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There are thirty six papers collected in this special issue, but they do not cover the rich
contents of nonlinear time series. Therefore, we cite a few references in this forward to
facilitate for readers to obtain a fine profile of this attractive area. They are Luczka [1], Abel
and Schwarz [2], Schreiber [3], West and Deering [4], Beran [5], Mandelbrot [6], Adler et al.
[7], Touchette [8], Abry et al. [9], Werner [10], Cattani and Rushchitsky [11], Cattani [12, 13],
Kantz and Schreiber [14], Fan and Yao [15], Bec and Khanin [16], Bouchaud and Georges
[17], Baillie and King [18], Li and Borgnat [19], Parker and Chua [20], T. Machado et al. [21],
Bakhoum and Toma [22], and Li and Zhao [23].

In this special issue, the first paper by Li [24] gives a tutorial of fractal time series from
the point of view of systems of fractional order. The second by Liu [25] provides a review of
chaotic time series. The third by Cattani [26] reveals the fractal shapes and the symmetries of
DNA from a view of fractal time series. The fourth one by Mattioli et al. [27] studies large-
amplitude pulses with the FitzHugh-Nagumo model to exhibit the sensitivity to local jumps
and some unexpected inertia of neurons as response to the high-amplitude spike. The fifth
paper by Bakhoum and Toma [28] investigates the dynamics of macroscopic and quantum
transitions. The paper by Toma [29] presents a method to synthesize pulse series based on
nonlinear differential equations. Abuzeid et al. [30] contributes a paper for constructing a
continuous hereditary creep model for the thermoviscoelastic contact of a rough punch and
a smooth surface of a rigid half-space. The paper by Zhao et al. [31] discusses the detrended
fluctuation analysis method to detect the long-range correlation and scaling properties of
daily precipitation series of Beijing from 1973 to 2004 before and after adding diverse trends
to the original series.
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Seven papers in the applications of nonlinear time series to computer science are
collected in this issue. The paper by He et al. [32] shows an improved scheme of block
cipher based on dynamic sequences generated by multiple chaotic systems. Peng et al.
contribute their paper [33] in the field of chaotic communications. The paper by Zheng et
al. [34] gives a method to build representative-based data aggregation tree in wireless sensor
networks for the security purpose and opens a problem of how to evaluate the life time of the
proposed method from a view of time series. Two papers, respectively, by Li and Li [35] and
Xia et al. [36] are in the field of intrusion detection. The paper by Chen et al. [37] proposes an
approach for estimating the space usage of skyband operator over sliding windows of data
streams. The paper by Chen et al. [38] presents an improved algorithm of adaptive random
early detection.

Prediction is an interesting topic in time series. The paper by M. Li and J.-Y. Li
[39] gives a proof of the predictability of long-range-dependent series. Dong [40] reviews
the concepts, models, and algorithms with respect to nonlinear time-series data mining in
engineering asset health and reliability prediction. She and Yang’s paper (see [41]) provides a
method in adaptive local linear prediction and its application to hydrological time series. The
paper by Shang et al. [42] discusses the method of max-margin classification for prediction.
Leon and Zaharia’s paper [43] addresses stacked heterogeneous neural networks for time
series forecasting.

We collected 7 papers in the area of applications of nonlinear time series to signal
and image processing. The paper by Huang and Qiu [44] proposes a blind deconvolution
procedure for estimating a regression function with possible jumps preserved by removing
both noise and blur when recovering the signals. The paper by Friston et al. [45] generalizes
the concept and theory of filtering. Sterian and Toma’s paper is presented in [46],
which discusses the method of signal processing and sampling for obtaining time series
corresponding to higher-order derivatives, which is desired in modeling and controlling
dynamic phenomena. Liao et al. in their paper [47] address adaptive image denoising using
nonlinear time series analysis. The paper by Li et al. [48] shows an application of nonlinear
spectral subtraction method to millimeter wave conducted speech enhancement. The paper
by Shan and Li [49] discusses the analysis of nonlinearity of signals from a view of time-
frequency distributions. The paper by Sung et al. [50] is an application of time series to the
design of very large-scale integrated circuits.

The paper by Chen et al. [51] deals with the outliers and patches in bilinear time series.
The paper by Hu [52] studies the quasimaximum likelihood method to estimate unknown
parameters in autoregressive processes. Li and Pu’s paper [53] gives a scheme of the
hypothesis designs of the three-hypothesis test problems. The paper by Nefeslioglu et al. [54]
is an application article in geoscience. The paper by Sevimlican [55] is in the field of systems
of fractional order. The paper by Farooq et al. [56] investigates a prior knowledge-based
Green’s kernel for support vector regression. Humi’s paper [57] assesses the local turbulence
strength from the point of view of time series by establishing the relationship between local
turbulence strength and the Lyaponuv exponent in a flow. The paper by Messina et al. [58]
may be taken as an initiative work in the aspect of spatial analysis of the nonstationary time-
frequency dynamics of oscillatory processes in power systems. The paper by Carlini et al. [59]
is in the field of precision agriculture, exploring a greenhouse model towards maximizing the
cooling system consumption of energy.
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Fractal time series substantially differs from conventional one in its statistic properties. For
instance, it may have a heavy-tailed probability distribution function (PDF), a slowly decayed
autocorrelation function (ACF), and a power spectrum function (PSD) of 1/f type. It may have
the statistical dependence, either long-range dependence (LRD) or short-range dependence (SRD),
and global or local self-similarity. This article will give a tutorial review about those concepts.
Note that a conventional time series can be regarded as the solution to a differential equation of
integer order with the excitation of white noise in mathematics. In engineering, such as mechanical
engineering or electronics engineering, engineers may usually consider it as the output or response
of a differential system or filter of integer order under the excitation of white noise. In this paper, a
fractal time series is taken as the solution to a differential equation of fractional order or a response
of a fractional system or a fractional filter driven with a white noise in the domain of stochastic
processes.

1. Introduction

Denote by R
n the n-dimensional Euclidean space for n ∈ Z+, where Z+ is the set of positive

integers. Then, things belonging to R
n for n = 1, 2, 3 are visible, such as a curve for n = 1, a

picture for n = 2, and a three-dimensional object for n = 3.
Denote an element belonging to R

n by f(x1, . . . , xn) and xn ∈ R. Denote a regularly
orthogonal coordinate system in R

n by {e1, e2, . . . , en}. Then, the inner product (el, em) is given
by

(el, em) =

⎧
⎨

⎩

1, l = m,

0, l /=m.
(1.1)
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Then,

f =
n∑

l=1

(
f, el
)
el. (1.2)

In the domain of the Hilbert space, n → ∞ is allowed (Griffel [1], Liu [2]). Unfortunately,
due to the limitation of the eyes of human being, a high-dimensional image of f , for example,
n > 4, is invisible unless some of its elements are fixed. One can only see an image f for n > 4
partly. For example, if we fix the values of xn for n ≥ 3, f(x1, x2, x3, . . . , xn) is visible. Luckily,
human being has nimbus such that people are able to think about high-dimensional objects
in R

n even in the case of n → ∞.
Note that the nature is rich and colorful (Mandelbrot [3], Korvin [4], Peters [5],

Bassingthwaighte et al. [6]). Spaces of integer dimension are not enough. As a matter of factor,
there exist spaces with fractional dimension, such as R

n+d,where 0 < d < 1 is a fraction. There-
fore, even in the low-dimensional case of n = 1, 2, 3, those in R

n+d are not completely visible.
We now turn to time series. Intuitively, we say that x(t) is a conventional series if

x(t) ∈ R
1 � R. On the other side, x(t) is said to be a fractal time series if it belongs to R

1+d for
0 < d < 1. A curve of x ∈ R

1+d we usually see, such as a series of stock market price, is only its
integer part belonging to R.However, it is the fractional part of x(t) that makes it substantially
differ from a conventional series in the aspects of PDF, ACF, and PSD, unless d is infinitesimal.

The theory of conventional series is relatively mature; see, for example, Fuller [7], Box
et al. [8], Mitra and Kaiser [9], Bendat and Piersol [10], but the research regarding fractal
time series is quite academic. However, its applications to various fields of sciences and
technologies, ranging from physics to computer communications, are increasing, for instance,
coastlines, turbulence, geophysical record, economics and finance, computer memories (see,
e.g., Mandelbrot [11]), network traffic, precision measurements (Beran [12], Li and Borgnat
[13]), electronics engineering, chemical engineering, image compression; see, for example,
Levy-Vehel et al. [14], physiology; see, for example, Bassingthwaighte et al. [6], just naming
a few. The goal of this paper is to provide a short tutorial with respect to fractal time series.

The remaining article is organized as follows. In Section 2, the concept of fractal time
series from the point of view of systems of fractional order will be addressed. The basic
properties of fractal time series are explained in Section 3. Some models of fractal time series
are discussed in Section 4. Conclusions are given in Section 5.

2. Fractal Time Series: A View from Fractional Systems

A time series can be taken as a solution to a differential equation. In terms of engineering, it is
often called signal while a differential equation is usually termed system, or filter. Therefore,
without confusions, equation, system, or filter is taken as synonyms in what follows.

2.1. Realization Resulted from a Filter of Integer Order

A stationary time series can be regarded as the output y(t) of a filter under the excitation of
white noise w(t). Denote by g(t) the impulse function of a linear filter. Then,

y(t) =
∫ t

0
g(t − τ)w(τ)dτ. (2.1)
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On the other side, a nonstationary random function can be taken as the output of a filter
under the excitation of nonstationary white noise. In general, filters with different g(t)’s may
yield different series under the excitation of w(t). Hence, conventionally, one considers w(t)
as the headspring or root of random series; see, for example, Press et al. [15]. In this paper,
we only consider stationary series.

A stochastic filter can be written by

p∑

i=0

ai
dp−iy(t)
dtp−i

=
q∑

i=0

bi
dq−iw(t)
dtq−i

. (2.2)

Denote the Fourier transforms of y(t), g(t), andw(t) by Y (ω),G(jω), andW(ω), respectively,
where j =

√−1 and ω is angular frequency. Then, according to the theorem of convolution,
one has

Y (ω) = G
(
jω
)
W(ω). (2.3)

Denote the PSDs of y(t) and w(t) by Syy(ω) and Sww(ω), respectively. Then, when one
notices that Sww(ω) =1 if w(t) is the normalized white noise [9, 10], one has

Syy(ω) =
∣
∣G
(
jω
)∣
∣2. (2.4)

Denote the Laplace transform of g(t) by G(s), where s is a complex variable. Then
(Lam [16]),

G(s) =
1 +
∑q

i=1 bis
i

1 +
∑p

i=1 ais
i
. (2.5)

If the system is stable, all poles of G(s) are located on the left of s plan. For a stable filter,
therefore, one has (Papoulis [17])

G
(
jω
)
= F
[
g(t)
]
= G(s)|s=jω, (2.6)

where F stands for the operator of the Fourier transform. A basic property of a linear stable
system of integer order is stated as follows.

Note 1. Taking into account b0 = 1 and (2.6), one sees that |G(jω)|2 of a stable system of
integer order is convergent for ω = 0 and so is Syy(ω).

In the discrete case, the system function is expressed by the z transform of g(n). That
is,

G(z) = Z
[
g(n)

]
=
∞∑

n=0

g(n)z−n =
1 +
∑q

i=1 biz
−i

1 +
∑p

i=1 aiz
−i , (2.7)

where Z represents the operator of z transform. There are two categories of digital filters
(Harger [18], Van de Vegte [19], Li [20]). One is in the category of infinite impulse response
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(IIR) filters, which correspond to the case of ai /= 0. The other is in the category of finite
impulse response filters (FIRs), which imply ai = 0 [9, 16], (Harger [18], Van de Vegte [19]).
In the FIR case, one has

G(z) =
q∑

n=0

g(n)z−n = 1 +
q∑

i=1

biz
−i. (2.8)

Thus, an FIR filter is always stable with a linear phase.

Note 2. A realization y(t) resulted from an FIR filter of integer order under the excitation of
w(t) is linear. It belongs to R.

2.2. Realization Resulted from a Filter of Fractional Order

Let v > 0 and f(t) be a piecewise continuous on (0,∞) and integrable on any finite subinterval
of [0,∞). For t > 0, denote by 0D

−v
t the Riemann-Liouville integral operator of order v [21,

page 45]. It is given by

0D
−v
t f(t) =

1
Γ(v)

∫ t

0
(t − u)v−1f(u)du, (2.9)

where Γ is the Gamma function. For simplicity, we write 0D
−v
t by D−v below.

Let vp, vp−1, . . . , v0 and uq, uq−1, . . . , u0 be two strictly decreasing sequences of
nonnegative numbers. Then, for the constants ai and bi, we have

p∑

i=0

ap−iDviy(t) =
q∑

i=0

bq−iDuiw(t), (2.10)

which is a stochastically fractional differential equation with constant coefficients of order vp.
It corresponds to a stochastically fractional filter of order vp. The transfer function of this filter
expressed by using the Laplace transform is given by (Ortigueira [22])

G(s) =
1 +
∑q

i=1 bq−is
−ui

1 +
∑p

i=1 ap−is
−vi
. (2.11)

In the discrete case, it is expressed in z domain by (Ortigueira [23, 24], Chen and Moore [25],
Vinagre et al. [26])

G(z) =
1 +
∑q

i=1 bq−iz
−ui

1 +
∑p

i=1 ap−iz
−vi
. (2.12)
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Denote the inverse Laplace transform and the inverse z transform by L−1 and Z−1,
respectively. Then, the impulse responses of the filter expressed by (2.10) in the continuous
and discrete cases are given by

g(t) = L−1[G(s)],

g(n) = Z−1[G(z)],
(2.13)

respectively.
Without loss of the generality to explain the concept of fractal time series, we reduce

(2.10) to the following expression:

p∑

i=0

ap−iDviy(t) = w(t). (2.14)

Consequently, (2.11) and (2.12) are reduced to

G(s) = 1 +
q∑

i=1

bq−is−ui ,

G(z) = 1 +
q∑

i=1

bq−iz−ui .

(2.15)

Recall that the realization resulted from such a class of filters can be expressed in the
continuous case by

y(t) = w(t) ∗ g(t), (2.16)

where ∗ implies the operation of convolution, or in the discrete case by

y(n) = w(n) ∗ g(n). (2.17)

Hence, we have the following notes.

Note 3. A realization y(t) resulted from a stochastically fractional differential equation may
be unbelonging to R.

Note 4. For a stochastically fractional differential equation, Note 1 may be untrue.

We shall further explain Note 4 in the next section. As an example to interpret the point
in Note 3, we consider a widely used fractal time series called the fractional Brownian motion
(fBm) introduced by Mandelbrot and van Ness [27].

Replacing v with H + 0.5 in (2.9) for 0 < H < 1, where H is the Hurst parameter, fBm
defined by using the Riemann-Liouville integral operator is given by

0D
−(H+1/2)
t B′(t) =

1
Γ(H + 1/2)

∫ t

0
(t − u)H−1/2dB(u) � BH(t), (2.18)
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where B(t), t ∈ (0,∞), is the Wiener Brownian motion; see, for example, Hida [28] for
Brownian motion. The differential of B(t) is in the sense of generalized function over the
Schwartz space of test functions; see, for example, Gelfand and Vilenkin [29] for generalized
functions. Taking into account the definition of the convolution used by Mikusinski [30], we
have the impulse response of a fractional filter given by

(−t)H−1/2

Γ(H + 1/2)
. (2.19)

Consequently, fBm denoted by BH(t) can be taken as an output of the filter (2.19) under the
excitation dB(t)/dt (Li and Chi [31]). That is,

BH(t) =
dB(t)
dt

∗ (−t)H−1/2

Γ(H + 1/2)
. (2.20)

Therefore, Note 5 comes.

Note 5. FBm is a special case as a realization of a fractional filter driven with dB(t)/dt.

Other articles discussing fBm from the point of view of systems or filters of fractional
order can be seen in Ortigueira [32], Ortigueira and Batista [33, 34], and Podlubny [35]. In the
end of this section, I use another equation to interpret the concept of fractal time series. The
fractional oscillator or fractional Ornstein-Uhlenbeck process is the solution of the fractional
Langevin equation given by

(aDt +A)αy(t) = w(t), α > 0, (2.21)

where A is a positive constant, and w(t) is the white noise (Lim et al. [36, 37]). Obviously,
the fractal time series y(t) in (2.21) is a realization resulted from a fractional filter under the
excitation w(t). More about this will be discussed in Section 4.

3. Basic Properties of Fractal Time Series

Fractal time series has its particular properties in comparison with the conventional one. Its
power law in general is closely related to the concept of memory. A particular point, which
has to be paid attention to, is that there may usually not exist mean and/or variance in
such a series. This may be a main reason why measures of fractal dimension and the Hurst
parameter play a role in the field of fractal time series.

3.1. Power Law in Fractal Time Series

Denote the ACF of x(t) by rxx(τ), where rxx(τ) = E[x(t)x(t + τ)]. Then, x(t) is called SRD if
rxx is integrable (Beran [12]), that is,

∫∞

0
rxx(τ)dτ <∞. (3.1)
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On the other side, x(t) is LRD if rxx is nonintegrable, that is,

∫∞

0
rxx(τ)dτ =∞. (3.2)

A typical form of such an ACF for rxx being nonintegrable has the following asymptotic
expression:

rxx(τ) ∼ c|τ |−β (τ −→ ∞), (3.3)

where c > 0 is a constant and 0< β <1. The above expression implies a power law in the ACF
of LRD fractal series.

Denote the PSD of x(t) by Sxx(ω). Then,

Sxx(ω) =
∫∞

−∞
rxx(t)e−jωtdt. (3.4)

In the LRD case, the above Sxx(ω) does not exist as an ordinary function but it can be regarded
as a function in the domain of generalized functions. Since

F
(
|τ |−β

)
= 2 sin

(
πβ

2

)

Γ
(
1 − β)|ω|β−1 (3.5)

see, for example, [29] and Li and Lim [38, 39], the PSD of LRD series has the property of
power law. It is usually called 1/f noise or 1/fα (α > 0) noise (Mandelbrot [40]). Thus,
comes Note 6.

Note 6. The PSD of an LRD fractal series is divergent for ω = 0. This is a basic property of
LRD fractal time series, which substantially differs from that as described in Note 1.

Denote the PDF of x(t) by p(x). Then, the ACF of x(t) can be expressed by

rxx(τ) =
∫∞

−∞
x(t)x(t + τ)p(x)dx. (3.6)

Considering that rxx is nonintegrable in the LRD case, one sees that a heavy-tailed PDF is an
obvious consequence of LRD series; see, for example, Li [41, 42], Abry et al. [43].

Denote μx the mean of x(t). Then,

μx =
∫∞

−∞
xp(x)dx. (3.7)

The variance of x(t) is given by

Var(x) =
∫∞

−∞

(
x − μx

)2
p(x)dx. (3.8)
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One thing remarkable in LRD fractal time series is that the tail of p(x) may be so heavy
that the above integral either (3.7) or (3.8) may not exist. To explain this, we recall a series
obeying the Pareto distribution that is a commonly used heavy-tailed distribution. Denote
pPareto(x) the PDF of the Pareto distribution. Then,

pPareto(x) =
ab

xa+1
, (3.9)

where x ≥ a. The mean and variance of x(t) that follows pPareto(x) are respectively given by

μPareto =
ab

a − 1
,

Var (x)Pareto =
ab2

(a − 1)2(a − 2)
.

(3.10)

It can be easily seen that μPareto and Var(x)Pareto do not exist for a = 1. That fractal time series
with LRD may not have its mean and or variance is one of its particular points [6].

Note that μx implies a global property of x(t) while Var(x) represents a local property
of x(t). For an LRD x(t), unfortunately, in general, the concepts of mean and variance are
inappropriate to describe the global property and the local one of x(t). We need other
measures to characterize the global property and the local one of LRD x(t). Fractal dimension
and the Hurst parameter are utilized for this purpose.

3.2. Fractal Dimension and the Hurst Parameter

In fractal time series, one, respectively, uses the fractal dimension and the Hurst parameter of
x(t) to describe its local property and the global one ([3], Li and Lim [39, 44]). In fact, if rxx
is sufficiently smooth on (0,∞) and if

rxx(0) − rxx(τ) ∼ c1|τ |α for |τ | −→ 0, (3.11)

where c1 is a constant and α is the fractal index of x(t), the fractal dimension of x(t) is
expressed by

D = 2 − α
2

; (3.12)

see, for example, Kent and Wood [45], Hall and Roy [46], and Adler [47].
On the other side, expressing β in (3.3) by the Hurst parameter 0.5 < H < 1 yields

β = 2 − 2H. (3.13)

Therefore,

rxx(τ) ∼ c|τ |2H−2 (τ −→ ∞). (3.14)
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Different from those in conventional series, we, respectively, use D and H to characterize the
local property and the global one of LRD x(t) rather than mean and variance (Gneiting and
Schlather [48], Lim and Li [49]).

In passing, we mention that the estimation of H and/or D becomes a branch of
fractal time series as can be seen from [11, 12]. Various methods regarding the estimation
of fractal parameters are reported; see, for example, Taqqu et al. [50], methods based on
ACF regression (Li and Zhao [51] and Li [52]), periodogram regression method (Raymond
et al. [53]), generalized linear regression (Beran [54, 55]), scaled and rescaled windowed
variance methods ([56–58], Schepers et al. [59], Mielniczuk and Wojdłło [60], Cajueiro and
Tabak [61]), dispersional method (Raymond and Bassingthwaighte [62, 63]), maximum
likelihood estimation methods (Kendziorski et al. [64], Guerrero and Smith [65]), methods
based on wavelet [66–72], fractional Fourier transform (Chen et al. [73]) and detrended
method (Govindan [74]).

In the end of this section, we note that self-similarity of a stationary process is a concept
closely relating to fractal time series. Fractional Gaussian noise (fGn) is an only stationary
increment process with self-similarity (Samorodnitsky and Taqqu [75]). In general, however,
a fractal time series may not be globally self-similar. Nevertheless, a series that is not self-
similar may be locally self-similar [47].

4. Some Models of Fractal Time Series

Fractal time series can be classified into two classes from a view of statistical dependence.
One is LRD and the other is SRD. It can be also classified into Gaussian series or nonGaussian
ones. I shall discuss the models of fractal time series of Gaussian type in Sections 4.1–4.4, and
4.6. Series of nonGaussian type will be described in Section 4.5.

4.1. Fractional Brownian Motion (fBm)

FBm is commonly used in modeling nonstationary fractal time series. It is Gaussian (Sinai
[76, 77]). The definition of fBm described in (2.18) is called the Riemann-Liouville type since
it uses the Riemann-Liouville integral; see, for example, [27], Sithi and Lim [78], Muniandy
and Lim [79], and Feyel and de la Pradelle [80]. Its PSD is given by

SBH,RL(t, ω) =
πωt

ω2H+1
[JH(2ωt)HH−1(2ωt) − JH−1(2ωt)HH(2ωt)], (4.1)

where JH is the Bessel function of order H (G.A. Korn and T.M. Korn [81]), HH is the Struve
function of order H, and the subscript on the left side implies the type of the Riemann-
Liouville integral, see [78] for details. The ACF of the fBm of the Riemann-Liouville type
is given by

rBH,RL(t, s) =
tH+1/2sH−1/2

(H + 1/2)Γ(H + 1/2)2 2F1

(
1
2
−H, 1,H +

1
2
,
t

s

)

, (4.2)

where 2F1 is the hypergeometric function.
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Note that the increment process of the fBm of the Riemann-Liouville type is
nonstationary (Lim and Muniandy [82]). Therefore, another definition of fBm based on the
Weyl integral [27] is usually used when considering stationary increment process of fBm.

The Weyl integral of order v is given for v > 0 by [21]

W−vf(t) =
1

Γ(v)

∫∞

t

(u − t)v−1f(u)du. (4.3)

Thus, the fBm of the Weyl type is defined by

BH(t) − BH(0) = 1
Γ(H + 1/2)

{∫0

−∞

[
(t − u)H−0.5 − (−u)H−0.5

]
dB(u) +

∫ t

0
(t − u)H−0.5dB(u)

}

.

(4.4)

It has stationary increment. Its PSD is given by (Flandrin [83])

SBH,W(t, ω) =
1

|ω|2H+1

(
1 − 21−2H cos 2ωt

)
, (4.5)

Its ACF is expressed by

rBH,W(t, s) =
VH

(H + 1/2)Γ(H + 1/2)

[
|t|2H + |s|2H − |t − s|2H

]
, (4.6)

where VH is the strength of the fBm and it is given by

VH = Var[BH(1)] = Γ(1 − 2H)
cosπH
πH

. (4.7)

The basic properties of fBm are listed below.

Note 7. Either the fBm of the Riemann-Liouville type or the one of the Weyl type is
nonstationary as can be seen from (4.1) and (4.5).

Note 8. Both the fBm of the Riemann-Liouville type and the one of the Weyl type are self-
similar because they have the property expressed by

BH(at) ≡ aHBH(t), a > 0, (4.8)

where ≡ denotes equality in the sense of probability distribution.

Note 9. The PSD of fBm is divergent at ω = 0, exhibiting a case of 1/fα noise.

Note 10. The process fBm reduces to the standard Brownian motion when H = 1/2, as can be
seen from (2.18) and (4.4).
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Note 11. A consequence of Note 10 is

SB1/2,RL(t, ω) = SB1/2,W(t, ω) =
1
ω2 (1 − cos 2ωt), (4.9)

which is the PSD of the standard Brownian motion [78].

Note 12. The fractal dimension of fBm is given by

DfBm = 2 −HfBm. (4.10)

4.2. Generalized Fractional Brownian Motion with Holder Function

Recall that the fractal dimension of a sample path represents its self-similarity. For fBm,
however, DfBm is linearly related to HfBm (4.10). On the other hand, (4.8) holds for all
time scales. Hence, (4.8) represents a global self-similarity of fBm. This is a monofractal
character, which may be too restrictive for many practical applications. Lim and Muniandy
[82] replaced the Hurst parameterH in (4.4) by a continuously deterministic functionH(t) to
obtain a form of the generalized fBm. The function H(t) satisfies H : [0,∞) → (0, 1). Denote
the generalized fBm by X(t), instead of BH(t), so as to distinguish it from the standard one.
Then,

X(t) =
1

Γ(H(t) + 1/2)

{∫0

−∞

[
(t − u)H(t)−0.5 − (−u)H(t)−0.5

]
dB(u) +

∫ t

0
(t − u)H(t)−0.5dB(u)

}

.

(4.11)

By using H(t), one has a tool to characterize local properties of fBm. The following
ACF holds for τ → 0:

E[X(t)X(t + τ)] =
VH(t)

(H(t) + 1/2)Γ(H(t) + 1/2)

[
|t|2H(t) + |t + τ |2H(t) − |τ |2H(t)

]
. (4.12)

The self-similarity expressed below is in the local sense as H(t) is time varying

X(at) ≡ aH(t)X(t), a > 0. (4.13)

Assume thatH(t) is a β-Holder function. Then, 0 < inf[H(t)] ≤ sup[H(t)] < min(1, β).
Therefore, one has the following local Hausdorff dimension of x(t) for [a, b] ⊂ R

+ :

dim{X(t), t ∈ [a, b]} = 2 −min{H(t), t ∈ [a, b]}. (4.14)

The above expression also exhibits the local self-similarity of X(t).
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Based on the local growth of the increment process, one may write a sequence ex-
pressed by

Sk
(
j
)
=

m

N − 1

j+k∑

j=0
|X(i + 1) −X(i)|, 1 < k < N, (4.15)

where m is the largest integer not exceeding N/k. Then, H(t) at point t = j/(N − 1) is given
by

H(t) = −
log
(√

π/2Sk
(
j
))

log(N − 1)
; (4.16)

see Peltier and Levy-Vehel [84, 85] for the details. Li et al. [86] demonstrate an application
of this type of fBm to network traffic modeling, and Muniandy et al. [87] in financial
engineering.

4.3. Fractional Gaussian Noise (fGn)

The continuous fGn is the derivative of the smoothed fBm that is in the domain of generalized
functions. Its ACF denoted by CH(τ ; ε) is given by

CH(τ ; ε) =
VHε

2H−2

2

[( |τ |
ε

+ 1
)2H

+
∣
∣
∣
∣
|τ |
ε
− 1
∣
∣
∣
∣

2H

− 2
∣
∣
∣
∣
τ

ε

∣
∣
∣
∣

2H
]

, τ ∈ R, (4.17)

where H ∈ (0, 1) is the Hurst parameter and ε > 0 is used by smoothing fBm so that the
smoothed fBm is differentiable [27].

FGn includes three classes of time series. When H ∈ (0.5, 1), CH(τ ; ε) is positive and
finite for all τ. It is nonintegrable and the corresponding series is LRD. For H ∈ (0, 0.5), the
integral of CH(τ ; ε) is zero and CH(0; ε) diverges when ε → 0. In addition, CH(τ ; ε) changes
its sign and becomes negative for some τ proportional to ε in this parameter domain [27,
page 434]. FGn reduces to the white noise when H = 0.5.

The PSD of fGn is given by (Li and Lim [38])

SfGn(ω) = σ2 sin(Hπ)Γ(2H + 1)|ω|1−2H. (4.18)

Denote the discrete fGn by dfGn. Then, the ACF of dfGn is given by

rdfGn(k) =
σ2

2

[
(|k| + 1)2H + ||k| − 1|2H − 2|k|2H

]
. (4.19)
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Its PSD, see Sinai [77], is given by

SdfGn(ω) = 2Cf(1 − cosω)
∞∑

n=−∞
|2πn +ω|−2H−1, ω ∈ [−π,π], (4.20)

where Cf = σ2(2π)−1 sin(πH)Γ(2H + 1).
Note that the expression 0.5[(k + 1)2H − 2k2H + (k − 1)2H] is the finite second-order

difference of 0.5(k)2H . Approximating it with the second-order differential of 0.5(k)2H yields

0.5
[
(k + 1)2H − 2k2H + (k − 1)2H

]
≈ H(2H − 1)(k)2H−2. (4.21)

The above approximation is quite accurate for k > 10 [11]. Hence, taking into account (3.12)
and (3.13), the following immediately appears (Li and Lim [44]):

DfGn = 2 −HfGn. (4.22)

Hence, we have the following notes.

Note 13. The fGn as the increment process of the fBm of the Weyl type is stationary. It is
exactly self-similar with the global self-similarity described by (4.22).

Note 14. The PSD of the fGn is divergent at ω = 0.

Again, we remark that the fGn may be too strict for modeling a real series in practice.
Hence, generalized versions of fGn are expected. One of the generalization of fGn is to replace
H by H(t) in (4.19) ([82]) so that

rdfGn(k;H(t)) =
σ2

2

[
(|k| + 1)2H(t) + ||k| − 1|2H(t) − 2|k|2H(t)

]
. (4.23)

Another generalization by Li [88] is given by

rdfGn(k;H,a) =
σ2

2

(∣
∣|k|a + 1

∣
∣2H − 2

∣
∣|k|a∣∣2H +

∣
∣|k|a − 1

∣
∣2H
)
, 0 < a ≤ 1. (4.24)

In (4.23), if H(t) = const, the ACF reduces to that of the standard fGn. On the other side,
rdfGn(k;H,a) in (4.24) becomes the ACF of the standard fGn if α = 1.

4.4. Generalized Cauchy (GC) Process

As discussed in Section 2, we use two parameters, namely, D and H, to respectively measure
the local behavior and the global one of fractal time series instead of variance and mean.
More precisely, the former measures a local property, namely, local irregularity, of a sample
path while the latter characterizes a global property, namely, LRD. The parameter 1 < D < 2
is independent of 0 < H < 1 in principle as can be seen from [3]. By using a single parameter
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model, such as fGn and fBm, D and H happen to be linearly related. Hence, a single parameter
model fails to separately capture the local irregularity and LRD. To release such relationship,
two-parameter model is needed. The GC process is one of such models.

A series X(t) is called the GC process if it is a stationary Gaussian centred process with
the ACF given by

CGC(τ) = E[X(t + τ)X(t)] =
(
1 + |τ |α)−β/α, (4.25)

where 0 < α ≤ 2 and β > 0. The ACF CGC(τ) is positive-definite for the above ranges of α and
β and it is a completely monotone for 0 < α ≤ 1, β > 0. When α = β = 2, one gets the usual
Cauchy process that is modeled by its ACF expressed by

C(τ) =
(

1 + |τ |2
)−1

, (4.26)

which has been applied in geostatistics; see, for example, Chiles and Delfiner [89].
The function CGC(τ) has the asymptotic expressions of (3.11) and (3.14). More

precisely, we have

CGC(τ) ∼ |τ |α, τ −→ 0,

CGC(τ) ∼ |τ |−β, τ −→ ∞.
(4.27)

According to (3.12) and (3.13), therefore, one has

DGC = 2 − α
2
, (4.28)

HGC = 1 − β
2
. (4.29)

When considering the multiscale property of a series, one may utilize the time varying
DGC and HGC on an interval-by-interval basis. Denote the fractal dimension and the Hurst
parameter in the Ith interval by DGC(I) and HGC(I), respectively. Then, we have the ACF in
the Ith interval given by

CGC(τ ; I) =
(

1 + τα(I)
)−β(I)/α(I)

, τ ≥ 0. (4.30)

Consequently, we have

DGC(n) = 2 − α(n)
2

,

HGC(n) = 1 − β(n)
2

.

(4.31)
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Denote Sa(ω) = (sinω)/ω. Then, the PSD of the GC process is given by (Li and Lim [39])

SGC(ω) =
∞∑

k=0

(−1)kΓ
[(
β/α
)
+ k
]

πΓ
(
β/α
)
Γ(1 + k)

I1(ω) ∗ Sa(ω)

+
∞∑

k=0

(−1)kΓ
[(
β/α
)
+ k
]

πΓ
(
β/α
)
Γ(1 + k)

[πI2(ω) − I2(ω) ∗ Sa(ω)],

(4.32)

where

I1(ω) = −2 sin
(
αkπ

2

)

Γ(αk + 1)|ω|−αk−1,

I2(ω) = 2 sin

[(
β + αk

)
π

2

]

Γ
[
1 − (β + αk)]|ω|(β+αk)−1.

(4.33)

In practice, the asymptotic expressions of SGC(ω) for small frequency and large one
may be useful. The PSD of the GC process for ω → 0 is given by

SGC(ω) ∼ 1
Γ
(
β
)

cos
(
βπ/2

) |ω|β−1, ω −→ 0, (4.34)

which is actually the inverse Fourier transform of CGC(τ) for τ → ∞. On the other hand,
SGC(ω) for ω → ∞ is given by

SGC(ω) ∼
βΓ(1 + α) sin(απ/2)

πα
|ω|−(1+α), ω −→ ∞; (4.35)

see [49] for details. As shown in (4.34) and (4.35), one may easily observe the power law that
SGC(ω) obeys.

Note 15. The GC process is LRD if 0 < β < 1. It is SRD if 1 < β. Its statistical dependence is
measured by H (4.29).

Note 16. The GC process has the local self-similarity measured by DGC expressed by (4.28).

Note 17. The GC process is nonMarkovian since CGC(t1, t2) does not satisfy the triangular
relation given by

CGC(t1, t3) =
CGC(t1, t2)CGC(t2, t3)

CGC(t2, t2)
, t1 < t2 < t3, (4.36)

which is a necessary condition for a Gaussian process to be Markovian (Todorovic [90]). In
fact, up to a multiplicative constant, the Ornstein-Uhlenbeck process is the only stationary
Gaussian Markov process (Lim and Muniandy [91], Wolpert and Taqqu [92]).
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The above discussions exhibit that the GC model can be used to decouple the local
behavior and the global one of fractal time series, flexibly better agreement with the real
data for both short-term and long-term lags. Li and Lim gave an analysis of the modeling
performance of the GC model in Hilbert space [93]. The application of the GC process to
network traffic modeling refers to [44], and Li and Zhao [94]. Recently, Lim and Teo [95]
extended the GC model to describe the Gaussian fields and Gaussian sheets. Vengadesh et al.
[96] applied it to the analysis of bacteriorhodopsin in material science.

4.5. Alpha-Stable Processes

As previously mentioned, two-parameter models are useful as they can separately
characterize the local irregularity and global persistence. The CG process is one of such
models and it is Gaussian. In some applications, for example, network traffic at small scales,
a series is nonGaussian; see, for example, Scherrer et al. [97]. One type of models that are of
two-parameter and nonGaussian in general is α-stable process.

Stable distributions imply a family of distributions. They are defined by their
characteristic functions given by [75, page 5], for a random variable Y ,

Φ(θ) = E
(
ejθY
)
=

⎧
⎨

⎩

exp
{
jμθ − |σθ|α

[
1 + jβ sign(θ) tan

(πα

2

)]}
, α /= 1,

exp
{
jμθ − |σθ|[1 + jβ sign(θ) ln(|θ|)]}, α = 1.

(4.37)

The expression Y ∼ S(α)
σ,β,μ

implies that Y follows Φ(θ).
The parameters in Φ(θ) are explained as follows.

(i) The parameter 0 < α ≤ 2 is characteristic exponent. It specifies the level of local
roughness in the distribution, that is, the weight of the distribution tail.

(ii) The parameter −1 ≤ β ≤ 1 specifies the skewness. Its positive values correspond to
the right tail while negative ones to the left.

(iii) The parameter σ ≥ 0 is a scale factor, implying the dispersion of the distribution.

(iv) μ ∈ R is the location parameter, expressing the mean or median of the distribution.

Note 18. The family of α-stable distributions does not have a closed form of expressions in
general. A few exceptions are the Cauchy distribution and the Levy one.

Note 19. The property of heavy tail is described as follows. E[|Y |p] < ∞ for p ∈ (0, α), and
E[|Y |p] =∞ for p ≥ α.

When α = 2, the characteristic function (4.37) reduces to that of the Gaussian
distribution with the mean denoted by μ and the variance denoted by 2σ2. That is,

Φ(θ) = E
(
ejθY
)
= exp

[
jμθ − (σθ)2

]
. (4.38)

In this case, the PDF of Y is symmetric about the mean.
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Alpha-stable processes are in general nonGaussian. They include two. One is linear
fractional stable noise (LFSN) and the other log-fractional stable noise (Log-FSN).

The model of linear fractional stable motion (LFSM) is defined by the following
stochastic integral [75, page 366]. Denote by Lα,H(t) the LFSM. Then,

Lα,H(t) =
∫∞

−∞

{
a
[
(t − u)H−1/α

+ − (−u)H(t)−1/α
+

]
+ b
[
(t − u)H−1/α

− − (−u)H(t)−1/α
−

]}
Mdu,

(4.39)

where a and b are arbitrary constants, M ∈ R is a random measure, and H the Hurst
parameter. The range of H is given by

H =

⎧
⎪⎪⎨

⎪⎪⎩

(0, 1], α ≥ 1,
(

0,
1
α

]

, α < 1.
(4.40)

Denote by Loα,H(t) the Log-FSM. Then,

Loα(t) =
∫∞

−∞
[ln|t − Y | − ln|Y |]Mdu. (4.41)

LSFN is the increments process of LSFM while Log-FSN is the increment process of
Log-FSM. Denote the LSFN and Log-FSN respectively by Nα,H(i) and NLoα,H(i). Then,

Nα,H(i) = Lα,H(i + 1) − Lα,H(i), i ∈ Z,

NLoα,H(i) = Loα(i + 1) − Loα(i), i ∈ Z.
(4.42)

LSFN is nonGaussian except α =2. It is stationary self-similar with the self-similarity
measured by H and the local roughness characterized by α [75]. However, two parameters are
not independent because the LRD condition ([75], Karasaridis and Hatzinakos [98]) relates
them by

αH > 1. (4.43)

4.6. Ornstein-Uhlenbeck (OU) Processes and Their Generalizations

In the above subsections, the series may be LRD. We now turn to a type of SRD fractal time
series called OU processes.
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4.6.1. Ordinary OU Process

Following the idea addressed by Uhlenbeck and Ornstein [99], the ordinary OU process is
regarded as the solution to the Langevin equation (see, e.g., [91, 92], Lu [100], Valdivieso et
al. [101]), which is a stochastic differential equation given by

(
d

dt
+ λ
)

X(t) = w(t),

X(0) = X0,

(4.44)

where λ is a positive parameter, w(t) is the white noise with zero mean, and X0 is a random
variable independent of the standard Brownian motion B(t). The stationary solution to the
above equation is given by

X(t) = X0e
−λt +

∫ t

−∞
eλuw(u)du. (4.45)

Denote the Fourier transforms ofw(t) andX(t), respectively, byW(ω) andX(ω). Note
that the system function of (4.44) in the frequency domain is given by

GOU(ω) =
1

λ + jω
. (4.46)

Then, according to the convolution theorem, one has

X(ω) = GOU(ω)W(ω). (4.47)

Since the PSD of the normalized w(t) equals to 1, that is, |W(ω)|2 = 1, we immediately obtain
the PSD of the OU process given by

SOU(ω) =
1

λ2 +ω2
. (4.48)

Consequently, the ACF of the OU process is given by

E[X(t)X(t + τ)] = F−1[SOU(ω)] =
e−λ|τ |

2λ
, (4.49)

where F−1 is the operator of the inverse Fourier transform.
The ordinary OU process is obviously SRD. It is one-dimensional. What interests

people in the field of fractal time series is the generalized OU processes described hereinafter.
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4.6.2. Generalized Version I of the OU process

Consider the following fractional Langevin equation with a single parameter β >0:

(
d

dt
+ λ
)β

X1(t) = w(t). (4.50)

Denote by gX1(t) the impulse response function of the above system. Then, it is the solution
to the following equation:

(
d

dt
+ λ
)β

gX1(t) = δ(t), (4.51)

where δ(t) is the Dirac-δ function. Doing the Fourier transforms on the both sides on the
above equation yields

GX1(ω) =
1

(
λ − jω)β

, (4.52)

where GX1(ω) is the Fourier transform of gX1(t).
Note that the PSD of X1(t) is equal to

SX1(ω) = GX1(ω)[GX1(ω)]
∗, (4.53)

where [GX1(ω)]
∗ is the complex conjugate of GX1(ω). Then,

SX1(ω) =
1

(λ2 +ω2)β
, (4.54)

which is the solution to (4.50) in the frequency domain. The solution to (4.50) in the time
domain, therefore, is given by

CX1(τ) = E[X1(t)X1(t + τ)] = F−1[SX1(ω)] =
λ−2v

2v
√
πΓ(v + 1/2)

|λτ |vKv(|λτ |), (4.55)

where v = β−1/2 andKv is the modified Bessel function of the second kind of order v [29, 91].
Let v = H ∈ (0, 1). Then, one has

SX1(ω) =
1

(λ2 +ω2)H+1/2
, (4.56)

which exhibits that X1(t) is SRD because its PSD is convergent for ω → 0.
Keep in mind that the Langevin equation is in the sense of generalized functions since

we take w(t) as the differential of the standard Brownian motion B(t), which is differentiable
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if it is regarded as a generalized function only. In the domain of generalized functions and
following [17, page 278], there is a generalized limit given by

lim
ω→∞

cosωt = 0. (4.57)

Therefore, the PSD of the fBm of the Weyl type (see (4.5)) has the following asymptotic
property:

lim
ω→∞

SBH,W(t, ω) ∼ 1

|ω|2H+1
for ω −→ ∞. (4.58)

On the other hand, from (4.56), we see that the PSD of X1(t) has the asymptotic expression
given by

SX1(ω) ∼
1

|ω|2H+1
for ω � λ. (4.59)

Therefore, we see that SX1(ω) has the approximation given by

SX1(ω) ∼ SBH,W(t, ω) for ω −→ ∞. (4.60)

Hence, we have Note 20.

Note 20. The generalized OU process governed by (4.50) can be taken as the locally stationary
counterpart of fBm.

According to (3.5), we have

F−1

(
1

|ω|2H+1

)

∼ |τ |2H. (4.61)

Therefore, we obtain

CX1(τ) ∼ cX1 |τ |2H for τ −→ 0, (4.62)

where cX1 is a constant. Following (3.11) and (3.12), we have the fractal dimension of X1(t)
given by

DX1 = 2 −H. (4.63)
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4.6.3. Generalized Version II of the OU Process (Lim et al. [37])

We now further extend the Langevin equation by indexing it with two fractions α, β > 0 so
that

(
−∞Dα

t + λ
)β
X2(t) = w(t), (4.64)

where −∞Dα
t is the operator of the Weyl fractional derivative. Denote by gX2(t) the impulse

response function of the above system. Then,

(
−∞Dα

t + λ
)β
gX2(t) = δ(t). (4.65)

The Fourier transform of gX2(t), which is denoted by GX2(ω), is given by

GX2(ω) =
1

(
λ +
(−jω)α)β

. (4.66)

Therefore, the PSD of X2(t) is given by

SX2(ω) = GX2(ω)[GX2(ω)]
∗ =

1
∣
∣λ + (jω)α

∣
∣2β

. (4.67)

Note that

SX2(ω) ∼
1

ω2αβ
for ω −→ ∞. (4.68)

In addition,

F−1

(
1

|ω|2αβ
)

∼ |τ |2αβ−1. (4.69)

Thus, the ACF of X2(t) has the asymptotic expression given by

CX2(τ) ∼ cX2 |τ |2αβ−1 for τ −→ 0, (4.70)

where cX2 is a constant. Hence, the fractal dimension of X2(t) is given by

DX2 =
5
2
− αβ. (4.71)

In the above, 1/2 < αβ < 3/2, which is a condition to assure 1 < DX2 < 2.

Note 21. The local irregularity of series relies on the fractal dimension instead of the statistical
dependence. The local irregularity of an SRD series may be strong if its fractal dimension is
large.
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5. Conclusions

The concepts, such as power law in PDF, ACF, and PSD in fractal time series, have been
discussed. Both LRD and SRD series have been explained. Several models, fBm, fGn, the GC
process, alpha-stable processes, and generalized OU processes have been interpreted. Note
that several models revisited above are a few in the family of fractal time series. There are
others; see, for example, [78, 102–112]. As a matter of fact, the family of fractal time series is
affluent but those revisited might yet be adequate to describe the fundamental of fractal time
series from the point of view of engineering in the tutorial sense.
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Chaotic dynamical systems are ubiquitous in nature and most of them does not have an explicit
dynamical equation and can be only understood through the available time series. We here briefly
review the basic concepts of time series and its analytic tools, such as dimension, Lyapunov
exponent, Hilbert transform, and attractor reconstruction. Then we discuss its applications in a
few fields such as the construction of differential equations, identification of synchronization and
coupling direction, coherence resonance, and traffic data analysis in Internet.

1. Introduction

Chaotic dynamical systems are ubiquitous in nature such as the tornado, stock market,
turbulence, and weather. Their functions are different in different situations. For example,
in the case of tornado, the chaotic behavior is harmful to human beings and need to be
avoided or controlled. But in the case of the activities in human brain, the chaotic behaviors
are useful and necessary to sustain the normal functions of brain. Thus, it is an important task
to understand chaos and let it serve human society better.

The chaos has been studied for a long time. It is usually believed that Poincaré is the
first one who studied chaos. In the later 19th century, Poincaré studied the restricted three-
body problem where one body is negligible small, compared to the other two. Poincaré found
that the solution of this simple system is very complicated and cannot be given precisely. Then
in 1963, Lorenz revealed the “butterfly effect” in studying the weather prediction and is thus
recognized as the father of chaos. But the formal use of chaos is from the paper of “Period
three implies chaos” by Li and Yorke in 1975. After that, chaos have been widely studied and a
lot of important concepts has been introduced, such as the dimensions, Lyapunov exponents,
Fourier transform and Hilbert transform, and attractor reconstruction.
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The most striking feature of chaos is the unpredictability of its future. This feature is
usually called as the “sensitivity dependence on initial conditions” or “butterfly effect.” For
example, if two initial conditions have a small difference δx, their difference after time t will
be δxeλt with λ > 0, that is, exponential separation. Thus, a tiny difference or even a cutoff
error will be blown up quickly and results in a big difference in the near future. “Similar
causes have similar effects” is invalid in chaotic systems except for short periods. A system is
called chaotic system, provided that its maximum Lyapunov exponent is positive.

Mathematically, chaos can be produced by both discrete and continuous equations [1–
6]. The discrete systems can be expressed as

xn+1 = f(xn) (1.1)

such as the Logistic map, Henon map, standard map, tent map, circle map, and Ikeda map.
The continuous systems can be expressed as differential equation

dx(t)
dt

= F(x(t)) (1.2)

with three or more degrees of freedom x(t) = [x1(t), x2(t), x3(t), . . . , xm(t)]. Typical chaotic
flows are the Lorenz equation, Rössler equation, Duffing’s equation, Chua’s circuit, and so
forth. The discrete map and continuous flow are not unrelated but have a close relationship.
The discrete map (1.1) can be considered as a projection of flow (1.2) on a specific Poincaré
surface of section. Letting δt = 1 and taking limit, (1.1) will be transformed into (1.2). On the
other hand, (1.2) can be transformed into (1.1) by integration, that is, xn+1 = xn+

∫ t+Tn
t F(x(t))dt

with Tn being the returning time to the Poincaré section. A common point between the
discrete and continuous systems is that both are deterministic. That is, each initial condition
uniquely determines the time evolution. Thus, the chaos is usually called “deterministic
chaos” and can be considered as some kind of randomness produced by deterministic system.
A necessary condition for (1.1) and (1.2) to show chaos is that the functions f and F must be
nonlinear.

There are infinite unstable periodic orbits in chaos, which form invariant sets [1, 2].
An invariant set is the image of itself under time evolution. Once a trajectory is located in
these invariant sets, it will stay there forever. Comparing with the dense chaotic orbits, the
invariant sets are seldom and its measure is zero. In experimental situations or in numerical
simulations, as there is always noise or cutoff error, an arbitrary trajectory will never stay at
these invariant sets. The invariant sets are thus not observed in general. Given a long enough
time, a trajectory will lose memory on its initial condition and eventually settle on a restricted
geometry, called stable attractor. Once a trajectory enters the attractor, it will stay in it forever
if there is no external perturbation. The trajectory will go through all the phase points there
with its nature measure except the unstable periodic orbits. That is, the attractor is also an
invariant set. This property is called ergodicity in chaotic attractor.

Mathematically, there are a lot of measures such as the Lebesgue measure, Hausdorff
measure, counting measure, and natural measure. Suppose that the relative probability for
a continuous variable x to appear at some location is described by the probability density



Mathematical Problems in Engineering 3

P(x). The measure μ(D) is the probability to find x in an area D, that is, μ(D) =
∫

DP(x)dx.
The average of a function f(x) is

〈f(x)〉 =
∫

f(x)P(x)dx =
∫

f(x)dμ(x). (1.3)

When the measure μ is an invariant measure and the average of function f(x) on μ equals
the average on time, μ becomes an ergodic measure with

〈
f(x)

〉
= lim

T→∞
1
T

∫T

0
f(x)dt =

∫

f(x)dμ(x). (1.4)

This measure does not include those unstable periodic orbits in the attractor and is called as
natural measure. To use this measure, one waits until all transients have been wiped off and
looks for an invariant probability measure describing the distribution of typical orbits. Thus,
in the natural measure, we say that the chaotic trajectories are ergodic. Based on this property,
many quantities are more conveniently defined as averages over the natural measure in phase
space. Because of the nonperiodicity of chaotic trajectory, the attractor is usually called as
“strange attractor,” in contrast to the attractors of fixed point and periodic orbits.

Practically, we usually do not have the dynamical equations (1.1) and (1.2), like the
earthquake, brain and stock market, and so forth, thus the details of the system equations
in the phase space and the asymptotic invariant set that determines what can be observed
through experimental probes are unknown. What we can obtain is some time series from
one or at best a few of the dynamical variables of the system, which poses a big challenge
to characterize the chaotic systems. An interesting question is how one go from one or a few
time series to the multivariate state or phase space which is required for chaotic motions to
occur?

Fortunately, this problem has been intensively studied in the past decades and has now
formed a subject called data mining or data analysis [7–11]. The basic assumption is that the
measured time series comes from the attractor of the unknown system with ergodicity, which
contains the information of the attractor. Then one can use the measured time series to figure
out the properties of attractor such as its dimension, its dynamical skeleton, and its degree of
sensitivity on initial conditions. The delay-coordinate embedding technique established by
Takens [12] provides a practical solution to this task.

Suppose that an experiment is conducted and one time series sn = s(nΔt) is measured,
where Δt is the sampling interval. Such a time series can be, for instance, a voltage signal from
a physical or biological experiment, or the concentration of a substance in a chemical reaction,
or the amount of instantaneous traffic at a point/node in the Internet, and so on. In principle,
the measured time series comes from an underlying dynamical system with (1.1) and (1.2),
with or without the influence of noise. Most commonly, the time series is a consequence of
scalar measurements of some quantity which depends on the current state of the system,
taken at a fixed sampling time:

sn = s(x(nΔt)) + ηn, (1.5)
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where, more often than not, the measurement function s is unknown as F, x is the m-
dimensional variable and ηn is the measurement noise. Let us neglect the effect of noise at
this level of presentation. Equation (1.5) becomes

sn = s(x(nΔt)), n = 1, . . . ,N. (1.6)

The total recording time is then T =NΔt. In general, T should be sufficiently large so that the
full dynamics are exhibited in the time series. This is what we have in hand. In the following
we will show how to extract the information on the unknown attractor from (1.5) or (1.6).

2. Basic Concepts and Analytic Tools of Chaotic Time Series

To characterize the attractor, some basic concepts have been introduced such as dimensions
and Lyapunov exponents [1, 2]. These quantities are invariant under the evolution operator
of the system and thus are independent of changes in the initial conditions of the orbit, and
both are independent of the coordinate system in which the attractor is observed. Therefore,
we can evaluate them from experimental data. The advantage of these quantities is that
each one of them will turn a sequence of data into a single number, which is convenient
for comparison between different time series.

As an attractor is generally located in a finite area, its trajectory shows some kinds of
oscillatory behavior, that is, recurrence. To show the oscillatory behavior from a given scalar
time series, a convenient way is to transform it into a 2-dimensional vector by the Hilbert
transform. To obtain the attractor of the corresponding time series, we have to reconstruct an
auxiliary phase space by an embedding procedure, that is, the delay embedding technique.

2.1. Dimensions

Dimension quantifies the self-similarity of a geometrical object [7, 8]. For a homogeneous
object, its dimension is a fixed number; while for a heterogeneous object, its different parts
may have different dimensions and need to be characterized by the multifractal dimension.
We here focus on the homogeneous objects. In this situation, a finite collection of points is zero
dimensional, lines have dimension one, surfaces two and bulks three, and so forth. A chaotic
attractor usually has a fractal dimension, that can be characterized by several ways. Three
of them are convenient for numerical calculation, which are the box-counting dimension,
information dimension, and correlation dimension.

For calculating the box-counting dimension D0, we divide the attractor into
spheres/boxes of radius ε and ask how many boxes do we need to cover all the points in
the data set. If we evaluate this number N(ε) as a function of ε as it becomes small, then we
define the box-counting dimension by

D0 = lim
ε→ 0

lnN(ε)
ln(1/ε)

. (2.1)

Take Henon map xn+1 = yn + 1 − 1.4x2
n, yn+1 = 0.3xn as an example. Its attractor is shown

in Figure 1(a), where the square lattice has length ε. We count the number of square lattice
which contains at least one point of the trajectory and then obtain one point in Figure 1(b).
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Figure 1: (a) The attractor of Henon map; (b) the slope of the straight line represents the box-counting
dimension D0.

Then we change the ε in Figure 1(a) into ε/2 and do the same process to obtain another
point in Figure 1(b). In this way, we get Figure 1(b) in which the slope of the straight line is
D0 ≈ 1.27.

The shortage of box-counting dimension is that it treats all the boxes with points of
the trajectory as the same, no matter how many points in each box. Information dimension
overcomes this shortage and is defined in terms of the relative frequency of visitation of a
typical trajectory by

D1 = lim
ε→ 0

H(ε)
ln(1/ε)

, (2.2)

where

H(ε) = −
N(ε)∑

i=1

Pi lnPi. (2.3)

Pi is the relative frequency with which a typical trajectory enters the ith box of the covering.
Comparing with the definition of D0, we see that the box-counting dimension is weight-free
while the information dimension is weighted on the visiting frequency in the specific boxes.
When Pi is a constant, D1 will become D0.

When dimension is high, the calculation of both D0 and D1 will be time consuming
and a convenient dimension for this case is the correlation dimension D2. Comparing with
the box-counting dimensionD0 and the information dimensionD1, the correlation dimension
D2 is much easier to be calculated and is defined by

D2 = lim
ε→ 0

ln
∑N(ε)

i=1 P 2
i

ln ε
. (2.4)
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The sum in the numerator of (2.4) can be expressed as the following correlation sum [9]:

C(ε) =
2

N(N − 1)

N∑

j=1

N∑

i=j+1

Θ
(
ε − ∣∣xi − xj

∣
∣
)
, (2.5)

where Θ(·) is the Heaviside function, Θ(x) = 1 for x ≥ 0 and 0 otherwise, and |xi − xj | stands
for the distance between points xi and xj . Thus the sum just counts the pairs (xi, xj) whose
distance is smaller than ε. Then (2.4) becomes

D2 = lim
ε→ 0

lnC(ε)
ln ε

. (2.6)

As (2.5) is very easy to be calculated, the correlation dimension D2 has been widely used in
time series analysis.

In practice, the sum in the equation of C(ε) also depends on the embedding dimension
m as x(t) depends on the embedding space. The correlation dimension can be calculated in
two steps. First one has to determine the correlation sum C(ε), for the range of ε available
and for several embedding dimensions m. Then we inspect C(m, ε) for the signatures of
self-similarity. If these signatures are convincing enough, we can compute a value for the
dimension. Grassberger and Procaccia demonstrated that if the embedding dimension and
the number of data points are large enough and if the data are sufficiently noise-free, then the
function lnC(ε) versus ln ε has a linear region, called the scaling region [13, 14]. The slope
of the function in that linear region is D2. Due to such reasons, the correlation dimension D2

usually is estimated by examining the slope of the linear portion of the plot of lnC(ε) versus
ln ε for a series of increasing values of m.

2.2. Lyapunov Exponents

Lyapunov exponent is the most important quantity to chaotic systems as a positive maximal
Lyapunov exponent is a strong signature of chaos. In the contrary, a zero maximal Lyapunov
exponent denotes a limit cycle or a quasiperiodic orbit and a negative maximal Lyapunov
exponent represents a fixed point. An m-dimensional system has m Lyapunov exponents
with λ1, λ2, . . . , λm in descending order.

Consider a dynamical system described by (1.2). Taking variation of both sides of (1.2)
yields the following equation governing the evolution of the infinitesimal vector δx in the
tangent space at x(t):

dδx
dt

=
∂F
∂x
· δx. (2.7)

Solving for (2.7) gives

δx(t) = Atδx(0), (2.8)
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Figure 2: Schematic illustration of how to numerically calculate the maximal Lyapunov exponent.

where At = exp(
∫
(∂F/∂x)dt) is a linear operator that evolves an infinitesimal vector at time 0

to time t. The mean exponential rate of divergence of the tangent vector is then given by

λ[x(0), δx(0)] = lim
t→∞

1
t

ln
∣
∣
∣
∣
δx(t)
δx(0)

∣
∣
∣
∣. (2.9)

The Lyapunov exponents are given as

λi ≡ λ[x(0), ei], (2.10)

where ei is an m-dimensional basis vector. Obviously, each Lyapunov exponent is an average
of the local divergence rates over the whole attractor. For chaotic system, values of λi do not
depend on the choice of the initial condition x(0) because of the ergodicity.

To check whether a time series is chaotic or not, one needs to calculate the λ1, that is,
the maximal Lyapunov exponent λmax. This task is much easier than the calculation of all the
λi. The reason is that a chaotic trajectory will automatically go to its maximum expending
direction. This property can be conveniently used to calculate the λmax. Similarly, a chaotic
trajectory will automatically go to its maximum contracting direction if we let it do backward
evolution with t → −t, which can be used to calculate the smallest Lyapunov exponent λm.
Numerically, one can calculate the λmax as follows. Choose two very close initial points and let
their distance be d0 	 1. After integrating the dynamical system for a small time interval τ ,
their distance will become di. Considering that the attractor has a finite size, it is very easy for
the trajectory to reach the boundary of attractor. Once it happens, the distance di will not be
exponentially growing. A convenient way to overcome this problem is to do renormalization,
which makes the evolution begin at a small distance again. In detail, we choose a new point
at the end of one trajectory and let their distance be d0. Doing the integration again, we can
get another di. In this way we have

λmax = lim
n→∞

1
nτ

n∑

i=1

ln
di
d0
. (2.11)

Figure 2 shows its schematic illustration.
The approach shown in Figure 2 can be also applied to the case of discrete

systems. Consider an m-dimensional map x(i) (i = 1, 2, . . . , m). Let {xn(i)} be its state
at time n. We make a new state {x′n(i)} by adding a small perturbation {dx(i)}. That is,
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d0(t0)
d0(t2)

t0

d1(t1)

θ1

t1

θ2

t2
t3

d0(t1)

d1(t2)
d1(t3)

Figure 3: Schematic illustration of how to calculate the maximal Lyapunov exponent from time series or
experimental data.

{x′n(i) = xn(i) + dx(i)}. Let both {xn(i)} and {x′n(i)} evolve for a time period to obtain their
distance {dxn(i)}. Then the maximal Lyapunov exponent λmax can be given by

λmax = lim
N→∞

1
N

N∑

n=1

ln
‖dxn‖
‖dxn−1‖ ,

(2.12)

where ‖dxn‖ =
√
∑m

i=1[dxn(i)]
2.

Practically, we cannot use the above approach to experimental data or time series as
there may not always have a pair of points with distance d0 at time t = nτ . Thus we need
to do some modification on it. The detailed process is as follows. Because of the recurrence
of chaotic trajectory, one can always find two close points with distance d0(t0) at time t0.
Then follow their trajectory to time t1 and measure their distance d1(t1). The evolution time
is t1 − t0. After that, we do renormalization to find a new beginning point. Considering that
the candidates for choosing are not sufficient, we choose one from them by the following
two rules: (1) the distance d0(t1) must be small; (2) to keep the direction of the maximal
expending, the angle between d0(t1) and d1(t1) must be small. Figure 3 shows its schematic
illustration. In this way we have

λmax = lim
N→∞

1
tN − t0

N∑

k=1

ln
d1(tk)
d0(tk−1)

. (2.13)

Experimental data are generally contaminated by noise. Its influence can be minimized
by using an averaging statistics when computing Lyapunov exponents. The concrete process
can be taken as follows. Choose a point x(0) and select all its neighbors with distance smaller
than ε. The size of the neighborhood should be as small as possible, but large enough such
that on average each reference point has at least a few neighbors. Compute the average over
the distances of all neighbors to the reference part of the trajectory as a function of the relative
time. Substitute this average into (2.11) or (2.13) to get the maximal Lyapunov exponent λmax.
To calculate more Lyapunov exponents from data except the λmax, see [15, 16] for details.

2.3. Fourier Transform and Hilbert Transform

Fourier spectral analysis is traditionally the time series analysis method and very powerful in
revealing the periodicity of time series. Its basic idea is that most signals, and all engineering
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signals, can be represented as a sum of sine waves. By Fourier transform, a time series is
transformed into a frequency spectrum, that is, from real space to frequency domain or
Fourier space. The Fourier transform establishes a one-to-one correspondence between the
signal at certain times (time domain) and how certain frequencies contribute to the signal.
Thus, instead of describing the statistical properties of a signal in real space one can ask
about its properties in Fourier space.

The Fourier transform of a function s(t) is given by

s̃(ω) =
1√
2π

∫∞

−∞
s(t)e2πiωtdt (2.14)

and that of a finite, discrete time series by

s̃k =
1√
N

N∑

n=1

sne
2πikn/N. (2.15)

Here, the frequencies in physical units are ωk = k/NΔt, where k = −N/2, . . . ,N/2 and Δt is
the sampling interval.

A necessary condition for the Fourier analysis to be meaningful is that the time series
should be piecewise stationary. However, a chaotic time series has a broad-band power
spectra for which the Fourier spectrum gives no indication about the deterministic origin,
let alone the fundamental invariants of the underlying dynamical system. For chaotic time
series, a powerful approach is the Hilbert transform [10].

Consider a time series x(t). One performs a mathematical transform to obtain the
corresponding imaginary part x̃(t), yielding the following complex signal ψ(t):

ψ(t) = x(t) + ix̃(t) = A(t)eiφ(t). (2.16)

ψ(t) is called analytic signal and the value of x̃(t) is obtained from x(t) through a transform
called Hilbert transform:

x̃(t) = P.V.
[

1
π

∫∞

−∞

x(t′)
t − t′dt

′
]

, (2.17)

where P.V. stands for the Cauchy principal value for the integral.
The Hilbert transform is closely related to the Fourier transform and their relationship

can be seen clearly as follows. Observe that if the real signal x(t) has a Fourier transform S(ω),
then the complex signal, ψ(t), the spectrum of which is composed of positive frequencies of
S(ω) only, is given by the inverse transform of S(ω), where the integration goes only over the
positive frequencies:

ψ(t) =
2√
2π

∫∞

0
S(ω)eiωtdω. (2.18)
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The factor of 2 is inserted so that the real part of the analytic signal is x(t), not one half of that.
The explicit form of ψ(t) can then be obtained in terms of the real signal x(t). Because

S(ω) =
1√
2π

∫∞

−∞
x(t)e−iωtdt, (2.19)

the complex signal can be written as

ψ(t) =
1
π

∫∞

0

∫∞

−∞
x
(
t′
)
e−iω(t−t

′)dt′dω. (2.20)

The following mathematical identity [17]:

∫∞

0
eiωτdω = πδ(τ) +

i

τ
(2.21)

gives

ψ(t) =
1
π

∫∞

−∞
x
(
t′
)
[

πδ
(
t − t′) + i

t − t′
]

dt′, (2.22)

which yields

ψ(t) = x(t) + i
1
π

∫∞

−∞

x(t′)
t − t′dt

′, (2.23)

which is the analytic signal corresponding to the real signal x(t). The imaginary part of (2.23)
is just the Hilbert transform (2.17).

The analytic signal ψ(t) corresponds geometrically to a rotation with amplitude and
phase as follows:

A(t) =
√

x(t)2 + x̃(t)2, φ(t) = arctan
(
x̃(t)
x(t)

)

. (2.24)

By the phase variable φ(t) we can obtain an instantaneous frequency ω(t)

ω(t) =
dφ(t)
dt

=
x(t) ˙̃x(t) − ẋ(t)x̃(t)

A2(t)
, (2.25)

where ˙̃x(t) and ẋ(t) denote the derivatives of x̃(t) and x(t) to t, respectively. Note that the
instantaneous frequency ω(t) is fundamentally different from the concept of frequency in the
Fourier transform defined in the base of simple harmonic functions. Here ω(t) measures the
rate of rotation in the complex plane of analytic signal and is very useful in detecting the
phase synchronization.
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2.4. Attractor Reconstruction

Reconstruction of phase space is so important that we can do nothing without doing it.
For example, our just introduced dimensions and Lyapunov exponents are very important
concepts to the description of chaotic attractor. However, their calculations depend on the
trajectory in attractor. For a measured time series, it is just a scalar measurement from one
or a few variables of the attractor but not a trajectory. Thus, we need firstly to figure out the
trajectory from the given time series. How to do that is a big challenge. Fortunately, the delay-
coordinate embedding technique laid by Takens [12] gives the mathematical foundation to
solve this problem. He showed that if the dynamical system and the observed quantity are
generic, then the delay-coordinate map from a d-dimensional smooth compact manifold M
to Rm, m > 2d, is a diffeomorphism on M. That is, under fairly general conditions, the
underlying dynamical system can be faithfully reconstructed from time series in the sense
that a one-to-one correspondence can be established between the reconstructed and the true
but unknown dynamical systems.

Takens’ delay-coordinate method goes as follows. From a measured time series
s(k) = s(t0 + kΔt) with Δt being the sampling interval, the following vector quantity of m
components is constructed:

u(t) = {s(t), s(t + τ), . . . , s(t + (m − 1)τ)}, (2.26)

where t = t0 + kΔt, τ is the delay time which is an integer multiple of Δt, and m is the
embedding dimension. Clearly, what time lag τ to use and what dimension m to use are the
central issues of this reconstruction based on delay-coordinate embedding. Let us discuss
under what condition of τ and m, the reconstructed vector u(t) can represent the true
trajectory of the unknown attractor.

2.4.1. Embedding Dimension

To have a faithful representation of the true dynamical system, the embedding dimension
should be large enough. Takens’ theorem provides a lower bound for m. Let us figure out this
bound. We note that in a space of dimension m one subspace of dimension d1 and another
subspace of dimension d2 generically intersect in subspaces of dimension

dI = d1 + d2 −m. (2.27)

If this is negative, then there is no intersection of the two subspaces. Figure 4 shows examples.
In Figure 4(a) we have d1 = d2 = 1 and m = 2, thus we obtain dI = 0, which means
that the intersection set consists of points, and the intersections are generic because small
perturbations cannot remove them. In Figure 4(b) we have d1 = d2 = 1 and m = 3, thus we
obtain dI = −1 < 0, which means that two one-dimensional curves do not intersect generally
in a three-dimensional space. In Figure 4(c) we have d1 = 1, d2 = 2, and m = 3, thus we
obtain dI = 0 again, which means that the intersections are generic. To obtain a one-to-one
correspondence between points on the invariant sets in the actual and reconstructed phase
spaces, self-intersection must not occur. Otherwise, there will be two directions at the self-
intersection, which will destroy the one-to-one correspondence.
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(a) (b)

(c)

Figure 4: Schematic illustration of intersection of the two subspaces. (a) d1 = d2 = 1 and m = 2; (b)
d1 = d2 = 1 and m = 3; (c) d1 = 1, d2 = 2 and m = 3.

When we ask about the intersection of two subspaces of the same dimension dA,
namely, the orbit with itself, then intersections fail to occur when 2dA −m < 0 or

m > 2dA. (2.28)

The question of unfolding a set of dimension dA from projections to lower dimensions
concerns self-intersections of the set with itself as the projections are made. So the relevant
criterion for unfolding a single object is m > 2dA. We wish m be an integer and let the lowest
m which satisfies the unfolding condition m > 2dA be the embedding dimension mE. Thus,
we have mE = int(2dA + 1), where int(·) means taking integer. For example, the box counting
dimension of the strange attractor for the Lorenz model is dA ≈ 2.06 which would lead us to
anticipate mE = 5 to unfold the Lorenz attractor.

In some situations, the needed embedding dimension is very large such as the EEG
(electroencephalogram) data. As large embedding dimension requires long time series (105 ∼
106 points) and are thus computationally expensive, we hope to relax the condition m > 2dA,
especially for calculating some statistical quantities such as Lyapunov exponents and fractal
dimension. To reduce the cost of calculation, we may choose dA < m < 2dA, provided that the
self-intersections is neglectable. Schroer et al. show that, provided that the dimension m of
measurement space is large than the information dimension D1 of the underlying dynamics,
a prediction based on the reconstructed self-intersecting attractor is possible most of the time
[18].
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2.4.2. Time Delay

The embedding theorem is silent on the choice of time delay to use in constructing m-
dimensional data vectors. Considering that the s(t), s(t + τ), . . . , s(t + (m − 1)τ) in (2.26) are
serving as independent variables in the reconstruction space, they should be independent
from each other and thus the delay time τ needs to be chosen carefully. In this sense, the
chosen of τ should satisfy three conditions.

(1) It must be some multiple of the sampling time τs, since we only have data at those
times.

(2) If τ is too short, the coordinates s(t) and s(t + τ) will not be independent enough
and the reconstructed attractor will be accumulated around the diagonal line. That
is, we will not have seen any of the dynamics unfold in that time.

(3) Finally, since chaotic systems are intrinsically unstable, if τ is too large, any
connection between the measurements s(t) and s(t + τ) is numerically tantamount
to being random with respect to each other.

Therefore, the delay time τ should be large enough so that s(t) and s(t + τ) are rather
independent, but not so large that they are completely independent in a statistical sense. This
is a difficult problem and can be solved by the mutual information whose first minimum is
the good candidate of τ .

2.4.3. Mutual Information I(τ)

For a measured data s(t), we create a histogram for the probability distribution of the data.
Denote by pi the probability that the signal assumes a value inside the ith bin of the histogram,
and let pij(τ) be the probability that s(t) is in bin i and s(t + τ) is in bin j. Then the mutual
information for time delay τ reads

I(τ) =
∑

i,j

pij(τ) ln pij(τ) − 2
∑

i

pi ln pi. (2.29)

In the special case of τ = 0 the joint probabilities pij = piδij and the expression yields the
Shannon entropy of the data distribution. Apart from this degenerate case, the value of the
mutual information is independent of the particular choice of histogram, as long as it is fine
enough. In the limit of large τ , s(t) and s(t + τ) have nothing to do with each other and pij
thus factorizes to pipj and the mutual information becomes zero. The mutual information
I(τ) between measurements s(n) and time lagged measurements s(n + T) is both easy to
evaluate directly from the time series s(n) and easy to interpret. A very nice property of
average mutual information is that it is invariant under smooth changes of coordinate system.

Fraser and Swinney suggest that one use the function I(τ) as a kind of nonlinear
autocorrelation function to determine the optimal τ [19]. The first minimum of I(τ) marks the
time lag value to use in time delay reconstruction of phase space where s(t+τ) adds maximal
information to the knowledge we have from s(t), or, in other words, the redundancy is least.
Let us take the Lorenz system ẋ = σ(y − x), ẏ = γx − y − xz, ż = −bz + xy as an example.
Figure 5(a) shows how the mutual information I(τ) changes with τ when the parameters are
taken as σ = 16, γ = 45.92, b = 4. It is easy to see that the first minimum of I(τ) occurs at
τ = 10. Figures 5(b) to 5(d) represent the reconstructed attractors by τ = 1, 10, 20, respectively.
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Figure 5: (a) The mutual information I(τ) versus the time delay τ for Lorenz system; (b) to (d) represent
the cases where the attractors are reconstructed by τ = 1, 10, 20, respectively.

Obviously, Figure 5(c) reconstructed by the first minimum of τ = 10 reflects the structure of
double-scroll best.

The time delay can be also chosen by other methods such as the autocorrelation
function [7]. It is pointed out the delay spanned window (m − 1)τ , rather than τ and m
separately, is a crucial issue for the attractor reconstruction. The reason is that the window
(m − 1)τ determines the characteristics of the correlation integral whose linear part gives
the correlation dimension D2. However, the first minimum of mutual information is not
consistently successful in identifying the optimal window [20]. The optimal window length
for successful embedding τw should satisfy τw ≥ τp with τp being the mean orbital period of
the underlying chaotic system and is approximated from the oscillations of the time series
[21].

3. Modeling and Forecasting: Applications of
Chaotic Time Series Analysis

The time series analysis has been widely applied in all the fields where the dynamical
equations are unknown and only one or a few data are available. The most popular
application is to calculate the dynamical parameters which partially reflect the properties
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of the attractor. For example, from a time series one can first use the delay-coordinate
embedding technique to reconstruct the phase space and then calculate its dimensions and
Lyapunov exponents and so forth. by the methods introduced in the previous section. As this
part is relatively easy and straightforward, we will not focus on it in this section. We would
like to introduce a few typical cases where the time series analysis is necessary and useful
tool to tell more information on the system, not only limited to the attractor.

3.1. Constructing Dynamical Equations

The most important question of time series analysis may be that: Is it possible to figure
out the ordinary differential equations (ODEs) from a scalar time series, which govern the
behavior of the system? This problem has been well studied and the answer is yes. A lot of
methods have been developed to solve this problem. We here introduce two of them, that is,
the standard approach and synchronization approach

3.1.1. The Standard Approach

This approach assumes every ODE can be written in a standard form [22, 23]

ẏ1 = y2,

ẏ2 = y3,

...

ẏD = f
(
y1, y2, . . . , yD

)
,

(3.1)

where y1 is an observable, f is a polynomial of an order K:

f
(
y1, y2, . . . , yD

)
=

K∑

l1,l2,...,lD

cl1,l2,...,lD

D∏

j=1

y
lj
j ,

D∑

j=1

lj ≤ K. (3.2)

For example, the Rössler system ẋ = −y − z, ẏ = x + ay, ż = b + z(x − c) can be rewritten as
ẋ = y, ẏ = z, ż = ab − cx + x2 − axy + xz+ (ac − 1)y + (a− c)z− (y/(a+ c − x))(x + b − ay + z).
The Lorenz system ẋ = σ(y − x), ẏ = γx − y − xz, ż = −bz + xy can be rewritten as ẋ = y,
ẏ = z, ż = bσ(γ − 1)x − b(σ + 1)y − (b +σ + 1)z−x2y −x3σ + (y/x)[(σ + 1)y + z]. Then the task
is to determine the coefficient from the data.

Reference [24] points that the above method is inefficient in many situations. In
particular, universal models often contain a large number of coefficients and demonstrate
divergent solutions. For solving this problem, [24] gives a modified approach as follows. Its
main idea is to let the function f depend explicitly on time and takes the form

f
(
y1, y2, . . . , yD, t

)
=

K∑

l1,l2,...,lD

(cl1,l2,...,lD + al1,l2,...,lD cosωt + bl1,l2,...,lD sinωt)
D∏

j=1

y
lj
j ,

D∑

j=1

lj ≤ K,

(3.3)
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where the linear terms cosωt and sinωt is chosen for simple and effective approximation. In
general, using higher powers of cosωt and sinωt are also possible. For (3.3), we still have one
parameter to be determined, that is, the driving frequency ω or driving period T . The idea
to find T is as follows [25]. First, a sufficiently big value of a polynomial order K is selected.
Second, an initial estimate T = T ∗ of the period value is found (this estimate can be derived
as a location of a peak in the power spectrum of the observed series). At this value of T , one
obtains the values of cl1,l2,...,lD , al1,l2,...,lD , bl1,l2,...,lD , and an approximation error ε by the linear
least squares method. Then, the trial value of T is varied through a certain range near the
initial estimate T = T ∗ and approximation is performed for each of the trial values. The graph
of ε(T) has a sharp and deep minimum which corresponds quite precisely to the “true” value
of the driving period.

3.1.2. Synchronization Approach

Recently, Sorrentino and Ott proposed an adaptive strategy that, by using synchronization, is
able to obtain a set of ODE that describes the unknown real system [26]. They assume that the
ODEs governing the system dynamics are expressible or approximately expressible in terms
of polynomials of an assigned degree. Then they extract the whole set of parameters of the
unknown system from knowledge about the dynamical evolution of its state vector and its
first derivative. The detailed steps are as follows [26].

Consider a system ẋ = F(x) with x = (x1, x2, . . . , xm)
T and F(x) =

[f1(x),f2(x), . . . , fm(x)]
T , where fi(x) is a degree two polynomial

fi(x) =
m∑

j=1

m∑

k=1

aijkxjxk +
m∑

j=1

bijxj + ci. (3.4)

For example, in the case of Rössler system, m = 3 and f1 = −x2 − x3, f2 = x1 + 0.165x2, f3 =
0.2 + (x1 − 10)x3, all the coefficients (aijk, bij , and ci) are zero, except a313 = 1, b12 = −1, b13 =
−1, b21 = 1, b22 = 0.165, b33=−10, and c3 = 0.2. Although the system function F is unknown, it
is appropriate to try to model the dynamics of the true system by ẋ′ = F ′(x′) with

f ′i
(
x′
)
=

m∑

j=1

m∑

k=1

a′ijkx
′
jx
′
k +

m∑

j=1

b′ijx
′
j + c

′
i. (3.5)

Then the task is how to make a′
ijk
, b′ij , c

′
i evolve to the true coefficient aijk, bij , ci. To accomplish

this goal, we envision coupling the true system to the model system (3.4). It is then hoped
that when the synchrony is achieved, the model coefficients will be a good approximation to
the corresponding coefficients of the real system.

The coupling from the true system to the model is designed as follows:

ẋ′ = F ′
(
x′
)
+ Γ

(
H(x) −H(

x′
))
. (3.6)

The quantity H is in general an n ≤ m vector of n observable scalar quantities that are
assumed to be known functions of the system state x(t). Γ is an n × m constant coupling
matrix. Here we assume H(x) = x and Γ = γIm, where γ is a scalar quantity and Im is the
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identity matrix of dimensionm. To obtain the synchronized solution x(t) = x′(t), we introduce
a potential

Ψi =
〈[
ẋi − f ′i(x′1, x′2, . . . , x′m)

]2
〉

v
, i = 1, 2, . . . , m, (3.7)

where 〈G(t)〉v denotes the sliding exponential average v
∫ t
e−v(t−t

′)G(t′)dt′. Note that Ψi

is a function of time and also of the coefficients a′ijk, b
′
ij , and c′i. Also note that if

x1(t), x2(t), . . . , xm(t) are chaotic, then the quantities fi(x1(t), x2(t), . . . , xm(t)), i = 1, 2, . . . , m,
vary chaotically as well. It is easy to see that the potential satisfies Ψi ≥ 0. Once Ψi = 0, we
have synchronization and the coefficients are obtained.

To make Ψi = 0, we let the parameters a′
ijk
, b′ij , and c′i adaptively evolve according to

the following gradient descent relations:

da′
ijk(t)

dt
= −βa ∂Ψi

∂a′
ijk

,

db′ij(t)

dt
= −βb ∂Ψi

∂b′ij
,

dc′i(t)
dt

= −βc ∂Ψi

∂c′i

(3.8)

βa, βb, βc > 0. Our hope is that a′
ijk
, b′ij , and c′i will converge under this evolution to the true

parameter values, aijk, bij , ci.
We consider the first equation of (3.8). Let (f ′i)jk denote f ′i(x

′
1, x

′
2, . . . , x

′
m) evaluated at

a′ijk = 0, we have f ′i(x
′
1, x

′
2, . . . , x

′
m) = a′ijkx

′
jx
′
k + (f ′i)jk. Substituting this into the right-hand

side of the first equation of (3.8), we obtain

da′ijk(t)

dt
= −2βa

〈
a′ijkx

′2
j x
′2
k + (f ′i)jkx

′
jx
′
k − ẋix′jx′k

〉

v

. (3.9)

Similarly letting (f ′i)j denote f ′i(x
′
1, x

′
2, . . . , x

′
m) evaluated at b′ij = 0, the second equation of

(3.8) gives

db′ij(t)

dt
= −2βb

〈
b′ijx

′2
j + (f ′i)jx

′
j − ẋix′j

〉

v
. (3.10)

Finally, we consider the third equation of (3.8) with (f ′i) denote f ′i(x
′
1, x

′
2, . . . , x

′
m) evaluated

at c′i = 0. Then

dc′i(t)
dt

= −2βc
〈
c′i + (f ′i) − ẋi

〉

v.
(3.11)

We here consider the case where βa,b,c are very large. For this situation the solutions
a′
ijk
, b′ij , and c′i rapidly converge to the minimum of the potentials, indicating we can set the
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averages 〈· · · 〉v on the right-hand side of (3.9)–(3.11) to zero. We further consider that the
average 〈· · · 〉v is performed over a time scale v−1, which is much larger than the time scale Ts
for variation in x(t), in which case a′

ijk
, b′ij , and c′i vary slowly compared to x(t). Under these

conditions, (3.8) and (3.9)–(3.11) then yield

m∑

l=1

m∑

n=l

a′iln
〈
x′lx

′
nx
′
jx
′
k

〉

v
+

m∑

l=1

b′il
〈
x′lx

′
jx
′
k

〉

v
+c′i

〈
x′jx

′
k

〉

v
=
〈
ẋix

′
jx
′
k

〉

v
, j =1, . . . , m; k=j, . . . ,m,

m∑

l=1

m∑

n=l

a′iln
〈
x′lx

′
nx
′
j

〉

v
+

n∑

l=1

b′il
〈
x′lx

′
j

〉

v
+ c′i

〈
x′j
〉

v
=
〈
ẋix

′
j

〉

v
, j = 1, . . . , m,

m∑

l=1

m∑

n=l

a′iln
〈
x′lx

′
n

〉

v
+

n∑

l=1

b′il
〈
x′l
〉

v
+ c′i = 〈ẋi〉v.

(3.12)

Equation (3.12) constitutes a system of M = [(m2/2) + (3m/2) + 1]m linear equations
for the M quantities a′ijk, b

′
ij , and c′i. In practice, it is inconvenient to explicitly calculate the

integrals for these quantities in terms of the form

I(t) = 〈G(t)〉v = v
∫ t

e−v(t−t
′)G

(
t′
)
dt′ (3.13)

at every time step. Instead we will use the fact that I(t) satisfies the differential equation

dI

dt
+ vI = vG(t) (3.14)

and obtain I(t) as a function of time by solving (3.14). Thus the adaptive system for finding
estimates of the quantities aijk, bij , and ci is (3.6) for x′(t) and (3.12) for a′

ijk
, b′ij , and c′i, where

the various terms in (3.12) are of the form I(t) = 〈G(t)〉v obtained by integrating (3.14).
Sorrentino and Ott have applied this method to both the Rössler and Lorenz systems and
confirmed that it works well [26].

3.2. Detecting the Phase Locking

Another important application of time series analysis is in biology and medical sciences. It is
found that in living systems, synchronization is often essential in normal functioning, while
abnormal synchronization can lead to severe disorders. For example, the EEG data from
human brain shows that synchronization under normal conditions seems to be essential for
the binding problem; whereas epilepsies are related to abnormally strong synchronization
[27–29]. In principal, the synchronization relationship between two time sequences may be
phase synchronization (PS), generalized synchronization (GS), Lag synchronization (LS),
and complete synchronization (CS), and so forth, depending on the coupling strength [30].

For two coupled identical systems, one may observe CS where there is an invariant
synchronization manifold [31]. And for two coupled nonidentical systems, it may show PS
and then LS when coupling is increasing [32]. At PS, their frequencies are locked whereas
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their amplitudes remain chaotic and uncorrelated [33–35]. And at LS, the corresponding
variables become identical after the transformation of time shift. For two coupled different
systems, we may observe GS when coupling is large enough [36–45], where there is a
functional relation between their states.

CS is very easy to be detected by directly checking the identity between the measured
two time series. However, it is not so easy to detect the PS, LS and GS. To detect PS, we first
need to calculate the phase φ1,2 from the two time series by the Hilbert transform. If they
satisfy the condition

∣
∣nφ1 − �φ2

∣
∣ < const, (3.15)

where n, � are integers, the two time series are phase-locking or in PS. To check LS, we
calculate a similarity function S:

S2(τ) =

〈
[x2(t + τ) − x1(t)]2

〉

[〈
x2

1(t)
〉〈
x2

2(t)
〉]1/2

, (3.16)

which is a time-averaged difference between the variables x1 and x2 taken with the time shift
τ . Then we search for its minimum σ = minτS(τ). If there exists a τ0 with σ = 0, we have LS,
that is, x2(t+τ) = x1(t). Figure 6 shows the similarity function S for two coupled nonidentical
Rössler systems

ẋ1,2 = −ω1,2y1,2 − z1,2 + k(x2,1 − x1,2),

ẏ1,2 = ω1,2x1,2 + ay1,2,

ż1,2 = −b + z1,2(x1,2 − c),
(3.17)

where ω1,2 = 0.97 ± 0.02, a = 0.165, b = 0.2, c = 10. From Figure 6 we see that the LS is
possible for k ≥ 0.15.

To check GS, there is a convenient method, that is, the auxiliary system approach
[38]. The idea is as follows. Consider two coupled systems ẋ = F(x), ẏ = G(y, x). Then we
construct an auxiliary response system y′ identical to y, link it to the driving system x in the
same way as y is linked to x. That is, ẏ′ = G(y′, x). Instead of checking the relationship between
x and y, we check the relationship between y and y′. If there is an identical synchronization
between y and y′, then we have a GS between x and y. Unfortunately, this method fails for
the time series where the dynamical equations are unknown. An alternative approach to
detect the GS is to estimate the maximal conditional Lyapunov exponent λRmax. There is GS
if λRmax < 0. The conditional Lyapunov exponent is determined by the variational equation of
the response system at δx = 0

δẏ = DyG(y, x)δy, (3.18)

whereDyG denotes the Jacobian matrix with respect to the y variable. For a dynamical system
with no explicit driving and response parts, the GS can be determined by the transverse
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Figure 6: The dependence of the similarity function S on the time lag for different coupling strengths.

Lyapunov exponent which is from the variational equation on the invariant manifold x = y.
Its detail can be found in [41, 46].

For the case of nonstationary time series, we do not have a fixed relationship like
the CS, PS, LS, and GS for all the time, that is, the synchronized relation may change with
time such as in the EEG data with epileptic seizure. An approach based on the permutation
entropy may be useful for this case [47, 48]. Let us briefly introduce the concept of entropy.
In probability theory, entropy quantifies the uncertainty associated to a random process.
Consider an experiment with outcome S = {s1, s2, . . . , sn}. Assume that the probability of
si is pi with

∑
i pi = 1. If s1 has a probability very close to 1, then in most experiments

the outcome would be s1 thus the result is not very uncertain. One does not gain much
information from performing the experiment. One can quantify the “surprise” of the outcome
as information = − ln (probability). The entropy associated to the experiment is

H = −
∑

pi ln pi (3.19)

which is simply the expectation value of the information produced by the experiment.
Entropy quantifies the information content, namely, the amount of randomness of a signal.

For two measured scalar time series data xi(nΔt), yi(nΔt), n = 1, 2, . . . , we divide
the long time series into segments with fixed finite length τ . Then in each segment denoted
as τj (j = 1, 2, . . .), we use the technique of sliding window analysis to partition the time
series data into short sequences of a given length m = 3. Each shifting in the time series
corresponds to a new short sequence. For example, xi(nΔt), xi((n + 1)Δt), xi((n + 2)Δt) and
xi((n+ 1)Δt), xi((n+ 2)Δt), xi((n+ 3)Δt) are different sequences. For a time series with length
N, the total short sequences in one segment will be N − m + 1. Inside a short sequence,
we distinguish it as a pattern by the natural position order. Hence we have four different
patterns for m = 3, such as xi(nΔt) < xi((n + 1)Δt) < xi((n + 2)Δt), xi(nΔt) < xi((n + 1)Δt) >
xi((n+2)Δt), xi(nΔt) > xi((n+1)Δt) < xi((n+2)Δt), and xi(nΔt) > xi((n+1)Δt) > xi((n+2)Δt).
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Using pi (i = 1, . . . , 4) to denote the probability that one of the patterns appears in the time
series of a segment, we can define the permutation entropy H(τj) as

H
(
τj
)
= −

4∑

i=1

pi ln pi. (3.20)

Because the time series is always changing with time,H(τj) changes with time period interval
τj and will be determined by the local topological structure of the time series. For two
time series with GS, we cannot expect them to have the same permutation entropy H(τj)
in the corresponding time period τj because they are not identity, but we would expect
the corresponding H(τj) have similar changing tendency. That is, we require the changing
tendency of H(τj) will be in step if there is GS between the two time series xi(nΔt) and
yi(nΔt). By this way we can figure out the degree of GS [47, 48].

3.3. Inferring Coupling Direction

Sometimes, knowing the synchronized relationship between two time series is not enough,
and we need to know more information about them such as which one is the driving
system and which one is the response system. For example, in the prediction and control
of epileptic seizure, we need to find out the focus. This problem has been well studied
in the past decade and a number of approaches have been proposed, such as the cross-
correlation functions, cross-spectral analysis, Granger causality, the nearest neighbors, and
phase dynamical modeling [49–53]. We here introduce typical three of them: the Granger
causality, the nearest neighbors, and the phase dynamical modeling.

3.3.1. Granger Causality

Granger causality is based on the notion of predictability [49]. In general, in a coupled system
that involves two interacting fields, Granger causality tests whether past values of one field
(X) statistically help to predict the current values of the other field (Y ) better than using past
values of Y alone. Should past values of X contain information about current values of Y
beyond that contained in the preceding Y sequence (or any other variables contained in the
information set), variability in theX field is said to “Granger causal” variability in the Y field.
Similarly, we can test whether previous values of Y cause variability in the present values of
X.

Consider two time series {xn} and {yn}. If there is a causal relation between process y
and process x, the prediction of signal {xn} can be improved by incorporation into the model
the past of signal {yn}. As a result, we have a “joint”/bivariate autoregressive (AR) model

xn = f(xn−1, . . . , xn−d1) + g
(
yn−1, . . . , yn−d2

)
, (3.21)

where f and g are polynomials that can be determined from the current data. d1 is the
correlation length to the previous values, and d2 describes “inertial” properties of the
influence. If d2 = 1, then the influence is instantaneous, otherwise it is nonlocal in time.
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Different values of d1 and d2 need to be tested in order to select those values that provide
the most faithful results. In the framework of linear AR, we have

xn = α0 +
d1∑

i=1

αixn−i +
d2∑

i=1

βiyn−i. (3.22)

In (3.22) the coefficients αi and βi are selected in order to minimize the mean square error

ε2
xy =

1
N

∑

n

[

xn −
(

α0 +
d1∑

i=1

αixn−i +
d2∑

i=1

βiyn−i

)]2

. (3.23)

The null hypothesis that yn does not Granger cause xn is supported when βi = 0, which
reduces (3.23) to

xn = α0 +
d1∑

i=1

αixn−i, (3.24)

where the coefficients αi are selected in order to minimize the mean square error

ε2
x =

1
N

∑

n

[

xn −
(

α0 +
d1∑

i=1

αixn−i

)]2

. (3.25)

When ε2
xy appears to be less than the ε2

x, it is assumed that process y influences process x.
This model leads to the well-known alternative test statistics, the Granger-Sargent test [54]

S2
xy =

ε2
x − ε2

xy

ε2
xy

. (3.26)

Thus, the influence of {yn} on {xn} is characterized by the value of the normalized prediction
improvement S2

xy and the reverse influence of {xn} on {yn}, S2
yx is described by an equation

similar to (3.26) in which x and y should be interchanged.

3.3.2. The Nearest Neighbor Approach

This method is based on the existence of GS and is a nonlinear prediction approach [55–57].
Since many features of real data such as EEG signals cannot be generated by linear models, it
is generally argued that nonlinear measures are likely to give more information than the one
obtained with conventional linear approaches. The main idea is that for a driver/response
system with y = G(x), the response system y will follow the driver system x. Therefore, the
nearest neighbors of x will have corresponding nearest neighbors of y but the inverse does
not work. Based on this feature, the direction of coupling can be figured out.

Consider two time series {xn} and {yn}. Let us reconstruct delay vectors xn =
(xn, . . . , xn−(m−1)τ) and yn = (yn, . . . , yn−(m−1)τ), where n = 1, . . . ,N, m is the embedding
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Figure 7: Schematic illustration for the indices of the nearest neighbors in x and y state space, respectively,
where the number 1, 3 denote the rn,j and 1′, 3′ the sn,j .

dimension, and τ denotes the time lag. Let rn,j and sn,j , j = 1, . . . , k, denote the time indices of
the k nearest neighbors of xn and yn, respectively. Figure 7 shows the schematic illustration
with k = 1. For each xn, the square mean Euclidean distance to its k neighbors is defined as

R
(k)
n (X) =

1
k

k∑

j=1

(
xn − xrn,j

)2
, (3.27)

and the Y-conditional squared mean Euclidean distance is defined by replacing the nearest
neighbors by the equal time partners of the closest neighbors of yn,

R
(k)
n (X | Y) = 1

k

k∑

j=1

(
xn − xsn,j

)2
. (3.28)

If the point cloud {xn} has an average squared radius R(X) = (1/N)
∑N

n=1 R
(N−1)
n (X),

then R
(k)
n (X | Y) ≈ R

(k)
n (X) 	 R(X) if the system is strongly correlated, while R

(k)
n (X |

Y) ≈ R(X) � R
(k)
n (X) if they are independent. Accordingly, we can define an interdependent

measure S(k)(X | Y) as [28, 56, 57]

S(k)(X | Y) = 1
N

N∑

n=1

R
(k)
n (X)

R
(k)
n (X | Y)

. (3.29)

Since R(k)
n (X | Y) ≥ R(k)

n (X) by construction, we have

0 < S(k)(X | Y) ≤ 1. (3.30)

Low values of S(k)(X | Y) indicate independence between X and Y, while high values indicate
synchronization. This dependence becomes maximal when S(k)(X | Y) → 1.

The opposite dependence S(k)(X | Y) is defined in complete analogy. It is in general not
equal to S(k)(Y | X). Both S(k)(X | Y) and S(k)(Y | X) may be of order 1. Thus, X can depend on
Y, and at the same time Y can depend on X. If S(k)(X | Y) > S(k)(Y | X), that is, if X depends
more on Y than vice versa, we say that Y is more “active” than X.
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This approach is good at the case of only two coupled systems. For the case of
multiple coupled systems, we need to pay attention to not only the values of S(k)(X | Y) or
S(k)(Y | X) but also their difference. Take a ring of three unidirectionally coupled oscillators
as an example. We will obtain that both the values of S(k)(X | Y) and S(k)(Y | X) between
the oscillators 1 and 2 are greater than zero, but it does not means that their coupling is
bidirectional. That is, the indirect coupling should be also considered.

3.3.3. Phase Dynamical Modeling

This approach is presented by Rosenblum and Pikovsky [58] and widely applied in real
situations [59, 60]. The main idea is to use a general property that a weak coupling affects
the phases of interacting oscillators, whereas the amplitudes remain practically unchanged.
In detail, consider a case of weak coupling where the dynamics can be reduced to those of
two phases φ1,2:

φ̇1 = ω1 + q1
(
φ1

)
+ ε1f1

(
φ1, φ2

)
+ ξ1(t),

φ̇2 = ω2 + q2
(
φ2

)
+ ε2f2

(
φ2, φ1

)
+ ξ2(t),

(3.31)

where the small parameters ε1,2 	 ω1,2 characterize the strength of coupling and the
random terms ξ1,2 describe noisy perturbations that are always present in real-world systems.
Functions q1,2, f1,2 are 2π-periodic in all arguments. If the coupling is bidirectional, both ε1

and ε2 will be greater than zero. In the case of an unidirectional driving, say from system 1 to
system 2, we have ε1 = 0 and ε2 > 0. System (3.31) describes the phase dynamics of weakly
coupled noisy limit cycle oscillators, Josephson junctions, and phase locked loops, as well as
phase dynamics of weakly coupled continuous-time chaotic systems [58].

The coupling direction is represented by the ratio between ε1 and ε2, thus the goal is
to estimate the ratio from the measured time series. To do it, we first extract the phase φ1,2(tk)
from data by Hilbert transform approach, where tk = kδt, δt is the sampling interval, k =
1, . . . ,N. Then we compute for each time point the increments Δ1,2(k) = φ1,2(tk + τ) −φ1,2(tk),
τ is a time delay. These increments can be considered as generated by some unknown two-
dimensional noisy map Δ1,2(k) = F1,2[φ1,2(k), φ2,1(k)]+η1,2(k). Next, we fit (in the least mean
square sense) the dependencies of Δ on φ1 and φ2 using a finite Fourier series as the probe
function:

F1,2 =
∑

m,l

Am,le
imφ1+ilφ2 . (3.32)

The sum in (3.32) is taken to the terms with |l| ≤ 3 for m = 0, |m| ≤ 3 for l = 0, and |m| = |l| = 1.
The results of fitting are used to quantify the cross-dependencies of phase dynamics of two
systems by means of the coefficients c1,2 defined as

c2
1,2 =

∫ ∫2π

0

(
∂F1,2

∂φ2,1

)2

dφ1dφ2. (3.33)
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Finally, the directionality index is introduced as

r =
c2 − c1

c2 + c1
. (3.34)

In the case of unidirectional coupling r = ±1, while for nearly symmetrical coupling r is close
to zero.

3.4. Other Applications

3.4.1. Coherence Resonance Induced by Noise

When two chaotic systems are coupled bidirectionally, there will be a synchronization when
the coupling strength is strong enough. However, when there is noise in the system, the
synchronization manifold will be destroyed from time to time, resulting in some kind of
bursting. It is revealed that the time intervals of bursting will show some regularity, which
can be enhanced by an optimal external noise and results in a phenomenon called coherence
resonance [61, 62]. Coherence resonance is referred to the fact that noise can actually be
utilized to improve the temporal regularity of the bursting time series, in the absence of an
external periodic signal.

Consider two coupled Lorenz systems

ẋ1,2 = 10
(
y1,2 − x1,2

)
+ k(x2,1 − x1,2) +Dξx(t),

ẏ1,2 = 28x1,2 − y1,2 − x1,2z1,2 +Dξy(t),

ż1,2 = −8
3
z1,2 + x1,2y1,2 +Dξz(t),

(3.35)

where k is the coupling strength, ξx,y,z(t) are independent Gaussian noise, and D quantifies
the noise strength. When D = 0, there is a synchronized manifold for k > kc ≈ 3.92 [61].
But for D > 0, the difference between the two systems exhibits on-off intermittence. Take
two time series from the variable y of the two coupled systems and let |Δy| denote their
difference. Figure 8 shows the time series of |Δy| for three typical D. It is easy to see that the
bursting interval, denoted by T in Figure 8(b), shows different behaviors in the three panels
of Figure 8.

To show the regularity of time series |Δy|, Figure 9 shows the corresponding power
spectra. From this figure we see that there are no peak in the spectra for both the small and
large D, indicating a lack of temporal regularity in the bursting time series. A pronounced
peak does exist at the intermediate noise level (see Figure 9(b)), indicating the existence of
a strong time-periodic component in the time series. This apparent temporal regularity can
be quantified by the characteristics of the peak at a nonzero frequency ωp in the spectrum. In
particular, we utilize the quantity βs = Hωp/Δω, where H is the height of the spectral peak,
Δω is the half width of the peak [63]. By its definition, a high value of βs indicates a strong
temporal regularity in the bursting time series. This phenomenon can be also described by
another quantity βT = 〈T〉/

√
Var(T), where 〈T〉 and Var(T) are the average and variance of

the interval T [64]. Both quantities βs and βT show a bell shape on the noise strength D, that
is, a resonance on D, which has been confirmed by experiment [62].
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Figure 8: Intermittency of time series |Δy| from synchronization manifold.
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Figure 9: Power spectra of time series |Δy| corresponding to Figure 8.
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Figure 10: Average packets per node for different status in an Internet model.

3.4.2. Correlation of Traffic Data in Internet

Undoubtedly, the internet has become a very important tool in our daily life [65–68]. The
operations on the internet, such as browsing World Wide Web (WWW) pages, sending
messages by email, transferring files by ftp, searching for information on a range of
topics, and shopping, have benefited us a lot. Therefore, sustaining its normal and efficient
functioning is a basic requirement. However, the communication in the internet does not
always march/go freely. Similar to the traffic jam on the highway, the intermittent congestion
in the internet has been observed [69]. Once it happens, the accumulated packets in Internet
will increase linearly with time. Figure 10 shows three status from an Internet model [70],
where the top, middle and bottom curves denote the phases of congestion, busy/buffer
and free, respectively. From Figure 10 it is easy to see that there exist erratic fluctuation,
heterogeneity, and nonstationarity in the data. These features make the correlation difficult
to be quantified.

A conventional approach to measure the correlation in this situation is by the
detrended fluctuation analysis (DFA), which can reliably quantify scaling features in the
fluctuations by filtering out polynomial trends. The DFA method is based on the idea that
a correlated time series can be mapped to a self-similar process by integration [71–74].
Therefore, measuring the self-similar feature can indirectly tell us information about the
correlation properties. The DFA method has been successfully applied to detect long-range
correlations in highly complex heart beat time series [71], stock index [72], physiological
signals [73], and particle condensation [74].

The DFA method is a modified root-mean-square (rms) analysis of a random walk and
its algorithm can be worked out as the following steps.

(1) Start with a time series s(j), where j = 1, . . . ,N, and N is the length of the data, and
integrate s(j) to obtain

y(i) =
i∑

j=1

[
s
(
j
) − 〈s〉], (3.36)

where 〈s〉 = (1/N)
∑N

j=1 s(j).
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(2) Divide the integrated profile y(i) into boxes of equal length m. In each box, we fit
y(i) to get its local trend yfit by using a least-square fit.

(3) The integrated profile y(i) is detrended by subtracting the local trend yfit in each
box:

Ym(i) ≡ y(i) − yfit(i). (3.37)

(4) For a given box size m, the rms fluctuation for the integrated and detrended signal
is calculated

F(m) =

√
√
√
√ 1
N

N∑

i=1

[Ym(i)]
2. (3.38)

(5) Repeat this procedure for different box size m.

For scale-invariant time series with power-law correlations, there is a power-law relationship
between the rms fluctuation function F(m) and the box size m:

F(m) ∼ mα. (3.39)

The scaling α represents the degree of the correlation in the signal; the signal is uncorrelated
for α = 0.5 and correlated for α > 0.5. Using the DFA method to the data in Figure 10,
we find that the values of α for the three curves from top to bottom are 1.3, 0.7, and 0.5,
respectively, indicating that the data of congestion phase are correlated while data of free
phase are uncorrelated.

Except the above applications, there are many other fields of time series analysis such
as chaos controlling, testing for nonlinearity with surrogate data, EEG data analysis and
multifractals, and stock market analysis, which have gotten widely interesting from both
physics and engineers [7–9].

4. Conclusions

The chaos theory and its time series analysis have been well studied in the past decades. A lot
of important results have been achieved. This paper is contributed to the brief summary of
chaotic time series analysis. The concepts, such as dimension, Lyapunov exponents, Hilbert
transform, and attractor reconstruction, have been discussed. Several applications of time
series analysis have been explained in detail, such as constructing dynamical equations,
detecting the phase locking, inferring coupling direction, and coherence resonance induced
by noise and correlation of traffic data in Internet. These are only a few of the applications of
time series analysis, and a lot of other applications are not included here, such as the analysis
of transient chaotic time series. Even in these mentioned fields, new techniques and methods
are continuously showing up.
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This paper deals with the digital complex representation of a DNA sequence and the analysis of
existing correlations by wavelets. The symbolic DNA sequence is mapped into a nonlinear time
series. By studying this time series the existence of fractal shapes and symmetries will be shown.
At first step, the indicator matrix enables us to recognize some typical patterns of nucleotide
distribution. The DNA sequence, of the influenza virus A (H1N1), is investigated by using the
complex representation, together with the corresponding walks on DNA; in particular, it is shown
that DNA walks are fractals. Finally, by using the wavelet analysis, the existence of symmetries is
proven.

1. Introduction

The main task of this paper is to show the existence of hidden geometries which underly the
structure of a DNA sequence. Moreover, it will be shown that this geometry is fractal. In order
to achieve this goal the fundamental steps are

(1) the choice of the digital representation of the symbolic sequence of DNA,

(2) the definition of the indicator matrix,

(3) the construction of walks on DNA,

(4) the cluster analysis of wavelet coefficients.

In this paper it will be shown that the distribution of nucleotides A, C, G, T along
the sequence must fulfill some hidden geometrical rules, thus implying that the biological
activity depends on these geometrical rules. The understanding of the underlying biological
function from a possible interpretation of the given sequence of nucleotides [1–6] is still under
investigation.
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The existence of hidden law, periodicities, and statistical correlations [2, 7–9] might
help us to characterize each DNA sequence in order to construct a possible (functional)
classification.

From mathematical point of view the DNA sequence is a symbolic sequence (of
nucleotides) with some empty spaces (no coding regions). In order to get some numerical
information from this sequence it must be transformed into a digital sequence. When the
symbolic sequence of A, C, G, T is digitalized into one or more sequences of digits one may
benefit from the statistical analysis of the digitalized time series, so that the genome can be
characterized by the classical statistical parameters like variance, deviation, or nonclassical
like complexity, fractal dimension, or long range dependence.

There follows that the symbolic sequence is transformed into a very large time series
(from half million of digits, for the primitive organisms such as fungus and eukaryotes and,
to several millions, as for mammals, like the nearly 1.5 billion of nucleotides for the humans
DNA). However, these large sequences look like some random sequences, from where it
seems to be quite impossible to single out any single correlation (see, e.g., [8] and references
therein).

In any case the arbitray choice of the representative digital time series (discrete time
signal) for the symbolic sequence of the genome, so that the representation would be the most
suitable for the statistical-mathematical analysis, is a difficult task, that was approached with
some interesting preliminary results by using a complex representation [10, 11].

The easiest mathematical model for the transformation of a symbolic string into a
numerical string is based on the Voss indicator function [12, 13] which is a discrete binary
function. In the following a suitable generalization is given and it will be shown that the
graphical representation gives rise to some featuring patterns. The existence of patterns and
symmetries is shown also through the cluster analysis of the wavelet coefficients [14, 15].

The analysis of DNA by wavelets [7, 9, 16], as seen in [9, 16–19], is an expedient
tool to single out local behavior and to characterize singularities as local spikes and jumps
[7, 14] or to express the scale invariance of coefficients [20] and thus the multifractal nature
of the time series [21–23]. However, as shown below, the wavelet transform features also
a decorrelation of the sequence, so that it allows the emergence of the basic rules of the
uncorrelated sequence. We will see that the wavelet coefficients of the short Haar wavelet
transform are quantized. This can be achieved by a decomposition of the sequence into short
segments of equal length and by a wavelet transform to be applied to each segment.

The long range-correlation in the digital representation of the DNA sequence [12, 13,
24–34] is a fundamental problem in DNA analysis. Correlation in a digital signal can be
roughly linked with the concept of dependence, in a statistical sense, of elements which are
far away from each other. The existence of correlation in DNA has been explained with the
so-called process of duplication-mutation. According to [29, 35] in the evolutionary model
the actual DNA sequence results from an original short-length chain that was duplicating
and modifying some pieces of the sequence. Due to this there followed the characterizing
1/f power law decay [13, 26, 27]. The power law for long-range correlations is a measure
of the scaling law, showing the existence of self-similar structures similar to the physics of
fractals. The long-range correlation, which can be detected by the autocorrelation function,
implies the scale independence (scale invariance) which is typical of fractals.

The power law for long-range correlations is a measure of the scaling law, showing
the existence of self-similar structures similar to the physics of fractals. The long-range
correlation, which can be detected by the autocorrelation function [12, 13, 30–32, 36, 37],
implies the scale independence (scale invariance) which is typical of fractals. However, the
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preliminary results in this topics were disputed [26, 27, 38] because of the limited number
of available data and because of different approaches to this analysis. On the other hand
the existence of patchiness and correlation would imply some important understanding of
DNA organization. Therefore, in the following we will discuss the correlation of a DNA virus
sequence, roughly 2000 base pairs (bp), with the undertsanding that a well-defined concept
of correlation holds only on a long sequence of the order higher than 105. However, the most
important are the fractal properties and symmetries which are well defined even for a short
sequences. The identification (and classifications) of these patches could be the key point for
understanding the large-scale structure of DNA.

Due to the recent outbreak of 2009 H1N1 Flu Virus (Swine Flu) in humans, this paper
will focus on the DNA influenza virus (for similar results on a mammalian and a fungus see
[10, 11, 20]) with particular regards to the A (H1N1) variant provided by the National Center
for Biotechnology Information [3–6]:

(1) influenza A virus (A/Puerto Rico/8/34(H1N1)) segment 1, complete sequence,
2341 bp,

(2) influenza A virus (A/Mexico City/MCIG01/2009(H1N1)) segment 4 sequence,
submitted 13-Jan-2010, 1719 bp,

(3) influenza A virus (A/Nagasaki/HA-46/2009(H1N1)) segment 4, HA gene for
hemagglutinin, complete cds, submitted 07-Jan-2010, 1701 bp,

(4) influenza A virus (A/Tver/IIV2969/2009(H1N1)) segment 4 hemagglutinin (HA)
gene, complete cds, submitted 13-Jan-2010, 1744 bp,

(5) influenza A virus (A/Novosibirsk/02/2009(H1N1)) segment 4 hemagglutinin
(HA) gene, complete cds, submitted 10-Jan-2010, 1752 bp,

(6) influenza A virus (A/Rio Grande do Sul/7108/2009(H1N1)) segment 4 sequence,
submitted 08-Jan 2010, 1701 bp,

(7) influenza A virus (A/Rio de Janeiro/5090/2009(H1N1)) segment 4 sequence,
submitted 08-Jan 2010, 1701 bp,

(8) influenza A virus (A/Ankara/03/2009(H1N1)) segment 4 hemagglutinin (HA)
gene, complete cds, submitted 04-Jan-2010, 1701 bp.

It will be shown that as the dog and candida DNA the influenza virus is characterized
by DNA walks with fractal shape. The most amazing is that the same symmetries seen on the
wavelet coefficients of the DNA walks for dog and candida holds true also for viruses. The
fractal dimension of the indicator matrix for this virus is 2.03 much higher than dog’s [11];
moreover some difference in the DNA walks for segment 4 will be highlighted.

This paper is organized as follows. Section 2 deals with some preliminary remarks on
flu epidemiology; DNA and DNA representation together with the indicator matrix is given
in Section 3. Here the global fractal estimate is computed and the existence of fractal patterns
is shown. The complex (cardinal) representation is given in Section 4 and the DNA (complex)
walks are analysed in Section 5. It is proven that DNA complex walks are fractals and they
are compared with walks on pseudorandom and deterministic complex sequences. Section 6
deals with correlation, power spectrum, and complexity of DNA. Sections 7 and 8 deal with
wavelets analysis and show the existence of simmetries in the wavelet coefficients.



4 Mathematical Problems in Engineering

2. Flu Epidemiology

Flu epidemics cause morbidity and mortality worldwide. Each year, only in the USA, more
than 200000 patients are infected by influenza and there are approximately 36000 deaths due
to influenza virus. Of the three types of influenza virus—A, B and C—the A and B types
can cause flu epidemics. Influenza A virus is found not only in humans but also in many
other animals. There are over hundreds of subtypes of Influenza A virus. All subtypes have
been detected in wild birds, which are considered the source of influenza A viruses in all
other animals. For example, pigs may be infected with influenza A viruses from different
species (e.g., ducks and humans) at the same time, which may allow the genes of these viruses
to mix, creating new variants of the hemagglutinin and/or neuraminidase proteins on the
surface of the virus (antigenic shift). If these variants spread to humans, then they would
not be recognized by the immune system and so can cause seasonal epidemics of flu. In
addition, influenza viruses undergo mutations when they spread from place to place and
therefore introduce gradual changes in the hemagglutinin and/or neuraminidase proteins
(antigenic drift). It will be shown however, that even if there are some variants of the same
virus at different places, still the DNA structure remains the same (at least in the indicator
matrix, see below), without significant variations. In other words the DNA sequence might
apparently show some differences, but when we pass to the digital representation and the
indicator matrix, these differences vanish.

Each year, it is essential to identify new flu virus variants and produce vaccines against
them to avoid flu epidemics. Therefore the investigation of DNA sequence of variants might
help to better understand the intrinsic nature of variation.

The Centers for Disease Control and Prevention (CDC) and other health organizations
are actively investigating the recent outbreak of 2009 H1N1 Flu Virus (Swine Flu) in humans.
First cases were reported at the beginning of 2009. CDC has determined that this swine
influenza A (H1N1) virus is contagious and is spreading from human to human. Swine
Influenza is a respiratory disease of pigs (swine) caused by type A influenza virus that
regularly causes outbreaks of flu in pigs. Like all influenza viruses, swine flu viruses change
constantly. Pigs can be infected by avian influenza and human influenza viruses as well as
swine influenza viruses. When influenza viruses from different species infect pigs, the viruses
can reassort (i.e., swap genes) and new viruses that are a mix of swine, human, and/or
avian influenza viruses can emerge. There are four main influenza type A virus subtypes that
have been isolated in pigs: H1N1, H1N2, H3N2, and H3N1, but most of the recently isolated
influenza viruses from pigs have been H1N1 viruses. While swine flu viruses do not normally
infect humans, sporadic human infections with swine flu have occurred. Most commonly,
these cases occur in persons with direct exposure to pigs; human-to-human transmission of
swine flu can also occur, as is the case with the 2009 outbreak.

An influenza A virion is composed of the nucleocapsid, a surrounding layer of the
matrix protein (M1) and the membrane envelope. The envelope contains two major surface
glycoproteins, that is, hemagglutinin (HA) and neuraminidase (NA), and a minor membrane
protein M2. The nucleocapsid consists of individual ribonucleoproteins (vRNPs). Each vRNP
contains one of the 8 genomic negative sense RNA segments (vRNA), multiple copies of
the major structural protein NP, and a few copies of the RNA dependent-RNA-polymerase
complex. All 8 vRNA species must be present in an infectious virion.

A virion attaches to the host cell membrane via HA and enters the cytoplasm
by receptor-mediated endocytosis, thereby forming an endosome. A cellular trypsin-like
enzyme cleaves HA into products HA1 and HA2. HA2 promotes fusion of the virus
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envelope and the endosome membranes. A minor virus envelope protein M2 acts as an
ion channel thereby making the inside of the virion more acidic. As a result, the major
envelope protein M1 dissociates from the nucleocapsid and vRNPs are translocated into
the nucleus via interaction between NP and cellular transport machinery. In the nucleus,
the viral polymerase complexes transcribe and replicate the vRNAs. Newly synthesized
mRNAs migrate to cytoplasm where they are translated. Posttranslational processing of HA,
NA, and M2 includes transportation via Golgi apparatus to the cell membrane. NP, M1,
NS1 (nonstructural regulatory protein), and NEP (nuclear export protein, a minor virion
component) move to the nucleus, where bind freshly synthesized copies of vRNAs. The
newly formed nucleocapsids migrate into the cytoplasm in an NEP-dependent process and
eventually interact via M1 with a region of the cell membrane, where HA, NA, and M2 have
been inserted. Then the newly synthesized virions bud from infected cell. NA destroys the
sialic acid moiety of cellular receptors, thereby releasing the progeny virions.

3. Patterns on the Indicator Matrix

The DNA of each organism of a given species is a long sequence of a specific (large) number
of base pairs (bp). The size of the DNA might range from 105 to 109 number of base pairs.
Each base pair is defined on the 4 elements alphabet of nucleotides:

A = adenine, C = cytosine, G = guanine, T = thymine. (3.1)

Let

A def= {A, C, G, T} (3.2)

be the finite set (alphabet) of nucleotides and x ∈ A any member of the alphabet.
A DNA sequence is the finite symbolic sequence

S = N ×A (3.3)

so that

S def= {xh}h=1,...,N, N <∞ (3.4)

being

xh
def= (h, x) = x(h), (h = 1, 2, . . . ,N; x ∈ A) (3.5)

the value x at the position h.
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3.1. Indicator Matrix

The 2D indicator function, based on the 1D-definition given in [12], is the map

u : S × S −→ {0, 1} (3.6)

such that

u(xh, xk)
def=

{
1 ifxh = xk,
0 ifxh /=xk,

(xh ∈ S, xk ∈ S), (3.7)

being

u(xh, xk) = u(xk, xh), u(xh, xh) = 1. (3.8)

According to (3.7), the indicator of an N-length sequence can be easily represented by
the N ×N sparse symmetric matrix of binary values {0, 1} which results from the indicator
matrix

uhk
def= uxh(xk), (xh ∈ S, xk ∈ S; h, k = 0, . . . ,N − 1), (3.9)

being, explicitly,

...
...

...
...

...
...

...
...

...
...

... . .
.

G 0 1 0 0 0 0 0 0 0 1 · · ·
C 0 0 0 1 0 0 0 0 1 0 · · ·
A 1 0 0 0 1 0 1 1 0 0 · · ·
A 1 0 0 0 1 0 1 1 0 0 · · ·
T 0 0 1 0 0 1 0 0 0 0 · · ·
A 0 0 0 0 1 0 0 1 0 0 · · ·
C 0 0 0 1 0 0 0 0 1 0 · · ·
T 0 0 1 0 0 1 0 0 0 0 · · ·
G 0 1 0 0 0 0 0 0 0 1 · · ·
A 1 0 0 0 1 0 0 1 0 0 · · ·
uhk A G T C A T A A C G · · ·

(3.10)

This squared matrix can be plotted in 2 dimensions by putting a black dot where
(Figure 1) uhk = 1 and white spot when uhk = 0.

3.2. Indicator Matrix for the Influenza Virus A H1N1

The data, under investigation, refer to influenza virus A (H1N1) segment 1 (Puerto
Rico) and segment 4 recently submitted (January 2010) in different world regions: Russia
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Puerto Rico
50

50

(a)

Mexico City
50

50

(b)

Tver
50

50

(c)

Novosibirsk
50

50

(d)

Nagasaki
50

50

(e)

Rio Grande do Sulk
50

50

(f)

Rio de Janeiro
50

50

(g)

Ankara
50

50

(h)

Figure 1: Indicator matrix Influenza A virus (H1N1).
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(Tver, Novosibirsk), Japan (Nagasaki), America (Mexico City, Rio Grande do Sul, Rio de
Janeiro) and Turky (Ankara).

The plots of indicator matrix (Figure 1) show that

(1) there are some motifs which are repeated at different scales like in a fractal;

(2) empty spaces are more distributed than filled spaces, in the sense that the matrix
uhk is a sparse matrix (having more zeroes than ones);

(3) it seems that there are some square-like islands where black spots are more
concentrated;

(4) some indicator matrix can be grouped into different sets like, (a) Tver, Novosibirsk;
(b) Nagasaki, Rio GRande do Sul, Rio De Janeiro, Ankara; and (c) Mexico City.

From the analyis of Figure 1 we can also notice that even if there is a big distance
among different places, the corresponding virus does not change (Nagasaki, Rio do Janeiro
and Ankara are nearly the same).

3.3. Fractal Dimension

From the indicator matrix we can have an idea of the “fractal-like” distribution of nucleotides.
The fractal dimension for the graphical representation of the indicator matrix plots can be
computed as the average of the number p(n) of ”1” in the randomly taken n×n minors of the
N ×N correlation matrix uhk:

D =
1
N

N∑

n=2

log p(n)
logn

. (3.11)

The fractal dimension of the influenza virus A (H1N1) is 2.30±0.1 while that for the dog DNA
and candida was 1.66 ± 0.01 (see, e.g., [11]). However some interesting coinciding values can
be observed in the following table where the fractal dimension up to 10−2 shows the same
groups already seen in the matrix shapes of Figure 1:

Puerto Rico 2.322
Mexico City 2.307
Nagasaki 2.302
Tver 2.328
Novosibirsk 2.323
Rio Grande do Sul 2.302
Rio de Janeiro 2.299
Ankara 2.307

(3.12)

4. Complex Representation

The (digital) representation of a DNA sequence is defined as the map of S into R
�, � ≥ 1. The

embedding space of representation is based on the 4 vectors

Xx : A −→ R
�, (x ∈ A, � ≥ 1) (4.1)
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in the real space R
� , or almost equivalently in the complex space C

�,

Xx : A −→ C
�, (x ∈ A, � ≥ 1) (4.2)

so that X(x) ≡ Xx is a �-ple which is associated with the symbol x ∈ A.
There follows that the basic elements of the representation are

XA = (xA1, xA2, . . . , xA�),

XC = (xC1, xC2, . . . , xC�),

XG = (xG1, xG2, . . . , xG�),

XT = (xT1, xT2, . . . , xT�)

(� ≥ 1). (4.3)

The digital representation in R
� or C

� of a N-length DNA sequence is the map R :
N ×A → R

� or, for a complex representation, R : N ×A → C
� so that for each xn ∈ S it is

xn
R→ Y(n),

(
xn ∈ S; Y(n) ∈ R

�
)
, (4.4)

being

Y(n) def= Y(xn)
(3.5)
= Y(x(n)) (4.5)

defined as follows. Each element of the DNA sequence can be considered [39] as the linear
combination:

Y(n) def= u(A,xn)XA + u(C, xn)XC + u(G, xn)XG + u(T, xn)XT , (n = 1, . . . ,N). (4.6)

The graph of Yn = Y(n) is G and if we define

an
def=

n∑

i=1

u(A,xi), cn
def=

n∑

i=1

u(C, xi), gn
def=

n∑

i=1

u(G, xi), tn
def=

n∑

i=1

u(T, xi) (4.7)

it is

an + cn + gn + tn = n, (4.8)

so that, as a consequence of (4.6) and the definition (4.7), the following identity holds:

nY(n) = anXA + cnXC + gnXG + tnXT . (4.9)
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We have a degeneracy (or a loop, circuit, or periodicity) if it is (see, e.g., [40]) Y(n) = 0 or,
equivalently,

anXA + cnXC + gnXG + tnXT = 0. (4.10)

If, we do not have a degeneracy, then there is a one-to-one correspondence between
the DNA sequence S and G, that is, S ↔ G.

