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Nanostructured materials represent a size limit of the mini-
aturization trend of current technology. Interest in nano-
phases has expanded as investigators have recognized that
many of the properties of finely divided matter strongly de-
pend on the interfacial properties of the constituents by
virtue of the high fraction of the overall material which is
in the vicinity of an interface as well as of the confinement
of electrons, excitons, and photons in small volumes. One of
the interesting and important issues in predicting and un-
derstanding nanostructures and their functional behaviors is
whether the properties of matter evolve gradually from bulk,
as system size is reduced, and what determines this evolution
behavior.

The electromagnetic characterization of nanomaterials
can be considered a major part of the emerging field of
nanotechnology. The potentially profound implications both
for the transport properties and optics are only beginning
to be explored. In that respect, multicomponent magnetic
nanophases are of significant technological interest, that is,
they can be considered as prospective granular magnetic
films for tunable or nonreciprocal millimeter wave devices
for monolithic microwave integrated circuit applications.
This has also stimulated studies of the magnetoelectric effect,
that is, the polarization of a material in an applied field or an
induced magnetization in an external electric field.

The practical importance and industrial interest in these
materials demand optimization of several types of proper-
ties in these materials. These properties include polarization,
magnetization, and stability of the materials to mechanical,
electrical, and magnetic fields applied during processing and
operation. One of the fundamental goals of this field should
be the understanding of the relationships of these properties
on the composition, particle size and boundaries variations,
defect structure and separation of the residual pores, but in
most cases they are not well-understood.

In classical electrodynamics, the response of a material to
electric and magnetic fields is characterized by two funda-
mental quantities: the permittivity ε and the magnetic per-
meability μ. In spite of the advances made, there is still no
general agreement on interpretation of the experimental data
of ε and μ of nanostructured materials since these quantities
depend sensitively on the microstructural properties such as
grain size, particle shape, and grain boundaries type.

Another related issue is the modeling of the polariza-
tion and magnetization mechanisms for these nanophases.
In the effective medium approaches derived from continuum
electromagnetism, only the volume fraction, or the parti-
cle number density, appears, while it is now well accepted
that for dispersed two-phase nanostructures, appropriate de-
scriptors of the interfaces should also appear. Therefore, col-
lective magnetic and electromagnetic behaviors in nanosys-
tems are challenging in terms of both experimental observa-
tion and development of theoretical analyses.

This special issue is dedicated to diverse topics related to
electromagnetism of nanostructured materials. The contrib-
utors to this issue have endeavored to be selective, choos-
ing and documenting those results to have the highest rel-
evance and reliability. There was no attempt to be exhaus-
tive and comprehensive. The careful selection of the topics
included, however, suggests that the most attractive feature
of these nanostructures is that their dielectric and magnetic
properties can be varied over a wide range by the choice of
the shape, size, and connectivity of the constituents in the
structure. This issue contains nine survey contributions de-
scribing several active areas in this field of research. A rela-
tively small number of contributions can only skim the sur-
face of the exciting developments in this area. Our goal is
only to illustrate the current status in the understanding of
the electromagnetic properties of heterostructures. Clearly,
the interplay between processing, structure, and macroscopic
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properties is an important engineering and scientific con-
cern. Both the editor and contributors of this volume would
feel well rewarded if this issue helps relieve some of the prob-
lems of finding useful information on the morphological and
electromagnetic properties of nanostructures.

Christian Brosseau
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A microstrip configuration has been loaded with a dispersive isotropic left-handed medium (LHM) substrate and studied regard-
ing its high frequency millimeter-wave behavior near 100 GHz. This has been accomplished using a full-wave integral-equation
anisotropic Green’s function code configured to run for isotropy. Never before seen electromagnetic field distributions are pro-
duced, unlike anything found in normal media devices, using this ab initio solver. These distributions are made in the cross-
sectional dimension, with the field propagating in the perpendicular direction. It is discovered that the LHM distributions are so
radically different from ordinary media used as a substrate that completely new electronic devices based upon the new physics
become a real possibility. The distinctive dispersion diagram for the dispersive medium, consisting of unit cells with split ring
resonator-rod combinations, is provided over the upper millimeter-wave frequency regime.

Copyright © 2007 C. M. Krowne and M. Daniel. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

1. INTRODUCTION

Tremendous interest in the last few years has occurred with
the experimental realization of macroscopic demonstrations
of left-handed media, predicted or at least suggested in the
literature several decades ago [1]. Attention has followed on
the focusing characteristics and related issues of left-handed
media (LHM), with appropriate arrangements to accomplish
such behavior, as shown by literature publications [2–25].
But no attention has been directed toward what intrinsic left-
handed media could do in propagating devices used in in-
tegrated circuit configurations. This is not to say that some
work has not happened on applications using backward wave
production or LHM properties in specialized microwave de-
vices which rely on reduced dimension negative phase ve-
locity behavior [26–34]. (Also see references contained in
[35, 36] for other focusing and backward wave devices.) And
much of that work has looked at macroscopic realizations,
which may be amenable in the future, with current efforts

on metamaterials, to advancing microwave integrated circuit
component technology utilizing left-handed media.

We are particularly interested here in new physical prop-
erties being the result of using material which is intrinsically
left-handed, or also variously referred to in the literature as
negative phase velocity material (NPVM or NPV) or nega-
tive refractive index material (NRIM or NIM). There may
be substantial interest in understanding the effects of left-
handed media in guided wave structures since advances in
integrated circuit technology, passive components, control
components, and active devices have increasingly been uti-
lizing layers and arrangements of many differing materials.
From heterostructures in active devices to complex materi-
als like chiral, ferroelectric, and ferromagnetic materials, in
passive and control components, this trend has been rising.
Efforts on metamaterials are sure to further this trend.

A hint at the remarkably different field distributions has
been disclosed recently using LHM substrates in guided wave
devices [37]. Dispersion diagram description of the physics
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is provided in [35], and this diagram shows the effect of
the RHM/LHM interface seen in the cross-sectional view on
the propagation normal to the cross-section. Bands of pure
phase propagation and bands of evanescent propagation oc-
cur. Also, negative phase velocity behavior of the LHM in-
teracts with the RHM to generate regions of both ordinary
wave propagation as well as backward wave propagation in
the negative phase velocity sense relative to the guided wave
power flow. In [35], only the low end band is displayed in
field distribution plots at 5 GHz. But the plots shown are in-
structive for the new physics they demonstrate: unusual field
line or circulation characteristics for the electric or magnetic
fields, startling intensity variation of the fields, counter in-
tuitive charge arrangement on the guiding metal strip, and
interesting visual display of opposed Poynting vectors in ad-
joining RHM and LHM regions for power flow down the de-
vice.

Attention to the new possibilities for electronic devices is
given in [36, 38] when using LHM/NPV substrates. There,
distributions up to 40 GHz are provided, somewhat over the
beginning of the millimeter-wave frequency band. However,
nowhere have we made available the remarkable field distri-
butions found at the higher millimeter wavelengths, and so
in this paper, we would like to show for the first time what
the fields look like at nearly 1011 = 100 GHz (we will actu-
ally draw our attention to f = 80 GHz as a starting point).
A new technique that we have developed of lifting out the
lower magnitude fields in order to visualize their directions
in arrow distribution plots will be utilized here for the first
time (Section 5). This is particularly important in distribu-
tion plots where the field magnitudes may vary over many
orders of magnitude. A number of field distribution plot-
ting methods will be employed in this paper: arrow plots
based upon linear representation of the field magnitude, ar-
row plots for both electric and magnetic fields based upon
scaled representation of the field magnitude, line plots show-
ing electric field behavior emanating from the strip and off
of it, line plots showing magnetic field behavior circulating
around the guiding strip and off of it, and magnitude plots
of both the electric and magnetic fields.

Sections 2 and 3 provide short discussions of left-handed
material properties (Section 2) and Green’s function tech-
nique (Section 3) used to solve the material physics/field
problem. Once these preliminaries are out of the way, the
eigenvalues and dispersion diagram (Section 4) and the field
distributions (Section 5) are determined.

2. LEFT-HANDED MATERIAL CHARACTERISTICS

It is expected that the left-handed medium characteristic to
alter the electromagnetic field based upon its new proper-
ties contained in its tensors describing permittivity and per-
meability will not only lead to new structures enlisting just
this new material, but eventually allow the creation of multi-
layered devices containing various substances including left-
handed media. Here we report on the new physics asso-
ciated with left-handed media in guided wave propagating
structures which are applicable to microwave and millimeter-

wave integrated circuits, although the focus here is primar-
ily on the millimeter-wave region. Here we address the use
of the left-handed media with its general bianisotropic crys-
talline properties reduced to scalars, that is, with anisotropic
permittivity ε tensor set equal to the isotropic permittiv-

ity value ε1, and anisotropic permeability μ tensor set equal

to the isotropic permeability value μ1. Consideration of the
anisotropic or bianisotropic crystalline case is examined else-
where [39]. Suffice it to say here that just as in the case
of optical or lower frequency focusing, isotropy is what al-
lows proper organization of all the wave fronts (or rays in
the geometric optics limit). But in a guided wave structure,
what may be the most critical issue is the assumption of
isotropy in many applications to allow arbitrary field con-
touring or sculpting, although it is now known that partic-
ular anisotropies can lead to remarkable field asymmetries
of potential use in electronic devices [40]. Individual unit
cell construction and repetitive cells in all directions can lead
to isotropy, as well as materials with intrinsic isotropic crys-
talline properties. The scalar relative permittivity and perme-
ability ε and μ seen in the literature have frequency depen-
dences ε(ω) and μ(ω). Left-handed material is obtained when
Re[ε(ω)] < 0 and Re[μ(ω)] < 0 simultaneously. Whether this
is a narrow- or wideband phenomenon will not be addressed
here, other than to note that there may be both metaobject
construction as well as intrinsic material methods to adjust
the bandwidth. There is every indication today that these two
implementation categories may provide enough design pos-
sibilities to make such bandwidth adjustment realistic. So,
whether one uses nonresonant objects, resonant objects, mi-
croscopic properties of crystals, or nanoscale materials, there
is no reason to doubt that the frequency region Δω over
which the desired behavior occurs may be viewed as being
subject to the choice of the physicist or engineer for some
intended use.

So, in order to study what the field distributions would
do for a LHM substrate in a certain configuration at a
particular frequency, we need to set Re[ε(ω)] = −εr and
Re[μ(ω)] = −μr , where εr = real positive constant and μr =
real positive constant. Fundamental mode is sought, which
has an eigenvalue even as ω → 0 ( f → 0). This is the simplest
problem one can solve for in our inhomogeneous bound-
ary condition problem. Hope for obtaining wideband behav-
ior is now supported by recent results showing that nega-
tive refraction can be obtained by using heterostuctures of
intrinsic crystals with negligible dispersion [39, 41–43]. The
narrowest behavior occurs with resonant structures like split
ring resonator-rod combinations. Even for these structures,
which are characterizable by ε(ω) = 1 − (ω2

pe − ω2
e0)/(ω2 −

ω2
e0 + iωLε) and μ(ω) = 1 − Fω2/(ω2 − ω2

m0 + iωLμ) (these
forms are widely quoted in the literature, with, for exam-
ple, the permeability being derivable from [44]), becauseωpe,
ωe0, and F are subject to the designer’s control, one can al-
ways, for a desired setting for ε and μ at a particular frequency
ω, solve the two equations implicit in these depictions for the
three unknowns, with a rich multiplicity of solutions. Finally,
photonic crystals which provide the negative refraction us-
ing ordinary RHM crystals with RHM inclusions, may have
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Figure 1: Cross-section of a microstrip structure with (a) a substrate using right-handed material (RHM/PPV) or (b) a substrate using
left-handed material (LHM/NPV).

bandwidths somewhere between nondispersive and highly
dispersive (as in the resonant structures).

3. GREEN’S FUNCTION FOR LEFT-HANDED
GUIDED WAVE STRUCTURE

Green’s function for the problem is a self-consistent one for
a driving surface current vector Dirac delta function ap-
plied at the guiding microstrip metal, J = jxδ(x − x0)x̂ +
jzδ(x − x0)ẑ with x0 = point on the strip. Figure 1(a) shows
a cross-section of the structure with a right-handed ma-
terial (RHM/PPV-ordinary material; PPV = positive phase
velocity) used for the substrate, and Figure 1(b) shows a
cross-section of the structure with a left-handed material
(LHM/NPV). The Green’s function is a dyadic, constructed
as a 2 × 2 array relating tangential x- and z-components of
surface current density to tangential electric field compo-
nents. This function is used to solve for the propagation con-
stant (see [45] for a recent use of this type of Green’s func-
tion). Determination of the field components is done in a
second stage of processing, which in effect creates a large rect-
angular Green’s function array, of size 6×2, in order to gener-
ate all electromagnetic field components, including those in
the y-direction normal to the structure layers. The governing
equation of the problem can be stated as

dψ

dy
= iωRψ, ψ =

[

Ex Ez Hx Hz

]T
, (1)

where the system 4 × 4 matrix R depends on the Green’s
function and on the physical properties of the materials. This
equation gives the tangential transverse a field component
variation (column vector ψ) perpendicular to the surface in
the y-direction. Auxiliary equations give the two remaining
field components, Ey and Hy .

The self-consistent problem is solved by expanding the
surface currents on the guiding microstrip metal in the infi-
nite expansions Jx =

∑nx
i=1 axi jxi(x) and Jz =

∑nz
i=1 azi jzi(x),

and then requiring the determinant of the resulting system
of equations to be zero. At this step of the problem, only the
surface current basis functions jxi(x) and jzi(x) need to be
provided and the complex propagation constant γ = α + jβ
is returned by the computer code. Of course, the summation
limits nx and nz must be truncated at an appropriate value
when convergence is acceptable.

Acquisition of the electromagnetic fields necessitates ob-
taining the basis function expansion coefficients axi and azi,
explicitly constructing the actual driving surface current den-
sity on the microstrip metal, finding the resulting top or bot-
tom boundary fields, and then utilizing operators to pull up
or down through the structure layers, generating the electric
and magnetic fields throughout in the process. The entire so-
lution method uses the constraint that the vertical side walls
of the device are perfect electric walls (perfect metallic con-
ductors), which can be shown to discretize the eigenvalues
in the x-direction. These are the Fourier transform variables
for the spectral domain, and an infinite set of them forms a
complete set for the problem. Only a finite number of them
are used, with their maximum number being denoted by n.

4. DISPERSION DIAGRAMS OF LHM AND
RHM DEVICES

To gain some idea of the general trend of the propagation
constant, a dispersion diagram is graphed in Figure 2 for an
ordinary medium substrate in the millimeter-wave frequency
regime for a device with air above the substrate and right-
handed medium (RHM/PPV, PPV) below the strip with
Re[ε(ω)] = εr = 2.5, and Re[μ(ω)] = μr = 2.3, substrate
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thickness hs = 0.5 mm, microstrip width w = 0.5 mm, air
region thickness ha = 5.0 mm, and vertical wall separation
b = 5.0 mm. Also, Im[ε(ω)] = εi = 0 and Im[μ(ω)] =
μi = 0 making the medium lossless. (We also consider the
microstrip metal lossless, although modifications for its loss
can be made [45], as well as for medium loss in the substrate
[45].) There are two γ roots possible for even symmetry of
the Jz surface current component. They are mirror images
of each other, with one corresponding to a z-directed wave
and the other to a −z-directed wave propagating in the re-
verse longitudinal direction. The figure only shows the pos-
itive going wave solution (solid yellow curve) for the funda-
mental mode, and we see that γ = α + jβ = jβ, meaning
that pure phase behavior occurs in the RHM/PPV structure.
The dispersion diagram was produced with nx = nz = 1 and
n = 200, although we have found solutions up to nx = nz = 9
and n = 900, with the change in the numerical value be-
ing in the fourth decimal place. Because we are putting our
attention deep into the millimeter-wavelength regime, plots
will be later done at frequency f = 80 GHz, which for the
RHM/PPV structure has β = β/k0 = 2.200.

For a left-handed medium LHM/NPV substrate, instead
of choosing Re[ε(ω)] = −εr = −2.5, Re[μ(ω)] = −μr =
−2.5, and Im[ε(ω)] = −εi = 0, Im[μ(ω)] = −μi = 0
[35], with the geometric parameters being the same as for
the RHM/PPV structure, we will consider a metamaterial
model of the LHM/NPV substrate consisting of split ring
resonators [44] with rods [46] (SRRs). Such a metamate-
rial will introduce explicit material dispersion into the prob-
lem, in addition to the dispersion already in the problem
due to the guided configuration. For the rods, which we as-
sume are continuous ( fe0 = 0), their radius is chosen to be
re = 6.313 μm, with a lattice spacing of a = 0.690 μm. These
values are associated with an effective plasma frequency fpe =
149.67 GHz and electric damping factor Lε = 0.1305 GHz
(using aluminum). For the SRRs, the sheets’ split on cylin-
der’s model is used as an approximation to the split rings,
with cylinder radius rm = 0.2761 mm, and the concentric
cylinder distance separation d = 0.1668 mm. Using the lat-
tice spacing selected above yields F = 0.5027. These values
are associated with a magnetic resonance frequency fm0 =
74.03 GHz, crossover frequency where effective permeability
μeff = 0 of fmco = 105 GHz, and magnetic damping factor
Lμ = 0.0853 GHz (using aluminum). Thus, the dispersive
material equations for the SRRs are completely determined:

ε(ω) = 1− ω2
pe − ω2

e0

ω2 − ω2
e0 + iωLε

= 1− ω2
pe

ω2 + iωLε
,

μ(ω) = 1− Fω2

ω2 − ω2
m0 + iωLμ

.

(2)

For the LHM/NPV structure, in the limiting case of Lε →
0 and Lμ → 0, two γ solutions exist which have α = 0, and
β = β/k0 = 1.177647 and 1.786090 (quoted values for nx and
nz = 1 and n = 200). One corresponds to a forward wave
for nondispersive intrinsic LHMs (β = β/k0 = 1.78609),
where the product of the integrated Poynting vector (net
power through the cross section) and phase vector in the
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μ > 0 μ < 0 μ > 0

0

1

2

3

4

5

6

7

8

P
ro

pa
ga

ti
on

co
n

st
an

t
γ/
k 0
=

(α
+
jβ

)/
k 0

70 75 80 85 90 95 100 105 110

Frequency f (GHz)

Δ f = 0.0025 GHz

fmμeff = 0

fm0
β/k0 RHM α/k0 LHM

β/k0 LHM nx = nz = 5
n = 500

Figure 2: Complex propagation constant γ/k0 versus frequency
f over the range 70–105 GHz for the fundamental modes of an
microstrip configuration for an RHM/PPV substrate and for a
LHM/NPV substrate with SRR inclusions.

z-direction is
∮

Pz • βẑdA > 0 (dA is the differential cross-
sectional element) or equivalently vgl · vpl > 0. The other so-
lution is a backward wave for nondispersive intrinsic LHMs
(β = β/k0 = 1.177647), where the product of the integrated
Poynting vector and the phase vector in the z-direction is
∮

Pz • βẑdA < 0 or equivalently vgl · vpl < 0. Here, vgl and vpl
are, respectively, the group and phase longitudinal velocities.
These modes are referred to as fundamental modes in the
sense that as f → 0, a solution exists (we had earlier looked
at this type of mode for the RHM/PPV substrate).

As damping loss is turned on and becomes finite, only
the forward guided wave will exist, and the backward guided
wave will cease to exist. The fundamental mode for the up-
per root is shown in Figure 2, not extending beyond either
74 GHz on the low end or 105 GHz on the high end because
sg[ε(ω)] sg[μ(ω)] = −1, and that product causes evanes-
cent propagation to occur where β is extremely tiny. Be-
low fm0 and above fmco, μ > 0 and ε < 0. However, be-
tween these critical frequency points, sg[ε(ω)] sg[μ(ω)] = +1
and the wave propagates with μ < 0 and ε < 0. Out of
the range plotted, above the electric crossover frequency feco

(near fpe for low loss) where effective permittivity εeff = 0,
sg[ε(ω)] sg[μ(ω)] = +1 will occur again, with μ > 0 and ε > 0
this time, being completely reversed from the region between
fm0 and fmco.

The dispersion curves for the LHM/NPV substrate are
plotted in Figure 2 using nx = nz = 5 and n = 500 with fre-
quency increments of Δ f = 0.0025 GHz between eigenvalue
points (only small differences with solutions at nx = nz = 9,
n = 900, nx = nz = 1, and n = 100 have been found, on
the order of less than a few tenths of a percent). At 80 GHz,
γ = (α,β) = (0.0320222, 1.79365) for nx = nz = 1 and
n = 100, whereas for nx = nz = 9 and n = 900, γ =
(0.0322745, 1.79116). These values used the parameter set-
tings mentioned above, except Lε = 0.1305 GHz and Lμ =
0.0853 GHz, corresponding to about a fifty percent increase
in loss width, providing a more conservative estimate of
propagation loss due to the metamaterial which could occur
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Figure 3: For an ordinary RHM/PPV substrate at 80 GHz, we have (a) electric field distributions in a color plot for magnitude E with an
overlaid plot for vector Et in arrow form unscaled; (b) magnetic field distributions in a color plot for magnitude H with an overlaid plot for
vector Ht in arrow form unscaled.

from imperfect metal or lower conductivity metal. Permittiv-
ity and permeability at 80 GHz are ε = (−2.5156, 5.77348 ×
10−3) and μ = (−2.4817, 2.5713 × 10−2), corresponding to
loss tangents (εi/εr or μi/μr) of 2.28 × 10−3 and 1.04 × 10−2.
The reason why α rises and β falls after this frequency in
Figure 2 is that both ε and μ are becoming ever more positive,
providing much less left-handed material advantage, with the
relative rates of change of ε and μ determining the details of
the curves. Of course, once the frequency fmco is hit, any ef-
fective propagation ceases.

5. ELECTROMAGNETIC FIELD DISTRIBUTIONS
FOR LEFT-HANDED DEVICES

In order to correctly perceive the intensity of the fields, E2 =
∑3

i=1 E
2
i = E2

t + E2
z and H2 = ∑3

i=1 H
2
i = H2

t + H2
z are calcu-

lated and plotted as E and H using a color linear scale. These
field magnitudes are related to the overall energy content
when premultiplied by the appropriate dispersive permittiv-
ity and permeability derivatives [1, 47]—something that can
be added to the model here by specifying additional micro-
scopic physics of the LHM/NPV. This issue will be addressed
in more detail elsewhere. What is important to realize here is
that there is no conceptual difficulty in accomplishing that
task. Care must be exercised in obtaining the linear color
plot. Too small a grid results in a boxy appearance to the
color distribution, making it very hard to interpret. Thus,
we seek on the order of 104 grid points by partitioning each
layer into 45 laminations and the vertical-to-vertical wall sep-
aration into 90 laminations, giving an 8372 grid points total

from the spectral domain code. (Calculations have been done
with as many as 2.5 × 104 grid points.) A Fortner algorithm
is used to produce the finished color plots [48].

5.1. RHM/PPV comparison structure

Once we have identified the β value and know the point in
the diagram about which we wish to operate, we can proceed
on to making a field distribution plot. Figures 3(a) and 3(b),
respectively, show, for the comparison RHM/PPV structure,
the E and H magnitude plots for β = β/k0 = 2.200, with un-
scaled linear arrow plots of electric vector Et and magnetic
vector Ht overlaid on them. (Surface current coefficients are
ax1 = (0,−0.0637503) and az1 = (1, 0).) The arrow overlays
allow us to assess the actual cross-sectional magnitudes of
the fields locally, as well as their directions, whereas the color
distribution allows us to see continuously the entire magni-
tude of the fields. Field arrows are created in a N ×M grid
of points, N ≤ M, usually N = M − 1, with M = 22 here. A
number of basic features are seen in the plots. Variation of the
magnitude has several periods in the x-direction associated
with the effective wavelength in the RHM/PPV substrate. The
electric field arrows emanating from the microstrip metal lo-
cated about the device center line x = 0 mm, y = 0.5 mm,
are directed out of the metal, consistent with a single charge
residing on it, although it is in general nonuniformly dis-
tributed as expected for a conventional structure such as this.
Magnetic field arrows circulate about the metal strip in one
direction (Figure 3(b)), breaking up into extra fine structure
below the interface, but those near the metal strip continue
into the substrate just under the strip in regions of extremely
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Figure 4: For an LHM/NPV substrate at 80 GHz, we have for the lower eigenvalue β (a) electric field distributions in a color plot for
magnitude E with an overlaid plot for vector Et in arrow form unscaled; (b) magnetic field distributions in a color plot for magnitude H
with an overlaid plot for vector Ht in arrow form unscaled.

intense fields with singularities occurring based upon the
edge condition. Even in the highly singular region near the
metal strip which possesses delta function charge distribu-
tions near its edges, the discontinuity in the transverse Ht

field is related to the surface current J to within 10% or bet-
ter by the cross product Ht × n̂, where n̂ = ŷ = normal to
the interface. Outside of the metal strip interface region, field
arrows crossing the interface obey the necessary boundary
conditions from within a few percent to small fractions of a
percent (these observations also hold for the LHM substrate
case).

5.2. LHM/NPV structure

At f = 80 GHz for the LHM/NPV substrate case, Figures
4(a) and 4(b), respectively, show the electric E and magnetic
H magnitude distributions for the lower root, backward wave
LHM/NPV solution (valid for Lε → 0, Lμ → 0), with un-
scaled linear arrow plots of electric vector Et and magnetic
vector Ht overlaid on them. (Surface current coefficients are
ax1 = (0,−0.128 419) and az1 = (1, 0).) We see from these
plots that the electric field E resides both around the guiding
strip as well as under it in the LHM/NPV substrate. Mag-
netic field H is more localized near the strip metal. The up-
per forward wave LHM/NPV solution (valid for Lε �= 0,
Lμ �= 0) shown in Figures 5(a) and 5(b) demonstrates a
more complicated distribution, with much more of it under
the strip inside the LHM/NPV. (Surface current coefficients
are ax1 = (0,−0.142 740) and az1 = (1, 0).) A number of
striking differences are noted by comparing these results to

the ordinary substrate medium case in Figure 3 (RHM/PPV
structure). Firstly, the E and H intensity distributions dif-
fer in appearance significantly for the LHM/NPV substrate
structure compared to the relatively simple field pattern of
the RHM/NPV structure. Secondly, in Figure 4(a), the elec-
tric field arrows Et do not point into (or out of) the metal
strip but point roughly (this interpretation is modified by
examining the field line distribution patterns to be discussed
below in reference to Figure 6 for the LHM/NPV structure)
in one direction above and below the strip, indicating that
this branch still has a single charge (as was found for the
RHM/PPV case in Figure 4) due to the reversed effect of the
displacement electric field continuity condition normal to
the interface. Thirdly, in Figure 4(a), electric field Et arrows,
away from the metal strip near the interface, point in oppo-
site directions as they cross the interface in terms of their nor-
mal components. Fourthly, in Figure 4(b), magnetic field Ht

arrows circulate around the strip in one direction above the
interface and in the opposite direction below it, and the mag-
netic field arrows Ht when crossing the interface point in op-
posite directions in terms of their y-components. Fifthly, in
Figure 5(a), the electric field arrows Et point roughly (again
this interpretation is modified later by the field line distribu-
tion patterns to be presented below in Figure 5) into (or out
of) the metal guiding strip indicating a situation only pos-
sible if an infinitesimal dipolar charge arrangement exists in
the vertical sense [35].

Of course, in addition to these noted differences between
RHM/PPV and LHM/NPV substrates on guided wave behav-
ior, the two solutions have significantly different field line
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Figure 5: For an LHM/NPV substrate at 80 GHz, we have for the upper eigenvalue β (a) electric field distributions in a color plot for
magnitude E with an overlaid plot for vector Et in arrow form unscaled; (b) magnetic field distributions in a color plot for magnitude H
with an overlaid plot for vector Ht in arrow form unscaled.

distribution patterns as seen in Figure 6 for the LHM/NPV
structure. This is clear from the nearly circular circulating
magnetic lines (first three) around the strip for the higher
β value forward wave (see Figure 6(b)) compared to the
broadly extended magnetic field lines for the lower β value
backward wave (see Figure 6(a)). (This is evident by look-
ing at the region above the substrate.) The electric field lines
exhibit a dense pattern near the strip for the higher β value
somewhat contained in a “shell,” compared to that of the
lower β value mini-“shell” which barely shows this pattern
emerging (examine the region just above the metal strip in
the air zone). For the lower β value (see Figure 6(a)), there
is a positive charge on the bottom half of the strip in the
LHM/NPV (field lines enter into the strip) as well as on the
ends (field lines exit from the last quarter length of the to-
tal strip length on either side of the strip) of the top part of
the strip. But the mini-“shell” has its Et field lines emanating
from the inner edges of the positive top charge at the bound-
ary between this positive charge and an inside region of the
top strip which is negatively charged. Upper β solution has
its “shell” extending about 20% beyond the strip width, with
the Et field lines emanating from the “shell” surface with the
lines terminating nearest the strip center, originating near the
intersection of the “shell” surface and the interface. Outside
of the “shell” in both Figures 6(a) and 6(b), the electric field
lines Et revert back to the simpler case of them seemingly to
arise from a single uniform charge on both sides of the strip.
Because the “shell” is not seen at considerably lower frequen-
cies, this seems to imply that at higher frequencies the struc-
ture is trying to become more like an ordinary media layered

device. Finally, we note that both the electric Et and magnetic
Ht field line patterns are much more intricate for the higher
β value in comparison to the lower β value beneath the inter-
face in the LHM/NPV substrate.

