
artificial muscle-driven 2-DOF robot manipulator [13].
Andrikopoulos et al. designed an advanced nonlinear PID
controller for pneumatic muscle actuators [14]. Wu et al.
designed a phenomenological PMA model consisting of a
contractile element, spring element, and damping element
in parallel and proposed a novel nonlinear disturbance
observer-based dynamic surface control for position tracking
of a PMA system [15]. Jouppila et al. built up a single-input
single-output nonlinear model for a PMA and designed a
sliding mode control strategy to control a PWM-driven
PMA system [16]. Lin et al. investigated pressure-length hys-
teresis characteristics using a Prandtl–Ishlinskii (P-I) model
and designed different feedback control strategies with a P-I
model as feed-word hysteresis compensation [17]. Andriko-
poulos et al. established a piecewise affine system model to
approximate a PMA and designed a switching model predic-
tive position controller scheme [18]. Ba et al. derived a grey
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box model of pneumatic muscle actuator using a neural
network and an advanced controller integrated of designed
networks, sliding mode, and backstepping techniques [19].

Back propagation neural networks (BPNNs) have a great
capacity in model approximation and adaptive control due to
superior nonlinear mapping ability and a flexible network
structure and are widely used in robotics [20], industrial
applications [21], and medical apparatus and instruments
[22]. Tu et al. modeled the static friction in a robot joint
by using a BP neural network to replace traditional methods
[23]. Cai et al. adopted BP neural networks to identify inverse
kinematics of a spherical robot [24]. Yang et al. used a
neural network approximation technique to compensate
the unknown dynamics of both the robot arms and the
manipulated object [25].

From the analysis mentioned above, we find that different
models of PMAs have been proposed, and some advanced
controlling strategies were applied to PMAs. However, neural
network adaptive controlling schemes combined with neural
network modeling method have not been applied to PMAs.
This paper adopts BPNN to approximate the dynamic
behaviors of the PMA system and devises an adaptive BPNN
controller to improve position controlling accuracy of PMA.
The paper is organized as follows: In Section 2, a controlling
scheme of the PMA system is proposed, and a BPNN identi-
fier and an adaptive BP neural network controller of PMA
system are designed, respectively. Section 3 realizes the
approximation of the dynamic behaviors of a single PMA
mass system using BPNN and performs trajectories tracking
experiments by integration of BPNN identifier and BPNN
controller. Conclusion is made in Section 4.

2. BP Neural Network Identifier and Adaptive
BP Neural Network Controller of
PMA System

2.1. Controlling Scheme of PMA System. Considering that
PMA is a high nonlinear system, a neural network identifier
(NNI) is employed to approximate its complex dynamics.
Based on the designed NNI, a neural network controller
(NNC) tackles the tracking challenges of referred trajectories
applied to the PMA system. The pack propagation neural
network (BPNN) owns strong nonlinear mapping capacity
and flexible network structure and has been widely used

in system modeling, intelligent control, information process,
and pattern recognition. This paper employs the BPNN
to realize dynamic modeling and adaptive position control
of PMA.

The designed overall architectural structure of the con-
trolling scheme is presented in Figure 1. Referred signal is
yref , the actual output of PMA system is yout, and the output
of BPNNI is ym. The output of BPNNC, i.e., u, is the control-
ling voltage of proportional valve. Structural parameters
of back propagation neural network identifier (BPNNI) are
tuned offline firstly, and optimal initial values are acquired
to avoid large vibration at the beginning of actual applica-
tion. Considering the inherent nonlinearities, time-varying
parameters, and high sensitivity to the payload of the
PMA mechanism, parameters of BPNNI are continuously
tuned online to achieve better approximation of dynamics
of PMA. The function of BPNNI is to provide a back prop-
agation neural network controller (BPNNC) of gradient
descent information.

BPNNC is presented to adaptively deal with high nonlin-
earities and improve trajectory tracking accuracy of PMA.
Structural parameters of BPNNC is tuned online according
to gradient information from BPNNI. The criteria of tuning
BPNNC is minimizing ec = yref − ym. By regulating BPNNC,
a more accurate signal u can be produced and transient track-
ing errors can be decreased faster.

2.2. BP Neural Network Identifier of PMA System

2.2.1. Basic Structure. The inherent structure of PMA and
pneumatic driving mode make PMA highly nonlinear and
pose great challenges to model system dynamics accu-
rately. Vo-Minh et al. pointed out the nonlocal memory
behavior of PMA [26]. Hence, the nonlinear dynamics
of the PMA system is described by a complex unknown func-
tion f as follows:

y k + 1 = f y k ,⋯, y k − n , u k + 1 , u k ,⋯, u k −m ,
1

where y k + 1 is the displacement of PMA at k + 1 th
instant, y k − n is the displacement at k − n th instant,
and u k + 1 is the input voltage of the proportional
valve at k + 1 th instant. Obviously, the dynamic func-
tion of the PMA system consists of historic information

yref

u PMA system
yout

ym

+ −+ −

·
·
·

BPNNC

Gradient
descent

value ·
·
·

BPNNI
emec

Figure 1: Adaptive neural network controlling scheme of PMA system.
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of displacements and input voltages and is difficult to analyt-
ical description. To reduce the influence of uncertainties on
the accuracy of a dynamic model, a BP neural network is
employed to approximate the dynamics of PMA system.
The scheme is shown in Figure 2. The PMA system com-
prises a pneumatic muscle actuator, a proportional valve,
and an air pipe. The detailed structure of BPNNI is listed
in Figure 3.

2.2.2. Identifying Algorithm. The identifying process of
dynamics of PMA is tuning weights of BPNN. To avoid
divergence when training, different inputs are normalized
by following the listed formula:

xi′ =
xi − xmin

xmax − xmin
, 2

where xi′ is the normalized value, xi is the origin value, and
xmax and xmin are the maximum value and minimum value
of the parametric change interval of xi, respectively.

If inputs of the hidden layer are denoted by net 2 , where
superscript 2 symbols the second layer, i.e., the hidden
layer, net 2 is calculated as follows:

net 2 k =

w 2
1→1 k ⋯ w 2

m+n+3→l k

⋮ ⋮ ⋮

w 2
m+n+3→l k ⋯ w 2

m+n+3→l k

⋅ X

=

net 2
1 k

⋮

net 2
l k

,

3

where X = y k ,⋯, y k − n , u k + 1 , u k ,⋯, u k −m T

is the input vector of BPNNI, net 2
i represents the input

of the ith node in the hidden layer, w 2
i→j i = 1 ~m + n + 3,

j = 1 ~ l is defined as the influencing weight of output from
the ith node of the input layer on the input of the jth
node in the hidden layer.

O 2
i i = 1 ~ l is the output of the ith node in the hidden

layer. The activation function of the hidden layer is the sig-

moid function, represented by g x . Hence, O 2
i i = 1 ~ l is

calculated as follows:

O 2
i = g net 2

i =
1

1 + e−net
2
i

4

The define input of the output layer is net 3 , w 3
i→j i =

1 ~ l, j = 1 symbols the influencing weight of the output
from the ith node of the hidden layer on the node of the out-
put layer, andO 3 is the output of BPNNI. If the active model
of the output layer is the proportional function, we have

y k + 1 =O 3 k + 1 = net 3 k = 〠
l

i=1
w 3

i→1 k O 2
i k 5

To minimize errors between the output of BPNNI and
sampled values, weights of BPNNI should be adjusted
according to some criteria. In this paper, a cost function is
defined to provide the criteria as follows:

J k =
1
2

ym k + 1 − yout k + 1 2 6

Without the loss of generality, the rules of updating
weights are obtained in the direction of gradient descent
and defined in (5) for the hidden layer and output layer,
respectively:

Δw 2
i→j k = −η

∂J k

∂w 2
i→j k

+ αΔw 2
i→j k − 1 ,

 i = 1 ~m + n + 3, j = 1 ~ l,
7

Δw 3
i→j k = −η

∂J k

∂w 3
i→j k

+ αΔw 3
i→j k − 1 , i = 1 ~ l, j = 1,

8

PMA system
youtu

x1

x2

xn

ym

h1

h2

h3

hi

∑···

···

+
−

BPNNI

Figure 2: Identification scheme of dynamic model of PMA system
based on BP neural network. Input layer

·
·
·

Output layer

y(k)

y(k-1)

y(k-n)

u(k+1)

u(k)

u(k-1)

(2)
w1−1

y(k+1)

Hidden layer

(3)
w1−1

(3)
w2−1

wl−1
w(m+n+3)−l

(3)
u(k-m)

(2)

···

···

Figure 3: BP neural network identifier of PMA system.
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where η is the learning rate and α is the inertia factor.

∂J k / ∂w 2
i→j k and ∂J k / ∂w 3

i→1 k are acquired as
follows:

∂J k

∂w 2
i→j k

=
∂J k
∂ym k

⋅
∂ym k

∂net 3 k
⋅
∂net 3 k

∂O 2
j k

⋅
∂O 2

j k

∂net 2
j k

⋅
∂net 2

j k

∂w 2
i→j k

= em k ⋅
∂f net 2

j k

∂net 2
j k

⋅w 3
j→1 k ⋅ xi′,

9

∂J k

∂w 3
i→1 k

=
∂J k
∂ym k

⋅
∂ym k

∂net 3 k
⋅
∂net 3 k

∂w 3
i→1 k

= em k ⋅O 2
i k

10

2.3. Adaptive BP Neural Network Controller of PMA System.
The BP neural network is employed as the controller of
PMA to enhance flexibility and adaptability of the control-
ling system. Considering the hysteresis and time-varying
characteristics of PMA, the input vector of BPNNC is yref
k , yout k − 1 , yout k − 2 , u k − 1 , u k − 2 , the hidden
layer owns fourteen nodes, and the output of BPNNC is
the controlling signal u k . The structure of BPNNC is
shown in Figure 4. The activation function of the hidden
layer also adopts the sigmoid function. Weights of BPNNC
are trained online, and the updating rule is gradient descent.
The cost function is defined as follows:

Θ k =
1
2

yref k + 1 − ym k + 1
2

11

Updating formulas of weights in the hidden layer
and output layer are listed as follows in (12) and (13),
respectively:

Δw 2
i→j k = −φ

∂Θ k

∂w 2
i→j k

+ γΔw 2
i→j k − 1 ,

 i = 1 ~m + n + 3, j = 1 ~ l,
12

Δw 3
i→j k = −φ

∂Θ k

∂w 3
i→j k

+ γΔw 3
i→j k − 1 , i = 1 ~ l, j = 1,

13

where φ is the learning rate and γ is the inertia factor.

∂Θ k / ∂w 2
i→j k and ∂Θ k / ∂w 3

i→1 k are acquired
as follows:

∂Θ k

∂w 2
i→j k

=
∂Θ k
∂ym k

⋅
∂ym k
∂u k

⋅
∂u k

∂net 3 k

⋅
∂net 3 k

∂O 2
j k

⋅
∂O 2

j k

∂net 2
j k

⋅
∂net 2

j k

∂w 2
i→j k

= −ec ⋅
∂ym k
∂u k

⋅w 3
j→1 k ⋅

∂f net 2
j k

∂net 2
j k

⋅ xi,

∂Θ k

∂w 3
i→1 k

=
∂Θ k
∂ym k

⋅
∂ym k
∂u k

⋅
∂u k

∂net 3 k
⋅
∂net 3 k

∂w 2
i→j k

= −ec ⋅
∂ym k
∂u k

⋅O 2
i k

14

∂ym k /∂u k is acquired from BPNNI:

∂ym k
∂u k

= 〠
19

i=1
w 3

i→1 k
∂f net 2

i k

∂net 2
i k

w 2
4→i k 15

3. Experiments and Discussions

3.1. Approximation of PMA System by NNI. A single PMA
mass system set-up is presented in Figure 5 to validate the
NNI method and NNC algorithm. PMA is FESTO DMSP-
20-180N-RM-CM with an inner diameter of 20mm and
an initial length of 180mm. The pressure range of PMA
is 0,0 6 MPa, and the maximum theoretical contractile
ratio is 25% of the nominal length. The weight of the mass
is 4.25 kg. Controlling valve is SMC ITV1050-212N with
an output pressure range of [0.005~0.9] MPa and an out-
put voltage range of [0, 5] V. The relationship between
output voltage and output pressure of ITV1050-212N is
linear. AD/DA card is USB3102A of USB Data Acquisition
Device from ART Technology. The device owns sixteen ana-
logue sampling channels with an accuracy of 16-bit and
speed of 250 kS/s and supports single-point sampling mode,
multiple-point sampling mode, and continuous sampling
mode. Besides, this card owns two DA channels and twelve
I/O pins. The air compressor supplies air to the system, and
the valve regulates the air accurately according to commands
from the host computer. The draw-wire displacement sensor
is attached to the mass and measures real-time displacement
of PMA. The computer is responsible for human-computer
interaction, approximates the dynamics of PMA system,
and performs the adaptive neural network algorithm.

Input layer

·
·
·

Output layer

yref(k)

yout(k-1)

u(k-1)

u(k-2)

u(k)

Hidden layer

yout(k-2)

(2)
w1−1 (3)

w1−1

(3)
w14−1(2)

w5−14

Figure 4: BP neural network adaptive controller of PMA system.
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3.1.1. Offline Model of PMA System. In this paper, the
NNI model is built up by offline data firstly, and then online
modification is performed to improve model accuracy.
y k , y k − 1 , y k − 2 , u k + 1 , u k , u k − 1 , u k − 2 is
selected as the input vector of the neural network identifier.
y k and u k are the displacement of PMA and the input
voltage of proportional valve, respectively, at the kth sam-
pling instant. y k − 1 and y k − 2 are selected as the input
elements of NNI, which signifies the historic velocity and
acceleration of PMA which are taken into account.

To obtain experimental data from the apparatus, control-
ling voltage in random wave forms with value distributing
throughout the interval 0,3 3 V is applied to the PMA sys-
tem. The controlling voltage is shown in Figure 6. The corre-
sponding output displacement of the PMA system is shown
in Figure 7. Command time between neighbouring inputs
in the identification experiment is 0.5 s. 1500 points are sam-
pled for offline model identifying, and 200 points are used to
validate the established neural network model.

By trials and errors, a number of nodes of each layer are
determined. The input layer, single hidden layer, and output
layer of BPNNI own seven nodes (i.e., m = 2 and n = 2 in

Figure 3), twelve nodes (i.e., l = 12 in Figure 3), and one node,
respectively. The comparison between predicted displace-
ments of established NNI of PMA system and actual values
is shown in Figure 8. Predicting errors of NNI of PMA sys-
tem are plotted in Figure 9. The maximum predicting error
is 3.7187mm, and the standard deviation is 1.327mm.
Figure 10 shows the predicting error rate of NNI of
PMA system, where the maximum error rate is 10%, the min-
imum error rate is 1.78%, the and standard deviation is
6.04%. The aforementioned accuracy indicates good depict-
ing capacity of the dynamics of PMA system.

3.1.2. Online NNI Model of PMA System. PMA is a time-
varying and highly nonlinear system due to its inherent
structure and pneumatic driving approach. Hence, online
regulation of the established offline NNI model should be
performed in order to make further improvement of model
accuracy. The adjusting criterion of the neural network iden-
tifier is shown in (6). Weights of the hidden and output nodes
are regulated by obeying (7), (8), (9), and (10). The online
NNI model is to supply gradient descent information to the
neural network controller of the PMA system.

Valve Mass

Draw-wire
displacement sensor

AD/DA card

PMA

Computer

Air

Air compressor

(a) Schematic drawing

PMA

Mass

Draw-wire
displacement

sensor

Proportional valve

AD/DA card

Power source

(b) Photograph of the experimental set-up

Figure 5: The single PMA mass system.
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3.2. Trajectories Tracking Experiments Based on BPNNI and
BPNNC. On the basis of the presented BPNNI model of
PMA system in Section 3.1, the back propagation neural net-
work controller (BPNNC) is employed to realize accurately
position tracking. Firstly, lots of training practice are done
to regulate initial values of weights until the performance of
BPNNC is satisfactory. To validate the actual performance
of BPNNC, square wave excitation and sinusoidal trajectory
motions with different frequencies and amplitudes are
employed to drive the PMA system. A classic PID algorithm
is also adapted to control the PMA system, and the compar-
ison between performances of BPNNC and classic PID is
done. Square wave excitation with a frequency of 0.1Hz
and an amplitude of 10mm is applied to the PMA system,
and tracking results are shown in Figure 11. The rising time
of the adaptive BPNNI-BPNNC response and that of the
PID response at time interval 0, 5 s are 0.5 s and 0.67 s,
respectively. At the descend stage, the steady error of the pro-
posed adaptive controller is much smaller than that of the
PID controller. Position tracking error curves of the two con-
trollers are compared in Figure 12. Obviously, adaptive
BPNNI-BPNNC shows higher accuracy than classic PID.
Figure 13 is the enlarged view of responses at time interval
10, 15 s. It can be indicated that the performance of NNI-

NNC is much steadier and less oscillation occurs in the
response of adaptive BPNNI-BPNNC.

Square wave excitation with a frequency of 0.2Hz and
an amplitude of 18mm is used as the referred trajectory of
the PMA system. Outputs of the adaptive BPNNI-BPNNC
system and classic PID controller are drawn in Figure 14.
The maximum overshoots of the adaptive BPNNI-BPNNC
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Figure 8: Predicted values of NNI and actual displacements of PMA
system.
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Figure 10: Predicting error rate of NNI of PMA system.
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Figure 11: Tracking performances of two controllers under square
waves of 0.1Hz with an amplitude of 10mm.
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response and classic PID response are 3.02% and 5.39%,
respectively. The steady tracking performance of the
BPNNI-BPNNC response is also better than that of the
classic PID controller by observing Figures 15 and 16.

To further validate the capacity of the proposed adaptive
controller, sinusoidal trajectory motion with a frequency of

0.1Hz and an amplitude of 30mm is applied to the PMA sys-
tem. Performances of BPNNI-BPNNC response and classic
PID response are plotted in Figure 17. Obviously, the track-
ing accuracy of the adaptive controller is higher than that
of a classic PID controller. The response speed of BPNNI-
BPNNC is also higher than that of the classic PID controller.

4. Conclusion

The PMA system owns high nonlinearities due to its inher-
ent structure and pneumatic driving characteristics, which
make it difficult to realize accurate position control. This
paper adopts the BP neural network to build up an accurate
identifier to model the dynamics of a PMA-driven setup.
The BPNNI adopts historic displacements, corresponding
historic controlling voltages and desired voltage command
as the input vector, and produces desired displacement as
the output of the neural network. On the basis of the pro-
posed BPNNI, a BP neural network controller is designed
to control position tracking. The proposed BPNNI is tuned
online and provides the gradient descent information for
BPNNC. Experiments are performed to evaluate the adap-
tive BPNNI-BPNNC controlling system, and the results
demonstrate the attractive capacity of the novel controller.
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Due to the continuous progress in the field of vehicle hardware, the condition that a vehicle cannot load a complex algorithm no
longer exists. At the same time, with the progress in the field of vehicle hardware, a number of studies have reported exponential
growth in the actual operation. To solve the problem for a large number of data transmissions in an actual operation, wireless
transmission is proposed for text information (including position information) on the basis of the principles of the maximum
entropy probability and the neural network prediction model combined with the optimization of the Huffman encoding
algorithm, from the exchange of data to the entire data extraction process. The test results showed that the text-type vehicle
information based on a compressed algorithm to optimize the algorithm of data compression and transmission could effectively
realize the data compression, achieve a higher compression rate and data transmission integrity, and after decompression
guarantee no distortion. Therefore, it is important to improve the efficiency of vehicle information transmission, to ensure the
integrity of information, to realize the vehicle monitoring and control, and to grasp the traffic situation in real time.

1. Introduction

With the continuous progress in the field of vehicle hardware
technology, coupled with mobile Internet applications and
other technology-driven applications, the amount of real-
time vehicle information (particularly text information) has
increased rapidly. A large amount of real-time information,
in addition to a large number of storage and processing
resources, occupies a large amount of transmission band-
width, and practical applications often do not need to use
all of the data generated. Therefore, the actual use of the data
generated by the influence degree impact assessment is
urgently required to solve one of the problems of the related

applications. Therefore, this topic has attracted considerable
research attention thus far. Chuanqin and Yufeng [1], from
the perspective of the influence of safe driving, analyzed the
influencing factors using the survey data of AHP and a com-
parison of the effects of the most influential factors on the
driving safety of the driver. Wang et al. [2] used factor anal-
ysis and principal component analysis to analyze the
influencing factors of urban typical passenger transport
mode selection. Xu et al. [3], on the basis of an analysis of
the data sampling interval and the relationship between the
traffic flow parameters and the other factors, proposed the
methods of real-time dynamic traffic data screening of
abnormal values and their recovery. Yulong and Ma [4]
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proposed a method of screening and recovering real-time
traffic data. Longhui et al. [5] proposed a screening and
testing method of intelligent traffic sensor data. Yulong and
Junying [6] sorted the influencing factors according to the
size of the correlation degree and then screened the key fac-
tors affecting the evolution of the urban traffic structure. In
addition, methods including traffic impact factor screening
methods [7, 8] and neural network optimization methods
[9–12] have been developed by scholars [13, 14]. However,
for the screening of various factors related to traffic travel,
most of the current methods are focused on trip data analysis,
while few actual vehicle data applications have been consid-
ered. Therefore, in this study, we considered the normal
operation of a purely electric bus in the process of running
data through the GEP optimization of the RBF neural net-
work, using the driving range of the purely electric bus as
the research object, the influence of the main factor analysis,
and the continued screening of various factors affecting the
driving range of the electric buses, to provide decision sup-
port for the purely electric bus line planning and adjustment,
vehicle scheduling, and charging station planning.

2. Vehicle Information and Impact Factor
Data Description

Nowadays, a large number of public transport vehicles are
new energy vehicles. In these new vehicles, the on-board
information collection is more accurate and faster than
earlier. Therefore, we considered the vehicle data of 26 purely
electric buses running on 801 roads in Guangzhou as the
object of this study and verified the accuracy of the algorithm
proposed in this paper. The influence degree of the various
influencing factors on the energy consumption was a result
of the output. The influence of various types of vehicle
information on energy consumption was thus analyzed.

The data sources included the following: the purely elec-
tric bus battery management system, time, SOC, total voltage,
total current, maximum temperature, minimum temperature
and maximum voltage, and the minimum voltage calculated
using the historical and real-time data of eight parameters.
We obtained the position, speed, direction, time, elevation,
departure, shift, scheduling, vehicle entrance, vehicle depar-
ture, driver position information and management informa-
tion from the intelligent bus dispatching system, and the
satellite positioning vehicle travelling data recorder. The
traffic card clearing and settlement system, combined with
the traffic surveys, passenger flow analysis, and derivation,
provided the passenger flow data. The data of the traffic
performance index system were obtained from the traffic
performance analysis system. Further, meteorological data
were obtained from an open meteorological website.

As the energy consumption of the purely electric buses
is considerably affected by season, in this study, we chose
the season with the maximum energy consumption for the
analysis. The main reasons for this selection were as
follows: first, when the energy consumption increases, the
relationship between the driving range and the energy
consumption is relatively easy to distinguish. Second, in
the case of the purely electric bus, the replacement battery

must use specialized equipment, and this equipment is not
movable. In the actual operation, it is unable to carry on
the complete power consumption experiment; in the pro-
cess of data collection, it can only be used for pure electric
bus energy consumption, and for the influence factors of
operating state data as the research object and the use of
energy, more working process can make the prediction
range closer to the true value. Third, the factors affecting
the working life of a purely electric bus battery include
the battery capacity, battery voltage, battery energy and
specific energy of the battery, charging efficiency, and bat-
tery self-discharge rate. Generally, for experienced several
charge-discharge processes and battery rated capacity in
the first use of a period of time, the battery capacity will
increase 5%–20%; subsequent use will remain unchanged
after gradually reduced in a certain period of time. When
the capacity of the battery is only 80% of the initial
capacity, the battery life can be considered to be over,
and the power batteries of the purely electric buses are
in the stable state.

Therefore, first, the energy consumption data of electric
buses in May 2013, five-month to 9-month high temperature
based on the bus passenger flow, weather, operation, line, and
station data samples, collected a total of 29113828 original
data. According to the requirements of the adjacent section
of the station, we integrated the data samples, on the basis
of the relevant requirements of the station traffic energy
index, data fusion, classification, information extraction,
matching, removal of missing data, and other operations.
Finally, 1023768 samples of complete data were obtained.
The average section of each station contained 26941 attri-
butes, complete stations, energy consumption data of the
adjacent sections, and the actual operating driving range.

Figure 1 shows the actual value curve of the energy
consumption for the 100 consecutive days from June 1,
2013, to September 8, 2013, at the University City station
departure to the backyard. The energy consumption of
SOC was the highest between 45% and 61%, the maximum
energy consumption of SOC was 60.80%, the minimum
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Figure 1: Consumption of SOC value curve for 100 consecutive
days.
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energy consumption of SOC was 45.20%, the average energy
consumption of SOC was 53.67%, and the 69 operation
energy consumption of SOC was 50%–57%. Figure 2 shows
the passenger flow data of the entire route of route 801 on
July 11, to 15 minutes for the statistical cycle, from 6:00 in
the morning statistics until 23:45 classes closed. Figure 3
shows the average distribution of the passenger flow on days
1–15 of July with the statistical period of 15min during the
operational hours. Figure 4 shows the passenger flow
diagram of the same condition.

With statistical intervals of 5min, Figure 5 shows the traf-
fic performance index of the 801 line from July 11, 2013,
6:00–23:59 in Guangzhou City, which reflects the changing
trend of the regional traffic congestion and the temporal
and spatial evolution laws of congestion. Similarly, with a
5-min statistical interval, Figure 6 shows the 801 lines on July
11, 2013, and July 14, 2013, from 6:00 to 23:59, representing
the working days and weekends during the Guangzhou City
road network integrated congestion. That is, the proportion
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Figure 5: City road traffic congestion index.
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of the comprehensive congestion time and space to the total
time and space range indicates the congestion proportion of
the road network.

3. Influence Degree Description and Test
Result of Energy Consumption
Influence Factors

The influence degree of the energy consumption factors on
the driving range of purely electric buses can be described
by calculating the influence degree of the influencing factors
of energy consumption. The RFB neural network is a type of
artificial neural network, which uses local adjustment to
perform function mapping [15–17]. It has strong input
and output mapping functions and is the best network for
a mapping function in a forward network. The RFB neural
network has a strong nonlinear approximation ability, sim-
ple network structure, and fast learning speed. The output
matrix of the hidden layer after iteration is linear with the
output. Therefore, this is an ideal algorithm for calculating
the influence degree.

In the two stages of the learning process of RBF neural
networks, unsupervised learning was based on the input sam-
ples to determine the vectors and normalized parameters of
the Gauss function of each node in the hidden layer. In the
supervised learning phase, the hidden layer parameters were
determined by using the least squares method, and the
weights of the hidden layer and the output layer were calcu-
lated. The RBF neural network i’s hidden layer output was
calculated as follows [15–17]:

hi t = ϕi x t − ci = exp −〠
n

i=1

xi t − ci
2

2s2i
, 1

where x t is the tth time network input vector; ci is the
central vector of the ith cell in the hidden layer; si is the shape
parameter of the Gauss function, besides si > 0, 1 ≤ i < L; and
L is the number of hidden nodes.

For the RBF neural network, the overall network output
can be expressed as follows:

y = 〠
L

i=1
wihi = 〠

L

i=1
wiϕi x t − ci =HTW, 2

where H = h1, h2,⋯, hL
T and W = w1,w2,⋯,wL .

For the RBF network with k input nodes, M output
nodes, and n learning samples, the error objective function
can be expressed as follows:

E n = 1
2
〠
n

k=1
λn−k 〠

M

i=1
δi n = 1

2
〠
n

k=1
λn−k 〠

M

i=1
yi n − yi n

2

= λE n − 1 +
1
2
〠
M

i=1
yi n −HT n Wi n − 1 2

3

Among them, λ is called the forgetting factor, and δi n ,
yi n , and yi n represent the output node error, expected
output, and actual output, respectively.

The sample data of the adjacent sections of the same bus
at the same time of departure in July 2013 were selected. The
following figure (Figures 7 and 8) are based on these sample
data of the impact factors, braking mileage proportion, and
the total voltage according to the RBF neural network calcu-
lation of the prediction error map.

Since the number of hidden nodes in RBF networks and
the centers of the hidden nodes were difficult to determine,
the accuracy of the entire network was affected The above fig-
ure shows that when the training sample selection was more
random, the error reached more than 33%, and these errors
directly led to the calculation of the influence degree of the
influencing factors. In addition, as the input samples existed
in various forms, including discrete values, continuous
values, and missing values, the training samples were usually
formed by random sampling. The center of the hidden layer
basis function of the RBF neural network was selected from
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Figure 7: Influencing factors’ prediction error (braking mileage
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the input sample set, which had a considerable dependence
on the training samples, and in many cases it was difficult
to reflect the real input-output relationship of the system.
Moreover, if the initial center points too many cases
caused by the optimization process, there will be data phe-
nomenon, which is the key problem for RBF neural net-
work modeling to solve the nonlinear system and is the
sample selection problem. To solve this problem, in this
study, all of the training samples were normalized, and
the introduction of the gene expression programming
(GEP) algorithm [15–17], the other algorithm [12, 18–31],
and the method of influence degree calculation were based
on RBF neural network optimization.

For the normalization, we used the maximum and
minimum method to normalize the sample data to the
range of 0, 1 :

y k =
x k −min x n

max x n −min x n
, k = 1, 2,⋯,N , 4

where min x n is the minimum in the data sample of a
specific influencing factor and max x n is the maximum
value in the data sample of a specific influencing factor.

After normalization, GEP was optimized and the RBF
neural network was computed. GEP combines the advan-
tages of genetic algorithm (GA) and genetic programming
(GP) with the advantages of simple coding, strong local
refinement, and broad adaptability of GP. The algorithm
could genotype and phenotype to solve complex application
problems through simple compact encoding; has strong
global search ability; is a highly parallel, randomized, adap-
tive search algorithm; and overcomes the two types of GA
operation with a low survival rate and semantic richness.
The GEP optimization of the RBF neural network can be
expressed as follows [16].

First, the chromosome was encoded as an expression tree,
the initial cluster centers of the gene tail were automatically
segmented and merged, and the new clustering centers and
the number of centers were obtained. Second, the new clus-
tering centers as the center vectors of the RBF neural network
with the chromosome and the weight were used to construct
an RBF neural network structure, and the sample data were
input to the neural network to obtain the actual output.

Then, we used the J = 1/2 ∑N
p=1∑

Lk = 1 ξk − ypk
2
(where N

is the sample logarithm and L is the output node number of
the network. ξk represents the expected output of the k
neurons under the action of the sample p, and ypk repre-
sents the actual output of the first k neurons under the
action of the sample p) formula for calculating the total
network error and according to the fitness function for
calculating the fitness value. The chromosomes with a
large fitness value were retained in the next generation,
and the GEP operator was used to perform the genetic
manipulation of the chromosomes in the population to
obtain the next-generation chromosomes. Then, the same
was true for the next generation of chromosomes, with
the evolution of chromosomes, the center vector, and the
weights of the RBF neural network minimizing the total

error of the network (i.e., the maximum fitness value) in
the direction of gradually closer, so as to achieve the purpose
of optimizing the entire network.

Considering the actual situation of purely electric buses,
in this study, we adjusted the input randomness of the GEP
optimized RBF neural network; the specific steps follow:
input: normalized dataset, GEP parameter, and its input
power range array w, and output: trained RBF neural
network (including influence degree of influencing factor).

Step 1. Initialize the RBF neural network, and select a
number of weights from the input power range array w as
initial weights.

Step 2. Select the fuzzy cluster center of the adjacent section
of the station as the initial cluster center, form the individual
chromosomes of GEP, and initialize the population.

Step 3. Segment and merge the initial cluster centers
formed by the fuzzy clustering in the adjacent section of
the station, and form a new clustering center according to
the individuals’ expressions.

Step 4. Use the new clustering center as the central vector of
the RBF neural network, together with the weights in the
chromosome, to construct the RBF network structure.

Step 5. Calculate the total network error J = 1/2 ∑N
p=1∑

Lk =
1 ξk − ypk

2
and the fitness of chromosomes according to the

network structure constructed, and retain the chromosomes
with the highest fitness in the next generation.

Step 6. Select the chromosomes by using the roulette strategy.

Step 7. Perform the cross operation on chromosomes by
using the cross probability Pc.

Step 8. Mutate chromosomes according to mutation proba-
bility Pm.

Step 9. If the maximum number of iterations or the maxi-
mum fitness value convergence is performed to choose the
optimal chromosome, otherwise the third step of individual
expression was segmented and combined to form a new clus-
ter center on the site of adjacent sections by fuzzy clustering
in the initial cluster center.

Step 10. Decode the selected optimal chromosome and
construct the final network structure.

Step 11. Output the RBF neural network optimized by GEP.

Simultaneously, we selected the sample data of the adja-
cent sections of the station for July 2013 to predict the impact
factors. After the GEP optimization, the error maps were
compared with the optimized ones, which are shown by
Figures 9 and 10.
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After the optimization of the RBF neural network by
GEP, the influence of the influencing factor input on the ith
hidden layer node can be expressed as follows:

Eij =
cov hi t , xj t vij

var hi t var xj t
, i = 1, 2,… ,M, j = 1, 2,… , k,

5

where cov hi t , xj t is the ith hidden layer node that out-
puts the covariance between hi t and the jth input influenc-
ing factor xj t ; var hi t and var xj t indicate the
variance of hi t and xj t , respectively; and vij is the correla-
tion coefficient.

The influence of the ith hidden layer node on the output
can be expressed as follows:

ei =
cov hi t , y wi

var hi t var y
, i = 1, 2,… ,M, 6

where cov Hi, y is the ith hidden layer node that outputs
the covariance between the hi t and the network output y;
var hi t and var y indicate the variance of hi t and y,
respectively; and wi is the output weight.

The impact of the jth input factor on the output quantity
can be expressed as follows:

inf j = Eij × ei 7

All of the factors affecting the total influence degree can
be expressed as follows:

inf = 〠
k

j=1
inf j 8

Generally, for the influence degree of the influence factor
in the order from large to small, from the maximum influ-
ence degree of the beginning of the year, if the cumulative
results reach the influence degree sum of 85% or more, the
factors affecting the influence degree are the cumulative cor-
responding results that can be regarded as important influ-
ence factors; these factors will play an important influence
on the prediction results.

Calculated for the May 2012–April 2013 data, the impact
factor’ influence degree values of all the available quantitative
information for the impact calculations are shown in
Tables 1–5.

The ranking of the influencing factors was as follows:
residual SOC value, energy feedback mileage proportion, sea-
son (air conditioning use), time and direction of travel, brak-
ing time proportion, uniform time proportion, acceleration/
deceleration time proportion, minimum temperature, slip-
ping mileage proportion, braking mileage proportion, energy
feedback proportion, traffic congestion index, maximum
temperature, slipping time proportion, congestion duration,
uniform mileage proportion, average speed on main road,
average deceleration, average speed of secondary trunk roads,
average deceleration mileage proportion, average accelera-
tion, weather, acceleration and deceleration mileage propor-
tion, average accelerated mileage proportion, section weight
coefficient, and congestion mileage proportion. The total per-
centage of factors reached 86.11%, and the following factors
were considered the important factors: passenger number
(2.33%), network stability index (2.06%), and number of con-
gested sections of adjacent stations (2.00%). The proportion
of the three influencing factors was more than 2%, and it also
occupies a large proportion: outside lighting (light), voltage
difference, total current, total voltage, ceiling voltage, and
minimum voltage. Only 7.5% of the total number of the fac-
tors was affected. These factors were, in general, non-
important factors.
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Figure 9: Influencing factor prediction error of RBF neural network
before and after optimization (brake mileage proportion).
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4. Influence Degree Application and Test Result

Using Guangzhou’s 801 line of the purely electric bus as the
research object, according to the influence degree of screen-
ing factors, the establishment of pure electric bus operating
driving range forecasting model operates on the line of pure
electric bus driving operation status prediction to verify.
What needs to be explained is that some influencing factors
have certain regularity, such as traffic data on the same day
the same weekly class time has certain regularity, so this
paper uses the same day the same departure time as the data
sample under the same condition, prediction of operating
driving range.

In general, 801 lines are maintained daily between 52–58
shifts; the working days and nonworking days are different,
and the departure is adjusted according to the actual

situation. The buses on the 801 line departed between
6:00 and 23:00 on July 11, 2013, according to the half-
hour statistics, the number of times, and departure time
distribution diagram, which is shown by Figure 11.

The data from May 2012 to August 2013 were used as
the training samples, and the actual data from September
and October 2013 were used as the actual values to com-
pare with the predicted values. The error values of the
predicted values during the period were statistically ana-
lyzed. During the festival, there are 11 days (Mid-Autumn
Festival, National Day holiday, and September 30 count as
holidays), 11 days of weekend, and 39 days of work. In the
removal of incomplete data or the frequency of information
obvious data errors, for comparison with the predicted value
of holidays, there are a total of 613 departures, a total of 597
weekend departures, and a total of 2105 work day departures.

Table 1: The influence degree of energy consumption influence factors (battery).

Influence factor
Residual SOC

value
Total
voltage

Ceiling
voltage

Minimum
voltage

Maximum
temperature

Minimum
temperature

Total
current

Voltage
difference

Influence degree
value

172.42 39.65 26.78 23.34 102.34 123.29 42.98 56.63

Percentage 5.24% 1.20% 0.81% 0.71% 3.11% 3.74% 1.31% 1.72%

Table 2: The influence degree of energy consumption influence factors (traffic performance index).

Influence
factor

Section
weight

coefficient

Network
stability index

Average
speed of
main road

Average speed
of secondary
trunk roads

Traffic
congestion

index

Congestion
mileage

proportion

Congestion
duration

The number of
congested sections of
adjacent stations

Influence
degree value

84.12 67.76 97.54 89.87 102.52 78.98 99.81 65.82

Percentage 2.55% 2.06% 2.96% 2.73% 3.11% 2.40% 3.03% 2.00%

Table 3: The influence degree of energy consumption influence factors (driving characters).

Influence factor
Acceleration/deceleration

time proportion
Uniform time
proportion

Slipping time
proportion

Braking time
proportion

Average
acceleration

Average
deceleration

Energy feedback
proportion

Influence
degree value

123.73 130.23 102.30 132.76 87.98 94.06 148.98

Percentage 3.76% 3.96% 3.11% 4.03% 2.67% 2.86% 4.52%

Table 4: The influence degree of energy consumption influence factors (driving actual service life characteristics).

Influence factor
Acceleration and

deceleration mileage
proportion

Uniform
mileage

proportion

Slipping
mileage

proportion

Braking
mileage

proportion

Average
accelerated
mileage

proportion

Average
deceleration
mileage

proportion

Energy
feedback
mileage

proportion

Influence degree
value

87.67 98.84 114.74 112.93 84.69 88.79 108.67

Percentage 2.66% 3.00% 3.49% 3.43% 2.57% 2.70% 3.30%

Table 5: The influence degree of energy consumption influence factors (other).

Influence factor Passenger number Time and direction of travel Outside lighting (light) Weather Season (air conditioning use)

Influence degree value 76.87 139.05 57.56 87.90 140.78

Percentage 2.33% 4.22% 1.75% 2.67% 4.28%
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Table 6 shows the statistical results of the relative error
and the absolute value of the partial energy consumption
influencing factors. The factors considered were those that
were very influential and could be quantified, such as mini-
mum temperature, energy feedback mileage proportion, traf-
fic congestion index, sliding time proportion, energy
feedback proportion, braking mileage proportion, and uni-
form mileage proportion data.

Table 6 lists the prediction results of some influential fac-
tors. The total percentage of the seven influencing factors was
23.58%, which has a certain significance. Seven factors in the
“number of sample errors less than 20%” statistics and the
absolute value of error statistics mostly greater than 70%,
basically can achieve more accurate prediction of the value
of the impact factor requirements. Most of the absolute
values for “number of sample errors less than 5%” were
between 10% and 15%, and the accurate estimate of the run-
ning mileage was realized. Among the three categories of
work days, weekends, and holidays, the influencing factors
of the working days and the number of sample error less than
20%” statistics, in addition to the proportion of energy feed-
back proportion and brake mileage proportion of two influ-
ence factors, have reached more than 80%. The average
value of the seven factors for the working days and the “num-
ber of sample errors less than 20%,” was 81.65%, which was
considerably larger than the average of 74.11% and 69.99%
on the weekends and on holidays, respectively. This implied
that the influencing factors had strong regularity, but the
regularity of weekends and holidays was relatively weak,
which was consistent with the actual flow of traffic, passenger
flow, and so on.

To visually express the difference between the predicted
and the actual values of the influencing factors, the predicted
values and the actual values were displayed on the coordi-
nates in the form of scatterplots. If the predicted value was
the same as the actual value, the data point fell on the y = x
line. If the predicted value was greater than the actual value,
the data point fell below the straight line; otherwise, it fell
over. The actual and the predicted values of all the energy

feedback proportions during the same operating period of
September and October 2013 were used as examples to illus-
trate the deviations between the predicted and the actual
values. Figure 12 shows the scatter diagram for the predicted
values and the actual values of the factor of energy feedback
proportion on the workdays.

The scatter plot of the energy feedback proportion was
between 0.05% and 0.2%. The predicted and the actual
values were larger than those of the other regions, and
the mean square error of all the data was 0.0786. The

Pearson coefficients r = ∑ xi − x yi − y / ∑ xi − x 2

∑ yi − y 2 were considered the basis of the correlation

measurement, and the calculated value was r = 0 9238.
The scatter diagrams for the traffic congestion index,

acceleration and deceleration proportion, braking time
proportion, uniform mileage proportion, and the slipping
mileage proportion are shown in Figures 13–17. The mean
square errors between the predicted values and the actual
values of the slipping mileage proportion, braking mileage
proportion, braking time proportion, uniform time propor-
tion, and acceleration/deceleration time proportion were
0.0657, 0.0877, 0.0723, 0.0802, and 0.0902, respectively, and
the Pearson coefficients were 0.9109, 0.9321, 0.9103, 0.9331,
and 0.9213, respectively.

The error of the operating mileage values of the purely
electric bus was compared, by the ways of expressing the
same and main factors and by comparing the operating mile-
age errors between actual and predicted values, indicating the
degree of accuracy of the algorithm. Figure 18 shows the
scatter diagram of the actual values and the predicted
values of the driving range; the abscissa shows the predicted
values, and the ordinate shows the actual values. Similar to
the expression of the influencing factors, if the predicted
value was the same as the actual value, the data point fell
on the straight line. If the predicted value was greater than
the actual value, the data point fell below the straight line;
otherwise, it fell over the top.

The operating driving range’s test samples were concen-
trated in the mileage between 49 km and 56 km, in line with
the actual operation of the law, the proportion of 81.45%.
The mean square error of the predicted value was MSE =
1 9673, and the Pearson coefficient was r = 0 9313.

We extracted the actual mileage value of the test sample
and analyzed the error between the data of 49–56 km. In
Figure 19, the abscissa denotes the actual values of the oper-
ating driving range, and the ordinate represents the differ-
ence between the predicted value of the operating driving
range and the actual value.

From the operating driving range’s predicted value and
the actual value, the prediction error distribution of the two
scatter diagrams was observed. The proposed algorithm
achieved the operating driving range accurately, and the
error control was in the acceptable range. The statistics of
the overall results (including working days, weekends, and
holidays) showed that the operating driving range’s predic-
tion error value was less than or equal to 3% and less than
or equal to 5% and less than or equal to 8%, respectively.
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Figure 11: Departure curve for bus line 801.
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Figure 12: Scatter diagram for predicted value and actual value
(energy feedback proportion).
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Figure 13: Scatter diagram of predicted values and actual values
(traffic congestion index).
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Figure 15: Scatter diagram of predicted values and actual values
(braking time proportion).
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Figure 14: Scatter diagram of predicted values and actual values
(acceleration and deceleration time proportion).
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Figure 16: Scatter diagram of predicted values and actual values
(uniform range proportion).
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According to the proportion of the operating lines that
approved the longest mileage of 60 km, corresponding to
the error values of less than 1.80 km and mileage of 3 km
and 4.80 km, the average mileage was 54.13 km for the test
samples, and the corresponding error values were less than
1.08 km, 2.17 km, and 3.25 km (they were 14.48%, 44.43%,
and 81.87%, respectively), which meet the basic requirements
of the pure electric bus operation operating driving range and
the actual operation safety requirements.

5. Conclusions

This collection of the purely electric bus’s location data and
energy consumption data as the basic data, combined with
the factors affecting the quantitative expression of the bus
operation process, was used for analyzing the operating driv-
ing range’s influencing factors and establishing a database for
the purely electric bus. The RBF neural network algorithm
was optimized by GEP, and the influencing factors of the
operating driving range of the pure electric bus were

calculated. The influence degree of all of the factors was ana-
lyzed, and the influential factors were obtained. Based on the
fuzzy clustering algorithm and the fuzzy time series algo-
rithm, a prediction model of the purely electric bus’s operat-
ing driving range was established in this study. The
experimental results showed that this method could simplify
the mathematical model and reduce the computational com-
plexity and did not have a greater effect on the accuracy of the
prediction results. Although the vehicle hardware continued
to progress, the amount of data required by the application
continued to increase, but this required a certain amount of
mobile bandwidth, computing capabilities of mobile devices,
and so on. In this study, through the optimization algorithm,
we attempted to improve the efficiency of the bandwidth and
the application data; to realize the safe operation of electric
buses, battery protection, battery energy management, line
adjustment, and estimation of the purely electric bus’s emer-
gency scheduling mileage; and to provide decision-support
charging station planning. The further promotion of the
use of the purely electric buses, hybrid buses, and other new
energy vehicles is of considerable significance. At the same
time, it provides experience for other applications that need
to be screened and analyzed.
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To get source azimuth from microphone observation angle of view in a complex real environment, this article, on the basis of the
analysis of geometric positioning method, established a seven-element microphone array model and proposed a sound source
omnidirectional positioning calibration method based on microphone observation angle. By using a seven-element array to
invert the position and angle of a sound source, the relative time delay value of a pair of microphones on the vertical axis of the
coordinate system is used to determine the elevation angle polarity and realize the omnidirectional sound source positioning.
The array parameters, sound velocity, array size, horizontal deflection angle, elevation angle, and sound source are analyzed, and
the error method is proposed. The sound source data was measured using the microphone array perspective, and a new
Cartesian coordinate system was established based on the observation angle of view for omnidirectional positioning calibration
of the sound source. The simulation results show that the position error of the method is about 0.01% and the angle error is
about 0.005%, with high calibration accuracy. The actual measurement results show that this method can effectively calibrate the
sound source azimuth, the error rate of the source coordinates is around 10%, the horizontal declination angle error is less than 5%,
and the elevation angle error is less than 8%. Appropriately increasing the spacing of the array will have a better calibration effect in
an actual complex experimental environment.

1. Introduction

Sound is everywhere, along with people’s daily life. In recent
years, with industrial, civil, and military field, a sharp
increase in demand for the positioning system, voice recogni-
tion systems [1, 2], and sound source detection system [3]
has become a new research hotspot. A sound localization sys-
tem is actually the first to receive through a device the sound
source signal, then the received signal, and sound source sig-
nal processing technology is adopted to improve the relevant
technology to identify the target source location [4, 5]. At
present, the sound source positioning technology is mainly
divided into two types [6]: active sound source positioning
and passive sound source positioning. Compared with active
sound source positioning technology, passive sound source
positioning technology has strong concealment and anti-

interference. This paper is based on a passive sound source
positioning algorithm. It is difficult to locate the sound
source rapidly and precisely because of the current sound
source localizationmethod, which directly affects the azimuth
calibration of the sound source. In order to solve the above
problems, we should improve the sound source localization
accuracy in a complex environment and introduce a sound
source azimuth calibration method, which has great practical
significance.

Traditional sound source localization technology is
mainly used in speech signal processing and military field
[7, 8]. Due to the foreign investment in the technology, the
starting point is earlier than our country, so the foreign appli-
cation in this technology is relatively mature. Equipment
such as the UK Ferranti company Picker helicopter ISC com-
pany equipment alarm system, the United States’ PALS
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ERAM remote passive acoustic positioning system (GPS),
and the United States anti-vehicle intelligent mines [9], and
so on, all the success of different applications in the field of
military equipped with our R&D and design of passive acous-
tic positioning system, has the higher performance of the sys-
tem and has more ability of target detection and recognition.
In the field of speech signal processing, foreign researchers
have conducted a lot of in-depth research. Oppenheim and
Lim [10] and Oppenheim et al. [11, 12] also demonstrated
the contribution of phase-only signal reconstruction on
human perception with regard to the quality of the recon-
structed signal, exemplified for audio, image, crystallo-
graphic, and speech processing applications. Liu et al.
studied the perceptual importance of the phase spectrum
specifically on the intervocalic stop consonants, and they also
reported the strong dependency of the perception of intervo-
calic stops on phase information [13]. In 1985, Flanagan, in a
large conference speech enhancement in the application of
the speech signal processing technology, obtained the good
actual effect. In 1992, Silverman applied the technology to
the speaker’s speech recognition system, and it also
achieved good results. In addition, the research on the
acoustic source localization algorithm also has a great
breakthrough, in which the beamforming method based
on the microphone array [14, 15] appears early and can
be applied in practice. In view of the limited resolution
of the problems of the algorithm, after in-depth analysis
and research, scholars put forward the algorithm of high
resolution [16, 17], such as the minimum variance
method, the characteristics of the structure method, and
the signal subspace method [18].

Further research by researchers Paliwal and Alsteris [19]
elaborates and demonstrates the importance of phase infor-
mation in human hearing. Alsteris and Paliwal [20] show
that the short-term phase spectrum can significantly improve
the speech articulation in a small window of 20 to 40 millisec-
onds, which is very useful. Alsteris and Paliwal [21] based on
automatic speech recognition (ASR) proved that in all cases,
the resolution is superior to short weight of stimulus pro-
vided by the clarity, short time of amplitude, and phase
spectrum information knowledge which lead to superior
human speech recognition performance. Paliwal et al. [22]
reported based on the analysis of the match or not match
window for AMS during the processing of the amplitude
and phase spectrum estimation and phase spectrum compen-
sation (PSC) method that the minimum mean square error
(MMSE) short-term spectrum amplitude (STSA) estimation
to replace the noise amplitude spectrum and improve the
voice quality is estimated based on the accurate phase spec-
trum. The overview of microphone array speech processing
is proposed by Brandstein and Ward [23] in 2001, and it is
considered that the phase difference between channels is
the main source of information for delay estimation and
source location application. Kudriashov [24] proposed the
basic method for the three-dimensional positioning of sound
source in distance-span-elevation coordinates by combining
the time delay estimation results.

Although the research in the field of sound source local-
ization technology in our country lags behind that of

advanced countries but with the rapid development of
modern technology in our country, the researchers are also
actively involved in the study of the technology. Under the
support of the National Happiness Technology 863, some
institutions in our country have carried out the research on
the smart bomb [25]. There is no lack of some technical
strength of the high-tech enterprises and study of the sound
source localization technology, represented by the company,
establishing a sound source localization based on micro-
phone array product research and development projects. Ju
et al. [26] combine the characteristics of the subarray algo-
rithm and the microphone array signal processing in the
far-field narrowband signal and propose the sound source
3D localization algorithm based on the microphone array.
Ju et al. [27] extended the classical MUSIC algorithm to the
speech array processing to realize the three-dimensional
localization of the sound source. Ding et al. [28] studied the
discharge characteristic of the air gap to the level of the high
altitude air gap discharge voltage calibration which provides
basis, but with the increase of altitude, rod-plate and bar-
bar clearance operation impact discharge voltage is reduced,
and bar-bar discharge gap voltage margin lower than the
error bar-plate gap is enlarged. In Xing et al.’s paper [29],
in the data of the atmospheric electric field calibration
method, in order to improve the consistency of the electric
network data, the scope of the thunderstorm monitoring is
expanded, to effectively solve the problem of the observatory
data unification and avoid a severe distortion in electric
network; the calibration method is limited to an altitude of
the vertical direction but is not from the perspectives of
atmospheric electric field instrument observation of thunder
cloud monitoring. Wang et al. [30] put forward a kind of
array by using auxiliary array element each dependent on
an amplitude-phase error since the new method of correc-
tion is applicable to arbitrary array geometry, and its
computational complexity is small, but only limited to the
two-dimensional space.