4.1. Cardinal Complex Representation

In the remaining part of the paper we consider the cardinal representation [11] in C
1,

so that the DNA digital representation is the N-length one-dimensional complex signal
{Yn}n=0,...,N−1. In this case, from (4.6) we have

Yn = u(A,xn) − u(C, xn)i − u(G, xn) + u(T, xn)i
= [u(A,xn) − u(G, xn)] + [u(T, xn) − u(C, xn)]i

(4.11)

or

Yn = ξn + ηni, |ξn| +
∣
∣ηn

∣
∣ = 1, ξnηn = 0 (4.12)

with

ξn
def= u(A,xn) − u(G, xn), ηn

def= u(T, xn) − u(C, xn), (4.13)

so that the representation is a map S → C
1 and the time series Y(n) is a sequence of complex

numbers:

{Yn}n=0,...,N−1, Yn = ξn + ηni. (4.14)

5. DNA Walks

DNA walk is defined as the series

∑
Yn, n = 0, . . . ,N − 1, (5.1)

which is the cumulative sum on the DNA sequence representation:

{

Y0, Y0 + Y1, . . . ,
n−1∑

s=0

Ys, . . . ,
N−1∑

s=0

Ys

}

. (5.2)
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Taking into account (4.7), (4.11), for the complex cardinal representation, it is

Zn
def=

n−1∑

s=0

Ys =
n−1∑

s=0
{[u(A,xs) − u(G, xs)] + [u(T, xs) − u(C, xs)]i}

=
(
an − gn

)
+ (tn − cn)i,

(5.3)

so that the DNA walk is the complex values signal {Zn}n=0,...,N−1 with

Zn =
(
an − gn

)
+ (tn − cn)i, (5.4)

where the coefficients an, gn, tn, cn given by (4.7) and fulfil condition (4.8).
The DNA walk (DNA series) on a complex cardinal representation is a complex series

as well. If we map the points

Pn = (R[Zn], I[Zn]) =
(
an − gn, tn − cn

)
, n = 0, . . . ,N − 1 (5.5)

whose coordinates are the real and the imaginary coefficients of each term of the DNA walk
sequence, we obtain a cluster showing the existence of some patches or some kind of self-
similarity (Figures 2 and 3).

Both figures for the influenza virus (Figures 2 and 3) show that there exists a fractal
behavior of the random walk on DNA sequence. Moreover, focussing on some segments of
the DNA walks it can be seen that there are some featuring patterns (see, e.g., Figure 3, with
respect to the base pairs between 200 and 500).

Let us now compare the DNA walks with walks on pseudorandom and deterministic
sequences.

A pseudorandom (white noise) complex sequence similar to the cardinal complex
representation (4.11) can be defined as follows:

Rn
def= (−1)rn isn (5.6)

with rn, s2 being random integers and it looks like

{−1, i, 1, 1,−i, i,−1,−i, i, 1,−i, i,−1, i, 1,−i,−i,−i,−1, . . .}. (5.7)

Its random walk is

∑
(−1)rn isn . (5.8)

A deterministic walk can be (Figure 4(c))

∑
zn

def=
∑

(−i)n sin
π

n
+ 1 (5.9)
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Figure 2: DNA walk of the influenza virus A.
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Figure 3: DNA walk of the influenza virus A, on the bp of the interval (200,500).



14 Mathematical Problems in Engineering

(a) (b)

(c) (d)

Figure 4: Walks on random (a), flu DNA (b), and deterministic sequences (c, d).

or, more similar to a DNA sequence (Figure 4(d)),

∑
zn

def=
∑

inn + 1. (5.10)

It can be seen (Figure 4) how the fractal shape of DNA walk is completely different from
corresponding walks on random and deterministic sequences.

6. Statistical Correlations in DNA

For a given sequence {Y0, Y1, . . . , YN−1} the variance is

σ2 def=
1
N

N−1∑

i=0

Y 2
i −

(
1
N

N−1∑

i=0

Yi

)2

, (6.1)
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and the variance at the distance N − k is

σ2
k

def=
1

N − k
N−k−1∑

i=0

Y 2
i −

(
1

N − k
N−k−1∑

i=0

Yi

)2

. (6.2)

From the variance follows immediately the standard deviation

σ =
√
σ2. (6.3)

The autocorrelation at the distance k, (k = 0, . . . ,N −1) is the sequence (see, e.g., [36])

ck
def=

1
σ2

(
1

N − k
N−k−1∑

i=0

YiYi+k − 1

(N − k)2

N−k−1∑

i=0

Yi
N−k−1∑

i=0

Yi+k

)

(6.4)

with k = 0, . . . ,N − 1.
A simplified definition of correlation, in the fragment F − N has been given [41] as

follows:

ck
def=

N−1−k∑

i=F

1
N − F − kuxi(xi+1+k) (6.5)

with the indicator given by (3.7).
The power spectrum can be computed as the Fourier transform of ck:

Sk
def= ĉk =

N−1∑

n=0

cne
−2πink/N. (6.6)

If ck = 0, there is no linear correlation, ck > 0 means that there is a strong (linear)
correlation (anticorrelation when ck < 0), while c0 = 1 does not give any information about
correlations. A true random process has a vanishing correlation ch = δ0h and its power
spectrum Sh is constant. Its integral gives the Brownian motion (random walk) whose power
spectrum is proportional to 1/k2.

It has been shown [24, 34, 42] that correlations in DNA are linear. However, the main
problem of this measure is that it strongly depends on the representation, on the length of the
sequence, and, for nonbinary representation, it is affected by spurious results [36]. Moreover,
the definition (6.4) holds only for real values of the representation.

6.1. Power Spectrum

Let {Yn}n=0,...,N−1 be a given series; the discrete Fourier is the sequence

Ŷs =
1
N

N−1∑

n=0

Yne
−2πins/N, s = 0, . . . ,N − 1. (6.7)
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50

51

52

Figure 5: Power spectrum for influenza virus A DNA walk.

The power spectrum of the sequence {Yn}n=0,...,N−1, that is, the mean square fluctuation,
is defined as [43]

Sk
def=

k−1∑

s=0

∣
∣
∣Ŷs

∣
∣
∣

2
. (6.8)

The power spectrum of a stationary sequence gives an indirect measure of the
autocorrelation. A long-range correlation can be detected if the fluctuations can be described
by a power law so that

Sk ∼= α k

max1≤k≤kmax[αk]
, 1 ≤ k ≤ kmax (6.9)

with α > 1/2.
The fluctuation exponent α, with its values, characterizes a sequence as

(1) anticorrelated: α < 1/2,

(2) uncorrelated (white noise): α ∼= 1/2,

(3) correlated (long range correlated): α > 1/2,

(4) 1/f noise: α ∼= 1,

(5) nonstationary, random-walk like: α > 1

(6) Brownian noise: α ∼= 3/2.

For the human DNA there was observed [44] a long range correlation, only for coding
regions, with α = 0.61. However, the same value can be seen also for dog’s and candida DNA
[11] for the complete sequence (coding and noncoding regions), even if, by including the
noncoding regions, this value is a little bit higher being α ∼= 0.65 for the dog’s, and α ∼= 0.62
for the candida’s DNA, respectively. For the Influenza virus A it is instead α = 0.02 (Figure 5).
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When the power spectrum is a power-law function

S(k) = Sk ∝ 1
kα

(6.10)

then this function is scale invariant (like fractals), that is, f(λx) = λHf(x). It can be shown
(see, e.g., [29]) that for the power-law functional dependence, in the N → ∞ limit, it is

S(λk) ∝ λ1−aS(k), S(k) =
1
kb

(6.11)

with k � 1 − a, and a being related to the so-called Hurst exponent. In other words, for a
power-law function the power spectrum is scale-invariant (like a fractal).

In particular, from Equation (6.11) there follows that when b � 1 and a � 0, the
correlation function has a slow decay to zero and the spectrum is more properly called
1/f-noise (or white noise). This spectrum appears in many natural phenomena (noise in
electronic devices, traffic flow, signals, radio-antenna, turbolence).

The power spectrum 1/k has been observed in DNA sequences [30, 37], however it is
not yet clear how the correlation function should be (step-function, power law decay, white-
noise), and in particular if there exists a single length scale or a multilength scale [29]. This
scale-dependence (or self-similarity) of DNA cannot yet been explained from biological point
of views. A possible explanation could be the dynamic process of the evolution or maybe
the functional activity inside constrained domain (like the fractal shape of brain, lungs, etc.)
which might have some influence on the spatial geometry [38].

The biological explanation of long-range correlations can be explained by the existence
of heterogeneity in DNA (i.e., different density distribution of bases). The main questioning
is about the power law spectrum: 1/k [35] or 1/k2 [29]. Indeed it has been observed that the
the power spectrum is nearly flat for low and high frequencies and only for the central part
has a power low decay.

However, [29, 30] the existence of long range correlation in DNA should be intended
from statistical point of view in the sense that far away base pairs tend to have similar
variation. In other words, this correlation should be understood as a periodic distribution
of base pairs without a causality law between base pairs located at different segments far
away from each other.

6.2. Complexity

The existence of repeating motifs, periodicity, and patchiness can be considered as a simple
behavior of sequence, while nonrepetitiveness or singularity is taken as a characteristic
feature of complexity. In order to have a measure of complexity, for an n-lenght sequence,
[44] the following has been proposed:

K = log Ω1/n (6.12)
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100

0.5

1.5

50

Figure 6: Complexity for the first 100 base pairs of influenza virus A DNA.

with

Ω =
n!

an!cn!gn!tn!
. (6.13)

By using a sliding n-window [44] over the full DNA sequence one can visualize the
distribution of complexity on partial fragment of the sequence. For the whole sequence the
asymptotic constant value is (Figure 6)

K ∼= 1.3, (6.14)

that has been observed also for other DNA sequences [11].
Moreover, as can be seen from Figure 6, initially Tver and Novosibirsk DNA shows a

lower complexity (see also Figure 1).

7. Wavelet Analysis

Wavelet analysis can be considered as a good tool [19, 24, 29, 42] for studying the
heterogeneity in a time series and in particular in a DNA sequence. Heterogeneity can be
shortly described as follows: in some fragments of DNA there exists a higher concentration
of nucleotides C, G with poor distribution of A, T while, on the contrary, other fragments are
more rich of A, T and poor of C,G (see Figure 1). Thus a fundamental problem is to make a
partition of a DNA sequence into homogenous segments. This segmentation can be done by
minimizing the variance (or maximizing the entropy [36]).

The wavelet transform expresses the signal in terms of dilated and scaled instances
of the wavelet basis functions. If we call W[f]x0

the wavelet transform of the signal f(x)
computed in x = x0 at the scale 2−n and h(x0) the local Hölder exponent, it is [24]
W[f]x0

� 2−nh(x0). Therefore, wavelet transform is one of the most expedient tools for
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detecting singularities. It can be used to define a generalization of box-counting method, the
so-called wavelet transform modulus maxima, in order to focus on scaling behavior [24] and
to visualize the multifractal property.

In this section some fundamentals on Haar wavelet theory will be given and applied
to the analysis of DNA sequences.

7.1. Haar Wavelet Basis

The Haar scaling function ϕ(x) is the characteristic function on [0, 1]; its family of translated
and dilated scaling functions is defined as

ϕnk(x)
def= 2n/2ϕ(2nx − k), (0 ≤ n, 0 ≤ k ≤ 2n − 1),

ϕ(2nx − k) =
{

1, x ∈ Ωn
k,

0, x /∈Ωn
k

Ωn
k

def=
[
k

2n
,
k + 1

2n

)

.
(7.1)

The Haar wavelet family {ψn
k
(x)} is the orthonormal basis for the L2(R) functions [45]:

ψnk (x)
def= 2n/2ψ(2nx − k), ∥

∥ψnk (x)
∥
∥
L2 = 1,

ψ(2nx − k) def=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−1, x ∈

⎡

⎢
⎢
⎣
k

2n
,
k +

1
2

2n

⎞

⎟
⎟
⎠,

1, x ∈

⎡

⎢
⎢
⎣

k +
1
2

2n
,
k + 1

2n

⎞

⎟
⎟
⎠

0 elsewhere,

(0 ≤ n 0 ≤ k ≤ 2n − 1),
(7.2)

7.2. Discrete Haar Wavelet Transform

Let Y ≡ {Yi}, (i = 0, . . . , 2M − 1, 2M = N < ∞, M ∈ N) be a real and square summable time-
series Y ∈ K

N ⊂ �2 (where K is a real field), sampled at the dyadic points xi = i/(2M − 1), in
the interval restricted, for convenience and without restriction, to Ω = [0, 1]. The discrete Haar
wavelet transform is the N ×N matrix WN : K

N ⊂ �2 → K
N ⊂ �2 which maps the vector Y

into the vector of wavelet coefficients βN = {α, βn
k
}:

WNY = βN,

βN
def=

{
α, β0

0, . . . , β
M−1
2M−1−1

}
,

Y def= {Y0, Y1, . . . , YN−1}
(

2M =N
)
.

(7.3)
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Let the direct sum of matrices A,B be defined as

A ⊕ B =
(
A 0
0 B

)

, (7.4)

being 0 the matrix of zero elements. The N ×N matrixWN can be computed by the recursive
product [14, 15]

WN
def=

[
M∏

k=1

((P2k ⊕ I2M−2k)(H2k ⊕ I2M−2k))

]

, N = 2M (7.5)

of the direct sum of the following elementary matrices.

(1) Identity:

I2k =

⎛

⎜
⎜
⎜
⎝

1 0
. . .

︸︷︷︸
2k

0 1

⎞

⎟
⎟
⎟
⎠
, (7.6)

which is equivalent to

I2 ≡
(

1 0
0 1

)

, I2k ≡ I2 ⊕ · · · ⊕ I2
︸ ︷︷ ︸

k

=

⎛

⎜
⎜
⎜
⎝

I2 0
. . .

︸︷︷︸
k

0 I2

⎞

⎟
⎟
⎟
⎠
. (7.7)

(2) Shuffle:

P2 ≡
(

1 0
0 1

)

, P4 ≡

⎛

⎜
⎜
⎝

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

⎞

⎟
⎟
⎠, P8 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
↓ → 1

↓ → 1
↓ → 1 →

→ 1
↓ → 1

↓ → 1
↓ → 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (7.8)

The arbitrary shuffle matrix P2k = (aij); i, j = 1, . . . , 2k can be defined as ai+1,j+2 =
1, i = 1, . . . , 2k−1, j = 1, . . . , 2k − 3, i = 2k−1, . . . , 2k − 1, j = 0, . . . , 2k − 2 and zero
elsewhere.
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(3) Lattice (derived from the recursive inclusion formulas see, e.g., [14, 15]):

H2 ≡

⎛

⎜
⎜
⎝

1√
2

1√
2

− 1√
2

1√
2

⎞

⎟
⎟
⎠, H4 = H2 ⊕H2 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1√
2

1√
2

0 0

− 1√
2

1√
2

0 0

0 0
1√
2

1√
2

0 0 − 1√
2

1√
2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, . . . , (7.9)

and in general

H2k ≡ H2 ⊕ · · · ⊕H2
︸ ︷︷ ︸

k

=

⎛

⎜
⎜
⎜
⎝

H2 0
. . .

︸︷︷︸
k

0 H2

⎞

⎟
⎟
⎟
⎠
. (7.10)

For example, with N = 4, M = 2, assuming the empty set I0
def= ∅ as the neutral term

for the direct sum ⊕ so that A ⊕ I0 = I0 ⊕A = A, it follows from(7.5)

W4 =
∏

k=1,2

[(P2k ⊕ I4−2k)(H2k ⊕ I4−2k)]

= [(P2 ⊕ I2)(H2 ⊕ I2)]k=1[(P4 ⊕ I0)(H4 ⊕ I0)]k=2,

(7.11)

that is,

W4 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1
2

1
2

1
2

1
2

−1
2
−1

2
1
2

1
2

− 1√
2

1√
2

0 0

0 0 − 1√
2

1√
2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (7.12)

7.3. Haar Wavelet Coefficients and Statistical Parameters

From (7.3) with M = 2,N = 4, by explicit computation, we have

α =
1
4
(Y0 + Y1 + Y2 + Y3) (7.13)
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and [10, 11, 20]

β0
0 =

1
2
(Y2 − Y0 + Y3 − Y1),

β1
0 =

1√
2
(Y0 − Y1),

β1
1 =

1√
2
(Y3 − Y2).

(7.14)

When the wavelet coefficients are given, the above equations can be solved with respect to
the original data. With M = 2,N = 4, we have, for example,

Y0 = α − β
0
0 +
√

2β1
0

2
, Y1 = α − β

0
0 −
√

2β1
0

2
,

Y2 = α +
β0

0 −
√

2β1
1

2
, Y3 = α +

β0
0 +
√

2β1
1

2
.

(7.15)

Thus the first wavelet coefficient α represents the average value of the sequence and
the other coefficients β the finite differences. The wavelet coefficients β’s, also called details
coefficients, are strictly connected with the first-order properties of the discrete time-series.

7.4. Hurst Exponent

Concerning the variance, from definition (6.1) we obtain by a direct computation its
expression in terms of wavelet coefficients:

σ2 =
1
N

M−1∑

n=0

2n−1∑

k=0

(
βnk
)2

(
N = 2M

)
. (7.16)

It has been observed [25] that for scale invariant functions the standard deviation (6.3),
as a function of the scale n, is

σ(2n) = σ
(

20
)

2n(H−1) (7.17)

with H being Hurst exponent, so that in a log-log plot

log2σ(2
n) =

[
n(H − 1) + log2σ

(
20
)]

(7.18)

we obtain a straight line whose slope gives an estimate of H.
The Hurst exponent, in terms of wavelet coefficients, can be evaluated by the following

[11].
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Theorem 7.1. The Hurst exponent is given by

H =
1
2
+ log2

n

√
√
√
√
√

[∑2n−1
k=0

(
βnk
)2
]1/2

∣
∣β0

0

∣
∣

. (7.19)

Proof. Taking into account (6.3) and (7.16), definition (7.17) become:

1
2n/2

[
2n−1∑

k=0

(βnk)
2

]1/2

=
∣
∣
∣β0

0

∣
∣
∣2n(H−1),

log2

⎧
⎨

⎩

1
2n/2

[
2n−1∑

k=0

(βnk)
2

]1/2
⎫
⎬

⎭
− log2

∣
∣
∣β0

0

∣
∣
∣ = n(H − 1),

(7.20)

that is,

1
n

log2
1

2n/2

[∑2n−1
k=0 (βn

k
)2
]1/2

∣
∣β0

0

∣
∣

= (H − 1),

log22 +
1
n

log2
1

2n/2

[∑2n−1
k=0 (βn

k
)2
]1/2

∣
∣β0

0

∣
∣

= H

(7.21)

from where (7.19) follows.

8. Algorithm of the Short Haar Discrete Wavelet Transform

In order to reduce the computational complexity of the wavelet transform (7.3), (7.5), the
sequence Y can be sliced into subsequences and the wavelet transform is applied to each
slice. With the reduced Haar transform [10, 11, 20] it is possible to reduce the number of basis
functions and the computational complexity.

Algorithm 8.1. Let Y = {Yi}i=0,...,N−1 of N data, segmented into σ = N/p, (1 ≤ σ ≤ N)
segments of p = 2m data:

Y = {Yi}i=0,...,N−1 =
σ−1⊕

s=0

Ys, Ys ≡ {Ysp, Ysp+1, . . . , Ysp+p−1
} (

s = 0, . . . ,N − p; 1 ≤ p ≤N)
,

(8.1)
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and the p-parameters short (reduced or windowed) discrete Haar wavelet transform Wp,σY
of Y is defined as

Wp,σ ≡
σ−1⊕

s=0

Wp, Y =
σ−1⊕

s=0

Ys,

Wp,σY =

(
σ−1⊕

s=0

Wp

)

Y =

(
σ−1⊕

s=0

WpYs

)

,

W2mYs =
{
α

0(s)
0 , β

0(s)
0 , β

1(s)
0 , β

1(s)
1 , . . . , β

m−1(s)
2m−1−1

} (
2m = p

)
.

(8.2)

For example, the reduced wavelet transformW4,2 (to be compared withW8) is

W4,2 =W4 ⊕W4, (8.3)

that is,

W4,2 =

⎛

⎜
⎜
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⎜
⎜
⎜
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⎟
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⎟
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⎟
⎟
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⎟
⎟
⎟
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⎠

. (8.4)

8.1. Clusters of Wavelet Coefficients

Significant information on a time-series can be derived not only from the wavelet coefficients
but also from clusters of wavelet coefficients.

For the N = 2M-length real vector Y the wavelet transformWNY represents a point in
the N-dimensional Euclidean space

R
N :

(
α, β0

0, β
1
0, . . . , β

M−1
2M−1−1

)
(8.5)

of the wavelet coefficients.
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For the N = 2M-length complex vector Y the wavelet transform is applied to the real
WNR(Y) and to the imaginary partWNI(Y) and gives either 1 point in

C
N = R

2N :
(
α, β0

0, β
1
0, . . . , β

M−1
2M−1−1, α

∗, β∗00 , β
∗1
0 , . . . , β

∗M−1
2M−1−1

)
(8.6)

or 2 points in

R
N × R

N :
(
α, β0

0, β
1
0, . . . , β

M−1
2M−1−1

)
×
(
α∗, β∗00 , β

∗1
0 , . . . , β

∗M−1
2M−1−1

)
(8.7)

or a cluster of N points in the product of 2 dimensional spaces:

N∏

i=1

R
2
i : (α, α∗) ×

(
β0

0, β
∗0
0

)
×
(
β1

0, β
∗1
0

)
× · · · ×

(
βM−1

2M−1−1, β
∗M−1
2M−1−1

)
, (8.8)

where the star denotes the wavelet coefficients of I(Y). In each 2-dimensional (phase) space
R

2
i there is only one point and these single points do not give any significant information

about the existence of some autocorrelation of data. By using, instead, the p-parameter short
Haar wavelet transform we can analyse the cluster of points

(WpR(Ys),WpI(Ys)), s = 0, . . . , σ =
N

p
(8.9)

in the 2p-dimensional space R
p × R

p, that is,

(α, α∗),
(
β0

0, β
∗0
0

)
, . . . ,

(
β
p−1
2p−1−1, β

∗p−1
2p−1−1

)
. (8.10)

For a complex sequence {Yk}k=0,...,N−1 = {xk + iyk}k=0,...,N−1 we can consider the
correlations (if any) between the wavelet coefficients of the real part {xk}k=0,...,N−1 against the
imaginary coefficients {yk}k=0,...,N−1. This can be realized by the cluster algorithm of Table 1.

This algorithm enables us to construct clusters of wavelet coefficients and to study the
correlation between the real and imaginary coefficients of the DNA representation and DNA
walk, as given in the following section.

8.2. Cluster Analysis of the Wavelet Coefficients of
the Complex DNA Representation

The cluster algorithm of Table 1, applied to the complex representation sequence (4.11),
which is in the form

{−1, i, 1, 1,−i, i,−1,−i, i, 1,−i, i,−1, i, 1,−i,−i,−i,−1, . . .} (8.11)

shows that the values of the wavelet coefficients belong to some discrete finite sets (Figure 7).
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Figure 7: Cluster analysis of the 4th short Haar wavelet transform of the complex representation of
the DNA influenza virus A H1N1 (Mexico City) in the planes: (a) (α, α∗); (b) (β0
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Figure 8: Cluster analysis of the 4th short Haar wavelet transform of the pseudo-random sequence (5.6)
(n ≤ 1200): (a) (α, α∗); (b) (β0
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Figure 9: Cluster analysis of the 4th short Haar wavelet transform of the walk on (whole sequence) DNA
for the influenza virus A H1N1 (Mexico City) in the planes: (a) (α, α∗); (b) (β0
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Table 1

{Y0, Y1, . . . , Y p} ⊕ {Yp+1, Yp+2, . . . , Y 2p} ⊕ · · · Complex values sequence

⇓
xi = R(Yi), yi = I(Yi) Real values sequences

⇓
{x0, x1, . . . , xp} ⊕ {xp+1, xp+2, . . . , x2p} ⊕ · · ·
{y0, y1, . . . , yp} ⊕ {yp+1, yp+2, . . . , y2p} ⊕ · · ·

〉

Real sequences

⇓
Wp{x0, x1, . . . , xp} ⊕Wp{xp+1, xp+2, . . . , x2p} ⊕ · · ·
Wp{y0, y1, . . . , yp} ⊕Wp{yp+1, yp+2, . . . , y2p} ⊕ · · ·

〉

Wavelet transform

⇓
{α, β0

0, β
1
0, β

1
1, . . .}1 ⊕ {α, β0

0, β
1
0, β

1
1, . . .}2 ⊕ · · ·

{α∗, β∗00 , β
∗1
0 , β

∗1
1 , . . .}1 ⊕ {α∗, β∗00 , β

∗1
0 , β

∗1
1 , . . .}2 ⊕ · · ·

〉

Wavelet coefficients

⇓
{(α, α∗)}1 ⊕ {(α, α∗)}2 ⊕ {(α, α∗)}3 · · ·

{(β0
0, β

∗0
0 )}1 ⊕ {(β0

0, β
∗0
0 )}2 ⊕ {(β0

0, β
∗0
0 )}3 · · ·

{(β1
0, β

∗1
0 )}1 ⊕ {(β1

0, β
∗1
0 )}2 ⊕ {(β1

0, β
∗1
0 )}3 · · ·

〉

Clusters

...
...

...
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Figure 10: Cluster analysis of the 4th short Haar wavelet transform of the random walk (n ≤ 1200) of the
random sequence (5.6) in the planes: (a) (α, α∗); (b) (β0
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1, β
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For each complex DNA representation there are 2 sets of wavelet coefficients which
correspond to the real and complex coefficient of the complex values of (5.1) and (5.4).
However, even if the real and complex coefficients of the DNA walk show some nonlinear
patterns (Figures 2 and 3 the detail coefficients range in some discrete sets of values. It can
be seen by a direct computation that the jumps from one value to another belong to some
discrete sets (see, e.g., Figure 7).

If we compare the clusters of Figure 7 with the clusters (Figure 8) of the pseudoran-
dom sequence (5.6), which is similar to the above sequence, we can see that the set of wavelet
coefficients is larger (still discrete) than the set for the DNA although the detail coefficients
have (more or less) the same values.

As can be seen from Figure 7, the real and imaginary coefficients of the complex
DNA representation increase with a given law and the distribution of the nucleotides must
follow this rule. Moreover, it should be noticed that all wavelet coefficients are distributed
on symmetric grids (Figure 7). Even if the DNA representation looks like the pseudorandom
sequence (5.6), the wavelet (detail) coefficients are quantized and symmetrically distributed
in the sense that the detail coefficients of both the representation and the DNA walks (see
[11]) have discrete finite values (Figure 7), being, in particular,

∣
∣
∣β0

0 ± β∗00

∣
∣
∣ ≤ 2. (8.12)

This is not true for the pseudorandom series, because the wavelet coefficients of the
sequence are still quantized (see Figure 8) while the wavelet coefficients of the corresponding
random walk are randomly distributed in the phase plane (Figure 10). It is very interesting to
compare also the DNA walk (Figure 9) with the random walk (Figure 10) and random walk
on deterministic sequence. DNA walk shows a clear symmetry which is missing in the others.
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Figure 11: Cluster analysis of the 4th short Haar wavelet transform of the walk (n ≤ 1200) of the
deterministic sequence (5.9) in the planes: (a) (α, α∗); (b) (β0
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9. Conclusion

In this paper some fractal shapes and symmetries in DNA sequences and DNA walks have
been shown and compared with random and deterministic complex series. DNA sequences
are structured in such a way that there exists some fractal behavior which can be observed
both on the correlation matrix and on the DNA walks. Wavelet analysis confirms by a
symmetrical clustering of wavelet coefficients the existence of scale symmetries.
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This paper deals with the analysis of a nonlinear dynamical system which characterizes the
axons interaction and is based on a generalization of FitzHugh-Nagumo system. The parametric
domain of stability is investigated for both the linear and third-order approximation. A
further generalization is studied in presence of high-amplitude (time-dependent) pulse. The
corresponding numerical solution for some given values of parameters are analyzed through the
wavelet coefficients, showing both the sensitivity to local jumps and some unexpected inertia of
neuron’s as response to the high-amplitude spike.

1. Introduction

The classical model of one excitatory neuron [1–11] is considered under a spike train (time-
dependent) excitation. The dynamical system as well as its evolution are investigated under
the dependence on some featuring parameters and in presence of a high-amplitude time-
dependent pulse. It was already shown, in a previous paper [12], dealing with Hodgkin-
Huxley model, that neuron’s multiple firing does not reflects immediately on a direct
response and there is some kind of time delay (inertia) before the pulse becomes effective.
It should be noticed that there are different models of neurons (see, e.g., [1] and references
therein) such as the Integrate-and-fire, FitzHugh-Nagumo [2, 9], Morris-Lecar, and the more
general Hodgkin-Huxley model [6–8]. In the early sixties, FitzHugh [2] proposed, as a
simplified model, a generalization of the Van der Pol equation thus showing the existence
of a limit cycle and some periodicity. In all models, if we consider a simple system consisting
of a neuron and a synapse, it is known that the activity of stimulated axons can be detected
by an abrupt change in the electrical potential. These pulse in a short time are called spikes or
axons firing. However, as shown later these abrupt changes do not appear immediately, thus
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showing, even in this simplified model of neurons interactions, the existence of some kind of
neurons inertia, which can be physically explained by their cooperative responce to firing.

In the following we will propose a suitable generalization of the FitzHugh-Nagumo
model (FHN) and we will study both on the linear and third-order approximation.
Equilibrium points, parametric domain of stability will be outlined in absence of time-
dependence. The presence of high-amplitude time-dependent source of pulses can be studied
on the nonlinear time series of the numerical approximation. The pulse action of the firing
process, based on FitzHugh suggestion of delta Dirac function, is proposed in the form of a
high-amplitude localized function with compact support in a short interval, which replicates
a few times before it disappears. According to FitzHugh any change in the electrical potential
are localized in a short time interval and within this interval has a significant amplitude.

2. Simplified FitzHugh-Nagumo Model

The most successful and general model in neuroscience describes the neuron activity in terms
of two conductances and electric potentials. The Hodgkin-Huxley model [6–8] considers the
neuron activity as an electrical circuit. Cells membrane store charges, electrochemical forces
arise because of the imbalanced ion concentration inside and outside the cell. It can be written,
in adimensional form, as

du

dt
= a1n

4(a2 − u) + a3m
3h(a4 − u) + a5(a6 − u) − Iext(t),

dn

dt
= αn(u)(1 − n) − βn(u)n,

dm

dt
= αm(u)(1 −m) − βm(u)m,

dh

dt
= αh(u)(1 − h) − βh(u)h,

(2.1)

being

αn(u) = φ · a7(u − a8)
1 − e−(u−a8)/a9

, βn(u) = φ · a10e
−(u−a11)/a12 ,

αm(u) = φ · a13(u − a14)
1 − e−(u−a14)/a15

, βm(u) = φ · a16e
−(u−a17)/a18 ,

αh(u) = φ · a19e
−(u−a20)/a21 , βh(u) = φ · a22

1 + e−(u−a23)/a24
.

(2.2)

An alternative simplified 2-dimensional model (FHN) that has been proposed by
FitzHugh-Nagumo [2, 9] can be substantially represented by the system

dx

dt
= a

(

x − x
3

3

)

− by + γz,

dy

dt
= αx − βy,

(2.3)



Mathematical Problems in Engineering 3

where z = z(t) is a pulse function defined in a very short-range interval (pulse function),
having as limiting case the delta Dirac. In the following we will consider a spike train.
Parameter γ defines the amplitude of the pulse function z(t).

This dynamical system depends [2, 9] on a, b, α, β, and γ in the sense that the
evolution would be completely different, starting from some critical values. In the following
we will show that the solution tends asymptotically to a constant value.

A suitable generalization of system (2.3) is

dx

dt
= a sinx − bh(y) + γz(t),

dy

dt
= αf(x) − βg(y),

(2.4)

with nonnegative parameters

a ≥ 0, b ≥ 0, β ≥ 0, (2.5)

and odd functions

f(x) = −f(−x), h
(
y
)
= h
(−y), g

(
y
)
= g
(−y),

f(x0) = f ′′(x0) = f ′′′(x0) = 0,

h(x0) = h′′(x0) = h′′′(x0) = 0,

g(x0) = g ′′(x0) = g ′′′(x0) = 0.

(2.6)

Up to the first-order it is

dx

dt
= ax − by + γz(t),

dy

dt
= αx − βy,

(2.7)

and to the third-order it is

dx

dt
= a

(

x − x
3

6

)

− by + γz(t),

dy

dt
= αx − βy,

(2.8)

so that the FHN system (2.3) might be considered as the third-order approximation of system
(2.4).
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2.1. Autonomous System γ = 0

2.1.1. Linear Case

When γ = 0, and assuming by analogy with system (2.3) that

a = 1, b = 1, (2.9)

from the linear system (2.7), we have

dx

dt
= x − y, (2.10a)

dy

dt
= αx − βy. (2.10b)

There is only one equilibrium point at the origin:

(
x, y
)
= (0, 0). (2.11)

The eigenvalues are

λ1,2 =
1
2

(
1 − β ±

√
Δ
)
, Δ ≡ 1 − 4α + 2β + β2. (2.12)

The parametric domain of feasible values for α and β is defined according to (2.5) and by the
parabolic curve as in Figure 1:

α =
1
4
(
β + 1

)2
. (2.13)

Thus we have

λ1 = λ2 ∈ R, α =
β2

4
+
β

2
+ 1, (2.14)

where β > 1, stable equilibrium in (0, 0), and β < 1, unstable equilibrium in (0, 0);

λ1 /=λ2 ∈ R, α >
β2

4
+
β

2
+ 1, (2.15)

where λ1 < 0, λ2 < 0, stable equilibrium in (0, 0), λ1 < 0, λ2 > 0, unstable equilibrium in
(0, 0) (saddle), and λ1 > 0, λ2 > 0, unstable equilibrium in (0, 0);

λ1 = λ2 ∈ C, α <
β2

4
+
β

2
+ 1, (2.16)

where β > 1, stable equilibrium in (0, 0), and β < 1, unstable equilibrium in (0, 0).
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−3

−1

1

β

Δ > 0

Δ = 0

Δ < 0

α

Figure 1: Parametric domain for the linear FHN model (8).

As a special case, by assuming that t0 = 0, x(0) = x0, and y(0) = y0 with α = 0, β /= 0,
from (2.10b) we have

y(t) = y0e
−βt, (2.17)

and from (2.10a) we have

x(t) =

⎧
⎪⎨

⎪⎩

x0e
t +

y0

1 + β
[
e−βt − et], β /= − 1,

et
(
x0 − y0t

)
, β = −1.

(2.18)

Analogously, by assuming that t0 = 0, x(0) = x0, and y(0) = y0 with β = 0, α/= 0, from (2.10b)
we have (α/= 1/4)

x(t) =
et/2

√
1 − 4α

[

x0
√

1 − 4α cosh

(√
1 − 4α

2
t

)

+
(
x0 − 2y0

)
sinh

(√
1 − 4α

2
t

)]

,

y(t) =
et/2

√
1 − 4α

[

y0
√

1 − 4α cosh

(√
1 − 4α

2
t

)

+
(
2αx0 − y0

)
sinh

(√
1 − 4α

2
t

)]

,

x(t) =
et/2

2
[
x0(2 + t) − 2y0t

]
,

y(t) =
et/2

4
[
x0t − 2y0(t − 2)

]
,

(2.19)

when α = 1/4.
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y

x

−2

2

−2 2

Figure 2: Null clines for (2.21).

2.1.2. Third-Order Approximation

Assuming that

a = 1, b = 1, (2.20)

from the third-order system (2.8), we have

dx

dt
=

(

x − x
3

6

)

− y,

dy

dt
= αx − βy.

(2.21)

The null clines intersect at the points

(
x1, y1

)
= (0, 0),

(
x2, y2

)
=

⎛

⎝−
√

6
(
β − α)

β
,−α
β

√
6
(
β − α)

β

⎞

⎠,

(
x3, y3

)
=

⎛

⎝

√
6
(
β − α)

β
,
α

β

√
6
(
β − α)

β

⎞

⎠,

(2.22)
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so that, being β > 0, there are 3 disjoint equilibrium points (Figure 2) when

β > α, (2.23)

and only one when

α ≤ −β. (2.24)

The Jacobian of (2.21) is

J
(
x, y
)
=

⎛

⎝1 − x
2

2
−1

α −β

⎞

⎠ (2.25)

so that

J
(
x2, y2

)
= J
(
x3, y3

)
=

⎛

⎝

1
β

(
3α − 2β

) −1

α −β

⎞

⎠. (2.26)

The eigenvalues are

λ1,2 =
1

2β

(
3α − 2β − β2 ±

√
Δ1

)
, Δ1 ≡

(
3α − 2β

)2 + β2
(
β2 − 4β + 2α

)
. (2.27)

The parametric domain of feasible values for α and β is defined by the curve

(
3α − 2β

)2 + β2
(
β2 − 4β + 2α

)
= 0 (2.28)

as in Figure 3.

2.1.3. The General Case (2.4)

When γ = 0, assuming that

a = 1, b = 1, f(x) = x, g
(
y
)
= y (2.29)

from the system (2.4), we have

dx

dt
= sinx − y,

dy

dt
= αx − βy.

(2.30)
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1 2 3

β

Δ > 0

Δ = 0 Δ < 0
α 1

Figure 3: Parametric domain of (2.21).

The null clines have at least two intersections (Figure 4) when

α ≤ β or β ≥ −4.6α (2.31)

and only one when

α ≤ β. (2.32)

otherwise, there are more than one intersection.
The Jacobian of (2.30) and eigenvalues coincide with the linear case.

3. FHN Model with a High-Amplitude Spike

Let us consider the general nonautonomous system (2.4) when γ /= 0:

dx

dt
= sinx − y + γz(t),

dy

dt
= αx − βy.

(3.1)
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y

x
−2 2

β = −4.6 α

β = α

Figure 4: Null clines for (2.8).

The time-dependent function z(t) is a high-amplitude function (Figure 5), based on Haar
wavelets

z(t) ≡
3∑

k=−3

10ψ4
8(t − k) + 5ψ4

9(t − k) + ψ4
1 0(t − k) (3.2)

which replicates itself in a finite interval (Figure 6).
The basic wavelet function ψn

k
(t) is defined as

ψnk (t) ≡ 2n/2

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

1,
k

2n
≤ t < k + 0.5

2n
,

−1,
k + 0.5

2n
≤ t < k + 1

2n
,

0, elsewhere.

(3.3)

3.1. Numerical Simulation

Let us assume for the values of parameters the following: γ = 102, β = 2 and two different
values for α, that is, α = −0.01, α = 2 in the interval t ∈ [0, 8]. As initial conditions it is assumed
that x(0) = 0, y(0) = 0. By using the Runge-Kutta 4th-order method, with the accuracy 10−6,
we obtain in the interval (0 < t ≤ 8), the solution in correspondence with different initial
conditions.

From a direct inspection of the solution (see Figures 7 and 8) it can be seen that under
a spike firing there is some delay effect so that the perturbation show its influence only after
some time delay. This perturbation of the system makes the orbits nearby the origin unstable.
The uniqueness in phase space is going to be lost at least in the initial time interval. The orbit
in the phase plane is self-crossing. The uniqueness of motion is lost. When α = −0.01, the
origin behaves as an attractor, while in the case α = 2, x, y diverge asymptotically.
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−10

10

1
2

1

Figure 5: High-amplitude function 10ψ4
8(t) + 5ψ4

9(t) + ψ
4
10(t).

4. Wavelet Analysis

The Haar scaling function ϕ(t) is the characteristic function on [0, 1]. By translation and
dilation we get the family of functions defined (in [0, 1]) as

ϕnk(t) ≡ 2n/2ϕ(2nt − k), (0 ≤ n, 0 ≤ k ≤ 2n − 1),

ϕ(2nt − k) =
⎧
⎨

⎩

1, t ∈ Ωn
k
,

0, t /∈Ωn
k
,

Ωn
k ≡
[
k

2n
,
k + 1

2n

)

.
(4.1)

The Haar wavelet family {ψnk (t)} is the orthonormal basis [13]:

ψnk (t) ≡ 2n/2ψ(2nt − k), ∥
∥ψnk (t)

∥
∥
L2 = 1,

ψ(2nt − k) ≡

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

−1, t ∈
[
k

2n
,
k + 1/2

2n

)

,

1, t ∈
[
k + 1/2

2n
,
k + 1

2n

)

,

0, elsewhere.

(0 ≤ n, 0 ≤ k ≤ 2n − 1),
(4.2)

Without loss of generality, we can restrict ourselves to 0 ≤ n, 0 ≤ k ≤ 2n − 1 ⇒ Ωn
k ⊆ [0, 1].

Let Y ≡ {Yi}, (i = 0, . . . , 2M − 1, 2M = N < ∞, M ∈ N), be a finite energy time-series;
ti = i/(2M − 1), is the regular equispaced grid of dyadic points.
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−10

10

1 3

Figure 6: z(t).

The discrete Haar wavelet transform is the operator WN which maps the vector Y into
the vector of the wavelet coefficients {α, βn

k
}:

WNY =
{
α, β0

0, . . . , β
M−1
2M−1−1

}
, Y = {Y0, Y1, . . . , YN−1}, (4.3)

However in order to reduce the computational complexity it has been proposed [14] the short
wavelet transform as follows. Let the set Y = {Yi} ofN data be segmented into σ segments (in
general) of different length. Each segment Ys, s = 0, . . . , σ−1 is made of ps = 2ms , (

∑
s ps =N),

data:

Y = {Yi}i=0,...,N−1 =
σ−1⊕

s=0
{Ys}, Ys ≡ {Ysps , Ysps+1, . . . , Ysps+ps−1

}
, (4.4)

being, in general, ps /= pr . The short discrete Haar wavelet transform of Y is (see [14])Wps,σY,

Wps,σ ≡
σ−1⊕

s=0

Wp
s , Y =

σ−1⊕

s=0

Ys,

Wps,σY =

(
σ−1⊕

s=0

Wps

)

Y =

(
σ−1⊕

s=0

WpsYs

)

,

W2ms Ys =
{
α

0(s)
0 , β

0(s)
0 , β

1(s)
0 , β

1(s)
1 , . . . , β

ms−1(s)
2ms−1−1

}
,

(4.5)

with 2ms = ps,
∑σ−1

s=0 ps =N.
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Figure 7: Numerical solution of (3.1) with γ = 102, β = 2, and α = −0.01 (a, c, e), α = 2 (b, d, f) in the interval
t ∈ [0, 8]; the initial conditions are x0 = 0, y0 = 0.

There follows that, the matrix of the wavelet transform is expressed as a direct sum
of lower-order matrices so that the short transform is a sparse matrix [14]. When the short
wavelet transform maps short interval values into a few set of wavelet coefficients, it can be
considered as a first-order approximation. However, since the wavelet transform maps the
original signal into uncorrelated sequences, the short wavelet transform describes, for each
sequence of detail coefficients, its local behavior. When ps = p =N, σ = 1, the above coincides
with the ordinary wavelet transform. We assume, in the following, that ps = p = N/σ, s =
0, . . . , σ − 1, (σ > 1).
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Figure 8: Phase orbits of (3.1) with γ = 102, β = 2,and α = −0.01 (a), α = 2 (b) in the interval t ∈ [0, 8]; the
initial conditions are x0 = 0, y0 = 0.
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Figure 9: Wavelet coefficients of (3.1) with γ = 102, β = 2, and α = −0.01 in the interval t ∈ [0, 8]; the initial
conditions are x0 = 0, y0 = 0.
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Figure 10: Wavelet coefficients of (3.1) with γ = 102, β = 2, and α = 2 in the interval t ∈ [0, 8]; the initial
conditions are x0 = 0, y0 = 0.

4.1. Critical Analysis through the Wavelet Coefficients

Let us take the short Haar wavelet transform for the two time series, obtained by using the
Runge-Kutta 4th order method, with the accuracy 10−6, of system (3.1) with the following
values of parameters-initial conditions:

γ = 102, β = 2, x0 = 0, y0 = 0, t ∈ [0, 8]. (4.6)

The two time series correspond to the two values of α : α = −0.01 and α = 2. It can be seen
from Figures 9 and 10 that the jump is more visible in some coefficients. For instance both in
Figure 9 and in Figure 10 the highest value of the amplitude of wavelet coefficients for x(t) is
in β1

0 while for y(t) is in β0
0. Probably this difference is due to the fact that x(t) is less regular

than y(t).
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5. Conclusion

In this paper the FitzHugh-Nagumo model has been considered with a high-amplitude pulse.
The analysis was done by using wavelet coefficients and it has been shown that the dynamical
system shows some kind of inertia against the rapid jumps. In fact, the jumps are detected
with some delay with respect to the time they appear.
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This study presents the application of dynamical equations able to generate alternating
deformations with increasing amplitude and delayed pulses in a certain material medium. It is
considered that an external force acts at certain time interval (similar to a time series) upon the
material medium in the same area. Using a specific differential equation (considering nonzero
initial values and using a function similar to the coherence function between the external force
and the deformations inside the material), it results that modulated amplitude oscillations appear
inside the material. If the order of the differential dynamical equation is higher, supplementary
aspects as different delayed pulses and multiscale behaviour can be noticed. These features are
similar to non-Markov aspects of quantum transitions, and for this reason the mathematical
model is suitable for describing both quantum phenomena and macroscopic aspects generated by
sequence of pulses. An example of a quantum system, namely, the Hydrogen atom, is discussed.

1. Introduction

For simulating the generation of specific deformations inside a material medium under the
action of external forces it can be considered that some short wavelength vibrations appear
in the area where the force acts. The corresponding deformation is generated inside the
material medium, using linear differential equations or equations with partial derivatives
(similar to the wave equation or to the equation of diffusion). Yet such linear equations cannot
explain the distance between the space area where the external force acts and the space area
where fracture phenomena appear. Using differential equations of higher order, some slow
variations of deformation along a certain direction could be obtained. Due to the fact that
the mathematical model should explain the sharp deformations at a certain distance of the
point of space where the force acts (leading to fracture phenomena), some different types
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of differential equations had been investigated. An analysis of oscillations generated by step
functions acting upon second-order systems working at limt of stability was presented in [1].

Better qualitative results were obtained using dynamical equations able to generate
practical test functions (similar to wavelets) and delayed pulses (when a free term which
corresponds to an external force is added) [2] for justifying fracture phenomena appearing
in a certain material medium [3]. It has been considered that an external force (described
by a short wavelength sine function multiplied by a gaussian function) acts upon the
material medium in a certain area. Using a specific differential equation (able to generate
symmetrical functions for a null free term) for describing the generation of the corresponding
deformation along an axis inside the material medium, it has been shown that a significant
deformation could appear at a certain distance. This significant deformation justifies the
fracture phenomena, while the inner structure of the material cannot allow significant sharp
deformations without breaking.

However, this mathematical model cannot explain the breaking effect of a sequence
of external pulses (e.g., applied as transverse force upon a beam fixed at both ends), when
the time interval between these pulses is large enough so as the final effect not to be
considered a superposition of individual effects of each pulse. It is well known from practice
that workers using traditional tools have to apply some medium-power shocks at certain
intervals upon a beam fixed at both ends, before a final great-power shock to be applied
for breaking the material. Each medium-power shock generates specific damping vibrations
inside the material medium, and the subsequent shock has to be applied right before the
annihilation of these damping vibrations by the fluctuations of the external medium (the
noise). Thus a certain degree of coherence for the effects of external pulses can be achieved,
for the maximum possible value of the amplitude of fundamental harmonic corresponding
to envelope of generated vibrations (if the time interval between external pulses is shortened,
the final value of envelope function at the end of this interval is no more equal to zero and
the difference between extreme values of envelope function decreases—thus the amplitude of
fundamental harmonic component decreases also). This implies the use of some non-Markov
aspects, while the memory of the previous similar events should be involved (similar to [4]).

For this reason, some specific differential equations based on the coherence function
between the generated deformation and the alternating input should be taken into
consideration. Since this coherence function vanishes if the output equals zero, the initial
condition should be set at a small nonzero value.

2. Mathematical Model for Generating Amplitude-Modulated
Deformations

As was shown in the previous paragraph, a differential equation modelling aspects similar to
quantum phenomena should be based on the use of coherence function as free term. For the
beginning, the external command (corresponding to the sequence of external pulses) should
be considered as a superposition of cosine functions and we will analyze just the output
generated by a certain cosine function (with the period set to the value T = 1). The free term
of the differential equation is represented by the coherence function

Ch(x) =
∫x

xin

y(t) cosωtdt =
∫x

xin

y(t) cos 2πt dt, (2.1)
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Figure 1: Output generated for second-order system by cosine function.

where variable x corresponds to time. The initial value y0 of the output function y(x) is set to
a small nonzero value y0 = 0.3 at the initial time moment x0 = 0. By choosing an undamped
second-order system with time constant T0 = 1 (the period being 2π ≈ 6T so as very weak
resonance aspects to appear) it results the equation

y′′ = − 1
T2

0

y +
∫x

0
y(t) cosωtdt = −y +

∫x

0
y(t) cos 2πt dt. (2.2)

Using simulation in MATLAB (based on Runge-Kutta functions) it results for the derivative
of the output y′(x) (denoted as z(x)) the function represented in Figure 1. The continuous
line corresponds to function z(x) = y′(x); the discontinuous line corresponds to the function
f(x) = −0.1 cos 2πx necessary for studying the correlation between z(x) and f(x).

It can be easily noticed that z(x) and f(x) exhibit in-phase oscillations. However,
the oscillations corresponding to z(x) present a supplementary aspect: the local maximum
values and the local minimum values of each oscillation (the envelopes) are both amplitude-
modulated by a periodical signal with a time period six times greater than the period T of
the external command. This means that for three successive oscillations the local maximum
values increase, and for next three successive oscillations the local maximum values decrease
(the peak-to-peak value for each oscillations being the same). This aspect can be put in
correspondence with an increasing velocity of particles vibrating in a bar under the influence
of an external alternating force, generating fracture phenomena after a few oscillations
(when the velocity becomes higher than a certain threshold value). It can be also put in
correspondence with quantum aspects, where a transition can appear just after a certain
number of oscillations for the wave-trains of particles involved in interaction. Supplementary
simulations performed for greater time periods of the proper oscillations of the second order
system show that the local maximum values and the local minimum values of each oscillation
(the envelopes) are in fact amplitude-modulated by a periodical signal corresponding to the
proper oscillations of the second order system, so the number of successive oscillations for
which the local maximum increases can vary from 2–3 to some higher values.
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Figure 2: Output generated for second-order system by sequence of alternating pulses.

At next step, the external command should be considered as a sequence of rectangular
pulses similar to δ′(x − k). Let us consider that the same second order system has the same
initial conditions at the initial moment of time xin = −1.2 and that the command function is
represented by a sequence of step pulses s(x) with amplitude A = 5 for short time before
xk = −1, 0, 1, 2, 3 . . . and with amplitude A = −5 short time after these time moments xk =
−1, 0, 1, 2, 3 . . . . This means

s = 5 for x ∈ [−1.2,−1] ∪ [−0.2, 0] ∪ [0.8, 1] ∪ [1.8, 2] ∪ [2.8, 3] . . . ,

s = −5 for x ∈ [−1,−0.8] ∪ [0, 0.2] ∪ [1, 1.2] ∪ [2, 2.2] ∪ [3, 3.2] . . . .
(2.3)

Using simulation in MATLAB (based on Runge-Kutta functions) it results for the derivative
of the output y′(x) (denoted as z(x)) the function represented in Figure 2. The continuous
line corresponds to function z(x) = y′(x); the discontinuous line corresponds to the function
f(x) = 0.02s(x) necessary for studying the correlation between z(x) and f(x). It can be
noticed that z(t) is a saw-tooth function. The external command s(x) and z(x) are no
more in-phase functions, but the main feature of Figure 1 is still present: an alternance
of three increasing local maximum values and of three decreasing local maximum values
of z(t) can be noticed, with the period of these alternances being six time greater than
the period of the external command s(x) (represented by a sequence of pulses similar to
δ′(x−k), k ∈ −1, 0, 1 . . . . It should be emphasized the fact that these aspects cannot be noticed
if the maximum and minimum values of external command s(x) are close to unity.

If the time period of the proper oscillations of the second order system decreases
so as T0 ≈ T the well-known phenomena of beat (interference between two oscillations of
slightly different frequencies generating amplitude-modulated oscillations with a frequency
corresponding to the difference between the two frequencies) or resonance (oscillations with
amplitude A → ∞) appear. For T0 < T, some proper oscillations of the second order system
modulated by the external cosine function can be noticed. While none of these mathematical
models can generate oscillations with increasing local maximum values for a few oscillations
of the external command function, they are not useful for modeling transitions.
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Figure 3: First positive alternance of z(x) generated for six-order system by cosine function.

3. Mathematical Model for Generating Multiscale
Delayed Deformations

The analysis can be extended by investigating differential equations able to generate delayed
phenomena, similar to non-Markov aspects of transitions in quantum physics (where the
intutive model requires a certain interaction time between the wave-trains corresponding
to interacting particles before a suddenly emerging transition phenomenon to occur). For
this purpose, the order of the differential equation should be increased, while a higher order
implies usually a greater transient time. So as new aspects to be revealed accurately, the order
of the differential equation is increased three times and the time constant T0 is increased

√
10

times from unity value for avoiding any resonance effect. It results the differential equation

y(6) = − 1
T2

0

y(4) +
∫x

0
y(t) cosωtdt = −0.1y(4) +

∫x

0
y(t) cos 2πt dt (3.1)

for an external command represented by the same oscillating function cos 2πt (the period
T equals 1). The initial moment of time is set to xin = 0 and the initial value of y(x) is set
to y0 = 0.3 (as in te case of second order differential equation presented at the beginning of
previous paragraph).

The simulation performed in Matlab for z(x) = y′(x) reveals new aspects. On the time
interval x ∈ (0, 40) it can be noticed a positive value for x ∈ (0, 37) with a maximum value
Mv1 ≈ 1.6 units for x1 ≈ 30 (the delay time being td1 ≈ 5) as shown in Figure 3.

On the time interval x ∈ (0, 100) it can be noticed at first sight (due to the scale of
vertical axis) a negative value for x ∈ (0, 85) (the positive values for x ∈ (0, 37) being hard
to be noticed) with a minimum value Mv2 ≈ −40 units for x2 ≈ 75 (the delay time can be
approximated as td2 ≈ 50) as shown in Figure 4.

On the time interval x ∈ (0, 150) it can be noticed at first sight (due to the scale of
vertical axis) a positive value for x ∈ (0, 130) (the negative values for x ∈ (37, 85) being hard
to be noticed) with a maximum value Mv3 ≈ 1000 units for x3 ≈ 120 (the delay time can be
approximated as td3 ≈ 100) as shown in Figure 5.
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Figure 4: First negative alternance of z(x) generated for six-order system by cosine function.
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Figure 5: Second positive alternance of z(x) generated for six-order system by cosine function.

On the time interval x ∈ (0, 200) it can be noticed at first sight (due to the scale of
vertical axis) a negative value for x ∈ (0, 185) (the positive values for x ∈ (0, 37) and x ∈
(85, 130) being hard to be noticed) with a minimum value Mv4 ≈ 30000 units for x4 ≈ 170
(the delay time can be approximated as td4 ≈ 140) as shown in Figure 6.

On the time interval x ∈ (0, 250) it can be noticed at first sight (due to the scale of
vertical axis) a positive value for x ∈ (0, 230) (the negative values for x ∈ (37, 85) and x ∈
(130, 185) being hard to be noticed) with a maximum value Mv5 ≈ 800000 units for x5 ≈ 220
(the delay time can be approximated as td5 ≈ 180) as shown in Figure 7.

And so on, it can be noticed that different alternances of z(t) can be noticed, depending
on the time interval selected for analysis. The ratio between peak values corresponding
to consecutive alternances is about |Mvk+1/Mvk| ≈ 25–30 and the time interval between
moments corresponding to peak values for consecutive alternances is about tk+1 − tk ≈ 45–50
(approximately two times greater than the period 2πT0 = 2

√
10π of the proper oscillations).

A similar value can be noticed for the difference between delay times for two consecutive
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Figure 7: Third positive alternance of z(x) generated for six-order system by cosine function.

alternances (tdk+1 − tdk ≈ 40–50). As a consequence, a higher-order differential equation with
a free term corresponding to the coherence function between an external cosine command
and the output y(x) generates for z(x) = y′(x) alternances with the same temporal pattern
and with an increasing amplitude according to a geometrical progression. For this reason, the
higher-order differential equation previously presented is suitable for modeling multiscale
phenomena and for explaining multiscale threshold transitions—see also [5, 6].

4. Quantum-Mechanical Case Study: The Hydrogen Atom

Aspects mentioned in the previous paragraphs have shown that both macroscopic and
quantum transitions require a certain set of events (similar to a time series events) or a certain
repetitive phenomenon for generating the coherence function which drives the dynamics of
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internal oscillations. When the peak values of these internal oscillations are above a certain
threshold, a possible transition to another state could appear.

However, these aspects should be valid also for standing waves corresponding to
stable quantum or macroscopic states. This means that a certain wavefunction corresponding
to a noninteracting particle should be described in an intuitive manner by a zero energy state
and should be noticed by an external observer as a term of a quantum series (each term of
such a series representing a quantum noninteracting state). For this purpose, the well-known
case of the hydrogen atom should be analyzed at first.

The principle of mass-energy equivalence normally never comes to mind when the
quantum-mechanical analysis of the hydrogen atom is undertaken. It is well known that by
applying Schrödinger’s equation to the problem of the electron in the hydrogen atom, the
Balmer energy levels are obtained by means of a purely classical (i.e., nonrelativistic) analysis
[7, 8]. There is, however, a very interesting connection between the problem of the hydrogen
atom and the principle of mass-energy equivalence that was previously unexplored. If we
write the time-dependent Schrödinger equation

i�
∂ψ

∂t
= Hψ (4.1)

and its solution

ψ = ψ0 exp
(

− i
�

∫

Hdt

)

, (4.2)

where H is the total energy of the moving particle, namely, the electron, we must ask what
conclusion can we make if we assume that the electron is in a stable orbit around the nucleus?
Obviously, we must assume that the wave function ψ = ψ0 (i.e., a constant, or stable wave
function that does not evolve over time; even though it is dependent on the radius and the
spherical harmonics). This, of course, is well known, since the electron’s wave function in
the hydrogen atom represents a standing wave and has no time dependence. Hence, the
conclusion that inevitably emerges in this case is that the total energy of the electron H must
be equal to zero everywhere along the path of the electron. In view of some fundamental
research on the principle of mass-energy equivalence that was previously published by the
author [9, 10], this conclusion, as a matter of fact, is not surprising.

In the earlier publications by the author, it was demonstrated that a number of
fundamental problems in quantum mechanics cannot be understood on the basis of the
relativistic law of mass-energy equivalence, H = mc2. The problem of the hydrogen atom
is one such problem. It was further demonstrated that H = mc2 can be regarded as a special
case of a more general law of mass-energy equivalence that does in fact explain that category
of problems that the relativistic law fails to explain. That general law is H = mv2, where
the relativistic constant c2 has been replaced by v2, with v being the velocity of the moving
particle (see [9–11] for a complete historical accounting of the origin and the applications of
that law). We will now proceed to solve the problem of the total energy of the electron in
the hydrogen atom and demonstrate that the general mass-energy equivalence law H = mv2

correlates with and explains the result predicted by Schrödinger’s equation. We will further
demonstrate that a new “zero-energy wavefunction” that will be obtained under that law is
actually a quantized version of the classical wavefunction that has been known for decades.
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4.1. The Law of Mass-Energy Equivalence and the “Zero-Energy”
Wave Equation

It is not difficult to see how the general mass-energy equivalence law H = mv2 (which,
admittedly, may seem strange to the readers who are not familiar with it) correlates with
the result predicted by Schrödinger’s equation. In the hydrogen atom, the electron is in
equilibrium due to the equality of the two forces

e2

r2
=
mv2

r
, (4.3)

where e2/r2 is the Coulomb electrostatic force (here, e2 = q2/4πε0, where q is the electron’s
charge), and where mv2/r is the centrifugal force. But the electrostatic potential V acting on
the electron is equal to −e2/r, by definition. From the above equation, it is therefore clear that
V = −mv2. If we now assume that the total energy of the free electron is given by the quantity
+mv2, then it must be further clear that the total energy of the bound electron must be equal
to zero (due to the addition of the electrostatic potential V ). (It is to be pointed out that this
conclusion concerns the TOTAL ENERGY of the electron. In practice, the atom is observed to
emit and absorb energy during bound-state transitions because such transitions involve only
kinetic energy and potential energy changes. Mass-energy equivalence obviously does not
play a role in electronic bound-state transitions. That is why the present conclusions are not
in disagreement with the classical theory or with experimental results). This is the classical
view according to Bohr’s theory. Let us now examine the view according to the Schrödinger
Hamiltonian theory.

The classical Schrödinger Hamiltonian is given by

H = − �
2

2m
∇2 + V. (4.4)

This Hamiltonian represents the sum Kinetic Energy + Potential Energy, and it is the
Hamiltonian used to derive the Balmer energy levels and the classical wave function of the
electron. If we want to write the Hamiltonian in a manner that takes mass-energy equivalence
into account, the Hamiltonian will be written as follows:

H = −�
2

m
∇2 + V, (4.5)

where we have replaced the kinetic energy 1/2mv2 by the total energy mv2. But since the
total energy must be equal to zero, then we have the following wave equation:

−�
2

m
∇2ψ0 + Vψ0 = 0. (4.6)

We will now demonstrate that the wave function ψ0 that satisfies this zero-energy wave
equation is the same as the wave function derived through the classical analysis, with the
surprising restriction that the wave function itself must be radially quantized!
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4.2. The Connection between the Zero-Energy Wave Equation and the
Classical Wave Equation

For the purpose of comparison, we write the classical equation that is based on the
Schrödinger Hamiltonian together with the new wave equation that incorporates mass-
energy equivalence:

−
(

�
2

2m

)

∇2ψ0 + Vψ0 =Wψ0 (classical),

−
(

�
2

m

)

∇2ψ0 + Vψ0 = 0
(
total energy

)
,

(4.7)

where W represents the Balmer energy levels and where V = −e2/r is the potential of the
nucleus. While the two equations obviously seem to be two very different equations, we
will now demonstrate that the second equation does indeed revert to the first equation if ψ0

is restricted to be a radially quantized function, rather than a continuous function! We first
write the zero-energy equation as follows:

(
�

2

m

)

∇2ψ0 = Vψ0 = −e
2

r
ψ0. (4.8)

Since the radial distance r takes only quantized values as multiples of the Bohr radius, a =
�

2/me2, we substitute for r in the equation by using this quantity, getting

(
�

2

m

)

∇2ψ0 = −e2me
2

�2
ψ0 = −me

4

�2
ψ0. (4.9)

Dividing both sides of the equation by 2 gives

(
�

2

2m

)

∇2ψ0 = −me
4

2�2
ψ0. (4.10)

It is not difficult to verify that the coefficient of ψ0 on the r.h.s. of the equation is the Balmer
energy W . That is, we have the result that

(
�

2

2m

)

∇2ψ0 =Wψ0. (4.11)

Now, by virtue of (4.11), the zero-energy wave equation in (4.7) can be finally written as

−
(

�
2

2m

)

∇2ψ0 + Vψ0 = +

(
�

2

2m

)

∇2ψ0 =Wψ0. (4.12)

This last equation is of course the classical wave equation.
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Figure 8: The classical wave function ψ0 and the quantized solution of the zero-energy wave equation. The
latter exists only at integer multiples of the Bohr radius and inhabits the space defined by the former.

If we decompose the zero-energy wave equation into its radial and spherical-harmonic
components, it becomes a simple matter to verify that the classical unnormalized wave
function

ψ0(r) = exp

(

−me
2

�2
r

)

(4.13)

will indeed satisfy the radial wave equation at r = na, or integer multiples of the Bohr
radius (see the proof in the appendix). The fact that the classical wave function satisfies the
zero-energy wave equation at multiples of the Bohr radius can be understood physically as
follows: the classical wave function is a continuous, differentiable function that defines the
boundary of a space that theoretically extends from r = 0 to r = ∞ (see the plot in Figure 8).
The solution of the zero-energy wave equation, on the other hand, is a discrete, sparse set
in r that is defined only at integer multiples of the Bohr radius (see Figure 8). This discrete
function therefore inhabits the space defined by the classical wave function (a simple analogy
might be a wave in a plastic sheet on top of which tiny droplets of mercury always flow to
the minimum of that wave, as if the wave was a “potential well”). This is not a surprise,
since, as was concluded earlier, the total energy of the electron is equal to zero at multiples of
the Bohr radius. The discrete solution, therefore, is indeed a solution in which the minimum
energy principle is manifested; as opposed to the classical solution in which only the kinetic
and potential energies are accounted for.

5. Conclusions

This study has presented the application of dynamical equations able to generate alternating
deformations with increasing amplitude and delayed pulses in a certain material medium.
It has been considered that an external force acts at certain time interval (similar to a
time series) upon the material medium in the same area. Using a specific differential
equation (considering nonzero initial values and using a function similar to the coherence
function between the external force and the deformations inside the material), certain
modulated amplitude oscillations were generated. For a higher order of the differential
dynamical, some delayed pulses and a specific multiscale behaviour could be noticed.
These features are similar to non-Markov aspects of quantum transitions, and for this
reason the mathematical model is suitable for describing both quantum phenomena and
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macroscopic aspects generated by sequence of pulses. The amplitude modulation of local
maximum/minimum values can be put in correspondence with PDE equations (see [12]) and
with propagating wavelets through dispersive media [13]. The multiscale analysis of delayed
pulses is similar to multiscale analysis of wave propagation [14] and breaking phenomena
can be put in correspondence with studies upon localized fractals (as in [15]) and could
be extended for solving natural integral equations (as in [16]). A time-series application
considering the Hydrogen atom as a case study was presented.

Appendix

Solution of the Zero-Energy Wave Equation and the
Quantization Condition

To solve (4.6) for ψ0,we must replace the operator∇2 by its equivalent expression in spherical
coordinates and substitute the potential V by the traditional quantity −e2/r. The process of
replacing ∇2 in (4.6) by its equivalent expression in spherical coordinates is well known in
the literature [7, 8], and we simply write the result

(

−�
2

m

d2

dr2
+
l(l + 1)�2

mr2
− e

2

r

)
(
rψ0(r)

)
= 0. (A.1)

Here, ψ0(r) is the radial component of ψ0 and l is the orbital quantum number. Typically, a
second equation is needed to solve for the spherical-harmonic component of ψ0, but since
this solution is well known in the literature it will not be discussed here. The usual approach
for solving (A.1) is to let the product rψ0(r) be equal to another function, say Γ(r). Equation
(A.1) is then rewritten as

−Γ′′(r) +
(
l(l + 1)
r2

− me
2

�2
· 1
r

)

Γ(r) = 0. (A.2)

In the classical solution, the Balmer series for hydrogen is obtained by simply setting l = 0.
While the above equation cannot be solved for the Balmer energy, setting l = 0 results in

Γ′′(r) +
me2

�2
· 1
r
Γ(r) = 0. (A.3)

We now note that the quantity �
2/me2 represents the Bohr radius, a. We will follow however

the standard procedure of replacing a by na, where n is the principal quantum number. We
therefore rewrite the above equation as follows:

Γ′′(r) +
1
na
· 1
r
Γ(r) = 0. (A.4)
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Solving this simple differential equation is a simple but rather lengthy and uninformative
mathematical exercise. It can be quickly verified, however, that the classical wave function

Γ(r) = rψ0(r) = r exp
(

− r

na

)

(A.5)

does in fact satisfy (A.4), provided that the radial distance r in the final expression is replaced
by an integer multiple of the Bohr radius, or na.
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This study presents nonlinear differential equations capable to generate continuous functions
similar to pulse sequences. First are studied some basic properties of second-order differential
equations with time-dependent coefficients generating bounded oscillating functions F similar
to test-functions (the function F and its derivative F ′ being equal to zero at the same time
moments). The necessary intercorrelations between the phase of generated oscillations and the
time-dependent coefficients is presented, being shown also that the external command function
should be set to a constant value at these time moments so as to determine the amplitude and the
sign of generated oscillations. Then some possibilities of using previous differential equation for
generating positive-definite functions with null values for the function and its derivative at the
same time moments and with constant slope for its amplitude are presented, being shown that the
corresponding external command function should present also alternating components. Finally all
previous results are used for determining a set of second-order differential equations with time
dependent coefficients and a set of external command and corrective functions for generating a
pulse sequence useful for modelling time series.

1. Introduction

As was presented in [1], practical test-functions are important in signal analysis due to the
fact that such a function f and a finite number of its derivatives f ′, f ′′, . . . are equal to zero
at the beginning and the end of a certain working interval and sampling procedures can
be performed in a robust manner. In the same paper were studied invariance properties of
differential equations able to generate such practical test-functions on a limited time interval.
However, aspects presented in that initial study should be extended to functions defined
on extended time intervals, so as to investigate possibilities of generating sequences of such
practical test functions. Stress should be laid upon sequence of sharp mathematical functions
similar to pulses, while in the limit case pulse sequences can be considered as time series.
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2. Differential Equations for Generating Bounded
Oscillating Functions

For a limited time interval it was shown [2] that a second-order system working at the limit
of stability and an integrator can generate a function represented by

z =
∫2πT

0
A(1 − cos(ωt))dt (2.1)

for an external constant input u = A (the integration time interval being represented by a
period of the oscillating second-order system, while T = 1/ω) in a robust manner. At the end
of the integration, the value z(2πT) can be sampled in a robust manner, while both z(t) and
z′(t) are equal to zero. Moreover, filtering properties of such a structure are similar to those
of a structure consisting of an asymptotically stable second-order system and an integrator.

Let us check the possibility of obtaining a more general positive-definite oscillating
function as a result of a differential equation. We consider the function F(t) written as

F(t) =
[
1 − cos f(t)

]
(2.2)

(its average value is equal to unity on an unlimited time interval). This implies

F ′(t) = f ′(t) sin f(t),

F ′′(t) = f ′′(t) sin f(t) +
(
f ′(t)

)2 cos f(t).
(2.3)

We are looking for a second-order differential equation under the form

F ′′(t) = a(t)F ′(t) + b(t)(1 − F(t)) (2.4)

(similar to linear differential equations with time-invariant coefficients generating damped
oscillations, it is considered that F ′and F ′′ are equal to zero when F(t) equals its average
value, this means when F(t) = 1).

By substituting in the previous equation F(t), respectively, F ′(t), F ′′(t) with 1−cos f(t),
respectively, f ′(t) sin f(t), f ′′(t) sin f(t) + (f ′(t))2 cos f(t) it results

f ′′ sin f + f ′2 cos f = af ′ sin f + b cos f. (2.5)

For a robust solution we should equate functions multiplying sin f , respectively cos f on both
sides. It results

b = f ′2, a =
f ′′

f ′
. (2.6)
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By considering f ′ = ± b1/2 it results

f ′′ = ± b′

2b1/2
, a =

f ′′

f ′
=
b′

2b
. (2.7)

Thus the differential equation generating the output F = 1 − cos f(t) (and its derivative F ′ =
f ′(t) sin f(t)) can be written as

F ′′ =
b′

2b
F ′ + b(1 − F) (2.8)

or

F ′′ =
f ′

f ′′
F ′ + f ′2(1 − F), (2.9)

where b equals f ′2. Since b = f ′2 is a positive-definite function, at time moments when both
F(t) and F ′(t) vanishes (implying cos f(t) = 1, sin f(t) = 0) and the previous equation
becomes

F ′′ = f ′2, (2.10)

so for |f ′(t)| ≈ 0 at this time moments the second derivative F ′′ ≈ 0 and thus function F can
be approximated as zero on a large time interval.

Next step consists in studying the possibilities of generating a function F(t) repre-
sented by

F = G
(
1 − cos p(t)

)
. (2.11)

It results that

F = G −G cos p,

F ′ = G′ −G′ cos p +Gp′ sin p,

F ′′ = G′′ −G′′ cos p +G′p′ sin p +Gp′′ sin p +G′p′ sin p +Gp′2 cos p.

(2.12)

We consider a slightly changed differential equation—the term (1−F) in previous differential
equations being substituted by (G − F), where G is an external command function (it can
be noticed that the amplitude of the external command G should be proportional to the
amplitude of function F). Thus, the differential equation becomes

F ′′ =
b′

2b
F ′ + b(G − F). (2.13)
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Substituting the mathematical expressions of F(t) and F ′(t), F ′′(t) previously obtained in this
modified differential equation, it results

G′′ +
(
Gp′2 −G′′

)
cos p +

(
2G′p′ +Gp′′

)
sin p =

(
b′G′

2b

)

+
(

bG − b
′G′

2b

)

cos p +
(
b′Gp′

2b

)

sin p.

(2.14)

By equating the terms which do not depend on sin p, cos p and the functions multiplying
cos p, sin p on both sides of this equation, it results

(i)

G′′ =
b′G′

2b
, (2.15)

(ii)

Gp′2 −G′′ = bG − b
′G′

2b
, (2.16)

which implies

Gp′2 −G′′ = bG −G′′ (2.17)

(by substituting b′G′/2b from previous equation), and

Gp′2 = bG, (2.18)

then

p′2 = b, p′ = ±b1/2 (2.19)

(similar to the analysis of a possible function F = 1 − cos f(t) presented at the beginning of
this paragraph), and

(iii)

2G′p′ +Gp′′ =
b′Gp′

2b
. (2.20)

Since p′2 = b, it results b′ = 2p′p′′, and by substituting b′ with this mathematical expression in
last equation it results

2G′p′ +Gp′′ = p′′G (2.21)
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(the right-hand side of the equation was reduced by dividing both the numerator and the
denominator with 2p′2) and

2G′p′ = 0, G′p′ = 0 (2.22)

with possible solutions: G′ = 0 (G is a constant function) and/or p′ = 0 (p is a constant
function). However, we should notice that p cannot be a constant function, while function
b = p′2 cannot be equal to zero (this would correspond to a differential equation which does
not depend on the external command G).

Substituting b = p′2 in equation G′′ = b′G′/2b previously obtained (see (i)) it results

G′′ =
p′′G′

p′
(2.23)

(the right-hand side of the equation was reduced by dividing both the numerator and the
denominator with 2p′2) and

G′′p′ − p′′G′ = 0 (2.24)

which can be written also as

(
G′p′

)′ − 2G′p′′ = 0. (2.25)

Substituting G′p′ = 0 (according to the previous conclusion; see (iii)) it results

2G′p′′ = 0, G′p′′ = 0 (2.26)

with possible solutions G′ = 0 and/or p′′ = 0.
By studying possible solutions for the equations presented at (i), (ii) and (iii), it results

that (b = p′2), and (G′ = 0 and/or p′ = 0) and (G′ = 0 and/or p′′ = 0). This implies that b = p′2

(as in the previous case), and G′ = 0, so G(t) should be a constant function.
A more general second-order differential equation generating a bounded positive-

definite oscillating function F(t) = G(t)(1 − cos p(t)) is represented by

F ′′ =
b′

2b
F ′ + b(H − F) (2.27)

(it can be noticed that the external command denoted by H(t) could be different from
the function G(t) corresponding to the amplitude of F). The analysis is similar to the
one performed in the previous case (when the external command and the amplitude of
the generated function F were considered to be equal). In the same manner, F ′ and F ′′

are computed and substituted in the second-order differential equation. By equating the
functions multiplying cos p, sin p and on both sides of this mathematical expression, it results
the same equations as in the previous case (see (ii), (iii)), with the same consequences: b = p′2
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(by equating functions multiplying cos p), and G′ = 0 (by equating functions multiplying
sin p).

By equating the terms which do not depend on sin p, cos p on both sides of this
mathematical expression (for a robust solution) it results

G′′ =
b′G′

2b
+ b(H −G) (2.28)

(which differs to equation obtained in the previous case; see (i)).
Since G′ = 0, it results G′′ = 0. Substituting G′ = 0, G′′ = 0 in previous equation it results

b(H −G) = 0, (2.29)

which implies

H −G = 0, H = G (2.30)

(it was shown that b cannot be equal to zero). So for a robust solution it is necessary for the
external command H to be equal to the amplitude G(t) of F(t), both being constant functions
(H = G, so H ′ = G′ = 0).

It is also possible to equate just the functions multiplying cos p on both sides of the
mathematical expression (this implies b = p′2 and, consequently, b′ = 2p′p′′, as has been
shown). Performing a reduction of similar terms on both sides of equation, it results

G′′ +
(
2G′p′ +Gp′′

)
sin p =

b′G′

2b
+ b(H −G) +

(
b′Gp′

2b

)

sin p. (2.31)

Substituting b = p′2, b′ = 2p′p′′ it results

G′′ +
(
2G′p′ +Gp′′

)
sin p =

(
p′′G′

p′

)

+ p′2(H −G) + (
p′′G

)
sin p. (2.32)

The first fraction on right side has been obtained by dividing both numerator and
denominator by 2p′ (a nonzero expression, since p′2 /= 0, p′ /= 0 as was shown) and the
function multiplying sin p on right side has been obtained by dividing both numerator and
denominator by 2p′2 (a nonzero value, since p′2 /= 0 as was shown). It results

G′′ −
(
p′′G′

p′

)

+ p′2(G −H) + 2G′p′ sin p = 0, (2.33)

so the function H (the external command) can be written as

H =
G′′ − p′′G′/p′ + 2G′p′ sin p

p′2
+G. (2.34)
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This result can be used for determining the external command function H(t) if the function
G(t) (the amplitude of the function F to be generated) is known. However, it can be noticed
that H contains an oscillating part (2G′/p′) sin p, and so the differential equation is far of
being robust.

It can be noticed that the function F = G(t)(1 − cos p(t)) has an important property:
the function F(t) and its derivative F ′(t) = G′ − G′ cos p(t) + Gp′ sin p(t) are equal to zero
at the same time moments tk, when cos p(tk) = 1 and sin p(tk) = 0 (supposing G(t) to be
a constant function, as has been shown). Inspecting the second-order differential equation
F ′′ = (b′/2b)F ′ + b(H − F) (where b = p′2 and H is a constant function—as has been shown)
it results that at this time moments the differential equation can be written as

F ′′(tk) =
(
b′

2b

)

F ′(tk) + b(H(tk) − F(tk)) = bH(tk). (2.35)

So at this time moments (when the state variables F and F ′ of the second-order differential
equations are equal to zero) the second derivative is determined by the external command
H. This suggests that at this time moments a new function:

Fk(t) = Gk

(
1 − cos pk(t)

)
(2.36)

can be generated by a differential equation:

F ′′k(t) =

(
b′k(t)

2bk(t)

)

F ′k(t) + bk(t)(Hk − Fk(t)), (2.37)

where the time moment tk has become the origin of time for the new working interval, with
the external command function represented by the constant function Hk. The amplitude and
the sign of the external command H at the time moments when F and F ′ are equal to zero
determine the amplitude and sign of the function F on next working time interval (until
both F, F ′ become zero again). The phase p(t) of the function F and the function b(t) which
determines the differential equations on each working interval are intercorrelated by b = p′2,
as has been shown.

It can be noticed that the previous differential equations can be easily implemented
(using either analogue circuits if a high working frequency is necessary or digital circuits if
more accurate results are required). In case of analogue circuits, mathematical operations as
multiplying and/or dividing functions are available due to high performances of operational
amplifiers. The errors between the required function and the function generated by analogue
circuits cannot be avoided; however, the cumulative errors can be easily set to zero at the
end of each working interval tk, by simply setting to zero the functions F, F ′ at these time
moments (when they should present a null value, according to theory). By performing this
operation before applying a new external command function Hk, a robust implementation of
the mathematical model can be acquired.
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The same aspect is valid also if digital circuits are used. A higher accuracy can be
obtained, but numerical errors cannot be avoided and thus numerical values of F and F ′

should be set to zero at the end of each working interval (as in case of analogue circuits).

3. Functions Similar to Pulse Sequences Generated by
Second-Order Differential Equations

The mathematical expression for the second-order equation presented in previous paragraph
should be used for generating functions similar to pulse sequences or time series. For this
purpose, at first step it will be presented a differential equation able to generate a function
with a constant slope for its amplitude, this means a function which can be written as

F = G(t)
(
1 − cos p(t)

)
= t

(
1 − cos p(t)

)
(3.1)

(the slope of the amplitude G(t) has been considered to be equal to unity). It results

F ′ = 1 − cos p + tp′ sin p,

F ′′ = 2p′ sin p + tp′′ sin p + tp′2 cos p.
(3.2)

By substituting the previous expression for F ′′ into the left side of the differential equation
F ′′ = aF ′ + b(H − F) (where b = p′2, a = b′/2b = p′′/p′ as was shown), by substituting
the previous expressions for F and F ′′ on the right side of the differential equation and by
considering that the external command function H can be represented by a sum:

H = h1(t) + h2(t) sin p(t) + h3 cos p(t), (3.3)

it results

(
2p′ + tp′′

)
sin p + tp′2 cos p = (a + bh1 − bt) +

(
atp′ + bh2

)
sin p + (bh3 + bt − a) cos p.

(3.4)

By equating the terms which do not depend on sin p, cos p and the functions multiplying
cos p, sin p on both sides of this equation, it results

(i)

a + bh1 − bt = 0, (3.5)

(ii)

atp′ + bh2 = 2p′ + tp′′, (3.6)

(iii)

bh3 + bt − a = tp′2. (3.7)
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Since b = p′2, a = p′′/p′ (as was shown) from previous three equations it results that

h1 =
bt − a
b

= t − p′′

p′3
,

h2 =
2p′ + tp′′ − atp′

b
=

2p′′′ + tp′′′ − p′′′t
p′2

=
2
p′
,

tp′2 − bt + a
b

= −t + tp′2 + p′′/p′

p′2
= −t + t + p′′

p′3
=
p′′

p′3
.

(3.8)

So the external command function H(t) necessary for generating a function F = t(1−cos p(t))
by a differential second-order equation F ′′ = (p′′/p′)F ′ + (p′)2(H − F) is represented by

H = h1(t) + h2(t) sin p(t) + h3 cos p(t) = t −
(
p′′

p′3

)
(
1 − cos p

)
+
(

2
p′

)

sin p. (3.9)

However, pulse sequences are best represented by functions as

Fn(t) = A
(
sin p(t)

)n = Asinnp, (3.10)

which is similar to a constant time series for n → ∞ (the functions differs to zero just when
sin p = 1).

For A = 1, it results

Fn = sinn p ,

F ′n = p′n sinn−1 p cos p,

F ′′n = −np′2 sinn p + n(n − 1)p′2 sinn−2 pcos2p + np′′ sinn−1p cos p.

(3.11)

By substituting cos2p = 1 − sin2 p in the second term of right-hand side, it results

F ′′n = −n2p′2sinnp + n(n − 1)p′2sinn−2p + np′′sinn−1p cos p. (3.12)

The first term on right-hand side can be written as

−n2p′2sinnp = −bnFn (3.13)

(where bn = n2p′2).
The second term on right-hand side can be written as

n(n − 1)p′2sinn−2p = n2p′2sinn−2p − np′2sinn−2p = bnHn−2 − bnhn−1, (3.14)

where bn = n2p′2, Hn = sinn−2p, hn−1 = (sinn−1p)/n.
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The third term on right side can be written under the form

np′′ sinn−1 p cos p = anF ′n, (3.15)

where an = p′′/p′ and F ′n = p′nsinn−1p cos p as was shown.
So the second derivative F ′′n can be written under the form

F ′′n = anF ′n + bn(Hn−2 − hn−1 − Fn). (3.16)

It can be noticed that the function Fn can be generated by a second-order differential
equation similar to the one presented in previous paragraph. The time-dependent coefficient
an (multiplying F ′n) equals the time-dependent coefficient a of the differential equation
presented in the previous paragraph for any n; the time-dependent coefficient bn (multiplying
the difference between the external commandHn−2−hn−1 and the function Fn to be generated)
is represented by time-dependent coefficient b = p′2 of the differential equation presented in
the previous paragraph divided by n2.

Two important aspects should be emphasized.

(i) The first term of the external command functionHn−2−hn−1 is represented byHn−2 =
Fn−2 (since Fn−2 = sinn−2p = Hn−2).

(ii) The second term of the external command function Hn−2 − hn−1 is represented by a
corrective function hn−1 which can be written as: hn−1 = Fn−1/n; so, for n → ∞ the
function hn−1 → 0 and thus the external command function can be approximated
by Fn−2.

This suggests that a set of differential equations

F ′′k+2 = aF ′k+2 + bk+2

(

Fk − Fk+1

k + 2
− Fk

)

, k = 2, 3, . . . (3.17)

can be used for generating the complete set of functions Fn = sinnp starting from F2, F3. First
F2 and F3 are used for generating F4, then F3 and F4 are used for generating F5 and so on.

Such a set of differential equations can be also implemented using analogue or digital
circuits for multiplying and/or dividing functions. The errors between the required set
of functions and the functions generated by analogue or digital circuits become larger as
n increases, because the number of functions which should be previously generated also
increases (it is necessary to generate functions corresponding to n − 1, n − 2, n − 3 before
generating a function corresponding to a certain n and the errors are cumulative). For this
reason, the operation of setting to zero all generated functions should be done more often and
the working interval should be shortened (it can include just a few alternating components
of generated signal).

4. Conclusions

This study has presented nonlinear differential equations capable to generate continuous
mathematical functions similar to pulse sequences. First were studied some basic properties
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of second-order differential equations F ′′ = aF ′ + b(H − F) with time-dependent coefficients
a(t), b(t) generating bounded oscillating functions F = G(1−cos p(t)) similar to test-functions
(the function F and its derivative F ′ being equal to zero at the same time moments) and
similar to wavelets also [3]. The necessary intercorrelations between the phase of generated
oscillations and the time-dependent coefficients have been obtained as b = p′2, a = p′′/p′,
being shown also that the external command function should be set to a constant value at
these time moments so as to determine the amplitude and sign of generated oscillations. Then
some possibilities of using previous differential equation for generating positive-definite
functions with null values for the function and its derivative at the same time moments
and with constant slope for its amplitude are presented (similar to solitary waves, see also
[4]), being shown that the corresponding external command function should present also
alternating components as h2 sin p(t), h3 cos p(t). Finally all previous results are used for
determining a set of second-order differential equations with time dependent coefficients and
a set of external command and corrective functions for generating a pulse sequence useful for
modelling time series (similar to time series application to surface analysis [5] or to fracture
phenomena [6]) or for computing autocorrelation function [7] with extension to network
traffic [8]). The study is also suitable for extending wavelets dynamical aspects (see [9]) to
correlation-based computational methods (see [10]).
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This paper aims at constructing a continuous hereditary creep model for the thermoviscoelastic
contact of a rough punch and a smooth surface of a rigid half-space. The used model considers
the rough surface as a function of the applied load and temperatures. The material of the rough
punch surface is assumed to behave as Kelvin-Voigt viscoelastic material. Such a model uses
elastic springs and viscous dashpots in parallel. The fractal-based punch surface is modelled
using a deterministic Cantor structure. An asymptotic power law, deduced using approximate
iterative relations, is used to express the punch surface creep which is a time-dependent inelastic
deformation. The suggested law utilized the hypergeometric time series to relate the variables of
creep as a function of remote forces, body temperatures, and time. The model is valid when the
approach of punch surface and half space is in the order of the size of the surface roughness. The
closed-form results are obtained for selected values of the system parameters; the fractal surface
roughness and various material properties. The obtained results show good agreement with
published experimental results, and the methodology can be further extended to other structures
such as the Kelvin-Voigt medium within electronic circuits and systems.

1. Introduction

Surface topography plays a significant role in tribology, that is, in problems of friction, wear,
lubrication, and contact [1]. Therefore, the problem of analysis of rough surfaces attracts the
attention of engineers and applied mathematicians. Historically, the following engineering
parameters, statistical in nature, were used for the characterization of surface roughness: (1)
the root mean square of the heights, σ, (2) the root mean square of slopes, σ2

m, (3) and the root
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mean square of curvatures, σ2
k . However, it was realized that the topography of engineered

surfaces is too complex to be described completely by a few statistical parameters. Thus, it
was found that roughness has a multiscale nature and requires sophisticated mathematical
techniques for its description.

First attempts to model the distribution of heights of surface asperities utilize the
classical random field theory which assumed that the functions of surface model are
differentiable. In particular, this implies that limiting values for σ2

m and σ2
k should exist as

the sample interval tends to “0” [1]. However, it turned out that such limiting behavior is
in contradiction with the results of advanced investigations of surfaces. For example, the
exponential behavior of the autocorrelation function implies that the engineering parameters
should tend to infinity rather than to constant values when the sampling interval is infinitely
reduced [2]. Furthermore, it was shown that the profiles of a large number of both natural and
artificial surfaces have the following form of the spectral density functionG(ω) ∼ 1/ωυ where
υ ≈ 2, and ω is the spatial frequency (see (1.13)). It follows from this that all wavelengths are
equally represented in the profile and that there exists no characteristic scale; in other words,
after arbitrary magnification roughness looks like before. Moreover, it was found that the
values of engineering parameters depend on the measurement scale, that is, these parameters
are scale dependent [2, 3].

The fractal approach was introduced as an attempt to give a scale-invariant character-
ization of surface topography. The idea of fractality of roughness was experimentally verified
on real surfaces as well as when applied to mathematically simulated profiles [4]. Figure 1
shows a picture of popular fractals, that is, the middle-third Cantor set, the von Koch curve,
graph of the Weierstrass-Mandelbrot function C in the range 0 ≤ x ≤ 3 (p = 1.5 and γ = 0.5
where p and γ are two numerical parameters (see (1.17)) where the trend of the function is
∼ x2, and trajectories of a fractional Brownian process for different Hurst index H and fractal
dimension D [5–7]. The index H is the key parameter of the fractal surface which describes
the smoothness of the surface.

Evidently, roughness of the surface of a body has a great influence on stress fields that
arise when two deformable bodies are pressed together. Analysis of the effect of roughness
on the contact interaction of solids has attracted wide attention [8].

One of the most popular models for studying contact of rough bodies is the
Greenwood and Williamson (GW) model based on the use of the Hertz theory [9], where
it is important to mention that (GW) model is a nonscale-invariant [10]. Currently, the
development of models of contact between nominally flat fractal rough surfaces presented for
the Cantor profile is an active area of research [11]. Various contact problems utilizing Cantor
profile were considered [12–17]. All these models consider the one-level Cantor profile. It is
argued that such profile is simple for analytical analysis. However, it has a minor drawback:
all asperities of the profile have one-level character, while all real roughness has a hierarchical
structure [17].

It is accepted that fractal dimension is not a compressive geometric parameter
that could characterize alone the behavior of contacting rough bodies [1]. Moreover, the
employment of the fractal approach in the study of surfaces has several drawbacks. The
proposed model can be both fractal and nonfractal depending on values of the structural
parameters. Regardless of this, the model profile remains rough and possesses certain self-
affine properties. The iterative regular construction of the profile allows us to analyze its
prestructures, that is, prefractals, of arbitrary generation.

In this introduction, important and relevant definitions and methods that are
attributed to fractal geometry with the application to the modeling of rough surfaces will be
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Figure 1: Common fractals: (a) the middle-third Cantor set, (b) the von Koch curve, (c) the Weierstrass-
Mandelbrot function C in the range 0 ≤ x ≤ 3 (p = 1.5 and γ = 0.5), and (d) trajectories of a fractional
Brownian process for different H and D.

fully presented. Furthermore, the important differences between mathematical and utilized
physical fractals will be explicitly highlighted.

1.1. Mathematical Definition of Fractals

Mandelbrot stated that a set in a metric space is called a fractal set if the Hausdorff-Besicovitch
dimension of the set is greater than its topological dimension [18]. Let X be a compact metric
space and O be the totality of open balls in X. The Hausdorff s-measure of a subset S ⊂ X
which is defined for s ≥ 0 as the following limit:

mH(S, s) = lim
σ→ 0

inf
G∈O

{
∑

V∈G
(dimV )s : S ⊆

⋃

V∈G
V,diamV ≤ δ

}

. (1.1)

Here G is finite or denumerable subset of O. It was proven that there exists a value s0 such
that

mH(S, s) =

⎧
⎨

⎩

∞, for s < s0,

0, for s > s0.
(1.2)

The Hausdorff dimension of the set S, denoted by dimHS, is the number s0 such
that (1.2) holds. Unfortunately, the calculation of the Hausdorff dimension of mathematical
objects often demands a lot of effort. Even to find some estimations of the dimension, it is
necessary to overcome a number of rather complex mathematical difficulties [19]. This issue
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called for the use of other definitions of dimension which are useful in applied mathematics
for the characterization of fractal objects. One such alternative is the box dimension [1].
The analytical calculation of the box dimension is usually easier since the corresponding
definition of this dimension involves coverings by spheres of equal radii.

Let E be the Euclidean dimension of the space in which a set S is embedded. For δ > 0,
let N(δ) be the smallest number of E-dimensional balls or cubes of diameter d needed to
cover the set S. The box counting dimension or box dimension, denoted by dimBS, can be
defined if the following limit exists:

dimBS = lim
δ→ 0+

logN(δ)
− log δ

. (1.3)

It can be proven that dimBS does not change if one takes N(δ) to be either the
smallest number of δ-cubes that cover S: the number of δ-mesh cubes that intersect S; or
the smallest number of sets of diameter at most d that cover S; or the largest number of
disjoint δ-balls with centers in S. Unfortunately, the box dimension is not always equal to the
Hausdorff dimension. For example, the set S = { 0, 1, 1/2, . . . , 1/n . . .} has unequal values for
the Hausdorff and box dimensions for dimHS/=dimBS = 1/2. However, it can be proven that
dimHS ≤ dimBS.

As a simple alternative to the Hausdorff measure, we can introduce the s-measure ms

of a set as the following limit:

ms(S) = lim
δ→ 0+

N(δ)δs (1.4)

and define the box dimension as the value s = D such that ms(S) has a jump from 0 to ∞
similar to the behavior of mH(S, s) in (1.2).

On the other hand, the difficulties involved with calculating the Hausdorff dimension
are the reason for the opinion that the Hausdorff dimension is not generally used in
applications in the study of fractal and non fractal curves that are originated in other sciences
such as in biology, engineering, physics, quantum physics and computing [20–27].

1.2. Physical Concept of Fractals

Evidently, it is impossible to carry out the scaling procedure for any real physical object
down to infinitely small scales. Hence, the mathematical concept of the Hausdorff measure
is applicable only to mathematical models of objects rather than to the objects themselves
and, of course, the Hausdorff dimension cannot be obtained by experimental procedures.
In this sense there are no actual fractal objects in nature. For physical objects, the box
dimension cannot be calculated analytically but it is estimated by experimental or numerical
calculations. However, various errors can arise during such numerical calculations. There is
no canonical definition of physical fractals and there are numerous methods for the practical
estimation of the fractal dimension of an object. The cluster fractal dimension is taken as the
first example of a physical fractal dimension definition.

Let a whole cluster be imagined as consisting of elementary parts of the size δ∗ [1]. An
object can be modeled as a fractal cluster with dimension D when the model considers scales
R such that δ∗ < R < Δ∗ , where δ∗ and Δ∗ are the upper and lower cutoffs for the fractal
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representation. To get the value D of the dimension, the considered region is discretized into
cubes with side length δ∗. Then the smallest number of E-dimensional cubes needed to cover
the cluster (N(δ∗)) is counted. One says that the cluster is fractal if the numbers N(δ∗) satisfy
the so-called number-radius relation for different sizes of the considered region of the cluster
R as follows:

N(δ∗) ≈
(
R

δ∗

)D

, δ∗ < R < Δ∗. (1.5)

The value of D is estimated as the slope of linear growth of ln(N(δ∗)) plotted against
ln(R). The power D is usually called the cluster dimension or mass dimension.

In literature, various methods were utilized to estimate the fractal dimension of a
physical object. However, the notion of fractal dimension is not well-defined in that the
relative value does depend on the approach used. Indeed, only for the mathematical box
dimension of a fractal set S it is proven that dimBS is the same when using various specific
schemes of covering [28], while for physical fractals the estimations of the fractal dimension
inevitably involve various techniques, distinct scale ranges, and various computation rules.
Therefore, the obtained values can differ strongly and it is unlikely that they could be
fruitfully compared for distinct objects. Thus, even in the case of physical objects of a similar
nature, it would be wrong to consider the fractal dimension of these objects as their specific
property without referring to the estimation technique involved.

1.3. Self-Similarity and Self-Affinity of Surfaces

Let us recall that a one-to-one mapping M of a plane π onto a plane π ′ is called a similarity
mapping with coefficient λ > 0, or simply a similarity, when the following property holds: if
{A,B} are any two points of π , and {A′, B′} are their images under M, then |A′B′| = λ|AB|
[29]. It is known that any similarity transformation of a plane is a homogeneous (isotropic)
dilation of coordinates {x′ = λx, z′ = λz} up to a rotation and translation. A set S is called
statistically self-similar if under homogeneous scaling with the coefficient λ, where 1 > λ > 0,
it is identical from the statistical point of view to the set S′ = λS.

In practice, it is impossible to verify that all statistical moments of the two distributions
are identical. Frequently, a set S is said to be self-similar if only a few moments do not change
under scaling [30]. A one-to-one mapping M of a plane π onto a plane π ′ is called an affine
mapping, if the images of any three collinear points are collinear in turn [29]. In general, an
affine transformation of a plane may be given in any coordinate system as a nondegenerative
linear transformation. In practical studies of rough surfaces, one often considers a particular
affine mapping, with anisotropic scaling, that is given coordinate wise by x′ = λx and z′ =
λHz. Here z is a graph of a surface profile and H is some scaling exponent.

One says that a fractal is self-affine if it is invariant from the statistical point of
view under quasihomogeneous (anisotropic) scaling. It is possible to show that usually a
quasihomogeneous transformation is a particular case of Lipschitz homeomorphism [1, 17].
The Hausdorff dimension of a set S does not change under the action of the Lipschitz
homeomorphism L as follows:

dimHS = dimHL(S). (1.6)
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The ideas of self-similarity and self-affinity are very popular in studying surface
roughness because experimental investigations show that usually profiles of vertical sections
of real surfaces are statistically similar to themselves under repeatedly magnifications;
however, the profiles should be scaled differently in the direction of nominal surface plane
and in the vertical direction. The self-affine fractals were used in a number of papers as a
tool for description of rough surfaces [3, 31, 32]. Two standard examples of self-affine fractals
are the trace of the fractional Brownian motion and the Weierstrass function. The former is a
statistical fractal while the latter is a deterministic fractal.

1.4. Brownian Surfaces and Random Fractals

Fractional Brownian processes are widely used in creating computer-generated surfaces, in
particular landscapes. For example, a profile can be constructed as a graph of 1D(fBm)VH(x)
of index H, where x is taken as the time and z is the random variable of the single valued
function VH(x) with the following property:

〈
[VH(x + δ) − VH(x)] 2

〉
∼ δ2H, 0 < H < 1, (1.7)

where 〈〉 denotes averaging over the ensemble, and H is the Hurst index. The scaling
behavior of the different traces, VH(x), is characterized by a particular H which relate the
typical change in Δz(x), where z(x) = VH(x), is the trace of the fBm, and the change in the
spatial coordinate Δx by the simple scaling law [30, 33, 34]:

Δz(x) ∼ ΔxH. (1.8)

It is known that, with probability equal to “1”, the following holds [28]:

dimHVH(x) = dimBVH(x) = 2 −H. (1.9)

The autocorrelation function is one of the main tools for studying statistical models of
rough surfaces. The autocorrelation function R(δ) of the profile is

R(δ) = lim
T→∞

1
2T

∫T

−T
[z(x + δ) − z][z(x) − z]dx = 〈[z(x + δ) − z] [z(x) − z]〉 (1.10)

or

R(δ) = lim
T→∞

1
2T

∫T

−T
z(x + δ)z(x)dx − (z)2, (1.11)

where z is the average value of the profile function z(x).
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Another tool for the characterization of surfaces is the spectral density function G(ω)
which is the Fourier transform of R(δ):

G(ω) =
2
π

∫ ∞

0
R(δ) cosωδdδ,

R(δ) =
2
π

∫ ∞

0
G(ω) cosωδdω.

(1.12)

In general, it is accepted in fractional Brownian motion that [14]:

(i) if the autocorrelation function R(δ) of the profile z(x) satisfiesR(0)−R(δ) ∼ δ2 (2−s),
then it is reasonable to expect that the box dimension of the graph z(x) is equal to s,
note that one can find R(0) − R(δ) ∼ δ2H for the fBm defined by (1.7).

(ii) if the profile z(x) has spectral density:

G(ω) ∼ 1
ωυ

, (1.13)

then it is reasonable to expect that the box dimension of the graph z(x) is equal
to (5 − υ)/2 [1]. The above conclusions are valid for mathematical models of the
profile, for which the relation 2(5 − s) = υ − 1 or υ = 5 − 2s holds. The exponent υ
varies typically between 0 and 2. Usually, it is assumed that the same conclusions
concerning the box dimension are valid for physical fractals as well. It is shown that
real surfaces approximately satisfy the property in (1.13) in wide range of scales
[35]. The moments mn of the spectral density G(ω) provide a useful description of
the surface roughness:

mn =
∫∞

ω0

ωnG(ω)dω, (1.14)

where ω0 = 2π/λ0 is the wave number corresponding to the profile length λ0. It
is possible to show that m0 is the variance of heights (rms height) of the surface,
m1 is the variance of slopes (rms slope) and m3 is the variance of curvatures (rms
curvature) [36].

1.5. Weierstrass-Type Functions and Modeling of Rough Surfaces

A number of researchers have used the Weierstrass-type functions for fractal modeling
of surface roughness [3, 31, 32] and fractal modeling applications such as in quantum
computing [20, 21]. The real Weierstrass-type function can be defined as:

W
(
x; p
)
=
∞∑

n=0

p−γnh
(
pnx
)
, p > 1, 0 < γ < 1, (1.15)
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where h is a bounded Hölder function of order greater than β. The following complex
generalization of the W(x; p)was considered:

W̃
(
x; p
)
=

∞∑

n=−∞
p−γn

[(
1 − eipnt

)
eiΦn

]
, p > 1, 0 < γ < 1, (1.16)

where Φn are arbitrary phases [29].
The Weierstrass-type functions are continuous everywhere and differentiable

nowhere. In addition, their graphs are curves whose fractal dimension exceeds one. Fractal
properties of these functions including the Weierstrass-Mandelbrot (WM) function C and the
Takagi-Hopson function T:

C
(
x; p
)
=

∞∑

n=−∞
p−γn

(
1 − cos pnx

)
, p > 1, 0 < γ < 1, (1.17)

T
(
x; p
)
=

∞∑

n=−∞
p−γn

∣
∣
∣
∣p

nx −
[

pnx +
1
2

]∣
∣
∣
∣, p > 1, 0 < γ < 1, (1.18)

have been studied in numerous papers [2, 14, 29, 31]. By direct calculations, one may obtain:

∣
∣
∣W̃
(
x + δ; p

) − W̃(x; p
)∣∣
∣ ∼ δγ , (1.19)

which is similar to the behavior of (1.7) of fractional Brownian motion. The box dimension of
the Weierstrass function graphs is D = 2− γ and it is believed that their Hausdorff dimension
is the same [28, 37]. Currently, the only known bounds for the Hausdorff dimensions are
D − (c/ log p) ≤ dimH graph C ≤ D, provided that p is large and constant c is large enough
[19]. It is possible to calculate the spectral density of the WM function W̃(x; p) as follows:

G(ω) =
∞∑

n=−∞

δ
(
ω − pn)

p2(2−D)n
, (1.20)

where δ is the Dirac delta function. Some arguments for approximating this discrete spectral
density by a continuous spectral density G̃(ω) ∼ 1/ω5−2D, whose exponent (5-2D) is in
agreement with (1.13) with respect to the box dimension were suggested [2]. The following
truncated WM function

W̃1
(
x; p
)
= A(D−1)

∞∑

n=n1

p(D−2)n cos 2πpnx (1.21)

is often used for fractal characterization of the surface topography [3, 31, 32]. Here n1 is an
integer number, which corresponds to the low cutoff frequency of the profile, and A is the so-
called characteristic length scale of the profile. The number n1 depends on the length L of the
sample and is given by pn1 = 1/L and the parameter A determines the position of the spectral
density along the logG axis. It was stated that both parameters A andD of the functionW1 are
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scale-invariant characteristics of the roughness. However, the extensive experimental studies
of this fractal characterization model showed that the values of parameters A and D are not
unique and depend on instruments or resolution of a given instrument [1].

Evidently, the function C(x; p) is not homogeneous. Nevertheless, it exhibits the
property C(pkx; p) = pkγC(x; p), with k ∈ Z where Z is the set of all integers which looks
similar to the definition of a homogeneous function hd of degree d, that is, hd(λx) = λdhd(x)
for λ > 0.

Thus, the graph of the function C(x; p) near any point x0 is repeated in scaling form
near all points pkx0, k ∈ Z. This scaling (self-affine) property was often attributed to fractal
features of the graph. However, this discrete scaling property is the main property of the so-
called parametric-homogeneous (PH) functions introduced [1, 17] which strictly satisfy the
equation bd(pkx; p) = pkdbd(x; p), with k ∈ Z where d is degree of homogeneity. As examples
of 1-dimensional fractal PH-curves we can consider the graphs of functions b1 and b2 with
degrees d = 1 and d = 2, respectively:

b0
(
x; p
)
= x−γC

(
x; p
)
,

b1
(
x; p
)
= xb0

(
x; p
)
,

b2
(
x; p
)
= x2b0

(
x; p
)
.

(1.22)

Because of (1.6), these functions have the same Hausdorff dimension as the WM
function C(x; p) whose box-dimension is D.

Another consequence is that the WM function C(x; p), with C(x; p) ∼ x2-D can be
used only as an example of fractal profile and it cannot be considered as the general fractal
functional model for simulations of the rough surface profiles. The assumption that the
WM function represents the general fractal properties of rough profiles can lead to wrong
conclusions concerning surface roughness parameters and their distributions.

The solution to the problem of mechanical contact between elastically deforming solids
was obtained by Hertz [8]. Subsequently, several approaches were used to analyze the contact
interaction between the soft layer and the indenting object surface [38–42]. These methods are
based upon Radok’s technique of replacing the elastic constants in the elastic solution by the
corresponding integral or differential operators, which appear in the stress-strain relations
for linear viscoelastic materials. Furthermore, these studies assumed that the surfaces of
contacting solids are smooth, excluding from consideration all real solids, which have a
certain degree of roughness and waviness regardless of how fine their finish is [43].

Various models for the approach of the fractal punches were considered [11–16]. In
the previously cited works, different constitutive relations were considered: (1) linear elastic
material [11], (2) rigid-perfectly plastic material [13], (3) elastic-perfectly plastic material
[12], (4) linear viscoelastic creep model via Maxwell medium [14], (5) linear viscoelastic
creep model via standard linear solid (SLS) material [15], and (6) linear thermoviscoelastic
relaxation model via Maxwell medium [16].

The objective of this work is to introduce an alternative approach, using fractal
geometry, to study the deformation of a viscoelastic surface as a function of the force applied
and the bulk temperature. In this model friction force effect is assumed to be negligible. The
development of the fractal model of the rough surface is carried out using fractional Brownian
motion in conjunction with Cantor set. The Radok’s technique [44] is then used to derive the
thermoviscoelastic model from the corresponding elastic model. The main contribution of
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this work is a mathematical model for the time-dependent-creep of a rough surface (cf. (6.7)).
This model relates the creep to time, temperature, external applied load, fractal dimension of
the rough surface, and various material properties.

Section 2 presents the fractal model, where the Cantor structure is built and its fractal
dimension is presented. Section 3 presents the discrete and continuous elastic model. In
Sections 4 and 5, the effect of temperature on the viscoelastic behavior is presented and
the Arrhenius’s relation is introduced. In Section 6, the elastic viscoelastic correspondence
is presented which consists of replacing the elastic constant in the elastic solution by the
corresponding integral or differential operators from the viscoelastic stress-strain relations.
Also, in Section 6 a new continuous model for the creep contact of a thermovisco-elastic
punch is presented. In Section 7, the results obtained from the new model is presentd and
compared with an experimental results obtained from literature. In Section 8, conclusions
and future work are presented.

2. Fractal Model

The surface profile of the punch, in contact with a rigid half-space, will be constructed on
the basis of Cantor set [11]. The contacting surface is constructed by joining the segments
obtained at successive stages of the construction of a Cantor set to one another, Figure 2,
where L0 correspond to the profile nominal length, and h0 is equal to the twice rms height of
the roughness.

At each stage of profile construction, the middle section of each initial segment is
discarded so that the total length of the remaining segments is 1/a times the length of the
initial segment, where a > 1. The depth of the recesses (measured from the last step) at the
(i+ 1)th construction step of the fractal surface is 1/b times less than the depth of the ith step,
where b > 1. From this it can easily be shown that the horizontal length and recess depth of
the (i + 1)th step are, respectively

Li+1 = a−1Li = a−(i+1)L0, (2.1)

hi+1 = b−1hi = b−(i+1)h0, (2.2)

where it is assumed that the surface is smooth in a direction perpendicular to the plane of the
page. This restriction is not expected to have a significant effect since it is possible to construct
a fractal Cantor surface perpendicular to the plane of the page [11].

At the ith generation, the Cantor structure contains N = 2i segments, each of length
δi = (2a)−iL0 [11]. The profile of the surface in Figure 2 can be considered as a certain graph
of a step function.

It can be seen that, during an iterative step in constructing the surface, scaling in the
horizontal direction is Δχi+1 = (2a)−1Δχi, while in the vertical direction, the corresponding
fluctuations Δzi at the ith generation can be defined by considering the probability of
obtaining the value, zi = b−ih0.

The fluctuation Δzi at the ith generation can be obtained by assuming the Δzi scales
as the expected value ziP(zi) in which Δzi ∝ ziP(zi) [8], where P(zi) is the probability of
obtaining the value zi, that is, P(zi) = (Li − Li+1)/L0, and it is found that P(zi) = a−i(1 − 1/a).

Thus, the expected value of the fluctuation at the (i + 1)th generation is related to the
expected value of the fluctuation at the ith generation through zi+1P(zi+1) = (ab)−iziP(zi).
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Figure 2: The fractal middle-third Cantor structure, where E0 is the initiator step, E1, E2, and E3 are the
other generated step of cantor structure, L’s are the lengths of the E’s steps, h’s are the heights of E’s steps,
and F is the applied load.

Hence Δzi+1 = (ab)−iΔzi, and thus (Δzi+1/Δzi) = (Δχi+1/Δχi)
2-D, from which the self-affine

fractal dimension for the contour of the Cantor structure is derived as:

D = 1 +
ln 2

ln 2a
− ln b

ln 2a
= 1 +Dc − ln b

ln 2a
for (1 < D < 2), (2.3)

where Dc is the fractal dimension of the Cantor set (0 < Dc < 1). Equation (2.3) will be used
in the next section in the development of the approach-force model.

3. The Continuous Elastic Model

Qualitatively, two size scales are manifested in the contact problem [8]:

(1) the bulk scale, for which the elastic compression would be calculated by the Hertz
theory and its limitations,

(2) the roughness scale, where the asperities act like a compliant layer on the surface,
and so all the deformations are limited in a surface layer which represents all the
asperities; bh0 in Figure 2, and their deformation is assumed to be linear elastic [45].

In this paper, the approach of the punch of Cantor structure surface and length L0 will
be considered. It is to be noted that the obtained relation may be applied for all problems
with surfaces having the same fractal dimension. The contact between two rough surfaces
can be modeled as the contact of an effective surface with a rigid flat surface [10]. Hence, a
solution for the deformation of an equivalent surface generated using the Cantor structure
can be modified for the problem at hand. The bodies treated in this work will be assumed to
be isotropic and homogeneous, and obey linear force-displacement laws. The yield strength
σy, the modulus of elasticity E, and coefficient of thermal expansion α, are all assumed to be
independent of temperature.

Furthermore, it is assumed, with reference to Figure 2, that there exists a series of one-
dimensional elastic bars, distributed in a way such that the distance from the initiator step
E0 to the generated step E3 is indicated by h0, from E1 to E3 is indicated by h1, from E2 to E3

is indicated by h2, and so forth, [14–16]. By letting F3 be the force required to compress E3
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until E2, F2 be the force require to compress E3 and E2 until E1, and F1 be the force required to
compress E3, E2, and E1 until E0, and assuming unit depth, one obtains the following discrete
force-displacement relations:

F3 = h2k3,

F2 = (h1 − h2 )k2 + h1k3,

F1 = (h0 − h1 )k1 + (h0 − h2)k2 + h0k3,

(3.1)

where ki = ELi/bh0 is the stiffness of the ith step, E is the modulus of elasticity of the material
used, bh0 could be understood from Figure 2, and hi and Li can be calculated using (2.1) and
(2.2), respectively.

It is to be noted that thermal forces and deflections may arise in heated body
either because of a nonuniform temperature distribution, or external constraints, or as a
combination of these causes. The problem is assumed to be a steady state one with no internal
heat source.

Next, by letting ΔFi+1 = Fi−Fi+1, then from (3.1) one can conclude the general equation
for any number of steps as follows:

ΔFi+1 =
EL0

b
(b − 1)b−ia−i. (3.2)

In order to find a recursive relation as in (3.2) for the approach u, one lets Fi+1 be the
limit force for protrusion of the (i + 1)th generation. It is assumed that when the limit load is
reached, the punch approaches a distance Δui+1, equals to the difference between the heights
protrusion of ith and (i + 1)th generations. Consequently the second generation E2 deflects
a distance u2 = h1, E1 deflects a distance u1 = h0, and E0 deflects a distance u0 = bh0, so
Δu1 = u0 − u1 = h0(b − 1), and Δu2 = h0b

−1 (b − 1). Accordingly:

Δui+1 = h0(b − 1)b−i. (3.3)

The above-mentioned assumptions are sufficient to determine the dependence of the
limit load F on the approach u. The effects of the remote load and the bulk temperature will
be first studied separately and then superimposed. Using the fact that, when the limit load
increases from Fi+1 to Fi, the punch is approached by an amount Δui+1, and by utilizing (3.2)
and (3.3), the remote load effect is given by the discrete force displacement relation:

ΔFi+1

Δui+1
=
EL0

bh0
a−i. (3.4)

As i → ∞, (3.4) yields the following asymptotic behavior for the strain ε:

ε =
(
bχ

E

F

L0

)1/ (χ+1)

, (3.5)
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where the strain ε could be defined as u/h0 and χ = lna/ ln b [14–16]. It is to be noted
that, the effect of the applied external load should not exceed a limiting yield load Fy, where
Fy = σyL0.

Since the interest of this work is to consider the viscoelastic behavior, the principle
of correspondence [44] will be used in the next section to obtain a viscoelastic model
corresponding to the elastic model presented in (3.5).

4. Effect of Temperature

Temperature has a dramatic influence on rates of viscoelastic response, and in practical work
it is often necessary to adjust a viscoelastic analysis for varying temperature. This strong
dependence of temperature can also be useful in experimental characterization, for example,
if a viscoelastic transition occurs too quickly at room temperature, for easy measurement, the
experimenter can lower the temperature to slow things down and vice versa.

In some viscoelastic materials, the relation between time and temperature can be
described by correspondingly simple models. Such materials are termed “thermorheologi-
cally simple” [46]. For such simple materials, the effect of lowering the temperature is simply
to shift the viscoelastic response (plotted against log-time) to the right without change in
shape. This is equivalent to increasing the relaxation time τ , without changing the relaxation
modulus.

A time-temperature shift factor (aT ) can be defined as the horizontal shift that must
be applied to a response curve, measured at an arbitrary temperature T in order to move it to
the curve measured at some reference temperature Tref.

If the creep time obeys an Arrhenius relation, the shift factor can be shown to be [47]:

logaT =
Q

2.303R

(
1
T
− 1
T0

)

, (4.1)

where Q is the activation energy (J/mol), R is the gas constant (J/mol·K), and T is the
temperature (K).

5. Arrhenius Relation

The creep properties of materials are usually described by reference to the dependence of the
creep (ε) on the applied stress, time and temperature, which may be written as:

ε = f(σ, t, T). (5.1)

One way to simplify this function is to make it to be separable into three functions of
stress, time and temperature as follows [38]:

ε = f1(σ)f2(t)f3(T). (5.2)

Temperature has a significant effect on the creep of materials. In some steels, it is found
that the temperature has a pronounced effect than the strain rate [48].
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F F

u

Ee

η

Figure 3: The linear Kelvin-Voigt model, where η is the Newtonian viscosity, Ee is the elastic modulus, F
is the applied load and u indicates the points to be displaced.

Thermal forces and deflections may arise in a heated body either because of a
nonuniform temperature distribution, or external constraints. The problem is assumed to
be a steady state one with no internal heat. Arrhenius relation is a simple, but remarkably
accurate, formula for the temperature dependence, where according to Arrhenius law, the
temperature dependence is given as [49]:

f3(T) = B exp
(
Q

RT

)

, (5.3)

where B is a constant, Q is the activation energy and R is the ideal gas constant. The functions
f1(σ) and f2(t) will be included in (6.4) in Section 6.

It is clear that at the reference temperature, T0, the temperature function f3(T) is equal
to unity, and the creep will be a function of the stress and time, as it was shown in (5.1). From
(5.3) at the reference temperature T0, it can be easily shown that the value of the constant B
will be:

B = exp
( −Q
RT0

)

. (5.4)

6. Elastic Viscoelastic Correspondence

The simplest approach to this problem consists of replacing the elastic constant in the elastic
solution by the corresponding integral or differential operators from the viscoelastic stress-
strain relations [44]. This approach can be applied to the contact problem provided that the
loading program is such that the contact area is increasing throughout [38].

A Kelvin-Voigt linear model is employed to describe the viscoelastic behavior of
the compliant layer. Such a model is an arrangement of spring and dashpot in parallel, as
shown in Figure 3, in which η and Ee are the Newtonian viscosity and the elastic modulus,
respectively. The time-dependent force-displacement relation could be written in the operator
form using the linear differential time operator ∂t ≡ ∂/∂t as shown in (6.1) [50]:

ε =
σ

Ee + η ∂t
. (6.1)
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It is clear that simple the constant of proportionality between stress and strain does
no longer exist. The viscoelastic operator corresponding to the modulus E in (3.5) could be
written as [50]:

1
E
−→ 1

Ee

1
1 + τ ∂t

, (6.2)

where (τ ≡ η/Ee) is a characteristics parameter with units of time called the retardation time.
Creep test is a widely used standard test, wherein a force P0 is suddenly applied at time

t = 0 on the viscoelastic model and then maintained constant thereafter, while measuring the
approach as a function of time. The applied force can be expressed as a function of time with
the aid of the unit step function [U(t)]. Thus

F = P0[U(t)]. (6.3)

By substituting (6.1)–(6.3) in (3.5) one obtains

f1(σ)f2(t) =
(
u(t)
h0

)

1
=
(
bχ

τEe

P0

L0

) 1/(χ+1) t1/(1+χ)

Γ
((

2 + χ
)
/
(
1 + χ

)) 1F1

[
1

1 + χ
;

2 + χ
1 + χ

;− t
τ

]

(6.4)

Tables of Laplace transforms [51] were utilized to obtain (6.4), where Γ represent the
gamma function, and 1F1[c;d;x] is the Kummer’s confluent hypergeometric function which
could be expressed as [52]

1F1[c;d;x] = 1 +
c

d
x +

c(c + 1)x2

d(d + 1)2!
+
c(c + 1)(c + 2)x3

d(d + 1)(d + 2)3!
+ · · · (6.5)

or

1F1[c;d;x] =
∞∑

n=0

(c)n
(d)n

xn

n!
. (6.6)

By substituting the value of the constant B from (5.4) into (5.3), and substituting (3.5)
and (5.3) into (5.2), the creep stain as a function of stress, time, and temperature, is obtained
as follows:

ε = f1(σ)f2(t)f3(T) =
u(t)
h0

=
(
bχ

τEe

P0

L0

) 1/(χ+1) t1/(1+χ)

Γ
((

2 + χ
)
/
(
1 + χ

)) 1F1

[
1

1 + χ
;

2 + χ
1 + χ

;− t
τ

]

× exp
(
Q

R

(
1
T
− 1
T0

))

,

(6.7)

where u(t)/h0 is the approach, P0/L0 is the applied stress per unit depth, T is the bulk
temperature, T0 is the reference temperature, τ ≡ η/Ee is the retardation time, η is the
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Figure 4: Non-dimensional time-strain curves for Kelvin-Voigt model when ΔT = 0, with D = 1.5 and
D = 1.4, and two applied Stresses σ1 = 300 MPa and σ2 = 500 MPa.

Newtonian viscosity, Ee is the elastic modulus, Q is the activation energy, and R is the ideal
gas constant. The effect of the fractal dimension D appears through the constant χ which
combines the two scaling parameters {a, b}, that is, χ = lna/ ln b (cf. (2.3)). The results
obtained using this analytical model are presented and discussed in the next section.

7. Results and Discussion

A new continuous model for the creep contact of a thermovisco-elastic punch has been
presented in (6.7). The model presents an approximate closed form solution for the approach
u(t)/h0 of the fractal surface as a function of the applied load P0/L0. In order to use (6.7),
values for the system parametersEe, η, a and b are needed. The constant parameters a and b, in
this equation, characterize the Cantor structure of the rough surface and are related through
the fractal dimension D of the rough surface. For the Kelvin-Voigt model to be capable of
describing the experimental results of various viscoelastic materials, the viscous coefficients,
η(GPa·sec), and the elastic modulus Ee (GPa), should be selected properly. In this study the
modulus Ee is selected to be 130 GPa and the retardation time, τ ≡ η/Ee, is selected to be
of the order “1” [53]. The value of n is taken large enough for the result to converge to an
accepted accuracy; it is assumed that n = 550.

The Cantor structure, shown in Figure 2, is built from the middle-third Cantor set
where the parameter a = 1.5 is held fixed, giving a Cantor set dimension Dc = 0.63093
[18]. Two different values of the parameter b (b = 1.155 and b = 1.29) yield two different
dimensions of the Cantor structure; D = 1.5 and D = 1.4, respectively, which are used to
verify the proposed analytical model. It was pointed out [11] that only for b ≤ 2 the profile of
the surface of the contacting body is fractal.
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Figure 5: Non-dimensional time-strain curves for Kelvin-Voigt model when for three temperature
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In order to examine the validity of the presented model, results obtained using this
model for selected values of the system parameters were compared with those obtained
experimentally by the results in [12, 54]. These results displayed the approach-force relation
between a flat rough surface and an ideally smooth and rigid counter surface. The specimens
used in these experiments were made of carbon steel (0.45 percent carbon). Their surface
roughness resulted from different finishing processes; face turning, grinding, and bead-
blasting. The experiments were conducted using MATLAB for a wide range of the nominal
load, up to 600 MPa. The error in the experimental measurements was determined to be
approximately ∓0.5μm for the approach, and ∓5 MPa for the load [54]. Furthermore, the
fractal dimension, D, of a ground stainless steel surfaces is D = 1.5 [12]. The value of h0,
which corresponds to twice rms height for the ground surface, is taken as 6.6μm [54], and
the value D = 1.5 [37] is used to calculate the value of the parameter b, using (2.3), for a fixed
value of the parameter a.

Figure 4 shows a set of numerical creep data obtained by applying the model which
was presented in (6.7). In Figure 4, the strain u/h0 is plotted versus the nondimensional time
record t/τ for ΔT = 0, with two different fractal dimensions D = 1.5 and D = 1.4, and two
applied stresses σ1 = 300 MPa and σ2 = 500 MPa. As might be expected, higher strain rates
occur for higher temperatures for a constant stress.

Figure 5 shows the strain u/h0 versus the nondimensional time record t/τ . It shows,
also, a set of numerical creep data obtained applying (6.7) for three temperature differences
ΔT = 0, ΔT = 100 and ΔT = 200 with two different fractal dimensions D = 1.5 and D = 1.4,
and constant applied stress σ1 = 300 MPa. The behavior is also similar to the known typical
creep curves; it indicates that higher strain rates occur for higher temperatures.

Figure 6 is similar to Figure 5 in all of its aspects except for the applied stress, where
in this case σ = 500 MPa.
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Figure 8: Experimental results and analytical isochronous Stress-Strain curves for constant t/τ ≈ 42 for
three temperature differences ΔT = 0, ΔT = 100 and ΔT = 200, with D = 1.5.

