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Communication networks and computing systems have
demonstrated their importance in the past few decades
as a fundamental driver of economic growth. Over the
years, they have not only expanded in their sizes, such as
geographical area and number of terminals, but also in the
variety of services, users, and deployment environments.The
purpose of resource allocation in such environments is to
intelligently assign the limited available resources among
terminals/clients in an efficient way to satisfy end users’
service requirements.

With the dramatic developments and fast evolution of
communication networks and computing systems, resource
allocation continues to be the fundamental challenge,
because better quality of service is required with the increas-
ing demand for bandwidth-hungry and/or computation-
intensive services. In particular, it has to cope with various
new emerging system architectures, such as cognitive net-
works, mesh networks, multihop networks, peer-to-peer net-
works, multistandard networks, cloud computing systems,
and data centers, distributed intelligence in a multitude of
devices operating autonomously enables shifting traditional
centralized allocationmechanisms into fully distributed solu-
tions. In recent years, many tools including optimization
theory, control theory, game theory, and auction theory have
been employed to model and solve a variety of practical
resource allocation problems. Therefore, resource allocation
in communication networks and computing systems is a
pressing research topic that has huge applications. It is imper-
ative to develop advanced resource allocation techniques
for ensuring the optimal performance of these systems and
networks.

The goal of this special issue is to bring together the most
updated research contributions in this area. Indeed, we see a
wide range of new analytical techniques andnovel application
scenarios emerging as evidenced in the papers presented
here. The nine accepted papers are relevant to resource
allocations optimizations in orthogonal frequency division
multiplexing (OFDM-) based communication systems, cog-
nitive radio, satellite communications, grid computing, and
network virtualization.

J. Y. Baudais et al. in “Robustness maximization of parallel
multichannel systems,” study bit-loading solutions of both
robustness optimization problems over independent parallel
channels.Their investigation is based on analytical approach,
using generalized Lagrangian relaxation tool, and on greedy-
type algorithm approach. The asymptotic convergence of
both robustness optimizations is proved for both analytical
and algorithmic approaches.They also link the SNR-gapmax-
imization problem to the conventional power minimization
problem and prove that the duality does not hold in all cases.
In nonasymptotic regime, they show that the resource alloca-
tion policies can be interchanged depending on the robust-
ness measure and the operating point of the communication
system. They propose a low-complexity resource allocation
algorithm based on the analytical approach, which leads to a
good tradeoff between performance and complexity.

C. Guéguen and S. Baey, in “Comparison study of resource
allocation strategies for OFDMmultimedia networks,” present
and compare themainOFDMscheduling techniques used for
multimedia services in multiuser OFDM wireless networks.
They study the influence of bandwidth granularity on the
resource allocation strategies performances. They show that
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bandwidth granularity is of major importance for determin-
ing the application range of advanced OFDM scheduling
techniques.

M. H. Ahmed et al. in “Analytical evaluation of the
performance of proportional fair scheduling in OFDMA-based
wireless systems,” evaluate the performance of proportional
fair (PF) scheduling in orthogonal frequency division mul-
tiple access (OFDMA) wireless systems. They investigate
a two-dimensional (time slot and frequency subcarrier)
PF scheduling algorithm for OFDMA systems and evalu-
ate its performance analytically and by simulations. They
derive approximate closed-form expressions for the average
throughput, throughput fairness index, and packet delay.
Computer simulations show good accuracy of the analytical
expressions.

A. Maiga et al. in “Bitrate optimization with MMSE
detector for multicast LP-OFDM system,” propose a new
resource allocation algorithm with minimum mean square
error (MMSE) detector for multicast linear precoded (LP)
OFDM systems. They propose to jointly use the LP-OFDM
modulation technique and an adaptation of the OFDM-
based multicast approaches to exploit the transmission link
diversities of users and improve both the bit rate and the
fairness among multicast users.

S. Romaszko and P. Mahonen, in “A rendezvous proto-
col with the heterogeneous spectrum availability analysis for
cognitive radio ad hoc networks,” look into a new challenge
problem of rendezvous (RDV) protocol in cognitive radio
ad hoc networks (CRANs). In such a frequently changing
environment, licensed holders channel occupancy, and het-
erogeneous spectrum availability result in a need of on-
demand searching for a control traffic channel by CR users
in order to be able to initiate a communication and methods
guaranteeing that all nodes meet periodically in reasonable
periods of time should be advocated. They evaluate a torus
quorum system (QS) and difference set (DS) based ren-
dezvous protocol (MtQS-DSrdv) and show that the nodes
meet multiple times on different channels in a period, which
increases the chance of successful establishment of a real
communication.

A. Alsarhan and A. Agarwal, in “Optimizing spectrum
trading in cognitive mesh network using machine learning,”
propose a reinforcement learning (RL) model in a cognitive
wireless mesh network for licensed users (primary users,
PUs) to maximize the revenue of renting surplus spectrum
to unlicensed users (secondary users, SUs). They use RL
extract the optimal control policy that maximizes the PUs’
profit continuously over time. The extracted policy is used
by PUs to manage renting the spectrum to SUs, and it helps
PUs to adapt to the changing network conditions. They also
propose a new distributed algorithm to manage spectrum
sharing among PUs to maximize the total revenue and utilize
spectrum efficiently.

S. Wayer and I. Reichman, in “Resource management in
satellite communication systems-heuristic schemes and algo-
rithms,” study the challenging resource allocation problem
in satellite communication due to the high cost of frequency
bandwidth. They define a satisfaction measure to estimate
the allocation processes and carry out resource management

according to the requests of subscribers, their priority levels,
and assured bandwidths.

M. Abouelela and M. El-Darieby, in “Multi-domain hier-
archical resource allocation for grid applications,” propose
a hierarchical-based architecture as well as multidomain
hierarchical resource allocation approach for geographically
distributed applications in grid computing environments.
They perform the resource allocation in a distributed way
among different domains such that each participant domain
keeps its internal topology and private data hidden while
sharing abstracted information with other domains.The pro-
posed algorithm jointly schedules computing andnetworking
resources while optimizing the application completion time
taking into account data transfer delays.

A. Razzaq et al. in “Virtual network embedding: a hybrid
vertex mapping solution for dynamic resource allocation,”
investigate the problem of virtual network embedding (VNE)
in the context of network virtualization. They analyze two
existing vertexmapping approaches andpropose a newvertex
mapping approach which minimizes complete exhaustion of
substrate nodes while still providing good overall resource
utilization. They also investigate under which circumstances
the proposed vertex mapping approach can provide superior
VN embedding properties.

Before closing this editorial, we would like to thank
those who contributed significantly behind the scene towards
the success of this special issue. We hope that you will
enjoy reading this Special Issue devoted to the exciting fast-
evolving field of resource allocation in communications and
computing as much as we have done.

Yi Su
Fangwen Fu
Shuo Guo



Hindawi Publishing Corporation
Journal of Electrical and Computer Engineering
Volume 2013, Article ID 715816, 18 pages
http://dx.doi.org/10.1155/2013/715816

Research Article
A Rendezvous Protocol with the Heterogeneous Spectrum
Availability Analysis for Cognitive Radio Ad Hoc Networks

Sylwia Romaszko

Institute for Networked Systems, RWTH Aachen University, Kackertstraße 9, 52072 Aachen, Germany

Correspondence should be addressed to Sylwia Romaszko; sar@inets.rwth-aachen.de

Received 4 May 2012; Revised 11 August 2012; Accepted 20 August 2012

Academic Editor: Fangwen Fu

Copyright © 2013 Sylwia Romaszko. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In cognitive radio ad hoc networks, a frequently changing environment, varying channel occupancy statistics, and heterogeneous
spectrum availability result in a need to meet on a common channel and to initiate a communication. This process of two or more
CRs, meeting each other in the same channel, is called a rendezvous (RDV). RDV is essential for establishment of a communication
link. Hence, methods guaranteeing that all nodesmeet periodically in reasonable periods of time should be developed. In this study,
we evaluate a torus Quorum System (QS) and Difference Set (DS) based rendezvous protocol in an asymmetric channel view case
(heterogeneous channel availability). Regardless of the diversity of channels of CRs the protocol guarantees RDV on either all
channels or almost all channels. Furthermore, the nodes meet multiple times on different channels in a period, which increases the
chance of successful establishment of a communication link.

1. Introduction

Cognitive Radio Networks (CRNs) can operate in licensed
and unlicensed bands. A spectrum hole is a frequency band
that has been assigned to a primary user (PU) but is not
utilized by this PU at a particular time and specific geographic
location [1]. Secondary Users (SUs), also called Cognitive
Radio (CR) users, have only an opportunistic spectrum
access to these bands, that is, the licensed spectrum; that
is, temporarily vacant may be used by a CR user [2]. The
appearance of a PUmeans that CRs must vacate immediately
the occupied frequency band. Hence, link recovery informa-
tion (and a new determined channel) cannot be circulated
over the previously used spectrum band. The dissemination
of control traffic signals (on a common control channel,
CCC) must be fast, since the SU might have a limited
duration of time in which a spectrum hole is likely to be
available. Furthermore, such dissemination should be robust
and minimize the use of energy and computing resources
[1]. Hence, the classical CCC of multichannel networks is
not an attractive solution for CRNs. Moreover, unlike in the
case of classical ad hoc networks, a CR has the heterogeneous
spectrum availability which is varying over time and space
due to the licensed holders’ activities. In other words, the

available radio resources (channel set) can be different for
different CRs (also known as asymmetric channel occupancy
knowledge) in the same network due to different location
or PUs activities. From all these unique CRN characteristics
arises a big research challenge; namely, how to achieve a
rendezvous between nodes. Haykin’s question, how can we
establish the dissemination of control traffic signals between
neighboring SUs in cognitive radio ad hoc networks, which is
rapid, robust, and efficient [1], is still not fully answered and
is a challenging problem.

In this study, we investigate a distributed rendezvous
protocol for cognitive radio ad hoc networks employing
frequency hopping (FH) techniques in the case of hetero-
geneous channel availability. FH is known for decreasing
the probability of interference to PUs thanks to the fre-
quent switching of the occupied channels. However, some
undesirable assumptions of typical FH (e.g., the need of
synchronization and exchange of hopping patterns, the same
length of hopping sequence patterns)must be overcome (e.g.,
incumbents presence and as consequence the need to vacate
the channel immediately by a SU; heterogeneous channel
availability, etc.). Before going into details of the protocol,
we formulate the rendezvous (RDV) problem with regard
to channel switching and an asymmetric channel occupancy
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Figure 1: Rendezvous in CRNs: if there is no hatched rectangle of a PU on a particular channel, it means that this PU is not active on this
channel; for example, there is no PU’s activity on Channel 3 (Ch3). CR1, not being in the range of any of PUs, can use all four channels. CR3
can sporadically use Channel 1 due to the PU1 activity there. CR2 has two available channels (1, 3), while the availability in Channels 2 and 4
is limited to spectrum holes of PU2 and PU3. Hence, CRs have an asymmetric channel occupancy knowledge. In a 16 slots of long time period,
CR1 user can meet CR2 user on Channel 1 in slot 0 and on Channel 3 in slot 5. However, they cannot communicate on Channel 4 in slot 9,
nor on Channel 2 in slot 12, due to the PU2 and PU3 activities there (CR2 cannot transmit).

knowledge. A RDV problem in multichannel networks refers
to the ability of two or more CRs to meet each other in the
same channel.

Figure 1 illustrates an example of the channel occupancy
by three primary users (hatched rectangles) and three sec-
ondary users (solid filled squares or rectangles) hopping
through four channels (Ch1. . .Ch4) in a 16 slots of long
cycle (for the sake of simplicity we illustrate the case where
secondary users have a common time-slot system. This is
done without losing generality, and, in fact, we have also
presented asynchronous operations in [3]). Here, by a slot
we understand some period of time within which SUs can
communicate with each other (i.e., exchanging informa-
tion, receiving and transmitting). The situation depicted in
Figure 1 is very optimistic; nodes are able to meet once, twice
or even three times (CR1 and CR3). However, while hopping
or switching channels randomly it might happen that nodes
never meet. In order to deal with the aforementioned RDV

problem, we proposed in [4] the protocol which is based on
the torus quorum system (tQS) concept.

Thanks to the use of the quorum system (QS) and also
the difference set (DS) concept we are able to guarantee
meeting on all 𝑟 channels in the case of nodes with a
symmetric channel view (SCHv), and almost on all channels
in an asymmetric channel view (ACHv) case. We emphasize
that CR nodes do not need to have mutual knowledge of
their hopping sequences information because the use of
QS properties is sufficient. Thanks to the QS intersection
property guarantee cognitive radios will meet (intersect)
when selecting quorum-based hopping sequences from the
sameQS. Quorums, satisfying the RotationClosure Property,
guarantee the intersection even if the cycles of the CRs are
not aligned and, therefore, can be used in asynchronous
protocols.The torus QS [5], exploited in this work, represents
an intuitive and simple method to employ where a quorum
set is chosen by selecting a column of an 𝑟 × 𝑠 rectangular
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array (𝑟 is the number of rows and 𝑠 is the number of
columns) and ⌊𝑠/2⌋ elements from other columns. Other QS
methods are much more complex, for example, cyclic QS
(a cyclic QS is based on the cyclic block design and cyclic
DSs in combinatorial theory [6]) proposed in [7]. The QS
concept itself has already been used [8] in the context of
operating systems. In the last decade, the use of QSs has been
extended to other applications, for example, power-saving
protocols (e.g., [9, 10]). Quorum systems are also adopted
in order to overcome a rendezvous problem in multichannel
networks (e.g., [11–14]). For additional review in the context
of cognitive radios we refer the reader to [4].

The content of this work is as follows. For sake of under-
standing the analyzed algorithm, we give a short introduction
to quorum systems focusing on a torus QS and Difference
Sets. We describe the standard method of constructing a
torus quorum [5] (forward manner) and the mirror method
[15]. Afterwards, we shortly describe the construction rules
of the MtQS-DSrdv protocol designed in our previous work
[4], followed by a throughout performance evaluation. In a
recent survey paper [4] we also discussed a possibility to
use MtQS-DSrdv for RDV in the case of cognitive radio
networks. However, that discussion was more of illustration
of a possibility and contained only preliminary results. In
this paper we will provide more in-depth analysis and
consider also asymmetric channels. We provide additional
analysis in terms of time-to-rendezvous (TTR) and the mean
occurrence of rendezvous on a channel within a hopping
sequence/period. In contrast to [4], we also consider the
asymmetric channel view in terms of (maximal) (M)TTR,
RDV on 𝑥 channels, and RDV occurrence on a channel
within a hopping sequence/period. Furthermore, as opposed
to [4], we show the advantage of the MtQS-DSrdv protocol
against the related work both in SCHv and/or ACHv in terms
of (M)TTR metric and the probability of RDVs on different
channels in one hopping sequence period.

Section 2 presents the related work in this area. In
Section 3 we describe the QS and DS concepts with all
relevant definitions and properties. The system model is
presented in Section 4.We prompt theMtQS-DSrdv protocol
in Section 5. The extensive evaluation of the protocol in the
symmetric and asymmetric channel view is described in
Section 6, with the comparisonwith the selected related work
in the last subsection. Section 7 concludes this study.

2. Related Work

A strict coordination or some degree of synchronization
between nodes is often assumed in dynamic spectrum access
literature. Either a TDMA or FH-like access schemes are
used with the assumption that nodes can synchronize or
coordinate easily; see, for example, [16–19]. In [20] taxonomy,
challenges, classification, and comparison of rendezvous
approaches in CRNs can be found.

Here we summarize the most recent related work by
categorizing methods into three branches. The first category
comprises nonquorum-based solutions representing blind
or pseudorandom RDV techniques [21–26]. The second
branch contains either QS-based protocols proposed for a

multichannel Medium Access Control (MAC) [11, 27, 28] or
non-QS but sequence-based algorithms for CRNs [29–31].
Finally in the third branch we have a number of quorum
system-based protocols proposed for CRNs [12–14, 32–34].

A-MOCH [30], the non-QS-based protocol for CRNs, is
based on Latin Square (LS) (transmitter) and Identical-Row
Square (IRS) maps (receiver).This approach guarantees RDV
on all channels in a period, but only once on each channel.
Moreover, while being in the reception mode receivers
need to switch channels constantly, which is definitely not
desirable for wireless resource-constrained systems. It might
also happen (cf. [30]) that a transmitter will select such LS,
which also implies switching channels constantly. In other
words, in this approach the cost of channel switching time
for a receiver should be taken into account.

In the asynchronous ASYNC-ETCH algorithm, pre-
sented in [31], there is no need of global clock synchro-
nization, no matter how the hopping processes of nodes are
misaligned. A hopping sequence 𝑆

𝑖
is composed of𝑁 frames

(𝑁 denotes the number of available channels), where each
frame is composed of a pilot slot and two subsequences
sub 𝑆
𝑖
.The pilot slots of 𝑆

𝑖
, collected together, are the channels

appearing in sub 𝑆
𝑖
in the same order. The hopping sequence

is equal to (2𝑁 + 1) × 𝑁; for example, with 5 channels, it
is composed of 55 slots. If the pair of CRs selects the same
hopping sequence, RDV is guaranteed in one slot per hopping
period. However, while using different sequences, there is
RDV guaranteed in𝑁 slots.

In order to have a RDV channel without the help of
CCC or synchronization, and to guarantee rendezvous in at
least one channel for each searching sequence, the Balanced
Incomplete Block Design (BIBD) [35] has been used in
[29]. Authors introduce single-sequence and multisequence
MAC protocols, where the latter builds hopping sequences
for the multichannel case. The protocol is compared to the
permutation sequence proposed in [36] and blind rendezvous
in [37].

In DSMMAC [13] all nodes create the same channel
hopping sequence, and the only possible variation of this
sequence is dependent on an offset (if cycles are not aligned).
Moreover, the process of the forming of channel hopping
sequences is not easy; namely, it is based on the Difference
Sets which must be chosen in a very careful manner in order
to ensure a high RDV probability.

Since a torus QS is a special case of a grid QS, we
also consider two grid quorum-based rendezvous algorithms
[14, 34]. The schemes do not guarantee RDV, although the
percentage of missed RDV is very low.

In [4] we gave a comprehensive guidance on the use
of quorum systems. We also addressed RDV issues in
decentralized CRNs surveying exhaustively channel hopping
approaches. Additionally, channel hopping requirements for
cognitive radio ad hoc networks have been proposed, and
the most suitable related work to the RDV problem has been
appraised according to those requirements.TheMtQS-DSrdv
protocol rules were proposed in [4] along with its assessment
according to the proposed requirements.

In [33] a sequence-based protocol has been implemented
on Universal Software Radio Peripheral (USRP) boards and
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Figure 2: Standard torus QS example: node 𝐴 is built by picking
the third column as its head and 3 randomly chosen slots from
succeeding columns. 𝐵 is formed by selecting the sixth column and
its tail from succeeding columns in a wrap-aroundmanner.𝐶’s head
is the second column. 𝐴 and 𝐵 intersect at slots 11 and 14, 𝐵 and 𝐶 at
slot 7, and 𝐴 and 𝐶 at slots 2 and 9.

evaluated in terms of the time of the first encounter between
two SUs and the time for encounter on all channels. The
protocol itself is partly based onQS [38, 39].The experiments
show a big advantage of the sequence-based scheme over the
random sequence scheme, with and without PU’s presence.

In contrary to gQ-RDV method [34] or BIBD-based
approach [29], the MtQS-DSrdv protocol guarantees ren-
dezvous on all 𝑟 available channels in a symmetric channel
view. In comparison to A-MOCH [30] our scheme does
not use two different sequences for receiver and transmitter,
nodes switch channels less frequently, and nodes can meet
more than once on the same channel during one period.

3. Torus Quorum System and
Difference Set Properties

In this section we present the (torus) QS and DS concepts.
Since QSs are not commonly used in wireless communi-
cations, we present first some relevant definitions in this
section.

A torus-based QS (tQS) [5] adopts a rectangular array
structure called torus, that is, wrap-around mesh, where the
last row (column) is followed by the first row (column) in a
wrap-aroundmanner (later in this work, we call the standard
tQS as the forward tQS, since its tail is selected going forward
(to the next columns)). The height 𝑟 (number of rows, i.e.,
entire column) and width 𝑠 (number of columns, i.e., entire
row) are defined where 𝑛 = 𝑟 × 𝑠 and 𝑠 ≥ 𝑟 ≥ 1.

Definition 1 (Torus Quorum Systems). A torus quorum in
a 𝑟 × 𝑠 torus is composed of 𝑟 + ⌊𝑠/2⌋ elements, formed by
selecting any column 𝐶

𝑗
(𝑗 = 1 ⋅ ⋅ ⋅ 𝑠) of 𝑟 elements plus one

element out of each of the ⌊𝑠/2⌋ succeeding columns using
end wrap-around. An entire column 𝐶

𝑗
portion is called the

quorum’s head, and the rest of the elements (⌊𝑠/2⌋) its tail.

Figure 2 gives an example for three nodes choosing three
different torus quorums under𝑈 = {0, 1, . . . , 17} where 𝑟 = 3
and 𝑠 = 6, thus 𝑛 = 18.

It is also possible to construct a tQ in a backward manner
as shown in [40]. However, in order to select a torus tail in
a more flexible manner, themirror torus extension should be
used [4, 15], which allows to alternate selecting tail’s slot in a
forward or backward manner.

Definition 2 (Mirror Torus Extension). A tail of a torus
quorum, ⌊𝑠/2⌋ elements, can be selected from any position
of column 𝐶

𝑗+𝑘𝑖∗𝑖
(one element from a column), where 𝑘

𝑖
∈

{1, −1} and 𝑖 = 1 ⋅ ⋅ ⋅ ⌊𝑠/2⌋, in a wrap-around manner. Toruses
of the same torus QS need to select elements in the same
forward/backward order.

In other words, if an element was selected from column
𝐶

𝑗+1
, the next element cannot be selected from 𝐶

𝑗−1
, but

needs to originate from the next succeeding (forward) col-
umn (𝐶

𝑗+2
) or the preceding (backward) column (𝐶

𝑗−2
). The

parameter 𝑘
𝑖
needs to be the same for all quorums of the same

torus QS; that is, the direction of the selection needs to be the
same. Figure 3 shows the selection in a mirror way.

The intersection property of quorum systems is not
sufficient when the cycle of nodes is not aligned or nodes are
asynchronous. In order to have RDV guarantee in such case,
a quorummust satisfy the Rotation Closure Property (RCP).

Definition 3 (Rotation Closure Property). For a quorum 𝑅 in
a quorum system 𝑄 under an universal set 𝑈 = {0, . . . , 𝑛 − 1}
and 𝑖 ∈ {1, 2, . . . , 𝑛 − 1}, one defines: rotate(𝑅, 𝑖) = (𝑥 +

𝑖) mod 𝑛|𝑥 ∈ 𝑅. A quorum system 𝑄 has the Rotation
Closure Property if and only if

∀𝑅


, 𝑅 ∈ 𝑄, 𝑅


∩ rotate (𝑅, 𝑖) ̸= 0 ∀𝑖 ∈ 1, 2, . . . , 𝑛 − 1.

(1)

A quorum system, which satisfies the Rotation Closure Prop-
erty, ensures that two asynchronous mobile nodes selecting
any two quorums have at least one intersection in their quo-
rums. The (forward, backward, and mirror) torus quorum
satisfies the Rotation Closure Property.

TheDifference Sets [6] concept is very close to QSs, being
actually the basis of the cyclic QS.

Definition 4 (Cyclic Difference Set (DS)). A subset 𝐵, such as
𝐵 = {𝑎

1
, 𝑎

2
, . . . , 𝑎

𝑘
}modulo 𝑛, for 𝑎

𝑖
∈ 1, 2, . . . , 𝑛 − 1, is called

a cyclic (𝑛, 𝑘, 𝜆) difference set under 𝑍
𝑛
(𝑘 and 𝜆 are positive

integers such that 2 ≤ 𝑘 < 𝑛 and |𝐵| = 𝑘), if for every 𝑏 ̸≡

0(mod 𝑛) there are exactly 𝜆 ordered pairs (𝑎
𝑖
, 𝑎

𝑗
), where 𝑎

𝑖
,

𝑎

𝑗
∈ 𝐵 in such a way that 𝑎

𝑖
− 𝑎

𝑗
≡ 𝑏(mod 𝑛).

If at least one ordered pair (𝑎
𝑖
, 𝑎

𝑗
) exists in (𝑛, 𝑘) difference

set, such set is called a relaxed DS.

Since tQs also formDSswe show an example based on the
set from Figure 2. Node 𝐴 has a set {2, 4, 8, 9, 11, 14} where
𝑛 = 18. The set is a relaxed DS, because there is at least one
ordered pair (𝑎

𝑖
, 𝑎

𝑗
):

1 ≡ 9 − 8, 2 ≡ 4 − 2, 3 ≡ 11 − 8, 4 ≡ 8 − 4,

5 ≡ 9 − 4, 6 ≡ 8 − 2, 7 ≡ 9 − 2, 8 ≡ 4 − 14,

9 ≡ 11 − 2, 10 ≡ 14 − 4, 11 ≡ 2 − 9,

12 ≡ 2 − 8, 13 ≡ 9 − 14, 14 ≡ 4 − 8,

15 ≡ 11 − 14, 16 ≡ 2 − 4, 17 ≡ 8 − 9.

(mod 18)

The reader should note that each cyclic DS satisfies the RCP.
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Figure 3: Example of mirror torus QS:𝐴 and 𝐵 initiate their tail selection in a backwardmanner; that is, the first element of node A is selected
from column 𝐶

5
(a mirror of 𝐶

7
), and the one of node 𝐵 is selected from column 𝐶

3
(a mirror of 𝐶

5
). Then, both nodes select the next tail

element in a forward manner, thus from 𝐶

𝑗+2
column, which is 𝐶

8
in case of node 𝐴, and 𝐶

6
in case of node B. The third tail element is

selected in a backward manner, which is 𝐶
3
in case of node 𝐴, and 𝐶

1
in case of node 𝐵. The last element of nodes 𝐴 and 𝐵 falls in the same

(mirror) column. Nodes meet at slot 5 (they would meet in one element of column 𝐶
6
anyway) and additionally in slot 18. Hence, nodes can

always alternate the manner, either forward or backward, while picking up elements; however, they need to have the same 𝑘
𝑖
, in this example

𝑘

𝑖
= {−1, 1, −1, {1 | −1}}, where 𝑖 = 1 ⋅ ⋅ ⋅ ⌊8/2⌋.

4. System Model

We focus on Secondary Users in the presence of Primary
Users in the network, where no central units for management
of spectrum allocation are present. The rendezvous on the
same channel (hereafter terms channel and frequency will
be used interchangeably) between two SUs is crucial for the
establishment of the communication. Each SU is equipped
with a single tunable half-duplex radio transceiver which
can switch between 𝑟 different channels. In cognitive radio
networks SUs must somehow identify spectrum holes, which
vary in time and space, and after that select available fre-
quencies. Based on a spectrum detection method (sensing,
database) each CR recognizes a list of spectrum holes that
can be used while respecting PU priority. It is assumed that
channels are slowly time-varying, and that the system is
slowly dynamic.

SUs should find each other periodically and as soon
as possible (i.e., Time-to-Rendezvous should be small and
bounded (TTR); is an amount of time, measured in slots,
within which two or more CRs meet each other once they
began hopping, or after the last RDV on a channel). Here, we
emphasize that the need of rendezvous on multiple available
channels in a hopping sequence period is paramount, as
thanks to the guarantee of this property, the channel access
delay will be minimized. If an RDV protocol cannot satisfy
a periodic overlap between channel hopping sequences of
cognitive radios on different channels, this raises an RDV
problem, because a single rendezvous channel might become
unavailable due to the (sudden) appearance of primary user
signals. If an RDV protocol can guarantee a rendezvous on
every available channel, it provides the maximum robustness.
Therefore, we aim to guarantee rendezvous on every available
channel in the case of the homogeneous spectrum availability
(i.e., all SUs have the same channel set), and on multiple
different available common channels in the case of the
heterogeneous spectrum availability. The latter objective is
challenging, not only due to the different channels sets of
CRs, but also because of different lengths of channel hopping
sequences.

In our previous work [4] we developed MtQS-DSrdv
algorithm and showed that in the case of a symmetric channel
view (homogeneous spectrum availability), CR nodes meet
periodically on every available channel. As explained before,
a periodic overlap is guaranteed thanks to the use of QS
properties, and therefore there is no need of exchange of any
information in order to meet in a hopping sequence period.
In this work we extend the analysis of SCHv in terms of TTR
and we evaluate the protocol for an asymmetric channel view
(heterogeneous spectrum availability).

In the MtQS-DSrdv algorithm we consider that each SU
hops from one channel to another (Figure 1) according to
its frequency hopping sequence in order to discover another
SU. Each CR determines its channel map for each of the
channels making use of a torus array (𝑟 × 𝑠) using torus QS
and DS concepts and then combines them into a hopping
sequence. This process requires no mutual knowledge of
hopping sequence information and available channels from
other CRs. The resulting hopping sequence is cyclic and it
counts as many slots as there are elements in the torus array.
Every element represents a time slot where a single channel is
designated to be used. Here, we stress that a slot is an amount
of time within which cognitive radio users can communicate,
that is, discover each other by exchanging messages.

5. MtQS-DSrdv Epitome

In this section we describe MtQS-DSrdv algorithm. While
forming the channel map (hopping sequence), two concepts
are employed, namely, torus Quorum System and Difference
Sets.The former is straightforward, sincewe just select a torus
quorum algorithmwhile the head (column) should follow the
construction rules of the algorithm, and tail can be chosen
randomly. The reader should note that with 𝑟 > 4 the first
four channels have torus Quorum System-based maps, and
the rest have Difference Set-based maps.

Figure 4 depicts how each node constructs its hopping
sequence with a cycle of 𝑛 slots. The column selection of
Channel 1 (step 2.a.1) specifies the start point of a map
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Channel map:
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Node’s channels
Map: torus QS view

Creating map (hopping sequence with a cycle of 𝑛 slots):
find 𝑠 slots fo each channel according to tQS-DSrdv algorithm

Each CR node determines its channel map (hopping sequence) independently
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Channel 3 head: column 𝑠

Channel 4 head: column 𝑖 + [ 𝑠2 ] + 2

𝐶1 𝐶3 𝐶3𝐶2

Figure 4: MtQS-DSrdv steps of each node.

construction. A node can select its head in 𝑠 different ways
because of 𝑠 existing columns. In Figure 5 the head ofChannel
1 is selected randomly to be 𝐶

1
(the first column). The

remaining 𝑠−4 channels (step 2.b) search theirmap according
to the DS rule (selecting a channel map by following the DS
rulemeans that a relaxed DS set must be found of 𝑠 slots; i.e.,
𝑠 remaining available elements are chosen so that at least one
ordered pair (𝑎

𝑖
, 𝑎

𝑗
) exists in (𝑛, 𝑠) difference set, where 𝑘 = 𝑠

from Definition 4) such that there are enough elements for
tails of the first four channels.

For a node with eight available channels Figure 5 depicts
two exemplary maps (Map8Chs(1) and Map8Chs(2)) in order
to showhow to form another tQS-basedmap by just replacing
the tail elements of the first four channels.

In addition, the reader should note that the selection
of the channels is not strict; that is, we can replace tQS-
based channels with DS based. Figure 6 illustrates a column
selection of Channel 1 with different 𝑖 (step 2.a.1 from
Figure 4).

Thanks to the flexible use of tQS and DS concepts, the
MtQS-DSrdv protocol allows automatically cognitive radio
nodes to meet on each channel at least once in the symmetric
channel view.

6. Verification

In the symmetric channel view we assess MtQS-DSrdv as
regards the TTR performance. In the asymmetric channel
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Figure 5: MtQS-DSrdv construction exemplary maps (Map𝑟Chs) for 𝑟 = 2 ⋅ ⋅ ⋅ 8 channels (Chs); Chri for 𝑖 = 1 ⋅ ⋅ ⋅ 𝑟 stands for a particular
map of channel 𝑖. With three available channels, Channel 1 is selected according to the tQ forward manner, and the next two channels are
formed from DSs (Map3Chs), that is, DSCh2: {4, 6, 7, 9, 13} and DSCh3: {3, 8, 11, 12, 14}. These DSs are exemplary, since others could also be
found. While having four available channels, Channel 4 is selected according to the DS rule. Starting with four available channels (Map4Chs)
the mirror tQ is utilized, changing twice the direction (𝑘

𝑖
). With five available channels (Map5Chs), Channel 2 is built using a backward tQ

except of one mirror element.

viewwe evaluate the protocol in respect to theRDVguarantee
and occurrence on each channel and TTR performance. The
reader should note that we also compare the performance
of the pair of nodes using maps with the same number of
channels against the pair of nodes usingmaps with a different
number of available channels. Hence, we analyze whether it
is better to use a smaller map with only available channels
or a larger map also with unavailable channels. The latter
case refers to the case where unavailable channels are also
visited, but only for spectrum sensing (this is a frequently
used approach while dealing with ACHv in the related work
[13, 26, 30]).

We define the Rotation Closure Property for a complete
channel map (map-RCP) as follows.

Definition 5 (Map-Rotation Closure Property). For map 𝑅1
and 𝑅2 of period (cycle) Θ = {0, . . . , 𝑛 − 1} and for all 𝑖 ∈ Θ,
one defines for all slot offset,∃𝑖 : 𝑅1

𝑖
∩𝑅2

(𝑖+slotOffset) mod 𝑁 ̸= 0,
where slot offset ∈ Θ.

The frequency map of a node must be checked with each
possible cycle shift (slot offset ̸= 0). With a slot offset 0 (cycle
alignment case) nodeswill alwaysmeet on all channels at least
once.

Proof. A hopping pattern for each channel is constructed
according to Definitions 1, 2, and 4; that is, each channel
set is a torus quorum or cyclic difference set as shown in
Figure 5. A torus quorum and cyclic DS satisfy the Rotation
Closure Property from Definition 3. Therefore, the set of all
channels, map𝑅1, and𝑅2with the same periodΘ, composed
of elements from a 𝑟 × 𝑠 torus, so that 𝑟𝑠 = 𝑛, satisfies the
map-RCP from Definition 5. We do not need to check all
𝑟 channels because the map-RCP definition is automatically
satisfied due to the fact that each single channel map satisfies
the RCP or DS.

In all considered cases we show statistical results for the
complete set (equal or different channels) of results obtained
by two maps. We analyze the ACHv case with maximum
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Figure 6: MtQS-DSrdv: different column offsets, CRs meet at least in 𝑟 slots.

8 available channels, using channel maps from Figure 5.
Moreover, while talking about the MtQS-DSrdv protocol,
we refer to Figure 5, and Map8Chs(1) for a map with eight
channels unless mentioned otherwise.

6.1. MTTR in Symmetric Channel View. In this subsection
we evaluate MtQS-DSrdv in SCHv in terms of maximum
TTR. Table 1 shows TTR results in terms of the minimum
of all TTR maxima (Υ), the maximum TTR (MTTR), the
mean (𝜇) of MTTRs, the mean (𝜇) of TTRs, and the mean
of occurrences on a channel (𝜇𝑁ch) in a period.

In Table 1 we show the results for a map with 8 channels
using both Map(1) (8𝑀(1)) and Map(2) (8𝑀(2)) from Figure 5.
The reader should note that these are just two examples on
how the tQS-based nodes can easily select their tail elements
in a flexible manner.

In the case of SCHv it is clear that MTTR < 𝑛 (𝑛 = |Θ|,
where Θ is a period) for 𝑟 = 2 − 4, and ≲ 𝑛/2 for 𝑟 = 5 −
8. One should note that we refer to MTTR per shift; that is,
we take the maximum TTR in each shift, where 𝜇MTTR is an

Table 1: MtQS-DSrdv in SCHv, so is slot offsets; (𝑟, 𝑛) = {(2, 6),
(3, 15), (4, 28), (5, 45), (6, 66), (7, 91), (8, 120)}.

𝑟 Υ MTTR 𝜇

MTTR
𝜇

TTR
𝜇

𝑁ch

2 1 4 (2 so) 3 1.5 1.2
3 4 9 (2 so) 5.7 2.5 1.4
4 3 18 (2 so) 10.3 3.5 1.6
5 4 21 (2 so) 12.6 4.5 1.6
6 5 35 (4 so) 20.6 5.5 1.7
7 6 47 (2 so) 23.6 6.5 1.7
8

𝑀(1) 7 86 (2 so) 29 7.5 1.8
8

𝑀(2) 7 57 (2 so) 30 7.5 1.8

average of all MTTRs from all shifts while rotating the cycle.
The average MTTR is considerably lower than MTTR. Note
that the averageTTR (𝜇TTR) is significantly lower thanMTTR
and the average MTTR (𝜇MTTR).

In the worst case scenario while only one common
channel is available and CRs can meet only once on the
common channel, MTTR = 𝑛 (other less extreme cases
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Table 2: MtQS-DSrdv in ACHv: RDV in a larger period of
𝐵;minRDV stands for the minimum number of RDVs (with the
percentage).

𝐴–𝐵 minRDV On all common CHs
2-3 1 (13%) 87%
2–4⋅ ⋅ ⋅8 2 100%
3-4⋅ ⋅ ⋅5 3 100%
3–6 2 (5%) 95%
3–7 3 100%
3–8 2 (7%) 93%
4-5 3 (16%) 84%
4–6 3 (5%) 95%
4–7⋅ ⋅ ⋅8 4 100%
5-6 3 (5%) 79%
5–7 3 (2%) 88%
5–8 2 (1%); 3 (5%) 77%
6-7 4 (3%) 73%
6–8 4 (1%) 78%
7-8 5 (10%); 6 (33%) 58%

are discussed in Section 6.3). However, as soon as a CR
becomes aware of the fact that some channels are not available
anymore, it can adjust its hopping pattern.

6.2. Minimum RDVOccurrence in Asymmetric Channel View.
In this section we evaluate the MtQS-RDV protocol in the
heterogeneous spectrum availability case, where some of the
available channels of one CR are unavailable to another.
While analyzing the ACHv case one should consider whether
it is better to use a map with a larger period or to use a map
with available channels only. For instance, in the former case,
a CR with 3 currently available channels can select a map
with 4 channels instead of 3, and while visiting an unavailable
channel only spectrum sensing is performed. MtQS-DSrdv
with a symmetric channel set, using a map for 4 channels
while having 3 available channels, still guarantees RDVs on
all 3 available common channels.

While usingMtQS-DSrdv maps for a different number of
channels than available, and the number of available channels
is not large, there is also RDV guarantee on all available
common channels most of the time (in a larger period). For
instance, we compareMap3Chs (mapwith 3 available channels
fromFigure 5) of one nodewithMap4Chs of another node, but
in a larger period of 28 slots as it happens when both nodes
use Map4Chs. In this case, nodes also meet on all 3 available
channels.

The following definition considers the case where node𝐴,
which has a smaller period Θ, still meets with node 𝐵, which
has a larger period Φ.

Definition 6 (nM-Maps-Rotation Closure Property). For
map 𝑅1 with period Θ = {0, . . . , 𝑛 − 1} and for all 𝑖 ∈ Θ, and
map 𝑅2 with periodΦ = {0, . . . , 𝑚 − 1} and for all 𝑗 ∈ Φ, and
where 𝑛 < 𝑚, there is defined for all Φ ∃𝑖, ∃𝑗 : 𝑅1

𝑖
∩ 𝑅2

𝑗
̸= 0.

Table 2 shows the analysis of the combination of maps
(with minimum 𝑟 = 2 and maximum 𝑟 = 8) while checking
the number of RDVs in a larger period Φ. The results show

that in many cases there is still RDV on all common channels
of a node with fewer available channels. The probability
to have an RDV on all shared channels is very high; for
example, node with three available channels meets node with
six available (3–6 case) at least on two channels in a period
(minRDV = 2), and this can happen with only 5% probability,
otherwise nodes meet on three common channels.

Let us next analyze an example where a node has four
available channels in a set and another node has three
available channels. In Figure 7 the first one (node 𝐴1) uses
the map Map4Chs from Figure 5, and the second (node 𝐴2)
uses Map3Chs. While both nodes are aligned at slot 0, they
meet on each channel in a smaller period on Channels 2 and
3 twice. We also show RDVs in a larger period; that is, apart
fromR1 rendezvous (inΦwe have𝑅1+𝑅2RDVs) nodesmeet
in R2 slots (15, 18-19, and 22) on each channel. While shifting
the alignment of a smaller period (Θ) map, we show RDVs
only in a smaller period.Theminimal number of channels on
which a RDV occurs in a smaller period is one. Nodes usually
meet on all three channels in a smaller period. Note that while
analyzing RDVs in a larger period Φ of 28 slots, nodes have
RDVs on all available channels of A2 in all shifts.

For the sake of clarity, we show in Figures 8 and 9 theRDV
occurrence of Map4Chs in SCHv and a combination of maps
with 3 and 4 channels. In both cases CR nodes meet on all
three available channels. We can additionally notice that the
combination of 3-4 channels maps is better than that using
maps with 4 channels. Single RDV on a particular channel in
a period is decreased significantly, since nodes have multiple
RDVs in a period on all three channels. If we take a mean of
RDV occurrence in a period for each channel, we obtain 1.8
with Map4Chs (SCHv) and 2.3 with the combination of maps
(ACHv). In other words, it is better to use an asymmetric
channel set in spectrum availability heterogeneity in this
particular case.

In Figures 11 and 13 we show an example where nodes do
not meet on each channel, namely, the combination of maps
with 4 and 6 channels, and the combination of maps with 5
and 7 channels. In the former case, nodes do not have RDV
on four channels (minRDV = 3) in 3 shifts (once on the first
channel, and twice on fourth channel). However, as one can
see in Figure 11, they meet very often, at least three times,
on each channel in a period (a mean of RDV occurrence
is circa 2.8). Contrary, while using a symmetric channel set
map (Map6Chs in Figure 10) nodes meet on all channels,
but most often once or twice in a period (a mean of RDV
occurrence is circa 1.7). We also show an example while the
pair of nodes uses Map7Chs (symmetric channel set) against
the combination of maps with 5 and 7 channels (Figures
12 and 13). While using different maps (combination case),
nodes have RDV guarantee on three channels (minRDV = 3),
where RDV on three channels only happens in 2 shifts. RDV
on four and five channels is the most frequent.

Although nodes do not meet on all channels, there is still
a question whether this map should not be used, since nodes
meet more often (mean of RDV occurrence is circa 2.6) than
in the case of a symmetric channel set with 7 channels map
(mean of RDV occurrence is circa 1.7).
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Table 3: MtQS-DSrdv in ACHv: RDV in a larger period of B.

𝐴–𝐵 Υ MTTR 𝜇

MTTR
𝜎

MTTR
𝜇

𝑁ch

2-3 2 11 (3 so) 6.7 2.6 2.5
2–4 4 10 (5 so) 8.1 1.7 3.5
2–5 4 17 (7 so) 11 5 4.5
2–6 11 16 13 2 5.5
2–7 10 18 15.8 2.6 6.5
Map (1): 2–8 7 29 21.5 10.3 7.5
Map (2): 2–8 7 29 21 10 7.5
3-4 4 14 (4 so) 9.4 3.7 2.3
3–5 6 22 (3 so) 13 4.5 3
3–6 7 22 (4 so) 15 3 3.7
3–7 8 33 (6 so) 20.7 7 4.3
Map (1): 3–8 6 70 (8 so) 21.5 17 5
Map (2): 3–8 6 65 (8 so) 23 18 5
3∗–8∗ 14 54 (8 so) 25 10 5
4-5 6 31 (2 so) 14 6 2.3
4–6 9 29 (2 so) 18 5.7 2.8
4–7 13 42 (4 so) 24.6 7 3.3
4–7∗ 9 31 (3 so) 19 5 3.3
Map (1): 4–8 12 51 (4 so) 28.8 9 3.8
Map (2): 4–8 12 45 (4 so) 27.6 8 3.8
4–8∗ 12 57 (4 so) 25 9 3.8
5-6 9 39 (1 so) 18 6.8 2.2
5-6∗ 6 32 (3 so) 17 6 2.2
5–7 8 45 (2 so) 22.7 7 2.6
5–7∗ 9 47 (2 so) 21 9 2.6
Map (1): 5–8 12 65 (3 so) 26.7 9.4 3
Map (2): 5–8 10 70 (3 so) 27 11 3
5–8∗ 10 56 (3 so) 24 10 3
6-7 10 66 (1 so) 22.9 8.8 1.7
6∗-7∗ 10 43 (2 so) 19 7 2.2
Map (1): 6–8 11 51 (2 so) 26 7.6 2.5
Map (2): 6–8 10 49 (2 so) 25.8 8 2.5
6∗–8∗ 8 46 (2 so) 25 8 2.5
Map (1): 7-8 13 55 (2 so) 27.7 9.5 2.2
Map (2): 7-8 9 64 (1 so) 25 9 2.2
7∗-8∗ 12 58 (1 so) 26 10 2.2

6.3. MTTR in Asymmetric Channel View. In Table 3 MTTR
statistics are presented for the asymmetric channel view. One
should note that we refer to MTTR per shift (slot offset, “so”
in table); that is, we take the maximum TTR in each shift,
where 𝜇MTTR is an average of all MTTRs from all shifts while
rotating the cycle.

In ACHv 𝐴 − 𝐵 denotes combinations of maps of node
𝐴 with node 𝐵, where the number of channels of node 𝐴 is
smaller than the number of channels of node 𝐵, as defined
before. In this table we also show the results for a map
with 8 channels using both Map8Chs(1) and Map8Chs(2) from
Figure 5. In addition, in some of the combinations we have
shown two cases, with or without (∗). The case without (∗)
stands for the maps as proposed in Figure 5; that is, the first

channels are assigned to tQS maps, and the next to DS maps.
In the case with (∗), in the map where there are more DSs
than one (with 𝑟 = 3 and 𝑟 = 6 . . . 8), the first channels are
assigned toDSs (following the order fromFigure 5, thus, map
of Ch1 becomes Ch5, then Ch2 ← Ch6, Ch3 ← Ch7, and
Ch8 ← Ch4), where the remaining channels are assigned to
tQS-based maps, also following the order from Figure 5 (e.g.,
map Ch5 ← Ch1). Note that the described results below are
without (∗), unless mentioned otherwise in the text.

For ACHv the situation is naturally different than that
for SCHv (Table 1) due to different period sizes of the
compared channel sets. The results below are shown from
the perspective of larger period (Φ) in order to compare it
with the SCHv case. Depending on the combination of the
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Figure 7: Asymmetric channel view: combination of maps with 3 and 4 channels, while rotating the cycle; RDV consideration in Θ; black
square stands for channel 1, gray square for channel 2, and white square for channel 3; R stands for Rendezvous.
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Figure 8: Symmetric channel set: Map4Chs (28 slots).

channels of nodes𝐴 and 𝐵, the maximumTTR varies usually
between𝑚/2 and (𝑚/3) (𝑚 = |Φ|), where the average MTTR
is lower than 30 slots in all cases, varying usually between
𝑚/3 and𝑚/4. We also show some of the combinations where
DS channel maps are reordered with tQS channel maps, the
case with (∗). One can see that assigning first DS maps and
then tQS maps to channels usually decreases MTTR and/or
MTTR mean. We observe that the selection of different
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Figure 9: Asymmetric channel set: combination of maps with 3 and
4 channels.

tail elements (as exemplary shown with maps Map8Chs) can
improve MTTR or 𝜇MTTR.