Based on the acoustic source geometry localization algo-
rithm, this paper studies the sound source omnidirectional
positioning calibration method based on microphone obser-
vation angle. Based on the array, the relative time delay of a
pair of microphones on the vertical axis is used to realize
the omnidirectional sound source location. The array param-
eters are analyzed, and the improved method is put forward,
using the data from the angle which measured sound source
array based on observation angle of view, on the basis of the
forward modeling data, carried out omnidirectional position-
ing calibration of the sound source, and analyzed the simula-
tion data and actual measurement experiment in a complex
real environment.

2. Seven-Element Microphone Array Model

The sound source geometric localization algorithm [31–33]
and position calibration methods [29, 30, 34] are based on
a microphone array model [23, 35–38]; the establishment of
a reasonable set microphone array model and array element
spacing can better match algorithm, reduce the complexity
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of the calculation, and improve the efficiency of the operation
and sound comprehensive orientation calibration precision.

A seven-element microphone array model was estab-
lished, and seven microphones were used to compose the
array as shown in Figures 1–4: Figure 1 shows the array
model where the sound source S is not on the x-0-z plane,
0-y-z plane, and z-axis; Figure 2 shows the array model of
the sound source S on the x-0-z plane; Figure 3 shows the
array model of the sound source S on the 0-y-z plane;
Figure 4 shows the array model of the sound source S on

the z-axis. The sound source propagation velocity is c, and
the space position of sound source S is x, y, z , and r is the
distance from the sound source to the array center M0. The
time for S to propagate to microphones M0(0,0,0),
M1(a,0,0), M2(0,a,0), M3(−a,0,0), M4(0,−a,0), M5(0,0,a),
and M6(0,0,−a) is t0, t1, t2, t3, t4, t5, and t6, respectively.
Based on the model, the relative delay values of 5 groups
are set: T1 = t1 − t0, T2 = t2 − t0, T3 = t3 − t0, T4 = t4 − t0,
and T5 = t6 − t5. H1 is the horizontal deflection of the sound
source S relative to the x-positive half axis, and the range is
between 0 and 360 degrees. H2 is the elevation angle formed
by the sound source S and the x-y-0 plane (range between
−90 and 90 degrees). If the value of H2 is positive, that is,
T5 is greater than zero, it means that the sound source is
above the x-y-0 plane. If it is negative, that is, T5 is less than
zero, it means that the sound source is below the x-y-0 plane;
this is the key to realizing the omnidirectional sound source
positioning calibration.

3. Sound Source Geometric
Localization Algorithm

A suitable microphone array model can be established in
order to obtain a smaller error and further prepare the
omnidirectional sound source positioning calibration. The
localization algorithm of sound source azimuth needed to
undertake choosing according to the array structure and
adopt different localization algorithms will have different
positioning precisions and computing speeds, accompanied
by the algorithm of the computation size and position
precision of algorithm.

Based on the location method of arrival delay, there is
a maximum likelihood method based on search [39–41]
and geometric localization algorithm [31–33]: the search
method has a large amount of calculations and does not
apply to real-time systems; if the sound source geometric
localization algorithm is adopted, the algorithm has high
positioning accuracy and the arrival delay itself has strong
anti-interference, which can reduce the influence of the
attenuation and interference of the actual sound propaga-
tion process on the accuracy of the sound source omnidi-
rectional positioning calibration.
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Figure 4: Sound source S on the z-axis.
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Figure 1: Sound source S is not on the x-0-z plane, 0-y-z plane,
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3.1. Sound Source S Is Not on the x-0-z Plane, 0-y-z Plane, and
z-Axis. According to Figure 1, the seven-element microphone
arraymodel whose sound source is not on the x-0-z plane, 0-y-
z plane, and z-axis represents the distance from the sound
source S to M0, M1, M2, M3, and M4, and its expression is
as follows:

x2 + y2 + z2 = r2,
x − a 2 + y2 + z2 = r + cT1

2,
x2 + y − a 2 + z2 = r + cT2

2,
x + a 2 + y2 + z2 = r + cT3

2,
x2 + y + a 2 + z2 = r + cT4

2

1

x, y, and z are the sound source coordinate parameters of
the sound source geometric localization algorithm based on
the array of seven-element microphones, and formula (1) is
the linear analysis basis of the omnidirectional positioning cal-
ibration method of sound source. According to (1), it can be
concluded that

x′ = f 4a2 − c2n + c2me

4am ,

y′ = g 4a2 − c2n + c2m m − e

4am

2

Among them, m = T1 + T2 + T3 + T4, n = T1
2 + T2

2 +
T3

2 + T4
2, e = T1 + T3, f = T3 − T1, g = T4 − T2, parameter

x′ is the simulation value of the sound source coordinate
parameter x, and parameter y′ is the simulation value of the
source coordinate parameter y.

According to the actual situation, since the magnitudes of
sum e = T1 + T3 and m − e = T2 + T4 and sum m are both
about 10−6, then the order of magnitude c2me is 10−7, and
the order of magnitude 4a2 − c2n is only 101; relatively speak-
ing, c2me can be ignored, and the same reason c2m m − e
can be ignored, so (2) can be simplified for

x′ = T3 − T1 4a2 − c2n

4am ,

y′ = T4 − T2 4a2 − c2n

4am

3

Using (1) again, we can get the expression of the distance
from the sound source to the center of the array M0, that is,

r′ = 4a2 − c2n
2mc

4

In the formula, a is the distance between the array
elements, c is the sound source propagation speed, and
r′ is the simulation parameter of the sound source coor-
dinate parameter r. a and c are theoretical constants.
Since (3) and (4) are only related to relative delay value
T1 to T4, they can be used in simulation experiments

for the sound source omnidirectional positioning calibration
method and error analysis for the localization accuracy of
sound source.

According to Figure 1, the seven-element microphone
array model where the sound source S is not on the x-0-z
plane, 0-y-z plane, and z-axis can be used to derive the
correlation equation:

x′ = r′ cos H2′ cos H1′,
y′ = r′ cos H2′ sin H1′,
z′ = r′ sin H2′

5

Equation (5) based on the polar coordinate relationship
of the three-dimensional geometry is the theoretical basis
for solving the horizontal declination angle and the elevation
angle. Among them, H1′ is the simulation value of the hori-
zontal declination angle H1 in the omnidirectional position-
ing of the sound source, H2′ is the simulation value of the
elevation angle H2, r′ is the simulation value of the acoustic
source coordinate parameter r, and z′ is the simulation value
of the sound source coordinate parameter z.

Using (5), the value of horizontal declination H1′ is

H1′ = arctan y′
x′

, x′ > 0,

H1′ = 180 + arctan y′
x′

, x′ < 0
6

According to the positive and negative of T5, the eleva-
tion value H2′ can be obtained by polarity judgment. Using
(5) again, the following expression can be obtained:

H2′ = arccos x′
r′ cos H1′

, T5 > 0,

H2′ = −arccos x′
r′ cos H1′

, T5 < 0
7

In the formula, T5 is the time delay between the sound
source S arriving at the microphones M5 and M6. After get-
ting H2′ according to the polarity judgment of T5, (5) is used
to determine the sound source coordinate parameter z′, and
then the parameters x′ and y′ are combined to realize the
omnidirectional positioning of the sound source and further
be used for omnidirectional positioning calibration of the
sound source.

Based on the seven-element microphone array model
shown in Figure 1, the theoretical angle value can be solved,
and its expression is as follows:
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H1 = arctan y
x
, x > 0,

H1 = 180 + arctan y
x
, x < 0,

H1 = 90°, x = 0, y > 0,
H1 = −90°, x = 0, y < 0,

H2 = arcsin z
r

8

3.2. Sound Source S Is on the x-0-z Plane. According to the
seven-element microphone array model of the sound source
S on the x-0-z plane in Figure 2, because only the value of the
sound source coordinate parameter y′ is changed, when y′ is
equal to 0 and x′ and z′ are not 0, which is equivalent to only
changing the time delay value T1 to T5, using (3) and (4), the
expression of the sound source coordinate parameters x′, y′,
and z′ is as follows:

x′ = T3 − T1 4a2 − c2n

4am ,

y′ = 0,

r′ = 4a2 − c2n
2mc

9

Based on Figure 2, the value of horizontal declinationH1′
can be obtained, and its expression is as follows:

H1′ = 0°, x′ > 0,
H1′ = 180°, x′ < 0

10

From (10), it can be seen that the value of H1′ is
completely determined by the positive and negative values
of the sound source coordinate parameter x′, which conforms
to the solid geometry shown in Figure 2.

According to the time delay value T5 and the positive and
negative of the sound source coordinate parameter x′, the
elevation value H2′ can be judged by the polarity and the
value H2′ can be obtained by using formula (5). Its expres-
sion is as follows:

H2′ = arccos x′
r′
, T5 > 0, x′ > 0,

H2′ = 180 − arccos x′
r′
, T5 > 0, x′ < 0,

H2′ = −arccos x′
r′
, T5 < 0, x′ > 0,

H2′ = arccos x′
r′

− 180, T5 < 0, x′ < 0

11

Similarly, after determining H2′ according to the polari-

ties of T5 and x′, use (5) to determine the sound source

coordinate parameter z′ and combine parameters x′ and y′
to achieve omnidirectional localization of the sound source
and further use it for the sound source omnidirectional
positioning calibration. Using (8), the theoretical values of
horizontal declination H1 and elevation H2 can be solved.

3.3. Sound Source S Is on the 0-y-z Plane. According to the
seven-element microphone array model of the sound source
S on the 0-y-z plane in Figure 3, because only the value of the
sound source coordinate parameter x′ is changed, when x′ is
equal to 0 and y′ and z′ are not 0, which is equivalent to only
changing the time delay value T1 to T5, again using (3) and
(4), the expression of the sound source coordinate parame-
ters x′, y′, and z′ is as follows:

x′ = 0,

y′ = T4 − T2 4a2 − c2n

4am ,

r′ = 4a2 − c2n
2mc

12

Based on Figure 3, the value of horizontal declinationH1′
can be obtained, and its expression is as follows:

H1′ = 90°, y′ > 0,
H1′ = −90°, y′ < 0

13

From (13), it can be seen that the value of H1′ is
completely determined by the positive and negative values
of the sound source coordinate parameter y′, which con-
forms to the solid geometry shown in Figure 3.

According to the time delay value T5 and the positive and
negative of the sound source coordinate parameter y′, the ele-
vation valueH2′ can be judged by the polarity and the value
H2′ can be obtained by using formula (5). Its expression is
as follows:

H2′ = arccos y′
r′
, T5 > 0, y′ > 0,

H2′ = 180 − arccos y′
r′
, T5 > 0, y′ < 0,

H2′ = −arccos y′
r′
, T5 < 0, y′ > 0,

H2′ = arccos y′
r′

− 180, T5 < 0, y′ < 0,

z′ = r′ sin H2′

14

Similarly, after determining H2′ according to the polari-
ties of T5 and y′, use (5) to determine the sound source coor-
dinate parameter z′ and combine parameters x′ and y′ to
achieve omnidirectional localization of the sound source
and further use it for the sound source omnidirectional
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positioning calibration. Again using (8), the theoretical
values of horizontal declination H1 and elevation H2 can
be solved.

3.4. Sound Source S Is on the z-Axis. According to the seven-
element microphone array model of the sound source S on
the z-axis in Figure 4, because only the values of the sound
source coordinate parameters x′ and y′ are changed and x′
and y′ are both 0 and z′ are not 0 at this time, which is equiv-
alent to changing only the time delay value T1 to T5. By using
(3) and (4), the expressions for parameters x′, y′, and z′
are as follows:

x′ = 0,
y′ = 0,

r′ = 4a2 − c2n
2mc

15

Based on Figure 4, the value of horizontal declination
H1′ can be obtained, and its expression is as follows:

H1′ = 0° 16

According to the positive and negative values of the
time delay value T5, the values of the elevation angle value
H2′ and the sound source coordinate parameter z′ can be
determined and obtained, and the related expressions are
as follows:

z′ = r′,H2′ = 90°, T5 > 0,
z′ = −r′,H2′ = −90°, T5 < 0

17

Again using (8), the theoretical values of horizontal
declination H1 and elevation H2 can be solved.

4. Error Analysis of Sound Source Positioning
Calibration and the Way to Reduce the Error

Through the analysis of azimuth positioning formulas (3)
and (4), it can be known that the azimuth positioning perfor-
mance of the target sound source is related to the time delay

estimation error, the size of the microphone array, and the
effective speed of sound.

The statistical characteristics of time delay are the same,
assuming that the standard deviation of the time delay esti-
mation error is ξT and independent of each other.

4.1. Horizontal Declination Angle Error Analysis. The estima-
tion error of the horizontal declination angle H1 caused by
the delay estimation error is

ξH1T
= ∂H1

∂T1

2
ξT

2 + ∂H1
∂T2

2
ξT

2 + ∂H1
∂T3

2
ξT

2 + ∂H1
∂T4

2
ξT

2

18

Using H1 = arctan T4 − T2 / T3 − T1 , one can obtain
the partial derivative of the horizontal declination angle H1
relative to the delay value T1 to T4, and its expression is
as follows:

∂H1
∂T1

= −
∂H1
∂T3

= 1
1 + tan2H1

⋅
T4 − T2
T3 − T1

2 ,

∂H1
∂T2

= −
∂H1
∂T4

= −
1

1 + tan2H1
⋅

1
T3 − T1

19

Equation (19) can be used to derive the equation for
the estimation error ξH1T

of horizontal declination angle
H1 caused by the delay estimation error, which is

ξH1T
= 2cξT
2a cos H2

20

Equation (20) is simulated. When the estimation error
at the time delay is 1μs, the error curve shown in Figure 5
can be obtained.

As can be seen from Figure 5, the accuracy of the hori-
zontal declination angle estimation has nothing to do with
the horizontal declination angle value, but it is affected by
the time delay estimation error, the microphone array size,
and the elevation angle value. When the size of the micro-
phone array a increases, the estimation error of the horizon-
tal declination angle H1 decreases; between the estimation
errors of the horizontal declination angle H1 and the eleva-
tion angle H2, the estimation error of the horizontal
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Figure 5: Estimation error of the horizontal declination angle H1 vs. array size a and elevation angle H2 .
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declination angle decreases as the elevation angle decreases.
Therefore, this is a more accurate measurement of low-
altitude and ground sound sources than aerial sound source
measurements.

When the array spacing a is equal to 2 meters and the ele-
vation angles are 15 degrees, 30 degrees, 45 degrees, and 60
degrees, the relationship between the estimation error of hor-
izontal declination angle H1 and the time delay estimation
error is shown in Figure 6.

From Figure 6, we can see that when the value of the ele-
vation H2 is certain, the estimation error of horizontal decli-
nation angle H1 increases linearly with the increase of the
time delay estimation error; as the elevation angle value H2
increases, the linear variation between the two increases
more sharply, indicating that the estimation error of the
delay has a greater influence on the measurement accuracy
of the horizontal declination angle H1, and its measurement
accuracy may drastically decrease.

4.2. Elevation Error Analysis. The estimation error of the
elevation angle H2 caused by the delay estimation error is

ξH2T
= ∂H2

∂T1

2
ξT

2 + ∂H2
∂T2

2
ξT

2 + ∂H2
∂T3

2
ξT

2 + ∂H2
∂T4

2
ξT

2

21

Using H2 = arccos c/2a ⋅ T3 − T1
2 + T4 − T2

2 ,

one can find the partial derivative of the elevation angle
H2 with respect to the delay value T1 to T4, which has the
following expression:

∂H2
∂T1

= −
∂H2
∂T3

= c2 T3 − T1
2a2 sin 2 ⋅H2

,

∂H2
∂T2

= −
∂H2
∂T4

= c2 T4 − T2
2a2 sin 2 ⋅H2

22

Equation (22) can be used to derive the equation for the
estimation error ξH2T

of the elevation angle H2 caused by
the delay estimation error, which is

ξH2T
= 2cξT
2a sin H2

23

Equation (23) is simulated. When the estimation error at
the time delay is 1μs, the error curve shown in Figure 7 can
be obtained:

As can be seen from Figure 7, the estimation accuracy of
the elevation angle has nothing to do with the horizontal dec-
lination value, but it is also affected by the time delay estima-
tion error, the microphone array size, and the elevation angle
value. When the size of the microphone array a increases, the
estimation error of the elevation angle H2 decreases; the ele-
vation angle H2 itself changes the angle of elevation, and as
the elevation angle increases, the estimation error of the ele-
vation angle decreases, that is, the accuracy of elevation angle
measurement will increase.

When the array spacing a is equal to 2 meters and the ele-
vation angles are 15 degrees, 30 degrees, 45 degrees, and 60
degrees, the relationship between the estimation error of ele-
vation angle H2 and the time delay estimation error is shown
in Figure 8.

0 10 20 30 40 50 60 70 80 90 100
0

0.005

0.01

0.015

0.02

0.025

1234

Time delay estimation error/microseconds

Es
tim

at
io

n 
er

ro
r o

f h
or

iz
on

ta
l

de
cl

in
at

io
n 

an
gl

e H
1/

de
gr

ee
s

1, the elevation angle
is 15 degrees
2, the elevation angle
is 30 degrees

3, the elevation angle
is 45 degrees
4, the elevation angle
is 60 degrees

Figure 6: The relationship between the estimation error of horizontal declination angle H1 and the time delay estimation error.
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Figure 8 shows that when the value of elevation angle H2
is certain, its own estimation error will increase linearly with
the increase of time delay estimation error; as the value of ele-
vation angle H2 decreases, the linear change between the two
will become more severe, indicating that the time delay
estimation error has a greater influence on the accuracy of
the elevation angle H2, and its measurement accuracy may
drastically decrease.

4.3. Error Analysis of the Distance from the Sound Source to
the Microphone Array Center. The standard deviation of the
estimation error of the distance r from the sound source to
the center of the array is

ξrT = ∂r
∂T1

2
ξT

2 + ∂r
∂T2

2
ξT

2 + ∂r
∂T3

2
ξT

2 + ∂r
∂T4

2
ξT

2

24

Once again using (1), the expression of any relative delay
can be obtained as follows:

Ti =
1
c

r2 + a2 − 2ra cos H2 cos H1 −
π

2 i − 1 − r

25

Among them, i is equal to 1 to 4, and Ti is the relative
delay of the sound source S to reach the two microphones.
From (4), it can be seen that the expression of the distance
r from the sound source to the array center M0 is related to
Ti, and therefore, Ti is solved first.

Let a/r 2 − 2a/r cos H2 cos H1 − π/2 i − 1 = x, a
→ 2a; equation (25) can be expressed as

Ti =
r
c

1 + 4x − r
c

26

Taylor’s formula is used to expand (26) and ignore high-
order infinitesimal parts, which is

Ti ≈
r
c

1 + 2x − 2x2 −
r
c

= r
c

2 a
r

2
− 2 a

r
cos H2 cos H1 −

π

2 i − 1

− 2 a
r

2
cos2H2 cos2 H1 −

π

2 i − 1

27

Let cos H2 cos H1 − π/2 i − 1 = A, where i is equal to
1 to 4 and, at the same time, summed the two sides of the
above equation. Because of ∑4

i=1A = 0 and ∑4
i=1A

2 = cos2H2,
according to (27), the expression is as follows:

〠
4

i=1
Ti = 2 a

2

rc
4 − cos2H2 28

According to (4) about the distance r from the sound
source to the center of the array M0, using (28), r has the
following expression:

r = 4a2 − c2n
2mc

= 4a2 − c2∑4
i=1Ti

2

2c∑4
i=1Ti

29

Using (29) to find the relevant partial derivative and
substituting it into (24), we can conclude that

ξrT = rc
a2 4 − cos2H2

a2 + r2ξT 30

In (30), the relative ranging error ξrT of the sound source
is related to the accuracy of time delay estimation, the size of
the microphone array, the distance r from the sound source
to the center of the array, and the elevation angle. However,
irrelevant to the horizontal deviation angle, the variation of
the horizontal deviation angle does not cause the change of
relative ranging error.
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Figure 8: The relationship between the estimation error of elevation angle H2 and the time delay estimation error.
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Equation (30) is simulated, the elevation angle H2 is 45
degrees, the delay estimation error is 1 microsecond, and
the error curve shown in Figure 9 can be obtained.

As can be seen from Figure 9, when the time delay esti-
mation accuracy and the microphone array size are certain,
the relative ranging error increases as the distance r from
the sound source to the array center increases, and the rela-
tive ranging performance based on the array degrades. This
situation is suitable for near-field sound source location;
increasing the array size a, the relative range error is reduced,
and the relative ranging accuracy will be improved, but the
array size should not be less than 2 meters; otherwise, the
relative ranging error will rise sharply.

When the elevation angle H2 is 30 degrees and 60
degrees, respectively, the relative ranging error is 0.05 radians
and 0.1 radians, respectively, and the distance between the
sound source and the center of the array is 100 meters; the
relationship between the time delay estimation error and
the microphone array size is shown in Figure 10.

As can be seen from Figure 10, when the relative ranging
error, elevation angle H2, and microphone array size a are
combined and the microphone array size is constant, the rel-
ative ranging error has a greater influence on the time delay
estimation error than the elevation angle size; when the size
is large, the increase of the array size awill cause an exponen-
tial increase in the error of the time delay estimation; espe-
cially when the size of the array is larger than 8 meters, the
error increases more significantly. Therefore, it is recom-
mended that the array size should not be too large.

When the elevation angles H2 are 30 degrees and 30
degrees, respectively, and the relative ranging error is 0.05
radians and 0.1 radians, respectively, and the array size is 2
meters, the relationship between the time delay estimation
error and the distance from the sound source to the center
of the array is shown in Figure 11.

It can be seen from Figure 11 that when the distance r
from the sound source to the center of the array is small,
the relationship between it and the time delay estimation
error changes drastically. In particular, when the sound
source is very close to the center of the array, the time delay
estimation error tends to be infinite; this agrees with the
actual situation. This indicates that it is not appropriate to
locate the sound source that is too close to the center of
the array. Before integrating the error analysis, when the

distance between the sound source and the array center
reaches 8 to 10 meters, it will be better for the sound source
to be fully calibrated.

4.4. Error Analysis of the Effect of Sound Velocity on
Calibration Accuracy of Sound Source Location. The speed
at which sonars travel in different media is different. At a
temperature of 273.16K and an atmospheric pressure of
105 Pa, the speed of sound c in the air is equal to 331.45 plus
or minus 0.05 meters per second. In the actual environment,
the influence of the ambient temperature on the speed of
sound can not be ignored. Under the condition that the
atmospheric pressure and other conditions remain relatively
stable, the formula for calculating the sound velocity in the
air at different temperatures is

c = c0
T
T0

31

Among them, c0 = 331 45 meters per second and
T0 = 273 16 K.

According to (31), relevant conclusions can be drawn: the
speed of sound propagation in air is different at different
temperatures, and the speed of sound increases with increas-
ing temperature. Therefore, it is necessary to perform tem-
perature measurement according to different environments
during actual application to improve calibration accuracy.

4.5. The Way to Reduce the Error. Based on the error analysis
of parameters such as the horizontal declination angle, eleva-
tion angle, the distance between the sound source and the
center of the array, and sound velocity based on the seven-
element microphone array model, the following five-point
error reduction method is proposed:

(1) From the analysis of the estimation error of the hor-
izontal declination angle H1 and the elevation angle
H2, the microphone array size a can be appropri-
ately increased to reduce the estimation error of
both, thereby improving the measurement accuracy
of both

(2) From the analysis of the estimation error of the dis-
tance from the sound source to the center of the
array, the size of the array can be appropriately
increased to reduce the relative ranging error, thereby
improving the relative ranging accuracy, and the
general array size should not be less than 2 meters

(3) From the curve of the relation between array size
a and time delay estimation error, it can be seen
that the general array size should not be larger than
10 meters

(4) It can be seen from the plot of the distance r from the
sound source to the center of the array element and
the time delay estimation error that when r reaches
8 to 10 meters, the sound source has a better omnidi-
rectional positioning calibration effect
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Figure 9: The relation curve between the relative ranging error and
the array size; the distance from the sound source to the center of
the array.
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(5) Real-time measurement of actual temperature in
different location environments and corresponding
correction of sound speeds to reduce the error of
sound source positioning calibration.

5. Sound Source Omnidirectional
Positioning Calibration

Consider that in the actual environment, locating the sound
source based on the microphone array cannot be directly
transmitted to the spatial location information of the actual
sound source of the observation party. Using the omnidirec-
tional data of the sound source measured from the perspec-
tive of the array of seven-element microphones, a new
coordinate system was rebuilt based on the observation angle
based on the microphone, and the azimuth position of the
sound source was calibrated.

5.1. Sound Source Positioning Calibration Model. Let the
observation angle N be located in the coordinate system of
the original microphone array, and denote it as X, Y , Z .

The sound source positioning calibration model based on
the observation angle of the microphone is shown in
Figure 12.

According to Figure 12, we convert X, Y , Z to (0,0,0)
and use this as a starting point to create a new coordinate sys-
tem, converting x′, y′, z′ to x′ − X, y′ − Y , z′ − Z , which
can be equivalent to X′, Y′, Z′ . Let the angle between the
sound source S and the positive half of x1 in the new coordi-
nate system be the horizontal declination angle h1 in the
range of 0 to 360 degrees, and the angle between the source
S and the plane of the new coordinate system x1, y1, 0 is
the elevation angle h2 (range from −90 to 90 degrees). If the
value of h2 is positive, it means that the sound source is above
the plane ofN ; if it is negative, it is below it; the distance from
X′, Y′, Z′ to observation angle N is R′.

5.2. Sound Source Positioning Calibration Method. According
to Figure 12, based on the sound source positioning calibra-
tion model, using the measured omnidirectional positioning
coordinates of the sound source, no matter where the
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Figure 10: The relationship between microphone array size and time delay estimation error.
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observation angle N is located, the sound source positioning
calibration can be performed. Its expression is as follows:

X′ = x′ − X,
Y′ = y′ − Y ,
Z′ = z′ − Z,

R′ = X′2 + Y′2 + Z′2

32

After using (32) to determine the omnidirectional posi-
tioning coordinates X′, Y′, Z′ of the sound source based
on the observation angle, according to the actual situation,
using the analytical method of the three-dimensional geom-
etry, determine the positive and negative coordinates of the
sound source parameters X′ and Y′, and obtain the horizon-
tal declination angle h1 and the elevation angle h2. The value
of the expression is as follows:

h1 = arctan Y′
X′

, X′ > 0,

h1 = 180 + arctan Y ′
X′

, X′ < 0,

h1 = 90°, X′ = 0, Y′ > 0,
h1 = −90°, X′ = 0, Y′ < 0,

h2 = arcsin Z′
R′

33

From (33), it can be seen that for any spatial position of
the sound source, the horizontal declination angle and the
elevation angle value can be obtained. In combination with
(32), the omnidirectional positioning calibration of the
sound source can be realized.

6. The Simulation Results

Based on the array of seven-element microphones, the sound
source geometric localization algorithm was introduced into
the model, the sound source azimuth was simulated on the
basis of the forward data, the sound source data measured
from the array observation angle was used for sound

source localization calibration, and two experiments were
performed: Experiment 1 is a simulative experiment of a
omnidirectional localization algorithm based on a seven-
element microphone array, and Experiment 2 is a simulation
experiment of an omnidirectional positioning calibration
method for a sound source.

In Experiment 1, in order to verify the positioning accu-
racy of the sound source geometric positioning algorithm, a
seven-element microphone array model was used to simulate
it. According to Figures 1–4, the parameters are set: c is equal
to 340 meters per second, and a is equal to 2 meters. The four
forward datasets are as follows: x equals 80 meters, y equals
−60 meters, and z equals 120 meters; x equals −50 meters,
y equals 0 meters, and z equals −130 meters; x equals 0
meters, y equals 70m, and z equals 150 meters; and x equals
0 meters, y equals 0 meters, and z equals −80 meters. The
omnidirectional localization simulation results of a sound
source based on a seven-element microphone array are
shown in Table 1.

From Table 1, it can be seen that although the simula-
tion location of the sound source is different from the
theoretical location, the error rate of the sound source
coordinate parameters x′, y′, and z′ is less than 0.01%,
which is still within the acceptable range; compared with
the theoretical angle, the deviation of simulation is also
smaller, and the angle error rate is about 0.005%, which
indicates that the sound source has a high geometric local-
ization accuracy and has a very good sound source omni-
directional positioning effect.

In Experiment 2, using (32) and (33), the sound source
was omnidirectionally positioned and calibrated to verify
the accuracy of the calibration method. The basic parameters
are set as follows: c is equal to 340 meters per second, a is
equal to 2 meters, and two sets of forward data are selected
(unit: meters): 60, −40, 80 and −50, 0, −60 . The set obser-
vation angle N is (unit: m): 20, 30, 40 , and the results of the
omnidirectional positioning calibration of the sound source
are shown in Table 2.

As can be seen from Table 2, the calibrated sound source
position is close to the theoretical value. The sound source
localization calibration is based on the sound source geomet-
ric localization algorithm. The calibrated sound source local-
ization error rate is lower than 0.01%, and the error rate of
horizontal declination angle h1 and elevation angle h2 is less

x
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z

h2

h1

(0, 0, 0)

z1

x1

y1

S (x′, y′, z′)

(X,Y,Z)

Figure 12: Sound source positioning calibration model based on microphone observation angle.
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than 0.005%. The theoretical simulation data obtained is
more accurate. It can give the observer accurate source
location information and fully show the advantages of the
omnidirectional positioning calibration method based on
the seven-element microphone array.

7. Actual Measurement Results

In the actual measurement experiment, this article uses the
acoustic sensor to construct the seven-element microphone
array passive acoustic data acquisition system, write the pro-
gram on the Keil4 software platform, use Flymcu to receive
the serial port transmission data, and record the five relative
time delay values displayed in the text interface, namely, T1,
T2, T3, T4, and T5. Use the measured relative delay values to
calculate the calibrated sound source azimuth X′, Y′, Z′ ,
horizontal declination angle h1, and elevation angle h2. At
different time points in April 2018, the indoor test sites were
selected at the Nanjing University of Information Science &
Technology, Pukou District, Nanjing, using a portable
Bluetooth stereo to simulate sound sources. Based on the
coordinate system where the seven-element microphone
array is located, with the microphone M0 as the origin,
the position where the three-dimensional coordinates have
been measured: (−0.5m,2m,1.6m), (1.8m,3.7m,−0.9m),
and (1.4m,2.3m,2.6m), emits sound source for actual test
experiment. The actual sound source omnidirectional
positioning calibration experiment diagram is shown in
Figure 13. The observation angle N is located at
(1.6m,2.7m,1m), corresponding to the three groups of
sound source coordinates, and the actual array spacing a is

0.4m, 0.6m, and 0.8m. The relative delay values, sound
source localization, and angle calibration data are shown in
Tables 3–6.

From Tables 3–6, it can be seen that when there is less
noise and reverberation in the indoor environment, the mea-
sured calibration data based on the seven-element micro-
phone array model and the error rate are in the controllable
range although they are different from the theoretical data.
The actual measured data is more reliable.

As can be seen from Tables 3–5, the actual measured
horizontal declination angle h1 and elevation angle h2 are sig-
nificantly different from the theoretical data. In combination
with (7), the horizontal declination angleH1′ is related to the
sound source coordinate parameters x′ and y′; however, the
value of elevation H2′ is not only related to the sound source

Table 2: The simulation results of the sound source omnidirectional positioning calibration method.

Theory location (meters) Calibration theoretical data Calibration simulation data Error rate (%)

(60,−40,80)
(40,−70,40) (39.9929,−69.9941,40.0083) 0.018,0.0084,0.021

h 1 =−60.2551 h 1 =−60.2574 0.0038

h 2 = 26.3878 h 2 = 26.395 0.0272

(−50,0,−60)
(−70,−30,−100) (−69.9903,−30,−100.008) 0.0139,0,0.008

h 1 = 203.199 h 1 = 203.201 0.001

h 2 =−52.7079 h 2 =−52.7134 0.0104

M0

x

y

z

N

S

Figure 13: Actual sound source omnidirectional positioning
calibration experiment.

Table 1: Sound source omnidirectional localization simulation results based on seven-element microphone array.

Theory location
(meters)

Theoretical angle
(degrees)

Simulation location
(meters)

Simulation angle
(degrees)

Location error
rate (%)

Angle error
rate (%)

(80,−60,120)
H 1 =−36.8699 (79.9952,−59.9958,120.0053)

H 1′=−36.8696 (0.006,0.007,0.0044)
0.0024

H 2 = 50.1944 H 2′= 50.1975 0.0052

(−50,0,−130)
H 1 = 180 (−49.9955,0,−130.0017)

H 1′= 180 (0.009,0,0.0013)
0

H2 =−68.9625 H 2′=−68.9645 0.0022

(0,70,150)
H 1 = 90 (0,69.9958,150.0020)

H1′= 90 (0,0.006,0.0013)
0

H 2 = 64.9831 H 2′= 64.9847 0.0014

(0,0,−80)
H 1 = 0 (0,0,−80)

H 1′= 0 (0,0,0)
0

H 2 =−90 H 2′=−90 0
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coordinate parameter x′ and the distance r′ from the sound
source to the center of the array but also related toH1′. When
there is an error in the measured sound source coordinate
parameters, the horizontal declination angle h1 and the eleva-
tion angle h2 obtained after calibration must also have errors.
Although there are some errors, compensation can be made
by increasing the accuracy of the relative delay measurement.

From Table 6, it can be seen that with the increase of the
actual spacing of the array elements, due to the existence of
large sites and model volume factors, only the maximum
array element spacing of 0.8 meters is taken, but the error
rate of sound source coordinates, horizontal declination
angle, and elevation angle has a tendency of getting lower
and lower, the error rate of sound source coordinates is
around 10%, the horizontal declination angle error is less
than 5%, and the elevation angle error is less than 8%, which
is close to the theoretical data. Combined with the error
analysis part of the text, if we further increase the array ele-
ment spacing between 2 and 10 meters, we can more fully
demonstrate the superiority of the sound source omnidirec-
tional positioning calibration method based on microphone
observation angle.

In summary, in the actual measurement, the sound
source omnidirectional positioning calibration method based
on microphone observation angle is close to the simulation
effect. Through actual measurement experiments, it is proved
that the actual calibration accuracy can be more ensured after
appropriately increasing the array element spacing.

8. Conclusions

Based on the seven-element microphone array model, the
sound source geometric localization algorithm was intro-
duced into the array model, and the sound source data are
measured by array angle. This paper proposes a sound source
omnidirectional positioning calibration method based on
microphone observation angle. By determining the polarity
of the elevation angle, omnidirectional sound source posi-
tioning can be achieved. The errors caused by the array
parameters are analyzed, and some improved methods are
proposed. A new coordinate system is established. From the
perspective of the observation point, then the location of
the sound source is calibrated. Simulation and actual mea-
surement experiments show that the method has high posi-
tioning accuracy and can obtain accurate calibration results.

The seven-element microphone array is arranged in a
cross array on a three-dimensional coordinate axis, and
the array element spacing between the microphones can
be adjusted to reduce the array element density in the
actual arrangement area. Appropriately increasing the array
element spacing can also improve the accuracy of the
actual sound source omnidirectional positioning calibra-
tion. Four kinds of array models were established to solve
the problem of calculating blind spots in the sound source
position in the actual environment. Based on the model,
the derivation of the relevant formulas for the omnidirec-
tional positioning calibration of the sound source is carried

Table 3: The actual calibration data on April 2nd.

a= 0.4m Localization (meters) Horizontal declination (degrees) Elevation angle (degrees)

Actual calibration (−2.03958,−0.639739,0.544045) 197.4150 14.2796

Theoretical calibration (−2.09443,−0.709757,0.613837) 198.7200 15.5133

Table 4: The actual calibration data on April 9th.

a= 0.6m Localization (meters) Horizontal declination (degrees) Elevation angle (degrees)

Actual calibration (0.160333,1.06489,−1.96708) 81.4377 −61.3012
Theoretical calibration (0.185202,0.991324,−1.9629) 79.4178 −62.8074

Table 5: The actual calibration data on April 12th.

a= 0.8m Localization (meters) Horizontal declination (degrees) Elevation angle (degrees)

Actual calibration (−0.245108,−0.383802,1.60774) 237.4360 74.1852

Theoretical calibration (−0.226879,−0.432551,1.64258) 242.3220 73.4395

Table 6: The error rate of the actual measured sound source omnidirectional positioning calibration data.

Date Coordinate error (%) Horizontal deflection error (%) Elevation angle error (%)

April 2nd (2.62,9.87,11.37) 0.66 7.95

April 9th (13.43,7.42,0.21) 2.54 2.40

April 12th (8.03,11.20,2.12) 2.02 1.02
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out, and the methods were applied to actual measurement
experiments to make the sound source positioning calibra-
tion more comprehensive.

Of course, there is still much room for improvement in
the accuracy of the calibration of sound source azimuths
based on the array angle. In a real complex environment,
microphones should be placed reasonably. The relative time
delay value will still be affected by attenuation and outside
interference during sound source propagation; there are cer-
tain errors that affect sound source positioning calibration.
There are many problems involved. Assuming that the model
is also ideal, how to transfer the actual indoor measurement
experiment to the field for performance testing in a complex
real environment requires further exploration and research
in the following work.
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In the research on the reliability of a connection network, diagnosability is an important problem that should be considered. In this
article, a new concept regarding diagnosability, called strong local diagnosability (SLD), which describes the local status of the
strong diagnosability (SD) of a system, is presented. In addition, a few important results related to the SLD of a node of a
system are presented. Based on these results, we conclude that in a hypercube network of n dimensions, denoted by Qn, the SLD
of a node is equal to its degree when n ⩾ 4. Moreover, we explore the SLD of a node of an incomplete hypercube network. We
determine that the SLD of a node is equal to its remaining degree (RD) in an incomplete hypercube network, which is true
provided that the number of faulty edges in this hypercube network does not exceed n − 3 . Finally, we discuss the SLD of a
node for an incomplete hypercube network and obtain the following results: if the minimum RD of nodes in an incomplete
hypercube network of n-dimensions is greater than 3, then the SLD of any node is still equal to its RD provided that the
number of faulty edges does not exceed 7 n − 3 − 1. If the RD of each node is greater than 4, then the SLD of each node is also
equal to its RD, no matter how many faulty edges exist in Qn.

1. Introduction

In a multiprocessor system incorporating a large number of
processors (nodes), some processors may fail. In other words,
there may exist faulty processors in such a system. Faulty
processors in a multiprocessor system will affect the reliabil-
ity of the system. Hence, in the system design, the problem of
self-diagnosis should be considered. Whenever a faulty node
is identified by the system, it should be repaired or replaced
with an additional one. The process of identifying faulty
processors is referred to as fault diagnosis, which has been
widely studied in [1–9]. The diagnosability, a key measure-
ment of self-diagnosis capacity, of a system is the upper limit
on the number of faulty processors that a system is certain
to identify.

The hypercube network structure [10] is a popular topol-
ogy in modeling a multiprocessor system. An n-dimensional

hypercube network, denoted as Qn, consists of 2n nodes and
n2n−1 edges. A binary n-bit string, e.g., x1x2,… , xn, can be
employed to denote the address of a node x in Qn. If the
address of node u and the address of node v are different in
exactly one bit position, then they are connected by a link,
and vice versa. For two nodes u and v in Qn, if x and y are
connected by a link and their addresses differ in the ith
position, then this edge is called the ith-dimensional edge.
Qn can be decomposed in two n − 1 -dimensional hyper-
cube networks Q0

n−1 and Q1
n−1 along the ith-dimensional

edges. Let v0 ∈ V Q0
n−1 . Then there must be another node

v1 ∈ V Q1
n−1 satisfying v0, v1 ∈ E Qn . We call this edge

the crossing edge between Q0
n−1 and Q1

n−1.
In system-level fault diagnosis, two models that are

typically used as fault diagnosis models are the PMC model
[11] and the comparison model [12]. The fault diagnosis
model in this paper is the PMC model. “PMC” stands for
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Preparata, Metze, and Chien, as this model was first proposed
by Preparata et al. in [11]. In [11], Preparata et al. put for-
ward the concept of a one-step t-diagnosable system and
of a sequentially t-diagnosable system. Since then, results
corresponding to the PMC model have been widely
reported (see [9, 11, 13–19]). In the PMC model, when
we consider the diagnosability of a system S with missing
edges, if all neighbors of some node are faulty, then it is
impossible to judge whether or not the node is fault-free.
In other words, in the PMC model, the diagnosability of
a system S with missing edges depends on the upper limit
of the minimum degree of S. In practice, the probability
that all neighbors of a node are synchronously faulty is
very low. For example, consider an n-dimensional hypercube
network Qn; the number of node subsets such that its car-
dinality is n is Cn

2n . However, the number of node subsets
such that its size is n and it incorporates all neighbors of
some node is at most 2n. The ratio 2n/Cn

2n implies that
the probability that there exists some node such that its
neighbors are all faulty is very low. For this reason, Lai
et al. [14] proposed a concept called a strongly t-
diagnosable system (STDS). Lai et al. [14] claimed that
a STDS is a t + 1 -diagnosable system provided that the
system does not have a node such that its neighbors are
all faulty simultaneously, the probability of which is very
low. In other words, a STDS is nearly a t + 1 -diagnos-
able system. In a certain sense, the SD of a system is more
precise than its traditional diagnosability. Much research
on SD has been carried out (see [2–4, 6, 9, 14]).

It is worth mentioning that in analyzing the diagnosabil-
ity of a system, if one considers only the global situation and
ignores some local information, it is possible that the diagno-
sability obtained is not the largest. For example, let S denote
the integrating system produced by Qr and Qs, where s > >r.
The diagnosability of S may be less than r. However, the
system may diagnose all faulty processors even if their num-
ber is greater than r and less than s. Thus, it is possible that if
some local details of a system are ignored, then the amount of
details obtained will be less than that in the practical case. In
practice, the local status of a system is also an indicative of the
entire system. Hence, when we consider the problem of the
diagnosability of a system, it is necessary to study the local
properties of the system. In 2007, Hsu and Tan [20] proposed
a novel diagnosability, called local diagnosability, in order to
study the problem of fault diagnosis of a system under the
PMC model. Later, in 2009, Chiang and Tan [13] extended
the results in [20] from the PMC model to the comparison
model. Now, we are led to the following question: is it
possible to present a concept that describes the local status
with respect to the SD of a system? This article presents a
concept called SLD, which describes nodes’ local SD status
of a system. A sufficient and necessary condition, which tests
the SLD of a node and its relationship with the SD of a
system, is discussed in this article. Based on this sufficient
and necessary condition, we conclude that the SD of a system
can be determined by computing the SLD of each node of the
system. Then, it is obtained that the SLD of a node of Qn is n,
where n ⩾ 4. Moreover, we discuss the SLD of a given node of
an incomplete hypercube network [21].

The remainder of this paper is as follows: after introduc-
ing some necessary preliminaries and the terminology used
in this paper, in Section 3, we present the concept of SLD
and an important theorem for checking the SLD of a given
node in a system. In Section 4, the SLD of a node of Qn is
studied. Finally, in Section 5, we discuss the conclusions of
our paper.

2. Preliminaries

A system is usually described by a graph H V , E , where E
represents all communication edges between processors and
V represents the set of all processors. Throughout this paper,
we will use the following terms interchangeably: graph,
multiprocessor system and interconnection system. More-
over, we will use node, vertex, and processor interchangeably.
The definition of a graph follows that given in [22]. For a
node u in H V , E , a node v is said to be its neighbor if
u, v ∈ E. Moreover, let NH z = y ∣ y, z ∈ E (N z , in
no confusion) represent the set of all neighbors of z. The
degree of a node z in H, denoted by degH z (deg z , no
confusion), is the cardinality of N z , i.e., deg z = N z .
If the degree of each node in H is k, then H is said to
be k-regular. For a disconnected graph H, a connected
component of H refers to a maximal connected subgraph
of H. If a connected component does not have any edges,
it is said to be trivial; otherwise, it is nontrivial. Given a node
subset X, let H − X represent a subgraph created by deleting
X from H. Similarly, given an edge subset E′, let H − E′ rep-
resent a graph obtained by removing E′ fromH. The connec-
tivity of H, denoted by k H , is the cardinality of the
minimum node set X (X ⊂V) such that H − X is discon-
nected. If k H ⩾ r, then H is said to be r-connected. For a
graph H V , E , we use V H (E H , respectively) to denote
the node set of H (the edge set of H, respectively).

In the PMC model, if x, y ∈ E, then x and y can be used
to test each other. We use the order pair x, y to represent
that x tests y. In this situation, x is the tester, and y is the
tested node. The PMC model assumes that if y is diagnosed
to be faulty (fault-free) by x, then the outcome of x test-
ing y is 1 (0), denoted by σ x, y = 1 (σ x, y = 0). We use
σ = σ x, y ∣ x, y ∈ E to denote a syndrome. The collec-
tion of all faulty nodes in H is called a faulty set. It is
possible that any subset of V is a faulty set. The fault
diagnosis of a system refers to the process of identifying
all faulty nodes in the system. In a system H, the cardinality
of a maximum faulty node set that can be identified by
H is called its diagnosability, denoted as t H . Given a
syndrome σ, a set S ⊆V H is called consistent with σ if the
following condition is true: if ∀x ∈ V H − S and x, y ∈ E,
then σ x, y = 1 if and only if y ∈ S.

We use σ S to denote the set of syndromes pro-
duced by faulty node set S. Two subsets X, Y ⊆ V H
are called distinguishable if σ X ∩ σ Y =∅. If X and
Y are distinguishable, then X, Y is said to be a distin-
guishable pair; otherwise, X, Y is said to be an indistin-
guishable pair. Let XΔY = X − Y ∪ Y − X . In addition,
we need some previous results concerning the t-diagnosable
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system. Throughout this paper, the fault diagnosis model
refers to the PMC model.

Lemma 1 (see [23]). A system H V , E is t-diagnosable if and
only if for two arbitrary different subsets X, Y ⊂V satisfying
∣X∣ ⩽ t, ∣Y ∣ ⩽ t, X, Y is always a distinguishable pair.

Lemma 2 (see [23]). In a system H V , E , suppose that
X, Y ⊂ V with ∣X∣ ⩽ t, ∣Y ∣ ⩽ t are two different subsets.
Then X, Y is a distinguishable pair if and only if H
has at least an edge x, y ∈ E such that x ∈ V − X − Y
and y ∈ XΔY (Figure 1).

The following lemmas are related to the concept of
node diagnosability:

Lemma 3 (see [20]). Suppose that H V , E is a system, z ∈ V .
H is locally t-diagnosable at z if and only if for each subset
X ⊂ V with ∣X∣ = l, l ∈ 0, 1,⋯, t − 1 , and z ∉ X, the number
of nodes in the connected component containing z in H − X is
greater than 2 t − l .

Lemma 4 (see [20]). Suppose that H V , E is a graph, v ∈ V
with deg v = k. Then, the locally diagnosability (LD) of node
v does not exceed k.

Lemma 5 (see [20]). In a system H V , E , suppose that z ∈ V .
Then the system H V , E is t-diagnosable at node z ∈ V G if
and only if for two arbitrary different subsets X, Y ⊂V H
satisfying ∣X∣ ⩽ t, ∣Y ∣ ⩽ t and z ∈ XΔY , H has at least an edge
x, y ∈ E such that x ∈ V − X − Y and y ∈ XΔY .

Lemma 6 (see [20]). A t-diagnosable system H is locally
t-diagnosable at each node. Conversely, if H is locally
t-diagnosable at each node, then H is t-diagnosable.

By Lemma 1 and Lemma 5, we conclude that a t-
diagnosable system must be t-diagnosable at each node,
and vice versa.

Definition 1. A system is triangle-free if it does not incorpo-
rate a triangle.

Remark 1. Among the regular interconnection networks,
there are many famous networks that are triangle-free, for

example, hypercube-like networks [18], star networks [7],
and the exchanged hypercube network [24].

The following definition of a strongly t-diagnosable
system follows [14].

Definition 2. A t-diagnosable system, denoted by H V , E ,
is called a strong t-diagnosable system if the following
condition is true.

For any two different subsets X, Y ⊂V with ∣X∣ ⩽ t + 1
and ∣Y ∣ ⩽ t + 1, if X, Y is an indistinguishable pair, then H
has at least a node x such that N x ⊆ X ∩ Y .

The strong diagnosability (SD) of a system is the
maximum number value of t such that the system is a strong
t-diagnosable system.

3. The Strong Local Diagnosability

First, let us look back at some conclusions regarding diagno-
sability. Reference [20] proposed a new concept, called node
diagnosability, that describes the local status with respect to
system diagnosability. By Lemma 6, to obtain the system
diagnosability, we need only to compute the node diagnosa-
bility of each node of the system, which is a novel way to
study the system diagnosability. By Definition 2, we have
that a STDS must be a t-diagnosable system but may not
be a t + 1 -diagnosable system [13]. Since the probability
that all neighbors of some node are faulty simultaneously
is rather small, a STDS is almost t + 1-diagnosable. Moti-
vated by this strategy, we propose a new concept called the
SLD at a given node in a system. This new concept combines
the characteristics of node diagnosability and SD. For a sys-
tem H V , E , x ∈ V , we use t H (tlH x ; tslH x ) to denote
the diagnosability of H V , E (the LD at node x in H V , E ;
the SLD at node x in H V , E ).

Definition 3. Let H V , E be the diagnostic graph of a system
H and x ∈ V . H is called strong locally t-diagnosable at node
x if it is locally t-diagnosable at node x and the following
condition is true.

For any two different subsets X, Y ⊂ V with ∣X∣ ⩽
t + 1,∣Y ∣ ⩽ t + 1 and x ∈ XΔY , if X, Y is an indistinguish-
able pair, then N x ⊆ X ∩ Y .

A systemH is said to be strong locally t-diagnosable if for
each node x in H, H is strong locally t-diagnosable at node x.

X Y

y

x

(a)

X Y

y

x

(b)

Figure 1: An example of a distinguishable pair X, Y
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Proposition 1. Suppose that H V , E is a graph, y ∈ V with
deg y = k. The SLD of node y in H V , E does not exceed k.

Proof 1. By Lemma 4 and Definition 3, the proof can be
easily obtained.

In the following, we propose two propositions for
describing the relationship between a strong locally t-
diagnosable system and a strongly t-diagnosable system:

Proposition 2. IfH V , E is strong locally t-diagnosable, then
H V , E is strongly t-diagnosable.

Proof 2. Suppose that H V , E is not strongly t-diagnosable.
From Definition 1, it is obtained that there is an indistin-
guishable pair X, Y with X, Y ⊂V , X ≠ Y , ∣X∣ ⩽ t + 1,
and ∣Y ∣ ⩽ t + 1 such that for any node x ∈ V , N x ⊄X ∩ Y .
Since X ≠ Y , there exists a node y such that y ∈ XΔY and
N y ⊄X ∩ Y . Hence, H is not strong locally t-diagnosable
at node y, a contradiction to the postulation that H is
strong locally t-diagnosable. This completes the proof.

The above proposition proposes a sufficient but unneces-
sary condition to test if the system S is strongly t-diagnosable.
Next, a necessary and sufficient condition for testing the
strong t-diagnosability of a triangle-free system is presented.

Proposition 3. LetH V , E be a triangle-free system and t ⩾ 3
be an integer. If H is strongly t-diagnosable, then H is strong
locally t-diagnosable, and vice versa.

Proof 3. By the proof of Proposition 2, the sufficiency holds.