To better visualize the directions of the fields throughout
the device area, unconstrained by the need to follow selected
field lines, but to retain those useful features in such field line
plots, we have developed scaled arrow plots which lift the tiny
magnitude field values from the background. One of the sim-
plest methods to lift the fields in the background from nu-
merical obscurity to visibility is to perform a log scaling such
as

Ei =

⎧
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⎪
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(3)

where Ei,min and Hi,min are positive magnitude cutoffs, and
the argument presented to the log10 operator is always pos-
itive whereas the sign of the field component is preserved
in the prefactor. The problem with this scaling approach,
though, is that it can damage the angle between the x- and
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Figure 6: Electromagnetic field line distribution plots showing electric Et (blue dotted line) and magnetic Ht (red dashed line) fields at
80 GHz for an LHM/NPV substrate in the fundamental mode for (a) the lower β/k0 = 1.177647 and (b) the upper α/k0 = 0.032022175,
β/k0 = 1.7936490 eigenvalue solutions.
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Figure 7: Arrow field distribution plots for the LHM/NPV structure at 80 GHz for (a) electric field Et and (b) magnetic field Ht for the lower
β/k0 = 1.1776 eigenvalue solution using a trigonometric scaling method.
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y-components of the fields. Therefore, we have instead cre-
ated an inverse trigonometric method,

Ei = Ei
Et

[∣

∣

∣

∣
tan−1

(

Ei
Eav

)∣

∣

∣

∣
+ 0.75

]

,

Hi = Hi

Ht

[∣

∣

∣

∣
tan−1

(

Hi

Hav

)∣

∣

∣

∣
+ 0.75

]

.

(4)

Here,

E2
t = E2

x + E2
y ,

H2
t = H2

x +H2
y .

(5)

Ratio factor on the left is merely the cosine of the field angu-
lar offset from the x-axis, that is, cos θE = Ei/Et and cos θH =
Hi/Ht . Figures 7(a) and 7(b), respectively, plot the electric
and magnetic field distributions for the lower β LHM/NPV
solution, with Eav = 100 V/m and Hav = 0.01 amps/m.

Lastly, in Figure 8 is provided the electric field E magni-
tude distribution for the LHM/NPV structure, overlaid with
electric field lines Et for the upper eigenvalue at 80 GHz. This
figure combines some of the information from Figures 5(a)
and 6(b), in such a way to assist visualization and under-
standing of the field behavior, allowing one to see the direc-
tional information at a glance while being able to assess the
strength of the field.

6. CONCLUSION

In conclusion, we have shown completely new field distri-
butions in a guided wave microstrip-like device structure
containing left-handed material (LHM), otherwise referred
to also as negative phase velocity material (NPV or NPVM)

in the power/phase sense. The results are valid for intrin-
sic LH crystalline materials, LH metamaterials, or LH het-
erostructure or layered crystalline materials. These field dis-
tributions show new physics, and although that is what has
drawn our attention, such structures which are compati-
ble with integrated circuit and solid state technology may
open up many future possibilities. Unusual field distribu-
tions based upon new physics suggest the chance of com-
pletely new devices for future electronics besides the amend-
ment of present devices which act as control components,
active devices, and passive transmission structures. New de-
vices could include millimeter-wave couplers, filters, phase
shifters, isolators, and circulators, to mention a few.

We have also learned from the dispersion diagram for a
SRR type of metamaterial LHM substrate that although the
resonance nature of the unit cell can be extremely lossy at res-
onance, away from resonance there is a region of low enough
loss to suggest realistic use in millimeter-wave integrated cir-
cuits.
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1. INTRODUCTION

Composite materials have a lot of technical applications, and
especially magnetic nanocomposites have been studied re-
cently [1–3]. The fundamental question is how the proper-
ties of their components and their microstructure contribute
to the effective properties of the new material. Besides a mul-
tiplicity of approximative mixture formulas, there are some
analytical solutions of the so-called effective-medium prob-
lem (see, e.g., [4–8]). Also 2D and 3D computer simulations
allow to predict the effective material parameters for various
particle arrangements and shape (see, e.g., [9–17]). The in-
herent structure-dependence is beyond controversy and in
the strict sense every microstructure can give rise to a dif-
ferent mixture rule. Therefore, the analysis of nanocompos-
ites, for example, of nanoparticles dispersed in a host ma-
terial, represents a challenge: due to the difficulty to control
a spatial particle arrangement on a nm scale, the exact mi-
crostructure is often unknown. Nevertheless, we are still in-
terested either in predicting the properties of the composite
or in studying the dispersed nanoparticles that do not neces-
sarily behave like bulk material (the latter case represents the
so-called inverse problem, where measured effective quanti-
ties are used to evaluate the properties of a component). For
both cases, at least approximative procedures are required. In
view of this fact, we raise a fundamental question regarding

the concept of topological classes. More precisely, we want to
find out to what extend it is useful to distinguish between two
topological classes.

In the following, we consider composite materials con-
sisting of 2 phases that we call “matrix” and “particles” (in-
dices “m” and “p”). In order to attribute an effective per-
mittivity and an effective permeability to these mixtures, the
structural inhomogeneities have to be sufficiently small com-
pared to the wavelength of an applied electromagnetic field.
According to their definition as volume averaged quantities
[18, 19], the effective material parameters are independent
of the size of the inclusions, but depend on the volume filling
factor of the particles f = Vp/Vtotal as well as on the proper-
ties of the two components,

εeff

εm
= F

(
f ,

εp
εm

)
, (1)

whereas the function F depends on the microstructure. The
same holds for the magnetic permeability, presupposed that
the field excitation is unchanged (consider, e.g., a sample in
a homogeneous electric or magnetic field):

μeff

μm
= F

(
f ,

μp

μm

)
. (2)

According to a formalism developed by Bergman, Fuchs,
and Milton, it is even possible to separate the influence of
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microstructure, characterized by a spectral density function
g, from that of the components, characterized by their mate-
rial parameters [20]: the effective permittivity can be written
as

εeff

εm
= 1 + f

{
C

t
+
∫ 1

0

g f (n)

t + n
dn
}

(3)

with t = 1/(εp/εm − 1) and C being the strength of per-
colation describing the contribution of infinite clusters. Al-
though there is no method to determine g f (n) from first
principles, the theoretical consequences are quite clear: every
new microstructure requires a new calculation of the effective
properties. The implications for the analysis of real systems
are not so explicit. Do experimental physicists need a differ-
ent mixture formula for every real sample system? And how
should they select one when no detailed information about
the microstructure is available? In such cases, where it is im-
possible to choose an “exact” model, topological criteria are
applied to find the best approximation for the system under
study.

Generally, two topological classes are considered in the
description of binary composite materials [18]. On the one
hand the so-called matrix inclusion topology (cermet topol-
ogy, separated grain structure), where a discontinuous phase
(e.g., particles below the percolation threshold fc) is dis-
persed in a continuous host matrix, all regions of which are
perfectly interconnected (e.g., a polymer or a liquid, see Fig-
ures 1(a) or 3(a)). Here matrix and filler are not topologically
equivalent. For example, an exact analytical solution for an
arbitrary spatial configuration of well-separated spheres has
been formulated in [6]. Based on this, 3D computer simu-
lations were performed [21] showing that two of the well-
known effective medium formulas for randomly dispersed
particles describe the limits of very narrow and very broad
particle-size distributions (see Figure 2): for monodisperse
spheres Maxwell-Garnet formula holds:

εeff = εm ·
(

1 + f · εp − εm
εm + (1− f ) · 1/3 · (εp − εm

)
)

, (4)

while for polydisperse systems with a sufficiently broad size-
distribution the Hanai-Bruggeman formula applies:

(
εeff − εp
εm − εp

)
·
(
εm
εeff

)1/3

= (1− f ). (5)

The latter is often successfully applied to describe exper-
imental data, since most real systems are polydisperse (see,
e.g., [22]). But of course, depending on the degree of ag-
glomeration, real systems can show more complicated non-
random spatial arrangements so that the above mixture rules
are no longer valid (see, e.g., [23]).

On the other hand, there is the so-called aggregate topol-
ogy, where both phases are topologically equivalent (see Fig-
ures 1(b) or 3(b)). This equivalence reflects in the symmetry
of the corresponding mixture formula: interchanging both
phases, εp ↔ εm and f ↔ (1 − f ), does not affect the result:
εeff (εp, εm, f ) = εeff (εm, εp, 1− f ). An example is, for example,

(a) (b)

Figure 1: (a) Matrix inclusion topology (cermet topology, sepa-
rated grain structure) describing discrete particles that are dispersed
in a continuous host phase. (b) Aggregate topology, where two
topologically equivalent phases are mixed (compact powders con-
sisting of two types of particles, polymer mixtures, interpenetrating
network structures, etc.) For an idealized system, see Figure 3.
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Figure 2: Effective permittivity versus volume filling factor for a
binary mixture with εp = 20 and εm = 1: examples for matrix
inclusion topology (model of Maxwell-Garnett, (4), and Hanai-
Bruggeman, (5)) and aggregate topology (model of Looyenga, (6)).

the formula of Landau, Lifshitz, and Looyenga (see Figure 2)

ε1/3
eff = f ε1/3

eff + (1− f )ε1/3
m . (6)

The aggregate topology is, for example, appropriate for
compact powders, heterogeneous polymer mixtures, and in-
terpenetrating network structures [19]. In a range of filling
factors, where both phases are above their percolation thresh-
old, they exhibit a high degree of interconnection and form
some kind of interwoven network. In this case, even particles
in a continuous host phase can be approximated fairly well by
the aggregate topology. For example, in a recent study, exper-
imental data for granular material (pulverized samples, i.e.,
air-particle mixtures) was compared with 6 effective media
formulas, 3 of them belonging to the cermet topology, and 3
to the aggregate topology, and the above Looyenga-equation
performed best [24]. In Figure 2, we compare the above mix-
ture formulas. The model of Looyenga yields higher effective
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values, but it is not clear whether this is a fundamental fea-
ture of the aggregate topology: there is a multiplicity of ap-
proximative formulas for both topologies [25, 26], the re-
spective range of validity is sometimes difficult to assess, and
we have just made an arbitrary choice of 3 models.

Summarizing, there is some experimental evidence that
depending on the concentration range, a topological dis-
crimination might be a useful concept: above the percola-
tion threshold formulas of the “aggregate type” perform well,
while below this threshold formulas of the “cermet type” can
yield good approximations (at least for systems of well sepa-
rated particles). But it is difficult to asses whether this differ-
ence is of fundamental nature and whether it persists when
we compare nonpercolating systems with an identical parti-
cle concentration.

In this article, we thus want to shed some light on the
difference between both topologies. We focus on composite
materials at filling factors below the percolation threshold,
where in both cases the dispersed phase does not form a con-
tinuous network. For this purpose, we have performed com-
puter simulations of 3D systems containing dispersed cubic
particles as sketched in Figure 3. With monodisperse parti-
cles of this shape, it is possible to realize both topologies just
by varying their spatial arrangement. For a given concentra-
tion, the respective microstructures look rather similar (and
they would be hardly distinguishable without indicating the
cubic grid in the sketch of the aggregate topology): there are
just particles in a matrix. We would like to know whether,
despite this similarity, the effective properties differ consid-
erably. Only in this case the concept of topological classes
might help to discriminate between effective medium mod-
els and to select the best approximation for the analysis of
experimental data.

2. SIMULATION

2.1. Method

Filling a resonator with a material leads to a change of its
complex resonance frequency, an effect that can be used to
determine the effective material parameters of a composite:

ν = ν0√
(εμ)eff

, (7)

with ν0 being the resonance frequency of the empty resonator
and ν that of the material-filled resonator (these are complex
frequencies, whereas the imaginary part reflects losses [27]).
The simulation is based on the discretization of the Maxwell
laws in such a resonator with dimensions LX∗LY∗LZ. Res-
onator and field distribution of the fundamental mode are
sketched in Figure 4. The simulation code was developed by
Stölze and Leinders [9–11], who used it to simulate an ag-
gregate topology. It allows to calculate the complex effective
permittivity εeff and permeability μeff of a 3D binary mixture
in the following way.

The resonator is filled randomly with N cubes of side
length a [N = (LX/a) ∗ (LY/a) ∗ (LZ/a)], either particles
or matrix material, according to the respective volume frac-
tion (see Figure 5). Such an inhomogeneous filling leads to a

(a) (b)

Figure 3: Sketch of an isotropic composite material containing
randomly dispersed cubic particles: (a) Matrix inclusion topology,
where the particle positions are arbitrary (only particle overlap is
excluded). (b) Aggregate topology, where the particles are randomly
dispersed on a cubic grid (a random mixture of cubes of material
“p” and “m”).

E

B

LZ

LY

LX

Figure 4: Distribution of electric and magnetic fields inside a res-
onator of size LX ∗ LY ∗ LZ (for an empty resonator in the fun-
damental mode). When the resonator is filled with cubes of matrix
material or particles, this leads to local changes of the field distribu-
tion and to a change of resonance frequency.

local pertubation of the fields compared to the well-known
analytical solution for an homogeneous filling. The local dis-
tribution of electric and magnetic fields in the resonator
is calculated following an approach developed by Weiland
(see [9–11]). As displayed in Figure 6, a tripod of electric
field is assigned at the edges of each cube forming the cu-
bic grid G. A reciprocal grid G∗, shifted by a half diagonal
from the first grid G, contains the magnetic field vectors so
that they penetrate the surfaces of the cube. The discreti-
sation of the Maxwell equations on these grids leads to an
eigenvalue equation that is solved via an algorithm developed
by Stölze (for more information we refer to [9–11]). So the
field vectors as well as the complex resonance frequency are
determined. The latter information allows us to calculate the
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Figure 5: Spatial distribution of the particles for a filling factor of
0.56% (size of the resonator: 120a∗ 90a∗ 120a). Different random
distributions yield the same effective permittivities or permeabili-
ties within a maximum deviation of 0.5%.
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Figure 6: Representation of field vectors inside the resonator. The
electric field is calculated along the first grid G (of side length a), the
magnetic field along the reciprocal grid G∗ which is shifted by half
a cube diagonal from the first grid.

product (εμ)eff from the complex resonance frequencies of
the empty and the filled resonator according to (7).

In order to obtain εeff and μeff separately, two simulation
runs are necessary. In the first one, a nonmagnetic system
(μp = μm = 1) is considered yielding εeff . In the second run,
μeff is evaluated for a purely magnetic material (εp = εm = 1).
In Figure 7, we show that the product of these values, εeff ·
μeff , equals the value of (εμ)eff that results from a single run
(where μp �= 1 and εp �= 1). Two final remarks are necessary.

(i) Since effective permeability and permeability are a
function of εp/εm and μp/μm, we can set εm = μm = 1
in all simulations without loss of generality (see (1)
and (2)). A high contrast between matrix and par-
ticles results in higher effective material parameters,
so that structure-induced changes can be monitored
more easily. In the following, we therefore choose par-
ticle parameters |εp| � 1 or |μp| � 1.
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Figure 7: Real (a) and imaginary (b) parts of the product of per-
mittivity and permeability for a binary mixture simulated in two
different ways. Filled cubes: (ε · μ)eff resulting from one simulation
run with εp = 10 − 4i, εm = 1, μp = 4 − 3i, and μm = 1. Open
triangles: εeff · μeff calculated from two simulation runs, a dielectric
one (εp = 10 − 4i, εm = μp = μm = 1 yielding εeff ) and a mag-
netic one (μp = 4− 3i, μm = εp = εm = 1 yielding μeff ). Obviously,
(ε · μ)eff = εeff · μeff holds.

(ii) Due to the resonator geometry, the effective permittiv-
ity is evaluated for an electric field parallel to a symme-
try axis of the cubic grid (E ‖ y, see Figure 4), while
the circumferential magnetic field yields a different
volume average. For this reason, different functions F
describe the magnetic and dielectric responses (see (1)
and (2) as well as [11]).
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Figure 8: Testing for size effects by varying the resonators dimensions with respect to the particle size (aggregate topology).

In this work, we have used the original code of Stölzle
and Leinders, that the authors kindly put at our disposal
(we made only some minor technical modifications). Imple-
mented on a modern personal computer (64- bit processor,
2.2 GHz, 4 GB RAM), it allows to simulate much bigger sys-
tems than those shown in the original work (having a size of
40a × 30a × 40a [9–11]). We are now able to simulate sys-
tems up to a size of 120a × 90a × 120a in a reasonable time
[28]), that is, on average it takes several hours to calculate an
effective permittivity or permeability (the evaluation of per-
meability requires less CPU time). As a consequence, we can
study more complex systems and we are no longer restricted
to the pure aggregate topology, as we shall show in the fol-
lowing.

2.2. Numerical test for size effects

A freely propagating wave exhibits a constant frequency, but
the wavelength depends on the dielectric and magnetic prop-
erties of the medium. In a resonator, the situation is differ-
ent. The wavelength is fixed and the resonance frequency
changes depending on the filler medium (7). Here we con-
sider the fundamental mode of a rectangular waveguide res-
onator with LX = LZ, so that λ/2 = LX holds (see Figure 4).
As long as the structural inhomogeneities are small com-
pared to the wavelength, the effective material parameters of
a composite depend on the microstructure but not on the
absolute size d of the inclusions (1)–(3). In addition, the dis-
cretization of the resonator, that is, the grid size a, has to be
sufficiently fine in order to assure a precise calculation of field
distribution and resonance frequency. Therefore,

2 · LX = λres � d, a (8)

has to hold in order to guarantee that the effective parame-
ters are well defined and to exclude finite size effects of the
simulation.

We check this for the aggregate topology and we start
with a situation where particle dimension and grid size are
identical quantities, a = d. For this purpose, we keep d = a

20 40 60 80 100 120

LX/d

−1

−0.5

0

0.5

1

1.5

2

2.5

|Δ
μ
/μ

R
ef
|(

%
)

f = 0
f = 0.1
f = 0.2
f = 0.3
f = 0.4
f = 0.5

f = 0.6
f = 0.7
f = 0.8
f = 0.9
f = 1

Figure 9: Variation of the absolute value of permeability as a func-
tion of system size or wavelength, Lx/d = λ/(2d) for different
filling factors 0 ≤ f ≤ 1 (aggregate topology with d = a, see
Figure 8). The respective effective permeability of the largest sys-
tem, LX ∗LY ∗LZ = 120a∗90a∗120a, is taken as reference value
(simulation parameters: μp = 20− 12i, μm = 1, εp = εm = 1).

constant and change the size of the resonator and thus the
wavelength as indicated in Figure 8. We start with a maxi-
mum resonator size of LX ∗ LY ∗ LZ = 120a ∗ 90a ∗ 120a
and simulate the effective permeability of a binary mixture
(μp = 20 − 12i, μm = 1, εp = εm = 1). This value is taken as
a reference value. Then we repeat the same procedure for a
two-time smaller resonator (60a∗ 45a∗ 60a), a three-times
smaller resonator, and so on. In Figure 9, we display the rela-
tive deviation of the effective permeability as a function of the



6 Journal of Nanomaterials

da

d

a

d/a = 1 d/a = 2

· · ·

Figure 10: Testing for finite size effects by varying the ratio of par-
ticle size over grid size, d/a, while the size of the resonator is kept
constant (aggregate topology). According to Figure 9 and (9) the
finest discretization that can be realized corresponds to d = 6 · a.
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Figure 11: Variation of the absolute value of permeability as a
function of the ratio of particle size to grid size for an aggregate
topology (see Figure 10). The system size is approximately constant,
LX ·LY ·LZ � 120a·90a·120a. d/a = 1 corresponds to a coarse and
d/a = 6 to a fine discretization of the particles (simulation param-
eters: μp = 20 − 12i, μm = 1, εp = εm = 1). The lines are a guide to
the eyes (fit functions of the form |μeff | = α+β·exp(−γ ·d/a) ). For
d/a ≥ 4, the discretization is sufficiently fine so that the calculated
effective permeability reaches a saturation value.

relative resonator dimension Lx/d for filling factors between
0 and 1. The largest deviations (up to 2%) occur for small
systems or big particles. Therefore, the permeability does not
depend on the particle size (or at least only in a marginal
way) as long as

LX

d
= λres

2d
≥ 20 (9)

holds.
In the next step, we have to adjust the grid size a with

respect to the particle size d in order to make sure that the
electromagnetic fields inside the particles are calculated with

adad

d/a = 4 d/a = 6

=̂

Figure 12: In order to monitor a topological transition from aggre-
gate to cermet topology, random binary mixtures at constant vol-
ume filling factor but with different spatial particle arrangement
are compared. Upper row: aggregate topology for increasing ratio
of particle size d to grid size a. Lower row: intermediate topologies,
where the same particles are arbitrarily dispersed on the grid. The
limit a/d → 0 corresponds to the cermet topology, where the parti-
cles can be located everywhere in 3D space.

a sufficiently high accuracy. For this purpose, we now keep
the resonator approximately constant (LX ∗ LY ∗ LZ �
120a · 90a · 120a) and vary the ratio d/a as indicated in
Figure 10. While the electromagnetic fields are calculated on
a fine grid of size a (about 1.3 · 106 cubic cells of size a3),
the particles are randomly distributed on a coarse grid of size
d = n · a, so that we always maintain the aggregate topol-
ogy. We do this from d/a = 1 up to the finest discretization
d/a = 6. This upper limit corresponds to the largest particle
size that still fulfills (9). The high number of cells of size d3

filled with material m or p guarantees a good statistics for the
simulation of a random mixture. For example, at d/a = 4,
we have more than 20 000 material cubes, at d/a = 6 still
more than 8200. The results of the respective simulations are
displayed in Figure 11. For low ratios of d/a, there is a sys-
tematic decrease of the effective permeability. For

d ≥ 4a, (10)

the discretization is sufficiently fine and the calculated per-
meability values approach a saturation value (from d/a = 5
to d/a = 6 they change by less than 2% for f = 0.2 and
f = 0.3, while there is no change for f = 0.1). Summariz-
ing, we are able to simulate particles with side lengths from
d = 4a up to d = 6a without the appearance of any finite
size effect and with a precision of the order of 2% (includ-
ing systematic errors and repeatability of different random
distributions).
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Figure 13: Absolute value of effective permeability vs ratio d/a for
different volume filling factors. Filled cubes: aggregate topology.
Open circles: intermediate topologies as sketched in Figure 12. Sim-
ulation parameters: μp = 20 − i · 12, μm = εp = εm = 1. The lines
are a guide to the eyes. The arrows indicate the relative differences
at d/a = 6.

3. SIMULATING A TRANSITION FROM
AGGREGATE TO CERMET TOPOLOGY

Until now we have only studied the aggregate topology, simu-
lating random binary mixtures as shown in the upper row of
Figure 12. We can realize this type of microstructure for dif-
ferent ratios of particle size d to grid size a whereas the effec-
tive properties remain unchanged. This was simply achieved
by assigning only particle positions on a coarse grid of size
d = n · a. Now we can lift this restriction so that we ob-
tain new spatial arrangements as sketched in the lower row
of Figure 12. Cubic particles of side length d = n · a are ran-
domly distributed in a grid of size a. With increasing ratio
of d/a, the distance between two particles can become arbi-
trary small in comparison with their size. The limit a/d → 0
corresponds to the cermet topology sketched in Figure 3(b).
Compared to the particle size d, the grid is so fine that the
matrix can be considered as a continuous phase hosting the
dispersed discrete particles.

The topological transition can thus be monitored as fol-
lows. We keep the volume filling factor f constant and for
each ratio d/a, we compare the effective material parameters
of the aggregate and of the respective intermediate topology
(upper and lower rows in Figure 12). We do this for d/a ≥ 4,
where finite size effects are sufficiently small. With increasing
ratio d/a, the aggregate topology remains unchanged while
the intermediate topologies approach the cermet topology.

We start with a binary mixture containing magnetic par-
ticles with losses. As before we set μp = 20 − i · 12 and
μm = εp = εm = 1. Figure 13 displays the absolute value
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Figure 14: Effective permittivity versus ratio d/a for different vol-
ume filling factors. Filled cubes: aggregate topology. Open circles:
intermediate topologies as sketched in Figure 12. Simulation pa-
rameters: εp = 10, εm = μp = μm = 1. The lines are a guide to
the eyes. The arrows indicate the relative differences at d/a = 6.

of the effective permeability as a function of d/a for particle
concentrations from 10% to 30%, that is, below the percola-
tion threshold. The aggregate topology shows the plateau val-
ues already presented in Figure 11. The behaviour of the in-
termediate topologies depends on the particle concentration:
at low filling factor of f = 10%, the results equal those for the
aggregate topology (within the accuracy of the simulation).
At higher concentrations systematic deviations are observed.
The effective permeability values are lower by about 5% at
f = 20% and by 6.5% at f = 30%. Since there is only a
weak dependency on d/a at f = 10% and f = 20%, the sim-
ulated values can be taken as a good approximation of the
cermet topology. At f = 30%, however, |μeff | does not attain
a plateau value, so that we can expect even smaller values for
the limiting case of the cermet topology.

Next let us check how loss-free particles behave. This
time we choose a purely dielectric system with εp = 10 and
set εm = μp = μm = 1. The effective permittivity is dis-
played in Figure 14. Once again, the aggregate topology ex-
hibits higher effective material parameters, while the devia-
tion increases with increasing particle concentration: there is
no difference at the lowest concentration, but for f = 20%
and f = 30% the deviations are of the same order of magni-
tude as in the previous case (compare Figures 13 and 14).

4. CONCLUSION

We have performed 3D simulations of loss-free and lossy ran-
dom binary mixtures on a cubic grid in order to study the
transition from aggregate to cermet topology (see Figure 12).
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At a low filling factor of f = 10%, where most particles are
surrounded by matrix material, no differences in the effec-
tive material parameters are observed. At higher concentra-
tions of f = 20% and f = 30%, both permeability and per-
mittivity vary in a systematic way during the transition. This
is an effect of the changing spatial distribution of the par-
ticles. Aggregate topology, where the particle positions are
random but more restricted, is characterized by the highest
effective material parameters. Cermet topology, where arbi-
trary interparticle distances are possible, exhibits the smallest
effective permittivity and permeability values. In this concen-
tration range below the percolation threshold, the concept of
topological classes might be of use. Additional simulations
are needed in order to quantify the observed effects and to
find out whether they persist at smaller dielectric or mag-
netic contrasts.
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1. INTRODUCTION

A number of exciting applications in single-molecule imag-
ing, spectroscopy, high-resolution lithography, and all-
optical computing may benefit from light confinement and
manipulation in nm-scale areas. Unfortunately, the diffrac-
tion limit prevents confinement of free-space optical radia-
tion to dimensions smaller than ∼ λin/2, with λin = λ0/|n| =
c/(ω|n|) being the wavelength inside the material, c, λ0,ω
being speed of light, wavelength, and angular frequency of
radiation in vacuum, respectively, and n being the index
of refraction. Conventional resolution-improvement tech-
niques involve either increase of operating frequency (deep
UV lithography) [1, 2] or near-field operations (scanning
near-field optical microscopy) [3, 4]. Another approach to
increase the resolution is based on operations with high-
index media. While a significant improvement of resolution
can be achieved with natural materials (Si photonics) [5, 6],
a further progress of subdiffraction light manipulation re-
quires the design of metamaterials [7–21] with even higher
refractive indices. In this work, we present an analytical and
numerical analysis of perspectives of ultra-high index meta-
materials based on plasmonic nanolayer structures for light
manipulation in the areas smaller than λ0/10 at UV, visible,
IR, and THz frequencies.

The dielectric properties of plasmonic media are strongly
affected by the dynamics of their free charges. In particular,

the permittivities of noble metals and highly doped semicon-
ductors are negative for frequencies below their plasma fre-
quencies (plasma frequencies of noble metals are of the order
of 10 eV, yielding negative permittivities across parts of the
UV, visible, and IR ranges [22, 23]). An interface between
materials with negative and positive dielectric permittivities
may support a special kind of electromagnetic wave, known
as a surface plasmon polariton (SPP) [24]. The effective in-
dex of this wave can be related to the component of its propa-
gating constant along the propagation direction kz (Figure 1)
and permittivities of plasmonic (metallic) and dielectric ma-
terials εm and εd < |εm| via

nSPP = Re
(
kzc

ω

)
= Re

(√
εmεd
εm + εd

)
. (1)

Note that since n2
SPP > εd, εm, the field of an SPP exponen-

tially decays into both the metal and dielectric media. How-
ever, since in reality for optical frequencies |εm| � εd, the
index of SPP wave only slightly exceeds that of the dielectric
nd = √εd: (nSPP−nd)/nd � ε2

d/ε2
m � 1, strongly diminishing

the perspectives of subdiffraction light confinement with an
isolated SPP wave.

The light confinement with plasmonic layers can be
significantly improved in multilayer structures. When two
metal-dielectric interfaces are brought close to each other,
the SPP waves propagating on individual interfaces couple
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Figure 1: Schematic of a multilayered composite. am and ad are the
thicknesses of plasmonic (metallic) and dielectric composites, re-
spectively.

together. Similar to quantum-mechanical coupling between
modes of two quantum wells, which leads to the formation of
symmetric and antisymmetric wavefunctions, the coupling
of two SPPs yields the formation of symmetric and antisym-
metric SPP combinations. This SPP coupling is accompanied
by splitting between their propagation constants, increasing
the effective index of one of the modes relative to that of
an isolated SPP. In multilayered composites, the modes on
each metal-dielectric interface couple to each other, lead-
ing to formation of free-space-like supermodes [25]. In the
end, the multilayer metal-dielectric structure behaves like a
strongly-anisotropic homogeneous metamaterial, with ap-
plications ranging from nonmagnetic negative index struc-
tures to optical links between nano- and micro-scaled sys-
tems [9, 12, 26]. The goals of this work are to provide a com-
prehensive study of the evolution of electromagnetic prop-
erties of plasmonic multilayer composites from an isolated
SPP to effective-medium regime, to assess the perspectives of
utilizing multilayer systems for nanoplasmonic applications
and to present a detailed analysis of the validity of nonlocal
effective-medium theory, originally proposed in [27].

2. APPROACH

To gain access into the physics behind the optical proper-
ties of nanoplasmonic structures and to verify the accuracy
of our analytical results, we have employed the numerical
solutions of Maxwell equations via transfer matrix method
(TMM) [28, 29].

