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In the literature, lots of optimization models and algorithms
have been presented to deal with the operation and control
issues in various domains such as intelligent manufactur-
ing, production scheduling, transportation routing, service
arrangement, and space exploration. Extant related works
have promoted the development of conventional optimiza-
tion and control theories, and quite a few of them have been
widely used in the real world.

With the emergence of recent information technologies
including Wireless Sensing Networks, Internet of Things
(IOT), Cloud Computing, and Distributed Computing, peo-
ple can obtain and process far more than what they could,
generally within shorter time and with fewer costs. In
addition, the application of the information technologies has
been bringing about new challenges. One growing challenge
is the Big Data problem. Although the Big Data problems and
the like may provide chances for people to explore new rules
and laws of the universe, they will become catastrophes if not
well dealt with.

Thus, people should find new ways and tools in various
domains to cope with the emerging challenges. Without
exception, extant optimization models and algorithms need
to be extended or reformulated for dealing with the reshaped
operation and control issues by new information technolo-
gies.

This special issue is intended to present optimization
models and algorithms for dealingwith operation and control

issues based on the emerging information technologies.
It also aims at promoting the exchanges and interactions
between investigators across different fields. We solicit high
quality, original research articles as well as review articles
focused on models and algorithms for operation and control
issues with advanced information technologies.

We received 67 manuscripts in total, made strict prelimi-
nary and peer reviews for all the works, and finally accepted
18 papers for the special issue. The included papers can
be grouped into five specific categories, that is, (1) models
and algorithms with advanced information technologies, (2)
healthcare related models and algorithms, (3) models and
algorithms of production or delivery, (4) evaluation and
classification models, and (5) control models and algorithms.

The first category (models and algorithms with advanced
information technologies) includes four papers. The paper
“Assessing Partnership Alternatives in an IT Network
Employing Analytical Methods” by V. R. Salamat et al.
presents an optimizationmodel for the collaborative network
building process in the IT industry. In the paper “Exploring
an Interactive Value-Adding Data-Driven Model of Con-
sumer Electronics Supply Chain Based on Least Squares
Support Vector Machine,” X. Wan et al. use the least squares
support vector machine to develop a data-driven model of
consumer electronics supply chains. The paper “Intelligence
in Ecology: How Internet ofThings Expands Insights into the
Missing CO

2
Sink” by W. Wang et al. analyzes the role of the
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Internet of Things (IoT) in monitoring the soil abiotic CO
2

uptake and develops an IoT monitoring system. In the work
“Two-Phase Algorithm for Optimal Camera Placement,” J.-
W. Ahn et al. develop a two-phase algorithm for the camera
placement problem in visual sensor networks.

The second category (healthcare related models and
algorithms) includes three papers. The paper “Modeling and
Optimization of the Drug Extraction Production Process”
by D. He et al. contributes a data-driven iterative learning
control method to the drug extraction production process.
In the paper “Optimal Scheduling of Doctors Outpatient
Departments Based on Patients’ Behavior,” Z. Ren et al.
use the prospect theory to model the patient satisfaction
and present a doctor outpatient scheduling model and its
plant growth simulation algorithm. The paper “Research on
Healthy Anomaly Detection Model Based on Deep Learning
fromMultiple Time-Series Physiological Signals” by K.Wang
et al. uses the convolutional neural network to develop a
healthy anomaly detection model.

The third category (models and algorithms of production
or delivery) includes six papers. The paper “Impact of
Personnel Flexibility on Job Shop Scheduling” by R. Lin et
al. contributes a measurement of personnel flexibility as well
as a job shop schedulingmodel with personnel flexibility.The
paper “Collaborative Product Design for Tasks Sorting Based
on Shortest Delivery” by X. Liang et al. presents a collabora-
tive design task scheduling model. In the work “Identifying
and Analyzing Strong Components of an Industrial Network
Based on Cycle Degree,” Z. Zhang et al. relied on the cycle
degree of industrial networks to formulate the concept of cir-
cular centrality consisting of the lengths and the numbers of
cycles through a vertex. In the paper “Acquisition Pricing and
Inventory Decisions on Dual-Source Spare-Part System with
Final Production and Remanufacturing,” Y. Zhou et al. apply
stochastic dynamic programming and recursion algorithm to
solve a spare-part inventory problemwith two replenishment
strategies. The paper “A Recovery Model for Production
Scheduling: Combination of Disruption Management and
Internet of Things” by Y. Jiang et al. presents a recovery
model of production scheduling with the integration of
disruption management and Internet of Things. In the paper
“AHeuristics-Based Parthenogenetic Algorithm for the VRP
with Potential Demands and Time Windows,” C. Shi et al.
extend the classical vehicle routing problem (VRP) to a VRP
with potential demands and time windows (VRP-PDTW)
anddevelop a heuristics-based parthenogenetic algorithm for
solving the extended problem.

The fourth category (evaluation and classification mod-
els) includes three papers. In the paper “A Novel Evaluation
Approach for Tourist Choice of Destination Based on Grey
Relation Analysis,” X. Guo and Z. Sun apply grey relation
analysis into the tourist destination evaluation and show
the advantage by the comparison with the Technique for
Order Preference by Similarity to Ideal Solution (TOPSIS).
The paper “An Optimal Decision Assessment Model Based
on the Acceptable Maximum LGD of Commercial Banks
and Its Application” by B. Shi et al. presents an optimal
credit rating model for customers’ credit risk evaluation
and credit decision. The paper “A Multiple Classifier Fusion

Algorithm Using Weighted Decision Templates” by A. Mi
et al. presents a multiple classifier fusion algorithm using
weighted decision templates and shows the advantage by an
experimental comparison.

The fifth category (control models and algorithms)
includes two papers. In the paper “Optimal Control for
Bufferbloat Queue Management Using Indirect Method with
Parametric Optimization,” A. Radwan et al. integrate an
indirect approach with parametric optimization to develop
a forward-backward optimal control queue algorithm. The
paper “Event-Triggered Faults Tolerant Control for Stochastic
Systems with Time Delays” by L. Huang et al. presents an
event-triggered scheme of state-feedback controller design
for stochastic networked control systems.
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One of the main critical success factors for the companies is their ability to build and maintain an effective collaborative network.
This is more critical in the IT industry where the development of sustainable competitive advantage requires an integration of
various resources, platforms, and capabilities provided by various actors. Employing such a collaborative network will dramatically
change the operations management and promote flexibility and agility. Despite its importance, there is a lack of an analytical tool
on collaborative network building process. In this paper, we propose an optimization model employing AHP and multiobjective
programming for collaborative network building process based on two interorganizational relationships’ theories, namely, (i)
transaction cost theory and (ii) resource-based view, which are representative of short-term and long-term considerations. The
five different methods were employed to solve the formulation and their performances were compared. The model is implemented
in an IT company who was in process of developing a large-scale enterprise resource planning (ERP) system. The results show
that the collaborative network formed through this selection process was more efficient in terms of cost, time, and development
speed.The framework offers novel theoretical underpinning and analytical solutions and can be used as an effective tool in selecting
network alternatives.

1. Introduction

Business networks have become an essential part of con-
ducting business. This is because the nature of business
environment has changed and in many industries strategic
business networks are replacing market structure theories
[1, 2]. As a consequence of increased global competition,
technological complexities, and environmental uncertainties,
the firms could not internally perform all of the value creation
activities, and instead they create strategic collaborations and
interfirm ties to focus on their core competencies by external-
izing some of the value creation activities to other network
actors [3]. The significance of the concept leads to many
efforts from the authors in various disciplines and provides a
huge body of knowledge in different branches of science like
management, economy, computer science, industrial engi-
neering, sociology, law, and so forth, with various keywords
like “collaborative network” [4], “collaborative networked

organization” [5], “strategic networks” [1], “relational view”
[6], “business networks” [7], “network approach to strategic
management” [2], and “industry network approach” [8, 9].
This diversity of literature convinced the authors [10] to
provide a metareview in different types of interorganiza-
tional relationships. This diversity of literature is because
we are in the preparadigmatic phase, as Kuhn named it, of
interpreting this phenomenon which is sometimes called a
new discipline [4]. There are some debates on the economic
reason of this paradigm shift; [11] named the innovation
economy and growth of information technology as the reason
behind decentralization of firms and emergence of business
ecosystems.

Firms exploit interorganizational relationships for a num-
ber of reasons. According to [12] there are four motives
to these: (1) acquiring resources, (2) reducing uncertainties,
(3) enhancing legitimacy, and (4) attaining collective goals.
Gulati et al. [1] argue that a firm’s network could be a source
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of competitive advantages, because the firm’s network is
idiosyncratic, inimitable, and nonsubstitutable, and it could
be a source of sustainable competitive advantage based on
resource-based view of firms. In addition, these networks
could provide some benefits for firms like learning, achieving
economies of scale and scope, and providing access to
information, resources,markets, and technologies.Moreover,
firms can share their risks through these relations and [12]
and increase the agility. On the other hand, the networksmay
have a negative impact on the firm’s performance and could
lead to some constraints like “lock-in and lock-out” effect
which occurs because of resource constraints, and also loyalty
expectation of partners. As a result, a specific relationship
may preclude organizations from relating to some other
networks [1, 13].

In addition, strategic networks may have major influence
on customers and/or end users. A network may combine
resources and capabilities to deliver unique products or
services to customers, and this is the outcome of a complex
value activity integration process. Similarly, any failure or
ineffectiveness would be transferred to customers, thereby
progressively ruining the competitive advantage of the entire
network. Moreover, the formation of a collaborative network
is a long-term decision and any structural changes in the
network may lead to significant pay-offs. Therefore, the
decision on how to form collaborative network requires
sufficient managerial attention and organizational resources.

In this paper, the problem of how to develop an effective
“collaborative network” (CN) is considered in the context
of IT industry. An Iranian large-scale IT firm wants to
establish a goal-oriented network as a kind of “collaborative
networked organization” (CNO) to develop an “enterprise
resource planning” (ERP) for universities, called “integrated
university management system” (IUMS). The assumed CN
consists of a focal firm and members and is adapted to CNs’
definition as described in the next section. The focal firm,
as the manager of the network, selects some firms as the
network’s members and eachmember undertakes some parts
of the project and possesses a portion of the final product’s
share. Obviously, the final products belong to all members
of the network and the network is responsible for updating
and supporting the product. In other words, the network
has two forms in two levels of business; at first, the network
is responsible for product development and after that the
network changes its role to a service provisioning network
in which it is responsible for supporting and upgrading the
software and selling it in “software as a service” or any other
form. In this paper, the focus is on the first level in which the
product in under development by the network.

To address the problem, an integrated framework is
proposed that involves both qualitative and quantitative
methodologies to solve this problem. In the framework, two
contemporary theories of interorganizational relationship,
resource-based view and transaction cost theory, are com-
bined; and a more comprehensive and applicable theory is
provided. The justifications and advantages are discussed in
the paper. Furthermore, a structured framework is proposed
which includes a hybrid AHP and multiobjective program-
ming and tries to provide a holistic view of the problem. At

the end, the framework is implemented in the real case study
and applicability of the framework is discussed.

In the subsequent sections, the proposed framework is
described in detail. In Section 2, the theoretical background is
discussed and the key concepts about collaborative networks,
network formation, and rationale of interorganizational rela-
tionships are provided. In Section 3, the proposed framework
is explained in detail. In Section 4, the implementation
reports and the corresponding results are presented. In
Section 5, the managerial implications, limitations, and the
relevant future work are discussed.

2. Theoretical Background

In this section, theoretical backgrounds and the essential
materials are provided. Related literature about collaborative
networks, network formation, and rationale of interorgani-
zational relationships are reviewed. These concepts form the
underlying basis of the integrated framework proposed in this
paper.

2.1. Collaborative Networked Organization (CNO). As men-
tioned by Camarinha-Matos and Afsarmanesh [14], the
literature of interorganizational network is “a large but
disjoint body of literature”; thus, we try to review different
parts and provide a general big picture. The first part is
“collaborative networks” which are defined by Camarinha-
Matos and Afsarmanesh [4] as “an alliance constituted by
a variety of entities (e.g., organizations and people) that are
largely autonomous, geographically distributed, and hetero-
geneous in terms of their operating environment, culture,
social capital, and goals.” They classified the collaborative
networks as (1) “collaborative networked organization” and
(2) “ad hoc collaboration,” where ad hoc collaboration
can be accomplished in virtual communities and in not-
business-oriented issues and most kinds of collaborative
networks which act as an organization can be classified as
the first class. They also classified the CNOs as two classes
of (1) “long-term strategic networks” and (2) “goal-oriented
networks.” The first class tries to prepare the conditions
and proper environment for fast and fluid configuration of
the networks, when faced with opportunities. The second
type–goal-oriented networks–derives froma specific goal like
production or service providing activities [14].

Another stream is “strategic networks” which are defined
as the firm’s set of relationships, which are enduring and have
strategic importance for firms entering them [1]. Brass et al.
[12] define the strategic networks as a set of ties and nodes,
where ties represent the relationships and nodes represent the
actors including individuals, work units, and organizations.
Gulati et al. [1] state that these strategic networks include
interorganizational ties like strategic alliances, joint ventures,
long-termbuyer-supplier partnerships, and other similar ties.
Jarillo [15] tried to develop the concept of strategic networks
and discuss them in order to show their role as a mode
of organization, also to analyze the economic conditions
of strategic networks’ existence. Stuart and Sorenson [16]
discuss strategic networks and their role in entrepreneurial
ventures. They present a well-organized literature review on
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the strategic network in the context of entrepreneurial issues
and provide a research agenda in five major areas for a better
understanding of the strategic networks. In this perspective,
actors are embedded in greater networks of relationships
and their conduct and performance should be analyzed with
relevance to these networks which provide opportunities as
well as constraints for the actors. Also, Kohtamäki et al.
[17] discuss the strategic networks and focus on the effect
of organizational identity on strategic network behavior and
performance.

“Business networks” is another important stream which
is known by some works like [3, 7, 18–21]. “Network orga-
nization” and “network of organizations” are two important
concepts in this area. “Network of organizations” refers to
“any group of organizations or actors that are interconnected
with direct or indirect exchange relationships.” Any market
and the entire composition of the economy can be described
in this manner as a network of ties and actors. But “network
organizations” refers to the networks that define value system
and the actor’s roles and responsibilities [3]. Ritter et al.
[13] propagate the concepts of deliberate and emergent net-
works or intentional and unintentional networks. Jarillo [15]
believed that networks are intentional organization modes
built to enhance firm’s competitive positioning. Möller and
Rajala [20] suggest that networks are emerging systems that
individual firms are restricted by or dependent on. Other
researchers provide different classifications; they distinguish
between hub-driven networks and strategic multiactor net-
works [22, 23]. Also, Pulles et al. [24] provide an empirical
study and discuss the essential characteristics of an actor for
being an innovative contributor in the business network.

Based on the extant literature, the interorganizational col-
laborations can be analyzed at three different levels. The first
level discusses dyadic relationships and effect of relationships
in accessing and controlling resources. The development,
management, and termination of relationships are discussed
at this level. The interactions between two actors are the
main issue of this level that is identified by many researchers
[25–32]. The second level discusses the portfolio of relations
that a focal firm maintained, sometimes called “portfolio of
alliances” or “strategic nets.” The questions are how to create
these structures, how they affect the firm’s performance, and
how to manage this portfolio. See, for example, [20, 33–
41]. The third level is the broadest one and concentrates on
networks. Usually, there is not an individual or focal firm but
the whole structure of industry or market will be considered.
The question is how network structures evolve and how to
explain their dynamics. In addition, this level examines the
effect of networks on firms and vice versa [7, 23, 42–46].

In this paper, the problem was defined in the class of
a “goal-oriented network” in collaborative networks context
where a network formed to accomplish a specific goal as an
organization. In the “business network” context, the problem
can be classified as an intentional, deliberate, andmanageable
network and also a hub-driven one which consists of a
hub as coordinator and some members as value creators.
Moreover, the problem was defined to tackle the portfolio
level in interorganizational relationships and not in dyadic or
industry network level.

2.2. Fundamental Theories on Interorganizational Relation-
ships and Networks. There are a number of theories that
describe the rationale behind the formation of interorga-
nizational relationships. For example, [47] mentioned six
theories about the formation of interorganizational relation-
ships, including (1) transaction cost economics, (2) resource
dependence, (3) strategic choice, (4) stakeholder theory of the
firm, (5) organizational learning, and (6) institutional theory.
Moreover, Parmigiani and Rivera-Santos [10] explore the
key theories for explaining interorganizational relationships
and mentioned theories like transaction cost economics,
the resource-based view, knowledge-based view, dynamic
capabilities, agency theory, resource dependence, stakeholder
theory, institutional theory, and social networks. In this
paper, two dominant theories, (1) transaction cost theory and
(2) the resource-based view, are selected for consideration
and the framework was based on them. This is because these
two theories are the most general ones which other theories
can be justified based on them and other theories can be seen
as a branch of them or a combination of them [10]. Also, they
are completely dominant in the literature in comparison with
other theories and can perfectly cover the different aspects of
the problem as described in the subsequent sections. These
two theories are discussed in the following sections.

2.2.1. Transaction Cost Theory (TCT). Transaction cost the-
ory has been widely used in literature as a theory of interor-
ganizational collaboration [48–50]. The theory proposes
that firms should determine their boundaries in order to
minimize the sum of production cost and transaction cost.
Indeed, this theory is developed to answer to the popular
“make or buy?” question and describes that each value
creation activity should be internalized or externalized in
a way that minimize production plus transaction costs. In
this theory, interorganizational relationships lead to reducing
the uncertainties induced by market failure in addition to
reducing associated costs [47]. The transaction cost refers
to cost associated with exchange activities like writing and
enforcing contracts and production cost associated with
internal activities like producing, organizing, and managing.

As mentioned, TCT tries to address the make or buy
decision. The firm should decide to produce using its own
resource or purchase from the market. In addition, a firm
could produce jointly through an alliance or interorgani-
zational relationships. According to TCT, it is better to
internalize when there are high transaction costs and low
production costs. Transaction costs increased when the firm
is encountered with a high rate of opportunistic behavior
and high asset specificity. Merger and acquisitions could be
seen as ways to internalization. It is better to externalize and
use market transactions when production costs are high and
transaction costs are low. Moreover, the firm could choose
to ally when there are medium transaction and production
costs and transaction costs are not high enough to justify
internalization. Indeed, alliances could be seen as semi-
internalization, and firms use it when internalization cost is
more than market transaction but some limitations prevent
full internalization [51].



4 Scientific Programming

There are some authors who criticize this theory in
its ability to describe the formation of interorganizational
relationships and generalization of this theory.There is a view
that this theory is limited to economical and cost related
issues, but some relations formed for some other reasons
like learning, and these reasons could not be included in
TCT [47]. However, [52] provide a critique that, according
to TCT, all firms with similar transaction and production
costs shouldmake similar decisions about internalization and
externalization, while this statement is untenable, and it could
easily be seen that internalization/externalization decision
dramatically differs along with a distinctive industry and in
similar firms. Indeed, it should be argued that some complex
factors (apart from economic and cost-based factors) should
be considered in alliances, and using cost-based factors
limits the quality of decision-making [53]. Although the
simple logic of TCT provides useful and intuitive insights
and causes widespread use of it, this simplicity causes some
weakness that limits its effectiveness. Therefore, we suggest
combining this theory with some other concept to improve
its suability. In this paper, it is argued that TCT could be
seen as complementary with resource-based view (RBV)
and a combination of these two theories could be more
advantageous.

2.2.2. Resource-Based View (RBV). Resource-based view of
firm has been originated from the work of [54] and expanded
in works byWernerfelt [55] and Barney [56]. Resource-based
view is seen as an inward-looking approach and in contrast
with porter’s competitive force. Teece et al. [57] mentioned
four approaches in business strategy: (1) competitive force,
(2) strategic conflict, (3) resourced-based perspective, and (4)
dynamic capabilities. They introduce two former approaches
as outward looking that emphasize onmarket power exploita-
tion and the two latter as inward looking that emphasize
on efficiency. They state that, according to RBV, firms are
heterogeneous with their resources, and there is some degree
of stickiness between firms and these resources and firms
are forced to live with what they have and what they lack.
This is because some resources and assets like reputation and
tacit knowledge could not be easily tradable. Also, business
development is complex and could not be easily achieved
through the market.

The RBV emerged as an alternative approach for under-
standing the firm’s competitive advantages. In this view, firms
can be seen as a complex bundle of tangible and intangible
resources. As mentioned before, RBV is in the contrast to
the porter’s competitive forces. Still, RBV emphasizes on the
firm’s resources and provides an inward-looking approach.
RBV interprets the origin of competitive advantage in pos-
sessing valuable resources. Indeed, firms are heterogeneous
with their resources and resources often are imitable, immo-
bile, and firm-specific, and these resources could generate
competitive advantage that could lead to economic rents or
returns [58, 59]. What a firm can perform effectively is a
function of what it has possessed and so a firm’s competitive
advantages are defined by its resources [51]. One of the most
important concepts of RBV is named as VRIO/N framework.
According to this framework, not all types of resources

could lead to sustained competitive advantages, but firm’s
resources that have four attributes could lead to sustained
competitive advantages: (1) resources must be valuable (V),
(2) rare among the firm’s competitors (R), (3) imperfectly
imitable (I), (4) have potential to be used by organizational
processes (O), or in another variant be nonsubstitutable (N).
These four attributes expose the heterogeneity, immobility,
and usefulness of the firm’s resources. According to this
framework, if resources are not valuable, then they decrease
firm’s revenue and could be classified as weaknesses and
named as competitive disadvantages. If resources are valuable
but not rare, exploiting them will generate a competitive
parity. If resources are valuable and rare, but easily imitable,
they will generate temporary competitive advantages. And
finally, if resources are valuable, rare, and costly to imitate and
could be exploited by the organization then these resources
could lead to sustained competitive advantages [56, 60].

The TCT and RBV are dominant theories in justifying the
rationale of interorganizational relationships. As previously
mentioned, resources that are valuable, rare, costly to imitate,
and nonsubstitutable can make competitive advantages and
these types of resources could not be purchased from the
market; thus, firms try to achieve them through interorgani-
zational relationships, sometimes called intermediatemarket.
Firms rationale for creating relationships are to exchange,
share, and combine valuable resources with other firms. In
summary, there are two general motives for firms to ally:
(1) to achieve the other’s resources and (2) to maintain and
develop its own resource in combinationwith other’s resource
[51]. Some authors [51, 61] compare the TCT and RBV logic
in interpreting firm’s relationships. TCT tries to economize
transaction and production costs and presents proper gover-
nance structure, while RBV tries to maximize profits in the
long-term by exploiting and developing resources. Moreover,
TCT proposes to ally when transaction costs are not so high
and take an intermediate place, while RBV proposes to ally
when critical resources are needed by the focal firm owned by
other parties and these resources are inseparable from other
resources of the owner.

In summary, despite being criticized, these two theories
have been widely used over a period of time by many
authors. TCT concentrates on minimizing costs whereas
RBV concentrates on maximizing value obtained from the
relations. These two approaches can be integrated and used
in a complementary way, to increase the potential relative
strength of the two theories [53, 61, 62]. TCT only attends
to cost-based issues and RBV could compensate this weak-
ness. In addition, TCT could consider the opportunistic
behavior of firms which occurs in specific circumstances
and it proposes useful statements that could not be found
in RBV. Also, TCT assumes that all firms can produce or
offer services equally effective and this weakness could be
compensated by incorporating RBV, because in RBV each
firm’s performance is determined by its complex bundle of
resources and RBV explicitly differentiates firms in their
performance [61]. Furthermore, RBV and TCT theories have
been employed in justification of issues in the various fields
of study; for example, [63] discussed the portfolio selection
problems from TCT viewpoint and [64] discussed alliance
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formation justification by RBV theory. In this paper, these
two theories are integrated to maximize their potential and
implemented employing analytical tools.We propose that the
combination of these two could interpret the reality better
and lead to the better results.

2.3. Network Formation. There are a handful of papers which
discuss the “network formation” problem and they are from
different scientific streams. Thus, in this section, the papers
related to “network formation” are identified and briefly
reviewed. Some authors explain the formation of relations
at the dyadic level. David et al. [65] explain the stages of
dyadic relationship building in five phases, namely, (1) the
prerelationships stage, (2) the early stage, (3) the development
stage, (4) the long-term stage, and (5) the final stage. After
that, Dwyer et al. [66] provide a framework for developing
buyer-seller relationships.Theyproposed a formation process
that incorporates five phases: (1) awareness, (2) exploration,
(3) expansion, (4) commitment, and (5) dissolution. Also,
Larson [67] discussed the three stages of relationshipmaking,
(1) preconditions for exchange, (2) conditions for building,
and (3) integration and control. Wilson [68] tried to combine
the empirical knowledge about the successful relationship in
an integrated model and provide a conceptual process for
developing buyer-seller relationships. The proposed model
consists of five stages including (1) partners search and
selection, (2) defining the purpose, (3) setting relationship
boundaries, (4) creating relationship value, and (5) rela-
tionship maintenance. In recent papers, Abosag and Naudé
[69] focus on the development of a special form of B2B
relationship and discuss the role of interpersonal liking
and trust in the relationship development. They provide a
conceptual model and use the SEM methodology. Gumerov
et al. [70] discuss the features of forming a dyadic relationship
in interaction network environment and entrepreneurial
structure. Lacoste and Johnsen [71] discuss the dynamics
and balance of power in relationships between supplier and
customer and describe their actions to improve counter-
vailing power. Mandják et al. [72] focus on the question
of “how a business relationship emerge?” and discuss the
first stage: “birth of a new relationship.” They provide a
conceptual framework and discuss the different trust building
scenarios. Then, they worked on trigger issues in initial stage
which boost an emerging relationship and provide a logical
framework [73]. Finally, Hennelly and Wong [74] explore
the formation of new relationship in nascent industries with
high uncertain environment by longitudinal case studies.
They discussed three concepts: compatibility, complemen-
tarity, and relationship life cycle in the relationships forma-
tion.

At the network level, Ebers [75] explain the network
formation and provide useful insights and they discuss
dynamics and costs of interorganizational networks. David
and Keely [76] discuss collaborative network formation in
multiple funding agencies. Hinterhuber [77] explains the
concept of virtual value chain as an emergent phenomenon
and provides a process model for forming such a network.
The proposedmodel consists of six phases: (1) analysis of firm

value chain, (2) analysis of the flow of goods and total value
created, (3) identification of ways to increase the amount of
value created by the extended value chain, (4) configuration
of the network around value creation opportunities, (5)
identification of ways to capture value created (alliances,
joint ventures, and acquisitions), and (6) managing the cross-
industry value chains. Ozcan and Eisenhardt [34] develop a
process view for building portfolio of relations in the context
of entrepreneurial firms.Their process framework consists of
three strategies for building portfolio of interorganizational
relations: (1) to advocate unique industry architecture that
proactively shapes the industry, (2) to take long jumps to
exploit opportunities to coordinate unconnected firms, and
(3) to defend against emerging industry uncertainties when
they occur. Partanen and Möller [23] develop a process
model for the strategic network formation problem based
on value creation system approach. Their process consists
of 8 stages: (1) determination of value creation activities, (2)
determination of the value creation system, (3) determination
of objectives and analysis of target activities, (4) comparing
resources and activities with target activities, (5) analysis
of delegated activities, (6) conducting preliminary partner
assessment, (7) negotiating with alternative partners, and (8)
launching interfirm collaborations. They implemented their
proposed process model in the ICT sector and discussed the
implementation points and managerial implications. Gaspar
et al. [78] organize a descriptive-qualitative study and deter-
mine the factors which influence, promote, or restrict the
formation of a cooperative network. In another work, Hale
and White [79] develop a framework for the establishment
of a collaborative networks. They explore four case studies in
aerospace and renewable industry and propose a framework
consists of eight elements: (1) purpose definition, (2) funding
mechanism, (3) identification and selection of partners, (4)
defining collaborative objectives, (5) network structure, (6)
governance processes, (7) defining risks, and (8) requirement
for success. They claim that the process of member identi-
fication and selection in the networks is one the key gaps.
Jussila et al. [80] conduct a qualitative case study and focus
on strategic network formation between second-tier actors
in the field of construction megaprojects. They determined
six strategic networks in the case and discuss their types and
roles and also uncertainties regarding network formation.
Zhang and Pezeshkan [81] discuss the alliance formation of
a foreign firm in the host country and explore the role of
firm’s position in the network. They integrate theories of
resource dependence and social network to provide a better
understanding of alliance formation phenomenon.Moreover,
there are a lot of works which discuss the formation of virtual
organizations and enterprises as a kind of collaborative
networks, like [82–85].

To sum up this section, it should be said that the literature
on interorganizational relationships, as described by Parmi-
giani and Rivera-Santos [10], is very expanded and complex.
Thus, we try to classify it and provide a big picture on the field
of interorganizational relationships formation. Therefore,
Table 1 categorizes the reviewed literature on the formation
phase of interorganizational relationships.
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Table 1: Summary of reviewed papers in formation phase of interorganizational relationships.

Paper Level Theoretic Descriptive/prescriptive Type of achievement
Dyadic Portfolio of relations Networks

[66] ✓ Descriptive Framework
[67] ✓ Descriptive Framework
[68] ✓ Descriptive Framework
[75] ✓ Descriptive Conceptual model
[48] ✓ ✓ Descriptive Theoretical propositions
[65] ✓ Descriptive Framework
[49] ✓ ✓ Descriptive Theoretical propositions
[51] ✓ ✓ Descriptive Theoretical propositions
[61] ✓ ✓ Descriptive Theoretical propositions
[47] ✓ ✓ Descriptive Theoretical propositions
[58] ✓ ✓ Descriptive Conceptual model
[77] ✓ Prescriptive Framework
[76] ✓ Descriptive Conceptual model
[34] ✓ Prescriptive Framework
[23] ✓ Prescriptive Framework
[69] ✓ Descriptive Statistical propositions
[78] ✓ Descriptive Affecting factors
[79] ✓ Descriptive Framework
[70] ✓ Descriptive Mathematical analysis
[71] ✓ Descriptive Conceptual model
[72] ✓ Descriptive Conceptual framework
[73] ✓ Descriptive Logical framework
[74] ✓ Descriptive Theoretic implications
[80] ✓ Descriptive Conceptual model
[81] ✓ ✓ Descriptive Theoretic implications

Based on Table 1 and reviewed literature, the gaps in the
literature which are in the focus of this paper are listed below
as follows:

(i) There is a significant lack of prescriptive solutions for
the formation problem in the level of networks and
portfolio of relationships. The prescriptive solutions,
which generally include mathematical models, are
common and tackle the formation problem in the
dyadic level.

(ii) There is a weak relationship between fundamental
theories and applied models, and applied models
generally are constructed by case study’s requirements
and not by considering fundamental theories.

(ii) The complementarity of RBV and TCT theories are
mentioned by some authors, as described earlier, but
there is a lack of solutions for conceptualization and
employment of it in a hybrid theory.

Owing to these points, the aim of this paper is to fill
the mentioned gaps by providing a practical, prescriptive
framework based on the fundamental theories. A hybrid
of RBV and TCT theories was considered as fundamental
theory and a practical framework and analytic solution were
developed based on it.

3. The Proposed Framework for Collaborative
Network Formation

As stated before, the framework aims at addressing network
formation problem where a focal firm as a hub wants to
establish a portfolio of relations for developing a specific
business or product. In this problem, the focal firm needs to
determine the scope to be internalized and those that should
be assigned to the others, also choosing among available
alternatives for externalized activities.The set of these actors,
as a portfolio of relations, makes the network a synergic
network that provides the predefined goals in a highly
flexible, agile, and responsive to environmental changes way.
It should be mentioned that the process of establishing a
portfolio of alliances, as mentioned by Wilson [68], is a
difficult and time-consuming process and sometimes needs
to do iterative actions of gathering information, planning,
acting, and reforming but may provide superior results.

The framework proposed in the following subsections
consists of five stages. The framework involves both qual-
itative and quantitative aspects of the problem definition
and solution.The framework includes amultiobjectivemath-
ematical model that formulates RBV and TCT theories.
Indeed, the proposed framework integrates two important
problems, namely, determination of externalization activities
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and choosing the best partner for them; this integration could
lead to better answers and will result in an effective network.

3.1. Stage 1: Determining the Value Creation Activities Map
(VCAM). Firstly, the hub firm assesses its value creation
activities to develop a map that identifies high-level value
creation activities and their relations. Indeed, VCAM shows
the activities that should be accomplished through the net-
work. The VCAM is an important perquisite of the frame-
work, because it should identify the areas of responsibilities
among network members. Some models like “value chain
model” [86] and “value creation system” [87] can be useful
for determining value creation activities. Adopting Porter’s
concept, the value creation system divides the activities into
two main categories, realization and support activities. Real-
ization activities are those that create goods or services, and
support activities are those that do not directly participate in
creating products, but help the other activities in terms of
their efficiency. It is noticeable that value creation activities
are not necessarily organizational units but those which
provide value to end users. Customers’ needs and desires
are important factors for this map. The resulted map should
properly reflect these needs and illustrate the activities that
lead to them.

3.2. Stage 2: Determining the Most Important Activities That
Should Be Internalized. In this stage, the most important
activities that should be accomplished by the hub firm will
be identified. The activities that are included in VCAM and
the network will be formed based on them. The hub firm
wants to assign activities in VCAM to the network members
and perform key activities by itself in order to maintain
its place as a hub. The firm focuses on the activities that
are in conformation with its capabilities. For this purpose,
the hub firm capabilities will be classified, and the most
important activities from VCAM that are in conformity
with these capabilities will be selected for internalization.
Researchers have addressed the problem of identifying and
classifying the firm’s capabilities [58, 59, 88]. For this part, we
adopt and extend the work of [89]. According to resource-
based view of the firm, they state that each firm has some
resources; resources could potentially build capabilities and
some capabilities with special features from firm’s compe-
tencies. Any capabilities that have two important criteria,
“uniqueness” and “collectiveness,” could be classified as firm’s
competencies. As illustrated in Figure 1, each capability that
has a high score in uniqueness and collectiveness could be
seen as firm’s competencies.

Based on the above-mentioned concepts, the hub firm
capabilities will be classified and themost important activities
that are in conformity with these capabilities will be selected
for internalization. This classification is resolved by using
the criteria of “uniqueness” and “collectiveness.” Unique-
ness is assessed by three measures, namely, rareness, Inim-
itability, and nonsubstitutability. Likewise, collectiveness is
assessed by three measures, namely, Across-product, Across-
function, and Across-business. The capabilities are classi-
fied under three categories, namely, (1) core competences,
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Capability C
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Collectiveness

U
ni

qu
en

es
s

Capabilities

Competencies

Important 
capabilities

Figure 1: Capability classification scheme.

(2) competences, and (3) capabilities. Core competences are
the most important capabilities and activities related to this
category of capabilities selected for internalization.

3.3. Stage 3: Determining Potential Partners for Activities and
Their Preliminary Assessment. In this stage, efforts concen-
trate on identifying potential partners for each remaining
activity from the previous stage (that still need to be selected).
Subsequently, a preliminary assessment of these is conducted
at this stage. Each remaining activity from the previous stage
could be performed by hub firm or by one of the potential
partners identified in this stage, and, obviously, each potential
partner could be considered for more than one activity.
The alternatives which will be chosen are those that pos-
sess necessary resources and capabilities for accomplishing
the activities. Potential partner selection will be done by
evaluating industry network. Industry network assessment
could provide useful information by analyzing relationships,
communities, and network properties by tools like “social
network analysis” (SNA) and tools introduced for network
economy analysis like [90]. Also, alternatives could be chosen
by considering previous alliances and collaborators that have
valuable, rare, and noninimitable resources.

Following this, initial assessment of potential partners
will be conducted. The first prerequisite at this stage is
gathering enough information about each alternative. Some
alternatives’ attributes could be more important at this stage,
like information about their previous experience in alliances,
level of trust and commitment, and their willingness to share
tacit knowledge. Also, some other information like strategic
goals and objectives, market position, organizational culture,
structure, and processes could be useful at this stage.

3.4. Stage 4: Eliminating Unqualified Alternatives through
Assessment of Noncompensatory Criteria. In this stage, some
unqualified alternatives would be eliminated from the
decision-making procedure. For this purpose, a selective
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Figure 2: Noncompensatory criteria conceptualization.

literature review was conducted to determine the important
criteria. Subsequently, the efforts are to be concentrated on
constructing a model that can conceptualize the determina-
tion criteria. In this stage, the focus is on noncompensatory
criteria, where alternatives must score more than a specific
threshold level, allowing to discard any activates below the
threshold. In other words, each potential partner that scores
below the acceptable level would be eliminated. Indeed, the
criteria mentioned in this stage are intrinsically different with
the next stages, because in this stage the criteria will be
used as noncompensatory and for elimination of alternatives
and in the next stages the aim is to rank the alternatives
with compensatory criteria. Thus, it is possible to find
similarities between this stage’s criteria with the next stages.
These noncompensatory criteria were conceptualized and
illustrated in Figure 2. The criteria used in this stage consist
of three categories: (1) organizational fit, (2) strategic fit,
and (3) reputation. “Organizational fit” is related to fitness
between hub firm and its potential partners. This fitness
should occur in three dimensions like cultural, process, and
also structure similarity. “Strategic fit” is related to conformity
of strategic issues between hub firm and its potential partners.
These issues are adaptation in goals, objectives and values,
adaptation in motives for entering into an alliance, and also
the similarity of their market position. The third category is
named “reputation” and is related to some social attribute
of the potential partner firm, like anticipating trust and
commitment, his willingness to share valuable expertise and
tacit/explicit knowledge, and also record of his behavior in
previous alliances.

The aim at this stage is that the managers and decision-
makers (DMs) are assured that selected alternatives meet the
minimum requirements. In the final stage, the best partner

alternatives will be chosen based on some compensatory
criteria.

3.5. Stage 5: Final Selection of NetworkMembers. In this stage,
network members will be selected and activities of VCAM
assigned to them. In other words, the hub firm’s portfolio of
alliances will be determined. For this purpose, a mathemat-
ical model is proposed that leads to hub firm’s network. The
proposedmodel complements the previous stages.Themodel
is a multiobjective decision-making model one that exploits
two objectives, (1)maximizing the total value gained from the
portfolio of relationships (RBVobjective) and (2)minimizing
total transaction and production cost (TCT objective). Table 1
describes the linear programming model parameters. There
are some works in the literature which have similar aim, like
[91].

Parameters of a Linear Programming Model for
Network Partner Selection

Indices

𝑖: activities 𝑖 ∈ 𝐼 = {1, 2, . . . , 𝑛}.
𝑗: candidates for each activity 𝑗 ∈ 𝐽 = {1, 2, . . . , 𝑚𝑖}.𝐻: set of related activities {(𝑠 ⋅ 𝑘) ∈ 𝐻. activity 𝑠 is
related to activity 𝑘}.

Input Parameters

Un𝑖𝑗: relative uniqueness achieved through relation-
ship with candidate 𝑗 in activity 𝑖.
Co𝑖𝑗: relative collectiveness achieved through rela-
tionship with candidate 𝑗 in activity 𝑖.
Pr𝑖𝑗: relative production cost of candidate 𝑗 in activity𝑖.
Tr𝑖𝑗: relative transaction cost of candidate 𝑗 in activity𝑖.
𝐶𝑖𝑗: total budget needed by candidate 𝑗 to accomplish
activity 𝑖.
𝑇𝑖𝑗: time needed for candidate 𝑗 to accomplish activity𝑖.
PDD: planned due date of the project.
𝛽: total accessible budget.

Problem Variables

DUE(𝑖): the planned finish time of activity 𝑖.
𝑋𝑖𝑗 = 1. If activity 𝑖 allocated to candidate 𝑗; other-
wise𝑋𝑖𝑗 = 0.

One key point in this formulation is that the hub firm
could be a potential alternative for performing activities,
and, in such case, the first counter of set 𝐽 (set of potential
candidates for each activity) will dedicate to hub firm. The
proposed model consists of two objectives and three sets
of constraints. The mathematical formulation consists of
objectives and constraints defined as follows:
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max 𝑍1 = 𝑓1 (𝑋𝑖𝑗) =
𝑛∑
𝑖=1

𝑚𝑖∑
𝑗=1

(𝑊1Un𝑖𝑗 ⋅ 𝑋𝑖𝑗 +𝑊2Co𝑖𝑗𝑋𝑖𝑗) objective (1) (1)

min 𝑍2 = 𝑓2 (𝑋𝑖𝑗) =
𝑛∑
𝑖=1

𝑚𝑖∑
𝑗=1

(𝑊1Pr𝑖𝑗 ⋅ 𝑋𝑖𝑗 +𝑊2Tr𝑖𝑗𝑋𝑖𝑗) objective (2) (2)

Subject to:
𝑚𝑖∑
𝑗=1

𝑋𝑖𝑗 = 1. ∀𝑖 ∈ 𝐼 (3)

DUE (𝑖) ≤ DUE (𝑘) − 𝑚𝑖∑
𝑗=1

𝑇𝑘𝑗 ⋅ 𝑋𝑘𝑗 ∀ (𝑖 ⋅ 𝑘) ∈ 𝐻 (4)

DUE (𝑛) = PDD; (5)

𝑛∑
𝑖=1

𝑚𝑖∑
𝑗=1

𝐶𝑖𝑗 ⋅ 𝑋𝑖𝑗 ≤ 𝛽 (6)

contingent constraints related to portfolio effect of alternatives (7)

The above model is described detailing required objectives
and constraints.

Objective (1) (Maximizing Total Value Gained from the Port-
folio of Relationships (1)). This objective aims to maximize
total gained value from the portfolio of relationships. In the
formulation of this objective, two parameters of uniqueness
and collectiveness are considered as introduced by Hafeez et
al. [89].They state that the resources with high degree of these
two characteristics could qualify as firm’s competencies and
could lead to competitive advantages. Uniqueness shows the
degree at which the firm’s resources are solitary in type or
characteristics in the market place, and collectiveness depicts
that these capabilities are wide spread in the organization and
could be found in any product and services and constitute
a new pattern of competition for the firm. Uniqueness and
collectiveness were measured by AHP method as shown in
Figure 3.The AHP criteria were taken directly from the work
by Hafeez et al. [89] and the weights will be determined by
pairwise comparison of alternatives and criteria in conven-
tional AHPmanner, and final alternative weights will be used
in objective function.

Objective (2) (Minimizing Total Production and Transaction
Costs (2)). This objective function tries to minimize total
production and transaction costs. According to TCT the-
ory, total transaction costs and production costs must be
minimized by answering the internalization/externalization
question. This objective function utilizes two parameters
of production cost and transaction cost. Production and
transaction costs weremeasured byAHPmethod as shown in
Figure 4 and final weights will be used in the objective (2) as a
parameter.The criteria of production and transaction cost are
inspired from the works by Dyer [48], Madhok and Tallman

[49], and Tsang [61] and the weights will be determined by
pairwise comparison, in conventional AHP way, and final
alternative weights will be used in objective function. It is
noteworthy to say that objective (2) (TCTobjective) describes
the short-term benefits of the hub firm and objective (1)
(RBV objective) relies on the long-term benefits. Thus, the
decision-maker could trade-off between these two objectives
by a balancing coefficient.

Equation (3) (Activity Allocation Constraint). The constraint
guarantees that each activity will be allocated to at least one
candidate. It should be noticed that the hub firm could be one
of the candidates and the activity may be allocated to the hub
firm.

Equations (4), (5), and (6) (Total Time and Cost Constraint).
As network will be formed for a specific software develop-
ment project and the network is responsible for updating,
maintenance, marketing, sales, and so on, so each activity
should be accomplished in a time window and the total
project must be finished before the predetermined due date.
In this situation, perquisite relations between activities cause
a formulation as suggested in (4). It is noticeable that a
dummy start and end activity should be added to activitymap
so that the start activity depicts the start time of the project
and the end activity depicts the final project due date. In
addition, there is a cost constraint. The focal firm as network
manager should control the total cost of the product.

Constraints (7) (Portfolio Effect). Some constraints arise
according to the portfolio effect that different potential
partners imposed to the hub firm. For example, it is possible
that the hub firm does not want to have two conflicting
partners in its portfolio simultaneously.
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Figure 3: AHP hierarchies for assessment of uniqueness and collectiveness.
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Figure 4: AHP hierarchies for assessment of production and transaction cost.

4. Implementation

The proposed framework was implemented in a project
established for development of a total solution for univer-
sities, named as integrated university management system
(IUMS). The IUMS project was planned in three scenarios,
namely, plans A, B, and C. In plan A, the project will be
performed completely by the project team. In plan B, the
project teamwill be engaged in the development of the system
in the modules that are completely related to university
functions. Finally, in plan C, almost all of system modules
will be performed by partner firms and the project team
will be focused on the integration of modules and control
of transactions between modules. Plan A has the highest
cost and duration, whereas plan C has the lowest cost. Thus
the framework was implemented in order to determine the
optimal solution.The components and users of IUMS system
were shown in Figure 5. The system was designed based
on service-oriented architecture (SOA), where the IPIMS
works as integration module and relates other modules to
each other based on SOA. Also, the system should serve
some users like students, lecturers, professors, staff, partners,
and governments as shown in the figure. The value creation
activity map was shown in Figure 6. This map illustrates
the activities that should be done by the network, and each
activity creates a specific value for the end user.

In the next stage, the aim is to determine the most impor-
tant activities for the hub firm to internalize. A method-
ology was proposed for this stage in the previous section.

The methodology was based on analysis of hub firm’s capa-
bilities and two criteria of “uniqueness” and “collectiveness.”
Thus, the hub firm’s capabilities were analyzed and classified
based on the two aforementioned criteria and by AHP
technique, as described in stage 2 of the framework, and the
result was shown in Figure 7.

Then, the potential partners for each activity were identi-
fied.Thus, after interviews with experts and a brief analysis of
the results, an initial number of alternatives were determined.
These alternatives were investigated precisely and unqualified
ones were omitted from the procedure.

In stage 4, qualitative analysis of alternatives was con-
ducted, and unqualified alternatives were excluded from the
rest of procedure. The main criteria, as described earlier, are
reputation, organizational fit, and strategic fit. In the IUMS
case, reputation was the most important criterion.

In stage 5, the final selection of network members will
be done. The most important parameters that are utilized in
the mathematical model of this stage are Un, Co, Pr, and
Tr. Also, there are four weight parameter in the objectives
as shown in formulas (1) and (2). The weights are set as
0.65 for uniqueness and 0.35 for collectiveness and 0.65 for
production cost and 0.35 for transaction cost.

Subsequently, the mathematical model was implemented
in GAMS and the obtained results were discussed. As the
model was a hybrid of AHP andmultiobjective mathematical
programming, the appropriate techniques were employed,
namely, (1) weightingmethod, (2) method of global criterion,
(3) lexicographicmethod, (4) themethod of satisfactory goals
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Table 2: Classification of the optimization methods employed.

Classification Method name
Basic methods (1) Weighting method
No preference (2) Method of global criterion
Priori preference (3) Lexicographic method
Posteriori preference or
interactive methods

(4) The method of satisfactory goals
(5) SIMOLP

[92, 93], and (5) simplified interactive multiple objective lin-
ear programming (SIMOLP) [94]. The employed techniques
were illustrated inTable 2.The techniqueswere selected based
on their adaptation with problem structure. Also, it was tried
to select at least one technique in each class of techniques.

The weighting method, as a simplistic and straightfor-
ward method, was selected because it can provide a simple,
reasonable, and understandable way of solving the MOADM
problem. The method of global criterion was selected from

the no preference class, where there was no need to judge
the preferences. The lexicographic was selected from the
priori preference class in which the decision-makers should
determine their preferences before the running of the algo-
rithm. Also, two methods, SIMOLP and the method of
satisfactory goals, were selected from the class of posteriori or
interactive preferences where decision-makers provide their
judgement interactively or after the running of the problem.
The obtained results from above-mentioned methods were
illustrated in Table 3. In weighting method, the solution
achieved by solving this problem

max 𝑍 = 𝑤1𝑓1 + 𝑤2𝑓2 ≡ max 𝑍 = 𝑓1 + 𝑤2𝑤1𝑓2
𝛼 = 𝑤2𝑤1 .

(8)

As illustrated in the formulation above, the objectives are
sum up with different weights, and it is possible to divide
the formulation by one of the weights and solve the problem
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Table 3: The obtained results from the different methods.

Methods Parameters Results
RBV TCT

Weighting method

𝛼 < 0.08 2.320 1.760
0.08 ≤ 𝛼 < 0.2 2.274 1.773
0.2 ≤ 𝛼 < 0.6 2.261 1.852
𝛼 ≥ 0.6 1.166 3.258

Global criterion 𝑃 = 1 2.261 1.852

Lexicographic

Preferred obj. = RBV,
RBV ≥ 2.3 2.32 1.76

RBV ≥ 2.2 2.261 1.852
RBV ≥ 2.1 2.138 1.988
RBV ≥ 2.0 2.032 2.155
RBV ≥ 1.9 1.972 2.247
RBV ≥ 1.8 1.804 2.396

Preferred obj. = TCT;
TCT ≥ 3.2 1.166 3.258

TCT ≥ 3.0 1.166 3.258
TCT ≥ 2.8 1.454 2.863
TCT ≥ 2.6 1.684 2.603
TCT ≥ 2.4 1.743 2.511
TCT ≥ 2.2 1.972 2.247
TCT ≥ 2.0 1.986 2.168
TCT ≥ 1.8 2.261 1.852

Satisfactory goals TCT ≥ 1.8; RBV ≥ 2.0 2.261 1.852
SIMOLP — 2.261 1.852

with one parameter named alpha, which can vary from zero
to infinity. The problem was solved with different alpha by
steps equal to 0.1; after numerous run, the four solutions were
obtained. In the secondmethod, the global criterionmethod,

the efforts are on the minimization of the gap between
objectives and their optimum value as shown in formula (9)
as follows:

min 𝑍 = 𝑘∑
𝑖=1

(𝑓𝑖 (𝑥∗) − 𝑓𝑖 (𝑥)𝑓𝑖 (𝑥∗) )
𝑝

. (9)

The problem was solved with this method and 𝑝 set to 1.
Hence, the problem was transformed into a nonlinear prob-
lem.The problem was solved with “MINLP” solver of GAMS
and the results were reported. In the lexicographic method,
the objectives were ranked based on their importance. The
solution was obtained by optimizing the most important
objectives and the procedure will continue by objectives
orders. The first-order objective sets as equal to its optimum
value andwas placed in constraints, as shown in formula (10).

max 𝑓2 (𝑥)
s.t. 𝑔 (𝑥) ≤ 0

𝑓1 (𝑥) = 𝑓∗1 .
(10)

In the formula, objective 1 is preferred to objective 2. After
solving the problem with this objective, the preferred objec-
tive with the optimal value was set as a constraint and the
problem was solved with the second-order objective. In an
extension of the lexicographic method, it is possible to let the
first-order objective tolerate with level as shown in formula
(11).

max 𝑓2 (𝑥)
s.t. 𝑔 (𝑥) ≤ 0

𝑓1 (𝑥) ≥ 𝑓∗1 − 𝛿1.
(11)

The lexicographic method was implemented with different
tolerate level and with different preferences about the objec-
tives, and the results reflected in Table 3. Since it was difficult
to select one objective as the dominant, the problem was
solved with the two alternative manners. In the satisfactory
goal method, the decision-maker determines a set of accept-
able goals for each constraint, after that the problem was
solved with the objective which has the least satisfactory level
and the rest of objectives are set as constraints. The problem
was solved in different situations until reaching the solution
that fulfills satisfactory levels of all objectives. Since there are
only two objectives, the decision-makers could find the most
satisfactory solution easily. At the end, the SIMOLP technique
was run. In this technique, the problem was solved with
weights thatwere achieved by a specific procedure. In the first,
the problem was solved with each objective separately; then
the weights were attained by solving the system of equation
as depicted in formula (12).

𝑗∑
𝑗=1

𝑤𝑗𝑓𝑙𝑗 − 𝑤𝑘+1 = 0 ∀𝑙 ∈ 𝐻. (12)

After that the problem was solved with achieved weights;
if the obtained solution was satisfactory, the procedure was
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Table 4: The favorable (or optimum) solution.

RBV TCT Variables Alt. 1 Alt. 2 Alt. 3
2.261 1.852 RMS 1

SSMS 1
LPMS 1
HRMS 1
LCMS 1
CSMS 1

terminated; otherwise, the new solution was replaced with
one of the previous and the procedure was repeated until
a satisfactory solution would be obtained. In this problem,
there are two objectives and a system of two equations. It
is noticeable that the system of equations does not depend
on 𝑤𝑘+1 and this parameter could be determined arbitrarily.
In this problem, after two runs, the procedure leads to
duplicated solution and was terminated automatically. But,
the first solution after solving the system of equations was the
most favorable and selected by the decision-makers.

The final solution was selected by comparing different
solutions. Finally, the intersection of all methods’ solutions
was selected as reported in Table 4. It is noticeable that the
selected solution was repeated in all methods as shown in
Table 5.

5. Methods Comparison and Discussions

A firm’s collaborative network, that consists of a focal firm
and its relatives, has a significant role in the success of the
members and also is an outstanding source of competitive
advantage for the firms. In summary, the formation of a
collaborative network is a long-term decision and therefore
wants a careful selection process. Thus, the decision should
be made with enough allocated time and budget to lead to
good results.

The proposed framework was implemented in IUMS
project and the results show that by consideration of such
a network, the costs and project time can be reduced
significantly. In addition, by this plan, the managerial load
was decreased and the flexibility, in addressing the envi-
ronmental and technological changes, was increased. The
aim of the present work is to extend the current knowledge
of collaborative network building. Previous works based on
problem scope and employed tools could be classified into
two major categories: (1) the works which concentrated on
partner or alliance selection and often provide mathematical
models and (2) the works which focused on network level
but often they are descriptive and qualitative, and there are
a handful of works which provide step wise processes for
network building. Thereupon, according to lack of academic
efforts which concentrate on network level and providemath-
ematical tools, this paper tried to (1) focus on network level,
(2) investigate qualitative aspects of problem and provide
systematic managerial tool, and (3) provide a mathematical
decision-making tool which can assess all possible solutions
and lead to precise and reliable solution. These three points

are the main difference points which crucially distinguished
this work from the previous efforts.

The solutions attained from different methods were
shown in Figure 8. Indeed, the “weighting method” is easy
to use and produce all possible optimal solutions. “Lexico-
graphic” has a high rate of flexibility and can incorporate
detailed opinion of DMs through its flexible parameters.
Thus, “lexicographic” and “weighting”methods produce very
wide range of Pareto optimal solutions and decision on this
wide range is difficult. The “global criterion” has only one
parameter to set and it is easy to use, but DMs cannot
reflect their judgement through this one parameter, and,
also, the results of this method are very dependent on
the parameter “P,” whereas different “P” parameter provide
totally different and wide solutions. The best methods are
“SIMOLP” and “Satisfactory goals” because they are easy to
use and provide high-quality solutions in this problem. They
also appropriately consider RBV objective as a long-term
issue. SIMOLP is an iterative method and some iterations are
needed to achieve the solution, whereas “satisfactory goals”
reach the solution in one step. Indeed, these two methods are
interactive methods which incorporate the DMs preferences
interactively, and also, the problem is based on DMs trade-
offs. Thus, the suitable trade-off can be reached through
interactive parameter setting. In this problem, the results pro-
duced by SIMOLP and “satisfactory goals” was in accordance
with the DMs final trade-off, and as, the satisfactory goal
was more easy to use and reach the solution in one step it
was found as most suitable method for this problem in the
case study. In other words, the “satisfactory goal” method
is in compliance with nature of the problem and DMs have
a suitable sense about its way of achieving solutions. The
“satisfactory goal” in combination with one of “weighting” or
“lexicographic” methods leads to much appropriate method,
because the “weighting” or “lexicographic” method provides
a big picture of all solutions and clears the problem space and
this knowledge helps the DMs to easily set the parameters
of “satisfactory goal” method and find the appropriate solu-
tion.

Noticeably, the framework entails a learning process
that occurs for the participants in focus groups. Indeed,
the decision-maker’s points of view were evolved during
the process. Moreover, the framework tried to structure the
criteria in managers’ mind and clarify the ambiguity of the
problem. At the early stages of the process, themanagers tend
to build the network with possible lowest cost and implicitly
ignore the long-terms issues but, at the end, their view was
moderated and they compromised between two objectives.
The cost-based issues that were revealed in TCT theory are
more important in temporal networks which were created for
performing temporary tasks, whereas long-term issues and
RBV objective are more suitable for permanent networks in
which the hub tends to form the network based on members’
resources and capabilities. In such a network, time limits are
not important and the networks formed over times. In this
problem, the network is not temporal and also there are time
and cost limits and the hub should accomplish the task in a
predefined time window. Thus, it is essential to compromise
between the two objectives.
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Table 5: Selected solution in all methods.

Weighting method Global criterion Lexicographic Satisfactory goals SIMOLP
0.2 ≤ 𝛼 < 0.6 𝑃 = 1 Preferred obj. = RBV, RBV ≥ 2.2 TCT ≥ 1.8 First iteration solution
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Figure 8: Comparison of solutions attained from different methods.
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Figure 9: RBV and TCT objective values based on different
weighting method.

The solutions obtained from the weighting method are
shown in Figure 9, and selected solution based on the
decision-makers trade-off was illustrated in it.The horizontal
axis is the weight (Alpha) and the vertical is the objectives’
values. The increase in horizontal axis is equal to increase in

alpha and it means that the DMs prefer the TCT objective.
In other words, the horizontal axis shows a spectrum in
which at one hand the total preference is dedicated to TCT
and on the other hand to RBV. It means that the solutions
showed on the right-hand side of the figure are equivalent
to the solution that is obtained by solving a one objective
problem with TCT objective, and the solution illustrated in
the left-hand side of the figure is equivalent to solving the
problem singly with RBV objective. The selected solution
depicts the compromise between two objectives and is strictly
different from the solutions related to one objective problem.
The selected solution’s cost is the second desirable, but its
RBV value is much closer to the optimum value. So the DMs
accept higher costs to achieve a higher value of RBV objective
and this is another justification of the selected solution. The
selected solution is achieved by weights between 0.2 and 0.6.

6. Conclusions

This paper provides an analytic method that consists
of a hybrid AHP and multiobjective programing and
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a managerial framework for collaborative network building
process by structuring the various aspects of the problem in
a step by step procedure. In addition, five various multiobjec-
tive methods applied to the problem and their performances
were compared. The research findings provide a more robust
solution for selecting network alternatives on the basis of cost
and time and speed of product development. As declared
in Discussion, the cost of project reduced significantly in
comparison with the plan A of the project (in which the
project was conducted internally). This research has made
the contributions into two areas, namely, (1) conceptual
contribution and (2) methodological contribution.

Conceptual Contribution. This research provides a combina-
torial theory of interorganizational relationships. The two
contemporary theories of interorganizational relationships
were combined.The first is the transaction cost theory which
stands for short-term and financial benefits of firm, and the
second is resource-based theory that stands for the long-
term and nonfinancial benefits of firms. On one hand, the
managers tend to accomplish their tasks with lowest possible
cost and on the other hand they prefer to maintain their
long-term advantages by developing sustainable capabilities
which are in contrast to low-cost decisions. The outcome
of the combination is more robust as it complements the
weaknesses of the individual theories.

Methodological Contribution.The research proposes amathe-
matical model combining AHP and multiobjective program-
ming with the aim to structure the various aspects of the
problem and to model it in a systematic way. One important
advantage of the framework is that it tries to provide a
holistic solution for a firm’s portfolio of relations, instead
of optimizing it at a dyadic level. This is important because
a piecemeal approach to solving each independent relation
would restrict optimum solution. Also, a holistic solution
overcomes the phenomenon of lock-in and lock-out effect
that arises due to the presence of one or more dyadic rela-
tionships in the system. Secondly, the mathematical model is
a hybrid AHP andmultiobjective programmingmodel which
considers time, cost, and the internal relation of activities.
The model made it possible to consider all possible solutions
systematically and to be assured that selected solution is the
best one based on available knowledge.

6.1. Limitations and Future Research Directions. Although
this research contributes to the network formation literature,
it has some limitations. First, the most important limitation
of this research is about generalization. The proposed frame-
work was implemented in a case study in IT industry, but it
needs to be strengthened in other longitudinal studies, other
case studies, and in other cross-industry studies. Second,
the framework needs a huge volume of data that should
be provided by participant experts. Although the network
formation problem is a critical and long-term decision and
this volume of data is completely logical, it causes boredom
of participants and consequently decreases the data accuracy.
Third, although a hybrid theory of RBV and TCT was
employed in the framework, more efforts are needed to

establish a new, comprehensive, hybrid theory; and there are
many justifications and implications that should be discussed
in the new hybrid theory. Forth, although the effects of the
relationships on each otherwere considered on themodel, the
more dynamic analysis can be done in the future works. One
of the research directions for the future works is to employ
fuzzy variables in the model to control the ambiguity of the
data. Another research direction is to do deep longitudinal
and multiple case studies to strength it and discuss the
generalizability of themodel. Furthermore, the hybrid theory
of TCT and RBV can be employed for governance of the
interorganizational relationships and not just for formation
phase.
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[7] K. K. Möller and A. Halinen, “Business relationships and
networks: managerial challenge of network era,” Industrial
Marketing Management, vol. 28, no. 5, pp. 413–427, 1999.

[8] B. Axelsson and G. Easton, Industrial Networks: A New View of
Reality, Routledge, London, UK, 1992.

[9] I. Snehota and H. Hakansson, Developing Relationships in
Business Networks, Routledge Londres, 1995.

[10] A. Parmigiani and M. Rivera-Santos, “Clearing a path through
the forest: a meta-review of interorganizational relationships,”
Journal of Management, vol. 37, no. 4, pp. 1108–1136, 2011.

[11] T. H. Davenport, M. Leibold, and S. C. Voelpel, Strategic
Management in the Innovation Economy: Strategic Approaches
and Tools for Dynamic Innovation Capabilities, John Wiley &
Sons, New York, NY, USA, 2007.

[12] D. J. Brass, J. Galaskiewicz, H. R. Greve, and W. Tsai, “Taking
stock of networks and organizations: a multilevel perspective,”
Academy of Management Journal, vol. 47, no. 6, pp. 795–817,
2004.

[13] T. Ritter, I. F. Wilkinson, and W. J. Johnston, “Managing in
complex business networks,” IndustrialMarketingManagement,
vol. 33, no. 3, pp. 175–183, 2004.



16 Scientific Programming

[14] L. M. Camarinha-Matos and H. Afsarmanesh, “Classes of
collaborative networks,” in Encyclopedia of Networked and
Virtual Organizations, Information Science Reference, 2008.

[15] J. C. Jarillo, “On strategic networks,” Strategic Management
Journal, vol. 9, no. 1, pp. 31–41, 1988.

[16] T. E. Stuart and O. Sorenson, “Strategic networks and
entrepreneurial ventures,” Strategic Entrepreneurship Journal,
vol. 1, no. 3-4, pp. 211–227, 2007.

[17] M. Kohtamäki, S. Thorgren, and J. Wincent, “Organizational
identity and behaviors in strategic networks,” Journal of Business
& Industrial Marketing, vol. 31, no. 1, pp. 36–46, 2016.

[18] B. Tan, “Modelling and analysis of a network organization
for cooperation of manufacturers on production capacity,”
Mathematical Problems in Engineering, vol. 2006, Article ID
85103, 24 pages, 2006.

[19] S. C. Henneberg, S. Mouzas, and P. Naudé, “Network pictures:
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Optimized control of the drug extraction production process (DEPP) aims to reduce production costs and improve economic
benefit while meeting quality requirements. However, optimization of DEPP is hampered by model uncertainty. Thus, in this
paper, a strategy that considers model uncertainty is proposed. Mechanistic modeling of DEPP is first discussed in the context
of previous work. The predictive model used for optimization is then developed by simplifying the mechanism. Optimization for
a single extraction process is first implemented, but this is found to lead to serious wastage of herbs. Hence, the optimization of a
multiextraction process is then conducted. Tomanage the uncertainty in themodel, a data-driven iterative learning control method
is introduced to improve the economic benefit by adjusting the operating variables. Finally, fuzzy parameter adjustment is adopted
to enhance the convergence rate of the algorithm.The effectiveness of the proposedmodeling and optimization strategy is validated
through a series of simulations.

1. Introduction

Drug extraction, or drug leaching, is one of the most
significant operations in the pharmaceutical industry. As the
basic and primary process of drug production, it has been
widely applied to many medicinal plants [1–7]. In the drug
extraction production process (DEPP), a solvent or chemical
reagent that offers high solubility for the effective constituent
(EC) in the herbs and poor solubility for constituents that
need not be extracted is applied to solid herbs. The EC then
dissolves out of the herb organization and into the solvent
or chemical reagent [8]. The extracted EC is finally used in
various types of drugs, such as granules, tablets, and capsules,
in subsequent pharmaceutical processes.

The disadvantages of this production process include
low extraction yield, wastage of materials, and high energy
consumption.Modeling andprocess optimization,which aim
to increase the extraction yield and minimize production
costs while meeting specific quality requirements, are there-
fore particularly significant in both theoretical research and
practical applications.

The optimization of drug extraction process has received
increasing attention. For example, Alam et al. [9] studied
the optimization of the extraction parameters of embelin
from Embelia ribes through ultrasound-assisted extraction
with a Box–Behnken design. Bochi et al. [10] optimized the
extraction conditions and anthocyanin yields in experiments
with high proportions of water. Chen et al. [11] applied an
orthogonal experiment to optimize the extraction conditions
of polysaccharides from Ornithogalum caudatum Ait. Chen
et al. [12] used the response surface methodology to optimize
the experimental conditions for ultrasonic-assisted extrac-
tion of functional components from sugar beet molasses.
Bae et al. [13] successfully developed and validated a simple
qualitative and quantitative method for the simultaneous
determination of 15 phenolic compounds and caffeine from
teas and then optimized the extraction process using the
response surface methodology based on a central composite
design. In addition to these innovations, many other scholars
have made tremendous contributions to the theoretical and
practical optimization of DEPP [3, 14–16]. However, many of
these reports focus on optimizing the extraction conditions
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using experimental design or simulation techniques. To the
best of the authors’ knowledge, the optimization of DEPP in
terms of improving the economic benefit of the whole pro-
duction process has rarely been reported in the literature.The
present work develops a mechanism model for DEPP based
on some previous efforts and then proposes an optimization
strategy to resolve practical problems such as the production
efficiency and production costs.

To implement this optimization, a mechanism model of
DEPP should be developed. Suchmechanisticmodeling plays
several significant roles: first, the modeling process will ana-
lyze the mechanism of the drug extraction process, confirm
its operating variables and quality indicators, and analyze the
relationship between them; second, an appropriatemodel can
be used to simulate the actual production process to generate
the required data and analyze the optimization results. As
an actual simulator, the mechanism model should be able
to link the extraction efficiency of the EC and volatile oil—
the quality indicators—with the operating variables (steam
flow at the bottom and side of the extraction tank and the
extraction time).

The mechanistic modeling of DEPP mainly consists of
modeling the following components: extraction tank, mass
transfer process of EC, volatile oil recycling, and efficiency
of the oil-water separator. A mathematical model of the
extraction tank that describes the changes in temperature
and liquid level over time has been developed [17]. As the
principle and mechanism of the mass transfer process in
drug extraction are very similar to those of metal leaching,
mechanistic models of metal leaching [3, 18–22] can be used
as references in developing a mass transfer model for the
EC. Additionally, Han et al. derived a diffusion rate equation
for volatile oils, allowing a mechanistic model of volatile oil
recovery to be developed [23]. Finally, the efficiency of the
oil-water separator is introduced to describe the separation
efficiency of oil droplets with a certain diameter [24]. The
above mechanistic models are combined to simulate the
whole DEPP, and the rationality and validity of this approach
are verified through a series of simulations. The innovation
and contribution of the DEPP model presented in this paper
can be summarized as follows. First, we extend a modeling
approach for the leaching process to model the mass transfer
process of ECs. Second, we present a combined mechanistic
modeling framework for the overall DEPP by integrating four
discrete components described in previous studies.

In addition to a mechanistic model, a predictive model
is also necessary for such optimization. In this work, the
established mechanism is simplified to serve as a predictive
model. The economic benefit per unit time is considered
as the optimization objective, while the steam flow at the
bottom and side of the extraction tank and the extraction
time are treated as decision variables.Theoptimizationmodel
is then established under certain quality constraints. Several
classical optimization algorithms, such as particle swarm
optimization (PSO) [25, 26], differential evolution (DE) [27],
and artificial bee colony (ABC) [28], are adopted to solve
this optimization problem. Comparing these algorithms, it
is concluded that PSO achieves the best performance in
determining the optimal solution. Thus, a PSO algorithm

is used to solve this optimization problem and obtain the
optimal economic benefit and corresponding parameters,
including optimal quality indicators and operating variables.
The present work first considers the optimization of a single
extraction process. However, the extraction efficiency of the
EC in this case is very low, leading to serious wastage of
herb materials. The optimization control for multiextraction
is therefore investigated. In the multiextraction process, the
extraction frequency is defined as the number of times that
the herbs are subjected to the extraction process. However,
the optimal extraction frequency in terms of economic
benefit is unknown.Thus, the extraction frequency is treated
as one of the decision variables when establishing the opti-
mization problem. Note that the extraction frequency is an
integer in this problem.

The optimal economic benefit of the multiextraction
process is based on the predictive model, whereas the actual
optimal economic benefit can be calculated by plugging the
best operating variables into themechanismmodel.There are
some discrepancies between the predicted and actual values
of the optimal economic benefit. In practice, however, it is
unlikely that the actual production process can be modeled
accurately (or even approximately) with a process model
[29, 30]. Process optimization is hampered by such model
uncertainty, and so the “optimal” value given by the model
may not necessarily mean “optimal for the process” [31].

Iterative learning control (ILC) is highly effective in
controlling systems with repetitive operations that precisely
follow a desired target trajectory. It has beenwidely applied in
repetitive industrial processes because of its perfect learning
ability from the repetitive tracking task [32–34]. Recently,
data-driven ILC methods have been proposed to deal with
complicated practical systems [35–37]. The control scheme is
data-driven because there is no explicit model information
or training process, and only the measured input and output
data are used for the controller design, analysis, and imple-
mentation [36]. As one such method, data-driven optimal
terminal ILC (DDOTILC) works under the principle that
the control law is only updated using the terminal output
tracking error [35]. In this work, DDOTILC is applied to
implement iterative optimization control for DEPP in order
to overcome themodel uncertainty via the online adjustment
of the operating variables. The fuzzy adaptive adjustment of
parameters inDDOTILC is then implemented to enhance the
convergence rate. Using this approach, themodel uncertainty
can be reduced and the economic benefit improved by
adjusting the operating variables.

2. Principle and Production Technology of the
Drug Extraction Process

2.1. Principle of the Drug Extraction Process

2.1.1. Mass Transfer Theory of Effective Constituent. Drug
extraction is one kind of solid-liquid extraction. Thus, the
mass transfer principle and computing method follow the
solid-liquid extraction system model shown in Figure 1. It
is assumed that the herb particles are composed of solute
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(EC) and inert carriers (herb residues), so the solid-liquid
extraction system is composed of solute, solvent, and inert
solid. Additionally, there will be a gas-liquid film at the
interface between the solid particles and liquid phase. It is
generally acknowledged that this mass transfer process can
be divided into the five steps described in Figure 1 [3, 8]:

(1) The diffusion of solvent into the herb particle surface
(2) The permeation of solvent from the herb surface to

the interior
(3) The dissolution of the EC inside the herb particles
(4) The diffusion of EC from inside the herb particles to

the surface (internal diffusion)
(5) The diffusion of EC from the herb particle surface

to the solvent across the gas-liquid film (external
diffusion).

2.1.2. Recycling Theory of Volatile Oil. Volatile oil (VO), also
named essential oil, is a generic term for the volatile and oily
components in plants. VOs are insoluble in water and can be
distilled out alongwith thewater vapor.During the extraction
process, the recycling of VO is divided into the following
three steps (see Figure 2):

(1) Internal diffusion: with increasing temperature, VOs
diffuse into the outer surface of the solid herb particle
from the interior

(2) External diffusion: VOs diffuse into the water vapor
from the surface of the solid particle by threading the
gas-liquid film

(3) Gas-liquid transition: VOs and water vapor enter the
condenser and are condensed into the liquid phase,
after which the VOs are separated from water though
the oil-water separator.

2.2. Production Technology of the Drug Extraction Process.
Generally, DEPP includes the following three procedures.

Gas filmLiquid film

(1)

(2)

R

r0

Water vapor

Heat
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Figure 2: Schematic diagram of volatile oil recycling.
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(1) Preprocessing of HerbMaterials. In this procedure, the herb
materials are smashed and soaked in water for some time to
inflate the herb organization. This preprocessing accelerates
the dissolution and diffusion of EC during extraction.

(2) Extraction. As the most important process of DEPP, this
procedure involves various pieces of equipment including
the extraction tank, condenser, gas-liquid separator, oil-water
separator, and filter (see Figure 3). In this process, the prepro-
cessed herb materials are placed into the extraction tank, and
steam is added through both the bottom and side of the tank.
As the temperature increases, the valuable components of the
herb particles, such as EC and VO, will continually diffuse
into the extraction solution and water vapor, respectively. For
a batch of herb materials, it is extremely difficult to achieve
acceptable yields of EC and VO with a single extraction pro-
cess. Therefore, multiple extractions are required to prevent
the wastage of raw materials.

(3) Separation. In this procedure, the feed liquid containing
EC and VO are separated from the herb residues and steam,
respectively, using the filter and oil-water separator. The feed
liquid and VO are then sent to the next phase for further
processing.



4 Scientific Programming

The extraction efficiencies of EC and VO are the main
quality indicators of DEPP. There are numerous factors
influencing these indicators, such as the radius of the herb
material particles, extraction temperature, extraction time,
concentration difference, and solid-liquid contact condition.
For the purpose of DEPP optimization, the present study
explores the impact on the extraction efficiency of the steam
flow at both the bottom and side of the extraction tank and
the extraction time.

3. Mechanistic Modeling of Drug Extraction
Production Process

DEPP is a complex heat and mass transfer process, and
its mechanistic model mainly consists of the following
components: mathematical model of drug extraction tank,
mass transfer model of EC, mechanistic modeling of VO
recycling, and an efficiency model of the oil-water separator.
The mechanistic modeling work for DEPP is implemented
based on the following assumptions:

(1) The herb particle has a spherical shape after crushing.
(2) The EC of herb materials in the solvent is distributed

uniformly under the condition of full stirring.
(3) The EC in the outer layer of the herb particles is first

spread to the solvent, after which the EC in the inner
layer spreads to the outer layer and then to the solvent.

3.1. Mathematical Modeling of Drug Extraction Tank. A
mechanistic model of the extraction tank has been developed
according to the principles of mass and energy conservation
[17]. In this model, the liquid level 𝐻 and feed liquid
temperature 𝑇 in the extraction tank can be calculated using
the steam flow at the bottom and side of the tank, 𝑄1, 𝑄2,
and the extraction time 𝑡. The variation of liquid level and
temperature with extraction time 𝑡 can be expressed as

𝑑𝐻𝑑𝑡 = (𝑄1 − 𝑄3) 𝑃1𝐴 , (1)

𝑑𝑇𝑑𝑡 = 1𝐴𝑆1𝐻 [(𝑃2 − 𝑆1𝑇𝑃1 + 𝑆2𝑇1 − 𝑆2𝑇)𝑄1
+ 𝑆2𝑄2 (𝑇1 − 𝑇) + (𝑆1𝑇𝑃1 − 𝑃2) 𝑄3] .

(2)

The mixture flow of VO and steam𝑄3 is assumed to have
a nonlinear relationship with 𝑇:

𝑄3 = 𝐾1𝑒𝐾2𝑇. (3)

The symbols used in this model are as follows: 𝑄1, 𝑄2:
the steam flow at the bottom and side of the extraction
tank, respectively; 𝑄3: mixture flow of VO and steam; 𝑇1:
steam temperature before entering the extraction tank; 𝑆1:
specific heat capacity of feed liquid; 𝑆2: specific heat capacity
of water; 𝑃1: volume ratio of water (liquefied from steam)
and steam; 𝑃2: standard heat of liquefaction of vapor under
standard atmospheric pressure; 𝐴: cross-sectional area of the
extraction tank.

3.2. Mathematical Modeling of the Mass Transfer Process
of Effective Constituent. The mass transfer process for EC
was described in detail in Section 2, where it was noted
that the transfer could be divided into five steps. In the
usual extraction process, the penetration of solvent and
dissolution of solute are not the controlling factors and can
thus be neglected. The diffusion processes undoubtedly have
a decisive effect on the speed ofmass transfer. Hence, external
diffusion and internal diffusion are primarily considered in
the modeling of the mass transfer process.

External diffusion, also called liquid film diffusion, is
the main resistance to mass transfer. The gas film will not
hamper the mass transfer process, so it is neglected in
the modeling process, as illustrated by the dashed line in
Figure 1. Internal diffusion is the shrinking core process of
particles containing EC, as shown in Figure 1. In this study,
using the unreacted shrinking core theory from the metal
ore leaching process, the drug extraction process can be
approximately regarded as the leaching of metallic minerals,
albeit under different reactions. When the EC in the outer
layer has diffused into the extraction solvent, the insoluble
components are left on the surface of the solid particles.Thus,
the solid particles are surrounded by a grey layer composed
of insoluble components, as shown in Figure 1. The inner EC
then diffuses into the surface of the solid particles through
internal diffusion, after which this part of the EC in the solid
particle surface diffuses into the solvent once again. This
procedure is repeated, and the unextracted corewill gradually
shrink.

The diffusion rate of the extraction process can be
expressed as [3, 18–20]

𝑑𝐺𝑑𝑡 = 𝐽𝑆, (4)

where𝐺 is themass of EC extracted from solid herb particles,𝐽 is the mass of EC diffused from solid herb particles to
solvent per unit time, 𝑆 expresses the area of the interface
between the solid and liquid phase, and 𝑡 is the extraction
time.

It is assumed that internal diffusion and external diffusion
occur in series, so the law of additive resistance can be applied
as follows [3, 21, 22]:

𝐽 = 𝐶0 − 𝐶1/𝛽1 + 1/𝛽2 =
𝐶0 − 𝐶(𝑅 − 𝑟) /𝐷𝑠 + 𝑟0/𝐷, (5)

where 𝐶0 is the solubility of EC in the liquid film on the
surface of solid particles;𝐶 is the instantaneous concentration
of EC in extraction solvent; 𝐷 and 𝐷𝑠 express the diffusion
coefficients of EC passing through the liquid film and the
inside of solid particles, respectively; 𝑅 and 𝑟 denote the
radius of the original solid particle and the solid particle as
the core gradually shrinks, respectively; and 𝑟0 expresses the
thickness of the liquid film (see Figure 1). In addition,𝛽1 is the
coefficient of internal diffusion (1/𝛽1 is the internal diffusion
resistance) and 𝛽2 is the coefficient of external diffusion (1/𝛽2
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is the external diffusion resistance).The parameters 𝛽1 and𝛽2
are given by

𝛽1 = 𝐷𝑠𝑅 − 𝑟 ,
𝛽2 = 𝐷𝑟0 .

(6)

Combined with the model of the extraction tank, it can
be concluded that𝑑𝐺𝑑𝑡 = 𝑑 (𝑉𝐶)𝑑𝑡 = 𝑑 (𝐴𝐻𝐶)𝑑𝑡 = 𝐴𝐻𝑑𝐶𝑑𝑡 + 𝐴𝐶𝑑𝐻𝑑𝑡 . (7)

Based on (1), (4), (5), and (7), we have that

𝑑𝐶𝑑𝑡 = 1𝐴𝐻 [ (𝐶0 − 𝐶) 𝑆(𝑅 − 𝑟) /𝐷𝑠 + 𝑟0/𝐷 − 𝐶𝑃1 (𝑄1 − 𝑄3)] . (8)

The diffusion coefficients can then be determined as
follows.

(1) For the solution with macromolecules of EC, the
external diffusion coefficient is obtained by

𝐷 = 𝐵𝑇 V𝐴𝑓𝐴 . (9)

The resistance of EC sustained in solution 𝑓𝐴 can be
calculated by Stokes’ equation:

𝑓𝐴 = 6𝜋𝑅𝜇𝐵V𝐴. (10)

Combining (9) and (10), we obtain

𝐷 = 𝐵𝑇6𝜋𝑅𝜇𝐵 , (11)

where 𝐵 is the Boltzmann constant, V𝐴 is the kinematic
velocity of ECmolecules, and𝜇𝐵 is the viscosity of the solvent.

(2) For the dilute solutionwithmicromolecules of EC, the
external diffusion coefficient is generally expressed byWilke’s
equation [38]:

𝐷 = 7.4 × 10−12 (𝜓𝑀𝐵)0.5 𝑇𝜇𝐵𝑉0.6𝐴 , (12)

where 𝜓 is the associating parameter of the solvent, 𝑀𝐵 is
the molecular weight of the solvent, and 𝑉𝐴 is the molecular
volume of EC. In this work, (12) is used to calculate the
diffusion coefficient 𝐷.

(3)The internal diffusion coefficient of EC inside the solid
particle 𝐷𝑠 is calculated by [39]

𝐷𝑠 = 𝜀𝐷𝜏 , (13)

where 𝜀 and 𝜏 are the porosity and sinuosity of holes inside
the solid particles, respectively.

Another equation connects the radius of solid particles
containing EC with the internal diffusion coefficient 𝐷𝑠,
the concentration of EC in the liquid film 𝐶0, and the
instantaneous concentration of EC in extraction solvent 𝐶
[39]:

𝑟 = 𝑅 − (𝑘𝐷𝑠𝐶𝑡𝐶0 )1/2 . (14)

3.3. Mechanistic Modeling of Volatile Oil Recycling. The recy-
cling principle of VO was described in Section 2. Because
the internal diffusion occurs in the same phase, it can be
neglected. However, the external diffusion process, in which
VO diffuses into the gas phase (water vapor) from the surface
of the solid phase (solid particle) across the gas-liquid film,
is interphase diffusion. This external diffusion is the main
factor controlling the diffusion velocity. Because the VO is
insoluble in water, its explicit diffusion in the liquid phase
can be ignored, as denoted by the dashed line in Figure 2.
Consequently, the resistance to external diffusion mainly
occurs in the gas film [40].The diffusion velocity is expressed
as [40]

𝑑𝑞𝑑𝑡 = 𝐾𝐺𝑆 (𝐶𝑙 − 𝐶𝑖) , (15)

where 𝑞 is the concentration of VO in the solid herb
particles, 𝐾𝐺 is the gas phase mass transfer film coefficient,𝐶𝑙 is the concentration of VO in the gas phase, and 𝐶𝑖
is the concentration of VO in the gas film. The following
assumptions are made:

(1) Because the VO in the gas phase will constantly enter
the condenser with water vapor, 𝐶𝑙 ≈ 0.

(2) There is a linear counterbalance between the concen-
trations of VO in the solid phase and gas film; that is,𝐶𝑖 = 𝐾𝑞
[23], where𝐾 is a constant coefficient.

Equation (15) can then be expressed as

𝑑𝑞𝑑𝑡 = −𝐾𝐺𝑆𝐾𝑞 = −𝑒𝑘0𝐷𝑆𝐾𝑑1 𝑞, (16)

where

𝐾𝐺 = 𝑒𝑘0𝐷𝑑1 , (17)

in which 𝑘0 is a constant coefficient and 𝑑1 is the thickness of
the gas film.

As for the liquid density, the density of VO will decrease
as the feed liquid temperature 𝑇 increases. The VO density
can be calculated as

𝜌0 = 𝐴1 + 𝐴2𝑇 + 𝐴3𝑇2 + 𝐴4𝑇3 + 𝐴5𝑇4, (18)

where 𝜌0 is the density of VO and 𝐴1–𝐴5 are constant
coefficients.

3.4. Mechanistic Modeling of the Efficiency of the Oil-Water
Separator. Under the effect of gravity, the oil-water separator
achieves the separation of oil andwater in the static or flowing
state by taking advantage of the density difference between oil
and water. The kinetic state of a droplet in the disperse phase
can be described by Stokes’ law [24]:

V𝑜𝑤 = (𝜌𝑤 − 𝜌0) 𝑔𝑑2218𝜇0 , (19)

where V𝑜𝑤 is the lifting velocity of the oil droplet, 𝜌𝑤 is the
density of water, 𝑔 is acceleration due to gravity, 𝑑2 is the
diameter of the oil droplet, and 𝜇0 is the viscosity of water.
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The separation efficiency of oil droplets of a certain diam-
eter can be determined according to shallow pool theory [41]
as

𝜂0 = 𝑆0V𝑜𝑤𝑄0 = 𝑆0𝑔18𝜇0𝑄0 (𝜌𝑤 − 𝜌0) 𝑑22, (20)

where 𝜂0 is the lifting efficiency of oil droplets of diameter 𝑑2,𝑆0 is the lifting area of the oil layer, and 𝑄0 is the flow of the
oil-water mixture.

The separation efficiency 𝜂𝑠 is a key performance indica-
tor in any oil-water separator and can be expressed as follows:

𝜂𝑠 = 1 − 𝐶𝑑𝐶𝑏 , (21)

where 𝐶𝑑 and 𝐶𝑏 denote the oil content at the exit and
entrance of the separator, respectively.

3.5. Processing the Mechanistic Model of the Drug Extraction
Production Process. For the convenience of calculations,
differential equations in the models are discretized to give
a set of algebraic equations. Taking the model for the liquid
level in the extraction tank, we have

𝐻(𝑘 + 1) − 𝐻 (𝑘)𝑇𝑆 = (𝑄1 (𝑘) − 𝑄3 (𝑘)) 𝑃1𝐴 , (22)

where 𝑇𝑆 is the sampling period.
Thus, the liquid level at sampling time 𝑘 + 1 is

𝐻(𝑘 + 1) = (𝑄1 (𝑘) − 𝑄3 (𝑘)) 𝑃1𝐴 𝑇𝑆 + 𝐻 (𝑘) , (23)

where 𝑄3(𝑘) = 𝐾1𝑒𝐾2𝑇(𝑘).
Similarly, the discretized model for the feed liquid tem-

perature is

𝑇 (𝑘 + 1)
= 𝑇𝑆𝐴𝑆1𝐻(𝑘) [(𝑃2 − 𝑆1𝑇 (𝑘) 𝑃1 + 𝑆2𝑇1 − 𝑆2𝑇 (𝑘))
⋅ 𝑄1 (𝑘) + 𝑆2𝑄2 (𝑘) (𝑇1 − 𝑇 (𝑘))
+ (𝑆1𝑇 (𝑘) 𝑃1 − 𝑃2) 𝑄3 (𝑘)] + 𝑇 (𝑘) .