Necessity 1. LetH be a strongly t-diagnosable system; then,H
is t-diagnosable. Let x ∈ V . By Lemma 6, we have that H is
locally t-diagnosable at vertex x. Next, by Definition 3,
we need to prove only that for any two different subsets
X, Y ⊂ V with ∣X∣ ⩽ t + 1 and ∣Y ∣ ⩽ t + 1, if X, Y is an
indistinguishable pair, then H has at least a node x ∈ XΔY
and N x ⊆ X ∩ Y . In contrast, assuming that N x ⊈ X ∩ Y ,
we derive a contradiction. By Definition 2, there is at least
one node y ∈ V such that N y ⊆N X ∩N Y . By Lemma
4, we have that ∣X ∩ Y ∣ ⩾ ∣N y ∣ ⩾ t. Note that X ≠ Y , ∣X∣ ⩽
t + 1, and ∣Y ∣ ⩽ t + 1; therefore, ∣X ∩ Y ∣ ⩽ t. Thus, ∣X ∩ Y ∣ =
∣N y ∣ = t. On the other hand, x ∈ XΔY implies that
x ∈ X − Y or x ∈ Y − X. Here, we need to consider only the
situation where x ∈ X − Y , as the proof of the situation in
which x ∈ Y − X can be similarly obtained. In the rest of this
proof, four situations are considered according to the subjec-
tions of node y: (1) y ∈ X − Y , (2) y ∈ Y − X, (3) y ∈ X ∩ Y ,
and (4) y ∈ V − X ∪ Y .

Case 1 y ∈ X − Y . Since ∣X − Y ∣ ⩽ 1 and X ≠ Y , x = y, which
is a contradiction.

Case 2 y ∈ Y − X . It is clear that Y − X = y , X − Y = x .
X, Y is an indistinguishable pair, implying that N x ∩
V − X ∪ Y = ϕ. Moreover, by N x ⊈ X ∩ Y , we have that
y ∈N x . This is a contradiction to N y ⊆ X ∩ Y .

Case 3 y ∈ X ∩ Y . Since ∣X ∩ Y ∣ = ∣N y ∣ = t and N y ⊆
X ∩ Y , N y = X ∩ Y , which is a contradiction.

Case 4 y ∈ V − X ∪ Y . By the hypothesis, we have that
X − Y = x and Y − X ⩽ 1. We first discuss the situation
where Y − X = 1. Suppose that Y − X = z . By the proof
of Case 2, we have that x is adjacent to z and that there is
no edge between z and any node in V − X ∪ Y . N x ∩
V − X ∩ Y = ϕ (as X, Y is an indistinguishable pair)
and N x ⩾ t (Lemma 4), we have that N x ∪ X ∪ Y ⩾

t − 1. Since H is a triangle-free graph, N z ∩ X ∩ Y ⩽ 1.
Thus, the degree of z is no greater than 2, a contradiction
to deg z ⩾ t ⩾ 3 (Lemma 4). Second, we consider the situa-
tion where Y − X = 0. Since there is no edge between x
and any node in V − X ∪ Y , N x ⊆ X ∪ Y ; thus, N x ⊆ X,
and therefore, N x ∪ x ⊂ X. On the other hand, since
N x ⩾ t, X = x ∪N x , and hence, Y =N x , which is
a contradiction. This completes the proof.

Proposition 2 describes the relationship between SLD
and SD for a triangle-free graph. The following theorem
follows Proposition 2.

Theorem 1. In a triangle-free network system H V , E , the
strong diagnosability of H is equal to min the SLD at
node r ∣ r ∈ V .

The following sufficient and necessary condition can
be applied.

Theorem 2. In a graph H V , E , x ∈ V . Thus, H V , E is
strong locally t-diagnosable at node x if and only if, for
any S ⊂V , ∣S∣ = l, l ∈ 0, 1,⋯, t , and x ∉ S, the following
conditions hold:

Condition 1 If l ≠ t, then the number of nodes of the
connected component containing x in H − S
exceeds 2 t + 1 − l .

Condition 2 If l = t, then either (a) the number of nodes of
the connected component containing x in
H − S exceeds 2 or (b) N x ⊆ S.

Proof 4 (sufficiency). Let C denote the connected component
containing x in H − S. By Condition 1, for l ≠ t, we have that
2 t − l + 1 < 2 t + 1 − l + 1 ⩽ ∣V C ∣. According to Lemma
3,H is locally t-diagnosable at node x. Next, we need to prove
that for any two different subsets X, Y ⊂V with ∣X∣ ⩽ t + 1,
∣Y ∣ ⩽ t + 1 and x ∈ XΔY , if X, Y is an indistinguishable
pair, thenN x ⊆ X ∩ Y . Suppose that there exist two different
subsets X, Y ⊂V with ∣X∣ ⩽ t + 1, ∣Y ∣ ⩽ t + 1 and x ∈ XΔY
such that X, Y is an indistinguishable pair and N x ⊈
X ∩ Y . Let S′ = X ∩ Y ; then, ∣S′∣ = l ⩽ t. If l ≠ t, by Condition
1, the number of nodes of the connected component contain-
ing x in H − S′ is greater than 2 t + 1 − l . Moreover, the
number of nodes of the connected component containing x
in H − S′ is greater than ∣XΔY ∣, which implies that H has
two nodes y ∈ V − X ∪ Y and z ∈ XΔY such that y, z ∈ E.
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Hence, X, Y is a distinguishable pair, which is a contradic-
tion. Thus, ∣S′∣ = l = t, which implies that ∣XΔY ∣ ⩽ 2. By
Condition 2, we have that the number of nodes of the
connected component containing x in H − S′ exceeds 2.
Hence, H has two nodes y ∈ V − X ∪ Y and z ∈ XΔY such
that y, z ∈ E. Hence, X, Y is a distinguishable pair, which
is a contradiction.

Next, we consider the situation l = t. From last paragraph,
we have that H is locally t-diagnosable at node x. By Defini-
tion 3, we only need to prove that for any two different
subsets X, Y ⊂ V with ∣X∣ ⩽ t + 1, ∣Y ∣ ⩽ t + 1 and x ∈ XΔY , if
X, Y is an indistinguishable pair, then N x ⊆ X ∩ Y . To
the contrary, assume that there exist two different subsets X,
Y ⊂ V with ∣X∣ ⩽ t + 1, ∣Y ∣ ⩽ t + 1, x ∈ XΔY and X, Y is
an indistinguishable pair, but N x ⊈ X ∩ Y . Let S′ = X ∩ Y
and ∣S′∣ = r, then 0 ⩽ r ⩽ t, and then we have that ∣XΔY ∣ ⩽
2 t + 1 − r . Moreover, by Condition 1, we have that r = t,
which implies that ∣XΔY ∣ ⩽ 2. Since X, Y is an indistin-
guishable pair, there is no edge from V − X ∪ Y to XΔY .
So, the number of nodes of the connected component con-
taining x is no more than ∣XΔY ∣ ⩽ 2. Moreover, N x ⊆ S′ =
X ∩ Y , a contradiction.

Necessity 2. We consider Condition 1 first. Suppose that for
some l ∈ 0, 1,⋯, t − 1 , H − S has a connected compo-
nent containing x, e.g., C, such that ∣V C ∣ ⩽ 2 t + 1 − 1 .
Let V C be decomposed in two subsets as follows: R1 ∩
R2 =∅ and R1 ∪ R2 =V C , with ∣R1∣ ⩽ t + 1 − l and ∣R2∣ ⩽
t + 1 − l . Let X = R1 ∪ S and Y = R2 ∪ S. It is clear that ∣X∣ ⩽
t + 1, ∣Y ∣ ⩽ t + 1 and x ∈ XΔY . Since C is a connected compo-
nent of H − S, H does not have an edge y, z ∈ E such that
y ∈ XΔY and z ∈ V − X ∪ Y . By Lemma 2, X, Y is an
indistinguishable pair. Since H is strong locally t-diagnos-
able at node x, N x ⊆ S. Hence, ∣N x ∣ ⩽ ∣S∣ ⩽ l ⩽ t − 1. On
the other hand, the assumption that H is strong locally t-
diagnosable at node x implies that H is t-diagnosable at
node x. By Lemma 4, we have that ∣N x ∣ ⩾ t, which is a
contradiction. Hence, Condition 1 is necessary.
Now, let us consider Condition 2. Suppose that ∣S∣ = l = t. Let
L denote the connected component containing x in H − S. If
the number of nodes in L is less than or equal to 2, then V L
can be decomposed in two subsets R1 and R2 satisfying the
following conditions: R1 ∩ R2 =∅ and R1 ∪ R2 =V L , with
∣R1∣ ⩽ 1 and ∣R2∣ ⩽ 1. Let X = R1 ∪ S and Y = R2 ∪ S. Then,
∣X∣ ⩽ t + 1, ∣Y ∣ ⩽ t + 1, and x ∈ XΔY . By the assumption
that H V , E is strong locally t-diagnosable at node x,
we have that H V , E is locally t-diagnosable at node x.
Moreover, we have that X, Y is an indistinguishable pair.
By Definition 3, we conclude that N x ⊆ X ∩ Y = S. This
completes the proof of necessity.

Corollary 1. Suppose that H′ V ′, E′ is a subgraph of
H V , E , y ∈ V′. If H′ V′, E′ is strong locally t-diagnos-
able at y and NH y ⊆V′, then H V , E is strong locally
t-diagnosable at y.

Proof 5. For any S ⊂V , ∣S∣ = l, l ∈ 0, 1,⋯, t , and x ∉ S. We
will prove that the two conditions in Theorem 2 hold. Let
S′ = S ∩V′, l′ = ∣S′∣. Consider the following cases:

Case 5 l ≠ t . Note that l′ ≠ t. Since H′ V′, E′ is strong
locally t-diagnosable at y, the number of nodes of the
connected component containing y in H′ − S′ exceeds
2 t + 1 − l′ , which implies the number of nodes of the con-
nected component containing y inH − S exceeds 2 t + 1 − l′ .
Moreover, the number of nodes of the connected component
containing y in H − S exceeds 2 t + 1 − l . So, Condition 1 of
Theorem 2 holds.

Case 6 l = t .

Case 7 l′ ≠ t . An argument being similar to Case 5 can be
used to obtain the following result: the number of nodes of
the connected component containing y in H′ − S′ exceeds 2
t + 1 − l′ , which implies that the number of nodes of the
connected component containing y in H − S exceeds 2. So,
Condition 2 of Theorem 2 holds.

Case 8 l′ = t . Then S′ = S. Since H′ V′, E′ is strong locally
t-diagnosable at y and NH y ⊆V′, then either (a) the num-
ber of nodes of the connected component containing y in
H′ − S′ exceeds 2, which implies the number of nodes of
the connected component containing y in H − S exceeds 2,
or (b) NH′ y ⊆ S′, which implies NH y ⊆ S. So, Condition
2 of Theorem 2 holds.

Next, we present the type I structure, which is used to
verify the SLD of a given node.

Definition 4. Suppose that H V , E denotes a diagnostic
graph of a system and that x is a node in V . The type I
structure of the node x can be decomposed in three node sets
(L1, L2, and L3) and two edge sets (E1, E2), as shown in
Figure 2. These sets are defined as follows: L1 = x , L2 =
y ∣ y, x ∈ E , and L3 = z ∣ z, y ∈ E, y ∈ L2 . E1 = x, y
∣ x ∈ L1, y ∈ L2 , and E2 = y, z ∣ y ∈ L2, z ∈ L3 . Let Nn
(Ne) represent the number of nodes (edges) in the type
I structure.

L1

. . . .

. . .

L2

L3

E1

E2

Figure 2: Type I structure.
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4. The Hypercube Network and
Incomplete Hypercube

Regular topology structures are usually used to imitate
multiprocessor systems. There is no doubt that the hyper-
cube structure is one of the most important regular topology
structures. In the following, we will discuss the problem of
the SLD of a hypercube network.

Theorem 3. Qn is strong locally n-diagnosable at each node,
where n ⩾ 4.

Proof 6. Let v ∈ V Qn be an arbitrary node. For each S ⊂ V
Qn , ∣S∣ = l, l ∈ 0, 1,⋯, n , and v ∉ S, we show that the
two conditions of Theorem 2 are both true.

Case 9 l ≠ n . Noting that the connectivity of Qn is n, we
have that Qn − S is connected. Let C denote this unique
connected component in Qn − S; then, v ∈ V C . Hence,
∣V C ∣ = 2n − l ⩾ 2 t + 1 − l + 1 (n ⩾ 4), which implies that
Condition 1 of Theorem 2 holds.

Case 10 l = n . Consider the type I structure of node v in Qn.
If S ⊆ L2, then N v ⊆ S, which implies that Condition 2 of
Theorem 2 is true. If S ⊈ L2, then there are two nodes u,w
satisfying u ∈ L2,w ∈ L3, and v, u ∈ E1, u,w ∈ E2. Hence,
Qn − S has a connected component, which incorporates
v and has 3 or more nodes. This completes the proof
of Theorem 3.

According to Theorem 3, the SLD of every node of Qn is
the same as its degree, with n ⩾ 4. It is natural to consider the
following question: is the result still true for an incomplete
hypercube network? In the following, we discuss this prob-
lem. We use E′ ⊂ E to denote an edge subset and Qn′ to denote
an incomplete hypercube network of n dimensions created
by removing E′ from the hypercube network Qn. In the fol-
lowing, we show that the SLD of every node is the same as
its RD in Qn′, even if the cardinality of E′ can reach n − 3 .
We now give an example to explain that the result is not true
if the cardinality of E′ is n − 2 . In Figure 3, deg x = n. Let
E′ = x, u ∈ E ∣ u ∈ V − x, y − x, v , where u and v
are two neighbors of x; then, ∣E′∣ = n − 2. Let X = NQn

′ v −
x ∪ v, y and Y =NQn

′ v ∪ y ; then, ∣X∣ = ∣Y ∣ = n + 1,
v ∈ XΔY . By Lemma 2, X, Y is an indistinguishable pair,
and N v ⊂X ∩ Y . Hence, the SLD of node v differs from its
RD in Qn′.

Theorem 4. Let E′ ⊂ E Qn be an edge subset with 0 ⩽ ∣E′∣ ⩽
n − 3, where n ⩾ 4. Let Qn′ denote the induced subgraph of
E Qn − E′. Then, the SLD of every node of Qn′ is exactly
the same as its RD.

Proof 7. We prove this theorem by induction n. First, let us
consider the situation where n = 4; in this case, ∣E′∣ ⩽ 1. For
∣E′∣ = 0, based on Theorem 3, the result holds. Assume that

∣E′∣ = 1. We consider the type I structure of node v in Q4, as
shown in Figure 4. It is clear that ∣L1∣ + ∣L2∣ + ∣L3∣ = 1 + 4 +
6 = 11. If E′ ⊂ E1, then the RD of v is 3. We can use a similar
argument to that used in the proof of Theorem 3 to show that
the SLD of node v is 3. If E′ ⊂ E2, then the RD of v is 4. Let
S ⊂V Q4′ and v ∈ S, with ∣S∣ = l and 0 ⩽ l ⩽ 4. When l = 4
and N v ⊆ S, Condition 2 of Theorem 2 holds. When l = 4
and N v ⊆ S, consider the following cases.

Case 11 ∣N v − S∣ ⩾ 2 . Then the number of nodes of the
connected component containing v in Q4′ − S is at least 3,
Condition 2 of Theorem 2 holds.

Case 12 ∣N v − S∣ = 1 . Then ∣N v ∩ S∣ = 3. Let u ∈N v
− S, then N u ∩ L3 has at least 2 nodes, which implies
∣N u ∩ L3 − S∣ ⩾ 1. So, the number of nodes of connected
component containing v in Q4′ − S is at least 3. In other
words, Condition 2 of Theorem 2 holds.

Next, we show that when 0 ⩽ l ⩽ 3, ∣V C ∣ ⩾ 2 4 + 1 − l
+ 1 = 11 − 2l, where C is the connected component contain-
ing v in Q4′ − S. From Figure 5, we conclude that the only case
stopping the condition from being satisfied is that in which
S = v2, v3, v4 and E′ = v1, v11 . However, based on the

x

v y

v1 vk Vn-1..

.

..

Fault edges
|S|=n-2

. . .

Figure 3

F1F2

x

Vn-1

v2

v1

y v

..

Figure 4: An illustration of the difference between the strong locally
diagnosability and RD for a node in Qn′.
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definition of a hypercube network, the connected component
C contains other neighbors of v1, e.g., v12 and v13, as well as
their neighbors, which do not include v1. Hence, for con-
nected component C, it is true that ∣V C ∣ ⩾ 5 when l = 3.
In summary, for n = 4, the result is true.

Assume that when n ⩾ 5 for Qn−1′ , the result is true. Next,
we prove that for n ⩾ 5, Qn′ and 0 ⩽ ∣E′∣ ⩽ n − 3 , the result is
still true. If ∣E′∣ = 0, then the result holds. Now, we consider
the situation where 1 ⩽ ∣E′∣ ⩽ n − 3. Decompose Qn in two-
n − 1 dimensional hypercube networks Q0

n−1 and Q1
n−1

along the ith-dimensional edges. Let E0′ = E Q0
n−1 ∩ E′, E1′ =

E Q1
n−1 ∩ E′. Let v be an arbitrary node. Without the loss

of generality, let v ∈ V Q0
n−1 and degQ0

n−1−E0′ v = k. Suppose

that v, v′ ∈ E Qn is a crossing edge, namely, v, v′ ∈
E Qn is one of the ith-dimensional edges, where v′ ∈
V Q1

n−1 . Consider the following two cases:

Case 13 v, v′ ∈ E′ . Then, 0 ⩽ ∣E0′∣ ⩽ n − 1 − 3. By the
inductive hypothesis, we have that tsl Q

0
n−1 − E0′ v = k. On

the other hand, we have that degQn−E′ v = k. According to

Corollary 1 and Proposition 1, we have that k = tsl Q
0
n − E0′

v ⩽ tsl Qn − E′ v ⩽ degQn−E′ v = k. Hence, tsl Qn − E′
v = k, and thus the result is true.

Case 14 v, v′ ∉ E′ . Then, degQn−E′ v = k + 1. By Proposi-
tion 1, we have that tsl Qn′ − E′ v ⩽ k + 1. Now, we need to
prove only that Qn − E is strong locally k + 1-diagnosable at
node v. Let S ⊂ V Qn − E′ , with v ∉ S, 0 ⩽ ∣S∣ = l ⩽ k + 1,
S0 = S ∩V Q0

n−1 − E0′ , and S1 = S ∩V Q1
n−1 − E1′ . Next, we

prove that the two conditions of Theorem 2 hold. For
the sake of convenience, let C stand for the connected
component containing v in Qn − E′ − S, C0 denote the
connected component containing v in Q0

n−1 − E0′ − S0,
and C1 denote the connected component containing v′
in Q1

n−1 − E1′ − S1; moreover, let si = Si , i = 0, 1.

Case 15. First, we consider the condition that l ⩽ k. We
will prove that ∣V C ∣ ⩾ 2 k + 1 + 1 − l + 1. Consider the
following cases:

Case 16 ∣E0′∣ = n − 3 .

Case 17 v′ ∉ S . If s1 ⩽ n − 2, then ∣V C1 ∣ ⩾ 2n−1 − s1.
Moreover, ∣V C ∣ ⩾ ∣V C1 ∪ v ∣ ⩾ 2n−1 + 1 − l ⩾ 2 k + 1 +
1 − l + 1. If s1 = n − 1, then ∣V C0 ∣ = 2n−1. Moreover,
∣V C ∣ ⩾ ∣V C0 ∪ v′ ∣ ⩾ 2n−1 + 1 ⩾ 2 k + 1 + 1 − l + 1.

Case 18 v′ ∈ S . It is obvious that s0 ⩽ k − 1. Let x, y ∈ E0′;
then, x, y has at least one node, e.g., x, which is not v. Let
S0 = S0 ∪ x ; then, ∣S0∣ ⩽ s0 + 1 ⩽ k.

If ∣S0∣ ⩽ k − 1, let C0 denote the connected component
containing v in Q0

n−1 − E0′ − x, y − S0 . Since Q0
n−1 −

E0′ − x, y − S0 is the subgraph of Q0
n−1 − E0′ − S0,

∣V C0 ∣ ⩾ ∣V C0 ∣. Note that ∣E0′ − x, y ∣ = n − 1 − 3;
by inductive hypothesis and Theorem 2, we have that
∣V C0 ∣ ⩾ 2 k + 1 − s0 + 1 + 1. In Q0

n−1 − E0′ − S0, we can
choose two distinct nodes u and w such that either both u
and w are neighbors of v or u is a neighbor of v and w is a
neighbor of u. Suppose that u, u′ and w,w′ are two
crossing edges in Qn, where u′,w′ ∈ V Qn−1

1 and u, u′ ,
w,w′ ∈ E. If s1 = 1, thenV C0 ∪ u′,w′ ⊂V C , and then
∣V C ∣ ⩾ ∣V C0 ∣ + 2 ⩾ 2 k + 1 − s0 + 1 + 1 + 2 = 2 k + 1
+ 1 − l + 1. If s11, then s0 + 1 ⩽ l − 1, and then ∣V C ∣ ⩾
∣V C0 ∣ ⩾ 2 k + 1 − s0 + 1 + 1 ⩾ 2 k + 1 + 1 − l + 1.

If ∣S0∣ = k, then s1 = 1, s0 = k − 1. Since degQ0
n−1−E0′ v = k,

there must exist one neighbor of v, e.g., z, such that z ≠
x in Q0

n−1 − E0′ − x, y − S0. Let z, z′ be a crossing
edge in Qn, where z′ ∈ V Q1

n−1 . Let Cz′ denote the con-
nected component containing z′ in Q1

n−1 − E1′ − S1; then,
∣V Cz′ ∣ ⩾ 2n−1 − s1. Note that z, z′ ∉ E′; we have that
v, z, z′ belong to a connected component of Qn − E′,
which implies that ∣V C ∣ ⩾ ∣V Cz′ ∪ v, z ∣ ⩾ 2n−1 + 2 −
s1 ⩾ 2 k + 1 + 1 − l + 1.

Case 19 ∣E0′∣ = 0 .

If v′ ∈ S, then s0 ⩽ k − 1 ⩽ n − 2. Since the connectivity of
Qn−1 is n − 1, ∣V C0 ∣ ⩾ 2n−1 − s0 ⩾ 2 k + 1 + 1 − l + 1.
Hence, ∣V C ∣ ⩾ ∣V C0 ∣ ⩾ 2 k + 1 + 1 − l + 1. If v′ ∉ S, then
either ∣V C0 ∣ ⩾ 2n−1 − s0 ⩾ 2 k + 1 + 1 − l + 1 or ∣V C1 ∣ ⩾
2n−1 − s1 ⩾ 2 k + 1 + 1 − l + 1. Hence, ∣V C ∣ ⩾ 2 k + 1 +
1 − l + 1.

Case 20 1 ⩽ ∣E0′∣ ⩽ n − 1 − 3 . Next, we show that ∣V C ∣
⩾ 2 k + 1 + 1 − l + 1. Since 0 ⩽ ∣E1′∣ ⩽ n − 3 − 1, the
degree of any node in Q1

n−1 − E1′ is at least 3. Therefore,
v′ has two neighbors, e.g., x and y, in Q1

n−1 − E1′. Consider
the following cases:

v

v1

v11 v12 v13

E´

S={v2,v3,v4}

v2 v3 v4

Figure 5: Type I structure of the node v in Q4.
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Case 21 0 ⩽ l ⩽ k − 1 . By inductive hypothesis and Theorem
2, we have that V C0 ⩾ 2 k + 1 − s0 + 1. If S ⊂V Q0

n−1 −
E0′ , then ∣V C ∣ ⩾ ∣V C0 ∣ + ∣ v′, x, y ∣ ⩾ 2 k + 1 − l + 1 +
3 ⩾ 2 k + 1 + 1 − l + 1. If S ⊆V Q0

n−1 − E0′ , then ∣V C ∣ ⩾
∣V C0 ∣ ⩾ 2 k + 1 − l − 1 + 1 = 2 k + 1 + 1 − l + 1.

Case 22 l = k . Since 0 ⩽ ∣E1′∣ ⩽ n − 3 − 1, there exists
another neighbor of v′, e.g., v11′, in Q1

n−1 − E1′. If S ⊆Q0
n−1 −

E0′, then ∣V C1 ∣ ⩾ 2n−1, and then ∣V C ∣ ⩾ ∣V C1 ∪ v ∣ ⩾
2n−1 + 1 ⩾ 2 k + 1 + 1 − l + 1. If S ⊆Q0

n−1 − E′, then s0 ⩽ k
− 1. Hence, by inductive hypothesis and Theorem 2, we have
that ∣V C0 ∣ ⩾ 2 k + 1 − s0 + 1 ⩾ 2 k + 1 − l + 1.

Case 23. Next, we consider the condition that l = k + 1.
Suppose that NQn

′ v ⊆ S. Consider the following cases.

Case 24 v′ ∉ S . Since ∣NQ1
n−1−E1′

v′ ∣ + ∣NQ0
n−1−E0′

v ∣ ⩾ 2 n −
1 − n − 3 = n + 1 > k + 1 = ∣S∣, there is at least node y in
NQ1

n−1−E1′ v
′ ∪NQ0

n−1−E0′ v such that y ∉ S. Hence, y, v, v′
belong to a connected component in Qn − E′ − S. Condition
2 of Theorem 2 is satisfied.

Case 25 v′ ∈ S . By NQn−E′ v ⊈ S, we conclude that there

exists at least node inNQ0
n−1−E0′ v , e.g., y, such that y ∉ S. Since

NQn−1−E′ v, y ⩾ n + 1 > k + 1 = ∣S∣, then there is at least one
node in NQn−E′, e.g., z, such that z ∉ S. Then, x, y, z belong

to a connected component in Qn − E′ − S. Condition 2 of
Theorem 2 is satisfied.

In summary, Qn − E′ is strong locally k + 1 -diagnosable
at the node v.

Clearly, the following corollary follows Theorem 4;
hence, its proof is omitted.

Corollary 2. For n ⩾ 4 and E′ ⊂ E Qn with 0 ⩽ ∣E′∣ ⩽ n − 3,
Qn − E′ is strongly r-diagnosable, where r represents the
minimum degree of nodes in Qn − E′.

In the previous section, we concluded that the SLD of a
node is its RD in an incomplete hypercube network Qn′ cre-
ated by removing the edge set E′ ⊂ E Qn with ∣E′∣ ⩽ n − 3
from Qn. In the following, we discuss the problem of the
upper bound of ∣E′∣ such that the following two conditions
are satisfied: (1) the RD of each node in Qn − E′, denoted
by Qn′, is at least 4; (2) the SLD of every node Qn′ is the same
as its RD. Now, we consider an example in which the SLD of
a node in Qn′ differs from its RD in Qn′ with ∣E′∣ = 7 n − 3 ,
even though the minimum degree of nodes in Qn′ is more
than 3. Assume that x, xi ∈ V , 1 ⩽ i ⩽ 7, the adjacent situa-
tions of which are shown in Figure 6. Let H xi =N xi −
x1, x2,⋯, x7 , Ei = y, xi ∈ E ∣ y ∈H xi , and E′ = E1 ∪

E2 ∪⋯∪ E7; then, ∣E′∣ = 7 n − 3 . Let F1 = N x − x5 ∪
x, x2 and F2 = N x − x1, x3 ∪ x4, x6, x7 . Since

∣F1∣ = ∣F2∣ = n + 1, F1, F2 is an indistinguishable pair; at
the same time, N x ⊆ F1 ∩ F2, tsl Qn − E′ v is not n, and
the RD of v is n in Qn − E′.

Theorem 5. Let Qn′ =Qn − E′, where E′ ⊂ E Qn with
0 ⩽ ∣E′∣ ⩽ 7 n − 3 − 1. Assume that δ Qn′ ⩾ 3, then ∀
x ∈ V Qn′ , it follows that tsl Qn′ x = degQn

′ x .

Proof 8. Before proving this theorem, we define some notions
for further discussion. Consider another structure of a node v
obtained by extending its type I structure, called the type
I-EX structure of node v, in the following way: insert a
node set L4 and an edge set E3 in the type I structure
of node v, where L4 = u ∣ u,w ∈ E,w ∈ L3 − L2 and E3 =
u,w ∣ u ∈ L3,w ∈ L4 . After removing E′ fromQn, the type

I-EX structure of node v becomes another new structure,

x1

x

x2

x3

x4

x7

x5

x6

n-3

F1 F2

…
…

Figure 6: Illustration of tsl Qn − E′ x being equal to its RD.
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called the type II structure of node v. The set of nodes L1
(L2; L3; L4) becomes another new set of nodes L1′ (L2′; L3′; L4′)
in the type II structure of node v. Similarly, the set of
edges E1 (E2; E3) becomes another new set of edges E1′
(E2′; E3′) in the type II structure of node v. Let degQn−E′ v = h
and S ⊂V Qn with ∣S∣ = l and 0 ⩽ l ⩽ h. By the type II
structure of node v, we have that the number of nodes of
connected component containing v in Qn′ − S is smallest if
and only if S ⊂ L2′. So, we need to consider only the case
of S ⊂ L2.

If ∣S∣ = h, it is obtained that N v ⊆ S, which satisfies
Condition 2 of Theorem 2. Now, we consider the case of
0 ⩽ ∣S∣ ⩽ h − 1. For the sake of convenience, we introduce
another new structure of node v, called type III structure
of node v, which is obtained by removing S from the type
II structure of node v. The set of nodes L1′ L2′ ; L3′ ; L4′
becomes L1′′ L2′′ ; L3′′ ; L4′′ in type III structure of node v. Sim-
ilarly, the set of edges E1′ (E2′; E3′) becomes another new set
of edges E1′′ (E2′′; E3′′) in the type III structure of node v. After
deleting all nodes of S, we have ∣L1′′∣ = 1 and ∣L2′′∣ = h − l. Since
for each v ∈ V Qn′ , degQn

′ v ⩾ 3, it follows that ∣E1′′∣ = h − l

and ∣E2′′∣ ⩾ 2 h − l . Moreover, by the definition ofQn, we have
that each node in L3′′ is adjacent to at most two nodes in L2′′.
Thus, it is true that ∣L3′′∣ ⩾ E2′′ /2 ⩾ h − l and ∣E3′′∣ ⩾ h − l.
Similarly, it is true that each node in L4′′ is adjacent to at most
three nodes in L3′′; thus, ∣L4′∣ ⩾ E3′ /3 ⩾ h − l/3 . Hence, for
the component C, to which v in Qn′ − S belongs, we have that
∣V C ∣ ⩾ 1 + 2 h − l + h − l/3 . To show that 2 h + 1 − l +
1 ⩽ ∣V C ∣, which implies that Condition 1 of Theorem 2
holds, we consider the following cases:

Case 26 h − l ⩾ 4 . Since h − l/3 ⩾ 2, it follows that
∣V C ∣ ⩾ 1 + 2 h − l + h − l/3 ⩾ 2 h + 1 − l + 1.

Case 27 h − l = 3 . Note that 2 h + 1 − l + 1 = 9 and 1 + 2
h − l + h − l/3 = 8; hence, it is sufficient that V C ≠ 8.
Suppose that V C = 8. Since h − l = 3, ∣L1′∣ = 1, and ∣L2′∣ = 3
in the type II structure of node v, the assumption that for
each v ∈ V Qn′ , degQn

′ v ⩾ 3 implies that ∣L3′∣ = 4 or ∣L3′∣ = 3.
If ∣L3′∣ = 4, then there exists some node v0 ∈ L3′ such that there
is exactly one node in L3′ that can connect to v0. Then, L4′ has
at least one node, e.g., v0′, such that v0, v0′ ∈ E′. In other
words, V C ⩾ 9, which contradicts the assumption that
V C = 8. If ∣L3′∣ = 3, then ∀u ∈ L3′, it follows that degQn

′ u =
3, ∣L4′∣ = 1, ∣E3′∣ = 3, which implies that there exist 7 nodes in
Qn′ whose RDs are all 3. This contradicts the assumption that
0 ⩽ ∣E′∣ ⩽ 7 n − 3 − 1.

Case 28 h − l = 2 . Note that 2 h + 1 − l + 1 = 7 and 1 + 2
h − l + h − l/3 = 6; hence, it is sufficient that V C ≠ 6.
Suppose that V C = 6. Since h − l = 2, it follows that ∣L1′∣ =
1 and ∣L2′∣ = 2 in the type II structure of node v. On the other
hand, the assumption that for each v ∈ V Qn′ , degQn

′ v ⩾ 3

implies that ∣L3′∣ = 3, where there exists at most one node in
L3′ that is shared by the two nodes in L2′ as their common
neighbor. Furthermore, ∣L4′∣ ⩾ 1 can be obtained, which
implies that V C ⩾ 7. This is a contradiction.

Case 29 h − l = 1 . Note that 2 h + 1 − l + 1 = 5 and 1 + 2
h − l + h − l/3 = 4; hence, it is sufficient that V C ≠ 4.
Suppose that V C = 4. Since h − l = 1, it follows that
∣L1′∣ = 1 and ∣L2′∣ = 1 in the Type II structure of node v. The
assumption that for each v ∈ V Qn′ , degQn

′ v ⩾ 3 implies that

∣L3′∣ ⩾ 2, which results in ∣L4′∣ ⩾ 1. Hence, V C ⩾ 5, which
contradicts the assumption that V C = 4.

By Theorem 5, we can obtain the following corollary.

Corollary 3. In Qn (n ⩾ 4), suppose that E′ ⊂ E Qn , with
0 ⩽ ∣E′∣ ⩽ 7 n − 3 − 1. Then, Qn − E′ is strongly r-diagnos-
able, where r represents the minimum degree of all nodes
in Qn − E′ and r ⩾ 3.

Finally, we discuss the situation where the RD of each
node in Qn − E′ exceeds 3.

Theorem 6. InQn (n ⩾ 4), let E′ ⊂ E Qn , whereQn′ =Qn − E′.
If for each v ∈ V Qn′ , degQn

′ v > 3, then for any x ∈ V Qn′ , it
follows that tsl Qn′ x = degQn

′ x .

Proof 9. We follow all definitions and terminologies men-
tioned in the proof of Theorem 5. Let S ⊂V Qn′ , with ∣S∣ =
l and 0 ⩽ l ⩽ k. As in the proof of Theorem 5, we need to
prove only that ∣V C ∣ ⩾ 2 k + 1 − l + 1 for 0 ⩽ l ⩽ k − 1 and
S ⊆ L2. Since for each v ∈ V Qn′ , degQn

′ v > 3, we have that

∣L1′∣ = 1, ∣L2′∣ = k − l and ∣E1′∣ = k − l, E2′ ⩾ 3 k − l . Therefore,
we have that ∣L3′∣ ⩾ E2′ /2 ⩾ 3 k − l /2 , ∣E3′∣ ⩾ 4 − 2 ∣L3′∣
⩾ 3 k − l and ∣L4′∣ ⩾ E3′ /3 ⩾ k − l. Thus, ∣V C ∣ ⩾ ∣L1′∣ +
∣L2′∣ + ∣L3′∣ + ∣L4′∣ ⩾ 1 + k − l + 3 k − l /2 + k − l = 2 k − l
+ 1 + 3 k − l /2 . Then, we need to prove that 3 k − l /2
⩾ 2. Clearly, the result holds when 0 ⩽ l ⩽ k − 1. Hence, for
any x ∈ V Qn′ , tsl Qn′ x = degQn

′ x .

By Theorem 6, we have the following corollary.

Corollary 4. In Qn (n ⩾ 4), let E′ ⊂ E Qn , where Qn′ =
Qn − E′. If min degQn

′ v ∣ v ∈ V = r ⩾ 4, then Qn′ is strong
locally r-diagnosable at each node.

5. Conclusions

For a system, if we consider only its global properties and
ignore its local status, we may lose some interesting and
important information. This paper proposes the concept of
SLD and derives some conditions for testing the SLD of a
node in a system. Moreover, we discuss the relationship
between the SLD and the SD of a system. Based on this
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relationship, we obtain the SD of a system by determining the
SLD of every node in the system. Our results show that the
SLD of a node in Qn is n, where n ⩾ 4. Then, we consider
the SLD of an incomplete hypercube network Qn − E′, where
E′ ⊂ E Qn . When 0 ⩽ ∣E′∣ ⩽ n − 3, the SLD of a node is the
same as its RD in Qn − E′. The above mentioned result still
holds in the following two cases: (1) 0 ⩽ ∣E′∣ ⩽ 7 n − 3 − 1,
and for each v ∈ V Qn′ , degQn

′ v ⩾ 3. (2) No matter how

many edges of E′ exist, and for each v ∈ V Qn′ , it follows that
degQn

′ v > 3.
It is worth mentioning that haptic identification [25] is an

important method of identification, and it is a natural idea to
combine haptic identification with the strong local fault iden-
tification mentioned by the paper. Our future research work
is to explore the strong local haptic identification of a system.
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Aiming at the problem of autonomous underwater vehicle navigation trajectory optimization using single beacon location under
direct route condition, a nonlinear system model for AUV single beacon navigation is established, and the linearized system
model with error states is constructed by polar coordinate transformation and simplification. Then, current disturbance is
considered. To find out the optimum path to utilize range-only measurements, a novel observability degree-based analysis
method is proposed, which gives a quantitative insight into convergence characteristics of the error states by using the
eigenvalues of the normalized error covariance matrix. Simulation experiments are done to test convergence characteristics of
AUV integrated navigation error states with single beacon range-only measurements under direct route control conditions. The
experimental results show that the proposed control method is effective, and it has an important engineering application value
and provides us with an optimized path.

1. Introduction

The autonomous underwater vehicle (AUV) navigation sys-
tem using the underwater single beacon range measurement
can achieve a wide area of deployment, and the mutual inde-
pendence of each beacon greatly improves the concealment
of AUVs, which has a high engineering application value
and has become a research hotspot of the underwater acous-
tic positioning [1–4]. A large number of works on the naviga-
tion technology using underwater single beacon positioning
have been carried out by researchers of the United States,
Britain, Russia, Norway, and other countries [3–13], and
commercial products have already been applied to AUV
guidance and AUV inertial navigation system (INS) error
correction [4, 6].

Published works on single beacon navigation is exten-
sive; thus, only some of works most relevant are reviewed
here. For early work in the single beacon navigation area,
Scherbatyuk [14] initially formulated underwater single

beacon navigation. Larsen [15] presented a synthetic long
baseline algorithm combined with a dead reckoning system
for surface ship to achieve submeter accuracy and studied
the observability of the concerned system states with specific
trajectories in deterministic frameworks. LaPointe [16] then
created the virtual long baseline to determine the vehicle’s
position by asynchronous multiple range measurements
along a dead reckoning track and studied the benefits, limita-
tions, and implications of the proposed methodology in the
framework of an analysis of observability. To be short, an
extensive review on the previous research works of single
beacon navigation before 2010 can be found in Webster
[17]. Several different estimation techniques have been
reported for single beacon navigation, such as least squares
algorithm in Scherbatyuk [14] and Pedro et al. [18], pose-
based decentralized extended Kalman filter (EKF) inWebster
[17] and Webster et al. [19–21], centralized EKF in Webster
et al. [22, 23] and F. B. Zhang and Y. Q. Zhang [11], and Sum
of Gaussians (SOG) filter in Blanco et al. [24], Fabresse et al.
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[25], and Vallicrosa et al. [26, 27]. However, the majority of
these studies report numerical simulation results of the filter
algorithms proposed therein, only a few report observability
of system states with “yes” or “no” answers [9, 11, 12, 28],
which is not sufficient for the analyst to construct a naviga-
tion scheme.

Navigation and control are closely relevant, and there
are many control methods available for an autonomous
vehicle at present [29, 30]. To optimize position estimation,
the circular trajectory is often adopted in control when the
AUV navigation system uses the underwater single beacon
range measurement [1, 2, 6, 31]. However, normally, the
sailing speed of AUV is usually slow, and a circular maneu-
ver is limited by actual underwater environment and other
factors. Besides, an AUV still needs to sail for some time
before reaching the optimum circular maneuvering distance
after it has come to the effective area with the beacon posi-
tioning [6, 17, 31]. Thus, the AUV integrated navigation
performance using single beacon range measurement under
the direct route condition needs in-depth study. The objec-
tive of this paper is to provide a novel observability
degree-based path planning method for underwater single
beacon navigation with range-only measurements under
direct route condition.

The remaining of the paper is arranged as follows. In
Section 2, on the basis of the general AUV integrated naviga-
tion nonlinear motion model, the system linearization error
filtering model is established, then a more complex error
model is deduced for unknown current disturbances; Section
3 presents the expression equations of observability degrees
of the error states by normalized error covariance matrix
eigenvalue; under the direct route condition, the simulation
analysis is carried out for the error convergence characteris-
tics of AUV integrated navigation using the single beacon
range measurement in Section 4; conclusions are summa-
rized in Section 5.

2. Establishment of the System Model

As the AUV generally uses a depth sensor to get z-axis
position information, only the two-dimensional situations
are considered in this study [9, 12, 16].

2.1. Ideal System Model in the Rectangular Coordinate
System. As shown in Figure 1, L represents the local latitude,
ℓ represents the local longitude, and they can form a two-
dimensional rectangular coordinate system, denoted as n.
The beacon is set on the seabed, and its absolute position
can be expressed as Lb, ℓb in the n coordinate; AUV trajec-
tory can be expressed as Lv t , ℓv t in the n coordinate.

From the above, the ideal motion equation of AUV in the
n coordinate is defined as follows [1, 9, 32]:

Lv t

ℓv t

ϕ t

=

V cos ϕ cos α
R

V sin ϕ cos α
R cos L
V
dv

sin α

, 1

h t = 2R sin
arccos Θ

2
, 2

Θ =

cos Lv cos ℓv
cos Lv sin ℓv

sin Lv

⊗

cos Lb cos ℓb
cos Lb sin ℓb

sin Lb

3

In the above equations, V represents the sailing speed of
the AUV; ϕ represents the heading angle of the AUV in the
n coordinate; R represents the average radius of the earth; α
represents the rudder angle of the AUV; dv represents the dis-
tance from the rudder to the buoyant centre of the AUV; h t
represents the straight-line distance between the AUV and
the beacon; ⋅ represents vector inner product computation.

2.2.Model Simplification.The systemmodelwhich is composed
of (1) and (2) is strongly nonlinear. In order to simplify the anal-
ysis process, we reconstruct the ideal systemmodel in the polar
coordinate to reduce difficulties of the subsequent analysis.

Considering that there exists h t > 0 during the whole
AUVmotion and the effective acoustic ranging distance limit
h t is always within tens of nautical miles, (1) and (2) can be,
respectively, converted approximately into the polar coordi-
nate system as follows:

r t

θ t

ϕ t

=

V cos α
R

cos θ − ϕ − r sin2θ tan L cos ϕ

V cos α
rR cos θ

sin ϕ

cos L
− sin θ cos θ − ϕ + r sin3θ tan L cos ϕ

V
dv

sin α

,

4

h t = r t 5

N

E

(Lv(t0),v(t0))

h(t)

𝜃 (t)

𝜙 (t)
(Lv(t),v(t))

(Lb,b)

Figure 1: Schematic diagram of the relative position of the system.
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In the above equations, r t represents the approximate
linear distance between the AUV and the beacon; and the
expression of θ t is

θ t = arctan 2 ℓv t − ℓb cos Lv t , Lv t − Lb 6

2.3. Current Disturbance. As stated above, the system
dynamic model is based on a kinematic model of the AUV.
Without considering current disturbances, the analysis pro-
cess can be simplified and computation complexity can be
reduced greatly, but there would be a mismatch between
the computed and true trajectories of the AUV [33–35].
Thus, an unknown current disturbance whose magnitude
VC and direction ϕC is assumed for evaluating its impact
on path planning. Consequently, the motion equation of

AUV under current disturbances in the n coordinate can be
derived:

Lv t

ℓv t

ϕ t

=

V cos ϕ cos α
R

+
VC cos ϕC

R

V sin ϕ cos α
R cos L

+
VC sin ϕC
R cos L

V
dv

sin α

7

Similarly, we obtain the approximate system model
under current disturbances in the polar coordinate:

3. Observability Degree Analysis

3.1. Analytical Model on the Observability Degree. Given that
X t = r t θ t ϕ t T or X t = r t θ t ϕ t VC

ϕC
T , nominal trajectory of the AUV is expressed as Lv0 t ,

ℓv0 t , the approximate ideal system model and the approx-
imate system model under current disturbances then can be
linearized. Considering the strong nonlinearity of the system
dynamic model and easy derivation by simple Jacobian-form
linearization computation, simplified expressions for later
illustration are written in the following form [1, 33]:

δX t = F t δX t + G t uδ t ,  δX 0 = Xδ0,

δh t = C t δX t
10

In the above equation, δX t represents the nominal
state perturbation error; F t represents the Jacobian matrix
obtained by linearizing the nominal trajectory; uδ t repre-
sents the nominal input perturbation error; G t represents
the uδ t propagation matrix; δh t represents the nominal
measurement distance perturbation error.

The analytic expressions between the error states and the
main relevant variables can directly reflect the observability
degree information of the system error states [1, 7, 18, 33].
However, due to the existence of trigonometric functions
in the system models, it is very difficult to get analytic
results by (10). The system error covariance matrix includes
the quantitative information of the convergence rate and
precision of the system error states; thus, it can be used to
provide observability degree characteristics of the system
error states [36, 37].

Considering the actual situation of discrete processing of
the navigation computer during the process of the integrated
navigation system, we can derive the discrete form of the
system error covariance matrix:

P tk+1 = Λ0 +Λ1
−1, 11

Λ0 =
k+1

i=1
Φ ti−1, ti

T

P−1 0
k+1

i=1
Φ ti−1, ti , 12

Λ1 = 〠
k

m=1
ΨTMΨ + K , 13

r t

θ t

ϕ t

VC

ϕC

=

V cos α
R

cos θ − ϕ − r sin2θ tan L cos ϕ +
VC

R
cos θ − ϕC − r sin2θ tan L cos ϕC

V cos α
rR cos θ

sin ϕ

cos L
− sin θ cos θ − ϕ + r sin3θ tan L cos ϕ +

VC

rR cos θ
sin ϕC
cos L

− sin θ cos θ − ϕC + r sin3θ tan L cos ϕC

V
dv

sin α

0

0

,

8

h t = r t 9
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Ψ =
k+1

j=m+1
Φ t j−1, t j , 14

K =
tk+1

τ=tk
ΦT τ, ttk CT t R−1C t Φ τ, ttk dτ, 15

M =
tm

τ=tm−1

ΦT τ, ttm CT t R−1C t Φ τ, ttm dτ 16

In addition, under the discrete condition, the sampling
period is short enough; Fk+1,k t is regarded as constant
value within tk−1, tk , yields

Φ τ, tk = eF tk τ−tk 17

3.2. The Normalization of the Error Covariance Matrix. It can
be seen from (12) that the convergence characteristics of the
system error states are related to the initial error covariance
matrix P 0 . For unified comparison, the system error covari-
ance matrix P tk+1 is needed to be normalized in the process
of calculation. The steps are as follows [38].

Step 1. Normalizing the upper bound of the eigenvalue of
P tk+1 :

P tk+1 ′ =
NδX P 0

−1
P tk+1 P 0

−1

Tr P 0
−1
P tk+1 P 0

−1
18

In the above equation, Tr ⋅ represents operation of “the
trace of the matrix”; NδX represents the system dimension.

Step 2. The observability degree information of the system
error states are obtained by calculating the eigenvalues of
P tk+1 ′
When the normalized error eigenvalue of certain system
error state obtained is smaller, the observability degree of this
system error state is higher [36, 38].

According to the above proposed observability degree
analysis methodology, we can analyze the observability
degrees of AUV integrated navigation errors using single
beacon range measurement comprehensively.

4. Experiments and Discussions

4.1. Simulation Parameter Determination. Under the situa-
tion that the AUV sails on a straight route, V is a constant
value, and the rudder angle α = 0. Meanwhile, it can be seen
from the above that the linear trajectory is different when
the relative position between AUV and the beacon or its
heading angle is different. Thus, in order to fully test the
observability degrees of the integrated navigation error states
when using different linear navigation trajectories, without
loss of generality, five AUV initial positions under the condi-
tion of equal distance are set in the second quadrant of the
rectangular coordinate system which takes the beacon as

the origin, as shown in Figure 2. It should be pointed out that
the trajectory of the AUV should be located in the half-plane
which is indicated by the black solid line “nL”; the angle
between nL and the AUV linear navigation trajectory is
denoted as dϕ.

Other simulation parameters are listed in Table 1.

4.2. Experimental Results and Discussions

4.2.1. The Impact of Initial Latitude L0 of the AUV on
Convergence Characteristics of System Error States. It can be
seen from (4) and (8) that the system models change with
the latitude of the AUV. As longitude lines converge rapidly
with the elevation of latitude, there would be desperate need
to investigate convergence characteristics of system error
states under the condition that distance between the AUV
and the single beacon is constant. Without loss of generality,
in this subsection, we assume that there is no current distur-
bance, and the distance between the AUV and the single bea-
con is dL = Lv t0 − Lb = 7 07′, dℓ = ℓv t0 − ℓb = −7 07′.

For intuitionistic analysis, according to simulation results
with five different initial latitude values, normalized eigen-
values of the linear distance error between the AUV and
the beacon (δr) and heading angle error δϕ as initial latitude
changes are plotted in Figures 3 and 4.

From Figures 3 and 4, it can be concluded that

(1) because the obtained normalized eigenvalue is differ-
ent, the observability degree of the corresponding

N

E

dL

nL

d

V
(Lv(t),v(t))

(Lb,b)

(Lv(t0),v(t0))
𝜃 (t)

h (t)

d 𝜙

Figure 2: Schematic diagram of the simulation trajectory.

Table 1: Simulation parameters.

Parameter name Numerical value

Earth radius R 6378137m

Sailing speed V 2m/s

Current speed VC 0.5m/s

Initial latitude of AUV Lv t0 36°

Sampling period of the integrated navigation 60 s

Total time of simulation 3600 s
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error state is different when the initial latitude of the
AUV is different

(2) when the heading angle is determined, the observ-
ability degree of the heading angle error δϕ is stron-
ger than the linear distance error between the AUV
and the beacon (δr)

(3) the observability degrees of corresponding error
states are of certain regularity as relative angle dϕ
changes. The lower the initial latitude, the stronger
the observability of the linear distance error between
the AUV and the beacon (δr) and the weaker the
observability of the heading angle error δϕ

4.2.2. The Impact of θ t0 on Convergence Characteristics of
System Error States without Current Disturbance. For each
AUV initial position, simulation is carried out with a differ-
ent heading angle indicated by the black solid line “nL” in
the half-plane, which is dϕ = 10° × iφ, iφ = 0, 1,… , 18 .
Meanwhile, during simulation, we also assume that there is
no current disturbance and the distance set between the
AUV and the single beacon is

dL, dℓ = −9 96, 0 87 , −9 06, 4 23 , −7 07, 7 07 ,
−4 23, 9 06 , −0 87, 9 96

19

When carrying out the simulating calculation, the inte-
grated navigation system parameters are initialized as fol-
lows:

P 0 = diag 1′
2

1° 2 1° 2 ,

R = 0 01′
2

20

For intuition, the normalized eigenvalues of the linear
distance error between the AUV and the beacon (δr) and
heading angle error δϕ are given in Figures 5 and 6 under
the five initial positions according to the simulation results.

According to Figures 5 and 6, it can be seen that

(1) when the linear distance between the AUV and the
beacon (r) or heading angle ϕis different, the normal-
ized eigenvalues of integrated navigation relative
errors using single beacon range-only measurements
of the AUV are different. Therefore, the observability
degrees of the corresponding error states are differ-
ent.When dϕ = 90°, that is, when the AUV sails along
the path in parallel with the vector of the single bea-
con, the observability degree of the linear distance
error between the AUV and the beacon (δr) is the
weakest, which is consistent with the existing conclu-
sions [1, 7–9, 12]

(2) under the condition that the heading angle is deter-
mined, the observability degree of the heading angle
error is stronger than that of the linear distance error
between the AUV and the beacon (δr), that is, the
convergence rate of the heading angle error is faster
during the operation of the filter. Although the
observability degree of heading angle error is the
highest when dϕ = 90°, the system errors are not
globally observable. As a result, such trajectory is
not adopted generally [10–12, 15, 16]
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(3) under the condition that the linear distance between
the AUV and the beacon and the heading angle is
determined, the higher the relative latitude between
the AUV and the beacon, the stronger the observabil-
ity degree of the linear distance error between the
AUV and the beacon (δr) and the weaker the observ-
ability degree of the heading angle error δϕ

In addition, it can be seen clearly according to Figure 5
that, when dϕ ≈ 30°, the observability degree of linear dis-
tance error between the AUV and the beacon (δr) is the
strongest though relative range between the AUV and the
beacon is different. Thus, according to this phenomenon,
if the AUV needs to sail for some time to reach the optimal
circular maneuver relative range of the beacon after enter-
ing into the effective area of the single beacon, it can sail
according to the spiral trajectory proposed in Figure 7.
Along the spiral trajectory, once the condition that the sin-
gle beacon is just on the AUV side is satisfied, the AUV will
turn 30°.