In this technique, the material is represented as a set of
homogeneous layers. The solutions of Maxwell equations in
each layer yield the set of modes; these are plane waves—
propagating or evanescent—in the case of infinite layers,
cylindrical waves in case of layers inside circular waveguides
(optical fibers), and so forth. Boundary conditions are then
used to relate the vector of amplitudes of modes in a given
( jth) layer bj to the modes in the neighboring layer. These
linear relationships are then expressed in terms of the trans-
fer matrix

bj+1 = T̂ j+1, jb j . (2)

Thus, differential Maxwell equations are essentially reduced
to linear equations for transfer matrices. Note that layer-
specific transfer matrices can be multiplied together yielding

the single matrix which describes the collective behavior of
the multilayer composite.

The TMM technique is in principle exact and provides a
complete solution of Maxwell equations. In particular, TMM
solutions can be used to find the field propagation through
an arbitrary layered material, to find the dispersion char-
acteristics of supermodes of layered systems, and to find
the “microscopic” field distribution in these supermodes.
The solutions of latter problems typically involve finding
eigenvalues and eigenvectors for collective (composite-level)
transfer matrices. However, these exact numerical solutions
are extremely computationally intensive and require an in-
crease in precision past standard machine precision for even
relatively small number of layers.

3. RESULTS AND DISCUSSION

In this main section of the manuscript, we first describe the
evolution of the coupled SPP modes as we increase the num-
ber of layers in the multilayer structures. We show that de-
pending on the relationship between εm and εd, the super-
modes may have positive or negative refractive indices. As the
number of layers in the composite is increased, the structure
of the supermodes resembles that of plane waves propagat-
ing through the homogeneous strongly anisotropic compos-
ite. We derive the analytical relationship describing the effec-
tive permittivity tensor of such a media and provide several
applications of multilayer structures for nm-scale light man-
agement.

3.1. Evolution of SPP modes in multilayer structures

We start from the analysis of mode evolution as the function
of the number of layers in the system. For illustrative pur-
poses, in the remaining of the paper, we focus on the optical
response of metal-dielectric composites; we note, however,
that our arguments are directly applicable to the IR (or THz)
response of doped semiconductors exhibiting plasma behav-
ior, as well as to other materials with negative permittivities,
including SiC and other polar dielectrics. The potential ap-
plications at THz frequencies include biology and medical
sciences, homeland security, global environmental monitor-
ing, and ultrafast computing [30].

A single metal-dielectric interface supports an SPP. When
two metal layers are brought together, the SPP modes prop-
agating on their interfaces interact with each other, lead-
ing to the formation of symmetric and antisymmetric SPP
combinations as shown in Figure 2. The interaction of iso-
lated SPP modes also leads to the splitting between effec-
tive indices of their symmetric and antisymmetric combina-
tions. As the separation between metal films is reduced, the
splitting between modal indices grows. Eventually, the anti-
symmetric mode experiences a cutoff, and only symmetric
mode (known as gap plasmon [31]) survives.

The four-interfaced “sandwich” system formed by a thin
metal film inserted into dielectric space between two metal
cladding regions in principle supports four SPP combina-
tions. However, if such a film is brought close enough to one
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Figure 2: The evolution and splittings of coupled SPP modes
propagating along z-direction (see Figure 1); n = kzc/ω at λ0 =
ω/c = 1.55 μm is shown. The top part of the figure corresponds
to “positive-index” structure: εd = 1.4442; εm = −114.5 + 11.01i;
the bottom part describes a “negative-index” one: εd = 1.4442;
εm = −1 + 0.1i; the inset schematically shows the xz-crossection
of the system; final layer thickness is 25 nm.

of the cladding regions, the total number of modes is reduced
to three; further confinement of the structure reduces the to-
tal number of modes to two—the symmetric and antisym-
metric combinations of gap plasmons. Note that the indices
of these modes continue to repulse from each other, yielding
a formation of the modes with effective indices exceeding the
one of the isolated gap plasmon. Each additional metal strip
inserted into this sandwich system will effectively lead to the
formation of an additional supermode. Thus, a total num-
ber of modes hosted by the metal-dielectric multilayer system
surrounded by two metallic cladding regions will be equal to
the number of dielectric layers in the system (Figure 2).

A similar process of mode formation takes place in the
layered metamaterial when the excitation frequency is close
to the plasma frequency of its plasmonic component (|εm| <
εd). While an isolated metal interface does not support an
SPP in this case, two-interface system supports a single anti-
symmetric mode with negative refraction index [12, 32]. In a
sense, the behavior of the metal-dielectric-metal system for
|εm| < εd is exactly opposite to that of |εm| > εd. The signs

0.05 0.1 0.15 0.2
x (μm)

Ez
x

d Nanolayered core

(a)

0.05 0.1 0.15 0.2
x (μm)

Ez

(b)

Figure 3: Field structure of a TM1 mode of planar waveguide
formed by metal-dielectric stack between two perfectly conducting
metal claddings for a number of layers N = 10 (a) and N = 20 (b);
εm = −100; εd = 2; λ0 = 1.55 [27].

of their refractive indices are opposite to each other; further-
more, the cutoff of the mode in one of the systems can be
related to the appearance of the mode in the other one. The
multilayered composite with |εm| < εd with N dielectric lay-
ers supports a total of N negative-index supermodes. The
evolution of these supermodes is illustrated in Figure 2.

As the number of layers increases, so does the number
of supermodes. At any given frequency, the composite with
a very large number of layers essentially supports a contin-
uum of modes with different modal structure. Some of these
modes in the composites with 10 and 20 layers between two
perfectly metallic claddings are shown in Figure 3. Note that
the structure of these modes strongly resembles that of stand-
ing waves. This is obviously not surprising: the properties of
nanostructured composites are expected to follow effective-
medium theory (EMT) predictions.

The exact process of convergence to the effective-medium
regime is of a great interest. An analytical description of this
process could be used to explain the experiments with a few
metal layers [25, 32] or more importantly to predict the be-
havior of larger multilayer composites based on experiments
with few layers. Figure 4 shows the dependence of the effec-
tive modal index in the nanolayered system (Figure 1) as the
function of the number of metal layers. One can see that even
when the number of layers is relatively large (�10) and even
when the individual layer thickness is much smaller than the
wavelength, the properties of multilayer stack still signifi-
cantly deviate from the EMT. As explained in [27], the origin
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Figure 4: The comparison between effective modal indices of TM modes of 200-nm-thick planar waveguides with perfectly conducting (a),
(c) and vacuum (b), (d) claddings plotted as a function of a number of layers in the metamaterial waveguide core N ; material parameters
are εm = −114.5 + 11.01i; εd = 1.4442 (Au-SiO2 composite) (a), (b) and εm = −1 + 0.1i; εd = 1.4442 (c), (d); λ0 = 1.55 μm; solid lines,
dashed lines, and symbols correspond to local EMT, nonlocal EMT, and TMM results, respectively; due to extremely large effective indices,
|n| nonlocal EMT is not applicable for higher-order modes in (c), (d).

of this relatively slow convergence lies in the strong field vari-
ation across individual layers of the system. Such a field vari-
ation leads to the strong dependence of the effective per-
mittivity on the modal structure across the layers or—since
the waveguide modes are typically “standing” equivalents of
“propagating” bulk waves—on the direction of field propa-
gation through the nanolayered metamaterials. The depen-
dence of permittivity on components of wavevector, known
as spatial dispersion, often appears in homogeneous media
when the scale of field variation becomes comparable to in-
teratomic distances. The onset of spatial dispersion in meta-
materials can be typically related to substantial field varia-
tion on the interparticle (“meta-atom”) scale. The spatial dis-
persion has been recently found in GHz nanowire compos-
ites [20, 33, 34]; it was later shown that response of optical
nanowire structures is substantially different from their low-
frequency counterparts [11]. Using a straightforward field-
matching technique [27], we arrive at the following expres-
sion for effective permittivity of nanolayered composites:

εeff
x = ε(0)

x

1− δx(k,ω)
,

εeff
yz =

ε(0)
yz

1− δyz(k,ω)
,

(3)

where

ε(0)
x =

(
am + ad

)
εmεd

adεm + amεd
,

ε(0)
yz =

amεm + adεd
am + ad

,

(4)

and the nonlocal corrections are given by

δx = a2
ma

2
d

(
εd − εm

)2ε(0)
x

2

12
(
am + ad

)2ε2
mε

2
d

(
ε(0)
yz
ω2

c2
− k2

x

(
εm + εd

)2

ε(0)
yz

2

)
,

δyz = a2
ma

2
d

(
εd − εm

)2

12
(
am + ad

)2ε(0)
yz

ω2

c2
.

(5)

Note that the choice of ω/c and kx to describe the nonlocal-
ity in (5) as opposed to ky or kz is somewhat arbitrary since
in the EMT regime, the components of the wavevector are
related to each other via

ω2

c2
= k2

x

εeff
yz

+
k2
y + k2

z

εeff
x

(TM),

ω2

c2
= k2

x + k2
y + k2

z

εeff
yz

(TE).

(6)
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Figure 5: The comparison between effective refractive indices neff = Re(kxc/ω) (a), (b) and extinction coefficients keff = Im(kxc/ω) (c), (d)
of TM01 modes in cylindrical waveguides with multilayer cores and perfectly conducting claddings (inset); dashed lines, solid lines and dots
correspond to results of local EMT, nonlocal EMT, and exact solution of the dispersion equation [28] respectively. The multilayered core is
composed of 15-nm layers with (a), (c) εm = −1 + 0.1i; εd = 1.4442, and (b), (d) εm = −114.5 + 11.01i; εd = 1.4442 (Au-SiO2 structure);
λ0 = 1.55 μm; similar agreement between nonlocal EMT and exact dispersion equation is achieved for cylindrical systems with air claddings;
note that the signs of refractive indices are opposite to those for planar mode propagation (see Figure 4).

In this section, we assume the propagation along the z-axis
(ky = 0) with waveguide modes in x-direction; for per-
fectly conducting waveguide walls, kx = πm/d with d be-
ing waveguide thickness and m being integer mode number.
For waveguide with realistic walls, kx could be found using
“local” EMT approximation (4) or in self-consistent manner
using (4), . . . , (6).

We stress that the validity of EMT response requires
the typical scale of field variation to be much larger than
any structural size of the system. For nanolayered compos-
ite, such a requirement results in an additional condition
|kx(am + ad)| � 1, which in some cases is much stricter than
a commonly used criterion (am + ad)ω/c� 1. Note that the
nonlocal effects mostly (see discussion below (5)) affect the
x-component of material permittivity. Since our metamate-
rial is completely homogeneous in yz-plane, such a result is
a quite expected one.

The agreement between the developed nonlocal EMT
and exact solutions of Maxwell equations using TMM are
shown in Figure 4. For illustrative purposes, we concentrate
on TM modes; TE waves are not affected by the anisotropy,
and are typically not affected by nonlocal effects. It is clearly

seen that nonlocal EMT adequately describes the behavior of
the system. As expected, the agreement between EMT and
exact (TMM) solutions of Maxwell equations worsens for
higher-order modes where |kx(a + b)| � 1. Since the com-
ponents of wavevector are related through (6), this validity
condition is typically similar to neff � 1. Increasing the to-
tal thickness of the structure (decreasing kx) or reducing the
typical layer size or the number of layers restores the agree-
ment.

The behavior of multilayers with |εm| < εd, but same sign

of ε(0)
yz and ε(0)

x , is an interesting one. The EMT regime of
these systems does not originate from coupling of individual
left-handed SPPs. As follows from our numerical solutions
of Maxwell equations, reduction of layer thickness in these
structures is accompanied by the increase of modal indices
of SPP supermodes, so that the condition of EMT validity is
never met. However, substantially thick multilayered struc-

tures with positive ε(0)
x , ε(0)

yz support right-handed “volume”
modes, described by the EMT.

Note that as explained above, multilayered system sup-
ports a number of modes with neff = Re(kzc/ω) � 1, open-
ing the perspectives for subwavelength light manipulation in
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Figure 6: Mode propagation in conventional waveguide (a) and in
anisotropy-based photonic funnel (b); material parameters εm =
−73.02 + 1.64i (Ag), εd = 12 (Si), am = ad = 15 nm, and
λ0 = 1.2 μm, and the funnel design resembles those in [9]; panel
(c), which shows the effective modal index along the funnel in
(b), demonstrates the physics behind nanoscale mode compression;
symbols and solid lines represent TMM results and nonlocal EMT,
respectively.

planar structures with highly-confined optical modes with
positive or negative refractive index [35]. The physics be-
hind the existence of these highly confined modes can be
illustrated using the following picture: the TM modes of a
waveguide with strongly anisotropic dielectric core do not
have a cutoff. As the waveguide size d is reduced, the ef-
fective modal index grows inversely proportional to d (see
[9–11, 26] for details). Correspondingly, the internal wave-
length is reduced (λin ∝ d), postponing the onset of diffrac-
tion limit. Spatial dispersion, appearing in metamaterial re-
sponse changes the effective-medium parameters, reducing
the effective anisotropy, and eventually leading to a cutoff of
waveguide modes.

3.2. Subdiffraction light propagation in
nanolayer-filled waveguides

Although planar nanolayer systems are capable of guiding the
light in deep subwavelength areas and may be used to realize
optical packet management in 2D geometries, these materials
cannot be directly coupled to optical fibers.

Ideally, two conditions must be met to achieve such a
coupling between microscale optical fiber and nanoscale sys-
tems (planar waveguides, molecules, quantum dots, etc.).
First, the coupler waveguide (fiber) should be able to sup-
port confined modes as waveguide radius is reduced to the
nanoscale. Second, the spatial profile of a mode in the cou-
pler waveguide should be similar to the one of the mode in
optical fiber. Both these conditions are fulfilled in waveg-
uides with strongly anisotropic cores when the axis of optical
anisotropy is coaligned with direction of mode propagation.

One of the ways to achieve the required strong anisotropy
of dielectric permittivity relies on multilayered nanoplas-
monic structures. To coalign the optical axis with direction
of mode propagation, we propose to build a waveguide with
a multilayer dielectric core as shown in Figure 5 [9]. Sim-
ilar to the planar structure described above, such a circu-
lar waveguide essentially does not have a cutoff radius in
the “local EMT” regime, where effective modal index neff =
kxc/ω ∝ 1/R, postponing the appearance of diffraction limit
(see [9] for details). The appearance of the cutoff can be
once again related to the effective nonlocalities of metamate-
rial structures (Figures 5(c), 5(d)). Note however, that due to
strong anisotropy of effective permittivity the positive-index
modes propagating along yz-plane correspond to negative-
index modes propagating along x-direction and vice versa
[36].

The comparison between the effective modal index of a
circular waveguide with multilayer core, calculated using ex-
act approach [28], local, and nonlocal EMTs, is shown in
Figure 5. The performance of such a system is illustrated in
Figure 6, where the mode propagation in waveguide with
nanolayered core is compared to the mode propagation in
waveguide with conventional isotropic core. The appearance
of the cutoff in isotropic system and the absence of the cutoff
in tapered anisotropic waveguide (photonic funnel [9]) are
clearly seen.
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4. CONCLUSIONS

In conclusion, we analyzed the behavior of coupled SPP
modes in multilayered metal-dielectric materials. Using exact
numerical solutions of Maxwell equations, we have shown
that as the number of layers increases, the optical proper-
ties of coupled SPP oscillations approach the behavior of
strongly anisotropic homogeneous uniaxial media, and an-
alyzed the validity of new analytical description of effective
permittivity of such a material—nonlocal effective-medium
theory. Finally, we illustrated the applications of multilayered
structures for subdiffraction light propagation in planar and
circular waveguides and for coupling between micro-scale
and nanoscale systems.Our results, although presented here
for optical response of metal-dielectric composites, are ap-
plicable to any layered structures composed from opposite-
permittivity materials, including UV response of Al compos-
ites and IR and THz responses of doped semiconductors and
polar dielectrics.
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1. INTRODUCTION

Composite materials, consisting of magnetic nanoparticles
dispersed in a polymer matrix, offer the possibility to com-
bine the properties of their components. On the one hand,
the processability and mechanical quality of the matrix is an
advantage compared to ferrites. On the other hand, despite
a restricted particle concentration, a sufficiently high perme-
ability has to be achieved, especially in the high frequency
range around 1 GHz. For these reasons, such composites are
extensively studied, both experimentally and theoretically
[1–3]. Applications are possible in various areas (magnetic
sensors and transducers, electromagnetic impedance match-
ing, microwave heating, etc.).

A composite can be considered as a so-called effective
medium with homogeneous material properties (effective
permittivity εeff and effective permeability μeff) as long as the
wavelength of an applied electric field E and a magnetic field
H is large compared to the length scale of its structural in-
homogeneities, that is, large compared to particle diameters
and interparticle distances. Then the measured effective ma-
terial parameters are defined in terms of volume averaged
fields, 〈εeffE(r)〉 = 〈ε(r)E(r)〉 and 〈μeffH(r)〉 = 〈μ(r)H(r)〉,
respectively. Here, the brackets denote the volume average,
〈 · · · 〉 = 1/V·∫ ...dV , and ε(r) and μ(r) the local mate-
rial parameters. (This is a linear analysis where the electro-
magnetic response of the material does not depend on the

field strengths). Performing the average for each component,
these definitions read [4, 5]

εeff =
(1− f )εm〈E〉m + f εp〈E〉p

(1− f )〈E〉m + f 〈E〉p
, (1)

μeff =
(1− f )μm〈H〉m + f μp〈H〉p

(1− f )〈H〉m + f 〈H〉p
, (2)

where 〈 · · · 〉i denotes the volume average in matrix (i = m)
and particles (i = p) with corresponding material parame-
ters εi and μi. f = Vp/V is the volume filling factor of the
dispersed particles. The above equations illustrate two main
features.

(i) The effective material parameters do not depend only
on the properties of the components and their mixing ratio.
The microstructure, in our case, shape and size distribution
of particles as well as their spatial arrangement, directly influ-
ences the field distribution and thus εeff and μeff. Therefore,
analytical exact mixture rules are only available for rather
simple geometries (for monodisperse arrays of spheres and
spheroids, see, e.g., [6–9]). But of course, computer simu-
lations of two and three dimensional systems allow calcu-
lation of the effective material parameters for various par-
ticle arrangements and shapes (see, e.g., [10–18]). For exam-
ple, Fu et al. have found an analytically exact solution in 3D
space, a complex set of equations, describing an arbitrary dis-
tribution of nontouching spheres [19]. For a given particle
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Table 1: Properties of the components.

Component DER332 DETA Fe3O4

Producer DOW DOW Sigma-Aldrich

State (298.15 K/343.15 K) Crystalline/liquid Liquid Powder

Density (g/cm3) 1.16 0.9482 5.1

arrangement, this allows numerical calculation of the effec-
tive permittivity [20]. Such simulations of effective prop-
erties are helpful, but they do not resolve the problem of
how to analyze experimental data, when the microstructure
is not completely known, for example, due to a partial ag-
glomeration of particles. There is a multiplicity of approxi-
mate effective-medium formulas [21, 22], but in most cases,
the details of the underlying microstructure are not explic-
itly specified. Thus it is often not clear how to chose the one
that is appropriate for the system under study. Especially the
attempt to evaluate the properties of the dispersed compo-
nent is impossible or, at least, subject to big errors (note that
heterogeneity not only affects the absolute values of effective
permittivity but also influences the characteristic frequen-
cies of polarization processes [23] and of molecular relax-
ation dynamics [24], that are observable in dielectric spec-
troscopy).

(ii) For a given microstructure, the same formal relation-
ship holds for permittivity and permeability: (1) transforms
into (2), when E is replaced by H as well as ε by μ. Since
the fields behave in an analogous way at the internal inter-
faces (the tangential components Et and Ht are continuous
whereas for the normal components, εpE⊥,p = εmE⊥,m and
μpH⊥,p = μmH⊥,m hold), the same mixture rules apply for
εeff and μeff.

For the effective permittivity, there exists a so-called spec-
tral representation, that was developed by Bergman, Fuchs,
and Milton (for a review see [25]). They were able to sepa-
rate the influence of microstructure, characterized by a spec-
tral density function, from that of the components, charac-
terized by their permittivities [25]:

εeff

εm
= 1 + f

{
C

tε
+
∫ 1

0

g f (n)

tε + n
dn
}

with tε = 1
εp/εm − 1

.

(3)

The constant C is the strength of percolation describing
the contribution of an infinite cluster. The spectral density
g f (n) ≥ 0 characterizes the actual microstructure at a given
filling factor f (for a single particle n would correspond to
the depolarization factor; in a complex system of interacting
particles, it is a variable in the range 0 ≤ n ≤ 1). There are
two sum rules that determine the 0th and the 1st moment of
the function g f (n):

∫ 1

0
g f (n)dn = 1− C, (4)

for all mixtures (i.e., g f is normalized), and additionally,
∫ 1

0
ng f (n)dn = 1

3
·(1− f ), (5)

for isotropic systems.1 In the following, we restrict our-
selves to isotropic composites below the percolation thresh-
old (C = 0 in (3) and (4)). Due to the above formal anal-
ogy between effective permittivity and permeability, the same
spectral density function also describes the magnetic proper-
ties of a composite:

μeff

μm
= 1 + f

∫ 1

0

g f (n)

tμ + n
dn with tμ = 1

(
μp/μm

)− 1
. (6)

Spectral representation does not provide a method for
determining g f (n) from first principles [25], and thus it does
not allow derivation of mixture formulas. But it can be very
helpful for the analysis of experimental data, even in cases
where the microstructure is unknown. For example, when
the measured effective properties vary considerably as a func-
tion of frequency, the spectral density g f can be evaluated
using model functions for the intrinsic material parameters
[28–30]. In the following, we are going to show that it is
possible to evaluate the material parameters of the dispersed
component as well as to detect and to quantify effects that
the effective medium theory does not predict (changes of
the components properties at interfaces, see below). Here,
we study a model system consisting of magnetic nanopar-
ticles (magnetite) dispersed in a polymer matrix. We have
measured permittivity and permeability for different particle
concentrations using dielectric spectroscopy in the frequency
range from 5 Hz to 1 GHz and magnetic measurements from
5 MHz to 6 GHz.

2. EXPERIMENTAL

2.1. Samples

The composites studied are an epoxide system filled with
magnetic nanoparticles. This epoxide system is composed of
a resin, Diglycidylether of Bisphenol A (DER332, DOW Plas-
tics (Rheinmünster, Germany)), and a hardener, Diethylen-
triamin (DETA, DOW Plastics (Rheinmünster, Germany)).
The magnetic nanoparticles, which have a mean diameter be-
tween 20 and 30 nm, are magnetite (Fe3O4) purchased from
Sigma-Aldrich (Munich, Germany). The main characteris-
tics of the components are listed in Table 1.

1 These lower moments are obtained via a series expansion of εeff/εm
around εp/εm = 1, that is, considering the limiting case of a nearly ho-
mogeneous composite, where the electric field is uniform (for details, we
refer to [26, 27]).
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The sample preparation was done in two steps. At first, a
concentrated epoxide/nanoparticle masterbatch with a par-
ticle content of 14.1 vol% was produced at the IVW (Institut
für Verbundwerkstoffe). Then this masterbatch was further
processed to obtain solid samples with different particle con-
centrations.

Nanoparticles in powders adhere to each other due to in-
teractive forces between the particles, resulting in nanopar-
ticle agglomerates with dimensions of several micrometers.
In order to obtain a material with good mechanical proper-
ties, it is necessary to disintegrate the agglomerates and to
distribute them homogeneously in the polymer matrix. In
this study, two working principles, traditionally used for lac-
quer processing (dissolver and bead mill) were combined in
one. After incorporating the powdery nanoparticles into the
liquid resin, the resulting mixture was homogenized by a dis-
solver aggregate (a dissolver provides high shear forces by the
rotation of a metal disc in the liquid mixture). Entrapped
air was removed by vacuum. Then the magnetite was fur-
ther dispersed using a torus mill. It applies high shear forces
to the mixture via a rotating metal disc while hard zirconia
beads with diameters between 1.2 and 1.7 mm move within
the mixture. These beads generate collision effects and shear
forces providing a grinding effect that further decreases the
size of nanoparticle agglomerates. The beads were removed
from the mixture after the dispersion process. The above pro-
cessing of nanocomposites was performed under controlled
conditions, that is, at constant energy input and constant
temperature. The chosen particle content of the masterbatch
(14.1 vol%) is close to the processing limit. At higher concen-
trations, the system becomes too viscous, resulting in an un-
stable and discontinuous flow during processing. Then dis-
persing the nanoparticles and wetting them with polymer be-
comes more and more difficult, and processing may result in
a reduced homogeneity of the mixture.

In the next step, we have prepared solid samples with a
specific particle concentration: at first, both the initial mas-
terbatch and the pure resin were maintained for one hour un-
der vacuum in order to remove entrapped air. This was done
at a high temperature of 313.15 K to avoid crystallization and
to diminish the viscosity of the resin. Then the masterbatch
was diluted with pure resin whereas both components were
mixed for 30 minutes and evacuated for one hour. This mix-
ture was cured after adding the corresponding quantity of
DETA (mass ratio resin/hardener 100 : 14). In this last phase,
the material was mixed for five minutes, cooled down rapidly
to room temperature in order to slow down the polymeriza-
tion process, and evacuated for three minutes. The polymer-
ization took place in a mould at room temperature. After 48
hours, the post-cure was performed at 393 K during one hour
[31]. The resulting series of samples with varying nanoparti-
cle content from f = 2% to f = 10% are listed in Table 2.

2.2. Measurement techniques

We have used dielectric and magnetic spectroscopy to deter-
mine the complex permittivity ε = ε′ − iε′′ and the magnetic
permeability μ = μ′ − iμ′′ of our samples at room tempera-
ture.

Table 2: Volume filling factor and mass filling factor of the samples
studied.

Filling factor f (% vol) Filling factor × (% mass)

0 0

2 8.6

4 16.1

6 22.7

8 28.6

10 33.8

CP

S
IC

OC

Figure 1: Condenser cell as a part of a transmission line (dielectric
measurements). S: sample, CP: capacitor plates, IC/OC: inner/outer
conductor of the transmission line

The complex permittivity has been measured using a
broadband transmission method covering the frequency
range from 5 Hz to 1 GHz with one experimental setup [32].
The sample is placed between two circular capacitor plates
that are connected to the inner conductor of a coaxial trans-
mission line (see Figure 1). For this purpose, cylindrical discs
with a diameter of Φ = 13 mm and a thickness d between
1 and 2 mm have been machined from the composite ma-
terial (using a turning lathe). From the measured transmis-
sion coefficient, the permittivity is calculated. The respec-
tive geometrical tolerances of sample diameter and thickness
(±20 μm) result in an uncertainty of Δrel|ε| � Δrel(Φ

2/d) �
2% (for details, see [32]).

The complex permeability has been measured using an
impedance analyzer (Agilent HP 8424a) in the frequency
range from 5 MHz up to 110 MHz and a network analyzer
(HP 8510B) between 110 MHz and 6 GHz. In both cases,
the sample is inserted at the short-circuited termination of
a calibrated coaxial transmission line (see Figure 2). For this
purpose, cylindrical samples with outer diameter ϕ2 = 7 mm
and inner diameter ϕ1 = 3.04 mm have been machined from
the original cured composite. At low frequencies, the ter-
mination impedance of the coaxial line is measured, Z =
R + iωL, with R being the resistance of the inner conduc-
tor and L = (μ0/2π)μ ln(ϕ2/ϕ1)d being the inductance (μ0 =
4π·10−7 H/m). Two measurements, with and without the
sample, are sufficient to determine the complex permeabil-
ity:

μ = Zsample − Zempty

iω(μ0/2π) ln(ϕ2/ϕ1)d
+ 1, (7)

where ω is the circular frequency and d is the thickness of
the sample [33]. The geometrical tolerances of inner and
outer sample diameters (±20 μm) result in an uncertainty of
Δrel|μ| � 2%.
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S

S

(a)

M

S

M

S
M

d

ϕ2 ϕ1

(b)

Figure 2: Measurement cell for the determination of the complex
permeability in the low frequency range (a) and in the high fre-
quency range (b) (impedance and reflection measurements, respec-
tively). S: sample, M: metal, ϕ1/ϕ2: inner/outer diameter of the sam-
ple, d: thickness of the sample.

In the high frequency range, the reflection coefficient Γ
is measured, which is directly connected to the measured
impedance Z = Zsample or Z = Zempty and the impedance
of the cable, Zc = 50Ω:

Γmeas = Z − Zc
Z + Zc

. (8)

3. DIELECTRIC MEASUREMENTS

At room temperature, that is, below the glass transition tem-
perature of the polymer matrix (TG = 404 K [34]), we have
performed dielectric measurements on the samples listed in
Table 2. Figure 3 shows real and imaginary parts of the ef-
fective permittivity as a function of frequency for different
filling factors. Already the pure matrix ( f = 0%) shows a
relaxation process near 105 Hz leading to a decrease of per-
mittivity from a low frequency value εeff,s to a high frequency
value εeff,∞ above 1 GHz (Figure 4). The peak in ε′′ seems to
be an overlap of several processes. Local heterogeneity, for
example, can give rise to such a distribution of relaxation
times. The origin of this relaxation has to be clarified by
further temperature dependent measurements. With increas-
ing amount of nanoparticles, the process becomes more pro-
nounced. In order to quantify this, we have fitted the curves
with the empirical Havriliak-Negami model [35, 36]:

εeff(ω) = εeff,∞ +
εeff,s − εeff,∞
(
1 + (iωτ)α

)β , (9)

with τ being the relaxation time. An example is shown in
Figure 4. Although the fit does not reproduce the detailed
structure of the ε′′-peak, the overall agreement is good al-
lowing at least to satisfactorily describe the respective low
and high frequency limits of permittivity. The addition of
nanoparticles yields both an increase of ε∞ as well as of the
relaxation strength, Δεeff = εeff,s− εeff,∞ (see Figures 3 and 4).
At first sight, this can be qualitatively related to the fact that
the magnetite particles are conductive. When an electric field
is applied, the particles become polarized, resulting in an en-
hanced permittivity compared to that of the pure matrix (in-
terfacial polarization process or Maxwell-Wagner-Sillars po-
larization). The measured spectra thus reflect the superposi-
tion of at least two processes: the intrinsic relaxation of the

9
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Figure 3: (a) Real and (b) imaginary parts of the dielectric func-
tion for an epoxy resin with Fe3O4-nanoparticles at various volume
filling factors.

polymer matrix and the polarization of the conductive parti-
cles. In the following, we will address two questions.