Cognitive radio nodes that use a different map increase
significantly RDV occurrences (𝜇𝑁ch) on a channel in a
period. The reader should note that in comparison with the
performance in SCHv, RDV occurrence only once in a period
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Figure 10: Common channel set: Map6Chs (66 slots).
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Figure 11: Asymmetric channel set: combination ofmaps with 4 and
6 channels.

is insignificant, since multiple RDVs are the dominant case.
However, in order to answer the question which map one
should use, the one imposing a symmetric channel view, or
the one using an asymmetric channel set, the comparison of
Tables 1 and 3 will not provide conclusive answer. Therefore,
in Table 4 we show theMTTR statistics in respect to a smaller
number of available common channels 𝜅, although using
maps with a larger number of channels.

Note that in this implicit way the related work papers
handle an asymmetric view case [13, 26, 30]. In this case it
is also easy to verify an upper bound of MTTR of the MtQS-
DSrdv design (due to the RCP guarantee CRs always meet on
every channel in a sequence period), which will be MTTR ≤
(𝑚 − 𝜅) in the worst case scenario (the worst possible chosen
maps). For example, with 𝑟 = 8 and 𝜅 = 2(8 ⇒ 2) such
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Figure 12: Common channel set: Map7Chs (91 slots).
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Figure 13: Asymmetric channel set: combination ofmapswith 5 and
7 channels.

upper bound ismet in two cycle shifts (2 so in the table); since
MTTR = 118 which is exactly (𝑚 − 𝜅), the same situation is
in cases, 𝑟 = 3 and 𝜅 = 2, 𝑟 = 6 and 𝜅 = 2, and 𝑟 = 7 and
𝜅 = 2. In other cases MTTR is lower or significantly lower.

Combining the results from Tables 3 and 4 it is clear that
in terms of (M)TTR it ismore advantageous to use amapwith
a number of locally available channels instead of using a larger
map. MTTR of asymmetric channel set maps is always lower
except for a few cases and even in those exceptional cases
𝜇

MTTR of asymmetric channel set maps is better than that of
symmetric channel set maps. Nevertheless, an investigation
should be done combining the selection of a map including
the duration of nonavailability of channels. It might be better
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Figure 14: MtQS-DSrdv: 8 channels (120 slots).

to use a larger map keeping in mind a probability of the
channel release (predicting channel availability based on past
observations) of the channel occupied by a PU recently.
Hence, an RDV protocol should closely cooperate with a
spectrum decision mechanism, which will be the topic of
interest in our future work.

6.4. Comparison with the Related Work. In the subsection
we compare the MtQS-DSrdv protocol with the related work
where the designed approaches guarantee RDV either on all
channels or in a very small TTR time. Hence, we consider the
DSMMAC (Difference-Set-based asynchronous Multichan-
nel MAC) [13], A-MOCH (Asynchronous Maximum Over-
lapping CH protocol) [30], ASYNC-ETCH (Asynchronous
Efficient Channel Hopping) [31], and Balanced Incomplete
Block Design- (BIBD-) based [29] algorithms in the syn-
chronous channel view and consider also asynchronous
channel view if applicable. In all considered cases we show
results including the rotation of a whole cycle; that is, all
possible cases without cycle alignment are checked.

6.4.1. Comparison with DSMMAC. In Figure 14 we depict
results of MtQS-DSrdv with 8 channels according to the
map presented in Figure 5. Figure 15 illustrates DSMMAC
results with 8 channels. We remind the reader that the map
from [13] is constructed entirely fromDifference Sets. MTTR
of MtQS-DSrdv equals 86 slots (using Map(1), but 57 slots
with Map(2)), which happens in two shifts only. The average
MTTR (𝜇MTTR) is 28.8 with a standard deviation of 12.
However, one should note that nodes meet often multiple
times (𝜇𝑁ch = 1.8) in a period as it can be seen in the figure.
In this particular example the MTTR of DSMMAC is better
than that ofMtQS-DSrdv, since it equals 44 slots, with amean
of 23 slots and a standard deviation of 8.1. However, as can
be clearly seen in Figure 15, on DSMMAC channels 2 ⋅ ⋅ ⋅ 8,
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Figure 15: DSMMAC [13]: 8 channels (73 slots).

nodes always meet only once in a period and no more. In
DSMMAC, Channel 1 gets an extra slot, since all DSs have
been chosen from a period of 73 slots, having 9 elements in a
set. The remaining slot (slot 0) has been assigned to Channel
1, and therefore on Channel 1 nodes also have RDV twice in a
period (Figure 15).

The fact that nodes meet only once in a period on
2 ⋅ ⋅ ⋅ 8 channels diminishes the chance of the protocol to be
adaptable in ACHv, which was dismissed in this work. In [13]
it is assumed that every node should use the same hopping
sequence.Therefore, we also check theMTTR statistics while
both CRs apply 8 channel maps, but they can meet only on
2 common channels because only these two are available for
one of the CRs. The MTTR of DSMMAC will increase until
71 slots (which happens twice), whereas 𝜇MTTR is increased
to 50.4 with 𝜎MTTR

= 10.4. Those MTTR results are clearly
much worse than using the 2–8 combination of maps of
MtQS-DSrdv (Table 3).

We also analyze the possibility of the combination of
maps with 2 and 8 channels for this approach. Figures 16 and
17 show the results for both protocols.

With both protocols nodes meet on each channel. The
MTTR of DSMMAC is slightly lower (25 slots) than that of
MtQS-DSrdv (29 slots, see Table 3). 𝜇MTTR is similar (20.5
of DSMMAC), but 𝜇𝑁ch of DSMMAC is lower than that of
MtQS-DSrdv (for both channels 7.5), since the average RDV
occurrence on Channel 1 equals to 4.4 and on Channel 2 is
5.1, which can also be observed from the figures.

The DSMMAC map with eight available channels has
seven neighboring pairs of slots, one of each channel (2 ⋅ ⋅ ⋅ 8),
except of Channel 1 having once three neighboring slots.
Whereas, the MtQS-DSrdv map has more neighboring slots
and can have even more thanks to the flexible design of
the protocol. This characteristic is paramount with asyn-
chronous nodes (without slot alignment), since nonover-
lapping slots influence badly the chance for actual RDV
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Figure 16: MtQS-DSrdv in ACHv: the combination of maps with 2
and 8 channels (120 slots).

on a channel. Hence, the MtQS-DSrdv map predominates
DSMMAC in this context. However, further comparison of
both approaches is difficult due to the unavailability of maps
with other number of channels.

6.4.2. Comparison with A-MOCH. In Table 5 we show the
results of the A-MOCH protocol [30] for 𝑟 = 2 ⋅ ⋅ ⋅ 8

channels. We remind that in the A-MOCH algorithm a
sender generates its hopping sequence based on the LS
array and the receiver map is based on the IRS array. Since
according to the algorithm nodes may randomly select a
permutation of {0, 1, . . . , 𝑁−1}, where𝑁 denotes the number
of channels, we created all the maps in the same way, that
is, rotating each row in a forward wrap-around manner to
receive easily an LS square. For instance, with 5 channels
the sender channel hopping sequence in the example below
is {0, 1, 2, 3, 4, 4, 0, 1, 2, 3, 3, 4, 0, 1, 2, 2, 3, 4, 0, 1, 1, 2, 3, 4, 0}.
The receiver with 5 channels adopts the following sequence:
{0, 1, 2, 3, 4, 0,1, 2, 3, 4, 0, 1, 2, 3, 4, 0, 1, 2, 3, 4, 0, 1, 2, 3, 4}.This
map construction gave us the worst possible map cases, since
themeanMTTR is always equal to theMTTR and is constant
as shown in the table; that is, there are no differences between
MTTR, Υ (minimum of MTTR maxima), and 𝜇MTTR. Thus,
the meeting points will always have the same occurrence
(MTTR = 𝑁2 −𝑁+1 as reported in [30]). In addition, nodes
will always meet once on each channel in each period (𝜇Nch

).
In comparison with MtQS-DSrdv, the MTTR of A-MOCH is
slightly better, we say slightly, since MTTR of MtQS-DSrdv
happens to be maximum in 4 cases (usually 2 cases), whereas
for A-MOCH for every shift. Of course as a consequence,
the mean (𝜇MTTR) of A-MOCH is significantly worse than of
MtQS-DSrdv.

As mentioned above, the table shows the worst cases of
MTTR. If we select other sequences we can improve the
MTTR, for example, with 5 available channels and the sender
adopting the following sequence: {0, 1, 2, 3, 4, 1, 2, 0, 4, 3,

 0

 5

 10

 15

 20

 25

 30

 35

 0  1  2  3  4  5  6  7  8
Cumulative RDV amount in one period

Channel distribution

Channel 1
Channel 2

Cu
m

ul
at

iv
e n

um
be

r o
f R

D
V

on
 a 

ch
an

ne
l i

n 
a p

er
io

d

Figure 17: DSMMAC [13]: the combination of maps with 2 and 8
channels (73 slots).

2, 3, 4, 0, 1, 3, 4, 1, 2, 0, 4, 0, 3, 1, 2}, and the receiver with
the sequence:{4, 0, 1, 2, 3, 4, 0, 1, 2, 3, 4, 0, 1, 2, 3, 4, 0, 1, 2, 3,
4, 0, 1, 2, 3}, we can improve 𝜇MTTR to 15 with 𝜎MTTR

= 5.4

and Υ = 8. The MTTR stays 21, but it occurs 10 times.
The reader should note that 𝜇Nch can never be changed

(independently of chosen sequence) and remains always one
RDVon each channel in a period, which diminishes the RDV
chances of asynchronous nodes (partial overlap of a single
slot might not be sufficient to have a successful RDV).

Moreover, the protocol does not work explicitly with
the heterogeneous spectrum availability, since if we take
the sender map with, for example, 5 channels and the
receiver with, for example, 8 channels, then there is no RDV
guarantee, even in a larger period where there are eight shifts
with no matches.Therefore, the only possible option is to use
the map with 8 channels, that is, also hopping on unavailable
channels. For instance, if the 𝜅 = 5, but 𝑟 = 8, then the
MTTR of A-MOCH equals 60 (occurring 32 times), with
𝜇

MTTR
= 58.5, which is automatically worse than MtQS-

DSrdv with the combination of maps with 5 and 8 channels
(5–8 in Table 3).

If we take 𝜅 = 2 and 𝑟 = 8 for A-MOCH, then we obtain
MTTR = 63 (56 times)with𝜇MTTR

= 62.3, which is definitely
worse than the results of MtQS-DSrdv with the combination
of maps with 2 and 8 channels (2–8 in Table 3).

Taking a better (aforementioned) map with 5 channels,
and checking the least extreme case, namely, with 𝜅 = 4,
then we get MTTR = 22 with a mean of 15.4. The MTTR
is somewhat better than that of MtQS-DSrdv, but the mean is
similar. However, with 𝜅 = 3, MTTR is 23 (5 times) andmean
19, which is already worse than the asymmetric channel set
with 3 and 5 channels’ combination of maps of MtQS-DSrdv
(3–5 in Table 3).

In [30], the metric Maximum Conditional TTR
(MCTTR) has been defined which refers to the maximum
TTR between two hopping nodes when PU traffic is present
and at least one channel is available for the two nodes.
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Table 4: MtQS-DSrdv: maximum time-to-RDV performance of 𝜅.

𝑟 ⇒ 𝜅 Υ MTTR 𝜇

MTTR
𝜎

MTTR
𝜇

𝑁ch

3⇒ 2 4 13 (2 so) 7.3 3.2 1.4
4⇒ 2 3 26 (2 so) 15.6 6.6 1.6
4⇒ 3 3 22 (2 so) 12.4 5.3 1.6
5⇒ 2 4 41 (2 so) 25.2 9.5 1.6
5⇒ 3 4 33 (2 so) 19 6.6 1.6
5⇒ 4 4 27 (4 so) 16.4 6.3 1.6
6⇒ 2 5 64 (2 so) 41 15.9 1.7
6⇒ 3 5 55 (8 so) 34 13.8 1.7
6⇒ 4 5 51 (2 so) 30 11.8 1.7
6⇒ 5 5 42 (4 so) 24.2 9.3 1.7
7⇒ 2 6 89 (2 so) 57.7 20.5 1.7
7⇒ 3 6 82 (2 so) 44.4 16.3 1.7
7⇒ 4 6 63 (2 so) 38.3 13.9 1.7
7⇒ 5 6 57 (2 so) 31 11.7 1.7
7⇒ 6 6 53 (2 so) 26.8 9.9 1.7
8⇒ 2 7 118 (2 so) 73 25.6 1.8
8⇒ 3 7 101 (2 so) 57 21.4 1.8
8⇒ 4 7 101 (2 so) 47.8 19.8 1.8
8⇒ 5 7 93 (2 so) 39.7 16.4 1.8
8⇒ 6 7 93 (2 so) 35.6 15.3 1.8
8⇒ 7 7 86 (2 so) 33 14.9 1.8

Table 5: A-MOCH [30] in SCHv (𝑟, 𝑛) = {(2, 4), (3, 9), (4, 16),
(5, 25), (6, 36), (7, 49), (8, 64)}.

# Υ MTTR 𝜇

MTTR
𝜎

MTTR
𝜇

𝑁ch

2 3 3 (4 times) 3 0 1
3 7 7 (9 times) 7 0 1
4 13 13 (16 times) 13 0 1
5 21 21 (25 times) 21 0 1
6 31 31 (36 times) 31 0 1
7 43 43 (43 times) 42 0 1
8 57 57 (57 times) 57 0 1

MCTTR of A-MOCH is at least 𝑁2 (𝑁 denotes the number
of channels), thus, with 5 channels MCTTR = 25, and with
8 channels MCTTR = 64. Coming back to our protocol,
if we know that only one channel is incumbent-free for a
long period of time (such information can be obtained for
instance from Radio Environmental Maps), and we cannot
visit other channels, then the MCTTR will equal 𝑠, for
example, for 5 channels 𝑠 = 9, for 8 channels 𝑠 = 15.

6.4.3. Comparison with ASYNC-ETCH. In Figures 18 and 19
we show the cumulative channel distribution of A-ETCH [31]
in a hopping period for all shifts with 5 available channels.We
remind that in A-ETCH a hopping sequence 𝑆

𝑖
is composed

of 𝑁 frames (𝑁 denotes the number of available channels),
where each frame is composed of a pilot slot and two
subsequences sub 𝑆

𝑖
. The pilot slots of 𝑆

𝑖
, collected together,

are the channels appearing in sub 𝑆
𝑖
in the same order, thus

|𝑆

𝑖
| = (2𝑁 + 1) ∗ 𝑁; for example, with 5 channels a period

is composed of 55 slots in total since |𝑆
𝑖
| = (2 ∗ 5 + 1) ∗

5 = 55. Figure 18 depicts the case when nodes select the
same sequence, where we show the following sequence (𝑆

0
):

{0, 0, 1, 2, 3, 4, 0, 1, 2, 3, 4, 1, 0, 1, 2, 3, 4, 0, 1, 2, 3, 4, 2, 0, 1,
2, 3, 4, 0, 1, 2, 3, 4, 3, 0, 1, 2, 3, 4, 0, 1, 2, 3, 4 , 4, 0, 1, 2, 3, 4, 0,
1, 2, 3, 4}. Figure 19 depicts the case when one CR selects (𝑆

0
)

and another (𝑆
1
): {0, 0, 2, 4, 1, 3, 0, 2, 4, 1, 3, 2, 0, 2, 4, 1, 3, 0,

2, 4, 1, 3, 4, 0, 2, 4, 1, 3, 0, 2, 4, 1, 3, 1, 0, 2, 4, 1, 3, 0, 2, 4, 1, 3,
3, 0, 2, 4, 1, 3, 0, 2, 4, 1, 3}.

The average TTR (𝜇TTR) is reported to be (2𝑁2+𝑁)/(𝑁−
1) ≈ 2𝑁. Hence, with 𝑁 = 5 we have 𝜇TTR ≈ 11, which is
indeed the case but with two different maps (see Figure 19).
If the pair of CRs selects the same hopping sequence, RDV
is guaranteed in one slot in a hopping period. Using different
sequences RDV is guaranteed in𝑁 slots.

The reader should note that this guarantee does not
happen on all channels, which is clearly noticeable in the
figures. With different maps, there are shifts where RDV
happens on one or two channels. As a consequence, it might
happen that there is indeed RDV guarantee on even 11 or 12
slots of 55 slots, but only on 1, 2, or 3 channels, which is highly
undesirable, especially in the case when these channels are of
bad quality. Moreover, RDV on particular channels is more
random, since it depends on the shift and sequence. To be
more precise, there are 40 shifts where nodes meet on three
channels, but they will never meet on four or five channels
in one hopping period. What Figure 19 also shows is that the
RDV frequency on a channel is alternating from very low
(once or twice) to moderate (5 or 6 times) or to very high
(10 times) with this scheme.

In the case that the nodes select the same hopping
sequence (Figure 18)MTTR is 54 slots with themean value of
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Figure 18: A-ETCH with the same sequences (5 channels).
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Figure 19: A-ETCH with the different sequences (5 channels).

32 slots. An interesting observation is that in this case there
are 14 shifts in which nodes meet on all five channels in one
hopping period, but on the remaining shifts (40) they meet
only on 1 or 2 channels.

We also compare A-ETCH in ACHv, using the order of
maps as in 𝑆

0
and 𝑆
1
(i.e., 𝑖 = 0, 1 in Algorithm 2 from [31]) in

Table 6. The rows without (∗) stand for the case when nodes
select the same maps 𝑆

0
(but of course for a different number

of channels𝑁). The rows with (∗) show results with the same
𝑆

1
map, and finally information with (∗∗) is about selection of

different sequences (𝑆
1
and 𝑆
0
).

One observes that having maps with a different number
of channels, allow nodes to meet always on all channels
in a period. However, the choice of the maps is extremely
influential on MTTR statistics, since it can be much worse

Table 6: A-ETCH in ACHv with 𝑆
0
sequence combinations for𝑁 =

3, 5, 7; (𝑟, 𝑛) = {(3, 21), (5, 55), (7, 105)}.

# Υ MTTR 𝜇

MTTR
𝜎

MTTR
𝜇

𝑁ch

3–5 8 36 (9 times) 21 9 3.6
(∗) 3–5 8 18 (20 times) 14 4 3.6
(∗∗) 3–5 6 12 (19 times) 10 2 3.6
3–7 15 51 (25 times) 38 10 5
(∗) 3–7 15 26 (60 times) 24 3 5
(∗∗) 3–7 9 24 (25 times) 17.5 4 5
5–7 19 79 (14 times) 44 20.4 3
(∗) 5–7 19 40 (8 times) 26.5 8 3
(∗∗) 5–7 10 17 (48 times) 14 3 3

than that of MtQS-DSrdv (the case without star, i.e., 𝑆
0
maps

combinations), similar to that of MtQS-DSrdv (the case with
(

∗
), i.e., 𝑆

1
maps combinations), and better than that ofMtQS-

DSrdv (combination of 𝑆
1
and 𝑆
0
maps).Hence, the algorithm

from [31] has room for improvement, especially in the case
while nodes have the same channel view (SCHv), sinceTTR ≈
2𝑁 is definitely not sufficient if nodes meet on one or two
channels while having much more in a set. In ACHv there
is a need for a kind of avoidance of the selection of the
same sequence in order to improve TTR statistics. Finally, the
algorithm assumes that 𝑁 must be prime, but it can be also
generalized for a nonprime𝑁.

6.4.4. Comparison with Balanced Incomplete Block Design-
Based RDV Approach. In order to guarantee RDV the Bal-
anced Incomplete Block Design (BIBD) (a BIBD [35] is
an arrangement of 𝑣 distinct objects into 𝑏 blocks, so that
each block contains exactly 𝑘 distinct objects, each object
occurs in exactly 𝑟 different blocks, and every pair of distinct
object 𝑎

𝑖
, 𝑎

𝑗
occurs together in 𝜆 blocks. A BIBD has five

parameters {𝑣, 𝑏, 𝑟, 𝑘, 𝜆} so that 𝑏𝑘 = 𝑣𝑟 and 𝑟(𝑘 − 1) =
𝜆(𝑣 − 1). While 𝑣 = 𝑏, and then 𝑘 = 𝑟 then such BIBD
is called symmetric using three parameters {𝑣, 𝑘, 𝜆}) feature
has been used in [29]. With two available channels a BIBD of
{7, 3, 1} is used in [29]. In order to have an RDV guarantee
for multiple channels, all channels 𝐶 are divided into two
groups, 𝐺1 = {1, 2, . . . , 𝐶/2} and 𝐺2 = {𝐶/2 + 1, (𝐶/2) +

1, . . . , 𝐶}. Each group is assigned to a different BIBD state;
for example, BIBD of {7, 3, 1} has {1, 1, 0, 1, 0, 0, 0}. Hence,
we obtain {𝐺1, 𝐺1, 𝐺2, 𝐺1, 𝐺2, 𝐺2, 𝐺2}. Each group is divided
into two subgroups, for example, 𝐺1 = {𝐺1.1, 𝐺1.2} and
𝐺1 = {𝐺2.1, 𝐺2.2}. Afterwards, each subgroup is assigned
again to a different BIBD state; for example, using the same
BIBD sequence, 𝐺1 is assigned into {𝐺1.1, 𝐺1.1, 𝐺1.2, 𝐺1.1,
𝐺1.2, 𝐺1.2, 𝐺1.2} and 𝐺2 into {𝐺2.1, 𝐺2.1, 𝐺2.2, 𝐺2.1, 𝐺2.2,
𝐺2.2, 𝐺2.2}. The steps (iterations) are repeated until each
channel has a subgroup.This algorithm is indeed very simple,
and it is very easy to form an RDV sequence using, for
example, the same BIBD sequence. However, one must note
than there are also shortcomings of this scheme; first, it is not
a problem to assign 2𝑠 channels where 𝑠 = {1, 2, 4, 5, . . .}, since
this number of channels is easy to divide multiple times in
groups according the aforementioned algorithm. However, if
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𝑛 = {3, 5, 6, 7, . . .}, some of the channels must be assigned to
both leaf groups (the final last subgroups) in order to form a
symmetric BIBD satisfying intersections of all channels in all
blocks (RCP using QS context). Moreover, the 𝑐𝑦𝑐𝑙𝑒 of such
sequences increases very fast. In [29] it is stated thatMTTR =
𝑣

𝑖, where 𝑣 is the number of building blocks (slot offsets or
shifts), where 𝑖 is the number of building iterations of this
sequence and 𝑖 = log

2
𝐶 (𝐶 number of channels). Therefore,

with two channels we have MTTR = 7 for aforementioned
example of BIBD ({7, 3, 1}), with four channelsMTTR = 72 =
49, with eight channels MTTR = 73 = 343, and with sixteen
channelsMTTR = 74 = 2401. MTTR is also equivalent to the
size of the whole sequence, that is, the size of a 𝑐𝑦𝑐𝑙𝑒; that is,
with sixteen channels the sequence has 2401 slots!

Both protocols, MtQS-DSrdv and BIBD based, guarantee
RDVon all channels in the period defined by the correspond-
ing approach. If we compare in terms of MTTR, for example,
the case with available 4 channels, the cycle of MtQS-DSrdv
is much lower (28 instead 49 slots) and MTTR is also much
lower, 18 slots with a mean of 10 slots, instead of 49 slots;
the case with 8 available channels, the cycle of MtQS-DSrdv
is significantly lower (120 instead of 343 slots) and MTTR
significantly lower, 86 slots with a mean of 29 slots, instead
of 343 slots.

Analyzing BIBD approach in the case with heterogeneous
spectrum availability, for example, with one node with 4
available channels and the other with 8 available channels,
we observe than nodes still meet on four channels of the first
node, with MTTR equal to 172 slots, whereas with MtQS-
DSrdv we have MTTR of 51 slots with a mean of 29 slots,
which is significantly better than the BIBD approach.

7. Conclusion and Future Work

In this work we evaluated a torus-QS- and DS-based ren-
dezvous protocol while having symmetric and asymmetric
channel views. We showed that the heterogeneous spectrum
availability does not decrease the performance of our RDV
protocol, since nodes either can still meet on all available
common channels in each period, or they meet multiple
times on the visited common channels. MTTR is bounded
and usually being smaller than half of a larger period. We
have also shown that our algorithm is more efficient and
more stable in comparison with the related approaches. We
pointed out that a small MTTR value is not sufficient if CR
nodes do notmeet onmultiple channels in a sequence period,
since we cannot provide the reliable performance in CR ad
hoc networks due to an easier link breakage caused by the
appearance of PU signals. In the future work we will address
underlying MAC protocol and will implement the proposed
protocol on a CR platform.
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Geographically distributed applications in grid computing environments are becoming more and more resource intensive. Many
applications require the collaboration between different domains, may be independently administrated domains, to exchange
data and share computing and storage resources. This collaboration should be done in a way that maintains the privacy of each
participant domain. This calls for new architectures and approaches to deal with such multidomain environments. We propose
a hierarchical-based architecture as well as multidomain hierarchical resource allocation approach. The resource allocation is
performed in a distributed way among different domains such that each participant domain keeps its internal topology and
private data hidden while sharing abstracted information with other domains. Both computing and networking resources are
jointly scheduled while optimizing the application completion time taking into account data transfer delays. Simulation results
show the scalability and feasibility of the proposed approach.

1. Introduction

An increasing number of scientific and enterprise applica-
tions are becoming dependent on high performance com-
puting (HPC) environments. In general, these applications
are computation- and communication-intensive as they
process very large amounts of datasets. The datasets of the
applications and the resources required are geographically
distributed across the grid.

The grid is an interconnected multidomain environment
where each domain consists of computational, storage, and
communication resources grouped together for business
or administrative reasons. Each domain is independently
administrated and is free to deploy different technologies.
Meeting resource requirements of HPC applications gener-
ally requires allocating resources across a number of grid
domains without sacrificing domain security or privacy
requirements. This calls for novel multidomain scalable and
reliable grid architectures, mechanisms, and algorithms that
keep the balance between integration and privacy.

In general, grid systems should maintain scalability,
reliability, domain privacy, and integration requirements.

a scalable grid system implies maintaining acceptable per-
formance as the number of domains increase and as the
workload on the system intensifies. Reliability implies the
ability of the architecture to recover from resource failures in
acceptable time. Grid resource integration is a basic concept
in grid computing systems that results in better overall
system performance and resource utilization. The privacy of
a grid domain must be maintained in for confidentiality and
commercial competition.

In this paper, we propose hierarchical-based architec-
ture. Hierarchical architecture is typically used to handle
scalability and privacy problems [1]. The proposed hierar-
chical architecture helps in keeping domain privacy while
integrating with other domains. For each domain, different
computing and networking resource parameters including
internal topology and resource status information are kept
internally, while abstracted values for these parameters are
shared with other domains. The abstracted values are to be
sent to a higher level resource manager to help in taking
the resource allocation decisions at the interdomain level.
A multidomain hierarchical resource allocation approach is
used for resource allocation.
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The multidomain hierarchical allocation approach is
carried out in a distributed manner. Each domain executes
intradomain coallocation algorithms to allocate its own
resources. Moreover, different domains coordinate with
each other for resource allocation at the interdomain level
and over all hierarchical levels. The approach relies on
coallocation algorithm that jointly allocate computing and
networking resources considering both data execution and
data transfer times. We focus on a computation- and
communication-summarized in section intensive applica-
tion where data is stored at different sites across multidomain
network and can be divided into independent subsets to
be processed in parallel at different locations. This type of
application is called Divisible Load application.

The rest of the paper is organized as follows: related work
is summarized in Section 2. The proposed architecture is
described in Section 3, while the multidomain hierarchical
resource allocation approach is explained in Section 4.
Experiments setup is explained in Section 5, while results and
discussions are provided in Section 6. Finally, conclusions are
offered at the end of the paper.

2. Related Work

Resource allocation in high performance grid computing
is an area of ongoing research and development. Many
researches were conducted illustrating the joint allocation
approach and showing the advantage of it over the separated
one [2–6]. Most of these efforts assume a centralized resource
manager that has a complete vision of network topology
as well as networking and computing resources status.
This assumption is not valid for large-scale worldwide grid
networks. Practically, grid network comprises geographically
distributed heterogeneous resources interconnected by mul-
tidomains networks. Each domain is managed by a local
domain grid manager that is usually not willing to share its
internal domain information to others due to security and
business confidentiality reasons. Moreover, maintaining and
managing, in one centralized location, dynamic data coming
from heterogeneous resources located in multidomain envi-
ronments added a serious difficulty to the resource allocation
process. To deal with such multidomain environments,
two solutions were presented in the literature: network
virtualization [5, 7, 8] and harmony [9].

Network virtualization separates logical network, called
virtual network, from the substrate infrastructure net-
work resources by dividing the role of the traditional
service provider into two independent entities: infrastruc-
ture provider, who manages the substrate infrastructure
network resources and service provider, who creates the
virtual network by aggregating network resources from
multiple infrastructure providers to build the network
topology. A number of projects were already developed
providing network virtualization over multiple domains [5,
8].

Using network virtualization as a solution of multido-
main joint scheduling problem in grid computing environ-
ment is proposed in [5]. The authors proposed a virtualized

optical network (VON) service composition framework for
grid applications. Upon application task arrival, the virtual
network topology is generated, and the joint scheduling
starts over the virtualized network. Then, the virtualized
network is release after finishing the task. Using network
virtualization as described in [5] has many drawbacks. Net-
work virtualization is still an evolving technique facing many
challenges and enclosing lots of complexities [7]. Integrating
multidomain joint scheduling problem within the network
virtualization framework increases the complexity of the
system without any clear advantage. One of the major
drawbacks is the proposed virtualized network topology
design. The proposed topology design uses bounds for the
maximum amount of the expected traffic to calculate the
minimum bandwidth to be reserved. This topology design
does not take into account the availability of computational
resources. It is not acceptable to consider just the expected
traffic bounds while designing a topology that will be used
in joint computing and networking resource scheduling.
Ignoring computational resources capacity and availability
may affect the overall performance significantly specially in
computational intensive applications.

Harmony [9] is the network resource brokering system
in Phosphorus Research Project [10]. The objective of Phos-
phorus project is to provide on-demand and end-to-end
provisioning of computing and networking resources in mul-
tidomain and multitechnology environments. The workflow
when a grid task received is as follows. After the authenti-
cation, the availability of the requested resources is verified.
Then, the end-to-end path is allocated in two phases. In the
first phase, the interdomain path is selected by the inter-
domain broker (IDB) module. In the second phase, a Net-
work Resource Provisioning System (NRPS) module in each
independent domain calculates the intradomain path. The
intradomain topology for each domain is totally hidden from
other domains and from IDB. Only border endpoints and
interdomain links are exported. The organization of IDBs
can be done in centralized, hierarchical, and distributed
manner.

The proposed Harmony system for multidomain reser-
vation is promising. It shows how different domains can
interact to provide end-to-end connectivity and allocate
the required networking resources, while maintaining the
confidentiality for each domain. The main concern of
this work is the allocation of the networking resource in
multidomain environment, while the joint allocation of the
computing and networking resources is not presented. It is
just stated that they assumed that the computing resources
are scheduled prior to path setup request.

In this paper, we extended the hierarchical architecture of
the Harmony system to jointly schedule both computing and
networking resources in multidomain environment. Each
domain will maintain its structure and topology internally,
while share an abstracted data about its computing and
networking resources status with its Resource Manager
(RM). The RM is similar to IDB in Harmony system
with extended functionality to manage both computing
and networking resources. The RMs are to be arranged in
a multilevel hierarchical architecture. New approaches to
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schedule divisible load applications in such multidomain
hierarchical architecture are to be introduced.

Scheduling divisible load applications in distributed
environments is frequently discussed in the literature. divis-
ible load theory (DLT) has been successfully applied to
parallel and distributed systems, as well as to grid comput-
ing environment [11–13]. Genetic-algorithms (GA)-based
approaches were also proposed to schedule Divisible Loads
[2, 14]. Integer linear programming has also been introduced
to model such problems [13].

3. Proposed Architecture

3.1. Problem Statement. HPC grid computing applications
require heterogeneous and geographically distributed com-
puting resources interconnected by multidomain networks.
Cooperation among domains, without sacrificing domain
privacy, to allocate resources is required to execute such
applications. For example, internal topology information of
a domain should not be revealed to other domains [9].
This calls for a novel and scalable architecture allowing
the integration between domains while keeping the privacy
of each domain is required. We focus on divisible load
applications in multidomain environment where application
data is originally stored in geographically distributed sites
and is divided into independent subsets to be executed
in parallel at distributed data-processing sites. Those sites
belong to different independently administrated domains.
The performance of these applications can be optimized by
concurrent execution of data processing tasks at different
processing sites with different input datasets.

Such applications are modelled as data processing jobs
requiring large logical input dataset, D, of total size L. D
is divided into n physical datasets stored at different data
sources DSk, where k = 1, . . . ,n. Each physical dataset k
has a size Lk, where

∑n
k=1 Lk = L. Those datasets are to be

divided into n datasets to be executed at n different sites, and
assign the required computing and networking resources. We
assume that divisible data can be executed at any site using
the same data processing algorithm.

The optimization (scheduling) problem is to minimize
the maximum completion time by deciding on portions of
datasets to be executed at each site (either executed at sites
belonging to the same domain or different domains) and
assigning necessary inter- and intradomain computing and
networking resources.

3.2. Hierarchical Architecture. Hierarchical architecture is
typically used to handle scalability and privacy problems
[1]. In hierarchical architecture, sites with storage and com-
puting resources are organized into different interconnected
subnetworks (domains). A domain consists of a number
of interconnected sites. A RM manages and maintains
topological and state information about different computing
and networking resources in a domain. The process of
grouping sites (at one hierarchy level) into logical domains
and abstracting such domains via a RM (at the next higher
level) is done at all levels of the hierarchy (see Figure 1).

RM-0 RM-2 RM-1

Domain 0 Domain 1Domain 2

Level 1

Level 2

Level 0

Root
RM

Figure 1: Two levels of hierarchical grid architecture.

Figure 1 shows a screenshot for a two levels hierarchical
grid architecture. Level-0 nodes (square shape) represent
data-processing sites, for example, computing clusters, or
super computers containing storage and processing capabil-
ities. Different sites and links have different computational
and networking capabilities. Different sites are grouped into
domains. This does not violate the special case by which
single site can be considered as a domain. Each domain is
managed by a level-1 RM (circular shape). Vertical line rep-
resents dedicated control channels between level-1 RM and
the corresponding domain sites. Level-1 RMs are grouped
into domains. Level-1 domains are managed by Level-2 RM
which aggregates the collected information by level-1 RMs.
In this two levels example, Level-2 RM is known as the root
RM.

Level-0 horizontal links presents inter- and intradomain
links available for data transfers. Level-1 horizontal links
connecting level-1 RMs are virtual links. Virtual links
represent the aggregated topology of the corresponding level-
0 interdomain links, by which Level-0 interdomain links are
aggregated and represented by level-1 links. The capacity
of level-1 virtual link is the summation of the capacities
of the corresponding level-0 interdomain links. At each
level in the hierarchy, networking and computing resource
status information is aggregated by the corresponding RM,
abstracted and sent to parent RM. Within this architecture,
we assume the following.

(i) RMs are connected to each other and to physical sites
with fault tolerant connections (control channels).

(ii) Due to privacy considerations, complete data for each
site, including its internal topology and static and
dynamic resource status data, is available only for its
domain RM.

(iii) An RM shares border end points and interdomain
links data for its managed domain with its parent
RM.

(iv) An RM maintains complete vision for the sites
connected directly to it, and summarized vision
(abstracted parameters) of the sites managed by its
children RMs.
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4. Multidomain Hierarchical Resource
Allocation Approach

The resource allocation is carried out in a distributed manner
at RMs from different domain and different hierarchical
levels. The first step starts by executing resource coallocation
algorithm at the root RM with the objective of achieving load
balance and minimizing the application completion time.
The algorithm defines interdomain data transfer requests.
In the following step, the data transfer requests are sent
down the hierarchy to children RMs. Children RMs apply
intradomain resource allocation algorithm to allocate their
own resources independently. This step is repeated down
the hierarchy until the data transfer requests reaches Level-
0 sites. If a RM couldont find enough resources to fulfil the
requests, a relocate message is to be sent up the hierarchy to
its parent RM to relocate the request load to another RM.

The process starts, as the system receives a job request for
divisible load application, at the root RM, assumed at level k.
The RootRM calculates the level k−1 RMs that have enough
resources to meet application request. The rootRM defines a
list of data transfer requests for each of the level k−1 RM that
is expected to participate in serving the application request.
Each data transfer request is defined by five components:
source, destination, value-to-transfer, path and start-time.
The source is a node with a number of datasets (equals to the
value-to-transfer) to be executed remotely at the destination.
Those datasets should be sent at a certain time (start-time)
and should follow a certain path. The path is defined as a
number of links connecting source and destination nodes. At
level k−1, the RMs schedule their resources according to the
requests by their parent RM. This process is repeated at each
level in the hierarchy until Level 0 sites receives the resource
allocation requests. This completes the scheduling process.

For example, consider the grid architecture introduced
in Figure 1. The resource allocation is done first at root RM,
which defines a list of data transfer requests. Assume that one
of the defined requests is source = RM-0, destination = RM-
1, start time = 40 s, value-to-transfer = 20 datasets, and path =
RM-0⇒RM-2⇒RM-1 (the interdomain path). This request
is to be sent to all the RMs involved in this task (RM-0,
RM-1, and RM-2). Then, the scheduling starts at those RMs
to allocate the required internal resources to complete those
requests and provide end to end connectivity. The scheduling
at each of the three RMs results in new lists of requests. Those
lists are to be sent to the sites at level 0.

The detailed algorithm at each RM is comprised of the
following three steps, described in the following subsections.

4.1. Handling Parent Data Transfer Requests. The process at
a level j RM starts by receiving a list of data transfer requests
from its parent RM at level j + 1. Those requests should
be handled first by allocating the necessary computing
and networking resources. A resource allocation greedy
algorithm is called to allocate the needed resources. This
greedy algorithm will be explained in Section 4.3. The RM
defines the set of need computing and networking resources
according to its role in parent request. Generally, the RM can

play one of the following roles: source role, destination role,
and transit role.

(i) Source Role. If the data transfer request defines the
RM as a source node, then a number of datasets,
equals to the value-to-transfer, should be sent out
of the domain managed by this RM to a Predefined
interdomain link at, or before, task start-time. The
RM should allocate the required internal networking
resources to transfer the task data to the border node
connected to the predefined interdomain link.

(ii) Destination Role. If the data transfer request defines
the RM as a destination node, then the domain
managed by this RM expects a certain number of
datasets to arrive to a certain border node through
a certain interdomain link. The required computing
and networking resources should be assigned to
execute or analyze the coming data internally.

(iii) Transit Role. If the data transfer request defines the
RM as a transit node (one of the intermediate nodes
defined in the path field of the request), then the
managed domain expects a certain amount of data to
arrive to a certain border node and the same amount
of data to send out from another border node. The
RM should provide the internal networking resources
to connect those two border nodes to complete the
interdomain path end to end connectivity.

4.2. Optimal Load Distribution Calculation. Allocating the
necessary resources to handle parent request may result in
unbalanced-load distribution among different computing
units. Therefore, load balancing is needed to ensure that the
computing units in the participant sites (or domains) will
finish the load processing at the same time. Assuming n sites,
Li, for all i ∈ 1, . . . ,n defines the current load distribution
(before load balancing). The objective of the load balancing is
to define the optimal load distribution αi, for all i ∈ 1, . . . ,n.
αi defines the number of datasets that should be allocated for
each site i for optimal load distribution. Different algorithms
could be used to calculate the optimal load distribution.
in this paper, we will use Network Aware Divisible Load
Algorithm (NADLA) [15]. NADLA is a simple, light-weight
and fast load balancing algorithm based on divisible load
theory. It considers network availability and connectivity
while deciding on load distribution.

4.3. Resource Allocation Greedy Algorithm at Each RM.
After defining the optimal load distribution, a set of data
transfer requests should be defined to execute the new
load distribution, and different computing and networking
resources should be allocated. The resource allocation greedy
algorithm (Algorithm 1) is used to define the requestlist
(the set of data transfer requests). The algorithm starts
with an empty requestlist (step 1). Then, the difference
between the optimal load distribution αi and the current load
distribution Li is calculated for each site i. This difference
represents the portions of data to be transferred to/from each
site i. This value can be positive, negative, or zero. Positive
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1: Set RequestList = {}
2: Calculate αi − Li,∀i ∈ 1, ...,n
3: whileαi − Li /= 0,∀i ∈ 1, ...,n do
4 : Set dest = i, such that (αi − Li) is max
5 : Set SourceList = {i},∀i ∈ 1, ...,n&αi − Li ≤ 0
6 : for each source ∈ SourceList do
7 : Calculate Pathsource,dest and

PathWaitingTimesource,dest
8 : end for
9 : Select source from SourceList such that

PathWaitingTimesource,dest is minimum
10 : Set ValueToTrans f er = min[abs(αsource −

Lsource), abs(αdest − Ldest)]
11 : RequestList+ = newTask(source,dest,

ValueToTras f er,Pathsource,dest ,Trans f erTime)
12 : Set Lsource− = ValueToTrans f er
13 : Set Ldest+ = ValueToTrans f er
14 : Update links with the new reservations
15: end while
16: Populate RequestList

Algorithm 1: Resource allocation greedy algorithm.

values mean data sink site (destination receiving data to be
executed internally), while negative values mean data source
sites (sites containing extra-data to be executed in remote
site).

The algorithm iterates until the current load distribution
equals to the optimal load distribution at all sites. In
each iteration, the dest site is selected first as the less
loaded site; αi − Li is maximum. Then, a SourceList list
is defined containing all sites having extra-load; αi − Li is
negative. The source site is selected from this list with the
objective of minimizing the path waiting time. The shortest
paths between the dest site and each site in the SourceList
are calculated, and the site with minimum path waiting
time is selected. A new data transfer request is added to
the RequestList. Finally, the source and destination Loads
(Lsource and Ldest) and Links schedules should be updated
accordingly.

5. Experiment Setup

Simulation experiments were conducted to evaluate the
performance of proposed architecture as well as the mul-
tidomain resource allocation approach. A wide range of dif-
ferent parameters was considered to cover different network
topologies, application types, and algorithms. Up to 10 runs
are carried out for each experiment and their results are
averaged for 95% confidence intervals.

Simulations were conducted using OMNET++ network
simulator (http://www.omnetpp.org/). OMNET++ is a C++
open source discrete event simulator. OMNET++ is highly
modular and well-structured simulator. It provides realistic
and accurate network models for different protocols and
architectures. We developed our own modules to support

multilevel hierarchical architecture and grid computing
functionality.

Different network topologies were generated with a
wide range of parameter variations matching the network
architecture proposed in Section 3.2. Different network sizes,
the number of level 0 sites, were considered, varying from
16 sites up to 1000 sites. Sites were grouped into domains
to construct multilevel hierarchies up to 5 levels. Networks
with different average node degree d: the number of links
connecting this node to other nodes, were considered. The
average node degree values are varying from 2 to 8. Different
bandwidth values for interdomain and intradomain links
were considered.

Moreover, different application load sizes were examined
starting from an average of 25 datasets per source site
to 3000 datasets per site, while the unit dataset size was
fixed to be 1 Gbit. As the datasets per source site increases,
the application becomes more data-intensive. Different
applications may have different processing capacities (time
to process a unit dataset) even on the same site. As the
processing capacity increases, the application goes to be more
computationally intensive. In our simulations, we considered
three application categories: data intensive applications,
intermediate applications, and computationally intensive
applications. To differentiate between those three categories,
the average site processing capacities is set to 5, 25, and 100
second/unit dataset for the three categories, respectively.

The following metrics have been used to evaluate the
performance of the hierarchical scheduling as well as the
proposed architecture.

(i) The application completion time, which is the max-
imum task completion time over all the sites. It is
measured from the task arrival time, until the last site
finishes data processing.

(ii) Scheduling time, which is the time consumed inside
the RMs to come to a decision on scheduling and
resource allocation. For hierarchical scheduling, the
scheduling time is calculated as the summation of
scheduling times over all RMs.

(iii) Standard Deviation in resource utilization (SD), which
is a metric of the system load balancing by measuring
the variations in resource utilization. It is calculated
as the standard deviation in resource utilization for
both links and computing resource units. Resource
utilization is calculated as the percentage of time by
which the resource is busy, so the SD is calculated as a
percentage. SD = 0% reflects optimal load balancing,
that all the resources are utilized equally.

6. Results and Discussion

6.1. Hierarchical versus Centralized. The hierarchical and
centralized architectures are compared for different network
sizes varying from 16 sites network up to 1024 sites network.
The number of hierarchical levels is fixed to two levels for all
hierarchical networks; also the average node degree is fixed
to 4.
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Figure 2: Hierarchical versus centralized for different network sizes.

Figure 2(a) shows the application completion time for
both centralized and hierarchical architectures. It is clear that
for small size networks (16,25 & 36 sites) the two architec-
tures results in almost the same application completion time.
As increasing the network size the centralized architecture
results in significant increase in the application completion
time, while the hierarchical architecture results in slight
increase in the application completion time.

The scheduling time for both architectures, shown on the
y-axis in Figure 2(b), (log scale is used for the y-axis for
better visualization of results). For hierarchical architecture,
two values for the scheduling time were measured: the total
scheduling time and the actual scheduling time. The total
time is measured as the summation of the scheduling task
times in all the RMs, while the actual time is the actual task
scheduling time by considering that the RMs at the same level
are running in parallel. This is one of the advantages of the
hierarchical architecture, that the scheduling is distributed
among a number of RMs running in parallel, which results
in significant deduction in scheduling time. As shown in
Figure 2(b), the hierarchical architecture outperforms the
centralized one for the scheduling time.

A significant reduction in the scheduling time is measured
when using the hierarchical one especially for large size
networks when compared to centralized architectures. The
reduction is around 90% for small size networks (16 & 25
sites networks), while it reaches around 98% for large size
networks (1024 sites network). This comes at a specific cost
that will be discussed below. The scheduling time for cen-
tralized architecture increases significantly as increasing the
network size. For example, as increasing the number of sites
from 25 to 49, the scheduling time increases by a factor of 2,
while increasing the number of sites from 400 to 1024 results
in increase by a factor of 5. On the other hand, for hierarchi-
cal architecture, the scheduling time increases by a factor of
1.65 while increasing the number of sites from 400 to 1024.

6.2. Effect of Hierarchy Depth. To evaluate the effect of the
depth of hierarchy, different networks with fixed number
of sites (250 site) were used while varying the number of
hierarchical levels from 2 to 5. The depth of the hierarchy
is evaluated for the three application categories and the
results are shown in Figures 3(a), 3(b), 3(c), and 3(d). It
is shown in Figure 3(a) that application completion time
is not affected by increasing the depth of the hierarchy
for networks with different hierarchical levels. Figure 3(b)
shows a decrease in the scheduling time as increasing the
depth of the hierarchy for the three application categories. In
addition, a small decrease in the standard deviation in links
utilization is reported (Figure 3(c)). This means better load
balancing among different links as increasing the depth of
the hierarchy. Figure 3(d) shows no notable change in the
standard deviation in computing units utilization as increasing
the depth of the hierarchy.