Figures 4–6 show that higher strain rates result for higher fractal dimensions,
which could be explained from the definition of the fractal dimension itself. Lower fractal
dimensions means less roughness and consequently the bulk material dominates, while
higher fractal dimensions means excessive roughness and consequently the asperities
deformation dominate.

Figure 7 presents the isochronous stress-strain creep curves accompanied by experi-
mental results available in the literature [54] for nondimensional time durations t/τ ≈ 44
(which is held constant), fractal dimension D = 1.4, and for three temperature differences
ΔT = 0, ΔT = 100 and ΔT = 200.

Figure 8 also presents the isochronous stress-strain creep curves accompanied by
experimental results available in the literature [54] which are conducted at the room
temperature. The analytical results are shown for the nondimensional time durations t/τ ≈ 42
(which is held constant), fractal dimension D = 1.5, and for temperature differences ΔT = 0,
ΔT = 100 and ΔT = 200.

Figures 7 and 8 show good agreement between the presented proposed model and the
experimental data. For D = 1.4 the nondimensional time duration, t/τ , required to get an
agreement between the experimental results and the isochronous curves is about 44.2, while
it is about 44 for the fractal dimension D = 1.5.

It is clear that the relatively longer duration of agreement occurs for lower fractal
dimensions which could be attributed to the same reason mentioned above, that is, lower
fractal dimensions means less roughness and consequently the bulk material dominates,
while higher fractal dimensions means excessive roughness and consequently the asperities
deformation dominate. The mathematical model also shows instability when t/τ exceeds 45.
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8. Conclusions and Future Work

As well known, creep analysis is a nonlinear time-dependent phenomenon. The model which
is modified in this work presents a solution to the thermal creep-contact of rough surfaces as
a hypergeometric time series. Fractal geometry, via Cantor set, is utilized to model roughness
of the creeping contact surfaces. The results obtained by this model turn out not to be too
far from reality, since tests, at room temperatures, on the actual contact area of ground metal
surfaces show that they contain sets of parallel ragged-edged scratches of different depths.

Since the construction of the Cantor structure is periodic in its nature, it undergoes the
same construction procedure at each hierarchical level producing contact areas that are all of
the same size. Therefore, the presented analytical model provides an approximate, not exact,
simulation of the approach of the viscoelastic rough surfaces, where the presented model
shows a fairly good agreement with the available experimental results. As linearity is an
inherent assumption, it is not expected from this model to be able to describe exactly the
real material behavior; roughness and deformation. A nonlinear thermoviscoelastic stress-
strain relation is required for the reproduction of real material behavior. It is also clear that
the specific character of the fractal model has little effect on the asymptotic behavior of the
process, and the fractal dimension D which provides a measure of the rate at which a surface
is changing is of most importance. The solution obtained in this work provides further insight
into the effect that surface structure has on the deformation process, and it also provides
indications of the effect that different surface forming processes may have on the subsequent
surface deformation. Furthermore, in the averaged sense, the Cantor structure model appears
to provide fairly reasonable results.

For future work, it is intended to extend the methodology which is used in this paper
for the application to the contact-surfaces within electronic and electrical devices and circuits
such as resistors, capacitors and inductors that arise in electronic manufacturing systems.
Furthermore, it is intended to further investigate the applications of fractals in the emerging
quantum computing domain.
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We use detrended fluctuation analysis (DFA) method to detect the long-range correlation and
scaling properties of daily precipitation series of Beijing from 1973 to 2004 before and after adding
diverse trends to the original series. The correlation and scaling properties of the original series
are difficult to analyze due to existing crossovers. The effects of the coefficient and the power of
the added trends on the scaling exponents and crossovers of the series are tested. A crossover is
found to be independent of the added trends, which arises from the intrinsic periodic trend of
the precipitation series. However, another crossover caused by the multifractal vanishes with the
increasing power of added trends.

1. Introduction

Many physical and biological systems exhibit complex behavior characterized by long-range
power-law correlations. Traditional approaches such as the power-spectrum and scaled-
Hurst analysis are limited to quantify correlations in stationary signals. In recent years,
detrended fluctuation analysis (DFA) has been established as an important tool for the
detection of long-range correlations in time series with nonstationarities. DFA is a scaling
analysis method providing a quantitative parameter, the scaling exponent α, to represent
the long-range autocorrelation properties of a signal. The advantages of DFA over many
other methods are that it permits the detection of correlations in apparent nonstationary time
series and also avoids the spurious detection of seemingly long-range correlations that are
artifact of nonstationarity. DFA which is a nonparametric approach for data mining has been
successfully applied to diverse fields of interest such as DNA, heart rate dynamics, neuron
spiking, human gait, cloud structure, economical time series, and long-time weather records
as well as [1–9]. Besides, many parameter models as well as relevant prediction also have
been systematically explored such as in traffic flows with remarkable results [10–14].
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A fact exists that precipitation has a dramatic effect on agriculture and plays
a significant role in human’s activities. The study of precipitation can be utilized for
several purposes, including hydrological structure design, flood prevention, and so forth.
Precipitation has been long analyzed by traditional statistics, and effective methods as well
as prediction models have been developed in bulk to investigate its role [15–17]. There
also exist many investigations of scaling behaviors and multifractal characterization of
the precipitation records [18–20]. However, traditional time series analysis of precipitation
always produces spurious results due to the highly nonstationary nature of precipitation
signals. Matsoukas et al. [21] used detrended fluctuation analysis to quantify the correlation
properties of precipitation time series but did not describe them in detail.

In the paper, we detect the long-range correlations of the daily precipitation series
collected from 21 weather stations of Beijing through about 30 years and investigate their
correlation properties together with the influence of added trends under the method of DFA.
As external trends are the main components which affect the correlation properties of a time
series, people are trying to eliminate them to gain proper insight into the records. However,
in most cases it is difficult to distinguish the trends from the intrinsic fluctuations in data. We
add diverse trends on the contrary to the original data and systematically analyze their effect
on the correlation properties. The essence of adding the trends in the paper is a preprocessing
as the trends will be the functions of original series.

The organization of this paper is as follows: in Section 2, we briefly introduce the
DFA method. Section 3 is about the details of the precipitation data we used in this paper.
In Section 4 we detect the correlation properties by calculating the scaling exponents and
crossover times of the original series before and after adding correlated trends. We summarize
in Section 5.

2. Methodology

Experimental series are often affected by nonstationarity and fractality [22]. To investigate
the scaling behavior of fluctuations, external trends are expected to be well distinguished
from the intrinsic fluctuations of the system. If trends exist in the data, Hurst rescaled-range
analysis and other nondetrending methods might give spurious results [5–8]. Very often we
never know the reasons for underlying trends in collected data and even worse the scales
of the underlying trends. DFA is a well-established and robust method for determining the
scaling behavior of noisy data in the presence of diverse trends [17–21].

For a record {X(i)}, i = 1, 2, . . . ,N, where N denotes the length of record, the DFA
procedure briefly involves the following four steps.

Step 1. We determine the profile x(i),

x(i) =
i∑

k=1

Xk − 〈X〉, (2.1)

where 〈X〉 is the mean of the record.

Step 2. We cut the profile x(i) into Ns = [N/s] boxes of the same size s. In each box, we fit the
integrated time series by using a polynomial function, pv(i), which is regarded as the local
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trend. For order-n DFA, n order polynomial function is applied of the fitting approximation.
We subtract the local trend in each box and get the detrended fluctuation function xs(i):

xs(i) = x(i) − pv(i). (2.2)

Step 3. In each box of size s, we calculate the root mean square (rms) fluctuation F(s):

F(s) =

√
√
√
√ 1
Ns

Ns∑

i=1

x2
s(i). (2.3)

Step 4. We repeat this procedure for different box sizes s (different scales).
If a power-law relation exists between F(s) and s,

F(s) ∼ sα. (2.4)

It indicates the presence of scaling property. The parameter α, called the scaling exponent
or fluctuation exponent, represents the correlation properties of the data. For correlation
exponent γ , which is derived from the autocorrelation function, a similar approximation for
F(s) is

F(s) ∼ s1−γ/2. (2.5)

Comparing with (2.4), we find γ = 2 − 2α for 0 < γ < 1. A brief certification of the relation of
γ and α is proposed in [23]. We can determine the correlation exponent γ by measuring the
fluctuation exponent α. If α = 0.5, there is no correlation (white noise); if α < 0.5, the data is
anticorrelated; if α > 0.5, the data is long-range correlated.

3. Data Description

The precipitation data here is collected from 21 weather stations of Beijing from January1
1973 to December 31 2004, 11688 days, as illustrated in Figure 1. A vision processing based
on coded structure light has been investigated to acquire 3D data which can be referred for
further analysis if necessary [24, 25]. There may not be any precipitation record which is
different from such as temperature series. There may be a little precipitation that it is not
necessary for the weather stations to record in detail but adopting a word “minim” instead of
a specific quantity. For convenience, we regard the quantity of the days without precipitation
as 0 and the “minim” as 0.5. We treat the mean value of the 21 records every day of different
stations as a new precipitation series for analysis.

4. Data Analysis

4.1. DFA of the Original Series

First, we detect the correlation behavior of the original series. To get more information, we
use the DFA arranging from 1st to 5th order. The original series is a multifractal according
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Figure 1: illustrates the precipitation data of every day in the record years. The unit of the precipitation is
0.1 mm. From this figure, we can clearly see the seasonal trend of the data. We derive similar results from
the DFA of the original data shown in next section.

to Figure 2(a) since the scaling exponents of each order-n DFA change twice, that is, two
crossovers. At small scales s, the deviations grow stronger with the increasing DFA order
n. To decrease the impact of the deviations on the calculating of scaling exponents α(n), we
ignore some small s while fitting the curve.

Crossover times s(n)1x and s
(n)
2x are determined by the intersection of linear fits done

on both sides of the crossovers. We choose the point at the intersection in scales {s} as the
crossover times s(n)x , calculate the slope on both sides of s(n)x to get α(n), and exhibit s(n)x , α(n)

in Table 1.
s
(n)
1x and s(n)2x of each order-nDFA divide the series into three different scaling segments.

At the first segment where the time scales s < s(n)1x , 0.5 < α(n)0 < 1 corresponds to a long-range
correlation behavior which indicates that a relatively large magnitude is likely to be followed
by a large magnitude event. For the two segments on the two sides of the second crossover
s
(n)
2x , scaling exponents α(n) changes from α

(n)
0 > 1 to α(n)2 < 0.5 which means that at large time

scales s, the series is anticorrelated. The scaling behavior of the original series at large scales s
is similar to the DFA of a sinusoidal series shown in Figure 2(b). Comparing Figure 2(a) with
Figure 2(b), there exist some common properties at large scales; after a significant crossover,
both scaling exponents turn rather small. It manifests that periodic trend dominates the
scaling property at large scales after s(n)1x which is accordant to the investigations in [4]. It
also can be referred that s(n)2x is highly possible to be dominated by the seasonal trend in the
precipitation series.

4.2. DFA of the Series with Correlated Trend A[X(i)]p

The complex properties of the original series result from the crossover times s(n)1x and s
(n)
2x , so

it is difficult to understand the scaling behavior and make a valid prediction. A crossover
usually can arise from a change in the correlation properties of the series at different time
scales, that is, multifractal, or can often arise from external trends in the data [26]. Diverse
methods provide inspiration to produce discrete sequences and continuous functions [27, 28]
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Table 1: The crossover times s(n)x and the scaling exponent α(n) of the original data.

DFA1 DFA2 DFA3 DFA4 DFA5

α
(n)
0 0.6718 0.6263 0.6122 0.6318 0.6415

s
(n)
1x 84 98 146 234 274

α
(n)
1 1.1407 1.2772 1.3650 1.4857 1.4927

s
(n)
2x 406 556 704 892 965

α
(n)
2 0.1512 0.1419 0.1236 0.1263 0.1296
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Figure 2: (a) DFA of the original series. For each order-n DFA there exists two crossovers s(n)1x and s
(n)
2x

(We uses(n)x for them) which divide the curves into 3 different scaling segments whose scaling exponents
are: α(n)0 , α(n)1 and α

(n)
2 respectively (We use α(n) for them). (b) The DFA of a sinusoidal series given by the

function 10 ∗ sin(20πi/N), where N is the length of the original series

for simulation. In most cases, people generate long-range correlated experimental data with
modified Fourier filtering [29] or “ARFIMA” [30] method and superimpose diverse trends
on them which are the function of time, like linear, sinusoidal, and power-law trend. The
trends effects on the original series are tested, mainly including the crossover, complete
with diverse detrending methods based on such as SVD [9], EMD [31–33], Fourier-DFA
[34], wavelet analysis [35], and “superposition rule” [4]. In real data, the type of trend is
analyzed and proper detrending method is employed correspondingly. It is an attractive and
logical direction in solving the crossover caused by trends and deriving a constant scaling
exponent. However, at times the type of the trend is difficult to identify, and we note that the
information of the series is not fully uncovered just by the DFA method. Here we firstly
propose a new method to preprocess the data by adding a trend which is a function of
the original series. Then we test whether and how correlated trends added to the original
series will affect the correlation properties. A common power-law function A[X(i)]p is used,
where A is a coefficient and p presents the power. We apply DFA method to the new series
Y (i) = X(i) + A[X(i)]p. It is apparent that Y share the same period of trend with X but with
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Table 2: Scaling exponents α(n) and crossover times s(n)x of the series with correlated trends A[X(i)]p, A = 1
and p are integers from 1 to 6.

DFA1 DFA2 DFA3 DFA4 DFA5

p = 1

α
(n)
0 0.6718 0.6263 0.6122 0.6318 0.6415

s
(n)
1x 84 98 146 234 274

α
(n)
1 1.1407 1.2772 1.3650 1.4857 1.4927

s
(n)
2x 406 556 704 892 965

α
(n)
2 0.1512 0.1419 0.1236 0.1263 0.1296

P = 2

α
(n)
0 0.6153 0.5927 0.5856 0.5966 0.6073

s
(n)
1x 106 116 146 234 274

α
(n)
1 0.8732 0.9452 0.9890 1.0643 1.0593

s
(n)
2x 406 556 704 892 965

α
(n)
2 0.2680 0.2256 0.1687 0.1583 0.1544

P = 3
α
(n)
1 0.6031 0.6021 0.6015 0.6026 0.6024

s
(n)
2x 406 556 704 892 965

α
(n)
2 0.3361 0.2772 0.2224 0.2151 0.2197

P = 4
α
(n)
1 0.5499 0.5570 0.5565 0.5600 0.5633

s
(n)
2x 406 556 704 892 965

α
(n)
2 0.3709 0.3198 0.3010 0.3008 0.3073

P = 5
α
(n)
1 0.5271 0.5367 0.5365 0.5407 0.5454

s
(n)
2x 406 556 704 892 965

α
(n)
2 0.3951 0.3538 0.3638 0.3672 0.3721

P = 6
α
(n)
1 0.5177 0.5276 0.5279 0.5322 0.5377

s
(n)
2x 406 556 704 892 965

α
(n)
2 0.4138 0.3760 0.4012 0.4060 0.4106

different fluctuation magnitudes. As we will see later, s(n)2x dominated by periodic trend is
independent of added trend A[X(i)]p, but s(n)1x rises from the multifractal will disappear. We
make A and p variables, respectively, to operate our study as follow.

4.2.1. Effect of Power p on DFA of Y (i)

In this section, p is a variable and A is a constant 1.

(1) p Is Positive Integer

Considering the capability of order-n DFA in removing trend of (n − 1)th order, we give p
integer values ranging from 1 to 6 to take a whole view of effects of DFA on the series Y (i).

For s < 103 every order-n DFA in Figures 3(a) and 3(b), two crossovers exist while in
(c) the crossovers only remain in DFA3, DFA4, and DFA5 together with their positions being
much closer. For (d), (e), and (f), although the crossovers still exist, one cannot identify them
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Figure 3: DFA of the series with correlated trend A[X(i)]p, that is, Y (i) = X(i) + A[X(i)]p, where A = 1,
(a) p = 1, (b) p = 2, (c) p = 3, (d) p = 4, (e) p = 5, (f) p = 6.

without checking carefully. For each order-nDFA in (d), (e), and (f), only one crossover exists,
which is still marked by only s(n)2x for convenience. We illustrate the representative crossovers
by arrows. It seems that crossovers s(n)2x in all six subfigures share an identical position. We
apply the method in Section 4.1, calculate these crossovers and scaling exponents, and specify
the crossover time scales in Table 2. Since the scaling behavior of DFA3, DFA4, and DFA5 in
Figure 3(c) on both sides of s(n)1x is just the same, we calculate one scaling exponent α(n)1 for
each of them before s(n)2x in Table 2.

The positions of crossover times s(n)2x after adding diverse trends are identical to that
of the original series, which demonstrate that s(n)2x are independent of the power p of the
correlated trend. With the increasing of p from 1 to 6, the values of all scaling exponents α(n)0
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Table 3: Comparison of α(n)1 and only α(n)2 from p = 1 to p = 6 after recalculating of p = 1 and p = 2.

DFA1 DFA2 DFA3 DFA4 DFA5

α
(n)
1

P = 1 0.8775 0.8300 0.8238 0.8106 0.7885
P = 2 0.7113 0.6924 0.6907 0.6862 0.6779
P = 3 0.6031 0.6021 0.6015 0.6026 0.6024
P = 4 0.5499 0.5570 0.5565 0.5600 0.5633
P = 5 0.5271 0.5367 0.5365 0.5407 0.5454
P = 6 0.5177 0.5276 0.5279 0.5322 0.5377

α
(n)
2

P = 1 0.1512 0.1419 0.1236 0.1263 0.1296
P = 2 0.2680 0.2256 0.1687 0.1583 0.1544
P = 3 0.3361 0.2772 0.2224 0.2151 0.2197
P = 4 0.3709 0.3198 0.3010 0.3008 0.3073
P = 5 0.3951 0.3538 0.3638 0.3672 0.3721
P = 6 0.4138 0.3760 0.4012 0.4060 0.4106

and α(n)1 before s(n)2x decrease to 0.5 while all values of α(n)2 after s(n)2x have the trend to increase to
0.5. To get a clearer view of this phenomenon, for p = 1 and p = 2, we calculate a new scaling
exponent α(n)1 before s(n)2x of each order-n DFA by linear fit. They are specified, respectively in
Table 3.

The decreasing trend of α(n)1 to 0.5 and the increasing trend of α(n)2 to 0.5 are shown in
Table 3. With the increasing of p the approaching pace of α(n)2 to 0.5 seems to be slower than
that of α(n)1 .

s
(n)
1x vanishes with increasing p of the trend A[X(i)]p but s(n)2x is independent of the

added trend. It agrees well with the previous analysis that s(n)1x and s
(n)
2x , respectively arise

from the multifractal and periodic trend in precipitation series.
The scaling behavior of Y (i) is similar to that of original signal when p = 1, as

Y (i) = (A + 1)X(i). When p > 1, since the magnitude of X(i) is mostly larger than 1, the
scaling properties of A[X(i)]p will play a vital role and the influence of X(i) can be negligible
which also can be inferred from the scale of the fluctuation Fn(s). In fact, Figures 3(b)–
3(f) demonstrate the fluctuations of A[X(i)]p as well. We note that the scaling properties
of A[X(i)]p is also attractive, as it is the function of original series which can be treated a
preprocessing.

(2) p Is Number with Decimal and p > 1

The crossovers s
(n)
2x in Figure 3 are independent of power p but s

(n)
1x are not which is,

respectively, affected by the multifractal and periodic trend of original precipitation series.
Figures 3(b), 3(c), and 3(d) show a “vanishing” process of s(n)1x , where s(n)1x remains by adding
an order-p trend while disappears by an order-p + 1 trend. However, we also expect to track
the whole process of vanishing with a decimal of p. We test it in Figure 4. First we find some
common properties in three pair figures that these significant processes all take place between
m + 0.8 to m + 0.9, m = 1, 2, 3, which are very close to m + 1. As we use DFA to 5th order, the
“vanishing” process of s(n)1x just completes when the power of the trend A[X(i)]p, p, is 3.9,
close to 5 − 1 = 4. Thus we can make a hypothesis that if our DFA is order n + 1, there will
be some significant process around each p = i + 0.9, i = 1, 2, . . . , n − 1, close to i + 1 and we
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Figure 4: DFA of the series with correlated trend A[X(i)]p, that is, Y (i) = X(i)+ A[X(i)]p, where A = 1, (a)
p = 1.8. (b) p = 1.9. (c) p = 2.8. (d) p = 2.9. (e) p = 3.8. (f) p = 3.9. (a)→ (b) is the process that crossover s(1)1x

changes from 84(< 100) to 106(> 100). (c)→ (d) is the “vanishing” process of s(1)1x and s
(2)
1x while (e)→ (f) is

the “vanishing” process of s(n)1x , n = 3, 4, 5. Some typical crossovers are tagged by arrows.

get the final stable property around p = n − 0.1, close to n. It may be related to the fact that
an (n + 1)th DFA can eliminate an nth order polynomial trend due to the integration in DFA
algorithm.

(3) p < 1

As we can see from Figure 3(a), when p = 1, that the extra trend A[X(i)]p does not have
any influence on the correlation properties of the series. And as most data in our original
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Figure 5: DFA of the series with correlated trend A[X(i)]p, that is, Y (i) = X(i) + A[X(i)]p where p = 2,
(a) A = 0.01, (b) A = 10, (c) A = 100, (d) A = 10000.

precipitation, series are larger than 1.0 (0.1 mm). We can guess that when p < 1, that is,
the adding correlated trend is weaker than that of one above, the correlated trend does not
affect the correlation properties either and we prove it in Table 4.

We find from Table 4 that the crossovers s(n)x of p < 1 are just the same as the original
data. They are rather close to the original data as well by observing their scaling exponents.
The trends are so weak that there is little influence of A[X(i)]p on the correlation properties
of X(i).

4.2.2. Effect of coefficient A on DFA of Y (i)

In Section 4.2.1, we have studied the correlation properties of the series with correlated trend
A[X(i)]p, where A is a constant 1. And we find that the crossovers s(n)2x are independent of
power p of trend A[X(i)]p. So how about coefficient A?
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Figure 6: DFA of the series with correlated trend AepX(i)/x, where A = 10, (a) p = 2, (b) p = 3, (c) p = 5, (d)
p = 6, (e) p = 7, (f) p = 8.

In this section we vary A to find the relation between A and the correlation properties
of Y (i). As the correlation properties for DFA of Y (i) in Section 4.2.1 is the most complicated
when p = 2, here we just test coefficient A with p = 2.

There is a clear vision that the crossover times of (a), (b), (c), and (d) are just the
same as Figure 3(b). And the scaling exponents α(n) seem to be also the same that we exhibit
them in Table 5 to make it evident. The scaling exponents α(n) of Figures 5(a), 5(b), 5(c),
and 5(d) are not exactly the same by values but they hold the same scaling behavior with
Figure 3(b).When A is large, the scaling exponents α(n) are rather close to the ones of A = 1
in Figure 3(b). The crossovers in DFA result from the competition between the scaling of
original series and the scaling of the trend. The case of A < 0 is similar to that of A > 0
which can be inferred by the following analysis. If the original series dominates the scaling
behavior, apparently the symbol of A can be negligible. When the added trends prevail, most
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Table 4: DFA of the series with correlated trend A[X(i)]p, that is, Y (i) = X(i) + A[X(i)]pp < 1. We pick
four values of p as below.

DFA1 DFA2 DFA3 DFA4 DFA5

p = −3

α
(n)
0 0.6713 0.6261 0.6121 0.6317 0.6414

s
(n)
1x 84 98 146 234 274

α
(n)
1 1.1376 1.2730 1.3603 1.4800 1.4869

s
(n)
2x 406 556 704 892 965

α
(n)
2 0.1524 0.1429 0.1242 0.1267 0.1299

P = −1

α
(n)
0 0.6710 0.6260 0.6120 0.6315 0.6412

s
(n)
1x 84 98 146 234 274

α
(n)
1 1.1364 1.2713 1.3584 1.4778 1.4847

s
(n)
2x 406 556 704 892 965

α
(n)
2 0.1530 0.1434 0.1245 0.1270 0.1301

P = −0.5

α
(n)
0 0.6711 0.6260 0.6120 0.6315 0.6412

s
(n)
1x 84 98 146 234 274

α
(n)
1 1.1371 1.2722 1.3594 1.4791 1.4860

s
(n)
2x 406 556 704 892 965

α
(n)
2 0.1527 0.1432 0.1244 0.1269 0.1300

p = 0.5

α
(n)
0 0.6746 0.6276 0.6131 0.6330 0.6429

s
(n)
1x 84 98 146 234 274

α
(n)
1 1.1522 1.2937 1.3835 1.5068 1.5143

s
(n)
2x 406 556 704 892 965

α
(n)
2 0.1460 0.1379 0.1210 0.1244 0.1284

Table 5: Scaling exponents of Figures 5(a), 5(b), 5(c), and 5(d).

P = 2 DFA1 DFA2 DFA3 DFA4 DFA5

A = 0.01
α
(n)
0 0.6425 0.6045 0.5947 0.6081 0.6183

α
(n)
1 0.9691 1.0743 1.1243 1.2200 1.2169

α
(n)
2 0.2182 0.1884 0.1457 0.1404 0.1388

A = 10
α
(n)
0 0.6150 0.5926 0.5855 0.5965 0.6072

α
(n)
1 0.8718 0.9434 0.9871 1.0621 1.0571

α
(n)
2 0.2687 0.2262 0.1691 0.1586 0.1547

A = 100
α
(n)
0 0.6150 0.5925 0.5855 0.5964 0.6071

α
(n)
1 0.8717 0.9432 0.9869 1.0619 1.0569

α
(n)
2 0.2688 0.2263 0.1692 0.1586 0.1547

A = 10000
α
(n)
0 0.6150 0.5925 0.5855 0.5964 0.6071

α
(n)
1 0.8717 0.9432 0.9869 1.0619 1.0568

α
(n)
2 0.2688 0.2263 0.1692 0.1586 0.1547
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Figure 7: DFA of the series with correlated trendAepX(i)/x,where p = 5, (a)A = 0.01, (b)A = 1, (c)A = 100,
(d) A = 10000.

values may change the signs, but the magnitude of fluctuation and the period of trend remain
unchangeable. Of course, A = −1 and p = 1 should be excluded. So the correlation properties
with correlated trend A[X(i)]p are independent of the coefficient A.

4.3. DFA of the Series with Other Correlated Trends

Discussion of Section 2 has told that crossovers s(n)2x of the original data are independent of
the trend A[X(i)]p which presents another question which is are they still independent of
other correlated trends? In this section we test another common trend AepX(i)/x (x is the max
of X(i)) which is stronger than A[X(i)]p with the same method applied in Section 2. We test
the effects of A and p on the correlation properties of Z(i) = X(i) +AepX(i)/x, respectively, in
Figures 6 and 7.

Although Figure 7 indicates that the correlation properties of series with correlated
trend AepX(i)/x are dependent of A which are not the same as they are for trend A[X(i)]p,
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we can see form Figures 6 and 7 that the crossover times s(n)2x are just identical to the ones of
original series for each figure. So crossovers s(n)2x of the original data are independent of the
correlated trend AepX(i)/x. It is an obvious conclusion that crossovers s(n)2x are independent of
trend A log(pX(i)) as well, because it is weaker than A[X(i)]p, not to mention AepX(i)/x. Thus
we can see that crossovers s(n)2x of the original data are rather significant and they are so stable
that it is necessary to take further investigations to gain insight into them.

5. Conclusion

In summary, DFA of the original series indicates the complex correlation properties by
two obvious crossovers and three different scaling segments. The second crossover s(n)2x is
proved to be independent of the adding correlated types of trend:A log(pX(i)), A[X(i)]p,
and AepX(i)/x,while the first crossover s(n)1x disappears with added trend. They are induced by
different reasons while behave similarly if we just analyze original precipitation series. The
paper also provides a method to distinguish the multifractal and trend effects on the scaling
behavior. With the development of study on correlation, scaling exponents and crossovers
will take more significant roles in providing foundation theories for precipitation series
predictions based on correlations theories.
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Wang and Yu proposed a block cipher scheme based on dynamic sequences generated by multiple
chaotic systems, which overcomes the problem of periodical degradation on random sequences
due to computational precision. Their scheme has a feature that a plaintext is encrypted by a
keystream created from several one-dimensional chaotic maps. However, this feature results in
some weaknesses of the encryption algorithm. We show three kinds of attacks in this paper,
through which one can recover the plaintext from a given ciphertext without the secret key. We
also present an improvement on their scheme, which prevents the three attacks mentioned above.
Security of the enhanced cipher is presented and analyzed, which shows that our improved scheme
is secure under the current attacks.

1. Introduction

The chaos-based encryption scheme was first proposed in 1989 [1]. Following the work, a lot
of cryptography researchers have proposed many chaos-based encryption schemes (some of
them are the improvements on the previous ones) [2–6]. Security of all these schemes relies on
the properties of chaotic systems: the sensitive dependence on initial conditions and system
parameters, pseudorandom property, nonperiodicity and topological transitivity.

There are two types of cipher schemes in the chaos-based cryptosystems: stream
ciphers and block ciphers. In the chaotic stream ciphers [2, 7–9], a pseudorandom sequence
is generated by chaotic sequence generator to encrypt the plaintext. However, the limited
computational precision degrades the pseudorandom sequence to a periodic sequence
eventually. The chaotic block ciphers adopt chaotic maps to generate parameters used in
encryption and decryption procedures. Pareek has proposed two block ciphers based on
external keys [10, 11]. But too much time consumption in computation makes them hard
to implement in the real-time telecommunication.
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Wang and Yu proposed a new block encryption scheme in [12] (the Wang-Yu scheme)
by combining these two methods of chaotic cryptography. Their scheme provides not only
good randomness but also high computational efficiency. In their scheme, several one-
dimensional chaotic maps are used to generate pseudorandom sequences with independent
and uniform distribution. Through a series of transformations, the sequences constitute a
keystream randomly distributed in the key space. The keysteam is used to encrypt the
plaintext by executing simple operations such as Exclusive-OR (XOR) and shifting repeatedly
with sufficient rounds.

Generally speaking, a secure cipher is supposed to resist the following attacks: the
chosen plaintext attacks (CPAs), the chosen ciphertext attacks (CCAs) and the known
plaintext attacks (KPAs). Unfortunately, the Wang-Yu cipher cannot resist any of the above
attacks because the keystream remains unchanged during the execution of the encryption
procedure each time. Thus, for an attacker, knowing the keystream is equivalent to knowing
the secret key.

Our Contributions

We point out the drawbacks of the Wang-Yu block cipher based on dynamic sequences
generated by multiple chaotic systems. Their scheme is vulnerable to the following three
kinds of attacks: the chosen plaintext attacks, the chosen ciphertext attacks, and the known
plaintext attacks. In order to obtain a secure block cipher from chaotic systems, we make
efforts to improve the Wang-Yu block cipher. We design a new block cipher which makes
the keystream sensitive to any change of the plaintext and the ciphertext. Therefore, our new
block cipher is able to resist the above attacks. On the other hand, our scheme preserves the
high computational efficiency of the original one.

In Section 2, some essential notations and security definitions are introduced. In
Section 3, the Wang-Yu block cipher is reviewed. In Section 4, we analyze the Wang-Yu
scheme and show three different attacks to the scheme. In Section 5, an improved block cipher
scheme is proposed. We analyze security and discuss the efficiency of the new scheme in
Section 6. Finally, we conclude the paper in Section 7.

2. Preliminaries

2.1. Notations

We use the following notations:

P : Plaintext,

Pi: ith plaintext block,

C: Ciphertext,

Ci: ith ciphertext block,

L: Number of plaintext blocks,

r: Number of transformation rounds,

c(l): Index of a chosen chaotic map,

B
(l)
i : 64-bit temporary value in encryption/decryption transformation,

S
c(l)
i : 64-bit value generated by a chaotic map in the Wang-Yu scheme,
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Si: Keystream of ith plaintext block in the Wang-Yu scheme,

SK
c(l)
i : 64-bit value generated by a chaotic map in the improved scheme,

SKi: Key stream of ith plaintext block in the improved scheme,

xj : A real number in (0, 1) indexed by j.

2.2. Definitions and Security Notions

We review the definition of chaos and security notions for block cipher as follows.

Definition 2.1 (Chaos). Chaos is aperiodic time-asymptotic behaviour in a deterministic
system which exhibits sensitive dependence on initial conditions.

This definition contains three main elements.

(1) Aperiodic time-asymptotic behaviour: this implies the existence of phase-space
trajectories which do not settle down to fixed points or periodic orbits. For practical
reasons, we insist that these trajectories are not too rare. We also require the
trajectories to be bounded, that is, they should not go off to infinity.

(2) Deterministic: this implies that the equations of motion of the system possess no
random inputs. In other words, the irregular behaviour of the system arises from
nonlinear dynamics and not from noisy driving forces.

(3) Sensitive dependence on initial conditions: this implies that nearby trajectories in
phase-space separate exponentially fast in time; that is, the system has a positive
Lyapunov exponent.

Definition 2.2 (One-way function). A function f : {0, 1}∗ → {0, 1}∗ is one-way if f(·) can
be computed by a polynomial time algorithm, but for every randomized polynomial time
algorithmA,

Pr
[
f
(A(f(x))) = f(x)] < 1

p(n)
, (2.1)

for every polynomial p(n) and sufficiently large n, assuming that x is chosen from the
uniform distribution on {0, 1}n.

Definition 2.3 (Block cipher). A symmetric key block cipher consists of two PPT algorithms
(Ek(·), Dk(·)) with the following properties: for any random k∈R{0, 1}κ, the encryption
algorithm on input m ∈ {0, 1}n and k, outputs a ciphertext c = Ek(m); the decryption
algorithm on input c and k, outputs a plaintext m if c = Ek(m). For any k∈R{0, 1}κ and
m ∈ {0, 1}n, correctness requires the following to be hold:

m = Dk(Ek(m)). (2.2)

Definition 2.4 (One-way CPA). Let Ek(·) be a block cipher. If any adversary A (any PPT
algorithm) that is allowed to obtain the ciphertext of any message, cannot extract the plaintext
from a challenge ciphertext, we say that Ek(·) is one-way under the chosen plaintext attacks.
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Definition 2.5 (One-way CCA). Let Ek(·) be a block cipher. If any adversary A (any PPT
algorithm) that is allowed to obtain the plaintext of any ciphertext (except for the challenge
ciphertext), cannot extract the plaintext from a challenge ciphertext, we say that Ek(·) is one-
way under the chosen ciphertext attacks.

Definition 2.6 (One-way KPA). Let Ek(·) be a block cipher. If any adversary A (any PPT
algorithm) that is given a set of random plaintexts and corresponding ciphertexts (except
for the challenge ciphertext), cannot extract the plaintext from a challenge ciphertext. We say
that Ek(·) is one-way under the known plaintext attacks.

3. Review of the Wang-Yu Block Cipher

3.1. Algorithm Description

In this section, we briefly review the block cipher proposed by Wang and Yu [12]. In
their scheme, plaintext blocks are converted into ciphertext blocks after several round
transformations with XOR and shift operations. A number of 64-bit binary strings as the
keystreams are generated in such transformations.

Let us see how the keystream is generated. There are two tables in the Wang-Yu
scheme. One table consists of four one-dimensional chaotic maps. The other called chaotic
map set (CMS) includes initial values between 0 and 1, which are produced through a
random number generator from a given secret key. At the beginning, one map is randomly
chosen from the first table. An initial value is also chosen from the CMS table by certain
rules. The chosen map is then iterated with the initial value for 64 times. Each time the
map generates a new real number. If the new number is bigger than 0.5, we get 1 for the
corresponding digit. Otherwise, we get 0. Eventually, we get a 64-bit binary string after 64
iterations.

3.2. Procedure in Detail

The Wang-Yu scheme is described as follows.

(i) Encryption of Pi ∈ {0, 1}64: Ci = Ek(Pi).

(1) Initialization: B(0)
i = Pi; l = 1; d = 1; r∈R{0, 1}∗; CMS table← k.

Here, k∈R{0, 1}64 is the secret key of the block cipher.

(2) c(l)∈R[0, 3],
x0 ← value of cth column, dth row in the CMS table.

(3) For j = 1 to 64:

(a) if c(l) = 0: xj = μxj−1(1 − xj−1);
(b) if c(l) = 1: xj = μ sin(πxj−1);
(c) if c(l) = 2: xj = μ cos(π |xj−1 − 0.5|);
(d) if c(l) = 3: xj = 1 − μ|xj−1 − 0.5|.
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(4) For j = 1 to 64:

sj =

⎧
⎨

⎩

1, xj � x,

0, xj < x,
(3.1)

where x = 0.5. The keystream is Sc(l)i = s1s2 · · · s64.
(5) Encryption transformation:

B
(2l−1)
i = B(2l−2)

i ⊕ Sc(l)i ,

B
(2l)
i = B(2l−1)

i � 16 bits.
(3.2)

(6) If l = r, go to step (7);
else l ← l + 1; d ← d + 1; goto step (2).

(7) Ci = B
(2l)
i .

Here, the operation “x � y” represents a cyclic left shift of x by y bits.

(ii) Decryption of Ci ∈ {0, 1}64: Pi = Dk(Ci).

Parameter and keystream generations here are the same as those in the encryption.
The only difference is that the equations in step (5) should be replaced by

B
(2l−1)
i = B(2l)

i � 16 bits,

B
(2l−2)
i = B(2l−1)

i ⊕ Sc(l)i .
(3.3)

Here, the operation “x � y” represents a cyclic right shift of x by y bits.

3.3. Weaknesses of the Scheme

A keystream Si = (Sc(1)i , S
c(2)
i , . . . , S

c(r)
i ) in the Wang-Yu scheme is generated by a certain secret

key k. Then it is used to encrypt the plaintext according to the following rule:

Ci = ESi(Pi), for i = 1, . . . , L. (3.4)

Decryption of a ciphertext block Ci can be accomplished by calculating the corresponding
keystream Si if the key is given and doing the reverse operations of encryption ESi(·).
However, the block cipher is not secure because some problems occur in their keystream
generation and the encryption algorithm. Exactly, if we know the keystream Si, we can
recover the plaintext of a given ciphertext without the secret key.

In the next section we will show how to recover the keystream under the chosen
plaintext attack, the chosen ciphertext attack and the known plaintext attack, respectively.
We note that knowing the keystream Si generated by a certain secret key is equivalent to
knowing the key indeed [3].
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4. Cryptanalysis of the Wang-Yu Block Cipher

With the help of the keystream Si, we can recover the plaintext from a given ciphertext.
Therefore, the following attacks focus on recovering the keystream Si. Suppose that we have
a challenge ciphertext C composed by Ci (i = 1, 2, . . . , L) to “decrypt” without the secret key.
We shall calculate the keystream Si by launching one of the attacks described later.

The encryption transformation can be described as follows:

B
(0)
i = Pi,

B
(1)
i = B(0)

i ⊕ S
c(1)
i ,

B
(2)
i = B(1)

i � 16 bits,

B
(3)
i = B(2)

i ⊕ S
c(2)
i ,

B
(4)
i = B(3)

i � 16 bits,

...

B
(2r−1)
i = B(2r−2)

i ⊕ Sc(r)i ,

B
(2r)
i = B(2r−1)

i � 16 bits,

B
(2r)
i = Ci.

(4.1)

For simplicity, the encryption procedure is described as follows:

Ci = ESi(Pi) = (Pi � 16 bits)r ⊕ Si, for i = 1, . . . , L, (4.2)

where Si = ((((Sc(1)i � 16 bits)⊕Sc(2)i ) � 16 bits) · · · ⊕Sc(r)i ) � 16 bits. The operation (f)r

represents that the action of f is repeated r times.
Since the keystream does not change for every plaintext blocks, we can get it from a

given plaintext block and a corresponding ciphertext block. Then we can use it to recover the
plaintexts from other ciphertexts. A plaintext block Pi can be recovered by using the known
keystream Si and a given ciphertext block Ci as follows:

Pi = DSi(Ci) =
((

Si ⊕ Ci

)

� 16 bits
)r

, for i = 1, . . . , L. (4.3)

Then, we can recover the plaintexts without the secret key. The following explains how to
recover the plaintexts under three different attacks.
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Chosen plaintext

M =
n⋃

i=1

Mi = 000 · · ·

with the same size of C

Encryption machinery

Ciphertext of M

D =
n⋃

i=1

Di

Keystream

S =
n⋃

i=1

Si =
n⋃

i=1

Di

Ciphertext

C =
n⋃

i=1

Ci

� 16bits Repeat r times

The plaintext

P =
n⋃

i=1

Pi

Figure 1: Flowchart of chosen plaintext attacks.

4.1. How to Recover the Plaintext under CPA

Suppose that we have obtained temporary access to the encryption machine. Given index i
and a special plaintext block Mi, where Mi = (000 · · · 0)64(the ciphertext block also consists
of 64 bits), we can obtain the ciphertext block Di of the plaintext block Mi = (000 · · · 0)64 from
the encryption machine.

So, the keystream Si can be generated from Mi and Di:

Si = Di ⊕ (Mi � 16 bits)r = Di, for i = 1, 2, . . . , L. (4.4)

The recovered plaintext block can be obtained using the keystream Si and the
ciphertext block Ci as follows:

Pi =
(

(Si ⊕ Ci)� 16 bits
)r

, for i = 1, 2, . . . , L. (4.5)

The flowchart of this attack is given in Figure 1, and Figure 2 shows the simulation
results of the chosen plaintext attack on a ciphered image of size 256 × 256.
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(a) (b) (c) (d)

Figure 2: Results of the CPA: (a) the original image P ; (b) ciphered image C of P ; (c) ciphered image of M
= 0000; (d) recovered image.

4.2. How to Recover the Plaintext under CCA

Assume that we have obtained temporary access to the decryption machine. Given index
i and a special ciphertext block Di, where Di = (000 · · · 0)64(the challenge ciphertext block
also consists of 64 bits), we can obtain the plaintext block Mi of the ciphertext block Di =
(000 · · · 0)64 from the decryption machine. The keystream Si can be generated from Mi and
Di by

Si = Di ⊕ (Mi � 16 bits)r = (Mi � 16 bits)r , for i = 1, 2, . . . , L. (4.6)

The recovered plaintext block can be obtained by using the keystream Si and the
ciphertext block Ci as follows:

Pi =
(

(Si ⊕ Ci)� 16 bits
)r

, for i = 1, 2, . . . , L. (4.7)

The flowchart of this attack is given in Figure 3. Simulation results of a chosen
ciphertext attack on a ciphered image of size 512 × 512 are given in Figure 4.

4.3. How to Recover the Plaintext under KPA

The knowledge of one plaintext block and its corresponding ciphertext block with the same
length leads to potential damage of privacy for the cryptosystems. We know that given a
plaintext blockMi and its corresponding ciphertext blockDi, the keystream can be computed
as follows:

Si = (Mi � 16 bits)r ⊕Di, for i = 1, 2, . . . , L. (4.8)

The recovered plaintext block can be obtained by using the keystream Si and the
ciphertext block Ci as follows:

Pi =
(

(Si ⊕ Ci)� 16 bits
)r

, for i = 1, 2, . . . , L. (4.9)
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Chosen ciphertext

D =
n⋃

i=1

Di = 000 · · ·

Encryption machinery

Plaintext of D :

M =
n⋃

i=1

Mi

� 16bits

Keystream

S =
n⋃

i=1

Si

Ciphertext

C =
n⋃

i=1

Ci

� 16bits Repeat r times

The plaintext

P =
n⋃

i=1

Pi

Repeat r times

Figure 3: Flowchart of chosen ciphertext attacks.

(a) (b) (c) (d)

Figure 4: Results of the CCA: (a) the original image P ; (b) ciphered image C of P ; (c) plain image of the
ciphered image D = 0000; (d) recovered image.

The flowchart of this attack is given in Figure 5 and Figure 6 shows a recovered
Lena image from the ciphertext by the known plaintext attack using a known pair of
plaintext/ciphertext of Jet.

Therefore, we can draw the following conclusion from the above three attacks.

Theorem 4.1. The Wang-Yu block cipher is not secure (i.e., not one-way) under any of the following
attacks: the chosen plaintext attacks, the chosen ciphertext attacks and the known plaintext attacks.



10 Mathematical Problems in Engineering

One couple of plaintext/
ciphertext

M =
n⋃

i=1

Mi and D =
n⋃

i=1

Di

Keystream

S =
n⋃

i=1

Si =
n⋃

i=1

((Mi � 16bits)r
⊕
Di)

Ciphertext

C =
n⋃

i=1

Ci

� 16bits Repeat r times

The plaintext

P =
n⋃

i=1

Pi

Figure 5: Flowchart of known plaintext attacks.

(a) (b) (c) (d)

(e)

Figure 6: Results of the KPA: (a) the original image P ; (b) ciphered image C of P ; (c) plain image M; (d)
ciphered image D of M; (e) recovered image from C.

5. Improvement

The ciphertext is independent from the keystream, which makes the encryption algorithm
presented in [12] vulnerable to the above attacks. To enable the block cipher to be secure
against the above attacks, a reasonable solution is shown. Actually, the ciphertext is sensitive
to the change of the keystream and the plaintext in our improvement, which results in a
cipher with enhanced security. In this section, we present the modification as follows.
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(i) Encryption of Pi ∈ {0, 1}64: Ci = Ek(Pi).

(1) Initialization: B(0)
i = Pi; l = 1; r∈R{0, 1}∗; CMS table← k; P0 = 1; C0 = 1.

Here, k∈R{0, 1}64 is the secret key of the block cipher.
(2) c(l)∈R[0, 3],

d = (Pi−1 ⊕ Ci−1) mod 128,
x0 ← value of cth column, dth row in the CMS table.

(3) For j = 1 to 64:

(a) if c(l) = 0: xj = μxj−1(1 − xj−1);
(b) if c(l) = 1: xj = μ sin(πxj−1);
(c) if c(l) = 2: xj = μ cos(π |xj−1 − 0.5|);
(d) if c(l) = 3: xj = 1 − μ|xj−1 − 0.5|.

(4) For j = 1 to 64:

sj =

⎧
⎨

⎩

1, xj � x,

0, xj < x,
(5.1)

where x = 0.5. The keystream is SKc(l)
i = s1s2 · · · s64.

(5) Encryption transformation:

B
(2l−1)
i = B(2l−2)

i ⊕ SKc(l)
i ,

B
(2l)
i = B(2l−1)

i � 16 bits.
(5.2)

(6) If l = r, goto step (7);
else l ← l + 1; d ← d + 1; goto step (2).

(7) Ci = B
(2l)
i .

(ii) Decryption of Ci ∈ {0, 1}64: Pi = Dk(Ci)

Parameter and keystream generations here are the same as those in the encryption.
The only difference is that the equations in step (5) should be replaced by

B
(2l−1)
i = B(2l)

i � 16 bits,

B
(2l−2)
i = B(2l−1)

i ⊕ SKc(l)
i .

(5.3)

6. Security and Efficiency of the Improved Scheme

The block cipher algorithm in [12] is not secure since its keystream is reused each time,
which makes the keystream easy to recover. Our proposed version of the scheme is
designed in a PCBC (Propagating Cipher Block Chaining) mode [13]. Through this mode,
an attacker cannot discover the relationship among the keystream, the plaintext and the
ciphertext. In order to show that our improved cipher is secure, we consider the three
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kinds of attacks described previously to recover the keystream in our scheme. As a result,
we find that the chosen plaintext attacks, the chosen ciphertext attacks and the known
plaintext attacks all fail if the encryption algorithm and the decryption algorithm follow our
proposal.

Moreover, the described attacks are harmless for the enhanced scheme. We assume
that SKi is the keystream used in the encryption of ith block. The keystream SKi is computed
as follows:

SKi = Hk(Pi−1, Ci−1), for i = 1, 2, . . . , L. (6.1)

Here, Pi−1 and Ci−1 are the plaintext block and the ciphertext block with index i − 1,
respectively; Hk() is a one-way function from chaotic map iterations. Obviously, even if an
attacker knows Pi−1 and Ci−1, he cannot get SKi without the secret key.

Meanwhile, the above attacks cannot break our scheme since breaking the cipher is
equivalent to knowing SKi. However, knowing SKi is impossible in our proposal. Thus, the
algorithm is secure against the chosen plaintext attacks, the chosen ciphertext attacks and the
known plaintext attacks.

In our scheme, one XOR and one MOD operations are added in the encryption of
a plaintext block. The overload of the improved scheme does not influence the efficiency,
compared with the Wang-Yu scheme. But our improved scheme achieves a high level of
security.

The simulation for the proposed scheme is implemented in Matlab 7.0. Performance
is measured on a 2.0 GHz Pentium Dual-Core with 1 GB RAM running Windows XP. The
simulation results show that the average running speed of the Wang-Yu cipher and that of
our improved cipher are 20.46 MB/s and 19.54 MB/s, respectively.

7. Conclusions

In this paper, three kinds of attacks are presented to break a recently proposed block cipher
based on multiple chaotic systems. We show that the reuse of the keystream during the
encryption iteration makes the Wang-Yu scheme insecure against the chosen plaintext attacks,
the chosen ciphertext attacks and the known plaintext attacks. To enhance the security, we
introduce a new method by updating the keystream in a way sensitive to the plaintext and
the ciphertext.

Chaotic system is distinguished by its ergodicity and sensitivity to initial conditions
and system parameters. These attributes allow the chaotic time series to be a promising
alternative to the conventional cryptographic algorithms and image processing [14–21].
Fractal time series is distributed in a more random pattern than chaos time series does, due
to the nondeterministic characteristic. Fractal time series differs from the conventional time
series in the statistic properties [22–24]. Many open problems exist in this research area such
as stationarity test problem [25], power spectrum problem [26, 27] and bound problem [28].
We are looking for possible ways to apply fractal time series to stochastic number simulation
in cryptographic research.
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This paper addresses the cryptanalysis of a secure communication scheme proposed by Wu (2006),
where the information signal is modulated into a system parameter of a unified chaotic system. It
is demonstrated that a parameter observer can be designed to identify the parameter determined
by the transmitted information and then the transmitted information can be obtained. Compared
with the existing analysis using adaptive observer, the cryptanalysis based on parameter observer
is much simpler and needs less structure information of the transmitter system. With numerical
simulations, it is shown that the parameter observer has stronger practicality and robustness.
Furthermore, it is still possible to obtain the transmitted information, even if the derivative of
the transmitted signal is unknown.

1. Introduction

Over the past two decades, increasing attentions are drawn on utilizing chaos theory
on secure communication based on synchronization technique [1–4]. At the meantime,
cryptanalysis of chaotic secure communication scheme is proposed with different methods
[5, 6]. Recently, a new secure cryptosystem based on adaptive synchronization has been
proposed by Wu [7]. In this paper, we carry out a security analysis of the cryptosystem on
the concept of parameter identification. It is demonstrated that a parameter observer can
be designed to identify the parameter and then the information can be obtained. Compared
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with the existing analysis using adaptive observer, the parameter observer is much simpler
and needs less structure information of the transmitter system. With numerical simulations,
it is shown that the parameter observer has stronger practicality and robustness.

Wu proposed a new secure communication scheme in [7]. The secure communication
scheme utilizes adaptive synchronization of a unified chaotic system. The transmitter is
designed as follows:

ẋm =
(
25β(t) + a

)(
ym − xm

)
,

ẏm =
(
b − 35β(t)

)
xm − xmzm +

(
29β(t) − c)ym,

żm = xmym −
β(t) + d

3
zm,

(1.1)

where the lower scripts m stands for the transmitter system, a, b, c and d are user-specific
parameters. The information signal f(t), which satisfies m ≤ f(t) ≤M, is modulated into the
function as follows:

β(t) =
f(t) −m
M −m . (1.2)

It is obvious that β(t) varies from 0 to 1 according to f(t). As it was shown in [7],
system (1.1) then exhibits chaotic behavior with different chaotic attractors, such as Lorenz,
Lü and Chen attractors.

The identical receiver system can be constructed at the receiving end as follows:

ẋs =
(
25β1(t) + a

)(
ys − xs

)
+ u1,

ẏs =
(
b − 35β1(t)

)
xs − xszs +

(
29β1(t) − c

)
ys + u2,

żs = xsys −
β1(t) + d

3
zs + u3,

(1.3)

where the lower scripts s stands for the receiver system. u1, u2 and u3 are the nonlinear
controllers and β1(t) is the estimator for β(t) and is updated adaptively. With the assumption
that β̇(t) or ḟ(t) is known, it is proved in [7] by the Lyapunov stability theorem that the
receiver is synchronous with the transmitter, and the covered message can be obtained with
a reverse transformation of (1.2).

In [6], Liu and Tang addresses a cryptanalysis of the cryptosystem performed with
adaptive control theory. To obtain the transmitted information, an adaptive observer with
three state observers (xm, ym and zm) and five parameter estimators (a, b, c, d and β(t)) are
designed. Assuming that the dynamical evolution of the information signal is available, it
is proved that both state variables and unknown parameters of the adaptive observer will
asymptotically converge to their true values, respectively, justified by the Lyapunov stability
theory. As the result, the transmitted information can be retrieved.

In this paper, we are interested in performing the cryptanalysis of the same
cryptosystem in a simpler way, based on two questions as follows.
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Firstly, since it is β(t) that we only need to obtain the transmitted information, can we
identify β(t) without achieving the true values of the user-specific parameters a, b, c and d?

Secondly, if the structure of the system (1.1) is partly available, for instance, only the
structure of the third equation is known, is it possible to obtain the transmitted information?

Our answer is positive, and it is demonstrated in the following sections that it can be
achieved based on the concept of parameters observer.

The paper is organized as follows. In Section 2, a parameter observer is designed for
the cryptanalysis of the secure communication system (1.1) with both theoretical analysis
and numerical simulations. In Section 3, a more practical case is considered, for which the
derivative of the information signal is kept secret from attackers. Finally, the conclusion of
the paper is given in Section 4.

2. Cryptanalysis Using the Parameter Observer

Let us consider the conditions of the secure communication scheme proposed in [7], where
system (1.1) with parameters a, b, c, d and β(t) being unknown, in this section, we will show
that a parameter observer can be designed to retrieve the transmitted information.

2.1. Design of the Parameter Observer

Assuming all the state variables in system (1.1) and the dynamical evolution of the
information signal are available, let

g(t) =
β(t) + d

3
, (2.1)

and the third equation of (1.1) can be written as follows:

g(t)zm = xmym − żm. (2.2)

A parameter observer is proposed as follows:

dĝ(t)
dt

= ġ(t) − zml(zm)ĝ(t) + l(zm)
(
xmym − żm

)
, (2.3)

where ĝ(t) is the estimators for g(t), and l(zm) is a designed gain function. Let

eg(t) = g(t) − ĝ(t), (2.4)

then

ėg(t) = ġ(t) −
dĝ(t)
dt

= −zml(zm)eg(t). (2.5)
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l(zm) is the chosen function verifying that the system

ėg(t) + zml(zm)eg(t) = 0 (2.6)

is exponentially stable. Then ĝ(t) will exponentially converge to g(t) when t → ∞. A possible
choice for l(zm) is k/zm, then system (2.6) can be written as follows:

ėg(t) + keg(t) = 0, (2.7)

where k > 0 determines the converging speed.
However, it is not practical to get the information of żm, which makes observer (2.3)

practically useless. To overcome the defect, we define an instrumental variable as follows:

δ = ĝ(t) + p(zm), (2.8)

where p(zm) is a designed function verifying

l(zm) =
dp(zm)
dzm

. (2.9)

We can obtain

δ̇ =
dĝ(t)
dt

+
dp(zm)
dzm

żm = ġ(t) − zml(zm)
(
δ − p(zm)

)
+ l(zm)xmzm, (2.10)

that is,

δ̇ = ġ(t) − zml(zm)δ + l(zm)
(
zmp(zm) + xmym

)
,

ĝ(t) = δ − p(zm).
(2.11)

Obviously, choose function p(zm) such that

ėg(t) +
dp(zm)
dzm

egzm = 0 (2.12)

is exponentially stable, then ĝ(t) will exponentially converge to g(t).
Summing up the above analysis, we have the following parameter observer.
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Figure 1: Simulation results with Case 1 of Section 2: f(t) = 3 + 2 sin(0.5t).

Result 1. With known β̇(t), we can obtain ġ(t) = β̇(t)/3. The parameter observer of g(t) is
designed as follows:

δ̇ = ġ(t) − zml(zm)δ + l(zm)
(
zmp(zm) + xmym

)
,

ĝ(t) = δ − p(zm),
(2.13)

where p(zm) is a designed function verifying dp(zm)/dzm = l(zm) and l(zm) determines the
converging speed.

Based on (1.2) and (2.1), we get

β̂(t) = 3ĝ(t) − d̂, (2.14)
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Figure 2: Simulation results with Case 2 of Section 2: f(t) = 3 + 2 sin(10t).

where the minimum and maximum values of β̂(t) are 0 and 1, respectively. Note that ĝ(t) can
be obtained by the observer mentioned before and d is the constant, it is possible to determine
d̂ by the minimum and maximum values of β̂(t). Consequently, β̂(t) can be obtained. Then,
the information f(t) can be retrieved as follows:

f̂(t) = (M −m)β̂(t) +m. (2.15)

As the result, the scheme proposed in [7] is considered to be insecure.
The parameter observer proposed in this paper gives excellent performances in

following aspects.
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Figure 3: Simulation results with Case 3 of Section 2: f(t) = 5 + sin(t) + sin(4t) + sin(7t).

Firstly, the parameter observer is simple and direct. To retrieve the transmitted
information, we only need to construct one observer to identify the true value of β(t), which is
directly determined by the transmitted information. And it is unnecessary to obtain the true
value of the user-specific parameters a, b, c and d. The result answers on the first question in
Section 1.

Secondly, the parameter observer is only related to the structure of the third equation
in system (1.1), which means it is possible to construct the parameter observer, even
if part of the structure information of the transmitter system is unknown. The result
answers on the second question in Section 1. Furthermore, for the reason that the parameter
observer is designed based on the third equation, any change of parameters or structures
in the first and second equations in system (1.1) has no effect on the result of parameter
identification.
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Figure 4: Simulation results with Case 4 of Section 2: f(t) = 3+2 sin(0.5t). The parameter a changes during
parameter identification.

Thirdly, our cryptanalysis with parameter observer imposes less assumptions than the
cryptanalysis proposed in [6], where, in order to obtain the true value of the parameters,
persistently excitation or linearly independent condition are need.

As mentioned in the first and second aspects, the questions proposed in Section 1
have been resolved. Moreover, it can be concluded that the parameter observer has stronger
practicality and robustness.

2.2. Numerical Simulations with Available β̇(t)

In the following, several functions of f(t) are tested. At the meantime, a possible case, for
which the parameter a changes during the parameter identification process, is also simulated.
Furthermore, we also take the influence of the noise on the identification performance into
consideration. The parameters and initial states of system (1.1) are set the same as [6]: a = 10,
b = 28, c = 1, d = 8, xm = 1, ym = 1, zm = 2. For the parameter observer, the initial state is set
as: δ(0) = 0. It was shown above that l(zm) is a designed gain function, which determines the
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Figure 5: Simulation results with Case 4 of Section 2: f(t) = 3+ 2 sin(10t). The parameter a changes during
parameter identification.

converging speed. l(zm) is set as: l(zm) = k/zm, where different k is chosen in different cases,
according to the frequency of the information signal.

Case 1 (f(t) = 3 + 2 sin(0.5t)). For the first case, M = 5 and m = 1. According to (1.2), β(t) =
[1 + sin(0.5t)]/2. The simulation results are given in Figure 1 with k = 1000. It is shown in
Figure 1(a) that 3ĝ(t) = β̂(t) + d̂ is obtained and found to be varied in the range of [8, 9].
Considering that the minimum and maximum values of β(t) are 0 and 1, respectively, it is
estimated that d̂ = 8.00 and β̂(t) is shown in Figure 1(b). Figure 1(d) shows the estimation of
the absolute error. After the initial transient time of about 7×10−3 s, information signal can be
recovered with a fluctuation of |f(t)− f̂(t)| ≤ 0.5×10−3. A faster convergence rate is achieved,
compared with the result given in [6].
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Figure 6: Simulation results with Case 4 of Section 2: f(t) = 5 + sin(t) + sin(4t) + sin(7t). The parameter a
changes during parameter identification.

Case 2 (f(t) = 3 + 2 sin(10t)). In this case, information signal with higher frequency is
simulated and a large value is set for k as: k = 10000. As it is shown in Figure 2, f̂(t) still
closely follows f(t) with a small mismatch |f(t) − f̂(t)| ≤ 1.65 × 10−3 after a transient time of
6 × 10−4 s.

Case 3 (f(t) = 5 + sin(t) + sin(4t) + sin(7t)). In this case, a composite signal is chosen as the
information signal. It is assumed that f(t) = 5 + sin(t) + sin(4t) + sin(7t). As it is indicated in
Figure 3 with k = 8000, information signal is identified with a small mismatch of |f(t)−f̂(t)| ≤
1.1 × 10−3 after a transient time of 9 × 10−4 s.

Case 4 (The parameter a changes during parameter identification process). In the above
three cases, the success of the proposed algorithm is clearly indicated. In the following
two cases, we are going to demonstrate that the parameter observer has strong robustness.
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Figure 7: Simulation results in presence of noise with Case 5 of Section 2: f(t) = 3 + 2 sin(0.5t).

In Case 4, it is assumed that the parameter a in system (1.1) is not a constant anymore.
Instead, a is varied in the range of [9.5, 10.5]. Figure 4(a) shows that during the initial
five seconds, a = 5 and then a = 10 + 0.5 sin(0.5t). It is demonstrated in Figure 4 with
k = 1000 that the information f(t) = 3 + 2 sin(0.5t) can still be recovered with the same
mismatch as that in Case 1. Furthermore, information signal with higher frequency and
composite signal are also considered. The results with f(t) = 3 + 2 sin(10t), k = 10000 and
f(t) = 5 + sin(t) + sin(4t) + sin(7t), k = 8000 are shown in Figures 5 and 6, respectively. It
is clearly demonstrated that the information signal can be recovered successfully, even if the
parameter a changes during the identification process. Based on much simulations, we find
that any change of parameters in the first and second equations of system (1.1) has nothing
to do with the identification results.

Case 5 (Simulation results in presence of noise). In this part, we are going to consider
the influence of the noise on the identification performance of the proposed parameter
observer in practical applications. We keep the third equation of system (1.1) invariant and
add the noise into the other two equations, then the transmitter system can be written as
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Figure 8: Simulation results in presence of noise with Case 5 of Section 2: f(t) = 3 + 2 sin(10t).

follows:

ẋs =
(
25β1(t) + a

)(
ys − xs

)
+ η1,

ẏs =
(
b − 35β1(t)

)
xs − xszs +

(
29β1(t) − c

)
ys + η2,

żs = xsys −
β1(t) + d

3
zs.

(2.16)

As it is shown in Figure 7(a), the mean of the random noise ηi (i = 1, 2) is zero
mean and the sample time is 0.001. In the simulations, we set the amplitudes of the noise
as 3 and the information signal as f(t) = 3 + 2 sin(0.5t), f(t) = 3 + 2 sin(10t), f(t) =
5 + sin(t) + sin(4t) + sin(7t), respectively. We utilize the proposed parameter observer to
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Figure 9: Simulation results in presence of noise with Case 5 of Section 2: f(t) = 5+ sin(t)+ sin(4t)+ sin(7t).

recover the information signal. Figures 7, 8, and 9 show the identification results when the
information signals are f(t) = 3 + 2 sin(0.5t), f(t) = 3 + 2 sin(10t), f(t) = 5 + sin(t) + sin(4t) +
sin(7t), respectively. It is indicated that for the transmitter system in presence of noise, the
information signal can still be retrieved with the same mismatch as Cases 1, 2, and 3. Based
on the simulations, we can conclude that the proposed observer in this paper is robust to
noise.

Compared with the performance of adaptive observer proposed in [6], it takes less
time for the parameter observer to recover the transmitted information. Moreover, the
proposed parameter observer is robust to any change of parameters and noise in the first
and second equations in system (1.1). However, the information estimation error is larger
than [6], but still tolerable. To identify the information easily and quickly, accuracy is the
only sacrifice.
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Figure 10: Simulation results with Case 1 of Section 3: f(t) = 3 + 2 sin(0.5t).

3. Cryptanalysis in Case of Unavailable β̇(t)

In the design process of parameter observer mentioned in Section 2, the value of β̇(t) is
assumed to be available. However, from the view of real communication, it is sometimes
impractical to get the information of β̇(t) [8]. Hence, in this section, we are going to consider
the case with unknown β̇(t).

3.1. Design of Parameter Observer

With β̇(t) being unknown, it is impossible to get the information of ġ(t). The parameter
observer of g(t) is designed as follows:

δ̇ = −zml(zm)δ + l(zm)
(
zmp(zm) + xmym

)
,

ĝ(t) = δ − p(zm),
(3.1)
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Figure 11: Simulation results with Case 2 of Section 3: f(t) = 3 + 2 sin(10t).

where the designed function l(zm) determines the converging speed. The observer identifies
g(t) at an exponential velocity. Consequently, when the frequency of g(t) is low and a large
gain function l(zm) is used, g(t) can be coarsely identified. Consequently, the transmitted
information is coarsely achieved.

3.2. Numerical Simulation

In this part, information functions used in Section 2.2 as well as a chaotic information signal
are simulated. All the parameters settings are the same as that of Section 2.2 except that a
larger k is set to improve the identification performance.
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Figure 12: Simulation results with Case 3 of Section 3: f(t) = 5 + sin(t) + sin(4t) + sin(7t).

Case 1 (f(t) = 3 + 2 sin(0.5t)). The simulation results are shown in Figure 10 with k = 1500,
which indicates the success of the information recovering. As the estimation of the absolute
error shown in Figure 10, f̂(t) closely matches with f(t), and after the initial transient time
of about 0.5 × 10−3 s, information signal can be recovered with a fluctuation of |f(t) − f̂(t)| ≤
0.5× 10−3. Although the performance is slightly worse than that shown in Case 1 of Section 2,
the estimation of the absolute error is still small.

Case 2 (f(t) = 3 + 2 sin(10t)). The proposed parameter observer is also used to recover
transmitted signal with higher frequency. A larger gain k = 15000 is set to achieve a
small error. As shown in Figure 11, f̂(t) still closely follows f(t) with a small mismatch of
|f(t) − f̂(t)| ≤ 2.5 × 10−3 after a transient time of 4 × 10−4 s. Compared with the case when β̇(t)
is known, a larger fluctuation is experienced.
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Figure 13: Simulation results with Case 4 of Section 3: f(t) is a chaotic signal.

Case 3 (f(t) = 5 + sin(t) + sin(4t) + sin(7t)). Figure 12 gives the simulation results when
a composite signal is used and a large constant k = 12000 is set. Figure 12 shows the
proposed parameter observer can still coarsely retrieve the transmitted information with
a small mismatch of |f(t) − f̂(t)| ≤ 2 × 10−3 after 5 × 10−4 s. The performance is inferior to
that with a low frequency signal in Case 1, but superior to that with a high frequency signal
in Case 2.

Case 4 (f(t) is a chaotic signal). In this example, the information signal is assumed to be a
chaotic signal, which is one state of a Lorenz system. We suppose that the maximum and
minimum values of the signal are known, and based on (1.2), β(t) is obtained from (1.2).
Figure 13 shows the simulation results with k = 20000. As displayed in Figure 13, 3ĝ(t) =
β̂(t) + d̂ is varied in the range of [8, 9], so it is estimated that d̂ = 8. It is noticed that f̂(t)
closely follows f(t) with a small mismatch after a transient time of 3.5 × 10−4 s, implying the
success of the information signal recovering.

4. Conclusions

This paper provided the cryptanalysis of a chaotic communication scheme based on
parameter identification. The approach was to design a parameter observer to identify the
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true value of the system parameter, which was directly determined by the information
signal. Supported by rigorous proof and illustrated with numerical simulation, it was clearly
demonstrated that the transmitted information can be obtained with the proposed parameter
observer. The results of numerical simulation showed that estimation of the absolute error
was about 10−3 after less than 7 × 10−3 s for the presented cases with different frequencies.
Furthermore, it was shown with simulations that the parameter observer was robust to
parameter change and noise in the transmitter system. Therefore, the security of the analyzed
communication scheme was rather weak under the observer attack, which discouraged its
further applications in practical communications.
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Data aggregation is an essential operation to reduce energy consumption in large-scale wireless
sensor networks (WSNs). A compromised node may forge an aggregation result and mislead
base station into trusting a false reading. Efficient and secure aggregation scheme is critical in
WSN applications due to the stringent resource constraints. In this paper, we propose a method
to build up the representative-based aggregation tree in the WSNs such that the sensing data
are aggregated along the route from the leaf cell to the root of the tree. In the cinema of large-
scale and high-density sensor nodes, representative-based aggregation tree can reduce the data
transmission overhead greatly by directed aggregation and cell-by-cell communications. It also
provides security services including the integrity, freshness, and authentication, via detection
mechanism in the cells.

1. Introduction

Wireless sensor networks (WSNs) have been used in many promising applications such
as habitat monitoring, battlefield surveillance and target tracking. A larger number of tiny
sensors collect measurement data and send them to processing center, which is usually called
base station or sink node. However, the communication between sensors and processing
center relies on multihop short range radio. As we know, WSNs also suffer from limited
energy lifetime, slow computation, small memory, and limited communication capability.
Obviously, the data aggregation can greatly reduce the communication consumption by
eliminating redundant data in WSNs. It is known that aggregated traffic, modeled as fractal
time series with complex characteristic [1, 2], has active applications in network security
problems [3]. The study on aggregated traffic is significant in the wireless sensor network.
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On the other hand, the sensors even the aggregators are vulnerable to attacks
especially if they are not equipped with tamper-resistant hardware. When a sensor or an
aggregator is compromised, it is easy for the adversary to inject bogus data into WSNs and
change the aggregation results. Some methods have been proposed to solve the problem
above. The works [4, 5] use homomorphic encryption function to secure the aggregated data.
The work in [6] proposes secure aggregation tree without persistent cryptographs operations
to detect and prevent cheating. The works [7, 8] design the cheating detection mechanisms
to guarantee the validation of aggregation data being sent in the WSN. The work in [9–11]
depends on the statistical feature of specific aggregation function. However, it is difficult
to extend most of them to the large and high-density WSN due to the complexity of the
operations or the structures.

In this paper, we propose a method to build the representative-based aggregation tree
in the WSN on the basis of the work in [8] such that the sensing data are aggregated along
the route from the leaf cells to the root of the tree. In our scheme, the tree is not built directly
on the sensors, but on the nonoverlapping cells which are divided with equal size in the
target terrain. A representative sensor in each cell acts in name of the whole cell, including
forwarding and aggregation of the sensing data in its cell and the receiving data from the
neighbor cells. In the cinema of large-scale and high-density sensor nodes, our scheme
cuts down the data transmission overhead from three aspects. The first is that the primary
aggregation should be conducted in the cell, based on the observation that the measurement
data in one small cell are almost identical. The second is that the aggregation operation in
one large-scale network should be directed to avoid the dynamic change of the aggregation
topology. The third is using cell-by-cell communication instead of hop by hop communication
to reduce the density of communication and the complexity of the aggregation topology in the
network. Also, each node in our scheme has a monitoring mechanism similar to the Watchdog
that is proposed by Marti et al. [12] in order to achieve cheating detection. The proposed
scheme provides security services including the integrity, freshness, and authentication, via
detection mechanism in the cells.

The rest of this paper is organized as follows. Section 2 presents our network model
and notations in this paper. Section 3 gives the details of our scheme. Section 4 states the
security and communications volume analysis. And section 5 concludes this paper.

2. Network Model and Notations

2.1. Network Model

We assume that the dimensions of the large deployment area are known in advance
and the sensor nodes are uniformly distributed in this area. A grid structure is used to
divide the target terrain into small nonoverlapping cells of equal areas as Figure 1 shows
[8].

We assume that each node is aware of the dimension and the location of the cell to
which it belongs. It is a reasonable assumption since the sensors with locating system are
supported by most of current manufactories. It could also be deduced that the sensor node
can judge which cells are its neighbor cells.

In our model, each cell has a cell representative which is selected based on its
reputation, remained power, and so forth. A monitoring mechanism similar to Watchdog
[12] is set up in each node in order to monitor the cell representative operations. We donate
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Figure 1: Network Model [8].

BS Rep

Figure 2: Cells covered by radio range.

that two cells are the neighbor cells which have the adjacent edge. Due to the broadcast feature
of radio channels, the messages in this sensor network are propagated along the neighbor
cells—the cells with border line as Figure 2 shows. The dimension of each cell is small
enough to allow the radio range of each node to cover its neighbor cells. The messages from
non-neighbor cells, even if being detecting, will be ignored automatically by the receiving
cells.

The base station is responsible for broadcasting the initial query to the monitoring
area, processing received answers for these queries, and deriving meaningful information
that reflects the events in the target field [8]. In order to simplify the illustration, the base
station is located in the vertex of the target terrain even if base station is not there geographic.
This assumption is reasonable since we can get one or more above graphs by rotating and
dividing the coordinates if base station is in the boundary or middle of network.
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2.2. Notations

The following notations are used throughout the paper.

BS: The base station

x, y: Sensor node x and sensor node y, respectively

K1, K2: Two network wide shared keys preloaded to each senor node

n: Total number of nodes in the target terrain

m: Total number of cells in the target terrain

Rx, Ry: Reading data from x and y, respectively

Ci: The ith cell

Cread
i : Reported data from the cell Ci

C
rep
i : The representative of the ith cell

T : The number of nodes in each cell

t: The minimal number of nodes in one cell requiring to revoke a new Cread
i

F: An aggregated function

Qn: The nth query from BS

KCi : Local cell key for the ith cell

KBS: Local cell key for the cell where BS locates

K
Cj

Ci
: Intercell key shared between the ith and the jth cell

MACKCi
: Message authentication code computed by using KCi

MAC
K
Cj

Ci

: Message authentication code computed by using K
Cj

Ci

ADCi : Aggregation data from the cell Ci

hop count: The count of the cells on the route to the base station.

3. The Proposed Scheme

3.1. Main Idea

In a large-scale target terrain, the data aggregation may occur in any corner of network. The
aggregating operation is also graduated up to the quietist. Obviously, the directed forwarding
and aggregation along a steady skeleton have more advantages considering eliminating the
duplicated sensing data and reducing energy consumption. Moreover, building such a steady
skeleton in a hop-by-hop manner may not be a good choice in the situation of large-scale
and high-density sensor nodes, which would lead to a deep and complex structure of the
aggregation skeleton.

In our scheme, the queries from base station are spread along the cell by cell route. We
build up an aggregation tree based on the cell. The aggregation data could be directionally
delivered to the destination along nonoverlapped cells to avoid duplicated aggregation. The
aggregation operations are conducted on each intermediate cell in the tree if necessary. A
representative sensor in each cell acts in name of the whole cell, including forwarding and
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aggregation of the sensing data in its cell and the receiving data from the neighbor cells. Other
sensor nodes in the same cell monitor the behavior of their representative by listening to the
communication between their representative and the representatives of the neighbor cells.

As the cheating detection mechanism is not the emphasis of our discussion, we build
up the tree on the basis of the work in [8], whereas other monitoring mechanisms could
also be used in our scheme. In this cheating detection mechanism, each node monitors the
behavior of other nodes within the same cell and then calculates the reputation value for
them based on their participation in some cell operations such as sensing, forwarding, and
aggregating. If the current representative is detected to be compromised, the revocation
mechanism will be started to generate the new representative.

3.2. Bootstrap

The bootstrap phase occurs in a short duration of time immediately after the network
deployment. It is short enough to assume that no attacks are possible during this phase [8].
In this phase the local cell keys and intercell keys shared between two neighbor cells are
established. Many works have been done on this kind of topics, such as [13–15]. We adopt
the key distribution scheme stated in [8], which uses similar way as Ren et al. [16].

In this phase, each sensor node in the cell Ci computes the local cell key KCi which is
used to authenticate any communication in the cell Ci by the following format:

KCi = H(K1 || Ci), (3.1)

where || represents bit string concatenation and K1 is the preloaded key.
After that, each node in the cell Ci computes the intercell key K

Cj

Ci
which is used to

authenticate the communication between Ci and its neighbor cell Cj by the following format:

K
Cj

Ci
= H

(
K2‖Ci‖Cj

)
, (3.2)

where K2 is the other preloaded key.
At the end of this phase, each sensor node deletes K1 and K2 to prevent the adversary

from getting access and sets its initial hop count value to infinity.

3.3. Cheating Detection Mechanism

To enhance the accuracy of the aggregated data without trimming the abnormal and bogus
reading, the cheating detection mechanism based on the reputation proposed in [8] is
introduced into our scheme. We briefly illustrate it for the completeness of the paper.

Since the local and intercell keys have been set up in the network after the bootstrap
phase, the behavior of each node is under the detection of all the nodes in the same cell,
including the cell representative. As soon as the reads of the cell departure the judgments
of t nodes, the representative is responsible for computing the new cell reading. Each node
establishes a reputation table to record the amount of positive and negative rating of every
behavior of the other nodes in the cell. As soon as the reputation of the representative
falls below a certain threshold, the revocation mechanism is triggered to generate a new
representative based on the reputation records.
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3.4. Building Representative-Based Aggregation Tree (RAT)

Before building RAT, we introduce the packet formats in the whole working phase.
The packets have the following two formats:

{
C

rep
i , C

rep
parent,

[
hop counts

]
,flag,payload

}
, (3.3)

{
C

rep
i , C

rep
j , Qn,payload

}
, (3.4)

where C
rep
i is the representative of the sending cell Ci, C

rep
j is the representative of the

receiving cell Cj , and C
rep
parent is the representative of parent cell of Ci in the tree.

Now, we propose a distributed algorithm to build RAT along the route of neighbor
cells. The distributed algorithm builds the tree from the base station and includes the
following steps.

Step 1 (Invitation). The base station locally broadcasts an invitation message to all of its
neighbor cells, indicating that they should be its children. Since the base station is the root
of the tree, it has no parent and its hop count is zero. The invitation message from the base
station is described as the following format:

{
BS,NON, 0, Invitation,payload

}
, (3.5)

where payload = MACK BS(BS || Invitation).
A node C

rep
i in cell Ci who has joined the tree locally broadcasts the following

invitation message:

{
C

rep
i , C

rep
parent,hop counts, Invitation,payload

}
, (3.6)

where payload = MACKCi
(Crep

i ‖C
rep
parent‖hop counts).

Step 2 (Join). Once the node Crep
i in the neighbor Cell Ci receives an invitation message, if

this cell has not joined the aggregation tree, the node Crep
i records the sender of the invitation

message as its parent node and updates its hop count value as one plus the hop count value
in the received invitation message from its parent.

The node Crep
i joins the tree by sending its parent the following join message:

{
C

rep
i ,Crep

parent, “Join”,payload
}
, (3.7)

where payload = MAC
K
Cparent
Ci

(Crep
i ‖C

rep
parent‖Join).

It is possible for a node to receive more than one invitation message. The node just
takes the first invitation message as the active invitation due to the first invitation message
would have the minimal hop count value normally. Once a node joins the tree, the later
received invitation will be recorded for future use if its hop counts value is not bigger than
the node’s current hop counts value.
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BS Rep

Figure 3: The representative-based Aggregation tree.

The parent node will record its children by collecting the join messages. A cell is a leaf
cell if it does not receive any join messages from any cell which announces to be its child.

Step 3 (Iteration). Repeat Steps 1 and 2 until all cells have joined the tree. The iteration process
of invitation and join can be illustrated by Figure 3, where dot arrow line presents invitation
message and arrow line presents join message.

3.5. Data Aggregation

An aggregation process begins when BS(the root of RAT) locally broadcasts a query Q0 to its
children by the following message:

{
BS, all children, Q0,payload

}
, (3.8)

where payload = MACKBS(BS‖all children‖Q0).
The data aggregation process includes the following two phases.

Phase 1 (Query spread). In the process of query spread, the intermediate cell propagates the
query Qn to its children by the following message:

{
C

rep
i , all children, Qn,payload

}
, (3.9)

where payload = MACKCi
(Crep

i ‖all children‖Qn).

The representative C
rep
i in a leaf cell Ci can propagate Qn to a node x in its cell

using the similar message format, if it randomly selects the reading Rx as the reported data.
Alternatively, it may take itself as the sensing node for simplify.
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Phase 2 (Data aggregation). When a leaf cell Ci receives the query Qn, Crep
i prepares Cread

i

of some physical phenomena as queried and sends it back to its parent by the following
message:

{
C

rep
i , C

rep
parent, Qn,payload

}
, (3.10)

where payload = Cread
i ||MAC

K
Cparent
Ci

(Crep
i ‖Qn‖Cread

i ).

If a node x is selected to report the sensing data in the last phase, it should report its
reading to Crep

i in advance by the following message:

{
x,C

rep
i , Qn,payload

}
, (3.11)

where payload = Rx ||MACK Ci
(x‖Qn‖Rx).

When an intermediate cell receives the messages from its leaf, it verifies the MAC for
the received data. If it does not match the received data, the reading from C

rep
i is ignored.

Otherwise, Crep
i considers the received data as an input to the aggregation function. After

the Crep
i receives all the readings or data from its children and the reading of the cell Ci, it

computes the result of the aggregation function as its report data and sends it to its parent by
the following message

{
C

rep
i , C

rep
parent, Qn,payload

}
(3.12)

where payload = ADCi ||MAC
K
Cparent
Ci

(Crep
i ‖Qn‖ADCi).

The data aggregation process also can be illustrated by Figure 3, where dot arrow line
presents query message and arrow line presents aggregation message.

4. Discussions

4.1. Security Services Provided

The security requirements of data integrity, freshness, and authentication are achieved for
the aggregation data in our scheme, since nodes share interkeys with the neighbor cells. As
to the query message and the communication within the cell, the nodes in the same cell of the
sender can authenticate it instead of the receiver, since nodes share local cell key in each cell.
In fact, each monitoring node in the same cell can select some query messages randomly to
low the energy consumption and prolong the lifetime of the cell. As the adversary is strong
or the application is critical, the confidentiality could be achieved by encrypting the sensing
data or aggregation data could be encrypted using inter/local keys.

4.2. Energy Cost Analysis of Data Transmission

Since the cell in RAT only communicates with the neighbor cells, the transmission distance
is a constant value for each communication and the energy cost on data transmission is
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mainly decided by the amount of data transmitted. So, we will discuss the data transmission
volume of one response to a query in the RAT. For one response to query, two times of data
transmissions are required in one cell. One is that the sensor node reports the sensing data
to the representative of the cell. The other is that the representative of the cell reports the
aggregation data up to its parent in the tree.

For the data aggregation function with fixed output size, such as min/max, the energy
cost on data transmission with any aggregation tree is 2(m − 1)(b + c) where m is the number
of total cells, if we assume that b is the size of measurement data and c is the size of the
subordinate in the message transmitted.

For some aggregation functions, the size of the return value is not fixed. It is a
function of the total size of input data. We assume that such aggregation functions have fixed
compression ratio of γ , where 0 < γ < 1. As soon as sensing data pass by any one cell in the
tree, they would be compressed once. Obviously, the total volume of data transmission in the
tree depends on the structure of the aggregation tree. Assuming that each broadcast of the
invitation message requires the same time, the first received invitation message should come
along with the shortest path from the base station. The messages are only propagated along
the neighbor cells that have the adjacent edge. Therefore the parent of one cell must be the
upper neighbor or the left neighbor of its. Hence, the aggregation tree we build is an optimal
tree with minimal communication cost.

Without losing generality, we still assume that b is the size of measurement data and c
is the size of subordinate in the message. For a given aggregation tree, if denoting the maximal
layer of the aggregation tree as L, total number of cell nodes as m, and the number of layer-i
node as li, the total transmission cost of an aggregation tree is given by

C = 2(m − 1)c + b
L∑

i=1

i∑

j=1

γj−1li, (4.1)

where l1 + l2 + · · · + lL + 1 = m.
Compared with the aggregation tree built on the hop-by-hop nodes in [6], the scale of

RAT and transmission data are reduced to 1/T at least, in which T is the number of nodes
in one cell. The rate 1/T will be reached, if the hop-by-hop aggregation tree is also optimal
and the output size of the aggregation function is fixed. Otherwise, we can get better result.
In one word, our scheme shows a good property while facing the network of the large scale
and high density.

The present results discussed above are assumed to be time invarying within a given
interval of time, say [0, I], if we select the starting point of time as 0. In this case, we take the
parameter I as the time scale at which the present algorithm is valid.

Note that a payload has complicated dynamics. The dynamics of traffic payload is
strongly related to the selected time scale as can be seen from [17–23] and references therein.
In general, traffic is nonlinear with fractal properties. In addition, it is nonstationary at small
time scaling and stationary at large time scaling [24]. We now, taking (3.12) as an example,
express the payload by

payload(m) = ADCi ||MAC
K
Cparent
Ci

(
C

rep
i ‖Qn‖ADCi

)
(m), (4.2)
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where m (m = 1, 2, . . .) is the index of the time interval. In this way, the previously discussed
results should be all time varying with the index m, opening an attractive issue in the field.
This point of view may be more agreement with the situation of real computer networks that
are complex and dynamical in nature [25–31].

In future, we shall work on the statistics of the present algorithm from a view of
nonlinear time series, which is challenging.

5. Conclusions

In this paper we have proposed a method of establishing the representative-based
aggregation tree in WSN, where the network is divided into equal and nonoverlapping
cells. In the cinema of large-scale and high-density sensor nodes, representative-based
aggregation tree can reduce the data transmission overhead greatly by directed and cell-
by-cell aggregating and forwarding. We have given the quantitative analysis of data
transmission in the representative-base aggregation tree. At the same time, the monitoring
mechanism in the cells prevents the injection of bogus information and forged aggregation
values. In the future work, the problems which should be studied further are how to
synthetically analyze the aggregated traffic in WSN from the aspect of fractal time series,
including the traffic in RAT, to make further view of their characteristic of dynamics and
nonlinearity.
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In various network attacks, the Distributed Denial-of-Service (DDoS) attack is a severe threat. In
order to deal with this kind of attack in time, it is necessary to establish a special type of defense
system to change strategy dynamically against attacks. In this paper, we introduce an adaptive
approach, which is used for defending against DDoS attacks, based on normal traffic analysis.
The approach can check DDoS attacks and adaptively adjust its configurations according to the
network condition and attack severity. In order to insure the common users to visit the victim
server that is being attacked, we provide a nonlinear traffic control formula for the system. Our
simulation test indicates that the nonlinear control approach can prevent the malicious attack
packets effectively while making legitimate traffic flows arrive at the victim.

1. Introduction

DDoS attacks have been one of the most hazardous threats on the Internet [1–6]. The attacks
generate enormous packets by a large number of agents and can easily exhaust the computing
and communication resources of a victim within a short period. As a result, it makes a victim
deny normal services in the Internet.

Many defense and response mechanisms have been suggested in literature about
DDoS attacks. Mirkovic and Reiher [3] presented a comprehensive taxonomy of DDoS attacks
and defense mechanisms. Many DDoS detection approaches, such as “IP traceback” [7, 8],
“traffic statistic” [8–13], “pushback” [14, 15], “packet filtering” [8, 16–18] and “wavelet
analysis” [12, 19–23], “Hurst parameter” [24], and so forth, try to find the identities of real
attack sources and defend against attacks. However, these methods can only find out attacks.
They cannot drop attack packets adaptively.
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The literatures above show that if we expect to prevent DDoS attacks significantly two
critical issues must be handled first [6]: (1) accurately identifying the machines participating
in forwarding malicious flows and (2) incisively cutting off the malicious flows at those
machines.

Hussain et al. [1] presented a framework to classify DDoS attacks into single-source
and multi-source attacks. However, these methods cannot be used directly to restrain DDoS
attack traffic. In order to detect and filter attack packets at the victim end, Kim et al. [16]
provided a general anomaly detection framework. Jin et al. [25] provided a concrete “Hop-
Count Filtering” algorithm to filter out spoofed attack packets based on packets’ TTL (Time-
To-Live) values.

Zou et al. [15] and Lee et al. [26] considered various cost factors, including false
positive/negative cost, in the process of developing Intrusion Detection System (IDS).
However, they employed a static system design method, which does not take how to
dynamically adjust an IDS’s configurations into consideration according to the attack
condition. In [26], Lee et al. explored the adaptive defense principle, but this principle also
gets a problem: how can one compute the probabilities of false positive and false negative
under attacks?

There is another problem in [26]. Due to the limit of routers memory, routers can only
save the packet information for a short time. Thus, an attack process at the routers must be
identified in time. However, when the victim is under severe attacks, it may have no ability to
send the warning of attacks. At the same time, the link, which the victim communicates with
its upper router, may become so congested that it is not capable of sending attack message
to its upper routers in time. Obviously, under this circumstance, the adaptive defense system
cannot work normally. In order to solve the problem, we add a special application server
(shown in Figure 1), which can not only save and analyze a lot of information the victim
sends, but also instruct the upper routers of the victim to control traffic.

Most researches have focused on stationary network operation with fixed configura-
tions. However, in reality, attack detection systems have to face rapidly changing network
conditions and various attack intensities [15]. Therefore, apart from finding a good detection
algorithm, it is equally or more important to design an “intelligent” defense system that can
automatically adjust its detection and filtering parameters to achieve the best performance
under every possible attack situation.

We introduce an “adaptive defense principle” based on “normal traffic”—a defense
system which can adaptively adjust its configurations according to network conditions and
“attack severity.” The “normal traffic” refers to the traffic that the victim gets under no attacks.
We call such a defense system an “adaptive defense system.”

Compared to the traditional nonadaptive defense system, the adaptive defense system
can not only find out attacks quickly, but also drop attack traffic and protect a victim or server
more vigorously under severe attacks.

Let y(t), n(t), and N(t) be total traffic, normal traffic, and statistic traffic at time t,
respectively. The attack traffic, which is generated by attackers, is denoted by a(t).

Then y(t) can be abstractly expressed by

y(t) = n(t) + a(t). (1.1)

Obviously, if a server is not under attacks, a(t) equal to zero and y(t) equal to n(t). If
a victim is under attacks, because of a large number of attack traffic from attackers, the value
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Figure 1: A network topology of adaptive defense system.

of a(t) will rapidly increase to a high level. Therefore, if we can capture the value of a(t)
during detection, it should be very easy to indentify attacks. Unfortunately, we have no way
to get the value of a(t) directly. However, y(t) can be captured with sniffer software [27].
According to (1.1), if we can obtain the value of n(t), then the aforementioned problem can
be solved easily. Note that n(t) is yet unknown during detection. Studies in [11, 12] show that
n(t) under attacks can be substituted by statistic traffic N(t) under no attacks.

In order to make a victim possess the ability to provide normal service under attacks,
we divide normal traffic into two parts. One part is named common traffic, denoted by c(t),
which is created by common users. The other is generated by random users and we denote it
as r(t). Thus, n(t) can be represented by

n(t) = c(t) + r(t). (1.2)

Because the start time of attack and attack traffic under attacks are unknown exactly,
one may encounter difficulties in finding a method to recognize attack traffic from total
network traffic. In order to remove the attack traffic, we propose an adaptive drop-packet
approach:

y(t) = u(t)j(t)c(t) + v(t)k(t)[a(t) + r(t)], (1.3)

where j(t) and k(t) are functions of t. In general, they are integers related with t. The functions
of u(t) and v(t), which range from 0 to 1, are real and related with y(t).
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We present concrete adaptive defense system for defending against DDoS attacks. The
system does not depend on attack types, so it can be used widely in the network security. The
working procedure of the system is as shown in Figure 2.

The rest of this paper is organized as follows. Section 2 introduces the concept of
adaptive controller. Section 3 contains the design of our proposed adaptive control traffic
algorithm. In Section 4, we give a simulation test. Section 5 concludes with some final remarks
and suggestions for future work.

2. Adaptive Control

Intuitively, an adaptive controller is such a controller that can modify its behavior in response
to changes in the dynamics of the process and the character of the disturbances [28]. Since
ordinary feedback also attempts to reduce the effects of disturbances and difference between
feedback control and plant uncertainty, the problem of the adaptive control immediately
arises.

Most network systems are very complex and unintelligible; it is neither possible nor
economical to make a thorough investigation of the causes of the process variation. Adaptive
controllers can be a good alternative in such cases. In other situations, some of the dynamics
may be well understood, but other parts are unknown. For example, the network system,
which is composed of many devices such as computers, routers, servers and so forth, does
not change in some period, but the traffic that is created by these computers does change
continuously at the same time. In such cases, it is of great importance to use the prior
knowledge and estimate and adapt to the unknown part of the process.

In general, there are four types of adaptive systems: gain scheduling, model-reference
adaptive control, self-tuning regulators, and dual control [28]. The block diagram of an
adaptive system with gain scheduling is shown in Figure 3.

The adaptive system will become nonlinear because of the parameter adjustment
mechanism. Since general nonlinear systems are difficult to deal with, we give a very special
system that belongs to a special class of nonlinear systems. The system has two loops: one is
a normal feedback with the process and the controller. The other is the controller-parameter
adjustment loop based on the operating conditions.

The model of gain scheduling can satisfy our requirement to control traffic because the
scheme is originally used to measure the gain of traffic at the victim. The system will change
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the control parameters of a router based on the gain in an application server. The controller,
namely, router, compensates for changes in the process gain. In Figure 3, “Input” represents
the incoming traffic of routers; that is to say, c(t) + r(t) + a(t). “Output” denotes the receiving
traffic of a victim, y(t). Obviously, the system is adaptive.

The system we proposed to control traffic is different from the common adaptive
system because we consider that the traffic of a victim can be controlled in normal state.
This is to say, we must ensure that a victim can maintain the normal service for its common
users whether attacks exist or not. In order to achieve the destination, we classify the victim’s
users into two types based on the times of visiting victim in some period. One type is
for common users who usually visit the site, and the other is the type of noncommon
ones.

The c(t) in “Input” is right the traffic of common users, and the r(t) and a(t) present
the noncommon traffic. Because we want to protect a victim from attacks, when the routers
control traffic, we will try our best to hold the traffic of common users, namely, c(t). At the
same time, we cut the other traffic off as much as possible.

When a victim is under attacks, the attacker often controls thousands of zombies to
send rubbish packets to a victim. The attack traffic of a victim may increase quickly. In
general, the attack traffic increases in geometric progression at the beginning of attacks. So
we use exponent coefficient u(t)j(t) and v(t)k(t) to limit the increase of attack traffic, where
j(t) and k(t) usually equal to t. u(t) and v(t), which range between 0 and 1, are functions
related with y(t). Therefore, we get an adaptive control system described with formula
(1.1).

Obviously, when the values of u(t) and v(t) are 1, the traffic is not controlled. In fact,
the packet-dropping rate of common users can be computed by 1−u(t)j(t) at time t. One of the
other users is 1 − v(t)k(t). In order to make the victim provide normal service under attacks,
the u(t)j(t) and v(t)k(t) in (1.1) will meet the following relation: u(t)j(t) � v(t)k(t), where t is a
time variable.

In order to discuss the efficiency of the adaptive control system, we often simplify
formula (1.1) with the following ways. Let u(t)j(t) equal b ∗ v(t)k(t), where b can equal 2, 3, 4,
and so on. Let j(t) and k(t) equal t. Since v(t) is a const that relates with y(t), the greater
the value of y(t) exceeds the normal value itself, the less the values of v(t). We often set the
values of v(t) equal to 0.9 at first. Then formula (1.1) can be simplified as follows:

y(t) = [b ∗ c(t) + r(t) + a(t)]vt. (2.1)
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Since c(t), r(t) and a(t) are bounded on time space, there exists a value T, which meets
the relation

b ∗ c(t) + r(t) + a(t) ≤ T (∀t) (2.2)

we want to control traffic between vma and vmi. Let the average value of them, namely, (vma+
vmi)/2, be satisfying traffic that is controlled by the controller, where vma and vmi are defined
in Section 3.1. Let (2.2) substitute into (2.1), we have

(vma + vmi)
2

≤ Tvt. (2.3)

So, after log(vma+vmi)/2∗T
v unit times, the traffic can be in normal state. In actual

application, the victim’s devices decide the values of vma and vmi. T is an experience value. It
is worthwhile to note that, when a victim is under attacks, the value of a(t) is far greater than
the sum of b ∗ c(t) and r(t). Therefore, we can set the value of v according to the experience
value of attack intensity. The adaptive algorithm of control traffic can be found in Section 3.

3. Adaptive Approach for Traffic Control

In order to make a victim send attacked message to its upper routers in time, we propose an
adaptive defense system with an application server.

Firstly, we find out attack events by the traffic analysis of the victim, if attacks exist for
the victim. After that, the victim will send a warning or attack message to application server
at once.

Secondly, on one hand, when the application server receives the attack-warning
message from the victim, the timer of it will start automatically. Once the value of the
timer goes over the time threshold, or the application server receives attack message, the
application server sends control instruction to routers immediately. On the other hand, when
the application server receives recovery-warning message, it will send a control instruction
for recovering traffic control.

Thirdly, the upper routers of the victim will set their parameters to control traffic after
they receive warning instruction.

3.1. Traffic Analysis and Warning Message

In [11, 12], we propose a method for detecting attacks, and we should employ this method in
this paper.

In control traffic algorithm, we use formula (1.1) to control traffic of network system.
On one hand, when the values of u(t) and v(t) are less than 1 and attack traffic is in a
stable situation, the traffic y(t) will decrease very quickly (shown in Figure 7 about 970 ms).
Therefore, we give a minimum traffic, denoted by vmi. When the traffic y(t) is less than vmi,
the system will send to application server a recovery instruction. On the other hand, When
the values of u(t) and v(t) equal 1 and attacks exist, the traffic y(t) increases rapidly. In order
to make the victim provide the normal service, we define a maximum value, denoted by
wma, which the victim can endure. When the total traffic of the victim is greater than wma,
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Figure 4: The flow chart of attack detection and message processing in the victim.

our adaptive defense system will start attack detection and send an attack-warning message
automatically. If attacks are found after detection, the victim will also give an attack message
to application server at once.

The algorithm for detecting attack and sending warning message is as shown in
Figure 4.

3.2. Application Server and Message Processing

Due to the limit of router memory and functions, it is very difficult to restore and process a
lot of information of packets. The application server can receive and process the information.
In our system, the application server, which is specially used to do the task, is not affected by
network congestion.

There is a timer in the application server. With the timer, it is convenient to send routers
control information when the victim is under severe attacks and has no ability to inform the
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Figure 5: The application server processes messages from the victim.

application server. Once the server receives an attack-warning message, its timer will start.
Then it periodically tests whether the value of the timer is greater than a time threshold,
denoted by tth, which is a const. If the result is true, the application server will send traffic
control information to its upper routers.

In addition, there are many states to be judged in the server. For example, during
traffic control, if the server receives an attack-warning message again, it will send a message
to routers so that the routers can do traffic control further. The detailed processing procedure
can be seen from Figure 5.

In Figure 5, we define a variable id, which can receive some identifiers from the victim,
such as “wm”, “am”, “rm”, “sm”, and so forth. Let “wm”, “am”, “rm”, and “sm” be “warning
message”, “attack message”, “safety message” and “recovery message”, respectively.
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Figure 6: The traffic control in a router.

3.3. Router Traffic Control

As for fighting against DDoS attacks, it is very important to control traffic by router.
An adaptive defense DDoS attacks algorithm faces two major challenges in identifying

attack flows: source IP spoofing and multiple distributed zombies’ utilization. There are
two extreme cases of IP spoofing. On one hand, all sources of IP addresses are illegal or
unreachable. On the other hand, all the attack packets carry legitimate source IP addresses.
Note that “legitimate” IP address is forged, and it does not represent the true IP addresses of
the computer that sends the attack packets. Therefore, we cannot regard all “legitimate” IP
address as safe ones. In our algorithm, a router, which is viewed as controller, maybe receives
two types of information. One is used for traffic control. The other for recovery control.
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Figure 7: (a) The traffic chart without adaptive control in a victim. (b) The traffic chart under adaptive
control in a victim.

Figure 6 shows the procedure of traffic control by routers. On one hand, when a
router receives the instruction of traffic control, the u(t) and v(t) can be computed iteratively
according to the formula

v = a ∗ v, u = b ∗ v. (3.1)

On the other hand, if a router receives instruction for recovery traffic, we do not set the
values of u(t) and v(t) at once; instead we use the formula as follows:

v =
v

a
, u = b ∗ v. (3.2)

The reason we use formula (3.2) to recover traffic is that the traffic is very large at the
beginning of recovery. The method can help to increases the values of u(t) and v(t) bit by bit.
It can ensure that a victim works in normal state.

In formulas (3.1) and (3.2), “a” represents a factor used for traffic control and “b” is
used for adjusting the control rate of common traffic, in order to let a victim provide more
services for common users as best as possible.

4. Simulation Test

We have simulated the adaptive algorithm with ns-2 simulator [29]. There are 10 common
users and 4 zombies linking to the victim with a router. The ten common users send packets
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Figure 8: (a) The traffic chart of a common user without adaptive control. (b) The traffic chart of a common
user under adaptive control.

with 500 bytes and 3 ms time delay. The other users, regarded as attackers, launch their
packets with the random size which ranges from 1000 to 1100 bytes and 2 ms time delay.
Both the start time and end time that the common users visit the victim are random values.
The start time ranges from 200 to 210 ms, and the end time ranges from 4500 to 4600 ms.

The start time of attacks ranges from 600 to 650 ms, and the end time of them is at
3000 ms.

In detecting attacks, we set the vma and vmi equal to 8500 bytes and 5000 bytes,
respectively. When the traffic of the victim is greater than vma or less than vmi, our adaptive
algorithm will be started to detect the state of the traffic automatically. The detection time
lasts for 300 ms. The initial values of a, b, u, and v are 0.9, 2, 1, and 1, respectively.

The adaptive algorithm can be seen from Figures 4, 5, and 6.
Figures 7(a) and 7(b) show the changes of traffic under adaptive control. In

Figure 7(b), the total traffic is almost controlled under 8500 bytes between 965 ms and
2985 ms. We can see that the data, of which the time ranges from 585 ms to 965 ms, have a few
changes because our system detects attacks at that time. In order to prevent the traffic rapidly
increasing, our algorithm defaults to cut 10% traffic off during the first detecting attacks.

In addition, during detecting attack, our control algorithm will maintain the rate of
traffic control before detection attack. This is the reason why the data at about 2985 ms have
evident changes singularly under no attacks. Because when the system is detecting attacks,
the traffic at the time is under control.
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Figure 9: (a) The traffic chart of a noncommon user without adaptive control. (b) The traffic chart of a
noncommon user under adaptive control.

Figures 8 and 9 show that the changes of a common user and a noncommon user
are under traffic control. On one hand, the victim can maintain service for common users.
Figure 8(b) shows the traffic is maintained under attacks. On the other, the traffic of
noncommon users can be limited severely; the changes of traffic in Figure 9(b) can show
the point clearly.

5. Conclusion

By traffic analysis, we can not only detect attacks, but also defend against DDoS attacks
adaptively. Because of network congestion and the limit of router memory, we use a special
application server to deal with the problems of information restore, analysis and transmitting.
It can make the upper routers receive attack or warning messages from a victim under severe
attacks. When the victim is being attacked, we hardly know whether a user is an attacker
or not. Hence, it is not easy for us to compute the probabilities of false positive and false
negative. The method in this paper does not use these parameters, but use statistic traffic
to detect attacks. We give a nonlinear traffic control system based on a general knowledge,
namely, stable number of common users who usually visit a server. Therefore, we classify
the users of a victim as two types. The common users belong to one type; the other users are
another type. In this way, not only can we protect the victim from attacks with our adaptive
defense system, but also the victim can provide normal service for common users under
DDoS attacks.
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In this paper, we distinguish the common users from the others with the times of
visiting a victim. In fact, we can classify them according to packet type, packet size, IP address
and so on. We can also propose many types of users in order to control traffic as best as one
can.

Note that this research is strongly related to the statistics of traffic that is in turn
associated with fractal time series. Therefore, we shall further take into account those in traffic
engineering and fractal time series; see, for example, [30–44], just naming a few. In addition,
tools for analyzing traffic, such as wavelet [45–53], shall be carefully studied. Based on those,
we all further explore better method to quickly get effectively statistical features of traffic
under no attacks, to study the criterion used for classifying the victim users and the relation
between u(t) and v(t), so that we can optimize our algorithm to defend against DDoS attacks.
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Distributed denial-of-service (DDoS) flood attacks remain great threats to the Internet. To ensure
network usability and reliability, accurate detection of these attacks is critical. Based on Li’s work
on DDoS flood attack detection, we propose a DDoS detection method by monitoring the Hurst
variation of long-range dependant traffic. Specifically, we use an autoregressive system to estimate
the Hurst parameter of normal traffic. If the actual Hurst parameter varies significantly from
the estimation, we assume that DDoS attack happens. Meanwhile, we propose two methods to
determine the change point of Hurst parameter that indicates the occurrence of DDoS attacks.
The detection rate associated with one method and false alarm rate for the other method are also
derived. The test results on DARPA intrusion detection evaluation data show that the proposed
approaches can achieve better detection performance than some well-known self-similarity-based
detection methods.

1. Introduction

DDoS flood attacks have been one of the most frequently occurring attacks that badly threaten
the stability of the Internet. For DDoS flood attack, an intruder undermines the availability of
computer systems or services by exploiting the inherent weakness of the Internet system
architecture, and overwhelming the target with a huge amount of traffic flows launched
through multiple zombies. The attack process is a relatively simple, yet very powerful
technique to attack the Internet resources. Therefore, accurate detection of these attacks is
critical to the Internet community.

As shown by Leland et al. [1], and supported by a number of later research [2–7],
the measurements of local and wide-area network traffic, wire-line and wireless network
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traffic all demonstrate self-similarity and long range dependence (LRD) characteristics at
large time scales. The work in [8] points out that self-similarity of the Internet traffic is
attributed to a mixture of the actions of a number of individual users, hardware and software
behaviors at their originating hosts, multiplexed through an interconnection network. In
other words, this self-similarity always exists regardless of the network type, topology,
size, protocol, or the type of services the network is carrying. On the other hand, it is
reported in [9–15] that when DDoS attack happens, the self-similarity of network traffic
will change significantly. Thus, by monitoring the change of the Hurst parameter, the key
parameter to describe the self-similarity of a self-similar process, DDoS attacks may be
detected.

Much work has been done to detect DDoS attack by recognizing the pattern of
self-similarity in the literature. In [16], Li deduced the statistical characteristic of network
traffic autocorrelation function under normal condition and DDoS attack and gave the
detection threshold based on the preselected detection rate and false alarm rate. In [11],
Li quantitatively described the statistics of abnormal traffic and suggested that the Hurst
parameter of network traffic under DDoS attack tends to be significantly smaller than that of
normal traffic. Li also demonstrated in [11] that the average Hurst parameter of fixed number
of normal traffic pieces follows Gaussian distribution at large time scales and when the attack
occurs, this statistical property may in general change.

Based on Li’s work, we propose a DDoS detection method by monitoring the Hurst
variation. Specifically, we use an autoregressive (AR) system to estimate the Hurst parameter
of normal traffic. If the actual Hurst parameter varies significantly from the estimation
beyond a threshold, we assume that DDoS attack happens. Then we propose two methods
to determine the change point of Hurst parameter, that is, to determine the threshold of
Hurst variation that is used to distinguish attack traffic from normal traffic. The detection
rate associated with one method and false alarm rate for the other method are also derived.
The experiment results on Defense Advanced Research Projects Agency (DARPA) data sets
indicate that the proposed detection methods are effective in detecting DDoS flood attacks,
and can achieve better detection performance than some well-known self-similarity-based
detection methods.

The rest of this paper is organized as follows. Section 2 briefly introduces the concept
of self-similarity and the Hurst parameter estimation. Section 3 explains the proposed
detection process based on the Hurst variation. Section 4 discusses the two methods for
determining the change point of LRD traffic. Section 5 presents the performance evaluation
and analysis of the proposed detection methods with traffic data from DARPA, followed by
a brief conclusion in Section 6.

2. Preliminaries

2.1. Self-Similar Network Traffic

Self-similarity means that the sample paths of the process B(t) and those of rescaled
version δHB(t/δ), obtained by simultaneously dilating the time axis t by a factor δ > 0,
and the amplitude axis by a factor δH, cannot be statistically distinguished from each
other. Equivalently, it implies that an affine dilated subset of one sample path cannot be
distinguished from its whole. H is called the Hurst parameter. For a general self-similar
process, H measures the degree of self-similarity.



Mathematical Problems in Engineering 3

Network traffic arrival process; is a discrete time process, so the discrete time self-
similarity definition is given below. Let X = {xi, i ∈ Z+}be a wide-sense stationary discrete
stochastic traffic time series with constant mean μ, finite variance σ2, and autocorrelation
function r(τ), (τ ∈ Z+). Let X(m) = {x(m)

i , i,m ∈ Z+} be an m-order aggregate process of X;
then

x
(m)
i =

xmi−m+1 + · · · + xmi
m

. (2.1)

For each m,X(m) defines a wide-sense stationary stochastic process with autocorrelation
function r(m)(τ).

Definition 2.1. A second-order stationary process X is called exact second-order self-similar
(ESOSS) with Hurst parameter H = 1 − β/2, 0 < β < 1 if the autocorrelation function satisfies

r(m)(τ) = r(τ), (2.2)

where r(τ) = [(τ + 1)2−β − 2τ2−β + (τ − 1)2−β]/2 and m ∈ Z+.

Definition 2.2. A second-order stationary process X is called asymptotical second-order self-
similar (ASOSS) with Hurst parameter H = 1 − β/2, 0 < β < 1 if the autocorrelation function
satisfies

lim
m→∞

r(m)(τ) = r(τ), (2.3)

where r(τ) = [(τ + 1)2−β − 2τ2−β + (τ − 1)2−β]/2 and m ∈ Z+.

In the field of network traffic theory, it is more practical to use ASOSS.

2.2. Hurst Parameter Estimation

To date, several methods have been proposed to estimate the Hurst parameter. Some of the
most popular ones include the aggregated variance, local whittle, and the wavelet-based
methods [17–21]. In this paper, we use the method proposed by Li [11] to estimate the Hurst
parameter of network traffic. The estimation process is summarized as follows. For more
information please refer to [11].

Let r(τ) be the autocorrelation function of xi. Then

r(τ) ∼ cτ (2H−2), (2.4)

where ∼ stands for the asymptotical equivalence under the limit τ → ∞, c > 0, and H ∈
(0.5, 1).

By taking fractional Gaussian noise as an approximate model of xi, one has

σ2
x
(m)
i

≈ m2H−2σ2
xi , (2.5)
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Internet

Internet
xi (normal traffic)

zi (attack traffic)

yi (total traffic)∑
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xi(1)
xi(2)...
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zi(2)

...
zi(q)

Figure 1: Composition of normal and attack traffic.

where σ2
x
(m)
i

and σ2
xi are the variances of m-order aggregate process x(m)

i and xi.

Divide the traffic series xi into N nonoverlapping sections, and each section is further
divided into W nonoverlapping segments. Then the autocorrelation function of the wth
segment in the nth section is given by

r(τ ;Hw(n)) = 0.5
[
|τ + 1|2Hw(n) − 2|τ |2Hw(n) + |τ − 1|2Hw(n)

]
, (2.6)

where Hw(n) is the Hurst parameter of the wth segment in the nth section traffic piece. Let
J[Hw(n)] =

∑
τ [r(τ ;Hw(n)) − r(τ)]2 be the cost function. Then one has

Hw(n) = arg min J[Hw(n)]. (2.7)

Averaging Hw(n) in terms of w yields

H(n) =
1
W

W∑

w=1

Hw(n), (2.8)

where H(n)(n = 1, . . . ,N) represents the Hurst parameter in the nth section.

3. DDoS Detection Based on Hurst Variation

Given discrete network traffic trace time series X = {xi, i ∈ Z+}, Y = {yi, i ∈ Z+} and
Z = {zi, i ∈ Z+}, let X and Y be normal traffic and abnormal traffic, respectively and Z the
DDoS flood attack traffic during transition process of attacking. X and Z are uncorrelated
[11], so Y can be expressed as Y = X + Z.

Figure 1 illustrates the components of normal traffic, attack traffic, and abnormal
traffic. xi(p) represents the number of bytes sent out by node p at time i for normal network
services, zi(q) stands for the number of bytes sent out by node q at time i for DDoS flood
attack, and yi is the total traffic the target received at time i.

Based on the theorems in [22], we understand that no matter whether Z is a self-
similar process or not, as long as X is a second-order stationary self-similar process, Y will
be a self-similar process, but the degree of self-similarity may change. Let rX , rZ, and rY
be the autocorrelation functions of X, Z, and Y , respectively. Li in [11] proved that during
the transition process of attacking, ‖rY − rX‖ is significant, where rY = rX + rZ. For each
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value of Hurst parameter in the range of H ∈ (0.5, 1), there is exactly one corresponding
autocorrelation function [23]. Therefore, ‖rY−rX‖ is significant means that ‖HY−HX‖ changes
significantly when attack occurs, where HY and HX are the Hurst parameters of Y and X,
respectively. Based on this observation, we propose a DDoS detection method by monitoring
the Hurst variation ΔH = ‖HY −HX‖ in this paper. The details of the detection process are
explained as follows.

After the Hurst parameter estimation of each section using (2.7), we apply
autoregressive (AR) model to determine the self-similarity of traffic without attacks. That
is,

Ĥ(n) =
Q∑

k=1

bkH(n − k), (3.1)

where Ĥ(n) is the estimated Hurst parameter of normal traffic section n,Q is the order of AR
model, and {bk} are the coefficients of AR model, which can be obtained by using the least-
squares method [24]. Other models such as moving average (MA) model and autoregressive
moving average (ARMA) model also can be used in our method in the same way.

Since the Hurst parameter H(n) without any attack follows Gaussian distribution in
most cases for W > 10 [11], the probability distribution function of H(n) is given by

p(H(n)) =
1√

2πσH
e−[H(n)−μH]2/2σ2

H , (3.2)

where

μH =
1
N

N∑

n=1

H(n),

σ2
H =

1
N

N∑

n=1

[
H(n) − μH

]2
,

(3.3)

where N is the number of traffic section. μH and σ2
H are the mean and variance of the Hurst

parameter H(n), respectively.
Using linear estimation, the change of self-similarity ΔH(n) is given by

ΔH(n) = Ĥ(n) −H(n) =
Q∑

k=1

bkH(n − k) −H(n), (3.4)
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which can be regarded as the sum of independent Gaussian variables. So ΔH(n) also follows
Gaussian distribution. The mean and variance of ΔH(n) are obtained by

μΔH = μH
Q∑

k=1
bk − μH = μH

(
Q∑

k=1
bk − 1

)

,

σ2
ΔH = σ2

H

Q∑

k=1

b2
k + σ

2
H = σ2

H

(
Q∑

k=1

b2
k + 1

)

.

(3.5)

So the probability distribution function of ΔH(n) is expressed by

p(ΔH) =
1√

2πσΔH
e−[ΔH(n)−μΔH]2/2σ2

ΔH . (3.6)

The attack detection can be formulated as the following hypothesis testing problem.

(A0) The change of self-similarity ΔH(n) is within a threshold indicating normal
network traffic.

(A1) The change of self-similarity ΔH(n) is outside the threshold indicating abnormal
network traffic caused by DDoS attacks.

It can be seen that a proper threshold of ΔH(n) is the key to successfully detect
DDoS attacks. The threshold is also the change point of Hurst parameter whereby Hurst
variation beyond this point implies DDoS attack. In the next section, we propose two methods
for change point detection, one based on order statistic and the other based on maximum
likelihood estimate.

4. Determining Change Point of LRD Traffic

In the following discussion, the change point of self-similarity is equivalent to the threshold
that is used to distinguish attack traffic from normal traffic. We propose two methods to
determine the change point and calculate the associated detection rate for one method and
false alarm rate for the other method.

4.1. Order Statistic-Based Detection

For order statistic-based detection, ΔH(n) (n = 1, 2, . . . ,N) are first sorted in an increasing
order to N reference cells as

ΔH(1) ≤ ΔH(2) ≤ · · · ≤ ΔH(ς) ≤ · · · ≤ ΔH(N). (4.1)

The detection threshold is obtained by selecting the ζth-order-ranked ΔH(ς) to represent the
normal traffic plus measured noise. The input is multiplied to that cell by a scalar factor λ,
and the threshold θOS is expressed by

θOS = λΔH(ς). (4.2)
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The traffic in section n is considered normal if the change of self-similarity ΔH(n) <
θOS; otherwise, the traffic is considered abnormal, indicating possible attacks in that section.
ΔH(ς) is a random variable, and its probability distribution function is expressed by

p[ΔH(ς)] = ς
(
N
ς

)

[P(ΔH)]ς−1[1 − P(ΔH)]N−ςp(ΔH), (4.3)

where p(ΔH) is the probability distribution function of ΔH(n), and P(ΔH) is the
distribution function of ΔH(n).

We define the term detection as correctly recognizing an abnormal sign. The detection
rate pd is obtained by averaging the conditional probability of detection under the given
threshold θOS over all possible values of the threshold. That is,

pd =
∫+∞

θOS

[∫+∞

θOS

p(ΔH)dΔH

]

p[ΔH(ς)]dΔH(ς). (4.4)

Substituting (3.6) and (4.3) into (4.4) yields

pd = ς
(
N
ς

)∫+∞

θOS

[∫+∞

θOS

1√
2πσΔH

e−[ΔH(n)−μΔH]2/2σ2
ΔHdΔH

]

×
[∫ΔH

−∞

1√
2πσΔH

e−[ΔH(n)−μΔH]2/2σ2
ΔHdΔH

]ς−1

×
[

1 −
∫ΔH

−∞

1√
2πσΔH

e−[ΔH(n)−μΔH]2/2σ2
ΔHdΔH

]N−ς
1√

2πσΔH
e−[ΔH(n)−μΔH]2/2σ2

ΔHdΔH.

(4.5)

4.2. Maximum Likelihood Estimate-Based Detection

Considering the independence between ΔH(n) and ΔH(n′), (n/=n′), the joint probability
density function of ΔH is obtained by

pjoint(ΔH) =
N∏

n=1

p[ΔH(n)] =
1

(2π)N/2σNΔH
e−
∑N

n=1 [ΔH(n)−μΔH]2/2σ2
ΔH . (4.6)

Taking the natural logarithm on both sides of (4.6), we have

ln
[
pjoint(ΔH)

]
= ln

(
1

(2π)N/2σNΔH
e−
∑N

n=1 [ΔH(n)−μΔH]2/2σ2
ΔH

)

= −
(
N

2
ln(2π) +N lnσΔH +

1
2σ2

ΔH

N∑

n=1

[
ΔH(n) − μΔH

]2
)

.

(4.7)
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In order to get the maximum likelihood estimate (MLE) of μΔH and σ2
ΔH , we have

∂ ln
[
pjoint(ΔH)

]

∂μΔH
=

1
σ2
ΔH

N∑

n=1

[
μΔH −ΔH(n)

]
= 0,

∂ ln
[
pjoint(ΔH)

]

∂σ2
ΔH

=
1

2
(
σ2
ΔH

)2

N∑

n=1

[
ΔH(n) − μΔH

]2 N

2σ2
ΔH

= 0.

(4.8)

By solving (4.8), one has

μΔHMLE =
1
N

N∑

n=1

ΔH(n),

σ2
ΔHMLE

=
1
N

N∑

n=1

[
ΔH(n) − μΔH−MLE

]2
.

(4.9)

So the probability distribution function of ΔH(n) is expressed by

p(ΔHMLE) =
1√

2πσΔHMLE

e
−[ΔH(n)−μΔHMLE ]

2/2σ2
ΔHMLE . (4.10)

Let the detection threshold be θMLE. The traffic in section n is considered normal if
the change of self-similarity ΔH(n) < θMLE; otherwise, the traffic is considered abnormal,
indicating possible attacks in that section.

Define false alarm as mistakenly recognizing a normal traffic as abnormal traffic. The
false alarm rate pf of the proposed detection system is expressed by

pf = p(θMLE < ΔH(n)) =
∫+∞

θMLE

1√
2πσΔHMLE

e
−[ΔH(n)−μΔHMLE ]

2/2σ2
ΔHMLEdΔH. (4.11)

So when given the preselected false alarm rate pf , the detection threshold θMLE is given by

θMLE = μΔHMLE + Φ(1−pf )σΔHMLE , (4.12)

where Φ is the standard normal distribution function.

5. Experiments and Analysis

5.1. Data Preparation

To evaluate the proposed detection methods, we use two traffic data sets from DARPA 1999
[25]. The DARPA 1999 data sets are from the Information Systems Technology Group, MIT
Lincoln Laboratory, under DARPA ITO and Air Force Research Laboratory. These traffic data
sets are the first standard for the evaluation of computer network intrusion detection systems.
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The first traffic set collected from 8:20:00.0 to 11:10:39, 1 March (Monday), 1999, named
DARPA1999-week1-Monday-inside, is an attack free series. The second traffic set collected
from 8:20:00.0 to 16:24:41.5, 8 March (Monday), 1999, named DARPA1999-week2-Monday-
inside, is an attack contained series. 3 types of DDoS attacks are contained in this data set,
which are pod, back, and land separately. We rename the first-attack free traffic set as D99-
W1-1-i and second attack contained traffic set as D99-W2-1-i for short. The traffic traces for
these two data sets are displayed in Figure 2. The merging time scale is 100 ms.

5.2. Test Results and Analysis

After the 100 ms merging, the number of data in D99-W1-1-i is 102400 and the number of data
in D99-W2-1-i is 290816. Combine these two traffic sets into one and name it as D99. D99 is
divided into 64 sections (N = 64) and each section is further divided into 12 segments (W =
12). So the length of each traffic segment is 512. We use (2.7) to estimate the Hurst parameter
Hw(n) of the wth traffic segment in the nth section (w = 1, 2, . . . ,W and n = 1, 2, . . . ,N), then
average the Hw(n) in terms of w. After that, we obtain the Hurst parameter H(n) in the nth
section, as shown in Figure 3.
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Figure 5: Detection thresholds based on order statistic.

We apply AR model with order Q (Q = 10) to estimate the Hurst parameter of the
traffic. The Hurst variation ΔH(n) of the nth traffic section is obtained using (3.4). The results
are shown in Figure 4.

For the order statistic-based detection method, we first sort ΔH(n) in an increasing
order and then choose the scale factor λ = 1.2. After selecting a value ζ, the detection threshold
θOS is calculated according to (4.2). Figure 5 shows the thresholds when ζ is 40, 45, and 50,
respectively.

Form Figure 5, we can see that when ζ is smaller (ζ = 40), the detection threshold
is lower. In this case, more traffic sections will have Hurst variations above the threshold
thus more attacks are declared. However, note that a smaller ζ may also introduce more false
alarms, mistakenly recognizing more normal traffic as attack traffic.

For the maximum likelihood estimate-based detection, we compute the detection
threshold θMLE using (4.12). Figure 6 shows the resulted thresholds when the pre-selected
false alarm rate pf is 1%, 5%, and 10%, respectively.

Form Figure 6, we can see that when the pre-selected false alarm rate pf is higher
(pf = 10%), the resulted threshold is lower. This is in accordance with our expectation because
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when the pre-selected false alarm rate is high, it is allowed to mistakenly treat some normal
traffic as attacks, thus the detection threshold is low.

Figure 7 shows the detection rate pd versus false alarm rate pf for both of the detection
methods. We can see from the figure that both of the two detection methods can achieve
reasonable detection rate, but the detection performance of maximum likelihood estimate-
based method is better than the order statistic-based method. Meanwhile, we can see that
for both detection methods, a minor increase of the pf results in a significant increase in pd
when pf is lower than 0.1. Which means if we allow a little bit more false alarm, the detection
rate will be significantly improved. We can also observe from Figure 7 that when pd is higher
than 0.9, a minor increase in pd will require a significant increase in pf . That is, if we want to
improve the detection rate in the range greater than 0.9, we have to tolerate much more false
alarms.
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Table 1: Comparisons of detection performance.

Detection method pf pd

Allen 34% 80%
Order statistic-based detection 34% 87%

Maximum likelihood estimate-based detection 34% 92%
Ren 38% 89%

Order statistic-based detection 38% 91%
Maximum likelihood estimate-based detection 38% 96%

5.3. Comparison with Existing Detection Methods

In this section, we compare our proposed two detection methods with Allen’s method [26]
and Ren’s method [27], for these are two well-known self-similarity-based detection methods
in the literature. Both of these methods define a range of Hurst parameter for normal traffic.
For Allen’s method, the Hurst range is (0.5, 0.99) and the range is (0.65, 0.85) in Ren’s method.
Traffic section with a Hurst outside the range is treated as abnormal traffic.