(i) Is the observed increase of permittivity only a sim-
ple polarization effect or do other processes, that effective
medium theory do not predict, contribute?

(ii) To what extend does the data reflect the microstruc-
ture of the composite?

The spectral representation (3) is a useful tool to address
the first question, even though the detailed microstructure is
unknown. We thus start our discussion with a two phase sys-
tem (matrix and particles) in the strict sense. Particles are ei-
ther perfectly connected or well separated, so that there is no
charge transfer. Additional interphases or contact resistances
between particles are excluded (but we will come back to this
point later).
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Figure 4: (a) Real and (b) imaginary parts of permittivity versus
frequency for the pure polymer matrix as well as for a composite
with f = 10%. The thin lines correspond to (9). In (a), also some
fitted parameters are shown (dotted lines): low-frequency permit-
tivity εeff,s and high-frequency permittivity εeff,∞. The arrows indi-
cate the respective relaxation strength, Δεeff = εeff,s − εeff,∞.

The generalized permittivity of conducting particles is
given by εp = ε′ − iσ/(ε0ω), so that the conductivity σ
governs the dielectric response at low frequencies (ε0 =
8.854·10−12 F/m). When the nanoparticles are exposed to an
electric field, they become completely polarized, that is, the
average field strength inside is negligible compared to that
outside (for a single sphere in an homogeneous field, e.g.,
〈E〉p/〈Em〉 = 3εm/(εp + 2εm) holds). This is the case at low
frequencies when

∣
∣
∣∣
εp
εm

∣
∣
∣∣ �

σ

ε0εmω

 1, (10)

holds, that is, in the quasistatic limit

ν � σ

2πε0εm
= νg . (11)

The DC conductivity of bulk magnetite is of the order
of σ ≥ 300 S/m at room temperature, for thin films with
a thickness of 30 nm, it is σ ≥ 30 S/m [37]. With a ma-
trix permittivity εm ≥ 3 (see Figure 3), the above condi-
tion reads ν � 1011 Hz. Obviously, this is the case in our
measurement range (up to 109 Hz). Then (3) becomes, with

|t| = |εp/εm − 1|−1 � 1,

εeff

εm
= 1 + f ·

∫ 1

0

g f (n)

n
dn

︸ ︷︷ ︸
=h( f )

for ν � νg ,
(12)

where h( f ) is a function having real values [h( f )εR]. Here,
we have assumed that no percolation occurs (C = 0). In fact,
our composites do not show a DC conductivity. Therefore,
εeff/εm = h( f ) ≥ 1 holds. This ratio depends on the ac-
tual microstructure, and so it is a function of the filling fac-
tor f . But it is independent of εm and εp. As a consequence,
the values of h( f ) do not depend on frequency and are real
numbers. This is a general result that reflects in all specific
mixture formulas. The Maxwell-Garnett formula, for exam-
ple, that describes a random distribution of monodisperse
spheres [19, 20], reads, in the quasistatic limit,

εMG
eff

εm
= 1 + 2 f

1− f
for ν � νg , (13)

while the Hanai-Bruggeman formula, describing randomly
distributed spheres having a sufficiently broad size distribu-
tion [20], becomes

εHB
eff

εm
= 1

(1− f )3 for ν � νg . (14)

We have calculated the ratio of the measured permittivi-
ties, εeff/εm, and displayed its absolute value in Figure 5. Ob-
viously, it depends on frequency in the range where the relax-
ation process of the matrix polymer is active (there also, the
imaginary part of εeff/εm does not vanish). This means that
the observed increase of relaxation strength with filling fac-
tor (Figure 6) is not solely due to the polarization of the con-
ductive particles. Besides the two processes we have already
discussed, that is, the intrinsic relaxation of the polymer ma-
trix and the quasistatic polarization of the conductive parti-
cles, there is an additional mechanism, that is not taken into
account by effective medium theory. In order to quantify this
effect, we now evaluate how the effective relaxation strength
should change if there were no such additional mechanism,
that is, if (12) were valid. For the respective low and high
frequency values, it reads

εeff,s = h( f )·εm,s,
εeff,∞ = h( f )·εm,∞, (15)

and thus with εeff,s = Δεeff + εeff,∞ and εm,s = Δεm + εm,∞ (see
Figure 4),

Δεeff( f ) = εeff,∞( f )·Δεm
εm,∞

. (16)
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ites (the curves were calculated from the measured complex values
shown in Figure 3). For each filling factor, effective medium theory
predicts a real and frequency-independent value (see (12)). Obvi-
ously, this is not the case in the range where the relaxation of the
matrix polymer is observed.

The above equation is independent of microstructure
and thus holds for all composite materials, provided effective
medium theory can be applied. In Figure 6, we compare the
measured values of Δεeff to those calculated using (16) (in-
serting the experimental data for Δεm, εm,∞, and εeff,∞( f )).
The experimental values are up to 38% higher (at f = 10%)
compared to what we may expect. Note that (3) and thus (12)
to (16) presuppose that there are only two phases and that
their properties remain unchanged when the components
are mixed. But obviously, this basic assumption of effective
medium theory is not fulfilled here. There are two possibili-
ties.

(i) According to (16), the measured relaxation strength
is proportional to the intrinsic one, Δεeff ∝ Δεm/εm,∞. So we
can understand the experimental result when we assume that
the dispersion of particles alters the molecular polarizability
of the polymer by enhancing the relaxation strength of the
matrix compared to that of the bulk polymer. In fact, replac-
ing, in (16),

Δεm
εm,∞

−→ Δεm
εm,∞

·(1 + f ·3.8) (17)

allows us to describe satisfactorily well the experimental data.
Such a process is possible at the interfaces between particles
and the matrix, where the molecular interactions are altered
(and possibly interphases form). The smaller the particles,
the stronger the impact of the interfaces [38–40]. In this case,
the additional increase of relaxation strength should be pro-
portional to the surface area of the interfaces and thus pro-
portional to f , what we in fact do observe (see Figure 6). Fur-
ther experiments will show whether also the temperature de-
pendence of the relaxation time is affected by these altered
interactions.

(ii) Charge transfer between agglomerating particles, ei-
ther via contact resistances (corresponding to a third phase
in the mixture) or via a hopping process, can lead to an ad-
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Figure 6: Relaxation strength Δεeff as a function of volume filling
factor. Since the relaxation process is already observed at f = 0, it is
related to the molecular dynamics of the pure matrix. The theoret-
ical values have been calculated using (16) (inserting the measured
values εeff,∞( f ), Δεm and εm,∞).
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Figure 7: High-frequency permittivity versus volume filling factor.
The solid lines correspond to the models of Maxwell-Garnett (13)
and Hanai-Bruggeman (14) as well as to (18) (see text).

ditional interfacial polarization process [23, 41]. The char-
acteristic frequency of such a process is proportional to the
conductivity of the polarized object. Attributing a conductiv-
ity σaggl � σ p to the agglomerates, it might be located in the
low frequency range and, just by chance, coincide with that
of the dipolar relaxation of the polymer matrix. We consider
this implausible, especially since the measured data in Fig-
ures 3(b) and 4(b) does not indicate the appearance of a new
distinct peak. But the form of the relaxation peak changes on
addition of nanoparticles, so that we cannot completely ex-
clude this hypothesis. But then the two mechanisms (dipolar
relaxation and agglomerate polarization) should have differ-
ent activation energies, so that future temperature dependent
measurements should allow us to separate the respective loss
peaks.

Now, let us focus on the high-frequency permittiv-
ity, εeff,∞, which is shown as a function of filling factor
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20 nm

(a)

0.2μm

(b)

Figure 8: TEM-pictures of a sample with f = 2%. Note the differ-
ent magnifications.

0.5μm

Figure 9: TEM-photo of a sample with f = 10%.

in Figure 7. ε∞ increases with f . We compare the exper-
imental data with two models which apply for a statis-
tical spatial distribution of spheres in a continuous ma-
trix (matrix-inclusion topology or cermet topology). For
monodisperse systems below the percolation threshold, the
Maxwell-Garnett model applies, see (13), whereas the poly-
disperse limit (i.e., spheres with a sufficiently broad size dis-
tribution) is well described by the Hanai-Bruggeman model,
see (14). These formulas and their range of application have
been verified by 3D computer simulations based on an ana-
lytically exact solution [19, 20].

Obviously, both models predict permittivities that are
lower than those measured. This deviation is nonambiguous
since, in the quasistatic limit, the effective permittivity does
not depend on an unknown particle permittivity, εp. But we
can describe the experimental data fairly well by a modified
version of the Hanai-Bruggeman model, see (14), where the
exponent 3 is replaced by 4 (see Figure 7):

ε
exp
eff,∞ �

εm,∞
(1− f )4 . (18)

This is just an empirical description, but it will facilitate
the evaluation of the magnetic measurements (see below).

In order to find out to which extent the observed en-
hancement is related to the microstructure of our composite,
transmission electronic microscopy measurements have been
performed. In Figures 8 and 9, we show TEM-pictures of two
samples. Agglomerates are clearly observable, that is, there
is no random spatial distribution. This leads to a higher-
effective permittivity compared to simple effective-medium
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Figure 10: Real part of permeability versus frequency for samples
with different volume filling factors. The imaginary part vanishes
within the resolution of the measurement method.

models [23]. Of course, we cannot exclude that there is an
additional effect, for example, an enhancement of the matrix
permittivity, εm,∞, due to altered interactions at the interfaces
between matrix and nanoparticles, similar to what we have
discussed above.

4. MAGNETIC MEASUREMENTS

Now, let us see what kind of information we can get from
the magnetic measurements. These have been performed for
the samples listed in Table 2. At low frequencies from 5 to
110 MHz, no losses can be observed (μeff

′′ � 0), so that we
only display the real part of the effective permeability as a
function of the frequency in Figure 10. The permeability in-
creases by adding nanoparticles to our nonmagnetic matrix
(see also Figure 12).

As already stated in the introduction, in the framework
of effective medium theory, magnetic permeability is treated
in the same way as permittivity, so that we can replace ε by
μ in all formulas. But compared to the analysis of dielectric
data, there are two differences in the discussion of magnetic
measurements.

(i) We consider a nonmagnetic matrix, μm = 1, and this
property cannot change due to interface effects in the com-
posite. This facilitates the analysis of the data.

(ii) The effective permeability will now depend not only
on the microstructure, but also on the permeability of the
dispersed particles, μp. Thus μeff = F(μp,μm, f ) holds with
an unknown function F. In addition, μp may differ from the
bulk value and thus it is unknown as well. This makes an
analysis more complicated.

So the question arises whether it is possible to determine
μp although we do not dispose a priori of an analytical effec-
tive medium formula that is appropriate for the microstruc-
ture of our samples. For example, when we fit our data in
Figure 10 using the Hanai-Bruggeman formula,

(μeff − μp
μm − μp

)
·
(
μm
μeff

)1/3

= (1− f ), (19)
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we obtain a value of μp � 40 (see Figure 11). But remember
that both the dielectric measurements and the TEM-pictures
have shown that the particles are not randomly dispersed.
Similar to what we have observed in the dielectric case, the
formation of agglomerates partly contributes to the observed
increase of effective permeability. This can be understood in
terms of an enhanced particle interaction: in random sys-
tems, higher-multipole moments can be neglected [20], but
they gain in importance in agglomerates. Therefore, the ob-
tained value can only be considered as an upper limit, that is,
we can expect μp < 40. At first sight, it seems to be impossi-
ble to get a reliable value for μp without further information
about the microstructure and an appropriate model to de-
scribe it. But in the following, we are going to show that the
dielectric measurements described above give us all the struc-
tural information we need to evaluate the particle perme-
ability. Instead of relying on approximate effective medium
formulas, we can use the spectral representation, that is, an
analytically exact formulation.

Although the spectral density, g f (n), is unknown, we
have four sources of integral information to solve the prob-
lem: the two sum rules, (4) and (5), as well as the dielec-
tric measurements in the quasistatic limit (Figure 7) and
magnetic low frequency measurements (below 110 MHz, see
Figure 12). Equations (6) and (12) relate the experimental
data to the properties of the components and the spectral
density. Using these and the above definition of the quasisatic
dielectric limit, h( f ) = lim|εp|→∞(εeff/εm), we obtain

h( f )− μeff( f )

μm
=
(

1+ f
∫ 1

0

g f (n)

n
dn
)
−
(

1+ f
∫ 1

0

g f (n)

tμ+n
dn
)

= f
∫ 1

0

g f (n)

n
· tμ
n + tμ

dn.

(20)

A Taylor expansion at n = 1 of the 2nd factor in the integral
yields

tμ
n + tμ

= tμ
1 + tμ

− tμ
(
1 + tμ

)2 ·(n− 1) +
tμ

(
1 + tμ

)3 ·(n− 1)2

− tμ
(
1 + tμ

)4 ·(n− 1)3 + · · · .

(21)

Inserting this result into (20) and performing the integration
(using the sum rules (4) and (5) with C = 0), we obtain

μeff( f )

μm

= h( f )− tμ
1 + tμ

·(h( f )− 1
)− tμ

(
1 + tμ

)2 ·
[(
h( f )− 1

)− f
]

− tμ
(
1 + tμ

)3 ·
[(
h( f )− 1

)− 5/3· f − 1/3· f 2
]

+ · · · .

(22)

The known limiting cases are easily checked; for μp/μm = 1,
that is, tμ = ∞, we obtain μeff/μm = 1. For μp/μm→∞, that is,

tμ→0, we get once again the quasistatic limit μeff/μm→h( f ).
It can be easily shown that the next higher term of order
tμ/(1 + tμ)4 in (22) contributes at maximum 1% of h( f ) and
thus it can be neglected. The implications of the above re-
sult, that has been obtained using spectral density analysis,
are obvious.

Equation (22) allows us to evaluate tμ and thus the par-
ticle permeability μp. The only quantities we need to know
are the effective permeability as well as the quasistatic dielec-
tric limit, h( f ) = lim|εp|→∞(εeff/εm). One possibility would
be to insert the measured values and to solve (22) for tμ at
the respective concentration f . But there is a better way that
helps to minimize the influence of statistical measurement
errors as well as that of structural variations or of concentra-
tion fluctuations (remember that different samples are used
to determine εeff and μeff): when the particle concentration
has been varied it is advantageous to use a simple fit function
to describe the measured dielectric data. From our dielectric
measurements, we know that h( f ) � 1/(1 − f )4 holds ((18)
and Figure 7). Inserting this function in (22), we can directly
calculate the effective permeability μeff( f ) for different val-
ues of μp. In Figure 12, we compare this calculation with the
measured low-frequency permeability. Obviously, the mag-
netite nanoparticles exhibit a permeability of

μp = 7± 1. (23)

The advantage of the above evaluation procedure consists in
the fact that (22) holds for an arbitrary microstructure. The
only prerequisite is that the dispersed particles are conduc-
tive. In this case, a combination of dielectric and magnetic
measurements enables us to determine the permeability of
the dispersed particles without using any effective medium
model!

At high frequencies from 110 MHz to 6 GHz, we have
performed reflection measurements. The effective perme-
ability is shown as a function of the frequency in Figure 13.
Near 3 GHz, a ferromagnetic resonance can be observed.
The strength of this process increases with the addition of
nanoparticles, but the resonance frequency seems not to de-
pend on the particle concentration. That is what also the-
oretical models predict for single-domain particles with an
isotropic distribution of magnetic orientations [42]. So the
situation is quite different from what is known for dielec-
tric relaxation in dispersed particles, where the phase shift
of the electric field at the interfaces induces a shift of the
measurable effective relaxation frequency compared to that
of the intrinsic relaxation [24]: when a complex relaxation
function, εp(ν), is inserted into (1) or (3), the position of
the effective loss peak is shifted to higher frequencies (an ef-
fect that depends on filling factor and microstructure). But
note that, in the present case of ferromagnetic resonance,
effective medium theory does not apply in its scalar form,
even though the effective permeability of single-domain par-
ticles with an isotropic distribution of magnetic orientations
is a scalar quantity [42]; close to the resonance frequency,
the particle permeability is a tensor, the nondiagonal com-
ponents of which do not vanish. This makes the calculation
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of μeff much more complicated and simple effective medium
formulas should be handled with care.

5. CONCLUSION

We have prepared magnetic nanocomposites and we charac-
terized them using broadband dielectric and magnetic spec-
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Figure 13: (a) Measured real and imaginary part of permeability as
a function of frequency for a sample with f = 10%. (b) Measured
imaginary part of permeability for samples with various filling fac-
tors. Near 3 GHz, the ferromagnetic resonance is observed.

troscopy. The dispersed particles (magnetite) are conductive,
so that the dielectric data corresponds to the quasistatic limit
of completely polarized particles. This leads to an enhance-
ment of permittivity that is higher than what can be expected
for a spatial random distribution of particles. In fact, TEM-
pictures show the presence of particle agglomerates. More-
over, the addition of nanoparticles alters the molecular dy-
namics of the matrix polymer at low frequencies. This effect
is due to the modified interactions at the interfaces between
particles and the matrix. The measured effective permeability
depends both on the microstructure and on the permeabil-
ity of the nanoparticles, μp. We have proposed a model-free
procedure, that allows us to evaluate μp without using effec-
tive medium formulas. It applies for an arbitrary and possi-
bly unknown microstructure and consists of combining di-
electric and magnetic data using the spectral representation.
In this way, we have determined a value of μp = 7± 1 for the
permeability of the dispersed magnetite. At high frequencies,
the ferromagnetic resonance of the nanoparticles is observed.
It is independent of particle concentration and occurs near
3 GHz.
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1. INTRODUCTION

The engineering strive towards always smaller scales in the
structure of matter is obvious even to people who are not
working in the field of materials science. The sole termi-
nology and use of words in popularization of technological
progress may lead us to think that microelectronics is some-
what old-fashioned; nanotechnology is the theme of tomor-
row if not yet today. Progress is indeed great. If measured in
the exact meaning of prefixes, it is thousandfold.

This trend of looking in smaller details happens on sev-
eral fronts. Scientists want to understand the structure of
matter in nanoscales, engineers wish to control structures
with always sharper technological tools, research program
plans dream of the multiplied possibilities of material re-
sponses that this tailoring can provide, and the public ex-
pects new and unseen applications of technology along with
the increased degrees of freedom.

What does the penetration of technology into smaller
scales mean in terms of materials modeling? In particular,
how does it affect the analysis of the electromagnetic prop-
erties of composites? The modeling of the effective prop-
erties of heterogeneous materials requires knowledge about
the properties of the constituent materials and about the
geometrical arrangements how these phases together com-
pose the continuum. Classical homogenization approaches
are based on a quasistatic principle. In other words, the elec-
tromagnetic field solutions are calculated using Laplace’s and

Poisson’s equations instead of the full Maxwell’s equations.
This means that the response of an individual scatterer is in-
stantaneous. No retardation effects are needed over the size
of the scatterer.

If the modeling is hence based on the assumption that
the reaction of a single inclusion is like in statics and its size
is considerably smaller than the wavelength of the operating
electromagnetic field, the road towards smaller scales of the
individual scatterers would not cause any additional prob-
lems. On the contrary, for a given electromagnetic excitation,
the locally quasistatic assumption becomes more and more
acceptable.

How, then, does the nanoscale modeling of heteroge-
neous materials differ from that of microscale or mesoscale?
Certainly, many of the applied principles remain the same.
And the science of materials modeling has provided us very
detailed theories to predict the macroscopic dielectric char-
acteristics of media (for a comprehensive historical review of
these theories, see [1]). This is because the governing laws
of electromagnetics are valid over a broad range of spatial
and temporal scales. Of course, there is a limit since mat-
ter is not infinitely divisible. In the “very small nanoscale,”
the inclusions are clusters in which the macroscopic response
is partially determined by discreteness of the building block
atoms. For example, quantum confinement may affect band
gap sizes in semiconductors and lasers. But in this article we
are not yet manipulating individual atoms and do not take
into account the granularity of matter. Let us concentrate on
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such nanoscale environments where a typical object would
be measured in tens of nanometers. This is much larger than
the atomic dimensions which are of the order of angstroms
(10−10 meters). The classic expression from 1959 by Richard
P. Feynman, “there’s plenty of room at the bottom,” is aston-
ishingly still valid in the era of nanotechnology [2].

But there is another view at the effect of scaling. Not all
remain the same when the amplification in our microscope
is increased and we are dealing with objects of smaller di-
mension. A sphere remains a sphere, be it small or large,
but some of its characteristic parameters change relative to
each other, even if we now neglect the discreteness that ul-
timately has to be faced when moving to molecular scales.
Also in the continuum treatment, the specific surface area of
the sphere (or of any other reasonable object for that mat-
ter) increases in direct proportion to the scale decrease: the
area of the sphere surface divided by the sphere volume is in-
versely proportional to the radius. Then it is to be expected
that the surface effects start to dominate when we are moving
from the ordinary-sized material textures into the smaller-
scale structures. The increased focus on surfaces of individ-
ual scatterers also means that in the modeling of composites
and other heterogeneous materials composed of these type of
inclusions, the interaction effects between neighboring scat-
terers need more attention than in connection to larger-scale
modeling. Interaction forces are not scale-independent. At
the same time as the surface area relative to the volume for
a given particle increases, its surface-area-to-weight ratio in-
creases with a similar pace.

In this article, the basic materials modeling questions are
discussed in connection to the dielectric properties of mat-
ter. Because of the generality of the electric modeling results,
many of the results are, mutatis mutandis, directly applica-
ble to certain other fields of science, like magnetic, thermal,
and even (at least analogously) mechanical responses of mat-
ter. In the chapters to follow, special emphasis is given to
the manner how geometric and surface characteristics af-
fect the response of clusters. Many of the results to be pre-
sented have been published in my previous special articles
that concern the dielectric response of particles of various
shapes. This review connects those results and discusses the
surface-geometrical parameters of various particle polariz-
abilities that are of importance in the modeling of material
effects in the nanoscale.

2. ELECTRIC RESPONSE OF A SPHERICAL SCATTERER

Many materials modeling approaches and theories are based
on the principle of splitting the analysis into two parts: the
whole is seen as composed of a collection of single scatterers
whose response is first to be calculated (or if the mixture is
composed of many different phases, the responses of all of
these phases are needed), and then the global, macroscopic
properties have to be computed as certain interactive sums
of all the component inclusions.

Let us next focus on the first step in this process: the
response of an individual, well-defined inclusion. The qua-
sistatic response parameters of a given object can be gleaned

from the solution of the problem when the object is placed
in vacuum and exposed to a uniform static electric field.

The simplest shape is a sphere. And the simplest internal
structure is homogeneity. The response of a homogeneous,
isotropic, dielectric sphere in a homogeneous, uniform elec-
tric field in vacuum is extraordinary simple: it is a dipolar
field. And the internal field of the sphere is also uniform, di-
rected along the exciting field and of an amplitude dependent
on the permittivity. No higher-order multipoles are excited.

The relations are: the homogeneous internal field �Ei as a

function of the exciting, primary field �Ee reads [3, 4]

�Ei = 3ε0

ε + 2ε0

�Ee, (1)

where ε is the (absolute) permittivity of the spherical object
and ε0 the free-space permittivity. Then obviously the polar-

ization density induced within the sphere volume is (ε−ε0)�Ei
and since the dipole moment of a scatterer is the volume in-
tegral of the polarization density (dipole moment density),
the dipole moment of this sphere is

�p = (ε − ε0
) 3ε0

ε + 2ε0

�EeV , (2)

where V is the volume of the sphere. And from this relation
follows the polarizability of the sphere α, which is defined
as the relation between the dipole moment and the incident

field (�p = α�Ee):

α = 3ε0V
ε − ε0

ε + 2ε0
. (3)

This polarizability is an extremely important characteris-
tic quantity in modeling of dielectric materials. It is true that
polarizability does not tell the whole story about the response
of a scatterer. In case of inclusion, shapes other than spheri-
cal,1 also quadrupolic, octopolic, and even higher-order mul-
tipoles are created (and in the case of dynamic fields, the list
of multiple moments is much longer, see [5] for a concise
treatment of these). Perhaps a more accurate name for the
polarizability we are now discussing would be dipolarizabil-
ity.

Why is this (di)polarizability so essential? In other words,
what makes the dipole moment so distinct from the other
multipole moments? Part of the answer is that the effect of
the multipoles on the surroundings decreases with the dis-
tance in an inverse power. And the higher is the power, the
higher is the order of the multipole. Therefore, the greatest
far-field effect is that of the lowest multipole. Dipole is the
lowest-order multipole except monopole. And monopole is
not counted since a monopole requires net charge, and we are
here dealing with neutral pieces of matter which have equal
amounts of positive and negative charges.

1 And in the spherical case, too, when the exciting electric field is nonuni-
form, the perturbational field is not purely dipolar.
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Figure 1: The polarizability of a dielectric sphere for positive values of the relative permittivity, with linear and logarithmic scales. Note the
negative values for the polarizability for permittivities less than that of free space. The symmetry of the polarizability behavior in the two
limits (high-permittivity, or “conducting” and zero-permittivity, or “insulating”) can be seen from the right-hand side curve.

Therefore, let us concentrate on the (di)polarizability α.
As can be seen from (3), there is a trivial dependence of the
polarizability on the volume. Obviously, the bigger the vol-
ume of the inclusions is, the larger its electrical response is. A
more characteristic quantity would be a normalized polariz-
ability αn, which for the sphere reads

αn = α

ε0V
= 3

εr − 1
εr + 2

, (4)

where the dimensionless quality of this quantity is guar-
anteed by the division with the free-space permittivity ε0.
Note also the use of the relative permittivity of the sphere
εr = ε/ε0.

Here is the response of matter stripped to the very es-
sentials. It is a response quantity of the most basic three-
dimensional geometrical object with one single material pa-
rameter, permittivity. And still, this response function is by
no means trivial. Some of the properties of this function are
very universal as we will see later.

Figure 1 displays the polarizability behavior of a dielec-
tric sphere for positive permittivity values. The obvious lim-
its are seen: the saturation of the normalized polarizability to
the value 3 for large permittivities and to the value −3/2 for
the zero-permittivity.

But it is not unfair to note that the polarizability function
in Figure 1 seems rather monotonous and dull. However, if
the permittivity is freed from the conventional limits within
the domain of positive values, very interesting phenomena
can be observed. To display this, Figure 2 is produced.

In Figure 2, one phenomenon overrides all other polar-
izability characteristics: the singularity of the function for
the permittivity value εr = −2, directly appreciated from
(4). This is the electrostatic resonance that goes in the liter-
ature under several names, depending on the background of
the authors, which can be electromagnetics, microwave engi-

neering, optics, or materials science. This is the surface plas-
mon or Fröhlich resonance [6].

However, the present article does not concentrate on
negative-permittivity materials. Metamaterials [7] form a
large class of media that embrace such negative-permittivity
media and metamaterials in fact are very much in the fo-
cus of today’s research [8, 9]. In the following, let us restrict
ourselves to positive permittivity values. Interesting results
can be extracted about the material response also within this
regime.

Let us collect some of these basic observations that are
most clearly seen from the formula for the polarizability of
the sphere (4), but also valid for other dielectric objects in
the three-dimensionally averaged sense [10]. The normalized
polarizability α(εr), for the permittivity value εr = 1, satisfies
the following:

(i) α = 0 at εr = 1,
(ii) ∂α/∂εr = 1 at εr = 1,

(iii) ∂2α/∂ε2
r = −2/3 at εr = 1.

Indeed, the polarizability is a quite powerful tool in an-
alyzing the dielectric response of single scatterers but also
the response of dielectric mixtures as a whole. The classical
homogenization principles starting from Garnett [11], fol-
lowing through Bruggeman [12], over to the modern refined
theories take careful respect to the polarizabilities of the in-
clusions that make up the mixture they are modeling.

Let us next allow the geometry of the inclusion deviate
from the basic spherical shape.

3. ELLIPSOIDS AND NONSYMMETRY

To gather more information about how the microgeome-
try and the specific surface area have effect on the material
response of dielectric scatterers, let us allow the spherical
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Figure 2: The polarizability of a dielectric sphere when the permit-
tivity is allowed to be negative as well as positive.

form to be changed to ellipsoid. Ellipsoids are easy geome-
tries since the dipole moment of such shaped homogeneous
objects can be written in a closed form, which is a conse-
quence of the fact that the internal field of a homogeneous
ellipsoid in a constant electric field is also constant.2 The am-
plitude of this field is naturally linear to the external field, but
there also exists a straightforward dependence of this field on
the permittivity of the ellipsoid and of a particular shape pa-
rameter, so-called depolarization factor.

Let the semiaxes of the ellipsoid in the three orthogonal
directions be ax, ay , az. Then the internal field of the ellipsoid

(with permittivity ε), given that the external, primary field �Ee
be x-directed, is (a generalization of (1))

�Ei = ε0

ε0 + Nx
(
ε − ε0

) �Ee, (5)

where Nx is the depolarization factor of the ellipsoid in the x
direction, and can be calculated from

Nx =
axayaz

2

∫∞

0

ds
(
s + a2

x

)√(
s + a2

x

)(
s + a2

y

)(
s + a2

z

) . (6)

For the other depolarization factor Ny (Nz), interchange ay
and ax (az and ax) in the above integral.3.

The three depolarization factors for any ellipsoid satisfy

Nx + Ny + Nz = 1. (7)

2 Note, however, that the field external to the ellipsoid is no longer purely
dipolar. In the vicinity of the boundary, there are multipolar disturbances
whose amplitudes depend on the eccentricity of the ellipsoid.