(24)

The discretized model for the concentration of EC is

𝐶 (𝑘 + 1) = 𝑇𝑆𝐴𝐻(𝑘) [ (𝐶0 − 𝐶 (𝑘)) 𝑆(𝑅 − 𝑟 (𝑘)) /𝐷𝑆 (𝑘) + 𝑟0/𝐷 (𝑘)
− 𝐶 (𝑘) 𝑃1 (𝑄1 (𝑘) − 𝑄3 (𝑘))] + 𝐶 (𝑘) ,

(25)

where

𝐷 (𝑘) = 7.4 × 10−12 (Φ𝑀𝐵)0.5 𝑇 (𝑘)𝜇𝐵 (𝑘) 𝑉0.6𝐴 ,
𝐷𝑆 (𝑘) = 𝜀𝐷 (𝑘)𝜏 ,
𝑟 (𝑘) = 𝑅 − (𝑘𝐷𝑆 (𝑘) 𝐶 (𝑘) 𝑡 (𝑘)𝐶0 )1/2 ,

(26)

and the discretized model for the concentration of VO is

𝑞 (𝑘 + 1) = (1 − 𝑒𝑘0𝐷(𝑘)𝑆𝐾𝑇𝑆𝑑1 )𝑞 (𝑘) . (27)

It is assumed that the extraction time can be divided into
six equal intervals, so the entire drug extraction process has 13
input variables: six steamflows at the bottomof the extraction
tank (𝑄11, 𝑄12, 𝑄13, 𝑄14, 𝑄15, 𝑄16), six steam flows at the side
of the extraction tank (𝑄21, 𝑄22, 𝑄23, 𝑄24, 𝑄25, 𝑄26), and the
extraction time 𝑡. The output variables are the extraction
yields of EC and VO (𝐹1, 𝐹2, resp.), their extraction efficien-
cies (𝜂1, 𝜂2), and the total consumption of steam 𝐹3.

The extraction yield of EC 𝐹1 and its extraction efficiency𝜂1 can be expressed as

𝐹1 = 𝑓1 (𝑘) = 𝑉 (𝑘) 𝐶 (𝑘) = 𝐴𝐻 (𝑘) 𝐶 (𝑘) ,
𝜂1 = 𝐹1𝐹1 total ,

(28)

where 𝐹1 total is the total mass of EC in a batch of herbs, which
we consider to be 25 kg in this study.

The decrement of VO in the extraction tank between
adjacent sampling periods is

Δ𝑚 (𝑘) = 𝑚 (𝑘 − 1) − 𝑚 (𝑘)
= (𝑞 (𝑘 − 1) − 𝑞 (𝑘)) 𝐹2 total. (29)

Thus, the recycle yield of VO 𝐹2 and its extraction
efficiency 𝜂2 are computed by the following equations:

𝐹2 = 𝑓2 (𝑘) = 𝑓2 (𝑘 − 1) + Δ𝑚 (𝑘) 𝜂𝑠 (𝑘) ,
𝜂2 = 𝐹2𝐹2 total ,

(30)

where 𝐹2 total is the total mass of VO in a batch of herbs,
assumed to be 36 kg, and

𝜂𝑠 (𝑘) = 1 − 𝐶𝑑 (𝑘)𝐶𝑏 (𝑘) = (𝑇𝑆𝑃1𝑄3 (𝑘) − Δ𝑚 (𝑘)) 𝜂0 (𝑘)𝑇𝑆𝑃1𝑄3 (𝑘) − Δ𝑚 (𝑘) 𝜂0 (𝑘) ,
𝜂0 (𝑘) = 𝑆0𝑔18𝜇0𝑄0 (𝑘) (𝜌𝑤 − 𝜌0) 𝑑22

= 𝑆0𝑔18𝜇0𝑃1𝑄3 (𝑘) (𝜌𝑤 − 𝜌0) 𝑑22.
(31)

The total consumption of steam 𝐹3 is given by

𝐹3 = 6∑
𝑖=1

(𝑄1𝑖 + 𝑄2𝑖) 𝑡6 . (32)

In conclusion, the input and output variables of the
mechanistic model for DEPP can be expressed as

𝑢 = (𝑄11, 𝑄12, 𝑄13, 𝑄14, 𝑄15, 𝑄16, 𝑄21, 𝑄22, 𝑄23, 𝑄24, 𝑄25,
𝑄26, 𝑡) ,

𝑦 = (𝐹1, 𝐹2, 𝐹3, 𝜂1, 𝜂2) .
(33)
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Figure 4: Relationship between model outputs and steam flow in
the extraction process.

To verify the rationality and effectiveness of the estab-
lished mechanistic model, a number of simulations were
conducted. Figure 4 shows the effect of steam flows on
the model outputs. In this simulation, all the steam flows
were identical and the other operating or state conditions
remained unaltered. For example, 𝑡 = 3 h. The parameters
used in the mechanistic model are listed in Table 1.

From Figure 4, it is clear that the extraction yields of EC
and VO increase with the steam flow until reaching their
respective equilibrium states, and the consumption of steam
exhibits a gradual, linear rise. First, with other parameters
fixed, the increased steam flow causes the feed liquid tem-
perature to rise, and this rising temperature results in an
increment in the diffusion coefficients, which will accelerate
the extraction of EC. However, when the temperature reaches
a stable value, owing to the characteristics of the feed liquid,
the extraction of EC will gradually slow down and eventually
stop once the concentration of EC in the solvent is equal to
its solubility at this temperature. The recycling of VO has the
similar tendency to that of EC, but the reason for such an
equilibrium state is that the VO has been fully extracted at
this temperature.

The effect of the extraction time on the model outputs is
plotted in Figure 5. In this simulation, it was assumed that
all other operating or state conditions remained unaltered
and the steam flows were set as 𝑄𝑖𝑗 = 2.5, 𝑖 = 1, 2 and𝑗 = 1, 2, . . . , 6. It can be seen that the extraction yields of EC
and VO increase with the extraction time until they reach the
equilibrium state. As the extraction time increases, the heat
absorbed by the feed liquid will continue to rise, which leads
to the increment in the feed liquid temperature. The analysis
is then similar to that for the effect of the various steam flows.
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Figure 5: Relationship between model outputs and extraction time
in the extraction process.

4. Optimization of the Drug Extraction
Production Process

4.1. Identification of Predictive Model Parameters. To carry
out such optimization, a predictive model of DEPP has been
developed. This model links the operating variables (steam
flow at both the bottom and side of the extraction tank and
the extraction time) with the extraction efficiencies of EC and
VO. In the present work, the established mechanistic model
was simplified to give a predictive model. The following
simplifications were made.

(1) In modeling the extraction tank, the nonlinear rela-
tionship between the mixed steam flow 𝑄3 and temperature𝑇 was linearized; that is, 𝑄3 = 𝑘1𝑇 + 𝑘2, where 𝑘1, 𝑘2 are the
parameters to be identified.

(2) As internal diffusion has less effect on the mass
transfer than external diffusion, the internal diffusion was
neglected to simplify the mechanistic model.

Hence, the differences between the predictive model 𝑓𝑚
and mechanistic model 𝑓𝑝 can be described as

𝑄3 = 𝑘1𝑇 + 𝑘2, (34)

𝑑𝐶𝑑𝑡 = 1𝐴𝐻 [𝑆𝐷𝑟0 (𝐶0 − 𝐶) − 𝐶𝑃1 (𝑄1 − 𝑄3)] , (35)

and the other parts of the mechanistic model were retained
in the predictive model.

To predict the extraction efficiencies under different oper-
ating conditions, the parameters 𝑘1, 𝑘2 must be identified.
A best fit approach was adopted in which 𝑘1, 𝑘2 in (34) are
the values that best predict the actual DEPP data [42]. The
extraction efficiencies of EC and VO were used as criteria
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Table 1: Parameters used in mechanistic model.

Parameter Description Value𝐴 Cross-sectional area of extraction tank (m2) 3𝑇1 Steam temperature before entering extraction tank (∘C) 125𝑃1 Volume ratio of water and steam 1/80𝑃2 Standard heat of liquefaction of vapor (kJ/mol) 40.68𝑆1 Specific heat capacity of feed liquid (kJ/(kg × ∘C)) 4𝑆2 Specific heat capacity of water (kJ/(kg × ∘C)) 4.2𝐾1 Coefficient in 𝑄3 4.4𝐾2 Coefficient in 𝑄3 0.001𝑆0 Lifting area of oil layer (m2) 2.8𝜌𝑤 Density of water (g/cm3) 1𝜌0 Density of volatile oil (g/cm3) 0.72𝑔 Acceleration of gravity (m/s2) 9.8𝑑2 Diameter of oil droplet (m) 0.3912𝐸 − 5𝑞0 Initial concentration of volatile oil in herbs 0.3𝑅 Radius of solid herb particle (m) 0.8202𝐸 − 3𝑟0 Thickness of liquid film (m) 0.222𝐸 − 3𝑑1 Thickness of gas film (m) 0.6302𝐸 − 3𝜏 Sinuosity of holes inside gray layer in solid particle 1.2𝜀 Porosity of gray layer in solid particle 0.98𝐶0 Solubility of EC in liquid film 0.85𝜓 Associating parameter of solvent 2.65𝑀𝐵 Molecular weight of solvent (D) 100𝑉𝐴 Molecular volume of EC (m3) 30.62 ∗ 10(−8)𝐾 Linear equilibrium proportional constant 0.15𝐻0 Initial liquid level in extraction tank (m) 3.5𝑇0 Initial temperature of feed liquid in extraction tank (∘C) 20𝐶in Initial concentration of EC in solvent 0𝑇𝑆 Sampling period (s) 0.05

for the parameter identification.The identification algorithm
used for the predictive model is as follows.

Step 1. 𝑛 sets of process data (𝑢𝑖, 𝜂𝑖) are produced by mecha-
nistic model 𝑓𝑝, in which 𝑢𝑖 denotes the vector of operating
variables and 𝜂𝑖 is the vector of extraction efficiencies of EC
and VO; that is, 𝜂𝑖 = (𝜂1𝑖, 𝜂2𝑖), 𝑖 = 1, 2, . . . , 𝑛.
Step 2. Insert 𝑢𝑖 into predictive model 𝑓𝑚 to obtain the
predicted extraction efficiencies as follows:

�̂�𝑖 = (�̂�1𝑖, �̂�2𝑖) = 𝑓𝑚 (𝑢𝑖) . (36)

Step 3. Parameters 𝑘1, 𝑘2 are determined by minimizing the
following objective function of the sum of square errors
(SSE) of the extraction efficiencies through an optimization
algorithm:

min
𝑘1 ,𝑘2

{SSE = 𝑛∑
𝑖=1

(𝜂1𝑖 − �̂�1𝑖)2 + 𝑛∑
𝑖=1

(𝜂2𝑖 − �̂�2𝑖)2} . (37)

Table 2: Parameter values and optimization results of each algo-
rithm.

𝑛 𝑤 Algorithm 𝑘1 𝑘2 SSE

30 10
PSO 0.0044 4.4223 4.646𝐸 − 4
DE 0.0049 4.3734 4.971𝐸 − 4
ABC 0.0023 4.6205 6.532𝐸 − 4

We solved (37) using PSO, DE, and ABC and compared
the performances of the algorithms with one another. The
algorithms were executed 𝑤 times and the results averaged.
The optimization results are summarized in Table 2, from
which we can see that PSO achieved the best performance in
solving the optimization problem.

4.2. Optimization of Single Extraction. The economic benefit
per unit time is considered as the optimization objective,
and the operating variables are treated as decision variables.
Taking economic income and production consumption into
consideration (including the economic income of EC andVO
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Table 3: Parameter values in optimization model.

Parameters 𝑎 (USD/Kg) 𝑏 (USD/Kg) 𝑐 (USD/m3) 𝑑 (USD/Kg) 𝐹4 (Kg)
Value 152.7 122.17 0.031 1.53 120

Table 4: Constraints in optimization model.

Constrained
variables

Quality indexes Operating variables𝜂1 𝜂2 𝑄𝑖𝑗 (m3/h) 𝑡 (h)
Range [0.8, 1] [0.8, 1] [0, 5] [1, 4]
Table 5: Optimal economic benefits obtained by each algorithm.

Algorithm PSO DE ABC
Economic benefit (USD/h) 2293 2240 2252

and the consumption cost of herb materials and steam), the
following optimization model was established based on the
predictive model:

max 𝐽 = 𝑎 × 𝐹1 + 𝑏 × 𝐹2 − 𝑐 × 𝐹3 − 𝑑 × 𝐹4𝑡
s.t. (𝐹1, 𝐹2, 𝐹3, 𝜂1, 𝜂2) = 𝑓 (𝑢) ;

𝜂1min ≤ 𝜂1 ≤ 𝜂1max;
𝜂2min ≤ 𝜂2 ≤ 𝜂2max;
𝑄min ≤ 𝑄𝑖𝑗 ≤ 𝑄max;
𝑡min ≤ 𝑡 ≤ 𝑡max;
𝑖 = 1, 2;
𝑗 = 1, 2, . . . , 6,

(38)

where 𝑎, 𝑏, 𝑐, and 𝑑 are the prices of EC, VO, steam, and herb
materials and𝐹4 is the weight of a batch of herbmaterials.The
parameters and constraints in this model are listed in Tables
3 and 4, respectively.The PSO, DE, and ABC algorithms were
executed 10 times to determine the optimal solution to (38),
and the results are presented in Table 5. The optimization
results once again validate the superiority of PSO for the
problem considered in this study.

The optimal values obtained by PSO for the operating
variables are listed in Table 6. The optimal operating condi-
tions were applied to the single extraction process, and the
output indexes are given inTable 7. Additionally, the variation
in the extraction yield of EC and VO and the consumption of
steam are plotted in Figure 6.

From this figure, we can see that the mass of EC increases
with extraction time in the initial stage of the single extrac-
tion, but the rate of increase gradually slows as we reach the
equilibrium state.The reason for this is that the concentration
of EC in the extracted solution reaches its saturated solubility,
and so no more EC will be extracted from the herb materials,
even if we continue the extraction process.

There is also a comparatively small recycle yield of VO in
the initial 0.75 h, because the temperature in the extraction
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Figure 6: Variation trend of various output indexes in single
extraction.

tank is too low to boil VO and little of it can be volatilized
and brought out together with vapor in the initial stages of
extraction. When the temperature reaches the boiling point
of VO, its recycle yield grows exponentially. As the extraction
progresses, there is less VO remaining in the herbs, and the
increasing tendency of the recycle yield becomes slower until
all VO has been extracted.

The actual results in Table 7, however, suggest that the
extraction efficiency of EC is only 35.28%, and so most of
the EC has not been extracted. Thus, the quality constraints
cannot be satisfied, although there is a significant economic
benefit. According to national production management reg-
ulations, such a huge wastage of herb materials is forbidden,
and a multiextraction process is needed to avoid wasting raw
materials.

4.3. Optimization of Multiextraction. As the extraction pro-
cess progresses, the extraction temperature does not always
risewith an increase in the operating variables.This is because
of the self-regulating characteristics of the feed liquid. As
described above, the concentration of EC in the feed liquid
will reach a maximum, and only VO will be recycled along
with the extraction. This causes the low extraction efficiency
of EC in the single extraction case. Therefore, to avoid such
a situation, the first extraction should be terminated and the
feed liquid containing EC should be separated from the solid
herb via a filter. After this, a certain amount of new solvent
can be added to the extraction tank and a second extraction
can be performed. Depending on the total content of EC
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Table 6: Best settings of operating variables produced by PSO.

Steam flow Q1 (m3/h) Steam flow Q2 (m3/h) Extraction time (h)
Q11 4.9554 Q21 4.9545 𝑡 2.3Q12 4.7633 Q22 4.3348
Q13 4.5968 Q23 4.8391
Q14 3.6422 Q24 4.3850 Optimal economic benefit (USD/h)
Q15 3.5999 Q25 2.3083 𝐽 2293
Q16 3.1419 Q26 4.2665

Table 7: Actual optimal output indexes and economic benefit in single extraction.

Single extraction F1 (Kg) F2 (Kg) F3 (m3) 𝜂1 𝜂2 𝐽 (USD/h)
Actual value 8.82 32.24 19.51 35.28% 89.56% 2218

ECtotal

VOtotal

u1

EC1

u2

VO1

VOleft,1

ECleft,1

extraction extraction

EC2

ECleft,2

VO2

VOleft,2

uk

ECleft,k−1

left,k−1VO
extraction

ECleft,k

left,kVO

VOextract

ECextract
ECk

VOk

· · ·

· · ·
2nd kth1st

Figure 7: Schematic diagram of multiextraction.

in the herb and its solubility in the solvent, at least three
extractions are needed to remove all of the EC. A schematic
diagram of the multiextraction process is shown in Figure 7,
where each extraction represents a single extraction. Based
on the principle of multiextraction, any surplus in the quality
indexes after the (𝑖−1)th extraction, such as the total residual
mass of VO and radius of unextracted core of EC, is regarded
as the initial input conditions of the 𝑖th extraction, where𝑖 = 2, 3, . . . , 𝑘. According to this principle, a predictive model
for the multiextraction process can be developed.

In developing a predictive model for the multiextraction
scenario, the extraction frequency 𝑘 is treated as one of the
operating variables (𝑘 = 3, 4, 5). In this study, predictivemod-
els were established for three, four, and five extractions. We
now describe the three-time extraction model; the modeling
approach for four and five extractions is similar. The three-
extraction case is composed of three single extractions, each
of which has the 13 input variables described previously.Thus,
there are 39 input variables in the three-extraction predictive
model:

𝑈 = (𝑢1, 𝑢2, 𝑢3) , (39)

where 𝑢𝑖 is the vector of operating variables in the 𝑖th single
extraction and

𝑢𝑖 = (𝑄11,𝑖, 𝑄12,𝑖, 𝑄13,𝑖, 𝑄14,𝑖, 𝑄15,𝑖, 𝑄16,𝑖, 𝑄21,𝑖, 𝑄22,𝑖, 𝑄23,𝑖,
𝑄24,𝑖, 𝑄25,𝑖, 𝑄26,𝑖, 𝑡𝑖) , 𝑖 = 1, 2, 3. (40)

The predictive outputs for the three extractions, including
the total extraction yield of EC and VO, consumption of
steam, and extraction efficiencies, can be calculated as

𝐹1 = 3∑
𝑖=1

𝐹1,𝑖,
𝐹2 = 3∑
𝑖=1

𝐹2,𝑖,

𝐹3 = 3∑
𝑖=1

( 6∑
𝑗=1

((𝑄1𝑗,𝑖 + 𝑄2𝑗,𝑖) 𝑡𝑖6 )) ,
𝜂1 = 𝐹1𝐹1 total ,
𝜂2 = 𝐹2𝐹2 total .

(41)

Therefore, the predictive model of three-time extraction
can be summarized as

(𝐹1, 𝐹2, 𝐹3, 𝜂1, 𝜂2) = 𝐹𝑚,3 (𝑈) . (42)

After developing predictive models for 𝑘 = 3, 4, and
5, the optimization model for multiextraction was derived
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by treating the extraction frequency as one of the decision
variables:

max 𝐽 = 𝑎 × 𝐹1 + 𝑏 × 𝐹2 − 𝑐 × 𝐹3 − 𝑑 × 𝐹4∑𝑘𝑖=1 𝑡𝑖
s.t. (𝐹1, 𝐹2, 𝐹3, 𝜂1, 𝜂2) = 𝐹𝑚,𝑘 (𝑈) ;

𝜂1min ≤ 𝜂1 ≤ 𝜂1max;
𝜂2min ≤ 𝜂2 ≤ 𝜂2max;
𝑄min ≤ 𝑄1𝑗,𝑘 ≤ 𝑄max;
𝑄min ≤ 𝑄2𝑗,𝑘 ≤ 𝑄max;
𝑡min ≤ 𝑡𝑖 ≤ 𝑡max;
𝑘 = 3, 4, 5;
𝑗 = 1, 2, . . . , 6.

(43)

In this optimization model, the extraction frequency 𝑘
is treated as one of the decision variables (𝑘 = 3, 4, 5). The
decision variables must be carefully handled in solving this
optimization problem. For example, when 𝑘 = 3, the decision
variable vector 𝑈𝑑 can be expressed as

𝑈𝑑 = (𝑘, 𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5) , (44)

where 𝑢4 = 𝑢5 = 0. Similarly, 𝑢5 = 0 when 𝑘 = 4.
The advantages of PSO in solving such optimization

problems have been verified many times and are not covered
here.Theparameters used in the PSOalgorithmare presented
in Table 8, and the optimal multiextraction solution obtained
by the PSO method with 10 runs is given in Table 9.

From Table 9, it is clear that the optimal extraction
frequency is 3, so the operating variables in the fourth
and fifth extractions are all zero. These optimal operating
variables were used in the mechanistic model of the multi-
extraction process to calculate the actual output indexes and
economic benefit. The results, together with their predicted
values, are given in Table 10. However, owing to the inherent
errors of predictive models, it is difficult to achieve the
optimized economic benefit in an actual process. The results
in Table 10 indicate that a discrepancy of 6.4% exists between
the predicted and actual economic benefit, which means that
“optimal in the model” may not translate to “optimal for
the process,” as mentioned before. This model uncertainty
hampers the optimization of the multiextraction process.
Hence, as discussed in Section 5, the ILCmethodwas adopted
to overcome the problem of model uncertainty.

5. Use of Iterative Learning Control to
Overcome Model Uncertainty

To eliminate the impact of themodel uncertainty, the iterative
nature of numerical optimization and certain repetitive prop-
erties can be utilized.The idea of ILC is introduced to improve

Table 8: Parameter settings of PSO.

Swarm size Iterations Inertia
weight

Learning
factor

100 100
Linear

decrease:
0.9∼0.2

𝑐1: 2.5∼1.0𝑐2: 1.0∼2.5

the economic benefit. In this study, we used DDOTILC with
the control law (see [35] for details):

�̂�𝑘 = �̂�𝑘−1 + 𝜉 (Δ𝑦𝑘−1 (𝑁) − �̂�𝑘−1Δ𝑢𝑘−1) Δ𝑢𝑇𝑘−1𝜇 + Δ𝑢𝑘−12
𝑢𝑘 = 𝑢𝑘−1 + 𝜌�̂�𝑇𝑘𝜆 + �̂�𝑘2 𝑒𝑘−1 (𝑁) ,

(45)

where 𝜌, 𝜆, 𝜉, and 𝜇 are positive constants; 𝑘 is the iteration
number of the batch process and𝑁 is their terminalmoment;�̂�𝑘 is the estimated pseudo-partial-derivative of the 𝑘th batch
process; and 𝑒𝑘−1(𝑁) is the terminal tracking error of the
output.

In the application of this approach, the economic benefit
is treated as the terminal output and the operating variables
are adjusted online to improve the economic benefit. The
desired economic benefit 𝐽𝑑 is set as the predicted value
obtained by solving (43). The parameters used in (45) are
listed in Table 11. The blue curves in Figure 8 describe the
evolution of the economic benefit under DDOTILC. The
results indicate that the actual economic benefit achieves an
increment of 1.5% after six batches, which partly improves the
economic benefit, although this is still short of the desired
economic benefit. In addition, the extraction efficiencies
decrease with the increase in economic benefit, as shown in
Figure 8. When the extraction efficiencies reach a threshold,
the economic benefit will be inversely proportional to the
extraction yields of EC and VO, because the costs of extract-
ing the remaining EC and VO will be much greater than
the additional income. Thus, the optimal economic benefit
may not correspond to adjusting the operating variables to
maximize the extraction of EC and VO.

The parameter settings will affect the convergence rate of
ILC, and the best parameter settings should have the ability
to change adaptively with the tracking error and variations
in system output. In this study, the parameter 𝜌 in (45)
was varied though fuzzy adaptive adjustment over the range
[0, 𝛼]. The convergence rate of economic benefit can be
changed by adjusting 𝜌. When the absolute values of the
tracking error of economic benefit and its variation are high,
the value of 𝜌 should also be high. Moreover, the value of 𝜌
should decrease as the absolute values of tracking error and
its variation decrease. According to this principle, the fuzzy
adjustment rule was formulated as shown in Table 12, where𝐸𝐽 andΔ𝐸𝐽 represent the absolute values of the tracking error
of economic benefit and its variation, respectively. The mem-
bership functions of𝐸𝐽, Δ𝐸𝐽, and 𝜌 are shown in Figure 9.The
first red curve in Figure 8 shows the trajectory of economic
benefit based on the fuzzy adjustment of parameter 𝜌,
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Table 9: Best settings of operating variables.

1st extraction 2nd extraction 3rd extraction 4th extraction 5th extraction

Steam flow 𝑄1 (m3/h)
Q11 4.5538 3.6784 4.2887 0.0000 0.0000
Q12 4.6789 2.7554 0.9895 0.0000 0.0000
Q13 4.4342 3.2861 4.1627 0.0000 0.0000
Q14 1.5664 4.9991 2.2495 0.0000 0.0000
Q15 3.7135 4.9160 0.9995 0.0000 0.0000
Q16 0.0477 1.6587 4.2214 0.0000 0.0000

Steam flow 𝑄2 (m3/h)
Q21 4.9544 0.5090 3.6287 0.0000 0.0000
Q22 4.3760 3.2264 3.4749 0.0000 0.0000
Q23 3.7216 4.4979 3.2713 0.0000 0.0000
Q24 0.2749 1.1098 3.9415 0.0000 0.0000
Q25 4.0857 3.6746 4.5692 0.0000 0.0000
Q26 1.0008 2.8459 4.1023 0.0000 0.0000

Extraction time (h) 𝑡 1.6628 1.0992 3.0475 0.0000 0.0000

Table 10: Output indexes and economic benefit in multiextraction.

Multiextraction F1 (Kg) F2 (Kg) F3 (m3) 𝜂1 𝜂2 J (USD/h)
Predicted value 24.39 34.46 37.59 97.57% 95.73% 1333
Actual value 21.09 34.40 37.59 84.36% 95.50% 1247.3

Table 11: Parameters of DDOTILC.

Parameter 𝜌 𝜇 𝜉 𝜆
Value 0.003 1 0.1 0.01

Table 12: Fuzzy adjustment rule.

𝜌 Δ𝐸𝐽𝐸𝐽 NB NM NS Z PS PM PB
NB Z Z Z PS PS PM PM
NM Z Z Z PS PM PM PM
NS Z PS PS PM PM PM PM
Z Z PS PM PM PM PM PM
PS PS PS PM PM PM PM PM
PM PS PM PM PM PM PM PM
PB PM PM PM PM PM PM PM

with which the advantage of the fuzzy-adjusted DDOTILC
method is validated. In this simulation, 𝛼 = 0.005.
6. Conclusion

This paper proposed a mechanistic modeling and optimiza-
tion control strategy for DEPP. First, a mechanistic model
of the drug extraction process was developed based on
previous efforts to simulate the actual production process and
produce process data. A simulation was conducted to verify
the rationality and effectiveness of this mechanistic model.
A predictive model was then developed by simplifying some
of the processes in the mechanistic model. Simulation results
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Figure 8: Comparison of economic benefit between original
DDOTILC and DDOTILC with fuzzy adjustment.

demonstrated the effectiveness of this predictive model. Pro-
cess optimization was first implemented for single extraction,
and the results indicated an extremely low extraction yield
of EC, which indicates serious wastage of herbs, although
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Figure 9: Membership functions of 𝐸𝐽, Δ𝐸𝐽, and 𝜌.

this gave a preferable economic benefit. Such wastage of raw
materials is forbidden according to national productionman-
agement regulations. A multiextraction DEPP is therefore
necessary, and so process optimization for multiextraction
was investigated. However, such optimization is hampered
by model uncertainty. Therefore, the DDOTILC method
was applied to partly overcome this model uncertainty. The
simulation results indicate that the economic benefit can
be improved by 1.5%. Finally, the idea of fuzzy adjust-
ment was introduced to adaptively adjust the parameter𝜌 in DDOTILC, which increases the convergence rate of
economic benefit. The simulation results indicate that the
proposed modeling and optimization control method can
effectively solve the practical problems encountered in DEPP.

The proposed modeling and optimization control strat-
egy is easy to implement in practical applications because it
requires lesser accuracy of predictive models. The research
in this paper is based on a mechanistic model developed
to simulate actual DEPP and produce process data. How-
ever, there is no empirical research from pharmaceutical
enterprises to test the validity of the model and method.
All parameters used for the mechanistic modeling, such
as the device parameters for the extraction tank and state
parameters of DEPP, correspond to the actual production
situation, so the model proposed in this work has the ability
to simulate the actual DEPP, and it is reasonable to test the
validity of the proposed method through simulations. The
second limitation of this study is that the fuzzy rules should
be based on the actual situation. For example, the initial range
of 𝜌must be set according to the actual DEPP scenario when
applying DDOTILC.
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The low operational efficiency in the field of medical and health care has become a serious problem in China; the long time that
the patients have to wait for is the main phenomenon of difficult medical service. Medical industry is service-oriented and its main
purpose is to make profits, so the benefits and competitiveness of a hospital depend on patient satisfaction. This paper makes a
survey on a large hospital in Harbin of China and collects relevant data and then uses the prospect theory to analyze patients’ and
doctors’ behavioral characteristics and themodel of patient satisfaction is established based on fuzzy theorywith a triplet𝛼/𝛽/𝛾.The
optimal scheduling of clinic is described as a problem with the rule of first come, first served which maximizes patient satisfaction
for the main goal andminimizes operating costs for the secondary goal. And the correspondingmathematical model is established.
Finally, a solution method named plant growth simulation algorithm (PGSA) is presented. Then, by means of calculating of the
example and comparing with genetic algorithm, the results show that the optimum can be reached; meanwhile the efficiency of the
presented algorithm is better than the genetic algorithm.

1. Introduction

With the improvement of living standards, people tend to
pursue a higher quality of life, and the limitation of treatment
level in secondary hospitals and community hospitals leads
to a serious problem of registered queue in high-level hos-
pitals. There are usually three types of registration in hospi-
tals, namely, general-clinic, specialist-clinic, and emergency-
clinic. How to allocate the number of doctor outpatient
departments for every type of registration is very essential
for operational efficiency in hospital and has a close rela-
tionship with patient satisfaction at the same time. Because
of the different-type registrations, this paper makes optimal
scheduling for the number of doctor outpatient departments
considering the patient behavioral characteristics in order to
minimize patient waiting time and increase their satisfaction
and reduce operating costs.

Themain goal of current researches in hospital is lowering
costs and running better. Many papers achieved these goals
from the perspective of the effective utilization of resource.
The resource can be divided into human resource and
material resource. Researchers used different methods to

optimize the material resource such as Operating Room
(OR), multihospital network, and limited number of wards
[1–4]. All of the methods mentioned above made some
assumptions which can simplify the solution of the problems
although there were some discrepancies with reality. Vile et
al. [5] investigated several interrelated advanced statistical
and operational research methods and sought to predict
future demands better, recommended minimum staffing
requirements, and generated low-cost rosters. This article
aims at optimizing the human resource; however, it only
considered a single class of customers and its methods were
only reliable under limited conditions. Wright and Mahar
[6] studied the staff nurse scheduling in order to improve
nurse satisfaction. It was also about the use of human resource
and there were two limitations in this paper. First, it did not
contain other scheduling policies and another limitation was
that they only centralized scheduling decisions across three
units in their study.

In many literatures, patients’ waiting time is a major
factor to be considered because it is closely linked with
the quality of hospital operation. Now the hospital aims to
deliver the highest quality of care, so reducing waiting time
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of patient is important [7–9].These papers gave a function to
compute waiting time or gave a new concept called “break-
in-moments” (BIMs) to reduce waiting time. However the
latter one is only considering the emergency surgery. In
the case of BIM, further researches are also needed to
investigate whether inserting breaks between surgeries which
can increase the stability of the schedule is needed. From
another viewpoint, Shuangxi et al. [10] analyzed historical
data of patients’medical treatment time in the last three years,
concluded its regularity, and then calculated the number of
doctors’ configuration. But the research focused on children’s
regularity based on large amounts of data of the children’s
hospital which are much different from other high-level
hospitals.

Queuing theory is always being used to deal with the
problem of minimum waiting time. Lakshmi and Iyer [11]
reviewed the contributions and applications of queuing the-
ory in the field of health care management problems and
proposed a system of classification of health care areas which
are examined with the assistance of queuing models. The
research’s goal is to provide sufficient information to analysts
who are interested in using queuing theory to model a health
care process and who want to locate the details of relevant
models.

Our research applies prospect theory and membership
functions of patient satisfaction to build a model, taking
into account the patient behavioral characteristics. Xuping
et al. [12] made optimal scheduling of emergency supplies
considering the public psychological perception of risk and
Yang et al. [13] proposed interference management models of
single machine scheduling frommultiple angles actors. None
of these articles used prospect theory into medicinal service.

It is worth noting that the optimization of service indus-
tries is different from manufacturing industries; the former
one is always accompanied by the participation of people, and
usually it will be affected by people’s behavior and subjective
emotion, so the hospital should focus on patient satisfaction.
Combined with prospect theory and fuzzy theory and taking
into account the patient behavioral characteristics at the same
time, we have the research of the optimal scheduling for
doctor outpatient departments in one high-level hospital of
Harbin. And the starting point matches the urgent social
medical problems in China.

The remainder of this paper is organized as follows. In
Section 2, we introduce the queue classification analysis based
on satisfaction degree of patients; Section 3 focuses on the
description of problem and establishment of model; a genetic
algorithm is described in Section 4; amedical case whose data
is collected in a Harbin hospital is given in Section 5, together
with simulation results. Conclusions are drawn in Section 6.

2. Queue Classification Analysis Based on
Patient Satisfaction Degree

2.1. The Hospital Registration Type Analysis. The types of
hospital registration always include general-clinic, specialist-
clinic, and emergency-clinic. Under normal circumstances,
the fee of these three types of registrations increases in turn.

In general, the number of emergency-clinics ismuch less than
the former two. The difference between general-clinic and
specialist-clinic is that doctors’ experience and technology
are relatively richer in specialist-clinics and the registration’s
fee is higher. Usually, if the patient’s situation is not too
serious, he will choose general-clinic; if the patient needs
comprehensive thorough check, he will choose specialist-
clinic; if there is urgent situation, the patient will choose
emergency-clinic. Patients can select the appropriate type of
registrations according to their own conditions and actual
demands. Due to the needs of doctor outpatient departments
are different in each type of registration; this paper makes
optimal scheduling under actual situations. The following is
description of registration categories:

(1) general-clinic A: suitable for themilder clinical symp-
toms of patients;

(2) specialist-clinic B: suitable for the heavy condition
and needs a thorough examination of patients;

(3) emergency-clinic C: suitable for the emergency con-
dition of patients.

The emphasis of this article is on the lean staffing of
doctor outpatient departments according to different needs
of patients under the varied registration. That is, how much
doctors should be arranged for each type of registrations in
order to minimize patient waiting time and increase their
satisfaction and reduce operating costs.

2.2. Patient Behavior Analysis. In general, different patients
in a hospital have different expected waiting time when they
are queuing and here are several factors affecting it. First,
people with different personality have different expectation of
waiting time. Character is the factor that influences patients’
emotion themselves. The expected waiting time of patients
who have urgent character is much shorter than the patients
who have slow character. Second, it depends on patients’
different conditions. Usually, the expected waiting time of
patients who have serious illness is much shorter than the
patients whose illness is lighter. But it does not adapt to all
patients absolutely and the length of expected waiting time
is different from person to person. If patients’ actual waiting
time exceeds the length of expected waiting time, the patients
will produce bad emotion such as anxiety and discontent.
So we divide patient satisfaction degree into three levels:
satisfaction (the value is equal to 1), dissatisfaction, and very
dissatisfaction (the value is equal to 0). We make survey of
the patients in a high-level hospital in Harbin and collect
data through the way of interview and questionnaire. And
then arrange the data to draw the figure of patient waiting
time distribution in the same satisfaction degree, as shown in
Figures 1–3.

About patients’ satisfaction level, the following points
should be noted.

(1) The hospital is a special service agency; its service
system is different from dining hall or bank and its
process is more complicated. Patients can choose any
type of registration for treatment, so after receiving
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Figure 1: The distribution of waiting time under satisfaction level.
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Figure 2: The distribution of waiting time under dissatisfaction
level.

the first service from one doctor outpatient depart-
ment, the patients are likely to go to other service
systems such as pharmacy and radiology and, then
through the queuing, wait to receive service again and
finally they may leave or go back to the first queuing
system. In this paper, the satisfaction level of patients
we study only refers to the fact that patients produce
negative emotions when they get into queuing system
for the first time.

(2) In the whole process of treatment, patients not only
have to queue for many times, but also through a
number of staff positions in hospital. So the factors
that influence patient satisfaction degree not only
contain the length of waiting time at the first time
entering into queuing system, but also will be affected
by other aspects of service quality. This paper high-
lights the number of doctor outpatient departments
for every type of registration ignoring other factors
and only considers the influence that the length of
waiting time brings to patient satisfaction for the first
time of queuing.

2.3. Doctor Behavior Analysis. If the number of doctor out-
patient departments has irrational allocation for every type
of registration, it will not only make patients wait long time,
but also affect the doctor work’s efficiency and accuracy. On
one hand, if more doctor outpatient departments are opened,
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Figure 3:The distribution of waiting time under very dissatisfaction
level.

it will greatly shorten the waiting time of patients, but it
increases operating costs of the hospital and causes the waste
of doctor resources. On the other hand, if setting up the low
cost as the center goal of hospital and reducing the number of
doctor outpatient departments, it will lead to serious queuing
phenomenon of patients and increase the doctors’ workload.
As a result, it will let the misdiagnosis rate rise because
of no time to rest for doctors and ultimately affect patient
satisfaction. What is more, it can make the relationship
between doctor and patient become more nervous.

2.4. Patient Satisfaction Model. The major research of cus-
tomer satisfaction is the relationship between their psycho-
logical characteristics and activities; thus human behavior
characteristics should be mainly considered to improve the
customer satisfaction. There are many valuable researches
about human behavior. Zhihong et al. [14] used the simi-
larity of Tanimoto to measure customer behavior and then
designed genetic clustering algorithm to divide customer
groups and studied different purchasing behaviors of these
groups. They designed a feature extraction method of multi-
group based on genetic algorithm.We can apply this method
intomany fields of customers. Chun andYiping [15] proposed
an agent-based modeling and simulation method to analyze
customer behavior and the effectiveness of personalized
recommendation strategy. This paper only considered the
mobile electronic commerce situation. Tingting et al. [16]
made a survey of a large supermarket and analyzed customer
behavior characteristics based on prospect theory and then
built corresponding mathematical model to make optimal
scheduling for retail checkout. The situation of this research
was similar to hospital. All these articles are involved in
customer satisfaction.

The environment of hospitals, staff service attitude, and
the length of waiting time can affect patient satisfaction.This
paper analyzes patient and doctor behavior characteristics
by using the theory of behavior science and then establishes
patient satisfaction function of waiting time.

People’s perception of behavior and satisfaction is fuzzy
and uncertain. The prospect theory has great advantage to
describe people behavior characteristics; we can accurately
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Figure 4: The value function diagram.

build descriptive model through analyzing patient satisfac-
tion degree based on this theory. However, the prospect
theory lacks mathematical theory to support. Fuzzy theory
has good mathematical theory basis, but it cannot accurately
describe patient behavior characteristics. So we combined
the two methods effectively to establish patient satisfaction
function.

Prospect theory combines psychology with economics
effectively and uses the value function to represent policy-
makers’ subjective value. Its core is the selection of reference
point.The evaluation of effectiveness about prospect theory is
based on the reference point𝑊0, and when the result of event
is 𝑊, we can use amplitude and direction which 𝑊 deviates𝑊0 to evaluate effectiveness.The formula is 𝑊 − 𝑊0. We treat
the expected waiting time of patient as 𝑊0 and according to
the issue we study, we canmake the plot describe the problem
as shown in Figure 4.

When patient’s actual waiting time is longer than
expected waiting time (reference point 𝑊0), there will be a
loss; otherwise it represents profit.

The value function transports the surface value into
decision value. This paper treats the expected waiting time
of patient as a reference point because patients pay more
attention to the value of difference between expected waiting
time and actual waiting time rather than the result itself.
According to the prospect theory which Kahneman and
Tversky [17] have put forward, we establish the value function
of patient 𝑗 (𝑗 means any one of patients):

𝑉𝑗 (𝑥) = {{{
𝑥𝛼, 𝑥 ≥ 0,
−𝜆 (−𝑥)𝛽 , 𝑥 < 0, 𝑗 = 1, 2, . . . , 𝑛, (1)

where 𝛼, 𝛽 are coefficients of attitude to risk.The bigger 𝛼 and𝛽 are, the more likely decision makers are to pursue risk. 𝜆 is
the loss aversion coefficient and when 𝜆 > 1, it means that the
decision makers are more sensitive to loss. Kahneman and
Tversky’s study concluded that 𝛼 = 𝛽 = 0.88 and 𝜆 = 2.25
which are consistent with empirical data.There are also other
researchers showing that 𝛽 is bigger than 𝛼. Jianmin [18]
proposed that 𝛼 = 1.21, 𝛽 = 1.02, and 𝜆 = 2.25 under the
situation of China and these results based on China actual

conditions are different from foreign countries, so they are
more valuable.

As the patient’s perception of events is fuzzy and uncer-
tain and the prospect theory can only describe this uncer-
tainty qualitatively, it cannot make decision accurately. So
this paper uses the membership function of fuzzy theory to
obfuscate objective function.The specific steps are as follows.

Step 1. Determine the set of evaluations 𝑇 = (𝑇1, 𝑇2, 𝑇3) =(1, 𝑇(𝑡𝑗), 0). 𝑇 represents the satisfaction degree set; each
value in this set means satisfaction, dissatisfaction, and very
dissatisfaction. 𝑡𝑗 means the actual time that patient 𝑗 leaves
this queuing system; 𝑑𝑗 means the expected time that patient𝑗 leaves this queuing system; and 𝑀𝑗 = 𝑡𝑗 − 𝑑𝑗 means the lag
time of the patient 𝑗. When 𝑡𝑗 > 𝑑𝑗, it means a loss; otherwise
there will be profit.

Step 2. Determine the threshold of each satisfaction degree.
According to the analysis of survey results, the threshold of
satisfaction degree is related to the expected waiting time(𝑑𝑗) of patient 𝑗, coefficient of attitude to risk (𝛽), and loss
aversion coefficient (𝜆). There is a formula 𝑅𝑗 = 𝑑𝑗 + (1/𝜆)1/𝛽
describing the relationship between themwhich is concluded
by other researchers. When 𝑡𝑗 ≥ 𝑅𝑗, the value of satisfaction
membership degree equals 0 (𝑇(𝑡𝑗) = 0). When 0 ≤ 𝑡𝑗 < 𝑑𝑗,
the value of satisfaction membership degree equals 1 (𝑇(𝑡𝑗) =1). When 𝑑𝑗 ≤ 𝑡𝑗 < 𝑅𝑗, the people prefer to pursue risk when
there is a loss. According to prospect theory, we can make
derivation under formula (1):

𝑇 (𝑡𝑗) = 1 − (−𝑉𝑗 (𝑥)) = 1 + 𝑉 (−𝑡𝑗 + 𝑑𝑗)
= 1 + [−𝜆 (− (−𝑡𝑗 + 𝑑𝑗))𝛽] = 1 − 𝜆 (𝑡𝑗 − 𝑑𝑗)𝛽 . (2)

This paper uses the typical parameters 𝛼 = 1.21, 𝛽 = 1.02,
and 𝜆 = 2.25.
Step 3. Establish satisfaction function.

In the end, the satisfaction membership function can be
established, as in the following formula. Figure 5 can clearly
describe trend of the function:

𝑇 (𝑡𝑗) =
{{{{{{{{{

1, 0 ≤ 𝑡𝑗 < 𝑑𝑗
1 − 𝜆 (𝑡𝑗 − 𝑑𝑗)𝛽 , 𝑑𝑗 ≤ 𝑡𝑗 < 𝑅𝑗,
0, 𝑡𝑗 ≥ 𝑅𝑗

𝑗 = 1, 2, . . . , 𝑛.
(3)

According to formula (1) and formula (3) and 𝑅𝑗 = 𝑑𝑗 +(1/𝜆)1/𝛽 which reveals the relationship between threshold 𝑅𝑗
and expected waiting time 𝑑𝑗 of patients, we can deduce that𝜆(𝑅𝑗 − 𝑑𝑗)𝛽 = 1. As the domain of deduction is 𝑑𝑗 ≤ 𝑡𝑗 < 𝑅𝑗
and the value of 𝜆 is equal to 2.25, the value interval of 𝜆(𝑡𝑗 −𝑑𝑗)𝛽 is (0, 1). So it verifies correctness of the above model we
build.
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Figure 5: The satisfaction membership function diagram of patient𝑗.

3. Description of Problem and
Establishment of Model

3.1. Description of Problem. Hospital managers need to adjust
the number of doctor outpatient departments according to
patients’ number and their registration type in order to
improve patient satisfaction and reduce operating costs. Hos-
pital belongs to service-oriented industry, and its highest goal
is patient satisfaction. Thus, the problem can be described
as maximizing patient satisfaction for the main goal and
minimizing operating costs for the secondary goal. So it is
a multiobjective scheduling problem. We can use a triple𝛼/𝛽/𝛾 to describe this scheduling problem. The domain of 𝛼
mainly describes the environment of resources; the domain
of 𝛽 mainly analyzes the constraints; and the domain of 𝛾
describes optimal scheduling goals.

3.1.1. Environment of Resources (𝛼 Domain). Patients can
choose different types of registration according to their own
conditions and demands. The service level is different under
each type of registration (usually, the doctors of specialist-
clinic have higher qualification and rich experience). As this
paper focuses on solving the optimal scheduling problem
of doctor outpatient departments, we make the following
description. 𝑛 indicates the total number of doctor outpatient
departments; 𝑎 indicates the number of doctor outpatient
departments under general-clinic; 𝑏 indicates the number of
doctor outpatient departments under specialist-clinic; and𝑐 indicates the number of doctor outpatient departments
under emergency-clinic. Figure 6 shows the simple process
of patient treatment in hospital.

A, B, and C respectively represent general-clinic, special-
ist-clinic, and emergency-clinic.

3.1.2. Constraints and Rules (𝛽 Domain). Each patient should
choose the appropriate registration type according to their
own actual situation to accept service in doctor outpatient
departments, so there is constraint of using different regis-
tration types. Let 𝑁𝑗 describe this constraint. Before patient𝑗 entering into queuing system, the previous patient 𝑗 − 1
has priority to receive service.That means the present patient
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B
1
2

b

C
1
2
c

Arrival Leave

· · ·

· · ·
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Figure 6: The treatment process diagram of patient 𝑗.

must have finished accepting service before the next patient
receives service. In other words, the rule is first come first
served (FCFS).

3.1.3. Optimal Scheduling Target (𝛾 Domain). The hospital’s
ultimate target is to make profit as a service-oriented insti-
tution. For hospitals, the goal is to reduce operating costs as
far as possible, but it is not a major one. The service quality
is directly related to performance of hospital. If patients
produce bad emotion because of long waiting time, it will
influence the revenue of hospital. So improving patient satis-
faction is the most important. Patient satisfaction is affected
by many factors, but this article focuses on the waiting time
that patient enters into the queuing system at first time,
ignoring the interference of other factors. The first goal is
to maximize patient satisfaction and we use the formula
max∑𝑚𝑗=1 𝑇(𝑡𝑗)/𝑚 to express. 𝑚 indicates the total number
of patients. The second goal is to minimize the number of
doctors, and we use the formula min∑𝑚𝑗=1(𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 𝑐𝑖𝑗) to
express. ∑𝑚𝑗=1 𝑎𝑖𝑗, ∑𝑚𝑗=1 𝑏𝑖𝑗, and ∑𝑚𝑗=1 𝑐𝑖𝑗, respectively, represent
the number of doctor outpatient departments under each
type of registration.

3.2. Parameter Design. 𝑛 means the total number of doc-
tor outpatient departments; 𝑚 means the total number of
patients; 𝑖 means any one of the doctor outpatient depart-
ments (𝑖 ∈ [1, 𝑛]); 𝑗 means any one of patients (𝑗 ∈ [1, 𝑚]);𝜂 means the number of patients arrived at the hospital in
a unit time and we treat it as arrival rate; 𝜇 means the
number of patients finished accepting service in a unit time;
it was treated as service rate and it can be regarded as
doctor’s work efficiency; 𝑐𝑖 means the doctor’s work time of
any one doctor outpatient department and every doctor has
fixed department; 𝑝𝑗 means the length of time that patient 𝑗
received service and it is related to the patients’ situation; 𝑟𝑗
means the submitted time of report for patient 𝑗; 𝑡𝑗means the
actual time that patient 𝑗 leaves this queuing system;𝑑𝑗means
the expected time that patient 𝑗 leaves this queuing system;
and 𝑀𝑗 means the lag time of the patient 𝑗. The decision
variables are as follows:

𝑥𝑗 = {{{
1, The patient is being served,
0, other cases,
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𝐷𝑖𝑗 =
{{{{{{{{{

1, The type of registration is A (𝑖 ∈ A) ,
2, The type of registration is B (𝑖 ∈ B) ,
3, The type of registration is C (𝑖 ∈ C) .

(4)

3.3. Basic Assumptions

Assumption 1. Each patient must select only one doctor
outpatient department to get service.

Assumption 2. Do not consider the case that the patients go
back to the queuing system for the second time.

Assumption 3. The patients will leave when waiting time
exceeds a certain range.

Assumption 4. Each type of registration follows the principle
of FCFS and the patients cannot change the queue when they
selected.

3.4. Model Design. Treating doctor outpatient departments
scheduling problem as parallel machine scheduling problem
with different speed, we establish the following models:

( 𝑄𝑚
prec

, 𝑁𝑗
max∑𝑚𝑗=1 𝑇 (𝑡𝑗) /𝑚 (opt) ,

min
𝑚∑
𝑗=1

(𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 𝑐𝑖𝑗)) .
(5)

The corresponding mathematical models are as follows:

max 𝑍 = ∑𝑚𝑗=1 𝑇 (𝑡𝑗)𝑚 , (6)

min 𝑊 = 𝑚∑
𝑗=1

(𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 𝑐𝑖𝑗) , (7)

S.t. 𝑀𝑗 = max (𝑡𝑗 − 𝑑𝑗, 0) , (8)

𝑇 (𝑡𝑗) =
{{{{{{{{{

1, 0 ≤ 𝑡𝑗 < 𝑑𝑗
1 − 𝜆 (𝑡𝑗 − 𝑑𝑗)𝛽 , 𝑑𝑗 ≤ 𝑡𝑗 < 𝑅𝑗,
0, 𝑡𝑗 ≥ 𝑅𝑗

𝑗 = 1, 2, . . . , 𝑛,
(9)

𝑑𝑗 ≥ 𝑝𝑗 + 𝑟𝑗, (10)

𝑐𝑖 ≥ 𝑚∑
𝑗=1

(𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 𝑐𝑖𝑗) (𝑝𝑗 + 𝑟𝑗) , (11)

𝑎𝑖𝑗 = 𝐷𝑖𝑗𝑥𝑗,
𝑏𝑖𝑗 = 12𝐷𝑖𝑗𝑥𝑗,
𝑐𝑖𝑗 = 13𝐷𝑖𝑗𝑥𝑗,

(12)

𝑛∑
𝑖=1

(𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 𝑐𝑖𝑗) = 1, (13)

𝑚∑
𝑗=1

(𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 𝑐𝑖𝑗) ≤ 𝑚, (14)

𝑥𝑗 ∈ {0, 1} ,
𝐷𝑗 ∈ {0, 1, 2, 3} . (15)

In this model, formula (6) is the main objective function,
formula (7) is the secondary objective function, and the rest
of formulas from formula (8) to formula (14) are constraints.
Formula (8)measures the delay time comparedwith expected
waiting time of patient 𝑗. Formula (9) measures patient
satisfaction degree. Formula (10) ensures the rationality of
the patients’ expected waiting time. Formula (11) ensures
each doctor’s work time is limited in any one of the doctor
outpatient departments. Formula (12) means the registration
type which patient 𝑗 chooses to get service. Formula (13)
ensures that each patient just only enters into one doctor
outpatient departments and receives service for only once.
Formula (14) ensures that the number of opened doctor
outpatient departments is less than the total number of doctor
outpatient departments. Formula (15) ensures the range of
decision variables.

4. Algorithm Design

Since this problem about optimal scheduling of doctor
outpatient departments belongs to the multiobjective com-
binatorial optimization. The number of combinations has
an exponential relationship with the number of patients, so
using the traversal method to search results is not feasible.
In our article, the plant growth simulation algorithm (PGSA)
is used to solve this problem. PGSA is the algorithm which
applies the rules of plant phototropism into solving optimal
scheduling problem. This algorithm compares the feasible
region of optimal problem to plant growth environment
and it compares global optimum solution to light which
the plant requires to grow. So it can simulate the plant
phototropism growth rules and then build growth model
of tree trunks and branches under the action of different
morphactins. In recent years, many scholars put PGSA into
different research areas and have received satisfactory results.
Such as Xuping et al. [19] in solving the distributive problem
of emergency supplies, Qingkui et al. [20] in solving vehicle
scheduling problem and Yang et al. [21] in solving scheduling
of the bottleneck in auto maintenance shop are all using this
algorithm.

4.1. Coding Design. Firstly, we number the patients and then
encode them according to the way of real number. An array
shows a treatment plan and the length of array is 𝑚 + 𝑛 − 1
and we use −1∼−(m + 1) as identifiers of different clinics. The
array of Figure 6 shows the case that there are ten patients
and four clinics. We can know which clinic that patients
enter according to above number. For example, in Table 1, the
patient number 10 is in number 3 clinic.
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Table 1: The coding example.

3 4 −1 6 8 −2 7 10 2 5 −3 1 9

4.2. The Probability Model of Plant Growth Simulation Pho-
totropism. We assume the growth process of plant including
roots, trunks, and branches. The initial feasible solution 𝑥0
of the problem represents roots and the number of initial
growing point is 𝑠 which are in trunk 𝐿. These initial
growing points are denoted by 𝐴𝐿1, 𝐴𝐿2, . . . , 𝐴𝐿𝑠 and the
corresponding morphactins are, respectively, denoted by𝑃𝐿1, 𝑃𝐿2, . . . , 𝑃𝐿𝑠. The number of initial growing point is 𝑟
which are in branch 𝐻. These initial growing points are
denoted by 𝐴𝐻1, 𝐴𝐻2, . . . , 𝐴𝐻𝑟 and the corresponding mor-
phactins are, respectively, denoted by 𝑃𝐻1, 𝑃𝐻2, . . . , 𝑃𝐻𝑟. The
computational formulas are as follows:

𝑃𝐿𝑖
= 𝑓 (𝑥0) − 𝑓 (𝐴𝐿𝑖)∑𝑠𝑖=1 (𝑓 (𝑥0) − 𝑓 (𝐴𝐿𝑖)) + ∑𝑟𝑖=1 (𝑓 (𝑥0) − 𝑓 (𝐴𝐻𝑖)) ,

𝑃𝐻𝑖
= 𝑓 (𝑥0) − 𝑓 (𝐴𝐻𝑖)∑𝑠𝑖=1 (𝑓 (𝑥0) − 𝑓 (𝐴𝐿𝑖)) + ∑𝑟𝑖=1 (𝑓 (𝑥0) − 𝑓 (𝐴𝐻𝑖)) .

(16)

In the formulas, 𝑓(∗) = 1/𝑍 represents the objective
function value of growing point and the goal of this algorithm
is to search growing point whichminimizes the value of𝑓(∗).
After determining the morphactin, we can decide whether
to produce new branches in existing branches according to
the value ofmorphactin. It means that the highermorphactin
concentration of growing pointwill receive prior opportunity.
According to formula (16), we know that∑𝑠𝑖=1 𝑃𝐿𝑖+∑𝑟𝑖=1 𝑃𝐻𝑖 =1. First of all, we use computer generated random number
in the domain of [0, 1] and then use the way of throwball to
select prior growing point. After generating a new growing
point, we should compute its objective function value and
update the value of morphactin. Repeat this process until
there is no new branch and then we can obtain the optimal
solution.

4.3. Algorithm Steps

Step 1. Generate initial feasible solution randomly according
to the way of encoding we designed and then calculate the
value of 𝑓(𝑥0). Firstly, 𝑥min = 𝑥0, 𝑓min(𝑥min) = 𝑓(𝑥0).
Step 2. Based on the root 𝑥0, it generates 200 new growing
points according to the method of two-point switching
for improving the efficiency of search. The first switching
position generates randomly and the next switching position
generates according to the way of increasing four bits. If this
position is beyond the individual interval after increasing
four bits, the remaining bits should be researched from
the initial part of individual again. It is similar to treating
individual as a closed loop. If there are the same values
in switching interval under adopting such operation, we

make second adjustment of bits which have the same value
and allow adjusting bits in switching interval in order to
eliminate generating individual wrongly. Verify the feasibility
of growing points according to constraints.

Step 3. Calculate the objective function value of growing
points and then compare them with 𝑓min. If the objective
function value of growing points is less than𝑓min, then update𝑥min, 𝑓min(𝑥min).
Step 4. Calculate the morphactin value of feasible growing
points according to formula (16).

Step 5. Use computer generated random number in the
domain of [0, 1] and then use the way of throwball to select
the next prior growing point.

Step 6. Repeat Step 2∼Step 3 until new growing point
stopped generating or reached the number of iterations.

Step 7. Choose the optimal solution which minimizes the
number of doctor outpatient departments and then deter-
mine the optimal scheduling scheme.

5. Case Study

A survey has been carried out in a high-level hospital in
Harbin, China, and the goal is tomake the optimal scheduling
of doctor outpatient departments for the peak attendance
period (8:00–10:00). The total number of doctor outpatient
departments is 10, and the general-clinic’s number is 4, the
specialist-clinic’s number is 3, and the emergency-clinic’s
number is 3. The average service time of general-clinic is
10 minutes and the service rate is 6 persons per hour; the
average service time of specialist-clinic is 20 minutes and the
service rate is 3 persons per hour and the average service
time of emergency-clinic is 8 minutes and the service rate
is 7.5 persons per hour. The total number of patients under
this period is 112. The arrival rate of patients is 𝜂 = 0.02
person/s which obey Poisson distribution. We use MATLAB
to solve this scheduling problem. The number of iterations
is set 89 times and it runs five times under the Windows 8
platform with RAM of 4GB and basic frequency is 2.30GHz.
Its average running time is 68 s. In the steady state, the
number of general-clinic is 3; the number of specialist-clinic
is 3; and the number of emergency-clinic is 1; and the ultimate
patient satisfaction degree is 0.92. The optimization results
are shown in Table 2.

The row of “State” represents whether the doctor outpa-
tient department is open. “1” indicates that it is open and “0”
indicates that it is closed.

In order to analyze the performance of PGSA, we com-
pare results in Table 2 with the results of traditional genetic
algorithm (GA). The initialized population of GA is 200,
the crossover rate is 0.85, the mutation rate is 0.05, and the
number of iterations is set 89 times. The two algorithms
run 5 times, respectively, under the same constraints and
configuration of the computer. The convergence process of
optimal solution is shown in Figure 7. In the figure, 𝑥-axis
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Table 2: Optimization results.

Category
General-clinic Specialist-clinic Emergency-clinic

Number 1 2 3 4 1 2 3 1 2 3
State 1 1 1 0 1 1 1 1 0 0
The number of patients 21 21 20 0 12 12 13 13 0 0

Table 3: The comparative analysis results of PGSA and GA.

Algorithm The number of
general-clinics

The number of
specialist-clinics

The number of
emergency-clinics Satisfaction degree Running time of

CPU
GA 3 2 2 0.88 75
PGSA 3 3 1 0.92 68
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Figure 7: The optimal solution of convergence.

indicates the number of algorithm iterative times; 𝑦-axis
indicates the average satisfaction degree of patients and we
can see that patients’ average satisfaction degree is increasing.
Compared with GA, PGSA is able to stabilize the value in less
iterations and it has characteristics of high convergence speed
and efficiency which can meet patients’ psychological needs
minimizing the waiting time better.The comparative optimal
result of PGSA and GA is shown in Table 3.

The results’ simulation shows that setting appropriate
number of doctor outpatient departments under different
types of clinics can improve patient satisfaction effectively
and reduce hospital operating costs at the same time and then
achieve excellent management. Thus, adjusting the doctor
outpatient departments’ quantity under different types of
clinics according to dynamic periods is very necessary choice
in hospital.

6. Conclusion

Patients are main part of hospital, so it is very significant
to improve patients’ satisfaction. In this paper, an optimal
scheduling strategy has been designed for the problem
of patients queuing in the hospital. Firstly, the patient
behavioral characteristics are analyzed, and then the patient
membership functions and basic model are built to make
optimal scheduling for doctor outpatient departments. Sec-
ondly, PGSA is used to solve this problem. Comparing
with traditional algorithm GA, it takes less time to find the
optimal solution which has better stability. The PGSA can
solve optimal scheduling of doctor outpatient departments
effectively in order to increase patient satisfaction and at the
same time reduce operating costs in hospital. Finally, the
simulation results of an example have proved the correctness
and validity of the model and PGSA we designed. The paper
focuses ondifferent types of registrationswithout considering
the different types of doctor outpatient departments. In the
future, different types of doctor outpatient departments as a
variable will be added in order to make the research of this
problem close to reality greatly.
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Considering the lack of the research on the relationship between HR flexibility and scheduling effect, a resource-competency
matrix-basedmethodwas proposed in order to reveal the quantitative relationship between them.Meanwhile, a job shop scheduling
model with HR flexibility was established and the improved genetic algorithm was used to solve the model. A case analysis
demonstrated significant impact of HR flexibility on the scheduling effect, which provided valuable guidance for building flexible
manufacturing systems.

1. Introduction

In the traditional production scheduling problems, it is usu-
ally assumed that the workpiece processing time is a constant
and the permanent workers are always available. However,
in the actual production activities, the processing time of
workpiece is not fixed, which changes with shifts of process-
ing workers. For instance, in a standardized operating envi-
ronment, the varying technical proficiencies of skilled and
new workers will result in differences in processing time. For
the problems concerning the optimal scheduling of product
design projects, Yingzi et al. [1] proposed evaluation indices
for task-personnel-resource matching degree and relevant
calculation methods. They introduced the matching degree
between the designer, technical resources, and design tasks
into the scheduling model, along with the intensity of techni-
cal resources. Bixi et al. [2] studied theHR scheduling process
in SMEs, where the staff deployment program is adjusted
according to the production task requirements and different
loads in production units to implement a self-adaptive
division of labor model. For the problems concerning the
optimal scheduling of production management, Yaling et al.
[3] studied the single-piece, small-batch flexible job shop
scheduling problem by considering the diversity of operator

skills and difference in skill levels for different tasks and
calculated the matching degree between task members based
on the operators’ cumulative operating time on each task.
A variety of methods are used to study the task-personnel-
resource matching problem. Li et al. [4] acquired the optimal
labor allocation scheme for flexible manufacturers with the
genetic algorithm and dynamic programming. Smet et al.
[5] solved the staffing problem where labor cost was decided
by job sequence by employing the dynamic programming.
Pan et al. [6] proposed a two-phase heuristic algorithm for
integer programming to solve the staff scheduling problem.
Personnel arrangements in flow shop schedulingwere studied
preliminarily in literatures [7, 8]. Di Francesco et al. [9] classi-
fied multiskilled assemblers into several categories according
to the skill level and created a mixed integer programming
model targeting minimizing the number of staff rotations
between assembly lines to solve the problem. Corominas et
al. [10] divided motorcycle assemblers into two categories,
that is, skilled and unskilled ones, and built a staffing model
aiming to reduce the tact time and lower the number of
workers. Parisio and Neil Jones [11] built an integrated
optimization-based framework for workforce planning in
the retail market. Sophisticated forecasting methods are
integrated with stochastic programming. Miralles et al. [12]
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Figure 1: U-shaped production line.

created a staffing model with the maximum productivity and
employee satisfaction as the goals and then used branch and
bound algorithm to solve the problem. Li and Kelin [13] built
a worker-task matching model for the flexible manufacturers
with the aim of optimizing labor allocation and job sequenc-
ing. Genetic algorithm and dynamic programming method
were used for solving the problem. Jun et al. [14] proposed
the scheduling model based on the resources optimization
disposition, the resource costs, and earliness or tardiness
penalty, in which three-layer encoding method was used to
realize dynamic scheduling of flexible constraints based on
the variable craft route and the man-machine coordination.
Thenondominated sorting genetic algorithmwas also used to
optimize production path under the coexistence of multiple
production lines, simultaneously, and optimize the wage cost
and earliness-tardiness penalty of workpiece. Cao et al. [15]
built an assembler scheduling model to maximize the sum of
job adaptability. A heuristic algorithm based on the fitness
matrix is presented. Mingzhou and Na [16] created a task
competence index-based optimized shop staffing model for
the goals of job quality and operating time. The hybrid
particle swarm optimization (PSO) algorithm was used to
solve the model, and the specific solving process was given.

The above representative research findings on scheduling
problem under the constraint of personnel flexibility, respec-
tively, indicated the preliminary modeling and relationship
between human resources and task matching in the product
design; personnel assignment problem under different pro-
cess routes; and worker-task matching model for production
shops. However, these studies were limited to specific cases
merely, which lack in-depth exploration on the relation-
ship between personnel flexibility and scheduling effect,
particularly the analysis and research into the quantitative
relationship between them. As the most important resource
in production activities, the study of scheduling problemwith
personnel flexibility is of great practical significance. Thus,
this paper studies the job shop scheduling problem with
personnel flexibility with the improved genetic algorithm
by referring to the existing research on personnel flexible
job scheduling and analyzes the rules and the interaction
between personnel flexibility and scheduling effect, striving
to provide a theoretical basis for the optimal designing and
implementation of job shop scheduling.

Process route
Connections between people and machines
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Figure 2: Personnel-machine relationship diagram.

2. Mathematical Model of Personnel Flexible
Job Scheduling

Suppose the number of workpieces is 𝑛, then 𝐽 = {𝐽1, 𝐽2,. . . , 𝐽𝑛}, ∀𝐽𝑖 ∈ 𝐽, which need to be processed through pro-
cedures 𝑂𝑖 = {𝑂𝑖,1, 𝑂𝑖,2, . . . , 𝑂𝑖,𝑗, . . . , 𝑂𝑖,𝑛𝑖}. The machine set
is 𝐴 = {𝑀1,𝑀2, . . . ,𝑀𝑚}. One or more processing ma-
chines are available for each procedure and the processing
time might vary by different machines. Each worker can
operate one or more machines and the worker set is denoted
as𝐻 = {ℎ𝑟1, . . . , ℎ𝑟𝑙}.
2.1. Measurement of Personnel Flexibility. Personnel flexibil-
ity refers to the corporate personnel’s ability to quickly and
efficiently handle different tasks with uncertain changes dur-
ing the production process, which emphasizes the versatility
of employees. To study the impact of personnel flexibility
on corporate productivity, the personnel flexibility is char-
acterized by the personnel-machine relationship diagram.
Assume that there are ℎ𝑟𝑙 workers, who are independent of
each other, as well as𝑀𝑚machines in the production system.
The corresponding actual production line and personnel-
machine relationship diagram are shown in Figures 1 and 2.
Figure 2 demonstrates that different workers have the skills
to operate different machines. For example, person one can
operate machine one and machine two; however, person two
can machine one, machine two, and another machine.

Based on the personnel-machine relationship diagram,
a matrix structure can be mapped, which is known as
personnel-machine (PM) matrix. PM matrix is a matrix ofℎ𝑟𝑙 ×𝑀𝑚 denoted by PM. PM𝑔V is the element corresponding
to the Vth column of the 𝑔th row.

PM𝑔V

= {{{
1, Personnel 𝑔 is capable of operating machine V

0, Personnel 𝑔 is incapable of operating machine V.
(1)
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PMmatrix can be obtained.

PM =
[[[[[[[[
[

PM11 PM12 ⋅ ⋅ ⋅ PM1𝑀𝑚

PM21 d
...

... d
...

PMℎ𝑟𝑙1 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ PMℎ𝑟𝑙𝑀𝑚

]]]]]]]]
]

. (2)

For PM matrix of any size, the flexibility of production
line workers can be measured with the flexibility equation.
The relevant calculation equation is shown

FI = (∑
ℎ𝑟𝑙
𝑔=1∑𝑀𝑚V=1 PM𝑔V)
ℎ𝑟𝑙 ⋅ 𝑚 . (3)

FI value ranges between (0, 1]. The greater the value of
FI is, the higher the personnel flexibility of system will be,
and vice versa. The greater FI value suggested that there
were many workers in the system that can operate multiple
machines and several scheduling plans available. Equation
(3) effectively expresses the relationship between personnel
flexibility and scheduling allocation. The existing literatures
pay little attention to this issue.

For (3), three situations would occur during calculation:
the number of rows was greater than the number of columns
and square matrix; the number of columns was greater
than the number of rows. To facilitate the description of
subsequent cases, these three types of PM matrices were
discussed preliminarily.

(a) When the number of rows was greater than the
number of columns, ℎ𝑟𝑙 > 𝑀𝑚. The demarcation
between personnel flexibility and nonflexibility was
the presence of at least one person whowas capable of
operatingmore than one device. To simplify the proof
process, it was assumed that the machines were oper-
ated in ascending order of row numbers in the PM
matrix. In this way, there would be (ℎ𝑟𝑙−𝑀𝑚) number
of idle workers, who were ready for processing tasks.
Under such conditions, FI calculation satisfied the
following inequality:

FI = (∑
ℎ𝑟𝑙
𝑔=1∑𝑀𝑚V=1 PM𝑔V)
ℎ𝑟𝑙 × 𝑚 > 𝑀𝑚

ℎ𝑟𝑙 ×𝑀𝑚 =
1
ℎ𝑟𝑙 .

(4)

(b) When the PMmatrix was square, the number of rows
was equal to the number of columns. Assuming that
all the diagonal elements were 1, the calculation of FI
satisfied the following inequality:

FI = (∑
ℎ𝑟𝑙
𝑔=1∑𝑀𝑚V=1 PM𝑔V)
ℎ𝑟𝑙 ⋅ 𝑚 > 𝑀𝑚 (ℎ𝑟𝑙)

ℎ𝑟𝑙 ×𝑀𝑚 =
1

ℎ𝑟𝑙 (𝑀𝑚) .
(5)

(c) When the number of columns was greater than the
number of rows, 𝑀𝑚 > ℎ𝑟𝑙. To simplify the proof
process, it was assumed that the machines were
operated in ascending order of row numbers in the

PM matrix. Then (𝑀𝑚 − ℎ𝑟𝑙) number of machines
were idle, and thus it was necessary to select (𝑀𝑚 −ℎ𝑟𝑙) number of employees from ℎ𝑟𝑙 number of them
to operate the remaining (𝑀𝑚 − ℎ𝑟𝑙) number of
machines. Workers were already flexible in such an
environment and correspondingly FI was calculated
as shown in (5).

FI = (∑
ℎ𝑟𝑙
𝑔=1∑𝑀𝑚V=1 PM𝑔V)
ℎ𝑟𝑙 × 𝑚 > ℎ𝑟𝑙

ℎ𝑟𝑙 ×𝑀𝑚 =
1
𝑀𝑚 .

(6)

2.2. Personnel Flexibility Model. Conventional production
scheduling problems seldom consider the impact of person-
nel. But, in the actual production, amachinemay be operated
by different workers, where the processing time varies with
the workers’ skills and experience levels. Therefore, produc-
tion scheduling problems which take personnel flexibility
into account are more complex ones. Firstly, arranging
suitable machines for a certain procedure is required in the
processing of workpiece. Secondly, appropriate personnel
needs to be selected from a set of workers who were capable
of operating themachine. Only in this way can the processing
and sequencing of products actually be completed. 𝑡𝑖,𝑗,ℎ𝑟
was utilized to represent the processing time of workpiece𝑖 on machine 𝑗 (including the workpiece preparation time)
by worker ℎ𝑟; 𝐶(𝑗𝑖, 𝑘, ℎ𝑟) denoted the completion time of
workpiece 𝑗𝑖 on machine 𝑘 by worker ℎ𝑟; and 𝜋 represented
a sequence of all workpiece; then the completion time of 𝑛
number of workpieces on 𝑚 number of machines can be
expressed by the following equations:

𝐶 (𝑗1, 1, ℎ𝑟) = 𝑡𝑗1 ,1 (7)

𝐶 (𝑗𝑖, 1, ℎ𝑟) = 𝐶 (𝑗(𝑖−1), 1, ℎ𝑟) + 𝑡𝑗𝑖 ,1 𝑖 = 2, . . . , 𝑛 (8)

𝐶(𝑗𝑖𝑞 , 𝑘, ℎ𝑟)
= max {𝐶 (𝑗𝑖, 𝑘 − 1, ℎ𝑟) , 𝐶 (𝑗(𝑖−1), 𝑘, ℎ𝑟)} + 𝑡𝑗𝑖 ,𝑘

𝑖 = 2, . . . , 𝑛; 𝑘 = 2, . . . , 𝑚
(9)

𝐶max (𝜋) = 𝐶 (𝑗𝑛𝑞 , 𝑚, ℎ𝑟) (10)

𝜋∗ = arg {𝐶max (𝜋) = 𝐶 (𝑗𝑛𝑞 , 𝑚, ℎ𝑟)} → min, (11)

where (10) was the maximum completion time and (11)
denoted the scheduling order corresponding to the mini-
mization of the maximum completion time.

In addition, production scheduling problems considering
personnel flexibility also needed to satisfy the following
constraints:

(1) One machine can only process one workpiece at a
time.

(2) A workpiece can only be processed with a single
machine at a time.

(3) No processing procedure can be interrupted once
started.
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Figure 3: Three-layer encoding.

(4) Different workpiece owns the same priority level.
(5) There are no precedence constraints between pro-

cedures of different workpiece, while precedence
constraints exist between procedures of the same
workpiece.

(6) All workpieces are processable at time zero.
(7) Workers are available at any time as long as there is no

conflict.

3. Improved Simulated Annealing Genetic
Algorithm (ISAGA)

Genetic algorithm (GA) has fast convergence speed. When
an excellent chromosome has a far higher fitness value than
the average population in the computation, its probability
of being selected increases in case of proportional selection,
thereby leading to the “prematurity” phenomenon. The sim-
ulated annealing algorithm (SA) has the ability to jump out
of local optima, but the principal shortcoming of simulated
annealing (SA) is that it takes too much computer time. To
solve this premature convergence and time-consuming prob-
lem, the paper proposes the improved simulated annealing
genetic algorithm (ISAGA), so as to improve the optima
searching performance.

3.1. Encoding. Efficient encodingmechanism can help reduce
the complexity of computation and avoid repair mechanisms.
In this paper, three-layer encoding was adopted. The first
layer was procedure-based procedure sequence encoding,
where the processing order of various procedures was
determined. The second layer was machine-based machine
allocation encoding, where the processing machine for each
procedure was identified. The third layer was the encoding
of workers who operate the machines. Such an encoding
approach directly reflected the feasible allocation schemes
during scheduling process, where feasible solutions could
always be produced. A three-encoding example is illustrated
in Figure 3. In this example, there are three workpieces; each
workpiece has three operations. For the first operation of
workpiece one, three machines (machines one, three, and
six) can be used to execute this operation; if the machine
three is selected, persons one and two meet the operational
requirement; in this example, person two is selected to
operate machine three.

Procedure-Based Encoding. Code length was the total number
of procedures, while each code was a permutation of all

procedures.Theworkpiece numberwhich appeared at the 𝑗th
time represented the 𝑗th procedure of the workpiece.

Machine-Based Encoding. Its length was the same as the
procedure-based encoding. Each encoded bit corresponded
to the processing machine selected for each procedure. Each
position in the machine codes represented the sequence
number of machine selected for the procedure in the set of
available machines.

Personnel Encoding. Its length was the same as the procedure-
based encoding. Each code corresponded to the processing
machine for each procedure. Each position in the personnel
codes represented the position of worker selected for operat-
ing the machine in the set of available workers.

3.2. Crossover Operator. The purpose of crossover operation
is to retain the good information in the parent chromosomes
through information exchange between them. In this paper,
chromosomes consisted of three parts. The specific crossover
process can be represented as follows.

(1) Procedure chromosomes: multiple workpieces were
operated in each chromosome usingworkpiece-based
POX crossover, which can well inherit the fine char-
acteristics of parents.

(2) The workpiece set 𝐽 = {𝐽𝑖}1≤𝑖≤𝑛 was randomly divided
into two sets: Jobset1 and Jobset2.

(3) Workpieces included in Jobset1/Jobset2 in the parent
chromosome P1/P2 were copied to progeny chromo-
some C1/C2, while maintaining their locations and
sequences.

(4) Workpieces not included in Jobset1/Jobset2 in the par-
ent chromosome P1/P2 were copied to progeny chro-
mosome C1/C2 according to their original sequences.

(5) Crossover of machinery and personnel chromosomes
was done by the same method as used for the
procedure chromosomes, while ensuring the corre-
spondence between them was unchanged during the
crossover process.

3.3. Mutation Operator. In mutation operation, minor dis-
turbances were made on chromosomes by randomly altering
certain genes in them to increase population diversity.

For procedure sequencing section, three mutation meth-
ods, that is, exchange, insertion, and reverse sequencing,
were adopted. Each time, one of these mutationmethods was
randomly selected for operation.

For processing machinery selection part, a procedure
was randomly selected, and then the processing machine
currently in the chromosome was replaced with a different
machine selected from the set of machines available for the
procedure.

For personnel chromosome selection section, a machine
was randomly selected from machine codes, and then the
current staff in the chromosomewas replaced with a different
worker who was selected from the set of personnel capable of
operating the machine.
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3.4. Algorithmic Flow. For job scheduling problem in a per-
sonnel flexibility environment, the flow of ISAGA was as
follows.

Step 1. Initialize the algorithm parameters (number of pop-
ulation popsize, maximum number of iterations 𝑇max, initial
acceptance probability 𝑝𝑟, crossover probability 𝑝𝑐, mutation
probability 𝑝𝑚, and annealing rate 𝜆).
Step 2. Randomly generate initial population. Calculate the
fitness value of each individual and assign 𝑓best to the best
solution among the current population, while assigning𝑓worst
to the worst solution. Calculate the initial temperature 𝑇0 =−|𝑓best − 𝑓worst|/ ln(𝑝𝑟) = −|Δ𝑓|/ ln𝑝𝑟.
Step 3 (termination condition). The algorithm terminates
when the maximum number of iterations𝑁 is reached. If the
condition is satisfied, turn to Step 7; otherwise, turn to Step 4.

Step 4. Implement genetic operation on the population and
calculate the fitness values of new individuals. If the fitness
value is better than the optimal individual of the previ-
ous generation, replace the parent with the progeny while
updating 𝑓best; otherwise, retain the optimal individual of the
previous generation.

Step 5. Implement ISAGA operation on the current optimal
individual in the population, calculate the fitness value of
newly generated individual, and compare the variation of
fitnessΔ𝑓 = 𝑓(𝑘+1)−𝑓(𝑘) caused by two locations. IfΔ𝑓 < 0,
accept the new location and if exp(−Δ𝑓/𝑇𝑘+1) > rand, also
accept the new location; otherwise, retain the old location.

Step 6. 𝑘 = 𝑘+1; then perform the annealing operation𝑇𝑘+1 =𝜆𝑇𝑘, 𝜆 ∈ (0, 1), and return to Step 3.

Step 7. Output the optimal solution obtained in this calcula-
tion.

4. Application and Analysis

In this paper, simulation experiment was performed on a
computer with Intel Core 2 CPU/2.00GHz/2.00GB RAM
using Matlab R2009b programming language. Algorithm
parameters were set as follows: number of iterations 100;
population size 50; crossover probability 0.8; mutation prob-
ability 0.1; annealing rate 0.98; initial acceptance probability𝑝𝑟 = 0.7.

To verify the impact of different personnel flexibilities on
scheduling effect and to analyze the differences in scheduling
effect between three situations of PM matrix (number of
rows > number of columns; square matrix; number of rows< number of columns) and thereby identify the prominent
impact of key personnel on scheduling effect, discussion was
made for three situations.

When the number of rows is greater than the number of
columns, the number of workers is greater than the number
of machines. Relevant processing information is shown in
Table 1, and corresponding PM matrix is shown in (12).
Scheduling effect is shown in Figure 4.

Table 1: Flexible machine processing information.

Workpiece Procedure 𝑀1 𝑀2 𝑀3 𝑀4 𝑀5
𝐽1

𝑂11 50 37 40 — —
𝑂12 — 30 — 20 20
𝑂13 115 14 15 — —

𝐽2
𝑂21 31 — 35 — 32
𝑂22 40 30 — — 60
𝑂23 — — 40 — 57

𝐽3
𝑂31 50 60 — — —
𝑂32 — 40 — 30 50
𝑂33 — — 13 — 12

𝐽4
𝑂41 29 — 27 29 —
𝑂42 — 26 — 24 —
𝑂43 10 — 13 — —

Worker (1) (2) (3) (4) (5)

Workpiece 1

Workpiece 2

Workpiece 3

Workpiece 4

W
or

kp
ie

ce

Time
8
8

9
8

1
2
0

1
0
7

37, 2, 2 40, 5, 6 11, 1, 1

32, 5, 5 30, 2, 2 40, 3, 3

50, 1, 1 40, 2, 2 13, 3, 3

27, 3, 324, 4, 4 10, 1, 1

Figure 4: Scheduling effects.

PM =

[[[[[[[[[[[[[[
[

𝑀1 𝑀2 𝑀3 𝑀4 𝑀5
ℎ𝑟1 1 0 0 0 0
ℎ𝑟2 0 1 0 0 0
ℎ𝑟3 0 0 1 0 0
ℎ𝑟4 0 0 0 1 0
ℎ𝑟5 0 0 0 0 1
ℎ𝑟6 0 0 0 0 1

]]]]]]]]]]]]]]
]

. (12)

As can be seen from (12), at that time, PM = 0.2 > 1/6.
Figure 4 shows the multiple simulation results of data

in Table 1, where the data in block represent the run time,
machines, and workers. For instance, 37, 2, and 2 represented
that the first procedure of workpiece is processed by worker
2 on machine 2 for 37 time units. In addition, minimized
maximum completion time is 120 time units.

To accurately reflect the correlation between scheduling
effect and personnel flexibility for the case of number of rows
greater than the number of columns, this paper begins the
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Figure 5: Relationship curve between personnel flexibility and
scheduling effect.

study where each of six employees is only able to operate
one machine till all employees could operate any machine.
First rule of increasing personnel flexibility is to increase
the number of operators in descending order of processing
time. For instance, processing times of 𝑂22, 𝑂31 on different
machines are (𝑀1: 40, 𝑀2: 30, 𝑀5: 60), (𝑀1: 50, 𝑀2: 60),
and preferred machines for increasing personnel flexibility
are 𝑀5 or 𝑀2. Meanwhile, number greater than machine
code is filled when increasing the personnel flexibility. If the
maximum number of personnel limits has reached, number
was added starting from 1. If machine𝑀{5} = (5), operator
of machine 5 is worker 5 and𝑀{5} = (5, 6) is added in the
first step. As 6 is the maximum number of workers,𝑀{5} =(5, 6, 1) is added in the second step, and so forth. Each type of
flexible configuration is run 20 times, and themost frequently
recurring schedulability is taken as the scheduling result
under respective flexibility configuration. Relationship curve
obtained is shown in Figure 5.

As can be seen from Figure 5, when the row number is
greater than the column number, that is, when the number of
personnel is greater than the number of equipment pieces,
minimized maximum completion time decreases gradually
with increasing personnel flexibility and eventually stabilized.

The number of rows equaled the number of columns.
If only the first five workers are considered, a processing
environment comprising five machines and five workers
would be formed. For initial production environment, it is
assumed that the diagonal element in PM matrix is 1, while
the rest is zero. Principle of adding worker flexibility is the
same as above. Increasing step size is 5, which meant that five
operators are added at a time for one machine. Relationship
curve obtained is shown in Figure 6.

As can be seen from Figure 6, when the row number
equaled the column number, that is, when the number of
personnel equals the number of equipment pieces, mini-
mized maximum completion time decreases gradually with
increasing personnel flexibility, which eventually stabilizes.
Comparing with Figure 5, it is found that the scheduling
result where the number of personnel equaled the number
of equipment pieces is inferior to the situation where the
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Figure 6: Relationship curve between personnel flexibility and
scheduling effect.
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Figure 7: Relationship curve between personnel flexibility and
scheduling effect.

number of personnel is greater than the number of equipment
pieces. The main reason is that more available personnel
corresponded to better processing scheme. Difference in
machine operation between workers would inevitably lead
to a larger solution space, so more solutions can be searched
when there are more personnel.

When the number of rows is less than the number of
columns, the number of personnel is less than the number
of machines. Assuming that only the first four workers are
considered of whom ℎ𝑟4 can operate machines 4 and 5.
Principle of adding worker flexibility is the same as above,
with a step size of 5. Relationship curve obtained is shown
in Figure 7.

As can be seen fromFigure 7, when the rownumber is less
than the columnnumber, that is, when the number of person-
nel is less than the number of equipment pieces, minimized
maximum completion time decreases rapidly with increasing
personnel flexibility, which eventually stabilizes. Comparing
with Figures 5 and 6, it is found that the scheduling result
where the number of personnel is less than the number of
equipment pieces is inferior to the former two situations
at flexibility of 1. This is mainly because the small number
of personnel increases the flexibility of each worker, which
however is still unable to completely satisfy enough choice
space.
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Table 2: Comparison of computational structure between algo-
rithms.