4.2.3. The Impact of θ t0 on Convergence Characteristics of
System Error States under Current Disturbance. In this sub-
section, the observability degrees of the system error states
are to be investigated to get sight into their convergence char-
acteristics. During simulation, the distance set dL, dℓ
between the AUV and the single beacon in the above subsec-
tion is used, and current direction can be chosen from the set
as follows:

ϕC = 0, 45°, 90°, 135°, 180°, 225°, 270°, 315° 21

For the first case, normalized eigenvalues of the system
error statesunderdifferent current directionswithdetermined
initial position are calculated and plotted in Figures 8–11.
Comparing Figure 8 with Figure 5, there exists consistency
that the observability degree of the linear distance error
between the AUV and the beacon (δr) is the weakest when
the AUV sails along the path in parallel with the vector of
the single beacon, although the observability degrees of δr
with current directions change irregularly. Comparing
Figure 9 with Figure 6, it should be pointed out that, by
including unknown current disturbance parameters, charac-
teristics of normalized eigenvalues of the heading angle error
of the proposed single beacon navigation motion model are
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N

E
O

dL

d

+
+

+
+ +

+

+

+
+

+

+

+

(Lv(t0),v(t0))

(Lb,b)

h (t)

Figure 7: Spiral trajectory of the optimal circular maneuver range of
approaching the single beacon.

0 50 100 150 200
1.3

1.35

1.4

1.45

1.5

1.55

1.6

1.65

1.7

1.75

d𝜙/º

N
or

m
al

iz
ed

 ei
ge

nv
al

ue
s o

f 𝛿
 r

(-9.96,0.87)
(-9.06,4.23)
(-7.07,7.07)

(-4.23,9.06)
(-0.87,9.96)

Figure 5: Normalized eigenvalues of the linear distance error
between the AUV and the beacon under the five initial positions.

6 Complexity



inverted. Obviously, one can see in Figure 10 that, when
dϕ ≈ 30°, the observability degree of the estimated current
speed is the strongest, which is another reason we chose the
proposed spiral trajectory to approach the single beacon as in
the above subsection. From Figure 11, it is illustrated that for-
ward and reverse current disturbances have the same impact
on the estimation characteristics of the current direction.

For the second case, to further investigate the error con-
vergence characteristics under the proposed spiral trajectory,
we set the simulation parameter dϕ to be 30°. Therefore, nor-
malized eigenvalues of the system error states under different
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Figure 8: Normalized eigenvalues of the linear distance error
between the AUV and the beacon under different current directions.
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current direction and distance conditions can be computed
and plotted in Figures 12–15. The distance set index corre-
sponds to the distance set between the AUV and the single
beacon which is presented in (19), and the current direction
set index corresponds to the current direction set that is pre-
sented in (21). Figure 12 shows that the observability degree
of the linear distance error between the AUV and the beacon
is more vulnerable to initial distance between the AUV and
the single beacon than current direction under the certain
heading angle. However, the observability degrees of the
heading angle error, the estimated current speed error, and
the estimated current direction error are just the opposite.
It can be seen obviously from Figures 13–15 that the

observability degree characteristics of the heading angle
error, the estimated current speed error, and the estimated
current direction error are the same when the two currents
are in a line regardless of their opposite directions. Mean-
while, for a determined θ t0 , the observability degrees of
the linear distance error between the AUV and the beacon,
the heading angle error, the estimated current speed error,
and the estimated current direction error are different; com-
promises are needed at different current directions. It is
worth noting that the variation of the observability degrees
of the linear distance error between the AUV and the beacon,
the heading angle error, the estimated current speed error,
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and the estimated current direction error is not distinct with
the distance set index for a determined current direction.

5. Conclusions

Due to the practical underwater environment and other
factors, AUV generally sails on a direct route. However, a
large number of research works show that when the AUV
navigation system uses single beacon range-only measure-
ments, a direct route is not good for the filtering estimation
of the system error states. In order to study the AUV single
beacon navigation performance utilizing range-only mea-
surements under the direct route condition, a novel observ-
ability degree analytical model of the system error states is
proposed on the basis of the error covariance matrix eigen-
value by establishing the system linearization system error
models, and the normalization processing is carried out in
order to strengthen its effectiveness. The simulation results
show that different relative position, heading angle between
the AUV and the beacon, and current disturbance will
affect the observability degrees of the system error states,
and an optimized spiral approaching trajectory with a sim-
ple turn rule is proposed to improve the system error esti-
mation characteristics.
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This paper investigates a single parameter adaptive neural network control method for unknown nonlinear systems with bounded
external disturbances. A smooth performance function is developed to achieve the transient and steady state of system tracking
error that could be constrained in prescribed bounds. The difficulties in dealing with unknown system parameters and
disturbances of nonlinear systems are resolved based on the single parameter adaptive neural network control which is proposed
to effectively reduce the calculation amount. The theoretical analysis implies that the proposed control scheme makes the
closed-loop system uniformly ultimately bounded. Simulation demonstrates that the proposed adaptive controller gives a
favorable performance on tracking desired signal and constraining the bounds of tracking error which could be arbitrarily small
with appropriate adaptive parameters. Both the theoretical analysis and simulations confirm the effectiveness of the control scheme.

1. Introduction

Neural networks (NNs) have been widely applied to estimate
continuous unknown functions in complex and model-
uncertain systems [1–5]. The primary advantage of NN
techniques is that the controller does not require the accurate
system information. During the recent researches, adaptive
control was commonly used to combine with neural control
[6–10], in particular with RBF NNs [11–13]. A direct
adaptive controller [11] based on an improved RBF NN
was proposed for an omnidirectional mobile robot. In [12],
a model reference adaptive sliding mode using an RBF NN
was proposed to control the single-phase active power filter.
An adaptive fault-tolerant attitude control method [13] was
presented of rigid body using RBF NN.

Although the stabilities of system are guaranteed by
using adaptive RBF NN control design techniques and
tracking errors of output could converge in the finite time,
a desired performance of transient and steady state cannot
be easily obtained. However, the transient and steady state

performance plays a significant role when some control
requirements are raised such as avoiding large overshoot.
These requirements stimulate tracking-error-constrained
developments such as the barrier Lyapunov function method
[14–17], adaptive inverse of backlash [18], and the error
transformation method [19–22]. In order to obtain the
prescribed transient and steady state performance, we use a
smooth function to regulate constraints in this study.

Recently, we have made some achievements on adaptive
NN control [23, 24] and constrained control [25, 26]. In this
study, we consider an adaptive NN control for unknown
nonlinear systems with tracking error constraints. Our
control objective is to develop the controller achieving the
desired trajectory tracking and constraining the tracking
error acting as our required performance. First, we use a
smooth function which could regulate constraints such as
the convergence speed, the maximum bounds of overshoot,
and transient and steady state of the tracking error. Then,
the constrained function is transformed to an unconstrained
variable to facilitate the controller design. To proceed, an

Hindawi
Complexity
Volume 2018, Article ID 6457354, 9 pages
https://doi.org/10.1155/2018/6457354

http://orcid.org/0000-0001-8206-0952
http://orcid.org/0000-0001-9522-4178
http://orcid.org/0000-0002-8314-9286
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2018/6457354


RBF NN, combined with the single parameter adaptive
(SPA) control method, is designed to address the function-
unknown issue of the system. The main contributions
include the following three aspects:

(1) The system tracking error could be constrained in
the required bounds. The transient and steady
state, convergence speed, and maximum bound of
overshoot of the tracking error could be arbitrarily
prescribed and regulated by the parameters of the
proposed smooth performance function

(2) Generally, NN weight vectors were used as the
adaptive parameters in many literatures [27, 28].
To improve it and decrease the online computation,
we design a single parameter adaptive (SPA) control
method. We use only one parameter to estimate the
norm of weight vector online, shortening the calcu-
lated time. Meanwhile, we do not have to consider
the structure of weight vector but a single parameter
instead, which also simplifies the design of the
controller.

(3) The research object is a nonlinear system, with
unknown functions as well as external disturbances,
which increases difficulties in designing the effective
controller. Whereas the proposed controller is con-
cise and the closed-loop system is guaranteed uni-
formly ultimately bounded

A coupled motor drive (CMD) system [29], generally
applied in intelligent robots [30], is taken for simulation,
which displays the favorable tracking performance of output
under the designed controller. The effectiveness of the devel-
oped scheme is validated, and the convergence rate of the
tracking error could be arbitrarily small through selecting
the appropriate parameters.

The paper is organized as follows. Section 2 gives the
model structure of the SISO nonlinear system, and then the
performance function is also proposed. Section 3 presents
an ideal controller. A single parameter adaptive neural net-
work control method is introduced in Section 4, where the
stability of the closed-loop system and the favorable perfor-
mance of the control scheme are all guaranteed. Numerical
results are shown in Section 5 to illustrate the effectiveness
of the control scheme. Finally, the conclusion is presented
in Section 6.

2. System Description and Preliminaries

Consider a class of unknown single-input single-output
unknown nonlinear system as follows:

xi = xi+1, i = 1, 2,… , n − 1,

xn = f x + b x u + d t ,

y = x1,

1

where x = x1, x2,… , xn
T ∈ Rn, u ∈ R, and y ∈ R are, respec-

tively, the state, input, and output of the system; f x

and b x denote unknown nonlinear smooth functions;
and d t represents the unknown disturbance bounded as
d t ≤ d1, where d1 is a positive constant. As all values
of actual physical quantities in (1) are limited, x lies in a
subset Φ ∈ Rn.

The control goal is designing the control input u such
that the output y could track the desired trajectory yd and
the tracking error e t = y − yd acts as our required perfor-
mance. For the second purpose, we first define a smooth
function as

μ t = μ0 − μ∞ exp −lt + μ∞, 2

where μ0, μ∞, and l are positive constants and μ∞ < μ0.
Meanwhile, an asymmetric hyperbolic tangent function
T ξ is defined as follows:

T ξ =

exp ξ − σ exp −ξ
exp ξ + exp −ξ

, if e 0 ≥ 0,

σ exp ξ − exp −ξ
exp ξ + exp −ξ

, if e 0 < 0,
3

where 0 ≤ σ ≤ 1 is a design constant and ξ is the trans-
formed error variable. Obviously, T ξ possesses the fol-
lowing properties:

−σ < T ξ < 1, if e 0 > 0,

−1 < T ξ < σ, if e 0 < 0
4

We define the following equation:

e t = μ t T ξ 5

From (2), (3), and (5), we conclude that when e 0 ≥ 0,
it yields

−σμ t < e t < μ t , 6

and when e 0 < 0, we obtain

−μ t < e t < σμ t 7

Remark 1. The smooth function μ t defined in (2) is
designed as the guidance of the tracking error e such that
the performance of e is constrained and complies with the
performance of μ t . To be specific, the constant μ∞
denotes the upper bound of e at the steady state, and
the constant l represents the decreasing rate of μ t , i.e.,
the bound of prescribed convergence speed of e, assuming
that e 0 < μ0. In addition, σμ 0 is the bound of the
required maximum overshoot.

Remark 2. T ξ is an error transforming function for obtain-
ing an unconstrained tracking error ξ from the constrained
system (5), and T ξ is a smooth and increasing function.
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As the properties of T ξ , we could get the inverse
function of T ξ as follows:

ξ = T−1 e t
μ t

, 8

where ξ ∈ L∞ and the tracking error e is constrained in
the set:

E = e ∈ R e t < μ∞ 9

Thus, if we guarantee ξ bounded ∀t ≥ 0, we can real-
ize the fact that y tracks the desired trajectory yd and the
tracking error e acts as our prescribed performance. In
addition, the required performance of the system output
is regulated by the appropriate choice of μ t and σ.

Define the filtered error function s as

s = c1ξ + c2ξ +⋯ + cn−1ξ
n−2 + ξ n−1 , 10

where ci, i = 1, 2,… , n − 1, is selected as ci > 0 such that the
polynomial λn−1 + cn−1λ

n−2 +⋯ + c2λ + c1 is Hurwitz. Then,
we could confirm that ξ is bounded if we guarantee the
convergence of the filtered error function s [31]. Thus, the
transient and steady state, convergence speed, and maximum
bound of overshoot of the tracking error could be arbitrarily
prescribed constrained and regulated by the parameters of
the proposed smooth performance function.

Assumption 1. The known desired trajectory signal yd ∈
Φd ⊂ Rn and its first to nth order time derivatives are contin-
uous and bounded, where Φd is a connected subset of Φ.
From (1), (5), and (7), differentiating s with respect to time,
we have

s = c1ξ + c2ξ +⋯ + cn−1ξ
n−1 + ξ n

= v +
∂T−1

∂ e t /μ t
1

μ t
xn

= v +w + Fu + df t ,

11

where v is the term containing the following known variables:

e, e,… , e n−1 , μ, μ,… , μ n , y n
d , and the unknown term w

= ∂T−1/ ∂ e t /μ t 1/ μ t f x , F = ∂T−1/ ∂ e t /
μ t 1/ μ t 1/ μ t b x , df t = ∂T−1/ ∂ e t /
μ t 1/ μ t d t .

Assumption 2. The sign of b x is knowable and b x > 0,
∀x ∈Φ. It is assumed that b x > 0. As the fact of ∂T−1/
∂ e t /μ t 1/ μ t > 0, we have F > 0.

Assumption 3. It could be found a smooth function F such
that F ≤ F, F ≤ Fb ∈ R. The disturbance df t is bounded
by a known positive constant d0, i.e., df t ≤ d0.

Remark 3. The restrictions of Assumptions 2 and 3 are actu-
ally the same as the ones in the literature [27]. Many robotic

systems, including CMD system in this paper, possess the
properties as those of Assumptions 2 and 3.

3. Design of Ideal Controller

To design ideal controller û, we assume that the unknown
functions f x and b x are known and d t = 0.

Theorem 1. Given the system (1), Assumptions 1–3, the ideal
controller is developed by

û = −
1
F

v +w +
1
δ
+

1
δF

−
F
2F

s , 12

where δ is a positive parameter. Then, we have lim
t→∞

s = 0.

Proof 1. Substituting u = û into (11), we get

s = −
1
δ
+

1
δF

−
F
2F

s 13

Define a Lyapunov candidate as V′ = 1/2F s2, then
differentiating it with respect to time yields

V′ = 1
F
ss −

F

2F2 s
2

= −
1
F

1
δ
+

1
δF

−
F
2F

s2 −
F

2F2 s
2

= −
1
δF

+
1

δF2 s2 ≤ 0

14

According to the Lyapunov theorem, we obtain
lim
t→∞

s = 0.

From (14), we can conclude that the smaller δ is, the
bigger convergence rate will be. Owning to the unknown
functions f x and b x , û is also unknown. Then, NN
will be applied to develop the actual controller u in the
following section.

4. Design of Actual Controller

We rewrite the ideal controller (12) to the following form, in
which the ideal controller û is regarded as a function:

û = u ψ , ψ = xT v s
T ∈Φψ ⊂ Rn+2, 15

where the subset Φψ is expressed as

Φψ = xT v s ∣ x ∈Φ, yd ∈Φd 16

It is well known that continuous functions could be
approximated by a linear combination of Gaussians. Because
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û is continuous on Φψ in (15), it has an ideal NN weight
vector W as follows:

û ψ =WTh ψ + ϖε, 17

where ϖε denotes the approximation error as ϖε ≤ ϖ0,
ϖ0 > 0, and h ψ denotes the radial-basis function vector as

h = h1 h2 ⋯ hj ⋯ hm
T,

hj = exp −
ψ − Aj

2

b2j
, j = 1, 2,… ,m,

18

where ψ ∈ Rn+2 represents the input vector; n + 2 denotes
input neural nets number in the input layer; m is hidden
neural nets number in the hidden layer; hj is commonly used

Gaussian function; Aj = aj, aj,⋯, aj
T ∈ Rn+2; and a ∈ Rm

and bj ∈ R, respectively, denote the vector of the center of
the receptive field and the width of Gaussian function.

Assumption 4. There is a bound of ideal weight vector W
such that

W
F
≤wmax, 19

where wmax is a positive constant.

Then, a constant is introduced to improve the control
scheme as

ϕ = W 2
F

20

Remark 4. As in Assumption 4, ϕ is also bounded.

Remark 5. ϕ is an unknown positive constant because of W
being unknown.

We define ϕ as the estimate of ϕ, then the estimate error is
denoted as ϕ = ϕ − ϕ. Then, the SPA control technique will
be introduced to effectively reduce the calculation amount.
We use only one parameter ϕ to estimate the norm of weight
vector W online, instead of the estimate of a vector W,
which could considerably decrease the online computation.
Meanwhile, we do not have to consider the structure of W
but a single parameter ϕ instead, which also simplifies the
design of the controller. It is one of the main contributions
in our study.

First, we propose the controller as follows:

u = −
1
2δ

sϕ hTh 21

Substituting (21) into (11) yields

s = v +w + F −
1
2δ

sϕhTh + df t 22

From (17), we rewrite (22) by adding and subtracting
Fû ψ simultaneously as

s = v +w + F −
1
2δ

sϕhTh −WTh − ϖε + Fû ψ + df t ,

23

and substituting (12) into (23), we get

s = F −
1
2δ

sϕhTh −WTh − ϖε −
1
δ
+

1
δF

−
F
2F

s + df t

24

In order to validate all the states of system stabilizing in
the compact subset Φ, we propose the following theorem.

Theorem 2. On account of system (1) and Assumptions 1–4,
with the SPA RBF NN controller (21), and the adaptive law:

ϕ =
γ

2δ
s2hTh − κγϕ, 25

where γ, κ > 0, the tracking error e t is uniformly ultimately
bounded in the compact subset Φ for t→∞ and can be
arbitrarily small by using the appropriate parameter μ∞.
Moreover, the output y = x1 in system (1) will track yd acting
as our required performance.

Proof 2. A Lyapunov function candidate is defined as follows:

V =
1
2

s2

F
+
1
γ
ϕ
2 26

Taking the time derivatives of (26), and from (24), we
obtain

V =
ss
F
−

F

2F2 s
2 +

1
γ
ϕϕ

= s
F

F −
1
2δ

sϕhTh −WTh − ϖε

−
F

2F2 s
2 −

s
F

1
δ
+ 1
δF

−
F
2F

s − df t + 1
γ
ϕϕ

= −
1
2δ

s2 ϕ + ϕ hTh − sWTh −
1
δF

+ 1
δF2 s2

+
df t

F
s − ϖεs +

1
γ
ϕϕ

27
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Noting the following inequalities:

s2ϕhTh
2δ

+
δ

2
=
s2 W 2hTh

2δ
+
δ

2
≥ −sWTh, 28

df t

F
s ≤

s2

δF2 +
δ

4
df t 2, 29

ϖεs ≤
s2

2δF
+
δ

2
ϖ2
εF, 30

and from ϖε ≤ ϖ0, df t ≤ d0, and Assumption 3, we have

V ≤ ϕ −
1
2δ

s2hTh +
1
γ
ϕ −

1
δF

+
1

δF2 s2

+
df t

F
s − ϖεs +

δ

2

≤ ϕ −
1
2δ

s2hTh +
1
γ
ϕ −

s2

2δF
+
δ

2
ϖ2
0Fb +

δ

4
d20 +

δ

2
31

Considering (25) and (26), we get

V ≤ −κϕϕ −
s2

2δF
+
δ

2
ϖ2
0Fb +

δ

4
d20 +

δ

2

≤ −
κ

2
ϕ
2 − ϕ2 −

s2

2δF
+
δ

2
ϖ2
0Fb +

δ

4
d20 +

δ

2

≤ −
κ

2
ϕ
2 −

s2

2δF
+
δ

2
ϖ2
0Fb +

δ

4
d20 +

δ

2
+
κ

2
ϕ2

32

Setting κ = η/γ, η > 0, it yields

V ≤ −
η

2γ
ϕ
2 −

s2

2δF
+
δ

2
ϖ2
0Fb +

δ

4
d20 +

δ

2
+

η

2γ
ϕ2

≤ −αV + β,
33

where α =min η, 1/δ , β = δ/2 ϖ2
0Fb + δ/4 d20 + δ/2

+ η/2γ ϕ2.

Lemma 1 (see [32]). Let f , V 0,∞ ∈ R. Then, V ≤ −α0
V + f , ∀t ≥ t0 ≥ 0 implies that

V t ≤ e−α0 t−t0 V t0 +
t

t0

e−α0 t−τ f τ dτ 34

Solving the inequality (33) with Lemma 1, we obtain

V t ≤ e−αtV 0 + β ×
t

0
e−α t−τ dτ

≤ e−αt V 0 −
β

α
+
β

α
, ∀t ≥ 0

35

From the definition of V , we obtain

s ≤ 2FV ≤ 2FbV 36

According to (30), and a + b ≤ a + b a > 0, b > 0 ,
we have

s ≤ 2Fb e−αt/2 V 0 +
β

α
, ∀t ≥ 0 37

From (37), we conclude that the filtered error function s
is bounded such that lim

t→∞
s ≤ 2Fbβ/α, ∀t ≥ 0, i.e., bounded

in the set S = s ∈ R s ≤ 2Fbβ/α . According to (37), the
upper bound of s can be arbitrarily small which depends on
the appropriate parameters α and β. α and β are related to
the parameters δ, η, and γ. Obviously, the increases in γ and
η or decrease in δ will bring down the upper bound. Moreover,
from the definitions of (2), (3), (5), and (10), we conclude that
unconstrained tracking error ξ is bounded, indicating the
tracking error e t is uniformly ultimately bounded and
constrained in the compact subset E = e ∈ R e t < μ∞
for t→∞. Hence, the two control objectives that y tracks
the desired trajectory yd and the tracking error e = y − yd acts
as our required performance are achieved. Furthermore, the
suitable choice of μ t and σ leads to a favorable performance
of the system output.

5. Simulation Results

In this section, a CMD system is applied to demonstrate the
effectiveness of the proposed technique. The schematic of

Load

Rotary damping Drive

�휃2

�휃1

rd

c12

c11

Jd

rp2

rp1
r1

Jl
K

Td

Figure 1: Schematic of the CMD system.

Adaptive
mechanism

Plant xuyd RBF NN
controller

Figure 2: The proposed control scheme.
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the CMD system is displayed in Figure 1, and the dynamics is
given by

J lθ2 + c12θ2 + k θ2 − g−1r θ1 = 0,

Jdθ1 + c11θ1 + kg−1
r g−1

r θ1 − θ2 = Td + d′ t ,
38

where Jd and J l denote the inertias of drive and load sys-
tem, respectively; θ1 and θ2 represent the drive angle posi-
tion and load angle position, respectively; c11 and c12 are
the rotary damping on drive and load; Td denotes the
input torque; d′ t is the unknown disturbance on drive;
gr = rlrpl / rp2rd is the gear ratio; and k = 2klr2l is the
torsional spring constant.

We set x1 = θ2 as the system output, and u = Td the input,
then we could rewrite the dynamics (38) as follows:

J lx1 + c12x1 + kx1 = kg−1
r θ1,

Jdθ1 + c11θ1 + kg−1
r g−1r θ1 − x1 = Td + d′ t

39

After elimination of the term θ1 in (39), and setting the
time derivatives x1 = x2, x2 = x3, and x3 = x4, we could obtain
the following form as system (1):

xi = xi+1, i = 1, 2,… , n − 1,

xn = f x + b x u + d t ,

y = x1,

40

where n = 4, f x = − c11k/J l Jd + c12k/J l Jd g−2r x2 −
k/J l + c11c12/J l Jd + k/J l g−2r x3 − c12/J l + c11/Jd
x4 , b x = k/J l Jdgr, and d t = k/J l Jdgr d′ t .

As n = 4, and from (10), we could select the parameters
in (10) as c1 = 27, c2 = 27, and c3 = 9. The initial states of
system and the adaptive law (25) are given by x 0 =
0 5 0 0 0 T and ϕ 0 = 0. In simulation, the parameter
values of system (38) are chosen as J l = 0 3575 kg∙m2,
Jd = 0 000425 kg∙m2, gr = 4, k = 8 45 N∙m/rad, c12 =
0 004 N∙m∙s/rad, c11 = 0 05 N∙m∙s/rad, and the external
disturbance d′ t = 0 5 sin t . The desired trajectory is
given by yd = sin t.

In simulation, a three-layer network 6-9-1 is applied. We
choose the input vector as ψ = x1 x2 x3 x4 v s

T. In order to
guarantee RBF vector h be effective, we should make the
inputs of RBF be within the effective mapping of Gaussian
membership function, which indicates that the center vector
a and width value bj should be designed within the effective
range of the inputs. In this practical system, we could choose
a = 10 × −2 −1 5 −1 −0 5 0 0 5 1 1 5 2 and
b = 10. The proposed scheme is exhibited in Figure 2.

The simulation results are displayed in Figures 3–5.
We choose different parameters to illustrate the perfor-
mance of proposed controller. In Figure 3, the parameters
in the controller (21) and adaptive law (25) are chosen as
δ = 0 5, γ = 10, and η = 5. The prescribed steady state of
the tracking error is given by μ∞ = 0 1, the parameter of
convergence rate l = 1 and the overshoot zero such that
σ = 0. It is observed that in Figure 3, the tracking error
is constrained by the smooth function μ t and along with
it. In Figure 4, we increase the convergence rate such that
l = 1 5, and decrease the steady state of the tracking error
such that μ∞ = 0 01, although the parameters δ, γ, and η
are the same as the values in Figure 3. Then, we further
change the parameters in Figure 5 as δ = 0 05, γ = 100,
and η = 50, but not regulate μ∞ and l. It can be seen that
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Figure 3: Position tracking and its tracking error of the closed-loop system with the parameters l = 1, μ∞ = 0 1, δ = 0 5, γ = 10, and η = 5:
(a) load angle position x1 and desired trajectory yd; (b) tracking error e = x1 − yd.
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Figures 3–5 illustrate the different performances of tracking
error. From the comparison, we validate that the smooth
function μ t can effectively constrain the tracking error to
act as our required performance. The suitable choice of μ t
and σ leads to a favorable performance of output. Meanwhile,
the smaller δ and larger γ and η will accelerate the conver-
gence rate of the closed-loop system and the tracking error
could be arbitrarily small. Simulations illustrate the effective-
ness of the proposed scheme.

6. Conclusion

A tracking-error-constrained controller is proposed in this
study for a class of unknown nonlinear systems with external
disturbances. We develop the controller to achieve that the
system tracking error acts as our required performance.
The ideal controller with unknown smooth functions is
designed to obtain the actual one using a single parameter
RBF NN adaptive control method. The developed adaptive
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Figure 5: Position tracking and its tracking error of the closed-loop system with the parameters l = 1 5, μ∞ = 0 01, δ = 0 05, γ = 100, and
η = 50: (a) load angle position x1 and desired trajectory yd; (b) tracking error e = x1 − yd.
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Figure 4: Position tracking and its tracking error of the closed-loop system with the parameters l = 1 5, μ∞ = 0 01, δ = 0 5, γ = 10, and η = 5:
(a) load angle position x1 and desired trajectory yd; (b) tracking error e = x1 − yd.
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control law guarantees the stability of the closed-loop system
via the theoretical analysis. The simulations illustrate a favor-
able tracking performance, and the tracking error could be
arbitrarily small by selecting the appropriate parameters.
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The jumping robot has been a hot research field due to its prominent obstacle-climbing ability and excellent capacity in terrain
adaptation and autonomous movement. However, huge impact between the robot and the ground when landing may cause
structure damage, unbalanced movement, and even system crash. Therefore, trajectory planning of the jumping process has
been a great challenge in robotic research, especially for the robot with varying underactuated and redundant joints. An
intermittent jumping quadruped robot driven by pneumatic muscle actuators (PMAs) and owning variable redundant and
underactuated joints designed in a previous study is taken as the study object. This paper divides the problem of trajectory
planning into trajectory planning in the centroid space and joint space. Trajectory planning of different jumping phases in the
centroid space adopts the scheme of minimizing the peak reaction force from the ground, then trajectory planning of the joint
space is performed obeying the principle of minimizing consumed active torques. A jumping experiment is performed and
validates the effectiveness of the proposed trajectory algorithm.

1. Introduction

Legged robots have been a hot research field due to excellent
mobility on rugged terrain [1–3]. These robots have various
motion modes, such as running, hopping, walking, and jog-
ging [4–6]. In the case of stepping over barriers, hopping is
an attractive choice. However, trajectory planning of leg
robots faces some challenges, such as posture controlling in
the airborne phase and huge collision impact with the ground
when landing. Different planning methods have been pro-
posed [7–10]. Wan et al. proposed an optimized jumping
motion of a four-leg robot and analyzed numerical optimiza-
tion results for different takeoff postures [11]. Xu et al.
proposed a concept of inertial matching ellipsoid and
directional manipulability to optimize the trajectory for a
four-link planar mobile robot [12]. Heerden and Kawamura
adopted the A-star path planning algorithm to realize jump-
ing trajectory generation considering reducing backwards
and compliant landing [13]. Kawamura and Heerden
realized limiting referential torques to prevent tipping,

sliding, twisting, and excessively large ground collisions
[14]. Aversa et al. introduced the generalized Jump-Point-
Search algorithm to solve the problem of inventory-driven
pathfinding [15]. Lakatos et al. dealt with the velocity control
and planning of the bang-bang control parameters of the
hopping robot [16]. Besides trajectory planning of jumping
robots, many other scientists studied trajectory planning for
the robotic manipulator and vehicle [17–22]. Constantinescu
and Croft proposed an autonomous obstacle-avoidance
function to plan trajectory and enhance the intelligence of a
robotic manipulator [18]. In [19], a teleoperated robot
system followed the trajectory planned by EMG signals of
operators. Lolla et al. developed a time-optimal path plan-
ning method in dynamic flows using level set equations for
multiple vehicles [23].

An intermittent jumping quadruped robot driven by
pneumatic muscle actuators (PMAs) and owning variable
redundant and underactuated joints (shown in Figure 1)
has been proposed in our previous research. The robot
weighs 4.658 kg with body length of 475mm, body width of
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330mm, foot length of 121mm, shank length of 229mm,
thigh length of 249mm, big arm of 248mm, and small arm
of 132mm. The robot in the jumping process is a highly
nonlinear dynamic system, and the complete jumping
process can be divided to different continuous subphases
and discrete subphases according to varying constraints and
freedoms. Therefore, motion planning should be performed
in different jumping subphases.

This paper deals with the trajectory planning in the
centroid space firstly, then joint trajectory is planned in the
joint space. The paper is organized in the following struc-
tures. Section 1 builds up the complete dynamic characteris-
tics of the robot, Section 2 plans trajectory in the centroid
space and joint space, and Section 3 performs the jumping
experiment according to the given planned trajectory.
Finally, the conclusion is drawn in Section 4.

2. Dynamic Modeling of the Intermittent
Jumping Quadruped Robot

Each rear leg has three active joints whilst each foreleg has
two active joints. The robot can be abstracted to be a planar
six-bar mechanism with varying underactuated and redun-
dant joints along with the jumping process (shown in
Figure 2). When the robot lands, tiptoes will collide with
the ground and a huge impact force acts on the robot, which
stops the motion of the collision point in an immediately
short time. This collision process can be described by impact
dynamics theory. Discrete Lagrange dynamical principle is
a widely used theory to depict the collision status. This
research employs discrete Lagrange dynamic theory to build
up a collision equation of the robot when it lands. In other
motion stages, i.e., the takeoff phase, airborne phase, and
landing phase, position, velocities, and acceleration change
continuously. Dynamics of other motion stages are depicted
by continuous dynamics. Besides, considering the contact
status with the ground, the jumping process of the robot
can be divided into the takeoff phase, airborne phase, and
landing phase (shown in Figure 3). The landing phase con-
sists of the collision I subphase, landing I subphase, collision
II subphase, landing II subphase, collision III subphase, and
landing III subphase. Hence, continuous phases adopt the
continuous Lagrange dynamical principle, while dynamics

of landing impact phases (i.e., collision I subphase, collision
II subphase, and collision III subphase) should be established
using the discrete Lagrange dynamical principle.

The dynamic equation describing impact status between
the robot and ground is described as follows:

De qs qs + Ce qs, qs qs +Ge qs + Ke qs = τe + δFext, 1

where De qs is the collision inertial matrix, Ce qs is the
collision centrifugal matrix, Ge qs is the gravity matrix,
Ke qs is the spring elastic force matrix, and τe qs is the
joint driving torque matrix.

Generalized joint velocities after collision can be
drawn from

q+s = q−s +D−
e qs JTe qs Je qs D

−1 qs JTe qs
−1ΔXe qs

2

Continuous dynamics is established as follows:

D qs qs + C qs, qs qs +G qs + K qs = τ, 3

where D qs is the positive definite matrices of inertia with
dimension 8× 8; C qs, qs is the first-order differential
matrix, coefficient matrix of Coriolis force, and centrifugal
force; G qs is the gravity matrix; K qs is the elastic force
matrix of springs in the robot; τ is the generalized joint
torque matrix τ = τ1 τ2 τ3 τ4 τ5 τ6 f Ax f Ay

T ; and f Ax
and f Ay are the components on the horizontal and vertical
directions, respectively, of the ground reaction.

From the analysis of a complete jumping process, the
takeoff phase owns a single underactuated joint, both the
airborne phase and collision I subphase have three underac-
tuated joints, and the collision II subphase has a single
underactuated joint while no underactuated joint exists in
the collision III subphase. More details about the dynamic
modeling and underactuated joints can be referred in [24].

3. Trajectory Planning of the Intermittent
Jumping Quadruped Robot

Trajectory planning of different jumping phases in the task
space adopts the scheme of minimizing the peak reaction
force from the ground, then trajectory planning of the joint
space would be performed obeying the principle of minimiz-
ing consumed active torques.

3.1. Trajectory Planning in the Task Space of the Robot.
Trajectory of the mass center should be planned in the
takeoff phase, airborne phase, landing I subphase, landing
II subphase, and landing III subphase. Obviously, the mass
center of the robot moves in projectile motion during the
airborne phase and builds up a bridge connecting the takeoff
phase and landing I subphase. Motion parameters of the
robot at the start instant of the airborne phase equal to those
at the end time of the takeoff phase, whilst motion parame-
ters at the end time of the airborne phase are identical to
those at the instant before impact to the ground. Hence,

Figure 1: The intermittent jumping quadruped robot.
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mass-center trajectory in the airborne phase would be
planned firstly.

3.1.1. Trajectory Planning at the Airborne Phase. Ignoring air
drag, the trajectory of the mass center of the robot is shown
in Figure 4. Considering maximum jumping heightH f ly of the
mass center, centroid coordinate M4

WxCM t4
WyCM t4 ,

and centroid coordinateM5
WxCM t5

WyCM t5 at the land-
ing instant, initial velocity in the Y direction at the airborne
phase is calculated as follows:

WyCM t4 = −2gH f ly 4

Time consumed at the airborne phase t f ly = t5 − t4 is
calculated as follows:

WyCM t5 = WyCM t4 ⋅ t f ly + 0 5gt2f ly 5

Velocity in the horizontal direction at the airborne phase is
as follows:

WxCM =
WxCM t5 − WxCM t4

t f ly
6

Foot

Shank

�igh

Body

Big arm

Small arm

Ankle joint

Knee joint

Hip joint

Shoulder joint

Elbow joint

Figure 2: Equivalent six-bar-mechanism model of the robot.
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Figure 3: Jumping process of the robot.
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Figure 4: Mass-center trajectory of the airborne phase.
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Velocity at the end instant of the airborne phase
(i.e., M5) is acquired according to oblique projectile motion
as follows:

WxCM t5 = WxCM t4 ,
WyCM t5 = WyCM t4 + gt f ly

7

3.1.2. Trajectory Planning at the Takeoff Phase.Motion trail of
the center mass of the robot at the takeoff phase is continuous.
Given the centroid coordinate and velocity at the end instant
of the takeoff stage (i.e., t4) and time t jump = t4 − t1 consumed
in the takeoff stage, the centroid trajectory can be planned by
minimizing the peak reaction force from the ground with
the purpose of reducing damage to the robot mechanism.
This paper adopts an eight-polynomial form to describe
the mass-center trajectory:

WXCM =
WxCM

WyCM

=
a8t

8 + a7t
7 + a6t

6 + a5t
5 + a4t

4 + a3t
3 + a2t

2 + a1t + a0

b8t
8 + b7t

7 + b6t
6 + b5t

5 + b4t
4 + b3t

3 + b2t
2 + b1t + b0

,

 t ∈ t1, t4
8

ai and bi are parameters to be optimized. The objective
function is as follows:

J =min κ1 max fGx + κ2 max fGy

=min κ1 max M
W
xCM + κ2 max M

W
yCM + g

9

f Gx and f Gy are the horizontal component force and
vertical component force, respectively, of the ground reac-
tion on the centroid. Weight parameters κi (i = 1, 2) satisfy
the condition

κ1 + κ2 = 1, κi ∈ 0, 1 10

The constraints consist of the initial position, velocity,
and acceleration of the robot centroid. Furthermore, hori-
zontal reaction of the ground should be equal to or less
than the sliding friction force so as to avoid slipping at
the takeoff stage, i.e., the constraints are as follows:

WXCM t1 = WXt1
,

WXCM t4 = WXt4
,

WXCM t4 = WXt4
,

WXCM t1 = 0,
W
XCM t1 = 0,

W
XCM t4 = 0 g T ,

W

yCM ≥ g,
W
xCM

WyCM
≤ μ,

11

where WXt1
is the centroid displacement at the t1 instant

during the takeoff stage, WXt4
is the centroid displacement

at the t4 instant during the takeoff stage, WXt1
is the cen-

troid velocity at the t4 instant during the takeoff stage,
and μ is the ground sliding friction coefficient.

3.1.3. Trajectory Planning at the Landing Phase. Three
collisions occur at the landing phase and produce sudden
changes of joint velocities and centroid velocity. Hence, the
landing stage can be divided into three subphases, i.e.,
landing I subphase, landing II subphase, and landing III sub-
phase. Centroid trajectory of the robot should be optimized
at these three subphases.

(1) Trajectory Planning at the Landing I Subphase. The
centroid position at start instant t+5 of the landing I
subphase equals that at the end moment t−5 of the airborne
phase. The centroid velocity at the t+5 instant after
colliding is required from joint velocities after colliding,
which could be calculated by colliding dynamics (2); the
centroid acceleration at the t+5 instant after colliding is
calculated from joint acceleration after colliding. The given
time tland I = t+5 − t−6 consumed at the landing I subphase,
centroid position, velocity and acceleration at t−6 , and
parameters of an eight-polynomial form describing the
mass-center trajectory could be optimized by minimizing
the peak ground reaction:

WXCM =
WxCM

WyCM

=
a8t

8 + a7t
7 + a6t

6 + a5t
5 + a4t

4 + a3t
3 + a2t

2 + a1t + a0

b8t
8 + b7t

7 + b6t
6 + b5t

5 + b4t
4 + b3t

3 + b2t
2 + b1t + b0

,

 t ∈ t+5 , t−6
12

ai and bi are parameters to be optimized. The objective
function is as follows:

J =min κ1 max f Gx + κ2 max f Gy 13
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Weight parameters κi (i = 1, 2) satisfy the condition

κ1 + κ2 = 1, κi ∈ 0, 1 14

The constraints are as follows:

WXCM t+5 = WXt+5
,

WXCM t−6 = WXt−6
,

WXCM t+5 = WXt+5
,

WXCM t−6 = WXt−6
,

W
XCM t+5 = W

Xt+5
,

W
XCM t−6 = W

Xt−6
,

W
xCM

W
yCM

≤ μ 15

(2) Trajectory Planning at the Landing II Subphase. The
centroid position at the start instant t+6 of the landing II
subphase equals to that at the moment t−6 when collision
between the sole and the ground occurs. The centroid
velocity at the t+6 instant after colliding is acquired from
joint velocity after colliding, which could be calculated by
colliding dynamics (2); the centroid acceleration at the t+6
instant after colliding is calculated from joint acceleration
after colliding. An algorithm similar with that in Trajectory
Planning at Landing I Subphase is adopted to plan trajecto-
ries at the landing II subphase:

WXCM =
WxCM

WyCM

=
a8t

8 + a7t
7 + a6t

6 + a5t
5 + a4t

4 + a3t
3 + a2t

2 + a1t + a0

b8t
8 + b7t

7 + b6t
6 + b5t

5 + b4t
4 + b3t

3 + b2t
2 + b1t + b0

,

 t ∈ t+6 , t−7
16

ai and bi are parameters to be optimized. The objective
function is as follows:

J =min κ1 max f Gx + κ2 max f Gy 17

Weight parameters κi (i = 1, 2) satisfy the condition

κ1 + κ2 = 1, κi ∈ 0, 1 18

The constraints are listed as follows:

WXCM t+6 = WXt+6
,

WXCM t−7 = WXt−7
,

WXCM t+6 = WXt+6
,

WXCM t−7 = WXt−7
,

W
XCM t+6 = W

Xt+6
,

W
XCM t−7 = W

Xt−7
,

W
xCM

W
yCM

≤ μ

19

(3) Trajectory Planning at the Landing III Subphase. Joint
velocity after collision with the ground can be calculated
using (2). Obviously, the centroid velocity and centroid
acceleration at the t+7 instant can be calculated. The
purpose of trajectory planning in the task space is to
adjust the centroid to the desired position and make prep-
aration for the next jumping movement. Given tland III =
t8 − t7 and the centroid position at the t8 instant, parameters
of the eight-polynomial form describing the mass-center
trajectory could be optimized by minimizing the peak
ground reaction:

WXCM =
WxCM

WyCM

=
a8t

8 + a7t
7 + a6t

6 + a5t
5 + a4t

4 + a3t
3 + a2t

2 + a1t + a0

b8t
8 + b7t

7 + b6t
6 + b5t

5 + b4t
4 + b3t

3 + b2t
2 + b1t + b0

,

 t ∈ t7, t8
20

ai and bi are parameters to be optimized. The objective
function is as follows:

J =min κ1 max f Gx + κ2 max f Gy 21

Weight parameters κi (i = 1, 2) satisfy the condition

κ1 + κ2 = 1, κi ∈ 0, 1 22

The constraints are as follows:

WXCM t7 = WXt7
,

WXCM t8 = WXt8
,
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WXCM t7 = WXt7
,

WXCM t8 = 0,
W
XCM t7 = W

Xt7
,

W
XCM t8 = 0,
W
xCM

W
yCM

≤ μ

23

3.2. Trajectory Planning in the Joint Space. Joint trajectory
is required by mapping the planned trajectory in the task
space. Because the jumping robot is a highly nonlinear
complex system with redundant joints and underactuated
joints, joint trajectory will be optimized by combination
of robot dynamics and redundant properties. Besides,
jumping posture at the initial state should be optimized
according to the specified task.

3.2.1. Optimization of Initial Jumping Posture. The paper
adopts the transmission property of motion of the mecha-
nism at a given position in the operation space to measure
the capacity of movement at a given direction. By using this
principle, joint trajectory will be optimized to maximize the
centroid velocity at a given direction while minimizing joint
velocity. Using Jacobian matrix describing the relationship
of the centroid velocity and joint velocity space, the unit ball
is established as follows:

qTs qs = 1 24

Equation (24) can be rewritten by mapping to the
task space:

WX
T
CM Js′ J′

T
s

−1
WXCM = 1 25

Equation (25) is the operable ellipsoid of generalized
velocity. Assume the direction vector of the centroid
velocity is p = cos γ1  cos γ2

T , γ1 and γ2 representing
angles between p and two axes [X, Y] of a ground
coordinate system, respectively. Obviously, the centroid
velocity is rewritten as follows:

WXCM = A ⋅ p , 26

where A represents magnitude of the centroid velocity.
Combining (25) and (26),

A ⋅ p Js′ J′
T
s

−1
A ⋅ p = 1 27

Define

DM= A2 = p Js′ J′
T
s

−1
p

−1
28

as the manipulability of the centroid at direction p . The
bigger the value of DM, the better the transmission
capacity in the specified direction from the joint velocity
space to the centroid velocity space. Given the contact
constraint between the foreleg of the robot and the ground
(i.e., the G point), the centroid trajectory, and change interval
Δ1i Δ2i (i = 1~6) of joint angles, the optimized function of
the joint space is established as follows:

DM q1,⋯q6 = max p Js′ J′
T
s

−1
p

−1
29

The constraints are as follows:

WXG t1 = Ls,
WYG t1 = 0,

WxCM t1 = ∑6
i=1mi

Axcmi
∑6

i=1mi

,

WyCM t1 = ∑6
i=1mi

Aycmi
∑6

i=1mi

,

Δ1i ≤ Δqi ≤ Δ2i,
τidown ≤ τi ≤ τiup

30

Given the time consumed in posture adjustment, initial
joint velocities, and desired joint velocities, joint trajectories
in a five-order polynomial form can be acquired from (30).

3.2.2. Trajectory Planning at the Takeoff Subphase. The
trajectory in the joint space will be optimized according to
the planned centroid trajectory and initial takeoff posture.
ZMP principle is adopted to guarantee the takeoff stability
[25, 26]. The eight-polynomial form is adopted to opti-
mize the joint trajectory by minimizing total consumed
active torque:

qi t = ai8t
8 + ai7t

7 + ai6t
6 + ai5t

5 + ai4t
4 + ai3t

3 + ai2t
2 + ai1t + ai0,
 t ∈ t1, t4

31

ai and bi are parameters to be optimized. The objective
function is as follows:

J =min
t4

t1

〠
6

i=2
τi dt , 32

where τ2~τ6 represent active torques of the knee joint, hip
joint, shoulder joint, and elbow joint, respectively; t1 and
t4 are the starting instant and end instant, respectively,
of the takeoff phase.
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The constraints are as follows:

WxA = WyA = 0,
qi t ∣t=t1 = qi t1 ,
qi t ∣t=t1 = 0,
qi t ∣t=t1 = 0,

WxCM t = ∑6
i=1mi

Wxcmi t

∑6
i=1mi

,

WyCM t = ∑6
i=1mi

Wycmi t

∑6
i=1mi

,

WxCM t = ∑6
i=1mi

Wxcmi t

∑6
i=1mi

,

WyCM t = ∑6
i=1mi

Wycmi t

∑6
i=1mi

,

W
xCM t = ∑6

i=1mi
W
xcmi t

∑6
i=1mi

,

W
yCM t = ∑6

i=1mi
W
ycmi t

∑6
i=1mi

,

XZMP ∈ Scontact,
qidown ≤ qi ≤ qiup,
τidown ≤ τi ≤ τiup

33

3.2.3. Trajectory Planning at the Airborne Phase. The motion
of drawing back the rear legs is done at the airborne phase to
make preparation for landing. To mitigate collision between
the foreleg and the ground, the kinematic energy of the tiptoe
should be reduced. Considering limitations of driver power
and structure design, it is difficult to reduce velocity of the
tiptoe to zero; thus, this paper introduces two small parame-
ters wGx and wGy to measure the reduction extent of the
tiptoe velocity. The trajectories of active joints are depicted
as follows:

qi t = ai8t
8 + ai7t

7 + ai6t
6 + ai5t

5 + ai4t
4 + ai3t

3 + ai2t
2 + ai1t + ai0,
 t ∈ t4, t−5

34

ai and bi are parameters to be optimized. The objective
function is as follows:

J =min
t−5

t4

〠
6

i=2
τi dt 35

The constraints are as follows:

qi t ∣t=t4 = qi t4 ,
qi t ∣t=t4 = qi t4 ,
qi t ∣t=t4 = qi t4 ,
WxG t−5 =wGx

WxG t4 ,
WyG t−5 =wGy

WyG t4 ,

WxCM t = ∑6
i=1mi

Wxcmi t

∑6
i=1mi

,

WyCM t = ∑6
i=1mi

Wycmi t

∑6
i=1mi

,

WxCM t = ∑6
i=1mi

Wxcmi t

∑6
i=1mi

,

WyCM t = ∑6
i=1mi

Wycmi t

∑6
i=1mi

,

W
xCM t = ∑6

i=1mi
W
xcmi t

∑6
i=1mi

,

W
yCM t = ∑6

i=1mi
W
ycmi t

∑6
i=1mi

,

max α4 −min α4 < 180∘,
α4 t−5 ∈ αdown4 αup4 ,
qidown ≤ qi ≤ qiup,
τidown ≤ τi ≤ τiup

36

3.2.4. Trajectory Planning at the Landing Stage. The landing
stage is divided into the landing I subphase, landing II
subphase, and landing III subphase according to three
collisions between the robot and the ground. Hence, trajec-
tory planning in the joint space will be performed at those
three subphases.