3 A Java applet to calculate the depolarization factors and polariz-
ability components of an arbitrary ellipsoid is located in the URL
address of the Helsinki University of Technology http://users.tkk.
fi/∼mpitkone/Ellipsoid/Ellipsoidi.html

A sphere has three equal depolarization factors of 1/3. For
prolate and oblate spheroids (ellipsoids of revolution),
closed-form expressions can be written for the depolariza-
tion factors [4, 13]. The limiting cases of spheroids are disk
(depolarization factors (0, 0, 1)) and a needle (depolarization
factors (1/2, 1/2, 0)).

From the field relation (5), the normalized polarizability
components follow. In this case where the spherical symme-
try is broken, the polarizabilities are different for different
directions. In the x-direction, the polarizability component
reads

αn,x = εr − 1
1 + Nx

(
εr − 1

) (8)

and the corresponding expressions for the y- and z-
components are obvious. This relation allows quite strong
deviations from the polarizability of the spherical shape. For
a simple example, consider the limits of very large or very
small permittivities. These read

(i) αn,x = 1/Nx, for εr →∞,
(ii) αn,x = −1/(1−Nx), for εr → 0.

And obviously these may possess wild limits when the depo-
larization factors have the allowed ranges 0 ≤ Ni ≤ 1 for any
of the three components i = x, y, z. This hints to the possi-
bilities that with extremely squeezed ellipsoids one might be
able to create strong macroscopic effective responses, at least
if the field direction is aligned with all the ellipsoids in the
mixture.

In addition to the view at the special polarization proper-
ties of a mixture composed of aligned ellipsoids, the isotropic
case is also very important. An isotropic mixture can be gen-
erated from nonsymmetric elements (like ellipsoids) by mix-
ing them in random orientations in a neutral background.
Then the average response of one ellipsoid is a third of the
sum of its three polarizability components:

αn,ave = 1
3

∑

i=x,y,z

εr − 1
1 + Ni

(
εr − 1

) . (9)

The effect of the eccentricity (nonsphericity) of the ellip-
soid is visible from Figure 3 where the average polarizability
is plotted against the permittivity for different ellipsoids.

4. ARBITRARY SHAPE OF THE INCLUSION

If the inclusion has a shape other than the ellipsoid, the elec-
trostatic solution of the particle in the external field does not
have a closed-form solution. Fortunately, for such cases, very
efficient computational approaches have been developed.
With various finite-element and difference-method princi-
ples, many electrostatics and even electromagnetic problems
can be solved with almost any desired accuracy (see, e.g.,
[14, 15]).

Then also the polarizabilities of these arbitrarily shaped
particles can be found. For an arbitrary object, there are now
new geometrical parameters that define the inclusion and
which affect the polarizability, in addition with the permit-
tivity. One of the interesting questions in connection with
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Figure 3: The average polarizability of a dielectric ellipsoid (one-
third of the normalized polarizabilities in the three orthogonal di-
rections) for various depolarization factor triplets.

nanostructures is how the specific geometrical and surface
parameters correlate with the amplitude of the polarizability.
A systematic study into this problem would require the nu-
merical electrostatic analysis of very many different scatterer
shapes. And again for those shapes that are nonsymmetric4,
one needs to distill the trace (or the average of the compo-
nents) of the polarizability dyadic, which in the end would
be a fair quantity to compare with the canonical shapes.

Let us review some of the important shapes for which
there does not exist a closed-form solution of the Laplace
equation, or such one only exists in a form of infinite series.
The parameter that tells the essentials about the response is
the normalized polarizability. In the normalized form, the
linear dependence on the volume of the inclusion is taken
away, and the effect of geometry is mixed with the effect of
permittivity.

4.1. Platonic polyhedra

Perhaps the most symmetric three-dimensional shapes after
sphere are the five regular polyhedra: tetrahedron, hexahe-
dron (cube), octahedron, dodecahedron, and icosahedron.
They share with the sphere the following property: the po-
larizability dyadic is a multiple of the unit dyadic. In other
words, the three eigenvalues of polarizability are equal. One
single parameter is sufficient to describe the dipole moment

4 Nonsymmetric in the sense that the polarizability operator has three
distinct eigenvectors; perhaps it is not proper to call such scatterers
anisotropic because anisotropy is commonly associated with the direction
dependence of the bulk material response.

response. Of course, higher-order multipolarizabities are also
present in increasing magnitudes as the sharpness of the cor-
ners of the polyhedra increases.

The dielectric response of these regular Platonic objects
have been solved with a boundary-integral-equation prin-
ciple [16]. An integral equation for the potential is solved
with method of moments [17] which consequently allows
many characteristic properties of the scatterer to be com-
puted. Among them, the polarizabilities of the five Platonic
polyhedra have been enumerated with a very good accuracy.
Also regression formulas turned out to predict the polariz-
abilities correct to at least four digits. These have been given
in the form [16]

αn = α∞
(
εr − 1

) ε3
r + p2ε2

r + p1εr − α0

ε4
r + q3ε3

r + q2ε2
r + q1εr + α∞

, (10)

where p1, p2, q1, q2, q3 are numerical parameters, and α∞ and
α0 are the computationally determined polarizability values
for εr →∞ and εr → 0, respectively. Of course, these param-
eters are different for all five polyhedra. At the special point
εr = 1, the conditions αn = 0, α′n = 1, α′′n = −2/3 are satis-
fied for all five cases. See also [10] for the connection of the
derivatives of the polarizability with the virial coefficients of
the effective conductivity of dispersions and the classic study
by Brown [18] on the effect of particle geometry on the coef-
ficients.

Figure 4 shows the polarizabilities of the various shapes
as functions of the permittivity.5. From these results it can be
observed that the dielectric response is stronger than that of
the sphere, and the response seems to be stronger for shapes
with fewer faces (tetrahedron, cube) and sharper corners,
which is intuitively to be expected. Sharp corners bring about
field concentrations which consequently lead to larger polar-
ization densities and to a larger dipole moment.

4.2. Circular cylinder

Another basic geometry is the circular cylinder. This shape
is more difficult to analyze exhaustively for the reason that it
is not isotropic. The response is dependent on the direction
of the electric field. The two eigendirections are the axial di-
rection and the transversal direction (which is degenerate as
in the transverse plane, no special axis breaks the symme-
try). Furthermore, the description of the full geometry of
the object requires one geometrical parameter (the length-
to-diameter ratio) which means that the two polarizability
functions are dependent on this value and the dipolarizabil-
ity response of this object is a set of two families of curves
depending on the permittivity.

With a computational approach, the polarizabilities of
circular cylinders of varying lengths and permittivities have

5 A Java-applet to calculate the depolarization factors and polarizability
components of Platonic polyhedra is located in the URL address of the
Helsinki University of Technology
http://www.tkk.fi/Yksikot/Sahkomagnetiikka/kurssit/
animaatiot/Polarisaatio.html
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Figure 4: The polarizabilities of Platonic polyhedra and sphere.
Note that the curve for sphere is always smallest in magnitude, and
the order of increase is icosa, dodeca, octa, hexa, and tetra (which
has the highest curve).

been computed [19]. Again, approximative formulas give a
practical algorithm to calculate the values of the polarizabil-
ities. In [19], these formulas are given as differences to the
polarizabilities of spheroids with the same length-to-width
ratio as that of the cylinder under study. Spheroids are easy
to calculate with exact formulas (8). Since they come close to
cylinders in shape when the ratio is very large or very small,
probably their electric response is also similar, and the differ-
ences vanish in the limits. Obviously, the field singularities of
the wedges in the top and bottom faces of the cylinder cause
the main deviation of the response from that of the spheroid.
Note also [20] and the early work on the cylinder problem
in the U.S. National Bureau of Standards (see references in
[15]).

An illustrative example is the case of “unit cylinder.” A
unit cylinder has the height equal to the diameter [21]. Its
polarizability components are shown in Figure 5. There, one
can observe that its effect is stronger than that of sphere (with
equal volume), but not as high as that of a cube.

4.3. Semisphere

A dielectrically homogeneous semisphere (a sphere cut in
half gives two semispheres) is also a canonical shape. How-
ever, the electrostatic problem where two dielectrically ho-
mogeneous domains are separated by semispherical bound-
aries lead to infinite series with Legendre functions. The po-
larizability of the semisphere cannot be written in a closed
form. However, by truncating the series and inverting the as-
sociated matrix, accurate estimates for the polarizability can
be enumerated [22]. This requires matrix sizes of a couple
of hundred rows and columns. Furthermore, a semisphere as
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Figure 5: A comparison of the polarizability of a unit cylinder and
cube. The unit cylinder has different response to axial and transver-
sal excitations; here one-third of the trace of the polarizability is
taken. Both curves are relative to a sphere with the corresponding
volume and permittivity.

a rotationally symmetric object has to be described by two
independent polarizability components. However, it is more
“fundamental” than cylinder because no additional geomet-
rical parameter is needed to describe its shape.

The axial (z) and transversal (t) polarizability curves for
the semisphere resemble those for the other shapes. The lim-
iting values for low and high permittivities are the following:

αn,z ≈ 2.1894, αn,t ≈ 4.4303,
(
εr −→ ∞)

αn,z ≈ −2.2152, αn,t ≈ −1.3685,
(
εr −→ 0

)
.

(11)

Note here the larger high-permittivity polarizability in the
transversal direction compared to the longitudinal, which is
explained by the elongated character in the transversal plane
of the semisphere. However, in the εr = 0 limit, the situation
is the opposite: a larger polarizability for the axial case (larger
in absolute value, as the polarizability is negative).

4.4. Double sphere

A very important object especially in the modeling of ran-
dom nanomaterials is a doublet of spheres. A sphere is a com-
mon, equilibrium shape. And when a sphere in a mixture
gets into the vicinity of another sphere, especially in the small
scales the interaction forces may be very strong, and the dou-
blet of spheres can be seen as a single polarizing object. Even
more, two spheres can become so closely in contact that they
merge and metamorphose into a cluster. Such a doublet can
be described with one geometrical parameter: the distance
between the center points of the spheres divided by their ra-
dius. The value 2 for this parameter divides the range into
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the two cases whether the doublet is clustered or separate.
Again, this object is rotationally symmetric and needs to be
described by two polarizabilities, axial and transversal.

A solution of the electrostatic problem with douple-
sphere boundary conditions is not easy. It requires either
a numerical approach or a very complicated analysis using
toroidal coordinate system. Several partial results have been
presented for the problem [23–25], but only recently a full
solution for this problem [26] and its generalization [27]
have appeared.

In both limiting cases of the double sphere (the distance
of the center points of the spheres goes either to zero or very
large), both of the normalized polarizability components of
the double sphere approach the sphere value (4). And ob-
viously, it deviates from the sphere value to a largest degree
when the distance between the centers is around two radii
(the distance for maximum deviation depends on the per-
mittivity of the spheres). For the case of εr approaching in-
finity, the case of touching spheres has the following analyti-
cal properties [25, 28]:

αn,z = 6ζ(3) ≈ 7.212; αn,t = 9
4
ζ(3) ≈ 2.705 (12)

with the Riemann Zeta function. Here the axial polarizability
(z) is for the case that the electric field excitation is parallel to
the line connecting the center points of the two spheres, and
if the field is perpendicular to it, the transversal (t) polariz-
ability applies.

5. CORRELATION OF THE POLARIZABILITY WITH
SURFACE PARAMETERS

From the polarizability results in the previous section for var-
ious shapes of inclusions, it is obvious that in the polarizabil-
ity characteristics, sphere is a minimum geometry. In other
words, with a given amount of dielectric material, in a spher-
ical form it creates the smallest dipole moment, and every
deviation from this shape increases its polarizability.6 Also
theoretical results to prove this have appeared in the litera-
ture [28, 29]. But how does the deviation of the dielectric re-
sponse from that of sphere depend on the geometrical differ-
ence between the object and sphere? This is a difficult ques-
tion to answer because there are infinite number of ways how
the shape of a spherical object can begin to differ from that
perfect form.

But intuitively it seems reasonable that all information
about the geometrical and surface details of various prop-
erties of object is encoded the polarizability curves. How-
ever, on the other hand, from a look at the curves for var-
ious objects, one might expect that the curves contain also
very much redundant information. After all, they resemble

6 Here polarizability has to be understood in the average three-dimensional
sense. Of course, some of the polarizability components of an ellipsoid
may be smaller than that of the sphere of the same permittivity and vol-
ume; however, the remaining components are so much larger that the av-
erage will override the sphere value.

Table 1: Characteristic figures for the polarizability of Platonic
polyhedra and sphere. Note the third derivative of αn at εr = 1;
the first and second derivatives are equal for all objects.

αn(εr = ∞) αn(εr = 0) α′n(εr = 0) α′′′n (εr = 1)

Tetrahedron 5.0285 −1.8063 4.1693 0.98406

Cube 3.6442 −1.6383 3.0299 0.82527

Octahedron 3.5507 −1.5871 2.7035 0.78410

Dodecahedron 3.1779 −1.5422 2.4704 0.71984

Icosahedron 3.1304 −1.5236 2.3659 0.70087

Sphere 3 −1.5 2.25 0.66667

each other very much in their global form. As was pointed
out earlier, the polarizabilities of all isotropic scatterers seem
to have equal values, and also equal-valued first and second
derivatives at εr = 1. Table 1 shows the values of the limit-
ing polarizabilities and the derivative at εr = 0 and the third
derivative at εr = 1 for the five polyhedra and sphere.

The results in Table 1 show also that the numerical corre-
lations between the values of the third derivate and the limit-
ing values at low and high permittivities are very high (of the
order of 0.98 and more). Therefore, one could expect that it
is possible to compress very much of the polarizability char-
acteristics into a few characteristic numbers.

Article [30] contains a systematic study of comparing
the amplitudes of the polarizabilities to certain well-defined
geometrical properties of the deformed objects. For regular
polyhedra, the following characteristics tell something about
the object: number of faces, edges, vertices, solid angle sub-
tended by the corners, specific surface area, and radii of the
circumscribed and inscribed spheres. These have been cor-
related against the electrical polarizability parameters with
interesting observations, among which the following is not
unexpected: the polarizability of a perfect electric conduc-
tor (εr → ∞) polyhedron correlates strongly with the in-
verse of the solid angle of the vertex. On the other hand, the
strongest correlation of the polarizability of “perfectly insu-
lating sphere” (in other words the case εr = 0) is with the
normalized inscribed radius of the polyhedron.

6. DISCUSSION

A detailed knowledge of the polarizability of inclusions with
basic shapes gives valuable information about the way such
building blocks contribute to the effective dielectric param-
eters of a continuum. Many models for the macroscopic
properties of matter replace the effect of the particles in the
medium fully by its polarizability. It is to be admitted that
for complex scatterers, this is only a part of the whole re-
sponse which also contains near-field terms due to higher-
order multipoles that is characterized by stronger spatial field
variation close to the scatterer. Nevertheless, dipolarizabil-
ity remains the dominant term in the characteristics of the
inclusion.
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The shortcoming of the direct scaling of the macroscopic
polarization results down to nanoscale is that the results dis-
cussed in this paper are based on quasistatic analysis and are
therefore scale-independent. The modeling principles make
use of the normalized polarizabilities of particles (like (4)).
This remains constant even if we decrease the size of the par-
ticle. On the other hand, the specific surface area of an inclu-
sion increases without limit when its size becomes small. Sur-
face effects dominate in the nanoscale. Clusters more com-
plex than the fairly basic shapes discussed in this paper are
formed.

Of course, the translation of continuum models (like this
analysis of basic shapes and their responses) into smaller
scales is problematic also in another respect. Even if we are
not yet in the molecular and atomic level in the length scales,
this nanoregion is the intermediate area between bulk matter
and discrete atoms. One cannot enter into very small scales
without the need of quantum physical description. This de-
viation from the classical physics description is hiding be-
hind the corner and we have to remember that exact geo-
metrical shapes start to lose meaning in the deeper domains
of nanoscale. Another issue to be connected to the man-
ner how well the shapes remind of those familiar from con-
tinuum three-dimensional world, is whether the nanoclus-
ters are built from exact ordered crystal structure or more
amorphous-like aggregates. One could expect that in the lat-
ter case the “softer” forms (spheres and ellipsoids) would be
more correct approximations to reality. And because the clas-
sical mixing rules very often rely on assumptions of such
scatterer shapes, we might expect that homogenization and
effective medium theories have their place also in materials
modeling in the nanoscale.
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1. INTRODUCTION

The recent emphasis on nanomaterials for various applica-
tions related to spintronics [1, 2], magnetic recording media
[3], and magneto-optics [4, 5] has generated considerable
interest in several magnetic metal-dielectric systems which
have previously received very little attention. There are many
instances in which we would like to control the microwave
properties of nanocomposites (NCs), selecting from more
than one possible magnetic component by adjusting for ex-
ample parameters of exchange interaction between the indi-
vidual constituents or, the magnetization-polarization cou-
pling in multiferroic oxides through product property [6–
10]. The required coupling between polarization and mag-
netization is difficult but has been achieved in a number of
systems [11–14]. Recently, several approaches to reach this
“magnetoelectricity” at microwave frequencies have been
suggested and experimentally observed [2, 12, 13]. In the
sub-100-nm regime, magnetic particles are single domain,
that is, the size of the system is smaller than the exchange

correlation length, but the particles eventually form aggre-
gates and apart from the dipolar interaction between the
nanoparticles, other types of interactions, for example, intr-
acluster exchange, may also become relevant. The magnetic
properties of nanophases are determined both by the behav-
ior of particles and by the spatial distribution of the aggre-
gates which defines the magnetostatic interactions between
them. The ability to probe magnetoelectric coupling on the
nanoscale in NCs will open a new opportunity to develop
novel high-frequency soft magnetic materials and pave the
way for advances in nanoelectronics systems. A key feature of
these approaches is the use of core-shell structures in which
the metal nanograins are insulated by insulating layers, thus
the conductivity of the system will be dramatically decreased,
leading to a significantly reduced eddy current loss, while the
coupling strength between neighboring magnetic aggregates
can overcome the anisotropy and demagnetizing effect.

As part of a large effort to quantitatively model the elec-
tromagnetic transport properties in nanostructures, we have
recently investigated on the microwave properties of NCs
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Table 1: Selected physical properties of the powders investigated in this study.

Powder ZnO γ-Fe2O3 Ni

Average particle size(a),(b),(c) 49 nm 23 nm 35 nm

Powder color White Brown Gray

Specific surface area bet (m2g−1) 22 51 15.6

Morphology Elongated Nearly spherical, faceted Spherical

Crystal phase Wurtzite Maghemite (cubic spinel) Fm3m (225) ccp

Density(a) (g cm−3) 5.6 5.2 8.9
(a) From manufacturer product literature.
(b) Determined from specific surface area.
(c) Checked by TEM images.

containing Ni, Co, ZnO, and γ-Fe2O3 nanoparticles [15–
23]. For these epoxy-coated particles, the distance of closest
approach between particles is expected to be large enough
for the interactions to have mainly a magnetostatic charac-
ter [20]. Neither widely-used phenomenological models, nor
ab initio effective medium theories (EMTs) are entirely suc-
cessful in describing all experimental findings concerning the
electromagnetic behavior of NCs. This is mainly due to the
absence of finite-size and surface effects in these modeling
approaches; see, for example, [16–20]. More and more evi-
dence, coming from various researchers employing a panoply
of techniques, points to the fact that electromagnetic wave
transport, polarization, and magnetization mechanisms in
NCs differ from those in bulk samples. Theoretical interest
is also motivated by the suggestion that surface magnetic in-
teractions and surface disorder can greatly enhance the ef-
fective magnetic properties of nanostructures, for example,
coercivity as a consequence of the reduced crystal symmetry
near the surface originating from the finite size and possible
existence of surface disorder [24–28]. In particular, the set
of compounds Ni/γ-Fe2O3 and Ni/ZnO have proven fertile
to study in order to examine the interplay between magnetic
metal and semiconductor oxide as γ-Fe2O3 is substituted into
the ZnO member [20, 22], which has been seen to occur
in a wide variety of granular nanostructures. These nanos-
tructures provide an ideal playground to experimentally in-
vestigate some fundamental phenomena connected with in-
terparticle interactions because the specific surface area of
γ-Fe2O3 nanoparticles is more than three times that of Ni
(see Table 1) causing the magnetic boundaries to strongly
interact. The controllability in these systems allows a clean
study of much complicated physics in a controllable fashion.
Indeed, due to the large ratio of surface area to volume in
nanosized objects, the behavior of surfaces and interfaces be-
comes a prominent factor controlling the physical and chem-
ical properties of nanostructured materials. Reasons for this
are the confinement of electrons in nanometric dimensions
that gives rise to changes in the electronic distribution and
thus in the optical, electromagnetic, transport, and so forth,
properties and to the surface effects.

A number of experimental techniques are currently be-
ing deployed in an effort to understand the dynamic mag-
netic properties of individual and aggregates of nanoparti-
cles. In this regard, the ferromagnetic resonance (FMR) in-
vestigation of magnetic nanomaterials and NCs has received

considerable attention over the years [21, 29–33]. FMR spec-
tra, as observed in microwave spectroscopy, are a direct man-
ifestation of the forces that determine the dynamical proper-
ties of magnetic materials [34]. The correct interpretation of
FMR fundamentals can lead to an evaluation of the effective
ferromagnetic resonance frequencyωres and Gilbert damping
coefficient α which describe the details of the gyroscopic pre-
cession of the magnetization. However, the satisfactory char-
acterization of the FMR characteristics in granular nanos-
tructures has proved to be a challenge. Clearly, there remain
fundamental questions about how the microwave magnetic
response under magnetic fields, of granular heterostructures
in which the constituents can exhibit product properties, can
bring information on the role of intergranular exchange ef-
fect. The fundamental questions can be stated more generally
as: what is the structure of the FMR line (single Lorentzian or
composite lineshape), and what changes are initiated in the
FMR line by the choice of the magnetic species, composition,
and clustering of nanoparticles? These aspects would be ex-
pected to have a profound significance on the observed FMR
properties of granular nanostructures. In such experiments,
the resonance is probed by sweeping the applied field. The
resonance fields provide a measurement of the effective field
seen by the uniform precession mode that is excited by a uni-
form rf field. The effective field, Heff, contains contributions
from the external field, the demagnetizing field, the exchange
field, the magnetostrictive, and the magnetocrystalline en-
ergies. FMR results provide accurate measures of the static
properties of magnetic composites, given by anisotropy con-
stants, and the dynamic properties, given by the linewidth
ΔH of the resonance which provides information on relax-
ation processes.

The impetus for this work stems from our recent investi-
gations [21, 23], employing microwave, spin-wave, and mag-
netic characterizations, of the structure-magnetic permeabil-
ity and permittivity relationships for granular γ-Fe2O3/ZnO
NCs. In [21], we found that the FMR linewidth is very sen-
sitive to details of the spatial magnetic inhomogeneities and
increases continuously with the volume content of magnetic
material. Different mechanisms were considered to explain
the FMR linewidth: the intrinsic Gilbert damping, the broad-
ening induced by the magnetic inhomogeneities, and the ex-
trinsic magnetic relaxation. From these measurements, the
characteristic intrinsic damping dependent on the selected
material and the damping due to surface/interface effects
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Table 2: Overview of NCs compositions: fX denotes the volume fraction of the X species, fp is the porosity of the samples, and fresin is the
volume fraction of resin. The uncertainty on fX is typically of the order of 5%. Compaction pressure for all composites was 107 Nm−2 for
two minutes.

Material designation fNi fZnO fp fresin f γ-Fe2O3

nNiZ1 0.49 0.08 0.28 0.15 —

nNiZ2 0.42 0.17 0.27 0.14 —

nNiZ3 0. 38 0.21 0.26 0.15 —

nNiZ4 0.33 0.26 0.25 0.15 —

nNiZ5 0.29 0.30 0.26 0.15 —

nNiZ6 0.25 0.35 0.25 0.15 —

nNiZ7 0.18 0.44 0.23 0.14 —

nNiZ8 0.09 0.54 0.22 0.15 —

nNiZ9 0 0.63 0.21 0.16 —

1-nNiF 0.08 — 0.26 0.13 0.53

2-nNiF 0.17 — 0.25 0.14 0.44

3-nNiF 0.29 — 0.27 0.12 0.32

4-nNiF 0.50 — 0.26 0.15 0.09

5-nNiF 0.04 — 0.26 0.25 0.55

and interparticle interaction were estimated. More specifi-
cally, we found that the inhomogeneous linewidth (damp-
ing) due to surface/interface effects decreases with dimin-
ishing particle size, whereas the homogeneous linewidth
(damping) due to interactions increases with increasing
volume fraction of magnetic particles (i.e., reducing the
separation between neighboring magnetic phases) in the
composite.

With these considerations in mind and following the
same experimental methodology in the current report we
undertook a careful experimental study of the effective FMR
mode’s dependence and effective magnetization of granu-
lar NCs as a function on applied magnetic field and fre-
quency, and composition. Emphasis is placed upon the un-
derstanding of properties such as the positions, linewidths,
and shapes of the FMR lines. Another motivation for
the present work was to look more closely at the sim-
ilarity between the spectra of Ni/γ-Fe2O3 and Ni/ZnO
NCs to examine if common magnetization properties ex-
ist and how these commonalities may relate to the surface
anisotropy contribution to the anisotropy of Ni and γ-Fe2O3

nanoparticles.
This paper is divided as follows. We first give a brief

reprise of the experimental conditions developed in [21], and
details of the materials under study. In Section 3, we present
the FMR measurements and discuss the experimental results.
The discussion focuses on both the frequency and magnetic
field dependences of spectroscopic properties. The compari-
son of these results to similar analysis in γ-Fe2O3/ZnO NCs
is also given. Section 4 concludes the paper and indicates
the direction of further developments. Certain details re-
lated to the experimental results are relegated in a couple of
appendices.

2. EXPERIMENTAL PROCEDURES

2.1. Materials and sample preparation

The samples studied herein were prepared by mixing the
fine particules of neat Ni, γ-Fe2O3, and ZnO with a stable
epoxy resin widely used for low temperature experiments
(Scotchcast 265) and purchased from 3M. A series of 14
powdered NC samples with volume fraction of resin in the
range 12–25% (see Table 2) were prepared. The nanosized
powders were obtained from Nanophase Technologies Corp.,
Burr Ridge, Ill, USA. The powders were used without further
purification. NCs of Ni and γ-Fe2O3 with Ni volume frac-
tions spanning 0 ≤ fNi ≤ 05 range were prepared through
powder pressing and characterized by conductivity and mi-
crowave frequency-domain spectroscopy (complex permit-
tivity and magnetic permeability) [18]. The conductivity
measurements indicate that the sample size is always below
the skin depth for the entire range of frequencies considered
(see Appendix A). Materials with nonzero conductivity dis-
play eddy (surface) current losses in addition to the FMR
losses. Eddy currents shield the magnetic field from penetrat-
ing into the particles. However, following the experimental
results and the discussion presented in [18], we expect eddy
current contribution to the losses to be negligible. The com-
parison with repeated measurements and fabrication proto-
cols for these NCs gave a possible systematic error in our vol-
ume fraction of phases of no more than 5%. The detailed fab-
rication procedure to achieve homogeneous composition of
the samples has been already described in [16–19]. The mor-
phology and size of the starting powders were determined by
transmission electron microscopy (TEM). The purity of the
phases was checked by X-ray powder diffraction (XRD) and
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the crystallite sizes were determined from the line broaden-
ing of the reflections using the Scherrer formulas. The grain
sizes determined from analysis of bright field cross-sectional
TEM images are consistent with the ones obtained from XRD
(see Table 1). The fractional volume of voids (porosity) is de-
duced from density measurements in conjunction with the
known volume fractions of ZnO, Fe2O3 (or Ni), and epoxy.
Two series of granular NCs will be considered: on the one
hand, fine-grained composites composed of polycrystalline
ferromagnetic Ni clusters in a nanocrystalline nonmagnetic
(ZnO) host, and on the other hand, Ni clusters embedded in
a host composed of ferrimagnetic γ-Fe2O3 nanoparticles.

2.2. FMR and static magnetization properties

For VSM and FMR characterizations, the sample was cut
from the initial piece of composite and polished to the cu-
bic shape of 1 mm thickness, 1 mm length, and 1 mm width.
A detailed analysis for the specific choice of these dimensions
is contained in Appendix B.

The details of the FMR apparatus and procedure can
be found elsewhere [21]. Briefly, FMR measurements, con-
ducted in an in-plane field geometry have been done with
a commercial spectrometer at frequencies in the range from
8 GHz to 24 GHz. The samples were placed at the center of a
microstrip line where the derivative of the absorbed power
was measured using a standard ac field modulation tech-
nique (10 Oe amplitude) and lock-in detection (Signal Re-
covery 7225). The cw microwave source consisted of an An-
ritsu MG3694B synthesized sweeper. The amplitude of the
exciting field is evaluated to be 10 mOe, which corresponds
to the linear response regime. The waveguide is character-
ized by a transmission line of 1 mm width, and a length of
10 mm, which is designed to have 50Ω impedance. The mag-
netic field was applied normally to the sample plane and was
measured using a Hall probe (Lakeshore 450).

dc magnetization measurements were using a vibrating
sample magnetometer (VSM), that allows a field sweep of
±10 kOe. All measurements presented in this research were
performed at ambient conditions. It should be noted that M-
H patterns from different positions of the sample were col-
lected, denoted hereafter as perpendicular (per), or in-plane,
and parallel (par), respectively.

3. EXPERIMENTAL RESULTS AND DISCUSSION

3.1. Magnetization of Ni/ZnO, Ni/γ-Fe2O3, and
γ-Fe2O3/ZnO NCs

Before proceeding to discuss FMR results, a preliminary as-
sessment of the magnetic state of the samples has been done
through their magnetization (M) versus field (H) plots at
300 K. Typical hysteretic magnetizations corresponding to
the Ni/ZnO (nNiZ8) sample containing 8.9 vol % Ni is
shown in Figure 1, for per and par positions, with a sharp
increase in magnetization at low fields followed by a lin-
ear saturating behavior. Observe that the differences between
in-plane and out-of-plane hysteresis loops of the sample
are small. To extract some interesting information from the
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Figure 1: Typical M-H plot of the Ni/ZnO sample (nNiZ8) con-
taining 8.9 vol % of Ni. Room temperature. Inset: an expanded view
of the plot clearly showing hysteresis.

in-plane (per) magnetization curves M(H), the saturation
magnetization Ms, the coercivity Hc, and the remanent mag-
netization Mr normalized to Ms (squareness), Mr/Ms, were
determined. In Figures 2 and 3, we show the magnitude of
Ms, Hc, and Mr/Ms for all samples.