Situation Algorithm 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(1)
ISAGA 100 100 100 100 100 97 96 97
GA 100 100 100 100 99 93 91 90
SA 100 100 95 92 91 90 90

(2)
ISAGA 100 100 100 100 100
GA 100 100 100 95 95
SA 100 100 100 94 95

(3)

Algorithm 0.25 0.5 0.75 1
ISAGA 100 100 100 100
GA 100 100 100 100
SA 100 100 100 100

To comparatively analyze the performance of the pro-
posed improved algorithm, three situations (1)∼(3) are com-
paratively analyzed utilizing ISAGA, GA, and SA, separately.
The algorithms are run 100 times at each degree of flexibility,
and the numbers of times they converged to optimal solutions
are recorded as shown in Table 2.

After the above analyses, the following conclusions can be
drawn.

At a fixed number of equipment pieces, minimized
maximum completion time decreases gradually with increas-
ing personnel flexibility, which eventually stabilizes and
no longer changes with changing personnel flexibility. This
indicates that the unlimited increases in personnel do not
necessarily bring high efficiency.

Comparative analysis of the three situations found that
the minimizedmaximum completion time is superior for the
situation when the number of personnel is greater than the
number of devices to the other two situations at flexibility of
1. Moreover, the results are worst for the situation when the
number of personnel is less than the number of devices. As
shown in Figure 7, when the number of devices is greater than
the number of personnel, the devices are in a starvation state.
As shown in Figure 5, personnel flexibility has a theoretical
optimal point. When the personnel flexibility is greater than
this point, it cannot impact the scheduling result. Figure 6
presents the trend of changes in scheduling results when the
number of personnel equaled the number of devices. As can
be seen from the figure, the relationship curve changes slowly
in such situation, where the scheduling result is not stabilized
until the flexibility reached 0.8.

Simulation analysis demonstrates that the ISAGA has
certain advantages in solving optimization problems of sim-
ilar scale, with number of times converging to the optimal
solution significantly superior to the other two algorithms.
The improved algorithm can be used to solve large-scale
optimization problems.

The above findings have important implications for guid-
ing the design and optimization of flexible production lines.

5. Conclusion

In this paper, personnel flexibility scheduling problem aimed
at minimizing maximum completion time is studied; ISAGA

for solving the problem is proposed tomake a classified study
based on different personnel flexibilities. The results demon-
strate certain interaction between the personnel flexibility
and the scheduling effect. These conclusions have important
guiding value for the improvement of corporate productivity.
In the next step, our team will study the quantitative proof
method, hoping to get more general, regular knowledge
to better guide the design and optimization of production
system flexibility.
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The differences in supply chains and their competitiveness depend on the differences in supply chain value creation systems. On the
basis of the theory of value cocreation, this study investigates the interactive value creation of consumer electronics supply chains
from the perspective of the interaction and added value created by the main value creation bodies in supply chains. Least squares
support vector machine (LS-SVM) is innovatively introduced into the study on consumer electronics supply chains. A data-driven
model is also established, the parameters of themethod and kernel functions are optimized and selected, and an LS-SVM algorithm
of consumer electronics supply chains is proposed to deal with the limited number of samples. Then, an empirical analysis of the
top 10 smartphone supply chains in the Chinese market is conducted, and the LS-SVM model and other forecasting methods are
compared. Results suggest that the LS-SVM model achieves a good predictive accuracy. This study also analyzes the value-adding
structure of supply chains from the perspective of interaction and enriches the theory of value creation among supply chains. This
study is conducive to helping consumer electronics enterprises to conduct market analyses and determine value growth points
accurately.

1. Introduction

The continuous development of information technologies in
recent years has resulted in the constant advancement of the
consumer electronics industry under the social background
of technological innovation.The consumer electronics indus-
try has become the largest and fastest growingmanufacturing
industry in the world [1]. After 10 years of rapid development,
the Chinese consumer electronics market reached the indus-
trial scale of $4,059.01 billion in 2014; this value equated to
54.1% of the global share [2]. China has become the largest
producer and consumer of electronic products. The Chinese
consumer electronics industry has maintained its output
value in trillion yuan and has become one of the major high-
tech industries of the national economy. This industry has
also played a positive role in improving the development level

of social informatization and in promoting the integration of
information and industrialization.

However, the extensive integration of the “Internet+”
strategy and advanced information technologies, includ-
ing mobile Internet, wireless sensing networks, Internet of
Things, and cloud computing, has exerted unprecedented
effects on consumer behavior and has raised new user
requirements, thereby leading to new product types and
intense market competition. In addition, high and new tech-
nologies promote the rapid emergence of new consumer
electronic products. Intelligent production enables online
production to keep abreast of offline production, subjects
the traditional consumer electronics industry to the catfish
effect, and intensifies the global competition in the consumer
electronics industry. Therefore, the core competitive advan-
tage of consumer electronics enterprises and the international
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competitiveness of the consumer electronics industry must
be enhanced.

The competition among consumer electronics enter-
prises revolves around supply chains. From the perspective
of performance, the formation and source of supply chain
competitive advantage depend on the operational efficiency
and effectiveness of supply chains, the essence of which is the
supply chain value creation system.The differences in supply
chains and their competitiveness depend on the differences
in supply chain value creation systems [3].

Traditional value creation theory contends that value
is independently created by enterprises, whereas customers
are the consumers of value [4, 5]. However, the theory
of value cocreation fundamentally subverts the traditional
value creation logic by indicating that a producer is not
the sole value creator; that is, consumers can also create
value [6, 7]. Consumers can create value in production and
consumption [7]. However, the theory of value cocreation
constantly expands toward the outer periphery of supply
chains in practice. Somemain value creation bodies excluded
from supply chains tend to participate in supply chain value
creation in different forms and exert an unexpected effect;
specifically, these value creation bodies participate in open
innovation [8], government policies and regulation [9, 10],
and guidance of industry associations [11].

From the perspective of the supply chain structure,
different value creation bodies represent the contradiction
between a traditional value creation idea and the theory of
value cocreation either in a broad sense or in a narrow sense.
The theory of value cocreation is a redeconstruction of the
original supply chain value creation body, which transforms
from the original single-value creator enterprise into one in
which two value creators, namely, enterprises and consumers,
ormultiple value creators are involved.Therefore, the changes
in value creators inevitably lead to different views on the value
creation method. These changes also result in the differences
in supply chain value creation systems.

Many scholars have considered consumers as supply
chain value creators. Xiao et al. [12] considered that, under
the e-commerce situation, the partner-based supply chain
should be transformed into a consumer-oriented supply
chain; they also suggested that consumers are the future
and end of supply chain value creation. Meng et al. [13, 14]
adopted a new prosumer model and mathematical models to
conduct a series of studies and determined that the alliance of
consumers and enterprises can improve supply chain value.
Huang et al. [15], Cavalieri and Pezzotta [16], and Zhen [17]
introduced consumers into the service-oriented manufactur-
ing supply chain management system and turned them into
“coproducers”; specifically, they provided production services
and service-oriented production activities to maximize and
increase customer value and enterprise value. Shen [3] noted
that the overall value of a supply chain is created by the
joint efforts of suppliers, manufacturers, distributors, and
consumers. In addition, some off-chain value creators (such
as an open innovation body) are incorporated into supply
chain value creation systems, as described in some prelim-
inary theoretical studies and practices. Niu [18] used fuzzy
mathematics theory, established a factor analysis model, and

determined that open innovation exerts a crucial effect on
the development of cluster supply chains. Sakamoto et al. [8]
contended that enterprises should use open innovation as
the key factor to enhance supply chain competitiveness and
add value. IBM established the first supply chain innovation
center in China to integrate and transform the global supply
chain capability of the country by assisting global enterprises
[19]. The aforementioned studies are based on the maxi-
mization of supply chain value, and they include consumers
or other relevant participants into the supply chain value
cocreation system. However, these studies fail to explain the
microscopic mechanism of supply chain value creators after
deconstruction.

As a result of the development of advanced information
technologies, the integration of intelligence and the intercon-
nection highlights the increasingly prominent role of con-
sumers with regard to consumer electronic products, includ-
ing mobile Internet, wireless sensing networks, Internet of
Things, and cloud computing. An increasing number of con-
sumers involved in the value creation process have become
the most important value creators of consumer electronics
supply chains. For example, Xiaomi represents the typical
value cocreation of a consumer electronics supply chain; this
company took only four years to become the fifth largest
mobile phone provider in the world (IDC Report, 2015). In
addition, open innovation gradually narrows the interaction
between an enterprise and external parties; thus, most of the
innovative ideas of an enterprise come from outside forces.
For example, consumer electronics supply chain brandsHaier
and Midea have successfully shifted to open innovation.
Obviously, the traditional enterprise-oriented supply chain
creation mode cannot effectively explain the value creation
problems of consumer electronics supply chains. Thus, value
cocreation has become a new method for creating supply
chain value.

From a deep point of view, the core of value cocreation
theory is that the value creator completes value cocre-
ation behavior through heterogeneity interaction; interaction
provides the value creator with a means to achieve value
cocreation [7, 20]. Technical innovation blurs the boundaries
between companies and individuals and provides increasing
opportunities for the interaction between enterprises and
consumers and for the interaction among consumers [21].
Consumers create value through their consumption prac-
tices or through the interaction opportunities provided by
enterprises [22]. Interaction is a service experience and user
value creation model [23]. It also represents the capacity
of enterprises and consumers to obtain useful information
and achieve value effectively and constantly [24]. Therefore,
interaction can be regarded as a competitive advantage of
enterprises and a heterogeneous resource to improve value
creation ability [24, 25].

The least squares support vector machine (LS-SVM),
which is based on the equality constraint and the least
squares loss function, is an extension of SVM [26]. LS-SVM
is also used to solve pattern recognition, image classification,
and nonlinear function estimation problems [27, 28]. Lan-
gone et al. [29] applied the LS-SVM approach with spectral
clustering and regression to predict the maintenance of
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Figure 1: Value creation system of consumer electronics supply chains based on interaction.

industrial machines. Zhang and Shetty [30] adopted the LS-
SVM approach to predict the surface roughness in machined
surfaces. Yuan et al. [31] built an LS-SVM model to predict
short-term wind power. Yu et al. [32] used LS-SVM to
predict the temperature in a Chinese solar greenhouse. The
LS-SVM method achieves a good prediction performance
in regression forecasting. Although the LS-SVM method
has been widely used for regression prediction in many
disciplines, such as engineering, chemistry, meteorology, and
environmental issues, the application of LS-SVM in the
prediction of supply chain value is not extensively studied.
The supply chain value creation problem exhibits industry-
specific features and involves complex nonlinear problems
that are jointly constituted by upstream and downstream
enterprises, consumers, and other related parties [33]. The
problem of a limited sample size (such as consumer electron-
ics supply chains) inevitably emerges when focusing on the
value creation issues of a specific industrial supply chain.The
LS-SVM method achieves good adaptability in view of these
two characteristics: the LS-SVM method has remarkable
nonlinear mapping capabilities in prediction [34], and the
LS-SVM method usually demonstrates good generalization
ability even with a small sample size [35].

In the present study, we first consider the theory of value
cocreation to explore the internal value creation mechanism
of consumer electronics supply chains. This study also con-
siders consumers, open innovation bodies, and other internal
and off-chain bodies included in the value creation system
of consumer electronics supply chains. The value creation
system of consumer electronics supply chains is established
such that it meets the actual development condition and the
status of the consumer electronics industry. It innovatively
introduces LS-SVM into the study on consumer electronics
supply chains, establishes an interactive value-adding data-
driven model, and optimizes and selects the parameters and
kernel functions of the method to improve its prediction

accuracy. Finally, the LS-SVM model and other prediction
methods are compared, and the results are combinedwith the
empirical data.

The remaining parts of this paper are arranged as follows.
Section 2 establishes the value creation system of consumer
electronics supply chains. Section 3 presents an LS-SVM-
based data-driven model of consumer electronics supply
chains and proposes a relevant algorithm. Section 4 conducts
an empirical analysis of theChinese smartphone supply chain
and offers preliminary policy recommendations. Section 5
discusses the comparative study on the four different forecast-
ing models and common kernel functions. Section 6 presents
the conclusion.

2. Supply Chain Value Creation System
Based on Interaction

According to the perspective of value cocreation, the supply
chain value (systemoutput) process is established on the basis
of the independent creation of supply chain value creators
(system input). This process is jointly achieved by various
value creators through heterogeneous interactions and other
noninteractive value behaviors (Figure 1).

The supply chain value creation process can be divided
into two organic stages. The first stage is the basic value
creation process of supply chains. Porter value chain theory
explains that enterprises and consumers can create their own
value, use this value as an initial supply chain value, input
this value into the basic process subsystem of supply chain
value creation, adopt a series of noninteractive value creation
behaviors, and output the basic value of the supply chain.
The second stage is the interactive value-adding supply chain
process. Self-created value plays a key role in interactive
value creation [36]. The basic value of a supply chain is the
input value of the value creation subsystem; the added
value of a supply chain is output through the heterogeneous
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interactions among various value creators. These two stages
occur simultaneously, and they serve as mutually initial
values in the continuous and dynamic value creation process.
These processes also reflect and enhance each other, and they
promote harmony.

In the process of creating added value in the supply
chain, interaction effectively increases value and serves as a
main carrier of supply chain value-adding factors. Interaction
mainly comes from the interaction among supply chain value
creators. The theory of value cocreation mainly refers to
the value cocreation or interaction between enterprises and
consumers. However, Payne et al. [37] considered that the
main parts of value cocreation activities are customer value
creation, supplier value creation, and interface. Saarijärvi et
al. [38] emphasized that “value,” “cocreation,” and “creation”
mean that enterprise value or consumer value is created by
different bodies through different forms of activities (B2C,
B2B, C2B, or C2C). Moreover, interaction occurs between a
consumer and a product (or service) provider and among all
the bodies in the value network [39]. However, in practice,
interaction occurs in all the cocreation behaviors of the
main bodies in the supply chain. Furthermore, cocreation
behaviors constitute the interactive value-adding structure of
the supply chain.

The present study does not focus on the basic value
creation process of supply chains and mainly explores the
influence of interactive cocreation behaviors on supply chain
value in the value-adding process.The report [40] performs a
literature review and qualitative research and starts from the
interaction and cocreation among enterprises, consumers,
other participants, andmain bodies; it also adopts theDelphi-
AHP evaluation method to construct an interactive value-
adding index system of supply chains (Table 1). This system
includes 4 primary indicators, 14 secondary indicators, and
44 tertiary indicators. The index system characterizes the
features of consumer electronics supply chains. Any change
in an indicator causes a change in the output value of the
interactive value-adding system.

3. Data-Driven Model of Consumer Electronics
Supply Chains Based on LS-SVM

3.1. Data Collection. According to the interactive value-add-
ing index system of consumer electronics supply chains in
Table 1, the senior supply chain experts of the consumer
electronics industry are invited to participate. Moreover, a
five-point Likert scale is adopted, the vth V (V = 1, 2, 3)
indicator of 𝑁 supply chains is quantified and scored, and
the input vector of the 𝑙th interactive value-adding electronics
supply chain system 𝑥V𝑙 is obtained. The actual value of the𝑙th interactive value-adding electronics supply chain system
is recorded as 𝑦𝑙. Thus, the original data set of the data-
drivenmodel of consumer electronics supply chain {𝑥V𝑙 , 𝑦𝑙}𝑁𝑙=1
is obtained.

3.2. Model Construction. The training set {𝑥V𝑘, 𝑦𝑘}, 𝑘 =1, 2, . . . , 𝑛, 1 < 𝑛 ≤ 𝑁, is selected; here, 𝑥V𝑘 ∈ 𝑅𝑑V , where 𝑥V𝑘
refers to the variable of the Vth indicator that affects the value

of consumer electronics products, V = 1, 2, 3, and 𝑦𝑘 refers to
the value of the consumer electronics supply chain. The Vth
indicator’s driving model of the consumer electronics supply
chain based on LS-SVM is assumed as follows:

𝑦VCESC (𝑥V) = (𝐺V)𝑇 𝜑 (𝑥V) + 𝑏V, (1)

where 𝑦VCESC is themodel predictive value of the Vth indicator,(𝐺V)𝑇 is the weight vector, 𝜑(𝑥V) denotes nonlinear mapping
from the input space to the high-dimensional feature space,
and 𝑏V is a partial vector [41].

According to the LS-SVMmethod, the error loss function𝑒2V𝑘 and error penalty factor 𝛾 are introduced. The above
problem (1) can be transformed into Model (2) as follows:

min 𝐽 (𝐺V, 𝑒V) = 12 (𝐺V)𝑇𝐺V + 𝛾V2 𝑛∑
𝑘=1

𝑒2V𝑘
s.t. 𝑦𝑘 = (𝐺V)𝑇 𝜑 (𝑥V𝑘) + 𝑏V + 𝑒V𝑘 , 𝑘 = 1, 2, . . . , 𝑛.

(2)

The Lagrange function is defined as

𝐿 (𝐺V, 𝛾V, 𝑒V, 𝑎V, 𝑏V)
= 12 (𝐺V)𝑇𝐺V

+ 𝑛∑
𝑘=1

(𝛾V2 𝑒2V𝑘 − 𝑎V𝑘 ((𝐺V)𝑇 𝜑 (𝑥V𝑘) + 𝑏V + 𝑒V𝑘 − 𝑦𝑘)) .
(3)

According to the KKT conditions of MP, the solution of
problem (2) is equivalent to solving the following equations:

𝐺V = 𝑛∑
𝑘=1

𝑎V𝑘𝜑 (𝑥V𝑘) ,
𝑛∑
𝑘=1

𝑎V𝑘 = 0,
𝑎V𝑘 = 𝛾V𝑒V𝑘 , 𝑘 = 1, . . . , 𝑛,𝐺V ⋅ 𝜑 (𝑥V𝑘) + 𝑏V + 𝑒V𝑘 − 𝑦𝑘 = 0, 𝑘 = 1, . . . , 𝑛.

(4)

The kernel function is defined as𝐾(𝑥V𝑖 , 𝑥V𝑗) = 𝜑(𝑥V𝑖 )⋅𝜑(𝑥V𝑗),
and 𝐺V and 𝑒V are eliminated. Problem (4) can be converted
into the following equation:

(0 (𝐼V𝑛)𝑇1 𝐾 (𝑥V𝑖 , 𝑥V𝑗) + 1𝛾V){𝑏V𝑎V} = { 0𝑦VCESC} . (5)

The solutions 𝑎V and 𝑏V are calculated. Thus, the data-
driven model based on LS-SVM is as follows:

𝑦VCESC (𝑥V) = 𝑛∑
𝑘=1

𝑎V𝑘𝐾(𝑥V, 𝑥V𝑘) + 𝑏V. (6)
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In the forecasting model, the commonly used kernel
functions include the polynomial kernel function (POLY;𝐾(𝑥𝑖, 𝑥𝑗) = (𝑥𝑖, 𝑥𝑗 + 𝑏)𝑑), linear kernel function (LIN-
EAR; 𝐾(𝑥𝑖, 𝑥𝑗) = (𝑥𝑖, 𝑥𝑗)𝑑), and sigmoid kernel function
(𝐾(𝑥𝑖, 𝑥𝑗) = tanh[𝑐1(𝑥𝑖, 𝑥𝑖) + 𝑐2]). In these kernel functions,
the form of the radial basis kernel function (RBF kernel) is as
follows:

𝐾(𝑥V𝑖 , 𝑥V𝑗) = exp(𝑥V𝑖 − 𝑥V𝑗2 (𝛿V)2 ) . (7)

𝑏 and 𝑑 in POLY must be adjusted and optimized. Thus,𝑐1 and 𝑐2 in the sigmoid kernel function are uncertain,
and LINEAR is a special case of the RBF kernel. The RBF
kernel only comprises one nuclear parameter 𝛿, and such
simple structure makes it widely used for research. This
study establishes LS-SVM models on the basis of different
kernel functions to compare the performance of the RBF
kernel and that of the other kernel functions. Moreover, this
study performs a comparative analysis of the effect of kernel
functions on model accuracy.

3.3. Model Solution

3.3.1. Model Parameter Optimization. The analysis in Sec-
tion 3.1 indicates that the learning and generalization capabil-
ities of the data-driven model greatly depend on the penalty
coefficient 𝛾 and kernel function parameter 𝛿.The grid search
algorithm (GSA) is a popular method used to obtain the
optimal solution of (𝛾, 𝛿) [42]. Therefore, this study adopts
the GSA to determine the two parameters for conducting the𝑘-fold cross-validation of each set of parameters. However,
errors are caused by different initial search areas when
using the GSA embedded in the MATLAB LS-SVM toolbox
(version 1.8). Therefore, this study tests the combinations of
primary indicators for 𝑚 times to ensure that the selected
parameter achieves good adaptability. The average relative
error is considered as the error of the model at the indicator
level. Considering that the index system is constituted by
three levels, the final error of the model is defined as the
average error of the indicator model at different levels to
ensure the consistency of the model.

If ℎ test samples are under the Vth level indicator, then the
previous section assumes that 𝑛 samples exist in the training
set; thus,𝐶𝑛ℎ+𝑛 combinations exist. In the 𝑠th combination, the
average relative error of the corresponding training set is

𝑒train𝑠
= (1/𝑚)∑𝑚𝑗=1∑3V=1∑𝑛𝑖=1 𝑦𝑖 − (∑𝑛𝑘=1 𝑎V𝑘𝐾(𝑥V𝑖 , 𝑥V𝑘) + 𝑏V)𝑦𝑖 . (8)

The total error evaluation function is

𝑒𝑠 = 𝑒train𝑠3 (ℎ + 𝑛) . (9)

3.3.2. Comparison and Optimization of Training Set and Test
Set. The robustness and generalization ability of the LS-SVM
model are affected by the number of training sets. This study
produces an optimized design for each ratio of the test set
over the training set to determine the optimal number of
training sets. First, the ratio-related average relative error is
defined as 𝐸ℎ = (1/𝐶ℎℎ+𝑛) ∑𝐶ℎℎ+𝑛𝑠=1 𝑒𝑠. Then, the average relative
error-standard deviation relationship between the number of
test sets ℎ and 𝐸ℎ is observed. The test set sample ℎ∗ that
produces a small 𝐸ℎ and small standard deviation is selected.
Finally, according to Formula (9), all the combinations with
the smallest “training set–test set” combinations are chosen.
The penalty coefficient of the sample 𝛾V and the width of the
kernel function 𝛿V are calculated according to corresponding
indicators.

3.3.3. LS-SVM Algorithm for Limited Samples. The LS-SVM
algorithm of consumer electronics supply chains that is
suitable for limited samples is obtained through the preceding
analysis.

If the number of test set samples is ℎ, then the number
of training set samples is 𝑛, and the total number of samples
is 𝑁 = ℎ + 𝑛. For each ℎ, the total number of training set
combinations is 𝑝ℎ = 𝐶ℎ𝑁. 𝑚 is the number of repeated tests.
V (V = 1, 2, 3) is the level of indicator.
Step 1. All the Vth indicators of 𝑁 are quantified and scored
to derive {𝑥V𝑙 , 𝑦𝑙}𝑁𝑙=1, which is the original data set of the data-
driven model of consumer electronics supply chains.

Step 2. As for all ℎ = 1, . . . , 𝑁 − 1, the grid fivefold
cross-validation method is adopted to calculate all the cor-
responding parameter combinations (𝛾1, 𝛿1), . . . , (𝛾𝑝ℎ , 𝛿𝑝ℎ) of
combinations 𝑆1, . . . , 𝑆𝑝ℎ . The calculation is repeated for 𝑚
times. According to Formulas (8)-(9), the total average error
of tertiary indicator 𝑒1, . . . , 𝑒𝑠𝑝ℎ is calculated. Then, 𝐸ℎ = 𝑒1 +⋅ ⋅ ⋅ + 𝑒𝑠𝑝ℎ , and the total average relative error is obtained.

Step 3. According to the relationship ℎ − 𝐸ℎ, the low value of𝐸ℎ and a number of selected test sets are considered, and the
optimal ℎ∗ is selected.
Step 4. As for the optimal ℎ∗, all the corresponding param-
eter combinations (𝛾1, 𝛿1), . . . , (𝛾𝑝ℎ , 𝛿𝑝ℎ) of combinations𝑆1, . . . , 𝑆𝑝ℎare calculated. The calculation is repeated for 𝑚
times. According to Formulas (8)-(9), the total average error
of tertiary indicator 𝑒1, . . . , 𝑒𝑠𝑝ℎ is calculated, and the smallest
error is selected and recorded as 𝑒∗𝑠 . The corresponding
optimal combination is 𝑆∗𝑠 .
Step 5. The grid fivefold cross-test method is adopted to
analyze 𝑆∗𝑠 . The indicator of each level (𝛾∗, 𝛿∗) is calculated.
Step 6. Parameter combination (𝛾∗, 𝛿∗) is substituted into
Formula (5).Then, solution (𝑎V, 𝑏V) is obtained. According to
Formula (6), the LS-SVM-based data-driven model of each
level indicator can be calculated.
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Table 2: Smartphone market in China (quarter 3, 2015).

Brand number Brand name Market share (%)
A Xiaomi 16.4
B Huawei 16.2
C Apple 12.1
D OPPO 10.2
E Vivo 10.0
F Samsung 8.8
G Meizu 6.7
H Coolpad 4.8
I Lenovo 4.4
J ZTE 2.7

Others 7.6
Source: HIS Technology, 2015 [43].

4. Empirical Analysis of Smartphone
Supply Chain

4.1. Data Sources and Preprocessing. This study selects the
data on the market share of the top 10 consumer electronic
product brands in the Chinese market in the third quarter of
2015; the data are retrieved from the report released by HIS
Technology [43] (Table 2).

This study starts from a practical point of view. The
market share represents the value creation level of the supply
chain. Therefore, the real value of the value creation sys-
tem of the consumer electronics supply chain may be
assumed to be approximately equal to its market share and
is represented by �⃗�. Then, �⃗� = (𝑦1, 𝑦2, . . . , 𝑦10)𝜏 = (0.164,0.162, 0.121, 0.102, 0.1, 0.088, 0.067, 0.048, 0.044, 0.027, 0.076).
The senior management representatives of the aforemen-
tioned top 10 brands were invited to rate the interactive
value-adding index system of the supply chain using a
five-point Likert scale. The scores constitute the system’s
input vector 𝑥V𝑘, V = 1, 2, 3.

This study implements the 𝑧-score standardization of
all the independent variables and dependent variables of
the samples to achieve a good model fit (the data on each
dimension are changed into the data with a mean value of 0
and a variance of 1).

4.2. Optimal Ratio of Training Set over Test Set. The mean
value of all the possible combinations 𝑒𝑖(𝛾, 𝛿) of each 𝑛 is
calculated according to Formulas (8)-(9) to determine the
optimal number of training sets 𝑛 (𝑛 = 2, 3, . . . , 9).The ℎ−𝐸ℎ
relationship diagram of the indicator at each level is obtained.

As shown in Figures 2–4, the abscissa represents the
number of test sets, whereas the ordinate represents themean
relative error.With the increase in the number of test sets, the
number of training sets gradually decreases, and the mean
relative error and variance increase. Therefore, the margin of
error variation caused by the increase in the total number
of samples and test sets is considered when the ratio of the
training set over the test set is 7 : 3. The mean relative error
and the variance of the model reach the acceptable range,
and the validity of model can be tested well when three test
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Figure 2: ℎ − 𝐸ℎ diagram of primary indicator.
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Figure 3: ℎ − 𝐸ℎ diagram of secondary indicator.
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Figure 4: ℎ − 𝐸ℎ diagram of tertiary indicator.
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sets are kept. In addition, the selected optimal proportion ℎ∗
can prove that the literature [30] sets the proportion of the
training set over the test set as 3 : 1; evidence and practical
experimental methods are provided.

4.3. Determination of Modeling Parameters. According to the
proportion of “training set–test set” determined in Sec-
tion 4.2, 7 out of the 10 samples are randomly selected as
training sets. The remaining three samples are set as test sets,
thereby forming 𝐶310 “training set–test set” combinations.
This study determines the optimal penalty coefficient 𝛾 and
the width value 𝛾 using the MATLAB LS-SVM toolbox
(version 1.8) program and fivefold cross-validation. However,
allocating the LS-SVM toolbox (version 1.8) causes uncertain𝛾 and 𝛿 interval. Therefore, this study runs the 𝐶310 “training
set–test set” combinations for 50 times (𝑚 = 50) to ensure
the generality of the selected training set. A set of training
sets that achieves the minimum relative error between the
predictive value of the test set 𝑦Vsmartphone and the actual value𝑦𝑖 is selected from the operating results and is set as the
training set of the model. The 𝛾, 𝛿, �⃗�, and 𝑏 of the training
set are calculated.

4.4. Model Construction. This study tests the primary indi-
cators according to the aforementioned algorithm and cal-
culates the model parameters; namely, 𝛾1 = 6688.5436,𝛿1 = 9.3824, 𝑎1 = (−1.410, 3.713, −0.1716, 0.7713, −3.6011,1.1173, −0.4185)𝜏, and 𝑏1 = 0.0904, when they are substituted
into Formula (6). Model (10) can be obtained as follows:

𝑦1smartphone (𝑥1) = 𝑛∑
𝑘=1

𝑎1𝑘𝐾(𝑥1, 𝑥1𝑘) + 𝑏1. (10)

Similarly, secondary indicators are tested, and model
parameter values, namely, 𝛾2 = 42.2070, 𝛿2 = 94.4815, 𝑎2 =(3.1259, 9.3600, −3.4464, −6.3903, −4.0192, 4.8775, −3.5075)𝜏,
and 𝑏2 = 0.3462, are obtained when they are substituted into
Formula (6). Model (11) can be obtained as follows:

𝑦2smartphone (𝑥2) = 𝑛∑
𝑘=1

𝑎2𝑘𝐾(𝑥2, 𝑥2𝑘) + 𝑏2. (11)

Similarly, tertiary indicators are tested, and the model pa-
rameter values, namely, 𝛾3 = 395.1913, 𝛿3 = 315.5547,𝑎3 = (−2.3749, 21.1087, −11.0490, −3.6557, −7.9159, 7.2021,−3.3873)𝜏, and 𝑏3 = 0.2903, are obtained when they are
substituted into Formula (6). Model (12) can be obtained as
follows:

𝑦3smartphone (𝑥3) = 𝑛∑
𝑘=1

𝑎3𝑘𝐾(𝑥3, 𝑥3𝑘) + 𝑏3. (12)

4.5. Result Analysis. According to Models (10)–(12), the
comparison between the output values (predictive value) and
the actual values of the indicators at different levels is shown
in Figures 5–7.

In Figures 5–7, the ordinate represents the market share,
whereas the abscissa represents the sample. In the test set
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Figure 5: Output of data-driven model and actual value based on
primary indicators.
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Figure 6: Output of data-driven model and actual value based on
secondary indicators.

of the smartphone data-driven model based on primary,
secondary, and tertiary indicators, the mean relative errors
between the predictive values and the actual values are 3.76%,
5.36%, and 2.42%, respectively. From this perspective, the
data-driven models (10)–(12) of the smartphone interactive
value-adding system show a high prediction accuracy. With
regard to the optimal combination determined in Section 4.3,
the test set consists of OPPO, Samsung, and Meizu, whereas
the remaining seven brands constitute the training set.

Given that the model is effective, the value-adding
influence factor of the consumer electronics supply chain
and the index system extracted and constructed by this
study, respectively, are scientific and effective. They also
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Data 3
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Figure 7: Output of data-driven model and actual value based on
tertiary indicators.

appropriately reflect the value creation system of a specific
industrial supply chain. In terms of prediction accuracy, the
model based on tertiary indicators should be adopted when
analyzing the market share of consumer electronics enter-
prises because this model achieves the highest precision. In
terms of convenience, themodel based on primary indicators
is the best because this model contains few indicators and it
can obtain data easily.

The scientific index system segments the value creation
system of consumer electronics enterprises and demonstrates
the value-addingmechanism.This system can help consumer
electronics companies to determine the value-adding points
accurately. Consumer electronics companies can also learn
from model enterprises, compare the inputs of their interac-
tive value-adding systems, and perform a scientific analysis
on their differences to select investment strategies, improve
business outputs, and reduce investment.

5. Comparative Analysis

5.1. Comparison of the Accuracies of Different Models. This
study combines the training set and test set determined in
Section 4.3 to compare the advantages and disadvantages of
LS-SVM and other predictionmethods.The predictionmod-
els based on SVM, extreme learning machines (ELM), and
back propagation (BP) are also established. The predictive
values of the test set in different models and their relative
errors are shown in Table 3.

Table 3 shows the mean errors and standard deviations
of the predictive values of the test sets of the different LS-
SVM models based on indicator data at different levels and
different kernel functions.They are ranked in ascending order
as follows: LS-SVM < SVM < BP < ELM. The data-driven
model based on the LS-SVMmethod shows the lowest mean
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Figure 8: Effect of kernel function selection on the accuracy of the
LS-SVMmodel (primary indicators).

error and standard deviation and is thus superior to the other
models.

5.2. Effect of Kernel Function Selection on LS-SVM Model
Accuracy. This section debugs the common RBF kernel,
LINEAR, and POLY, which are all constructs of the LS-SVM
model, to investigate the effect of kernel function selection
on the data-driven model (Figures 8–10 and Table 4). Figures
8–10 show that the predictive values of the LS-SVM model
based on the RBF kernel show the best fitting effect with
the actual value, the minimum mean error, and the highest
performance.

As shown in Table 4, when the models are based on
primary indicator data, the average relative errors of the
predictive values of the LS-SVM models based on the three
kernel functions are ranked in ascending order as follows:
RBF < POLY < LINEAR (all sets); RBF < POLY = LINEAR
(test set). When the models are based on secondary indicator
data, the average relative errors of the predictive values are
ranked in ascending order as RBF < LINEAR < POLY
(all sets) and RBF < POLY < LINEAR (test set). When
the models are based on secondary tertiary indicator data,
the average relative errors of the predictive values in all sets
and in the test set are ranked in ascending order as follows:
RBF < LINEAR < POLY. Therefore, the training set of
the LS-SVM model based on the RBF kernel shows a better
fitting degree than the other kernel functions.TheRBF kernel
performs better than the other kernel functions regardless of
the prediction accuracy of all the sets or test sets.

6. Conclusions

This study establishes a value creation system of consumer
electronics supply chains on the basis of the theory of
value cocreation and the interactive value-addingmechanism
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Table 4: Comparison of the accuracies of the LS-SVMmodels based on different kernel functions.

Samples Primary indicator Secondary indicator Tertiary indicator
RBF LINEAR POLY RBF LINEAR POLY RBF LINEAR POLY

Training set

0.000 0.018 0.003 0.021 0.021 0.040 0.002 0.003 0.003
0.000 0.031 0.036 0.044 0.054 0.100 0.017 0.014 0.024
0.000 0.012 0.015 0.032 0.022 0.045 0.012 0.008 0.015
0.000 0.020 0.029 0.071 0.096 0.093 0.005 0.005 0.009
0.000 0.118 0.186 0.093 0.094 0.188 0.022 0.022 0.041
0.000 0.078 0.064 0.124 0.135 0.102 0.022 0.012 0.022
0.000 0.234 0.157 0.145 0.050 0.127 0.017 0.006 0.010

Test set
0.053 0.057 0.024 0.059 0.085 0.082 0.071 0.072 0.076
0.050 0.011 0.018 0.033 0.022 0.016 0.001 0.044 0.044
0.010 0.063 0.091 0.069 0.190 0.134 0.001 0.062 0.075

Mean error (test set) 0.038 0.044 0.044 0.054 0.099 0.077 0.024 0.059 0.065
Mean error (all sets) 0.011 0.064 0.062 0.071 0.077 0.093 0.017 0.025 0.032
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Figure 9: Effect of kernel function selection on the accuracy of the
LS-SVMmodel (secondary indicators).

between value creators in supply chains.Therefore, this study
adopts the LS-SVMmethod to construct a data-drivenmodel
of consumer electronics supply chains and proposes the LS-
SVM algorithm, which is suitable for limited samples for
consumer electronics supply chains. On the basis of this
algorithm and the marginal effect, this study presents a
good proportion of the training set over the test set under
the condition involving a small number of data samples.
Finally, this study performs an empirical analysis of the top 10
smartphone supply chains in the Chinese market. The results
indicate that the model achieves a good prediction accuracy.
This research can help consumer electronics enterprises to
accurately determine value-adding points and conduct mar-
ket analyses. This study also provides a great practical value
to improve the competitiveness of the consumer electronics
supply chains of these enterprises.
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Figure 10: Effect of kernel function selection on the accuracy of the
LS-SVMmodel (tertiary indicators).

The subsequent research will perform an in-depth analy-
sis of the value creation mechanism of consumer electronics
supply chains. The features will be selected according to the
established index system and data-driven model, and the
optimal investment strategy for consumer electronics supply
chain investment will be determined.
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It is difficult to generate the new schedule effectively for minimizing the negative impact when an unanticipated disruption occurs
after a subset of tasks has been finished in production scheduling. In such cases, continuing with the original schedule may not be
optimal or feasible. Based on disruption management and Internet of things (IoT), this study designs a real-time status analyzer
to identify the disruption and propose a recovery model to deal with the disruption. The computational result proves that our
algorithm is competitive with the existing heuristics. Furthermore, due to the tradeoff between all participators (mainly including
customers, managers of production enterprise, and workers) involved in production scheduling, our model is more effective than
the total rescheduling and right-shift rescheduling.

1. Introduction

Providing customers with satisfactory service is the central
concern for production enterprises. However, given the com-
plexity of processing environments, random or unanticipated
events, including anomaly status of processing environment
and machine breakdown, constantly occur in production
scheduling. As a result, the original schedule is likely to be
suboptimal and may not even be feasible. In this study, we
use the term “disruption” to describe the reasons that trigger
a rescheduling process.

Research on rescheduling is extensive [1, 2]. We differen-
tiate our model from the existing findings in which the new
schedulewill be evaluated.Theobjective ofmost rescheduling
research is to find an optimal schedule in the new envi-
ronment with respect to the original objective function. In
our model, we consider both the original objective function
and the deviation from the original schedule. The reason for
considering the deviation is that once the original schedule is
generated, many preparations have already been made, such
as allocating resources, distributing raw materials, and fixing
customer delivery dates. Hence, if any change to the original
schedule has a negative impact on these preparations, then
the new schedule has to minimize the deviation [3].

In this paper, we combine disruption management and
IoT to deal with the disruption. IoT is to realize the infor-
mation sharing of global things from any place, which is able
to monitor the process of production scheduling and identify
the disruption quickly. Furthermore, disruptionmanagement
aims to dynamically revise the original schedule and obtain a
new schedule that reflects the constraints and objectives of
the evolved environment [4].

The rest of the paper is organized as follows. Section 2
provides a brief review of the related work. Section 3 designs
a real-time status analyzer based on IoT to identify the
disruption. Section 4 constructs a recovery model combining
quantitative model and prospect theory to measure the
deviation, and Section 5 proposes an improved ant colony
optimization (IACO) to obtain the new schedule quickly.
Section 6 shows the validity of the demonstrated model and
IACO. Finally, Section 7 provides conclusions and directions
for future research.

2. Related Work

Determining how to handle disruption is a significant issue in
the decision-making process. Disruption management is an
example of rescheduling in real time, which is necessary in
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some cases because disruption is unanticipated and cannot
be embedded in making the original schedule in advance.
Through disruption management, a new schedule that mini-
mizes the negative impact can be obtained.

Disruption management was first applied to the airline
industry, in which flight disruptions often entail huge cost
loss [5, 6]. The successful implementation of the idea led to a
growing interest in applying disruptionmanagement to other
fields. In the study of production scheduling, Lee and Yu [7]
studied the parallel-machine scheduling problem under the
disruptive environment by minimizing the sum of weighted
completion times and provided a pseudopolynomial time
algorithm to solve the problem. Tang and Zhang [8] inves-
tigated the disruption caused by machine breakdown and
proposed the Lagrangian relaxation approach to deal with
the disruption. Wang et al. [9] discussed parallel-machine
scheduling problems with a deteriorating maintenance activ-
ity and provided a polynomial time algorithm to solve the
total completion time minimization problem. Liu et al. [10]
studied the disrupted single-machine scheduling problem.
The deviation was measured by the completion times of
jobs and quantum-inspired hybrid heuristics were presented.
Khedlekar et al. [11] studied the flexible managerial decision
policy for disruption in production system. They solved the
disruption problem analytically to determine the production
period before and after disruptions. Paul et al. [12] developed
the recovery model and dynamic solution approach to deal
with disruptions for production-inventory system. Sarker et
al. [13] focused on production scheduling under uncertain
disruption and adopted an improved memetic algorithm to
solve the problem.

Another stream of literature relevant to our research
is the recently emerging subject of behavioral operation
management [14]. The operation contexts primarily investi-
gated were supply chain management, newsvendor problem,
forecasting, and decision-making, which is concerned with
the theories of individual decision-making biases, social
preferences, and cultural elements [15]. Su [16] proposed a
decision framework of bounded rationality applied to the
classic newsvendor model. Gino and Pisano [17] explored
the theoretical and practical implications of incorporating
behavioral and cognitive factors into models of operations.
Chen et al. [18] presented a model of bounded rationality
based on the quantal response equilibrium, in which players
were not perfect optimizers and faced uncertainty in the
actions of their opponents. Katsikopoulos and Gigerenzer
[19] briefly discussed some research on the heuristics in
behavioral operationmanagement and showed how the study
of quantitative models of heuristics can complement it.
Chen and Zhao [20] developed a behavioral model with
different mental weights on the underage and overage costs
to characterize the perception bias of a retailer on a critical
fractile.

In summary, identifying the disruption was likely to
be neglected in previous literature because the researchers
focused on obtaining the revising schedule quickly. In addi-
tion, the existing researches assumed that humans in pro-
duction scheduling were perfectly rational and emphasized
the optimization of material and financial resources. They

disregarded these facts that people facing a new situation
often have different perceptions and the obtained solution
may not be optimal or feasible. Accordingly, how to identify
the disruption and measure the deviation still needs further
study.

3. A Real-Time Status Analyzer Based on IoT

In production scheduling, the ambient condition subtly
changes all the time. However, considering and adjusting it as
a whole are worthy only when the current schedule does not
work properly.Thus, a real-time status analyzer based on IoT
is designed and developed to identify the disruption before
adopting the recovery model.

3.1. System Architecture. The status data are sent to computer
terminals (CTs) of the Internet via wireless sensor networks
(WSNs) and satellite. The data processing center analyzes the
data, and it is alerted when a disruption occurs. The system
can achieve the following three functions.

(1) Data Acquisition. Jobs in the shop are frequently sensitive
to temperature, humidity, and pressure. Thus, the status of
processing environment needs to be monitored in real time.
All data of the basic properties and environmental status
of jobs are also sent to the radio frequency identification
(RFID) reader via the WSNs. Finally, the aforementioned
information is summarized and sent to the corresponding
CTs.

(2) Exception Analysis. Based on the initial schedule and
according to different characteristics of jobs, the corre-
sponding thresholds for equipment status, shop temperature,
humidity, and pressure are preset. Thus, the massive time-
varying data can be monitored and analyzed in real time to
determine whether any exception occurs.

(3) Real-Time Alert. When an exception occurs as revealed
by the monitored data, the disruption occurs and the system
gives out alerts immediately, thereby revising the original
schedule and obtaining a new schedule that minimizes the
negative impact.

3.2. Redundant Data Processing. RFID is prone to be
absorbed and disrupted by the ambient condition, thereby
resulting in any omission or deficiency in the reading process
of the reader. This study aims to avoid such problems by
proposing increasing the number of readers or the read-
write frequency, thereby ensuring data integrity. However,
this proposal can inevitably produce a significant amount
of redundant data, increasing the burden to the RFID data
transmission and storage. Thus, the system efficiency is
greatly reduced.Therefore, an effective way to solve problems
of redundant data processing must be determined to screen
all data and to reduce the burden on the system.

Basic sorted-neighborhood method (SNM) is an efficient
algorithm to copewith redundant data. However, it is difficult
to control the size of smoothingwindow.This study presents a
modified SNM algorithmwith specific procedures as follows.
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Step 1. The data are sorted according to the timestamp.

Step 2. In the data comparison process, a smoothing window
featured with adaptive adjustment is used, and the window is
resized as desired.

Step 3. Thefirst data entry in the currentwindow is compared
with the next, and whether it is repeated is determined. If it is
repeated, Step 4 follows; otherwise, Step 5 is next.

Step 4. When the repeated entry is found, the entry with the
oldest timestamp is deleted and that with the latest timestamp
is retained.

Step 5. Whether the first entry in the window is the last is
determined. If it is the last, Step 6 follows; otherwise, Step 3 is
next.

Step 6. Whether any unprocessed data exists is determined.
If so, Step 1 follows; otherwise, the entire workflow ends.

4. Recovery Model for Production Scheduling

Considering its wide application in production andmanufac-
turing industries, the Job-Shop Scheduling Problem (JSP) is
chosen as an example to construct the recovery model.

4.1. Construction of the Model for Original Schedule

4.1.1. Problem Definition. The problem is confined to the
following conditions. Given 𝑛 jobs, each job has𝑚 operations
andmust be processed on𝑚machines.Theobjective is to find
a schedule of minimal time to complete all jobs, where

(1) the machine can only process one job at a time,
(2) every job is available for processing at time 0,
(3) once processing is initiated, the operation must be

completed on the machine without interruption.

4.1.2. Notations

𝑛: the number of jobs.
𝑚: the number of machines.
𝑉: the set of jobs, 𝑉 = {V

1
, V
2
, . . . , V

𝑛
}.

𝑈: the set of machines, 𝑈 = {𝑢
1
, 𝑢
2
, . . . , 𝑢

𝑚
}.

𝑐
𝑖𝑘
: the completion time of job 𝑖 in machine 𝑘.

𝑝
𝑖𝑘
: the processing time of job 𝑖 in machine 𝑘.

𝑑
𝑖
: the due date of V

𝑖
.

𝑀: a large positive number.

𝑎
𝑖ℎ𝑘

=

{

{

{

1, V
𝑖
is processed in 𝑢

ℎ
before 𝑢

𝑘

0, otherwise,

𝑥
𝑖𝑗𝑘

=

{

{

{

1, V
𝑖
is processed before V

𝑗
in 𝑢
𝑘

0, otherwise.

(1)

4.1.3. Mathematical Model. The JSP model is constructed as
follows:

min max
1≤𝑘≤𝑚

{max
1≤𝑖≤𝑛

𝑐
𝑖𝑘
} (2)

𝑐
𝑗𝑘
− 𝑝
𝑗𝑘
+𝑀(1 − 𝑥

𝑖𝑗𝑘
) ≥ 𝑐
𝑖𝑘

𝑖, 𝑗 = 1, 2, . . . , 𝑛; 𝑘 = 1, 2, . . . , 𝑚

(3)

𝑐
𝑖𝑘
− 𝑝
𝑖𝑘
+𝑀(1 − 𝑎

𝑖ℎ𝑘
) ≥ 𝑐
𝑖ℎ

𝑖 = 1, 2, . . . , 𝑛; ℎ, 𝑘 = 1, 2, . . . , 𝑚

(4)

𝑑
𝑖
≤ max
1≤𝑘≤𝑚

𝑐
𝑖𝑘

𝑖 = 1, 2, . . . , 𝑛. (5)

In thismodel, the objective function (2) aims tominimize
themakespan, which is theminimal time to complete all jobs.
Formulas (3) and (4) are the technological and processing
constraints. Formula (5) ensures that all jobs are completed
before their due date.

4.2. Construction of the Recovery Model. When the optimal
schedule is executed, the disruption occurs and is identified
by the real-time status analyzer. Consequently, we need to
construct the recovery model and obtain a new schedule.

Machine breakdown is the typical disruption in pro-
duction scheduling. In this paper, the recovery model is
illustrated by the example of machine breakdown.

4.2.1. Problem Hypothesis

(1) The original schedule is known.
(2) The time when disruption ends is regarded as 0.
(3) The processing job when disruption occurs must be

reprocessed after the disruption ends. In other words,
jobs are uninterruptible.

4.2.2. Notations

𝑤: the number of unprocessed jobs.
𝑉
: a subset of unprocessed jobs,𝑉 = {V

1
, V
2
, . . . , V

𝑤
}.

𝐴
1

𝑖𝑗
: the set of operations processed before operation

𝑗 in the original schedule for machine 𝑖.
𝐴
2

𝑖𝑗
: the set of operations processed after operation 𝑗

in the recovery schedule for machine 𝑖.
𝐴
𝑖𝑗
: the intersection of 𝐴1

𝑖𝑗
and 𝐴2

𝑖𝑗
, 𝐴
𝑖𝑗
= 𝐴
1

𝑖𝑗
∩ 𝐴
2

𝑖𝑗
.

𝐴
𝑖𝑗
: the cardinality of subset 𝐴

𝑖𝑗
.

𝑐
0

𝑖
: completion time of V

𝑖
in the original schedule.

𝑐
𝑖
: completion time of V

𝑖
in the recovery schedule.

𝑓
0: the makespan in the original schedule.

𝑓: the makespan in the recovery schedule.
𝑔: the sequence deviation between the original sched-
ule and the recovery schedule.



4 Scientific Programming

𝜇
𝑖

1
: unsatisfaction degree of customer 𝑖 for completion

time deviation.
𝜇
2
: unsatisfaction degree of managers for operational

cost deviation.
𝜇
3
: unsatisfaction degree of workers for sequence

deviation.
𝛼
1
, 𝛽
1
: parameters related to gains and losses for

customers.
𝛼
2
, 𝛽
2
: parameters related to gains and losses for

managers.
𝛼
3
, 𝛽
3
: parameters related to gains and losses for

workers.
𝜆
1
, 𝜆
2
, 𝜆
3
: loss aversion coefficient for customers,

managers, and workers, respectively.

The other notations are the same as the ones in previous
sections.

4.2.3. Impact of Disruption. The general process of one
schedule is as follows: (i) managers of production enterprises
generate an optimal schedule according to the requirements
of customers, (ii) workers execute the schedule to process
jobs, and then (iii) customers receive their products within
the required time. The impact of disruption on the above
three participators (i.e., managers, workers, and customers)
is analyzed below.

(1) Managers. After disruption occurs, the processing
sequence of unprocessed jobs will change, leading to the
increase of makespan. The makespan is relevant to the
operational cost, which is the central concern of managers.
Accordingly, minimizing the makespan of unprocessed
jobs is the key objective of managers when generating the
recovery schedule.

(2) Workers. The processing sequence of unprocessed jobs
will be changed after disruption occurs. Considering that
many preparations have been made in advance based on the
original schedule, workers have to reallocate raw materials
and tools, which will lead to the increase of extra work-
load. Therefore, the recovery schedule should minimize the
sequence deviation to reduce the negative impact onworkers.

(3) Customers. Once the environment is interrupted by
disruption, a chain reaction will be generated to affect
the completion time of unprocessed jobs, and a number
of customers will not be served within the required time.
Thus, the recovery schedule should reduce the deviation of
completion time to improve the satisfaction and loyalty of
customers.

4.2.4. Function of Measuring Deviation. Prospect theory [21]
is one of the most important decision-making theories. It can
perfectly describe the decision-making based on bounded
rationality under the uncertainty condition. Hence, on the
basis of prospect theory, this paper measures the deviation
of participators [22].

(1) Measuring the Deviation of Customers. The value function
of customer 𝑖 can be described as follows:

𝑉
𝑖

1
(𝑥) =

{

{

{

𝑥
𝛼
1
, 𝑥 ≥ 0

−𝜆
1
(−𝑥)
𝛽
1
, 𝑥 < 0

𝑖 = 1, 2, . . . , 𝑤, (6)

where the reference point is 𝑐0
𝑖
(𝑐0
𝑖
= max

1≤𝑘≤𝑚
𝑐
𝑖𝑘
). 𝑐
𝑖
> 𝑐
0

𝑖

means losses (𝑥 < 0) for customer 𝑖; otherwise, it means gains
(𝑥 ≥ 0) for customer 𝑖.

The unsatisfied membership function of customer 𝑖 for
completion time deviation can be given as follows:

𝜇
𝑖

1
(𝑐
𝑖
) =

{
{
{
{

{
{
{
{

{

1, 𝑐
𝑖
≥ 𝑅
1𝑖

𝜆
1
(𝑐
𝑖
− 𝑐
0

𝑖
)

𝛽
1

, 𝑐
0

𝑖
≤ 𝑐
𝑖
< 𝑅
1𝑖

0, 0 ≤ 𝑐
𝑖
< 𝑐
0

𝑖

𝑖 = 1, 2, . . . , 𝑤,

(7)

where 𝑅
1𝑖
= [𝑐
0

𝑖
+ (1/𝜆

1
)
1/𝛽
1
] (𝑖 = 1, 2, . . . , 𝑤).

(2) Measuring the Deviation of Managers. The value function
of managers can be constructed as follows:

𝑉
2
(𝑥) =

{

{

{

𝑥
𝛼
2
, 𝑥 ≥ 0

−𝜆
2
(−𝑥)
𝛽
2
, 𝑥 < 0,

(8)

where the reference point is 𝑓0. 𝑓 > 𝑓
0 means losses (𝑥 < 0)

formanagers; otherwise, it means gains (𝑥 ≥ 0) formanagers.
The unsatisfied membership function of managers for

operational cost deviation can be given as follows:

𝜇
2
(𝑓) =

{
{
{
{

{
{
{
{

{

1, 𝑓 ≥ 𝑅
2

𝜆
2
(𝑓 − 𝑓

0
)

𝛽
2

, 𝑓
0
≤ 𝑓 < 𝑅

2

0, 0 ≤ 𝑓 < 𝑓
0
,

(9)

where 𝑅
2
= 𝑓
0
+ (1/𝜆

2
)
1/𝛽
2 .

(3) Measuring the Deviation ofWorkers.The value function of
workers can be constructed as follows:

𝑉
3
(𝑥) = −𝜆

3
(−𝑥)
𝛽
3
, 𝑥 < 0, (10)

where the reference point is 0 because the sequence deviation
does not exist in the original schedule. In recovery schedule,
𝑔 is equal to ∑𝑚

𝑖=1
∑
𝑤

𝑗=1
𝐴
𝑖𝑗
. 𝑔 > 0 means losses (𝑥 < 0) for

workers.
The unsatisfied membership function of workers for

sequence deviation can be given as follows:

𝜇
3
(𝑔) =

{

{

{

1, 𝑔 ≥ 𝑅
3

𝜆
3
𝑔
𝛽
3
, 0 ≤ 𝑔 < 𝑅

3
,

(11)

where 𝑅
3
= (1/𝜆

3
)
1/𝛽
3 .
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4.2.5. Recovery Model. On the basis of the above functions of
measuring deviation, the objective function of the recovery
model is constructed through lexicographic multiple goal
programming as follows:

min Lex = 𝑃
1
:

𝑤

∑

𝑖=1

𝜇
𝑖

1
(𝑐
𝑖
)

𝑃
2
: 𝜇
2
(𝑓)

𝑃
3
: 𝜇
3
(𝑔) .

(12)

Formula (12) aims to minimize the sum of the unsatis-
faction degrees of customers, managers, and workers. 𝑃

1
, 𝑃
2
,

and 𝑃
3
represent the different priorities, which can be flexibly

adjusted in the practical application.

5. IACO for the Recovery Model

The proposed model is NP-hard, which has an optimal
solution that is difficult to obtain. Ant colony optimization
(ACO) is an evolutionary computation technique developed
by Colorni et al. [23]. Compared with other heuristics,
ACO has the characteristics of positive feedback, distributed
computation, and constructive greedy heuristic. In particular,
the ACO has been shown to be an efficient algorithm for
solving NP-hard problems [24–26]. However, the algorithm
still has the weaknesses of local optimization and low search
speed. In this study, we illustrate IACO to solve the recovery
model.

5.1. Introduction of Adjusting the Pheromone Trail

(1) In ACO, pheromone trails left by ants do not always
show the evolutionary direction, and the pheromone
deviating from the optimal solution has the probabil-
ity of increasing, which leads to premature conver-
gence. This study proposes an approach to enhance
the global search capability of ACO by adjusting
the pheromone trail adaptively with the evolutionary
process.

(2) The updated pheromone trail may reach the maxi-
mum value 𝜏max or minimum value 𝜏min after every
search process is completed. 𝜏max leads to premature
convergence, and 𝜏min increases the computational
time.Thus, IACO limits the pheromone trail 𝜏

𝑖𝑗
in the

interval (𝜏min, 𝜏max). After the pheromone trails are
updated, 𝜏

𝑖𝑗
is replaced by 𝜏max when 𝜏

𝑖𝑗
> 𝜏max or

by (𝜏min + 𝜏max)/2 when 𝜏𝑖𝑗 < 𝜏min.

(3) ACO has difficulty obtaining the optimal solution
because the trail persistence 𝜌 is fixed. The smaller
the value of 𝜌 is, the better the global search capability
will be.However, the computational timewill increase
gradually. On the contrary, increasing 𝜌 can improve
the computational time, but the algorithm can easily
be trapped in the local optimal solution. Therefore,
IACO adopts a dynamic 𝜌 rather than a fixed value.

5.2. Approach of the Crossover and Mutation. The crossover
andmutation operations can increase the variance of the pop-
ulation and search the solution space completely in genetic
algorithm (GA). Thus, these two operations are adopted in
IACO to avoid premature convergence.

(1) Crossover Operation. In the paper, a schedule 𝑠 is repre-
sented by the following encoding structure:

𝑠 =

{

{

{

solu
1
, . . . , solu

𝑚⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑠
1

, solu
𝑚+1

, . . . , solu
2𝑚⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑠
2

, . . . ,

solu
(𝑤−1)𝑚+1

, . . . , solu
𝑤𝑚⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑠
𝑤

}

}

}

,

(13)

where 𝑠
𝑖
represents the sequence of operations of job 𝑖 =

1, 2, . . . , 𝑤. Each solu in 𝑠
𝑖
is an unrepeated integer number

in the interval [1, 𝑤].
When the search becomes trapped in the local optimal

solution, crossover operation is conducted as follows:
(i) Assume that encoding of schedule 𝑎 is {𝑎

1
, 𝑎
2
, . . . , 𝑎

𝑤
}

and encoding of schedule 𝑏 is {𝑏
1
, 𝑏
2
, . . . , 𝑏

𝑤
}.

(ii) Randomly generate an integer number 𝑗 in the inter-
val [1, 𝑤]. Then, exchange 𝑎

𝑗
and 𝑏

𝑗
, and generate

two new encodings, that is, {𝑎
1
, 𝑎
2
, . . . , 𝑏

𝑗
, . . . , 𝑎

𝑤
} and

{𝑏
1
, 𝑏
2
, . . . , 𝑎

𝑗
, . . . , 𝑏

𝑤
}.

(iii) Update the encoding of optimal solution.

(2) Mutation Operation. Mutation plays a significant part in
improving the diversity of the population. Similar to GA,
IACO is designed to avoid premature convergence and obtain
a better solution by significantly decreasing pheromone trails
in any path of the local optimization routing. These paths
will be selected by small random probabilities because the
distribution of the pheromone trails will be destroyed by too
many mutation operations.

5.3. Combination with Other Heuristics. ACO has the char-
acteristic of strong coupling, which makes it easy to combine
with other heuristics. Exchange mechanism is originally
applied in the vehicle routing problem with time windows.
It can obtain a new solution from the current solution
by exchanging the nodes. We demonstrate a neighborhood
exchange mechanism to significantly improve the conver-
gence speed of ACO.

(1) Operators of the Neighborhood Exchange Mechanism. Two
neighborhood operators (among those listed below) are
included in this study.

(i) Random Swaps of Subsequences. This operator ran-
domly selects 𝑖 and 𝑗 with 𝑖 ̸= 𝑗 and swaps 𝑠

𝑖
and 𝑠
𝑗

in the solution sequence. Figure 1 shows an example
of this operator.

(ii) Random Insertions of Subsequences. This operator
randomly selects 𝑖 and 𝑗with 𝑖 ̸= 𝑗 and puts 𝑠

𝑗
in front

of 𝑠
𝑖
. An example is shown in Figure 2.
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Table 1: Computational results of solving different instances.

Algorithm TA05 TA11 TA20 TA37 TA43 DMU12 DMU26 DMU45 DMU61 DMU77
𝑖-TSAB 1224 1361 1351 1778 1859 3519 4679 3321 5294 6930
GES 1224 1357 1348 1779 1870 3518 4667 3273 5293 7006
AlgFix 1224 1358 1348 1784 1869 3522 4688 3273 5310 6949
IACO 1224 1357 1348 1779 1858 3520 4665 3275 5277 6908

Swap subsequence

Old solution

New solution

s = {s
1
, s

2
, . . . , s

i
, . . . , s

j
, . . . , s

w
}

s = {s
1
, s

2
, . . . , s

j
, . . . , s

i
, . . . , s

w
}

Figure 1: Random swaps of subsequences.

Insert subsequence

Old solution

New solution

s = {s
1
, s

2
, . . . , s

i
, . . . , s

j
, . . . , s

w
}

s = {s
1
, s

2
, . . . , s

j
, s

i
, . . . , s

w
}

Figure 2: Random insertions of subsequences.

(2) Rules of the Neighborhood Exchange Mechanism

(i) To avoid generating too many unavailable solutions,
the operations in the samemachine can be exchanged.

(ii) To avoid destroying the distribution of the previous
pheromone trails, one neighborhood operator is cho-
sen randomly from the above operators and applied
once to the current solution.

6. Numerical Examples

In this section, we illustrate computational experiments
to validate the effectiveness of IACO and recovery model
presented in the previous sections.

6.1. Computational Experiment for IACO

(1) Computational Results. The IACO is tested using the
classical sets of JSP, which are TA [27] and DMU [28].
For each instance, the proposed algorithm is independently
executed 10 times to compute the average value. We then
conduct a performance comparison between IACO and other
heuristics, including 𝑖-TSAB [29], GES [30], and AlgFix [31].
The results are illustrated in Table 1.

(2) Comparison among Different Heuristics. The comparison
obtained from the above results can be summarized as
follows:

(i) Compared with 𝑖-TSAB, IACO obtains better or close
solutions in 8 out of 10 problems (80%).

(ii) Compared with GES, IACO obtains better or close
solutions in 8 out of 10 problems (80%).
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Figure 3: Original schedule.

(iii) Compared with AlgFix, IACO obtains better or close
solutions in 9 out of 10 problems (90%).

The comparison indicates that the IACO is competitive
with the existing heuristics. Moreover, it can improve the
best solutions known for a number of examples, especially for
large size problems, such as DMU61 and DMU77. It is noted
that those parameters affect the overall performance of IACO,
so the solution obtained by our algorithmwould be improved
further if every parameter is set more reasonably.

6.2. Computational Experiment for the Recovery Model

(1) Case Description. In the given job-shop, 𝑛 = 6 and 𝑚 =

6. The parameters of each job are shown in Table 2. Figure 3
illustrates the original schedule where the makespan is 55 h.

(2) Computational Results. After 10 h, the disruption suddenly
occurs and the duration time is 3 h. The remaining jobs,
including the processing job when disruption occurs, must
be reprocessed after the disruption ends.

Following Tversky and Kahneman [32], we set 𝛽 = 0.88

and 𝜆 = 2.25. By adopting our model, total rescheduling, and
right-shift rescheduling [33], we obtain the results shown in
Figures 4, 5, and 6, respectively. Table 3 shows the results from
different approaches.

(3) Comparison among Different Approaches. The results
obtained from Table 3 can be summarized as follows:

(i) From the aspect of the deviation of customers, the
result of our model is much better than the results of
the other two approaches. In other words, our model
plays an obvious role in reducing the unsatisfaction
degree of customers.
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Table 2: Parameters of each job.

Job 1 Job 2 Job 3 Job 4 Job 5 Job 6
Operation 1 M4:T1 M5:T8 M4:T5 M5:T5 M4:T9 M5:T3
Operation 2 M6:T3 M4:T5 M3:T4 M6:T5 M5:T3 M3:T3
Operation 3 M5:T6 M2:T10 M1:T8 M4:T5 M2:T5 M1:T9
Operation 4 M3:T7 M1:T10 M6:T9 M3:T3 M1:T4 M6:T10
Operation 5 M1:T3 M6:T10 M5:T1 M2:T8 M6:T3 M2:T4
Operation 6 M2:T6 M3:T4 M2:T7 M1:T9 M3:T1 M4:T1
Due date 60 h 56 h 60 h 65 h 55 h 50 h
Note: M𝑖:T𝑗means that the process time of the job’s operation is 𝑗 hours in machine 𝑖.

Table 3: Results from different approaches.

Customers’
deviation

Managers’
deviation

Workers’
deviation

Our model 2 1 5
Total rescheduling 3 1 4
Right-shift rescheduling 6 1 0
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Figure 4: Recovery schedule of our model.

(ii) From the aspect of the deviation of managers, our
model, total rescheduling, and right-shift reschedul-
ing obtain the same result. Therefore, our model is
not worse than the other two approaches in reducing
operational cost.

(iii) From the aspect of the deviation of workers, right-
shift rescheduling obtains the best result based on the
original schedule. The results of our model and total
rescheduling are relatively poor.

In summary, compared with total rescheduling and right-
shift rescheduling, our model increases the deviation of
workers. By contrast, our model decreases the deviation of
customers and thus significantly improves customer satis-
faction. Furthermore, the production enterprise is subject to
improving the loyalty of customers to expand the influence
and attract more new customers. Such improvement helps
enhance the potential profit and promote the development
of enterprise in the long run. Therefore, our model is more
reasonable and valid than the other two approaches.
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Figure 6: Recovery schedule of right-shift rescheduling.

7. Conclusions

This study designs a real-time status analyzer to identify the
disruption and provides a recovery model to measure the
deviation in production scheduling by combining disruption
management with IoT. It aims to effectively identify the
disruption and obtain a new schedule to minimize the
negative impact on the participators (customers, managers,
and workers). Meanwhile, IACO is presented to solve the
above model.

To validate the effectiveness of our model in handling the
disruption, we use an example to test different approaches.
The computational result proves that our model is compet-
itive with existing rescheduling and can obtain a relatively
satisfactory schedule.
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A limitation of this research is that we conducted the
computational experiment for the recovery model by adopt-
ing the values of 𝛽 and 𝜆 provided by Tversky and Kahneman
[32]. Further research will concentrate on deriving the actual
values of those parameters in production scheduling.
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The decision-making process of choosing an ideal tourism destination is influenced by a number of psychological and
nonpsychological variables. Tourists need a method to quickly and easily select a suitable destination. Driven by this practical
decision issue, a novel approach of tourist destination evaluation, grey relation analysis (GRA), is developed and applied to the
ranking evaluation of Taiwan tourism destinations in China. In the evaluating process, we apply entropy to calculate the weight of
each index, which is a more objective method of calculating weights. The results of the study indicate that although the same size
is small and the distribution of data is unknown, GRA can still be successfully used in evaluating tourist destinations. In addition,
we compare the GRA results with the Technique for Order Preference by Similarity to Ideal Solution (TOPSIS) and show that more
accurate ranking results can be obtained.

1. Introduction

With the development of social economy and the improve-
ment of people’s living standard, more public holidays,
faster transportation (e.g., convenient air networks and high-
speed railways), and greater openness toward the world,
China’s domestic and outbound demand for tourism have
grown unprecedentedly since the 2000s [1]. According to
the National Bureau of Statistics of China, the number of
domestic tourists reached 3,611 million in 2014. In addition,
the number of overseas visitor arrivals was 128.4983 million
and the number of Chinese outbound visitors was 107.2755
million in 2014. Along with the significant growth in tourism,
tourism expenditure and foreign exchange earnings in China
have also increased significantly. In 2014, China’s earnings
from domestic tourism reached RMB 3,031.18 billion, and
the foreign exchange earnings from international tourism
reached USD 56,913 million. In tandem with the tremendous
development of China’s tourism economy, China’s govern-
ment has committed to making tourism development a
major policy, while China already has so much to offer to

international and domestic travelers: its natural beauty; a rich
culture; great cuisine; amazing technological advancement;
and friendly citizens. According to the China National
Tourism Administration, by 2014, China has 184 5A-class
tourist scenic spots, 862 5-star hotels, and 600 travel agencies
[2], as shown in Figure 1. Tourism has become one of the
strongest and largest industries and turned into the period
of buyer’s market in China’s process of development.

One of the biggest issues facing the tourist today is how
to evaluate and rank the tourism destination, as well as
the need to understand what factors influence their choices
[3]. However, the decision-making process of choosing an
appropriate travel destination is a very complex process, and
choosing a viable method for effective evaluation of tourism
destination is not an easy task. There is a substantial body
of literature discussing different research methods applied to
evaluation and choice of tourism destination.These methods
include (1)Multinomial LogitModel (MNL) [4–7]; (2) Binary
Regression Model [8–11]; (3) Multinomial Probit Model [12];
(4) Scobit Based Discrete-Continuous Choice Model [13];
(5) Structural Equation Model [14–19]; (6) Meta-analysis
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Number of travel agencies (unit)

Number of star-rated hotels (unit)

Number of overseas visitor arrivals (10000 person-times)

Number of foreigners arrivals (10000 person-times)

Number of Chinese outbound visitors (10000 person-times)

2010 2011 2012 20132009
1,477.94
6,440.94

11,403.94
16,366.94
21,329.94
26,292.94

Figure 1: China’s tourism development situation for nearly five
years.

[20]; (7) Technique for Order Preference by Similarity to
Ideal Solution (TOPSIS) [21–24]; (8) Principal Component
Analysis [25–30]; and (9) Analytic Hierarchy Process (AHP)
[31–37]. Some of the methods may have already been known
to the public. Other methods were simply borrowed from the
domain of industrial study and applied to tourism. Some are
still in the embryonic stage. Each of the above nine methods
can be independently applied to evaluate tourismdestination.
However, none of them is perfect. Researchers can only
choose a method to evaluate tourism destination that has
the least amount of drawbacks for that study’s particular
situation. Some evaluation methods require the high quality
data; that is, the data should obey a certain distribution or the
data volume should be large. In addition, the other evaluation
methods have strong subjectivity.

Therefore, a viable method for effective evaluation of
tourism destination is aimed at providing solutions for issues
with multiple variables and targets. However, in studying
the evaluation of tourism destination, survey data are often
incomplete or unclear, and this paper therefore is bound
by realistic limits, confining itself to a situation where the
amount of data is small and its significance indefinite. Given
these considerations, grey relation analysis (GRA)may be the
best method for this study and will be used to explore practi-
cal procedure of tourist destination evaluation and choice to
identify the various features that need to reflect preferences
of tourists for destinations in the context of 8 tourist spots
by utilizing the index system and data in literature [21]. On
the basis of such preliminary analysis, this paper intends to
achieve twofold aims. The first applies entropy to find the
relative weights of each index of the 8 tourist spots. The
second is to rank the tourist spots by grey relation analysis
(GRA) and compare the ranking results with literature [21].

The rest of this paper is organized as follows. After a brief
review of relevant literature in Section 2, we present hierarchy
of tourism destination selection and evaluation index system
in Section 3. The grey relation analysis evaluation model
for tourism destinations selection is presented in Section 4.

Section 5 illustrates the results obtained from the grey relation
analysis evaluation model and then, we compare and analyze
these results with those obtained from the Technique for
Order Preference by Similarity to Ideal Solution (TOPSIS)
evaluation method used by literature [21]. Conclusions are
drawn in Section 6.

2. Literature Review

Evaluation and choice of tourism destination is one of the
important topics frequently investigated by scholars [38].
These evaluation and choice studies have been linked to
the issues of decision rules, decision-making processes, and
choice factors [5, 39–45]. Hsu et al. [21] proposed a 4-level
AHP model, consisting of 22 attributes on the 4th level and
tested it using data collected from tourists visiting Taiwan
to establish the relative importance of preselected factors
(criteria). In this study, visiting friends/relatives and personal
safety appear to be the 2 most important factors for inbound
tourists to Taiwan, price is the least important, and Taipei 101
is the first priority for travelers. Huybers [46] applied discrete
choice modeling technique to study the short-break destina-
tion choices of prospective Sydney residents.The study results
show that a destination’s attractiveness to prospective short-
break visitors from Sydney is enhanced, to different degrees,
by lower prices, being moderately busy, having a moderate
level of night life, being visited during spring/summer, being
accessible within two hours’ travel time, and offering a
mix of natural and cultural/heritage attractions. Prayag and
Ryan [14] used confirmatory factor analysis to explore the
relationships among four constructs, namely, destination
image, place attachment, personal involvement, and visitors’
satisfaction as antecedents of loyalty. The research findings
indicate that destination image, personal involvement, and
place attachment are antecedents of visitors’ loyalty but this
relationship is mediated by satisfaction levels.

Dellaert et al. [47] pointed out that tourists’ choices
are complex multifaceted decisions where the choices for
different elements are interrelated and evolved in a decision
process over time.The decision-making process is influenced
by a number of psychological (internal) and nonpsycho-
logical (external) variables. Sirakaya and Woodside [48]
provided a comprehensive qualitative review of the tourist
decision-making literature and integrated the main con-
ceptual and empirical work that has been reported in the
tourism literature. Lam andHsu [49] argued that the complex
decision-making process leading to the choice of a travel
destination had not been well researched. Past studies related
to destination choice mainly focus on identifying important
attributes affecting destination choice; professional judgment
and factor analysis are the main methods [50–53]. Richards
andWilson [54] in their work focused on independent youth
and student travel and used factor analysis to help identify
four main motivating factors, including experience seeking,
relaxation seeking, and sociability and contributing to the
destination. Tomiš et al. [55] studied the factors considered
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The choice of the destination
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Figure 2: The hierarchy of destination selection (source: Hsu et al. [21]).

by young people when choosing a city destination in Europe
and identified seven major factors: partying and having fun,
accessibility to destination info, easy and cheap travel orga-
nization, outdoor activities, socializing with the local people,
good shopping places, and exploring the unknown. Further
analysis showed that there are significant differences among
severalmotivation factors when it comes toDanish and inter-
national students. Pike and Page [30] provided a comprehen-
sive narrative analysis of the destinationmarketing literature.

The above studies mainly applied qualitative and quanti-
tative methods to analyze the factors influencing the choice
of tourism destinations. They pointed out that the decision-
making process leading to the final choice of a travel destina-
tion is very complex.However, these studies failed to consider
the preferences of tourists in the decision-making process
andutilizemuchmore complex decision-making approaches.
Motivated by this, we develop a new evaluationmodel to eval-
uate and rank the tourism destinations considering personal
preferences. Thus, we attempt to evaluate the preferences
of tourists for destinations and recognize the key aspects
influencing the tourists’ choice of destination. Finally, Guo
et al. [56] proposed a novel similarity-based algorithm for
classifying tourism scenic spots, and this evaluation method
not only has some similarities to our own but also has
some key differences.They studied the problem of classifying
different tourism scenic spots into different levels through
calculating the relative similarity of each scenic spot to the
best and worst scenic spots, but, in our model, we do not

consider the worst scenic spots, which make the evaluation
process simple and easy to conduct.

3. The Hierarchy of Tourism
Destinations Selection

According to Hsu et al. [21], the main factors affecting
tourism destination choice are grouped into two categories,
namely, internal and external factors. The push motivation
relates to internal forces which consist of 4 criteria (psycho-
logical, physical, social interaction, and seeking/exploration)
and are further divided into 11 subcriteria. The pull moti-
vation relates to external forces which consist of 2 criteria
(tangible and intangible) with tangible criteria including 9
subcriteria and intangible criteria including 2 subcriteria (see
Figure 2).

4. The Grey Relation Analysis Model of
Tourism Destination Choice

Grey relation analysis (GRA) is a method that can be used in
decision-making in situations where there are many criteria
by ordering them as to relational grade. It is especially pre-
ferred in ordering the alternatives in situations in which the
sample is small and sample distribution is not known. GRA is
part of the grey system theory [57]. Gray system theory was
first introduced by Ju-Long [58]. The fundamental definition
of “greyness” is information being incomplete or unknown;
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thus an element from an incomplete message is considered to
be of “grey” element. A “grey relation” refers to the measure-
ment of changing relations between two systems or elements
that occur in a system over time.The analysis method, which
measures the relations between elements based on the degree
of similarity or difference of development trends among these
elements, is called “grey relation analysis.” More precisely,
during the process of system development, should the trend
of change between two elements be consistent, it then enjoys
a higher grade of synchronized change and can be considered
as having a greater grade of relation; otherwise, the grade
of relation is smaller [59]. It has been widely applied in a
variety of fields such as financial performance evaluation [60–
64], motor vehicular energy consumption [65, 66], and green
supplier selection [67]. As far as we know, GRA has not been
applied in evaluation and choice of tourism destination. We
believe we are the first to utilize the GRA to evaluate and rank
the tourism destinations.

Personal preferences, like motivations, may be both
intrinsic, reflecting individual likes and dislikes, and extrin-
sic, or socially conditioned. Pearce [68] stated that prefer-
ences are more specific than motivations and are revealed by
where travelers go and what travelers do. However, tourists’
preferences are psychological behaviors, which are not easy
to accurately measure, having the feature of grey and fuzzy.
Choosing a tourism destination is a grey system evaluation
process; therefore, the grey relation analysis is a more suitable
method to evaluate it. The evaluation procedure of this study
consists of several steps.Thedetailed descriptions of each step
are given in the following subsections.

4.1. Problem Definition. Assume that there are 𝑛 tourism
destinations {𝑇

1
, 𝑇
2
, . . . , 𝑇

𝑛
}, which are to be evaluated in

terms of 𝑚 evaluation criteria {𝐶
1
, 𝐶
2
, . . . , 𝐶

𝑚
}, and relative

weights are denoted by 𝜔
𝑖𝑗

(∑
𝑚

𝑗=1
𝜔
𝑖𝑗

= 1). The objective of
the decision-making is to rank these tourism destinations.
According to the assumption, we can get the original index
data matrix

𝑅 = (𝑟
𝑖𝑗
)
𝑛×𝑚

=

[

[

[

[

[

[

[

𝑟
11

𝑟
12

⋅ ⋅ ⋅ 𝑟
1𝑚

𝑟
21

𝑟
22

⋅ ⋅ ⋅ 𝑟
2𝑚

.

.

.

.

.

.

.

.

.

𝑟
𝑛1

𝑟
𝑛2

⋅ ⋅ ⋅ 𝑟
𝑛𝑚

]

]

]

]

]

]

]

, (1)

where 𝑟
𝑖𝑗
is the observed value of object 𝑇

𝑖
in terms of criteria

𝐶
𝑗

(𝑖 = 1, 2, . . . , 𝑛; 𝑗 = 1, 2, . . . , 𝑚).

Definition 1. The best tourism destination is the referential
sequence made up of the best tourism destination indexes
among all the alternative tourism destinations; that is,

𝑅
0

= (𝑟
01

, 𝑟
02

, . . . , 𝑟
0𝑗

) , (2)

where 𝑟
0𝑗

= Optimum(𝑟
𝑖𝑗
) (𝑖 = 1, 2, . . . , 𝑛; 𝑗 = 1, 2, . . . , 𝑚).

So, we can construct initial matrix 𝑅
1
:

𝑅
1

= (𝑟
𝑖𝑗
)
𝑛×𝑚

=

[

[

[

[

[

[

[

[

[

[

𝑟
01

𝑟
02

⋅ ⋅ ⋅ 𝑟
0𝑚

𝑟
11

𝑟
12

⋅ ⋅ ⋅ 𝑟
1𝑚

𝑟
21

𝑟
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⋅ ⋅ ⋅ 𝑟
2𝑚

.

.

.

.

.

. ⋅ ⋅ ⋅

.

.

.

𝑟
𝑛1

𝑟
𝑛2

⋅ ⋅ ⋅ 𝑟
𝑛𝑚

]

]

]

]

]

]

]

]

]

]

. (3)

4.2. Normalization of Index Values. In order to make com-
parison between the various indicators, we normalized each
of the index values in accordancewith the following formulas.
For larger-is-better transformation, 𝑟

𝑖𝑗
can be transformed to

𝑥
𝑖𝑗
. The formula is defined as

𝑋
𝑖𝑗

=

𝑟
𝑖𝑗

− min
𝑗
𝑟
𝑖𝑗

max
𝑗
𝑟
𝑖𝑗

− min
𝑗
𝑟
𝑖𝑗

. (4)

For smaller-is-better transformation, the formula to
transform 𝑟

𝑖𝑗
to 𝑥
𝑖𝑗
is

𝑋
𝑖𝑗

=

max
𝑗
𝑟
𝑖𝑗

− 𝑟
𝑖𝑗

max
𝑗
𝑟
𝑖𝑗

− min
𝑗
𝑟
𝑖𝑗

. (5)

The normalized values form a new matrix as shown in

𝑋 = (𝑥
𝑖𝑗
)
𝑛×𝑚

=

[

[

[

[

[

[

[

[

[

[

𝑥
01

𝑥
02

⋅ ⋅ ⋅ 𝑥
0𝑚

𝑥
11

𝑥
12

⋅ ⋅ ⋅ 𝑥
1𝑚

𝑥
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𝑥
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⋅ ⋅ ⋅ 𝑥
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.

.

.

.

.

. ⋅ ⋅ ⋅

.

.

.

𝑥
𝑛1

𝑥
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⋅ ⋅ ⋅ 𝑥
𝑛𝑚

]

]

]

]

]

]

]

]

]

]

. (6)

4.3. Calculating Grey Relation Coefficient. According to Ju-
Long [69], let 𝑋

0
= (𝑥
01

, 𝑥
02

, . . . , 𝑥
0𝑚

) as referential sequence
and 𝑋

𝑖
= (𝑥
𝑖1

, 𝑥
𝑖2

, . . . , 𝑥
𝑖𝑚

) as comparative sequence. Then
𝑥
0𝑗
and 𝑥
𝑖𝑗
would be the values of 𝑥

0
and 𝑥
𝑖
at optimum index

𝑗. If 𝜉(𝑥
0𝑗

, 𝑥
𝑖𝑗
) are real numbers, then they can be defined as

𝜉 (𝑥
0
, 𝑥
𝑖
) =

1

𝑚

𝑚

∑

𝑗=1

𝜉 (𝑥
0𝑗

, 𝑥
𝑖𝑗
) . (7)

The mean of 𝜉(𝑥
0𝑗

, 𝑥
𝑖𝑗
) needs to meet the four axioms of grey

relation.

Axiom 1 (norm interval). Consider

0 < 𝜉(𝑥
0𝑗

, 𝑥
𝑖𝑗
) ≤ 1.

𝜉(𝑥
0𝑗

, 𝑥
𝑖𝑗
) = 1 ↔ 𝑥

0𝑗
= 𝑥
𝑖𝑗
(this is called complete

relation).
𝜉(𝑥
0𝑗

, 𝑥
𝑖𝑗
) = 0 ↔ 𝑥

0
∈ 𝜑, 𝑥

𝑖
∈ 𝜑 (this is called

complete nonrelation), where 𝜑 is an empty set.

Axiom 2 (duality symmetric). Consider

𝑥
0
, 𝑥
𝑖
∈ 𝑋.

𝜉(𝑥
0𝑗

, 𝑥
𝑖𝑗
) = 𝜉(𝑥

𝑖𝑗
, 𝑥
0𝑗

) ↔ 𝑋 = (𝑥
0
, 𝑥
𝑖
).
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Axiom 3 (wholeness). Consider

𝑥
𝑗
, 𝑥
𝑖
∈ 𝑋.

𝜉(𝑥
0𝑗

, 𝑥
𝑖𝑗
) ̸= 𝜉(𝑥

𝑖𝑗
, 𝑥
0𝑗

); this case almost always
happened.

Axiom 4 (approachability). Consider

𝜉(𝑥
0𝑗

, 𝑥
𝑖𝑗
) get larger along with |𝑥

0𝑗
− 𝑥
𝑖𝑗
| getting

smaller.

If the abovementioned four axioms could all be satisfied,
𝜉(𝑥
0
, 𝑥
𝑖
) is designed as the grade of grey relation in 𝑥

𝑖
corre-

spondence to𝑥
0
, and 𝜉(𝑥

0𝑗
, 𝑥
𝑖𝑗
) is said to be the grey relational

coefficient of 𝑥
𝑖𝑗
to 𝑥
0𝑗
at optimum index 𝑗. Professor Ju-Long

[58] proposes a mathematical equation that will satisfy these
four axioms of grey relation, which is as follows:

𝜉 (𝑋
0𝑗

, 𝑋
𝑖𝑗
)

=

min
𝑖
min
𝑗






𝑋
0𝑗

− 𝑋
𝑖𝑗






+ 𝜌max

𝑖
max
𝑗






𝑋
0𝑗

− 𝑋
𝑖𝑗












𝑋
0𝑗

− 𝑋
𝑖𝑗






+ 𝜌max

𝑖
max
𝑗






𝑋
0𝑗

− 𝑋
𝑖𝑗







,

(8)

where 𝜌 ∈ [0, 1] is distinguished coefficient, the function of
which is to reduce its numerical value bymax

𝑖
max
𝑗
|𝑋
0𝑗

−𝑋
𝑖𝑗
|

increasing, so as to affect its loss-authenticity and to heighten
the significance of difference among relational coefficients,
and 𝜌 = 0.5 is generally used. Relational coefficients
𝜉(𝑋
0𝑗

, 𝑋
𝑖𝑗
) matrix can be obtained through formula (8). As

a matter of convenience, we use 𝜉
𝑖𝑗
instead of 𝜉(𝑋

0𝑗
, 𝑋
𝑖𝑗
) in

the following pages:

𝐸 = (𝜉
𝑖𝑗
)
𝑛𝑚

=

[

[

[

[

[

[

[

𝜉
11

𝜉
12

⋅ ⋅ ⋅ 𝜉
1𝑚

𝜉
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𝜉
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⋅ ⋅ ⋅ 𝜉
2𝑚

.

.

.

.

.

.

.

.

.

𝜉
𝑛1

𝜉
𝑛2

⋅ ⋅ ⋅ 𝜉
𝑛𝑚

]

]

]

]

]

]

]

(𝑖 = 1, 2, . . . , 𝑛; 𝑗 = 1, 2, . . . , 𝑚) .