(1) Joint Trajectory Planning at the Landing I Subphase. Joint
angular displacements at the start instant t+5 of the landing
I subphase equal those at the end instant t−5 of the
airborne phase. The joint velocity at the instant t+5 after
collision can be calculated using (2), whilst joint angular
accelerations can be required by (3). To minimize the col-
lision between the tiptoe of the foreleg and the ground,
two small parameters wAx and wAy are introduced to
measure the reduction extent of the tiptoe velocity. The
ZMP principle is adopted to guarantee the stability of
the landing I movement. The trajectories of active joints
are depicted as follows:

qi t = ai8t
8 + ai7t

7 + ai6t
6 + ai5t

5 + ai4t
4 + ai3t

3 + ai2t
2 + ai1t + ai0,
 t ∈ t+5 , t−6

37
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ai and bi are parameters to be optimized. The object
function is established to minimize the total consumed
active torque as follows:

J =min
t−6

t+5

〠
6

i=2
τi dt 38

The constraints are listed as follows:

qi t ∣t=t+5 = qi t
+
5 ,

qi t ∣t=t+5 = qi t
+
5 ,

qi t ∣t=t+5 = qi t
+
5 ,

WxA t−6 =wAx
WxA t+5 ,

WyA t−6 =wAy
WyA t+5 ,

WxG = L,
WyG = 0,

WxG = WyG = W
xG = W

yG = 0,

WxCM t = ∑6
i=1mi

Wxcmi t ∑
6
i=1

∑6
i=1mi

,

WyCM t = ∑6
i=1mi

Wycmi t

∑6
i=1mi

,

WxCM t = ∑6
i=1mi

Wxcmi t

∑6
i=1mi

,

WyCM t = ∑6
i=1mi

Wycmi t

∑6
i=1mi

,

W
xCM t = ∑6

i=1mi
W
xcmi t

∑6
i=1mi

,

W
yCM t = ∑6

i=1mi
W
ycmi t

∑6
i=1mi

,

XZMP ∈ Scontact,
qidown ≤ qi ≤ qiup,
τidown ≤ τi ≤ τiup

39

(2) Joint Trajectory Planning at the Landing II Subphase.
Joint angular displacements at the start instant t+6 of the
landing II subphase equal those at the end instant t−6 of
the landing I subphase. The joint velocity at instant t+6
after collision can be calculated using (2), whilst joint
angular accelerations can be required by (3). To minimize
the collision between the heel and the ground, two small
parameters wBx and wBy are introduced to measure the

reduction extent of the heel velocity; trajectories of active
joints are depicted as follows:

qi t = ai8t
8 + ai7t

7 + ai6t
6 + ai5t

5 + ai4t
4 + ai3t

3 + ai2t
2 + ai1t + ai0,

  t ∈ t+6 , t−7
40

ai and bi are parameters to be optimized. The object
function is established to minimize the total consumed
active torque as follows:

J =min
t−7

t+6

〠
6

i=2
τi dt 41

The constraints are as follows:

qi t ∣t=t+6 = qi t
+
6 ,

qi t ∣t=t+6 = qi t
+
6 ,

qi t ∣t=t+6 = qi t
+
6 ,

WxB t−7 =wBx
WxB t+6 ,

WyB t−7 =wBy
WyB t+6 ,

WxG = L,
WyG = 0,

WxG = WyG = W
xG = W

yG = 0,
WxA = L − Ls,
WyA = 0,

WxA = WyA =
W
xA =

W
yA = 0,

WxCM t = ∑6
i=1mi

Wxcmi t

∑6
i=1mi

,

WyCM t = ∑6
i=1mi

Wycmi t

∑6
i=1mi

,

WxCM t = ∑6
i=1mi

Wxcmi t

∑6
i=1mi

,

WyCM t = ∑6
i=1mi

Wycmi t

∑6
i=1mi

,

W
xCM t = ∑6

i=1mi
W
xcmi t

∑6
i=1mi

,

W
yCM t = ∑6

i=1mi
W
ycmi t

∑6
i=1mi

,

XZMP ∈ Scontact,
qidown ≤ qi ≤ qiup,
τidown ≤ τi ≤ τiup

42

(3) Joint Trajectory Planning at the Landing III Subphase.
The rear leg and foreleg contact with the ground at the land-
ing III subphase. The task of planning trajectory is to adjust

8 Complexity



the posture of the robot for the next jump. Joint angular dis-
placement, velocity, and acceleration are calculated using an
identical method to what is presented in Joint Trajectory
Planning at the Landing II Subphase. Given the consumed
time, centroid position, and velocity at the end of the land-
ing III subphase, the trajectories of active joints are depicted
as follows:

qi t = ai8t
8 + ai7t

7 + ai6t
6 + ai5t

5 + ai4t
4 + ai3t

3 + ai2t
2 + ai1t + ai0,
 t ∈ t+7 , t8

43

ai and bi are parameters to be optimized. The object
function is established to minimize the total consumed
active torque as follows:

J =min
t8

t7

〠
6

i=2
τi dt 44

The constraints are as follows:

qi t ∣t=t+7 = qi t
+
7 ,

qi t ∣t=t8 = qi t8 ,
q1 = π,

WxG = L,
WyG = WyA = 0,
WxA = L − Ls,

qi t ∣t=t+7 = qi t
+
7 ,

qi t ∣t=t+7 = qi t
+
7 ,

qi t ∣t=t8 = qi t ∣t=t8 = 0,
q1 = q1 = 0,

WxG = WyG = W
xG = W

yG = 0,

WxA = WyA = W
xA =

W
yA = 0,

WxCM t = ∑6
i=1mi

Wxcmi t

∑6
i=1mi

,

WyCM t = ∑6
i=1mi

Wycmi t

∑6
i=1mi

,

WxCM t = ∑6
i=1mi

Wxcmi t

∑6
i=1mi

,

WyCM t = ∑6
i=1mi

Wycmi t

∑6
i=1mi

,

W
xCM t = ∑6

i=1mi
W
xcmi t

∑6
i=1mi

,

W
yCM t = ∑6

i=1mi
W
ycmi t

∑6
i=1mi

,

XZMP ∈ Scontact,
qidown ≤ qi ≤ qiup,
τidown ≤ τi ≤ τiup

45

4. Experiments and Discussions

The schematic diagram of the robot platform is shown in
Figure 5. The computer is responsible for controlling the
algorithm and human interaction. The air compressor sup-
plies compressed air for the robot. The AD/DA card samples
angular displacements of joints and pressure of pneumatic
muscles and sends controlling commands to proportional
valves. The amount of air inside pneumatic muscles is con-
trolled by proportional valves. The Radial Basis Function
Neural Network- (RBFNN-) tuned PID cascade controlling
scheme (shown in Figure 6) is used to realize the closed-
loop control of active joints. To speed up the calculation of
the cascade PID controller, we adopted TMS320F28335 as
the processor. This controller has a processing capacity of
150MHz and is fast enough for the robot. More detailed
information of the pressure sensor, potentiometer, and force
sensor can be acquired from the Internet and are listed
in Table 1.

The jumping experiment is performed using the planned
active joint trajectories. In this paper, the desired maximum
jumping height of the centroid trajectory is 360mm and the
desired jumping distance of the centroid trajectory is
730mm. Given initial joint angles, the initial centroid posi-
tion is (100, 160) [mm]. Given the centroid position at the
start and end of the airborne phase, the time consumed at
the initial phase is 180ms, the time consumed at the initial
jumping posture 150ms, and other information, active joint
trajectories are optimized in Figure 7. It is observed that
angular variations of the knee joint and hip joint at the
takeoff stage are larger than those of the ankle joint. The
reason is that motions of the knee joint and hip joint produce
pressure to the ankle joint. During the airborne phase,
angular displacement of the ankle joint increases at first, then
decreases gradually, while the angular displacement of the
knee joint decreases at first, then increases. The above motion
rotates the robot around its own centroid and prepares for
landing of the foreleg. Angular displacement of the shoulder
joint varies slowly at first, then rapidly changes, cooperating
with the elbow joint, to reduce the speed of the hand of
the robot and collision with the ground. No sudden
change of angular displacements of active joints happens,
while sharp changes of velocities of active joints occur,
which indicates that collision between the robot and the
ground happens.

The jumping process of the robot is shown in Figure 8.
Firstly, the initial posture of the robot is adjusted accord-
ing to the desired command. Secondly, the robot starts
its jumping motion. At the end of the jumping II sub-
phase, the foreleg of the robot leaves the ground, while
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the feet still coincide with the ground. An underactuated
joint between the feet and the ground is created in the
jumping III subphase. The posture of the robot is adjusted
for landing by changing joint angles. During the landing II
subphase, an underactuated joint is created between the
feet and the ground, and velocity of the toe is decreased
for stable landing. After entering the landing III subphase,
active joints are regulated to the desired status for the next
jumping motion.

The actual trajectories are listed in Figure 7. From
comparison of desired trajectories and actual trajectories,
maximum tracking errors of the ankle joint, knee joint, hip
joint, shoulder joint, and elbow joint are 12.07°, 8.22°, 8.54°,
11.66°, and 2.65°, respectively, whilst standard deviation of
tracking errors are 3.4°, 2.25°, 2.17°, 2.86°, and 0.77°, respec-
tively. The inconsistency between the two rear legs in the
jumping motion is due to mismachining tolerance, assembly
errors, and tracheal disturbance.

AD/DA 

card

Proportional valve

Computer

Proportional valve

Proportional valve

Proportional valve

Proportional valve

Command

Air compressor

Robot

Sensors

Figure 5: The schematic diagram of the robot platform.
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q (k – 1)

q (k)
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Figure 6: Control scheme of active joint of the robot.

Table 1: Sensors used in the robot.

Name Measurement range Output signal Repeat accuracy Working power

Pressure sensor PSE510 [0, 1] MPa [0, 5] V ±0.3% (F.S.) DC 24V

Potentiometer WDD22A 10K [0, 360°] [0, 5] V ±0.5% (F.S.) DC 5V

Force sensor XH32 [−200, 200] kg [−5, 5] V ±0.5% (F.S.) DC 5V
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Figure 7: Continued.
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5. Conclusion

This paper studies trajectory planning of an intermittent
jumping quadruped robot driven by pneumatic muscle
actuators and owning variable redundant and underactu-
ated joints. The task of trajectory planning is performed
in the centroid space and joint space. Trajectory planning
in the centroid space is optimized by minimizing the

peak reaction force from the ground. Trajectory planning
in the joint space is acquired by mapping the planned
centroid trajectory. Initial posture of the robot is opti-
mized by maximizing the specific direction vector along
with the operable ellipsoid of generalized centroid veloc-
ity. Comparison between desired joint trajectory and
actual performance indicates the validity of the trajectory
planning method.
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Figure 7: Trajectory tracking of active joints: (a), (c), (e), (g), and (i) are the trajectory tracking of the ankle joint, knee joint, hip joint,
shoulder joint, and elbow joint, respectively; (b), (d), (f), (h), and (j) are the tracking errors of the ankle joint, knee joint, hip joint,
shoulder joint, and elbow joint, respectively.

(a) Initial state (b) State after posture adjustment
(c) Jumping phase (feet coincide

with the ground)

(d) Jumping phase (heel leaves

off the ground) (e) Flying phase (f) Landing I phase

(g) Landing II phase (h) Landing III phase (i) Complete state

Figure 8: Robot jumping experiment.
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Single-microphone speech enhancement algorithms by using nonnegative matrix factorization can only utilize the temporal and
spectral diversity of the received signal, making the performance of the noise suppression degrade rapidly in a complex
environment. Microphone arrays have spatial selection and high signal gain, so it applies to the adverse noise conditions. In this
paper, we present a new algorithm for speech enhancement based on two microphones with nonnegative matrix factorization.
The interchannel characteristic of each nonnegative matrix factorization basis can be modeled by the adopted method, such as
the amplitude ratios and the phase differences between channels. The results of the experiment confirm that the proposed
algorithm is superior to other dual-microphone speech enhancement algorithms.

1. Introduction

For the sake of improving the quality and intelligibility of
noisy signals, speech enhancement is widely applied in many
fields including speech communication, speech coding, and
speech recognition. In terms of the number of microphones,
speech enhancement methods can be split into two classes:
single microphone and microphone array.

In the past, there have been many single-microphone
speech enhancement algorithms presented including statisti-
cal model method, spectral subtraction, subspace decomposi-
tion, and other typical algorithms. These algorithms have a
good noise suppression performance under stationary condi-
tions, but at the cost of a priori information loss of clean
speech and noise, in which it provides limited performance
under a complex environment.

Recently, a new matrix decomposition algorithm called
nonnegative matrix factorization (NMF) [1] method has
been successfully used to solve a variety of problems in many
fields. NMF is a powerful method for machine learning and
hidden data discovery; the basic idea of the method is that
one nonnegative matrix is decomposed into the product of
two nonnegative matrices without making any statistical

hypothesis of data. Compared with the traditional matrix
decomposition algorithm, it has a strong physical signifi-
cance, it has small storage, and it is simple and easy to
implement. The results show that it has been widely used
to effectively solve various problems including pattern clus-
tering and classification tasks [2–5], source separation [6],
and speech enhancement [7]. In voice applications, we can
obtain a priori information by using train data with NMF
instead of the clean signal.

Currently, according to the different methods in machine
learning, a single speech enhancement method based on
NMF can be categorized into unsupervised learning and
supervised learning algorithms [7]. Unsupervised methods
are simple and easy to implicate without any prior informa-
tion on the speech or noise, whose main difficulty is estimat-
ing the noise power spectral density (PSD) [8], especially in a
complex environment.

For the supervised methods, selecting a proper model
needs to consider not only the aspect of the speech and
noise signals but also the model parameter estimation using
the training samples of those signals. One advantage of these
methods is estimating the noise PSD without the need to use
other algorithms. Compared with the unsupervised methods
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under a complex environment, the studies have been proved
that the supervised method is an effective way of obtaining
better performance of the enhanced speech signals.

In order to solve the problem of the characteristic of mis-
match between training data and testing data, a supervised
NMF-based algorithm is proposed in speech enhancement
to incorporate with some prior information, including tem-
poral continuity [9] and statistical distribution of the data
[10]. More recently, aiming at improving the general sub-
space constraints, an improved NMF algorithm is proposed
by introducing additional terms into the objective function
[11]. A framework for decreasing the computational com-
plexity in NMF by using the extreme learning machine
(ELM) is designed in [12]. ELM and its variants have been
widely applied in different kinds of fields, because of its good
scalability and strong generalization performance [13]. With
the unceasing development of human-computer interaction
recently, higher requirements for speech recognition and
computer vision are put forward in a complex environment.
In [14–16]; the control scheme for improving the conver-
gence speed is developed to optimize system performance.

In [17], a speech enhancement method for solving the
difficult problem of manual selection modes by applying a
regularized nonnegative matrix factorization algorithm is
presented. In practical application, however, the speech sig-
nals have spatial characteristics (spatial diversity of reverber-
ation guidance), which is not present in the single-
microphone system. One microphone has good performance
in speech enhancement system, however, it only uses both
temporal and spectral information of signal and lacks spatial
information.

The two-microphone system has attracted much atten-
tion for its small size and small amount of calculation, which
is in line with the trend of miniaturization of devices. An
algorithm for achieving a dual-microphone speech enhance-
ment by using the coherence function is proposed [18]. In
[19], the improved method, which incorporates the coher-
ence function and the Kalman filter, is used to obtain
enhanced speech signal. These algorithms belong to the
unsupervised methods in a sense. Therefore, we propose a
novel β-NMF for a dual-microphone speech enhancement.
The interchannel characteristic of each NMF basis can be
modeled for the method by applying the spatial diversity of
speech signals.

The paper is arranged as follows: Section 2 reviews the
objective function of standard NMF with β divergence.
Section 3 extends it to the dual-microphones system for
the NMF basis. Section 4 presents a two-channel speech
signal model and details the proposed speech enhance-
ment framework. Section 5 presents simulation results
and Section 6 the conclusion.

2. Nonnegative Matrix Factorization with
β Divergence

In a single-microphone system, let y t , t ∈ R be the
observed value of one microphone for a specific time dura-
tion. By applying the short-time Fourier transform (STFT)

to y t , we can obtain a complex matrix Y = yij ∈ CI×J

(i ∈ 1, 2,… , I denotes the number of frequency bins and
j ∈ 1, 2,… , J the number of time frames). Using the stan-
dard NMF, the amplitude Z = ∣Y∣ or equivalently zij = ∣yij∣
is analyzed in [1]. Finally, the NMF-based algorithm is to find
a local optimal decomposition, which is defined as

Z ≈ Ẑ = TV, 1

where T = tik ∈ RI×K
+ is a basis matrix, V = vkj ∈ RK×J

+ is a
coefficient matrix, and K is the number of basis vectors.

For the sake of seeking for two nonnegative matrices such
that the difference between Z and the product TV is mini-
mized, define a measure function D to obtain the optimal
decomposition

arg min
T,V

D Z Ẑ , s t T ≥ 0,V ≥ 0, 2

where D Z Ẑ denotes the error divergence function
between the observed data Z and the reconstructed data Ẑ.
The different probability models can be derived by (2), and
then different types of cost functions are obtained by the
maximum likelihood. Selecting an appropriate objective
function is the key in formulating the NMF algorithm. Here,
the objective function is derived by using a parametric diver-
gence measure, namely, the β divergence [20]

Dβ Z T,V =〠
ij

zij
zβ−1ij − TV β−1

ij

β β − 1
+ TV β−1

ij

TV ij − zij
β

β ∈ \ 0, 1 ,
3

where β reflects the reconstruction penalty. The selection
of parameter β depends on the statistical distribution
characters and requires prior knowledge. When β = 2, the
result is shown as the squared Euclidean distance (ED);
when β→ 1, the result is approximately equal to the
Kullback-Leibler (KL) divergence; and when β→ 0, the
result is nearly equal to Itakura-Saito divergence.

T andV are expressed by applying multiplicative iterative
updating rules as described in [21]; the update rules are given
as

T← T ⊗
Z/ TV 2−β V⊤

TV β−1V⊤
, 4

V←V ⊗
T⊤ Z/ TV 2−β

T⊤ TV β−1 , 5

where the operation ⊗ represents an element-wise multipli-
cation, / and the quotient line are performed element-wise
division, and the superscript ⊤ is the matrix transpose. As
for the initializations of T and V, positive random numbers
are often used.
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3. The Dual-Microphone Model for NMF
Basis with β Divergence

This section proposes an extension of the standard NMF.
Compared with multichannel speech enhancement, dual-
channel speech enhancement has advantages in many
aspects. Assume that X 1 and X 2 explain the observations
of the 1st and 2nd microphones in the time-frequency
domain, respectively. In [22], a new interchannel matrix H
is defined, which represents the spatial characteristics
between two channels, and they have both common nonneg-
ative matrices T and V to model multichannel observations.

3.1. Preprocessing and Modeling. The first is only considering
the amplitude observations in the time-frequency domain
when we use the standard NMF algorithm for speech
enhancement. The observation of the 1st channel is obtained
and acted as a reference

X 1 =X 1 ⊗
X 1

X 1

∗

, 6

where ∗ is the complex conjugate, in order to fully reflect the
interchannel characteristic, and then the same is done for the
2nd channel with the expression of

X 2 =X 2 ⊗
X 1

X 1

∗

7

According to the above preprocessing principle, we can
find that X 1 is not only a nonnegative matrix but also a
complex matrix. Hence, an accurate modeling for the first
channel is designed by using (3), and then an accurate
modeling for the second channel is designed by introducing
an interchannel matrix H = hik ∈ CI×K , where ∑ihi = 1 uses
random initialization. The interchannel characteristic hik
contains spatial information of the 2nd channel.

3.2. Maximum Likelihood Estimation and Its Cost Function.
Using the dual-channel probabilistic model, the likelihood
is written as

p X 1 ,X 2 T,V,H ∝ p X 1 T,V p X 2 T,V,H ,

8

where we assume that the data follows the probability distri-
bution. Thus, the maximum negative log-likelihood solution
of (8) is represented as

arg max log
H≥0,T≥0,V≥0

p X 1 ,X 2 T,V,H

= −log p X 1 T,V − log p X 2 T,V,H

= −〠
ij

X 1
ij

X 1 β−1
ij

− TV β−1
ij

β β − 1

+ TV β−1
ij

TV ij − X 1
ij

β

−〠
ij

X 2
ij

X 2 β−1
ij

− H ⊗ TV β−1
ij

β β − 1

+ H ⊗ TV β−1
ij

H ⊗ TV ij − X 2
ij

β

=c D 1
β X 1 TV +D 2

β X 2 H ⊗ TV ,

9

where = c represents equality up to irrelevant constant terms.
The former term is explained in Section 2, and now the latter
term is given by

D 2
β X 2 H ⊗ TV

=〠
ij

X 2
ij

X 2 β−1
ij

− H ⊗ TV β−1
ij

β β − 1

+ H ⊗ TV β−1
ij

H ⊗ TV ij − X 2
ij

β

10

The gradient is expressed with respect to α of the cost
function ∇αD (The subscript of the cost function of the 2nd
term is omitted for convenience, where α ∈ H, T,V
denotes a variable.) as the difference of two positive terms
∇−
αD and ∇+

αD as

∇αD = ∇+
αD − ∇−

αD 11

The solution can be expressed by applying general heu-
ristic multiplicative update rules as

α← α ⊗
∇−
αD

∇+
αD

12

The derivative of the cost function of the 2nd term in (10)
with respect to H, T, and V are shown as

∂D
∂T

= −
X 2

H ⊗ TV 2−β V
⊤H⊤1I×K + H ⊗ TV β−1V⊤H⊤1I×K ,

∂D
∂V

= −TΤ ⊗HΤ X 2

H ⊗ TV 2−β + T⊤ ⊗H⊤ H ⊗ TV β−1,

∂D
∂H

= −
X 2

H ⊗ TV 2−β V
⊤T⊤1I×K + H ⊗ TV β−1V⊤T⊤1I×K

13
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This leads to the following updating rules by using the
cost function of (9), and then the complex matrices and non-
negative matrices T and V are estimated by using the update
rule of [21]; we can obtain the gradient of the cost function
which is rewritten as

T← T ⊗
X 1 / TV 2−β V⊤ + X 2 / H ⊗ TV 2−β HV ⊤1I×K

TV β−1V⊤ + H ⊗ TV β−1 HV ⊤1I×K
,

14

V←V ⊗
T⊤ X 1 / TV 2−β + H ⊗ T ⊤ X 2 / H ⊗ TV 2−β

T⊤ TV β−1 + H ⊗ T ⊤ H ⊗ TV β−1
,

15

H←H ⊗
X 2 / H ⊗ TV 2−β TV ⊤1I×K

H ⊗ TV β−1 TV ⊤1I×K
, 16

where 1I×K is a I × K matrix of ones. As is shown by Formulas
(14), (15), and (16) derived above, it can reduce to single-
channel counterparts (4) and (5) if only one microphone is
used, and the interchannel matrix H is a unit matrix.

4. Proposed NMF-Based Speech
Enhancement Algorithm

Assuming that dual microphones are set up in a complex
environment, and the noise and target speech signals are spa-
tially separated. Let s t be the target speech, and then the

noisy speech signal of the mth microphone ym t can be
defined with the expression of

ym t = am t ∗ s t + nm t   m = 1, 2 , 17

where ∗ is the operator of conjunction, m is the micro-
phone index, t is the sample index, and am t and nm t
represent room reverberation and noise, corresponding to
the mth microphone, respectively. The block diagram of
the proposed algorithm is described in Figure 1, which
mainly includes two parts: the training stage and the
enhancement stage.

4.1. Training Stage. By applying STFT, (17) can be repre-
sented in the frequency domain

Ym i, j =Am i, j S i, j +Nm i, j 18

At the stage of training, we chose the magnitude spectra
of the clean speech and noise from the database as the data
matrix for the β-NMF processing to produce the basis matri-
ces TS and TN , by using multiplicative iterative updating
rules given in (4) and (5) to the corresponding training data,
separately. The basis matrices are saved as a joint dictionary
matrix, namely, T = TS TN , and as a priori information of
the enhancement stage.

4.2. Enhancement Stage. The proposed enhancement stage
consists of three parts, firstly beamforming, secondly signal
gain estimation, and finally speech signal reconstruction,
which are explained in the next section.

Beamforming system

Speech enhancement system

STFTNMF
V H
, V

T=[TS TN]

Joint dictionary
matrix STFT

y1(t)

y(t)

y2(t)

Y1(i,j)

Y2(i,j)

Y 
(i,
j)

∠
Y 

(i,
j)

S (i,j)

W1

W2

G1

G2

G ISTFT

�휏 1

�휏 2

�훴

⌃
S (t)⌃

Figure 1: The block diagram of the proposed algorithm.
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4.2.1. Beamforming. Beamforming is one of the most popular
algorithms which are the basis of microphone array speech
enhancement. In general, the most common fixed beamfor-
mers are the delay-and-sum and superdirective beamfor-
mers. In the paper, we can use the delay-and-sum as

y t = 〠
m

i=1
wiyi t − τi , 19

where wi represents weight and τi denotes the time delay
compensation obtained by estimation.

4.2.2. Signal Gain Estimation. Firstly, two noisy speeches y1
t and y2 t are used as input signals of this stage after delay
compensation, and then we obtain the magnitude spectra of
noise by applying STFT, namely, Y1 and Y2 . Next, they
are factorized via the extension of NMF with the fixed joint
dictionary matrix T = TS TN , which is just derived from
the training stage via using the update rules given in
(15) and (16). Accordingly, the magnitude spectra can be
approximately decomposed into an interchannel matrix
H = HS HN and a coefficient matrixV = VS VN .

(1) Based on the above results, we can obtain the 1st
channel (as reference channel) gain function G1
which is defined with the expression of

G1 = TSVS ⋅ / TV 20

(2) By using the interchannel matrix H, we can also
obtain the 2nd channel gain function G2 which is
represented as

G2 = HS ⊗ TSVS ⋅ / H ⊗ TV 21

(3) The final gain function G can be obtained for this
work by Formulas (20) and (21). Furthermore, the
gain estimation is achieved by

G =G1 ⊗G2, 22

where / is the element-wise division.

4.2.3. NMF-Based Signal Reconstruction. This stage is similar
to a Wiener filtering process; the gain function G is obtained
by using (22) and acts as a Wiener filter. First, we obtain the
magnitude spectra of y t by using STFT, namely, Y , and
then the magnitude spectra of the enhanced speech Ŝ is
approximately represented by

Ŝ =G ⊗ Y 23

Therein, the enhanced speech waveform ŝ t is estimated
by using the inverse STFT.

5. Experimental Results

In this section, we perform an experiment to evaluate the per-
formance of these methods with respect to quality and intel-
ligibility. We compare the proposed method with the speech
enhancement algorithm coherence based in [18] and the
standard NMF in terms of performance. The performance
of the proposed method is evaluated using a perceptual eval-
uation of speech quality (PESQ) [23], source-to-distortion
(SDR) [24], and segmental SNR (SSNR) which are used as
the objective measures, where a higher value indicates a
better result.

5.1. Experimental Setup. The selection of the clean speech and
the noise is the TIMIT database [25] and the NOISEX
database [26], where using downsampling we can adjust the
sampling rate of all signals to 8 kHz. In this study, the train-
ing for the clean speech contains 20 sentences (60 seconds)
pronounced by 10 males and 10 females. Each of the test
speech signals for the speech enhancement work is one sen-
tence. We select two background noises in the paper: the
Hfchannel and Factory1 noises. Besides, training data and
test data in the experiment are disjoint. For the proposed
framework, the window function, the applied frame size,
and the frame shift are Hamming window, 512 samples and
128 samples, respectively. According to the standard decision
of K ≤ I J/ I + J , assuming the clean speech and noise basis
vectors, K is set to 30, respectively, and let the maximum
iteration number be equal to 50. The two microphones with a
4 cmspacing distance picked up noisy speech signals which
were generated by convolving the target and noise sources
with a set of HRTFs measured inside a mildly reverberant
room (T60 ≈ 220ms) with dimensions 4.3× 3.8× 2.3m3

(length×width×height), by adding the noise to the clean
testing speech to generate the noisy signals at four signal-
to-noise ratios (SNRs): −10, −5, 0, and 5dB. The distance
between the target source and the midpoint of the two micro-
phones is set to 1.2m. The direction of arrival (DOA) was
chosen, respectively, according to θ∝ 0∘, 30∘, 60∘, 90∘, 120∘,
150∘, 180∘ . The squared Euclidean distance β = 2 is used
for simplicity.

Figure 2 shows the results of the PESQ, SDR, and
SSNR metric with the variation of the θ values while
input SNR is set to 0 dB under the Factory1 noise condi-
tion. As can be seen, DOA of the target source has little
influence on the PESQ metric for these methods, but a
great effect on the other metrics. In the following exper-
iments we ultimately chose θ = 60° for consistency and
simplicity. Figure 2 also indicates that the proposed method
can suppress not only the background noise level effec-
tively but also comparability when the angle of the source
is set to 60°.

5.2. Speech Quality and Intelligibility Evaluation. To investi-
gate the achievable gain estimation performance, we chose
two background noises in a complex environment: the
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Figure 2: PESQ, SDR, and SSNR values of the enhanced speech from Factory1 noise at 0 dB input SNR.
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Figure 3: PESQ, SDR, and SSNR scores in Factory1 noise scenarios.
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Figure 4: PESQ, SDR, and SSNR scores in Hfchannel noise scenarios.
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Figure 5: PESQ, SDR, and SSNR values of the enhanced speech from Factory1 noise at 0 dB input SNR.
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Figure 6: PESQ, SDR, and SSNR scores for the different divergence values from Factory1 noise at different SNR levels.
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Hfchannel and Factory1 noises. Figures 3 and 4 give some
results between the noisy signal and the enhanced signal with
the different methods where parameter β is set to 2.

From Figures 3 and 4, we can find that the proposed
method leads to higher PESQ, SDR, and SSNR scores than
the coherence-based method [18] and the standard NMF
algorithm [7] in almost all cases, which reveals that this algo-
rithm could also prominently improve both the quality and
intelligibility of speech signals. The analysis of PESQ scores
shows that the method in [18] has good stability and scarcely
affected by SNR, but with lower performance corresponding
with other metrics. The latter tends to much distortion. It can
be also seen that the advantage of these algorithms becomes
less evident with SNR increased. Compared with the

coherence-based method, the proposed methods based on
NMF still attain improvement in objective measures.

Figure 5 shows the results of the PESQ, SDR, and SSNR
metric for the change in the incidence of angle under differ-
ent β parameter conditions. From Figure 5, we can see that
the change in the incidence angle has a significant influence
on the performance of the proposed method. Based on the
observation of SSNR values, for θ = 90°, the proposed method
has better scores, but at the expense of speech quality and
intelligibility. For θ = 120°, we can get an optimum solution
of the angle of incidence. Besides, by comparing analysis of
the PESQ and SDR values with different β parameters, it is
found from simulating results that parameter β has great
influence on speech quality more than speech intelligibility
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Figure 7: The spectrogram of (a) the clean speech signal, (b) the noisy signal obtained via the delay-and-sum, (c) the noisy speech enhanced
by the coherence-based method, (d) the noisy speech enhanced by the standard NMF, (e) the noisy speech enhanced by the proposed method
(β = 2), and (f) the noisy speech enhanced by the proposed method (β = 1).
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under the same angle conditions. For β = 1, it not only can
guarantee the accuracy of the proposed method but also
can suppress the background noise level effectively without
introducing much distortion.

The simulation experiment shows the performance of the
proposed algorithm with the different divergence and noises
in Figure 6. We can find that PESQ, SDR, and SSNR scores
become better and better when the SNR increases under the
same conditions. For the same SNR conditions, an optimum
solution with β→ 1 can be obtained where divergence tends
to the KL divergence. In fact, this observation can be inter-
preted that the proposed method based on the KL divergence
can improve speech quality and intelligibility better than
other parameter properties. Besides, this result indicates that
under the same conditions the proposed method has obvious
improvement of PESQ, SDR, and SSNR scores, especially at
low SNR. Hence, the proposed method can provide aural
quality and noisy speech intelligibility.

5.3. Signal Spectrogram. By comparing the color depth of
speech spectrograms, we can obtain the structural character-
istics of residual noise and speech distortion. The spectro-
grams of the different signals are presented in Figure 7. It
reflects that the performance of this method is better than
that of those methods. Comparing to them for Factory1 noise
while input SNR is set to 0 dB, it is easy to see that the
proposed method based on NMF exhibits lower speech dis-
tortion and residues than the traditional coherence-based
method and the standard NMF method do in the restored
spectrogram.

Besides, the β parameter influences the SDR scores. In
the paper, the method based on the KL divergence is shown
to be superior to the squared Euclidean distance in speech
enhancement capability. Finally, the proposed speech
enhancement framework based on KL-NMF provides the
significant improvement in both quality and intelligibility
justified by the higher evaluation scores.

6. Conclusions

We propose a dual-microphone speech enhancement frame-
work based on β-NMF in the paper. This method extends
single-microphone speech enhancement based on NMF by
introducing the interchannel matrix to the cost function. It
can express the interchannel characteristic of each NMF basis
very well by applying a priori information. The results of the
experiment express that the presented method is effective in
nonstationary and low SNR conditions.
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This paper considers the distributed 3-dimensional (3D) distance-based formation control of multiagent systems, where the agents
are connected based on an acyclic minimally structural persistent (AMSP) graph. A parameter is designed according to the desired
formation shape and is used to solve the problem that there are two formation shapes satisfying the same distance requirements.
The unknown moving velocity of the leader agent is estimated adaptively by the followers requiring only the relative position
measurements with respect to their local coordinate systems. In addition, the proposed formation controller provides a new way
for the agent to leave the initial coplanar location. The 3D formation control law is globally asymptotically stable and has been
demonstrated based on the Lyapunov theorem. Finally, two numerical simulations are presented to support the theoretical analysis.

1. Introduction

Cooperative control of a multiagent system has many appli-
cations such as surveillance, exploration, and search and
rescue missions. In particular, formation control problem is
one of the important aspects and has received significant
attention recently with the development of the information
communication technique [1–4].

According to the different requirements on the sensing
capability and the interaction topology, the existing forma-
tion control schemes are categorized into position-based,
displacement-based, and distance-based formation control.
In the position-based formation control, the desired positions
are given with respect to a global coordinate system, and the
global position sensing is required [5]. The desired displace-
ments are given and controlled in the displacement-based for-
mation, where the relative positions of the neighboring agents
are sensed with respect to a global coordinate system [6]. The
distance-based formation is prescribed by the desired intera-
gent distances, where the interagent distances are controlled
and the relative positions of the neighboring agents are sensed

with respect to their local coordinate systems [7–10]. The ori-
entations of the local coordinate systems need not be aligned
with each other. This means that a global sensing is not
required in the distance-based formation control. Moreover,
with the application of the rigid and persistent graph theory,
only a part of the interagent distances needs to be controlled.
Thus, the distance-based formation control has better cost-
effectiveness than the other two approaches.

One of the hotspot problems in the distance-based
formation control is how to maintain the formation shape,
while the agents are tracking a reference trajectory or mov-
ing with a reference velocity [11]. A number of research
works have considered the movement of formation in the
displacement-based control. However, only few results in
the distance-based control are available because of its
extreme complexity in analysis [12, 13]. Further, in some
real-world applications, such as the formation of unmanned
flight vehicles and submarines [14, 15], the agents are actu-
ally moving in a 3-dimensional (3D) space, which will make
the formation control scheme more complicated. Therefore,
the study of 3D distance-based formation control is gaining
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increasing attention [16, 17]. But they have not yet consid-
ered the movement of the formation. Then, Zhang et al. pre-
sented a 3D formation that can move with a given velocity
while achieving the desired formation shape by directly add-
ing a term of formation maneuvering velocity in the forma-
tion control law [18]. It is shown from the paper that the
agents should know the reference velocity so as to remove
the formation control error. In view of this, Kang et al.
designed a distance-based formation control law in the
leader-follower type with a moving leader [19, 20]. The fol-
lower agents in [19, 20] can estimate the velocity of the mov-
ing leader adaptively by only measuring the relative positions
from their neighboring agents, which promotes the develop-
ment of distance-based formation control. It is true that all
the agents should not be collocated at a common point ini-
tially when using the steepest descent control law in the
distance-based formation. The initial positions of the agents
are usually set to noncollinear and close to the target for-
mation shape [21, 22]. To solve this initial collinear prob-
lem, Park and Ahn modified the gradient control law by
introducing a rotation matrix into the controller, which
can change the descent direction and help the agents
escape from the collinear position [23]. In [24], a formation
control law was proposed based on two mutually perpendic-
ular vectors, which provided a way for the agents to leave the
initially collinear location. Another way to solve this prob-
lem is to set the initial velocity of the agent with a differ-
ent orientation from the line [25]. Although the formation
control problem with collinear initial positions of the
agents has been solved [23–25], it is still challenging when
the initial position of the agents is coplanar in the 3D
distance-based formation.

In this paper, we aim to propose an adaptive 3D
distance-based formation control law for a multiagent sys-
tem with four kinds of agents, where the underlying graph
of the formation is an acyclic minimally structural persis-
tent (AMSP) graph. Compared with the global leader, first
follower, and second follower, it is more difficult to design
the controller for the ordinary follower, which follows three
agents and has the problem of trapping in a plane. The
proposed formation controller of the ordinary follower
constructs a vector perpendicular to the plane determined
by its three leaders, which provides a new way for the ordi-
nary follower to leave the coplanar location. Moreover, a
parameter is designed according to the desired formation
shape and is used in the formation controller to solve the
problem that there are two formation shapes satisfying
the same distance requirements. The unknown moving
velocity of the leader is adaptively estimated by the fol-
lowers requiring only the relative position measurements
with respect to their local coordinate systems. The 3D for-
mation control law is globally asymptotically stable and has
been demonstrated based on the Lyapunov theorem. The
outline of this paper is listed as follows. Background and
preliminaries are introduced in Section 2. The procedure
of distributed formation control scheme design with the
velocity estimator is presented in Section 3. Numerical sim-
ulations are completed in Section 4, and we reach a conclu-
sion in Section 5.

2. Background and Preliminaries

2.1. Graph and Formation Structure. The formation problem
of a multiagent system is modeled by a directed graph G ,
which consists of a vertex set V = 1, 2,⋯, n and a directed
edge set ℰ = i, j : i, j ∈V , i ≠ j . The vertices represent the
agents, and the weighted edges represent the interagent dis-
tance constraints. The neighboring set of agent i is defined
asN i = j ∈V ∣ i, j ∈ℰ . A directed edge from i to jmeans
that agent i can measure the relative position between agent i
and j. Then, we call agent i a “follower” of agent j and corre-
spondingly call agent j a “leader” of agent i. The formation
shape can be maintained during any continuous motion, if
the underlying graph is rigid and the distance constraints of
each agent are satisfied. A formation graph is minimally per-
sistent if it is rigid and constraint consistent with the mini-
mum possible number of edges [26–28].

For a 3D minimally persistent formation, the sum of the
degrees of freedoms (DOFs) of agents is always six [29].
Then, there exist various structures of the formation graph,
according to the different distributions of these 6 DOFs
among non-0-DOF agents. Moreover, the concept of struc-
tural persistence should be taken into consideration for 3D
application [29]. For example, the graph in Figure 1(a) is an
acyclic minimally structural persistent (AMSP) graph, while
the graph in Figure 1(b) is minimally persistent but not struc-
turally persistent with two free leaders.

In this paper, the AMSP graph is applied to construct the
3D leader-follower formation structure, which is the most
convenient structure to design distributed control schemes.
In the AMSP graph, there are one 3-DOF agent called the
global leader, one 2-DOF agent called the first follower, one
1-DOF agent called the second follower, and some 0-DOF
agents called ordinary followers.

2.2. Problem Statement. In the distance-based formation, the
desired formation is prescribed by the desired interagent dis-
tances. The desired distance between agent i and agent j is
denoted by dij > 0 and apparently dij = dji. It is assumed that
each agent imeasures the relative positions of its neighboring
agents via an onboard sensor with respect to its local coordi-
nate system i∑. The orientations of the local coordinate sys-
tems are not aligned with each other. All the agents move in a
3-dimensional space. Although the control law of each agent
is implemented in i∑ in practice, it is more convenient to
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Figure 1: Examples of graph in a 3D space: (a) an acyclic minimally
structural persistent graph; (b) minimally persistent but not
structurally persistent graph.
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represent the agents with respect to a global coordinate sys-
tem g∑ for stability analysis. In addition, the state in i∑ can
be transformed into g∑ by a suitable coordinate transforma-
tion. In this paper, the state of each agent will be represented
with respect to g∑. The position and the velocity of agent
i at time t in g∑ are denoted by pi t = Xi, Yi, Zi

T ∈ R3 and

vi t = VX
i , VY

i , VZ
i

T ∈ R3, respectively. The dynamics of
agent i is modeled as a single integrator:

pi t = ui t , 1

where ui ∈ R3, i = 2,… , n, is the control input of agent i.
z ij ∈ R3 is used to represent the relative position vector
as follows:

z ij = pi − pj 2

In this paper, only the relative position z ij can be
measured directly by agent j, where agent j is a follower
of agent i. A follower is responsible for maintaining the
desired distances from its leaders, while the leader does
not perform any action to maintain the distance. Then,
the formation control procedure is to design a decentralized
formation control law for each follower agent such that

lim
t→∞

z ij = dij 3

3. Results

In this section, firstly, we design the formation control
laws for an AMSP formation with four agents (one global
leader agent ν1, one first follower agent ν2, one second fol-
lower agent ν3, and one ordinary follower agent ν4). Then,
the proposed formation control laws are extended to an
AMSP formation with n n ≥ 4 agents.

3.1. Controller Design for Formation with Four Agents. The
global leader does not follow any other agents and deter-
mines where the entire formation goes. The control input
for the global leader is shown as

u1 = v, 4

where v is the designed velocity of the entire formation. We
consider the situation that the velocity of the leader is not
known to all the followers. And an adaptive method is
applied to estimate the velocity of the leader.

The first follower only follows the global leader and
maintains the desired distance towards the global leader.
The control law with an estimator for the first follower is
shown as follows:

u2 = v̂ 2 + e12 z 12,v̂2 = z 12e12, 5

where e12 = z 12
2 − d212 and v̂2 is the estimation for v by the

first follower.

The second follower follows the global leader and the first
follower. The control law with an estimator for the second
follower is shown as follows:

u3 = v̂ 3 + z 13e13 + z 23e13,v̂ = z 13e13 + z 23e23, 6

where e13 = z 13
2 − d213, e23 = z 23

2 − d223, and v̂3 is the
estimation for v by the second follower. In addition, the con-
vergences of the first follower and second follower to the
desired formation have been proven in [20].

Assumption 1. In this paper, the desired formation is real-
izable. All the corresponding desired distances satisfy the
triangular inequality constraints. For example, d12 < d13 +
d23, d23 < d12 + d13 and d13 < d12 + d23. Further, the first
follower and the second follower have converged to the
desired formation by the controllers and estimators. That
is, z 12 → d12, z 13 → d13, z 23 → d23, p2 → v, and
p3 → v are known.

Therefore, in this paper, we focus on designing the con-
troller for the ordinary follower, which follows three agents
and measures the relative positions of the three neighbors.
It should be noted that the formation is not globally rigid,
as the agents are connected based on an AMSP graph.
Obviously, there exist two different formations for the ordi-
nary follower that satisfy the same distance requirements in
a 3D space, shown in Figure 2. In the sequel, we call the
formation in Figure 2(a) as orientation 1 and the formation
in Figure 2(b) as orientation 2. To achieve the global con-
vergence of the system, a new formation control law with
an adaptive estimator for the ordinary follower is proposed
as follows:

u4 = e14 ⋅ z 12 × z 13 + e24 ⋅ z 12 + e34 ⋅ z 13 + v̂ 4, 7

v̂4 = e14 ⋅ z 12 × z 13 + e24 ⋅ z 12 + e34 ⋅ z 13, 8

e14 = z 12 × z 13 ⋅ z 14 − E14, 9

e24 = z 24 ⋅ z 12 − E24, 10

e34 = z 34 ⋅ z 13 − E34, 11

1 3

2

4

d14

d13

d23
d12

d24

d34

(a)

4

1

2

3

d14 d24
d34

d23d12

d13

(b)

Figure 2: Two different formations for the ordinary follower that
satisfy the same distance requirements: (a) orientation 1; (b)
orientation 2.
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where v̂4 is the estimation for v by the ordinary follower.
The cross product z 12 × z 13 is a vector perpendicular
to the plane determined by z 12 and z 13, which provides
a way for the ordinary follower to escape from the coplanar
position. E14 is the inner product of z 12 × z 13 and z 14
when the expected formation is achieved, E24 is the inner
product of z 24 and z 12 when the expected formation is
achieved, and E34 is the inner product of z 34 and z 13
when the expected formation is achieved. E24 and E34 for
the two different formations are the same as follows:

E24 =
d224 − d212 − d214

2
,

E34 =
d234 − d213 − d214

2

12

E14 is designed according to the desired formation
shape and is used in the formation controller to solve the
problem that there are two different formation shapes satis-
fying the same distance requirements. When the expected
formation is as shown in Figure 2(a), E14 is designed by
(13). When the expected formation is as shown in
Figure 2(b), E14 is designed by (14).

E14 = 6 ⋅ V , 13

E14 = −6 ⋅ V , 14

where V is the expected volume of the tetrahedron con-
structed by the agents v1, v2, v3, and ν4, which can be cal-
culated by the Carley-Menger determinant:

V =
1
288

0 1 1 1 1

1 0 d212 d213 d214

1 d212 0 d223 d224

1 d213 d223 0 d234

1 d214 d224 d234 0

15

Lemma 3.1. The distance error and velocity estimation error
of the ordinary follower are bounded (i.e., e14, e24, e34, and
v1 − v̂4 are bounded).

Proof 1. Define the following Lyapunov function:

Vp = e214 + e224 + e234 + v − v̂4
2, 16

which is continuously differentiable and satisfies that Vp ≥ 0
with equality if and only if e14 = 0, e24 = 0, e34 = 0, and v1
− v̂4 = 0. Based on Assumption 1, it is known that z 12
and z 13 are not collinear. Then, z 12 × z 13 is perpendicular
to the planar defined by z 12 and z 13. Thus, the three non-
coplanar vectors of z 12 × z 13, z 12, and z 13 can form a
base of R3 space. Then, v and v̂4 can be reexpressed as follows:

v = α ⋅ z 12 × z 13 + β ⋅ z 12 + χ ⋅ z 13, 17

v̂ 4 = α ⋅ z 12 × z 13 + β ⋅ z 12 + χ ⋅ z 13, 18

where α, β, and χ are the corresponding components of

v, while α, β, and χ are the corresponding components of
v̂4. Then,

Vp = e214 + e224 + e234 + α − α ⋅ z 12 × z 13

+ β − β ⋅ z 12 + χ − χ ⋅ z 13
2

≤ e214 + e224 + e234 + α − α ⋅ z 12 × z 13
2

+ β − β ⋅ z 12
2
+ χ − χ ⋅ z 13

2

= V1 + V2 + V3 ≜ VΘ,

19

where

V1 = e214 + α − α ⋅ z 12 × z 13
2,

V2 = e224 + β − β ⋅ z 12
2
,

V3 = e234 + χ − χ ⋅ z 13
2

20

The time derivative of V1 is

V1 = 2e14e14 − 2e14 α − α ⋅ z 12 × z 13
2

= 2e14 α ⋅ z 12 × z 13
2 − e14

⋅ z 12 × z 13
2 − z 12 × z 13 ⋅ v̂

− 2e14 α − α ⋅ z 12 × z 13
2

= 2e14 α ⋅ z 12 × z 13
2 − e14

⋅ z 12 × z 13
2 − z 12 × z 13

⋅ α ⋅ z 12 × z 13 + β ⋅ z 12 + χ ⋅ z 13

− 2e14 α − α ⋅ z 12 × z 13
2

= 2e14 α − e14 − α ⋅ z 12 × z 13
2

− 2e14 α − α ⋅ z 12 × z 13
2

= −2e214 ⋅ z 12 × z 13
2 ≤ 0

21

The time derivative of V2 is

V2 = 2e24e24 − 2e24 β − β ⋅ z 12
2

= 2e24 z 12 ⋅ β ⋅ z 12 − e24 ⋅ z 12 − β ⋅ z 12

− 2e24 β − β ⋅ z 12
2

= 2e24 β − e24 − β ⋅ z 12
2

− 2e24 β − β ⋅ z 12
2

= −2e224 ⋅ z 12
2 ≤ 0

22
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The time derivative of V3 is

V3 = 2e34e34 − 2e34 χ − χ ⋅ z 13
2

= 2e34 z 13 ⋅ χ ⋅ z 13 − e34 ⋅ z 13 − χ ⋅ z 13

− 2e34 χ − χ ⋅ z 13
2

= 2e34 χ − e34 − χ ⋅ z 13
2

− 2e34 χ − χ ⋅ z 13
2

= −2e234 ⋅ z 13
2 ≤ 0

23

Then, the time derivative of VΘ is

VΘ =V1 +V2 + V3 ≤ 0, 24

which is negative semidefinite. From (19), VΘ is continu-
ously differentiable and satisfies that VΘ ≥ 0. Therefore, VΘ
t ≤VΘ 0 is bounded. From (19), it holds that Vp t ≤
VΘ t ≤VΘ 0 . In addition, Vp is continuously differentiable
and satisfies that Vp ≥ 0 from (16). Therefore, Vp is bounded,
and hence e14, e24, e34, and v − v4 are bounded.

Lemma 3.2. The distance errors converge to zero (i.e., e14 → 0,
e24 → 0, and e34 → 0 as t→∞).

Proof 2. From the fact that VΘ t is continuously differen-
tiable and bounded in Lemma 3.1, t

0VΘdt must converge
to a constant. Then, applying Barbalat’s lemma gives the
condition lim

t→∞
VΘ = 0 (i.e., lim

t→∞
V1 +V2 + V3 = 0). Based on

Assumption 1, z 12 × z 13, z 12, and z 13 are not zero. Thus,
we have lim

t→∞
e14 = lim

t→∞
e24 = lim

t→∞
e34 = 0.

Lemma 3.3. The velocity estimation error of the ordinary
follower converges to zero (i.e., v̂4 → v as t→∞).

Proof 3. Define a function Q1 as follows:

Q1 = z 12 × z 13 ⋅ z 14 25

Then, we have the time derivative of Q1 which is

Q1 = α ⋅ z 12 × z 13
2 − e14

⋅ z 12 × z 13
2 − z 12 × z 13 ⋅ v̂

= α ⋅ z 12 × z 13
2 − e14 ⋅ z 12 × z 13

2

− z 12 × z 13 ⋅ α ⋅ z 12 × z 13

+ β ⋅ z 12 + χ · z 13

= α − α − e14 ⋅ z 12 × z 13
2

26

From (9), Q1 = z 12 × z 13 · z 14 → E14 is obtained
because e14 → 0 is already verified in Lemma 3.2. Then, Q1
is continuously differentiable and bounded. Thus, from Bar-

balat’s lemma, Q1 → 0 is obtained (i.e., α − α − e14 ·
z 12 × z 13

2 → 0). Based on Assumption 1, z 12 × z 13 is
not zero. Further, e14 → 0 is already proved. To satisfy Q1
→ 0, α − α should converge to zero (i.e., α→ α). Define a
function Q2 as follows:

Q2 = z 24 ⋅ z 12 27

Then, we have the time derivative of Q2 which is

Q2 = z 12 ⋅ β ⋅ z 12 − e24 ⋅ z 12 − β ⋅ z 12

= β − β − e24 ⋅ z 12
2

28

From (10), Q2 = z 24 · z 12 → E24 is obtained because
e24 → 0 is already verified in Lemma 3.2. Then, Q2 is contin-
uously differentiable and bounded. Thus, from Barbalat’s

lemma, Q2 → 0 is obtained (i.e., β − β − e24 z 12
2 → 0).

Based on Assumption 1, z 12 is not zero. Further, e24 → 0 is

already proved. To satisfy Q2 → 0, β − β should converge to

zero (i.e., β→ β). Define a function Q3 as follows:

Q3 = z 34 · z 13 29

Then, we have the time derivative of Q3 which is

Q3 = z 13 ⋅ χ · z 13 − e34 ⋅ z13 − χ ⋅ z 13

= χ − χ − e34 ⋅ z 13
2 30

From (11), Q3 = z 34 · z 13 → E34 is obtained because
e24 → 0 is already verified in Lemma 3.2. Then, Q2 is contin-
uously differentiable and bounded. Thus, from Barbalat’s

lemma, Q3 → 0 is obtained (i.e., χ − χ − e34 · z 13
2 → 0).

Based on Assumption 1, z 13 is not zero. Further, e34 → 0 is
already proved. To satisfy Q3 → 0, χ − χ should converge
to zero (i.e., χ→ χ).

In conclusion, from (17) and (18), it is straightforward to

obtain that v̂4 → v, because α→ α,β→ β, and χ→ χ.

Theorem 3.4. The ordinary follower converges to the desired
states by using the controller in (7) and estimator in (8)
(i e , e14 → 0, e24 → 0, e34 → 0, v̂4 → v, and p4 → v as
t→∞). That is, the system converges to the desired formation.

Proof 4. From Lemma 3.1, it was proven that the distance
errors e14, e24, and e34 and the velocity estimation error v1
− v̂4 are bounded. Further, the convergence of distance
errors e14, e24, and e34 to zero is obtained. In addition to the
convergence of velocity estimator v̂4 to v, from (7), the veloc-
ity of the ordinary follower p4 converges to v. As a result, all
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of the agents converge to the desired formation as follows:
p2 → v, p3 → v, p4 → v, z 12 → d12, z 13 → d13, z 23
→ d23, z 14 → d14, z 24 → d24, and z 34 → d34.

3.2. Extension to n-Agent Case. Then, we extend the pro-
posed formation control law to an AMSP formation with
n (n ≥ 4) agents. Based on the AMSP graph, each ordinary
follower i (4 ≤ i ≤ n) has exactly three neighbors, which are
denoted by j, k, and w (1 ≤ j, k,w ≤ i − 1), respectively.
Without loss of generality, dji, dki, and dwi denote the
expected distance between the corresponding agents,
respectively. From the previous analysis, the convergence
of four agents to the desired formation was achieved.
Therefore, based on the control law designed for agent ν4
((7) and (8)), the control law for agent νi can be inferred
inductively as follows:

ui = eji ⋅ z jk × z jw + eki ⋅ z jk + ewi ⋅ z jw + v̂i,

v̂i = eji ⋅ z jk × z jw + eki ⋅ z jk + ewi ⋅ z jw,

eji = z jk × z jw ⋅ z ji − Eji,

eki = z ki ⋅ z jk − Eki,

ewi = z wi ⋅ z jw − Ewi,

31

where v̂i is the estimation for v by agent νi. Eji is the inner

product of z jk × z jw and z ji when the expected forma-

tion is achieved, Eki is the inner product of z ki and z jk when
the expected formation is achieved, and Ewi is the inner prod-
uct of z wi and z jw when the expected formation is achieved.
Eki and Ewi for the two different formations are the same and
calculated as follows:

Eki =
d2ki − d2jk − d2ji

s
,

Ewi =
d2wi − d2jw − d2ji

2

32

Eji is designed according to the desired formation shape
and is used in the formation controller to solve the problem
that there are two different formation shapes satisfying the
same distance requirements. When the expected formation
is as shown in Figure 2(a), Eji is designed by (33). When
the expected formation is as shown in Figure 2(b), Eji is
designed by (34).