We first compare the effect of the Ni content on the
magnetic properties for Ni/ZnO and Ni/γ-Fe2O3 NCs. For
Ni/ZnO, theMs values increase linearly (see Figure 2(a)) with
increasing Ni content. One feature of interest is illustrated in
Figure 2(a) by the solid line which shows that the linear re-
sponse one would expect for an unmodified Ni phase with
a 4πMs the same as that obtained for 100 vol %, that is,
4πMs = 6.1 kG [31–33], cannot be reached: only 75% of this
value is found. Hence the static magnetic response observed
here cannot be totally explained by the demagnetization pro-
cess of noninteracting Ni particles. Therefore, this result sug-
gests that some interaction exists between the Ni boundary
structures (aggregates). The coercivity Hc (see Figure 2(b))
for Ni/ZnO NCs exceeds the value of Ni/γ-Fe2O3 NCs over
the entire range of Ni volume fraction explored. This de-
crease in coercivity for the Ni/ZnO NCs upon increasing the
Ni content is not due to the internal porosity since the value
of porosity is almost identical for all these kinds of samples
(see Table 2). Note that the coercivity observed for the Ni/γ-
Fe2O3 NCs remains constant in the range of Ni volume frac-
tion explored. While Figure 2(c) shows that the squareness
ratio remains fairly constant at an average of 0.06 for the NCs
with ZnO, which is significantly much smaller than the value
predicted by the Wolfarth model predicting Mr/Ms = 0.5
for a random distribution of noninteracting uniaxial single
domain particles, with coherent rotation of the magnetiza-
tion. We believe that this deviation from this ideal value is
due to interparticle interactions as a consequence of aggre-
gation within the host matrix. We also observe a slow de-
crease of this ratio in the case of Ni/γ-Fe2O3 NCs for Ni
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Figure 2: (a) Variation of the saturation magnetization 4πMs as a
function of Ni content in Ni/ZnO and Ni/γ-Fe2O3 samples. Room
temperature. Squares (resp., triangles) denote Ni/ZnO (resp., Ni/γ-
Fe2O3) NCs. (b) Same as in (a) for the coercivity Hc. (c) Same as in
(a) for the ratio of remanent magnetization to saturation magneti-
zation (squareness) Mr/Ms.

concentrations above 30%, albeit at a level which exceeds the
squareness ratio for the NCs with ZnO.

Further insight into the characteristics of these magnetic
states is obtained by comparison with our earlier study [21]
of γ-Fe2O3/ZnO NCs. For our purpose of comparing Ms,
Hc, and Mr/Ms for Ni/γ-Fe2O3 and γ-Fe2O3/ZnO NCs, the
data in Figure 3 reveal that Hc remains constant and that
Mr/Ms ≤ 0.15 over the range of γ-Fe2O3 concentration ex-
plored. It is also interesting to note that the average satura-
tion magnetization Ms is found to scale linearly with the γ-
Fe2O3 content, but like the behavior of Ni in the granular
ZnO matrix, only 70% of the 4πMs value of dense γ-Fe2O3,
that is, 5.2 kG [31–33], is obtained from the extrapolated
value to the 100 vol %. Very recently, Kalarickal et al. [35]
found a similar fact in a study of the static magnetic prop-
erties of ferrite (nickel zinc)-ferroelectric (barium strontium
titanate) composite materials. Although there are some sim-
ilarities between their samples and our samples, we believe
that the differences in interpretation can be explained by dif-
ferent boundaries separating the particles in the samples. The
ferrite particles investigated have dimensions of a few mi-
crometers, while the aggregate sizes investigated here have
significantly smaller dimensions. In addition, these bound-
aries differ significantly due to the amorphous (epoxy) inter-
aggregate layer.

3.2. FMR in Ni/ZnO, Ni/γ-Fe2O3, and γ-Fe2O3/ZnO NCs

Figures 4(a)–4(h) display a series of typical absorption ver-
sus field derivative profiles obtained at room temperature,
shown in arbitrary units, for five values of the operating
frequency for a typical Ni/ZnO NC. Several comments ap-
pear warranted after a careful examination of Figure 4. First,
we observed that the FMR lineshapes are quite symmetric
and undistorted at the lowest Ni volume fractions in the
NCs. However, the FMR profiles are more complicated for
Ni volume fractions larger than 30%, especially at high fre-
quency. Indeed, one can observe that the derivative profiles of
the main resonance are distorted by the presence of higher-
order spin-wave modes on the high field side. A detailed
examination of the actual FMR profiles shows a secondary
peak which appears at the high field tail part of the ab-
sorption curve at about 10 kOe (see Figures 4(g) and 4(h)).
Second, a weakly resolved line is clearly visible on the low
field side at a nominal frequency of 10 GHz. The origin of
the weak signal has yet to be elucidated, but it should be
remarked that a similar weak signal (at about 500 Oe) was
observed in nanogranular films composed of ferromagnetic
amorphous Fe nanoparticles embedded in SiO2 glass matri-
ces [36].

The main resonance signal is due to an FMR uniform
mode which corresponds to a uniform precession of all the
magnetic moments coupled to the Ni particles. In Figure 4,
we see with increasing frequency the shift of the uniform
mode to a higher field. The uniform mode frequency [34–38]
may be obtained in the form ωres = γ(Hres +Hint), where γ is
the effective gyromagnetic ratio, and Hres and Hint denote the
resonance field at frequency, ωres/2π, and the internal field,
respectively. The data in Figure 5 show how the resonance
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Figure 3: (a) Variation of the saturation magnetization 4πMs as a
function of γ-Fe2O3 content in Ni/γ-Fe2O3 and γ-Fe2O3/ZnO sam-
ples. The data for γ-Fe2O3/ZnO are from [21]. Room temperature.
Squares (resp., triangles) denote γ-Fe2O3/ZnO (resp., Ni/γ-Fe2O3)
NCs. The solid line shows an extrapolation of the linear 4πMs re-
sponse up to 100 vol % Ni. The dashed line is a guide for the eye;
(b) Same as in (a) for the coercivity Hc; (c) Same as in (a) for the
squareness Mr/Ms.

frequency evolves with Hres. From the slope of the linear
functional ωres(Hres), we find that γ is in the range from 1.28
to 1.76 107 Oe−1s−1 (see Figure 6(a)). The offset of the fre-
quency data versus magnetic field serves to obtain the inter-
nal field Hi. The difference between Ni/ZnO and Ni/γ-Fe2O3

NCs is most clearly seen in Figure 6(b). Here, Hi is shown as
a function of Ni concentration. The main effect of increasing
the Ni content is to increase significantly Hi for the Ni/ZnO
NCs, for example, for Ni/ZnO Hi (40 vol %) exceeds by a
factor of three the corresponding value for Ni/γ-Fe2O3. As
mentioned earlier, (long-range) magnetostatic intergranular
interactions dominate the exchange (short-range) in these
NCs. This explains the changes in the effective field Heff =
Hint + 4πMs as the Ni content is increased (Figure 6(c)).

Additional insight into the relationship between com-
position, magnetic species, and resonance properties can be
gained by comparing the FMR absorption versus field deriva-
tive profiles for Ni/ZnO (see Figure 4) and Ni/γ-Fe2O3 (see
Figure 7) NCs. Overall, the profiles displayed in Figure 7 are
more complicated than those discussed above. The deriva-
tive profiles for the main resonance are distorted by the pres-
ence of higher spin-wave modes for all sample and frequency
investigated. One sees large departures from a Lorentzian-
line shape which eventually indicates complicated interag-
gregates dipolar interactions, particularly in samples with
large volume-filling factor. However, when one looks at the
uniform mode frequency, plotted in Figure 8 as a function of
the resonance field, one finds a much more linear increase
than before. The values of γ associated with this plot change
little and are in the range from 1.56 to 1.63 107 Oe−1 s−1

(see Figure 9(a)) to be compared with those previously deter-
mined in γ-Fe2O3/ZnO NCs which were in the range 1.70–
1.82 107 Oe−1 s−1. We can also compare the FMR absorption
versus field derivative profiles for Ni/γ-Fe2O3 (see Figure 7)
and γ-Fe2O3/ZnO (see [21, Figure 1]) NCs. Perhaps the most
glaring difference with regard to γ-Fe2O3 concentration be-
tween Ni/γ-Fe2O3 and γ-Fe2O3/ZnO NCs is the influence
of the internal field (see Figure 9(b)), constant and of the
order of 500 Oe, on the significant increase of the effective
field (Figure 9(c)) for γ-Fe2O3/ZnO samples while Heff for
the Ni/γ-Fe2O3 samples is a smoothly decreasing function of
γ-Fe2O3 content. Therefore, magnetostatic interactions can
be tuned by the choice of the magnetic species in these NCs.

The absorption profiles of loss versus field were obtained
by integration of the raw data after baseline correction. An
example (for a nominal frequency of 16 GHz) of FMR ab-
sorption curve of microwave loss versus static magnetic field
is shown in Figure 10. The analysis of the FMR peak shapes
cannot be realized by making the assumption that the reso-
nance has a simple Lorentzian-line shape. However, we note
that the FMR peak shape changes from a Lorentzian to a
more complex shape for sufficiently large values of frequency.
It is important to ask how well the simulations match the
data based on least-square fitting using a pure Lorentzian
profile. An example of this type of plot for an Ni/ZnO NC
with 25.5 vol % is shown in the inset of Figure 10. Using this
approach predicts linewidths that may be significantly dif-
ferent from measured values at low (<10 GHz) and high fre-
quencies (>25 GHz). However, at intermediate frequencies,
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Figure 4: (a) Variation with magnetic field of the absorbed power derivative at different frequencies for the Ni/ZnO samples considered in
the present study. Room temperature. The value of the frequency in GHz is indicated on each curve. nNIZ8 sample (Ni content is 8.9 vol %);
(b) nNIZ7 sample (Ni content is 17.5 vol %); (c) nNIZ6 sample (Ni content is 25.5 vol %); (d) nNiZ5 sample (Ni content is 29.2 vol %);
(e) nNiZ4 sample (Ni content is 33.4 vol %); (f) nNiZ3 sample (Ni content is 37.8 vol %); (g) nNiZ2 sample (Ni content is 41.8 vol %); (h)
nNiZ1 sample (Ni content is 49.5 vol %).

for example, at a nominal frequency of 16 GHz, we find that
the difference is at most±3%. Although FMR data taken sep-
arately could often be treated in impressive detail a consis-
tent overall model of microwave losses has not been reached.
Thus, in the discussion to follow, the FMR absorption curve
has been primarily modeled in terms of a Lorentzian-line
shape (at 16 GHz) and we will advance only a qualitative
analysis of the FMR response.

3.3. Discussion

The issues and results outlined in the previous subsections
call for further comment on: (a) the interpretation of the

peak-to-peak linewidth in terms of the Gilbert effective
damping parameter α, and (b) the role of anisotropy.

Commencing with item (a), we note that one of the
major challenges for describing the dynamic magnetic re-
sponse of magnetic heterostructures is the characterization
of the damping mechanisms. Many theoretical approaches
have been applied. Smith [39] has shown how fluctuation-
dissipation arguments can discriminate between alternative
phenomenological damping models, for example, inhomo-
geneity and finite-size effects, which can complement tradi-
tional uniform magnetization descriptions of damped ferro-
magnetic resonance (FMR). A tensor of damping which re-
flects the anisotropy of the magnetic system was also derived
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Figure 5: Dependence of the resonance frequency as a function of
the resonance field. Room temperature. Symbols denote the volume
fraction of Ni. The slope of the linear dependence is in the range
1.28 to 1.76 107 Oe−1 s−1 for all samples.

by Safonov et al. [40–44]. Unfortunately, the damping pro-
cesses in these materials often possess a manifestly phe-
nomenological nature, and so many ab initio approaches,
including the deterministic Landau-Lifshitz equation of mo-
tion with the Gilbert form for the magnetic damping term
∂tM = −γM ×Heff + (α/Ms)M × ∂tM, have significant diffi-
culties with incorporating all damping mechanisms even for
a monodomain ferromagnetic material, that is, beside intrin-
sic damping, there is also damping due to surface an interface
effects, and interparticle interactions. In this continuum the-
ory, M is the magnetization density, with magnitude |M| =
Ms equal to the saturation magnetization, γ is the gyromag-
netic ratio and is given by γ = gμB/�, where μB is the Bohr
magneton moment and the Landé g factor (spectroscopic
splitting factor), α is the dimensionless Gilbert-damping pa-
rameter [45–54]. Heff is the local (effective) magnetic field
acting on M, which can include magnetostatic fields of ex-
ternal sources, crystal anisotropy, shape-dependent dipolar
interactions, and exchange interactions which govern ferro-
magnetic spin-wave spectral characteristics [55].

We first turn our attention to the determination of the
effective linewidth ΔH determined at 16 GHz. In Figure 11
(resp., Figure 12), we compare the Ni (resp., γ-Fe2O3) vol-
ume fraction dependence of ΔH for the series of samples
considered here. The results in these figures are for 16 GHz.
The interesting information contained in Figures 11 and 12
is that there is a clear difference in the variation of ΔH
with composition. In Ni/ZnO and Ni/γ-Fe2O3 NCs, ΔH
is in the range 1.8–2.6 kOe and increases linearly with Ni
content. In Ni/γ-Fe2O3 and γ-Fe2O3/ZnO, ΔH was roughly
on the same order, but with important differences in the
rate of increase (resp., decrease) with γ-Fe2O3 content and
the zero linewidth intercepts for γ-Fe2O3/ZnO (resp., Ni/γ-
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Figure 6: Comparison of the values of the gyromagnetic factor, γ,
internal field, Hi, and, effective field, Heff, for Ni/ZnO and Ni/γ-
Fe2O3 samples as a function of the volume fraction of Ni. Room
temperature. The solid and dashed lines serve to guide the eye.
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Figure 7: Same as in Figure 4 for Ni/γ-Fe2O3 samples considered in the present study. The value of the frequency in GHz is indicated on
each curve. (a) 5-nNiF sample (4 vol % Ni and 55 vol %γ-Fe2O3); (b) 1-nNiF sample (8.2 vol % Ni and 53 vol %γ-Fe2O3); (c) 2-nNiF
sample (17 vol % Ni and 44 vol %γ-Fe2O3); (d) 3-nNiF sample (28 vol % Ni and 32 vol %γ-Fe2O3); (e) 4-nNiF sample (50.3 vol % Ni and
9 vol %γ-Fe2O3). It is worth observing that the total magnetic volume fraction contained in these samples is nearly constant ∼= 60 vol %.

Fe2O3). The conductivity of a metal/insulator NC system
can be dramatically decreased compared with conventional
metallic alloys, leading to significantly reduced eddy cur-
rent losses. It was emphasized by Ramprasad et al. [56] that
eddy current losses of composites consisting of ferromag-
netic (monodisperse) particles embedded in a nonmagnetic
matrix are negligible below 10 GHz, if the particle radii are
smaller than 100 nm, while composites with larger particles

display significant effective permeability degradation. How-
ever, the effect of substitution of a magnetic phase (high con-
ductivity) by a nonmagnetic phase (low conductivity) in the
γ-Fe2O3 surrounding matrix is not related to the composi-
tion dependent conductivity [17]. Further work is needed to
determine the origin of the FMR linewidth contributions dis-
played in Figure 12, but in any event the slopes of opposite
sign indicate that they are clearly different for γ-Fe2O3/ZnO



10 Journal of Nanomaterials

121086420

Hres (kOe)

0

4

8

12

16

20

ω
re

s
(1

010
ra

d.
s−

1
)

55.3
52.6
43.8

31.5
8.9
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Ni. The slope of the linear dependence is in the range 1.56 to
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and Ni/γ-Fe2O3. The apparent match in ΔH ∼= 2 kOe when
the two straight lines cross each other at approximately 50%
vol may be fortuitous (see Figure 12).

The effective linewidth, defined as the full width at half
maximum of the absorption curve, is an important feature
of the FMR modes. There are two main contributions to
the linewidth: intrinsic and extrinsic. The intrinsic contri-
bution is due to damping and is a fundamental characteristic
of the magnetic material. The extrinsic contribution is due
to the magnetic inhomogeneities which are contained into
the material and anisotropy dispersion within the material.
The peak-to-peak FMR linewidth of the uniform resonance
mode ΔH gs related to the damping parameter α and is given
by ΔH = 2αω/

√
3γ, where ω is the angular frequency of the

exciting field and where the coefficient of 1/
√

3 is the cor-
rection of the difference between the full width at half maxi-
mum and the peak-to-peak linewidth for the Lorentzian-line
shape. The observed effective ΔH and α are believed to be the
result of inhomogeneity-related relaxation processes which
increase the FMR linewidth from intrinsic values. Overall,
one can say that the value effective damping parameter which
is in the range 0.21–0.37 (see the inset of Figures 11 and 12)
is consistent with the fact that for nanoparticles the damping
parameter can exceed the bulk value for one order of magni-
tude or more [55–57].

As noted in Section 1, another perspective to character-
ize these NCs came from the study of microwave properties
using spin-wave (SW) spectroscopy [23]. The relative change
of SW group velocity induced by the samples was observed to
depend significantly on the chemical composition and vol-
ume fraction of magnetic species contained in the NC. It was
argued that the peaks in the losses have a magnetic charac-
ter and are due to spin excitations of magnetic nanoparticles.
It was also observed that the variation of the SW velocity in
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Figure 9: Same as in Figure 6 for Ni/γ-Fe2O3 and γ-Fe2O3/ZnO
samples as a function of the volume fraction of γ-Fe2O3. The solid
and dashed lines serve to guide the eye.



Vincent Castel et al. 11

20151050

H (kOe)

0

0.2

0.4

0.6

0.8

1

N
or

m
al

iz
ed

ab
so

rp
ti

on
lin

e

49.5
41.8
37.8
33.4

25.5
17.5
8.9

252015105
Frequency (GHz)

1

2

3

4

Δ
H

(k
O

e)

ΔH Lorentzian
ΔH exp

Figure 10: Integrated profiles for the derivative FMR profiles versus
the static external magnetic field at 16 GHz for the Ni/ZnO samples
considered in the present study. Room temperature. The value of
the Ni content in vol % is indicated on each curve. The inset com-
pares the peak-to-peak FMR effective linewidth obtained from the
measurements (◦) and that derived by assuming a pure Lorentzian
profile (�).

Ni/ZnO and Ni/γ-Fe2O3 showed opposite trends when the
data were plotted as a function of Ni concentration.

Now concerning item (b), we make several observa-
tions related to the surface anisotropy contribution to
the anisotropy of Ni and γ-Fe2O3 nanoparticles. Surface
anisotropy becomes important only for particles with size
less than, say, 100 nm. In this sub-100-nm regime, magnetic
particles are single domain but the particles eventually form
aggregates and apart from the dipolar interaction between
the nanoparticles, other types of interactions, for example,
intracluster exchange, may also become relevant. The mag-
netic properties of nanophases are determined both by the
behavior of particles and by the spatial distribution of the
aggregates which defines the magnetostatic interactions be-
tween them. As we have noticed earlier, the distance of closest
approach between particles is expected to be large enough for
the interactions to have mainly a magnetostatic character. It
is interesting to observe that a set of bounds for the effective
permeability of composites containing spherical (monodis-
perse) particles with a ligand shell coating was derived by
Ramprasad et al. [56], showing that this physicochemical at-
tribute of the particles may become relevant when the ligand
shell thickness is large compared to the particle radius. As
previously mentioned [22], it is believed that the differences
observed in the gyromagnetic resonance spectra observed
between the NCs are a consequence of effective magnetic
anisotropy.

We would like to emphasize that the exact oxidation state
and oxidation-layer thickness of Ni nanoparticles in the NCs
are unknown. Because the samples have been prepared in
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Figure 12: Same as in Figure 11 for Ni/γ-Fe2O3 and γ-Fe2O3/ZnO
samples as a function of γ-Fe2O3 content.

ambient atmosphere, surface passivation by a thin layer of
nickel oxide NiO is inevitable. Due to the large surface-area-
to-volume ratio, oxidation seems to be a persistent prob-
lem in core-shell nanoparticles. There have been a num-
ber of contributions to this problem, and although there is
a consensus that the oxidation state of Ni has an impact
on the magnetic properties, there is still ongoing debate on
the role of oxide, with recent evidence from 57Fe Mössbauer
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Figure 13: Experimental values of the dc conductivity of Ni/ZnO
(�) and Ni/γ-Fe2O3 (•) NCs, measured by the four-point probe
technique, as a function of Ni content. Room temperature.

spectroscopy, neutron powder diffraction and magnetiza-
tion studies of the properties of mixtures of (ferromagnetic)
γ-Fe2O3 and (antiferromagnetic) NiO nanoparticles, indi-
cating that the mixing of γ-Fe2O3 nanoparticles with NiO
nanoparticles results in a faster superparamagnetic relax-
ation and a reduced coercivity compared to a sample consist-
ing solely of γ-Fe2O3 nanoparticles [57]. This point may also
underline the propensity of the material or defects within
the NC to provide oxidation sources for the metal nanocrys-
tals since it influences greatly the microwave magnetic re-
sponse. We further note that the development of magnetic
metal nanoparticles has been limited by the fact that they ox-
idize in air, forming either weakly magnetic or nonmagnetic
oxides, resulting in the generation of stresses [58, 59].

4. CONCLUDING REMARKS

We have presented a detailed study on the magnetization
and FMR response of Ni/ZnO and Ni/γ-Fe2O3 NCs. To
summarize, the immediate conclusions that we can make
from the experimental results presented above are as follows:
(i) the analysis of the FMR spectra can be interpreted as
arising from aggregates of magnetic nanoparticles, each of
which resonates in an effective magnetic field composed of
the applied field, the average (magnetostatic) dipolar field,
and the randomly oriented magnetic anisotropy field; (ii) re-
ferring to the experimental data, it has been established that
inhomogeneity-based line-broadening mechanisms, due to
the damping of surface/interface effects and interparticle in-
teraction, affect the FMR effective linewidth. The large value
of the peak-to-peak linewidth cannot be taken as a repre-
sentation of the intrinsic losses due to the inhomogeneous
line-broadening contribution; (iii) particularly important is
the fact that the FMR peak shape changes from a Lorentzian
to a more complex shape showing distorsions for sufficiently

RF input

1 mm

HDC hRF

Sample

Figure 14: Schematic description of the microstrip line employed
for the FMR measurements (in-plane field geometry). The trans-
mission stripline (Au) of 1 mm width and a length of 10 mm is de-
signed to have 50Ω impedance above 4 GHz. It was fabricated by
UV lithography and deposited on a 5 mm thick alumina substrate
with a bottom conducting ground plane.
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Figure 15: Ferromagnetic resonance profiles at 16 GHz. The graphs
show the absorbed power versus applied magnetic field for a repre-
sentative Ni/ZnO cubic shape sample (nNiZ6 containing 25 vol %
Ni and 35 vol % ZnO) for three volumes: 1, 8, and 27 mm3, as indi-
cated. Room temperature.

large values of frequency. Details of the origins of these dis-
torsions are not entirely clear; (iv) a comparison between the
linewidth for granular metal and metal oxide NCs proves in-
teresting in the FMR experiments.

It has been widely recognized that, at all length scales,
the scale-relative properties of electromagnetic and magnetic
systems vary with their size due to increasing edge-to-surface
and surface-to-volume ratios. Thus, engineering useful NCs
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will require an understanding of how the physical proper-
ties of aggregates evolve with size and shape into those of
bulk NCs. As recalled earlier, an additional problem is par-
ticle oxidation arising from the large surface-area-to-volume
ratio. The fundamental nature of oxidation in nanometer-
sized structures has received some recent attention [60–64],
however it is far from being well understood.

Before we conclude, we place our results in perspec-
tive. Challenges towards multiple functionality in NCs in-
clude design and preparation of materials that exhibit elec-
tric and magnetic fields-tunable electromagnetic wave trans-
port properties. We are currently engaged in a systematic in-
vestigation of loss minimization of NCs for optimizing mi-
crowave applications. In a broader context, a similar analysis
is planned for a series of piezoelectric-magnetostrictive NCs
with a systematic variation in composition, control of inter-
nal strain, and magnetoelastically induced anisotropy due to
large stress between the nanoparticles and the surrounding
matrix, impurities, and porosity since it is well established
that all of these preparation parameters are known to pro-
duce large linewidths. For that purpose, the consolidation of
high density NCs, that is, by using hot pressing [65], or hot
isostatic pressing [66, 67], is a critical step towards develop-
ment of an optimal soft magnetic NC.

APPENDICES

A. EVALUATION OF CONDUCTIVITY AND
SKIN EFFECT AND EDDY
CURRENT ANALYSIS

In this appendix, we describe several details of the measure-
ment of the dc conductivity, σdc, of our NCs using the four-
point probe technique. In Figure 13, we show σdc( fNi) for
Ni/ZnO samples. From Figure 13, we observe that the data
collected at low field exhibit an exponential increase between
10 and 40 vol % Ni and a change of slope at about 40 vol %
Ni. In electrodynamics [68, 69], it has been traditional to
consider the skin depth as the distance δ through which the
amplitude of the propagating wave decreases by a factor e−1.
For our low-conductivity NCs and considering the measured
values of the effective electromagnetic parameters of these
NCs [17, 18], we find that δ is in the 102–103 mm size range
in the GHz frequency range, that is, much larger than the
sample thickness. Thus, one can safely assume a full penetra-
tion of the microwave field into our samples. Similar mea-
surements for the Ni/γ-Fe2O3 NCs indicate that the values
of σdc( fNi) are close to the values for Ni/ZnO NCs. Another
important issue which has been previously discussed in [17]
is the possibility of a direct observation of the intrinsic com-
plex permittivity of the magnetic phases based on the mea-
surement of the effective complex permittivity of the NCs
and using a mean-field (effective medium) theory, for ex-
ample, Bruggeman, McLachlan. At present there is no uni-
versal agreement about an effective medium theory that can
self-consistently explain the various experimental measure-
ments probing the dielectric properties of NC. We refer the
interested reader to [17] for the details of the derivation. No
conduction (percolation) threshold is evidenced indicating a

disconnected nanoparticles network. In these powder com-
pact composites, the presence of insulating grains and of
the amorphous epoxy resin increases the conduction bar-
rier height and therefore is expected to decrease the over-
all conductivity of the samples. However, even if the vol-
ume fraction of the nanoparticles—and hence the intergrain
spacing—and grain size were independently adjustable, we
have not yet studied the local charge transport mechanisms.

Several comments are in order. First, in composite with
uniform dispersions of magnetic nanoparticles, the conduc-
tivity of the NC is determined mainly by the interparticle
distance and eddy currents, produced within the particle
that are extremely small at high frequency, are limited to
individual particles or aggregates. We note that Ramprasad
et al. [56] have shown, in their phenomenological model-
ing of the properties of magnetic nanoparticle composites,
that in the 0.1–10 GHZ frequency range, particles with radii
smaller than 100 nm are expected to encounter negligible
eddy current losses. This was found true even at high par-
ticle volume fraction, when clustering of particles could re-
sult in aggregates much larger than the actual particles. Sec-
ond, no signature for percolation threshold is apparent for
the data collected; thus we infer from the weak fNi depen-
dence of σdc that the Ni nanoaggregates should be separated
in the ZnO matrix. It is well established by now that in ferro-
magnetic NCs, the shielding and dissipation due to eddy cur-
rents rapidly diminish with decreasing the particle size [70].
This has for effect to reduce the dielectric losses in metal-
lic nanoparticles. Third, with dimensions of NCs well below
the skin depth, the electromagnetic wave fully penetrates the
sample and allows the contribution of the whole volume to
the magnetic properties of the NCs.

B. INFLUENCE OF SAMPLE SHAPE ON
INHOMOGENEOUS BROADENING

The purpose of this appendix is to briefly discuss the issue
raised in Section 2.1, namely, the choice of the dimensions of
our NC samples. Cubes with different nominal thickness in
the millimeter size range were fabricated. The specific data
shown in the experimental section (Figures 4 and 7) are for a
1 mm thick cube. Intuitively, one expects the present exper-
imental condition to apply for sample thickness comparable
or smaller than the width (1 mm) of the microstrip line (with
reference to Figure 14). The samples were placed in the mi-
crostrip with the homogeneous external static magnetic field
applied perpendicular to the sample and the linearly polar-
ized microwave excitation field hrf in the sample plane.

Strictly speaking, the FMR equation that was used to de-
termine the FMR field is only valid for spherical samples
[37]. It has been widely recognized that because of inho-
mogeneities in the demagnetization field this may affect the
broadening of the FMR peak. To discriminate between sam-
ple thickness and material on the observed broadening, we
varied the thickness of our cubic samples. We illustrate the
influence of the sample thickness (see Figure 14) for the ab-
sorbed power change of a representative sample (nNiZ6 con-
taining 25 vol % Ni) as a function of applied magnetic field.
These absorption profiles of loss versus field were obtained
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from direct integration of the raw data (measured derivative
of the absorbed power versus applied magnetic field). One
can see that the peak loss points in the graphs in Figure 15
are shifted up in field for the two smaller samples. The effec-
tive linewidth, taken as the full width at half maximum of the
profiles in Figure 15, are 2.4 kOe (resp., 2.5 kOe and 3.1 kOe)
for the 1 (resp., 2 and 3) mm thick sample. The asymme-
try of the absorption profile apparent for the 2 × 2 × 2 and
3 × 3 × 3 mm3 samples is indicative of a departure from a
Lorentzian line. Such inhomogeneously broadened line orig-
inates from a complicated interaggregate dipolar interaction
due to large residual strains and porosity. On the other hand,
the line shape for the 1 mm thick sample is symmetric. In-
creasing the thickness by a factor of three does not strongly
change the FMR linewidth of the integrated power of the
uniform mode itself, and indicates that Hres (at 16 GHz) is
not appreciably affected. The fact that no increase in FMR
linewidth with thickness is evidenced supports also the con-
clusion that eddy current losses are negligible for this sample.