(9)

4.4. Determining the Index Weights Based on Entropy. Mak-
ing normalization processing for formula (9), 𝜉

𝑖𝑗
can be

transformed to 𝜇
𝑖𝑗
, and a new matrix (9) can be obtained as

follows:

𝐸
0

= (𝜇
𝑖𝑗
)
𝑛𝑚

=

[

[

[

[

[

[

[

𝜇
11

𝜇
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1𝑚

𝜇
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𝜇
22
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.

.

.

.

.

.

.

.

.

𝜇
𝑛1

𝜇
𝑛2

⋅ ⋅ ⋅ 𝜇
𝑛𝑚

]

]

]

]

]

]

]

(𝑖 = 1, 2, . . . , 𝑛; 𝑗 = 1, 2, . . . , 𝑚) ,

(10)

where 0 ≤ 𝜇
𝑖𝑗

≤ 1 and ∑
𝑛

𝑖=1
𝜇
𝑖𝑗

= 1; then, the information
entropy is

𝐻 (𝑗) = −

𝑛

∑

𝑖=1

𝜇
𝑖𝑗

⋅ log 𝜇
𝑖𝑗
. (11)

Let

]
𝑖𝑗

= 1 +

∑
𝑛

𝑖=1
𝜇
𝑖𝑗

⋅ log 𝜇
𝑖𝑗

log 𝑛

. (12)

Then, we obtain the weights of indexes in terms of
formula (12):

𝜔
𝑖𝑗

=

]
𝑖𝑗

∑
𝑚

𝑗=1
]
𝑖𝑗

(0 ≤ 𝜔
𝑖𝑗

≤ 1,

𝑚

∑

𝑗=1

𝜔
𝑖𝑗

= 1) . (13)

4.5. Calculating Grey Relational Grade. After obtaining the
grey relational coefficient, we normally take the weighted
value of the grey relational coefficientmultiplied byweighting
value as the grey relational grade. The grey relational grade is
defined as follows [70]:

𝐵 = 𝜔
𝑖
⋅ (𝜉
𝑖𝑗
)

𝑇

𝑛𝑚
= 𝜔
𝑖
⋅
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.
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.

.
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.

𝜉
1𝑚

𝜉
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⋅ ⋅ ⋅ 𝜉
𝑛𝑚

]

]

]

]

]

]

]

= (𝑏
1
, 𝑏
2
, . . . , 𝑏

𝑛
) ,

(14)

where 𝑏
𝑛
is grey relational grade of the tourism destination𝑇

𝑛

which indicates the degree of influence that the comparative
sequence could exert over the referential sequence.Therefore,
if a particular comparative sequence is better than the other
comparative sequences to the referential sequence, then the
grey relational grade for that comparative sequence and
referential sequence will be higher than other grey relational
grades. Finally, all tourismdestinations are evaluated synthet-
ically according to the value of 𝑏

𝑛
, where when 𝑏

𝑛
is larger, the

tourism destination 𝑇
𝑛
is better.

5. A Numerical Example

In this section, we use the proposed model to evaluate 8
tourism destinations in Taiwan Province of China (including
Taipei 101, National Museum, Sun Moon Lake, Alishan,
Yushan National Park, Taroko National Park, Love River, and
Kenting National Park). Twenty-two (22) indexes identified
from literature [21] as shown in Table 1 are used in the study
(“a” is the best preference out of the 8 destinations).

5.1. The Relational Grade to Ideal Destination. According to
the data from Table 1, we identify the optimum column as
(7.16, 7.16, 7.59, 6.40, 7.15, 8.54, 7.45, 8.04, 7.87, 6.73, 8.56, 8.60,
6.95, 8.85, 7.81, 7.20, 7.36, 6.05, 8.47, 8.04, 7.94, 7.67), and in
combination with Table 1, an initial matrix is obtained as
follows:
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Table 1: Overall preference measures of destinations.

Criteria Taipei 101 National Museum Sun Moon Lake Alishan Yushan Park Taroko Park Love River Kenting Park
Escape 6.23 5.42 7.16a 6.80 5.94 7.08 5.99 6.92
Self-actualization 7.16a 6.89 6.30 6.09 5.22 6.41 5.66 6.45
Rest/relaxation 5.38 5.05 7.59a 7.06 6.13 7.05 6.36 7.30
Medical treatment 6.40a 4.41 4.30 4.34 3.02 4.09 5.38 4.73
Health and fitness 5.05 4.10 6.57 6.98 6.34 7.15a 5.17 6.57
Visiting friend/relative 7.96 5.54 8.54a 7.01 5.88 6.84 6.86 7.42
Meeting new people 7.45a 5.55 5.98 5.55 4.37 5.61 5.76 6.80
Novelty seeking 8.04a 6.08 5.35 5.06 4.16 5.22 5.61 6.29
Culture exploration 6.27 7.87a 6.54 6.41 5.42 6.28 5.66 6.45
Adventure seeking 3.97 3.43 5.96 6.56 6.30 6.67 4.94 6.73a

Enjoying night life 8.56a 5.53 4.49 3.95 3.43 4.41 6.45 5.80
Transportation facilities 8.60a 8.03 6.20 5.28 4.04 5.45 6.78 6.70
Friendliness of people 6.48 6.52 6.68 6.84 5.95 6.93 6.33 6.95a

Quality/variety of food 8.85a 6.41 5.70 5.58 4.28 5.80 7.16 6.88
Accommodation 7.81a 7.26 6.67 5.72 4.31 6.63 7.36 7.52
Environment safety 6.10 6.38 6.98 6.81 6.07 7.20a 6.24 6.73
Personal safety 7.36a 7.29 5.80 5.02 4.55 5.38 5.80 6.59
Price 4.39 5.12 5.55 5.64 5.88 6.05a 5.30 5.30
Culture and historical
resources 6.11 8.47a 6.78 6.72 6.22 6.63 5.60 6.49

Good shopping 8.04a 5.99 4.89 4.79 3.63 5.40 6.13 6.11
Destination image 7.78 7.27 7.94a 7.06 6.53 6.92 6.38 7.14
Benefits expectations 7.67a 6.80 5.41 5.41 4.60 5.32 6.48 6.67

𝑅
1

=

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

7.16 7.16 7.59 6.40 7.15 8.54 7.45 8.04 7.87 6.73 8.56 8.60 6.95 8.85 7.81 7.20 7.36 6.05 8.47 8.04 7.94 7.67

6.23 7.16 5.38 6.40 5.05 7.96 7.45 8.04 6.27 3.97 8.56 8.60 6.48 8.85 7.81 6.10 7.36 4.39 6.11 8.04 7.78 7.67

5.42 6.89 5.05 4.41 4.10 5.54 5.55 6.08 7.87 3.43 5.53 8.03 6.52 6.41 7.26 6.38 7.29 5.12 8.47 5.99 7.27 6.80

7.16 6.30 7.59 4.30 6.57 8.54 5.98 5.35 6.54 5.96 4.49 6.20 6.68 5.70 6.67 6.98 5.80 5.55 6.78 4.89 7.94 5.41

6.80 6.09 7.06 4.34 6.98 7.01 5.55 5.06 6.41 6.56 3.95 5.28 6.84 5.58 5.72 6.81 5.02 5.64 6.72 4.79 7.06 5.41

5.94 5.22 6.13 3.02 6.34 5.88 4.37 4.16 5.42 6.30 3.43 4.04 5.95 4.28 4.31 6.07 4.55 5.88 6.22 3.63 6.53 4.60

7.08 6.41 7.05 4.09 7.15 6.84 5.61 5.22 6.28 6.67 4.41 5.45 6.93 5.80 6.63 7.20 5.38 6.05 6.63 5.40 6.92 5.32

5.99 5.66 6.36 5.38 5.17 6.86 5.76 5.61 5.66 4.94 6.45 6.78 6.33 7.16 7.36 6.24 5.80 5.30 5.60 6.13 6.38 6.48

6.92 6.45 7.30 4.73 6.57 7.42 6.80 6.29 6.45 6.73 5.80 6.70 6.95 6.88 7.52 6.73 6.59 5.30 6.49 6.11 7.14 6.67

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

.

(15)

Each of the index values is normalized according to
formulas (4) and (5), and then a new matrix is obtained as
follows:

𝑋

=

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

0.47 1.00 0.13 1.00 0.31 0.81 1.00 1.00 0.35 0.16 1.00 1.00 0.53 1.00 1.00 0.03 1.00 0.00 0.18 1.00 0.90 1.00

0.00 0.86 0.00 0.41 0.00 0.00 0.38 0.49 1.00 0.00 0.41 0.88 0.57 0.47 0.84 0.27 0.98 0.44 1.00 0.54 0.57 0.72

1.00 0.56 1.00 0.38 0.81 1.00 0.52 0.31 0.46 0.77 0.21 0.47 0.73 0.31 0.67 0.81 0.44 0.70 0.41 0.29 1.00 0.26

0.79 0.45 0.79 0.39 0.94 0.49 0.38 0.23 0.40 0.95 0.10 0.27 0.89 0.28 0.40 0.65 0.17 0.75 0.39 0.26 0.44 0.26

0.30 0.00 0.43 0.00 0.73 0.11 0.00 0.00 0.00 0.87 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.90 0.22 0.00 0.10 0.00

0.95 0.61 0.79 0.32 1.00 0.43 0.40 0.27 0.35 0.98 0.19 0.31 0.98 0.33 0.66 1.00 0.30 1.00 0.36 0.40 0.35 0.23

0.33 0.23 0.52 0.70 0.35 0.44 0.45 0.37 0.10 0.46 0.59 0.60 0.38 0.63 0.87 0.15 0.44 0.55 0.00 0.57 0.00 0.61

0.86 0.63 0.89 0.51 0.81 0.63 0.79 0.55 0.42 1.00 0.46 0.58 1.00 0.57 0.92 0.58 0.73 0.55 0.31 0.56 0.49 0.67

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

.

(16)



Scientific Programming 7

According to formula (8), that is, 𝜉
𝑖𝑗

= (0 + 0.5 ×

1)/(|𝑋
0𝑗

− 𝑋
𝑖𝑗
| + 0.5 × 1), we obtain the matrix of grey

relational coefficients as follows:

𝜉
𝑖𝑗

=

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

[

0.48 1.00 0.36 1.00 0.42 0.72 1.00 1.00 0.43 0.37 1.00 1.00 0.52 1.00 1.00 0.34 1.00 0.33 0.38 1.00 0.83 1.00

0.33 0.78 0.33 0.46 0.33 0.33 0.45 0.50 1.00 0.33 0.46 0.80 0.54 0.48 0.76 0.41 0.95 0.47 1.00 0.52 0.54 0.64

1.00 0.53 1.00 0.45 0.72 1.00 0.51 0.42 0.48 0.68 0.39 0.49 0.65 0.42 0.61 0.72 0.47 0.62 0.46 0.41 1.00 0.40

0.71 0.48 0.71 0.45 0.90 0.50 0.45 0.39 0.46 0.91 0.36 0.41 0.82 0.41 0.46 0.59 0.38 0.67 0.45 0.40 0.47 0.40

0.42 0.33 0.47 0.33 0.65 0.36 0.33 0.33 0.33 0.79 0.33 0.33 0.33 0.33 0.33 0.33 0.33 0.83 0.39 0.33 0.36 0.33

0.92 0.56 0.70 0.42 1.00 0.47 0.46 0.41 0.44 0.96 0.38 0.42 0.96 0.43 0.60 1.00 0.42 1.00 0.44 0.46 0.43 0.40

0.43 0.39 0.51 0.62 0.44 0.47 0.48 0.44 0.36 0.48 0.55 0.56 0.45 0.57 0.80 0.37 0.47 0.53 0.33 0.54 0.33 0.56

0.78 0.58 0.81 0.50 0.72 0.57 0.70 0.53 0.46 1.00 0.48 0.55 1.00 0.54 0.86 0.55 0.65 0.53 0.42 0.53 0.49 0.61

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

]

.

(17)

According to formulas (10)∼(13), the index weights
vector is calculated as follows:

𝜔

= (0.05, 0.04, 0.05, 0.04, 0.04, 0.04, 0.04, 0.05, 0.05, 0.05, 0.05, 0.04, 0.04, 0.04, 0.03, 0.05, 0.06, 0.04, 0.05, 0.04, 0.05, 0.05) .

(18)

Using formula (14), we obtain the grey relational grades
as follows:

𝐵 = (0.73, 0.57, 0.61, 0.53, 0.40, 0.60, 0.48, 0.63) . (19)

5.2. Comparison and Analysis. In this paper, we focus on
developing a novel evaluation approach tourist choice of des-
tination based on grey relation analysis, in order to demon-
strate the advantages of the developed evaluation methods,
and comparing the evaluation results with the evaluation
method of “TOPSIS” used by literature [21]. So, after obtain-
ing the grey relational grade to the ideal destination by using
our proposed method, we compare and analyze these results
with the evaluation results obtained from the Technique for
Order Preference by Similarity to Ideal Solution (TOPSIS)
used by literature [21]. The results are shown in Table 2.

As can be seen from Table 2, we can make the following
comparative analysis.

(i) The ranking results obtained from literature [21] and
the results in this paper are not completely the same, as
shown in column 2 and column 4 of Table 2, which reflect the
consistency and difference of two methods. In other words,
the ranking results of the top three and the last one are the
same but the others are not the same. Interestingly, almost all
relational grades to ideal solution of our proposed approach
are bigger than those of the similarity to ideal solution by the
Technique for Order Preference by Similarity to Ideal Solu-
tion (TOPSIS) evaluationmethod, which shows that our pro-
posed approach has the advantage over the TOPSIS approach.

(ii) Comparing the overall preference measures of desti-
nations as shown in Table 1 of literature [21], it is observed
that the Taroko National Park has three best preferences

out of the 24 factors, and the National Palace Museum has
two best preferences. Therefore, we intuitively think that the
destination with more best preferences should be ranked
higher than the destination with less best preferences, and
the actual evaluation results are consistent with our intuition,
which show that our proposed evaluation approach is more
credible and more in line with the actual situation. The
fundamental reason why our proposed evaluation approach
is more in line with the actual situation lies in its own
characteristics. In other words, the tourists’ preferences to
tourism destinations are grey and fuzzy, which is in line with
the cognition rules of human being to the objective world.

(iii) No matter what kind of evaluation approach, Taipei
101 is ranked the number one favorite local destination. That
is, Taipei 101 is worthy of visiting as it is the highest building
in the world, located in the business center of Taipei city
and a Taipei landmark. As shown in Table 1, Taipei 101 is
considered the most desirable destination with respect to
“self-actualization,” “meeting new friends,” “medical treat-
ment,” “novelty seeking,” “enjoying night life,” “transporta-
tion facilities,” “quality and variety of food,” “accommodation
facilities,” “good shopping,” “personal safety,” and “benefit
expectations,” which reflects the consistency of twomethods.

6. Conclusions

From a methodological point of view, we proposed a grey
relation analysis evaluation model for choosing tourism des-
tinations and the findings demonstrate that the grey relation
analysis evaluation approach is a useful tool to help support
a decision in destination choice. It integrates the opinion
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Table 2: Final ranking of destinations.

Destination

Results of literature
[21] Results in this paper

Rank
Similarity to

ideal
solution

Rank
Relational

grade to ideal
solution

Taipei 101 1 0.75 1 0.73
Kenting
National Park 2 0.63 2 0.63

Sun Moon Lake 3 0.55 3 0.61
National Palace
Museum 4 0.48 5 0.57

Love River 5 0.47 7 0.48
Taroko
National Park 6 0.43 4 0.60

Alishan 7 0.37 6 0.53
Yushan
National Park 8 0.16 8 0.40

and evaluation of experts and makes the complex decision-
making system into a simple grey relation analysis system.
In other words, our proposed evaluation approach makes the
evaluation process simple and easy to conduct.What is more,
it is especially preferred in ordering the alternatives in situa-
tions in which the sample is small and sample distribution is
not known. In our future studies, we will apply the approach
to evaluating other tourism destinations in China and make
a ranking for Chinese main tourism destinations.
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The “people’s innovation” can promote development in enterprises in urgent need of innovative product design. Collaborative
product design can be a powerful tool for enterprises wishing to improve their market competitiveness and customer satisfaction.
To reduce decision costs, improve efficiency, and solve other issues, promoting “people’s innovation” can play a vital role. With this
focus, this paper examines products produced through “people’s innovation.” A collaborative design task scheduling problem is
presented. The design tasks are sorted based on a minimum delivery cost principle, which is determined using weighted shortest
processing time (WSPT) rules and the shortest delivery time. The results show that distributed collaborative innovation can result
in a reasonable arrangement for collaborative design tasks.

1. Introduction

With rapid societal, scientific, and technological develop-
ment, modern manufacturing enterprises are facing new
challenges daily. To strengthen the manufacturing sector,
the Chinese government has proposed the “Made in China
2025” strategic framework, in which enterprises are seen not
only as players in the main markets but also as drivers of
innovation. Manufacturing enterprises are being encouraged
to implement innovation-driven strategies to promote a “peo-
ple’s innovation” to enhance their core competitiveness and
brand building capability. To win market share and improve
customer satisfaction based on the “people’s innovation,”
it is necessary to improve the efficiency of the product
design process, to reduce costs, and to improve quality.
However, as the product design process involves multiple
concurrent tasks, to carry out these multiple tasks, to reduce
the cost of decision delivery, and to efficiently complete tasks
have become a significant problem. If collaborative product
design is organized efficiently, costs would be reduced, and
enterprise competitiveness and collaborative product design
efficiency improved.

In theoretical research on the study of collaborative intel-
ligent product design methods and technology, domestic and
foreign scholars have conducted a number of design-related
studies, focused mainly on three main areas. Research in the
first area has examined the complexity and dynamics of task
sorting in collaborative product design and online ordering
methods to minimize completion time. Song et al. [1] studied
the optimization of three types of decision sorting at the
ordering online point as well as task scheduling problem
constraints, from which a collaborative design task rule was
developed. Liang et al. [2] introduced coordination theory
dependent concepts, a constraints graph analysis, and graph
theory to describe collaborative design task logic based on a
disjunctive constraintmathematicalmodel for a collaborative
design task scheduling problem. Lu et al. [3] simplified the
simulation scheduling system using simplified discrete event
simulation (SDESA) and particle swarm optimization (PSO)
to automatically configure minimum completion time.

The second research area has examined complex product
design process goals based on empirical analyses to study
collaborative product design. Cui et al. [4] proposed Coop-
erating Correlative Map Based on Activity (CCM A), which
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was a process model based on a predigestion of a determined
display expression conflict. The research was based on a
large coupled task set degree of coordination using the tear
planning method that fully accounted for the complexity
of the information collaboration between the design tasks.
Li et al. [5] used Lite-QFD software and combined it with
an example of a car to achieve quality function deployment
(QFD) conversion and a House of Quality view in collabora-
tive product design. Arsenyan and Büyüközkan [6] proposed
a fuzzy quality function deployment, a fuzzy integrated IT
planning axiom design method, and a fuzzy rule system
for collaborative product design verification to improve IT
collaboration methods for enterprises. Joglekar and Ford
[7] designed tasks according to priorities to build synergies
aimed at improving product design efficiency and developed
an optimal resource allocation model.

The third main research area has focused on production
processes to complete tasks based on task sorting decom-
position. Zhou et al. [8] assigned design tasks based on
comprehensive abilities, interest, and time constraints and
proposed a new collaborative design task time scheduling
allocation policy based on the degree of parallelism and
coupling in the collaborative design process. Meng et al.
[9] adopted a function and structure approach by dividing
the combination of machine tool products according to the
breakdown of the collaborative design task. Through the
implementation, it was found that a recursive structural
design matrix was able to operate independently and com-
plete a set when coupled with normalized operating plan
design tasks. As can be seen from the previous research,
collaborative product design task sequencing has tended to
be limited to theoretical research and there have been few in-
depth studies on manufacturing and management. Further,
collaborative product design delivery costs and other factors
have not been taken into account. Therefore, while a variety
of production sorting tasks have been examined, there has
been little focus on enterprise collaborative product design
in China.

To fill this gap, this article analyses the collaborative
product design sorting task process in the context of the “peo-
ple’s innovation.” In this analysis, we take the collaborative
product design cost factors related to delivery into account.
Using WSPT sorting rules to determine total minimum cost
and minimum weighted completion time for the ordering
scheme and the corresponding delivery, we determine the
weight of the task based on the delivery. This operation pro-
vides production operating parameters, reduces design costs,
improves design efficiency, and enhances enterprise com-
petitiveness, all of which result in relatively good economic
and social benefits as well as providing a reference for the
next “people’s innovation” business background collaborative
product design process.

2. Products under the (People’s Innovation)
Collaborative Design Background

With the proposed “people’s innovation” concept, to enhance
innovation capacity, enterprises need collaborative product

innovation process management, which is based on col-
laborative innovation processes and collaborative process
management, as shown in Figure 1.

Collaborative product innovation process management
is divided into a process level and management. Process
level customer demand is the starting point followed by
problem analysis, process identification, program generation,
evaluation, testing, and improvement, until finally an inno-
vative product is developed. The process management layer
supports both the management and technology within the
rules and constraints [10].

Collaborative information design, as well as understand-
ing the needs of customers, clients, and designers, follows
certain teamwork and consultation rules related to tempo-
rary team formation and a specific collaborative product
design process which encompasses customer needs analy-
sis, target breakdown, problem definition, case knowledge
acquisition, problem representation, problem analysis, con-
cept generation, program production, program evaluation,
program output, and design completion. The coordination
and management innovation platform supports the design
process through the provision of product variety, negotiation
rules, design constraints, and rules covering the complete
collaborative design process, as shown in Figure 2 [10].

In collaborative product design, the designer assigns
design tasks and, using queuing theory, task designers break
these down to form a set of subtasks, each of which accom-
plishes a part of the task. Queuing theory is used to assign
the task resources, which have been sorted in collaborative
product design task order, to the machines. People rather
than machines design the tasks, with the weight between
the tasks being determined by delivery time. The design
tasks are sorted according to the product case, the design
constraints, and the innovative platform design rules. Task
sorting based on delivery is affected by the length of delivery,
which is influenced by many factors, such as personnel char-
acteristics, task characteristics, human factor characteristics,
environmental characteristics, and technical characteristics.
Therefore, to accurately determine the collaborative product
design task sort order for the shortest delivery, there is a need
for additional theoretical analysis and research [10].

3. The Shortest Delivery Time for Products
Based on the Sorting of the Collaborative
Design Tasks

Based on the above collaborative product design process
and according to the project management work breakdown
structure (WBS), complex collaborative product design activ-
ity designers logically divide the activity into 𝑛 subtasks,
with a set denoted by 𝑇 = {𝑇

1
, 𝑇
2
, . . . , 𝑇

𝑛
}, where A 𝑇 =

⋃
𝑛

𝑖=1
𝑇
𝑖
indicates that all subtasks should be combined for

collaborative task 𝑇, with the complete collaborative task
𝑇 after being broken down being equal to the original set;
B ⋂
𝑛

𝑖=1
𝑇
𝑖

̸= ⌀ shows that the decomposed subtasks are
independent [2]. This article discusses two types of single
discussion group task scheduling problems, both of which are
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based on aminimum cost of delivery and shortest scheduling
time.

The first task scheduling problem is based on the cost of
delivery for the smallest single main task.

Let collaborative design task delivery be 𝑘 units and the
set of tasks 𝑇 = {𝑇

1
, 𝑇
2
, . . . , 𝑇

𝑛
}, with 𝑃

1
, 𝑃
2
, . . . , 𝑃

𝑛
represent-

ing the processing time for 𝑛 collaborative product design
tasks. There are three kinds of costs: the cost determined by
the delivery of the collaborative design tasks, the cost for
early task completion, and the penalty to be paid for late task
completion.

A collaborative product design task of consists of stages,
and each stage has decision variables, state variables, an index
function, available state transition equations, and a systems
recurrence equation.

To determine the processing time required for the first
stage of a task (𝑥

𝑖
= 𝑃
𝑗
, 𝑖, 𝑗 = 1, 2, . . . , 𝑛), 𝐷

𝑖
represents the

first task completion point for the state variables.
The state transition equation is

𝐷
𝑖
= 𝐷
𝑖−1

+ 𝑥
𝑖

𝑖 = 1, 2, . . . , 𝑛,

𝐷
1
= 𝑥
𝑖
,

(1)

where𝐴
(𝑘)

is delivery costs of the decision; 𝐵
𝑖
(max{0, 𝑘−𝐷

𝑖
})

is the personnel costs wasted if early task completion occurs,
a nondecreasing function; 𝐸

𝑖
(𝑔(max{0, 𝐷

𝑖
− 𝑘})) is the delay

fine, a nondrop function:

𝑔 (max {0, 𝐷
𝑖
− 𝑘}) =

{

{

{

0 max {0, 𝐷
𝑖
− 𝑘} = 0

1 max {0, 𝐷
𝑖
− 𝑘} > 0.

(2)

Remember

𝐶
𝑖
= 𝐵
𝑖
(max {0, 𝑘 − 𝐷

𝑖
}) + 𝐸

𝑖
(𝑔 (max {0, 𝐷

𝑖
− 𝑘})) . (3)

Then 𝑓
𝑖
(𝐷
𝑖
) represents the minimum cost from state 1 to

state 𝑖 in state𝐷
𝑖
; the recurrence equation is

𝑓
𝑖
(𝐷
𝑖
) = min {𝐶

𝑖
+ 𝑓
𝑖−1
(𝐷
𝑖−1
)} 𝑖 = 2, 3, . . . , 𝑛,

𝑓
1
= min
𝑥
1
=𝐷
1

𝐶
1
.

(4)

The total cost 𝑓 is

𝑓 = 𝐴
(𝑘)
+ 𝑓
𝑛
(𝐷
𝑛
) . (5)

In this paper, design task delivery is uncertain. Based on
the collaborative design task sort order, the calculation steps
for the shortest delivery time are as follows.

Step 1. Determine the possible values:

A Determine different combinations.
B For each combination calculate the elements and

assign a number 2𝑛 − 1, according to the sort appre-
ciation, that, is 𝑎

1
, 𝑎
2
, . . . , 𝑎

2
𝑛
−1
, if it involves the same

number, only one.

Step 2. Let 𝑘
𝑗
= 𝑎
𝑖
; solve 𝑘

𝑗
dynamic programming problems

(4) and (5) using the formula to determine the corresponding
optimal ordering {𝑥

∗

1
, 𝑥
∗

2
, . . . , 𝑥

∗

𝑛
}, with no minimum total

cost 𝑓
𝑗
= 𝐴
(𝑘
𝑗
)
+ 𝑓
𝑛
(𝐷
𝑛
), 𝑗 = 1, 2, . . . , 2𝑛 − 1.

Step 3. 2𝑛−1𝑓
𝑗
: remember𝑓

𝑎
= min{𝑓

𝑗
}, so𝐴

𝑎
is the optimal

delivery, {𝑥∗
1
, 𝑥
∗

2
, . . . , 𝑥

∗

𝑛
}
𝑎
is the optimal sort, and 𝑓

𝑎
is the

minimum cost [11].

The second task scheduling problem is the total flow for
the shortest single main task.

Schedule the collaborative product design tasks using the
quad 𝛼 | 𝛽 | 𝛾 | 𝜎, where 𝛼 indicates that there is only single
item, 𝛽 is the implementation task constraints, for which
there may be none or many, 𝛾 is the minimization objective,
and 𝜎 indicates that it is a heavy task. Let the collaborative
single main task be TASK = (𝑝

𝑗
, 𝑑
𝑗
, 𝛾
𝑗
, 𝜎
𝑗
, 𝑆
𝑗𝑘
, 𝑛), in which 𝑝

𝑗

is the time required to complete task 𝑗, 𝑑
𝑗
is the promised task

completion time for 𝑗, 𝛾
𝑗
is main start time for task 𝑗, 𝜎

𝑗
is the

weight of the task, and 𝑆
𝑗𝑘
is the sequence determined in the

preparation time between task 𝑗 and the task execution order;
that is, if task is the first task, 𝑆

0𝑘
is the preparation time for

the task and if task 𝑗 is the last task, then 𝑆
𝑗0
is adjusted after

task 𝑗 and 𝑛 is the number of tasks.
The model is then (1|𝑟

𝑗
, 𝜎
𝑗
, 𝑆
𝑗𝑘
| ∑
𝑛

𝑗=1
𝐶
𝑗
). To achieve the

optimization goal, the total flow for the shortest single
group task scheduling problem needs to be considered
which includes all tasks associated with the task sort. The
optimization target is ∑𝑛

𝑗=1
𝐶
𝑗
[12].

4. Applications

F enterprise manufactures digital electronic products. To
retain and increase market share, the company needs to
design new products every year. Therefore, suppose F enter-
prise needs to design a new R model computer. However,
F enterprises have limited technology, resources, and staff.
To improve design efficiency, they need to have a “people’s
innovation” response, so there is a need to involve several
companies in the collaborative design to fully understand
customer needs and collaboratively design the R model
basic computer products. Based on the WBS principle,
the R model computer main chassis design tasks can be
decomposed into five separate design subtasks: “BIOS Basic
Input Output System,” “CPU,” “Memory,” “bus expansion
slot,” and “Chipset” design; the processing time for the five
design tasks is, respectively, 20, 50, 10, 30, and 40 days;
however, the collaborative design task delivery is unknown.
The scheduling problem of five design tasks about R model
computer’s chassis is based on the following two aspects.

The first calculation is based on the cost of delivery of the
decision task’s smallest single main task schedule.

Set 𝐴, 𝐵
𝑖
, and 𝐸

𝑖
as the linear variable functions,

𝐴
(𝑘)

= 𝜆
1
⋅ 𝑘,

𝐵
𝑖
(max {0, 𝑘 − 𝐷

𝑖
}) = 𝜆

2
max {0, 𝑘 − 𝐷

𝑖
} ,

𝐸
𝑖
(𝑔 (max {0, 𝐷

𝑖
− 𝑘})) = 𝜆

3
𝑔 (max {0, 𝐷

𝑖
− 𝑘}) .

(6)
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Table 1: Calculation table.

Delivery date 𝑘 Sorting task {𝑥∗
1
, 𝑥
∗

2
, . . . , 𝑥

∗

𝑛
}
𝑎

Minimum cost 𝑓
10 {10, 20, 30, 40, 50} ⋅ ⋅ ⋅ {10, 20, 30, 50, 40} 410
20 {20, 10, 30, 40, 50} ⋅ ⋅ ⋅ {20, 10, 30, 50, 40} 420
30 {20, 10, 30, 40, 50} ⋅ ⋅ ⋅ {20, 10, 30, 50, 40} 340
40 {30, 10, 20, 40, 50} ⋅ ⋅ ⋅ {30, 10, 20, 50, 40} 350
50 {40, 10, 20, 40, 50} ⋅ ⋅ ⋅ {40, 10, 20, 50, 40} 360
60 {30, 20, 10, 40, 50}, {30, 20, 10, 50, 40} 330
70 {40, 20, 10, 30, 50}, {40, 20, 10, 50, 30} 350
80 {40, 30, 10, 20, 50}, {40, 30, 10, 50, 20} 370
90 {40, 30, 20, 10, 50}, {40, 30, 20, 50, 10} 400
100 {50, 30, 20, 10, 40}, {50, 30, 20, 50, 40} 420
110 {50, 30, 20, 10, 40} 440
120 {50, 40, 20, 10, 30} 470
130 {50, 40, 30, 10, 20} 500
140 {50, 40, 30, 20, 10} 540
150 {50, 40, 30, 20, 10} 610

𝜆
1
, 𝜆
2
, and 𝜆

3
, indicate the unit costs of delivering on

schedule, the unit cost for early task completion, and the unit
penalty cost for late task completion. 𝐶

𝑖
of 𝑖 stage is

𝐶
𝑖
= 𝜆
2
max {0, 𝑘 − 𝐷

𝑖
} + 𝜆
3
𝑔 (max {0, 𝐷

𝑖
− 𝑘}) (7)

with total cost

𝑓 = 𝜆
1
× 𝐾 + 𝑓

𝑛
(𝐷
𝑛
) ,

𝜆
1
= 1,

𝜆
2
= 2,

𝜆
3
= 100,

𝑃
1
= 20,

𝑃
2
= 50,

𝑃
3
= 30,

𝑃
4
= 10,

𝑃
5
= 40.

(8)

A Possible point values for the common species are 2𝑛 −
1 = 25 − 1 = 31.

B There are 31 combinations for {20, 50, 30, 10, 40},
which are {20}, {50}, {30}, {10}, {40}, {20, 50}, {20, 30},
{20, 40}, {20, 10}, {50, 30}, {50, 10}, {50, 40}, {30, 10}, {30, 40},
{10, 40}, {20, 50, 30}, {20, 50, 10}, {20, 50, 40}, {20, 30, 10},
{20, 30, 40}, {20, 10, 40}, {50, 30, 10}, {50, 30, 40}, {50, 10, 40},
{30, 10, 40}, {20, 50, 30, 10}, {20, 50, 30, 40}, {20, 50, 10, 40},
{20, 30, 10, 40}, {50, 30, 10, 40}, and {20, 50, 30, 10, 40}.

CTheelements of each combination are 20, 50, 30, 10, 40,
70, 50, 60, 30, 80, 60, 90, 40, 70, 50, 100, 80, 110, 60, 90, 70, 90,
120, 100, 80, 110, 140, 120, 100, 130, and 150; remove same 50,
30, 60, 40, 70, 80, 90, 100, 110, and 120; get results 20, 50, 30,
10, 40, 70, 60, 80, 90, 100, 110, 120, 140, 120, 130, and 150.

DAppreciating the sort, then get 10, 20, 30, 40, 50, 60, 70,
80, 90, 100, 110, 120, 130, 140, and 150.

E For 10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 110, 120, 130,
140, and 150, step two is calculated according to the model.
The results are shown in Table 1.

Comparison in Table 1 shows that the minimum cost
of 330 when 𝑘 = 60 is the optimal delivery point. At
this time, the optimal scheduling task processing time is
{30, 20, 10, 40, 50} and {30, 20, 10, 50, 40} and the best task
sort is 𝑇

3
-𝑇
1
-𝑇
4
-𝑇
5
-𝑇
2
or 𝑇
3
-𝑇
1
-𝑇
4
-𝑇
2
-𝑇
5
.

The second application is based on a total flow depen-
dency shortest single main task scheduling problem. Ref-
erence [12] demonstrated that, with WSPT rules, single
issues can be optimally scheduled; the rule for WSPT is
to work according to the descending order 𝑤/𝑝

𝑖
, where 𝑤

represents the weight of heavy task 𝑗 and 𝑝
𝑖
represents the

task processing time.
The design process is divided into five independent tasks.

Each task has a job number, a job submission time, a task
processing time, a task completion time, and a task weight.
The task sequence is TASK = (ID, ST,PT, FT,DL) in which
ID is the task number, ST is the task submission time, PT is
the task processing time, FT is task completion time, and DL
is the weight.

1|𝑟
𝑗
, 𝑆
𝑗𝑘
| ∑
𝑛

𝑗=1
𝐶
𝑗
: the weighted taskmatrix corresponding

to the expression is

TASK =

[

[

[

[

[

[

[

[

[

1 0 20 30 1

2 0 50 80 3

3 0 30 60 2

4 0 10 50 1

5 0 40 70 2

]

]

]

]

]

]

]

]

]

. (9)

Prepare a zero matrix.
In the above 31 possible delivery values, frequencies of

20 to 1,50 to 3,30 to 2,10 to 1 and 40 to 2 are given which
are related to delivery frequency. Weights are assigned to the
tasks to align processing time with delivery. Therefore, the
weights for the five design tasks are {1, 3, 2, 1, 2}.
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Figure 3: Lekin Sort.

From the data for the five manual design tasks corre-
sponding to the Lekin Scheduler input system and theWSPT
sorting principle, the order for the five tasks is shown in a
Gantt chart (Figure 3).The program is𝑇

4
-𝑇
3
-𝑇
2
-𝑇
1
-𝑇
5
for the

weighted completion time, with a minimum target value of
770. This scenario corresponds to the shortest delivery time
𝑘 = 10 and a minimum total cost of 410.

For the shortest delivery time 𝑘 = 10, the R computer
model ordering scheme for the five main chassis design
task (𝑇

4
-𝑇
3
-𝑇
2
-𝑇
1
-𝑇
5
) costs is determined by the minimum

delivery weighted completion time and minimal cost. The
order for the R model main computer chassis design for the
five subtasks is “bus expansion slots”, “Memory”, “CPU”,
“BIOS Basic Input Output System”, and “chipset.”

5. Conclusion

In this article, based on aWBS collaborative task analysis, the
complex business product design process was divided into 𝑛
subtasks. First, according to the minimum cost of delivery
principle decision to sort the tasks for different delivery
solutions, WSPT rules were used to determine a reasonable
sort order to achieve a total minimum cost and a mini-
mum weighted completion time, all of which reduced costs,
improved efficiency, and enhanced core competitiveness.

In this article, the shortest delivery time was determined
by sorting the collaborative product design tasks based on
delivery to determine the task weight. Using the WSPT
sort rules, the ordering scheme was derived to achieve
total minimum cost and minimum weighted completion
time. This method allows for the identification of the actual
product design process parameters, which is in line with
the “Made in China 2025” and “people’s innovation” aims
for an effective distributed collaborative design task ordering
scheme. This innovation could be useful for China future
industrial policies.
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Health is vital to every human being. To further improve its already respectable medical technology, the medical community is
transitioning towards a proactive approachwhich anticipates andmitigates risks before getting ill.This approach requiresmeasuring
the physiological signals of human and analyzes these data at regular intervals. In this paper, we present a novel approach to apply
deep learning in physiological signals analysis that allows doctor to identify latent risks. However, extracting high level information
from physiological time-series data is a hard problem faced by the machine learning communities. Therefore, in this approach,
we apply model based on convolutional neural network that can automatically learn features from raw physiological signals in an
unsupervised manner and then based on the learned features use multivariate Gauss distribution anomaly detection method to
detect anomaly data. Our experiment is shown to have a significant performance in physiological signals anomaly detection. So it
is a promising tool for doctor to identify early signs of illness even if the criteria are unknown a priori.

1. Introduction

Over the years, all kinds of intelligent devices and modern
life are more and more inseparable [1]. People can record
various kinds of physiological time-series data through those
devices at any time and any places [2, 3]. Analyzing those
physiological time-series data [4] gets a lot of information
about our body. Although countries invested heavily in the
development of biomedicine, the incidence of various types
of chronic noncommunicable diseases is increasing. So the
medical community is transitioning towards a proactive
direction. Different from the previous one, the approach aims
at analyzing physiological time-series data and identifying
potential risk of illness and mitigation measures are taken
before getting ill.

Many methods can be used to help us get a better under-
standing of our physical condition. Machine learning [5] is
a fundamental and significant research in many fields. It is

widely used in industry [6], power system [7, 8], weather
forecast [9], transit systems [10], computer-aided detection
and diagnosis systems [11], and so on. Some companies have
also launched deep learning related project via collecting and
analyzing massive amounts of data and applied to anomaly
detection or others applications. It is also an important assis-
tant means for medical and has important application value
in the field of medical care [12]. In this paper, we propose
a lightweight approach for detecting the anomaly data by
analyzing the physiological signals. Empirically, physiological
signals can be obtained from biosensors in various ways.

Though anomaly detection is widely used in other fields,
the problem of physiological signals anomaly detecting in
the context of human-computer interaction still remains
complex and largely unexplored. The anomaly detection of
physiological signals is, primarily, by using machine learn-
ing techniques for learning features [13] from physiolog-
ical signals and then constructing computational models [14]
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of anomaly detection. The main components of the model
consists of two parts: processing of input signals (learned
features) and detecting anomaly data.

Feature extraction and feature selections are the key in
understanding and training an anomaly detection algorithm
[15, 16]. Physiological signals are usually correlated to time
and space [17]; they belong to high-dimensional time-series
data. Time-series data is high-dimensional and complex with
unique properties that make them challenge to analyze and
model. One of the major challenges in healthy anomaly de-
tection is to extract features in multivariate physiological sig-
nals, which can be used to detect the anomaly data correctly
[18]. Traditional approaches for modeling sequential data
include the estimation of parameters from an assumed time-
series model such as autoregressive models and Linear
Dynamical Systems (LDS) and the popular Hidden Markov
Model (HMM). The estimated parameters can then be used
as features in a classifier to perform classification. The rest-
ricted Boltzmann machine (RBM) is a generative proba-
bilistic model between input units (visible), 𝑥, and latent
units (hidden). Several RBMs can be stacked and trained
in a greedy manner to form so-called Deep Belief Net-
works (DBN), which are probabilistic generative neural
network composed ofmultiple layers of restricted Boltzmann
machine. DBNs are graphical models which learn to extract a
deep hierarchical representation of the training data. Another
model that had been used for modeling sequential data is
the Recurrent Neural Network (RNN). Generally, an RNN is
obtained from the feed forward network by connecting the
neurons’ output to their inputs. Hand-designed feature ex-
tractors require a human expert to find the suitable data
manipulations that will lead to good evaluation performance.
To determine important features and pick the effective ones
to handle a new applicationmay be labor-intensive and time-
consuming. It inherit a number of critical limitations that
make their use cumbersome in highly complex multimodal
input spaces. In this paper, we present a new approach to
the automatic physiological signals anomaly detection. The
focus is to develop unsupervised feature learning method
to learn meaningful feature representations from unlabeled
physiological signals. Our hypothesis is that use of nonlinear
unsupervised and multivariate Gauss distribution model
methods [19–21] relying on the principle of deep learning can
eliminate the limitations of the current feature extraction and
feature selection in physiological signals anomaly detection.
Unsupervised feature learning techniques [4, 22] are a way
of learning feature representations [23] that a human expert
might not be aware of and could reflect the essence the
healthy states feature representations. A secondary contribu-
tion of the proposed method is using the features extracting
from convolutional neural network (CNN) feed to anomaly
detection model and giving the anomaly data to doctor to
evaluate mitigating risks before illness. CNN’s convolution
and pooling can help us deal with high-dimensional data
more quickly. By analyzing physiological signals, if anomaly
data occurs, the special prevention should be done in advance
to reduce the risk of disease.

Physiological data 

Preprocessing

CNN

Anomaly 
detection model

Results

Data normalized 

Features learning 
using CNN

Detect anomaly data using 
multivariate Gaussian
distribution

Figure 1: The block diagram of the algorithm.

2. Materials and Methods

In this section, we describe a common framework used
for feature learning. For concreteness, we will focus on
the application of these algorithms to learn features from
physiological signals, though our approach is applicable to
other forms of data as well. Furthermore, the studies cover
the two key research pillars of this paper: (1) defining feature
set to extract relevant bits of information from objective
data signals; (2) creating models that map a feature set into
multivariate Gaussian anomaly detection model to predict
the anomaly physiological signals.

At a high level, our algorithm performs the following
steps (see Figure 1) to learn feature representation:

(a) Dividing physiological signals into a number of seg-
ments from unlabeled training data.

(b) Applying a preprocessing stage to the segments and
normalizing the raw data.

(c) Extracting high level information using an unsuper-
vised learning algorithm.

(d) Using Gauss model to detect the anomaly physiolog-
ical signals.

Now we describe the components of this pipeline and its
parameters in more detail.

2.1. Feature Learning. In the context of healthy state anomaly
detection, feature learning refers to the process of transform-
ing the raw signals captured by the hardware into a set of
inputs suitable for a computational evaluation of anomaly
data. Usually, learning feature from one-dimensional con-
tinuous signals is simple statistical features [24, 25], such
as average and standard deviation values, calculated on the
time or frequency domains of the raw or the normalized
signals. Physiological signals anomaly detection based on
signals withmore than one dimension typically boils down to
physiological anomaly data detection from all kinds of phys-
iological signals. The focus of this paper is on convolutional
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Figure 2: The structure of deep ANN architecture.

neural networks [5, 13, 26] methods that can automatically
extract new features or unknown features in an unsupervised
manner from those data.

Convolutional neural networks, as a popular technique,
could be used in many fields such as image and video
classification natural language processing, pedestrian detec-
tion, generic visual recognition, face recognition, and image
recognition [10, 27]. They are very similar to ordinary neural
networks. It is composed of a number of neurons that have
learnable weights and biases. Each neuron receives some
inputs and performs a dot product with a nonlinearity func-
tion Sigmoid. A convolutional neural network is comprised of
one or more convolutional layers (often with a subsampling
step) and then followed by one ormore fully connected layers
as in a standard multilayer neural network. The architecture
of an ANN is designed to include both the feature extractor
and the anomaly detection, as shown in Figure 2.

Usually, in convolutional neural networks, each layer is
composed of two operations: convolution and max-pooling.
At a convolution layer, the previous layer feature maps are
convolved with learnable kernels and then put through the
activation function to form the output feature map. Each
output map may combine convolutions with multiple input
maps. Supposing 𝑋 denote the input signal is 2-dimensional
data of size 𝑚 × 𝑛, where 𝑚 and 𝑛 are positive integers. A
feature map is obtained by convolution of the input signal
with a linear filter, adding a bias term and then applying a
nonlinear function 𝑓. If we denote the 𝑘th feature map at a
given layer as ℎ𝑘, whose filters are determined by the weights

𝑤
𝑘 and bias 𝑏𝑘,𝑀𝑗means the selection of input maps in layer

𝑘 − 1. Then the feature map ℎ
𝑘 is obtained as follows:

ℎ
𝑘

𝑗
= 𝑓( ∑

𝑖∈𝑀𝑗

𝑋
𝑘−1

𝑖
∗ 𝑊
𝑘
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𝑘
) . (1)

Sensitivity computation process:
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up(⋅) function is exactly an inverse process of the downsam-
pling.

Compute the gradient,
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Gradients in subsampling layers:
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Here, down(⋅) means the subsampling function, such as
average-pooling or max-pooling.
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the convolution between all sensitivities of nodes in layer 𝑘+1

that have connection with the node in layer 𝑘 and the weights
are defined as𝑊𝑘

𝑗
, and we could compute the gradients for 𝛽

and 𝑏 in subsampling layers as the following equations:
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(6)

The input of each neuron determines the size of patch.
Each neuron contains a number of trainable weights equal
to the number of its inputs and additional bias parameter;
the output is calculated by applying an activation function to
the weighted sum of the input and bias. (Activation function:
tanh, ReLU, Sigmoid, and Softplus. tanh: 𝑦 = (exp(𝑥) −

exp(−𝑥))/(exp(𝑥) + exp(−𝑥)). The real worth to compress
input ranges in −1 to 1, so that it is substantially 0 mean;
ReLU: 𝑦 = max(0, 𝑥). The network can be introduced into
the sparsity, and the performance of ReLU is better than
other activation functions in the case of no pretraining;
Sigmoid: 𝑦 = (1 + exp(−𝑥))−1. The activation function in
the neural network learning can push towards key features
to the central and the nonkey features to both sides of the
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zone; Softplus: 𝑦 = log(1 + exp(𝑥)). The activation function
makes the relationship between output and input keep the
nonlinear monotonic rise and fall and fault tolerance of
neural network is good.) Each neuron scans sequentially
the input, assessing at each patch location the similarity to
the pattern encoded on weights. The consecutive outputs
generated at every location of the input assemble a feature
map. The output of convolution layers is the set of feature
maps repeated application of a nonfunction across subregions
of entire input. In the following, we provide details on CNN
architectures in Figure 2. The neurons in the convolutional
layer take as input a patch 8 × 1 on the input time-series data.
The input patch is applied with a sliding-window stride of 8
along time-axis. Each of the neurons calculates ℎ

𝑘 and then
obtains features.

As soon as feature maps have been generated, a pooling
layer aggregates consecutive values of the feature maps
resulting from the previous convolution layer, reducing their
resolution with a pooling function.Themaximum or average
values are the two most commonly used pooling functions
providing max-pooling and average-pooling layers, respec-
tively. It is common to periodically insert a pooling layer in
between successive convolutional layer in a ConvNet archi-
tecture. Its function is to progressively reduce the spatial size
of the representation to reduce the amount of parameters and
computation in the network and hence to also control overfit-
ting. In this paper, the pooling layer operates independently
on every depth slice of the input and resizes it spatially, using
the MAX operation. The most common form is a pooling
layer with filters of size 2 × 2 applied with a stride of 2 down-
samples in every depth slice in the input by 2 along bothwidth
and height, discarding 75% of the activation. Because physio-
logical signals are time-series data, we designed the filters of
size 2 × 1 with a stride of 2 downsamples along time-axis.

As we described above, a simple CNN is a sequence of
layers, and each layer of a CNN transforms one volume of
activation to another through a differentiable function. We
use three main types of layers to build CNN architectures:
convolutional layer, pooling layer, and fully connected layer
(exactly as seen in regular neural networks). In our work, it is
a hierarchical model that alternate convolution and pooling
layers in order to process large input spaces in which a
spatial or temporal relation among the input exists such as
time-series data, speech, or physiological signals. Therefore,
hierarchical analysis and learning architectures are the key to
success in anomaly detection.

2.2. Autoencoders. We must train our network weights with
a kind of unsupervised method because our training set is
unlabeled. Usually physiological signals are unlabeled, so we
need to take other methods to train ConvNet weights. An
autoencoder neural network (see Figure 3) is an unsupervised
learning algorithm that applies backpropagation, setting the
target values to be equal to the inputs [28]. In this paper,
we use autoencoders to train all convolution layers of our
CNN. Now we have only a set of unlabeled training examples
{𝑥
(1)

, 𝑥
(2)

, 𝑥
(3)

, . . .}, where 𝑥
(𝑖)

∈ 𝑅
𝑛. An autoencoder takes

an input 𝑥 ∈ [1, 0]
𝑑 and first maps it (with an encoder) to

Encoder Decoder
Error

Input Code Reconstruction
x y z

Figure 3: The block diagram of autoencoders.
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Figure 4: The structure of autoencoder.

a hidden representation 𝑦 ∈ [1, 0]
𝑑


through a deterministic
mapping:

𝑦 = 𝑠 (𝑊𝑥 + 𝑏) , (7)

where 𝑠 is a nonlinearity function Sigmoid. The latent repre-
sentation𝑦 or code is thenmapped back (with a decoder) into
construction 𝑧 of the same shape as 𝑥. The mapping happens
through a similar transformation:

𝑧 = 𝑠 (𝑊

𝑦 + 𝑏

) . (8)

𝑧 should be seen as a prediction of 𝑥, given the code 𝑦.
An autoencoder is a model that transforms an input

space into a new distributed representation by applying a
deterministic parameterized function called the encoder (see
Figure 4). The autoencoder learns how to map the output
of the encoder into the input space, with a parameterized
decoder, to have small reconstruction error on the training
examples; that is, the original and corresponding decoded
inputs are similar. The encoder weights (used to obtain the
output representation) are also used to reconstruct the input.
By defining the reconstruction error as the sum of squared
differences between the inputs and the reconstructed input,
then use gradient descent method such as backpropagation
to train the weights of the ConvNet.The reconstruction error
can bemeasured inmanyways, depending on the appropriate
distributional assumptions on the input given the code. The
traditional squared error cost function is given by

𝐽 (𝑥𝑧) = ‖𝑥 − 𝑧‖
2
. (9)

Here 𝑥 is raw data and 𝑧 is reconstruction data.
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In this paper, autoencoders are used to train unsupervised
CNN to transpose subsets of the raw input signals into
learned features. In turn, the outputs of learned features
extracted from the input layer may feed any function approx-
imation or classifier that attempts to find a mapping between
the input signal and a target output. In this paper, we use
multivariate Gaussian anomaly detection model to detect the
anomaly physiological signals for a user based on the learned
features of his physiological signals.

2.3. Multivariate Gaussian Distribution. The multivariate
Gaussian distribution is a generalization of the univariate
normal to two or more variables. It is a distribution for
random vectors of correlated variables, each element of
which has a univariate normal distribution. A vector-valued
random variable 𝑋 = [𝑋1, 𝑋2, . . . , 𝑋𝑛]

𝑇 is said to have a
multivariate Gaussian distribution with mean vector 𝜇 ∈ 𝑅

𝑛

and covariance matrix Σ. Its probability density function is
given by

𝑝 (𝑥, 𝜇, Σ)

=

1

(2𝜋)
𝑛/2

|Σ|
−1

exp(−

1

2

(𝑥 − 𝜇)
𝑇
Σ
−1

(𝑥 − 𝜇)) ,

Σ = 𝐸 [(𝑋 − 𝜇) (𝑋 − 𝜇)
𝑇
] .

(10)

We write this as𝑋 ∼ 𝑁(𝜇, Σ).
Anomaly detection is an unsupervised learning method,

using density estimation to evaluate data is normal or not.The
expression is as follows:

if 𝑝 (𝑥)

{

{

{

≤ 𝜀 anomaly

> 𝜀 normal.
(11)

When 𝑝(𝑥) is greater than threshold 𝜀, the data is normal and
𝑝(𝑥) is less than threshold 𝜀, and the data is anomaly.

3. Results and Discussion

In the experiments, we focused on evaluating the efficacy
of using CNN to construct a model of physiological signals
anomaly detection and we test our algorithm on eight
physiological signals on DEAP dataset, a dataset for emotion
analysis using EEG, physiological, and video signals. We
expect that information relevant to anomaly detection can
be extracted more effectively using CNN methods directly
on the raw physiological signals automatic selection of
features than on a set of designer-selected extracted features.
The hardware and software environment in experiment are
as follows: hardware environment: Intel(R) Core(TM) i3-
2330 CPU @ 2.2GHz RAM 2.00GB; software environment:
Windows 7, Python 2.7, and Matlab R2014a.

3.1. Training Models of Physiological Signals Anomaly Detec-
tion. In the approach presented here, we investigate an effect-
ive method of learning models that map signals of user
physiological to detect anomaly data. In the feature extraction
stage, we use a deep model composed from a multilayer
convolutional neural network that transforms the raw signals
into reduced set features. In the anomaly detection stage,
we feed those features to an anomaly detection model
which uses the multivariate Gaussian distribution to detect
anomaly physiological signals (see Figure 2). Before new
unlabeled time-series physiological signals enter the model,
first, make the time-series physiological signals normal.Then
extract features in the original network parameters. Then
last, use multivariate Gaussian distribution to detect anomaly
data in new unlabeled time-series physiological signals. The
deep ANN architecture contains two convolutional layers,
two pooling layers, and a multivariate Gaussian anomaly
detectionmodel.Thefirst convolutional layer (patch length of
12 raw physiological signals) processes physiological signals,
which is then propagated forward to a maximum-pooling
layer (window length of 2 features).The second convolutional
layer (patch length of 5 subsampled features) processes the
subsampled feature maps and the resulting feature maps of
the second pooling layer (window length of 2 features). The
final subsampled feature maps form the outputs of the CNN
which provides a number of learning features feeding the
input of Gaussian anomaly detection model. Our hypothesis
is that the automation of feature extraction via deep learning
will yield anomaly physiological signals of higher predictive
power, which, in turn, deliver evaluation models of higher
accuracy.

Before feeding the raw data to CNN, in order to cause
the reconstruction error convergence, we normalized the raw
data use:

𝑋 norm =

𝑋 − 𝜇

std (𝑋)

. (12)

𝜇 and std, respectively, represent the average value of raw
data and the standard deviation of raw data. Then feed
the normalized data 𝑋 norm to CNN learning features of
raw data. By analyzing the reconstruction error Jw between
the inputs data 𝑋 and the reconstruction inputs 𝑍 and
the number of iterations, we can obtain preferable learned
features. In theory, the greater the iterations number, the
smaller the reconstruction error Jw.

With the increase of the number of iterations, the cost
function Jw is tending towards zeros and then keeping
stability, we can draw a conclusion that the reconstruction
data are nearly the same.Therefore, the learned features from
raw data are effective and we can view those features as high
level expression of the raw data. As Figure 5 shows, we take
5000 iterations, the cost function Jw is tending to zeros, and
we can get the weights of the ConvNet and high level features
of the eight physiological signals.

As soon as features have been learned, feed them to
Gaussianmixtures models to detect the anomaly features and
get the coordinate. We consider the data and the learned
features to be subject to Gauss distribution.
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As Figure 6 shows, the features of the eight physiological
signals are subject to Gauss distribution signals.

3.2. Results. Then we choose a fine threshold 𝜀 to get the
features which is 𝑝(𝑥𝑖) ≤ 𝜀 and then get the coordinate
and the corresponding raw data. All anomaly detection
algorithms can be set at different threshold 𝜀, which may
make results correspond to reality. If the ratio of anomaly data
is 1% and threshold 𝜀 = 0.2 we can get the anomaly features
and the coordinate of raw physiological signals. In addition,
if the ratio of anomaly data is 5% and threshold 𝜀 = 0.3

we can get other anomaly features and the coordinate of raw
physiological.

In this paper, we use a series of detection thresholds 𝜀 0.2,
0.23, 0.25, and 0.26, and the ratios of anomaly data are 1%, 2%,
3%, and 5%, respectively.The percentage controls the number
of physiological signals to be considered anomaly ranked by
severity. We get four sets of anomaly data as Figure 7 shows,
(a) and (b), (c) and (d), (e) and (f), and (g) and (h). Finally,
it is easy to obtain the anomaly raw physiological signals
according to anomaly features point coordinate and doctor
can quickly analyze those anomaly physiological signals to
help users understand the healthy states at present.

3.3. Discussion. The testing on dataset showed that the
method can detect anomaly physiological signals and some
may exhibit early signs of illness.Therefore, themethod could
be a tool to help doctor identify the underlying disease.

There is no “medical instance” for performance evalu-
ation or a benchmark dataset in which every physiological
signal is labeled “normal or anomaly” in definitive terms. In
this paper, the detection threshold 𝜀 is artificially chosen to
evaluate physiological signals normally or anomaly. There-
fore, one limitation of this paper is that we do not provide
an evaluation of the detection accuracy in a traditional sense,
such as false negatives and false positives. A new method is
needed to evaluate the performance of an anomaly detection
method that does not rely on preexisting criteria but is
capable of detecting unknown issues.

4. Conclusions

This paper introduces the application of deep learning to
the construction of an anomaly detection model built on
physiological signals manifestations of anomaly data. To
detect the anomaly data, key point is learning effective
features in the raw feature. The algorithm proposed employs
a number of convolution layers that learn to extract relevant
features from the input signal and then feed those features
to multivariate Gaussian distribution to detect anomaly fea-
tures.The algorithmwas tested on eight physiological signals.
Result, in general, suggests that algorithm is highly efficient to
learn high level features from raw physiological signals and
multivariate Gaussian distribution anomaly detection.

Feature learning directions in our algorithm can be
outlined as follows. First, a wide range of datasets each of
which has different characteristics from different part of body
should be employed in order to demonstrate the effectiveness
of the method. Second, since the database is a key in our
method, the collecting of data is still going on. We cannot
really evaluate the results because of the database being
unlabeled.Therefore, collecting of some labeled physiological
signals is a way to enhance the performance of the algorithm.
Further research is needed to comprehensively evaluate the
performance of the algorithm in detecting unknown issues.
Based on this paper, future research can be from the following
aspects: first, collecting of some labeled physiological signals
to comprehensively evaluate and improve the performance of
the algorithm; second, because of lack of comparative tests, it
is necessary to do comparative tests with other algorithms to
verify the performance of the algorithm.
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Figure 7: Continued.



8 Scientific Programming

0 200 400 600 800 1000 1200 1400 1600 1800 2000
0

0.4
0.8

Number of features

EE
G

Re
sp

ira
tio

n

0
0.4
0.8

vE
O

G

200 400 600 800 1000 1200 1400 1600 1800 20000
Number of features

Features
Anomaly point

200 400 600 800 1000 1200 1400 1600 1800 20000
Number of features

0
0.4
0.8

hE
O

G

0
0.4
0.8

be
lt

200 400 600 800 1000 1200 1400 1600 1800 20000
Number of features

(g)

0
0.4
0.8

Te
m

pe
ra

tu
re

200 400 600 800 1000 1200 1400 1600 1800 20000
Number of features

200 400 600 800 1000 1200 1400 1600 1800 20000
Number of features

0
0.4
0.8

Pl
et

hy
sm

og
ra

ph

0
0.4
0.8

tE
M

G

200 400 600 800 1000 1200 1400 1600 1800 20000
Number of features

0
0.4
0.8

zE
M

G

200 400 600 800 1000 1200 1400 1600 1800 20000
Number of features

Features
Anomaly point

(h)

Figure 7: Anomaly features detection with different thresholds.

Competing Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This work is supported by Major State Basic Research
Development Program of China (973 Program) under
Project no. 2013CB328903 and by State Scholarship Fund of
China (CSC) under File no. 201306055018. The physiological
signals are provided by DEAP dataset, and the URL is
http://www.eecs.qmul.ac.uk/mmv/datasets/deap/.

References
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Because memory buffers become larger and cheaper, they have been put into network devices to reduce the number of loss
packets and improve network performance. However, the consequences of large buffers are long queues at network bottlenecks
and throughput saturation, which has been recently noticed in research community as bufferbloat phenomenon. To address such
issues, in this article, we design a forward-backward optimal control queue algorithmbased on an indirect approachwith parametric
optimization. The cost function which we want to minimize represents a trade-off between queue length and packet loss rate
performance. Through the integration of an indirect approach with parametric optimization, our proposal has advantages of
scalability and accuracy compared to direct approaches, while still maintaining good throughput and shorter queue length than
several existing queue management algorithms. All numerical analysis, simulation in ns-2, and experiment results are provided to
solidify the efficiency of our proposal. In detailed comparisons to other conventional algorithms, the proposed procedure can run
much faster than direct collocation methods while maintaining a desired short queue (≈40 packets in simulation and 80 (ms) in
experiment test).

1. Introduction

Nowadays, modern computer networks are incredibly com-
plex and we rely on them to transport huge quantities of
data across the globe in seconds. Although this works well,
there are some foreseen issues that need to be tackled. As
bandwidth-heavy applications such as peer-to-peer networks
and websites relying on user-generated content have become
more prevalent, especially the relatively slow residential
broadband links have been used at full capacity, and interrup-
tions in connectivity have become more common [1]. Recent
research has shown that the culprit is the buffers built into
network equipment [2]. Accordingly, bufferbloat term has
been used to describe related issues whenever these buffers
misbehave to produce unnecessary latency [3].

In order to efficiently manage queues which are gen-
erated due to the bufferbloat phenomenon, active queue
management (AQM) algorithms have been recommended
to use in network equipment [4]. Most of the existing

approaches to AQM design exploit feedback control theory
with the linearized TCP core model that was proposed by
Hollot et al. [5]. The well-known AQMs that monitor the
average queue size and drops (or marks) packets based on
statistical probabilities are Random Early Detection (RED)
[6] or Random Early Marking (REM) [7]. If the buffer is
empty, all incoming packets are accepted. When the buffer
is full, the probability has reached 1 and all incoming packets
are dropped. When queue is growing, the probability grows
according to a piecewise linear function and RED (or REM)
drops (or marks) packets using the updated probability.
The main drawback of RED or REM is that it is sensitive
to network parameter changes and requires careful tuning
of its parameters in order to provide optimal performance
in any scenarios. Recently, in [8], a Proportional Integral
Enhanced (PIE) controller as a lightweight AQM is proposed,
without the need of per-packet extra processing. Such PI-
type controllers are known to provide queue control with zero
offset (the mean queue length converges to the target value)
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but are consequently less stable and slower reacting. There
have been several other control-theoretic solutions based on
feedback fluid-flow model proposed in [9–12] to improve
stable and robust control mechanisms, but none of them
tackle the issue of system optimality in terms of minimizing
both queue length and packet dropping rate performance and
searching for an optimal control trajectory.

To address such issues, a promising design direction is to
reformulate the network queuing problem as an optimal con-
trol queue (OCQ) problem [13], where themain state variable
is queue length and the control variable is the actual input rate
to form the queue [14] or packet dropping rate. Then one of
the approaches to solve OCQ is that we can priorly discretize
the governing ordinary differential equations (ODEs) and the
integral terms in the cost function or constraint functions
and thereby replace the infinite dimensional optimal control
problemwith a large nonlinear optimization problem (NOP).
This is known as the direct method in the literature for solving
OCQ. This approach is typically easier to use, especially for
OCQ with a state equality or inequality constraints. The
main difference among direct approaches is how to handle
the constraints corresponding to the system dynamics. The
three most common direct approaches are direct single
shooting, direct multiple shooting, and direct collocation.
Direct methods have been used with references in [15–18].

Alternatively, one can first form the optimality condi-
tions, using the calculus of variations and Pontryagin mini-
mum principle, and then solve the resulting boundary value
problem. This is known as the indirect method for solving
OCQ. The references present just a small sample of the work
that discusses or applies indirect methods for the solution of
optimal control problems [15, 16, 18, 19]. In rare cases, the
solution can be obtained in closed form from the optimality
conditions, but, in general, approximation methods are used
to solve the problem numerically. The optimality conditions
of these problems generally take the form of differential
algebraic equations (DAEs) with boundary conditions (BCs).
The approximate solution to the OCQ can be obtained by
using a boundary value problem (BVP) solver. Perhaps the
most popular methods aremultiple shooting and collocation.
More recently, a combination of direct and indirect methods
was proposed leading to hybrid methods [16].

In this paper, we firstly derive methods to solve OCQ
using both direct and indirect approaches. We show how to
apply the direct collocation approach to solve OCQ problem
which can be solved in popular optimization solvers such
as JModelica [20] and GAlib [21]. Indirect method with
forward-backward for optimal control queue algorithm (FB-
OCQ) is designed as an alternative to tackle it as well. Our
key difference from existing works is that we provide a novel
method to update the control step 𝛿𝑢 by solving a parametric
optimization subproblem. This method is scalable which
means that we can expand for larger problems with more
variables as well. The numerical results for both direct and
indirect approaches are discussed in Section 5.1 to emphasize
our choice of integrating an indirect method with parametric
optimization for active queue management design, which is
demonstrated more efficiently (i.e., faster reaction and more
stable) than directmethods. Finally, we evaluate the proposed

actual rateinput rate

drop rate

service rate

w(t): u(t):

d(t) = w(t) − u(t):

x(t): queue length

𝜇

Figure 1: OCQ model.

algorithm using network simulator ns-2 and compare it to
other AQMs including RED, REM, and PI. The dropping
feature of the proposed algorithm makes the average queue
length shortened and stabilized compared with others, while
throughput is not reduced so much.

Our Contributions
(i) We present both indirect and direct methods for an

optimal control problem which is applied in queue
management field (Section 3). The step update 𝛿𝑢 of
control variable is calculated by solving a subproblem
of parametric optimization with the advantage of
scalability. Numerical results show that all of them
bring nearly similar results, but indirect method (FB-
OCQ) is much faster than other solvers and gives the
best cost function value (Section 5.1).

(ii) We evaluate FB-OCQ in simulation and show that a
desired small queue length value at 40 packets can
be obtained. Nevertheless, we cannot avoid the trade-
off between queue length and throughput. FB-OCQ’s
throughput is slightly smaller than RED’s one (0.075
versus 0.082Mbps); however, it can be an acceptable
value when compared to REM’s and PI’s (Section 5.2).

(iii) We implement FB-OCQ in Linux kernel (Ubuntu
16.04) and test it in the worst case using Realtime
Response Under Load (RRUL) test suite. The exper-
iment result shows that our algorithm brings low
latency ping value compared with the other existing
algorithms in Linux kernel (DropTail and RED).

2. Problem Formulation

We consider an optimal control model of queuemanagement
problem, named (OCQ), in [14] (Figure 1). The main idea
is to minimize the cost function which implies a trade-off
between queue length anddropping rate, subject to a dynamic
constraint of queue length along time 𝑡

0
to 𝑡
𝑓
as follows:

minimize
𝑥

𝐽 = ∫

𝑡𝑓

𝑡=0

𝐿 (𝑥 (𝑡) , 𝑢 (𝑡) , 𝑡)

subject to �̇� = 𝑓 (𝑥 (𝑡) , 𝑢 (𝑡) , 𝑡) ,

0 ≤ 𝑢 (𝑡) ≤ 𝑤 (𝑡) ,

(OCQ)

where 𝐿(𝑥, 𝑢, 𝑡) = 𝑥(𝑡) + 𝑅(𝑤 − 𝑢(𝑡)) is cost function;
𝑓(𝑥(𝑡), 𝑢(𝑡), 𝑡) = 𝑢(𝑡) − 𝜇𝑥/(𝑎 + 𝑥); 𝑅 is weight on dropping
rate; 𝑡

𝑓
is final time; 𝜇 is service rate (bandwidth capacity);

and 𝑎 is parameter for different types of queuing model; for
example, when 𝑎 = 1, we obtain an M/M/1 queue.
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3. Numerical Methods for OCQ

3.1. Direct Method: Collocation Method. In this section, we
present how to apply the direct collocation [18] for OCQ. In
this method, we discretize the time interval 𝑡

0
= 𝑡
1

< 𝑡
2

<

𝑡
3

< ⋅ ⋅ ⋅ < 𝑡
𝑘

= 𝑡
𝑓
into 𝑁 elements. The state and the

total number of packets and control variables at each node
are 𝑥
𝑗
= 𝑥(𝑡
𝑗
) and 𝑤

𝑗
= 𝑤(𝑡

𝑗
) and 𝑢

𝑗
= 𝑢(𝑡
𝑗
), such that the

state, control, and packets variables at the nodes are defined
as nonlinear programming (NLP) variables:

𝑌 = [𝑥 (𝑡
1
) , . . . , 𝑥 (𝑡

𝑘
) , 𝑢 (𝑡

1
) , . . . , 𝑢 (𝑡

𝑘
) , 𝑤 (𝑡

1
) , . . . , 𝑤 (𝑡

𝑘
)] . (1)

The controls are chosen as piecewise linear interpolating
functions between 𝑢(𝑡

𝑗
) and 𝑢(𝑡

𝑗+1
) for 𝑡

𝑗
≤ 𝑡 ≤ 𝑡

𝑗+1
as

follows:

𝑢app (𝑡) = 𝑢 (𝑡
𝑗
) +

𝑡 − 𝑡
𝑗

ℎ
𝑗

[𝑢 (𝑡
𝑗+1

) − 𝑢 (𝑡
𝑗
)] ,

ℎ
𝑗
= 𝑡
𝑗+1

− 𝑡
𝑗
.

(2)

The value of the control variables at the center 𝑡
𝑗+1/2

is given
by

𝑢 (𝑡
𝑗+1/2

) =

𝑢 (𝑡
𝑗
) + 𝑢 (𝑡

𝑗+1
)

2

, 𝑗 = 1, . . . , 𝑘 − 1.
(3)

The piecewise linear interpolation is used to prepare
for the possibility of discontinuous solutions in control.
Similarly, we can derive the approximate of the total number
of the packets 𝑤app(𝑡) and 𝑤(𝑡

𝑗+1/2
) as above. The state

variable 𝑥(𝑡) is approximated by a continuously differentiable
and piecewise Hermite-Simpson cubic polynomial between
𝑥(𝑡
𝑗
) and 𝑥(𝑡

𝑗+1
) on the interval 𝑡

𝑗
≤ 𝑡 ≤ 𝑡

𝑗+1
of length ℎ

𝑗
:

𝑥app (𝑡) =

3

∑

𝑟=0

𝑐

𝑗

𝑟

𝑡 − 𝑡
𝑗

ℎ
𝑗

,

𝑐

𝑗

0
= 𝑥 (𝑡

𝑗
) ,

𝑐

𝑗

1
= ℎ
𝑗
𝑓
𝑗
,

𝑐

𝑗

2
= −3𝑥 (𝑡

𝑗
) − 2ℎ

𝑗
𝑓
𝑗
+ 3𝑥 (𝑡

𝑗+1
) − (ℎ

𝑗
) 𝑓
𝑗+1

,

𝑐

𝑗

3
= 2𝑥 (𝑡

𝑗
) + ℎ
𝑗
𝑓
𝑗
− 2𝑥 (𝑡

𝑗+1
) + (ℎ

𝑗
) 𝑓
𝑗+1

,

(4)

where

𝑓
𝑗
= 𝑓 (𝑥 (𝑡

𝑗
) , 𝑢 (𝑡

𝑗
) , 𝑤 (𝑡

𝑗
) , 𝑡
𝑗
)

𝑡
𝑗
≤ 𝑡 ≤ 𝑡

𝑗+1
, 𝑗 = 1, . . . , 𝑘 − 1.

(5)

The value of the state variables at the center point 𝑡
𝑗+1/2

of the
cubic approximation is

𝑥 (𝑡
𝑗+1/2

) =

𝑥 (𝑡
𝑗
) + 𝑥 (𝑡

𝑗+1
)

2

+

𝑡
𝑗+1

+ 𝑡
𝑗

8

(𝑓
𝑗
+ 𝑓
𝑗+1

) ,

𝑗 = 1, . . . , 𝑘 − 1,

(6)

and the derivative is

�̇� (𝑡
𝑗+1/2

) =

3 (𝑥
𝑗
+ 𝑥
𝑗+1

)

2 (𝑡
𝑗+1

+ 𝑡
𝑗
)

−

1

4

(𝑓
𝑗
+ 𝑓
𝑗+1

) ,

𝑗 = 1, . . . , 𝑘 − 1.

(7)

In addition, the chosen interpolating polynomial for the state
and control variablesmust satisfy themidpoint conditions for
the differential equations as follows:

𝑓 (𝑥app (𝑡𝑗+1/2) , 𝑢app (𝑡𝑗+1/2) , 𝑤app (𝑡𝑗+1/2) , 𝑡
𝑗+1/2

)

− �̇�app (𝑡𝑗+1/2) = 0.

(8)

Equations (OCQ) can now be defined as a discretized
problem as follows:

min 𝑓 (𝑌) (9)

subject to 𝑓 (𝑥app (𝑡) , 𝑢app (𝑡) , 𝑤app (𝑡) , 𝑡) − �̇�app

= 0,

𝑥app (𝑡1) − 𝑥
1
= 0,

0 ≤ 𝑢app (𝑡) ≤ 𝑤app (𝑡) ,

(10)

where 𝑥app, 𝑢app, and𝑤app are the approximations of the state,
the control, and the total number of packets, constituting𝑌 in
(9). This above discretization problem (9)-(10) can be solved
using the following:

(i) JModelica, which is a package for simulation and
optimization ofModelicamodels (formore details see
[20]);

(ii) GAlib, which is C++ library of genetic algorithm (for
more details see [21]).

3.2. Indirect Method: Forward-Backward Sweeping. We solve
OCQ by using indirect method approach:

(i) forming optimality conditions;
(ii) solving BVP by First-Order Sweeping algorithm.

Let 𝑥(𝑡) be the adjoint variable. At time 𝑡, let 𝑢∗(𝑡) denote
the optimum controls and let 𝑥

∗
(𝑡) and 𝑥

∗
(𝑡) denote the

state and adjoint evaluated at the optimum.Using Pontryagin
minimum principle we get the following equations.

Hamiltonian Function

𝐻(𝑥 (𝑡) , 𝑢 (𝑡) , 𝑥 (𝑡)) = 𝑥 (𝑡) + 𝑅 (𝑤 (𝑡) − 𝑢 (𝑡))

+ 𝑥 (𝑡) (𝑢 (𝑡) −

𝜇𝑥 (𝑡)

𝑎 + 𝑥 (𝑡)

) .

(11)

Adjoint Equations

̇
𝑥 (𝑡) = −1 + 𝑢 (𝑡)

𝑎𝜇

(𝑎 + 𝑥 (𝑡))

2
. (12)
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Transversality Condition

𝑥 (𝑡
𝑓
) = 0. (13)

Hamiltonian Minimization Condition. Derivative of the
Hamiltonian is evaluated to zero at interior points; hence

𝐻
𝑢 (

𝑥 (𝑡) , 𝑢 (𝑡) , 𝑥 (𝑡) , 𝜆 (𝑡) , 𝑡)

= −𝑅 + 𝑥 (𝑡) − 𝜆
1
(𝑡) + 𝜆

2
(𝑡) = 0.

(14)

If 𝑢

∗
(𝑡) is optimal in (OCQ), then it must satisfy the

minimum condition:
𝐻(𝑥

∗
, 𝑢

∗
, 𝑥

∗
, 𝑡) = min

V∈𝑈
𝐻(𝑥, V, 𝑥, 𝑡) ∀𝑡 ∈ 𝑁. (15)

Furthermore, we assume the following:

(H1) the Hamiltonian is strictly convex with respect to
control variable 𝑢;

(H2) �̃�(𝑡) = argmin
𝑢∈𝑈

𝐻(𝑥, 𝑢, 𝑥), 𝑡 ∈ [𝑡
0
, 𝑡
𝑓
] is continu-

ous on [𝑡
0
, 𝑡
𝑓
];

(H3) 𝑢 ∈ 𝐶

𝑟
[𝑡
0
, 𝑡
𝑓
].

Note that 𝑢(𝑡) is determined in a unique way for each
𝑡 since 𝑈 is convex and 𝐻 is convex. Now we consider the
problem of minimizing the Hamiltonian with respect to 𝑝:

min
𝑢∈𝑈

𝐻(𝑥, 𝑢, 𝑥) for each 𝑡 ∈ [𝑡
0
, 𝑡
𝑓
] . (16)

Usually in the literature, 𝑢 is found explicitly as a function
𝑢 = 𝑢(𝑥, 𝑥, 𝑡) and, after substituting it into the system, the
problem reduces to the boundary value problem.

Theorem 1. Assume that conditions (H1)–(H3) hold and
problem has an optimal solution (𝑢

∗
, 𝑥

∗
). Then for a given 𝜖

there exists a finite discretization

𝑡
0
= 𝜏
0
< 𝜏
1
< ⋅ ⋅ ⋅ < 𝜏

𝑖
< ⋅ ⋅ ⋅ < 𝜏

𝑁
= 𝑡
𝑓 (17)

and an approximate solution �̃�(𝑡), 𝑡 ∈ [𝑡
0
, 𝑡
𝑓
], such that





𝑢

∗
(𝑡
𝑖
) − �̃� (𝑡

𝑖
)





< 𝜖, 𝑖 = 1, 2, . . . , 𝑁. (18)

Proof. Let 𝑢

∗ be an optimal solution of problem. Then
(𝑝

∗
, 𝑥

∗
) satisfies the conditions:

�̇�

∗

𝑖
=

𝜕𝐻 (𝑥

∗
, 𝑢

∗
, 𝑥

∗
)

𝜕𝑢
𝑖

,

̇
𝑥

∗

𝑖
= −

𝜕𝐻 ((𝑥

∗
, 𝑢

∗
, 𝑥

∗
))

𝜕𝑥
𝑖

,

𝑖 = 1, 2, . . . , 𝑁,

(19)

where

𝐻(𝑥, 𝑢, 𝑥) =

𝑛

∑

𝑖=1

𝑥
𝑖
(𝑡) 𝑓
𝑖
(𝑥, 𝑢) − 𝑓

0
(𝑥, 𝑢) ,

𝑡 ∈ [𝑡
0
, 𝑡
𝑓
]

(20)

and (𝑢

∗
, 𝑥

∗
) satisfies the minimum principle:

𝐻(𝑥

∗
, 𝑢

∗
, 𝑥

∗
) = min
𝑢∈𝑈

𝐻(𝑥

∗
, 𝑢, 𝑥

∗
) , 𝑡 ∈ [𝑡

0
, 𝑡
𝑓
] . (21)

(a) First-Order Sweeping Method. We linearize the Hamilto-
nian around a reference solution𝑢(𝑡) and obtain the following
equation for variation 𝛿𝑢(𝑡):

0 = 𝐻
𝑢

⊤
+ 𝐻
𝑢𝑢

𝛿𝑢 (𝑡) . (22)

With the strong Legendre-Clebsch condition, one can
approximate the above equation as

𝛿𝑢 (𝑡) = arg min
𝛿𝑢∈{𝑈−𝑢}

𝐻aug (𝑥, 𝑢 + 𝛿𝑢, 𝑥, 𝑡) , (23)

where

𝐻aug (𝑥, 𝑢 + 𝛿𝑢, 𝑥, 𝑡) = 𝐻 (𝑥, 𝑢 + 𝛿𝑢, 𝑥, 𝑡) + 𝛽 ‖𝛿𝑢‖

2 (24)

is the augmented Hamiltonian function and 𝛽‖𝛿𝑢‖

2 is a
penalty term. This is really parametric optimization, with
𝛽 = 0 initially; if𝑈 is a convex set and𝐻 is a convex function
with respect to 𝑢, then 𝛿𝑢 is a descent direction. If 𝑢(𝑡)+𝛿𝑢(𝑡)

does not yield a reduction, then we set 𝛽 = 1 and then double
it repeatedly until the objective is really reduced.

Remark 2. An alternative way to ensure descent is to apply
Backtracking Line-Search Procedure.

(b) Parametric Optimization to OCQ. Now we consider
problem (23) as one parametric minimization problem.
Since 𝐻aug(𝑥

∗
, 𝑥

∗
, 𝑢

∗
, 𝛿𝑢, 𝑡) is twice differentiable in 𝛿𝑢 and

assumptions (H1)–(H3) hold, we can apply Theorem 1 to the
problem. Then as a result, it generates a discretization, 𝑡

0
=

𝜏
0
< 𝜏
1
< ⋅ ⋅ ⋅ < 𝜏

𝑖
< ⋅ ⋅ ⋅ < 𝜏

𝑁
= 𝑡
𝑓
, and corresponding points

�̃�
𝑖
= �̃�(𝑡
𝑖
) such that




𝛿𝑢

∗
(𝑡
𝑖
) − 𝛿�̃� (𝑡

𝑖
)





< 𝜖, 𝑖 = 1, 2, . . . , 𝑁, (25)

which proves the assertion.

Remark 3. Parametric optimization also can be applied in
finding nominal optimal control given in [22]. It is easy to see
that, at each iteration 𝑘, the Hamiltonian function is a scalar
function of 𝑢 ∈ 𝑈 ⊂ 𝑅

𝑟 and 𝑡 ∈ 𝑇 = [𝑡
0
, 𝑡
𝑓
]; that is,

𝐺
𝑘
(𝛿𝑢, 𝑡) = 𝐻aug (𝑥

𝑘
(𝑡) , 𝑥

𝑘
(𝑡) , 𝛿𝑢, 𝑡) . (26)

The latter states that 𝛿�̂�

𝑘
(𝑡) must be a minimizer of the

following problem:

min
𝛿𝑢∈𝑈

𝐺
𝑘
(𝛿𝑢, 𝑡) , 𝑡 ∈ 𝑇 (27)

which is a problem of parametric optimization as formulated
in various papers from [23], where the independent variable 𝑡
is now considered as unknown parameter 𝑡 ∈ 𝑇 = [𝑡

0
, 𝑡
𝑓
].We

can also consider a case when the set of admissible controls is
time-varying; that is, 𝑈 = 𝑈(𝑡), 𝑡 ∈ 𝑇 = [𝑡

0
, 𝑡
𝑓
]. In this case,

a general theory of parametric optimization is also applicable
for finding the nominal optimal controls.
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Let (𝑥∗, 𝛿𝑢∗) be an optimal process in problem. Introduce
the function 𝑓 : 𝑈 × 𝑅 → 𝑅:

𝑓 (𝛿𝑢, 𝑡) = −𝐻 (𝑥

∗
, 𝛿𝑢, 𝑥

∗
, 𝑡) , 𝑡 ∈ [𝑡

0
, 𝑡
𝑓
] , (28)

where a parametric optimization problem is defined as

min
𝛿𝑢∈𝑈

𝑓 (𝛿𝑢, 𝑡) , 𝑡 ∈ [𝑡
0
, 𝑡
𝑓
] ,

𝑈 = {𝛿𝑢 ∈ 𝑅

𝑟
: 𝑔
𝑖
(𝛿𝑢) ≤ 0, 𝑖 ∈ 𝐽} ,

𝐽 = {1, 2, . . . , 𝑠} .

(29)

The KKT conditions for the problem state that

𝐷
𝛿𝑢
𝑓 (𝛿𝑢, 𝑡) + ∑

𝑗∈𝐽

𝜇
𝑖
𝐷
𝛿
𝑢𝑔
𝑖
(𝛿𝑢, 𝑡) = 0,

𝑔
𝑖
(𝛿𝑢, 𝑡) 𝜇

𝑖
≤ 0, 𝜇

𝑖
≥ 0, 𝑖 ∈ 𝐽,

𝜇
𝑖
𝑔
𝑖
(𝛿𝑢, 𝑡) = 0,

𝑖 ∈ 𝐽, 𝑡 ∈ [𝑡
0
, 𝑡
𝑓
] ,

(30)

where

𝐷
𝛿𝑢
𝑓 (𝛿𝑢, 𝑡) = (

𝜕𝑓 (𝛿𝑢, 𝑡)

𝜕𝛿𝑢
1

, . . . ,

𝜕𝑓 (𝛿𝑢, 𝑡)

𝜕𝛿𝑢
𝑟

) . (31)

Consider the auxiliary parametric optimization problem:

min 𝑓 (𝛿𝑢, 𝑡) , 𝑡 ∈ [𝑡
0
, 𝑡
𝑓
]

subject to 𝑔
𝑖
(𝛿𝑢) = 0, 𝑖 ∈

̃
𝐽 ⊂ 𝐽.

(32)

Let V0 = (𝛿𝑢

0
(𝑡), 𝜇

0
(𝑡)) satisfy the KKT conditions for

problem with ̃
𝐽 = 𝐽

0
. This system can be written in the

following compact notation:

𝐹 (𝛿𝑢, 𝑡) = 0, 𝑡 ∈ [𝑡
0
, 𝑡
𝑓
] , (33)

where V = (𝛿𝑢

0
(𝑡), 𝜇

0
(𝑡)). In order to apply Newton’s method

to system, we have to solve a linear system with𝐷
𝛿𝑢
𝐹(V(𝑡), 𝑡)

as matrix. The same matrix is used to compute V̇(𝑡):

𝐷
𝛿𝑢
𝐹 (𝛿𝑢 (𝑡) , 𝑡) V̇ (𝑡) = 𝐷

𝛿𝑢
𝑓 (𝛿𝑢 (𝑡) , 𝑡) . (34)

Therefore, using the Newton method as corrector, we
have

𝐷
𝛿𝑢
𝐹 (𝛿𝑢

𝑘𝑖−1

𝑖
, 𝑡
𝑖
) (𝛿𝑢

𝑘𝑖

𝑖
− 𝛿𝑢

𝑘𝑖−1

𝑖
) = −𝐹 (𝛿𝑢

𝑘𝑖−1

𝑖
, 𝑡
𝑖
) ,

𝐷
𝛿𝑢
𝐹 (𝛿𝑢

𝑘𝑖−1

𝑖
, 𝑡
𝑖
) (

̇
𝛿𝑢

𝑘𝑖−1

𝑖
) = −Δ

𝑡
𝐹 (𝛿𝑢

𝑘𝑖−1

𝑖
, 𝑡
𝑖
) .