Those advantages in scheduling time could be verified
analytically. The time of the scheduling algorithm executed
at each RM depends mainly on the number of sites in the
managed domain. Assuming that we have a total of N sites
grouped into domains in L hierarchical levels. Then, the
number of nodes in each domain follows the exponential
function N1/L. Then, the scheduling time at each RM will
follow the same function and decrease exponentially with
respect to the number of levels. Assuming that all the RMs
at the same level are running in parallel, then the actual
scheduling time equals to the result of multiplying the
scheduling time at one RM by the number of levels.

Those advantages in the scheduling time as using the
hierarchical architecture as increasing the depth of the
hierarchy come at the cost of increasing the control overhead.
Increasing the depth of the hierarchy increases the required
number of RMs to manage the system for networks with
the same size. For example, increasing the depth of the
hierarchy from 2 to 5 increases the number of RMs by
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Figure 3: The Effect of depth of hierarchy for different application categories.

a factor of 7. Controlling and maintaining this hierarchical
structure increases the cost and complexity as increasing the
number of RMs. This increases the control overhead and
communication complexity. In [1], a study of a hierarchical
routing protocol reported a notable increase in path setup
time and communication overhead as increasing the depth
of the hierarchy.

6.3. Effect of Node Degree. To study the effect of average
node degree (d), networks with different sizes and average
node degrees were considered. As shown in Figure 4(a), for
small size network (25 sites network), no significant change
in application completion time is reported as increasing the
average node degree, while for larger size networks (64, 144
& 400 sites networks), a notable deduction in application
completion time is reported while increasing the average node
degree from 2 to 4. Increasing the average node degree
more than 4 results in no notable improvement in the
application completion time for all the tested network sizes.
Figure 4(b) shows a very small increase in scheduling time as
increasing the average node degree. Those results can help in
network dimensioning problem to select the optimal value

for the average node degree that reduces the application
completion time, while minimizing the number of links. The
dimensioning problem is out of scope of this paper and may
be considered in the future.

7. Concluding Remarks

The proposed hierarchical architecture as well as the mul-
tidomain hierarchical resource allocation approach provided
a novel solution for the joint resource allocation prob-
lem in multidomain grid environments. The hierarchical
architecture maintained the scalability and privacy of the
grid system. The proposed architecture helped in keeping
the domain privacy while integrating with other domains.
Domain internal topology and resource status information
were kept internally, while sharing abstracted parameters
with other domains. The multidomain hierarchical resource
allocation approach was carried out in a distributed manner
where each domain executes intradomain joint scheduling
algorithm to schedule its own resources. Moreover, the
process involved coordinating the resource allocation at the
interdomain level and over all hierarchical levels.
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Figure 4: Effect of average node degree for different network sizes.

Simulations were conducted to evaluate the performance
in terms of application completion time, scheduling time,
and resource utilization for different network topologies,
application types, and algorithms. The proposed hierarchical
architecture proved its scalability and feasibility. Increasing
the hierarchical depth results in better scheduling time
and load balancing. Those advantages came at the cost of
increasing control overhead. In the future, other research
work will be conducted based on the proposed hierarchical
architecture and hierarchical resource allocation approach.
Analysing and evaluating different aggregation procedures
is one of our future goals. In addition, introducing fault
management mechanism will be considered.
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Virtual network embedding (VNE) is a key area in network virtualization, and the overall purpose of VNE is to map virtual
networks onto an underlying physical network referred to as a substrate. Typically, the virtual networks have certain demands,
such as resource requirements, that need to be satisfied by the mapping process. A virtual network (VN) can be described in terms
of vertices (nodes) and edges (links) with certain resource requirements, and, to embed a VN, substrate resources are assigned to
these vertices and edges. Substrate networks have finite resources and utilizing them efficiently is an important objective for a VNE
method. This paper analyzes two existing vertex mapping approaches—one which only considers if enough node resources are
available for the current VN mapping and one which considers to what degree a node already is utilized by existing VN embeddings
before doing the vertex mapping. The paper also proposes a new vertex mapping approach which minimizes complete exhaustion
of substrate nodes while still providing good overall resource utilization. Experimental results are presented to show under what
circumstances the proposed vertex mapping approach can provide superior VN embedding properties compared to the other
approaches.

1. Introduction

Internet is being utilized to provide a wide range of services.
Over a period of time (which is not too long), it has become
vital component/core architecture to provide services for
global commerce, media, and defense [1].

In spite of the success attributed with the current
Internet, it has some flaws which need to be addressed.
The “everything over IP” [2], as well as “best-effort” packet
delivery does not suit all the services being provided on
current Internet, whereas security, routing stability, and
control and QoS (quality of service) guarantees are also some
of the major concerns [1].

However, there are many limitations/obstacles in over-
coming the above mentioned flaws. Some of these include
appropriate changes in routers and host software, as
well as joint agreement of all the ISPs on any archi-
tectural change [3]. Capital investment, competing inter-
ests of stakeholders as well as end-to-end design of
IP, calls for a worldwide agreement to introduce any

changes [1]. Since, it is very rare that a single ISP con-
trols complete end-to-end path, new services have only
been employed/tested within small geographic locations
[4].

The challenges/requirements to overcome the Internet
impasse/ossification were outlined in [3–5]. Requirements
mentioned in [3] include, ease of experimentation with
new architectures on live traffic, provisioning of a plausible
deployment path for an architecture, and focusing of an
architectural solution on a broad range of problems. The
challenges described in [4] are, discovering the resources
of a physical infrastructure, assigning virtual networks to
underlying physical networks, and accounting of resources.
Isolation, performance, scalability, flexibility, evolvability,
management, and applications were the challenges identified
for new generation network architectures (future network)
in [5].

Network virtualization is at the heart of proposals for
addressing the Internet ossification [1, 3, 4]. It can be
utilized in experimental research facilities [6–8] as well as in
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provision of customized end-to-end services over a shared
infrastructure [1, 4].

A primary feature of the future Internet would be
to assign substrate network resources to the requested
virtual networks. Therefore, virtual network embedding
(VNE) is the key area in network virtualization. In order
to embed/assign/map a virtual network onto the sub-
strate/physical network, each virtual node is mapped to
a physical node and each virtual link is embedded on a
substrate path. A number of virtual networks (VNs) can
be deployed on top of the physical network (or substrate),
depending on the capability of the substrate and the demands
of VNs.

Virtual network embedding (VNE) problem is NP-hard
[9, 10] where several constraints need to be satisfied. In order
to map a VN onto the substrate, requirements of both its
vertices as well as edges should be fulfilled. In addition to
this, VNs can arrive at different times, in any order and can be
based on any standard network topology (e.g., star, bus, ring,
or mesh). The substrate network also has a limited amount
of resources. Thus, we need to embed or map a VN with
resource constraints onto the substrate network (SN) which
has finite resources.

In this paper, we evaluate three different vertex mapping
approaches for VNE. Our first approach deals with mapping
virtual vertices onto any available substrate nodes which can
satisfy their demand. This method does not take into account
the possibility of a node becoming bottleneck at the time
of mapping a VN’s vertex, is named as baseline approach
(BLA), and was presented in [11]. Second approach is
focused on mapping virtual vertices to the substrate nodes
with maximum resources, is called as greedy node mapping
(GNM), and was presented in [9]. The advantage of using
GNM is that it can minimize the use of substrate resources
from bottleneck nodes. Drawback of GNM can be that
vertices may get mapped in such a way that more bandwidth
resources may be needed to map a VN as compared to BLA.
Third approach is being proposed in this paper and is named
as HBNRM (hybrid BLA bottleneck node reduced mapping).
Main focus of this new approach is to utilize benefits of both
BLA and GNM while minimizing their disadvantages.

Main contributions of this paper are to evaluate different
vertex mapping approaches and investigate their impact on
VN embedding, how substrate’s nodes become bottleneck
and get exhausted. Resource utilization as a result of mapping
vertices at different substrate locations by three vertex
mapping approaches is also analyzed. In order to thoroughly
investigate the impact of vertex mapping by any approach,
evaluations are done by mapping sparsely and densely
connected VNs on sparsely as well as densely connected
substrate networks. The proposed solution starts with the
hypothesis that it should be possible to avoid complete
exhaustion of node resources at a lesser cost, which can
improve VN embedding possibilities.

Rest of the paper is organized as follows. Section 2
defines the problem while Section 3 presents work done in
the area of VNE. Section 4 describes our solution whereas,
Section 5 presents simulation results. Section 6 concludes the
paper.

2. Network Model and Problem Description

The proposed solution represents virtual as well as substrate
networks as undirected graphs. The substrate network is
represented by S = (N ,AN ,L,AL), whereas the network to
be mapped; that is, the VN is shown by M = (V ,DV ,E,DE).
Notations for describing the VN mapping problem are
summarized in Table 1.

Throughout this document when a reference is made to
a link or node, it means that it belongs to the substrate,
while VN’s link and node will be termed as edge and vertex,
respectively. We consider central processing unit (CPU) as
a resource for nodes and vertices, and bandwidth to be the
resource for edges and links.

Figure 1 shows a substrate network whereas Figure 2
represents a VN request. Notation for describing node and
link capacities is similar to the one proposed in [9].

VN will only be mapped on the substrate if requirements
of each of its vertex as well as edge are satisfied. After map-
ping vertices onto the nodes which satisfy vertex demand,
paths need to be calculated for each pair of nodes in the
VN. Then link resources in the path are compared with the
edge demand. At this point, if the path satisfies edge request,
then VN is completely mapped. After satisfying requests of
vertices and edges of a VN, a residual graph (Sres) is obtained
which contains remaining capacities of nodes and links of the
substrate [12].

In the beginning of VN embedding process, we initialize
residual capacities of nodes and links with the following
actual capacities:

RN = AN ,

RL = AL.
(1)

Therefore, when a node or link is mapping a vertex or an
edge for the first time then, its residual capacity is equal to its
original capacity (rn = an ∧ rl = al) and the vertex or edge
demand (dv or de) is matched with it. After initial mapping
of a vertex or edge is made, the new residual capacity (rn) of a
node (n ∈ N) is obtained by subtracting vertex demand (dv)
from the node resource, whereas remaining capacity (rl) of a
link (l ∈ L) is found by deducting edge request (de) from the
link resource:

rn ←− rn − dv, (2a)

rl ←− rl − de. (2b)

Resources need to be returned to the substrate if, after
mapping initial vertices or edges of a VN, there comes a
point when requirements of a certain edge or vertex cannot
be satisfied. This means that in such a scenario the initial or
base graph (Sbase) is regenerated:

rn ←− rn + dv, (3a)

rl ←− rl + de. (3b)
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Table 1: Notations of VNE problem.

S Substrate network

N Set of nodes belonging to the substrate network

AN Attribute associated with substrate nodes

L
Set of links joining two nodes (ni,nj ∈ N), of the
substrate network

AL Attribute associated with substrate links

PS
m,n

Substrate path from source node m, to
destination node n

M Virtual network

V Set of vertices of virtual network

DV Demand associated with vertices

E
Set of edges connecting two vertices (vs, vt ∈ V),
of the virtual network

DE Demand associated with edges
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Figure 1: Substrate network.

We define the cost of mapping a VN, as sum of overall
substrate resources assigned to its vertices and edges, in the
same way, as previously presented in [13]. Our cost function
is similar to the one given in [13]:

C(M) =
∑

e∈E

∑

l∈L

(
ble
)

+
∑

v∈V
(dv). (4)

A vertex will only be mapped on a single node whereas
an edge can be mapped on a substrate path (PS

m,n) containing
one or more than one links. The term (ble) in (4) indicates
bandwidth allocated to an edge (e ∈ E) from a substrate link
(l ∈ L).

3. Literature Review

This section is divided into two parts. It starts with a
description of constraints associated with VNE, while the
second part describes and categorizes work done in this area.

3.1. Constraints Associated with VNE. The virtual network
embedding problem is NP-hard [9, 10] where several con-
straints need to be satisfied. In addition to vertex and edge
constraints, the VNs can arrive at different times and in any
order whereas substrate resources are also finite. Therefore,
before going through the details of various solutions to the
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Figure 2: Virtual network.

VNE problem, it is necessary to first have a look at the
constraints associated with it.

3.1.1. Node Constraints. Two types of node constraints may
be associated with a VN request.

(i) Capacity. A VN request may be constrained by a certain
amount of resources on its nodes. Nodes of a VN may
require a fixed number of processing or memory resources,
for example, in order to run an experiment, 500 MHZ of
CPU may be required for each virtual node of the VN [9].

(ii) Location. In addition to the capacity, placement of VN’s
nodes may be required in certain locations. This constraint
may be imposed if, VN’s nodes are part of a service
which requires this feature, for example, CDN (Content
Distribution Network), gaming service.

3.1.2. Link Constraints. Two types of link constraints may be
associated with a VN request.

(i) Bandwidth. In order to run an experiment or provide a
service, a VN may require certain amount of bandwidth on
each of its links [9].

(ii) Link Propagation Delay. In addition to the demand of
bandwidth on its links a VN may also be constrained by link
propagation delay, for example, a VN carrying delay sensitive
traffic to provide a service such as QoS (Quality of Service)
[14].

3.1.3. Admission Control. The substrate network has finite
resources on its nodes and links. Admission control process
needs to be implemented for two reasons.

(i) It ensures that demands of newly arrived VNs can be
fulfilled by the substrate.

(ii) Resource allocation made to already mapped VNs is
not violated.

Therefore, VN requests may be rejected or postponed
if the substrate does not have sufficient resources to satisfy
demands of a VN at the time of arrival [9].
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3.2. Virtual Network Embedding Approaches. After going
through challenges associated with the VNE problem, we can
now have a look at how they have been taken care of by
various solutions. Details of such solutions will be given first;
later on Table 2 also depicts this process. Description of each
of these types of solutions is presented below.

3.2.1. Constraints. We consider node capacity, link band-
width, and admission control (defined above) as basic
constraints to the VNE problem. Some solutions to the
VNE problem handle all basic constraints while others only
provide solution to a subset of these constraints.

The solutions presented in [18, 20] do not perform
admission control. Node capacity and admission control
constraint are not considered in [16, 17]. Assuming that
vertex mapping is known in advance, the authors have only
provided solution for edge mapping in [19], that is, they have
not taken care of node capacity constraint.

The approaches presented in [9, 10, 13, 14, 21] take care
of all basic constraints.

3.2.2. Method. In order to embed a VN onto the substrate,
we need to find appropriate mappings for both its vertices
as well as edges. Therefore, the VNE problem can be
decomposed into vertex and edge mapping, and for this,
various approaches can be adopted.

(A) Vertex Mapping
(i) Iterative Method. The iterative method of mapping

VNs onto substrate networks was presented in [16], where
nodes are categorized as backbone and access nodes. In this
method, first backbone nodes are mapped onto the substrate,
then access nodes are connected to backbone nodes and
shortest paths are computed between these nodes, after this,
link capacities are calculated and in the end it is ensured that
the backbone nodes have been mapped optimally.

The vertex mapping approach in [14] can also be
considered to be iterative, as it selects one node (of highest
degree) in each step. The process is repeated for remaining
nodes moving on from nodes with highest to lowest degrees
until all of them get mapped on the substrate.

Vertex mapping approach in [20] divides the entire VN
topology into a set of elementary clusters. The decom-
position of VNs is based on star topology, where nodes
are characterized as hub and spoke. Mapping of a VN is
done sequentially by assigning the decomposed star topology
based VNs to the substrate, one at a time.

(ii) Simulated Annealing. Simulated annealing approach
has been used to find the optimal topology for a given
communication pattern in [17], where the goal is to find
optimal reconfiguration policies.

(iii) Greedy Node Mapping. Greedy node mapping
approach maps vertices on nodes with maximum resources
[9, 10, 18]. The advantage of using this method is to mini-
mize the use of substrate resources at bottleneck nodes/links,
which helps in satisfying the requirements of future VN
requests which demand fewer resources.

(iv) Baseline Approach (BLA). The baseline approach
(BLA) of mapping vertices on any available substrate nodes

which can satisfy their demand (by only evaluating if,
rn ≥ dv) was presented in [11]. VNs embedded using this
approach can incur less cost as compared to GNM. However,
BLA does not take into account the possibility of a node
becoming bottleneck at the time of mapping a VN’s vertex.

(v) Mixed Integer Programming. In [13], the authors have
formulated a solution to the VNE problem by using mixed
integer programming (MIP) formulation. Vertex mapping
in this solution is done by using two techniques. In first
algorithm vertex mapping is done deterministically and is
called D-Vine (deterministic rounding based virtual network
embedding algorithm) while second algorithm does it ran-
domly and is presented as R-Vine (randomized rounding
based virtual network embedding algorithm).

(B) Edge Mapping. The edge mapping approaches can be
devised based on flows. The flows can be categorized as either
unsplittable or splittable.

(i) Shortest Path Mapping (SPM). The shortest path
mapping is a cost efficient approach of mapping edges on
substrate paths. It has been used as a primary approach
for edge mapping in a number of solutions. The solutions
proposed in [14–18, 20, 21] have used SPM for edge mapping
while the one given in [9] also uses it for unsplittable flows.

(ii) Multicommodity Flow. In case of splittable flows, the
multicommodity flow based approach has been used for edge
mapping [9, 10, 13, 19].

3.2.3. VN Requests. Virtual network requests can be either
specified in advance (offline problem) or arrive as part of
a dynamic process (online problem). The solutions given in
[16, 18, 20] solve offline version of VNE problem, while the
ones proposed in [9, 13, 14] solve it as an online problem.

3.2.4. Type of Mapping (TOM). A VN embedding algorithm
may be carried out either in a distributed or centralized
manner. The solutions proposed in [9, 10, 16–18, 21] map
VN requests in a centralized way while the ones proposed
in [15, 20] assign VN requests to substrate networks using a
distributed process.

3.2.5. Adaptability. After VN requests get mapped on the
substrate, a VNE solution may need to provide the feature of
adaptability, that is, respond to variations in either substrates
or VNs. This may be required in either of the following
scenarios.

(i) A user may add new requirements for an embedded
VN request. A set of new candidate resources may need to be
identified in response to the additional requirements.

The above mentioned change in user’s requirements was
taken care of and a solution in this regard was proposed in
[15]. A solution to the problem of dynamically reconfiguring
topology of an overlay network in response to changes in
communication requirements was also presented in [17].

(ii) A physical node/link may be hosting many virtual
nodes/links. In case, a problem occurs with a single physical
node/link then several virtual nodes/links will be affected.
Therefore, the physical/virtual node and link failures should
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Table 2: Solution to VNE constraints and approaches adopted by various proposals.

Reference ABC VN requests OM Adaptability Method Opt obj

C NC Vertex Edge

[9] � ONL Cent PM GNM SPM/MCF MRU

[14] � ONL Cent LF IM SPM MQR

[15] � ONL Dist NLF, CUR IM SPM MAT

[16] NCap, AC OFL Cent NC IM SPM MNC

[17] NCap, AC ONL Cent CUR SA SPM MOUC

[18] AC OFL Cent CNC GNM SPM MRU

[13] � ONL Cent NC D-Vine/R-Vine MCF MARR

[19] NCap OFL Cent NC — MCF MAR

[20] AC OFL Dist NC IM SPM MNC

[21] � ONL Cent NC SA SPM MMT

[10] � ONL Cent Re-opt GNM/ D-Vine/R-Vine SPM/MCF MAR

Where in Table 2—ABC: all basic constraints data, NC: not considered, AC: admission control, OFL: offline, Dist: distributed, LF: link failures, CUR: change
in user’s requirements, IM: iterative method, GNM: greedy node mapping, D-Vine: deterministic rounding based virtual network embedding algorithm, R-
Vine: randomized rounding based virtual network embedding algorithm, MCF: multicommodity flow, Opt Obj: optimization objective, MQR: maximize
quality and resilience, MNC: minimize network cost, MARR: maximize acceptance ratio and revenue, MAR: maximize acceptance ratio, C: considered, NCap:
node capacity, ONL: online, Cent: centralized, PM: path migration, NLF: node and link failures, CNC: change in network conditions, SA: simulated annealing,
SPM: shortest path mapping, TOM: type of mapping, MRU: maximize resource usage, MAT: minimize adaptation time, MOUC: minimize overlay usage cost,
Re-opt: reoptimization, MMT: minimize mapping time.

always be kept into consideration and virtual nodes and links
should be re-mapped if a failure occurs.

An approach to take care of vertex/node as well as
edge/link failures of VNs and substrates, and remap VN’s
vertices and edges on alternate nodes and links has been pre-
sented in [15]. Provision of path resiliency by constructing
alternate one-hop overlay routes via intermediary nodes was
part of the solution proposed in [14].

(iii) The concept of “path migration” by either changing
the splitting ratios of existing paths or selecting new
underlying paths can enable a substrate to accommodate a
newly arrived VN.

The idea of path migration was presented in [9].
(iv) After being mapped, a VN may be reconfigured to be

assigned to a different set of substrate nodes and links upon
arrival of a new VN request.

In [18], a solution termed as “VN assignment with
reconfiguration” has been proposed which states that node
and link assignments to an embedded VN request are not
fixed for its lifetime and may be changed at the arrival of a
new VN request in order to better utilize substrate resources.

3.2.6. Optimization Objective. VNE is a resource constrained
problem and in addition to the main objective of optimizing
the use of substrate resources, proposed solutions for this
problem have focused on several other factors as well.

The solutions proposed in [9, 18] focus on maximizing
the usage of substrate resources, while in [14] the focus has
been on mapping of virtual networks to achieve high quality
and resilience.

In case, a substrate node or link fails, the virtual vertices
or edges mapped on it should be moved quickly enough
(adaptation time should be minimized) to other nodes or
links which can satisfy resource requirements, which was the

objective of distributed fault-tolerant embedding algorithm,
as proposed in [15].

The objective of mapping virtual networks onto a
common substrate in such a way that can enable a network
to support any traffic pattern allowed by a general set of
constraints while minimizing the network cost was presented
in [16].

Using dynamic overlay topology reconfiguration, a solu-
tion was proposed in [17] to minimize the cost of using an
overlay. The two types of costs considered were occupancy
cost and reconfiguration cost.

The objective of maximizing the acceptance ratio and
revenue was achieved by doing coordinated node and link
mapping as presented in [13].

The goal of maximizing the number of accepted VNs by
preallocating resources for nodes and solving link mapping
based on multicommodity flow was proposed in [19].

The objective of minimizing the network cost by map-
ping VNs using a distributed method and in the process
achieving balanced load-sharing among all substrate nodes
was the focus of solution proposed in [20].

The goal of minimizing mapping time was achieved by
using simulated annealing technique and presented in [21].

Table 2 shows how solutions to the VNE problem have
handled challenges associated with it.

4. Hybrid BLA-BNRM Approach (HBNRM)

VN mapping process starts by assigning vertices to nodes,
then proceeds on to find k-shortest paths [22] between each
pair of mapped nodes, and finishes by mapping edges onto
paths that satisfy their demand. Our approach is inspired to
some extent by [9] as we use similar notations to denote
both virtual and substrate networks. However, we use a
different k-shortest paths algorithm [22] than edge disjoint



6 Journal of Electrical and Computer Engineering

paths [9], as it gives us a better choice of mapping an
edge on substrate paths. The proposed approach solves VNE
problem by considering all basic constraints (Section 3.2.1),
handles VN requests online (Section 3.2.3), type of mapping
is centralized (Section 3.2.4) whereas optimization objective
(Section 3.2.6) is to maximize acceptance ratio (MAR). This
section will initially present a description of our vertex
mapping approach and in the second phase, edge mapping
approach will be described.

4.1. Vertex Mapping. First step of the proposed solution
starts by finding candidate nodes of the substrate, which can
map vertices by satisfying their demands. In this phase, each
vertex (v ∈ V ∧ dv ∈ DV ) has to be mapped to a different
node (n ∈ N ∧an ∈ AN ). Several approaches can be adopted
for this purpose and each will affect how VNs get mapped as
well as substrate resources are utilized in the process. In this
paper, two existing (i.e., BLA and GNM) and one proposed
approach (HBNRM) will be evaluated.

Before going through the details of our vertex mapping
approach (HBNRM), it is important to give definition of
bottleneck as well as exhausted nodes.

4.1.1. Bottleneck Nodes (B(N)). The idea to minimize the
use of substrate resources from bottleneck nodes and links
was presented in [9], while, the concept of bottleneck links
was also mentioned in [23]. Nodes and links having lack of
residual capacities to map vertices/edges and hence resulting
in rejection of a VN request were termed as bottlenecks in
[10]. We proposed definitions for bottleneck nodes and links
of a substrate in terms of their capability of mapping vertices
and edges of VNs due to arrive in future in the mapping
process in [11].

We define a node as a bottleneck if, it is unable to map
two vertices (of highest capacity) of future VN requests. In
other words, residual capacity of a bottleneck node is less
than a certain value (rn < valn).

4.1.2. Exhausted Nodes (E(N)). An exhausted node is a
bottleneck node, whose resources get completely utilized
(rn = 0).

We now describe our vertex mapping approach. In future
work of [11] it was mentioned that one possible extension of
that work could be to investigate how the two approaches
(i.e., BLA and BNRM) could be combined in order to
maximize the number of virtual networks that are mapped,
while still avoiding bottleneck nodes. Another objective of
the new approach should be to utilize benefits of both
BLA (baseline approach) and GNM (greedy node mapping
approach) while trying to minimize their disadvantages. In
other words, we should be able to minimize bottleneck nodes
of a substrate (GNM’s advantage) while trying to minimize
the cost to map a VN (BLA’s advantage). We have named this
approach as HBNRM (Hybrid BLA-BNRM) approach which
is presented below.

One important component of HBNRM is the use of node
exhaustion limit (nel) values. Nel is a value which is used
to make sure that a node does not become bottleneck. The

vertex is only mapped on the node if, after mapping, the node
has resources equal to or greater than nel. Nel values are used
according to the rule defined below.

80/50 Rule for NEL Values. We start by using a nel value (valn,
defined above) which ensures that a node does not become
bottleneck after mapping a vertex. This value is increased or
decreased according to the following criteria.

(i) When about eighty percent (80%) of nodes reach the
set nel value in an interval (or request window), it is
decreased to the next level and then same rule gets
applied to the new value.

Experiments have shown that once about eighty
percent nodes reach a set nel value then it may be
decreased otherwise, VNs may get dropped for next
interval even though sufficient node resources maybe
present in the substrate.

(ii) If greater than fifty percent (50%) VNs get dropped
in an interval in early stages of VN mapping process,
then, nel value is increased to the next level.

When VNs get rejected in early stages of map-
ping process then, it could mean that sufficient
node resources are present in the substrate but
link resources have started to exhaust as a result
of mapping vertices on same nodes repeatedly. By
increasing nel value it can be ensured that nodes
which were not selected previously can now be
selected for mapping of new VN requests and as a
result more link resources could be made available.

(iii) If greater than fifty percent (50%) VNs get dropped
in an interval in later stages of VN mapping process,
then, nel value is decreased to the next level.

When VNs get rejected in later stages of mapping
process, then it could mean that link resources have
started to exhaust and a decrease in nel value may
map vertices on different nodes and as a result
some unused links may become available for edge
mapping.

So, nel value is increased or decreased when either of
above conditions occurs. In Section 5.2, we will explain cases
where nel values were increased or decreased and which
condition of 80/50 rule was applied.

Another important point about 80/50 rule is that it can
be modified according to number of VNs considered for an
interval (request window). In this paper, 50 VNs constitute
an interval (request window), if number of VNs are reduced
to 40 for an interval this could change the rule to 85/55.
Similarly if VN requests are increased to 60 then rule might
become 75/40.

The vertex mapping function for HBNRM can be given
as

VM :
(
V ,DV

) −→ (N ,AN
)
.

Subject to
((rn ≥ dv), ((rn − dv) ≥ nelt)).

(5)
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1: Take a VN request.
2: Find a unique substrate node, for every vertex, having sufficient resources to satisfy the CPU demand,
(according to the selected vertex mapping function, BLA, HBNRM, or GNM), start from the vertex demanding most resources.
3: If all the vertices can be mapped at this stage, then, generate residual node capacities according to (2a), else, GOTO 5.
4: Call “edge mapping algorithm.”
5: If this was the last request, then, stop, else, GOTO 1.

Algorithm 1: Vertex mapping.

1: Take the request which has successfully passed the vertex mapping stage.
2: for (each edge in the request) do

2.1: Search k-shortest paths incrementally between pair of vertices connected by the edge
(mapped on nodes by the vertex mapping algorithm).

2.2: Stop searching in above Step 2.1, when either edge demand is satisfied (according to edge
mapping function, SPM) or all paths have been searched.

2.3: If, edge request is not satisfied, then, GOTO 3, else, generate residual link capacities of the
selected path according to (2b) and GOTO 4.

2.4: end for
3: If, this was the first edge of VN, then, return node resources to the substrate according to
(3a), else, return both the link and node resources to the substrate (as defined in (3a) and (3b)).
4: If this was the last request, then, stop, else, call “vertex mapping algorithm.”

Algorithm 2: Edge mapping.

The nelt in (5), defines the time at which a VN arrives
and is compared with a certain nel value. Vertex mapping
function in (5) starts by checking all the vertices (V) and
first selects the one which demands most processor resources
(max(DV )). The benefit of doing this is that if, the substrate
cannot satisfy the demand of this vertex then the mapping
process stops here for this VN and requirements of remaining
vertices do not need to be checked, which saves amount of
computations according to number of vertices in a VN. In
this way, if demand of the first vertex is satisfied then the
process is repeated for all remaining vertices moving on from
vertex demanding most to the least resources.

The vertex mapping algorithm is defined in Algorithm 1.
VN requests are satisfied by using first come first served

(FCFS) approach and the process begins by assigning vertices
to unique substrate nodes according to the selected vertex
mapping function (BLA, HBNRM, or GNM). In the next
step, residual capacities of nodes (selected for mapping
vertices of the VN) are generated. The edge mapping
algorithm is called only if, all vertex requests of a VN can
be satisfied at this stage.

4.2. Edge Mapping. The next step is to map an edge (e ∈
E ∧ de ∈ DE) on a substrate path (PS

m,n) containing one or
more than one links. In the proposed solution, k-shortest
paths [22] are found for each edge. The next step is to
calculate resources on a path. To achieve this objective, we
take link with minimum resources in the path (min(PS

m,n))
and match edge demand with it. If this link can satisfy

edge request, then remaining links will surely be able to do
that.

The approach of mapping an edge on shortest of k-
shortest paths, which can satisfy its demand, termed as
shortest path mapping (SPM), was presented in [9, 11]. Edge
mapping function for the SPM can be given as

EM :
(
E,DE

) −→ PS
m,n.

Subject to (
de ≤

(
min

(
PS
m,n

)))
.

(6)

The edge mapping algorithm is defined in Algorithm 2.
Edge mapping phase of the solution assigns all edges to

the substrate paths and is executed number of times the total
edges in a VN. It starts by finding out shortest of k-shortest
paths (for k = 1) for each edge of the VN. In the next
step, resources on that path are calculated and edge demand
is matched with it. If this path has sufficient resources to
satisfy the edge demand, then it is selected for mapping that
particular edge. Otherwise, the process continues till either
a path among the k-shortest paths can satisfy edge request
or no path has sufficient resources to satisfy edge demand.
In case, after mapping the initial edges of a VN, there comes
a point when the requirements of a certain edge cannot be
satisfied by the substrate, then the resources reserved initially
for edges and vertices of a VN need to be returned to the
substrate (Step 3). At this point, if there are sufficient path
resources to satisfy request of all the edges then the VN is
completely mapped (VN request satisfied).
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5. Experimental Setup and Evaluation

This section is divided into two parts; first describes exper-
imental setup while second presents evaluation results. The
proposed solution has been implemented using Matlab.

5.1. Experimental Setup. Substrate networks have been gen-
erated using the BRITE tool [24] whereas, virtual networks
have been created using Matlab.

5.1.1. Substrate Networks. The proposed solution has been
tested on four different substrate networks (S1, S2, S3, and
S4). Two of these networks (S1 and S2) consist of 100 nodes
and about 500 links [9, 11, 12], while S3 and S4 comprise
of 100 nodes and about 300 links [25]. The node resource
(CPU) as well as link resource (bandwidth) is assigned
different values from 10 to 100 units. The size of substrates
(S1 and S2) can be compared with that of a medium sized
ISP [9].

S1: Node and link resources are randomly chosen from
20 to 100.

S2: Node and link resources are randomly chosen from
10 to 100.

S3: Node and link resources are randomly chosen from
20 to 100.

S4: Node and link resources are randomly chosen from
30 to 100.

The substrates S1 and S2 have more links (are densely
connected) but contain different number of node and link
resources. The substrates S3 and S4 have fewer links (are
sparsely connected) and also contain different number of
node and link resources.

5.1.2. Virtual Networks. Two different sets of VNs have been
mapped onto substrate networks; each set differs from the
other, by number of edges.

Set 1. Number of vertices of a VN is randomly chosen
between 2 and 10 and vertices are randomly connected with
the probability 0.3.

Set 2. Number of vertices of a VN is randomly chosen
between 2 and 10 and vertices are randomly connected with
the probability 0.5.

Set 2 is similar to the setup presented in [9, 11, 12, 18]
while Set 1 resembles with the one given in [11, 25]. Vertex
and edge resources in both sets are randomly chosen from
1 to 5. Two sets of VNs put different demand on substrate’s
paths and can impact on how VNs are mapped.

5.2. Evaluation. The main focus of evaluation is to analyze
the effect of using three different vertex mapping approaches
(BLA, GNM, and HBNRM). Evaluation is done by mapping
sparsely and densely connected VNs on sparsely and densely
connected substrates. Results are presented in the form of

graphs and tables which show the impact of using each
approach on mapping VN requests, the way resources are
utilized, nodes become bottleneck and get exhausted.

Results for densely connected substrates (S1 and S2) will
be presented first which will be followed by a discussion
about sparsely connected substrates (S3 and S4). The section
ends with a summary of results.

5.2.1. Densely Connected Substrates (S1 and S2)

(a) VN Mapping (Map(Mn)). Figures 3 to 8 represent evalu-
ation results, where requested VNs are shown on horizontal
axis, whereas mapped VNs by evaluated approaches and cost
incurred in the process are presented on vertical axis.

When a substrate is densely connected, has higher
number of resources (i.e., S1), and a set of sparsely connected
VNs (VN-Set 1) is mapped on it, then mapping results
are almost similar for all methods (Figure 3). VNs put
less demand on substrate’s paths and even if vertices are
mapped on different locations in the substrate by each
approach, sufficient resources are available for edge mapping
and therefore, mapping results are almost similar. However,
among three approaches, GNM has highest cost for VN
mapping, whereas BLA has least cost (Figure 3).

An almost similar VN mapping trend (like that of
Figure 3) can be seen when a set of densely connected VNs
(VN-Set 2) is mapped on S1 (Figure 4).

When the substrate is densely connected but has com-
paratively less number of resources (i.e., S2) and a set of
densely connected VNs (VN-Set 2) is mapped on it, then
mapping results are quite different than previous substrate
(S1), as shown by Figure 5. In case of GNM, vertices can be
mapped at a distance from each other and since the substrate
has fewer resources so, the edge demand can become difficult
to fulfill. In this case, BLA and HBNRM give almost similar
mapping of VN requests (Figure 5).

Tables 3 to 20 present evaluation results for the rest of
evaluation criteria where number of mapped VNs in each
interval, cost incurred in the process, percentage of overall
utilized resources as well as bottleneck and exhausted nodes
are shown. Mapped VNs (Map(Mn)) and cost of mapped
VNs (C(Mn)) are shown for each interval in Tables 3 to 20, as
compared to overall mapped VNs and mapping cost, shown
in Figures 3 to 8. Percentage of utilized resources (U(Sr)),
bottleneck and exhausted nodes (B(N), E(N)) are also
important to analyze, as they represent how each approach
utilizes substrate’s resources.

(b) Resource Utilization (U(Sr)). Resource utilization for
Tables 3 to 20 should be viewed based on the following
factors.

(i) When same number of VNs are mapped by evaluated
methods at a particular instant of time.

The actual cost comparison between any compared
approaches can be seen when same number of mapped VNs
are analyzed from initial set of VNs. Cost is only incurred
when VNs are mapped and once VN mapping decreases so
will incurred cost. Secondly, since we have used random VNs
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Table 3: BLA resource utilization (VN-Set1; substrate N/W: S1).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 1662 4.30% 9% 9%

51–100 100% 1773 4.59% 11% 11%

101–150 100% 1878 4.86% 15% 13%

151–200 100% 2056 5.32% 11% 12%

201–250 100% 2003 5.18% 12% 12%

251–300 98% 2110 5.46% 13% 14%

301–350 98% 2241 5.80% 12% 10%

351–400 94% 1932 5.00% 12% 13%

1–400 98.75% 15655 40.50% 95% 94%

Table 4: GNM resource utilization (VN-Set 1; substrate N/W: S1).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 1956 5.06% 0 0

51–100 100% 2024 5.24% 0 0

101–150 100% 1996 5.16% 0 0

151–200 100% 2083 5.39% 0 0

201–250 100% 2071 5.36% 0 0

251–300 100% 2011 5.20% 0 0

301–350 100% 2084 5.39% 78% 0

351–400 86% 1780 4.60% 22% 9%

1–400 98.25% 16005 41.40% 100% 9%

Table 5: HBNRM resource utilization (VN-Set 1; substrate N/W: S1).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 1703 4.41% 0 0

51–100 100% 1843 4.77% 0 0

101–150 100% 1996 5.16% 0 0

151–200 100% 1970 5.10% 0 0

201–250 100% 2165 5.60% 0 0

251–300 100% 2288 5.92% 0 0

301–350 100% 2027 5.24% 92% 0

351–400 92% 1747 4.52% 4% 0

1–400 99% 15739 40.72% 96% 0

Table 6: BLA resource utilization (VN-Set 2; substrate N/W: S1).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 2707 7% 9% 9%

51–100 100% 2998 7.76% 13% 12%

101–150 100% 3238 8.38% 14% 14%

151–200 100% 3502 9.06% 13% 13%

201–250 98% 3655 9.46% 14% 14%

251–300 68% 1627 4.21% 8% 8%

301–350 70% 1695 4.38% 8% 8%

351–400 70% 2506 6.48% 8% 8%

1–400 88.25% 21928 56.73% 87% 86%
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Table 7: GNM resource utilization (VN-Set 2; substrate N/W: S1).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 3314 8.57% 0 0

51–100 100% 3469 8.97% 0 0

101–150 98% 3338 8.64% 0 0

151–200 100% 3649 9.44% 0 0

201–250 96% 3074 7.95% 0 0

251–300 84% 2499 6.46% 0 0

301–350 74% 1943 5.03% 44% 0

351–400 60% 1213 3.14% 56% 0

1–400 89% 22499 58.20% 100% 0

Table 8: HBNRM resource utilization (VN-Set 2; substrate N/W: S1).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 2708 7.01% 0 0

51–100 100% 3052 7.90% 0 0

101–150 100% 3536 9.15% 0 0

151–200 98% 3565 9.22% 0 0

201–250 74% 2250 5.82% 0 0

251–300 80% 3035 7.85% 0 0

301–350 84% 2570 6.65% 87% 0

351–400 78% 2340 6.05% 5% 0

1–400 89.25% 23056 59.65% 92% 0
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Figure 3: VN-Set 1; Substrate N/W: S1.

so it would be unfair to compare an approach which maps
more VNs having higher number of nodes and in the process
incur more cost with the one which maps more VNs with
lesser number of nodes and also costs less. Since, mapped
VNs from initial set would be same for all the approaches
so we will make cost comparison based on that.

(ii) The overall VNs mapped by using a certain method.
When more overall VNs are mapped by using a particular

method then, it can incur more cost.
For sparsely connected set of VNs (VN-Set 1) three

approaches map similar number of VNs when initial 250 VN
requests arrive on S1 (Tables 3 to 5). At this point, average
cost of mapping a VN, C(Mavg) for BLA is 37.49, for GNM
is 40.52, whereas for HBNRM is 38.71 units of substrate
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Figure 4: VN-Set 2; Substrate N/W: S1.
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Figure 5: VN-Set 2; Substrate N/W: S2.
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Table 9: BLA resource utilization (VN-Set 2; substrate N/W: S2).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 2744 7.83% 11% 9%

51–100 76% 2080 5.93% 9% 10%

101–150 70% 1907 5.44% 10% 9%

151–200 98% 3580 10.21% 14% 15%

201–250 90% 2990 8.53% 14% 14%

251–300 60% 1198 3.42% 7% 7%

301–350 70% 2038 5.81% 11% 10%

351–400 72% 2387 6.81% 9% 9%

1–400 79.5% 18924 53.98% 85% 83%

Table 10: GNM resource utilization (VN-Set 2; substrate N/W: S2).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 3212 9.16% 0 0

51–100 100% 3511 10.02% 0 0

101–150 90% 3035 8.66% 0 0

151–200 78% 2348 6.70% 0 0

201–250 64% 1535 4.38% 0 0

251–300 54% 1218 3.47% 0 0

301–350 52% 761 2.17% 0 0

351–400 46% 785 2.24% 0 0

1–400 73% 16405 46.80% 0 0

Table 11: HBNRM resource utilization (VN-Set 2; substrate N/W: S2).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 2775 7.92% 0 0

51–100 58% 1679 4.79% 0 0

101–150 78% 2293 6.54% 0 0

151–200 100% 3538 10.09% 0 0

201–250 78% 2010 5.73% 0 0

251–300 84% 3118 8.89% 0 0

301–350 80% 2432 6.94% 0 0

351–400 50% 1170 3.34% 76% 0

1–400 78.5% 19015 54.24% 76% 0

Table 12: BLA resource utilization (VN-Set 1; substrate N/W: S3).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 1707 6.34% 9% 9%

51–100 100% 2181 8.09% 11% 11%

101–150 94% 2166 8.04% 13% 11%

151–200 78% 1663 6.17% 9% 11%

201–250 96% 2335 8.67% 13% 12%

251–300 94% 2257 8.38% 9% 10%

301–350 90% 2164 8.03% 14% 12%

351–400 64% 1229 4.56% 6% 7%

1–400 89.5% 15702 58.28% 84% 83%
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Table 13: GNM resource utilization (VN-Set 1; substrate N/W: S3).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 2230 8.28% 0 0

51–100 100% 2274 8.44% 0 0

101–150 100% 2373 8.81% 0 0

151–200 96% 2188 8.12% 0 0

201–250 86% 2116 7.85% 0 0

251–300 88% 2110 7.83% 0 0

301–350 60% 1110 4.12% 0 0

351–400 58% 1133 4.21% 19% 0

1–400 86% 15534 57.66% 19% 0

Table 14: HBNRM resource utilization (VN-Set 1; substrate N/W: S3).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 1753 6.51% 0 0

51–100 100% 2129 7.90% 0 0

101–150 100% 2279 8.46% 0 0

151–200 84% 1952 7.24% 0 0

201–250 100% 2476 9.19% 0 0

251–300 100% 2582 9.58% 0 0

301–350 64% 1233 4.58% 82% 0

351–400 54% 902 3.35% 1% 0

1–400 87.75% 15306 56.81% 83% 0

Table 15: BLA resource utilization (VN-Set 2; substrate N/W: S3).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 98% 2837 10.53% 9% 9%

51–100 78% 2455 9.11% 9% 8%

101–150 28% 919 3.41% 4% 3%

151–200 42% 541 2.01% 3% 4%

201–250 42% 1080 4.01% 5% 4%

251–300 10% 183 0.68% 1% 2%

301–350 16% 651 2.42% 4% 2%

351–400 62% 1637 6.08% 5% 6%

1–400 47% 10303 38.24% 40% 38%

Table 16: GNM resource utilization (VN-Set 2; substrate N/W: S3).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 3956 14.68% 0 0

51–100 90% 2974 11.04% 0 0

101–150 78% 2613 9.70% 0 0

151–200 52% 1019 3.78% 0 0

201–250 46% 1122 4.16% 0 0

251–300 40% 704 2.61% 0 0

301–350 24% 437 1.62% 0 0

351–400 22% 317 1.18% 0 0

1–400 56.5% 13142 48.78% 0 0
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Table 17: HBNRM resource utilization (VN-Set 2; substrate N/W: S3).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 96% 2794 10.37% 0 0

51–100 82% 2935 10.89% 0 0

101–150 52% 871 3.23% 0 0

151–200 50% 1282 4.76% 0 0

201–250 68% 1727 6.41% 0 0

251–300 60% 1808 6.71% 0 0

301–350 52% 1365 5.07% 0 0

351–400 32% 958 3.56% 0 0

1–400 61.5% 13740 51.00% 0 0

Table 18: BLA resource utilization (VN-Set 2; substrate N/W: S4).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 2884 9.92% 11% 11%

51–100 100% 3423 11.78% 13% 12%

101–150 70% 1961 6.75% 7% 7%

151–200 48% 1442 4.96% 5% 6%

201–250 60% 1821 6.27% 7% 7%

251–300 22% 304 1.05% 1% 1%

301–350 22% 582 2.00% 3% 2%

351–400 34% 1009 3.47% 3% 4%

1–400 57% 13426 46.20% 50% 50%

Table 19: GNM resource utilization (VN-Set 2; substrate N/W: S4).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 4143 14.26% 0 0

51–100 92% 3287 11.31% 0 0

101–150 66% 2341 8.05% 0 0

151–200 64% 1916 6.59% 0 0

201–250 52% 1202 4.14% 0 0

251–300 40% 1552 5.34% 0 0

301–350 46% 1338 4.60% 0 0

351–400 22% 372 1.28% 0 0

1–400 60.25% 16151 55.57% 0 0

Table 20: HBNRM resource utilization (VN-Set 2; substrate N/W: S4).

Req (Mn) Map (Mn) C (Mn) U (Sr) B (N) E (N)

1–50 100% 2997 10.31% 0 0

51–100 96% 3449 11.87% 0 0

101–150 68% 2170 7.47% 0 0

151–200 48% 1688 5.81% 0 0

201–250 62% 2365 8.14% 0 0

251–300 72% 2406 8.28% 0 0

301–350 50% 1169 4.02% 0 0

351–400 48% 778 2.68% 0 0

1–400 68% 17022 58.57% 0 0
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Figure 6: VN-Set 1; Substrate N/W: S3.
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Figure 7: VN-Set 2; Substrate N/W: S3.

resources. So BLA’s cost of mapping VNs is the least whereas
GNM’s mapping cost is the highest among three approaches.

Overall as well, GNM uses 0.9% more resources as
compared to BLA and 0.68% more when matched with
HBNRM (Tables 3 to 5). For this set of VNs almost similar
number of overall VNs is mapped by using either of three
approaches (Tables 3 to 5).

For densely connected set of VNs (VN-Set 2) three
approaches map similar number of VNs when initial 100
VN requests arrive on S1 (Tables 6 to 8). At this point,
average cost of mapping a VN, C(Mavg) for BLA is 57.05, for
GNM is 67.83, whereas for HBNRM is 57.6 units of substrate
resources. So, in this case as well BLA’s cost of mapping VNs
is least whereas GNM’s mapping cost is the highest among
three approaches.