This interpretation also resonates well with the recent
FMR and high-frequency analysis of ferrite-ferroelectric
composite materials by Kalarickal et al. [35], who studied
how the shape (cubes and spheres with nominal diameters
of 2 mm) of their composite samples influences the static
magnetic properties. They found that cubes and spheres gave
similar results for all the effective loadings of the ferrite com-
ponent. Their FMR measurements were made on nominal
1 mm diameter spheres (for 100% ferrite material) or 3 mm
diameter spheres (for the materials with lower loadings).
Guskos et al. [71] investigated by FMR polymer compos-
ites containing as filler a binary mixture of Fe3O4 and FE3C
nanoparticles (30–50 nm) dispersed in a diamagnetic car-
bon matrix. These authors placed a square-shaped sample of
3.5 × 3.5 mm2 cut out from the polymer sheet in the center
of a TE102 cavity, that is, at the local maximum of the mi-
crowave magnetic component and in the nodal plane of the
electric component.
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1. INTRODUCTION

The objective of this study is to develop an accurate method
to measure the electrical conductivity of carbon nanotubes
in the gigahertz frequency range that minimizes the effects
of contact resistance and impedance mismatch. The applica-
tion of the high-frequency technique we develop in this pa-
per is new and does not require connections across metallic
transmission-line conductors. It therefore bypasses a num-
ber of calibration issues that are encountered by the use of
other methods.

The dielectric resonator method for loss determination
has been used extensively for measurements of the surface re-
sistance of superconducting thin films and for the measure-
ment of metal resistivity [1–3]. The measurement method
uses the TE011 mode of a sapphire dielectric resonator, as di-
agramed in Figure 1 and the resonating fixture as shown in
Figure 2. This method is similar to that used by Courtney for
measurements of the permittivity of rod specimens; however
in this research, the permittivity is determined by measure-
ment, and the conductor losses of the nanotubes are treated
as unknown [4].

In applications where nanotubes or nanowires could be
used in electrical devices, the operational frequencies would
be in the microwave through millimeter bands. Therefore,
the measurement of the electrical properties of nanotubes is

important. The theoretical model of the electrical conductiv-
ity of nanotubes is usually based on the work of Lüttinger
[5]. Over the years, the conductivity of carbon nanotubes
has been studied both experimentally and theoretically by a
number of different methods [6]. Some researchers have at-
tempted to measure carbon nanotubes individually by weld-
ing the nanotubes across microconductors that have been de-
posited onto transmission lines. Circuit models are then used
to estimate the electrical conductivity [5, 7]. The main prob-
lem with these approaches is that there is a large impedance
mismatch between the nanotube and the transmission line as
well as an unknown contact resistance at the position of the
weld. The method developed in this paper is not limited by
these measurement artifacts. Our method yields a conductiv-
ity that is averaged over many nanotubes.

In our method, carbon nanotubes were deposited as a
coating on the end-faces of the sapphire rods, and then, the
resonators were fitted into a parallel-plate resonator system
that allows a measurement of the quality factor (Q). Changes
in the Q of the coated resonators over those of the bare res-
onators allow for the calculation of the surface resistance and
electrical conductivity of bulk nanotube layers [1, 2].

The single-wall carbon nanotube (SWNT) samples for
the present work were obtained from Southwest NanoTech-
nologies produced by the proprietary CoMoCAT process
(S-P95-Dry). The manufacturer indicates that the material
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Silver end plate

Sapphire resonator
Coupling loop Carbon nanotubes

Silver end plate

Figure 1: A parallel-plate and resonator with a layer of carbon nan-
otubes deposited on both ends.

content should consist of no more than 5% nonnanotube
materials. The resonator coating was formed from the bulk
SWNTs dispersed in chloroform, sonicated for 10 minutes
and applied with an airbrush at 6.9 kPa [8]. The propor-
tion of carbon nanotubes to chloroform, by mass, was ap-
proximately 1 : 100. Resonant Raman Spectroscopy (RRS)
of a representative sample of the SWNT coating was per-
formed in the backscattering configuration using 7 mW of
an argon ion laser providing 488 nm (2.54 eV) excitation.
A 55 mm telephoto lens was employed to both focus the
beam to approximately 0.25 mm2 area and to collect the
Raman scattered light. The scattered light was analyzed
with a 0.27 m grating spectrometer equipped with a liquid-
nitrogen-cooled, charge-coupled detector and a holographic
notch filter. From this we obtained a measure of purity as
quantified by the ratio of intensities of “D” and “G” bands,
where D/G = 0.0342.

In our procedure, the permittivity of the rod is calculated
from the resonant frequency and used to calculate the con-
ductivity of the coated ends of the resonator. Either one or
both of the ends can be coated with the unknown nanotube
material. Our approach assumes that the researcher has a
sufficient amount of carbon nanotubes to coat the upper or
lower surfaces of a resonator, or both, to a thickness of a few
electrical skin depths. This thickness is sufficient to ensure
that very little field penetrates to the silver end plates. When
both faces of the sapphire cylinder are terminated with con-
ducting end plates, the surface resistance and electrical con-
ductivity can be calculated from measurements of the shift
in Q relative to those of the uncoated resonator [1, 2]. The
method is robust since specimens can be measured at vari-
ous frequencies, from microwave to millimeter frequencies,
by use of different size sapphire resonators. Another advan-
tage of this method over other transmission-line methods is
that fixture-metal losses are minimized.

In Section 2, we overview the theoretical model for con-
ductivity determination. In Section 3, we introduce the mea-
surement procedure; and in Section 4, we present measure-
ment results.

2. SURFACE RESISTIVITY MODEL

This section is a short overview of the model we used to
deconvolve the conductivity from measurements of the Q

Figure 2: A parallel-plate resonator measurement fixture.

and resonant frequency. The calculation of the conductivity
is based on an electromagnetic field model that uses the Q
and resonant frequency fr of the unloaded and loaded di-
electric resonator to obtain an effective conductivity. A tran-
scendental equation for the resonant frequencies is obtained
by matching the tangential components of the electric and
magnetic fields across the resonator-nanotube interfaces [2]:

J1
(
ν1a
)
K0
(
ν2a
)

ν1a
+
K1
(
ν2a
)
J0
(
ν1a
)

ν2a
= 0, (1)

where a denotes the radius of the sapphire rod, ν1 =√
k2εrs − (π/L)2, and ν2 =

√
(π/L)2 − k2, L is the height of

the sapphire rod, k = ω/c = ω
√ε0μ0, εrs is the permittivity

of the resonator, and J , K denote Bessel and modified Bessel
functions, respectively. The roots of (1) determine the per-
mittivity of the rod given the measured resonant frequencies
fr . The measured Q is decomposed into contributions from
the nanotubes Qc and the losses in the dielectric Qd:

1
Q
= 1

Qc
+

1
Qd

, (2)

where

Qd = 1 + R

tan δ
, (3)

where tan δ = ε′′/ε′ and

R = 1
εrs

[
ν1J0

(
ν1a
)

ν2K0
(
ν2a
)
]2 ∫∞

a ρK2
1

(
ν2ρ
)
dρ

∫ a
0 ρJ2

1

(
ν1ρ
) . (4)

The surface resistance can then be calculated by use of 1/Qc =
1/Q − 1/Qd with (3) and (4) from

Rs = 240π2εr
[

1
Q
− tan (δ)

1 + R

]
1 + R

1 + εrsR

(
L

λ

)3

. (5)

Once we have obtained Rs, using the knowledge that the ma-
terial is nonmagnetic, we can calculate the conductivity from

σ = π frμ0

R2
s

. (6)
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Figure 3: A dielectric resonator with carbon nanotubes deposited
on the end surfaces.

The skin depth δs is the distance traveled by the fields be-
fore they are damped to 1/e of their initial value. Estimation
of the skin depth is important in order to predict how thick
the carbon nanotube layers need to be in order to minimize
field penetration. The skin depth is given by

δs =
√

1
π frμ0σ

. (7)

3. MEASUREMENTS

In order to investigate the frequency dependence of the con-
ductivity, we used two cylindrical single-crystal sapphire res-
onators machined to have dimensional aspect ratios yielding
optimal field structures at 5 and 10 GHz.

We deposited a layer of carbon nanotubes, approximately
30 to 60 μm thick on both of the ends of the sapphire res-
onators, as shown in Figure 3. The sapphire resonator was
placed between two silver end plates in the fixture shown in
Figure 2. The coupling loops excited a TE011 resonant mode.
We measured the Q and resonant frequency of the TE011

mode with a network analyzer for both the coated and un-
coated resonators. The losses in the carbon nanotubes pro-
duces a decrease in the Q factor. We used the Q and fr to
calculate the surface resistance from (5) and thereby the ef-
fective conductivity of the carbon nanotubes from (6).

The permittivity of the sapphire resonators were ε′r =
9.458 and tan δ = 1 × 10−6. One resonator operated at
4.98 GHz and had a diameter of 23.178 mm and a height of
15.452 mm. The other resonator operated at 9.95 GHz and
had a diameter of 11.589 mm and a height of 7.726 mm. Mil-
limeter frequency measurements require smaller resonators.
In order for the measurements to be consistent with the
model, the layer of carbon nanotubes must be a few skin
depths in thickness. Using the measured thickness of 30 μm,
we estimate the skin depth from our measured conductivity
to be less than 10 μm. Therefore, this thickness is adequate
for the fields to decay before it reaches the cavity end walls.
For comparison purposes, the skin depth of fields incident

Table 1: The measured effective conductivity and associated uncer-
tainties for two sets of depositions of carbon nanotubes.

Configuration
Frequency
(GHz)

Conductivity
(S/m)

Uncertainty

Resonator 1 9.958 1.8 ×106 U = 2× 105

Resonator 2 4.988 1.8 ×106 U = 2× 105

Resonator 1 9.958 0.8 ×106 U = 1× 105

Resonator 2 4.988 0.4 ×106 U = 1× 105

on our silver-plated fixture is approximately 0.64 μm. The re-
sults of the measured conductivity are displayed in Table 1.

The standard uncertainty is defined as u(xi), where xi are
the independent sources of uncertainty. Uncertainties that
can be calculated by statistical means are called Type A. The
uncertainties for the resonator were developed by a statistical
approach. The combined RSS standard uncertainty is calcu-
lated as

uc =
√
√
√
√
∑

i

(
u
(
xi
) ∂θ

∂xi

)2

. (8)

In this paper, the measurand is σ and we included the in-
dependent uncertainties due to the sapphire resonator di-
mensions, film thickness, Q determination, and resonant fre-
quency. The uncertainties of the Q and thickness of the mate-
rial dominated. The expanded uncertainty is U(θ) = kuc(θ),
where k is the coverage factor. We have used k = 2. We
noted a relatively large systematic uncertainty between dif-
ferent coatings of carbon nanotubes. The origins of this sys-
tematic uncertainty is probably due to the deposition process
and possibly variations in nanotubes.

4. CONCLUSIONS

The resonator method described in this paper bypasses some
of the difficulties encountered in single-strand methods. Our
results yield conductivities that are slightly greater than that
reported by other authors. For example, Ma 0.05 × 107 S/m
reported [9]. We believe this is due in part to variations be-
tween nanotubes and the fact that our measurements are
minimally influenced by metal losses. We have observed
some variations of conductivity from different carbon nan-
otube batches probably due to variations in the carbon nan-
otubes, or deposition process and thickness uncertainties. In
transmission lines at micro wave frequencies, losses due to
metal influences can be appreciable. The resonator method
has a very low uncertainty if the thickness of the coating
is known accurately and if the coating is thick enough for
the fields to decay before the copper cavity endplates. Most
of the contributions to the uncertainties in Table 1 are due
to these factors. Some limitations and restrictions of our
method include the amount of nanotube material required,
variations in the thickness of the carbon-nanotube layer; and
the method yields an ensemble-averaged conductivity. This
method should work equally well for any type of nanowire.
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1. INTRODUCTION

Recent developments in techniques for the detection of sin-
gle molecules have opened up new opportunities for re-
search in analytical chemistry and the life sciences [1–3]. One
technique that has a wide range of potential applications is
surface enhanced Raman spectroscopy (SERS) [4–7]. SERS
is a noninvasive technique that can detect and characterise
both simple organic [8, 9], and complex biological molecules
[10, 11] at ultralow, and even single molecular concentra-
tions. The sensitivity of SERS is particularly important since
there is a growing emphasis on trace-level detection in ana-
lytical research [12].

The basis of the SERS technique is the capacity of metal-
lic substrates to support the propagation of surface plas-
mons with resonant frequencies in the visible region of the
electromagnetic spectrum [13]. These surface plasmons act
to enhance the native Raman signal by producing an in-
creased electric field in the vicinity of the target molecule
[14, 15]. In addition to this “electromagnetic mechanism,”
Raman signals from target molecules are also enhanced by a
more complex and less well-quantified “chemical” or “elec-
tronic” mechanism, although previous studies have shown
that this is usually small in comparison to the electromag-

netic effect [16]. Silver and gold are the most widely used
materials for SERS substrates and are most commonly used
in the form of spherical particles on the nanometre scale
[17, 18]. In addition to these metal nanoparticles, other sub-
strate types (Figure 1), such as nanostructured surfaces, and
the tip-surface geometries offered by scanning probe micro-
scopies, are being used increasingly for SERS experimenta-
tion [19]. However, little work has been published that com-
pares the fundamental characteristics of these different sub-
strate types for enhancing Raman signals. Moreover, if can-
didate SERS substrates could be assessed, and optimised by
modelling their electromagnetic characteristics, time and ef-
fort could be saved in laboratory preparation and experimen-
tal testing.

Much effort has been expended in modelling the mech-
anisms of electromagnetic scattering accurately [20, 21]. It
is a complex problem because the nature of the secondary
waves generated by scattering are determined not only by
the characteristics of the incident wave but also by the field
generated by other scatterers nearby. Therefore, for most
practical situations, such as those encountered in SERS, nu-
merical methods are employed. As the field enhancement
is strongly dependent on physical parameters, such as the
surface morphology, the optical constants used to perform
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(a) (b)

(c) (d)

Figure 1: Diagrammatic representations of a section through the
four generic types of SERS substrates modelled: (a) two nanopar-
ticles, (b) structured surface with hemispherical features, (c) struc-
tured surface with cuboid features, and (d) tip surface.

the modelling, and the excitation conditions, detailed com-
putational consideration is required to achieve robust mod-
els. Validation of these numerical results is challenging as
direct experimental measurement of the field enhancement
is usually not possible. However, we have previously shown
that Raman enhancements from metal nanoparticles ob-
tained experimentally agree with predictions from modelling
to within one order of magnitude [16].

This paper presents the results of the predicted Raman
enhancement, obtained using electromagnetic modelling,
from four major generic types of SERS substrate. These
generic substrates are shown diagrammatically in Figure 1.

The electric field enhancement between a pair of metal
nanoparticles has received some study previously [16, 22],
but the other substrates modelled here have received less at-
tention. In this work, similar sizes and separations of features
for each of the substrate types have been modelled so that the
results may be compared. The results enable the relative en-
hancement from these commonly used substrates to be com-
pared in detail for the first time.

2. EXPERIMENTAL

We have modelled the field distribution from four generic
SERS metallic nanostructures in two dimensions. They can
be considered as sections through a three-dimensional arte-
fact at the point of maximum enhancement. For the sub-
strates modelled here this will occur at the point of closest ap-
proach of the nanostructured features. For the two nanopar-
ticles, this is along the line of their centres, and for a tip-
surface substrate, this is in the plane passing through the cen-
tre of the point of tip. The substrates modelled are illustrated
in detail in Figures 2, 3, 4, and 5. In all cases, silver substrates
are considered and published optical constants for silver [23]
that have been widely used for modelling studies have been

r

d
λ

r

Figure 2: Section through two nanoparticles. The quantities varied
during the modelling process were: r, the radius of the nanoparti-
cles; d, the separation of the nanoparticles; and λ, the wavelength of
the incident monochromatic radiation, which was incident normal
to the line joining the centres of the nanoparticles.

r
d

λ

r

Figure 3: Section through the structured surface with hemispher-
ical features. The quantities varied during the modelling process
were: r, the radius of the metal hemispheres on the metal surface;
d, the separation of the metal hemispheres; λ, the wavelength of the
incident monochromatic radiation, which was incident normal to
the metal surface.

employed. The polarisation of the incoming radiation (be-
tween 300 and 800 nm) was in the incident plane to en-
sure excitation of surface plasmons. In the case of the struc-
tured surfaces, and the surface in the tip-surface substrate,
the modelled structures are large enough that the maximum
predicted enhancement is not influenced by the size of these
boundaries.

The incident electromagnetic field in the complex-field
representation can be written as follows:

E(r, t) = E0 exp(ik·r− iωt),

H(r, t) = H0 exp(ik·r− iωt),
(1)

where E(r, t) and H(r, t) are the electric and magnetic field
components, respectively, at location r and time t; E0 and H0

are the electric and magnetic field amplitudes, respectively,
k is the wavevector, and ω is the angular frequency of the
wave. In the absence of nonlinear optical effects and when
only the elastic scattering process is considered, the elec-
tromagnetic fields surrounding the scatterers must be self-
consistent, leading to the following conditions:

E(r, t) = Ein(r, t) + Esc(r, t),

H(r, t) = Hin(r, t) + Hsc(r, t),
(2)
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2r
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r

Figure 4: Section through the structured surface with cuboid fea-
tures. The quantities varied during the modelling process were: r,
the half-width, and the depth, of the metal cuboids on the metal
surface; d, the separation of the metal cuboids; λ, the wavelength of
the incident monochromatic radiation, which was incident normal
to the metal surface. The corners of the structure have been rounded
slightly, with radii of curvature of 1 nm, to make the modelled situ-
ation more realistic.

r

d
λ

Figure 5: Section through the tip-surface substrate. The quantities
varied during the modelling process were: r, the radius of the metal
tip at its sharpest point; d, the separation of the metal tip from the
surface; λ, the wavelength of the incident monochromatic radiation,
which was incident parallel to the metal surface.

where the subscripts “in” and “sc” denote the incident
and scattered waves, respectively. The electromagnetic waves
must satisfy Maxwell’s equations within the modelling do-
main, and adhere to the boundary equations at the interface
between the media and the scatterer, leading to the following
conditions:

∇× (∇× E)− ω2εμE = 0,

∇× (∇×H)− ω2εμH = 0,
(
E2(r)− E1(r)

)× n = 0,
(
H2(r)−H1(r)

)× n = 0,

(3)

where the ε and μ are the complex-valued permittivity and
permeability and r is on the boundary of the scatterer, and n
is a unit vector orthogonal to the boundary. The field distri-
bution must be a solution of these equations. Finite element
methods (FEM) using Comsol Multiphysics software [24]
have been employed to provide numerical solutions to these
equations for each substrate. Previous studies have also used
FEM to model the field enhancement and spectral response
in the vicinity of rough surfaces [25] and nanoparticles [26].
The FEM methodology requires the creation of a “radiation
boundary condition” or “absorption boundary condition” to
truncate the modelling scenario into a confined domain. The

“perfect matched layers” (PML) boundaries method [27] has
been used for this simulation. This matches the optical index
at the interface of the media and attenuates the wave quickly
within the artificial layer so that little or no electromagnetic
radiation will be reflected back into the domain of scattering.
Additionally, a low-reflection boundary condition is applied
at the outer PML boundary in order to minimise residual re-
flection. In this way, the possibility of artefacts occurring in
the modelling output is minimised.

The output of the modelling process is a two-dimen-
sional map of the electric field intensity which can be used
to calculate the Raman enhancement G(r,ω) using [28]:

G(r,ω) =
∣
∣∣
∣
∣
Êloc

Êfree
(ωL)

∣
∣∣
∣
∣

2∣∣∣
∣
∣
Êloc

Êfree
(ω)

∣
∣∣
∣
∣

2

, (4)

where ωL and ω are the frequencies of the incident and scat-
tered light, respectively; Êloc and Êfree are the absolute values
of the local vector potentials (normalised to the intensities of
the incident and scatted light) in the presence and absence,
respectively, of the substrate. When the polarisation of the
scattered light is the same as that of the incident light, the
expected electromagnetic enhancement of the Raman signal
may be expressed to a first approximation (for example Otto
[28], Pendry [29], Moskovits [13], and Kneipp [30]) as

G(r,ω) =
∣
∣
∣∣
∣
E(r,ω)

Einc(ω)

∣
∣
∣∣
∣

4

, (5)

where E(r,ω) is the total predicted electric field at position r,
and Einc(ω) is the electric field associated with the incom-
ing electromagnetic radiation. The maximum value of the
Raman enhancement (Gmax (r,ω)) can be calculated from any
given situation. Three practical definitions of this maximum
have been used in this work:

(a) the maximum value for G(r,ω) obtained over the entire
simulation area;

(b) the maximum value for G(r,ω) obtained in a 5 nm2 area
in the region of closest approach of the two metallic
structures of interest;

(c) the average value for G(r,ω) obtained in a 5 nm2 area
in the region of closest approach of the two metallic
structures of interest.

Figure 6 shows the maximum enhancement calculated ac-
cording to these three definitions for two silver nanoparticles
each with a radius of 25 nm and separated by 3 nm. As can
be seen, the three definitions lead to values of the Raman
enhancement that are comparable to better than an order
of magnitude at wavelengths longer than 350 nm. At wave-
lengths shorter than 350 nm, the maximum Raman enhance-
ment is often predicted to be displaced from the region of
closest approach of the two metallic structures of interest,
therefore definition (a) produces higher enhancement fac-
tors. In order to avoid misinterpreting cases where the max-
imum Raman enhancement does not occur in the region
of closest approach of the two metallic structures of inter-
est, definition (a) was chosen as the method for calculating
Gmax (r,ω) from the substrates presented here.
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Figure 6: Wavelength dependence of the maximum Raman en-
hancement predicted using definition (a), (b), and (c) for two silver
nanoparticles each with a radius of 25 nm separated by 3 nm.
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Figure 7: Modelled Raman enhancements around two silver
nanoparticles; r = 50 nm, d = 1 nm λ = 514 nm. The inset shows an
enlarged portion around the area between the nanoparticles. The
colours in red correspond to the areas of highest Raman enhance-
ment and those in blue to the areas of lowest Raman enhancement.

Figure 7 shows an example of the distribution of pre-
dicted Raman enhancement around two silver nanoparticles.

Validation of the modelling procedure was carried out
against published data; in particular, Garcia-Vidal’s imple-
mentation of Maxwell’s equations on adaptive meshes for
the study of the interaction of light with metals surfaces
[29] and with Xu et al.’s study of colloid particle shape and
size on the electromagnetic enhancement factor using classic
electromagnetic theory [31]. In these cases, the methodol-
ogy used here produced comparable enhancement factors to
those predicted by Garcia-Vidal for structured metal surfaces
for incident wavelengths of light between 310 and 620 nm.

(Although these results were based on silver hemicylinders
placed on a silver surface, a two-dimensional section through
such a substrate, orthogonal to the cylinder axis, should be
comparable to a similar section through hemispheres on a
surface). The modelling used here also produces results that
are comparable to Xu et al.’s predictions of enhancement fac-
tors for spherical particle substrates with separations of 1 nm
and 5 nm (similar to the nanoparticles arrays being modelled
in this study) to within an order of magnitude. This level of
agreement with published data from two quite different stud-
ies confirms the applicability and flexibility of the modelling
methodology used here for predicting Raman enhancement
factors. Taking this data into consideration, the uncertainty
in the predicted Raman enhancement data, within and be-
tween modelling scenarios, is approximately one order of
magnitude. The uncertainty of the ratios of predicted en-
hancement factors within the same modelling scenario may
be less than this.

3. RESULTS AND DISCUSSION

3.1. Two nanoparticles

The results of the modelling of the two nanoparticle substrate
(Figure 2) is shown in Figure 8.

The principal trend in the modelled data is that pre-
dicted Raman enhancement increases as the separation of
the features decreases. This relationship is strong—the dif-
ference in predicted maximum Raman enhancement from
two nanoparticles 1 nm apart and 25 nm apart can be as
much as six orders of magnitude. The maximum Raman en-
hancement predicted for these nanoparticles is of the same
order of magnitude as the enhancement levels regularly ob-
served experimentally by us and other groups [16, 32, 33]—
approximately 109. A comparison of the predicted results for
different nanoparticle sizes in Figures 8(a), 8(b), and 8(c)
shows that the maximum predicted enhancements are rel-
atively similar. These trends are summarised in Figure 9.

Figure 9 illustrates the decrease in predicted maximum
enhancement with increasing feature separation, and also
shows that this relationship is relatively insensitive to feature
size. It also shows that the wavelength at which the Raman
maxima are predicted becomes shorter as the feature sepa-
ration increases. Figure 10 shows that the average predicted
enhancement between 350 and 800 nm, Gave(350–800 nm), gen-
erally increases with feature size for any given feature separa-
tion.

3.2. Structured surfaces

Two nanostructured surfaces have been modelled; one with
hemispherical features and the other with cuboid features.
These are similar to substrates that can be produced by tem-
plating techniques (for the structured surfaces with hemi-
spherical features) or e-beam lithography techniques (for
the structured surfaces with cuboid features). The results of
modelling the wavelength dependence of the maximum Ra-
man enhancement for these surfaces are shown in Figures 11
and 12, respectively.
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Figure 8: Modelled wavelength dependence of the maximum Ra-
man enhancement from two silver nanoparticles, as shown in
Figure 2, with radii r of: (a), 25 nm, (b), 50 nm, and (c), 75 nm.
The separations of the two nanoparticles that have been modelled
are: 1 nm (top curve), 2 nm, 3 nm, 5 nm, 10 nm, and 25 nm (bottom
curve).
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Figure 9: Relationship between the maximum predicted Raman en-
hancement and the separation of the two silver nanoparticles with
radii of: 25 nm (�), 50 nm (•), and 75 nm (�). Additionally the
dependence of the wavelength at which the maximum Raman en-
hancement is predicted to occur on the separation of the two silver
nanoparticles with radii of: 25 nm (�), 50 nm (◦), and 75 nm (�).
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Figure 10: Relationship between the average predicted Raman en-
hancement between 350 and 800 nm and the separation of the two
silver nanoparticles with radii of: 25 nm (�), 50 nm (•), and 75 nm
(�).

The results from the modelling of the surface with hemi-
spherical features show several differences from the results
for the two nanoparticles (Figure 8). In general, the enhance-
ments observed are higher than those for the two nanopar-
ticles at shorter wavelengths, but drop off more quickly as
the wavelength increases and are generally lower than those
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Figure 11: Modelled wavelength dependence of the maximum Ra-
man enhancement from a structured silver surface with silver hemi-
spherical features, as shown in Figure 3, with radii r of : (a), 25 nm,
(b), 50 nm, and (c), 75 nm; on a flat silver surface. In each case, the
separations of the hemispherical features are: 1 nm (top curve at
long wavelengths), 2 nm, 3 nm, 5 nm, 10 nm, and 25 nm (bottom
curve at long wavelengths).
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Figure 12: Modelled wavelength dependence of the maximum Ra-
man enhancement from a structured silver surface with of silver
cuboid features, as shown in Figure 4, with radii r of : (a), 25 nm,
(b), 50 nm, and (c), 75 nm; on a flat silver surface. In each case
the separations of the cuboid features are: 1 nm, 2 nm, 3 nm, 5 nm,
10 nm, and 25 nm.
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Figure 13: Relationship between the average predicted Raman en-
hancement (between 350 and 800 nm) and the separation of the
cuboid features on the structured surface with half-width r of:
25 nm (�), 50 nm (•), and 75 nm (�); and between the average
maximum predicted Raman enhancement the separation of the
cuboid features on the structured surface with half-width r of:
25 nm (�); 50 nm (◦); and 75 nm (�).

observed for the two nanoparticles at longer wavelengths.
The predicted enhancements from the structured surfaces
with hemispherical features show a more complex depen-
dence on wavelength than that observed for the two nanopar-
ticles. The maximum enhancements predicted are less sen-
sitive to feature separation than that for the two nanopar-
ticles. Average enhancements from 350 to 800 nm drop off
rapidly with increasing feature separation, but are generally
an order of magnitude higher than for the two nanopar-
ticles. The enhancements predicted correspond well with
those observed in experimental studies for metal film over
nanosphere (MFON) [34] and nanoembossed substrates
[35].

The enhancement characteristics of the structured sur-
face with cuboid features show a complex dependence on
separation and wavelength (Figure 12). Most strikingly the
predicted enhancements do not decrease monotonically with
increasing wavelength, and with increasing feature separa-
tions. In many cases, the highest predicted enhancements
are at longer wavelengths than for the other substrates, and
for structures that do not have the smallest feature separa-
tions. The modelling predicts a slight decrease in the pre-
dicted enhancement with increasing feature separation, but
very little change in average enhancement levels. Moreover,
the enhancement levels predicted are not inconsistent with
those observed from similar surfaces in experimental studies
[36, 37] and from other modelling investigations [38]. These
observations are illustrated by the relationship between the
predicted enhancements and feature separation shown in
Figure 13.

3.3. Tip surface

The results of modelling the wavelength dependence of the
maximum Raman enhancement for the different tip-surface
separations (Figure 5) are shown in Figure 14.

The enhancements observed from the tip-surface sub-
strate show similar levels and wavelength trends to those pre-
dicted for the two nanoparticles. However, as the incident
wavelength increases, the predicted enhancement shows a
more complex wavelength dependence. Rather than a mono-
tonic decrease in predicted enhancement from short to long
wavelengths, at longer wavelengths the maximum enhance-
ment actually shows an increase (particularly for the larger
tip-surface separations). As the size of the tip radius increases
there is a small increase in predicted overall enhancement
levels. The tip-surface substrate shows very similar average
and maximum predicted enhancements across the wave-
lengths as seen with the two nanoparticles. The predicted en-
hancements for the tip-surface substrate agree well with ex-
perimental data in the literature [39].