(35)

4. Proposed Algorithm: FB-OCQ

The first-order indirect approach motivates us to design FB-
OCQ algorithm. Shortly, this algorithm uses gradient and

(1) Initialization:
𝑢(𝑡), 𝛿𝑢(𝑡) = 0, 𝑢

+
(𝑡) = 𝑢(𝑡), ∀𝑡 ∈ [𝑡

0
, 𝑡
𝑓
];

J
−
= ∞, 𝛾 = 0, 𝛽, 𝜌 ∈ (0, 1);

Iter = 1, MaxIter, TOL.
(2) while Iter ≤MaxIter do
(3) procedure Forward Sweep
(4) 𝑥

+
(𝑡
0
) = 𝑥
0
,J
+
(𝑡
0
) = 0.

(5) Integrate Forward 𝑡 : 𝑡
0
→ 𝑡
𝑓

(6) if Iter > 1 then
(7) 𝛿𝑢(𝑡) = argmin

𝛿𝑢
𝐻aug(𝑥(𝑡), 𝑢(𝑡) + 𝛿𝑢, 𝑥(𝑡), 𝑡);

(8) 𝑢
+
(𝑡) = 𝑢(𝑡) + 𝛿𝑢(𝑡).

(9) end if
(10) �̇�

+
(𝑡) = 𝑓(𝑥

+
(𝑡), 𝑢
+
(𝑡), 𝑡).

(11) ̇J
+
(𝑡) = 𝑙(𝑥

+
(𝑡), 𝑢
+
(𝑡), 𝑡).

(12) end procedure
(13) J

+
= J
+
(𝑡
𝑓
).

(14) if J
+
< J
−
then

(15) J
−
= J
+
, 𝛽 = 𝛽𝜌.

(16) else
(17) 𝛽 = 𝛽/𝜌; go to Forward Sweep
(18) end if
(19) procedure Adjoint Sweep
(20) 𝑥(𝑡

𝑓
) = 𝜙

⊤

𝑥
(𝑥
+
(𝑡
𝑓
)), 𝛾(𝑡

0
) = 0.

(21) Integrate Backward 𝑡 : 𝑡
𝑓
→ 𝑡
0
.

(22) 𝑥(𝑡) = 𝑥
+
(𝑡), 𝑢(𝑡) = 𝑢

+
(𝑡).

(23) ̇
𝑥(𝑡)

⊤
= −(𝜕𝐻(𝑥(𝑡), 𝑢(𝑡), 𝑥(𝑡), 𝑡)/𝜕𝑥)

(24) 𝑢(𝑡) = 𝜕𝐻(𝑥(𝑡), 𝑢(𝑡), 𝑥(𝑡), 𝑡)/𝜕𝑢.
(25) �̇�(𝑡) = ‖𝑢(𝑡)‖

2.
(26) 𝛾 = 𝛾(𝑡

𝑓
).

(27) end procedure
(28) if ‖𝛾‖ < TOL then
(29) stop;
(30) end if
(31) Iter ← Iter + 1.
(32) end while

Algorithm 1: FB-OCQ.

does forward-backward searching for the optimal control
solution. Let us choose an initial control trajectory:

(𝑢
0
, . . . , 𝑢

𝑁
), (𝛿𝑢
0
, . . . , 𝛿𝑢

𝑁
);

(𝑢
+0

= 𝑢
0
, . . . , 𝑢

+𝑁
= 𝑈
𝑁
);

𝐽
−
= ∞, 𝛾, Iter = 1, Δ

0
, TOL, MaxIter, 𝜌 ∈ [0, 1].

FromAlgorithm 1 (FB-OCQ), it is obvious that the algorithm
terminates if the norm of the gradient of the Hamiltonian
with respect to 𝑢, 𝛾 = ‖𝐻

𝑢
‖
2
, during the run time of the

program, is smaller than the tolerance and the parameter 𝛽

must change at the inner iterations if we do not have a descent
direction, so we must divide 𝛽 by parameter 𝜌 ∈ (0, 1) until
we get a reduction in the cost function. Figure 2 explains
our algorithm steps: forward sweep (control variable and cost
function value) and backward sweep (adjoint variable) in
detail.
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t0 t1 tf

Forward Backward
sweepsweep u = u + 𝛿u

J+ = 1 < J− = ∞
→ J− = J+ = 1

→ J− = J+ = 0.5

Decrease 𝛽

Increase 𝛽
J+ = 2 > J− = 1

J+ = 0.5 < J− = 1

x(t), u(t)

Figure 2: FB-OCQ algorithm explanation.
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Figure 3: Indirect method: FB-OCQ.

5. Performance Evaluation

5.1. Numerical Results. In this section, we provide some
iteration results for both direct and indirect approaches as
follows.

Indirect Method: FB-OCQ. The ODE was solved on equidis-
tant discretization with 1000 discretization points. The opti-
mal control and optimal state are depicted in Figure 3. We
realize, by looking at the final control, that there exist some
points where the set of active constraints changed due to the
singularity; that is, the optimal control is of the bang-bang
type with the possibility of a singular arc. To the meaning
of such singular arc for queue management, it presents the
sudden changes of input rate from 60 (packets/sec) to 35

(packets/sec) which accordingly result in the changes of
buffer load (or queue length). In the 𝛽 history, in Figure 3,
the parameter𝛽 changed at the inner iterations becausewe do
not have a descent direction, so wemust divide 𝛽 by 𝜌 ∈ (0, 1)

until we get a reduction in the cost functionJ = 6.81280316.
The processing time of central processing unit (CPU) for
this algorithm is 0.04 s and the norm of the gradient of

0
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0
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5
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Average buffer load x(t)

Figure 4: Direct method: nonlinear optimization with JModelica
solver.

the Hamiltonian function ‖𝐻
𝑢
‖
2
with respect to the control

𝑢 goes to approximately 10𝑒 − 7.

Direct CollocationMethod: JModelica and GAlib Solvers. With
𝑁 = 1000 and the number of interpolation points being 3,
we tested the discretized problem (9)-(10) by JModelica and
GAlib solvers (see [20, 21]) as follows.

(i) JModelica Solver. The cost function is reduced to J =

6.8678362 and the CPU processing time is 0.52 s.The optimal
control and optimal state trajectories are obtained during
JModelica running and illustrated in Figure 4. An advantage
of this approach is that we do not need to derive the adjoint
equations.

(ii) GAlib Solver. For this problem, we use the number of
generations 𝑛gen = 2500, and the population size is 200. The
optimal control and optimal state are depicted in Figure 5
obtained during the run of the GAlib. The cost function is
reduced toJ = 7.06744 during the run time of the program.
The CPU processing time is 1.290 s. Although the genetic
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Figure 5: Direct method: genetic algorithm with GAlib solver.

Table 1: Numerical result summary.

Criteria/methods Direct
GAlib

Direct
JModelica

Indirect
FB-OCQ

Cost function value J = 7.067 J = 6.867 J = 6.812

CPU process time 1.29 (sec) 0.52 (sec) 0.04 (sec)

algorithm has an advantage that it needs no derivatives or
Hessian’s information, the control functions produced by it
are useless and the convergence is very slow in comparison to
Algorithm 1 (FB-OCQ) and the one using JModelica solver.

Table 1 summarizes and compares the three methods that
we develop numerically. We conclude that Algorithm 1 is
much faster than the other solvers and gives the best cost
function. By using genetic library GAlib, the cost function
does not reach the local solution as it claims in finding the
global solution. The limitation of the indirect methods (FB-
OCQ) is that one should derive the adjoint equations which
are not easy to derive in some applications.

5.2. Simulation Results. In this section, the performance of
the obtained algorithm (FB-OCQ) is evaluated by comparing
it with some popular AQMs including RED, REM, and PI.
The credibility of results is confirmed using ns-2 simulator
[24]. We investigate a network topology with 40 sources,
an intermediate router, and one destination (Figure 6).
All sources simultaneously send packets to the destination
through the router. Hence, a large queue is built up at the
router or bottleneck point.Maximum buffer size of the router
is 100 packets. All of the compared RED, REM, and PI
algorithms are configured to obtain the desired queue length
at 40 packets. Simulation lasts for 60 seconds and is repeated
using a built-in random generator in ns-2 to obtain more
credible results.

DestinationRouter

Source 1

Source 2

Source 40

...

...

Figure 6: Simulation topology.
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Figure 7: Dropping probability.

Figure 7 shows dropping probability of FB-OCQ and
RED algorithms. With the proposed square-root drop func-
tion, FB-OCQ drops queuing packets more aggressively
than RED although dropping frequency is nearly the same.
Maximum dropping ratio is 0.045 for FB-OCQ and 0.039 for
RED. In fact, when the algorithm drops more packets, the
queue stability will be increased but we will have to sacrifice
the system throughput performance.We can see this trade-off
in next results.

Figure 8 presents average queue length values measured
at the bottleneck link from router to destination for different
algorithms. Due to aggressive dropping, FB-OCQ maintains
the shortest queue at 40 packets which is also the desired
value. Only REM can obtain the same value but in a
longer time, ≈50 seconds. PI, in fact, can achieve the same
performance only if its parameters are well configured and
be dynamically changed to different network scenarios. In
Figure 8, we can see that PI performs not so well, even we
set the desired queue length variable at 40 packets and exploit
default parameters in ns-2 for PI controller.

Finally, we investigate throughput performance of pro-
posed FB-OCQ algorithm. It is confirmed from Figure 9
that there exists a trade-off in the relationship between
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Figure 8: Average queue length versus time.
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Figure 9: Throughput comparison.

throughput and queue length/dropping probability. PI and
REM achieve nearly the same throughput at 0.06 (Mbps)
while FB-OCQandREDobtain the better throughput perfor-
mance at 0.08 (Mbps) value. In Figure 8, although REM can
achieve the desired queue length 40 packets in this scenario,
REM still maintains a large queue during simulation time
from 0 (sec) up to 25 (sec). That reason leads to throughput
performance of REM being lower than RED and FB-OCQ.
Our proposed FB-OCQ drops aggressively the packets so
that its throughput value (0.075904Mbps) is slightly less than
RED (0.082146Mbps).

5.3. Experiment Results. We examine the effectiveness of
our state-of-the-art optimal control queue method in the
Linux kernel (e.g., Ubuntu 16.04). We conduct experiment
from a desktop computer through the Internet gateway to
an outside server (Figure 10). To manage working queuing
disciplines (qdiscs), we use the scheduler qdisc in the Linux
kernel. The chosen server is a dedicated bufferbloat server,

Bufferbloat server

DropTail

RED
FB-OCQ

Experiment:

Figure 10: Experiment test setup, from the test client to the test
server.

which is able to stand very high congestion due to many
data flows at the same time. We exploit the Flent: FLExible
Network Tester [25] and Realtime Response Under Load
(RRUL) test [26] to evaluate our proposal. RRUL test puts a
network under worst case conditions, reliably saturates the
network link, and thus recreates bufferbloat phenomenon
for queue algorithm testing. Simulation time duration is 60

seconds.
We compare latency under load test with queue being

handled by different AQM schemes (DropTail, RED, and FB-
OCQ) in turn.DropTail queuingmethod is by far the simplest
approach to network router queue management. The router
accepts and forwards all the packets that arrive as long as its
buffer space is available for the next incoming packets. If a
packet arrives and the queue is currently full, the incoming
packet will be dropped. The sender then detects the packet
lost event and shrinks its sendingwindow.While it is themost
widely used due to simplicity and relatively high efficiency,
DropTail has some weakness such as the bad fairness sharing
amongTCP connections, and throughput and bottleneck link
efficiency suffer severe degradation if congestion is getting
worse.

RED [5, 6] was presented with the objective of min-
imizing packet loss and queuing delay. Moreover, it can
compensate the weakness of DropTail by avoiding global
synchronization of TCP sources so that it improves fair-
ness. To achieve these goals, RED utilizes two thresholds,
minth and maxth, and an exponentially weighted moving
average (EWMA) formula to estimate average queue length
[27]. When the average queue length exceeds a predefined
threshold, the link is implied to be in congested state and
drop action is taken. A temporary increase in the queue
length notifies the transient congestion, while an increase
in the average queue length reflects long-lived congestion.
Based on such information, RED router sends randomized
feedback signals to the senders tomake decision of decreasing
their congestion windows. RED has good fairness among
connections because of the feedback randomizedmechanism
[28].

Figure 11 presents latency ping results under RRUL test
suite. Ping is a networking utility and operates by sending
Internet Control Message Protocol (ICMP) echo request
packets to the target server and waits for an ICMP echo
reply. The program measures the round-trip time from
transmission to reception, reporting errors and packet loss.
Our proposed algorithm FB-OCQ achieves the lowest packet
latency compared with the other two algorithms inside Linux
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Figure 11: ICMP ping result using Realtime Response Under Load
test.

kernel. Specifically, the packet latency when using FB-OCQ
is about 80 (ms), while about 120 (ms) if using DropTail
(pfifo fast in Ubuntu) and 100ms if using RED algorithm.

6. Conclusions

We proposed a queue management algorithm named
forward-backward optimal control queue (FB-OCQ) to
solve the OCQ problem. Derived from indirect approaches
in dynamic optimization, this algorithm demonstrates faster
reaction while still achieving the same performance in
numerical analysis compared to direct methods. Employing
under network simulation ns-2, we see that the proposed
algorithm drops packets more aggressively than the
traditional RED algorithm, in a higher frequency and
magnitude. As a result, average queue length can be reduced
much more, while an acceptable value of throughput still
can be maintained. In future works, we try to investigate
the memory efficiency of FB-OCQ under wireless sensor
networks.
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This paper introduces a novel decision assessmentmethodwhich is suitable for customers’ credit risk evaluation and credit decision.
First of all, the paper creates an optimal credit ratingmodel, and it consisted of an objective function and two constraint conditions.
The first constraint condition of the strictly increasing LGDs eliminates the unreasonable phenomenon that the higher the credit
rating is, the higher the LGD (loss given default) is. Secondly, on the basis of the credit rating results, a credit decision-making
assessmentmodel based onmeasuring the acceptable maximumLGD of commercial banks is established.Thirdly, empirical results
using the data on 2817 farmers’ microfinance of a Chinese commercial bank suggest that the proposed approach can accurately find
out the good customers from all the loan applications. Moreover, our approach contributes to providing a reference for decision
assessment of customers in other commercial banks in the world.

1. Introduction

There are a lot of decision assessment issues in reality, such
as production scheduling assessment, transportation rout-
ing assessment, economy development evaluation, and risk
assessment. In order to copewith these problems, lots of deci-
sion-making optimization and evaluation approaches have
been created in the existing studies [1–4]. However, only a
small part of them have been widely used in the real world.
Much more attention should be paid to the application of
the decision-making optimization and evaluation models.
For example, in credit risk evaluation of commercial banks,
an accurate optimal decision-making evaluation model is in
urgent need of selecting the good customers from all the loan
applications, which can help the bankers, the society, and the
bond investors to reduce loss [5].

The main proposed references to the evaluation of credit
risk of commercial banks can be divided into two categories.
The first category concentrates on the establishment of credit
scoring models, and the second category focuses on the
division of credit ratings or the ascertaining method of credit
threshold. Early studies included the establishment of a five-
variable 𝑍-Score credit risk evaluation model, and the Zeta

ratingmodel can optimize the𝑍-Score model by using statis-
tics discrimination techniques [6, 7]. Min and Lee proposed
a credit scoring model based on data envelopment analysis
(DEA) methods [8]. Using the data information of the New
York Stock Exchange, Hwang et al. established an ordered
semi-parametric Probit credit rating model by substituting
ordered semi-parametric function for the linear regression
function [9]. Gupton et al. utilized transition matrices to
describe debtor’s probability of credit rating change, thereby
creating an optimal CreditMetrics credit rating model [10].
Recent methods have advanced Bayesian Analysis Tech-
niques to help deal with the issue of loss from bad loans [11].
Expert information systems and artificial intelligence tech-
niques are other important approaches for credit risk assess-
ment of commercial banks. For example, predicted accuracy
techniques, like multiple classifiers and classifier ensembles,
were a major testing methodology with expert information
systems and artificial intelligence techniques [12–14].

Research on how to issue loans requires the division
of credit ratings and the ascertaining method of credit
threshold. For the past few years,more andmore scholars and
bankers began to monitor and divide the customers’ credit
ratings, which deepens the associated theoretical research
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and practical processes of credit risk management.
Gorzałczany and Rudziński classified customers’ credit levels
into 10 different grades by using a multiobjective genetic
optimization approach [15]. By creating the objective
function maximizing the deviation matrixA between default
customers and nondefault customers and minimizing the
deviation matrix B among indices in the same group (default
customer group or nondefault customer group), the optimal
weights had been obtained. Then, Shi et al. proposed a credit
risk assessment model, which was suitable for the credit
rating classification of imbalanced data [5]. According to the
distribution of the number of customers, some researchers
divided the loan customers into 9 credit ratings, namely,
AAA, AA, A, BBB, BB, B, CCC, CC, and C [16, 17]. Florez-
Lopez estimated customers’ PD (probability of default)
through MDA (multiple discriminant analysis), Logit, and
decision tree methods and then classified customers into
5 credit grades by setting a variable for each grade (AA =

1, . . . ,B = 5) [18]. After getting the numerical solution for
loan pricing through mathematical analysis, Pascucci et al.
(2013) calculated the credit threshold and then created a
customer loan pricing model [19]. Chen and Cheng graded
the credit level by combining a rough set classifier with the
minimum entropy principle approach. Then, they deter-
mined the credit ratings for issuing loans from their subjec-
tive experience [20]. Guo et al. established an evaluation
model of customers’ credit risk by linking the personal loan
on P2P lending platform with portfolio optimization [21].
Jones et al. predicted the variation tendency of customer’s
credit level through binary classifier and then ascertained
the credit threshold [22].

The above studies have made great progress in handling
decision evaluation issues of credit risk of commercial banks.
However, further studies on the following problems are still
needed. First of all, the existing credit risk assessment results
have the unreasonable phenomenon that the higher credit
rating customers also have the higher loss given default (i.e.,
LGD). It will generate a result that a bank can issue loans
to the customers who are under the break-even point of the
bank, which can increase the bank’s loan loss. Secondly, the
existing credit rating classification results do not establish
the connection between the credit rating classification results
and the break-even point of commercial banks, so the
classification methods do not have the functions of credit
decisions. Bankers or credit clerks cannot locate the qualified
customers who can realize the bank’s target profit.

To fill in the above gaps, this study advances in three
aspects. First, this paper establishes a nonlinear credit risk
assessment model which consisted of an objective function
and two constraint conditions. The first constraint condition
of the strictly increasing LGDs avoids the unreasonable
phenomenon, like higher ratings with higher LGDs. Second,
by measuring the break-even point threshold of commercial
banks, this paperworks out themaximumannual LGDwhich
the bank can bear and then introduces the break-even point
into the credit rating results. Thus, the relation between the
target profit of bank and the credit threshold can be known,

which makes up for the deficiency of previous researches.
Third, an empirical study on the decision-making data of 2817
farmers’ microfinance of a large-scale Chinese commercial
bank in 28 provinces is carried out in order to verify the
accuracy of the proposed model.

The rest of the paper is organized as follows. Section 2
introduces the methodology of the paper. Section 3 presents
the data and empirical analysis of our decision assessment
model for 2817 farmers’ microfinance in China. Section 4 is
the conclusions.

2. Design and Methodology of the Study

In this section, we introduce an optimal credit decision
assessment model based on the acceptable maximum LGD
of commercial banks. According to the relation between the
annual owed loan capital and interest and annual receivable
loan capital and interest of customers’ loan, together with the
credit scores of customers, the customers are classified into
9 credit ratings in this paper based on the principle that the
customer with a higher credit rating is lower in annual LGD.
A step-by-step instruction is provided.

Step 1. Sequence the customers in a descending order accord-
ing to their credit scores, and calculate the customer’s LGD.

Step 2. Divide the customers’ credit ratings in terms of the
principle that the higher the credit rating is, the lower the
LGD is.

Step 3. Calculate the break-even point threshold.

Step 4.Make credit decisions.

2.1. Calculation of the Customer’s LGD. According to the
Basel Capital Accord III [23], it will be deemed to be a
defaulter if the client fails to repay the loan in full or on time.
Then, the loan customers who fail to pay off the principal
and interest within 90 days after the maturity date 𝑇 of loan
should be regarded as delinquent customers in this paper.The
annual LGD of customers in a certain credit grade can be
obtained from the ratio of the total annual owed loan capital
and interest in this grade to its total annual receivable loan
capital and interest. The total of annual owed loan capital
and interest of customers refers to the total amount of annual
loss (outstanding principal and interest) customers that have
caused the bank 90 days after the maturity date 𝑇 of loan.
The total of annual receivable loan capital and interest of
customers refers to the total amount of loan (principal and
interest) that customers should repay to the bank each year.

Let LGD𝑗 denote the annual loss given default of the
𝑗th credit rating (𝑗 = 1, 2, . . . , 9), let 𝐿𝑗 denote the total of
the annual owed loan capital and interest of microfinance
of all the customers in the 𝑗th credit rating, let 𝑅𝑗 denote
the total of the annual receivable loan capital and interest of
microfinance of all the customers in the 𝑗th credit rating, let
𝑛 denote the total number of customers, let 𝑅𝑖𝑗 denote the
annual receivable loan capital and interest of themicrofinance
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of the 𝑗th credit rating on the 𝑖th customer, and let 𝐿 𝑖𝑗 denote
the annual owed loan capital and interest of the microfinance
of the 𝑗th credit rating on the 𝑖th customer. Then, the LGD𝑗
can be expressed as

LGD𝑗 =
𝐿𝑗

𝑅𝑗

, (1)

where 𝑅𝑗 and 𝐿𝑗 can be computed by using (2) and (3),
respectively:

𝑅𝑗 =

𝑛

∑

𝑖=1

𝑅𝑖𝑗, (2)

𝐿𝑗 =

𝑛

∑

𝑖=1

𝐿 𝑖𝑗. (3)

2.2. Establishment of an Optimal Credit Rating Model. In this
section, we will create a nonlinear programming model to
classify the customers’ credit ratings. According to the credit
rating requirements of the commercial bank and the China
Banking Regulatory Commission (CBRC) [24, 25], we divide
the loan customers into nine ratings.

(1) Establish an Objective Function. Let LGD𝑗 denote the
loss given default of the 𝑗th credit rating, and 𝑗 =

1, 2, . . . , 9, respectively, represents nine credit ratings, that is,
AAA,AA, . . . ,C. Establish an objective function, that is, the
minimum distance of all adjacent rating LGDs,

Obj: min𝑓 = (LGD9 − LGD8)
2
+ (LGD8 − LGD7)

2

+ ⋅ ⋅ ⋅ + (LGD2 − LGD1)
2
.

(4)

The specialty of (4) is that by creating the objective func-
tion minimizing the distance of LGDs of all adjacent credit
ratings, it ensures that the LGD distribution of the selected
credit rating result is the closest to an isosceles triangle.

(2) Constraint Condition 1. The LGDs increase strictly.
Namely,

0 < LGD1 < LGD2 < ⋅ ⋅ ⋅ < LGD9 ≤ 1. (5)

As we all know, only national debt’s LGD equals 0, and
LGD = 1 shows that all of the credit rating customers are
default customers; so the value of LGD which is more than
0 and less than or equal to 1 is logical in (5).

(3) Constraint Condition 2. It is the equality constraint to
calculate LGD𝑗 of the 𝑗th credit rating. The LGD𝑗 can be
expressed as (1).

In a word, the optimal credit rating model can be written
as (6). It should be pointed out that if researchers want to
grade the loan customers into five ratings [25], they can sub-
stitute the number nine for the number five in (6). Then, the
calculation results can be obtained through the C++ software,

min 𝑓

= (LGD9 − LGD8)
2
+ (LGD8 − LGD7)

2
+ ⋅ ⋅ ⋅

+ (LGD2 − LGD1)
2

s.t. 0 < LGD1 < LGD2 < ⋅ ⋅ ⋅ < LGD9 ≤ 1

LGD𝑗 =
∑
𝑛
𝑖=1 𝑅𝑖𝑗

∑
𝑛
𝑖=1 𝐿 𝑖𝑗

, 𝑗 = 1, 2, . . . , 9.

(6)

2.3. Calculation of the Break-Even Point Threshold. In order
to compute the break-even point threshold of customers’
loan, we have to calculate the ratio of financial costs of
customers’ microfinance 𝑟𝐶, the minimum target rate of
return of customers’ microfinance 𝑟𝑃, the ratio of the annual
owed loan capital and interest to the annual receivable loan
capital, and interest 𝑟𝐷.

(1) The Ascertaining of the Ratio of Financial Costs 𝑟𝐶. Let
𝑟𝐶 denote the ratio of financial costs, 𝐹1 be the expenses of
interest on deposit,𝐹2 be the charge against revenue, and𝑃 be
the total loan, we have Financial Costs = (Interest Expenses
on Deposit + Charge against Revenue)/Total Loan; that is,

𝑟𝐶 =
(𝐹1 + 𝐹2)

𝑃
. (7)

(a) Calculation of the Expenses of Interest on Deposit 𝐹1. Not
all the deposits in the bank can be used for loan. To ensure the
deposit withdrawal of customer and the operation of capital,
the bank has to deposit some money in the People’s Bank of
China as required reserves. Therefore, the deposit used for
loan by the bank does not include the part deposited in the
People’s Bank of China. The People’s Bank of China should
pay the interest of required reserves to the bank so as to make
up the loss of bank for not operating the capital. Therefore,
expenses of interest on deposit 𝐹1 is calculated by adding the
deposit interests of loan principal and the deposit interests
of the corresponding required reserves of loan principal
required by the People’s Bank of China and deducting the
interest income of the corresponding required reserves of
loan principal deposited in the People’s Bank of China.

Let𝐹1 denote the expenses of interest on deposit,𝑃denote
the total loan, 𝑟1 denote the one-year deposit rate, 𝐿 re denote
the corresponding required reserves of total loan required by
the People’s Bank of China, and 𝑟re denote the deposit reserve
rate. Then,

𝐹1 = 𝑃 × 𝑟1 + 𝐿 re × 𝑟1 − 𝐿 re × 𝑟re. (8)

Given 𝑃 = total loan, 𝐿𝐷 = the corresponding deposit of
total loan, and 𝜀 = rate of legal deposit reserve, we have

𝑃 = 𝐿𝐷 × (1 − 𝜀) . (9)

Then, the corresponding deposit of total loan 𝐿𝐷 can be
written as

𝐿𝐷 =
𝑃

(1 − 𝜀)
. (10)
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The corresponding deposit of total loan 𝐿𝐷 times the
rate of legal deposit reserve 𝜀 is the corresponding required
reserves of total loan required by the People’s Bank of China
𝐿 re:

𝐿 re = 𝐿𝐷 × 𝜀. (11)

Substituting (10) into (11), we have

𝐿 re =
𝑃 × 𝜀

1 − 𝜀
. (12)

Equation (12) is the calculation formula of the corre-
sponding required reserves of total loan required by the
People’s Bank of China 𝐿 re.

Substitute (11) into (8), and then

𝐹1 = 𝑃 × 𝑟1 + 𝐿 re × 𝑟1 − 𝐿 re × 𝑟re

= 𝑃 × 𝑟1 +
𝑃 × 𝜀

1 − 𝜀
× 𝑟1 −

𝑃 × 𝜀

1 − 𝜀
× 𝑟re.

(13)

(b) Calculation of the Charge against Revenue 𝐹2. Charge
against revenue refers to all the expenses the bank has to pay
in business operation and management except the expenses
of interest on deposit. It is made up of operating expenses,
depreciation charges of fixed assets, and other business
expenses.

Let 𝐹2 be the charge against revenue, 𝐸1 be the operating
expenses, 𝐸2 be the depreciation charges of fixed assets, and
𝐸3 be other business expenses, and then

𝐹2 = 𝐸1 + 𝐸2 + 𝐸3. (14)

(2) The Ascertaining of the Minimum Target Rate of Return
𝑟𝑃. Let 𝐶 denote the core capital of bank, let 𝐶𝑑 denote the
deduction of core capital, let 𝛼𝑖 denote the risk weight of risk
asset 𝑖, let 𝐴 𝑖 denote the line of risk asset 𝑖, let𝑀𝑐 denote the
market risk capital, and let 𝛽min denote the minimum core
capital adequacy ratio stipulated by CBRC [26]. We have

𝐶 − 𝐶𝑑

∑𝛼𝑖𝐴 𝑖 + 12.5𝑀𝑐

≥ 𝛽min, (15)

where∑𝛼𝑖𝐴 𝑖 is the sum of different risk-weighted assets and
(∑𝛼𝑖𝐴 𝑖 + 12.5𝑀𝑐) is the sum of risk-weighted assets and 12.5
times market risk capital.

Let ROE be the rate of return on common stockholders’
equity, GP be the total of the target net profit of bank, and𝐶
be the net asset of bank, and then

𝐶

=

GP

ROE
. (16)

The net asset𝐶 includes capital stock, capital reserve, surplus
reserve, statutory public welfare fund, and undistributed
profit. The core capital 𝐶 includes capital stock, capital
reserve, surplus reserve, and undistributed profit. Let us
suppose that the net asset of bank𝐶 equals to the core capital
of bank 𝐶. After substituting (16) into (15), we have

GP ≥ ROE × [(𝛼𝑖𝐴 𝑖 + 12.5𝑀𝑐) × 𝛽min + 𝐶𝑑] = ROE

× [(𝛼𝑖𝐴 𝑖 + 12.5 ×∑𝐴 𝑖 ×
𝑀𝑐

∑𝐴 𝑖

) × 𝛽min +∑𝐴 𝑖

×
𝐶𝑑

∑𝐴 𝑖

] ,

(17)

where𝑀𝑐/∑𝐴 𝑖 refers to themarket risk capital of the average
asset of bank and 𝐶𝑑/∑𝐴 𝑖 refers to the deduction of core
capital of the average asset of bank. When the bank issues a
loan, the sum of different risk-weighted assets ∑𝛼𝑖𝐴 𝑖 can be
replaced by the risk asset 𝛼𝑃, and the total assets of bank∑𝐴 𝑖

can be replaced by the total loan 𝑃. Then, there is

GP ≥ ROE

× [(𝛼𝑃 + 12.5 × 𝑃 ×
𝑀𝑐

∑𝐴 𝑖

) × 𝛽min + 𝑃 ×
𝐶𝑑

∑𝐴 𝑖

] .

(18)

Divide the maximum net profit GP of a loan by the total
loan 𝑃, and we get the target rate of return 𝑟𝑃,

𝑟𝑃 =
ROE × [(𝛼𝑃 + 12.5 × 𝑃 × (𝑀𝑐/∑𝐴 𝑖)) × 𝛽min + 𝑃 × (𝐶𝑑/∑𝐴 𝑖)]

𝑃
= ROE

× [(𝛼 + 12.5 ×
𝑀𝑐

∑𝐴 𝑖

) × 𝛽min +
𝐶𝑑

∑𝐴 𝑖

] ,

(19)

from which the minimum target rate of return 𝑟𝑃 can be
obtained. Equation (19) is to get the minimum legal target
rate of return 𝑟𝑃 of bank according to the stipulations of Basel
New Capital Accord III and CBRC on minimum core capital
adequacy ratio.

(3) The Ascertaining of the Ratio 𝑟𝐷. Generally, the loan rate 𝑟
based on cost plus is obtained by adding the financial costs,

target rate of return, and loss given default irrespective of
business tax [27]. Let 𝑟 denote the lending rate, let 𝑟𝐷 denote
the loss given default, and then

𝑟 = 𝑟𝐶 + 𝑟𝑃 + 𝑟𝐷. (20)

We have

𝑟𝐷 = 𝑟 − 𝑟𝐶 − 𝑟𝑃. (21)
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Table 1: Original data of farmers for credit decision assessment.

(1) Index (2) Farmer number (3) Credit scores (4) Receivable loan capital
and interest 𝑅𝑖𝑗 (Yuan)

(5) Owed loan capital and
interest 𝐿 𝑖𝑗 (Yuan)

1 Farmer 2154 100 3259642 0
2 Farmer 2155 100 2173095 0
3 Farmer 2825 99.24 20074635 0
4 Farmer 2943 99.13 10605947 0
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

416 Farmer 218 77.16 4470876 535791
417 Farmer 96 76.82 3551334 0
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

2814 Farmer 1109 1.69 8538718 8071240
2815 Farmer 1102 0.00 236826 236826
2816 Farmer 1103 0.00 255343.3 255343.3
2817 Farmer 1104 0.00 78904.72 78904.72

The loss given default 𝑟𝐷 refers to the ratio of the annual
owed loan capital and interest to the annual receivable loan
capital and interest, which shows the risk compensation of
customer’s default.

2.4. Making Credit Decisions Based on the Acceptable Maxi-
mum LGD of Commercial Banks. Through the financial costs
of a bank and the minimum target rate of return deduced
from the minimum core capital adequacy ratio stipulated
by CBRC, this paper works out the maximum annual LGD
which the bank can bear. Then, the threshold of customers’
default can be obtained by comparing the calculated annual
LGD of the customers in different credit ratings with the
acceptable maximum annual LGD of bank. Loans will not
be issued to those customers whose credit rating is lower
than the break-even point threshold. Customers with a credit
rating lower than the threshold are unable to get a loan from
the bank.

3. Empirical Study of the Proposed Model
Based on Chinese Farmer Sample

3.1. Sample and Data Source. In consideration of research
purpose of decision assessment, we implement empirical
study based on the 2817 farmers’ microfinance data collected
and screened from a Chinese state-owned commercial bank.
Our project started with a talk between a chair manager
of a Chinese state-owned commercial bank and one coau-
thor’s supervisor about credit decision evaluation of farmers’
microfinance loan when we attended the referee conference
of major research project organized by National Science
Foundation of China in September, 2009. After that, several
meetings and communications of various forms have been
made, and they lead to the formal start of this project. As
a major participant, one coauthor is in charge of evaluation
of farmer credit in the entire project. In order to guarantee

the correctness and genuineness, all the sample data have
been recertified in the bank’s credit information system. The
2817 farmer samples include 28 provincial administrative
provinces except Beijing Municipality, Yunnan Province,
Tibet Autonomous Region, Taiwan Province, Hong Kong
Autonomous Region, and Macao Autonomous Region in
China, which guarantee data diversity, authenticity, and
applicability [24]. It should be pointed out that the sample
adopted in this paper is based on the evaluation index system
and credit scoring model of farmer’s microfinance. The
indicators are selected by utilizing multicollinearity analysis.
The credit scoring model is built by using logistic regression.
Besides, the credit scores have been normalized. As the focus
of this paper lies in the rating of credit and the lending deci-
sion, the detailed processes of index selecting and credit score
calculation are not given (see details in [24]). The original
data of farmers for credit decision assessment is shown in
Table 1 [24].

3.2. Application of the Decision Assessment Model

(1) Divide the Farmers’ Credit Ratings. Substitute the owed
loan capital and interest 𝑅𝑖𝑗 in the fourth column of Table 1
and the receivable loan capital and interest 𝐿 𝑖𝑗 in the fifth
column of Table 1 into (1) to (6), and then the credit rating
result can be obtained, as shown in Table 2. The second
column of Table 2 is the sample size of each credit rating.
The third column is the ratio of the sample size of each credit
rating to the total sample size.The fourth column is the score
intervals of different credit ratings. The fifth column is the
interval length of credit scores.The sixth column is the annual
LGD of different credit ratings.

Figure 1 shows the distribution of the sample size of
different credit ratings. Figure 2 is the pie chart of the sample
size of different credit ratings. Figure 3 is the distribution of
the annual loss given default of each credit rating. It is shown
in Figures 1 and 2 that the majority of farmers are in Grade
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Table 2: Results of farmer’s credit rating.

(1) Credit rating (2) Sample size (3) The ratio of the sample
size to the total sample size

(4) Intervals of credit
scores

(5) Interval length of
credit scores (6) Annual LGD𝑗

AAA 416 14.77% 77.16 ≤ 𝑆 < 100 22.84 0.114%
AA 1821 64.64% 43.95 ≤ 𝑆 < 77.16 33.21 0.959%
A 145 5.15% 43.39 ≤ 𝑆 < 43.95 0.56 1.598%
BBB 201 7.14% 39.21 ≤ 𝑆 < 43.39 4.18 2.875%
BB 90 3.19% 33.03 ≤ 𝑆 < 39.21 6.18 4.276%
B 34 1.21% 31.46 ≤ 𝑆 < 33.03 1.57 4.919%
CCC 83 2.95% 24.26 ≤ 𝑆 < 31.46 7.2 6.641%
CC 14 0.50% 9.36 ≤ 𝑆 < 21.46 14.9 10.981%
C 13 0.46% 0 ≤ 𝑆 < 9.36 9.36 14.797%

14.77%
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3.19% 1.21% 2.95% 0.50% 0.46%
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Figure 1: The distribution of the sample size of different credit
ratings.

AA, which accounts for 64.64%, and only 0.50% and 0.46%
farmers are in CC and C, respectively. The grades of farmers
that the bank has issued a loan for are high in credit ratings.
Therefore, the risk of the bank will be low. As is shown in
Figure 3, the slopes of the distribution of the annual LGD
of different credit ratings are basically the same. That is to
say, the change in the slope between the annual LGD of
each credit rating is small, which accords with the practical
situation. So, the results of credit rating are reasonable.

(2) Calculate the Break-Even Point of Farmers’ Microfinance.
The related data for calculating the break-even point of
farmers’ microfinance comes from the Chinese state-owned
commercial bank headquarters [24], as shown in Table 3.The
descriptions of data are as follows. The loan rate 𝑟 in Row 1
is 10.5285%, which is the highest lending rate of the Chinese
commercial bank in history. The one-year deposit rate 𝑟1 in
Row 2 is from the interest table of 2014 benchmark deposit
rate of RMB of financing institutions.The rate of legal deposit
reserve 𝜀 in Row 3 and the deposit reserve rate 𝑟re in Row 4
are from the People’s Bank of China. The parameters in Row
5 to Row 9 are from the 2014 annual report of the Chinese

14.77%

64.64%

5.15%

7.14%
3.19%

1.21% 2.95% 0.50%

0.46%

AAA
AA
A
BBB
BB

B
CCC
CC
C

Figure 2: Pie chart of the sample size of different credit ratings.

0.114% 0.959%
1.598% 2.875%

4.276%
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6.641%

10.981%

14.797%

0.000
2.000
4.000
6.000
8.000

10.000
12.000
14.000
16.000
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Annual loss given default

(%
)

Figure 3: The distribution of the annual LGD of each credit rating.

commercial bank. The market risk capital 𝑀𝑐 equals 0 in
Row 10 (according to [26], the commercial bank, whose total
cash in the trading account is 10% higher or 8.5 billion more
than its total assets, can calculate their market risk capital; the
market risk capital 𝑀𝑐 equals 0). The core capital adequacy
ratio 𝛽 equals 6% in Row 11 [26]. The parameters in Rows
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Table 3: The ascertaining of the acceptable maximum annual LGD.

(1) Index (2) Indicator
Indicators for calculating credit threshold

(5) Indicator data(3) Intermediate
variable 1

(4) Intermediate
variable 2

1 Loan rate — — 10.5285%

2

Financial costs
𝑟𝐶 = 5.57%

Expenses of interest on
deposit 𝐹1 (3318498
thousand Yuan)

One-year deposit rate
𝑟1

3.00%

3 Rate of legal deposit
reserve 𝜀 16.5%

4 Deposit reserve rate 𝑟re 1.62%

5 Charge against revenue
𝐹2 (2334148 thousand

Yuan)

Operating expenses 𝐸1
2161448 (thousand

Yuan)

6 Depreciation charges of
fixed assets 𝐸2

166427 (thousand
Yuan)

7 Other business
expenses 𝐸3

6273 (thousand Yuan)

8 Total loan 𝑃 101399562
(thousand Yuan)

9

Target rate of
return

𝑟𝑃 = 0.71%

Weighted average ROE 17.65%
10 Market risk capital𝑀𝑐 0 (thousand Yuan)
11 Minimum core capital adequacy ratio 𝛽 6%

12 Deductions of core capital 𝐶𝑑
85762 (thousand

Yuan)

13 Assets ∑𝐴 𝑖
256800388

(thousand Yuan)
14 Weight of the risk assets for loan 𝛼 1

12 and 13 are from the 2014 annual report of the Chinese
commercial bank. The risk weight 𝛼 equals 0 in Row 14 [26].

(a) Calculate the Ratio of Financial Costs 𝑟𝐶. Substitute the
data of Rows 2, 3, and 4 in the fifth column of Table 3 into
(13), and we get the expenses of interest on deposit 𝐹1:

𝐹1 = 𝑃𝑟1 +
𝑃𝜀

1 − 𝜀
× 𝑟1 −

𝑃𝜀

1 − 𝜀
× 𝑟re

= 101399562 × 3.00% +
101399562 × 16.5%

1 − 16.5%

× 3.00% −
101399562 × 16.5%

1 − 16.5%
× 1.62%

= 3318498

(22)

thousand Yuan, which is listed in the third column of Table 3.
Substitute the data in Rows 5, 6, and 7 in the fifth column

of Table 3 into (14), and we get the charge against revenue
𝐹2 = 𝐸1 + 𝐸2 + 𝐸3 = 2161448 + 166427 + 6273 = 2334148

thousand Yuan, which is listed in the third column of Table 3.
Substitute the expenses of interest on deposit 𝐹1 =

3318498 thousand Yuan, the charge against revenue 𝐹2 =

2334148 thousand Yuan, and the total loan 𝑃 = 101399562

thousand Yuan into (7), and we get the financial costs 𝑟𝐶 =

(𝐹1 + 𝐹2)/𝑃 = 5.57%, which is listed in the second column of
Table 3.

(b) Calculate theMinimumTarget Rate of Return 𝑟𝑃. Substitute
the data in Rows 8–14 in the fifth column of Table 3 into (19),
and we have

𝑟𝑃 = ROE × [(𝛼 + 12.5
𝑀𝑐

∑𝐴 𝑖

)𝛽min +
𝐶𝑑

∑𝐴 𝑖

]

= 0.1765 × [(1 + 12.5 ×
0

256800388
) × 0.04

+
85762

256800388
] = 0.71%,

(23)

which is listed in the second column of Table 3.

(c) Calculate the Acceptable Maximum Annual LGD (i.e., 𝑟𝐷).
Substitute 𝑟 = 10.5285%, 𝑟𝐶 = 5.57%, and 𝑟𝑃 = 0.71% into
(21), and then 𝑟𝐷1 = 𝑟 − 𝑟𝐶 − 𝑟𝑃 = 10.5285% − 5.57% −

0.71% = 4.25% can be obtained.That is to say, on the premise
of guaranteed target profit, the acceptable maximum annual
LGD is 4.25%.

Substitute 𝑟 = 10.5285%, 𝑟𝐶 = 5.57%, 𝑟𝑃 = 0% in
break-even conditions into (21), and we get the acceptable
maximum annual LGD 𝑟𝐷 of loan in break-even conditions:
𝑟𝐷2 = 𝑟−𝑟𝐶−𝑟𝑃 = 10.5285%−5.57%−0% = 4.96%. It means
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Table 4: The decision assessment results for farmers’ microfinance.

(1) Credit rating (2) Annual LGD𝑗 (3) Contrast 1 (4) Loan or not for contrast 1 (5) Contrast 2 (6) Loan or not for contrast 2
AAA 0.114% 0.114% < 4.25%

Agree to lend

0.114% < 4.96%

Agree to lendAA 0.959% 0.959% < 4.25% 0.959% < 4.96%
A 1.598% 1.598% < 4.25% 1.598% < 4.96%
BBB 2.875% 2.875% < 4.25% 2.875% < 4.96%
BB 4.276% 4.276% > 4.25% Reject lending 4.276% < 4.96% Agree to lend
B 4.919% 4.919% > 4.25% 4.919% < 4.96%
CCC 6.641% 6.641% > 4.25%

Reject lending
6.641% > 4.96%

Reject lendingCC 10.981% 10.981% > 4.25% 10.981% > 4.96%
C 14.797% 14.797% > 4.25% 14.797% > 4.96%

that, on the premise of break-even, the acceptable maximum
annual LGD is 4.96%.

(3) Make the Credit Decision of Farmers’ Microfinance. (a)The
annual LGD of farmers in Ratings AAA, AA, A, and BBB are
0.114%, 0.959%, 1.598%, and 2.875%, respectively, which are
lower than the acceptable maximum annual LGD 4.25% on
the premise of guaranteed target profit, as shown in the third
column of Table 4.Therefore, the target profit of the bank can
be ensured when the bank issues loans to the farmers in those
four credit ratings.

(b) The annual LGD of farmers in Ratings BB and B
are 4.276% and 4.919%, respectively, which are higher than
the acceptable maximum annual LGD 4.25% on the premise
of guaranteed target profit whereas they are lower than the
acceptable maximum annual loss given default 4.96% on
the premise of break-even, as shown in the fifth column of
Table 4. Therefore, the break-even of the bank, rather than
the target profit, can be ensured when the bank issues loans
to the farmers in Credit Ratings BB and B.

(c) The annual LGD of farmers in Ratings CCC, CC,
and C are 6.641%, 10.981%, and 14.797%, respectively, which
are higher than the acceptable maximum annual loss given
default 4.96% on the premise of break-even. Therefore, the
bank is likely to suffer a losswhen it issues loans to the farmers
in Credit Ratings CCC, CC, and C.

4. Conclusions

Decision assessment theory is one of the hot topics in the
literature. Lots of decision-making optimization and evalu-
ation methods have been proposed in the existing studies.
Nonetheless, only a small part of them have been widely used
in reality, especially in credit risk evaluation of commercial
banks. In order to help the bankers or credit clerks to locate
the good customers which can realize the bank’s target profit,
we conduct the credit risk decision evaluation of commercial
banks. First of all, this paper creates an optimal credit
rating model which consisted of an objective function and
two constraint conditions. In the model, the first constraint
condition of the strictly increasing LGDs eliminates the
unreasonable phenomenon that the higher the credit rating
is, the higher the LGD is. Secondly, the paper proposes a
credit decision-making assessment method on the basis of

measuring the acceptable maximum LGD of commercial
banks. Finally, the proposed model is verified by the data
from 2817 farmers’ microfinance of a large-scale Chinese
commercial bank. Empirical analysis results are provided
below. (1) The proposed approach can accurately find out the
good customers from all of the customers who applied for
loans. (2) The target profit of bank can be ensured when the
bank issues loans to the farmers in Ratings AAA, AA, A, and
BBB. (3)The bank is likely to suffer a loss when it issues loans
to the farmers in Ratings CCC, CC, and C.

The contributions of the paper lie in three aspects. First,
the decision assessment of the credit risk of commercial banks
from the loss given default (LGD) of customers, the break-
even point of customers’ loan, and the target profit of com-
mercial bank perspective, instead of a more traditional credit
risk perspective, seems to offer a new insight into the credit
rating of customers. Second, this paper proposes a novel
decision assessment method which is suitable for customers’
credit risk evaluation and credit decision.Third, our research
not only has practical significance for decision assessment of
the 2817 farmers’ microfinance, but also provides a reference
for credit risk evaluation and lending decision of customers
in other commercial banks in the world.

This paper has some interesting extensions. Farmers’ loan
pricing can be included in the future extended model based
on the proposed decision assessment approach. Moreover,
the empirical results are derived from the 2817 farmers’
microfinance data, which may not be generalized enough for
all loan farmers in China. When investigating sustainability
issues, there are also concerns about more relevant data.
In addition, generalizing this decision assessment approach
to other types of loan customers is not too difficult and
researchers can easily conduct credit risk evaluation and
credit decision through cases and empirical studies.
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Fusing classifiers’ decisions can improve the performance of a pattern recognition system. Many applications areas have adopted
the methods of multiple classifier fusion to increase the classification accuracy in the recognition process. From fully considering
the classifier performance differences and the training sample information, a multiple classifier fusion algorithm using weighted
decision templates is proposed in this paper. The algorithm uses a statistical vector to measure the classifier’s performance and
makes a weighed transform on each classifier according to the reliability of its output. To make a decision, the information in the
training samples around an input sample is used by the 𝑘-nearest-neighbor rule if the algorithm evaluates the sample as being
highly likely to be misclassified. An experimental comparison was performed on 15 data sets from the KDD’99, UCI, and ELENA
databases. The experimental results indicate that the algorithm can achieve better classification performance. Next, the algorithm
was applied to cataract grading in the cataract ultrasonic phacoemulsification operation. The application result indicates that the
proposed algorithm is effective and can meet the practical requirements of the operation.

1. Introduction

A single classifier was always used in a traditional pattern
recognition system. However, in recent years, it has been
found that the samples that werewrongly classified by distinct
classifiers were usually not the same in many experiments.
This finding means that complementary information about
the object to be recognized can be potentially offered by
different classifiers and effective fusion of the complementary
information is expected to considerably improve the perfor-
mance of a pattern recognition system. When the member
classifiers are diverse or complementary, multiple classifier
systems can usually obtain higher classification accuracies
compared with a single classifier [1].Through a large number
of experiments and applications, it has been proven that
fusing classifiers’ decisions can achieve better performance
than the best single classifier and improve the efficiency and
robustness of a pattern recognition system. Currently, many
applications areas have adopted the methods of multiple
classifier fusion, such as fault diagnosis [2, 3], radar emitter
recognition [4], remote sensing image recognition [5–7],

medical diagnosis [8], face recognition [9], and intrusion
detection [10]. Some of the fusion methods have good gen-
erality and show good classification performance in certain
applications. However, similar to the classifier, there is no
fusion method that can obtain the optimal classification
performance for all of the applications. Therefore, the study
of multiple classifier fusion is still an open problem. For a
specific application, this approach requires further research
on a more suitable algorithm for multiple classifier fusion.

Multiple classifier fusion assumes that all of the classifiers
are equally “experienced” over the entire feature space. Thus,
all of the outputs of the classifiers are fused in a certain way to
achieve the final decision. According to the different outputs
of the classifiers, they can be further divided into three
categories. When the output is shown in a decision form,
Naive Bayes [11], majority voting, and Behavior Knowledge
Space (BKS) [12] are the representative fusion algorithms.
When the output is shown in a ranked form, Borda Count [13,
14] is a typical fusion algorithm.When the output is shown in
a measured form, the fusion algorithms mainly include Max,
Min, Sum, Product, Median, Support VectorMachine (SVM)
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fusion [15–17],NeuralNetworks fusion [18],Dempster-Shafer
theory [19], and decision templates (DT) [20].

The decision templates (DT) algorithm is a simple and
effective fusion algorithm that has measure outputs and that
is researched and used widely [21–26]. During the training
stage, the DT algorithm calculates the average of the decision
profiles that correspond to the training samples that belong to
each class according to the outputs of all of the classifiers.The
averages are the decision templates (one per class). Then, the
input sample’s class is determined by evaluating the similarity
between its decision profile and various decision templates.
The algorithm has the following advantages [27]: there is
a simple training process; it requires no strict assumptions
compared to probability-based algorithms; it is less sensitive
to the size of the training set than other algorithms and
overtraining rarely happens; it is also intuitive, having a small
number of calculations; and it is not time-consuming. How-
ever, the DT algorithm still has two problems: (1) a decision
template is only the average of the decision profiles that
belong to a class and does not fully reflect the differences in
the classifier’s performance. (2) It uses only the classification
information of the decision template and does not take full
advantage of the training samples’ information.

Therefore, an improved DT algorithm (called VWDT)
is proposed here. This algorithm measures the classifier’s
performance by a statistical vector and assigns different
weights to each classifier according to their outputs. Reliable
output is assigned to a large weight in such a way that the
output represents a significant share of the decision templates.
For a sample that is easilymisclassified, the information in the
surrounding training samples is used to make a decision in
addition to using the similarities between it and the decision
templates.

This algorithm was compared with the DT algorithm on
15 data sets, from the KDD’99, UCI, and ELENA databases.
The experimental results show that the algorithm can achieve
better classification performance. Then, the algorithm was
applied to cataract grading in the cataract ultrasonic pha-
coemulsification operation. The application effect indicates
that the proposed algorithm is effective and can meet the
practical requirements of the operation. Thus, the algorithm
can be applied to the computer-aided cataract recognition
system of the ultrasonic emulsification apparatus to automat-
ically recognize the hardness grade of the cataract, which
thus lowers the operation difficulty level, shortens the study
period, and improves the safety of the operation.

The organization of this paper is as follows: Section 2
contains the description of the multiple classifier fusion
algorithm proposed in this paper. The experiment test of the
algorithm is given in Section 3, and Section 4 provides the
validation of the practical application, including the applica-
tion background and the application description and effect.
Finally, Section 5 presents the conclusions and summarizes
the contents of this paper.

2. VWDT Algorithm Description

2.1. Relative Expression. The structure of the multiple classi-
fier fusion used in this paper is shown in Figure 1.

Fusion rule Input pattern
Output result

.

.

.
X

Classifier C1

Classifier C2

Classifier Cl

C1(X)

C2(X)

Cl(X)

F

C(X)

Figure 1: The structure of the multiple classifier fusion.

Let 𝑅𝑛 be the 𝑛-dimensional feature space; let 𝑋 =

[𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
]
𝑇 be the 𝑛-dimensional feature vector,𝑋 ∈ 𝑅𝑛;

let Ω = {𝜔
1
, 𝜔
2
, . . . , 𝜔

𝑚
} be the set of potential class labels;

and let𝐶 = {𝐶
1
, 𝐶
2
, . . . , 𝐶

𝑙
} be the set of trained classifiers for

decision fusion. Given the input pattern 𝑋, the output of the
𝑖th classifier is denoted as in

𝐶
𝑖
(𝑋) = [𝑐

𝑖,1
(𝑋) , 𝑐

𝑖,2
(𝑋) , . . . , 𝑐

𝑖,𝑚
(𝑋)]
𝑇

, (1)

where 𝑐
𝑖,𝑗
(𝑋), 𝑖 = 1, 2, . . . , 𝑙, 𝑗 = 1, 2, . . . , 𝑚, represents the

measure value of the possibility that classifier 𝐶
𝑖
considers

that𝑋 belongs to class 𝜔
𝑗
.

The fused output of 𝑙 classifiers is constructed as in

𝐶 (𝑋) = 𝐹 (𝐶
1
(𝑋) , 𝐶

2
(𝑋) , . . . , 𝐶

𝑙
(𝑋)) , (2)

where 𝐹 is the fusion rule.
The output of all of the classifiers can be represented as

the decision profile, 𝑙 × 𝑚matrix as shown in

DP (𝑋) =

[
[
[
[
[
[
[
[
[
[
[

[

𝑐
1,1
(𝑋) ⋅ ⋅ ⋅ 𝑐

1,𝑗
(𝑋) ⋅ ⋅ ⋅ 𝑐

1,𝑚
(𝑋)

.

.

.
.
.
.

.

.

.

𝑐
𝑖,1
(𝑋) ⋅ ⋅ ⋅ 𝑐
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(𝑋) ⋅ ⋅ ⋅ 𝑐

𝑖,𝑚
(𝑋)

.

.
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.

.

.

𝑐
𝑙,1
(𝑋) ⋅ ⋅ ⋅ 𝑐

𝑙,𝑗
(𝑋) ⋅ ⋅ ⋅ 𝑐

𝑙,𝑚
(𝑋)

]
]
]
]
]
]
]
]
]
]
]

]

. (3)

The 𝑖th row is the measure layer output of the 𝑖th classifier
𝐶
𝑖
(𝑋), which is given according to (1). The 𝑗th column is the

possibility measure value that 𝑙 classifiers consider that the
input pattern 𝑋 belongs to class 𝜔

𝑗
. In addition, the fusion

result𝐶(𝑋) is an𝑚-dimensional vector that is represented by
the measure layer form, which is denoted as in

𝐶 (𝑋) = [𝑑
1
(𝑋) , 𝑑

2
(𝑋) , . . . , 𝑑

𝑚
(𝑋)]
𝑇

, (4)

where 𝑑
𝑖
(𝑋), 𝑖 = 1, 2, . . . , 𝑚, shows the possibility measure

value that𝑋 belongs to class 𝜔
𝑖
after fusion.

After acquiring the fusion result of (4), a certain rule
is used to judge which class the input pattern belongs to.
Typically, the rule of using the maximum value is adopted;
namely, if 𝑑

𝐾
(𝑋) = max𝑚

𝑖=1
𝑑
𝑖
(𝑋), then it shall be deemed that

𝑋 ∈ 𝜔
𝐾
.
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The simple fusion rules (Max, Min, Sum, Product, and
Median) acquire the system output by operating each column
of DP(𝑋).

(1) Max rule is

𝑑
𝑗
(𝑋) =

𝑙max
𝑖=1

𝑐
𝑖,𝑗
(𝑋) , 𝑗 = 1, 2, . . . , 𝑚. (5)

The Max rule takes the maximum of every DP(𝑋)
column as the fused output 𝐶(𝑋).

(2) Min rule is

𝑑
𝑗
(𝑋) =

𝑙

min
𝑖=1

𝑐
𝑖,𝑗
(𝑋) , 𝑗 = 1, 2, . . . , 𝑚. (6)

The Min rule takes the minimum of every DP(𝑋)
column as the fused output 𝐶(𝑋).

(3) Sum rule is

𝑑
𝑗
(𝑋) =

𝑙

∑

𝑖=1

𝑐
𝑖,𝑗
(𝑋) , 𝑗 = 1, 2, . . . , 𝑚. (7)

The Sum rule computes the sum of every DP(𝑋)
column as the fused output 𝐶(𝑋). It is also called
the mean rule when it computes the mean; these are
simply two forms of the same rule.

(4) Product rule is

𝑑
𝑗
(𝑋) =

𝑙

∏

𝑖=1

𝑐
𝑖,𝑗
(𝑋) , 𝑗 = 1, 2, . . . , 𝑚. (8)

The Product rule computes the product of every
DP(𝑋) column as the fused output 𝐶(𝑋).

(5) Median rule is

𝑑
𝑗
(𝑋) =

𝑙

median
𝑖=1

𝑐
𝑖,𝑗
(𝑋) , 𝑗 = 1, 2, . . . , 𝑚. (9)

The Median rule takes the median of every DP(𝑋)
column as the fused output 𝐶(𝑋). If 𝑙 is an even
number, then themean of twomedians is taken as the
result of a column.

The DT algorithm acquires the system output using
the entire DP(𝑋) and calculates the corresponding decision
template DT

𝑖
, 𝑖 = 1, 2, . . . , 𝑚, on the training set 𝑍, as in

DT
𝑖
=
1

𝑁
𝑧

∑DP (𝑧
𝑗
) , 𝑧

𝑗
∈ 𝑍, 𝑧

𝑗
∈ 𝜔
𝑖
, (10)

where 𝑧
𝑗
represents the samples that belong to class 𝜔

𝑖
in the

training set 𝑍 and𝑁
𝑧
represents the number of 𝑧

𝑗
.

Then, the input sample’s class is determined by evaluating
the similarity between its decision profile and various deci-
sion templates. Here, the squared Euclidean distance is used
for calculating the similarity, but other measures can also be

applied. For a training sample𝑃 ∈ 𝑍, the calculation equation
is shown in

𝑑
𝐸
(DP (𝑃) ,DT

𝑖
) =

𝑚

∑

𝑗=1

𝑙

∑

𝑘=1

(𝑐
𝑘,𝑗
(𝑃) − dt

𝑖
(𝑘, 𝑗))

2

, (11)

where dt
𝑖
(𝑘, 𝑗) represents the element at the intersection of

the 𝑘th row and 𝑗th column in DT
𝑖
.

2.2. Algorithm Idea. Due to the existence of the performance
differences of the classifiers, even using the same classifier, the
distinguishing capacity for different classes of data in a data
set is different. When the classifier output reserves detailed
information about a class, the DT algorithm’s performance
will be quite good. However, when the classifier is very
sensitive to certain features of the input space, the result
is a major change to certain information in the classes in
the output space, and the performance of the algorithm is
reduced to an obvious extent. For this problem, the VWDT
algorithm measures the performance of various classifiers
by a statistical vector and self-adaptively assigns weights
for various classifiers according to the specific output status
of the classifiers. The output of a classifier that has better
performance occupies a larger proportion in the constructing
process of the decision template, to acquire a more reliable
decision template and improve the classification accuracy.

For certain samples, even being compared with the
samples in the same class, they still have obvious differences.
These samples are often the outliers of each class of samples,
and their decision profiles are quite different from most of
the samples. When they are rare, in the DT algorithm, the
decision template acquired by the calculation is quite different
from their decision profiles. Moreover, the DT algorithm
evaluates only the similarity between the decision profile and
decision template, which makes some samples from various
classes misclassified due to having a small similarity or the
fact of being at an overlapping region of multiple classes.
With respect to this problem, the VWDT algorithm takes
advantage of the information in various training samples that
are around the test sample. It searches for several nearest-
neighbors of the test sample and combines the training sam-
ple’s information and the calculation of the decision template
similarity together, thus avoiding the deviation that results
from total dependence on the decision template to some
extent and making the final class judgment more reliable.

2.3. Algorithm Steps. Firstly, a statistical vector is used to
measure the performance of various classifiers, and the
decision profile takes a weighed transform.

The classification error of the 𝑘th classifier 𝐶
𝑘
can be

represented by an𝑚-dimensional statistical vector 𝑉𝑘, as in

𝑉
𝑘

= [𝑛
𝑘

1
, 𝑛
𝑘

2
, . . . , 𝑛

𝑘

𝑚
]
𝑇

, (12)

where the element 𝑛𝑘
𝑖
, 𝑖 = 1, 2, . . . , 𝑚, represents the number

of training samples that are in the 𝑖th class that are correctly
recognized by classifier 𝐶

𝑘
. Let the total number of training

samples be 𝑁. The vector 𝑉𝑘 is normalized by dividing
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by 𝑁. At this time, the meaning of each element changes
into its corresponding percentage. The normalized vector is
represented as in

𝑉
𝑘/𝑁

= [𝑛
𝑘/𝑁

1
, 𝑛
𝑘/𝑁

2
, . . . , 𝑛

𝑘/𝑁

𝑚
]
𝑇

. (13)

Here, the reliability of the output vector of classifier 𝐶
𝑘
can

be weighed by 𝑛𝑘/𝑁
ℎ

, and the value of ℎ should satisfy the
following condition, as shown in

𝑐
𝑘,ℎ
=
𝑚max
𝑗=1

(𝑐
𝑘,𝑗
) . (14)

Thus, the reliable output of classifier𝐶
𝑘
can be represented as

in

𝐶


𝑘
(𝑋) = 𝑛

𝑘/𝑁

ℎ
∗ 𝐶
𝑘
(𝑋) . (15)

From (1), (15) is denoted as in

[𝑐


𝑘,1
(𝑋) , 𝑐



𝑘,2
(𝑋) , . . . , 𝑐



𝑘,𝑚
(𝑋)]

= 𝑛
𝑘/𝑁

ℎ
∗ [𝑐
𝑘,1
(𝑋) , 𝑐

𝑘,2
(𝑋) , . . . , 𝑐

𝑘,𝑚
(𝑋)] .

(16)

According to the reliable output vectors of all of the classifiers
calculated by (16), the new decision profile DP(𝑋) can be
acquired as in

DP (𝑋) =

[
[
[
[
[
[
[
[
[
[
[

[

𝑐


1,1
(𝑋) ⋅ ⋅ ⋅ 𝑐



1,𝑗
(𝑋) ⋅ ⋅ ⋅ 𝑐



1,𝑚
(𝑋)

.

.

.
.
.
.

.

.

.

𝑐


𝑖,1
(𝑋) ⋅ ⋅ ⋅ 𝑐



𝑖,𝑗
(𝑋) ⋅ ⋅ ⋅ 𝑐



𝑖,𝑚
(𝑋)

.

.

.
.
.
.

.

.

.

𝑐


𝑙,1
(𝑋) ⋅ ⋅ ⋅ 𝑐



𝑙,𝑗
(𝑋) ⋅ ⋅ ⋅ 𝑐



𝑙,𝑚
(𝑋)

]
]
]
]
]
]
]
]
]
]
]

]

. (17)

Using DP(𝑋) to replace DP(𝑋) and adopting the Euclidean
distance as the similarity measure, the VWDT algorithm is
described as follows.

2.3.1. Training Process

(1) Use each classifier to classify the training samples,
acquire each classifier’s statistical vector 𝑉𝑘, 𝑘 =

1, 2, . . . , 𝑙, and construct the set 𝐷 that corresponds
to the decision profile DP(𝑋); from (10), the corre-
sponding decision template DT

𝑖
, 𝑖 = 1, 2, . . . , 𝑚, can

be acquired, as shown in

DT
𝑖
=
1

𝑁
𝑧

∑DP (𝑧
𝑗
) , 𝑧

𝑗
∈ 𝑍, 𝑧

𝑗
∈ 𝜔
𝑖
. (18)

(2) For a training sample 𝑃 ∈ 𝑍 and from (11), the square
value of the Euclidean distance between the decision
profile DP(𝑃) and DT

𝑖
can be acquired, as shown in

𝑑
𝐸
(DP (𝑃) ,DT

𝑖
) =

𝑚

∑

𝑗=1

𝑙

∑

𝑘=1

(𝑐


𝑘,𝑗
(𝑃) − dt

𝑖
(𝑘, 𝑗))

2

. (19)

(3) Calculate the possibility measure values of training
sample 𝑃 belonging to various classes, as shown in

𝑑
𝑖
(𝑃) = 1 −

1

𝑙 × 𝑚
𝑑
𝐸
(DP (𝑃) ,DT

𝑖
) . (20)

If 𝑑
𝐾
(𝑃) = max𝑚

𝑖=1
𝑑
𝑖
(𝑃), then it shall be deemed that

𝑃 ∈ 𝜔
𝐾
.

(4) Repeat steps (2)-(3) until all of the training samples
are classified. According to the classification results,
acquire a weighted decision profile set 𝐷

𝑒
(𝐷
𝑒
⊆

𝐷) that corresponds to the training samples that are
misclassified.

(5) Set 𝐷
𝑒
̸= Φ, calculate the average values of all of the

elements in set𝐷
𝑤
as an additional decision template,

which shall be denoted as DT
𝑚+1

, and use the set 𝐷
𝑒

to train a 𝑘-NN classifier 𝐶knn.
(6) Return all of the decision templates DT

𝑖
, 𝑖 =

1, 2, . . . , 𝑚+1, the statistical vector𝑉𝑘, 𝑘 = 1, 2, . . . , 𝑙,
and the classifier 𝐶knn.

2.3.2. Classification Process

(1) For an input pattern𝑋, use the statistical vectors that
are acquired in the above training process to construct
its decision profile DP(𝑋).

(2) Calculate the squared value of the Euclidean distance
between DP(𝑋) and DT

𝑖
by (19), and, then, calculate

the possibility measure value 𝑑
𝑖
(𝑋), 𝑖 = 1, 2, . . . , 𝑚 +

1, of the various classes that the sample 𝑋 belongs to
by (20).

(3) Judge the class of𝑋:

(a) Let 𝑑
𝐾
(𝑋) = max𝑚+1

𝑖=1
(𝑑
𝑖
(𝑋)); if 𝐾 ≤ 𝑚, then it

shall be deemed that𝑋 ∈ 𝜔
𝐾
.

(b) Otherwise, use 𝐶knn to classify 𝑋, and let
its measure layer output be [𝑐

1
(𝑋), 𝑐
2
(𝑋),

. . . , 𝑐
𝑚
(𝑋)]
𝑇 if 𝑑
𝐾
(𝑋) = max𝑚

𝑖=1
(𝑑
𝑖
(𝑋) + 𝑐

𝑖
(𝑋)),

𝑋 ∈ 𝜔
𝐾
.

The algorithm measures the classifier’s performance by a
statistical vector, which is acquired from the statistical data on
the training sample set. Different weights are self-adaptively
assigned to the classifiers’ output vectors according to their
judgments, which makes the decisions from different clas-
sifiers and the decisions of different classes from a classifier
have different proportions in the decision templates. The
weights can be acquired independently according to the prior
information of the training samples and the classifiers’ deci-
sions on the current input sample. According to the statistical
vector, if a classifier has better classification performance for
a certain class of samples, then its output can be considered
to be more reliable when it judges that the current input
sample belongs to this class, and it is assigned a larger weight.
If so, more reliable output has a higher proportion in the
decision templates, which makes them more reliable. The
training samples that are wrongly classified by the multiple
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classifier system are used to construct an additional decision
template. When an input sample is nearest to the center
of this template, it can be reasonably considered that the
sample is easily misclassified by the decision templates. At
this time, the nearest-neighbor rule is adopted to make the
judgment, which combines the information in the training
samples near the input sample and the distance data between
the input sample and various templates, which thus improves
the accuracy.

3. Experimental Analyses

Currently, there are many practical classification algorithms,
such as the nearest-neighbor algorithm, linear classifiers, the
minimum distance algorithm, support vector machines, and
artificial neural networks. The nearest-neighbor algorithm is
very intuitive, wherein the basic idea is to find a sample from
the training set that has the minimum distance to the object
to be recognized and take the sample’s class as the recogni-
tion result. The 𝑘-nearest-neighbor algorithm, as a typical
representative of nonparametric algorithms, is used as the
base classifier in this paper because it is simple and reliable.
The experiments in this paper were realized with Matlab.
During the programming process of the specific codes, the
pattern recognition toolbox “PRTools4” [28] was used. In the
experiments, the code of the 𝑘-nearest (𝑘-NN) classifier is
from the toolbox. To simplify the experiments, the parameter
𝑘 is selected automatically and optimally by the leave-one-
out method. The measure of the classifier’s output is the
posterior probability. To sufficiently test the performance and
generality of the proposed algorithm, 15 data sets from the
KDD’99, UCI, and ELENA databases were selected for the
experiments.These databases are comparatively authoritative
test data from related research fields, and the selected data sets
show relatively good representation.

In the experiment results, if the sample data has separate
training set and test set and the test result is unchanged, the
statistical equation of the error rate is shown in

𝐸 =
𝑁
𝑒

𝑁
𝑡

, (21)

where 𝐸 represents the error rate, 𝑁
𝑒
represents the number

of misclassified test samples, and 𝑁
𝑡
represents the number

of test samples.
If the sample data has only one set and 𝑀-fold cross-

validation is used, the test result is the average of the error
rates of 𝑀 validations, and the statistical equation of the
average error rate is shown in

𝐸 =
1

𝑀

𝑀

∑

𝑖=1

𝐸
𝑖
, (22)

where 𝐸 represents the average error rate.

3.1. Using the KDD’99 Data. The samples are from the
KDD’99 intrusion detection database (http://kdd.ics.uci.edu/
databases/kddcup99/kddcup99.html).The available database
includes a large number of network connection patterns

Table 1: Description of the KDD data sets.

Data set name Number of
classes

Number of
samples

Number of
features

ftp5c 5 A 800
B 5212 29

ftp2c 2
http4c 4 A 410

B 3380 28
http2c 2

Table 2: Performance on the KDD data sets (in %).

Data set name Error rate
DT VWDT

ftp5c 5.794 5.411
ftp2c 1.055 1.036
http4c 3.047 0.237
http2c 0.237 0.148

that were extracted from TCP/IP packets. Each connection
pattern is a 41-dimensional feature vector and belongs to one
out of five classes (i.e., normal, R2L attacks, DoS attacks, U2R
attacks, and probing attacks). The feature can be divided into
three categories: intrinsic feature, traffic feature, and content
feature.

The connection patterns related to the ftp service were
selected from two data sets with corrected labels. Each
patternwas processed by dimension reduction (these features
whose values were always constants were abandoned) and
quantification of the symbolic features and normalization
(a linear transformation was applied to make each feature
within the range [0, 1]). Training set A and test set B were
obtained correspondingly. This group of data sets with five-
class data was denoted by ftp5c. Combining the four attack
classes as an abnormal class, a group of data sets with two-
class data was obtained and denoted by ftp2c.

Through a similar process, the connection patterns that
were related to the http service were also selected. Two groups
of data sets were acquired, which were denoted by http4c and
http2c.The formerwas four-class data, and the latter was two-
class data. Because the number of http connection patterns
was large, a restricted condition in the selection process was
added: the duration was above zero. Table 1 is the description
of the KDD data sets. Three 𝑘-NN classifiers were trained
using a distinct category of features on each training set A and
constituted the classifier set.The original test results of theDT
andVWDT algorithms are shown in Table 2 and Figure 2 (ER
represents the error rate).

It can be observed that on the four data sets, the
performance of the VWDT algorithm is better than that
of the DT algorithm. Especially on the multiple-class data
sets of ftp5c and http4c, the error rate of the algorithm is
reduced more obviously. The reason is that the more the
classes that exist, the more obvious the difference that is
in the classifier’s performance to various classes, which is
reflected in the decision template, and the reliability of the
decision template is higher. At the same time, the difference
between the misclassified samples and other samples is more
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Figure 2: Performance comparison on the KDD data sets.

Table 3: Description of the UCI data sets.

Data set name Number of
samples

Number of
features

Number of
classes

Glass 214 9 6
Bupa 345 6 2
Pima 768 8 2
Thyroid 215 5 3
Wine 178 13 3
German 1000 24 2
Heart 270 13 2
Vehicle 846 18 4

obvious, and the complementarity is better by combining the
information in the training samples around the input sample
and the calculated similarity between the decision templates
and the input sample’s decision profile.

3.2. Using the UCI Data. A total of 8 data sets from the UCI
machine learning database (http://www.ics.uci.edu/∼mlearn/
MLRepository.html/) were selected for experimental analy-
sis. Due to the study demand for the algorithms, the selected
data sets were all in digital form without errors or missing
feature values. Normalization was performed on the selected
data. The basic information about the selected data sets is in
Table 3. The name of each data set is only the first word of its
name in the original database.

For each data set, 6-fold cross-validation was used: the
data set was divided into 6 subsets with similar size and dis-
tribution. Every time, a subset was selected as the test set, and
the remainder comprised the training set. On each training
subset, a 𝑘-NN classifier was trained. The corresponding 5
classifiers constituted the classifier set for the fusion. The test
results are the average of 6 times (see Table 4 and Figure 3;
AER represents the average error rate).

It can be observed that, of the 8 data sets, the VWDT
algorithm is better than the DT algorithm on 7 of the data
sets. On the data sets (thyroid, wine, and vehicle), which have
more classes, the performances of the VWDT algorithm are
improved more obviously. However, the data set of glass is

Table 4: Performance on the UCI data sets (in %).

Data set name Average error rate
DT VWDT

Glass 41.367 42.538
Bupa 24.751 20.526
Pima 26.042 23.828
Thyroid 14.484 3.320
Wine 6.825 2.857
German 27.564 24.154
Heart 17.407 15.926
Vehicle 33.394 26.195

Glass Pima Wine Heart
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Figure 3: Performance comparison on the UCI data sets.

an exceptional instance, mainly because there are not many
samples but lots of classes in the data set, and the distributions
of the samples of the different classes are obviously varied.
Under such a situation, taking the samples’ decision profile
average of a class as the representative of the samples of that
class could result in a larger error, which is also proven by the
DT algorithm’s performance. For the VWDT algorithm, an
additional decision template is divided, which further lowers
the performance. However, it can be observed that, on the
data set of glass, compared with the DT algorithm, the error
rate increase of the VWDT algorithm is not obvious (2.83%).
On the other data sets, the minimum error rate reduction of
this algorithm is 8.5% (data set pima).

3.3. Using the ELENA Data. A total of 3 data sets from the
ELENA database (https://www.elen.ucl.ac.be/neural-nets/
Research/Projects/ELENA/elena.htm) were selected for ex-
perimental analysis. Normalization was also made for the
selected data.The basic information of the selected data sets is
in Table 5. For each data set, 6-fold cross-validation was also
used, and the test results are in Table 6 and Figure 4.

It can also be observed that theVWDTalgorithm is better
than the DT algorithm. On the data set of satimage, which
has more classes, the performance of the VWDT algorithm is
improved more obviously.

The experiment results show that the VWDT algorithm
is effective for improving the classification performance. It
must be noted that 𝑘-NN classifiers are adopted in the
experiments of this paper.When the classifier set is composed
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Table 5: Description of the ELENA data sets.

Data set name Number of
samples

Number of
features

Number
of classes

Clouds 5000 2 2
Satimage 6435 36 6
Phoneme 5404 5 2

Table 6: Performance on the ELENA data sets (in %).

Data set name Average error rate
DT VWDT

Clouds 10.808 7.205
Satimage 9.925 4.659
Phoneme 8.315 5.387

DT
VWDT

Clouds Satimage Phoneme
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Figure 4: Performance comparison on the ELENA data sets.

of classifiers of a different type, because the physicalmeanings
and measures of the classifiers’ outputs are different, the
performances of both the DT and VWDT algorithms could
be obviously impacted. At this time, the outputs of all of the
classifiers should be transformed into unified reliability.

4. Practical Application

4.1. Application Background. Age-related cataract is the lead-
ing cause of blindness in the world. Now, there are 25
million people with cataract-induced blindness, and, among
them, almost 2.5 million are in China and account for 10
percent. Because the population is aging, there would be
more than one million cataract patients yearly in China.
Until now, an operation is the only effective method to cure
cataract blindness. However, a cataract operation could not
fully treat the newly increased patients, and, thus, the future
appears to be rather gloomy for China’s cataract blindness.
The ultrasonic phacoemulsification operation is considered
to be the main treatment for cataracts and is widely accepted
because of its small cut, short operation time, including no
suture, no need of being in hospital, and no limitation for any
activities, and fast recovery of eyesight.

Before performing the operation, strict training shall be
conducted for the doctor in charge of a case, to make the

Object detection

Image preprocessing

Feature extraction

Cataract grading

Control system

Image acquisition

Figure 5: Module structure of the cataract recognition system.

doctor very familiar with the cataract grading. However,
because the hardness grades of the cataracts are different for
different individuals, the problem of “how to correctly imple-
ment a proper oscillation frequency according to a different
lens nucleus” requires long-term practice for the operation,
to accumulate rich operation experience toward reaching
the best operation outcome. The operation is impossible to
promote over a large area because of its low automatization,
operation difficulty, and long learning cycle. That is the vital
reason why this operation cannot be popularized.

Along with the development of information technology,
computer-aided healthcare by integrating medical devices
and healthcare information systems to improve healthcare
quality and productivity is receiving more and more atten-
tion. In particular, a computer-aided healthcare system could
provide a solution in the developing areas where medical
resources are scarce [29]. Image processing and pattern
recognition technologies can be applied to the computer-
aided cataract recognition system of the ultrasonic emulsi-
fication apparatus, to automatically recognize the hardness
grade of the cataract and, thus, to lower the operation’s
difficulty level, shorten the study period, and improve the
safety of the operation.

Such a cataract recognition system is mainly composed
of five modules, as shown in Figure 5 (the position of the
research content of this paper is in the dash-dotted ellipse).
The image acquisitionmodule has a real-time operation video
via camera on the operating table, achieves single-frame
images by sampling at a certain frequency, and switches them
into formats that can be processed by the system; the object
detectionmodule detects the emulsification pinhead from the
image and locates the image area for recognition, which is
the first key problem of the system; the image preprocessing
module conducts the preprocessing for the image area, such
as filtering and denoising, to eliminate the noise; and the
feature extraction module extracts the features of the image
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area. The extracted features should effectively represent the
tissue and reserve the original information of the emulsifi-
cation pinhead, cataract tissues, and normal tissues as much
as possible; the cataract grading module adopts a certain
classification algorithm according to the extracted features
to recognize the tissue and submits the result to the control
system. Finding a suitable recognition algorithm to ensure
accurate judgment for the cataract grading is the second
key problem of the system. If the recognition result is a
cataract with certain hardness, the control system will emit
different signals to control the ultrasonic frequency according
to different hardness grades. Otherwise, no ultrasonic signal
can be sent out.

4.2. Application Description. The cataract grading is mainly
based on Emery and Little’s grade standard, which judges
the color of the lens nucleus to grade its hardness according
to the examination results under the slit-lamp. Human eyes
can directly distinguish normal tissue from diseased tissue
and recognize different hardness of the lens nucleus based on
the appearance of different colors. Considering the practical
situation of lens nucleus recognition, color is selected as the
image feature for the system, and the RGB colormodel is used
in this paper.

The image of the area near the emulsification pinheadwas
partitioned into 𝑚 × 𝑛 pieces, and the color value of a piece
was the average of all of the pixels in the piece. This paper
selected 𝑚 = 15 and 𝑛 = 5 as the parameters. Thus, each
image was partitioned into 75 pieces, and each piece had a
similar number of pixels. The average R, G, and B value of all
of the pixels in a piecewere separately calculated as the feature
value of that piece. In other words, every image corresponds
to a 225-dimensional feature vector.

The software development environment of the recogni-
tion system was Visual C++. On the training set, three 𝑘-
NN classifiers were trained separately by using R, G, and
B features; that is, the input of each classifier is a feature
vector of 75 dimensions. The decisions of three single feature
classifiers were fused by the DT and VWDT algorithms.
For a comparison, a 𝑘-NN classifier was trained by using
the RGB feature; that is, the input of the classifier is a 225-
dimensional feature vector. To test the effect of the parameter
𝑘 on the results, the parameter is selected to be 𝑘 = 3, 5, 8.
In the VWDT algorithm, the parameter 𝑘 of classifier 𝐶knn is
selected to be 𝑘 = 1.

4.3. Application Effect. The cataract images were intercepted
from the operation videos provided by Beijing Tongren
Hospital. The size of the image had three categories: 20 ×
20, 30 × 30, and 40 × 40. The training image set had 649
images, and the test image set had 647 images. Each set had
6 types of images, normal tissues, and cataracts with I to V
hardness grades.The class of each imagewas confirmedby the
ophthalmologists from the hospital.Thenumeric distribution
of the different classes of images is shown in Table 7. The
original application results are shown in Table 8, and the
average error rates (AER) are shown in Figure 6.

It can be observed that the classifiers that use the R feature
have the highest error rates. The classifiers that use the G

Table 7: Number distribution of the different classes of images.

Class of the tissue Number of
training images

Number of test
images

Normal 95 91
I 293 296
II 184 183
III 37 33
IV 28 30
V 12 14
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Figure 6: Comparison of the average error rates.

feature have the lowest error rate among the single color
feature classifiers, which are slightly lower than the classifiers
that use the RGB feature. The error rate of the VWDT
algorithm is lower than that of all of the single classifiers
and the DT algorithm, which shows the effectiveness of the
algorithm again. Among the images that were misclassified
by all of the algorithms, there is no normal tissue, and more
than 80% of them are divided into lower grates. This result is
ideal, and it will not cause adverse effects on the patients.The
doctormust only properly increase the output signal intensity
according to experience. The VWDT algorithm has the
highest average recognition rate, 94.75%, which reaches the
actual demand of the cataract ultrasonic phacoemulsification
operation.

When the parameter 𝑘 takes on different values, the error
rates change accordingly but not very obviously (as shown in
Figure 7). When 𝑘 = 5, the error rates of all of the algorithms
(except for the VWDT algorithm, when 𝑘 = 3) are slightly
lower.Thus, in practical applications of theVWDTalgorithm,
the parameter 𝑘 can be determined by experience (a fifteenth
of the number of training samples is a suggestion).

5. Conclusions

In this paper, a multiple classifier fusion algorithm is pro-
posed and applied for recognition of the hardness of a cataract
lens nucleus. The algorithm considers the difference in the
classifiers’ performances and makes full use of the training
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Table 8: Application results (in %).

Feature Method Error rate Method Error rate Method Error rate
R 3-NN 13.75 5-NN 13.75 8-NN 14.47
G 3-NN 7.48 5-NN 6.88 8-NN 7.15
B 3-NN 10.96 5-NN 10.12 8-NN 11.65

RGB
3-NN 8.36 5-NN 6.98 8-NN 8.36
DT 6.72 DT 6.44 DT 6.72

VWDT 4.95 VWDT 5.26 VWDT 5.54
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Figure 7: Comparison of the error rates.

sample information. It uses a statistical vector to measure
the classifier’s performance, and an appropriate weight is
assigned to each classifier according to the reliability of its
output. Different color components of cataract images were
used to train the corresponding classifiers, and the decisions
of the classifiers using a single color feature were fused
to judge the hardness. The experimental results show that
the algorithm can achieve a high classification performance
that meets the actual demands of the cataract ultrasonic
phacoemulsification operation.
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Arid region characterizes more than 30% of the Earth’s total land surface area and the area is still increasing due to the trends of
desertification, yet the extent to which it modulates the global C balance has been inadequately studied. As an emerging technology,
IoT monitoring can combine researchers, instruments, and field sites and generate archival data for a better understanding of soil
abiotic CO

2
uptake in arid region. Images’ similarity analyses based on IoT monitoring can help ecologists to find sites where the

abiotic uptake can temporally dominate and how the negative soil respiration fluxes were produced, while IoT monitoring with
a set of intelligent video recognition algorithms enables ecologists to revisit these sites and the experiments details through the
videos. Therefore, IoT monitoring of geospatial images, videos, and associated optimization and control algorithms should be a
research priority towards expanding insights for soil abiotic CO

2
uptake and a better understanding of how the uptake happens

in arid region. Nevertheless, there are still considerable uncertainties and difficulties in determining the overall perspective of IoT
monitoring for insights into the missing CO

2
sink.

1. Introduction

Largely because of human activities after the Industrial
Revolution and the produced substantial climate changes,
atmospheric CO

2
levels have increased more than 30% in

the past century [1]. This major environmental issue has
motivated scientists to carry out a huge effort to quantify the
sources and sinks of the atmospheric CO

2
, and the existence

of a “missing CO
2
sink” is finally concluded [1–7]. Numerous

scientists ever claimed to have located the “missing sink,”
but each of them was finally denied [8–20]. Location of the
missing CO

2
sink has become a long-sought challenge in

ecology.

Recent studies of the arid and semiarid ecosystems
suggest that the missing CO

2
sink can be partly attributed to

unneglectable soil abiotic CO
2
uptake in arid region [21–24].