Table 1 compares the detection performance of Allen’s method, Ren’s method, and our
proposed methods. Ren’s detection method achieves higher detection rate pd than Allen’s
method at the cost of slightly higher false alarm rate pf . We first use the Allen’s false alarm
rate 34% as the false alarm rate of the proposed two detection methods. The proposed order
statistic-based detection method can archive detection rate as high as 87%, and maximum
likelihood estimate-based detection method archives detection rate as high as 92%, both
higher than the detection rate of Allen’s method. Similarly, we use the Ren’s false alarm rate
38% as the false alarm rate of the proposed two detection methods. The detection rates of the
proposed detection methods are also higher than that of the Ren’s method.

6. Conclusion

In this paper, we have proposed a DDoS detection method by monitoring Hurst variation
based on Li’s work on DDoS attack detection. Meanwhile, we have discussed two methods
for determining the change point of LRD traffic, which can be used to distinguish attack traffic
from normal traffic. Experiments have been conducted to evaluate the performance of our
proposed scheme, and the test results show that the proposed detection methods outperform
existing self-similarity based detection methods, and can significantly enhance the reliability
and robustness of the DDoS flood attack detection.
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Skyline query computes all the “best” elements which are not dominated by any other elements
and thus is very important for decision-making applications. Recently, it is generalized to skyband
query and a k-skyband query returns those elements dominated by no more than k, of other
elements. To incorporate the skyband operator into the stream engine for monitoring skybands
over sliding windows, space usage estimation for skyband operator becomes a critical issue in the
query optimizer. In this paper, we firstly introduce the skyband sketch as the cost model. Based
on the cost model, we propose an approach for estimating the space usage of skyband operator
over sliding windows of data streams under the assumptions of statistical independence across
dimensions, no duplicate values over each dimension, and dimension domains totally ordered.
Experiments verify that our approaches can estimate the space usage effectively over arbitrarily
distributed data. To the best of our knowledge, this is the first work that attempts to address the
issue and proposes effective approaches to solve it.

1. Introduction

Skyline queries [1] are very important for multicriteria decision-making applications, as the
queries can return all the “best” elements which are not dominated by any other element.
However, skyline queries may eliminate elements which are valuable but dominated by few
other elements, for dimensions commonly can not cover all user’s consideration. Therefore,
Papadias et al. [2] generalized the skyline to skyband, and a k-skyband query returns all the
elements which are dominated by no more than k of other elements.

By using the common hotel example in the literature, assuming that each hotel has the
information of its distance from the beach and its price, and that one prefers the hotels which
are cheap and close to the beach, Figure 1 demonstrates the difference between the skyline
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Figure 1: Skyline versus 1-skyband.

(the 0-skyband) and the 1-skyband. Three hotels, that is, a, d, and f , are returned by the
skyline query, but additional four hotels, that is, b, c, e, and j, are returned by the 1-skyband
query because they are dominated by only one of other elements. Buchta [3] proposed
that the expected number of the skyline elements in a d-dimensional space which contains
n elements is Θ((lnn)d−1/(d − 1)!); therefore, low-dimensional skyline queries commonly
return a small number of skyline elements to the user, and some valuable elements may be
eliminated, the reason is that each element has a high probability of being dominated by
other elements in a low-dimensional space. Skyband queries may return the elements which
are valuable but dominated by few other elements to the user, hence, are widely used by
decision-making applications in low-dimensional spaces.

Recently, the database research community witnessed a paradigm shift to continuous
queries, and much attention has been put on sliding-window skyline queries [4, 5] in the
stream environment. However, the issue of space usage estimation, which is very important
for extending the query optimizer’s cost model to accommodate skyline queries in the stream
engine, is still left untouched. In this paper, we propose some effective approaches to estimate
the space usage of sliding-window skyband queries. Since the skyline query is a special case
of skyband queries, our proposed approaches can be naturally applied to sliding-window
skyline queries as well.

Monitoring sliding-window skybands needs to extract all skyband elements from the
live elements in the window and continuously report skyband changes as the window slides.
In this paper, we first introduce the skyband sketch as the cost model and present effective
policies for the sketch maintenance. As such, the skyband sketch has the quality of good
space efficiency because it only stores the skyband elements along with the potential-skyband
elements which do not belong to the skyband currently and are not guaranteed to be excluded
from the skyband in their remaining lifespan. Next, under the assumption of statistical
independence across dimensions, which is commonly used by query optimizers, and that no
duplicate values exist over each dimension and domains are all totally ordered, we propose
an approach for estimating the space usage of monitoring skybands over sliding windows.
Experimental study verifies that our approaches can estimate the space usage effectively over
arbitrarily distributed data. To the best of our knowledge, this is the first work that attempts
to address the issue of space estimation and proposes effective approaches to solve it.
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The rest of this paper is organized as follows. Section 2 summarizes the related
work; Section 3 introduces some preliminary knowledge; Section 4 details our approaches
for estimating the space usage; experimental results are given in Section 5 and followed by
our conclusions in Section 6.

2. Related Work

Many algorithms have been proposed for computing static skylines, including the non-index-
based algorithms [1, 6, 7] and the index-based algorithms [8–10], where the index-based
algorithms uniformly outperform the non-index-based algorithms. Skyline computation
under some certain conditions also received much attention, including skyline computation
with partially ordered domains [11] and low-cardinality domains [12], subspace skyline
computation [13, 14], skyline cube maintenance [15–19], and skyline computation in the
distributed environment [14, 20–23]. Some skyline variations have also been proposed,
including the k-dominant skyline [24], the top-k subspace skyline [25], the reverse skyline
[26], the k most representative skyline [27], the probabilistic skyline [28], and the skyband
[2].

Under the assumptions of statistical independence across dimensions, no duplicate
values over each dimension, and dimension domains being all totally ordered, the problem
of estimating the number of the skyline elements, that is, the skyline cardinality, has been
addressed in the works [3, 29, 30]. Chaudhuri et al. [31] relaxed the assumption of no
duplicate values over each dimension by allowing two possible values (e.g., 0 and 1).

As stated before, continuous skyline queries over sliding windows in data streams
[4, 5] have important applications such as environment monitoring and trends sensing. To
accommodate skyline operator in the stream processing engine, the issue of space usage
estimation needs to be solved. Motivated by this ambition, under the similar assumptions,
we propose robust approaches to estimate the number of the skyband and potential-skyband
elements over continuously distributed data.

3. Preliminaries

In this section, we present some preliminary results that will be used in the next section. In
addition, we also describe a data structure called the skyband sketch. Theorem 3.1 characterizes
the number of the elements in a finite set which just satisfy k of the m properties. It is
based on the generalized form of the Inclusion-Exclusion Principle [32]. Similarly, Theorem 3.2
characterizes the number of the elements in a finite set which satisfy no more than k of the m
properties; the theorem will be used for our theoretical analysis of the space usage in the next
section.

Theorem 3.1. Suppose that S is a finite set, P1,P2, . . . ,Pm are m properties, and S1,S2, . . . ,Sm
are m subsets of S, where Si consists of all those elements in S with property Pi. Let Δ(m, k) be the
number of the elements in S which just satisfy k of them properties, it can be characterized as

Δ(m, k) =
m∑

i=k

(−1)i−k
(
i

k

)

T(i), (3.1)
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where T(i) (0 ≤ i ≤ m) is characterized as follows:

T(0) = |S|,

T(1) =
m∑

i=1

|Si|,

T(2) =
∑

1≤i1<i2≤m
|Si1 ∩ Si2 |,

T(3) =
∑

1≤i1<i2<i3≤m
|Si1 ∩ Si2 ∩ Si3 |,

...

T(m) = |S1 ∩ S2 ∩ · · · ∩ Sm|.

(3.2)

Theorem 3.2. Suppose that S is a finite set, P1,P2, . . . ,Pm arem properties, and S1,S2, . . . ,Sm are
m subsets of S, where Si consists of all the elements in S which satisfy Pi; the number of the elements
in S which satisfy no more than k of them properties, that is, Γ(m, k), can be characterized as

Γ(m, k) = T(0) +
m∑

i=k+1

(−1)i−k
(
i − 1

k

)

T(i), (3.3)

where T(i) (0 ≤ i ≤ m) is the same as that in Theorem 3.1.

Proof. By Theorem 3.1, Γ(m, k) can be characterized as

Γ(m, k) =
k∑

j=0

Δ
(
m, j
)
=

k∑

j=0

m∑

i=j
(−1)i−j

(
i

j

)

T(i)

=
k∑

i=0

i∑

j=0
(−1)i−j

(
i

j

)

T(i) +
m∑

i=k+1

k∑

j=0
(−1)i−j

(
i

j

)

T(i)

= T(0) +
m∑

i=k+1

(−1)i−k
(
i − 1

k

)

T(i).

(3.4)

We have thus proved the theorem.

In a d-dimensional space, for simplicity and without loss of generality, an element ξ•
is said to dominate another element ξ◦ if it is smaller than or equal to ξ◦ over each dimension
and strictly smaller than ξ◦ over at least one dimension and is noted as ξ• � ξ◦. In a sliding-
window, if no more than k of other live elements can dominate an element, the element is
a k-skyband element; if an element is not a k-skyband element and no more than k of the
succeeding elements can dominate it, the element is a potential-k-skyband element.

Now we are able to describe a data structure called the skyband sketch for keeping the
k-skyband elements or the potential-k-skyband elements. The skyband sketch is a memory
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Expires Deleted Deleted

Skyband elements Potential-skyband elements

Arriving elements

Figure 2: The architecture of the skyband sketch.

resident synopsis. The potential-skyband elements are the elements which do not belong
to the skyband currently but are not guaranteed to be excluded from the skyband in their
remaining lifespan. Hence the skyband sketch has the quality of good space efficiency for
monitoring skybands over sliding-windows. The space usage in this paper is measured by
the numbers of the skyband and the potential-skyband elements stored by the sketch.

Figure 2 shows the architecture of the skyband sketch; the sketch changes occur only
when a new element arrives or a current skyband element expires. When a new element
arrives, if no more than k skyband elements can dominate it, it is probably a skyband
element; otherwise, it is a potential-skyband element. If the new element appears to be a
skyband element, all the skyband elements which are dominated by more than k succeeding
skyband elements and all the potential-skyband elements which are dominated by more than
k succeeding skyband and potential-skyband elements should be deleted because they will
be dominated by the succeeding k elements during their remaining lifespan; in addition, the
skyband elements which are dominated by no more than k succeeding skyband elements but
are dominated by more than k live skyband elements will appear to be potential-skyband
elements. If the new element appears to be a potential-skyband element, all potential-
skyband elements which are dominated by more than k succeeding skyband and potential-
skyband elements should be deleted. When a skyband element expires, all the potential-
skyband elements which are dominated by no more than k skyband and potential-skybad
elements will appear to be skyband elements. In this paper, since we focus on the problem
of space usage estimation, we leave out the detailed implementation issues of the skyband
algorithm.

4. Space Usage Estimation

In this section, we present our robust approaches for estimating the space usage of sliding-
window skybands under the assumption of statistical independence across dimensions based
on the preliminary results in the previous section.

4.1. Distribution-Constrained Data

Here, we give our theoretical analysis for the space usage of sliding-window skybands
over data which is distribution constrained, that is, there are no duplicate values over each
dimension. By mapping the problem of evaluating the number of the elements in a finite set
which satisfy no more than k of the m properties to the problem of evaluating the probability
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Figure 3: Continued.
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Figure 3: Space performance of monitoring skylines over sliding windows in the stream environment in a
4-dimensional space where the data over each dimension is continuously distributed.

that no more than k of other m elements can dominate an element, Lemma 4.1 gives the
probability that at most k of other m elements in a d-dimensional space can dominate an
element. Based on Lemma 4.1, Theorem 4.2 gives the expected number of the k-skyband
elements in a sliding window which contains n d-dimensional live elements.

Lemma 4.1. Suppose that ξ0, ξ1, ξ2, . . . , ξm are m + 1 elements in a d-dimensional space, under
assumptions of statistical independence across dimensions, no duplicate values over each dimension,
and data domains being all totally ordered; let Dk(m,d) be the fact that no more than k of other m
elements can dominate ξ0, then the probability ofDk(m,d), that is, P{Dk(m,d)}, can be characterized
as

P{Dk(m,d)} = 1 +
m∑

i=k+1

(−1)i−k

(i + 1)d

(
i − 1

k

)(
m

i

)

. (4.1)

Proof. We mapS,Pi, andSi in Theorem 3.2 to the full probability space, ξi � ξ0, and P{ξi � ξ0},
respectively; T(i) is mapped to T◦(i), which can be characterized as

T◦(0) = 1,

T◦(1) =
m∑

i=1

P{ξi � ξ0},

T◦(2) =
∑

1≤i1<i2≤m
P{ξi1 � ξ0 ∧ ξi2 � ξ0},

T◦(3) =
∑

1≤i1<i2<i3≤m
P{ξi1 � ξ0 ∧ ξi2 � ξ0 ∧ ξi3 � ξ0},

...

T◦(m) = P{ξ1 � ξ0 ∧ ξ2 � ξ0 ∧ · · · ∧ ξm � ξ0}.

(4.2)
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Figure 4: Continued.
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Figure 4: Space performance of monitoring skylines over sliding windows in the stream environment in a
8-dimensional space where the data over each dimension is continuously distributed.

Under assumptions of statistical independence across dimensions, no duplicate values
over each dimension, and domains being all totally-ordered, an element has a 1/(i + 1)d

probability of being dominated by all other i elements; therefore, T◦(i) can be further
characterized as

T◦(i) = 1

(i + 1)d

(
m

i

)

. (4.3)

By Theorem 3.2, P{Dk(m,d)} can be characterized as

P{Dk(m,d)} = T◦(0) +
m∑

i=k+1

(−1)i−k
(
i − 1

k

)

T◦(i)

= 1 +
m∑

i=k+1

(−1)i−k

(i + 1)d

(
i − 1

k

)(
m

i

)

.

(4.4)

We have thus proved the lemma.

Theorem 4.2. Suppose that there are n d-dimensional live elements in a sliding window, under
assumptions of statistical independence across dimensions, no duplicate values over each dimension,
and dimension domains being all totally-ordered, the expected number of the k-skyband elements, that
is, Ψk(n, d), can be directly characterized as

Ψk(n, d) = n +
n−1∑

i=k+1

(−1)i−k

(i + 1)d−1

(
i − 1

k

)(
n

i + 1

)

(4.5)



10 Mathematical Problems in Engineering

and can be recursively characterized as

Ψk(n, d) = Ψk(n − 1, d) +
Ψk(n, d − 1)

n
(4.6)

with initial conditions Ψk(n, 1) = k + 1 where n ≥ k + 1 and Ψk(k + 1, d) = k + 1 where d ≥ 1.

Proof. By Lemma 4.1, Ψk(n, d) can be characterized as

Ψk(n, d) = n · P{Dk(n − 1, d)}

= n + n ·
n−1∑

i=k+1

(−1)i−k

(i + 1)d

(
i − 1

k

)(
n − 1

i

)

= n +
n−1∑

i=k+1

(−1)i−k

(i + 1)d−1

(
i − 1

k

)(
n

i + 1

)

.

(4.7)

Ψk(n, d) can further be recursively characterized as

Ψk(n, d) = n +
n−1∑

i=k+1

(−1)i−k

(i + 1)d−1

(
i − 1

k

)(
n

i + 1

)

= n +
n−2∑

i=k+1

(−1)i−k

(i + 1)d−1

(
i − 1

k

)(
n − 1

i + 1

)

+
n−1∑

i=k+1

(−1)i−k

(i + 1)d−1

(
i − 1

k

)(
n − 1

i

)

= (n − 1) +
n−2∑

i=k+1

(−1)i−k

(i + 1)d−1

(
i − 1

k

)(
n − 1

i + 1

)

+
n

n
+

1
n
·
n−1∑

i=k+1

(−1)i−k

(i + 1)d−2

(
i − 1

k

)(
n

i + 1

)

= Ψk(n − 1, d) +
Ψk(n, d − 1)

n

(4.8)

with initial conditions

Ψk(n, 1) = k + 1 (n ≥ k + 1),

Ψk(k + 1, d) = k + 1 (d ≥ 1).
(4.9)

We have thus proved the theorem.

Theorem 4.3 shows that there exists inherent correlation between the expected number
of the skyband elements in case of monitoring a (d+1)-dimensional k-skyband over a sliding
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window which contains n elements Ψk(n, d + 1) and the expected number of the elements
stored by the skyband sketch in case of monitoring a d-dimensional k-skyband over a sliding
window which contains n elements Φk(n, d), that is, Ψk(n, d + 1) = Φk(n, d). In addition, the
expected number of the potential-skyband elements in case of monitoring a d-dimensional k-
skyband over a sliding window which contains n elements Ωk(n, d) equals Φk(n, d)−Ψk(n, d).
Therefore, by a minor revision, Theorem 4.2 can also be used to characterize the expected
number of the potential-skyband elements.

Theorem 4.3. Under assumptions of statistical independence across dimensions, no duplicate values
over each dimension, and domains being all totally-ordered, the expected number of the skyband
elements in case of monitoring a (d+1)-dimensional k-skyband over a sliding window which contains
n live elements, that is,Ψk(n, d+1), equals the expected number of the elements stored by the skyband
sketch in case of monitoring a d-dimensional k-skyband over a sliding window which contains n live
elements, that is, Φk(n, d).

Proof. By Lemma 4.1, Φk(n, d) can be characterized as

Φk(n, d) = k + 1 +
n∑

j=k+2

P
{
Dk

(
j − 1, d

)}

= n +
n∑

j=k+2

j−1∑

i=k+1

(−1)i−k

(i + 1)d

(
i − 1

k

)(
j − 1

i

)

= n +
n−1∑

i=k+1

n∑

j=i+1

(−1)i−k

(i + 1)d

(
i − 1

k

)(
j − 1

i

)

= n +
n−1∑

i=k+1

⎛

⎝ (−1)i−k

(i + 1)d

(
i − 1

k

)
n−1∑

j=i

(
j

i

)⎞

⎠

= n +
n−1∑

i=k+1

(−1)i−k

(i + 1)d

(
i − 1

k

)(
n

i + 1

)

= Ψk(n, d + 1).

(4.10)

To see why the theorem holds, suppose ξ1, ξ2, . . . , ξn are the n live elements in the sliding
window, which are ascendingly ordered by the element sequence number, and ξi1 , ξi2 , . . . , ξim ,
where 1 ≤ i1 < i2 < · · · < im ≤ n, are the m elements stored by the skyband sketch for
monitoring a d-dimensional k-skyband over the sliding window. We map each of the live
element ξi = 〈xi1, xi2, . . . , xid〉 into a (d + 1)-dimensional elements ξ◦i = 〈xi1, xi2, . . . , xid, 1/ηi〉,
where ηi is the sequence number of the element, then ξ◦i1 , ξ

◦
i2
, . . . , ξ◦im are just the k-skyband

elements in the (d + 1)-dimensional space.

4.2. A Dynamic Programming Algorithm

In this subsection, based on the theoretical analysis proposed in the above subsection, we
propose an efficient dynamic programming algorithm to estimate the space usage. Since there
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Input: n: the number of the elements
d: the number of the dimensions
k: the k-skyband

Output: the expected skyband cardinality
begin

if n ≤ k + 1 then return n;
if d = 1 then return k + 1;
for i = 1 to d do α[i]← k + 1;
ξ ← 0;
for i = k + 2 to n do

ξ ← (ξ + 1) mod 2;
if ξ = 1 then
β[1]← k + 1;
for j = 2 to d do β[j]← β[j − 1]/i + α[j];

else
α[1]← k + 1;
for j = 2 to d do α[j]← α[j − 1]/i + β[j];

end
end
if ξ = 0 then return α[d] else return β[d];

end

Algorithm 1: Expected skyband cardinality: Ψk(n, d).

exist inherent correlations among the expected number of the skyband elements, the expected
number of the potential-skyband elements, and the expected number of the elements stored
by the skyband sketch, we only consider how to estimate the number of the skyband
elements.

Estimating the number of the skyband elements using (4.5) is infeasible in most
cases because combination numbers are used to characterize the expected number of the
skyband elements; for example, the number of the different ways of selecting 50 elements
from 100 different elements can not be stored by a 64-bit integer. Based on (4.6), we can
design a recursive algorithm to estimate the number of the skyband elements, which will not
encounter integer overflow. The recursive algorithm can be characterized by a binary tree
with the depth of max(n − k, d), where n, k, and d are the same as those in Theorem 4.2.
Therefore, estimating the number of the skyband elements using the recursive algorithm has
the computational complexity of Θ(2max(n−k,d)), which is unacceptable in most cases. Actually,
there exists a large amount of duplicate computations in the binary tree; therefore, if duplicate
computations can be eliminated, the computational complexity can be reduced. Algorithm 1
is a nonrecursive algorithm for estimating the number of the skyband elements, which is
based on (4.6), and all the duplicate computations are eliminated. The algorithm is a dynamic
programming algorithm [33], because although the algorithm is based on a recurrence, it is
non-recursive, and each step of the algorithm gives an exact answer for the corresponding
subproblem.

Algorithm 1 functions as follows. First, two vectors α and βwith size d are created, and
the values of α[1 · · ·d] are initialized to Ψk(k + 1, 1 · · ·d), respectively. According to the initial
conditions, we have Ψk(k + 1, 1 · · ·d) = k + 1, hence all the values of α[1 · · ·d] are initialized
to k + 1. Then, we evaluate Ψk(k + 2, 1 · · ·d) and store the values to β[1 · · ·d], respectively.
According to the initial conditions, we have Ψk(k + 2, 1) = k + 1, hence β[1] is set to k + 1.
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According to the recurrence, we have Ψk(k + 2, 2) = Ψk(k + 2, 1)/(k + 2) + Ψk(k + 1, 2), that
is, β[2] = β[1]/(k + 2) + α[2], hence we can evaluate Ψk(k + 2, 2) and store the value to β[2].
By the same principle, we may evaluate Ψk(k + 2, 3 · · ·d) sequentially and store the values
to β[3 . . . d]. We may continue to evaluate Ψk(k + 3, 1 · · ·d) using the values in β[1 · · ·d] and
store the values of Ψk(k + 3, 1 · · ·d) to α[1 . . . d], respectively, until we evaluate Ψk(n, 1 · · ·d)
and store the values to α[1 · · ·d] or β[1 · · ·d]. At last, the value of α[d] or β[d] is returned as
the value of Ψk(n, d). It is apparent that the algorithm is space and time efficient, because the
space complexity and the time complexity are Θ(d) and Θ((n − k)d), respectively.

5. Experiments

In this section, we verify our theoretical results on space usage estimation of the k-skyband
operator monitoring skybands over sliding windows in the stream environment by extensive
experiments. The algorithms have been implemented by the C++ programming language
and run on a 2.0 GHz Intel CPU with 2 GB of memory, and the data over each dimension
is generated by the (GNU Scientific Library GSL: http://www.gnu.org/software/gsl). We
test the space performance in a lower dimensional (4-dimensional) and a higher dimensional
(8-dimensional) space, respectively. According to the probability theory, if the data over a
dimension is continuously distributed, the probability that there are duplicate values over
the dimension is zero. Therefore, for each space, we generate a dataset; the data over the
first dimension is normally distributed with σ = 500, and the data over other dimensions is
normally distributed with σ = 100. At the same time, the sliding-window size increases from
500 to 1000 stepped by 50; for each step, we compute the maximal, average, and minimal
skyband sketch size, number of the skyband elements, and number of the potential-skyband
elements during the moving of the sliding window over one million elements. Since there is
no previous work that evaluates the space usage over continuous data, thus we compare our
corresponding theoretical results with the experimental results.

Figures 3 and 4 show the comparisons between experimental results and the
theoretical results for 4-dimension space and 8-dimension space. We can see that the
experimental results are almost the same as we expected in the theories. What is more is
that the maximal values are not twice as much as the minimal value and they are all close to
the theoretical results. For the given parament r (r-skyband) and d, both of the actual space
usage and the estimated space usage increase with the window size, as more objects need
to be evaluated. At the same time, the skyband cardinality also increases when the value of
parament r increases. The comparison between 4-dimension space and 8-dimension space, as
Figures 3(a) and 4(e) show, illustrates that the skyband sketch size in high-dimension space
is much more than that in low-dimension space, when the window size and the parament r
are given. This is because less elements are likely to be dominated by other objects in high-
dimension space compared with in low-dimension space. As there are sufficient skylines for
users to make a decision in the higher-dimensional space, skybands query shows its efficiency
in low-dimensional space.

6. Conclusions and Discussions

Skyband query is of great importance for multi-criteria decision-making applications. To
support skyband query in the stream engine, the problem of effective space usage estimation
must be solved, which is important for extending the query optimizers cost model. In this



14 Mathematical Problems in Engineering

paper, under the assumption of statistically independent [34, 35] across dimensions, no
duplicate values over each dimension, and dimension domains being all totally ordered, we
propose effective methods to address this issue; since the skyline query is just a special case of
skyband queries, it is obvious that our approaches apply to sliding-window skyline queries
either. We also put forward a dynamic programming algorithm to estimate the space usage,
which is space and time efficient. In addition, if only the distribution function is given, we can
also use the similar approach to evaluate the skyband cardinality over a space, where there
are duplicate values over some dimensions. Finally, we carried out extensive experiments
which verified that our proposed approaches can estimate the space usage accurately, hence,
can be used to extend the optimizer’s cost model for incorporating the skyband operator.
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In order to achieve high throughput and low average delay in computer network, it is necessary
to stabilize the queue length and avoid oscillation or chaos phenomenon. In this paper, based
on Adaptive Random Early Detection (ARED), an improved algorithm is proposed, which
dynamically changes the range of maximum drop probability pmax according to different network
scenarios and adjusts pmax to limit average queue size qave in a steady range. Moreover, exponential
averaging weight w is adjusted based on linear stability condition to stabilize qave. A number of
simulations show that the improved ARED algorithm can effectively stabilize the queue length
and perform better than other algorithms in terms of stability and chaos control.

1. Introduction

In the current internet, congestion control has been a serious problem. Lack of effective
management of congestion significantly affects the performance of internet, such as
degradation of link utilization, more round-trip time, and even makes the network
inaccessible. At the same time, various approaches have been proposed to solve the issue.
These schemes can be divided into two categories. One category strengthens congestion
management at the end while making few changes to internet [1, 2]. The other one aims to
adapt Active Queue Management (AQM) at each router, and eventually control congestion
level, such as Random Early Detection (RED) [3], Random Early Marking (REM) [4] and
Virtual Queue (VQ) [5, 6]. Among them, RED is the most prominent and well-studied AQM
scheme. Though RED can prevent global synchronization, reduce packet loss, and achieve
high throughput, it induces oscillation or chaos to degrade the performance of the system in
some network scenarios. The stability of RED gains more and more researchers’ attentions.
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The main goal of AQM is to keep queue length stable in order to make a good tradeoff
between high throughput and low delay. As a queue management policy, RED gateway
manages queue by monitoring the average queue size qave. When qave exceeds the preset
lower threshold qmin, arriving packets are randomly dropped or marked with a certain
probability, so that some connections can sense the early congestion, and then adjust their
window sizes to avoid serious congestion and packet lost. Once the average queue size is
larger than the upper threshold qmax, the RED gateway drops/marks every arriving packet
to keep qave below qmax. Although the RED algorithm is an effective mechanism to achieve
high throughput and low delay, some researches note that RED is quite sensitive to traffic load
and RED parameters [7–9], and that the average queue length exhibits nonlinear instability
and chaos [10–13]. In particular, when the average queue becomes larger than the upper
threshold qmax, qave fluctuates seriously, leading to low throughput and large packet loss rate.
Many modified RED algorithms are proposed to eliminate oscillations or chaos to improve
its robustness by revising the drop probability function or by adjusting control parameters.

Among these algorithms, one set of approaches are to modify the packet drop
probability function to improve the stability of RED and its performances [14–18].
Particularly, Hollot et al. proposed a PI-controller (Proportional-Integral controller) to
improve reaction of TCP-RED dynamics [15]. Besides that, the authors proposed LRED
(Loss Ratio-based RED) in [18], which takes into account the dropping probability based
on loss rate and queue length rather than average queue size. These modified algorithms
outperform original RED in terms of better stability and higher throughput. However, these
methods always induce additional parameters that are needed to be optimized to stabilize
the queue length in different network scenarios. The setting of parameters is still an unsolved
problem. Another set of algorithms does not change the basic idea of RED, but tunes the
control parameters to improve the stability of the queue length [8, 9, 12, 13, 19–23]. Feng et al.
have argued that there is no single set of RED parameters that can work well under different
congestion scenarios. In [8], they proposed original ARED, which tunes the parameter pmax

based on network traffic to keep the average queue size qave between the upper threshold qmax

and lower threshold qmin. Floyd et al. present a revised version, also called Adaptive RED
[9], which adopts AIMD mechanism to change pmax slowly. Although ARED can stabilize
the queue length at a given target and achieve high throughput in some networks, ARED
does not provide any systematic methods to set parameters and the target. Furthermore, the
control parameter selection is based only on empirical observation and simulation analysis.
As a result, it performs well in one simulation, but fails in another. Besides that, some
researches propose other variants of RED, such as SARED (Stabilized ARED) [19], PD-RED
[20], while others discuss the bound of pmax [21–23]. These algorithms keep the queue length
stable in some network scenarios by dynamically tuning parameters, but they fail to control
the fluctuation and chaos in others.

In the paper, we analyze the steady range of qave and its linear stability condition,
and propose a novel improved ARED algorithm. The improved ARED constrains pmax in a
more reasonable range according to both the steady range and the target range of ARED.
What is more, the improved ARED also decreases w to stabilize qave based on linear stability
condition. By stabilizing qave within target range, the improved ARED algorithm could
get high link utilization, more stable delay with less delay jitter. The rest of the paper is
organized as follows. In Section 2, RED algorithm and a discrete-time TCP-RED model are
introduced. Then we analyze linear stability condition of the average queue size. In Section 3,
an improved ARED algorithm is proposed based on ARED algorithm, and the settings of
the control parameters pmax and w are discussed in detailed. Section 4 presents simulations
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results and discusses the performance of various AQM schemes. Finally, we present the
conclusions in Section 5.

2. Discrete-Time TCP-RED Model

In this paper, the network topology used is a dumbbell with a single bottleneck as shown in
Figure 1. There are N connections sharing a single link with the capacity C. It is assumed that
these connections are identical, long-lived, and have the same round-trip propagation delay
d.

2.1. Random Early Detection (RED)

RED is a recommended scheme of AQM by the Internet Engineering Task Force (IETF) [3].
The main goal of RED is to achieve low average delay and high throughput. In order to
achieve the goal, the RED gateway always measures qave, and drops/marks the arriving
packets with the probability p to notify the TCP end of the incipient congestion when
qave > qmin. Once qave > qmax, RED gateway drops every arriving packet so that it can control
the average queue size even in the absence of cooperating sources. The drop probability p
with RED can be described by the following piecewise function [3]:

p =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0 qave < qmin,

1 qave > qmax,

qave − qmin

qmax − qmin
pmax qmin < qave < qmax.

(2.1)

Here pmax is the drop probability when qave is equal to qmax, and also called the maximum
drop probability. qmax and qmin are the expected upper and lower thresholds, respectively.
qave can be got with the following equation [3]:

qave = (1 −w)q′ave +wq. (2.2)

Here, q′ave is average queue size at the previous time. q is instantaneous queue length. w is
exponential averaging weight which is limited at [0, 1]. qave is updated at the time of packet
arrival [3].
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2.2. Discrete-Time Feedback Model for TCP-RED

To better understand the nonlinear instability in TCP-RED, Ranjan et al. have developed
a discrete-time dynamical feedback TCP-RED model [11]. It is assumed that RED
queue management mechanism with Explicit Congestion Notification (ECN) capability
is implemented at each node to provide congestion signal. According to the model, the
instantaneous queue size q can be determined by some network parameters, such as the
buffer size B, mean packet size M, the number of connections N, and a constant K in [1,
(8/3)0.5]. qave can be expressed mathematically as [11]

qave = f
(
q′ave
)
=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(1 −w)q′ave qave ≥ q1,

(1 −w)q′ave +wB qave ≤ q2,

(1 −w)q′ave +w

(
NK√
p
− Cd
M

)

otherwise.

(2.3)

Here q1 = p1 (qmax − qmin)pmax + qmin, where p1 = (NMK/(dC))2 is the minimum drop rate
that leads to an empty queue at next time. q2 = p2(qmax − qmin)/pmax + qmin, where p2 =
(NMK/(dC + BM))2 is the maximum drop probability with full queue at next time. C is the
capacity of the shared link, and d is round-trip propagation delay. The parameter p can be
calculated by (2.1):

In the discrete-time model, it is noted that the average queue size is updated over
time scale of approximately one RTT (round-trip time) [10, 11]. It is much longer than typical
interarrival times of packets in practice. Therefore, w in the model is much larger.

2.3. Instability in TCP-RED

The interaction between TCP and RED is proved to be rather complex and nonlinear
[11, 24]. In recent years, some novel approaches are proposed to better understand the
complex and nonlinear phenomena in practice [25–27], which may be used to explain
the nonlinear phenomena in TCP-RED. In this section, the complex behavior with RED
parameters variation is analyzed based on the associated eigenvalue that is presented as
follows.

If the average queue size stabilizes at a value qave, that is, qave = f(qave), the fixed point
qave must lie in the range [q2, q1]. That can be obtained from (2.3). Considering the associated
eigenvalue λ corresponding to qave, the linear stability condition is |λ| < 1 [11].

|λ| =
∣
∣
∣
∣
∣

∂f(qave)
∂qave

∣
∣
∣
∣
qave

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣
1 −w − wNK

2
√
v
(
qave − qmin

)3/2

∣
∣
∣
∣
∣
< 1. (2.4)

Here, v = pmax/(qmax − qmin) means the increase factor of p. Figures 2 and 3 plot the average
queue size and the associated eigenvalue for a fixed point q∗ave = 345.1, as w varies from 0.12 to
0.2. In simulation, the parameters are the same as in [11]: C = 75 Mb/s, K = (3/2)0.5,M = 4,
000b, d = 0.1 s, N = 250, qmax = 750 packets, qmin = 250 packets, B = 3750 packets, pmax = 0.1.

From Figures 2 and 3, it is evident that for w < 0.1578, qave converges to the
fixed point q∗ave = 345.1. At the same time, |λ| also stays below 1. As w increases, PDB
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Figure 2: Bifurcation diagram of average queue size.
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Figure 3: Absolute value of the associated eigenvalue.

(period doubling bifurcation) emerges from the fixed point, and then chaos appears with
|λ| > 1. It implies that if |λ| > 1 for qave, the average queue size is instable at the point.
In other words, the point is not a fixed one. The system oscillates and even exhibits chaos
phenomenon.

Because all the parameters in (2.4) are positive, λ must be smaller than 1. The linear
stability can be rewritten as λ > −1, that is,

λ = 1 −w − wNK

2
√
v
(
qave − qmin

)3/2
> −1. (2.5)
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3. The Improved ARED Algorithm

In this section, we first briefly introduce ARED algorithm, and then propose a novel improved
ARED algorithm. At last, we give a theoretic analysis for the proposed algorithm.

3.1. Adaptive RED

In 2001, Floyd et al. proposed a modified version of the original ARED (Adaptive RED),
also called ARED [9]. To ensure high throughput and low delay, they set a target range with
[qmin + 0.4 (qmax − qmin), qmin + 0.6 (qmax − qmin)]. When the current average queue size is not
in the range, the control parameter pmax is revised by AIMD (additive-increase multiplicative-
decrease) policy, which can be expressed mathematically as:

pmax =

⎧
⎨

⎩

pmax + α, qave > qtarget, pmax < 0.5,

pmaxβ, qave < qtarget, pmax ≥ 0.01.
(3.1)

Here, qtarget is the target range. ARED changes pmax slowly, and the time scale is larger than
interarrival time in original ARED. In general, the parameter interval = 0.5 seconds. Based
on the principle that the change of qave should not be larger than the range of target in
single interval [9], Floyd et al. advised to set α = min(0.01, pmax/4) and β = 0.9. Besides
that, pmax is constrained within the range [0.01, 0.5], so that the overall performance of RED
could be still acceptable in the transition period, even though the average queue size is out
of the target range. A lot of experiments demonstrate that ARED has a good performance
in terms of stability and robustness [9]. However, the parameter w and the bound of pmax

are configured according to some experiment results. Therefore, ARED works well in some
network scenarios but fails in others.

3.2. The Improved ARED Algorithm

Since ARED adjusts pmax by monitoring whether qave is within the target range, it is sensitive
to the change of qave. Besides that, it causes oscillation when w is improper. In the section,
we propose a novel ARED, named improved ARED, to reduce the parametric sensitivity and
traffic sensitivity. The algorithm is described in Algorithm 1.

There are two main differences between ARED and the improved ARED: (1) pmax

is constrained in the range [p2/0.4, p1/0.6] in the improved ARED, instead of the range
[0.01, 0.5] in ARED, (2) w is also adjusted in the improved ARED, when the linear stability
condition is not satisfied and qave stays in the steady range.

3.3. Maximum Drop Probability pmax

Base on the discussion in Section 2.3, one can see that qave is stable only when it is in the
range [q2, q1] and λ at the point is below −1. In order to stabilize qave, it is necessary to
ensure qave ∈ [q2, q1]. If the target range in ARED is constrained in the steady range [q2, q1],



Mathematical Problems in Engineering 7

Every interval seconds:
if (qave > qtarget && pmax < pmax u)

pmax = pmax + α;
else

if (qave < qtarget && pmax>pmax l)
pmax = pmax × β;

if (qave ∈ qtarget)
Calculate λ by (2.4)

if (λ < −1 && w > wmin)
w = w × γ ;

Parameters:
pmax u: the upper threshold of pmax; p1/0.6
pmax l: the lower threshold of pmax; p2/0.4
γ : decrease factor of w
wmin: the lower threshold of w; 1 − exp(−1/(10Cd/M))
Other parameters are the same as those with Adaptive RED

Algorithm 1: Improved ARED algorithm.

pmax could be adjusted effectively to keep qave in the range. In the case, the two following
inequalities are obtained:

q2 < qmin + 0.4
(
qmax − qmin

)
,

q1 > qmin + 0.6
(
qmax − qmin

)
.

(3.2)

Substituting q1 = p1(qmax − qmin)/pmax + qmin and q2 = p2(qmax − qmin)/pmax + qmin

into (3.2), we obtain the range of pmax:

p2
0.4

< pmax <
p1
0.6

. (3.3)

By the way, the drop mechanism with ARED can keep qave within the steady range
[q2, q1], so the stability of qave depends on the value of λ from (2.5). Figure 4 shows the drop
probability with the improved ARED algorithm.

3.4. Exponential Averaging Weight w

The inequality (2.5) shows that λ depends on control parameters (qmax, qmin, w, pmax), system
parameter N, the constant K and qave. Since the number of connections N is out of control, a
network manager usually changes control parameters to stabilize qave. The thresholds qmin

and qmax refer to the tradeoffs between throughput and delay, and they are constants in
general. Thus, they are set in advance. The control parameters pmax is adjusted by ARED
scheme. Therefore, w becomes the only parameter to be chosen to achieve the stability of qave.
Since λ is a monotony decrease function of w from (2.5), λ > −1 can be ensured by decreasing
w when λ is below −1. In other words, the linear stability of qave can be obtained by decreasing
w.
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Figure 4: Drop probability of the improved ARED algorithm.

On the other hand, if w is too small, the average queue size cannot reflect the change of
instantaneous queue size, so that RED gateway cannot detect the early congestion. In order
to avoid too mall of w, a lower threshold wmin = 1 − exp(−1/(10Cd/M)) is used [9]. Besides
that, multiplicative-decrease policy is used to reduce w quickly.

4. Simulations

The instability of RED schemes comes from its parametric sensitivity and traffic sensitivity.
In other words, RED scheme is very sensitive to control parameters (w, qmin) and system
parameters (N, d). In this section, we test the performance of the improved ARED, the gentle
RED, and ARED when these parameters vary in a large range. The three algorithms use the
discrete-time TCP-RED model for simulation, and are evaluated by the stability of qave. The
parameters in simulation are the same as in [11]: C = 75 Mb/s, K = (3/2)0.5,M = 4,000b,d =
0.1 s,N = 250,qmax = 750 packets,qmin = 250 packets,B = 3750 packets, w = 0.15, pmax = 0.1,
γ = 08 except special descriptions. Besides that, because the instant of observation is about
one RRT [10, 11], pmax is updated after every 5 iterations. It is roughly 0.5 seconds for both
the improved ARED and ARED.

4.1. Control Parameters (w, qmin)

In the subsection, we test the parametric sensitivity of various algorithms. The plots in
Figure 5 present the average queue size when w varies from 0.12 to 0.34 for the gentle RED,
ARED and the improved ARED, respectively. Figure 5(a) shows that for gentle RED, qave

can be stabilized at 345.1 with a small w. As w increases, qave becomes instable, and then PDB
appears. When w is larger than 0.164, qave exhibits chaos phenomenon. ARED cannot stabilize
qave within the target range until w > 0.334 as shown in Figure 5(b). It implies that ARED is
more stable than gentle RED when w varies. However, it also leads to PDB and chaos. From
Figure 5(c), it is found that the improved ARED keeps qave stable at a point within target
range when w is set at different values. The experiments show that the robustness of the
improved ARED is better than Adaptive RED and gentle RED in terms of w.
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(c) Improved ARED algorithm

Figure 5: Average queue size qave versus w.

In simulations, ARED can stabilize qave with a larger w compared with gentle RED
because pmax with ARED is adjusted dynamically. However, when w is larger than some
critical values, qave is more sensitive to the change of queue length, and thus changes fast.
As a result, ARED gateway frequently adjusts pmax that leads to oscillation. In the same case,
the improved ARED decreases w according to the linear stability condition besides adjusting
pmax. Therefore, the performance of the improved ARED outperforms ARED.

Figure 6 demonstrates the change of the average queue size for various algorithms
with the variation of qmin. From these figures, it is evident that gentle RED does a poor job
in terms of stability due to the constant pmax. However, both ARED and the improved ARED
perform better in eliminating oscillations and chaos when the lower threshold changes from
250 to 550. When qmin is near 500 packets, ARED exhibits oscillations as shown in Figure 6(b).
That is because the target range [qmin + 0.4(qmax − qmin), qmin + 0.6(qmax − qmin)] shrinks as qmin

increases, which means that qave stays within the range with a smaller probability. Under this
condition, pmax fluctuates frequently, so qave fluctuates too. However, the improved ARED
changes the value of w based on linear stability condition to reduce the effect of the queue
length on qave, and then reduce the fluctuation of pmax. By doing so, the improved RED
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Figure 6: Average queue size qave versus qmin.

degrades the sensitivity of qmin to some extent, and improves the stability of qave compared
with ARED and gentle RED, as shown in Figure 6(c).

4.2. System Parameters (N,d)

In this subsection, we test the stability and robustness of different algorithms under different
network load N and different round-trip propagation delay d.

Figure 7 shows the average queue size when N increases from 100 to 1500. From
Figure 7(a), it is evident that the system is difficult to stabilize qave with small N. As N
increases, the system is more stable and qave stabilizes at a larger value. These results are
consistent with that in [28]. However, if N continues to increase without constrain, there
exists a value of N with qave near 2qmax, which corresponds to the drop probability of 1 for
gentle RED. Once N exceeds the value, qave oscillates [8]. Therefore, the system can stabilize
qave only if N varies in some range when other parameters are determined. Figure 7(b) shows
that qave of ARED is stable when N ∈ [520, 1080]. However it increases when N > 1080 and
oscillates when N < 520. In the simulations, the improved ARED can keep qave stable in the
target range with N ∈ [100, 1500], as shown in Figure 7(c).
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Figure 7: Average queue size qave versus N.

For small N, ARED and the improved ARED decrease pmax to reduce the effect of
single source on traffic so they can achieve good stability. For large N, a lot of packets need
to be dropped to trigger enough congestion signals with a large drop probability. For the
improved ARED, both p1 and p2 will increase accordingly, and the bounds of pmax will be
enlarged as shown in (3.3). Therefore, the improved ARED can provide enough congestion
signal by adapting a larger pmax. However, the upper threshold of pmax is set to 0.5 for ARED,
so it is ineffective to provide a large enough drop probability with N > 1080. Therefore, the
improved algorithm can get better performance in the simulations.

The plots in Figure 8 show the average queue size with respect to the round-trip
propagation delay. For gentle RED, larger d results in instability as shown in Figure 8(a),
because it takes more time to transmit an early congestion signal. After the ends receive
the congestion signals, a lot of packets have been sent out, caused more serious congestion
with a long queue length. On the other hand, when the system recovers from congestion, the
ends may still decrease sending rate, due to the delay arrival of congestion signals sent at
the previous time. In this case, the average queue size will be very small and the network
resource cannot be fully utilized. In the experiments, both ARED and the improved ARED
can reduce aggressiveness of drop mechanism through decreasing pmax that makes qave enter
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Figure 8: Average queue size qave versus d.

into stability slowly. Figures 8(b) and 8(c) also verify that both algorithms are effective in
control of oscillation and chaos.

5. Conclusions

In this paper, we study the instability of TCP-RED based on a discrete-time feedback system
model and propose an improved ARED algorithm in which bounds of the maximum drop
probability pmax are optimized and the lower threshold of the exponential averaging weight w
is adjusted based on linear stability condition. Simulations based on the discrete-time model
show that the improved ARED algorithm can stabilize qave effectively in the target range with
various values of control parameters (w, qmin) and system parameters (N, d). Compared with
the gentle RED and ARED, the improved ARED algorithm is less sensitive to parameters, and
performs better than the two schemes in terms of stability. The simulation results imply that
the improved ARED can achieve high throughput and less delay.
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This paper points out that the predictability analysis of conventional time series may in general be
invalid for long-range dependent (LRD) series since the conventional mean-square error (MSE)
may generally not exist for predicting LRD series. To make the MSE of LRD series prediction
exist, we introduce a generalized MSE. With that, the proof of the predictability of LRD series
is presented in Hilbert space.

1. Introduction

Let x(t) be a realization, which is a second-order random function for t ∈ [0,∞). Let xT (t) be
a given sample of x(t) for 0 ≤ t ≤ T . Then, one of the important problems in time series is to
predict or forecast x(t) for t > T based on the known realizations of xT (t); see, for example,
Clements and Hendry [1], Box et al. [2], and Fuller [3].

A well-known case in the field of time series prediction refers to Yule’s work for the
analysis of Wolfer’s sunspot numbers (Yule [4]). The early basic theory of predicting a 2nd-
order stationary random function in the conventional sense refers to the work of Wiener [5]
and Kolmogorov [6]. By conventional sense, we mean that the stationary random functions
Wiener and Kolmogorov considered are not long-range dependent (LRD). In other words,
the time series they studied have finite mean and variance. Consequently, they in general are
not heavy tailed as can be seen from Zadeh and Ragazzini [7], Bhansali [8], and Robinson
[9].

The predictability of conventional time series has been well studied; see, for example,
Papoulis [10], Vaidyanathan [11], Bhansali [12], Lyman et al. [13], Lyman and Edmonson
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[14], and Dokuchaev [15]. The basic idea in this regard is to use mean-square error (MSE) as
a constraint to obtain a prediction; see, for example, Harrison et al. [16], Bellegem and Sachs
[17], Man [18], as well as Clements and Hendry [19]. We shall note in next section that the
conventional MSE may in general fail to be used for predicting LRD series.

LRD processes gain increasing applications in various fields of sciences and
technologies; see, for example, Beran [20], Mandelbrot [21], Cattani et al. [22], and Li et al.
[23–29]. Consequently, the prediction is desired for LRD series. The literature regarding the
prediction of LRD series appears to be increasing; see, for example, Brodsky and Hurvich
[30], Reisen and Lopes [31], Bisaglia and Bordignon [32], Bhansali and Kokoszka [33], Man
[34], Bayraktar et al. [35], Man and Tiao [36], Bisaglia and Gerolimetto [37], Godet [38], as
well as Gooijer and Hyndman [39]. However, unfortunately, suitable MSE used for predicting
LRD series may be overlooked, leaving a pitfall in this respect. We shall present a generalized
MSE in the domain of generalized functions for the purpose of proving the existence of LRD
series prediction.

The rest of this article is arranged as follows. Section 2 will point out the pitfall of
prediction of time series based on traditional MSE. The proof of the predictability of LRD
series will be proposed in Section 3, which is followed by discussions and conclusions.

2. Problem Statement

Denote the autocorrelation function (ACF) of x(t) by rxx(τ), where rxx(τ) = E[x(t)x(t + τ)].
Then, x(t) is called short-range dependent (SRD) series if rxx(τ) is integrable (Beran [20]),
that is,

∫∞

0
rxx(τ)dτ <∞. (2.1)

On the other side, x(t) is long-range dependent (LRD) if rxx(τ) is nonintegrable, that is,

∫∞

0
rxx(τ)dτ =∞. (2.2)

A typical form of such an ACF has the following asymptotic expression:

rxx(τ) ∼ c|τ |−β(τ −→ ∞), (2.3)

where c > 0 is a constant and 0 < β < 1.
Denote the probability density function (PDF) of x(t) by p(x). Then, the ACF of x(t)

can be expressed by

rxx(τ) =
∫∞

−∞
x(t)x(t + τ)p(x)dx. (2.4)

Considering that rxx(τ) is nonintegrable, we see that a heavy-tailed PDF is a consequence
of LRD series; see, for example, Resnick [40], Heath et al. [41], Paxson and Floyd [42], Li
[23, 24, 43], Abry et al. [44], as well as Adler et al. [45].
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Denote μx by the mean of x(t). Then,

μx =
∫∞

−∞
xp(x)dx. (2.5)

The variance of x(t) is given by

Var(x) =
∫∞

−∞

(
x − μx

)2
p(x)dx. (2.6)

One remarkable thing in LRD series is that the tail of p(x) may be so heavy that the
above integral either (2.5) or (2.6) does not exist (Bassingthwaighte et al. [46], Doukhan et al.
[47], Li [48]). To explain this, we utilize the Pareto distribution. Denote pPareto(x) the PDF of
the Pareto distribution. Then (G. A. Korn and T. M. Korn [49]),

pPareto(x) =
ab

xa+1
, (2.7)

where x ≥ a. The mean and variance of x(t) that follows pPareto(x) are, respectively, given by

μPareto =
ab

a − 1
, (2.8)

Var(x)Pareto =
ab2

(a − 1)2(a − 2)
. (2.9)

It can be easily seen that μPareto and Var(x)Pareto do not exist if a = 1.
Following the work of Kolmogorov’s, a linear prediction can be expressed as follows.

Given n > 0 and m ≥ 0, the selection of proper real coefficient as is such that the following
linear combination of random variables x(t − 1), x(t − 2), . . . , x(t − n) given by

L =
n∑

i=1

aix(t − i) (2.10)

can approximate x(t +m) as accurately as possible (Kolmogorov [6]). The following MSE is
usually chosen as the prediction criterion of (2.10):

σ2 � σ2(n,m) = E[x(t +m) − L]2. (2.11)

By minimizing (2.11), one has the desired ai in (2.10). Wiener well studied that criterion for
both prediction and filtering; see, for example, Levinson [50, 51]. A predictor following (2.10)
and (2.11) can be regarded in the class of Wiener-Kolmogorov predictors.
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Various forms of linear combination in terms of (2.10) have been developed, such as
autoregressive moving average (ARMA) model, autoregressive (AR) model, moving average
(MA) model, and autoregressive integrated moving average (ARIMA); see, for example,
Lyman et al. [13], Lyman and Edmonson [14], Wolff et al. [52], Bhansali [12, 53], Markhoul
[54], Kohn and Ansley [55], Zimmerman and Cressie [56], Peiris and Perera [57], Kudritskii
[58], Bisaglia and Bordignon [59], Kim [60], Cai [61], Harvill and Ray [62], Atal [63], Huang
[64], Schick and Wefelmeyer [65], Jamalizadeh and Balakrishnan [66], Clements and Hendry
[1], and Box et al. [2]. However, one thing in common for different forms of predictors is to
minimize prediction error that in principle usually follows the form of (2.11).

Note that the necessary condition for the above-described Wiener-Kolmogorov
predictor to be valid is that E[x(t)] exists (Kolmogorov [6]). For LRD series, however, it may
not always be satisfied. For instance, if an LRD series obeys the Pareto distribution, its mean
does not exist for a = 1; see (2.8).

In addition to the fact that the mean of an LRD series may not exist, its variance may
not exist either. The error in (2.11) can be expressed by

σ2(n,m) = E[x(t +m) − L]2 =
∫∞

−∞
[x(t +m) − L]2p(x)dx. (2.12)

Kolmogorov stated that the above σ2(n,m) does not increase as n increases [6]. However,
that statement may be untrue if x(t) is LRD.

It is worth noting that errors may be heavy tailed; see, for example, Peng and Yao [67]
as well as Hall and Yao [68]. For instance, LRD teletraffic is heavy tailed with the possible
heavy-tail model of Pareto (Resnick [69], Michiel and Laevens [70]) and it is Gaussian at
large time scales (Paxson and Floyd [71], Scherrer et al. [72]). Therefore, it is quite reasonable
to assume that [x(t + m) − L] follows a heavy-tailed distribution, for example, the Pareto
distribution, for the purpose of this presentation. If it obeys the Pareto one, then the above
expression approaches infinite for a = 2 (see (2.9)) no matter how large n is.

From the above discussions, we see that it may be unsuitable to use the conventional
MSE as used in the class of conventional Wiener-Kolmogorov predictors to infer that LRD
series is predictable. In the next section, we shall give the proof of the predictability of LRD
series.

3. Predictability of LRD Series

Let x(t + m) ∈ X, where X is the set of LRD processes. Let L ∈ X̂. Then, X̂ ⊆ X. We now
consider the norms and inner products in X̂ and X.

Definition 3.1 (see [73]). A function of rapid decay is a smooth function φ : R → C such that
tnφ(r)(t) → 0 as t → ±∞ for all n, r ≥ 0, where C is the space of complex numbers. The set of
all functions of rapid decay is denoted by S.

In the discrete case, the rapid decayed function is denoted by φ(n) and we still use the
symbol S to specify the space it belongs to for the simplicity without confusions.

Lemma 3.2 (see [73]). Every function belonging to S is absolutely integrable in the continuous case
or absolutely summable in the discrete case.
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Now, define the norm of x(t +m) ∈ X by

‖x(t +m)‖2 = 〈x(t +m), x(t +m)〉 =
∫∞

−∞
x2(t +m)p(x)g(x)dx, (3.1)

where g ∈ S. Define the inner product of x(t +m) ∈ X by

〈x(t +m), x(t +m)〉 = ‖x(t +m)‖2. (3.2)

Then, combining any x(t +m) ∈ X with its limit makes X a Hilbert space.
Note that

‖L‖2 = 〈L, L〉 =
∫∞

−∞
L2p(x)g(x)dx. (3.3)

Then, X̂ is the closed subset of X.

Lemma 3.3 (see [73–75], Existence of a unique minimizing element in Hilbert space). LetH
be a Hilbert space and letM be a closed convex subset ofH. Let x ∈ H, x /∈M. Then, there exists a
unique element x̂ ∈ M satisfying

‖x − x̂‖ = inf
y∈M

∥
∥x − y∥∥. (3.4)

Theorem 3.4. Let L be a linear combination of the past values of x(n) according to (2.10). Then, there
exists a unique L ∈ X̂ such that ‖L − x(t +m)‖ = infs∈X̂‖x(t +m) − s‖.
Proof. X is a Hilbert space. X̂ is its closed subset and it is obviously convex. According to
Lemma 3.3, for any x(t +m) ∈ X, there exists a unique L ∈ X̂ ⊆ X such that ‖L − x(t +m)‖ =
infs∈X̂‖x(t +m) − s‖.

The above theorem exhibits that LRD series are predictable in the sense that the mean-
square error expressed by (2.12) is in general generalized to the following for g ∈ S:

σ2(n,m) = E[x(t +m) − L]2 =
∫∞

−∞
[x(t +m) − L]2p(x)g(x)dx. (3.5)

4. Discussions and Conclusions

LRD series considerably differ from the conventional series; see, for example, Beran [20, 76],
Adler et al. [45], Doukhan et al. [47], as well as Künsch et al. [77]. Examples mentioned in
this regard are regressions for fitting LRD models (Peng and Yao [67], Beran [78], and Beran
et al. [79]), variance analysis of autocorrelation estimation (Li and Zhao [80]), stationarity
test (Li et al. [81]), power spectra (Li and Lim [82, 83]), and [84–91]. This paper addresses
the particularity of the predictability of LRD series. We have given a proof of LRD series being
predictable. As a side product obtained from the proof procedure, the mean-square error used
by Kolmogorov as a criterion of LRD series prediction has been generalized to be the form of
(3.5).
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The primary objective of engineering asset management is to optimize assets service delivery
potential and to minimize the related risks and costs over their entire life through the development
and application of asset health and usage management in which the health and reliability
prediction plays an important role. In real-life situations where an engineering asset operates
under dynamic operational and environmental conditions, the lifetime of an engineering asset
is generally described as monitored nonlinear time-series data and subject to high levels of
uncertainty and unpredictability. It has been proved that application of data mining techniques
is very useful for extracting relevant features which can be used as parameters for assets diagnosis
and prognosis. In this paper, a tutorial on nonlinear time-series data mining in engineering
asset health and reliability prediction is given. Besides that an overview on health and reliability
prediction techniques for engineering assets is covered, this tutorial will focus on concepts, models,
algorithms, and applications of hidden Markov models (HMMs) and hidden semi-Markov models
(HSMMs) in engineering asset health prognosis, which are representatives of recent engineering
asset health prediction techniques.

1. Introduction

Dynamic behavior of real world systems can be represented by measurements along temporal
dimension (time series). These time series are collected over long periods of time and such
time series is usually a source of large number of interesting behaviors that the system may
have undergone in past. Human beings will be overwhelmed by the high dimensionality
of the measurements and the complex dynamics of the system. The task of forecasting the
time series involves predicting the time series for next few steps, which can usually provide
the trends into near future. Usually, such time series patterns are inherently nonstationary
in nature. There will be nonlinear correlations between variables. The matching of such time
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series patterns calls for the feature extraction/modeling methods which can explicitly capture
the nonstationary behavior and nonlinear correlations among variables [1].

A fundamental problem encountered in many fields is to model data ot given a discrete
time-series data sequence y = (o1, . . . , oT ). The data ot can often be a multidimensional
variable exhibiting stochastic activity. This problem is found in diverse fields, such as
control systems, event detection, handwriting recognition, and engineering asset health and
reliability prediction. To analyze a time-series data sequence, it is of practical importance
to select an appropriate model for the data. Mathematical tools such as Fourier transform
and spectral analysis are employed frequently in the analysis of numerical data sequences.
For categorical data sequences, there are many situations that one would like to employ
Markov models as a mathematical tool. A number of applications such as inventory
control, bioinformatics, asset reliability prediction can be found in the literature [2]. In these
applications and many others, one would like to (i) characterize categorical data sequences
for the purpose of comparison and classification process or (ii) model categorical data
sequences, and, hence to make predictions in the control and planning processes. It has been
shown that Markov models can be a promising approach for these purposes. Frequently,
observations from systems are made sequentially over time. Values in the future depend,
usually in a stochastic and nonlinear manner, on the observations available at present.
Such dependency makes it worthwhile to predict the future from its past. The underlying
dynamics from which the observed data are generated will be depicted and therefore used
to forecast and possibly control future events [3]. Nonlinear time series analysis is becoming
a more and more reliable tool for the study of complicated dynamics from measurements.
In this paper, a tutorial on nonlinear time-series data mining in engineering asset health and
reliability prediction will be provided. In detail, the corresponding concepts, models, and
algorithms of HSMM-based reliability prediction will also be discussed.

Engineering asset breakdowns in industrial manufacturing systems can have signifi-
cant impact on the profitability of a business. Expensive production equipment is idled and
labor is no longer optimized. Condition-based maintenance (CBM) was introduced to try to
maintain the correct equipment at the right time. CBM is based on using real-time data to
prioritize and optimize maintenance resources. A CBM program consists of three key steps:
(1) time series data acquisition step (information collecting), to obtain data relevant to system
health; (2) data processing step (information handling), to handle and analyze the data or
signals collected in step (1) for better understanding and interpretation of the data; and (3)
maintenance decision-making step (decision-making), to recommend efficient maintenance
policies.

Observing the state of the system is known as condition monitoring (CM). Such a
system will determine the equipment’s health and act only when maintenance is actually
necessary. With condition monitoring techniques being adopted in different industrial
sectors, a large amount of observation data are typically collected from individual critical
assets during their operation. Such CM data are used for troubleshooting (e.g., fault
diagnosis) and short-term asset condition prediction (e.g., prognosis). Using condition data
for the estimation of asset health reliability however has not been well explored. The idea is
dependent on the belief that CM data are able to reflect the underlying degradation process
of an asset, and that the variation of condition data manifests the reliability change of an
asset. As a result, asset health reliability can be estimated from condition data [4]. Reliability
estimation based on condition data produces a time series of reliability evaluations with
respect to asset operation time. The time series of evaluations can then be projected into
the future for prognosis or prediction. Developments in recent years have allowed extensive
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instrumentation of equipment, and together with better tools for analyzing condition data,
the maintenance personnel of today are more than ever able to decide what is the right
time to perform maintenance on some piece of equipment. Engineering asset management
(EAM) is the process of organizing, planning, and controlling the acquisition, use, care,
refurbishment, and/or disposal of physical assets to optimize their service delivery potential
and to minimize the related risks and costs over their entire life through the development
and application of asset health and usage management in which the health and reliability
prediction plays an important role. Modern EAM requires the accurate assessment of current
and the prediction of future asset health condition. Diagnostics and prognostics are two
important aspects in a CBM program. Diagnostics deals with fault detection, isolation,
and identification when abnormity occurs. Prognostics deals with fault and degradation
prediction before they occur. Appropriate mathematical models that are capable of estimating
times to failures and the probability of failures in the future are essential in EAM. In
real-life situations where an engineering asset operates under dynamic operational and
environmental conditions, the lifetime of an engineering asset is generally governed by a
large number of variables. These systems are nonlinear and are subject to high levels of
uncertainty and unpredictability. Two major problems hamper the implementation of CBM in
industrial applications: first, the lack of knowledge about the right features to be monitored
and second, the required processing power for predicting the future evolution of features.
Time series data mining techniques proved to be useful for relevant features extraction. It has
been proved that application of data mining techniques is very useful for extracting relevant
features which can be used as parameters for machine diagnosis and prognosis [5]. There
are many studies and development on a variety of methods and technologies that can be
regarded as the steps towards prognostics maintenance that are needed in order to support
decision making and manage operational reliability. A CBM system usually comprises several
functional modules such as feature extraction, diagnostics, prognostics, and decision support.
Figure 1 illustrates the relationships between these modules.

In order to establish the nonlinear relationship between CM indices and actual asset
health, CM data are commonly taken to indicate the health of a monitored unit. However,
the measured condition indices do not always deterministically represent the actual health
of the monitored unit. The challenges and opportunities here lie in developing prognostics
models that recognize the nonlinear relationship between a unit’s actual survival condition
and the measured CM indices. CM indices are frequently used to represent the health of
the monitored unit in the existing prognostics techniques and then regression or time series
prediction is employed to estimate the unit’s future health. In these techniques, a threshold for
the CM data is predefined to represent a failure. In practice, it can be often seen that a system
fails even when its condition measurement is still below a predefined failure threshold.
Conversely a system may still be performing its required function when its condition
measurements already fall outside the tolerance range. Missed alarms and false alarms are
significant issues in practical applications of prognostics systems. Several methods have
been proposed for determining thresholds for fault detection based on mathematical models
instead of solely on maintenance personnel’s past experiences [6]. In the field of prognostics,
more attentions should be paid on developing prognostics models that can deduce the
nonlinear relationship between a unit’s actual survival condition and the measured CM
indices. Artificial intelligence (AI) models can be trained to learn from past examples. Hence,
there are research opportunities to use the past measured condition data as model training
input and the actual unit health as target output. By repetitively presenting various pairs
of training input and target to the intelligent models, the models may learn to recognize
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Figure 1: Functional modules and their relationships of a CBM program.

how unit degradation is veiled in the nondeterministic changes in CM measurements and
disregard fluctuations caused by nondeterioration factors.

2. Health and Reliability Prediction Techniques for Engineering Assets

Health and reliability prediction is a complex process because of the numerous factors
that affect the remaining useful life (RUL) levels such as the load, working condition,
pressure, vibration, and temperature. The relationship between these factors has not been
fully understood. Classical linear Gaussian time series (deterministic) models are inadequate
in analysis and prediction of complex engineering asset reliability. Linear methods such
as ARIMA (Autoregressive Integrated Moving Average) approach are unable to identify
complex characteristics due to the goal of characterizing all time series observations, the
necessity of time series stationarity, and the requirement of normality and independence of
residuals [7]. Nonlinear time series approaches such as HMMs, artificial neural networks
(ANNs), and nonlinear prediction (NLP) [8], applied to reliability forecasting, could produce
accurate predictions for asset health.

Literature on prognostic methods is extremely limited but the concept has been
gaining importance in recent years. Unlike numerous methods available for diagnostics,
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prognostics is still in its infancy, and literature is yet to present a working model for effective
prognostics [6]. Essentially, approaches for prognostics reasoning can be classified into four
categories: (1) rule-based or case-based systems, (2) data-driven statistical learning models,
and (3) model-driven statistical learning methods.

2.1. Rule-Based or Case-Based Systems

An example of rule-based or case-based systems is prognostic expert systems driven by
data mining [9]. The application of data mining to prognostics involves identifying evolving
patterns in historical data leading to failure, in order to predict and prevent imminent failures.
The exploratory analysis of rules was performed using a Rule Induction algorithm to obtain
rule sets along with cross-validation data to assess the strength and accuracy of the rules.
The predication in the context of diagnostics is of the “If-Then” type. Prognostics involves
predication of the “When” type. That is, prognosis necessitates consideration of time, or
at the very least, the chronological sequence of events. Thus, prognostics needs time series
and/or time sequence data prior to failure. Once sufficient amounts of such time-series data
are available, one could apply a combination of techniques for time-series and time-sequence
data mining to develop prognostic solutions. As indicated by Das et al. [10], extracting rules
directly from time-series data involves two coupled problems. First, one must transform the
low-level signal data into a more abstract symbolic alphabet. This can be achieved by data-
driven clustering of signal windows in a similar way to that used in vector quantization
data compression. The second problem is that of rule induction from symbolic sequences.
Parameters such as cluster window width clustering methodology, number of clusters may
affect the types of rules which are induced. Therefore, this technology is essentially intended
as an exploratory method, and thus, iterative and interactive application of the method
coupled with human interpretation of the rules is likely to lead to most useful results. A
simple rule format for prognostics is “If A occurs, then B occurs within time T” (or briefly

A
T⇒ B). Here, A and B are letters from the alphabet produced by the discretization of a time

series. The confidence of A T⇒ B, which is the fraction of occurrences of A that are followed
by a B within T units, can also be derived. However, this method produces lots of rules, with
varying confidences. An extension of the simple rule format is “If A1, A2, . . . , Ah occur within
V time units, then B occurs within time T”. Rules of this type have been studied under the
name sequential patterns [11]. The problem with this extension is that the number of potential
rules grows quickly.

2.2. Data-Driven Statistical Learning Models

Data-driven statistical learning models are developed from collected input/output data.
Data-driven statistical learning models can process a wide variety of data types and exploit
the nuances in the data that cannot be discovered by rule-based systems. Therefore, they
potentially have superior to the rule-based systems. An example of data-driven statistical
learning models is ANN. ANN is a data processing system that consists of three types
of layer: input, hidden, and output (see Figure 2). In Figure 2, r(k) and e(k) are original
input and error value, respectively, and y(k) and u(k) represent system’s output and
input, respectively. Each layer has a number of simple, neuron-like processing elements
called “nodes” or “neurons” that interact with each other by using numerically weighted
connections. ANN can be used to establish a complex regression function between a set of
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Figure 2: Structure of nonlinear prognosis model based on ANNs.

network inputs and outputs, which is achieved through a network training procedure. There
are two main types of training methodologies: (1) supervised training where the network
is trained using a specified sequence of inputs and outputs, and (2) unsupervised training
where the primary function of the network is to classify network inputs. It is usually a tough
problem for system designers to fit domain knowledge to ANN in practical applications.
Besides, prognostic process itself is a “black box” for developers, which means that it is very
difficult or even impossible to have physical explanations of the networks’ outputs. And as
ANN grows in size, training can become a complicated issue. For example, how many hidden
layers should be included and what is the number of processing nodes that should be used
for each of the layers are confused questions for model developers. Usually, there are five
forms of ANNs: (1) multisteps prognosis model, (2) multiple back-propagation (BP) neural
network model, (3) radial basis function neural network, (4) ANN Hopfield model, and (5)
self-organizing maps neural network.

ANNs can be used to recognize the nonlinear relationship between actual asset
health and measured condition data. A variant of the conventional neural network model,
called the stochastic neural network, is used to approximate complex nonlinear stochastic
systems. Lai and Wong [12] show that the expectation-maximization algorithm can be used
to develop efficient estimation schemes that have much lower computational complexity
than those for conventional neural networks. This enables users to carry out model selection
procedures, such as the Bayesian information criterion, to choose the number of hidden
units and the input variables for each hidden unit. And model-based multistep-ahead
forecasts are provided. Results show that the fitted models improve postsample forecasts
over conventional neural networks and other nonlinear and nonparametric models.

While ANN is being widely used to predict and forecast highly nonlinear systems,
wavelet networks (WNs) have been shown to be a promising alternative to traditional neural
networks. A family of wavelets can be constructed by translating and dilating the mother
wavelet. Hence, in WNs, along with weights and bias, the translation and dilation factors
need to be optimized. Most of the WN models make use of back-propagation algorithm
to optimize their parameters. In Parasuraman and Elshorbagy’s work [13], performance
of ANNs and WNs in modeling two distinct time-series is investigated. The first time-
series represents a chaotic system (Henon map) and the second time-series represents a
geophysical time-series (streamflows). While the first time-series can be considered to be
a high-frequency signal, the later time-series can be considered as a low-frequency signal.
Results from the study indicate that, in modeling Henon map, WNs perform better than
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ANNs. WNs are also shown to have better generalization property than ANNs. However,
in modeling streamflows, ANNs are found to perform slightly better than WNs. In general,
WNs are more appropriate for modeling high-frequency signals like Henon map. Moreover,
WNs are computationally faster than ANNs. The performance of the models can further be
improved by combining a local search technique with genetic algorithm (GA).

Li [14] gives a tutorial review about fractal time series that are substantially differs
from conventional one in its statistic properties such as heavy-tailed probability distribution
function and slowly decayed autocorrelation function. The concepts such as the statistical
dependence, power law, and global or local self-similarity are explained. The long-range
dependence (LRD) series considerably differ from the conventional series. M. Li and J. Li
[15] address the particularity of the predictability of LRD series. Currently, suitable mean-
square error (MSE) used for predicting LRD series may be overlooked, leaving a pitfall in this
respect. Therefore, they present a generalized MSE in the domain of generalized functions for
the purpose of proving the existence of LRD series prediction.

Vachtsevanos and Wang [16] attempt to address the prognosis with dynamic wavelet
neural networks (DWNNs). DWNNs incorporate temporal information and storage capacity
into their functionality so that they can predict into the future, carrying out fault prognostic
tasks. The prognostic architecture in [16] is based on two constructs: a static “virtual sensor”
that relates known measurements to fault data and a predictor which attempts to project the
current state of the faulted component into the future thus revealing the time evolution of
the failure mode and allowing the estimation of the component’s remaining useful lifetime.
A virtual sensor takes as inputs measurable quantities or features and outputs the time
evolution of the fault pattern. Both constructs rely upon a wavelet neural network (WNN)
model acting as the mapping tool. The WNN belongs to a new class of neural networks
with unique capabilities in addressing identification and classification problems. Wavelets
are a class of basic elements with oscillations of effectively finite-duration that makes them
look like “little waves”. The self-similar, multiple resolution nature of wavelets offers a
natural framework for the analysis of physical signals and images. DWNNs have recently
been proposed to address the prediction/classification issues. The DWNNs can be trained
in a time-dependent way, using either a gradient-descent technique like the Levenberg-
Marquardt algorithm or an evolutionary one such as the genetic algorithm. Vachtsevanos
and Wang [16] point out that the notion of Time-To-Failure (TTF) is the most important
measure in prognosis. The data used to train the predictor must be recorded with time
information, which is the basis for the prognosis-oriented prediction task. The features are
extracted in temporal series and are dynamic in the sense that the DWNN processes them
in a dynamic fashion. Then, the obtained features are fused into the time-dependent feature
vector that characterizes the process at the designated time instants. In the case of a bearing
fault, the predictor could take the fault dimensions, failure rates, trending information,
temperature, component ID, and so forth as its inputs and generate the fault growth as
the output. The DWNN must be trained and validated before any online implementation
and use. Such algorithms as the BP or GA can be used to train the network. Once trained,
the DWNN, along with the TTF calculation mechanism, can act as an online prognostic
operator. A drawback of this fault prognosis architecture consisting of a virtual sensor and a
dynamic wavelet neural network is that a substantially large database is required for feature
extraction, training, validation, and optimization. Since neural networks work like a black
box, users do not know what features in the input data have led to the net’s performance
[17]. Particle filters, also known as sequential Monte Carlo (SMC) methods, are sophisticated
model estimation techniques based on simulation. Particle filtering has also been employed
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to provide nonlinear projection in forecasting the growth of a crack on a turbine engine
blade [18]. The current fault dimension was estimated based on the knowledge of the
previous state of the process model. The a priori state estimate was then updated using
new CM data. To extend this state estimation to multistep-ahead prediction, a recursive
integration process based on both importance sampling and kernel probability density
function approximation was applied to generate state predictions to the desired prediction
horizon.

2.3. Model-Driven Statistical Learning Methods

The model-driven statistical learning methods assume that both operational data and a
mathematical model are available. Bayesian technique is a model-driven statistical method.
A recursive Bayesian technique is proposed to calculate failure probability based on the joint
density function of different CM data features [19]. This method enabled reliability analysis
and prediction based on the degradation process of historical units, rather than on failure
event data. The prediction accuracy of this model relied strongly on the correct determination
of thresholds for the various trending features. Another widely used technique is regression,
which is a generic term for all methods attempting to fit a model to observed data in order
to quantify the relationship between two groups of variables. In statistics, regression analysis
refers to techniques for the modeling and analysis of numerical data consisting of values
of a dependent variable (also called a response variable) and of one or more independent
variables (also known as explanatory variables or predictors). The fitted model may then be
used either to merely describe the relationship between the two groups of variables or to
predict new values. Machine learning methods have been shown to be successful for several
pattern classification, regression, and data-based latent variable modeling tasks. It should be
noted that the i.i.d. assumption is implicit in developing these methods. Hence, temporal
aspect in the data is ignored. The state-of-the-art kernel methods proposed in [20] are no
different. These methods include the kernel formulation of the latent variable models such
as Kernel Principal Component Analysis (KPCA) and Kernel Partial Least Squares (KPLS).
However, an important advantage of the kernel methods is that they are capable of solving
nonlinear problems mainly due to implicit nonlinear mapping of data from the input space to
a higher-dimensional feature space efficiently. Wavelets are mathematical tools for analyzing
time series. They have two advantages when applied to analyze time series: the wavelets are
shown to approximately decorrelate the time series temporally for quite general classes of
time series [21]. Usually, the interesting events in time series will happen at different scales.
There may be abrupt changes and steady portions. These kinds of patterns can be easily
localized using multiresolution analysis capability of wavelets [1].

HMM and its varieties also belong to this category. Since the changes in feature
vector are closely related to model parameters, a mathematical functional mapping between
the drifting parameters and the selected prognostic features can be established. Moreover,
if understanding of the system degradation improves, the model can be adapted to
increase its accuracy and to address subtle performance problems. Consequently, model-
driven methods can significantly outperform data-driven approaches. Being able to perform
reliable prognostics is the key to CBM since prognostics are critical for improving safety,
planning missions, scheduling maintenance, and reducing maintenance costs and down
time. Prognostics and health management (PHM) system architectures must allow for the
integration of anomaly, diagnostic, and prognostic technologies from the component level all
the way up through the system level [22]. Therefore, a framework that is able to integrate
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diagnostics and prognostics is desired. As indicated above, a number of approaches to
the problem have been reported in the technical literature. However, these methods have
yet to produce a systematic, efficient, and integrated approach to the prognostic problem.
Damle and Yalcin [23] propose a novel approach to river flood prediction using time series
data mining which combines chaos theory and data mining to characterize and predict
events in complex, nonperiodic, and chaotic time series. Geophysical phenomena, including
earthquakes, floods, and rainfall, represent a class of nonlinear systems termed chaotic, in
which the relationships between variables in a system are dynamic and disproportionate,
however completely deterministic. Chaos theory provides a structured explanation for
irregular behavior and anomalies in systems that are not inherently stochastic. On the other
hand, nonlinear approaches such as ANN, HMM, and NLP are useful in forecasting of daily
discharge values in a river. The drawbacks of HMM approach are that the initial structure
of the Markov model may not be certain at the time of model construction and it is very
difficult to change the transition probabilities as the model itself changes with time. It was
also observed that the HMMs have a higher error for longer prediction periods as well as for
prediction of events with sudden occurrences.

Bunks et al. [24] and Baruah and Chinnam [6] first point out that HMM-based
models could be applied in the area of prognostics in machining processes. However, only
standard HMM-based approaches are proposed in their studies. The principle of HMM-based
prognostics in [6] is as follows: first, build and trainN HMMs for all component health states.
Between N-trained HMMs, the authors assume that the estimated vectors of state transition
times follow some multivariate distribution. Once the distribution is assessed, the conditional
probability distribution of a distinct state transition given the previous state transition points
can be estimated. In diagnostics of machining processes, tool wear is a time-related process.
In prognostics of components, the objective is to predict the progression of a fault condition
to component failure and estimate the remaining-useful-life of the component. Component
aging process is the critical point in this issue. Therefore, it is natural to use explicit state
duration models. In the new HSMM-based framework, for each health state of components, a
HSMM is built and trained. Here, each health state of a component corresponds to a segment
of the HSMM. These trained HSMMs can be used in the classification of a component failure
mechanism given an observation sequence in diagnostics. For prognostics, another HSMM
is used to model a component’s life cycle. After training, the duration time in each health
state can be estimated. From the estimated duration time, the proposed macrostate-based
prognostic approach can be used to predict the remaining useful time for a component.
Compared to the approach given in [6], the new approach provides a unified HSMM-based
framework for both diagnostics and prognostics. In [6], the coordinates of the points of
intersection of the log-likelihood trajectories for different HMMs along the life/usage axis
represent the estimated “state transition time instants”. That is, the probability distribution
for state transition times in [6] is estimated from the estimation of “state transition time
instants” while in HSMM, the macrostate durations are estimated directly from the training
data. Also as indicated in [6], the overall shapes of actual log-likelihood plots do not resemble
the ideal plots on which the “state transition time instants” are estimated. This makes
the estimations of “state transition time instants” more difficult. And, the duration-based
approach is more flexible than the method suggested by Baruah and Chinnam [6] and could
be used in the multiple failure mode situations more efficiently. The major drawback of
HSMMs is that the computational complexity may increase for the inference procedures and
parameter estimations. In this regard, some approaches could be adopted to alleviate the
computational burden. For example, parametric probability distributions have been used in
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the variable duration HMMs. In [25], to overcome this problem, Gamma distributions are
used to model state durations. In summary, the advantage of segment models is that there are
many alternatives for representing a family of distributions, allowing for explicit trajectory
and correlation modeling. As recent representative techniques for engineering asset reliability
prediction, this tutorial will focus on models, algorithms, and applications of HMMs, and
HSMMs-based approaches.

3. Concepts and Theoretical Background

3.1. Remaining Useful Life

RUL, also called remaining service life, residual life, or remnant life, refers to the time left
before observing a failure given the current machine age and condition and the past operation
profile [4]. It is defined as the conditional random variable:

T − t | T > t, Z(t), (3.1)

where T denotes the random variable of time to failure, t is the current age, and Z(t) is the
past condition profile up to the current time. Since RUL is a random variable, the distribution
of RUL would be of interest for full understanding of the RUL. In the literature, a term
“remaining useful life estimate (RULE)” is used with double meanings. In some cases, it
means finding the distribution of RUL. In some other cases, however, it just means the
expectation of RUL, that is,

E[T − t | T > t, Z(t)]. (3.2)

3.2. Description of Fault Diagnostic Process Using HMMs

The failure mechanisms of mechanical systems usually involve several degraded health
states. For example, a small change in a bearing’s alignment could cause a small nick in the
bearing, which over time could cause scratches in the bearing race, which could then cause
additional nicks, which could lead to complete bearing failure. This process can be ideally
described by a mathematical model known as hidden Markov model since it can be used to
estimate the unobservable health states using observable sensor signals. The word “hidden”
means that the HMM states are hidden from direct observations. In other words, the HMM
states manifest themselves via some probabilistic behavior. HMM can exactly capture the
characteristics of each stage of the failure process, which is the basis of using HMM for failure
diagnosis and prognosis [26, 27].

3.3. Elements of a Hidden Markov Model

A Markov chain is a sequence of events, usually called states, the probability of each of which
is dependent only on the event immediately preceding it. An HMM represents stochastic
sequences as Markov chains where the states are not directly observed but are associated
with a probability function.
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In the HMM framework, the time-series data sequence (observation data sequence)
y = (o1, . . . , oT ) and the hidden variable sequence z = (s1, . . . , sT ) must be considered. The
terms ot and st represent the time-series data and the hidden variable at time t, and T is
the sequence length. The hidden variable st is a variable that takes finite values among the
available N states (i.e., st ∈ {1, . . . ,N}), whereas the data ot are a discrete variable. An HMM
has the following elements [28]:

(1) The first is N, the number of states in the model. Although the states are hidden,
there is often some physical signal attached to the states of the model. We denote
the individual states by {1, 2, . . . ,N} and the state at time t by st.

(2) The second isM, the number of distinct observations for each state. The observation
symbols correspond to the physical output of the system being modeled. The
individual observation symbols are denoted by V = {v1, v2, . . . , vM}.

(3) The third is the state transition probability distribution A = {aij}, where

aij = P
[
st+1 = j | st = i

]
, 1 ≤ i, j ≤N. (3.3)

(4) The fourth is the observation probability distribution in state i, B = {bi(k)}, where

bi(k) = P[vk | st = i], 1 ≤ i ≤N, 1 ≤ k ≤M. (3.4)

(5) The fifth is the initial state distribution π = {πi}where

πi = P[s1 = i], 1 ≤ i ≤N. (3.5)

It can be seen that a complete HMM requires the specifications of N,M,A, B, and π . For
convenience, a compact notation is often used in the literature to indicate the complete
parameter set of the model: λ = (π,A, B).

The durational behavior of an HMM is usually characterized by a durational pdf P(d).
For a single state i, the value P(d) is the probability of the event of staying in i for exactly
d time units. This event is in fact the joint event of taking the self-loop for (d − 1) times
and taking the out-going transition (with probability 1 − aii) just once. Given the Markovian
assumption, and from probability theory, P(d) is simply the product of all the d probabilities:

Pi(d) = ad−1
ii (1 − aii). (3.6)

Here, Pi(d) denotes the probability of staying in state i for exactly d time steps, and aii is the
self-loop probability of state i. It can be seen that this is a geometrically decaying function of
d. It has been argued that this is a source of inaccurate duration modeling with the HMMs
since most real-life applications will not obey this function [29].
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3.4. The Three Basic Problems for HMMs

In real applications, there are three basic problems associated with HMMs.

(1) Evaluation (also called Classification). Given the observation sequence O =
o1o2 · · · oT , and an HMM λ, what is the probability of the observation sequence
given the model, that is, P(O | λ).

(2) Decoding (also called Recognition). Given the observation sequence O = o1o2 · · · oT ,
and an HMM λ, what sequence of hidden states S = s1s2 · · · sT most probably
generates the given sequence of observations.

(3) Learning (also called Training). How do we adjust the model parameters λ =
(A,B, π) to maximize P(O | λ)?

Different algorithms have been developed for the above three problems. The most
straightforward way of solving the evaluation problem is through enumerating every
possible state sequence of length T (the number of observations). However, the computation
burden for this exhaustive enumeration is prohibitively high. Fortunately, a more efficient
algorithm that is based on dynamic programming exists. This algorithm is called forward-
backward procedure [30]. The goal for decoding problem is to find the optimal state sequence
associated with the given observation sequence. The most widely used optimality criterion is
to find the single best state sequence (path), that is, to maximize P(S | O, λ) that is equivalent
to maximizing P(S | O, λ). A formal technique for finding this single best state sequence
exists, based on dynamic programming methods, and is called Viterbi algorithm [31]. For
learning problem, there is no known way to obtain analytical solution. However, the model
parameters λ = (A,B, π) can be adjusted such that P(O | λ) is locally maximized using
an iterative procedure such as the Baum-Welch method (or equivalently the Expectation-
Maximization algorithm) [32].

4. HSMM-Based Modeling Framework for Reliability Diagnostics
and Prognostics

4.1. Macrostates and Microstates

For a component, it usually evolves through several distinct health-statuses prior to reaching
failure. For example, mechanics of drilling processes suggest that a typical drill-bit may go
through four health-states: good, medium, bad, and worst. In general, for a component, we
can identify N distinct sequential states for a failure mechanism, that is, determination of
health status of a component: no-defect (i.e., health state 1, denoted by h1), level-1 defect
(denoted by h2), level-2 defect (denoted by h3),. . ., level-(N − 1) defect (denoted by hN).
Here, the level-(N − 1) defect means failure. Let di be the duration staying at a health state hi
and T be the life time of a component. Then, T =

∑N
i=1 di.

Unlike a state in a standard HMM, a state in a segmental semi-Markov model
generates a segment of observations, as opposed to a single observation in the HMM. In this
study, the states in a segmental semi-Markov model are called macrostates (i.e., segments).
Each macrostate consists of several single states, which are called microstates. Suppose that a
macro-state sequence S has N segments, and let qn be the time index of the end-point of the
nth segment (1 ≤ n ≤N). The segments are as follows (see Figure 3):
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o1, . . . , oq1 oq1 + 1, . . . , oq2 oqN−1 + 1, . . . , oqN

1, . . . , q1 q1 + 1, . . . , q2 qN−1 + 1, . . . , qN

d1 = q1 d2 = q2 − q1 dN = qN − qN−1

s1, . . . , sq1 sq1 + 1, . . . , sq2 sqN−1 + 1, . . . , sqN

T

· · ·

· · ·

· · ·

· · ·

Observations

Time

Durations

Micro-state

Figure 3: Segments of an HSMM.

h1

s1 s2 sq1

h2

sq1+1 sq1+2 sq1+3 sq2

hN

s(N−1) + 1 sqN

Macro-states

Micro-states

Time

· · · · · · · · ·

· · ·

d1 = q1 (time units)
s1 = s2 = . . . sq1 = h1

d2 = q2 − q1 (time units)
sq1 + 1 = sq1 + 2 = · · · sq2 = h2

DN = qN − qN−1 (time units)
s(N−1) + 1 = s(N−1) + 2 = · · · sqN = hN

Figure 4: Segmental HSMM-based modeling framework for component diagnostics and prognostics.

For the nth macro-state, the observations are oqn−1+1, . . . , oqn , and they have the same
microstate label:

sqn−1+1 = sqn−1+2 = · · · = sqn ≡ hn. (4.1)

The segmental HSMM-based modeling framework for component diagnostics and
prognostics is described in Figure 4.

4.2. Model Structure

Let st be the hidden state at time t and let O be the observation sequence. Characterization
of an HSMM is through its parameters. The parameters for an HSMM are the initial state
distribution (denoted by π), the transition model (denoted by A), state duration distribution
(denoted by D), and the observation model (denoted by B). Thus, an HSMM can be written
as λ = (π,A,D, B).

In the segmental HSMM, there are N states, and the transitions between the states are
according to the transition matrix A, that is, P(i → j) = aij . Similar to standard HMMs, we
assume that the state s0 at time t = 0 is a special state “START”. This initial state distribution
is denoted by π .

Although the macro-state transition sqn−1 → sqn is Markov

P
(
sqn = jsqn−1 = i

)
= aij , (4.2)
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the microstate transition st−1 → st is usually not Markov. This is the reason why the model
is called “semi-Markov” [27]. That is, in the HSMM case, the conditional independence
between the past and the future is only ensured when the process moves from one state
to another distinct state.

Another extension in segmental HSMM from the HMM is the segmental observation
distribution. The observations o(t1,t2] in a segment with state i and duration d are produced
by

P
(
o(t1,t2] | i, d

)
, (4.3)

where d = t2 − t1.

5. Inference and Leaning Mechanisms for
HSMM-Based Reliability Prediction

5.1. Inference Procedures

Similar to HMMs, HSMMs also have three basic problems to deal with, that is, evaluation,
recognition, and training problems. To facilitate the computation in the HSMM-based
diagnostics and prognostics framework, in the following, forward-backward variables are
defined and modified forward-backward algorithm is developed [33].

A dynamic programming scheme is employed for the efficient computation of the
inference procedures. To implement the inference procedures, a forward variable αt(i) is
defined as the probability of generating o1o2 · · · ot and ending in state i:

αt(i) = P(o1o2 · · · ot, i ends at t | λ) =
N∑

i=1

min(D,t)∑

d=1

αt−d(i)aijP
(
d | j)bj

(
Ot
t−d+1

)
, (5.1)

where D is the maximum duration within any state. bj(Ot
t−d+1) is the joint density of d

consecutive observations (ot−d+1ot−d+2 · · · ot).
It can be seen that the probability of O given the model λ can be written as

P(Oλ) =
N∑

i=1

αT (i). (5.2)

5.2. Forward-Backward Algorithm for HSMMs

Similar to forward variable, the backward variable can be written as

βt(i) =
N∑

j=1

min(D,t)∑

d=1

aijP
(
dj
)
bj
(
Ot+d
t+1

)
βt+d

(
j
)
. (5.3)
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In order to give reestimation formulas for all variables of the HSMM, three more
segment-featured forward-backward variables are defined:

αt,t′
(
i, j

)
= P

(
o1o2 · · · ot′ , t = qn, st = i, t′ = qn+1, st′ = j | λ

)
,

φt,t′
(
i, j

)
=

D∑

d=1

[
P
(
d = t′ − t | j) · P

(
Ot′
t+1 | t = qn, st = i, t′ = qn+1, st′ = j, λ

)]
,

ξt,t′
(
i, j

)
= P

(
t = qn, st = i, t′ = qn+1, st′ = j | OT

1 , λ
)
,

(5.4)

Here, Ot′
t+1 = ot+1ot+2 · · · ot ′ and OT

1 = o1o2 · · · oT .
φt,t′(i, j) is the probability of the system being in state i for d time units and then

moving to the next state j. αt,t′(i, j) can be described, in terms of φt,t′(i, j), as follows:

αt,t′
(
i, j

)
= P

(
o1o2 · · · otot+1 · · · ot′ , t = qn, st = i, t′ = qn+1, st′ = jλ

)
= αt(i)aijφt,t′

(
i, j

)
. (5.5)

The relationship between αt(i) and αt,t′(i, j) is given in the following:

αt′
(
j
)
= P

(
o1o2 · · · ot′ , t′ = qn+1, st′ = jλ

)
=

N∑

i=1

D∑

d=1

P
(
d = t′ − tj)αt,t′

(
i, j

)
. (5.6)

From the definitions of the forward-backward variables, ξt,t′(i, j) can be obtained as
follows:

ξt,t′
(
i, j

)
= P

(
t = qn, st = i, t′ = qn+1, st′ = jOT

1 , λ
)
=

∑D
d=1 αt(i)aijφt,t′

(
i, j

)
βt′
(
j
)

β0
(
i = “START′′

) . (5.7)

The Forward-Backward algorithm computes the following probabilities.

Forward Pass

The forward pass of the algorithm computes αt(i), αt,t′(i, j), and φt,t′(i, j).

Step 1. Initialization (t = 0):

αt=0(i) =

{
1, if i = “START′′,
0, otherwise.

(5.8)



16 Mathematical Problems in Engineering

Step 2. Forward recursion (t > 0). For t = 1, 2, . . . , T, 1 ≤ i, j ≤N, and 1 ≤ d ≤ D:

φt,t′
(
i, j

)
=

D∑

d=1

[
P
(
d = t′ − t | j) · P

(
Ot′
t+1t = qn, st = i, t

′ = qn+1, st′ = j, λ
)
,
]
,

αt,t′
(
i, j

)
= αt(i)aijφt,t′

(
i, j

)
,

αt′
(
j
)
=

N∑

i=1

D∑

d=1

P
(
d = t′ − tj)αt,t′

(
i, j

)
.

(5.9)

Backward Pass

The backward pass computes βt(i) and ξt,t′(i, j).

Step 1. Initialization (t = T and 1 ≤ i, j ≤N):

βT (i) = 1. (5.10)

Step 2. Backward recursion (t < T). For t = 1, 2, . . . , T , 1 ≤ i, j ≤N, and 1 ≤ d ≤ D:

βt(i) =
N∑

j=1

min(D,t)∑

d=1

aijP
(
dj
)
bj
(
Ot+d
t+1

)
βt+d

(
j
)
=

N∑

j=1

aijφt,t′
(
i, j

)
βt′
(
j
)
,

ξt,t′
(
i, j

)
=

∑D
d=1 αt(i)aijφt,t′

(
i, j

)
βt′
(
j
)

β0(i = “START”)
.

(5.11)

Let Di be the maximum duration for state i. The total computational complexity for
the forward-backward algorithm is O(N2DT), where D =

∑N
i=1 Di.

5.3. Parameter Reestimation for HSMM-Based Reliability Prediction

The reestimation formula for initial state distribution is the probability that state i was the
first state, given O:

πi =
πi
[∑D

d=1 βd(i)P(d | i)bj
(
Od

1

)]

P(O | λ) . (5.12)

The reestimation formula of state transition probabilities is the ratio of the expected
number of transitions from state i to state j, to the expected number of transitions from state
i:

aij =
∑T

t=1 ξt,t′
(
i, j

)

∑T
t=1

∑N
i=1

∑N
j=1 ξt,t′

(
i, j

) . (5.13)
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The formula of state duration distributions is the ratio of the expected number of times
state i occurred with duration d to the expected number of times state i occurred with any
duration:

pi(d) =

∑T
t=1 αt,t′

(
i, j

)
P
(
d = t′ − tj)bj

(
Ot′
t+1

)

∑D
d=1

∑T
t=1 αt,t′

(
i, j

)
P
(
d = t′ − tj)bj

(
Ot′
t+1

) . (5.14)

The reestimation formula for segmental observation distributions is the expected
number of times that observation ot = vk occurred in state i, normalized by the expected
number of times that any observation occurred in state i. Since αt(i) accounts for the partial
observation sequence o1o2 · · · ot and state i at t, βt(i) accounts for the partial observation
sequence ot′ot′+1 · · · oT , given state i at t. The remainder of the observation sequence
otot+1 · · · ot′ given state i at t and state j at t′ is accounted by P(Ot′

t+1 | t = qn, st = i, t′ = qn+1, st′ =
j). Therefore, the reestimation of segmental observation distributions can be calculated as
follows:

bi(k) =

∑T
t=1 s.t. Ot=vk αt(i)

[
φt,t′

(
i, j

)
/
∑D

d=1 P(d = t′ − ti)
]
βt(i)

∑T
t=1 αt(i)

[
φt,t′

(
i, j

)
/
∑D

d=1 P(d = t′ − ti)
]
βt(i)

. (5.15)

5.4. Training of Macrostate Duration Models Using
Parametric Probability Distributions

State duration densities could be modeled by single Gaussian distribution estimated from
training data. The existing state duration estimation method is through the simultaneous
training HSMMs and their state duration densities. However, these techniques are inefficient
because it requires huge storage and computational load. Therefore, a new approach for
training state duration models is adopted. In this approach, state duration probabilities are
estimated on the lattice (or trellis) of observations and states which is obtained in the HSMM
training stage.

Although the vector quantization (VQ) can be used to quantize signals via codebook,
there might be serious degradation associated with such quantization [28]. Hence it would
be advantageous to use the HSMMs with continuous observation densities. In this research,
mixture Gaussian distribution is used. The most general representation of the pdf is a finite
mixture of the following form:

bj(O) =
Mj∑

m=1

cjm · η
[
O,μjm,Ujm

]
=

Mj∑

m=1

P
(
Mm = m | st = j

) · η[O,μjm,Ujm

]
, 1 ≤ j ≤N,

(5.16)

where η represents a Gaussian distribution with mean vector μjm and covariance matrix Ujm

for themth mixture component in the state j,O is the vector being modeled,Mj is the number
of Gaussian component η in state j, and cjm = P(Mm = m | st = j) is the conditional weight
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for the mth mixture component in the state j. The mixture gains cjm satisfy the stochastic
constraint:

Mj∑

m=1

cjm = 1, 1 ≤ j ≤N, (5.17)

where cjm ≥ 0, 1 ≤ j ≤N, 1 ≤ m ≤Mj , so that the pdf is properly normalized, that is,

∫∞

−∞
bj(x)dx = 1, 1 ≤ j ≤N. (5.18)

As pointed out in [28], the pdf of (5.18) can be used to approximate, arbitrarily closely, any
finite continuous density function of practical importance. Hence, it can be applied to a wide
range of problems.

6. HSMM-Based Engineering Asset Prognosis

6.1. Macrostate Duration Model-Based Prognostics

The objective of prognostics is to predict the progression of a fault condition to component
failure and estimate the RUL of the component. In the following, the procedure using a
macro-state duration model-based approach is provided [34].

Since each macro-state duration density P(dn | hi) is modeled by a single Gaussian
distribution, state durations, which maximize logP(S | λ, T) = ∑N

i=1 logP(dn | hi) under the
constraint T =

∑N
i=1 D(hi), are given by

D(hi) = μ(hi) + ρ · σ2(hi),

ρ =

(
T −∑N

i=1 μ(hi)
)

∑N
i=1 σ

2(hi)
.

(6.1)

6.2. Prognostics Procedure

The macro-state duration model-based component prognostics procedure is given as follows.

Step 1. From the HSMM training procedure (i.e., parameter estimation), we can obtain the
state transition probability for HSMM.

Step 2. Through the HSMM parameter estimation, the duration pdf for each macro-state can
be obtained. Therefore, the duration mean and variance can be calculated.

Step 3. By classification, identify the current health status of the component.

Step 5. The RUL of the system can be computed by the following backward recursive
equations (suppose that the system currently stays at health state i; RULi indicates the
remaining useful life starting from state i).
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At state N − 1,

RULN−1 = aN−1,N−1[D(hN−1) +D(hN)] + aN−1,N[D(hN)]. (6.2)

At state N − 2,

RULN−2 = aN−2,N−2[D(hN−2) + RULN−1] + aN−2,N−1[RULN−1]. (6.3)

At state i,

RULi = t̂ic + ai,I+1[RULi + 1]. (6.4)

7. Demonstration of Engineering Asset Diagnostic and
Prognostic Processes

7.1. Diagnostics for Pumps

In this demonstration, a real hydraulic pump health monitoring application is provided
by using HSMM-based reliability prediction. In the test experiments, three pumps (pump
6, pump 24, and pump 82) were worn to various percent decreases in flow by running
them using oil containing dust. Each pump experienced four states: baseline (normal state),
contamination 1 (5 mg of 20-micron dust injected into the oil reservoir), contamination 2
(10 mg of 20-micron dust injected into the oil reservoir), and contamination 3 (15 mg of 20-
micron dust injected into the oil reservoir). The contamination stages in this hydraulic pump
wear test case study correspond to different stages of flow loss in the pumps. As flow rate
of a pump clearly indicates the heath state of a pump, therefore, the contamination stages
corresponding to different degrees of flow loss in a pump were defined as the health states
of the pump in the pump wear test. The data collected were processed using wavelet packet
with Daubechies wavelet 10 (db10) and five decomposition levels as the db10 wavelet with
five decomposition levels provides the most effective way to capture the fault information
in the pump vibration data [35–37]. The wavelet coefficients obtained by the wavelet packet
decomposition were used as the inputs to the HMMs and HSMMs. In this test, we wanted
to see how the HSMMs could classify the health conditions of the pumps in comparison
with the HMMs. From the diagnosis results, it can be seen that the classification rates for all
three pumps reach 100%. For individual pump’s diagnostics, it can be seen that the correct
recognition rate is increased by 29.3%, which shows that the HSMM is superior to currently
used HMM-based approach. In addition, experiments show that both HMM-based diagnosis
and HSMM-based diagnosis have almost the same computational time. This means that
HSMM-based method is efficient and could be used in the real applications with large data
sets.

7.2. Prognostics for Pumps

For prognostics, the life time training data from pump 6, pump 24, and pump 82 are used.
By training, an HSMM with four health states can be obtained. And, the mean and variance
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of the duration time in each state are also available through the training process. Then, the
mean value of the remaining useful life of a pump can be calculated as follows (in terms of
(6.4) and suppose that the component currently stays at state “Contamination1”):

RULmean = 28.0829 (time units). (7.1)

Similarly, the variance of the remaining useful life of a pump can be obtained as
follows:

RULvariance = 1.7846 (time units). (7.2)

That is, if the component is currently at state “Contamination1”, then its expected
remaining useful life is 28.0829 time units with confidence interval 1.7846 time units.

8. Conclusions

The concepts, models, algorithms, and applications of nonlinear time-series data mining in
engineering asset health and reliability prediction are discussed. Various techniques and
algorithms for engineering asset reliability prediction have been reviewed and categorized
depending on what models are usually adopted. In order to obtain the insights of the
engineering asset health and reliability prediction, the detailed models, algorithms-and
applications of HSMM-based asset health prognosis are given. The health states of assets
are modeled by state transition probability matrix and observation probability. The duration
of each health segment is described by the state duration probability. As a whole, they are
modeled as a hidden semi-Markov chain.

Although prognostics is still in its infancy and literature is yet to present a
working model for effective prognostics, a new trend is that more combination models are
designed to deal with data extraction, data processing, and modeling for prognostics. From
simple heuristic-based models to complex HSMM models that impose artificial intelligence
knowledge, these methodologies have their own advantages and disadvantages. Since
single-approach models have some difficulties in achieving satisfied results, it is a very
challenging work to develop prognostics applications that can provide precise prediction.
A well designed combination model usually combines two or more theories and algorithms
to model the system in order to eliminate the disadvantages of each individual theory and
utilize the advantages of all combined methods. On the other hand, it is also a challenging
work to choose appropriate methods and combine them together for engineering asset health
and reliability prediction modeling.
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The embedding dimension and the number of nearest neighbors are very important parameters
in the prediction of a chaotic time series. In order to reduce the uncertainties in the determination
of the forgoing two parameters, a new adaptive local linear prediction method is proposed in this
study. In the new method, the embedding dimension and the number of nearest neighbors are
combined as a parameter set and change adaptively in the process of prediction. The generalized
degree of freedom is used to help select the optimal parameters. Real hydrological time series are
taken to examine the performance of the new method. The prediction results indicate that the new
method can choose the optimal parameters of embedding dimension and the nearest neighbor
number adaptively in the prediction process. And the nonlinear hydrological time series perhaps
could be modeled better by the new method.

1. Introduction

The global and regional climates have already begun changing [1], and meteorological-
driven processes have been studied by some researchers just as the study in the signal
analysis and other fields [2–8]. Many hydrological processes, such as runoff, are usually
nonlinear, complex, dynamic processes because of the involved physical process and
the considerable spatial and temporal variability [9]. The simulation of the nonlinear
hydrological time series was turned out to be very difficult with the traditional deterministic
mathematic models. However, the emergence of chaos theory provides a new way to study
this kind of highly complex system and makes it possible to extract deterministic regulation
from the seemingly disordered hydrological phenomenon. Chaos theory is an important part
of nonlinear science and some scientists have done research on its theories and applications
[10, 11]. From the last decades, a series of theories and methods identifying chaotic essences
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in dynamic systems have gradually been established [12–17]. The first application of chaos
theory in hydrological processes could be traced back to the analysis of a series of 1008
monthly rainfall values recorded in Nauru Island by Hense in 1987 [18], and then the chaos
theory became a more and more reliable tool for the study of hydrological processes.

With the development of chaos theory and research on its application technique, many
methods have been proposed to predict chaotic time series, which can broadly be divided
into two main categories: global method [19] and local method [20, 21]. The global method
is made an attempt to approximate the whole time series on all attractors and seek a function
valid at every point. It is obvious that this kind of method has the disadvantage that if new
information is added into the model, the parameters may be changed and a lot of time will
be wasted in the parameter estimation. However, the local method overcomes this drawback
by building model only on the local attractor and utilizing only part of the past information.
Farmer and Sidorowich [20] have already proved that the local prediction method is better
than the global prediction method. On the other hand, by using some combining techniques,
the forecast accuracy can be improved both in the global method and in the local method
[21].

In the process of the local prediction, the phase space reconstruction is the first step
and three parameters (the embedding dimension m, the time delay τ , and the number of
the nearest neighbors q) should be determined. The studies of the nonlinear predictions
indicate that the selection of delay time does not affect the reconstructed attractor reflecting
the dynamics of the system unambiguously; so the key problem is the determination of the
optimal m and q for prediction. (Usually, the number of the nearest neighbors q is taken
greater than m in general condition.)

Although there are many discussions on how to determine the optimal embedding
dimension, three basic methods presented below are most usually used. The first kind
of methods is based on calculating some geometrical invariants of the attractor, such as
Grassberger-Procaccia method (G-P method) [16]. By increasing the embedding dimension,
the minimum embedding dimension can be selected when the value of the invariant becomes
saturated. The typical problems of this method are time-consuming for computation,
unsuited for a short time series, and certainly subjective and sensitive to noise. The second
kind of methods, such as the false nearest neighbors method (FNN) [22, 23] and Aleksić
method [24], is based on the theory of false neighbors that the far apart points in the
original phase space will moving closer together in the reconstruction phase space when a
too low embedding dimension is selected. But the criterion is subjective in the judgment
of the false neighbors, and Cao has improved the method [25]. The third kind of methods,
such as principal component analysis (PCA) [26], singular-spectrum analysis (SSA) [27]
and singular-value decomposition (SVD) [28], is based on a singular value decomposition
proposed by Broomhead and King [26]. But the singular value decomposition is essentially
a linear method based on the covariance matrix which reflects the linear dependence [29].
This approach is also subjective to some extent that the number of large singular values
may depend on the details of the embedding process and the accuracy of data. Numerical
experience has led several researchers [28, 30] to suspect the authenticity of this method in
the analysis of nonlinear time series [31]. All of the methods mentioned above have some
shortcomings like inapplicability to a short time series, more or less subjective, sensitivity to
noise, and so forth [31].

The uncertainties in the determination of the embedding dimension and the number
of the nearest neighbors can affect the forecast precision in the process of the traditional local
prediction. So as to improve the prediction accuracy, the problem that arises then is how to
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reduce the parameter uncertainties in the prediction method. As we know, the time series data
are continually updated as the prediction process proceeded; the parameter estimated by the
phase space reconstruction using the original time sequence may not be able to reconstruct
the chaotic attractor of the new sequence. In order to reduce the uncertainties caused by the
time sequence data updating, the embedding dimension and the number of nearest neighbors
should be changed adaptively in the forecast procedure. For the purpose of getting a better
prediction results, Jayawardena et al. [32] proposed a method using the generalized degrees
of freedom (GDF) to determine the optimal number of the neighbors for the prediction. But
in his method, the embedding dimensions take the same values in the whole forecast process
like the traditional local prediction; so this method still needs to be improved.

In this study, a parameter set (m, q) is established on the basis of the two uncertain
parameters, that is, embedding dimension m and the number of nearest neighbors q. Then a
new adaptive local prediction method is proposed, in which m and q are not fixed as certain
values but are changed as the prediction steps developed. In the selection of the optimal
parameter set (m, q) for each prediction step, the generalized degrees of freedom (GDF) are
used and different error variances are calculated under different combinations of (m, q). The
optimal parameter set (m, q) is chosen when the variance obtains the smallest value. In order
to examine the validity of the new method, some real hydrological time series are used.

2. The New Local Linear Prediction Method

2.1. The Phase Space Reconstruction

For a scalar time series x1, x2, . . . , xn, the multidimensional phase-space Yi can be recon-
structed by the Takens embedding theory [15], according to

Yi =
(
xi, xi+τ , . . . , xi+(m−1)τ

)
, (2.1)

where i = 1, 2, . . . ,M, M is the total points number of the phase-space, and M = n− (m− 1)τ ,
τ is the delay time, m is the dimension of the vector Yi, called as embedding dimension, and
n is the length of the time series.

2.1.1. The Determination of Delay Time

Many methods have been developed in estimating the delay time. And the autocorrelation
function [15, 16, 33, 34], the most widely used tool in determining the delay time, is employed
in this study. The autocorrelation function can be described as

C(t) =
1

n − t

∑n−t
i=1
(
xi − μ

)(
xi+t − μ

)

σ2(x)
, (2.2)

where C(t) is the autocorrelation coefficient, t is the lag time, and μ and σ are the mean and
standard variation of the time series, respectively. The delay time τ is always selected when
the autocorrelation coefficient has dropped to 1−1/e of its initial value (e is the base of natural
logarithm).
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2.1.2. The Determination of Embedding Dimension

Among a number of embedding dimension calculation methods, the false nearest neighbors
(FNN) method [22] is most widely used. Cao has proposed a new method on the basis of
FNN method. The Cao method [25] can be described as follows. Assume that

a(i,m) =

∥
∥
∥Y

(m+1)
i − Y (m+1)

j

∥
∥
∥

∥
∥
∥Y

(m)
i − Y (m)

j

∥
∥
∥

(i = 1, 2, . . . , n −mτ), (2.3)

where ‖ · ‖ is some measurements of Euclidian distance, Y (m+1)
i is the ith phase points in the

(m+1)-dimension reconstructed phase space, and Y (m)
j (j = 1, 2, . . . , q) is the nearest neighbor

of Y (m)
i . The mean value of all a(i,m) is

E(m) =
1

n −mτ
n−mτ∑

i=1

a(i,m). (2.4)

When the embedding dimension changes from m to m + 1, E1(m) can be defined as

E1(m) =
E(m + 1)
E(m)

. (2.5)

If E1(m) stops changing when m is greater than some value m0, then m0 + 1 can be
taken as the minimum embedding dimension to reconstruct the phase space.

2.2. The Traditional Local Linear Prediction Method

Many local prediction methods have been developed during the last decades, and the local
linear prediction method is considered in this study. The first step of the local linear prediction
is to find the nearest neighbor points of the current phase point YM in the reconstructed phase
space. The Euclidean distances d(i) = ‖Yi − YM‖ (i = 1, 2, . . . ,M − 1) between the current
vector YM and its M− 1 preceding delay vectors Yi (i = 1, 2, . . . ,M− 1) will be calculated and
then q nearest neighbor points YMk (k = 1, 2, . . . , q, q is taken value great than m in general
condition) will be selected.

The local linear prediction model in an m-dimensional reconstructed phase space is
an autoregressive model and the prediction value, which is a linear superposition of the m
elements in the delay vector YM, can be given as follows:

x̂(n + 1) = AX1 = a0 +
m∑

j=1

ajxM+(j−1)τ , (2.6)

where A = [a0, a1, a2, . . . , am] is a coefficient vector that needs to be determined, and

X1 = [1, YM]T =
[
1, xM, xM+τ , . . . , xM+(m−1)τ

]T
. (2.7)
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Deterministic predictions assume that if the phase space point Yt was similar to the
current point YM, then the future point Yt+1 will also be close to the future point YM+1.
The coefficient vector A can be estimated by the current phase vector YM and its q nearest
neighbor points YMk (k = 1, 2, . . . , q) through the following equation:

AX = Y, (2.8)

where Y = [xM1+(m−1)τ+1, xM2+(m−1)τ+1, . . . , xMq+(m−1)τ+1]
T is the next series value of the points

YMk (k = 1, 2, . . . , q), and

X =

⎡

⎢
⎢
⎢
⎢
⎣

1 1 · · · 1
xM1 xM2 · · · xMq

...
...

. . .
...

xM1+(m−1)τ xM2+(m−1)τ · · · xMq+(m−1)τ

⎤

⎥
⎥
⎥
⎥
⎦
. (2.9)

Because the value of X and Y is known, so the estimation of coefficient vector A can
be obtained by the least squares method as A = YXT (XXT )−1 from (2.8), and then by using
(2.6), the prediction value x̂(n + 1) can be calculated. The new prediction value x̂(n + 1) is
added to the original time series as the prediction steps developed, and the last phase point
is YM+1 by the phase space reconstruction now. Following the same scheme in the forecast of
x̂(n + 1) and reestimating the coefficient vector A, x̂(n + 2) can be computed.

2.3. The Determination of the Optimal Parameters (m, q)

In the regression analysis, the degrees of freedom are often used as a model complexity
measure in various model selection criteria, such as Mallows Cp, Akaike information criteria
(AIC), and Bayesian information criterion (BIC). Yet these model selection criterion are
asymptotic in nature and do not take into account the modeling procedure which can often be
very complex [32]. So Ye [35] developed a concept of generalized degrees of freedom (GDF)
that is applicable for evaluation of the model selection.

The GDF is defined as the sum of the sensitivities of each fitted value of the model to
perturbations in the corresponding observed value [32]. It is nonasymptotic in nature and
thus is free of the sample-size constraint [35]. In the process of chaotic local linear prediction,
the GDF can be viewed as the cost of the modeling process. Considering the uncertainty in
the determination of the optimal embedding dimension and the number of nearest neighbors
for the prediction, different unbiased estimates of the error variance can be obtained under
different parameter sets (m, q). A better (m, q) for the model prediction is the one that has
a smaller error variance. So the optimal parameters (m, q) can be selected by comparing the
different error variances that are calculated. In every step of the prediction, the GDF can be
calculated and the optimal parameters (m, q) can be selected; so the GDF can provide a novel
way to guide the (m, q) changing adaptively.

Using the local linear prediction method introduced earlier, the future values of the
data series can be obtained. Here we will show how to choose the optimal (m, q) for the
prediction by using the GDF method.
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From the foregoing description, the estimate of the coefficient vectorA in (2.8) can also
be given as follows:

Y = AX + ε, (2.10)

where Y , A, X are the same in (2.8) and ε is a row vector of error values.
Using the least squares method, A and μY = AX (μY is the mean vector of Y ) can be

estimated as

A = YXT
(
XXT

)−1
, (2.11)

μ̂Y = AX = YXT
(
XXT

)−1
X. (2.12)

The sum of squared residuals for a fixed embedding dimension RSS is then expressed
as

RSS =
(
Y − μ̂Y

)(
Y − μ̂Y

)T
. (2.13)

Then an unbiased estimation of the error variance σ2
GDF is given as

σ2
GDF =

RSS
q −D =

(
Y − μ̂Y

)(
Y − μ̂Y

)T

q −D , (2.14)

where q is the number of nearest neighbors. D is the GDF and can be estimated by D =
tr(H) =

∑
i hii, H = (hii)(m+1)×(m+1) = X(XTX)−1XT .

This provides a tool to evaluate the goodness of the model with the chosen (m, q). With
different values of the parameter set (m, q), the matrixX and fitted vector functions μ̂Y will be
different, then different error variances can be obtained. An optimal (m, q) for the prediction
is the one that has the smallest variance.

2.4. The New Local Linear Prediction Method

By comparing the estimations of error variances σ2
GDF for different (m, q), the optimal

parameter set can be selected. It is then used for prediction. The new local linear method
proposed in this study is described as follows.

Step 1. Phase space reconstruction. Determine the embedding dimension mc and the time
delay τ for the original time series.

Step 2. Calculate the error variances. Let the embedding dimension m change from mmin to
mmax, and the number of the nearest neighbor change from qmin to qmax (In this study, mmin

and mmax are selected as 2 and mc, resp. This is not the only choice. qmin and qmax are taken as
2m+1 and 2m+10, the same as Jayawardena’s method [32].) (mmax−mmin+1)×(qmax−qmin+1)
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Table 1: Statistics indices of daily discharge time series at Peschanaya and Tim.

Statistical indices Peschanaya Tim
Total number of data 16437 15340
Mean value (m3/s) 32.3357 192.5562
Standard of deviation (m3/s) 44.6106 215.4076
Maximum value (m3/s) 661.0000 1360.0000
Minimum value (m3/s) 1.7400 28.4000
Coefficient of variation 1.3796 1.1187

local linear models can be obtained. For each model, the error variance can be estimated using
(2.13) and (2.14).

Step 3. Choose the optimal (mopt, qopt) which has the minimum variance.

Step 4. Use (mopt, qopt) to reconstruct the original time series and construct a local model to
predict the next value x̂(n + 1).

Step 5. Then x̂(n + 2) can be computed by the same scheme following the last point; now it is
YM+1.

Some real hydrological time series are chosen to examine the performance of the new
local linear method (NLLP-2), and the new method is compared with the traditional local
linear prediction method (TLLP) and Jayawardena’s method (NLLP-1) [32].

3. Application in Hydrological Time Series

3.1. Study Area and Data Description

The real hydrological time series in this study are chosen as the daily discharges of
Peschanaya at Tochil’noye (52.17◦N and 85.17◦E, basin area, 4720 km2) in Russian for the
period January 1936–December 1980, and the daily discharges of Tim at Napas (59.85◦N and
81.95◦E, basin area, 24500 km2) in Russian for the period January 1953–December 1994. Some
important statistical values are shown in Table 1.

For the daily discharge from Peschanaya, the time series is divided into two data sets,
the first training data set is the data during the period January 1936–December 1979, and the
second prediction data set is the data during the period January 1, 1980–February 9, 1980.
In the same way, the first training data set for Tim is the data during the period January
1953–December 1993, the second prediction data set is the data during the period January 1,
1994–February 9, 1994. The prediction lead time for both of the time series is 40 days.

3.2. Phase Space Reconstruction

In this study, the delay time and the embedding dimension of the above two daily discharge
time series are determined by the autocorrelation function method and the Cao method,
respectively. The changes of the autocorrelation functions for both of the time series are
presented in Figure 1 and the values of E1(m) are shown in Figure 2.
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Figure 1: Autocorrelation functions for daily discharge time series observed at Peschanaya and Tim. (The
red line presents the situation that the autocorrelation function value is 1 − 1/e of its initial value.)
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Figure 2: The values of E1(m) for daily discharge time series observed at Peschanaya and Tim.

The delay time is selected when the autocorrelation coefficient has dropped to 1 −
1/e of its initial value. From Figure 1, the delay time for the Peschanaya and Tim can be
determined as 9 and 20, respectively. (The red line in Figure 1 presents the situation that the
autocorrelation function value is 1 − 1/e of its initial value.)
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From Figure 2, the value of E1(m) becomes saturated from m0 = 5; so the embedding
dimension can be determined as m0 + 1 = 6 for Peschanaya. In the same way, the embedding
dimension for Tim can be determined as 6 too.

The third parameter in the local linear prediction of the daily discharge time series is
the number of the nearest neighbors. In this study, only the traditional prediction method
(TLLP) needs to give this parameter as a prior; the rest two methods (NLLP-1 and NLLP-2)
can obtain the number of nearest neighbors adaptively in the prediction procedure.

3.3. The Prediction Results and Analysis

Both of the time series were predicted by TLLP, NLLP-1, and NLLP-2, respectively. In order
to obtain the best forecast results with the TLLP, the number of nearest neighbors q for TLLP
is changed from m + 1 to m + 19. By comparing the prediction results under different q, the
optimal forecast results by TLLP in different q can be selected. The prediction results by TLLP
were shown in Table 2.

The accuracy of prediction is evaluated by three measurement indices in this study,
which are the Mean absolute error (MAE), Root mean square error (RMSE), and Correlation
coefficient (CC). The definitions of the three indices can be given as follows:

MAE =
1
n

n∑

i=1

∣
∣yi − xi

∣
∣,

RMSE =

√
√
√
√ 1
n

n∑

i=1

(
yi − xi

)2
,

CC =
∑n

i=1(xi − x)
(
yi − y

)

√
∑n

i=1 (xi − x)2∑n
i=1
(
yi − y

)2
,

(3.1)

where n is the number of the time series under investigation. The yi and xi are the predicted
values and observed values in the time series, respectively, and x and y are the mean of
observed values and predicted values, respectively.

Generally, in the above measurement indices, lower values with the MAE and RMSE
indicate better agreement, and higher positive values with the CC indicate better agreement
between the observed values and predicted values.

From Table 2, it can be seen that the best forecast results for Peschanaya by TLLP
method are obtained when the number of nearest neighbors is m+ 7, that is, 13, (with MAE =
0.4781, RMSE = 0.6878, CC = 0.9092). And the best forecast results for Tim by TLLP method
are obtained when the number of nearest neighbors is m+ 16, that is, 22, (with MAE = 7.6517,
RMSE = 9.4725, CC = 0.9089).

The results of NLLP-1, NLLP-2, and the optimal results of the TLLP are showed in
Figure 3. The comparisons of the three methods between 20 lead time steps and 40 lead time
steps are showen in Tables 3 and 4, respectively.

From Figure 3(a) and Table 3, it can be seen that NLLP-1 gets the best prediction results
at the beginning of the prediction process for Peschanaya (with MAE = 0.2367, RMSE = 0.2767
and CC = 0.9636 for NLLP-1 when the lead time step is 20), and under this condition, both of
the results by NLLP-1 and NLLP-2 are better than those by TLLP. But as the prediction step
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Table 2: The prediction results for the daily discharge time series observed at Peschanaya and Tim by TLLP
method.

Number of nearest
neighbors

Peschanaya Tim
MAE (m3/s) RMSE (m3/s) CC MAE (m3/s) RMSE (m3/s) CC

m + 1 9.6882 × 102 2.1893 × 103 0.6966 1.6088 × 1010 4.5795 × 1010 0.2904

m + 2 4.2862 × 105 1.4036 × 106 0.5548 47.9224 78.8664 0.0600

m + 3 5.3151 6.2056 0.4293 8.1494 × 104 1.4928 × 105 0.5736

m + 4 1.4779 1.8310 0.9503 8.4746 × 1011 3.0884 × 1012 0.3439

m + 5 2.4415 4.2853 0.7696 2.0832 × 1017 9.1309 × 1017 0.2899

m + 6 0.8428 1.1907 0.8307 2.1107 × 1011 7.5627 × 1011 0.3491

m + 7 0.4781 0.6878 0.9092 22.4636 24.4395 −0.3345

m + 8 0.5362 0.6917 0.8891 19.9365 20.9531 −0.5286

m + 9 0.5599 0.7638 0.8127 19.1111 20.0202 −0.5056

m + 10 0.4978 0.6815 0.9236 11.1223 14.2123 0.7822

m + 11 0.7445 0.9671 0.8399 18.2638 24.1865 0.8162

m + 12 2.6259 5.6787 −0.6568 13.6905 17.0975 0.8609

m + 13 2.7742 6.0485 −0.6574 11.0150 13.6199 0.8799

m + 14 1.9536 3.7148 −0.6846 11.7535 14.7329 0.8702

m + 15 2.6877 5.8700 −0.6505 11.7260 14.4979 0.8819

m + 16 1.8358 3.4853 −0.6612 7.6517 9.4725 0.9089

m + 17 1.8763 3.3413 −0.7216 11.9486 14.7064 0.8939

m + 18 2.5108 5.5012 −0.6394 13.2781 16.1363 0.8916

m + 19 2.0266 4.0896 −0.6516 14.8208 17.9076 0.8850

Table 3: The comparison of the prediction results by TLLP (m = 6, q = 13), NLLP-1, and NLLP-2 for
Peschanaya.

Method 20 steps 40 steps
MAE (m3/s) RMSE (m3/s) CC MAE (m3/s) RMSE (m3/s) CC

TLLP 0.4723 0.6005 0.8747 0.4781 0.6878 0.9092
NLLP-1 0.2367 0.2767 0.9636 0.8613 1.1324 0.7158
NLLP-2 0.3511 0.4455 0.6942 0.9658 1.1894 0.9516

Table 4: The comparison of the prediction results by TLLP (m = 6, q = 22), NLLP-1, and NLLP-2 for Tim.