Overall, HBNRM uses 2.92% more resources as com-
pared to BLA and 1.45% more when matched with GNM
(Tables 6 to 8). For this set of VNs although overall mapped
VNs is almost similar by using either of three approaches
but their mapping trends are different and therefore, more
overall resources are utilized by HBNRM (Tables 6 to 8).

When a set of densely connected VNs (VN-Set 2) is
mapped on S2 the evaluated approaches map similar number
of VNs when initial 50 VN requests arrive (Tables 9 to 11). At
this point, average cost of mapping a VN, C(Mavg) for BLA is
54.88, for GNM is 64.24, whereas for HBNRM is 55.5 units
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Figure 8: VN-Set 2; Substrate N/W: S4.

of substrate resources. So, in this case as well BLA’s cost of
mapping VNs is the least whereas GNM’s mapping cost is
the highest among three approaches.

Overall, BLA uses 7.18% more resources as compared to
GNM (Tables 9 and 10). However, BLA maps 6.5% more
VNs as compared to GNM as well (Tables 9 and 10). When
matched with HBNRM although BLA maps 1% more VNs
(Tables 9 and 11) but their mapping trends are different and
it uses 0.26% less resources (Tables 9 and 11).

(c) Bottleneck Nodes (B(N)). Nodes start to become bot-
tleneck from VN interval-1 (VNs 1–50) when BLA is used
for mapping on S1 or S2 (Tables 3, 6, and 9). In case of
GNM there are no bottleneck nodes till the sixth interval
on S1 (Tables 4 and 7). When approach used is HBNRM
then also nodes start to become bottleneck after sixth interval
on S1 (Tables 5 and 8). For HBNRM nodes do not become
bottleneck as long as nel value is set according to bottleneck
limit (valn) as defined in Section 4.1. Starting nel value for
nodes in Tables 5, 8, 11, 14, 17, and 20 is 10 (valn = 10),
since, maximum capacity of any vertex for both sets of VNs
is 5. If nel value needs to be decreased to comply with either
condition (i) or (iii) of 80/50 rule for nel values (Section 4.1)
it is initially set to 5 for these sets of VNs (valn = 5). The
objective behind this new value is that a node will still be
able to map at least one vertex of highest capacity of future
requests. On substrate S1 for both sets of VNs nel value needs
to be decreased for seventh interval to comply with condition
(i) of 80/50 rule for nel values (Tables 5 and 8). So, bottleneck
nodes start to appear from there onwards.

In case of GNM there are no bottleneck nodes on S2

(Table 10), as it maps fewer VNs than compared approaches
(Tables 9 to 11). When approach used is HBNRM then,
nodes start to become bottleneck after seventh interval
(Table 11). According to condition (i) of 80/50 rule for nel
values (Section 4.1) nel value needs to be decreased for eighth
interval (Table 11). So, bottleneck nodes start to appear in
that interval.

(d) Exhausted Nodes (E(N)). When BLA is used on S1 or S2,
nodes start to exhaust from first interval (Tables 3, 6, and 9).
In case of GNM only 9% nodes exhaust for VN-Set 1 on S1
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(Table 4) whereas no node resource exhausts for VN-Set 2
(Table 7), similar trend can be seen for HBNRM where no
node resource exhausts (Tables 5 and 8). When GNM and
HBNRM are used on S2, no node resources exhaust (Tables
10 and 11).

5.2.2. Sparsely Connected Substrates (S3 and S4)

(a) VN Mapping (Map(Mn)). When a substrate is sparsely
connected (i.e., S3) and a set of sparsely connected VNs
(VN-Set 1) is mapped on it, then mapping results are
almost similar for all methods (Figure 6). VNs put less
demand on substrate’s paths and even if vertices are mapped
on different locations in the substrate by each approach,
sufficient resources are available for edge mapping and
therefore, mapping results are almost similar (Figure 6).

When a set of densely connected VNs (VN-Set 2) is
mapped on the same substrate (S3), then mapping results
are quite different than previous set of VNs (Figure 7). In
case of BLA, vertices can be mapped repeatedly on same
nodes and since the substrate has fewer link resources they
can exhaust early. Therefore, the edge demand can become
difficult to fulfill. In this case, GNM and HBNRM give almost
similar mapping of VN requests until the arrival of 300 VNs
(Figure 7). However HBNRM overall, maps more VNs as
compared to GNM (Figure 7).

When the substrate is sparsely connected, has compar-
atively higher number of resources (i.e., S4) and a set of
densely connected VNs (VN-Set 2) is mapped on it, then
too trend of mapping VNs by evaluated approaches is quite
similar to that of previous substrate (S3, Figure 7), as shown
by Figure 8. In this case, GNM and HBNRM give almost
similar mapping of VN requests until the arrival of 250 VNs
(Figure 8). However HBNRM overall, maps more VNs as
compared to GNM (Figure 8).

(b) Resource Utilization (U(Sr)). For sparsely connected set
of VNs (VN-Set 1) three approaches map similar number of
VNs when initial 100 VN requests arrive on S3 (Tables 12 to
14). At this point, average cost of mapping a VN, C(Mavg)
for BLA is 38.88, for GNM is 45.04, whereas for HBNRM
is 38.82 units of substrate resources. In this case, BLA and
HBNRM’s cost of mapping VNs is almost similar whereas
GNM’s mapping cost is the highest among three approaches.
Overall BLA uses 0.62% more resources as compared to
GNM and 1.47% when matched with HBNRM (Tables 12
to 14). However, BLA maps 3.5% more VNs as compared to
GNM and 1.75% more when matched with HBNRM.

When a set of densely connected VNs (VN-Set 2) is
mapped on S3 then, the evaluated approaches do not give
similar mapping results from initial set of VNs (Tables 15 to
17). Therefore, cost comparison for this set of VNs cannot
be presented. Overall, BLA uses 10.54% less resources as
compared to GNM, and 12.76% less when matched with
HBNRM (Tables 15 to 17). However in this case, BLA maps
9.5% less VNs as compared to GNM (Tables 15 and 16) and
14.5% less when matched with HBNRM (Tables 15 and 17).

Three approaches map similar number of VNs when
initial 50 VN requests arrive on S4 (Tables 18 to 20). At this
point, average cost of mapping a VN, C(Mavg) for BLA is
57.68, for GNM is 82.86, whereas for HBNRM is 59.94 units
of substrate resources. So, in this case as well BLA’s cost of
mapping VNs is least whereas GNM’s mapping cost is highest
among three approaches.

Overall HBNRM uses 12.37% more resources as com-
pared to BLA (Tables 18 and 20) and 3% more when
matched with GNM (Tables 19 and 20). However in this
case, HBNRM maps 11% more VNs as compared to BLA
(Tables 18 and 20) and 7.75% more when matched with
GNM (Tables 19 and 20).

(c) Bottleneck Nodes (B(N)). Nodes start to become bottle-
neck from VN interval-1 (VNs 1–50) when BLA is used for
mapping on S3 or S4 (Tables 12, 15, and 18). In case of GNM
there are no bottleneck nodes till the seventh interval for VN-
Set 1 on S3 (Table 13), and for VN-Set 2 no node becomes
bottleneck (Table 16). When approach used is HBNRM then
nodes start to become bottleneck after sixth interval in case
of VN-Set 1 (Table 14). For HBNRM, nodes do not become
bottleneck as long as nel value is set according to bottleneck
limit (valn) as defined in Section 4.1. However, according
to condition (i) of 80/50 rule for nel values (Section 4.1)
it needs to be decreased for seventh interval for VN-Set 1
(Table 14). In case of VN-Set 2 no node becomes bottleneck
(Table 17). Less number of VNs gets mapped for VN-Set
2 as compared to VN-Set 1 for both GNM and HBNRM
and therefore no nodes become bottleneck (Tables 16 and
17). According to condition (iii) of 80/50 rule for nel values
(Section 4.1) it needs to be decreased for next interval for
VN-Set 2 (Table 17) if more VN requests arrive as more than
50% VNs get dropped in eighth interval (Table 17).

In case of GNM there are no bottleneck nodes on S4

(Table 19). When approach used is HBNRM then, also there
are no bottleneck nodes (Table 20). However, according to
condition (ii) of 80/50 rule for nel values (Section 4.1) nel
value needs to be increased for fifth interval (Table 20).
Number of mapped VNs is below 50% in the fourth interval
(Table 20) and therefore nel value is increased to the next
level for fifth interval and again 80/50 rule is applied on that
value. Moreover, according to condition (iii) of 80/50 rule
for nel values (Section 4.1) it needs to be decreased for next
interval if more VN requests arrive as more than 50% VNs
get dropped in eighth interval (Table 20).

(d) Exhausted Nodes (E(N)). When BLA is used, nodes start
to exhaust from first interval on S3 and S4 (Tables 12, 15, and
18). In case of GNM no node resource exhausts on S3 and S4

(Tables 13, 16, and 19), similar trend can be seen for HBNRM
where no node resource exhausts (Tables 14, 17, and 20).

Summary 1. When a substrate has higher number of
resources and is densely connected, then the three
approaches give almost similar results in terms of number
of mapped VNs when either sparsely or densely connected
VNs are mapped (Figures 3 and 4, Tables 3 to 8). Resources
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by each approach are utilized in a different manner. BLA
uses least whereas GNM uses highest number of resources
(Figures 3 and 4, Tables 3 to 8). However, when the substrate
is densely connected but has lesser number of resources and
a set of densely connected VNs are mapped then BLA maps
more VNs as compared to GNM (Figure 5, Tables 9 and 10).

On a sparsely connected substrate, when a set of sparsely
connected VNs get mapped then also compared approaches
give almost similar mapping results (Figure 6, Tables 12 to
14). However, when the substrate is sparsely connected but a
set of densely connected VNs are mapped then GNM maps
more VNs as compared to BLA (Figures 7 and 8, Tables 15
and 16, Tables 18 and 19).

The HBNRM approach is either close to or gives better
VN mappings than compared approaches on either sparsely
or densely connected substrates (Figures 3 to 8, Tables 3
to 20). The flexibility of 80/50 rule for nel values facilitates
in doing better vertex mapping in changing scenarios and
thus good mapping results can be achieved regardless of the
type of substrate. HBNRM comes close to GNM in terms
of minimizing complete exhaustion of node resources of
a substrate, and also is near to BLA in terms of reducing
mapping cost of VNs (Tables 3 to 20).

6. Conclusion and Future Work

We have proposed an approach to virtual network embed-
ding which not only minimizes complete exhaustion of
substrate nodes but also does that at the cost of utilizing
comparatively less resources than an existing approach. Main
focus of this approach is to do cost efficient mapping of
vertices on those nodes of a substrate which after mapping,
do not become bottleneck for future VN requests.

The proposed approach (referred to as HBNRM) has
been compared with existing vertex mapping methods BLA
and GNM. BLA does not take node resource exhaustion into
consideration which GNM does but can map VNs at a higher
cost. The number of virtual networks that can be assigned
to a substrate has been investigated for varying distributions
of VN requests and substrate topologies. The results show
that BLA is favorable for densely connected substrates,
while GNM gives better results for sparsely connected ones.
HBNRM, on the other hand either gives almost similar or
better VN mappings for both sparsely as well as densely
connected substrates when compared with BLA and GNM.

One possible extension of this work is to include the
feature of adaptability to either deal with change in user’s
demands after a VN gets mapped on the substrate or, handle
node and link failures.
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We propose a new resource allocation algorithm with minimum mean square error (MMSE) detector for multicast linear precoded
orthogonal frequency division multiplexing (LP-OFDM) systems. To increase the total multicast bit rate, this algorithm jointly uses
the LP-OFDM modulation technique and an adaptation of the OFDM-based multicast approaches to exploit the transmission link
diversities of users. The LP technique applied to multicast OFDM systems with zero forcing (ZF) detector has already proved its
ability to increase the unirate multicast system bit rate in a power line communication (PLC) context. The new MMSE detector
and the new related bit-loading algorithm are developed to enhance the ZF detector results. To improve both the bit rate and the
fairness among multicast users, the utilization of the LP component in multirate multicast systems is then investigated. Simulations
are run over indoor PLC channels, and it is shown that the proposed LP-based methods outperform the OFDM-based methods
in terms of total bit rate and fairness index for both unirate and multirate multicast systems. Additionally, it is shown that the
proposed bit-loading algorithm with MMSE detector outperforms the ZF detector and the OFDM-based receiver in terms of total
multicast bit rate and fairness among users.

1. Introduction

Multicasting is a network addressing method for the delivery
of data to a group of users simultaneously. This technique
offers a significant improvement compared to unicasting
because it uses less network resources. Multicast routing
is a well-investigated subject in the literature for both
wired and wireless systems [1]. In multiuser communication
systems, all users share the same downlink resources [2].
The allocation algorithms in multicast must adapt to the
system parameters to satisfy all requirements of users. In
this paper, the adaptation of the physical (PHY) layer
parameters is addressed for multicast orthogonal frequency
division multiplexing (OFDM) systems in indoor powerline
communications (PLC) context. Since indoor PLC is being
used to deliver triple play services, the multicast may be
interesting in this case. Over the PHY layer, resources have
to be allocated in order to satisfy requirements of each
multicast user. However, the difference in link conditions of

users makes it difficult to adapt the PHY layer (coding rate,
modulation index, etc.) to the link conditions of each user.
The conventional resource allocation method in multicast
OFDM consists in adjusting the PHY parameters to serve
the user who experiences the worst channel condition.
Consequently, all users receive the same bit rate, and this
final multicast bit rate is limited by the worst user channel
conditions [3].

To increase the total multicast bit rate and to better fit the
link conditions, the concept of heterogeneous multicast (also
called multirate multicast) was brought in [4]. The conven-
tional multicast system refers to unirate multicast system. In
multirate multicast, users are grouped into subgroups, and
the receivers of a multicast subgroup are offered services at
different rates commensurate with their capabilities. There-
fore, multirate schemes have a great advantage over unirate
multicast in adapting to diverse receiver requirements and
heterogeneous network conditions [5]. One way of attaining
multirate multicast is by hierarchical encoding or layered
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streaming, which is particularly suitable for audio and video
traffic. In this approach, the sender provides data in several
layers organized in a hierarchy. Receivers subscribe to the
layers cumulatively to provide progressive refinements [3, 6,
7]. Multicast users are separated into subgroups in frequency
domain [3, 7], or in time domain [8]. In frequency domain
and for OFDM systems, each subcarrier is assigned to a
subgroup of users and carries the same data symbols. The
number of loaded bits on each subcarrier is then determined
considering the lowest one among the channel amplitudes
of all the users sharing this subcarrier. It has been shown
that this method significantly increases the total multicast
bit rate compared to the conventional method in wireless
communications, but degrade the fairness among users
[7]. To enforce the fairness performance while minimizing
throughput degradation, a subcarrier and bit allocation
scheme for proportional fairness (PF) has been also proposed
[7].

In [9–11], we proposed to exploit the transmission link
diversities of users by jointly using the linear precoded
OFDM (LP-OFDM) modulation technique and an adapta-
tion of the conventional resource allocation scheme. The
proposed resource allocation methods were applied only
for unirate and time domain multirate multicast systems.
LP-OFDM is a combination of multicarrier and spread
spectrum techniques also known as MC-SS techniques
in wireless applications. The proposed resource allocation
algorithms are developed for an LP-OFDM system where
the equalization is performed according to the zero forcing
(ZF) criterion. The ZF detection technique consists in
reversing the channel coefficients to fully correct the phase
shift and the attenuation, and to completely cancel the
interference between precoding sequences, but at the cost
of increasing the noise level. Using this detector, we showed
that the proposed algorithms offer a significant bit rate gain
compared to the conventional resource allocation method
in unirate multicast context. Furthermore, for multirate
multicast systems, the proposed method is the most suitable
method considering both the bit rate and the fairness
index when users experience similar channels [11]. It has
been shown that the minimum mean square error (MMSE)
detector outperforms the ZF technique [12]. The MMSE
detector corrects the phase shift and the attenuation of the
channel fading taking into account the present signal-to-
noise ratio (SNR) [13].

In this paper, we propose a new resource allocation
scheme with MMSE detection technique for multicast LP-
OFDM systems. In addition to the studies done in [10, 11],
the linear precoding component is also applied in frequency
domain multirate multicast systems to improve both the
bit rate and the fairness performances. Numerical results
show that the proposed LP-based methods outperform
the OFDM-based methods both in unirate and multirate
multicast systems. Additionally, it is shown that the new
bit-loading algorithm with MMSE detector offers the best
performances in terms of total multicast bit rate and fairness
among users.

This paper is organized as follows. Section 2 describes the
linear precoded multicarrier systems and the achievable bit

rate for LP-OFDM systems using ZF and MMSE detectors.
Section 3 describes the multicast systems. Section 4 presents
the resource allocation algorithms in unirate multicast
systems. The study of the multirate multicast systems is done
in Section 5. The performance comparisons of all algorithms
are given in Section 6 over PLC channels. Finally, Section 7
concludes the paper.

2. Linearly Precoded Multicarrier Systems

2.1. System Description. Multicarrier modulation techniques
like OFDM for wireless and discrete multitone (DMT) for
wireline have been selected as major modulation schemes,
which are able to ensure high data rates in frequency-selective
channels. The utilization of adaptive multicarrier systems
allows to dynamically distribute the information over the
subcarriers of the signal based on the value of the SNR of
each subcarrier. However, when the signal power spectral
density (PSD) is limited, as in PLC systems, there is a
loss of quantification due to discrete modulation orders.
This loss is minimized by transmitting the information on
subsets of subcarriers instead of individual subcarriers [14].
The linear precoding technique consists in connecting a
subset of subcarriers with precoding sequences to mutually
exploit their capabilities [15]. If judiciously done, each
resulting subset holds an equivalent SNR such that the
total supported throughput is greater than the sum of the
individual throughputs supported by each subcarrier taken
separately. In the following, the subset of subcarriers is
known as block and the subcarriers in one block are not
necessarily adjacent. The number of blocks B is the ratio
of the total number of subcarriers N to the length L of the
precoding sequences. The length L is assumed to be the same
for all blocks.

Figure 1 gives the LP-OFDM transmitter-receiver model.
This figure shows the various operations involved when
setting up an LP-OFDM signal. From the classical OFDM
systems, the linear precoding matrix which is a Hadamard
matrix is added. The resource allocator dynamically dis-
tributes the bits and the powers based on the channel
conditions and the quality of service (QoS) requirements.
In this figure, ru and Eu are respectively the number of bits
and the power allocated to the precoding sequence u. U is
the number of precoding sequence, N0 the background noise
level, hn represents the channel coefficient on subcarrier n.
The PSD constraint in this context is written as

U∑

u=1

Eu ≤ EPSD, (1)

where EPSD is the power per symbol imposed by the PSD
limit.

2.2. Mutual Information of the LP-OFDM System. The fre-
quency characteristics of the LP-OFDM signal are the same as
those of the OFDM signal. The multicarrier OFDM signal is
assumed to be adapted to the channel. The guard interval, the
number N of subcarriers, and the carrier spacing are selected
to perfectly absorb the multipaths caused by the channel
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Figure 1: Transmitter-receiver model.

and to limit the loss of spectral efficiency due to the guard
interval. Under these assumptions, the signal received after
the OFDM demodulator can be expressed as

Y = HCX + Z, (2)

where X is the vector of size N of transmitted symbols
before OFDM modulation and carrying the information, C
is the precoding matrix composed of orthogonal Hadamard
matrices, H = diag(h1, . . . ,hN ) the diagonal matrix of the
channel transfer function, Z is the noise vector such that
E[ZZH] = N0IN , and Y is the demodulated OFDM signal. In
the general case, the estimated symbols, after the equalization
and the inverse linear precoding processes, are written as

X̂ =WHY, (3)

where W represents the matrix of the complex equalization
coefficients and the operator (·)H the Hermitian conjugate.
In general case, W can be written [16] as

W = CGH , (4)

where G is the equalization matrix.
As previously stated, we consider in this paper, the ZF

and MMSE detection technique for the equalization process.
Using linear precoding sequences and for full-loaded system,
that is, U = L, the equalization matrix G is then a diagonal
matrix [12]. The equalization coefficients gn based on ZF and
MMSE criteria are then written as [13]:

ZF: gn = 1
hn

,

MMSE: gn = h∗n
|hn|2 +N0/EPSD

.

(5)

The inverse precoding process is performed block per block
without dependence between block. In one block of L
subcarriers l ∈ [1;L], the received symbol for the precoding
sequence v, after the inverse linear precoding process, is
written as:

x̂v =
L∑

l=1

cv,lglhlcl,vxv

︸ ︷︷ ︸
A1

+
L∑

l=1

U∑

u=1
u /= v

cv,lglhlcl,uxu

︸ ︷︷ ︸
A2

+
L∑

l=1

cv,lglzl

︸ ︷︷ ︸
A3

.

(6)

In this expression, there are, from left to right, the term A1

of the useful signal, an interference term A2 and a noise term
A3.

Under the assumption of simple linear receiver with
independent sequence demodulation, the system capacity
is expressed as the sum of the capacities provided by
each precoding sequences. It is then sufficient to calculate
the mutual information Iv between processes x̂v and xv.
Notice that without independent sequence demodulation,
the channel capacity is given by the maximum of the
mutual information between the input and output of the
channel, where the maximization is with respect to the input
distribution, and the capacity is the capacity of the Gaussian
interference channel [17]. In the case of ZF receiver, the
assumption of independent sequence demodulation is not
needed since the transmission is orthogonal, A2 = 0. The
mutual information Iv is then as follows:

Iv = log2

⎛

⎝1 +
E
[
A1A

H
1

]

E
[
A3A

H
3

]

⎞

⎠. (7)

Using (5), the development of the mathematical expectation
terms in the mutual information leads to

I =
U∑

v=1

log2

⎛

⎝1 +
L2

∑L
l=1

(
1/|hl|2

)
Eu
N0

⎞

⎠. (8)

In the case of MMSE, A2 /= 0 and the mutual information
under independent sequence demodulation is

I =
U∑

v=1

log2

⎛

⎜
⎝1 +

φEv
∑U

u=1
u /= v

ϕu,vEu + λN0

⎞

⎟
⎠. (9)

with

φ =
∣
∣
∣
∣
∣
∣

L∑

l=1

|hl|2
|hl|2 +N0/EPSD

∣
∣
∣
∣
∣
∣

2

,

ϕu,v =
∣
∣
∣
∣
∣
∣

L∑

l=1

|hl|2
|hl|2 +N0/EPSD

cv,lcu,l

∣
∣
∣
∣
∣
∣

2

,

λ =
L∑

l=1

|hl|2
(
|hl|2 +N0/EPSD

)2 .

(10)
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Optimization procedures for the maximisation of the system
bit rate can then be applied on these mutual information
expressions.

2.3. LP-OFDM System Bit Rate. The mathematical expres-
sions obtained with MMSE detector (9) have a form such
that the studied optimization problems can be shown to be
almost intractable or leads to a prohibitive complexity. The
proposed bit-loading algorithm with MMSE detector uses
as an input the bit distribution obtained with ZF detector.
This choice will be justified later. The optimization of the
LP-OFDM systems using the ZF detection technique has
been studied in many works [15, 18]. Here, we provide the
main results on the bit rate optimization procedures. The
optimum achieved bit rate of the LP-OFDM system, under
assumption of perfect synchronization, perfect channel
estimation, PSD constraint and unconstrained modulations,
is [15]

R =
B∑

b=1

Rb =
B∑

b=1

L log2

⎛

⎝1 +
1
Γ

L
∑

n∈Sb
(

1/|hn|2
)
EPSD

N0

⎞

⎠,

(11)

where |hn| is the channel amplitude of subcarrier n, Γ is the
SNR gap, and Sb is the subset of subcarriers within the bth
block of size L. The SNR gap Γ defines the gap between a
practical coding and modulation scheme and the channel
capacity. This SNR gap Γ depends on the used coding and
modulation scheme, and also on the target probability of
error. Following the conventional SNR gap analysis [19], Γ
has a constant value for all the modulation orders of uncoded
quadrature amplitude modulation (QAM) and for a fixed
target symbol error rate (SER). Γ is approximated by

Γ = 1
3

(

Q−1
(

SER
4

))

. (12)

To maximize the bit rate R given by (11), it is sufficient
to minimize the sum

∑
n∈Sb(1/|hn|2) for each block b.

This minimization corresponds to the selection of available
subcarriers with the best channel amplitudes |hn| for each
block. A simple solution is then to sort subcarriers in
descending order and to choose the first L subcarriers for the
first block, the following L subcarriers for the second block,
and so forth [15].

For real systems, the achieved bit rate using discrete
modulation is maximized if, on block Sb, ru bits are allocated
to precoding sequence u, and ru is expressed as [15]

ru =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⌊
Rb

L

⌋

+ 1 ∀u ∈ [1;nu]

⌊
Rb

L

⌋

∀u ∈ (nu;L],

(13)

where

nu =
⌊
L
(

2Rb/L−�Rb/L� − 1
)⌋
. (14)

In this paper, we propose a new bit-loading algorithm
with MMSE detector for LP-OFDM systems. According to
(9), to determine the optimal distribution of the power
on each subcarrier, an initial power allocation is needed.
Knowing that the MMSE detector outperforms the ZF
technique [12] and considering the bit allocation provided
in (13) as the optimal solution for ZF detector, we define
this ZF result as the initialisation point. Hence, using (9),
the allocated powers {Eu}u∈[1;U] to precoding sequences for
a given bit distribution {ru}u∈[1;U] in a block of subcarriers,
satisfy

1
Γ
φ
Eu
EPSD

− (2ru − 1)
U∑

v=1
v /=u

ϕu,v
Ev
EPSD

= (2ru − 1)λ
N0

EPSD

(15)

for all u ∈ [1;U].
Let Φ, Λ, and Ψ the matrices defined by

Φu,u = φ

Γ
;

∀u /= v, Φu,v = −(2ru − 1)ϕu,v;

Λu = (2ru − 1)λ
N0

EPSD
;

Ψu = Eu
EPSD

.

(16)

Then, the distribution of relative energies {Ψu}u∈[1;U] satis-
fies

Ψ = Φ−1Λ. (17)

In practice, the matrix Φ is diagonally dominant and then
invertible. In fact, the used distribution strategy of sub-
carriers into blocks leads to low intersequence interference.
Notice that this strategy consists in selecting subcarriers
with similar amplitudes in each block in order to reduce
the distortion into the blocks. As a result, the intersequence
interference terms are minimized, and then Φ is diagonally
dominant. The proposed algorithm consists in iteratively
updating the bit distribution, while the PSD constraint is
satisfied. Namely, while the sum of the relative energies
{Ψu}u∈[1;U] is lower than one, the algorithm adds one bit
more to the bit distribution {ru}u∈[1;U], while minimizing the
dispersion of values in the block. Algorithm 1 gives the new
bit-loading algorithm with MMSE detector for LP-OFDM
systems.

This proposed Algorithm 1 exploits one optimal con-
dition in ZF detector: the minimization of the dispersion
of the bit distribution {ru}u∈[1;U]. This condition becomes
an heuristic with MMSE detector and the convergence
of the algorithm to the optimal solution is not ensure.
Nevertheless, the MMSE detector can outperforms the ZF
detector. Furthermore, the complexity of the algorithm is
reduced using the bit-rate obtained with ZF detector as
initialisation process.
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for all block b ∈ [1;B] do
Compute {ru}u∈[1;U] from (11)
Compute {Ψu}u∈[1;U] from (15)
while

∑
uΨu ≤ 1 do

Add 1 bit to {ru}u∈[1;U], while minimizing the dispersion of values
Compute {Ψu}u∈[1;U] from (15)

end while
end for

Algorithm 1: Bit-loading algorithm with MMSE detector.

3. Resource Allocation in Multicarrier
Multicast Systems

3.1. Systems Description. Multicast delivers data to a group
of users by a single transmission, which is particularly useful
for high-data-rate multimedia services due to its ability
to save the network resources [3]. Figure 2 illustrates a
simple multicast case where the source (in green) sends
multimedia data to three receivers (in red). The source
sends a known sequence of data that allows the receivers to
perform the initial channel estimation. A feedback path from
each receiver to the source reports the channel amplitudes
|hk,n| on each subcarrier. We assume that the source knows
perfectly the channel amplitude of all users. Based on this
channel estimation and the QoS requirements, the source
can perform the multicast resource allocation based on
OFDM or LP-OFDM modulation technique.

Figure 3 shows the PHY-MAC cross-layer modules in
the transmitter for the multicast data transmission. The
channel state information of receivers is used by the multicast
scheduler, the multicast subgroup management, and the
resource controller. In multirate multicasting context, the
multicast subgroup manager groups the multicast users into
subgroups. Moreover, the multicast subgroup manager offers
information such as the bit rate to the multicast scheduler
module. Multicast scheduler module determines the quantity
of data in every frame. The resource controller assigns time
slots and subcarriers and determines the modulation order
on each subcarrier. Video source encoder module encodes
the streaming video data with the determined data rate and
coding rate. A sufficiently large size of buffer to store the real-
time data is assumed. In the message frame, the data is made
from the combination of encoded video and multicast users
management information [20]. Then, after processing in the
PHY interface module, the multicast TX bits are transmitted
to the multicast users. Notice that the guard interval is
assumed to be selected to perfectly absorb the multipaths
caused by all the channels. Due to the PSD constraint in PLC
systems, all users have the same peak power constraint EPSD

on each subcarrier. Hence, there is no power allocation. To
simplify calculations, it is assumed that all users utilize the
same length L of precoding sequences for all blocks.

3.2. Concept of Equivalent Multicast Channel. In multicast
systems, all users basically receive the same resources. The

multicast bit rate could be considered as the bit rate com-
puted for one user on an equivalent channel. This equivalent
channel is derived from the different channels of users.
For multicast OFDM systems, the equivalent amplitude of
this channel on each subcarrier is given by the worst user
subcarrier amplitude [9]. Here, we extend this concept
of equivalent channel to LP-OFDM systems. The general
formulation of the equivalent channel is given as

h
eq
b = f

({
hk,i
}
i∈Sb k∈[1;K]

)
, (18)

where b represents the subcarrier index in OFDM case or
the block index in LP-OFMD case, and K is the number
of multicast receivers. ith OFDM system, the size of Sb
is one and Sb = {b} with b ∈ [1;N]. Computing
this equivalent multicast channel, the multicast resource
allocation is simplified to a single link resource allocation.
Therefore, the bit-loading algorithms can be applied on this
equivalent channel.

4. Unirate Multicast Systems

The unirate multicast systems refer to the multicast systems
where all users receive exactly the same bit rate. To ensure
such a common bit rate to all users, the resource allocations
methods must adjust the PHY layer parameters to the
worst user link conditions. The modulation orders for
each dimension are then computed using the worst user
channel gains on this dimension. Notice that the dimension
corresponds to the subcarrier in OFDM case or the block of
subcarriers in LP-OFDM case.

4.1. Conventional Multicast Resource Allocation. The con-
ventional method in multicast OFDM, LCG (low channel
gain [7]), consists in allocating resources while satisfying
requirements of all users. This method sets the number of
loaded bits per subcarrier with the lowest number of loaded
bits over this subcarrier, considering all the channels of users.
The equivalent channel, considered as the equivalent OFDM
channel, then writes [11]

∣
∣
∣h

eq
n

∣
∣
∣

2 = min
u

∣
∣hu,n

∣
∣2
. (19)
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Figure 3: PHY-MAC cross-layer modules in the transmitter side [10].

Based on this channel, the multicast bit rate achieved by the
LCG method, on subcarrier n, writes under PSD constraint
and unconstrained modulation

RLCG
n = log2

(

1 +
E

ΓN0

∣
∣
∣h

eq
n

∣
∣
∣

2
)

. (20)

It has been shown that the conventional multicast bit rate is
saturated as the number of users increases due to the different
channel selectivity [7, 10].

4.2. Resource Allocation for Unirate Multicast LP-OFDM
Systems. To increase the bit rate offered by the LCG
method, we proposed new resource allocation algorithms
for unirate multicast OFDM systems in indoor powerline
communication context. These algorithms jointly use the
LP-OFDM modulation technique with zero forcing detector
and an adaptation of the LCG approach to exploit the
transmission link diversities of users [9, 10]. In this part,
we propose a new resource allocation scheme with MMSE
detection technique for unirate multicast LP-OFDM systems.
In multicast systems, when considering the LP-OFDM
modulation technique, the loaded bits over the block Sb of
subcarriers will be the lowest bit rate of users over this block.

To define the equivalent LP-OFDM channel, we need first to
determine the distribution of subcarriers in each block. Let
D = (db,n) be a decision matrix of size B × N . D determines
the distribution of the N subcarriers into the B blocks and
satisfies the following constraints:

db,n =
{

1 if n ∈ Sb
0 else

∀n ∈ [1;N]
B∑

b=1

db,n = 1. (21)

The optimal decision matrix D is such that the distortion
is low for each block and is determined by solving an NP-
hard combinatorial problem [10]. The proposed suboptimal
definition of D consists in two steps. First, the subcarriers
of the equivalent OFDM channel are sorted in descending
order. Then, the adjacent subcarrier indices after the sorting
operation are used to define the blocks. Let O be the vector

of sorted indices of |heq
n |2 in descending order. The decision

matrix is then

db,n =
⎧
⎨

⎩

1 if n ∈
{
Oj

∣
∣(b− 1)L + 1 ≤ j ≤ bL

}
,

0 else.
(22)
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Here is an example with N = 8, L = 4, B = 2, and O =
[2 4 6 7 1 3 5 8]. Hence, it follows that

D =
(

0 1 0 1 0 1 1 0
1 0 1 0 1 0 0 1

)

. (23)

For a given decision matrix D, the equivalent LP-OFDM
channel for the block b writes

∣
∣
∣h

eq
b (D)

∣
∣
∣

2 = min
k

L
∑N

n=1

(
db,n/

∣
∣hk,n

∣
∣2
) . (24)

4.3. Application of LP-OFDM Bit-Loading Algorithms. Based
on the equivalent LP-OFDM channel, the multicast bit rate
offered by the low block channel gain (LBCG) method
proposed in [9] for ZF detector can then be rewritten as

RLP
b (D) = L log2

(

1 +
E

ΓN0

∣
∣
∣h

eq
b (D)

∣
∣
∣

2
)

, (25)

where D is defined in (22). The bit distributions ru,b for
the different precoding sequences of the block are computed
using (13). This method is called LBCG-ZF in reference to
the detection technique used.

To determine the bit distribution with the MMSE
detector for multicast LP-OFDM systems, Algorithm 1 is
applied on the equivalent LP-OFDM channel (24). The
newest method, which is based on MMSE detector, is called
LBCG-MMSE.

5. Multirate Multicast Systems

Assuming that the multicast data are encoded into layers
and any combination of the layers can be decoded at the
receiver, the multicast bit rate can be increased by separating
users according to their channel conditions. Under this
assumption, the sender provides data in several layers
organized in a hierarchy. Receivers subscribe to the layers
cumulatively to provide progressive refinements [6–8]. If
only the first layer is received by the user with the lowest
data rate, the decoder produces the worst quality version. As
more layers are received by more capable users, the decoder
combines the layers to produce improved quality. To increase
the total multicast bit rate, a first approach is based on the
separation of users in frequency domain [3, 7]. Actually,
each subcarrier is assigned to a subgroup of users which
receive the same data symbols on this subcarrier. And then,
the number of loaded bits on each subcarrier is determined
considering the lowest one among the channel amplitudes
of all the users allocated to this subcarrier. Notice that the
subgroups of users are not the same for each subcarrier.
This method, called frequency domain multirate multicast

(FDMM) method, significantly increases the total multicast
bit rate compared to the conventional LCG method in
wireless communications [7].

It has been shown that this FDMM approach yields a
good average bit rate, but the QoS requirements of users
are not ensured and the fairness among users is degraded
[9]. To enforce the fairness performance while minimizing
throughput degradation, it has been proposed resource
allocation algorithm with proportional fairness (PF) for
multirate multicast OFDM systems [7]. In this part, we
propose to jointly use the linear precoding technique with
this PF-based approach to increase the multirate multicast bit
rate. The proposed resource allocation algorithms take into
account both ZF and MMSE detectors for multirate multicast
LP-OFDM systems.

5.1. Bit Rate Optimization. The PF-based method adapts the
bit rates of multicast users at each time slot according to
previous allocated bit rates. Let Rk(iT) be the bit rate of the
kth user and rn be the number of bits that are assigned to
the nth subcarrier or the nth precoding sequence during the
ith time slot of duration T . Let {rk,n(iT)}n∈[1;N] be the bit
distribution, resulting from bit-loading algorithms in OFDM
case or LP-OFDM case, for the kth user in time slot i of
duration T . For a low computational complexity, a simplified
PF algorithm is developed by employing the average data
rate, which is given by [21]

Rk(iT) =
(

1− 1
TW

)

Rk((i− 1)T)

+
1
TW

N∑

n=1

rn(iT)U
(
rk,n(iT)− rn(iT)

)
,

(26)

where TW indicates the average window size and U the
Heaviside step function, defined by

U(x) =
{

0 if x < 0,

1 if x ≥ 0.
(27)

The optimization problem, derived from [7], is written
as

max
rn

K∑

k=1

Rk(iT) = max
rn

K∏

k=1

Rk(iT), (28)

subject to given Rk((i − 1)T). As in [7], we show that the
optimization problem (28) is asymptotically equivalent to
the following one

max
rn

K∑

k=1

N∑

n=1

rn(iT)U
(
rk,n(iT)− rn(iT)

)

Rk((i− 1)T)
, (29)
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TW ;∀k,Rk(0) = 1
for all user k ∈ [1;K] do

Compute {rk,n}n∈[1,N] using ZF or MMSE detection bit-loading
end for
for all time slot index i ∈ [1;TW ] do

Select the user index k∗ as defined in (30)
Compute {rn(iT)}n∈[1,N] using (29)
Compute Rk(iT) using (24)

end for

Algorithm 2: Bit-loading algorithm for multirate multicast systems.

subject to given Rk((i − 1)T). In fact, with Uk,n =
U(rk,n(iT)− rn(iT)), the product in (28) is given by (30)

K∏

k=1

Rk(iT) =
⎡

⎣
(

1− 1
TW

)K K∏

k=1

Rk((i− 1)T)

⎤

⎦

︸ ︷︷ ︸
=cK (constant)

×
K∏

k=1

(

1 +

∑
n rn(iT)Uk,n

(TW − 1)Rk((i− 1)T)

)

= cK

⎡

⎣1 +
1

TW − 1

K∑

k=1

N∑

n=1

rn(iT)Uk,n

Rk((i− 1)T)

+
(

1
TW − 1

)2

×
∑

l /= j

∑
n rn(iT)Ul,n

∑
m rm(iT)U j,m

Rl((i− 1)T)Rj((i− 1)T)

+ · · ·
⎤

⎦,

(30)

and, for large TW , the terms of orders greater than two can
be neglected.

Since the considered Heaviside step function U in (27)
is not continuous at zero, a local maximum cannot be found
by using the first derivative test or second derivative test. A
solution for the problem (29) is

rn(iT) = rk∗ ,n(iT), (31)

where

k∗ = arg max
k

rk,n(iT)
K∑

j=1

U
(
r j,n(iT)− rk,n(iT)

)

Rj((i− 1)T)
. (32)

Algorithm 2 gives the corresponding bit-loading algorithm
to provide the solution (31).

6. Results and Discussions

In this section, the performances of the resource allocation
algorithms with the MMSE detector in multicast systems

Table 1: System characteristics and acronyms.

Unirate Multirate

OFDM-based LCG FDMM-OFDM

LP-based
ZF LBCG-ZF FDMM-LP-ZF

MMSE LBCG-MMSE FDMM-LP-MMSE

are presented. First, a performance comparison in terms
of achieved total bit rate is realized for both unirate and
multirate multicast systems. The different systems are sum-
marized in Table 1. In unirate case, the LP-OFDM systems
with both ZF and MMSE detection technique (LBCG-ZF and
LBCG-MMSE) are compared with the conventional OFDM
approach (LCG). In multirate case, the performance of the
LP-OFDM systems (FDMM-LP-ZF and FDMM-LP-MMSE)
are compared to the frequency domain multirate multicast
approach for OFDM systems (FDMM-OFDM). Then, the
fairness and complexities issues are presented.

The generated signal is composed of N = 1024
subcarriers transmitted in the (2; 27) MHz band. Perfect
synchronization and channel estimation are assumed. A
high background noise level of −110 dBm/Hz is considered,
and the signal is transmitted with respect to a flat PSD
of −50 dBm/Hz for all users. Results are given for a fixed
target SER of 10−3 without channel coding. To determine the
performances of the different algorithms, measured transfer
functions of PLC channels are used. Here, the proposed
multipath channel models for PLC in [22] are considered,
where a classification of PLC channels is realized. PLC
channels for indoor networks are classified into 9 classes per
ascending order of their capacities, that is, the higher the
channel class number, the better the channel amplitudes. A
model of transfer function is associated to each class. Figure 4
shows three examples of PLC transfer function models. One
channel of the category “good” (i.e., class 9 channel), one
channel of the category “average” (i.e., class 5 channel), and
one channel of the category “bad” (i.e., class 2 channel) are
represented in the (2; 27) MHz band. In the following, a
multicast system with a maximum of 9 users is considered,
and each user experiences one different class of channel
within the 9 classes.

6.1. Precoding Sequence Length Influence. We begin the sim-
ulation by highlighting the bit rate improvement provided
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Figure 4: Transfer functions of three channel classes (class 2, class
5, and class 9 channels).

by the linear precoding component. For this purpose,
we focus on results obtained when L varies. Notice that,
finding the optimal precoding sequence lengths amounts to
a complex combinatorial optimization problem that cannot
be reduced to an equivalent convex problem. Thus, no
analytical solution exists and optimal solution can only be
obtained following exhaustive search [18]. Figure 5 shows
the evolution of multicast LP-OFDM bit rate as a function
of the length of the precoding sequences in (a) unirate case
and (b) in multirate case. The parameter TW is fixed to
10 to reduce the simulation time. It has been shown that
the performance difference for small and large values of
TW is negligible [7]. The bit rate offered by the OFDM-
based methods is given for L = 1. It is clear that the
achievable bit rate with the LP-OFDM methods, whatever
the equalization criteria, is improved when the length of
the precoding sequences is greater than 1. This bit rate
reaches a maximum value for L = 64 and L = 32,
respectively in unirate and multirate multicast cases. In
unirate case, the achieved multicast bit rate increases from
approximately 5.42 kbit/OFDM symbol for LCG method
with OFDM system to at least 9.35 kbit/OFDM symbol for
LBCG methods with LP-OFDM system and ZF detector.
In multirate case, this achieved bit rate increases from
33.35 kbit/OFDM symbol for FDMM-OFDM method to
35.5 kbit/OFDM symbol for FDMM-LP method with ZF
and MMSE detectors. These improvements correspond to
the bit rate gains of 42% and 6.4%, respectively for unirate
and multirate multicast cases. Based on these results, we can
state that the utilization of the linear precoding technique
increases the bit rate of the multicast systems. The reason for
the better performance of the LP-OFDM systems compared
to OFDM systems is the efficient utilization of the PSD limit.
The precoding component accumulates the residual energies
of a given block of subcarriers to transmit additional bits.

In addition, the MMSE detection technique offers better
performance than the ZF detection technique. The bit rate
improvement reaches up to 8% in unirate multicast case,
while the performance difference between ZF and MMSE
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Figure 5: Total bit rate in bit per OFDM symbol versus the length
of the precoding sequences for 9 users: (a) in unirate case and (b) in
multirate case.

detectors is minor in multirate multicast case. The low
MMSE gain compared to the performance of ZF detector
is due to the decision matrix D designed to reduce the
distortion within each block. With low level of distortion, the
powerfulness of the MMSE detector cannot be highlighted.
Furthermore, the bit-loading algorithm for multirate multi-
cast systems also reduces the distortion within each block to
increase the multicast bit rate. The MMSE detector cannot
improve with high gain the performance of the ZF detector.

6.2. Statistical Results of the Total Multicast Bit Rate. This
part deals with the statistical results of the total multicast
bit rate obtained through thousand simulations over a 9-user
multicast system. They concern the cumulative distribution
functions (CDF) of the maximal total multicast bit rates for
L = 32 given in Figure 6. This CDF is also the bit rate
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Figure 6: Cumulative distribution function (CDF) of the maximal
total multicast bit rates: (a) in unirate case and (b) in multirate case
for L = 32.

outage probability. Results confirm the better performances
of the linear precoding technique in multicast systems. First,
in unirate multicast case, the gap at 0.5 of the CDF between
the maximal total bit rate of the LBCG and the LCG methods
is at least 3.6 kbit/OFDM symbol, corresponding to a bit
rate gain of 70%. In addition, the new resource allocation
with MMSE detector (LBCG-MMSE) offers more bit rate
than the LBCG-ZF method with low gains, around 3%.
Second, in multirate multicast case, the gap at 0.5 of the CDF
between the maximal total bit rate of the FDMM-LP and the
FDMM-OFDM methods is at least 2.1 kbit/OFDM symbol,
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Figure 7: Cumulative distribution function of the fairness index of
multicast users for L = 32.

corresponding to a bit rate gain of 6%. The performance
difference between the FDMM-LP-ZF and the FDMM-LP-
MMSE methods remain low in this context.

These results suggest that the linear precoding technique
with MMSE detector is the best solution for resource
allocation in unirate multicast systems. By cons, the lin-
ear precoding technique with ZF detector is sufficient in
multirate multicast systems. Notice that the utilization of
a more powerful equalizer such as minimum mean square
error equalizer improves the LP-OFDM systems bit rate.
However, the utilization of a ZF detector leads to fairly simple
manipulations resolving the bit rate optimization problem in
multirate context.

6.3. Fairness and Complexity Considerations. The unirate
multicast methods equally distribute the resources, and all
users receive the same bit rate. When the multicast users
experience very different channel conditions, it is justifiable
to give more resources to some users than others [10]. It
is this idea that underlies the separation of users based on
their channel conditions. The proposed algorithms in such a
context have already demonstrated their better performance
in terms of total multicast bit rate. It is also necessary to
measure their performance in terms of fairness among users.
As a performance metric, the fairness index defined in [23] is
used as follows:

FI = 1
U

(
∑

k Rk)2

∑
k R

2
k

. (33)

This fairness index measures the equality of user allocation
and it is continuous so that any change in allocation changes
the fairness also, contrary to the max-min fairness. Figure 7
shows the cumulative distribution function of the fairness
index of multicast users. As expected, the unirate multicast
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methods give the best fairness index, FI = 1. The LP-
based methods, in addition to increase the total multicast
bit rate, improve the fairness among the users. The fairness
improvement is almost 2%.

In all cases, the MMSE detector outperforms the ZF
detector. However, the ZF detector enhancement is low
because the channel distortion has already been reduced by
the decision matrix D and by the bit-loading algorithm for
multirate multicast systems.

Besides the comparison of the performance in terms of
bit rate and fairness index, the required downlink signaling
overheads are compared. In unirate multicast systems, only
the modulation order on each subcarrier or each precoding
sequence needs to be signaled to users. In addition to
information about the modulation order, the multirate
multicast systems need to transmit information about the
subgroups of users. Thus, it follows that the downlink
signaling overhead of the FDMM based methods is higher
than the other methods due to the subcarrier and bit
allocation information. Furthermore, under the assumption
that any combination of layers consisting of multicast data
can be decoded at the receiver, an intelligent mapping
algorithm for efficiently recovering the original data from
different layers is needed [7]. This may bring additional
signaling overhead.