Such uptake has been long-term overlooked in estimating the
net ecosystem exchange of CO

2
[NEE] around the world.The

global “CO
2
flux towers” employed in current micrometeo-

rological measurements interpret NEE as biological fluxes,
exactly defined as the direct sum of photosynthetic and
respiratory components [20]. Arid region characterizes more
than 30% of the Earth’s total land surface area and the area
is still increasing due to the trends of global desertification,
yet the extent to which it modulates the global C balance has
been inadequately studied [25–33].
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Estimates of the overall contribution of such abiotic
CO
2
uptake are essentially emergent for expanding insights

into the missing CO
2
sink, which further requires common

huge efforts of the world scientific communities [23]. The
current estimates based on very limited data collected from
a few sites within several typical desert ecosystems were
thought to be not convincing and even problematic [24].
Ecologists were cautioned to keep discreet minds in both
data collection and the determination of the whole story of
soil abiotic CO

2
uptake in arid region. Such abiotic uptake

can be varying with predominant processes, site location,
and climatic conditions.These are important factors affecting
experimental designs because spatial-temporal heterogeneity
must be taken into account. To treat these disturbances
and simplify experimental designs, it is hence imperative to
implement intelligent methods for ecologists to collect both
convincing data and further evidences.

In previous publications for insights into themissing CO
2

sink and especially for insights into soil abiotic CO
2
uptake

in arid regions, the utilized technologies are rather old. The
emerging information technologies were hardly employed.
These unemployed technologies include the wireless sensing
networks [34–36], Internet of Things (IoT) [37–40], and
cloud computing [41–46]. Particularly, IoT has been further
integrated with the surveillance systems and the integrated
system was termed as IoT monitoring [47–50]. Since IoT
monitoring can generate images, videos, and other archival
data, it is necessary to investigatewhether IoTmonitoring can
serve for a better understanding of soil abiotic CO

2
uptake in

arid region. The currently published studies are very limited
and were thought to be not convincing. Geospatial images
and videos from IoT monitoring help us to explain at which
sites soil abiotic CO

2
uptake was observed and present more

details of the whole experimental process.
Our objectives in this study were to examine the poten-

tials of IoTmonitoring as an emerging technology for insights
into soil abiotic CO

2
uptake and in turn for expanding

insights into the missing CO
2
sink in the unneglectable arid

region. Utilizing geospatial, archival data, intelligent algo-
rithms on videos and images were performed to theoretically
expand insights into soil abiotic CO

2
uptake in unneglectable

arid region, which has been overlooked for a long period.
Additionally, the existing uncertainties and unresolved issues
to develop such a thematic IoT monitoring system are also
discussed.

2. Materials and Methods

2.1. Collection of Geospatial Data. Analyses of the potentials
of IoT monitoring for insights into the missing CO

2
sink

in the present study are based on the collected geospatial
images and videos from the field sites at the south edge of
the Gurbantunggut Desert in the north of Xinjiang Uygur
Autonomous Region, China (Figure 1).

These field sites were chosen because it has been con-
firmed that soil abiotic CO

2
uptake can temporally dominate

and cause the apparent negative soil respiration fluxes at these
sites [51–53]. Collecting the geospatial images of these sites

Taklamakan Desert
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Desert

Urumqi

Xinjiang

95∘E90∘E85∘E80∘E
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40∘N

Gurbantunggut 
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Figure 1: Distribution of the field sites where geospatial images and
videos are collected in this study.

from IoT monitoring helps us to explain at which sites soil
abiotic CO

2
uptake was observed and present more details of

the experimental sites. Overall, geospatial images and videos
were collected from 19 field sites, 18 of which are distributed
within the Manas River Basin. These sites are close to each
other. Another field site is located in the Sangong River Basin
[51, 52].

A mobile communication tool (Redmi Note 4, with
MATLAB software installed to operate the algorithms) was
employed for the collection of geospatial images and videos.
In total 70 geospatial images of these field sites were collected
and 36 images were chosen to build the first database of
geospatial images for the sites where soil abiotic CO

2
uptake

can temporally dominate (Figure 2). As a first example of the
utilization of geospatial videos in analyzing soil abiotic CO

2

uptake, a special experiment was designed to expand insights
into soil texture at those sites where abiotic CO

2
uptake can

temporally dominate in soil respiration fluxes.
The details of this experimental design are as follows. We

aim to collect a video to record the process when one inserts
the WET sensors of HH2 Moisture meter (Delta-T Devices
Ltd., Cambridge, UK) into the soil and then utilize video
tracking algorithms to analyze the movements of the sensors
beneath the soil surface. This is really a challenge because we
realized that the time of the collected video may be too short.
However, the soil texture cannot be objectively displayed if we
deliberately slowly insert the sensors.Therefore, the daughter
of the first author (Wenfeng Wang), who is 6 years old and
named YanboWang, was invited to join the “scientific game.”
She saw this as an interesting game and naturally tried her
best. A short video was collected when she was inserting the
WET sensors into the soil.

2.2. Optimization and Control. A histogram-based image
similarity algorithm [54–56] was further optimized and
employed to analyze thematch degree between the test image
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Figure 2: The first images database of the sites where soil abiotic CO
2
uptake can temporally dominate.

and each image from the first database of geospatial images
of the sites where soil abiotic CO

2
uptake can temporally

dominate. This helps in finding the best match of the test
image in the database. In a previous publication [54], to
optimize the performance of the algorithm, the histograms
of the Red-band H(R), the Green-band H(G), and the Blue-
band H(B), respectively, were used. In the present study,
the algorithm was further optimized by taking into account
the weights of H(R), H(G), and H(B) to each image, where
the weights/contributions were determined by calculating
the information entropy [57–59]. R-G-B-weighted average
correlation-efficient parameters that were employed to eval-
uate the histogram-based image similarity between the test
image and each image from the database were calculated.

In order to objectively evaluate the potentials of IoTmon-
itoring for insights into themissing CO

2
sink, a real challenge

was carried out. The video object tracking algorithm was
performed on the collected short video for the real-time video
tracking of the WET sensors. Traditional algorithms, such
as the mean-shift algorithm [60–62], are unsuitable for this
video object tracking. Therefore, we previously specialized
the video target for tracking by morphological segmentation
[63], which helps to improve the performance of mean-shift
algorithm.

3. Results and Discussions

3.1. Images’ Similarity Analyses Based on IoT Monitoring.
The further optimized histogram-based images similarity

algorithm was applied to search field sites where soil abiotic
CO
2
uptake can temporally dominate. The performance of

the similarity detection algorithm worked out the best match
of the test image among images in the first images database
of the sites where the abiotic CO

2
uptake can temporally

dominate. Results show that the match degree between test
image and best match is approximated to 90%. Therefore,
the histogram-based image similarity analyses based on IoT
monitoring confirmed that the test image represents a site
where soil abiotic CO

2
uptake can temporally dominate in

soil respiration and cause negative soil respiration fluxes.
Through further reviews of the details of the test image,

it is easy to find an obvious salt accumulation on the soil
surface at the test site (Figure 3). The test image can be
joined to the database and the extended information can
be utilized. Exactly, some previous reports of negative soil
respiration fluxes in arid region do not emphasize the role of
salt accumulation [21].

This helps in convincing the ecologists who were not
convinced by the previous reports since they may realize that
the soil and groundwater are alkaline, which is advantageous
to the subterranean fixation of CO

2
. Taking into account the

abiotic flux components, the soil CO
2
flux can be further

reconciled as

𝐹s = 𝑅 − 𝐹DIC − 𝐹SIC = 𝐹𝑒 − 𝐹𝑖,

𝐹
𝑒
= 𝑅,

𝐹
𝑖
= 𝐹DIC + 𝐹SIC,

(1)
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Figure 3: To find the best match for test image in the first images
database of the sites where soil abiotic CO

2
uptake can temporally

dominate, utilizing the image analysis algorithm referred to in this
study.

where 𝑅 is the CO
2
release from roots and soil microbial

respiration and 𝐹DIC and 𝐹SIC are the net CO
2
fixation in the

groundwater and the soil [in inorganic forms], respectively.𝐹
𝑒

and 𝐹
𝑖
are the net soil CO

2
influx and the net soil CO

2
efflux,

respectively [52].
A sketch of soil CO

2
flux formation in arid region can

be hence expanded by further mathematical analyses. First,
review the mechanism of how the soil CO

2
analyzer (e.g., LI-

8100; see [53]) works. Assume that, after per unit time 𝑇, the
CO
2
analyzer abstracts air of volume 𝑉

1
from a gas room of

volume 𝑉 and then supplies air of the same volume sampled
from atmosphere for the CO

2
pressure balance in the gas

room. Go round and begin again. To compute CO
2
flux, the

following is used:

𝐹
𝑐
=
𝑑𝐶 (𝑡)

𝑑𝑡
, (2)

where 𝐶(𝑡) is the CO
2
concentration in the gas room at time

𝑡 [64].
Let 𝑞 be CO

2
concentration in the atmosphere. For the

𝑛th measured value, the input and output of CO
2
are 𝐹input =

𝑟
𝑛
and 𝐹output/𝑟𝑛 = 𝑝𝑛, respectively, taking average within
𝑛th time interval [𝑛𝑇, (𝑛 + 1)𝑇]. The dynamic of CO

2

concentration in the gas room should be as follows.
Input-output balance equation:

𝐶 (𝑛𝑇 + 𝑇) − 𝐶 (𝑛𝑇)

=

(𝑉
1
𝑞 + 𝑟
𝑛
) ⋅ 𝑇 − ∫

𝑛𝑇+𝑇

𝑛𝑇
𝑉
1
⋅ 𝐶 (𝑠) + 𝑟

𝑛
𝑝
𝑛
𝑑𝑠

𝑉
,

𝐶 (0) = 𝐶
0
,

(3)

where 𝐶
0
is the CO

2
concentration at starting time point.

Thus the 𝑛th measured value of soil CO
2
flux is

𝐹
𝑐-𝑛th =
𝐶 (𝑛𝑇 + 𝑇) − 𝐶 (𝑛𝑇)

𝑇

=
𝑉
1
𝑞 + 𝑟
𝑛
(1 − 𝑝

𝑛
) − 𝐶 (𝜉

𝑛
) ⋅ 𝑉
1

𝑉
,

(4)

where 𝐶(𝜉
𝑛
) is the CO

2
concentration from mean value

theorem of integrals.
Negative soil respiration CO

2
fluxes are observed if

𝑝
𝑛
>
𝑉
1
[𝑞 − 𝐶 (𝜉

𝑛
)]

𝑟
𝑛

+ 1. (5)

Finally, it must be cautioned that infimum of the negative
values of soil CO

2
flux may exist. Let 𝑇 → 0; we obtain

𝑑𝐶 (𝑡)

𝑑𝑡
=
𝑉
1
𝑞 + 𝑟
𝑛
− 𝑟
𝑛
𝑝
𝑛

𝑉
−
𝑉
1

𝑉
⋅ 𝐶 (𝑡) , 𝐶 (0) = 𝐶

0
. (6)

Hence,

𝐶 (𝑡) =
𝑉
1
𝑞 + 𝑟𝑝

𝑉
1

+ (𝐶
0
−
𝑉
1
𝑞 + 𝑟𝑝

𝑉
1

) ⋅ 𝑒
−𝑉
1
𝑡/𝑉
. (7)

Stable negative fluxes may happen within a small mea-
surement interval 𝑇 when

𝑉
1
𝑞 + 𝑟𝑝

𝑉
1

> 𝐶
0
. (8)

Let 𝑡 → ∞; we get

lim
𝑡→∞

𝐶 (𝑡) =
𝑉
1
𝑝 + 𝑟

𝑉
1

. (9)

This is the infimum of the CO
2
concentration.

3.2. IoT Monitoring with Intelligent Video Recognition Algo-
rithm. The trajectory analysis of soil sensors is realized
in performance of IoT monitoring with intelligent video
recognition algorithm. Such video object tracking algorithm
not only enables ecologists to revisit these sites and the
experiments details by geospatial videos, but also helps
ecologists to further understand the compact soil texture so
that the whole process costs 21 seconds. The footprint of the
WET sensors revealed that the process is difficult for this little
girl (Figure 4).

Consequently, a part of soil respiration (𝑅) temporally
gathers in soil (𝑅

𝑔
) or is ventilated in subterranean cavity

(𝑅V) and contributes to the abiotic release later. This also
is advantageous for a chemical fixation of CO

2
in the soil-

groundwater system (Figure 5).
This expands a perspective frame of IoT for insights into

the missing CO
2
sink (Figure 6).

Therefore, the potentials of IoT monitoring for insights
into soil abiotic CO

2
uptake and hence for the insights into

the missing CO
2
sink are highlighted. A part of soil inorganic

CO
2
(SIC) remained in soil layers [SR] and a part of DIC

is carried away and might go out at the terminal of the
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Figure 4: Trajectory analysis of soil sensors by the video object
tracking algorithm referred to in this study.

Storage and turnover
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Figure 5: Integrated story of soil abiotic CO
2
uptake/release, where

parts of soil respiration (𝑅) temporally gather in soil (𝑅
𝑔
) or are

ventilated in subterranean cavity (𝑅V) and then contribute to abiotic
release later.

groundwater-soil system [TO], while the other parts of SIC
and DIC form the final absorption in groundwater [GA].
SR falls into three phases, solid SR [SSR forms hydrogen
carbonate and changes molar number of carbon atoms],
liquid SR [LSR dissolved part of SR], and gaseous SR [GSR
increases the CO

2
concentration in soil pores]; GA is a

single phase: liquid phase [consisting of liquor diverse carbon
species]; TO falls into two phases: liquid TO [LTO recharged
DIC] and gaseous TO [GTO released CO

2
]. Assignment of

missing carbon should be formulated as follows:

𝐶missing = SR + GA + TO

= SSR + LSR + GA + GSR + LTO + GTO.
(10)

The carbon assignment equation can be further hypo-
thetically expanded. We can classify soil pores as three types:
dry pore [DP], small water pore [SWSP], and big water
pore [BWSP] according to their size and water content. DP
is distributed in shallow soil layers and can absorb CO

2
if

coupled with the condensing of vapor or the infiltration of
precipitation; SWSP is distributed in moist layers around

the roots system, dissolving CO
2
in it; BWSP is distributed

in deep layers, dissolving CO
2
and then migrating it into

groundwater. Note that these three types of soil pores may
convert to each other with the changes or movements of soil
water.

The balance equations can be represented as

ΔGSR = ΔDP,

ΔSSR = ΔSWSP,
(11)

where the groundwater recharge/discharge is the major regu-
lator of the balance.

4. Conclusions and Outstanding Remarks

As an emerging technology, IoT monitoring combines
researchers, instruments, and field sites and generates
archival data for a better understanding of soil abiotic CO

2

uptake in arid region and in turn has great potentials for
insights into the missing CO

2
sink. By histogram-based

image similarity analyses of image data collected from IoT
monitoring, ecologists can easily find field sites where soil
abiotic uptake of CO

2
can temporally dominate and further

improve their understanding of the negative soil respiration
flux values. Video object tracking algorithms based on IoT
monitoring not only enable ecologists to revisit these sites
and the experiments details by geospatial videos, but also help
the ecologists to further understand other details, such as the
footprint of soil sensors, which in turn can help ecologists to
understand the integrated story of soil abiotic CO

2
uptake.

In subsequent studies, the employed algorithms can be more
and more complex and the uncertainties of the presented
algorithms must be explicitly discussed.

Nevertheless, it must be pointed out that there are still
considerable uncertainties and difficulties in developing such
a thematic IoT monitoring system. One major challenge is
how to conceptualize ecosystem as a volume with explicitly
defined top, bottom, and sides. The other major challenge is
how to estimate the SIC/DIC assignment proportion of the
carbon fluxes in soil layers and groundwater, which should be
also analyzed in complicated cases due to great difference in
soil types and the groundwater levels. The possible scheme is
relating the field sites, instruments, and researchers together
by a stable IoT monitoring system and conceptualizing each
block of terrestrial ecosystem. In this case, net ecosystem
carbon balance equals the total C input minus the total C
output from the ecosystem over a specified time interval.

To reduce the increased complexity, one can analyze the
situation in the different layers of the local groundwater-soil
system. A research priority is the explicit characterization
of the situation in different layers of the local groundwater-
soil system, which deserves subsequent studies on the field
collection of geospatial data for soil abiotic CO

2
uptake [65–

73], the visualization of CO
2
footprints [74], and 2D-3D video

treatments technology to enhance the visualization effect
[75].
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As markers for visual sensor networks have become larger, interest in the optimal camera placement problem has continued to
increase. The most featured solution for the optimal camera placement problem is based on binary integer programming (BIP).
Due to the NP-hard characteristic of the optimal camera placement problem, however, it is difficult to find a solution for a complex,
real-world problem using BIP. Many approximation algorithms have been developed to solve this problem. In this paper, a two-
phase algorithm is proposed as an approximation algorithm based on BIP that can solve the optimal camera placement problem
for a placement space larger than in current studies. This study solves the problem in three-dimensional space for a real-world
structure.

1. Introduction

The global surveillance camera market is rapidly growing.
According to the 2013 IMS Research data shown in Figure 1,
the surveillance camera market is expected to grow by 1.5
times or more in the next five years. This is because surveil-
lance cameras are used for more than simply preventing
and solving crime or managing traffic. They are now needed
for production assembly lines or observing natural disasters
[1, 2]. Moreover, with the development in big data image-
processing techniques, it is also possible not only to watch the
images but also to extract the necessary data from them [3].

Along with the growth of the surveillance cameramarket,
interest in efficient camera placement has also been increas-
ing. If the placement of cameras is inefficient, even withmany
installed cameras the effect can be unsatisfactory. For efficient
placement of surveillance cameras, several studies [4–15]
have investigated the optimal camera placement problem.
The optimal camera placement problem, sometimes called
the camera network deployment problem, is defined as how
to adequately place cameras to maximize the coverage under
certain conditions [6, 10]. This optimal camera placement

problem consists of finding theminimumnumber of cameras
that satisfies a specific coverage or finding the maximum
coverage with a given number of cameras [4].

Current studies [6, 7, 10, 11] hypothesized a continuous
space that is simplified as a two-dimensional (2D) grid of
points. Here, the grid points are discrete points on 𝑥- and 𝑦-
axes by the minimum distance Δ, which takes into account
the spatial sampling frequency (𝑓

𝑥
= 𝑓
𝑦
: Δ = 1/𝑓

𝑥
=

1/𝑓
𝑦
) after simplifying real space into 2D [6].Whenmodeling

a fixed-area terrain using the above method, the solution
quality of the optimal camera placement problem with a
higher resolution tends to be better than that with a lower
resolution, because the ratio of the real-world terrain that is
reflected in the modeling area with a high resolution (large
𝑓
𝑎
; small Δ) using a larger number of grid points is higher

than that with a low resolution (small 𝑓
𝑎
; large Δ) using

fewer grid points.ThusHörster and Lienhart [6] claimed that
considering a large number of grid points is necessary.

Because the optimal camera placement problem is NP-
hard [16], existing studies have focused on finding efficient
and effective approximation algorithms rather than finding
an optimal solution.
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Table 1: Publications on the optimal camera placement problem.

Source Year Methods 𝑥 grid 𝑦 grid Number of grid points
[10] Surveillance of a 2D plane area with 3D deployed cameras 2014 PSO 4 4 16
[11] Particle swarm optimization inspired probability algorithm for
optimal camera network placement 2012 PSO 11 11 121

[6] Approximating optimal visual sensor placement 2006 IP 12 12 144
[13] Grid coverage for surveillance and target location in distributed
sensor networks 2002 IP 13 13 169

[7] Optimal camera placement for total coverage 2009 IP 12 6 72
Model simulation 1 in this paper Greedy 200 200 40,000
Model simulation 2 (Appendix) in this paper Greedy 500 500 250,000
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Figure 1: Surveillance Camera Market Size Prediction [20].

The approximation algorithm proposed in previous stud-
ies solves the problem directly at the high resolution of
the desired level. On the other hand, our study proposes a
method of finding a solution under a low resolution using
BIP, then solving the problem correctly at its desired high
resolution based on the found solution.Theproposedmethod
decreases the complexity of the calculation, which can lead
to faster problem-solving at a high resolution than existing
methods.

The reliability of setting the start point, which can cause
a localized optimization in the approximate algorithm, is
also improved. As a result, under the same conditions,
the confidence of the proposed solution increases when
compared to solving the problem at a high resolution to begin
with.

Additionally, rather than using the virtual modeling area
generally used in existing studies, this study uses a real-
world modeling area from geographic information system
(GIS) data of actual terrain. The data came from the satellite
pictures. Three-dimensional (3D) camera placement was
selected to provide more practicality, instead of 2D camera
placement which is unrealistic to apply.

This paper is organized as follows. Section 2 analyzes the
relevant studies. Section 3 explains the spatial configuration
required for the camera placement and the calculation
method for the surveillance camera view and also describes
the algorithm that solves the actual problem. Section 4 com-
pares the quality of the solutions obtained frombinary integer

programming and from the proposed method. Section 5
presents the conclusion.

2. Literature Review

The art gallery problem (AGP), studied in the field of
computational geometry, is the problemof placing at least one
security guard to check every area of a museum or gallery.
Because AGP finds the optimal placement point within the
restricted viewpoint of the security guard and the optimal
camera placement problemfinds the optimal placement point
within the restricted viewpoint of the camera, solving the
optimal camera placement problem is very similar to solving
AGP [17, 18].

This optimal camera placement problemhas been studied
to solve both MIN problem, which finds the minimum
number of cameras and placement conditions to satisfy the
target coverage under the given conditions, and the FIX
problem, which maximizes the coverage with a fixed number
of cameras under the given conditions [4].

In the meantime, looking from the methodological view-
point of problem-solving, previous studies on solving the
optimal camera placement problem generally have been
based on binary integer programming (BIP) [5–9]. BIP offers
the global optimal solution; however, the studies based onBIP
only answer problems with limited, simple conditions due to
the NP-hard property of the problem [4].

Therefore, studies have approached the problem from
various directions to solve the optimal camera placement
problem within a modeling area that can reflect reality with
complex conditions, and many approximation algorithms
have been suggested as a result [4–15]. Previous literature
in the modeling area and the camera installation area has
its roots in 2D-based studies [12]. The greedy algorithm
[8, 14], genetic algorithm (GA) [10, 15], particle swarm
optimization (PSO) [11, 12], and so on have been used in
existing studies as approximation algorithms to solve the
problem. However, all the studies mentioned above have
high computational complexity, for they found the solution
directly at a high resolution. Table 1 lists the approximation
algorithms suggested in previous studies.

Moreover, the 2D model is too simple to compute a real-
world case of the optimal camera placement problem [12];
methods to solve the problem using 3D were studied in
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Figure 2: FOV computation parameters.

[11, 12]. However, 3D problem-solving exacerbates the issue
of high computational complexity.

Previous studies have consistently reported the issue
of high computational complexity as they continue to use
problem-solving methods at high resolution. To remove this
issue, phase 1 of the two-phase algorithm proposed in this
study uses BIP to find the global optimal solution of the MIN
problem within the low-resolution area (small number of
grid points), and phase 2 uses an approximation algorithm,
hill climbing method, to solve the FIX problem at a high
resolution (large number of grid points).

With this process, the solution for awider high-resolution
area can be found based on the verified global optimal
solution found in the low-resolution. Existing studies mainly
used methods to avoid local optima, such as the genetic algo-
rithm, particle swarmoptimization, and simulated annealing,
though they have high computational complexity [4]. There-
fore, this study proposes using a hill climbingmethod, known
to have low computational complexity. In general, greedy
algorithms like a hill climbing method can find local optima
if they are assigned the wrong starting point; however, this
study proposes using the starting point found by BIP.The low
computational complexity can reflect the modeling area of a
large number of grid points with the same condition. Thus,
this study proposes an approximation algorithm that is more
likely to be used for real-world cases.

3. Model and Solution

This paper proposes a two-phase algorithm and assumes a
3D camera installation in a 2D modeling area. Phase 1 solves
the problem using BIP, which offers an optimal solution by
configuring the modeling area with a low-resolution grid
for simple execution. Phase 2 finds a real-world applicable
answer by setting the starting point from the low-resolution
solution of phase 1 and then using the hill climbing method
[19] for the modeling area configured with high-resolution
grids.

3.1. Modeling Space. This paper assumes the surveillance
of a plane area without obstacles. The surveillance area is
divided into grid points, as shown in [13], and a grid point
is captured by the camera if it is observed from the camera.
Asmentioned above, grid points refer to discrete points on x-
and y-axes, separated by minimum distance Δ for the spatial
sampling frequency [6]. Later, the plane area is divided into
camera-installable and not camera-installable areas, and the
surveillance area is assigned.

3.2. Modeling Surveillance Area. As in previous studies [4–
12], field of view (FOV) modeling is proposed prior to
explaining the placement method. Finding a solution for the
optimal camera placement problem is equivalent to finding
the conditions that create the FOV of each properly placed
camera; the problem can be solved only if the method of
computing the FOV is defined beforehand.

Like the study in [6], this study assumes a camera that is
fixed in a certain direction so that it only surveils the same
spot; therefore, a single camera has a fixed FOV depending
on its installation condition. The FOV of the surveillance
camera has a trapezoidal shape on the surveilled plane area,
corresponding to the installation location (𝑥

0
, 𝑦
0
), horizontal

angle (𝜑), vertical angle (𝜓), installation height (𝜀), horizontal
and vertical angles of camera view (𝜃

1
, 𝜃
2
), and maximum

recognition distance (𝑇).Thehorizontal and vertical angles of
camera view mean the horizontal and vertical viewing angles
of the scene captured by the camera.

Figure 2(a) shows the location of a camera which is
installed at the ground coordinate 𝑃

0
(𝑥
0
, 𝑦
0
) with the height

𝜀 and the recognition distance 𝜏. Note that the actual
recognition distance (𝜏) is less than or equal to the maxi-
mum recognition distance (𝜏 ≤ 𝑇). Figure 2(b) shows the
horizontal view angle (𝜃

1
) and the vertical view angle (𝜃

2
),

as well as the horizontal angle (𝜑) and the vertical angle
(𝜓). Here, the horizontal angle (𝜑) of the camera means the
direction in which the camera watches.The vertical angle (𝜓)
is the watching angle of the camera, measured from a line
perpendicular to the ground at the installation point.
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Table 2: Camera specifications for the comparison test.

Consideration Number of
options Details

Horizontal orientations (∘) 8 0, 45, 90, . . . , 270, 315

Vertical orientations (∘) 15 1, 3, . . . , 27, 29

Height (m) 1 7
Camera type

Horizontal angle of view (∘) 1 80
Vertical angle of view (∘) 1 80
Available sight range (m) 1 60

Based on the given camera conditions, the algorithm to
compute the coordinates of the trapezoid vertices, which are
the FOV of the camera, is described as follows.

Step 0. 𝜏 = 𝜀/{cos(𝜃
2
+ 𝜓)}. If 𝜃

2
+ 𝜓 < 90 or 𝜏 > 𝑇, then stop

the calculation.

Step 1. If 𝑃
0
= (0, 0) and 𝜑 = 0, FOV is made of four vertices

{𝑝


1
, 𝑝


2
, 𝑝


3
, 𝑝


4
} (each point 𝑝

𝑖
is made of {𝑥

𝑖
, 𝑦


𝑖
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Step 2. Calculate vertex 𝑝
𝑖
by rotating 𝑝

𝑖
by 𝜑

[

cos𝜑 − sin𝜑
sin𝜑 cos𝜑

][

𝑥


𝑖

𝑦


𝑖

] = [

𝑥


𝑖

𝑦


𝑖

] . (2)

Step 3. Actual camera installation information is added to
each 𝑝

𝑖

[

𝑥


𝑖

𝑦


𝑖

] + [

𝑥
0

𝑦
0

] = [

𝑥
𝑖

𝑦
𝑖

] . (3)

Step 0 considers the maximum recognition distance (𝑇),
vertical angle (𝜓), and vertical view angle (𝜃

2
) to check

whether the FOV can be computed. If 𝜏 exceeds the maxi-
mumrecognition distance (𝑇) set beforehand, FOVwith such
a condition does not exist and therefore is not computed.The
FOV also does not exist if the sum of the vertical angle (𝜓)
and the vertical view angle (𝜃

2
) exceeds 90 degrees, for the

camera cannot see the floor.
Step 1 explains the calculation of the coordinates for

the FOV trapezoid vertices, assuming that the surveillance
camera is installed in a direction parallel to 𝑥-direction from
the origin. Equation (1) takes the vertical angle (𝜓) of the
camera installation into account, as well as the vertical view
angle (𝜃

2
) and the horizontal view angle (𝜃

1
).

Step 2 showshow to obtain the coordinates for the vertices
of the FOV trapezoid by taking the horizontal angle (𝜑) of the
installed camera into account, based on the value obtained
from Step 1.

Step 3 includes the equation for calculating the coordi-
nates for the vertices of the actual FOV trapezoid after adding
the ground coordinates (𝑥

0
,𝑦
0
) of the installation point to the

value from Step 2.
In conclusion, combining (1), (2), and (3) in Table 2 will

consider the actual installation location for the camera and
compute the coordinates of each vertex of the surveillance
area (FOV trapezoid) of a single camera, using the matrix
calculation of
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. (4)
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3.3. Two-Phase Algorithm. Our two-phase algorithm (a)
generates the gridmodel of the candidate locations of camera
installation and the target area for surveillance; (b) solves the
small scale of phase 1 at a low-resolution; (c) sets the starting
value of phase 2 based on the solution from the previous step;
and (d) solves the large scale problem of phase 2 at a high-
resolution.

3.3.1. Phase 1. In phase 1, the minimum number of cameras
that satisfies the specific condition given with the grid points
of the simulation area is obtained; it is then used to solve the
MIN problem to find the location of each camera and the
installation condition. We approached the problem using a
further-developed method based on BIP formulas [6] for the
existing 2D placement problem to solve the 3D placement
problem. The detailed procedure is as follows.

(1) First, decision variables are assigned, just as when
solving a general BIP.

𝑥
𝑖𝑗𝑑𝑒𝑡

=

{

{

{

1, If there exists a camera at position 𝑖 with horizontal orientation 𝑗 vertical orientation 𝑑, height 𝑒, and angle of view (AOV) 𝑡,

0, Otherwise,

𝑦
𝑘
=

{

{

{

1, If the target at position 𝑘 is covered by a camera,

0, Otherwise.

(5)

Thus, 𝑥
𝑖𝑗𝑑𝑒𝑡

is 1 if there exists a camera at position 𝑖 with
horizontal angle 𝑗, vertical angle 𝑑, height 𝑒, and AOV 𝑡 and
0 if not and 𝑦

𝑘
equals 1 if the surveillance area 𝑘 is watched

with 𝑥
𝑖𝑗𝑑𝑒𝑡

and 0 if not.

(2) Other parameters required for the formula are defined
as follows:

V
𝑖𝑗𝑑𝑒𝑡𝑘

=

{

{

{

1, if the target at position 𝑘 is visible from camera position 𝑖 with horizontal orientation 𝑗, vertical orientation 𝑑, height 𝑒, and AOV 𝑡,

0, Otherwise.

(6)

NC: number of camera positions.

NhD: number of horizontal orientations.

NvD: number of vertical orientations.

NE: number of heights.

NA: number of camera types.

NT: number of target positions.

CVR: given minimal coverage rate.

(3) The objective function minimizes the number of
cameras as follows:

min
𝑁𝐶

∑

𝑖=1

𝑁ℎ𝐷

∑

𝑗=1

𝑁V𝐷

∑

𝑑=1

𝑁𝐸

∑

𝑒=1

𝑁𝐴

∑

𝑡=1

𝑥
𝑖𝑗𝑑𝑒𝑡
. (7)

(4) The following constraints are also necessary:

𝑁𝐶

∑

𝑖=1

𝑁ℎ𝐷

∑

𝑗=1

𝑁V𝐷

∑

𝑑=1

𝑁𝐸

∑

𝑒=1

𝑁𝐴

∑

𝑡=1

V
𝑖𝑗𝑑𝑒𝑡𝑘

⋅ 𝑥
𝑖𝑗𝑑𝑒𝑡

≥ 𝑦
𝑘

for ∀𝑘 (1, . . . , 𝑁
𝑇
) ,

(8)

𝑁𝐶

∑

𝑖=1

𝑁ℎ𝐷

∑

𝑗=1

𝑁V𝐷

∑

𝑑=1

𝑁𝐸

∑

𝑒=1

𝑁𝐴

∑

𝑡=1

V
𝑖𝑗𝑑𝑒𝑡𝑘

⋅ 𝑥
𝑖𝑗𝑑𝑒𝑡

≤ 𝑁
𝐶
⋅ 𝑦
𝑘

for ∀𝑘 (1, . . . , 𝑁
𝑇
) ,

(9)

𝑁𝐴

∑

𝑘=1

𝑦
𝑘
≥ 𝑁
𝑇
⋅ CVR. (10)

Equations (8) and (9) are the constraints to obtain 𝑦
𝑘
and (10)

is a constraint such that the sum of 𝑦
𝑘
must be greater than or

equal to the product of the minimum coverage rate and the
target surveillance area.

3.3.2. Phase 2. Phase 2 solves the FIX problem, which finds
the combination for maximum coverage with the constraint
of the number of cameras determined from phase 1, with
the result obtained from phase 1 as the initial value. This
study uses the hill climbing method [19]. Since the objective
function is nongradient, a direct-search method was applied;
among the different direct-search methods, the alternating
variable search method was used, as the problem has a mul-
tidimensional variable. This study proposes a hill climbing
method, as [19] proposed such a method.
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Figure 3: Flowchart of Phase 2.

Since phase 2 aims to maximize the coverage rate with
the minimum number of cameras obtained in phase 1, the
number of cameras does not change; only the conditions for
each camera change. Each 𝑥

𝑖𝑗𝑑𝑒𝑡
has the specification data for

the 𝑥-coordinate, 𝑦-coordinate, horizontal angle (𝜑), vertical
angle (𝜓), installation height (𝜀), horizontal view angle (𝜃

1
),

and vertical view angle (𝜃
2
) according to the camera type,

as well as the maximum recognition distance. Each piece of
information is both variable and dimensional. A flowchart of
this phase is shown in Figure 3 and a hill climbing method of
phase 2 is described as follows.

The notations and their meaning are as follows:

𝑋: set of 𝑥
𝑖𝑗𝑑𝑒𝑡

𝑋
𝑡
: set of optimal solutions found in the 𝑡th operation

𝑡: the number of operations
𝑠𝑡: the number of iterations that have an identical
objective value

𝑈(𝑋
𝑡
): coverage rate of camera set 𝑋 at 𝑡th trial

𝑛: index of a camera
𝑚: index of a camera setting variable (one of
𝑖, 𝑗, 𝑑, 𝑒, 𝑡). (𝑖 has both 𝑥- and𝑦-coordinate properties,
therefore treated as two different variables).

Step 0 (initialization). Establish a starting point 𝑋∗
0
and set

𝑡 = 0, 𝑠𝑡 = 0.

Step 1 (variant search). Set 𝑡 = 𝑡 + 1.

In 𝑋, the 𝑛th variable 𝑥
𝑖𝑗𝑑𝑒𝑡

is selected. For each index
(𝑖, 𝑗, 𝑑, 𝑒, 𝑡) of 𝑥

𝑖𝑗𝑑𝑒𝑡
, the variants are generated by numerically

changingmth index of 𝑥
𝑖𝑗𝑑𝑒𝑡

to the ± direction. The objective
function for each variant is evaluated, and the best one among
the tried variants is taken upon comparing the values of the
objective function.
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Figure 4: Map of Sevit Island (683 Olympic Blvd, Seocho-gu, Seoul, Korea) width 400m; length 400m.

Step 1.0 (initialization). Establish a starting point 𝑋
𝑡
and set

𝑛 = 0,𝑚 = 0.

Step 1.1 (selection of a camera and calculation of the coverage
rate)

For 𝑛 = 1: 𝑛(𝑋
𝑡
);

Let𝑋best
𝑡
= 𝑋
𝑡
;

Let 𝑥
𝑛
= 𝑛th variable in𝑋

𝑡

For𝑚 = 1 : 6

Let 𝑋
𝑡𝑛𝑚+

to be a variant solution gener-
ated by numerically increase the value of
the mth index of 𝑥

𝑛
, 𝑈(𝑋

𝑡𝑛𝑚+
) to be the

coverage rate of𝑋
𝑡𝑛𝑚+

;
Let𝑋
𝑡𝑛𝑚−

to be a variant solution generated
by numerically decrease the value of the
mth index of 𝑥

𝑛
, and 𝑈(𝑋

𝑡𝑛𝑚−
) to be the

coverage rate of𝑋
𝑡𝑛𝑚−

;
Update 𝑋

best
𝑡

to be
argmax

𝑋∈{𝑋
best
𝑡
,𝑋𝑡𝑛𝑚+,𝑋𝑡𝑛𝑚−}

(𝑈(𝑋)), where in
case of a tie one is randomly selected

End of For𝑚

End of For 𝑛.

Step 1.2 (solution improvement). Set𝑋
𝑡
= 𝑋

best
𝑡

.

Step 2 (check for improvement)

If𝑈(𝑋
𝑡
) > 𝑈(𝑋

𝑡−1
), then set𝑋

𝑡+1
= 𝑋
𝑡
, 𝑠𝑡 = 0 and go

to Step 1.
Otherwise set 𝑠𝑡 = 𝑠𝑡 + 1.

Step 3 (termination criterion)

If 𝑠𝑡 > 1, then𝑋∗ = 𝑋
𝑡
; terminate the search.

Otherwise go to Step 4.

Step 4 (check for equivalent)

If 𝑈(𝑋
𝑡
) < 𝑈(𝑋

𝑡−1
), then set𝑋

𝑡+1
= 𝑋
𝑡−1

, 𝑠𝑡 = 0; and
go to Step 1.
Otherwise set𝑋

𝑡+1
= 𝑋
𝑡
and go to Step 1.
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Figure 5: Solution for each step.

Step 0 sets the initial starting point. Here, 𝑡 and 𝑠𝑡 are set
to 0.

Step 1 finds the best variant to improve the objective
function, among the variants generated by increasing or
decreasing the indices of each 𝑥

𝑖𝑗𝑑𝑒𝑡
in the solution set 𝑋

𝑡
.

Here, 𝑡 is increased by 1. Step 1.0 initializes the current optimal
solution 𝑋

𝑡
to be the starting point of this iteration. Step

1.1 finds the best solution which gives the highest coverage
rate among the variants of𝑋

𝑡
, generated by changing each of

indices if 𝑥
𝑖𝑗𝑑𝑒𝑡

is in𝑋
𝑡
.

Step 2 checks if the coverage rate of 𝑋
𝑡
found in Step 1

actually increased compared to the coverage rate of𝑋
𝑡−1

. If it
is increased,𝑋

𝑡+1
stays as𝑋

𝑡
and 𝑠𝑡 becomes zero. If not, 𝑠𝑡 is

increased by 1.
Step 3 checks whether the terminating conditions have

been met. Here, if 𝑠𝑡 is greater than 1, the optimal solution
of phase 2 becomes 𝑋∗ = 𝑋

𝑡
and the solution search is

completed.

Step 4 checks if the coverage rate of𝑋
𝑡
decreased from the

coverage rate of 𝑋
𝑡−1

. If decreased, 𝑋
𝑡+1

is reverted to 𝑋
𝑡−1

and moves to Step 1; if not, meaning that the values are the
same,𝑋

𝑡+1
stays at𝑋

𝑡
and Step 1 is repeated.

The existing alternating variable search method [19]
assigns the variable of the changing dimension; when it
changes, the moving direction and the magnitude of change
for the dimension variable where the objective function
value improved the most are found. However, the method
adapted for this study preassigns the magnitude of change
for the dimension variable, and then finds which dimension
variable inwhich direction improves the value of the objective
function most.This method was utilized because the existing
method vibrates near the optimal point, causing prolonged
computation. Thus, it was more desirable to stop the compu-
tation at a proper point and use the solution than to continue
the computation until it finished [19].Themethod developed
in this study eliminates the vibrating solution problem.
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Figure 6: Solution obtained from high-resolution terrain.

4. Experimental Results

To evaluate the time efficiency and the coverage rate of
the proposed two-phase algorithm, a comparison test was
performed using a PC with an Intel Core i5-3337U processor,
with 8GB of DDR3 SDRAM. Matlab R2013b was used, and
the BIP solution was obtained using the IBM ILOG CPLEX
Optimization Studio 12.6.1. Additionally, the satellite map
image of the actual landscapewas transformed from an image
to text (or numbers) with coordinates using Ascgen 2.0.0
from Jonathan Mathews Software.

To compare the global optimal solution obtained from
BIP with a solution of the proposed two-phase algorithm,
the modeling area was configured as in Figure 4. Figure 4(a)
is the picture of the actual landscape of a 400m × 400m
square for the modeling area. Figure 4(b) is the modeling
area transformed into 2304 low-resolution grids (48 × 48),
and Figure 4(c) is the one transformed into 3600 high-
resolution grids (60 × 60). It can be seen that the modeling
area in Figure 4(c) with higher resolution reflects the actual
landscape of Figure 4(a) better than the modeling area in
Figure 4(b) at low-resolution. Since the geometric feature
of the Sevit Island shown in Figure 4 is quite complicated
requiring a high-resolutionmodeling, it is adequate to test the
effectiveness of the proposed algorithm. Experimental results
for three other problems are shown in the appendix.

The specifications of cameras for the comparison test
are shown in Table 2. The horizontal angle for the camera
l installation has eight options, starting from 0 degrees and
stepping by 45 degrees; the vertical angle has 15 options,
starting from 1 degree and stepping by 2 degrees. The height

of the installed camera is assumed to be 7m, the horizontal
view angle (𝜃

1
) and vertical view angle (𝜃

2
) are 80 degrees,

and the maximum recognition distance is set to 60m.
With the specifications shown in Table 2, a test that solves

a real-world camera placement problem was carried out and
the results were compared. As mentioned before, the two-
phase algorithm consists of phase 1, which finds the initial
solution (Figure 5(a)) using BIP with the specifications of
Table 2 in the modeling area of Figure 4(b), and phase 2,
which sets the starting point (Figure 5(b)) of the hill climbing
method in the modeling area in Figure 4(c), based on the
solution of Figure 5(b), and finds the solution (Figure 5(c)).
Figure 5(d) is the solution directly obtained by BIP in the
modeling area of Figure 4(c). Consequently, results from the
proposed approximation algorithm andBIP can be evaluated,
respectively, by comparing Figures 5(c) and 5(d).

The coverage rate of the solution and the time required
for the test in case of Sevit Island area are as follows.
When using the two-phase algorithm proposed in this study,
the coverage rate is 94.72%, whereas it is 96.23% when
using BIP. Therefore, comparing the solutions’ coverage rates
indicates that the proposed approximation algorithm obtains
a solution with 98.43% of BIP’s quality. The approximation
algorithm took 15,823ms, whereas BIP took 31,724ms. Thus,
the approximation algorithm needs about 49.88% of BIP’s
computing time.

As shown in these results, the coverage rate of the solution
computed by the two-phase algorithm was comparable to
that computed by BIP. This stems from the disadvantage of
using the hill climbing method, which is simpler than the
metaheuristic approximation used in previous studies, which
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Figure 7: Map of Gangjeong Goryeong-bo (Daegu, Korea) 600m × 600m square.

was complemented by using the optimal solution obtained by
BIP in phase 1 as the starting point.

Moreover, the two-phase algorithm proposed in this
study solved the problem more quickly than BIP. This means
that the computational complexity of our proposed model is
lower than that of BIP and, as mentioned in Section 2, our
model is more adequate to a large-area problem, as well.

For the comparison study in this passage, phase 2 was
performed with the area of a 3600 grid (60 × 60), which
is much smaller than the actual area that can be computed
for a comparison of the solution quality. However, it would
be more realistic and more accurate to approach with the
higher-resolution area in phase 2, because the high-resolution
terrain can reflect the actual landscape more precisely than
the low-resolution terrain in the same space. Figure 6 shows
the solution obtained by phase 2, performed in a higher-
resolution terrain (40,000 grids (200 × 200)) based on
Figure 5(b). While existing studies have a difficulty in finding
a solution for such a large terrain, the approximation algo-
rithm proposed in this study can find a solution.

We performed the test not only with Sevit Island as a
modeling area, but also with other modeling areas. Table 3
shows the comparison results of the two-phase algorithm
(TPA) and BIP in the other modeling areas, of which solution
details are described in Appendix.

This study was able to find the solution for terrains with a
large number of grid points because it used phase 1 and phase
2. Phase 1 finds the global optimal solution using BIP at a
low resolution, and phase 2 elaborates on the solution offered
in phase 1 at a high resolution. This study’s contribution is
providing an effective method to solve the optimal camera
placement problem for a wide, detailed area, which can be
applied in real-world situations.

5. Conclusions

This study presented a two-phase approximation algorithm to
solve the optimal camera placement problem.This algorithm
had lower computational complexity than existing methods
and did not reduce the quality of the solution. As a result,
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Figure 8: Solution to each step for Gangjeong Goryeong-bo (Weir) problem.

Table 3: Comparison test results.

Test area Computing time (milliseconds) Coverage rate (%)
TPA BIP TPA/BIP TPA BIP TPA/BIP

Sevit Island 15,823 31,724 49.88% 94.72 96.23 98.43%
Gangjeong Goryeong-bo (weir) 4,378 17,030 25.71% 85.51 90.58 94.40%
Incheon port 9,896 32,665 30.30% 86.32 91.45 94.40%
Dongmyeong dock 31,403 48,785 64.37% 70.00 80.56 86.89%



12 Scientific Programming

(a)

10 20 30 40 50 60

10

20

30

40

50

60

(b)
10 20 30 40 50 60 70 80 90

10

20

30

40

50

60

70

80

90

(c)

Figure 9: Map of Incheon International Airport Passenger Terminal (Incheon, Korea) 700m × 700m square.

the optimal camera placement problem could be solved, even
with wide, real-world terrain under complex conditions that
could not be solved with the existing BIP method.

The two-phase algorithm proposed in this study finds a
global optimal solution in phase 1 to use as the starting point
in phase 2; thus, the confidence for the starting point is large.
A comparison study in Section 4 reveals that the quality of
the solution did not show significant differences from BIP.

Meanwhile, the two-phase algorithm proposed in this
study had too high computational complexity to solve com-
plex problems and thus could not reflect reality. However, the
low-resolution problem could be solved using BIP, which not
only offered a global optimal solution but also provided the
idea of applying the solution of phase 1 in higher-resolution
terrains that look more like reality. Phase 2 changed the
method of solving the problem so that other perspectives
could be applied to problems in the future. This study used
a hill climbing method in phase 2 with low computational

complexity, but othermethods, such asGAor PSO, could also
be used in later studies.

The limitation of the study was that it used a hill climbing
method in phase 2, which converges to relative local optimal
solutions, instead of other approximate algorithms such as
SA, GA, or PSO that have a higher chance of avoiding local
optima. In this regard other approximate algorithms could
also be applied in later studies. To solve the optimal camera
placement problem with this modeling area with a large
number of grid points under realistic restrictions, one of
two approaches should be chosen: (i) to solve the problem
through a simple algorithm at high resolution or (ii) to solve
the problem at a relatively low resolution using a different
method that needs more computational resources but has
a higher change of finding a global optimal solution. This
paper proposed the former to solve the problem at a high
resolution in a wider terrain. Finding a proper balance point
by comparing the two methods is left for future work.
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Figure 10: Solution to each step for the Incheon port problem.

Appendix

A. Additional Comparison Studies

The conditions for the additional comparison studies men-
tioned in Table 2 are identical to those described in Table 2.

A.1. Gangjeong Goryeong-bo (Weir) Problem. The modeling
area in Figure 7 was configured to perform the model
on Gangjeong Goryeong-bo (Weir) mentioned in Table 3.
Figure 7(a) is the actual landscape of a 600m × 600m square
to configure the modeling area. Figure 7(b) makes the 600m
× 600m square terrain into a low-resolutionmodeling area of
2500 grids (50 × 50), and Figure 7(c) makes the same terrain
into a high-resolution modeling area of 5625 grids (75 × 75).

A comparison test to solve the real-world optimal camera
placement problem was carried out with the conditions
mentioned above. Figure 8(a) shows the solution found in the
modeling area in Figure 7(b), using BIP with the conditions
of Table 2. Based on the solution of Figure 8(a), Figure 8(b) is
the starting point of phase 2 for the hill climbing method in

the modeling area of Figure 7(c). Figure 8(c) is the solution
obtained by performing phase 2. The solution obtained by
performing BIP in the modeling area of Figure 7(c) to begin
with is Figure 8(d). The difference between the problems
solved using the approximation algorithm proposed in this
study or BIP can be studied by comparing Figures 8(c) and
8(d). The computing times and coverage rates of the result
can be confirmed in Table 3.

A.2. Incheon Port Problem. The modeling area in Figure 9
was configured for the model on Incheon port mentioned in
Table 3. Figure 9(a) is the actual landscape of a 700m× 700m
square to configure the modeling area. Figure 9(b) shows the
700m × 700m square terrain as a low-resolution modeling
area of 3600 grids (60 × 60), and Figure 9(c) shows the same
terrain as a high-resolution modeling area of 6400 grids (80
× 80).

A comparison test to solve the real-world optimal camera
placement problemwas carried out with the conditions men-
tioned above. Figure 10(a) shows the solution found in the
modeling area in Figure 9(b) using BIP with the conditions
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Figure 11: Map of Dongmyeong dock (Busan, Korea) 1000m × 1000m square.

of Table 2. Based on the solution of Figure 10(a), Figure 10(b)
is the starting point of phase 2 for the hill climbingmethod in
the modeling area of Figure 9(c). Figure 10(c) is the solution
obtained by performing phase 2. The solution obtained by
performing BIP in the modeling area of Figure 9(c) to begin
with is Figure 10(d). The difference between the problems
solved using the approximation algorithm proposed in this
study or BIP can be studied by comparing Figures 10(c) and
10(d). The computing times and coverage rates of the result
can be confirmed in Table 3.

A.3. Busan Dongmyeong Dock Problem. The modeling area
in Figure 11 was configured to perform the model on the
Dongmyeong dock mentioned in Table 3. Figure 11(a) is the
actual landscape of a 1000m × 1000m square to configure
the modeling area. Figure 11(b) shows the 1000m × 1000m
square terrain as a low-resolutionmodeling area of 2500 grids
(50 × 50), and Figure 11(c) shows the same terrain as a high-
resolution modeling area of 3600 grids (60 × 60).

A comparison test to solve the real-world optimal camera
placement problemwas carried out with the conditions men-
tioned above. Figure 12(a) shows the solution found in the
modeling area in Figure 11(b) using BIP with the conditions
of Table 2. Based on the solution of Figure 12(a), Figure 12(b)
is the starting point of phase 2 for the hill climbingmethod in
the modeling area of Figure 11(c). Figure 12(c) is the solution
obtained by performing phase 2. The solution obtained by
performing BIP in the modeling area of Figure 11(c) to begin
with is Figure 12(d). The difference between the problems
solved using the approximation algorithm proposed in this
study or BIP can be studied by comparing Figures 12(c) and
12(d). The computing times and coverage rates of the result
can be confirmed in Table 3.
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Figure 12: Solution to each step for the Busan Dongmyeong dock problem.
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This paper is concerned with the state-feedback controller design for stochastic networked control systems (NCSs) with random
actuator failures and transmission delays. Firstly, an event-triggered scheme is introduced to optimize the performance of the
stochastic NCSs. Secondly, stochastic NCSs under event-triggered scheme are modeled as stochastic time-delay systems. Thirdly,
some less conservative delay-dependent stability criteria in terms of linearmatrix inequalities for the codesign of both the controller
gain and the trigger parameters are obtained by using delay-decomposition technique and convex combination approach. Finally,
a numerical example is provided to show the less sampled data transmission and less conservatism of the proposed theory.

1. Introduction

Networked control systems (NCSs) are control systems
wherein the control loops are closed through a certain
digital communication network, which have been widely
used in many fields, for example, vehicle industry, robot, and
unmanned aerial vehicles, because of their benefits, for exam-
ple, low installation and maintenance costs, high reliability,
increased system flexibility, and decreased wiring. However,
inserting a network to a control loop also brings a series
of network-induced constraints, for example, time delays,
packet losses, and competition of multiple nodes accessing
network. The network-induced constraints will deteriorate
the systems performance or even destabilize the system [1,
2]. Therefore, NCSs with network-induced constraints have
gained considerable research interests and numerous results
have been published [3–21].

So far, most of the analysis and synthesis for NCSs util-
ize time-triggered communications scheme, for example,
stabilization [3, 4], filtering [5, 6], and tracking control
[7]. It is well known that network-induced constraints are
mainly caused by the limited network bandwidth. Moreover,
it is very significant to mitigate the networked load to
increase the lifespan of the battery of the nodes in wireless
NCSs [8]. Therefore, to reduce the unnecessary waste of

computation and transmitting sample data not only has
theoretical importance but also has practical significance. In
general, NCSs using event-triggered communication scheme
can considerably reduce the network resource occupancy
while maintaining the control performance compared to
NCSs using time-triggered communication scheme [9]. So,
event-triggered control for NCSs has received considerable
attention in the past decade because of energy conservation
and optimal performance, especially in the wireless NCSs [8],
for example, event-triggered state-feedback control [10, 11],
event-triggered guaranteed cost control [12], event-triggered
dynamic output feedback control [13], event-triggered output
tracking control [14], and event-triggered fuzzy filtering
[15]. Considering the event-triggered control for NCS with
stochastic perturbations [22–25], limited work has been
reported in the open literatures. In [16], event-triggered stabi-
lization for networked stochastic systems with multiplicative
noise and network-induced delays has been investigated.
However, the time delays in state and the effect of fault
are not taken into account. On the one hand, fault tolerant
control for NCSs has attracted great attention over the past
decades because actuator faults caused by actuator aging or
actuator in a hostile environment will have a great threat
to the security and the reliability of NCSs [17–21]. On the
other hand, systems with delays are ubiquitous, for example,
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NCSs, biology systems, and hydraulic rolling mill systems
[2, 26–28]. To the best of the authors’ knowledge, there is
no result reported in the open literatures on event-triggered
faults tolerant control for stochastic systems with time delays.
This motivates the study presented in the paper.

In the paper, we deal with the state-feedback controller
design for stochastic NCSs with random actuator failures and
transmission delays. The main works of this paper are as
follows: (1) a triggered scheme is introduced to optimize the
performance of stochastic NCSs; (2) stochastic NCSs under
an event-triggered scheme are modeled as stochastic time-
delays systems; (3) some less conservative stability criteria
for the codesign of both the controller gain and the trig-
ger parameters are obtained by using delay-decomposition
technique and convex combination approach; (4) a practice
example on event-triggered control for an unstable batch
reactor is provided to show themerits of the proposed theory.

Notation. The notation used throughout the paper is fairly
standard. 𝑁𝑇 and 𝑁−1 denote the transpose and the inverse
of matrix𝑁, respectively. For a square matrix𝑀, Sym{𝑀} is
defined as𝑀+𝑀𝑇.The symmetric term in amatrix is denoted
by ∗; for example, [𝑋 𝑌

∗ 𝑍
] = [

𝑋 𝑌

𝑌
𝑇
𝑍
]. The notation 𝑃 = 𝑃𝑇 > 0

(𝑃 = 𝑃
𝑇
≥ 0) means that the matrix 𝑃 is real symmetric

positive definite (positive semidefinite). (Ω, ϝ, {ϝ
𝑡
}
𝑡≥0
,P) is a

complete probability space and𝐸{⋅} stands for the expectation
operator with respect to the probability measure. diag{⋅ ⋅ ⋅ }
stands for a block diagonal matrix. Matrices, if not explicitly
stated, are assumed to have appropriate dimensions.

2. Problem Formulation

Consider a linear system with state delay and Itô process,
which is represented by the following stochastic differential
equation:

𝑑𝑥 (𝑡) = [𝐴𝑥 (𝑡) + 𝐴𝑑𝑥 (𝑡 − 𝜏𝑑) + 𝐵𝑢 (𝑡)] 𝑑𝑡

+ [𝐻𝑥 (𝑡) + 𝐻𝑑𝑥 (𝑡 − 𝜏𝑑)] 𝑑𝜛 (𝑡) , 𝑡 > 0,

𝑥 (𝑡) = 𝜑 (𝑡) , 𝑡 ∈ [−𝜏
𝑑
, 0] ,

(1)

where 𝑥(𝑡) ∈ R𝑛 and 𝑢(𝑡) ∈ R𝑚 denote the state vector
and the control input of the system, respectively, 𝜏

𝑑
is a

constant delay,𝐴,𝐴
𝑑
, 𝐵,𝐻, and𝐻

𝑑
are some constant matri-

ces with appropriate dimensions, 𝜛(𝑡) is a scalar standard
Brownian Motion defined on a complete probability space
(Ω, ϝ, {ϝ

𝑡
}
𝑡≥0
,P) with a natural filtration {ϝ

𝑡
}
𝑡≥0

and satisfies
𝐸{𝑑𝜛(𝑡)} = 0 and 𝐸{𝑑𝜛(𝑡)2} = 𝑑𝑡, and 𝜑(𝑡) is a continuous
vector valued initial function defined on [−𝜏

𝑑
, 0].

The stochastic system controlled by a network is de-
scribed in Figure 1.

To simplify the exposition, we make the following
assumptions.

Assumption 1. All the system states variables of the controlled
plant are available for a state-feedback control. The sensor
is time-triggered with a constant sampling period ℎ. The

Actuator Plant Sensor Sampler

ZOH Transmitter

Network

Controller

Figure 1: A framework of stochastic NCSs under an event-triggered
communication scheme.

sampling sequence is described by the set 𝑥(𝑗ℎ), 𝑗 = 1, 2,

. . . ,∞.

Assumption 2. The sampled data is transmitted in a single
packet, and the packet losses do not occur in transmission.
Whether the packets should be transmitted or not over
network is determined by an event-triggered communication
scheme. The successfully transmitted packet sequence is
described by the set 𝑥(𝑡

𝑘
ℎ), 𝑘 ∈ {1, 2, . . . ,∞}.

Assumption 3. The controllers and the actuators are event-
triggered. The control input at the actuator is generated by
a zero-order-holder (ZOH) with the holding time 𝑡 ∈ [𝑡

𝑘
ℎ +

𝜏
𝑡𝑘
, 𝑡
𝑘+1
ℎ+𝜏
𝑡𝑘+1
], where 𝜏

𝑡𝑘
is the communication delay. Before

the first control signal reaches the plant, the control input
𝑢(𝑡) = 0.

The following state-feedback control law is employed for
system (1):

𝑢 (𝑡) = 𝐾𝑥 (𝑡) . (2)

Considering the effect of the transmission delay, (2) can be
rewritten as

𝑢 (𝑡) = 𝐾𝑥 (𝑡𝑘ℎ) , 𝑡 ∈ [𝑡
𝑘
ℎ + 𝜏
𝑡𝑘
, 𝑡
𝑘+1
ℎ + 𝜏
𝑡𝑘+1
] . (3)

In order to improve the performance of the NCSs, the fol-
lowing event-triggered communication scheme is introduced
to reduce the energy cost and the adverse effect of the
transmission delay on performance of the NCSs:

[𝑥 (𝑡
𝑘
ℎ) − 𝑥 (𝑡

𝑘
ℎ + 𝑙ℎ)]

𝑇
Ω
2
[𝑥 (𝑡
𝑘
ℎ) − 𝑥 (𝑡

𝑘
ℎ + 𝑙ℎ)]

≥ 𝛿𝑥
𝑇
(𝑡
𝑘
ℎ)Ω
1
𝑥 (𝑡
𝑘
ℎ) ,

(4)

where 𝑙 = 0, 1, . . . , 𝑡
𝑘+1
− 𝑡
𝑘
−1, 0 ≤ 𝛿 < 1, andΩ

1
andΩ

2
are

the positive definite weighting matrices to be designed.

Remark 4. Only the sampled data satisfying inequality (4)
will be transmitted since the transmitter in Figure 1 has a logic
function to determine whether one should be transmitted or
not; when 𝛿 = 0, inequality (4) holds for all the sampled
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state; hence, it shrinks to the periodic release case in [17, 18].
Obviously, the amount of transferred data can be reduced
by set 𝛿 ̸= 0 in (4). If the amount of transferred data
is reduced, the networked load will be reduced. Then, the
energy cost used to transmit the unnecessary sampled data
to the controller will be saved, and the adverse effect of
the transmission delay on performance of the NCSs will be
reduced since the transmission delay is mainly caused by the
network traffic congestion.

Remark 5. A similar step to the one used in [16], two dif-
ferent weighting matrices Ω

1
and Ω

2
are introduced in

event-triggering communication scheme (4) to obtain less
conservative results.We further illustrate this in the following
numerical example.

For a detailed timing analysis, we divide the holding
interval of ZOH 𝑡 ∈ [𝑡

𝑘
ℎ + 𝜏
𝑡𝑘
, 𝑡
𝑘+1
ℎ + 𝜏
𝑡𝑘+1
] into the following

subsets:

[𝑡
𝑘
ℎ + 𝑙ℎ + 𝜏

𝑡𝑘
, 𝑡
𝑘
ℎ + (𝑙 + 1) ℎ + 𝜏𝑡𝑘

]

∪ [𝑡
𝑘+1
ℎ − ℎ + 𝜏

𝑡𝑘
, 𝑡
𝑘+1
ℎ + 𝜏
𝑡𝑘+1
] ,

𝑙 = 0, 1, . . . , 𝑡
𝑘+1
− 𝑡
𝑘
− 2.

(5)

Define the following new variables:

𝜏 (𝑡) = 𝑡 − 𝑡𝑘ℎ − 𝑙ℎ,

𝑒 (𝑡) = 𝑥 (𝑡𝑘ℎ) − 𝑥 (𝑡𝑘ℎ + 𝑙ℎ) ,

𝑙 = 0, 1, . . . , 𝑡
𝑘+1
− 𝑡
𝑘
− 1.

(6)

Then, we have

0 < 𝜏
1
≤ 𝜏 (𝑡) ≤ ℎ + 𝜏 ≜ 𝜏2. (7)

The event-triggered algorithm (4) can be rewritten as

𝑒
𝑇
(𝑡) Ω2𝑒 (𝑡)

≥ 𝛿 (𝑒 (𝑡) + 𝑥 (𝑡 − 𝜏 (𝑡)))
𝑇
Ω
1 (𝑒 (𝑡) + 𝑥 (𝑡 − 𝜏 (𝑡))) .

(8)

Considering the effect of the stochastic actuator failure,
the relationship between the control input 𝑢(𝑡) and the real
actuator output �̂�(𝑡) is described as follows:

�̂� (𝑡) = Λ𝑢 (𝑡) , (9)

where

Λ = diag {Λ
1
, Λ
2
, . . . , Λ

𝑚
} , Λ

𝑖
∈ [0, 𝜃] , (10)

where 𝜃 ≥ 1 and Λ
𝑖
are the random variables which describe

the relationship between the real executive amount of 𝑖th
actuator and the control input for 𝑖th actuator. Λ

𝑖
= 0

represents that the 𝑖th actuator is completely fails, Λ
𝑖
= 1

represents that the 𝑖th actuator works normally, 0 < Λ
𝑖
<

1 and Λ
𝑖
> 1 represent that the real actuator output is

smaller and greater than the control input, respectively. The
expectation and variance of Λ

𝑖
are Λ
𝑖
and 𝛽2

𝑖
, respectively.

Define 𝑒
𝑖
= diag {0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑖−1

, 𝐼, 0, . . . , 0⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑚−𝑖

}. Then

Λ = diag {Λ
1
, Λ
2
, . . . , Λ

𝑚
} =

𝑚

∑

𝑖=1

Λ
𝑖
𝑒
𝑖
,

𝛽
2
= diag {𝛽2

1
, 𝛽
2

2
, . . . , 𝛽

2

𝑚
} =

𝑚

∑

𝑖=1

𝛽
2

𝑖
𝑒
𝑖
.

(11)

Based on the above analysis, (3) can be rewritten as

𝑢 (𝑡) = 𝐵Λ𝐾 (𝑒 (𝑡) + 𝑥 (𝑡 − 𝜏 (𝑡))) . (12)

Substituting (12) into (1), the resultant closed-loop stochastic
system with time delays can be expressed as follows:

𝑑𝑥 (𝑡) = [𝐴𝑥 (𝑡) + 𝐴𝑑𝑥 (𝑡 − 𝜏𝑑) + 𝐵Λ𝐾𝑥 (𝑡 − 𝜏 (𝑡))

+ 𝐵Λ𝐾𝑒 (𝑡)] 𝑑𝑡 + [𝐻𝑥 (𝑡)

+ 𝐻
𝑑
𝑥 (𝑡 − 𝜏

𝑑
)] 𝑑𝜛 (𝑡) , 𝑡 > 0,

𝑥 (𝑡) = 𝜑 (𝑡) , ∀𝑡 ∈ [−max {𝜏
𝑑
, 𝜏
2
} , 0] .

(13)

3. Main Results

This paper aims to develop a novel state-feedback controller
for event-triggered stochastic NCSs with state delay, net-
worked induce delay, and stochastic actuator failure. Before
presenting the sufficient stabilization condition, we introduce
the following lemmas, which are indispensable for the proofs
in the sequel.

Lemma 6 (see [29]). 𝑀
1
,𝑀
2
, and𝑀

3
are constant matrices

with appropriate dimensions; then, a sufficient and necessary
condition for

(𝜏 (𝑡) − 𝜏1)𝑀1 + (𝜏2 − 𝜏 (𝑡))𝑀2 +𝑀3 < 0,

∀𝜏 (𝑡) ∈ [𝜏1, 𝜏2]

(14)

is that the following inequalities hold simultaneously:

(𝜏
2
− 𝜏
1
)𝑀
2
+𝑀
3
< 0,

(𝜏
2
− 𝜏
1
)𝑀
1
+𝑀
3
< 0.

(15)

Lemma 7 ((Schur complement) [30]). Given matrices 𝑄 =

𝑄
𝑇, 𝑅 = 𝑅𝑇, and 𝑆 with appropriate dimension, the inequality

[

𝑄 𝑆

𝑆
𝑇
𝑅

] > 0 (16)

is equivalent to 𝑅 > 0, 𝑄 − 𝑆𝑅−1𝑆𝑇 > 0.

By employing delay-fraction technique, linear convex
combination approach, and Lyapunov-Krasovskii stability
theorem, the following sufficient stabilization condition for
stochastic system (13) with time delay satisfying condition (7)
is obtained.
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Theorem 8. For given scalars 𝜏
𝑑
, 𝜏
1
, 𝜏
2
, and 𝛿 and a positive

integer 𝜆, the closed-loop stochastic systemwith time delays (13)
and time-varying delay satisfying condition (7) is stochastically
asymptotically stable if there exist 𝑛 × 𝑛 matrices 𝑃 = 𝑃𝑇 > 0,
Ω
𝑖
= Ω
𝑇

𝑖
> 0, 𝑖 = 1, 2, 𝑅

𝑖
= 𝑅
𝑇

𝑖
> 0, 𝑖 = 1, 2, . . . , 6, and

𝑆
𝑖
= 𝑆
𝑇

𝑖
> 0, 𝑖 = 1, 2, and 𝜆𝑛 × 𝜆𝑛 matrices 𝑄 = 𝑄𝑇 > 0 and

(𝜆 + 5)𝑛 × 𝑛matrices𝑁
𝑖
, 𝑖 = 1, 2, 3, 4, such that the following

set of inequalities hold:

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

Ξ
11
Ξ
12

Ξ
13

Ξ
14

Ξ
15

Ξ
16

Ξ
17

Ξ
18 (𝑙)

∗ Ξ
22
0
4𝑛×3𝑛

0
4𝑛×𝑚𝑛

0
4𝑛×𝑚𝑛

0
4𝑛×𝑚𝑛

0
4𝑛×6𝑛

0
4𝑛×𝑛

∗ ∗ Ξ
33

0
3𝑛×𝑚𝑛

0
3𝑛×𝑚𝑛

0
3𝑛×𝑚𝑛

0
3𝑛×6𝑛

0
3𝑛×𝑛

∗ ∗ ∗ Ξ
44

0
𝑚𝑛×𝑚𝑛

0
𝑚𝑛×𝑚𝑛

0
𝑚𝑛×6𝑛

0
𝑚𝑛×𝑛

∗ ∗ ∗ ∗ Ξ
55

0
𝑚𝑛×𝑚𝑛

0
𝑚𝑛×6𝑛

0
𝑚𝑛×𝑛

∗ ∗ ∗ ∗ ∗ Ξ
66

0
𝑚𝑛×6𝑛

0
𝑚𝑛×𝑛

∗ ∗ ∗ ∗ ∗ ∗ Ξ
77

0
6𝑛×𝑛

∗ ∗ ∗ ∗ ∗ ∗ ∗ Ξ
88

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0, 𝑙 = 1, 2,

(17)

where

Ξ
11
= Sym {𝐸

1
𝑃𝑓
𝑐
} +𝑊

𝑇

𝜁1
𝑄𝑊
𝜁1
−𝑊
𝑇

𝜁2
𝑄𝑊
𝜁2

+ 𝐸
1
𝑆
1
𝐸
𝑇

1
− 𝐸
𝜆+2
𝑆
1
𝐸
𝑇

𝜆+2
+ 𝐸
𝜆+2
𝑆
2
𝐸
𝑇

𝜆+2

− 𝐸
𝜆+4
𝑆
2
𝐸
𝑇

𝜆+4
+ 𝛿 (𝐸

𝜆+3
+ 𝐸
𝜆+5
)Ω
1
(𝐸
𝑇

𝜆+3
+ 𝐸
𝑇

𝜆+5
)

− 𝐸
𝜆+5
Ω
2
𝐸
𝑇

𝜆+5
+ Sym {𝑁

1
(𝐸
𝑇

1
− 𝐸
𝑇

2
)

+ 𝑁
2
(𝐸
𝑇

1
− 𝐸
𝑇

𝜆+2
) + 𝑁

3
(𝐸
𝑇

𝜆+2
− 𝐸
𝑇

𝜆+3
)

+ 𝑁
4
(𝐸
𝑇

𝜆+3
− 𝐸
𝑇

𝜆+4
)} ,

Ξ
12
= [𝑔
𝑇

𝑐
, √
𝜏
𝑑

𝜆
𝑔
𝑇

𝑐
, √𝜏1𝑔

𝑇

𝑐
, √𝜏12𝑔

𝑇

𝑐
] ,

Ξ
22
= diag {−𝑃−1, −𝑅−1

2
, −𝑅
−1

4
, −𝑅
−1

6
} ,

Ξ
13
= [√

𝜏
𝑑

𝜆
𝑓
𝑇

𝑐
, √𝜏1𝑓

𝑇

𝑐
, √𝜏12𝑓

𝑇

𝑐
] ,

Ξ
33
= diag {−𝑅−1

1
, −𝑅
−1

3
, −𝑅
−1

5
} ,

Ξ
14
= √

𝜏
𝑑

𝜆
[𝛽
1
�̂�
𝑇

1
, 𝛽
2
�̂�
𝑇

2
, . . . , 𝛽

𝑚
�̂�
𝑇

𝑚
] ,

Ξ
44
= diag {−𝑅−1

1
, −𝑅
−1

1
, . . . , −𝑅

−1

1
} ,

Ξ
15
= √𝜏1 [𝛽1�̂�

𝑇

1
, 𝛽
2
�̂�
𝑇

2
, . . . , 𝛽

𝑚
�̂�
𝑇

𝑚
] ,

Ξ
55
= diag {−𝑅−1

3
, −𝑅
−1

3
, . . . , −𝑅

−1

3
} ,

Ξ
16
= √𝜏12 [𝛽1�̂�

𝑇

1
, 𝛽
2
�̂�
𝑇

2
, . . . , 𝛽

𝑚
�̂�
𝑇

𝑚
] ,

Ξ
66
= diag {−𝑅−1

5
, −𝑅
−1

5
, . . . , −𝑅

−1

5
} ,

Ξ
17
= [√

𝜏
𝑑

𝜆
𝑁
1
, 𝑁
1
, √𝜏1𝑁2, 𝑁2, 𝑁3, 𝑁4] ,

Ξ
77
= diag {−𝑅

1
, −𝑅
2
, −𝑅
3
, −𝑅
4
, −𝑅
6
, −𝑅
6
} ,

Ξ
18 (1) = √𝜏12𝑁4,

Ξ
18 (2) = √𝜏12𝑁3,

Ξ
88
= −𝑅
5
,

𝑊
𝜁1
= [𝐼
𝜆𝑛
, 0
𝜆𝑛×5𝑛

] ,

𝑊
𝜁2
= [0
𝜆,𝑛×𝑛

, 𝐼
𝜆𝑛
, 0
𝜆𝑛×4𝑛

] ,

𝑓
𝑐
= 𝐴𝐸
𝑇

1
+ 𝐴
𝑑
𝐸
𝑇

𝜆+1
+ 𝐵Λ𝐾𝐸

𝑇

𝜆+3
+ 𝐵Λ𝐾𝐸

𝑇

𝜆+5
,

�̂�
𝑖
= 𝐵𝑒
𝑖
𝐾𝐸
𝑇

𝜆+3
+ 𝐵𝑒
𝑖
𝐾𝐸
𝑇

𝜆+5
,

𝑔
𝑐
= 𝐻𝐸

𝑇

1
+ 𝐻
𝑑
𝐸
𝑇

𝜆+1
.

(18)

Proof. For the sake of notational convenience, let

𝑓 (𝑡) = 𝑓 (𝑡) + �̂� (𝑡) ,

𝑔 (𝑡) = 𝐻𝑥 (𝑡) + 𝐻𝑑𝑥 (𝑡 − 𝜏𝑑) ,

(19)

where

𝑓 (𝑡) = 𝐴𝑥 (𝑡) + 𝐴𝑑𝑥 (𝑡 − 𝜏𝑑) + 𝐵Λ𝐾𝑥 (𝑡 − 𝜏 (𝑡))

+ 𝐵Λ𝐾𝑒 (𝑡) ,

�̂� (𝑡) = 𝐵 (Λ − Λ)𝐾𝑥 (𝑡 − 𝜏 (𝑡)) + 𝐵 (Λ − Λ)𝐾𝑒 (𝑡) .

(20)

Then, we can recast (13) into following form:

𝑑 (𝑡) = 𝑓 (𝑡) 𝑑𝑡 + 𝑔 (𝑡) 𝑑𝜛 (𝑡) . (21)

We divide the time-delay interval [𝑡 − 𝜏
𝑑
, 𝑡] into 𝜆 uniform

subintervals and define the following augmented variable:

𝜍
𝑇
(𝑡)

= [𝑥
𝑇
(𝑡) , 𝑥
𝑇
(𝑡 −

𝜏
𝑑

𝜆
) , . . . , 𝑥

𝑇
(𝑡 − (𝜆 − 1)

𝜏
𝑑

𝜆
)] .

(22)

Choose the following simple functional candidate for system
(21):

𝑉 (𝑥 (𝑡) , 𝑡) =

4

∑

𝑖=1

𝑉
𝑖 (𝑥 (𝑡) , 𝑡) , (23)
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where 𝑥(𝑡) denotes the function 𝑥(𝑠) defined on the interval
[𝑡 −max {𝜏

𝑑
, 𝜏
2
}, 𝑡], and

𝑉
1 (𝑥 (𝑡) , 𝑡) = 𝑥

𝑇
(𝑡) 𝑃𝑥 (𝑡) ,

𝑉
2 (𝑥 (𝑡) , 𝑡) = ∫

𝑡

𝑡−𝜏𝑑/𝜆

[𝜍
𝑇
(𝑠) 𝑄𝜍 (𝑠) + (

𝜏
𝑑

𝜆
− 𝑡 + 𝑠)

⋅ (𝑓
𝑇
(𝑠) 𝑅1𝑓 (𝑠) + 𝑔

𝑇
(𝑠) 𝑅2𝑔 (𝑠))] 𝑑𝑠,

𝑉
3 (𝑥 (𝑡) , 𝑡) = ∫

𝑡

𝑡−𝜏1

[𝑥
𝑇
(𝑠) 𝑆1𝑥 (𝑠) + (𝜏1 − 𝑡 + 𝑠)

⋅ (𝑓
𝑇
(𝑠) 𝑅3𝑓 (𝑠) + 𝑔

𝑇
(𝑠) 𝑅4𝑔 (𝑠))] 𝑑𝑠,

𝑉
4 (𝑥 (𝑡) , 𝑡) = ∫

𝑡

𝑡−𝜏1

𝜏
12
(𝑓
𝑇
(𝑠) 𝑅5𝑓 (𝑠) + 𝑔

𝑇
(𝑠)

⋅ 𝑅
6
𝑔 (𝑠)) 𝑑𝑠 + ∫

𝑡−𝜏1

𝑡−𝜏2

[𝑥
𝑇
(𝑠) 𝑆2𝑥 (𝑠)

+ (𝜏
2
− 𝑡 + 𝑠)

⋅ (𝑓
𝑇
(𝑠) 𝑅5𝑓 (𝑠) + 𝑔

𝑇
(𝑠) 𝑅6𝑔 (𝑠))] 𝑑𝑠.

(24)

For the sake of notational simplification, let

𝜁
𝑇

𝑡
= [𝜍
𝑇
(𝑡) , 𝑥
𝑇
(𝑡 − 𝜏
𝑑
) , 𝑥
𝑇
(𝑡 − 𝜏
1
) , 𝑥
𝑇
(𝑡 − 𝜏 (𝑡)) ,

𝑥
𝑇
(𝑡 − 𝜏
2
) , 𝑒
𝑇
(𝑡)] ,

𝐸
𝑠
= [

[

0
𝑛×𝑛
, . . . , 0

𝑛×𝑛⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑠−1

, 𝐼
𝑛×𝑛
, 0
𝑛×𝑛
, . . . , 0

𝑛×𝑛⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝜆+5−𝑠

]

]

𝑇

,

𝑠 = 1, 2, . . . , 𝜆 + 5,

𝑓
𝑐
= 𝐴𝐸
𝑇

1
+ 𝐴
𝑑
𝐸
𝑇

𝜆+1
+ 𝐵Λ𝐾𝐸

𝑇

𝜆+3
+ 𝐵Λ𝐾𝐸

𝑇

𝜆+5
,

�̂�
𝑖
= 𝐵𝑒
𝑖
𝐾𝐸
𝑇

𝜆+3
+ 𝐵𝑒
𝑖
𝐾𝐸
𝑇

𝜆+5
,

𝑔
𝑐
= 𝐻𝐸

𝑇

1
+ 𝐻
𝑑
𝐸
𝑇

𝜆+1
.

(25)

Taking the time derivatives of 𝑉
𝑖
(𝑥(𝑡), 𝑡), 𝑖 = 1, 2, 3, 4, along

the trajectory of system (21) and taking expectation on it yield

𝐸 {𝑑𝑉
1 (𝑥 (𝑡) , 𝑡)} = 𝐸 {2𝑥

𝑇
(𝑡) 𝑃𝑓 (𝑡) 𝑑𝑡

+ 𝑔
𝑇
(𝑡) 𝑃𝑔 (𝑡) 𝑑𝑡 + 2𝑥

𝑇
(𝑡) 𝑃𝑔 (𝑡) 𝑑𝜛 (𝑡)}

= 𝜁
𝑇

𝑡
{2𝐸
1
𝑃𝑓
𝑐
𝑑𝑡 + 𝑔

𝑇

𝑐
𝑃𝑔
𝑐
𝑑𝑡} 𝜁
𝑡
,

𝐸 {�̇�
2 (𝑥 (𝑡) , 𝑡)} = 𝜁

𝑇

𝑡
{𝑊
𝑇

𝜍1
𝑄𝑊
𝜍1
−𝑊
𝑇

𝜍2
𝑄𝑊
𝜍2

+
𝜏
𝑑

𝜆
𝑔
𝑇

𝑐
𝑅
2
𝑔
𝑐
} 𝜁
𝑡
+ 𝐸{

𝜏
𝑑

𝜆
𝑓
𝑇
(𝑡) 𝑅1𝑓 (𝑡)

− ∫

𝑡

𝑡−𝜏𝑑/𝜆

𝑓
𝑇
(𝑠) 𝑅1𝑓 (𝑠) 𝑑𝑠

− ∫

𝑡

𝑡−𝜏𝑑/𝜆

𝑔
𝑇
(𝑠) 𝑅2𝑔 (𝑠) 𝑑𝑠} ,

𝐸 {�̇�
3 (𝑥 (𝑡) , 𝑡)} = 𝜁

𝑇

𝑡
{𝐸
1
𝑆
1
𝐸
𝑇

1
− 𝐸
𝜆+2
𝑆
1
𝐸
𝑇

𝜆+2

+ 𝜏
1
𝑔
𝑇

𝑐
𝑅
4
𝑔
𝑐
} 𝜁
𝑡
+ 𝐸{𝜏

1
𝑓
𝑇
(𝑡) 𝑅3𝑓 (𝑡)

− ∫

𝑡

𝑡−𝜏1

𝑓
𝑇
(𝑠) 𝑅3𝑓 (𝑠) 𝑑𝑠 − ∫

𝑡

𝑡−𝜏1

𝑔
𝑇
(𝑠) 𝑅4𝑔 (𝑠) 𝑑𝑠} ,

𝐸 {�̇�
4 (𝑥 (𝑡) , 𝑡)} = 𝜁

𝑇

𝑡
{𝐸
𝜆+2
𝑆
2
𝐸
𝑇

𝜆+2
− 𝐸
𝜆+4
𝑆
2
𝐸
𝑇

𝜆+4

+ 𝜏
12
𝑔
𝑇

𝑐
(𝑡) 𝑅6𝑔𝑐} 𝜁𝑡 + 𝐸{𝜏12𝑓

𝑇
(𝑡) 𝑅5𝑓 (𝑡)

− ∫

𝑡−𝜏1

𝑡−𝜏2

𝑓
𝑇
(𝑠) 𝑅5𝑓 (𝑠) 𝑑𝑠 − ∫

𝑡−𝜏1

𝑡−𝜏2

𝑔
𝑇
(𝑠) 𝑅6𝑔 (𝑠) 𝑑𝑠} ,

(26)

where 𝜏
12
≜ 𝜏
2
− 𝜏
1
.

The calculation shows that

𝐸{
𝜏
𝑑

𝜆
𝑓
𝑇
(𝑡) 𝑅1𝑓 (𝑡) + 𝜏1𝑓

𝑇
(𝑡) 𝑅3𝑓 (𝑡) + 𝜏12𝑓

𝑇
(𝑡)

⋅ 𝑅
5
𝑓 (𝑡)}

= 𝐸{𝜁
𝑇

𝑡
{𝑓
𝑇

𝑐
(
𝜏
𝑑

𝜆
𝑅
1
+ 𝜏
1
𝑅
3
+ 𝜏
12
𝑅
5
)𝑓
𝑐

+

𝑚

∑

𝑖=1

𝛽
2

𝑖
�̂�
𝑇

𝑖
(
𝜏
𝑑

𝜆
𝑅
1
+ 𝜏
1
𝑅
3
+ 𝜏
12
𝑅
5
) �̂�
𝑖
}𝜁
𝑡
} .

(27)

According to the Newton-Leibniz formula, the inner rela-
tionship among the terms in the Leibniz-Newton formula
is revealed by introducing free weighting matrices 𝑁

𝑖
, 𝑖 =

1, 2, 3, 4. Then, the following terms are true:

2𝜁
𝑇

𝑡
𝑁
1
(𝑥 (𝑡) − 𝑥 (𝑡 −

𝜏
𝑑

𝜆
) − ∫

𝑡

𝑡−𝜏𝑑/𝜆

𝑓 (𝑠) 𝑑𝑠

− ∫

𝑡

𝑡−𝜏𝑑/𝜆

𝑔 (𝑠) 𝑑𝜛 (𝑠)) ≡ 0,

2𝜁
𝑇

𝑡
𝑁
2
(𝑥 (𝑡) − 𝑥 (𝑡 − 𝜏1) − ∫

𝑡

𝑡−𝜏1

𝑓 (𝑠) 𝑑𝑠

− ∫

𝑡

𝑡−𝜏1

𝑔 (𝑠) 𝑑𝜛 (𝑠)) ≡ 0,

2𝜁
𝑇

𝑡
𝑁
3
(𝑥 (𝑡 − 𝜏

1
) − 𝑥 (𝑡 − 𝜏 (𝑡)) − ∫

𝑡−𝜏1

𝑡−𝜏(𝑡)

𝑓 (𝑠) 𝑑𝑠

− ∫

𝑡−𝜏1

𝑡−𝜏(𝑡)

𝑔 (𝑠) 𝑑𝜛 (𝑠)) ≡ 0,
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2𝜁
𝑇

𝑡
𝑁
4
(𝑥 (𝑡 − 𝜏 (𝑡)) − 𝑥 (𝑡 − 𝜏2) − ∫

𝑡−𝜏(𝑡)

𝑡−𝜏2

𝑓 (𝑠) 𝑑𝑠

− ∫

𝑡−𝜏(𝑡)

𝑡−𝜏2

𝑔 (𝑠) 𝑑𝜛 (𝑠)) ≡ 0.