Eji = 6 ⋅ Vi, 33

Eji = −6 ⋅ Vi, 34

where Vi is the expected volume of the tetrahedron con-
structed by the agents νj, νk, νw, and νi, which can be
calculated by the Carley-Menger determinant:

Vi =
1
288

0 1 1 1 1

1 0 d2jk d2jw d2ji

1 d2jk 0 d2kw d2ki

1 d2jw d2kw 0 d2wi

1 d2ji d2ki d2wi 0

35

Assume that the n − 1 agents constructed by an AMSP
graph converge to the desired formation. Add a new agent
to the graph of n − 1 agents.

Then, the graph of n agents is still an AMSP graph,
as the added agent follows three agents. The neighbors
of the added agent belong to the graph of n − 1 agents and
converge to the desired formation as assumed. Then, the
lemmas and theorems in Section 3 can be applied to the
added agent by replacing the name of the agent. As a result,
the n agents converge to the desired formation if the n − 1
agents converge. Since both the basis and the inductive steps
have been performed, by mathematical induction, the agents
globally converge to the desired formation under the control
law with an adaptive estimator.

4. Simulations

In this section, two simulations are presented to support our
theoretical analysis. Firstly, we will show that two different
formation shapes that satisfy the same distance require-
ments are achieved, respectively. Then, the simulation ver-
ifies that the ordinary follower can leave the initial coplanar
location even when the velocity of the leader agent is in the
same initial plane.

4.1. Two Different Formation Shapes. The initial positions of
the five agents are given in a plane: pi 0 2 cos 2π/5 i , 2 sin
2π/5 i , 0 T, i = 1, 2, 3, 4, 5. The velocity of the leader agent

is given as v = −1 5, −1, 0 5 T. The desired distances between
agents are assigned as follows: d12 = d13 = d23 = 2 23, d14 =
d24 = d34 = 2 25, and d15 = d25 = d35 = 2 2. Then, the
parameters are calculated as follows: E24 = E34 = −6, V4 = 4
3, E25 = E35 = −6, and V5 = 2 3 . It is clear that the

underlying graph of the desired formation is an AMSP
graph, and there exist two different formations that satisfy
the same distance requirements, which can be achieved
based on the proposed control law as follows.

Case 1.Agent ν4 and agent ν5 are set to the same Orientation
1. Then, E14 = 6 ·V4 = 24 3 and E15 = 6 · V5 = 12 3 . The
trajectories of agents in a 3D space are illustrated in
Figure 3. It shows that agent ν4 and agent ν5 are on the same
side of the plane determined by the agents ν1, ν2, and ν3.

Case 2. Agent ν4 is set to Orientation 2, while agent ν5 is set
to Orientation 1. Then, E14 = −6 · V4 = −24 3 and E15 = 6 ·
V5 = 12 3 . The trajectories of agents in a 3D space are
shown in Figure 4. It shows that agent ν4 and agent ν5 are
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on the different sides of the plane determined by the agents
ν1, ν2, and ν3.

It is shown from Case 1 and Case 2 that the two different
formation shapes satisfying the same distance requirements
can be achieved by designing different E14 and E15. Further,
the five agents approach the desired formation and maintain
the formation shape while moving. The distance errors of the
formation converge to zero quickly as shown with time in
Figures 5 and 6.

4.2. Escape from the Initial Coplanar Position. As shown in
Section 4.1, the agents can leave the initial coplanar location
for the reason that the velocity of the leader agent is not in the
plane. Moreover, based on the proposed formation control-
ler, the ordinary follower can leave the initial coplanar loca-
tion even when the velocity of the leader agent is also in the
plane. Thus, in this section, the velocity of the leader agent

is set as v = −1 5, −1, 0 T. The other simulation conditions
are set the same as those of Case 2 in Section 4.1. Then, the
trajectories of agents in a 3D space are illustrated in
Figure 7. It shows that agent ν4 and agent ν5 leave the initial
coplanar location and approach the desired formation. The
distance errors of the formation converge to zero quickly as
shown with time in Figure 8.

5. Conclusion

In this paper, we investigate a decentralized 3D formation
control law for a multiagent system. The proposed approach
can achieve the different formation shapes that satisfy the
same distance requirements, which extends the existing
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distance-based 3D formation control laws. Although the
underlying AMSP graph of the formation is not globally
rigid, the multiagent system is still globally asymptotically
stable. Moreover, a stable 3D formation motion can be real-
ized, even when the initial positions of the agents are copla-
nar and the velocity of the leader agent is also in the plane.
The performed numerical simulation results show the effec-
tiveness of the formation control strategy.

In the future, we will further design more advanced for-
mation control algorithms with robustness in mind. With
the development of the adaptive neural network [30, 31],
learning control [32], adaptive observer, and parameter
estimation [33–35], the dynamics of the agent can be
extended to the scenarios involving unknown nonlinear
dynamics and external disturbances to further validate this
formation control scheme.
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Stable acquisition of electromyography (EMG)/electrocardiograph (ECG) signal is critical and challenging in dynamic human-
machine interaction. Here, self-similar inspired configuration is presented to design surface electrodes with high mechanical
adaptability (stretchability and conformability with skin) and electrical sensitivity/stability which are usually a pair of paradoxes.
Mechanical and electrical coupling optimization strategies are proposed to optimize the surface electrodes with the 2nd-order
self-similar serpentine configuration. It is devoted the relationship between the geometric shape parameters (height-space
ratio η, scale factor β, and line width w), the areal coverage α, and mechanical adaptability, based on which an open
network-shaped electrode is designed to stably collect high signal-to-noise ratio signals. The theoretical and experimental
results show that the electrodes can be stretched> 30% and conform with skin wrinkle. The interfacial strength of
electrode and skin is measured by homemade peeling test experiment platform. The surface electrodes with different line
widths are used to record ECG signals for validating the electrical stability. Conformability reduces background noises and
motion artifacts which provides stable recording of ECG/EMG signals. Further, the thin, stretchable electrodes are
mounted on the human epidermis for continuous, stable biopotential signal records which suggests the way to high-
performance electrodes in human-machine interaction.

1. Introduction

Surface electrodes that can acquire electrophysiological (EP)
signals have many applications ranging from diagnosing
neuromuscular disorders [1, 2], artificial muscle [3, 4], to
stimulation of hand rehabilitation [5]. The conventional elec-
trodes are fixed on the body surface by caps, belts, or tapes
[6], which lead to inconvenient life of the people as their rel-
atively thick and rigid nature, limited options in mounting
locations, and discomfort in long-term usage on the soft,
curved, and dynamic human body [7]. The ideal surface elec-
trode is desired to have excellent mechanical adaptability
(stretchability> 30%, and conformability with skin wrinkles)
and keep electrical stability in recording EP signals during
body motion.

Material selection and structural design strategies for
stretchable electrodes were proposed to improve the
mechanical flexibility and the strength of EP signals [8–13].
An electrode with adhesive patch of modulus-tunable com-
posite was proposed to healthmonitoring [14–16]. Epidermal
strain sensor with improved PEIE-polydimethylsiloxane (S3-
PDMS) elastomer substrate showed excellent compatibility
with human skin [17, 18]. Optimized structural designs for
large deformation were validated by experimental and theo-
retical results and applied in flexible/stretchable electronics
[19–21]. The “bridge-island” structure was proposed to
enhance both the stretchability of bridge and the area cover-
age of island for the stretchable electronics [22, 23]. Optimal
geometric parameters of filamentary serpentine structure of
surface electrode, such as the thickness of substrate,
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interelectrode distance, line width, and radius of the
microstructure, were considered to improve the electrical
performance [8, 24]. Self-similar serpentine interconnects
were adopted in network-shaped surface electrode of EP
sensor, to satisfy large deformation as the skin motion
[25–27]. It was mainly attributed to the tremendous
reduction of stiffness and increasing of length of the 2nd-
order structure compared to the 1st-order one [21, 28, 29].
The structural optimization of surface electrode was merely
focused on the stretchability and conformability, respectively
[8, 25]. However, the collaborative optimization of the
mechanical and electrical properties has not been reported
for stretchable surface electrodes.

This paper proposes a design strategy of the self-similar
inspired biopotential electrode, which satisfies mechanical
adaptability and electrical performance. The optimization
model is to simultaneously improve the stretchability up to
>30%, the conformability with skin wrinkles, the output
signal gain, and the signal-noise-ratio (SNR) of surface

electrodes used in electromyography (EMG)/electrocardio-
graph (ECG) signal recordings. The theoretical analysis and
experimental results indicate that the self-similar design
effectively improves the stretchability, conformability, areal
coverage, and electrical performance of the surface electrode.
Further, the signal stability is validated through the biolog-
ical signal recordings in the case of walking and running.
The surface electrodes which conformally contact with
the skin surface can reduce the motion artifacts for stable
biological signal recordings. It firstly provides a structural
design method for stretchable electrodes with high
deformability, conformability, areal coverage, and record-
ing stability of EP signals.

2. Self-Similar Inspired Design

Figure 1(a) depicts the optical image of the surface capacitive
electrode conformally mounted on the human skin. The sur-
face capacitive electrode measures EP signals by embedding
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Figure 1: Self-similar inspired surface electrode: (a) the electrode laminated on the skin surface conformally; (b) the electrode delaminated
from the skin surface; (c) and (d) schematic graph of the skin-electrode interface via capacitive coupling; (e) data acquisition circuit for the
electrode with a voltage follower; (f) network-shaped electrode with the second-order serpentine structure; and (g) geometry parameters of
the microstructure with the 1st- and 2nd-order serpentine interconnect.
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PI polymer dielectric layer between the electrode and skin.
The electrode is easily delaminated from the skin with
tweezers (Figure 1(b)), which provides an effective way to
recycle the electrodes. Figure 1(c) demonstrates the electrode
with multilayer structure of PDMS (~30μm), PI (~1.2μm),
Au (~0.3μm), and PI (~1.2μm). The capacitance at the
skin-electrode interface is represented as CE = εrε0S/d, where
εr represents the relative dielectric constant, ε0 is vacuum
dielectric constant, S denotes the area of the electrode,
and d denotes the distance between the skin and electrode.
The Au layer locates at the neutral plane of the electrode
for reducing the strain of Au layer. Figure 1(d) shows that
the stretchable surface electrode follows the wrinkles of the
skin surface.

Figure 1(e) depicts the equivalent circuit for data
acquisition of the surface electrode with a voltage follower.
Higher signal gain is realized by using higher input imped-
ance, and low-input capacitance is adopted to improve the
signal quality. Figure 1(f) depicts the layout of wavy
network-shaped with the 2nd-order self-similar serpentine
electrode consisting of horseshoe building blocks. The node
connection of the unit cells in the network-shaped electrode
forms triangular lattices. Figure 1(g) illustrates the geometry
parameters of microinterconnect for the 1st- and 2nd-order
serpentine structure. The heights of the 1st-order and the
2nd-order serpentine interconnects are H1 and H2, respec-
tively. And the line width and the thickness are w and t,
respectively. As the shape of the 1st- and 2nd-order serpen-
tine geometries is almost the same, that is, height-space ratio
η = 2H1/L1 = 2H2/L2. The scale factor β = L2/L1 represents
the ratio of the 2nd-order serpentine space to the 1st-
order space. The geometry of the 2nd-order serpentine
structure is characterized by base length (L1, w, t) and two
nondimensional parameters (η, β), where t is usually deter-
mined by the magnetron sputtering process. Both the
mechanical adaptability and electrical performance depend
on the geometry parameters of the electrodes but usually
show competing relationship.

3. Electromechanical Optimization Model

The surface capacitive electrodes are designed based on
self-similar serpentine geometry. The electromechanical
optimization model is built to improve the electrical per-
formance for satisfying excellent output gain, deformation,
and conformability with the skin. As the principle of
capacitive electrode shown in Figure 1(e), the transfer
function model for the output gain of the electrode is repre-
sented as G s =Vout s /V in s = Zin⫽ZB / ZE + Zin⫽ZB ≈
RB + sCERBRE / RB + RE + s CB + CE RBRE , where Rin
and Cin are the resistance and capacitance of the voltage
follower. As RE > >RB, the transfer function model can be
represented as [30]

G s = sCERB

1 + s CB + CE RB
, 1

where CE = εSef fective/hPI = εα η, β,w Selectrode/hPI is the
capacitance of the electrode-PI-skin capacitor, RB is a bias

resistance between the ground and the operational amplifier.
The output signal gain G depends on the capacitance CE with
given voltage follower. The 2-norm of the transfer function
(1) is represented as

G = CERB

1 + CB + CE
2R2

B

2

Interfacial mechanics model is built to analyze the con-
tact behavior at the electrode-skin interface, and the critical
criteria to guarantee the electrode conformal contact with
the skin is provided as [19, 31]

αelectrode η, β,w < 1 − 1
16/Eskin + λ3rough/EIelectrodeπ3

2h2roughπ
γλrough

,

3

where w is the line width of the surface electrode, and hrough
and λrough denote the characteristic amplitude and wave-
length of the skin roughness, respectively. Here, the adhesion
force γ at skin-electrode interface is measured by the home-
made peeling platform, and the experiment process is
discussed in (Appendix B).

The stretchability εstretchability of the self-similar inspired
microinterconnect unit depends on the geometry parame-
ters η, β, w/L1, and t/L1, which is expressed with the scale
law formula [32–34]:

εstretchablity = F η, β, w
L1

, t
L1

, ε 4

The mapping relationship between the stretchability of
the network-shaped electrode εelectrode−stretchability and the
self-similar inspired microinterconnect unit εstretchability can
be written as [35]

εelectrode‐stretchability = εstretchability × 1 − αelectrode 5

The electromechanical optimization model (2), (3), (4),
and (5) that integrates the coupling mechanical and electrical
properties of the electrode is built to improve the mechanical
adaptability and electrical performance. It is observed that
the model is related to the geometry structure parameters
η, β, andw. Design strategies are provided to realize with
high filling factors and stretchability of the surface elec-
trode. It is difficult to solve the complicated optimization
model with multiple objectives and constraints directly.
Multistep method is proposed to solve the optimization
model (2), (3), (4), and (5), where the flow chart is shown
in Figure 2, mainly including three steps: (1) explaining
the competing relationship between areal coverage and
stretchability of the microinterconnect unit for providing a
relatively larger feasible range; (2) the effects of the layout
of surface electrode on the output gain for determining the
area of the electrode; and (3) devoting the relationship
between stretchability and conformability to providing the
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higher electrical performance and determining the feasible
geometry parameter range of the surface electrode.

3.1. Competing Relationship between Areal Coverage and
Stretchability. There are two important factors, areal cover-
age and stretchability, used to evaluate the electrical and
mechanical performances of the stretchable surface elec-
trode. Step 1 in Figure 2 depicts the solving process for the
optimization of the microinterconnect unit. Given the space
L1 of the microstructure unit, the geometry parameters η,
β, and w are optimized to balance the areal coverage and
the stretchability.

Figure 3(a) illustrates the effect of line width w on the
stretchability and the areal coverage of microinterconnect
unit. The scatter points are from FEM simulation, and
the red curve is from the theoretical analysis [20]. Given
η = 1 25 and β = 8, the areal coverage linearly increases
with the line width w, and the stretchability monotonously
decreases with the line width w. For areal coverage and
εstretchability> 35%, the line width w ranges from 30μm to
72μm. Figure 3(b) depicts that the stretchability and the
areal coverage of microinterconnect unit vary with the
height-space ratio η. The scatter points are from FEM
simulation, and the red curve is from the theoretical anal-
ysis. The areal coverage decreases with η by theoretical
analyses and experiments, and the stretchability of micro-
structure unit monotonically increases with η. Given β = 8
and w = 50 μm, for εstretchability> 35%, height-space ratio η

is larger than 1.2. Figure 3(c) depicts the relationship
between the stretchability and areal coverage of microin-
terconnect unit with scale ratio β. The stretchability
decreases with increasing β, and it approaches to 28%
(the stretchability of the 1st-order serpentine structure).
Given η = 1 25 and w = 50 μm, for εstretchability> 35%, β is
smaller than 20.

3.2. Layout of Surface Electrodes. Step 2 in Figure 2 illus-
trates how to determine the layout of the self-similar
inspired surface electrode based on the triangular lattices.
The voltage follower with the input impendence RB = 1
GΩ and Cin = 100 pF is shown in Figure 1(e). The output
gain of the surface electrode depends on the capacitance
CE at skin-electrode interface, as shown in (2).
Figure 4(a) reflects the effect of area (the area of metal
film) on the electrical performance (normalized gain) of
the surface electrode, where the areal coverage α = 0 1, 0.2,
0.3, 0.4, and 0.5, respectively. The output gain increases
with the effective area of the electrode. When the areal
coverage α = 0 1, it is difficult to reach the objective of
the output gain G (>0.95). Figure 4(b) shows that the
output gain increases with the increasing area with differ-
ent η, and it reaches capacity with S> 25mm2, which
provides a guideline to determine the electrode area. As
the surface electrode with the second-order serpentine
interconnect forms into the triangular lattice structure,
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number of nodes are also computed for the electrode
with the given area of the surface electrode, and so is
the layout of the surface electrode.

3.3. Competing Relationship between Stretchability and
Conformability. The feasible range of geometry parameters
of microinterconnect under the constraints of stretchability
and areal coverage given in Figure 3 provides a selection
range for structural optimization of the surface electrode.
The effect of line width w on the stretchability and conform-
ability is presented in Figure 5(a). It can be observed from (3)
the surface electrode conformally contacts with the skin
when the width w is smaller than 72μm. When it is
smaller than 65μm, the stretchability is larger than 30%
by the scale formula (4). For the electrode with high fill-
ing factor to detect biological signals, the line width w
should be larger than 30μm. So the feasible range of line
width w is (30μm, 65μm).

Figure 5(b) depicts the effect of height-space ratio η on
the stretchability and conformability. The stretchability and
the total energy (sum of the bending and elastic energy of
the electrode, skin energy, and the adhesion energy) at the
electrode-skin interface increase with η. The surface electrode
can conformally contact with the skin surface at the case of
η < 2 25, and the stretchability is larger than 30% by (4) when
η> 1.2. For the conformal contact and stretchability, the
feasible range of η is (1.2, 2.25).

Figure 5(c) is a depiction on the effect of scale factor β
on the stretchability and conformability. When it is
smaller than 16, the stretchability is larger than 30% by
(4). When β is smaller than 10, the electrode conformally
contacts with the skin. As the space of the 2nd-order
structure is four times larger than the space of the first
order, β is larger than 4. For the conformal contact behav-
ior and stretchability, the feasible range of geometry
parameter β is (4, 10).
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Figure 3: The effects of geometry parameters of the microinterconnect structure on the areal coverage and stretchability. (a) Line widthw; (b)
height-space ratio η; and (c) scale ratio β.
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Figure 5: The feasible range of geometric parameters for the stretchability and conformability of the network-shaped electrode: the effects of
(a) line width w, (b) height-space ratio η, and (c) scale ratio β.
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4. Characterization

According to feasible range of the geometric parameters, the
electrodes with different shapes are prepared to validate the
stretchability and conformability of optimization results,
where β = 8, η = 1 25, and w is 30μm, 50μm, 70μm, and
90μm, respectively.

4.1. Stretchability. The network-shaped electrode can match
the large deformation of skin surface. The stretchability of
the electrode is evaluated by experiments and FEM simulation
using the commercial package, Abaqus 6.10. There is no
mature theory for the criterion of plastic strain of the thin
metal film adhered onto the soft substrate when the thin metal
film is stretched. Mostly, FEM simulation and experiment
demonstrations are used to validate the stretchability of the
thin metal film. The experiment results indicate that the

electrodes, with line width 30μm, 50μm, 70μm, and
90μm, are able to be stretched up to 40% shown in the left
frame of Figure 6. The middle frame is the FEM results in
40%, stretched format, and the right frame is the local
enlarged graph of the FEM results. The FEM results agree
well with the experiments in the respect of structural defor-
mation. The maximum principal strain of network-shaped
electrodes increases with the width w from FEM simulation
results when stretching the electrodes. It is observed that
the electrodes with widths 70μm (Figure 6(c)) and 90μm
(Figure 6(d)) do not satisfy the deformability (>40%), as
the strain of electrode larger than 1% is >1 : 4 in the line
width direction. It would reduce the reliability of the elec-
trode with repeated stretching/compressing. The experiment
and FEM simulation results indicate that the electrodes with
widths 30μm (Figure 6(a)) and 50μm (Figure 6(b)) satisfy
the 40% deformability.
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Figure 6: Experimental and FEM simulation results with different widths in 40% stretched format: (a) 30μm, (b) 50 μm, (c) 70μm, and (d)
90μm.
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4.2. Conformability. Conformal contact between the elec-
trode and the skin improves SNR of EMG signal measure-
ment and reduces the motion artifacts and background
noise. The surface electrode adhered onto the skin surface
is driven only by van der Waals interactions. Conformal
contact occurs when the adhesion energy is larger than
the sum of the bending and elastic energy [19, 36, 37].
Figure 7(a) depicts the relationship between the conform-
ability and the line width w via theoretical analysis and
experiments, and the total interfacial energy at
electrode-skin interface increases with the line width of

electrode. The critical line width is 72μm where Utotal = 0,
that is, the electrodes with line width smaller than the
critical width 72μm can contact with the skin confor-
mally. The scatter data in Figure 7(a) are the experimen-
tal results with line width w = 30μm, 50μm, 70μm, and
90μm, respectively. The electrodes with w = 30μm and
50μm conformally contact with the skin, and the elec-
trodes with w = 90μm cannot conform with the skin.
The experiment data agree well with the theoretical
results of (3). Figure 7(b) shows the optical images of
the electrode on the skin surface, where the line widths
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Figure 7: Conformability analysis for the electrodes with different line widths. (a) Theoretical and experiment results of the network-shaped
electrode contact with the skin with different line widths. (b) Optical images of the electrodes contact with the skin surface (I) 30 μm; (II)
50μm; (III) 70μm; and (IV) 90μm. (c) Feasible range of the line width of the electrode with given stretchability and conformability.
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w are (I) 30μm, (II) 50μm, (III) 70μm, and (IV) 90μm,
respectively. There are gaps between the skin surface and
the electrode with line width 90μm, which denotes non-
conformal contact with the skin surface. The peeling
experiments for the stretchable electrodes with different
line widths w = 30μm, 50μm, 70μm, and 90μm are pre-
pared to measure the critical energy at electrode-skin
interface via the homemade peeling experiment platform,
as shown in Figure 8.

Figure 7(c) depicts that the areal coverage of the surface
electrode increases with the line width w. The line width is
smaller than 70μm to keep conformal contact with the skin
surface shown in Figure 7(a). For the stretchability εelec-
trode> 30%, the line width is less than 65μm (Figures 5(a)
and 6). To provide enough areal coverage to collect biolog-
ical signals, the line width is larger than 30μm. Consider-
ing the conformability, stretchability, and areal coverage of

the surface electrode, the feasible range of line width is in
(30, 65) μm, which agrees well with optimization results
in Figure 5.

4.3. EMG Signal Recording. The EMG signals are recorded
by the stretchable capacitive electrodes to diagnose neuro-
muscular disorders and study muscle pain [38]. To minimize
the motion artifacts during movement, the electrodes should
keep conformal contact with the skin surface when the exter-
nal load is applied to the electrode. The ground electrode,
located in the center of the measurement and reference
electrodes (16mm apart at center-to-center distance),
determines the common-zero potential. A customized PCB
is used to collect the EMG data from different parts of the
body. It yields analog data, converted to digital signals for
recording using LabView software and analysis using
MATLAB software.
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Figure 8: (a) The peeling test experiment platform and the local enlarged graph and (b) experiment data and analysis from the experiment
platform at skin-electrode interface with different line widths.
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Figure 9 depicts the EMG signal from the capacitive elec-
trode with different line widths w = 30 μm, 50μm, 70μm,
and 90μm. The EMG signal is clearly distinguishable from
the baseline noise, and it has potential in clinics for diagnosis
of neuromuscular disorders. As shown in I-II of Figure 7(b),
the electrodes with line width 30μm and 50μm keep confor-
mal contact with the skin surface and also achieve the smaller
background noise. The background noise from the electrode
with line width w = 90 μm is larger as it cannot conformally
contact with skin as shown in (Figure 7(b) (IV)). Based on
the EMG and background noise signal from the electrodes
with different line widths, SNR from electrodes with line
width 50μm is larger than others.

4.4. Electrical Performance. The electrical performances
(capacitance CE at skin-electrode interface, output gain, SNR,
and background noise) are related to the geometry parameters
of the electrode [39, 40]. Capacitance CE determines SNR
through its effect on the gain of the preamplifier. As expected,
the output gain G is also improved as the CE is increased with
increasing effective area of the electrodes [41]. Figure 10(a)
depicts the experimental and theoretical results of the output
gain and the area of the electrode at areal coverage α = 0 2.
The scatter points in Figure 10(a) are the experimental results
with area=20mm2, 30mm2, and 40mm2, respectively. It is
seen that experimental results agree well with the theoretical
results. The output gain of the electrode increases with the area
of the electrode. Figure 10(b) depicts SNR from the capacitive
EMG electrode with line width w = 30 μm, 50μm, 70μm, and
90μm, respectively. Signal voltage and noise voltage represent

the amplitude of the EMG signal and background noise signal.
The histogram shows that SNR from the electrode with line
width w = 50 μm is larger than line width w = 30 μm, 70μm,
and 90μm. Figure 10(c) depicts the skin-electrode interface
contact impedance decreases with the increasing scanning fre-
quency with the area 24mm2 and 40mm2. Larger effective
contact area provides smaller contact impedance which indi-
cates that area coverage would play important part in output
gain of the electrode with same area. Figure 10(d) depicts
the leakage current from the capacitive electrodes is rather
small compared to the conventional medical biological elec-
trodes. It shows that the current is below 0.2mA when
10mA passes through the electrodes. It is helpful to protect
the soft biological tissues during biological signal monitoring.

4.5. Motion Artifacts. Conformability at the electrode-skin
interface reduces themotion artifacts due to the bodymotion,
and motion artifacts exert important effects on the suscepti-
bility and stability of biological signal recordings via capaci-
tive electrodes. Compared to EMG signals, the features of
ECG are very oblivious with “PQRST,” especially in the case
the biological signals are contaminated by the external factors
[42]. Herein, the ECG signals are used to illustrate the stability
and robustness of the surface electrode for biological signal
recordings. Figure 11 depicts that the ECG signals are
recorded from the electrodes placed onto the surface of left
chest with different line widths w = 30 μm, 50μm, 70μm,
and 90μm in the case of external loads (such as running and
body swing). Figures 11(a) and 11(b) show that the electrodes
with line widths w = 30 and 50μm realize the continuous
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Figure 9: EMG signal from the capacitive electrode with different line widths. (a) w = 30 μm; (b) w = 50 μm; (c) w = 70 μm; and (d)
w = 90 μm.
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ECG signal recordings, and they still record the ECG signals
when body runs. Figures 5(c) and 5(d) depict that ECG signals
are contaminated as the artifacts induced by bodymovements
by the electrode with line width w = 70 μm and 90μm.
Stretchable electrodes with line widths 70μm and 90μm do
not contact with skin surface conformally, which agrees well
with the optimized structural results in Figure 7. It is clearly
shown that the optimized electrode with line w = 50 μm
records ECG signal continuously and stably as it contacts with
skin conformally.

5. Conclusion

Electromechanical optimization method for the stretchable
capacitive electrodes with self-similar configuration was stud-
ied to realize excellent mechanical (large deformation>30%
and conformal contact with skin) adaptability and simulta-
neously improve the electrical performance (high SNR and
signal stability). Feasible range of the geometry parameters of

the 2nd-order self-similar serpentine structure was deter-
mined by solving the optimization model. The stretchability
of the electrode was validated by experiment and FEM
simulation. Peeling test experiments were made to verify the
theoretical results for the conformability at electrode-skin
interface. Electrode with line width w = 50μm performs better
for considering the stretchability, conformability, EMG, and
ECG signal recordings. The proposed optimization model
has general utility for future work in stretchable electronics,
especially those demand high stretchability, and high filling
factors of active devices.

Appendix

A. Solving Process Chart for the
Optimization Model

The electrical performance of the surface electrode is
related to the geometric parameters η, β, andw. It is
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difficult to solve the optimization model (2), (3), (4), and
(5) with the coupling mechanical and electrical properties
of the surface electrode. Three-stage solving method is
proposed to solve the optimization model. Figure 2 depicts
the detailed solving process for optimized structural design
of the electrodes, mainly including three steps: parameter
optimization of the microinterconnect unit, geometry size
and layout of surface electrode, and structure optimization
of surface electrode.

B. Experiment Setup for Adhesion
Energy Measurement

The homemade experimental platform with motion and
velocity adjusted part is shown in Figure 8(a). The peel-
ing velocity is adjusted from 0.05mm/s–100mm/s, and
the peel force is obtained using load cell (222-N
LCM300, FUTEK, USA) with an accuracy of 1mN. Test
samples of the electrodes with different line widths w =
30 μm, 50μm, 70μm, and 90μm are prepared for the
peeling experiments which are used to measure the criti-
cal energy at electrode-skin interface. The peeling force
per unit has been measured for the electrode peeling
from skin surface by the peeling experiment platform
with the peeling velocity vpeel = 0.02, 0.05, 0.1mm/s,
0.2mm/s, 0.5mm/s, 1mm/s, and 2mm/s. It is plotted in
Figure 8(b) with scatter point, and exponential function
is used to fit the scatter data.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

The authors acknowledge supports from the National
Natural Science Foundation of China (51635007), Special
Project of Technology Innovation of Hubei Province
(2017AAA002), and Program for HUST Academic
Frontier Youth Team. The authors would also like to thank
Flexible Electronics Manufacturing Laboratory in Compre-
hensive Experiment Center for Advanced Manufacturing
and Equipment Technology for fabricating surface electro-
myography electrodes.

References

[1] R. Cardu, P. H. W. Leong, C. T. Jin, and A. McEwan, “Elec-
trode contact impedance sensitivity to variations in geometry,”
Physiological Measurement, vol. 33, no. 5, pp. 817–830, 2012.

[2] M. B. Weil, M. Oehler, M. Schilling, and L. S. Maier, “First
clinical evaluation of a novel capacitive ECG system in

2 4
Time (s)

6 8

Vo
lta

ge
 (m

V
)

0

2

1

3 30 �휇m

Start
Stop

(a)

20 4
Time (s)

6 8

Vo
lta

ge
 (m

V
)

−1

0

2

1

3
50 �휇m

Start Stop

(b)

2 4
Time (s)

6 8

Vo
lta

ge
 (m

V
)

0

2

1

3
70 �휇m

Start Stop

(c)

20 4
Time (s)

6 8

Vo
lta

ge
 (m

V
)

−1

0

2

1

3
90 �휇m

Start Stop

(d)

Figure 11: ECG recordings from network-shaped electrodes with different line width. (a) w = 30 μm; (b) w = 50 μm; (c) w = 70 μm; and
(d) w = 90 μm.

12 Complexity



patients with acute myocardial infarction,” Clinical Research
in Cardiology, vol. 101, no. 3, pp. 165–174, 2012.

[3] H. Li, K. Kawashima, K. Tadano, S. Ganguly, and S. Nakano,
“Achieving haptic perception in forceps’ manipulator using
pneumatic artificial muscle,” IEEE/ASME Transactions on
Mechatronics, vol. 18, no. 1, pp. 74–85, 2013.

[4] Y. Huang, Y. Ding, J. Bian et al., “Hyper-stretchable self-
powered sensors based on electrohydrodynamically printed,
self-similar piezoelectric nano/microfibers,” Nano Energy,
vol. 40, pp. 432–439, 2017.

[5] M. Ferre, I. Galiana, R. Wirz, and N. Tuttle, “Haptic device for
capturing and simulating hand manipulation rehabilitation,”
IEEE/ASME Transactions on Mechatronics, vol. 16, no. 5,
pp. 808–815, 2011.

[6] D. N. Mathias, S.-I. Kim, J.-S. Park, Y.-H. Joung, and W. S.
Choi, “Electrode characteristics of non-contact electrocardio-
graphic measurement,” Transactions on Electrical and Elec-
tronic Materials, vol. 16, no. 1, pp. 42–45, 2015.

[7] D. H. Kim, N. Lu, R. Ma et al., “Epidermal electronics,” Science,
vol. 333, no. 6044, pp. 838–843, 2011.

[8] J.-W. Jeong, W.-H. Yeo, A. Akhtar et al., “Materials and opti-
mized designs for human-machine interfaces via epidermal
electronics,” Advanced Materials, vol. 25, no. 47, pp. 6839–
6846, 2013.

[9] D.-H. Kim and J. A. Rogers, “Stretchable electronics: materials
strategies and devices,” Advanced Materials, vol. 20, no. 24,
pp. 4887–4892, 2008.

[10] M. L. Hammock, A. Chortos, B. C.-K. Tee, J. B.-H. Tok, and
Z. Bao, “25th anniversary article: the evolution of electronic
skin (e-skin): a brief history, design considerations, and recent
progress,” Advanced Materials, vol. 25, no. 42, pp. 5997–6038,
2013.

[11] H. Bahrami, S. A. Mirbozorgi, L. A. Rusch, and B. Gosselin,
“Biological channel modeling and implantable UWB antenna
design for neural recording systems,” IEEE Transactions on
Biomedical Engineering, vol. 62, no. 1, pp. 88–98, 2015.

[12] H. Zhang, W. Pei, Y. Chen et al., “A motion interference-
insensitive flexible dry electrode,” IEEE Transactions on Bio-
medical Engineering, vol. 63, no. 6, pp. 1136–1144, 2016.

[13] S. Han, M. K. Kim, B.Wang, D. S. Wie, S.Wang, and C. H. Lee,
“Mechanically reinforced skin-electronics with networked
nanocomposite elastomer,” Advanced Materials, vol. 28,
no. 46, pp. 10257–10265, 2016.

[14] Y. Wang, L. Wang, T. Yang et al., “Wearable and highly sensi-
tive graphene strain sensors for human motion monitoring,”
Advanced Functional Materials, vol. 24, no. 29, pp. 4666–
4670, 2014.

[15] W. G. Bae, D. Kim, M. K. Kwak, L. Ha, S. M. Kang, and K. Y.
Suh, “Enhanced skin adhesive patch with modulus-tunable
composite micropillars,” Advanced Healthcare Materials,
vol. 2, no. 1, pp. 109–113, 2013.

[16] A. A. Gopalai and S. M. N. Arosha Arosha Senanayake, “A
wearable real-time intelligent posture corrective system using
vibrotactile feedback,” IEEE/ASME Transactions on Mechatro-
nics, vol. 16, no. 5, pp. 827–834, 2011.

[17] S. H. Jeong, S. Zhang, K. Hjort, J. Hilborn, and Z. Wu, “PDMS-
based elastomer tuned soft, stretchable, and sticky for epider-
mal electronics,” Advanced Materials, vol. 28, no. 28,
pp. 5830–5836, 2016.

[18] J. Y. Sun, C. Keplinger, G. M. Whitesides, and Z. Suo, “Ionic
skin,” Advanced Materials, vol. 26, no. 45, pp. 7608–7614, 2014.

[19] W. Dong, L. Xiao, C. Zhu et al., “Theoretical and experimental
study of 2D conformability of stretchable electronics lami-
nated onto skin,” Science China Technological Sciences,
vol. 60, no. 9, pp. 1415–1422, 2017.

[20] W. Dong, C. Zhu, D. Ye, and Y. Huang, “Optimal design of
self-similar serpentine interconnects embedded in stretch-
able electronics,” Applied Physics A, vol. 123, no. 6, p. 428,
2017.

[21] Y. Huang, W. Dong, T. Huang et al., “Self-similar design for
stretchable wireless LC strain sensors,” Sensors and Actuators
A: Physical, vol. 224, pp. 36–42, 2015.

[22] R. Li, M. Li, Y. Su, J. Song, and X. Ni, “An analytical mechanics
model for the island-bridge structure of stretchable electron-
ics,” Soft Matter, vol. 9, no. 35, p. 8476, 2013.

[23] S. Xu, Y. Zhang, J. Cho et al., “Stretchable batteries with self-
similar serpentine interconnects and integrated wireless
recharging systems,” Nature Communications, vol. 4, no. 1,
2013.

[24] S. Xu, Y. Zhang, L. Jia et al., “Soft microfluidic assemblies of
sensors, circuits, and radios for the skin,” Science, vol. 344,
no. 6179, pp. 70–74, 2014.

[25] K. I. Jang, H. U. Chung, S. Xu et al., “Soft network composite
materials with deterministic and bio-inspired designs,” Nature
Communications, vol. 6, no. 1, p. 6566, 2015.

[26] J. A. Fan, W. H. Yeo, Y. Su et al., “Fractal design concepts for
stretchable electronics,” Nature Communications, vol. 5,
no. 1, p. 3266, 2014.

[27] J. W. Jeong, M. K. Kim, H. Cheng et al., “Capacitive epidermal
electronics for electrically safe, long-term electrophysiological
measurements,” Advanced Healthcare Materials, vol. 3, no. 5,
pp. 642–648, 2014.

[28] Q. Ma and Y. Zhang, “Mechanics of fractal-inspired horseshoe
microstructures for applications in stretchable electronics,”
Journal of Applied Mechanics, vol. 83, no. 11, article 111008,
2016.

[29] Y. Su, S. Wang, Y. A. Huang et al., “Elasticity of fractal inspired
interconnects,” Small, vol. 11, no. 3, pp. 367–373, 2015.

[30] Y. Sun and X. B. Yu, “Capacitive biopotential measurement for
electrophysiological signal acquisition: a review,” IEEE Sensors
Journal, vol. 16, no. 9, pp. 2832–2853, 2016.

[31] S. Wang, M. Li, J. Wu et al., “Mechanics of epidermal electron-
ics,” Journal of Applied Mechanics, vol. 79, no. 3, article 31022,
2012.

[32] H. Fu, S. Xu, R. Xu et al., “Lateral buckling and mechanical
stretchability of fractal interconnects partially bonded onto
an elastomeric substrate,” Applied Physics Letters, vol. 106,
no. 9, article 091902, 2015.

[33] Y. Zhang, S. Xu, H. Fu et al., “Buckling in serpentine micro-
structures and applications in elastomer-supported ultra-
stretchable electronics with high areal coverage,” Soft Matter,
vol. 9, no. 33, pp. 8062–8070, 2013.

[34] Y. Su, J. Wu, Z. Fan et al., “Postbuckling analysis and its appli-
cation to stretchable electronics,” Journal of the Mechanics and
Physics of Solids, vol. 60, no. 3, pp. 487–508, 2012.

[35] J. W. Lee, R. Xu, S. Lee et al., “Soft, thin skin-mounted power
management systems and their use in wireless thermography,”
Proceedings of the National Academy of Sciences, vol. 113,
no. 22, pp. 6131–6136, 2016.

[36] J. Song, H. Jiang, W. M. Choi, D. Y. Khang, Y. Huang, and J. A.
Rogers, “An analytical study of two-dimensional buckling of

13Complexity



thin films on compliant substrates,” Journal of Applied Physics,
vol. 103, no. 1, article 014303, 2008.

[37] H. Cheng and S.Wang, “Mechanics of interfacial delamination
in epidermal electronics systems,” Journal of Applied Mechan-
ics, vol. 81, no. 4, article 44501, 2014.

[38] X. Yu, Z. Yu, W. Pang, M. Li, and L. Wu, “An improved EMD-
based dissimilarity metric for unsupervised linear subspace
learning,” Complexity, vol. 2018, Article ID 8917393, 24 pages,
2018.

[39] M. A. Yokus and J. S. Jur, “Fabric-based wearable dry
electrodes for body surface biopotential recording,” IEEE
Transactions on Biomedical Engineering, vol. 63, no. 2,
pp. 423–430, 2016.

[40] D. C. Deno, H. J. Sih, S. P. Miller, L. R. Teplitsky, and
R. Kuenzi, “Measurement of electrical coupling between
cardiac ablation catheters and tissue,” IEEE Transactions on
Biomedical Engineering, vol. 61, no. 3, pp. 765–774, 2014.

[41] Y. Lu, Z. Ju, Y. Liu, Y. Shen, and H. Liu, “Time series modeling
of surface EMG based hand manipulation identification via
expectation maximization algorithm,” Neurocomputing,
vol. 168, pp. 661–668, 2015.

[42] S. Poungponsri and X.-H. Yu, “An adaptive filtering approach
for electrocardiogram (ECG) signal noise reduction using neu-
ral networks,” Neurocomputing, vol. 117, pp. 206–213, 2013.

14 Complexity



Research Article
Exponential Synchronization of Neural Networks via Feedback
Control in Complex Environment

Xiaoxiao Lv,1,2 Xiaodi Li ,1,3 Jinde Cao ,2 and Peiyong Duan4

1School of Mathematics and Statistics, Shandong Normal University, Jinan 250014, China
2School of Mathematics, Southeast University, Nanjing 210096, China
3Shandong Province Key Laboratory of Medical Physics and Image Processing Technology, Shandong Normal University,
Jinan, China
4School of Information Science and Engineering, Shandong Normal University, Jinan 250014, China

Correspondence should be addressed to Xiaodi Li; lxd@sdnu.edu.cn

Received 24 April 2018; Accepted 20 June 2018; Published 24 July 2018

Academic Editor: Andy Annamalai

Copyright © 2018 Xiaoxiao Lv et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The problem of exponential synchronization for neural networks is investigated via feedback control in complex environment. By
constructing suitable Lyapunov-Krasovskii functionals and applying the piecewise analytic method, some sufficient criteria for
exponential synchronization of the addressed neural networks are established in terms of linear matrix inequalities (LMIs). The
feedback control in complex environment includes the delayed aperiodically intermittent control and dynamic output feedback
control. Moreover, the delayed aperiodically intermittent dynamic output feedback controller is designed based on the
established LMIs. A numerical example and its numerical simulations are finally presented to show the effectiveness of obtained
theoretical results.

1. Introduction

Neural networks have received significant attention during
the past few decades due to their wide range of applications
in different fields, such as signal processing, automatic con-
trol engineering, associative memory, parallel computing,
combinatorial optimization, and pattern recognition [1–4].
In hardware implementation, time delays are inevitable due
to the inherent information delivery time between neurons
and the finite switching speed of amplifiers. The existence
of time delays usually causes oscillation, divergence, or even
instability of a system [5, 6], thus a large number of scholars
have conducted a number of studies in regard to the dynamic
behavior of the delayed neural networks [7–9]. From the
perspective of time delays, all the research results can be
divided into time-dependent and time-independent. The
time-dependent results are usually less conservative than
delay-independent ones, especially for systems with small
delays. Therefore, many interesting results have been pro-
posed in recent years, especially based on the Lyapunov-

Krasovskii functional method, linear matrix inequality
(LMI) technique, M matrix approach, and so on [10–14].
On the other hand, synchronization is a typical collective
behavior in nature, and it is observed in biological and
physical systems, such as flocking of birds, synchronous
glowing fireflies, wireless sensor networks, and synchro-
nous transmissions of digital signals in communication
networks [15, 16]. The earliest research on synchroniza-
tion can be traced back to the observation of the synchro-
nous coupling phenomenon by C. Huygens in 1673. In
general, synchronization means that a system is designed
to simulate the dynamic behavior of another system, that
is, the state trajectory of two systems is finally identical.
Therefore, many important results on synchronization
have been obtained in the last few years [17–20], and
various control strategies have been developed to design
effective controllers for achieving synchronization, such
as adaptive control [21], pinning control [22], feedback
control [23], impulsive control [24–27], and intermittent
control [28].
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As a kind of common continuous control, feedback
control is widely applied to the system controller design
problem. Actually, the feedback control can be divided into
state feedback control [29], static output feedback control
[30], and dynamic output feedback control [31]. It is well
known that all the state variables of many practical systems
cannot be measured directly, which means that the state feed-
back controller can be designed only if a state observer can be
designed firstly and this will not only increase the cost but
also decrease the system reliability. Therefore, the output
feedback controller is more preferable when designing a con-
troller to ensure the desired performance for the closed-loop
system [32–34]. Different from continuous feedback control,
intermittent control, as a kind of discontinuous feedback
control strategy, consists of two parts: the nonzero control
time and nonzero rest time. In particular, when the control
time is reduced to zero, the intermittent control becomes
the discontinuous impulsive control, and when the rest time
is reduced to zero, it becomes continuous feedback control.
Therefore, intermittent control combines the advantages of
impulsive control and continuous feedback control. In the
past decade, many valuable results have been obtained for
synchronization of neural networks under intermittent con-
trol [35–39]. For example, by applying the average dwell time
approach, structuring multiple Lyapunov-Krasovskii func-
tions, and using Halanay inequality, new robust synchroniza-
tion criteria are obtained for switched coupled networks via
intermittent control [35]. In [36], the fast synchronization
problem for a class of complex dynamical networks with time
varying delay by means of periodically intermittent control
was investigated. By designing appropriate adaptive inter-
mittent controllers and using the Lyapunov stability theory,
some pinning outer synchronization criteria are derived in
[37], which can guarantee that the response network
asymptotically synchronizes to the drive network.

Obviously, the above research results are periodic inter-
mittent control strategies, which means that each control
period and control time is fixed. Compared with the period-
ically intermittent control strategy, the aperiodically inter-
mittent control has more flexibility and more applicability.
Therefore, it is very meaningful to investigate the synchro-
nization of neural networks under the aperiodically inter-
mittent control. It is well known that the aperiodically
intermittent control strategies were proposed by Liu and
Chen in [40]. As shown in Figure 1, there is a time
sequence ζ = t1, t2,… satisfying 0 = t1 < t2 <⋯ < tk <⋯,
limk→∞tk =∞. The kth time interval tk, tk+1 , k ∈ℤ+ is
called the kth control period and tk+1 − tk is called the kth
control period width. It can be seen clearly from Figure 1 that
not all of the times in interval tk, tk+1 are controlled, among
them, the interval tk, tk + δk is controlled, so tk, tk + δk is
called the control time (or work time) and δk is called
the kth control width (control duration); while the interval
tk + δk, tk+1 is not controlled, so tk + δk, tk+1 is called
the rest time and tk+1 − tk + δk is called the kth rest
width. Obviously, the control period and control width
(or rest width) are both uncertain for different k due to
the aperiodically intermittent control strategy. In addition,
once the control period and control width of every k are

fixed, that is, tk+1 − tk = T , δk = δ, where T > 0 and δ > 0
are constants, the aperiodically intermittent control strategy
is transformed into the periodically intermittent control
strategy, which has been considered in [41–43]. Due to the
complexity of the control system, a single control method
cannot effectively solve the poor performance of the system.
In this case, the hybrid control method emerges at the
historic moment, which makes the control system in
complex environment. It has drawn researchers’ widespread
attention owing to the hybrid controller which combines
the advantages of multiple individual controllers in complex
environment. It is worth noting that the current attention
for hybrid control strategy of synchronization of delayed
neural networks is periodically intermittent dynamic out-
put feedback control in complex environment. For exam-
ple, the dynamic intermittent output feedback controller
was designed to achieve exponential synchronization for
master-slave neural networks [44]. However, there is no
work that focuses on aperiodically intermittent dynamic
output feedback control. These motivate the present study.

In this paper, we investigate the problems of exponen-
tial synchronization of neural networks via the feedback
control in complex environment. By constructing suitable
Lyapunov-Krasovskii functionals and applying the piecewise
analytic method, some LMI-based sufficient conditions are
established to guarantee the exponential synchronization
of the addressed neural networks in terms of linear matrix
inequalities (LMIs), which can be easily verified via the
LMI toolbox. In particular, we develop the aperiodically
intermittent dynamic output feedback control for synchro-
nization of neural networks, consider the time delay in the
design of the controller, and introduce the control rate of
the control period, which in this sense are better than
those results in [29–39]. The rest of this paper is orga-
nized as follows. In Section 2, some notations, a definition,
and some well-known technical lemmas are given. Section
3 presents the criteria for exponential synchronization of
neural networks and the design of the aperiodically inter-
mittent dynamic output feedback controller. A numerical
example is provided in Section 4 to demonstrate the
effectiveness of the proposed criteria. Finally, the paper is
concluded in Section 5.

2. Preliminaries

Notations. Let ℝ denotes the set of real numbers, ℝ+ the
set of positive numbers, ℤ+ the set of positive integer, ℕ

kth control width kth rest width

With control

tk tk + 1 tk + 2tk + 𝛿k tk + 1 + 𝛿k + 1

Without control

Figure 1: Sketch map of aperiodically intermittent control strategy.
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the set of nonnegative integer, ℝn the n-dimensional real
spaces equipped with the Euclidean norm ∣•∣, and ℝn×m

the n ×m-dimensional real spaces. A > 0 or A < 0 denotes
that the matrix A is a symmetric and positive definite or
negative definite matrix. The notation AT and A−1 denote
the transpose and the inverse of A, respectively. If A
and B are symmetric matrices, A > B means that A − B
is positive definite matrix. λmax A and λmin A denote
the maximum eigenvalue and the minimum eigenvalue
of matrix A, respectively. I denotes the identity matrix
with appropriate dimensions. For any interval J ⊆ℝ, set
S ⊆ℝk 1 ≤ k ≤ n , C J , S = φ J → S is continuous and
C1 J , S = φ J → S is continuously dif ferentiable . Λ =
1, 2,… , n . Notation ⋆ always denotes the symmetric
block in a symmetric matrix.

Consider the following neural networks with time delay

x t = −Ax t +Df x t + Eg x t − τ + ν t , t > 0,

z1 t =Cx t ,

x t = ϕ t , t ∈ −τ, 0 ,
1

where x t = x1 t , x2 t ,… , xn t T ∈ℝn is the state vector
of the network networks; n corresponds to the number of
neurons; ν t ∈ℝn is an external input; z1 t ∈ℝl is the out-
put vector; ϕ t ∈ C1 −τ, 0 ,ℝn denotes a vector-valued ini-
tial function; A = diag a1, a2,… , an > 0 is the self-feedback
term; D = dij n×n, E = eij n×n, and C ∈ℝl×n represent the
connection weight matrix; τ > 0 is the transmission constant
delay; and f = f1,… , f n

T and g = g1,… , gn
T represent

neuron activation functions satisfying

f j α1 − f j α2 ≤ l fj α1 − α2 ,

gj α1 − gj α2 ≤ lgj α1 − α2 ,
2

for any α1 ≠ α2, j ∈Λ, where l fj and lgj are some positive

constants, and for all j ∈ Λ, f j 0 = gj 0 = 0. Define Lf≐

diag l f1,… , l fn and Lg≐diag lg1 ,… , lgn .
In this paper, we consider neural networks (1) as the

master system, and the corresponding slave system is given
as follows:

y t = −Ay t +Df y t + Eg y t − τ + ν t + Bu t , t > 0,

z2 t = Cy t ,

y t = φ t , t ∈ −τ, 0 ,
3

where y t = y1 t , y2 t ,… , yn t T ∈ℝn is the state vec-
tor, z2 t ∈ℝl is the output vector, φ t ∈ C1 −τ, 0 ,ℝn

denotes a vector-valued initial function, B ∈ℝn×m is con-
stant matrix, and u t ∈ℝm represents the control input
that will be designed.

Defining e t = y t − x t as the synchronization error
of master system (1) and the slave system (3), we get the
following error system of neural networks:

e t = −Ae t +Df e t + Eg e t − τ + Bu t , t > 0,

z t = Ce t ,

e t = ψ t , t ∈ −τ, 0 ,
4

where f e t = f y t − f x t , g e t − τ = g y t − τ −
g x t − τ , z t = z2 t − z1 t , and ψ t = φ t − ϕ t are
the initial condition of system (4).