7. Conclusion

In this paper, we have addressed the bit rate optimization
problem in multicast linearly precoded OFDM systems in
PLC context. A new resource allocation method with MMSE
detector for multicast LP-OFDM systems has been proposed.
The proposed method jointly uses linear precoded OFDM
modulation technique and an adaptation of the OFDM-
based multicast approaches to exploit the channel frequency
selectivity experienced by each user in multicast OFDM
systems. It has been shown through simulations that the
proposed LP-based methods outperform the OFDM-based
methods for both unirate and multirate multicast systems.
Additionally, it is shown that the proposed bit-loading
algorithm with MMSE detector offers the best performances
in terms of total multicast bit rate and fairness among users.
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This paper provides an analytical evaluation of the performance of proportional fair (PF) scheduling in Orthogonal Frequency-
Division Multiple Access (OFDMA) wireless systems. OFDMA represents a promising multiple access scheme for transmission
over wireless channels, as it combines the orthogonal frequency division multiplexing (OFDM) modulation and subcarrier
allocation. On the other hand, the PF scheduling is an efficient resource allocation scheme with good fairness characteristics.
Consequently, OFDMA with PF scheduling represents an attractive solution to deliver high data rate services to multiple users
simultaneously with a high degree of fairness. We investigate a two-dimensional (time slot and frequency subcarrier) PF scheduling
algorithm for OFDMA systems and evaluate its performance analytically and by simulations. We derive approximate closed-
form expressions for the average throughput, throughput fairness index, and packet delay. Computer simulations are used for
verification. The analytical results agree well with the results from simulations, which show the good accuracy of the analytical
expressions.

1. Introduction

OFDMA is a promising solution for the high data-rate
coverage required in multiuser broadband wireless commu-
nications. Current and evolving standards for broadband
wireless systems, such as IEEE 802.16e, have proposed
OFDMA as the multiple access technique for the air interface.
OFDMA is a multiple access technique which is based on
OFDM. In OFDM systems, a single user gets access to the
whole available spectrum at any time instant, and, as a result,
multiple users share resources using time scheduling. On
the other hand, in OFDMA systems users share the avail-
able spectrum using subcarrier allocation. Hence, OFDMA
requires scheduling in both time and frequency domains
(time slots and frequency subcarriers). This additional
degree of freedom makes the scheduling problem in OFDMA
systems more challenging, but also more effective.

Scheduling plays a key role in the OFDMA systems
resource management [1]. Efficient scheduling implies

effective utilization of the available radio resources, high
throughput, low packet delay, and fair treatment of all
users in the system. Various scheduling techniques have
been proposed for OFDMA systems [1–4]. For example,
a maximum carrier-to-interference ratio-based scheduling
algorithm is adopted in [1] to provide a more fair treatment
among users, while in [2] the resource allocation problem
is studied with and without service request constraints.
Two-dimensional matrix-based scheduling algorithms are
proposed in [2] using the raster scanning approach to achieve
high system throughput with relatively lower complexity.

The PF algorithm is an appealing scheduling scheme
to meet the quality of service requirements in OFDMA
systems [5–8], as it can improve the fairness among users
without sacrificing the efficiency in terms of average (or
aggregate) throughput. With this algorithm, the level of
satisfaction and starvation of all users in the system is
sensed over time, and resources are assigned to users based
on that. Moreover, the PF algorithm is flexible and can
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scale between fairness and efficiency. In [8], we propose
an iterative two-dimensional (time symbols and frequency
subbands) PF scheduling for OFDMA systems. However,
the performance of PF scheduling for OFDMA systems is
not determined analytically and it is usually determined by
computer simulations.

An analytical method, which is based on the Gaussian
approximation of the instantaneous data rate in a Rayleigh
fading environment, is used to analyze the performance of
PF scheduling in [9]. However, this method is developed for
single-carrier systems and limited to the case of users with
full buffers. We adopt the methodology in [9] to develop
an analytical solution for the PF scheduling in OFDMA
systems for bursty traffic conditions and full buffers scenario,
as well. In this paper, we provide approximate closed-form
expressions for the average throughput and throughput
fairness index of our PF scheduling scheme proposed for
OFDMA systems in [8]. In addition, simulation results are
provided in the paper to check the accuracy of the analytical
method.

The rest of this paper is organized as follows: Section 2
describes the OFDMA system model. The PF scheduling
algorithm is provided in Section 3. The closed-form ana-
lytical derivations of the throughput, fairness index, and
delay are presented in Section 4. Then, Section 5 provides
numerical results from the analytical solution, as well as
simulation outcomes. Finally, conclusions are provided in
Section 6.

2. System Model

As shown in Figure 1, the OFDMA system resources have
two dimensions: frequency and time. In frequency domain,
the signal bandwidth is divided into a plurality of subbands,
which contain highly correlated orthogonal subcarriers. A
number of S subcarriers are grouped into M subbands, each
with K = S/M subcarriers. In time domain, data is organized
in frames, which are further divided in time symbols. The
minimum allocable resource unit in the system is defined by
the intersection between a subband in frequency domain and
time symbol in time domain.

We consider a single-cell scenario, with N users with
bursty traffic demands. The signals are affected by path loss,
lognormal shadowing, and Rayleigh fading. The smallest
data entity which the base station can handle is a fixed-
size data packet. We use the Poisson traffic model. The
cell shape is circular and the base station is located at the
center. Users are uniformly distributed over the cell area. We
consider the downlink only. However, the analysis can be
easily extended to the uplink case. Moreover, adaptive coding
and modulation (ACM) is used to enhance the resource
utilization. The suitable modulation level and coding rate are
decided depending on the channel state information (CSI)
for each subband. Table 1 shows the ACM schemes used
in this paper, along with the corresponding signal-to-noise
ratios (SNRs).

The frequency subcarriers are correlated in the frequency
domain. The fading affecting the frequency subcarriers has
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Figure 1: Two-dimensional resources in OFDMA systems.

Table 1: Adaptive coding and modulation parameters.

Modulation format Code rate Bits/symbol SNR (dB)

BPSK 1/4 1/4 −2.9

BPSK 1/2 1/2 −0.2

QPSK 1/2 1 2.2

8PSK 1/2 3/2 5.2

8PSK 2/3 2 8.4

64QAM 1/2 3 11.8

64QAM 2/3 4 15.1

cross correlation because of the coherence bandwidth of
the wireless channel [10]. A frequency selective Rayleigh
fading channel is modeled based on [10–12]. The frequency
selective Rayleigh subcarriers are generated with correlation
between them in the frequency domain, where the complex
valued correlation is formulated as a function of frequency
separation between the subcarriers. In order to minimize the
bit error rate and improve the OFDMA system reliability, we
consider the worst case subcarrier fading in each subband
for the SNR and link budget calculations. Although the
worst case subcarrier fading is considered in a subband
while selecting an ACM scheme, the overall SNR calculation
does not significantly change because the fading differ-
ence between subcarriers within a subband is insignificant
because the fading coefficients are highly correlated.

3. PF Scheduling Algorithm for
OFDMA Systems

Closed-form expressions are subsequently derived for the
throughput and fairness index for the PF scheduling algo-
rithm that we proposed in [8]. The algorithm is briefly
explained, followed by its analytical performance analysis.
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According to the PF scheduling algorithm that we
develop in [8] for OFDMA systems, the user with the index

k = arg max
1≤i≤N

Dij(n)

Ri(n− 1)
, (1)

is ranked first among the N users on subband j, j = 1, . . ., M.
Here, Dij(n) is the instantaneous data rate of user i, i =
1, . . ., N on subband j at time frame n, and Ri\(n) is the time-
average data rate of user i at time frame n. The time-average
data rate is updated at the end of a time frame for each user i
on all the available subbands as follows:

Ri(n) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(
1− T−1

c

)
Ri(n− 1), i /= k,

(
1− T−1

c

)
Ri(n− 1) + T−1

c

M∑

j=1,
j∈Si(n)

Dij(n), i = k,

(2)

where Si(n) represents the set of subbands assigned to user
i during time frame n, and Tc is the averaging window
expressed in time frames which controls the amount of
historical information taken into account when sharing the
resources among multiple users and can be chosen to achieve
a desirable throughput-fairness tradeoff. User i is scheduled
on time frame n if i = k and is not scheduled if i /= k.

Since the packet arrival is assumed to be bursty, the best
user (chosen by (1)) might have empty buffer. In this case,
the subband assigned to the best user should be given to
the second best user if this has nonempty buffer. If not, the
subband is assigned to the third best users and so on, where
the ranking of users is based on the same criterion used in
(1), that is, Dij(n)/Ri j(n − 1). As such, we modify (2) as
follows:

Ri(n) = (
1− T−1

c

)
Ri(n− 1)αT−1

c

M∑

j=1

I1
i j(n)Dij(n)

+ α(1− α)T−1
c

M∑

j=1

I2
i j(n)Dij(n)

+ α(1− α)2T−1
c

M∑

j=1

I3
i j(n)Dij(n)

+ · · · + α(1− α)N−1T−1
c

M∑

j=1

INi j (n)Dij(n)

= (
1− T−1

c

)
Ri(n− 1) + αT−1

c

N∑

k=1

(1− α)k−1

×
M∑

j=1

Iki j(n)Dij(n),

(3)

where Iki j(n), k = 1, . . . ,N , represents a selector indicator
which equals 1 if user i is ranked kth on subband j and
frame n and equals 0 otherwise, and α is the probability that
the buffer of user i is not empty. We assume that α is the

same for all users. The terms in the right-hand side of (3)
represent the potential achievable throughput for a user. The
first term reflects the average throughput achieved by the
round-robin (RR) algorithm, while the remaining N terms
represent the additional average throughput provided by our
algorithm when compared with RR. The first term (out of
the remaining N terms) represents the additional average
throughput when user i is ranked first and assigned subband
j. The second term (out of the remaining N terms) reflects
the additional average throughput when user i is ranked
second and assigned subband j because the user ranked first
has empty buffer, and so on.

The PF scheduling algorithm consists of two steps [8]. In
the first step, all users in the system are ranked. A resource
matrix that contains the ranking of all users on all subbands
is generated based on (1). The instantaneous data rate,
Dij(n), represents the efficiency factor, whereas the historical
average rate combined with Tc represents the fairness factor.
As such, the ranking of the users reflects both the channel
gain and shortage of service. In the second step, scheduling
is performed based on the ranking and demands of the users
on one hand and the resource accessibility on the other hand.
The algorithm iteratively serves the user with the highest
rank among all users on all subbands.

A user will be excluded from the waiting users’ list
if all waiting packets are served. This algorithm allows
subband sharing in time domain, where different time
symbols in the subband can be utilized by different users. A
subband will be eliminated from the resource matrix if the
remaining resources cannot support at least one packet for
any requesting user within this time frame. The algorithm
tracks the satisfaction levels of all users at the end of each
time frame by updating the historical data rate, Ri(n), using
(2).

4. Performance Analysis

4.1. Average Throughput. It is shown that assuming a linear
relationship between the instantaneous data rate,Dij(n), and
the SNR is unrealistic under Rayleigh fading environment
[9, 13]. Actually, it is demonstrated that it is more realistic
to assume that Dij(n) follows a Gaussian distribution with
mean and variance given, respectively, as follows [9]:

E
[
Dij

]
=

∫∞

0
log

(
1 + SNRi jγ

)
e−γdγ,

σ2
Dij
=

∫∞

0
log

(
1 + SNRi jγ

)2
e−γdγ

−
(∫∞

0
log

(
1 + SNRi jγ

)
e−γdγ

)2

,

(4)

where E[·] denotes the expectation operator. According to
the PF algorithm presented in (1) and (2), one can express
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the average achievable throughput of user i on all the
available subbands in the time frame n as follows:

E[Ri(n)] = (
1− T−1

c

)
E[Ri(n− 1)]

+ αT−1
c

N∑

k=1

(1− α)k−1E

⎡

⎣
M∑

j=1

Iki j(n)Dij(n)

⎤

⎦.
(5)

We can rewrite (5) as follows:

E[Ri(n)] = (
1− T−1

c

)
E[Ri(n− 1)]

+ αT−1
c

N∑

k=1

(1− α)k−1

× E
⎡

⎣
M∑

j=1

Dij(n) | Iki j(n) = 1

⎤

⎦Pr
(
Iki j(n) = 1

)
,

(6)

where Pr(Iki j(n) = 1) is the probability that user i is ranked
kth on subband j and time frame n. Under the assumption
of stationary throughput [9], Ri, and independent subbands,
one can further express (6) as follows:

E[Ri] = α
N∑

k=1

(1− α)k−1

× E
⎡

⎣
M∑

j=1

Dij(n) | Iki j(n) = 1

⎤

⎦Pr
(
Iki j(n) = 1

)
.

(7)

By applying the Bayes’ theorem, (7) can be rewritten as
follows:

E[Ri] = α
N∑

k=1

(1− α)k−1

×
M∑

j=1

∫∞

−∞
x fDij (x)Pr

(
Iki j(n) = 1 | Dij(n) = x

)
dx,

(8)

where fDi j (·) denotes the probability density function (pdf)
of Dij . By assuming independent Dij and based on the PF
selection criterion presented in (1), we can determine the
conditional ranking probabilities as follows:

Pr
(
I1
i j(n) = 1 | Dij(n) = x

)
=
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l /= i

FDl j
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x
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...
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=
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1− FDl j

(

x
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,

(9)

where FDij (·) is the cumulative distribution function (cdf) of
Dij , while l1 and l2 are the indexes of the users ranked the
first and the second (on subband j), respectively. By using
(9) and the Gaussian pdf of Dij , and under the assumptions
that Tc → ∞ and Ri is an ergodic process (such that its
moving average equals the statistical average), now (9) can
be re-written as follows:

Pr
(
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(10)
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Hence, (8) can be expressed as follows:

E[Ri] = α
N∑
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By assuming a Gaussian distribution of the instantaneous
traffic rate, (11) becomes

E[Ri] = α
N∑
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(12)

Now, assume E[Rl]/E[Ri]) = (E[Dl]/E[Di] , so,
FRij (n)(yσDij + E[Dij]) can be re-written as [8]

FRij (n)

(
E[Rl]
E[Ri]

(
yσDij + E

[
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(13)

where F(0,1)(·) represents the standard normal cdf with
zero-mean and unit-variance. Furthermore, we assume a
proportional relationship between the mean and standard
deviation of all users in the system [8]; hence, the previous
expression can be approximated as

F(0,1)

⎛

⎝ E[Dli]σDli

E
[
Rij

]
σDij

y

⎞

⎠ = F(0,1)
(
y
)
. (14)

After some mathematical manipulations, one can further
express (12) as
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k=1

(1−α)k−1

×
M∑

j=1

[

σDij
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y
e−y2/2
√

2π

(
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(
y
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(
y
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[
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] ∫ 1
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(
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(
y
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(
y
)
dF(0,1)

(
y
)
]

.

(15)

It is straightforward to show that
∫ 1

0
FN−1

(0,1)

(
y
)
dF(0,1)

(
y
) = 1

N
. (16)

Then, one can easily find that
∫ 1

0

(
1− F(0,1)

(
y
))
FN−2

(0,1)

(
y
)
dF(0,1)

(
y
) = 1

N(N − 1)
, (17)

and, finally, through the mathematical induction, we can
write

∫ 1

0

(
1− F(0,1)

(
y
))k−1

FN−k(0,1)

(
y
)
dF(0,1)

(
y
)

= (k − 1)!(N − k)!
N !

, k = 1, . . . ,N.

(18)

Thus, (15) can be expressed as follows:

E[Ri] = α
N∑

k=1

(1−α)k−1

×
M∑

j=1

σDij
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y
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.

(19)

The probability of the nonempty buffer for any user, α,
in terms of average throughput and traffic rate, is given as
follows:

α = λ

E[Ri]
, (20)

where λ is the average arrival traffic rate per user. By
substituting (20) into (19), E[Ri] becomes

E[Ri] =
N∑
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λ

E[Ri]

(

1− λ
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)k−1

×
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[
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N !

.

(21)
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As E[Ri] represents the throughput of user i in the
system, the average throughput of the entire system is

E[R] =
N∑

i=1

E[Ri]. (22)

4.2. Fairness Index. Jain’s fairness index is a well-known
quantitative metric that is widely used in wireless communi-
cations to measure fairness, and it is defined as follows [14]:

J(x1, x2, x3, . . . , xN ) =
(∑N

i=1 xi
)2

N
∑N

i=1 x
2
i

, (23)

where xi is the amount of resources accessed by user i among
N competing users. Based on the result for the average
throughput for user i, as given in (21), it is straightforward
to express the Jain’s fairness index of the users’ throughput as
follows:

J(E[R1],E[R2],E[R3], . . . ,E[RN ]) =
(∑N

i=1 E[Ri]
)2

∑N
i=1 E[Ri]

2 . (24)

For nonbursty traffic (full-buffer scenario), the analysis is
the same as for bursty traffic given above, except that α (the
probability of having non-empty buffer) is equal to 1.

4.3. Average Packet Delay. In order to calculate the packet
delay, we model the system by using the M/G/1 queuing
model. Hence, the average packet delay is given by

ωi = 1
E[Ri]

+
λi
(

1/
(
E2[Ri] + σ2

Ri

))

2(1− (λi/E[Ri]))
, (25)

where σ2
Ri is the throughput variance. In order to determine

σ2
Ri , we calculate E[R2

i (n)] using (3) as follows:

E
[
R2
i (n)

]=
(
Tc − 1
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)2

E
[
R2
i (n−1)

]

+
1
T2
c
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⎤

⎦

2
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× E
⎡

⎣
N∑
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α(1−α)i−1
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j=1

Dij(n)Iii j(n)

⎤

⎦.

(26)

By assuming stationary throughput per user, we can use
E[Ri(n)] = E[Ri(n−1)]. Therefore, (26) can be re-written as
follows:

(2Tc−1)E
[
R2
i

]=
N∑

i=1

α2(1−α)2(i−1)E

×
⎡

⎣
M∑

j=1

Dij(n)Iii j(n)

⎤
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2
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⎤

⎦.

(27)

In order to determine E[R2
i ], we need to find

E[
∑M

j=1 Dij(n)Iii j(n)]
2
, which can be expressed as follows:

E
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i
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(28)

and then can be re-written as

E
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.

(29)

The first term in the right-hand side of (29) can be
further written as follows:

M∑

j=1

Pr
(
Iii j = 1

)∫∞

−∞
x2 fDi j

(
x | Iii j = 1

)
dx

=
M∑

j=1

∫∞

−∞
x2 fDi j (x)Pr

(
Iii j = 1 | Dij = x

)
dx.

(30)
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Using (9) and the assumption of stationary first-order
ergodic Ri [9], (30) becomes

M∑

j=1

Pr
(
Iii j = 1

)∫∞
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x | Iii j = 1
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dx
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x
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(31)

which can be simplified to
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(32)

Then, by simply expressing (yσDij + E[Dij])2, (32) can be
re-written as follows:
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Thus,
∑M

j=1 Pr(Iii j = 1)
∫∞
−∞ x2 fDi j (x | Iii j = 1)dx can be

expressed as follows:
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Next, we determine the second term in the right-hand
side of (29), which can be re-written as follows:
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From (29), (34) and (35), E[
∑M

j=1 Dij(n)Iii j(n)]
2

can be
expressed as follows:
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Then, we simplify the second term in the right-hand side
of (27) as follows:

2(Tc − 1)E[Ri]E
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2.

(37)

Substituting (36) and (37) in (27), it can be easily shown
that the throughput variance is expressed as:
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(38)

By substituting (21) and (38) in (25), we can calculate the
average packet delay (ωi).

5. Numerical and Simulation Results

The accuracy of the analytical closed-form expressions for
the average throughput, fairness index, and packet delay
(derived in Section 4) is examined by comparing the ana-
lytical results with simulation results. Computer simulations
of one cell with N users are conducted independently of
the analytical expressions derived in the previous section to
estimate the average throughput, fairness index, and packet
delay. We set the signal bandwidth to 20 MHz, the carrier
frequency to 2 GHz, the noise power to −130 dBW, and Tc
to 5000 frames (except in Figures 2, 3, and 10). In addition,
we consider a path loss exponent of 4, the standard deviation
of the lognormal shadowing equal to 10 dB, the cell radius
set to 1500 m, the number of users, N, in the cell equal to
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Figure 2: Average throughput of the PF with OFDMA and PF with
OFDM.

32, the frame duration of 2 ms, and the packet size of 180
bits. The number of subbands, M, is 32 and the number of
subcarriers, S, is 256. We use Poisson traffic with an arrival
rate of λ, which is kept as a variable to control the traffic load
given by λN.

We first analyze the effect of the averaging window (Tc)
and the impact of using OFDMA instead of OFDM. In
OFDM, all subcarriers are given to the selected user by
the PF. As shown in Figure 2 (when Tc > 0) the larger
the Tc the higher the throughput. When Tc increases, PF
needs more time to compensate disadvantaged users (with
low SNR), which leads to a higher throughput for the
advantaged users (with good SNR). As a result, the average
throughput increases. On the other hand, when Tc = 0, PF
losses its fairness and becomes an opportunistic scheduling
algorithm which favors advantaged users, and it is known
that opportunistic scheduling algorithms achieve the highest
average throughput (but at the expense of the fairness).
Also, it is evident from Figure 2 that PF with OFDMA has
higher throughput than that of PF with OFDM, as the former
efficiently utilizes the resources in the frequency domain,
and can handle efficiently the bursty traffic because of the
subband sharing.

The Jain’s fairness index of PF with OFDMA and PF
with OFDM is depicted in Figure 3. Both algorithms show
approximately the same values of Jain’s fairness index with
a slight improvement for PF with OFDMA. Also, we can
notice that as Tc, increases (when Tc > 0), the fairness index
decreases, as the algorithm becomes less fair (as discussed
above). Furthermore, the lowest Jain’s fairness index is
associated with Tc = 0 because this is the case when PF
becomes completely opportunistic, as discussed above.
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Figure 3: Fairness index of the PF scheduling with (a) OFDMA (b)
OFDM.

In Figures 4 and 5, the throughput and the Jain’s fairness
index of the system are, respectively, shown versus the
total traffic load in the cell. Results obtained from both
analytical expressions in (20) and (21) and simulations are
presented. It is noteworthy the good agreement between
these results, which validate our analytical solution. From
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Figure 4: Average throughput versus traffic load.
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Figure 5: Jain’s fairness index versus traffic load.

Figure 4, one can observe that (as expected) the average
throughput increases sharply at low traffic load, and then it
saturates at high traffic load. On the other hand, as shown
in Figure 5, the fairness index decreases with the traffic load
increase, and it saturates at high traffic load. This is because
as the traffic load increases, fewer resources become available
and it becomes more difficult to satisfy the demand of all
users.

The performance of the PF scheduling algorithm that we
propose in [8] and the agreement between analytical and
simulation results are also investigated for a different number
of users, N, where the traffic load expected from each user is
assumed to be 10 Mbps and the averaging window, Tc, for
the simulation, is selected to be 5000. Figures 6 and 7 show
the average throughput and Jain’s fairness index versus the
number of users, respectively. Again, it is straightforward to
notice that there is good matching between analytical and
simulation results. From Figure 6, one can see the increase in
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Figure 7: Jain’s fairness index versus number of users.

the average throughput when the number of users increases
for both analytical and simulation bars. This can be easily
explained as follows: as the number of users increases, the
traffic loads increase in the system. Also, as the number of
users increases, the chance of scheduling users on subbands
with preferable channel gain increases, so the scheduling
algorithm utilizes the multiuser diversity. From Figure 7, we
notice a slight fairness index decrease when the number of
users increases. This fairness index decrease is expected, as
the competition when the number of users increases.

Figure 8 shows the throughput performance at dif-
ferent number of subbands (M). The available frequency
bandwidth is divided into different number of subbands to
study the behavior of the system with different numbers
of subbands. It is evident that the analytical results and
the simulation results agree very well. We also notice that
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= 250 Mbps).

the throughput reaches the maximum when the number of
subbands equals 64. When the number of subbands is small,
the number of subcarriers per subband is larger. Hence,
the use of the adaptive coding and modulation for all the
subcarriers, based on the subcarriers with worst channel
conditions, will waste the resources of many subcarriers with
favorable channel conditions. On the other hand, when the
number of subbands is large, few subcarriers are grouped to
create a subband, which degrades the throughput because of
the increasing amount of unused fractions of subbands at
the end of time frames. In other words, when the number
of subbands increases, the number of subbands that are not
fully utilized at the end of time frames increases, which
degrades the throughput performance.

Figure 9 shows the Jain’s fairness index at different
number of subbands. We notice that the number of subbands
does not affect the fairness of the system, as all users suffer
from the same degradation of subbands utilization. Thus, the
chance of accessing the resources will be affected equally for
all users in the system, which keeps the fairness performance
the same, regardless of the number of subbands.

Figure 10 shows the packet delay versus traffic load for
the proposed scheduling algorithm, for Tc equals 5000, 3000,
and 1000. It is evident that as the traffic load increases, the
competition between users becomes harder, which causes
more packets to wait longer time in the users queues. Also, we
notice that when Tc increases, the packet delay increases. This
can be explained as follows. When Tc increases, the scheduler
tries to maximize the system throughput by forcing greedy
treatment among users by allocating most of the resources to
a few of users who have favorable channel conditions. That
behavior blocks more packets for requesting users, which
increases the average packet delay in the system.
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Figure 9: Jain’s fairness index versus the number of subbands
(traffic load = 250 Mbps).
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Figure 10: Mean packet delay versus traffic load of the proposed
algorithm.

Figure 11 shows the packet delay versus traffic load
for the proposed scheduling algorithm (PF with OFDMA),
analytically and by simulation, and the packet delay for the
PF with OFDM, where the observation window Tc equals
5000. As we notice, the analytical curve agrees very well with
the simulation curve. Also, we notice a slight improvement of
the proposed scheduling algorithm over the PF with OFDM.
We notice that on high traffic load (650 Mbps) our proposed
scheduling algorithm mean packet delay equals 3.75 seconds
while the mean packet delay of PF with OFDM equals 3.45
seconds.
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Figure 11: Mean packet delay versus traffic load for the proposed
algorithm analytically and by simulation for PF with OFDMA and
PF with OFDM.

It is noteworthy that there is a small difference between
the analytical and simulation results. This result difference
can be explained because of the approximations that have
been introduced while deriving the analytical model. Such
approximations simplify the model at the cost of minor result
deviations.

6. Conclusion

In this work, the PF scheduling is investigated for OFDMA
wireless systems. The main contribution of this work is the
analytical evaluation of the performance of PF scheduling
algorithm in OFDMA systems. We derive approximate
closed-form expressions for the average throughput, Jain’s
fairness index, and packet delay as the performance metrics.
The algorithm performance is investigated for a broad
range of the traffic load and number of subbands. We
compare the performance of the proposed algorithm (PF
with OFDMA) with that of PF with OFDM. In addition, we
verify the correctness and accuracy of the analytical solution
through simulations. Analytical and simulation results are in
good agreement, which validates our analytical performance
analysis. In future work, we plan to extend the analysis
to the case of different probabilities of the non-empty
buffer for different users. We will also consider other fading
distributions, such as the Rician distribution.
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In a cognitive wireless mesh network, licensed users (primary users, PUs) may rent surplus spectrum to unlicensed users
(secondary users, SUs) for getting some revenue. For such spectrum sharing paradigm, maximizing the revenue is the key objective
of the PUs while that of the SUs is to meet their requirements. These complex contradicting objectives are embedded in our
reinforcement learning (RL) model that is developed and implemented as shown in this paper. The objective function is defined
as the net revenue gained by PUs from renting some of their spectrum. RL is used to extract the optimal control policy that
maximizes the PUs’ profit continuously over time. The extracted policy is used by PUs to manage renting the spectrum to SUs and
it helps PUs to adapt to the changing network conditions. Performance evaluation of the proposed spectrum trading approach
shows that it is able to find the optimal size and price of spectrum for each primary user under different conditions. Moreover, the
approach constitutes a framework for studying, synthesizing and optimizing other schemes. Another contribution is proposing a
new distributed algorithm to manage spectrum sharing among PUs. In our scheme, PUs exchange channels dynamically based on
the availability of neighbor’s idle channels. In our cooperative scheme, the objective of spectrum sharing is to maximize the total
revenue and utilize spectrum efficiently. Compared to the poverty-line heuristic that does not consider the availability of unused
spectrum, our scheme has the advantage of utilizing spectrum efficiently.

1. Introduction

With the explosion of the number of emerging wireless appli-
cations for mobile users, the frequency spectrum has become
congested to support the dramatic increase in the demand for
the limited spectrum. Moreover, traditional spectrum man-
agement policies have contributed significantly in spectrum
scarcity crisis [1]. In such schemes, the licensed spectrum is
used only by the owner of license; other users are prevented
from utilizing the unused spectrum. Consequently, spectrum
owners are prevented from real-time interaction with radio
environment and from determining appropriate communi-
cation parameters and adapting to the changes in the radio
environment. For example, to increase data transfer rate and
avoid interference, the wireless system may detect and switch
to another lightly crowded band.

Fixed spectrum assignment policies prevent users from
dynamically utilizing unused allocated spectrum; hence poor
utilization and spectrum holes will be resulted. Moreover, the
owner loses the profits from renting the unused spectrum.
In wireless technology, another challenge is guaranteeing the
QoS of applications that require huge bandwidth resources
and service continuity protection [1]. To overcome the
spectrum scarcity problem, the Federal Communications
Commission (FCC) allows SUs to use unutilized spectrum
if they do not interfere with PUs [1–3]. Recently, wireless
mesh networks (WMNs) have emerged as a significant new
technology that can provide ease of installation, low-cost
means for flexible, and fast deployment of Internet-based
services in diverse environments [1–3]. In order to become
a mature technology, WMNs need to offer multimedia and
emergency services that require more bandwidth resources.



2 Journal of Electrical and Computer Engineering

Dynamic spectrum access (DSA) is proposed to mitigate
spectrum scarcity through utilizing spectrum efficiently. It
also enables users to adjust communication parameters (such
as operating frequency, transmission power, and modulation
scheme) in response to the changes in the radio envi-
ronment [1–3]. DSA enables implementation of cognitive
radio (CR) that brings a promise to increase spectrum
at a minimum cost by using licensed spectrum whenever
spectrum owners do not use it. This approach provides
up to 85% of the unused spectrum [1]. CR also enhances
the capability of WMNs to support broadband systems.
CR encourages implementing new more flexible spectrum
sharing paradigms. These sharing paradigms include the use
of trading spectrum access on secondary market where PUs
can rent unused spectrum to SUs and generate more revenue
[3]. Despite of obvious advantages of using CR in WMNs,
there are still several issues that require more investigation
such as economic factors that include PUs revenues and SUs
satisfaction. Spectrum trading also presents the challenge
of sharing spectrum among primary users. This paper
addresses when and how spectrum is shared among PUs
and between primary and secondary users. Spectrum is
shared between PUs and SUs based on our economic
model and under dynamic traffic load conditions. Our
economic model includes the costs and revenues associated
with renting a spectrum. The cost of renting spectrum is
a reduction of spectrum for PUs in favor of increasing
revenue.

In our work, PUs borrow channels from other PUs. Our
design objective is to improve spectrum utilization (among
PUs) and maximize revenue for spectrum owners (spectrum
trading), while meeting some defined constraints. In order
to develop an intelligent radio that is able to deal with
conflicting objectives in radio environment, we propose to
use reinforcement learning which is an effective tool to deal
with rational entities that make decisions to maximize their
benefits with whatever little information they have [4]. It
provides a mathematical framework for modeling decision-
making in situations where the decision maker is not sure
about the outcome.

In our work, reinforcement learning (RL) is used as a
means for extracting an optimal policy that helps a PU to
adapt to the changing radio environment conditions. PUs
employ the extracted optimal policy to solve the following
dilemma. When a request for spectrum arrives, the PU
recognizes that it should give part of its spectrum to gain
the revenue from rent. However, the QoS for PU might
be degraded due to renting the spectrum. The PU might
reject serving because it needs this spectrum and loses the
reward. As a result, the PU waits for its demand for the
spectrum to subside before renting spectrum. Consequently,
the likelihood of losing a reward of serving SUs increases,
which pushes the PU to become more spectrum-demanded
in order to reduce its loss. Under the emerging secondary
market spectrum policy, when renting available spectrum
to other parties (i.e., PU, SU), the PUs need to consider
the economic factors, such as the spectrum price and the
operation revenue obtained. We formulate this spectrum
trading problem as a revenue maximization problem. Such a

formulation allows RL to optimize the trading problem. The
contributions of our paper are as follows.

(i) A new spectrum-sharing scheme among PUs is pro-
posed.

(ii) How the concept of RL can be used to obtain a com-
putationally feasible solution to the considered spec-
trum trading problem is described.

(iii) An extensive numerical evaluation, based on analysis
and simulation, of the RL-based method for spec-
trum trading is presented.

The rest of this paper is organized as follows. Firstly,
we present previous work in spectrum sharing and trading,
followed by our assumptions and work environment. We
then describe our spectrum sharing scheme and formulate
the spectrum trading problem. In the next section, we
describe our model for solving the problem using RL,
and illustrate its implementation and how we optimize
obtained revenues using the RL algorithm. Next, we present
some of the tests performed and show the behavior of the
implemented system under different conditions. Finally, our
last section concludes the paper.

2. Related Work of Spectrum Trading Using CRs

In a cognitive network, PUs can rent their unused spectrum
to SUs. The problem of spectrum trading was considered
in [5] where each node charges other nodes for relaying
its traffic. The objective function is defined as the revenue
obtained from transmitting the node traffic plus other nodes
charges minus the price paid for other nodes along the
route to the destination. In [6], multiple PUs sell unused
spectrum resources to SUs to get monetary gains while SUs
try to get permissions from PUs for accessing the rented
spectrum. In order to maximize the payoffs of both primary
and secondary users, game theory is used to coordinate the
spectrum allocation among primary and secondary users
through a trading process. The payoff of a PU is defined as
the difference between the price of the sold spectrum and
the cost of buying spectrum. However, the model does not
consider the QoS of PUs.

In the framework proposed in [7], a PU may lease
the owned spectrum to SUs in exchange for cooperation
in the form of distributed space-time coding. For the PU,
the main concern is maximizing its quality of service in
terms of either rate or probability of outage, accounting
for the possible contribution from cooperation. However,
SUs compete among themselves for transmission within
the leased time slot following a distributed power control
mechanism. PU charges SUs for the leased spectrum in
[8]. The problem is formulated as an oligopoly market
competition and a noncooperative game is used to obtain the
spectrum allocation for SUs. Nash equilibrium is considered
as the solution of this game. In [9], it is extended to multiple
PUs selling the spectrum to SUs. The model considers the
behavior of other PUs to specify the price of spectrum. In
[10], the advantages of employing market forces to address
the issues of wireless spectrum congestion and the allocation
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of spectrum are addressed. It is shown that when unlicensed
spectrum is assigned to all competing SUs during periods
of excess demand an inefficient outcome is likely to result.
PUs compete to sell a spectrum to a set of buyers in [11].
Game theoretic approach is proposed to obtain the selling
quantities and bidding price.

Several studies tackle the issue of spectrum sharing
among PUs. In [12], PUs compete with each other to get
the spectrum. To analyze the dynamic spectrum allocation
of the unused spectrum bands to PUs, an auction theory
was used. The problem was formulated as a multiunit
sealed-bid sequential and concurrent auction. In [13], PUs
dynamically compete for portions of available spectrum. PUs
are charged by the spectrum policy server for the amount
of bandwidth they use in their services. The competition
problem is formulated as a non-cooperative game and new
iterative bidding scheme that achieves Nash equilibrium of
the operator game is proposed. In the proposed system in
[14], two spectrum brokers offer a spectrum for a group of
PUs. The broker wants to maximize its own revenue. Brokers’
revenues are modeled as the payoffs that they gain from the
game. On the other hand, PUs want to maximize its own QoS
satisfaction at minimum expense.

Centralized regional spectrum broker distributes a spec-
trum among PUs in [15]. PUs do not own any spectrum;
instead they obtain time bound rights from a regional
spectrum broker to part of the spectrum and configure it to
offer the network service. In [16], users adjust their spectrum
usage based on a defined threshold called poverty line. A PU
can borrow from its neighbors if the neighbors have number
of idle channels greater than a poverty line. However, this
scheme does not consider the availability of channels and the
load of PU. It is possible that the neighbors have a number of
idle channels less than their poverty line and these channels
will be unused. Moreover, none of these schemes consider
what follows.

(i) Utilizing spectrum efficiently: spectrum owners com-
pete for spectrum to maximize their revenues regard-
less of efficient spectrum utilization.

(ii) Maximizing total revenues of PUs through utilizing
the whole spectrum: the cooperation between PUs
to maximize total revenues is neglected in these
schemes.

(iii) Learning PUs a control policy to adapt the offered size
of spectrum and spectrum price based on the changes
in the radio environment such as traffic load, cost of
services, and spectrum price.

Using simulations, we show the ability of our scheme to
utilize spectrum efficiently by comparing its performance
with the poverty-line scheme. Moreover, we conduct some
experiments to show how our scheme can adapt to different
network conditions such as traffic load and spectrum cost.

3. Network Overview

In this section, we present our assumptions. The network
consists of two types of nodes: mesh routers (MRs) and mesh

clients (MCs). A wireless mesh network has several MRs
that jointly form a cluster [17]. Each cluster is a WLAN,
where MRs play the role of access point and the MCs
act as nodes served by them. The algorithm proposed in
[17] is used to form and maintain clusters. Moreover, the
proposed signaling protocol in [17] is used to manage
communication among the PUs and the SUs. MRs have
fixed locations, whereas MCs are moving and changing
their places arbitrarily. The spectrum is divided into non-
overlapping channels which are the basic unit of allocation.
The network consists of W PUs and N SUs. We define a PU
as a spectrum owner that may rent a spectrum to other users.
Each PU has K channels assigned to it in advance. Each
PU offers an adaptable number of channels to MRs (SUs).
MRs use the rented spectrum to serve MCs. We assume that
spectrum-request arrival follows Poisson distribution with
arrival rate λ (the mean number of requests arriving per
unit time). The service rate for incoming request is assumed
to be exponentially distributed with service rate μ. These
assumptions capture some reality of wireless applications
such as phone call traffic.

4. Spectrum Trading Model

In this section, we formulate a theoretical model that is
used to describe the general spectrum trading problem
between PUs and SUs. Next we describe our on-demand-
based spectrum sharing scheme and define the constraints
of borrowing a spectrum among PUs.

4.1. Spectrum Trading Problem Formulation. In our model,
we define the components for primary user y(PUy) as
follows.

(i) Spectrum allocation vector SPy :

SPy = {SPy(m) | SPy(m) ∈ {0, 1}} is a vector of
spectrum status. If SPy(m) = 1, channel m is not
available currently. Spectrum status changes over
time according to the spectrum demand.

(ii) Interference vector Iy :

Iy = {Iy(i) | Iy(i) ∈ {0, 1}} is a vector that represents
the interference among PUy and other PUs; if Iy(i) =
1, then PUy and PUi cannot use the same channel at
the same time because they would interfere with each
other.

(iii) Channel reward vector Ry :

Ry = {Ry(m) | Ry(m) ∈ {0,∞}}is a channel reward
vector, which describes the reward that PUy gets by
successfully renting channels to SUs. Ry(m) is the
reward that PUy gets from renting channel m. It is
computed as follows:

Ry(m) = pμωm, (1)
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where p is spectrum price for renting a channel m
and ωm represents the quality of wireless transmis-
sion for channel m and is computed as follows:

ωm = C{m}
arg max

z
C{z} , (2)

where C{m} is the capacity of channel m and is
computed using Shannon’s formula. To fit the reward
function in (1), channel m’s capacity is normalized
by the largest capacity among all channels. It is clear
from (2) the channel with higher capacity provides
high-quality communication and it should get higher
reward than others. The average reward for a PU is
computed mathematically as follows:

R = rλ, (3)

where r is the reward of serving one request, and λ is
the average rate of accepting SUs, defined as

λ = Ac
Tr

, (4)

where Ac is the number of accepted requests, and Tr
is the total number of requests. Equation (3) is used
to compute analytical reward for a PU. The total
reward TRy is the following:

TRy = SPy · Rty , (5)

where Rty is transpose of the channel reward vector.

(iv) Borrowable channel set BCy :

our scheme allows two neighbors to exchange chan-
nels to maximize their reward while complying with
conflict constraint from set of the neighbors. We
define that two PUs are neighbors if their transmis-
sion coverage area is overlapped with each other. The
set of channels that PUy can borrow from PU j should
not interfere with PUy neighbors. We refer to these
channels as BCy(PUy , PU j):

BCy

(
PUy , PU j

)
=

L
(

PU j

)

L
(
G
(

PUy

)
\ PU j

) , (6)

where L gives the set of channels assigned to the
given user(s) (e.g., L(PU j) represents the list of PU j

channels); G(PUy) is a list of neighbors of a primary
user PUy .

4.2. On-Demand-Based Spectrum Sharing Scheme. In our
scheme, PUs can exchange channels if the borrowed channels
do not interfere with the channels of neighbors. After serving
a request, the PU returns back borrowed channels to the
owner users. PUs adjust their spectrum usage based on
demand. As a result, the PU decides to borrow channels if
the spectrum is not available to accommodate SUs requests
and it is profitable to serve new SUs in terms of revenue. In
our scheme, spectrum is shared among PUs as follows.

Step 1. PU computes the revenue of serving new SUs.

Step 2. If the revenue is positive and worthy, a PU requests
neighboring PUs for a spectrum through a “borrowing
frame” that is broadcast to all neighbors. The request frame
specifies the size of required spectrum.

Step 3. Each PU receives a “borrowing frame,” checks its
idle channel list, and if there are idle channels, the PU
temporarily gives up a certain amount of idle spectrum and
sends an “accept frame” that includes channel IDs. If all
channels are busy then the request is ignored.

Step 4. After receiving “accept frame(s),” the PU specifies a
borrowable channel set BC and ranks its elements based on
their capacity. If the PU does not receive any “accept frame,”
it queues the requests.

Step 5. After selecting channels, the PU informs the owners
of the selected channels.

Step 6. After the PU finishes serving SUs, it returns the
borrowed channels.

Our scheme guarantees high utilization through using all
system channels provided that the interference constraint is
met.

5. Reinforcement Learning-Based Model

Reinforcement learning is a subarea of machine learning
concerned with how a system administrator takes actions in
different circumstances in a work environment to maximize
long-term revenue [4]. Let X = {X0,X1,X2,X3, . . . ,Xt} be
the set of possible states an environment may be in, and let
A = {a0, a1, a2, . . . , at} be a set of actions a learning agent
may take. In RL, a policy is any function: π : X → A
that maps states to actions. Each policy gives a sequence of
states when executed as follows: X0 → X1→ X2 . . . where
Xt represents the system state at time t and at is the action
at time t. Given the state Xt, the learning agent interacts
with the environment by choosing an action at , then the
environment gives a reward rt and the system transits to the
new state Xt+1 according to the transition probability PX ,Xt+1

and the process is repeated. The goal of agent is to find
an optimal policy π∗(X) which maximizes the total reward
over time. In this section, we define RL model applicable to
control the spectrum trading.

5.1. Basic Formulation of RL Model. For the basic formula-
tion, we describe the elements that facilitate the definition
of the RL. These elements are the events and states of the
system. Each PU has one finite FIFO queue for SUs (MRs)
requests. The PU uses extracted optimal control policy to
decide whether it is worthy to increase the offered spectrum
for a new request or queue it. The request is added to the tail
of the queue if a spectrum is insufficient to accommodate it
and a PU fails to borrow a spectrum from other PUs. The
request is served if the PU has sufficient spectrum. However,
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if a queue is full, the request is rejected. In our work, the agent
is developed to be implemented at the PU level of WMN in
a distributed manner. It provides the trading functionality
for a single queue. Each agent uses its local information and
makes a decision for the events occurring in the PU in which
it is located.

In our model, we have an adaptable spectrum size, f (Xt),
according to the percentage of queue usage (traffic load) and
the gained revenue. At time t, the state of the system Xt is
the number of accepted requests. Accepted requests is served
immediately if there is adequate spectrum or they might
be placed in the queue. Let {Xt, t ≥ 0} denote a random
variable which represents system states, X is the state space.
At state Xt, spectrum size f (Xt) is used to serve the queued
requests with a service rate f (Xt)μ. Transition from one state
to another means a request arrival or the SU is served. All
possible states are limited by the following constraints:

(i) Xt ≤ QS, where QS is the maximum length of the
queue.

(ii) f (Xt) ≤ KW ,

where K and W are defined in Section 3. From a state, the
system cannot make a transition (arrive, depart) unless the
constraints are met.

5.2. Spectrum Trading Agent and State Space. In our system,
an event can occur in a PU (agent) when a new request for
spectrum arrives or a SU releases its assigned spectrum.
These events are modeled as stochastic variables with
appropriate probability distribution. At any time the PU is
in a particular configuration defined by the size of offered
spectrum for trading, the price of spectrum, and the number
of admitted SUs.

In our case, each time a request for spectrum arrives
one of the following decisions must be made: accept arrival
request or reject the request. Upon serving the request, a PU
has to decide the optimal offered-spectrum size for renting.
The action space is given by

A = {a : a ∈ {0, 1}}, (7)

where a = 0 denotes request rejection, a = 1 indicates that
the PU has accepted the request and it might be placed in the
queue if the spectrum is insufficient to accommodate it.

5.3. Model Optimization. In our model, the value f (Xt)
indicates the optimal spectrum size offered for SUs at state
Xt that maximizes the estimated mean value of revenue,

V(π∗) = R− C, (8)

where R is the average reward given in (3) and C is the cost
of renting spectrum to the SUs and is computed as follows:

C = f (Xt)∗ δ, (9)

where δ is the cost of renting one spectrum unit to SUs. Due
to spectrum renting, the spectrum remaining for the primary

user becomes smaller; hence its QoS is degraded. The rate of
revenue at state Xt is computed as

q(Xt) = at
(
r ∗ Xt ∗ f (Xt)μ− C

)
, (10)

where r is the reward for renting spectrum and is computed
using (1). The actual mean value of the net revenue under
policy π for PUy is given by

Ay(π) = limD→∞
∑D

t=1 q(Xt)
D

, (11)

whereAy indicates the average actual value of the net revenue
of PUy when policy π is executed and D represents the time
horizon. The state transition probability is given by

PXt ,Xt+1 (a) =
⎧
⎪⎨

⎪⎩

λ, Xt+1 = Xt + 1
f (Xt)μ, Xt+1 = Xt − 1
0, otherwise

⎫
⎪⎬

⎪⎭
, (12)

where Xt represents current state and Xt+1 is the next tran-
sited state. In our system, an event can occur in a PU (agent)
when a new request for spectrum arrives or a SU releases its
assigned spectrum. These events are modeled as stochastic
variables with appropriate probability distribution. Hence,
the state transition occurs when a request arrives or is served
and this is shown in (12).