(28)

Moreover, from the well-known fact, −2𝑎𝑇𝑏 ≤ 𝑎
𝑇
𝑅
−1

𝑖
𝑎 +

𝑏
𝑇
𝑅
𝑖
𝑏, 𝑖 = 1, 2, . . . , 6, for two appropriate dimensional vec-

tors 𝑎 and 𝑏, it can be easily checked that

2𝜁
𝑇

𝑡
𝑁
1
(−∫

𝑡

𝑡−𝜏𝑑/𝜆

𝑓 (𝑠) 𝑑𝑠 − ∫

𝑡

𝑡−𝜏𝑑/𝜆

𝑔 (𝑠) 𝑑𝜛 (𝑠))

≤ 𝜁
𝑇

𝑡
(
𝜏
𝑑

𝜆
𝑁
1
𝑅
−1

1
𝑁
𝑇

1
+ 𝑁
1
𝑅
−1

2
𝑁
𝑇

1
) 𝜁
𝑡

+ ∫

𝑡

𝑡−𝜏𝑑/𝜆

𝑓
𝑇
(𝑠) 𝑅1𝑓 (𝑠) 𝑑𝑠

+ (∫

𝑡

𝑡−𝜏𝑑/𝜆

𝑔 (𝑠) 𝑑𝜛 (𝑡))

𝑇

𝑅
2
(∫

𝑡

𝑡−𝜏𝑑/𝜆

𝑔 (𝑠) 𝑑𝜛 (𝑡)) ,

2𝜁
𝑇

𝑡
𝑁
2
(−∫

𝑡

𝑡−𝜏1

𝑓 (𝑠) 𝑑𝑠 − ∫

𝑡

𝑡−𝜏1

𝑔 (𝑠) 𝑑𝜛 (𝑠))

≤ 𝜁
𝑇

𝑡
(𝜏
1
𝑁
2
𝑅
−1

3
𝑁
𝑇

2
+ 𝑁
2
𝑅
−1

4
𝑁
𝑇

2
) 𝜁
𝑡

+ ∫

𝑡

𝑡−𝜏1

𝑓
𝑇
(𝑠) 𝑅3𝑓 (𝑠) 𝑑𝑠 + (∫

𝑡

𝑡−𝜏1

𝑔 (𝑠) 𝑑𝜛 (𝑡))

𝑇

⋅ 𝑅
4
(∫

𝑡

𝑡−𝜏1

𝑔 (𝑠) 𝑑𝜛 (𝑡)) ,

2𝜁
𝑇

𝑡
𝑁
3
(−∫

𝑡−𝜏1

𝑡−𝜏(𝑡)

𝑓 (𝑠) 𝑑𝑠 − ∫

𝑡−𝜏1

𝑡−𝜏(𝑡)

𝑔 (𝑠) 𝑑𝜛 (𝑠))

≤ 𝜁
𝑇

𝑡
((𝜏 (𝑡) − 𝜏1)𝑁3𝑅

−1

5
𝑁
𝑇

3
+ 𝑁
3
𝑅
−1

6
𝑁
𝑇

3
) 𝜁
𝑡

+ ∫

𝑡−𝜏1

𝑡−𝜏(𝑡)

𝑓
𝑇
(𝑠) 𝑅5𝑓 (𝑠) 𝑑𝑠 + (∫

𝑡−𝜏1

𝑡−𝜏(𝑡)

𝑔 (𝑠) 𝑑𝜛 (𝑡))

𝑇

⋅ 𝑅
6
(∫

𝑡−𝜏1

𝑡−𝜏(𝑡)

𝑔 (𝑠) 𝑑𝜛 (𝑡)) ,

2𝜁
𝑇

𝑡
𝑁
4
(−∫

𝑡−𝜏(𝑡)

𝑡−𝜏2

𝑓 (𝑠) 𝑑𝑠 − ∫

𝑡−𝜏(𝑡)

𝑡−𝜏2

𝑔 (𝑠) 𝑑𝜛 (𝑠))

≤ 𝜁
𝑇

𝑡
((𝜏
2
− 𝜏 (𝑡))𝑁4𝑅

−1

5
𝑁
𝑇

4
+ 𝑁
4
𝑅
−1

6
𝑁
𝑇

4
) 𝜁
𝑡

+ ∫

𝑡−𝜏1

𝑡−𝜏(𝑡)

𝑓
𝑇
(𝑠) 𝑅5𝑓 (𝑠) 𝑑𝑠 + (∫

𝑡−𝜏(𝑡)

𝑡−𝜏2

𝑔 (𝑠) 𝑑𝜛 (𝑡))

𝑇

⋅ 𝑅
6
(∫

𝑡−𝜏(𝑡)

𝑡−𝜏2

𝑔 (𝑠) 𝑑𝜛 (𝑡)) ,

(29)

as

𝐸{(∫

𝑡

𝑡−𝜏𝑑/𝜆

𝑔 (𝑠) 𝑑𝜛 (𝑡))

𝑇

𝑅
2
(∫

𝑡

𝑡−𝜏𝑑/𝜆

𝑔 (𝑠) 𝑑𝜛 (𝑡))}

= 𝐸{∫

𝑡

𝑡−𝜏𝑑/𝜆

𝑔
𝑇
(𝑠) 𝑅2𝑔 (𝑠) 𝑑𝑠} ,

𝐸{(∫

𝑡

𝑡−𝜏1

𝑔 (𝑠) 𝑑𝜛 (𝑡))

𝑇

𝑅
4
(∫

𝑡

𝑡−𝜏1

𝑔 (𝑠) 𝑑𝜛 (𝑡))}

= 𝐸{∫

𝑡

𝑡−𝜏1

𝑔
𝑇
(𝑠) 𝑅4𝑔 (𝑠) 𝑑𝑠} ,

𝐸{(∫

𝑡−𝜏1

𝑡−𝜏(𝑡)

𝑔 (𝑠) 𝑑𝜛 (𝑡))

𝑇

𝑅
6
(∫

𝑡−𝜏1

𝑡−𝜏(𝑡)

𝑔 (𝑠) 𝑑𝜛 (𝑡))}

= 𝐸{∫

𝑡−𝜏1

𝑡−𝜏(𝑡)

𝑔
𝑇
(𝑠) 𝑅6𝑔 (𝑠) 𝑑𝑠} ,

𝐸{(∫

𝑡−𝜏(𝑡)

𝑡−𝜏2

𝑔 (𝑠) 𝑑𝜛 (𝑡))

𝑇

𝑅
6
(∫

𝑡−𝜏(𝑡)

𝑡−𝜏2

𝑔 (𝑠) 𝑑𝜛 (𝑡))}

= 𝐸{∫

𝑡−𝜏(𝑡)

𝑡−𝜏2

𝑔
𝑇
(𝑠) 𝑅6𝑔 (𝑠) 𝑑𝑠} .

(30)

Combining (26)–(30) yields

�̇� (𝑥 (𝑡) , 𝑡) ≤ 𝜁
𝑇

𝑡
{2𝐸
1
𝑃𝑓
𝑐
+ 𝑔
𝑇

𝑐
𝑃𝑔
𝑐
+𝑊
𝑇

𝜍1
𝑄𝑊
𝜍1

−𝑊
𝑇

𝜍2
𝑄𝑊
𝜍2
+
𝜏
𝑑

𝜆
𝑔
𝑇

𝑐
𝑅
2
𝑔
𝑐
+
𝜏
𝑑

𝜆
𝑓
𝑇

𝑐
𝑅
1
𝑓
𝑐

+
𝜏
𝑑

𝜆

𝑚

∑

𝑖=1

𝛽
2

𝑖
�̂�
𝑇

𝑖
𝑅
1
�̂�
𝑖
+ 𝐸
1
𝑆
1
𝐸
𝑇

1
− 𝐸
𝜆+2
𝑆
1
𝐸
𝑇

𝜆+2

+ 𝜏
1
𝑔
𝑇

𝑐
𝑅
4
𝑔
𝑐
+ 𝜏
1
𝑓
𝑇

𝑐
𝑅
3
𝑓
𝑐
+ 𝜏
1

𝑚

∑

𝑖=1

𝛽
2

𝑖
�̂�
𝑇

𝑖
𝑅
3
�̂�
𝑖

+ 𝐸
𝜆+2
𝑆
2
𝐸
𝑇

𝜆+2
− 𝐸
𝜆+4
𝑆
2
𝐸
𝑇

𝜆+4
+ 𝜏
12
𝑔
𝑇

𝑐
𝑅
6
𝑔
𝑐

+ 𝜏
12
𝑓
𝑇

𝑐
𝑅
5
𝑓
𝑐
+ 𝜏
12

𝑚

∑

𝑖=1

𝛽
2

𝑖
�̂�
𝑇

𝑖
𝑅
5
�̂�
𝑖

+ 𝛿 (𝐸
𝜆+3
+ 𝐸
𝜆+5
)Ω
1
(𝐸
𝜆+3
+ 𝐸
𝜆+5
)
𝑇

− 𝐸
𝜆+5
Ω
2
𝐸
𝑇

𝜆+5
+ 2𝑁
1
(𝐸
𝑇

1
− 𝐸
𝑇

2
)

+ 2𝑁
2
(𝐸
𝑇

1
− 𝐸
𝑇

𝜆+2
) + 2𝑁

3
(𝐸
𝑇

𝜆+2
− 𝐸
𝑇

𝜆+3
)

+ 2𝑁
4
(𝐸
𝑇

𝜆+3
− 𝐸
𝑇

𝜆+4
) +

𝜏
𝑑

𝜆
𝑁
1
𝑅
−1

1
𝑁
𝑇

1
+ 𝑁
1
𝑅
−1

2
𝑁
𝑇

1

+ 𝜏
1
𝑁
2
𝑅
−1

3
𝑁
𝑇

2
+ 𝑁
2
𝑅
−1

4
𝑁
𝑇

2

+ (𝜏 (𝑡) − 𝜏1)𝑁3𝑅
−1

5
𝑁
𝑇

3
+ 𝑁
3
𝑅
−1

6
𝑁
𝑇

3

+ (𝜏
2
− 𝜏 (𝑡))𝑁4𝑅

−1

5
𝑁
𝑇

4
+ 𝑁
4
𝑅
−1

6
𝑁
𝑇

4
}𝜁
𝑡
+ 𝑒
𝑇
(𝑡)
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⋅ Ω
2
𝑒 (𝑡) − 𝛿 (𝑒 (𝑡) + 𝑥 (𝑡 − 𝜏 (𝑡)))

𝑇
Ω
1 (𝑒 (𝑡)

+ 𝑥 (𝑡 − 𝜏 (𝑡))) = 𝜁
𝑇

𝑡
Ξ (𝜏 (𝑡)) 𝜁𝑡 + 𝑒

𝑇
(𝑡) Ω2𝑒 (𝑡)

− 𝛿 (𝑒 (𝑡) + 𝑥 (𝑡 − 𝜏 (𝑡)))
𝑇
Ω
1 (𝑒 (𝑡) + 𝑥 (𝑡 − 𝜏 (𝑡))) ,

(31)

where

Ξ (𝜏 (𝑡)) = Ξ11 + Ξ12 (𝜏 (𝑡)) , 𝜏 (𝑡) ∈ [𝜏1, 𝜏2] . (32)

Ξ
11
is defined inTheorem 8, and

Ξ
12 (𝜏 (𝑡)) = 𝑔

𝑇

𝑐
𝑃𝑔
𝑐
+
𝜏
𝑑

𝜆
𝑔
𝑇

𝑐
𝑅
2
𝑔
𝑐
+
𝜏
𝑑

𝜆
𝑓
𝑇

𝑐
𝑅
1
𝑓
𝑐

+
𝜏
𝑑

𝜆

𝑚

∑

𝑖=1

𝛽
2

𝑖
�̂�
𝑇

𝑖
𝑅
1
�̂�
𝑖
+ 𝜏
1
𝑔
𝑇

𝑐
𝑅
4
𝑔
𝑐

+ 𝜏
1
𝑓
𝑇

𝑐
𝑅
3
𝑓
𝑐
+ 𝜏
1

𝑚

∑

𝑖=1

𝛽
2

𝑖
�̂�
𝑇

𝑖
𝑅
3
�̂�
𝑖

+ 𝜏
12
𝑔
𝑇

𝑐
𝑅
6
𝑔
𝑐
+ 𝜏
12
𝑓
𝑇

𝑐
𝑅
5
𝑓
𝑐

+ 𝜏
12

𝑚

∑

𝑖=1

𝛽
2

𝑖
�̂�
𝑇

𝑖
𝑅
5
�̂�
𝑖
+
𝜏
𝑑

𝜆
𝑁
1
𝑅
−1

1
𝑁
𝑇

1

+ 𝑁
1
𝑅
−1

2
𝑁
𝑇

1
+ 𝜏
1
𝑁
2
𝑅
−1

3
𝑁
𝑇

2
+ 𝑁
2
𝑅
−1

4
𝑁
𝑇

2

+ (𝜏 (𝑡) − 𝜏1)𝑁3𝑅
−1

5
𝑁
𝑇

3
+ 𝑁
3
𝑅
−1

6
𝑁
𝑇

3

+ (𝜏
2
− 𝜏 (𝑡))𝑁4𝑅

−1

5
𝑁
𝑇

4
+ 𝑁
4
𝑅
−1

6
𝑁
𝑇

4
.

(33)

From (31)–(33), it is not difficult to see that 𝜁𝑇
𝑡
Ξ(𝜏(𝑡))𝜁

𝑡
is

a first-order function on 𝜏(𝑡), and the first-order coefficient is
𝑁
3
𝑅
−1

5
𝑁
𝑇

3
−𝑁
4
𝑅
−1

5
𝑁
𝑇

4
. According to Lemma 6, the condition

Ξ(𝜏(𝑡)) < 0 is equivalent to

Ξ
11
+ Ξ
12
(𝜏
1
) < 0,

Ξ
11
+ Ξ
12
(𝜏
2
) < 0.

(34)

Consequently, further resorting to the Schur complement
lemma [30], inequalities (17) can be obtained.

In the following, we will show that stochastic system (21)
satisfies event-triggered algorithm (4). Integrate on both sides
of inequality (31) from 0 to 𝑡, and according to 𝑉(0) = 0,
𝑉(𝑡) ≥ 0, we can learn that if inequalities (17) are feasible,
then

𝑒
𝑇
(𝑡) Ω2𝑒 (𝑡)

≥ 𝛿 (𝑒 (𝑡) + 𝑥 (𝑡 − 𝜏 (𝑡)))
𝑇
Ω
1 (𝑒 (𝑡) + 𝑥 (𝑡 − 𝜏 (𝑡)))

(35)

holds for arbitrary 𝑡 ∈ [𝑡
𝑘
ℎ + 𝜏
𝑡𝑘
, 𝑡
𝑘+1
ℎ + 𝜏
𝑡𝑘+1
].

This completes the proof.

The sufficient condition that stochastic system (13) with
time-delay satisfying condition (7) is stochastically asymp-
totically stable is given in Theorem 8 with coupled matrix
variables, but the controller gain matrix cannot be obtained

directly. So, based on Theorem 8, we next prove a new
theorem for the event-triggered controller design in terms of
linear matrix inequalities through congruent transformation.

Theorem 9. For given scalars 𝜏
𝑑
, 𝜏
1
, 𝜏
2
, and 𝛿 and a positive

integer 𝜆, the closed-loop stochastic systemwith time delays (13)
and time-varying delay satisfying condition (7) is stochastically
asymptotically stable if there exist 𝑛 × 𝑛matrices 𝑋 = 𝑋𝑇 > 0,
Ω̃
𝑖
= Ω̃
𝑇

𝑖
> 0, 𝑖 = 1, 2, �̃�

𝑖
= �̃�
𝑇

𝑖
> 0, 𝑖 = 1, 2, . . . , 6, and

�̃�
𝑖
= �̃�
𝑇

𝑖
> 0, 𝑖 = 1, 2, and 𝜆𝑛 × 𝜆𝑛 matrices �̃� = �̃�𝑇 > 0 and

(𝜆 + 5)𝑛 × 𝑛matrices �̃�
𝑖
, 𝑖 = 1, 2, 3, 4, such that the following

set of inequalities hold:

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

Ξ̃
11
Ξ̃
12

Ξ̃
13

Ξ̃
14

Ξ̃
15

Ξ̃
16

Ξ̃
17

Ξ̃
18 (𝑙)

∗ Ξ̃
22
0
4𝑛×3𝑛

0
4𝑛×𝑚𝑛

0
4𝑛×𝑚𝑛

0
4𝑛×𝑚𝑛

0
4𝑛×6𝑛

0
4𝑛×𝑛

∗ ∗ Ξ̃
33

0
3𝑛×𝑚𝑛

0
3𝑛×𝑚𝑛

0
3𝑛×𝑚𝑛

0
3𝑛×6𝑛

0
3𝑛×𝑛

∗ ∗ ∗ Ξ̃
44

0
𝑚𝑛×𝑚𝑛

0
𝑚𝑛×𝑚𝑛

0
𝑚𝑛×6𝑛

0
𝑚𝑛×𝑛

∗ ∗ ∗ ∗ Ξ̃
55

0
𝑚𝑛×𝑚𝑛

0
𝑚𝑛×6𝑛

0
𝑚𝑛×𝑛

∗ ∗ ∗ ∗ ∗ Ξ̃
66

0
𝑚𝑛×6𝑛

0
𝑚𝑛×𝑛

∗ ∗ ∗ ∗ ∗ ∗ Ξ̃
77

0
6𝑛×𝑛

∗ ∗ ∗ ∗ ∗ ∗ ∗ Ξ̃
88

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0, 𝑙 = 1, 2,

(36)

where

Ξ̃
11
= Sym {𝐸

1
�̃�
𝑐
} +𝑊

𝑇

𝜁1
�̃�𝑊
𝜁1
−𝑊
𝑇

𝜁2
�̃�𝑊
𝜁2
+ 𝐸
1
�̃�
1
𝐸
𝑇

1

− 𝐸
𝜆+2
�̃�
1
𝐸
𝑇

𝜆+2
+ 𝐸
𝜆+2
�̃�
2
𝐸
𝑇

𝜆+2
− 𝐸
𝜆+4
�̃�
2
𝐸
𝑇

𝜆+4

+ 𝛿 (𝐸
𝜆+3
+ 𝐸
𝜆+5
) Ω̃
1
(𝐸
𝑇

𝜆+3
+ 𝐸
𝑇

𝜆+5
) − 𝐸
𝜆+5
Ω̃
2
𝐸
𝑇

𝜆+5

+ Sym {�̃�
1
(𝐸
𝑇

1
− 𝐸
𝑇

2
) + �̃�

2
(𝐸
𝑇

1
− 𝐸
𝑇

𝜆+2
)

+ �̃�
3
(𝐸
𝑇

𝜆+2
− 𝐸
𝑇

𝜆+3
) + �̃�

4
(𝐸
𝑇

𝜆+3
− 𝐸
𝑇

𝜆+4
)} ,

Ξ̃
12
= [�̃�
𝑇

𝑐
, √
𝜏
𝑑

𝜆
�̃�
𝑇

𝑐
, √𝜏1�̃�

𝑇

𝑐
, √𝜏12�̃�

𝑇

𝑐
] ,

Ξ̃
22
= diag {−𝑋, −2𝑋 + �̃�

2
, −2𝑋 + �̃�

4
, −2𝑋 + �̃�

6
} ,

Ξ̃
13
= [√

𝜏
𝑑

𝜆
�̃�
𝑇

𝑐
, √𝜏1�̃�

𝑇

𝑐
, √𝜏12�̃�

𝑇

𝑐
] ,

Ξ̃
33
= diag {−2𝑋 + �̃�

1
, −2𝑋 + �̃�

3
, −2𝑋 + �̃�

5
} ,

Ξ̃
14
= √

𝜏
𝑑

𝜆
[𝛽
1
�̆�
𝑇

1
, 𝛽
2
�̆�
𝑇

2
, . . . , 𝛽

𝑚
�̆�
𝑇

𝑚
] ,

Ξ̃
44
= diag {−2𝑋 + �̃�

1
, −2𝑋 + �̃�

1
, . . . , −2𝑋 + �̃�

1
} ,

Ξ̃
15
= √𝜏1 [𝛽1�̆�

𝑇

1
, 𝛽
2
�̆�
𝑇

2
, . . . , 𝛽

𝑚
�̆�
𝑇

𝑚
] ,

Ξ̃
55
= diag {−2𝑋 + �̃�

3
, −2𝑋 + �̃�

3
, . . . , −2𝑋 + �̃�

3
} ,

Ξ̃
16
= √𝜏12 [𝛽1�̆�

𝑇

1
, 𝛽
2
�̆�
𝑇

2
, . . . , 𝛽

𝑚
�̆�
𝑇

𝑚
] ,
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Ξ̃
66
= diag {−2𝑋 + �̃�

5
, −2𝑋 + �̃�

5
, . . . , −2𝑋 + �̃�

5
} ,

Ξ̃
17
= [√

𝜏
𝑑

𝜆
�̃�
1
, �̃�1, √𝜏1�̃�2, �̃�2, �̃�3, �̃�4] ,

Ξ̃
77
= diag {−�̃�

1
, −�̃�
2
, −�̃�
3
, −�̃�
4
, −�̃�
6
, −�̃�
6
} ,

Ξ̃
18 (1) = √𝜏12�̃�4,

Ξ̃
18 (2) = √𝜏12�̃�3,

Ξ̃
88
= −�̃�
5
,

𝑊
𝜁1
= [𝐼
𝜆𝑛
, 0
𝜆𝑛×5𝑛

] ,

𝑊
𝜁2
= [0
𝜆𝑛×𝑛

, 𝐼
𝜆𝑛
, 0
𝜆𝑛×4𝑛

] ,

�̃�
𝑐
= 𝐴𝑋𝐸

𝑇

1
+ 𝐴
𝑑
𝑋𝐸
𝑇

𝜆+1
+ 𝐵Λ�̂�𝐸

𝑇

𝜆+3
+ 𝐵Λ�̂�𝐸

𝑇

𝜆+5
,

�̆�
𝑖
= 𝐵𝑒
𝑖
�̂�𝐸
𝑇

𝜆+3
+ 𝐵𝑒
𝑖
�̂�𝐸
𝑇

𝜆+5
,

�̃�
𝑐
= 𝐻𝑋𝐸

𝑇

1
+ 𝐻
𝑑
𝑋𝐸
𝑇

𝜆+1

(37)

and a desired controller gain matrix in (2) can be chosen as

𝐾 = �̂�𝑋
−1
. (38)

Proof. Define

𝐽 = diag {𝐽
1
, 𝐽
2
, 𝐽
3
, 𝐽
4
, 𝐽
4
, 𝐽
4
, 𝐽
5
, 𝑃
−1
} , (39)

where

𝐽
1
= diag {𝑃−1, 𝑃−1, . . . , 𝑃−1} ∈ R(𝜆+5)𝑛,

𝐽
2
= diag {𝐼, 𝐼, 𝐼, 𝐼} ,

𝐽
3
= diag {𝐼, 𝐼, 𝐼} ,

𝐽
4
= diag {𝐼, 𝐼, . . . , 𝐼} ∈ R𝑚𝑛,

𝐽
5
= diag {𝑃−1, 𝑃−1, 𝑃−1, 𝑃−1, 𝑃−1, 𝑃−1} .

(40)

Pre- and postmultiplying (17) with 𝐽𝑇 and 𝐽, noticing that

𝑅
−1

𝑖
− 2𝑋 + 𝑋𝑅

𝑖
𝑋 = (𝑅

−1

𝑖
− 𝑋)𝑅

𝑖
(𝑅
−1

𝑖
− 𝑋) ≥ 0,

𝑖 = 1, 2, . . . , 6

(41)

is equivalent to

−𝑅
−1

𝑖
≤ −2𝑋 + 𝑋𝑅

𝑖
𝑋, 𝑖 = 1, 2, . . . , 6, (42)

we introduce the following new matrix variables:

𝑋 = 𝑃
−1
;

�̃�
𝑖
= 𝑋𝑅
𝑇

𝑖
𝑋, 𝑖 = 1, 2, . . . , 6;

�̃�
𝑖
= 𝑋𝑆
𝑇

𝑖
𝑋, 𝑖 = 1, 2,

�̃� = 𝐽
𝑇

6
𝑄𝐽
6
, 𝐽
6
= diag {𝑋,𝑋, . . . , 𝑋} ∈ R𝜆𝑛;

Ω̃
𝑖
= 𝑋Ω

𝑇

𝑖
𝑋, 𝑖 = 1, 2,

�̂� = 𝐾𝑋;

�̃�
𝑖
= 𝐽
1
𝑁
𝑖
𝑋, 𝑖 = 1, 2, 3, 4,

�̃�
𝑐
= 𝐴𝑋𝐸

𝑇

1
+ 𝐴
𝑑
𝑋𝐸
𝑇

𝜆+1
+ 𝐵Λ�̂�𝐸

𝑇

𝜆+3
+ 𝐵Λ�̂�𝐸

𝑇

𝜆+5
,

�̆�
𝑖
= 𝐵𝑒
𝑖
�̂�𝐸
𝑇

𝜆+3
+ 𝐵𝑒
𝑖
�̂�𝐸
𝑇

𝜆+5
,

�̃�
𝑐
= 𝐻𝑋𝐸

𝑇

1
+ 𝐻
𝑑
𝑋𝐸
𝑇

𝜆+1
,

(43)

and then, we can learn that (36) is equivalent to (17).
This completes the proof.

Remark 10. It is worth mentioning that Theorem 9 is also
applicable to the event-triggered faults tolerant control for
system (1) without state-delay and stochastic perturbations.
The proof follows a similar line toTheorems 8 and 9. Now we
formally present this result as the following corollary.

Corollary 11. For given scalars 𝜏
1
and 𝜏
2
and 0 ≤ 𝛿 < 1, the

closed-loop systemwith time delays (13) and time-varying delay
satisfying condition (7) is asymptotically stable if there exist 𝑛×
𝑛 matrices 𝑋 = 𝑋

𝑇
> 0, Ω̃

𝑖
= Ω̃
𝑇

𝑖
> 0, 𝑖 = 1, 2, �̃�

𝑖
= �̃�
𝑇

𝑖
>

0, 𝑖 = 3, 5, and �̃�
𝑖
= �̃�
𝑇

𝑖
> 0, 𝑖 = 1, 2, and (𝜆+5)𝑛×𝑛matrices

�̃�
𝑖
, 𝑖 = 1, 2, 3, such that the following set of inequalities hold:

[
[
[
[
[
[
[
[
[
[
[
[

[

Ξ̃
11
Ξ̃
12

Ξ̃
13

Ξ̃
14

Ξ̃
15

Ξ̃
16 (𝑙)

∗ Ξ̃
22
0
2𝑛×2𝑛

0
2𝑛×2𝑛

0
2𝑛×𝑛

0
2𝑛×𝑛

∗ ∗ Ξ̃
33

0
2𝑛×2𝑛

0
2𝑛×𝑛

0
2𝑛×𝑛

∗ ∗ ∗ Ξ̃
44

0
2𝑛×𝑛

0
2𝑛×𝑛

∗ ∗ ∗ ∗ Ξ̃
55

0
𝑛×𝑛

∗ ∗ ∗ ∗ ∗ Ξ̃
66

]
]
]
]
]
]
]
]
]
]
]
]

]

< 0,

𝑙 = 1, 2,

(44)

where

Ξ̃
11
= Sym {𝐸

1
�̃�
𝑐
} + 𝐸
1
�̃�
1
𝐸
𝑇

1
− 𝐸
2
�̃�
1
𝐸
𝑇

2
+ 𝐸
2
�̃�
2
𝐸
𝑇

2

− 𝐸
4
�̃�
2
𝐸
𝑇

4
+ 𝛿 (𝐸

3
+ 𝐸
5
) Ω̃
1
(𝐸
𝑇

3
+ 𝐸
𝑇

5
) − 𝐸
5
Ω̃
2
𝐸
𝑇

5

+ Sym {�̃�
1
(𝐸
𝑇

1
− 𝐸
𝑇

2
) + �̃�

2
(𝐸
𝑇

2
− 𝐸
𝑇

3
)

+ �̃�
3
(𝐸
𝑇

3
− 𝐸
𝑇

4
)} ,
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Ξ̃
12
= [√𝜏1�̃�

𝑇

𝑐
, √𝜏12�̃�

𝑇

𝑐
] ,

Ξ̃
22
= diag {−2𝑋 + �̃�

3
, −2𝑋 + �̃�

5
} ,

Ξ̃
13
= √𝜏1 [𝛽1�̆�

𝑇

𝑐1
, 𝛽
2
�̆�
𝑇

𝑐2
, . . . , 𝛽

𝑚
�̆�
𝑇

𝑐𝑚
] ,

Ξ̃
33
= diag {−2𝑋 + �̃�

3
, −2𝑋 + �̃�

3
, . . . , −2𝑋 + �̃�

3
} ,

Ξ̃
14
= √𝜏12 [𝛽1�̆�

𝑇

𝑐1
, 𝛽
2
�̆�
𝑇

𝑐2
, . . . , 𝛽

𝑚
�̆�
𝑇

𝑐𝑚
] ,

Ξ̃
44
= diag {−2𝑋 + �̃�

5
, −2𝑋 + �̃�

5
, . . . , −2𝑋 + �̃�

5
} ,

Ξ̃
15
= √𝜏1�̃�1,

Ξ̃
55
= −�̃�
3
,

Ξ̃
16 (1) = √𝜏12�̃�3,

Ξ̃
16 (2) = √𝜏12�̃�2,

Ξ̃
66
= −�̃�
5
,

�̃�
𝑐
= 𝐴𝑋𝐸

𝑇

1
+ 𝐵Λ�̂�𝐸

𝑇

3
+ 𝐵Λ�̂�𝐸

𝑇

5
,

�̆�
𝑐𝑖
= 𝐵𝑒
𝑖
�̂�𝐸
𝑇

3
+ 𝐵𝑒
𝑖
�̂�𝐸
𝑇

5

(45)

and a desired controller gain matrix in (2) can be chosen as

𝐾 = �̂�𝑋
−1
. (46)

4. A Numerical Example

In this section, a numerical example is used to illustrate the
effectiveness and improvement of the proposed approach in
this paper.

Consider a simplified model of an unstable batch reactor
with parameters:

𝐴 =

[
[
[
[
[

[

1.38 −0.2077 6.715 −5.676

−0.5814 −4.29 0 0.675

1.067 4.273 −6.654 5.893

0.048 4.273 1.343 −2.104

]
]
]
]
]

]

,

𝐵 =

[
[
[
[
[

[

0 0

5.679 0

1.136 −3.146

1.136 0

]
]
]
]
]

]

.

(47)

The eigenvalues of𝐴 are 1.9910, 0.0635,−5.0566, and−8.6659;
it is obvious that the unforced system (47) is unstable. The
unstable system is controlled under a network which is
described in Figure 1, and the event-triggered communica-
tion scheme (4) is introduced to optimize the performance
of the NCSs. Considering the effect of the transmission delay,
it is assumed that the lower bound of the network-induced

delay 𝜏
1
= 0.01 s. The purpose of the design is to make this

upper bound, 𝜏
2
, as large as possible and the sampled data

transmitted as low as possible so that the system can work
under actuator failures conditions.

Two cases of probability distributions are considered.

Case 1. Actuator failures Λ
𝑖
are Bernoulli distributed white

sequences with parameters:

𝐸 {Λ
𝑖
= 1} = Λ

𝑖
≥ 0,

𝐸 {Λ
𝑖
= 0} = 1 − Λ

𝑖
.

(48)

It is not difficult to verify that

𝛽
2

𝑖
= Λ
𝑖
(1 − Λ

𝑖
) (49)

when 𝛿 = 0 andΩ
1
̸= Ω
2
. We conduct the simulation studies

with different Λ
𝑖
. The maximal allowable delays 𝜏

2
and fault

tolerant controller parameter 𝐾 from Corollary 11 and those
in [23, 24] are listed in Table 1. From Table 1, it is clear that
Corollary 11 provides the largest delay; that is, Corollary 11 is
less conservative than all the other list results.

Case 2. Actuator failuresΛ
𝑖
areGaussian distributed sequen-

ces with parameters.

Case 2.1. We have the following:

Λ
1
= 0.2,

Λ
2
= 0.3,

𝛽
1
= 0.5,

𝛽
2
= 0.6.

(50)

Case 2.2. We have the following:

Λ
1
= 0.2,

Λ
2
= 0.3,

𝛽
1
= 0.2,

𝛽
2
= 0.3

(51)

when 𝛿 = 0 and Ω
1
̸= Ω
2
. Table 2 lists the maximal allow-

able delays 𝜏
2
and fault tolerant controller 𝐾 obtained from

Corollary 11 and those in [17, 18]. From Table 2, it can be
concluded that our results are less conservative than the
results from [17, 18].

In the following, under actuators failures Λ
𝑖
in Case 2.2

with Λ
1
= 0.2, Λ

2
= 0.3, 𝛽

1
= 0.2, and 𝛽

2
= 0.3, we will

demonstrate that the fault tolerant state-feedback controller
also optimizes the performance of the NCSs, that is, consid-
erable reduction of the network resource occupancy:

(1) When 𝛿 = 0.1 and Ω
1
̸= Ω
2
, applying Corollary 11,

we can solve the maximum 𝜏
2
= 0.23 s, and the
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Table 1: The maximal allowable delays 𝜏
2
and fault tolerant controller 𝐾 for different Λ

𝑖
in Case 1.

Case 1 Maximal allowable delays Λ
1
= 0.4 and Λ

2
= 0.5

[17] 𝜏
2
= 0.11 𝐾 = [

[

0.4961 −0.1158 0.3942 −0.3413

3.7924 0.7272 2.9007 −1.4987

]

]

[18] 𝜏
2
= 0.12 𝐾 = [

[

−0.7941 −0.3913 −0.6128 0.0998

1.7764 0.3258 1.2664 −0.6207

]

]

Corollary 11 𝜏
2
= 0.23 𝐾 = [

[

−1.5767 −0.4505 −1.1426 0.4351

1.7901 0.4449 1.3089 −0.5460

]

]

Case 1 Maximal allowable delays Λ
1
= 0.2 and Λ

2
= 0.3

[17] 𝜏
2
= 0.08 𝐾 = [

[

0.9457 −0.2368 0.7506 −0.6604

6.5698 1.2461 5.0072 −2.5903

]

]

[18] 𝜏
2
= 0.10 𝐾 = [

[

−1.9127 −0.7303 −1.4330 0.3972

2.8661 0.5948 2.0576 −0.9473

]

]

Corollary 11 𝜏
2
= 0.17 𝐾 = [

[

−3.2189 −0.9113 −2.3315 0.8898

3.4078 0.8480 2.4877 −1.0380

]

]

Case 1 Maximal allowable delays Λ
1
= 0.1 and Λ

2
= 0.2

[17] 𝜏
2
= — 𝐾 = —

[18] 𝜏
2
= 0.08 𝐾 = [

[

−2.9434 −1.2942 −2.2716 0.4601

4.8397 0.9686 2.4877 −1.0380

]

]

Corollary 11 𝜏
2
= 0.12 𝐾 = [

[

−5.2739 −1.4717 −3.8744 1.4775

5.3644 1.3453 3.9057 −1.6241

]

]

Table 2: The maximal allowable delays 𝜏
2
and fault tolerant controller 𝐾 for different Λ

𝑖
in Case 2.

Case 2.1 Maximal allowable delays Λ
1
= 0.2, Λ

2
= 0.3, 𝛽

1
= 0.5, and 𝛽

2
= 0.6

[17] 𝜏
2
= 0.06 𝐾 = [

[

0.9892 −0.2256 0.8052 −0.6907

6.5727 1.2294 5.0305 −2.5708

]

]

[18] 𝜏
2
= 0.09 𝐾 = [

[

−2.4224 −0.7447 −1.7829 0.6406

2.5588 0.6054 1.8586 −0.7902

]

]

Corollary 11 𝜏
2
= 0.13 𝐾 = [

[

−3.6116 −0.9842 −2.6450 1.0301

3.3758 0.8475 2.4587 −1.0213

]

]

Case 2.2 Maximal allowable delays Λ
1
= 0.2, Λ

2
= 0.3, 𝛽

1
= 0.2, and 𝛽

2
= 0.3

[17] 𝜏
2
= — 𝐾 = —

[18] 𝜏
2
= 0.13 𝐾 = [

[

−2.8578 −0.9068 −2.0906 0.7377

2.1139 0.4710 1.5436 −0.6720

]

]

Corollary 11 𝜏
2
= 0.23 𝐾 = [

[

−3.8191 −1.1124 −2.7404 1.0449

2.6036 0.6281 1.9122 −0.8087

]

]
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corresponding controller𝐾 and the trigger parameter
Ω
1
andΩ

2
are given by

𝐾 = [

−3.8157 −1.1116 −2.7398 1.0445

2.5989 0.6263 1.9078 −0.8073
] ,

Ω
1
=

[
[
[
[
[

[

0.0558 0.0173 0.0401 −0.0150

0.0173 0.0086 0.0113 −0.0042

0.0401 0.0113 0.0341 −0.0157

−0.0150 −0.0042 −0.0157 0.0087

]
]
]
]
]

]

,

Ω
2
=

[
[
[
[
[

[

171.9090 43.1360 125.6951 −52.4983

43.1360 10.8542 31.5284 −13.1503

125.6951 31.5284 91.9150 −38.3995

−52.4983 −13.1503 −38.3995 16.0563

]
]
]
]
]

]

.

(52)

(2) When 𝛿 = 0.1 and Ω
1
= Ω
2
, applying Corollary 11,

we can solve the maximum 𝜏
2
= 0.15 s, and the cor-

responding controller𝐾 and the trigger parameter Ω
are given by

𝐾 = [

−3.9951 −1.3160 −2.7469 0.9501

3.0396 0.6144 2.2942 −1.0344
] , (53)

Ω =

[
[
[
[
[

[

3.3177 0.8513 2.4087 −0.9850

0.8513 0.2276 0.6132 −0.2482

2.0487 0.6132 1.7600 −0.7259

−0.9850 −0.2482 −0.7259 0.3034

]
]
]
]
]

]

. (54)

Remark 12. From Tables 1 and 2, it can be concluded that
when 𝛿 = 0, that is, in the case of time-triggered communi-
cation scheme, our results are less conservative than existing
ones. Moreover, when 𝛿 = 0.1, the maximal allowable delay
𝜏
2
obtained fromCorollary 11 under conditionΩ

1
̸= Ω
2
(𝜏
2
=

0.23 s) is bigger than the case ofΩ
1
= Ω
2
(𝜏
2
= 0.15 s); that is,

two different weightingmatricesΩ
1
andΩ

2
are introduced in

(4) which guaranteed less conservative results.

Select the sampling period ℎ = 0.10 s. According to (7),
we can see that the allowable maximum transmission delay
can be 0.05 s.The state response of system (47)with controller
𝐾 in (53) and Ω in (54) is shown in Figure 2. Figure 3 plots
the release instants and release interval.

From Figures 2 and 3, we can see that system (47) remains
asymptotically stable under the feedback controller 𝐾 in
(53) and trigger matrix Ω in (54); the simulation results for
𝑡 ∈ [0, 30] show that only 58 sampled signals need to be
transmitted to the controller through the transmitter, which
takes 19.33% of the whole sample signals. Thus, the fault
tolerant state-feedback controller presented in this paper also
optimizes the performance of the NCSs by reducing the
networked load.

Remark 13. The simulation results show that the amount of
transferred data is reduced by introducing the event-trig-
gering communication scheme. In addition, the maximum
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Figure 2: The state responses of system (47) under the feedback
controller 𝐾 in (53) and trigger matrixΩ in (54).
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Figure 3: The release instants and release interval under the feed-
back controller 𝐾 in (53) and trigger matrixΩ in (54).

value, 𝜏
2
, in this paper is bigger than the value, 𝜏

2
, in [17, 18].

Therefore, the proposed controller design method in the
paper not only is less conservative but also has less transferred
data than [17, 18].

5. Conclusion

The fault tolerant state-feedback controller design problem
for stochastic NCSs has been investigated in the paper.
Improved state-feedback controller design method with
less conservation and less sampled data transmission has
been proposed by employing event-triggered communication
scheme, the delay-decomposition technique, and convex
combination approach. A practical numerical example for the
stabilization of batch reactor has been given to demonstrate
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that the theory represented in this paper is less conservative
than existing ones, and introducing event-triggered commu-
nication scheme can optimize the performance of stochastic
NCSs. Therefore, the proposed controller design method in
the paper is an improvement over existing ones.
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In the era of big data and cloud computing, data research focuses not only on describing the individual characteristics but also on
depicting the relationships among individuals. Studying dependence and constraint relationships among industries has aroused sig-
nificant interest in the academic field. From the network perspective, this paper tries to analyze industrial relational structures based
on cycle degree. The cycle degree of a vertex, that is, the number of cycles through a vertex in an industrial network, can describe
the roles of the vertices of strong components in industrial circulation. In most cases, different vertices in a strong component have
different cycle degrees, and the one with a larger cycle degree plays more important roles. However, the concept of cycle degree
does not involve the lengths of the cycles, which are also important for circulations.Themore indirect the relationship between two
industries is, the weaker it is. In order to analyze strong components thoroughly, this paper proposes the concept of circular central-
ity taking into consideration the influence by two factors: the lengths and the numbers of cycles through a vertex. Exemplification
indicates that a profound analysis of strong components in an industrial network can reveal the features of an economy.

1. Introduction

With the rapid development of the Internet, Internet of
Things, and cloud computing technology, data has the
potential for an explosive growth. The big-data era, which
depends on cloud computing and cloud storage, has arrived.
Large scale, diversity, and fast processing speed are the
major characteristics of big data. Currently, data research
focuses not only on describing individual characteristics but
also on depicting the relationships among individuals [1, 2].
Relational data has been explored in the research of the
economic management sector; for example, Acemoglu et al.
used a degree sequence of a relational indicator to study the
influences of the relationships among different departments
on the fluctuation of the total output [3];Hidalgo et al. studied
an industry (product) upgrading issue by studying internet
relational stricter among industries (products) [4]; Zhao et
al. studied the linkage structure effect of blue economy under
the perspective of an industrial network [5]; McNerney et
al. studied the structure of interindustry relationships using

networks of money flows between industries in 45 national
economies [6]. On the basis of an analysis of industrial
relational structures using relational data, this paper proposes
the concept of circular centrality to detect unknown and
potentially useful circular relational data hidden behind
Input-Output Tables and study the topological properties of
industrial circulation relationships.

In a connected component of an undirected graph, all
the vertices are reachable from each other, but this is not
necessarily true for a digraph. When there is no path from
one vertex to another in a digraph, it is not reachable from
the vertex. If there are mutually reachable paths between
two vertices, they must be in the same subdigraph, a strong
component. A strong component of a digraph, also known as
a strongly connected subdigraph, is amaximally induced sub-
digraph of the digraph. Because any two vertices in a strong
component can reach each other, a strong component has fea-
tures that are different from other components. These make
strong components meaningful to a digraph, especially to the
one with practical significance such as an industrial network.
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With vertices being the sectors and arcs representing
significant industrial linkages, an economy can be abstracted
into a network—an industrial network. The strong compo-
nents of an industrial network depict industrial circulation
linkages in an economy, where the former sector provides
the input for the latter while the output of the latter comes
back to the former. As shown in Figure 1, the sectors of coal
mining, basic metals, andmachinery and the linkages among
them make up a strong component, and there are industrial
circulation linkages among them. As fundamental linkages,
industrial circulation linkages appear in various economic
phenomena such as industrial clusters and circular economy
[7].

In an industrial network, the general properties of strong
components make them an important factor influencing the
economy. Since any two sectors in a strong component can
reach each other, any change of a sector can be felt by the
others, and feedback effects also can influence the initial
sector. The effects circulate with diminishing strength, as is
shown in Figure 2.

Figure 2 describes an industrial network representing
product flows. It contains 13 vertices, and 6 of them are in
a strong component, forming vertices set 𝑉

𝑐
. If any sector

of 𝑉
𝑐
undergoes some changes, such as shrink or expansion,

the changes would pass on to all sectors of 𝑉
𝑐
and pass

it on to some vertices outside the strong component. For
instance, if sector V

4
alters, all sectors of 𝑉

𝑐
would change

accordingly, and the effects circulate again and again over. As
for the sectors outside, such as V

11
, V
4
would push it along the

directed path V
4
→ V
5
→ V
11
. When the influence circulates

within the strong component and reaches V
4
again, the effects

on V
11
would repeat again with lessened strength.

Any changes of a strong component can influence the
circulation of the network. For instance, if V

1
becomes

isolated in Figure 2, there would be no circulation, and any

changes of a sector in the network would pass on along
unidirectional paths and stop.

Consequently, strong components play significant roles
in an economy. Campbell [8, 9] recognized the importance
and proposed that a strong component could be regarded as
a vertex to build the condensation digraph. Some scholars
followed this method, such as Morillas et al. [10]. This
approachwould do a lot to clarify the relationship structure of
the whole network but did not involve the internal structure
of a strong component. In order to do further researches on
strong components, Zhao et al. [11, 12] developed the concepts
of cycle degree and cycle length distribution of sectors and
testified their applicability to show the structure of strong
components.

Suppose that𝑁 is an industrial network,𝑉 is the set of all
sectors in𝑁, and sector V ∈ 𝑉. An industry cycle through V is
defined as a directed cycle containing vertex V, where no two
vertices are the same. It is obvious that an industry cycle, the
fundamental circular unit of an industrial network, is a closed
path through V. Any sector in a strong component is in one or
more industry cycles. An industry cycle contains two sectors
at least (regardless of loops—arcs beginning and ending at the
same vertex) and all sectors of an industrial network at most.
In Figure 2, there are four industry cycles through V

1
, that is,

V
1
→ V
5
→ V
1
, V
1
→ V
2
→ V
3
→ V
6
→ V
1
, V
1
→ V
2
→ V
3
→

V
4
→ V
5
→ V
1
, and V

1
→ V
2
→ V
3
→ V
6
→ V
5
→ V
1
.

The cycle degree of a sector in an industrial net-
work, denoted by 𝑑

𝑐
, means the number of industry cycles

through the sector, describing the number of circular linkages
between the sector and the others. As a sector with bigger
𝑑
𝑐
can influence more industry cycles, it has greater driving

circulating power. In Figure 2, the cycle degrees of sectors V
1
,

V
2
, V
3
, V
4
, V
5
, and V

6
are 4, 3, 3, 1, 3, and 2, respectively. If V

1

becomes isolated, there would be no cycles in the network. It
can be seen that the sectors with big cycle degrees have more
influences on the strong component. Now that the sectors
outside the strong component do not exist in any cycles, their
cycle degrees are all 0.

Differing from the degree, the cycle degree of a sector
depicts the structure information from the whole network.
A vertex with small degree is not necessarily with small cycle
degree. With in-degree and out-degree both being 1, maybe
a sector is only adjacent to two sectors, but the three sectors
are all in multiple cycles, so that the cycle degree of the sector
is large still. In Figure 2, with the in-degree and out-degree
being 1, 𝑑

𝑐
(V
2
) is 3, while 𝑑

𝑐
(V
4
) is 1.

The concept of cycle degree can depict some features of
the strong component, but it is not enough. For a vertex, its
impact on circulation is related to its cycle degree, but also to
the steps in circulations, which is reflected in the lengths of
cycles. The effects circulating in a shorter cycle are stronger
than in a longer one. If an indicator can capture the two
aspects, it is more accurate. For this reason, the concept of
circular centrality is proposed in this paper. In addition, in
order to better analyze the strong component of an industrial
network, the cycle degree of a strong component is presented
too.

In order to analyze the effectiveness of these concepts,
some practical calculations are made. With more than 30
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years of sustained rapid growth, China’s economy has become
one of the fastest growing economies in the world.This paper
analyzes China’s strong components and compares them to
those of the US and Japan. The result shows the differences
between China and the other two countries.

The organization of this paper is as follows. Section 2
describes the indicators to research strong components based
on cycle degree. Section 3 briefly explains the methodology
we employed in this study. The next part presents the main
empirical results and analyses. Finally, some conclusions are
offered.

2. Relevant Indicators to Analyze Strong
Component Based on Cycle Degree

Strong components of an industrial network can be analyzed
from a vertex or from the whole network. From a vertex
perspective, as different vertices play different roles in cir-
culations, it is important to analyze these differences. From
the whole network, the strong components with different
numbers of cycles create different circular effects. In addition,
the distribution of sectors with large cycle degree can also
show the characteristic of the economy.

2.1. Circular Centrality. The cycle degree of a vertex depicts
the number of closed paths through the vertex in circulations.
For a vertex, cycle degree can show its effect on circulation,
but that is not wholly so. As is seen in Figure 1, there are
two cycles through vertex A, A → B → A and A →

C → B → A, but they have difference. Vertex A gets
to itself through two steps along the first cycle, but three
steps along the second one. The length of the path affects the
linkage between the two sectors. As the path becomes longer,
the linkage would be weaker. To a closed directed path, it is
obvious that the cycle’s length is a factor which can affect the
roles of a vertex in circulation. If a vertex is contained in a
special long cycle, the effect of the sector on itself would be
slow and weak.

In order to express the effect of a sector on circulation, two
factors should be taken into consideration, the cycle degree
and lengths of cycles through the sector.

Freeman [13] proposed the concept of closeness centrality
and suggested that the shorter the distance between a vertex
and the others is, the higher closeness centrality it has.
A vertex with big cycle degree and short cycles has a
high circulation. Considering the two factors, we define the
circular centrality of a vertex, which involves the concept of
length distribution of cycles [11].

Length distribution of cycles depicts the numbers of
cycles with different lengths through a sector. Regardless of
loop, the length of the shortest cycle is 2. As the vertices in a
cycle are different, the length of the longest cycle is no more
than the number of vertices in the strong component, here
assumed to be 𝑚. Supposing 𝑑𝑘

𝑐
(V) denote the number of 𝑘

cycles through sector V, we get length distribution of cycles
(
2 𝑘 𝑚

⋅⋅⋅ ⋅⋅⋅

𝑑
2

𝑐
(V) 𝑑𝑘

𝑐
(V) 𝑑𝑚

𝑐
(V)
). In Figure 2, there are 4 cycles through

vertex V
1
, with two cycles of the length of 5 and the others of

2 and 4. So, the length distribution of industry cycles through
V
1
is ( 2 4 5
1 1 2

).
Length distribution of cycles involves the lengths of cycles

and the corresponding cycle degrees at each length through
a vertex. To a certain length, the ratio of cycle degree to
its length shows the circular effect. The sum of all ratios
depicts the role of the sector in circulation, which is defined
as the circular centrality of a sector here. Denote the circular
centrality of sector V by 𝑐𝑐V, and then

𝑐𝑐V =

𝑚

∑

𝑘=2

𝑑
𝑘

𝑐
(V)
𝑘

. (1)

The percentage is applicable when the vertices within
strong component are compared with each other. The coef-
ficient of circular centrality of sector V, denoted by 𝑝

𝑐𝑐V
, is

the percentage of circular centrality of sector V in those of all
sectors in the strong component, and then

𝑝
𝑐𝑐V
=

𝑐𝑐V

∑
𝑚

V=1 𝑐𝑐V
× 100%. (2)

The circular centrality of a vertex is a concept based on
cycle degree but involves the lengths of cycles. A vertex with
big coefficient of circular centrality plays an important role in
circulation.

2.2. The Cycle Degree of a Strong Component. Cycles are the
fundamental units of a strong component. There must be
some cycles in a strong component, at least one. Complete
strong components contain the most cycles. The more cycles
a strong component contains, the stronger the circularity is.
The number of cycles in a strong component is related to the
number of vertices and the features of arcs.

The cycle degree of a strong component, denoted by 𝑑
𝑡
, is

the number of cycles it contains. As the number of vertices
in a strong component is constant, it is highly correlated
to the arcs there. In general, the cycle degree of a strong
component is highly positively correlated to the number of
arcs. Sometimes, it is also related to the directions of arcs, and
so forth. In Figure 2, if the arc V

1
→ V
2
becomes V

2
→ V
1
,

there would remain only one cycle.
As a cycle including several vertices, the cycle degree of

the strong component is not the sum of cycle degrees of all
vertices there. If there are 𝑘 vertices in a cycle, the cycle is
counted 𝑘 times, for it is considered in calculating the cycle
degree of each vertex in the cycle. In order to calculate it,
we can classify all cycles according to their lengths and sum
up the cycle degree at each length. Suppose there are 𝑑𝑘

𝑐
(V) 𝑘

cycles through sector V and𝑚 sectors in a strong component,
V = 1, 2, . . . , 𝑚. As the number of vertices is that of arcs in
a cycle, the number of 𝑘 cycles in the strong component is
∑
𝑚

V=1 𝑑
𝑘

𝑐
(V)/𝑘.

Regardless of loops, arcs beginning and ending at the
same vertex, as an industry cycle contains two sectors at least,
the length of the shortest cycle is 2. And that of the longest
cycle is𝑚, for𝑚 sectors in the strong component. So, the cycle
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Figure 3: Strong component and the corresponding complete subdigraph.

degree of a strong component, denoted by 𝑑
𝑡
, is the sum at

each length. That is,

𝑑
𝑡
=

𝑚

∑

𝑘=2

∑
𝑚

V=1 𝑑
𝑘

𝑐
(V)

𝑘
. (3)

The cycle degree of a strong component depicts network
connectivity of the strong component. The bigger it is, the
stronger the connectivity is.

3. The Methodology to Identify Strong
Components and Calculate the Cycle Degree
of a Vertex

In order to study strong components, we need to identify
them froman industrial network first. In addition, calculating
the cycle degree of a vertex is the basis to study the strong
component. Here, we employ the methodology proposed by
Zhao et al. [11] to do these.

3.1. Identifying Strong Components of an Industrial Network.
A strong component should be identified from its unique
features. All sectors in a strong component can reach one
another along directed paths. If arcs are drawn along all
directed paths, a strong componentwould become a complete
subdigraph, where there are arcs between any two sectors,
as is shown in Figure 3. In the adjacent matrix attached to a
complete subdigraph, the entries off the principal dialogue
are all “1.” According to this, we can distinguish complete
subdigraphs from others and identify the strong components
accordingly.

In order to identify the strong component of an industrial
network, we draw arcs along all directed paths and get
a new network, which is called the expansion network
here. In the expansion network, the strong components of
the primary network become complete strong components.
Suppose that the adjacent matrixes of an industrial network
and its expansion network are U and U∗, respectively. In the
industrial network, if there are 𝑝 directed walks, length of
𝑘 from 𝑖 to 𝑗, the entries at the intersection of row 𝑖 and
column 𝑗 of U𝑘 would be 𝑝 [14]. Suppose that an industrial

network contains 𝑛 vertices; then the length of the longest
path (without cycles) of the industrial network will be not
more than 𝑛 − 1. The sum of the power sequence of the U𝑘
(𝑘 = 1, . . . , 𝑛 − 1) matrices gives all walks no more than 𝑘

steps. When arcs are drawn along all paths, the entries of the
corresponding adjacent matrix will become 1 at all positive
entries of the sum matrix. So we can get the adjacent matrix
U∗ from the Boolean summation (i.e., 1 + (#) 1 = 1) of the
power sequence matrices; that is,

U∗ = # (U + U2 + ⋅ ⋅ ⋅ + U𝑛−1) , (4)

where # denotes Boolean summation.
From U∗, we search for all the appropriate 𝑗 and 𝑘 for

satisfying 𝑢∗(𝑘, 𝑗) = 1 and 𝑢
∗

(𝑗, 𝑘) = 1. All the vertexes 𝑗
and 𝑘 are in one complete subdigraph of the industry linkage
expansion network; that is, they all belong to one strong
component in the industrial network.

3.2. Calculating the Cycle Degree of a Sector. In a strong
component, cycle degree of sector 𝑖means the number of all
cycles through sector 𝑖, denoted by 𝑑

𝑐
(𝑖). In order to calculate,

divide the cycles through sector 𝑖 into groups according to
their length and denote the cycle degree of length 𝑘 by 𝑑(𝑘)

𝑐
(𝑖).

It is obvious that the sum of cycle degrees of all lengths cycles
is the cycle degree through sector 𝑖. Consider

𝑑
𝑐
(𝑖) = ∑

𝑘

𝑑
(𝑘)

𝑐
(𝑖) . (5)

Ignoring the loops, the shortest cycle is 2 cycles (length of
2), and the longest is no more than the number of vertices in
the strong component.

From the adjacency matrix of an industrial network, U,
we can get the liaisons of any two sectors. If 𝑢

𝑖𝑗
= 1, there

is a direct linkage from sector 𝑖 to 𝑗; if 𝑢
𝑖V
1

= 𝑢V
1
V
2

= ⋅ ⋅ ⋅ =

𝑢V
𝑘−1
𝑗
= 1 (𝑖, V

1
, V
2
, . . . , 𝑗 all differ from one another, so that

there is a directed path length of 𝑘 from sector 𝑖 to 𝑗), there is
an indirect linkage from sector 𝑖 to 𝑗, as is shown in Figure 4;
otherwise, there is no linkage. When sectors 𝑖 and 𝑗 are the
same one, the directed path becomes a directed cycle. In other
words, there is a 𝑘 cycle through sector 𝑖.
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Figure 4: Directed path from sector 𝑖 to sector 𝑗.
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Figure 5: Process to calculate cycle degree through sector 𝑖.

In order to calculate 𝑑(𝑘)
𝑐
(𝑖), we search for the directed

closed paths 𝑖 → V
1
→ V
2
→ V
3
→ ⋅ ⋅ ⋅ → V

𝑘−2
→ V
𝑘−1

→ 𝑖

(𝑖, V
1
, V
2
, . . . all differ from one another) first and then count.

The number of all these paths is 𝑑(𝑘)
𝑐
(𝑖), and the sum of all

lengths of cycles is 𝑑
𝑐
(𝑖).

As vertices 𝑖, V
1
, V
2
, . . . , V

𝑘−1
are different from each other,

the searching process is complex, especially to larger 𝑘. But
an industrial network has its unique characteristics, which
make the calculation possible. Firstly, the number of vertices
in an industrial network is clear and small, and so is that
of a strong component. Secondly, as industrial networks are
sparse, if we only calculate unit entries and omit nil entries of
the adjacent matrixes, the calculation will be reduced greatly.
The algorithm is as follows.

Suppose that there are 𝑚 sectors in a strong component,
and W is the adjacent matrix attached to the strong compo-
nent. Let 𝑑(𝑘)

𝑐
(𝑖) be equal to 0 for sector 𝑖 first. As is shown in

Figure 5, the steps are as follows.

Step 1. Search for the suitable V
1
for 𝑤
𝑖V
1

= 1.

Step 2. Search for the suitable V
2
for 𝑤V

1
V
2

= 1. As no loop is
in a strong component, it is certain that V

2
̸= V
1
. If V
2
= 𝑖,

there must be a 2-cycle; then 𝑑(2)
𝑐
(𝑖) ← 𝑑

(2)

𝑐
(𝑖) + 1; else, go to

next step.

Step 3. Search for the suitable V
3
for 𝑤V

2
V
3

= 1, and V
3

̸= V
1
. If

V
3
= 𝑖, 𝑑(3)
𝑐
(𝑖) ← 𝑑

(3)

𝑐
(𝑖) + 1; else, go to next step.

.

.

.

Step𝑚 − 1. Search for the suitable V
𝑚−1

for 𝑤V
𝑚−2

V
𝑚−1

= 1, and
V
𝑚−1

̸= V
1
, V
2
, . . . , V

𝑚−3
. If V
𝑚−1

= 𝑖, 𝑑(𝑚−1)
𝑐

(𝑖) ← 𝑑
(𝑚−1)

𝑐
(𝑖) + 1;

else, go to next step.

Step 𝑚. Search for the suitable V
𝑚
for 𝑤V

𝑚−1
V
𝑚

= 1, and V
𝑚

̸=

V
1
, V
2
, . . . , V

𝑚−2
. If V
𝑚
= 𝑖, 𝑑(𝑚)

𝑐
(𝑖) ← 𝑑

(𝑚)

𝑐
(𝑖) + 1; else, go to

next step.

Step 𝑚 + 1. Sum up 𝑑𝑘
𝑐
(𝑖) (𝑘 = 2, . . . , 𝑚); then we get 𝑑

𝑐
(𝑖).

Applying the procedure to all vertices of a strong compo-
nent, we obtain all cycle degrees.
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Figure 6: Strong component of China’s industrial network.

4. Empirical Calculations and Analyses

In order to study the effectiveness of the concepts mentioned,
some practical calculations are made. China’s rapid devel-
opment has intrigued a great deal of economists to try to
understand the process [15–18]. So we try to analyze China’s
strong components and compare them to those of the US and
Japan.

For comparison purposes, the data employed are derived
from the OECD Input-Output Database, which is a part
of the structural analysis (STAN) database. Data are used
from Domestic Input-Output Tables 2005 of China, the
US, and Japan (the 2005 Input-Output Tables were the last
ones available). The tables all have 37 homogeneous sectors,
as presented in Appendix C, making it possible to provide
internationally comparable data for research. In order to
find the fundamental relationships from the impacts on total
production, we calculate the corrected influence coefficients
of industrial linkage (Chen and Zhao [19], see Appendix A),
on the basis of which industrial networks are constructed
(Zhao et al., 2011 [20], see Appendix B).

4.1. Identifying the Strong Component of China’s Industrial
Network. Based on the methodology of Section 3, we obtain
China’s strong component. There is only one strong com-
ponent, containing 23 sectors and 144 arcs, as is shown in
Figure 6. The cycle degree of the strong component of China
is 1263356.

4.2. Cycle Degrees of Sectors in China’s Strong Component. The
lengths distribution of cycles and cycle degrees of sectors
in China are calculated, as is shown in Table 1. It can be
seen that, to one sector, when the lengths of cycles are short,
as the length is growing, the corresponding cycle degrees
rise gradually. When the cycle degree reaches the maximum
value, it starts to fall until reaching zero with the increase of
the length.

To represent length distribution of industry cycles graph-
ically, with abscissa being the lengths of cycles and ordinate
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Figure 7: Length distribution of cycles of the top ten sectors.

being cycle degrees, we get the line charts of the top ten
sectors, as is shown in Figure 7.

From Figure 7, it appears that the curves look like bells,
increasing first and then decreasing. In the declining process,
several curves overlap gradually. Given closer analysis it can
be seen that as cycle becomes longer, there are more sectors
in one cycle, so the cycle degrees of the top sectors increase
simultaneously.

Dividing curves into halves in the middle parts, it can be
seen that the differences of cycle degrees mainly come from
the shorter cycles. Since shorter cycles circulate faster than
the longer ones, the sectors with larger cycle degrees play
more important roles and show greater competitiveness in an
economy.

The cycle degree through a sector is an absolute value
describing all closed paths through the sector. When we
analyze how much a sector impacts the whole structure,
relative cycle degree is needed. The relative cycle degree
through sector 𝑖 is the percentage of the cycle degree through
sector 𝑖 in that of the strong component, denoted by 𝑝

𝑑
𝑐
(𝑖)
;

then

𝑝
𝑑
𝑐
(𝑖)
=
𝑑
𝑐
(𝑖)

𝑑
𝑡

× 100%. (6)

The relative cycle degrees of sectors in China are calcu-
lated, and the top ten ones are taken out, as is shown in
Table 2.

4.3. Strong Component Comparisons among China, the US,
and Japan. The cycle degree of the strong component of
China is 1263356, while those of the US and Japan are
72712187 and 94706, respectively. It shows that, within an
economy, the economic circulation of China is in the middle
of the US and Japan. Relatively, Japan is the most dependent
on foreign economy, and the US is the weakest.

For comparison, the coefficients of circular centrality and
the relative cycle degrees of sectors are calculated and ordered
in the three economies. Listing the top ten sectors, we get
Table 2.

From Table 2, the top ten cycle degree sectors in the
three economies basically share the same rankings with
their coefficients of circular centrality. It is thus evident that
the sectors with bigger cycle degrees have higher circular
centrality generally.

Comparing the ten largest cycle degree sectors in the
three economies, we can find that there exist some similarities
but more differences in the three economies, as is shown in
Figure 8. Overall, there are three common sectors, sectors 23,
25, and 32. They all belong to the service sector.

The distributions of the top ten sectors in the three
economies are largely in accordance with their characteris-
tics.

In China, the top ten sectors are distributed in three
industries, one belonging to the resource industry, five to
the manufacturing industry, and four to the service industry.
Sector 2 (mining and quarrying) ranks in the top ten only
in China. Of the five sectors belonging to the manufacturing
industry, four are in the top five. It is evident that the
manufacturing industry is the predominant part in China.
The US shows its unique characteristics. Of the top ten
sectors, nine belong to the service sector. Obviously, the
service industry plays a dominant part in the US. Among
them, sectors 28 (real estate activities), 31 (research and
development), 36 (other community, social, and personal
services), and 3 (food products, beverages, and tobacco) are
in the top ten sectors only in the US, and sectors 28, 31, and
36 are even in the top five. Japan is somewhere between the
US and China.The top ten sectors are both evenly distributed
in the manufacturing and the service industry.

5. Conclusions and Further Research

Strong components are important components of a digraph
for the circulations among vertices. Studying the strong
components of an industrial network makes it easier to
further identify the structural characteristics of the vertices
and the whole network. To describe the strong components
of an industrial networkmore accurately, this paper proposes
the concept of circular centrality of a vertex and cycle degree
of a strong component on the basis of cycle degree. As circular
centrality of a vertex takes into consideration the influence by
the lengths and the numbers of cycles through the vertex, it
can better describe the real world. Using these indicators, the
features of the strong components of China are analyzed and
compared with those of the US and Japan.

We can analyze the strong components of an industrial
network from two aspects: a vertex and strong component.
From the viewpoint of a vertex, circular centrality is a concept
involving the cycle degree and lengths of the cycles. Generally,
a sector with a higher circular centrality has a stronger
circulation and a larger influence on the economy. The study
on the strong components of China and the other two
economies shows that a vertex with a large cycle degree, with
a few exceptions, has a high coefficient of circular centrality.
From the viewpoint of a strong component, its cycle degree
describes the number of circular paths within it. With a
constant vertex number, a strong component with a larger
cycle degree circulates stronger.
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Figure 8: The top ten largest cycle degree sectors of the three economies.

Table 2: The top ten sectors of relative cycle degree and coefficients of circular centrality.

China Japan The US

SC RCD CCC SC RCD CCC SC RCD CCC
(%) RA (%) RA (%) RA (%) RA (%) RA (%) RA

25 96.3 1 7.20 1 23 98.3 1 8.0 1 23 23 1 6.24 1
8 95.2 2 7.13 2 21 89.7 2 7.17 2 36 36 2 6.23 2
13 94.6 3 7.08 3 32 89.2 3 7.12 3 31 31 3 6.17 3
11 88.8 4 6.60 4 13 88.5 4 7.04 4 28 28 4 6.01 4
21 87.2 5 6.47 5 6 80.1 5 6.41 5 27 27 5 5.85 5
23 85.4 6 6.28 6 27 78.4 6 6.20 6 33 33 6 5.79 6
2 76.5 7 5.61 7 25 76.8 7 6.09 7 25 25 7 5.1 7
32 75.7 8 5.55 8 22 76 8 5.99 8 32 32 8 4.97 8
15 75.3 9 5.45 10 26 70.8 9 5.52 9 53 53 9 4.53 9
24 75.2 10 5.51 9 8 67.8 10 5.3 10 24 24 10 4.32 10
Note. SC: sector code; RCD: relative cycle degree; RA: ranking; CCC: coefficients of circular centrality.

Although the concept of circular centrality of a vertex
can describe strong components thoroughly, the calcula-
tion methods also have some limitations. Since the cal-
culation process involves circulation, it may take a long
time when there are many vertices and arcs in a strong
component. As the intermediate inputs of industries are
uneven (see Appendix B), the industrial networks are rel-
atively sparse. This makes the method effective in most
cases.

Generally, a sector with higher circular centrality has
more competitiveness. In order to improve the competitive-
ness of an economy, we can try to change some linkages
through policy guidance to enhance the circular level of
the sector and the whole network. It is meaningful to find
these linkages and take appropriate action to change them in
future research. In addition, there are probably some vertices
with more intimate relationships than others within a strong
component. Finding these groups will be useful to further
analyze the network.

Appendix

A. The Corrected Influence Coefficients of
Industrial Linkage

From the perspective of the total output of an economy,
corrected influence coefficients of industrial linkage delineate
the effects of the linkages between two sectors on the total
output with the unchanged final demand. The hypothetical
extraction method (HEM) is a suitable method for quantita-
tively calculating the coefficients.

The original idea of the HEM is to extract a sector
hypothetically from an economy and examine the impact
of the extraction on the economy (Schultz [21]; Cella [22];
Clements [23]; Dietzenbacher and Van Der Linden [24];
Miller and Lahr [25]; Cai and Leung [26]). The differences
of total output show effect of the linkages.

Similarly, to assess the linkage effect between two specific
sectors, we assume that sector 𝑗 would purchase import
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goods to substitute for the inputs of sector 𝑖 completely.
Thus, by comparing the total outputs before and after the
hypothetical extraction, the linkage between sectors 𝑖 and 𝑗
can be calculated. Based on the Leontief model, the industry
linkage effect is studied from backward linkages.

Formally, denote the technical coefficient matrix of an
economy with 𝑛 sectors by A, A = (𝑎

𝑖𝑗
)
𝑛×𝑛

, and the total
output vector byX,X = (𝑥

𝑖
)
𝑛×1

, the final total demand vector
by F, F = (𝑓

𝑖
)
𝑛×1

. The impact of a sector on its own is not
considered.

In accordance with the Leontief model, the basic balance
equation is

X = AX + F. (A.1)

According to HEM, it is assumed that the technical
coefficientmatrixA is partitioned into two groups: group one
(𝑔
1
) being the two sectors to be studied (sectors 𝑖 and 𝑗) and

group two (𝑔
2
, 𝑔
1
+ 𝑔
2
= 𝑛) being the remaining sectors. X

and F are divided accordingly. Consider

A = [

A11 A12

A21 A22
] ,

X = [

X1

X2
] ,

F = [

F1
F2
] ,

(A.2)

where

A11 = [

𝑎
𝑖𝑖

𝑎
𝑖𝑗

𝑎
𝑗𝑖

𝑎
𝑗𝑗

]

2×2

;

A12 = [

𝑎
𝑖𝑙
⋅ ⋅ ⋅ 𝑎
𝑖𝑘

𝑎
𝑗𝑙

⋅ ⋅ ⋅ 𝑎
𝑗𝑘

]

2×(𝑛−2)

;

A21 =
[
[
[

[

𝑎
𝑙𝑖

𝑎
𝑙𝑗

⋅ ⋅ ⋅ ⋅ ⋅ ⋅

𝑎
𝑘𝑖

𝑎
𝑘𝑗

]
]
]

](𝑛−2)×2

;

A22 =
[
[

[

𝑎
𝑙𝑚

⋅ ⋅ ⋅ 𝑎
𝑙𝑛

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

𝑎
𝑘𝑚

⋅ ⋅ ⋅ 𝑎
𝑘𝑛

]
]

]
(𝑛−2)×(𝑛−2)

(A.3)

with 𝑙, 𝑘, 𝑚, 𝑛 ̸= 𝑖, 𝑗.
Equation (A.1) can be rewritten as

[

X1

X2
] = [

A11 A12

A21 A22
] × [

X1

X2
] + [

F1
F2
] . (A.4)

Solve (A.4):

X1 = HA12B22F2 +HF
1

X2 = B22F2 + B22A21HA12B22F2 + B22A21HF
1
,

(A.5)

where B22 = [I −A22]
−1,H = [I −A11 −A12B22A21]

−1, and I
denotes the identity matrix.

Now, suppose that the input from sector 𝑖 to sector 𝑗 is
extracted from the economy; that is, 𝑎

𝑖𝑗
= 0. A11 becomes

A11, A


11 = [
𝑎
𝑖𝑖
0

𝑎
𝑗𝑖
𝑎
𝑗𝑗
]
2×2

, and X becomes X. Equation (A.4)
can be expressed as

[

X1
X2
] = [

A11 A12

A21 A22
] × [

X1
X2
] + [

F1
F2
] . (A.6)

Solve (A.6):

X1 = HA12B22F2 +HF
1

X2 = B22F2 + B22A21H
A12B22F2 + B22A21H

F
1
,

(A.7)

whereH = [I − A11 − A12B22A21]
−1.

The difference between (A.5) and (A.7), denoted by ILE
𝑖𝑗
,

means the industry linkage effect of sectors 𝑖 and 𝑗. Consider

ILE
𝑖𝑗
= k (X − X) = [k1 (H −H)

+ k2B22A21 (H −H)] F1 + [k1 (H −H)A12B22

+ k2B22A21 (H −H)A12B22] F2,

(A.8)

where k, k1, and k2 are row summation vectors for g, g
1
, and

g
2
.
The corrected influence coefficient between sectors 𝑖 and

𝑗, 𝑖𝑙𝑐𝑖𝑐
𝑖𝑗
, is the percentage of ILE

𝑖𝑗
in the total output. Consider

𝑖𝑙𝑐𝑖𝑐
𝑖𝑗
=

ILE
𝑖𝑗

kX
× 100%. (A.9)

B. Constructing the Industrial Network

The industrial network is a fundamental model to analyze
economic structures. With information in Input-Output
Tables, the industrial network can be constructedwith sectors
being vertices, while arcs (directed edges) represent indus-
trial linkages. The numeric values matrices, such as input-
output quantitative transactions, or coefficients calculated
from them, such as corrected influence coefficients, depict
various relationships and determine the existence of arcs
between sectors. In principle, with a defined threshold value,
a numeric values matrix can be transferred into an adjacency
matrix attached to a directed graph, with all positive entries
larger than or equal to the filter to unity and the rest of the
entries to zero.

It can be observed that the intermediate inputs of any
sector are uneven. In the technical coefficient matrix A of
any economy, only few 𝑎

𝑖𝑗
values are large. For instance, in

Chinese IO tables for the year 2005 (37 × 37), the 53 highest
intermediate flows comprise 50% of the total intermediate
consumption, while the remaining ones (1316) account for the
other 50%. Nonuniform inputs make the industrial networks
determined by several important relations.

Considering that the inputs have obvious inflection point,
Zhao et al. [20] proposed the method to establish networks
with Weaver-Thomas index.
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Table 3: OECD sector classification.

Code Sector
1 Agriculture, hunting, forestry, and fishing
2 Mining and quarrying
3 Food products, beverages, and tobacco
4 Textiles, textile products, leather, and footwear
5 Wood and products of wood and cork
6 Pulp, paper, and paper
7 Coke, refined petroleum products, and nuclear fuel
8 Chemicals and chemical products
9 Rubber and plastics products
10 Other nonmetallic mineral
11 Basic metals

12 Fabricated metal products except machinery and
equipment

13 Machinery and equipment n.e.c
14 Office, accounting, and computing machinery
15 Electrical machinery and apparatus n.e.c
16 Radio, television, and communication equipment
17 Medical, precision, and optical instruments
18 Motor vehicles, trailers, and semitrailers
19 Other transport equipment
20 Manufacturing n.e.c; recycling
21 Electricity, gas, and water supply
22 Construction
23 Wholesale and retail trade; repairs
24 Hotels and restaurants
25 Transport and storage
26 Post and telecommunications
27 Finance and insurance
28 Real estate activities
29 Renting of machinery and equipment
30 Computer and related activities
31 Research and development
32 Other business activities
33 Public admin and defense; compulsory social security
34 Education
35 Health and social work
36 Other community, social, and personal services
37 Private households with employed persons
Source: This sector classification uses the latest version of the OECD I-
O tables: 2005 Edition. http://stats.oecd.org/ to obtain the 2005 edition of
OECD input-output tables for free.

The Weaver-Thomas index is an effective tool for finding
the significant index developed byWeaver first and improved
by O. Thomas later. Comparing an observed distribution
with an assumed one, the closest approximation distribution
is established to identify the key elements in numerical
sequences. For the availability of finding crucial factors, it is
widely used in regional economics.

Let C denote the coefficient matrix of an economy with
𝑛 sectors (it can be technical coefficient matrix, or other
matrixes); 𝐶 = (𝑐

𝑖𝑗
)
𝑛×𝑛

. According to the sequence from big
to small order, rearrange 𝑐

11
, 𝑐
12
, . . . , 𝑐

𝑛𝑛
and get the vectorC∗.

Denote the 𝑙th element of C∗ by 𝑐
𝑖𝑗
; then the Weaver index is

𝑤 (𝑙) =

𝑛
2

∑

𝑘=1

[𝑠 (𝑘, 𝑙) − 100 ×

𝑐
𝑖𝑗

∑
𝑛

𝑗=1
∑
𝑛

𝑖=1
𝑐
𝑖𝑗

]

2

, (B.1)

where

𝑠 (𝑘, 𝑙) =
{

{

{

100

𝑙
(𝑘 ≤ 𝑙)

0 (𝑘 > 𝑙) .

(B.2)

Let 𝑤(𝑙∗) = min{𝑤(1), 𝑤(2), . . . , 𝑤(𝑛 × 𝑛)}; the 𝑙
∗th

element of C∗, 𝑐∗, is the threshold value. If 𝑐
𝑖𝑗
≥ 𝑐
∗, there

would be an arc from sector 𝑖 to sector 𝑗 in the industrial
network with the direction in keeping with the flow. Denote
the adjacency matrix byW; then

𝑤
𝑖𝑗
=
{

{

{

1, if 𝑐
𝑖𝑗
≥ 𝑐
∗

0, if 𝑐
𝑖𝑗
< 𝑐
∗

.

(B.3)

C. OECD Sector Classification

See Table 3.
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The life spans of durable goods are longer than their warranty periods. To satisfy the service demand of spare parts and keep the
market competition advantage, enterprises have to maintain the longer inventory planning of spare parts. However, how to obtain
a valid number of spare parts is difficult for those enterprises. In this paper, we consider a spare-part inventory problem, where
the inventory can be replenished by two ways including the final production order and the remanufacturing way. Especially for
the remanufacturing way, we consider the acquisition management problem of used products concerning an acquisition pricing
decision. In a multiperiod setting, we formulate the problem into a dynamic optimization problem, where the system decisions
include the final production order and acquisition price of used products at each period. By stochastic dynamic programming, we
obtain the optimal policy of the acquisition pricing at each period and give the optimal policy structure of the optimization problem
at the first period. Then, a recursion algorithm is designed to calculate the optimal decisions and the critical points in the policy.
Finally, the numerical analyses show the effects of demand information and customer’s sensitive degree on the related decisions
and the optimal cost.

1. Introduction

With the improvement of market competition, customers
have larger difficulty in distinguishing the products with sim-
ilar functions. In addition to the price, they also have to con-
sider more other factors. In those factors, after-sale service is
themost important indicator, especially for durable products,
such as automobile, computer, household appliances, and
engineering equipment.

Current enterprises concern more the after-sale service
within the regular warranty period. However, for durable
products, the warranty period is much less than the product
life span. For example, the warranty period of refrigerator
is less than three years, but the product life is more than 10
years. And the probability of the product failure outside the
warranty period is larger. When a failure occurs, although
the product is outside the warranty period, the user still
hopes the enterprise provides related services. However,

if the enterprise cannot effectively help the user to solve
the problem, it will have a negative impression of their
products and directly affect the consumers’ choice at the
next time purchase option. For some personalized products,
users are more dependent on the services provided by the
manufacturer, ignoring the after-sale service outside the
regular warranty period due to more serious results, which
is showed by Nagler [1]: “you buy a car and eight years
later cannot get it serviced for a reasonable price because
the manufacturer has discontinued a particular part, you
will remember it when you buy your next vehicle”. Besides,
for the necessity of keeping the competitive advantage of
enterprises, some countries also have obliged enterprises to
provide the service at outside the regular warranty period,
for example, for 15 years in case of automobiles in Germany.
Therefore, providing the extended after-sale service will be
a trend practical issue, and the related research is impor-
tant.
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In current actual operations, the shortage of spare parts
is the most difficult problem for providing after-sale service
at outside the regular warranty period. This especially holds
for durable products, because the production line has been
closed. The shortage of spare parts will improve the service
cost and brings a long waiting time, which results in a lower
user’s satisfaction and vanishes the action of providing after-
sale service outside the regular warranty period. Because of
no valid ways of replenishing inventory, the higher inventory
or operation cost may be the major reason that enterprises
do not want to provide the after-sale service outside the
regular warranty period.Thus, how to replenish the inventory
of spare part is the key problem for the extended after-sale
service outside the regular warranty period.

The inventory replenishment problem of spare parts had
became a concerned problem in the field of management and
engineering sciences (Armstrong and Atkins [2], Bruggeman
and van Dierdonck [3], Dhakar et al. [4], and Dı́az and Fu
[5]).The traditional replenishmentmainly includes twoways:
(i) producing enough spare parts before closing the regular
production line and (ii) extra producing or ordering when
the inventory is not enough. However, the first way has the
high inventory cost and risk because of a very long service
period; and the latter does not need to hold a high inventory,
but it is discontinuous and has a high setup cost. The two
ways are not enough to support the after-sale service outside
the regular warranty period. Therefore, a kind of way with
lower cost and continuous replenishment is necessary for
the after-sale service outside the regular warranty period.
Remanufacturing has been proved to be a good resource
reusing way. For after-sale service, remanufacturing used
products also can provide the necessary spare parts, and
the related cost is lower and the replenishment process is
also continuous. Fleischmann et al. [6] showed that product
recovery can be as a major source of spare parts. Teunter
and Fortuin [7] provided a case study, where spare parts
can be replenished by recovering used products. However,
remanufacturing also have shortcomings, such as higher
uncertainty, and are constrained by the history of selling
quantity of the product, so the traditional ways are still to
be valid and necessary. Thus, how to integrate multiways to
replenish the inventory of spare parts is important.

On the optimal acquisition problem of after-sale spare
parts, Fortuin [8] firstly studied the size of the final produc-
tion lot for the regular production. Teunter and Fortuin [9]
extended the approach in Fortuin to a more complicated ver-
sion. Cattani and Souza [10] considered the time of starting
the final lot. van Kooten and Tan [11] provided a numerical
method for determining the final order byMarkov chain.The
above papers only considered the final lot decision. Teunter
andKleinHaneveld [12] consider a combination of final order
and extra production order and gave an order-up-to policy.
Inderfurth and Mukherjee [13] considered the combination
of threeways of the spare parts’ acquisition, that is, (i) the final
lot of regular production, (ii) performing extra production
runs until the end of service, and (iii) using remanufacturing
to gain spare parts from used products. The decision is to
find out the optimal combination of these three options. The
model is modeled by decision tree and solved by a heuristic

method based on stochastic dynamic programming. Pourak-
bar et al. [14] considered the determination problem of
the optimal time to switch, where there are multioptions
including the final order and repair policy, and the repairing
component can be substituted by a new product. However,
few papers consider the acquisition management problem of
used products in a spare-part inventory system.The problem
is important for ensuring the stability of the remanufactur-
ing process of used products, and it is considered in this
paper.

In a spare-part inventory system, the accurate demand
information is important, which can reduce safety stock
and thus might reduce cost without reducing service levels.
A manager may need to focus on the development of
information technology for effective inventory management.
We know that, under a communication link technology, typ-
ically electronic data interchange (EDI), a vendor-managed
inventory (VMI) is more effective to plan inventory and place
orders. For example, Bourland et al. [15] investigated the
operational problem of the tradeoff between communication
(i.e., EDI) and inventory. They assumed a fixed cost of
acquiring timely demand information and examined how the
firm to adjust its inventory behavior. And information tech-
nology has enabled some researches to bemore proactive and
obtain advance demand information in addition to improv-
ing demand forecast, such as Gallego and Özer (2001 [16],
2003 [17]) and Özer and Wei (2004 [18]); they incorporated
advance demand information into periodic-review inventory
control problems.Although themainmethods for forecasting
demand are still statistical methods, such as moving average
and exponential smoothing (also see Axsater, 2006 [19]),
under more advanced information technologies (such as
Radio-Frequency Identification (RFID), cloud computing,
and Internet of Things), firms might obtain more in advance
and more accurate information, such as the real-time status
of one product, historical sales data, customers’ position,
the correlation between the historical service data, the using
environment of the product, and customers’ types. These
possibilities also enable firms to change the operations policy,
such asmaking a better and longer spare-part inventory plan-
ning. Therefore, we can consider a multiperiod spare-part
inventory problem under the existing of remanufacturing.

In this paper, we will consider the inventory decisions
problem in a multisource spare-part system, where we adopt
the final production order and remanufacturing ways to
replenish spare parts. The final production order provides
the initial inventory of spare parts; then, the inventory is
continuously replenished by collecting and remanufacturing
used products. Under the setting, the manager needs to
determine the optimal final production order and acquisition
price of collecting used products.

The rest of this paper is organized as follows. In Section 2,
we give the problem description and formulation. Section 3
provides the optimal acquisition pricing policy. Furthermore,
we analyze the optimal size of the final production order
and the acquisition pricing at the first period in Section 4.
In Section 5, we propose an algorithm for the parameters in
optimal policy structures. Numerical examples are provided
in Section 6. Finally, we conclude our paper in Section 7.
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2. Problem Description and Formulation

We consider an inventory system with single spare part and
two replenishmentways, including the final production order
and remanufacturing. The final production order only needs
to be determined at the time of closing production line, which
maintains the demand of the regular warranty period. To
satisfy the demand in an extended warranty period, espe-
cially for outside the regular warranty period, the enterprise
starts an acquisition and remanufacturing planning of used
products, that is, by collecting and remanufacturing the
used products into serviceable components and furthermore
satisfying the demand in the service period. For controlling
the return quantity of used products, the enterprise will
provide an incentive for users which may be a cash payment.
We call it acquisition price. A finite period setting will be
considered in the following. Without loss of generality, the
length of a period is assumed to be one, and the periods are
numbered by 𝑘 = 1, 2, . . . , 𝑁.

Let 𝜏𝑘 denote the acquisition price at period 𝑘 and 𝜉𝑘(𝜏𝑘)
denote the returned quantity when the acquisition price is 𝜏𝑘;
it is defined as the following form:

𝜉𝑘 (𝜏𝑘) = 𝜇𝑘 (𝜏𝑘) + 𝜀𝑘, (1)

where 𝜇𝑘(𝜏𝑘) = 𝛼+𝛽𝜏𝑘 and 𝜀𝑘 is a random factor with support
[𝑎𝑘, 𝑏𝑘] and zeromean value.𝜇𝑘(𝜏𝑘) is the expected quantity of
returned products under the given acquisition price 𝜏𝑘. This
linear form is similar to the linear demand function, and the
latter is frequently used inmany studies (e.g., Federgruen and
Heching [20], Simchi-Levi et al. [21], and Sun et al. [22]).
We assume that the supply capacity of returned products is
unlimited, and all returned products can be remanufactured
into serviceable parts. And the remanufacturing process has
no production loss, and the unit returned product will yield
the unit serviceable part.

All demands of serviceable parts at different periods are
stochastic and independent of each other. Because demands
and supplies are stochastic, both the inventory shortage and
surplus status are possible. The unsatisfied demands need to
be backlogged and incur the inventory shortage cost. Further,
all surplus will be transferred into the next period and incur
the inventory holding cost.