Method 20 steps 40 steps
MAE (m3/s) RMSE (m3/s) CC MAE (m3/s) RMSE (m3/s) CC

TLLP 2.5799 3.5369 0.9539 7.6517 9.4725 0.9089
NLLP-1 7.4430 9.2437 −0.5338 8.8872 9.8291 −0.1647
NLLP-2 2.6050 2.9928 0.9113 1.7600 2.2413 0.9054

increased, the forecast precision of NLLP-1 and NLLP-2 becomes worse than that of TLLP.
When the lead time step becomes 40, the TLLP (with MAE = 0.4781, RMSE = 0.6878 and CC
= 0.9092) obtains the best results.

From Figure 3(b) and Table 4, it can be seen that, not only at the beginning of the
prediction procedure but also along the whole procedure when the lead time step is 40, the
NLLP-2 gets the best prediction results (with MAE = 2.6050, RMSE = 2.9928, and CC = 0.9113
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Figure 3: The prediction results of the hydrological time series. (a) The prediction results by TLLP (m = 6,
q = 13), NLLP-1 and NLLP-2 for Peschanaya. (b) The prediction results by TLLP (m = 6, q = 22), NLLP-1
and NLLP-2 for Tim.

when the lead time step is 20 and MAE = 1.7600, RMSE = 2.2413, and CC = 0.9054 for TLLP
when the lead time step is 40).

From the above analysis, the prediction performance of the new method proposed in
this study (NLLP-2) is better than that of TLLP at the beginning of prediction process for
Peschanaya. For the daily discharge from Tim, the NLLP-2 is working superior than both
TLLP and NLLP-1.

The changes of the embedding dimension and the number of nearest neighbors in the
foregoing three methods are shown in Figures 4 and 5 (the lead time step is 20 days). It can
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Figure 4: The changes of embedding dimension (a) and number of nearest neighbors (b) in the prediction
process for Peschanaya (the lead time step is 20 days).

be found that the embedding dimension and the number of nearest neighbors do change
adaptively in the prediction processes.

4. Conclusion and Prospect

To obtain the optimum prediction results, a new adaptive local linear prediction method
is proposed in which the embedding dimension and the number of nearest neighbors are
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Figure 5: The changes of embedding dimension (a) and number of nearest neighbors (b) in the prediction
process for Tim (the lead time step is 20 days).

combined as a parameter set (m, q) and change adaptively as the forecast steps increased in
this study. The main results are given as follows.

(i) The optimal parameters (m, q) can be gotten by using the GDF method. In the
process of the selection of the optimal parameters (m, q) for each prediction step,
the generalized degree of freedom (GDF) is used and different error variances are
calculated under different combinations of (m, q). The optimal parameters (m, q)
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are chosen when the variance is the smallest. Then the optimal parameters are used
to reconstruct the phase space and predict the next value of the time series.

(ii) For the sake of comparing the performance of the different prediction method, real
nonlinear hydrological time series are chosen to be examined. The results from
the used example indicate that the new adaptive local linear prediction method
proposed in this study can choose the embedding dimension and the number of
the nearest neighbors adaptively in the prediction process. Compared with the
methods of TLLP and NLLP-1, the new method is better than TLLP at the beginning
of the prediction steps for both of the time series, and NLLP-2 is better than TLLP
and NLLP-1 for the time series from Tim during the whole forecast period.

(iii) The new adaptive local linear prediction method can be used in predicting other
nonlinear time series in the future and its theory will be further studied.
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This paper discusses the prediction of time series with missing data. A novel forecast model is
proposed based on max-margin classification of data with absent features. The issue of modeling
incomplete time series is considered as classification of data with absent features. We employ
the optimal hyperplane of classification to predict the future values. Compared with traditional
predicting process of incomplete time series, our method solves the problem directly rather than
fills the missing data in advance. In addition, we introduce an imputation method to estimate the
missing data in the history series. Experimental results validate the effectiveness of our model in
both prediction and imputation.

1. Introduction

The subjects of time series prediction have sparked considerable research activities, ranging
from short-range-dependent series to long-range-dependent series [1–4], from conventional
time series to fractal time series [5, 6]. Traditional predicting technologies are targeted for
complete time series, such as Neural networks (NNs) [7], and Support Vector Regression
(SVR) [8], and so forth. However, the time series we encountered in real life often contain
missing data due to malfunctioned sensors, human factors, and other reasons. When dealing
with prediction of incomplete time series, traditional process consists of two steps. The first
step is to recover the incomplete time series by an imputation model, and the second step is to
estimate the predicting model as complete time series. This process is shown in Figure 1(a).
It may consume large number of calculations, and bring deviation for inaccurate imputation.
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Figure 1: Two distinct processes of incomplete time series prediction.

In this paper, we propose a novel predicting model built directly by incomplete time series,
which is shown in Figure 1(b).

The issue of modeling incomplete time series is interpreted as classification of data
with missing features in this paper. We use the optimal hyperplane of the classification
to determine the prediction values. A similar approach has been applied to prediction of
complete data [9]. In addition, our model is also used as an imputation method, which means
estimating the missing data of history series. There have been several works carried out on the
imputation of missing data. In the following, these methods are separated into two groups.

(1) Statistical Methods. Examples include Maximum likelihood (ML) algorithm [10],
expectation maximization (EM) algorithm [11], Multiple Imputation [12], and
so forth. Based on statistical theory, ML and EM algorithms need to know the
distribution model of data and often have higher computational complexity.
Multiple Imputation, which imputes the missing data M times, assumes that the
missing data are Missing At Random (MAR).

(2) Machine Learning Methods. Examples include mean, K-Nearest Neighbor (KNN)
[13], Varies Windows Similarity Measure (VWSM) [14] and Regional Gradient
Guided Bootstrapping (RGGB) [15], and so forth. KNN algorithm finds a plausible
value of missing data by measuring the distance. VWSM algorithm fills the missing
data by complete subsequences which are in the similar cycles. RGGB algorithm
imputes the missing data by estimating the slopes of the imputing boundary
regions. From the results of [15], RGGB algorithm outperforms other traditional
imputation methods, such as MI and VWSM. However, it cannot be used to analyze
dataset with high fluctuations.

Compared with traditional imputation methods, different samples can be selected to
calculate the absent data in the history series using our model, which ensures the imputing
accuracy of missing data.

The rest of this paper is organized as follows. Section 2 introduces the establishment of
our model. The theory of max-margin classification of data with absent features is reviewed
briefly in Section 3. The solution and algorithm of our model are discussed in Section 4.
Section 5 follows with the experiments, in which the prediction and imputation performance
of our model are tested in detail. Finally, conclusions are presented in Section 6.

2. Presentation of Our Model

We start by formalizing the problem of incomplete time series. Assume that a time series with
missing data is given as

{
x1, x2, ?3, . . . , xd, xd+1, ?d+2, . . . , xq−1, ?q, ?q+1, . . . , xn

}
, (2.1)
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Figure 2: The implementation process of our model.

where “?” represents the missing data. The sample set X = {X1, . . . , Xd |Xd+1} of the
incomplete time series can be formulated as

X =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

x1 x2 · · · xd |xd+1

x2 ?3 · · · xd+1 |?d+2

?3 x4 · · · ?d+2 |xd+3

...
...

. . .
...

...

xn−d xn−d+1 · · · xn−1 |xn

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (2.2)

where d denotes the embedding dimension.
Predicting technologies usually establish regression models by X, where Xd+1 acts as

the predicting target. In order to predict the value of xk+d, {xk, xk+1, . . . , xk+d−1} must be the
input data of the model.

The implementation process of our model starts by dividing the sample set X into two
parts: training set Xt and imputing set Xm. The predicting targets of the training samples
in Xt are existing values, while those of the imputing samples in Xm are missing values.
Training set is used to construct our predicting model. The role of imputing set is to estimate
the missing values.

We construct two classes of incomplete data C1 and C2 by Xt, which can be expressed
as

C1 =
{
Xt1, . . . , Xtp−1, Xtp, . . . , Xtd+1 + ε

}
,

C2 =
{
Xt1, . . . , Xtp−1, Xtp, . . . , Xtd+1 − ε

}
,

(2.3)

where ε is the fitting error. Being the optimal hyperplane of classification of C1 and C2, H is
obtained by the theory of max-margin classification of data with missing features. Predicting
samples must fall on the hyperplane determined by the training set for a small ε; thus the
prediction values can be calculated by H.

This model can also be used to predict the missing data of incomplete time series.
The imputing samples, taken from the sample set, also fall on the hyperplane. Therefore
the missing values can be estimated in the same way as the prediction values. The
implementation process of our model is shown in Figure 2.
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In the process of imputation, each missing data can be estimated by all the samples
containing it in X, not just the imputing sample in Xm. Assume that xi is absent; the number
of different samples we can use to compute the value of xi is

Ni =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

i, 1 ≤ i ≤ d,
d + 1, d + 1 ≤ i ≤ n − d,
n − i + 1, n − d + 1 ≤ i ≤ n,

(2.4)

where Ni is equal to the frequency of xi in X.

3. Max-Margin Classification of Data with Missing Features

In the previous discussion, the issue of modeling incomplete time series is interpreted as
classification of data with missing features. In this section, we review the theory of max-
margin classification of data with missing features proposed by Chechik [16].

Assume a set of samples x1, . . . , xn with missing features. yi denotes the binary class
label of xi, and yi ∈ {−1, 1}. Each sample is characterized by a subset of features from a full
set F.

The problem of classification can be interpreted as to find an optimal hyperplane with
the max-margin framework. In the case of classification of incomplete data, the instance
margin treating the margin of each instance in its own relevant subspace is defined as

ρi(w) =
yi
(
w(i)xi + b

)

∥
∥w(i)

∥
∥

, (3.1)

wherew(i) is a vector obtained by taking the entries ofw that are related to xi. Considering the
geometric margin to be the minimum over all instance margins, it comes to an optimization
problem

max
w

(

min
i

yi
(
w(i)xi + b

)

∥
∥w(i)

∥
∥

)

. (3.2)

Define the scaling coefficients si = ‖w(i)‖/‖w‖, and rewrite (3.2) as

max
w

(

min
i

yi
(
w(i)xi + b

)

∥
∥w(i)

∥
∥

)

= max
w

1
‖w‖

(

min
i

yi
(
w(i)xi + b

)

si

)

, si =

∥
∥w(i)

∥
∥

‖w‖ . (3.3)
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For a given set of si, we can solve a constrained optimization problem

max
α∈Rn

n∑

i=1

αi − 1
2

n∑

i,j=1

αi
yi
si

〈
xi, xj

〉yj

sj
αj

s.t. 0 ≤ αi ≤ C, i = 1, . . . , n,

n∑

i=1

αi
yi
si

= 0,

(3.4)

where the inner product 〈·, ·〉 is taken only over features that are valid for both xi and xj . The
nonlinear classification is solved by using kernels. Thus we obtain the optimal separating
hyperplane of classification of data with missing features, which is expressed as

n∑

i=1

αi
yi
si
K(x, xi) + b = 0, (3.5)

where b is set as in Support Vector Machines [17, 18].

4. Solution and Algorithm

In our model, the hyperplane of classification of data with missing data is used to compute
the estimation values. Both predicting samples and imputing samples satisfy (3.5). In this
section we introduce the solution and algorithm of our model.

4.1. Analytical Solution

Suppose a test sample x′ = {x′1, x′2, . . . , x′d, x′d+1}, where x′d+1 is the value to be estimated. In
this paper we use the kernel function K′(xi, xj) = (〈xi, xj〉F + 1)2. Replacing the kernel of
(3.5), we obtain

n∑

i=1

αi
yi
si

(〈
x′, xi

〉

F
+ 1
)2 + b = 0. (4.1)

The simplification of (4.1) is

n∑

i=1

αi
yi
si
x2
i,d+1 · x′2d+1 + 2

n∑

i=1

αi
yi
si

⎛

⎝
d∑

j=1

xi,j · x′j + 1

⎞

⎠xi,d+1 · x′d+1

+
n∑

i=1

αi
yi
si

⎛

⎝
d∑

j=1

xi,j · x′j + 1

⎞

⎠

2

+ b = 0,

(4.2)
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where the product operator “·” is taken only over features that are valid for both xi and x′.
Equation (4.2) is a quadratic equation of x′

d+1, and can be solved easily.

4.2. Numerical Solution

Sometimes, analytical solution is meaningless or nonexistent. We need to get numerical
solution of our model by iterative algorithms [19, 20]. Still take x′ as an example, supposing
we use Newton method, the object function of our model can be represented as

F
(
x′d+1

)
=

n∑

i=1

αi
yi
si
K
(
x′, xi

)
+ b. (4.3)

The iterative equation of x′d+1 can be expressed as

x
′(i+1)
d+1 = x′(i)d+1 −

F
(
x
′(i)
d+1

)

F
(
x
′(i)
d+1

) . (4.4)

Therefore, the estimation values are calculated by our model effectively. Numerical
solution is more complicated, but applicable in every case.

In conclusion, we have introduced the establishment and solution of our model. The
key idea is to first identify a hyperplane of classification of data with missing features
by incomplete time series. Then, the hyperplane is used to calculate the estimation values
in predicting and imputing samples. Figure 3 provides the algorithms of our model for
prediction and imputation.

5. Experiments

To check the validity of our model, four experiments are conducted in this section. Firstly,
the prediction performance of our model is evaluated in test A. Given that conventional
imputation methods usually perform distinctly when incomplete time series are missing
discretely and continuously, we examine the imputation performance of our model in two
missing modes in test B and test C, respectively. The performance of our model is compared
with that of RGGB and other two classical imputation methods: Mean and KNN. Finally, we
verify the prediction performance of incomplete time series imputed by different models in
test D.

The time series used in the experiments are Mackey-Glass time series and Henon time
series. Mackey-Glass time series is generated by the chaotic equation

dx

dt
= −b∗x(t) + a∗x(t − τ)

1 + x10(t − τ) , (5.1)
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(b) Incomplete time series imputation algorithm

Figure 3: The algorithms of our model for prediction and imputation.

where parameter τ is set to 17, a = 0.2, and b = 0.1. The interval of t is 5. Henon time series is
generated by the nonlinear equation

x(n + 1) = 1 − 1.4x(n)2 + 0.3x(n). (5.2)

By contrast, Henon time series has a higher volatility. The dimension of the sample set
d = 15. Parameters of our model are ε = 0.001 and C = 100. The value of K in KNN is set to 5.
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Figure 4: Prediction results of our model in Mackey-Glass time series.
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Figure 5: Prediction performance of our model in Mackey-Glass time series.

MSE (Mean Squared Error) and MAE (Mean Absolute Error MAE) are used to
evaluate the performance of the experiments. All the results are obtained by repeating the
algorithms 10 times.

5.1. Prediction of Incomplete Time Series

In this test, continuous 115 data of Mackey-Glass time series with the missing level from 3%
to 18% are used to construct the initial sample set, and the next 65 data are for testing the
prediction performance of our model. The prediction results are shown in Figure 4.

From Figure 4 we can see that, with the increase of the missing level, larger deviations
of the prediction results occur inevitably due to the decrease of the number of training
samples. However, in practice, we can use an acceptable limit of error as the basis for
judgment. For example, set the acceptable limit of error MAEl = 0.1, which equals to the
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Figure 6: Prediction results of our model in Henon time series.
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Figure 7: Prediction performance of our model in Henon time series.

minimum scale of Mackey-Glass time series. Thus our model performs well even when
the missing level reaches 17%. Figure 5 shows an example of prediction performance of
our model in Mackey-Glass time series with the missing level of 3% and 17%. From
Figure 5, our model predicts the future time series roughly when 17% of the history
data are absent. Compared with the performance of missing level at 3%, only some
details are missing. Similar results are obtained in Henon time series, which are shown in
Figures 6 and 7.
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Table 1: Imputation results of Mackey-Glass time series with discrete missing data.

Missing level Our Mean KNN RGGB
MSE MAE MSE MAE MSE MAE MSE MAE

4–6% 0.0716 0.0626 0.0628 0.0545 0.0728 0.0602 0.0692 0.0594
7–9% 0.0783 0.0744 0.0809 0.0657 0.0823 0.0612 0.0840 0.0771
10–12% 0.0912 0.0865 0.0969 0.0833 0.0795 0.0669 0.0979 0.0857
13–15% 0.1064 0.0933 0.1010 0.0836 0.1086 0.1050 0.1242 0.1098

Table 2: Imputation results of Henon time series with discrete missing data.

Missing level Our Mean KNN RGGB
MSE MAE MSE MAE MSE MAE MSE MAE

4–6% 0.2385 0.1999 0.8352 0.6791 0.4624 0.4602 0.6683 0.5592
7–9% 0.4223 0.3120 0.9954 0.8148 0.6707 0.5534 0.7888 0.6156
10–12% 0.6461 0.4422 1.3951 1.2638 0.6746 0.6193 0.8321 0.6378
13–15% 0.6787 0.5261 1.4655 1.3114 0.7868 0.6467 1.2035 0.7639

5.2. Imputation of Incomplete Time Series with Discrete Missing Data

The continuous 115 data of Mackey-Glass time series and Henon time series with discrete
missing data are used as the experimental data in this test. The imputation results of different
models are shown in Tables 1 and 2.

From Tables 1 and 2 we can see that, the imputation performance of our model is
similar to that of KNN and RGGB in Mackey-Glass time series. However, in Henon time
series our model outperforms other three methods at every missing level. An example of
imputation performance of our model over Henon time series with the missing level of 10%
is shown in Figure 8.

Figure 8 shows that our model imputes most of the missing data in Henon time series
effectively. Compared with other methods, the performance of our model is not sensitive to
the fluctuation of time series.

5.3. Imputation of Incomplete Time Series with Continuous Missing Data

We evaluate the performance of different imputation methods by incomplete time series with
continuous missing data in the same way. Set the maximum length of continuous missing
data l = 5. The imputation results are shown in Tables 3 and 4.

Tables 3 and 4 indicate that our model outperforms other three methods in both
Mackey-Glass time series and Henon time series when the data are missing continuously.
Compared with Tables 1 and 2, no significant difference is observed between the two missing
modes in our model, while other methods perform better in the former. Figure 9 shows an
example of imputation performance of our model over Mackey-Glass time series with the
missing level of 10%.

There are three sets of continuous missing data in Figure 9. Our method imputes the
first two effectively. Based on the above observation, we conclude that our method performs
better than other traditional technologies of imputation.
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Figure 8: Imputation performance of our model in Henon time series with the missing level of 10%.
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Figure 9: Imputation performance of our model in Mackey-Glass time series with the missing level of 10%.

Table 3: Imputation results of Mackey-Glass time series with continuous missing data.

Missing level Our Mean KNN RGGB
MSE MAE MSE MAE MSE MAE MSE MAE

4–6% 0.0741 0.0604 0.1044 0.0941 0.0846 0.0676 0.1296 0.1013
7–9% 0.0831 0.0691 0.1718 0.1374 0.1299 0.1081 0.1531 0.1320
10–12% 0.0832 0.0748 0.1791 0.1508 0.1091 0.0853 0.2020 0.1553
13–15% 0.1082 0.0814 0.1951 0.1526 0.1347 0.1119 0.2220 0.1843

Table 4: Imputation results of Henon time series with continuous missing data.

Missing level Our Mean KNN RGGB
MSE MAE MSE MAE MSE MAE MSE MAE

4–6% 0.2409 0.1966 0.9633 0.8316 0.5449 0.4247 0.7294 0.5216
7–9% 0.3945 0.3391 1.0269 0.8957 0.5450 0.5022 0.8275 0.5777
10–12% 0.5472 0.4904 1.1343 0.9802 0.6777 0.5297 1.1462 0.7090
13–15% 0.8340 0.6190 1.3937 1.3101 0.7895 0.6711 1.2137 0.7657

5.4. Prediction after Imputation

The prediction performance of incomplete time series imputed by different models in test
B and test C is evaluated in this test. We also use the next 65 data to test the prediction
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Figure 10: Prediction results in Mackey-Glass time series imputed by different methods.
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Figure 11: Prediction results in Henon time series imputed by different methods

performance. The error-tolerant BP algorithm is used to build the predicting model. The
prediction results are shown in Figures 10 and 11.

From Figures 10 and 11 we can see that, the prediction performance in Mackey-Glass
time series and Henon time series imputed by our model are both superior to that of imputed
by other imputation algorithms.
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6. Conclusions

Learning and prediction of incomplete data are still pervasive problems, although extensive
studies have been conducted to improve the efficiency of data acquisition and transmission
[21, 22]. We have proposed a new prediction model for incomplete time series. Experiments
conducted in this paper confirm that our model can be successfully applied to prediction
of incomplete time series with a missing level below than that of acceptable error limit. In
addition, the imputation performance of our model is superior to that of other imputation
methods, and insensitive to the fluctuation of time series. Future work may focus on
applications of the model in some relevant fields [23, 24] and real-life problems.
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A hybrid model for time series forecasting is proposed. It is a stacked neural network, containing
one normal multilayer perceptron with bipolar sigmoid activation functions, and the other with
an exponential activation function in the output layer. As shown by the case studies, the proposed
stacked hybrid neural model performs well on a variety of benchmark time series. The combination
of weights of the two stack components that leads to optimal performance is also studied.

1. Introduction

Many processes found in the real world are nonlinear. Therefore, there is a need for
accurate, effective tools to forecast their behavior. Current solutions include general methods
such as multiple linear regression, nonlinear regression, artificial neural networks, but
also specialized ones, such as SETAR, Self-Exciting Threshold Auto-Regression [1], MES,
multivariate exponential smoothing [2], and FCAR, Functional Coefficient Auto-Regressive
models [3]. The DAN2 model [4] is a dynamic architecture for artificial neural networks
(ANNs) for solving nonlinear forecasting and pattern recognition problems, based on the
principle of learning and accumulating knowledge at each layer and propagating and
adjusting this knowledge forward to the next layer.

Recently, more hybrid forecasting models have been developed, integrating neural
network techniques with conventional models to improve their accuracy. A well-known
example is ARIMA, the Auto-Regression Integrated Moving Average [5]. ARFIMA, Auto-
Regressive Fractionally Integrated Moving Average, is a time series model that generalizes
ARIMA by allowing nonlinear values in modeling events with long memory [6]. The
SARIMABP model [7] combines SARIMA, Seasonal ARIMA, and the back-propagation
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training algorithm to predict seasonal time series for machinery production and soft drink
time series. Another hybrid model, KARIMA [8], combines Kohonen’s self-organizing map
and ARIMA to predict short-term traffic flow.

Other techniques include a combination of the radial basis functions, RBF, neural
networks, and the Univariant Box-Jenkins, UBJ, model [9]. Another model that combines
radial basis functions neural networks with a nonlinear time-varying evolution particle
swarm optimization, PSO, is developed by other authors [10]. It displays dynamically
adaptive optimization for the inertia and acceleration coefficients, accelerating convergence,
and shows good performance on the time series prediction of a power system.

The study of nonlinear phenomena is especially important in the field of system
dynamics. Research in this area proved that nonlinear differential equations are capable
of generating continuous mathematical functions similar to pulse sequences [11]. Also, an
extension to the Fourier/Laplace transform needed for the analysis of signals represented by
traveling wave equations was proposed [12], along with a mathematical technique for the
simulation of the behavior of large systems of optical oscillators.

Artificial neural networks are one of the most accurate and widely used forecasting
models, with applications in social, economical, engineering, foreign exchange, stock
problems, and so forth. Neural network have some characteristics that make them
particularly valuable for forecasting [13].

(i) Unlike traditional model-based methods, NNs are data-driven and self-adaptive,
needing little a priori information about the studied problems.

(ii) NNs are known to have good generalization capabilities. After learning the data
presented to them, they can correctly predict unseen data, even in the presence of
noise.

(iii) NNs are universal approximators [14]; that is, they can approximate any
continuous real function to any degree of accuracy.

(iv) NNs are nonlinear models, and therefore better suited to capture the true nature of
many natural processes.

2. The Proposed Neural Network Architecture

The proposed model is composed of two neural networks, each with one hidden layer, as
shown in Figure 1.

The inputs of the model are the recent values of the time series, depending on the size
of the sliding window s. Basically, the stack model predicts the value of the time series at
moment t depending on the latest s values:

yt = f
(
yt−1, yt−1, . . . , yt−s

)
. (2.1)

The neurons in the hidden layers of both networks that compose the stack are normal
multiplayer perceptron (MLP) neurons, with bipolar sigmoid, or hyperbolic tangent,
activation functions:

tanh(x) =
1 − e−2x

1 + e−2x
. (2.2)
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Figure 1: The architecture of the stacked neural network.

The difference between the two neural networks lies in the output layer of the individual
neural networks that compose the stack. The “normal” network, represented at the top in
Figure 1, has the same activation function, the bipolar sigmoid in the output layer. The
“exponential” network has a simple exponential function instead:

exp(x) = ex. (2.3)

Each network respects the basic information flow of an MLP, where the θ values represent
the thresholds of the neurons:

ynt = tanh

(
∑

i

wn
i ·
(

tanh

(
∑

p

wn
p,q · yp − θnq

))

− θn
)

, (2.4)

yet = exp

⎛

⎝
∑

j

we
j ·
(

tanh

(
∑

r

we
r,v · yr − θev

))

− θe
⎞

⎠. (2.5)

Finally, the stack output ystack
t is computed as a weighted average of the two outputs, ynt and

yet :

ystack
t = w1 · ynt +w2 · yet , (2.6)

with w1,2 ∈ [0, 1] and w1 +w2 = 1.
The training of the networks is performed with the classical back-propagation

algorithm [15], with a momentum term [16] and adaptive learning rate [17]. Besides training
the two components of the stack, the goal of the model is to find the optimal weights w1 and
w2, such that the error of the whole stack is minimized.
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Figure 2: The proposed model performance on the sunspot training data (window size 5).
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Figure 3: The proposed model predictions for the sunspot data (window size 5).

3. Case Studies

3.1. Test Methodology

In the following sections, we consider four classical benchmark problems and one original,
super-exponential growth problem on which we test the performance of our model. In each
case, we divide the available data into 90% for training and 10% for testing. We separately
consider a sliding window size of 5 and 10, respectively.

3.2. The Sunspot Series

Wolfer’s sunspot time series records the yearly number of spots visible on the surface of the
sun. It contains the data from 1700 to 1987, for a total of 288 observations. This data series is
considered as nonlinear and non-Gaussian and is often used to evaluate the effectiveness of
nonlinear models [13, 18].

With a window size of 5 points and considering 28 points ahead, the performance of
the model on the training set is displayed in Figure 2.

The forecasting capabilities of the model are displayed in Figure 3.
In Figure 4, the effect of the weights on the mean square error of the stack on the testing

data is displayed. One can see that the optimal weights are w1 = 100 and w2 = 0, where w1

is the weight of the neural network with sigmoid activation functions, and w2 = 1 – w1 is
the weight of the second neural network, whose output neuron has an exponential activation
function.
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Figure 4: The evolution of MSE when w1 varies (sunspots, window size 5).

Table 1: The errors of the model for the sunspot data (window size 5).

MSE on original data MSE on normalized data

Training
Normal NN 131.865 3.645 × 10−3

Exponential NN 827.933 22.886 × 10−3

Stack 131.865 3.645 × 10−3

Testing
Normal NN 511.531 14.140 × 10−3

Exponential NN 2248.409 62.151 × 10−3

Stack 511.531 14.140 × 10−3

Table 2: The errors of the model for the sunspot data (window size 10).

MSE on original data MSE on normalized data

Training
Normal NN 96.085 2.656 × 10−3

Exponential NN 811.737 22.438 × 10−3

Stack 96.085 2.656 × 10−3

Testing
Normal NN 619.387 17.121 × 10−3

Exponential NN 2466.148 68.170 × 10−3

Stack 619.387 17.121 × 10−3

Table 1 shows the errors both for the training and for testing. It separately presents the
mean square errors for the first, “normal” network, for the second, “exponential” network,
and for their stack, respectively. Since the range of the datasets is very different, we also
display the MSE on the normalized data between 0 and 1, in order to better compare the
performance of our model on data with different shapes.

Next, we increase the size of the sliding window to 10 points. The corresponding
performance of the model on the training set is displayed in Figure 5.

The prediction capabilities of the model are displayed in Figure 6.
The evolution of the mean square error of the stack on the testing data is displayed as

a function of the normal NN weight, w1, in Figure 7. In this case, as in the previous one, the
optimal weights are w1 = 100 and w2 = 0.

Table 2 shows the mean square errors obtained for the increased window size.
In both cases, we see that the normal neural network can approximate the time series

better than the exponential network. When the window size is 10, the model seems to slightly
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Figure 5: The proposed model performance on the sunspot training data (window size 10).

0

40

80

120

160

200

1 3 5 7 9 11 13 15 17 19 21 23 25 27

Desired
Predicted

Figure 6: The proposed model predictions for the sunspot data (window size 10).

overfit the data compared to the case when the window size is 5, yielding better errors for the
training set, but a little worse errors for the testing set.

3.3. The Canadian Lynx Series

This series contains the yearly number of lynx trapped in the Mackenzie River district of
Northern Canada [19]. The data set has 114 observations, corresponding to the period of
1821–1934.

With a window size of 5 points and considering 11 points ahead, the performance of
the model on the training set is displayed in Figure 8.

The forecasting capabilities of the model are displayed in Figure 9.
The evolution of the mean square error of the stack on the testing data is displayed as

a function of the normal NN weight, w1, in Figure 10. Here, the optimal weights are w1 = 23
and w2 = 77.

Table 3 shows the mean square errors obtained for a window size of 5.
When size of the window is increased to 10 points, the performance of the model on

the training set is that shown in Figure 11.
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Figure 8: The proposed model performance on the lynx training data (window size 5).

Table 3: The errors of the model for the lynx data (window size 5).

MSE on original data MSE on normalized data

Training
Normal NN 530,416.473 10.974 × 10−3

Exponential NN 383,963.211 7.944 × 10−3

Stack 401,015.900 8.297 × 10−3

Testing
Normal NN 154,951.311 3.206 × 10−3

Exponential NN 113,955.783 2.357 × 10−3

Stack 109,902.034 2.273 × 10−3

The testing performance of the model is displayed in Figure 12.
The optimal weights for this stack are w1 = 99 and w2 = 1, as can be observed from

Figure 13.
Table 4 shows the mean square errors obtained for a window size of 10.
For this dataset, the exponential network can contribute to the stack result. When the

window size is 5, its weight even dominates the stack, and its contribution decreases for
a larger window size. It is possible that this phenomenon appears because for a smaller
window size, the model may look exponential when learning the high peaks. For a larger
window, the model may have a wider perspective, which includes the peaks, and the problem
may seem to become more linear. The errors for a window size of 10 are also much smaller
for the training set, and larger for the testing set, compared to the errors found for a window
set of 5.
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Figure 9: The proposed model predictions for the lynx data (window size 5).
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Figure 11: The proposed model performance on the lynx training data (window size 10).



Mathematical Problems in Engineering 9

0

10

20

30

40

50

60

70
×102

1 2 3 4 5 6 7 8 9 10

Desired
Predicted

Figure 12: The proposed model predictions for the lynx data (window size 10).

25

30

35

40

45
×104

0 20 40 60 80 100

Figure 13: The evolution of MSE when w1 varies (lynx, window size 10).

Table 4: The errors of the model for the lynx data (window size 10).

MSE on original data MSE on normalized data

Training
Normal NN 66,484.341 1.375 × 10−3

Exponential NN 88,404.178 1.829 × 10−3

Stack 66,426.519 1.374 × 10−3

Testing
Normal NN 283,132.166 5.858 × 10−3

Exponential NN 421,951.130 8.730 × 10−3

Stack 283,105.757 5.857 × 10−3

3.4. Ozone

This data represents monthly ozone concentrations in parts per million from January 1955 to
December 1972 made in downtown Los Angeles [20].
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Figure 14: The proposed model performance on the ozone training data (window size 5).
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Figure 15: The proposed model predictions for the ozone data (window size 5).

Table 5: The errors of the model for the ozone data (window size 5).

MSE on original data MSE on normalized data

Training
Normal NN 0.704 12.519 × 10−3

Exponential NN 0.680 12.089 × 10−3

Stack 0.675 12.016 × 10−3

Testing
Normal NN 0.702 12.483 × 10−3

Exponential NN 0.592 10.539 × 10−3

Stack 0.589 10.485 × 10−3

We consider a window size of 5 points and 24 points ahead for prediction. The
performance of the model on the training set is displayed in Figure 14.

The prediction performance of the model results from Figure 15.
The evolution of the mean square error of the stack on the testing data is displayed as

a function of the normal NN weight, w1, in Figure 16. Here, the optimal weights are w1 = 14
and w2 = 86.

Table 5 shows the mean square errors obtained for this time series.
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Figure 16: The evolution of MSE when w1 varies (ozone, window size 5).
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Figure 17: The proposed model performance on the ozone training data (window size 10).

Table 6: The errors of the model for the ozone data (window size 10).

MSE on original data MSE on normalized data

Training
Normal NN 0.203 3.609 × 10−3

Exponential NN 0.222 3.949 × 10−3

Stack 0.201 3.569 × 10−3

Testing
Normal NN 1.328 23.615 × 10−3

Exponential NN 1.238 22.014 × 10−3

Stack 1.312 23.336 × 10−3

In the case when the size of the window is increased to 10 points, the performance of
the model on the training set is that shown in Figure 17.

The forecasting capabilities of the model are displayed in Figure 18.
The optimal weights are w1 = 96 and w2 = 4, as it can be seen in Figure 19.
Table 6 shows the mean square errors obtained for a window size of 10.
The behavior of the model on this time series is very similar to that of the lynx time

series, regarding both the change in the weights and the comparison of training and testing
errors.

3.5. UK Industrial Production

This data series contains the index of industrial production in the United Kingdom, from 1700
to 1912 [20].
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Figure 18: The proposed model predictions for the ozone data (window size 10).
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Figure 19: The evolution of MSE when w1 varies (ozone, window size 10).

Table 7: The errors of the model for the UK industrial production data (window size 5).

MSE on original data MSE on normalized data

Training
Normal NN 1.185 0.132 × 10−3

Exponential NN 0.988 0.111 × 10−3

Stack 0.988 0.111 × 10−3

Testing
Normal NN 296.895 33.281 × 10−3

Exponential NN 9.810 1.099 × 10−3

Stack 9.810 1.099 × 10−3

We first consider the performance of the model on the training set with a window size
of 5 points and 21 points ahead, as displayed in Figure 20.

The forecasting capabilities of the model are shown in Figure 21.
The evolution of the mean square error of the stack on the testing data is displayed as

a function of the normal NN weight, w1, in Figure 22. The optimal weights are w1 = 0 and w2

= 100.
Table 7 shows the mean square errors obtained for a window size of 5.
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Figure 20: The proposed model performance on the UK industrial production training data (window size
5).
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Figure 21: The proposed model predictions for the UK industrial production data (window size 5).

Table 8: The errors of the model for the UK industrial production data (window size 10).

MSE on original data MSE on normalized data

Training
Normal NN 0.861 9.682 × 10−5

Exponential NN 0.862 9.702 × 10−5

Stack 0.862 9.702 × 10−5

Testing
Normal NN 319.766 3597.439 × 10−5

Exponential NN 7.264 81.724 × 10−5

Stack 7.264 81.724 × 10−5

When the size of the window is increased to 10 points, the performance of the model
on the training set is the one shown in Figure 23.

The prediction capabilities of the model are displayed in Figure 24.
Just like in the previous case, the optimal weights are w1 = 0 and w2 = 100, as one can

see in Figure 25.
Table 8 shows the mean square errors obtained for a window size of 10.
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Figure 22: The evolution of MSE when w1 varies (UK industrial production, window size 5).

0

25

50

75

100

1 26 51 76 101 126 151 176

Desired
Predicted

Figure 23: The proposed model performance on the UK industrial production training data (window size
10).

Unlike the previous problems, the exponential nature of this time series makes it
difficult for a normal neural network. Therefore, the exponential network dominates the
stack, independent of the size of the window. One can notice that although the normal
network can approximate the training set fairly well, with errors comparable to those of
the exponential network, there is a clear difference in performance for the prediction phase,
where only the exponential network can find a good trend for the time series.

3.6. Super-Exponential Growth

In order to test the limits of our model, we devised a function given by the following equation:

f(x) =
(

x

100
+ 1
)x/15+1

+ 5 · sin
(
x

10

)

· √x. (3.1)

The first term of this function is chosen in such a way that both the base and the exponent
increase with x, thus producing a super-exponential growth. The second term is a kind of
sinusoid that would account for fluctuations to the regular growth model. The values of the
coefficient are chosen in such a way that at first, for low values of x, the oscillatory behavior
is more important, and then, as x increases, the super-exponential term begins to dominate
the value of the function.

Since the function is super-exponential, and the activation function of the second
neural network is only exponential, it is expected that our stack model will learn the training
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Figure 24: The proposed model predictions for the UK industrial production data (window size 10).
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Figure 25: The evolution of MSE when w1 varies (UK industrial production, window size 10).

data well, but will fail to extrapolate to the prediction set. This drawback can be compensated
by allowing different activation functions, such as a double-exponential function ab

x
, to the

output layer of the neural network.
With a window size of 5 points and considering 21 points ahead, the performance of

the model on the training set is displayed in Figure 26.
The forecasting capabilities of the model are displayed in Figure 27.
The evolution of the mean square error of the stack on the testing data is displayed as

a function of the normal NN weight, w1, in Figure 28. Here, the optimal weights are w1 = 0
and w2 = 100.

Table 9 shows the mean square errors obtained for a window size of 5.
When size of the window is increased to 10 points, the performance of the model on

the training set is that shown in Figure 29.
The forecasting capabilities of the model are displayed in Figure 30.
In a similar way to the case with a window size of 5, the optimal weights are w1 = 0

and w2 = 100, as it can be seen in Figure 31.
Table 10 shows the mean square errors obtained for a window size of 10.
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Figure 26: The proposed model performance on the super-exponential growth training data (window size
5).
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Figure 27: The proposed model predictions for the super-exponential growth data (window size 5).

Table 9: The errors of the model for the super-exponential growth data (window size 5).

MSE on original data MSE on normalized data

Training
Normal NN 2.825 6.783 × 10−5

Exponential NN 1.593 3.824 × 10−5

Stack 1.593 3.824 × 10−5

Testing
Normal NN 826.936 19.851 × 10−3

Exponential NN 172.645 4.144 × 10−3

Stack 172.645 4.144 × 10−3

This time series poses similar problems as the previous one. The only difference is that
the super-exponential nature of the proposed function exceeds the prediction possibilities of
the exponential network. For this kind of problems, other types of activation functions can be
used. The stacked model proposed here is flexible enough to accommodate different types of
neural networks, with different activation functions.
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Figure 28: The evolution of MSE when w1 varies (super-exponential growth, window size 5).
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Figure 29: The proposed model performance on the super-exponential growth training data (window size
10).

Table 10: The errors of the model for the super-exponential growth data (window size 10).

MSE on original data MSE on normalized data

Training
Normal NN 5.270 12.651 × 10−5

Exponential NN 1.047 2.513 × 10−5

Stack 1.047 2.513 × 10−5

Testing
Normal NN 939.119 22.544 × 10−3

Exponential NN 76.707 1.841 × 10−3

Stack 76.707 1.841 × 10−3

3.7. Comparison with Other Forecasting Models

We compare the model fitting performance of our stack neural network with several other
models, using the implementations in the Statistical Analysis System (SAS) 9.0 software
package [21]. We compare the mean square error of our model for the two different window
sizes with the error of the best model in SAS. Table 11 presents this comparison.

The best error for a problem is shown in bold letters. It can be seen that our model
outperforms the models implemented in SAS for all but the last benchmark problems.
The reason for the greater error for the super-exponential growth problem is the inherent
limitation of choosing an exponential instead of a super-exponential activation function.
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Figure 30: The proposed model predictions for the super-exponential growth data (window size 10).
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Figure 31: The evolution of MSE when w1 varies (super-exponential growth, window size 10).

Table 11: Comparative performance of the proposed model with other forecasting models.

Time series
MSE of the stacked

neural network with
a window size of 5

MSE of the stacked
neural network with
a window size of 10

MSE of the best SAS
model

Name of the best
SAS model

Sunspots 131.865 96.085 549.21 Simple exponential
smoothing

Lynx 401,015.900 66,426.519 1,410,768 Simple exponential
smoothing

Ozone 0.704 0.201 1.079 Simple exponential
smoothing

UK Industrial
Production 0.988 0.862 1.339 Log random walk

with drift
Super-
Exponential
Growth

1.593 1.047 1.59 × 10−5 Double exponential
smoothing



Mathematical Problems in Engineering 19

4. Conclusions

Despite its simplicity, it seems that the stacked hybrid neural model performs well on a
variety of benchmark problems for time series. It is expected that it can have good results
for other important problems that show dynamical and predictive aspects. The model
can be easily extended to incorporate other activation functions that can be suitable for a
particular problem, such as a double-exponential function ab

x
. It is also possible to include

nondifferentiable functions in the model, if one adopts an evolutionary algorithm for training
the neural networks, instead of the classical back-propagation algorithm.
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In many applications, observed signals are contaminated by both random noise and blur. This
paper proposes a blind deconvolution procedure for estimating a regression function with possible
jumps preserved, by removing both noise and blur when recovering the signals. Our procedure
is based on three local linear kernel estimates of the regression function, constructed from
observations in a left-side, a right-side, and a two-side neighborhood of a given point, respectively.
The estimated function at the given point is then defined by one of the three estimates with the
smallest weighted residual sum of squares. To better remove the noise and blur, this estimate can
also be updated iteratively. Performance of this procedure is investigated by both simulation and
real data examples, from which it can be seen that our procedure performs well in various cases.

1. Introduction

Nonparametric regression analysis provides us statistical tools for estimating regression
functions from noisy data [1]. When the underlying regression function has jumps, the esti-
mated functions by conventional nonparametric regression procedures are not statistically
consistent at the jump positions. However, the problem to estimate jump regression functions
is important because the true regression functions are often discontinuous in applications [2].
This paper focuses on estimation of the jump regression function when the observed data are
contaminated by both random noise and blur.

In the literature, there are some existing procedures for estimating regression curves
with jumps preserved in cases when only random noise is present in observed data. These
procedures include the one-sided kernel estimation methods (e.g., [3–9]), the local least-
squares estimation procedures (e.g., [10–12]), the wavelet transformation method [13], the
spline smoothing method [14], and the direct estimation methods (e.g., [15, 16]).
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In some applications, our observations are both blurred and contaminated by
pointwise noise (e.g., signals of groundwater levels in geothermy). It is, therefore, important
to remove both noise and blur when estimating the true regression function. In the
nonparametric regression literature, we have not seen any discussion about this problem
yet. In the context of image processing, which can be regarded as a two-dimensional
nonparametric regression problem [2], there is a related research area concerned about
deblurring images. Most existing image deblurring procedures assume that the point-
spread function (psf), which describes the blurring mechanism, either is known or has a
parametric form, and this function is homogeneous in the entire image (e.g., [17–20]). In
many applications, however, it is difficult to specify the psf completely or partially by a
parametric model. Our major goal in this paper is to provide a method to estimate the true
regression function properly in cases when both noise and blur are present and the psf is
unspecified.

The remaining part of the paper is organized as follows. In next section, our
proposed method is discussed in detail. Some comparative results are presented in Section 3
with several simulated examples. A real data application is presented in Section 4. Some
concluding remarks are included in Section 5.

2. Our Proposed Method

Suppose that the regression model concerned is

yi = h ⊗ f(xi) + εi, i = 1, 2, . . . , n, (2.1)

where 0 < x1 < x2 < · · · < xn < 1 are design points, εi are i.i.d. random noise with mean 0
and variance σ2, and f is an unknown nonparametric regression function that is continuous
in [0, 1] except on some jump points 0 < s1 < s2 < · · · < sm < 1. In (2.1), h is a psf, and h ⊗ f
denotes the convolution between h and f , defined by

h ⊗ f(x) =
∫

R

h(u)f(x − u)du. (2.2)

If h is not zero at the origin and zero everywhere else, then there is no blurring in the
observed curve. In such cases, model (2.1) is the conventional nonparametric regression
model. Generally speaking, the problem described by model (2.1) is ill posed if both h and
f are unknown, because infinite sets of h and f would correspond to the same response in
such cases. Therefore, proper estimation of f based on (2.1) is a challenging problem. As a
demonstration, in Figure 1(a), the solid lines denote a true regression function f with one
jump point at x = 0.5, the dotted curve denotes the blurred regression function h ⊗ f , and the
small pluses denote a set of observations from model (2.1).

To estimate f , by the conventional local linear kernel (LLK) smoothing [1], we would
consider the problem

min
a,b

n∑

i=1

{
yi − [a + b(xi − x)]

}2
K

(
xi − x
hn

)

, (2.3)
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Figure 1: (a) Solid lines denote the true regression function, and dotted curve denotes the blurred
regression function. (b) Solid lines denote the estimate of the regression function by the proposed method,
dotted curve denotes the blurred true regression function, and dashed curve denotes the conventional
local linear kernel estimate of the regression function. In both plots, little “+”s denote a set of observations
generated from model (2.1).

where K is a density kernel function with support [−1, 1] and hn is a bandwidth parameter.
Then the solution of (2.3) to a, denoted as âc(x), is defined as the LLK estimator of f(x). In
Figure 1(b), the dotted curve denotes the blurred regression function, and the dashed curve
denotes the LLK estimate of f . It can be seen that the LLK estimate removes the noise well;
but the blur is not removed and it is actually made more serious around the jump point.

Qiu [15] finds that the major reason why the conventional LLK estimate could not
preserve the jump at the jump point is that it uses a “continuous” function (i.e., a linear
function) locally to approximate the jump regression function. To overcome this limitation,
Qiu suggests fitting a piecewise linear function around x as follows:

min
al,bl ;ar ,br

n∑

i=1

{
yi − [al + bl(xi − x)] − [(ar − al)I(xi − x) + (br − bl)(xi − x)I(xi − x)]

}2
K

(
xi − x
hn

)

,

(2.4)

where I(·) is an indicator function defined by I(u) = 1 if u ≥ 0 and 0 otherwise. The
solution to al and ar are denoted as âl(x) and âr(x). It is easy to see that âl(x) and âr(x) are
actually LLK estimates of f(x) constructed from observations in the left-sided neighborhood
[x − hn, x) and the right-sided neighborhood [x, x + hn], respectively, with kernel functions
Kl(x) = K(x)I(−x) andKr(x) = K(x)I(x). Then, Qiu suggests the following jump-preserving
estimate of f(x):

f̂1(x) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

âl(x), if WRMSl(x) < WRMSr(x),

âr(x), if WRMSl(x) > WRMSr(x),

(âl(x) + âr(x))
2

if WRMSl(x) = WRMSr(x),

(2.5)
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where WRMSl and WRMSr are the Weighted Residual Mean Squares(WRMSs) of the left-
sided and right-sided estimates, respectively, defined by

WRMSl(x) =

∑n
i=1

[
Yi − âl − b̂l(xi − x)

]2
Kl((xi − x)/hn)

∑n
i=1 Kl(xi − x/hn)

WRMSr(x) =

∑n
i=1

[
Yi − âr − b̂r(xi − x)

]2
Kr((xi − x)/hn)

∑n
i=1 Kr(xi − x/hn)

.

(2.6)

Qiu [15] proves that f̂1 is a consistent estimate of f when there is no blurring in the observed
data.

Since only part of observations is actually used in f̂1, this estimator would be quite
noisy in continuity regions of f . To overcome this problem, similar to the method in [16], we
propose a modification as follows:

f̂2(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

â(x), if WRMS(x) ≤ min[WWRMSl(x),WWRMSr(x)],

âl(x), if WWRMSl(x) < WWRMSr(x),

âr(x), if WWRMSl(x) > WWRMSr(x),

(âl(x) + âr(x))
2

if WWRMSl(x) = WWRMSr(x).

(2.7)

By (2.7), when x is far away from any jump points, f(x) would be estimated by the
conventional LLK estimate. It would still be estimated by one of the one-sided estimates
around the jump points. Therefore, it is expected that f̂2(x) would be better for estimating
f(x) than f̂1(x). The solid curve in Figure 2 denotes f̂2 constructed from the data shown in
either plot of Figure 1. The two dotted curves show âl and âr , respectively. It can be seen that
f̂2 indeed estimates f well in this case.

The estimate defined in (2.7) can also be updated iteratively as follows. The estimated
values {f̂2(xi), i = 1, 2, . . . , n} can be used as observed data, and the estimate f̂2 can be
updated by (2.7) with all quantities on the right-hand side of (2.7) computed from {f̂2(xi), i =
1, 2, . . . , n}, and this process can continue iteratively. Numerical results in the next section
suggest that a good estimate can usually be generated after about 5 iterations in all the cases
considered there.

In our procedure, the bandwidth parameter hn should be chosen properly. To this end,
we use the following cross-validation (CV) procedure:

hn = arg min
hn

1
n

n∑

i=1

(
yi − f̂−i(x)

)2
, (2.8)

where f̂−i(x) is the estimate of f(x) using all of the data points except the ith point (xi, yi).
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Figure 2: The solid curve denotes f̂2 constructed from the data shown in either plot of Figure 1. The two
dotted curves show âl and âr , respectively.

3. Simulation Study

In this section, some simulated examples are presented concerning the numerical perfor-
mance of our proposed procedure. In all numerical examples presented in this paper, the
Epanechnikov kernel functionK(x) = 3/4(1−x2)I(|x| ≤ 1) is used. We consider the following
two true regression functions:

f1(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

4x, if 0 ≤ x ≤ 0.2,

4(0.4 − x), if 0.2 < x ≤ 0.4,

exp−2x2
sin(2.5πx) − 1, if 0.4 < x ≤ 0.8,

exp−2x2
sin(2.5πx), if 0.8 < x ≤ 1,

f2(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2 − 2(0.26 − x)0.2, if 0 ≤ x ≤ 0.26,

2 − 2(x − 0.26)0.6, if 0.26 < x ≤ 0.78,

2 − 2(x − 0.26)0.6 + 1, if 0.78 < x ≤ 1.

(3.1)

The function f1 has two jumps at 0.4, 0.8, and a roof discontinuity (i.e., jump in the slope) at
0.2. The function f2 has a jump at 0.78, and an unbalanced cusp (i.e., a sharp angle) at 0.26.
These functions are shown by the solid curves in Figure 3. Our observations are generated
from model (2.1) with random noise from the N(0, σ2) distribution and the psf h = (1 −
x2)(1+ cos(1.5xπ))I(|x| ≤ 1). One set of observations from each regression function is shown
by the little pluses in Figure 3.

For the proposed procedure, its Mean-Squared Error (MSE) values with several
different (n, σ) combinations are presented in Figure 4 as functions of the number of
iterations, where the bandwidth hn is chosen by the CV procedure in each iteration. All of
the MSE values are computed based on 100 replications. From the plots in Figure 4, it can
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Figure 3: (a) Solid curve denotes the true regression function f1, and little pluses denote a set of
observations when n = 400 and σ = 0.2. (b) Solid curve denotes the true regression function f2, and
little pluses denote a set of observations when n = 400 and σ = 0.2.

Table 1: Comparison of the MSE values of the three methods in various cases when f = f1. The numbers
in parentheses are the standard errors.

Method n = 200 n = 400 n = 1000
σ = .1 σ = .2 σ = .5 σ = .1 σ = .2 σ = .5 σ = .1 σ = .2 σ = .5

New .0012 .0051 .0195 .0008 .0022 .0093 .0005 .0010 0.0040
(.0001) (.0003) (.0008) (.0001) (.0001) (.0004) (.00004) (.0007) (.0002)

CLLK .0066 .0118 .0275 .0042 .0079 .0203 .0029 .0051 .01218
(.0001) (.0002) (.0006) (.0001) (.0001) (.0004) (.00002) (.0004) (.0002)

JPCF .0052 .0106 .0336 .0035 .0056 .0184 .0013 .0024 .0087
(.0003) (.0004) (.0009) (.0002) (.0002) (.0005) (.00007) (.0007) (.0002)

be seen that, for each (n, σ) combination, MSE values first decrease and then increase with
the iteration number. The optimal number of iteration is around 5 in each case, which is the
number that we recommend to use in applications.

Next, we compare the proposed procedure (denoted as NEW) with the conventional
local linear kernel (LLK) smoothing procedure and the jump-preserving curve estimation
(JPCE) procedure by Qiu [15]. Figure 5 presents the estimated regression functions by all
three methods from the observed data shown in Figure 3. For procedure NEW, 5 iterations
are used. From the plots in Figure 5, it can be seen that LLK blurs the jumps, JPCE preserves
the jumps well but its estimates are quite noisy in continuity regions, and our proposed
procedure NEW preserves the jumps well and also removes noise efficiently.

Tables 1 and 2 present the MSE values and the corresponding standard errors of the
three methods in various cases. We use 5 iterations in the proposed procedure NEW. From
Tables 1 and 2, it can be seen that procedure NEW performs the best in all cases.

4. An Application

In this section, we apply our proposed method to a groundwater level data. Possible jumps
in groundwater level arise from changes in subsurface fluid currents, which has become an
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Figure 4: MSE values of the estimated regression function. (a) f = f1 and n = 200, (b) f = f1 and n = 400,
(c) f = f2 and n = 200, (d) f = f2 and n = 400.
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Figure 5: Solid curves denote the estimates by the proposed procedure NEW, dotted curves denote the
estimates by LLK, and dashed curves denote the estimates by JPCE.
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Table 2: Comparison of the MSE values of the three methods in various cases when f = f2. The numbers
in parentheses are the standard errors.

Method n = 200 n = 400 n = 1000
σ = .1 σ = .2 σ = .5 σ = .1 σ = .2 σ = .5 σ = .1 σ = .2 σ = .5)

New .0012 .0051 .0195 .0006 .0018 .0088 .0002 .0012 .0038
(.0001) (.0003) (.0008) (.00004) (.0001) (.0004) (.00003) (.00005) (.0002)

CLLK .0066 .0118 .0275 .00344 .0066 .0171 .0021 .0041 .0109
(.0001) (.0002) (.0006) (.00003) (.0001) (.0004) (.00002) (.00004) (.0002)

JPCF .0052 .0106 .0336 .00222 .0043 .0151 .0017 .0020 .0086
(.0003) (.0004) (.0009) (.0001) (.0001) (.0004) (.00003) (.00005) (.0002)
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Figure 6: Little pluses denote the groundwater level observed by the Seismograph Network Stations of
China Earthquake Center during January and May 2007, and solid curve denotes the estimated regression
curve by our proposed procedure.

important predictor of earthquakes. In Figure 6, little pluses denote the groundwater level
observed by the Seismograph Network Stations of China Earthquake Center during January
and May 2007. The solid curve denotes the estimated regression curve by our proposed
procedure in which all parameters are chosen in the same way as in the simulation examples
presented in Section 3. As indicated by the plot, the jumps around Mar 23, Aril 10, and Aril 17
are preserved well by our procedure. We checked the earthquake history and it is confirmed
by China Earthquake Center that earthquakes with magnitude of more than 4.0 occurred in
these periods in the area of observation.

5. Concluding Remarks

We have presented a blind deconvolution procedure for jump-preserving curve estimation
when both noise and blur are present in the observed data. Numerical results show that it
performs well in various cases. However, theoretical properties of the proposed method are
not available yet, which requires much future research. We believe that the proposed method
can be generalized to two-dimensional cases to solve problems such as image deblurring and
restoration.
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We describe a Bayesian filtering scheme for nonlinear state-space models in continuous time. This
scheme is called Generalised Filtering and furnishes posterior (conditional) densities on hidden
states and unknown parameters generating observed data. Crucially, the scheme operates online,
assimilating data to optimize the conditional density on time-varying states and time-invariant
parameters. In contrast to Kalman and Particle smoothing, Generalised Filtering does not require
a backwards pass. In contrast to variational schemes, it does not assume conditional independence
between the states and parameters. Generalised Filtering optimises the conditional density with
respect to a free-energy bound on the model’s log-evidence. This optimisation uses the generalised
motion of hidden states and parameters, under the prior assumption that the motion of the
parameters is small. We describe the scheme, present comparative evaluations with a fixed-form
variational version, and conclude with an illustrative application to a nonlinear state-space model
of brain imaging time-series.

1. Introduction

This paper is about the inversion of dynamic causal models based on nonlinear state-space
models in continuous time. These models are formulated in terms of ordinary or stochastic
differential equations and are ubiquitous in the biological and physical sciences. The problem
we address is how to make inferences about the hidden states and unknown parameters
generating data, given only observed responses and prior beliefs about the form of the
underlying generative model, and its parameters. The parameters here include quantities that
parameterise the model’s equations of motion and control the amplitude (variance or inverse
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precision) of random fluctuations. If we consider the parameters and precisions as separable
quantities, model inversion represents a triple estimation problem. There are relatively few
schemes in the literature that can deal with problems of this sort. Classical filtering and
smoothing schemes such as those based on Kalman and Particle filtering (e.g., [1, 2]) deal
only with estimation of hidden states. Recently, we introduced several schemes that solve the
triple estimation problem, using variational or ensemble learning [3–5]. Variational schemes
of this sort simplify the problem by assuming conditional independence among sets of
unknown quantities, usually states, parameters and precisions. This is a natural partition,
in terms of time-varying hidden states and time-invariant parameters and precisions. The
implicit mean-field approximation leads to schemes that optimise the posterior or conditional
density on time-varying hidden states, while accumulating the sufficient statistics necessary
to optimise the conditional density of parameters and precisions, after all the data have been
observed.

In this paper, we dispense with the mean-field approximation and treat all unknown
quantities as conditionally dependent variables, under the prior constraint that the changes
in parameters and precisions are very small. This constraint is implemented by representing
all unknown variables in generalised coordinates of motion, which allows one to optimise
the moments of the joint posterior as data arrive. The resulting scheme enables an efficient
assimilation of data and the possibility of online and real-time deconvolution. We refer to this
Bayesian filtering in generalised coordinates as Generalised Filtering (GF). Furthermore, by
assuming a fixed form for the conditional density (the Laplace assumption) one can reduce
the triple estimation problem to integrating or solving a set of relatively simple ordinary
differential equations. In this paper, we focus on GF under the Laplace assumption.

We have previously described Variational filtering in [3] and smoothing in [5] for
probabilistic inference on the hidden states of generative models based upon stochastic
differential equations (see also [6–8], for recent and related advances). Variational filtering
and its fixed form variant (Dynamic Expectation Maximization) outperform extended
Kalman filtering and Particle filtering (provided the true posterior density is unimodal)
in terms of the accuracy of estimating hidden states [3]. This improvement rests upon
using generalised coordinates of motion. In other words, instead of just trying to estimate
the conditional density of hidden states, one optimises the conditional density on their
generalised motion to arbitrarily high order. The implicit modelling of generalised states
has several fundamental advantages. First, it can accommodate temporal correlations in
random fluctuations on the hidden states (e.g., fractal time and 1/f spectra in biological
systems [9]). In other words, random terms in the model’s stochastic differential equations
can have analytic autocovariance functions, whose smoothness can be estimated. This allows
one to eschew standard Weiner assumptions, which is important in many realistic settings,
particularly in the analysis of biological time-series. Second, generalised states afford a very
simple filtering scheme that is formally distinct from Kalman and Particle filtering. In brief,
Variational filtering uses a gradient descent on a free-energy bound on the model’s (negative)
log-evidence. This means that filtering can be reduced to the solution of differential equations
that necessarily entail continuity constraints on the conditional estimates. Clearly, the free-
energy is a functional of time, which means that the gradient descent has to “hit a moving
target.” Generalised coordinates finesse this problem by placing the gradient descent in a
frame of reference that moves with the conditional expectation or mean (see [4] for details).
This is heuristically related to the separation of temporal scales in centre manifold theory
[10], where the motion of free-energy minima (the centre manifold) enslaves the dynamics
of the gradient descent.
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Variational filtering of this sort is fundamentally different in its mathematical
construction from conventional schemes like Kalman filtering because of its dynamical
formulation. It can be implemented without any assumptions on the form of the conditional
density by using an ensemble of “particles” that are subject to unit (standard) Wiener
perturbations. The ensuing ensemble density tracks the conditional mean of the hidden
states and its dispersion encodes conditional uncertainty. Variational filtering can be further
simplified by assuming the ensemble density (conditional density) is Gaussian, using the
Laplace assumption. Crucially, under this approximation, the conditional covariance (second
moment of the conditional density) becomes an analytic function of the conditional mean. In
other words, only the mean per se has to be optimized. This allows one to replace an ensemble
of particles, whose motion is governed by stochastic differential equations, with a single
ordinary differential equation describing the motion of the conditional mean. The solution
of this ordinary differential equation corresponds to the D-step in Dynamic Expectation
Maximisation (DEM). DEM comprises additional E (expectation) and M (maximization)
steps that optimise the conditional density on parameters and precisions after the D
(deconvolution) step has been solved. Iteration of these steps proceeds until convergence,
in a way that is formally related to conventional variational schemes (cf. [5, 11]).

In this work, we retain the Laplace approximation to the conditional density but
dispense with the mean-field approximation; in other words, we do not assume conditional
independence between the states, parameters, and precisions. We implement this by
absorbing parameters and precisions into the hidden states. This means that we can
formulate a set of ordinary differential equations that describe the motion of time-dependent
conditional means and implicitly the conditional precisions (inverse covariances) of all
unknown variables. This furnishes (marginal) conditional densities on the parameters and
precisions that are functionals of time. The associated conditional density of the average
parameters and precisions over time can then be accessed using Bayesian parameter
averaging. Treating time-invariant parameters (and precisions) as states rests on modelling
their motion. Crucially, we impose prior knowledge that this motion is zero, leading to a
gradient descent on free-energy, which is very smooth (cf. the use of filtering as a “second-
order” technique for learning parameters [12]). In brief, the resulting scheme assimilates
evidence in the generalised motion of data to provide a time-varying density on all the
model’s unknown variables, where the marginal density on the parameters and precisions
converges slowly to a steady-state solution. The scheme can be iterated until the time or path-
integral of free-energy (free-action) converges and may represent a useful and pragmatic
(online) alternative to variational schemes.

This paper comprises four sections. In the first, we describe the technical details
of Generalised Filtering from the first principles. This section starts with the objective (to
maximize the path-integral of a free-energy bound on a model’s log-evidence). It ends with
set of ordinary differential equations, whose solution provides the conditional moments of
a Gaussian approximation to the conditional density we seek. The second section reviews
a generic model that embodies both dynamic and structural (hierarchical) constraints. We
then look at Generalised Filtering from the first section, under this model. The third section
presents comparative evaluations of GF using a simple linear convolution model, which is
a special case of the model in Section 2. These evaluations are restricted to a comparison
with DEM because DEM is formally the closest scheme to GF and has been compared
with Extended Kalman filtering and Particle filtering previously [4]. In the final section, we
apply Generalised Filtering to a neurobiological problem, namely, inferring the parameters
and hidden physiological states generating a time-series of functional magnetic resonance



4 Mathematical Problems in Engineering

imaging (fMRI) data from the human brain. We use this to illustrate the effect of the mean-
field assumption implicit in DEM and establish the face validity of Generalised Filtering in
terms of known neurobiology. We conclude with a brief discussion.

2. Generalised Filtering

In this section, we present the conceptual background and technical details behind
Generalised Filtering, which (in principle) can be applied to any nonlinear state-space or
dynamic causal model formulated with stochastic differential equations. Given the simplicity
of the ensuing scheme, we also take the opportunity to consider state-dependant changes in
the precision of random fluctuations. This represents a generalisation of our previous work
on dynamic causal models and will be exploited in a neurobiological context, as a metaphor
for attention (Feldman et al.; in preparation). However, we retain a focus on cascades of state-
space models, which we have referred to previously as hierarchical dynamic models [13].

2.1. Filtering from Basic Principles

Given a model m and generalised sensor data s̃ = [s, s′, s′′, . . .]T ∈ Rp comprising real values,
their velocity, acceleration, jerk, and so forth, we want to evaluate the log-evidence integrated
over the time t ∈ [0, T] that data are observed (cf. [14, 15]):

ε =
∫T

0
dt ln p(s̃(t) | m). (2.1)

Generally, this path-integral cannot be evaluated directly; however, one can induce an upper
bound S ≥ −ε that can be evaluated with a recognition density q(t) := q(ϑ(t)) on the causes
(i.e., states and parameters) of the data. We will see later that these causes comprise time-
varying states u(t) ⊂ ϑ and slowly varying parameters ϕ(t) ⊂ ϑ. This bound is based on free-
energy, which is constructed by simply adding a nonnegative term DKL(t) to the (negative)
log-evidence [11, 16, 17]. The resulting integral is called free-action because it is a path-
integral of free-energy (see also [18])

S =
∫

dtF(t) ≥ −ε,

F(t) = − ln p(s̃(t) | m) +DKL(t),

DKL(t) =
〈
ln q(ϑ(t)) − ln p(ϑ(t) | s̃(t), m)

〉

q.

(2.2)

By Gibb’s inequality the Kullback-Leibler divergence DKL(t) ≥ 0 is greater than zero, with
equality when q(t) = p(ϑ(t) | s̃(t), m) : ∀t ∈ [0, T] is the true conditional density. In this case,
(negative) free-action becomes accumulated log-evidence S = −ε. Minimising this bound, by
optimising the recognition density at each time point, makes it an approximate conditional
density on the causes and makes free-action a bound approximation to the accumulated log-
evidence. The approximate conditional density can then be used for inference on the states or
parameters of a particular model, and the accumulated log-evidence can be used to compare
different models (e.g., [19]).
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Crucially, the free-energy can be evaluated easily because it is a function of q(ϑ(t)) and
a generative model p(s̃(t), ϑ(t) | m) entailed by m

F(t) = 〈L(t)〉q −H(t),

L(t) = − ln p(s̃(t), ϑ(t) | m),

H(t) = −〈ln q(t)
〉

q.

(2.3)

The free-energy has been expressed here in terms of H(t), the negentropy of q(t), and an
energy L(t) expected under q(t). In physics, L(t) is called Gibb’s energy and is a log-
probability that reports the joint surprise about data and their causes. If we assume that
q(ϑ(t)) = N(μ(t),C(t)) is Gaussian (the Laplace assumption), then we can express free-
energy in terms of its sufficient statistics, the mean and covariance of the recognition density

F = L(μ) + 1
2

tr
(CLμμ

) − 1
2

ln|C| − n
2

ln 2πe, (2.4)

where n = dim(μ). Here and throughout, subscripts denote derivatives. We can now
minimise free-action with respect to the conditional precisions P(t) = C(t)−1 (inverse
covariances) by solving δCS = 0⇒ ∂CF = 0 to give

FΣ =
1
2
Lμμ − 1

2
P = 0 =⇒ P = Lμμ. (2.5)

Equation (2.5) shows that the precision is an analytic function of the mean, which means
all we have worry about is the (approximate) conditional mean. One can see this clearly by
eliminating the conditional covariance to express the free-energy as a function of (and only
of) the conditional means

F = L(μ) + 1
2

ln
∣
∣Lμμ

∣
∣ − n

2
ln 2π. (2.6)

The conditional means, which minimise free-energy, are the solutions to the following
ordinary differential equations. For the generalised states ũ(t) ⊂ ϑ these equations are

˙̃μ
(u)

= Dμ̃(u) − Fũ
⇐⇒

μ̇(u) = μ
′(u) − Fu

μ̇
′(u) = μ′′(u) − Fu′

μ̇′′(u) = μ′′′(u) − Fu′′
...

(2.7)
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where D is a derivative matrix operator with identity matrices above the leading diagonal,
such thatDũ = [u′, u′′, . . .]T . Here and throughout, we assume that all gradients are evaluated
at the mean; here ũ(t) = μ̃(u)(t). The stationary solution of (2.7), in a frame of reference that
moves with the generalised motion of the mean, minimises free-energy and action. This can
be seen by noting that the variation of free-action with respect to the solution is zero:

˙̃μ
(u) − Dμ̃(u) = 0 =⇒ Fũ = 0 =⇒ δũS = 0. (2.8)

This ensures that when Gibb’s energy is minimized, the mean of the motion is the motion of
the mean, that is, Fũ = 0 ⇒ ˙̃μ

(u)
= Dμ̃(u). For slowly varying parameters ϕ(t) ⊂ ϑ this motion

disappears and we can use the following scheme:

μ̇(ϕ) = μ′(ϕ),

μ̇′(ϕ) = −Fϕ − κμ′(ϕ).
(2.9)

Here, the solution ˙̃μ
(ϕ)

= 0 minimises free-energy, under constraint that the motion of the
mean is small; μ′(ϕ) → 0. This can be seen by noting

μ̇(ϕ) = μ̇′(ϕ) = 0 =⇒ Fϕ = 0 =⇒ δϕS = 0. (2.10)

Equations (2.7) and (2.9) prescribe recognition (filtering) dynamics for expected states and
parameters respectively. The dynamics for states can be regarded as a gradient descent in a
frame of reference that moves with the expected motion (cf. a moving target). Conversely,
the dynamics for the parameters can be thought of as a gradient descent that resists transient
fluctuations in free-energy with a damping term −κμ′(ϕ). This instantiates our prior belief that
fluctuations in the parameters are small, where κ can be regarded as a prior precision. Figure 1
shows the implicit kernel (solid line) that is applied to fluctuating free-energy gradients to
produce changes in the conditional mean. It can be seen that the height of the kernel is 1/κ.
We find that using κ = 8T ensures stable convergence in most situations. This renders the
integral of the kernel over the time-series about one eighth (see Appendix A for a discussion
of this assimilation scheme in relation to classical methods).

The solutions of (2.7) and (2.9) produce the time-dependent moments of an
approximate Gaussian conditional density on the unknown states and parameters. These can
be used for inference on states (or parameters) directly or for model comparison using the
(bound on) accumulated log-evidence (see (2.3) and (2.6)). Because the conditional means
of the parameters change slowly over time (unlike their conditional precisions), we can
summarise the conditional estimates with the conditional density on the average over time ϕ
using Bayesian parameter averaging

q
(
ϕ
)
=N

(

μ(ϕ),C(ϕ)
)

,

μ(ϕ) = C(ϕ)
∫

P(ϕ)(t)μ(ϕ)(t)dt,

C(ϕ)−1
=
∫

P(ϕ)(t)dt.

(2.11)
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Figure 1: This graph shows the kernels implied by the recognition dynamics in (2.9) that accumulate
evidence for changes in the conditional estimates of model parameters. These kernels are applied to the
history of free-energy gradients to produce changes in the conditional mean (solid line) and its motion
(broken line). The kernels are derived from a standard Volterra-series expansion about the true conditional
mean, where, in this example, κ = 4.

Here, μ(ϕ) and C(ϕ) are the conditional moments of the average while μ(ϕ)(t) ⊂ μ(t) and
P(ϕ)(t)−1 = C(ϕ)(t) ⊂ C(t) are the mean and precision of the marginal conditional density
on the parameters at each point in time. This summary will be overconfident because it
neglects conditional dependencies due to temporally correlated random terms (and the use
of generalised data). However, it usefully connects the conditional density with posterior
distributions estimated in conventional schemes that treat the parameters as static.

In Generalised Filtering, changes in the conditional uncertainty about the parameters
are modelled explicitly as part of a time-varying conditional density on states and parameters.
In contrast, variational schemes optimise a conditional density on static parameters, that is,
q(ϕ) that is not a functional of time (although fluctuations in the conditional dependence
between states and parameters are retained as mean-field terms that couple their respective
marginals). This difference is related to a formal difference between the free-energy bound
on log-evidence in variational schemes and free-action. Variational schemes return the free-
energy of the accumulated data (e.g., see [3, equation (9)]). Conversely, in Generalised
Filtering, the free-energy is accumulated over time. This means that the variational free-
energy FV bounds the log-evidence of accumulated data, while free-action S =

∫
dtF(t)

bounds the accumulated log-evidence of data

S ≤
∫

dt ln p(s̃(t) | m),

FV ≤ ln p

(
⋃

t

s̃(t) | m
)

.

(2.12)
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These are not the same because evidence is a nonlinear function of the data (see, Appendix B
for an example). This distinction does not mean that one form of evidence accumulation
is better than another; although it raises interesting issues for model comparison that will
be pursued elsewhere (Li et al; in preparation). For the moment, we will approximate the
free-action associated with the conditional densities from variational schemes by assuming

that q(u(t), ϕ) = q(u(t))q(ϕ), where q(ϕ) = N(μ(ϕ),C(ϕ)) and C(ϕ) = TC(ϕ) (Appendix B).
This allows us to compare fixed-form schemes with (DEM) and without (GF) the mean field
assumption, in terms of free-action.

2.2. Summary

In summary, we have derived recognition or filtering dynamics for expected states and
parameters (in generalised coordinates of motion), which cause data. The solutions to these
equations minimise free-action (at least locally) and therefore minimise a bound on the
accumulated evidence for a model of how we think the data were caused. This minimisation
furnishes the conditional density on the unknown variables in terms of conditional means
and precisions. The precise form of the filtering depends on the energy L = − ln p(s̃, u | m)
associated with a particular generative model. In what follows, we examine the forms
entailed by hierarchical dynamic models.

3. Hierarchical Dynamic Models

In this section, we review the form of models that will be used in subsequent sections to
evaluate Generalised Filtering. Consider the state-space model

s = f (v)(x, v, θ) + z(v) : z(v) ∼ N
(

0,Σ(v)(x, v, γ
))
,

ẋ = f (x)(x, v, θ) + z(x) : z(x) ∼ N
(

0,Σ(x)(x, v, γ
))
.

(3.1)

Using σ(u)σ(u)T = Σ(u) : u ∈ v, x and unit noise w(u) ∼ N(0, I), this model can also be written
as

s = f (v)(x, v, θ) + σ(v)(x, v, γ
)
w(v),

ẋ = f (x)(x, v, θ) + σ(x)(x, v, γ
)
w(x).

(3.2)

The nonlinear functions f (u) : u ∈ v, x represent a mapping from hidden states to observed
data and the equations of motion of the hidden states. These equations are parameterised
by θ ⊂ ϕ. The states v ⊂ u are variously referred to as sources or causes, while the
hidden states x ⊂ u meditate the influence of causes on data and endow the system with
memory. We assume that the random fluctuations z(u) are analytic, such that the covariance
of z̃(u) is well defined. Unlike our previous treatment of these models, we allow for state-
dependent changes in the amplitude of random fluctuations. These effects are meditated by
the vector and matrix functions f (u) ∈ Rdim(u) and Σ(u) ∈ Rdim(u)×dim(u) respectively, which are
parameterised by first and second-order parameters {θ, γ} ⊂ ϕ.
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Under local linearity assumptions, the generalised motion of the data and hidden
states can be expressed compactly as

s̃ = f̃ (v) + z̃(v),

Dx̃ = f̃ (x) + z̃(x),
(3.3)

where the generalised predictions are (with u ∈ v, x)

f̃ (u) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

f (u) = f (u)(x, v, θ)

f ′(u) = f (u)
x x′ + f (u)

v v′

f ′′(u) = f (u)
x x′′ + f (u)

v v′′

...

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (3.4)

Gaussian assumptions about the random fluctuations prescribe a generative model in terms
of a likelihood and empirical priors on the motion of hidden states

p(s̃ | x̃, ṽ, θ,m) =N
(
f̃ (v), Σ̃(v)

)
,

p(Dx̃ | x, ṽ, θ,m) =N
(
f̃ (x), Σ̃(x)

)
.

(3.5)

These probability densities are encoded by their covariances Σ̃(u) or precisions Π̃(u) :=
Π̃(u)(x, v, γ) with precision parameters γ ⊂ ϕ that control the amplitude and smoothness
of the random fluctuations. Generally, the covariances Σ̃(u) = V (u) ⊗ Σ(u) factorise into a
covariance proper and a matrix of correlations V (u) among generalised fluctuations that
encode their autocorrelation [4, 20]. In this paper, we will deal with simple covariance
functions of the form Σ(u) = exp(−γ (u))I(u). This renders the precision parameters log-
precisions.

Given this generative model, we can now write down the energy as a function of the
conditional expectations, in terms of a log-likelihood L(v) and log-priors on the motion of
hidden states L(x) and the parameters L(ϕ) (ignoring constants):

L = L(v) +L(x) +L(ϕ),

L(v) =
1
2
ε̃(v)TΠ̃(v)ε̃(v) − 1

2
ln
∣
∣
∣Π̃(v)

∣
∣
∣,

L(x) =
1
2
ε̃(x)TΠ̃(x)ε̃(x) − 1

2
ln
∣
∣
∣Π̃(x)

∣
∣
∣,

L(ϕ) =
1
2
ε̃(ϕ)TΠ̃(ϕ)ε̃(ϕ) − 1

2
ln
∣
∣
∣Π̃(ϕ)

∣
∣
∣,

ε̃(v) = s̃ − f̃ (v)(μ
)
,

ε̃(x) = Dμ̃(x) − f̃ (x)(μ
)
,

ε̃(ϕ) = μ̃(ϕ) − η̃(ϕ).

(3.6)
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This energy has a simple quadratic form, where the auxiliary variables ε̃(j) : j ∈ v, x, ϕ
are prediction errors for data, the motion of hidden states and parameters respectively. The
predictions of the states are f̃ (u)(μ) : u ∈ v, x and the predictions of the parameters are their
prior expectations. Equation (3.6) assumes flat priors on the states and that priors on the
parameters are Gaussian p(ϕ | m) =N(η̃(ϕ), Σ̃(ϕ)), where

ϕ̃ =
[
ϕ
ϕ′

]

, Σ̃(ϕ) =
[
Σ(ϕ) 0

0 κ

]

. (3.7)

This assumption allows us to express the learning scheme in (2.9) succinctly as μ̈(ϕ) = −Fϕ −
Fϕ′ , where Fϕ′ = Lϕ′ = −κϕ′. Equation (3.6) provides the form of the free-energy and its
gradients required for filtering, where (with a slight abuse of notation),

F = L +
1
2

ln|P| − p
2

ln 2π,

˙̃μ
(v)

= −Fṽ +Dμ̃(v),

˙̃μ
(x)

= −Fx̃ +Dμ̃(x),

μ̈(θ) = −Fθ − Fθ′ ,

μ̈(γ) = −Fγ − Fγ ′ ,

Fṽ = Lṽ + 1
2

tr(PṽC),

Fx̃ = Lx̃ + 1
2

tr(Px̃C),

Fθ = Lθ + 1
2

tr(PθC),

Fγ = Lγ + 1
2

tr
(PγC

)
.

(3.8)

Note that the constant in the free-energy just includes p = dim(s̃) because we have used
Gaussian priors. The derivatives are provided in Appendix C. These have simple forms that
comprise only quadratic terms and trace operators.

3.1. Hierarchical Forms

We next consider hierarchical forms of this model. These are just special cases of Equation
(3.1), in which we make certain conditional independences explicit. Although they may look
more complicated, they are simpler than the general form above. They are useful because
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they provide an empirical Bayesian perspective on inference [21, 22]. Hierarchical dynamic
models have the following form

s = f (v)
(
x(1), v(1), θ

)
+ z(1,v)

ẋ(1) = f (x)
(
x(1), v(1), θ

)
+ z(1,x)

...

v(i−1) = f (v)
(
x(i), v(i), θ

)
+ z(i,v)

ẋ(i) = f (x)
(
x(i), v(i), θ

)
+ z(i,x)

...

v(h−1) = η(v) + z(h,v).

(3.9)

Again, f (i,u) := f (u)(x(i), v(i), θ) : u ∈ v, x are continuous nonlinear functions and
η(v)(t) is a prior mean on the causes at the highest level. The random terms z(i,u) ∼
N(0,Σ(x(i), v(i), γ (i,u))) : u ∈ v, x are conditionally independent and enter each level of
the hierarchy. They play the role of observation noise at the first level and induce random
fluctuations in the states at higher levels. The causes v = v(1) ⊕ v(2) ⊕ · · · link levels, whereas
the hidden states x = x(1) ⊕ x(2) ⊕ · · · link dynamics over time. In hierarchical form, the
output of one level acts as an input to the next. This input can enter nonlinearly to produce
quite complicated generalised convolutions with “deep” (i.e., hierarchical) structure [22].
The energy for hierarchical models is (ignoring constants)

L =
∑

i

L(i,v) +
∑

i

L(i,x) +L(ϕ),

L(i,v) =
1
2
ε̃(i,v)TΠ̃(i,v)ε̃(i,v) − 1

2
ln
∣
∣
∣Π̃(i,v)

∣
∣
∣,

L(i,x) =
1
2
ε̃(i,x)TΠ̃(i,x)ε̃(i,x) − 1

2
ln
∣
∣
∣Π̃(i,x)

∣
∣
∣,

ε̃(i,v) = ṽ(i−1) − f̃ (i,v),

ε̃(i,x) = Dx̃(i) − f̃ (i,x).

(3.10)

This is exactly the same as (3.6) but now includes extra terms that mediate empirical
(structural) priors on the causes L(i,v) = − ln p(ṽ(i−1) | x̃(i), ṽ(i), m). These are induced by the
conditional independence assumptions in hierarchical models. Note that the data enter the
prediction errors at the lowest level such that ε̃(1,v) = s̃ − f̃ (1,v).
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3.2. Summary

In summary, hierarchical dynamic models are nearly as complicated as one could imagine;
they comprise causal and hidden states, whose dynamics can be coupled with arbitrary (ana-
lytic) nonlinear functions. Furthermore, the states can be subject to random fluctuations with
state-dependent changes in amplitude and arbitrary (analytic) autocorrelation functions. A
key aspect is their hierarchical form that induces empirical priors on the causes that link
successive levels and complement the dynamic priors afforded by the model’s equations of
motion (see [13] for more details). These models provide a form for the free-energy and its
gradients that are needed for filtering, according to (3.8) (see Appendix C for details). We
now evaluate this scheme using simulated and empirical data.

4. Comparative Evaluations

In this section, we generate synthetic data using a simple linear convolution model used
previously to cross-validate Kalman filtering, Particle filtering, Variational filtering and DEM
[3, 4]. Here we restrict the comparative evaluations to DEM because it is among the few
schemes that can solve the triple estimation problem in the context of hierarchical models,
and provides a useful benchmark in relation to other schemes. Our hope was to show that the
conditional expectations of states, parameters and precisions were consistent between GF and
DEM but that the GF provided more realistic conditional precisions that are not confounded
by the mean-field assumption in implicit in DEM. To compare DEM and GF, we used the a
model based on (3.9) that is specified with the functions

f (1,x) = Ax(1) + Bv(1),

f (1,v) = Cx(1) +Dv(1),

f (2,v) = η(v),

A =

[−0.25 1.00

−0.50 −0.25

]

, B =

[
1

0

]

, C =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

0.1250 0.1633

0.1250 0.0676

0.1250 −0.0676

0.1250 −0.1633

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, D =

[
0

0

]

.

(4.1)

Here, the parameters θ ⊇ {A,B,C,D} comprise the state and other matrices. In this
standard state-space model, noisy input v(1) = η(v)+z(2,v) perturbs hidden states, which decay
exponentially to produce an output that is a linear mixture of hidden states. Our example
used a single input, two hidden states and four outputs. This model was used to generate
data for the examples below. This entails the integration of stochastic differential equations
in generalised coordinates, which is relatively straightforward (see [4, Appendix 2]). We
generated data over 32 time bins, using innovations sampled from Gaussian densities with
the log-precisions of eight and six for observation noise z(1,v) and state noise z(1,x) respectively.
We used d = 4 orders of generalised motion in all simulations and all random fluctuations
were smoothed with a Gaussian kernel whose standard deviation was one quarter of a time
bin.
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Figure 2: The linear state-space model and an example of the data it generates: the upper left panel shows
simulated data in terms of the output due to hidden states (coloured lines) and observation noise (red
lines). The (noisy) dynamics of the hidden states are shown in the upper right panels (blue lines), which
are the response to the cause or input on the lower left. The generative model is shown as a Bayesian
dependency graph on the lower right.

When generating data, we used a deterministic Gaussian bump function v(1)(t) =
exp((1/4)(t − 12)2) centred on t = 12. However, when inverting the model, this cause was
unknown and was subject to mildly informative shrinkage priors with zero mean and unit
precision; p(v(1) | m) =N(0, 1). These were implemented by fixing the log-precision γ (2,v) = 0.
This model and an example of the data it generates are shown in Figure 2. The format of
Figure 2 will be used in subsequent figures and shows the data and hidden states in the top
panels and the causes below. The upper left panel shows the simulated data in terms of the
output due to hidden states (coloured lines) and observation noise (red lines). The (noisy)
dynamics of the hidden states are shown in the upper right panels, which are the response to



14 Mathematical Problems in Engineering

the cause or input on the lower left. The model is shown as a Bayesian dependency graph on
the lower right.

These data were then subject to GF and DEM to recover the conditional densities
on the hidden states, unknown cause, parameters and log-precisions. For both schemes, we
used uninformative priors on four parameters; p(θi | m) = N(0, 32), and set the remainder
to their true value, with infinitely precise priors. The four parameters included two from
the equations of motion A11, A21 and two from the observer function C11, C12. The log-
precision priors were p(γ (1,u) | m) = N(4, 1), where Π(1,u) = exp(γ (1,u))I(1,u) : u ∈ x, v. In
effect, model inversion or filtering entails estimating the hidden states and unknown inputs
perturbing these states while, at the same time, identifying the parameters underlying the
influence of the hidden states on their motion (and the system’s response) and the precision
of both observation and state noise. In addition, we estimated the smoothness of the random
fluctuations (see Appendix D) but placed very tight priors on the smoothness parameters
(whose prior expectations were the true values) to ensure a fair comparison with DEM. Note
that we are trying to infer the inputs to the system, which makes this a particularly difficult
problem. This inference is precluded in conventional filtering, which usually treats inputs as
noise (or as known).

Figure 3 shows the conditional estimates of the states during the first iteration (pass
through the time series) of the GF scheme. Here the predicted response and prediction error
are shown on the upper left while the conditional expectations of the hidden states and cause
are shown on the upper right and lower left respectively. For the hidden states (upper right)
the conditional means are depicted by blue lines and the 90% conditional confidence regions
by grey areas. These are sometimes referred to as “tubes”. Here, the confidence tubes are
based upon the marginal conditional density of the states. The key thing to observe here
is that the conditional confidence increases with time. This reflects smooth increases in the
conditional log-precisions (lower right panel) as they assimilate gradients and are drawn
from their initial value (prior expectation or four) toward the true values (of eight and six).
Note further how the parameter estimates show similar drifts; however, there is a marked
movement towards the true values (from the prior expectation of zero) when their role is
disclosed by the perturbation at around fifteen time bins.

The dynamics of the conditional states are prescribed by (2.7) and the slower
assimilation dynamics of the conditional parameters and log-precisions by (2.9). By passing
repeatedly through the time-series, the parameter and log-precision estimates converge
to their stationary solution, at which point free-action stops increasing. As they become
better estimates, the estimates of the states become more veridical and confident. By about
sixteen iterations we get the estimates shown in Figure 4 (each iteration takes a second
or so on a modern PC). Figure 4 uses the same format as Figure 3 but replaces the time-
dependent evolution of the parameters and log-precisions with the conditional estimates of
their Bayesian average (lower right; see (2.11)). Here, we see that the confidence tubes on
the hidden states have shrunk to the extent we can be very confident about the conditional
means. In this figure, the confidence tube around the cause is shown and suggests there is
much less confidence here; despite the fact that the estimates are remarkably close to the true
values (shown as broken grey lines) during the onset and offset of the true cause.

The conditional estimates of the parameters show good agreement with the true
values, with the exception of the first parameter of the equation of motion A11. Crucially,
this parameter has the highest conditional uncertainty, shown in terms of 90% confidence
intervals (red bars). Happily the true values lie within or near these intervals, with a slight
overconfidence for the parameters of the observer function (second pair). These estimates of
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Figure 3: Conditional estimates during the first iteration of Generalised Filtering. This format will be
used in subsequent figures and summarizes the predictions and conditional densities on the states of a
hierarchical dynamic model. The first (upper left) panel shows the predicted response (coloured lines)
and the error (red lines) on this response (their sum corresponds to observed data). For the hidden
states (upper right) and causes (lower left) the conditional mode is depicted by a blue line and the 90%
conditional confidence intervals (regions) by the grey area. The lower right panels show the optimisation
of the conditional means of the free parameters (above) and log-precisions (below) as a function of time.

conditional uncertainty should now be compared with the equivalent results from the DEM
scheme.

Figure 5 shows the results of DEM using exactly the same format as Figure 4. The first
thing to note is the remarkable similarity between the conditional expectations, both for the
states and parameters, which are virtually indistinguishable. The most poignant difference
between the two schemes lies in the confidence intervals: Although the results of the DEM
scheme look much “tighter” in terms of the confidence tubes on states, they fail to contain
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Figure 4: Conditional estimates after convergence of the GF scheme. This figure uses the same format
as the previous figure but includes the true values of states used to generate the response (broken grey
lines). Furthermore, time-dependent estimates of the parameters and precisions have been replaced with
the conditional moments of the Bayesian average of the parameters over time. The black bars are the true
values used to generate the data and the white bars are the conditional means. 90% confidence intervals
are shown in red.
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Figure 5: Conditional estimates after convergence of the DEM scheme. This is exactly the same as the
previous figure but shows the conditional estimates following Dynamic Expectation Maximisation of the
data in Figure 2. The key difference is manifested in terms of smaller confidence tubes and intervals on the
states and parameters, respectively, which are overconfident in relation to GF (cf. Figure 4).

the true values at all times. This implicit overconfidence problem is even more acute for
the parameter estimates that have very tight posterior precisions, most notably on the first
parameter that was identified with low confidence by GF. This example illustrates how the
mean-field assumption implicit in DEM can manifest in terms of overconfidence; and how
relaxing this assumption with GF partly resolves this problem. We are not claiming that this
is a ubiquitous behaviour but are just demonstrating that such differences are easy to find.
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Figure 6: Comparison of Generalised Filtering and DEM. Upper left: negative free-action for GF (solid line)
and DEM (dotted line) as a function of iteration number. Upper right: conditional moments of the log-
precisions, shown for GF (grey bars) and DEM (white bars), in relation to the true values used to generate
the data (black bars). 90% confidence intervals are shown in red. The lower panels show the conditional
moments of the parameters (left) and log-precisions (right) as a function of time, after convergence of the
GF scheme. The conductional means (minus the prior expectation of the parameters) are shown as blue
lines within their 90% confidence tubes (grey regions).

The free-action bound on accumulated log-evidence is shown in Figure 6 as a function
of (twenty four) iterations of the GF and DEM schemes. The first thing to note is that GF
furnishes a much tighter bound than DEM. This is not surprising because DEM optimises
the free-energy of the accumulated data under mean-field assumptions, not the accumulated
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free-energy. However, it does speak to a profound difference in the bounds on evidence that
might have important implications for Bayesian model comparison (this will be pursued in
the work of Li et al.—in preparation). GF extremises free-action until the last few iterations,
when there is a paradoxical (if small) reversal. We suppose that this is due to the first-order
approximations employed during integration of the scheme (see Appendix C). This effect
can be mitigated by using smaller step-sizes during solution of the recognition dynamics
and by increasing the precision of the random fluctuation in parameters: in practice, we
increase κ with each iteration, in proportion to the length of the time-series). The negative
free-action increases for the first few iterations of DEM and then decreases to well below its
starting point. A quantitative examination of the contributions to free-action suggests that
this decrease is largely due to the high conditional log-precisions estimated by DEM (upper
right panel).

It can be seen that DEM overestimates the precision of both observation and state noise
while GF overestimates observation noise but underestimates state noise. Both schemes are
overconfident about their estimate, in that the true values lie outside the 90% confidence
intervals (red bars). These confidence intervals are based on accumulating the conditional
precisions at each time step. For DEM, this accumulation is an integral part of optimisation
whereas for GF it rests on the Bayesian parameter averaging of time-dependent precisions.
These are shown on the lower right in terms of the corresponding confidence regions (grey
areas). This panel shows a mild contraction of the confidence tube for the precision of state
noise, when the hidden states are changing the most (shortly after the cause arrives). This is
sensible because state noise is on the motion of hidden sates. A similar but more pronounced
effect is seen in the equivalent confidence tubes for the parameters (lower left). Here, all
the parameters estimates enjoy a transient decrease in conditional uncertainty during the
perturbation because there is more information in the data about their putative role at these
times.

4.1. Summary

In this section, we have tried to illustrate some of the basic features of Generalised Filtering
and provide some comparative evaluations using an established and formally similar
variational scheme (DEM). In this example, the estimates of the conditional means were very
similar. The main difference emerged in the estimation of posterior confidence intervals and
the behaviour of the free-action bound on accumulated log-evidence. These differences are
largely attributable to the mean-field approximation inherent in DEM and related variational
schemes. In the next section, we turn to a more complicated (and nonlinear) model to show
that GF can recover causal structure from data, which DEM fails to disclose.

5. An Empirical Illustration

In this section, we turn to a model that is more representative of real-world applications
and involves a larger number of states, whose motion is coupled in a nonlinear fashion.
This model and the data used for its inversion have been presented previously in a
comparative evaluation of variational filtering and DEM. Here, we use it to illustrate that
the GF scheme operates with nonlinear models and to provide a face validation in this
context. This validation rests upon analysing data from a part of the brain known to be
functionally selective for visual motion processing [23]. We hoped to show that GF could
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Table 1: (a) Biophysical parameters (state-equation). (b) Biophysical parameters (observer).

(a)

Description Value (and prior mean
k rate of signal decay 1.2 s−1

χ rate of flow-dependent elimination 0.31 s−1

τ transit time 2.14 s
α Grubb’s exponent 0.36
φ resting oxygen extraction fraction 0.36

(b)

Description Value
V0 Blood volume fraction 0.04
ε Intra/extra-vascular ratio 1

establish a significant response to visual motion using evoked brain imaging responses. This
example was chosen because inference about brain states from noninvasive neurophysiologic
observations is an important issue in cognitive neuroscience and functional imaging (e.g.,
[24–26]), and GF may play a useful role in stochastic dynamic causal modelling.

5.1. The Biophysical Model

We used a hemodynamic model of brain responses to explain evoked neuronal activity that
has been described extensively in previous communications (e.g., [27, 28]). In brief, neuronal
activity causes an increase in a vasodilatory signal h1 that is subject to autoregulatory
feedback. Blood flow h2 responds in proportion to this signal and causes change in blood
volume h3 and deoxyhaemoglobin content h4. The observed signal is a nonlinear function of
volume and deoxyhaemoglobin. These dynamics are modelled by the differential equations

ḣ1 = Av − k(h1 − 1) − χ(h2 − 1),

ḣ2 = h1 − 1,

ḣ3 = τ(h2 − F(h3)),

ḣ4 = τ
(

h2E(h2) − F(h3)h4

h3

)

.

(5.1)

In this model, changes in vasodilatory signal h1 are elicited by neuronal input v.
Relative oxygen extraction E(h2) = (1/φ)(1 − (1 − φ)1/h2) is a function of flow, where φ is
resting oxygen extraction fraction and outflow is a function of volume F(h3) = h1/α

3 with
Grubb’s exponent α. A description of the parameters of this model and their assumed values
(prior expectations) are provided in Table 1. Blood flow, volume, and deoxyhaemoglobin
concentration are all nonnegative quantities. One can implement this formal constraint with
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the transformation xi = lnhi ⇔ hi = exp(xi) : i ∈ 2, 3, 4. Under this transformation the
differential equations above can be written as

ḣi =
∂hi
∂xi

∂xi
∂t

= hiẋi = fi(h, v). (5.2)

This allows us to formulate the model in terms of hidden states xi = lnhi with
unbounded support (i.e., the conditional means can be positive or negative) to give the
following functions (see (3.9)):

f (1,x) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ẋ
(1)
1

ẋ
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ẋ
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ẋ
(1)
4

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
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⎢
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⎢
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⎣

Av(2) − kx(1)
1 − χ(h2 − 1)

x
(1)
1

h2

τ(h2 − F(h3))
h3

τ(h2E(h2) − F(h3)h4/h3)
h4

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

f (1,v) = V0

(

6.93φ(1 − h2) + εφ
(

1 − h4

h3

)

+ (1 − ε)(1 − h3)
)

,

hi = exp
(
x
(1)
i

)
,

f (2,v) = η(v).

(5.3)

This model represents a multiple-input, single-output model with four hidden states.
The parameters θ ⊇ {k, χ, τ, α, φ,A} of interest here were Ai ⊂ θ : i ∈ 1, 2, 3 that couple
three distinct neuronal responses v(1)

i : i ∈ 1, 2, 3 to the vasodilatory signal x(1)
1 . These evoked

responses correspond to neuronal activity elicited experimentally, as described next:

5.2. Data and Preprocessing

Data were acquired from a normal subject at 2-Tesla using a Magnetom VISION (Siemens,
Erlangen) whole body MRI system, during a visual attention study. Contiguous multislice
images were obtained with a gradient echo-planar sequence (TE = 40 ms; TR = 3.22 seconds;
matrix size = 64 × 64 × 32, voxel size 3 × 3 × 3 mm). Four consecutive hundred-scan sessions
were acquired, comprising a sequence of 10-scan blocks under five conditions. The first
was a dummy condition to allow for magnetic saturation effects. In the second, Fixation,
subjects viewed a fixation point at the centre of a screen. In an Attention condition, subjects
viewed 250 dots moving radially from the centre at 4.7 degrees per second and were asked
to detect changes in radial velocity. In no attention, the subjects were asked simply to view
the moving dots. In another condition, subjects viewed stationary dots. The order of the
conditions alternated between Fixation and visual stimulation. In all conditions subjects
fixated the centre of the screen. No overt response was required in any condition and there
were no actual speed changes. The data were analysed using a conventional SPM analysis
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(http://www.fil.ion.ucl.ac.uk/spm). The activity from extrastriate cortex (motion-sensitive
area V5 [23]) was summarised using the principal local eigenvariate of a region centred on
the maximum of a contrast testing for the effect of visual motion. The first 256 samples from
this regional response were used for Generalised Filtering and DEM.

The three potential causes of neuronal activity were encoded as box-car functions
corresponding to the presence of a visual stimulus, motion in the visual field, and attention.
These stimulus functions constitute the priors η(v)i : i ∈ 1, 2, 3 on the three causes in the
model. The associated parameters, Ai encode the degree to which these experimental effects
induce hemodynamic responses. Given we selected a motion-selective part of the brain; one
would anticipate that the conditional probability that A2 exceeds zero would be large. The
regional data were subject to GF using the model in (5.3) and informative shrinkage priors
p(θi | m) = N(η(θ), 1/32) on all but the neuronal coupling parameters Ai (see Table 1 for
the prior means). We used mildly informative priors p(Ai | m) = N(0, 1) for the coupling
parameters and similarly for the log-precisions p(γ (1,u) | m) = N(2, 1) : u ∈ v, x. Otherwise,
the analysis was identical to the analysis of the simulated data of the previous section
(including unit prior precisions on the causes).

The ensuing conditional means and 90% confidence regions for the causal and hidden
states are shown in Figure 7. The dynamics of inferred activity, flow and other biophysical
states are physiologically plausible. For example, activity-dependent changes in flow are
around 50% ≈ exp(0.4), producing about a 3% change in fMRI signal. The conditional
estimates of the neuronal coupling parameters, θi : i = 1, 2, 3 are shown on the lower
right. As anticipated, we can be almost certain that neuronal activity encoding visual motion
induces a response. Interestingly, both visual stimulation per se and motion appear to elicit
responses in this area. This was somewhat unexpected because this area is meant to be
selective for motion processing. The interpretation of these results is confounded by profound
negative correlations between the visual and motion coupling parameters as evidenced by
the conditional covariance among the parameters in Figure 8 (these correlations mean that
one can infer confidently the sum of the two parameters but not their differences). This
figure shows the conditional means of the eight (Bayesian average) parameters (upper left)
and their conditional covariance (upper right). The first five (biophysical) parameters have
been estimated with a high conditional confidence while the neuronal parameters are less
precise and are interdependent. These conditional dependencies arise from the experiential
design, which is highly inefficient for disambiguating between visually evoked responses
and motion-specific responses. This is because there were only three blocks of static stimuli,
compared to twelve blocks of visual motion. We confirmed this by simulating data using the
conditional estimates of the parameters and precision from the current analysis but enforcing
motion-specific responses by making A1 = 0, A2 = 0.2 and A3 = 0. The conditional estimates
were virtually identical to those from the empirical analysis in Figure 8 (results not shown).
This highlights the importance of interpreting not just the marginal conditional density of a
single parameter but the conditional density over all parameters estimated.

Figure 8 also shows the time-dependent changes in conditional confidence during the
experimental session for the parameters (lower left) and log-precisions (lower right). We
have focused on the conditional precision of the visual coupling parameter (grey area) to
highlight the increase in precision during the two periods of stationary visual stimulation.
These are the only times that the data inform the strength of this parameter in a way that
is not confounded by the simultaneous presence of motion in the visual stimulus. Similar
transient increases in the conditional precision of the log-precision estimates are seen at the
onset and offset of visual stimulation on the lower right.



Mathematical Problems in Engineering 23

−2

−1

0

1

2

3

4 Prediction and error

200 25050 100 150
Time

(a)

−0.8

−0.6

−0.4

−0.2

0.2

0

0.4

Hidden states

200 25050 100 150

Time

(b)

−0.5

0

0.5

1

Bayesian filtering with GF
Causal states

200 25050 100 150
Time

(c)

−0.05

0

0.05

0.15

0.1

Bayesian filtering with GF
Parameters

AttentionVision Motion

(d)

Figure 7: Conditional estimates following Generalised Filtering of the empirical brain imaging time-series.
This figure adopts the same format as Figure 4; however, only three (of the eight) parameter estimates are
shown (lower right). These are the conditional means (grey bars) and 90% confidence intervals (red bars)
of coupling parameters that mediate the effects of vision, motion, and attention on neuronal activity.

A detailed summary of the hemodynamics is shown in Figure 9. This figure focuses
on the first 120 time bins and plots the hemodynamic states in terms of the conditional mean
of hi = exp(x(1)

1 ). Each time bin corresponds to 3.22 seconds. The hidden states are shown in
the upper panel, overlaid on periods (grey) of visual motion. It can be seen that a mixture
of neuronal activity (the conditional estimate of Av(1) shown in the lower panel), induces
a transient burst of vasodilatory signal (blue), which is suppressed rapidly by the resulting
increase in flow (green). The increase in flow dilates the venous capillary bed to increase
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Figure 8: Parameter and precision estimates from the analysis of the empirical data presented in the
previous figure. Upper left: conditional means (grey bars) and 90% confidence intervals (red bars) of all
(eight) free parameters in this nonlinear model. Upper right: the corresponding conditional covariances
are shown in image format (with arbitrary scaling). The lower panels show the time-dependent changes in
conditional moments as a function of scan number for the parameters (minus their prior expectation; left)
and the log-precisions (right). We have focused on the precision of the first (vision) coupling parameter
(grey area) in this figure.

volume (red) and dilute deoxyhaemoglobin (cyan). The concentration of deoxyhaemoglobin
determines the measured activity. Interestingly, the underlying neuronal activity appears
to show adaptation during visual stimulation and a marked offset transient in nearly all
the epochs shown. Note that the conditional densities of the hemodynamic states are non-
Gaussian (i.e., lognormal) despite the Laplace assumption entailed by the filtering scheme
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Figure 9: These are the same results shown in Figure 7 but focussing on the conditional expectations of
the hidden states and neuronal causes over the first 128 (3.22 second) time bins. Left panel: the hidden
states are overlaid on periods (grey bars) of visual motion. These hidden states correspond to flow-
inducing signal, flow, volume, and deoxyhaemoglobin (dHb). It can be seen that neuronal activity, shown
in the right panel, induces a transient burst of signal (blue), which is rapidly suppressed by the resulting
increase in flow (green). The increase in flow dilates the venous capillary bed to increase volume (red) and
dilute deoxyhaemoglobin (cyan). The concentration of deoxyhaemoglobin (involving volume and dHb)
determines the measured response.

This is an example of how nonlinear models, under Gaussian assumptions, can be used to
model non-Gaussian densities.

5.3. Comparison with DEM

Finally, we analysed the same data using DEM. The results are shown in Figure 10 using
the same format as Figure 8. It is immediately obvious that DEM has failed to detect visual
motion-dependent responses in this brain area. The coupling parameter estimates are small,
both quantitatively and statistically (their confidence intervals include zero). This failure is
also evident in the (negative) free-action bound on accumulated log-evidence in Figure 11.
This shows that GF provides a much tighter bound relative to DEM. Again, we do not
mean to suggest that this is a generic behaviour of variational schemes, just that one can
find examples where the mean-field assumption can have a profound effect on inference.
Having said this, it took some time to find the length of the time-series and priors on the
log-precisions that revealed this difference. In most of our analyses, the conditional estimates
from GF and DEM were very similar. The behaviour of the GF free-action over iterations is
interesting and speaks to the important point that online evidence accumulation leads to an
efficient inversion scheme for long time-series. This is because the conditional moments of the
parameters and precisions are near optimal at the end of long sequences (as in conventional
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Figure 10: The equivalent results for the hemodynamic deconvolution using DEM. These densities should
be compared with those in Figure 7 that were obtained using Generalised Filtering.

assimilation schemes). This is manifest by the convergence of free-action within a handful
of iterations (four in the example here, where each iteration took about ten seconds). This
computationally efficient form of data assimilation was one of the pragmatic motivations for
developing Generalised Filtering.

5.4. Summary

As noted in [4], it is perhaps remarkable that so much conditional information about
the underlying neuronal and hemodynamics can be extracted from a single time-series,
given only the functional form of its generation. This speaks to the power of generative
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Figure 11: Comparison of Generalised Filtering and DEM for hemodynamic deconvolution. Upper left:
negative free-action for GF (solid line) and DEM (dotted line) as a function of iteration number.

modelling, in which constraints on the form of the model allow one to access hidden
quantities. To date, dynamic causal models of neuronal systems, measured using fMRI or
electroencephalography (EEG), have used known, deterministic causes and have ignored
state-noise (see, [25, 26] for important exceptions). One of the motivations for Generalised
Filtering was to develop a computational efficient inference scheme that can deal with
correlated state-noise, of the sort seen in biological time-series.

6. Conclusion

In this paper, we have introduced Generalised Filtering, an online Bayesian scheme
for inverting generative models cast as stochastic differential equations in generalised
coordinates of motion. This scheme is based upon a path-integral optimisation of free-energy,
where free-energy bounds the log-evidence for a model. Under a Laplace approximation
to the true posterior density on the model’s unknown variables, one can formulate
deconvolution or model inversion as a set of ordinary differential equations, whose solution
provides their conditional mean (which implicitly prescribes their conditional precision).
Crucially, this density covers not only time-varying hidden states but also parameters, and
precisions that change slowly. We have seen that its performance is consistent with equivalent
fixed-form variational schemes (Dynamic Expectation Maximisation) that entail the extra
assumption that the states, parameters and precisions are conditionally independent.
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Although not emphasised in this paper, the basic approach on which Generalised
Filtering is based was developed with neurobiological implementation in mind. In other
words, we have tried to construct a scheme that could be implemented by the brain in a
neurobiologically plausible fashion. This was one of the primary motivations for a dynamical
optimisation of the parameter and precision estimates. In future communications, we will
focus on the neurobiological interpretation of Generalised Filtering and how it might relate
to the optimisation of synaptic activity, efficacy, and gain during perceptual inference in the
brain. Our particular focus here will be on state-dependent changes in precision as a model
of visual attention (Feldman et al; in preparation). In this context, the recognition dynamics
entailed by optimisation can be regarded as simulations of neuronal responses to sensory
inputs.

In a more practical setting, this sort of filtering may find a useful role, not only in
data analysis but also in online applications, such as speech recognition or active noise
cancellation. Indeed, we have already used DEM to infer the hidden states of chaotic
systems (hierarchically coupled Lorentz attractors) that were used to simulate bird songs
[29]. Applications of Generalised Filtering to similar time-series from chaotic systems may
finesse model optimisation in a variety of systems. This is clearly speculative but highlights
the potential importance of assimilating data to make inference dynamically, even when the
unknown quantities do not change with time.

Appendices

A. Parameter Optimisation, Newton’s Method, and Stability

There is a close connection between the updates implied by (2.9) and Newton’s method for
optimisation. Consider the update under a local linearisation [30], assuming that Lϕ ≈ Fϕ

Δμ̃(ϕ) =
(

exp
(
tI(ϕ)

)
− I
)
I(ϕ)−1 ˙̃μ

(ϕ)
,

˙̃μ
(ϕ)

=

[
μ′(ϕ)

−Lϕ − κμ′(ϕ)

]

,
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(ϕ)
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[
0 I

−Lϕϕ −κ

]

.

(A.1)

As time proceeds, the change in generalised mean becomes

lim
t→∞

Δμ̃(ϕ) = −I(ϕ)−1 ˙̃μ
(ϕ)

=

[
Δμ(ϕ)

Δμ′(ϕ)

]

= −
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ϕϕLϕ
μ′(ϕ)

⎤

⎦,

I(ϕ)−1 =

[
κL−1

ϕϕ −L−1
ϕϕ

1 0

]

.

(A.2)

The first line means the motion cancels itself and becomes zero, while the change in the
conditional mean Δμ(ϕ) = −L−1

ϕϕLϕ becomes a classical Newton update.
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An intuition about the need for a high prior precision on the fluctuations of the
model parameters can be motivated by a linear stability analysis of the associated recognition
dynamics (see (2.9)), with Jacobian in (A.1)

eig
(
I(ϕ)
)
= λ(ϕ) = −κ

2
±
√

−4Lϕϕ + κ2

2
. (A.3)

For the ensuing dynamics to converge exponentially to the conditional mean (when Lϕ = 0)
we require imag(λ(ϕ)) = 0⇒ κ2 ≥ 4Lϕϕ. In other words, the prior precision κ on the motion of
parameters should be greater than the (twice the root) conditional precision of the parameters
per se. Otherwise, the conditional estimate will exhibit (damped) oscillations.

B. Free-Energy and Action under Mean-Field Approximations

In this appendix, we compare the free-energy FV and action SV under the mean-field
approximation assumed in variational schemes, where

FV ≤ ln p

(
⋃

t

s̃(t) | m
)

,

SV ≤
∫

dt ln p(s̃(t) | m).

(B.1)

The mean-field approximation finesses evaluation of the free-energy of the accumulated
data by making the (implausible) assumption that q(

⋃
t u(t), ϕ) =
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samples at t ∈ 1, . . . , T . This means that, under the Laplace assumption,
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(v)
t − 1

2
ln
∣
∣
∣Π̃(v)

∣
∣
∣ +

1
2
ε̃
(x)T
t Π̃(x)ε̃

(x)
t − 1

2
ln
∣
∣
∣Π̃(x)

∣
∣
∣,

L(ϕ) =
1
2
ε̃ (ϕ)TΠ̃(ϕ)ε̃ (ϕ) − 1

2
ln
∣
∣
∣Π̃(ϕ)

∣
∣
∣,

P(u,t) = L(u,t)
uu +L(ϕ)

uu ,

P(ϕ,t) = L(u,t)
ϕϕ +L(ϕ)

ϕϕ .

(B.2)

Note that (under flat priors on the parameters) the key difference between free-energy and
action lies in the contribution from conditional uncertainty (precision) about the parameters.
The free-energy contains the log-determinant of the sum of precisions (cf. the precision of
the Bayesian parameter average in (2.11)), while the free-action contains the sum of the log-
determinant of precisions.
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C. Integrating Recognition Dynamics (Filtering)

Filtering involves integrating the ordinary differential equations (2.7) and (2.9) to optimise
the conditional means. We can simplify the numerics for hierarchical dynamic models by first
collapsing the hierarchy and then collapsing over causal and hidden states

μ(v) =

⎡

⎢
⎢
⎢
⎣

μ(1,v)

μ(2,v)

...

⎤

⎥
⎥
⎥
⎦
, f (v) =

⎡

⎢
⎢
⎢
⎣

f (1,v)

f (2,v)

...

⎤

⎥
⎥
⎥
⎦
, Π(v) =

⎡

⎢
⎢
⎢
⎣

Π(1,v)

Π(2,v)

...
. . .

⎤

⎥
⎥
⎥
⎦
, ε̃ (v) =

[
s̃

μ̃(v)

]

−
[
f̃ (v)

η̃(v)

]

,

μ(x) =

⎡

⎢
⎢
⎢
⎣

μ(1,x)

μ(2,v)

...

⎤

⎥
⎥
⎥
⎦
, f (x) =

⎡

⎢
⎢
⎢
⎣

f (1,x)

f (2,x)

...

⎤

⎥
⎥
⎥
⎦
, Π(x) =

⎡

⎢
⎢
⎢
⎣

Π(1,x)

Π(2,x)

...
. . .

⎤

⎥
⎥
⎥
⎦
, ε̃(x) = Dμ̃(x) − f̃ (u),

ũ =

[
ṽ

x̃

]

, ε̃(u) =

[
ε̃(v)

ε̃(x)

]

, Π̃(u) =

[
R(v) ⊗Π(v)

R(x) ⊗Π(x)

]

.

(C.1)

This gives a simple form for the Gibbs energy that comprises a log-likelihood and log-prior

L = L(u) +L(ϕ),

L(u) =
1
2
ε̃ (u)TΠ̃(u)ε̃ (u) − 1

2
ln
∣
∣
∣Π̃(u)

∣
∣
∣,

L(ϕ) =
1
2
ε̃(ϕ)TΠ̃(ϕ)ε̃(ϕ) − 1

2
ln
∣
∣
∣Π̃(ϕ)

∣
∣
∣

(C.2)

with the following integration (Generalised Filtering) scheme:

ẏ =
[ ˙̃s

˙̃μ
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⎥
⎥
⎥
⎦

, I =
∂ẏ
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⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(C.3)
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This system can be solved (integrated) using a local linearisation [30] with updates
Δy = (exp(ΔtI) − I)I(t)−1ẏ over time steps Δt, where I(t) the filter’s Jacobian. Note that we
have omitted terms that mediate changes in the motion of state estimates due to changes in
parameter estimates. This is because changes in parameter estimates are negligible at the time
scale of changes in state estimates. The requisite gradients (evaluated at the conditional
expectation) are, with a slight abuse of notion when dealing with derivatives w.r.t. vectors

Fũ =
1
2
ε̃ (u)TΠ̃(u)

ũ
ε̃ (u) + ε̃ (u)T

ũ
Π̃(u)ε̃ (u) − 1

2
tr
(
Π̃(u)
ũ

Σ̃(u)
)
+

1
2

tr(PũC),

Fγ = 1
2
ε̃ (u)TΠ̃(u)

γ ε̃ (u) + Π(γ)μ(γ) − 1
2

tr
(
Π̃(u)
γ Σ̃(u)
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+

1
2

tr
(PγC

)
,

Fθ = ε̃ (u)Tθ Π̃(u)ε̃(u) + Π(θ)μ(θ) +
1
2

tr(PθC).

(C.4)

The corresponding curvatures are (neglecting second-order terms involving states and
parameters and second-order derivatives of the conditional entropy)

Fũs̃ ≈ Lũs̃ = ε̃ (u)Tũ
Π̃(u)ε̃

(u)
s̃
,

Fγs̃ ≈ Lγs̃ = ε̃ (u)TΠ̃(u)
γ ε̃

(u)
s̃
,
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Π̃(u)ε̃

(u)
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,

Fũũ ≈ Lũũ = ε̃ (u)T
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Π̃(u)ε̃
(u)
ũ

+ ε̃ (u)T
ũ

Π̃(u)
ũ
ε̃ (u) + ε̃ (u)Π̃(u)

ũ
ε̃
(u)
ũ
,

Fũθ ≈ Lũθ = ε̃ (u)Tũ
Π̃(u)ε̃

(u)
θ + ε̃ (u)TΠ̃(u)

ũ
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(u)
θ ,
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(u)
θ

+ Π(θ),
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γ ε̃

(u)
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≈ FTθγ ,
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(C.5)
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Finally, the conditional precision and its derivatives are given by the curvature of
Gibb’s energy

C−1 = P = Lμμ ≈
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Lũũ Lũθ 0
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ũθ

ε̃
(u)T
ũθ
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(C.6)

Note that we have simplified the numerics here by neglecting conditional dependen-
cies between the precisions and the states or parameters. This is easy to motivate because
one is not interested in the conditional precision of the precisions but in the (conditional
expectation of the) precisions per se; cf. the mean-field approximation implicit in variational
approximations. We have also ignored terms due to state-dependent noise, which are not
called on in this paper. Finally, we find that the integration of (C.3) is much more stable (in the
first few iterations) if we make Pũ = 0. Again, this rests on a mean-field like approximation,
where we ignore the effects of rapid fluctuations in the states on the entropy of the parameters
(but not vice versa).

These equations may look complicated but can be evaluated automatically
using numerical derivatives. All the simulations in this paper used just one routine—
spm LAP.m. All the user has to supply are equations defining the generative
model. Demonstrations of this scheme are available as part of the SPM software
(http://www.fil.ion.ion.ucl.ac.uk.com/spm; DEM demo.m) and reproduce the examples in
the main text.

D. Optimising Smoothness Hyperparameters

When including a hyperparameterisation of the smoothness of the random fluctuations,
encoded by the precision matrix on generalised motion R(u)(γ) : u ∈ v, x, one needs
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the following derivatives:

∂γ ln
∣
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∣
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γ ′ Σ
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,

Π̃(u)
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γ ,

Π̃(u)
γγ ′ = R

(u)
γγ ′ ⊗Π(u) + R(u) ⊗Π(u)

γγ ′ + R
(u)
γ ⊗Π(u)

γ ′ + R(u)
γ ′ ⊗Π

(u)
γ ,

(D.1)

where d(u) = rank(R(u)) is the order of generalised motion. We have not included these
derivatives above, because we used assumed values for smoothness in this paper. However,
our software implementation of this scheme estimates smoothness by default.

Software Note

The schemes described in this paper are implemented in Matlab code and are available freely
http://www.fil.ion.ucl.ac.uk.com/spm. A DEM toolbox provides several demonstrations
from a graphical user interface. These demonstrations reproduce the figures of this paper
(see spm LAP.m and ancillary routines).
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For modeling and controlling dynamic phenomena it is important to establish with higher
accuracy some significant quantities corresponding to the dynamic system. For fast phenomena,
such significant quantities are represented by the derivatives of the received signals. In case
of advanced computer modeling, the received signal should be filtered and converted into a
time series corresponding to the estimated values for the dynamic system through a sampling
procedure. This paper will show that present-day methods for computing in a robust manner the
first derivative of a received signal (using an oscillating system working on a limited time interval
and a supplementary differentiation method) can be extended to the robust computation of higher
order derivatives of the received signal by using a specific set of second-order oscillating systems
(working also on limited time intervals) so as estimative values for higher-order derivatives
are to be directly generated (avoiding the necessity of additional differentiation or amplifying
procedures, which represent a source of supplementary errors in present-day methods).

1. Introduction

For modeling and controlling dynamic phenomena it is important to establish with higher
accuracy some physical quantities corresponding to the dynamic system. Usually this
procedure is based on signal processing method applied upon the signal received from the
dynamic system, implying some filtering methods (for noise rejection). In case of advanced
computer modeling, the filtered signal should be converted further into a time series
corresponding to the estimated values for the dynamic system through a sampling procedure.
Many times these filtering and sampling devices consist of lowpass filters represented by
asymptotically stable systems, the sampling moment of time being set after the transient
regime of the filtering device has passed.
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However, for fast phenomena, significant quantities are represented by the derivatives
of the received signals. Usually the derivatives of a received signal y(t) = z(t) + n(t) (where
z(t) represents the useful part of the signal, and n(t) represents the noise) are computed by
filtering the received signal and dividing the difference between the filtered values u(tk) of
the signal at two consecutive sampling moments of time by the time difference between these
time moments (for first order derivative), by dividing the difference between the values of
first-order derivative by the same time difference (for the second-order derivative), and so
on. Yet this method requires very good filtering properties, while any difference in sampled
values can drastically affect the estimation for the derivative.

The average value of the first derivative can be approximated by

z(tk) − z(tk−1)
tk − tk−1

=
z(tk) − z(tk−1)

Δt
(1.1)

and can be estimated by the mathematical operation

u(tk) − u(tk−1)
tk − tk−1

=
u(tk) − u(tk−1)

Δt
, (1.2)

where u(tk) represents the filtered values of the received signal y(t) (as has been shown). In
the ideal case, u(tk) should be equal to z(tk). This cannot be achieved. For avoiding significant
errors the difference z(tk)−z(tk−1) should be estimated with higher accuracy. This implies that
the filtered values u(tk) should be close to the values of the useful part of the received signal
z(tk).

As a consequence, the filtering device should reject the noise (supposed to present fast
variation as compared to the variations of the useful part z(t)) in a significant manner. For
this purpose, the filtering and sampling devices based on asymptotically stable systems can
be improved. They have the transfer function

H(s) =
1

T0s + 1
(1.3)

(for a first-order system) and

H(s) =
1

T2
0 s

2 + 2bT0s + 1
(1.4)

(for a second-order system). They attenuate an alternating signal of angular frequency
ω � ω0 = 1/T0 (corresponding to noise) about ω/ω0 times (for a first-order system) or about
(ω/ω0)

2 times (for a second-order system). The response time of such systems at a c useful
signal is about 5T0 (5T0 for the first-order system and 4T0/b for the second-order system). If
the signal generated by the first- or second-order system is integrated over such a period, a
supplementary attenuation for the alternating signal of about 5ω/ω0 can be obtained.
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However, such structures are very sensitive at the random variations of the integration
period (for unity-step input, the signal, which is integrated, is equal to unity at the sampling
moment of time). Even if we use oscillators with a very high accuracy, such random variations
will appear due to the fact that the integration is performed by an electric current charging a
capacitor. This capacitor must be charged at a certain electric charge Q necessary for further
conversions; this electric charge cannot be smaller than a certain value Qlim, while it has to
supply a minimum value Imin for the electric current necessary for conversions on the time
period tconv required by these conversions, the relation

Qlim = Imintconv (1.5)

being valid. So the minimum value Iint(min) for the electric current charging the capacitor in
the integrator system is determined by the relation

Iint(min) =
Qlim

tint
, (1.6)

where tint is the integration period required by the application (knowing the sampling
frequency fs, we can approximately establish tint using the relation tint = 1/fs). So the current
charging the capacitor cannot be less than a certain value; thus random variations of the
integration period will appear due to the fact that the random phenomena are generated
when a nonzero electric current is switched off.

2. Specific Aspects of Using Oscillating Systems for
Filtering the Received Signal

The disadvantage of using asymptotically stable systems (previously mentioned) can be
avoided by using an oscillating second-order system having the transfer function

Hosc =
1

T2
0 s

2 + 1
(2.1)

working on the time interval [0, 2πT0] (see [1] for more details). For initial conditions equal
to zero, the response of the oscillating system at a step input with amplitude A will have the
form

w(t) = A
(

1 − cos
(
t

T0

))

. (2.2)

By integrating this result on the time interval [0, 2πT0], we obtain the result u = 2πAT0,
and we can also notice that the quantity which is integrated and its slope are equal to zero
at the end of the integration period. Thus the influence of the random variations of the
integration period (generated by the switching phenomena) is practically rejected. Analyzing
the influence of the oscillating system upon an alternating input, we can observe that the
oscillating system attenuates about (ω/ω0)

2 times such an input. The use of the integrator
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leads to a supplementary attenuation of about (2π)(ω/ω0) times. The oscillations having the
form

wosc = a sin(ω0t) + b cos(ω0t) (2.3)

generated by the input alternating component have a lower amplitude and generate a null
result after an integration over the time interval [0, 2πT0]. As a conclusion, such a structure
provides practically the same performances as a structure consisting of an asymptotically
stable second-order system and an integrator (response time of about 6T0, an attenuation of
about 6(ω/ω0)

3 times for an alternating component having frequency ω) moreover being
less sensitive at the random variations of the integration period. It is the most suitable for the
operation

u(tk) − u(tk−1)
Δt

, (2.4)

where Δt = tk − tk−1. The difference u(tk) − u(tk−1) can be further divided by a constant value
(corresponding to Δt) so as to estimate the first-order derivative z(tk) − z(tk−1). For restoring
the initial null conditions after the sampling procedure (at the end of the working period)
some electronic devices must be added (see [2] for more details).