5.4. Optimal Policy. The optimal policy gives the maximum
net revenue when a PU adopts it. It specifies the optimal
spectrum size and price for each state. Basically, in our
model the optimal policy is specified according to the average
revenue value obtained for each transition with the offered
spectrum size. For each state, the revenue gained depends
on the action reward, cost of spectrum, and the spectrum
demand. When a new spectrum request arrives at the queue,
the PU checks if it is worthy to increase the offered spectrum
based on the revenue gained. It then either increases the
offered spectrum or keeps it. When a SU departs from the
system the PU may decrease the offered spectrum based on
revenue. Although decreasing the size of spectrum decreases
the customers’ satisfaction—since their waiting time will
increase accordingly—the PU always chooses the action that
maximizes its revenue. In our work, a PU uses RL to choose
a policy, π : X → A, for deciding the next action at based on
the current state Xt. We apply a value iteration algorithm to
find an optimal policy. The value function [4] of policy π is
given as

Vπ(Xt) = q(Xt) + α
∑

Xt+1∈X
PXt ,Xt+1 (a)Vπ(Xt+1), (13)

where α is the discount revenue that satisfies 0 ≤ α < 1 and
starting with t = 0. The value function Vπ(Xt) can be
considered as the expected revenue for policy π starting from
state X0. The optimal value function is given [4] as

V∗(Xt) = q(Xt) + max
a∈A

α
∑

Xt+1∈X
PXt ,Xt+1 (a)V∗(Xt+1). (14)
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The optimal policy is given as follows [4]:

π∗(Xt) = arg max
a∈A

∑

Xt+1∈X
PXt ,Xt+1 (a)V∗(Xt+1). (15)

We define an optimal policy π∗ as follows:

Hy(π∗) ≥ Hy(π), (16)

where Hy indicates the total net revenue of PUy computed as
follows:

Hy(π∗) = lim
D→∞

D∑

t=1

q(Xt). (17)

5.5. Analytical Model for Spectrum Trading. Network condi-
tions are changing randomly. These conditions include traffic
level, spectrum cost, and the size of unused spectrum. As a
consequence, PUs should adapt to continue increasing the
revenue. The principal parameters that PUs control are the
price and the size of the offered spectrum. In our model,
the PUs’ revenues sensitivity to the number of the offered
spectrum size ( f (Xt)) can be derived from (8):

∂V

∂ f (Xt)
=
(

∂R

∂ f (Xt)

)

−
(

∂C

∂ f (Xt)

)

=
(

∂R

∂ f (Xt)

)

− δ.
(18)

We assume the average reward sensitivity to the spectrum
size can be approximated by the cost of accepting new SUs,
u, which is calculated as follows:

u = r − o, (19)

where o is the reward increment from accepting new
requests. Substituting in (18), the PU’s revenue is maximized
when spectrum size equals the root of

∂V

∂ f (Xt)
= u

(
f (Xt)

)−
(

∂C

∂ f (Xt)

)

= 0. (20)

We used Newton’s method of successive linear approx-
imations to find the root of (20). The new spectrum size
f (Xt)n+1 at each iteration step n is computed as follows:

f (Xt)n+1 = f (Xt)n −
un − δ

∂
(
u
(
f (Xt)

)− δ)/∂ f (Xt)
. (21)

Approximating the derivative in (21) at step n:

∂
(
u
(
f (Xt)

)− δ)
∂ f (Xt)

= ∂u
(
f (Xt)

)

∂ f (Xt)
∼= un − un−1

f (Xt)n − f (Xt)n−1
(22)

and substituting (22) in (21), the new spectrum size will be

f (Xt)n+1 = f (Xt)n −
(
f (Xt)n − f (Xt)n−1

) un − δ
un − un−1

. (23)

Spectrum size adaptation is then realized using
Algorithm 1, where ε is the tolerable error. The presented

solution for revenue maximization does not take into
account the QoS of PUs. The request of spectrum from the
PU is blocked if it arrives while a PU is already using all of its
spectrum. Therefore, the probability of blocking for PUy is
computed as follows [18]:

By = ρK

K !

⎛

⎝
K∑

k=0

(
ρK

K !

)−1⎞

⎠, (24)

where ρ is computed as follows:

ρ = λ

μ
. (25)

Although for optimal spectrum size and price, one can
expect that standard blocking constraint of PUs will be met.
However, in some scenarios the blocking probabilities may
exceed the constraints. To cope with this constraint, we
use a spectrum price for controlling the size of the offered
spectrum and meeting the blocking probability for the PUs.
It is clear when a PU increases the price of spectrum the
arrival rate of SUs and the demand of spectrum will be
decreased. The arrival rate depends on the offered price. The
new arrival rate of SUs is calculated as follows [19]:

λ = τe−ϕṕ, (26)

where τ is the maximum number of users arriving to a
PU, ϕ represents the rate of decrease of the arrival rate as
spectrum price increases and is related to the degree of
competition between the PUs, and ṕ is the new price. Here,
we assume ϕ is given a priori. There is an inverse relationship
between the price and the demand of the spectrum. A PU
has to meet its blocking probability constraint BCy . Blocking
probability depends on the number of available channels
and the traffic load. If the blocking probability for a PU
exceeds the blocking constraint, a PU continues to increase
the spectrum price till its blocking probability is met. Because
of the inverse relationship between spectrum price and its
demand, it can be easily shown that when a spectrum price
is increased the available channel for a PU will be increased
and therefore the blocking probability will be reduced. This
feature indicates that if a PUy blocking constraint BCy is not
met, By > BCy , the spectrum price is increased to fulfill the
blocking probability constraint. However, we assume that the
potential price increment should be minimized as possible as
it can keep the demand for spectrum-high and maximize the
PUs revenues. After increasing the spectrum price, the new
revenue is computed as follows:

ΔV́ = λ
(
ṕ − p

)− C. (27)
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AdaptSpectrumSize (un, f (Xt)n, f (Xt)n−1, δ, ε)
begin
if ((Abs(un– δ) < ε))
return f (Xt)n,un;
else

{
compute new value of un and f (Xt)n+1;
AdaptSpectrumSize (un, f (Xt)n+1, f (Xt)n, δ, ε);

}
end;

Algorithm 1

This leads to the following problem formulation:

max
f (Xt)

V = λṕ − C −min
ṕ
λ
(
ṕ − p

)

subject to
W∑

y=1

SPy ≤ KW ,

SPy(c)SP j(c)Iy
(
j
) = 0,

By ≤ BCy ,

Δ ´V =λ( ṕ − p
)− C ≥ 0.

(28)

In our proposed adaptation scheme the new values of
spectrum prices reflect the amount of spectrum required by a
PU. Due to the competition in the market, a price increment
is limited due to the possibility of losing customers. If a
blocking constraint for a PU is met it tries to meet the block-
ing constraint for SUs by increasing the offered spectrum size
using the AdaptSpectrumSize algorithm.

6. Performance Evaluation

In this section, we show simulation results to demonstrate
the ability of our spectrum scheme to adapt to different
network conditions. The system of PUs and SUs is imple-
mented as a discrete event simulation. The simulation is
written by using Matlab. We uniformly distribute 10 PUs
and each PU is randomly assigned 20 channels. For the
mesh network, 100 MCs are distributed uniformly in the
transmission region of the MRs. The results presented are for
several system settings scenarios in order to show the effect
of changing some of the control parameters. The network
parameters chosen for evaluating the algorithm and the
methodology of the simulation are shown in Table 1.

6.1. Impact of Spectrum Size and Number of Primary Users
on Spectrum Borrowing among PUs. Simulations are done
to explore the availability of channels that can be borrowed
under different configurations of spectrum size and primary
user deployment. We vary the number of PUs and the
number of channels (spectrum size). We assume that two
users interfere if the distance between them is less than
20 m and they use the same channel. Figure 1 shows the

Table 1: Simulation parameters.

Parameter Value

Number of mesh routers 10

Number of clients 100

Number of primary users 10

Number of channels per a PU 20

Total number of channels 200

Number of messages per client Random

Type of interface per node 802.11 b

MAC layer IEEE 802.11 b

Transmission power 0.1 watt

Packet size 512

λ 1

Channel bandwidth 100 kHz

Blocking probably constraint for a PU 0.015

SNR 4 db

borrowing probability for different numbers of PUs. We
calculate the probability of existing channels being available
for borrowing. Simulations are done to investigate the
effect of the number of PUs on the probability of channel
borrowing. We can see that the possibility of adjusting
spectrum based on borrowing is not guaranteed for a large
number of PUs with a small size of spectrum. Moreover, it
can be seen that increasing the number of PUs, the borrowing
probability decreases due to the interference among users.
The spectrum size is another factor that influences channel
borrowing probability. Increasing the size of spectrum (i.e.,
increasing the number of channels in the system) reduces the
likelihood of interference.

6.2. Performance of On-Demand Sharing Scheme. We com-
pare the performance of our on-demand-based spectrum
sharing scheme with the poverty-line heuristic [16] through
simulations. For PUy , the poverty line is computed as fol-
lows:

PL
(
y
) =

L
(

PUy

)

NG
(

PUy

) . (29)
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Figure 2: Throughput and spectrum utilization comparison.

The performance metrics considered are as follows.

(1) Throughput, which is the average rate of successful
message delivery over a communication channel
which can be expressed as follows:

Throughput = total no. of bytes received
simulation time

. (30)

(2) Spectrum utilization, S, which is the percentage of
busy spectrum at time t and is computed as follows:

S =
∑W

w=1 SPw
KW

. (31)

We examine the performance under different parameter
settings. Throughput comparison of the two schemes is

5 5.5 6 6.5 7 7.5 8 8.5 9 9.5 10
1

2

3

4

5

6

7

8

Number of primary users

A
ve

ra
ge

 r
ev

en
u

e

Poverty-line scheme
On-demand sharing scheme

Figure 3: Average revenue sensitivity versus number of PUs in
cognitive network.

shown in Figure 2. The figure shows that the throughput
increases as the total number of channels increases. This is
due to more spectrum that can be employed. Our scheme
utilizes the unused spectrum resourcefully because there is
no limit to channel borrowing among PUs. For poverty-
line heuristic [16], a PU cannot exceed a certain number of
channels that can be borrowed from its neighbors even if the
neighbors have idle channels.

We further present the results of spectrum utilization
with different spectrum sizes in Figure 2. Our scheme
performs better than the poverty-line heuristic. Our scheme
utilizes the whole spectrum because PUs can have access to
neighbor’s channels based on availability of channels and on-
demand. This improves the cognitive network throughput
and overall spectrum utilization. However, some unused
spectrum is not utilized under poverty-line heuristic because
of the threshold constraint. It is clear from Figure 2 that
our scheme is not sensitive to the number of channels in
the network. However, the only constraint that prevents our
scheme from full utilization of spectrum is the interference
factor. In the poverty-line-based scheme, spectrum sharing
is limited by the poverty line that depends on the number of
idle channels. From the figure, we can see that as the number
of channels increases the utilization of channels decreases
because of an increment in idle channels.

Figure 3 displays the result of spectrum trading. The
result shows that our scheme achieves higher revenue than
poverty-line scheme. The revenue decreases as the number
of PUs increases, since in this case PUs are assigned less
number of channels; therefore the size of offered spectrum
will decrease. We also compare the performance of the two
schemes under varying traffic load in Figure 4. The result
shows that the revenue increases as the spectrum demand
increases.
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6.3. Supporting QoS for SUs in CRs. In this section, we
explore the performance of WMNs with cognitive abilities.
CRs take advantage of surplus spectrum by renting it to
the SUs and getting profits. Figure 5 shows a comparison
between the traffic for WMNs with CR abilities and WMNs
without CR abilities. Clearly, the cognitive systems outper-
form the classic WMNs that do not use CR technology. The
main disadvantage of CRs is the waiting time of flows. This is
a direct consequence of the PUs requirement of not renting a
surplus spectrum if there is no revenue. However, despite the
PUs requirement, the overall performance is far better when
CR is enabled. CRs cannot guarantee QoS because PUs flows
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constraint.

have a priority over SUs. Each PU needs a spectrum for its
usage and to support the maximum classic traffic for (BCy ≤
1%) constraint. If an additional network overlays its traffic
over the unused spectrum it should not affect the BCy of the
PUs.

6.4. Spectrum Price Adaptation. A PU with well-dimen-
sioned spectrum size and correctly chosen spectrum price
provides the desired QoS and maintains blocking probabil-
ities in an acceptable range. When the spectrum demand
increases, blocking probabilities normally increase beyond
their constraints. While our adaptation scheme tries to
maximize PUs’ revenues by increasing spectrum size when
the spectrum demand increases, it maintains QoS by bring-
ing blocking probabilities back to its constrained range by
increasing the spectrum price. Our intelligent algorithm
is converged after 4 steps. Figure 6 displays the offered
spectrum size at PUy for different arrival rates. When
spectrum arrival rate is increased and blocking probability
does not surpass BCy , PUy adapts by increasing the size of
the offered spectrum as shown in the figure to generate more
revenue. However, when the demand decreases, PUy reduces
the size of the offered spectrum to avoid a waste of spectrum.

We study the effect of spectrum adaptation on the gained
revenue for different offered spectrum sizes in Figure 7.
The results show that our algorithm increases the offered
spectrum size to gain more revenue. When the offered
spectrum becomes large the quality of service of PU may
be degraded because of the reduction of its spectrum size.
Therefore, the adaptation scheme stop increasing the offered
spectrum. Figure 7 also shows the size of offered spectrum
for different service costs. It is clear the adaptation scheme
offers more spectrum when the cost of serving SUs is low.
When a PUy offers large size of spectrum, its blocking
probability By may surpass its blocking constraint BCy . The
spectrum price adaptation is integrated in our adaptation
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process to ensure it meets the blocking constraints. Figure 8
shows the spectrum price adaptation when the blocking
probability surpasses blocking constraint. PU increases the
price of spectrum to decrease the accepting rate for each SUs
class and to maintain QoS for PUs. The results show our
scheme’s ability to bring blocking probabilities back to their
constrained range by adapting spectrum price.

6.5. Tradeoffs between a PU Revenue and QoS Constraints.
Figure 9 plots the tradeoff between a PU revenue and its
QoS. To show the relationship between the two, we vary
the blocking probability constraint for a PU (the QoS
requirement for a PU). Blocking constraint becomes stricter
in such a way that more in-service primary users should be
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Figure 9: Offered spectrum for different blocking network con-
strains.

protected from channel eviction. For this, SUs arrivals must
be blocked more often and the rejection ratio is increased. As
a result, a PU cannot offer more spectrum for a small value of
blocking probability. However, as this constraint is relaxed,
a PU can serve more SUs and can offer more spectrum
to generate more revenue. For large values of blocking
probability, a PU can maintain a QoS for its applications and
this can be observed from the figure. The revenue gained for
large values of blocking probability is increased and a PU
becomes less strict so that a lower number of SUs are rejected
upon their arrival.

6.6. Optimal Policy as a Function of Spectrum Price, Cost, and
Quality. We simulate the behavior of the described system
under different spectrum prices. Figure 10 displays the size
of the offered spectrum for different service prices. From the
figure, we can clearly see that even though spectrum prices
are higher a PU may increase the offered spectrum size. There
is a direct correlation between the offered spectrum size and
the spectrum price, so the more reward we have (due to
price) the more spectrum PU can offer SUs. However, a PU
cannot further increase the price because it will affect SU’s
spectrum demand.

We compare the same system for different cost of service
(δ) in Figure 11 for a fixed spectrum price. From the figure,
we clearly notice how sensitive the optimal size of offered
spectrum is to the spectrum cost, where the offered size
drops as spectrum cost increases. Figure 12 shows the offered
spectrum size as a function of spectrum quality (ω). It is clear
as the spectrum quality improves, the PU will offer more
spectrum increasing its reward.
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7. Conclusion

In this paper, we present a novel machine-learning-based
model to obtain an optimal policy for controlling spectrum
trading in cognitive wireless networks. The proposed model
has two contributions to cognitive networks. From the
application side, the main contribution is developing a
control policy that considers different requirements such
as rewards for PUs, wireless requirement (channel inter-
ference), the cost of spectrum renting, and PUs QoS.
All basic functions are integrated and optimized into one
homogenous, theoretically based model. From the modeling
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Figure 12: Offered spectrum size as a function of spectrum quality.

side, we formulate a spectrum trading problem as a reward
maximization problem. Such a formulation allows RL to
optimize the trading problem. The approach presents a
general framework for studying, analyzing, and optimizing
other resource management in cognitive mesh networks.

Another contribution is to propose a new scheme for the
PUs to control spectrum trading for the emerging spectrum
secondary market. PUs can employ the proposed scheme to
choose the optimal price and size of the offered spectrum.
The objective is to adapt the size and price of spectrum
in order to continuously maximize PUs’ net revenues while
maintaining PUs’ QoS. Simulations were also conducted
and shown to closely agree with the analytical model.
They demonstrated the ability of our algorithm to support
SUs requirements and obtain the potential performance
gains by applying cognitive radio. Moreover, the numerical
results show that the proposed approach is able to find an
efficient tradeoff between different rates of spectrum size and
different costs of spectrum. The results show the ability of
our scheme to find the optimal spectrum size for different
spectrum prices. We vary system parameters to understand
the behavior of the system under different scenarios. The
results show a direct correlation between the reward rates and
the spectrum price, and an inverse relationship between the
spectrum cost and the allocated bandwidth. We also propose
a new distributed spectrum sharing scheme among primary
users. PUs share spectrum based on demand whereby they
can borrow spectrum from their neighbors while complying
with interference rules. The benchmark in our experiments is
the poverty-line heuristic used in [16]. Because it can more
efficiently employ limited spectrum resources compared to
the poverty-line heuristic, our scheme achieves higher net
revenues. The poverty-line heuristic restricts borrowing by
a threshold called poverty line. Moreover, numerical results
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show that our scheme is able to find an efficient tradeoff
between PU revenues and SUs delay.
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Advanced MAC scheduling schemes provide efficient support of multimedia services in multiuser OFDM wireless networks.
Designed in a cross layer approach, they opportunistically consider the channel state and are well adapted to the wireless multipath
fading environment. These schedulers take advantage of time, frequency, and multiuser diversity. Thereby they maximize the
global system throughput while ensuring the highest possible level of fairness. However their performances heavily depend on the
bandwidth granularity (i.e., the number of elementary resource units) that is used in the resource allocation process. This paper
presents and compares the main OFDM scheduling techniques. In particular it studies the influence of bandwidth granularity on
the resource allocation strategies performances. The paper reveals that though bandwidth granularity has never been considered
in former studies, it is of major importance for determining the application range of advanced OFDM scheduling techniques.

1. Introduction

Bandwidth allocation in next generation broadband wireless
networks is a challenging issue. The schedulers shall provide
mobile multimedia transmission services with an adequate
Quality of Service (QoS). These new multimedia services
with tight QoS constraints require increased system capacity
together with fairness.

The past decades have witnessed intense research efforts
on wireless communications. In contrast with wired com-
munications, wireless transmissions are subject to many
channel impairments such as path loss, shadowing, and
multipath fading [1–4]. These phenomena severely affect the
transmission capabilities and in turn the QoS experienced
by applications, in terms of data integrity but also in terms
of the supplementary delays or packet losses which appear
when the effective bit rate at the physical layer is low.
Among all candidate transmission techniques for broadband
transmission, Orthogonal Frequency Division Multiplexing
(OFDM) has emerged as the most promising physical layer
technique for its capacity to efficiently reduce the harmful
effects of multipath fading. This technique is already widely

implemented in most recent wireless systems like 802.11a/g
or 802.16. The basic principle of OFDM for fighting the
effects of multipath propagation is to subdivide the available
channel bandwidth in subfrequency bands of width inferior
to the coherence bandwidth of the channel (inverse of the
delay spread). The transmission of a high speed signal on
a broadband frequency selective channel is then substituted
with the transmission on multiple subcarriers of slow speed
signals which are very resistant to intersymbol interference
and subject to flat fading. This subdivision of the overall
bandwidth in multiple channels provides frequency diversity.
Added to time and multiuser diversity, this may result in
a very spectrally efficient system subject to an adequate
scheduling.

More recently intense research efforts have been given in
order to propose efficient schedulers for OFDM-based wire-
less networks. Opportunistic schedulers, in particular, have
received much attention [5–9]. These schemes preferably
allocate the resources to the active mobile(s) with the most
favourable channel conditions at a given time instant. This
takes maximal profit of the multiuser diversity and frequency
diversity in order to maximize the system throughput.
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In fact, these schedulers highly rely on diversity for
offering their good performances. Several studies analyze
precisely the influence of the multiuser diversity on the
performances of the reference schedulers [10–16]. However
no work is focused on the role of frequency diversity which
highly relies on bandwidth granularity. In this paper, we
consider a fixed amount of bandwidth. Following the OFDM
principle, this bandwidth is divided into subfrequency bands
called subcarriers. In the allocation process, the different
subcarriers are grouped for constituting the elementary
resource units that are allocated to the mobiles. The higher
the number of subcarriers in a group, the less the freedom
and the (bandwidth) granularity in the allocation process
and, consequently, the less the frequency diversity and the
efficiency of the opportunistic resource allocation process. It
is interesting to note that it is however not always interesting
to maximize the bandwidth granularity. Indeed, the higher
the bandwidth granularity is the more efficient are these
schedulers, but it is at the expense of supplementary signaling
overhead that can become prohibitive. A tradeoff has to be
found.

In this paper, we study the influence of bandwidth
granularity on the performances of the OFDM reference
schedulers considering multiple metrics: system throughput,
delay, jitter, fairness, and so forth. In contrast with multiuser
diversity, the effect on the performances of bandwidth
granularity is much more complex to analyze. Some papers
compare the most acknowledged opportunistic schedulers
but often show conflicting results. We show in this paper that
this is mainly due to differences in bandwidth granularity
hypotheses while each reference scheduler has its specificities
and is built on specific assumptions. And, in particular,
the performances of these schedulers strongly depend on
the bandwidth granularity since, for example, some are
primarily designed for single carrier communications, some
for multicarrier systems. This paper clearly shows how a
given scheduler can outperform another depending on the
bandwidth granularity available in the system and why. We
also provide in this paper the application range of each of the
main OFDM reference schedulers with respect to bandwidth
granularity.

The outline of the paper is as follows. Section 2 provides
an overview of the OFDM system and a definition of band-
width granularity. The main OFDM scheduling algorithms
are described in the next section. Section 4 gives a detailed
evaluation of the performance of these reference schedulers
in a large range of bandwidth granularity values. Section 5
discusses the application range of each of the schedulers
based on the results of Section 4. Section 6 concludes the
paper.

2. System Description and
Frequency Granularity

We consider Orthogonal Frequency Division Multiple Access
(OFDMA). The physical layer is operated in TDD mode
using the frame structure described in Figure 1 which
ensures a good compatibility with existing systems like the
OFDM-based transmission mode of the IEEE 802.16-2004

[17, 18]. The total available bandwidth is divided into
subfrequency bands or subcarriers. The subcarrier spacing
is constant and equal to a value inferior to the coherence
bandwidth of the channel. Following [19], it is chosen in
the order of 15 kHz. The total number of subcarriers is
denoted nsub. These subcarriers are grouped in ng groups,
with ng a divider of nsub. The scheduler may allocate any
of these groups to any mobile. Consequently the higher the
number ng of groups, the higher the amount of bandwidth
granularity and the higher the offered frequency diversity in
the bandwidth allocation process.

The radio resource is further divided in the time domain
in frames. Each frame is itself divided in time slots of
constant duration. The time slot duration is an integer
multiple of the OFDM symbol duration. Moreover, the
frame duration is fixed to a value much smaller than the
coherence time (inverse of the Doppler spread) of the
channel. With these assumptions, the transmission on each
subcarrier is subject to flat fading with a channel state
that can be considered static during each frame. Trans-
missions performed on different subcarriers by different
mobiles have independent channel state variations [20].
On each subcarrier, the modulation scheme is QAM with
a modulation order adapted to the channel state between
the access point and the mobile to which it is allocated.
This provides the flexible resource allocation framework
required for opportunistic scheduling. Note that the higher
the bandwidth granularity ng , the more flexible the allocation
and the higher the diversity. The elementary resource unit
(RU) is defined as any (group of subcarrier, time slot) pair.
Each of these RUs may be allocated to any mobile.

3. Overview of the OFDM Reference Schedulers

We consider a centralized and synchronized approach [21].
The packets originating from the backhaul network are
buffered in the access point which schedules the downlink
transmissions (Figure 2). In the uplink, the mobiles signal
their traffic backlog to the access point which builds the
uplink resource mapping.

The MAC protocols currently used in wireless networks
were originally and primarily designed for wired networks.
These classical access methods like Round Robin (RR) and
Random Access (RA) are not well adapted to the wireless
environment and provide poor throughput. Consequently,
much interest has recently been given to the design of
scheduling schemes that maximize the performance of
multiuser OFDM systems. In the following, we focus on the
three major scheduling techniques that emerged: Maximum
Signal-to-Noise Ratio (MaxSNR), Proportional Fair (PF),
and Weighted Fair Opportunistic (WFO) scheduling.

3.1. Maximum Signal-to-Noise Ratio Scheduling. Many
schemes are derived from the Maximum Signal-to-Noise
Ratio (MaxSNR) technique (also known as Maximum
Carrier-to-Interference ratio (Max C/I)) which allocates the
resource at a given time to the active mobile with the greatest
SNR [5, 6, 22]. Denoting mk,n the maximum number of bits
that can be transmitted on a time slot of Resource Unit n if
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Figure 2: Opportunistic allocation of the radio resources among the set of mobiles in the downlink.

it is allocated to the mobile k, MaxSNR scheduling consists
in allocating the RU n to the mobile j which has the greatest
mk,n such as

j = argmax
k

(
mk,n

)
, k = 1, . . . ,K , (1)

where K is the total number of mobiles.
Profiting of multiuser and bandwidth granularity,

MaxSNR continuously allocates the radio resources to the
mobile with the best spectral efficiency. Consequently,
MaxSNR strongly increases the system throughput. Dynam-
ically adapting the modulation and coding allows to always
make the most efficient use of the radio resource and come
closer to the Shannon limit. However MaxSNR assumes that
the user with the most favourable transmission conditions
has information to transmit at the considered time instant.
It does not take into account the variability of the traffic and
the queuing aspects. Additionally, a negative side effect of this
strategy is that the closest mobiles to the access point have
disproportionate priorities over mobiles more distant since
their path loss attenuation is much smaller. This results in a
severe lack of fairness.

3.2. Proportional Fair Scheduling. Proportional Fair (PF)
algorithms have recently been proposed to incorporate
a certain level of fairness while keeping the benefits of
multiuser diversity [7, 8, 23–26]. The basic principle is to
allocate resources to a mobile j when its channel conditions
are the most favourable with respect to its time average such
as

j = argmax
k

(
mk,n

Mk,n

)

, k = 1, . . . ,K , (2)

where Mk,n is the time average of the mk,n values.
At a short time scale, path loss variations are negligible

and channel state variations are mainly due to multipath
fading, statistically similar for all mobiles. Thus, PF provides
an equal sharing of the total available bandwidth among
the mobiles as RR. Applying an opportunistic scheduling
approach, the system throughput increase is comparable to
the MaxSNR gain [9]. Actually, PF combines the advantages
of the classical schemes and the opportunistic schemes.
It currently appears as the best bandwidth management
scheme.
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In PF-based schemes, fairness consists in guaranteeing an
equal share of the total available bandwidth to each mobile,
whatever its position or channel conditions. However, since
the farther mobiles have a lower spectral efficiency than the
closer ones due to pathloss, all mobiles do not all benefit of
an equal average throughput despite they all obtain an equal
share of bandwidth. This induces heterogeneous delays and
unequal QoS. [12, 23, 27] demonstrate that fairness issues
persist in PF-based protocols when mobiles have unequal
spatial positioning, different traffic types, or different QoS
targets. In particular PF scheduling does not take into
account the delay constraints and is not well adapted to
multimedia services which introduce heterogeneous users,
new traffic patterns with highly variable bit rates and
stringent QoS requirements in terms of delay and packet loss.

3.3. Weighted Fair Opportunistic Scheduling. More recently
a new MAC scheduler, called “Weighted Fair Opportunis-
tic (WFO),” has been proposed for efficient support of
multimedia services in multiuser OFDM wireless networks
[9, 28]. Built in a higher layers/MAC/PHY cross-layer
approach, this scheme is designed for best profiting of the
multiuser diversity and taking advantage of the dynamics
of the multiplexed traffics. It takes into account both the
transmission conditions and the higher layer constraints
(traffic patterns, QoS constraints). In order to provide an
efficient support of multimedia transmission services, WFO
dynamically favors the mobiles that go through a critical
period with respect to their QoS requirements using dynamic
priorities.

Evaluating if a mobile goes through a critical period
should not only focus on the classical mean delay and jitter
analysis. Indeed, a meaningful constraint regarding delay is
the limitation of the occurrences of large values. Accordingly,
[9] defines the concept of delay outage by analogy with
the concept of outage used in system coverage planning.
A mobile k is in delay outage (in critical period) when its
packets experience a delay greater than a given threshold
Tk defined by the mobile application requirements. The
delay experienced by each mobile is tracked all along the
lifetime of its connection. At each transmission of a packet
of mobile k, the ratio of the total number of packets whose
delay exceeded the threshold divided by the total number of
packets transmitted since the beginning of the connection
is computed. The result is called Packet Delay Outage Ratio
(PDOR) of mobile k and is denoted PDORk. This measure is
representative of the emergency for the mobile k to be served.
Figure 3 illustrates an example cumulative distribution of the
packet delay of a mobile at a given time instant. A mobile can
be considered as satisfied when, at the end of its connection,
its delay constraint is met, that is, its experienced PDOR is
less than a PDOR target specific to the mobile application.

The WFO scheduling principle is to allocate a Resource
Unit n to the mobile j which has the greatest WFO parameter
value WFOk,n with

j = argmax
k

(
WFOk,n

)
, k = 1, . . . ,K , (3)

where WFOk,n is equal to

WFOk,n = mk,n × f (PDORk), (4)

with f a strictly increasing polynomial function defined in
[9].

With this scheduling, physical layer information (repre-
sented through the factor mk,n) are used in order to take
advantage of the time, frequency and multiuser diversity
and maximize the system capacity. Higher layer information
(represented through the factor f (PDORk)) are exploited
in order to introduce dynamic priorities between the flows
for ensuring the same QoS level to all mobiles. With this
original weighted system that introduces dynamic priorities
between the flows, WFO keeps a maximum number of flows
active across time but with relatively low traffic backlogs.
This results in a well-balanced resource allocation. Preserving
the multiuser diversity allows to continuously take a maximal
benefit of opportunistic scheduling and thus maximize the
bandwidth usage efficiency. When the bandwidth granularity
is sufficient, WFO better conceals the system capacity
maximization, QoS support and fairness objectives than PF
and MaxSNR as will be observed in the next section.

4. Performance Evaluation

In this section, we study the allocation of radio resources
among the set of mobiles situated in the coverage zone
of an access point using the classical Round Robin (RR)
and the most efficient opportunistic schedulers presented in
Section 3: MaxSNR, PF, and WFO. Performance evaluation
results are obtained using OPNET discrete event simulations.
We focus on five essential performance criteria:

(i) offered system capacity;

(ii) mean buffer occupancy;

(iii) delay and jitter;

(iv) perceived QoS satisfaction level.

4.1. Simulation Setup. In the simulations, nts is defined as
the number of time slots available in a frame. We assume a
total number nsub of 128 subcarriers and a total number nts
of 5 time slots in a frame. In addition, the frame duration is
fixed to 2 ms so that the channel state can be considered static
during each frame. The results are analyzed with respect
to different bandwidth granularities: ng ranges between 1
and 128 which, respectively, corresponds to groups of 128
subcarriers to 1 subcarrier.

A detailed description of the channel model is given in
[28]. The channel gain model on each subcarrier assumes
free space path loss and multipath Rayleigh fading [4]. We
consider a reference distance dref for which the free space
attenuation equals aref. As a result the channel gain is given
by

ak,n = aref ×
(
dref

dk

)3.5

× α2
k,n, (5)
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where dk is the distance to the access point of the mobile
owning the service flow k and α2

k,n represents the flat fading
experienced by this service flow k if transmitted on the
RU n. In the following, αk,n is Rayleigh distributed with an
expectancy equal to unity. The maximum transmit power
satisfies

10 log10

(
PmaxTs
N0

× aref

)

= 31 dB. (6)

Additionally, the BER target is taken equal to 10−3.
We consider 8 mobiles which run a videoconference

application with successive connections of five minutes
duration. The traffic is composed of an MPEG-4 video
stream [29] multiplexed with an AMR voice stream [30].
This demanding type of application, typical of multimedia,
generates a high volume of data with high sporadicity
and requires tight delay constraints which substantially
complicates the task of the scheduler. The average bit rate of
each source is 80 Kbps. The PDOR target is set to 5% and the
delay threshold Tk is fixed to the value of 80 ms considering
real time constraints.

As described in Section 3, the main performance dif-
ferences between MaxSNR, PF, and WFO regards fairness
with respect to mobiles located at unequal positions. This
paper proposes to study the influence of the frequency
granularity on the performances of the schedulers. Though
never studied before, this factor has a very strong impact
on the performances of the schedulers. In order to facilitate
the analysis, we have chosen to represent only the results of
the simulations that involve static users. Simulations with
mobile users have also been carried out but when mobility
is considered, the results are much more complex to analyze
with respect to bandwidth granularity. The mobility model
actually interferes with the performances of the schedulers
and the role of the bandwidth granularity then could not
clearly be isolated. Consequently, in the presented simulation
results and in order to observe how fairness is affected by
the amount of bandwidth granularity available in the system,
a first half of mobiles are situated close to the access point
(2.5 km) so that their mean mk,n value equals 3 bits per
subcarrier and per time slot. The second half of the mobiles
are situated twice over farther (5 km).

4.2. Qualitative Impact of Frequency Granularity on the
Scheduling Performances. The performances of the OFDM
reference schedulers described in Section 3 depend on the
amount of bandwidth granularity available in the system.
Each scheduler is more or less sensible to an increase of the
bandwidth granularity.

Figure 4 shows the distribution of the number of bits that
may be transmitted per subcarrier and per time slot by far
and close mobiles, considering the channel model described
in [28]. In Figure 4(a), the bandwidth granularity is low: ng
equals 1, that is, the system accommodates only 1 group
of 128 subcarriers. Figure 4(b) corresponds to the highest
bandwidth granularity: ng equals 128, that is, there are 128
groups of 1 subcarrier.

Note that the number of bits that may be transmitted
on a subcarrier can only be a discrete number. Indeed, in
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Figure 3: Example packet delay CDF and experienced PDOR.

the system under study, the elementary data unit is a bit.
Hence, during a time slot, only an integer number of bits can
be transmitted on a subcarrier. This explains why when ng
equals 128 (128 groups of 1 subcarrier), the distribution of
the number of bits that may be transmitted on a subcarrier
is constituted only with discrete and integer values (as shown
in Figure 4(b)). Similarly, when ng equals 1, the scheduler has
only one capacious Resource Unit (RU) to allocate. This RU
is constituted by one group of 128 subcarriers that may be
allocated to a single mobile only. As in Figure 4(b), the total
number of bits that is then transmitted on the 128 subcarriers
during a timeslot remain integer and discrete but are much
higher since they relate globally to the 128 subcarriers. In
order to compare the results on a same basis, we computed
in Figure 4(a) the number of bits that may be transmitted on
average per subcarrier when ng equals 1 (and not on a group
of subcarriers).

Figure 4(a) shows that the distributions of the number of
bits that may be transmitted on a subcarrier for far and for
close mobiles when ng equals 1 are very narrow compared
to the case where ng equals 128 (Figure 4(b)). Indeed, when
the subcarriers are grouped, the quality fluctuations of the
subcarriers compensate each other inside the group. As a
consequence of this averaging effect, the capacity of a group
of subcarriers is pretty much constant which in turn offers
less degrees of freedom in the resource allocation at system
level. This is why the performances worsen in terms of
capacity.

Additionally, we observe in Figure 4(a) that, in contrast
with Figure 4(b), the distributions obtained for the two
groups of mobiles have no intersection. When all subcar-
riers are grouped, the mean number of bits that may be
transmitted by close mobiles over a group of subcarriers
is always larger than the transmit possibility of far mobiles
due to the averaging effect. This results in a really unfair
allocation for MaxSNR-based schedulers when all subcarriers
are grouped since close mobiles then have absolute priority
over far mobiles. In contrast, when subcarriers may be
allocated individually, close mobiles may get a chance at
some time instant to gain access to a subcarrier when its
fading conditions are favorable on this subcarrier. This is why
the higher the value of ng , the lower the unfairness of the
MaxSNR-based scheduler.

4.3. System Capacity. We first studied the system capacity
offered by the four scheduling algorithms as a function of
the bandwidth granularity. Figure 5 analyses the impact of
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Figure 4: Number of bits per subcarrier considering two distinct bandwidth granularities.
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Figure 5: Impact of bandwidth granularity on spectral efficiency and overhead.

a bandwidth granularity increase on spectral efficiency and
overhead.

The first effect is a spectral efficiency increase as shown
in Figure 5(a) which gives the average number of bits carried
on a time slot of a used subcarrier by each tested scheduler
under diverse bandwidth granularities. As expected, RR does
not take benefit of multiuser diversity which results in a
bad utilization of the bandwidth and, in turn, poor system
throughput. Based on opportunistic scheduling, the three
other schemes globally show better performances. Improving
the spectral efficiency of the system, less RUs are needed than
with RR for managing the same amount of traffic, and the
system capacity increases.

The system capacity of a wireless network actually highly
relies on the level of spectral efficiency that is provided by the
scheduler. The purpose of the opportunistic schedulers is to
allocate the radio resources at a given instant to the mobiles
that have the best radio conditions and have data to transmit
at that time instant. If the considered mobile does not have
data to transmit, the resource unit is allocated to another

mobile whose radio conditions are worse. Consequently the
spectral efficiency decreases. Thus, multiuser diversity plays
a central role for the maximization of the system capacity.
The specificity of the opportunistic schedulers is that they
take benefit of the multi-user, time and frequency diversity
in order to increase this spectral efficiency and consequently
the system capacity.

For each scheduler, we observe an interesting inflection of
the curve when the bandwidth granularity increases resulting
from the superimposition of the following three phenomena.

(i) The first is predominant mainly in Zone 1 and
affects all the schedulers. We observe a spectral
efficiency increase which is due to the sparing of
many subcarriers used for the transmission of only
few bits. To be clearer, let us consider that a given
mobile has only a few bits to transmit. If ng equals
1, the scheduler has only capacious Resource Units
to allocate. As a consequence, many subcarriers are
allocated (128 subcarriers if ng equals 1) while maybe
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one or two could be sufficient. Consequently, the
excess of allocated subcarriers in the group is wasted
while with more frequency granularity they could
be allocated to another mobile. This yields a huge
waste of resource. The elementary shares of resource
are too large. With a value of ng of 2, the scheduler
allocates 2 groups of 64 subcarriers and this waste is
reduced by approximately 50%. With a value of ng
of 4, it is reduced by about 75%, and so forth. Thus,
an interesting capacity gain may be obtained with
only a little more bandwidth granularity. Sufficient
granularity is then provided in the scheduling for
allocating an amount of resource that quite closely
matches the need of the mobile.

(ii) In conjunction to this, a second phenomenon affects
the curves of the opportunistic schedulers only. This
phenomenon is clearly visible in Zone 2 and 3 where
the curve of the RR is nearly flat as opposed to the
curves of the opportunistic schedulers which exhibit
a sensible inflection. This shows that they take advan-
tage of the supplementary bandwidth granularity
when ng increases. As explained in Section 4.2, when
the bandwidth granularity increases, the distribution
values of the number of bits that may be transmitted
on an RU spreads out. With more available combina-
tion choices in the bandwidth allocation, MaxSNR,
PF, and WFO increase their system capacity gain.

(iii) The third phenomenon dominates in Zone 3 mainly,
accentuating the inflection of the curve of the oppor-
tunistic schedulers. When a group of subcarriers
is allocated, some subcarriers of this group may
go unused because their quality is very poor. They
are nevertheless wasted because they belong to the
allocated group. This waste totally disappears when
the bandwidth granularity is maximal. Indeed, when
ng equals 128, if a subcarrier is not usable by a given
mobile, it is spared for another mobile. As a general
rule, a higher bandwidth granularity helps to avoid
transmitting no bit at all on some subcarriers of a
group. This results in a higher spectral efficiency.

The second effect of a bandwidth granularity increase
is a greater signaling overhead. Figure 5(b) represents the
price to pay in terms of signaling as a function of the
bandwidth granularity. Indeed, for each allocated group
of subcarriers, the scheduler must signal which mobile is
chosen. Consequently, when ng increases, a greater part of
the bandwidth is wasted. Indeed, denoting ns the number
of (subcarrier, time slot) pairs needed to transmit this
information, the overhead ratio can be defined as

ρ = ng × ns
n f × nsub × nts , (7)

where n f is the number of frames allocated during one
scheduling step. We considered that the scheduling process
allocates the RUs frame by frame. Consequently n f is set to
1. Additionally, we assume that ns can be set to 1 since the
information to signal can be represented by a small integer
(since nsub is set to 128 and nts is set to 5).

Figure 6 combines the results of Figures 5(a) and 5(b).
It presents the bandwidth usage ratio that is defined as
the mean number of allocated RUs divided by the total
number of RUs in the frame, including both the useful data
and the signaling overhead. Considering only the results of
Figure 5(a), we could expect that the higher the bandwidth
granularity, the greater the spectral efficiency, the lower
the bandwidth usage ratio, and the greater the remaining
capacity for accommodating other potential users. However,
the supplementary signaling overhead cannot be ignored and
Figure 6 shows that, for each scheduler, a high bandwidth
granularity ng induces too much overhead which can not
be compensated by a better frequency diversity use. These
results yield the application range of each scheduler. RR’s best
performances are obtained when ng equals 8, MaxSNR and
PF provide their best performances when ng equals 16 and
WFO performances which strongly rely on diversity reach
their optimum when ng equals 32.

The bandwidth usage ratio results have been collected
through simulation. However, it is possible to relate the
spectral efficiency and overhead ratio to the bandwidth usage
ratio as follows. The bandwidth usage ratio is equal to the
total average bit rate of data to transmit divided by the system
capacity. In our simulation, we use 8 sources with an average
bit rate of 80 Kbps. This corresponds to a total average bit
rate of 640 Kbps. Let us denote nbRU as the mean number
of bits per allocated RU (Figure 5(a)), ρ the overhead ratio
(Figure 5(b)), and n f ps the number of frames to allocate per
second. The system capacity is

C =
(
nsub × nts × n f ps

)
× nbRU ×

(
1− ρ). (8)

For example, with RR, when ng equals 1, the bandwidth
usage ratio is

640
(128× 5× 500)× 2.2× (1− 0.0015625)

= 91.1%. (9)

As another example, with MaxSNR, when ng equals 32, the
bandwidth usage ratio is

640
(128× 5× 500)× 2.65× (1− 0.05)

= 79.4%. (10)

Note that these theoretical values are very close to the
simulation results values presented in Figure 6. This confirms
the correctness of the simulation results.

4.4. Buffer Occupancy, Packet Delay, and Jitter. Figures 7(a),
7(b), and 7(c), respectively, show the mean buffer occupancy,
the mean packet delay, and the mean packet jitter (RR
performances are not presented in Figures 7(a) and 7(c) since
its performances are not in the same order of magnitude. RR
is not competitive here with the opportunistic schedulers).
Section 4.3 points out the three phenomena that yield a
higher system capacity when the bandwidth granularity
increases. This gain in system capacity has a direct impact on
the system performances in terms of mean buffer occupancy,
delay, and jitter as long as the overhead impact is not
too important. As expected, when ng increases until the
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Figure 6: System capacity analysis.

optimum value cited in previous subsection, these three
performance parameters (buffer occupancy, delay, jitter)
improve for each scheduler thanks to a better spectral
management since the gain due to supplementary frequency
diversity is greater than the generated overhead. Additionally,
it is important to note that the QoS improvement is very
quick when the bandwidth granularity is incremented from
1 to 2. Afterwards, the gain is limited for all opportunistic
schedulers. This shows that it is very advantageous to offer
at least a few bandwidth granularity for improving these
performance metrics.

4.5. Fairness and Mobile Satisfaction. Fairness is the most
difficult objective to reach. It consists in ensuring the same
QoS to all mobiles, whatever their position. In Figure 8,
we examine the mobile dissatisfaction in terms of delay,
discriminating with respect to the mobile position. We
consider a mobile is dissatisfied when, at the end of its
connection, its delay constraint is not met, that is, its
experienced PDOR is greater than its PDOR target. So,
the mobile dissatisfaction ratio is the percentage of mobile
connections that do not satisfy the PDOR target. It is
interesting to note that the four tested schedulers have not
the least the same behavior when the amount of bandwidth
granularity available in the system increases.

Classical RR yields bad results. Indeed, since multiuser
diversity is not exploited, the overall spectral efficiency is
small and system throughput is low. Consequently, the delay
targets are widely exceeded and mobiles are dissatisfied.
Naturally the spectral efficiency improves as the bandwidth
granularity increases (Figure 5(a)). When the value of ng is
maximum, all schedulers succeed to transmit more bits on a
subcarrier than when ng is lower. However, the price to pay
for a bandwidth granularity increase is a high overhead ratio
growth. A bandwidth granularity increase is not beneficial
to all the schedulers. For example, when ng equals 128, only
80% of the capacity stays available for managing the useful
data traffic (Figure 5(b)). In the case of RR, the gain provided
by increasing ng from 64 to 128 is negligible (Figure 5(a))
compared to the high overhead ratio increase (Figure 5(b)).
This induces a system overload. As shown in Figure 6, 100%

of the system RUs are used but much more are required.
Indeed, the number of packets waiting for transmission
builds up in the system, the packet delay values explode
(Figure 7(b)), and, consequently, the users cannot be satis-
fied since their QoS requirements are not fulfilled (Figure 8).
In conclusion, the results regarding mobile satisfaction
(Figure 8) are highly related to the bandwidth usage ratio
results (Figure 6), themselves depending on the joint results
of spectral efficiency and overhead (Figures 5(a) and 5(b)).

Highly unfair, MaxSNR fully satisfies the required QoS of
close mobiles at the expense of the satisfaction of far mobiles.
Unnecessary priorities are given to close mobiles who easily
respect their QoS constraints while more attention should be
given to the farther. This inadequate priority management
dramatically increases the global mobile dissatisfaction.
Focusing on results of Figure 8(c), we observe that the mobile
satisfaction slowly increases at first then decreases with the
addition of bandwidth granularity. Indeed, opportunistic
schedulers intrinsically need diversity. The higher the band-
width granularity in the system is the more the MaxSNR
scheduler takes advantage of it. Improving the spectral
efficiency, the mobile satisfaction is directly impacted as far
as the cost in terms of overhead is not too large. PF is subject
to the same tendency and is even more reactive.

In contrast, with WFO, the easy satisfaction of close
mobiles (with better spectral efficiency) offers a degree of
freedom which is exploited in order to help the farther ones.
WFO dynamically adapts the priorities as a function of the
mobile position. This results in a fair allocation of the RUs
providing the same level of QoS for each group of mobiles
whatever their respective position. However, WFO needs
more bandwidth granularity than the other schedulers for
well developing its abilities. If we focus on the global mobile
dissatisfaction (Figure 8(c)), with low bandwidth granularity
(ng equals 1), all the other tested schedulers offer a greater
number of satisfied mobiles. But, this supposes the sacrifice
of the far mobiles in order to guarantee the QoS constraints
of close mobiles. When ng equals 1, WFO has not the means
to an end. However, in contrast with the other schemes, as
soon as ng increases, WFO takes benefit of the supplementary
diversity and very quickly improves the QoS provided to all
mobiles, widely outperforming the other schedulers.