The sequence of system events is given as follows. First,
the firm determines the size of the final production order and
acquisition price at the beginning of the planning horizon.
From the second period to the 𝑁th period, the firm only
determines the acquisition price level at the period. Then,
within each period, the firm acquires used products from
users and remanufactures returned products into serviceable
parts and reviews the inventory state of the serviceable part
and calculates the related costs. The holding inventory cost
can be obtained by the multiplication of the unit holding cost
and the quantity of serviceable parts of entering the inventory,
which also means that even if one spare part is put into the
inventory and taken away in the same period, its cost is still
calculated.

The optimization problem is to find the optimal final
production order and the optimal acquisition price policies

of different periods so that the total inventory and acquisition
costs can be minimized.

From the sequence of system events, we have the follow-
ing state equation of the dynamic system:

𝐼𝑘+1 =
{

{

{

𝐼𝑘 + 𝜉𝑘 (𝜏𝑘+1) − 𝐷𝑘+1, 𝑘 ≥ 1,

𝑖0 + 𝑄 + 𝜉1 (𝜏1) − 𝐷1, 𝑘 = 0.

(2)

For period 𝑘, 𝑘 ≥ 2, when the initial inventory level is 𝐼𝑘−1
and the acquisition price is 𝜏𝑘, the cost function at the period
is given as follows:

𝑔𝑘 (𝐼𝑘−1, 𝜏𝑘) = 𝜏𝑘𝜉𝑘 (𝜏𝑘) + ℎ ((𝐼𝑘−1)
+
+ 𝜉𝑘 (𝜏𝑘))

+ 𝑞 (𝐷𝑘 − 𝐼𝑘−1 − 𝜉𝑘 (𝜏𝑘))
+
,

(3)

where (𝑥)+ = max{𝑥, 0}. The first term of the above equation
is the acquisition cost, and the second term is the inventory
holding cost, and the third term is the penalty cost of the
shortage parts. Especially for the first period, there is the final
production order and the cost function is given as follows:

𝑔1 (𝑖0, 𝑄, 𝜏1) = 𝜏1𝜉1 (𝜏1) + ℎ (𝑖0 + 𝑄 + 𝜉1 (𝜏1))

+ 𝑞 (𝐷1 − 𝑖0 − 𝑄 − 𝜉1 (𝜏1))
+
.

(4)

Let 𝜋 denote a feasible policy and be defined by 𝜋 =

{(𝑄, 𝜏1, . . . , 𝜏𝑁) | 𝑄 ≥ 0, 𝜏𝑘 ∈ [0, 𝜏𝑢]}. Therefore, for a given
initial inventory level 𝑖0 and a feasible policy 𝜋, the total cost
of the whole system is

𝑊(𝑖0, 𝜋) = 𝑔1 (𝑖0, 𝑄, 𝜏1) +

𝑁

∑

𝑘=2

𝑔𝑘 (𝐼𝑘−1, 𝜏𝑘) , (5)

where we assume the end cost at the planning horizon to be
zero.

LetΠdenote the set including all feasible policies, so there
is𝜋 ∈ Π.The optimization problem in this paper is as follows:
for a given initial inventory level 𝑖0, to find an optimal policy
𝜋
∗
= (𝑄
∗
, 𝜏
∗

1
, . . . , 𝜏

∗

𝑁
) so that the expectation value of the total

cost in (5) is minimum; that is,

𝑊(𝑖0, 𝜋
∗
) = min
𝜋∈Π

{𝐸 [𝑊 (𝑖0, 𝜋)]} . (6)

We call 𝑄∗ the optimal final production order and 𝜏∗
𝑘
the

optimal acquisition price at the period 𝑘. In the following, we
will give the dynamic programming equation of solving the
optimization problem.

Let 𝑖𝑘−1 denote the realized inventory state at the begin-
ning of the period 𝑘. And for 𝑘 ≥ 2, let

𝑊𝑘 (𝑖𝑘−1, 𝜋𝑘) = 𝐸
[

[

𝑁

∑

𝑗=𝑘

𝑔𝑗 (𝐼𝑗−1, 𝜏𝑗) | 𝐼𝑘−1 = 𝑖𝑘−1
]

]

, (7)

and for 𝑘 = 1, let

𝑊1 (𝑖0, 𝜋1) = 𝐸 [𝑔1 (𝑖0, 𝑄, 𝜏1)] + 𝐸
[

[

𝑁

∑

𝑗=2

𝑔𝑗 (𝐼𝑗−1, 𝜏𝑗)
]

]

. (8)
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Furthermore, define the following optimal value function:

𝑊𝑘 (𝑖𝑘−1) = min
𝜋𝑘

{𝑊𝑘 (𝑖𝑘−1, 𝜋𝑘)} , 1 ≤ 𝑘 ≤ 𝑁 + 1, (9)

so𝑊1(𝑖0) = 𝑊(𝑖0, 𝜋
∗
). In the above equations, 𝜋𝑘 = (𝜏𝑘, . . .,

𝜏𝑁) for 𝑘 ≥ 2 and 𝜋1 = (𝑄, 𝜏1, . . . , 𝜏𝑁) for 𝑘 = 1. Therefore,
the dynamic programming equations of the optimization
problem in (6) are given as follows:

𝑊1 (𝑖0) = min
𝑄≥0,𝜏1∈[0,𝜏

𝑢]

{𝐸 [𝑔1 (𝑖0, 𝑄, 𝜏1)]

+ 𝐸 [𝑊2 (𝑖0 + 𝑄 + 𝜉1 (𝜏1) − 𝐷1)]} ,

𝑊𝑘 (𝑖𝑘−1) = min
𝜏𝑘∈[0,𝜏

𝑢]

{𝐸 [𝑔𝑘 (𝑖𝑘−1, 𝜏𝑘)]

+ 𝐸 [𝑊𝑘+1 (𝑖𝑘−1 + 𝜉𝑘 (𝜏𝑘) − 𝐷𝑘)]} , 2 ≤ 𝑘 ≤ 𝑁

𝑊𝑁+1 (𝑖𝑁) = 0.

(10)

In the following section, we will analyze the optimal deci-
sions.

3. Optimal Acquisition Pricing for 𝑘 ≥ 2

In this section, we will give the optimal acquisition pricing
decision 𝜏∗

𝑘
for 𝑘 ≥ 2. From the second equation in (10), we

define

𝐻𝑘 (𝑖𝑘−1, 𝜏𝑘) = 𝐸 [𝑔𝑘 (𝑖𝑘−1, 𝜏𝑘)]

+ 𝐸 [𝑊𝑘+1 (𝑖𝑘−1 + 𝜉𝑘 (𝜏𝑘) − 𝐷𝑘)] .

(11)

To analyze the properties of𝐻𝑘(𝑖𝑘−1, 𝜏𝑘), we firstly give the
following lemmas.

Lemma 1. If the function ℎ(𝑥) is convex in 𝑥, then the function
𝑔(𝑥, 𝑦) = 𝐸[ℎ(𝑥 + 𝑎𝑦 −𝐷)] is jointly convex in 𝑥 and 𝑦, where
𝐷 is a stochastic variable with the cumulative distribution
function 𝐹(⋅).

Proof. For any given 𝑧1 = (𝑥1, 𝑦1) and 𝑧2 = (𝑥2, 𝑦2) and 𝜃 ∈
[0, 1], we have

𝑔 (𝜃𝑧1 + (1 − 𝜃) 𝑧2) = 𝑔 (𝜃𝑥1 + (1 − 𝜃) 𝑥2, 𝜃𝑦1 + (1

− 𝜃) 𝑦2) = 𝐸 [ℎ (𝜃𝑥1 + (1 − 𝜃) 𝑥2

+ 𝑎 (𝜃𝑦1 + (1 − 𝜃) 𝑦2) − 𝐷)] = ∫

+∞

−∞

ℎ (𝜃𝑥1

+ (1 − 𝜃) 𝑥2 + 𝑎 (𝜃𝑦1 + (1 − 𝜃) 𝑦2)

− 𝑧) 𝑑𝐹 (𝑧)

= ∫

+∞

−∞

ℎ (𝜃 (𝑥1 + 𝑎𝑦1 − 𝑧)

+ (1 − 𝜃) (𝑥2 + 𝑎𝑦2 − 𝑧)) 𝑑𝐹 (𝑧)

≤ 𝜃∫

+∞

−∞

ℎ (𝑥1 + 𝑎𝑦1 − 𝑧) 𝑑𝐹 (𝑧) + (1 − 𝜃)

⋅ ∫

+∞

−∞

ℎ (𝑥2 + 𝑎𝑦2 − 𝑧) 𝑑𝐹 (𝑧) = 𝜃𝐸 [ℎ (𝑥1

+ 𝑎𝑦1 − 𝑧)] + (1 − 𝜃) 𝐸 [ℎ (𝑥2 + 𝑎𝑦2 − 𝑧)]

= 𝜃𝑔 (𝑧1) + (1 − 𝜃) 𝑔 (𝑧2) .

(12)

Therefore, 𝑔(𝑥, 𝑦) is convex in 𝑥 and 𝑦.

Lemma 2. If 𝑓(𝑥, 𝑦) is jointly convex in 𝑥 and 𝑦 and 𝐶 is a
convex set, then 𝑔(𝑥) = min𝑦∈𝐶𝑓(𝑥, 𝑦) is also convex in 𝑥.

Proof. For the proof of the lemma, please see page 84 in Boyd
and Vandenberghe [23].

In the following, we analyze the properties of 𝐸[𝑔𝑘(𝑖𝑘−1,
𝜏𝑘)].

Theorem 3. The period cost function 𝐸[𝑔𝑘(𝑖𝑘−1, 𝜏𝑘)] in (3) has
the following properties: (a)𝐸[𝑔𝑘(𝑖𝑘−1, 𝜏𝑘)] is convex in 𝑖𝑘−1 and
𝜏𝑘; (b) 𝐸[𝑔𝑘(𝑖𝑘−1, 𝜏𝑘)] is supermodular in 𝑖𝑘−1 and 𝜏𝑘.

Proof. We firstly prove part (a). It is obvious that the function
max{−𝑥, 0} is convex. From (1), there is 𝜉𝑘(𝜏𝑘) = 𝜌𝑘𝛼 + 𝛽𝜌𝑘𝜏𝑘.
And by Lemma 1, we easily know that 𝐸[max{𝐷𝑘 − 𝑥 −
𝜉𝑘(𝜏𝑘), 0}] is convex in 𝑥 and 𝜏𝑘. Other parts in 𝐸[𝑔𝑘(𝑖𝑘−1, 𝜏𝑘)]
are convex obviously. So part (b) holds.

For part (b), for any 𝑥1 ≥ 𝑥2 and 𝜏
1

𝑘
≥ 𝜏
2

𝑘
, we have

𝐸 [𝑔𝑘 (𝑥1, 𝜏
1

𝑘
)] + 𝐸 [𝑔𝑘 (𝑥2, 𝜏

2

𝑘
)] − 𝐸 [𝑔𝑘 (𝑥1, 𝜏

2

𝑘
)]

− 𝐸 [𝑔𝑘 (𝑥2, 𝜏
1

𝑘
)] = 𝑞 (𝐸 [(𝐷𝑘 − 𝑥1 − 𝜉𝑘 (𝜏

1

𝑘
))
+

]

+ 𝐸 [(𝐷𝑘 − 𝑥2 − 𝜉𝑘 (𝜏
2

𝑘
))
+

]

− 𝐸 [(𝐷𝑘 − 𝑥1 − 𝜉𝑘 (𝜏
2

𝑘
))
+

]

− 𝐸 [(𝐷𝑘 − 𝑥2 − 𝜉𝑘 (𝜏
1

𝑘
))
+

]) .

(13)

Let 𝑔(𝑦, 𝑑) = (𝑑 − 𝑦 − 𝑥1)
+
− (𝑑 − 𝑦 − 𝑥2)

+, easily
knowing that 𝑔(𝑦, 𝑑) is nondecreasing in 𝑦. From 𝜏

1

𝑘
≥

𝜏
2

𝑘
, there is 𝜉𝑘(𝜏

1

𝑘
)≥𝑠𝑡𝜉𝑘(𝜏

2

𝑘
). And from Ross [24], we have

𝐸[𝑔(𝜉𝑘(𝜏
1

𝑘
, 𝐷𝑘))] ≥ 𝐸[𝑔(𝜉𝑘(𝜏

2

𝑘
, 𝐷𝑘))], so

𝐸 [𝑔𝑘 (𝑥1, 𝜏
1

𝑘
)] + 𝐸 [𝑔𝑘 (𝑥2, 𝜏

2

𝑘
)] − 𝐸 [𝑔𝑘 (𝑥1, 𝜏

2

𝑘
)]

− 𝐸 [𝑔𝑘 (𝑥2, 𝜏
1

𝑘
)] ≥ 0.

(14)

Therefore, 𝐸[𝑔𝑘(𝑥1, 𝜏𝑘)] is supermodular in 𝑥1 and 𝜏𝑘.

Furthermore, the following theorem gives the properties
of the optimal value function and the objective function.
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Theorem 4. The optimal value function 𝑊𝑘(𝑖𝑘−1) in (9) and
the objective function 𝐻𝑘(𝑖𝑘−1, 𝜏𝑘) in (11) have the following
properties:

(a) 𝑊𝑘+1(𝑖𝑘) is convex in 𝑖𝑘 for 𝑘 = 1, 2, . . . , 𝑁.
(b) 𝐻𝑘(𝑖𝑘−1, 𝜏𝑘) is convex in 𝑖𝑘−1 and 𝜏𝑘 for 𝑘 = 2, 3, . . . , 𝑁.
(c) 𝐻𝑘(𝑖𝑘−1, 𝜏𝑘) is supermodular in 𝑖𝑘−1 and 𝜏𝑘 for 𝑘 =

2, 3, . . . , 𝑁.

Proof. Apply backward recursive method.
When 𝑘 = 𝑁, there is always𝑊𝑁+1(𝑖𝑁) = 0 for any 𝑖𝑁, so

part (a) holds for 𝑘 = 𝑁 + 1. From (11), there is

𝐻𝑘 (𝑖𝑘−1, 𝜏𝑘) = 𝐸 [𝑔𝑘 (𝑖𝑘−1, 𝜏𝑘)] , (15)

and byTheorem 3, it is obvious that𝐻𝑘(𝑖𝑘−1, 𝜏𝑘) is convex and
supermodular in 𝑖𝑘−1 and 𝜏𝑘.

Assume that the theorem holds for 𝑘 = 𝑛 + 1; that is,

(a) 𝑊𝑛+2(𝑖𝑛+1) is convex in 𝑖𝑛+1;
(b) 𝐻𝑛+1(𝑖𝑛, 𝜏𝑛+1) is convex in 𝑖𝑛 and 𝜏𝑛+1;
(c) 𝐻𝑛+1(𝑖𝑛, 𝜏𝑛+1) is super-modular in 𝑖𝑛 and 𝜏𝑛+1.

We need to prove that the theorem still holds for 𝑘 = 𝑛.
From (10) and (11), we have

𝑊𝑛+1 (𝑖𝑛) = min
𝜏𝑛+1∈[0,𝜏

𝑢]

{𝐻𝑛+1 (𝑖𝑛, 𝜏𝑛+1)} . (16)

From inductive assumption (b), 𝐻𝑛+1(𝑖𝑛, 𝜏𝑛+1) is convex in
𝑖𝑛 and 𝜏𝑛+1, and [0, 𝜏

𝑢
] is a convex set, from Lemma 2, so

𝑊𝑛+1(𝑖𝑛) is convex in 𝑖𝑛.
From (11), we have

𝐻𝑘 (𝑖𝑛−1, 𝜏𝑛) = 𝐸 [𝑔𝑛 (𝑖𝑛−1, 𝜏𝑛)]

+ 𝐸 [𝑊𝑛+1 (𝑖𝑛−1 + 𝜉𝑛 (𝜏𝑛) − 𝐷𝑛)] .

(17)

Because𝑊𝑛+1(𝑖𝑛) is convex in 𝑖𝑛, from Lemma 1, we have the
notion that𝐸[𝑊𝑛+1(𝑖𝑛−1+𝜉𝑛(𝜏𝑛)−𝐷𝑛)] is convex in 𝑖𝑛−1 and 𝜏𝑛.
And fromTheorem 3, we have the notion that 𝐸[𝑔𝑛(𝑖𝑛−1, 𝜏𝑛)]
is convex in 𝑖𝑛−1 and 𝜏𝑛. Therefore, 𝐻𝑛(𝑖𝑛−1, 𝜏𝑛) is convex in
𝑖𝑛−1 and 𝜏𝑛.

For the supermodular property in part (c), we firstly prove
𝐸[𝑊𝑛+1(𝑖𝑛−1 + 𝜉𝑛(𝜏𝑛) − 𝐷𝑛)] to be supermodular in 𝑖𝑛−1 and
𝜏𝑛. Set𝐻(𝑦) = 𝐸[𝑊𝑘+1(𝑥2 +𝑦−𝐷𝑘)] −𝐸[𝑊𝑘+1(𝑥1 +𝑦−𝐷𝑘)].
For any 𝑥1 ≤ 𝑥2, we have

𝐻(𝑦 + 𝑥2 − 𝑥1) − 𝐻 (𝑦)

= (𝐸 [𝑊𝑘+1 (2𝑥2 + 𝑦 − 𝑥1 − 𝐷𝑘)]

− 𝐸 [𝑊𝑘+1 (𝑥2 + 𝑦 − 𝐷𝑘)])

− (𝐸 [𝑊𝑘+1 (𝑥2 + 𝑦 − 𝐷𝑘)]

− 𝐸 [𝑊𝑘+1 (𝑥1 + 𝑦 − 𝐷𝑘)])

= 𝐸 [𝑊𝑘+1 (2𝑥2 + 𝑦 − 𝑥1 − 𝐷𝑘)]

− 2𝐸 [𝑊𝑘+1 (𝑥2 + 𝑦 − 𝐷𝑘)]

+ 𝐸 [𝑊𝑘+1 (𝑥1 + 𝑦 − 𝐷𝑘)] .

(18)

Because 𝑊𝑛+1(𝑖𝑛) is convex in 𝑖𝑛, 𝐸[𝑊𝑘+1(𝑖𝑛 − 𝐷𝑘)] is also
convex.Therefore,𝐻(𝑦+𝑥2 −𝑥1) −𝐻(𝑦) ≥ 0; that is,𝐻(𝑦) is
increasing with respect to 𝑦. For 𝜏1

𝑘
≤ 𝜏
2

𝑘
, we easily know that

𝜉𝑘(𝜏
1

𝑘
) ≤𝑠𝑡 𝜉𝑘(𝜏

2

𝑘
), so there is 𝐸[𝐻(𝜉𝑘(𝜏

1

𝑘
))] ≤ 𝐸[𝐻(𝜉𝑘(𝜏

2

𝑘
))];

that is,

𝐸 [𝑊𝑘+1 (𝑥2 + 𝜉𝑘 (𝜏
1

𝑘
) − 𝐷𝑘)]

− 𝐸 [𝑊𝑘+1 (𝑥1 + 𝜉𝑘 (𝜏
1

𝑘
) − 𝐷𝑘)]

≤ 𝐸 [𝑊𝑘+1 (𝑥2 + 𝜉𝑘 (𝜏
2

𝑘
) − 𝐷𝑘)]

− 𝐸 [𝑊𝑘+1 (𝑥1 + 𝜉𝑘 (𝜏
2

𝑘
) − 𝐷𝑘)] .

(19)

Therefore, 𝐸[𝑊𝑛+1(𝑖𝑛−1+𝜉𝑛(𝜏𝑛)−𝐷𝑛)] is supermodular in 𝑖𝑛−1
and 𝜏𝑛. And from part (b) inTheorem 3 and (11),𝐻𝑛(𝑖𝑛−1, 𝜏𝑛)
is supermodular in 𝑖𝑛−1 and 𝜏𝑛. In summary, the induction
method has been completed.

From part (b) in Theorem 4, we know that the optimal
solution of min𝜏𝑘∈[0,𝜏𝑢]{𝐻𝑘(𝑖𝑘−1, 𝜏𝑘)} is unique, so we can
make the following definition:

𝜏𝑘 (𝑖𝑘−1) = arg min
𝜏𝑘∈[0,𝜏

𝑢]

{𝐻𝑘 (𝑖𝑘−1, 𝜏𝑘)} . (20)

For 𝜏𝑘(𝑖𝑘−1), we have the following property.

Theorem 5. The optimal solution 𝜏𝑘(𝑖𝑘−1) in (20) is decreasing
with respect to 𝑖𝑘−1.

Proof. From part (c) in Theorem 4, we have the notion that
𝐻𝑘(𝑖𝑘−1, 𝜏𝑘) is supermodular in 𝑖𝑘−1 and 𝜏𝑘. And according
to Puterman [25] (Lemma 4.7.2 in page 94), 𝜏𝑘(𝑖𝑘−1) is
decreasing with respect to 𝑖𝑘−1.

Theorem 6. There exists𝑋𝑢
𝑘
with the following definition:

𝑋
𝑢

𝑘
= inf {𝑖𝑘−1 | 𝜏𝑘 (𝑖𝑘−1) = 0} . (21)

Proof. The first-order derivative of 𝐻𝑘(𝑖𝑘−1, 𝜏𝑘) with respect
to 𝜏𝑘 is given as follows:

𝜕𝐻𝑘 (𝑖𝑘−1, 𝜏𝑘)

𝜕𝜏𝑘

= 𝛼 + 2𝛽𝜏𝑘 + 𝛽ℎ − 𝑞𝛽

+ 𝑞𝛽𝐹 (𝑖𝑘−1 + 𝛼 + 𝛽𝜏𝑘)

+ 𝛽
𝜕𝐸 [𝑊𝑘+1 (𝑖𝑘−1 + 𝜉𝑘 (𝜏𝑘) − 𝐷𝑘)]

𝜕𝜏𝑘

.

(22)

For a finite period problem, when the inventory level 𝑖𝑘−1
at the period 𝑘 − 1 is large enough, the shortage cost can be
ignored in the following periods, so there is 𝜕𝐸[𝑊𝑘+1(𝑖𝑘−1 +
𝜉𝑘(𝜏𝑘) − 𝐷𝑘)]/𝜕𝜏𝑘 = ℎ. Therefore, 𝜕𝐻𝑘(𝑖𝑘−1, 𝜏𝑘)/𝜕𝜏𝑘 > 0; that
is, the optimal solution is 𝜏𝑘(𝑖𝑘−1) = 0.

Corollary 7. The optimal acquisition price decision obeys the
following decision rule:

𝜏
∗

𝑘
=
{

{

{

𝜏𝑘 (𝑖𝑘−1) , 𝑖𝑘−1 < 𝑋
𝑢

𝑘
,

0, 𝑖𝑘−1 ≥ 𝑋
𝑢

𝑘
.

(23)
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And if there exists𝑋𝑙
𝑘
with the following definition

𝑋
𝑙

𝑘
= sup {𝑖𝑘−1 | 𝜏𝑘 (𝑖𝑘−1) = 𝜏

𝑢
} , (24)

then the optimal acquisition price is

𝜏
∗

𝑘
=

{{{{

{{{{

{

𝜏
𝑢
, 𝑖𝑘−1 ≤ 𝑋

𝑙

𝑘
,

𝜏𝑘 (𝑖𝑘−1) , 𝑋
𝑙

𝑘
< 𝑖𝑘−1 < 𝑋

𝑢

𝑘
,

0, 𝑖𝑘−1 ≥ 𝑋
𝑢

𝑘
,

(25)

where 𝜏𝑘(𝑖𝑘−1) is the solution of 𝜕𝐻𝑘(𝑖𝑘−1, 𝜏𝑘)/𝜕𝜏𝑘 = 0. 𝑋𝑙𝑘 is
defined in (24), and𝑋𝑢

𝑘
is defined in (21).

Proof. From the monotonicity of 𝜏𝑘(𝑖𝑘−1) in Theorem 5 and
the definitions of 𝑋𝑙

𝑘
in (24) and 𝑋𝑢

𝑘
in (21), the corollary is

obvious.

4. Optimal Acquisition Pricing and
Final Order

In this section, we will give the optimal decisions 𝑄∗ and 𝜏∗
𝑘

for 𝑘 = 1. From the first equation in (10), we define

𝐻1 (𝑖0, 𝑄, 𝜏1) = 𝐸 [𝑔1 (𝑖0, 𝑄, 𝜏1)]

+ 𝐸 [𝑊2 (𝑖0 + 𝑄 + 𝜉1 (𝜏1) − 𝐷1)] .

(26)

Let 𝑦1 = 𝑖0 + 𝑄1 denote the inventory level of serviceable
parts after replenishing. Therefore, we have 𝐸[𝑔1(0, 𝑦1, 𝜏1)] =
𝐸[𝑔1(𝑖0, 𝑄, 𝜏1)], and, further, there is

𝐻1 (𝑖0, 𝑄, 𝜏1) = 𝐻1 (0, 𝑦1, 𝜏1)

= 𝐸 [𝑔1 (0, 𝑦1, 𝜏1)]

+ 𝐸 [𝑊2 (𝑦1 + 𝜉1 (𝜏1) − 𝐷1)]

= 𝜏1𝜉1 (𝜏1) + ℎ (𝑦1 + 𝜉1 (𝜏1))

+ 𝑞 (𝐷1 − 𝑦1 − 𝜉1 (𝜏1))
+

+ 𝐸 [𝑊2 (𝑦1 + 𝜉1 (𝜏1) − 𝐷1)] .

(27)

For convenience, let𝐻(𝑦1, 𝜏1) = 𝐻1(0, 𝑦1, 𝜏1); that is,

𝐻(𝑦1, 𝜏1) = 𝜏1𝜉1 (𝜏1) + ℎ (𝑦1 + 𝜉1 (𝜏1))

+ 𝑞 (𝐷1 − 𝑦1 − 𝜉1 (𝜏1))
+

+ 𝐸 [𝑊2 (𝑦1 + 𝜉1 (𝜏1) − 𝐷1)] .

(28)

And we have the following theorem.

Theorem 8. 𝐻(𝑦1, 𝜏1) in (28) is jointly convex in 𝑦1 and 𝜏1.

Proof. From part (a) in Theorem 4, we know that 𝑊2(𝑖1) is
convex in 𝑖1. And from Lemma 1, 𝐸[𝑊2(𝑦1 + 𝜉1(𝜏1) − 𝐷1)] is
jointly convex in 𝑦1 and 𝜏1.

From Theorem 3, the cost function 𝐸[𝑔𝑘(𝑖𝑘−1, 𝜏𝑘)] in (3)
is convex in 𝑖𝑘−1 and 𝜏𝑘, so the function 𝐸[𝑔1(0, 𝑦1, 𝜏1)] in (4)
is also jointly convex in 𝑦1 and 𝜏1.Therefore,𝐻(𝑦1, 𝜏1) in (28)
is jointly convex in 𝑦1 and 𝜏1.

From Theorem 8, we can give the following form of the
optimal policy at the first period.

Theorem 9. For the jointly inventory and the acquisition price
decision problem at the first period, a policy (𝑆, 𝜏) is optimal.

Proof. Since𝐻(𝑦1, 𝜏1) is jointly concave in 𝑦1 and 𝜏1, we have

min
𝑦1≥𝑖0 ,𝜏1∈[0,𝜏

𝑢]

{𝐻 (𝑦1, 𝜏1)}

= min
𝑦1≥𝑖0

{ min
𝜏1∈[0,𝜏

𝑢]

{𝐻 (𝑦1, 𝜏1)}} .

(29)

Obviously, there exists a unique 𝜏1(𝑦1) such that

𝜏1 (𝑦1) = arg min
𝜏1∈[0,𝜏

𝑢]

{𝐻 (𝑦1, 𝜏1)} . (30)

From Lemma 2, we know that min𝜏1∈[0,𝜏𝑢]{𝐻1(𝑦1, 𝜏1)} is
still convex in 𝑦1. Therefore, the optimal final production
order decision obeys a base-stock policy. And, furthermore,
we can find the corresponding optimal inventory level 𝑆 such
that (𝑆, 𝜏1(𝑆)) can minimize𝐻(𝑦1, 𝜏1).

Theorem 9 shows that the optimal decisions at the first
period follow a simple policy with two parameters. Executing
the policy, the firm firstly reviews its initial inventory 𝑖0 at the
beginning of the planning horizon. Then, it determines the
optimal base-stock level 𝑆. If the initial inventory level is less
than the optimal basic-stock level 𝑆, then it replenishes the
inventory of spare parts to 𝑆 and sets the optimal acquisition
price level to be 𝜏1(𝑆). If the initial inventory level is larger
than the optimal basic-stock level 𝑆, then the firm does not
need to replenish the spare-part inventory and set the optimal
acquisition price level to be 𝜏1(𝑖0). For 𝜏1(𝑆), we have the
following property.

Theorem 10. 𝜏1(𝑆) is decreasing with respect to the optimal
inventory level 𝑆.

Proof. From the proof of part (c) in Theorem 4, we know
that if 𝑊𝑘+1(𝑖𝑘) is convex, then 𝐸[𝑊𝑘+1(𝑖𝑘−1 + 𝜉𝑘(𝜏𝑘) − 𝐷𝑘)]
is supermodular in 𝑖𝑘−1 and 𝜏𝑘. From part (a) in Theorem 4,
𝑊2(𝑖1) is convex, so 𝐸[𝑊2(𝑦1 + 𝜉1(𝜏1) −𝐷1)] is supermodular
in 𝑦1 and 𝜏1.

From part (b) inTheorem 3,𝐸[𝑔1(0, 𝑦1, 𝜏1)] is supermod-
ular in 𝑦1 and 𝜏1. Furthermore, from (28), 𝐻(𝑦1, 𝜏1) is also
supermodular in 𝑦1 and 𝜏1. Therefore, 𝜏1(𝑦1) is decreasing
with respect to 𝑦1. And 𝜏1(𝑆) is decreasing with respect to
𝑆.

5. Algorithm for Optimal Decisions

Although the policy structure of the optimal acquisition
pricing and the final production order are given in the above
sections, the analytical forms of the related parameters in the
policy structure are not obtained. In this section, we will give
an algorithm to calculate the optimal decisions at each period.
For convenience, we provide an algorithm description for the
case of discrete state variables.
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Algorithm 11.

Step 1. Set 𝑘 = 𝑁 + 1 and𝑊𝑁+1(𝑖𝑁) = 0 for all 𝑖𝑁.

Step 2. Set 𝑘 ← 𝑘 − 1.

Step 3. Find 𝑋
𝑢

𝑘
in (21) using the following judgement

condition by a search algorithm (e.g., binary search method):

𝜕𝐻𝑘 (𝑖𝑘−1, 𝜏𝑘)

𝜕𝜏𝑘

= 𝛽ℎ − 𝑞𝛽 + 𝑞𝛽𝐹 (𝑖𝑘−1 + 𝛼 + 𝛽𝜏𝑘) + 𝛼

+ 2𝛽𝜏𝑘

+ 𝛽
𝜕𝐸 [𝑊𝑘+1 (𝑖𝑘−1 + 𝜉𝑘 (𝜏𝑘) − 𝐷𝑘)]

𝜕𝜏𝑘

> 0.

(31)

If 𝑘 = 1, then go to Step 4; otherwise, go to Step 3.1.

Step 3.1. Set 𝑖𝑘−1 = 𝑋𝑢𝑘 .

Step 3.2. Set 𝑖𝑘−1 ← 𝑖𝑘−1 − 1, and find the solution 𝜏
𝑘
of

𝜕𝐻𝑘(𝑖𝑘−1, 𝜏𝑘)/𝜕𝜏𝑘 = 0. If the solution 𝜏


𝑘
≤ 𝜏
𝑢, then transfer

to Step 3.3; otherwise, go to Step 3.4.
Step 3.3. Set 𝜏∗

𝑘
(𝑖𝑘−1) = 𝜏



𝑘
, calculate𝑊𝑘(𝑖𝑘−1) by the following

equation, and then go to Step 3.2:

𝑊𝑘 (𝑖𝑘−1) = 𝐻𝑘 (𝑖𝑘−1, 𝜏
∗

𝑘
(𝑖𝑘−1)) . (32)

Step 3.4. Set 𝜏∗
𝑘
(𝑖𝑘−1) = 𝜏

𝑢 and 𝑋𝑙
𝑘
= 𝑖𝑘−1, and go to the next

step.

Step 3.5. Calculate𝑊𝑘(𝑖𝑘−1). If 𝑖𝑘−1 = Min 𝑖𝑘−1 (the minimum
value of system state), go to Step 2; otherwise, go to the next
step.

Step 3.6. Set 𝑖𝑘−1 ← 𝑖𝑘−1 − 1, set 𝜏
∗

𝑘
(𝑖𝑘−1) = 𝜏

𝑢, and go to Step
3.5.

Step 4. Set 𝑦1 = 𝑋𝑢1 and calculate 𝑊1(𝑦1); let 𝐻MinVal =
𝑊1(𝑦1) and 𝑆 = 𝑦1.

Step 4.1. Set 𝑦1 ← 𝑦1 − 1, and find the solution 𝜏
1
of

𝜕𝐻1(𝑖0, 𝜏1)/𝜕𝜏1 = 0. If the solution 𝜏


1
≤ 𝜏
𝑢, then go to Step

4.2; otherwise, go to Step 4.3.

Step 4.2. Set 𝜏∗
1
(𝑦1) = 𝜏



1
, and calculate𝑊1(𝑦1). If𝑊1(𝑦1) <

𝐻MinVal, then set𝐻MinVal = 𝑊1(𝑦1) and 𝑆 = 𝑦1, and go
to Step 4.1.

Step 4.3. Set 𝜏∗
1
(𝑦1) = 𝜏

𝑢 and𝑋𝑙
1
= 𝑦1, and go to Step 4.4.

Step 4.4. Calculate𝑊1(𝑦1). If𝑊1(𝑦1) < 𝐻MinVal, then set
𝐻MinVal = 𝑊1(𝑦1) and 𝑆 = 𝑦1, and go to Step 4.5.

Step 4.5. Set 𝑦1 ← 𝑦1 − 1 and 𝜏
∗

1
(𝑦1) = 𝜏

𝑢, and go to Step 4.4.
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Figure 1: Effects on optimal final order and inventory cost.

6. Numerical Study

By some advanced information technologies (such as Wire-
less Communication Networks, Radio-Frequency Identifica-
tion (RFID), cloud computing, etc.), one enterprise might
obtain more information on the using products or the
customers of holding used products. To analyze the effect
of those information on the inventory policy parameters
(including 𝑋𝑙

𝑘
, 𝑋𝑢
𝑘
, and 𝑆) and the optimal operation cost of

the spare-part system, we will adjust parameters to obtain
those trends by numerical ways in this section. We mainly
consider the effects of two parameters: one is the standard
deviation of the uncertain demand at each period, and the
other is the customer’s sensitive degree on the acquisition
price.

We give a basic setting of related parameters.The demand
is assumed to follow a normal distribution with the mean 20
and the standard deviation 2, and the disturbance variable 𝜀
of the return quantity follows a normal distribution with zero
mean and the standard deviation 0.2. The other parameters
are given as follows:𝑁 = 5, 𝛼 = 4, 𝛽 = 1, ℎ = 1, and 𝑞 = 30.

6.1. Effect of the Demand Uncertainty. Firstly, we investigate
the effects of the uncertainty of the period demand on the
optimal final production order, pricing bounds in the above
pricing policy structure, and the optimal inventory cost. Let
the standard deviation of the uncertain period demand vary
from 1 to 5; the fixed base indexes of optimal final production
orders and the system optimal costs can be shown in Figure 1,
where the fixed bases are the optimal production final orders
and the system optimal cost in the first period.

From Figure 1, we know that, as the increasing of the
standard deviation, both the optimal final order 𝑆 and the
system optimal cost are also increasing. Because the improve-
ment of the demand uncertainty will make the increasing of
the shortage cost larger than the increasing of the inventory
holding cost, therefore, the optimal inventory level will be
improved, and the corresponding optimal cost of the system
is also increasing.

From Figure 2, we know that the bounds 𝑋𝑢
𝑘
and 𝑋𝑙

𝑘

are decreasing with respect to the increasing of the period
number 𝑘. The upper bound means the critical point which
the system does not need to acquire used products, and
the lower bound means the critical point which the system
needs to acquire used products as possible. If the enterprise
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Table 1: Period bounds under different standard deviations.

Sta. dev. Bounds Period 2 Period 3 Period 4 Period 5

1 Lower bound 44 33 23 11
Upper bound 63 48 33 17

2 Lower bound 45 34 23 11
Upper bound 63 49 34 18

3 Lower bound 47 34 23 11
Upper bound 64 49 35 19

4 Lower bound 47 35 24 11
Upper bound 65 50 36 20

5 Lower bound 47 35 25 12
Upper bound 66 51 37 21
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Figure 2: Period index on bounds in pricing policy.

faces a larger uncertainty within a longer future planning
horizon, which will make the increasing of the shortage
cost larger than the increasing of the inventory holding
cost, the whole inventory holding level should be increased.
When the number 𝑘 is little, the enterprise needs to pay
more attention for dealing with the future longer and larger
uncertain demand, so both critical points of acquiring and
not acquiring used products should be increased. And with
respect to the decreasing of the planning length, the fluctu-
ation between upper bound and lower bound is decreasing
because the fluctuation of the future demand is decreasing.

From Table 1, we know that, as the increasing of the
standard deviation, both bounds 𝑋𝑢

𝑘
and 𝑋𝑙

𝑘
are increasing.

The results are similar to the above properties: the critical
point of holding inventory level also will be increased when
the enterprise faces the larger uncertainty.

6.2. Effect of the Return Sensitivity. In this subsection, wewill
investigate the effects of the return sensitivity.

From Figure 3, as the increasing of the return sensitivity
degree, the optimal final production order 𝑆 is decreasing,
and the optimal inventory cost is also decreasing. The same
acquisition price will acquire more used products than that
for the case with little return sensitivity, and the enterprise
does not need to hold a higher safety inventory if the product
acquisition is more easy, so there are the results in Figure 3.

From Table 2, as the increasing of the return sensitivity
degree, both bounds 𝑋𝑢

𝑘
and 𝑋𝑙

𝑘
are decreasing. The reasons

of the results are similar to the reason for Figure 3: when the
acquisitionway ismore effective, the enterprise does not need

Table 2: Period bounds under different return sensitivities.

Sensitivity
degree Bounds Period 2 Period 3 Period 4 Period 5

1 Lower bound 46 34 23 11
Upper bound 63 49 34 18

1.5 Lower bound 33 24 16 8
Upper bound 60 48 33 19

2 Lower bound 27 20 13 6
Upper bound 60 47 33 19

2.5 Lower bound 17 12 8 4
Upper bound 58 46 33 19

3 Lower bound 9 7 5 1
Upper bound 57 46 33 19
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Figure 3: Effects on optimal final order and inventory cost.

to hold a higher inventory.The critical points of acquiring and
not acquiring used products can be decreased.

7. Conclusion

In order to gain a competitive advantage in an increasing
competitive market, many enterprises have improved the
concerning for the after-sale service in a regular warranty
period. However, the service within the warranty period
is not enough for maintaining the customer’s satisfaction,
which is showed by Nagler [1]: “you buy a car and eight
years later cannot get it serviced for a reasonable price
because the manufacturer has discontinued a particular part,
you will remember it when you buy your next vehicle”.
Therefore, in addition to the regular warranty period, the
service outside the warranty period is also important. The
traditional ways of replenishing spare parts within the war-
ranty period include the final production order and the
additional production, but those are higher cost or setup
cost, especially for durable products outside the warranty
period.

In this paper, we consider two ways including the final
production order and remanufacturing. the remanufacturing
way has been concerned in recent years, but few papers con-
sider the acquisition management problem of used products
in an inventory system with remanufacturing. We assume
that the returning process is controlled by the acquisition
price of used products and consider a multiperiod dynamic
optimization problem, where the system decisions include
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the optimal final production batch size and the optimal acqui-
sition price at each period. In order to obtain the optimal
policy, we divided our analysis into two stages. First, we study
the optimal acquisition pricing from the second period to
final period. By stochastic dynamic programming, we prove
the structural properties of the objective function and give
an optimal monotonous pricing with key thresholds. Then,
we analyze the optimal decision problem at the first period,
which is jointly an inventory and pricing problem, and we
prove a simple policy (𝑆, 𝜏) to be optimal. Furthermore, we
propose a recursion algorithm and make some numerical
examples.

In the future, the combination of more replenishment
ways can be considered in one framework, which may
include the final production order, extra production, sub-
stitution, and remanufacturing. Certainly, the acquisition
pricing should be considered. The other direction is to
consider a closed-loop structure; that is, the return of used
products is dependent on the historic demands, which will
be a more attractive perspective.

Notations

𝑁: Total number of all running periods
ℎ: Inventory holding cost of per unit component in

one period
𝑞: Penalty cost of per unit inventory shortage
𝜏
𝑢: Maximum acquisition price
𝜏𝑘: Acquisition price at the period 𝑘, 1 ≤ 𝑘 ≤ 𝑁,

𝜏𝑘 ∈ [0, 𝜏
𝑢
]

𝐷𝑘: Demand of the spare part at period 𝑘, 1 ≤ 𝑘 ≤ 𝑁,
which is a stochastic variable

𝜉𝑘(𝜏𝑘): Returned quantity when the acquisition price is 𝜏𝑘,
1 ≤ 𝑘 ≤ 𝑁, which is a stochastic variable with the
form 𝜉𝑘(𝜏𝑘) = 𝜇𝑘(𝜏𝑘) + 𝜀𝑘, where 𝜀𝑘 is a random
factor with support [𝑎𝑘, 𝑏𝑘] and zero mean value
and the probability density function 𝑓(⋅) and the
cumulative distribution function 𝐹(⋅)

𝐼𝑘: Inventory level at the end of period 𝑘
𝑖0: Initial inventory level at the beginning of the

planning horizon.
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ing closed-loop supply chains and spare-parts management at
IBM,” Interfaces, vol. 33, no. 6, pp. 44–56, 2003.

[7] R. H. Teunter and L. Fortuin, “End-of-life service: a case study,”
European Journal of Operational Research, vol. 107, no. 1, pp. 19–
34, 1998.

[8] L. Fortuin, “The all-time requirement of spare parts for service
after salestheoretical analysis and practical results,” Interna-
tional Journal of Operations & Production Management, vol. 1,
no. 1, pp. 59–70, 1980.

[9] R.H. Teunter and L. Fortuin, “End-of-life service,” International
Journal of Production Economics, vol. 59, no. 1, pp. 487–497, 1999.

[10] K. D. Cattani and G. C. Souza, “Good buy? Delaying end-of-life
purchases,” European Journal of Operational Research, vol. 146,
no. 1, pp. 216–228, 2003.

[11] J. P. J. van Kooten and T. Tan, “The final order problem for
repairable spare parts under condemnation,” Journal of the
Operational Research Society, vol. 60, no. 10, pp. 1449–1461,
2009.

[12] R. H. Teunter and W. K. Klein Haneveld, “Inventory control of
service parts in the final phase,”European Journal of Operational
Research, vol. 137, no. 3, pp. 497–511, 2002.

[13] K. Inderfurth and K. Mukherjee, “Decision support for spare
parts acquisition in post product life cycle,” Central European
Journal of Operations Research, vol. 16, no. 1, pp. 17–42, 2008.

[14] M. Pourakbar, J. B. G. Frenk, and R. Dekker, “End-of-life
inventory decisions for consumer electronics service parts,”
Work Paper, Erasmus School of Economics, ErasmusUniversity
Rotterdam, Rotterdam, The Netherlands, 2009.

[15] K. E. Bourland, S. G. Powell, and D. F. Pyke, “Exploiting timely
demand information to reduce inventories,” European Journal
of Operational Research, vol. 92, no. 2, pp. 239–253, 1996.
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[17] G. Gallego and Ö. Özer, “Optimal replenishment policies for
multiechelon inventory problems under advance demand infor-
mation,” Manufacturing and Service Operations Management,
vol. 5, no. 2, pp. 157–175, 2003.
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We present the vehicle routing problem with potential demands and time windows (VRP-PDTW), which is a variation of the
classical VRP. A homogenous fleet of vehicles originated in a central depot serves customers with soft time windows and deliveries
from/to their locations, and split delivery is considered. Also, besides the initial demand in the order contract, the potential demand
caused by conformity consuming behavior is also integrated and modeled in our problem. The objective of minimizing the cost
traveled by the vehicles and penalized cost due to violating time windows is then constructed. We propose a heuristics-based
parthenogenetic algorithm (HPGA) for successfully solving optimal solutions to the problem, in which heuristics is introduced to
generate the initial solution. Computational experiments are reported for instances and the proposed algorithm is compared with
genetic algorithm (GA) and heuristics-based genetic algorithm (HGA) from the literature. The comparison results show that our
algorithm is quite competitive by considering the quality of solutions and computation time.

1. Introduction

Thevehicle routing problem (VRP) is awell-known combina-
torial optimization problem arising in transportation logistic,
which was first introduced by Dantzig and Ramser in their
study on the truck dispatching problem [1]. The classical
VRP (CVRP) is generally defined by a graph 𝐺 = (𝑉, 𝐸),
where 𝑉 = {0, 1, . . . , 𝑁} is the set of vertices comprised
of a central depot 0 and 𝑁 customers and 𝐸 = {(𝑖, 𝑗) :

𝑖, 𝑗 ∈ 𝑉, 𝑖 ̸= 𝑗} is the arc set. The CVRP aims to determine
a set of routes for 𝐾 identical and capacitated vehicles by
minimizing the total routing cost (distance, time, etc.), such
that each customer is visited exactly once. It mainly focuses
on deterministic demand, which means customer demands
are fixed and known in advance, and there is no requirement
for the service time.

Numerous variants of CVRP have been put forward
and extensively studied which capture the complications
of real-world problems [2–4], for example, VRP with time

windows (VRPTW) [5–21], in which customers have to
be visited within a predefined time interval which can be
described by the earliest arrival time and the latest arrival;
VRP with multiple depots (VRPMD) [20, 22–25]; VRP with
simultaneous delivery and pickup (VRPSDP) [10, 26], where
customers require simultaneous pickup and delivery service;
VRP with stochastic demands (VRPSD) [19, 27–35], which
involves demands that are random variables with known
distributions; VRP with split delivery, where the demand of a
customer can be split and delivered by multiple vehicles [36];
and the heterogeneous fleet VRP with several vehicle types
[37].

Besides, lots of surveys were dedicated to studying solu-
tion methods of VRPs which can be classified into exact
algorithms, heuristics, and metaheuristics [3, 4, 22]. We refer
the interested reader to the most common exact algorithms,
namely, a branch-and-cut by Hà et al. [38]; a branch-and-
price by Christiansen and Lysgaard [28] and Hadjar and
Soumis [5]; a branch-cut-and-price by Gauvin et al. [29] and
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Lysgaard and Wøhlk [39]; Lagrangian relaxation by Kalle-
hauge et al. [6]; Dantzig-Wolfe decomposition by Qureshi
et al. [7] and Chabrier [40]; and a branch-and-bound by
Carpaneto et al. [23]. However, exact algorithms are usually
designed for the static and deterministic VRPs, where all
input is known and keeps unchanged once vehicles are in
service. Since VRP is a typical NP-hard problem, many
heuristics-based studies are proposed for various VRPs. The
work of Pang [8] and Figliozzi [9] applied the improved
route construction heuristics to solve VRPTM, and Liu et
al. [24] and Z. Wang and Z. Wang [41] raised the novel
heuristics based on the traditional two-phase method and
the results demonstrated the effectiveness of the proposed
heuristics. Most of the recent researches for VRPs paid
extensive attention to the development of metaheuristics.
This can be summarized as (1) genetic algorithms, (2) Ant
Colony Optimization (ACO), (3) simulated annealing (SA),
(4) Variable Neighborhood Search (VNS), (5) tabu search
(TS), (6) local search algorithm, (7) Artificial Bee Colony
(ABC), and (8) Particle Swarm Optimization (PSO). For
further details on VRP metaheuristics, we refer the reader to
the work of [3, 22, 42].

Conformity behavior was firstly introduced by M. Sherif,
a social psychologist, and proposed to study the how peers’
behavior affects an individual’s behavior in a group [43].
Many studies have focused on herd behavior [44, 45]. For
example, Jiang and Du analyzed the homebuyers’ conformity
behavior [46] and Cipriani and Guarino studied herd behav-
ior in financial market [47]. However, there is currently very
little methodology in the literature to model and optimize
the vehicle routing problem with conformity behavior. Our
VRP is motivated by a real-life problem, where the depot
receives orders from a set of customers and then assigns
vehicles to deliver products after signing the contract. The
customer demand is generally confirmed in the contract,
which is confirmed as the initial demand. However, once a
customer knows the initial demand of other customers, they
could make some adjustments for their initial demand due to
conformity behavior. Thus, customer’s ordering behavior is
prone to be affected by other customers [47], which is named
as conformity consuming behavior in this paper. This may
lead to generation of new orders in the delivery, which is
consistent with the rush order; the reduction or canceling
of the initial demand is also possible. In the following
sections, we call it the potential demand to differ it from the
initial demand in the contract. Once the potential demand
occurs, the manager has to reschedule the routes of vehicles.
Henceforth, how to assign vehicles and give the routing
plan is an issue that needs to be solved, which is what our
study concerned. To the best of our knowledge, there is no
literature devoted to the VRP with potential demands and
time windows.

Our paper has three main contributions, which are as
follows: the first is the establishment of the vehicle routing
problemwith potential demands and timewindows, in which
the concept of conformity consuming behavior is taken into
consideration and the route of vehicles is constructed by
multiple cycles; the second is the use of parthenogenetic

algorithm for saving the computation time caused by search-
ing/repairing the invalid solutions after crossover operator in
GA, inwhich a novel coding technique using 2Dvector is pro-
posed to address our problem; and then heuristics is designed
for the generation of the initial population for the partheno-
genetic algorithm (PGA) such that a hybrid algorithm is
proposed, which is our third contribution. The remaining
outline of this work is organized as follows. Section 2 reviews
the literature; Section 3 introduces themodeling assumptions
and the mathematic model of the VRP-PDTW; in Sections 4
and 5, HPGA by combining parthenogenetic algorithm with
heuristics is designed and developed to solve this problem;
this is followed by computational results and comparison
in Section 6; Section 7 concludes the paper and the further
research is also given.

2. Literature Review

In the deterministic capacitated vehicle routing problem
(DCVPR), as the variation of the CVRP, the demand of
each customer is deterministic and there is no limit of
time windows for visiting customers [39]. The objective in
the work of Lysgaard and Wøhlk is to minimize the sum
of arrival times at the customer which is referred to as
cumulative VRP, and then a set partitioning formulation
and a vehicle flow formulation are proposed and combined
to apply into a branch-and-cut-and-price algorithm [39].
De Oliveira et al. considered a multidepot DCVPR (MD-
DCVRP) where the maximum route duration time is set, and
a coevolutionary approach is introduced through decompos-
ing the MD-DCVRP into a number of single-depot DCVRPs
[25]. Tasan and Gen developed a genetic algorithm based
approach for the DCVRP with simultaneous delivery and
pickup (DCVRPSDP) [26]. Wang and Chen modeled for the
DCVRPSDP with time windows and in order to solve this
problem, the cheapest insertion method is introduced into
the genetic algorithm to speed up the solution procedure
[10]. Kallehauge [11], Baños et al. [12], Qi et al. [13], Yu
et al. [14], Vidal et al. [15], and Koç et al. [16] considered
the case of the DCVPR with hard time windows, in which
the vehicles have to arrive at the customers before the
latest arrival time; otherwise, the vehicles may wait at a
customer location if they arrive earlier than the earliest arrival
time. In the literature [14–16], neighborhood search is also
introduced to enhance the local search ability. A Pareto-based
hybrid algorithm that combines evolutionary computation
and simulated annealing is reported by Baños et al. for
solving the multiobjective formulations of the DCVRPTW
[12]. The DCVPR with soft time windows is investigated by
Ghoseiri and Ghannadpour [17], in which the immediate
service from late arrival vehicles is accepted by customers
but a penalized cost is imposed on the latter arrival vehicles.
An adaptive genetic algorithm incorporating push-forward
insertion heuristic and 𝜆-interchange mechanism is then
constructed to search for better routing solutions. Related
works in the soft time windows area are also proposed by Lau
et al. [18] and Qureshi et al. [7], in which an exact algorithm
arising from the Dantzig-Wolfe decompositionmethod and a
tabu search approach are presented, respectively.
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However, in most real applications, one or more parame-
ters (time, demand, etc.) of the CVRP tend to be random or
stochastic, giving rise to the stochastic vehicle routing prob-
lem (SVRP). We found that most researches mainly focused
on VRPSD, where customer demands are known only when
the vehicle arrives to location [28–35]. In the following,
some studies will be mentioned. Christiansen and Lysgaard
developed a branch-and-price algorithm [28] for theminimal
distribution cost. Marinakis et al. [30] proposed a new hybrid
algorithmic approach, which combined the PSO algorithm
with the 2-opt and 3-opt local search algorithms and with
the path relinking strategy. A paired cooperative optimization
strategy is developed for the VRPSD with split delivery [31].
But, the constraint for the visiting time of customers is not
considered in these studies [28–34]. However, to be closer to
the practice, Tan et al. [35] and Lei et al. [19] applied a soft
time windows constraint for the VRPSD, which means that
vehicles may be violated if the arrival time at the location of
customers is beyond time windows. Tan et al. [35] defined
the time constrainedVRPSDas amultiobjective optimization
problem such that an evolutionary algorithm with enhanced
genetic operators, Pareto fitness ranking, and local search
heuristics is presented. The simulation results illustrated that
the solutions obtained from the proposed algorithm are
robust to the stochastic nature of the problem. The VRPSD
is modeled as a stochastic program with recourse by Lei
et al. and for its solution an adaptive large neighborhood
search heuristic is designed, in which several remove-insert
operations are combined to efficiently explore the solution
space [19].

There are some researches on the fuzzy VRP (FVRP)
which arises whenever some elements of the problem are
uncertain, subjective, and vague. Common examples are
fuzzy travel times and fuzzy demands [20, 21, 48]. Generally,
the fuzzy variable is firstly handled using the possibility
measure theory. For example, the fuzzy demand on each
customer and the travel times between nodes and time
windows are often described as triangular fuzzy numbers.
Tang et al. considered the vehicle routing problem with fuzzy
time windows, in which the deviation of the servicing time
from the customer’s time window is assumed to be associated
with the level of customer’s satisfaction, and proposed a two-
stage algorithm to obtain a Pareto solution [20]. Asl et al.
extended work [20] to multidepot and multilevel VRP with
the fuzzy time windows and sequentially a three-section
algorithm is proposed [21]. Cao and Lai designed a fuzzy
chance constrained programmodel based on fuzzy credibility
theory and a hybrid intelligent algorithm with stochastic
simulation and differential evolution algorithm is presented
to solve this problem [48].

3. Model Formulation

3.1. ProblemDescription andAssumptions. We focused on the
vehicle routing problem with a central depot, denoted by “0,”
and a set of customers {1, 2, . . . , 𝑁} to be serviced, which is
defined by a directed graph 𝐺 = (𝑉, 𝐸). 𝑉 = {0, 1, 2, . . . , 𝑁} is
the node set including the central depot “0” and𝑁 customers

and 𝐸 is the set of arcs (𝑖, 𝑗), 𝑖, 𝑗 ∈ 𝑉. Arc (𝑖, 𝑗) represents
the possibility of traveling from 𝑖 to 𝑗 with an associated
distance, duration, or cost. The customers are serviced by 𝜅

homogeneous vehicles with a limited capacity 𝑄max and the
same speed, and all vehicles are located at the central depot
such that they have to depart from the depot and return to the
depot after visiting some customers. In the following, some
assumptions are given for the modeling.

(1) Consider a single type of products stored at the central
depot, which is delivered by vehicles and ordered by
customers.

(2) The duration for a vehicle from departing from
depot to ending at depot after going through several
customers is defined as a cycle.

(3) The split delivery for the customer demands is
allowed; thus each customermay be visitedmore than
once and serviced by different vehicles. This implies
that the route of a vehicle may be subject to multiple
cycles. Taking the route of a vehicle “0 → 3 → 2 →

6 → 0 → 1 → 4 → 0” as an example, there are two
cycles “0 → 3 → 2 → 6 → 0” and “0 → 1 →

4 → 0.” Particularly, the number of the cycle in a
route of vehicle 𝑘 (𝑘 = 1, 2, . . . , 𝜅) is represented by
the maximum delivery frequency 𝐿𝑘 in our following
model.

(4) The initial demand of customer 𝑗, 𝑗 ∈ 𝑉 \ 0, is
𝑑𝑗 (𝑑𝑗 ≥ 0), but his/her potential demand 𝑑𝑝𝑗 may
occur before a vehicle visits him/her for the first time.
𝑑𝑝𝑗 relies on the difference between the initial demand
of customer 𝑗 and that of other customers’ ℎ (∀ℎ ∈

𝐻,𝐻 = 𝑉 \ 𝑗). Thus, the potential demand is defined
as 𝑑𝑝𝑗 = 𝐺ℎ∈𝐻(𝑑𝑗, 𝑑ℎ), in which it has a wide choice
of function forms for 𝐺 including linear function,
logarithmic function, and semilogarithmic function.

(5) Time windows [𝐸𝑖, 𝐿 𝑖], in which we let 𝐸𝑖 denote the
earliest arrival time and let 𝐿 𝑖 be the latest arrival
time that customer 𝑖 can be serviced by a vehicle, are
imposed on customer 𝑖.These are soft bounds that can
be violated, so the penalty cost incurred by waiting
for servicing and late servicing at customers arises.
However, there is no constraint of time windows for
the central depot.

(6) The service time at node 𝑖 is 𝑓𝑖, and the travel time 𝑡𝑖𝑗
from customer 𝑖 to customer𝑗 with the travel cost per
unit time 𝑐 is associated with each arc in the directed
graph.

(7) The product is always available for the central depot,
that is, no shortage.

3.2. Mathematical Model. The objective function of the pro-
posed VRP-PDTW is tominimize the total cost including the
travel cost caused by the delivery of vehicles and the penalty
cost due to violating the time windows, which is given by the
following:
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, ∀𝑘 ∈ 𝜅, ∀𝑙 ∈ Ω𝑘, ∀𝑖 ∈ 𝑉 \ 0, (8)

where 𝜅 and Ω𝑘 are set of all vehicles and the number of
cycles for the route of vehicle 𝑘, respectively. Let 𝑡𝑘

𝑟𝑗𝑙
denote the

arrival time of a vehicle 𝑘 in the 𝑙th cycle at customer 𝑗, and
max(𝑎, 𝑏) returns the maximum value from 𝑎 and 𝑏. There
are two decision variables, that is, 𝑥𝑘

𝑖𝑗𝑙
(𝑖 ̸= 𝑗; ∀𝑖, 𝑗 ∈ 𝑉) and

𝑏
𝑘

𝑗𝑙
. 𝑥𝑘
𝑖𝑗𝑙

= 1 if vehicle 𝑘 travels from customer 𝑖 to customer 𝑗
in the 𝑙th cycle; otherwise, 𝑥𝑘

𝑖𝑗𝑙
= 0; and 𝑏

𝑘

𝑗𝑙
is the demand of

customer 𝑗 which is satisfied by vehicle 𝑘 in the 𝑙th cycle.
In the objective function (1), 𝑝 and 𝑞 are the penalty

cost per unit time as related to violating time windows,
respectively. Constraints (2) and (3) represent that a vehicle 𝑘
starts its route at the depot, visits a number of customers, and
returns to the depot in the 𝑙th cycle. Constraint (4) imposes
the notion that, in the 𝑙th cycle, a vehicle 𝑘 visits customer
𝑖 only once. The sequence of a route “𝑖 → ℎ → 𝑗” for
vehicle 𝑘 in the 𝑙th cycle is imposed by constraint (5). The
demand of all customers met by the vehicle 𝑘 in the 𝑙th cycle
does not exceed the maximum capacity, as mentioned in
constraint (6). Constraint (7) indicates that both the initial
and potential demands of customer 𝑗 are satisfied. The time
constraint is controlled by (8) to ensure the time of a vehicle
𝑘 in the 𝑙th cycle reached to customer 𝑗 must be not earlier
than 𝑡

𝑘

𝑟𝑖𝑙
+𝑓𝑖 + 𝑡𝑖𝑗, in which the equality holds if 𝑡𝑘

𝑟𝑖𝑙
fails to the

interval [𝐸𝑖, +∞); otherwise, 𝑡𝑘
𝑟𝑖𝑙
+ 𝑓𝑖 + 𝑡𝑖𝑗 < ∑

𝑗∈𝑉\𝑖
𝑥
𝑘

𝑖𝑗𝑙
⋅ 𝑡
𝑘

𝑟𝑗𝑙
.

The VRP with potential demands and time windows is
a typical problem in combinatorial optimization, which is
also an NP-hard problem [49–53]. It is theoretically and

practically impossible to use exact methods for the large-
scale VRP; thus a hybrid parthenogenetic algorithm mixed
with heuristics is designed in our view to find approximate
solution, which is described in the following section.

4. Framework of the Heuristics-Based
Parthenogenetic Algorithm

The genetic algorithm based on the drawing concept of
evolution, survival of the fittest, which was proposed by
Holland in 1975, has been extensively adapted to solve theNP-
hard problems. It and the improved algorithms based on GA
have been widely implemented on VRP and its variants over
the past decades (see [10, 15–17, 26]). In GA, the candidate
solutions of solving problem are represented as a population
of chromosomes (individuals) and each chromosome is
comprised of a string of genes. The search starts from the
initial population, which is either randomly generated or
generated using heuristics, and runs in generations where the
individuals evaluated by the fitness function keep improving
by applying genetic operators. Commonly, genetic algorithm
iterates over generations till a predefined stop criterion ismet.
The steps of the genetic algorithm are summarized as follows.

Step 1 (problem representation). In GA the problem is in the
form of a genotype representation by using a chromosome
regarding a solution. The genes in chromosomes can be
encoded in binary for bit string representation or represented
as a string of real numbers.
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Step 2 (initialization). Randomly generate the initial popula-
tion of solutions with the effective population size to cover
the search space.

Step 3 (fitness evaluation). The fitness value of each chromo-
some in the population is calculated and ranked by the fitness
function.

Step 4 (genetic operators). Evolution mechanisms subject to
selection, crossover, and mutation are used to create fitter
individuals for the next generation.

Step 5. Repeat Steps 3 and 4 until terminating condition is
met, in which the stop criterion can be either the maximum
number of generations or a satisfactory fitness level.

The crossover operator, as the major genetic operator, is
used to generate new offspring by mixing two parents such
that some characteristics from the parents can be inherited
by newer individuals. The traditional crossover operators,
that is, one-point crossover, two-point crossover, scattered
crossover, and a partially mapped crossover, can be found
in the VRPs, and some improved crossover operators are
also proposed depending on the various problems [3, 4].
The crossover operator is intended to generate solutions in
the whole search space. However, how to design a feasible
crossover operator for a special VRP is still a key challenge
since invalid offspring could be obtained through crossover
and it is time-consuming to repair them.

Parthenogenetic algorithm is fortunately proposed [54]
to deal with the above issue by the removal of the crossover
operator, which greatly simplifies the procedure of GA and
improves the effectiveness and performance of searching
optimal solutions. This is because in PGA there is the shift
operator only performed on a single chromosome. It avoids
the offspring obtained by crossover operator jump to the
invalid solution area. As we mentioned in the previous sec-
tion, that is, (1), it is impossible or difficult to create the initial
solution randomly that constitutes the initial population of
our problem in PGA. A heuristic algorithm is therefore
designed to construct the initial population, which will be
shown in the following section. Figure 1 shows the framework
of the heuristics-based parthenogenetic algorithm.

5. Design of the Heuristics-Based
Parthenogenetic Algorithm

5.1. Heuristic for Initial Solutions. From the problem descrip-
tion mentioned in Section 3, we design a heuristic algorithm
for the generation of initial solutions, as described in Figure 2,
inwhich two rules are firstly developed to perform search. For
more details, the procedure can be found in Appendix.

Rule 1. For a set of customers with the initial demand 𝑑𝑖 > 0,
a vehicle 𝑘 chooses the nearest customer to provide service.
However, the customer with the largest demand is visited by
vehicle prior to others once there are two or more customers
with the same traveling distance.

Set the model and algorithm parameters 

Generate the initial population using the proposed heuristic algorithm

Encoding routes

Genetic operators Shift operator

Fitness function evaluation

Selection

Terminate?

End

No

Yes

Start

Figure 1: Heuristics-based parthenogenetic algorithm procedure
for the VRP-PDTW.

Table 1: An initial solution.

Vehicle Route
1 0 → 4 → 9 → 7 → 0 → 2 → 6 → 0

2 0 → 5 → 7 → 1 → 4 → 0

3 0 → 2 → 9 → 0 → 3 → 8 → 0 → 1 → 6 → 0

Rule 2. The initial demand for each customer is always
considered to be preferentially satisfied against his potential
demand.

The quality of the initial population size is also a key
issue since it directly affects the performance and efficiency of
HPGA. It is commonly preset as an integer depending on the
problem to be solved. Without exception, we give the initial
population size 𝑀 as an integer which is associated with the
number of vehicles and customers, that is,𝑀 = 𝜑(𝐾,𝑁).

5.2. Solution Coding. The important step for HPGA is to
determine the solution coding technique to represent chro-
mosome. Binary representation, permutation representation,
integer representation, and sector representation are com-
monly applied in the literature on VRPs. Assume that if we
have obtained an initial solution for our problem, which
is described in Table 1, it is impossible to code it using
the coding approaches mentioned above. It is because for a
vehicle theremay bemultiple cycles, rather than delivery only
once. So, we propose here a novel permutation representation
based on a 2D vector [𝑘, 𝑖], where 𝑘 and 𝑖 are the indices
of vehicle and node, respectively, such that [𝑘, 𝑖] is defined
as the vehicle 𝑘 visits node 𝑖. The generalizable chromosome
representation is then described in Figure 3.
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Set the model and algorithm parameters

All vehicles start from the central depot for delivery

Each vehicle is assigned to visit customer according to Rule 1
and create the potential demand of each customer 

Calculate the demand of customer j met by a vehicle k in its lth 
cycle according to Rule 2 and the time window violation 

penalty cost

Whether the demand of all 
customers is satisfied?

Output an initial solution

Whether the size of the initial 
population reaches M?

End

Start

Yes

Yes

No

No
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Figure 2: Heuristics algorithm for the generation of initial solutions.

[1, 0] [1, i] [2, 0] [2, 0][1, 0] [K, 0] [K, 0]· · · · · · · · · · · ·

Vehicle 1 Vehicle 2 Vehicle K

Figure 3: Chromosome representation.

It can be seen from Figure 3 that each vehicle 𝑘 (∀𝑘 ∈

𝜅) leaves the central depot 0 and comes back to the depot
through some customers after completion of its delivery.
Using the solution coding technique in Figure 3, the initial
solution in Table 1 can be expressed as

{{

{{

{

[1, 0] [1, 4] [1, 9] [1, 7] [1, 0] [1, 2] [1, 6] [1, 0]

[2, 0] [2, 5] [2, 7] [2, 1] [2, 4] [2, 0]

[3, 0] [3, 2] [3, 9] [3, 0] [3, 3] [3, 8] [3, 0] [3, 1] [3, 6] [3, 0]

}}

}}

}

. (9)

Obviously, there are multiple cycles for vehicles 1 and 3.

5.3. Shift Operator. Different from genetic operators in GA,
shift operator is usually applied to generate offspring in PGA,
as defined in the following.

Definition 1. Shift operator exchanges some genes with a
certain probability andworks on a chromosome, in which the
location of genes exchanged is randomly chosen.

Considering the length difference of each cycle in a
vehicle route, that is, the number of customers 𝐶𝑁 visited
by vehicle in a cycle, different scenarios could be applied
based on the int [𝐶𝑁/2]-point exchange policy, in which
int [𝐶𝑁/2] rounds a number down to a nearest integer. It
implies that there are two different shift operators subject
to single-point exchange and multipoint exchange, as shown
in Figures 4(a) and 4(b), respectively. Single-point exchange
corresponds to the location of a pair of genes that mutually
interchange, referred to as genes B and D in Figure 4(a).
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Figure 4: Shift operator.
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[2, 0] [2, 4] [2, 1] [2, 7] [2, 5]

Figure 5: Process of shift operator.

However, multipoint exchange is defined as two or more
pairs of genes are interchanged. From Figure 4(b), it can be
obviously seen that there are two pairs of genes exchanged,
that is, {B,D} and {C,E}.

Shift operator in Definition 1 is utilized to produce newer
individual, but in our context, it is restricted to a cycle of
each vehicle.This is because exchange across cycles will result
in invalid individuals and cost more repair time. For the
chromosome in Table 1, Figure 5 gives the process of shift
operator that is used to the route of vehicle 2. Similarly, it is
also implemented on the routes of vehicles 1 and 3.

5.4. Evaluation and Selection. Using the objective function
shown in (1), the fitness is defined as the reciprocal of TC; that
is, Fitness = 1/TC. Thus, the fitness value of each individual
from the initial population and its offspring can be calculated
to scale the performance of each individual. The roulette
wheel selection is used to select fitter individuals, as defined
in (10). It implies that the probability of individuals with lower
cost to be selected for the next generation is higher. Consider

𝑃 (individual 𝑧 to be selected) = fitness (𝑧)
∑
2𝑀

𝑧=1
fitness (𝑧)

, (10)

where 2𝑀 is the number of individuals to be selected.

6. Experimental Results and Comparisons

We coded the above procedure using MATLAB R2012b and
ran it on a PC with 3.60GHz CPU and 1 T memory, and all
computing times are reported in CPU seconds. This section
presents comparison results and analyses for results carried
out to investigate the effectiveness of the proposed HPGA
through a number of computational experiments. We first
apply the proposed HPGA to a real-world instance of a
distribution company in Handan to verify its applicability in
real life, and then simulation experiments are conducted to
assess the performance of HPGA by comparing with the GA
and HGA.

6.1. Parameter Settings. There are 12 customer nodes and they
are serviced by 4 homogeneous vehicles which are located at
the central depot and the vehicle capacity is 80 units. The
traveling time 𝑡𝑖𝑗 between customers is set in terms of the
corresponding Euclidean distance between them, and some
parameters values used in the mathematical model are also
given in Table 2. The potential demand 𝑑𝑝𝑖 in Table 2 is
obtained by simplifying assumption (4), in which only one
related customer of 𝑖 is considered in this simulation and a
positive/negative number indicates the increase/decrease of
the initial demand, respectively.The following cost parameter
values are used in our experiments: 𝑐 = 100, 𝑝 = 100, and
𝑞 = 150.

Also, the proposed algorithm HPGA is applied with
population size 𝑀 = 𝐶

𝐾

𝑁
/2, where we let 𝑁 denote the

number of customers with nonzero initial demand, that is,
𝑑𝑖 > 0. In our experimental studies, the run is terminated if
the fitness is not improved; that is, the solution value is within
a preset percentage of the optimum 10

−4.The shift probability
on shift operator is set to 0.7 by a pilot study.

6.2. Computation Results. Depending on the parameters
in Section 6.1 and the proposed algorithm, the optimal
routes and work time for vehicles are obtained, as shown
in Table 3. More details on the arrival/departure time (AT,
DT) of vehicles at each node are given in Table 4, and the
corresponding quantity unloaded at nodes is also output.
From Tables 3 and 4, it can be seen that vehicles 1 and
3 firstly end their first cycle at 54 and 58, respectively,
and then start their second cycle to service customers after
uploading products at the central depot “0.” Furthermore,
Figure 6 shows the best objective function value through the
evolution process in this instance, which reveals the optimal
solution yields when the proposed algorithm runs for 250
CPU seconds approximately.However, it should be noted that
different results could be obtained for other parameters or the
regeneration of potential demands.

6.3. Comparative Analyses. We here perform comparative
analyses of the results of the HPGA with the GA and
HGA to evaluate the efficiency between them, using the
previous modeling parameter settings. Heuristics proposed
in Section 5.1 is further integrated into the GA to create the
initial solution.We expect HGA can save computational time
since it is not easy to obtain feasible solution by random
generation for our VRP with potential demands and time
windows. Note that in GA and heuristics-based GA some
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Table 2: Parameter values.

Customer
𝑑𝑖 𝑑𝑝𝑖 [𝐸𝑖, 𝐿 𝑖] 𝑓𝑖

𝑡𝑖𝑗

𝑖 𝑗 0 1 2 3 4 5 6 7 8 9 10 11 12
0 — — — — 2 0 25 15 30 24 10 26 11 12 35 28 20 18
1 4 40 −4 [35, 50] 4 — 0 12 8 10 15 7 5 11 9 15 12 10
2 6 20 +35 [20, 80] 3 — — 0 23 9 12 14 13 15 10 9 21 13
3 5 0 +16 [40, 110] 4 — — — 0 11 14 13 13 10 14 10 13 7
4 11 35 +2 [30, 90] 2 — — — — 0 9 6 4 11 17 15 8 20
5 3 25 −14 [25, 60] 1 — — — — — 0 8 25 10 18 12 10 14
6 12 70 −5 [15, 70] 5 — — — — — — 0 6 8 10 17 12 15
7 1 0 +30 [40, 90] 3 — — — — — — — 0 17 13 5 18 13
8 9 45 −14 [20, 80] 3 — — — — — — — — 0 10 9 16 9
9 7 0 0 [30, 95] 4 — — — — — — — — — 0 7 12 8
10 2 50 −7 [25, 85] 2 — — — — — — — — — — 0 10 9
11 10 40 +6 [30, 80] 1 — — — — — — — — — — — 0 12
12 8 60 −10 [20, 115] 4 — — — — — — — — — — — — 0

Table 3: Optimal routes of vehicles.

Vehicle Route Work time
1 0 → 6 → 7 → 0 → 5 → 8 → 10 → 0 119
2 0 → 12 → 3 → 1 → 0 81
3 0 → 2 → 4 → 0 → 1 → 10 → 0 134
4 0 → 11 → 4 → 7 → 1 → 0 82

Table 4: Timetable of routes.

(a) Timetable of route 1

Node 0 6 7 0 5 8 10 0
AT — 26 37 54 66 77 89 119
DT 0 31 43 56 67 80 91 —
𝑏
𝑘

𝑗𝑙
— 65 15 — 11 31 38 —

(b) Timetable of route 2

Node 0 12 3 1 0
AT — 18 31 52 81
DT 0 24 44 56 —
𝑏
𝑘

𝑗𝑙
— 50 16 14 —

(c) Timetable of route 3

Node 0 2 4 0 1 10 0
AT — 15 32 58 85 104 134
DT 0 23 34 60 89 106 —
𝑏
𝑘

𝑗𝑙
— 55 25 — 15 5 —

(d) Timetable of route 4

Node 0 11 4 7 1 0
AT — 20 39 45 53 82
DT 0 31 41 48 57 —
𝑏
𝑘

𝑗𝑙
— 46 12 15 7 —
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Figure 6: Best objective function values through the evolution
process.

initial parameters including population size, the crossover
and mutation probabilities, and the termination condition
should be first set. To remove any factor that could impact
the performance, the population size and the termination
condition are the same in GA, heuristics-based GA, and
HPGA. Since what is concerned is the effect of the crossover
probability in GA and HGA on the performance of solution,
the crossover probability 𝑝𝑐 varies from 0 to 1 with a step of
0.2. However, the mutation probability 𝑝𝑚 is set to 0.3 in our
instances by using the proposed method by Greenwell et al.
[55].

The comparison results are summarized in Table 5, where
the proposed algorithm is tested in six instances and in the
first column each instance is numbered. These instances are
available by randomly generating potential demands, keeping
other parameters unchanged. The efficiency of the algorithm
is measured by the best objective function value and the
computation time, which are denoted by Obj and Time in
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Table 5: Comparison results.

Instance 𝑝𝑐
GA HGA HPGA Gap

Obj Time Obj Time Obj Time GA HGA

1

0.2 71584 8059 70152 3750

58291 271

0.23 0.20
0.4 70514 5041 69841 2351 0.21 0.20
0.6 67415 2580 66410 1225 0.16 0.14
0.8 69045 1102 68125 952 0.18 0.17

2

0.2 71201 — 68410 4059

56124 258

0.27 0.22
0.4 64151 4245 65124 2584 0.14 0.16
0.6 61490 1751 60155 1354 0.10 0.07
0.8 59510 1105 57742 852 0.06 0.03

3

0.2 80159 8156 68411 4594

61025 312

0.31 0.12
0.4 75512 5894 75142 3154 0.24 0.23
0.6 64589 3015 63142 1981 0.06 0.03
0.8 62015 1705 62144 1101 0.02 0.02

4

0.2 68150 9425 65124 5154

55410 215

0.23 0.18
0.4 65058 4059 62042 2129 0.17 0.12
0.6 61254 1759 61458 905 0.11 0.11
0.8 62548 851 60458 638 0.13 0.09

Table 5, respectively. Also, the gap is calculated in terms of the
relative deviation from the best known solution to measure
the performance of solutions with the following equation:

gap# =
Obj# −ObjHPGA

ObjHPGA
, (11)

whereObj# is the value of one of the othermethods (# is either
GA or HGA) and ObjHPGA is the solution value of HPGA. In
Table 5, the optimal solutions for each instance are denoted
with bold face letters, and the corresponding gap values are
also marked in bold.

As Table 5 demonstrates, our proposed algorithm HPGA
is more effective and very competitive compared to GA and
HGA. It is noted that, for each instance, there is only one
best solution inHPGA.This can be explained as the crossover
operator is not used in HPGA, so the change of 𝑝𝑐 does not
work on HPGA. We can see that the computational time of
GA and HGA decreases with the increase of 𝑝𝑐, which results
from the fact that a larger 𝑝𝑐 speeds up the convergence. For
the scenario 𝑝𝑐 = 0.2 in instance 2, the computation time of
GA is represented as “—,” which implies that it runs beyond
the preset time threshold, 3 hours. Obviously, HPGA searches
the optimal solutionwith the smallest timewhileGAcosts the
longest time, HGA between them. This is probably because
heuristics improves the search speed of HGA and HPGA by
generating the reasonable initial solutions as soon as possible.
It may be also because the crossover operator in GA and
HGA increases the time of searching the optimal solution and
repairing the invalid solution.

In Table 5, it can be concluded from the results of Obj and
gap that the quality of our proposed algorithm outperforms
those of GA and HGA, which is what we expected. The gap
values obtained from these instances are positive, varying
between 0.31 and 0.02. This provides full and strong support

to illustrate the solution quality of HPGA. Additionally, it can
be found that the optimal solution for different instances is
obtained with different crossover probabilities, which is out
of the scope of this study. However, the proposed algorithm
is not proved to be the most effective compared to all other
algorithms ever published in the literature.

7. Conclusions

In this paper, we investigated the vehicle routing problem
with potential demands and time windows inspired by a real-
world problem, which considered the initial demand from
customers and the possible potential demand induced by
conformity consuming behavior. A fleet of vehicles originated
in a central depot serves customers and the split delivery
is allowed in our problem. The VRP-PDTW is formulated
as a single objective model to minimize the total cost and
find the optimal routes of vehicles. The VRP-PDTW is also
an NP-hard problem; thus it is difficult and time-consuming
to obtain the solutions using exact algorithms. Then, a
heuristics-based parthenogenetic algorithm for solving VRP-
PDTW was proposed in this study, in which the initial solu-
tion can be created using heuristics.The shift operator is only
performed on a chromosome in our proposed algorithm,
which differs from that in GA. Also, the coding technique
based on a 2D vector is presented and applied in our algo-
rithm. Finally, some experiments are carried out to evaluate
the performance of the proposed algorithm.The results show
that our proposed algorithm produces competitive solutions
and is the fastest when compared with the best results of
GA and HGA. The benefit of HPGA comes from its ability
to produce the initial solution by heuristics and avoid the
occurrence of invalid offspring which is generated by the
crossover operator.



10 Scientific Programming

Step 1: Set the model and algorithm parameters 𝜅, 𝑐, 𝑝, 𝑞, 𝑡𝑖𝑗, 𝑄max, [𝐸𝑖, 𝐿 𝑖], 𝑑𝑖, 𝑑𝑝𝑗, 𝑏𝑘𝑖𝑙 and initialize some transient variables
for heuristics 𝑙 = 1, 𝑠𝑖 = 0, 𝑄𝑘

𝑖𝑙
, 𝑡𝑘
𝑟𝑖𝑙
, 𝑡𝑘
𝑑𝑖𝑙
, 𝑑
𝑖
= 𝑑𝑖, 𝐶𝑝 = 0.

We let 𝑠𝑖 = 0 if customer i has not been visited by vehicles yet, otherwise, 𝑠𝑖 = 1; 𝑄𝑘
𝑖𝑙
is defined as the remaining quantity

of products loaded by a vehicle k when it departs from customer 𝑖 in its lth cycle;𝐶𝑝 is the cost due to the time windows
is violated, that is, the second term of the objective function, (1).
Step 2: Initially, each vehicle 𝑘 starts from the central depot “0” for delivery, and update 𝑡𝑘

𝑑𝑖𝑙
= 0 and 𝑄

𝑘

𝑖𝑙
= 𝑄max for simplicity

where 𝑖 = 0 and 𝑙 = 1;
Step 3: Vehicle k (∀𝑘 ∈ 𝜅) is assigned to service customer j in terms of Rule 1, and update 𝑥𝑘

𝑖𝑗𝑙
= 1 and 𝑡

𝑘

𝑟𝑗𝑙
= 𝑡
𝑘

𝑑𝑖𝑙
+ 𝑡𝑖𝑗;

If 𝑠𝑗 = 0

Generate the potential demand of customer j, update 𝑠𝑗 = 1, and go to Step 4;
Else go to Step 4;
End;

Step 4: Calculate the decision variable 𝑏𝑘
𝑖𝑙
in terms of Rule 2, that is, the demand of customer jmet by a vehicle 𝑘 in its lth cycle,

and the penalty cost induced by the time windows.
(a) If 𝑑𝑝𝑗 > 0

If 𝑄
𝑘

𝑖𝑙
> 𝑑


𝑗
then 𝑏

𝑘

𝑗𝑙
= 𝑑


𝑗
+min{𝑑𝑝𝑗, 𝑄

𝑘

𝑖𝑙
− 𝑑


𝑗
} and update

𝑑


𝑗
= 0, 𝑑𝑝𝑗 = max{0, 𝑑𝑝𝑗 − (𝑄

𝑘

𝑖𝑙
− 𝑑


𝑗
)}, 𝑄𝑘
𝑗𝑙
= 𝑄
𝑘

𝑖𝑙
− 𝑏
𝑘

𝑗𝑙
;

Else 𝑏
𝑘

𝑗𝑙
= 𝑄
𝑘

𝑖𝑙
and update 𝑑

𝑗
= 𝑑


𝑗
− 𝑄
𝑘

𝑖𝑙
, 𝑄𝑘
𝑗𝑙
= 0;

End;
Else

If 𝑄
𝑘

𝑖𝑙
> 𝑑


𝑗
+ 𝑑𝑝𝑗 then 𝑏

𝑘

𝑗𝑙
= 𝑑


𝑗
+ 𝑑𝑝𝑗 and update 𝑑

𝑗
= 0, 𝑄𝑘

𝑗𝑙
= 𝑄
𝑘

𝑖𝑙
− 𝑏
𝑘

𝑗𝑙
;

Else 𝑏
𝑘

𝑗𝑙
= 𝑄
𝑘

𝑖𝑙
and update 𝑑

𝑗
= 𝑑


𝑗
+ 𝑑𝑝𝑗 − 𝑏

𝑘

𝑗𝑙
, 𝑄𝑘
𝑗𝑙
= 0;

End;
End;

(b) It can be concluded that from assumption (5):
If 𝑡
𝑘

𝑟𝑗𝑙
< 𝐸𝑗 then 𝑡

𝑘

𝑑𝑗𝑙
= 𝐸𝑗 + 𝑓𝑗,𝐶𝑝 = 𝐶𝑝 + 𝑝 ⋅ (𝐸𝑗 − 𝑡

𝑘

𝑟𝑗𝑙
);

Elseif 𝑡𝑘
𝑟𝑗𝑙

∈ [𝐸𝑗, 𝐿𝑗] then 𝑡
𝑘

𝑑𝑗𝑙
= 𝑡
𝑘

𝑟𝑗𝑙
+ 𝑓𝑗;

Else 𝑡
𝑘

𝑑𝑗𝑙
= 𝑡
𝑘

𝑟𝑗𝑙
+ 𝑓𝑗, 𝐶𝑝 = 𝐶𝑝 + 𝑞 ⋅ (𝑡

𝑘

𝑑𝑗𝑙
− 𝐿𝑗);

End;
Step 5: Decision whether to continue to delivery or return to the central depot.

If ∑
∀𝑤∈𝑉\0

[(𝑑


𝑤
| 𝑠𝑤 = 0) + (𝑑



𝑤
+ 𝑑𝑝𝑤 | 𝑠𝑤 = 1⋂𝑑𝑝𝑤 > 0) + (𝑑



𝑤
| 𝑠𝑤 = 1⋂𝑑𝑝𝑤 ≤ 0)] = 0

𝐿𝑘 = 𝑙, 𝑥𝑘
𝑗0𝐿𝑘

= 1, go to Step 6;
Else

If 𝑄
𝑘

𝑗𝑙
= 0 then 𝑥

𝑘

𝑗0𝑙
= 1, 𝑡𝑘

𝑟0𝑙
= 𝑡
𝑘

𝑑𝑗𝑙
+ 𝑡0𝑗 and update 𝑙 = 𝑙 + 1, 𝑄𝑘

0𝑙
= 𝑄max;

Go to Step 3;
Else go to Step 3;
End;

End;
Step 6: Output the route of all vehicles according to 𝑥𝑘

𝑖𝑗𝑙
= 1, and the decision variable 𝑏𝑘

𝑗𝑙
such that a solution for VRP is created.

Step 7: Repeat Steps 1–6 and terminate untilM individuals are generated.

Algorithm 1

Our further studies will be focused on other real-world
routing problems, for example, considering multiple types
of products, the vehicle availability and the shock from
environment; and relaxing the fixed number of routes will be
further optimized.

Appendix

See Algorithm 1.
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