3.4. Comparison of the four generic substrate types

The four generic substrate types are compared in Figure 15
for features of r = 50 nm and separations of 1 nm. The trends
observed for 75 nm feature sizes best illustrate the relation-
ships between the four substrates, however the trends for fea-
ture sizes of 50 nm and 25 nm are similar.

As can been seen in Figure 15(a), enhancements decrease
as feature separations increase for all four substrates. In gen-
eral, the structured surfaces produce larger enhancements
across all feature separations, whilst the predicted enhance-
ment from the tip surface and the two nanoparticles de-
creases sharply with increasing feature separation. The struc-
tured surfaces remain very efficient Raman enhancers, even
at larger feature separations. Figure 15(b) shows that the av-
erage Raman enhancement decreases with increasing feature
separation for all substrates except the structured surface
with cuboid features. For this substrate, the average enhance-
ment is relatively low but remains constant even up to feature
separations of 25 nm.

Figure 16 shows how the wavelength at which the max-
imum Raman enhancement is predicted varies with feature
separation for the four substrates. In general, the wavelength
of maximum predicted enhancement decreases as the fea-
ture separation increases, with all four substrates displaying
a wavelength of maximum enhancement between 375 and
400 nm at a feature separation of 25 nm. However, the rate at
which this decrease occurs increases in the following order:
structured surface with hemispherical features < tip surface
< two nanoparticles � structured surface with cuboid fea-
tures.

4. CONCLUSIONS

The relative SERS performance of four generic substrates
types that are commonly used in SERS have been mod-
elled and their predicted Raman enhancements compared.
Whilst the substrates modelled here only represent simplified
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Figure 14: Modelled wavelength dependence of the maximum Ra-
man enhancement predicted from silver tips and a silver surface, as
shown in Figure 5, of end radii r of: (a), 25 nm, (b), 50 nm, and (c),
75 nm; in close proximity to a silver surface. In each case the sepa-
rations of the tip and the surface that have been modelled are: 1 nm,
3 nm, 5 nm, and 25 nm.
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Figure 15: Maximum (Figure 15(a)) and average (between 350 and
800 nm) (Figure 15(b)) predicted Raman enhancements, against
feature separation for: two nanoparticles (�); structured surface
with hemispherical features (•); structured surface with cuboid fea-
tures (�); and tip-surface (�), for features of r = 75 nm.

approximations of real experimental situations, the levels of
enhancement predicted agree, in most cases, within an order
of magnitude of what has been observed experimentally in
the literature.

The study has shown that the predicted Raman enhance-
ment is very sensitive to substrate feature separation over
the range modelled (1 nm and 25 nm). In addition, average
enhancements across the wavelength range modelled (300–
800 nm) decrease with increasing feature separation, with
the exception of the structured surface with cuboid fea-
tures, which shows little change in average enhancement lev-
els. Comparison of the four different generic substrate types
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Figure 16: Relationship between the wavelength at which the pre-
dicted Raman enhancements is at a maximum and feature separa-
tion for: two nanoparticles (�); structured surface with hemispher-
ical features (•); structured surface with cuboid features (�); and
tip-surface (�), for features of r = 75 nm.

has revealed that structured surfaces produce larger maxi-
mum enhancements than the two nanoparticle or tip-surface
substrates. Moreover, the structured surfaces show the most
complicated relationships between predicted enhancement
and wavelength. The behaviour of two nanoparticle and tip-
surface substrates is similar and they produce comparable
enhancement levels.

The results presented here predict that a structured sur-
face with hemispherical features produces the largest maxi-
mum enhancements at all feature separations and the largest
average enhancements at small feature separation. However,
the structured surfaces with cuboid features show the most
consistent maximum and average enhancements over all fea-
ture separations, and the largest average enhancements at
large feature separations. An especially important finding of
this work is that the average predicted enhancement from a
structured surface with cuboid features over the wavelengths
modelled shows very little sensitivity to feature size or sepa-
ration. This suggests that it may not be necessary to manu-
facture these as precisely as was previously thought, indicat-
ing that they could perhaps be prepared to poorer tolerances,
with little impact on their efficacy as substrates.

Experimentally, fabrication of structured surface is more
time consuming and expensive than the preparation of metal
nanoparticles. Tip-surface substrates are even more difficult
to implement, but may provide the only way of performing
robust SERS mapping of a surface, because the enhancement
of the Raman signal is localised at the tip position. Therefore,
a balance must be found between performance, reproducibil-
ity, and cost effectiveness of these substrates. It is clear that
design and modelling of these surfaces prior to manufacture

can save a large amount of experimental effort in this opti-
misation process. This work has shown that using the tech-
niques presented here, robust and accurate model of SERS
substrates is possible that can contribute to improving the
efficiency of the research and development process in SERS.
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microstructures using electrical measurements.

Copyright © 2007 D. S. McLachlan and G. Sauti. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

1. INTRODUCTION

As it is all but impossible to measure the electrical properties
of a single particle, which is three-dimensionally a nanopar-
ticle, its electrical properties will usually have to be deduced
from a compact or a composite containing the nanoparti-
cles. A measurement of the electrical properties is also im-
portant as it is usually not possible to deduce the con-
nectivity of a composite system from SEM and TEM mi-
crographs alone. This paper will show how to analyze the
AC and DC conductivity, or complex dielectric constant,
of binary (conductor and insulator) nanocomposites (me-
dia, compacts). Most binary and some tertiary media (with
some ingenuity, the analysis can be applied to tertiary me-
dia), which are found in practice to at least approximate
one of the two basic nanostructures, are discussed in this
paper. The first are matrix media, where the matrix phase
surrounds the granular (particle) phase at all volume frac-
tions and the distance between the conducting particles is
greater than the tunneling distance for electrons. This is usu-
ally best described using the Maxwell-Wagner effective me-
dia equation (also known as the Maxwell-Garnet equation).
The Maxwell-Wagner model is formally equivalent to the
Hashin-Shtrikman [1] lower bound (insulator host) and up-

per bound (conductor host) [2, 3] and will be referred to
here as the Maxwell-Wagner/Hashin-Shtrikman (MW/HS)
model. For matrix dominated media, the Bricklayer model
(BLM) [4] is also useful. The second nanostructure is where
the conducting particles, in a two-phase material, make elec-
trical contact with each other, when the volume fraction of
the conducting particles ϕ reaches a certain critical ϕc. At this
point, a critical or spanning cluster is formed and there is an
abrupt (usually many orders of magnitude) change in the DC
conductivity. The complex electrical conductivity of these
systems is best [5, 6] described by the two-exponent phe-
nomenological percolation equation (TEPPE) (also known
as the general effective medium (GEM) equation) [7–17].
The three standard percolation equations are reviewed by
Clerc et al. [18], Bergman and Stroud [19], and Nan [20], but
it is specifically shown by McLachlan et al. [5, 6] that, while
the single TEPPE reduces to the three standard equations in
the appropriate limits, it is far superior in the second-order
terms (i.e., the imaginary dielectric constant εmi in the con-
ducting media above ϕc and the dielectric loss εii (or σmr)
below ϕc). The theory given here applies to nano-, micro-,
and macromedia. Note that the word nanostructure is used
throughout this paper although most of the existing experi-
mental results are for microstructures. Section 2.1 deals with
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the MW/HS equations, the specific nano- (micro-) structure
pertaining to the MW/HS equations [2, 21], as well as ob-
servations regarding its applicability to nanostructures. The
“rectangular” Bricklayer model [4], widely used in microce-
ramics, which could be appropriate for rectilinear nanostruc-
tures, is not discussed in this paper. Section 2.2 describes per-
colation media and some of the nanostructures which give
rise to ϕc’s between 0.0005 [22] and 0.56 [23]. The TEPPE,
which is widely used to describe percolation systems, is in-
troduced in Section 2.3. This section is widely illustrated
by experimental results. Section 2.4 gives a brief discussion
of what features in the nanostructure determine the values
of the percolation exponents, s and t, as well as discussing
charging effects. Ways of differentiating between effective
media and percolation media are discussed in Section 3.

2. THEORY AND RESULTS

The AC conductivity of the media (composites) (σm) is the
sum of the real and imaginary conductivities, which is given
by σm = σmr + iσmi. The conductivity of the more conduct-
ing component is given by σc = σcr + iσci or simply σc = σcr

if ideal conductivity (σcr � σci) is assumed. For the insu-
lating component, the conductivity is σ i = σ ir + iσ ii, where
σ ii = ωε0εir. σ i is often approximated as σ i = iωε0εir (i.e,
σ ir � iσ ii). In practice, σ ir incorporates both, a usually very
small, DC conductivity and the dielectric polarization loss
term (ωε0εii). The expressions for σc and σ i can be disper-
sive and/or temperature-dependant. Although, to the best of
the authors’ knowledge, it has never been attempted for an
experimental system, Nan [20] showed how a granular com-
ponent can be modeled as consisting of both a core and a
coating. The theory given in this paper definitely applies to
micro- and macromedia and most nanostructures, but there
are some special features regarding nanostructures which
must be considered. In nanostructures, the coating matrix
component thickness and the interparticle distances will of-
ten be 10 nm thick or less. From 10 nm or less, the coatings
are below the tunneling distance for electrons, which would
mean that the bulk conductivity (σ ir) of the insulating phase
cannot be substituted into the expressions given below, but
should be obtainable by fitting the results.

2.1. Matrix media

In matrix media, the conductivity results are often presented
using both the complex impedance (Z∗) and modulus (M∗)
representations. The notations adopted for Z∗ and M∗ are
Z∗ = Z′ − iZ′′ and M∗ = M′ + iM′′, where M∗ = iωZ∗,
and Z′ and Z′′ are the real and imaginary impedances, re-
spectively, while M′ and M′′ are the corresponding modulus
parameters. This leads to the following equations:

M′ = ωZ′′, M′′ = ωZ′. (1)

Note that the results are often presented as complex plane
(Nyquist) plots (Z′′ − Z′ and M′′ − M′) or Z′′-frequency
and M′′-frequency plots. When the more conducting phase
forms the “dominant” matrix, these plots show only a single

arc—the peak frequency of which is determined by the prop-
erties of the components and the volume fraction of each
[24]. When the insulating phase forms the matrix, there are
two arcs, each characterizing the contribution of one compo-
nent. The peak frequencies for the multiple component arc
(above ϕc) and the two single component arcs (below ϕc) are
given by

fp =
σmr(ϕ, 0)

2πε0εmr(ϕ, 0)

(
ϕ < ϕc

)
,

fp = σcr(0)
2πε0εcr(0)

(
ϕ < ϕc; high frequency

)
,

fp = σ ir(0)
2πε0εir(0)

(
ϕ < ϕc; low frequency

)
,

(2)

respectively. The subscript “m” refers to the properties of the
composite, and “c” and “i” to those of the components. The
εxr(0) are the static dielectric constants. Above ϕc, the peak
frequency (ωp) increases with ϕ. Note that in order to observe
all these arcs, the experimental apparatus must adequately
cover all ω values defined by (2).

The MW/HS equations ([2] and the references therein),
derived directly from Maxwell’s equations, for the spherical
isotropic microstructure shown in Figure 1, are

σm − σc

σm + 2σc
= (1− ϕ)

(
σ i − σc

)

σ i + 2σc
, (3a)

σm − σ i

σm + 2σ i
= ϕ

(
σc − σ i

)

σc + 2σ i
. (3b)

The MW/HS media can be visualized as built up out of a
space-filling array of coated spheres, with an infinite range of
sizes, as illustrated in Figure 1. In (3a), σc is the conductivity
of the coating or matrix material, while σ i is the conductiv-
ity of the spherical core. In (3b), σc is for the core while σ i is
for the coating (matrix). Note that the model has been widely
and successfully applied to systems which differ from the ide-
alized microstructures shown in Figure 1, for instance, the
electrical conductivity results and the complex impedance
plane plots for sintered polycrystalline yttria stabilized zir-
conia. With values of ϕ close to one (ϕ ≈ 0.999), micron-
sized grains (σc), and grain boundaries (σ i), a few nanome-
ters thick (3b) and the BLM are found to successfully fit ex-
perimental data provided that suitable dispersive expressions
are substituted for σc(ω) and σ i(ω) [25]. Suitable dispersive
expressions include the universal dielectric response function
[26] and an expression due to León et al. [27].

Other effective media theories are discussed in the fea-
ture article by McLachlan et al. [2] and the review article
by Meredith and Tobias [28] which gives expressions for the
electrical conductivity for a wide variety of other structures.

2.2. Percolation media: critical volume fraction

If conducting spheres (discs), of just sufficient size to touch
their nearest neighbors, are placed at random on the sites of
3D (2D) Bravais lattices, it is found that ϕc is 0.16 ± 0.02
(0.50±0.02) [2, 29]. If equally sized conducting and noncon-
ducting spheres are placed at random in a container, ϕc is also
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Figure 1: The microstructure described by the (a) insulator-host
and (b) conductor-host Maxwell-Wagner effective media (MW/HS)
theory.

found to be about 0.16. This value of ϕc is often taken to char-
acterize 3D random media but other values of ϕc are permit-
ted [2, 21, 29]. The case, where ϕc > 0.16, is best illustrated
using the grain consolidation model illustrated in Figures
2(a) and 2(b). The model starts with the random nucleation
of conducting (white) spheres which grow to form a ran-
dom close-packed lattice of touching spheres at ϕ = 0.636.
As the radii of the spheres increase further, the interfacial
contact area grows, as illustrated in Figure 2(b), which shows
thin layers of insulating material between all the conduct-
ing grains. Examining Figure 2(b) shows that the sample be-
comes conducting when a sufficient number of the barriers,
between the conducting grains, have been removed at ran-
dom for a percolation path to form, which, for thin barriers,
can give a high value of ϕc. In the case of nanostructures, the
barriers will almost certainly be below the tunneling length
so that a conducting critical path, which passes through a
series of sufficiently low tunnel barriers, will be formed at
ϕc. Below ϕc, the electrons follow a “pseudopercolation” path
through a series of barriers with the lowest resistances.

For ϕc < 0.16, three models can be considered. The first
is the grain consolidation model illustrated in Figures 2(c)
and 2(d), where insulating spheres have now nucleated and
grown sufficiently to confine the conducting material (white)

to intergranular channels (see Figure 2(c)). At a ϕ value of
0.03 (ϕc), the channels become isolated. In the sintering of
ceramics, it is well known that closed porosity is usually
achieved at a value of about 3%. The next model is for cel-
lular structures, which is illustrated in Figure 3. Here, a fine
conducting powder has been compacted with a coarse insu-
lating one. Calculations, based on there being a percolation
path on the surface of the insulating spheres, have been made
by Kusy [30]. For instance, when the ratio of the radii of the
components is 30, ϕc ≈ 0.03. A series of such cellular systems,
which give ϕc’s between 0.012 and 0.065, has been examined
in Chiteme and McLachlan [12]. For particles with irregular
geometries, especially extended ones (rods, discs), one must
use the excluded volume model of Balberg et al. [31]. This
has been used in explaining the results for single and multiple
wall carbon nanotubes (SWCNT and MWCNT), modeled as
random sticks in 3D (McLachlan et al. [22] and the references
therein). Figure 4 shows random sticks in 2D and Figure 5
shows ϕc as a function of the aspect ratio of the sticks. Ac-
cording to Figure 5, the SWCNT bundles should have a ϕc
higher than that observed [22]. Reasons for this are given by
McLachlan et al. [22].

2.3. Percolation media: the TEPPE and
experimental results

Note that no experimental details will be given here; for these
the reader should consult the original papers. As previously
stated, a recent series of papers [7–13, 16, 32] has shown that
the TEPPE, which is

(1− ϕ)
σ1/s

i − σ1/s
m

σ1/s
i + Aσ1/s

m

+ ϕ
σ1/t

c − σ1/t
m

σ1/t
c + Aσ1/t

m
= 0, (4)

withA = (1−ϕc)/ϕc and the exponents s and t, best describes
experimental results for percolation systems, especially the
second-order terms [10, 11]. When s = t = 1 and ϕc = 1/3,
the equation is equivalent to the Bruggeman symmetric me-
dia equation [2, 21]. Equation (4) yields the two limits

∣
∣σc
∣
∣ −→ ∞ : σm = σ i

(
ϕc

ϕc − ϕ
)s

or εmr = εir

(
ϕc

ϕc − ϕ
)s

,

ϕ < ϕc,
(5)

∣
∣σ i
∣
∣ −→ 0 : σm = σc

(
ϕ− ϕc
1− ϕc

)t
or εmr = εir

(
ϕ− ϕc

1− ϕc

)t
,

ϕ > ϕc.
(6)

These equations are the normalized standard percolation
results [18, 19] and characterize the exponents s and t.

In the crossover region, where ϕ ∼= ϕc, and which lies
between

ϕc −
(
σ i

σc

)1/t+s

or
(
ϕc −

ωε0εir

σcr

)1/t+s

< ϕ < ϕc +
(
σ i

σc

)1/t+s

or
(
ϕc +

ωε0εir

σcr

)1/t+s

,

(7)
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(a) ϕ = 0.636 (b) ϕ = 0.800

(c) ϕ = 0.10 (d) ϕ = 0.03

Figure 2: The grain consolidation model.

Conductor

Insulator

Figure 3: Cellular micro-/nanostructure. ϕc = 0.03, for a radius
ratio of about 30.

(4) gives

σm ≈ σt/(s+t)i σs/(s+t)c or
((
ωε0εir

)t/(s+t)
σs/(s+t)cr

)
, (8)

which is in agreement with the theory given in Clerc et al.
[18] and Bergman and Stroud [19]. Equation (8) shows that,
in the crossover region, the conductivity σmr should be pro-

Figure 4: Percolation network of random sticks in two dimensions.

portional toωt/(s+t) and the dielectric constant εmr (recall that
εxy = σxy/ωε0) is proportional to ωs/(s+t). Note that (5) and
(6) are not valid in the crossover region.

The relationship between the DC exponents, s and t, and
the high frequency slopes, ut = t/(s + t), vt = s/(s + t) and
ut +vt = 1, in the crossover region, is a basic premise for uni-
versal behavior, upon which the three standard percolation
equations are based ([18–20] and the references therein). In
this respect, all AC experimental results ([7–13, 16] and the
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references therein) are nonuniversal, with the results in Wu
and McLachlan [7, 8] being the closest to universal. There-
fore, these results are used to illustrate the first-order results,
σmr above ϕc and εmr below ϕc, and the second-order re-
sults, εmr above ϕc and σmr below ϕc. Arguably, the best DC
conductivity results, for a percolation system, are those mea-
sured on compressed Graphite-hBN discs, which are given in
Figure 6, from which ϕc, s, and t can easily be determined us-
ing (4). Figure 7 shows the AC conductivity plotted as a func-
tion of frequency for a loosely packed Graphite-hBN mix-
ture, and Figure 8 shows the dielectric constant as a function
of frequency. These results are presented as they are the only
ones where the results below ϕc can be scaled. Note how one
can clearly distinguish between samples above and below ϕc
in Figure 7. Close to ϕc, the slope in the high-frequency re-
gion for a percolation system should be t/(s + t) with s and
t being determined from the DC results. Not too much can
be determined about the dielectric constant from these plots,
except that the linear slope, which should be s/(s + t), is only
observed for higher frequencies and very close to ϕc, as it is
to be expected from (5). Universality requires that the exper-
imental slopes of such plots be ue = t/(s+t) and ve = s/(s+t),
using the s and t determined from DC measurements. Note
that whereas the slopes in the graphite boron nitride system
are close to the universal values, in most systems they are
not [12, 16] and ue + ve < 1. The dielectric constant results
shown in Figure 8 are not even qualitatively in accordance
with the predictions of the standard equations. Results of
this nature can be qualitatively fitted using (4) [10]. However,
a more complex algorithm is needed for quantitative fitting
[11]. Note that the dielectric constant is frequency dependant
below ϕc [12]—something which has never been previously
taken into account theoretically, using (4) or any other ex-
pression.

Figure 9 shows a further plot of the conductivity as
a function of frequency, from a special experiment using
loosely packed Graphite-hBN in ultra dry air [10]. The con-
tributions to the conductivity from the insulator (DC and
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Figure 6: DC percolation results for Graphite-hBN discs. ϕc =
0.150± 0.001, s = 1.01± 0.05, and t = 2.63± 0.07.
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Figure 7: AC conductivity plotted against frequency for a loosely
packed Graphite-hBN mixture. The range of ϕ values is between
0.112 and 0.133. A gap occurs between the low-frequency results
above and below ϕc.

dielectric loss) and the percolation clusters and their sum are
shown by the solid line in the figure (see Wu and McLachlan
[8] for further details). To date, the percolation contribution
has been only clearly seen in this system, where the insula-
tor is mainly dry air and a little dry BN. In most systems,
the percolation contribution is swamped by the contribution
from σ ii.

2.4. The exponents s and t

The universal value of the exponent t (tun), which is usu-
ally observed in computer simulations and for “ideal” sys-
tems, is 2 [18, 19] while sun ≈ 0.87. However, values in the
ranges of 0.37 < s < 1.28 and 1 < t < 6.27 can be found
in the literature ([15] and the references therein). Kogut and
Straley [33] showed, in computer simulations, that if the
low-conductance bonds in the percolation network, or the
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Figure 8: Dielectric constant plotted against frequency for a loosely
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10−15

10−14

10−13

10−12

10−11

10−10

10−9

10−8

10−7

10−6

10−5

10−4

C
on

du
ct

iv
it

y
(o

h
m

s/
cm

)

10−1 100 101 102 103 104 105 106 107

Frequency (Hz)

Figure 9: AC conductivity of loosely packed Graphite-hBN in ul-
tra dry air. The straight line is the calculated contribution from the
percolation clusters and the lowest plot shows the total dielectric
loss.

intergranular conductances of the conducting component in
a continuum system, have a very wide distribution, then t
can be larger than tun. This distribution can be due to a large
range of effective geometrical resistivity factors in a continu-
ous homogeneous conducting phase, as occurred in the Swiss
Cheese (random void (RV)) model and the inverse Swiss
Cheese (inverse random void (IRV)) model [32, 34]. In the
Swiss Cheese model, a range of very thin and highly resistive
threads of the conductor (Cheese), between the large over-
lapping voids (air), give rise to a wide distribution in the
conductances between the more extended or bulky regions
of conductor. These models give values for t in the range of
2–2.5. An extension to the RV model allowing still higher
(apparently unlimited) values of t is given berg [35]. The
links, blobs, and nodes model [36, 37] gives an upper limit
of 2.35. Note that all of the above models assume a homoge-
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Figure 10: DC conductivities for the conductor-host Maxwell-
Wagner/Hashin-Shtrikman equation, the TEPPE, and the insulator-
host Maxwell-Wagner/Hashin-Shtrikman equation. In the simula-
tion, σcr= 102(Ωm)−1 and σ ir= 10−12(Ωm)−1. For the TEPPE, ϕc =
0.16, s = 0.87, and t = 2.

neous (nongranular) conducting phase. A model for granu-
lar conducting systems which gives rise to t > tun was pro-
posed by Balberg [38]. This model is based on the dominant
resistances in the current carrying links and blobs (now con-
sisting of a granular conductor) being due to a large range
of interparticle tunneling contacts. Due to the characteris-
tic dimensions of nanostructures, the intergranular distances
will often be 10 nm thick or less, that is, below the charac-
teristic tunneling distance. This means that the Balberg [38]
model will probably be the most appropriate for nanostruc-
tures, where values of t greater than two are to be expected.

One might expect the charging effect or coulomb block-
age in nanostructures because, for a 100 nm radius (R)
sphere carrying charge of one excess electron, the charging
energy, which is e2/C or e2/2πε0R, is equal to the thermal
energy kT at 300 K. However, this will not affect the conduc-
tivity of a bulk sample because, well below ϕc, there will be a
large number of hopping conductivity paths, with a number
of different hopping lengths in each. This, combined with the
fact that e2/C will vary from site to site, will average out any
observable effects. Closer to ϕc, the hopping occurs between
random clusters which have larger and more varied C values,
which will again lead to a smearing out of charging effects. It
should also be noted that it has been shown by McLachlan et
al. [13] that the scaling results for percolation systems and
universal conductivity systems, which have been observed
in amorphous conductors, ionic conductors, lightly doped
semiconductors, and other disordered systems, are very sim-
ilar. As in some, but not all, universal conductivity systems,
coulomb blocking occurs; the presence of coulomb blocking
does not necessarily invalidate the TEPPE.
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Figure 11: The AC conductivity of SWCNT-polymer composites at
various ϕ values. Note the big jump in the conductivity around ϕc
[22].

3. DIFFERENTIATING BETWEEN A MATRIX AND
A PERCOLATION NANOSTRUCTURE

Fully fitting DC conductivity measurements, over a wide
range of compositions, is the easiest and clearest way of dis-
tinguishing nanostructures. Figure 10 shows the DC conduc-
tivities for the conductor-host MW/HS equation, TEPPE,
and the insulator-host MW/HS equation. It can be clearly
seen that over a wide enough range of ϕ’s (on either side of
ϕc for the percolation system), the three models predict vastly
different conductivities.

Equally good, but involving far more work, is a full fit of
the AC conductivity data. Youngs [14, 15] describes the use
of a genetic algorithm that enables robust fitting of AC con-
ductivity data to the TEPPE (GEM). With sufficient care, and
the use of both the AC and DC data, satisfactory results can
be obtained, from the TEPPE, for systems with data only on
one side of ϕc [39]1. Various algorithms can be used to fit
data to the MW/HS equations [25, 39]. Unfortunately, it is
not possible to differentiate between the different nanostruc-
tures from features of the AC conductivity data, such as the
high frequency slope of the conductivity-frequency curves,
for a sample of a single composition. These features are in-

1 Copies of the fitting and simulation algorithms implemented in MATH-
EMATICA can be obtained from G. S.
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Figure 12: The normalized impedance for an insulator-host
Maxwell-Wagner/Hashin-Shtrikman system. For the ratio of com-
ponent conductivities in the simulations, no peaks are observed be-
tween those of the insulating and conducting components. The sys-
tem is dominated either by the insulating or the conducting com-
ponent. For the simulations, σcr= 102(Ωm)−1, εcr = 10, σ ir= 10−16,
and εir = 4 (For lower values of σcr/σ ir two peaks are observed in
the spectrum).

fluenced not only by the structure of the composites, but also
by the dispersive properties of their components [25].

Where AC conductivity data are available for vari-
ous compositions, there are various ways of distinguishing
between percolation and effective media systems. Percola-
tion and effective media systems can be differentiated by the
big changes (usually several orders of magnitude) that oc-
cur in the AC conductivities at ϕc for the percolation sys-
tem. Figure 11 shows the AC conductivities, at various ϕ’s
for a SWCNT-polymer composite. The samples clearly lie in
two groups: one below the percolation threshold and another
above. Such a big jump in the AC conductivity, for a relatively
small change in ϕ, is not observed for effective media systems,
except where ϕ ≈ 0 or 1.

The changes in the positioning of peaks in Z′′-frequency
(or Z′ − Z′′) plots can also be used to distinguish between
systems described by the different models. For the insulator-
host MW/HS, the position of the impedance peak does not
change much with increasing ϕ but instead remains under
or very close to the ϕ = 0 peak, until ϕ ≈ 1, as shown in
Figure 12.

For a system described by the conductor-host MW/HS,
the peaks in Z′′, as shown in Figure 13, remain close to the
ϕ = 1 peak until ϕ ≈ 0.

For a percolation system, Z′′ peaks are seen at all fre-
quencies between the characteristic frequencies of the com-
ponents as shown in Figure 14. Up to ϕc, the impedance is
dominated by the insulating component and the Z′′ peaks
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Figure 13: Normalized impedance for the conductor-host
Maxwell-Wagner/Hashin-Shtrikman model. Note that the single
peak starts close to the ϕ = 1 peak, even for very low ϕ and moves
to the right, closer to ϕ = 1 with increasing ϕ. For the simulations,
σcr= 102(Ωm)−1, εcr = 10, σ ir= 10−16(Ωm)−1, and εir = 4.

are all superimposed onto the ϕ = 0 peak. However, just
above ϕc, the peak starts to move towards the ϕ = 1 peak
with increasing ϕ.

Similar behavior as seen in Figures 12, 13, and 14 is
observed for smaller σ i/σc with the only difference being
that the insulator and conductor peaks lie closer together. If
σ i/σc > 10−3, the peaks will start to overlap which may cause
problems.

4. CONCLUSIONS

This paper has shown how the AC and DC conductivity (di-
electric constant) results, for binary composites, with one
or more of which having nanodimensions, can be analyzed
in terms of either (i) a matrix structure using the Maxwell-
Wagner/Hashin-Shtrikman (or Bricklayer) model or (ii) a
percolation structure using the two-exponent phenomeno-
logical percolation equation (TEPPE). It is also shown how
the two structures may be distinguished using electrical mea-
surements. As the actual complex conductivities appear in
expressions, it is theoretically possible to determine the dis-
persive conductivities for both components and, for perco-
lation systems, the critical volume fraction as well as the ex-
ponents s and t. Unfortunately, even when a large amount of
data, on both sides of the critical volume fraction, are avail-
able, this is a formidable task due to the large number of un-
known parameters (a dispersive medium has to have two or
more). In practice, it will probably be necessary to know an
expression to directly measure the conductivity of one of the
components. If only one component is nanosized, it should
be possible to deduce its dispersive conductivity by fitting the
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Figure 14: The normalized impedance for a percolation system.
Note the peaks at frequencies in between those of the insulating
and conducting components. For the simulations, σcr= 102(Ωm)−1,
εcr = 10, σ ir= 10−16(Ωm)−1, εir = 4, s = 1, t = 2, and ϕc = 0.16.

results for the composite using the MW/HS equations or the
TEPPE together with the best expressions for the dispersive
conductivity of the other component.
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