5. Discussion

It appears that the performance of the considered schedulers
in terms of system capacity, delay, jitter, fairness, QoS
support, and so forth is widely different. As underlined in
Figures 4, 6, 7, and 8 each scheduler is bandwidth granularity
dependent and does not have the same behavior as a function
of the bandwidth granularity variation. The respective
performance of the studied schedulers also changes with
the bandwidth granularity context. Additionally, Section 4
showed that it differs depending on the studied metrics
too. For instance, PF outperforms WFO in terms of mobile
satisfaction when ng equals 1 but the situation is different
if we focus on the mean delay, jitter, or spectral efficiency.
Moreover, regarding mobile satisfaction, when ng increases
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Figure 7: Buffer occupancy, delay, and jitter.

and reaches 4, WFO outperforms PF. According to the results
presented in this paper, it seems really important to have
a precise knowledge of the available bandwidth granularity
in the system for choosing the scheduler. With a low
bandwidth granularity, the opportunistic schedulers do not
provide a large gain compared to the classical Round Robin
scheduling which is much less complex. On the contrary,
the higher the bandwidth granularity, the more interesting
is the use of evolved schedulers. Indeed, a low bandwidth
granularity highly degrades the advantages provided by each
opportunistic scheduler. If we focus on the spectral efficiency,
Figure 5(a) shows that for a value of ng running from 128
to 1, the mean number of bits transmitted per allocated RU,
respectively, decreases from 3.37 to 2.2 which corresponds to
a fall by one-third.

In addition, this study demonstrates that, whatever the
considered scheduling, full sharing of the bandwidth in
many groups of subcarriers is not profitable for the system.
Indeed, for each scheduler a tradeoff exists for a bandwidth
granularity ng ranging between 8 and 32. Higher ng values
provide a too large overhead.

6. Conclusion

In this paper, we have compared the major resource alloca-
tion strategies for OFDM wireless networks. In addition, we
have isolated the bandwidth granularity factor in order to
study its influence on the inherent multiplexing gain offered
by the OFDM schedulers. Comparing them for different
bandwidth granularity values, this study has underlined that
each scheduler is highly bandwidth granularity dependent
and that performances are strongly related to this factor.
When the bandwidth granularity increases, the performance
variations depend on the studied performance metrics
and the type of scheduler. Each scheduler have a limited
application range with respect to the focused metrics. For
instance, regarding delay and jitter, WFO seems to offer the
best solution whatever the bandwidth granularity available
while in terms of mobile satisfaction it outperforms PF and
MaxSNR only in a context where bandwidth granularity is
reasonable. Moreover jointly focusing on all performance
metrics, the RR scheduler with low complexity is not too
bad in a low bandwidth granularity context while MaxSNR,
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Figure 8: Analysis of the mobile satisfaction.

PF, and WFO are mainly designed for operating in highly
frequency diversified systems.
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The high cost of frequency bandwidth in satellite communication emphasizes the need for good algorithms to cope with the
resource allocation problem. In systems using DVB-S2 links, the optimization of resource allocation may be related to the classical
multi-knapsack problem. Resource management should be carried out according to the requests of subscribers, their priority levels,
and assured bandwidths. A satisfaction measure is defined to estimate the allocation processes. Heuristic algorithms together with
some innovative scaling schemes are presented and compared using Monte Carlo simulation based on a traffic model introduced
here.

1. Introduction

1.1. DVB-S2 in Satellite Communication. The most popular
standard today in satellite communication is DVB-S2 [1],
designed for transmission of digital television broadcasting.
This relatively new standard is gradually replacing the classic
DVB-S [2] in new systems as well as in existing systems. It is
also used in new VSAT systems in forward link as well as in
reverse link, in cases when the required data rates are higher
than those supplied by DVB-RCS [3]. DVB-S2 is also used
in satellite modems for point-to-point applications. In this
paper we focus on a system that consists of DVB-S2 links
with dynamic changes in the required parameters of the links
due to changes in the traffic demands.

1.2. Resource Management. In order to save the operational
cost of the satellite communication system, transmissions
that share the total available frequency band have to be fairly
divided according to the requirements of the subscribers [4].
For a star-type system with a central HUB that communi-
cates with subscriber terminals, the control is conducted by
the control center in the HUB according to subscriber needs.
For other type of systems, like point-to-point, the control

is conducted by a dedicated communication and control
system that operates in addition to point-to-point links.

Regardless of the way the control is performed, a resource
allocation algorithm has to be designed for optimal perfor-
mances and best satisfaction.

In commercial systems run by a service provider, the
Service Level Agreement (SLA), which is a set of parameters
that defines the capabilities and the paid rights of every ter-
minal in the system, connects the service provider and the
subscribers. The Committed Information Rate (CIR) is the
rate that is guaranteed by the system. Typically it is low
enough so that the system can guarantee the user of this spe-
cific rate. The Peak Information Rate (PIR), on the other
hand, is the maximum rate that may be allocated. When the
user asks for a rate higher than CIR and lower or equal to
PIR, the system will allocate this rate if available. When a user
asks for a rate higher than PIR, the system will consider it
as if the request was equal to PIR. The service provider has
difficulty in providing the Committed Rate with certainty. In
this research, we assumed that the bandwidth of a terminal is
proportional to its rate. We use the term assured bandwidth
as a quantity that the system can provide most of the time but
not always.
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The terminals have priority levels that determine their
significance according to their payment to the service pro-
vider. In a situation of low resources, requests from high
priority terminals may cause the system to decrease the rate
of low priority terminals to their minimum.

In the course of the resource allocation cycle, subscribers
issue requests for bandwidth. The bandwidths they own are
removed from the spectrum list. The resource allocation
process follows, and the bandwidths are reconfigured over
the spectrum. This whole process of removing spectrum
bands and reconfiguring the spectrum with the newly allo-
cated bands creates gaps (holes) in the spectrum, resulting in
a fragmented spectrum. The task of the resource allocation
algorithms is to fit the requests into those holes in the spec-
trum.

In [5] it was shown that this task is equivalent to the
multi-knapsack problem (MKP). Two heuristic algorithms
were presented together with a single scaling scheme for the
bandwidth requests. Scaling down the requests is necessary
when their sum exceeds the available bandwidth budget, and
utilizing the scaling scheme improves the algorithm results.

In this paper, we review the MKP problem and suggest
an extension to it. We then present our idea of combining
heuristic algorithms with scaling down schemes. Some inno-
vative schemes are suggested to maximize a defined satisfac-
tion measure and at the same time support the allocation of
the assured bandwidth for each subscriber.

In Section 2, the system’s quality of service parameters is
presented and performance criteria are defined. The resource
management process is presented in Section 3, including the
mathematical background for the MKP problem with exten-
sion, together with a problem reformulation that may suggest
a scaling down strategy as a natural way to solve the extended
MKP problem.

Section 4 focuses on the algorithms used for the resource
allocation, while Section 5 shows the significance of the
scal-ing schemes. Several schemes are presented, based
on the quality of service parameters. Then a simplified
example is presented to illustrate the whole process. The
techniques used to model the system dynamics are presented
in Section 6, while Section 7 compares the performances
obtained in simulation. Finally, we draw our conclusions in
Section 8.

2. System Parameters and Performance Criteria

2.1. The Quality of Service Parameters. Parameters of quality
of service determine the capability of providing better service
to network traffic. The system we study assumes some quality
of service characteristics for each subscriber. The algorithms
presented here take into consideration two such parameters.

(a) Priority Level. A priority factor wk is assigned to each
subscriber type, such that higher level subscribers get priority
in allocation of bandwidth following user request.

(b) Assured Level. Subscribers are guaranteed (with a high
probability) to receive the bandwidth they request up to

some assured amount Ωk. Any bandwidth above this is
optional, up to a maximal value determined by PIR.

These two parameters are used in the definition of the
satisfaction measure function and play an important role in
algorithm design and optimization of bandwidth utilization.

2.2. Disconnections. The fact that the DVB-S2 links were
designed for fixed center frequency and symbol rate would
cause disconnections while changing them. Therefore, allo-
cating a new bandwidth to a user causes a disconnection to
the subscriber. To take into account this fact, we use effective
allocated bandwidth A related to the allocated bandwidth A0

according to:

A =
{
β · A0, (if disconnected),

A0, (otherwise),
(1)

where β < 1 is a constant expressing the effect of disconnec-
tion period, and the assumed dissatisfaction it causes. In this
paper, we narrow ourselves to the case where users are not
moved in the frequency range if they have no request for a
change.

2.3. The Satisfaction Criterion. Resource allocation is con-
ducted according to the requests of subscribers, their priority
levels, and their assured bandwidths. For a subscriber with
assured bandwidthΩ, a requested bandwidthR, and an effec-
tive allocated bandwidth A, and assuming that R ≥ A, we
suggest the satisfaction measure S that may be calculated for
a factor α < 1:

S(R,A,Ω) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ω + α · (A−Ω)
Ω + α · (R−Ω)

, (R > A ≥ Ω),

A

Ω + α · (R−Ω)
, (R > Ω ≥ A),

A

R
, (Ω > R ≥ A).

(2)

The satisfaction function ranges from 0 to 1. The maxi-
mum satisfaction value S = 1 is reached when the allocated
bandwidth is equal to the requested bandwidth. Also, one
can see that when A > Ω, the contribution of any increment
ΔA to the function is smaller by a factor of α < 1 than the
contribution of the same increment ΔA when A < Ω.

In order to reduce the number of variables involved in
this formula, we express the satisfaction function in terms of
the normalized bandwidth variables:

r = R

Ω
, a = A

Ω
, (3)

such that the satisfaction measure may be defined as:

S(r, a) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1 + α · (a− 1)
1 + α · (r − 1)

, (r > a ≥ 1),

1
1 + α · (r − 1)

, (r > 1 ≥ a),
a

r
, (1 > r ≥ a).

(4)

This is a concave function increasing monotonically both
in the r direction and in the a direction.
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For a given set of users with normalized requests and
allocated bandwidths ri, ai and priority factors wi, the total
(weighted) satisfaction S is defined as:

S =
∑

i wi · S(ri, ai)∑
i wi

. (5)

The total satisfaction function gets the maximum of 1
when all requests are fulfilled. This quantitative measure
may be used to compare the performance of the various
algorithms and schemes.

2.4. The Requests Scale Down Criterion. While resource allo-
cation algorithms fit the bandwidth requests into the holes in
the spectrum, some holes may become under populated and
some over-populated.

The first situation (under population) happens when the
sum of requests inserted into a hole does not fully cover it.

The other one (over population) happens when the sum
of requests assigned into a hole is greater than the capacity of
the hole. In this situation the requests assigned to that hole
should be scaled down to fit into the hole capacity.

Let {R(k)
j } be the set of requests allocated into a hole H(k),

Then the total amount δ of the requests bandwidth that is
scaled down is:

δ =
∑

k

max

⎛

⎝

⎡

⎣
∑

j

R(k)
j

⎤

⎦−H(k), 0

⎞

⎠. (6)

The amount δ is the requests scale down factor. It mea-
sures the effectiveness of the algorithms in finding a good
arrangement of the requests into the gaps (holes) in spec-
trum. A lower value indicates better algorithm performance.

3. The Resource Allocation Process

The disconnections caused while changing frequency and
symbol rates pose a serious constraint in the design of opti-
mal allocation algorithms. Therefore, links of terminals that
did not require any change should stay in the same location
in the spectrum, while new requests should be allocated only
in the free portions (holes) of the spectrum.

In this part, we will show that this problem is equivalent
to the multi-knapsack problem (MKP) [6] known in com-
putational complexity theory and then draw a scheme for a
computational process to cope with it.

3.1. Resource Allocation as a Complexity Theory Problem. The
connection between the MKP problem and satellite com-
munication resource allocation was already reported by Bir-
mani [7]. However, his work deals with power allocation and
burst scheduling problems, which are inherently quite differ-
ent in their nature than the bandwidth allocation problems in
our concern.

The association between resource allocation in commu-
nication and the MKP problem was already observed by
Rajkumar et al. [8]. Their research was on a QoS-based
Resource Allocation Model (QRAM) for satisfying multi-
ple quality-of-service dimensions in a resource-constrained

environment. Using this model, available system resources
can be apportioned across multiple applications, thus max-
imizing the net utility that accrues to the end users of those
applications. They showed that the Q-RAM problem of find-
ing the optimal resource allocation to satisfy multiple QoS
dimensions is NP hard. There is a similarity between the
resources, QoS, and utility factor in their research and the
bandwidth, priority level, and satisfaction function in this
research. However, in our work the satisfaction function is
different than their utility factor and the methods we suggest
are simpler to implement.

The task of the resource allocation algorithms is to find
an optimal match between a set of N requests {Ri | 0 ≤ i <
N} and a set of M holes {H( j) | 0 ≤ j < M} in a spectrum
such that all the Nj requests are inserted into those holes:

Nj∑

i=0

RKj (i) ≤ H( j), (7)

where {Kj} are M disjoint subsets of indexes: the size of set
Kj is Nj , such that their union covers the set {1, . . . ,N}:

⋂
Kj = φ,

⋃
Kj = {i | i ≤ N}, (8)

where Kj(i) is the ith element in the set Kj .
The algorithm theory classifies such a problem as a

variation of the multi-knapsack problem. Given M containers
(knapsacks) with capacities H( j) and N items with values Ri,
the task is to split the set {Ri} into M disjoint subsets, such
that the sum of item values in each subset will not exceed the
given capacities H( j) as in (7).

Although the set of inequalities in the problem definition
resembles a typical linear programming formulation, it is not
a linear programming problem. Instead, it belongs to a family
of subset sum problems known as knapsack problems.

The knapsack problem is part of the family of combina-
torial NP-complete problems [9], meaning that it is compu-
tationally difficult to solve in general (except for a O(MN )
brute force solution). It is difficult enough to be chosen as
a trapdoor cryptographic function (i.e., the Merkle-Hellman
cryptosystem).

Yet the resource allocation problem does not fit the exact
definition of a knapsack problem. There is one essential
difference: when (7) cannot be fully satisfied, then the target
of optimization should be replaced by:

Nj∑

i=0

C
( j)
i · RKj (i) ≤ H( j),

(
0 < C

( j)
i ≤ 1

)
, (9)

such that the factors C
( j)
i are maximal.

This is a “softer” version of the original problem (7).
It extends the problem adding some degree of complexity

(finding the factors C
( j)
i ). On the other hand, it eases the

task somewhat, adding several degrees of freedom so that a
solution can be found, even in situations where the original
problem is practically insolvable.

So, because this is an NP-Hard problem, we shall not
try to solve it fully. Instead we may design some practical
heuristic algorithms and reach suboptimal solutions [10].
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3.2. The Resource Management Process. The resource alloca-
tion problem is too complex to be solved at once. Instead of
solving (9) directly by a single algorithm, we suggest splitting
it into three subproblems:

(1) find an initial approximation to the C
( j)
i factors;

(2) solve the main resource allocation problem;

(3) find the final values of the C
( j)
i factors.

Following this model, the entire resource management pro-
cess consists of three stages, as illustrated in Figure 1.

(1) The prescaling Step. In order for the resource allo-
cation algorithms to operate properly, subscriber
requests for bandwidth cannot exceed the available
bandwidth budget. However, this situation does
occur frequently. To cope with this problem, we sug-
gest the pre-scaling process, to scale down subscriber
requests according to the priority factors wi and the
assured bandwidths Ω j .

(2) The resource allocation algorithm finds the best fit
between the requests and the holes in the spectrum.

(3) The postscaling step is performed in one of the fol-
lowing situations:

(a) if the sum of the allocated requests assigned to
a hole is bigger than the size of the hole, then the
requests should be downscaled;

(b) if the sum of the allocated requests assigned
to a hole is smaller than the size of the hole,
and the requests were downscaled (by means of
pre-scaling stage), then they may be upscaled.
The allocated bandwidths are scaled up such
that their new value will not exceed the original
requests, and in addition their sum will not
exceed the size of the hole.

In either case, the scaling is conducted according to the prio-
rity factors wi and the assured bandwidths Ωi in a manner
very similar to the prescale stage.

The feedback in Figure 1 marks the transition to the next
phase of the algorithm, when new requests are generated.

4. The Resource Allocation Algorithms

Two heuristic algorithms are presented to solve the main
resource allocation problem:

(i) the Fast MKP solver;

(ii) the IBF (Insert to Best Fit) MKP solver.

Both algorithms are classified as greedy algorithms. At
each stage they take the locally optimal choice rather than
aiming for the global optimum. Such algorithms are widely
used to solve heuristically dynamic programming problems.

Requests

Prescale Resource 
allocation

Postscale 

Available 
spectrum

Final 
allocation

Figure 1: The resource allocation process flow chart.

4.1. The Fast MKP Algorithm. When allocating a request to
a hole, we define the residue remainder after the allocation,
that is, the size of the hole less the size of the request. The Fast
MKP algorithm adopts a strategy of largest residues first, that
is, it fits the largest requests to holes with the largest residue
in decreasing order.

In order to perform this efficiently, we maintain a binary
tree of hole items (sorted by the residue size) to enable a
search and insert operation in O(log(M)) time steps [11].

The algorithm consists of the following steps.

(1) Make a sorted list of requests in decreasing order
(largest to smallest) and a binary tree of residues
associated with the hole items.

(2) Fit the largest request to the biggest residue hole item.

(3) Update the residue value corresponding to the hole
item and insert it back into the tree according to the
residue value.

(4) Discard the request from the list of requests.

(5) Repeat steps (2)–(4) until the request list is empty.

This algorithm is efficient with respect to run time and
memory consumption.

4.2. The IBF MKP Algorithm. This algorithm adopts a stra-
tegy of best fit residue, that is, it fits requests in decreasing
order into holes with the residue that fits best (if no residue
fits, it inserts to the largest one—). A best fit for any Rj over
a decreasing series of residues {Zi}, is any Zi, such that Zi+1 <
Rj ≤ Zi.

(1) Start with a sorted list of requests in decreasing order
(largest to smallest) and a binary tree of residues asso-
ciated with the hole items.

(2) Insert the largest request into the hole item, with the
smallest residue that is larger than the request.

(3) If there is no such residue, insert the request into the
hole with the largest residue.

(4) Update the residue value corresponding to the hole
item and insert it back into the tree according to the
residue new value.

(5) Discard the request from the list of requests.

(6) Repeat steps (2)–(5) until the request list is empty.
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The purpose of stage (3) in the algorithm is to ensure that
all the requests are inserted into the holes, even when holes
become overpopulated. This may involve temporarily assign-
ing negative values to some residues. This is quite legitimate,
because the residue values have instrumental meaning only.
The postscaling stage described in next section would resolve
this problem.

5. The Scaling Schemes

The algorithms presented above perform poorly under a
shortage of bandwidth resources. We suggest activating some
scaling schemes when the sum of the requests is greater
than the sum of the holes. In those cases, such schemes can
share fairly the available bandwidth resources, taking into
consideration the quality of service parameters in order to
resolve the users’ diversity issues.

For a set of requests {Ri} and a set of holes {H( j)} such
that R =∑Ri and H =∑Hi we introduce scaling schemes to
take place when R > H .

Introducing scaling stages into the allocation process is
crucial. It is analogous to adding filters at the entrance and
outlet of an electronic system in order to adjust the signal to
the dynamic range of a system. The design of scaling schemes
may dramatically influence the overall performance of the
allocating process just like filters that affect system’s behavior.

We present first the schemes for the downscaling per-
formed in the prescaling step. In correspondence with the
quality of service levels [12], we consider several levels of
scaling schemes in accordance with the number of param-
eters taken into consideration:

(i) the basic scheme, which takes no parameters;

(ii) the priority-oriented scheme, which takes into consid-
eration the priority factors wi only;

(iii) advanced schemes, taking into consideration the
assured bandwidth Ωi as well as the priority factors
wi.

5.1. The Basic Scaling Scheme. In absence of any priority
criteria for sharing the bandwidth, the requests are simply
scaled down proportionally to their value:

R(new)
k = H

R
· Rk. (10)

Such a scheme corresponds to a network system that sup-
ports best-effort subscribers only, with no quality of service
parameters.

5.2. The Priority-Oriented Scaling Scheme. This scheme takes
into consideration only the priority factors wi. Such a scheme
is applicable for network systems that support at least the
differentiated service level.

The amount of bandwidth to be reduced is the difference
between the sum of requests and the sum of holes:

D = R−H. (11)

This amount should be shared proportionally to the
requests Rj (larger requests are reduced more than small
ones) and inversely proportional to the priority factors wj

(higher priority requests are reduced less than the lower
ones). So, the request Rj should be reduced by amount dj
given by: dj = C · (Rj/wj) such that D = ∑

j d j is the total
reduction.

Hence: D = C · (
∑

j Rj /wj) where C is some proportion
factor that can be written as:

C = D
∑

k Rk/wk
= R−H
∑

k Rk/wk
. (12)

And finally, the requests are downscaled according to:

R(new)
j =

(

1− C

wj

)

· Rj. (13)

This scheme works unconditionally (but it does not take
into consideration the assured bandwidth Ω).

5.3. Advanced Schemes. High-quality network systems
should take into consideration the subscribers’ assured
bandwidths Ωi, as well as their priority factors wi. The con-
straint imposed by the assured bandwidth condition can be
expressed as:

R(new)
i ≥ min(Ri,Ωi). (14)

This condition could be met only when:

∑
Hi ≥

∑
min(Ri,Ωi). (15)

When this condition is satisfied, we can allocate band-
width taking into account both the priority factors and the
assured bandwidths. Otherwise, the priority-oriented scaling
scheme should be used.

Our strategy is to grant all the requests below the assured
bandwidth and scale down only the others.

The two schemes we present here have the same “prolog”,
and differ only in the final stage.

(0) Start with a set of indexes I = {1, . . . ,N}, where N is
the number of requests.

(1) Split I into 2 subsets:

I(−) = {i | Ri ≤ Ωi} and

I(+) = {i | Ri ≤ Ωi} (the complementary set).

(2) Then define

H(+) = H −
∑

i∈I(+)

Ri, Ω(+) =
∑

i∈I(+)

Ωi. (16)

(3) R(new)
i = Ri, i ∈ I(−) (“grant requests less than user’s

assured bandwidth”).

(4) Scale the requests in I(+) using one of the schemes
described next.
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(i) Difference-Oriented Scaling. Using the difference (Ri−Ωi)
weighted by the priority factors wi, we get:

R(new)
i = Ωi + C ·wi · (Ri −Ωi), i ∈ I(+). (17)

In similar arguments used in developing the priority-
oriented scaling scheme, we find:

C = H(+) −Ω(+)
∑

i ∈I(+) (Ri −Ωi) ·wi
. (18)

(Note that the denominator (Ri − Ωi) · wi is always posi-
tive because Ri > Ωi for all i ∈ I(+)).

(ii) Ratio-Oriented Scaling. Using the ratio (Ri/Ωi) weighted
by the priority factors wi, we get:

R(new)
i = Ωi + C ·wi ·

(
Ri
Ωi

)

, i ∈ I(+), (19)

where again by similar arguments we get:

C = H(+) −Ω(+)
∑

i ∈I(+) (Ri/Ωi) ·wi
. (20)

After the prescaling procedure, the algorithms in
Section 4 are applied. This prescaling is a necessary but not
sufficient condition to be able to complete the procedure.
However, the postscaling can be used to complete it.

5.4. The Postscaling Schemes. The postscaling stage makes the
final correction to the allocated bandwidths. It may involve
more downscaling to some of the requests. This happens
when the allocating algorithm inserts to a hole a set of
requests whose sum exceeds the hole size and assigns a nega-
tive value to the residue associated with the hole. In this case,
the downscaling is performed in essentially same way as
in the prescale step, except that the calculations are made
separately for each hole j. Hence Hj is used instead of H and

{R( j)
i }, and the set of requests allocated to Hj would replace

Ri.
There are situations when the allocating algorithm

assigns to a hole requests whose sum is less than the hole size.
In this case, if some of the requests were over-decreased in
the prescaling stage, they should be now increased back (up
to the original amount) to fit the hole size.

5.5. Concluding Remarks. We have presented here some scal-
ing schemes to support fair sharing of available bandwidth
resources in shortage conditions.

Naturally, the advanced schemes are expected to perform
better than the priority oriented scheme because they take into
consideration the assured bandwidths as well as the priority
factors.

However, as we have pointed out, the other scaling
schemes should not be abandoned. In some exceptional sit-
uations (heavy traffic periods for instance), when condition
(15) is not satisfied, the priority oriented scheme (or the Basic
one) should be used instead.

R3 = 4 R2 = 5 R1 = 9

6 9

Figure 2: The initial state of holes and requests.

6 9

R3 = 3 R2 = 4 R1 = 8

Figure 3: The state of holes and requests after prescaling.

5.6. An Illustrative Example for the Allocation Cycle. To illus-
trate the whole resource allocation cycle, consider the follow-
ing simplified example. Consider three requests issued to the
system:

R1 = 9, R2 = 5, R3 = 4. (21)

When there are two available “holes” in the spectrum:

H1 = 9, H2 = 6. (22)

As shown in Figure 2.
The sum of the requests

∑
Rj = 18 is greater than the

available space in the spectrum
∑
Hi = 15, meaning there

is deviation of 3, and a scaling phase should take place to
address it.

(i) Prescaling. For the sake of simplicity and in order to
make it intuitive to the reader, tedious calculations involving
QoS parameters considerations are dropped. Instead, we will
focus on illustrating the concepts of the scaling stages.

To solve the deviation problem, the prescaling phase can
reduce each request by 1. For instance,

R = {9, 5, 4} −→ {8, 4, 3}. (23)

As shown in Figure 3.
This way

∑
Rj = 15, which is exactly the amount of avai-

lable space.

(ii) Allocation. The residue of Hi was denoted as Zi. Initially
set: {D} = {H}. Then:

(1) insert R1 = 8 into H1 (with Z1 = 9) such that the
residue is updated to D1 = 1;

(2) insert R2 = 4 into H2 (with Z2 = 6) which makes this
residue become Z2 = 2;

(3) finally, insert R3 = 3 into H2 (with Z2 = 2). This
makes the residue Z2 receive a negative value: Z2 =
−1!
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3 4 8

Figure 4: The requests inserted to the holes by the allocation algo-
rithm. Notice the overlapping between R′3 and R′4.

2.5 3.5 9

Figure 5: The final state after the postscaling.

This state of affairs is presented in Figure 4. The over-
population situation in H2 caused by the allocation algo-
rithm is expressed by the overlapping R2 and R3 in the figure.

As stated in Section 4.2, assigning a negative value to
some residues is legitimate as an intermediate stage in
calculation, and the task of the postscaling phase is to fix this
situation.

(iii) Postscaling. This phase fine tunes the bandwidths allo-
cated. Recall that originally the request R1 was 9, and then it
was reduced to 8 and allocated to H1, which has a capacity
of 9. Obviously the original request can be granted. Thus the
final allocation for R1 should be A1 = 9.

R2 and R3 were allocated to H2 which has a capacity of 6,
but R2 +R3 = 7, so they should be reduced again to: A2 = 3.5
and A3 = 2.5 such that A2 +A3 = 6 to fit the H2 = 6 capacity.

So the final resource allocation yields:
A1 = 9 inserted into H1 = 9 and {A2 = 3.5, A3 = 2.5}

inserted into H2 = 6. (See Figure 5).

6. Modeling the Resource Allocation Process

In order to simulate the system dynamics under the resource
allocation process described above, we derived a model to
produce the network traffic and the inputs to the process.
We distinguish between the demands subscribers have and
the requests they issue to the system. New demands for
bandwidth emerge for each subscriber in random time steps.
We assume that the demands νk of subscriber k are gamma
distributed.

νk ∼ Γ(m, λk). (24)

The gamma distribution [13] is a two-parameter family of
continuous probability distributions. It has a shape parame-
ter m, a scale parameter λk, and the average value:

E[νk] = m · λk. (25)

The traffic models based on random variables with Gamma
distribution are used in applications such as video and speech
[14, 15]. Such a random variable has a probability distribu-
tion with a shape similar to a Gaussian random variable but
has only positive values.
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Figure 6: Gamma distribution: Γ(3,2).

The parameters are chosen such that the mean demand of
subscriber k, νk, is proportional toΩk, the assured bandwidth
of subscriber k, by a constant factor μ:

E[νk] = μ ·Ωk. (26)

So comparing (25) and (26):

λk = μ ·Ωk

m
. (27)

In the simulation, the values used are: μ = 2.0 andm = 3,
as shown in Figure 6.

We may assign a probability p for new demand to emerge

such that in time step n we have demand ν
(n)
k :

ν
(n)
k =

{
ν ∼ Γ(m, λk), with probability p,

0, with probability
(
1− p

)
.

(28)

We assume that very often user requests are not fully
granted. In this situation, a subscriber should request the
remainder Rk − Ak in the next time step, added to a new
demand (if one emerges). This can be modeled by assigning
a variable Qk to each subscriber k to accumulate requests Rk,
subtract the allocated bandwidth Ak, and add demands νk:

Q(n+1)
k = Q(n)

k + R(n)
k − A(n)

k + ν
(n+1)
k . (29)

Stability considerations suggest limiting the request
amount a subscriber k may issue. In Section 1.1, we called
this limit the Peak Information Rate (PIR). We set this limit
to κ ·Ωk, where κ > 1 is a constant (κ = 2 in our simulation):

R(n+1)
k = min

(
Q(n+1)
k , κ ·Ωk

)
. (30)
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Table 1: The simulation configuration.

Parameter Equation Value

Satisfaction coefficient α (2) 0.75

Disconnection penalty factor β (1) 0.9

Mean demand to assured bandwidth ratio μ (18) 2.0

Demand update rate p (21) 0.25

Threshold for new request γ (24) 0.40

Request bound to assured bandwidth ratio κ (23) 2.0

Table 2: Comparison of the “requests scale-down” between the
algorithms.

Fast-MKP IBF-MKP

δ = 0 34.0% 43.2%

0 < δ ≤ 250 6.0% 9.8%

250 < δ ≤ 500 5.4% 8.8%

500 < δ ≤ 1000 11.0% 14.6%

1000 < δ ≤ 2000 19.8% 22.6%

2000 < δ ≤ 4000 23.0% 35.2%

δ > 4000 6.0% 10.0%

Table 3: Comparison of the requests scale-down for different scaling
schemes.

Priority oriented Difference oriented Ratio oriented

δ = 0 32.0% 44.6% 48.2%

0 < δ ≤ 25 5.8% 8.4% 7.2%

25 < δ ≤ 50 8.2% 11.4% 6.4%

50 < δ ≤ 100 10.4% 20.6% 8.0%

100 < δ ≤ 200 14.4% 24.2% 12.2%

200 < δ ≤ 400 17.8% 20.4% 13.8%

δ > 400 11.4% 15.0% 7.8%

Finally, in order to avoid the penalty of unwanted dis-
connections associated with new bandwidth allocations, a
restriction is superimposed on issuing new requests. Only
changes exceeding some threshold can justify issuing new
requests. To assure this, we set up a rule: a new request shall
be issued only when:

∣
∣
∣R(n+1)

k − A(n)
k

∣
∣
∣ ≥ γ · A(n)

k . (31)

In the simulation, γ = 0.4 is used.

7. Comparison between Algorithms

Algorithms can be ranked either by their efficiency or by the
quality of the results they produce. We shall examine and
compare our algorithms in the following aspects:

(i) algorithm complexity (memory and time consump-
tion);

No. of
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Assured
BW

wi

5

5

5

6 1000

500

200

100

2

1.5

1.2

1

No. patinum

No. gold

No. silver

No. other

Total bandwidth = 10.000 K

Total assured bandwidth = 10.000 K

Figure 7: The system configuration in a simulation snapshot.

(ii) distribution of the satisfaction measure S;

(iii) distribution of the requests scale down δ.

We considered a typical system with 4 types of subscri-
bers. Each type has its priority factor wk and assured band-
width Ωk. The system setup is shown in a simulation snap-
shot presented in Figure 7.

The other simulation parameters are presented in
Table 1.

7.1. The Complexity of the Algorithms. Let us consider the
complexity of the algorithms (without the scaling part) for
N new requests and M holes in the spectrum.

The time complexity of both Fast-MKP and IBF-MKP
algorithm is bounded by O(N·log(M)) integer operations, as
the search and insert operation in a binary tree is O(log(M)).

The memory complexity of both algorithms isO(N+M).
However, we observed (experimentally) that the IBF-MKP
algorithm runs slower than Fast-MKP by no more than 20%
on the average. So, both algorithms are very efficient in run-
time and memory consumption.

7.2. The Distributions of the Satisfaction Measure. The dis-
tributions for the satisfaction measure for the IBF-MKP and
the Fast-MKP algorithms are presented by the histograms in
Figures 8 and 9, obtained by simulation without the effect
of the scaling schemes. For the criterion of satisfaction, the
IBF-MKP algorithm achieves better results.

The effect of the scaling schemes on the satisfaction
measure is shown in Figures 10, 11, and 12. The results
are presented for the IBF-MKP algorithm only. The scaling
schemes do improve results over those obtained without the
scaling. The ratio-oriented scaling scheme yields better results
than Difference Oriented, while the Priority Oriented scaling
scheme is in third place.

7.3. The Distributions of the “Requests Scale-Down”. The
simulation records the amount of bandwidth scaled down
in the resource allocation. Table 2 compares the distribution
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Figure 8: Satisfaction histogram IBF-MKP algorithm with priority-
oriented scaling scheme.
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Figure 9: Satisfaction histogram for Fast-MKP Algorithm with
priority-oriented scaling scheme.

of this variable for the two algorithms (without utilizing the
scaling schemes).

Clearly, the IBF-MKP algorithm achieves better results
for the average amount of requests scale-down in the allo-
cation process.

The effect of scaling schemes on the requests scale-down
factor δ is compared in Table 3, which presents results where
again the algorithm is the IBF-MKP.

As expected, scaling schemes improve the scale-down
results. The ratio-oriented gives the best results, while the
difference-oriented is somewhat less effective, and the prio-
rity-oriented offers the least effectiveness.
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Figure 10: Satisfaction histogram for priority-oriented scaling
scheme.
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Figure 11: Satisfaction histogram for difference-oriented scaling
scheme.

The difference is probably due to the ability to grant all
requests below the assured bandwidth. This approach makes
these advanced scaling schemes superior to other schemes.

8. Conclusion

In a rapidly evolving communications market with ever-
growing demand for more bandwidth, a good resource
management mechanism is essential for efficient digital com-
munication of any kind. The algorithms suggested here
together with the scaling schemes successfully perform this
task with reasonable computational complexity, producing
a high-quality resource allocation with remarkable perfor-
mance.



10 Journal of Electrical and Computer Engineering

50 60 70 80 90 100
0

5

10

15

20

25

30
Sat: scaling = advanced-2

Figure 12: Satisfaction histogram for ratio-oriented scaling scheme.
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Bit error rate (BER) minimization and SNR-gap maximization, two robustness optimization problems, are solved, under average
power and bitrate constraints, according to the waterfilling policy. Under peak power constraint the solutions differ and this
paper gives bit-loading solutions of both robustness optimization problems over independent parallel channels. The study is
based on analytical approach, using generalized Lagrangian relaxation tool, and on greedy-type algorithm approach. Tight BER
expressions are used for square and rectangular quadrature amplitude modulations. Integer bit solution of analytical continuous
bitrates is performed with a new generalized secant method. The asymptotic convergence of both robustness optimizations is
proved for both analytical and algorithmic approaches. We also prove that, in the conventional margin maximization problem,
the equivalence between SNR-gap maximization and power minimization does not hold with peak-power limitation. Based
on a defined dissimilarity measure, bit-loading solutions are compared over Rayleigh fading channel for multicarrier systems.
Simulation results confirm the asymptotic convergence of both resource allocation policies. In nonasymptotic regime the resource
allocation policies can be interchanged depending on the robustness measure and on the operating point of the communication
system. The low computational effort leads to a good trade-off between performance and complexity.

1. Introduction

In transmitter design, a problem often encountered is
resource allocation among multiple independent parallel
channels. The resource can be the power, the bits or the
data, and the number of channels. The resource allocation
policies are performed under constraints and assumptions,
and the independent parallel channels can be encountered in
multitone transmission.

Independent parallel channels result from orthogonal
design applied in time, frequency, or spatial domains [1].
They can either be obtained naturally or in a situation
where the transmit and receive strategies are to orthogonalize
multiple waveforms. The orthogonal design can also be
applied in many communication scenarios when there are
multiple transmit and receive dimensions. Orthogonal
frequency-division multiplexing (OFDM) and digital multi-
tone (DMT) are two successful commercial applications for

wireless and wireline communications with orthogonality in
the frequency domain.

To perform resource allocation, relations between vari-
ous resources are needed, and one is the channel capacity.
This capacity of n-independent parallel Gaussian channels is
the well-known sum of the capacity of each channel

C =
n∑

i=1

Ci =
n∑

i=1

log2(1 + snri). (1)

This relation, which holds for memoryless channels, links the
supremum bitrate Ci, here expressed in bit per two dimen-
sions, to the signal to noise ratio, snri, experienced by each
channel or subchannel i. Any reliable and implementable
system must transmit at a bitrate ri below capacity Ci over
each subchannel, and then the margin, or SNR-gap, γi is
introduced to analyze such systems [2, 3]

γi = 2Ci − 1
2ri − 1

. (2)
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This SNR-gap is a convenient mechanism for analyzing
systems that transmit below capacity or without Gaussian
input, and

ri = log2

(

1 +
snri
γi

)

, (3)

with ri the bitrate in bits per two-dimensional symbol (bits
per second per subchannel) which is also the number of bits
per constellation symbol.

Resource allocation is performed using loading algo-
rithms, and diverse criteria can be invoked to decide which
portion of the available resource is allocated to each of the
subchannels. From an information theory point of view,
the criterion is the mutual information, and the optimal
resource allocation under average power constraint was
first devised in [4] for Gaussian inputs and later for non-
Gaussian inputs [5]. Since the performance measure is the
capacity, the SNR-gap in (3) is γi = 1 for all i. In other
cases, γi is higher than 1, and (3) has been exploited into
many optimal and suboptimal resource allocation policies.
In fact, resource allocation is a constraint optimization
problem, and generally two cases are of practical interest:
rate maximization (RM) and margin maximization (MM),
where the objective is the maximization of the data or
bitrate, and the maximization of the system margin (or
power minimization in practice), respectively [6]. The MM
problem gathers all non RM problems including power
minimization, margin maximization (in its strict sense),
and other measures such as error probabilities or goodput.
(In this paper MM abbreviation is related to the general
family of non-RM problems and not only to the margin
maximization problem in its strict sense. The expanded
form is reserved for the margin maximization in its strict
sense.) It is not necessary to study all the resource allocation
strategies, and equivalence or duality can be found. Families
of approaches are defined, and unified processes have been
used [7–10]. The loading algorithms are also split in to
two families. The first is based on greedy-type approach to
iteratively distribute the discrete resources [11], and the sec-
ond uses Lagrangian relaxation to solve continuous resource
adaptation [12]. Both approaches have been compared in
terms of performance and complexity [7, 12–14]. All these
adaptive resource allocations are possible when channel state
information (CSI) is known at both transmitter and receiver
sides. This CSI can be perfect or imperfect, and full or partial.
The effects of channel estimation error and feedback delay on
the performance of adaptive modulated systems can also be
considered in the resource allocation process [15–17].

In this paper we shall focus henceforth on MM problems,
and the main contributions are as follows:

(i) the new resource allocation algorithm and

(ii) the comparison of the different resource allocation
strategies.

It is assumed that the channel estimation is perfect, and
feedback CSI delay and overhead are negligible. The con-
sidered peak-power constraint, instead of the conventional
average power constraint or sum power constraint, results

from power mask limitation and has been taken into
account in resource allocation problem [13, 18–20]. With
this peak power constraint, each channel must satisfy a power
constraint. Note that the sum power constraint is historically
the first considered constraint [4]. Bitrate constraint comes
from communication applications or service requirements,
where different flows can exist, but one of them is chosen at
the beginning of the communication. In this configuration,
the remaining parameter to optimize is then the SNR-gap
γi which is also related to the error probability of the
communication system.

Two similar problems of MM have the same objective,
that is, to maximize the system robustness. What we call
robustness in this paper is the capability of a system to main-
tain acceptable performance with unforeseen disturbances.

The first measure of robustness is the SNR gap, or system
margin, and its maximization ensures protection against
unforeseen channel impairments or noise. The system
margin maximization is the maximization of the minimal
SNR-gap γi in (3) over the n subchannels. In that case the
conventional equivalence between margin maximization and
power minimization in MM problems is not generally true.
In this paper we show that this equivalence can nevertheless
be obtained in particular configurations.

The second robustness measure is the bit error rate (BER)
and its minimization can reduce the packet error rate and
the data retransmissions. In transmitter design, the BER
minimization can be realized using uniform bit-loading and
adaptive precoding [21, 22]. Analytical studies have been
performed with peak-BER or average BER (computed as
arithmetic mean) approaches [15, 17]. With nonuniform bit
loading, the average BER must be computed as weighted
arithmetic mean, and the resource allocation has been
performed using a greedy-type algorithm [23]. The first
main contribution of this paper is the analytical solution
of the resource allocation problem in the case of weighted
arithmetic mean BER minimization.

To perform the analytical study, based on a generalized
Lagrangian relaxation tool, we develop a new method for
finding roots of functions. This method generalizes the
secant method to better fit the function-depending weight
and to speed up the search of the roots. Both robustness
polices are compared using a new measure. This measure
evaluates the difference of the bit distributions instead of
the bitrates. We also prove that both robustness policies
provide the same bit distribution in asymptotic regime,
which is defined for high SNR and high bitrate regimes,
and this is the second main contribution in this paper. The
proof is given in the case of unconstrained modulations
(i.e., continuous bitrates and analytical solution) and also
for QAM constellations and greedy-type algorithms. The
convergence is exemplified by simulation in multicarrier
communications systems.

The organization of the paper is as follows. In Section 2,
the quantities to be used throughout the paper are intro-
duced, and the robustness optimization problem is formu-
lated in a general way for both system margin maximization
and BER minimization. The equivalences between margin
maximization and power minimization are worked out.
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Section 3 presents the considered expressions of accurate
BER, the new measure of the bit distribution differences,
and the new search method of roots of functions. The
solutions of formulated problems are given in Section 4 in
the form of an optimum resource allocation policy based
on greedy-type algorithms. The conditions of equivalence of
both margin maximization and BER minimization are given
in this section. Section 5 presents the analytical solution
and both greedy-type and analytical methods are compared
in Section 6. This Section 6 exemplifies the application
of robustness optimization to multicarrier communication
systems. Finally, the paper concludes in Section 7 with the
proofs of several results relegated to the appendices.

Notation. The bitrates {ri}ni=1 are defined as a number
of bits per two dimensions and they are simply given by a
number of bits (undertone per constellation).

2. Problem Formulation

Consider n parallel subchannels. On the i-th subchannel, the
input-output relationship is

Yi = hiSi +Wi, (4)

where Si is the transmitted symbol, Yi is the received one, and
hi the complex scalar channel gain. The complex Gaussian
noise Wi is a proper complex random variable with zero-
mean and variance equal to σ2

Wi
.

The conventional average power constraint is

1
n

n∑

i=1

E
[
|Si|2

]
≤ P, (5)

whereas the peak-power constraint, or power spectrum
density constraint, considered in this paper is

E
[
|Si|2

]
≤ P, i = 1, . . . ,n. (6)

It is convenient to use normalized unit-power symbol
{Xi}ni=1 such that

Si =
√
piPXi, (7)

which leads to the peak-power constraint

pi ≤ 1, i = 1, . . . ,n. (8)

It is also convenient to introduce two other variables. The
first one is the conventional SNR

snri = |hi|2pi P
σ2
Wi

(9)

and the second is called power spectrum density noise ratio
(PSDNR)

psdnr = 1
n

n∑

i=1

|hi|2 P

σ2
Wi

, (10)

which is the mean signal to noise ratio over the n subchannels
if and only if pi = 1 for all i. This PSDNR is the ratio between

the power mask at the receiver side (the transmitted power
mask through the channel) and the power spectrum density
of the noise. The system performance will be given according
to this parameter to point out the ability of a system to exploit
the available power under peak-power constraint.

Using the previous notations, (3) becomes

ri = log2

(

1 +
|hi|2piP
γiσ

2
Wi

)

. (11)

With pi/γi = 1 for all i, ri is the subchannel capacity under
power constraint P. With unconstrained modulations, ri
is defined in R, but constrained modulations are used in
practice and ri takes a finite number of nonnegative values.
Noninteger number of bits per symbol can also be used
with fractional bit constellations [24, 25]. In this paper,
modulations defined by discrete points are used with integer
number of bits per symbol. Typically, ri ∈ {0,β, 2β, . . . , rmax},
where β is the granularity in bits and rmax is the number
of bits in the richest available constellation. The peak-power
and bitrate constraints are then

pi ≤ 1 ∀i,
n∑

i=1

ri = R, ri ∈
{

0,β, 2β, . . . , rmax
} ∀i.

(12)

Obviously, the exploitation of the available power leads to
pi = 1 for all i and the constraint is simplified as

n∑

i=1

ri = R, ri ∈
{

0,β, 2β, . . . , rmax
} ∀i. (13)

With peak-power and bitrate constraints, the resource
allocation strategy is then to use all available power and to
optimize the robustness.

The problem we pose is to determine the optimal bitrate
allocation {r∗i }ni=1 that maximizes a robustness measure, or
inversely minimizes a frailness measure, under constraints
given in (13). In its general form, this problem can be written
as

[
r∗1 , . . . , r∗n

] = arg min∑n
i=1 ri=R

ri∈{0,β,2β,...,rmax}
φ
({ri}ni=1

)
,

(14)

where φ(·) is the frailness measure. In this paper, this
measure is given by the SNR gap or the BER. In addition
to the bitrate allocation, the receiver is presumed to have
knowledge of the magnitude and phase of the channel gain
{hi}ni=1, whereas the transmitter needs only to know the
magnitude {|hi|}ni=1. The objective is to find the data vector
[r∗1 , . . . , r∗n ] which is the final relevant information for the
transmitter. The resource allocation can then be computed
on the receiver side to reduce the feedback data rate from
n real numbers to n finite integer numbers. Furthermore,
the integer nature of the data rates allows a full CSI at the
transmitter, which is not possible with real numbers.

2.1. System Margin Maximization. The SNR-gap γi of the
subchannel i is (3)

γi = snri
2ri − 1

. (15)
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With reliable communications, γi is higher than 1 for all
subchannels. Let the system margin, or system SNR-gap, be
the minimal value of the SNR gap in each subchannel

γ = min
i
γi. (16)

Let γinit be the initial system margin of one communication
system ensuring a given QoS. Let γ be the optimized system
margin of this system. Then, the system margin improve-
ment ensures system protection in unforeseen channel
impairment or noise, for example, impulse noise; bitrate and
system performance targets are always reached for an unfore-
seen SNR reduction of γ/γinit over all subchannels. This
robustness optimization does not depend on constellation
and channel-coding types. The system margin γ is defined
and optimized without knowledge of used constellations and
coding, and the proposed robustness optimization works for
any coding and modulation scheme.