However, this method presents a major disadvantage: the filtering devices can
generate an electronic voltage corresponding to u(tk) within a certain range (less than
10 Volts, usually). This means that the difference u(tk) − u(tk−1) would correspond to a
small voltage, implying the necessity of amplifying this voltage so as to achieve a result in
a certain range (suitable for modeling, controlling, and data acquisition). This represents
a supplementary source of errors (the resolution being limited by the resolution of the
operation u(tk)−u(tk−1)). It implies the necessity of using an oscillating second-order system
so as the result of the integration on a working interval corresponds to the derivative of the
useful part z(t) of the received signal y(t) (if possible).

3. Analog Signal Processing Methods Suitable for
Derivative Procedures

A general mathematical method for obtaining the derivatives of the useful part z(t) of a
received signal y(t) in a robust manner (with good filtering properties and also with a good
resolution, avoiding a supplementary amplification of the difference between two previously
sampled values) consists in using a signal processing device with the transfer function H(s)

H(s) =
sN

(
T2

1 s
2 + 1

)(
T2

2 s
2 + 1

) · · · (T2
k
s2 + 1

) · · · (T2
n+1s

2 + 1
) , (3.1)

which can be also written as

H(s) = sN
n+1∏

k=1

1
(
T2
k
s2 + 1

) . (3.2)
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The degree of the denominator polynomial must be greater or equal to the degree of
numerator polynomial so as the transfer function is to be implemented using electronic
devices; this means that N ≤ 2(n + 1) (as can be easily noticed).

The output of this signal processing system for an input corresponding to y(s) =
1/sN+1 (the Laplace transformation of the time function y(t) = (1/N!)tN) is represented
by

w(s) =
1

sN+1
sN

1
(
T2

1 s
2 + 1

)
1

(
T2

2 s
2 + 1

) · · · 1
(
T2
ns2 + 1

) , (3.3)

which can be also written as

w(s) =
1
s

1
(
T2

1 s
2 + 1

)
1

(
T2

2 s
2 + 1

) · · · 1
(
T2
ns2 + 1

) (3.4)

or

w(s) =
1
s

n+1∏

k=1

1
(
T2
k
s2 + 1

) , (3.5)

which represents a set of multiplication of a unity step input 1/s by transfer functions
1/(T2

k
s2 + 1).
This means that it can be written as

w1(s) =
1

(
T2

1 s
2 + 1

)
1
s
,

w2(s) =
1

(
T2

2 s
2 + 1

)w1(s),

w3(s) =
1

(
T2

3 s
2 + 1

)w2(s)

(3.6)

or (in a general form)

wk+1(s) =
1

(
T2
k+1s

2 + 1
)wk(s) (3.7)

until

wn(s) =
1

(
T2
n−1s

2 + 1
)wn−1(s). (3.8)

As was shown in previous paragraph, the function w1(t) will be represented by a unity step
function and by an alternating function − cos(t/T1) (which can be also written as sin(t/T1 +
φ1) = sin(ω1t + φ1), where the angular frequency ω1 = 1/T1). This represents the input for
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the transfer function 1/(T2
2 s

2 + 1). Its output w2 will be represented by the sum of the output
of this transfer function for a unity step input 1/s and the output of this transfer function for
the input sin(t/T1 + φ1) = sin(ω1t + φ1). The output generated by the unity step input will be
represented once again by an unity step function and by an alternating function with angular
frequency ω1 = 1/T1; the output generated by this transfer function for the alternating input
with angular frequency ω1 will be represented by a sum of two alternating functions with
angular frequencies ω1 and ω2, respectively. It results that w2 can be written as

w2(t) = 1 + a(2)1 sin
(
ω1t + φ

(2)
1

)
+ a(2)2 sin

(
ω2t + φ

(2)
2

)
(3.9)

(there are just three terms because alternating functions with the same angular frequency ω1

were grouped together in a(2)1 sin(ω1t + φ1)).
The whole procedure can continue by analyzing the output w3 of the transfer function

1/(T2
3 s

2 + 1) for the input represented by w2(t). It results that a unity step output 1/s will
appear once again, together with three alternating components with angular frequencies ω1,
ω2, and ω3, respectively. This means that w3(t) can be written as

w3(t) = 1 + a(3)1 sin
(
ω1t + φ

(3)
1

)
+ a(3)2 sin

(
ω2t + φ

(3)
2

)
+ a(3)3 sin

(
ω3t + φ

(3)
3

)
, (3.10)

where ω3 = 1/T3. In the general form, the output wk(t) can be written as

wk(t) = 1 + a(k)1 sin
(
ω1t + φ

(k)
1

)
+ · · · + a(k)

k
sin

(
ωkt + φ

(k)
k

)
(3.11)

or

wk(t) = 1 +
k∑

i=1

a
(k)
i sin

(
ωit + φ

(k)
i

)
(3.12)

(it can be noticed that the coefficient and phase corresponding to a certain angular frequency
ωi are changed from a

(k−1)
i , φ

(k−1)
i to a

(k)
i , φ

(k)
i at each step due to the mixture of alternating

functions with the same angular frequency ωi generated by the transfer function 1/(T2
k + 1)

for input represented by a sum of the unity step function and by alternating functions with
angular frequencies ωj , j < i (as was shown for w2(t), where certain functions with the
same angular frequency were grouped together)). Finally, the output of the signal processing
system w(t) (at step n + 1) will be represented by function wn which can be written as

wn+1(t) = 1 + a(n+1)
1 sin

(
ω1t + φ

(n+1)
1

)
+ · · · + a(n+1)

n+1 sin
(
ωn+1t + φ

(n+1)
k

)
(3.13)

or

w(t) = wn+1 = 1 +
n+1∑

i=1

a
(n+1)
i sin

(
ωit + φ

(n+1)
i

)
. (3.14)
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By integrating this function w(t) on a time interval T represented by a multiple of all time
periods 2πT1, 2πT2, . . . , 2πTn (this means that any ratio Ti/Tj should be expressed by a
rational number) the influence of all alternating components vanishes. As a consequence,
the result u(T) of the integration will be

u(T) = 2πT (3.15)

for a received signal corresponding to y(t) = (1/N!)tN which has been processed by H(s).
This means that the result u(T) is proportional to the derivative of order N of the received
signal (supposed to have the form y(t) = (1/N!)tN).

The analysis of the action of transfer function H(s) upon an input represented by

y(t) =
1
sM

, M < N (3.16)

(corresponding to the time function y(t) = (1/(N −M)!)tN−M) can be considered as

w(s) = H(s)
1
sM

= H(s)sN−M
1
sN

= sN−MH(s)
1
sN

. (3.17)

According to Laplace transformation properties, the operator sN−M corresponds to a
derivative procedure applied (N − M) times upon a certain function. Since H(s)1/sN

corresponds to the sum of a step function and a set of alternating components previously
presented, it results that the output w(t) corresponding to the input 1/sN−M can be
represented as

w(t) =
dN−M

dtN−M

(

1 +
n+1∑

i=1

a
(n+1)
i sin

(
ωit + φ

(n+1)
i

)
)

. (3.18)

But the derivatives of a constant function equal zero, and the derivatives of alternating
functions of certain angular frequency are represented also by alternating functions with the
same angular frequency. This means that the integration of this function on the time interval
T represented by a multiple of all time periods will generate a null result. As a consequence,
if the received signal y(t) can be written as a sum

y(t) = c0 + c1t + c2t
2 + · · · + cNtN (3.19)

(according to properties of Taylor series), the action of a transfer function H(s) is represented
by

H(s) = sN
n+1∏

k=1

1
(
T2
k
s2 + 1

) . (3.20)

The integration of the outputw(t) of this filtering device on a time interval T represented by a
multiple of all time periods Ti will generate a result proportional to N!cN , being proportional
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to the derivative of order N of the received signal. Thus this signal processing method based
on a set of oscillating second-order systems and an integrator can generate a sequence of
sampling values corresponding to the Nth derivative of the received signal at the end of each
working interval, the derivative of order N being transformed into a time series suitable
for modeling, control, and/or data acquisition. Filtering properties are still good, as long as
any angular frequency corresponding to noise (n(t) is several times greater than any angular
frequencies ωi from the set ω1, . . . , ωn+1.

We must point the fact that certain limitations appear as the order N of the derivative
to be estimated increases.

(i) For a great number of alternating functions, it is quite possible for the maximum
value of the sum of alternating functions of angular frequencies ωi (part of w(t)) to become
several times greater than the constant part of w(t) (corresponding to the derivative to
be estimated); so the resolution of the method decreases (the voltage range of estimated
derivative decreases since it represents a small part of the maximum voltage allowed by
electronic devices).

(ii) Taylor series for y(t) was restricted to (N + 1) terms. This means that the influence
of derivatives of order K > N on the integration period T was neglected. This approximation
should be carefully checked in any signal analysis.

4. Conclusions

This paper has presented a possibility of obtaining the derivatives of the received electrical
signal using a filtering device consisting of a sequence of certain oscillating second-order
systems and an integrator. The oscillating systems are working on a time period for filtering
a received electrical signal, with initial null conditions. The output of this system is integrated
over a time period corresponding to a multiple of all time periods of the second-order systems
which are part of the signal processing device (at the end of this period the integrated
signal being sampled). The influence of all alternating components is rejected due to the
integration performed on a multiple of all time periods, and thus the final result corresponds
to the integration of a constant function which is proportional to the derivative having to be
estimated. The proposed method has shown that present-day methods for computing in a
robust manner the first derivative of a received signal (using an oscillating system working
on a limited time interval and a supplementary differentiation method) can be extended
to the robust computation of higher-order derivatives of the received signal by using a
specific set of second-order oscillating systems (working also on limited time intervals) so
as estimative values for higher order derivatives are to be directly generated (avoiding the
necessity of additional differentiation or amplifying procedures, which represent a source
of supplementary errors in present-day methods). It can be used for decreasing the phase
delay for signal processing methods, but without using a weighted sum of real and filtered
derivatives of the received signal, as in [3]. The proposed method is similar to other attempts
for computing the derivative without using additional procedures (see also [4] where the
need of sampled and digitised data is avoided).

In future studies, the analysis will continue by trying to use nonlinear dynamical
equations able to generate practical test functions for estimating in robust manner and
with greater accuracy the derivatives of the signal transmitted by dynamic systems (see
[5] for general properties of nonlinear differential equations able to generate practical test
functions). The results presented in this paper can be extended for modeling phenomena
described by partial differential equations as traveling waves and wavelets inside certain
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materials [6, 7] or as general transformations of waves when the material reference system
is changed (see [8] for classical field of interaction and [9] for quantum field of interaction)
due to advantages presented by the accurate estimation of higher-order derivatives. It could
be also used for integrating derivative procedures in procedures of analyzing time series
(as presented in [10–12]) or directly into machine learning algorithms or emergent dynamic
routing by establishing certain sampling moments (see [13, 14]).
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This paper presents a method determining neighborhoods of the image pixels automatically in
adaptive denoising. The neighborhood is named stationary neighborhood (SN). In this method,
the noisy image is considered as an observation of a nonlinear time series (NTS). Image denoising
must recover the true state of the NTS from the observation. At first, the false neighbors (FNs) in
a neighborhood for each pixel are removed according to the context. After moving the FNs, we
obtain an SN, where the NTS is stationary and the real state can be estimated using the theory
of stationary time series (STS). Since each SN of an image pixel consists of elements with similar
context and nearby locations, the method proposed in this paper can not only adaptively find
neighbors and determine size of the SN according to the characteristics of a pixel, but also be
able to denoise while effectively preserving edges. Finally, in order to show the superiority of this
algorithm, we compare this method with the existing universal denoising algorithms.

1. Introduction

Image denoising is a very important image preprocessing step. In acquisition, images would
be more or less affected by noise. Noise will make the image quality reduction, which will
influence the subsequent processing steps. In order to recover a real hidden image from a
noisy image, a lot of efforts have been done for a long time.

In 1949, Wiener proposed Wiener filtering using the theory of stationary random
process [1]. In theory, Wiener’s filter meets the minimum mean-square errors (MMSEs) of
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a linear filter. However, Wiener filtering is only applicable to stationary time series, which
causes the edges to be blurred in denoising.

The most effective way to address these problems is adaptive denoising [2–5], which
assumes that the image gray levels are piecewise constant or piecewise continuous. However,
near the singular points, such as edges and textures, the assumption of being piecewise
continuous and constant does not hold. It also makes the edges and textures oversmoothing.

An improved form of adaptive denoising is called the bilateral filtering [6–11].
Bilateral filtering integrates range filtering (gray level) and domain filtering (space) together,
which preserves edges while denoising. However, in noises, the real gray levels are polluted
seriously, which makes the real levels unable to be correctly estimated from the noisy gray
levels. In addition, two window parameters, the variances of range filter’s kernel and spatial
filter’s kernel, must be selected by experience. Once it is fixed, it cannot be changed.

Some researchers suggested that the context able to be used for distinguishing the
singular points from smooth points [12, 13]. Essentially, the context defined on the local gray
level energy is a classifier for image pixels. This makes smooth can be done only among
the similar points, which can maintain the singularity in denoising. However, due to context
defined in the whole image, it lacks spatial adaptation. Studies in [14–17] propose different
methods to improve it.

Some algorithms combine space and context together [14–16]. In these methods, a
fixed-size of sliding windows is chosen by experience firstly. Then the true value of each
pixel is estimated from the points in the window with the similar context. These methods
have better performance than the context. The challenge of these methods is that fixed size
sliding windows will make the window too small to obtain reliable estimate for singular
points.

Another well-known method is nonlocal denoising algorithm proposed recently
[17]. Nonlocal approach determines the similarities through a big and a small window
together. The small window is used to determine the nature of local gray energy while
the large window is used to look for similarities. As the searching neighborhood is large,
nonlocal approach can overcome the default for most of spatial methods in unreliable
estimates near singular points, which can more effectively maintain the borders and
textures.

We think that nonlocal is the same as context in finding the similar points using
local gray level energy. However, the context defined throughout the image lacks spatial
adaptation, while nonlocal searches for similarities in a large window with better spatial
adaptability. However, on smooth regions, nonlocal also lacks spatial adaption. Besides this,
the nonlocal method is with high computational complexity and the sizes of two windows
are also fixed and chosen fully by experience.

As can be seen from the above discussion, the neighborhood sizes of existing adaptive
image denoising algorithms are selected by experience. Moreover, these neighborhoods can
no longer be changed after being selected, which makes the edge-preserving image denoising
a very difficult tradeoff problem. That is, denoising needs a large neighborhood to eliminate
noises while maintaining edges requires a small neighborhood to keep singularity. A fixed-
size neighborhood is impossible to satisfy these two requirements simultaneously. Nonlocal
can overcome the shortcomings of the appeal by taking advantage of big and small windows.
But its mechanism for the coexistence of two windows makes the computing complexity
increase greatly. Besides this, it lacks of spatial adaptation to smooth regions. In this paper,
we propose a method to adaptively determine the neighborhood of image pixels in denoising
using the theory of NTS analysis.
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Recently, with the development of the theory of time series analysis, NTS analysis
becomes the focus in time series analysis [18–31]. Two well-known NTSs include fractal time
series and chaotic time series. However, the field of image denoising, to date, almost do not
use these NTSs. The reason for this phenomenon is that most of researchers believe that the
image noise is random rather than chaos [29, 30].

In this paper, we are concerned about how to convert an NTS to a set of STS. The
method firstly removes the false neighbors dynamically using context to obtain a SN. In a
SN, since all of the pixels have similar local gray energy, the time series can be considered as
stationary. Besides this, the SN is composed with close spatial locations, which guarantees its
spatial adaptability.

The motivation for SN is that the observation (the noisy image) of a NTS is the sampled
data of an underlying high-dimensional manifold. Some projection points of these sampling
points, which are not neighbors in the manifold, become neighbors in one-dimensional
projection space. These neighbors are called FNs. To obtain SNs of an image pixel, firstly, we
must remove these FNs out. The removing increases the embedding dimension gradually,
which makes folding, wrapping, and twisting orbit open. Using this method, FNs can be
found and removed [18, 24]. The original neighborhood without FNs becomes a SN. Thus,
the real state of a NTS can be estimated from the noisy observation on SNs using the theory
of STS.

Note that the different image pixels have different SNs and sometimes SNs are
irregular, for example, near the edges. In addition, the proposed method also maintains a
nonlinearity for NTS, which is coincident with the same nature for manifolds. That is, local
structures are simple while its global structure is very complex [32–34].

The neighborhoods determined by proposed method are fully automatic and reliable
in estimate, and they are also able to maintain the image edges with the variable sizes and
irregular shapes. It finds a perfect solution to the existing challenges in adaptive image
denoising.

Section 2 in this article will discuss the NTS and SN, and Section 3 describes the
denoising algorithm presented in this paper. Section 4 presents the experimental results and
discussion. Section 5 gives conclusions, and finally the acknowledgment part is given.

2. Nonlinear Time Series and Stationary Neighborhood

In this section, we mainly introduce how to find SNs for the pixels of a noisy image. Thus,
the NTS will be converted into the STS in SNs.

2.1. Definitions

From the geometric point of view, an NTS is a projection from a high-dimensional phase space
to a one, dimensional space. In this projection, some points, which are not adjacent in the
phase space, become neighbors in one-dimensional projection space and are called FNs. To
remove FNs, the most direct idea is to increase the embedding dimension for the phase space.
As the embedding dimension is increasing, the folding, wrapping, and twisting orbit will
gradually be open. Therefore, FNs can easily be removed from the original neighborhood.
And then a SN, which is a neighborhood without FNs, is obtained. On this SN, the true state
can be restored according to the theory of STS. In order to explain our approach better, the
definitions of related terms are given as follows.
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Definition 2.1. A vector of phase space for a time series is an m-dimension vector in the phase
space, which is composed by a different time delay {0, τ, . . . , (m − 1)τ} of the time series
{z(t)}:

{z(t), z(t + τ), z(t + 2τ), . . . , z(t + (m − 1)τ)}, (2.1)

where m is called embedding dimension for the phase space.

The method deleting FNs is from the smallest embedding dimension, such as bym = 1,
and is gradually increasing embedding dimension m. As m is increasing, the wrapping and
folding orbit of the nonlinear movement will be gradually opened up. When m increases
to a definite value, which the number of FNs no further increases, the correct embedding
dimension is found.

Definition 2.2. A manifold is a topological space that is locally Euclidean (i.e., around every
point, there is a neighborhood that is topologically the same as the open unit ball in Rn).

Manifold resembles the Euclidean space near each point, and its global structure may
be very complicated. The nature of manifold, which is local simple and complex global,
coincides with our method. That is, the global complex nonlinear can be parted into local
STS.

Definition 2.3. The Neighborhood of a pixel x is a collection N of pixels. The elements of this
collection satisfy N = {ξ|‖x − ξ‖ < d, ξ /=x}, where ‖ · ‖ is the distance and d is a predefined
constant. The elements in N are called neighbors of x.

Definition 2.4. Two points x and ξ on the phase space of NTS are not neighbors but they are
neighbors on the one-dimensional orbit, and ξ is called a false neighbor (FN) for x.

Note that, in our method, the size of the SN is determined by the number of FNs.

Definition 2.5. A time series {z(t)} is stationary if, for allm, the joint probability distribution of
z(t), z(t+1), . . . , z(t+m−1) is independent on the time index t. More specially, the expectation,
variance, correlation coefficients of a time series only are functions of time interval and are
independent on the origin of the time; henc, the time series is then called weakly stationary.

Definition 2.6. One neighborhood determined by the method presented in this paper is called
a stationary neighborhood.

Theorem 2.7. Pixels in a SN form an STS.

2.2. Some Remarks

In this subsection, we will give some remarks on our method.

Remark 2.8 (The Selection of Time Delay τ). In this paper, the time delay τ is set to 1. The
reason is that most of adjacent points are very similar in image and this assumption usually
is adopted in adaptive denoising. Here, we also follow this assumption.
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Remark 2.9 (Context and Embedding Dimension). Firstly, the definition of context is given.

Definition 2.10. The context for an image pixel xij is defined as a length P vector Vij =
[Vi,j,1, Vi,j,2, . . . , Vi,j,P ] formed as a multidimensional function of observations.

The context commonly used in image processing can be defined as the m-dimensional
vector in phase space of NTS. Since the context in image coding is studied deeply, it can be
used directly to construct the SNs. For example, if we follow a specific definition of context,
the embedding dimension m can be determined immediately. From the above discussion, we
know the following.

Theorem 2.11. Anm-dimensional vector in phase space is a special form of context.

Remark 2.12 (Size of Neighborhood). It should be explained that the neighborhood size and
embedding dimension are two different concepts. Generally, neighborhood is a more global
concept than the embedding dimension.

It should satisfy two basic criteria simultaneously in choosing neighborhood size. That
is, it must ne big enough to satisfy the reliability of estimates and be small enough to satisfy
spatial adaptation of the singularity detection. As discussed in the previous section, a fixed-
size neighborhood cannot satisfy the above two requirements simultaneously.

The method proposed in this paper meets these two requirements simultaneously
by building different neighborhoods for different image points. In order to ensure the
reliability of estimates, the least number of pixels should be given firstly. Here, we select
48. In other words, a neighborhood after deleting the FNs still has 48 pixels in it; it is
a right SN.

The reason why we should give the least number of neighbors is neighborhood on
a smooth region is different for that near the singular points. In a smooth region, a 7 × 7
neighborhood is enough, while near a singular point there are few neighbors in 7 × 7
neighborhood, which cannot meet the reliable requirement. Thus, near singular points, it
must increase the size of neighborhood in order to increase the number of neighbors. This is
the reason why nonlocal method has two different windows.

2.3. Determining Stationary Neighborhood

Firstly, we must determine three parameters: time delay τ , embedding dimension m, and
size of neighborhood d. We know that τ = 1, m could be determined by the context, and
neighborhood size d is determined by 48 and the least number of neighbors automatically. In
this way, we can find a SN for a pixel in accordance with the following steps.

Step 1 (initialization). Give context and set τ = 1, the least number of neighbors n = 48, the
threshold dV of context Vn, and initial size of neighborhood d = dn × dn = 7 × 7.

Step 2 (finding FNs in a neighborhood of a pixel). The FN is a pixel (i′, j ′) in the neighborhood
d = dn × dn and satisfies ‖Vij − Vi′j ′ ‖ > dV . Find all FNs in the neighborhood. Then record the
index and the number fn of FNs.

Step 3. If d− fn ≤ 48, then dn = dn + 2, and repeat Steps 2-3; otherwise, deleting the FNs of the
neighborhood, the SN is the remainder of the neighborhood.
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3. The New Framework

In this section, we will discuss the theory of image denoising [35]. And then the framework
will be presented.

3.1. Image Denoising

Image denoising studies on how to recover an original image x from a noisy observation y,
assuming that the noise is n. X, Y , N are m × n matrixes, which represent the random fields
with m × n variables. The relation of their observations can be represented by the following
formula:

y = x + n, (3.1)

where y, x, and n are realizations of random fields Y , X, and N, respectively.
The X can be estimated under Minimum Mean Squared Error (MMSE); that is,

x̂ = arg
X

min ‖x̂ − x‖2, (3.2)

where x̂ represents the estimate value of X. An uppercase letter represents a random field or
a random variable while the lowercase letter represents one realization of the random field
or variable.

Thus, the estimate of one pixel xij of X is conditioned on the observation y optimized
by MMSE. If N is a 0 mean and σ2

N variance Gaussian white noise (GWN), the optimal
estimate of xij is

x̂ij =
σ2
X

σ2
X + σ2

N

EYij , (3.3)

where σ2
X is variance of the original image X and EYij is the mean of Yij .

Here, two parameters should be estimated in denoising: σ2
X and EYij . However, we

only have one observation for Y. Thus we have to share data in a neighborhood, which
assumes that the whole data in this neighborhood are independent identical distribution
(iid).

3.2. The New Framework

In this subsection, we will give the new framework of our method.

Step 1. For each image pixel (i, j), determine a SN (see Section 2.3).

Step 2. Compute σ2
Y and EYij in the SN using the assumption of iid. And σ2

X is σ2
Y − σ2

N .

Step 3. Estimate xij using (3.3).

Step 4. For all image pixels, repeat Steps 1–3.
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(a) (b)

Figure 1: Noisy Lena (a) and denoised Lena using Wiener’s filter with 7 × 7 mask (b).

4. Experiments and Discussion

In this section, we will compare our method to Wiener’s filter, bilateral filter, context, and
nonlocal. It should note that these five filters are universal denoising filters. In order to
compare them on the same benchmark, the same context is used in our method, nonlocal,
and context. The programs are implemented on Matlab with the same designer.

Firstly, we will give some brief comments on these five filters. And then some
experimental results will be shown. Finally, we will give discussion.

Wiener’s filter is proposed in 1949 by Wiener [1]. It uses the natures of STS and the
frequency properties to filter noise from the signal. The experiments of Wiener are carried
on the function “wiener2” in Matlab. It blurs the edges and texture while denoising. One
example is shown in Figure 1. The denoised image using Wiener’s filter with 7 × 7 mask is
blurred seriously, especially for the mouth of Lena and the decoration on Lena’s hat.

Bilateral Filter. the formula for bilateral filter is

h(x) = k−1(x)
∫∞

−∞

∫∞

−∞
yξc(ξ, x)s

(
yξ, yx

)
dξ, (4.1)

where ξ and x are two pixels. yξ and yx are gray levels of ξ and x, respectively. k−1(x) is a
normalized constant for two weighs and is defined as

k(x) =
∫∞

−∞

∫∞

−∞
c(ξ, x)s

(
yξ, yx

)
dξ, (4.2)

where c(ξ, x) and s(yξ, yx) are measures of the spatial and range closeness between the center
pixel x and its neighbor ξ, respectively. Usually, these two measures can be defined as two
Gaussian Kernel functions:

c(ξ, x) = e−(1/2)(‖ξ−x‖/σd)2
,

s
(
yξ, yx

)
= e−(1/2)(‖yξ−yx‖/σr)2.

(4.3)
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(a) (b)

Figure 2: An image before (a) and after (b) using bilateral filter.

(a) (b)

(c) (d)

Figure 3: A noisy image (a) and denoised images using context when dV (see Section 2.3) is 5 (b), 10 (c),
and 20 (d).

Bilateral filter integrates domain filter and range filter together. It also defines a space
neighborhood using the variance of domain filter σd. The range filter is used for selecting the
points with similar gray levels to x. However, in denoising, the real gray level is hidden in
the noisy data. Therefore, the range filter cannot work well. Besides this, two neighborhood
sizes of bilateral filter also are fixed after defining the two variances σd and σr . The program
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(a) (b)

(c) (d)

Figure 4: A noisy image (a) and denoised images using nonlocal when dV (see Section 2.3) is 10 (b), 20 (c),
and 30 (d).

of bilateral filter is designed on Matlab. Figure 2 gives one image and the image after bilateral
filtering.

Context. For an image, pixel Xi,j is defined as a length P vector Vi,j =
[Vi,j,1, Vi,j,2, . . . , Vi,j,P ] formed as a function of observations. In order to ensure that the
comparison is on the same benchmark, the context in our method, nonlocal, and context is
defined as

vi,j =

∑k=i+1
k=i−1

∑t=j+1
t=j−1 yk,t

9
, (4.4)

where yk,t is the gray level of pixel (k, t).
Using the context defined by (4.4), the image pixels can be classified to several groups

according to their local energy. In this paper, we use a parameter dV (see Section 2.3) to
control the difference for each of group. Figure 3 gives denoising results for different dV ’s for
context. Although context has better denoising results than these Wiener’s filter and bilateral
filter, it also lacks spatial adaptivity. We also design context denoising on Matlab.
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(a) (b)

(c) (d)

Figure 5: A noisy image (a) and denoised images using SN dV (see Section 2.3) is 10 (b), 20 (c), and 30 (d).

Note that, designing more complex context or using tools like wavelet, FFT and so
forth will undoubtedly obtain better denoising results. However, it is beyond the scope of
paper.

Nonlocal is a famous good denoising algorithm. The most important mechanism for
nonlocal is using two windows simultaneously. At least, it improves the estimate near
singular points. However, on smooth region, since it lacks spatial adaptation, it leads over
smooth on these regions.

The Nonlocal program is designed on Matlab, in which the size of small window is
3 × 3 (context) while the size of large window is 21 × 21. The points on the large window
with similar context are used for estimating the real gray level of the center point. In
Figure 4 denoised images using different dV ’s (see Section 2.3) are shown. It is obvious
that Figure 4(d) is oversmooth on smooth regions but still has good performance in edge
preserving.

Stationary Neighborhood is finding a stationary neighborhood for each image pixel. The
neighborhood has at least 48 pixels after deleting FNs. Since On smooth regions and near
singular points, if two requirements of designing a neighborhood are satisfied, it has good
performance on both type regions. That is, in theory analysis, the method proposed in this
paper has the same performance near singular points while having better performance on
smooth regions than the nonlocal. Figure 5 gives us denoised results of SN.
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(a) (b)

(c) (d)

(e) (f)

Figure 6: A noisy image (a) and denoised images using Wiener’s filter (b), context (c), bilateral filter (d),
nonlocal (e), and SN (f).

In order to compare the performance of above five filters, we test some images in
Matlab and some images in the image databases on the internet. These images include
lena.jpg (256 × 256) and coins.png (in Matlab). For coins, nonlocal and SN overmatch other
three methods both on denoising and edge preserving; see Figure 6. Nonlocal also has very
similar Visual Effects to SN! It shocks me much since I think that SN should have obviously
better performance than nonlocal.

After analysis, I think the reason is that the image (coins) is too simple to find the
difference between nonlocal and SN. The most important difference between these two
methods should be the different neighborhoods on the smooth regions. Thus, Lena, a famous
denoising test image with big smooth regions, becomes a test image for comparing nonlocal
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(a) (b)

(c) (d)

Figure 7: Lena (a), noisy Lena (b), and denoised images of nonlocal (c) and SN (d).

and SN. In theory, SN has the same performance of nonlocal near singular points while
having better performance on smooth regions.

From Figure 7, we can see that SN has better performance than nonlocal on smooth
regions. That is, SN preserves much more gray levels and details in smooth regions, especially
for upper borderline of hat where SN preserves the borderline but nonlocal loses it! In
addition, SN also provides us more good visual effects.

Besides these, SN also has relatively low computation complexity. The computation of
nonlocal is 9 × 441 ×N2 [17]. Since most of image pixels (about 90%) are smooth pixels [13],
SN reduces the computation complexity greatly. That is, the smooth points only need a 7 × 7
neighborhood for denoising. Thus the computation complexity is about 9× 49×N2 × 0.9+ 9×
441 ×N2 × 0.1, where 441 is an estimate mean for singular regions according to nonlocal. Its
computation complexity is about 2% of nonlocal.

5. Conclusions

In this paper, we propose a new method to determine a neighborhood, named SN, for each
image pixel in adaptive image denoising. The motivation for finding SN is based on the
idea that an NTS can be convert to STS in some overlapped neighborhoods. An SN is a
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neighborhood whose false neighbors are deleted and has at least 48 neighbors. SN satisfies
two requirements for designing neighborhood on both smooth regions and singularity
regions. It also has good performance on two type regions with about 2% computation
complexity of nonlocal.
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A nonlinear multiband spectral subtraction method is investigated in this study to reduce the
colored electronic noise in millimeter wave (MMW) radar conducted speech. Because the over-
subtraction factor of each Bark frequency band can be adaptively adjusted, the nonuniform effects
of colored noise in the spectrum of the MMW radar speech can be taken into account in the
enhancement process. Both the results of the time-frequency distribution analysis and perceptual
evaluation test suggest that a better whole-frequency noise reduction effect is obtained, and
the perceptually annoying musical noise was efficiently reduced, with little distortion to speech
information as compared to the other standard speech enhancement algorithm.

1. Introduction

Speech enhancement is an important problem in many speech processing applications, such
as mobile communications, speech recognition, coding and communication applications.
The main objective of speech enhancement is to improve the quality and intelligibility of
the signal. During the last decades, various approaches have been proposed to solve this
problem, such as spectral subtraction method [1–3], subspace methods [4], hidden markov
modeling [5], and wavelet-based methods [6, 7].

Spectral subtraction method is a well-known and widely used enhancement method
for all types of speech, which has been chosen for of its simplicity of implementation and low
computational load. Additionally, it offers a high flexibility in terms subtraction parameters
variation. This method attempts to estimate the short-time spectral magnitude of speech by
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subtracting a noise estimated from the noisy speech. The phase of the noisy speech remains
unchanged since it is assumed that phase distortion is not perceived by the human ear.

However, the serious drawback of this method is that the enhanced speech is
accompanied by unpleasant musical noise artifact which is characterized by tones with
random frequencies; although many solutions have been proposed to reduce the musical
noise in the subtractive-type algorithms [3, 8–14], results performed with these algorithms
show that there is a need for further improvement.

A novel speech detecting method has been developed in our laboratory by using
millimeter wave radar technology. Because of the special attributes of the millimeter wave,
this method may considerably extend the capabilities of traditional speech detecting methods
[15]. However, radar speech is substantially degraded by additive combined noises that
include radar harmonic noise, electrocircuit noise, and ambient noise [16].

Unlike white Gaussian noise, which has a flat spectrum, the spectrum of MMW
radar noise is not flat. The noise signal does not affect the speech signal uniformly over
the whole spectrum. Some frequencies are affected more adversely than others. This means
that this kind of noise is colored. Subtracting a constant ratio of the noise spectrum over
the whole frequency spectrum may also remove parts of the speech signal. In order to
prevent destructive subtraction of the speech while removing most of the residual noise, it is
necessary to propose a nonlinear approach to improve the subtraction procedure.

Therefore, the purpose of this investigation is motivated by the need of improving
millimeter wave conducted speech. A nonlinear multi-band spectral subtraction algorithm
is proposed that takes into account the variation of signal-to-noise ratio across the speech
spectrum using a different oversubtraction factor in each frequency band to reduce colored
noise. Recent studies proposed a nonlinear spectral subtraction method [3, 17], which takes
into account the variation of the signal-to-noise ratio (SNR) across the entire speech spectrum,
but this method has not been applied to the MMW-conducted radar speech. Furthermore,
in order to improve the performance of their algorithm for MMW radar speech, this study
extends their filter-banks to nonlinear Bark-scaled frequency spacing because the human ear
sensibility is a nonlinear function of frequency. The proposed method attempts to find the best
tradeoff between speech distortion and noise reduction that is based on properties closely
related to human perception.

Section 2 introduces the new MMW-conducted speech detecting method and outlines
the experimental method, including the experiments, the data set, the added background
noise models, and the evaluation metrics, as well as it presents the proposed multi-band
spectral subtraction methods. Results of these experiments are presented and discussed in
Section 3, followed by overall conclusions in Section 4.

2. Method

2.1. The Description of the System

The schematic diagram of the speech-detection system is shown in Figure 1. A phase-locked
oscillator generates a very stable MMW at 34 GHz with an output power of 50 mW. The
output of the amplifier is fed through a 6-dB directional coupler, a variable attenuator, a
circulator, and then to a flat antenna. The 6 dB directional coupler branches out 1/4 of the
amplifier output to provide a reference signal for the mixer. The variable attenuator controls
the power level of the microwave signal to be radiated by the antenna. The radiated power
of the antenna is usually kept at a level of about 10–20 mW. The flat antenna radiates a
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Figure 1: Schematic diagram of the speech-detection system.

microwave beam of about 9◦ beam width aimed at the opposing human subjects standing
or sitting directly in front of the antenna. The echo signal is received by the same antenna,
which is a 34 GHz MMW signal modulated by the speech which is produced by the larynx
of the opposing human subjects. This signal is then mixed with a reference signal in a
double-balanced mixer. The mixing of the amplified speech signal and a reference signal in
the double-balanced mixer produces low-frequency signals which are amplified by a signal
processor and then passed through an A/D converter before reaching a computer where
further processing is done. For More details of description of the system, the reader is referred
to [18, 19].

2.2. Experiments

Ten healthy volunteer speakers participated in the radar speech experiment including 6 males
and 4 females. All of the subjects were native speakers of mandarin Chinese, there ages varied
from 20 to 35, with a mean of 28.1 and standard deviation (SD) of 12.05. All of the experiments
are in terms of the consent form which was signed by volunteers according to the Declaration
of Helsinki (BMJ 1991; 302: 1194).

The distance between the radar antenna and the human subject ranges from 2 m to
20 m. Ten sentences of mandarin Chinese were used as the speech materials for acoustic
analysis and acceptability evaluation (the lengths of the sentences are varied from 6 words
(5.6 seconds) to 30 words (15 seconds)), and were produced by every participant in quiet
experimental environment, respectively. The speakers were instructed to read the speech
materials at normal loudness and speaking rate.

In order to test the effective of the proposed method, two different kinds of
background noise: white Gaussian noise and speech babble noises, taken from the Noisex-
92 database, were added in the enhanced MMW radar speech, since these two representative
noises have a greater similarity than the other noises to the actual talking conditions. Noises
were added to the original radar speech signal with a varying SNR at −5, 0, 5, 10 dB, where
SNR is evaluated as:

SNR = 10 × log10

( ∑N
n=1 y

2(n)
∑N

n=1

∣
∣y(n) − s(n)∣∣2

)

, (2.1)
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where y(n) is the noisy speech, s(n) is the clean speech, and N is the number of the samples
in the clean and enhanced speeches.

For the perceptual experiment, ten listeners were selected to evaluate the acceptability
of each sentence based on the criteria of the mean opinion score (MOS), which is a five-
point scale (1: bad; 2: poor; 3: common; 4: good; 5: excellent). All of the listeners were
native speakers of Mandarin Chinese, had no reported history of hearing problems, and
were unfamiliar with radar speech. Their ages varied from 21 to 35, with a mean age of 25.26
(SD = 4.37). The listening tasks took place in a soundproof room, and the speech samples
were presented to the listeners at a comfortable loudness level (60 dB SPL) via a high quality
headphone. A 4-second pause was inserted before each citation word, and the order in which
the speech samples were presented was randomized, to allow the listeners to respond and to
avoid rehearsal effects.

2.3. Bark (Critical) Band

The sensibility of the human ear varies nonlinearly in the frequency spectrum [12], which
denotes the fact that the perception by the auditory system of a signal at a particular
frequency is influenced by the energy of a perturbations signal in a critical band around
this frequency. The bandwidth of this critical band, furthermore, varies with frequency. A
commonly used scale for signifying the critical bands is the Bark-band, which divides the
audible frequency range of 0∼16 KHz into 24 abutting bands. An approximate analytical
expression to describe the relationship between linear frequency and critical band number
B (in Bark) is [12]

B
(
f
)
= 13 arctan

(
0.7f

)
+ 3.5

[(
f

7.5

)2
]

. (2.2)

In this paper, the frequency range of the radar speech is from 0 to 5000 kHz; the total number
of critical bands is 19. Figure 2 illustrates the relationship between the frequency in hertz and
the critical-band rate in Bark.

2.4. Multi-Band Spectral Subtraction Method

The multi-band is based on the assumption that the additive noise is stationary and
uncorrelated with respect to the clean speech signal. If y(n), the noisy speech, is composed of
the clean speech signal s(n) and the uncorrelated additive noise signal d(n), then

y(n) = s(n) + d(n). (2.3)

The power spectrum of the corrupted speech can be approximately estimated as

|Y (ω)|2 ≈ |S(ω)|2 + |D(ω)|2, (2.4)

where |Y (ω)|2, |S(ω)|2, and |D(ω)|2 represent the noisy speech short-time spectrum, the clean
speech short-time spectrum, and the noise power spectrum estimate, respectively.
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Figure 2: Nineteen bands of the critical bands in Bark.

Most of the subtractive-type algorithms have different variations allowing for
flexibility in the variation of the spectral subtraction. Berouti et al. (1979) [2] proposed the
generalized spectral subtraction scheme which is described as follows:
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, otherwise,

(2.5)

where α (α > 1) is the over-subtraction factor [2], which is a function of the segmental SNR,
β (0 ≤ β ≤ 1) is the spectral floor, and γ is the exponent determining the transition sharpness.
Here we set γ = 2, and β = 0.002.

This implementation assumes that the noise affects the speech spectrum uniformly,
the over-subtraction factor α, furthermore, subtracts an over-estimate of the noise over the
whole spectrum. However, the noise in the MMW conducted speech, which is produced by
MMW radar, maybe colored and does not affect the speech signal uniformly over the entire
spectrum. Figure 3 shows the estimated segmental SNR for five frequency bands (0∼300 Hz



6 Mathematical Problems in Engineering

1009080706050403020100

Frame number

−4

0

4

8

12

16

20

Se
gm

en
ta

lS
N

R
(d

B
)

Band 5Band 4

Band 3

Band 2

Band 1

Figure 3: The segmental SNR of five frequency bands of MMW radar speech.

(Band 1), 300∼1 KHz (Band 2), 1 K∼2 K (Band 3), 2 K∼3 K (Band 4), and 3 K∼5 K (Band 5)) of
radar speech corrupted by radar noise. It can be seen from Figure 3 that the SNR of the low
frequency band (Band 1, 2) was significantly higher than the SNR of the high frequency band
(Band 3∼5). The largest SNR difference among the SNR was about 25 dB, a large difference.
This phenomenon suggests that the noise signal does not affect the speech signal uniformly
over the whole spectrum; therefore, subtracting a constant factor of noise spectrum over the
whole frequency spectrum may remove speech also.

In order to take into account the fact that colored noise affects the speech spectrum
differently at various frequencies, it becomes imperative to estimate a suitable factor that will
subtract just the necessary amount of the noise spectrum from each frequency subband. In
this study, the speech spectrums were divided into N (N = 19) nonoverlapping Bark bands,
and spectral subtraction was performed independently in each band. Hence the estimate of
the clean speech spectrum in the ith band is obtained by

∣
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∣Ŝi(k)

∣
∣
∣

2
= |Yi(k)|2 − αiδi

∣
∣
∣D̂i(k)

∣
∣
∣

2
, bi ≤ k ≤ ei, (2.6)

where αi is the over-subtraction factor of the ith frequency band, and δi is a tweaking
factor that can be individually set for each frequency band to customize the noise removal
properties. bi and ei are the beginning and ending frequencies of the ith frequency band. The
whole algorithm using these parameters is shown in Figure 4.

The band specific over-subtraction factor αi is a function of the segmental noisy signal-
to-noise ratio SSNRi of the ith frequency band which is calculated as

SSNRi (dB) = 10 log10
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. (2.7)
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Figure 4: The proposed nonlinear spectral subtraction algorithm scheme.

According to the SSNRi value calculated in (2.7), the over-subtraction factor αi is
calculated as:

αi =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

4.75 SSNRi < −5,

4 − 3
20

(SSNRi) −5 ≤ SSNRi ≤ 20,

1 SSNRi > 20.

(2.8)

The use of this over-subtraction factor αi can provide a degree of control over the
noise subtraction level in each band. Another factor δi, which is shown in (2.6), can be used
to provide an additional degree of control within each band. Since most of the speech energy
is present in the lower frequencies, smaller δi values were used for the low-frequency bands
in order to minimize speech distortion. The values of δi were empirically determined and set
to

δi =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 60 Hz ≤ fi ≤ 300 Hz,

1.2 0.3 KHz < fi ≤ 1 KHz,

1.5 1 KHz < fi ≤ 2 KHz,

2.5 2 kHz < fi ≤ 3 kHz,

1.5 3 kHz < fi ≤ 5 kHz.

(2.9)

The factor αi can be adjusted for each band for different speech conditions to get better
speech quality.

2.5. Noise Estimation

The noise in the radar speech, which included of each order of the EMW harmonic, the
channel noise, the ambient noise combined in the MMW radar speech, and so on, is highly
nonstationary noise. Thus, it is imperative to update the estimate of the noise spectrum
frequently. This study adopted the minimum-statistics method proposed by Cohen and
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Berdugo (2002) [20] for noise estimation, since this method is computationally efficient,
robust with respect to the input signal-noise ratio (SNR), and has an ability to quick follow
the abrupt changes in the noise spectrum. The minimum tracing is based on a recursively
smoothed spectrum which is estimated using first-order recursive averaging
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∣Ŷ(k,l)(ω)

∣
∣
∣

2
, 0 < λD < 1, (2.10)

where |D̂(k,l)(ω)|
2
and |Ŷ(k,l)(ω)|

2
are the kth components of noise spectrum and noisy speech

spectrum at the frame l, and λD is a smooth parameter. Let p′(k, l) denote the conditional
signal presence probability in Cohen and Berdugo (2002) [20]; then (2.7) implies

∣
∣
∣D̂(k,l)(ω)

∣
∣
∣

2
= λ̂D(k, l)

∣
∣
∣D̂(k−1,l)(ω)

∣
∣
∣

2
+
(

1 − λ̂D(k, l)
)∣
∣
∣Ŷ(k,l)(ω)

∣
∣
∣

2
, (2.11)

where λ̂D(k, l) � λD + (1 − λD)p′(k, l) is a time-varying smoothing parameter. Therefore, the
noise spectrum can be estimated by averaging past spectral power values. For More details
of description of this algorithm, the reader is referred to [20, 21].

3. Results and Discussion

This section presents the performance evaluation of the proposed enhancement algorithm,
as well as a comparison with other algorithms. In order to analyze the time-frequency
distribution of the enhanced speech, Speech spectrograms are presented to give accurate
information about residual noise and speech distortion. As the perceptual experiment, a
subjective measure of speech quality-mean opinion score (MOS) criterion is also used
to evaluate the acceptability of the performance. For comparative purposes, two other
algorithms are also performed; they are traditional spectral subtraction method [2] and the
noise estimation algorithm [22].

Figure 5 shows the spectrograms of the original radar speech (a), the enhanced
speech using spectral subtraction algorithm (b), the enhanced speech using noise estimation
algorithm (c), and the proposed nonlinear multi-band spectral subtraction algorithm (d).
It can be seen from Figure 5(a) that a certain amount of the combined noises exist in the
origin radar speech; this is because of the harmonic of the MMW, electrocircuit noise, as well
as ambient noise combined in the MMW radar speech. These noises can be obviously seen
during speech pause, and are mainly concentrated in the low-frequency components, roughly
below 3 KHz. Figures 5(b) and 5(c) show that the spectral subtraction algorithm and the noise
estimation algorithm are effective in reducing the combined radar noises, both in the speech
and the nonspeech sections. However, there is still too much remnant noise in the enhanced
speech, especially in the frequency section in which the noise is concentrated, suggesting
that the noise reduction is not satisfactory. Figure 5(d) shows that the proposed multi-band
spectral subtraction algorithm cannot only greatly reduce the low-frequency noise, but also
eliminate the high-frequency noise completely. It can also be seen from the figure that in the
speech-pause regions, the residual noise is almost eliminated, suggesting that the multi-band
spectral subtraction algorithm achieves a better reduction of the whole-frequency noise as
compared to the spectral subtraction algorithm.
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Figure 5: The Spectrogram of the sentence “Di Si Jun Yi Da Xue”. (a) The original MMW radar speech,
(b) enhanced speech obtained by the traditional spectral subtraction method, (c) enhanced speech by the
noise estimation algorithm, (d) the enhanced speech obtained by the proposed algorithm.

Perceptual evaluation results of the original speeches and the enhanced noisy speeches
are shown in Figure 6. Mean Opinion Scores (MOS) were used for 100 sentences produced
by ten volunteer speakers, also for the noisy sentences for white and babble noise at 0 dB
SNR levels. It can be seen from the figure that the score of the enhanced speech obtained
by using the proposed nonlinear multi-band algorithm is the highest, followed by that from
the noise estimate algorithm. This is true for both the original speech and the noisy speech,
suggesting that the proposed method is a better suit for MMW radar speech than the other
abovementioned methods.

Informal listening tests also indicated that the multi-band approach yielded very
good speech quality with very little trace of musical noise and with minimal, if any, speech
distortion. This is because the over-subtraction factor can be adaptively adjusted in each Bark-
band; the Bark-band also takes into account the frequency-domain masking properties of the
human auditory system, thus prevents quality deterioration in the speech during the spectral
subtraction process.
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Figure 6: Acceptability scores of the original and enhanced MMW-conducted radar speech. The noisy
speech in the case of additive noise has an input SNR of 0 dB.

Because the subtraction parameters are fixed for a given frame, the traditional spectral
subtraction algorithm cannot reduce the noise effectively, especially for the colored noise.
These limitations will be worse for the enhancement of MMW speech in the case of combined
electronic noise. With regard to the multi-band spectral subtraction algorithm, the over-
subtraction factor of each frequency band can be adjusted, so that this algorithm can realize
a good tradeoff between reducing noise, increasing intelligibility, and keeping the distortion
acceptable to a human listener. The results also indicate that the proposed algorithm cannot
only reduce the residual noise, but also improve the low-frequency deficit of MMW radar
speech.

Moreover, the proposed multi-band spectral subtraction algorithm also has strong
flexibility to adapt complicated speech environment for radar speech device users; this is
because that the over-subtraction factor of each frequency band can be adaptively adjusted;
thus the proposed algorithm is able to fit other different or complex speech environment.
This makes it possible to obtain better speech quality via speech enhancement under some
rigorous speech environment.

The performance of the proposed algorithm depends strongly on an important
factor: the noise estimation approach. Considering the varying features of the radar
noises, this study utilizes the minimum-statistics noise estimate method because it has an
ability to quick follow the abrupt changes in the noise spectrum. Recent related spectrum
subtraction algorithms [13, 14], which were performed for the traditional microphone speech
enhancement, utilized a traditional noise estimation approach: to average the noisy signal
over nonspeech sections, this approach is quite simple, but the reliability of the speech pause
detection severely deteriorates for weak speech components and low-input SNR. Therefore,
in order to promote the performance of this nonlinear spectral subtraction method, it is
quite important to select an appropriate noise estimation approach according to the noisy
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characters. In addition, when the total number of bands is one, the approach of multi-
band spectral subtraction algorithm will reduce to the traditional power spectral subtraction
approach.

4. Conclusions

In order to remove the colored electronic noise from the MMW radar speech, a nonlinear
spectral subtraction method, multi-band spectral subtraction algorithm is investigated in this
study to take into account the nonuniform effect of colored noise on the spectrum of radar
speech. Both the objective (time-frequency distribution analysis) and subjective test (MOS)
results suggest that the over-subtraction factor, which is otherwise set to a constant value,
can significantly remove the colored noise, the musical noise, and improve the speech quality.
Furthermore, the proposed algorithm has strong flexibility to adapt any complicated rigorous
speech environment by adjusted over-subtraction factor of each Bark frequency band.
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Time-frequency distribution has received a growing utilization for analysis and interpretation
of nonlinear and nonstationary processes in a variety of fields. Among them, two methods,
such as, the empirical mode decomposition (EMD) with Hilbert transform (HT) which is
termed as the Hilbert-Huang Transform (HHT) and the Hilbert spectrum based on maximal
overlap discrete wavelet package transform (MODWPT), are fairly noteworthy. Comparisons
of HHT and MODWPT in analyzing several typical nonlinear systems and examinations of the
effectiveness using these two methods are illustrated. This study demonstrates that HHT can
provide comparatively more accurate identifications of nonlinear systems than MODWPT.

1. Introduction

Time-frequency (TF) analysis has experienced a number of qualitative and quantitative
changes during the last three decades, and has gradually received growing attentions
and further applications in a variety of fields such as radar, water waves [1], fault
diagnose, geophysics, and biological signals. However, most traditional signal processing
methodologies, developed under rigorous mathematical rigor, are based on linear and
stationary assumptions. As the data from the real world are generally neither linear nor
stationary, the traditional data analysis methods aimed at linear and stationary signals and
processes are becoming glaringly inadequate. In recent years, several new methods have
been introduced to analyze nonlinear and nonstationary data. For instance, spectrogram and
Wigner-Ville distribution [2] were designed for linear but nonstationary data. In addition, to
accommodate for nonlinear but stationary and deterministic processes, Tong (1990), Kantz,
and Schreiber (1997), and Diks (1999) raised various time-series-analysis methods [3–5].
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Whereas most signals and processes, either natural or artificial ones, are most probably be
simultaneously nonlinear and nonstationary. Thus this makes finding a suitable approach to
such kind of data a dread in a way.

Huang and Shen put forward that all the analyses in terms of a priori established
basis have drained all the physics out of the analyzed results, because any a priori basis
could not possibly fit all the variety of data from different driving mechanisms [6]. As the
ultimate goal for data analysis is not only to find the mathematical properties of data, but
also to excavate the physical insights and implications hidden in the data, the adaptivity
becomes absolutely necessary for nonlinear and nonstationary data. Following with the two
historical views of nonlinear mechanics of Fourier and of Poincaré, Huang et al. proposed
the Hilbert view based on a new method, called empirical mode decomposition (EMD) and
Hilbert spectral analysis, which is termed as the Hilbert-Huang Transform (HHT) [7]. The
approach of combining EMD and HT differs from the Fourier transform and wavelet analysis.
It provides a faithful representation for the nonlinear and nonstationary data analysis. The
EMD is conceptualized as an alternative means to separate a multicomponent signal into
its monocomponent constituents through a progressive sifting process to yield an empirical
base consisting of intrinsic mode function (IMF) components. To ensure that these IMFs have
the well-behaved Hilbert transform and conform to a narrowband condition, more definitive
stopping criteria such as max sifting iteration are defined. In this way, the data are expanded
in a basis derived from the data itself.

Recently, the EMD algorithm, acting as a manner with highly data-driven charac-
teristic of data decomposition, plays a role of either nonlinear or nonstationary processes.
With these nice properties, the EMD has been used to calculate the Hurst index of long-
range dependence processes (LRD) and network traffic [8], additionally, being an approach
of synthesizing fractional processes [9]. In a number of studies, the combination of EMD
and HT has been applied and advocated in a variety of problems covering geophysical
[10], biomedical engineering [11], and also fluid mechanics as nonlinear water waves and
turbulence data [12]. Although several problems still exist in the EMD and the associated
Hilbert transform, such that the EMD method may produce mode mixing for some signals
[13, 14], the EMD + HT owes strength of being data dependent and provides a potentially
viable method and validity of both nonlinear and nonstationary data analyses. Furthermore,
it offers a new sight for nonlinear and nonstationary signal processing, that is, individual
component signal with physically meaningful instantaneous frequency can be obtained by
appropriate signal decomposition method.

Wavelet transforms are one of the fast-evolving mathematical and signal processing
tools [15, 16]. A wavelet transform is complete, orthogonal (in the discrete form), and local
[17]. A continuous wavelet transform (CWT) decomposes a function by band-pass filtering
of the original signal at different bandwidths, while a discrete wavelet transform (DWT)
is implemented by using quadrature mirror filter (QMF) banks [18]. The basic operation of
wavelet transform consists of the procedures of dilation and translation [19, 20], which lead to
a multiscale analysis of a signal. All these vital advantages make wavelet transforms capable
of analyzing nonlinear and nonstationary signals. Nevertheless, the deficiencies including
the interference terms, border distortion, and energy leakage may generate a lot of undesired
small spikes all over the frequency scales and make the results confusing and difficult to
be interpreted. To deal with these shortcomings, Olhede and Walden developed another
self-adaptive wavelet-based algorithm also via Hilbert transform, namely, maximal-overlap
discrete wavelet packet transform (MODWPT) [21]. The ordinary DWT requires the sample
size to be exactly a power of 2 for the full transform [22]. Besides, the scaling coefficient of
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DWT is not circularly shift equivariant. By avoiding down sampling, MODWPT overcomes
these disadvantages of DWT. With optimum decomposition scale and disjoint dyadic
decomposition, the complicated signal could be decomposed into a number of components
with instantaneous frequencies physically meaningful at different levels. Furthermore, each
single component obtained by MODWPT has desirable statistical characteristics, which are
desirable properties to deal with nonstationary time series in practice [21].

Duffing equation, Lorenz system, and Rössler system are three of the typical nonlinear
examples. The network traffic data is also one kind of practical nonlinear processes [23–30].
Several TF analyses and spectral analyses in network traffic have been used [31]. To discuss
the applicability of nonlinear data analysis on HHT and on MODWPT, we will enumerate
these several typical nonlinear systems and examine the effectiveness of these two methods in
the following representation. The organization of this paper is given as follows. The rationale
of HHT and MODWPT will be elaborated separately in Sections 2 and 3. Characteristics of
three typical nonlinear systems using HHT and MODWPT will be discussed in Section 4 and
the efficiency of each approach will also be demonstrated. In Section 5, we give the future
works that are under investigation and exploration. Finally, we will offer the conclusion in
Section 6.

2. Rationale of HHT

The development of HHT provides an alternative view of the time-frequency-energy
paradigm of nonlinear and nonstationary data. To examine data from real-world nonlinear
and nonstationary processes, the detailed dynamics in the processes from the data need to be
determined because the intrawave frequency modulation, which indicates the instantaneous
frequency changes within one oscillation cycle, is one of the typical characteristics of a
nonlinear system. As Huang et al. [7] pointed out, the intrafrequency variation is the
hallmark of nonlinear systems. One way to express the nonlinearity is to find instantaneous
frequency, which reveals the intrawave frequency modulations. But actually, the detailed
frequency representation cannot be obtained from a priori approach hampered by a collection
of the endless harmonics [6]. Thus, as an easier approach, the Hilbert Transform is used,
which is defined as

y(t) =
1
π
P

∫∞

−∞

x(τ)
t − τ dτ, (2.1)

where P is the Cauchy principal value of the singular integral and in which y(t) is the Hilbert
transform of the function x(t). The analytic signal is defined as

z(t) = x(t) + iy(t) = a(t)eiθ(t), (2.2)

where

a(t) =
√

x2 + y2, φ(t) = arctan
(y

x

)
, (2.3)
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where a(t) is the instantaneous amplitude, and φ is the instantaneous phase function. The
instantaneous frequency is

ω =
dφ

dt
. (2.4)

The purpose is to separate function x(t) into a set of nearly monocomponent signals
called IMFs. An IMF is a single frequency component within the length of the signal. The way
of extracting instantaneous frequencies is called EMD [7].

2.1. Empirical Mode Decomposition

Physically speaking, the necessary conditions to define a meaningful instantaneous frequency
are that the signal must be symmetric concerning the local zero mean, and have the same
numbers of zero crossings and extrema. This means that, in an IMF function, the number of
extrema and the number of zero crossings must be either equal or different at most by one in
the whole data set, and the mean value of the envelope defined by the local maxima and the
envelope defined by the local minima is zero at every point. All these conditions are so strict
that the determined IMF may not satisfy them precisely. Consequently, the resultant IMF is
nearly a monocomponent function.

The EMD is developed based on the assumption that any signal consists of a set of
different IMFs. The procedures to decompose signal x(t) can be enumerated as following
steps.

(a) Find all the local maxima from x(t) and connect them with the cubic spline to form
the upper envelope denoted by xup(t).

(b) Find all the local minima from x(t) and connect them with the cubic spline to form
the lower envelope denoted by xlow(t).

(c) Let the mean m1(t) = [xup(t) + xlow(t)]/2.

(d) Subtract the difference h1(t) between the signal x(t) and the mean m1(t) : h1(t) =
x(t) −m1(t).

(e) Ideally, the difference h1(t) should be an IMF. Repeat step (d) as a sifting process
by treating h1(t) as the signal: h11(t) = h1(t) −m11(t).

(f) Repeat the sifting process k times until h1k(t) becomes a true IMF as

h1k(t) = h1(k−1)(t) −m1(k−1)(t), (2.5)

and it is designated as: c1(t) = h1k(t).

(g) The criterion suggested by Huang for stopping the sifting process is

SD =
N∑

t=0

[∣
∣h1(k−1)(t) − h1k(t)

∣
∣2

h2
1(k−1)(t)

]

, (2.6)

and the SD value is regularly 0.2∼0.3.
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(h) Remove c1(t) from the rest of the signal by r1(t) = x(t) − c1(t) and treat r1(t) as a
new signal and repeating step (a) to (f) as described above. Thus, we can obtain a
series of IMFs ci (i = 1, 2, ..., n) and the final residue rn(t).

Summing up all the IMFs and the final residue, we should be able to reconstruct the
original signal x(t) by [7]

x(t) =
n∑

i=1

ci(t) + rn(t). (2.7)

Then, the HT of ci(t) yields

x(t) = Re

(
n∑

i=1

ai(t)ejφi(t)
)

+ rn(t) = Re

(
n∑

i=1

ai(t)ej
∫
ωi(t)dt

)

+ rn(t). (2.8)

In the polar coordinates system, x(t) is expressed by

x(t) = Re

(
n∑

i=1

ai(t) exp
[

j

∫

ωi(t)dt
])

+ rn(t). (2.9)

Practically, the residue rn(t) can be ignored.
Let ai(ω, t) be the combination of the amplitude ai(t) and the instantaneous frequency

ωi(t) of the ith IMF. The HHT of x(t) is given by

HHT(ω, t) =
n∑

i=1

ai(ω, t). (2.10)

3. Hilbert Spectrum via MODWPT

Assume that we sample a continuous-time signal at intervals Δt = 1 to a sequence of the
observation X = [X0, X1, . . . , XN−1] and N is a power of 2. For the class of discrete compactly
supported Daubechies wavelets, we denote the scaling (low-pass) filter by {gl : l = 0, . . . , L −
1} and the wavelet (high-pass) filter by {hl : l = 0, . . . , L − 1}. These even-length filters satisfy

L−1∑

l=0

g2
l = 1,

L−1∑

l=0

glgl+2n =
∞∑

l=−∞
glgl+2n = 0 (3.1)

for all nonzero integers n, and are related by being quadrature mirror filters:

hl = (−1)lgL−l−1 or gl = (−1)l+1hL−l−1 for l = 0, . . . , L − 1. (3.2)
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For t = 0, . . . ,N − 1, the jth level wavelet and scaling coefficients are given by

Vj,t =
l−1∑

l=0

glVj−1,(2t+1−l) mod Nj−1
(
t = 0, . . . ,Nj − 1

)
,

Wj,t =
l−1∑

l=0

hlVj−1,(2t+1−l) mod Nj−1
(
t = 0, . . . ,Nj − 1

)
,

(3.3)

where mod means modulus after division.
The maximal overlap discrete wavelet transform (MODWT) can be considered as a

revised version of the DWT [21]. As previously mentioned, the DWT of level j restricts the
sample size to a power of 2. However, the MODWT of level j is well defined for any sample
size. To conserve energy, we define

g̃l =
gl√

2
, h̃l =

hl√
2
. (3.4)

Thus, (3.1) becomes

L−1∑

l=0

g̃2
l =

1
2
,

L−1∑

l=0

g̃lg̃l+2n =
∞∑

l=−∞
g̃lg̃l+2n = 0 (3.5)

and the quadrature mirror filters are defined likewise

h̃l = (−1)lg̃L−l−1 or g̃l = (−1)l+1h̃L−l−1 for l = 0, . . . , L − 1. (3.6)

The MODWT creates new filters at each stage by inserting 2j−1 − 1 zeros between
the elements of {g̃l} and {h̃l} to avoid downsampling. The MODWT pyramid algorithm
generates the MODWT wavelet coefficients {W (M)

j,t } and the scaling coefficients {V (M)
j,t },

respectively by

Vj,t =
l−1∑

l=0

g̃lVj−1,(t−2j−1l) mod N

(
t = 0, . . . ,Nj − 1

)
,

Wj,t =
l−1∑

l=0

h̃lVj−1,(t−2j−1l) mod N

(
t = 0, . . . ,Nj − 1

)
.

(3.7)
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The coefficients at level j and frequency-index n can be expressed as Wj,n = {Wj,n,t,
t = 0, . . . ,N − 1}, and then we produce {Wj,n,t} using

Wj,n,t =
l−1∑

l=0

f̃n,lWj−1,[n/2],(t−2j−1l) mod N

(
t = 0, . . . ,Nj − 1

)
, (3.8)

when n mod 4 = 0 or 3, f̃n,l = g̃l; when n mod 4 = 1 or 2, f̃n,l = h̃l.
For any signal, the analytic form can be represented as

s(t) =Wj,n(t) + jH
[
Wj,n(t)

]
. (3.9)

Then the instantaneous amplitude is denoted by

aj,n(t) =
√

W2
j,n(t) +H

2
[
Wj,n(t)

]
, (3.10)

and the instantaneous phase function is

φj,n(t) = tg−1H
[
Wj,n(t)

]

Wj,n(t)
. (3.11)

Accordingly, the instantaneous frequency is

fj,n(t) =
1

2π
φ′j,n(t). (3.12)

4. Nonlinear System

Generally speaking, the instantaneous frequency changes within one oscillation cycle for
nonlinear systems, and can be used to describe intrawave frequency modulation. To discuss
the characteristics of data from a nonlinear system by EMD + HT and MODWPT, we will take
several typical examples to aid the discussions.

4.1. Duffing System

The Duffing oscillator under harmonic excitation described by a second-order differential
equation is one of the well-known nonlinear examples

d2x

dt2
+ x + εx3 = γ cosωt, (4.1)
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Figure 1: (a) Numerical solution of the Duffing equation (200s). (b) Power spectral density estimate.

where ε, γ = constants, and ω = harmonic forcing frequency. If we rewrite the equation in the
following form

d2x

dt2
+
(

1 + εx2
)
x = γ cosωt, (4.2)

the term in parenthesis could be interpreted as nonlinearity in the stiffness of the oscillator,
which will lead to a frequency that is ever changing with amplitude from location to location,
and time to time, even within a single period.

Embodied by a Duffing oscillator with ε = −1 and γ = 0.1, the system is allowed to
freely vibrate and with the initial conditions of x(0) = 1 and ẋ(0) = 1, as shown in Figure 1.

After subjected to the EMD, the numerical result yields the IMF components and
the corresponding Fourier spectrum of each IMFs as shown in Figure 2, where the first
IMF, indicating a concentration of energy near 0.12 Hz, represents the intrinsic frequency
of the system. The second IMF, identifying a weak concentration of energy around 0.04 Hz,
represents the forcing function, and a low-frequency component, with low energy at 0.017 Hz,
represents the very low-intensity subharmonics. Figure 3 illustrates the TF outcome of the
Duffing equation using EMD and MODWPT. Apparently, the HHT result reveals the intrinsic
frequency clearly, which shows strong introwave frequency modulation, presented as a
variable frequency oscillation between 0.06∼0.18 Hz. The forcing function is also perfect
shown at 0.04 Hz. The low frequency and low amplitude at 0.02 Hz are unexpected but
explicable, for they represent the slow aperiodic wobbling of the phase. The Hilbert marginal
spectrum of HHT shows the intrawave frequency modulation from 0.06 to 0.18 Hz and the
forcing function near 0.04 Hz likewise. Compared to the HHT, while the TF spectrum of
MODWPT indicates the frequency oscillation near 0.1 Hz, the forcing function at 0.04 Hz is
not displayed, just similar to the Hilbert marginal spectrum on right.
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Figure 2: The IMF components of the Duffing equation from EMD in (a) and the corresponding power
spectrum in (b).

4.2. Duffing System

The Lorenz system has also been widely studied and is described by

ẋ = −σ(x − y), ẏ = x(r − z) − y, ż = −bz + xy, (4.3)

where σ, r, and b = positive constants, assumed to be 10, 20, and 3, with initial position of
(10, 0, 0). The numerical result is shown in Figure 4. The IMFs are displayed in Figure 5 with
the corresponding Fourier spectrum on right. The comparisons of TF resolutions using HHT
and MODWPT are provided in Figure 6. The sharp peak that appears at 1.4 Hz in the Fourier
spectrum represents the main oscillating frequency.

In the diagram of HHT, the transient nature of both components is perfectly located,
with the main component being intrawave modulated and a fairly clear indication of the
nonlinear effect of the oscillation. Comparatively speaking, the result of MODWPT is not
so satisfactory. Only some blurry frequency components can be recognized near 1.4 Hz. The
oscillation of the frequency, supposed to be demonstrating the nonlinearity, is not represented
here in the spectrum of the MODWPT.
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equation separately; the corresponding Hilbert Marginal spectrum results of EMD and MODWPT are on
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Figure 4: The numerical solution of the Lorenz equation (a) and the Fourier spectrum of the given x-
component (b).

4.3. Duffing System

Another example investigated here is the Rössler System denoted as

ẋ = −(y + z
)
, ẏ = x +

1
5
y, ż =

1
5
+ z

(
x + μ

)
, (4.4)
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Figure 5: The IMF components of the Lorenz equation from EMD in (a) and the corresponding power
spectrum in (b).

5 10 15 20 25 30
0

1

2

3
HHT

f
(H

z)

t (s)

(a)

5 10 15 20 25 30
0

1

2

3
MODWPT

f
(H

z)

t (s)

(b)

Figure 6: The HHT spectrum (a) and the MODWPT spectrum at level 3 (b) for the Lorenz equation
solution.



12 Mathematical Problems in Engineering

0 50 100 150
−10

0

10

t (s)

Rossler oscillator

X
(a)

0 0.1 0.2 0.3 0.4 0.5
0

100

200

f (Hz)

Power spectrum

|X
|(

d
B
)

(b)

Figure 7: The waveform of the x-component in diagram (a) and The Fourier spectrum of x (b).
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Figure 8: Comparison of the TF distribution of Rossler equation using HHT and MODWPT (level 3) on
left and the corresponding marginal spectrum on right.

where μ is a constant parameter which stands for the famous period-doubling event and
we let it be μ = 3.5. Also we assume the initial condition to be (−4,4,0). Wave form of the
x-component is displayed in Figure 7.

The result of the Fourier spectrum of x-component shows many harmonics at 0.27 Hz,
0.35 Hz, and 0.42 Hz, separately 3 times, 5 times, and 7 times of 0.07 Hz. The HHT spectrum
and the MODWPT distribution are given in Figure 8 on the left column. The corresponding
Hilbert marginal spectrum of each method is on the right column. The marginal spectrum
gives a low-frequency peak and a broad bimodal distribution near the main peak frequency,
which indicates a typical distribution of a periodic variable. None of the peaks in the marginal
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spectrum agree with the main peak in the Fourier spectrum in Figure 7. Comparatively, the
peak near 0.07 Hz in marginal spectrum of HHT does not appear in the marginal spectrum
of MODWPT. Similarly, the high bimodal frequency distribution around 0.18 Hz generated
by the intrawave frequency modulation in marginal spectrum of MODWPT agrees with
these in marginal spectrum of HHT, which indicates the two time scales involved in the
period doubling. As these results showed, the EMD decomposed the data into two nonlinear
components more successfully than the MODWPT.

5. Future Work

This paper focuses on the performance of nonlinear processes using the HHT and the
MODWPT with the aim of bringing a better choice of time-frequency decomposition in
nonlinear data analysis. Compared with the HHT, the MODWPT shows some weakness in
nonlinear data analysis and the study of identifying the computational burden required by
these two methods is still at the exploratory stage.

6. Conclusion

HHT, which decomposes data through EMD, offers a potentially viable method for nonlinear
and nonstationary data analysis. Verified by three typical nonlinear systems, the HHT can
not only perform and locate main frequency components but also force function frequency
details. Furthermore, the intrawave modulation, which is the important characteristic of
nonlinear system, can as well be obtained in the distribution of HHT. Compared with the
MODWPT that decomposes data into a number of components alike, the EMD gives results
much sharper and more supportable to nonlinear system identification.
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Discrete Cosine transform (DCT) and inverse DCT (IDCT) have been widely used in many
image processing systems and real-time computation of nonlinear time series. In this paper, a
novel lineararray of DCT and IDCT is derived from the data flow of subband decompositions
representing the factorized coefficient matrices in the matrix formulation of the recursive
algorithm. For increasing the throughput as well as decreasing the hardware cost, the input and
output data are reordered. The proposed 8-point DCT/IDCT processor with four multipliers,
simple adders, and less registers and ROM storing the immediate results and coefficients,
respectively, has been implemented on FPGA (field programmable gate array) and SoC (system
on chip). The linear-array DCT/IDCT processor with the computation complexity O(5N/8) and
hardware complexity O(5N/8) is fully pipelined and scalable for variable-length DCT/IDCT
computations.

1. Introduction

With rapid growth of modern communication applications and computer technologies,
image compression and real-time computation of nonlinear time series continues to be
in great demand. Discrete Cosine transform (DCT) is one of the major operations in
various image/video compression standards [1] and nonlinear time series applications
[2–8]. Though fast Fourier transform (FFT) can be used to implement DCT, it requires
complex-valued computations; and moreover, N-point DCT by FFT contains O(log 2N + 1)
stages. The conventional DCT architectures using distributed arithmetic involve complex
hardware with a great number of registers [9–19]. Other commonly used DCT architectures
with matrix formulation and distributed memory [20–27] are however not suited for VLSI
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implementation because the hardware complex is proportional to the length of DCT, which
leads to the scalability problem of variable-length DCT computations. In this paper, we
propose the novel linear-array architecture for scalable DCT/IDCT implementation.

The remainder of this paper proceeds as follows. In Section 2, we propose the fast
DCT/IDCT computation based on subband decomposition algorithm. In Section 3, the
reconfigurable FPGA-based and programmable SoC implementations with low hardware
cost are proposed for the fast DCT/IDCT computation. The performance comparison with
conclusions can be found in Section 4.

2. Proposed Fast DCT/IDCT Computation

For an N-point signal, x[n], the discrete cosine transform (DCT) [28] is defined as

C[k] = α[k]
N−1∑

n=0

x[n] cos
[
(2n + 1)kπ

2N

]

, (2.1)

where k = 0, . . . ,N − 1, α[0] = 1/
√
N, and α[k] =

√
2/N for k > 0. Let xL[n] and xH[n]

denote the low-frequency and high-frequency subband signals of x[n], respectively, which
are defined as

xL[n] =
1
2
{x[2n] + x[2n + 1]},

xH[n] =
1
2
{x[2n] − x[2n + 1]},

(2.2)

where n = 0, 1, 2, . . . , (N/2)−1. The original signal x[n] can be obtained from xL[n] and xH[n]
as follows:

x[2n] = xL[n] + xH[n],

x[2n + 1] = xL[n] − xH[n].
(2.3)

As one can see, the DCT of x[n] can be rewritten as

C[k] =
(N/2)−1∑

n=0

α[k]x[2n] cos
(
(4n + 1)kπ

2N

)

+
(N/2)−1∑

n=0

α[k]x[2n + 1] cos
(
(4n + 3)kπ

2N

)

= 2 cos
(
πk

2N

)(N/2)−1∑

n=0

α[k]xL[n] cos
(
(2n + 1)kπ

N

)

︸ ︷︷ ︸
CL[k]

+ 2 sin
(
πk

2N

)(N/2)−1∑

n=0

α[k]xH[n] sin
(
(2n + 1)kπ

N

)

︸ ︷︷ ︸
SH[k]

,

(2.4)
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where CL[k] and SH[k] are the subband DCT and DST (discrete sine transform) of x[n],
respectively.

2.1. Fast DCT Computation Based on
Subband Decomposition Algorithm

Without loss of generality, the 8-point fast DCT based on subband decomposition algorithm is
proposed for the widely used JPEG and MPEG-1/2 standards, which can be easily extended
to variable-length DCT computations. The vector form of 8-point DCT can be written as

C8 =
[
TSB DCT,8 TSB DST,8

]

8×8 ·
[

xL

xH

]

8×1

, (2.5)

where C8 = [C[0] · · ·C[7]]T , xL = [xL[0] · · ·xL[3]]T , xH = [xH[0] · · ·xH[3]]T , and TSB DCT,8

and TSB DST,8 denote the 8×4 matrices of subband DCT and subband DST, respectively, which
can form orthonormal bases for the two orthogonal subspaces of R8. Notice that, due to the
orthogonality between TSB DCT,8 and TSB DST,8, xL[n] and xH[n] can be obtained from C[k]
as follows:

xL[n] =
N−1∑

n=0

α[k] cos
(
πk

2N

)

C[k] cos
(
(2n + 1)kπ

N

)

,

xH[n] =
N−1∑

n=0

α[k] sin
(
πk

2N

)

C[k] sin
(
(2n + 1)kπ

N

)

,

(2.6)

where n = 0, 1, 2, . . . ,N/2 − 1, and N = 8.
The proposed fast DCT algorithm is a subband decomposition-based multistage

algorithm. Specifically, let

xLL[n] =
1
2
{xL[2n] + xL[2n + 1]},

xLH[n] =
1
2
{xL[2n] − xL[2n + 1]},

xHL[n] =
1
2
{xH[2n] + xH[2n + 1]},

xHH[n] =
1
2
{xH[2n] − xH[2n + 1]},

(2.7)
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M8 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0.5 0.5 0 0 0 0 0 0
0 0 0.5 0.5 0 0 0 0
0 0 0 0 0.5 0.5 0 0
0 0 0 0 0 0 0.5 0.5

0.5 −0.5 0 0 0 0 0 0
0 0 0.5 −0.5 0 0 0 0
0 0 0 0 0.5 −0.5 0 0
0 0 0 0 0 0 0.5 −0.5

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

M4 =

⎡

⎢
⎢
⎣

0.5 0.5 0 0
0 0 0.5 0.5

0.5 −0.5 0 0
0 0 0.5 −0.5

⎤

⎥
⎥
⎦

M2 =
[

0.5 0.5
0.5 −0.5

]

CLLL2,

CLL2,

CLLH2,

CLHL2,

CLH2,

CLHH2,

+

+

SB DCT

SB DST

SB DCT

SB DST

xLLL,1

xLLH,1

xLHL,1

xLHH,1

M2

M2

xLL,2

xLH,2

M4

M4

xL,4

xH,4

M8x8

Figure 1: Data flow of computing the 2-point subband DCT: CLL,2 and subband DST: CLH,2 (for the 8-point
DCT of the input signal: x8) based on subband decomposition.

where n = 0, 1. And let

xLLL[n] =
1
2
{xLL[2n] + xLL[2n + 1]},

xLLH[n] =
1
2
{xLL[2n] − xLL[2n + 1]},

xLHL[n] =
1
2
{xLH[2n] + xLH[2n + 1]},

xLHH[n] =
1
2
{xLH[2n] − xLH[2n + 1]},

xHLL[n] =
1
2
{xHL[2n] + xHL[2n + 1]},

xHLH[n] =
1
2
{xHL[2n] − xHL[2n + 1]},

xHHL[n] =
1
2
{xHH[2n] + xHH[2n + 1]},

xHHH[n] =
1
2
{xHH[2n] − xHH[2n + 1]},

(2.8)

where n = 0. Based on subband decompositions using (2.2), (2.7), and (2.8), data flow of
computing the 2-point subband DCT: CLL,2 and subband DST: CLH,2 for the 8-point DCT is
shown in Figure 1. As one can see, data flow of computing CHL,2 and CHH,2 can be obtained
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in a similar way, and therefore is not shown in Figure 1. All of the 2-point subband DCTs and
DSTs are given by

CLL,2 =
[
TSB DCT,2 TSB DST,2

]

2×2 ·
[

xLLL

xLLH

]

2×1

= TSB DCT,2 · xLLL
︸ ︷︷ ︸

ĈLLL,2

+ TSB DST,2 · xLLH
︸ ︷︷ ︸

ŜLLH,2

,

CLH,2 =
[
TSB DCT,2 TSB DST,2

]

2×2 ·
[

xLHL

xLHH

]

2×1

= TSB DCT,2 · xLHL
︸ ︷︷ ︸

ĈLHL,2

+ TSB DST,2 · xLHH
︸ ︷︷ ︸

ŜLHH,2

,

CHL,2 =
[
TSB DCT,2 TSB DST,2

]

2×2 ·
[

xHLL

xHLH

]

2×1

= TSB DCT,2 · xHLL
︸ ︷︷ ︸

ĈHLL,2

+ TSB DST,2 · xHLH
︸ ︷︷ ︸

ŜHLH,2

,

CHH,2 =
[
TSB DCT,2 TSB DST,2

]

2×2 ·
[

xHHL

xHHH

]

2×1

= TSB DCT,2 · xHHL
︸ ︷︷ ︸

ĈHHL,2

+ TSB DST,2 · xHHH
︸ ︷︷ ︸

ŜHHH,2

.

(2.9)

Thus, we have

⎡

⎢
⎢
⎢
⎢
⎢
⎣

CLL,2

CLH,2

CHL,2

CHH,2

⎤

⎥
⎥
⎥
⎥
⎥
⎦

= R8 · x8, (2.10)

where x8 = [x[0] · · ·x[7]]T is the original signal, and

R8 =
√

2
8
·

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1 1 1 1 1

1 1 1 1 −1 −1 −1 −1

1 1 −1 −1 1 1 −1 −1

1 1 −1 −1 −1 −1 1 1

1 −1 1 −1 1 −1 1 −1

1 −1 1 −1 −1 1 −1 1

1 −1 −1 1 1 −1 −1 1

1 −1 −1 1 −1 1 1 −1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (2.11)
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ĈLL,4

CLL,2

CLLL,2

CLLH,2

+

4-points
SB DCT

2-points
SB DCT

2-points
SB DST

xLLL,1

xLLH,1

M2
xLL,2

2-points DCT

Figure 2: Data flow of computing ĈLL,4 and CLL,2 based on subband decomposition.

Similarly, we have the following:

CL,4 =
[
TSB DCT,4 TSB DST,4

]

4×4 ·
[

xLL,2

xLH,2

]

4×1

= TSB DCT,4 · xLL,2
︸ ︷︷ ︸

ĈLL,4

+ TSB DST,4 · xLH,2
︸ ︷︷ ︸

ŜLH,4

,

CH,4 =
[
TSB DCT,4 TSB DST,4

]

4×4 ·
[

xHL,2

xHH,2

]

4×1

= TSB DCT,4 · xHL,2
︸ ︷︷ ︸

ĈHL,4

+ TSB DST,4 · xHH,2
︸ ︷︷ ︸

ŜHH,4

.

(2.12)

Figure 2 depicts the relationship between ĈLL,4 and CLL,2, which can be obtained by the
following:

ĈLL,4 = TSB DCT,4 · xLL,2, (2.13)

CLL,2 = T2 · xLL,2, (2.14)

where T2 is the 2 × 2 transform matrix of the conventional 2-point DCT. Hence, (2.13) can be
rewritten as

ĈLL,4 = TSB DCT,4 · T−1
2 · CLL,2 =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

1.4142 0

0 1.3066

0 0

0 −0.5412

⎤

⎥
⎥
⎥
⎥
⎥
⎦

· CLL,2. (2.15)

The relationship between ŜLH,4 and CLH,2 shown in Figure 3 is based on the following:

ŜLH,4 = TSB DST,4 · xLH,2,
CLH,2 = T2 · xLH,2.

(2.16)
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Thus, we have

ŜLH,4 = TSB DST,4 · T−1
2 · CLH,2 =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

0 0

0.5412 0

0 1.4142

1.3066 0

⎤

⎥
⎥
⎥
⎥
⎥
⎦

· CLH,2. (2.17)

Similarly, based on (2.5) and the following equations:

CL,4 = T4 · xL,4,
CH,4 = T4 · xH,4,

(2.18)

where T4 is the 4 × 4 transform matrix of the conventional 4-point DCTs, we have

ĈL,8 = TSB DCT,8 · xL,4
= TSB DCT,8 · T−1

4 · CL,4

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1.412 0 0 0

0 1.3870 0 0

0 0 1.3066 0

0 0 0 1.1759

0 0 0 0

0 0 0 −0.7857

0 0 −0.5412 0

0 −0.2759 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

· CL,4,

(2.19)

ĈH,8 = TSB DST,8 · xH,4
= TSB DST,8 · T−1

4 · CH,4

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0

0.2549 0 −0.1056 0

0 0.5 0 −0.2071

0.3007 0 0.7259 0

0 0.5412 0 1.3066

0.4500 0 1.0864 0

0 1.2071 0 −0.5

1.2815 0 −0.5308 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

· CH,4.

(2.20)
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Figure 4 depicts data flow of computing CL,4 and CH,4 using 4-point subband DCT and DST.
Figure 5 depicts data flow of computing ĈL,8 and CL,4 based on subband decomposition. Data
flow of computing ŜH,8 and CH,4 based on subband decomposition is shown in Figure 6. Data
flow of computing C8 using 8-point subband DCT and DST is shown in Figure 7. In other
words, C8 can be obtained by

C8 = ĈL,8 + ŜH,8. (2.21)

Base on (2.12), (2.15), (2.17), (2.19) and (2.20), we have

C8 = F8 ·
[
CT
LL,2 CT

LH,2 CT
HL,2 CT

HH,2

]T
, (2.22)

where

F8 =
[
K3 K4

]

8×8 ·
[[

K1 K2
]

4×4 0

0
[
K1 K2

]

4×4

]

8×8

, (2.23)

K1 =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

1.4142 0

0 1.3066

0 0

0 −0.5412

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, (2.24)

K2 =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

0 0

0.5412 0

0 1.4142

1.3066 0

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, (2.25)

K3 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1.412 0 0 0

0 1.3870 0 0

0 0 1.3066 0

0 0 0 1.1759

0 0 0 0

0 0 0 −0.7857

0 0 −0.5412 0

0 −0.2759 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (2.26)



Mathematical Problems in Engineering 9

K4 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 0

0.2549 0 −0.1056 0

0 0.5 0 −0.2071

0.3007 0 0.7259 0

0 0.5412 0 1.3066

0.4500 0 1.0864 0

0 1.2071 0 −0.5

1.2815 0 −0.5308 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (2.27)

According to (2.24)–(2.27), we have

F8 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2 0 0 0 0 0 0 0

0 1.8123 0.7507 0 0.3605 0 0 −0.1493

0 0 0 1.8478 0 0.7654 0 0

0 −0.6364 1.5364 0 0.4252 0 0 1.0266

0 0 0 0 0 0 2 0

0 0.4252 −1.0266 0 0.6364 0 0 1.5364

0 0 0 −0.7654 0 1.8478 0 0

0 −0.3605 −0.1493 0 1.8123 0 0 −0.7507

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (2.28)

Finally, the proposed 8-point DCT computation based on subband decomposition is as
follows:

C8 = F̂8 · R8 · x8, (2.29)

where

F̂8 = 2 ·

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0.9239 0.3827 0 0 0 0

0 0 −0.3827 0.9239 0 0 0 0

0 0 0 0 0.9062 0.3754 0.1802 −0.0746

0 0 0 0 −0.1802 −0.0746 0.9062 −0.3754

0 0 0 0 −0.3182 0.7682 0.2126 0.5133

0 0 0 0 0.2126 −0.5133 0.3182 0.7682

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (2.30)
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Figure 8 shows block diagram of the proposed DCT computation; one of the advantages is
that R8 is orthogonal, and all of the submatrices of F̂8 are orthonormal.

2.2. Fast IDCT Computation Based on Subband Decomposition Algorithm

According to (2.29), IDCT can be obtained by

x8 = R−1
8 · F̂−1

8 · C8, (2.31)

where

R−1
8 =

8√
2

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1 1 1 1 1

1 1 1 1 −1 −1 −1 −1

1 1 −1 −1 1 1 −1 −1

1 1 −1 −1 −1 −1 1 1

1 −1 1 −1 1 −1 1 −1

1 −1 1 −1 −1 1 −1 1

1 −1 −1 1 1 1 −1 −1

1 −1 −1 1 −1 1 1 −1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

F̂−1
8 =

1
2
·

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0.9239 −0.3827 0 0 0 0

0 0 0.3827 0.9239 0 0 0 0

0 0 0 0 0.9062 −0.1802 −0.3182 0.2126

0 0 0 0 0.3754 0.3754 0.7682 −0.5133

0 0 0 0 0.1802 0.1802 0.2126 0.3182

0 0 0 0 −0.0746 −0.0746 0.5133 0.7682

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(2.32)

As R8 is orthogonal and all of the submatrices of F̂8 are orthonormal, the inverse of R8 and
F̂8 can be obtained easily. In addition, it takes only twenty multiplication operations for both
DCT and IDCT.

3. VLSI Implementation of an Efficient
Linear-Array DCT/IDCT Processor

Based on the proposed approach to fast DCT computation shown in Figure 8, an efficient
architecture for implementing the fast DCT/IDCT processor is thus presented in this section.
Recall that the DCT of a signal, x8, can be efficiently obtained by C8 = F̂8 ·R8 ·x8. Let y8 = R8 ·x8,
then we have C8 = F̂8 · y8. Figure 9 shows the matrix-vector multiplication of R8 · x8, in
which six CSA(3,2)s (carry-save-adder (3,2)) and one CSA (carry-save-adder) [29, 30] are
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ŜLH,4

CLH,2

CLHH,2

CLHL,2

+

4-points
SB DST

2-points
SB DCT

2-points
SB DST

xLHL,1

xLHH,1

M2
xLH,2

2-points DCT

Figure 3: Data flow of computing CLH,2 and ŜLH,4 based on subband decomposition.

ĈLL,4

ŜLH,4

ĈHL,4

ŜHH,4

CL,4

CH,4

+

+

4-point
SB DCT

4-point
SB DST

4-point
SB DCT

4-point
SB DST

xLL,2

xLH,2

xHL,2

xHH,2

M4

M4

xL,4

xH,4

M8

x8

Figure 4: Data flow of computing CL,4 and CH,4 using 4-point subband DCT and DST.

ĈL,8

CL,4

ĈLL,4

ŜLH,4

+

8-point
SB DCT

4-point
SB DCT

4-point
SB DST

xLL,2

xLH,2

M4
xL,4

4-point DCT

Figure 5: Data flow of computing ĈL,8 and CL,4 based on subband decomposition.
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ŜH,8

CH,4

ŜHH,4

ĈHL,4

+

8-point
SB DST

4-point
SB DCT

4-point
SB DST

xHL,2

xHH,2

M4
xH,4

4-point DCT

Figure 6: Data flow of computing ŜH,8 and CH,4 based on subband decomposition.

ŜH,8

C8

ĈL,8

+

8-point
SB DST

8-point
SB DCT

xL,4

xH,4

M8
x8

Figure 7: Data flow of computing C8 using 8-point subband DCT and DST.

⎡

⎢
⎢
⎣

CLL,2
CLH,2
CHL,2
CHH,2

⎤

⎥
⎥
⎦

R8 =
√

2
8

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1 1 1 1 1
1 1 1 1 −1 −1 −1 −1
1 1 −1 −1 1 1 −1 −1
1 1 −1 −1 −1 −1 1 1
1 −1 1 −1 1 −1 1 −1
1 −1 1 −1 −1 1 −1 1
1 −1 −1 1 1 −1 −1 1
1 −1 −1 1 −1 1 1 −1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

F̂8 = 2

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0.9239 0.3827 0 0 0 0
0 0 −0.3827 0.9239 0 0 0 0
0 0 0 0 0.9062 0.3754 0.1802 −0.0746
0 0 0 0 −0.1802 −0.0746 0.9062 −0.3754
0 0 0 0 −0.3182 0.7682 0.2126 0.5133
0 0 0 0 0.2126 −0.5133 0.3182 0.7682

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

x8
R8 F̂8

C8

Figure 8: Block diagram of the proposed (8-point) fast DCT algorithm based on subband decomposition.
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Sum

CSA

CSA (3,2)

CSA (3,2)

CSA (3,2) CSA (3,2)

CSA (3,2) CSA (3,2)

X7 X6 X5 X4 X3 X2 X1 X0

Figure 9: Fast adder (FA) for the matrix-vector multiplication of R8 ·x8. (Note: The width of buses is 32-bit.)

Z3 Y3 Z2 Y2 Z1 Y1 Z0 Y0

K3 K2 K1 K0

Multiplier Multiplier Multiplier Multiplier

Figure 10: Multiplier array (MA) consisted of four multipliers. (Note: The width of buses is 32-bit.)

utilized, and therefore four simple-addition time and one CSA computation time is required
to compute each element of y8. Figures 10 and 11 show the Multiplier array (MA) consisted
of four multipliers and the CSA array (CA) consisted of eight CSAs, respectively, which
are used to compute the matrix-vector computation of F̂8 · y8; thus, only one multiplication
time with one CSA computation time is needed to compute each element of C8, that is, the
DCT coefficient. Table 3 depicts data flow of the proposed fast DCT processor with pipelined
linear-array architecture [31]. As a result, only five multiplication cycles with five addition
cycles are needed to compute 8-point DCT. In general, for N-point DCT, the computation time
and hardware complexity of the proposed fast DCT processor are O(5N/8) and O(N/2),
respectively.
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CSA CSA CSA CSA CSA CSA CSA CSA

Latch Latch Latch Latch Latch Latch Latch Latch

A7 B7 A6 B6 A5 B5 A4 B4 A3 B3 A2 B2 A1 B1 A0 B0

S7 S6 S5 S4 S3 S2 S1 S0

Figure 11: CSA array (CA) consisted of eight CSAs. (Note: The width of buses is 32-bit.)

Sum

CSA

CSA (3,2)

CSA (3,2)

K3 K2 K1 K0

Figure 12: Full CSA(4,2) consisted of two CSA(3,2) and one CSA.

Table 4 shows data flow of the proposed fast IDCT algorithm [31], where C8 is the
DCT of an 8-point signal x8; z8 = F̂−1

8 · C8, and x8 = R−1
8 · z8. Figure 12 shows the so-called

full CSA(4,2) (FCSA(4,2)) consisted of two CSA(3,2) and one CSA for the computation of z8

[29, 30]. It is noted that the CSA array consisted of eight CSAs shown in Figure 11 can also be
used for the computation of x8. As shown in Table 4 , only five multiplication cycles with three
addition cycles are needed to compute 8-point IDCT. As one can see, the computation time
and hardware complexity of the proposed fast IDCT architecture are the same as that of the
proposed fast DCT architecture. In addition, only 16-word RAM/registers and 10-word ROM
are required to store the intermediate results and constants, respectively; and the latency time
is only 5-multiplication-cycle.

Figure 13 shows system block diagram of the proposed fast DCT/IDCT architecture.
The platform for architecture development and verification has been designed as well as
implemented in order to evaluate the development cost. Figure 14 depicts block diagram
of the platform, in which the 8051 microcontroller reads data from PC via DMA channel and
writes the result back to PC by USB 2.0 bus; the Xilinx XC2V6000 FPGA chip implements the
proposed DCT processor [32]. The architecture development and verification board shown
in Figure 15 are to verify and evaluate the proposed DCT/IDCT architecture. Moreover, the
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x[n]
(DCT) FA MA X XFCSA (4, 2) CA

C[n]
(DCT)
x[n]

(IDCT)

C[n]
(IDCT)

Figure 13: System block diagram of the proposed DCT/IDCT architecture (FA: fast-adder-array, MA:
Multiplier array, FCSA(4,2): full CSA(4,2), and CA: CSA- array).

The architecture development and verification board
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Figure 14: Block diagram of the architecture development and verification platform for the proposed
DCT/IDCT processor.

USB 2

8051
microcontroller

Xilinx
XC2V6000

FPGA

PCI bus

SRAM
extension socket

Figure 15: The architecture development and verification board.
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Figure 16: Cell-based design flow.

Figure 17: The layout view of the proposed 8-point DCT/IDCT processor with 32-bit operand.

reusable intellectual property (IP) DCT/IDCT core has also been implemented in Matlab for
functional simulations. The hardware code written in Verilog is running on a workstation
with the ModelSim simulation tool and Xilinx ISE smart compiler. In addition, the FPGA
platform shown in Figure 14 is to verify and evaluate the proposed DCT architecture. It is
noted that the throughput can be improved by using the proposed architecture while the
computation accuracy is the same as that obtained by using the conventional one with the
same word length.

The SoC is synthesized by the TSMC 0.18μm 1P6M CMOS cell libraries [33]. The
physical circuit is synthesized by the Astro tool. The circuit is evaluated by DRC, LVS,
and PVS [34]. Figure 16 shows the cell-based design flow. The layout view of the 8-point
DCT/IDCT processor with 32-bit operand is shown in Figure 17. The core areas are obtained
by the Synopsys design analyzer. The power consumptions are obtained by the PrimePower.
The reported core size of the implemented the proposed processor is 1520 × 1520μm2 and
the power dissipation is 102.2 mW at 1.8 V with clock rate of 1 GHz. Thus, the proposed
programmable DCT/IDCT architecture is able to improve the power consumption and
computation speed significantly. All the control signals are internally generated on-chip. The
proposed DCT/IDCT processor provides both high-throughput and low gate count.

The proposed reconfigurable DCT/IDCT processor used to compute 8/16/32/64-
point DCT/IDCT on FPGA are composed mainly of the 8-point DCT/IDCT core; the
computation complexity using a single 8-point DCT/IDCT core is O(5N/8) for extending
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Table 1: Comparisons between the proposed architecture and the conventional architectures.

8-point
DCT/IDCT

The conventional architectures
The conventional
pipelined
architectures

The proposed high-
efficient architecture

The single-processor
architectures [9–11]

The parallel
architectures with
single memory-bank
[15–19]

The pipelined
architectures with
single memory-bank
[1, 9–14]

This work(Sung,
Shieh and Hsin,
2010)

Processors 1 8 5 (CORDIC) —
Real
multipliers 2 16 0 4

Real adders 3 18 18 26
RAM
(Registers) 64 64 64 16

ROM 6 6 6 10
Hardware
complexity O(1) O(N − log2N + 1) O(N − log2N) O(N/2)

Computation
complexity O(N2) O(2N) O(N) O(5N/8)

Latency 64 16 8 5
Pipelinability no no yes yes
Scalability poor poor good better
Power
consumption poor poor good better

Table 2: Comparisons of the proposed architecture and other commonly used architectures.

8-point Lee et al.
[20]

Chang and
Wang [21]

Hsiao and
Shiue [22]

Hsiao and
Tseng [23] Hou [24] Sung

[1, 9–14] This work

DCT/IDCT DCT/IDCT DCT/IDCT DCT DCT/IDCT DCT/IDCT DCT/IDCT DCT/IDCT
Real
multipliers 28 64 — — — — 4

CORDIC
processors — — — — 3 5 —

Real adders 134 88 9 10 14 18 26
Complex
multipliers — — 3 3 — —

Delay
elements
(Words)

256 114 — 171 — — —

Memory
(Words) ∼384 ∼200 ∼370 — — 70 26

Hardware
complexity O(N logN) O(N2) O(logN) O(logN) O(logN) O(N −

logN) O(N/2)

Computation
complexity O(logN) O(N) O(N logN) O(N logN) O(N logN) O(N) O(5N/8)

Pipelinability no no no no yes yes yes
Scalability poor poor good good good good better
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Table 3: Data flow of the proposed fast DCT processor with pipelined linear-array architecture (Add.-cycle:
addition-cycle and Mul.-cycle: multiplication-cycle).

Processor FA MA CA

Add.-cycle 1 y[0] — C[0]

Add.-cycle 2 y[1] — C[1]

Add.-cycle 3 y[2] — —

Mul.-cycle 1 y[3] y[2] · 0.9239, y[2] · (−0.3827) —
y[3] · 0.3827, y[3] · (0.9239)

Add.-cycle 4 y[4] — C[2], C[3]

Mul.-cycle 2 y[5] y[4] · 0.9062, y[4] · (−0.1802), y[4] · (−0.3182), y[4] · 0.2126 —

Mul.-cycle 3 y[6] y[5] · 0.3754, y[5] · (−0.0746), y[5] · 0.7682, y[5] · 0.5133 —

Mul.-cycle 4 y[7] y[6] · 0.1802, y[6] · 0.9062, y[6] · 0.2126, y[6] · 0.3182 —

Mul.-cycle 5 — y[7] · (−0.0746), y[7] · (−0.3754), y[7] · 0.5133, y[7] · 0.7682 —

Add.-cycle 5 — C[4], C[5], C[6], C[7]

Table 4: Data flow of the proposed fast IDCT processor with pipelined linear-array architecture (Add.-
cycle: addition-cycle and Mul.-cycle: multiplication-cycle).

Processor MA FCSA(4,2) CA

Mul.-cycle 1 C[2] · 0.9239, C[3] · (−0.3827)
C[2] · 0.3827, C[3] · 0.92393

z[0], z[1] —

Mul.-cycle 2 C[4] · 0.9062, C[5] · (−0.1802), C[6] · (−0.3182),
C[7] · 0.2126

z[2], z[3] C 0 + C 1 = C 01

Mul.-cycle 3 C[4] · 0.3754, C[5] · 0.3754, C[6] · 0.7682,
C[7] · (−0.5133)

z[4] C 01 + C 2 = C 02

Mul.-cycle 4 C[4] · (−0.3182), C[5] · 0.7682, C[6] · 0.2126,
C[7] · 0.5144

z[5] C 02 + C 3 = C 03

Mul.-cycle 5 C[4] · 0.2126, C[5] · (−0.5133),
C[6] · 0.3182, C[7] · 0.7682

z[6] C 03 + C 4 = C 04

Add.-cycle 1 — z[7] C 04 + C 5 = C 05

Add.-cycle 2 — — C 05 + C 6 = C 06

Add.-cycle 3 — —
C 06 + C 7 = C 07

x[0], x[1], x[2], x[3],
x[4], x[5], x[6], x[7]

N-point DCT/IDCT computation. Note that the transform matrices used for the proposed
linear array with 8-point DCT core can be extended to a variety of different sizes. Thus, the
proposed architecture is highly scalable.
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The linear-array architecture with use of hardware resources has been proposed for
trade offs of performance, chip area and power consumption. As a result, it has the advantage
of balancing the need for power saving with computation speed.

4. Conclusion

By taking advantage of subband decomposition, a high-efficiency architecture with
pipelined structures is proposed for fast DCT/IDCT computation. Specifically, the proposed
DCT/IDCT architecture not only improves throughput by more than two times that of the
conventional architectures [9–11, 15–19], but also saves memory space significantly [1, 9–
22]. Table 1 shows comparisons between the proposed architecture and the conventional
architectures [1, 9–14] (with dual memory banks), and [15–19]. Table 2 shows comparisons
with other commonly used architectures [1, 12–14, 20–24]. For 8 × 8 DCT, the algorithm
proposed by Feig requires 54 multiplications and 462 additions [27]; the proposed method
requires 25 multiplications and 100 additions. Thus, the performance of this work is superior
to that of the Feig algorithm. In addition, the proposed fast DCT/IDCT architecture is highly
regular, scalable, and flexible. The DCT/IDCT processor designed by using the portable
and reusable Verilog is a reusable IP, which can be implemented in various processes;
combined with efficient use of hardware resources for tradeoffs of performance, area and
power consumption; and therefore is much suited to the JPEG and MPEG-1/2 applications.
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We propose a Gibbs sampling algorithm to detect additive outliers and patches of outliers in
bilinear time series models based on Bayesian view. We first derive the conditional posterior
distributions, and then use the results of first Gibbs run to start the second adaptive Gibbs
sampling. It is shown that our procedure could reduce possible effects on masking and swamping.
At last, some simulations are performed to demonstrate the efficacy of detection and estimation by
Monte Carlo methods.

1. Introduction

Dynamic systems or engineering time series observations [1] are often perturbed by some
interrupting phenomena which generate aberrant data. They may be due to some unusual
events, such as sudden disturbed factor, noise, and even recording errors. Such values are
usually referred to as outliers, which may be isolated or of patch. Because outliers and patches
in a time series can have adverse effects in data analysis, which maybe make the resultant
inference unreliable or even invalid, it is important to detect and remove such outlier’s effects.
Some authors have considered the detection problem in the linear and nonlinear models.
Abraham and Box [2] analyzed some outlier problems based on Bayesian methods in time
series. Tsay [3] considered time series model specification in the presence of outliers. Ljung
[4] presented outlier detection in time series. Justel et al. [5] studied detection of outlier
patches in autoregressive time series. Battaglia and Orfei [6] considered outlier detection and
estimation in nonlinear time series. Chen et al. [7] studied similar problem in ARMAX time
series models. P. Chen and Y. Chen [8] gave the identification of outliers in ARMAX models
via genetic algorithm.
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Based on some different prior distributions, a new Gibbs sampling algorithm is
proposed for identifying additive isolated outliers and patches of outliers in bilinear time
series. This paper considers detection of outliers and patches in bilinear time series models,
which are one of the fractal time series models [9]. Wang and Wei [10] analyzed the
probabilistic structure for a rather general class of bilinear models systematically. Wang
[11] considered parameter estimation and subset selection for separable lower triangular
bilinear models. In particular, Chen [12] proposed a procedure for detecting additive
outliers in bilinear time series, which also discusses some major problems encountered
in practice, such as how one can distinguish between ARMA model with outliers and a
bilinear model without outliers. Some special cases of bilinear models, such as diagonal
bilinear model, vector bilinear model and so on, have been studied by many authors
on not only probabilistic structure but also statistical inferences; for instance, Subba Rao
[13], Subba Rao and Gabr [14], Kim et al. [15], and Sesay and Subba Rao [16], among
others.

The format of the paper is as follows. Section 2 gives the outliers model of bilinear
series. Section 3 presents a method to detect outliers in bilinear model via standard Gibbs
sampling. In Section 4, we propose an adaptive Gibbs sampling method to detect patches of
outliers in bilinear model. Section 5 gives simulated examples and some conclusions.

2. Outliers Models of Bilinear Time Series

The time series {yt} is called a bilinear process, if it satisfies the model

yt =
p∑

i=1

φiyt−i + εt +
q∑

j=1

θjεt−j +
r∑

i=1

k∑

j=1

ηijyt−iεt−j , (2.1)

where εt ∼ IIDN(0, σ2), and φi, θj and ηij are unknown parameters. This model is called
a bilinear model with order (p, q, r, k). The bilinear time series models were introduced by
Granger and Anderson [17]. It is a generalization of the linear ARMA model by incorporating
the product term of time series yt−i and innovation εt−j . This bilinear model has attracted
much attention in the recent time series literature. In terms of potential applications, bilinear
models are known to be able to mode occasional outbursts in time series, which might be
useful for modeling seismological data such as records for explosions and earthquakes.

When additive outliers (AO) are present, yt is disturbed and unobservable. In this
case, it is assumed that the observed series {zt} follows

zt = yt + βtδt, (2.2)

where δt’s are independent and identically distributed Bernoulli random variables with
P(δt = 1) = α, and βt’s are random variables from normal distribution. That means that
the observation zt may be AO with probability α; its magnitude is βt at time t.

For simplicity, let s = max{p, r} and assume that y1, . . . , ys are fixed and zt = yt for
t = 1, . . . , s, that is, there exist no outliers in the first s observations. The indicator vector of
outliers then becomes δ = (δs+1, δs+2, . . . , δn)

′ and the size vector is β = (βs+1, βs+2, . . . , βn)
′.

Assume that a vector of residuals ε̂ = (ε̂1, . . . , ε̂n−1)
′ of model (2.1) is available. And

let ε = (ε1, . . . , εn−1)
′, Θ = (φ1, . . . , φp, θ1, . . . , θq, η11, . . . , ηrk)

′, z = (z1, z2, . . . , zn)
′, and
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Φt−1 = (yt−1, . . . , yt−p, ε̂t−1, . . . , ε̂t−q, yt−1ε̂t−1, . . . , yt−r ε̂t−k)
′, where ε̂j denotes the estimation of εj

in model (2.1) without AO. Then the model (2.1) and (2.2) may be transformed as the follows

yt = Θ′Φt−1 + εt,

zt = yt + βtδt.
(2.3)

3. Outliers Detection via Standard Gibbs Sampling

In order to detect outliers in the bilinear model, it is essential to derive the conditional
posterior distributions of parameters Θ,β,δ, α, σ2, δj = 1, and βj .

For computational reason, we give the following conditions: (1) using conjugate
prior distribution for parameters Θ and σ2, which distributed as multidimensional uniform
distribution on [0, 1] region and inverted-Gamma distribution IG(ν/2, νλ/2), respectively.
(2) Assume that the outlier indicator δt and the outlier magnitude βt are independent and
distributed as Bernoulli(α) and N(0, τ2), respectively for all t. (3) The prior distribution
of the contamination parameter α is Beta(γ1, γ2), and (βt)

′s are i.i.d. for all t. (4) The
hyperparameters in our model are λ, ν, γ1, γ2, and τ2, all of which are assumed to be known.

Note that the prior probability of being contaminated by an outlier is the same for all
observations, namely, P(δt = 1) = α, for t = s + 1, . . . , n. Then, under these conditions and by
using the standard Bayesian method, we can obtain the following results.

Theorem 3.1. The conditional posterior distribution of Θ isN(Θ∗, V −1
∗ ), where

Θ∗ = V −1
∗

(∑n
t=s+1 Φt−1yt

σ2

)

, V∗ =

∑n
t=s+1 Φt−1Φ′t−1

σ2
. (3.1)

Proof. Under the conditions above, we have that

p
(
Θ | z,δ,β, α, σ2

)
∝ L

(
Θ, σ2,δ,β, α | z

)
p(Θ)

∝ exp

{

− 1
2σ2

n∑

t=s+1

(
yt −Θ′Φt−1

)2

}

∝ exp

{

− 1
2σ2

[

Θ′
n∑

t=s+1

Φt−1Φ′t−1Θ − 2Θ′
n∑

t=s+1

Φt−1yt +
n∑

t=s+1

y2
t

]}

∝ exp

{

−1
2

[

Θ′
n∑

t=s+1

Φt−1Φ′t−1

σ2
Θ − 2Θ′

∑n
t=s+1 Φt−1yt

σ2
+ Θ∗′

Φt−1Φ′t−1

σ2
Θ∗

]}

...

∝ exp
{

−1
2
(Θ −Θ∗)′V∗(Θ −Θ∗)

}

∼N
(
Θ∗, V −1

∗
)
.

(3.2)

This completes the proof of the theorem.
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Theorem 3.2. (1) The conditional posterior distribution of σ2 is IG((ν + (n − s))/2, (νλ + S
2)/2),

where S
2 =

∑n
t=s+1(yt −Θ′Φt−1)

2.
(2) The conditional distribution of α given the sample and the other parameters is Beta(γ1 +

k, γ2 + n − s − k), where k denotes the number of δj = 1, j = 1, . . . , n.
(3)When δj = 0, there is no new information about the posterior distribution of βj , namely, βj

distributed asN(0, τ2).When δj = 1, since zt contains information of βj , we have that

p
(
βj | z,δ, β(−j),Θ, σ2, α

)
∼N

(
β∗j , τ

∗
j

)
, (3.3)

where β(−j) is obtained β by eliminating the element βj , and β∗j = Aτ2/(Bτ2+σ2), τ∗j = σ2τ2/(Bτ2+

σ2), where A = −∑Tj
t=j at(1)ϕt−j and B =

∑Tj
t=j ϕ

2
t−j . The proof of this Theorem is very tedious and

similar to that in MuCulloch and Tsay [18]; we omit it here.

Theorem 3.3. For the conditional posterior distribution of δj = 1, we have

p
(
δj = 1 | z, δ(−j),β,Θ, σ2, α

)
=

[

1 +
1 − α
α

B10(j)
]−1

, (3.4)

where δ(−j) is obtained δ by eliminating the element δj , Tj = min{n, j + s}, and

B10
(
j
)
= exp

⎧
⎨

⎩

1
2σ2

⎡

⎣

Tj∑

t=j

a2
t (1) −

Tj∑

t=j

a2
t (0)

⎤

⎦

⎫
⎬

⎭
; (3.5)

here at(1) = (yt − Θ′Φt−1)δj=1, at(0) = (yt − Θ′Φt−1)δj=0, and at(0) = at(1) + ϕt−jβj . When s = 0,
then ϕi = 0 for all i; when s > 0, we have that

ϕi =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−1, i = 0,

φi, i = 1, . . . , s,

0, i ≥ s + 1.

(3.6)
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Proof. The conditional posterior distribution of δj (j = s + 1, . . . , n) is Bernoulli with
probability

p
(
δj = 1 | z, δ(−j),β,Θ, σ2, α

)

=
αL

(
Θ, σ2, δj = 1,β, α | z)

αL
(
Θ, σ2, δj = 1,β, α | z) + (1 − α)L(Θ, σ2, δj = 0,β, α | z)

=
α exp

{
−(1/2σ2)∑Tj

t=j

(
yt −Θ′Φt−1

)2
}

δj=1

α exp
{
−(1/2σ2)

∑Tj
t=j

(
yt−Θ′Φt−1

)2
}

δj=1
+(1−α) exp

{
−(1/2σ2)

∑Tj
t=j

(
yt−Θ′ Φt−1

)2
}

δj=0

=
α

α + (1 − α) exp
{
(1/2σ2)

[∑Tj
t=j [at(1)]

2 −∑Tj
t=j [at(0)]

2
]}

=
[

1 +
1 − α
α

B10(j)
]−1

.

(3.7)

So the conclusion is obtained.

4. Detection of Outlier Patches via Adaptive Gibbs Sampling

Similar to Justel et al. [5], our procedure also consists of two Gibbs runs. In the first run, the
standard Gibbs sampling based on the results of Section 3 is carried out. The results of this
Gibbs run are then used to implement a second Gibbs sampling that is adaptive in treating
identified outliers and in using block interpolation to reduce possible masking and swamping

effects. Let Θ̂
(m)
, σ̂(m), β̂

(m)
, and α̂(m) be the posterior means of Θ, σ2, β, and α respectively

based on the m iterations of the first Gibbs run. First, we select an appropriate critical value
c1 to identify potential outliers. An observation zj is identified as an outlier if the posterior
probability p̂(m)

j > c1. Let {t1, . . . , tg} be the collection of time indexes of outliers identified by
the first Gibbs run. Second, let c2 (c2 ≤ c1) be another appropriate critical value to specify
the beginning and end points of a potential outlier patch. We select a window of length 2h
around the identified outlier to search for the boundary points of a possible outlier patch by a
forward-backward method. Exampling an identified outlier zti , for the h observations before
zti if their posterior probabilities p̂(m)

j > c2, then these points are regarded as possible outlier
patch associated with zti . We then select the farthest point from zti as the beginning point
of the outlier patch. Denote the point by zti−ki . Then we do the same for the h observations
after zti and select the farthest point from zti with p̂

(m)
j > c2 as the end point of the outlier

patch. Denote the end point by zti+vi . Combine the two blocks to form a possible outlier patch
associated with zti , which is denoted by (zti−ki , . . . , zti+vi). Consecutive or overlapping patches
should be merged to form a larger patch. Lastly, draw Gibbs samples jointly within a patch.
Suppose that a patch of d outliers starting at time index j is specified. Denote the vectors
of outlier indicators and magnitudes by δj,d = (δj , . . . , δj+d−1)

′ and βj,d = (βj , . . . , βj+d−1)
′,
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respectively, associated with the patch. We give the conditional posterior distributions of δj,d
and βj,d in the next proposition; its derivation is similar to Theorem 1 of Justel et al. [5].

Proposition 4.1. Let z = (z1, z2, . . . , zn) be a vector of observations according to (2.3), with no
outliers in the first s data points. Assume δj ∼ Bernoulli(α), j = s + 1, s + 2, . . . , n, and

p
(
Θ, σ2, α,β

)
∝

(
1
σ2

)ν/2+1

αγ1−1(1 − α)γ2−1 exp

{

− 1
2τ2

n∑

t=s+1

(
βt
)2 − υλ

2
1
σ2

}

, (4.1)

where the parameters γ1, γ2, υ, λ, and τ2 are known. Let et(0) = yt −
∑p

i=1 φiyt−i −
∑q

j=1 θj ε̂t−j −
∑r

i=1
∑k

j=1 ηijyt−iε̂t−j be the residual at time t when the series is adjusted for all identified outliers not
in the interval [j, j + d − 1] with the outliers identified in δj,d, Tj,d = min{n, j + d + s − 1}, and

et
(
δj,d

)
=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

et(0) +
t−j∑

i=0

πiδt−iβt−i, t = j, . . . , j + d − 1,

et(0) +
t−j∑

i=t−j−d+1

πiδt−iβt−i, t > j + d − 1,
(4.2)

where π0 = −1, πi = φi if i = 1, . . . , s, and πi = 0 if i ≥ s + 1. Then we have the following.

(a) The conditional posterior probability of a block configuration δj,d, given the sample and the
other parameters, is

p
(
δj,d | z, θδj,d

)
= Cαsj,d(1 − α)d−sj,d exp

⎧
⎨

⎩
− 1

2σ2

Tj,d∑

t=j

et
(
δj,d

)2

⎫
⎬

⎭
, (4.3)

where sj,d =
∑j+d−1

t=j δt, θδj,d denotes all the other parameters except δj,d, and C is a

normalization constant so that the total probability of the 2d possible configurations of δj,d
is one.

(b) The conditional posterior distribution of βj,d given the sample and other parameters is
Nd(β∗j,d,Ω

−1
j,d
), where

β∗j,d = − 1
σ2

Ω−1
j,d

Tj,d∑

t=j

et(0)Dj,dΠt−j ,

Ωj,d =
1
σ2
Dj,d

⎛

⎝
Tj,d∑

t=j

Πt−jΠ′t−j

⎞

⎠Dj,d +
1
τ2
I,

(4.4)

Dj,d = diag{δj , . . . , δj+d−1}, and Πt = (πt, . . . , πt−d+1)
′ with π0 = −1, πi = φi for i = 1, . . . , s, and

πi = 0 for i < 0 or i > s.
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For the second adaptive Gibbs sampling, we use the results of the first Gibbs run to
start the second Gibbs sampling and to specify prior distributions of the parameters. For each
outlier patch, we use the results of Proposition 4.1 to draw δj,d and βj,d in the second Gibbs
sampling, which is also run for m iterations.

The starting values of δt are as follows: δ(0)t = 1 if p̂(m)
t > c2, otherwise, δ(0)t = 0. Then

the prior distributions of βt are as follows.

(a) If zt is identified as an isolated outlier, then the prior distribution of βt isN(β̂(m)
t , τ2),

where β̂(m)
t is the Gibbs estimate of βt from the first Gibbs run.

(b) If zt belongs to an outlier patch, then the prior distribution of βt is N(β̃(m)
t , τ2),

where β̃(m)
t is the conditional posterior mean as follows:

β̃j,d =

⎛

⎝Dj,d

Tj,d∑

t=j

Πt−jΠ′t−jDj,d

⎞

⎠

−1⎛

⎝−
Tj,d∑

t=j

et(0)Dj,dΠt−j

⎞

⎠. (4.5)

(c) If zt does not belong to any outlier patch and is not an isolated outlier, then the
prior distribution of βt is N(0, τ2).

5. Simulated Example and Conclusions

Example 5.1. In the simulations, the designed bilinear model is BL(2,2,1,1) model:

yt = 0.5yt−1 + 0.3yt−2 + εt − 0.34εt−1 − 0.3εt−2 + 0.4yt−1εt−1,

zt = yt + 5δt,31 − 4δt,32 + 5δt,33 − 4δt,34 + 3δt,35 − 6δt,50,
(5.1)

where δt,k is Kronecker symbol: if t = k, then δt,k = 1, else δt,k = 0, and {εt} is standard normal
white noise.

We produce a set of observations of the bilinear model (5.1) by simulation. In order
to obtain stationary data, we produce 1000 observations of yt firstly; then we use the last 100
observations as our simulated sample, in which a patch of five consecutive additive outliers
has been introduced from t = 31 to t = 35, a single AO has been added at t = 50, and the outlier
magnitudes are β31 = 5, β32 = −4, β33 = 5, β34 = −4, β35 = 3, and β50 = −6, respectively.
Figure 1 shows the trend of simulated series {zt}. It is obvious that the curve of observations
had large volatility; it would be very difficult to distinguish between “outliers” and normal
points of nonlinear model.

Let γ1 = 5, γ2 = 95, ν = 3, λ = σ2/2, α = 0.5, τ = 2
√

5σ, and c1 = 0.5. Here γ1 = 5
means that we believe the prior probability of each point is an outlier approximate to 0.05.
First, we detect the outliers in {zt} using the standard Gibbs sampling. We can obtain the
posterior probabilities that each observation is an outlier by using the given methods in
Section 3, which are shown in Figure 2. It displayed that the posterior probabilities of being
outliers only at t = 31 and t = 50 were larger than 0.5. Meanwhile, the outlying posterior
probabilities of other observations were lower; the posterior probability of being an outlier at



8 Mathematical Problems in Engineering

−8

−6

−4

−2

0

2

4

0 10 20 30 40 50 60 70 80 90 100

Figure 1: The curve of the simulated observations {zt}
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Figure 2: The posterior probabilities that each point is an outlier via standard Gibbs sampling.

t = 35 was even smaller than 0.2. We see that the standard Gibbs sampling failed to detect the
inner and border points at t = 32, 33, 35, that resulted in the masking effect.

Second, in order to avoid the presence of masking and swamping problem, we use
the method given in Section 4, and take 900 iterations by the adaptive Gibbs algorithm.
Figure 3 gives the plot of the estimated posterior probability that each point is seen as an
outlier via adaptive Gibbs sampling in simulation, where the window width of search was 6.
It is obvious that the posterior probabilities of being an outlier obtained by adaptive Gibbs
algorithm for data points at t = 31, . . . , 35 and t = 50 are larger than 0.5, which meant that
these points were possible outliers. Meanwhile, the outlying posterior probabilities of other
observations are very small. Actually, if we select the critical values c1 = 0.5 and c2 = 0.15, then
we could identify the patch. On the other hand, many normal points like outliers in Figure 1
were not misspecified as outliers because the outlying posterior probabilities of these points
were smaller than 0.2, which shows that the adaptive Gibbs sampling was more effective than
the standard Gibbs sampling in mining the additive outlier patch for bilinear time series.
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Figure 3: The posterior probability that each point is an outlier via adaptive Gibbs algorithm.

Table 1: The simulated results of the model BL(2, 2, 1, 1) via adaptive Gibbs algorithm.

β31 β32 β33 β34 β35 β50

True value 5 −4 5 −4 3 −6
Posterior mean 4.7139 −3.6529 4.1193 −6.9487 4.7747 −2.6025
Standard deviation 0.6211 0.6555 0.6044 0.6374 0.6711 0.5813

Third, the posterior means of the sizes of these outliers are β̂31 = 4.6714, β̂32 = −3.4534,
β̂33 = 4.3176, β̂34 = −6.9497, β̂35 = 5.1142, and β̂50 = −2.2523, respectively.

Furthermore, we did 200 replications for the above simulation. Table 1 gives the
average values of the posterior means of β31, . . . , β35 and β50 and their standard deviations.
In these replications, the isolated outliers were identified by standard and adaptive Gibbs
sampling procedures. Through computing, we find that the standard Gibbs sampling failed
to detect all the outlier patches in 200 replications, but in 179 replications, the adaptive Gibbs
sampling successfully could specify all outliers and patches. On the other hand, we note that
the last three parameters are actually not estimated well by the adaptive Gibbs algorithm in
many replications. Investigating its reason, we think it may be the influence of nonlinearity
or the frontal outliers of patch. Such situation deserves careful investigation in the future.

Since the bilinear series will by itself produce what appears to be outliers, the
detection of the locations of outliers and patches is more difficult, and the estimation of the
magnitude of outliers and patches is more complex than autoregressive series. By a number
of simulations of detecting the outlier patches in bilinear model by adaptive Gibbs sampling,
we discovered that the critical value c2 should be selected smaller than that in ARMA model.
It may be that the variation of bilinear series is larger than that of ARMA series. On the other
hand, in the process of running, the Gibbs sampler was repeated several times with different
hyper-parameters and different numbers of iterations to reanalyze the data. The results show
that the locations of possible outliers and patch are stable, even though the estimated outlying
probabilities may vary slightly between the Gibbs samples. Some other case studies also
show that our procedure could reduce possible masking and swamping effects, which is an
improvement and extension on bilinear time series model over the existing outliers detection
methods.
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This paper studies a linear regression model, whose errors are functional coefficient autoregressive
processes. Firstly, the quasi-maximum likelihood (QML) estimators of some unknown parameters
are given. Secondly, under general conditions, the asymptotic properties (existence, consistency,
and asymptotic distributions) of the QML estimators are investigated. These results extend those
of Maller (2003), White (1959), Brockwell and Davis (1987), and so on. Lastly, the validity and
feasibility of the method are illuminated by a simulation example and a real example.

1. Introduction

Consider the following linear regression model:

yt = xTt β + εt, t = 1, 2, . . . , n, (1.1)

where yt’s are scalar response variables, xt’s are explanatory variables, β is a d-dimensional
unknown parameter, and the εt’s are functional coefficient autoregressive processes given as

ε1 = η1, εt = ft(θ)εt−1 + ηt, t = 2, 3, . . . , n, (1.2)

where ηt’s are independent and identically distributed random errors with zero mean and
finite variance σ2, θ is a one-dimensional unknown parameter and ft(θ) is a real valued
function defined on a compact set Θ which contains the true value θ0 as an inner point and is
a subset of R1. The values of θ0 and σ2 are unknown.
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Model (1.1) includes many special cases, such as an ordinary linear regression model
when ft(θ) ≡ 0; see [1–11]. In the sequel, we always assume that ft(θ)/= 0, for some θ ∈ Θ, is
a linear regression model with constant coefficient autoregressive processes (when ft(θ) =
θ, see Maller [12], Pere [13], and Fuller [14]), time-dependent and functional coefficient
autoregressive processes (when β = 0, see Kwoun and Yajima [15]), constant coefficient
autoregressive processes (when ft(θ) = θ and β = 0, see White [16, 17], Hamilton [18],
Brockwell and Davis [19], and Abadir and Lucas [20]), time-dependent or time-varying
autoregressive processes (when ft(θ) = at and β = 0, see Carsoule and Franses [21], Azrak
and Mélard [22], and Dahlhaus [23]), and so forth.