In order to achieve synchronization between system
(1) and system (3), we design the following aperiodi-
cally intermittent dynamic output feedback controller with
time delay:

e t = Ale t +Hle t − σ + Blz t + Elz t − σ ,

u t =Gle t + Fle t − σ +Dlz t ,
5

and Al, Hl, Bl, El, Gl, Fl, Dl satisfy

ℋl =
ℋ1

l , t ∈ tk, tk + δk , k ∈ℤ+,
ℋ2

l , t ∈ tk + δk, tk+1 ,
6

where e t ∈ℝn is the state vector of the controller
(5), ℋl ∈ Al,Hl, Bl, El,Gl, Fl,Dl ,Ai

l ,Hi
l , Bi

l , Ei
l i = 1, 2 , and

G1
l , F1l , D1

l ∈ℝn are unknown control gain matrices, G2
l =

F2l =D2
l = 0, σ > 0 is the constant delay.

Define ξ t = eT t , eT t T
, combining (4) and (5), one

can obtain the following closed-loop system:

ξ t =
A1ξ t + B1ξ t − σ +Df ξ t + Eg ξ t − τ , t ∈ tk, tk + δk ,
A2ξ t + B2ξ t − σ +Df ξ t + Eg ξ t − τ , t ∈ tk + δk, tk+1 ,

7
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where

A1 =
−A + BD1

l C BG1
l

B1
l C A1

l

,

g ξ t − τ =
g e t − τ

0
,

A2 =
−A 0

B2
l C A2

l

,

B1 =
0 BF1

l

E1
l C H1

l

,

D =
D 0

0 0
,

B2 =
0 0

E2
l C H2

l

,

E =
E 0

0 0
,

f ξ t =
f e t

0

8

To derive the main results, we will introduce the
following definition and lemmas.

Definition 1 [17]. The master system (1) and the slave system
(3) are said to be exponential synchronization, if there exist
constant scalars λ > 0 and N > 0 such that every solution
ξ t of the system (7) satisfies

ξ t ≤N ψ τe
−λt , 9

where the constant λ is defined as the exponential synchroni-
zation rate and ψ τ = sup−τ≤s≤0 ξ s , ξ s .

Lemma 1 [45]. For any n × n matrix R > 0, scalar h > 0
and a vector function σ ⋅ : −h, 0 →ℝn, such that the
integrations concerned are well defined, then the following
inequality is hold:

h
0

−h
σT s Rσ s ds ≥

0

−h
σT s dsR

0

−h
σ s ds 10

Lemma 2 [10]. Given matrices A, B, and C with AT =A and
CT = C, then

A B
⋆ C

< 0, 11

is equivalent to one of the following conditions:

(1) A < 0 and C − BTA−1B < 0.

(2) C < 0 and A − BC−1BT < 0.

3. Main Results

3.1. Exponential Synchronization of Master-Slave Systems.
In this section, we shall investigate the exponential syn-
chronization of systems (1) and (3) by constructing
suitable Lyapunov-Krasovskii functionals and applying
the piecewise analytic method and LMI technique. For
the convenience of presentation, in the following, we
denote Tk = tk+1 − tk, ηk = δk/Tk, and η = inf k∈ℤ+

ηk, k ∈ℤ+,
where 0 < ηk < 1 is called the control rate of the kth
control period.

Theorem 1. The master system (1) and the slave system (3)
achieve exponential synchronization under aperiodically
intermittent control dynamic output feedback controller
(5), if for given scalars α > 0 and β > 0, there exist 2n ×
2n symmetric positive definite matrices P > 0, Q1 > 0, Q2 > 0,
R1 > 0, R2 > 0, S > 0, and W > 0 such that the following
inequalities are hold:

M1 =
Σ τΓT1 σΓT1
⋆ −R−1

1 0
⋆ ⋆ −R−1

2

< 0, 12

M2 =
ϒ τΓT2 σΓT2
⋆ −R−1

1 0
⋆ ⋆ −R−1

2

< 0, 13

λ = αη − β 1 − η > 0, 14

where

Σ =

Σ11 e−2ατR1 Σ13 PD PE

⋆ Σ22 0 0 0
⋆ ⋆ Σ33 0 0
⋆ ⋆ ⋆ −S 0
⋆ ⋆ ⋆ ⋆ −W

,
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ϒ =

ϒ11 e−2ατR1 ϒ13 PD PE

⋆ Σ22 0 0 0
⋆ ⋆ Σ33 0 0
⋆ ⋆ ⋆ −S 0
⋆ ⋆ ⋆ ⋆ −W

,

Σ11 = PA1 + AT
1 P + 2αP +Q1 +Q2 − e−2ατR1 − e−2ασR2 + Lf ,

Σ13 = PB1 + e−2ασR2,

Σ22 = −e−2ατQ1 − e−2ατR1 + Lg,

Σ33 = −e−2ασ Q2 + R2 ,

ϒ11 = PA2 + AT
2 P − 2βP +Q1 +Q2 − e−2ατR1 − e−2ασR2 + Lf ,

ϒ13 = PB2 + e−2ασR2,

Γi = Ai 0 Bi D E   i = 1, 2 ,

S =
S11 S12

⋆ S22
,

W =
W11 W12

⋆ W22
15

Proof 1. We consider the following Lyapunov-Krasovskii
functional candidate for the error system (7) as

V t, ξt = ξT t Pξ t +
t

t−τ
e2α s−t ξT s Q1ξ s ds

+
t

t−σ
e2α s−t ξT s Q2ξ s ds

+ τ
0

−τ

t

t+θ
e2α s−t ξ

T
s R1ξ s dsdθ

+ σ
0

−σ

t

t+θ
e2α s−t ξ

T
s R2ξ s dsdθ

16

It is easy to deduced that

λ1 ξ t 2 ≤V t, ξt ≤ λ2 ξt
2
τ, 17

where ξt τ = sups∈ −τ,0 ξ t + s , ξ t + s and

λ1 = λmin P ,

λ2 = λmax P + τλmax Q1 + σλmax Q2
+ τ2λmax R1 + σ2λmax R2

18

Calculating the derivative of V t, ξt with respect to
t along the trajectory of error system (7), it can be
deduced that

V t, ξt = 2ξT t Pξ t + ξT t Q1 +Q2 ξ t

− e−2ατξT t − τ Q1ξ t − τ

− e−2ασξT t − σ Q2ξ t − σ

+ ξ
T
t τ2R1 + σ2R2 ξ t

− τ
t

t−τ
e2α s−t ξ

T
s R1ξ s ds

− σ
t

t−σ
e2α s−t ξ

T
s R2ξ s ds

− 2α
t

t−τ
e2α s−t ξT s Q1ξ s ds

− 2α
t

t−σ
e2α s−t ξT s Q2ξ s ds

− 2ατ
0

−τ

t

t+θ
e2α s−t ξ

T
s R1ξ s dsdθ

− 2ασ
0

−σ

t

t+θ
e2α s−t ξ

T
s R2ξ s dsdθ

19

Applying Lemma 1 and the Newton-Leibniz formula

t

t−τ
ξ s ds = ξ t − ξ t − τ , 20

we have

−τ
t

t−τ
e2α s−t ξ

T
s R1ξ s ds

≤ −τe−2ατ
t

t−τ
ξ
T
s R1ξ s ds

≤ −e−2ατ
t

t−τ
ξ s ds

T

R1
t

t−τ
ξ s ds

≤ −e−2ατ ξ t − ξ t − τ TR1 ξ t − ξ t − τ

21

Similarly, it holds that

−σ
t

t−σ
e2α s−t ξ

T
s Rξ s ds

≤ −e−2ασ ξ t − ξ t − σ TR2 ξ t − ξ t − σ

22

It follows from (2) that

f
T
ξ t Sf ξ t = f

T
e t S11 f e t ≤ eT t Lf S11L

f e t

= ξT t Lf
ξ t ,

23
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and

gT ξ t − τ Wg ξ t − τ = gT e t − τ W11g e t − τ

≤ eT t − τ LgW11L
ge t − τ

= ξT t − τ Lgξ t − τ ,
24

that is,

0 ≤ ξT t Lf
ξ t − f

T
ξ t Sf ξ t ,

0 ≤ ξT t − τ Lgξ t − τ − gT ξ t − τ Wg ξ t − τ ,
25

where

Lf =
Lf S11L

f 0
0 0

,

Lg =
LgW11L

g 0
0 0

26

Furthermore, it follows from the trajectory equation of
error system (7) that

ξ
T
t Rξ t =

ϖT t Ω1ϖ t , t ∈ tk, tk + δk ,
ϖT t Ω2ϖ t , t ∈ tk + δk, tk+1 ,

27

where ϖ t = ξ t , ξ t − τ , ξ t − σ , f ξ t , g ξ t − τ ,
R = τ2R1 + σ2R2, Ω1 = ΓT1 RΓ1, and Ω2 = ΓT2 RΓ2.

When t ∈ tk, tk + δk , k ∈ℤ+, the slave system runs in
control windows, thus the dynamic output feedback control
works. Substituting (21), (22), and (25) into (19) and taking
(27) into account, we obtain that

V t, ξt + 2αV t, ξt
≤ ξT t PA1 + AT

1 P + 2αP +Q1 +Q2 − e−2ατR1

− e−2ασR2 + Lf
ξ t + 2e−2ατξT t R1ξ t − τ

+ 2ξT t PB1 + e−2ασR2 ξ t − σ

+ 2ξT t PDf ξ t + 2ξT t PEg ξ t − τ

+ ξT t − τ −e−2ατQ1 − e−2ατR1 + Lg ξ t − τ

− e−2ασξT t − σ Q2 + R2 ξ t − σ

+ ξ
T
t τ2R1 + σ2R2 ξ t − f

T
ξ t Sf ξ t

− gT ξ t − τ Wg ξ t − τ

= ϖT t Σ +Ω1 ϖ t

28

If the matrix inequality (12) is satisfied, by Lemma 2, it is
equivalent to Σ +Ω1 < 0, then we get

V t, ξt < −2αV t, ξt 29

Integrating both sides of the inequality (29) with respect
to t over the time interval tk, tk + δk , k ∈ℤ+, we have

V t, ξt ≤V ξ tk e−2α t−tk 30

In addition, when tk + δk, tk+1 , k ∈ℤ+, the slave system
runs in free windows and the dynamic output feedback
control does not work. We can get similarly,

V t, ξt + 2αV t, ξt
≤ ξT t PA2 + AT

2 P − 2βP +Q1 +Q2 − e−2ατR1

− e−2ασR2 + Lf
ξ t + 2e−2ατξT t R1ξ t − τ

+ 2ξT t PB2 + e−2ασR2 ξ t − σ

+ 2ξT t PDf ξ t + 2ξT t PEg ξ t − τ

+ ξT t − τ −e−2ατQ1 − e−2ατR1 + L
g

× ξ t − τ − e−2ασξT t − σ Q2 + R2 ξ t − σ

+ ξ t τ2R1 + σ2R2 ξ t − f
T
ξ t Sf ξ t

− gT ξ t − τ Wg ξ t − τ

+ 2α + 2β ξT t Pξ t

≤ ϖT t ϒ +Ω2 ϖ t + 2α + 2β ξT t Pξ t

≤ ϖT t ϒ +Ω2 ϖ t + 2α + 2β V t, ξt
31

If the matrix inequality (13) is satisfied, by Lemma 2, it is
equivalent to ϒ +Ω2 < 0, then we get

V t, ξt < 2βV t, ξt , 32

therefore, when t ∈ tk + δk, tk+1 , k ∈ℤ+,

V t, ξt ≤ V ξ tk + δk e2β t−tk−δk 33

Combining with (29) and (32), by applying mathe-
matical induction and the piecewise analytic method, we
can obtain

V ξ tk+1 ≤ V ξ tk + δk e2β tk+1−tk−δk

≤ V ξ tk e−2αδk e2β tk+1−tk−δk

= V ξ tk e−2 αηk−β 1−ηk Tk …

≤ V ξ 0 e〠
k

j=1−2 αη j−β 1−η j T j

34

Thus, for t ∈ tk, tk + δk , k ∈ℤ+, we have

V t, ξt ≤V ξ tk e−2α t−tk

≤V ξ 0 e〠
k−1
j=1−2 αη j−β 1−η j T j e−2α t−tk

≤V ξ 0 e−2 αη−β 1−η 〠k−1
j=1T je−2α t−tk

=V ξ 0 e−2 αη−β 1−η tk e2αtk e−2αt

=V ξ 0 e2 α+β 1−η tk e−2αt ≤V ξ 0 e−2 αη−β 1−η t

=V ξ 0 e−2λt ,
35
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and for t ∈ tk + δk, tk+1 , k ∈ℤ+,

V t, ξt ≤V ξ tk + δk e2β t−tk−δk ≤ V ξ tk e−2αδk e2β t−tk−δk

≤V ξ tk e−2αδk e2β tk+1−tk−δk

≤V ξ 0 e−2 αη−β 1−η 〠k

j=1T j =V ξ 0 e−2 αη−β 1−η tk+1

≤V ξ 0 e−2 αη−β 1−η t = V ξ 0 e−2λt

36

From (35) and (36), we get

V t, ξt ≤V ξ 0 e−2λt 37

Furthermore, it follows from (17) that

λ1 ξ t 2 ≤ V t, ξt ≤V ξ 0 e−2λt ≤ λ2e
−2λt ψ 2

τ 38

Hence, we finally obtain that

ξ t ≤
λ2
λ1

ψ τe
−λt 39

By Definition 1, the master system (1) can be globally
exponentially synchronized with the slave system (3) under
the controller (5). The proof is completed.

Remark 1. The LMI method is the most common method to
investigate the dynamic behavior of delayed neural networks
owing to its large number of advantages, such as the criterion
contains many unknown parameters and has great degree of
freedom; it can be realized by the LMI toolbox in MATLAB
software and can analyze the upper and lower bounds of
the time delay; it can add constraints appropriately and is
suitable for designing the controller in delayed neural net-
works and so on. The realization of LMI is that it is a convex
optimization problem and is capable to provide the desired
performance analysis [46–49]. It can be said that the LMI
method is the mainstream in current research methods of
dynamic behavior of delayed neural networks. Therefore,
the criterion of Theorem 1 is effectively derived through
LMI technique.

Remark 2. A more flexible selection strategy based on the
control rate is presented. Under the proposed strategy,
synchronization of neural networks is more effectively
achieved in complex environment. In particular, it is easy
to see that the control rates of different control periods
are different. Furthermore, two free weight matrices, S
and W, are introduced in the derivation of Theorem 1,
which is helpful to enhance the feasible solution of the
derived synchronization criteria.

Remark 3. It is noted that the results of [35–39] are valid with
periodically intermittent control. While in this paper,
Theorem 1 is effective with aperiodically intermittent
control, which is more general and flexible than that of
[35–39]. On the other hand, in [29–34], the transmittal
time is ignored when constructing the controller. While
in this paper, we fully consider the time delay when

constructing the controller, which demonstrates that the
results in [29–34] cannot be applied to this paper. Therefore,
the obtained results are more effective than those in the above
listed references.

Furthermore, if we consider that the control period and
control width of each work time are uniformly fixed, that is,
Tk = T , δk = δ, and ηk = η, where T > 0, δ > 0, and 0 < η < 1
are constants, then the delayed aperiodically intermittent
dynamic output feedback controller is transformed into the
following delayed periodically intermittent control dynamic
output feedback controller:

e t = Ale t +Hle t − σ + Blz t + Elz t − σ ,

u t =Gle t + Fle t − σ +Dlz t ,
40

and Al, Hl, Bl, El, Gl, Fl, Dl satisfy

ℋl =
ℋ1

l , t∈ mT ,mT+δ ,
ℋ2

l , t∈ mT+δ, m+1 T , 41

where ℋl ∈ Al, Hl, Bl, El, Gl, Fl, Dl , Ai
l , Hi

l , Bi
l , Ei

l i =
1, 2 , and G1

l , F1l , D1
l ∈ℝn are unknown control gain

matrices, G2
l = F2l =D2

l = 0, m ∈ℕ. Based on Theorem
1, then we can obtain the following corollary whose
proof is omitted here.

Corollary 1. The master system (1) and the slave system (3)
achieve exponential synchronization under the periodically
intermittent control dynamic output feedback controller (40);
if for given scalars α > 0 and β > 0, there exist 2n × 2n
symmetric positive definite matrices P > 0, Q1 > 0, Q2 > 0,
R1 > 0, R2 > 0, S > 0, and W > 0 such that (12), (13),
and following inequality hold:

λ = αη − β 1 − η > 0 42

In particular, let Tk = δk, k ∈ℤ+, that is, ηk ≡ 1, then the
delayed aperiodically intermittent dynamic output feedback
controller is transformed into a more general delayed
dynamic output feedback controller:

e t = Ale t +Hle t − σ + Blz t + Elz t − σ ,

u t =Gle t + Fle t − σ +Dlz t ,
43

and Al, Hl, Bl, El, Gl, Fl, Dl are unknown control gain
matrices, which means that the control occurs in whole con-
trol period. Based on Theorem 1, then we can obtain the fol-
lowing corollary whose proof is omitted here.

Corollary 2. The master system (1) and the slave system (3)
achieve exponential synchronization under the desired con-
troller (43); if for given scalar α > 0, there exist 2n × 2n
symmetric positive definite matrices P > 0, Q1 > 0, Q2 > 0,
R1 > 0, R2 > 0, S > 0, and W > 0 such that (12) holds.

3.2. Controller Design. Note that the controller gain matrices
A1

l , A2
l , H1

l , H2
l , B1

l , B2
l , E1

l , E2
l , G1

l , F1l , and D1
l cannot be

derived directly based on Theorem 1 due to the fact that
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they are coupled with the positive definite matrix P in
(12) and (13). In order to calculate the controller gain
matrices, we apply the partition matrix method to get
the following conclusion.

Theorem 2. The controlled error system (7) is exponentially
stable; if for given scalars ε > 0, α > 0, and β > 0, there exist
n × n positive definite matrices U > 0 and M > 0, invertible
matrices H and Y, and 2n × 2n-real matrices Q1 > 0, Q2 > 0,
R1 > 0, R2 > 0, Z > 0, and Gj j = 1,2,3,4,5,6,7,8,9,10,11 such
that the (14) and the following conditions hold.

M1 < 0, 44

M2 < 0, 45

Z =
M I

I U
> 0, 46

where

M1 =

Σ11 e−2aτR1 Σ13 Φ1 Φ2 τΦT
0 σΦT

0

⋆ Σ22 0 0 0 0 0

⋆ ⋆ Σ33 0 0 0 0
⋆ ⋆ ⋆ −S 0 τΦT

1 σΦT
1

⋆ ⋆ ⋆ ⋆ −W τΦT
2 σΦT

2

⋆ ⋆ ⋆ ⋆ ⋆ Σ66 0

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ Σ77

,

M2 =

ϒ11 e−2aτR1 ϒ13 Φ1 Φ2 τΦT
0 σΦT

0

⋆ Σ22 0 0 0 0 0

⋆ ⋆ Σ33 0 0 0 0
⋆ ⋆ ⋆ −S 0 τΦT

1 σΦT
1

⋆ ⋆ ⋆ ⋆ −W τΦT
2 σΦT

2

⋆ ⋆ ⋆ ⋆ ⋆ Σ66 0

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ Σ77

,

47
where

Σ11 =Φ0 +ΦT
0 + 2αZ +Q1 +Q2 − e−2ατR1 − e−2ασR2 + L

f
,

Σ13 =Φ3 + e−2ασR2,

Σ22 = −e−2ατQ1 − e−2ατR1 + L
g
,

Σ33 = −e−2ασQ2 − e−2ασR2,

Σ66 = ε2R1 − 2εZ,

Σ77 = ε2R2 − 2εZ,

ϒ11 =Φ4 +ΦT
4 − 2βZ +Q1 +Q2 − e−2ατR1 − e−2ασR2 + L

f
,

ϒ13 =Φ5 + e−2ασR2,

Φ0 =
−AM + BG2 −A + BG1C

G4 −UA +G3C
,

Φ1 =
D 0
UD 0

,

Φ2 =
E 0
UE 0

,

Φ3 =
BG5 0
G7 G6C

,

Φ4 =
−AM −A

G9 −UA +G8C
,

Φ5 =
0 0
G11 G10C

,

L
f
=

0 0
0 Lf S11L

f
,

L
g
=

0 0
0 LgW11L

g
48

Moreover, the delayed aperiodically intermittent dynamic
output feedback controller (5) is

D1
l =G1,

G1
l = G2 −G1CM YT −1,

B1
l =H−1 G3 −UBG1 ,

A1
l = G4 +UAM −G3CM −UB G2 −G1CM YT −1,

F1
l =G5 YT −1,

E1
l =H−1G6,

H1
l =H−1 G7 − G6CM −UBG5 YT −1,

B2
l =H−1G8,

A2
l =H−1 G9 +UAM −G8CM YT −1,

E2
l =H−1G10,

H2
l =H−1 G11 −G10CM YT −1

49
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Proof 2. Let P and its inverse as

P =
U H

⋆ V
,

P−1 =
M Y

⋆ W

50

From PP−1 = I, we get

UM +HYT = I,HTM +VYT = 0 51

Set

J1 =
M I

YT 0
,

J2 =
I U

0 HT

52

Then, we have

PJ1 = J2,
JT1 PJ1 = JT1 J2

53

Denote

J = diag J1, J1, J1, I, I, J2, J2 , 54

and

G1 =D1
l ,

G2 =G1CM +G1
l Y

T ,
G3 =UBG1 +HB1

l ,
G4 = −UAM +G3CM +UB G2 −G1CM +HA1

l Y
T ,

G5 = F1
l Y

T ,
G6 =HE1

l ,
G7 =G6CM +UBG5 +HH1

l Y
T ,

G8 =HB2
l ,

G9 = −UAM + G8CM +HA2
l Y

T ,
G10 =HE2

l ,
G11 =G10CM +HH2

l Y
T

55

Based on the concept of congruence transformation, the
inequality (12) by premultiplying and postmultiplying the
matrix JT and J, respectively, is equivalent to

M1 =

Σ11 e−2aτR1 Σ13 Φ1 Φ2 τΦT
0 σΦT

0

⋆ Σ22 0 0 0 0 0

⋆ ⋆ Σ33 0 0 0 0

⋆ ⋆ ⋆ −S 0 τΦT
1 σΦT

1

⋆ ⋆ ⋆ ⋆ −W τΦT
2 σΦT

2

⋆ ⋆ ⋆ ⋆ ⋆ Σ66 0

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ Σ77
< 0,

56

where

Σ11 =Φ0 +ΦT
0 + 2αZ +Q1 +Q2 − e−2ατR1 − e−2ασR2 + L

f ,

Σ22 = −e−2ατQ1 − e−2ατR1 + L
g,

Σ66 = −ZR−1
1 Z,

Σ77 = −ZR−1
2 Z,

Q1 = JT1Q1 J1,
Q2 = JT1Q2 J1,
R1 = JT1 R1 J1,
R2 = JT1 R2 J1,

L
f = JT1 L

f J1 =
MLf S11L

fM MLf S11L
f

Lf S11L
fM Lf S11L

f
,

L
g = JT1 L

gJ1 =
MLgW11L

gM MLgW11L
g

LgW11L
gM LgW11L

g

57

Similarly, the inequality (13) is equivalent to

M2 =

ϒ11 e−2aτR1 ϒ13 Φ1 Φ2 τΦT
0 σΦT

0

⋆ Σ22 0 0 0 0 0

⋆ ⋆ Σ33 0 0 0 0

⋆ ⋆ ⋆ −S 0 τΦT
1 σΦT

1

⋆ ⋆ ⋆ ⋆ −W τΦT
2 σΦT

2

⋆ ⋆ ⋆ ⋆ ⋆ Σ66 0

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ Σ77
< 0,

58
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where

ϒ11 =Φ4 +ΦT
4 − 2βZ +Q1 +Q2 − e−2ατR1 − e−2ασR2 + L

f

59

After elementary transformation, we have

MLf S11L
fM MLf S11L

f

Lf S11L
fM Lf S11L

f
⇔

0 0
0 Lf S11L

f
,

MLgW11L
gM MLgW11L

g

LgW11L
gM LgW11L

g
⇔

0 0
0 LgW11L

g

60

For ε > 0, Z > 0, and R
−1 > 0, from εR − Z R

−1
εR − Z

≥ 0, we can conclude that

−ZR−1
Z ≤ ε2R − 2εZ 61

It results that (56)⇔ (44) and (58)⇔ (45). Therefore,
all the conditions in Theorem 2 are satisfied. The proof
is completed.

Remark 4. In Theorem 2, the delayed aperiodically intermit-
tent dynamic output feedback control gain matrices are
obtained by using the partition matrix method and elemen-
tary transformation of matrix. In particular, the partition
matrix method provides a power tool to solve the problem
of coupling between matrices. In addition, to linearize matrix
inequalities, we use the matrix inequality (61), which guaran-
tees the feasibility and effectiveness of the resulting criteria in
terms of LMIs.

4. Numerical Examples

In this section, a numerical example and its numerical
simulations are given to demonstrate the effectiveness and
applicability of our exponential synchronization results.

Example 1. Consider the system (1) with τ = 1, ν t = 0 ; 0 ,
f s = g s = tanh s . The parameter matrices A, D, E, B,
and C are given as follows:

A =
1 0
0 1

,

D =
2 −0 1
−5 0 75

,

E =
0 15 0 1
0 0 3

,

B = 0
1 ,

C = 1 1

62

Select the parameters as α = β = 0 5, ε = 10, and σ = 0 5.
Figure 2 gives the intermittent control time sequence tk,
k ∈ℤ+, satisfy

t7k − t7k−1 = 0 25,
t7k−1 − t7k−2 = 0 75,
t7k−2 − t7k−3 = 0 125,
t7k−3 − t7k−4 = 0 375,
t7k−4 − t7k−5 = 0 0625,
t7k−5 − t7k−6 = 0 1875

63

In this case, η = 0 75 and Lf = Lg = diag 1, 1 . It is easy to
check that all conditions in Theorem 2 are true by using the
LMI toolbox in MATLAB; then, the error system (7) is
globally exponentially stable with the delayed aperiodically
intermittent dynamic output feedback controller (5), that is,
master system (1) can be exponentially synchronized with
slave system (3), see Figure 3(a), and gain matrices in the
desired controller (5) are derived as follows:

A1
l =

−2 3640 13 8168
0 5032 −9 9442

,

A2
l =

−1 1632 0 9059
1 0294 −15 3119

,

H1
l =

−0 0761 1 0425
−0 0203 0 2915

,

H2
l =

−0 0095 0 0702
0 0022 −0 0224

,

B1
l =

69 2056
−28 5133

,

B2
l =

5 9345
−54 3737

,

0 1.75 3.5 5.25 7
0

1

Figure 2: The intermittent control time sequence in Example 1.
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E1
l =

0 4433
0 0761

,

E2
l =

0 3896
−0 1311

,

G1
l = 0 0748 −0 5794 ,

D1
l = −3 6757,

F1
l = 0 0053 −0 0817 64

Under the same conditions, if there is no control input
u t , in this case, Figure 3(b) tells us that the error system
(7) is unstable and it shows the effectiveness of the desired
controller (5).

5. Conclusion

In present paper, we have designed a new flexible feedback
control method in complex environment: aperiodically inter-
mittent dynamic output feedback control for exponential
synchronization of neural networks by constructing suitable
Lyapunov-Krasovskii functionals and applying the piecewise
analytic method and LMI technique. In particular, we have
fully considered the time delay when designing the control-
ler, which can ensure that the obtained results have better
application and less conservatism. Finally, an example is
finally presented to show the effectiveness of obtained
theoretical results. A possible application of the aperiodically
intermittent dynamic output feedback control method in lag
synchronization and finite-time synchronization of complex
networks is expected to be discussed in the future.
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An adaptive control strategy based on a fuzzy logic system by introducing a nonzero time-varying parameter is studied for an n-link
manipulator system with the condition of a complex environment. At the beginning, a universal approximator with a one time-
varying parameter is proposed based on the analysis of the fuzzy logic system, which is utilized to equalize uncertainties in robot
manipulators with time-varying output constraints. The novel design method is used to reduce greatly the online learning
computation burden compared with traditional fuzzy adaptive control. The output and the position of robotic manipulators are
constrained with time-varying, a good tracking performance can be guaranteed with the condition of unknown dynamics of
robot manipulators, and the violation of constraints can be conquered by the analysis based on the barrier Lyapunov function.
A switching adaptive control is proposed to extend the semiglobal stability to global stability. Effectiveness of the approach is
demonstrated by simulation results.

1. Introduction

In recent decades, more challenges in an intelligent controller
design or learning algorithms are urgent to be developed for
the growing different applications in engineering environ-
ments. Intelligent technologies for manifold aims as a hot
topic research and development emerged in many different
regions or fields, like robotics and automation [1, 2],
manufacturing [3], process industries [4], and so on.
Accordingly, the intelligent control has become a formida-
ble problem owing to the different environment in complex
systems. Especially in various sophisticated scenarios, intel-
ligent control is a challenging issue because of the various
changes of the target object or other complicated phenom-
enon. In [5], an intelligent shared control system combined
with human-computer interaction and a brain computer
interface was developed. Based on a spatiotemporal context
learning algorithm, good tracking performance can be
achieved for various challenging environments in [6].
Under the condition of a sophisticated environment, a cou-
pling interface proposed to learn human adaptive skills in
[7]. Extreme learning machine (ELM) was employed to

compensate for the uncertain nonlinearities of manipulator
systems or be used to the robot teaching systems such that
satisfactory performance can be achieved in [8, 9].

Adaptive technologies play a pivotal role in dealing with
controlled systems in various complex environments and
received more favor by scholars. Uncertain nonlinearities or
unknown models commonly existed in systems with many
complex environments; thus, fuzzy logic systems (FLSs) or
neural networks (NNs) are employed to tackle with the per-
formance indicators of the systems. Especially, FLSs and
NNs are universal approximators [10–14], which can be used
to approximate unknown terms by combining with an adap-
tive algorithm technique. In [15], a novel teleoperation con-
trol combining with NNs and wave variable is proposed to
guarantee the stability of the closed-loop systems. For the
unknown parameters of robotic systems, adaptive estimation
design methods are developed in [16, 17]. For uncertain mul-
tiagent systems, adaptive NN synchronization controls by
using the information of the neighboring agents are estab-
lished in [18]. A new idea of finite-time quantized feedback
control with NNs is addressed for quantized nonlinear sys-
tems with unknown states in [19]. Tracking controllers with
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prescribed performance are constructed for dynamical non-
linear systems in [20–23]. A variety of different forms of con-
trol technologies are designed for robot manipulators with
unknown dynamics based on NNs or FLSs, like output feed-
back control [24–27], robust position control [28], decentra-
lized control [29, 30], and so on. Nevertheless, it should be
noted that the problem of constraint control was not consid-
ered in these literatures.

A barrier function as a useful tool was firstly proposed to
protect the boundary on the feasible region in [31, 32], and
this pioneer work induced many excellent research results
in preventing constraint violation. For example, constant
output constraint can be ensured by the analysis of the bar-
rier Lyapunov function (BLF) in [33–35]. An adaptive neural
tracking controller is designed by the stability of the integral
barrier Lyapunov functions for robot manipulators in [36].
Adaptive fuzzy output controllers united in wedlock back-
stepping are also be proposed in [37–41]. Adaptive controls
by employing the BLF are developed for a class of nonlinear
systems with full-state constraints in [40, 41]. However, it
should be pointed out that the output constraint is assumed
to be a constant value in these references [33–41], and thus,
these methods will be invalided for time-varying output
constraints.

In many special complex work environments, varying
constraints are necessary to be taken into account for meet-
ing specific predefined targets, so how to exploit some nov-
elty controls is essential. In [42], an asymmetric bimanual
coordinate control based on a novel BLF with the position
and velocity constraints in tasks is developed, which can be
used to make the robot behavior adaptive and flexible to
detect human operator motion. In [11], time-varying
constraints are considered, and an adaptive neural network
control of robot manipulators is designed to satisfy the
tracking performance. It should be needed to point out that
these above-mentioned NN or FLS control methods only
have been guaranteed for semiglobal uniformly ultimately
bounded (SGUUB) because the approximation holds only
on a certain compact domain; wherefore, the range of the
domain must be ensured such that approximation accuracies
can be obtained. However, it is impossible that the accurate
domain can be chosen precisely in advance, especially in
some complicated systems such as multiple input multiple
output (MIMO) systems; hence, it is worth to exploit NN
or FLS control that can be achieved by global uniformly ulti-
mately bounded (GUUB). In [43], the GUUB stability can be
ensured, but output constraint was not considered in the sys-
tems. A global adaptive NN control with presetting tracking
performance is designed for a class hypersonic flight vehicle
in [44]. A switching adaptive NN controller was projected
for the GUUB stability of bimanual robot systems in [45],
and tailored transient performances can be achieved at the
same time. Nevertheless, these global controllers are the main
focus on the approximation of NNs to equalize the unknown
nonlinearities or dynamic model in systems. From the view-
point of engineering, FLSs have advantages of high interpret-
ability of rich expert experiences over NNs, so it is important
to design a fuzzy adaptive control of the GUUB stability in
practical engineering.

Inspired by the above descriptions, we attempt to solve
these problems by using FLSs with abundant experiences or
languages of experts in this paper. A fuzzy adaptive control
based on the BLF technique is proposed for an unknown
robot manipulator with time-varying constraints. The stabil-
ity of GUUB can be guaranteed for the closed-loop system by
introducing switching mechanism. The main advantages of
this design method are as follows:

(1) A nonzero time-varying parameter is introduced in
FLSs, and a fuzzy adaptive controller is designed to
get the good tracking performance with time-varying
output constraint.

(2) All the signals can be guaranteed GUUB in the
closed-loop robot manipulator.

2. System Descriptions and Preliminaries

2.1. Descriptions and Assumptions of Robot Manipulators.
The n-link robot manipulator is considered as the following
dynamical equation:

M q q + C q, q q +G q = τ t − JT q f t , 1

where q ∈ Rn×1 denotes the joint angular positions, q ∈ Rn×1 is
the velocity, and q ∈ Rn×1 denotes acceleration vectors; M q
∈ Rn×n is a symmetric positive known inertia matrix, C q, q
∈ Rn×n denotes the centripetal and Coriolis force vector,
G q ∈ Rn×1 denotes the gravity vector, τ t ∈ Rn×1 represents
the input torque, J q is the unknown reversible Jacobian
matrix, and f t denotes the constrained force, which sat-
isfies f t ≤ f for t > 0, f > 0 is a known constant.

In this paper, we assume the position of system (1) to be
constrained in a time-varying compact set as

hch t ≤ q ≤ hc t , ∀t ≥ 0, 2

where hc t = hc1 , hc2 ,… , hcn
T and hc t = hc1 t , hc2 t ,

… , hcn t T with hci t > hci t , ∀t ∈ R+, i = 1,… , n.
If q = x1 = x11, x12,… , x1n T and q = x2 = x21, x22, … ,

x2n
T , then the dynamical system (1) can be transformed into

following dynamical equation:

x1 = x2,
x2 =M−1 x1 τ − JT x1 f − C x1, x2 x2 − G x1 ,
y = x1

3

For a given reference signal vector yd = yd1 , yd2 ,… , ydn
T ,

the control aim is to design a fuzzy adaptive controller such
that the output y = x1 = q1, q2,… , qn

T tracks this ideal ref-
erence signal vector with small errors, and all the signals in
the closed-loop robot manipulators (1) are all be bounded.
Meanwhile, the time-varying constrains must be guaranteed
without damage.

Assumption 1. Unknown function vector Δ X = Δ1 X ,
… , Δn X T on the compact set U and Δi satisfies the
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Lipschitz condition with coefficient li which satisfies
Δi X1 − Δi X2 ≤ li X1 − X2 .

Assumption 2 [11]. There exist constants Hcij and Hcij satis-

fying that h
j
ci ≤Hcij and h j

ci ≥Hcij, j = 0, 1,… , n, ∀t > 0.

Assumption 3 [11]. There exist two function vectors X0
t < hc and X0 > hc, ∀t > 0 and exist positive constants Xi

which satisfies y i
d ≤ Xi and X0 t ≤ yd t ≤X0 t .

Define

hai t = ydi t − hci t ,

hbi t = hci t − ydi t
4

If Assumptions 2 and 3 are hold, then there exist some
positive constants hbi, hbi, hai, and hai, which can make the
following inequalities true:

hαi t ≤ hαi t ≤ hai t ,
hbi t ≤ hbi t ≤ hbi t

5

The tracking error vector is defined as z1 = z11, z11, … ,
z1n

T = x11 − yd1, x12 − yd2,… , x1n − ydn
T and z2 = z21, z22,

… , z2n T = x21 − β11, x22 − β12,… , x2n − β1n
T . We intro-

duce the following error coordinates that will be used in the
procedure of the control design:

ζai =
z1i
hai

,

ζbi =
z1i
hbi

,

ζi = pi z1i ζbi + 1 − pi z1i ζai,

6

where

pi z1i =
1, z1i > 0,
0, z1i ≤ 0

7

The following Lemmas 1 and 2 are introduced.

Lemma 1 [11]. For a given ζi < 1 and any integer r > 0, then
log 1/ 1 − ζ2ri < ζ2ri / 1 − ζ2ri is hold.

Lemma 2 [11]. If −hai t < z1i t < hbi t , then ζi t < 1 can
be obtained.

2.2. Descriptions of Fuzzy Logic Systems. The following
Mamdani type FLS with q fuzzy rules and the kth rule is to
be considered:

If x1 is A
k
1, x2 is A

k
2, ⋯, and xn is A

k
n, then

y = Bk, k = 1, 2,… , q, 8

where Ak
h and Bk denote fuzzy sets. Ak

h xh h = 1, 2,… , n is
the membership function of xh. Now, a nonzero time-varying

parameter ρ = ρ t is introduced in the fuzzy rule (8).
According to the defuzzification in [12], the output of the
fuzzy logic system (8) can be written as

y = 〠q
k=1y

k∏n
h=1A

k
h xh/ρ

〠q
k=1∏

n
h=1A

k
h xh/ρ

, 9

where yk =maxyk∈RμBk yk . On a given compact set, we know
that the FLS (8) can be utilized to approximate any given
uncertain continuous function with any degree of accuracy.
Therefore, based on this property of universal approxima-
tion, Lemma 3 can be easily obtained.

Lemma 3. If the uncertain continuous nonlinear function
Δi X satisfies the Lipschitz condition with coefficient li and
existing FLSs Fi X make supX∈U Δi X − Fi X ≤ εi, where
U = X ∣ X ≤ α ρ and εi is the approximate error, then
the following inequality is hold:

sup
X∈U

Δi X − Fi
X
ρ

≤ liα ρ − 1 + εi 10

Proof. In terms of Δi X , it satisfies the Lipschitz condition
with coefficient li, such that Δi X − Δi X/ρ ≤ li X − X/
ρ . If X ∈ X ∣ X ≤ α ρ is true, then the following result
is also true:

Δi X − Fi
X
ρ

≤ Δi X − Δi
X
ρ

+ Δi
X
ρ

− Fi
X
ρ

≤ liα ρ − 1 + εi

11

This completed the proof for Lemma 1.

Let F X = F1 X ,… , Fn X T ; supX∈U Δ X − F X
≤ ∑n

i=1ε
2
i ≜ ε is easily obtain. From Assumption 1, we

define supX∈U l1,… , ln ≤ ∑n
i=1l

2
i ≜ L. The values of ε

and L are all unknown in this paper, so we introduce ε = ε t
and L̂ = L̂ t to denote the estimation of ε and L, respectively.
ε = ε − ε and L = L̂ − L denote the estimate error.

3. Fuzzy Adaptive Control Design

In this section, the fuzzy adaptive controller is designed based
on backstepping technology and the asymmetric BLF.

From, an asymmetric TVBLF in [11], the following
is considered:

V1 =
1
2r〠

n

i=1
pi z1i log h2rbi t

h2rbi t − z2r1i

+ 1
2r〠

n

i=1
1 − pi z1i log h2rai t

h2rai t − z2r1i
,

12

where r ≥ 1 is an integer of differentiability of β1i i = 1, 2,
… , n . We know that V1 is continuously differentiable on
the set ζi < 1; then
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V1 = 〠
n

i=1

piζ
2r−1
bi

hbi 1 − ζ2rbi
z1i − z1i

hbi
hbi

+ 〠
n

i=1

1 − pi ζ
2r−1
ai

hai 1 − ζ2rai
z1i − z1i

hai
hai

13

Since z1i = x1i − ydi = z2i + β1i − ydi, (13) canbe rewritten as

V = 〠
n

i=1

piζ
2r−1
bi

hbi 1 − ζ2rbi
z2i + β1i − ydi − z1i

hai
hai

+ 〠
n

i=1

1 − pi ζ
2r−1
ai

hai 1 − ζ2rai
z2i + β1i − ydi − z1i

hai
hai

14

Choose β1 = − K1 + K1 t z1 + yd , and

K1 =

k11 0 ⋯ 0
0 k12 ⋯ 0
⋮ ⋮ ⋱ ⋮

0 0 ⋯ k1n

,

K1 =

k11 0 ⋯ 0
0 k12 ⋯ 0
⋮ ⋮ ⋱ ⋮

0 0 ⋯ k1n

,

15

with k1i t = hai/hai
2 + hai/hai

2 + oi; positive parame-
ters k1i and oi are to be given suitable positive constants by
the designer.

Based on (6), (14) becomes

V1 = 〠
n

i=1
σiz

2r−1
1i z2i − 〠

n

i=1

ζ2ri
1 − ζ2ri

k1i + k1i + p1i
hbi
hbi

+ 1 − p1i
hai
hai

,

16

where σi = p1i/ h2rbi − z2r1i + 1 − p1i/ h2rai − z2r2i , because
k1i + p1i hbi/hbi + 1 − p1i hai/hai ≥ 0; then we have

V1 = −〠
n

i=1

k1iζ
2r
i

1 − ζ2ri
+ 〠

n

i=1
σiz

2r−1
1i z2i 17

Theorem 1. Consider the robot system described by (1) under
Assumptions 1–3, with the condition of z2 > α ρ . The
following control scheme design as shown in (18) can make

sure that the state vector X = xT1 , xT2 , βT , βT , L, ε
T
reaches

the sliding model surface s as shown in (19) in limited
time period.

τ = 0, 0,… , 0 T
1×n,

ρ = 1
α2ρ

λ + 〠
n

i=1
σi z1i

2r−1 z2i + Δ M−1 z2 ,

L̂ = 0,
ε = 0,

18

where the parameters λ and α are known positive constants.

Proof. Since z2 > α ρ and X ≥ z2 ≥ α ρ is satisfied,
open control is adopted with this condition; choose the slid-
ing model surface as

s = s xT1 , xT2 , βT , βT , L, ε
T

= V1 +
1
2 z

T
2 z2 −

1
2 α

2ρ2 + 1
2μ1

L
2 + 1

2θ1
ε2

19

Define the positive function V = 1/2 s2, and according
to (17) and (18), the derivative of V can be obtained as

V = s −〠
n

i=1

k1iζ
2r
i

1 − ζ2ri
+ 〠

n

i=1
σiz

2r−1
1r z2i

+ zT2 M−1 x1 τ − JT x1 f − C x1, x2 x2 −G x1 − β

− α2ρρ + μ1
−1LL̂ + θ−11 εε

20

We denote the function vector Δ X = JT x1 f + C x1,
x2 x2 + G x1 +M x1 β and satisfy Assumption 1; we have

V ≤ s −〠
n

i=1

k1iζ
2r
i

ζ2ri
+ 〠

n

i=1
σnz

2r−1
1n z2n + Δ M−1 ⋅ z2 − β

− α2ρρ + μ−11 LL̂ + θ−11 εε ≤ −s 〠
n

i=1

k1iζ
2r
i

1 − ζ2ri
+ λ < 0

21
According to [46], (21) means that Theorem 1 can be

guaranteed.

Theorem 2. If Assumptions 1–3 are hold and z2 ≤ α ρ can
be satisfied, then the proposed fuzzy adaptive control (22) can
make the tracking errors converge to a small zero field. All the
signals in the closed-loop system can be ensured to be uni-
formly ultimately bounded.

τ = −M x1 K2z2 + Γ + F
X
ρ

,

ρ = 1
2 γ1ρ − δ1α M−1 L̂α 1 − ρ + ε sign ρ ,

L̂ = −γ2L̂ + μ2α
2 ρ ⋅ 1 − ρ ⋅ M−1 ,

ε = −γ3ε + θ2α ρ ⋅ M−1 ,

22

where
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K2 = diag k21, k22,… , k2n ,

sign ρ =
1, ρ > 0,
−1, ρ ≤ 0,

F
X
ρ

= F1
X
ρ

, F2
X
ρ

,… , Fn
X
ρ

T

,

Γ = σ1z
2r−1
11 z21, σ2z

2r−1
12 z22,… σiz

2r−1
1i z2i

T

23

The parameters γ1, γ2, γ3, δ1, µ2, and θ2 are positive constants
proposed by the designer.

Proof. Because of z2 ≤ α ρ and X ≥ z2 , so if X > α
ρ is satisfied, the control scheme will go back to Theorem
1. But if X > α ρ , we consider the following candidate Lya-
punov function:

V2 =V1 +
1
2 z

T
2 z2 24

In differentiation V2, then

V2 =V1 + zT2 z2 25

We know z2 = x2 − β1 =M−1 x1 τ − Δ , with β1 = β11, β12,
… , β1n

T and β1i = ∂β1i/∂x1i x2i +∑1
k=0∂β1i/∂ξ

k+1
i ξi = ydi,

hai, hbi T , so the following inequality is true:

V2 = −〠
n

i=1

k1iζ
2r
i

1 − ζ2ri
+ 〠

n

i=1
σiz

2r−1
1i z2i + zT2M

−1 x1 τ − Δ 26

Due to the function vector Δ = Δ1, Δ2,… Δn
T which is

unknown, so the approximation of the fuzzy logic systems
(9) can be used to deal with the unknown function; then

V2 ≤ −〠
n

i=1

k1iζ
2r
i

1 − ζ2ri
− zT2K2z2 + z2M

−1 x1 F
X
ρ

− Δ

≤ −〠
n

i=1

k1iζ
2r
i

1 − ζ2ri
− 〠

n

i=1
z2ik2iz2i + z2 M−1 ⋅ F

X
ρ

− Δ

≤ −〠
n

i=1

k1iζ
2r
i

1 − ζ2ri
− 〠

n

i=1
z2ik2iz2i + α ρ · M−1 αL 1 − ρ + ε

27

Define the candidate Lyapunov function.

V3 =V2 +
1
2δ1

ρ2 + 1
2μ2

L
2 + 1

2θ2
ε2 28

Then the derivative of V3 yields

V3 =V2 + δ−11 ρρ + μ−12 LL̂ + θ−11 εε ≤ −〠
n

i=1

k1iζ
2r
i

1 − ζ2ri

− 〠
n

i=1
z2ik2iz2i + δ−11 ρρ + α ρ ⋅ M−1 αL̂ 1 − ρ + ε

+ μ−12 LL̂ − α2L ρ ⋅ 1 − ρ ⋅ M−1

+ θ−12 εε − α ρ ⋅ M−1 ε = −〠
n

i=1

k1iζ
2r
i

1 − ζ2ri

− 〠
n

i=1
z2ik2iz2i −

γ1
2δ1

ρ2 −
γ2
μ2

LL̂ −
γ3
θ2

εε

29

The following inequality is true:

−
γ2
μ2

LL̂ = −
γ2
μ2

L
2 −

γ2
μ2

LL ≤ −
γ2
2μ2

L
2 + γ2

2μ2
L2 30

Similarly,

−
γ3
θ2

εε = −
γ3
θ2

ε2 −
γ3
θ2

εε ≤ −
γ3
2θ2

ε2 + γ3
2θ2

ε2 31

Substituting (30) and (31) into (29), it follows that

V3 = −〠
n

i=1
k1i log

1
1 − ζ2ri

− 〠
n

i=1
z2ik2iz2i −

γ1
2δ1

ρ2 −
γ2
2μ2

L
2

−
γ3
2θ2

ε2 + γ2
2μ2

L2 + γ3
2θ2

ε2

32

Denote ϖ =min 2rk1i, 2k2i, γ1/δ1 , γ2/μ2 , γ3/θ2
and υ = γ2/2μ2 L2 + γ3/2θ2 ε2; inequality (32) becomes

V3 ≤ −ϖV3 + υ 33

Multiplying eϖt on both sides in (33), then

d
dt

V3e
ϖt ≤ υeϖt 34

Integrating both sides of (34) over 0, t , get

0 ≤ V3 ≤ V3 −
υ

ϖ
e−ϖt + υ

ϖ
35

From (12), (24), and (28), we have

1
2r log 1

1 − ζ2ri
≤V3 t ≤V3 0 , 36

in which V3 0 = 1/2r∑n
i=1log 1/ 1 − ζ2ri 0 + 1/2 z2

0 2 + 1/2δ2 ρ2 0 + 1/2μ2 L
2 0 + 1/2θ2 ε2 0 +

υ/ϖ . We know that ζ2ri ≤ 1 − e−2rV3 0 and ζi ≤ 1 −
e−2rV3 0 1/2r .

Based on (6), then

−Qi t ≤ z1i t ≤Qi t , 37
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where Qi t = hai t 1 − e−2rV3 0 1/2r
and Qi t = hbi t

1 − e−2rV3 0 1/2r
.

From Assumptions 2 and 3, we know that hc 0 < y 0
< hc 0 , and according to hai and hbi, then −hai 0 < zi 0
< hbi 0 , which is equal to ζi 0 < 1. Based on Lemma 2,
ζi t < 1 can be ensured, and −hai t < z1i t < hbi t is hold.
Because x1i = z1i + ydi, so it gets

ydi t − hai t < x1i t < hbi t + ydi t 38

Finally, hc t ≤ y t ≤ hc t ∀t ≥ 0 , so the output signal
can not be violated.

We know that the virtual control β1i is bounded, from

(35) and (36); z2 ≤ 2V3 0 1/2 obtained. Since z2 = x2 −
β1, then x2 is also bounded. From the updated law in (22),
the parameters ρ, L̂ and ε are all bounded. This is the proof
procedure of Theorem 2.

Based on the analysis of Theorem 1 and Theorem 2, we
can draw the following Theorem 3 about global stability.

Theorem 3. For the robot manipulator (1) with Assumptions
1–3 and with the initial output, hc 0 < y 0 < hc 0 . When
the tracking run out of the domain U = X ∣ X ≤ α ρ ,
the updated laws in control (18) will pull the states back to
the sliding surface s, and then the proposed switching controls
(18) and (22) can guarantee that all the signals in the closed-
loop systems are to be GUUB, and all the tracking errors z1i
will went to a small field Φz1i

= z1i ∣ −Qi t ≤ z1i t ≤Qi t
in a finite time.

Remark 1. According to the analysis in Theorem 3, we know
that the approximation accuracies only updated the online
time-varying parameter in a fuzzy logic system, which broke
the limitation of exponential growth with the linguistic vari-
ables in traditional fuzzy rules such as [24, 27, 28, 33]. This
advantage can make designers focus on his/her energy to
convey information from human experience to controller
action in a complex environment and neglect the computa-
tional burden because of the adaptive laws independent with
fuzzy rules.