The objective is the maximization of the system margin
which is equivalent to the minimization of γ−1. We note γi(ri)
the function that associates ri to γi. The function φ(·) in (14)
is then given by

φ
({ri}ni=1

) = max
i

1
γi(ri)

, (17)

[
r∗1 , . . . , r∗n

] = arg min∑n
i=1 ri=R

ri∈{0,β,2β,··· ,rmax}
max
i

γ−1
i .

(18)

This problem is the inverse problem of bitrate maximization
under peak-power and SNR-gap constraints. The solution of
the bitrate maximization problem is obvious under the said
constraints and given by

r∗i = β

⌊
1
β

log2

(

1 +
snri
γi

)⌋

∀i. (19)

Following the conventional SNR-gap approximation [2],
the symbol error rate (SER) of QAM depending on the SNR-
gap is constellation size independent with

seri(ri) = 2 erfc

⎛

⎝

√
3
2
γi

⎞

⎠ ∀ri, (20)

where the complementary error function is usually defined
as

erfc(x) = 2√
π

∫∞

x
e−t

2
dt. (21)

The system margin maximization is then equivalent to the
peak-SER minimization in high-SNR regime. Note that, with
(16), the system margin maximization can also be called
a trough-SNR-gap maximization, and it is strongly related
to the peak-power minimization. Whereas the bit-loading
solution is the same for power minimization and margin
maximization with sum-margin or sum-power constraints,
instead of peak constraints, the following lemma gives
sufficient conditions for equivalence in the case of peak
constraints.

Lemma 1. The bit allocation that maximizes the system

margin under peak-power constraint {pmargin
i }ni=1 minimizes

the peak-power under SNR-gap constraint {γpower
i }ni=1 if p

margin
i

γ
power
i = α for all i.

Proof. It is straightforward using (11) and (18). Both
problems have the same expression and therefore the same
solution.

This lemma provides a sufficient but not necessary
condition for the equivalence of solutions, and it says that
if the power and the SNR-gap constraints have proportional
distributions for margin maximization and peak-power
minimization problems, respectively, then both problems
have the same optimal bitrate allocation. In the general
case, we cannot conclude that both problems have the same
solution.

2.2. BER Minimization. In communication systems, the
error rate of the transmitted bits is a conventional robustness
measure. By definition, the BER is the ratio between the
number of wrong bits and the number of transmitted bits.
With a multidimensional system, there exists several BER
expressions [15, 23]. Let the BER be evaluated over the
transmission of m multidimensional symbols. (We suppose
that m is high enough to respect the ergodic condition and
to make possible use of error probability.) In our case,
the multidimensional symbols are the symbols sent over n
subchannels. Let ei be the number of erroneous bits received
over subchannel i during the transmission. The BER is then
given as

ber =
∑n

i=1 ei
m
∑n

i=1 ri
=
∑n

i=1 ri(ei/mri)∑n
i=1 ri

. (22)

The BER over subchannel i is ei/mri, and the BER of n
subchannels is then

ber
({ri}ni=1

) =
∑n

i=1 riberi(ri)
R

(23)

with beri(ri) the function that associates the BER of channel
i with the bitrate ri. The BER of multiple variable bitrate ri
is then not the arithmetic mean of BER but is the weighted
mean BER. Weighted mean BER and arithmetic mean BER
are equal if ri = r j for all i, j or if beri = 0 for all i. As
there exists beri /= 0, then weighted mean BER and arithmetic
mean BER are equal if and only if ri = r j for all i, j. Note that
if the number m of transmitted multidimensional symbols
depends on the subchannel i, (23) does not hold anymore.
These obvious results on mean measures are not taken into
account, and mean BER is erroneously used instead of mean
weighted BER [15, 17].

The function φ(·) in (14) is then given by

φ
({ri}ni=1

) = 1
R

n∑

i=1

riberi(ri), (24)

[
r∗1 , . . . , r∗n

] = arg min∑n
i=1 ri=R

ri∈{0,β,2β,...,rmax}
ber
({ri}ni=1

)
.

(25)
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To simplify the notations, let ber(R) be the BER of
the system. In high SNR regime with Gray mapping,
riberi(ri) = seri(ri), and then weighted mean BER can
be approximated by arithmetic mean SER divided by the
number of transmitted bits.

Contrary to system margin maximization, the BER
minimization needs the knowledge of constellation and
coding schemes, and it is based on accurate expressions of
BER functions. In this paper, the used constellations are
QAM, and the optimization is performed without a channel
coding scheme. When dealing with practical coded systems,
the ultimate measure is the coded BER and not the uncoded
BER. However, the coded BER is strongly related to the
uncoded BER. It is then generally sufficient to focus on
the uncoded BER when optimizing the uncoded part of a
communication system [26].

3. Interludes

Before solving the optimization problem, the BER approx-
imation of QAM is presented. This approximation plays a
chief role in BER minimization, and a good approximation
is therefore needed. Since this paper deals with bitrate
allocation, a measure of difference in the bitrate distribution
is proposed and presented in this section. This section also
presents a new research method of roots of functions. This
method generalizes the secant method and converges faster
than the secant one.

3.1. BER Approximation. Conventionally, the BER approxi-
mation of square QAM has been performed by either calcu-
lating the symbol error probability or by simply estimating
it using lower and upper bounds [27]. This conventional
approximation tends to deviate from the exact values when
the SNR is low and cannot be applied for rectangular QAM.
Exact and general closed-form expressions are developed
in [28] for arbitrary one and two-dimensional amplitude
modulation schemes.

An approximate BER expression for QAM can be
obtained by neglecting the higher-order terms in the exact
closed-form expression [28].

beri � 1
ri

(

2− 1
Ii
− 1
Ji

)

erfc

(√
3

I2
i + J2

i − 2
snri

)

(26)

with Ii = 2	ri/2
, Ji = 2�ri/2�, and ri = log2(Ii·Ji). By symmetry,
Ii and Ji can be inverted. The BER can also be expressed using
the SNR-gap γi. Using (3) and (26), the BER is written as

beri � 1
ri

(

2− 1
Ii
− 1
Ji

)

erfc

(√
3(IiJi − 1)
I2
i + J2

i − 2
γi

)

. (27)

These two approximations allow the extension of the
beri(ri) function from N to R+ which is useful for analytical
studies. Figure 1 gives the theoretical BER curves and the
approximated ones from the binary phase shift keying
(BPSK) to the 32768-QAM. For BER lower than 5 · 10−2, the
relative error is lower than 1% for all modulations.
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Figure 1: Exact BER curves and approximations (26).

3.2. Dissimilar Resource Allocation Measure. Two resource
allocations can have the same bitrate, but this does not mean
that the bitrates per subchannel are the same. To measure the
difference in the bit distribution between different resource
allocation strategies, we need to evaluate the dissimilarity.
This dissimilarity measure must verify the following prop-
erties: (1) if two resource allocations lead to the same bit
distribution, then the measure of dissimilarity must be null,
whereas (2) if two resource allocations lead to two completely
different bit distributions in loaded subchannels, then the
measure of dissimilarity must be equal to one, and (3)
the measure is symmetric; that is, the dissimilarity between
the resource allocations X and Y must be the same as
the dissimilarity between the resource allocations Y and X .
We choose that the empty subchannels do not impact the
measure.

Definition 2. The dissimilarity measure between the resource
allocations X and Y is

μ(X ,Y) =
∑n

i=1 δ(ri(X)− ri(Y))
max j∈{X ,Y}

∑n
i=1 δ

(
ri
(
j
)) , (28)

where δ(x) = 1 if x /= 0 else δ(x) = 0.

This dissimilarity has the following properties.

Property 1. μ(X ,Y) = 0 iff ri(X) = ri(Y) for all i.

Property 2. μ(X ,Y) = 1 iff ri(X) /= ri(Y) or ri(X) = ri(Y) =
0 for all i.

Property 3. μ(X ,Y) = μ(Y ,X).

Property 4. If μ(X ,Y) = 0, then, for all resource allocation Z,
μ(X ,Z) = μ(Y ,Z).

All these properties are direct consequences of
Definition 2. For a null dissimilarity, μ(X ,Y) = 0, all
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the subchannels transmit the same number of bits, that is,
ri(X) = ri(Y) for all i. For a full dissimilarity, μ(X ,Y) = 1,
all the nonempty subchannels of both resource allocations
X and Y transmit a different number of bits, that is, for all i
such as ri(X) /= 0 and ri(Y) /= 0, then ri(X) /= ri(Y). It is
obvious that the measure is symmetric μ(X ,Y) = μ(Y ,X).
If two resource allocations have a null dissimilarity
μ(X ,Y) = 0, then they are identical and for any resource
allocation Z μ(X ,Z) = μ(Y ,Z). The converse of this last
property is not true. Note that the dissimilarity is not defined
for two empty resource allocations.

For example, let n = 4 and [r1(X), . . . , r4(X)] = [4 3 3 0].
If [r1(Y), . . . , r4(Y)] = [3 2 2 2] or [r1(Y), . . . , r4(Y)] =
[5 5 0 0], then μ(X ,Y) = 1. If [r1(Y), . . . , r4(Y)] = [4 3 2 1],
then μ(X ,Y) = 1/2. The measure μ(X ,Y) is null if and
only if [r1(Y), . . . , r4(Y)] = [4 3 3 0]. The dissimilarity does
not evaluate the total bitrate differences but only the bit
distribution differences; the contribution of two bitrates
ri(X) and r j(Y) in the dissimilarity measure is independent
of the bitrate difference |ri(X)− r j(Y)|.

3.3. Generalized Secant Method. There are many numerical
methods for finding roots of functions. We propose a new
method, called the generalized secant method, that is, based
on the secant method. This new method better fits the
function-depending weight than secant method do and then
improves the speed of the convergence. Before explaining this
new method, a brief overview of the secant method is given.

In our case, the objective function f (x) is monotonous,
nondifferentiable and computable over x ∈ [x1, x2] with
f (x1)/| f (x1)| = − f (x2)/| f (x2)|. The secant method is as
follows for an increasing function f (x):

(1) i = 0, y0 = f (x1);

(2) x0 = (x2 f (x1) − x1 f (x2))/( f (x1) − f (x2)), yi+1 =
f (x0);

(3) if |yi+1 − yi| ≤ ε, then x0 is the root of f (x), else{
yi+1<0 then x1=x0

yi+1>0 then x2=x0

}
, i → i + 1 and go to step 2.

The objective of the secant method is to approximate f (x)
by a linear function gi(x) = aix + bi at each iteration i, with
gi(x1) = f (x1) and gi(x2) = f (x2), and to set x0 as the root of
gi(x). The search for the root of f (x) is completed when the
desired precision ε is reached. The precision is given for yi,
but it can also be given for xi.

As the function f (x) is computable, it can be plotted and
an a posteriori simple algebraic or elementary transcendental
invertible function over [x1, x2] can be used to better fit
the function f (x). The a posteriori information is then used
to improve the search for the root. The function f (x) is
iteratively approximated by aih(x) + bi instead of aix + bi,
where h(x) is the invertible function. This method is then
given as follows for an increasing function f (x):

(1) i = 0, y0 = f (x1);

(2) x0 = h−1((x2 f (x1)−x1 f (x2))/( f (x1)− f (x2))), yi+1 =
f (x0);

(3) if |yi+1 − yi| ≤ ε, then x0 is the root of f (x), else{
yi+1<0 then x1=x0

yi+1>0 then x2=x0

}
, i → i + 1 and go to step 2.

Compared to the secant method, only step 2 differs and
the computation of x0 is performed taking into account the
approximated shape h(x) of the function f (x).

This generalized secant method is used in Section 5 to
find the root of the Lagrangian and is compared to the
conventional secant method. In our case, f (x) is the sum
of logarithmic functions, and the function h(x) is then the
logarithmic one.

4. Optimal Greedy-Type Resource Allocations

The general problem is to find the optimal resource alloca-
tion [r∗1 , . . . , r∗n ] that minimizes φ(·), the inverse robustness
measure, or frailness. This is a combinatorial optimization
problem or integer programming problem. The core idea in
this iterative resource allocation is that a sequential approach
can lead to a globally optimum discrete loading. Greedy-type
methods then converge to the optimal solution. Convexity
is not required for the convergence of the algorithm and
monotonicity is sufficient [29]. This monotonicity ensures
that the removal or addition of β bits at each iteration
converges to the optimal solution. In this paper the used
functions φ(·) are monotonic increasing functions.

In its general form and when the objective function φ(·)
is not only a weighted sum function, the iterative algorithm
is as follows:

(1) start with allocation [r(0)
1 , . . . , r(0)

n ] = 0,

(2) k = 0,

(3) allocate one more bit to the subchannel j for which

φ
({
r(k+1)
i

}n

i=1

)
(29)

is minimal, with r(k+1)
j = r(k)

j + β and r(k+1)
i = r(k)

i for
all i /= j,

(4) if
∑

i r
(k+1)
i = R, terminate; otherwise k → k + 1 and

go to step 3.

The obtained resource allocation is then optimal [29] and
solves (14). This algorithm needs R/β iterations. The target
bitrate R is supposed to be feasible; that is, R is a multiple of
β. Note that an equivalent formulation can be given starting

with r(0)
i = rmax for all i and using bit removal instead of

bit addition with maximization instead of minimization. For
bitrates higher than (n/2)rmax, the number of iterations with
bit removal is lower than with bit addition. The opposite is
true with bitrate lower than (n/2)rmax.

Iterative resource allocations have been firstly applied
to bitrate maximization under power constraint [11]. Many
works have been devoted to complexity reduction of greedy-
type algorithms; see, for example, [6, 12, 30, 31] and
references therein. In this section, only greedy-type algo-
rithms are presented in order to compare the analytical
resource allocation to the optimal iterative one. Note that the
analytical solution can also be used as an input of the greedy-
type algorithm to initialize the algorithm and to reduce the
number of iterations.
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4.1. System Margin Maximization. The system margin, or
system SNR gap, maximization under bitrate and peak-
power constraints is the inverse problem of the bitrate
maximization under SNR-gap and peak-power constraints.
This inverse problem has been solved, for example, in [18].
To comply with the general problem formulation, the inverse
system margin minimization is presented instead of the
system margin maximization.

Lemma 3. Under bitrate and peak-power constraints, the
greedy-type resource allocation that minimizes the inverse
system margin γ−1 (16) allocates sequentially β bits to the
subchannel i bearing ri bits and for which

2ri+β − 1
snri

(30)

is minimum.

Proof. It is straightforward using (17) and (29). See
Appendix A for an original proof.

The main advantage of system margin maximization
is that the optimal resource allocation can be reached
independently of the SNR regime. Resource allocation is
always possible even for very low SNR, but it can lead
to unreliable communication with SNR gap lower than 1.
Lemma 3 is given with unbounded modulation orders, that
is, rmax = ∞ and ri ∈ βN for all i. With full constraints (13),
the subchannels that reach rmax are simply removed from the
iterative process.

4.2. BER Minimization. The system BER minimization
under bitrate and peak-power constraints is the inverse
problem of bitrate maximization under peak-power and
BER constraints. This inverse problem has been solved,
for example, in [23]. Using (29) and (24), the solution of
BER minimization is straightforward, and the corresponding
greedy-type algorithm is also known as Levin-Campello
algorithm [5, 32, 33]. The main drawback of this solution
is that it requires good approximated BER expressions even
in low-SNR regime. This constraint can be relaxed, and
the following lemma gives the optimal greedy-type resource
allocation for the BER minimization.

Lemma 4. In high SNR regime and under bitrate and peak-
power constraints, the greedy-type resource allocation that
minimizes the BER minimizes (ri + β)beri(ri + β) at each step.

Proof. See Appendix B.

Lemma 4 states how to allocate bits without mean BER
computation at each step. It is given without modulation
order limitation. Like system margin maximization solution,
the bounded modulation order is simply taken into account
using rmax and subchannel removal.

4.3. Comparison of Resource Allocations. To compare the two
optimization policies, we call B the resource allocation that
maximizes the system margin and C the resource allocation

Table 1: Example of system margin and BER with n = 20, R = 100,
psdnr = 25 dB, and β = 1.

System margin BER

maximization minimization

(B) (C)

miniγi 6.9 dB 6.6 dB

ber 3.1 · 10−5 2.6 · 10−5

that minimizes the BER. Table 1 gives an example of bitrate
allocation over 20 subchannels where the SNR follows a
Rayleigh distribution and with β = 1. In this example, the
PSDNR defined in (10) is equal to 25 dB, and the maximum
allowed bitrate per subchannel is never reached. As expected,
the system margin minimization leads to a minimal SNR gap,
miniγi, higher than that provided by the BER minimization
policy with a gain of 0.3 dB. On the other hand, the BER
minimization policy leads to BER lower than that provided
by system margin minimization (2.6 ·10−5 versus 3.1 ·10−5).
In this example, the dissimilarity is μ(B, C) = 0.1, and two
subchannels convey different bitrates. All these results are
obtained with rmax = 10.

This example shows that the difference between the
resource allocation policies can be small. The question is
whether both resource allocations converge and if they
converge then in what cases. The following theorem answers
the question.

Theorem 5. In high-SNR regime with square QAM and under
bitrate and peak-power constraints, the greedy-type resource
allocation that maximizes the system margin converges to the
greedy-type resource allocation that minimizes the BER.

Proof. See Appendix D.

The consequence of Theorem 5 is that the dissimilarity
between the resource allocation that maximizes the system
margin and the resource allocation that minimizes the BER is
null in high-SNR regime and with square QAM. With square
QAM, β should be a multiple of 2. Note that with square
modulations, β can also be equal to 1 if the modulations
are, for example, those defined in ADSL [34]. Figure 6
exemplifies the convergence with β = 2 as we will see later
in Section 6.

5. Optimal Analytical Resource Allocations

The analytical method is based on convex optimization
theory [35]. Unconstrained modulations lead to bitrates ri
defined in R. With ri ∈ R+ the solution is the waterfilling
one. With bounded modulation order, that is, 0 ≤ ri ≤
rmax, the solution is quite different from the waterfilling one.
The solution is obtained in the framework of generalized
Lagrangian relaxation using Karush-Kuhn-Tucker (KKT)
conditions [36].
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As the bitrates are continuous and not only integers
in this analytical analysis, the constraints (13) do not hold
anymore and become

n∑

i=1

ri = R , 0 ≤ ri ≤ rmax ∀i. (31)

The KKT conditions associated to the general problem (14)
with (31) instead of (13) write [36]

−ri ≤ 0 , i = 1, . . . ,n, (32)

ri − rmax ≤ 0 , i = 1, . . . ,n, (33)

R−
n∑

i=1

ri = 0, (34)

μi ≥ 0 , i = 1, . . . ,n, (35)

νi ≥ 0 , i = 1, . . . ,n, (36)

μiri = 0 , i = 1, . . . ,n, (37)

νi(ri − rmax) = 0 , i = 1, . . . ,n, (38)

∂

∂ri
φ
({
r j
}n

j=1

)

− λ− μi + νi = 0 , i = 1, . . . ,n, (39)

where λ, μi and νi are the Lagrange multipliers. The first
three equations (32)–(34) represent the primal constraints,
(35) and (36) represent the dual constraints, (37) and (38)
represent the complementary slackness, and (39) is the
cancellation of the gradient of Lagrangian with respect to
ri. When the primal problem is convex and the constraints
are linear, the KKT conditions are sufficient for the solution
to be primal and dual optimal. For the system margin
maximization problem, the function φ(·) is convex over all
input bitrates and SNR whereas this function is no longer
convex for the BER minimization problem. Appendix C gives
the convex domain of the function φ(·) in the case of BER
minimization problem.

The properties of the studied function φ(·) are such that

∂

∂ri
φ
({
r j
}n

j=1

)

= ψi(ri) (40)

is independent of r j for all j /= i. The optimal solution that
solves (32)–(39) is then [36]

r∗i (λ) =

⎧
⎪⎪⎨

⎪⎪⎩

0, if λ ≤ ψi(0),

ψ−1
i (λ), if ψi(0) < λ < ψi(rmax),

rmax, if λ ≥ ψi(rmax)

(41)

for all i = 1, . . . ,n and with λ verifying the constraint

n∑

i=1

r∗i (λ) = R. (42)

It is worthwhile noting that the above general solution
is the waterfilling one if rmax ≥ R. The waterfilling is also the

solution in the following case. Let I′ be the subset index such
that

I′ = {i | r∗i /={0, rmax}
}

, (43)

and let R′ the target bitrate over I′. In this subset, {r∗i }i∈I′

are solutions of
⎧
⎪⎪⎨

⎪⎪⎩

∂

∂ri
φ
({
r j
}n

j=1

)

− λ = 0 , ∀i ∈ I′

R′ − ∑

i∈I′
ri(λ) = 0.

(44)

This is the solution of (14) with unbounded modulations
over the subchannel index subset I′. If I′ = {1, · · · ,n}
and R′ = R, and (44) is also the solution of (14) with
unconstrained modulations.

5.1. System Margin Maximization

Theorem 6. Under bitrate and peak-power constraints, the
asymptotic bit allocation which minimizes the inverse system
margin is given by

r∗i =
R′

|I′| +
1
|I′|

∑

j∈I′
log2

snri
snr j

, ∀i ∈ I′. (45)

Proof. See Appendix E.

The solution given by Theorem 6 holds for high modu-
lation orders which defines the asymptotic regime, compare
Appendix E. If the set I′ is known, then Theorem 6 can be
used directly to allocate the subchannel bitrates. Otherwise,
I′ should be found first.

The expression of r∗i in Theorem 6 is a function of the
target bitrate R′, the number |I′| of subchannels, and the
ratios of SNR. This expression is independent of the mean
received SNR or PSDNR. It does not depend on the link
budget but only on the relative distribution of subchannel
coefficients {|hi|2}ni=1.

5.2. BER Minimization. The arithmetic mean BER mini-
mization has been analytically solved, for example, in [22,
37]. This arithmetic mean measure needs to employ the
same number of bits per constellation which limits the
system efficiency. The following theorem gives the solution
of the weighted mean BER minimization that allows variable
constellation sizes in the multichannel system.

Theorem 7. Under bitrate and peak-power constraints, the
asymptotic bit allocation which minimizes the BER is given by

r∗i =
R′

|I′| +
1
|I′|

∑

j∈I′
log2

snri
snr j

∀i ∈ I′ (46)

with equal in-phase and quadrature bitrates.

Proof. See Appendix F.

The solution given by Theorem 7 holds for high mod-
ulation orders and for subchannel BER lower than 0.1,
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and these parameters define the asymptotic regime in this
case, compare Appendix F. The optimal asymptotic resource

allocation leads to square QAM with
√
r∗i conveyed bitrate

in each in-phase and quadrature components of the signal
of subchannel i. It is important to note that, in asymptotic
regime, BER minimization and system margin maximization
lead to the same subchannel bitrate allocation. In that case,
the asymptotic regime is defined by the more stringent
context which is the BER minimization. As we will see in
Section 6, this asymptotic behavior can be observed when
β = 2.

The main drawback of the formulas in Theorems 7 and
6 is that the subset I′ must be known. To find this subset,
the negative subchannel bitrates and those higher than rmax

should be clipped, and I′ can be found iteratively [18]. But
clipping negative bitrates first can decrease those higher than
rmax, and clipping bitrates higher than rmax first can increase
the negative ones. It is then not possible to apply first the
waterfilling solution and after that to clip the bitrates ri
greater than rmax to converge to the optimal solution. Finding
the set I′ requires many comparisons, and we propose a fast
iterative solution based on the generalized secant method.

5.3. Lagrangian Resolution. To solve (41), numerical iterative
methods are required. It is important to observe that
the function defined in (41) is not differentiable, and,
thus, methods like Newton’s cannot be used [18]. We use
the proposed generalized secant method to better fit the
function-depending weight and increase the speed of the
convergence. An important point for the iterative method is
that the initialization value must lead to feasible solution and
should be as close as possible to the final solution.

The root of the function defined by (42) is now
calculated. Let

f (λ) =
n∑

i=1

ri(λ)− R. (47)

Theorems 6 and 7 show that r(λ) is the sum of log2(·)
functions. This is the reason why the function log2(·) is
used in the generalized secant method. Figure 2 shows three
functions versus the parameter λ. The first function is the
input function f (λ), the second one is the function used by
the generalized secant method, and the last one if the linear
function used by the secant method. In this example, the
common points are λ = 0 and λ = 2.3. As it is shown, the
generalized secant method better fits the input function than
the secant method and therefore can improve the speed of
the convergence to find the root which is around λ = 1/80 in
this example.

To ensure the convergence of the secant methods, the
algorithm should be initialized with λ1 and λ2 such as
f (λ1) < 0 and f (λ2) > 0. For both optimization problems,
system margin maximization and BER minimization, the
parameter λ is given by the function ψi(ri), and it can be
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Figure 2: Approximation of the input function f (λ) with the
generalized secant method and the secant method, n = 1024 and
rmax = 15.

reduced to λ = 2ri /snri, as shown in Appendices E and F.
Parameters {λ1, λ2} are then chosen as

λ1 = 1
maxi snri

, λ2 = 2rmax

mini snri
. (48)

Using (41), λ ≤ λ1 leads to ri(λ) = 0 for all i, and λ ≥ λ2 leads
to ri(λ) = rmax for all i. Then, it follows that f (λ1) < 0 and
f (λ2) > 0 if R ∈ (0,nrmax).

Figure 3 shows the needed number of iterations for
the convergence of the generalized and conventional secant
methods versus the target bitrate R. Results are given over
a Rayleigh distribution of the subchannel SNR with 1024
subchannels. The possible bitrates are then R ∈ [0,n× rmax]
and β = 2. Here, rmax = 15 and then R ≤ 15360 bits
per multidimensional symbol. For comparison, the number
of iterations needed by the greedy-type algorithm is also
plotted. Note that the greedy-type algorithm can start by
empty bitrate or by full bitrate limited by rmax for each
subchannel. The number of iterations is then given by
min{R,nrmax−R}. The iterative secant and generalized secant
methods are stopped when the bitrate error is lower than
1. A better precision is not necessary since exact bitrates
{ri}i∈I′ can be computed using Theorems 6 and 7 when
I′ is known. As it is shown in Figure 3, the generalized
secant method converges faster than the secant method,
except for the very low target bitrates R. For very high target
bitrates, near from n×rmax, the number of iterations with the
generalized secant method can be higher than that with the
greedy-type algorithm. Except for these particular cases, the
generalized secant method needs no more than 4-5 iterations
to converge. In conclusion, we can say that with Rayleigh
distribution of {snri}ni=1 and for target bitrates R such that
3% ≤ R/nrmax ≤ 97%, the generalized secant method
converges faster than the secant method or the greedy-type
algorithm.
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Figure 3: Number of iterations of the secant and generalized secant
methods, and greedy-type algorithm versus the target bitrate, n =
1024, rmax = 15.

Using the generalized secant method, the bitrates are not
integers and for all i, r∗i ∈ [0, rmax]. These solutions have to
be completed to obtain integer bitrates.

5.4. Integer-Bit Solution. Starting from the continuous
bitrate allocations previously presented, a loading procedure
is developed taking into account the integer nature of the
bitrates to be allotted. A simple solution is to consider the
integer part of {r∗i }i∈I′ and to complete by a greedy-type
algorithm to achieve the target bitrate R. The integer part
of {r∗i }i∈I′ is then used as a starting point for the greedy
algorithm. This procedure can lead to a high number of
iterations. Therefore, the secant or bisection methods are
suitable to reduce the number of iterations. The problem to
solve is then to find the root of the following function [18]:

g(α) =
∑

i∈I′

⌊
r∗i + βα

⌋− R′, (49)

where r∗i , I′, and R′ are given by the continuous Lagrangian
solution. This is a suboptimal integer bitrate problem, and
the optimal one needs to find {αi}ni=1 instead of a unique α.
As the optimal solution leads to a huge number of iterations,
it is not considered. The function (49) is a nondecreasing
and nondifferentiable staircase function such that g(0) < 0,
g(1) > 0 because

∑
i∈I′ r

∗
i = R′. The iterative methods can

then be initialized with α1 = 0 and α2 = 1.
Two iterative methods are compared: the bisection one

and the secant one. Both methods are also compared to
the greedy-type algorithm. Figure 4 presents the number
of iterations of the three methods to solve the integer-bit
problem of the Lagrangian solution with β = 1. Results are
given over a Rayleigh distribution of the subchannel SNR,
with 1024 subchannels and the target bitrates are between
0 and n × rmax = 15360. As it is shown, the convergence
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Figure 4: Number of iterations of the bisection and secant methods,
and greedy-type algorithm for integer-bit solution versus target
bitrate, n = 1024, rmax = 15.

is faster with bisection method than with greedy-type
algorithm. For target bitrates between 10% and 90% of the
maximal loadable bitrate, the secant method outperforms
the bisection one with a mean number of iterations around
4 whereas the number of iterations for bisection method
is higher than 8. Figure 4 also shows that |g(0)| is all the
time lower than the half of number of subchannels and
around this value for target bitrate between 10% and 90%
of the maximal loadable bitrate. Then, if the number of
iterations induces by the greedy-type algorithm to solve
the integer-bit problem of the Lagrangian solution that is
acceptable in a practical communication system, this greedy-
type completion can be used and appears to lead to the
optimal resource allocation. This result obtained without
proof means that the greedy-type procedure has enough
bits to converge to the optimal solution. If the number of
iterations induced by the greedy-type algorithm is too high
(this number is around n/2), the secant method can be used.

The overall analytical resolution of (14) needs few
iterations compared to the optimal greedy-type algorithm.
Whereas the continuous solution of (14) is optimal, the
analytical integer bitrate solution is suboptimal.

6. Greedy-Type versus Analytical
Resource Allocations

In the previous section, the numbers of iterations of the algo-
rithms have been compared. In this section, robustness com-
parison is presented and the analytical solutions obtained in
asymptotic regime are also applied in nonasymptotic regime
which means that β = 1 and modulation orders can be low.

The evaluated OFDM communication system is com-
posed of 1024 subcarriers without interferences between the
symbols or the subcarriers. The channel is the Rayleigh
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Figure 5: Target bitrate versus input PSDNR.

fading one with independent and identically distributed
elements. The richest modulation order is rmax = 10. The
robustness measures are evaluated for different target bitrates
which are given with the following arbitrary equation:

R =
⎢
⎢
⎢
⎣

n∑

i=1

min
(

log2

(

1 +
snri

2

)

, rmax

)
⎥
⎥
⎥
⎦. (50)

This equation ensures reliable communications for all the
input target bitrates or PSDNR. The empirical relationship
between PSDNR and target bitrate is also given in Figure 5.

Figure 6 presents the output BER and the system margin
of three resource allocation policies versus the target bitrate
R. The first one, A, is obtained using analytical optimization,
the second, B, is the solution of the greedy-type algorithm
which maximizes the system margin, and the third, C, is the
solution of the greedy-type algorithm which minimizes the
BER. Two cases are presented: one with β = 1 and the other
with β = 2. All subchannel BER are lower than 2·10−2 to use
valid BER approximations. Note that, with β = 1, the system
margin of allocation B is almost equal to 8.9 dB for all target-
bit rates. This constant system margin γ is not a feature of the
algorithm but is only a consequence of the relation between
the target bitrate and the PSDNR.

To enhance the equivalences and the differences between
the resource allocation policies, the dissimilarity is also given
in Figure 6 with β = 1 and β = 2. As expected in both
cases, β = 1 and β = 2, the minimal BER are obtained
with allocation C, and the maximal system margins with
allocation B.

With β = 1 and when the target bitrate increases, the
Lagrangian solution converges faster to the optimal system
margin maximization solution, B, than to the optimal BER
minimization solution, C. Note that Theorem 7 is an asymp-
totic result valid for square QAM. With β = 1, the QAM can
be rectangular, and the asymptotic result of Theorem 7 is not
applicable, contrary to the result of Theorem 6 where there is
not any condition on the modulation order.

The case β = 2 shows the equivalence between the
optimal system margin maximization allocation and the
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Figure 6: BER, system margin and dissimilarity versus target bitrate
for Lagrangian (A), greedy-type system margin maximization (B)
and greedy-type BER minimization (C) algorithms, n = 1024,
rmax = 10, and β ∈ {1, 2}.

optimal BER minimization allocation. In this case, the
asymptotic result given by Theorems 5 and 7 can be
applied because the modulations are square QAM, and the
convergence is ensured with high modulation orders, that is,
high target bitrates. Beyond a mean bitrate per subchannel
around 6, that corresponds to a target bitrate around 6000,
all the allocations A, B and C are equivalent, and the
dissimilarity is almost equal to zero. In nonasymptotic
regime, the differences in BER and system margin are low.
The system margin differences are lower than 1 dB, and the
ratios between two BER are around 3. In practical integrated
systems, these low differences will not be significant and
will lead to similar solutions for both optimization policies.
Therefore, these resource allocations can be interchanged.

7. Conclusion

Two robustness optimization problems have been analyzed
in this paper. Weighted mean BER minimization and
minimal subchannel margin maximization have been solved
under peak-power and bitrate constraints. The asymp-
totic convergence of both robustness optimizations has
been proved for analytical and algorithmic approaches.
In nonasymptotic regime, the resource allocation policies
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can be interchanged depending on the robustness measure
and the operating point of the communication system.
We have also proved that the equivalence between SNR-
gap maximization and power minimization in conventional
MM problem does not hold with peak-power limitation
without additional conditions. Integer bit solution of ana-
lytical continuous bitrates has been obtained with a new
generalized secant method, and bit-loading solutions have
been compared with a new defined dissimilarity measure.
The low computational effort of the suboptimal resource
allocation strategy, based on the analytical approach, leads
to a good tradeoff between performance and complexity.

Appendices

A. Proof of Lemma 3

We prove that the optimal allocation is reached starting
from empty loading with the same intermediate loading than
starting from optimal loading to empty loading. To simplify
the notation and without loss of generality, β = 1.

Let [r∗1 , . . . , r∗n ] be the optimal allocation that minimizes
the inverse system margin γ(R∗)−1 for the target bitrate R∗,
and then

γ(R∗)−
1 = max

i

2ri − 1
snri

. (A.1)

Let [r1, . . . , rn] be the optimal allocation that minimizes the
inverse system margin γ(R+1)−1 for the target bitrate R+1 ≤
R∗. The optimal allocation for target bitrate R is obtained
iteratively by removing one bit at a time from the subchannel
k with the highest inverse system margin [38]

k = arg max
i

2ri − 1
snri

(A.2)

or

2rk − 1
snrk

≥ 2ri − 1
snri

, ∀i = 1, . . . ,n. (A.3)

The last bit removed is from the subchannel with the lowest
inverse-SNR, snr−1

i , because the bits over the highest inverse-
SNR are first removed.

Now, let [r1, . . . , rn] be the optimal allocation that
minimizes the inverse system margin γ(R)−1 for the target
bitrate R < R∗. Following the algorithm strategy, the optimal
allocation for target bitrate R + 1 is obtained adding one bit
on subchannel j such that

j = arg min
i

2ri+1 − 1
snri

. (A.4)

We first prove that

γ(R + 1)−1 = 2r j+1 − 1
snr j

. (A.5)

Suppose that there exists j′ such that

2r j′ − 1
snr j′

>
2r j+1 − 1

snr j
, (A.6)

then one bit must be added to subchannel j to obtain r j + 1
bits before adding one bit to subchannel j′ to obtain r j′ bits
which means that [r1, . . . , rn] is not optimal. As [r1, . . . , rn] is
optimal by definition, it yields

2ri − 1
snri

≤ 2r j+1 − 1
snr j

∀i = 1, . . . ,n (A.7)

which proves (A.5). The first allocated bit is from the
subchannel with the lowest inverse SNR given by (A.4) with
ri = 0 for all i.

Comparing (A.3) with (A.7) yields that k = j, and
the index subchannel of the first added bit is the same as
the last removed bit. All the intermediate allocations are
then identical with bit-addition and bit-removal methods.
There exists only one way to reach the optimal allocation R∗

starting from the empty loading.
Proof of Lemma 3 can also be provided in the framework

of matroid algebraic theory [19, 39].

B. Proof of Lemma 4

To simplify the notation and without loss of generality, the
proof is given with β = 1. Let [r1, · · · , rn] be the optimal
allocation for the target bitrate R such that

∑
ri = R. Let R+1

the new target bitrate. We first prove that

Δi(ri) = (ri + 1)beri(ri + 1)− riberi(ri) (B.1)

is a good measure at each step of the greedy-type algorithm
for the BER minimization, and finally that (ri + 1)beri(ri + 1)
can be used instead of Δi(ri).

Starting from the optimal allocation of target bitrate R,
the new target bitrate R + 1 is obtained by increasing r j by
one bit

ber(R + 1) =
(
r j + 1

)
ber j

(
r j + 1

)
+
∑n

i=1, i /= j riberi(ri)

1 +
∑n

i=1 ri
(B.2)

and, using Δ j ,

ber(R + 1) =
Δ j

(
r j
)

R + 1
+

R

R + 1
ber(R). (B.3)

The ber(R + 1) which is equal to φ({r(k+1)
i }ni=1) in (29)

is minimized only if Δ j(r j) is minimized. The minimum
ber(R + 1) is then obtained with the increase of one bit in
the subchannel j such that

j = arg min
i
Δi(ri). (B.4)

To complete the proof by induction, the relation must be
true for ber(1). This is simply done by recalling that beri(0) =
0, and then

min ber(1) = min
i

beri(1) = min
i

Δi(0). (B.5)

The convergence of the algorithm to a unique solution needs
the convexity of the function ri �→ riber(ri). This convexity



Journal of Electrical and Computer Engineering 13

is verified at high SNR. Appendix C provides a more precise
domain of validity.

It remains to prove that (ri + 1)beri(ri + 1) can be used
instead of Δi(ri). In high SNR regime

beri(ri + 1)� beri(ri) (B.6)

and then

lim
snri→+∞Δi(ri) = (ri + 1)beri(ri + 1) (B.7)

which proves the lemma.
In low SNR regime, the approximation of Δi by (ri +

1)beri(ri + 1) remains valid; the dissimilarity between allo-
cation using Δi (B.1) and allocation using (ri + 1)beri(ri + 1)
is null in the domain of validity given by Appendix C.

C. Range of Convexity of riberi

Let

f : N −→ R+ri �−→ riberi(ri, snri) (C.1)

which equals the SER for high-SNR regime and Gray
mapping. The function f is a strictly increasing function:
f (ri) < f (ri + 1) for all snri, because ber(ri, snri) ≤ ber(ri +
1, snri) and ri < ri + 1. Let Δ(ri) = f (ri + 1)− f (ri), and then

Δ(ri + 1)− Δ(ri) = f (ri + 2)− 2 f (ri + 1) + f (ri)

≥ (ri + 1)(beri(ri + 2)− 2beri(ri + 1)).
(C.2)

If beri(ri + 2) ≥ 2beri(ri + 1), then the function f is locally
convex or defines a convex hull. This relation is verified for
BER lower than 2× 10−2 and for all ri ≥ 0.

D. Proof of Theorem 5

We prove that both metrics used in Lemmas 3 and 4 lead to
the same subchannel SNR ordering. Let

f (ri, snri) = 2ri+β − 1
snri

,

g(ri, snri) =
(
ri + β

)
beri

(
ri + β

)
.

(D.1)

We then have to prove that

f (ri, snri) ≤ f
(
r j , snr j

)
⇐⇒ g(ri, snri) ≤ g

(
r j , snr j

)
. (D.2)

It is straightforward that

f (ri, snri) ≤ f
(
r j , snr j

)
⇐⇒ snr j

snri
≤ 2r j+β − 1

2ri+β − 1
. (D.3)

With square QAM, in high SNR regime and using (26)

g(ri, snri) = 2

(

1− 1
√

2ri+β

)

erfc

(√
3

2
(
2ri+β − 1

) snri

)

(D.4)

and it can be approximated by the following valid expression

g(ri, snri) = 2 erfc

(√
3

2
(
2ri+β − 1

) snri

)

. (D.5)

Then,

g(ri, snri) ≤ g
(
r j , snr j

)
⇐⇒ snr j

snri
≤ 2r j+β − 1

2ri+β − 1
(D.6)

which is also given by the first inequality. In high SNR regime
and with square QAM, that is, β = 2, f (·) and g(·) lead to
the same subchannel SNR ordering and then

arg min
i
f (ri, snri) = arg min

i
g(ri, snri). (D.7)

This last equation does not hold in low SNR regime (the
BER approximation is not valid) or when the modulations
are not square, that is, when ri is odd. Note that (D.5) is not
only a good approximation in high SNR regime, it can also
be used with high modulation orders with moderate SNR
regime defined in Appendix C.

E. Proof of Theorem 6

As the infinite norm is not differentiable, we use the k norm
with

lim
k→+∞

⎛

⎝
∑

i∈I′
γ−ki

⎞

⎠

1/k

= max
i∈I′

(
γ−1
i

)
. (E.1)

In the subset I′, the Lagrangian of (18) for all k is

Lk({ri}i∈I′ , λ) =
⎛

⎝
∑

i∈I′

(2ri − 1)k

snrki

⎞

⎠

1/k

+ λ

⎛

⎝R′ −
∑

i∈I′
ri

⎞

⎠.

(E.2)

Let λ′ such as

λ′ =
⎛

⎝
∑

i∈I′

(2ri − 1)k

snrki

⎞

⎠

(k−1)/k
λ

log 2
. (E.3)

The optimal condition yields

2ri(2ri − 1)k−1 = snrki λ
′. (E.4)

In asymptotic regime, ri � 1 and then 2ri − 1 � 2ri . The
equation of the optimal condition can be simplified and

ri = log2(snri) +
1
k

log2λ
′. (E.5)

The Lagrange multiplier is to identify using the bitrate
constraint, and replacing λ′ in the above equation leads to
the solution

ri = R′

|I′| +
1
|I′|

∑

j∈I′
log2

snri
snr j

. (E.6)
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Note that we do not need to calculate the convergence of the
solution with k → +∞ to obtain the result for the infinite
norm. The result holds for all values of k in asymptotic
regime.

With k = 1, the problem is a sum SNR-gap maximization
problem under peak-power constraint, and it can be solved
without asymptotic regime condition. Note that this sum
SNR-gap maximization problem, or sum inverse SNR-
gap minimization problem, under peak-power and bitrate
constraints is

min
∑

i∈I′
γ−1
i = min

{ri}i∈I′

∑

i∈I′
(2ri − 1)

σ2
Wi

|hi|2Ppi (E.7)

and is very similar to power minimization problem under
bitrate and SNR-gap constraints exchanging pi with γ−1

i

min
∑

i∈I′
pi = min

{ri}i∈I′

∑

i∈I′
(2ri − 1)

σ2
Wi

|hi|2Pγ−1
i

. (E.8)

Both problems are identical if piγi = α as it is stated by
Lemma 1.

F. Proof of Theorem 7

To prove this theorem, variables Ii and Ji are used instead of
ri with

Ii = 2	ri/2
, Ji = 2�ri/2�, (F.1)

and the bitrate constraint is

R =
n∑

i=1

log2(IiJi). (F.2)

In the subset I′, the Lagrangian of (25) is then

L({Ii, Ji}i∈I′ , λ) = 1
R′
∑

i∈I′

(

2− 1
Ii
− 1
Ji

)

× erfc

(√
3

I2
i + J2

i − 2
snri

)

+ λ

⎛

⎝R′ −
∑

i∈I′
log2(IiJi)

⎞

⎠.

(F.3)

Let Xi ∈ {Ii, Ji}, then

∂L

∂Xi
= Xi f (Ii, Ji) +

1
X2
i

g(Ii, Ji)− 1
Xi
λ, (F.4)

with

f (Ii, Ji) = 1
R′

(

2− 1
Ii
− 1
Ji

)
2
√

3snri × e−3snri/(I2
i +J2

i −2)

√
π
(
I2
i + J2

i − 2
)3/2 ,

g(Ii, Ji) = 1
R′

erfc

(√
3snri

I2
i + J2

i − 2

)

.

(F.5)

The optimality condition yields
(
I2
i − J2

i

)
IiJi f (Ii, Ji) = (Ii − Ji)g(Ii, Ji) ∀i. (F.6)

A trivial solution is Ii = Ji, and the other solution must verify

(Ii + Ji)IiJi f (Ii, Ji)− g(Ii, Ji) = 0. (F.7)

To find the root of (F.7), let

h
(
x, y

) = x
√
ye−y − erfc

(√
y
)

(F.8)

with

x = 2√
π

(Ii + Ji)IiJi
I2
i + J2

i − 2

(

2− 1
Ii
− 1
Ji

)

,

y = 3snri
I2
i + J2

i − 2
.

(F.9)

We will prove that this function is positive in a specific
domain. Consider that

(1) √ye−y > erfc(√y) for y ≥ 0.334, then for BER lower
than 10−1.

(2)
√
π/2x > 1 for {Ii, Ji} ∈ [1, +∞)2 and Ii /= 1 or Ji /= 1,

and limIi,Ji→ 1
√
π/2x = 1+.

Then, in the domain defined by

{Ii, Ji} ∈ [1, +∞)2 ∧ beri ≤ 0.1, (F.10)

h(x, y) is positive, and (F.7) has no solution. Thus, the only
one solution of (F.6) with (F.10) is Ii = Ji. As we will see later
the domain of (F.10) is less restrictive than the asymptotic
one.

The problem is now to allocate bits with square QAM.
The following upper bound is used:

ber(ri) = 2
ri

erfc

(√
3snri

2(2ri − 1)

)

. (F.11)

Note that this upper bound is a tight approximation with
high SNR and with high modulation orders. The Lagrangian
is that

L({ri}i∈I′ , λ) = 2
R′
∑

i∈I′
erfc

(√
3snri

2(2ri − 1)

)

+ λ

⎛

⎝R′ −
∑

i∈I′
ri

⎞

⎠.

(F.12)

And its derivative is

∂L

∂ri
= ln 2√

π

2ri

2ri − 1

√
3snri

2(2ri − 1)
e−3snri/2(2ri−1) − λ. (F.13)

Let ri � 1 for all i, then 2ri − 1 � 2ri , and the optimality
condition yields

−3snri
2ri

e−3snri/2ri = −2λ2π

ln22
. (F.14)

With reliable communication over the subchannel i, the
Shannon’s relation states that ri ≤ log2(1 + snri) and
3snri/2ri ≥ 3/2 because ri ≥ 1. The relation between ri and
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λ is then bijective, and the real branch W−1 of the Lambert
function [40] can be used with no possibility for confusion

ri = log2(3snri)− log2

(

−W−1

(

−2λ2π

ln22

))

. (F.15)

With the bitrate constraint R′ =∑i∈I′ ri, we can write

−log2

(

−W−1

(

−2λ2π

ln22

))

= R′

|I′| −
1
|I′|

n∑

i=1

log2(3snri)

(F.16)

and with (F.15)

ri = R′

|I′| +
1
|I′|

n∑

j∈I′
log2

snri
snr j

. (F.17)

This result is obtained with square QAM in asymptotic
regime (high modulation orders and high SNR) which is a
more restrictive domain than that of (F.10).
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