Regression analysis is one of the most mature and widely applied branches of
statistics. Linear regression analysis is one of the most widely used statistical techniques.
Its applications occur in almost every field, including engineering, economics, the physical
sciences, management, life and biological sciences, and the social sciences. Linear regression
model is the most important and popular model in the statistical literature, which attracts
many statisticians to estimate the coefficients of the regression model. For the ordinary
linear regression model (when the errors are independent and identically distributed random
variables), Bai and Guo [1], Chen [2], Anderson and Taylor [3], Drygas [4], González-
Rodrı́guez et al. [5], Hampel et al. [6], He [7], Cui [8], Durbin [9], Hoerl and Kennard [10], Li
and Yang [11], and Zhang et al. [24] used various estimation methods (Least squares estimate
method, robust estimation, biased estimation, and Bayes estimation) to obtain estimators of
the unknown parameters in (1.1) and discussed some large or small sample properties of
these estimators.

However, the independence assumption for the errors is not always appropriate in
applications, especially for sequentially collected economic and physical data, which often
exhibit evident dependence on the errors. Recently, linear regression with serially correlated
errors has attracted increasing attention from statisticians. One case of considerable interest is
that the errors are autoregressive processes and the asymptotic theory of this estimator was
developed by Hannan and Kavalieris [25]. Fox and Taqqu [26] established its asymptotic
normality in the case of long-memory stationary Gaussian observations errors. Giraitis
and Surgailis [27] extended this result to non-Gaussian linear sequences. The asymptotic
distribution of the maximum likelihood estimator was studied by Giraitis and Koul in
[28] and Koul in [29] when the errors are nonlinear instantaneous functions of a Gaussian
long-memory sequence. Koul and Surgailis [30] established the asymptotic normality of
the Whittle estimator in linear regression models with non-Gaussian long-memory moving
average errors. When the errors are Gaussian, or a function of Gaussian random variables that
are strictly stationary and long range dependent, Koul and Mukherjee [31] investigated the
linear model. Shiohama and Taniguchi [32] estimated the regression parameters in a linear
regression model with autoregressive process.

In addition to (constant or functional or random coefficient) autoregressive model, it
has gained much attention and has been applied to many fields, such as economics, physics,
geography, geology, biology, and agriculture. Fan and Yao [33], Berk [34], Hannan and
Kavalieris [35], Goldenshluger and Zeevi [36], Liebscher [37], An et al. [38], Elsebach [39],
Carsoule and Franses [21], Baran et al. [40], Distaso [41], and Harvill and Ray [42] used
various estimation methods (the least squares method, the Yule-Walker method, the method
of stochastic approximation, and robust estimation method) to obtain some estimators and
discussed their asymptotic properties, or investigated hypotheses testing.

This paper discusses the model (1.1)-(1.2) including stationary and explosive
processes. The organization of the paper is as follows. In Section 2 some estimators of β, θ,
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and σ2 are given by the quasi-maximum likelihood method. Under general conditions,
the existence and consistency the quasi-maximum likelihood estimators are investigated,
and asymptotic normality as well, in Section 3. Some preliminary lemmas are presented in
Section 4. The main proofs are presented in Section 5, with some examples in Section 6.

2. Estimation Method

Write the “true” model as

yt = xTt β0 + et, t = 1, 2, . . . , n, (2.1)

e1 = η1, et = ft(θ0)et−1 + ηt, t = 2, 3, . . . , n, (2.2)

where f ′t(θ0) = (dft(θ)/dθ)|θ=θ0 /= 0, and ηt’s are i.i.d errors with zero mean and finite variance
σ2

0 . Define
∏−1

i=0ft−i(θ0) = 1, and by (2.2) we have

et =
t−1∑

j=0

(
j−1∏

i=0

ft−i(θ0)

)

ηt−j . (2.3)

Thus et is measurable with respect to the σ-field H generated by η1, η2, . . . , ηt, and

Eet = 0, Var(et) = σ2
0

t−1∑

j=0

(
j−1∏

i=0

f2
t−i(θ0)

)

. (2.4)

Assume at first that the ηt’s are i.i.d. N(0, σ2). Using similar arguments to those of
Fuller [14] or Maller [12], we get the log-likelihood of y2, y3, . . . , yn conditional on y1:

Ψn

(
β, θ, σ2

)
= logLn = −1

2
(n − 1) logσ2 − 1

2σ2

n∑

t=2

(
εt − ft(θ)εt−1

)2 − 1
2
(n − 1) log(2π). (2.5)

At this stage we drop the normality assumption, but still maximize (2.5) to obtain QML
estimators, denoted by σ̂2

n, β̂n, θ̂n (when they exist):

∂Ψn

∂σ2
= −n − 1

2σ2
+

1
2σ4

n∑

t=2

(
εt − ft(θ)εt−1

)2
, (2.6)

∂Ψn

∂θ
=

1
σ2

n∑

t=2

f ′t(θ)
(
εt − ft(θ)εt−1

)
εt−1, (2.7)

∂Ψn

∂β
=

1
σ2

n∑

t=2

(
εt − ft(θ)εt−1

)(
xt − ft(θ)xt−1

)
. (2.8)
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Thus σ̂2
n, β̂n, θ̂n satisfy the following estimation equations:

σ̂2
n =

1
n − 1

n∑

t=2

(
ε̂t − ft

(
θ̂n
)
ε̂t−1

)2
, (2.9)

n∑

t=2

(
ε̂t − ft

(
θ̂n
)
ε̂t−1

)
f ′t
(
θ̂n
)
ε̂t−1 = 0, (2.10)

n∑

t=2

(
ε̂t − ft

(
θ̂n
)
ε̂t−1

)(
xt − ft

(
θ̂n
)
xt−1

)
= 0, (2.11)

where

ε̂t = yt − xTt β̂n. (2.12)

Remark 2.1. If ft(θ) = θ, then the above equations become the same as Maller’s [12].
Therefore, we extend the QML estimators of Maller [12].

To calculate the values of the QML estimators, we may use the grid search method,
steepest ascent method, Newton-Raphson method, and modified Newton-Raphson method.
In order to calculate in Section 6, we introduce the most popular modified Newton-Raphson
method proposed by Davidon-Fletcher-Powell (see Hamilton [18]).

Let (d + 2) × 1 vector
−→
θ
(m)

= (σ(m)2, β(m), θ(m)) denote an estimator of
−→
θ = (σ2, β, θ) that

has been calculated at the mth iteration, and let A(m) denote an estimation of [H(
−→
θ
(m)

)]−1.

The new estimator
−→
θ
(m+1)

is given by

−→
θ
(m+1)

=
−→
θ
(m)

+ sA(m)g

(−→
θ
(m)
)

(2.13)

for s the positive scalar that maximizes Ψn{
−→
θ
(m)

+ sA(m)g(
−→
θ
(m)

)}, where (d + 2) × 1 vector

g

(−→
θ
(m)
)

=
∂Ψn

(−→
θ
)

∂
−→
θ

|−→
θ=
−→
θ
(m) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

∂Ψn

∂σ2
|σ2=σ(m)2

∂Ψn

∂β
|β=β(m)

∂Ψn

∂θ
|θ=θ(m)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

(2.14)

and (d + 2) × (d + 2) symmetric matrix

H
(−→
θ
(m)
)

= −
∂2Ψn

(−→
θ
)

∂
−→
θ∂
−→
θ
T
|−→
θ=
−→
θ
(m) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∂2Ψn

∂(σ2)2

∂2Ψn

∂σ2∂β

∂2Ψn

∂σ2∂θ

∗ ∂2Ψn

∂β∂βT
∂2Ψn

∂β∂θ

∗ ∗ ∂2Ψn

∂θ2

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

|−→
θ=
−→
θ
(m) , (2.15)
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where

∂2Ψn

∂(σ2)2
=
n − 1
2σ4

− 1
σ6

n∑

t=2

(
εt − ft(θ)εt−1

)2
,

∂2Ψn

∂σ2∂β
= − 1

σ4

n∑

t=2

(
εt − ft(θ)εt−1

)(
xt − ft(θ)xt−1

)T
,

∂2Ψn

∂σ2∂θ
= − 1

σ4

n∑

t=2

(
εt − ft(θ)εt−1

)
f ′t(θ),

(2.16)

∂2Ψn

∂β∂βT
= − 1

σ2

n∑

t=2

(
xt − ft(θ)xt−1

)(
xt − ft(θ)xt−1

)T
, (2.17)

∂2Ψn

∂β∂θ
= − 1

σ2

n∑

t=2

(
f ′t(θ)εt−1xt + f ′t(θ)εtxt−1 − 2ft(θ)f ′t(θ)xt−1εt−1

)
,

∂2Ψn

∂θ2
= − 1

σ2

n∑

t=2

((
f ′t

2(θ) + ft(θ)f ′′t (θ)
)
ε2
t−1 − f ′′t (θ)εtεt−1

)
.

(2.18)

Once
−→
θ
(m+1)

and the gradient at
−→
θ
(m+1)

have been calculated, a new estimation A(m+1)

is found from

A(m+1) = A(m) − A
(m)(Δg(m+1))(Δg(m+1))TA(m)

(
Δg(m+1)

)T
A(m)

(
Δg(m+1)

) −

(

Δ
−→
θ
(m+1)

)(

Δ
−→
θ
(m+1)

)T

(
Δg(m+1)

)T
(

Δ
−→
θ
(m+1)

) , (2.19)

where

Δ
−→
θ
(m+1)

=
−→
θ
(m+1)

− −→θ
(m)
, Δg(m+1) = g

(−→
θ
(m+1)

)

− g
(−→
θ
(m)
)

. (2.20)

It is well known that least squares estimators in ordinary linear regression model
are very good estimators, so a recursive algorithms procedure is to start the iteration with
β(0), σ(0)2 which are least squares estimators of β and σ2, respectively. Take θ(0) such that
ft(θ(0)) = 0. Iterations are stopped if some termination criterion is reached, for example, if

∥
∥
∥
∥
−→
θ
(m+1)

− −→θ
(m)
∥
∥
∥
∥

∥
∥
∥
∥
−→
θ
(m)
∥
∥
∥
∥

< δ, (2.21)

for some prechosen small number δ > 0.
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Up to this point, we obtain the values of QML estimators when the function ft(θ) =
f(t, θ) is known. However, the function ft(θ) is never the case in practice; we have to estimate
it. By (2.12) and (1.2), we obtain

f̃
(
t, θ̂n

)
=

ε̂t
ε̂t−1

, t = 2, 3, . . . , n. (2.22)

Based on the dataset {f̃(t, θ̂n), t = 2, 3, . . . , n}, we may obtain the estimation function f̂(t, θ̂n)
of f(t, θ) by some smoothing methods (see Simonff [43], Fan and Yao [33], Green and
Silverman [44], Fan and Gijbels [45], etc.)

To obtain our results, the following conditions are sufficient.
(A1) Xn =

∑n
t=2 xtx

T
t is positive definite for sufficiently large n and

lim
n→∞

max
1≤t≤n

xTt X
−1
n xt = 0, (2.23)

lim sup
n→∞

|λ|max

(
X−1/2
n ZnX

−T/2
n

)
< 1, (2.24)

where Zn = (1/2)
∑n

t=2(xtx
T
t−1 + xt−1x

T
t ) and |λ|max(·) denotes the maximum in absolute value

of the eigenvalues of a symmetric matrix.
(A2) There is a constant α > 0 such that

t∑

j=1

(
j−1∏

i=0

f2
t−i(θ)

)

≤ α (2.25)

for any t ∈ {1, 2, . . . , n} and θ ∈ Θ.
(A3) The derivatives f ′t(θ) = dft(θ)/dθ, f ′′t (θ) = df ′t(θ)/dθ exist and are bounded for

any t and θ ∈ Θ.

Remark 2.2. Maller [12] applied the condition (A1), and Kwoun and Yajima [15] used the
conditions (A2) and (A3). Thus our conditions are general. (A1) delineates the class of xt for
which our results hold in the sense required. It is further discussed by Maller in [12]. Kwoun
and Yajima [15] call {et} stable if Var(et) is bounded. Thus (A2) implies that {et} is stable.
However, {et} is not stationary. In fact, by (2.3), we obtain that

Cov(et, et+k) = σ2
0

{
k−1∏

i=0

ft+k−i(θ0) + ft(θ0)
k∏

i=0

ft+k−i(θ0) + · · · +
t−2∏

l=0

ft−l(θ0)
t+k−2∏

i=0

ft+k−i(θ0)

}

,

(2.26)

which is dependent of t.
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For ease of exposition, we will introduce the following notations which will be used
later in the paper.

Define (d + 1)-vector ϕ = (β, θ), and

Sn
(
ϕ
)
= σ2 ∂Ψn

∂ϕ
= σ2

(
∂Ψn

∂β
,
∂Ψn

∂θ

)

, Fn
(
ϕ
)
= −σ2 ∂2Ψn

∂ϕ∂ϕT
. (2.27)

By (2.7) and (2.8), we get

Fn
(
ϕ
)
=

⎛

⎜
⎜
⎜
⎝

Xn(θ)
n∑

t=2

(
f ′t(θ)εt−1xt + f ′t(θ)εtxt−1 − 2ft(θ)f ′t(θ)xt−1εt−1

)

∗
n∑

t=2

((
f ′t

2(θ) + ft(θ)f ′′t (θ)
)
ε2
t−1 − f ′′t (θ)εtεt−1

)

⎞

⎟
⎟
⎟
⎠
, (2.28)

whereXn(θ) = −σ2(∂2Ψn/∂β∂β
T ) and the ∗ indicates that the element is filled in by symmetry.

Thus,

Dn = E
(
Fn
(
ϕ0
))

=

⎛

⎜
⎜
⎝

Xn(θ0) 0

∗
n∑

t=2

((
f ′t

2(θ0) + ft(θ0)f ′′t (θ0)
)
Ee2

t−1 − f ′′t (θ0)E(etet−1)
)

⎞

⎟
⎟
⎠

=

⎛

⎜
⎜
⎝

Xn(θ0) 0

∗
n∑

t=2

f ′t
2(θ0)Ee2

t−1

⎞

⎟
⎟
⎠

=

(
Xn(θ0) 0

∗ Δn(θ0, σ0)

)

,

(2.29)

where

Δn(θ0, σ0) =
n∑

t=2

f ′t
2(θ0)Ee2

t−1 = σ2
0

n∑

t=2

f ′t
2(θ0)

t−2∑

j=0

(
j−1∏

i=0

f2
t−i(θ)

)

= O(n). (2.30)

3. Statement of Main Results

Theorem 3.1. Suppose that conditions (A1)–(A3) hold. Then there is a sequence An ↓ 0 such that,
for each A > 0, as n → ∞, the probability

P
{
there are estimators ϕ̂n, σ̂2

n with Sn
(
ϕ̂n
)
= 0, and

(
ϕ̂n, σ̂

2
n

)
∈N ′

n(A)
}
−→ 1. (3.1)
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Furthermore,

(
ϕ̂n, σ̂

2
n

)
−→p

(
ϕ0, σ

2
0

)
, n −→ ∞, (3.2)

where, for each n = 1, 2, . . . , A > 0 and An ∈ (0, σ2
0); define neighborhoods

Nn(A) =
{
ϕ ∈ Rd+1 :

(
ϕ − ϕ0

)T
Dn

(
ϕ − ϕ0

) ≤ A2
}
,

N ′
n(A) =Nn(A) ∩

{
σ2 ∈

[
σ2

0 −An, σ
2
0 +An

]}
.

(3.3)

Theorem 3.2. Suppose that conditions (A1)–(A3) hold. Then

1
σ̂n
FT/2
n

(
ϕ̂n
)(
ϕ̂n − ϕ0

)−→DN(0, Id+1), n −→ ∞. (3.4)

Remark 3.3. For θ ∈ Rm,m ∈N, our results still hold.
In the following, we will investigate some special cases in the model (1.1)-(1.2).

Although the following results are directly obtained from Theorems 3.1 and 3.2, we discuss
these results in order to compare with the corresponding results.

Corollary 3.4. Let ft(θ) = θ. If condition (A1) holds, then, for |θ|/= 1, (3.1), (3.2), and (3.4) hold.

Remark 3.5. These results are the same as the corresponding results of Maller [12].

Corollary 3.6. If β = 0 and ft(θ) = θ, then, for | θ | /= 1,

√∑n
t=2 ε

2
t−1

σ̂n

(
θ̂n − θ0

)
−→DN(0, 1), n −→ ∞, (3.5)

where

σ̂2
n =

1
n − 1

n∑

t=2

(
εt − θ̂nεt−1

)2
, θ̂n =

∑n
t=2(εtεt−1)
∑n

t=2 ε
2
t−1

. (3.6)

Remark 3.7. These estimators are the same as the least squares estimators (see White [16]).
For |θ| > 1, {εt} are explosive processes. In the case, the corollary is the same as the results of
White [17]. While |θ| < 1, notice that σ̂2

n→ pσ
2
0 and (1/(n − 1))

∑n
t=2 ε

2
t−1→ pEε

2
t = σ2

0/(1 − θ2
0),

and by Corollary 3.6 we obtain

√
n
(
θ̂n − θ0

)
−→DN

(
0, 1 − θ2

0

)
. (3.7)

The result was discussed by many authors, such as Fujikoshi and Ochi [46] and Brockwell
and Davis [19].



Mathematical Problems in Engineering 9

Corollary 3.8. Let β = 0. If conditions (A2) and (A3) hold, then

F1/2
n

(
θ̂n
)

σ̂n

(
θ̂n − θ0

)
−→DN(0, 1), n −→ ∞, (3.8)

where

Fn
(
θ̂n
)
=

n∑

t=2

((
f ′t

2
(
θ̂n
)
+ ft

(
θ̂n
)
f ′′t
(
θ̂n
))
ε2
t−1 − f ′′t

(
θ̂n
)
εtεt−1

)
,

σ̂2
n =

1
n − 1

n∑

t=2

(
εt − ft

(
θ̂n
)
εt−1

)2
.

(3.9)

Corollary 3.9. Let ft(θ) = at. If condition (A1) holds, then

1
σ̂n

{
n∑

t=2
(xt − atxt−1)(xt − atxt−1)T

}T/2(
β̂n − β0

)
−→DN(0, Id), n −→ ∞. (3.10)

Remark 3.10. Let at = 0. Note that
∑n

t=2 xtx
T
t = O(

√
n) and σ̂2

n→ pσ
2
0 ; we easily obtain

asymptotic normality of the (quasi-)maximum likelihood or least squares estimator in
ordinary linear regression models from the corollary.

4. Some Lemmas

To prove Theorems 3.1 and 3.2, we first introduce the following lemmas.

Lemma 4.1. The matrix Dn is positive definite for large enough n with E(Sn(ϕ0)) = 0 and
Var(Sn(ϕ0)) = σ2

0Dn.

Proof. It is easy to show that the matrix Dn is positive definite for large enough n. By (2.8), we
have

σ2
0E

(
∂Ψn

∂β
|β=β0

)

=
n∑

t=2

E
(
et − ft(θ0)et−1

)(
xt − ft(θ0)xt−1

)

=
n∑

t=2

(
xt − ft(θ0)xt−1

)
Eηt = 0.

(4.1)

Note that et−1 and ηt are independent of each other; thus by (2.7) and Eηt = 0, we have

σ2
0E

(
∂Ψn

∂θ
|θ=θ0

)

=
n∑

t=2

E
((
et − ft(θ0)et−1

)
f ′t(θ0)et−1

)

=
n∑

t=2

f ′t(θ0)E
(
ηtet−1

)
= 0.

(4.2)
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Hence, from (4.1) and (4.2),

E
(
Sn
(
ϕ0
))

= σ2
0E

(
∂Ψn

∂β
|β=β0

,
∂Ψn

∂θ
|θ=θ0

)

= 0. (4.3)

By (2.8) and (2.17), we have

Var
(

σ2
0
∂Ψn

∂β
|β=β0

)

= Var

{
n∑

t=2

(
et − ft(θ0)et−1

)(
xt − ft(θ0)xt−1

)
}

= Var

{
n∑

t=2

ηt
(
xt − ft(θ0)xt−1

)
}

= σ2
0Xn(θ0).

(4.4)

Note that {f ′t(θ0)ηtet−1,Ht} is a martingale difference sequence with

Var
(
f ′t(θ0)ηtet−1

)
= f ′t

2(θ0)Eη2
t Ee

2
t−1 = σ2

0f
′
t
2(θ0)Ee2

t−1, (4.5)

so

Var
(

σ2
0
∂Ψn

∂θ
|θ=θ0

)

= Var

{
n∑

t=2

ηtf
′
t(θ0)et−1

}

=
n∑

t=2

f ′t
2(θ0)Ee2

t−1 = σ2
0Δn(θ0, σ0).

(4.6)

By (2.7) and (2.8) and noting that et−1 and ηt are independent of each other, we have

Cov
(

σ2
0
∂Ψn

∂β
|β=β0

, σ2
0
∂Ψn

∂θ
|θ=θ0

)

= E
(

σ2
0
∂Ψn

∂β
|β=β0

, σ2
0
∂Ψn

∂θ
|θ=θ0

)

= E

(
n∑

t=2

η2
t

(
xt − ft(θ0)xt−1

)
f ′t(θ0)et−1

)

+ E

(
n∑

t=3

ηt
(
xt − ft(θ0)xt−1

) t−1∑

s=2

ηsf
′
s(θ0)es−1

)

+ E

(
n∑

s=3

ηsf
′
s(θ0)es−1

s−1∑

t=2

ηt
(
xt − ft(θ0)xt−1

)
)

= 0.

(4.7)

From (4.4)–(4.7), it follows that Var(Sn(ϕ0)) = σ2
0Dn.
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Lemma 4.2. If condition (A1) holds, then, for any θ ∈ Θ, the matrix Xn(θ) is positive definite for
large enough n, and

lim
n→∞

max
1≤t≤n

xTt X
−1
n (θ)xt = 0. (4.8)

Proof. Let λ1 and λd be the smallest and largest roots of |Zn − λXn| = 0. Then from the study
of Rao in [47, Ex 22.1],

λ1 ≤ uTZnu

uTXnu
≤ λd (4.9)

for unit vectors u. Thus by (2.24), there are some δ ∈ (max{0, 1 − (1 + min2≤t≤n|
f2
t (θ)|)/max2≤t≤n|ft(θ)|}, 1) and n0(δ) such that n ≥N0 implies that

∣
∣
∣uTZnu

∣
∣
∣ ≤ (1 − δ)uTXnu. (4.10)

By (4.10), we have

uTXnu =
n∑

t=2

(
uT
(
xt − ft(θ)xt−1

))2

=
n∑

t=2

((
uTxt

)2
+ f2

t (θ)
(
uTxt−1

)2 − ft(θ)uTxt−1x
T
t u − ft(θ)uTxtxTt−1u

)

≥
n∑

t=2

(
uTxt

)2
+ min

2≤t≤n

∣
∣
∣f2

t (θ)
∣
∣
∣

n∑

t=2

(
uTxt−1

)2 −max
2≤t≤n

∣
∣ft(θ)

∣
∣uTZnu

≥ uTXnu + min
2≤t≤n

∣
∣
∣f2

t (θ)
∣
∣
∣uTXnu −max

2≤t≤n

∣
∣ft(θ)

∣
∣uTZnu

≥
(

1 + min
2≤t≤n

∣
∣
∣f2

t (θ)
∣
∣
∣ −max

2≤t≤n

∣
∣ft(θ)

∣
∣(1 − δ)

)

uTXnu

= C(θ, δ)uTXnu.

(4.11)

By the study of Rao in [47, page 60] and (2.23), we have

(
uTxt

)2

uTXnu
−→ 0. (4.12)
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From (4.12) and C(θ, δ) > 0,

xTt X
−1
n (θ) = sup

u

( (
uTxt

)2

uTXn(θ)u

)

≤ sup
u

( (
uTxt

)2

C(θ, δ)uTXnu

)

−→ 0. (4.13)

Lemma 4.3 (see [48]). Let Wn be a symmetric random matrix with eigenvalues λj(n), 1 ≤ j ≤ d.
Then

Wn−→pI ⇐⇒ λj(n)−→p1, n −→ ∞. (4.14)

Lemma 4.4. For each A > 0,

sup
ϕ∈Nn(A)

∥
∥
∥D−1/2

n Fn
(
ϕ
)
D−T/2
n −Φn

∥
∥
∥−→p0, n −→ ∞, (4.15)

and also

Φn−→DΦ, (4.16)

lim
c→ 0

lim sup
A→∞

lim sup
n→∞

P

{

inf
ϕ∈Nn(A)

λmin

(
D−1/2
n Fn

(
ϕ
)
D−T/2
n

)
≤ c
}

= 0, (4.17)

where

Φn =

⎛

⎜
⎝

Id 0

0

∑n
t=2 f

′
t
2(θ0)e2

t−1

Δn(θ0, σ0)

⎞

⎟
⎠, Φ = Id+1. (4.18)

Proof. Let Xn(θ0) = X
1/2
n (θ0)X

T/2
n (θ0) be a square root decomposition of Xn(θ0). Then

Dn =

(
X1/2
n (θ0) 0

∗ √
Δn(θ0, σ0)

)(
XT/2
n (θ0) 0

∗ √
Δn(θ0, σ0)

)

= D1/2
n DT/2

n . (4.19)

Let ϕ ∈Nn(A). Then

(
ϕ − ϕ0

)T
Dn

(
ϕ − ϕ0

)
=
(
β − β0

)T
Xn(θ0)

(
β − β0

)
+ (θ − θ0)

2Δn(θ0, σ0) ≤ A2. (4.20)
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From (2.28), (2.29), and (4.18),

D−1/2
n Fn

(
ϕ
)
D−T/2
n −Φn

=

⎛

⎜
⎜
⎜
⎜
⎜
⎝

X−1/2
n (θ0)Xn(θ)X

−T/2
n (θ0) − Id

X−1/2
n (θ0)

∑n
t=2
(
f ′t(θ)εt−1xt + f ′t(θ)εtxt−1 − 2ft(θ)f ′t(θ)εt−1xt−1

)

√
Δn(θ0, σ0)

∗
∑n

t=2

((
f ′t

2(θ) + ft(θ)f ′′t (θ)
)
ε2
t−1 − f ′′t (θ)εtεt−1

)
−∑n

t=2 f ′t
2(θ0)e2

t−1
√
Δn(θ0, σ0)

⎞

⎟
⎟
⎟
⎟
⎟
⎠

.

(4.21)

Let

N
β
n(A) =

{

β :
∣
∣
∣
(
β − β0

)T
X1/2
n (θ0)

∣
∣
∣

2 ≤ A2
}

, (4.22)

Nθ
n(A) =

{

θ : |θ − θ0| ≤ A
√
Δn(θ0, σ0)

}

. (4.23)

In the first step, we will show that, for each A > 0,

sup
θ∈Nθ

n(A)

∥
∥
∥X−1/2

n (θ0)Xn(θ)X−T/2
n (θ0) − Id

∥
∥
∥ −→ 0, n −→ ∞. (4.24)

In fact, note that

X−1/2
n (θ0)Xn(θ)X−T/2

n (θ0) − Id = X−1/2
n (θ0)(Xn(θ) −Xn(θ0))X−T/2

n (θ0)

= X−1/2
n (θ0)(T1 + T2 − T3)X−T/2

n (θ0),
(4.25)

where

T1 =
n∑

t=2

(
ft(θ0) − ft(θ)

)
xt−1

(
xt − ft(θ0)xt−1

)T
,

T2 =
n∑

t=2

(
xt − ft(θ0)xt−1

)
xTt−1,

T3 =
n∑

t=2

(
ft(θ0) − ft(θ)

)2
xt−1x

T
t−1.

(4.26)
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Let u, v ∈ Rd, |u| = |v| = 1, and let uTn = uTX−1/2
n (θ0), vTn = X−T/2

n (θ0)v. By Cauchy-
Schwartz inequality, Lemma 4.2, condition (A3), and noting that θ ∈Nθ

n(A), we have that

∣
∣
∣uTnT1vn

∣
∣
∣ =

∣
∣
∣
∣
∣

n∑

t=2

(
ft(θ0) − ft(θ)

)
uTnxt−1

(
xt − ft(θ0)xt−1

)T
vn

∣
∣
∣
∣
∣

≤ max
2≤t≤n

∣
∣ft(θ0) − ft(θ)

∣
∣

∣
∣
∣
∣
∣

n∑

t=2

uTnxt−1
(
xt − ft(θ0)xt−1

)T
vn

∣
∣
∣
∣
∣

≤ max
2≤t≤n

∣
∣ft(θ0) − ft(θ)

∣
∣

(
n∑

t=2

uTnxt−1x
T
t−1un

)1/2

·
(

n∑

t=2

vTn
(
xt − ft(θ0)xt−1

)(
xt − ft(θ0)xt−1

)T
vn

)1/2

≤ max
2≤t≤n

∣
∣ft(θ0) − ft(θ)

∣
∣

(
n∑

t=2

uTnxtx
T
t un

)1/2

≤ max
2≤t≤n

∣
∣
∣f ′t
(
θ̃
)∣
∣
∣|θ0 − θ| ·

√
nmax

1≤t≤n

(
xTt X

−1
n (θ0)xt

)

≤ C
√

n

Δn(θ0, σ0)
o(1) −→ 0.

(4.27)

Here θ̃ = aθ + (1 − a)θ0 for some 0 ≤ a ≤ 1. Similar to the proof of T1, we easily obtain that

∣
∣
∣uTnT2vn

∣
∣
∣ −→ 0. (4.28)

By Cauchy-Schwartz inequality, Lemma 4.2, condition (A3), and noting that Nθ
n(A), we have

that

∣
∣
∣uTnT3vn

∣
∣
∣ =

∣
∣
∣
∣
∣
uTn

n∑

t=2

(
ft(θ0) − ft(θ)

)2
xt−1x

T
t−1vn

∣
∣
∣
∣
∣

≤ max
2≤t≤n

∣
∣ft(θ0) − ft(θ)

∣
∣2
(

n∑

t=2

uTnxtx
T
t un

n∑

t=2

vTnxtx
T
t vn

)1/2

≤ nmax
2≤t≤n

∣
∣
∣f ′t
(
θ̃
)∣
∣
∣

2
|θ0 − θ|2max

1≤t≤n

(
xTt X

−1
n (θ0)xt

)

≤ nA2

Δn(θ0, σ0)
o(1) −→ 0.

(4.29)

Hence, (4.24) follows from (4.25)–(4.29).
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In the second step, we will show that

X−1/2
n (θ0)

∑n
t=2
(
f ′t(θ)εt−1xt + f ′t(θ)εtxt−1 − 2ft(θ)f ′t(θ)εt−1xt−1

)

√
Δn(θ0, σ0)

−→p0. (4.30)

Note that

εt = yt − xTt β = xTt
(
β0 − β

)
+ et,

εt − ft(θ0)εt−1 =
(
xt − ft(θ0)xt−1

)T(
β0 − β

)
+ ηt.

(4.31)

Consider

J =
n∑

t=2

(
f ′t(θ)εt−1xt + f ′t(θ)εtxt−1 − 2ft(θ)f ′t(θ)εt−1xt−1

)

=
n∑

t=2

(
εt−1f

′
t(θ)

(
xt − ft(θ0)xt−1

)
+ f ′t(θ)

(
εt − ft(θ0)εt−1

)
xt−1

)

+ 2ft(θ)
(
ft(θ0) − ft(θ)

)
εt−1xt−1

= T1 + T2 + T3 + T4 + 2T5 + 2T6,

(4.32)

where

T1 =
n∑

t=2

xTt−1f
′
t(θ)

(
β0 − β

)(
xt − ft(θ0)xt−1

)
, T2 =

n∑

t=2

f ′t(θ)et−1
(
xt − ft(θ0)xt−1

)
,

T3 =
n∑

t=2

f ′t(θ)
(
xt − ft(θ0)xt−1

)T(
β0 − β

)
xt−1, T4 =

n∑

t=2

f ′t(θ)ηtxt−1,

T5 =
n∑

t=2

f ′t(θ)
(
ft(θ0) − ft(θ)

)
xTt−1

(
β0 − β

)
xt−1, T6 =

n∑

t=2

f ′t(θ)
(
ft(θ0) − ft(θ)

)
et−1xt−1.

(4.33)

For β ∈Nβ
n(A) and each A > 0, we have

∣
∣
∣
(
β0 − β

)T
xt
∣
∣
∣

2
=
(
β0 − β

)T
X1/2
n (θ0)X−1/2

n (θ0)xtxTt X
−T/2
n (θ0)XT/2

n (θ0)
(
β0 − β

)

≤ max
1≤t≤n

(
xTt X

−1
n (θ0)xt

)(
β0 − β

)T
Xn(θ0)

(
β0 − β

)

≤ A2 max
1≤t≤n

(
xTt X

−1
n (θ0)xt

)
.

(4.34)



16 Mathematical Problems in Engineering

By (4.34) and Lemma 4.2, we have

sup
β∈Nβ

n(A)

max
1≤t≤n

∣
∣
∣
(
β0 − β

)T
xt
∣
∣
∣ −→ 0, n −→ ∞, A > 0. (4.35)

Using Cauchy-Schwartz inequality, condition (A3), and (4.35), we obtain

uTnT1 =
n∑

t=2

uTnx
T
t−1

(
β0 − β

)
f ′t(θ)

(
xt − ft(θ0)xt−1

)

≤
{

n∑

t=2

(
xTt−1

(
β0 − β

))2
}1/2

×
{

n∑

t=2

(
f ′t

2(θ)uTn
(
xt − ft(θ0)xt−1

)(
xt − ft(θ0)xt−1

)T
un
)2
}1/2

≤ √nmax
1≤t≤n

∣
∣
∣
(
β0 − β

)T
xt
∣
∣
∣max

1≤t≤n

∣
∣f ′t(θ)

∣
∣

= o
(√

n
)
.

(4.36)

Let

atn = uTnf
′
t(θ)

(
xt − ft(θ0)xt−1

)
. (4.37)

Then from Lemma 4.2,

max
2≤t≤n

a2
tn = max

2≤t≤n

∣
∣
∣f ′t

2(θ)
∣
∣
∣

×max
2≤t≤n

{
uT
(
xt − ft(θ0)xt−1

)
X−1
n (θ0)

(
xt − ft(θ0)xt−1

)T
u
}

= o(1).

(4.38)
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By condition (A2) and (4.38), we have

Var
(
uTnT2

)
= Var

(
n∑

t=2

atnet−1

)

= Var

(
n∑

t=2

atnet−1

)

= Var

⎧
⎨

⎩

n−1∑

j=1

ηj

⎛

⎝
n∑

t=j+1

atn

t−j−1∏

i=0

ft−i(θ0)

⎞

⎠

⎫
⎬

⎭

= σ2
0

n−1∑

j=1

⎛

⎝
n∑

t=j+1

atn

t−j−1∏

i=0

ft−i(θ0)

⎞

⎠

≤ σ2
0 max

2≤t≤n
|atn|

n−1∑

j=1

(
t−j−1∏

i=0

ft−i(θ0)

)

≤ ασ2
0 max

2≤t≤n
|atn|n = o(n).

(4.39)

Thus by Chebychev inequality and (4.39),

uTnT2 = op
(√

n
)
. (4.40)

Using the similar argument as T1, we obtain that

uTnT3 = op
(√

n
)
. (4.41)

Using the similar argument as T2, we obtain that

uTnT4 = op
(√

n
)
, uTnT6 = op

(√
n
)
. (4.42)

By Cauchy-Schwartz inequality, (4.35), and (4.27), we get

uTnT5 =
n∑

t=2

f ′t(θ)
(
ft(θ0) − ft(θ)

)
xTt−1

(
β0 − β

)
uTt xt−1

≤
{

n∑

t=2

f ′t
2(θ)

(
ft(θ0) − ft(θ)

)2
(
xTt−1

(
β0 − β

))2 n∑

t=2

(
uTt xt−1

)2
}1/2

≤ max
2≤t≤n

∣
∣f ′t(θ)

∣
∣max

2≤t≤n

∣
∣
∣f ′t
(
θ̃
)∣
∣
∣|θ0 − θ| ·

{
n∑

t=2

(
xTt−1

(
β0 − β

))2 n∑

t=2

(
uTt xt−1

)2
}1/2

≤ C A
√
Δn(θ0, σ0)

√
no(1) = o

(√
n
)
.

(4.43)

Thus (4.30) follows immediately from (4.32), (4.36), and (4.40)–(4.43).
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In the third step, we will show that

∑n
t=2

((
f ′t

2(θ) + ft(θ)f ′′t (θ)
)
ε2
t−1 − f ′′t (θ)εtεt−1

)
−∑n

t=2 f
′
t
2(θ0)e2

t−1
√
Δn(θ0, σ0)

−→p0. (4.44)

Let

J =
n∑

t=2

((
f ′t

2(θ) + ft(θ)f ′′t (θ)
)
ε2
t−1 − f ′′t (θ)εtεt−1

)
−

n∑

t=2

f ′t
2(θ0)e2

t−1. (4.45)

Then

J =
n∑

t=2

((
f ′t

2(θ) + ft(θ)f ′′t (θ)
)
ε2
t−1 − f ′′t (θ)

(
ft(θ)εt−1 + ηt

)
εt−1

)
−

n∑

t=2

f ′t
2(θ0)e2

t−1

=
n∑

t=2

{
f ′t

2(θ)ε2
t−1 − f ′′t (θ)ηtεt−1 − f ′t2(θ0)e2

t−1

}

=
n∑

t=2

{

f ′t
2
(
xTt−1

(
β0 − β

))2
+
(
f ′t

2(θ) − f ′t2(θ0)
)2
e2
t−1

}

+
n∑

t=2

{
2f ′t

2(θ0)xTt−1

(
β0 − β

)
et−1 − f ′′t (θ)xTt−1

(
β0 − β

)
ηt−1 − f ′′t (θ0)ηtet−1

}

= T1 + T2 + 2T3 − T4 − T5.

(4.46)

By (4.34), it is easy to show that

T1 = o(n). (4.47)

From condition (A3), (2.30), and (4.23), we obtain that

|ET2| =
∣
∣
∣
∣

(
f ′t

2(θ) − f ′t2(θ0)
)2
Ee2

t−1

∣
∣
∣
∣

=

∣
∣
∣
∣
∣
f ′′t
(
θ̃
)
(θ − θ0)

(
f ′t(θ) + f

′
t(θ0)

f ′t
2(θ0)

)

f ′t
2(θ0)Ee2

t−1

∣
∣
∣
∣
∣

≤ max
2≤t≤n

∣
∣
∣
∣
∣
f ′′t
(
θ̃
)
(
f ′t(θ) + f

′
t(θ0)

f ′t
2(θ0)

)∣
∣
∣
∣
∣
|θ − θ0|Δn(θ0, σ0)

≤ max
2≤t≤n

∣
∣
∣
∣
∣
f ′′t
(
θ̃
)
(
f ′t(θ) + f

′
t(θ0)

f ′t
2(θ0)

)∣
∣
∣
∣
∣

A
√
Δn(θ0, σ0)

Δn(θ0, σ0)

= o
(√

Δn(θ0, σ0)
)

.

(4.48)
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Hence, by Markov inequality,

T2 = Op

(√

Δn(θ0, σ0)
)

. (4.49)

Using the similar argument as (4.40), we easily obtain that

T3 = op
(√

n
)
. (4.50)

By Markov inequality and noting that

Var(T4) ≤ σ2
0nmax

2≤t≤n

∣
∣f ′′t (θ)

∣
∣2 max

2≤t≤n

(
xTt
(
β0 − β

))
= o(n), (4.51)

we have that

T4 = op
(√

n
)
. (4.52)

Using the similar argument as (4.6), we easily obtain that

T5 = Op

(√

Δn(θ0, σ0)
)

. (4.53)

Hence, (4.44) follows immediately from (4.46), (4.47), and (4.49)–(4.53).
This completes the proof of (4.15) from (4.21), (4.24), (4.30), and (4.44). To prove (4.16),

we need to show that

∑n
t=2 f

′
t
2(θ0)e2

t−1

Δn(θ0, σ0)
−→p1, n −→ ∞. (4.54)

This follows immediately from (2.27) and Markov inequality.
Finally, we will prove (4.17). By (4.15) and (4.16), we have

D−1/2
n F

(
ϕ
)
D−T/2
n −→pI, n −→ ∞, (4.55)

uniformly in ϕ ∈Nn(A) for each A > 0. Thus, by Lemma 4.3,

λmin

(
D−1/2
n F

(
ϕ
)
D−T/2
n

)
−→p1, n −→ ∞. (4.56)

This implies (4.17).
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Lemma 4.5 (see [49]). Let {Sni,Fni, 1 ≤ i ≤ kn, n ≥ 1} be a zero-mean, square-integrable martingale
array with differencesXni, and let η2 be an a.s. finite random variable. Suppose that

∑
i E{X2

niI(|Xni| >
ε) | Fn,i−1}→ p0, for all ε → 0, and

∑
i E{X2

ni | Fn,i−1}→ pη
2. Then

Snkn =
∑

i

Xni−→DZ, (4.57)

where the r.v. Z has characteristic function E{exp(−(1/2)η2t2)}.

5. Proof of Theorems

5.1. Proof of Theorem 3.1

Take A > 0, let

Mn(A) =
{
ϕ ∈ Rd+1 :

(
ϕ − ϕ0

)T
Dn

(
ϕ − ϕ0

)
= A2

}
(5.1)

be the boundary of Nn(A), and let ϕ ∈ Mn(A). Using (2.27) and Taylor expansion, for each
σ2 > 0, we have

Ψn

(
ϕ, σ2

)
= Ψn

(
ϕ0, σ

2
)
+
(
ϕ − ϕ0

)T ∂Ψn

(
ϕ0, σ

2)

∂ϕ
+

1
2
(
ϕ − ϕ0

)T ∂
2Ψn

(
ϕ0, σ

2)

∂ϕ∂ϕT
(
ϕ − ϕ0

)

=
1
σ2

Ψn

(
ϕ0, σ

2
)
+
(
ϕ − ϕ0

)T
Sn
(
ϕ0
) − 1

2σ2

(
ϕ − ϕ0

)T
Fn
(
ϕ̃
)(
ϕ − ϕ0

)
,

(5.2)

where ϕ̃ = aϕ + (1 − a)ϕ0 for some 0 ≤ a ≤ 1.
Let Qn(ϕ) = (1/2)(ϕ − ϕ0)

TFn(ϕ̃)(ϕ − ϕ0) and vn(ϕ) = (1/A)DT/2
n (ϕ − ϕ0). Take c > 0

and ϕ ∈Mn(A), and by (5.2) we obtain that

P
{
Ψn

(
ϕ, σ2

)
≥ Ψn

(
ϕ0, σ

2
)

for some ϕ ∈Mn(A)
}

≤ P
{(
ϕ − ϕ0

)T
Sn
(
ϕ0
) ≥ Qn

(
ϕ
)
, Qn

(
ϕ
)
> cA2 for some ϕ ∈Mn(A)

}

+ P
{
Qn

(
ϕ
) ≤ cA2 for some ϕ ∈Mn(A)

}

≤ P
{
vTn
(
ϕ
)
D−1/2
n Sn

(
ϕ0
)
> cA for some ϕ ∈Mn(A)

}

+ P
{
vTn
(
ϕ
)
D−1/2
n Fn

(
ϕ̃
)
D−T/2
n vn

(
ϕ
) ≤ c for some ϕ ∈Mn(A)

}

≤ P
{∣
∣
∣D−1/2

n Sn
(
ϕ0
)∣∣
∣ > cA

}
+ P

{

inf
ϕ∈Nn(A)

λmin

(
D−1/2
n Fn

(
ϕ̃
)
D−T/2
n

)
≤ c
}

.

(5.3)
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By Lemma 4.1 and Chebychev inequality, we obtain

P
{∣
∣
∣D−1/2

n Sn
(
ϕ0
)∣∣
∣ > cA

}
≤

Var
(
D−1/2
n Sn

(
ϕ0
))

c2A2
=

σ2
0

c2A2
. (5.4)

Let A → ∞, then c ↓ 0, and using (4.17), we have

P

{

inf
ϕ∈Nn(A)

λmin

(
D−1/2
n Fn

(
ϕ̃
)
D−T/2
n

)
≤ c
}

−→ 0. (5.5)

By (5.3)–(5.5), we have

lim
A→∞

lim inf
n→∞

P
{
Ψn

(
ϕ, σ2

)
< Ψn

(
ϕ0, σ

2
)
∀ϕ ∈Mn(A)

}
= 1. (5.6)

By Lemma 4.3, λmin(Xn(θ0)) → ∞ as n → ∞. Hence λmin(Dn) → ∞. Moreover, from (4.17),
we have

inf
ϕ∈Nn(A)

λmin
(
Fn
(
ϕ
))−→p∞. (5.7)

This implies that Ψn(ϕ, σ2) is concave on Nn(A). Noting this fact and (5.6), we get

lim
A→∞

lim inf
n→∞

P

{

sup
ϕ∈Mn(A)

Ψn

(
ϕ, σ2

)
< Ψn

(
ϕ0, σ

2
)
,Ψn

(
ϕ, σ2

)
is concave on Nn(A)

}

= 1.

(5.8)

On the event in the brackets, the continuous function Ψn(ϕ, σ2) has a unique maximum in ϕ
over the compact neighborhood Nn(A). Hence

lim
A→∞

lim inf
n→∞

P
{
Sn
(
ϕ̂n(A)

)
= 0 for a unique ϕ̂n(A) ∈Nn(A)

}
= 1. (5.9)

Moreover, there is a sequence An → ∞ such that ϕ̂n = ϕ̂(An) satisfies

lim inf
n→∞

P
{
Sn
(
ϕ̂n
)
= 0 and ϕ̂n maximizes Ψn

(
ϕ, σ2

)
uniquely in Nn(A)

}
= 1. (5.10)

Thus the ϕ̂n = (β̂n, θ̂n) is a QML estimator for ϕ0. It is clearly consistent, and

lim
A→∞

lim inf
n→∞

P
{
ϕ̂n ∈Nn(A)

}
= 1. (5.11)

Since ϕ̂n = (β̂n, θ̂n) is a QML estimator for ϕ0, σ̂2
n is a QML estimator for σ2

0 from (2.9).
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To complete the proof, we will show that σ̂2
n → σ2

0 as n → ∞. If ϕ̂n ∈ Nn(A), then

β̂n ∈Nβ
n(A) and θ̂n ∈Nθ

n(A). By (2.12) and (2.1), we have

ε̂t − ft
(
θ̂n
)
ε̂t−1 =

(
xt − ft

(
θ̂n
)
xt−1

)T(
β0 − β̂n

)
+
(
et − ft

(
θ̂net−1

))
. (5.12)

By (2.9), (2.11), and (5.12), we have

(n − 1)σ̂2
n =

n∑

t=2

(
ε̂t − ft

(
θ̂n
)
ε̂t−1

)2

=
n∑

t=2

(
ε̂t − ft

(
θ̂n
)
ε̂t−1

){(
xt − ft

(
θ̂n
)
xt−1

)T(
β0 − β̂n

)
+
(
et − ft

(
θ̂n
)
et−1

)}

=
n∑

t=2

(
ε̂t − ft

(
θ̂n
)
ε̂t−1

)(
xt − ft

(
θ̂n
)
xt−1

)T(
β0 − β̂n

)

+
n∑

t=2

(
ε̂t − ft

(
θ̂n
)
ε̂t−1

)(
et − ft

(
θ̂n
)
et−1

)

=
n∑

t=2

(
ε̂t − ft

(
θ̂n
)
ε̂t−1

)(
et − ft

(
θ̂n
)
et−1

)
.

(5.13)

From (5.12), it follows that

n∑

t=2

{(
xt − ft

(
θ̂n
)
xt−1

)T(
β0 − β̂n

)}2

=
n∑

t=2

(
ε̂t − ft

(
θ̂n
)
ε̂t−1

)2

− 2
n∑

t=2

ft(θ̂n)xt−1)
T(
β0 − β̂n

)(
et − ft

(
θ̂n
)
et−1

)

+
n∑

t=2

(
et − ft

(
θ̂n
)
et−1

)2
.

(5.14)

From (2.2),

n∑

t=2

(
et − ft

(
θ̂n
)
et−1

)2
=

n∑

t=2

(
ft(θ0)et−1 − ft

(
θ̂n
)
et−1

)2

=
n∑

t=2

η2
t + 2

n∑

t=2

(
ft(θ0) − ft

(
θ̂n
))
ηtet−1

+
n∑

t=2

(
ft(θ0) − ft

(
θ̂n
))2

e2
t−1.

(5.15)
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By (5.13)–(5.15), we have

(n − 1)σ̂2
n =

n∑

t=2

(
et − ft

(
θ̂n
)
et−1

)2 −
n∑

t=2

((
xt − ft

(
θ̂n
)
xt−1

)T(
β0 − β̂n

))2

=
n∑

t=2

η2
t + 2

n∑

t=2

(
ft(θ0) − ft

(
θ̂n
))
ηtet−1 +

n∑

t=2

(
ft(θ0) − ft

(
θ̂n
))2

e2
t−1

−
n∑

t=2

((
xt − ft

(
θ̂n
)
xt−1

)T(
β0 − β̂n

))2

= T1 + 2T2 + T3 − T4.

(5.16)

By the law of large numbers,

1
n − 1

T1 =
1

n − 1

n∑

t=2

η2
t −→ σ2

0 , a.s. (n −→ ∞). (5.17)

Since {(ft(θ0) − ft(θ̂n))ηtet−1,Ht−1} is a martingale difference sequence with

Var
{(
ft(θ0) − ft

(
θ̂n
))
ηtet−1

}
=
(
ft(θ0) − ft

(
θ̂n
))2

σ2
0Ee

2
t−1,

Var(T2) =
n∑

t=2

E
((
ft(θ0) − ft

(
θ̂n
))
ηtet−1

)2

= σ2
0

n∑

t=2

(
ft(θ0) − ft

(
θ̂n
))2

Ee2
t−1

= σ2
0

n∑

t=2

f ′t
2
(
θ̃
)

f ′t
2(θ0)

(
θ0 − θ̂n

)2
f ′t

2(θ0)Ee2
t−1

≤ σ2
0 max

2≤t≤n

∣
∣
∣
∣
∣

f ′t(θ̃)
f ′t(θ0)

∣
∣
∣
∣
∣

2∣
∣
∣

(
θ0 − θ̂n

)∣
∣
∣

2
Δn

(
θ0, σ

2
0

)

≤ CA2.

(5.18)

By Chebychev inequality, we have

1
n − 1

T2−→p0, (n −→ ∞). (5.19)

By Markov inequality and noting that ET3 ≤ CA2, we obtain that

1
n − 1

T3−→p0, (n −→ ∞). (5.20)
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Write

T4 =
n∑

t=2

((
xt − ft(θ0)xt−1

)T
(
β0 − β̂n

)
+
(
ft(θ0) − ft

(
θ̂n
))
xTt−1

(
β0 − β̂n

))2

=
(
β0 − β̂n

)T
Xn(θ0)

(
β0 − β̂n

)
+

n∑

t=2

(
ft(θ0) − ft

(
θ̂n
))2(

xTt−1

(
β0 − β̂n

))2

+ 2
n∑

t=2

(
xt − ft(θ0)xt−1

)T
(
β0 − β̂n

)(
ft(θ0) − ft

(
θ̂n
))
xTt−1

(
β0 − β̂n

)

= I1 + I2 + 2I3.

(5.21)

Noting that β ∈Nβ
n(A), we have

I1 = Op(1), (n −→ ∞). (5.22)

By (4.34) and condition (A3), we have

|I2| ≤ max
2≤t≤n

∣
∣
∣xTt−1(β0 − β̂n)

∣
∣
∣

2
nmax

2≤t≤n

∣
∣
∣f ′t(θ̃)

∣
∣
∣

2∣∣
∣θ0 − θ̂n

∣
∣
∣

2
= o(1), (n −→ ∞). (5.23)

By (4.34), condition (A3), and Cauchy-Schwartz inequality, we have

|I3|2 ≤
n∑

t=2

(
β0 − β̂n

)T(
xt − ft(θ0)xt−1

)T(
xt − ft(θ0)xt−1

)(
β0 − β̂n

)

·
n∑

t=2

(
ft(θ0) − ft

(
θ̂n
))2(

xTt−1

(
β0 − β̂n

))2

≤
(
β0 − β̂n

)T
Xn(θ0)

(
β0 − β̂n

)
nmax

2≤t≤n

∣
∣
∣f ′t(θ̃)

∣
∣
∣

2∣∣
∣θ0 − θ̂n

∣
∣
∣

2

·max
2≤t≤n

∣
∣
∣xTt−1(β0 − β̂n)

∣
∣
∣

2

≤ Op(1)n
A2

Δn

(
θ0, σ

2
0

)o(1) = op(1).

(5.24)

By (5.21)–(5.24), we obtain

1
n − 1

T4−→p0, (n −→ ∞). (5.25)

From (5.16), (5.17), (5.19), (5.20), and (5.25), we have σ̂2
n → σ2

0 . We therefore complete the
proof of Theorem 3.1.
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5.2. Proof of Theorem 3.2

It is easy to know that Sn(ϕ̂n) = 0 and Fn(ϕ̂n) is nonsingular from Theorem 3.1. By Taylor’s
expansion, we have

0 = Sn
(
ϕ̂n
)
= Sn

(
ϕ0
) − Fn

(
ϕ̃n
)(
ϕ̂n − ϕ0

)
. (5.26)

Since ϕ̂n ∈Nn(A), also ϕ̃n ∈Nn(A). By (4.15), we have

Fn
(
ϕ̃n
)
= D1/2

n

(
Φn + Ãn

)
DT/2
n , (5.27)

where Ãn is a symmetric matrix with Ãn→ p0. By (5.26) and (5.27), we have

DT/2
n

(
ϕ̂n − ϕ0

)
= DT/2

n F−1
n

(
ϕ̃n
)
Sn
(
ϕ0
)
=
(
Φn + Ãn

)−1
D−1/2
n Sn

(
ϕ0
)
. (5.28)

Similar to (5.27), we have

Fn
(
ϕ̂n
)
= D1/2

n

(
Φn + Ân

)
DT/2
n =

(

D1/2
n

(
Φn + Ân

)1/2
)((

Φn + Ân

)T/2
DT/2
n

)

= F1/2
n

(
ϕ̂n
)
FT/2
n

(
ϕ̂n
)
.

(5.29)

Here Ân→ p0. By (5.28), (5.29), and noting that σ̂2
n→ pσ

2
0 and D−1/2

n Sn(ϕ0) = Op(1), we obtain
that

FT/2
n

(
ϕ̂n
)(
ϕ̂n − ϕ0

)

σ̂n
=

(
Φn + Ân

)1/2(
Φn + Ãn

)−1
D−1/2
n Sn

(
ϕ0
)

σ̂n

=
Φ−1/2
n D−1/2

n Sn
(
ϕ0
)

σ0
+ op(1).

(5.30)

From (2.7) and (2.8), we have

Sn
(
ϕ0
)

σ0
=

1
σ0

(
n∑

t=2

ηt
(
xt − ft(θ0)xt−1

)
,
n∑

t=2

f ′t(θ0)ηtet−1

)

. (5.31)
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From (2.29) and (4.18), we have

Φ−1/2
n D−1/2

n =

⎛

⎜
⎜
⎝

Id 0

0
√

Δn(θ0, σ0)
∑n

t=2 f
′
t
2(θ0)e2

t−1

⎞

⎟
⎟
⎠

⎛

⎜
⎝

X−1/2
n (θ0) 0

0
1

√
Δn(θ0, σ0)

⎞

⎟
⎠

=

⎛

⎜
⎜
⎝

X−1/2
n (θ0) 0

0
1

√
∑n

t=2 f
′
t
2(θ0)e2

t−1

⎞

⎟
⎟
⎠.

(5.32)

By (5.30)–(5.32), we have

Φ−1/2
n D−1/2

n Sn
(
ϕ0
)

σ0
=

1
σ0

⎛

⎜
⎝

n∑

t=2

ηtX
−1/2
n (θ0)

(
xt − ft(θ0)xt−1

)
,

∑n
t=2 f

′
t(θ0)ηtet−1

√
∑n

t=2 f
′
t
2(θ0)e2

t−1

⎞

⎟
⎠. (5.33)

Let u ∈ Rd with |u| = 1, and atn = uX−1/2
n (θ0)(xt − ft(θ0)xt−1). Then max2≤t≤natn = o(1),

and we will consider the limiting distribution of the following 2-vector:

1
σ0

⎛

⎜
⎝

n∑

t=2

atnηt,

∑n
t=2 f

′
t(θ0)ηtet−1

√
∑n

t=2 f
′
t
2(θ0)e2

t−1

⎞

⎟
⎠. (5.34)

By Cramer-Wold device, it will suffice to find the asymptotic distribution of the following
random:

n∑

t=2

ηt

(
u1atn
σ0

+
u2f

′
t(θ0)et−1

σ0
√
Δn(θ0, σ0)

)

=
n∑

t=2

ηtmt(n), (5.35)

where (u1, u2) ∈ R2 with u2
1 + u

2
2 = 1. Note that E{ηtmt(n) | Ht−1} = 0, so the sums in (5.35)

are partial sums of a martingale triangular array with respect to {Ht}, and we will verify the
Lindeberg conditions for their convergence to normality as follows:

n∑

t=2

E
(
η2
t m

2
t (n) | Ht−1

)
= σ2

0

n∑

t=2

m2
t (n)

= u2
1

n∑

t=2

a2
tn +

2u1u2
√
Δn(θ0, σ0)

n∑

t=2

f ′t(θ0)atnet−1

+
u2

2

Δn(θ0, σ0)

n∑

t=2

f ′t
2(θ0)e2

t−1

= u2
1 + op(1) + u

2
2 = 1 + op(1).

(5.36)
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Noting that max1≤t≤n(e2
t /n) = op(1) and max2≤t≤natn = o(1), we obtain that

max
2≤t≤n
|mt(n)| ≤ max

2≤t≤n

∣
∣
∣
∣
u1atn
σ0

∣
∣
∣
∣ + max

2≤t≤n

∣
∣
∣
∣
∣

u2f
′
t(θ0)et−1

σ0
√
Δn(θ0, σ0)

∣
∣
∣
∣
∣
= op(1). (5.37)

Hence, for given δ > 0, there is a set whose probability approaches 1 as n → ∞ on which
max2≤t≤n|mt(n)| ≤ δ. On this event, for any c > 0,

n∑

t=2

E
{
η2
t m

2
t (n)I

(∣
∣ηtmt(n)

∣
∣ > c

) | Ht−1

}
=
∞∑

t=2

∫∞

c

y2dp
{∣
∣ηtmt(n)

∣
∣ ≤ y | Ht−1

}

=
n∑

t=2

m2
t (n)

∫∞

c/mt(n)
y2dp

{∣
∣η1
∣
∣ ≤ y | Ht−1

}

≤
n∑

t=2

m2
t (n)

∫∞

c/δ

y2dp
{∣
∣η1
∣
∣ ≤ y | Ht−1

}

= oδ
n∑

t=2

m2
t (n) = oδOp(1) −→ 0, n −→ ∞.

(5.38)

Here oδ → 0 as δ → 0. This verifies the Lindeberg conditions, and by Lemma 4.5

n∑

t=2

ηtmt(n)−→DN(0, 1). (5.39)

Thus we complete the proof of Theorem 3.2.

6. Numerical Examples

6.1. Simulation Example

We will simulate a regression model (1.1), where xt = t/20, β = 3.5, t = 1, 2, . . . , 100, and the
random errors

εt =
1
2

sin
(π

2
t + θ

)
εt−1 + ηt, (6.1)

where θ = 2, ηt ∼N(0, 1).
By the ordinary least squares method, we obtain the least squares estimators β̂LS =

3.5136, and σ̂2
LS = 1.0347. So we take β(0) = 3.5136, σ(0)2 = 1.0347, θ(0) = π/2, and δ = 0.01.

Therefore, using the iterative computing method, we obtain

−→
θ
(1)

= (1.0159, 3.5076, 1.6573)T ,
−→
θ
(2)

= (1.0283, 3.5076, 1.7599)T . (6.2)
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Since ‖−→θ
(2)
− −→θ

(1)
‖/‖−→θ

(1)
‖ < 0.01, the QML estimators of β, θ, and σ2 are given by

σ̂2
n = 1.0283, β̂n = 3.5076, θ̂n = 1.7599. (6.3)

These values closely approximate their true values, so our method is successful,
especially in estimating the parameters β and σ2.

6.2. Empirical Example

We will use the data studied by Fuller in [14]. The data pertain to the consumption of spirits
in the United Kingdom from 1870 to 1983. The dependent variable yt is the annual per capita
consumption of spirits in the United Kingdom. The explanatory variables xt1 and xt2 are per
capita income and price of spirits, respectively, both deflated by a general price index. All
data are in logarithms. The model suggested by Prest can be written as

yt = β0 + β1xt1 + β2xt2 + β3xt3 + β4xt4 + εt, (6.4)

where 1869 is the origin for t, xt3 = t/100, and xt4 = (t − 35)2/104, and assuming that εt is a
stationary time series.

Fuller [14] obtained the estimated generalized least squares equation

ŷt = 2.36 + 0.72xt1 − 0.80xt2 − 0.81xt3 − 0.92xt4,

εt = 0.7633εt−1 + ηt,
(6.5)

where ηt is a sequence of uncorrelated (0, 0.000417) random variables.
Using our method, we obtain the following models:

ŷt = 2.3607 + 0.7437xt1 − 0.8210xt2 − 0.7857xt3 − 0.9178xt4,

εt = (0.70054 + 0.00424t)εt−1 + ηt,
(6.6)

where ηt is a sequence of uncorrelated (0, 0.000413) random variables.
By the models (6.6), the residual mean square is 0.000413, which is smaller than

0.000417 calculated by the models (6.5).
From the above examples, it can be seen that our method is successful and valid.

However, a further discussion of fitting the function ft(θ) is needed so that we can find a
good method to use in practical applications.
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As a helpful guide for applications, the alternative hypotheses of the three-hypothesis test
problems are designed under the required error probabilities and average sample number in this
paper. The asymptotic formulas and the proposed numerical quadrature formulas are adopted,
respectively, to obtain the hypothesis designs and the corresponding sequential test schemes under
the Koopman-Darmois distributions. The example of the normal mean test shows that our methods
are quite efficient and satisfactory for practical uses.

1. Introduction

In practice, the multihypothesis test problems are of considerable interest in the areas
of engineering, agriculture, clinical medicine, psychology, and so on. For instance, the
multihypothesis tests are involved in pattern recognition [1–4], multiple-resolution radar
detection [5–7], products’ comparisons [8, 9], and information detection [10]. Before the
inspections, the hypotheses must be determined according to such practical needs as the
balance of risks and costs. As Wetherill and Glazebrook [11] pointed out, combinations of
hypotheses, risks, and costs may need to be tried iteratively until an acceptable design is
attained. This bothers and burdens the practitioners.

To avoid too many troublesome trials and to produce the hypotheses directly, we
discuss the hypothesis designs under the controlled risks and expected costs in this paper. As
an initial exploration, only the three-hypothesis test problems are considered here. Indeed,
our methods may extend to the multihypothesis cases.

In practice, test costs are mainly determined by sample sizes. Therefore, the sample
size becomes an issue relating to the statistical analysis of problems in many aspects; see for
example, Chen et al. [12], Oliveira et al. [13], Li and Zhao [14], Li et al. [15], Bakhoum and
Toma [16], Cattani [17], as well as Cattani and Kudreyko [18]. Accordingly, we consider the
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Average Sample Number (ASN), which is one of the most important values in evaluating the
expected costs of sequential test schemes.

In the three-hypothesis test problem, the null hypothesis is always set as a standard
and medium status. For example, Anderson [8] discussed the three-hypothesis test problem
to decide whether the difference of two yarns’ strength is zero (the null hypothesis), positive
or negative. Realistically, the standard and medium status (denoted as θ0) is definite, while
the two alternatives beside it need to be designed to balance the risks and costs. Thus, in this
paper, we try to design the alternatives θ−1 and θ1 (θ−1 < θ0 < θ1) under the required error
probabilities and ASN for testing the parameter θ of the Koopman-Darmois distribution

fθ(x) = exp{l(x) + θx − b(θ)}, where b(θ) is a convex function, θ ∈ Θ. (1.1)

To simplify the discussion, we only consider the designs of the two alternative
hypotheses symmetric with the null hypothesis, that is, θ1 − θ0 = θ0 − θ−1 = k(> 0). Actually,
the asymmetric designs may be obtained by extending our methods slightly.

Then, the test problem here is

H−1 : θ = θ−1 = θ0 − k vs. H0 : θ = θ0 vs. H1 : θ = θ1 = θ0 + k. (1.2)

For the multihypothesis test problems, Armitage [19] provided a classical test scheme
by simultaneously applying the method of Sequential Probability Ratio Test (SPRT) on each
pair of the hypotheses. This test scheme pattern is simple and easy to implement. When
testing the three hypotheses for the Koopman-Darmois distribution (1.1), Armitage’s scheme
may be illustrated as in Figure 1, where AL//CM are boundaries for “θ = θ1 versus θ = θ0”
and CP//DQ are for “θ = θ0 versus θ = θ−1” when the boundaries for “θ = θ1 versus θ = θ−1”
are encircled by AL and DQ and thus are neglected. According to Figure 1, the decision rule
should be

Accept H1 if Tn ≥ a + n tanψ,

Accept H0 if c + (n − n0) tanϕ ≤ Tn ≤ c + (n − n0) tanψ,

Accept H−1 if Tn ≤ d + n tanϕ,

Continue sampling without any decision, otherwise,

(1.3)

where Tn =
∑n

i=1 Xi and X1, X2, . . . are independent sequential observations from a Koopman-
Darmois distribution.

For the given θ−1, θ0, and θ1, the test scheme in Figure 1 is decided by 6 parameters
(n0, a, c, d, ψ, ϕ). ψ and ϕ may be determined according to Armitage [19], that is, tanψ =
[b(θ1) − b(θ0)]/(θ1 − θ0), tanϕ = [b(θ0) − b(θ−1)]/(θ0 − θ−1) under the Koopman-Darmois
distribution (1.1), then the remaining 4 parameters (n0, a, c, d) form the scheme. Altogether
with the hypothesis design value k in the test problem (1.2), the 5 underdetermined values
are (k, n0, a, c, d).
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In the three-hypothesis test problems, the error probabilities α and β should be
assigned to the error probabilities (γ1, γ2, γ3, γ4) in correspondence with the requirements

P
(
Accept H0 | H1

) ≤ γ1,

P
(
Accept H0 | H−1

) ≤ γ2,

P
(
Accept H1 | H0

) ≤ γ3,

P
(
Accept H−1 | H0

) ≤ γ4.

(1.4)

Commonly, we set γ1 = γ2 = β, γ3 = γ4 = α/2, as Payton and Young [20, 21] indicated.
And the request on the ASN should be

ASN(θASN) ≤N, (1.5)

where N(> 0) is a provided integer and θASN(∈ Θ) is the point at which the ASN needs to be
controlled. θASN may take values of θ−1, θ0, θ1, and so on according to practical needs.

Then, under the constraints (1.4) and (1.5), we may find the proper (k, n0, a, c, d) by
virtue of their relationships with the error probabilities and ASN.

Unfortunately, however, to the best knowledge of the authors, the accurate formulas
for the performances of the three-hypothesis test scheme are still unavailable possibly
because of its sequential feature and anomalistic continuing sampling area. In the following,
the hypothesis designs and the test scheme parameters are determined under the required
error probabilities and ASN in terms of some approximate expressions, that is, the asymptotic
formulas and the proposed numerical quadrature formulas.

2. Designs under Asymptotic Formulas

In this section, we try to find the hypothesis designs and test schemes under the required error
probabilities and ASN by virtue of the asymptotic formulas of the multihypothesis sequential
test scheme by Dragalin et al. in [22, 23].
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Firstly, we discuss how to control the error probabilities. Let Ci be the critical value of
the logarithmic likelihood ratio function for accepting θi, and let Ri be the probability limit of
incorrectly accepting θi, i = −1, 0, 1. According to Dragalin et al. [22], under the condition of
equal prior probabilities for the three hypotheses, the probability of wrongly accepting θi for
the Armitage [19] scheme may be controlled by Ri if the critical value Ci is set as

Ci = ln
{

2
3Ri

}

, i = −1, 0, 1. (2.1)

Thus, the error probabilities (γ1, γ2, γ3, γ4) are in control if we follow the critical values in (2.1),
where R−1 = γ4, R0 = min{γ1, γ2}, and R1 = γ3. Setting the critical values (C−1, C0, C1) equal to
the corresponding logarithmic likelihood ratio functions, we have the following expressions
for the test scheme parameters under the Koopman-Darmois distribution (1.1):

n0 =
C0(1/(θ0 − θ−1) − 1/(θ0 − θ1))

(b(θ0) − b(θ1))/(θ0 − θ1) − (b(θ0) − b(θ−1))/(θ0 − θ−1)
=

2C0

b(θ0 + k) + b(θ0 − k) − 2b(θ0)
,

a =
C1

θ1 − θ0
=
C1

k
,

c =
C0

θ0 − θ1
+ n0 tanψ = −C0

k
+ n0

b(θ0 + k) − b(θ0)
k

,

d =
C−1

θ−1 − θ0
= −C−1

k
.

(2.2)

Note that the expressions in (2.2) define the relations between the hypothesis design
parameter k and the test scheme parameters (n0, a, c, d), while k has not been determined so
far.

In the following, the hypothesis design parameter k is found with the help of Dragalin
et al.’s asymptotic ASN formulas [23].

Based on the nonlinear renewal theory, Dragalin et al. [23] summarized and developed
the asymptotic ASN formulas under max{α, β} → 0. Specifically, when θ1 − θ0 = θ0 − θ−1, the
asymptotic ASN formulas under the two alternatives θ−1 and θ1 are

ASN(θi) ≈
Ci +Oθi

Dθi

, i = −1, 1, (2.3)

where Dθi = minj /= iEθi(ln{fθi(x)/fθj (x)}) and Oθi is the expected limiting overshoot under
θi, i = −1, 0, 1.

And for the null hypothesis θ0 under θ1 − θ0 = θ0 − θ−1, the asymptotic ASN formula is

ASN(θ0) ≈
F2(C0, Dθ0 , v) +Oθ0

Dθ0

, (2.4)

where F2(x, q, u) = x+uh∗2
√

x/q + u2(h∗2)
2/(4q2)+u2(h∗2)

2/(2q) (h∗2 = 0.5641895835 here), and
v is the value related to the covariance of the logarithmic likelihood ratio functions.
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Notice that the approximate ASN formulas (2.3) and (2.4) only depend on the
hypothesis design parameter k when θ0 is given. Therefore, to find the proper hypothesis
design under the desired number N, we set up an equation about k to meet the ASN
requirement on one of the three hypothesis values, that is,

ASN(θASN) =N, (2.5)

where θASN may be θ−1, θ0, or θ1.
Then, the hypothesis design parameter k is the solution to (2.5) and the test scheme

with (n0, a, c, d) may be obtained correspondingly according to (2.2). Illustrations are
provided in Example 1 for testing the normal mean with the variance known.

Example 1. Suppose that the sequential observations X1, X2, . . . are independent and
identically distributed (i.i.d.) with N(μ, 1). Let μ0 = 0, γ1 = γ2 = β, and γ3 = γ4 = α/2.
Small values (≤ 30) are set on N as practical sequential inspections always require.

Accordingly, we have C0 = ln{2/(3γ1)}, C1 = C−1 = ln{2/(3γ3)}. In this example, the
test scheme parameters should be

n0 =
2C0

k2
, a =

C1

k
, c = 0, d = −a, tanψ =

k

2
, tanϕ = − tanψ. (2.6)

And for the normal distribution N(μ, 1), there are

Dμi = min
j /= i

(
μi − μj

)2

2
=
k2

2
, i = −1, 0, 1,

Oμi = 1 +
k2

4
− k

∞∑

l=1

1√
l

[

φ

(
k

2

√
l

)

− k
2

√
lΦ

(

−k
2

√
l

)]

, i = −1, 0, 1,

v =
√

2k,

(2.7)

where φ(·) and Φ(·) are the probability density function (p.d.f.) and cumulative distribution
function (c.d.f.) of the standard normal distribution, respectively.

Consider the following 4 cases, respectively:

μASN = μ0, α = β = 0.002,

μASN = μ0, α = β = 0.05,

μASN = μ1, α = β = 0.002,

μASN = μ1, α = β = 0.05.

(2.8)

Then, solving (2.5), we obtain the hypothesis designs k as shown in Column 2 of Tables 1,
2, 3, and 4. The corresponding test scheme parameters (n0, a, tanψ) from (2.6) are listed in
Columns 3–5 of Tables 1–4. To evaluate the method’s efficiency, we record the Monte Carlo
simulation study results with 1,000,000 replicates in Tables 5, 6, 7, and 8, where ASN′(μASN)
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Table 1: Hypothesis designs and test schemes for μASN = μ0, α = β = 0.002.

N
Under Asymptotic formulas Under Gaussian quadrature formulas

εk (%)
k n0 a tanψ k n0 a tanψ

5 2.1090 2.6121 3.0831 1.0545 1.8953 2.6876 3.0725 0.9477 11.28
10 1.4400 5.6030 4.5155 0.7200 1.3193 5.8833 4.6576 0.6597 9.15
15 1.1604 8.6279 5.6034 0.5802 1.0674 9.0266 5.8910 0.5337 8.71
20 0.9977 11.6709 6.5170 0.4989 0.9228 12.3354 6.9039 0.4614 8.12
25 0.8882 14.7257 7.3204 0.4441 0.8246 15.6592 7.7944 0.4123 7.71
30 0.8082 17.7888 8.0458 0.4041 0.7523 18.9949 8.5984 0.3762 7.43

Table 2: Hypothesis designs and test schemes for μASN = μ0, α = β = 0.05.

N
Under Asymptotic formulas Under Gaussian quadrature formulas

εk (%)
k n0 a tanψ k n0 a tanψ

5 1.6066 2.0072 2.0438 0.8033 1.3025 2.1953 2.2175 0.6513 23.35
10 1.0908 4.3542 3.0102 0.5454 0.9087 5.0028 3.4233 0.4544 20.04
15 0.8767 6.7395 3.7450 0.4384 0.7401 8.0001 4.2242 0.3701 18.46
20 0.7527 9.1448 4.3624 0.3764 0.6392 11.0000 5.2525 0.3196 17.76
25 0.6693 11.5630 4.9054 0.3347 0.5708 14.0000 5.9086 0.2854 17.26
30 0.6085 13.9903 5.3957 0.3043 0.5204 17.0000 6.5244 0.2602 16.93

Table 3: Hypothesis designs and test schemes for μASN = μ1, α = β = 0.002.

N
Under Asymptotic formulas Under Gaussian quadrature formulas

εk (%)
k n0 a tanψ k n0 a tanψ

5 1.7893 3.6290 3.6340 0.8947 1.7105 3.2864 3.4644 0.8553 4.61
10 1.2179 7.8334 5.3391 0.6090 1.1900 7.1875 5.2255 0.5950 2.34
15 0.9800 12.0973 6.6350 0.4900 0.9667 11.1560 6.5639 0.4834 1.38
20 0.8419 16.3926 7.7236 0.4210 0.8352 15.1594 7.6882 0.4176 0.80
25 0.7490 20.7080 8.6809 0.3745 0.7460 19.1851 8.6770 0.3730 0.40
30 0.6812 25.0379 9.5454 0.3406 0.6803 23.2266 9.5698 0.3402 0.13

Table 4: Hypothesis designs and test schemes for μASN = μ1, α = β = 0.05.

N
Under Asymptotic formulas Under Gaussian quadrature formulas

εk (%)
k n0 a tanψ k n0 a tanψ

5 1.3089 3.0237 2.5085 0.6545 1.1875 2.9124 2.4858 0.5938 10.22
10 0.8835 6.6369 3.7164 0.4418 0.8264 6.2545 3.8213 0.4132 6.91
15 0.7083 10.3268 4.6358 0.3542 0.6715 10.0000 4.8351 0.3358 5.48
20 0.6071 14.0566 5.4085 0.3036 0.5803 13.4993 5.6872 0.2902 4.62
25 0.5393 17.8118 6.0883 0.2697 0.5183 17.0061 6.4368 0.2592 4.05
30 0.4899 21.5853 6.7022 0.2450 0.4727 20.8842 7.1131 0.2364 3.64

is the simulated value of ASN(μASN) and ε is the relative difference between ASN′(μASN) and
N. Note that the simulated probabilities under μ−1 are neglected here since they are nearly
equivalent to their counterparts under μ1 in terms of the schemes’ symmetry.

Obviously, the accuracy of the solution k to (2.5) is decided by the efficiency of the
ASN formulas (2.3) and (2.4). On one hand, from Dragalin et al. [23] and the ε’s in Tables
5–8, we conclude that the formulas in (2.3) for ASN(θ−1) and ASN(θ1) are more efficient than
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Table 5: Simulated performances for the schemes under asymptotic formulas in Table 1.

N

When μ1 is true When μ0 is true
ASN′(μ0) ε (%)Probability of accepting Probability of accepting

μ−1 μ0 μ1 μ−1 μ0 μ1

5 0 0.0007 0.9993 0.0005 0.9990 0.0005 4.7053 6.26

10 0 0.0009 0.9991 0.0007 0.9986 0.0007 9.3601 6.84

15 0 0.0011 0.9989 0.0007 0.9985 0.0008 13.9845 7.26

20 0 0.0011 0.9989 0.0008 0.9984 0.0008 18.5910 7.58

25 0 0.0012 0.9988 0.0009 0.9982 0.0009 23.1885 7.81

30 0 0.0013 0.9987 0.0010 0.9980 0.0010 27.8046 7.90

Table 6: Simulated performances for the schemes under asymptotic formulas in Table 2.

N

When μ1 is true When μ0 is true
ASN′(μ0) ε (%)Probability of accepting Probability of accepting

μ−1 μ0 μ1 μ−1 μ0 μ1

5 0 0.0186 0.9814 0.0148 0.9703 0.0149 4.4409 12.59

10 0 0.0273 0.9727 0.0195 0.9610 0.0195 8.4229 18.72

15 0 0.0317 0.9682 0.0219 0.9562 0.0219 12.3687 21.27

20 0 0.0323 0.9677 0.0236 0.9529 0.0235 16.4767 21.38

25 0 0.0344 0.9656 0.0246 0.9508 0.0245 20.3535 18.59

30 0 0.0361 0.9638 0.0252 0.9494 0.0255 24.2233 19.26

the one in (2.4) for ASN(θ0) when testing the normal mean. On the other hand, the asymptotic
ASN formulas perform better under smaller error probabilities since the asymptotic limit is
taken as max{α, β} → 0. For applications, with such a simple computation, the efficiency of
the design is quite satisfactory for small error probabilities conditions.

However, this method may only serve to control the ASN on the three hypothesis
values since the asymptotic ASN formulas out of these points are absent so far. And the
quantities Dθi ,Oθi (i = −1, 0, 1), and v should be deduced according to specific distributions
(see [23]). Besides, the discrepancies between the real performances and the required ones
show the method’s conservativeness. In the next section, an improved method is proposed
and more efficient formulas are developed through the numerical quadrature.

3. Designs under Numerical Quadrature Formulas

This section proposes a method to obtain more efficient hypothesis designs and test schemes
through a system of equations based on the numerical quadrature formulas of the error
probabilities and ASN.

In studies by Payton and Young in [20, 21], for the provided hypotheses, the error
probabilities (γ1, γ2, γ3, γ4) are approximately attained by solving a system of equations about
the 4 scheme parameters (n0, a, c, d). This method is hoped to fully make use of the required
error probabilities and to obtain efficient designs. Enlightened by Payton and Young, we
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Table 7: Simulated performances for the schemes under asymptotic formulas in Table 3.

N

When μ1 is true When μ0 is true
ASN′(μ1) ε (%)Probability of accepting Probability of accepting

μ−1 μ0 μ1 μ−1 μ0 μ1

5 0 0.0008 0.9992 0.0005 0.9990 0.0005 4.9907 0.19
10 0 0.0010 0.9990 0.0007 0.9985 0.0008 9.9818 0.18
15 0 0.0010 0.9990 0.0009 0.9983 0.0008 14.9705 0.20
20 0 0.0012 0.9988 0.0010 0.9981 0.0009 19.9525 0.24
25 0 0.0013 0.9987 0.0009 0.9981 0.0010 24.9494 0.20
30 0 0.0012 0.9988 0.0010 0.9980 0.0010 29.9059 0.31

Table 8: Simulated performances for the schemes under asymptotic formulas in Table 4.

N

When μ1 is true When μ0 is true
ASN′(μ1) ε (%)Probability of accepting Probability of accepting

μ−1 μ0 μ1 μ−1 μ0 μ1

5 0 0.0226 0.9774 0.0173 0.9655 0.0172 4.7976 4.05
10 0 0.0313 0.9687 0.0221 0.9560 0.0219 9.4322 5.68
15 0 0.0336 0.9664 0.0241 0.9518 0.0241 14.1221 5.85
20 0 0.0346 0.9654 0.0255 0.9492 0.0253 18.7665 6.17
25 0 0.0367 0.9632 0.0265 0.9471 0.0264 23.3316 6.67
30 0 0.0371 0.9628 0.0270 0.9459 0.0270 27.9989 6.67

propose to find the hypothesis design and test scheme by solving the following system of
equations:

P
(
Accept H1 | H0

)
= γ3,

P
(
Accept H−1 | H0

)
= γ4,

P
(
Accept H0 | H1

)
= γ1,

P
(
Accept H0 | H−1

)
= γ2,

ASN(θASN) =N.

(3.1)

Obviously, the key is to find the formulas of the error probabilities and ASN on the
left side of the equations in (3.1). Unfortunately, the available approximate formulas cannot
meet applicable needs well. For example, Payton and Young [20, 21] adopted the formulas
under the continuous-time process and the required minimum sample size before decisions,
and obtained some inefficient results. Also, as mentioned in Section 2, Dragalin et al.’s results
are restricted to the conditions of small error probabilities and θASN = θi (i = −1, 0, 1) [22, 23].

To find efficient and applicable designs, we develop the approximate formulas through
the numerical quadrature for the three-hypothesis test scheme’s performances on the error
probabilities and ASN.

To deduce the formulas for the realistic discrete-time situation, we denote nt as the
minimum integer that is not less than n0. Let Lj and Uj be the values on the two boundaries
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DQ and AL in Figure 1 at n = j, that is, Lj = d + j tanϕ, Uj = a + j tanψ, j = 1, . . . , nt. Denote
cL = c + (nt − n0) tanϕ, cU = c + (nt − n0) tanψ, a′ = a + nt tanψ, and d′ = d + nt tanϕ. With the
decision rule (1.3), we rewrite the system of (3.1) as

R1(θ0) + S1(θ0) − L1(θ0) = γ3,

R−1(θ0) + S−1(θ0) − L−1(θ0) = γ4,

L1(θ1) + L−1(θ1) + L0(θ1) = γ1,

L1(θ−1) + L−1(θ−1) + L0(θ−1) = γ2,

N0(θASN) +N1(θASN) +N−1(θASN) + ntJ(θASN) =N,

(3.2)

where R1(θ) = Pθ(Accept H1 through AL when n ≤ nt);R−1(θ) = Pθ(Accept H−1 through
DQ when n ≤ nt); S1(θ) = Pθ(cU < Tnt < a′, Lj < Tj < Uj , j = 1, . . . , nt − 1); S−1(θ) = Pθ(d′ <
Tnt < cL, Lj < Tj < Uj , j = 1, . . . , nt − 1); L1(θ) = Pθ(Accept H0 through CM when n > nt);
L−1(θ) = Pθ(Accept H0 through CP when n > nt); L0(θ) = Pθ(Accept H0 at n = nt); J(θ) =
S1(θ) + S−1(θ) + L0(θ);N0(θ) is the average sample number from a point in (d, a) at n = 0 to
the point of accepting H1 or H−1 when n ≤ nt. N1(θ) is the average sample number from a
point in (cU, a′) at n = nt to the point of making a decision when n > nt. And N−1(θ) is the
average sample number from a point in (d′, cL) at n = nt to the point of making a decision
when n > nt.

The following theorem provides the approximate formulas through the numerical
quadrature for the quantities in (3.2). In fact, these formulas are developed by a stepwise
dealing for the continuing sampling area before n0 and the results by Li and Pu in [24] for the
parallel lines areas inside AL//CM and inside CP//DQ, respectively. With such an idea, the
proof of Theorem 3.1 is trivial and is neglected here.

Theorem 3.1. Assume that X1, X2, . . . are i.i.d. observations. Let fθ(x) and Fθ(x) be the p.d.f. and
c.d.f. of X, respectively. Assume that F−θ (x) = Pθ(X < x). Denote g̃1θ(x) = fθ(x), and g̃j+1θ(x)

=
∑m

i=1 ω(u
(j)
i )g̃jθ(u

(j)
i )fθ(x − u(j)i ), where u(j)i is the ith numerical quadrature root for [Lj,Uj],

i = 1, . . . , m, j = 1, . . . , nt − 1, and ω(u) is the corresponding weight for the numerical quadrature
root u. Let u(nt)i and u(nt)

′

i be the ith numerical quadrature root for [cU, a′] and for [d′, cL], respectively,
i = 1, . . . , m.

Then, the approximate values R̃1(θ), R̃−1(θ), S̃1(θ), S̃−1(θ), L̃1(θ), L̃−1(θ), L̃0(θ), Ñ0(θ),
Ñ1(θ), and Ñ−1(θ) for the quantities in (3.2) are the following.

(1)

R̃1(θ) = 1 − F−θ (U1) +
nt∑

j=2

m∑

i=1

ω
(
u
(j−1)
i

)
g̃j−1θ

(
u
(j−1)
i

)[
1 − F−θ

(
Uj − u(j−1)

i

)]
. (3.3)

(2)

R̃−1(θ) = Fθ(L1) +
nt∑

j=2

m∑

i=1

ω
(
u
(j−1)
i

)
g̃j−1θ

(
u
(j−1)
i

)
Fθ

(
Lj − u(j−1)

i

)
. (3.4)
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(3)

S̃1(θ) =
m∑

i=1

ω
(
u
(nt−1)
i

)
g̃nt−1θ

(
u
(nt−1)
i

)[
F−θ

(
a′ − u(nt−1)

i

)
− Fθ

(
cU − u(nt−1)

i

)]
. (3.5)

(4)

S̃−1(θ) =
m∑

i=1

ω
(
u
(nt−1)
i

)
g̃nt−1θ

(
u
(nt−1)
i

)[
F−θ

(
cL − u(nt−1)

i

)
− Fθ

(
d′ − u(nt−1)

i

)]
. (3.6)

(5) Denote q(1)
θ
(x) = [q(1)

θj
(x)]1×m, where q

(1)
θj
(x) = ω(u(nt)j )fθ(u

(nt)
j +tanψ−x), j = 1, . . . , m;

p(1)
θ

= [p(1)
θi
]m×1, where p

(1)
θi

= Fθ(cU+tanψ−u(nt)i ), i = 1, . . . , m; Q(1)
θ

= [q(1)
θij
]m×m, where

q
(1)
θij = ω(u

(nt)
j )fθ(u

(nt)
j + tanψ − u(nt)i ), i, j = 1, . . . , m. Let I be them ×m identity matrix.

Then, there is

L̃1(θ) =
m∑

i=1

ω
(
u
(nt)
i

)
g̃ntθ

(
u
(nt)
i

)
ÕC1θ

(
u
(nt)
i

)
, (3.7)

where ÕC1θ(x) = Fθ(cU + tanψ − x) + q(1)
θ (x)(I −Q(1)

θ )−1p(1)
θ .

(6) Denote q(2)
θ
(x) = [q(2)

θj
(x)]1×m, where q

(2)
θj
(x) = ω(u(nt)

′

j )fθ(u
(nt)′

j +tanϕ−x), j = 1, . . . , m;

p(2)
θ

= [p(2)
θi
]m×1, where p

(2)
θi

= Fθ(d′ + tanϕ−u(nt)′i ), i = 1, . . . , m; Q(2)
θ

= [q(2)
θij
]m×m, where

q
(2)
θij

= ω(u(nt)
′

j )fθ(u
(nt)′

j + tanϕ − u(nt)′i ), i, j = 1, . . . , m. Then, we have

L̃−1(θ) = S̃−1(θ) −
m∑

i=1

ω
(
u
(nt)

′

i

)
g̃ntθ

(
u
(nt)

′

i

)
ÕC−1θ

(
u
(nt)

′

i

)
, (3.8)

where ÕC−1θ(x) = Fθ(d′ + tanϕ − x) + q(2)
θ
(x)(I −Q(2)

θ
)−1p(2)

θ
.

(7)

L̃0(θ) =
m∑

i=1

ω
(
u
(nt−1)
i

)
g̃nt−1θ

(
u
(nt−1)
i

)[
Fθ

(
cU − u(nt−1)

i

)
− F−θ

(
cL − u(nt−1)

i

)]
. (3.9)

(8)

Ñ0(θ) = 1 +
nt∑

j=2

j
m∑

i=1

ω
(
u
(j−1)
i

)
g̃j−1θ

(
u
(j−1)
i

)[
1 − F−θ

(
Uj − u(j−1)

i

)
+ Fθ

(
Lj − u(j−1)

i

)]
. (3.10)
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Table 9: Simulated performances for the schemes under Gaussian quadrature formulas in Table 1.

N

When μ1 is true When μ0 is true
ASN′(μ0) ε (%)Probability of accepting Probability of accepting

μ−1 μ0 μ1 μ−1 μ0 μ1

5 0 0.0021 0.9979 0.0010 0.9980 0.0010 5.0003 0.01
10 0 0.0020 0.9980 0.0010 0.9980 0.0010 10.0078 0.08
15 0 0.0019 0.9981 0.0010 0.9980 0.0009 14.9949 0.03
20 0 0.0020 0.9980 0.0010 0.9980 0.0010 19.9888 0.06
25 0 0.0020 0.9980 0.0011 0.9979 0.0010 24.9980 0.01
30 0 0.0020 0.9980 0.0010 0.9980 0.0010 29.9972 0.01

(9)

Ñ1(θ) =
m∑

i=1

ω
(
u
(nt)
i

)
g̃ntθ

(
u
(nt)
i

)
ñ1θ

(
u
(nt)
i

)
, (3.11)

where ñ1θ(x) = 1 + q(1)
θ
(x)(I −Q(1)

θ
)−11 with 1 being them × 1 vector of 1’s.

(10)

Ñ−1(θ) =
m∑

i=1

ω
(
u
(nt)

′

i

)
g̃ntθ

(
u
(nt)

′

i

)
ñ−1θ

(
u
(nt)

′

i

)
, (3.12)

where ñ−1θ(x) = 1 + q(2)
θ (x)(I −Q(2)

θ )−11.

Notice that the values on the left side of the equations in (3.2) must be obtained
through a computer program with much iterative work, which reveals the method’s
complexity in computation and impairs the speed of solving the system of (3.2). Nevertheless,
the time it costs is tolerable when the accuracy of solving the equations is not too demanded.

Example 1 (Continued). Consider the same problems as those in Example 1 in Section 2.
By applying the formulas (3.3)–(3.12) and the 64 Gaussian quadrature roots, we solve the
system of (3.2) in a computer program. The hypothesis designs and the corresponding test
schemes are listed in Columns 6–9 of Tables 1–4. As a comparison with the method under the
asymptotic formulas in Section 2, εk in Column 10 of Tables 1–4 records the relative difference
between the two hypothesis designs of the two methods. The Monte Carlo simulation study
with 1,000,000 replicates in Tables 9, 10, 11, and 12 reveal the schemes’ real performances.

The real performances in Tables 9–12 show that the requirements on controlling the
error probabilities and ASN may be fully made use of under this method and the numerical
quadrature formulas are almost accurate. Therefore, the hypothesis designs and test schemes
are highly efficient in terms of, for instance, more efficient designs with smaller k in Tables
1–4 under this method.

To further explain the methods, an example of the airbag quality inspection is provided
in the appendix.
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Table 10: Simulated performances for the schemes under Gaussian quadrature formulas in Table 2.

N

When μ1 is true When μ0 is true
ASN′(μ0) ε (%)Probability of accepting Probability of accepting

μ−1 μ0 μ1 μ−1 μ0 μ1

5 0 0.0500 0.9500 0.0250 0.9501 0.0249 4.9998 0.00

10 0 0.0499 0.9501 0.0249 0.9499 0.0251 10.0032 0.03

15 0 0.0486 0.9514 0.0271 0.9456 0.0274 15.0038 0.03

20 0 0.0520 0.9480 0.0228 0.9543 0.0229 20.0061 0.03

25 0 0.0510 0.9490 0.0236 0.9530 0.0234 24.9795 0.08

30 0 0.0512 0.9488 0.0235 0.9532 0.0233 29.9926 0.02

Table 11: Simulated performances for the schemes under Gaussian quadrature formulas in Table 3.

N

When μ1 is true When μ0 is true
ASN′(μ1) ε (%)Probability of accepting Probability of accepting

μ−1 μ0 μ1 μ−1 μ0 μ1

5 0 0.0019 0.9981 0.0011 0.9979 0.0010 4.9994 0.01

10 0 0.0020 0.9980 0.0010 0.9980 0.0010 9.9917 0.08

15 0 0.0020 0.9980 0.0010 0.9980 0.0010 15.0154 0.10

20 0 0.0020 0.9980 0.0010 0.9979 0.0010 20.0129 0.06

25 0 0.0020 0.9980 0.0010 0.9980 0.0010 24.9880 0.05

30 0 0.0020 0.9980 0.0010 0.9980 0.0010 30.0151 0.05

Table 12: Simulated performances for the schemes under Gaussian quadrature formulas in Table 4.

N

When μ1 is true When μ0 is true
ASN′(μ1) ε (%)Probability of accepting Probability of accepting

μ−1 μ0 μ1 μ−1 μ0 μ1

5 0 0.0499 0.9501 0.0252 0.9500 0.0248 4.9973 0.05

10 0 0.0499 0.9501 0.0254 0.9496 0.0250 9.9876 0.12

15 0 0.0505 0.9495 0.0250 0.9499 0.0252 15.0181 0.12

20 0 0.0502 0.9498 0.0249 0.9502 0.0249 20.0105 0.05

25 0 0.0498 0.9502 0.0251 0.9500 0.0249 24.9896 0.04

30 0 0.0499 0.9500 0.0250 0.9502 0.0248 30.0180 0.06

4. Conclusions and Remarks

For the three-hypothesis test problems, the methods of designing the hypotheses, together
with obtaining the corresponding test schemes, are proposed by adopting asymptotic
formulas or numerical quadrature formulas in this paper. As a helpful guide for practitioners,
they aid to directly find proper hypotheses under controlled risks and costs in preventing
from too many iterative trials on combinations of hypotheses to meet practical needs.

The asymptotic formulas and the numerical quadrature formulas are both alternative
tools for the hypothesis designs. Several aspects should be considered when choosing
between them in applications.
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(1) The method with numerical quadrature formulas outperforms the one under the
asymptotic formulas especially when the error probabilities are not very small,
as the example shows. In reality, the required error probabilities always range
from 0.05 to 0.30 in sequential inspections, which seems to suggest choosing the
numerical quadrature formulas to obtain efficient designs.

(2) In computation, the asymptotic formulas provide great convenience for applica-
tions, while the numerical quadrature formulas demand much iterative computa-
tional work especially when the number of numerical quadrature roots is large. But
from the computation with the 64 Gaussian quadrature roots in the example, the
time it costs in a common computer is tolerable if the start values for the system
of equations are proper. We recommend finding the designs under the asymptotic
formulas first, and then apply them as starts to obtain more efficient hypotheses
from the numerical quadrature formulas when needed.

(3) When adopting the asymptotic formulas, the expressions for the quantities
Dθi ,Oθi (i = −1, 0, 1), and v should be developed for a specific distribution (see
[23]). For the use of numerical quadrature formulas, the quadrature roots may be
particularly arranged to fit the support points in the discrete distributions (e.g, see
Reynolds and Stoumbos [25]). And for the θASN out of (θ−1, θ0, θ1), only the method
with numerical quadrature formulas may take effect.

Actually, the two methods may apply to any distribution out of the Koopman-Darmois
family. However, the test schemes under these distributions may be different from that in
Figure 1, and the numerical quadrature formulas should be changed according to the test
scheme patterns.

For the hypothesis designs asymmetric with the null hypothesis or the multihypothe-
sis test problems, the methods proposed in this paper are still applicable by some extensions
of adding more constraints on the designs. The hypothesis design problems under other
requests, for example, under the desire of stopping sampling before a limit guaranteed by
a provided probability, are still open to scholars and practitioners.

Appendix

Illustration of Airbag Quality Inspection

According to Li et al. [26], the airbag deployment pressure rate per unit of time, which is
always assumed to conform with a standard normal distribution after some standardized
transformation, is a key index of the airbag quality. The concerned problem here is whether
the quality index is zero, positive, or negative. This quality index is measured in a 100
cubic feet testing air tank with sensors and the inspection is destructive. Since the airbag
is expensive, the three-hypothesis sequential test scheme is needed to reduce the average
inspection costs.

Suppose that the two error probabilities are α = β = 0.05 and the required ASN(μ0) is
no more than 5. Then, the hypothesis designs and test schemes of “N = 5” in Table 2 should
be taken, that is, (k, n0, a, c, d, tanψ, tanϕ) = (1.6066, 2.0072, 2.0438, 0, −2.0438, 0.8033,−0.8033)
under the method with asymptotic formulas and (k, n0, a, c, d, tanψ, tanϕ) =
(1.3025, 2.1953, 2.2175, 0,−2.2175, 0.6513,−0.6513) under the method with Gaussian
quadrature formulas.
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Table 13: Test process under the test scheme from asymptotic formulas.

j Xj Tj a + j tanψ c + (j − n0) tanψ c + (j − n0) tanϕ
d + j tanϕ Decision

when j ≥ n0 when j ≥ n0

1 0.5689 0.5689 2.8471 ∗ ∗ −2.8471 ∗
2 −0.2556 0.3133 3.6504 ∗ ∗ −3.6504 ∗
3 −0.3775 −0.0642 4.4537 0.7975 −0.7975 −4.4537 Accept H0

Table 14: Test process under the test scheme from Gaussian quadrature formulas.

j Xj Tj a + j tanψ c + (j − n0) tanψ c + (j − n0) tanϕ
d + j tanϕ Decision

when j ≥ n0 when j ≥ n0

1 0.5689 0.5689 2.8688 ∗ ∗ −2.8688 ∗
2 −0.2556 0.3133 3.5201 ∗ ∗ −3.5201 ∗
3 −0.3775 −0.0642 4.1714 0.5241 −0.5241 −4.1714 Accept H0

Under the method with asymptotic formulas, the hypothesis test problem should be

H−1 : μ = −1.6066 vs. H0 : μ = 0 vs. H1 : μ = 1.6066. (A.1)

Taking the simulated observations fromN(0, 1) by Li et al. in [26], we may reach a decision of
accepting H0 when T3 = −0.0642 falls in [c+(3−n0) tanϕ, c+(3−n0) tanψ] = [−0.7975, 0.7975]
according to the test process in Table 13.

Under the method with Gaussian quadrature formulas, the hypothesis test problem
should be

H−1 : μ = −1.3025 vs. H0 : μ = 0 vs. H1 : μ = 1.3025. (A.2)

Also taking the simulated observations from N(0, 1) by Li et al. in [26], we may accept H0

after inspecting the third airbag according to the test process in Table 14.
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The main purpose of the present study is to investigate the possible application of decision
tree in landslide susceptibility assessment. The study area having a surface area of 174.8 km2

locates at the northern coast of the Sea of Marmara and western part of Istanbul metropolitan
area. When applying data mining and extracting decision tree, geological formations, altitude,
slope, plan curvature, profile curvature, heat load and stream power index parameters are taken
into consideration as landslide conditioning factors. Using the predicted values, the landslide
susceptibility map of the study area is produced. The AUC value of the produced landslide
susceptibility map has been obtained as 89.6%. According to the results of the AUC evaluation,
the produced map has exhibited a good enough performance.

1. Introduction

The landslide susceptibility and hazard assessments can be carried out either by using direct
mapping techniques or by using indirect mapping techniques. Direct hazard assessment,
in which the degree of hazard is determined by the mapping geomorphologist, based
on his/her experience and knowledge of the terrain conditions [39]. However, indirect
hazard assessment, in which either statistical models or deterministic models are used to
predict landslide prone areas, based on information obtained from the interrelation between
landscape factors and the landslide distribution [39]. In the recent years, many studies
on the indirect landslide susceptibility assessment have been published depending on the
developments of Geographical Information Systems (GISs) and digital cartography. It is
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possible to produce a landslide susceptibility map employing various indirect mapping
techniques such as combination of index maps (i.e., [1, 3, 5, 26]), bivariate and multivariate
statistical analyses (i.e., [4, 6–15, 17–19, 21, 25, 46]), neural networks (i.e., [2, 19, 23,
24, 27, 32, 43]) and fuzzy approach (i.e., [28–31, 37]). It is evident that each landslide
susceptibility assessment method considered by landslide community has some advantages
and drawbacks.

According to Miller and Han [49], similar to many research and application fields,
geography has moved from a data-poor and computation-poor to data-rich and computation-
rich environment. The scope, coverage, and the volume of digital geographic datasets are
growing rapidly. Moreover, new high spatial and spectral resolution remote sensing systems
and other monitoring devices are gathering vast amounts of georeferenced digital imagery,
video, and sound. Traditional spatial analytical techniques cannot easily discover new and
unexpected patterns, trends, and relationships that can be hidden deep within very large
diverse geographic datasets [49]. At this point, data mining which encompasses variety
of statistical analysis, pattern recognition and machine learning techniques can be used
to overcome the problem when processing very large datasets. When producing landslide
susceptibility maps, very large datasets should be processed. As mentioned above, landslide
susceptibility maps have been produced by using several methods. The investigation of the
decision tree in landslide susceptibility assessment constitutes the main purpose of this study.
For the purpose of the study, decision tree is used to analyze the geographic data to predict
landslide susceptible zones on map for the study area, Cekmece area of Istanbul, Turkey
(Figure 1). The study also includes assessment of the landslide conditioning factors, some
the oretical information on the decision tree technique, and application of the decision trees
to landslide susceptibility assessment.

2. General Characteristics of the Study Area

The study area having a surface area of 174.8 km2 locates at the northern coast of the Sea of
Marmara and western part of Istanbul metropolitan area (see Figure 1). The Buyuk Cekmece
Lake, and the Kucuk Cekmece Lake and Dikilitas creek are the western and eastern borders
of the study area, respectively. The area has a high seismicity. In the last decade, Turkey has
experienced some large earthquakes. More than 300 earthquakes in the region have been
reported to have occurred between 2100 BC and AD 1900 [55]. The active northern branch of
the North Anatolian Fault Zone (NAFZ) passes through approximately 9 km from south of
the application site. In the last 20 centuries, between Izmit and Gulf of Saros, 29 historically
large (between 6.3 and 7.4 Ms) earthquakes occurred along the northern branch of the NAFZ
[35]. Actually, it may be effortlessly remarked that there are two main landslide triggers, one
of which is earthquake and the other is heavy rainfall. If the characteristics of the region are
taken into consideration, it is possible to say that the landslide triggers exist in the application
area.

In the study area, summers are hot and slightly rainy while winters are warm
and rainy. The topography of the region and presence of lakes and dams also affect the
weather conditions (http://istanbul.meteor.gov.tr/). The region receives 85% of the total
annual precipitation in the period of September-May (http://istanbul.meteor.gov.tr/). In
this study, the data of Florya Meteorology Station, the nearest station to the application
site, was assessed. According to the meteorological data of the period of 1937–1990, the
average monthly rainfall varies between 20.5 mm and 102.0 mm. The annual precipitation
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Figure 1: Location map of the study area; rectangle in black pointed out by the arrow in the figure covers
the study area.

varies between 500 mm and 1000 mm in the region while average annual precipitation of
long period of the Florya Meteorology Station is 642.4 mm. The maximum daily precipitation
was observed in Istanbul as 88.9 kg/m2 (http://www.meteor.gov.tr/). As will be explained
in the latter sections, the precipitation is highly effective on the landslide occurrence in the
study area.

Various lithological units from Middle-Late Eocene to Quaternary crop out in the
region. The 1/25000 scaled geological map of the study area was prepared by Duman et
al. [36]. Areal distributions of the geological formations of the study area are given in Table 1
and Figure 2. The Kirklareli limestone is the oldest rocks of the study area from the Middle-
Late Eocene while the youngest unit in the study area is actual alluviums. In the area, some
inactive normal faults are typical. The dip values of the beddings of the sedimentary units
in the area are rather low, 5–15 degrees. For this reason, the strikes and the dip directions
exhibit a high variation in short distances. However, there is no considerable folding in the
study area [17].

The altitude values in the study area are between 0 and 200 m while the dominant
altitude ranges are 75–100 and 100–125 m (Table 2). The study area has a dendritic
drainage pattern, because of presence of soft lithologies and low slope angles. The general
physiographic trend of the area is NW-SE. The range of the slope gradient values is from 0
to 57 degrees. Finally, these slope gradient values indicate that the majority of the region has
gentle slopes.

3. Assessment of Landslide Conditioning Factors

In this section, the landslide conditioning factors observed in the study area are explained.
Before the explanations, the data used is given. In the present study, the digital elevation
model (DEM) produced by Duman et al. [17] is used. The DEM was prepared by digitizing
10 m altitude contours of the 1/25,000 scale topographical map [17]. Maps of slope gradient,
heat load, altitude, stream power index, plan curvature, and profile curvature are produced
using the DEM in raster format with a pixel size of 25 × 25 m2. The lithology map taken
into consideration in this study was prepared by Duman et al. [36]. This vector map



4 Mathematical Problems in Engineering

640000

45
40

00
0

45
50

00
0

640000

45
50

00
0

45
40

00
0

Tme

Qa

Qa

Toda

Toda

Tod

Qa

Yesilbayir fault

Tek

Tos

Toc

Tmb

Tmb

Tmb

Tod

Tme

Teoi

Teoi2

TeoiyTeoi

Tme

Tos

Alluvium (Qa)
Bakirkoy fm. (Tmb)

Cantakoy fm. (Toc)
Ergene fm. (Tme)

Danisment fm. (Tod)
Ihsaniye fm. (Teoi)

Kirklareli limestone (Tek)
Danisment fm.acmalar m. (Toda)
Ihsaniye fm.tuff m. (Teoi2)
Suloglu fm. (Tos)
Yassioren limestone (Teoiy)

N

S

W E

0 2.5 5 (km)

Figure 2: Geological map of the study area [36].

was converted to a raster map with a pixel size of 25 × 25 m2 by Duman et al. [17]. A
reliable landslide inventory defining the type and activity of all landslides, as well as their
spatial distribution, is essential before any analysis of the occurrence of landslides and their
relationship to environmental conditions undertaken [34]. Therefore, it is possible to say
that a reliable landslide inventory is a crucial part of a landslide susceptibility map among
the parameters employed, because it is the fundamental component of the assessments. In
Turkey, a landslide inventory project at national scale has been conducted by the Geological
Research Department of the General Directorate of Mineral Research and Exploration (MTA).
When preparing the landslide inventory, to identify the landslides, the vertical black-and-
white aerial photographs of medium scale (1 : 35,000), dated 1955–1956, were used [17].
When describing the type and activity of the landslides in the project [38], mass movements
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Table 1: The distribution of the geological formations with respect to landslide in the study area.

Formation Symbol
Grid cells with landslides All grid cells LandslideDensity (%)
Frequency % Frequency %

Quaternary Qa 1127 2.1 15495 5.54 7.27

Bakirkoy fm. Tmb 4473 8.34 56231 20.1 7.95

Ergene fm. Tme 13617 25.37 71287 25.49 19.1

Cantakoy fm. Toc 5706 10.63 14210 5.08 40.15

Danisment fm. Tod 4728 8.81 20650 7.38 22.9

Ihsaniye fm. Teoi 1810 3.37 43337 15.49 4.18

Kirklareli limestone Tek 0 0 1613 0.58 0
Danisment fm.
Acmalar m. Toda 17151 31.95 34213 12.23 50.13

Ihsaniye fm. Tuff m. Teoi2 66 0.12 478 0.17 13.81

Suloglu fm. Tos 4996 9.31 21166 7.57 23.6

Yassioren limestone Teoiy 0 0 1035 0.37 0

were classified according to the cinematic types of classification proposed by Varnes [16], that
is, flows, falls, and slides. The landslides are also classified according to their relative depths,
as shallow (depth < 5 m) and deep seated (depth > 5 m). Landslide activities were classified
into two groups as active and inactive by Duman et al. [38]. Active landslides are defined
as those currently moving; whereas inactive ones are as relict according to Working Party on
World Landslide Inventory WP/WLI [40]. Shallow landslides are classified as active because
of their ongoing observed movements [41].

One of the most important stages of landslide susceptibility mapping is to describe the
factors governing the landslides identified in the area. A landslide susceptibility mapping
procedure for the application site has been performed previously by Duman et al. [17]
considering the logistic regression technique. Duman et al. [17] have employed geological
formations, geomorphological units, and relative permeability of different lithological units,
slope gradient, slope aspect, altitude, plan and profile curvatures, and stream power index
parameters as the landslide conditioning factors. However, in the present study, some
parameters such as geomorphological units and relative permeability of the lithological
units have been eliminated. Furthermore, several topographic parameters used in the study
reflect geomorphological characteristics of the study area. To abstain a redundancy, the
geomorphologic units are eliminated from the model. The other eliminated parameter used
by Duman et al. [17] is the relative permeability of the lithological units. Determination of
this parameter is too difficult, sometimes impossible. As a result, the relative permeability is
also excluded from the model. One of the topographic parameters used by Duman et al. [17]
is the slope aspect. Aspect of a slope is the direction or azimuth of a slope faces. It strongly
influences potential direct incident radiation and temperature. Untransformed slope aspect is
a poor variable for quantitative analysis, since 1 degree is adjacent to 360 degrees; the numeric
values are very different even though the slope aspect is about the same. Hence, slope aspect
values need to be transformed in one of several ways, depending on the precision with which
it was measured and the environmental factor(s) the analyst would like it to represent [42].
In this study, the heat load index [42] has been used instead of the slope aspect. According
to the descriptive statistics of the parameter, the mean heat load index value on the grid cells
with landslides is observed as 0.529 (±0.338) (Table 2). The other conditioning parameters
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Table 2: General descriptive statistics of topographical variables with respect to landslides.

Data Variable Min. Max. Mean Std.
deviation

Grid cells with landslides (N = 53, 674)

Altitude (m) 0.000 194.680 85.009 45.165
Slope gradient 0.000 57.950 7.966 5.307

(◦)
Plan curvature –3.130 2.870 −0.013 0.238

Profile –2.930 3.080 0.023 0.303
curvature
Heat load 0.000 1.000 0.529 0.338

Stream power 0.000 8.330 0.724 0.934
index (SPI)

Grid cells without landslides (N = 226, 041)

Altitude (m) 0.000 200.000 98.229 52.370
Slope gradient 0.000 55.230 4.642 3.924

(◦)
Plan curvature –4.500 2.690 0.004 0.137

Profile –2.920 3.430 −0.004 0.188
curvature
Heat load 0.000 1.000 0.524 0.342

Stream power 0.000 8.670 0.453 0.775
index (SPI)

used in the study are slope gradient, stream power index, plan and profile curvatures, and
altitude. These parameters can also be obtained easily from the digital elevation model of the
study area.

The characters of landslides identified in the region are mainly deep seated and active.
They are generally located in the lithologies including the permeable sandstone layers and
impermeable layers such as claystone, siltstone, and mudstone layers. This is typical for the
landslides identified in the study area. When considering this finding, it may be said that
one of the main conditioning factors of the landslides in the study area is lithology [17].
This can be seen clearly in Table 1. As can be seen in Table 1, the majority of the landslides
(approximately 60%) occurred in two formations, namely, Danisment formation-Acmalar
member (Toda) and Ergene (Tme) formation. According to Duman et al. [17], another factor
governing the landslides in the study area is the sandstone bedding planes. If the orientation
of slope and bedding plane is roughly similar, some large landslides can occur. In these areas,
initiation of the landslides is controlled by the bedding planes as planar failure, and then in
the displaced and accumulated material, some rotational landslides are observed [17]. Rarely,
in this material, some earth flows may occur depending on the heavy precipitation [17].
Besides, permeability differences between sandstones and claystones are highly important
on landslide occurrence in the study area. The sandstones at upper levels are saturated by
the surface waters because the surface waters do not infiltrate to claystones at lower levels.

One of the most important topographical factors conditioning landslides is the slope
gradient. In the regional landslide susceptibility or hazard assessments, several researchers
(i.e., [7, 8, 33, 44, 45]) took into consideration statistical techniques for the assessment of slope
gradient in terms of landslide activity. In the present study, the slope gradient is considered
as a conditioning factor during the analyses. Descriptive statistics revealed that the landslides
in the application site typically occur on the gentle slopes (Table 2). Some authors (i.e., [26,
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30]) pointed out that the altitude is a good indicator for the landslide susceptibility. For this
reason, the altitude has been accepted as a conditioning factor, as well. The mean altitude
value on the grid cells with landslides is observed as 85.1 m (±45.2 m) (Table 2).

The term curvature is generally defined as the curvature of a line formed by
intersection of a random plane with the terrain surface [40]. The influence of plan curvature
on the land degradation processes is the convergence or divergence of water during downhill
flow. In addition, this parameter constitutes one of the main factors controlling the geometry
of the terrain surface where landslides occur [47]. In this study, profile and plan curvature
values have been calculated using a script, namely, Digital Elevation Model Analysis Tool
(DEMAT) compiled in the Avenue soft computing language of ArcView GIS by Behrens [48]
and these parameters have been considered as the conditioning factors. While the positive
values of slope curvature define the convexity, the negative ones present the concavity of the
terrain surface. The minimum and the maximum profile curvature values were calculated
as −2.930 and 3.080 on the grid cells with landslides, and −2.920 and 3.430 on the grid cells
without landslides (Table 2). These ranges have been obtained for the plan curvature values
on the grid cells with landslides and without landslides as −3.130 to 2.870 and −4.500 to 2.690,
respectively (Table 2).

The last parameter considered in the present study is stream power index (SPI). It is a
measure of erosive power of water flow based on the assumption that discharge (q) is propor-
tional to specific catchment area (As) [20] (3.1). Although, the minimum and the maximum
ranges of the SPI values on the grid cells with landslides and without landslides are observed
as close (Table 2), the mean SPI value for the grid cells with landslides was calculated more
than that for the grid cells without landslides (Table 2). Theoretically, the maximum SPI
values are calculated in drainage channels. Therefore, the values of SPI on the grids cells
with landslides should not be expected as high. This hypothetical expectation is supported
by the observation of the maximum SPI value on the grid cells without landslides (Table 2)

SPI = As tan β, (3.1)

where As is the specific catchment area (m2m−1) while β is the slope gradient in degree.

4. Modeling Approach

Data mining involves various techniques such as statistics, neural networks, decision tree,
genetic algorithm, and visualization techniques that have been developed over the years.
Data mining problems are generally categorized as association, clustering, classification, and
prediction [50]. Classification refers to finding rules to assign data items into pre-existing
classes [49]. Association analysis is used to discover patterns that describe strongly associated
features in the data. On the other hand, aim of clustering is to find groups of closely related
observations so that observations that belong to the same cluster are more similar to each
other than observations that belong to other clusters [51].

In practice, there are several data mining tools such as Oracle DM, SQL Server Analysis
Services, SPSS Clementine, and SAS Enterprise Miner for commercial use. In the present
study, the decision tree technique is used to predict the landslide susceptibility classes by
employing Microsoft Server 2008 Analysis Services. Decision tree is a data mining approach
that is often used for classification and prediction. Although other methodologies such as
neural network can also be used for classification, decision tree has the advantages of easy
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Figure 3: Schematic illustration of the construction of decision tree by using training data set and an
example view of a prediction on test data [52].

interpretation and understanding for the decision makers to compare with their domain
knowledge for validation and justify their decisions [50]. In addition, there are a few
advantages of using decision trees over using other data mining algorithms, for instances,
decision trees are quick to build and easy to interpret and prediction based on decision trees
is efficient [22].

Decision trees are built through recursive data partitioning, where in each iteration the
data is split according to the values of a selected attribute. The recursion stops at “pure” data
subsets which only include instances of the same class [53]. In other words, the principle
idea of a decision tree is to split your data recursively into subsets so that each subset
contains more or less homogeneous states of your target variable (predictable attribute). At
each split in the tree, all input attributes are evaluated for their impact on the predictable
attribute. When this recursive process is completed, a decision tree is formed [22]. If the
predictable target attribute consists of discrete data, the formed decision tree model is called
a classification tree. However, if the target attribute is a continuous variable, then the model is
called as a regression tree. The process of decision tree building is sometimes called decision
tree induction. Many techniques have been developed for decision tree induction up to now.
Nevertheless, the general idea of decision tree induction is same on every type of decision tree
methods. Each technique employs a learning algorithm to identify a model that best fits the
relationships between the attribute set and class label of input data. The model generated by
a learning algorithm should both fit the input data well and correctly predict the class labels
of records it has never seen before [51]. An example showing the generation of a decision tree
by employing train data and the prediction ability by using the test data is given in Figure 3.

ID3 is a well-known decision tree algorithm proposed by Ross Quinlan of the
University of Sydney, Australia. ID3 tree was later enhanced to be C4.5. C4.5 can handle
numeric attributes, missing values, and noisy data. Some decision trees can perform
regression tasks, for example, to predict continuous variables such as temperature and
humidity. The Classification and Regression Tree (CART) proposed by Briemann is a popular
decision tree algorithm for classification and regression [22].
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5. Landslide Susceptibility Mapping and Results

In order to perform the research reported in the present paper, Microsoft SQL Server 2008
Analysis Services software is chosen as the analyzing platform as it supports decision trees
with continuous variables (called as regression trees). High scalability and having support
for nested table, automatic feature selection, automatic cardinality reduction features of it are
the other reasons for choosing this data mining platform. Additionally, Microsoft Analysis
Services allows building data mining applications via the support of Microsoft Visual Studio
Integrated Development Environment and ADOMD extensions [22]. Since the purpose of
this data-mining study is to develop a model for predicting the landslide susceptible areas,
decision tree, a well-known classification technique, has been utilized during the analysis.
Microsoft SQL Server Analysis Services employ their own decision tree algorithm that is
called Microsoft Decision Trees. This commercial algorithm can handle both discrete and
continuous valued variables/attributes and presents useful parameters for configuring tree
induction step such as tree splitting options. Another reason of selecting this algorithm
and software is that it can build dependency network graphs which show the effects
of variables between them and impact degrees of independent variable(s) on predictable
variable(s).

In this study, all of the input variables and target output variable are continuous,
so resulted tree is a special version of decision tree named regression tree. Regression is
similar to classification. The only difference is that regression predicts continuous attributes.
Although the basic task of a decision tree algorithm is classification, it can be used for
regression as well. Another well-known regression tree algorithm is CART. The Microsoft
Decision Trees algorithm adds the support for regression in SQL Server 2005 and 2008.
Microsoft Regression Trees contain a linear regression formula at each leaf node. Using a
regression tree has its advantages over simple linear regression in that a tree can represent
both linear and nonlinear relationships [22].

The data understanding and the data preparation stages are among the most important
steps in the data mining applications [54]. At the start-up of this study, entire dataset
is converted to Access 2003 format from SPSS format to be used in Analysis Services
easily. The dataset used in the analysis consists of 17 input attributes and 1 predictable
attribute (landslide; 1 = grid cells with landslide, 0 = grid cells without landslide) and
280,132 records/cases (Table 3). 226,041 cases belong to pixel without landslide. However,
53,674 cases stand for pixel with landslide and 417 missing cases exist. Although predictable
attribute (landslide information) is a discrete valued attribute, it is handled as continious
attribute to obtain more accurate results such as in the range of 0-1 instead of 0 = false
and 1 = true. After data preparation stage, “Microsoft Decision Trees” algorithm is run on
training dataset by separating whole dataset to 85% training and 15% test cases of whole
dataset. By using the trained model, the landslide susceptibility values of each pixel on the
map are determined via prediction tool of software and the landslide susceptibility map is
produced with the help of predicted numerical values of each pixel on the map. One of the
useful features of “Microsoft Decision Trees” algorithm is building and reporting dependency
network graphs. The dependency network graphs display the relationships among attributes
derived from decision tree model’s content [22]. An example view of decision tree that is
derived from our model is presented in Figure 4.

Using the predicted landslide susceptibility values, the landslide susceptibility map
of the study area is produced (Figure 5). On the map the reddish tones (close to 1) mean
high susceptible areas while the green parts (close to 0) represent more stable zones in the
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If (Dem >= 40 and Dem < 60)
Landslide = 0.253 − 0.335∗(Tek − 0.009) + 0.023∗(Slope − 5.602) − 0.356∗(Teoiy − 0.006) +

0.214∗(Toc − 0.104) + 0.167∗(Tmb − 0.083) + 0.061∗(Qa − 0.057) − 0.003∗(Dem − 49.315) +
0.369∗(Toda − 0.187) − 0.108∗(Teoi − 0.139) + 0.213∗(Tme − 0.196) + 0.03∗(Spi − 0.609)

If (Dem >= 40 and Dem < 60 and Teoi < 1)
Landslide = 0.293 + 0.027∗(Slope − 5.657) − 0.003∗(Dem − 49.237) + 0.363∗(Toda − 0.218) +

0.068∗(Qa − 0.066) − 0.380∗(Tek − 0.01) + 0.211∗(Tme − 0.227) + 0.034∗(Spi − 0.619) + 0.173∗
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Figure 4: An example view of a part of the decision tree.

Table 3: The attributes considered in the study and the effect importance order on the predictable variable.

Attribute Continues/discrete Usage Effect importance
order on the output

Altitude Continuous Input 12

Heat load index ” ” 14

Plan curvature ” ” 15

Profile curvature ” ” 5

Stream power index ” ” 3

Slope gradient (◦) ” ” 4

Alluvium (Qa) Discrete in nature handled Continuous ” 10

Kirklareli limestone (Tek) ” ” 2

Ihsaniye fm. (Teoi) ” ” 6

Ihsaniye fm. Tuff m. (Teoi2) ” ” 13

Yassioren limestone (Teoiy) ” ” 17

Bakirkoy fm. (Tmb) ” ” 16

Ergene (Tme) ” ” 8

Cantakoy fm. (Toc) ” ” 9

Danisment fm. (Tod) ” ” 11

Danisment fm. Acmalar m. (Toda) ” ” 1

Suloglu fm. (Tos) ” ” 7

Landslide ” Output
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Figure 5: Landslide susceptibility map of the study area produced by using the decision tree technique.

region. The dependent variable is controlled by coefficients of the independent variables in
the equations. The effect importance order is obtained from the dependency network graphs
by considering the coefficients of the independent variables in the model. According to the
dependency network graph, the most effective parameters are the geological formations
Danisment fm.-Acmalar m. (Toda) and Kirklareli limestone (Tek), SPI, slope gradient, and
profile curvature (Table 3). This result is in a good accordance with the landslide density
assessment of the lithological units, because the majority of the landslides occurred in these
lithologies. After production of the landslide susceptibility map, the performance of the
map is also assessed. To assess the spatial effectiveness of the susceptibility maps using
a threshold-independent method, ROC curve was drawn in the present study (Figure 6).
Moreover, plotting different accuracy values obtained against the whole range of possible
threshold values constitutes the essential of a ROC curve evaluation [51]. The area under
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Figure 6: ROC (Receiver-Operating Characteristic) curve evaluation of the constructed model.

ROC curve (AUC) constitutes one of the most common used accuracy statistics for the
prediction models in natural hazard assessments [56]. The minimum value of AUC is 0.5
means no improvement over random assignment while the maximum value of that is
1 denotes perfect discrimination. Finally, according to the results of the AUC evaluation
(Figure 6), the obtained map exhibited a good performance.