4. Simulation Example

In order to illustrate the fuzzy adaptive controller design, a
robot manipulator in [11] with 2-DOF is considered, and

the output variable is q = q1, q2
T = x11, x12 T . The dynamic

robot system can be written as (1) with

M q =
m11 m12

m21 m22
,

 m11 =m1l
2
r1 +m2 l21 + l2r2 + 2l1lr2 cos q2 + I1 + I2,

m12 =m21 =m2 l2r2 + l1lr2 cos q2 + I2,
m22 =m2l

2
r2 + I2,

C q, q =
c11 c12

c21 c22
,

 c11 = −m2l1lr2q2 sin q2 ,
c12 = −m2l1lr2 q1 + q2 sin q2 ,
c21 =m2l1lr2q1 sin q2 ,
c22 = 0,

G q = g11, g21 T ,
 g11 = m1lr2 +m2l1 g cos q1 +m2lr2g cos q1 + q2 ,
g21 = −m2lr2g cos q1 + q2

39

The Jacobian matrix can be chosen as

J q =
J11 J12

J21 J22
,

 J11 = − l1 sin q1 + l2 sin q1 + q2 ,
J12 = −l2 sin q1 + q2 ,
J21 = l1 cos q1 + l2 cos q1 + q2 ,
J22 = l2 cos q1 + q2

40

We know that the order of the system is q = 2. The
parameters are given as m1 = 2 kg, m2 = 0 85 kg, lr1 = 0 175
m, l1 = 0 35 m, lr2 = 0 155 m, l2 = 0 31 m, l1 = 0 06125 kgm2,
l2 = 0 02042 kgm2, and g = 9 8 m/s2. The initial state
vectors are selected as x1 0 = 0, 2 T and x2 0 = 0, 0 T .
The reference trajectory was provided as yd = sin 0 5t ,
2 cos 0 5t T . Initial values of updated laws are given
as ρ 0 = 0 5, L̂ 0 = 0 3, and ε 0 = 0 9, and the parame-
ters in the controller are defined as α = 200, λ = 100,

Table 1: Fuzzy rules of the FLS F1 X .

kth rule x11 x12 x21 x22 Δ1
1 NB PB PS NS PB

2 PM NS PB NM NM

3 NS PM NB PB PM

4 PB PM NS NB PS

5 PS PB NB PM NS

6 NS PS PB PN NB

Table 2: Fuzzy rules of the FLS F2 X .

kth rule x11 x12 x21 x22 Δ2
1 NB NM PS PB NB

2 NM NS PS PM NM

3 PS NM PB NM NS

4 PM PB NS NB PS

5 PB PS NB NM NM

6 NS PB NM NS PB
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δ1 = 0 0005, o1 = 0 0002, o1 = 0 0003, γ1 = 0 05, γ2 = 10,
γ3 = 40, µ2 = 0 0005, and θ2 = 0 0006.

The constrained force is selected as f t = 1 83 + sin t ,
1 26 + 2 cos t T . We let variable displacement of output
constraints as hc1 ≤ q ≤ hc2, where hc1 = hc11, hc12 T =
0 2 sin 0 5t − 0 9, 0 7 cos 0 5t − 1 5 T and hc2 = hc21,
hc22

T = 0 3 + 0 8 sin 0 5t , −0 18 cos 0 5t + 2 25 T . Define
the parameters as k11 = 0 1, k12 = 0 3, k21 = 2000, and
k22 = 1500.

We choose domain U =U1 ×U2 ×U3 ×U4 = −200,
200 × −200, 200 × −200, 200 × −200, 200 , and fuzzy

linguistic variables selected as negative big (NB), negative
middle (NM), negative small (NS), positive small (PS), pos-
itive middle (PM), and positive big (PB) with the fuzzy
membership functions are defined as i = 1, 2 ; j = 1, 2 :

μNB =
1

1 + e xji+200
,

μNM = 1
1 + e xji+100

,

μNS =
1

1 + e xji+0 1
,

μPS
1

1 + e xji−0 1
,

μPM = 1
1 + e xji−100

,

μPB =
1

1 + e xji−200

41

The fuzzy logic system F1 X is the six rules in Table 1;
Ak
1i × Ak

2i × Ak
3i × Ak

4i → Bk
i k = 1, 2, 3, 4, 5, 6 can be used to

approximate the unknown function Δ1 xx1, xT2 , β1, β1 ;
Similarly, the F2 X can be constructed in Table 2 by

fuzzy rules Ak
1i × Ak

2i × Ak
3i × Ak

4i → Bk
i instead of the unknown

function Δ2 xT1 , xT2 , β1, β1 . The simulation results of track-
ing performance for the robot system are shown as in
Figures 1–7.

From the simulation results, Figure 1 shows the output of
the first manipulator and the desired trajectory with
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Figure 2: The time response of the output x12 of Link 2 and ideal
reference yd2 .
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Figure 1: The time response of the output x11 of Link 1 and ideal
reference yd1 .

0 5 10 15
t (sec)

20 25 30
−0.08

−0.06

−0.04

−0.02

0

Z11

(a)

0 5 10 15
t (sec)

Z12

20 25 30
−0.05

−0

0.05

0.1

(b)

Figure 3: The time response of tracking error z11 and z12.
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time-varying constraint, and Figure 2 indicates the output of
the second manipulator and the reference signal with time-
varying constraint. The tracking errors are shown in
Figure 3. The time response of velocity of the first manipula-
tor and that of the second manipulator are depicted in
Figures 4 and 5, respectively, and the speed of tracking errors
is shown in Figure 6. All the adaptive parameters of online
time response in controls (18) and (22) are shown in
Figure 7, which can be achieved GUUB successfully, and a
good tracking performance can be obtained with time-
varying constraints from these simulation results.

5. Conclusions

This paper presented a novel fuzzy adaptive switching con-
trol based on a time-varying BLF for a robot manipulator
with uncertain models; the FLSs combining with the time-
varying parameter are used to compensate for the uncertain
model system, which extended the traditional fuzzy control
that is only emphasized on approximation accuracies and
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Figure 6: The time response of tracking error z21 and z22.
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neglected the interpretability of expert language in the proce-
dure of design controllers. By introducing the time-varying
parameter in the FLS, global stability can be guaranteed by
the switching fuzzy control scheme with neglecting the out-
side or the inside of the compact domain of the universal
approximator.
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In order to detect low-flying small targets in complex sea condition effectively, we study the chaotic characteristic of sea clutter, use
joint algorithm combined complete ensemble empirical mode decomposition (CEEMD) with wavelet transform to de-noise, and
put forward a detection method for low-flying target under the sea clutter background based on Volterra filter. By CEEMD
method, sea clutter signal which contains small target can be decomposed into a series of intrinsic mode function (IMF)
components, pick out high-frequency components which contain more noise by autocorrelation function, and perform wavelet
transform on them. The de-noised components and remaining components are used to reconstruct clear signal. In view of the
chaotic characteristics of sea clutter, we use Volterra filter to establish adaptive prediction model, detect low-flying small target
hiding in sea clutter background from the prediction error, and compare the root mean square error (RMSE) before and after
de-noising to evaluate de-noising effect. Experimental results show that the joint algorithm can effectively remove noise and
reduce the RMSE by 40% at least. Volterra prediction model can directly detect low-flying small target under sea clutter
background from the prediction error in the cases of high signal-to-noise ratio (SNR). In the cases of low SNR, after de-noised
by joint algorithm, Volterra prediction model can also detect the low-flying small target clearly.

1. Introduction

The detection of low-flying small targets is the primary
problem of low-altitude identification tracking system. The
common low-flying small targets mainly contain multirotor
unmanned aerial vehicles, tethered balloons, aerial balloons,
power delta wings, and so on [1], if enemy uses smart devices
such as drones to detect sea condition in our field that may
pose a huge security threat [2]. In the current security system,
sea surveillance radars are affected by strong sea clutter
(waves, weather clutter, etc.). It is quite difficult to “ensure
discovery” and “precise position” target at a long distance
[3, 4]. In recent years, it has been found that the inner
character of sea clutter can be used to analyze the ocean state
and detect small target on sea surface or at low attitude. This
is of great theoretical significance and practical value for

the safe navigation of ships, civil sea rescue, and military
defense construction.

The basic idea of traditional detection method is to
assume that sea clutter has characteristics of stationary
random process. Scientists adopted two simulation methods
of zero memory nonlinear (ZMNL) and spherically invariant
random process (SIRP), modeled sea clutter on the basis of
stochastic statistical theory. The clutter model was normally
Gaussian distribution in the early low-resolution radar, and
amplitude distribution of sea clutter obeyed Rayleigh distri-
bution. However, when the radar worked at the small grazing
angle, the distribution of sea clutter was significantly deviated
from the Gaussian model, and the target detection perfor-
mance of the Gaussian clutter model dropped sharply.
Therefore, the distribution characteristics of sea clutter could
be described more accurately by non-Gaussian distribution
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model. The first non-Gaussian model was a logarithmic
normal distribution proposed by Trunk and George in 1970
[5]. In 1976, Schleher studied the target detection under
Weibull distribution [6]. In the same year, Jakeman and
Pusey used the K distribution model to describe sea clutter
[7]. In 1980, Sekine et al. analyzed the real sea clutter data
of l-band radar and proposed that the amplitude of sea clutter
was Log-Weibull distribution [8]. In addition, the Rician dis-
tribution was also used to describe the amplitude distribution
of sea clutter [9].

With radar, resolution and frequency were getting higher
[10]; besides, the distribution of sea clutter was normally
influenced by sea surface condition, wind speed, and wave
height. It was found that sea clutter did not satisfy the
characteristics of linear stochastic stationary processes and
the model based on statistical only approximated the proba-
bility distribution of sea clutter to some extent and did not
reflect the nonlinear dynamic characteristics of sea clutter
well. So, it was difficult for traditional methods to make accu-
rate and comprehensive analysis of complex sea clutter.
Therefore, the development of nonlinear theory introduced
new research methods for the study of sea clutter.

Due to the extreme sensitivity of surface radar echo to
initial conditions, scientists began to use chaos theory to
study the characteristics of sea clutter. Analyses and
researches of chaos time series started at the 1980s. The phase
space reconstruction proposed by Kantz and Schreiber was
mainstream approach to analyze chaotic time series [11].
According to Takens embedding theorem [12], the selection
of embedding dimension and time delay was very important
to the finite length chaotic time series, it directly decided
whether the reconfiguration phase space has the same
topology as the original system. Normally, we use autocorre-
lation function method [13] and mutual information method
[14] to determine the time delay, use GP method [15], FNN
method [16], Cao method [17] and so on and to determine
embedding dimension.

In 1990, Leung and Haykin et al. applied chaos theory to
study sea clutter for the first time [18]. They experimented
and observed the correlation dimension of sea clutter time
series and found the chaotic characteristics of sea clutter.
Subsequently, Haykin et al. analyzed the x-band radar data
of McMaster University in Canada firstly and verified the
chaotic characteristics of sea clutter by calculating the
correlation dimension, Kolmogorov entropy, and Lyapunov
exponent [19, 20]. The famous scientist Vito Volterra pro-
posed the breakthrough concept of Volterra series in the
discussion of nonlinear analytic functional; he proved that
Volterra series can approach nonlinear systems [21]. Due to
the model of Volterra series, both considered effects of linear
and nonlinear factors were widely used in nonlinear time
series prediction, echo cancellation, and system identifica-
tion. Despotovic et al. studied a variety of nonlinear Volterra
prediction models of chaotic time series [22, 23]. Subse-
quently, many scholars proposed the application of various
algorithms such as least mean square, normalized least mean
square, recursive least square, and other algorithms in the
identification of Volterra model system [24–27]. Tian and
Liu [28] analyzed the sampling signal of ocean echo in time

domain of high-frequency radar and verified that it not only
has chaotic characteristics but also has fractal characteristics.
Jiang et al. [29] of the University of National Defense and
Technology studied the chaotic characteristics of the s-band
radar sea clutter data and then used the support vector
machine to detect the weak targets in the background of
sea clutter. Then, Gismero-Menoyo et al. proposed a small
target detection method based on radon transform in the
background of sea clutter [30].

In terms of signal de-noising, in 2003, Flandrin et al.
decomposed the fractal Gaussian noise with empirical mode
decomposition method and found that the EMDmethod can
be equivalent to a narrowband filter library to filter the signal
[31]. Boudraa and Cexus de-noised signal by filtering and
reconstructing the intrinsic mode function (IMF) with differ-
ent threshold methods, respectively [32]. Kurian and Leung
estimated and detected small target signals through reconfi-
gurable dynamic characteristics and chaotic synchronization
methods [33]. The RMSE of the experiment result obviously
reduced by selecting the appropriate coupling coefficient.

In this paper, we put forward a sea clutter pretreatment
method which combined CEEMD and wavelet transform to
obtain the clear sea clutter data. By the use of reconstruction
phase space technique in chaos theory, one-dimensional sea
clutter signal is mapped to high-dimensional space. The
phase track of space point is inputted to Volterra adaptive
filter. A short-term chaotic sequence prediction model is
established. The low-flying small targets under sea clutter
background can be detected from the prediction error. The
measured sea clutter signals under different conditions are
used to verify the effect of the de-noising method combined
CEEMD and wavelet transform, test accuracy of Volterra
prediction model.

2. Target Detection Preprocessing Algorithm

The chaotic characteristics can be used to detect whether the
radar echoes of sea clutter contain the low-flying small
targets signal. While received sea clutter signal in practical
engineering is always influenced by noise, includes the
measurement noise inside the radar (quantizing noise and
receiver noise) and the dynamic noise from the undulating
sea surface. Therefore, de-noising is the primary problem
before the study of intrinsic physical properties of sea clutter
and detect small target signals.

In the pretreatment of nonlinear non-stationary sea
clutter signal, we use joint algorithm combined CEEMD with
wavelet transform to de-noise. CEEMD algorithm [34] uses
the zero mean characteristic of white noise, improves the
EMD algorithm [35] by adding positive and negative relative
white noise, solves the problem of modal aliasing and energy
leakage occurred when using EMD method to process
nonstationary nonlinear signal. Wavelet transform has the
specialty of multi-scale, low entropy and decorrelation. It is
good at removing random noise and has become a conven-
tional method in signal processing [36]. The multiscale
feature of wavelet transform make it has strong local recogni-
tion ability. Sea clutter signal can be decomposed into differ-
ent frequency bands by wavelet transform, each frequency
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band does not overlap, and the frequency bands of decompo-
sition correspond to all frequencies of the original signal.

If only use CEEMD, the high-frequency components are
directly filtered, which will lead to the loss of effective infor-
mation containing in the high-frequency components. The
wavelet transform also may filter out useful signal with small
amplitude in the process of noise cancellation in wavelet
domain. In this paper, we combine CEEMD and wavelet
transform to solve above problems. The implementation
steps of the joint algorithm are as follows:

(1) Perform wavelet transform on original sea clutter
signal to get a suitable threshold.

(2) Adding n groups of auxiliary white noise in positive
and negative pairs to the original signal:

M1

M2
=

1 1
1 −1

S

N
1

In the above equation, S is original sea clutter signal,
N is auxiliary noise; andM1 andM2 are the synthesis
signals after adding positive and negative pairs of
noise, so the number of signals in the set is 2n.
Through decomposition of each signal in the set by
EMD method, each signal gets a set of IMF compo-
nents and one residual value, in which the jth IMF
component of the ith signal is expressed as Cij and
R represents the residual value of each signal, which
does not satisfy the conditions of IMF components.
The procedure for a standard EMD is detailed in [31].

(3) The decomposition results are obtained by means of
multicomponent combinations:

Cj =
1
2n〠

2n

i=1
Cij,

R = 1
2n〠

2n

i=1
Ri

2

Among them, Cj indicates the final jth IMF compo-
nent decomposed by CEEMD.

The maximum number of decomposition compo-
nents is L; therefore, the target signal can be
expressed as

S = 〠
L

j=1
Cj + R 3

(4) Calculate the self-correlation function of each IMF
component Cj.

(5) According to the different self-correlation charac-
teristics between noise and signal, select the high-
frequency IMF components which mainly including
noise: C1~Ck.

(6) Use the threshold obtained in step (1) to per-
form wavelet transform on high-frequency IMF

component which mainly contains noise and get
processed IMF components C1′~Ck′.

(7) Reconstruct signal with the remaining low-frequency
IMF components and de-noised IMF components, so
we obtain clear sea clutter signal:

S n = 〠
k

j=1
Cj + 〠

L

j=k+1
Cj + R 4

3. Detection of Low-Flying Small Targets in
Chaotic Sea Clutter Background

The traditional low dimensional coordinate system cannot
reveal the chaotic characteristics of sea clutter. In order to
study its internal complex dynamics better, we map it to
high-dimensional space by the phase space reconstruction
technique in chaos theory. After the pretreatment of joint
algorithm combined CEEMD with wavelet transform, we
obtain a pure sea clutter sequence. Considering the chaotic
characteristics of sea clutter signal, use CAO algorithm and
mutual information method to determine the embedding
dimension and delay time of sea clutter chaotic system,
respectively, reconstruct phase space [16], use Volterra filter
[37] to construct the prediction model, and detect low-
flying small targets under the sea clutter background from
the prediction error. The Volterra model takes into account
both effects of linear and nonlinear factors, tracks the motion
trajectory of chaotic sequence adaptively, and accurately pre-
dicts many chaotic sequences. Therefore, it is widely used in
nonlinear time series prediction, system identification, and
interference elimination. In nonlinear prediction model of
chaotic time series constructed by Volterra series expansion,
input is X n = x n , x n − τ ,… , x n − m − 1 τ and out-
put is ŷ n = x n + 1 The Volterra series expansion of the
nonlinear system function is as follows:

ŷ n = h0 + 〠
p

k=1
xk n ,

xk n = 〠
m−1

i1,…,ik=0
hk i1,… , ik ∏

k

j=1
x n − ijτ

5

In the equation above, hk i1,… , ik is called the k order
Volterra nucleus and P is the order of Volterra filter. In
practical application, this infinite series expansion is difficult
to achieve, usually we use finite order truncation and finite
summation. In this paper, second order truncatedm summa-
tion is used in the chaotic time series prediction filter. The
second order Volterra model of discrete nonlinear dynamic
system is defined as follows:

ŷ n = h0 + 〠
m−1

i1=0
h1 i1 x n − i1τ

+ 〠
m−1

i1,i2=0
h2 i1, i2 x n − i1τ x n − i2τ

6

3Complexity



C(n + 1)1

…

C(n + 1)j

…

C(n + 1)L

…
Rn + 1

C2n1)/2n =C1

…

C2nj)/2n = Cj

…

C2nL)/2n = CL

…
R2n)/2n = R

+ + + + +

(C11

…

(C1j

…

(C1L

…
(R1

Ci1

…

Cij

…

CiL

…
Ri

Cn1

…

Cnj

…

CnL

…
Rn

C(n + i)1

…

C(n + i)j

…

C(n + i)L

…
Rn + i

+ + + + +

+++++

+ + + + +

EMD decomposition

……………

Sea clutter signal with target

Add n groups positive white noise Add n groups of negative white noise

C1 Ci Cn… … Cn + 1 Cn + i C2n… …

(+)

Phase space reconstruction

Training sample

Test sampleEstablish the volterra prediction

Prediction error

Low‐flying target

(−)

Calculate correlation function of C1
…CL

Hf components with noise Remaining components

Wavelet transform

Signal reconstruction

Clear sea clutter signal

Figure 1: Detection process of low-flying target under sea clutter background.
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Among them, x n denotes the input sea clutter signal
containing low-flying small targets at time n, ŷ n represents
the predicted results obtained by the Volterra adaptive pre-
diction model, and h0 is the constant term. m is the memory
length of adaptive prediction model and h1 i1 and h2 i1, i2
are the first and second order kernel functions, respectively.

The specific process of chaotic prediction of sea clutter
based on Volterra adaptive filter are as follows:

(1) Use wavelet transform on original sea clutter signal to
get a suitable threshold.

(2) IMF components are obtained by decomposition of
CEEMD.

(3) Calculate the self-correlation function of each IMF
component, select high-frequency IMF components
which mainly contain noise, and use threshold
obtained in step (1) to perform wavelet transform
de-noising.

(4) Reconstruct signal with remaining low-frequency
IMF components and de-noised IMF components
so that we can obtain clear sea clutter signal.

(5) The embedding dimension and delay time of sea
clutter signal are determined by CAO algorithm
and mutual information method, respectively, using
them to reconstruction phase space.

(6) Divide high-dimension point in phase space into
training samples and test samples; In all sequences,
pick one training sample in every six sampling points
and the rest are test samples.

(7) Use selected training samples to establish prediction
model based on Volterra filter and adjust the param-
eters to minimize the prediction error.

(8) Use trained model to predict rest test samples
y i , i = 1, 2,… , n and get predicted value, compar-
ing the predicted data with the actual data and getting
predicted error ε i = y i − ŷ i .

(9) According to different sea clutter characteristics
among different sea conditions, determine whether
there are low-flying small targets in the prediction
error. Root mean square error of prediction error is
used to measure the de-noising effect. The formula
for RMSE is shown as follows:

E = 〠n
i=1ε

2 i
n

7

The detection flow chart of low-flying small targets in the
background of sea clutter is shown in Figure 1.

4. Experiments and Results

In order to examine the de-noising performance of joint
algorithm combined CEEMD with wavelet transform to sea
clutter signal and low-flying small target detection capability

of Volterra prediction model under sea clutter background,
we use actual sea clutter data for simulation experiments,
evaluate the effectiveness of the joint de-noising algorithm
by RMSE before and after performance, and observe whether

Table 1: Main parameters of IPIX radar.

Parameters

Radar transmitting frequency: 9.39Ghz

Polarization mode: HH/VV/HV/VH

Pulse power: 8 kW

Pulse width: 200 ns

Antenna height: 30m

Antenna gain: 45.7 dB

Antenna diameter: 2.4m

Antenna type: parabolic

Range resolution: 30m
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Figure 2: Chaotic prediction of the 280#8th distance gate sea
clutter. (a) Actual value and Volterra predicted value. (b) The
prediction error.
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small targets can be clearly identified from the prediction
error based on Volterra prediction model.

This paper uses the IPIX radar sea clutter data of
McMaster University in Canada. The main parameters of
IPIX radar are shown in Table 1.

4.1. Chaotic Prediction of Sea Clutter Data Based on Volterra
Filter. To test the detection efficiency of chaotic prediction
model based on Volterra filter, we choose 1000 sample points
of 280#8th distance gate sea clutter data with the target to
experiment. The SNR of this set of data is high. Using CAO
algorithm and mutual information method to obtain the

embedding dimension which is 8 and the delay time which
is 12, respectively, reconstructs phase space. The points in
the phase space are divided into training samples and test
samples. In all samples, we choose one in each six samples
as training sample and the rest are testing samples and use
training samples to build model and high-dimension test
samples to predict. The experimental results are shown in
Figure 2, and training sampling points are not shown in
the figure.

As can be seen from the figure, most of the predicted
results agree with the actual value, and the prediction error
is small. However, prediction error around 250 points
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Figure 3: Chaotic prediction of the 320#7th distance gate sea clutter. (a) Real value and Volterra predicted value. (b) The prediction error.
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Figure 4: Chaotic prediction of the #54 8th distance gate sea clutter before de-noising. (a) Real value and Volterra predicted value. (b) The
prediction error.
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is large, so we can identify that there is exit low-flying
target. Experimental result consists of characteristic that the
280#8th distance gate sea clutter data contains low-flying
small goals. To avoid randomness and occasionality, we
added a set of experiments and choose 1000 sample points
of 320#7th distance gate sea clutter data with the target to
experiment, results are shown in Figure 3.

It can be clearly seen in the picture that prediction error
around 140 points is relatively large. We can infer that there
is exit small target and it consists of the characteristic that the
320#7th distance gate sea clutter data contains low-flying
small goals. Therefore, through the above two groups of
experiments, we can verify that the chaotic prediction model
based on Volterra filter can effectively detect low-flying small
targets under the condition of high SNR.

4.2. Detection of Low-Flying Targets in Sea Clutter under Low
SNR Conditions. In practical engineering applications, the
processed data generally contain noise, and to solve this
problem, we propose a de-noising preprocessing algorithm
based on CEEMD and wavelet transform. In order to verify
the practicability of the joint algorithm, we choose 1000
sample points of 54#8th distance gate sea clutter data
which contain target to experiment, using Volterra chaotic
prediction model directly. The experimental results are
shown in Figure 4.

The root mean square error calculated through (7) is
0.0140. As can be seen from Figure 4(a), the Volterra chaotic
prediction model has good prediction performance. But we
cannot identify the target through prediction error clearly.
Therefore, performing de-noising pretreatment of joint
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Figure 5: Sea clutter decomposition based on CEEMD.
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algorithm combined CEEMD with wavelet transform on
54#8th distance gate sea clutter data, the specific steps are
as follows.

Decompose the sea clutter data by CEEMD so that
we can obtain 8 IMF components and residual component
R n range from high frequency to low frequency, as shown
in Figure 5.

Calculating the self-correlation function of 1–9 IMF
components, as shown in Figure 6. The useful signal has
strong correlation, and the value of its autocorrelation
function at nonzero point will change over time. Noise is
random and has the characteristics of weak correlation;
its value of the autocorrelation function at nonzero point
will decay rapidly and approach to 0. According to the
difference between useful signal and noise, we confirm that
imf-imf3 components contain a lot of noise.

Then, we perform three-layer wavelet decomposition
on imf1-imf3, select the soft threshold de-noising method
which may remain more effective information, and use
the de-noised IMF components and remaining IMF com-
ponents to reconstruct clear sea clutter data, as shown
in Figure 7.

After the above steps, we obtain the pure sea clutter data.
According to the experiment result of 4.1, the embedding
dimension is 8 and the delay time is 12. We reconstruct phase
space and send high-dimensional texting points into Volterra
prediction model for adaptive prediction. The experimental
results are shown in Figure 8.

We compare Figure 4(b) with Figure 8(b) and found that
amplitude around the 550 sample points fluctuates greatly;
low-flying small target in the background of sea clutter is
detected. The RMSE which is obtained by the (7) dropped
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Figure 6: Sea clutter decomposition based on CEEMD.
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to 0.0084, compared with the calculated results before
de-noising, down by 40%.

To further verify the effectiveness of the algorithm, we
use 17#9th distance gate sea clutter data with the target to
experiment. Experimental results are shown in Figure 9(a).
Before de-noising, the RMSE calculated by (7) is 0.0569.
As can be seen from the figure, the target cannot be detected
from the prediction error, after using joint algorithm

combined CEEMD with wavelet transform to de-noise, and
the RMSE is 0.0258, which has decreased by 55%. The
prediction error is shown in Figure 9(b). It can be found that
there are targets around point 100 and point 600.

All the above four experiments select the sea clutter data
with the target. From the experimental results, it can be seen
that the Volterra prediction model can successfully detect
low-flying small targets. To avoid the randomness of the
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Figure 7: De-noising results of sea clutter based on the joint algorithm combined CEEMD with wavelet transform.
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experiment, we selected 17# 1 distance gate sea clutter
data for simulation experiment. The experimental results
are shown in Figure 10.

Comparing prediction error before and after de-noising,
we cannot identify the sampling points with large amplitude
fluctuations from the figure, this is consistent with the
characteristics of 17# 1 distance gate sea clutter data, which
does not contain the target. Therefore, we assure that the
Volterra prediction model can actually predict the low-
flying small targets in the background of sea clutter.

Through the above simulation experiments, experimen-
tal results of 280#8th distance sea clutter and 320#7th
distance sea clutter with target signal show that the

proposed Volterra chaotic prediction model based on
Volterra adaptive filter can directly detect low-flying small
targets signal under high SNR condition effectively.

Under the low SNR condition, we first apply joint algo-
rithm combined CEEMDwith wavelet transform to de-noise,
then use Volterra prediction model to detect low-flying small
targets. The experimental results of 17#9 distance gate sea
clutter data and 54#8 distance gate sea clutter data show that
the proposed joint algorithm can effectively remove the noise
while retaining the small target; the RMSE decreased signifi-
cantly after de-noising. Comparing experiments of 17#9
distance gate sea clutter data with target and 17#1 distance
sea clutter data without target, results show that the Volterra
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Figure 10: Comparison of prediction error of 17# 1th distance gate sea clutter before and after de-noising. (a) Prediction error before
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prediction model is effective and can be trusted. Therefore,
the pretreatment de-noising method and detection process
of low-flying small target in the background of chaos sea
clutter background are practical and effective.

5. Conclusions

The detection of low-flying small targets in the background
of sea clutter is an important branch of radar target detection.
It is widely used in both military and civilian applications. In
this paper, we study the chaotic characteristics of sea clutter
and adaptive characteristic of Volterra filter and propose a
low-flying small target detection algorithm based on Volterra
filter. In order to effectively remove the interference, we first
use the joint algorithm combined CEEMD with wavelet
transform to obtain the pure sea clutter signal. It solves the
problem that only use CEEMD to de-noise directly and will
remove high-frequency components which may contain
useful signals.

We process sea clutter signal in chaotic system, project it
into high-dimension space to study its internal dynamics, use
CAO algorithm and mutual information method to obtain
embedding dimension and delay time of de-noised sea clutter
data, and reconstruct phase space. In view of the nonlinear
nonstationary characteristics of sea clutter, chaotic time
series prediction model based on Volterra adaptive filter is
established which can detect low-flying small targets in the
background of sea clutter from the prediction error. We use
actual sea clutter data to experiment, and the results show
that the Volterra prediction model can accurately detect
small targets on high SNR conditions directly; however, on
low SNR condition, prediction model loses the ability to
detect small targets. It is necessary to preprocess the sea
clutter data by joint algorithm proposed in this paper
combined CEEMD with wavelet transform; this process will
reduce the RMSE by at least 40%. After obtaining the pure
sea clutter data, Volterra prediction model is used for
detection; experiment results show that we can successfully
detect the existence of low-flying small targets through
prediction error.

In practical engineering applications, sea clutter data
are very large. We can first use Volterra prediction model
in detecting the low-flying small targets, if results are not
clear, use joint algorithm combined CEEMD with wavelet
transform to de-noise and, at last, detect low-flying small
targets through Volterra prediction model. In next step of
research, we try to improve the detection accuracy; more
advanced algorithms can be considered to build better
mathematical models.
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This paper proposes a new robotic fish which avoids the complex mechanical structure and reduces the model complexity
comparing to the existing bioinspired robotic fish, giving rise to a semibiomimetic robotic fish. The generalized Lagrange
equation is adopted to establish the dynamic model of the robotic fish. The controllability of the system is analyzed, upon which
a trajectory tracking control algorithm is designed by using the feedback linearization technique. The simulation results show
that the dynamic model adopted in this paper can achieve better control performance.

1. Introduction

In 1960, Jack E. Steele first coined bionics [1], which applies
biological methods or systems found in nature to design
engineering systems. Over decades of development of mod-
ern bionics, the new interdisciplinary–biomimetic robotics
(biorobotics) are proposed to design robots inspired from
nature biological systems. In 1994, MIT developed the
world’s first free swimming robotic fish RoboTuna [2]. Since
then, various types of robotic fish have been proposed [3, 4].
Hu et al. designed an autonomous robotic fish G9 that can
swim in a 3D unstructured environment [5, 6]. Shen et al.
designed a robotic dolphin with a pair of 3-DOF flippers
and a multilink oscillatory propulsion mechanism to achieve
the ability of lead-lag, feathering, and up-down motions [7].
Chen et al. designed a biomimetic robotic fish propelled by
an ionic polymer-metal composite (IPMC) actuator to study
general motions and maneuvers of the robotic fish [8]. Wang
et al. designed a carangiform robotic fish and presented a new
dynamic model for the system [9]. Low designed a robotic
fish with modular undulating fins, owing to the special

structure of the mechanical fin; the fish can swim with vari-
ous modes [10].

Modeling and control of the robotic fish have been exten-
sively studied in the following literature. Lighthill [11] first
proposed a mathematical model of carangiform swimming
fish based on slender-body theory. In [12], the large-
amplitude elongated-body theory is proposed to analyze the
hydrodynamics of carangiform swimming fish. Most of the
existing robotic fish use large-amplitude elongated-body the-
ory as mathematical model to analyze its motion control.
Barrett et al. [13] developed a self-optimizing motion con-
troller based on a genetic algorithm to achieve the optimal
swimming motion for a robotic fish. A fuzzy logic and a
PID control algorithm controller are used to achieve point-
to-point swimming motion of a robotic fish [14]. Kelly
et al. [15] use a digital approximation method to control
the robotic fish swimming in 3 dimensions. An averaging
dynamics method approach is proposed for the path plan-
ning and motion control for a kind of tail-actuated robotic
fish [16]. Wang et al. and Zhao et al. [17, 18] use a central
pattern 30 generator (CPG) to investigate the locomotion
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control of a robotic fish, different from the large-amplitude
elongated-body theory. Kopman et al. [19] use Kirchhoff’s
equations and Euler-Bernoulli beam theory to establish the
dynamic model for a robotic fish; a PID control algorithm
is used for the motion control of the system. In [20], the
model of the robotic fish system is expressed in a control-
affine transfer function; the state error feedback linearization
is applied to realize the trajectory tracking control of the
system. Barbera et al. and Yang et al. [21, 22] applied the
extended Newton-Euler equation to present the dynamic
model for a pectoral fin-driven robotic fish; a PID controller
is used to achieve the attitude for the system. In [23], the
Lagrangian function is used to establish the dynamic model
of eel-like swimming robots; a perturbation analysis approach
is applied to solve the control and motion planning for
the system.

However, most of the above literature use fluid dynam-
ics models based on the NS equation to fit fish’s swimming
numerically, and the motion control of robotic fish is lim-
ited to the motion control based on kinematics and variety
of assumptions and models [24]. Therefore, there is no
mature dynamic model for reference at present. To some
extent, most results in the literature of robotic fish are still
ad hoc in the sense that no rigorous results can be derived,
either due to the difficulty of obtaining a rigorous dynamic
model or due to the weak controllability of the system
(mainly due to the too close mimicking of the natural fish).
For instance, it is still unclear whether or not the mathe-
matic dynamic model proposed therein can rigorously
match the mechanical structure. The main reason may lie
in the constraint of mimicking the natural fish motion in a
too close (or too exact) manner; that is, the considered
robotic fish in most existing results are trying to mimic
the natural fish as adequately as possible, and in particular,
the translation of the robotic fish is driven by the bending
of the fish body.

In this paper, we propose a novel robotic fish system
that installs a propeller at the end of the tail rather than
bends their body or wavers the fins as in most existing
results, inspired by the movie of showing the swimming
of a robotic fish in [2, 25]; see Figure 1 for the basic
mechanical structure of the proposed fish system. We refer
to this robotic fish as semibiomimetic robotic fish since it
only mimics a portion of characteristics of a natural fish
(bending of the body shape is similar to a natural fish yet
the driving force for translational motion is the thrust pro-
duced by the propeller at the tail end). The idea behind this
choice is partly inspired from the aeroplane design (which
can be considered to be a semibiomimetic robotic bird). It
is well known that at the beginning period of aeroplane
design, the aeroplane has been designed to maximally
mimic the fly of real birds. However, such a design does
not achieve the desired performance. In the later stage, with
a large number of engineering practice and structural
reform, the scientists ingeniously apply the fixed-wing plus
jet engine to produce lift instead of fluttering wings. Such a
semibiomimetic design (i.e., not too close to a natural bird)
not only avoids the complex mechanical design but also
reduces the model complexity. Similarly, by deriving the

dynamic model of the proposed semibiomimetic robotic
fish system here, we rigorously analyze the controllability
of the system and it is shown that this kind of robotic system
does have a good controllability, providing the potential
applicability of the rigorous and fruitful nonlinear control-
lers. Specifically, we show that the feedback linearization
approach can be used to ensure the exponential convergence
of the closed-loop system as a time-varying desired trajectory
is specified for tracking.

In summary, the main contribution of our work lies in
two aspects: (1) the generalized Lagrangian approach is
adopted to derive the dynamic equations of motion of a
new class of robotic fish system (referred to as semibiomi-
metic robotic fish), yielding a rigorous dynamic model of
the robotic fish, and (2) the controllability of the robotic fish
system has been rigorously analyzed, and the feedback linear-
ization algorithm has been proved to be able to cancel the
nonlinear terms in the system and ensure the exponential
stability of the closed-loop system. Our study and obtained
results can thus be considered to be an ideal trade-off
between the model-based controllability (concerning the
dynamic model) and mechanical complexity (concerning
the hardware aspect of the system).

The rest of the paper is organized as follows. Section 2
introduces the basic description of the robotic fish. In Sec-
tion 3, we employ the Lagrange equation of the second
kind (Euler-Lagrange) to get the dynamic equation of
the system. The controllability of the system is examined
in Section 4. Section 5 proposes a trajectory tracking con-
trol algorithm which uses the feedback linearization
method to algebraically eliminate the severe nonlinearity
of the system. Section 6 uses simulation results to verify
the theoretical result. And some conclusions are summa-
rized in Section 7.

2. Basic Description of the Robotic Fish System

The motion of the robotic fish is constrained to planar
motion as shown in Figure 2. The robotic fish can be
modeled as a system that consists of two rigid bodies
(i.e., the body part and tail part) connected by a rotational

lC,1
lC,2

IC,1

IC,2

m1

m2

z

x
y

Figure 1: Mechanical structure of the proposed semibiomimetic
robotic fish.
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joint. The motion of the system can be described by spec-
ifying the translational and rotational motion of the body
part and rotational motion of the tail part. The forces or
torques that drive the motion of the system are the thrust
u ∈ R at the end point of the tail and the joint torque τm
∈ R exerted by the motor installed at the joint between
the tail part and head part. Let (x1, y1) and (x2, y2) denote
the position of the center of mass of the body and that of
the tail, respectively. We use XIOIYI and XOY to denote,
respectively, the inertial coordinate frame and the body-
fixed coordinate frame. Let θ ∈ R stand for the orientation
between inertial coordinate frame and the body-fixed
coordinate frame in counterclockwise, and α ∈ R represents
the deflection angle with respect to the negative x-axis in
counterclockwise.

The relation between the center of mass (CM) of the body
part and tail part with respect to the inertial coordinate frame
can be written as

x2

y2
=

x1 − lC,1 cos θ − lC,2 cos θ + α

y1 − lC,1 sin θ − lC,2 sin θ + α
, 1

where lC,1 and lC,2 represent, respectively, the distance
between the rotational joint and the CM of the robotic fish’s
body part and the distance between the rotational joint and
the CM of the robotic fish’s tail part.

3. Lagrangian Dynamics of Robotic Fish

We use the Lagrangian formulation to describe the dynamic
behavior of the system [26–28]. The Lagrangian dynamics
are derived by the following procedures.

Step 1. Choose the generalized coordinates.
We choose x, y, θ, and α to be the generalized coordinates to
completely describe the state of the dynamic system.

Step 2. Write the Lagrangian of the system.
Since the gravity of the robotic fish is equal to its buoyancy,
the total potential energy is zero. Therefore, the Lagrangian
of the system can be written as

ℒ = 1
2 IC,1θ

2 + 1
2 IC,2 θ + α

2

+ 1
2m1 x21 + y21 + 1

2m2 x22 + y22 ,
2

where IC,1 and IC,2 denote, respectively, the inertia of the
body part and that of the tail part.m1 andm2 denote, respec-
tively, the mass of the body part and the mass of the tail part.
Differentiating (1), one has

x2

y2
=

x1 + lC,1 sin θθ + lC,2 sin θ + α θ + α

y1 − lC,1 cos θθ − lC,2 cos θ + α θ + α

3

Thus, (2) can be represented as the form

ℒ = 1
2 IC,1θ

2 + 1
2 IC,2 θ + α

2
+ 1
2 m1 +m2 x21 + y21

+ 1
2m2 l2C,1θ

2 + l2C,2 θ + α
2
+ 2lC,1lC,2 cos α θ

2 + θα

+m2x1 lC,1 sin θθ + lC,2 sin θ + α θ + α

−m2y1 lC,1 cos θθ + lC,2 cos θ + α θ + α

= 1
2 IC,1 + IC,2 +m2l

2
C,1 +m2l

2
C,2 + 2m2lC,1lC,2 cos α θ

2

+ IC,2 +m2l
2
C,2 +m2lC,1lC,2 cos α θα

+ 1
2 IC,2 +m2l

2
C,2 α2 + 1

2 m1 +m2 x21 + y21

+m2x1 θ lC,1 sin θ + lC,2 sin θ + α + αlC,2 sin θ + α

−m2y1 θ lC,1 cos θ + lC,2 cos θ + α + αlC,2 cos θ + α

4

Step 3. Write the equations of motion using the Lagrange
equation of the second kind (Euler-Lagrange). The Euler-
Lagrange dynamic equations of motion can be written as

f 1 = a1x1 + a2 sin θ + a3 sin θ + α θ + a3 sin θ + α α + h1,

f 2 = a1y1 − a2 cos θ + a3 cos θ + α θ − a3 cos θ + α α + h2,
τ1 = a2 sin θ + a3 sin θ + α x1 − a2 cos θ + a3 cos θ + α

y1 + a4 + 2a5 cos α θ + a6 + a5 cos α α + h3,

τ2 = a3 sin θ + α x1 − a3 cos θ + α y1 + a6 + a5 cos α θ

+ a6α + h4,
5

where f1, f2, τ1, and τ2 are the generalized forces acting on
the system, and a1, a2, a3, a4, a5, a6, h1, h2, h3, and h4 are
the equivalent parameters that can be chosen as

a1 =m1 +m2,
a2 =m2lC,1,
a3 =m2lC,2,

a4 = IC,1 + IC,2 +m2l
2
C,2 +m2l

2
C,2,

a5 =m2lC,1lC,2,

a6 = IC,2 +m2l
2
C,2,

h1 = a2 cos θ θ
2 + a3 cos θ + α θ

2 + α2 + 2θα ,

h2 = a2 sin θ θ
2 + a3 sin θ + α θ

2 + α2 + 2θα ,

h3 = −a5 sin α α α + 2θ ,

h4 = a5 sin α θ
2

6
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By incorporating the typical fluid drag forces into the
dynamics (see, e.g., [29]), we have that

a1x1 + a2 sin θ + a3 sin θ + α θ + a3 sin θ + α α

+ h1 + c q x1 = f 1,

a1y1 − a2 cos θ + a3 cos θ + a θ − a3 cos θ + a a

+ h2 + c q y1 = f 2,

a2 sin θ + a3 sin θ + α x1 − a2 cos θ + a3 cos θ + α y1

+ a4 + 2a5 cos α θ

+ a6 + a5 cos α α + h3 = τ1,

a3 sin θ + a x1 − a3 cos θ + a y1 + a6 + a5 cos α θ

+ a6α + h4 = τ2,
7

where c is a positive constant, q = x1, y1
T , and c q x1 and

c q y1 act as the fluid drag forces along the X and Y direc-
tions, respectively.

Note that it is assumed that the robotic fish in this work
can be regarded as a two-rigid-body system that contains a
revolute (rotational) joint. Due to these mechanical proper-
ties, the only two control inputs we can choose are the thrust
u which is generated by the endpoint propeller and the
exerted torque τm generated by the servo motor installed on
the revolute (rotational) joint. We use Jacobian to represent
the relationship among joint velocities, the endpoint veloci-
ties of the tail part, and the infinitesimal position relationship
[30]. Indeed, the relationship can be obtained as follows:

dX
dt

= J
dQi

dt
, 8

where X is the endpoint position of the tail part. Qi is the
generalized coordinate. Thus, the Jacobian matrix J in this
work can be written as

J =
1 0 lC,1 sin θ + lC,2 sin θ + α lC,2 sin θ + α

0 1 −lC,1 cos θ − lC,2 cos θ + α −lC,2 cos θ + α

9

Assume that there is no friction at the joint, then the
external endpoint force Fext and the joint exerted torque
τext can be converted to the equivalent generalized force τ,
given by [26].

τ = τext + JT Fext, 10

where J T is the transpose of Jacobian. In this work, the
external force is the endpoint thrust u, and the external
torque is the exerted joint torque τm at the rotation joint of
the robotic fish. Thus, (10) can be specifically expressed as

f1

f2

τ1

τ2

=

0
0
0
τm

+ J TuR θ + α e1, 11

where R θ + α is a rotation matrix used to represent a rota-
tion in the Euclidean space. Note that the coordinate of end-
point thrust in the body-fixed coordinate frame rotates
counterclockwise through an angle θ + α with respect to
the origin of the inertial coordinate frame, and thus, the rota-
tion matrix has the following form

R θ + α =
cos θ + α −sin θ + α

sin θ + α cos θ + α
, 12

e1 = 1, 0 T , which means that the thrust u only has effects on
the x-axis direction.

Finally, we can obtain the equivalent generalized force
represented by the external force and torque

f1

f2

τ1

τ2

=

cos θ + α u

sin θ + α u

lC,1 sin α u

τm

13

Substituting the translational force f1, f2
T in (13) into

the first two equations in (7), we can obtain the translational
dynamics

a1x1 = − a2 sin θ + a3 sin θ + α θ − h1 − c q x1
− a3 sin θ + α α + cos θ + α u,

a1y1 = − a2 cos θ + a3 cos θ + α θ − h2 − c q y1
+ a3 cos θ + α α + sin θ + α u

14

Substituting the translational acceleration x1, y1
T in

(14) into the last two equations in (7), we can obtain the rota-
tional dynamics

b1 + 2b2 cos α θ + b3 + b2 cos α α + h∗1 = τ∗1 ,

b3 + b2 cos α θ + b3α + h∗2 = τ∗2 ,
15

YI
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Figure 2: Robotic fish in a plane.
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with b1, b2, b3, h
∗
1 , and h∗2 being of the form

b1 = IC,1 + IC,2 +
m1m2
m1 +m2

l2C,1 + l2C,2 ,

b2 =
m1m2
m1 +m2

lC,1lC,2,

b3 = IC,2 +
m1m2
m1 +m2

l2C,2,

h∗1 = h3 −
h1 + c q x1

a1
a2 sin θ + a3 sin θ + α

+ h2 + c q y1
a1

a2 cos θ + a3 cos θ + α ,

h∗2 = h4 −
h1 + c q x1

a1
a3 sin θ + α

+ h2 + c q y1
a1

a3 cos θ + α ,

τ∗1 = τ1 −
m2lC,1 sin θf1 − cos θf2

m1 +m2

−
m2lC,1 m2lC,2 sin θ + α f1 − cos θ + α f2

m1 +m2

= τ1 +
−m2lC,1 sin α

m1 +m2
u = −

m1lC,1 sin α

m1 +m2
u,

τ∗2 = τm,
16

Thus, the final form of rotational dynamics can be rear-
ranged as follows:

b1 + 2b2 cos α θ + b3 + b2 cos α α + h∗1 = −
m1lC,1 sin α

m1 +m2
u,

b3 + b2 cos α θ + b3α + h∗2 = τm
17

4. Controllability of the System

The translational dynamics (14) can be written in matrix form

a1q = −c q q + ψ +
−a3 sin θ + α cos θ + α

a3 cos θ + α sin θ + α

B θ,α

α

u
,

18

where

ψ = −
a2 sin θ + a3 sin θ + α θ + h1

− a2 cos θ + a3 cos θ + α θ + h2
19

Consider the input transformation

v = −c q q + ψ + B θ, α α, u T , 20

and we have that

a1q = v, 21

with q as the output and v as the control input. According to
the standard linear system theory, this system is obviously
controllable in the whole space of R2. On the other hand,
the above input transformation is nonsingular for all possible
states of the system since B θ, α is always nonsingular. This
leads us to obtain the conclusion that the system (18) with q
as the output and α, u T as the control input is controllable
in R2.

Substituting the first equation in (17) into the second one
gives the direct relation between τm and α

b3 −
b3 + b2 cos α 2

b1 + 2b2 cos α

w α

α + ϕ = τm, 22

with

ϕ = −
b3 + b2 cos α
b1 + 2b2 cos α

h∗1 + h∗2

−
m1lC,1 sin α b3 + b2 cos α
m1 +m2 b1 + 2b2 cos α

u
23

Since w α is uniformly positive, the relation between τm
and α is nonsingular. This result in combination with the
above one yields the conclusion that the combined system
given by (18) and (22) with q as the output and τm, u T as
the input is controllable over R2.

5. Trajectory Control

Based on the previous controllability analysis, we show that
the translational dynamic (18) can be transformed into a
simple linear doubleintegrator system through the input
transformation.

Assume that our task is to steer the fish from an arbitrary
initial position to a desired trajectory. In this work, we use
feedback linearization [31] to cancel the nonlinear term in
the translational dynamics (18). For some constant-speed
trajectory qd (i.e., qd = 0), the control laws can be specified as

v = −KP q − qd − KD q − qd 24

In the more general case, the desired trajectory may have
variable speed (i.e., qd ≠ 0), and the control law can be
designed as

v = qd − KP q − qd − KD q − qd , 25

with KP and KD being positive design constants.
Denote by e = q − qd the tracking error, and we then

have that

a1e + KDe + KPe = 0, 26

which leads to an exponentially stable error dynamics and
implies the exponential convergence of the tracking errors
according to the standard linear system theory.
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Substituting the control law calculated in the form of (24)
or (25) into (20), we can obtain the thrust and the (reference
or desired) acceleration for the robotic fish as

a

u
= B−1

θ,α v + c q q − ψ 27

As (22) gives the direct relationship between τm and α, we
can then design the motor torque as

τm = ω α α + ϕ u , 28

with α and u being calculated by (27). We have to emphasize
that the control input (i.e., u and τm) calculation does not
involve the measurement of α, but it does need the measure-
ment of θ since v defined by (24) or (25) involves ψ which
depends explicitly on θ [see (19)].

6. Simulation Results

In the simulation, we choose the origin of the inertial frame
(reference frame) as the initial position of the robotic fish.
The control inputs of the robotic fish are the endpoint thrust
u t and the exerted joint torque τm t . The physical param-
eters of the robotic fish are shown in Table 1 and Figure 1,
and the parameter c (for describing the fluid drag forces) is
set as c = 2 0. For a desired trajectory qd t , the control laws
are in the form of (25) and (28). Here, we need to obtain
the joint acceleration θ in order to compensate the nonlinear
term in (24) or (25), and the acceleration θ can be estimated
from the joint velocity θ by using a “low-pass filter” [32, 33]
in the form of

θ = λ

s + λ
θ, s = d

dt
, 29

where λ denotes the cut-off frequency of the filter. The sam-
pling period is set as 5ms.

6.1. Line-Path Tracking. In the first case, we consider the
tracking of a ramp trajectory (i.e., a line path)

qd t =
−1t
−6t

, 30

and the desired velocity can then be written as

qd t =
−1
−6

31

The controller parameters are set as KP = 10, KD = 15,
and λ = 3000. Simulation results are shown in Figures 3 and 4,

and we see that the position of the robotic fish asymptotically
converges to the desired one.

6.2. Circle-Path Tracking. Consider now that the desired
trajectory is a circle given by

qd t =
cos 0 2πt
sin 0 2πt

, 32

and the controller parameters are still the same as the case of
line-path tracking. Simulation results are shown in Figures 5
and 6. Even in this case of complicated path, the convergence
of the position tracking errors is still ensured.

Table 1: Physical parameters of the robotic fish.

Bodies mi (kg) IC,i (kg∙m
2) lC,i (m)

Head part 1.8000 0.4320 0.9000

Tail part 0.8000 0.2160 0.9000

x (m)

y
 (m

)

−35
−200

−180

−160

−140

−120

−100

−80

−60

−40

−20

0

Actual trajectory
Reference trajectory

−10

−70

−60

−50

−40

−9.5
−52
−50
−48
−46

−5 0−10−15−20−25−30

−6−8

−8.5−9

Figure 3: Position tracking (line-path tracking).
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Figure 4: Velocity tracking (line-path tracking).
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7. Conclusions

In this paper, we proposed a novel robotic fish system which
can be referred to as a semibiomimetic robotic fish (i.e., a tail-
propulsion robotic fish) in contrast with most robotic fish in
the literature. We derive its dynamics based on the Lagrange
equation. Feedback linearization is employed to design the
control inputs to avoid the severe nonlinearity in the system,
and the convergence of the trajectory tracking errors is rigor-
ously shown. Simulation results are provided to show the tra-
jectory tracking performance of the system; in particular, the
dynamic response of the proposed semibiomimetic robotic
fish is acute, flexible, and fast, in contrast to most robotic fish
systems in the literature (especially those that are (almost)
completely biomimetic).

Future work includes the further investigation of the
handling of the system model uncertainty, path planning
and obstacle avoidance for robotic fish, and cooperative con-
trol of multiple robotic fish. The robotic fish system with
multiple rotational joints would be another potentially
important research direction since that would provide the
system with more flexibility; for example, 3-dimensional
motion can be achieved.
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