6. Conclusions

Duman et al. [17] produced previously the landslide susceptibility map of the same area by
logistic regression analysis. The model produced by Duman et al. [17] is used to generate a
landslide susceptibility map that correctly classified 83.8% of the landslide-prone areas. This
percentage (83.8%) belongs to a correct classification of the landslide information of being
only “one” (landslide presence). When the information regarding being “zero” (landslide
absence) is also considered, the overall correct classification value becomes 76.0% [17]. In
the present study, to check the performance of the produced map, the ROC curve is drawn
and the value of AUC is obtained as 89.6%. This result reveals that the performance of the
produced map in this study is obviously higher than that of the map produced by Duman
et al. [17]. As a result of the application of decision tree method, two geological formations
(Danisment fm.-Acmalar m., Toda; Kirklareli limestone, Tek), stream power index, and slope
gradient are obtained as the most effective parameters on the landslide occurrence in the
study area. If the field conditions are taken into account, this result is physically plausible.
It is possible to produce landslide susceptibility maps by various approaches as statistical
methods, artificial neural networks, fuzzy approaches, and so forth. The main difference of
the decision trees employed in the present study from the other methods can exhibit the
order of the conditioning parameters. This situation provides a comparison between analysis
results and field observations for the expert. Especially, visual interpretations of the decision
trees are powerful tool when compared with the other approaches. Additionally, decision
trees applied in the study shows a high prediction capacity. These interpretations reveal that
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the decision tree is a useful tool when producing reliable landslide susceptibility maps. The
reliability of landslide susceptibility maps is highly important because when landslide hazard
and risk maps are produced, the landslide susceptibility maps should be used. The produced
map has a sufficient capacity for the medium scaled and regional planning purposes. This
means that according to the results of the present study the decision tree is an efficient tool
for medium scaled and regional landslide susceptibility analyses.

As a final point, in the present study, decision tree, one of the data mining methods,
is investigated to produce landslide susceptibility map of a landslide-prone area (Cekmece,
Istanbul, Turkey). By using the developed decision tree model, two important results can be
obtained; the model is used to predict the landslide susceptibility degrees and the effect order
of input attributes on landslide occurrence is investigated.
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[23] H. Gómez and T. Kavzoglu, “Assessment of shallow landslide susceptibility using artificial neural

networks in Jabonosa River Basin, Venezuela,” Engineering Geology, vol. 78, no. 1-2, pp. 11–27, 2005.
[24] D. P. Kanungo, M. K. Arora, S. Sarkar, and R. P. Gupta, “A comparative study of conventional, ANN

black box, fuzzy and combined neural and fuzzy weighting procedures for landslide susceptibility
zonation in Darjeeling Himalayas,” Engineering Geology, vol. 85, no. 3-4, pp. 347–366, 2006.

[25] H. A. Nefeslioglu, T. Y. Duman, and S. Durmaz, “Landslide susceptibility mapping for a part of
tectonic Kelkit Valley (Eastern Black Sea region of Turkey),” Geomorphology, vol. 94, no. 3-4, pp. 401–
418, 2008.

[26] A. K. Pachauri and M. Pant, “Landslide hazard mapping based on geological attributes,” Engineering
Geology, vol. 32, no. 1-2, pp. 81–100, 1992.

[27] B. Pradhan and S. Lee, “Regional landslide susceptibility analysis using backpropagation neural
network model at Cameron Highland, Malaysia,” Landslides. In press.

[28] C. H. Juang, D. H. Lee, and C. Sheu, “Mapping slope failure potential using fuzzy sets,” Journal of
Geotechnical Engineering, vol. 118, no. 3, pp. 475–494, 1992.

[29] E. Binaghi, L. Luzi, P. Madella, F. Pergalani, and A. Rampini, “Slope instability zonation: a comparison
between certainty factor and fuzzy Dempster-Shafer approaches,” Natural Hazards, vol. 17, no. 1, pp.
77–97, 1998.

[30] M. Ercanoglu and C. Gokceoglu, “Assessment of landslide susceptibility for a landslide-prone area
(north of Yenice, NW Turkey) by fuzzy approach,” Environmental Geology, vol. 41, no. 6, pp. 720–730,
2002.

[31] M. Ercanoglu and C. Gokceoglu, “Use of fuzzy relations to produce landslide susceptibility map of
a landslide prone area (West Black Sea Region, Turkey),” Engineering Geology, vol. 75, no. 3-4, pp.
229–250, 2004.

[32] B. Pradhan and S. Lee, “Delineation of landslide hazard areas on Penang Island, Malaysia, by using
frequency ratio, logistic regression, and artificial neural network model,” Environmental Earth Sciences.
In press.

[33] R. J. Maharaj, “Landslide processes and landslide susceptibility analysis from an upland watershed:
a case study from St. Andrew, Jamaica, West Indies,” Engineering Geology, vol. 34, no. 1-2, pp. 53–79,
1993.

[34] R. Soeters and C. J. Van Westen, “Slope instability recognition, analysis and zonation,” in Landslides:
Investigation and Mitigation, A. K. Turner and R. L. Schuster, Eds., vol. 247, pp. 129–177, National
Academy Press, Washington, DC, USA, 1996.

[35] N. Ambraseys, “The seismic activity of the Marmara Sea region over the last 2000 years,” Bulletin of
the Seismological Society of America, vol. 92, no. 1, pp. 1–18, 2002.

[36] T. Y. Duman, M. Kecer, S. Ates, et al., “Istanbul Metropolu Batisindaki (Kucukcekmece-Silivri-Catalca
yoresi) Kentsel Gelisme Alanlarinin Yer Bilim Verileri,” MTA, no. 3, p. 249, 2004 (Turkish).

[37] B. Pradhan, S. Lee, and M. F. Buchroithner, “Use of geospatial data for the development of fuzzy
algebraic operators to landslide hazard mapping: a case study in Malaysia,” Applied Geomatics, vol. 1,
pp. 3–15, 2009.
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He’s variational iteration method (VIM) is used for solving space and time fractional telegraph
equations. Numerical examples are presented in this paper. The obtained results show that VIM is
effective and convenient.

1. Introduction

In recent years, there has been a great deal of interest in fractional differential equations
since there have been a wide variety of applications in physics and engineering. The
space and time fractional telegraph equations have been studied by Orsingher and Zhao
[1] and Orsingher and Beghin [2]. The telegraph equation is used in signal analysis for
transmission and propagation of electrical signals and also used modeling reaction diffusion
[3, 4]. In the papers by Momani [5] and Yildirim [6], Adomian decomposition method
(ADM) and homotopy perturbation method (HPM) were used for solving the space and
time fractional telegraph equations, respectively. Variational iteration method was used for
solving linear telegraph equation in [7]. In this paper we will use variational iteration
method (VIM) for solving the space and time fractional telegraph equations. The variational
iteration method (VIM) which was developed in 1999 by He [8] has been applied to a
wide variety of differential equations by many authors. He [9] used the variational iteration
method (VIM) for solving seepage flow with fractional derivatives in porous media. Momani
and Odibat [10] constructed numerical solutions of the space-time fractional advection
dispersion equation by decomposition method and variational iteration method. Momani
and Odibat [11] also compared homotopy perturbation method (HPM) and VIM for linear
fractional partial differential equations. Drăgănescu [12] used VIM for viscoelastic models
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with fractional derivatives. Yulita at al. [13] applied the variational iteration method for
fractional heat and wave-like equations. Dehghan at al. [14] studied telegraph and space
telegraph equations using variational iteration method. In [14], space fractional telegraph
equation was considered for α = 3/2. However, in this paper space fractional telegraph
equation has been considered for 1 < α ≤ 2 and also variational iteration method has been
applied for time fractional telegraph equation.

We note that the space and time fractional derivatives are considered in Caputo sense
in this paper. The main objective of the present paper is to extend the application of the
variational iteration method (VIM) to obtain approximate solution of the space and time
fractional telegraph equations.

2. He’s Variational Iteration Method

We will give a brief description of He’s variational iteration method. The basic concepts of the
variational iteration method can be expressed as follows. Consider the differential equation
of the form

Lu(x, t) +Nu(x, t) = f(x, t), (2.1)

where L is a linear operator, N is a nonlinear operator, and f(x, t) is the inhomogeneous
term. According to the variational iteration method, a correction functional for (2.1) can be
constructed as follows:

un+1(x, t) = un(x, t) +
∫ t

0
λ(s)

(
Lun(x, s) +Nũn(x, s) − f(x, s)

)
ds, n = 0, 1, 2, . . ., (2.2)

where λ is a general Lagrange multiplier, which can be identified optimally via the variational
theory [15, 16], the subscript n denotes the nth approximations, and ũn is considered as
restricted variation [17, 18], that is, δũn = 0. The successive approximations un+1(x, t),
n = 0, 1, 2 . . . , of the solution u(x, t) can be obtained after finding the Lagrange multiplier
and by using the selective function u0(x, t) which is usually selected from initial conditions.

3. Space and Time Fractional Derivatives in Caputo Sense

Form to be the smallest integer that exceeds α, the Caputo time-fractional derivative operator
of order α > 0 is defined as

∂αu

∂tα
(x, t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1
Γ(m − α)

∫ t

0
(t − τ)m−α−1 ∂

mu

∂τm
(x, τ)dτ, m − 1 < α < m,

∂mu

∂tm
(x, t), α = m ∈ N,

(3.1)
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and for m to be the smallest integer that exceeds β, the Caputo space-fractional derivative
operator of order β > 0 is defined as

∂βu

∂xβ
(x, t) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1
Γ
(
m − β)

∫x

0
(x − ξ)m−β−1 ∂

mu

∂τm
(ξ, t)dξ, m − 1 < β < m,

∂mu

∂xm
(x, t), β = m ∈ N,

(3.2)

where Γ is the Gamma function.
Further information about fractional derivatives and its properties can be found in

[19, 20].

4. Application to Space-Time Fractional Telegraph Equations

In this section we will obtain iteration formulas for space-time fractional telegraph equations.
We first consider the following space fractional telegraph equation for 1 < α ≤ 2:

∂αu

∂xα
(x, t) =

∂2u

∂t2
(x, t) + a

∂u

∂t
(x, t) + bu(x, t) + f(x, t), 0 < x < 1, t > 0, (4.1)

where a and b are given constants, f(x, t) given function. The correctional functional for (4.1)
can be approximately expressed as follows

un+1(x, t) = un(x, t) +
∫x

0
λ(s)

×
{
∂mun
∂sm

(s, t) − ∂
2ũn
∂t2

(s, t) − a∂ũn
∂t

(s, t) − bũn(s, t) − f(s, t)
}

ds, n = 0, 1, . . . .

(4.2)

Making the correctional functional in (4.2) stationary, and noticing that δũn = 0, we obtain
the following stationary conditions for m = 2:

λ′′(s) = 0,

1 − λ′(s)∣∣s=x = 0, λ(s)|s=x = 0.
(4.3)

Lagrange multiplier can be identified from (4.3) as

λ(s) = s − x. (4.4)
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Substituting the above obtained Lagrange multiplier into (4.2), we get the following iteration
formula:

un+1(x, t) = un(x, t) +
∫x

0
(s − x)

×
{
∂mun
∂sm

(s, t) − ∂
2un
∂t2

(s, t) − a∂un
∂t

(s, t) − bun(s, t) − f(s, t)
}

ds, n = 0, 1, . . . .

(4.5)

Now consider the following time fractional telegraph equation for 0 < α ≤ 1:

∂2αu

∂t2α
(x, t) + a

∂αu

∂tα
(x, t) = b

∂2u

∂x2
+ g(x, t), 0 < x < 1, t > 0, (4.6)

where a and b are given constants, and g(x, t) given function.. The correctional functional for
the equation (4.6) can be approximately expressed as follows:

un+1(x, t) = un(x, t) +
∫ t

0
λ(s)

×
{
∂2αu

∂t2α
(x, s) + a

∂αũ

∂tα
(x, s) − b∂

2ũ

∂x2
− g(x, s)

}

ds, n = 0, 1, . . . .

(4.7)

Making the correctional functional in (4.7) stationary, and noticing that δũn = 0, we obtain
the following stationary conditions for m = 1:

λ′′(s) = 0,

1 − λ′(s)∣∣s=t = 0, λ(s)|s=t = 0.
(4.8)

Lagrange multiplier can be identified from (4.8) as

λ(s) = s − t. (4.9)

Substituting the above obtained Lagrange multiplier into (4.7), we get the following iteration
formula:

un+1(x, t) = un(x, t) +
∫ t

0
(s − t)

×
{
∂2αu

∂t2α
(x, s) + a

∂αu

∂tα
(x, s) − b∂

2u

∂x2
− g(x, s)

}

ds, n = 0, 1, . . . .

(4.10)
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5. Numerical Examples

We will give the following three examples to illustrate variational iteration method for
solving the space and time fractional telegraph equations.

Example 5.1. We first consider the following one-dimensional initial and boundary value
problem of space-fractional homogeneous telegraph equation for 1 < α ≤ 2, (see [5, 21])

∂αu

∂xα
(x, t) =

∂2u

∂t2
(x, t) +

∂u

∂t
(x, t) + u(x, t), 0 < x < 1, t > 0, (5.1)

u(x, 0) = ex, 0 ≤ x ≤ 1, (5.2)

u(0, t) = e−t, ux(0, t) = e−t, t ≥ 0. (5.3)

It follows from (4.5) for a = b = 1 and f(x, t) = 0; the iteration formula for (5.1) can be written
in the following form:

un+1(x, t) = un(x, t) +
∫x

0
(s − x)

×
{
∂αun
∂sα

(s, t) − ∂
2un
∂t2

(s, t) − ∂un
∂t

(s, t) − un(s, t)
}

ds, n = 0, 1 . . . .

(5.4)

We start with initial approximation:

u0(x, t) = u(0, t) + xux(0, t) = (1 + x)e−t, (5.5)

and by the iteration formula (5.4) we obtain the first two approximations as

u1(x, t) =

(

1 + x +
x2

2!
+
x3

3!

)

e−t,

u2(x, t) =

(

1 + x + x2 +
x3

3
+
x4

4!
+
x5

5!
− x4−α

Γ(5 − α) −
x5−α

Γ(6 − α)

)

e−t,

(5.6)

and so on; in the same manner further approximations of the iteration formula (5.4) can be
obtained by Mapple. We observe that, setting α = 2 in the nth approximations yields the
exact solution u(x, t) = ex−t as n → ∞. In Figures 1(a), 1(b), and 1(c) exact and second-
order approximate solutions of (5.1)–(5.3) are given. Figures 2(a) and 2(b) show the evolution
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Figure 1: The surfaces related with the solution of (5.1)–(5.3) for α = 2.

results for the second-order approximate solutions of (5.1)–(5.3) obtained for different values
of α using the variational iteration method.

Example 5.2. We now consider the following one-dimensional initial and boundary value
problem of space-fractional inhomogeneous telegraph equation for 0 < α ≤ 1, (see, [5, 21]):

∂2αu

∂x2α (x, t) =
∂2u

∂t2
(x, t) +

∂u

∂t
(x, t) + u(x, t) − x2 − t + 1, (5.7)

u(x, 0) = x2, 0 ≤ x ≤ 1, (5.8)

u(0, t) = t, ux(0, t) = 0, t ≥ 0. (5.9)
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Figure 2: The surfaces show the second-order approximate solutions of (5.1)–(5.3).

The iteration formula for (5.7) can be written in the following form:

un+1(x, t) = un(x, t) +
∫x

0
(s − x)

×
{
∂2αun
∂s2α (s, t) − ∂

2un
∂t2

(s, t) − ∂un
∂t

(s, t) + un(s, t) + s2 + t − 1

}

ds, n = 0, 1 . . . .

(5.10)

We start with initial approximation:

u0(x, t) = u(0, t) + xux(0, t) = t, (5.11)

and by iteration formula (5.10) we obtain the first two approximations as

u1(x, t) =

(

t + x2 − x
4

12

)

,

u2(x, t) =

(

t + 2x2 − x
4

12
− x6

300
− 2x4−2α

Γ(5 − 2α)
+

2x6−2α

Γ(7 − 2α)

)

,

(5.12)

and so on; in the same manner further approximations of the iteration formula (5.10) can be
obtained by Mapple. We observe that, setting α = 1 in the nth approximations and canceling
noise terms yields the exact solution u(x, t) = x2 + t as n → ∞. In Figures 3(a), 3(b), and 3(c)
exact and second-order approximate solutions of (5.7)–(5.9) are given. Figures 4(a) and 4(b)
show the evolution results for the second-order approximate solutions of (5.7)–(5.9) obtained
for different values of α using the variational iteration method.
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Figure 3: The surfaces related with the solution of (5.7)–(5.9) for α = 1.

Example 5.3. We last consider the following initial and boundary value problem of time
fractional telegraph equation of order 0 < α ≤ 1, (see, [5, 21]):

∂2αu

∂t2α
(x, t) + λ

∂αu

∂tα
(x, t) = ν

∂2u

∂x2 (x, t), t > 0, (5.13)

u(x, 0) = h1(x), (5.14)

ut(x, 0) = h2(x), (5.15)

ux(0, t) = s(t). (5.16)
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Figure 4: The surfaces show the second-order approximate solutions of (5.7)–(5.9).

It follows from (4.10) for a = λ, b = ν, and g(x, t) = 0; the iteration formula for (5.13) can be
written in the following form:

un+1(x, t) = un(x, t) +
∫ t

0
(s − t)

×
{
∂2αun
∂s2α (x, s) + λ

∂αun
∂sα

(x, s) − ν∂
2un
∂x2 (x, s)

}

ds, n = 0, 1 . . . .

(5.17)

We start with the following initial approximation:

u0(x, t) = u(x, 0) + tut(x, 0) = h1(x) + th2(x), (5.18)

and by the iteration formula (5.17), we get

u1(x, t) = h1(x) + th2(x) + νh′′1(x)
t2

2!
+ νh′′2(x)

t3

3!
− λh2(x)

t3−α

Γ(4 − α)

− h2(x)
x3−2α

Γ(4 − 2α)
,

(5.19)

and so on; in the same manner further approximations of the iteration formula (5.17) can be
obtained by Mapple.

6. Conclusion

The variational iteration method has been successfully applied for finding the solution of
space and time fractional telegraph equations. The space and time fractional derivatives
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are considered in the Caputo sense. We have achieved a very good agreement between
the approximate solution obtained by He’s VIM and the exact solution. The results of the
examples show that He’s variational iteration method is reliable and efficient method for
solving space and time fractional telegraph equations and also other equations.
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This paper presents a novel prior knowledge-based Green’s kernel for support vector regression
(SVR). After reviewing the correspondence between support vector kernels used in support
vector machines (SVMs) and regularization operators used in regularization networks and the
use of Green’s function of their corresponding regularization operators to construct support vector
kernels, a mathematical framework is presented to obtain the domain knowledge about magnitude
of the Fourier transform of the function to be predicted and design a prior knowledge-based
Green’s kernel that exhibits optimal regularization properties by using the concept of matched
filters. The matched filter behavior of the proposed kernel function makes it suitable for signals
corrupted with noise that includes many real world systems. We conduct several experiments
mostly using benchmark datasets to compare the performance of our proposed technique with
the results already published in literature for other existing support vector kernel over a variety
of settings including different noise levels, noise models, loss functions, and SVM variations.
Experimental results indicate that knowledge-based Green’s kernel could be seen as a good choice
among the other candidate kernel functions.

1. Introduction

Over the last decade support vector machines (SVMs) have been reported by several studies
[1–4] to perform equal or better than other learning machines such as neural networks
for the problem of learning from finite dataset and approximating a given function from
sparse data. Vapnik [1, 2, 5, 6] has laid down the theoretical foundations of the structural
risk minimization (SRM) principle to comprehend the problem of learning from a finite
set of data in the context of regularization theory given by Tikhonov [7, 8]. SRM principle
provides a connection between capacity of the hypothesis space that contains the learning
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models to approximate the given function and the size of the training set. Generally, the
smaller the size of the training set is, the lower the capacity of the hypothesis space should
be to avoid overfitting [1, 2, 6, 9]. This motivates one to understand SVM in the context of
regularization theory and find a linear solution in the kernel space that minimizes a certain
loss function while keeping capacity of the hypothesis space as small as possible. The kernel
function in SVM provides a nonlinear mapping from input space to a higher-dimensional
feature space. Research studies [10, 11] have affirmed that SVM’s regularization properties
are associated with the choice of kernel function used for mapping. In the literature, Babu
et al. [12] proposed local kernel based color modeling for visual tracking. Maclin et al. [13]
presented a method for incorporating and refining domain knowledge for support vector
machines via successive linear programming. Yen et al. [14] used kernel-based clustering
methods for detecting clusters in weighted, undirected graphs. Toma [15] proposed nonlinear
differential equations capable of generating continuous functions similar to pulse sequence
for modeling time series. M. Li and J.-Y. Li [16] introduced a generalized mean-square error
(MSE) to address the predictability of long-range dependent (LRD) series. Bakhoum and
Toma [17] presented an extension to the Fourier/Laplace transform for the analysis of signals
that are represented by traveling wave equations and offered a mathematical technique
for the simulation of the behavior of large systems of optical oscillators. Liu [18] gave
analysis of chaotic, dynamic time series events. Poggio and Girosi [19, 20] described a general
learning approach using regularization theory. Girosi et al. [21, 22] have provided a unified
framework for regularization networks and learning machines. Evgeniou et al. [9], Smola
and Schölkopf [23], and Williamson et al. [24] demonstrated a correspondence between
regularization networks (RNs) and support vector machines (SVMs). Smola et al. [11] and
Scholkopf and Smola [10] have shown a connection between regularization operators used in
regularization networks and support vector kernels and presented a method of using Green’s
functions of their corresponding regularization operators to construct support vector kernels
with equivalent regularization properties. However, the problem of choosing the optimal
regularization operator to construct the corresponding SV kernel for a given training set still
remains unanswered. The work presented herein is focused on using prior knowledge about
the magnitude spectrum of the function to be predicted to design the support vector kernels
from Green’s functions having suitable regularization properties by utilizing the concept of
matched filters, an idea inspired by Scholkopf and Smola [10]. The intuition of matching
Green’s kernel comes from the fact that most real world systems are inevitably contaminated
with noise in addition to their intrinsic dynamics [25, 26] and matched filters are known
to be the optimal choice to recover signals in the presence of additive white noise [27, 28].
However, no mathematical justification is given in the literature for the use of matched
filter theorem to obtain the matching Green’s kernel. No experimental results are so far
available in the literature to compare the performance of knowledge-based Green’s kernel
with existing support vector kernels. In this paper, we provide a mathematical framework for
utilizing the matched filter theorem to design knowledge-based Green’s kernel and conduct
experiments on different datasets (mostly benchmarks) with different levels and models
(Gaussian and Uniform) of additive white noise to evaluate the performance of our proposed
kernel function. Although the assumption of additive white noise will not exactly hold in all
real world cases, we keep up with the time-honored tradition [2–4, 25, 26, 29, 30] of using
benchmark datasets with additive white noise assumption to evaluate the performance of
our proposed method. The focus is on support vector regression (SVR). The rest of the paper
is organized as follows. Section 2 reviews the theory of support vector regression, SV kernels,
regularization networks, and the connection between support vector method and the theory
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of regularization networks. Section 3 provides the theory of Green’s functions and how they
can be used to construct SV kernels. Section 4 describes the theory of matched filters and lays
down the mathematical foundation for building knowledge-based Green’s kernel. Section 5
presents the experimental results and Section 6 concludes the paper.

2. Support Vector Machines and Regularization Networks

Support vector machines introduced by Vapnik and coworkers for pattern recognition and
regression estimation tasks have been reported to be an effective method during the last
decade [31–33]. Initially developed for classification problems, a generalization of support
vector (SV) algorithm known as ε-insensitive SV regression [1, 33] was derived to solve the
problems where the function to be estimated belongs to the set of real numbers.

2.1. ε-Insensitive Support Vector Regression

Suppose that we have {(x1, y1), . . . , (xN, yN)} as the training set with xi ∈ R
d and yi ∈ R,

where yi are the training targets. The problem of calculating an estimate f(xi) of yi for training
data {|xi, yi|i=1,...,N} can be formulated as

f(x) = 〈w · x〉 + b. (2.1)

The goal of ε-insensitive SV algorithm is to calculate an estimate f(xi) of yi by selecting
the optimal hyperplane w and bias b such that f(xi) is at the most ε distance from yi
while keeping the norm ‖w‖2 of the hyperplane minimum. The corresponding quadratic
optimization problem can be written in terms of regularized risk functional as described by
[10, 11], that is, to minimize

R[f] = γ

2
‖w‖2 +

1
N

N∑

i=1

∣
∣yi − f(xi)

∣
∣
ε
, (2.2)

whereR is the regularized risk functional, γ is the regularization constant such that γ ≥ 0, and
the second term on the right-hand side of (2.2) is the empirical risk functional with Vapnik’s
ε-insensitive loss function [1, 2, 34]. By introducing the slack variables, in the sense of [1, 2, 34]
and rewriting the problem in (2.2), we get, that is, to minimize

R[f] = γ

2
‖w‖2 +

1
N

N∑

i=1

(
ζi + ζ∗i

)
(2.3)

subject to

yi − 〈w · xi〉 − b ≤ ε + ζi,
〈w · xi〉 + b − yi ≤ ε + ζ∗i ,

ζi, ζ∗i ≥ 0.

(2.4)
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In order to obtain the SV expansion of the function f(x), we use the standard [1, 2, 34, 35]
Lagrangian technique to form the objective function and the corresponding constraints. The
well known formulation of the quadratic optimization problem can be reached by taking the
partial derivatives of the objective function, putting them equal to zero for optimal solution
and substituting the values obtained into the objective function. We follow the lines of [11, 23]
and write the quadratic optimization problem as

minimize

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1
2

N∑

i,j =1

(
α∗i − αi

)(
α∗j − αj

)〈
xi · xj

〉
,

+ε
N∑

i =1

(
αi − α∗i

) −
N∑

i=1

(
α∗i − αi

)
yi

(2.5)

subject to

N∑

i =1

(
αi − α∗i

)
= 0,

0 ≤ αi, α∗i ≤
1
γN

.

(2.6)

This leads to the well-known formulation of SV regression, that is,

f(x) =
N∑

i =1

(
α∗i − αi

)〈xi.x〉 + b. (2.7)

Comparing (2.7) and (2.1), it shows that the training examples that lie inside the ε-tube
contribute to a sparse expansion of w because the corresponding Lagrange multipliers αi, α∗i
are zero [1, 2, 10, 34, 35].

The expression given by (2.7) corresponds to linear SV regression. In order to obtain
nonlinearity, SV algorithms can be quipped with nonlinear operators ϕ(·) mapping from
input space into a high-dimensional feature space, ϕ : X → F as described in [36, 37]. The
kernel function is defined as

k
(
x, x′
)
= 〈ϕ(x) · ϕ(x′)〉, (2.8)

∫

X2
k
(
x, x′
)
f(x)f

(
x′
)
dx dx′ ≥ ∀f ∈ L2(x). (2.9)

According to Mercer theorem, the kernel is any continuous and symmetric function that
satisfies the positivity condition given by (2.9). Such a function k(x, x′) defines a dot product
in the feature space given by (2.8) [36].

Hence, by making use of (2.8), (2.7) can be written as

f(x) =
N∑

i =1

(
α∗i − αi

)〈
ϕ(xi) · ϕ(x)

〉
+ b =

N∑

i =1

(
α∗i − αi

)
k(xi, x) + b. (2.10)
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2.2. Regularization Networks

The idea of regularization method was first given by Tikhonov [8] and Tikhonov and
Arsenin [7] for the solution of ill-posed problems. Assume that we have a finite dataset
{(x1, y1), . . . , (xN, yN)}, independently and identically drawn from a probability distribution
p(x, y) in the presence of noise. Assume that the probability distribution p(x, y) is unknown.
One way of approaching the problem is to estimate the function f by minimizing a certain
empirical risk functional:

Remp
[
f
]
=

1
N

N∑

i =1

∣
∣yi − f(xi)

∣
∣
ε. (2.11)

The problem of approaching the solution through minimizing (2.11) is ill-posed because the
solution is unstable [2]. Hence, the solution is to utilize the idea proposed by [7, 8] and add
a capacity control or stabilizer [22] term to (2.11) and minimize a regularized risk functional:

RRN
[
f
]
=

1
N

N∑

i =1

∣
∣yi − f(xi)

∣
∣
ε +

γ

2
∥
∥λf
∥
∥2
, (2.12)

where λ is a linear, positive semidefinite regularization operator. The first term in (2.12)
corresponds to finding a function that is as close to the data examples as possible in terms
of Vapniks ε-insensitive loss function whereas the second term is the smoothness functional
and its purpose is to restrict the size of the functional space and to reduce the complexity of
the solution [23]. The filter properties of λ are given by λ∗λ, where ∗ represents the complex
conjugate. Following the lines of [11, 23], the problem of minimizing the regularized risk
functional given by (2.12) can be transformed into constrained optimization problem by
utilizing the standard Lagrange multipliers technique and a formulation similar to (2.5)
can be obtained where a direct relationship between SV technique and the RN method can
be observed. In other words, training an SVM with a kernel function obtained from the
regularization operator λ is equivalent to implementing RN to minimize the regularized
risk functional given by (2.12) with λ as the regularization operator. We refer the reader to
[2, 11, 23] for the detailed discussion on the relationship between the two methods, that is,
SV and RN.

3. Green’s Functions and Support Vector Kernels

The idea of Green’s functions was introduced in the context of solving inhomogeneous
differential equations with boundary conditions. However, Green’s functions of their
corresponding regularization operators can be used to design kernel functions that exhibit
the regularization properties given by their corresponding regularization operators, satisfy
the Mercer condition, and qualify to be SV kernels [11, 23, 35]. Green’s kernel of a discrete
regularization operator λ[n] can be written as [38]

G
(
x, x′

)
=

N∑

i=1

λ[n]φn(x)φn
(
x′
)
, (3.1)



6 Mathematical Problems in Engineering

where φn{n = 1, . . . ,N} are the basis of the orthonormal eigenvectors of G corresponding to
nonzero eigenvalues λ[n] such that λ[n] confers the spectrum of G. The expression given by
(3.1) assumes one-dimensional case. A generalization to multidimension is straight forward
and will be discussed later. From [38], it can be easily shown that G satisfies the condition of
positive definiteness and the series converges absolutely uniformly since all the eigenvalues
of G are positive. As G(xi, xj) = G(xj , xi), it also satisfies the symmetry property and Mercer
theorem can be applied to prove that G is an admissible support vector kernel [39] and it can
be written as a dot product in feature space, that is,

G
(
xi, xj

)
=
〈
φ(xi) · φ

(
xj
)〉
. (3.2)

At this point, we refer the reader to literature [10, 11, 23, 35] for useful discussion on regular-
ization properties of commonly used SV kernels. We can also utilize (3.1) to obtain periodic
kernels for given regularization operators. For example [10], by taking λ[n] as eigenvalues of
the given discrete regularization operator and Fourier basis {1/2π, sin(nx), cos(nx), n ∈ N}
as corresponding eigenvectors, we get Green’s kernel:

k
(
x, x′

)
=

M∑

n=1

λ[n]
(
sin(nx) sin

(
nx′
)
+ cos(nx) cos

(
nx′
))
,

k
(
x, x′

)
=

M∑

n=1

λ[n] cos
(
n
(
x − x′)).

(3.3)

Capacity control can be achieved by restricting the summation to different eigensub-
spaces with different values of M. Excluding the eigenfunctions that correspond to high
frequencies would result in increased smoothness thereby decreasing the system capacity
and vice versa. A general lowpass smoothing functional is a good choice if there is no prior
information available about the frequency distribution of the signal to be predicted. However,
(3.1) can be seen as a reasonable choice for building kernels if there is some prior information
available about the magnitude spectrum of the signal that we would like to approximate by
utilizing the concept of matched filters [10].

4. Matched Filter and Knowledge-Based Matched Green’s Kernel

Matched filter [40, 41] is the optimum time invariant filter among all linear or nonlinear filters
to recover a known signal from additive white noise [42]. Assume the input signal f(x) in
the presence of additive white noise n(x) passing through the matched filter with impulse
response h(x). The output of the filter is given by

y(x) = h(x) ⊗ (f(x) + n(x)), (4.1)

where ⊗ denotes the convolution operation. Our aim is to obtain the conditions for which
signal-to-noise ratio (SNR) at the filter output takes its maximum value since it is
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understandable that the probability of recovering a signal from noise is high when SNR is
maximum [27]. From [27, 42, 43] the impulse response of the matched filter is given by

h(x) = Af(x1 − x), (4.2)

where A is the filter gain constant and x1 is the point at which the output power of the filter
takes its maximum value. The maximum SNR is given by

(SNR)max =
2
N0

∫∞

−∞
f2(x1 − α)dα, (4.3)

where N0 is the noise power density. We refer the reader to original literature [27, 42, 43] for
details and the proof of matched filter theorem. For simplicity we will assume unity gain,
that is, A = 1. It is noteworthy in (4.2) that the filter impulse response is independent of noise
power density N0 with the prior assumption of white noise. Secondly, maximum SNR (4.3)
is a function of signal energy and is independent of signal shape [42].

In order to design a matching kernel based on prior knowledge, it is sufficient to have
an estimate of the magnitude spectrum of the signal to be predicted as prior knowledge about
the signal as opposed to the theory of matched filters where complete knowledge of the signal
is required to recover the signal from noise. From (4.2) it can be seen that the impulse response
of the optimum filter is time reversed signal f(x) with x1 delay. Nevertheless, in order to
obtain matching kernel we are only interested in magnitude spectrum of matched filter which
can be obtained by taking the Fourier transform of h(x) in (4.2) and multiplying it with its
complex conjugate:

H
(
ejω
)

=
∫∞

−∞
h(x)e−jωxdx =

∫∞

−∞
f(x1 − x)e−jωxdx

= e−jωx1

∫∞

−∞
f(x1 − x)ejω(x1−x)dx = F∗

(
ejω
)
e−jωx1 ,

(4.4)

|H(ω)|2 = H
(
ejω
)
H∗
(
ejω
)
= |F(ω)|2, (4.5)

|H(ω)| = |F(ω)|, (4.6)

where H(ejω) is the frequency response of matched filter, |H(ω)| is the magnitude response
and |F(ω)| is the magnitude spectrum of the matched filter and the signal f(x), respectively.
An important note at this point is that (4.6) does not depend on delay x1 whereas in the case
of matched filters it is necessary to have a delay to make the impulse response realizable.
Hence the matching kernel can be obtained by simply calculating the magnitude spectrum of
f(x) and utilizing (3.1). As f(x) is the signal to be predicted, we assume that its magnitude
spectrum does not significantly change from the training targets y(x) in (2.2) and this is
the prior knowledge that we acquire from y(x) about f(x) to obtain Green’s kernel. This is a
weak condition since many signals with completely different characterization in time domain
share the similar magnitude spectrum.
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Figure 1: Time and frequency domain representation of two different signals.

Figure 1 shows the time and the frequency domain representation of two different
signals. Signal in Figure 1(a) is a sinusoid whereas signal in Figure 1(b) is the modified Morlet
wavelet. Despite their completely different time domain characterization they share similar
frequency localization given by Figures 1(c) and 1(d), respectively.

In order to be capable of using (3.1) to obtain our desired kernel function we need
its eigenvalues and we will use Fourier basis {1/2π, sin(nx), cos(nx), n ∈ N} as the
corresponding eigenfunctions since complex exponentials are the eigenfunctions of any linear
time-invariant (LTI) system that includes matched filters and sinusoids can be expressed as
linear combination of complex exponentials using Eulers formula [44]. The eigenvalues of
and LTI system are given by frequency response H(ejω) which is a complex-valued quantity
[45]. Frequency response can however be written as

H(ω) = |H(ω)|ejθ(ω), (4.7)

namely as a product of magnitude response |H(ω)| and phase response θ(ω) [3]. Since we
are only interested in smoothness properties of the kernel and not the phase response, it
is adequate to take the magnitude response |H(ω)| as eigenvalues of the system. Another
reason for this is that in order to have positive definite Green’s kernel function the eigenvalues
need to be strictly positive [38]. Hence, matching Green’s kernel function can be obtained by
using (3.1):

G
(
x, x′

)
=

N−1∑

n=1

|H(ωn)|
(
sin(ωnx) sin

(
ωnx

′) + cos(ωnx) cos
(
ωnx

′))

=
N−1∑

n=1

|H(ωn)| cos
(
ωn

(
x − x′)),

(4.8)
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where ωn is the discrete time counterpart of continuous frequency variable ω, such that ωn =
2πn/N, 0 ≤ n ≤ N − 1, that is, normalized to have a range of 0 ≤ ωn ≤ 2π . By making use of
(4.6) and ignoring the constant eigenfunction with n = 0, we get

G
(
x, x′

)
=

N−1∑

n=1

|F(ωn)| cos
(
ωn

(
x − x′)), (4.9)

which is a positive definite SV kernel that exhibits matched filter regularization properties
given by |F(ω)|. From the algorithmic point of view, we only need to compute magnitude of
the discrete Fourier transform of the training targets with the assumption that the function
f(x) to be predicted takes a similar magnitude spectrum with additive noise. To control
the model complexity of the system we introduce two variables to restrict the summation
calculation to desired eigensubspaces and write (4.9) as

G
(
x, x′

)
=

j∑

n=i
|F(ωn)| cos

(
ωn

(
x − x′)), (4.10)

where i and j are the kernel parameters for Green’s kernel similar to the kernel parameters
of other SV kernel such as kernel width σ in the case of Gaussian RBF kernel or degree of the
kernel d in the case of polynomial kernel. Similar to other SV kernels an optimal value for i
and j is required to achieve the best results.

Analogous to the conventional Gaussian kernel that exhibits Gaussian lowpass filter
behavior, that is, λ(ω) = exp[σ2‖ω‖2/2] [10, 11] (recall that the Fourier transform of a
Gaussian function is also a Gaussian function) the knowledge-based Green’s kernel obtained
from the eigenvalues of the matched filter exhibits the matched filter properties. This property
makes the knowledge-based Green’s kernel an optimal choice for noise regime since matched
filters are the optimal filters for noise-corrupted data regardless of the signal shape and the
noise level. Since most of the real world systems are unavoidably contaminated with noise
in addition to their intrinsic dynamics [25, 26, 30], we keep up with the long-established
tradition [2–4, 25, 26, 29, 30] of using benchmark datasets with additive white noise to
evaluate the performance of the proposed techniques and conduct several experiments on
mostly benchmark datasets ranging from simple regression models to chaotic and nonlinear
time series with additive white noise in order to compare the performance of our technique
with that of existing support vector (SV) kernels. Nevertheless, the advantage of knowledge-
based Green’s kernel comes at the cost of slightly increased computational complexity.
However for most of the practical signals only a small portion of the whole eigensubspace
turns out to be nonzero thereby lessening the computational load. Another way to overcome
this problem is the efficient algorithmic implementation.

A generalization of the kernel function given by (4.10) to N dimensions can be easily
made by

K(x,y) =
d∏

i=1

ki
(
xi, yi

)
(4.11)
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Figure 2: SV regression using Green’s kernel with the value of j = 25, 8, 6, 3.

(see [2] for proof of the theorem). Alternatively,

K(x,y) = k(‖x − y‖) (4.12)

can also be used [10].

5. Experimental Results

5.1. Model Complexity Control

The purpose of this experiment is to examine the ability of Green’s kernel to control the
complexity of an SV model trained with Green’s kernel. Sinc function is used as training and
testing data. The training data is approximated with different models built only by reducing
the size of eigensubspace in kernel matrix computation, that is, by reducing the value of
kernel parameter j while keeping the SV regularization parameter C, and kernel parameter i
constant throughout the experiment. In other words, the complexity of the model is reduced
by reducing the number of nonzero eigenvalues, that is, reducing the value of j thereby
removing the high capacity eigenfunctions to obtain a smoother approximation. The value
of i = 1 was used for all the models.

Figure 2 shows the regression results obtained for different values of j. It is evident
from the figure that reducing the size of eigensubspace produces smoother approximations
which highlights the ability of Green’s kernel as a regularizer. No GOF criteria are used in this
experiment since the point of interest is to produce a smoother approximation not necessarily
a good approximation.
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Figure 3: Regression results obtained by (b) Green’s kernel, (c) Gaussian RBF kernel, (d) Bspline kernel,
and (e) Exponential RBF kernel, and (f) Polynomial kernel.

5.2. Regression on Sinc Function

Sinc function given by (5.1) has become a benchmark to validate the results of SV regression
[2, 3, 10, 34, 35, 46]:

sinc(x) =
sin(πx)
πx

. (5.1)

The training data is 27 points with zero mean, 0.2 variance additive Gaussian white noise.
Mean square error was used as the figure of merit. Figure 3 shows the regression results
obtained by Green’s kernel and other commonly used SV kernels. Although the results
obtained by Gaussian RBF and Bspline kernel are very similar, we prefer to use Gaussian
RBF because only Bspline of odd order n is admissible support vector kernels [10] and this
restricts the model complexity control.

Figure 4 shows the magnitude spectrum of the training signal and the actual sinc
function. Magnitude spectrum of the training signal is used as the prior knowledge about
the actual signal, that is, the signal to be predicted and used to construct the matching
Green’s kernel. Table 1 shows the regression results obtained with different kernel functions.
Results indicate that Green’s kernel achieved better performance than any other support
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Figure 4: Magnitude spectrum of (a) training signal and (b) actual sinc function.

Table 1: Performance comparison of different kernels for sinc function.

Kernel function MSE No. of SV CPU Time (Sec.)
1 Green’s kernel 0.0126 22 0.007
2 Gaussian RBF 0.0152 22 0.034
3 Bspline 0.0163 23 0.17
4 Exponential RBF 0.0214 24 0.035
5 Polynomial 0.0559 24 0.033

vector kernel for the given function. The CPU time is the kernel matrix computation time in
seconds on an Intel (R) 2.8 GHz, 2 GB Memory system using Matlab 7. The CPU time for other
kernel functions was computed using [47]. The lesser computational time of knowledge-
based Green’s kernel is owed to efficient algorithmic implementation which only includes
nonzero eigenvalues in kernel matrix computation. The (near) optimal values of SVM hyper-
parameters for each kernel function were selected after several hundred trials.

5.3. Regression on Modified Morlet Wavelet Function

Modified Morlet wavelet function is described by

Modified Morlet Wavelet Function, ψ(x) =
cos(ω0x)
cosh(x)

. (5.2)

This function was selected because of its complex model. A signal of 101 data points with zero
mean, 0.3 variance white noise was used the training set. The (near) optimal values of SVM
hyperparameters for each kernel function were selected after several hundred trials. Figure 5
shows the performance of the different SV kernels for modified Morlet wavelet function and
the magnitude spectrum of training and actual signals. Although the training function is
heavily corrupted with noise, there is still some similarity between the magnitude spectrum
of two functions and this similarity is used as the prior knowledge about the problem. As
shown in Table 2, again, Green’s kernel performed better than any other kernel for heavily
noise corrupted data.

The purpose of next two experiments is to evaluate the performance of the proposed
kernel function against the conventional Gaussian kernel in a broader perspective, that
is, across different noise models, noise levels, prediction steps (short-term and long-term
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Figure 5: (a) Training signal, magnitude spectrum of (b) training signal, (c) actual (modified Morlet
wavelet function) signal, regression results (d) Green’s kernel, (e) Gaussian RBF kernel.

Table 2: Performance comparison of different kernels for modified Morlet wavelet function.

Kernel function MSE No. of SV CPU Time (Sec.)
1 Green’s kernel 0.0087 53 0.095
2 Gaussian RBF 0.0272 54 0.45
3 Bspline 1.0173 59 2.37
4 Polynomial 1.0358 59 0.447

prediction for time series), and different variations of SVM that use different loss functions
and optimization schemes. To perform a faithful comparison, we use the results already
published in literature as our reference point and use the same datasets, noise model,
noise level, and loss function as suggested by the corresponding authors. For the next two
experiments, long-term and short-term prediction of chaotic time series is considered as
a special case of regression. We use Mackey-Glass, a high-dimensional chaotic benchmark
time series, originally introduced as a model of blood cell regulation [48]. Mackey Glass is
generated by the following delay differential equation [3]:

dx(t)
dt

=
ax(t − τ)

1 + x10(t − τ) − bx(t) (5.3)

with a = 0.2, b = 0.1, and τ = 17.
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Table 3: Mackey-Glass time series prediction results using SVM and LS-SVM.

Noise Normal Uniform
SNR 22.15% 44.3% 6.2% 12.4% 18.6%
Prediction Step 1S 100S 1S 100S 1S 100S 1S 100S 1S 100S
RBF kernel SVM [3] 0.017 0.218 0.040 0.335 0.006 0.028 0.012 0.070 0.017 0.142
Green’s kernel SVM 0.00051 0.0989 0.0019 0.0665 0.00017 0.0623 0.00033 0.0661 0.00052 0.115
RBF kernel LS-SVM [4] 0.016 0.165 0.032 0.302 0.005 0.026 0.010 0.064 0.018 0.136
Green’s kernel LS-SVM 0.00051 0.0973 0.0016 0.067 0.00011 0.0631 0.00029 0.0645 0.00059 0.0748

5.4. Chaotic Time Series Prediction Using SVM and LS-SVM

For comparison purposes, we use Muller et al. [3] that employs SVM with Gaussian RBF
kernel and Zhu et al. [4] that utilizes LS-SVM with Gaussian RBF kernel for short-term (1
step) and long-term (100 step) prediction of Mackey-Glass system for different noise models
and noise levels. Table 3 shows the mean square error obtained by Green’s kernel using SVM
and LS-SVM over different noise settings in comparison to the results reported by [3, 4]. 1S
and 100S denote the 1 step and 100 step prediction of time series. We use the same definition
of SNR as used by the corresponding authors, that is, ratio between the standard deviation
of the respective noise and the underlying time series. Experimental results indicate that
knowledge-based Green’s kernel should be considered as a good kernel choice for noise-
corrupted data.

6. Conclusion

This paper provides a mathematical framework for using Green’s functions to construct
problem specific admissible support vector kernel functions based on the prior knowledge
about smoothness properties of the function to be predicted. Matched filter theorem is used to
incorporate domain knowledge of the magnitude spectrum of the signal to be predicted into
support vector kernels to achieve desired regularization properties. It has been shown that
the knowledge-based matching Green’s kernel is a positive definite SV kernel that exhibits
matched filter behavior. Since matched filters are known to be the optimal choice for noise
corrupted data, the key contribution of the proposed technique is its noise robustness (see
Figure 5) which makes it suitable for many real world system. Experimental results show
that the knowledge-based Green’s kernel has the ability to control the model complexity
(see Figure 2) of the system and shows good generalization performance compared to other
existing support vector kernels (see Tables 1, 2, and 3). Future research would include
implementation of Green’s kernel on real world problems such as speech synthesis and ultra
sound image analysis.
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We study the possible link between “local turbulence strength” in a flow which is represented
by a finite time series and a “chaotic invariant”, namely, the leading Lyaponuv exponent that
characterizes this series. To validate a conjecture about this link, we analyze several time series
of measurements taken by a plane flying at constant height in the upper troposphere. For each
of these time series we estimate the leading Lyaponuv exponent which we then correlate with
the structure constants for the temperature. In addition, we introduce a quantitative technique to
educe the scale contents of the flow and a methodology to validate its spectrum.

1. Introduction

A deterministic definition of the atmospheric state as a function of time t in a domain D can
be made in terms of the values of the various meteorological variables (wind, temperature,
pressure, moisture, etc.) at each point of the domain. However, using this definition to
characterize and make meaningful distinctions between different states is not practical due to
lack of appropriate data. In view of this situation, one has to use averaged statistical quantities
to characterize the atmospheric state at least partially (e.g., one can use for this purpose
the root-mean-square of any meteorological variable in D). Ideally a finite number of such
quantities will be sufficient to characterize the state completely (as in the case of an ideal gas
in equilibrium). However it is obvious that this is not the case for the atmosphere.

In general, characterization of the state of a dynamical system in terms of a (finite) set
of invariants is a difficult task. To complicate this problem further, the representation of the
dynamical system is usually made in terms of a finite time series of measurements. For the
atmosphere, the local state is usually represented by a (finite) time series of measurements
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at one point or (almost) simultaneous measurements over a spatial domain (by aircraft).
Under these circumstances, the challenge is to extract as much useful information from this
representation [1, 2]. In particular one would like to use this time series to characterize and
differentiate quantitatively between the different local atmospheric states.

One of the “traditional tools” for extracting information from this representation is
the averaged spectrum of the time series and its slope at different wave numbers. This
information is important for the determination of the atmospheric “structure constants”
[3], which impact the propagation of electromagnetic signals in the atmosphere [4] and
many other applications. However, the estimation of this spectrum might be biased by
discontinuities in the data and the parameters that are used for this estimation (e.g., padding,
windowing, etc.) [5]. It is important therefore to cross-validate the determination of this
spectrum by other independent methods. Our first task in this paper will be to use wavelet
transform to carry out this cross validation. In addition, we introduce in this paper a new
quantitative methodology to perform a “scale decomposition” of the flow from the time series
data.

Our primary objective in this paper is to examine the possible characterization of
the local turbulence strength [6] by a “Chaotic invariants” namely, the leading Lyaponuv
exponent [1, 7, 8] of the time series that represents the flow. Thus, the basic conjecture that we
want to validate in this paper, through multiple case study, is that local turbulence strength
is functionally linked to the leading Lyaponuv exponent of the time series. Intuitively this
means that as the turbulence strength in the flow increases, it becomes more chaotic and there
is increased sensitivity to initial conditions. (We provide some additional insights about this
conjecture in Section 2.3.)

To validate this conjecture we proceed indirectly. One well-known manifestation of
turbulence strength in the atmosphere is through density fluctuations (this leads to the well
known “twinkling of the stars” phenomena). Hence turbulence strength is related to the value
of C2

N (the refraction structure constant [3, 9, 10]). In the upper troposphere (at heights of
about 10 km), the main contributor to C2

N is C2
T -the structure constant for the temperature.

It follows then that if our conjecture is correct then the leading Lyaponuv exponent for the
temperature time series should be a function of C2

T . (We note that many other attempts were
made to relate chaos theory and turbulence, see e.g., [11].)

In the analysis of atmospheric flow “length scale” is of great importance. In fact one
speaks of the “integral scale” and the “scale regimes” that are present in the atmospheric
flow. However, algorithms to compute these from a time series representation are available
only for the integral scale [6]. Scale density representation which was introduced by
Cohen [12] and others [13, 14] can give a quantitative representation of the different
scales that are present in the flow and their intensity. In a way, this decomposition is
similar to spectral analysis (which represents the averaged energy density distribution
as a function of frequency) except that here we represent the intensity of the flow at
a given scale. In particular, one can expect this intensity to “drop considerably” at the
boundary between two scale regimes that are present in the flow. In this paper, we apply
this transform to obtain a “scale decomposition” of the flow from its the time series
data.

The plan of the paper is as follows: in Section 2 we present a short theoretical overview
of the techniques that are used in this paper. In Section 3 we present the data that is being
used to carry out the objectives of this research. In Section 4 we discuss the results that were
obtained from this data using the techniques mentioned above. We end in Section 5 with
some conclusions and observations.
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2. Theoretical Background

2.1. Fractal Dimension and Wavelet Transform

In general, geophysical time series are assumed to be “self-affine” [5]. Accordingly one can
apply the theorem of Mandelbrot and Van Ness which states that the Hausdorff dimension
Hd of the time series {yn}N1 is related to the semivariogram

γk =
1
N

∑

n

(
y(n + k) − y(n))2

(2.1)

by the relation

γk = kHd , (2.2)

where k is the “lag”. Furthermore [1, 5], the spectral density slope β of the time series is
related to the Hausdorff and fractal (correlation) dimensions (Hd andD, resp.) by the relation

−β = 2Hd + 1 = 5 −D. (2.3)

Together these relations enable us to evaluate β without recourse to the computation
of the spectra.

Another method to compute β is based on the wavelet transform [5] where the wavelet
function is chosen to be the Mexican hat function. LetW(a, t) be the wavelet transform of (the
time series) y(t)

W(t, a) =
1

2πa

∫∞

−∞
g
(
a, t − t′)y(t′)dt′,

g(a, t) =
(

1
2π

)1/2(
1 − x2

)
e−x

2/2, x =
t

a
,

(2.4)

where a is the “width” of the wavelet function.
It was found that for this wavelet the variance Va of W(t, a) satisfies the power law

relation

Va = aHw (2.5)

and furthermore

β = −Hw (2.6)

which yields therefore another independent determination of β.
Finally we note that to evaluate β for a range of wave numbers where β is not constant

a proper “detrending” (namely, filtering) has to be applied to the time series that is, one has
to remove first the contributions from other parts of the flow. We discuss such a technique
which is based on the principal component analysis in Section 2.4.
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2.2. Scale Transform

The Fourier transform of a function f(t) is defined as

f̂(ω) =
1√
2π

∫∞

−∞
f(t)e−iωtdt. (2.7)

This definition utilizes “weight functions” of the form eiωt which are eigenfunctions of the
“frequency operator”

F =
1
i

d

dt
. (2.8)

Motivated by this observation Cohen [12] and De Sena and Rocchesso [13] introduced the
symmetrized “scale operator”

Cx =
1
2i

(

x
d

dx
+

d

dx
x

)

(2.9)

whose eigenfunctions are

s(c, x) =
1√
2π

eic lnx

√
x
. (2.10)

To interpret the parameter “c” in (2.10), we note that s(c, x) has the same phase at
positions xk, k = 1, 2, . . . as x0 if

xk = x0e
2πk/c. (2.11)

The distance between two consecutive points in this sequence is not constant

xk+1 − xk = x0

(
e2π/c − 1

)
e2πk/c. (2.12)

However, as “c” increases in value this distance shrinks; that is, s(c, x) oscillates more
rapidly but with decreasing amplitude (as x becomes larger). Thus “c” represents the “wave
number” of the function s(c, x) which in this case measures the scale rather than frequency
of this function. Observe that “meteorological larger scales” are represented by the smaller
values of “c”.

Using these eigenfunctions, the scale transform of f(x) is defined as

D(c) =
1√
2π

∫∞

0
f(x)

e−ic lnx

√
x

dx. (2.13)

It is easy to show (using the transformation t = ez) that this integral is not singular at zero if
f(x) is bounded. The scale density of f(x) is then defined as |D(c)|2.
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To obtain some insight about the nature of this transform we, note that for an impulse

f1(x) = δ(x − x0), D(c) =
1√
2π

eic lnx0

√
x0

. (2.14)

Similarly for a wave

f2(x) = e−iω0x, f̂(ω) = δ(ω −ω0),

D(c) =
1√
2π

e−ic lnω0

√
ω0

.
(2.15)

(These are signals of “low” scale contents). However, for the eigenfunctions

s(x) =
exp(ic0 lnx)√

2πx
, (2.16)

we have

D(c) = δ(c − c0), (2.17)

that is, these functions have a sharp scale contents.
In the context of the applications at hand, this transformation enables us to evaluate

the contribution of different scales to a signal s(x).

2.3. Structure Constants

The structure function of a geophysical variable, for example, the temperature T is defined as
[3, 9, 10]

S(r) =
〈[
T ′(r1 + r) − T ′(r1)

]2
〉
, (2.18)

where T ′ are the turbulent fluctuations in the temperature and r is the vector from one point
to another.

Kolmogorov showed that for isotropic turbulence in the inertial range, this function
depends only on d = |r| and scales as

S(d) = C2
Td

2/3. (2.19)

C2
T which appears as the proportionality constant in this equation is referred to as the

“temperature structure constant”.
The determination of the atmospheric structure constants [3, 9, 10, 15, 16] and in

particular the temperature structure constant C2
T is important in many applications, for

example, the propagation of electromagnetic signals [3, 9]. Local peaks in the values of
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these constants, which are indicative of strong turbulence and reflect on the structure of the
atmospheric flow, can have a negative effect on the operation of various optical instruments.

To estimate these structure constants in the upper troposphere or the stratosphere,
it is a common practice to send high flying airplanes that collect data about the basic
meteorological variables (such as wind, temperature, and pressure) along its flight path
which may extend up to 200 kms. To estimate the averaged value of the structure constants
along this path, one must decompose first the meteorological data into mean flow, waves, and
turbulent residuals [17–19]. From the spectrum of the turbulent residuals, one can estimate
an averaged value of the structure constants using Kolmogorov inertial range scaling and
Taylor’s frozen turbulence hypothesis [6]. For C2

T in particular we have

C2
T (k) = 4F(k)k5/3, (2.20)

where F(k) is the temperature spectral density in the inertial range and k is the wave number.
An averaged value for C2

T (over all wave numbers in the inertial range) is obtained by
averaging these values over k. Same relations hold for other geophysical variables.

In the upper troposphere where humidity is low, C2
T is the main contributor to the

refraction structure constant C2
N [3, 9] which has an important impact on the operation of

ground telescopes and is the cause for the twinkling of the stars.
To motivate our conjecture about the relationship between C2

T and the leading
Lyapunov exponents of the time series, we note that these exponents are defined by

αi = lim
t→∞

1
t

ln
‖f(x0 + y, t) − f(x0, t)‖

‖y‖ , (2.21)

where f(x0, t) is a trajectory of the dynamical system with initial conditions x0 and y is a small
change in these conditions. Thus S(r) in (2.18) represents a spatial average of the function
(f(r1 + r) − f(r1))

2 (i.e., f(x0, t) = T ′(r, t). Observe that t was suppressed in (2.18) due to
Taylor frozen turbulence field hypothesis). On the other hand, Lyaponuv exponents represent
the asymptotic time behavior of the same function. (The square is not material due the ln in
the definition of the Lyaponuv exponents). Accordingly, our conjecture can be construed as
an “ergodic proposition” which postulates a functional relationship between the spatial and
time behavior of this function.

2.4. Data Decomposition

The statistical approach to turbulence splits the raw (=actual) measurements of the flow
variables u, T, p into a sum of

u = ũ + u′ + ut, T = T̃ + T ′ + Tt, p = p̃ + p′ + pt, (2.22)

where ũ, T̃ , p̃ represent the mean (large scale) flow; u′, T ′, p′ represent waves are ut, Tt, pt,
“turbulent residuals” [17, 18].

To effect such a decomposition in our data, we used the Karahunan-Loeve (K-L)
decomposition algorithm (or PCA) which was used by many researchers. For a review see
[20]. Here we will give only a brief overview of this algorithm within our context.
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Let be given a time series X (of length N) of some geophysical variable. We first
determine a time delay Δ for which the points in the series are decorrelated. Using Δ we
create n copies of the original series

X(k), X(k + Δ), . . . , X(k + (n − 1)Δ). (2.23)

To create these one uses either periodicity or choose to consider shorter time series [21]. For
the data under consideration, we used Δ = 1024. For these n time series, one computes the
auto covariance matrix R = (Rij)

Rij =
N∑

k=1

X(k + iΔ)X
(
k + jΔ

)
. (2.24)

Let λ0 > λ1, . . . , > λn−1 be the eigenvalues of R with their corresponding eigenvectors

φi =
(
φi0, . . . , φ

i
n−1

)
, i = 0, . . . , n − 1. (2.25)

The original time series T can be reconstructed then as

X
(
j
)
=

n−1∑

k=0

ak
(
j
)
φk0 , (2.26)

where

ak
(
j
)
=

1
n

n−1∑

i=0

X
(
j + iΔ

)
φki . (2.27)

The essence of the K-L decomposition is based on the recognition that if a large spectral
gap exists after the first m1 eigenvalues of R then one can reconstruct the mean flow (or
the large component (of the data)) by using only the first m1 eigenfunctions in (2.26). A
recent refinement of this procedure due to Penland et al. [20] is that the data corresponding
to eigenvalues between m1+1 and up to the point m2 where they start to form a “continuum”
represent waves. The location of m2 can be ascertained further by applying the tests devised
by Axford [22] and Dewan [16]. According to these tests turbulence data (at the same
location) is a characterized by low coherence between u, v,w and a phase close to zero or π
between w and T . (A phase close to π/2 is characteristic of waves). These tests applied to our
data show that to a large extent the residuals that were obtained from the K-L decomposition
represent actual turbulence. For a detailed exposition of this decomposition with appropriate
supporting plots see [18].

3. Description of the Atmospheric Data

In this paper we will use two sets of data: the first was gathered by NASA [23] and the second
by the US Airforce in collaboration with some Australian universities [10, 18, 19].
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3.1. NASA Data

This data was obtained during a mission to the arctic [23] by high flying ER2 plane over
the northern polar vortex. Out this data we analyze in this paper two data sets. These sets
represent the “state of the stratosphere” (traversed by the plane) on Feb 9 and 10, 1989. The
choice of these two dates seems to be appropriate since according to mission records Feb 9
was a “normal day” while on Feb 10 the measurements were conducted at a time when “large
mesoscale disturbances were observed”. The time series of measurements for each of these
dates consists of over 100,000 data points for each of the geophysical variables u, v,w, T, and
P (which represent, respectively, the west-east, north-south, and vertical winds, temperature,
and pressure). The measurements were taken at (almost) equal intervals of 0.2 sec (a spatial
distance of 45 m).

3.2. US Airforce Data

Previous to this data collection campaign, the high flying airplanes were equipped with
only one meteorological probe. However, it was impossible to use this one-probe data to
compute several important characteristics of the flow such as Brunt-Vaisala frequency and
the Richardson number or to initiate simulations of the flow in the vicinity of the flight path
(to determine the vorticity field and the scale structure of the flow). Furthermore, it was
impossible to construct a dynamical model of the stratified flow and its related structure
constants.

In order to overcome these shortcomings, a special purpose airplane was equipped
with three probes (on the two wings and tail). This plane was used in the period of 1999–2002
to collect data over Australia and Japan about the geophysical flow at heights of about 8 km–
12 km [10, 18, 19]. The data was collected at a frequency of 50 Hertz and spatial resolution of
approximately 1 m.

Based on instrument specifications, the data noise should be at a relative error level
of 10−3. This is confirmed by the eigenvalues obtained in the K-L decomposition where the
last few eigenvalues (which reflect the noise level in the data) are of order 10−3 of the leading
eigenvalue.

4. Results

4.1. Determination of the Spectral Slope

From a meteorological (and fluid dynamics) point of view, a slope of −5/3 in the “inertial
range” of the spectrum [6] characterizes a three-dimensional turbulence. However, as was
noted already by Lilly [24], this slope can change due to “geophysical factors”. Furthermore
Kraichnan [25] showed that for 2-dimensional turbulence there is a part of the spectrum
where this slope is −3. Bacmeister et al. [15], who considered similar time series which
represent the stratospheric flow, found using averaged spectral analysis that for a large
range of wave numbers the spectral slope is close to −3. Our analysis of the time series for
the two dates under consideration tends to lend independent support for these findings.
In fact our estimates for the spectral slopes are between −2 and −3. This implies that
the stratospheric flow (which is strongly stratified) has some of the characteristics of 2D
turbulence.
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Table 1: Spectral slopes for raw data.

Variable February 9, 1989 February 10, 1989
β = −(2Ha + 1) β = D − 5 β = −Hw β = −(2Ha + 1) β = D − 5 β = −Hw

u −2.202 −2.980 −2.703 −2.322 −2.990 −2.867
v −2.144 −2.840 −2.785 −2.294 −2.976 −2.778
w −1.892 −2.992 −2.621 −2.530 −2.994 −3.098
t −2.130 −2.992 −2.665 −2.466 −2.990 −2.882
p −2.664 −2.996 −2.496 −2.786 −2.994 −2.467

Table 2: Spectral slopes for turbulent residuals.

Variable February 9, 1989 February 10, 1989
β = −(2Ha + 1) β = D − 5 β = −Hw β = −(2Ha + 1) β = D − 5 β = −Hw

u −2.406 −2.988 −2.914 −2.300 −2.984 −2.873
v −2.204 −2.992 −2.741 −2.290 −2.986 −2.863
w −1.882 −2.994 −2.565 −2.524 −2.994 −3.041
t −2.120 −2.992 −2.859 −2.426 −2.994 −2.923
p −2.394 −2.998 −2.955 −2.698 −2.998 −2.970

In Tables 1 and 2 we present the determinations of the spectral slopes which are based
on (2.1)–(2.6) for the raw data and the turbulent residuals. The estimate of the spectral
slope based on fractal dimension and wavelet transform is between −2.5 and −3. On the
other hand, the estimate based on the semivariogram is between −2. and −2.5. A possible
explanation for this discrepancy is that these techniques give different weights to different
parts of the spectrum (namely, different wave numbers). Thus the semivariogram method
gives more weight to higher wave numbers (smaller scales) where the slope should be −5/3
while the other two estimators give more weight to the larger scales where Bacmeister et al.
found a slope of −3. Furthermore, the difference between the spectral slope of the different
meteorological variable can be attributed to the fact that they are coupled differently to the
stratospheric attractor in the sense of Lorenz [26]. (We note also that the path of the plane
taking the measurements traversed twice the polar vortex.)

4.2. Scale Transform

We present in Figures 1 and 2 the scale densities for the temperature and w (the vertical
component of the wind) for a flight that took place on September 9, 2002 over Australia at
height of approximately 10 km above sea level.

These figures show clearly the integral scale(s) in the flow which is represented by
small values of “c”. They show also several other peaks which correspond to the smaller
scales in the flow. The boundaries between the different scale regimes are represented by a
well-defined dips in the scale density. We note also the similarities between the peaks of these
two scale density representations for different values of “c”.

The details that can be extracted from this analysis should be compared to the
“traditional” (statistical) technique for estimating the integral scale (only). This technique
which is based on the zero crossing of the correlation function of the turbulent residuals is
not always reliable as it might be sensitive to the methodology used to detrend the time series
that represents the flow [6].
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Figure 1: Scale transform for the temperature data for one of the flight segments on Sept 09, 2002 over
Australia.
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Figure 2: Scale transform for w (vertical wind) data for the same flight segment as in Figure 1.

4.3. C2
T and the Leading Lyaponuv Exponent

To estimate C2
T we used the US Airforce data. To derive the turbulent residuals, we used

Karahunen-Loeve (K-L) decomposition as described in Section 2.4. For fifteen data sets that
were contained in this data, averaged values for C2

T were obtained using the methodology
described in Section 2.3.

To compute the leading Lyaponuv exponents for these time series, we used Rosenstein
algorithm and its implementation in the TISEAN package [7]. (However, one should note
that other algorithms are available for this purpose [7, 8]). To apply this algorithm, one has
to determine first the “optimal” delay coordinates and embedding dimension. These were
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Figure 3: Log-log plot of E—the leading Lyapunov exponent versus C2
T . The first-order least squares fit for

this data yield the relation E = 10.85 ∗ (C2
T )

0.276.

determined using the mutual information and false neighborhood algorithms [21] which are
also implemented in the abovementioned package. This analysis led us to choose a four-
dimensional embedding space with delay coordinates of 1024 data points. This led to the
following (least squares) functional relationship:

E = 10.85
(
C2
T

)0.276
, (4.1)

where E is the leading Lyaponuv exponents. Figure 3 presents a log-log plot of the results for
this exponent versus C2

T . We also show on this plot the least square line for this data. From
this plot we see that a change in C2

T over three orders of magnitudes correlates well with the
leading Lyaponuv exponents. The fluctuations around the least squares line can be attributed
to wave activity and possible measurements errors. This demonstrates that the Lyaponuv
exponent can be used as a second local measure of turbulence strength in the data. In cases of
discrepancy between C2

T and the leading Lyaponuv exponent, one must trace out the reasons
for this mismatch and correct them.

5. Summary and Conclusions

We introduced in this paper several data analysis tools that have the potential to validate and
characterize the local atmospheric state and yield new insights about its structure.

In particular, we demonstrated that scale analysis can supplement other statistical and
spectral tools which are used routinely in the analysis of meteorological data. We believe that
we showed clearly the new depth that they bring into this analysis.

In addition, we showed that that there is a link between the local turbulence strength
and the leading Lyaponuv exponent of the time series that represents the flow. Although
our analysis does not constitute a proof of this conjecture in general, we still feel that our
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results will be useful in many applied contexts especially as a check for the validity of other
global invariants that characterize the flow. Furthermore, the determination of the leading
Lyaponuv exponent can help verify the value of C2

T (or other structure constants) that have
important practical applications.
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Characterization of spatial and temporal changes in the dynamic patterns of a nonstationary
process is a problem of great theoretical and practical importance. On-line monitoring of large-
scale power systems by means of time-synchronized Phasor Measurement Units (PMUs) provides
the opportunity to analyze and characterize inter-system oscillations. Wide-area measurement sets,
however, are often relatively large, and may contain phenomena with differing temporal scales.
Extracting from these measurements the relevant dynamics is a difficult problem. As the number of
observations of real events continues to increase, statistical techniques are needed to help identify
relevant temporal dynamics from noise or random effects in measured data. In this paper, a statis-
tically based, data-driven framework that integrates the use of wavelet-based EOF analysis and a
sliding window-based method is proposed to identify and extract, in near-real-time, dynamically
independent spatiotemporal patterns from time synchronized data. The method deals with the
information in space and time simultaneously, and allows direct tracking and characterization of
the nonstationary time-frequency dynamics of oscillatory processes. The efficiency and accuracy
of the developed procedures for extracting localized information of power system behavior from
time-synchronized phasor measurements of a real event in Mexico is assessed.

1. Introduction

Phenomena observed in power system oscillatory dynamics are diverse and complex.
Remotely sensed measured data are known to exhibit noisy, nonstationary fluctuations
resulting primarily from small magnitude, random load changes in load, driven by low-scale
motions or nonlinear trends originating from control actions or other changes in the system.
Extracting from these sets indices that capture significant spatial and temporal dynamics is
very challenging [1–4].

Recent improvements in wide-area monitoring schemes have led to renewed
investigation of nonlinear and nonstationary behavior of system oscillations [2, 3]. In
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the last decade, extensive research has been carried out for developing modal extraction
algorithms that can accurately monitor transient response. Multivariate statistical data
analysis techniques offer a powerful tool for analyzing power system response from
measured data [1]. By seeing the snapshots of system data as a realization of random
field generated by some kind of stochastic process, data-driven statistical can be applied
to investigate propagating phenomena of different spatial scales and temporal frequencies
[5–7]. Existing analysis methods, however, do not take into account the multiscale nature of
measured system dynamics arising from events occurring at different locations with different
localization in time and frequency [6, 7]. This, in turn, may obscure visualization of transient
wide-area phenomena or limit the ability of the method to deal with data measured at
different sampling rates or containing missing information.

Analysis and characterization of time-synchronized system measurements requires
mathematical tools that are adaptable to the varying system conditions, accurate and fast,
while reducing the complexity of the data to make them comprehensible and useful for real-
time decisions. This is particularly true in the study of large datasets of dynamic processes
whose energy changes with time or frequency.

In this paper, a statistically based, data-driven framework that integrates the use of
a wavelet-based empirical orthogonal function (EOF) analysis and the method of snapshots
is proposed to identify and extract dynamically independent spatio-temporal patterns from
time-synchronized data. Extensions to current approaches to estimating propagating and
standing features in near-real-time that can be associated with observed or measured data
are discussed and numerical issues are addressed.

The procedure allows identification of the dominant spatial and temporal patterns in
a complex dataset and is particularly well suited for the study the temporal evolution of
critical modal parameters. It is shown that, in addition to providing spatial and temporal
information, the method improves the ability of conventional correlation analysis to capture
temporal events and gives a quantitative result for both the amplitude and phase of motion,
and modal content, which are essential in the interpretation and characterization of transient
processes in power systems.

The efficiency and accuracy of the developed procedures for capturing the temporal
evolution of the modal content of data from time-synchronized phasor measurements of a
real event in Mexico is assessed. Results show that the proposed method can provide accurate
estimation of nonstationary effects, modal frequency, time-varying modes shapes, and time
instants of intermittent or irregular transient behavior associated with abrupt changes in
system topology or operating conditions in a near-real-time setting.

2. Statistical Characterization of Measured Data

2.1. Empirical Orthogonal Function Analysis

Time-synchronized phasor measurements collected by PMUs or other dynamic recorders can
be interpreted conveniently in terms of statistical models involving both temporal and spatial
variability [1–4]. When data is available at multiple locations, a spatio-temporal model is
required that represents system behavior. Figure 1 shows a conceptual representation of PMU
data collected at different spatial locations.

Assume, in order to introduce the more general ideas that follow, that measured data
is available at n spatial locations (measurement locations) defined by xj , j = 1, . . . , n, at
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⎢
⎢
⎢
⎢
⎣

u(x1, t1) · · · u(xn, t1)

...
. . .

...

u(x1, tN) · · · u(xn, tN)

⎤

⎥
⎥
⎥
⎥
⎦

Temporal information

Phasor measurement unit (PMU)

Spatial distribution

Figure 1: Visualization of PMU data in terms of spatial and temporal information.

N instants in time, tk, k = 1, . . . ,N. Let u(xj , tk) be a space-time scalar field representing
a time trace, where xj , is a set of spatial variables (i.e., measurement locations) on a space Ωk,
and tk, is the time at which the observations are made.

Using this notation, the set of data can be represented by an N×n-dimension ensemble
(observation) matrix, F(x, t), of the form

F(x, t) =
[
f1(x1, t) f2(x2, t) · · · fn(xn, t)

]
=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

u(x1, t1) u(x2, t1) · · · u(xn, t1)

u(x1, t2) u(x2, t2) · · · u(xn, t2)

...
...

. . .
...

u(x1, tN) u(x2, tN) · · · u(xn, tN)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (2.1)

In this formulation, each column corresponds to the system response at a specific time,
and can represent the system response to a single event or represent an ensemble of time
responses to multiple events measured at a single location.

Empirical orthogonal function (EOF) analysis provides a basis for the modal
decomposition of an ensemble of data in terms of the smallest possible number of basic
modes or proper orthogonal modes (POMs, most energetic global functions) [5–8]. This
decomposition is of the form [5]

F̂(x, t) =
m∑

i=1

aiϕ∗i (x), (2.2)

where ai are the temporal amplitudes or eigenvectors, ϕi(x) are the spatial component maps
or eigenfunctions, andm are the statistical modes or POMs, where ai = F(x, t)ϕi. Each of these
maps represents a standing oscillation, and the temporal coefficients, ai, represent how this
pattern oscillates through time [9–14].



4 Mathematical Problems in Engineering

The temporal and spatial components are calculated from the eigenvectors and
eigenfunctions of the covariance matrix

C =
1
N

FT (x, t)F(x, t). (2.3)

In standard real-EOF analysis, matrix C is real and symmetric and possesses a set
of orthogonal eigenvectors with positive (real) eigenvalues. The vectors ϕi(x) are called
empirical orthogonal functions (EOFs); the map associated with each eigenvector represents
a pattern which is statistically independent of the others and spatially orthogonal to them.

Two important properties of EOFs are that the spatial distributions are orthogonal and
their time series are uncorrelated. The method accounts for spatial and temporal changes and
can be used to extract dynamic patterns from measured data. Measured data, however, may
exhibit quite different dynamics at each system location or exhibit abrupt changes in modal
quantities that cannot be captured using existing stationary models [11].

2.2. Wavelet-Based EOF Analysis

In real-world applications data are multiscale due to events occurring at different locations
with different localization in time and frequency. To address the problem of multiscale
modeling in data, a wavelet-based EOF approach has been developed. In this approach, the
empirical orthogonal functions of the wavelet coefficients are computed at each scale and
then combined the results at relevant scales. The approach is referred to as wavelet-based
EOF analysis [15, 16] and involves three main steps:

(1) computing the wavelet decomposition for each column in the data matrix,

(2) computing the covariance matrix of wavelet coefficients for each scale of interest,
and combining the results at the dominant scales of interest,

(3) extracting dynamic features from the selected scales.

Appendix A briefly summarizes wavelet analysis in the context of the proposed
formulation. In what follows we review the theory behind EOF decomposition and present
some results and extensions to conventional analysis to treat changes in space and temporal
variability.

A complex, near-real-time formulation with the ability to resolve localized information
is then proposed.

3. Near-Real Time EOF Analysis

As it was highlighted in the previous section, conventional EOF analysis assumes
stationarity of the underlying dynamic process and is therefore not suitable for an on-line
implementation. In addition, such an approach, can only provide information about standing
waves and cannot isolate portions of the phenomena in which dynamic changes take place
[1].

In order to overcome the above limitations, a sliding window-based method is used
to systematically analyze the observational data in near-real-time. This allows to isolate and
extract the portions of data where oscillations are present and improves numerical efficiency
and accuracy.
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Figure 2: Visualization of PMU data in terms of spatial and temporal information.

3.1. Time-Dependent Covariance Matrix

Assume that fk(x) = [fk(x1), fk(x2), . . . , fk(xn)] denotes a sequence of observations, collected
at time instants tk, to k = 1, 2, . . . ,∞, evenly spread throughout the time period, where xn is
set of spatial variables (measurement locations).

A sliding window-based approach has been combined with EOF analysis to resolve
localized information. In this approach, a sliding window frame of fixed size, say τ , is shifted
regularly throughout the data span from the beginning of the record to the end of the data
as shown in Figure 2. The analysis window is then slid the same distance repeatedly and
the covariance matrix is computed recursively. It should be stressed that τ can range from a
single sample to the entire length of the record.

Referring to Figure 2, let matrix Ck(x) be the covariance matrix of size τ × n, where τ
is the window size, n is the number of sensors or PMUs, and k indicates the time instant at
which the response matrix is computed.

More formally, given a set of available sample time series, the temporal autocorrelation
matrix, Ck, of Fk(x) extending over a window length is defined as

CkΔ
FHk (x)Fk(x)

k
=

1
k

k∑

i=1

fHi (x)fi(x), (3.1a)

or, equivalently,

CkΔ
Fk(x)FHk (x)

k
=

1
k

k∑

i=1

fi(x)fi(x)H, (3.1b)

where, in the above, the covariance matrix can be real or complex.



6 Mathematical Problems in Engineering

In our formulation, matrix Ck, is a positive semidefinite matrix of size n × n, and
possesses a set of complex time-dependent orthogonal eigenvectors, ϕi(t), i = 1, . . . , n,
that capture propagating features. Extensions of this approach to consider the case where
the autocorrelation matrix is nonintegrable are discussed in [17, 18]. This is, however, not
considered here.

An interesting and useful interpretation of the covariance matrix can be obtained by
rewriting (3.1a) as

kCk =
k−1∑

i=1

fi(x)fHi (x) + fk(x)fHk (x). (3.2)

Now if we let Ck−1 = (1/(k − 1))
∑k−1

i=1 fi(x)fi(x)
H , we can write

Ck =
k − 1
k

Ck−1 +
1
k

fk(x)fHk (x). (3.3)

This analysis suggests that the covariance matrix at time step k can be computed
recursively using information from both, the previous time step (k − 1) and the current
measurement using only elementary operations [19]. The stationarity test for the recursive
covariance matrix can be made to demonstrate the stationarity of the dataset [20].

Similar to the previous development, it can be shown that for a fixed window size, τ ,
(3.1a) and (3.1b) can be rewritten as

Ck =
τ − 1
τ

Ck−1 +
1
τ

fk(x)fHk (x). (3.4)

Equation (3.4) provides an efficient method to approximate the time-dependent co-
variance matrix: since the method is based on local information the technique is well-
suited for real-time applications. The selection of an optimal window size is an important
but difficult problem and will be addressed in future research. In the analysis of highly
nonstationary signals, large values of τ may obscure the analysis of temporal changes
occurring at specific segments of the observed record. As discussed in our numerical
simulations, short-width windows provide improved localized information but result in
enhanced computational effort. We have found that, the best estimate for the autocorrelation
matrix C can be obtained using the averaged two-point correlation function [5].

3.2. Complex Formulation

In an effort to extend standard real-EOF analysis to deal with propagating phenomena a
complex formulation is adopted. Here, the real part is augmented with an imaginary obtained
from the Hilbert transform of each time series. Refer to Esquivel and Messina for more details
[11, 21, 22].
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Assume then that Fk = [FR + jFI]k is a complex matrix with j =
√−1, where

the subscripts R, I, indicate the real and imaginary vectors. Under these assumptions, the
autocorrelation matrix Ck in (3.1a) and (3.1b) [11, 23] becomes

FkFHk =
[
FRFTR + FIFTI

]

k
+ j
[
FIFTR − FRFTI

]

k
,

FHk Fk =
[
FTRFR + FTI FI

]

k
+ j
[
FTRFI − FTI FR

]

k
.

(3.5)

Given a model of the form (3.5), it is straightforward to show that CR = CT
R is a

symmetrical matrix, and that CI is an asymmetric matrix or hemisymmetric matrix, that is,
CT
I = −CI . Since the symmetrical matrix is a particular case of the Hermitian matrix, all of its

eigenvectors are real; the elements of the asymmetrical matrix are all purely imaginary and
its eigenvectors are complex conjugate. Note that the bases for the complex autocorrelation
matrix Ck, are now defined as ϕR(x) for the real part and ϕI(x) for the imaginary part.

Appendix B contains further discussion of this subject.

3.3. Propagating Features

Many power system phenomena derive from nonlinear interactions between traveling waves
of different spatial scales and temporal frequencies. This section extends the developed model
to detect propagating phenomena in nonstationary processes.

Once the spatial eigenvectors associated with the real and imaginary part of C are
calculated, the original field can be approximated by a spatio-temporal model [4, 8, 10].
Consider a field fk composed of standing and traveling components, denoted by fswc, ftwc

of the form

fk = [fswc + ftwc]k. (3.6)

From EOF analysis [11], the complex field can be expressed as the complex expansion

[fswc]k =

[
p∑

i=1

RR(i)(t)SR(i)(x) cos
(
ωR(i)t

)
]

k

,

[ftwc]k =

[
q∑

i=1

RI(i)(t)SI(i)(x) cos
(
ωI(i)t + KI(i)x + π

)
]

k

,

(3.7)

where R,S are the temporal and spatial amplitude functions, respectively, and ω, K are the
frequency functions and wave component to be determined.

Let now the complex field (3.6) be expanded in terms of a truncated EOF basis of p
and q modes as [12]

f̂k =

[
p∑

i=1

AR(i)(t)ϕH
R(i)(x) + j

q∑

i=1

AI(i)(t)ϕH
I(i)(x)

]

k

, (3.8)
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where the complex, time-dependent coefficients, AR(i)(t) and AI(i)(t) are given by

AR(i) =
[
fϕR(i)(x)

]

k
, AI(i) =

[
fϕI(i)(x)

]

k
. (3.9)

Equation (3.8) can now be recast in the form

f̂k =

[
p∑

i=1

RR(i)(t)SR(i)(x)ej(θR(i)+ϕR(i))

]

k

+

[
q∑

i=1

RI(i)(t)SI(i)(x)ej(θI(i)+ϕI(i)+π)

]

k

, (3.10)

where R(t) and S(x) are the temporal and spatial amplitude functions associated to the wave
component of the decomposition, respectively, and θ(t) and ϕ(x) are the temporal and spatial
phase functions, respectively, [6, 7]. The original time series can then be reconstructed from
the real part of (3.10). The details are omitted.

In the developed models, a criterion for choosing the number of relevant modes is
given by the energy percentage contained in the p and q modes:

∑p

i=1

[
Δλ(i)swc

]

k +
∑q

i=1

[
Δλ(i)twc

]

k

‖fk‖2
F

= 99%, (3.11)

where ‖ · ‖2
F denotes the Frobenius norm. From (3.11), (Δλswc)k and (Δλtwc)k are given in

difference as

(Δλswc)k = (λswc)k+1 − (λswc)k, (Δλtwc)k = (λtwc)k+1 − (λtwc)k. (3.12)

Equations (3.7)–(3.12) provide a complete characterization of any propagating effects
and periodicity in the original data field which might be obscured by normal cross-spectral
analysis.

It might be remarked that, in the special case of real analysis, these expressions are
simplified to the standard definitions.

4. Recursive Algorithm

A flowchart of the proposed approach is shown in Figure 3. In this plot, dashed boxes indicate
the use of instantaneous information from the previous time step (k − 1), and E(·) indicates
the expectation value. This approach makes feasible the analysis and characterization of
transient processes using real-time information. Variations to these approaches that extend
their practical use to the realm of near-real-time stability assessment and control are being
investigated. These features will be discussed in future research.

The following sections describe the application of multivariate statistical techniques to
measured data including the estimation of instantaneous parameters.
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Ck−1

Figure 3: Algorithm for near-real-time computation of standing and propagating features from measured
data.

5. Simulations

5.1. Records of Selected Signals

The data used for this study were recorded by multiple phasor measurement units during a
real event in northern Mexico. See [21, 22] for more details about this event.

The main event that originated the oscillations was a failed temporary interconnection
of the Northwestern regional system to the Mexican interconnected system through a 230 kV
line between Mazatlan Dos and Tres Estrellas substations. As a result of topological changes
and load shedding, the observed oscillations exhibit highly complex phenomena including
transient motions characterized by changing frequency content and variations in the mode
shapes of critical electromechanical modes.

Among the existing PMU locations, frequency measurements at three major sub-
stations round the north, northwestern and northeastern systems were selected for study:
Hermosillo (H), Mazatlan Dos (MZD) and Tres Estrellas (TTE). Figure 4 is an extract
from PMU measurements of this event showing the observed oscillations of selected bus
frequencies.

Measurements were recorded over 400 ms collected at a rate of 0.20 samples per
second.
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Figure 4: Time traces of recorded bus frequency swings recorded January 1, 2004 and detail of the
oscillation buildup.

5.2. Analysis of Propagating Features

System measurements in this plot demonstrate significant variability suggesting a nonsta-
tionary process in both space and time. As observed in these plots, the most prominent
variations occur in the interval during which the oscillation starts at 06 : 27 : 42 and the interval
in which the operating frequency is restored to the nominal condition (60 Hz) by control
actions at about 06 : 28 : 21.

Based on the frequency data collected by PMUs, EOF analysis was applied to reveal
spatial and temporal dynamics. As a first step towards the development of an empirical basis,
the covariance matrix was formed by the ensembles of the frequency observations at different
system locations, that is,

Fk = [fH(tk), fMZD(tk), fTTE(tk)]. (5.1)

To visualize the complex temporal and spatial dynamics that takes placed in the
system following the failed interconnection, each time series is augmented with an imaginary
component using Hilbert analysis and the complex EOF method is employed to approximate
the original data. Further, in order to improve the ability of the method to capture
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Figure 5: Reconstruction of the original data with the traveling wave mode identified using the off-line
and on-line analysis.

Table 1: RMS error in the approximation.

Signals Off-line (rms) On-line (rms)

Hermosillo 0.3591 0.2614

Mazatlan Dos 0.4928 0.4008

Tres Estrellas 0.7536 0.5477

temporal behavior, the individual time series are separated into their time-varying mean
and fluctuating components; complex-EOF analysis is applied to the fluctuating field to
decompose the spatio-temporal data into orthogonal modes associated to the standing and
traveling wave components.

Using the proposed approach, two statistical modes describing standing and traveling
features were identified. Mode 1, which accounts for 98.5% of the total energy describes the
main (standing) feature in the records. The second mode contains approximately 1% of the
energy and describes propagating features.

Figure 5 compares the signal reconstructed using conventional EOF and the proposed
on-line formulation, whilst Table 1 gives the rms error. A two-sample data analysis window
was used in the on-line analysis of system characteristics. For simplicity, only the traveling
wave mode is used in the computation. Simulation results clearly show that near-real-time
approximations enhance the ability of the method to capture local information.



12 Mathematical Problems in Engineering

0

10

20

30

40

50

E
ne

rg
y
(%

)
Hermosillo Mazatlan Dos Tres Estrellas

0.0545

49.94949.9965

(a)

0

0.05

0.1

0.15

0.2

0.25

0.3

M
ag

ni
tu

d
e

120 130 140 150 160 170 180

Time (ms)

Hermosillo
Mazatlan Dos
Tres Estrellas

(b)

Figure 6: (a) average energy of traveling wave mode using the off-line analysis, and (b) instantaneous
energy of traveling wave mode using the on-line analysis.

Also of interest, Figure 6 compares the amplitude of modal components provided
by conventional EOF analysis and that obtained from the proposed formulation. Note
that conventional analysis can only provide average information. In sharp contrast with
this, the near-real-time implementation enables to single out the times at which sudden
changes in system behavior take place. Further, Figure 7 shows the mode shape of dominant
electromechanical modes obtained using both approaches.

One of the most attractive features of proposed technique is its ability to detect changes
in the shape properties of critical modes arising from topology changes [9, 23], and control
actions. Changes in the mode shape of electromechanical modes may indicate changes in
topology or changes in operating patterns and may be useful for control decisions and the
design of special protection systems [1, 22]. In this analysis, complex values are displayed
as vectors with the length of the vector proportional to the eigenvector magnitude and the
direction equal to the eigenvector phase.

The proposed approach provides an automated way to estimate mode shapes without
any prior information of the time intervals of interest. The computational effort for analysis
of large blocks of data is directly related to the number of spatial variables and the size of
the observation window considered. In our numerical simulations the data analysis window
corresponds to on-going that research is being conducted to estimate the appropriate window
size for real-time applications.
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Figure 7: (a) mode shape of traveling wave mode using off-line analysis, and (b) time-varying mode shape
of traveling wave mode using the proposed on-line analysis method.
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Figure 8: Spatial pattern of the leading mode showing temporal variability.

Finally, Figure 8 shows the time evolution of the dominant travelling wave at different
system locations obtained using the wavelet empirical orthogonal function analysis described
above. The analysis depicts the fill evolution of temporal dynamics and provides details
about the local behavior of multiscale data. Here, the shaded areas in the plot delineate the
regions where the energy is significant. This provides detailed information of time instants
associated with transient system behavior whose behavior changes over time and frequency.
The results stand in contrast with current modeling done at a single scale.

6. Conclusion

Wide-area, real-time monitoring may prove invaluable in power system dynamic studies
by giving a quick assessment of the damping and frequency content of dominant system
modes after a critical contingency. In this paper, an alternative technique based on time-
dependent complex EOF analysis of measured data is proposed to resolve the localized
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nature of transient processes and to extract dominant temporal and spatial information. A
method of spatially decomposing oscillation patterns in near-real-time into their standing
and travelling parts is presented.

By combining a sliding window approach with complex EOF, a novel framework
for on-line characterization of temporal behavior is proposed that attempts to consider the
influence of both, spatial and temporal variability. Numerical results show that the proposed
method provides accurate estimation of nonstationary effects, modal frequency, time-varying
mode shapes, and time instants of intermittent transient responses. This information may be
important in determining strategies for wide-area control and special protection systems.

It is shown that, in addition to providing spatial and temporal information, the method
improves the ability of conventional correlation analysis to capture temporal events and gives
a quantitative result for both the amplitude and phase of motions, which are essential in the
interpretation and characterization of transient processes in power systems.

Extensions to this approach to determine the optimal locations to place PMUs are
underway. Applications to real-time system monitoring, protection and control will be
addressed in future work.

Appendices

A. Wavelet Transform

Consider a function f(t) belonging to a family of finite energy functions, that is

∫∞

−∞

∣
∣f(t)

∣
∣2dt <∞. (A.1)

The continuous wavelet transform (WT) of f(t) is defined as [24]

W(a, b) =
1
√
|a|

∫∞

−∞
f(t)ψ∗

(
t − b
a

)

dt, (A.2)

where ψ(t) is the basis wavelet function or mother wavelet, a is a scale parameter and b is
a time parameter. The superscript ∗ denotes complex conjugation. It is assumed that ψ(t) is
also a finite energy function satisfying the condition

CΨ =
∫∞

−∞

|Ψ(ω)|2
|ω| dω <∞ (A.3)

in which Ψ̂(ω) is the Fourier transform of ψ(t) defined as

Ψ̂(ω) =
1√
2π

∫∞

−∞
ψ(t)e−iωtdt. (A.4)
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The function f(t) can be reconstructed from W(a, b) by using the double integral
representation

f(t) =
1

πCψ

∫∫∞

−∞

1
a2
W(a, b)ψ

(
t − b
a

)
da√
a
db, (A.5)

where the scale parameter a is restricted to positive values only.

B. Singular Value Decomposition

This section reviews the singular value decomposition and its features that relevant in the
context of the proposed formulation.

Using the SVD decomposition, a complex matrix X can be represented as

X = ‖X‖[cos(θXt) + j sin(θXt)
]

= URΣRVH
R + jUIΣIVH

I ,
(B.1)

where ‖X‖ and θX are the magnitude and phase of X, respectively, U are left singular vectors
and Σ are singular values.

Using (B.1), we can rewrite (3.5) as

XXH = ‖X‖
∥
∥
∥XT
∥
∥
∥{[cos(θXt) cos(θXT t) + sin(θXt) sin(θXT t)]

+ j[sin(θXt) cos(θXT t) − cos(θXt) sin(θXT t)]
}
,

XHX =
∥
∥
∥XT
∥
∥
∥‖X‖{[cos(θXT t) cos(θXc t) + sin(θXT t) sin(θXt)]

+ j[cos(θXT t) sin(θXt) − sin(θXT t) cos(θXt)]
}

(B.2)

or

XXH =
[
URΣRΣT

RUT
R + UIΣIΣT

I UT
I

]

+ j
[
UIΣIΣT

RUT
R −URΣRΣT

I UT
I

]
,

XHX =
[
VT
RΣ

T
RΣRVR + VT

I Σ
T
I ΣIVI

]

+ j
[
VT
RΣ

T
RΣIVI −VT

I Σ
T
I ΣRVR

]
.

(B.3)

As it is seen from (B.1), the columns of UR and UI are the eigenvectors of real and imaginary
parts of XXH , and the columns of VR and VI are the eigenvectors of real and imaginary parts
of XHX, respectively, [10, 11]. The n singular values on the diagonal of ΣR and ΣI are the
square roots of the nonzero eigenvalues of the real and imaginary parts of both XXH and
XHX divided by the number of samples N.
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From the decomposition given in (B.2), it can be seen that the imaginary part is zero
when time is in phase with the extremum of the cosine or sine, that is, the sum of the two
components is zero, for this instant both are symmetrical matrixes.

The imaginary part measures the grade of asymmetries when the sum of both matrixes
is different from zero; this is used to define the existence of traveling wave components.
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The activities of plant cultivation in Italy are provided by prefabricated structures that are
designed to avoid any preliminary study of optical and thermal exchanges between the external
environment and the green house. Designers mainly focused on the heating and cooling system to
obtain climate beneficial effects on plant growth. This system involves rather significant operating
costs which have driven the interests of designers, builders, and farmers to pursue constructive
solutions such as the optimization and control of energy flows in the system. In this paper we
take into account a model of greenhouse for plant cultivation to be located in Central Italy. For the
optimal design of a greenhouse, simulations of heat exchange and flow of energy have been made
in order to maximise the cooling system consumption of energy.

1. Introduction

The use of greenhouses for growing plants is widely used in Italy. The design and
implementation of greenhouses is done without the study of energy exchanges between the
external environment inside the greenhouse. Climatic conditions are evaluated only on the
plant species planted without verifying the construction parameters of the greenhouse or
efficiency of air conditioning systems. This paper verifies the efficiency of air conditioning
systems used in the greenhouse and, moreover, the proper management control systems of
climate parameters with TRNSYS 16.

The climate control inside the greenhouses was treated and developed in various
ways, here are some articles that discuss the issue with the methodology of solving the
problem.
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(i) “A simple greenhouse climate control model incorporating effects of ventilation and
evaporative coolin” by T. Boulard and A. Baille (INRA—Station de Bioclimatologie, BP 91 84143
Montfavet Cedex, France) has analyzed a system of linear control that allows you to represent
the heat transfer mechanisms in a greenhouse with online control.

(ii) “Greenhouse climate control. An integrated approach” by J.C. Bakker, G.P.A. Bot, H.
Challa and N.J. Van de Braak (Editors), Wageningen Pers, Wageningen, The Netherlands, 1995. 279
pp., ISBN 90-74134-17-3: this paper lists all the reports of the climate of greenhouses according
to different types of crops grown. They checked all the control systems of air conditioning to
allow a more rational use of energy resources.

(iii) SE—Structures and Environment: A Strategy for Greenhouse Climate Control, Part I:
Model Development M. Trigui, S. Barrington and L. Gauthier. SE—Structures and Environment: A
Strategy for Greenhouse Climate Control, Part II: Model Validation M. Trigui, S. Barrington and L.
Gauthier: Studied in these articles is the climate control system and verified mathematical
models on crop.

(iv) “Development of a standardized fieldbus-based greenhouse climate control” by Olga
Plaksina and Thomas Rausch. Institute of Computer Technology, Vienna University of Technologies
Gusshausstrasse 27-29, A-1040 Vienna, Austria: the work concentrates on the feasibility of
building automation technologies for the climate control in growing environments. This
includes, but is not limited to, the acquisition and processing of environmental data. The
paper analyzes the requirements for greenhouse climate control and compares these demands
to those of residential building automation. The authors provide a concept of a KNX-based
control system for this application domain and give an outlook on the future phases of the
project.

(v) Sensitivity Analysis of an Optimal Control Problem in Greenhouse Climate Management
E. J. Van Henten, Department of Greenhouse Engineering, Institute of Agricultural and Environ-
mental Engineering (IMAG b.v.), P.O. Box 43, NL-6700 AA, Wageningen, The Netherlands: this
paper describes the methodology and results of a sensitivity analysis of an optimal control
problem in greenhouse climate management. The methodology used is based on variational
arguments and requires a single solution of the optimal control problem, resulting in a
computationally efficient technique. The example considered deals with economic optimal
greenhouse climate management during the cultivation of a lettuce crop. The sensitivity
analysis produced valuable insight into the performance sensitivity and operation of the
controlled process. Both the model description of crop growth and production as well as the
outside climate conditions have a strong impact on the performance. Humidity control plays
a dominant role in economic optimal greenhouse climate management, emphasising the need
for an accurate description of humidity effects on crop growth and production, either in terms
of quantitative models or time-varying constraints on the humidity level in the greenhouse.
Finally, the study revealed that the dynamic response times in the greenhouse climate are not
limiting factors for economic optimal greenhouse climate control.

(vi) “Time-scale decomposition of an optimal control problem in greenhouse climate
management” by E.J. Van Henten and J. Bontsema Wageningen UR Greenhouse Horticulture,
P.O. Box 16, NL-6700 AA Wageningen, The Netherlands, Farm Technology Group, Wageningen
University, P.O. Box 17, NL-6700 AA Wageningen, The Netherlands: based on differences in
dynamic response times in the crop production process, a hierarchical decomposition of
greenhouse climate management is proposed. To a large extent the proposed decomposition
builds on the time-scale decomposition of singularly perturbed systems commonly found
in the literature. Main difference with these existing theoretical concepts is that the
proposed decomposition is able to deal with rapidly fluctuating deterministic external
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Table 1

Southern Italy 100 t
Netherlands 340 t
United Kingdom 480 t
Sweden 550 t

inputs or disturbances acting on the fast subprocesses. For an example of economic optimal
greenhouse climate management during one lettuce production cycle, the decomposition was
successfully evaluated in simulations. Using these favourable results, a hierarchical concept
for economic optimal greenhouse climate management is derived and discussed in view of
application in horticultural practice.

This paper addresses the problem of control of air conditioning of greenhouses, from
a detailed analysis of the climatic conditions outside the greenhouse. The simulation with the
TRNSYS is possible to have the reaction of the air conditioning system of the greenhouse daily
according to the climatic conditions of the area where the greenhouse is planted. These values
are obtained using mathematical models based on nonlinear control systems POI. This makes
it possible to evaluate the energy consumption related to cooling the greenhouse, checking
the systems more affordably for heating or cooling of greenhouses.

Unlike the articles cited in this work we can immediately assess the energy
consumption in a greenhouse, that in fact created a simulation model that allows such an
assessment depending on various types of air conditioning systems.

2. Preliminary Remarks

2.1. State of the Art in the Literature and Types of Greenhouse Heating

Climate control in greenhouses represents 20%–30% of production costs, therefore it is
important to reduce such costs. Therefore the fact that the direct annual consumption of
energy per hectare is about 0.25 toe per crops in open fields against the approximately 7 toe
for the greenhouse ones has to be taken into consideration. Moreover for tomatoes grown in
greenhouse the consumption of heating oil per hectare varies greatly according to latitudes.
Table 1 shows average values for Southern Italy, The Netherlands, United Kingdom, and
Sweden.

The purpose of this study is based upon TRNSYS program that simulates the control
system of air conditioning in greenhouses according to the time of the year. In particular,
the simulation will be made from historical data nonlinear climatic conditions outside the
greenhouse [1]. From these data we intend to evaluate the nonlinear heat flows that develop
with more nonlinear function of temperature control and humidity inside the greenhouse.

2.1.1. Heating Installations

The criteria for selecting a heating system for a greenhouse are numerous and can greatly
influence the cost of producing the final product. Schematically they can be distinguished by

(i) thermal needs,

(ii) type of crop and farming system,
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(iii) flexibility of use,

(iv) uniform temperature in the vicinity of plants,

(v) restricted movement of air masses,

(vi) efficiency and economy.

Generally in the design phase the following simplified formula for calculating the heating
requirements of greenhouses [2] is considered:

Q = KrS(ti − te) (2.1)

where Q is heat (kcal/h), Kr is overall heat transfer coefficient (kcal/h m2 ◦C), S is total area
of walls (m2), ti is indoor temperature (◦C), te is outdoor temperature ( ◦C).

Equation (2.1) is acceptable for the design of the heating system as early in the
morning, when the following conditions are fulfilled: greater thermal availability [3], the
energy contribution of the sun through the soil and losses are negligible, the activity of the
crop is minimum, and cultural operations are not carried out, also not using ventilation and
hence the losses for air exchange are limited.

The air conditioning system regardless of the type of power (gas, oil, etc.) is basically
made by

(i) a boiler (a draw or pressurized),

(ii) a heat exchanger (air or water),

(iii) pipes,

(iv) heating elements or heaters,

(v) sensors and controllers for the control of climatic parameters.

An outline of the types of systems of heat distribution is shown [4] in Figure 1.

2.1.2. Systems for Air Heating

Hot air generators are the most popular applications for heating greenhouses, to attain rapid
warming of the greenhouse at the desired temperature. They are also easy to install and
of cheap price. Compared to the types of heat distribution by means of heating elements,
however, they have some disadvantages of agronomic such as uneven distribution of heat
stagnation of hot air near the foot of greenhouse air temperature too high for plants affected
by the flow air, greater energy consumption [5].

The types of systems for air heating are distinguished as those with direct spread or
duct, either fixed or mobile, for small, medium, or large power, liquid fuel, solid, or gaseous.

Under the direction of flow of hot air inside the greenhouse there can be distinguished
[6]:

(1) horizontal projection unit heaters (fan-jet), Figure 2,

(2) vertical projection heaters, Figure 3.
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Hot water generators

Air and hot water
combined generators

Hot air generators Air heating

Air heating by heaters

Heating elements
in the greenhouse

Heated pallets
with radiative pipes

Heated pallets
with radiative pipes

Figure 1: Diagram of the types of heat distribution systems.

Figure 2: Horizontal projection unit heaters.

Radiant Heating Systems Bodies

In this solution the water leaves the boiler through a pump and enters the pipe until you reach
the heating elements [7]. Generally, the outlet water temperature is around 80–85◦C, and the
return is to 65–70◦C, with optimum thermal gradient of 15◦C. The installation diagram is
shown in Figure 4.

According to the arrangement of heating elements there can be distinguished [8]:

(i) heating of the walls (Figure 5),

(ii) heating of the substrate,

(iii) heating of the floor (Figure 6),

(iv) heating of the soil,

(v) heating of pallets (Figure 7).
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Figure 3: Vertical projection heaters.

Radiative elements Expansion system

Circulator
pompOutward and

return piping

Three-way valve

Boiler

Figure 4: Scheme radiant heating system bodies.

Cooling System

The cooling in greenhouses can be achieved through four distinct types of plant [9]:

(i) natural ventilation,

(ii) shading achieved by partial coverage of surfaces exposed to the sun,
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Figure 5: Heating of the walls.

HDPE pipes

Electrowelded net

Concrete

(a)

HDPE pipes
Microporous plastic film

Manufactures locking

Sand

(b)

Figure 6: Heating of the floor: (a) concrete slab, (b) floor made of car manufactures blockers.

Insulation
screen

Radiative
elements

(a)

Radiative
elements

Radiative
elements

Insulation
screen

(b)

Radiative
elements

(c)

Figure 7: Central heating of pallets: (a) heating elements at the top of the pallet, (b) heating elements
inserted in the pallet, (c) heating elements disposed below the pallet.
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Figure 8: Forced Ventilation System.

(iii) ventilation,

(iv) evaporation of water by cooling system or high-pressure spraying system (high-
pressure fogs).

Natural Ventilation

Natural ventilation is achieved by opening windows along the side walls and on the top to
exploit the stack effect.

Forced Ventilation

Forced ventilation is practiced with large electrohelical ceiling fans, low-speed shutter system
and provided with a flow rate of ventilation of 40 times the volume of gases (Figure 8).

Cooling System

The Cooling System [10] allows for cooling with humidification of the environment causing
axial fans with the passage of outside air through a moistened panel (Figure 9).

High-Pressure Spraying (High-Pressure Fogs)

By spraying at high pressure (high-pressure fogs), cooling is achieved by humidifying the
environment through dense fog through spray nozzles [11].

The pipes with spray nozzles (7 liters/h every 7.5 m2 of glass) have been installed
about 2 m above the ground; water is sent from a service tank through a high-pressure pump
(35–40 atm) to the nozzles.
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Pad

Airflow through leakages

Fan

Positive pressure fan and pad system

Fan
Pad

Figure 9: Scheme of cooling system.

The mathematical models commonly used for sizing of cooling systems are as follows.

(1) Loss of sensible heat for ventilation [12]:

Q′ =
Vvr(Ti − Te)

3600
, (2.2)

where Q′ is loss of sensible heat for ventilation (W), V is volume of the greenhouse
(m3), vr is air infiltration rate (1/h), Ti is indoor temperature (◦C), Te is outdoor
temperature (◦C),

(2) Loss of latent heat for ventilation:

Q =
Vvrr(xi − xe)

3600
(2.3)

where Q is loss of latent heat for ventilation (W), V is volume of the greenhouse
(m3), vr is air infiltration rate (1/h), r is latent heat of vaporization (J/kg), xi is
indoor umidity (kg/kg), xe is outdoor umidity (kg/kg).

(3) Flow Ventilation:

qv =
(

c1b exp
(

− b
c2

))

UA (2.4)

where qv is flow ventilation (m3/s), U is outdoor wind speed (m/s), A is total area
of the windows (m2), b is opening angle of the windows (◦), c1 and c2 is constants
that depend on the type of window.

The case study considered the most common type of heating in greenhouses that
applied heating air heaters with vertical flow, regulated by the control system of proportional
representation through a temperature sensor [13].

For cooling systems of the greenhouse were used for opening windows to allow
natural ventilation.
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Sensors

Air temperature
Soil temperature
Outward water temperature
Return water temperature

Unit Actuators

Solenoid
Three-ways valve
RelayAlarms

Figure 10: Scheme of air conditioning control unit.

3. Control System of Air Conditioning

A control system of air conditioning is typically composed of sensors, controller, actuators
and alarms [14]. The sensors are sensors for detecting temperatures (air, soil, pipes). A
simplified diagram is shown in Figure 10.

The audit is to keep the temperature and humidity of the system as close as possible
to a desired temperature and humidity (the set point) and to compensate as effectively as
possible the effects of changes in the external environment (e.g., variations in the heat), and
quickly follow the changes in set points that can be requested [15].

The relevant parameters for good control are, therefore,

(1) Accuracy: the actual temperature should be as close as possible to set-point.

(2) Stability: fluctuations around the set-point must be small.

(3) Readiness: the system should follow set-point changes as soon as possible.

There are several methods of control:

(i) ON/OFF,

(ii) Proportional control,

(iii) Full control,

(iv) Control derivative.

Sketch a generic system (Figure 11) which we want to check its physical condition
through a particular VC controlled variable (e.g., a sample temperature, the speed of a
moving rotation or position, etc.) [16]. The size VC will be measured by a transducer that
allows real time to know the present value of VM size in question. In order to effectively
influence the system and hence to obtain a change in the controlled variable, you should
provide an input into the system on the size manipulation GM. The desired value to be
obtained for VC and represented by SP (set point) and both of these two values (SP and VM)
will be homogeneous (e.g., are both voltage signals) so that they can be compared among
themselves to calculate the error E (E = SP − VM) [17]. And the error signal to be sent to the
controlled system must be processed by a function block that generates the appropriate value
of the signal to be sent; GM actually the entrance to the controlled system. Below a block
diagram that describes this generic system reaction is reported.

The function block that controls the controlled system can be done in various ways
corresponding to different mathematical functions. The most “simple” performed by a
comparator (on-off control), with GM and its one size only two values (all-nothing) [18].
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SP E GM VC

VM Transmitter

Function
block

Control
system

Figure 11: Schematic diagram of control.

Alternatively you open the field to function blocks capable of generating quantities
manipulated GM as analog functions of the error E. We have thus blocks proportional,
integral and derivative (PID, PI, PD).

On/Off Control

In this mode the air conditioning system has a unique power level that can be switched on
(if the climate parameters are below the setpoint) or off (if vice versa parameters are higher).
In this mode you can get good accuracy and promptness, and the system can respond well
to changes in set-point. However, it may be very stable, since the controller will work for
cycling the temperature above and below the set point. The control law of the ON/OFF is
very simple [19]:

s(t) = 0 per e < 0, s(t) = 1 per e > 0 (3.1)

where s is control action, e = yref − y is the tracking error, y is output value, yref reference
value.

Proportional Control

This system eliminates the problem of fluctuations in temperature and humidity using a
continuously adjustable output power from the air conditioning system: it is proportional to
the magnitude of the difference between the actual temperature and setpoint. For example, a
large error will produce a large negative voltage to the heater to correct the error [20].

If the power output was proportional to the error in the entire range of the instrument,
it would require a negative error equal to half the range for maximum power of the heater.
The accuracy would be very unsatisfactory.

It tackles this by introducing the parameter of proportional band. The proportional band
is usually expressed in percentage fraction of the interval of operation of the instrument;
within the proportional band the output power is proportional to the error; outside of this
band the power is maximum or zero.

Reducing the proportional band (i.e., increasing the gain) improves the accuracy of the
controller, as just a smaller error for a given change in the output power. But there is a limit
to the increase of gain: at some point the system begins to self-oscillate, and the gain should
be reduced. In fact a system of proportional band is not on-off system [21].
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The law of proportional control is

s(t) = Kce(t), (3.2)

where s is control action, e = yref − y is the tracking error, y is output value, yref reference
value, Kc is constant proportional action gain, t is operation time.

Proportional Integral Control

To improve the accuracy of the proportional control full control is introduced. Consider a
controlled system with proportional representation, with the proportional band not large
enough to induce self-oscillations. The result is a stable system but not overly accurate [22].
Suppose we send a signal of residual error to an integrator, whose output is coupled to
that of proportional representation. The result is that the power output increases until the
temperature equals the set point. At this point the integrator output will be canceled, and
this will keep a constant power. The integrator, however, could induce oscillations. This is
avoided by the presence of proportional representation.

The integral control is characterized by the integration time (integral action time,
commonly RESET), defined as the time required for the output to vary from zero to its
maximum in the presence of an error equal to the fixed proportional band.

The RESET can be specified as a time or as a frequency (repetitions per minute).
To prevent the integral control from inducing oscillations in the system is good to the

integration time at least to the time constant system response [23].
If the set-point is likely to vary considerably over time that the system uses to

approach the new set-point, integrator is saturated, resulting in an overshoot when the
temperature finally reaches the set point. It is so convenient to keep the integrator to zero
until the temperature does not fall within the proportional band. The law of integrated and
proportional control is

s(t) = Kce(t) +
Kc

τi

∫ t

0
e(t)dt (3.3)

where s is control action, e = yref − y is the tracking error, y is output value, yref reference
value, Kc is constant proportional action gain, t is operation time, τi is integral constant
action.

Proportional Integrated Derivative PID Control

The combination of proportional control and integral control ensures stability and accuracy;
however if the set point is changed, it is likely that the system approximates the new set point
with little readiness or alternately with good quickness but producing an overshoot [24]. This
is edited by derivative control. As the name suggests, the derivative control measures the time
derivative of the error signal of the system and changes the output power to reduce the speed
of change.
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Even the derivative control is characterized by a characteristic time, the time derivative
(derivative action time, the rate which can be given either as a time or frequency). If the error
signal is changing rapidly, at a rate proportional band in a time derivative, then the output of
the shunt is sufficient to lead to zero output power.

In many cases, the PI control (proportional and integrated) is sufficient, in others it is
also necessary in the time derivative [25].

The determination of the three parameters of the PID gains can be made empirically in
the logical order in which they were described in controls or in modern instruments and often
have the opportunity to let the controller itself to determine responsiveness of the system by
applying a series of pulses deltiformi power and measuring the response time of your system.

Very often, then the optimal PID parameters are also dependent on the working
temperature of a given system. The optimization of the parameters of the PID is then
repeated, with minor adjustments continuing.

The law that controls the PID is

s(t) = Kce(t) +
Kc

τi

∫ t

0
e(t)dt +Kcτd

de(t)
dt

(3.4)

where s is control action e = yref − y is the tracking error, y is output value, yref reference
value, Kc is constant proportional action gain, t is operation time, τd is derivative action
constant.

4. Greenhouse Model with TRNSYS

The TRNSYS is commonly used to simulate transient heat transfer for the design and control
of power systems using renewable energy sources. Another frequent use of software is now
on the energy certification for homes, offices, shops, restaurants, and industries. In this sense
the present work is an example of using the software for agricultural systems [26].

The greenhouse is considered a construction steel structure of prefabricated type STO,
used for growing flowers and plants. It is covered with glass cover horizontal beam pattern
and small flat foot north-south.

The approach of the model was carried out by using the program TRNSYS Simulation
Studio. Work done starting with the path led to the construction of a multizone building,
which is divided into multiple steps where the user enters the data on the building and its
location in space. The data required by the software at this stage will be used for the automatic
construction of the project and its connections between the components [27].

During construction of the project there is also the source of meteorological data
that will be used in the simulation. This is indeed a link with the Type 109 (Weather Data
Processor), and in this case study the meteorological station of Rome Fiumicino (Airport)
was selected.

The meteorological station of Rome Fiumicino is the weather station of reference for
the Air Force Meteorological Service and the World Meteorological Organization concerning
the city of Rome and its coastline.

The outline of the project is as shown in Figure 12: rome is the source of meteorological
and solar radiation to Rome (Fiumicino), unit change is converter unit, psychrometrics
are computer psychrometric parameters, sky Temp is computer temperature of the sky,
greenhouse isgreenhouse (Type 56), heating is the heating system, cooling is the cooling
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Figure 12: Air conditioning system diagram with TRNSYS.

system, controller is climatization controller, airchanges is calculator for spare parts for air
heating/cooling, online plotter is computer graphics, printer is printer (writes a file with the
values of variables required).

As for the greenhouse, we have chosen the climate system most widely used, that is, a
boiler with a hydrometer vertical heated by placing hot air and a cooling system for summer
cooling [28]. The system is controlled by a thermostat where you can set the reference
temperature. Consider in detail the models used for equipment and air conditioning control.

Simple Furnace/Air Heater

The heater can be controlled externally or set to automatically try and attain a set point
temperature. The furnace is bound by a heating capacity and an efficiency [29]. Thermal
losses from the furnace are based on the average air temperature. The outlet state of the air is
determined by an enthalpy-based energy balance that takes pressure effects into account.

4.1. Mathematical Description

The operation is governed by the energy balance shown in Figure 13.
where hin and hout refer to the enthalpy of air entering and exiting the furnace,

respectively. Thermal loss calculations are made based on the average temperature of air in
the furnace, and qη is the capacity of the furnace multiplied by its overall efficiency. In other
words, qη is the amount of energy actually transferred from the fuel to the air in the furnace.
The energy balance is written as shown in (4.1) so as to solve for the enthalpy of air exiting
the furnace [30]

hair,out = hair,in +
qη

ṁ
− UA

ṁ

(
T − Tenv

)
, (4.1)
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UA(T − Tenv)

ṁ hin ṁ hout

qη

Figure 13: Furnace Energy Balance.

where hair,in is enthalpy of air entering the furnace (kJ/kg·K), hair,out is enthalpy of air exiting
the furnace (kJ/kg·K), mair is mass flow rate of air (entering mass flow rate = exiting mass
flow rate) (kg/hr), qmax is capacity of the furnace (kJ/hr), qη is maximum heating rate of the
furnace (accounting for efficiency effects) (kJ/hr), UA is overall thermal loss coefficient for
the furnace (kJ/K), T is average temperature of air in the furnace (C), Tenv is temperature of
the air surrounding the furnace (for loss calculations) (C).

Because the outlet temperature of the air is not initially known, Type uses an iterative
process to arrive at the exiting air condition. The enthalpy of entering air is calculated and
returned by the TRNSYS PSYCHROMETRICS routine whereupon (4.1) energy balance is
solved first guessing that the inlet and outlet air temperatures are equal [31]. The resulting
outlet enthalpy is passed back to the PSYCHROMETRICS routine, which in turn returns a
new outlet air temperature. The new outlet air temperature is used to modify the energy
balance, affecting both the thermal loss term and the energy exiting through the air stream.
Iteration continues until the temperature of outlet air returned from PSYCHROMETRICS
changes to less than 0.01◦C. This default tolerance may be modified in the Type source code
if desired.

Type also accounts for air pressure drop across the furnace. The pressure drop is
applied to the air outlet conditions whether or not the furnace is in operation and whether
or not air is flowing. The assumption that pressure drop occurs without regard to flow is
made so that TRNSYS is better able to converge upon a solution when a system starts up.
Users wishing to ignore pressure effects should simply set the pressure drop parameter to
zero [32].

4.1.1. Auxiliary Cooling Device

The auxiliary cooling device is the compliment to the Simple Furnace/Air Heater. Instead of
adding heat to a flow stream, the auxiliary cooling device removes heat [32]. The cooler is
designed to remove heat from the flow stream at a user determined rate, Qmax, whenever the
external control input, γ , is equal to 1 and the cooling unit outlet temperature is greater than
a user specified minimum, Tset.

By providing a control function of 0 or 1 and setting Tset to a very high value with a
reasonably low value of Qmax, Type 6 will perform like an externally controlled ON/OFF
heating device. Users should be aware that the maximum thermal energy transfer to the
flowstream is not Qmax but η∗htrQmax.
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Mathematical Description

If Ti ≥ Tset, mi ≤ 0, or γ = 0, then To = Ti, mo = mi, Qloss = 0, Qfluid = 0, and Qaux = 0.
Otherwise, an energy balance on the steady-state cooling reveals [33]

To =
Q̇maxηhtr + ṁCpfTi +UATenv − (UATi/2)

mCpf + (UA/2)
,

mo = mi,

Qaux = Qmax,

Qfluid = moCpf(Ti − To),

T =
(To + Tin)

2
,

Qloss = UA
(
T − Tenv

)
+
(
1 − ηhtr

)
Qmax,

(4.2)

unless To > Tset, then,

To = Tset,

mo = mi,

Qfluid = moCpf(Tset − Ti),

T =
(Tset + Tin)

2
,

Qloss = UA
(
T − Tenv

)
+
(
1 − ηhtr

)
Qmax,

Qaux =
mCpf(Tset − Ti) +UA

(
T − Tenv

)

ηhtr

(4.3)

where Qaux = Qloss +Qfluid.

4.1.2. Three-Stage Room Thermostat

A three-stage room thermostat is modeled to output three on/off control functions that can
be used to control a system having a solar heat source, an auxiliary heater, and a cooling
system [34].

This controller is to be used to control systems on temperature levels. The controller
commands cooling at high room temperatures, first-stage (solar source) heating at lower
room temperatures and second stage (auxiliary source) heating at even lower room
temperatures. The user has the option, through parameter ISTG, to disable first-stage heating
during second stage heating and the capability, through parameter Tmin, to disable first stage
heating whenever the source temperature is too low. Although solar heating is specified in
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the description of this component, any three-stage heating system may be controlled using
the TYPE 8 routine [35].

In many heating applications, the desired room temperature may depend on the time
of day or the day of the week. This variation of the heating on/off temperatures is modeled
here using an optional ”set back” control function γset and ”set back” temperature difference
ΔTset. When this option is used, the usual temperatures at which first- and second-stage
heating are commanded are both reduced by (γset)(ΔTset). Typically, γset is calculated by a
TYPE l4 time-dependent function generator.

Hysteresis effects can be included in the model by supplying the optional ”dead band”
temperature difference ΔTdb. A single value of ΔTdb, if supplied, is applied to all three output
control functions.

Parameter 1, NSTK, sets the number of oscillations permitted within a time step before
the output state of the controller is ”stuck”. It is recommended that NSTK be set to 3 or 5.

Mathematical Description

If hysteresis is not used, then ΔTdb is set to zero. Similarly, when the set back option is not
used, γset and ΔTset are zero. The heating and cooling on/off temperatures are set as follows:

First heat source (solar):

T ′H1 = TH1 + γ1 ·ΔTdb − γset ·ΔTset. (4.4)

Second heat source (auxiliary):

T ′H2 = TH2 + γ2 ·ΔTdb − γset ·ΔTset. (4.5)

Cooling source:

T ′C = TC − γ3 ·ΔTdb. (4.6)

When the first-stage source temperature Th is greater than or equal to Tmin, the first stage
enabled function γe is set to 1 [36]. Otherwise, γe = 0. The controller then functions as shown
in the following diagram (Figure 14).

4.2. Simulation Results

The purpose of the simulation is to check the temperatures inside the greenhouse related
to external climatic parameters and the type of construction of the greenhouse itself. The
required energy for optimal climate conditioning is based on such calculation. These values
in fact are calculated in order to maintain a steady temperature of 20 degrees which is
considered suitable for the cultivation of a wide range of plant species.
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Figure 14: Controller Function.
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Figure 15: Chart greenhouse climate simulation.

The results are shown in the chart (Figure 15)
Where TGreenhouse is inside room temperature, QHeat is required heating, the rate at

which energy must be supplied to the device in order to heat the air to its outlet temperature,
including the effects of losses and conversion inefficiencies, QCool is rate of energy removed
with the cooling system.

Moreover, the amount of heat to be made or removed by heating and cooling was
connected to the printer to obtain the annual energy needs for heating and cooling:

QHeat = 1, 44E + 23 kJ/h,

QCool = 2, 25E + 23 kJ/h.
(4.7)

It can be seen that the energy demand for cooling is higher than that for heating [37].
This is due to the latitude where the greenhouse is located, characterized by very rigid winters
and hot summers. The technology normally used in greenhouses for cooling, as shown in the
chart above, is from an energy point of view very expensive.

The graphic represents a constant value of QCool for the period July-August, even if
the temperature inside the greenhouse undergoes changes.
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An analysis of the chart is highlighting the need to rationalize the climate inside the
greenhouse. This can be achieved

(i) through the use of a more precise control systems, such as PID,

(ii) through more sustainable air conditioning systems, the latter using heating and
cooling floor system powered by a geothermal heat pump or conventional pump,

(iii) or through improving the greenhouse insulation and ventilation systems.

5. Conclusions

The use of TRNSYS for simulating the implementation of greenhouses is rarely applied to the
agricultural sector affecting national energy consumption. As reported in this paper the use
of primary sources inside the greenhouse is important because such type of construction has
poor insulation characteristics and air conditioning equipment.

The use of TRNSYS is necessary in order to obtain results from nonlinearity of the
equations governing the laws of heat and control systems.

Nomenclature

Cpf: fluid specific heat (kJ/kg·K)
mI: inlet fluid mass flow rate (kg/hr)
mo: outlet fluid mass flow rate (kg/hr)
Qaux: required heating rate including efficiency effects (kJ/hr)
Qfluid: rate of heat addition to fluid stream (kJ/hr)
Qloss: rate of thermal losses from heater to environment (kJ/hr)
Qmax: maximum heating rate of heater (kJ/hr)
Tenv: temperature of heater surroundings for loss calculations (C)
Ti: fluid inlet temperature (C)
To: fluid outlet temperature (C)
Tset: set temperature of heater internal thermostat (C)
UA: overall loss coefficient between the heater and its surroundings

during operation (kJ/hr)
γ : (—) external control function which has values of 0 or 1
ηhtr: (0 · · · 1) efficiency of auxiliary heater.
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